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Topology optimization of nonlinear periodically
microstructured materials for tailored homogenized

constitutive properties
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La Jolla, CA, USA
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Abstract

A topology optimization method is presented for the design of periodic mi-

crostructured materials with prescribed homogenized nonlinear constitutive pro-

perties over finite strain ranges. The mechanical model assumes linear elastic

isotropic materials, geometric nonlinearity at finite strain, and a quasi-static

response. The optimization problem is solved by a nonlinear programming met-

hod and the sensitivities computed via the adjoint method. Two-dimensional

structures identified using this optimization method are additively manufactu-

red and their uniaxial tensile strain response compared with the numerically

predicted behavior. The optimization approach herein enables the design and

development of lattice-like materials with prescribed nonlinear e↵ective pro-

perties, for use in myriad potential applications, ranging from stress wave and

vibration mitigation to soft robotics.

Keywords: topology optimization, nonlinear homogenization, finite strain,

materials design, periodic microstructure, tailored constitutive properties

⇤
Corresponding author: Reza Behrou (rbehrou@eng.ucsd.edu)
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1. Introduction

The design of materials with tailored nonlinear properties is becoming incre-

asingly important in materials sciences and engineering. This includes within

the context of materials that exhibit constant properties over large deformation

[1], novel wave tailoring behavior [2], multistability [3], and the ability to match

the nonlinear properties of biological media [4]. Applications for these materials

range from impact mitigation [5] to wearable electronics [6]. One of the ways

this has been achieved is through the introduction of a periodic microstructure,

where the structure of the repeating unit cell experiences geometric nonlinea-

rity under finite strain [7]. However, it remains challenging to identify what

structure is needed to obtain a desired e↵ective nonlinear response.

One method for designing materials with nonlinear responses is the use of to-

pology optimization. Topology optimization is an a↵ordable form-finding design

methodology to obtain the optimized distribution of materials within a design

domain [8]. Design of structures with geometric nonlinearity via topology op-

timization has been successfully applied to a large class of structural problems

such as sti↵ness design and compliant mechanisms [9–11]. Extensions to the

design of periodic microstructures structures with nonlinear responses have also

been recently reported [12, 13]. However, the examples of Refs. [12, 13] were

obtained for simplified physical responses such as design of periodic microstruc-

tures with tensile loading assumptions in [12].

An alternative approach is the use of nonlinear homogenization techniques

that can be integrated into the formulation of the topology optimization pro-

blem. For the case of linear homogenization techniques, this approach has been

successfully used for multiscale design optimization of structures with linear

responses [14]. Under the assumption of finite strain theory, nonlinear homoge-

nization techniques [15, 16] have also been successfully integrated into topology

optimization algorithms [17, 18]. However, these methods involved simplifying

assumptions. In Ref. [17], unit strains were assumed at the microstructure

level, which mitigates the ability for a single structure to match tailored non-

2
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linear load-displacement behavior. In Ref. [18], the method was limited to

longitudinal loading conditions.

This paper presents a topology optimization method for the design of pe-

riodic microstructured materials for tailored nonlinear homogenized constitu-

tive responses over finite strain ranges, where the e↵ects of macroscopically

varying local strains and/or stresses are considered on the response of the pe-

riodic unit cell. The strain/stress-driven nonlinear homogenization technique

are considered, following the approach given by [19]. The gradient-based to-

pology optimization problem is formulated and the sensitivity equations are

derived, allowing the design of nonlinear microstructured materials with tailo-

red physical properties. The formulated topology optimization problem and the

sensitivities are generalized for both material and geometric nonlinearities, con-

sidering the e↵ects of macroscopically varying local strains and/or stresses on

the response of Representative Volume Element (RVE). Altough the developed

framework can be easily used for designing microstructures with material nonli-

nearity, e.g., hyperelastic and/or anisotropic materials, or design with imposed

macroscale stresses, we only focus on the design of microstructured materials

considering geometric nonlinearity under applied macroscale strains. The geo-

metrically nonlinear behavior of microstructured RVE is computed using total

Lagrangian finite element formulation and the linearized forward finite element

problem is solved by the arc-length method [20]. The e↵ects of macroscale de-

formation and loading, i.e., applied macroscopic strain and stress, on the RVE

are considered through the Periodic Boundary Conditions (PBCs). To allevi-

ate numerical instabilities for an excessive deformation caused by low-density

elements, a threshold on the elemental density, i.e., void region, is applied [21].

The optimization problem is solved by a nonlinear programming method using

the Method of Moving Asymptotes (MMA) optimizer [22]. The Solid Isotropic

Material with Penalization (SIMP) approach [23] is used to interpolate material

properties and the projection method [24] is used to regularize the optimiza-

tion problem and converge to binary solutions (e.g., only one material is used

in the structure, and each element is either material or void). Adjoint-based

3
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sensitivities are developed that derives the sensitivities of the nonlinear homo-

genized tangent sti↵ness tensor with respect to both state and design variables.

Two-dimensional design examples and experimental calibrations are presented

to study the performance of the presented approach and the response of topology

optimized designs with tailored constitutive properties.

2. Physical modeling

a) b)

c)

Figure 1. a) Schematic representation of a 2D macroscale Boundary Value Problem (BVP)

with a material point. ū and t̄ are the prescribed displacement and traction, applied on the

macroscale boundaries �
M
u and �

M
t , respectively, b) A periodically patterned microscale BVP

at the material point, and c) Repeating Unit Cell (RUC) at the microscale. The dashed lines

represent the axes of symmetry and the shaded area is the design domain.

2.1. Macro- and microscale problems

Consider macro- and microscale Boundary Value Problems (BVPs) given in

Fig. 1. At both macro- and microscales, the deformation, in the absence of

4
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body forces and accelerations, is governed by the balance of linear momentum:

rk
0 · P k = 0, (1)

where k 2 {M,µ} represents either the macroscopic entities, denoted withM , or

the microscopic ones, denoted with µ, P is the first Piola-Kirchho↵ stress tensor,

and r0 is the gradient operator with respect to the reference configuration. For

the macroscale BVP, a constitutive relationship between stress and kinematic

quantities can be developed through computational homogenization techniques

that numerically extract the detailed computational response of a RVE at the

microscopic scale [15, 16]. At any macroscopic material points, a periodically

patterned RVE, given in Fig. 1b, can be considered to extract the constitutive

responses through the computational homogenization [25].

2.2. Macro- and microscale kinematics

Consider the Repeating Unit Cell (RUC), given in Fig. 1c, that undergoes

deformation. At both macro- and microscales, the deformation gradient, F ,

the displacement of a material point, u, and the displacement gradient, G, are

defined as follows:

F =
@x

@X
, u = x�X, G =

@u

@X
= F � I, (2)

where x and X are the coordinates of material points in the current and re-

ference configurations, respectively, and I is the second order identity tensor.

Herein we follow the approach given in [19], where the deformation of the RUC

is decomposed into deformations caused by the macroscopic deformation and

microscopic fluctuation displacement, as depicted in Fig. 2.

For a periodically patterned RVE, the classical first-order homogenization

theory can be used to relate the macroscopic deformation, FM , to the microsco-

pic one, F µ, [26]:

FM =
1���⌦rve

���

Z

⌦rve

F µd⌦, (3)

5
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a)

d)

c)

b)

Figure 2. Schematic representation of the deformation stages in the RUC: a) reference con-

figuration, b) the deformation caused by the macroscopic deformation gradient (FMX), c)

the microscopic fluctuation displacement (w), and d) current configuration.

where ⌦rve is the volume of the RVE. A material point in the current configu-

ration of the microscopic model, x, can be related to the same material point

in the reference configuration, X, as follows [19, 26]:

x = FMX +w, (4)

where FMX indicates the macroscopic deformation, Fig. 2b. The macroscopic

deformation gradient is constant over the RVE. The variable w indicates the

displacement caused by the microscopic fluctuation, Fig. 2c.

2.3. Periodic boundary conditions

For the RVE, the relationship between the macroscopic and microscopic

deformation (Eq. (3)) can be simplified to the following boundary conditions

[19, 26]:

1���⌦rve

���

Z

�rve

w · nd� = 0, (5)

6
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Figure 3. Schematic representation of a 2D RVE with PBCs.

where n is the outgoing normal vector over the boundaries of RVE, as shown

in Fig. 3. Eq. (5) indicates that the boundary conditions on the RVE must be

chosen such that the contribution of the microscale fluctuation displacement, w,

vanishes at the boundary. This requirement can be achieved in many ways [16].

PBCs could be an e↵ective way to satisfy this requirement, where imposing the

corresponding points on opposite boundaries (Fig. 3) yields:

w+ = w�. (6)

The numerical implementation of Eq. (6) can be achieved by constructing a

set of linearly independent boundary conditions, using Eqs. (2) and (4). Un-

der the assumption of a rotation-free deformation gradient [19], the following

PBCs can be used to describe an implicit relationship between the microscale

displacements, bu, and the macroscale Green-Lagrange strain, bE
M

[19]:

T p

⇣
bu� TXT s

bG
M

sym.( bE
M
)
⌘
= 0, (7)

where bu is the microscale nodal displacement, bG
M

sym. is the vector form of the

symmetric displacement gradient. The matrix T p collects all zeros, minus ones,

7
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and ones from the PBCs of pair nodes. TX is the matrix that contains nodal

coordinates of the finite element mesh [19]. T s is an adjustment matrix given

in Appendix A. The details concerning the development of the PBCs are given

in [19].

2.4. Microscale systems of equations

Following [19], a Lagrange multiplier approach can be used to formulate the

homogenization problem:

L(bu, b�, bE
M
) = WM (bu, bE

M
)� ↵b�

T
T p

⇣
bu� TXT s

bG
M

sym.( bE
M
)
⌘
, (8)

where b� is a vector of Lagrange multipliers, WM is the macroscopic virtual work,

and ↵ is a positive numerical scaling factor [19]. The details on the derivations

with respect to its variables, i.e. bu, b�, bE
M
, are given in [19]. These derivations

result in the following systems of residual equations:

r(bu, b�, bE
M
) =

0

BBBBB@

1���⌦rve

���
f int(bu)� ↵T T

p
b�

�↵T pbu+ ↵T pTXT s
bG
M

sym.( bE
M
)

bS
M

int(b�, bE
M
)

1

CCCCCA
�

0

BBB@

0

0

bS
M

1

CCCA
, (9)

where f int is the microscopic internal force vector, bS
M

is the macroscopic stress

at a material point, and bS
M

int is the so-called internal macroscopic stress:

bS
M

int(b�, bE
M
) = ↵(Z( bE

M
))T b�, Z = T pTXT sM̄

�1
, M̄ = Ī + Ḡ

M
. (10)

The matrix Ḡ
M

collects the components of the symmetric displacement gradient

[19]. Detail on Ḡ
M

and Ī is given in Appendix A.

2.5. Homogenized tangent sti↵ness tensor

The macroscopic tangent sti↵ness tensor can be defined through the stress-

strain relationship. The variation of the macroscopic second Piola-Kirchho↵

stress gives:

� bS
M

= Ce↵� bE
M
, (11)

8
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where Ce↵ is the homogenized tangent sti↵ness tensor that can be directly

obtained from the converged solutions of the microscopic equilibrium equati-

ons (Eq. (9)). Following the derivations given in [19], we present a simplified

homogenized tangent sti↵ness tensor as follows:

Ce↵ = Cs �ZT �1Z,  = �
���⌦rve

���T pK
�1T T

p , (12)

where K = @fµ
int(bu)/@bu is the microscale tangent sti↵ness matrix and Cs is a

type of geometrical sti↵ness tensor given as:

Cs = �M̄
�1

S̄
M
M̄

�1
, (13)

with S̄
M

derived from the components of the internal macroscopic second Piola-

Kirchho↵ stress defined in Eq. (10), see Appendix A. Additional detail on the

original derivation of the homogenized tangent sti↵ness tensor can be found

[19]. We note that the presented simplified tangent sti↵ness tensor (Eq. (12))

facilitates the complex derivations of Ce↵ used for sensitivity analysis purposes,

see Section 3. Detail on the simplification is given in Appendix B.

3. Sensitivity Analysis

3.1. Adjoint Sensitivity

Adjoint sensitivity analysis is used to compute the sensitivity of the objective

and constraints with respect to a design variable, �k, as follows:

dZ
d�k

=
@Z
@�k

+ �̃T @r

@�k
, (14)

where Z is a criterion, the objective or a constraint, and �̃ is the vector of

adjoint solutions, computed by solving the following adjoint problem:

✓
@r

@s

◆T

�̃ = �
✓
@Z
@s

◆T

. (15)

The derivatives of the residuals with respect to state variables are computed

using Eq. (9). For a generalized optimization problem, a criterion could be an

9
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explicit function of the homogenized tangent sti↵ness tensor, Ce↵ . Hence, the

detail on the derivations of Ce↵ with respect to design and state variables are

given below.

3.2. Derivative of Ce↵ with respect to elemental density

The partial derivative of Ce↵ with respect to ⇢e is given as follows:

@Ce↵

@⇢e
= ZT �1 @ 

@⇢e
 �1Z,

@ 

@⇢e
=
���⌦rve

���T pK
�1 @K

@⇢e
K�1T T

p . (16)

The term @K/@⇢e can be computed from the material interpolation scheme

given in Section 4.2.

3.3. Derivative of Ce↵ with respect to microscale displacements

The partial derivative of Ce↵ with respect to a displacement Degree-Of-

Freedom (DOF), bup, is given as follows:

@Ce↵

@bup
= ZT �1 @ 

@bup
 �1Z,

@ 

@bup
=
���⌦rve

���T pK
�1 @K

@bup
K�1T T

p . (17)

The detail on the first and second derivatives of the microscale internal strain

energy is given in Appendix C. The derivations consider both material and

geometric nonlinearities.

3.4. Derivative of Ce↵ with respect to Lagrange multipliers

The derivative of Ce↵ with respect to a Lagrange multiplier DOF, b�r, is

given as:

@Ce↵

@b�r

= �M̄
�1 @S̄

M

@bS
M

int

@bS
M

int

@�r
M̄

�1
. (18)

The term @bS
M

int/@�r can be computed from Eq. (10) and the derivatives of S̄
M

with respect to internal stress components can be computed from Eq. (A.5).

10
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3.5. Derivative of Ce↵ with respect to macroscale strains

The derivative of Ce↵ with respect to a macroscale strain DOF, bEM
r , can be

computed as follows:

@Ce↵

@ bEM
r

=
@Cs

@ bEM
r

�
⇣ @ZT

@ bEM
r

 �1Z +ZT �1 @Z

@ bEM
r

⌘
, (19)

where

@Cs

@ bEM
r

= �
 
@M̄

�1

@ bEM
r

S̄
M
M̄

�1
+ M̄

�1 @S̄
M

@ bEM
r

M̄
�1

+ M̄
�1

S̄
M @M̄

�1

@ bEM
r

!
,

@Z

@ bEM
r

= �Z
@Ḡ

M

@ bG
M

sym.

M̄
�1

M̄
�1

,

(20)

with

@M̄
�1

@ bEM
r

= �M̄
�1 @Ḡ

M

@ bG
M

sym.

M̄
�1

M̄
�1

. (21)

The derivatives of Ḡ
M

with respect to the components of bG
M

sym. can be compu-

ted from Eq. (A.3).

4. Topology Optimization

The optimization problem presented here is included as an example of how

to consider the components of the homogenized tangent sti↵ness tensor, Ce↵ , in

the formulation of the objective function and constraints. Although many com-

binations of individual components of the homogenized tangent sti↵ness tensor

can be considered (for instance, to maximize the material bulk modulus [27, 28]

or Poisson’s ratio [29]) in this paper, the objective is defined as to minimize

the di↵erence between the computed and target tangent sti↵ness tensor. The

generalized formulation of the objective and constraints, material interpolation,

and regularization are discussed below.

4.1. Objective and Constraints

The optimization problem for minimizing the di↵erence between the homo-

genized tangent sti↵ness tensor, Ce↵ , and the target tangent sti↵ness tensor,

11
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Ctarget, is formulated as follows:

min
�

z =
DX

i,j,k,l=1

w̄ijkl

⇣
Ce↵

ijkl(s(�),�)� Ctarget
ijkl

⌘2

subject to

8
>>>>>><

>>>>>>:

r(s(�),�) = 0
X

e2⌦rve

⇢e(�)ve  Vmax

0  �k  1 8k = 1, ..., N�

, (22)

where z is the objective, D is the spatial dimension, w̄ is the weighting factor,

� is the vector of independent design variables, ⇢e is the fictitious elemental

density, ve is the elemental volume, Vmax is the prescribed volume fraction of the

solid material, and s = [bu, b�, bE
M
]T is the vector of state variables satisfying the

discretized microscale residual equations, i.e., r(s(�),�) = 0. At each design

iteration, the Nested ANalysis and Design (NAND) approach is used to solve

the microscale finite element problem. The independent design variables are

bounded with lower and upper bounds with N� that denotes the number of

design variables.

4.2. Material Interpolation

The SIMP approach [23] is used to interpolate material properties with an

artificial power law that penalizes intermediate density values. Using this ap-

proach, the sti↵ness of the microstructure is related to topology through the

Young’s modulus of an element. Within the microscopic domain, the Young’s

modulus is defined as a function of elemental density, ⇢e, as follows:

Ee(⇢e) =
⇣
⇢emin + (⇢e)p̄

�
1� ⇢emin

�⌘
Ee

0 , (23)

where Ee
0 is the Young’s modulus of pure solid material, p̄ � 1 is the SIMP

exponent penalty term, and ⇢emin is a small positive number to maintain positive

definiteness of the global sti↵ness matrix. We set ⇢e = 1 for the solid region

and ⇢e = 0 for the void region.
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4.3. Regularization

To circumvent instabilities, caused by checkerboard patterns and mesh de-

pendent designs [30], and convergence to binary solutions, numerical regulariza-

tion approaches such as filtering [10] and projection [24, 31, 32] can be used. In

this paper, we adopt the linear density filtering [10] and the threshold projection

[24] approaches. Using the linear filtering plus–projection, the independent no-

dal design variables field, �, is first mapped onto an element-wise constant

filtered field, µe(�), using the following linear filtering scheme:

µe(�) =

X

i2Ne

ŵi�i

X

i2Ne

ŵi

, with ŵi =
rmin� k xi � xe k

rmin
, (24)

where Ne defines set containing all design variables located within a radius rmin

of the centroid of e, xi is the position of node i, and xe is the central position of

element e. The elemental density is then related to the filtered design variables

through the threshold projection:

⇢e(�) =
tanh(�⌘) + tanh(�(µe(�)� ⌘))

tanh(�⌘) + tanh(�(1� ⌘))
, (25)

where ⌘ is the threshold of the projection and � > 0 dictates the curvature of

the regularization which approaches the Heaviside function as � ! 1 [24].

5. Algorithmic Summary

For the design problems presented in this paper, the MMA optimizer [22] is

used to solve the optimization problem. The most relevant MMA parameters

are summarized in Table 1. At each design iteration, the microscale nonlinear

finite element problem is solved using the arc-length method [20]. The finite

element problem of the linearized system is considered converged if the relative

residuals are less than 10�10. The solution for the adjoint variables is obtained

using the direct linear solver [33]. To ensure smooth evolution in the design

and avoid oscillation in the design history and convergence to undesirable lo-

cal minima continuations on the � parameter (Eq. (25)) are considered [24].
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Table 1. MMA parameters used in topology optimization problems.

Description Symbol Value

initial asymptote parameter �MMA 0.017

lower asymptote adaptivity ↵� 0.55

upper asymptote adaptivity ↵+ 1.05

constraint penalty ci 1000

The optimization problem is considered converged if the relative change of the

objective function is less than 10�6 and all constraints are satisfied.

6. Numerical examples

In this section, we implement the topology optimization approach in 2D,

assuming plane stress state, for uniaxial applied strain. For all numerical ex-

amples, the periodic microstructured RVE given in Fig. 1c is considered, where

l1 = l2 = 1. The domain is discretized with 100⇥ 100 bilinear quadrilateral ele-

ments. We note that our mesh refinement studies show negligible discretization

errors. Symmetry on the design is enforced in the axial directions and along

the diagonals (Fig. 1c). To eliminate the rigid-body translation, an arbitrary

node in the solid region of the design domain (shaded area in Fig. 1c) of the

microscale problem is constrained in all directions and reflected based on the

applied axes of symmetry. The base material parameters are set to E = 1 and

⌫ = 0.3.

6.1. Topology optimized designs

In the section, we present an example using this optimization framework

where we start with two di↵erent initial guesses, and seek to match the response

of an arbitrary target geometry, i.e., Ctarget at 20% strain, as shown in Fig.

4a. Table 2 summarizes the finite element and design parameters defining the

optimization problem. The minimum desirable features are set equal to the

minimum feature of the target shape through the filter radius given in Table 2.

14
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Table 2. Finite element and optimization parameters for the design problems.

Description Symbol Value

applied macroscale strain bEM
yy 20%

RVE thickness – 0.3

target volume fraction Vmax 0.305

filter radius rmin 0.0875

SIMP exponent p̄ 3

small positive number ⇢emin 10�4

threshold of the projection ⌘ 0.50

curvature of regularization � 2  �  100

The resulting optimized microstructures are shown in Fig. 4c and Fig. 4e. The

results reveal the influence of the initial guess on the response of the topology

optimization designs. For all designs, the responses of the target shape (Ctarget)

are achieved, satisfying the prescribed volume constraint, i.e., solid materials

in the target shape. The evolution of the objective functions is shown in Fig.

4f. The reported maximum discrepancy between the optimized and the target

responses is less than 0.9%. The oscillations in the objectives are caused by

the continuation in the projection parameter. Although the topology optimized

designs qualitatively match the physical response of the target shape, the results

reveal that the optimized design is not unique and for the same physical response

multiple optimized designs can be obtained.

6.2. Experimental calibration

To experimentally evaluate the performance of the optimized design, the

target geometry and the optimized design given in Fig. 4c were fabricated and

tested. The samples were 3D printed using a Connex3 Objet350 printer and

FLX9785 material. Each 3D printed sample was glued to acrylic plates along

the top and bottom edges in order to ensure better tester gripping. Under the

uniaxial loading conditions, the mechanical testing of each sample was perfor-
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a)

0.0 0.2 0.4 0.6 0.8 1.0
void solid

b) c)

d) e)

f)

Figure 4. a) The target geometry used in topology optimization problems. b) Initial guess for

design 1. c) Optimized design for design 1. d) Initial guess for design 2. e) Optimized design

for design 2. f) The objective history for design 1 and 2.

med on an Instron 5965 tester. Tension tests were performed at a rate of 0.1

mm/second.

The deformed configurations of the numerical and experimental samples are

shown in Fig. 5a and Fig. 5f. The comparison on the experimental and nume-

rical stress-strain responses is shown in Fig. 6. The results show qualitatively

similar trends in the stress-strain responses. However, the use of elastomeric

type materials, and thus nonlinear elastic material response, in the experimen-

tal samples could be the possible cause of the discrepancy between the expe-

rimental and numerical results. For both designs 1 and 2, it is clear that the

numerical responses cross the target response at 20% strain. For design 1, the

experimental response crosses the target response close to 20% applied strain,

as intended.
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a)

d) e)

-1.0 0.0 1.0
x 10-1

b) c) f)

5mm

-8.0 0.0 8.0
x 10-2

Figure 5. The numerical and experimental deformed configurations of the optimized mi-

crostructure given in Fig. 4c at bEM
yy = 20%, a) the deformed 4⇥ 8 microstructured lattice –

simulation; b) displacement in y direction – simulation; c) displacement in x direction – simu-

lation; d) the deformed RVE – simulation; e) the deformed RVE – experiment (background

color removed thorough the image processing); and f) the deformed 4 ⇥ 8 microstructured

lattice – experiment.

7. Conclusions

This paper presented a method for the design optimization of periodic mi-

crostructured materials with prescribed nonlinear constitutive properties over

finite strain ranges. For the demonstrated examples, we considered only the

geometric nonlinearity. A optimization problems were formulated to match the

mechanical response of an arbitrary target geometry. This was accomplished

by integrating a nonlinear homogenization technique, following [19], into the

formulation of a topology optimization algorithm that considers the e↵ects of

locally varying macroscopic strain/stress on the response of microsctructured

unit cell. Adjoint sensitivities were derived to computed the generalized sensi-

tivities of the homogenized tangent sti↵ness tensor with respect to design and
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a)

c)

b)

d)

Figure 6. a) The numerical stress-strain responses for the target geometry and optimized

designs. b) The experimental stress-strain responses for the target geometry and design 1. c)

The derivative of the numerical stress-strain responses with respect to the strain in loading

direction ("yy). d) The derivative of the experimental stress-strain responses with respect to

the strain in loading direction ("yy).

state variables. Two-dimensional topology optimization examples were conside-

red to study the performance of the presented approach. An optimized design

was additively manufactured and its response was calibrated through the ex-

periment. The topology optimization approach enables design of 2D and 3D

nonlinear lattice-like materials with tailored homogenized constitutive proper-

ties, for applications ranging from impact mitigation to wearable electronics.
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Appendix A. Homogenization matrices

The following relationship is held between the symmetric displacement gra-

dient vector, bG
M

sym., the original displacement gradient, bG
M
, and the Green-

Lagrange strain tensors (under the assumption of the rotation-free deformation)

[19]:

bG
M

= T s
bG
M

sym.,

bE
M

=
⇣
Ī +

1

2
Ḡ

M
⌘
bG
M

sym.,
(A.1)

where

T s =

2

6666666666664

1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 1

0 1 0 1 0 0 0 0 0

0 0 0 0 0 1 0 1 0

0 0 1 0 0 0 1 0 0

3

7777777777775

T

, (A.2)

The matrix Ḡ
M

collects the components of the symmetric displacement gra-

dient, bG
M

sym., is given as follows:

Ḡ
M

=

2

6666666666664

GM
11 0 0 GM

12 0 GM
31

0 GM
22 0 GM

12 GM
23 0

0 0 GM
33 0 GM

23 GM
31

GM
12 GM

12 0 (GM
11 +GM

22) GM
31 GM

23

0 GM
23 GM

23 GM
31 (GM

22 +GM
33) GM

12

GM
31 0 GM

31 GM
23 GM

12 (GM
33 +GM

11)

3

7777777777775

. (A.3)

The diagonal matrix, Ī, is defined as follows:

Ī =

2

6666666666664

1

1 0

1

2

0 2

2

3

7777777777775

. (A.4)
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The so-called geometrical stress, S̄
M
, is be derived from the components of the

internal macroscopic second Piola-Kirchho↵ stress, bS
M

int:

S̄
M

=

2

6666666666664

S11 0 0 S12 0 S31

0 S22 0 S12 S23 0

0 0 S33 0 S23 S31

S12 S12 0 (S11 + S22) S31 S23

0 S23 S23 S31 (S22 + S33) S12

S31 0 S31 S23 S12 (S33 + S11)

3

7777777777775

. (A.5)

Appendix B. Simplified form of the homogenized sti↵ness tensor

The homogenized tangent sti↵ness tensor can be numerically computed from

the converged solutions of the microscale equilibrium equations (Eq. (9)) as

follows [19]:

Ce↵(bu, b�, bE
M
) = Cs(b�, bE

M
)

�
h
0 ↵ZT ( bE

M
)
i
2

664

1���⌦rve

���
K(bu) �↵T T

p

�↵T p 0

3

775

| {z }
⌥

�1 2

4 0

↵Z( bE
M
)

3

5 ,

(B.1)

Eq. (B.1) can be simplified as follows. Consider a 2⇥ 2 block matrices given as

follows:

R =

2

4Ak⇥m Bk⇥n

Cl⇥m Dl⇥n

3

5

(k+l)⇥(m+n)

, (B.2)

where k+ l = m+ n. For the case when A is a non-singular square matrix and

k = m and l = n, the non-singular square matrix R is invertible if and only if

the schur complement (i.e., D �CA�1B) of A is invertible [34]. For this case

the inverse of R is given as follows [34]:

R�1 =

2

4A
�1 +A�1B(D �CA�1B)�1CA�1 �A�1B(D �CA�1B)�1

�(D �CA�1B)�1CA�1 (D �CA�1B)�1

3

5 .

(B.3)
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Let’s consider the matrix ⌥ containing a 2 ⇥ 2 block of matrices given in

Eq. (B.1). Its internal matrices have the aforementioned properties, where

A =
1���⌦rve

���
K, B = CT = �↵T T

p , D = 0. (B.4)

The sti↵ness matrix, K, is a non-singular square matrix and k = m and l = n,

therefore, ⌥�1 = R�1. The use of Eqs. (B.3) and (B.4) in (B.1) yields the

simplified form of the homogenized sti↵ness tensor given in (12).

Appendix C. Microscale internal energy and its first and second de-

rivatives

At the microscale and in the absence of external forces, the variational form

of the internal strain energy can be written as:

�Wµ
int(bu) =

Z

⌦rve

Sµ
IJ(E

µ
IJ(bu)) �E

µ
IJ(bu) d⌦, (C.1)

where boldsymbolEµ and boldsymbolSµ is the Green-Lagrange strain and the

Second Piola-Kirchho↵ stress tensor, respectively. Linearization of the in inter-

nal strain energy leads to the following derivatives:

@�Wµ
int

@bum
=

Z

⌦rve

⇣@�Eµ
IJ

@bum
Sµ
IJ + �Eµ

IJC
µ
IJKL

@Eµ
KL

@bum

⌘
d⌦. (C.2)

And the second derivatives gives:

@

@but

⇣@�Wµ
int

@bum

⌘
=

Z

⌦rve

⇣@�Eµ
IJ

@bum
Cµ

IJKL

@Eµ
KL

@but
+

@�Eµ
IJ

@but
Cµ

IJKL

@Eµ
KL

@bum

+ �Eµ
IJ

@Cµ
IJKL

@but

@Eµ
KL

@bum
+ �Eµ

IJC
µ
IJKL

@

@but

⇣@Eµ
KL

@bum

⌘⌘
d⌦.

(C.3)

The microscale Green-Lagrange strain tensor and it’s derivatives is expressed

as:

Eµ
KL =

1

2

�
(Fµ

Kp)
TFµ

pL � �KL

�
, Fµ

pL =
@up

@Xµ
L

+ �pL, (C.4)

@Eµ
KL

@bum
=

1

2

⇣@(Fµ
Kp)

T

@bum
Fµ
pL + (Fµ

Kp)
T
@Fµ

pL

@bum

⌘
, (C.5)
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�Eµ
IJ =

1

2

⇣
Fµ
iJ

@�ui

@Xµ
I

+ Fµ
iI

@�ui

@Xµ
J

⌘
, (C.6)

@�Eµ
IJ

@bum
=

1

2

⇣@Fµ
iJ

@bum

@�ui

@Xµ
I

+
@Fµ

iI

@bum

@�ui

@Xµ
J

⌘
, (C.7)

@

@but

⇣@Eµ
KL

@bum

⌘
=

1

2

⇣@(Fµ
Kp)

T

@bum

@Fµ
pL

@but
+

@(Fµ
Kp)

T

@but

@Fµ
pL

@bum

⌘
. (C.8)

The material tangent sti↵ness matrix, Cµ
IJKL, can be computed from the given

microscopic constitutive law. The vectorized forms of Eq. (C.1) is associated

with the internal force vector, fµ
int(bu). Eqs. (C.2) and (C.3) result in the mi-

croscale tangent sti↵ness matrix and its derivatives.
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