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Light Curve Inversion For Characterization
Of Objects With Concavities

Dr. Carolin Frueh (PI), Dr. Vladimir Oliker (consultant)

AFOSR FA9550-18-1-0154
Final Report

Abstract

In this contract, we explored new techniques for the light curve inversion
for shape. In the course of the contract, two techniques were fully developed
and led to successful results. Light curve inversion using the Extended Gaussian
Image has been significantly extended to be fast and reliable for shape inversion
in the presence of noise. Here, the work of Dr. Oliker was further developed. A
new technique has been developed to invert light curves and find objects with a
concavity. It is the first of its kind to find shapes with concavities. Independent of
this first inversion approach, compressed sensing has been explored for inversion,
not creating 3D shape models but resolved images from the light curve. It is also
the first technique to explore light curve inversion under this approach.

1 Section 1: Structured Survey Questions

1.1 Award Information

You will be asked for the following information in the survey. The majority of these
fields will be sent pre-populated but can be edited if necessary. You will be able to
manually edit any of these fields if information needs to be updated.

e Award Number (Federal Award Identification Number: AFOSR FA9550-18-1-
0154)

e Report Type: Final Report
e Principal Investigator: Carolin Frueh

e Principal Investigator Email: cfrueh@purdue.edu
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e Business Office Email: spscontr@purdue.edu
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1.3 Participants

You will be asked to provide the information below for: (1) Pls; and (2) each person
who worked on and was funded by this grant during the current reporting period. Please
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include all participants, including yourself.
e Carolin Frueh, PI

— ORCID: 0000-0002-0240-5509
— Project lead

— Vladimir Oliker, Consultant
+x ORCID: 0000-0003-1352-6979

x Project consultant on inversion mathematics

e Siwel Fan

— PhD student, development of light curve inversion with noise, further devel-
opment of Oliker’s measure.

e Liam Robinson

— PhD student, formerly MS student. Development of the inversion with a
concavity.

e Daigo Kobayashi

— PhD student, formerly MS student. Development of the compressed sensing
approach.

2 Section 2: Technical Report

2.1 Accomplishments

Principal Discipline: Within the contract, several significant advances have been
made in the principal discipline. For one, the method of light curve inversion for shape
in the presence of attitude knowledge has been expanded. While using the Extended
Gaussian image followed by using Minkowski closure has been established before, the
method has been significantly expanded for using human-made satellites. With the
flexible grouping and stronger convergence, no hard cut-off threshold values have to be
selected anymore.

Secondly, a method has been developed for explicitly handling noisy data. Inspired by
Dr. Oliker’s geometric measure a way has been found to select the best shape from

a variety of possible shapes within the noise, an equivalent to a mean shape. This
extension allows the application of light curve inversion to realistic satellite light curves.

4
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Thirdly, a first method has been involved for a shape inversion involving a concavity.
Most human-made objects are not or not fully convex. Hence, previous methods were
always limited in that sense. Within the contract, we made a huge step in being able
to resolve the most significant concavity. However, further theoretical developments are
needed to resolve multiple concavities. A limitation of all shape inversion is currently
the assumption of perfect attitude knowledge and a uniform albedo of the object. Those
should be the next steps in the further development of the light curve shape inversion.

Complementary to and independent of the shape inversion, a new method has been
explored as part of this contract. In this approach, the light curve of a stabilized
satellite is collected. Instead of aiming to invert for a three-dimensional shape, in this
alternative approach, a resolved two-dimensional image of the object is sought. The
method leverages compressed sensing as known from the JPEG format, for example.
It was the first time that compressed sensing techniques were adapted for the light
curve inversion problem. We needed to change the original compressed sensing method
leveraging the Danzig selector in order to address the non-RIP distributed problem at
hand. We could show that the atmospheric turbulence can be interpreted as a com-
pressor. We showed that the method is theoretically feasible when wavefront sensing is
available. The next step is the test with real data. A limitation of the method is that it
is currently restricted to stabilized satellites; extensions can be made for non-stabilized
ones. Furthermore, using the atmosphere as the compressor requires the satellites
to be a low-Earth satellite. However, there are no restrictions on the actual camera
optics, so a small-sized instrument is more than fine. For the compressed sensing light
curve method to be feasible for high-altitude satellites, a different compressor has to be
identified. It is the thrust of our next research steps. As part of this research, we have
developed a wave-optics fully physics-based simulation pipeline.

Adjacent Disciplines: As by-products, Dr. Oliker’s research led to a geometric
measure of similarities of convex polytopes, which has the potential to be relevant to a
wider range of disciplines.

The generalizability of the compressed sensing approach can be viewed as exemplary of
adaptions of compressed sensing in very different fields.

Dissemination Dissemination took place through journal publications, conference pre-
sentations, and proceeding papers. Invited Keynote speaker at the 3rd TAA Conference
on Space Situational Awareness, Apr. 4-6, 2022, Tres Cantos, Madrid, 2022. Outreach
at the West Lafayette High School and the West Lafayette Astronomy Club.
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2.2 Impacts

The research has overall impacted the view of light curve inversion in the community:.
For a while, it has been viewed as a dead topic, and I think it is fair to say that my
research has contributed to spark new interest and confidence in the solvability of the
problem. The first steps towards commercialization have been made with company
partners Katalyst and Comspoc.

The research into compressed sensing has sparked a lot of attention. Together with
MacGraw and Associates, the real-world applicability of the method is further explored.

We have been able to utilize our early results already to help identify the object
WT1109F in an international attempt in 2018.

2.3 Changes

Beyond the original scope of the project, the line of research into compressed sensing
was added to the original proposal. Some of the results provided by Dr. Oliker have
been proven to be computationally expensive and have, in parts, been replaced by
different, more computationally feasible methods offering the same or equally desirable
results.

DISTRIBUTION A: Distribution approved for public release.
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Technical Details and Showing off the Exciting Results

In the following, we want to showcase the exciting technical results obtained as part
of this contract. First, the most recent journal publication on compressed sensing is
attached.

The journal publication on shape inversion, including noise, is shown for the light
curve inversion, followed by the latest extension on the noisy inversion approach. Fur-
thermore, the paper outlining the improved inversion and inversion for objects with
concavities is shown.

DISTRIBUTION A: Distribution approved for public release.
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Image Recovery of LEO Objects
by Leveraging Optical Turbulence and Light Curves

Daigo Kobayashi * and Carolin Frueh *
Purdue University, West Lafayette, Indiana 47906

This paper shows a novel method to characterize human-made objects in low Earth orbit
(LEO) using compressed sensing on light curve measurements. The proposed approach
minimizes total variation to recover a resolved object image from a fully-unresolved light curve
and a so-called point spread function (PSF) map. The light curves are generated through
numerical wave propagation, which considers atmospheric turbulence under anisoplanatic
conditions. Subsequently, the light curve model is transformed into a linear measurement
model to apply compressed sensing techniques. Notably, the sensing matrix is found to be a
superposition of spatially variable PSFs, which significantly downsamples the ideal object image.
The proposed approach robustly recovers clear images of objects in LEO, even with imperfect

PSF map estimates and Poisson noise in the light curve measurement.

Nomenclature

= circular aperture mask of a telescope

= refractive index structure function, m~2/3

= refractive index structure function of the i-th phase screen, m~%/3
= Fourier coeflicients of phase screen, rad

= diameter of aperture mask, m

= Fourier transform operator and its inverse

= Xand Y components of spatial frequency, m~!

= gain of a sensor, e~ '/ADU

= optical transfer function of a composite of free space and turbulence
= optical transfer function of free space

= optical transfer function of turbulence

= point spread function

= 1impulse response function of the free space

*Corresponding author, Research assistant, School of Aeronautics and Astronautics, dkobayas @purdue.edu
T Associate Professor, School of Aeronautics and Astronautics, cfrueh@purdue.edu
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Isun = intensity of the Sun at 1 AU, Wm ™2

J = imaginary unit

K = number of nonzero pixels in a sparse coefficient vector
k = wave number

L = total propagation distance, km

Ltree, Luurb = propagation distance through free space and turbulence, km
¢ = effective focal length of a telescope, m

to, Lo = inner and outer scale, m

m = length of a compressed image vector, pixels

magg,, = visual magnitude of Sun

N = side length of a local phase screen, pixels

Next = side length of an extended phase screen, pixels

N = number of extended phase screens

n = length of an image vector, pixels

0 = ideal object image

ro = coherence diameter, m

ro, = coherence diameter of the i-th phase screen, m

t = time,s

u = complex amplitude of optical wave, VWm 2

X = square matrix obtained by reshaping an image vector
X = 1image in the form of a column vector

y = compressed image in the form of a column vector
X,y = Xand Y coordinates of a point in optical wave, m

yj = j-th entry of a compressed image

z = turbulence-degraded image

a = switch parameter for the atmosephric optical transfer function
0% = sparse coeflicient vector of an image

Az = propagation step in turbulence simulation, km

0 = Nyquist grid spacing of phase screen, m

Of = Nyquist grid spacing on focal plane, m

OpsSF = Nyquist grid spacing of point spread function, m
Osensor = pixel pitch of a sensor, m
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6o = isoplanatic angle, urad

A = wavelength, m

u,v = X and Y coordinates on focal plane, m

Jol = radial frequency coordinates, m™!

Pe = cut-off frequency

oy = log-amplitude variance

(0] = sensing matrix

D; = square matrix obtained by reshaping the j-th row of a sensing matrix
¢JT. = row of a sensing matrix

¢, ¢, ¢ = phase screen and its high and low-frequency components, rad

b 4

dictionary

I. Introduction

PACE surveillance is becoming increasingly important as the space environment becomes more crowded. The goal
S of space surveillance is to detect, track, and identify space objects to predict their orbits and to support future space
missions, such as Active Debris Removal (ADR). Ground-based observations can provide astrometric observations
allowing for orbit determination. However, due to non-conservative orbital perturbation forces, more accurate long-term
orbit prediction requires a deeper understanding of the object’s characteristics, such as its shape, rotation, and surface
properties. One such characterization method is to analyze a light curve, time series of the brightness measurements, to
obtain information beyond the center of mass.

Early studies of light curve inversion [1, 2] have focused on the shape and attitude inversion of asteroids. Most
asteroids have a convex shape and uniform reflectivity, allowing researchers to recover the Extended Gaussian Image
(EGI) from the light curve and invert the shape by solving the Minkowski problem. In addition, many asteroids have a
single rotation axis, simplifying the attitude inversion problem.

In contrast, light curve inversion for artificial space objects presents a more challenging problem. Many assumptions
about asteroids do not hold for these objects: they often have nonconvex shapes and nonuniform reflectivity, resulting in
non-unique and high-dimensional solutions. Many studies have addressed this issue by making assumptions about the
attitude or albedo shape to reduce the number of unknown states. Yanagisawa and Kurosaki [3] estimated the shape
and motion of a Cosmos rocket body by fitting an ellipsoid model. Linares et al. [4, 5] used filtering methods for
shape and attitude inversion while assuming a simple spin or simple shape. Linares and Crassidis [6] solved shape
and attitude inversion using a Markov Chain model while assuming a simple shape. Fan and Frueh [7, 8] developed a

multi-hypothesis scheme to rank candidate solutions for shapes. Robinson and Frueh [9] augmented EGI-based methods
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by embedding a concavity creation algorithm. In recent years, several studies have utilized deep learning techniques for
shape characterization [10-15]. Still, most of these studies do not explicitly recover the object shape, instead classifying
it into several predefined classes. All of these approaches reconstructed a three-dimensional state and are plagued by the
inherent ambiguity of the system and the curse of dimensionality. As an alternative, this study explores the option of
reconstructing a two-dimensional image with a frozen attitude state using compressed sensing.

Compressed sensing (CS) [16-18] is a signal compression technique that significantly reduces sampling rates well
below the limit of the Nyquist-Shannon theorem [19]. A high-dimensional signal is mapped to a lower-dimensional
signal using a sensing matrix. The sensing matrix must satisfy the Restricted Isometry Property (RIP) and is typically
designed with random entries. If the signal is sparse in a particular basis, the signal can be reconstructed by seeking the
sparsest solution that explains the compressed signal.

Previous studies investigated the use of compressed sensing in reconstructing the two-dimensional geometry of
an unknown space object. A preliminary study [20] discovered and provided the mathematical framework to exploit
a similarity between CS-based image compression and light curve measurement under the influence of atmospheric
turbulence. An image of an unknown space object was recovered with a simplified light curve model. A subsequent
study [21] developed a more comprehensive physics-based model of the light curve. The atmospheric degradation of
the light curve is modeled using point spread functions (PSFs) of the atmospheric turbulence. The modified light curve
model resulted in a poor RIP condition of the sensing matrix, necessitating the modification of the recovery algorithm.

This study investigates the impact of noise in the light curve and point spread function (PSF) on image reconstruction.
The PSF is degraded by adding white noise to model the estimation error. The light curve is degraded by Poisson noise
to model the shot noise inherent to optical measurements. The combination of Poisson noise in the light curve and
Gaussian noise in the PSF map makes image recovery more challenging. However, this study uses total variation (TV)
minimization with a Dantzig selector constraint for robust image reconstruction. The image recovery performance is

tested for various object brightness levels and Gaussian noise levels in the PSF map.

II. Compressed Sensing

A. Theory
The mathematical framework of compressed sensing (CS) is shown here in abbreviated form as relevant to the
methods employed in this paper. CS works by jointly compressing and sampling a high-dimensional image x € R”

through a linear operation given by [16]:
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wherey € R™ (m < n) is a compressed signal vector, and ® € R™*" is a so-called sensing matrix. Since the number of
measurements is significantly smaller than the number of pixels in the image, the system in Eq.(1) is underdetermined.

However, the signal can be accurately recovered by considering the sparsity of the image of interest. Most signals
possess a sparse representation, given by x = Wy, where a coefficient vector, y, has only K (< n) nonzero pixels. The
matrix W € R"*" is called a dictionary, and its columns work as bases of the image x. Popular choices for the dictionary
in image compression includes a discrete cosine transform (DCT) matrix, a Gaussian matrix, and a Fourier transform
matrix. This sparse representation provides an alternative formulation for the compressed image, as given by y = ®¥y,

and the sparse vector is recovered by seeking the sparsest solution that explains the compressed image [16—18], as given

by:
¥ =argmin [ly|[; subjectto [y - ®¥y|, <e, 2
Y

where @Y is called the equivalent dictionary. The high-dimensional image is recovered by multiplying the dictionary
with the sparsest solution: X = ¥y.

To obtain an accurate solution for Eq.(2), the equivalent dictionary is selected or designed to satisfy the Restricted
Isometry Property (RIP) [22]. In essence, the RIP condition requires that the equivalent dictionary preserves meaningful
information in any k-sparse vectors, thus enabling accurate reconstruction of the image x. While confirming whether
a general matrix satisfies the RIP condition is NP hard [23], most random matrices, such as a Gaussian matrix and

Bernoulli random matrix, satisfy the RIP condition [24].

B. Single-Pixel Camera
In CS, a scalar entry y; of the measurement vector is computed as the inner product between a row of the sensing

matrix ¢/T' and the image vector x. By reshaping the vectors ¢1T' and x into matrices: ®; and X, respectively, each entry

Scene X

Photodiode
Measurement — —- Image

y X
, 1
DMD array m-mirror patterns =~ = Sensing matrix
P, ¢

i

Fig.1 Schematic of single-pixel camera
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y; can be computed as the element-wise product between these matrices [20]:

yi=¢lx=) @®;0X. 3)

This idea is utilized in a single-pixel camera [25], where a scene is focused on a digital micromirror device (DMD)
by a convex lens, and a photodiode collects the reflected light, as illustrated in Figure 1. The DMD works as a binary
alternative of the sensing matrix, and by repeating the measurement m times with different mirror patterns in the DMD,
the original scene can be reconstructed by a CS solver using the measurement vector y. Thus, the single-pixel camera is

capable of imaging a scene with only a single photodiode.

C. Analogy to Light Curve

In previous work [20], a qualitative and quantitative comparison was performed between a single-pixel camera and
light curve measurement. A schematic diagram to illustrate the comparison is shown in Figure 2.

In the single-pixel camera, as depicted in Figure 2 (a), the pixel values of the scene are projected onto a DMD mirror
pattern and randomly masked. Subsequently, the masked scene is focused by a positive lens on a photodiode, which
measures the total brightness.

In contrast, light curve measurement, illustrated in Figure 2 (b), entails the reflection of sunlight from each point on
a space object, followed by the propagation of light beams through atmospheric turbulence, leading to their attenuation.
This random attenuation may be considered analogous to the random masking of image entries in the single-pixel
camera. These attenuated light beams are then captured by a telescope and are recorded as an intensity of the light
curve, which mirrors the summation of masked image entries.

Based on this analogy, this research leverages compressed sensing to recover a resolved image of an unknown space
object based on its light curve measurement. The attenuation of the light curve due to atmospheric interference is
computed using point spread functions (PSFs) computed by a rigorous wave propagation model through atmospheric

turbulence. More details about the light propagation method can be found in Section III.
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Original scene x Randomly masked scene Compressed scene 'y

(a) Single-pixel camera measurement

‘ Propagation
9

S s Sum

/ — () —

595955 .

Light from object x Random attenuation Light curve y
by atmospheric turbulence

(b) Light curve measurement

Fig.2 Comparison of single-pixel camera and light curve measurement

III. Light Propagation Modeling

A. Overview

The light curve measurements are simulated to fully explore the capabilities of the proposed method. This technique
has the advantage of providing access to ground truth in evaluating the method. The light curve simulation method is
purposely physics-based to be as representative of the real observations as possible.

Specifically, this research adopts an anisoplanatic imaging simulation method to model wave propagation through
free space and turbulence for a low Earth orbit (LEO) object located at 550 km. The proposed method extends the
framework developed by Hardie et al. [26], which has been validated for horizontal paths of short distances (up to 7 km).

First, a spherical wave is emitted from every point on the object plane and propagated over a distance Ly through
the atmosphere-free space. The simplicity of the medium allows the propagated wave to be analytically computed via
the Fresnel diffraction integral [27, Ch.6].

The optical wave is then propagated through the atmospheric turbulence from the upper atmosphere to the ground.
First, the random phase fluctuations caused by the turbulence are modeled using a set of N\ extended phase screens,
which are equally spaced over a distance, Ly,,. The extended phase screens are then cropped to create local phase
screens of size N X N (< Nex) within a predetermined distance of the optical path from each point on the object. This
two-step procedure is employed to model the spatial correlation of the local turbulence. Figure 3 shows the extended
phase screens and two sets of local phase screens depicted as blue and green squares.

The propagated wave is then used to compute a PSF for each point on the object. Ideally, the PSFs are calculated
for all pixels on the object plane, but the PSFs are instead calculated at sample points spaced by small pixel values

on the object plane to save computational time. The PSF values at non-sample points are calculated using bilinear
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Object
plane

Extended phase screen

Local phase screen

y (m)

Pupil plane

z (m)

Fig.3 Geometry of the optical wave propagation of a LEO object.

interpolation, which preserves the spatial correlation of the atmospheric turbulence.

After calculating the spatially-varying PSFs, the degraded image of the object is calculated as a spatially weighted
average of the true object. This degraded image represents the theoretical image measured on a PSF sensor, which
may or may not be the same as the ground-based telescope used for imaging. The ground-based sensor is assumed to
have an aperture and resolution, resulting in a degraded, noise-affected light curve formed by an entirely unresolved
image. The degraded light curve is calculated as the pixel summation of the degraded image. Therefore, the light curve
measurement is a linear mapping of the true object due to the linearity of the spatially weighted average calculation.
This linear light curve model is interpreted as a linearly compressed image in compressed sensing with a sensing matrix
whose row represents the superposition of the PSFs.

More details are described in the following subsections. In Section III.B and IIL.C, the theories and procedures to
generate the extended phase screens are explained. In Section IIL.D, a spherical wave is propagated through the phase
screens to compute its complex amplitude at the pupil plane. In Section IILE, the method to compute PSF is detailed. In
Section IIL.F, the method to compute degraded image and light curve are explained. In Section IIL.G, the degraded
image model is adapted to the compressed image model in compressed sensing. Finally, in Section IIL.H, noise in the

PSF map and light curve is modeled.

B. Coherence Diameter of Each Phase Screen

The extended phase screens are computed by Fourier Transform (FT) method [28] based on the implementations by
Schmidt [27, Ch.9].

First, the refractive index structure function C2(z) is chosen to characterize the atmospheric transparency over
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Free space Turbulence

Fig. 4 Split-step propagation of a spherical wave from a sample point of an object.

distance z from the space object to the observer. The C2(z) function may be estimated by a number of methods including
a numerical weather prediction simulations [29], empirical models [30], and measurement-based methods [31]. In this
study, the Cﬁ(z) function is simplified as zero in free space over 0 < z < Lge. and modeled as a positive constant Cﬁ
over turbulence located at Leee < 7 < L (= Lggee + Liurp) because the atmosphere contributes to refraction only up to a
certain altitude [30].

Subsequently, three statistical measures of the turbulence strength: the coherence diameter ry, isoplanatic angle 6y,

and log-amplitude variance 0')%, are computed by integrating the C ,%(z) function multiplied by some weight functions:

L s3]0
r0=[0.423k2 /0 i) () dz] )
L 5/3 -3/5
6o = [2.91k2L5/3 / C2(2) (1 - %) dz] o)
0
L 5/6 5/6
a§=0.563k7/6L5/6/0 G@(g) (1-7) ©)

where k = 27/ is the wavenumber, A is the wavelength, and L is the propagation distance. The coherence diameter rg
is introduced by Fried [32] and is a diameter for which the turbulence starts to seriously distort the optical field. The
isoplanatic angle 6 is an angular separation with which two point sources will have approximately the same point
spread function (PSF). Finally, the log-amplitude variance 0')3 is a measure that is related to the fluctuation of optical
wave amplitude.

The next step is to discretize the turbulence volume into AV phase screens that are equidistant over distance L.
The position of the i-th phase screen is denoted by z = z; for i = 1, ..., N as shown in Figure 4. Each phase screen

represents the turbulence-induced phase disturbance at each position. The number of phase screens are set larger than

the minimum value that avoids the aliasing problem, based on the conditions in [27, Ch.8]. To compute the phase
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screens, the coherence diameters of the local turbulence, ro,, are computed such that as a whole, they still satisfy the
statistics in Eq.(4) - (6). Using the ro, value, each phase screen is simulated by Monte Carlo method based on the
modified von Karman statistics. More details are explained below.

The local coherence diameter, zg,, is defined to approximate Eq.(4) by its discrete counterpart:

N (zi\5/3 _5/3 P
ﬁ-=l§ (F) (o) l )
i=1

which is obtained by eliminating C2 term by introducing a definition of the coherence diamter of the i-th phase screen:

-3/5

ro, = [0.423k*C2 Az, ®

Solving Eq.(8) in terms of Cﬁi and substituting in the discrete versions of Eq.(5) and (6), the isoplanatic angle and

log-amplitude variance are also expressed as in terms of ro,:

N s -3/5

do = [6.8794L5/3 > (1 - ZZ) (ro,-)_s/Sl ©)
56 N .

= () 201

k
Equating Eqgs.(7), (9), and (10) gives a linear matrix equation as below:

(7o) ()" o R S R |
52 _ 5/6 5/6 5/6 5/6 v \5/6 1 5/6 :
T e R [ R U D e G R (R RN A R TS 2 R | an
&) " 5/3 5/3 53 -5/3
S (1-2) (-2 - ||
N——
b A S

The vector b and matrix A in Eq.(11) are already known given the positions of phase screens and the values of 7y,
(‘r)%, and 6 parameters obtained earlier. The coherence diameter of the phase screens can be obtained by solving a

constrained least squares problem:

min ||b - As||3 (12a)
S
1 5/6 \5/6
st 1.331k75/615/6 (ZZ) (1 - ZZ) <0282 (12b)
0<ry, Vi=1,....N (12¢)
10
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where two constraints are imposed to ensure the validity of the coherence diameter values, following the Schmidt’s
method [27, Ch.8]. The first constraint is that the log-amplitude variances of the phase screens must be less than 20% of
the value obtained from Eq.(6). The second constraint is that the coherence diameter of the phase screens must be

non-negative.

C. Phase Screen Realization
After computing the coherence diameters of phase screens, the extended phase screens are computed by Monte

Carlo method. The high-frequency component of the phase screen is written as a Fourier series:

puey)= D D cumexp [27(fo,x+ fr )] (13)

n=—00 Mm=—00

where fy, and fj, are the spatial frequencies in the x and y directions respectively, and ¢, ,, are the Fourier series
coefficients. The Fourier series coefficients ¢, have a Gaussian distribution with a zero mean and a variance given by

[27]:

(Ienml®y = SEE (Fens Fom) Ay Ay (14)

where (-) denotes the ensemble average, and Af,, and Af,, are the grid pitch sizes in x and y directions in the frequency
domain. The term S;’;VK is a modified von Karman phase power spectral density (PSD). The PSD for the i-th phase
screen is given by [27]:

gk 0.023¢ " /Pm

o P)=Sp——— o
ro (0% + p3) 11/

(15)
where p = /fZ + fy2 is the radial spatial frequency, and p,, = 5.92/(2n€y) and pg = 1/Ly are the coeflicients with
respect to the outer scale L( and the inner scale £y, respectively. Turbulent eddies are randomly-distributed pockets of
air due to the non-uniform velocity distribution. The outer and inner scales are the average sizes of the largest and
smallest turbulent eddies.

The low-frequency component of the phase screen is computed by the subharmonic method [33] to improve the

fidelity of the phase screens. It is generated as a sum of N, different screens, given by:

Np 1 1
o) =2 N comexp [i2n(fo,x + f,,)] (16)
p=1l n=—1m=-1

The random draws of the Fourier coefficients are generated at N, times with different grid spacings of Af,, = 1/(3PW),

11
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where W is the width of the sampling grid. This sampling allows generating a screen with varieties of frequency

components. The final phase screen is a sum of the high and low frequency components:

¢(X,y) =¢H(X,y)+¢L(X,y) (17)

D. Numerical Wave Propagation

The split-step propagation method, as depicted in Fig. 4, is utilized to generate a PSF that corresponds to a single
sample point of the object. This method involves the use of a spherical wave and a set of N local phase screens, which
is selected from the extended phase screens based on the geometry depicted in Fig. 3.

This study considers the wave propagation through free space over a distance L. and the subsequent propagation
through turbulence of a distance L. The point source, up, is modeled by a Dirac delta function, and the wave field

after free-space propagation is computed using the Fresnel diffraction integral [27, Ch.6]:

ej k Liree
j/lLfree

ejkaree -k (2 yz)

- e 2Lfree X
]/lLfree

o o ok o o
[ty om0 gy (18)

uo(x’ )’) =

To model the propagation through turbulence, the wave field is propagated through a series of phase screens and free

space, sequentially applying the following equation:
ui(x, ;1) = [ui—1 (x, y31) * haz, (x, )] el ilxyit) (19)

fori = 1,2,...,N. Here, u;(x,y;t) and u;_(x,y : t) are the wave fields at the i-th and (i — 1)-th phase screen
respectively. The last term in Eq.(19) corresponds to the phase disturbance where ¢; (x, y; t) is the turbulence-induced
random phase fluctuation that is modeled by the i-the phase screen. It is a function of time ¢ depending on a wind
function. The operation A * B represents a 2D convolution of A and B. The term hp,, (x, y) is the impulse response of

free-space propagation for Fresnel diffraction between the (i — 1)-the and i-the phase screens, which is given by:

eJkAzi

P _k 2.4,2
ha (x,y) = ——e' B3 (x*?%) 20
e (0,3) = e 20)

Eq.(19) is implemented by angular spectrum method described by Schmidt [27], which utilizes the fast Fourier transform
(FFT) to compute the 2D convolution. To optimize the performance of the FFT, the number of discrete sample points of

phase screens, N is chosen to be a power of two. The sampling grid spacing of phase screens is determined based on the

12
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critical sampling size proposed by Voelz [34]:

1/2
5= (/lLturb) 21
N

This grid spacing maximizes the use of bandwidth for Fresnel propagation simulation while avoiding the aliasing

problem.

E. Point Spread Function

A PSF, h(x, y;t), is computed based on the complex amplitude at the pupil plane, u x(x, y; f), obtained above. First,
the complex amplitude is multiplied by an aperture mask and an exponential term that models a collimation by telescope.
The product is then subjected to Fourier transform, which gives a Fourier spectrum in frequency domain, (f5, fy).
Finally, the squared magnitude of the spectrum is computed, and it is transformed into a spatial domain by change of
variables, fy = x/(Af) and f;, = y/(A0).

j 7 (x24+y?
h(x,y;t) = ‘T {a(x, y) un (x,y;1) et e )} (22)

y
fx=20-1y=1¢

Here, ¥ denotes the Fourier transform operation, ¢ is the effective focal length of the PSF sensor, and a(x, y) is the
circular aperture mask of diameter D. This result gives a speckle image of PSF measured in extremely short exposure
time (i.e., ~ 10! yus). The simulation is repeated for all the sample points spaced by 2 pixels, which gives a set of 657
speckle images of PSFs.

The obtained PSFs serve two purposes in this study. The first usage is for computing a degraded image that would
be observed by a sensor at the focal plane, which will be detailed in Section IILF. The PSF works as a kernel that
determines the blurriness of the image that would be observed with a large aperture.

The second usage is for testing the validity of the anisoplanatic imaging simulation by comparing the average of the
speckle images with the analytical shape of the PSF. First, the numerical value of the average PSF is computed from the
speckle images for 100 frames in long- and short-exposure cases. The key distinction between the two exposure times is
the correction of the atmospheric tilt effect [27]. If the tilt effect caused by the optical aberrations is not corrected,
the resulting PSF will be representative of a long-exposure PSF. Conversely, if the tilt effect is corrected before the
summation, the resulting PSF will approximate a short-exposure image. These procedures give a numerical result of
average PSF for long and short exposures.

Second, the analytical result of the average PSF is computed. The Fourier spectrum of the PSF, referred to as the

optical transfer function (OTF), H, is given by the product of the diffraction-limited OTF, Hgis, and the atmospheric

13
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OTF, Ham [35]:

H(p) = Hyit(p)Ham(p). (23)
2
Z Icos‘1 (pﬂ() - p% 1- (l%) , P < pe
Hgie(p) = , (24)
0, otherwise
Ap\3 Ap\'3
Ham () = exp {—3.44 (—p) -« (—p) . (25)
ro D

Here, p. = D/(Af) is the cut-off frequency of the diffraction-limited OTF. The parameter « is a switch parameter to
distinguish between long- and short-exposure cases, with @ = 0 representing a long-exposure PSF and @ = 1 representing
a short-exposure PSF. Finally, the analytical result of the average PSF is computed by applying the inverse Fourier
transform to the computed OTF: h(x,y) = F~'{H(p)} and will be compared with the numerical result to validate the

anisoplanatic imaging simulation.

F. Image and Light Curve
The pixel value of the image at point (u, v) at time 7 in anisoplanatic imaging is denoted as z(u, v; t). It is computed
by a sum of the object image spatially weighted by PSFs, as opposed to a 2D convolution between a true object image

and the PSF in isoplanatic imaging, which is given by:

2vit) = 1> ol —k,v =1) by (k, 1), (26)
k1

where o(u, v) is the true object image and £, (k, [; ) is the space-variant PSF associated with the point source at the
point (u, v) of the true object image at time ¢.

To accurately compute Eq.(26), it is necessary to adjust the grid spacing of the PSF to match the counterpart of the
object model. The smallest pixel pitch size to satisfy the Nyquist-Shannon theorem is referred to as the Nyquist grid
spacing. The object, o0, is imaged on the PSF detector as a 2D array with a Nyquist grid spacing on the focal plane, 6 ¢

while the PSF obtained from Eq.(22) has a grid spacing, 6 psr. These two grid spacings are given by:

Al A

Sf= =, Spsr = —,
f PSF SN

2D’ @7

Since these two values are different, the result of Eq.(22) is resampled to the grid spacing of 6 ¢ prior to the implementation
of Eq.(26).
The computed image z is measured on a pixel grid of an optical sensor. In this study, the sensor grid size is assumed

to be Jsensor =2.69 pm, approximately the same size as the Nyquist pixel size on the focal plane, ¢ r. Thus, it is assumed
14
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that there is no information loss due to the limited resolution of the sensor. The Poisson noise inherent to the image
measurement will be addressed in Section IIL.H. At this stage, it is assumed that the image has been corrected for
background noise, which can be readily accomplished in practice.

The light intensity is the brightness of a non-resolved telescope image, corresponding to an image captured using a

small aperture. It is computed by summing the pixel values of the image z:

yj= ZZZ(u,v;tj) (28)
Hov

which is measured in W/m?. The light curve is influenced by atmospheric degradation because of z in Eq.(28). By

convention [36], the brightness of the light curve is also represented as an apparent magnitude given by:

mag = magg,, - 2.510g, ( 24, ) : (29)
Isun
where magg,, = —26.74 and Is,, = 1360.8 W/m? are the magnitude and intensity of the Sun at 1 astronomical unit

from the Earth, respectively. A smaller magnitude corresponds to a brighter light curve.

G. Adaptation to Compressed Sensing
The degraded image model in Eq.(26) and the light intensity model in Eq.(28) are adapted for use in compressed
sensing. As the spatially-weighted summation in Eq.(26) is a linear operation, a flattened image model z(z;) is linear in
terms of a flattened object model x, which is given by:
T

Z(tj) = hl(lj), ... ,h652(tj) X. (30)

Here, {hl(tj)}l=1

then flattening the resulting array. The parameter p denotes the number of PSF samples per side. The term "flattening"

»? is formed by shifting the centroid of each PSF sample to the corresponding source location and

.....

refers to the process of converting a 2D array into a column vector by slicing it into columns and concatenating them.
As in Eq.(28), the light intensity at time ¢ is the sum of the entries in the degraded image, z. The summation of the

entries can be achieved by multiplying an all-1’s vector, 1, with the image model:
yj=1"2(t) = ¢7x. 31

By forming a vector ¢JT., which is a superposition of all the spatially-variant PSF samples, the light intensity can be
written as a linear transformation of the ideal object image, x. In this research, ¢JT. is referred to as a PSF map, which

will be used as a sensing matrix in compressed sensing.

15
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H. Noise in PSF Map and Light Curve

This study analyzes the noise present in the PSF map and the light curve independently.

The PSF map is influenced by estimation noise caused by the imperfection of the PSF determination techniques
used, such as those found in the adaptive optics community [37]. The estimation noise of the PSF map is modeled as

additive white Gaussian noise with variance o->. The noisy PSF map, ¢ jT, is given by:
:ﬁjT = ¢JT. +vI, subjectto v' ~ N(0,0?) (32)

In Section VI, various levels of Gaussian noise is added to the PSF map to evaluate the impact on the image reconstruction.
The light curve is influenced by noise inherent to the measurement process using a CCD or CMOS sensor. The

degraded image that accounts for the information loss and the Poisson noise is modeled as Z, which is given by:
D/2)* A/ (h
Z(p, vy t;) = Poisson {uint{M 'Z(N,V;tj)}}, (33)
8

where 7 is the Planck constant, ¢ is the speed of light, and g is the gain of the sensor. The operator uint{-} converts the
intensity of the binned image to an unsigned 32-bit integer value to model the number of bits in the sensor’s ADC. The
operator Poisson{-} generates a Poisson random variable with the value in the bracket as the mean.

The light curve affected by the finite sensor resolution and Poissonian measurement noise is then computed by
summing the entries of the image, Z, and then converting the unit from ADU into W/m? by known physical parameters.

The resulting noisy light curve model, ¥;, is given by:

¥; = adu_to_irr {Z Z Z(u, v; t(,-)} , (34)
u v

where adu_to_irr is an operator for the unit conversion.

IV. Image Recovery

A. Image Recovery by TV Minimization

Utilizing the light curve measurement and the PSF map obtained from the sensor, the proposed method reconstructs
a two-dimensional image by applying the principles of compressed sensing. The light curve model discussed in Section
IIL.G can be written in the form of Eq.(1) by concatenating Eq.(31) for j = 1, ..., m. Each row of the sensing matrix
corresponds to the PSF map at each time step, ¢; for j = 1, ..., m. In a traditional approach, the image x can be obtained
by solving Eq.(2).

There are two primary challenges associated with directly solving Eq.(2): computational cost and the design of the

16
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sensing matrix.

Firstly, traditional reconstruction methods entail a high computational cost due to the large size of the image vector,
which typically exceeds n > 10°. Even for small values of m, determining § can be computationally demanding. While
fast solvers exist for this problem, they often compromise reconstruction accuracy.

Another challenge lies in the design of the sensing matrix, ®. As discussed in Section II, the equivalent dictionary
must satisfy the RIP condition to accurately reconstruct the image x. However, in LEO imaging, the PSF map, which is
solely determined by atmospheric turbulence, serves as the sensing matrix. One of the popular metrics to measure
the RIP condition is a mutual coherence [38, Ch.2], which ranges from O to 1. Roughly speaking, the smaller value
means the better RIP condition. While a popular sensing matrix (e.g. a Gaussian matrix) gives a mutual coherence of
around 0.5, the PSF map gives 1.0. Therefore, the PSF map does not satisfy the RIP condition, resulting in inaccurate
reconstruction using Eq.(2).

The first challenge is overcome by narrowing the region of interest. The location of the object is estimated using a
combination of Airy disk imaging of the light curve and background correction and removal. Hereinafter, the pixel
indices of the region of interest is denoted as an ordered sequence of indices I = (iy, . .., ix). Using this index notation,
M; = [m,,| ... |m;, ] denotes a sub-matrix of M that consists of the columns indexed by /, in the order in which they
appear in I. Similarly, a vector v; = (v;,,...,v;, ) denotes a sub-vector of v that includes the elements indexed by I.

The second challenge is overcome by the use of a more robust mathematical formulation, the total variation
minimization. The total variation (TV) is a measure of the roughness of the image [39]. It is defined as the sum of

gradient of the adjacent pixel values in an image:

TV(X) = Z Z\/(Xi+1,j = Xi )+ (Xi je1 = Xi j)?. (35)
i
Eq.(1) can be solved by minimizing the TV while regularizing the solution with Dantzig selector constraint [40]:
X =arg rrgn TV(X) subjectto ||(I)IT(y —®x))||le < €. (36)

This method uses a fact that the signal to be recovered is a two-dimensional image, as opposed to Eq.(2). The TV
minimization promotes the smoothness in the solution by suppressing high frequency intensity variations. Moreover, the
Dantzig selector constraint requires that the sparse representation error (= y — ®;X;) is not significantly correlated with
any of the columns of ®;. This constraint encourages the error to be a white noise, leaving no traces of the columns of
®@;. The problem in Eq.(36) is recast as a second-order cone program (SOCP) and solved with a log-barrier algorithm

[41].

17
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B. Image Evaluation
The recovered image is evaluated by an image quality metric called structural similarity (SSIM) index [42], which is

defined by
SSIM(X,X)=1(X,X)-c(X,X)-s5(X,X) (37)

where [(X, X), c(X, X), and s(X, X) are the luminance, contrast, and structural term:

2 +C R 20¢ + C: R ov +Cr/2
2O gy L 2TROXH O gy Tax T C2f2 (38)

l X,X = s
(*%) 0-}22 +0+C oox +C2/2

2 2 ’
My + My + C
where X is the recovered image, X is the true object image, u is the mean, and o is the standard deviation or covariance.
Cy and C, are some small constants to avoid singularity. The SSIM matches the human-perceived visual quality
and is hence superior to other traditional image quality metrics, such as the mean squared error (MSE) and the peak
signal-to-noise ratio (PSNR). The SSIM represents the image quality in the range (-1, 1], where 1 denotes the perfect

similarity, O denotes no similarity, and —1 denotes the perfect anti-correlation.

V. Simulation of Light Curve and PSF Map

A. Validation

The anisoplanatic imaging in Section III has been implemented to simulate a realistic light curve of the Hubble Space
Telescope (HST) [43] located in low Earth orbit. The ground truth object is modeled as a static image shown in Figure 5 by
assuming that the imaging of the space object takes place so rapidly that the stabilized object’s scene does not significantly
change during the measurement, which can readily be accomplished by Complementary Metal-Oxide-Semiconductor
(CMOS) sensor. The simulation parameters are provided in Table 1. The chosen propagation distance is a mean altitude
of HST, L = 550 km, with Lge. = 500 km and Ly, = 50 km for free space and turbulence propagation distances,
respectively.

The strength of the turbulence, or the refractive index structure parameter [44], is modeled as a step function with
C2 =1.0x 1071 m~2/3 over Ly and nil over Lge.. The coherence diameter, isoplanatic angle, and log-amplitude
variance for the entire optical path are found to be 3.36 cm, 0.368 urad, and 2.20.

A set of 21 extended phase screens are computed using constrained least squares optimization. They are located
equidistant over Ly = 50 km. The coherence diameter of each phase screen is shown in Figure 6. The majority of the
screens have coherence diameters of around 20 cm, which is significantly larger than that of the entire optical path, 3.36
cm. This discrepancy can be attributed to the influence of free-space propagation. The last extended phase screen is

constrained to have rp, = oo to avoid the excessive tilt correlation [26].

18
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Table 1 Simulation Parameters

Parameter Value

Aperture diameter PSF sensor D =0.61m
Focal length PSF sensor £=625m
Wavelength A =525 nm
Gain of sensor g =12 ¢ /ADU
Nyquist pixel spacing of phase screens 0 =16.8 mm
Nyquist pixel spacing of PSFs Of=2.69 um
Nyquist pixel spacing of object plane 0o =0.237m

Pixel spacing of sensor

Propagation distance through free space
Propagation distance through turbulence
Propagation step in turbulence

Number of phase screens

Extended phase screen samples

Local phase screen samples

Osensor = 2.5 Hm
Ltree = 500 km

Ly =50 km
Az =2.5km
N =21

Next = 1472 pixels
N = 1024 pixels

Refractive index structure parameter C2=1.0x10"10m™2/3

Inner scale {=001lm
Outer scale Lo =300m
Object model samples 129 x 129 pixels
Object plane side length 30.5m

Pixel skip 2 pixels (65 x 65 PSF arrays)

Subsequently, numerical wave propagation through free space and turbulence is implemented by the angular
spectrum method [27]. The spherical waves are propagated from sample points spaced by two pixels on the object plane
of 129 x 129 pixels, resulting in 65 X 65 propagated spherical waves.

Figure 7 shows one example of the propagated wave. The irradiance and phase of the propagated wave are
well-sampled on the sampling grid. The smallest local phase screen sample size to avoid an aliasing problem is 1024
pixels. This large phase screen size slows down the computation of the angular spectrum method, which needs to be
repeated 652 times in one simulation. The bottleneck of the computation, the FFT computation, is parallelized on
an NVIDIA A100 Tensor Core GPU. As a result, the average computation time for obtaining an image is around 2.4
minutes.

Finally, the simulations are validated through a comparison between the numerical and analytical PSF, as detailed
in Section IIL.E. The numerical PSF is computed by averaging 100 speckle images generated through simulations
that utilize distinct sets of extended phase screens to ensure randomness. The analytical PSF is computed based on
Eqgs.(23)-(25). The results of this validation are presented in Figure 8. The numerical PSF exhibits good agreement with

the analytical PSF in both the long- and short-exposure cases.
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Fig. 7 Example of the propagated wave and PSF: (a) Irradiance of the propagated wave, (b) Phase of the
propagated wave, (c) Point spread function (PSF).
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Fig. 8 Validation of average PSF for various exposure times: (a) Long-exposure case (o = 1), (b) Short-exposure
case (@ = 0)
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B. Illustration

To illustrate the impact of object size on image resolution, a simulation has been performed using four distinct object
sizes: 15 m, 10 m, 6 m, and 1 m for the actual Hubble Space Telescope. The simulation results are shown in Figure
9, which shows the images observed by the PSF sensor in the absence of any Poisson noise. The top row of Figure
9 displays the results of numerical wave propagation through free space, while the bottom row exhibits the results
when atmospheric turbulence is considered. It is worth noting that the total propagation distance is fixed at L = 300
km for a fair comparison. As depicted, the presence of turbulence leads to significant image blurring and distortion,
while the free space propagation has minimal impact on the object’s appearance. Furthermore, the shape of the object
remains recognizable in (e) and (f), but it is rendered nearly unrecognizable in (g) and (h), where it is relegated to the
non-resolved regime.

The temporal change of optical turbulence can be also simulated by shifting the extended phase screens by several
pixels for 50 frames. The magnitude of the screen shift is determined based on the wind speed of 1 m/s and the frame
rate of 40 fps. The object size is kept fixed at 13.2 m for this particular illustration. The results of the images and
corresponding PSF maps at four distinct times are presented in Figure 10. The wind blows from the bottom to the top of
the images. The results reveal that the warping and brightness of the object are subject to random fluctuations due to the
temporal change of the PSFs. Consequently, the observed light intensity also fluctuates over time. Figure 12 (a) displays
the normalized light curve obtained from this simulation, where the intensity is normalized by the light curve intensity
at the initial frame. Given the slow wind speed, the light curve fluctuates almost continuously. However, in reality,
wind speeds are on the order of 10 m/s, which would cause the light to pass through new sets of turbulence layers
that are independent of the previous layers. This phenomenon is considered in Figure 11, which displays the images
and corresponding PSF maps for higher wind speeds. Although the differences on the PSF maps appear negligible,
the corresponding light curve presented in Figure 12 (b) exhibits significant variations. Since the phase screens are

temporally uncorrelated, the light curve shows more pronounced and discontinuous fluctuations of the intensity.
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(O] ® (g) (h)
Fig. 9 Comparison of degraded images with and without atmosphere. Top row: without atmosphere, bottom
row: with atmosphere. Columns vary by object size: 15 m, 10 m, 6 m, and 1 m from left to right.
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Fig. 10 Impact of slow wind speeds on the degraded image and PSF map. (a)-(d): Images at frame 1, 10, 20,
and 30. (e)-(h): PSF map at frame 1, 10, 20, and 30.
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Fig. 11 Impact of high wind speed on the degraded image and PSF map. (a)-(d): Images at frame 1, 10, 20, and
30. (e)-(h): PSF map at frame 1, 10, 20, and 30.
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Fig. 12 Normalized light curve obtained by the anisoplanatic imaging simulation : (a) results with wind speed
1m/s, (b) results with temporally-uncorrelated phase screens, which corresponds to a faster wind speed.
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VI. Simulation of Image Recovery

A. Perfect PSF Map and Light Curve

To demonstrate the power and potential of the two-dimensional image reconstruction method developed in this paper,
several realistic scenarios have been simulated. In the first scenario, the image of the HST is reconstructed solely based
on its light curve and PSF maps in the absence of any noise: no Poisson noise in the light curve and perfect knowledge
of the PSF map. Fast wind speeds of 20 m/s are assumed for greater realism. The light curve is assumed to be measured
by a ground-based optical sensor that has the same or smaller aperture than the PSF sensor, resulting to a completely
non-resolved measurement of brightness.

The simulation parameters are shown in Table 1. The object is represented in an image of size 129 x 129 pixel?,
shown in Figure 5 as before. The HST is scaled to have an axial length of 13.2 m.

The simulation of the light curve and PSF maps is implemented in the following ways. First, a set of phase screens
is generated. These phase screens are identical and independent from the other frames to account for fast wind speeds.
The non-resolved light curve is computed by summing up the pixel values of degraded image at each time frame. Using
the phase screens, the degraded images of the HST and PSF maps are simulated for 2000 frames. Since the pixel spacing
of the simulated PSFs, 0, is approximately the same as that of the focal plane, 6 ¢, the sensor preserves the size of the
PSF map to be 129 x 129 pixels®>. The PSF maps are reshaped into row vectors and concatenated to form a sensing
matrix of size 2000 x 1292. The region of interest is also computed to limit the number of pixels in the recovery.

Using the light curve and the PSF maps, the image recovery simulation is conducted. The image of HST is recovered
through the minimization of the total variation subject to a Dantzig selector constraint. The residual tolerance of the
Dantzig selector is tuned by testing five values that are logarithmically spaced between 1le-5 and le-4 and by choosing
the best value based on visual inspection. Figure 13 (a) shows the recovered image, while the true image is shown in
Figure 5. The images are color-coded for better visibility. The recovered image has the SSIM index of 0.971 and clearly
shows the main body and aperture door of the HST. This result demonstrates that the PSF maps serve as a nearly perfect

sensing matrix, even with only 2000 measurements, which is around 12% of the total number of unknown pixels.
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Fig. 13 Image recovery by TV minimization with perfect PSF map and light curve. SSIM=0.971.

B. Noisy PSF Map and Light Curve

In the following subsections, the performance of the proposed method is evaluated under more realistic conditions by
reconstructing the HST image based on noisy light curve and PSF maps. The noisy PSF map is simulated by introducing
white Gaussian noise to the PSF map, as described in Eq.(32). In contrast, the noisy light curve is computed using
Poisson random variables to model noise inherent in photon-limited imaging, as described in Eq.(34).

Two scenarios are investigated to assess the impact of these two types of noise separately. In the first scenario,
various levels of Gaussian noise are introduced to the PSF map while maintaining a constant level of Poisson noise in the
light curve. In the second scenario, various levels of Poisson noise are introduced to the light curve while maintaining a

constant level of Gaussian noise in the PSF map.
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Fig. 14 Comparison of a slice of sensing matrix with (shown in red) and without (shown in blue) Gaussian noise.
The noise level is 25%.
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1. Various Gaussian Noise in PSF Map

\

(a) o: 1%, 0.847 (b) 10%, 0.726 (c) 15%, 0.616 (d) 20%, 0.550 (e) 25%, 0.516

(f) 1%, 0.910 (g) 10%, 0.923 (h) 15%, 0.926 (i) 20%, 0.925 () 25%, 0.921

Fig. 15 Recovered (top) and denoised (bottom) images for the HST with a PSF degraded by five levels of
Gaussian noise. Each caption shows the noise level and SSIM.

The performance of the proposed method is evaluated under various levels of Gaussian noise in the PSF map. The
noise level in the PSF map is defined in terms of the standard deviation o in Eq.(32) in the following manner. It is
assumed that the three-sigma bound of Gaussian white noise is smaller than the smallest entry of the PSF map since the
entries of PSFs are positive. Therefore, the noise level is expressed as a percentage of the smallest entry, and five levels
of noise have been simulated: 1%, 10%, 15%, 20%, and 25%. For each noise level, 2000 noisy PSF maps are generated
and upscaled to create a sensing matrix of size 2000 x 1292, Figure 14 compares the first row of the sensing matrix with
and without the additive white Gaussian noise. The added noise level is 25%, which is the highest tested.

In addition, a constant level of Poisson noise is introduced to the light curve. The image intensity is rescaled to a
magnitude of 12 to represent a typical brightness of an artificial space object in LEO. The rescaled image is measured
by a 32-bit ADC and converted into ADUs. A Poisson random variable is then generated based on the resulting mean
value to model an image degraded by Poisson noise, as described in Eq. (33). This procedure is repeated for 2000
frames, with the light curve computed by summing entries of each noisy image.

Using the five noise levels of the PSF map and a single Poisson-degraded light curve, the image reconstruction
of the HST at an altitude of 550 km is performed. The recovered HST images are shown in the top row in Figure 15,
while the true object image is displayed in Figure 5. The image quality of the results for all the noise levels is degraded
in comparison to the results reconstructed with the perfect PSF map displayed in Figure 13. The SSIM values of the
recovered images are 0.847, 0.726, 0.616, 0.550, and 0.516 when the PSF map is degraded by a Gaussian noise level of

1%, 10%, 15%, 20%, and 25%, respectively. There is a clear trend that the increased noise in the PSF map degrades the
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reconstruction results.

The quality of the reconstructed result is improved by applying the Block Matching and 3D filtering (BM3D)
algorithm [45]. The threshold for the noise level required by the BM3D algorithm is adjusted through trial and error.
The bottom row in Figure 15 shows the images after applying the BM3D algorithm to the images directly above. The
SSIM values are improved by 0.0630, 0.197, 0.310, 0.375, and 0.405 for the noise level of 1%, 10%, 15%, 20%, and
25%, respectively. The denoising is necessary to identify the solar panels and antenna of the HST especially when the

PSF map is subject to a larger noise.

2. Various Poisson Noise in Light Curve

This simulation studies the effect of different levels of Poisson noise in the light curve on the reconstruction results
while keeping a constant level of Gaussian noise in the PSF map. Like in the previous simulation, the noisy PSF map is
modeled using Eq.(32) but the noise level is fixed to 10 %.

Four levels of Poisson noise in the light curves are modeled using Eq.(34). Initially, the image intensity of the HST
is scaled to a magnitude of M. The image is subsequently degraded by the light propagation method and measured
using a 32-bit ADC. A Poisson variable is then generated based on the resulting mean value. The light curve intensity at
a single frame is computed by summing the entries of the noisy image. This procedure is repeated for 2000 frames for
four magnitudes: M = 12, 13, 14, and 15, resulting in four light curves. A larger magnitude results in darker object and
a greater impact of Poisson noise on the light curve.

Figure 16 shows the effect of Poisson noise on the object images and light curves. The columns represent relative
magnitudes of 12, 13, 14, and 15 from left to right. The first row displays the random electron counts generated by
drawing samples from Poisson distribution. The second row shows the Poisson-degraded light curve obtained by
summing the electron counts and by converting it into the relative magnitude. The third row shows the relative error of
the light curve in relation to the noiseless light curve. . The impact of Poisson noise on the images and light curves is
not evident for relative magnitudes of 12 and 13. In these two cases, the relative error of the light curve is below 1%, as
shown in Figure 16 (i) and (j). However, the impact becomes more significant for objects with relative magnitudes of 14
and 15, as shown in Figure 16 (c), (d), (k), and (I).

Given the Poisson-degraded light curves shown in Figure 16 (e)-(h) and a sensing matrix with a noise level of 10%,
the image reconstruction of the HST at an altitude of 550 km is performed. The results are shown in Figure 17. The
images in the top row are reconstruction results, and the ones in the bottom row are the images after applying the BM3D
algorithm. There is a clear trend that the darker objects result in lower image quality in the reconstruction results. For
objects with a relative magnitude of 12 , the recovered result has the SSIM of 0.726, and the details of the HST are
recognizable even without denoising.

For darker cases, the reconstructed images become noisier and the details are hard to recognize by human eyes,

27

DISTRIBUTION A: Distribution approved for public release.



(b) (© (@)

15.5 15.5 15.5

ol , . " o A
14.5¢ 14.5 145 14.5
| | | | ( | | | |
3w g1 g 14 WWM WM‘MMW‘ WM*W‘N M | g
£135 135 £135 135
8 g g 2
= 13 2 13 WWVMMMWWWMM” 2 13 2 13
125 | 125 I ! 125 125
7 A A 12 2 -
15 15 15 115
o 500 1000 1500 2000 0 500 1000 1500 2000 o 500 1000 1500 2000 0 500 1000 1500 2000
Time steps Time steps Time steps Time steps
(e ® (®) (h)
3 3 3 3
= . o
g2 S 2 <2 g,
5 5 5 5
B g 1f g 1 g 1f ‘
£ £ gl | i £
£ | £ £ J £
s I R 1
g 2 £ 1 f 5 !
g g’ g ¢’
z 5 £ g !
5, k] 5 5
2 &7 g7 &7
3 3l 3 3!
0 500 1000 1500 2000 ) 500 1000 1500 2000 [} 500 1000 1500 2000 0 500 1000 1500 2000
Time steps Time steps Time steps Time steps
@ @ (k) @

Fig. 16 Poisson noise on image measurement and its effect on light curve intensity. First row: Electron counts
with Poisson noise. Second row: Light curve with Poisson noise. Third row: Relative error of light curve.
Columns vary by image brightness: magnitude of 12, 13, 14, 15 from left to right.

but they still have the similar structure as the true HST image. As in Eq.(38), the SSIM is a product of the luminance,
contrast, and structural terms. The SSIM of Figure 17 (d) has a high structural term of 0.827, but low luminance and
contrast terms of 0.522 and 0.406. Therefore, denoising is needed to improve the luminace and contrast quality. The
BM3D algorithm can reveal the solar panels for the relative magnitude of 13 with a high SSIM of 0.914. For the relative
magnitudes of 14 and 15, the HST details are lost after denoising, but the contrast is restored well, resulting in a high
value of SSIM. For example, the contrast term of the SSIM is 0.947 in Figure 17 (h).

Several studies [46, 47] have highlighted the negative impact of Poisson noise in compressed sensing. The TV
minimization method with the Dantzig selector constraint assumes that the noise in the light curve is linearly mapped to
the measurement residual. However, since the Poisson noise is non-additive and signal-dependent, this method may not
be ideal. Despite this, given the low brightness conditions considered in this study, the proposed algorithm demonstrates

sufficient robustness for practical applications.
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Fig. 17 Recovered (top) and denoised (bottom) images for the HST with various brightness. Each label shows
the relative magnitude and SSIM.

VII. Conclusions

This paper presents a method for characterizing a stabilized object in Low Earth Orbit (LEO) by reconstructing a
resolved two-dimensional image at a frozen attitude. The inputs for the method are a point spread function (PSF) map
and an entirely unresolved light curve. The PSF map is a superposition of spatially-varying PSFs of the atmospheric
turbulence, which is assumed to be measurable using PSF determination techniques.

Traditional light curve inversion methods are hindered by high dimensionality and uncertainties in the solution.
The proposed method adapts the compressed sensing paradigm commonly employed in image compression. This
method overcomes these challenges by recovering a two-dimensional projection of the object of interest rather than
reconstructing a three-dimensional shape with additional dimensionality encompassing area-albedo.

Light curves and PSFs are simulated using light propagation through free space and atmospheric turbulence to
provide the best realism. Optical perturbation due to atmospheric turbulence is modeled by Monte Carlo phase screens.
[lustrations of the resulting degraded imaging for various object sizes are presented.

An image of a space object in LEO is reconstructed based on the simulated light curve and PSFs without any a
priori information. The incoherent PSFs obtained from the simulations are superposed to generate a PSF map, which
serves as the sensing matrix. However, the sensing matrix does not fulfill the Restricted Isometry Property required
for accurate signal recovery in compressed sensing. This problem is alleviated by employing the total variation (TV)

minimization with the Dantzig selector constraint for image recovery. Given the PSF map and the light curve without
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noise, nearly-perfect image recovery is achieved.

The image recovery is also considered for noisy PSF maps and light curves in two cases. The first scenario involves
the presence of five levels of Gaussian noise in the PSF map, with noise levels up to 25% in standard deviation, while
assuming a constant level of Poisson noise in the light curve with a magnitude of 12. The larger Gaussian noise in
the PSF map degrades the quality of the results. However, after denoising the image by Black-Matching and 3D-filter
(BM3D) algorithm, the details of the object becomes discernible. The second scenario involves four levels of object
brightness ranging from 12 to 15 in relative magnitude, resulting in various levels of Poisson noise in the light curve
while maintaining a noise level of 10% in the PSF map. Since the Poisson noise has a greater impact on the light curve
for a darker object, the larger magnitude leads to a lower quality of the recovered image. However, Based on the results

of these two scenarios, the proposed method is robust to noise in both the light curve measurement and PSF estimation.
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Abstract

Shape and attitude of resident space objects directly affect the orbit propagation via
drag and solar radiation pressure. Obtaining information beyond an object state is
integral to identifying an object, aid in tracing its origin and its capabilities. For
objects that have a significant distance to the observer, only non-resolved imaging is
available, which does not reveal any details of the object. So-called non-resolved light
curve measurements, i.e. brightness measurements over time, can be used to deter-
mine the shape of convex space objects using an inversion scheme. The inversion
process starts by first determining the Extended Gaussian Image and then solv-
ing Minkowski problem to obtain the closed shape result. In this paper, the effect
of measurement noise on the shape inversion and the influence of the measure-
ment geometry is investigated. Despite the presence of measurement noise, in a new
methodology, expanding upon established inversion techniques, almost perfect inver-
sion results can be obtained in a two-step process: first, an initial light curve is used
for shape hypothesis creation, and then, a second (potentially very short) light curve
is used for selection of the best hypothesis. Results are shown for two standard shapes
of a cuboid and a house shape.

Keywords Space situational awareness - Light curve - Inversion - Extended
Gaussian Image - Measurement noise

Introduction

Space situational awareness focuses on obtaining extensive knowledge of the object

of interest, usually in the near-Earth regime. The object state, which traditionally con-
sists of position and velocity, is of the interest. Recently, it has come to the attention
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that the information beyond the object state is also crucial. The so-called character-
ization information includes the information on attitude motion, shape, and material
of the space object. The characterization information can aid the object identification
process, but also has a direct influence on the state propagation via non-conservative
orbital perturbations such as solar radiation pressure and atmospheric drag.

One way to access the characterization information is via the light curves, which
are brightness measurements over time. The reflected brightness that is received by
an observer is dependent upon the observation geometry: the location of the observer,
the object, and the Sun. The brightness is also affected equally by the object proper-
ties: the object’s surface properties including shape, materials and its attitude motion.
The shape inversion problem is determining an object’s shape given its light curve(s).
The problem is heavily under-determined: only one-dimensional brightness measure-
ments as a function of time are available, whereas the desired state of the complete
shape information can require easily several hundred to several thousand entries. Fur-
thermore, the dependencies, such as attitude and materials, also directly influence
the results. Lastly, no measurement process is perfect, and measurement noise can
significantly influence the results, especially in under-determined problems.

Light curves have been studied extensively for asteroids and various techniques
exist [13, 15—-17] to retrieve the asteroid shape information. Asteroids usually have
a main axis rotation and smooth surfaces made of a single surface material, which
allows for simplifying assumptions in the shape inversion process. Human-made
space objects, such as satellites and space debris, generally expose various surface
materials and exhibit sharp edges. While many active objects have a controlled atti-
tude, simplifying the problem, it has been shown that in general [4, 7, 27], no main
axis attitude motion can be assumed for non-controlled space objects.

Light curve research for artificial space objects can be divided in three categories.
The first approach focuses on information about materials. Lynch et al. [26] analyzed
the surface material properties closely on 3 GEO satellites using the AEOS telescope.
Hejduk [11] also analyzed the specular and diffuse reflection and concluded that
albedo distribution on a sphere is not sufficient in modeling satellites. Cowardin et al.
[2] established a laboratory setup for measuring photometric brightness by mounting
different pieces of materials on a robot arm and concluded that reflectivity reduces
significantly after a collision. Seitzer et al. [36] analyzed the survey data obtained
using MODEST as well as SMARTS and categorized the GEO debris according to
its magnitude and color. Schildknecht et al. [32—-34] used ground-based optical tele-
scopes to perform color photometry and distinguish GEO debris by material types
and potential origins.

The second set of approaches, is focusing on tracing signatures of space objects
and correlating with a priori knowledge. Cowardin et al. [3] compared optical mea-
surement of Titan fragments with laboratory results to obtain the best match result.
Scott et al. [35] established a light curve catalog based on satellite bus types, and
made the comparison to differentiate objects. Payne et al. [30] who developed a
ray-tracing approach for a multi-facet model on GEO, focused on comparing the
signature of objects on a single pass. Armstrong et al. [1] suggested from glint
observation and image analysis on a GEO satellite, that optical interferometry could
capture such objects directly.
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In the third approach, the focus is laid directly on shape inversion. Hall et al. [10]
presented various methods for retrieving rough shapes and attitude of space objects,
where different conditions may apply. He also concluded that the NASA IMAGE
satellite has stopped responding based purely on the photometric data. In the hope to
find more conclusive results, shape inversion has been combined with orbit propa-
gation, combining light curve measurements and orbit propagation, as the problems
are coupled [18]. This comes at the cost of having a problem with a high number
of parameters, which is not readily solved and still exhibits ambiguities. Furfaro et
al. [8] took the inversion problem into a complete problem of characterization and
behavior analysis of any objects in space through the use of machine learning where
Bayesian Networks are formed. By using unscented Kalman filter, Linares et al.
[21, 22] proposed a data fusion technique to estimate object shape by combining the
brightness and angle data, with successful simulation scenarios.

Additionally, the structure of incorporating multiple hypothesis have been proven
to be useful in solving the object characterization problem. Gaylor et al. [9] proposed
a complete Hierarchical Mixtures of Experts (HME) architecture that is designed
to fully characterize resident space objects by using multiple layers of experts and
gating networks, where results have been shown for the attitude characterization.
Linares et al. [20] used multiple-model adaptive estimation (MMAE) to achieve a
similar function of selecting most probable shapes out of several candidate shapes
in addition to its states. The most significant advantage of those frameworks is that
a conclusive statement can be made in terms of the best candidate for object shape,
however both approaches have significant limitations. As for realistic scenarios with
unbearably many experts, that is input shape models are required such as similar
shapes, do not lead to similar light curve traces in this highly non-linear regime,
whereas similar light curves may stem from vastly different shapes. The problem
is also not additive, such that easy combinations of simple generic shapes could be
formed based on several input experts.

Embracing the presence of measurement errors, Linares [19] evaluated Bayes rule
directly for the shape inversion problem, and, under simplifying assumptions, an out-
put distribution could be shown at significant computational cost without leading to
output shapes.

In the approach presented in this paper, first the influence of measurement noise
and measurement geometry on the shape inversion is shown, following a classical
scheme [13, 15-17] of Extended Gaussian Image estimation and subsequent shape
determination as a solution to Minkowski theorem. Secondly, in the tradition of
MMAE and HME filters, a two step light curve shape inversion scheme is developed.
The first light curve is used to generate equally weighted, equally possible shape
hypotheses based on the aforementioned approach. In a second step, a much shorter
light curve is sufficient to select, the highest weighted shape hypothesis. It is shown,
that the selected shape is very close to the original one, evaluating differences in area,
normal directions, and support functions. For the sake of comparison, it is explicitly
shown that the two step process outperforms a single inversion, taking the combined
data (light curve one and two) together without using the two step process. It also
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circumvents that the need of other HME and MMAE architectures [9, 20] to define a
priori shapes.

Methodology

The inversion scheme for a single light curve consists of the determination of its
Extended Gaussian Image (EGI), followed by a Minkowski minimization and dual
transform to find a closed shape. If the light curve noise affected, a non-perfect inver-
sion result is expected. In order to explore the solution space, the noise is populated
in a Monte-Carlo approach leading to shape hypotheses. In a second step, the shape
hypotheses are correlated with an additional light curve, in order to find the best
hypothesis.

Extended Gaussian Image (EGI)

As shown by Minkowski [29] in 1909, a polytope can be described via its EGI, which
maps the surface areas and associated normal directions onto a unit sphere [12,
23, 25, 28]. The discrete representation of an EGI for a polytope with n surface
facets and associated normal directions n; with associated areas A; in those normal
directions can be expressed as the following for a unit sphere S with m discrete
normal directions ny:

EGI:{AS:ZA,-mS:n,-:1§s§m,1§i§n},{m:1§s§m} (1

Usually m # n. The area A; of the i-th flat facet will be registered to the unit
sphere of the EGI as the s™ entry. When multiple facets satisfy the condition, the
sum of those areas will be registered instead. Minkowski showed that the EGI is
unique for a given convex polytope up to rotations. The reference origin of the EGI
is specified in the center of the unit sphere, by definition, for a convex object. The
EGI representation of a shape has the significant advantage that it is independent
of the viewing angle. In our case, a complication with optical observations is that
only albedo-area, that is the product of area and the reflectivity of the given surface,
is available. Therefore, the EGI used in this research consists of the surface normal
vector and the associated albedo-area instead. Figure 1 shows three examples of EGI
representations, two of them are used in the simulation result section.

One difficulty in practice using EGI representation is the realization of the dis-
crete sphere with equal or near equal areas associated with each normal direction. In
this paper, the quad-cube method [37] has been adopted, leading to nearly uniform
distribution of normal directions over the unit sphere. In Fig. 1 the EGI direction sam-
pling is constructed with m = 150 and 294 tessellation facets on the unit sphere. The
color indicates the associated area (albedo-area). Figure Ic, f, i are the exact same
representation of Fig. 1b, e, h except all the gaps between the normal directions are
completely patched for illustration purposes. It is obvious that the more densely the
EGI vector list is sampled or the larger the m number, the more accurate the discrete
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Fig. 1 Extended Gaussian Image example: a 2x1x1 Cuboid, b Dot representation of EGI (m = 150)
corresponding to Cuboid, ¢ Facet representation of EGI corresponding to Cuboid, d House shape with
roof tip at x = 1.4, e Dot representation of EGI (m = 150) corresponding to House, f Facet representation
of EGI corresponding to House, g Sample box-wing satellite model, h Dot representation of EGI (m =
294) corresponding to the box-wing satellite model, i Facet representation of EGI corresponding to the
box-wing satellite model

EGI representation can be. An EGI representation of m = 150 leads to a tolerance of
about 6 degrees on the normal direction, and about 4 degrees for m = 294.

EGI Optimization Problem

For the scope of this paper, we adopted similar practice by Kaasalainen [14] form-
ing the first optimization problem based on the classic Lambertian reflection model,
which takes the brightness data (simulated or measured data) vector L as input and
the albedo-area vector a as output. The linear least squares cost function is:
J =L~ GaP, )
with a = [ay, ..., a, ...am]T under the constraint a; > 0 Vs. 3)

G is the reflection matrix, mapping the albedo-areas in a given normal direction
with the reflection response that is received. It contains the relationship that happens
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among the Sun, the observer, and the viewing object, and it is of the size [ by m.
The column size m is unanimous with the EGI sampling setting. The row size [ is
in time domain, determined by the resolution of measurement data. The constraint
is introduced such that all areas are positive. Mathematically, this means that the
Gaussian curvature could be negative, which leads to the existence of concavities in
the inversion process.

The elements of the reflection matrix G are computed modeling the object surface
as a mixture of specular Cy, Lambertian reflection C;, and absorption C, of a distant
point source. Each row of G corresponds to one time instance #;, each element in the
row to one normal direction ny:

Gt)s= Iy ﬂ(Vtopo(ti))z [0 (#;) - ng
+A - 8(6s(ti) . ﬁs - ﬁx . gs(ti)) ' 8(§s(ti) X ﬁs - ﬁs X §s(ti))] (4)
s=1,..mi=1,..,1

Iy is the irradiance of the Sun, rpo(#;) is the observer-object distance at the time
t;. The two vectors, 05(f;), and S;(¢;) are the unit vectors from the object position
towards the observer and the Sun, respectively. The elements of the corresponding
albedo-area vector a are:

ag = CgAg s=1,...m 5)

It should be noted that a fixed relation between C and Cy has to be assumed, in order
to make Eq. 3 a linear estimation, when both reflections are present:

Cy=x2Cq  with 1 =Cy(14+ 1)+ Ca (©6)

The condition on A represents energy conservation and that the object surface is
assumed to be opaque.

For this paper, A is set to zero, or in other words, all objects are assumed to have no
specular reflection component. In order to compute the reflection matrix G in Eq. 4,
the attitude motion, that is the transformation from the inertial to the body frame has
to be known, as the EGI representation of a rigid body is not rotation invariant. Lastly,
the size of m is sought to be as high as possible to render the best representation of
the polygon and capture all normal directions and associated areas as precisely as
possible. The size of m is limited by the number of measurements that are available,
in order to not render matrix G rank-deficient. A maximum total area constraint can
be added to avoid any unrealistically large area values.

Shape Recovery: Solving for Adjacency Information

While the EGI is unique for a convex object, the EGI is not sufficient to reconstruct
the polygon shape as the EGI only indicates the facet area a; and its facing direc-
tion ny. It is hence lacking the adjacency information, or equivalently, the distance
of the facet to the center of the object. For a convex object, this distance is the short-
est distance, and there is a unique vector that passes through the origin while being
perpendicular to the facet, the so-called support of the surface area plane 4. Its direc-
tion is the facet normal or equivalently the EGI sampling direction n,. The quantity
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hs - ng is the position vector of the point on each facet that is closest to the object
center. By treating these closest points on every facet as vertices, it is possible to con-
struct a convex hull, which is in fact, the dual polygon of the shape to be recovered.
As a result, the final shape can be obtained by performing the dual transform on the
convex hull formed using the closest points.

Based on Minkowski theorem, several methods exist [24, 25] to solve for the sup-
port hg. For a uniform reflection with a fixed reflection coefficient, one can explicitly
show, that Minkowski theorem still holds for the case when only albedo-areas a; in
Eq. 5 are available, C, is a constant:

m m
D as mg=Cq Y Ay mg=0. 7
s=1 s=1

The summation over a closed surface of a convex polygon > ¢, A - ng goes the
same as in the original Minkowski formulation. The equation can also be revised to
accommodate specular reflection, using the fixed relation stated in Eq. 6.

One method with a known and bounded error is the reconstruction of a convex
hull and utilization of the Brunn-Minkowski theorem, while constraining the recon-
structed object to stay on a constant hyperplane [25]. This leads to the formulation of
a direction optimization problem [24] (8). Alternatively, one can treat the problem as
finding the polygon given a set of half-spaces.

1.
J=-h- 8
3h-a 8)

with h - a = constant 9)

Known input quantity is the EGI area list, defined as a with elements a; from Eq. 5,
given in the (regular) home space where the albedo-area value is physically defined.
The vector h is the vector of the corresponding support h;. The tilde denotes the
dual (scaled) space due to the hyperplane constraint Eq. 9. The hyperplane condition
constrains the volume of the output shape. As a result, the output is out of scale by a
factor. The re-scaling can be done by matching up one of the facet areas with the EGI
value (from the previous EGI optimization step), leading to the actual support vector
h defined in the home space with length A;.

Measurement Error

Measurement data is affected by noise. To study the effect caused by noisy measure-
ments, noise is sampled on top of the given reference light curve from the simulated
measurements:

L=L+v, (10)

When assuming optical observations with a CCD detector, the noise standard devi-
ation is a mixture of various distributions [31], neglecting errors stemming from
background estimation and ambiguous pixels:

Ov = \//’Lobj + Mnoise + U[%I + Jr%ad an
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The signal of the object is best modeled as Poisson distribution, denoting the mean
and variance as ob;. Celestial noise sources and detector dark noise are modeled as
Poisson distributed with mean and variance ftpoise- The digitization error is uniformly
distributed with a variance aé and the read-out noise is a Gaussian distributed vari-
able, with variance denoted by orzead. It has to be noted that this is directly related to
the quantity of signal to noise ratio on the image, defined as the mean of the signal
over the standard deviation of the noise:

__ Hobj
Oy

SNR (12)

Using the central limit theorem, the combined distribution is modeled as a normally
distributed variable v ~ N (0, 03) as a simplification in this paper with a fixed signal
to noise ratio. Thus, it is the best possible scenario for the single inversion, for both,
the cases on the single light curve (cases 1 and 2 outlined below) and also the case
using the two light curves in a single inversion (the third case outlined below).

Multi-Hypothesis Approach: Hypothesis Creation and Best-Hypothesis Selection

For each measured light curve, only one sample of the distribution is available. As
it will be shown in the next section, even small noise does have a significant impact
on the shape inversion results because the problem is inherently under-determined.
This means that the inversion is not a stable problem. In order to map out the possible
solution space the noise is populated using a Monte Carlo approach. With an actual
measured light curve, noise information can be readily extracted using the signal to
noise ratio. As the sampling is of the noisy measurement rather than the true mean
of the distribution, a bias is introduced that is neglected in this current approach. The
bias is small and absorbed in the Gaussian assumption in the use of the central limit
theorem. The different Monte Carlo samples are used to perform an inversion for
each sample, leading to one final shape per sample. Those shapes are then treated
as possible and equally weighted shape hypotheses. With a second, potentially much
shorter second light curve, each shape hypothesis is then weighted. The second light
curve is also affected by noise which is sampled in a similar fashion in order to com-
pute the weights. The weights are computed based on the error between the noise-free
light curve generated at the measurement period of the second light curve by the
hypothesis shape, and the sample from the actually measured second light curve.
The comparison with the additional light curve is computed with all the shape
hypotheses, as the solution of the Minkowski problem. Denoting Lwndj as the light

curve of the j-th hypothesis shape, and L; as the i-th measurement sample from the
noise sampled second light curve, the error per hypothesis shape from the first light
curve and per sample from the second noisy light curve is determined as the absolute
difference:

E}”I’O}";,/’ = |I:j — Leana; | (13)
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The weight w; per j-th shape hypothesis is then computed as the inverse of the error
combined over all n second light curve samples:

-1
w; = (Errorj)_1 = (Z |Err0r,-,j|> (14)

The best hypothesis is the one with the highest weight. In the current application, two
light curves are sufficient to generate selective weights. However, the methodology
is easily extended for using additional light curves in case further data is needed to
resolve closely related highest weight values.

As discussed above, in order to have sufficient observability, the number of obser-
vation has to be at least the number of facets on the EGI. As we see in the first case
below, observability in those cases is not always ideal. The advantage of the hypoth-
esis weighting is that the second light curve can be much shorter, not allowing for a
full inversion itself, but still be used to compute weights. Secondly, as shown in the
simulations below, the multi-hypothesis approach is outperforming a single inver-
sion approach when taking all data of light curve one and two together in a single
inversion. The reason is the under-determined nature of the inversion problem.

Simulation Result
Simulation Setup

Four simulation cases are presented to illustrate the effect of noise on the inversion
and the performance of the multi-hypothesis method in comparison with a single
inversion. All results use the reference objects of a cuboid (2 x 1 x 1 meter) and a
house shape based off the cuboid shape with a roof height of 0.4 meters as shown in
Fig. 1. A uniform Lambertian reflection of with a reflection coefficient C; = 0.8 is
assumed.

For all cases, an almost circular Medium Earth Orbit (MEO) at a height of 20000
km with a 40-degree inclination is used. In order to show the effect of observabil-
ity of the object on the shape inversion, despite a seemingly sufficient amount of
measurements (significantly larger than the number of EGI directions), two different
attitude cases are studied. In the first case, the object spins about a space-fixed axis
(—0.95,1,0.11) at RPM of 2.2. This case is rank deficient (rank 282) [5, 6], because
of the object attitude in combination with the observer geometry. For all other cases,
three-axis torque-free motion with 30-degree nutation and 2.9 RPM precession rate
is used. Full rank is reached for all these cases with the first light curve already [5,
6]. Standard orbit propagation techniques are used, including Earth spherical expan-
sion up to degree and order 6, third body perturbations, and solar radiation pressure.
Local horizon constraints, which limit the possible observation time intervals, were
neglected but are easy enough to be incorporated. A second light curve is added in
the third and the fourth case to act as an additional follow-up light curve measure-
ment of the same object after one month. The second light curve has 100 observations
less compared to the first one and they are not sufficient for an inversion by itself,
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when using an EGI with 294 normal directions. Lower number of EGI directions are
unable to even capture the simple shapes of house and cuboid in the noise free cases
consistently. The setup of four simulation cases is summarized in Table 1. A constant
SNR of 20 is also assumed. The measurement noise is sampled in a Monte Carlo
approach. An illustration of the Monte Carlo noise sampling process for the second
orbit is shown in Fig. 2, where the black dots are the collection of all the light curves
with noise, and the red dots are the reference noiseless light curve, also representing
the mean of the distribution in relative magnitude.

First Case: Circular Medium Earth Orbit, Simple Rotation about a Space Fixed Axis

Using the methodology described in Section “EGI Optimization Problem”, as the
first step in the inversion, the EGI is obtained. Two sampled results are presented

Table1 Summary of the four simulation cases

Ist case: simple rotation 2nd case: three axis rotation

e June-1-2018 0 AM to June-2-2018 0 AM e June-1-2018 0 AM to June-2-2018 0 AM
— 350 observations evenly spread — 350 observations evenly spread

e Spin about space fixed axis at 2.2 RPM e 30° nutation, 2.9 RPM precession

¢ 294 EGI directions e 294 EGI directions

e Propagated orbit: e Propagated orbit:
— Circular Medium Earth Orbit — Circular Medium Earth Orbit
— 6th order Earth spherical expansion — 6th order Earth spherical expansion
— 3rd body perturbations — 3rd body perturbations
— Solar radiation pressure — Solar radiation pressure

3rd case: combined minimization 4th case: N-by-m comparison

o June-1-2018 0 AM to June-2-2018 0 AM: e June-1-2018 0 AM to June-2-2018 0 AM
— 350 observations evenly spread — 350 observations evenly spread

e July-1-2018 0 AM to July-2-2018 4:10 AM: o 30° Nutation, 2.9 RPM Precession
— 250 observations, 1 minute interval e 294 EGI directions

o 30° Nutation, 2.9 RPM Precession e Propagated Orbit:

© 294 EGI directions — Circular Medium Earth Orbit

o Propagated Orbit: — 6th order Earth spherical expansion
— Circular Medium Earth Orbit — 3rd body perturbations
— 6th order Earth spherical expansion — Solar radiation pressure
—3rd body perturbations e N-by-m comparison:
— Solar radiation pressure — Candidates from 2nd Case

—July-1-2018 0 AM to July-2-2018 4:10 AM

— 250 observations, 1 minute interval

Observer Location: New Mexico Skies Observatories, [32.903267,—105.529361]
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dots: 100 noisy light curves sampled at SNR=20

here. Figs. 3 and 4 show the sampled cuboid and house inversion results, respectively.
Figure 3a, c are the cuboid light curve comparison between the reference in red dots
and the noise free light curve generated using the estimated EGI as input Fig. 3b,
d. Figure 3b demonstrates the hand selected best output, matching the original EGI
best, whereas Fig. 3d is the randomly selected sampled average output. It can be
seen that the randomly selected ones, has significant area shifted to other normal
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Fig. 3 EGI optimization result demonstration for the cuboid. Top row, noiseless perfect light curve in
red and light curve generated from estimated EGIs in grey. Bottom row, areas associated with the normal
directions. In red the truth, in blue the estimation results: a Best sample cuboid result light curve compari-
son, b Best sample cuboid EGI, ¢ Random sample cuboid 1B (Fig. 6¢, d) result light curve comparison, d
Random sample cuboid 1B (Fig. 6c, d)
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Fig. 4 EGI optimization result demonstration for the house. Top row, noiseless perfect light curve in red
and light curve generated from estimated EGIs in grey. Bottom row, areas associated with the normal direc-
tions. In red the truth, in blue the estimation results: a Best sample house result light curve comparison,
b Best sample house EGI, ¢ Random sample house 1A (Fig. 6f) result light curve comparison, d Random
sample house 1A (Fig. 6f) EGI. Truth in red dots

directions, and therefore missing area in the normal directions. The best sample is
also not perfect but shows smaller deviations from the perfect solution.

Figure 4 show similar results for the house shape. We can observe in Fig. 3
that almost perfect results can be obtained which is not expected under close-to-
full observability of all facets because the deficient rank entails some facets are
never physically observed. The result for house shape is less accurate compare to the
cuboid. It still captures all the facet normal directions correctly but with inaccurate
area values.

Using 50000 samples populating the measurement noise, the Monte Carlo results
for cuboid and house are illustrated in Fig. 5. Figure 5a, ¢ show distributions of the
direct geometric sum of all the elements in the EGI vector. The red dots show the
reference values for the albedo-area sum. Figure 5b, d show distributions of the norm
of the error between each EGI entry and the truth. It can be seen that the sum dis-
tribution is not close to Gaussian and the true values are far from both distributions.
Interestingly, the albedo-area sum distribution for the cuboid is close to bimodal but
converges to the same lump in its error distribution. This is most likely due to the
symmetry of the cuboid. With the deficient matrix rank clearly degrades the opti-
mization output. The spread of the distribution is significant. Therefore, distorted
shape outcomes are expected for both, the house and cuboid shape.

Figure 6 shows several sampled shapes, completing the inversion process to solve
for adjacency information after the EGI has been obtained. Table 2 shows values for
the albedo-area sum and error for all the shapes shown in Fig. 6. The best cuboid
result resembles very closely to Fig. 6a but it is not shown here specifically in order to
closely illustrate another effect. Instead, what Fig. 6a, b show are two shapes that are
derived from the same EGI (Fig. 3b). Similarly for Fig. 6¢, d, both are derived from
Fig. 3d. The existence of different shapes is a result of applying a different threshold
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Fig. 5 Monte Carlo result from sampling the noise at SNR=20 and space-fixed axis rotation, 350 data
points: a Cuboid albedo-area sum distribution, 50000 entries b Cuboid EGI error distribution, 50000
entries, ¢ House albedo-area distribution, 23000 entries, d House EGI error distribution, 50000 entries; red
dot indicates true albedo-area sum from reference shape

value on the EGI. Area values on the EGI below the threshold are ignored. This is
often applied in asteroid shape inversion, suggested to reduce the effects of measure-
ment noise. The threshold for one, cleans up the EGI, however also areas below the
threshold are ignored, leading to a coarse inversion result. A low threshold, allowing
for smaller true areas to be accurately captured, may lead to highly distorted results.
For cuboid 1A, a very high threshold of 0.2 has been applied leading to an albedo-area
error of 0.197 and cuboid 1A with 0.1 threshold can lead to unrecognizable shape by
including more EGI entries; the shape constructed is not to scale here. It oversizes
all the other results and if recalculated, the total surface area is several times larger
than the sum of EGI entries in Fig. 3b. Currently, under the assumption of convex
shapes, the use of a threshold only eliminates shape results that are clearly incorrect

a) Cuboid 1A b) Cuboid 1A (out of scale) c) Cuboid 1B d) Cuboid 1B
Threshold: 0.2 Threshold: 0.1 Threshold: 0.2 Threshold: 0.1

~— -
~—— 77/»/ ~/ -
) Best House Result f) House 1A g) House 1B h) House 1B
Threshold: 0.1 Threshold: 0.1 Threshold: 0.2 Threshold: 0.1

Fig. 6 Final shape retrieved for Ist case, a, b: Cuboid 1A with albedo-area error of 0.197, ¢, d: Cuboid
1B with albedo-area error of 0.368, e: Best house result with albedo-area error of 0.916, f: House 1A with
albedo-area error of 1.059, g, h: House 1B with albedo-a