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Abstract

There are many Resident Space Objects (RSOs) in the Geostationary Earth Orbit (GEO) regime, both operational and debris. The
primary non-gravitational force acting on these RSOs is Solar Radiation Pressure (SRP), which is sensitive to the RSO’s area-to-mass
ratio. Sparse observation data and mismodeling of non-gravitational forces has constrained the state of practice in tracking and char-
acterizing RSOs. Accurate identification, characterization, tracking, and motion prediction of RSOs is a high priority research issue as it
shall aid in assessing collision probabilities in the GEO regime, and orbital safety writ large. Previous work in characterizing RSOs has
taken a preliminary step in exploiting fused astrometric and photometric data to estimate the RSO mass, shape, attitude, and size. This
works, in theory, since angles data are sensitive to SRP albedo-area-to-mass ratio, and photometric data are sensitive to shape, attitude,
and observed albedo-area. By fusing these two data types, mass and albedo-area both become observable parameters and can be esti-
mated as independent quantities. However, previous work in mass and albedo-area estimation has not quantified and assessed the fun-
damental physical link between SRP albedo-area and observed albedo-area. The observed albedo-area is always a function of the SRP
albedo-area along the line of sight of the observer. This is the physical relationship that this current research exploits. It is shown through
simulation that due to this physical link, and through the fusion of astrometric and photometric data, it is possible to observe the mass of
a space object when the area is not known. Results for data from 100 trajectories generated from randomly sampled initial conditions are
shown. It is seen that even when the area of the object is not known, the uncertainty in mass can be lowered from an initial value of
800 kg to the range 500–700 kg for 72% of the samples, 200–500 kg for 13% of the samples, and 0–200 kg for 15% of the samples. It
is further shown that although the uncertainties are large, the actual errors in mass are much lower, with the error RMS being less than
100 kg for 30% of the samples, between 100 and 200 kg for another 30%, and between 200 and 300 kg for 24% of the samples.
� 2018 COSPAR. Published by Elsevier Ltd. All rights reserved.

Keywords: Solar radiation pressure; Non-resolved object characterization; Astrodynamics; Data fusion; Space debris; Space situational awareness
1. Background and motivation

Advances in space technology, coupled with an
increased dependence on space-based assets for both
https://doi.org/10.1016/j.asr.2018.08.005

0273-1177/� 2018 COSPAR. Published by Elsevier Ltd. All rights reserved.
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military and commercial purposes has led to a dramatic
increase in the space object (SO) population since the first
man-made object, Sputnik, was launched. A majority of
these space objects is space debris, which consists of inac-
tive satellites and debris that have been created due to col-
lisions, explosions, and components breaking off over time
due to space object aging (RSO gerontology). The Space
Surveillance Network currently maintains a catalog of over
ution approved for public release.
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23,000 objects that are larger than 10 cm in diameter all the
way up to the International Space Station. Only about
1500 of these objects are active space assets. Due to the
need for meeting safety requirements for manned space-
flight, the debris population in low Earth orbit (LEO)
has gained much of the research focus thus far. This, along
with the fact that the LEO debris population can be studied
from both radar and optical observations, has allowed
researchers to achieve some meaningful understanding of
the space environment and force models that govern the
behavior of LEO space debris (Schildknecht et al., 2004).
However, there is still work to be done for characterizing
the debris population and environment in higher Earth
orbits. Due to the larger search space, limited observations,
and limitations in sensor technology, it is a non-trivial task
to detect, track, and characterize debris in higher Earth
orbits, let alone, be able to accurately predict their long-
term orbital motion and behavior. Fig. 1 shows data
obtained from the Defense Advanced Research Projects
Agency’s (DARPA) Space Surveillance Telescope. The data
demonstrates that although a large number of objects have
been detected in high Earth orbits, there remains a signifi-
cant population of objects that have not been correlated to
known objects, hence demonstrating that there are gaps in
the current body of knowledge and the techniques used to
study space objects that need to be filled. In other words,
detecting an object and tracking an object are not equiva-
lent. Tracking an object requires that the object be (a)
detected and (b) uniquely identified, making tracking at best
as difficult as detection and at worsemuchmore challenging.

In order to be able to characterize dynamic and physical
attributes of an RSO one must obtain measurements that
Fig. 1. Space Surveillance Telescope Synoptic Search Data. Tracked objects are
shown in Cyan (Jah, 2017). (For interpretation of the references to color in th

DISTRIBUTION A: Distributio
provide information on those attributes. In order to
demonstrate accurate characterization, one must be able
to accurately predict future behavior based on accurate
estimates of those attributes derived from observations.
To that end, one of the major capabilities that needs to
be filled is the accurate modeling of non-gravitational
forces acting on objects in the near-Geostationary Earth
Orbit (GEO). Such non-gravitational forces include Solar
Radiation Pressure (SRP), Thermal Emissions, Outgassing,
and Electromagnetic interactions. SRP is the primary non-
gravitational force acting on objects in GEO, and
improved modeling of SRP shall enhance the ability to pre-
dict the behavior and the spatio-temporal evolution of
RSOs in the near-GEO regime. McMahon and Scheeres
(2015) have shown how improved modeling of SRP results
in improvements in tracking space objects. Improved char-
acterization of RSOs entails acquiring improved estimates
of an RSO’s physical features, such as mass, area, shape
and size. Previous work (Linares et al., 2014) in this area
has shown that under idealized assumptions it is possible
to infer an object’s mass and albedo-area through the
mutual information content obtained by fusing astrometric
and photometric data. The research results provided here
builds upon work done by Linares et al. (2014), extending
it to using physically consistent BRDF models for both the
acceleration due to SRP formulation and the light curve
formulation. The need for this was recognized by
Wetterer et al. (2013). The current research also exploits
the physical link between the albedo-area estimated
through the dynamic mismodeling of SRP and the
observed albedo-area obtained directly via the measured
light curve data.
shown in black, and detected objects (i.e. objects of unknown identity) are
is figure legend, the reader is referred to the web version of this article.)

n approved for public release.
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2. Data fusion

Space Situational Awareness (SSA) involves the acquisi-
tion of information regarding the space environment, par-
ticularly man-made space objects, and the ability to
understand and predict their behavior in order to ensure
safety and security of active space assets (Joint Chiefs of
Staff, 2013). Data fusion is a methodology that enables
SSA, as it extracts knowledge gained from the mutual
information of multiple sources to achieve refined estimates
of position and identity of a space object (Jah and Madler,
2007). For the characterization and feature estimation
problem, it is only through the fusion of astrometric and
photometric data that one can estimate features such as
mass (Linares et al., 2014). This is due to the underlying
physics behind these two data types: Astrometric or angles
data are sensitive to SRP albedo-area-to-mass ratio, and
hence this quantity is observable from this data type. Pho-
tometric or light curve data are sensitive to the object’s
shape, attitude, and observed albedo-area properties.
Using only a single one of these data types in the estima-
tion process does not make mass an observable quantity,
since otherwise mass cannot be separated from the
albedo-area. However, by fusing the two data types, mass
can be estimated separately because the observed albedo-
area is always a function of the SRP albedo-area onto
the observer’s line of sight vector to the SO (Linares
et al., 2014) as shall be subsequently shown.
3. Albedo-area from SRP and light curves: the physical

connection

In general, SRP is the main perturbing non-
gravitational force experienced by objects at an altitude
over 1000 km. The force due to SRP has a complex formu-
lation that depends on the attitude of the space object and
its distance from the Sun, as well as the geometry and opti-
cal properties of each surface of the object. It is caused by
the net effect of absorption, reflection, and transmission of
photons striking and leaving the space object. Fig. 2 depicts
Fig. 2. Geometry of reflection from a single facet.
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the geometry of reflection from a single facet (Wetterer

et al., 2013), where and bY are unit vectors in the plane of

the facet, bN is the normal unit vector to the surface of

the facet, and together, bX , bY , and bN , along with their com-
mon origin, describe the body frame reference axes of the

facet. bI is the unit vector from the center of the facet to

the illumination source (oriented at angle hi from bN and

£i from), bO is the unit vector from the center of the facet

to the observer (oriented at angle hr from bN and £r from),

and bH is the half angle (bisector) vector between the illumi-
nation source and observer unit vectors. The angle between
the illumination source, the object, and the observer is the
phase angle, u.

In its most general form, the acceleration due to SRP
can be written as cf. (Wetterer et al., 2013)

aSRP ¼ �
XNfacets

i¼1

Z 1

0

F kðkÞAif iðbI � bN iÞþ
mc

� bI þ Z 2p

0

Z p=2

0

f BRDF cos hr bOdhrdur

� �
i

� �
dk: ð1Þ

In the above equation, the subscript i on the variables
denotes the value of that variable for a particular facet,
F k is the solar flux, A is the area of the facet, f is the frac-
tion of the facet that is illuminated due to self-shadowing,
m is the mass of the SO, c is the speed of light and k is
wavelength of light. This formulation models the surface
of the SO as a combination of N number of facets, denoted
as Nfacets and hence the total acceleration due to SRP is
expressed as a sum of the acceleration over all the facets,
integrated over all the wavelengths of light, and over all

observer directions. The positive subscript on ðbI � bN iÞ
denotes that the acceleration due to SRP is zero if

ðbI � bN iÞ is less than or equal to 0, which indicates that the

facet is not illuminated. In Eq. (1), f BRDF is the Bidirec-
tional Reflectance Distribution Function (BRDF), where

f BRDF ¼ ðdRd þ sRsÞ: ð2Þ

In Eq. (2), for a particular facet, Rd is the diffuse bidirec-
tional reflectance, Rs is the specular bidirectional reflec-
tance, and d and s are the fraction of the reflected
photons that are diffusely and specularly reflected, respec-
tively. The total BRDF is calculated as the sum of these
two quantities, which are both dependent on the illumina-
tion source and direction, the observer direction, and the
surface properties of the object. The BRDF defines how
incoming photons interact with and reflect from any given
surface of an object, and is an integral term of the SRP for-
mulation. The dependence on the SO’s attitude is indirectly
incorporated into the BRDF formulation through the illu-
mination and observer direction from the normal unit vec-
tor of the facet under consideration. The RSO used in this
study is modeled as an object whose surface reflectance
properties can be represented using a BRDF that has a
ution approved for public release.



Fig. 3. Reflection geometry and forces due to incident radiation off a
single facet.
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Lambertian diffuse component and a perfectly specular or
‘mirror-like’ component. Such a BRDF is given by
(Wetterer et al., 2013)

f BRDF ¼ d
q
p

� �
þ s

F 0DðbO � bRÞ
cos hi

 !
ð3Þ

where q is the diffuse reflectance and F0 is the Fresnel reflec-
tance at normal incidence. In Eq. (3), D(x) denotes the delta
function, which is 0 everywhere except D(0). Fig. 3. depicts
the reflection geometry from a surface of a single facet due
to incoming radiation for the case of Lambertian diffuse

and near-perfect specular reflection. Here, bR is the direction
of perfect ‘‘mirror-like” specular reflection, and the conical
lobe around it depicts the lobe of near-perfect specular
reflection due to material properties and irregularities. In
the development of SRP acceleration used for the research
presented here, a similar approach as taken by Lyon
(2002) is followed, where transmissivity is assumed to be
zero1, and the coefficient of absorptivity, specular reflectiv-
ity, and diffuse reflectivity are related by the constraint

CAbs þ CDiff þ CSpec ¼ 1 ð4Þ
where CAbs is the coefficient of absorption, CSpec is the coef-
ficient of specular reflection, and CDiff is the coefficient of
diffuse reflection. Part of the radiation that is incident on
the surface is directly absorbed by the surface, and the
momentum imparted by the photons that are absorbed into
the surface causes a force in the direction of incident radi-
ation. The force due to this fraction of incident radiation
on a single facet of area A is given by

F Absorbed ¼ � F sunA cos hi

c
CAbs

bI : ð5Þ

The incident radiation that is not absorbed by the sur-
face is reflected, partly in a specular manner, and partly
in a diffuse manner. The intensity and geometry of the spec-
ular and diffuse reflection depend on the material and sur-
1 i.e. in future work to be handled via the modeling of a Bidirectional
Transmission Distribution Function [BTDF].

DISTRIBUTION A: Distributio
face properties of the reflecting surface. The momentum
exchange caused due to photons reflected specularly and
diffusely cause a net diffuse and specular force on the sur-
face, the direction of which depends on the geometry of
reflection and ratio of specular to diffuse reflectivity. For
the case shown in Fig. 3, the near-perfect specular reflec-
tion causes a net force in the direction opposite to the sur-
face normal, and the Lambertian diffuse reflection causes a
force that is partly in the direction of incident radiation and
partly in the direction opposite to the surface normal. The
force due to specular reflection is given by

F Specular ¼ � F sunA cos hi

c
2 cos hiCSpec

bN ð6Þ

and that due to diffuse reflection by

F Diffuse ¼ � F sunA cos hi

c
CDiff

bI þ 2

3
bN� �

: ð7Þ

The total force on a surface due to incoming radiation is
hence the net force due to absorption, specular reflection,
and diffuse reflection, which can be written as

F SRP ¼ F Absorbed þ F Specular þ F Diffuse ð8Þ
which when expanded using Eqs. (5)–(7) gives

F SRP ¼ � F sunA cos hi

c

� CAbs
bI þ CDiff

bI þ 2CSpec cos h
i bN þ 2

3
CDiff

bN� �
: ð9Þ

Due to the constraint in Eq. (4), the absorptivity coeffi-
cient can be written in terms of specular and diffuse reflec-
tivity as

CAbs ¼ 1� CDiff � CSpec: ð10Þ
Applying Eq. (10) to Eq. (9), we have the total force due

to SRP on a single facet as

F SRP ¼ � F sunA cos hi

c

� ð1� CSpecÞbI þ 2

3
CDiff þ 2CSpec cos h

i

� �bN� �
: ð11Þ

This results in an acceleration due to SRP (summed over
all the facets of the RSO) of

aSRP ¼ �
XNfacets

i¼1

F sunAi cosh
i
i

mc

� ð1�CSpecÞibI þ 2

3
CDiff þ 2CSpec cosh

i

� �
i

bN i

� �
: ð12Þ

This formulation of the acceleration due to SRP is sim-
ilar to that obtained from analytically solving Eq. (1) with
the BRDF shown in Eq. (3) (Wetterer et al., 2013) and is
used for facet-based modeling of spacecraft (Ziebart,
2004). Note that this formulation does not take into
account self-shadowing.

The BRDF is essential in modeling photometric data, or
light curves. A light curve is the temporal history of an
n approved for public release.
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object’s wavelength-dependent observed brightness, or
apparent magnitude (Wetterer and Jah, 2009). The
observed brightness of an object is a function of the num-
ber and direction of the photons that are reflected off the
surface, which itself is a function of the illumination source,
the number and direction of the incoming photons, and the
wavelength(s) being measured by the sensor used to
observe it. Synthetic light curves can be used to model
the observed brightness of an object given the object’s
shape, size, and attitude, by representing the physics that
determines the object’s reflectance properties, i.e. a BRDF.
Essentially, a light curve model uses a BRDF to determine
the number of photons that are reflected in the direction of
the observer. This in combination with atmospheric extinc-
tion, for example, will determine the notional quantities of
photons that can be measured. To generate synthetic light
curves for a facet based model (Linares et al., 2014), first
the fraction of reflected sunlight from each facet is calcu-
lated through

Sreflected
i ¼ F Sunf

BRDF
i ðbN i � bI Þ: ð13Þ

Then the fraction of reflected light that is reflected along
the direction of the observer (what the observer sees) is cal-
culated by

Sobserved
i ¼ Sreflected

i AiðbN i � bOÞ
r2

ð14Þ

where r is the distance between the RSO and the observer.
Finally, the apparent brightness of the object is computed
by

mobject ¼ msun � 2:5log10
XNfacets

i¼1

Sobserved
i

F Sun

 !
ð15Þ

where msun is the apparent magnitude of the Sun for a given
band pass (which in the case of visible light is �26.7). Eq.
(15) can also be written as (Wetterer and Jah, 2009)

mobject ¼ msun � 2:5log10
XNfacets

i¼1

f BRDF
i AiðbN i � bI ÞðbN i � bOÞ

r2

 !
:

ð16Þ
Fig. 4. Reflection from a single facet, showing S
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It is important to note that to accurately model both the
acceleration due to SRP and light curves for an object, the
same BRDF must be used in both formulations because
how a surface scatters energy is independent of a passive
observer. If CR is used to denote the albedo of a surface,
where albedo is a variable that describes how a surface
reflects incident light, then the acceleration due to SRP is
a function of the albedo-area of the RSO projected along
the direction of the Sun, termed SRP albedo-area and
denoted by KSRP . For a single facet, the area of the facet
that contributes to the acceleration due to SRP is

AðbI � bN Þ, and hence the SRP albedo-area is given by the
relation

KSRP ¼ ðCRÞAðbI � bN Þ: ð17Þ
Note that this quantity in itself is not observable

through astrometric data, but rather SRP albedo-area-to-
mass ratio. Now the observed albedo-area, denoted by
KOBS , is the albedo-area that a passive observer can see,
and is dependent on the fraction of light that is reflected,
and the albedo-area that is projected along the line of sight
of the observer i.e.

KOBS ¼ ðCRÞAðbI � bN ÞðbN :bOÞ: ð18Þ
Eqs. (17) and (18) are hence related through

KOBS

cos hr
¼ KSRP ð19Þ

This relationship is the main physical relationship that
this work exploits, and is depicted in Fig. 4 to provide more
clear insight.

As shown in Fig. 4, the phase angle is defined as the
angle between the unit vector from the SO along the line
of sight of the observer and the unit vector from the SO
in the direction of the Sun. At lower phase angles, the
SRP albedo-area and observed albedo-area should have
better agreement, and in theory, at 0-degree phase angle,
the two are exactly the same. In other words, at very low
phase angles, the light curve data provides a direct mea-
surement of the SRP albedo-area. On the other hand, at
90-degree phase angle, there is no signal, i.e. the physical
relationship between the albedo-area that the Sun sees
RP albedo-area and observed albedo-area.
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and the albedo-area seen by an observer cannot be recon-
ciled geometrically.
4. Methodology

Due to the fact that the observed albedo-area is always a
function of the SRP albedo-area, and that the observed
albedo-area is directly observable through light curves,
we can get precise estimates of mass and albedo-area. To
demonstrate this, we shall show results for estimating mass
and albedo-area for an RSO with surface reflectance
properties that can be modeled using the BRDF shown
in Eq. (3).

The RSO used for this work is modeled as a 3-axis sta-
bilized, Sun-pointed flat plate. For this work, the attitude is
assumed to be known. Although this is a highly idealistic
simplification, the purpose of this work is to show how
accurately we can estimate mass and albedo-area by
directly measuring an estimated quantity which is justified
through the physical relationship that has been discussed in
previous sections. Moreover, Wetterer and Jah (2009) have
demonstrated that the attitude of an object can be esti-
mated using light curve data. However, it is in the scope
of future work to include an assessment of attitude errors
in the estimation process. Another simplification that this
work employs is that the RSO is modeld as a flat plate
and it’s entire surface can be modeled using the same
BRDF. This may be true for a small population of objects,
but most objects would have to be modeled as complex
shapes with different surface reflectance properties. In that
case, it would become necessary to corellate emperical light
curves to analytical ones to assess what combination of
analytical BRDFs provide the best fit for emperical light
curve data, and possibly come up with hybrid BRDFs. This
too is in the scope of future work.
4.1. SRP model and analytical light curve formulation

The SRP formulation shown in Eq. (12) is used in this
work, except it is now written in terms of d, q, s, and F0

(Wetterer et al., 2013) as

aSRP ¼ �
XNfacets

i¼1

F sunAiðbI � bN iÞþ
mc

� ð1� siðF 0ÞiÞbI þ 2

3
ðdqÞi þ 2ðsF 0ÞiðbI � bN iÞ

� �bN i

� �
:

ð20Þ
Light curves were generated in the visible-light bandpass

by computing the apparent brightness magnitude of the
object in the direction of the observer through Eq. (16).
The BRDF in Eq. (3) is used as the BRDF for light curve
modeling in the estimation filter to ensure physical consis-
tency between the acceleration due to SRP and light curve
formulation. However, the BRDF in Eq. (3) is slightly
modified for our purpose, since in its original form, the
DISTRIBUTION A: Distributio
specular component only contributes when the phase angle
is 0 degrees, or when the normal and bisector vectors are
aligned, which results in glints. From a practical stand-
point, the specular component contributes to the total

BRDF when the bO and bR direction are less than or equal
to about 10 degrees. Hence, in its modified form, the
BRDF we use for light curve modeling in the filter for this
work is given by

f BRDF
i ¼ di

q
p

� �
i
þ si

F 0HðbO; bRÞ
cos hi

 !
i

ð21Þ

where

HðbO; bRÞ ¼ 1 a cosðbO � bRÞ 6 10�

0 a cosðbO � bRÞ > 10�

(
: ð22Þ

This modification essentially creates a specular lobe
when the angle between the direction of the observer and
the direction of mirror like reflection is less than 10 degrees,
which given the subject matter expertise of others in the
community, is not unreasonable (Dr. Tamara Payne and
Doyle Hall, personal communications). It is important to
note that this 10 degree specular cone is the result of reflec-
tions from certain surface types such as solar panels, and
depending on the surface type, this opening angle may
differ.

4.2. Filtering technique

An Unscented Schmidt-Kalman Filter algorithm devel-
oped following the approach taken by Stauch and Jah
(2015) was used in the estimation process. This is a version
of the unscaled Unscented Kalman Filter (UKF) that
incorporates the uncertainties due to certain parameters
by treating them as consider parameters. Given the geom-
etry of the problem and measurements, certain parameters
may show poor observability, so treating these parameters
as consider terms is able to take their uncertainties (pro-
vided they are ‘‘known or bounded”) into account without
estimating them (Stauch and Jah, 2015). The unscaled ver-
sion of the UKF only differs from the scaled or more com-
mon version of the UKF by the fact that the mean value of
the estimated parameters is eliminated from the sigma
points, which in turn eliminates the tuning parameters.
The lack of tuning parameters eliminates the complexity
of correctly tuning the regular scaled UKF, and has shown
better performance in processing real data (Stauch and Jah,
2015).

The estimated state parameters arebX ¼ R V m Kdiff
..
.

Kspec A

h i
ð23Þ

where R and V are the position and velocity states, m is the
mass, Kdiff and Kspec are respectively the diffuse and specu-
lar albedo-areas, and A is the area of the RSO. To ensure
that the sigma-points are always physically realistic, the
constraints given by Eq. (24) are imposed on the UKF in
n approved for public release.



Table 1
RSO physical and surface reflectance parameters.

Parameter Mean value Standard deviation

Mass 1000 kg 800 kg
Area 64 m2 32 m2

dq 0.48 0.24
sF o 0.12 0.06
Kdiff 30.72 m2 7.68 m2

Kspec 7.68 m2 1.92 m2

Table 2
RSO initial conditions.

Parameter Mean value Standard deviation

X position 42256.778 km 100 km
Y position 2953.979 km 100 km
Z position 51.593 km 100 km
X velocity �0.213 km/s 0.01 km/s
Y velocity 3.058 km/s 0.01 km/s
Z velocity 0.107 km/s 0.01 km/s
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accordance with the technique described by Kandepu et al.
(2008).

5 kg 6 m

0 6 ðCDiff Þi 6 1

0 6 ðCSpecÞi 6 1

1 m2 6 ðAÞi

ð24Þ

Lower bounds of 5 kg and 1 m2 were arbitrarily picked
since it is not physically possible for mass or area to be
0, and some physically realistic lower bound for the con-
straint boundary had to be chosen. The albedo-area’s can
be broken down and written in terms of diffuse and specu-
lar reflectivity terms as

ðKdiff Þi ¼ ðdqAÞi ð25Þ
and

ðKspecÞi ¼ ðsF 0AÞi: ð26Þ
For this work, the specular contribution to the albedo-

area is only being estimated when the condition stated in
Eq. (22) is met and is otherwise treated as a ‘‘consider”
term, since the specular term only contributes to the appar-
ent magnitude when the condition for a glint is met or the
phase angle is less than 10 degrees. By treating Kspec as a
‘‘consider” parameter for the times when there is no spec-
ular contribution to albedo-area, we are able to analyze
how including this parameter’s uncertainty may affect the
results of the estimation process, but not actually allow
estimates of the parameter itself to affect our results since
the value for this parameter is not updated in the corrective
step of the filtering process. Similarly, the area of the RSO
is treated as a consider parameter throughout the estima-
tion process, since this parameter shows poor observability
when estimating albedo-area as well (Linares et al., 2014).

Using this notation in Eqs. (3) and (16), the model used
to estimate light curve data in the filter can be written in the
form

mobject ¼ msun � 2:5log10
XNfacets

i¼1

F rAiðbN i � bI ÞðbN i � bOÞ
r2

 !
ð27Þ

where

F rAi ¼
Kdiff

p
þ Kspec

cos hi

� �
i

ð28Þ

is the combination of the BRDF and facet area terms. Sim-
ilarly, the model used to estimate the acceleration due to
SRP in the filter, which is given by Eq. (20), can be written
as

aSRP ¼ �
XNfacets

i¼1

F sunðbI � bN iÞþ
mc

� ðA� KspecÞibI þ 2

3
Kdiff þ 2KspecðbI � bN Þ

� �
i

bN i

� �
:

ð29Þ
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This formulation allows the albedo-areas estimated
through the acceleration due to SRP by the filter to be
fed in as an input into the estimated light curve measure-
ment model, thereby ensuring consistency in albedo-
areas. However, as can be seen in Eq. (29), it is not possible

to separate the acceleration due to the Ai
bI term and write it

as a function of specular and diffuse reflectances. It is in the
scope of future work to investigate this and derive a solu-
tion, but for this work, the a priori value of the area is used
for the Ai term, and as discussed previously, the uncertainty
on area is accounted for by treating area as a consider
parameter.

Along with light curve data, angles data in the form of
azimuth (az) and elevation (el) are also used, and hence
the measurement vector for the filter is given by

ŷ ¼ mobject az el½ � ð30Þ
5. Simulations and results

Reference trajectories were generated from 100 ran-
domly sampled physical parameters and initial position
and velocity state vectors. The physical parameters of the
RSO were sampled using a mean and standard deviation
provided in Table 1. The initial position and velocity of
the RSO were sampled using a mean and standard devia-
tion provided in Table 2. The mean values for the RSO
physical and surface parameters and position and velocity
were used as a priori knowledge in the filter, and the a pri-
ori covariance was formed using the standard deviation
associated with each of the values.

Reference data were generated from these trajectories
every 60 s for a total of 15 days starting Dec 21, 2010 at
05:00:00 UT from Maui, Hawaii. Data were only collected
for a period of 12 h a day. Table 3 provides details of the
ution approved for public release.



Table 3
Reference data and filter measurement noise settings.

Parameter Reference data measurement

noise

Filter measurement

noise

mobject 0.1 0.2
az 1 arc second 2 arc seconds
el 1 arc second 2 arc seconds
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simulated reference measurements as well as the measure-
ment model used in the filter.

Figs. 5–9 show results for all 100 randomly sampled ref-
erence trajectory data. These results show that the filter is
able to recover position and velocity well for all samples.
Although for some samples, the position and velocity 3r
uncertainties evolve significantly (on the order of 1 km
for position and 0.1 m/s for velocity), all the errors are well
Fig. 5. Position errors with 3r covariance envelopes for the case where
area is treated as a consider parameter.

Fig. 6. Velocity errors with 3r covariance envelopes for the case where
area is treated as a consider parameter.

Fig. 7. Diffuse albedo-area errors with 3r covariance bounds for the case
where area is treated as a consider parameter.

Fig. 8. Specular albedo-area errors with 3r covariance bounds for the case
where area is treated as a consider parameter.

DISTRIBUTION A: Distributio
bounded by the uncertainties, and these large uncertainties
evolve during the 12 h measurement gaps and are reduced
once more measurements are processed. The albedo-areas
are estimated with final uncertainties less than 0.5 m2 for
all samples, and show good observability throughout the
estimation process. This is a result of estimating a quantity
that is directly observed from light curve data. While the
uncertainties on mass for all samples are reduced from
the a priori values, the final uncertainties for 72% of the
samples are in the range 500–700 kg. However, all the
errors are well bounded, and as is revealed further, the lar-
ger uncertainties in mass can be correlated to the uncer-
tainty in the area of the RSO. Figs. 10 and 11 show
histograms of final uncertainties for mass and mass error
RMS values. These further indicate that although most
n approved for public release.



Fig. 9. Mass errors with 3r covariance bounds for the case where area is
treated as a consider parameter.

Fig. 10. Histogram of values for final 3r uncertainty in mass.

Fig. 11. Histogram of mass error RMS values.

Table 4
3r parameter uncertainties for 100 samples.

Final position uncertainties

0–100 m 100–300 m 300–600 m

X Position 3r 83% 17% 0%
Y Position 3r 28% 70% 2%
Z Position 3r 100% 0% 0%

Final Velocity Uncertainties

0–0.01 m/s 0.01–0.03 m/s 0.03–0.07 m/s

X Velocity 3r 70% 30% 0%
Y Velocity 3r 45% 52% 3%
Z Velocity 3r 100% 0% 0%

Final Diffuse Albedo Area Uncertainties

0–0.1 m2 0.1–0.2 m2 0.2–0.3 m2

Kdiff 3r 5% 57% 38%

Final Specular Albedo Area Uncertainties

0–0.25 m2 0.25–0.35 m2 0.35–0.45 m2

Kspec 3r 22% 67% 11%

Final Mass Uncertainties

0 0–200 kg 200–500 kg 500–700 kg

Mass 3r 15% 13% 72%
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samples show high final uncertainties, only 16% of the sam-
ples have an error RMS greater than 300 kg. 30% of the
samples have an error RMS less than 100 kg, another
30% have an error RMS between 100 and 200 kg, and
24% have an error RMS between 200 and 300 kg. Similar
statistics for the rest of the parameters, represented by his-
tograms are provided in Appendix A.

Table 4 provides a summary of the final uncertainties for
each of the estimated parameters. For each parameter
uncertainty, the % values falling under specific bounds
are listed.

To analyze the effect of not considering the area term,
the UKF was run for the same set of data with the same
settings, except now, area was not considered in the esti-
mated state. Figs. 12–16 show results for this scenario for
all 100 samples. The position and velocity diverge for some
DISTRIBUTION A: Distrib
samples, as the errors are not bound by the 3r covariance
bounds. The diffuse and specular albedo-area errors are not
estimated for any of the samples, as all of the errors are
well outside the covariance bounds. For mass, although
the errors behave similarly as for the case where area is
considered (shown in Fig. 9), none of errors remain
bounded by the 3r covariance bounds through the course
of the measurement span. Therefore, not considering area
results in unrealistically low uncertainties for the states
and fails to aid the RSO characterization effort for the case
where the area of the object is not known.
ution approved for public release.



Fig. 12. Position errors with 3r covariance envelopes for the case where
area is not considered.

Fig. 13. Velocity errors with 3r covariance envelopes for the case where
area is not considered.

Fig. 14. Diffuse albedo-area errors with 3r covariance envelopes for the
case where area is not considered.

Fig. 15. Specular albedo-area errors with 3r covariance envelopes for the
case where area is not considered.
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To validate if there is a correlation between the uncer-
tainties on area and mass, reference trajectories and data
were simulated using the same values provided in Tables
1 and 2, but with different standard deviations in area.
Four such reference trajectories were generated with the
standard deviations on area being 1%, 10%, 30% and
50% of the mean value. UKF mass estimate results for
these cases are shown in Fig. 17. The time history of the
cross correlation coefficient for mass and area for these
cases is shown in Fig. 18. This shows that there is a positive
correlation between the uncertainty on area and the uncer-
tainty on mass. However, this is just a preliminary test to
give some validity to this hypothesis. A more thorough
investigation on how exactly the uncertainty on area effects
mass, and what the upper bound for these uncertainties
are, is in the scope of future work.
DISTRIBUTION A: Distributio
6. Future work

The work presented here was performed as a proof of
concept and the simulations were idealized in the sense that
the attitude was assumed to be known and was not esti-
mated, the RSO model considered was a Sun-pointed flat
plate, and a simple BRDF formulation was used for deriv-
ing the synthetic light curves and acceleration due to SRP.
Future work would entail the following steps to create
high-fidelity results with a more realistic scenario:

1. Estimating the RSO’s attitude for the case of a non 3-
axis stabilized attitude profile.
n approved for public release.



Fig. 16. Mass errors with 3r covariance bounds for the case where area is
not considered.

Fig. 17. Mass errors with covariance envelopes for different values of
error in area.

Fig. 18. Mass-Area cross correlation coefficient for different values of
error in area.
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2. Using a more sophisticated RSO model, such as a box
wing with solar panels or other more representative
RSO shape, and taking into consideration the self-
shadowing factor in the SRP model.

3. Using other BRDFs such as Maxwell-Beard and Cook-
Torrance that may be more representative of common
GEO RSO material and surface properties, and using
the approach developed by Wetterer et al. (2013) and
Linares et al. (2013) to model solar radiation pressure
for refined BRDF models.

4. Glint Analysis: Glints occur when the bisector vector
and the normal are close to each other and/or at low
phase angles. During glints, an object’s brightness as
viewed by the observer is dominated by its surface’s
specular reflectance properties, which causes sudden
DISTRIBUTION A: Distrib
change in the apparent brightness of the object. Glints
contain information regarding the specular reflectivity
of an RSO’s surface, and this information can be used
in the estimation process to aid the RSO characteriza-
tion effort.

5. Modeling the force caused due to the incident irradiance
in the acceleration due to SRP formulation as a quantity
that is dependent on other estimated parameters, hence
allowing the single area term that cannot be written as a
function of albedo to be estimated as well.

7. Conclusions

This work provides insight into the underlying physics
that connects the albedo-area as seen by the observer to
the SRP albedo-area. There is a physical connection
between SRP albedo-area which drives SRP forces experi-
enced by a given space object, and its observed albedo-
area. The net SRP force is caused due to absorption and
reflection (diffuse and/or specular) of incident radiation
from the surface of an object. If we ignore the contribution
of transmissivity, the total energy exchanged due to
absorption and reflection can be constrained to unity and
this constraint can be exploited. The physical connection
between SRP and Observed albedo-area then allows us
(in theory) to estimate the space object’s mass, only observ-
able by way of the mutual information contained in com-
bined astrometric and photometric data. It is important
that the SRP force model use the same BRDF as the
observed albedo-area measurement formulation.

The results show that while considering the area of an
RSO effects the observability and estimates for mass, we
can still get meaningful results for satellite characterization
and mass as the uncertainties are lowered from the initial
value of 800 kg to lower values. However, not considering
ution approved for public release.



Fig. A3. Histogram of values for final 3r uncertainty in velocity (3D).
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the area causes the filter to diverge, and although the
parameter uncertainties for this case are much smaller,
there is no confidence associated with the results.
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Appendix A. Histograms of parameter uncertainties and

error RMS values

See Figs. A1–A8.
Fig. A1. Histogram of values for final 3r uncertainty in position (3D).

Fig. A2. Histogram of position error RMS values.

Fig. A4. Histogram of velocity error RMS values.

Fig. A5. Histogram of values for final 3r uncertainty in diffuse albedo-
area.
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Fig. A6. Histogram of diffuse albedo-area error RMS values.

Fig. A7. Histogram of values for final 3r uncertainty in specular
albedo-area.

Fig. A8. Histogram of specular albedo-area error RMS values.
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