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Lectures on 

Turbulence and Mixing Processes in stratified Fluids 

PREFACE 

The notes in this report are based on a set of eleven lectures pre¬ 

pared for a summer course "Vertical Exchange Processes in the Seat » 

August 26-31, 1974, at Marstrand, Sweden, sponsored by the Nordiska 

Sommarskolen for forskarutbiklning in collaboration with the Oceanographic 

Institute of the University of Gothenburg. I would like to take this opportunity 

to thank Gösta Walin, organizer of these seminars, for offering me the 

opportunity to participate in this program. 

The other lecturer in this course was Prof. Claes Booth of the 

University of Miami. Since my understanding of the myriad of practical 

oceanographic problems involving turbulence and vertical mixing processes 

is much inferior to that of Prot. Rooth, I have concentrated in these notes on 

basic fluid mechanical concepts with only passing references to such problems 

as pollution, water quality, ecological impacts, etc. which inspire interest 

in the subject of these lectures. 

These notes presuppose an understanding of basic fluid mechanics, 

but they do not require any special awareness of turbulence research. Topic 1, 

in fact, presents the basic concepts required, including the equations of a 

stratified (Boussinesq) fluid, the energy equation for one-dimensional turbulence 

in a stratified fluid, instability of stratified, shearing flow, and a comparison 

of molecular and turbulent diffusion. The Appendix in Topic 1 has a rudimentary 

discussion of turbulence in homogeneous fluids. 

Topic 2 discusses and compares experimental investigations of 



mixing processes in a stably stratified fluid and includes a unifying dis¬ 

cussion of observations in experiments with and without shear. These 

experiments now appear to be reasonably good models of such atmospheric 

and oceanic phenomena as the erosion of inversions and thermoclines. 

Topic 3 has a discussion of the Richardson number» Ri, the flux 

Richardson number Rf and eddy coefficients of viscosity and buoyancy 

diffusion. One basic result of recent experiments and observations is that 

the flux Richardson number tends to be a constant under moderately stable 

or very stable conditions (typical of atmosphere and oceans). This yields 

a valuable relationship for purposes of parameterization of fluxes of 

buoyancy and momentum. The last pa*t of this topic applies the experi¬ 

ments of Topic 2 to the practical problem of mass and salt transfers into 

and out of estuaries and the way in which these transfers combine with 

vertical mixing processes to determine the depth of the halocline. These 

concepts arc applied to the Baltic Sea. 

One of the most useful concepts for understanding the surface layer 

of the atmosphere is the Monin-Obukhov theory. Little is known about its 

application to oceanic problems but it seems likely to be relevant to the 

upper mixed layer and to the layer near the bottom if a bottom current 

exists. This theory is discussed in Topic 4 for stable and unstable con¬ 

ditions. In the latter case a similarity theory has been advanced which has 

strong adherents, especially in the Soviet Union. An alternative theory is 

offered in these notes which seems to be in closer accord with observations 

in the laboratory and atmosphere. 



-íil- 

Topip 5 is concerned with density currents and "wake collapse" 

and is relevant to currents of fresh water issuing from an estuary, the in¬ 

trusion of a salt-water wedge into an estuary and the collapse of a region 

of turbulence in breaking internal waves. 

Topic 6 discusses problems in which the earth’s rotation is 

important, inc uding mixing near the coast due to internal Kelvin waves 

and the problem of upwelling. Finally we include a list of symbols for 

easy reference and a list of participants in the course. 

Robert R. Long 
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Lectures On 

TURBULENCE AND MIXING PROCESSES IN STRATIFIED FLUIDS 

Topic 1. Basic Ideas 

1.1 Introduction 

There is great interest on the part of geophysicists and engineers in 

fluid systems in which there are density variations. Such variations are typical 

of the atmosphere, seas, lakes and reservoirs and even when the variations are 

exceedingly small, they are almost always exceedingly important. In some 

cases, for example in the air above the warmed surface of the earth, there 

may be a layer in which the average density increases with height, i. e., the 

fluid is unstably stratified (Fig. 1.1). Then, because the density distribution is 

Fig. 1.1 Convection above a warm surface. 

basically unstable, there is a strong tendency for light parcels of fluid near 

the ground to rise and heavier parcels to descend in a type of motion called 

thermal convection . The heating is sufficiently strong to maintain the average 
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density increase with height close to the ground, but at some distance above the 

ground the mean density increase becomes very weak, or may even be replaced 

by a density decrease with height (Gille, 1967, p. 380). In the layer of density 

increase with height, the motion may have a regular cellular pattern in the 

form of fit nard cells (Bénard, 1901). More usually, especially in geophysical 

situations, the motion is turbulent or irregular, characterized by plumes or 

thermals. Turbulent convection is discussed at some length in Section 4.3. 

Layers with mean density increase with height are rather rare in 

the atmosphere and in oceans and lakes. As we have mentioned, they occur 

in the atmosphere near the surface when the surface is giving off heat to the 

air (frequently in the daytime). Unstable layers occur in water near the water- 

air interface when the water is losing heat (e. g. by nocturnal cooling or evap- 

orational cooling or when there is overriding cold air). Such layers may also 

occur near the ocean bottom in regions of formation of bottom water (Turner, 

1973, p. 313). Usually, however, the mean density decreases (stably strati¬ 

fied) or is uniform with height. Except for a portion of Topic 4, we confine 

cwrselves to the stable case and, especially, to the occurrence of turbulence 

and Mixing in stably stratified fluids. 

If a turbulent fluid has a mean vertical density gradient, turbulence 

will tend to reduce this density variation. As a simple example of this process, 

we can imagine a vessel filled with water with a stable temperature stratifica¬ 

tion - warm near the top becoming colder with depth. If we now induce turbu¬ 

lence by stirring mechanically, the density gradient will ultimately be wiped 

out (Section 1.6). If, on the other hand, the fluid is initially unstably stratified 

cold above and warm below - convection will set in automatically and the 



density gradient will again be eliminated. In the first case the warmth near the 

top is transported downward; in the second case, the warmth near the bottom is 

transported upward. Thus there is always a flux of heat from warm regions to 

colder regions. 

1.2 Governing Fquations 

Let us now write down the governing equations for the fluid systems 

considered in these notes. For a liquid1 such as water in which the density 

variation is linearly related to temperature, for example, a reasonably accurate 

set of equations is 

(1.1) 

(1.2) 7 • V = 0 

(1.3) 

where v = (u, v, w) is the vector velocity at the point (x,y, z), p is density, p is 

pressure, k is a unit vector in the vertical, g is gravity and v and kh are constant 

coefficients of viscosity and heat conduction. We have neglected the rotation of 

the earth although this will be important for larger scale phenomena (Monin and 

Yaglom, 1971, p. 406). Rotation is discussed under Topic 6. 

We do not give a separate discussion for the compressible atmosphere. 
In the lowest few thousand feet the same equations are valid if we use for the density 
p in a liquid the potential density in the gas (Yih, 1965, p. 16). The latter is the 
density of a parcel of air when its pressurées changed adiabatically to a reference 
pressure, usually taken to be 10Rdynes/cm . 



In geophysical problems, p varies rather little and it is convenient 

to define a quantity called buoyancy b: 

b = g (1.4) 
°0 

where oo is some representative density, often taken to be Pb = 1 gm/cm3 

in the case of water. Under the assumption that 

£l£a « j 
Po 

(1.5) 

we may neglect the difference between (¾ and p everywhere in the equations 

except in the gravity-force term and obtain 

dv 
cj* = ~vP*"bk + v'T V (1.6) 

V • V = 0 (1.7) 

db 
dt = kh^b (1.8) 

where p+ = p/po + gz. The approximation we have used, namely (1.5), is 

called the Boussinesq approximation1 (Boussinesq. 1903). Physically, in 

-X- 
There are some delicate points in a careful derivation of the Boussinesq 

approximation, especially as applied to compressible fluids. These are considered 
carefully by Spiegel and Veronis (I960). In some special problems certain phenomena 
of interest may be lost by making the approximation (Long, 1965), but this does not 
affect the subject of these notes. 

Our treatment of the governing equations is very brief and the reader is re¬ 
ferred to more careful discussions of the equations by Phillips (1966, p. 8-19), Monin 
ant! Yaglom (1971,pp. 421-425), Turner (1973, pp. 3-13). 
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making this approximation we have taken into account the tendency for a 

parcel lighter or heavier than its environment to rise or fall under the in¬ 

fluence of gravity (since we do not assume is small compared to 
Po 

dw/dt for example), but we have neglected all other effects of density varia¬ 

tion, for example the small excess of momentum pv -p0v of a parcel because 

its density is p and not p0. In natural circumstances this approximation is 

excellent in water where, for example, temperature variations cause density 

differences of order of one-tenth of one percent. It is also quite good in the 

lower atmosphere (Monin and Yaglom, 1971, p. 421). 

In the sea, density variations are caused by both temperature and 

salinity. We assume a linear relationship, p = p0(l-aTf 0S) and we use the 

following form of the Boussinesq equations: 

dv a 
7¾ =-7Pa+ (goT-geS)kf v<fv (1.8a) 

^ = kfc^T (1.8b) 

TJpk.^S (1.8c) 

7* V = 0 (1.8d) 

where T is temperature and S is salinity and where the representative 

density p0 is taken to be the density when T = S = 0; the quantities a and 

8 arc positive known constants, ka is the molecular coefficient of salt 
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diffusivity and is much smaller than k,, ! £*• ~ 10o\ Notice that even when 
Ka 

density variations are due to both heat and salt, If we can neglect molecular 

processes, we may use the simpler set in Eqs. (1.6)-(1.8) in terms of 

buoyancy b = gfßS-erT) after setting the diffusion terms vr^v and k^b in 

Eqs. (1.6) and (1.8) equal to zero. 

1.3 Energy Equation and Mean Momentum and Buoyancy Equations. 

Let us now consider a simple situation1 in which turbulence exists 

but mean quantities vary only with height z and not with horizontal distances x 

and y. Such turbulence is called horizontally homogeneous or one-dimensional, 

and this approximation is useful in many practical problems because horizontal 

variations are often negligible in natural circumstances. We also assume a 

mean velocity Q along the x-axis with v and # both zero. We define distur¬ 

bance quantities by 

u = Ü+ u' 

v = v' 

w = w' 

P* = P+ P' 

b =6+ b' 

1For a fuller discussion, see Lumley and Panofsky (1964, pp. 67-75). 
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whori* :m overbar denotes an average1. 

In one-dimensional turbulence the averaged equation of motion 

al Jng the flow and the averaged buoy:incy diffusion equation reduce to 

(¾ jh 
at Í)/. 

(1.9) 

i)b Uq 
at a/, 

In the momentum flux i and the buoyancy flux q the molecular contributions 

are almost always neglig ble and we may consider t -uV' and q -wl)' . 

Notice that in steady-state turbulent flows the fluxes are independent of height. 

Let us mm’ form the kinetic energy equation by multiplying Kq. (1.6) 

by y and averaging. We obtain8 

Tjj-Õ^) - ^ wVV.i+p') - V-(^72) ♦ i Dt+q-c (1.10) 

where e' is the turbulent s|H*ed, where we have used ut tz, ami where 

e vfiwr+lw^+ivwf] (l.ll) 

is the (positive) dissipation function. 

i 
The most basic choice from a theoretical viewpoint is an ensemble 

average, but here we may also use the more practical concept of an average 
over, say, a large horizontal area or in steady cases over a longtime. For 
a careful discussion, see Monin and Yaglom (1971, pp. 205-218). 

aThe energy equation (1.10) is identical when Eq. (1.8a) is the 
governing equation. 
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1.4 Discussion of Energy Equation 

The dissipation is proportional to the (small) viscosity coefficient v, 

but this does not mean that e is small compared to the other terms in 

Eq. (1.10) because such quantities as (vu')a are very large in turbulent 

flows. In homogeneous fluids, for example, the eddy velocity usually de¬ 

creases as we consider smaller and smaller eddies but the size of the eddies 

decreases faster than u' in the sense that Ou'/Ox increases. Thus (Ou'/Oxf2 

is very large and, in fact, tends to be inversely proportional to v so that c 

is independent of the viscosity. We may often safely assume1 (see Appendix) 

(1.12) 

where is the rms turbulent horizontal velocity which is of the order of 

the velocity of the energy-cot1 lining eddies, and l is the integral length 

scale which is a measure of the length scale of the energy-containing eddies. 

Although molecular friction raust be taken into account in forming 

the energy equation, there is ample *eason to believe that Molecular viscosity 

and molecular heat and salt diffusion are negligible for most other uses of the 

Boussinesq equations provided the Reynolds number, o* 1/v, and Péclet numbers, 

Pe = t/k,, c/M £/kh are sufficiently large, perhaps over 200 (Topic 2). One 

consequence of this is that Eqs. (1.6)-(1.8) can then be used instead of 

Eqs. (1.8a)-(1.8d) and we do not have to consider the roles of temperature 

and salt separately. 

The buoyancy flux q in Eq. (1.10) has a sign that is controlled by 

the correlation between vertical velocity and perturbation buoyancy in rising 

1The symbol — reads: "is of the order of. Here we mean e ~ 

where ^ is close to one and independent of <xu and L Usually we have certain 
non-dimensional numbers tending to infinity or zero and them P - R means that 
the ratio P^R - C where C is neither zero or infinite. Notice that C need not be 
close to one, although it frequently is or is assumed to be. 
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and falling parcels of air. If the mean density increases with height, aí in 

turbulent thermal convection, rising parcels (w'> 0) are associated with lower 

density(b'< 0)and sinking parcels with higher density so that q = -w'b’ is 

positive. Then Eq. (1.10) shows that this effect is a source of kinetic energy 

helping to drive the motion. The correlation coefficient is of order one. 

(Deardorff & Willis, 1967, p. 691, measured values around 0. 5 and 0.6). 

When the mean stratification is stable, q will have the opposite j{gn 

as rising parcels tend to be cool and falling parcels warm. One must be 

careful in the stable case, however, because of the possibility of wave motions 

contributing to w' and o’. Thus, if the fluid is at rest and stably stratified, 

it is capable of internal gravity-wave motion in which the basically level 

density surfaces move up and down in waves. Obviously, if the waves do not 

break, there will be no rupture of these surfaces and therefore, neglecting 

molecular conduction, no flux of heat or buoyancy despite sizable values of 

w' and p\ The correlation coefficient will be zero. If the waves break, 

there will be intermittent turbulence superimposed on the wave motion and 

q will be negative although the correlation coefficient may be much less than 

one. Negative q means that the kinetic energy tends to decrease. This is 

because it requires work to lift heavy parcels up and bring light parcels down. 

There is a tendency in doing this to increase potential energy at the expense 

of kinetic energy so that some of the other terms in Eq. (1.10) must be 

energy-producing if turbulent energy is to increase or be maintained. 

It is useful to define ava lahle potential energy per unit mass (Long, 

1970, p. 357) by considering it to be the kinetic energy per unit mass 
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attained by a parcel of buoyancy b = b'+bfz) as it falls from the height /, to 

the height Ç ai. which its buoyancy b is equal to the mean buoyancy 6(f ) at 

that level. We have 

b’rbfn-&(/.) (1.13) 

-r>^ (1.14) 

approximately, where e /.-( ami we have assumed that f is small compared 

with the length scale of the vertical variation of mean buoyancy1. Then 

neglecting disturbance pr >ssure, we may write 

TT r -b' ; tit ilt * 

because Ç is a Lagrangian quantity, so that dÇ/dt = 0. Integrating, we get 

= const (1.16) 

Thus available potential energy may be defined as 

- r* h'r _ 
V’ ^-bt2-or V (1.17) 

We may also identify q with potential energy changes. The potential 

energy of a particle of volume V0 and density p is pgV0/.. Let us now define 

1 This may not always, or even usually, be the case but our develop¬ 
ment here is only suggestive of the definition of Eq. (1.17). 
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inçremental potential ener^ as PKVoz-PbgV0z so that this potential energy is 

zero when the particle has the characteristic density c*,. If we let V represent 

the incremental potential energy per unit mass, then, to within the Boussinesq 

approximation, V - bz. Since b is nearly conservative, putting b = b’+b and 

assuming no mean vertical velocity, we have 

= a.!«» 

is the average rate of increase of incremental potential energy per unit mass. 

We may identify this with available potential energy by differentiating (1.17) 

and again assuming db/dt 0. We get 

dV* ¿dr 
dt ' 2 dt 

1 -dB 1 ,., 
I"dt =2Wb wV (1.19) 

so that 

(1.20) 

Comparing (1.18) and (1.20), we see that the average rate of increase of 

incremental potential energy and the average rate of increase of available 

potential energy are the same. 

In application, we can conceive of an energy-containing eddy in the 

form of a whirl with horizontal axis of rotation, with velocity <x„ and diameter L 

1Some authors identify available potential energy with our incremental 
potential energy. 
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It will lift parcels from their level of origin a distance ? ~ £ so that V’ *s*ob£, 

where is the rms buoyancy fluctuation. If the turbulence is not decaying, 

the kinetic energy must be of this order or larger so 

^ < 0(1) (1.21) 

In a fully turbulent layer, £ is of order of the depth D of the layer1. Thus we 

see that if D increases and is maintained, the layer must become more and 

more homogeneous. (See Sections 2. f> and 2.6). 

Lei us now discuss the first and second terms on the rhs of Eq. (1.10). 

The term proportional to v is negligible in the first term, which is called the 

energy flux divergence. In most literature on turbulence in stratified fluids 

(Proudman, 1953, p. 101, Phillips, 1966, p. 201) the role of the energy flux 

divergence is treated rather casually. Typically, the arguments neglect the 

energy flux divergence and in stable conditions the only energy source term is 

then Tüt. It is then stated that the sink term q must not exceed the source 

term if the turbulence is maintained, so that 

W<\ (1.22) 

since e is positive and non-zero. Rf is called the flux Richartison number. 

1 The large eddies tend to be as large as the dimensions of the region of 
turbulent motion when there are no density gradients (see the Appendix and Tcnnekes 
and Lumley, 1972, p. 19). Here the potential energy may be as large as the 
kinetic energy but this should not change the order of magnitude of the eddy size. 
Experiments, for example those of Moore and bong (1971),have been run in which 
buoyancy forces are of the* same order as the acceleration, i.e. ob ~<j* £. It 
was observed that the eddies filled the whole channel in this case. 



In addition, it is possible to define an eddy viscosity Ka and eddy conduc¬ 

tivity Kb by 

T = K.Ü, , q = KbBf (1.23) 

so that the condition (1.22) becomes 

(1.24) 

Ri is called the gradient Richardson number anti plays a considerable role 

in stratified flow theory. We question Eq. (1.22) below but even if the argu¬ 

ments were rigorous, the inequality (1.24) would be of limited usefulness 

because KB/Kb varies strongly with Ri. 

The above argument is completely incorrect in an important class 

of laboratory experiments (see Topic 2) in which a stratified fluid in a closed 

vessel is agitated by a vibrator. There is no mean flow, so u, = t - 0 and 

Ri and Rf arc both infinite, yet turbulence and buoyancy fluxes exist even 

in the presence of very large density gradients (Turner, 1973, Chapter 9). 

Obviously in this experiment the flux-divergence term in the energy equation 

is the only source of kinetic energy. If shear exists, as we will see, ‘he 

flux-divergence term tends to be of the same order as the shear term n 

Eq. (1.10) and this is the apparent reason for the usefulness of argunu uts 

that Rf has an upper limit for the existence of turbulence (see Topic 2). A 

commonly cited value is Rfe = 0.15 (Turner, 1973). We will see in our dis¬ 

cussion of Topic 3 that Rfe is probably closer to o. 05 in natural circum- 

stanees. Indeed it appears that Rf,. is not a universal constant. 
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1.5 Instability of Stratified Shearing Flow 

As indicated by the energy equation, a source of disturbance energy 

is in the shear of a flow pattern. This is most simply seen in the case of 

two fluids w ith a buoyancy jump and velocity jump across a surface of dis¬ 

continuity. One finds that small waves on the interface will grow exponentially 

if the wave length is small enough, i.e. that such a surface is always unstable 

(Lamb, 19:12, p. 373). 

With general velocity and density distributions, the problem becomes 

more difficult but a famous theorem of Miles (1961) is helpful. It states 

that all velocity and density distributions are stable if Ri > I everywhere in 

the flow. Accompanying this is a rule of thumb which says that the situation 

is usually unstable when Ri < J somewhere (Hazel, 1972). 

Hazel analyzed stability and instability when the velocity difference 

occurs over a thickness greater (r > 1) or less (r < 1) than the layer thickness 

for the density variation. If r > 1, the Richardson number falls to zero out¬ 

side of the region of density variation even when Ri is large in the region of 

density variation. The theorem of Miles indicates that instability may occur 

and Hazel has shown that it does occur. We will see that this situation is 

found in experiments (Topic 2). It may also be common in oceans and other 

bodies of water. 

The instability resulting when Ri < | is called Kelvin-Helmholtz 

instability. A number of experiments have been run to investigate it (Scotti and 

Coreos, 1969, Thorpe, 1973) and they have shown that this instability can 

lead to turbulence. Its occurrence in clear air in the atmosphere as detected 
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by ultra-sensitive radar (Browning and Watkins« 1970) and in the thermocline 

(Woods and Wiley, 1972) is weil established. In the ocean, at least, the 

instability can be set off by the increase of shear locally due to the passage 

of long waves along a density interface. The wave roll-up is called billow 

turbulence and resembles the drawing in Fig. 1.2. The whole layer, then 

Fig. 1.2. Billow Turbulence. 

breaks down into a general region of turbulence with the layer of strong 

density variation considerably increased in depth. The Richardson number 

for the new density interface is just above \ . This behavior has not been 

explained (Thorpe, 1973). 

1.6 Molecular and Turbulent Diffusion 

Our concern in these notes is with turbulent transport of various 

properties, but, by way of comparison, it is instructive to see how molecular 

mixing processes proceed. If we consider a container of water at rest, strati 
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fied by a variable distribution of salt, the salt will diffuse according to 

the equation 

as 
at - k#^S (1.25) 

Without solving exactly, we can see that for a container of dimensions d, 

the timr? for diffusion Tt is yielded by 

as , is 
t; ^ g-26* 

or Tb For salt, k, ^10'fccma/8ec, so that for d = 30 cm, the time 

for the water to become homogeneous is of order 2-3 years! We can see 

from this example that molecular processes are very slow. Of course, salt 

has a particularly low coefficient of diffusion but even for heat the diffusion 

time in this experiment is of order of a week. They may be compared to 

turbulent diffusion. In the problem we are considering, the time scale in a 

turbulent situation will be a function of oB and X or Tt ~ X/aB. If we stir to 

produce eddies of speed 10 cm/sec and if the eddies fill the box, Tt is of the 

order of seconds! It is not surprising, therefore, that turbulent diffusion of 

momentum, heat and additives dominates in almost all problems. We must 

sometimes be careful in laboratory experiments in which <tb and i may be 

quite small and in which strong stability locally may cause intermittent rather 

than fully developed turbulence (Crapper and Linden, 1974). 
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APPENDIX1 

SOME BASIC CONCEPTS IN TURBULENCE 

Turbulence is a disordered, random type of motion that is usually 

found in the atmosphere and larder bodies of water and in larger laboratory 

equipment. It tends to occur when the Reynolds number U ,L,/v is large, 

where U, is representative of the mean fluid velocity and L, is representative 

of the size of the system. Turbulence is very effective in transport of momen¬ 

tum, heat and various additives and is always dissipative, i.e., is charac¬ 

terized by the flow of energy from kinetic energy to heat. 

The theory of turbulence is poorly developed even in the simplest 

cases. The primary difficulty is that a mathematical approach always leads 

to more unknowns than there are equations to determine them. This is called 

the closure problem. The usual effort to overcome this is to make (very 

often ad hoc) assumptions to close the problem. Such assumptions frequently 

involve the definition and use of coefficients of eddy viscosity and eddy 

diffusivity (Eq. 1.23) because of the superficial resemblance between the 

way molecular motions transport properties like momentum and heat and the 

way turbulence transfers these quantities. In the analogy, the mixing length 

(usually proportional to the size of the eddies) replaces mean free path and 

turbulent velocity replaces the speed of the molecules so that one normally 

assumes for momentum, for example, K, ~ One big difference, as we 

iThis Appendix draws heavily on Tennekes and Lumley (1972). 



-1.20- 

see, is that Kb is a property of the flow whereas v is a property of the fluid. 

In addition, K, is usually much larger than v so that molecular friction is 

negligible. As an example, Ka/v ~107 in the lower atmosphere. 

One of the most powerful tools for turbulence research is dimensional 

analysis and we can often find useful results with this technique. The approach 

always leads to undetermined constants which we estimate approximately from 

observation. One example of this is also of importance to the subject of these 

notes. An idealized version of the problem is the flow of a homogeneous fluid 

over a flat plate at z = 0. Most realistic from our viewpoint is when the plane 

is rough with a fairly uniform distribution of fairly uniform roughness elements 

of height ho. If the flow is fast enough, it will be turbulent and we should be 

able to neglect viscosity v. Since the flow is steady, Eq. (1.9) yields 

9t/9z = 0 so t = u* sa constant which we take to be a characteristic 

quantity, u* is called the friction velocity. If the fluid is infinite or, more 
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practically, if the height H is large compared to a height of interest z, we 

may neglect H. If, tentatively, we also neglect 1¾. all mean quantities will 

be a function of u, and z. For example, the rms velocity a, = <y8u* . where 

^ is a universal constant, so that o, does not vary with height. Also, the 

shear S, = f(z,u*) or 

= const = ~ (A. 1 ) 
u* h 

where k is called Von Karmans constant and has a value of about 0.40. Inte 

grating Eq. (A. 1), we obtain 

Ü = —In z t constant (A*2) 

Since we have neglected viscosity and the presence of the roughness elements, 

we cannot apply this to z = 0, obviously, or even too close to the roughness 

elements. Instead ve choose the constant in (A. 2) so as to yield 

- u* z u = — In - 
K Zq 

(A. 3) 

where zq , called the roughness length, is the height at which the velocity would 

go to zero if the logarithmic law held down to that level (it does not). Experi¬ 

ment supports (A. 3) (for example in pipe flows near the walls) and shows that 

zq is proportional to the height of the roughnesses1. Notice that ü involves 

1 Values of z0 were first found by Nikuradse (see Schlichting, 
chapter 20) in sand-roughened pipes. He found Zq ~ 1^/30. In the low® 
phere 7n varies from a few millimeters over snow cover to 4 cm over high grass, 
tí a meter or two over cities. It sometimes varies with wind vf ^¿^Xe 
as the surface is deformed by the wind. An lmP°^J^fnd (PUte 1971, 
where the roughness elements (waves) are generated by the wind (Plate, iihi, 

pp. 24-34). 



-1.22- 

the roughness but os, ux, etc. do not. The reason is that the roughnesses do 

nothing more than account for the zero of the velocity profile, and in general 

far from the roughness elements, the fluid "feels" only the momentum stress 

and the distance from the plane. For example, the integral length scale 

l = a3z, where a3 is another universal constant. Thus the ed(|r size in¬ 

creases to the center, becoming proportional to the pipe diameter, i. e. 

¿ ~ D. This is a general tendency, i. e. the largest eddies become as large 

as possible and furthermore these are the eddies that contain the bulk of 

the energy. 

In flow in a pipe, for example, it is possible to find a relationship 

between the friction velocity u+ and the mean speed J. the center of the 

pipe U0. This ratio turns out to involve the size of the roughnesses (or 

viscosity V for a smooth pipe) so that it would not have been correct in this 

case to analyse the flow near the wall in terms of parameters U0 and z. For 

this reason we normally choose t and q when performing a dimensional 

analysis. The drag coefficient c4 = —-g-r- is often of interest (Section 2.3). 
Uq /2 

It is a function of v or the height of the roughness, but it varies very slowly 

and it is often possible to choose an average value and consider the stress as 

simply proportional to the square of the mean velocity. 

It is characteristic of turbulence that we can develop the velocity 

field into Fourier components each of which can be regarded as an "eddy". Then 

we always find eddies of scales down to a certain minimum. The energy 

spectrum E(k) (k is wave number k = ~ , where X is a wave length) typically 

may look as in Fig. A. 2. E(k) have the property that the area shown is the 

kinetic energy in an interval of wave numbers k to k + dk. Then, integrating 
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over the whole area, we get the total kinetic energy 

,,»3. »3, ,3 00 
u +v2+w = fo E(k)dk (A.4) 

Fig. A. 2. Energy spectrum as a function of wave number. 

The peak of the curve corresponds to the integral length scale (not precisely 

defined here) or to the length i of the energy-containing eddies. 

We may discuss the smallest length scales. For these, viscosity, 

which is negligible for scales of length i, becomes important in smoothing out 

velocity fluctuations. The small-scale fluctuations derive their energy from 

the larger eddies in a process of energy cascade arising from the non-linear 

terms in the equations of motions. The viscosity prevents infinitesimally small 
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cddips by ondina the energy cascado :md turning the kinetic energy into heat. 

We might expect that at large Reynolds numbers the small viscosity would be 

too small to affect even the smallest scales. However, the non-linear terms 

counteract this by generating motion at scales small enough to be affected. 

Since small length scales of motion have small time scales, one may 

assume that their properties are independent of the properties of large-scale 

motion and are functions only of the dissipation rate e and of v. Dimensional 

analysis then supplies the velocity ¡did length scales called Kolmogorov micro¬ 

scales of length, time and velocity, 

7 . 1 i ; 
iv /«)■*, tv =(v/e)‘, uv ^ (vcr1 (A. 5) 

Notice that the Reynolds number ivuv/v - 1, which precisely implies the 

importance of viscosity for these scales of motion. 

The dissipation rate can be related to the characteristics of the 

energy-containing (Midies ou and L These suffer dissipation not by friction but 

by the non-linear process of passing energy down to smaller eddies. The dissi¬ 

pation rate e should be a function, therefore, of the properties of the enerj^- 

eontaining eddies, say <r, and £, so e ~o;7£ (Batchelor, 1953). Thus, 

dissipation proceeds at the rate dictated by the inviscid inertial behavior of 

the large eddies. This estimate is supported by experiment. One of the conse¬ 

quences is that the decay time of the eddy is one turnover time and so the turbu¬ 

lent process is as "dissipative" as possible. 



Topic 2. Experiments Involving Erosion of Density Interfaces 

2.1 Introduction. 

Oceanographers, meteorologists and engineers have a considerable 

interest in problems related to the erosion and motion of interfaces between 

fluids of different densities and the related problems of momentum, heat and 

salt fluxes across these surfaces. Such interfaces occur frequently in the 

atmosphere ami in oceans, lakes and reservoirs. An example of the prac¬ 

tical importance of these studies is artificial destratification of reservoirs 

to improve water quality in the hypolimnion (stagnant region below the thermo- 

cline). One method involves the pumping of fluid from the hypolimnion through 

a tube and discharging the water into the epilimnion in a jet downward from 

the free surface. The heavy discharged water moves down to the interface 

and the mixing in the upper layer and the turbulence generated by the jet 

erodes the interface, causing it to weaken, move downward and eventually 

disappear (Brush, 1970). 

Geophysical implications of mixing across density interfaces are 

numerous. In the oceans, for example, suddenly increased stress forces 

exerted by the wind at the water-air surface will increase the turbulence 

and cause the upper mixed layer to increase in depth at a rate dependent on 

the stress, the instantaneous depth of the layer, the density jump across the 

interface and, perhaps, other effects (Kato and Phillips, 1969, Kraus and 

Turner, 1967). In the atmosphere, inversions are common and the motion 

of these surfaces and heat, momentum and moisture fluxes across them are 

of great importance to our understanding of atmospheric turbulence and its 

parameterization in numerical models. 
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2.2 Experiments without Shear. 

A number of laboratory experiments have been designed to help give 

an understanding of the problem. The first was by Rouse and Dodu (1955) and 

consisted of a vessel with two layers of liquid of different densities, as in Fig. 2.1. 

m—n—rr tt n m 

0 ^ Bt IOYANCY CURVE 

/INTERFACE 

b — BUOYANCY 
^CURVE 

Fig. 2.1. Experiment of Rouse and Dodu. 

A grid of metal bars was oscillated vertically in the upper layer with a small 

stroke a and observations were made of the entrainment velocity, u,, or the 
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(lownward velocity of propagation of the interface. In this and other figures 

the interface is shown as a discontinuity of density. Actually it is a thin layer 

of thickness 1-2 cm. The thickness is independent of the Richardson number1 

(Moore and Long, 1971, Wolanski, 1972, Crapper and Linden, 1974). 

A detailed understanding of the turbulence in this experiment has not 

yet been achieved but Linden (1973) has performed allied experiments and has 

suggested that the large eddies in the upper mixed layer deflect the interface 

downward, storing potential energy. When this is released by upward motion, 

a portion of the heavier fluid is ejected into the homogeneous layer and then 

carried away by the turbulent eddicb, leaving the interface sharp again. 

The experiment of Rouse and Dodu is typical of those without shear 

and, as we have seen, the only source of energy is the energy flux divergence 

term of Eq. (1.10). We will see that similar experiments have been constructed 

with shear (Section 2.3) because this yields an ener©r supply which must be of 

great importance in oceanic and atmospheric motions. When interfaces exist 

in the presence of shear, the details of the turbulence are similar to those 

described by Linden and do not resemble Xelvin-Helmholtz wave-breaking 

(Moore and Long, 1971). 

Cromwell (1960) constructed a similar experiment to simulate the 

pycnocline, but the first reliable data were obtained by Turner (1968). Turner 

ran two different experiments. One was similar to that described above; the 

other had stirring in both layers. In the first experiment the lower fluid was 

agitated and fluid was withdrawn from the stirred layer at a rate adjusted to 

1 Very recent experiments in the Moore and Long apparatus support the 
conjecture by the author (Long, 1973) that the interface thickness is proportional 
to the depth of the mixed layer. 
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keep the interface at the same distance from the grid. The entrainment velocity 

is then defined by Au, - Q where Q is the volume withdrawn per unit time and 

A is the cross-sectional area of the tank. In the second experiment both layers 

are turbulent and, with the same stirring action by the two grids, the interface 

stays at mid-point. 

Theoretical considerations of these experiments involve the concept 

of buoyancy, defined in Eq. (1.4). In all experiments, the density difference 

is very small so that the Boussinesq approximation is a very good one. As 

we see in Eqs. (1.6)-(1. H), this means that b is the only quantity involving 

density or gravity entering the analysis. 

In the one-grid experiment with the upper level mixed, if the inter¬ 

face is allowed to move downward at speed u, (no fluid a ided or subtracted), 

the buoyancy flux q satisfies the second equation in (1.9), 

9q aB 
9z ~ cÄ (2.1) 

where B is the mean buoyancy in the upper layer and z may be taken downward 

from the top of the upper layer. In Eq. (2.1) 6 changes little with height and 

we may write E(z,t) a^ 

B(z,t) = b0(t) 4 fl3(z,t) 

where £b(z, t) expresses the (small) variation of b over the depth of the ”homo- 

geneais" layer and b0 is the buoyancy at the top of the "homogeneous" layer. 

Then 
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üq ab, 
d 7. at 

where is the buoyancy jump across the interface. Since q = 0 at e = 0, the 

flux at the interface is 

q ï) 

Thus q is given by the first term with a relative error of order ^j/¿b where 

is now’ the increment of b over the depth. This is observed to be very small 

whenever density interfaces occur. We give its order of magnitude in Eq. (2.33) 

for experiments with and without shear. Thus the flux at the interface is 

q =-0¾ (¿to) 

or 

q=-$-<DAb)+U,Ab (2.2) 

Let us apply considerations of mass continuity to an experiment some- 

what more general than this, in which there is initially a basic density varia¬ 

tion o(z). The upper portions are agitated and a homogeneous layer forms of 

density d and depth D. In time dt the interface depth increases to D + dD. 

Conservation of mass yields 

(Oi+doj )(1)+dD) = p(D)dD+ OiD 



Fig. 2.2. Erosion of a continuously stratified fluid. 

This may be written 

d(D&b) = D ^ dD (2.3) 

where ¿bis the buoyancy Jump across the interface and b(z) is the original 

buoyancy distribution in the fluid at rest. In the present case, the lower fluid 

has a uniform density, so db/dD = 0 and DAb is constant. Therefore, from 

Eq. (2. 2), q = u, This result may be used to define an entrainment velocity 

when both layers are agitated. In this case, if po is the average of the 

densities of the two mixed layers, the buoyancy flux at the interface is 

q = -(D/2)d(Ab)/dt and we may define the entrainment velocity to be 

<2-4) 

Quantities on the rhs are all easily measured. 
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There have been a number of recent experiments similar to those of 

Rouse and Dodu and of Turner, for example by Brush (1970). Equipment 

identical to that of Turner was constructed by Wolanski (1972), and the one- 

and two-grid experiments were run with stratification caused by heat, salt, 

sugar, suspensions of sediments and minute silica spheres. Additional ex¬ 

periments have been run in Turner's apparatus by Linden (1973), Crapper 

(1973) and Crapper and Linden (1974) using heat and salt. 

An important result of the experiments by Turner (1968) may be ex¬ 

pressed as 

? =c!"wr <2-5) 

where w is the frequency of the oscillating grid and C is independent of w 

and £b. A number of lengths are kept constant in the experiment so that 

the dimensional quantity C may vary with these. Turner found that for 

larger values of th/J*, the exponent n = 1 when stratification is related 

to temperature differences and n = 3/2 when related to differences in salt 

content. Later investigations (Wolanski, 1972) have confirmed these results 

and, very recently, Crapper and Linden (1974) have shown rather con¬ 

vincingly that the difference in the values of n is due to the influence of the 

relatively large molecular conductivity kh in the heating experiments (the 

coefficient k, is much smaller for salt). It appears that whenever the n = 1 

law describes the entrainment, the thin layer of strong density variation has 

an inner layer or core in which molecular diffusion is important In support 
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of this interpretation, Claes Rooth (Turner, 1973) in unpublished work has 

found a 3/2 dependence in heating experiments when larger turbulent 

velocities are generated, so that it appears well established that the 3/2 

dependence is appropriate for larger Péclet numbers, Pe = a„X/k|i or 

(ju i/kt, where ott and i are the velocity and length units of the turbulence 

discussed in Topic 1. Crapper and Linden suggest a threshold value of 

Pe ~ 200 whon = ou' and i = £’ are characteristic of the turbulence near 

the interface. The dependence on Reynolds number, Re, has not been 

established because of the rather small ranges of Re in the experiments, 

but both Wolanski (1972), who varied Re by a factor of three, and Crapper 

and Linden (1974) report very weak dependence, if any1. We may, therefore, 

write for large Pc and Re, and strong stability. 

3 

(2.6) 

where Cx is a function of a, D, and ax* aa..., where a is the total stroke 

of the oscillating grid, and where ax, ag ... are lengths characteristic of the 

grid. It is convenient to introduce a dimensionless quantity K,, by the 

definition 

1 The independence of molecular quantities is common in turbulence as 
we learned in the Appendix to Topic 1. In Turner's original paper (1968), he ex¬ 
pressed the belief that the n = 1 law was the fundamental one and that in some 
manner the very low diffusivity of salt caused the n = 3/2 law. He has changed 
his mind on the basis of the evidence we present here (Turner, 1973). 
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a a a N 
5» ã,* 

(2.7) 

and, therefore, 

(2.8) 

where u* = ua. it is likely (see Section 2.6) that K„ is independent of a/D when 

this ratio is small. 

2.3 Experiments with Shear. 

Several experiments have been constructed to introduce shearing 

currents in turbulent density-stratified systems in an effort to simulate atmos¬ 

pheric and oceanic phenomena. The first of these of direct relevance to our 

discussion was that of Kato and Phillips (1969). The apparatus was a large 

circular annular channel filled with salt water with an initial linear density 

gradient. A constant stress t = u* was applied by rotating a flat screen at 

the surface (Fig. 2.3). 

///////s///,//////////////////J~ T 

1 \ 1 
D 

\ 
\ ^.INTERFACE 

b 

Fig. 2.3. Experiment of Kato and Phillips. 
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They found, for larger values of Ri 
* 

t 

♦ 
where Ri is of the same form as in Eq. (2.8) and £b is the buoyancy jump 

from the upper mixed layer to the quiescent region below. 

It is important for later purposes to present an analysis of the drag 

coefficient 2\i*/\f where U is the speed of the screen in the experiment of 

Kato and Phillips. They found that U/u* increased with time (or depth) with 

u* held fixed. At first glance one might expect this to be an influence of the 

stable density distribution in the fluid system, but on closer consideration it 

seems more reasonable to neglect ûb entirely and consider the flow and turbu¬ 

lence in the upper layer as turbulent flow due to the motion of a rough plate 

at z = 0 with the interface at z = O serving only to reduce the mean velocity 

to zero at that level. This is supported by a description by Kato and Phillips: 

"The movement [of a line of hydrogen bubbles] indicated that the mean velocity 

varied most rapidly near the screen and near the entrainment interface, being 

almost constant in the central region, where the velocity was typically about 

half that of the screen". The mean motion seems very close to that in turbu¬ 

lent plane Couette flow (Robertson, 1959), and a theory for the ratio U/u,,, may 

be obtained by use of the technique of Izakson (1937) and Millikan (1938). We 

assume for the mean velocity near the screen (in a coordinate system moving 

with the screen) 

(2.10) 
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where z0 is the roughness length and ü(z) is the mean velocity. In the interior 

we adopt the velocity-defect law (Monin and Yaglom, 1971) 

U/2-Û = 
u„ ml n 

The defect law should hold near z = z0 so that we may match the two express¬ 

ions for Ü in this region. Writing U/2u* = m8 , we get 

D’y! -f foy 

Putting z0/D = Tl| z/zo = 6. we have 

ma(Ti) -f(9) = mi (Tie) 

Differentiating with respect to Ti and 0, we get 

71 m¿ = miGTl 

-er =mi7ie 

so that 

er (6) = -T'mà(Tl) = constant 

This yields 

where the constant h may now be identified as Von Karman’s constant. We also 

get 
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^ Ai (2.11) 
U* H D 

where Ai is another constant. Kato and Phillips give data on U(t) for some of 

their experiments and, although the paper contains an empirical equation for 

D(t), it does not agree with the data over the whole time period of the experiment. 

However, one case permits a comparison and this is shown in Fig. 2.4 in which 

the theoretical curve is 

- = - in D(t) + 5.78 (2.12) 

The single constant was chosen to give U = 27.25 cm/sec at t = 200 soc. The 

solid curve in the figure is a plot of Eq. (2.12) in which D(t) is given by curve 

O, Fig. 5 of Kato and Phillips (1969). The data points are from Fig. 3 of Kato 

and Phillips. All experiments have the same buoyancy gradient. The agreement 

is remarkable and leaves little doubt1 that U/u* is independent of the Richardson 

number which varied by a factor of 100 over the course of the experiments. In 

subsequent discussions we suppress any dependence of quantities on z0/D. 

The argument may be reasonably extended to flow of air over the cool 

surface of the earth. An inversion will be present at some height and the momentum 

stress will be a function only of the depth, the roughness length and the wind speed 

at the height of the inversion. This has obvious usefulness in problems of parame¬ 

terizing the momentum flux near the ground in numerical atmospheric models. 

1 It also leaves little doubt that a recent suggestion to the contrary by the 
author is wrong (Long, 1973). 
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An experiment by Moore and Long (1971) was constructed to permit 

a steady state. In a large channel shaped like a race track, fluid was injected 

from nearly horizontal jets at bottom (salt water) and top (fresh water) in oppo¬ 

site directions to obtain a shearing current (Fig. 2.5). Mean zero vertical 

0 
I BUOYANCY 
I PROFILE 

b 

V—-V-"V 
freshwater injection 

__^ INTERS "E 

-BUOYANCY PROFILE 

SALT WATER INJECTION 

-a- 

Fig. 2. 5. Moore and Long experiment. 

velocities were achieved by withdrawing equal volumes of fluid through numerous 

holes at bottom and top. At larger values of the density difference, two homo¬ 

geneous layers existed at top and bottom with an interface in the middle. The 

salt water in the jets comes from a reservoir and the withdrawn fluid at the 

bottom is pumped back into the reservoir which is kept at a constant level. The 

jets at the top are of tap water and the slightly salty withdrawn fluid at the top 

is pumped to waste. Since the fluid returned from the bottom to the reservoir is 
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somewliat less salty than that in the lower jets, salt must be added continually 

to keep the reservoir at a fixed density. The added salt is transported vertically 

by the turbulence. The salt flux is known, of course, and this can be used directly to 

compute the buoyancy flux. The experiment yielded 

q r K3 lâül 
D (2.13) 

where Au is the velocity difference between mean velocities measured near the 

top and bottom. If we define the entrainment velocity by u. Ab = q, Eq. (2.13) 

yields the same result as in Kato and Phillips (Eq. 2.9) if, as seems very likely 

from the discussion of the Kato and Phillips experiment, Au/u* is independent of 

the Richardson number, where u** is the constant momentum flux in the tank. 

Moore and Long also ran unsteady experiments similar to those of Kato and 

Phillips with a fluid with initial linear buoyancy gradient and subject to the 

system of jets and withdrawals at the bottom only. They obtained the result 

Do-t'. Since Eq. (2.9) may be written 

and since Eq. (2.3) indicates that Ab~ I) in erosion of a linear density gradient, 

the behavior t^ is consistent with Eq. (2. 9). 

The velocity observations by Moore and Long apparently relate to those 

found by Kato and Phillips. Moore and Long report a velocity distribution with 

strong shears at tqj and bottom and across the density interface region. This, 

of course, is exactly the behavior to be expected from plane Couette flow 

in each layer. 
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Finally. In a recent experiment by Wu (1973), the source of energy and 

shear was a current of air blowing over a vessel containing a two-fluid system. 

The apparatus and the shear produced is shown in Fig. 2.6. Wu also obtained 

Eq. (2.9) although his coefficient of proportionality was much smaller. He con¬ 

jectured that this was because of the very different shear produced in a closed 

container. 

AIR 

BUOYANCY PROFILE 

b — 

INTERFACE 

BUOYANCY 
PROFILE 

Fig. 2.6. Wu’s experiment. 

2.4 Comparison of Experiments with and without Shear. 

The different dependence on Ri for the two experiments has been the 

source of perplexity (Turner, 1973, Linden, 1973) because the mixing processes 

appear to be very similar. Indeed, Linden has stated that the Kato and 

Phillips data are also consistent with a -3/2 behavior, although support for the 
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statement seems lacking. In the rest of this topic, we attempt to contribute 

to a unified understanding of the two results. 

Turner (1973) has made the valuable suggestion that the erosion of the 

interface should depend on the properties of the turbulence near the interface, 

in particular on the rms velocity oj and the integral length scale 1' near the 

interface. Thus, he proposed the form 

= f(Ri), Ri 
o' 

(2.14) 

where possible dqaendence on other quantities is suppressed and it is assumed 

that Pe and Re are large. In an attempt to determine the dependence on Ri from 

his e'ensity-interface experiments, in which Qu and V were not measured. Turner 

used unpublished experimental data by Thompson (see Turner, 1973, Crapper and 

Linden, 1974, for a description). Thompson used Turner's apparatus with a 

homogeneous fluid and one grid. He measured^ and £ at many levels, where <ru 

is the rms velocity and Í is the integral lengthscale at depth z. As reported by 

Crapper and Linden, Thompson found that £ increased linearly with distance from 

the grid but was independent of w. He also found that oudecreased with z but at a 

given z was proportional to u. Although Thompson's experiment had no density 

variation, Turner (1973), Thorpe (1973) and Crapper and Linden (1974) have assumed 

that the results are directly applicable to the mixing experiments. Thus, at z = D 

they use 

(2.15) 

(2.16) 
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so that Eq. (2.8) may be written 

= K* Ri" ^ g _ if a a a v 
< * ^ '154 & (2.17; 

Notice that the proportionality of oj and u follow, from dimensional analysis 

but only when the fluid Is homoemeoM. the presence of an Interface Intro- 

duces a new quantity involving time, namely ¿to. 

We may also obtain a dependence on Ri for the shearing experiments. 

With shear, we have from Eq. (1.9), 

9t % 
ciz “ at (2.18) 

where D Is the mean horizontal velocity at depth a. In the steady-state eaperiments 

of Moore and Long (1971), 3T/az = 0 and therefore r 1. constant with height, since 

v = -u V. and sinee the correlation coefficient Is very likely to be of order one 

In the homogeneous layers, it follows that u. = t* i, proportional to o.'. The 

interface introduces the length D and It seems reasonable that the eddies fill the 

whole depth as they would If the Interface were a rigid surface. Thus we use 

í ' ~ D and obtain 

for the Moore and Long experiment. In the experiment of Kato and Phillips, we 

may use Eq. (2.18) to obtain the increment of t over the depth D. It is 

(2.20) 
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wherc T, is the timt» period for a change of depth of order D so that T. ~ I Vu, . 

Therefore, 

Al U u, 
t ~ u+ u+ 

(2.21) 

This reveals that the stress varies very little over the depth, u* <JU\ and K«|. (2.19) 

again holds. 

Thus, two different eni rainment velocities, Eqs. (2.17) and (2.19) are 

indicated in the two cases even when the characteristics of the eroding eddies are 
♦ 

the same and this is more perplexing thiin the difference in the exponent of Ri . 

The subsequent discussion of this topic questions the applicability of Thompson's 

experiment, in particular Eq. (2. ir^to an experiment with a density interface and 

suggests that Eq. (2.17) is incorrect1. The difficulty is indicated by a simple analysis 

based on the assumption that the Ri-1 law or Eq. (2.19) is correct with or without shear. 

Since Eq. (2. 8) is indicated by direct measurements and since ~ D also seems 

reasonable in experiments without shear, we obtain 

(T ' *- i. 
- K* Ri * (2.22) 

instead of Eq. (2.15). Thus, if the assumptions are correct, there is a very 

weak dependence on the Richards««! number which could not, of course, be re¬ 

vealed by Thompson's experiments because his experiments had no interface. 

Such a weak dependence is, nevertheless, capable of accounting for the difference 

in the power laws. 

: Linden (1973) has attempted to derive the Ri-1, law by order-of-magnitude 
arguments. If we accept the conclusions of these notes, Linden's argument must 
also be incorrect. 
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2.5 Energy Arguments. 

The dependence of lt.'/u* on Ri* in experiments without shear, as indi¬ 

cated in Eq. (2.22), may be obtained by a plausible argument. When there is 

shear, we have seen that experiment indicates 

q ~ D D 
(2.23) 

Let us now evalutate q in the homogeneous layer near the interface. We get 

q ~ where oj is the rms buoyancy fluctuation near the interface, and we 

make the plausible assumption that the correlation is of order one. Thus 

(2.24) 

so that kinetic energy and available potential energy, <rb'D (see the discussion 

in Section 1.4) are of the same order in the "homogeneous" layer1. Although 

the layer has very little density variation, this result may be obtained by con¬ 

sidering first an experiment with very strong turbulence imposed externally. 

Then af /»¿V will be very large. As we decrease the turbulence in successive 

experiments, this ratio will decrease. If turbulence continues to exist, the 

ratio has a limiting value, however, because of /o[V < 1 would imply that 

T’ < V and the turbulence would die out as we discussed in Section 1.4. Thus 

of/o^V should approach a constant as stability increases. The argument is 

equally valid with or without shear. Thus, using Eq. (2.24) when shear is 

1 We mean that the two energies are proportional. The constant of pro¬ 
portionality is actually very small (see the discussion at the end of Section 3.2). 
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absent to eliminate (r¿ in the relationship q & ~o'u'o'b', the -3/2 law 

leads to 

(2.25) 

or 

(2.26) 

as in Eq. (2.22). The decrease of rms velocity with increase of Richardson 

number when density variations are present is probably caused by the weak 

density gradient in the layers that we have called "homogeneous". In a 

layer as a whole, the slight density variation still has dynamic importance 

as indicated by the proportionality of kinetic energy and available potential 

energy and by the fact that q, varying linearly in the layer, has a relatively 

large value near the interface. Such arguments have been advanced earlier 

by the author (Long, 1972, 1973). 

The energy argument may be amplified. Rouse and Dodu (1955) and 

others (Kato and Phillips, 1969, Turner, 1973, Wu, 1973) have suggested that 

the Ri law implies that the change of potential energy is proportional to the 

energy supply by the external source. Thus, as we have seen in Section 1.4, 

the average rate of increase of potential energy per unit mass is q, so that the 

rate of increase of potential energy for the system is proportional to qD. In 

the Kato and Phillips experiment, for example, the rate of working of the 

external force is tU. If these arc proportional 
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as in Eq. (2.23). The same conclusion cannot be reached for cases without 

shear and on this basis it may be argued that the Ri 2 law does not conform 

to any simple energy argument. We may show, however, that the last conclusion 

is not correctly drawn. The energy equation, Eq. (1.10), for experiments 

with or without shea:- is 

^-(c'®/2) =-^ rw'(c'*/2+p')] + 7tit+q-e (2.27) 

where ut = 0 in the experiment without shear. In the shearing experiments, 

the velocity difference is proportional to t^, and the two energy-source terms, 

as well as the dissipation e, are of order af/D or of /¿' near the interface. If 

q ~ u, ¿fo is also of this order, wo obtain u, /<r¿ ~ Ri"1 as in Eq. (2.19). When 

shear is absent, the single source term is the first term on the rhs of 

Eq. (2.27) and is also of order of/i\ The Ri"1 law again implies equality 

of all sink and source terms. The correct interpretation of experimental 

results thus seems to be that the turbulence has a character that causes 

potential energy to increase at a rate proportional to the rate at which kinetic 

energy is supplied to the region of the interface and not necessarily proportional 

to the rate of generation of kinetic energy at the external source. 

An additional piece of information may be added in relation to experi¬ 

ments without shear. If we assume that the small buoyancy difference Ab across 

the "homogeneous" layer is of order of the rms buoyancy fluctuation (implying an 
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eddy length scale of the order of the depth of the layer), Eq. (2.24) and 

Eq. (2.26) lead to 

-f- (2.28) 

This quantity was measured by Wolanski (1972) for the salt experiments 

(Fig. 2.7). There is good agreement with Eq. (2.28), especially at 

higher values of Ri . The ratio IE/tb is proportional to Ri*_1 in experi¬ 

ments with shear. 

Finally, we remark that in both of the basic experiments considered 

in these notes, q ~u, £b ~ o¿(rb' so that 

ai tb (2.29) 

where V is available potential energy and T' is turbulent kinetic energy. 

The existence of turbulence implies that V < T\ so that the experimental 

result u, /au' — Ri 1, in both experiments shows that u, /oj is a maximum 

consistent with the maintenance of the turbulence. 
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Fig. 2.7 

Non-dimensional ratio of buoyancy differences across a "homogeneous" 
layer. The data are from Wolanski (1972). 
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2.6 Discussion of an Idealized Experiment. 

It is instructive to discuss an idealized experiment, which has limiting 

behaviors close to the two basic experiments. This is a two-fluid system (Fig. 2.8) 

^///// / / J J J t J , , , ^ 

— BUOYANCY PROFILE 

1 ^•INTERFACE 

b — ^-BUOYANCY PROFILE 

Fig. 2.8. Idealized experiment. 

wi th a plate or screen oscillating back and forth in its plane. The densities 

are nearly uniform in each layer and the upper layer presumably deepens with 

time. The oscillation is produced by applying to the plate a stress t = u* which 

is constant in magnitude over each half cycle. The amplitude of the oscillation 

is a and may be large or small. If the Péclet and Reynolds numbers are large, 

it seems reasonable to assume 

(2.80) 
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where Dûb in Ri is constant from considerations of mass continuity. If we 

use the classical case of flow over a flat plate as a guide (Monin and Yaglom, 

1971; see also the discussion in the Appendix to Topic 1), it seems likely that 

f is independent of viscosity, in the case of a smooth plate, or of the nature of 

the roughness in the case of a rough plate. 

If we let a/D - u, /u* will become independent of a/D and we obtain 

an experiment similar to that of Kato and Phillips (1969). Their results and 

the similar experiments by Moore and Long (1971) and by Wu (1973) indicate 

^ - K7RÍ*"1 (2.31) 

On the other hand, if we let a/D -• 0, we should again find independence 

of a/D and, since this is similar to Turner's experiment, we may write 

n * — 3 
= KpRi ‘ (2.32) 

We are again led to two different laws for the entrainment velocity, but this 

simple experiment indicates that this should not be considered paradoxical 

since the two limits a/D - 0 and a/D - ™ are very different. Notice that in 

a given experiment with fixed a of moderate size, the erosion is at first rapid 

as in Eq. (2.31), slowing down gradually and tending to the lower rate in 

Eq. (2.32) as D increases. 

It is interesting to compare the time rates of change of D in the 
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various experiments when a/D may be neglected in Eq. (2.30), i. e., when a 

is either very small (similar to imer’s experiment) or very large (as in 

Kato and Phillips). If there are two homogeneous layers, we have seen that 

D£b is constant in time so that in both experiments u* is constant and D* t. 

In fact this is the behavior reported by Kraus and Turner (1967) in Turner's 

equipment and by Wu (1973) in an experiment with shear. On the other hand, 

if the undisturbed layer has a linear density gradient, Eq. (2.3) shows that 
i 

^ » d so that the -3/2 law yields D “ tM for experiments without shear and 

D111 ‘ with shear (as observed by Kato and Phillips and Moore and Long). 

Linden has reported a lower speed u, in Turner's equipment than in the Kato 

and Phillips experiment in the case of linear density gradient (private 

communication). 

A variation of the idealized experiment of Fig. 2.8 is useftil to 

apply the ideas of Section 2.5 to gain an appreciation of the inevitability of 

the appearance of homogeneous layers. In Fig. 2.9 there is fluid above and 

below the oscillating plate which now is porous to permit a buoyancy flux 

through it. The initial distribution is uniform buoyancy, -¿b/2, above and 

+ A/2 below the plate. At the beginning of the experiment, eddies form near 

the plate of small dimensions h - u+t. The Richardson number Ri = hA/u+ 

is small so that buoyancy is unimportant dynamically and the erosion proceeds 

rapidly with u. ~u+. Ri is increasuig with time, however, because h is 

increasing, and when Ri ~ Ri is of order one,V — ot'h ~ T' -«-u*. Since 

o/ ~Ã , we have Ãb/A ~ Ri "1 ~1 so that the density difference 
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Fip. 2.9. Erosion in a two-fluid system. 

across the mixing layer is not yet small. As time goes on, Hi* = DJb/u^ 

eventually becomes large. However, V is still of order ï' so that 

ob'D/(7Ù — i. With an increase in depth, tTh' or th must decrease and 

the homogeneous layer forms. The behavior, as we have seen, is 

"5> «.*-1 *-T 
~ Ri 1 or ~ Hi T (2.33) 

depending on the relative amplitude of the oscillation. 
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Topic 3. Application of Experimental Results and 
other Observations 

3.1 Introduction. 

The experimental observations and the analysis of the observations 

are of the greatest importance to our understanding of the basic nature of 

turbulence in stratified fluids. Equally important, however, is the applica¬ 

tion to practical problems, for example to the construction of numerical 

models of mixing processes in estuaries and seas, the development and 

maintenance of thermoclines in lakes and reservoirs, etc. It is not at all 

obvious that laboratory experiments have relevance to natural systems 

because it is not possible to model all non-dimensional numbers and it is 

not known whether it is possible to model those non-dimensional numbers 

that have important effects on the phenomena of interest. At first glance 

it is discouraging that the Reynolds numbers of the natural systems are 

always orders of magnitude greater than those in the laboratory. Neverthe¬ 

less, as we discussed in Section 2.2, we can frequently create laboratory 

models in which the Reynolds numbers and Peclet numbers based on the 

properties of the eddies are large enough so that viscosity and conduction 

are not important in model or prototype. It then appears from our discussion 

below that wc can infer relationships between the laboratory models and 

natural systems. 

3.2 Parameterization and the Behavior of Eddy Viscosity and Eddy 

Diffusivity. 

We arc always faced with the closure problem when we deal with 
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turbulent systems such as the atmosphere and oceans, and we may hope to 

use laboratory results or observations of the natural systems to help formu¬ 

late assumptions that will close the problem. This is essentially an engi¬ 

neering problem in that we depart from the search for basic knowledge and 

seek useful rather than fundamental results. In one of the simplest examples, 

we may direct attention to a developing one-dimensional problem of turbu¬ 

lence in stratified shearing flow for which the two mean equations are 

those in Eq. (1.9): 

% dr 
Ot dz 

aB & 
at * dz (3.2) 

Obviously, we have an indeterminate problem with four unknowns and two 

equations. We may define coefficients of eddy viscosity and diffusion by the 

equations 

T q =Kb 3b 
dz (3.3) 

but this is not immediately helpful unless we can say something about K, 

and Kb. Our hope is to "parameterize” K, and Kb, i.e. to express them 

in terms of ü, b, z and t or in some other more complicated way, to obtain 

a mathematically determined problem. Observations and experiment are 

helpful in this respect although no problem of this type has been determined 

without making rather arbitrary assumptions. 
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Let us first consider the eddy viscosity K,. There is one case 

in which K, can be determined exactly except for the appearance of a 

universal constant which, however, has a rather well determined value. 

This is the homogeneous steady flow over a plane considered in the 

Appendix of Topic 1. From Eq. (A. 1) and the definition in Eq. (3.3), we 

obtain K, = u+z so that Kt increases linearly with distance from the 

plate. In general, we may set Kt = tvM where is rms horizontal 

velocity and i is the integral length scale. In simple cases 04 may be 

a universal non-dimensional constant. Of course, Kg ~ o,, £ may also be 

obtained from use of the analogy between kinetic theory and eddy exchange 

of momentum in which cru is analogous to the velocity of the molecules 

and £ to the mean free path. 

A somewhat different viewpoint is obtained by using a combina¬ 

tion of Eqs. (3.1) and (3.3), 

d j. 9Ü \ 
i)t dz V ‘ Dz 

and calculating the order of magnitude of K, from this equation. We get 

K, ~L2/T 

where L is the length scale of the mean motion and T is the time scale of 

the mean motion. In homogeneous fluids it is quite generally true that these 
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scales are the same as those for the turbulence so that L ~ i and T ~ l/a% 

which again yields K, ~ ffu L We have seen in Topic 1 that it is also useful 

in homogeneous fluids to assume that £ ~ L is also of the order of the size 

of the container» i. e. the eddies tend to be as large as possible. Obviously 

with stability, vertical motions are inhibited and scales will tend to be 

smaller. If, however, nearly homogeneous layers appear, separated by 

density interfaces, it seems likely, as we assumed in Topic 2, that the 

eddies in such a layer will tend to be of the order of the depth of the layer. 

The variation of Ka when stability is important may be discussed 

with reference to the Moore and Long experiment in Topic 2. The flow in 

each layer is similar to plane Couette flow, as we sec in Fig. 3.1, and t 

is constant. Then K, = t/u,. We obtain small K* near the top and bottom 

Fig. 3.1. Mean velocity in Moore and Long experiment. 
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and on both sides of the interface but quite large K, near the middle of 

each "homogeneous"layer. Thus, K, is reduced near rigid surfaces and 

near and in density interfaces. The thickness of the shear layer near the 

density interface is, perhaps, h,/2, where hj is the thickness of the 

interface layer, so that K, ^ Hu^hj/Z "= utht/5 near the interface. Also 

hj^ D/6 so that 

K, ~ 0. 033 u+D 

compared to K, ^ f »'u^D ~. 20 u+D in the middle of the homogeneous layer. 

It is important to point out that K, appears to be independent of the overall 

Richardson number when the Richardson number is large and this contrasts 

strongly with the behavior of the eddy coefficient of diffusion Kb as we will 

see. In regions of small, continuous Richardson number, Ellison and 

Turner (I960) found a small (30%) decrease of K. from Ri = 0 to Ri = 0.6. 

The variation of Kb may be inferred from the experiment of 

Moore & Long (1971). In the "homogeneous” layer, we would expect Kb 

to be similar to K, because of the weak stability. Estimées in the 

atmosphere (Rider, 1954, Swinbank, 1960) indicate 0.8 < Kb/K, <1.3 

in neutral conditions (forced convection) in which temperature acts like 

a passive additive. In more accurate laboratory experiments, the ratio 

On has been found to be higher, about 1.35 (Page, Schlinger, Breaux and 

Sage, 1952) but the Reynolds numbers were not nearly as large as in the 

atmosphere. 
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As Ri increases, Ellison and Turner (1960) found a decrease of 

Kb/K, to 0.20 or so1 at Ri = 0.6 and Proudman (1953) used data of Jacobsen 

(1913) in the Kattegat to obtain K^/K. ~. 03-. 05 at Ri of 4-10. The situation 

in the atmosphere is somewhat different because observations in the surface 

layer seem to indicate that turbulence ceases when Ri rises above 0.2 or 

so. Lettau (1973) obtains an empirical relationship in which Kb/K, is pro¬ 

portional to Ri~^ up to values of Ri of 0.1 or so. 

The earliest theory for Kb/K, was given by Ellison (1957). As 

discussed by Ellison and Turner (1960), the theory may be put in the form 

where Rf is the flux Richardson number Rf = qAu, = Ri(Kb/Kt), and Rfe is 

a constant. All experiments indicate that Rf is bounded as Ri gets large; 

indeed, if tü, is regarded as the important energy-supply term in the 

energy equation, Rf must always be less than 1. Therefore, for large Ri 

(assuming turbulence exists), Eq. (3.4) shows that Rf -• Rf8 so that a 

critical value of Rf exists above which turbulence presumably dies out. The 

data suggest Rfe ~ 0.05-0.15 as we discuss below. 

At larger values of Ri, perhaps Ri > 0.1, the quantity 1-Rf/R£0 is 

small so that we may write, approximately, 

1 Rf K* r (¾. « , _ _J*_A. BÜSk 1 
1_ Rfc " € ’ K. ~ (1-Rf0)* " (1-Rfe) 1 HfeK.J 

In Topic 3, Ri denotes the gradient Richardson number, Bj/ü,' 
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or 

K- 7 

^/(l-Rfc)a 

, gl ~ 
(l-Rfc) Rfe- 

(3.5) 

The coefficient of Ri in Eq. (3.5) is 15-30 depending on the choice of Rfc 

so that for Ri » 0.1 we would expect the simpler equation 

^ = const/Ri (3.6) 

to be reasonably accurate. This was indeed found to be true by Kullenberg 

(1971). 

Indications from data of Kato and Phillips (1969), Moore and 

Long (1971) and Wu (1973) that for moderate or large Ri , q/fü, is constant 

support the behavior Rf - Rfe. The data of Kato and Phillips yield for the 

middle of the homogeneous layer, 

Rfc = q/TÜ* ~ = 1.2 . 06 (3.7) 
K U U 

where we have estimated U/u+ ”= 20. This estimate of Rf0 is rather low 

compared to some other estimates (Turner, 1973), but the wind tunnel data 

of Arya and Plate (I960) indicate that Rf increases with Ri, tending, however, 

to level off at Rf = 0.06 for Ri > 0.1. This agreement with the data of Kato 

and Phillips may merely mean that U/u+ happens to be similar in the experi¬ 

ments of Kato and Phillips and Arya and Plate. 

We should not expect too much from an equation such as Eq. (3. 5). 
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For example, the often-used value of (¾ = 1.35 is the value determined from 

heat transfer data in forced convection (turbulent motion without sensible 

buoyancy effects) in a pipe and is the value at the pipe center. However, it 

may be noted that (¾ varies from 1.35 to approximately 1 near the wall of 

the pipe. Thus there is no reason why % should be regarded as a constant 

in application to flow near the ground in the atmosphere or near the ocean 

surface in water. It is also possible that Rf,, varies, perhaps as a function 

of height or depth. 

The behavior of Kb/K, is quite different in unstable conditions. 

The only measurements available are in the atmosphere where Businger 

(1969) has advanced the formula 

i 

g* y (3.8) 

near the ground where a,, = 1.35 and ^ = 15. L is the Monin-Obukhov 
2 

length, L = T2/qn and is discussed at length in Topic 4. Very near the 

ground z/L is proportional to Ri (Eq. 4.9). 

A number of investigators, beginning with Rossby and Montgomery 

(1935) have chosen, for stable conditions, the relationship 

Kb - Khod+oRi)-1 (3.9) 

where o is a constant and Kb0 is the value of Kb in neutral conditions. This 

can be derived from Eq. (3. 5) by ignoring the (weaker) variation of K, with 

Ri. For example, Sundanam and Rehm (1973) have applied Eq. (3.9) to a 
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one-dimensional model of a lake. Their numerical time-dependent inte¬ 

grations yield a thermocline. Eq. (3.9) has great limitations, however, 

in that Ri is small in deep water but Kb is certainly small there since it is 

protected by the thermocline from the disturbances of the mixed layer. This 

was overcome by Sundaram and Rehm by arbitrarily choosing a low value 

in deep levels. Sundaram and Rehm form Ri by using the (given) stress at 

the free surface instead of the local shear so that the approach contains no 

more dynamics than appears in Eq. (3.9). 

The formula (3.6) has some support from laboratory experiments. 

In Moore and Long (1971) the value of Kb in the homogeneous layers is 

certainly of order of the rms velocity au times the eddy '-ingth L We 

have shown that o,, ~ /ii, £ ~ D so Kb0 — DAu. In the stable region Kb is 

of order qh,/¿b where h, is the thickness of the layer. But ht is proportional 

to D (the ratio is . 16 approximately) and q - (Au)3/D so that 

^ (3.10) 
D 0 

* % 

where Ri = DAb/(/!M)a. Since Ri and Ri are proporticnal, Eq. (3.10) is in 

agreement with Eq. (3.6). 

If we adopt Eq. (3.9), we may compute a from the data. Ellison and 

Turner (1960), for example, find a weak dependence of K, on Richardson 

number so that we may safely take Kb0 = K, in the range 0 < Ri < 0.6. Their 

data for Kb/KB yield Kfc/K, - 0.2 at Ri = 0.6 so that <7^7. 

Kullenberg (1971) has proposed a relationship for Kb by assuming a 
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constant flux Richardson number Rf - Rfe. Then 

Kb RfeT du /dB 
dz/ dz 

(3.11) 

If the flow is steady, the stress in the water t equals the surface stress 

=^-Ta where o, and p* are the densities of water and is the stress 
Pw 

exerted by the air. Kullenberg also assumed a constant drag coefficient 

in the expression t, - ^ . His result is 

The data on the dispersion of die patterns (assuming the same coefficient of 

diffusion for heat and dye) fit well. Indeed, the theory assumes mainly that 

q is proportional to tQ, and this is verified well by experiment. He takes 

Rf, = . 05, which is close to the estimate made from the data of Kato and 

Phillips but rather low compared to other estimates, and c* = . 001. A 

limitation as far as parameterization is concerned is the assumption that the 

stress everywhere in the water is equal to the surface stress. According to 

Eq. (1.9) this would not permit time integration, for example. Also, of 

course, the assumption that Rf = Rfc is not \ ermissible for Ri < 0.1. 

We have mentioned in Section 1.4 the difficulty with the concept of 

a critical flux Richardson number above which turbulence is supposed to die 

out. In fact, as we have seen, turbulence exists at infinite values of Rf in 

the experiment of Turner (196h). We may overcome this difficulty by taking 
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a somewhat different viewpoint. The flux Richardson number is the ratio of 

the potential energy term q and an energy-source term, tü, in 

Eq. (1.10). There is, in addition, another possible source of energy in the 

energy flux divergence term and, indeed, this is the only source of energy 

when shear is absent as in Turner's experiment. The flux divergence term 

is of order o^/i in a fully turbulent layer1 and in all cases we may simply 

accept this as the order of the energy-source terms because evidence indicates 

that tu, is also of this order in a fully turbulent layer when there is a shear. 

Instead of Rf = q/nir, we may form the ratio Rf - q^/£). Since q ~ 

where ah is rms buoyancy fluctuation, 

Rf*~|rb (3.13) 

and, therefore, Rf*, as defined, is of the order of the ratio of available 

potential energy to turbulent kinetic energy. We have already argued (Eq. 1.21) 
* 

that this has an upper limit whether shear is present or not so that Rf0 exists 

and, from physical considerations, should have the same value in experiments 

with or without shear and in natural circumstances in atmosphere and oceans. 
♦ 

We may estimate Rf0 as 

* — V’ 
Rfc = . 35-i- 

T 

1 We are not discussing turbulence in density interfaces in which the 
turbulence is presumably intermittent. In such a region, unknown intermittency 
factors (see Eq. 5.20) must be used in estimating quantities such as q and t 
in terms of rms quantities o#, , and length f. 
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wfuTe V 18 available potential energy, rrb i/2, and T' is kinetic energy. 

We liavc taken the correlation coefficient between w' and b' as 0.3 and 

tT' °-6(T“’ ^ 0. 75 (Tu (Arya and Plate, 1969). In the case of shear 

we estimate Rfc from the experiment of Kato and Phillips: 

Rfe 4- " 63- , ¿ 
tUi T' U 1,¿ U 

where we have taken I) - 14X in accordance with measurements in a pipe 

(Schlichting, 1955), and u* 0.3(Ttt(;w. Thus V'/T' ^ 0.019 and Rf! - 1/150. 

If this critical value of Rf* is universal, it would be a more useful concept 

than Rf; which, according to Eq. (3. 7) varies with the drag coefficient. 

3.3 Mass and Salt Transfers and Halocline Depths in an Estuary. 

There is an interesting application of the ideas discussed above 

and in Topics 1 and 2. This relates to circulations and the depth of the 

upper mixed layer in an estuary. The essential features of an estuary are 

that of a confined body of brackish water with a number of fluxes into and 

out of the basin. One is a flux of fresh water to the basin from precipitation 

(less evaporation) and river runoff. In addition, at the entrance or transition 

there is a double flow with salt water flowing in from the open ocean and 

brackish water flowing out. We have in mind a body of water such as the 

Baltic Sea which is connected to the salt water supply in the Kattegat by three 

narrow passages which we idealize to be a single sound with a sill as shown 

Fig. 3.2. One »f the practical problems that inspire interest in the Baltic 
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circulation is the dramatic decline in dissolved oxygen in the deep waters 

over the present century. It is possible that this is due to increased pollution, 

but it is also possible that the decrease is due to reduced vertical mixing 

because of a long-term increase of stability. 

The theoretical model is similar to that of Stommel and Farmer 

(1953) and is based on Figures 3.2 and 3.3, which represent a deep basin 

Fig. 3.2. Schematic picture of Baltic Sea model. 

with a steady influx qf of fresh water. The upper fluid in the basin is 

assumed to be well mixed at all times by the action of a steady wind 

exerting stress on the surface. The result is a kinematic stress in the 
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water of magnitude u*, where u* may also be considered as typical of 

the turbulent velocities in the mixed layer. There is an influx qo of salt 

water of salinity Sq over the sill in the sound and the upper mixed fluid 

of salinity Sj and flux qi flows out over the saltier water. The driving 

effect, of course, is the fresh water influx and it is assumed that qf is known. 

Fig. 3.3. Flow in the vicinity of the sill. 

Using the Boussinesq approximation, we may immediately write down the 

two conservation equations for volume and salt 

qo + qr = qi 

(3.14) 

‘loSb qiSi 
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where the salinity S is the mass of salt per unit volume and where the q's 

are volume fluxes. We assume a linear relation between density and 

salinity, p r 000(1+es», where ß is a constant and p00 is the density of 

fresh water. 

Let us now analyse the flow over the sill. With reference to 

Fig. 3.3, the two Bernoulli equations are 

a 
Pi + Pi 21+ Pigz = const (3.15) 

Po + Po 2 + PoK2 = const (3.16) 

where we a sume steady state, irrotational flow in both fluids, and quasi¬ 

horizontal motion. As discussed by Long (1954), the flow of a two-fluid 

system over a barrier is similar to that of a single fluid in which the free 

surface usually dips down with a non-zero slope at the crest, and the system 

changes from subcritical to supercritical flow from one side to the other. The 

interface is symmetric upstream and do^vnstream (and the slope is zero at the 

crest) only when the flows are very weak or very strong. Accordingly, we 

will assume two-dimensional motion in the sound and a shape of the interface 

as in Fig. 3.3 in which dho/dx / 0 at the crest. We now assume hydrostatics 

and obtain 

Pi r Piß(H-z), p0 = Pig(H-ho-C) + Pogflio+r-z) (3.17) 

where H is the height of the free surface above an arbitrary level, f is the 
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height of the bottom topography, ho is the thickness of the lower layer and 

hi = H -ho-f is the thickness of the upper layer. Substituting Eqs. (3.17) 

into Eqs. (3.15) and (3.16) and differentiating with respect to x, we obtain 

dH .„a/dH dho dT\ „ 
dx - ^ lE - s'-si = 0 

(3.18) 

where 

F“ =TaV' ^ 'T-3^- ftbhS ? tbW-ho-cf 

are the internal Froide numbers of the two layers. Eqs. (3.18) show that 

dll/dx is small, so that subtraction of the two equations (3.18) yields 

F a dhp _ dk + 
*° dx dx + dx + 

At the sill where dr/dx = 0, dho/dx ¿ 0, we obtain 

Fo + F? = 1 (3.19) 

or 

^ + —Sk— = hri f Ab (3.20) 
Vi (1-T )3 

at the sill where h is the depth of the sill. Eq. (3.20) is the relation used by 

Stommel and Farmer (see Appendix). An additional equation is necessary. 

Stommel and Farmer used an extremum argument [equivalent to the assump¬ 

tion that Si is a maximum subject to the constraints in Eqs. (3.13), (3.14) and 
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(3.20). to obtain another relationship to close the problem. The condition 

of maximum Sj was called "overmixed". The closure assumption in the 

present paper is based on observations by Ellison and Turner (1959) of the 

motion of density currents in which the internal Froude number based on 

the velocity, thickness and density difference of the current tends to be a 

constant. Analogously, we assume 

-= fo (3.21) 
i3 /b h' ^ 

where F0- is a constant. From Eq. (3.20) we see that both Froude numbers 

are then constants. If we now impose the condition that ^ - l/2 as (So-Si) - 0 

as argued by Stommel and Farmer and as observed in their experiments, we 

find that F* -1/2 an<1 we have the symmetric condition that both the Froude 

numbers are constant and equal. 

Our conditions now allow us to solve for the unknowns 11, qoi Oi and 

(Sq-Si) in terms of qf. However, we are also interested in the depth D of the 

mixed layer in the basin. If we regard the lower fluid as quiescent, this is 

determined by the balance between the downward entrainment velocity u* of 

the haloclinc (Turner, 1973) and the upward velocity associated with the in¬ 

flux q0. Thus, q0 is proportional to ue. As we saw in Topic 2, experiment 

indicates that u, is proportional to the Richardson number, DAb/u* = Ri , 

raised to the -3/2 power when there is pure stirring action without shear 

(Turner, 1968, Wolanski, 1972) and to the -1 power when there is a mean 

velocity (Kato and Phillips, 1969, Moore and Long, 1971). In an estuary. 
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for example in the Baltic, the shear will effectively communicate the 

turbulence to the interface and we would expect the more rapid entrainment 

rate as found by Wu (1973) in his experiments with the erosion of an inter¬ 

face in a confined basin. We thus assume 

(3.22) 

where A is the horizontal area of the halocline and K§ is a constant. 

If we non-dimensionalize by the following definitions: 

■ Q? =—si— . 
gesoh ? K0Soha ? gSSoh3 2a 

3 F. 

r. d m>iûü 
•> UÍK.A ’ Sb 

(3.23) 

we obtain 

V ~ (1~^3)J o .Qx. o-o f-L. i 
$ • " as * - Qf Its -1 

1+(1-ÜS)? ^ V£uS 

r = 1 

(1-ÛS)Q, 
o3 - I 

* Qf - 2 
(AS)3 

n+(l-AS)S]s 

(3.24) 

These are five equations in the five unknowns Tl, Qlt Qq, r, A S, and 

the problem is determined. 
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3.3. Discussion. 

Results are shown in Figures 3.4 and 3.5. In Fig. 3.4, we see the 

plot of r vs. the discharge Qf. There is a minimum depth of the halocline 

corresponding to Qf „ = . 235. For greater influx, the depth increases, 

becoming infinite at Qf,. = . 707 corresponding to a situation in which the 

basin is filled with fresh water. As Qf decreases from Qfl, the interface 

also descends, again becoming infinite as Qf - 0 and AS - 0. This corre¬ 

sponds to a basin filled with water of salinity Sç. The lower curve in Fig. 

3.4 reveals the variation of ^ . For large influx of fresh water, is small 

and the outflow occupies almost the whole depth over the sill. As the influx 

of fresh water weakens, the depth of the lower layer increases until it equals 

the upper fluid depth at small values of Qf. 

Additional results are shown in Fig. 3.5. Interesting features arc 

the maximum of Q0 as the fresh water supply increases, and the monotonie 

decrease of Sj with increasing fresh water supply. Both of these behaviors 

agree with predictions of Stommel and Farmer (1953) and Kullenberg (1955). 

As pointed out by Welander (1974), the increase of stability with increased 

fresh water supply is oposite to the conjecture of Fonselius (1969) that a 

decrease of fresh water is responsible for the observed increase of stability 

in the Baltic in this century. 

It is of some interest to apply the theory for the depth of the halocline 

to the Baltic. We assume, arbitrarily, that the fluxes q0 and qi all occur in 

the narrow passage between Ilelsingborg and Helsingiir which has an average 

depth of 18 m and a width of 4 km. The area of the Baltic is A ~ 3.1 I0l ‘ cm3, 



-3. 20- 

0.50 

V 
0.25 

0 

Qf 

Fig. 3.4. The upper curve is the non-dimensional depth of the halocline 
as a function of the non-dimensional fresh-water influx. The 
lower curve is the ratio of the depths of the two layers. 
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and Wu's data yield K, = .234. Finally with u,,, - 1 cm, sec, and 

12 cm/sec*, the calculation leads to a minimum halocline depth 

of about 80 m which is as close to the observed 60 m as one could hope 

for considering the many uncertainties in the calculation. 

A comparison of the theory for r or D may also be made with 

a recent experimental result of Welander (1974' who constructed an 

experiment shown schematically in Fig. 3.6. It consists of a model 

Fig. 3. 6. Schematic picture of Welander's experiment. 

basin with a fresh water supply and a double flow over the sill. The 
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upper layer is stirred to make the layer homogeneous. The situation is 

similar to the model of this paper except that there is no shear, and a 

relation 

qo 
akX 

(DAb)^ 
(3. 25) 

must be used instead of Eq. (3.22) where K,, = 10"3 (Wolanski, 1972). The 

definition 

I) (eSoK)^ha 
(3. 26) 

replaces that in Eq. (3.23) and 

rûS(l-AS)sQ?]3 
(3. 27) 

replaces that in Eq. (3.24). The result is used in Fig. 3.7 to make a 

comparison with the experimental data of Welander. In the comparison, 

constants are chosen to make the theory and the data agree near the minimum 

point. The theory reveals the same general behavior as the experiment 

especially with regard to a minimum of the depth. There is, to be sure, 

a large discrepancy between theory and experiment for small values of qf. 

However, as the depth increases, the turbulent intensities greatly decrease 

at the interface and the downward entrainment velocity becomes very slow. 

We suggest that the experiments wore not at a steady state and that a longer 
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wait before the measurement of the depth would improve the agreement. 

Finally, a comparison may be made with the theory of Stommel 

and Farmer (see Appendix). The theory led to the straight line in Fig. 3.8 

and the agreement with experimental observations was quite good. The 

present theoretical curve approaches that of Stommel and Fanner for 

large Sj/S^ and gives better agreement with the observations over the 

entire range of the experiments. 



Fig. 3.8. Comparison of the theory of Stommel and Farmer 
and present theory with observational data of Stommel 
and Farmer. 
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APPENDIX 

Our discussion of the critical condition adopted by Stommel and 

Farmer is not adequate for natural circumstances, for example at a con¬ 

trol section for the Baltic which we have chosen to be the Öresund between 

Helsingi* and Helsingborg (neglecting flow through the other Danish sounds). 

If we allow both £ and Ç to vary in Eq. (3.18), we obtain 

where we put (H-ho-Ç ) = hi. In our discussion above, we ignored variations 

in £ and assumed dç/dx = 0 at the control section. In Stommel and Farmer’s 

experiment on the other hand, the bottom is flat and the width £ is a minimum, 

i. e. d£/dx = 0 at the control section so that the critical condition may have been 

satisifed. At the Baltic control section d£/dx = 0 also, but the bottom slope 

is appreciable and we probably do not get the critical condition. It is possible 

that the critical condition does not apply in natural conditions but that the two 

streams adjust to yield constant Froude numbers in each layer. We may then 

proceed as above using the definitions in Fq. (3.23) and we obtain 

R“q-AS)^ 

1+ R^(l-Zß) ' 

(B) 

1 

ri+R-q-ûS)^ (l-AS)Qf 
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instead of Eq. (3.24) where E = F?/F0a. If F® - F? - l/2, we obtain the 

results in Eq. (3.24). In general, however, we may allow ourselves the 

freedom to choose F0a and F? empirically. It seems clear from the ex¬ 

periments of Stommel and Farmer, however, that T\ - l/2 as AS - 0 so 

that R = 1. 
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Topic 4. Turbulence in the Surface Layer. 

4.1 Introduction. 

We have seen in the Appendix to Topic 1 that flow of a homogeneous 

fluid over a smooth or rough surface is determined by the friction velocity u*. 

the height z and the depth of the fluid H. Viscosity does not enter when the 

surface is smooth and the roughness length z0 does not enter when the surface 

is rough except to determine the boundary conditions at the underlying surface 

aad thus to determine the absolute value of the mean velocity F<z). In con¬ 

sidering the shear for example, we have Õ, = f(z, ut, H) or 

zu, z \ 
u* - \hJ (4.1) 

If z « H, the depth H is also unimportant, œ is constant and integration 

yields the logarithmic law. 

In the lower atmosphere or in the upper portions of the sea, we may 

extend these ideas to include the presence of a buoyancy flux q as well as a 

momentum flux ua+ and to argue that quantities such as B, , Qt, i and rms 

fluctuations uu, are functions of z, u„ q close to the ground or to the 

air-sea interface. There are some doubts about this theory because, as 

we will discuss below, experimental and theoretical investigations of convec¬ 

tion in a stationary container indicate that the molecular coefficient of heat 

conduction plays a considerable role even when the thermal boundary layers 

are very thin. The boundary layer is the source of the thermals that arise 

and form the thermal elements and the thermal boundary layer has charac¬ 

teristics controlled by tüe molecular coefficients. Long (1974a, 1974b) has 
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discussed this problem at length and concludes that for wind velocities over 

1 m/sec in the atmosphere, molecular coefficients may be neglected; air 

speeds are commonly greater than this. In the oceans, the situation is 

somewhat different because molecular coefficients appear to be important 

for water velocities less than 5-10 cm/sec and such speeds are commonly 

observed. 

The theory involving z, u* and q is called the Monin-Obukhov 

theory (Monin and Yaglom, 1971) and is applied in both stable (q < 0) and 

unstable (q > 0) conditions. It yields, for example. 

U* (z ' 

“■ = vÁh 

r _q !z \ 
b* 

(4.2) 

(4.3) 

where L = u*/nq is the Monin-Obukhov length introduced in Topic 3. (Von 

Karman's constant is included to conform to usage. ) 

Very little is known about the functions f and » , although there 

is strong evidence in the atmosphere (Monin and Yaglom, 1971, Chapter 7) 

and in the laboratory (Arya and Plate, 1969) that these and other "similarity 

laws' are very good approximations. Observations are lacking in the sea, 

but we may be reasonably confident that the similarity theory is valid near 

the surface in the water and in a layer near the bottom. 

The Monin-Obukhov length may be examined in the mixing layer. 

There t ~ q ~ (/uah so that 
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L~ 

As we have already discussed, <^/ab £ ~ 1 in the layer so that L ~ ~ D. 

We may find the coefficient of proportionality between L and D from the 

experiments of Kato and Phillips (1969). If we use the average flux of 

buoyancy in the mixed layer, q , we have 

Rfe = tU 

It follows from Eq. (3.7) that 

3 

L _ /¾ /Z ~ 2 

D qnD h Rfc 
(4.4) 

where c4 is the drag coefficient, ca =2^/113. Alternatively, we may 
# 

compute L from the definition using the estimate for Rfe . We get 

L 
£ 

1 

q£n n q£ 
.191 

Rf* 

orL/£^ 28.6. Using D ^ 14 £, we again obtain L/D ^ 2. Kitaigorodskii 

(1960) found L/D ^1.2 for the mixed layer in the ocean and recently Sundaram 

(1973) has computed L/D 4 for a lake. 

In Eq. (4.2), we may fix z and u* and allow q to tend to zero. Then 

density variations must become unimportant and fj/ - f(0) - 1. This suggests 

that for small z/L, we may expand f in a Taylor series. This yields 



(4.6) ñ =Ü!l/in2_ + Q (z-Zq)I 
U h lxnZo +e- L J 

where we truncate the series after the first two terms. This is called the 

log-linear law. The constant 0B may have different values when the situation 

is stable or unstable because the function may not be analytic at z/L = 0. 

Indeed when the fluid is stable, turbulence should be impeded and the velocity 

curve should be "steeper". When unstable, turbulence is increased and the 

velocity should increase more slowly with height than in the neutral case. 

Then p, > 0 or < 0 according as the fluid is stable or unstable. Obser¬ 

vations (Arya and Plate, 1969) indicate 0, = 10 in the stable case and 0, = -0.6 

in the unstable case. 

The log-linear laws hold fairly well in the atmosphere to z/L = 0.1 

in the stable case but only to z/L = 0.03 in the unstable case. The usefulness 

is unknown in the oceans but the theory should apply near the surface «nH again 

near the bottom if a bottom current exists. 

The conclusion that the velocity should increase more rapidly with 

distance from a surface than in the neutral case is a reasonable explanation 

for observations by both Kato and Phillips (1969) and Moore and i_.ong (1971) 

that the velocity profiles were very flat in the middle of the layer. This would 

require the velocity to increase more rapidly in the region near the plate or 

the bottom. In both experiments the interface behaves as a rigid surface so 
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that (4.6) should also describe the mean velocity field in the ’’homogeneous” 

layer near the interface if z is distance from the interface. 

4.2 The Stable Case. 

Any mean quantity may be expressed by the similarity theory but 

only a few measurements have been made. We may, for example, consider 

bx. At small values of z 

b’ 

and q ~u'b' ~u*b’ so that 

u,z 

Thus, near z = 0 we have 

and the next approximation yields 

b, =—9— ri * ft. 
'* ~ KiU^Z li>^ L (4.7) 

where and are constants. Mean buoyancy has been measured in the 

stable case by Arya and Plate (1969) confirming Eq. (4.7) with 6b = 17. The 

finding that 0b > ß, is expected. Thus 

K. r a ^LÏ+e.iz/L) I (4,8) 
Mzuir 

and, as we have seen, Kb/K, decreases for z/L >0, i.e. for stable conditions. 
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The Monin-Obukhov theory has been discussed and extended by 

many authors (sec a long list of references for Chapter 7, Monin and 

Yaglom, 1971). For example, the Richardson number Hi is 

Ri z z 
= LML/ (4.9) 

where ®i (0) = const so that with height above, the surface, Ri increases 

and the situation becomes more stable. We have seen that indications are 

strong that Rf approaches a constant value Rfc as stability increases so 

that q/TÖ, - constant as z/L becomes large corresponding to a stable layer 

below the upper mixed level in the sea or in an inversion in the atmosphere. 

Thus 

Ü, - const ^ (4.10) 

in the stable layer so that we would expect a linear velocity profile over the 

stable layer as observed by Moore and Long (1971). The buoyancy variation 

with large z/L is more difficult to establish and we merely quote the result 

of Long (1970) that 

N* =bt - const za (4.11) 
tb 

Monin (1969) has found verification of the prediction in Eq. (4.11). His 

analysis of 40 hydrological stations in the central North Pacific shows that 

the law N(z) = const z is fulfilled quite satisfactorily in layers of the deep 

ocean below a depth of if - 2 km. 
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4.3 The Unstable Case. 

Let us now discuss the unstable case in which the potential energy 

term q in Eq. (1.10) is an energy-source term. In the upper layers of the 

ocean, this corresponds to conditions of cooling at the surface which must 

be the general case in autumn and winter. The cold water sinks and the 

resultant mixing eventually destroys the thermocline. 

, Despite the importance in the oceans, we have almost no data 

there to form the background of this discussion so that we will emphasize 

meteorological observations h. this section. Many investigators have ex¬ 

plored the problem of the surface layer from an observational and theoretical 

viewpoint. A valuable reference is Monin and Yaglom (1971) which emphasizes 

contri butions by scientists in the U. S. S. R. Many experiments have been 

constructed to study convection between two stationary horizontal surfaces, 

heated below and cooled above (Malkus, 1954a, b; Thomas and Townsend, 

1957; Silveston, 1958; Croft, 1958; Townsend, 1959; Globe and Dropkin, 

1959; Somerscales and Dropkin, 1966; Deardorff and Willis, 1967; Somer- 

scales and Gazda, 1969), and one recent experiment also involves shear 

(Townsend, 1972). 

If one divides the scientists interested in turbulent convection into 

tv.o groups, one finds that the experimentalists all attach major importance 

to the molecular coefficients of viscosity and conduction, v and kh, whereas 

the atmospheric scientists believe that these quantities are unimportant in 

the surface layer. There are two reasons for this. One is that laboratory 

experiments are on much smaller scales than those characteristic of the 
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atniosphere, so that the relevant Reynolds numbers or Rayleigh numbers 

(see below) in the laboratory are mueh smaller than those in the atmosphere. 

The second reason is that all experiments, except the recent one by 

Townsend, are without shear whereas the atmosphere is usually in appre¬ 

ciable mean motion. We illustrate the importance of the latter remark by 

considering the case of zero shear in which fluid is contained between hori¬ 

zontal smooth plates at z 0 and z = H. The lower plate is heated and the 

upper plate is cooled. The temperature difference corresponds to an 

increment of buoyancy 2£b. If the reference density p0 is the mean value 

of the density at z = H/2, we have B - 0 at z = H/2. 

Dimensional analysis leads to forms of the mean quantities in 

terms of several nondimensional parameters. The mean buoyancy gradient, 

for example, is 

(4.12) 

bt = (tfï/zIfatPr.'o.*) (4.13) 

where z is the vertical coordinate and 

In Eq. (4.14), Pr is the Prandtl number, *0 is proportional to the cube 

root of the Rayleigh number, 

Ra = H^Ab/vkh (4.15) 
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antl r may be regarded as the ratio of the height acove the lower surface to 
I ; 

the thickness ^khw/(ûb) ‘ of the thermal boundary layer. We confine 

attention, of course, to situations and regions in which and * arc large. 

Many measurements have been made of the buoyancy flux in 

Eq. (4.12). All experiments indicate a very weak dependence on '0 when 

this number is large (Turner, 1973) and it seems likely that f; may be 

considered independent of '0 at large Rayleigh numbers. It is then ines¬ 

capable that q is d. rectly influenced by the molecular coefficients even at 

the very high Rayleigh numbers characteristic of the atmospl'ere. Since 

the heat transport is by the eddies, they too are directly influenced by the 

molecular coefficients. This result is in contrast with the case of flow of 

a homogeneous fluid over a surface. As we have discussed in the Appendix 

of Topic 1, the molecular coefficient of viscosity is then unimportant. It 

seems likely, therefore, that v and kh may be neglected for moderate and 

large shears when convection also exists and that we may apply the Monin- 

Obukhov theory which we now write in the form, 

= (qArz)<p3(C ), Ü, (4.16) 

where Ç = z/L and we have assumed that II is infinite. 

We emphasize, however, that we should properly include two other 

numbers in the functions of Eqs. (4.16), namely Pr and an appropriately 

defined Reynolds number. For simplicity, we may set Pr equal to a constant, 

say Pr -1, i.c. kh v , and ignore kh . The Reynolds number is obviously 
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based on the friction velocity and the length L, so that we may write 

b, (qA'zltpsir, R,), R. = TS/qv (4.17) 

Although (4.17) is more accurate than the expression for fcj in (4.16), we 

acknowledge that our experience with homogeneous fluids suggests that R, 

is negligible when R« is large. If R, is small, or when the shear is small, 

we must he cautious. In the first place a small Reynolds number suggests 

quite naturally that molecular quantities may be important, and in the 

second place small R, is associated with the case of zero or weak shear and 

our discussion of convection in a box indicates that v and kh cannot be 

neglected in this case. 

We illustrate the importance of R, by repeating the arguments of 

Priestley (1954) used to determine the behavior of or of ^(r ) when z is 

large. The contention is made that large r in Eqs. (4.16) means either 

large z or small ' so that the behav h r of ^(f ) as ' - ■ may be obtained 

by miuiring that * disappear from the analysis. Then, for large z, we have 

(4.18) 

Notice, however, that if we use the more accurate Eq. (4.17) instead of 

(4.16), we see that the argument uses the dangerous assumption that the 

Reynolds number R, continues to be unimportant even when it is very 

small. 
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There is controversy concerning the prediction in (4.18) (and 

predictions of the forms of other mean quantities using the same argument). 

Soviet scientists believe that the predictions are "well satisfied" (Monin and 

Yaglom, 1971), while acknowledging some deviations at larger values of Ç . 

Western scientists have less confidence. There is a general belief that 

-I bj r z for example, as indicated by excellent atmospheric data of Dyer 

(1965) and husinger et al. (1971). These data seem to be good enough to 
3 

distinguish clearly between the observed z-‘ behavior and the similarity 

theory of Eq. (4.18). Townsend (1959) proposed bj ■ z-“ where 1.3 <n < 2. 5. 
3 

Data of Croft v1958) yield z~‘ . 

The similarity arguments can be used to predict other quantities, 

for example, t* z compared with measurements in which exponents 

range from -0.48 to -0.70 (Rossby, 1369; Somerscales and Gazda, 1969). 

Finally Townsend (1959) gives an interesting result for the "dissipation 
__J _ 4 

function" for buoyancy fluctuations He finds 6 * z" ‘ compared with z 7 

from similarity theory. 

We may conclude that evidence in atmospheric and laboratory 

investigations docs not inspire confidence in the similarity theories when 

heating effects are strong or the shear is weak. We have seen that all 

theories reduce to the argument that mean quantities should depend only on 

q and z when the shear is zero and that the argument was inspired by the 

success of the theory that only t and z are important in shearing flow above 

a surface. In the latter case, however, t is porportional to (Au)8 and is 

either weakly dependent on v (smooth wall) or independent of v (rough wall). 
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In the case of heating, however, q and, therefore, either o* or ob directly 

involve the molecular coefficients. 

A theory, differing from the similarity theory, has been ¡ roposed 

by the author (Long, 1974a,b) and involves the behavior of a number of 

mean quantities including mean buoyancy gradient, mean velocity gradient, 

rms velocities and buoyancies, length and time scales, and eddy viscosity 

and conductivity. We are concentrating here on the properties of th' mean 

buoyancy gradient, and w«* will therefore confine attention to a few aspects 

of the theory relevant to finding hz in a region well above the thermal 

boundary layer. For simplicity, we will assume v = kh and H = For the 

time being, we may also consider the shear to be zero. 

The similarity theory for ¿u - Omay be based on simple dimensional 

analysis once it has been decided that b,, for example, should depend only 

on q and z. On the other hand, as shown by Kraichnan (1962), it may also 

be based on estimates of orders of magnitude of certain quantities as z - ^ 

and this approach reveals the essential difference between the present theory 

and the similarity theory. 

The eddy conductivity Kb may be defined by the equation q = KbS, and 

since q is a constant, the variation of Bt with height is determined by the 

variation of Kb. To find this variation, we notice that q ~wV implies that 

q where C0 is the correlation coefficient. We know, however, that 

warm parcels rise and cold parcels descend so that C0 should be of order 

one. This assumption is strongly supported by observations (Deardorff and 

V’illis, 1967) in which C0 is 0.5 - 0.6 over a wide range of Rayleigh numbers. 
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Both theories then should yield q ~ The quantity Oy may be esti¬ 

mated by assuming o* l where Í is a length over which the total 

buoyancy is conserved. It is reasonable that i ~ z as is the case in turbu¬ 

lent shear flow above a surface. Indeed, £ ~ z implies £ ~ H for the 

container as a whole; this implies that the energy-containing eddies fill 

the entire container and this is observed in experiments. The three 

estimates q ~ KvBt, q ~ (Th ~b, z lead to 

K^zo. (4.19) 

and the problem of finding and, therefore, b, is reduced to finding 

O’*. This is the point of departure for the present theory and the similarity 

theory. The latter, as shown by Kraichnan (1962) assumes oi(‘<~(7b£-wObz 

which is a seemingly reasonable assumption that the kinetic and potential 

energies are of the same order, or that the vertical acceleration of a 

parcel is of the order of the buoyancy force. This estimate and the earlier 

estimates, lead to bt ~q^ z"^. 

In the present theory the last order-of-magnitude estimate is not 

made. Instead experimental observations are used (Malkus, 1954b; 

Deardorff and Willis, 1967) that the kinetic energy averaged over the entire 

container is of order HAb. This result holds with considerable accuracy 

over a range of Rayleigh numbers from 10t to 10". This has a physical 

interpretation that the vertical velocity of a parcel is of an order obtained 

by imagining that it conserves its density and rises freely in the unstable 

environment from an origin in the thermal boundary layer. It suggests, 



therefore, that of ~ /¿b at any given level z. If we adopt this estimate, 

we obtain 

b, - B(Ab)r v^/z2 (4.20) 

where B is a constant for zero shear but in general may be considered a 

function of V = Au/(v¿b)^. This contrasts with the z ^ dependence of the 

similarity theory. In essence, it is easy to see that the basic difference 

in the two theories can be reduced to a difference in the estimate of the 

time scale T, of the eddy motion. The pi osent theory assumes that T, 

depends on z and Ab only and the similarity theory assumes that T, depends 

on q and z only. Actually, if one acknowledges that Ab is a more fundamental 

parameter than q, the present assumption is preferable if one also feels that 

vanishingly small molecular coefficients should not directly affect the time 

scale of the eddies. In any case, experiment and observation will be decisive. 

We have already stated that experimental observations of bt are inconclusive, 

although it is fair to point out that Croft's observations (Croft, 1958) support 

Eq. (4.20). The atmospheric observations, of course, directly support 

Eq. (4.20). 

The present theory is easily extended to obtain other mean quantities, 

for example o.^ z ', and we have already seen that this is closer to observed 

behavior than the similarity theory. The present theory also yields 6 « z"^ 

where 6 is the "dissipation function" for buoyancy fluctuations and this agrees 

exactly with Townsend's observations. 
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Topic 5. Density Currents and Wake Collapse 

5.1 Introduction. 

Frequently a fluid of a certain density moves under or over a fluid 

of lesser or greater density» respectively. Examples are currents of 

brackish water issuing from an estuary and flowing over salty water in the 

sea (Ekman, 1904), the intrusion of a salt-water wedge into an estuary, 

the spreading of oil over a water surface (Cochran and Scott, 1970), 

turbidity currents in seas, lakes and reservoirs as fluid heavy with sedi¬ 

ment (suspended solids) moves from the streams and rivers pouring into 

the larger body of water (Kao, 1974), and cold air mass outbreaks in the 

atmosphere (Petterssen, 1969). In these cases it may perhaps be possible 

to consider each mass to be a fluid of uniform density. In another casc- 

of interest, the intruding fluid has a density corresponding to some inter¬ 

mediate level in an ambient fluid stratified with a variable density. An 

example is the spread of sewage effluent released from submerged outlets 

(outfalls) in the ocean. More basically, it occurs when a homogeneous mass 

of fluid collapses in a stratified environment (WU, 1965,1969) as in Fig. 5.1. 

b 

Fig. 5.1. Spread of a mass of homogeneous fluid in a 
stratified environment. 
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This may occur because the presence of a body, e. g. submarine moving in 

the thermocline, creates a homogeneois wake which then collapses (Schooley 

and Stewart, 1963) or when a patch of turbulence in the thermocline (perhaps 

a breaking wave) homogenizes the local fluid and then collapses (Woods,1968). 

The wake collapse is of special importance because the intermittent breaking 

of internal waves and the subsequent collapse of the patch is of undoubted 

importance in the transfer of heat and salt and possibly momentum in the 

seas and oceans. 

». 2 Theories of Benjamin and Kao. 

WU has performed experiments on the collapse of a two-dimensional 

mixed region and has identified three stages of collapse: A short initial 

stage Nt < 3 of rapid collapse, where N is the Brunt-Väisälä frequency, 

N8 - -db/dz in the ambient fluid; a long principal stage 3 < Nt < 26 of slower 

collapse and a final stage Nt > 25 in which friction and diffusion become 

important and the collapse is very slow. 

The principal stage has been discussed very effectively by Benjamin 

(1968) and more recently by Kao (1974). The picture of this stage appears 

schematically in Fig. 5.2. The coordinate system moves with the density 

current so that there is an approaching current of strength U. If the flow 

is treated as inviscid, it is, in effect, steady flow past a body and thus there 

can be no drag. Since there are gravitational forces accelerating the mass, 

no steady state is possible. This implies that there is dissipation just as in 
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|(3) 

Fig. 5.2. Idealized model of wake collapse. 

the case of an hydraulic Jump in water flow. This means that the Bernoulli equation 

cannot be applied between points (1) and (6) for example on the "body". This 

dissipation is, of course, due to turbulence but as in the hydraulic jump it is 

possible to by-pass the difficulty and solve for the velocity of the current U 

without detailed knowledge. Following Benjamin (1968) and Kao (1974), we apply 

Bernoulli's equation on the horizontal streamline between the stagnation point (1) 

and point (2) far upstream in Fig. 5.2: 

Pa + ^tT- = Pi (5.1) 

J.
L

L
JJ

-L
J-

J 
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Since the pressure is hydrostatic far upstream, we get 

H 
Pa = Ps - .P ÊRdz ( 2) 

0 

where H » h. Obviously p3 r p4. Finally applying hydrostatics to the 

region far behind the nose, we obtain 

H h/2 
I'b rP4+ ^ Pgdz + T Pogdz (5.3) 

h/2 ' 0 

But the flow is zero inside the mass, so that Pb = Pi and 

\f ,h/2 
Oo - = ^ (Po-P)gdz (5.4) 

2 0 

We may reasonably assume a linear density gradient near the mass so if 

= p°+ [ftv <5-5> 

We get 

(5.6) 

The above analysis pertains to a strictly steady current. Wake 

collapse may be treated in the principal stage as quasi-steady so that the 

velocity is Nh/2 at any time when the height is h. The wake is centered at 
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the origin x = 0. Considering half of it only« its length is x(t) and height 

h(t) with **. constant volume so that oxh = V0 is constant where o denotes the 

shape factor. We assume an elongated wake with o = 1. Since dx/dt = U, 

wo have from Eq. (5.6) 

: or X = VoWm* (5.7) 

when ki is a constant. Although we are concerned only with the principal 

stage« we take t = 0 at the beginning of the experiment (Wu s experiment) 
3 

when the mass was a circular cylinder. Thus V0 = since we are only 

considering half of the volume. Eq. (5.7) becomes 

^ =./|(Nt+ ka)* <5-8) 

where ka is a constant to be determined from the data or from a matching 

with the initial stage. It is approximately -0.9. The result is shown in 

Fig. 5.3 and we see a remarkable agreement with the theory. 
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5.3 Gravity Currents on a Sloping Bottom. 

Of similar interest is the flow of a heavy fluid at speed U along à 

sloping floor (Fig. 5.4). This was investigated by Ellison and Turner (1959). 

Fig. 5.4. Flow of density current. 

As the heavier fluid moves, the lighter fluid is entrained into it causing the 

depth h to increase and the buoyancy difference Ab to decrease. Dimensional 

analysis suggests that U r K«(hAb)^, where is a function of the slope and 

this is verified by measurements where K9 = 2 - 3 increasing with increasing 

slope from v = 0 to y 90'. Of course, the entrainment falls off rapidly with 

increase of Ri. 
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5.4 Buoyancy Flux due to Wake Collapse. 

Long (1970) has attempted to apply the concept of wake collapse to 

the exchange of buoyancy (heat or salt) in a dens’ty-stratified medium. We 

suppose that a turbulent region (or patch) of linear dimensions volume 

V0, is produced by the breaking oi internal gravity waves. We assume the 

region is initially undisturbed with density given by 3(z). Waves break and 

thoroughly mix the patch. It will then tend to flatten out at a level at which 

the environmental density equals the dtmsity of the patch. If the new level 

is different from that of the original center of mass of the material, heat 

will be transported vertically by this process. If z is taken at the original 

center of mass (Fig. 5.5), the average value of density for the mixed patch 

* **m*Lp 

2 * ZC 

z 

2*0 

Fig. 5.5. Collapsing turbulent patch. 

is 
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or 

Op =î(zc)-f Ptf<Ze)A.<lJ + ... (5.10) 

where A-, is of order one. Expanding about z - z,, we get 

» a 
= 5(z,)+ õ1(zt)Ll+ cII(z,)i|L + ... + Pll(zi)A34+... (5.11) 

where Lx is the height of the centroid above the center of mass. The 

patch flattens out at height LP above the center of mass given by 

w p ■ ?(^b^ 1jp) - P(za)+ ► j(za>LP+..., or 

Lp " Lx + (5.12) 
P*(z.) 

The distance Lx is easily computed. Taking z = 0 at the centroid 

Lx = jj-rrrp(*)*dv (5.13) 

where M is the mass of the patch, or 

^(¢(0)+3, (0)z+ f z8 St t (0)+... )zdv 
Lx -- (5.14) 

Z* I’ \T5(0)+ ¢, (0)z+ , t (0)z- +... )dv 

or 
DiPt(0)i;+B?pt ,(0)4+... 

Lj - (5.15) 
B:, p (0) Ip + B4 p t, (0) 4’ +... 
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where B: ... arc of order one. Thus, since we take it nmch loss 

than the vertical scale of the motion 

Li - 3.1.(.¾ (5. i6) 
c(0) 

The ratio of Lj to A,z is of order 

.ÂÍ9L.. 

õ(0);lx(0i 

where LI is density difference across the patch. Thus 

L, - (5.18) 
bt 

and is proportional to the curvature of the buoyancy profile. Notice that 

the patch rises when the curvature is negative and falls when the curvature 

is positive. In either case, heat is transported downward. The flux of 

buoyancy is 

q ~ Kt bj (5.10) 

where K. is the coefficient of eddy diffusion and is given by the product of 

the mixing length Lr, the vertical velocity of the patch wr ~ |bt | LP and the 

ratio V of the volume of the turbulent patch to the whole volume, i. e. the 

interm’ttency factor (Hinze, 1959). Thus 

. (-4f)- ** J (5.17) 
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v68 í4 

q (5.20) ib.r 

This formula plays a considerable role in a theory of turbulence in 

stratified fluids by the author (Long, 1970). For example, we may use 

thi theory to indicate that continuous density gradients tend to be unstable. 

- q «0 

> 0 

Fig. 5.6. Buoyancy profile. 

Thus, in Fig. 5.6, suppose a profile (solid curve) develops an inflection 

point. Then the buoyancy flux distribution is as shown so that the mean 

equation 

9b flq 
Ot Oz 

leads to the development of a profile of the form of the dotted line. Thus, 

a discontinuity tends to form and the process continues until a sharp interface 

develops and some »ither process, perhaps Kcivin-ilclmholtz instability, 

arises to transfer the heat. 



-5.12- 

REFERENCES 

Benjamin, T. B., 196K Gravity currents and related phenomena. J. Fluid 
Mech.. 31. ’09-248. 

Cochran, R. A., and Scott, P. R., 1970 The growth of oil slicks and their 
control by surface chemical agents. J. Soc. Petroleum 
Eng.. 6, 

Ekman, V. W., 1904 Oi dead water. Norwegian N. Polar Exp. Sei Results, 
Vol. jj, No. 15, 1-152. (Kristiania) 

Ellison, T. II., iuid Turner, J. S., 1959 Turbulent entrainment in stratified 
flows. J. Fluid Mech., 6. 423-448. 

Hinze, J.O., 1959 Turbulence. McGraw Hill Book Co., New York. 

Kao, T. VS’., 1974 Density current in a stratified environment with an application 
to wake collapse. Proc. 7th S. E. Conf. on Theor and Appl. 
Mech.. 83-90. 

Long, R. R., 1970 A theory of turbulence in stratified fluids. J. Fluid Mech.. 
42, 349-365. 

Petterssen, S., 1958 Introduction to Meteorology. McGraw Hill Book Co., New York. 

Schooley, A. H., and Stewart, P. W., 1963 Experiment^ with a self-propelled 
body submerged in a fluid with a vertical density gradient. 
J. Fluid Mech.. 15, 83-96. 

Woods, J. D., 1968 Wave-induced shear instability in the summer thermocline. 
J. Fluid Mech.. 32, 791-800. 

Wu, J., 1965 Collapse of a turbulent wake in a density stratified media. Hvdro- 
nautics, Inc., Tech. Rep. 231-4, 

Wu, J., I960 Mixed region collapse with internal wave generation in a density 
stratified medium. J. Fluid Mech. 35, 531-544. 



-6.1- 

Topic 6. Problems Involving the Earth's Rotation 

6.1 Introduction. 

So far we have neglected the effect of the rotation of the earth on 

vertical mixing processes. However, for larger time scales, this must 

be taken into account. Thus, if the Coriolis force is important, 

0(fu) or Tf > 0(1) (6.1) 

where f is the Coriolis parameter, f = ZQsimp, in which fi is the angular 

velocity of the earth and cp is latitude. T is the time period of the system, 

for example the duration of a wind of roughly the same speed and direction. 

In mid-latitudes, f ~ 10"4sec"T. 

The Coriolis force is proportional to the speed of a particle and is 

directed 90* to the right of the velocity. For example, as a particle of 

water begins to move under the influence of a wind we may, for extreme 

simplicity, neglect the pressure gradient force so that the equations of 

motion are 

ST ' fv = 0 + fa= 0 <6*2) 

where u and v are velocities along the x and y axes. We now make a 

common approximation, namely that the Coriolis parameter f = ZOsincp 

is a constant. We choose a central latitude, «b »“d expand f in a Taylor 

series. We get 
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f -ZOsincpo + 2Qco8CPo(cp-ctb)+... 

The ratio of the neglected terms to 2Qsinccb is, in mid-latitudes, of 

order 

I =r 

where L is the horizontal length scale of the motion and a is the radius 

of the earth. For large-scale oceanic and atmospheric phenomena L/a 

is not small but for small-scale motions and in seas and lakes the constant 

f assumption is very good. Using it, a solution of Eq. (6.2) is 

V = Vo cos ft u = v0sin ft (6.3) 

wheie v0 is the initial speed. This represents motion in a circle1 with a 

period 2irr1. Thus, as the water begins to move when the wind blows, the 

fluid will be deflected to the right looking in the direction of the motion. 

Fig. 6.1. Effect of rotation 

1 Clearly, if the radius of the circle « a, the constant f assumption 
will be a good one. 
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In the absence of a pressure gradient, it will be moving to the right of 

the wind in ^ sec or approximately 4 hours. The pressure effect 

will slow down the turning so we would expect a somewhat longer time. 

Actually the water set in motion does move with an average velocity per¬ 

pendicular and to the right of the wind after about 6 hours (Csanady, 1974). 

The theory of this phenomenon is due to Ekman (1905) and is easily derived. 

We consider a wind blowing uniformly over an infinite ocean inducing 

velocities u(z,t), v(z,t). The situation is homogeneous horizontally so 

no quantity (including mean pressure) varies with x, y. Therefore, the 

equations of mean motion are 

f-W = .^(uV) (6.4) 

1+ H = - 
(6.5) 

If we take the x-axis along the direction of the surface stress, we have 

-u'w' = u* • -v'w’ = 0 at z = 0 wnere we nu 

The net transports in the affected layer are 

-v7^' = 0 at z = 0 where we now take u* independent of time. 

M* = r u(z,t)dz. My = f v(z,t)dz 

vertically out tius dues nvi ^ «*»%****»^.y ,, ' . 
Boussinesq approximation. Thus the analysis may be applied to a stratified 

ocean. 



-6.4- 

Therefore, integrating Eqs, (6.4) and (6.5), we find 

M, - fMy = uj (6-7) 

My + fM„ = 0 (6.8) 

or 

i^ + faMy=-fti; (6. H 

If we assume an impulsive start for the wind at t = 0, we get 

a ..3 u* u* 
M, = -p sin ft, My = -(l-cos ft) (6.10) 

We see that the transports oscillate in time about the mean values 

with the inertia period 2-r1. After a while, friction will damp out the 

oscillation and the steady transports will be given by Eq. (6.11). There 

is no transport in the direction of the wind. The transport is to the right 

as indicated in Fig. 6.1. This is called the Ekman drift. 

The onset of the wind creates a wave-motion as we have just seen, 

but the situation is normally strongly affected by density stratification which 

yields another tendency for wave motion, namely up and down motions of 

the fluid under gravity in internal waves of period of order / H0/Ab , where 

Ab is the buoyancy difference from top to bottom and H0 is the depth of the 
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fluid. In general then a disturbance of the free surface corresponding to 

an imposed atmospheric pressure increment or wind stress will set up 

wave motions which are a combination of these two effects: rotation and 

stability. These are called internal Kelvin waves and have been discussed 

by Csanady (1967a,b, 1968^,b, 1971) in connection with circulations in the 

Great Lakes in northern USA. Csanady confined his analysis to simple 

models, i. e. a two-layer system with constant total depth in a circular 

basin, etc. More recently Walin (1972a, b) investigated the same problem 

with the Baltic sea in mind and, although his results are less specific, he 

obtained useful information by scale analysis and approximate mathematical 

methods applied to realistic types of topography and meteorological forcing 

effects. 

6.2 Preliminary Discussion. 

In this section wc will present sufficient background to permit a 

coherent discussion of the basic nature of Walin's investigation. 

Hydrostatic Assumption 

The hydrostatic assumption neglects vertical accelerations com¬ 

pared with gravity and the vertical pressure gradient. The significance of 

this is seen most easily by considering the case of a homogeneous fluid 

with a free surface of height z = H(x,y,t) ~ Hq. Integrating the vertical 

equation of motion (z-axis is directed upward), we get 

r 11 , -, 
p -pg(z-H)+o' J dz (6.12) 
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If we insert this in the x-equation of motion, we get 

du 
dt = (6.13) 

where L is the length scale of the horizontal motion. The continuity 

equation yields 

Ia 
(6.14) 

where U is the order of the horizontal velocity and W is the order of the 

vertical velocity. If we now take the ratio of the error in (6.13) to the 

acceleration du/dt - U3/!, we get a relative error of order Ho3/!8 . In 

applications, for example to the Baltic, H«?/La ~ 10_r if we take Ho 

to Ije the depth ( ~ 104cm) and L to be the lateral dimensions ( ~ 107 cm). 

Of course, we have assumed the largest possible scales of motion, but 

we believe that these are the important scales to direct attention to. If 

the fluid is stratified and rotating, the situation is similar, Indeed the 

error in assuming hydrostatics may be even smaller. There are, of 

course, some phenomena for which the hydrostatic assumption may not 

be valid. Examples are water waves whose length is short compared to 

the depth and lee waves behind mountains in lhe atmosphere. 

Barotropic and Baroclinie Motions 

A fluid is called barotropic if the density is a function of the 

pressure. In water this is nearly equivalent to a fluid with uniform 
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density. Thus, suppose we have a homogeneous rotating fluid moving 

slowly in the sense that the non-linear acceleration terms are small 

compared to the Coriolis accelerations. This implies a small Rossby 

number Ug/fL,, where U, is a velocity characteristic of the system 

and L( is a characteristic length scale. The horizontal equations of 

motion are then 

(6.15) 

IËB 
P dy 

(6.16) 

where p is constant. If, in addition, the motion is steady (or more 

usefblly if TF1^ 1), we obtain gcostrnphic motion. 

(6.17) 

(6.18) 

Then, assuming hydrostatics, 

(6.19) 

we obtain 

(6.20) 
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so that the horizontal velocities are constant with heifftt. Although barotropy 

is only one of the assumptions made, this type of motion is called barotropic 

motion in meteorological and oceanographic literature. If we also assume f 

is constant, Eqs. (6.17) and (6.18) reveal that 

¿Ai 

ÖX 
+ (6.21) 

so that the equation of continuity yields 

(6.22) 

Thus w is constant with height. Since it is zero at the surface z = 0, it is 

zero every where. In particular, it is zero at the bottom z = H(x,y). Then 

the kinematic boundary condition at the bottom yields 

(6.23) 

so that the fluid moves parallel to the bottom contours. 

When the fluid density varies (especially vertically) so that the 

pressure surfaces and density surfaces do not coincide in the presence of 

disturbances, the motion is then called baroclinie. Among other effects, we 

expect important variations of horizontal velocities with depth and internal 

gravity-wave motions. Baroclinie effects arc typical of the atmosphere and 

oceans and lakes, but theory sometimes leads to barotropic motions, at 

least to the first order (Section 6.3). 
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6.3 Walin'g Investigation 

Walin (1972a, b) has Made a very general investigation of a problem, 

first treated by Csanady, namely the response of a large lake or a sea 

similar to the Baltic, to surface disturbances caused by pressure and 

wind acting on the free surface. We will not repeat his analysis in detail 

but we will discuss the main assumptions, procedures and results. 

The region under consideration is divided into three parts. One 

is the large interior region and the other the "thin" viscous (eddy friction) 

boundary layers near the free surface and near the bottom. In the interior 

he assumes (1) constant f, (2) hydrostatics, (3) Boussincsq approximation, 

(4) equal horizontal velocity scales L in both horizontal directions, (5) a 

vertical scale of the order of the depth of the fluid, H0, (6) zero friction, 

(7) /CT « f L, where Ah is the buoyancy difference from top to bottom, 

(8) weak meteorological disturbances. 

Assumptions (1)-(4) are excellent approximations and need no further 

discussion. Assumption (5) may be dangerous if the fluid is continucxisly 

stratified, because the stability will tend to inhibit vertical motion and lead 

to a vertical length scale of smaller order than Hq. In fact, observations 

in the oceanic thermocline (Stommcl and Federov, 1967, Woods, 1968) 

indicate a small-scale vertical structure in regions (thermocline) in which 

the density (averaged over several meters vertically) varies continuously. 

Experiments indicate, however, (Moore and Long, 1971) that continuous 

density gradients are only turbulent when overall Richardson numbers are 

of order one and, in this case, the turbulence extends over the whole depth 

of the fluid and the vertical scale is of order IL. In the Baltic, the fluid is 



-6.10- 

m-arly homogeneous in the winter in the upper fluid and the motion ex¬ 

tends from the surface to the permanent haloclinc at about half the average 

depth of the basin. In the summer there is an upper homogeneous layer 

above a seasonal thermocline of depth 20 - 25 m and the vertical scale is 

of this order. This, however, is a major portion of 1^ so that Hq is 

probably an appropriate measure of the vertical scale. 

In the interior of the fluid, assumptions (1)-(8) lead to a fonda¬ 

mental conclusion that the fluid in the interior (away from lateral boundaries) 

moves barotropically, in particular that the horizontal motion is independent 

of depth and is parallel to the depth eontours. Assumption (6) is, of course, 

crucial for this result :ind we may examine it in detail. According to 

Svansson (1966) the kinematic stress in the air is t# r £« \jf or 

T» = a<» U»* Where ”w" denotes water and ”a" denotes air and a« ^ 1.75 10“6. 

tor a velocity U, 7 m/sec, typical of strong disturbances in summer, we 

get T,, t. 86 cm-/sec'. In flow in a pipe the eddy viscosity K, *= - t ' H 

in the center, where H is the diameter and h is Von Kármán's constant, 

so that we may estimate K, *= 164 cma/sec in the bulk of the upper layer 

(taking H or H0 ~ 25m). The viscous term is then of order 7.4 10-4 

cm/sec , if we take Ü 10 cm/sec. The Coriolis force, on the other hand, 

is then of order fu ~ 10 so that the frictional terms arc in fact of the same 

order as the retained terms in the major portion of the fluid depth. The re¬ 

sult indicates that the entire mixed layer is, in fact, the same as the Ekman 

layer in which friction dominates, and that Walin's assumption that tue 

Ekman layers arc thin compared to 16, is not justified. In the simplest 
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interprotation, the fluid depth is divided into two Ekman layers with 

strong changes of water velocity due to friction throughout the depth. 

The equivalence of the Ekman layer and the lower mixed layer in the 

atmosphere has been recognized for some time by meteorologists (Arya, 

1974). We also note that recent theory indicates that the depth of the 

Ekman layer is also given as D ~ 0.25 u*/f (Csanady, 1967a,b; Long, 

1974; Arya, 1974). In the Baltic using i we get D ~25 m as 

observed. The two approaches are consistent. 

With respect to assumptions (7) and (8), the former states in 

effect that internal wave speeds are much less than velocities in an inertia 

circle of the size of the basin. A calculation reveals the ratio of order 

0.05 so the assumption is valid. The remaining assumption (8) leads to 

the linearization of the equations. It is shown a posteriori that the lineari¬ 

zation is least valid for shorter time-scale phenomena in the interior and 

for longer time-scale phenomena near the coast. 

Walin's analysis leads to a prognostic equation for the barotropic 

response when the additional assumption T '•> f1 is made, although this 

will result in a solution that has too little energy in the shorter time scales. 

As we approach the coast, we would expect that the length scale of the 

disturbances should decrease so that L is no longer an appropriate 

scaling. Assumption (7) then becomes questionable and, in fact, it is 

just in a narrow region near the coast of width Le such that /H0 Ab ~ fLe 

where we would expect assumption (7) to break down. It is in this region 

that the internal wave (baroclinie) phenomenon will be important. Walin 

attacks this problem by a boundary layer approach in which baroclinie 
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disturbances are assumed to exist only in this narrow zone. The width Le 

may be estimated by taking Ab ~ 2, ~ 60 m so that Le ~ 10r cm or 10 km. 

The baroclinie waves, also called long internal Kelvin waves, are 

thus confined to a region near the coast. They move at a speed ~ (l!DAb)' 

where Hp is the depth in this region. The free waves have the interesting 

property that they travel in a counter-clockwise sense, i.e. southward 

along the Swedish coast of the Baltic. If friction is taken into account, low 

frequency waves are most affected. 

Walin considers the effect of friction and forcing in detail. He 

assumes a forcing function sinusoidal in space and time with t0 charac¬ 

teristic of the time scale and íç, characteristic of the space scale. The 

forcing function is such that £q may be taken to be representative of the 

wa\e length of the coastal indentations (distance between successive bays). 

He finds that the amplitude is limited by friction bui is a maximum when 

to/to ~ speed of a free Kelvin wave. This resonance condition may frequently 

be satisfied so that large amplitude waves are to be expected. 

In his second paper, Walin discusses the practical application of 

his analysis, in particular the result that strong disturbances in the 

velocity field (and, hence, in the temperature field) should be found near 

the coast and that such disturbances should die off exponentially within 

5-10 km from the coast. This has very important implications for the 

subject of these notes because the large-amplitude waves at the coast should 

lead to strong vertical mixing there. In addition, one would expect a 

coastal jet stream which would tend to carry away pollutants from their 

near-shore sources. 
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Walin ^atho red two months of data on temperature variations near 

the Swedish coast. He obtained temperature-depth soundings with thermistors 

for temperature and a pressure gauge for depth. The soundings were taken 

at various distances from shore; in addition, continuous temperature measure¬ 

ments were made of the mean temperature from 0 -10 m depth in a region 

0 -600 m from the shoreline. The measurements show that near the coast 

the temperature decreases more or less continuously with depth but at 

distances greater than 10 km from the coast the upper 25 m are homogeneous 

and a well-developed thermocline exists. This is what one would expect if 

the region near the coast is continually disturbed by large-amplitude internal 

waves. This tends to confirm the presence of the baroclinie disturbances of 

the theory. 

The soundings also reveal that the temperature variations fron' day- 

to-day are an order of magnitude (10 times) greater in the coastal region than 

in the interior. (Some soundings were made out to 24 km from shore. ) These 

large fluctuations are associated with strong wind disturbances. 

Finally, Walin notices that upwelling tends to be associated with 

off-shore winds and thus with an Ekman transport parallel to the coast 

rather than with a transport away from the coast as one would expect. He 

believes, however, that the coastal jet brings water from a region off the 

coast to the north of the section in which observations were taken. In that 

region the orientation of the coast is such that the transport is in fact perpen¬ 

dicular to it. The time for the water to move this distance is not larger than 

the time scale of the meteorological disturbances. 
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6.4 rpwclling. 

We may discuss upwellinR in a little more detail. The water in 

the oceans and seas and lakes is quite cold in the deep portions. This water 

normally does not affect surface layers except in regions of upwelling. This 

occurs, of course, when the hkman transport is away from the coast. This 

displaced water must be replaced by water from belc w. It occurs when the 

wind blows parallel to the coast with the coast to the left of the wind. An 

example, cited by Rooth (1974) is the coast of Oregon where the prevailing 

winds are northerly. The water is. therefore, ver, cold in the region even 

in summer and this has profound effects on the weather. Also of great 

importance is the supply of nutrients from below in regions of upwelling. 

This leads to riotous biological activity along the upwelling zone. 

I'pwelling also occurs in limited bodies of water such as the Baltic 

(as we have seen) and the Great Lakes. According to Csanady (1974), the 

temperature of the left shore can drop from 20° C to 5°C very shortly after 

the beginning of a strong wind. The wind is generally southwesterly over 

the Great Lakes so the •'warm** shores are the eastern shores of Lakes 

Michigan and Huron and the south shore of Lake Ontario. However, the 

wind directions are variable, of course, and alternate upwelling and down- 

wellings in the course of a summer, together with the coastal jet causes 

the whole coastal zone to be flushed out with water coming from the depths 

of the lakes. This, of course, is most important with respect to the pollution 

problem. 
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