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FOREWORD

The Ninateenth Conference on the Design of Expariments in Army Research,
Development and Testing was held 24-26 October 1973 at Rock Island, Illinois.
Like the first conference in this series, it had two hosts. They were the Head-
quarters U.S. Army Armament Command and the U,S. Army Management Engineering
Training Agency. The last-named host furnished the excellent conference rooms
for the maeting. In the planning phases of the meeting Mr. Raymond B. Loecke
was thelr repressntative. Dr. Norman Coleman, a scientiat at the U.S. Army
Armament Comm nd, sarved as the Local Chairman. Those in attendance at the
confarence are indeb-2d to him and his assistants for issuing the host invitational
letter, arranging for local accommodations and handling the many deteils needed
for a successful couference. Dr. Coleman also helped in the initial plans for
this meeting by bringing to the first meeting of the Program Committee a list of
statistical areas that would be of interest to the scientific personnel of the :
hosts. i
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There were six addresses by invited speakers. The first of these was by
Professor Jerome Cornfield who talked on "Bayesian Statistics." He first pointed
out that the Bayesisn approach uses prior information as well as objective in-
formation to avoid incoherence. He then geve several examples illustrating
the inconsistent results that follow from attempting to judge statistical proce-
dures by using only average propertiss over reapeated samples. The second invited
speaker was Professor Shanti S, Gupta. ‘'Selection and Ranking Procedures for
Multivariate Normal Populations” was the title of his address. After discussing
such proceduras, he survayed known results and mentioned some unsolved problems
in this area. In his address on "Generalized Jackknife Techniques' Professor
H. L. Gray first carefully defined thu jackknife statistic and several of its
generalizations. He indicated how one can use thess statistics as point and
interval estimators for data from a random sample or a stochastic process with a
continuous index. In his talk on "Raliability Growth" Professor Frank Proschan
pointed out that in the development of a complex system it is useful to examine
the importance of esch component and to determine the optimum effort to allocate
to each component to achisve a desired system reliability growth, One way of
attacking this problem is through use of the Birnbaum measure of component
importance. Proschan showed how this measure could be used to determine system
reliability growth from component relisbility growth. ''Some Critical Remarks on
Accelarated Life Testing"” was the title of the address by Professor Sam C. Saunders.
He stated that one of the current needs in reliability theory is for methods {
that permit the prediction of the life of a system from a few tasts in which the 3
process of wear has bsen accelerated. This papsr made a strong plea for the :
statistician as well as the engineer to have a thorough understanding of each
appropriate cumulative damage process in terms of its chemical or physical
behavior before an analysis is undertaken. The invited speaker who spoke last
was Professor Willira A, Thompson, Jr., In 1973 E. Brindley and he introduced
a multivariate concept of monotons failure rate. Here the system fails when
the first of its components fails so that not all component lifetimes are
observable. In his address Dr. Thompson discussed ma. amatical models for
problens arising in the biological and the engineering sciences. In the
biological context one refers Lo the theory of competing risks, while in the

enginesring applications the modal represents a non-repairable seriss systen.
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It iy inceresting to note that all the invited speakars, except Profassor
Gray, hava appeared on the programs of esrlier conferences in this series. We
are grateful to these gentlemen for their valuable help and for their willingness
to giva of thair time to bring new and useful dsvelopments in the fields of
statistics and the design of experiments to th: attention of Army ascientists.

There 1is a large amount of scientific wrrk heing conducted in the many Army
installations. These conferences offer an ¢pportunity for individuals in thase
iaboracuries to present to an interasted auvdience the work they sre pursuing. At
this meeting twenty-six technical papers #ad four clinical parers appeard on the '
agenda., Thase presentations were wsll re:eived and both the membars of the
audience, as wall as the speakers banefi.ted from the contents of the papers as
vall as the suggestions and questions ruised in the Jiscussions after each talk,

Following ths banquet, held in thre s&vening of the ficst day of the confersnce
the ninth Sasmuel 8. Wilks Mamorial Avard of -the American Statistical Association
and the Department of the Army vas presented to Profassor H. O. Hartley for his
many outstanding contributions to t.s developments and tsaching of statisticas. Dr.
Hartley is Professor of Economics #nnd Distinguished Professor of Statistics at the
Texas A and M University, at College Station, Texas. He has served many tines as
an invited speaker and slso as a panelist at past Crnferences on the Design of
Expariments., His deep insight iato statistical throry enabled him to offer
valuable suggestions to many spuakers at thsss mertings. We are pleased to be

abls to prin¢ in these procesd’ngs the remarks Dr. Hartley made following the
prasentation of the Wilks Award,

Tha Army Mathematics Stuering Committas, on behalf of the Office of the Chief
c¢f Rasearch and Developmant and Acquisit. ., sponsors these meetings in order ¢to
exposs Army scientists and enginsers to various sreas and nev developmants in
statistics, thus upgrading the competence of in-house personnsl. Mambers of this
Committee haves ssked that these proceedings be published and issued Army-wida
as vall as to other scientific communities.

Near the first of sach year the Program Committes for these conferences is
selected and mests in 'Jashington, D. C. to outline the program and suggest
possible speakers for the next meeting. I would liks to express my parsonal
thanks to the members of this year's committee: A. Clifford Cohen, Norman P,
Coleman, Francis Dressel, A. Ross Eckler, Walter Foster, Fred Frishman, Bernard
Harrie, Badrig Kurkjian, Clifford J. Maloney and Herb Solomon. Francis Dressel
served as secretary of this committes until 1 September. From then on the duties
of the sscretary viere carried by Fred Frishman. Their help in guiding this
conference to a ruccessful conclusion is duly appreciated.

FRANK E. GRUBBS
Conference Cha{rman
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AGENDA

NINETEENTH CONFERENCE ON THE DESIGN OF EXPERIMENTS
IN ARMY RESEARCH, DEVELOPMENT AND TESTING

Wednesday, 24 October 1973
0830-0900 REGISTRATION - Room 16, AMETA Building 90

0900-1130  GENERAL SESSION I
Auditorium, Second Floor, Bldg., 90

CALLING OF CONFERENCE TO ORDER
Dr. Norman Coleman, Local Chairman

WELCOMING REMARKS
Dr. Colin Hudson, Chief Scientist, US Army Armament Command
Or. A. Lynn Bryant, Director, US Army Management Engineering
Training Agency

CHAIRMAN OF SESSION I
Professor Herbert Solomon, Department of Statistics, George
Washington, University, Washington, DC

BAYESIAN STATISTICS
Professor Jerome Cornfield, Department of Statistics, George
Washington University, Washington, DC

RANKING AND SELECTION PROCEDURES FOR MULTIVARIATE NORMAL POPULATIONS
Professor Shanti S. Gupta, Department of Statistics, Purdue
University, West Lafayette, Indiana

1130-1245 LUNCH

1245-1430 CLINICAL SESSION A
Room 14, B1dg. 90

CHAIRMAN
Douglas Tang, Walter Reed Army Institute of Research

PANELISTS

Jerome Cornfield, Department of Statistics, George Washington
University, Washington, DC

Walter Foster, Fort Detrick, Maryland

Gerald Lieberman, Department of Qperstions Research, Stanford
University, Palo Alto, California

William A, Thompson, Jr., Department of Statistics, University
of Missouri, Columbia, Missouri




Wednesday

12451430 CLINICAL SESSION A - (Coni'd) c

INTERPRETATION OF ANALYSIS OF VARIANCE EFFECTS IN DESIGNS

YIELDING A SUBJECTS X TREATMENT INTERACTION x
Ray 7. Sterner, Richard S. Teplick and James T, Wheeler, 3
Fitzsimons Army Medical Center, Denver, Colorado 3

VITAMIN A MGDELING
R. S. Teplick, Fitzsimons Army Medical Center, Denver, Colorado

1245-1430 TECHNICAL SESSION 1
Auditorium, Bldg. 90 )

CHAIRMAN
William McIntosh, US Army Test and Evaluation Command

SAMPLE SIZE DETERMINATION AND THE OPERATING CHARACTERISTIC CURVE
FOR THE CIRCULAR PROBABLE ERROR
G, A. Culpepper, White Sands Missile Range, New Mexico

DESIGN AND ANALYSIS OF A HIT PROBABILITY EXPERIMENT BASED ON A
1 - BIVARIATE WORMAL DISTRIBUTION
\ R. W. Mat, Yuma Proving Ground, Yuma, Arizona

MODEL FOR PROBABILITY HIT ANALYSIS OF 20MM PROJECTILES
Diana L, Frederick, Frankford Arsenal, Philadelphia, Pennsylvania

1430-1500  BREAK :

1500-1630  CLINICAL SESSION B
Room 14, Bldg. 90

CHAIRMAN
Gerard Dobrindt, US Army Test and Evaluation Command
PANELISYS
A A. S. Cohen, Institute of Statistics, University of Georgia,
j . Athens, Georgia
: : S. S. Gupta, Department of Statistics, Purdue University,
1 : West Lafayette, Indiana
1 i J. Richard Moore, Ballistic Research Laboratories, Aberdeen,
f : Maryland
: Herbert Solomon, Department of Statistics, George Washington
University, Washington, DC

CONDITION/EFFECTIVENESS MODEL FOR FACILITY COMPONENTS
R. J. Colver and J. G, Kirby, Construction Engineering
Research Laboratory, Champaign, I11inols

USING THE BETA DISTRIBUTION TO SUGéEST A DISTRIBUTION OF ACCESS
TIME TO COMPUTER MEMORY
W. Foster, Ft. Detrick, Maryland

1500-1630 TECHNICAL SESSION 2
Room 15, Bldg. 90
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Wednesday
1500-1630 TECHNICAL SESSION 2 - (Cont'd)
CHATRMAi
Roger Brauer, US Army Construction Engineering Rescarch
Laboratory

ON BIMODALITY IN PARAMETERIZED ATMOSPHERIC MODELS AND SOME
SOLUTIONS TO AVOID IT

0. E. Essenwanger, U.S. Army Missile Research, Development and
Engineering Laboratory, Huntsville, Alabama

PREDICTION OF EFFECTS OF ULTRA SHORT LASER PULSES
E. W. Steubing, E. A. Lucia and F. D, Verderame, Frankford
Arsenal, Philadelphia, PA

MODELLING SEE-THRU AEROSOLS OR INFRARED COUNTLRSURVEILLANCE AND
LASER COUNTERMEASURES

E. W. Steub1ng. R. Doherty, J. J. Pinto and F, D, Verderame,
Frankford Arsenal, Philadeiphia, PA

: 1500-1630  TECHNICAL SESSION 3
1 Auditorium, Bldg, 90

CHAIRMAN
Frank Proschan, Florida State University, Tallahassee, Florica

TRANSFORMATIONS THROUGH A NON-EUCLIDEAN SPACE IN A LINEAR
TRANSFORMATION CONTEXT
0. N. Dalton, White Sands Missile Range, New Mexico

; REGRESSION ANALYSIS APPROACH TO INTERPOLATION ALGORITHMS
‘ E. L. McDowell, Construction Engineering Research Laboratory.
) ’ Champaign, I1linois

1830-1915 SOCIAL HOUR

1915~ BANQUET

PRESENTATION OF THE SAMUEL S. WILKS MEMORIAL AWARD
Dr. Frank Grubbs, Ballistic Research Laboratories, Master of
Ceremonies )
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Thursday, 25 October 1973

0830-0945  TECHNICAL SESSION 4
Auditorium, Bldg, 90

CHAIRMAN

Arien Di11in, GEN Thomas J. Rodman Laboratory, Rock Island, K
I11inois i
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0830-0945

0830-0945

0830-0945

0945-1015
1015-1130

Thursday

TECHNICAL SESSION 4 - (Cont'd)

RELIABILITY GROWTH CF THE TF-30 ENGINE
B. W, Haines, F, L, Carter and M, F. Cummings, Naval Air
Station, Norfolk, Virginfa

RELIABILITY GROWTH ESTIMATION FROM FAILURE AND TIME TRUNCATED
TESTING
L. H. Crow, Army Materiel Systems Analysis.Agency, Aberdeen
Proving Ground, Maryland

TECHNICAL SESSION 5
Room 14, Bldg. 90

CHAIRMAN
William Fulkerson, GEN Thomas J. Rodman Laboratory, Rock
Island, I11inois

RESPONSIVENESS PROPERTIES OF CONTINUOUS SAMPLING PLANS
R, Ti]?ru?ger. V.S, Army Armament Command, Rock Island,
neis

A COMPUTATIONALLY FEASIBLE ALGORITHM FOR THE AFI FUNCTION
ARISING FROM SHORT-RUN SCP-1
D, L. Arp, Weapons Planning Group, China Lake, California

TECHNICAL SESSION 6
Room 15, Bldg. 90

CHAIRMAN
Richard D'Accardi, U.S. Army Electronics Command, Fort
Monmouth, New Jersey

SYSTEM SIMULATION OF FIVE MODULE ARRAY PRODUCTION LINES CONTAINING
INDEPENDENT COUPLED AND CROSS LIMKED BUFFER CONFIGURATIONS
M. Roffman, Frankford Arsenal, Philadelphia, Pennsylvania

CONFIGURATION MANAGEMENT FOR RELIABILITY/MAINTENANCE TESTING
J. Fargher, Jr. Frankford Arsenal, Philadelphia, Pennsylvania

BREAK

TECHNICAL SESSION 7
Auditorium, Bldg. 90

CHAIRMAN
Michael H. Strub, U.S. Army Research Institute

BAYESIAN CONFIDENCE INTERVALS FOR INTERVAL RELIABILITY OF WEIBULL
COMPONENTS
R. Racicot, Waterviiet Arsenal, Waterviiet, New York

RELIABILITY OF A SERIAL SYSTEM
A. E, Johnsrud, U.S, Army Concepts Analysis Agency, Bethesda,
Maryland
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Thursday

1015-1130  TECHNICAL SESSION 8
Room 14, Bldg. 90

CHATRMAN
William S, Agee, White Sands Missile Range

THE ROLE OF IWSTRUMENT PERFORMANCE STANDARDS IN THE CONTROL OF
THE WHITE SANDS MISSILE RANGE TEST SUPPORT PRCCESS

J. 8. Gose and W. R. Jenkins, Jr., White Sands Missile Range,
New Mexico

; MULTIVARIATE ANALYSIS TECHNIQUES APPLIED TO EQUIPMENT TESTING

I J. 8. Wilburn, Jr,, U.S. Army Electronic Proving Ground,
’ Fort Huachuca, Arizona

1015-1130  TECHNICAL SESSION 9
L Room 15, Bldg. 90

CHATRMAN
[ Bernard F. Engebos, White Sands Missile Rangc

A ONE-SHOT SENSITIVITY TEST PROCEDURE AND MODEL FOR EXTREME
PERCENTAGE POINTS

S. K. Einbinder, Picatinny Arsenal, Dover, New Jersey

ANALYSIS OF TECHNIQUES FUR FINDING A FORWARD OBSERVER |
Charles McElwee, Frankford Arsenal, Philadelphia, Pennsylvania

1130-1245 LUNCH

1245-1345  TECHNICAL SESSION 10 o
Room 14, Bidg. 90 3

CHAIRMAN
Edward N. Fiske, tEdgewood Arsenal

T T TR

PREDICTIVE EQUATIONS FOR ACCELERATED LIFE TESTING OF IMPREGNATED |
CHARCOAL

W. &, Magee, Jr., J. A. Baker, E, J. Poziomek, John Boardway

and Harold Ball, Edgewood Arsenal, Aberdeen Proving Ground,
Maryland

A GAUSSIAN TOLERANCE TECHNIQUE FOR MULTILAYER OPTICAL COATINGS
J. J. Walls, Jr,, R, McKyton and A. Kawaiec, Frankford
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BAYESIAN STATISTICS

Jerome Cornfield
Dapartment of Statistics
The George Washington University
Washington, D.C. 20006

ABSTRACT. In the standard frequency approach to statistics one s
concerned with properties over the sample space 1n contrast to the Bayesian
approach which is concerned with properties over the parameter space. Thus,
given n independent trials at constant probability p the frequentist 1s con-
cerned with the probabiliag of such and such a number of successes, whereas
the Bayesian asks, given whatever number of successes have been observed,
for the probability that p falils within certain 1imits. The answer to the
latter, but not the former, quastion involves the use of prior probabilities.
It therefore seems natural to conclude that the Bayesian 1s distinguished
from the rest of statistical mankind by some specfal wish to use some un-
identified entity called "prior information" in addition to the "objective"
information available to everyone else. This 1s an incomplete and unproductive
introduction to Bayesian statistics and is more 11kely to lead to polemics
than to understanding.

A more informative introduction can be achieved by criticizing some
of the 1deas underlying the frcquentist viewpoint. I shall therefore start
by giving several examples {1lustrating the anomalous results that can
follow from attompting to judge statistical procedures by reference to
their average properties over repeated samples. These anomalies are seen
to have the common property cf incoherence (defined below). We then go
on to sketch the argument that Bayesian Rrocodurts are necessary and
sufficient to avoid incoherence. From this point of view the Bayesian
augument is a natural extension and correction of that of the frequentist,
and the prior probabilities an inevitable consequence of the search for
procedures which will, in full generality, avoid incoherence.

Ex.
In this example we exhibit two different tests of the same hypothesis. Both

|
i
|
|
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have the same Type I error, but the one with the smaller type II error seems

clearly absurd. Something more than Type I and Type II arrors must therefore

be involved in selecting tests of hypotheses.

1 We consider the following simple null and alternative hypotheses.
‘ Hp: x d N(0,0")

| B: x 380,69

o® is known, once an auxiliary random variable, y, is observed. When y = 0, ]
o 1is known to be 1, and wvhen y = 1, g%is known to be 100, Pr(y=l) =p, which

in the numarical exemple that follows is taken to have value ,05- (3 x 10'6')

We can think of the experiment as involving two steps:

(a) choosing an instrument for maasuring x, with the imprecise instrument

: and (b) using the instrumant chosen to measurs x.

These considerations are sunmariszed in the table below:

|
|
{
|
i
!
|
, having a probability, p, of being chosen }
i
i
1]
H

. Instrument o® y P(y)
Precise 1 0 1-p
: Imprecise 100 1 P (-.05-3:10'6)

T LT FERPo

We now consider two different tests fo H . For

Tesc A

' Reject llo vhen x>1,645, giveny = 0 ;

x>00y (1,649, given y = 1

; Test B .
Reject H  vhen x> 4.5, given y = 0

x>ea , given y =1

Test A sesms like a plausible test, since for the case where p = 0 or 1 it is the

i - a bR = om e en

wost powerful test, while test B seams unacceptable, since for y » 1, it rejects
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the hypothesis that y = 0, even for an observed x = 0, Nevertheless, as
sumoarized balow, 12 the choice between A & B 1is to be based on standard fre-

quency criteria, B is the test of choice, since it has essentially sero type I

erTor..
rating chaza stic
Test Type I arror Type 1I errox
A +05 037
B 05 (l=p)#(~5.5)n0

(#(x) is the standard normal integral from =e to x.)

Why do we prefer A to B, even though on standard frequentist critaria it
is the inferior test? A concept with which Fisher familiarized statisticians,
although the idea is older and goss back at least to Xeynes, is that our criteria
must take account not only of properties over the entire sample space but over
any recognizable subset of it. Por the present example two such recognizable
subsets are defined by the cases y = 0 and y = 1, For test A the type I error is

«05 for both subsets, but for set B it is not. Thus,

Recognizable subget Conditional probability of rejection|H,
Test A Test B
=6
y=0 «05 x10
y=1 «05 1

Although the unconditional probability of rejection over the entire sampla
spaca is the sams for both teats, this is not true for the conditional prob-
abilities. Given that the sample point is in the subset defined by y = 1 we

know for sure that Test B will give the wrong answar and why should anyone

use & test that is certain to be wrong in identifiable circumstances?

R s 42 e o ok
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Ex. 2 '
The seme point is made hare but for & vary common rather than contrived > |7

problem, confidence limits on the ratio of two indepéndent normal varisbles. ' E

An argument leading to the most restrictive confidence set 1is as £olla|u... ;-‘ [ ;

Given x, (11,2) which 1s N(y,,1) and 6 = /i, confidence limits on §

can ba obtained by noting s

(1) x,-6% is rormal
(2) E(x,-6%) = 0
(3) Var(x,-9xy) = 1 + ¢,

so that if *; o 18 the upper (1=a) probadbility point of ons degres of freedon
chi-aguare distribution, the confidence sat of § with coefficient l-a is the set
of 6 satisfying

, (x,=0%g)?
8 T =%

By nultiplying out and collecting coefficients of the powers of § this is seen to

bs equivalent to

(2) o*(xp- x:_a)-ZBx;x.-l-:"-x'l_aSQ

When the discriminant of the quadratic on the left hand side fs positive, the
inequality will hold for all § betwsen the two roots of the quadratic obtained
by setting the left hand side equal to zero. These two valuas of § supply
a standard confidence intsrval for points in the sample space. leading to s

positive discriminant., Conasider now the subset of points ip the saxple space

in which both the discriminant and the coefficient of 0% in (2) are negative.




B —
Yor this case it is sasy to see that tha inaquality (2) holds for all 6 so that
the confidence intsrval is -s to +@ - asserted with confidence 1eq. Burely

this is baing over=cautious.

The anomalous featurs of the result - which, from the point of view of
standard frequentist criuri..'n cannot be improved upon - cién again be highlighted
by w“““t‘ concept or recognisable subsets. Thus, for one such subset
the confidence Wnterval is certain to include § and for the other it includes

it with probnbntv < 1l-a

Racognisable subset Conditional probability of
ingluding 0
g < x.l-a' discriminant <0 unity
all other <l-@

Unconditionally, the probability of including § is indead l-gx, but this does
not correspond to our confidence for either of the two identifiable subsets,
We .nov show that a fully general sffort to avoid such anomalies leads

to Bayes theorem. We start, vith example 2 in mind, by asking a frequentist
statistician who sssigns a confidence coefficient l-g to an intsrval whether

he would be willing to bet that the interval alvays contains the trus value

at odds of 1l-~a to a, plus say & small premium for being obliging. He naturally
agrees since his expscted loss on the bets is xero no mattar what the trus value
and he gains tha premium. This is a consequence of the frequency propertiss of.
the confidence set dafined over the mtifc sample spaces.

We now modify our question. As before we ask him to offer odds of leg

on the sat to g against {t, but to pexmif us to decide whethey we bet Jor or
againgt the interval, Thus, for sample points leading to an infinite intarval

on § wa bet for the interval and offar hinm odds of l=g to @. For this aubset
we always win, since tha interval includes all §. For the ramaining subsat we
always bet against the interval, again accepting his odds of l-g to g, since

-5-
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for this subset we shall hava probability of winning greater than g, Our
expacted gain is thus positive no mattsr what the velus of §. (The
premium is clearly a theorstical irrelevency, and can always be eliminated by
letting the size of the bet overpowsr the size of the stake.)

This experience of losing for all values of @, despits the use of confidence

limits with optimum properties causes the frequentist -uuuum to. consider
whather thers is some alternative system of setting probabilities on parametsr
sets that would safeguard him against this certain loss. This sets him on

the Bayesian path, since his probability assignments must be Bayesian

in the sense of the thaorem stated below. We here sketch out the idess leading

to the theoram. For the detailed argument ses [(1]. We consider

a betting game with & cast and a set of rulas. The cast consiats of

A - an antagonist

B = a probability setter

C = & refarse
The rules are that 1. We are given an m x n matrix in which each row corresponds
to a possible sample point and each column to a possible state of nature, of
which discrets parameter points are &8 special case. The entry in the ith
tow and J‘h column, p;,, gives the probability of the gth sanple when the jﬂ‘
state of nature obtains (E:lp“- 1 for § = 1,2...n). Both A and B kaow

the Prge

2. A value of { is selected with probability Py and both A and B are
informad as to the value of 1, this is, which sampla is drawn, but not the value
of J,1.e.n0t the true state of natura. C however, knows .

3. B's task is to announce a probability P, (I), where I is an interval containing
some subset of the states of nature, i.e. & subset of the integers 1 to n.

(Clearly thare are 2% possible I's.) 4. A selects a stake, 8;, wvhich may be

-6 -
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positive or negative, and gives B amount P, (I)8,. 5. C determines whether i
I includes the true state of nature J. If it does, the intarval is correct ‘
and A has won the bat, and B pays him amount 8,. If it does not, A has lost,
and B pays nothing. (When 8, is negative the direction of monsy flow. is
reversed.)

It will bs recognized that these rules are squivalent to B offering odds
of

P, (1) to 1-P, (I) that I 1is correct when §,>0

and 1«P,(I) to P, (I) that I is incorrect when 8,<0.,

th state of natura obtains.

Now consider B's expected gain when the j
B would clearly like to selsct the P,(I) in such a way that this is in some sense
waxinmited. But clearly a uinimum uqﬁirmnt: would be that tha gain not be
nagative for all statas of nature, as in axample 2, no matter how A chooses
the 8;. We state this more precisely by denoting B's expected gain by G,(P,5)
and then introducing the key notion of coharence [2].
ini

it G,(P,8)x0 for all j for apy 8 and the equality can ba daleted for at

I AT AT T ey e e

least one j, B's assignnment of the P is incohergng. Otherwise it is
coherent,

With these concepts it is then possible to prove:

!!goo rem

A necessary and sufficient condition for coherence is that
n

g P (I) = E p4q,/ £ pyyq,e

j el (et js1 LRt

where the q, are any positive quantitites.

P, (1) can then ba interpreted, by Bayes' theorem, as the conditional, or

oo

posterior, probability that I includes j, given the reslization of sample i,

Similarly p, ‘(or more stirctly any quantity proportional to p, s where the

AP, J~ S

.7.
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proportionality constant does not depend on j) is the likelihood of
state of nature j, given sample {. Pinrlly q,/ %q, can be interpreted as the
prior probability of state of naturs J.

Note that aside from cthe restriction to finite sample and parameter
spaces the formulation is general. Without the restriction to finite
paramatsr spaces the theorem need not be trus, since the proof, which dapends
cn the intserchange of order of sumation, need not be true when the restriction
to finite apaces is removed. Although the restriction to finite parameter ‘
spaces is very severe from & mathematical point of view, I, and many statisticians i
who are far better mathematicians than I, do not regard it as any real
restriction at all.

Nothing in this formulation tells us how to select the q,. 80 long as they

are positive for all j, any q, vill lead to noherence. This has been regarded

by many statisticians as the fatal flaw in the Bayesian argument, but to

maintain this consistently one must reject coherance as an overriding criterion.
Soms statisticians have baen willing to do this, rather than permit the q, to

enter the domain of statistics. It is not easy to discuss this point constructivaly,
and so I sinmply record my own view that such rejesction is premature, and that the
introduction of the Bayezian outlook and of prior probabilities has already

paid handsome dividends in new insights and results over the entirs rangs of
statistical theory.

Thus, unless one rejects coherence as a critérion, the theoretical
inevitebility of prior probabilities seems beyond disputse. What seems most
needed now is experience in applying thess ideas to resl problems, rather than
continued theoretical exegiésis., In this spirit 1 summarise an application to
the computer interpretation of the ECGC described in detail elsewhere [3].




We start with a k~dimensional vector of ECG characteristics, x, from a

patient of unknowm diagnostic status. (This statement glosses over what is in

e v

some respects the hardest part of che problem of computerizing ECG'as, but one
that is not relevant here.) We let ] index the possible diagnostic classes
(3 = 1,2..40) and estimate the conditional density of x, given j, say £(x|J),
from data on patients of known diagnostic status. Denoting, as baforae, the
prior probability of being in the jﬁh diagnostic class by q,, we cdmputc the
posterior probability of baing in category j, given x as

n
PG = f(;lj)s,/izlt(xli)m .

These probabilities are printed out for each patient.
§ The prior probabilities are interpreted as the relative frequency with
which patients in the different diagnostic classes present themselvas.

These quantities are often not known precisaly and for that reason many attempts

at medical disgnosis have dispensed with the concept entirely [4]. We, on the
other hand, have gone ahead and estimated them as best &s we could, separately
for each institution using the program, as illustrated in Tables 1 and 2,

There are of coursa many problems involved in computer interpretation of

PR T - S T 4 s T 8 T

the ECG. These are slowly being identified and handled. The imprecision with
whih the prior probabilities are estimated is one of the less pressing of these.
A more important one, which is a consequence of the Bayesian formulation, but
which exists for non-Bayesian approaches as well, is that a patient may not

? belong to any of tha diagnostic classes included in the program, in which case the

computed probabilities are misleading. (A preliminary test of tha hypothesis that

a4 patient comes from one of the n classes seems called for here even though
E this falls outside the realm of Bayesian idsas.)
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There are of courss many other applications of Bayesian ideas that !
might be mentioned, but the basic point, that their usefulnass must be
appraised in the context of applications, remains. I hope that some readers

will be stimulated to try them out.
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TABLE 1

MIsCLASHRICATION MATRIX LIsING PRrIORS OF THE ADMITTING Orric oF VA HOSPITAL, WASHING-
T0N, D.C, (2336 PaTiENTS)"

Computer Prior
Clinical () ) ) ) (5) {6) (1) probabilities
;- N {)] 98.0" 0. 0.7 0.0 0.5 0.0 0.3 0.60
AMIL (D) 14.5 60.2 kR } 2.6 12.8 0.6 6.1 0.07
4 PMI (J) 11.6 40 713 09 31 0.7 24 0.10
E LMI  (4) 8.2 14.1 2.4 69.4 24 0.0 33 0,02
? LVH (§) M3 9.1 3.6 0.8 44,7 20 3.0 0.13
3 RVH (6) 48.8 4.1 2,5 0.0 4.1 28.9 116 0.02
3 PE (%] 217 8.4 9.2 09 34 2.6 418 0.06

] : * Tolal percentage correctly classified = 98.0 x 0,60 + 60.2 x 0.07 + +++ = 8] 4,
i : * Note that anly 2% of the normals are misclassified with a concomitant increase in misclassi-
-3 fications ef abnormal records.

4 N = normal
AMI = antcrior'myoclrdial infarct
PMI = postarior myocardial infarct
IMI = latsral myocardial infarct

'3 LVH = laft ventricular hypertrophy

RVH = right ventricular hypertrophy

PE = pulmonary embolism
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TABLE 2

MUSCLASSIMICATION MATRIX UsiNg PrioRs OF THE CARDIOLOGY SERVICE OF THE VA HOSPITAL
WisT Roxsuay, MA (2336 PATIENT?)®

Computer Prior
Clinical ) @ ) (4) (5) (6) ‘T) probabilities

N [¢)) 76.3* 1.8 3.2 0.0 15.4 1.0 2.2 0.12
AML () 3.5 68,0 kX ] 3.2 19.2 0.3 20 0.19
PMI (3) 1.3 4.7 84.2 0.9 6.8 1.0 1.3 w24
LMl (&) 1.2 17.6 1.2 7.8 7.1 0.0 1.2 0.06
LVH (5) 127 109 6.1 08 64.7 1.8 30 0.30
RVH (6) 213 9.1 8.3 0.0 149 35,5 10,7 0.03
PE (D 9.8 15.0 121 09 11.0 35 47.8 0.06

* Total percentage correctly classified ~ 76,3 x 0,12 + 68.0 x 0.19 + -+ = 69.9, °

® Note that 24%, of the normals were misclassified with an increase in correct classifications’ of
abnormals. Thus sensitivity and specificity of the method can be adjusted according to specific
requirements,
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Selection and Ranking Procedures for
Multivarfate Normal Populations*

Shanti S. Gupta
Department of Statistics
Purdue University
West Lafayette, Indfana

ABSTRACT.

This paper deals with selection and ranking procedures for multivariate
normal populations. Let v, be N(Hd' :1). 1= 1,,..,k, be k(> 2) multivariate
normal problems. Procedures for selecting a subset containing the (unknown)
population with the ;mallest generalized variance, the largest Mahalanobis
distance function and the largest (smallest) multiple correlation coefficient
are described. The paper also surveys other known results in ianking problems
for these populations and mentions some unsolved problems.

1. INTRODUCTION. The classfcal tests of homogeneity are inadequate in many
practical situations in which the experimenter has to make a decision regarding
k populations. This inadequacy is not in the development of these tests but
ratheér in the basic formulation itself which is not desfgned to answer many
questions which are of real interest to the experimenter. The early attempts
to find more meaningful formulatfons led to partial answers in the form of
slippage tests and tests for outliers. Some important contributions have been
made fn this area,among others,by Mosteller (1948), Grubbs (1950), Karlin and
Truax (1960), and Doornbos (1966). The initial contributions in the direction
of multiple decision problems were notably made by Paulson (1949) and Bahadur
(1950). The basic formulations of what is now commonly known as selection and
ranking problems are due to Bechhofer (1954) and Gupta (1956).

Let Tpseeos®y be k independent populatiors with underlying distributior
functions Fei' 1=«1,...,k. The O1 are unknown values of a quality characteristic

8 which is used as the criterion for ranking the p0pu1ations.' To be specific,

*This research was supported in part by the Office of Naval Research Contract
N00014-67-A-0226-00014 at Purdue University. Reproduction in whole or in part
is permitted for any purposes of the United States Government.
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we define =, to be better than " if e, 2.93- Let the ordered 0, be denoted
by © 1 5,9[2] 5*"5-°[k]‘ The experimenter s assumed to have no prior
knowledge regarding the correct pairing of the ordered and the unordered 61.

The goal of the experimenter in its simple version under Bechhofer's
formulation is to choose one of the populations and claim that it is the best
(1.e. the one associated with olkl)' A correct selection (CS) in this formu-
lation is the selection of any one of the populations associated with @ k)"
Any selection rule R is required to have the associated probability of a
correct selection denoted by P(CS|R) at least as large as a pre-determined

P*(%-< P* < 1) whenever the distance (suitably defined) betwaen the best and

the second best populations, denoted by G(O[k]. °[k-1])' is at least as large

as a specified constant &* > 0. Of course, the experimenter has to specify P*
and &* satisfactory to him. The problem is to determine the smallest sample
size depending on &* and P* and other parameters which will meet the basic
probability requirement. This formulation known as the {ind{ffererce zone
formulation derives its name from the fact that the experimenter is 'indifferent'
to distinguish between the best and the second best unless they are sufficiently
apart,

The goal of the second formulation due to Gupta (1956) is to select a
non-empty subset from the given populations so as to include the best population.
In the case of more than one population associated with O[k]' one of them is
assumed to have been tagged as the best. A correct selection in this case will
be the selection of any subset containing the bast. Under this subset selection
approach, it is required that for any rule R, P(CS|R} > P* whatever be the true
configuration of the unknown 01. Here the subset selected is of random size
and vne wishes to select a rule which satisfies the probability required with
as small an expected subset size as possible.

Many authors have contributed to the area of subset selection procedures
and a general survey of the work in this area has been made by Gupta and
Panchapakesan (1973). Recently some work has been done by Santner (1973), and
Gupta and Santner (1973) connecting the indifference zone and subset selection
approaches.

In the present paper, we are concerned with subset selection procedures
for multivariate normal populations using different criteria for ranking such
as the generalized variance, Mahalanobis distance function and multiple




correlation coefficient. As 1t can be seen from the subsequent sections, the
statistics employed in the selection rile are scalar-valued and have univariate
distributfons. Let X4q0 § = 112500000, be a sample of size n of vector
observations from =, which is N(24. t,). 1=1,2,...,k. Let

n
Sy = E;T 21(54n - x;) (x4, - ¥)' = Sample Covariance Matrix.
as

Now we discuss the selection procedures for the three problems mentioned
above,

2. Selection in terms of generalized variance, |z,].

{ For a multivariate normal distribution, the natural measure of dispersion

: is the covariance matrix. However, it is necessary, for the purpose of selection,
to define a meaningful univariate measure of dispersion. Various different
measures have been considered in statistical literature, but none of these fis
unifomly best, in the sense of being a robust estimator of the dispersion,

The generalized variance 1s quite frequently used as a measure of dispersion.

So we discuss selection in terms of this generalized variance |31! associated
with T, Ey are assuned to be unknown. Assume also that yy ore unknown. For

;, selecting a subset containing the smallest ‘zil' Gnanadesiken and Gupta (1970) !
S studied the following rule R, based on the sample covariance matrices 51' i
1 ] 1= 1,2,...,k,

5 R: Select my iff

| 1541 2% 1S1ntn

where |S|m1n = min(isll.....lskl) and ¢ = ¢(k,p,n,P*) s the largest value to
satisfy the basic probability requirement int P(CS|R) 2 P*. Note 0 <c < 1.
It has been shown that

inf P(CS|R) = P(Y, s_%vj. 3 % 2ue.oik) where Yy,... oY,
11}

are fndependent. identically distributed random variables, each being the
product of p independent factors, the rth factor being distributed as a xz
variable with (n-r) d.f. The proof follows from the fact that |S1| is
distributed as |z1|/(n-1)p times the product of p ind. x2 with (n-1),
(n=2),e..s(n-p) d.f.
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The exact distribution of Y1 is unknown except when p = 2. In this case,
inf P(CSIR) = p(Z, 5_357-21. § % 2,...0k) where Z,"are 1.1.d. chi square with
T
2(n-2) d.f. In this case /C is the lower 100(1-P*) percentage point of

Fmin = 2:3;3 sz,Jlxzv,]' v = 2n-4, Tables of /C are available from Gupta and
Sobel (1962) who studied the problem of selection of variances of normal
populations.

When p > 2, one can use Hoel's approximation for the distribution of Yy
or use the normal approximation for xz. Some studies of these approximations were
made in Gnanadesikan and Gupta (1970). Hcel (1937) suggested approximating

Y)/P by the distribution having the demsity function gly) = AP("-P)/2
y(pln-p)/2)-1 «N/r(% p(n-p)) when & = & (1 - 12:1%%2:3141/9. For p = 1,2,

this approximation 1s exact.

Performance of the procedure R was studied in terms of risk functions using
three different loss functions. If the ordered generalized variances are denoted
by |2|[1]'§g..5_|8|[k]' the loss functions considered for including in the subset

the population whose geﬁb¥a11zed variance 1is T were:
(1) L](z‘) - |’:1|/|T-|[1] -1

(41) Lz(:1) = (Rank of pop. ,‘)/!lgill » where the ranks increase with the
generalized variance, and,

(114) L3(21) - %» where S(1 < S < k) is the random number of populations included
in the subset. )

The computations of the risk functions associated with the above loss functions,

for p = 2, k = 2015, || yy/1zl gy = 2212 yhere a = 1.2(.2)2.0(.5)3.0,

n = 3(1)7 and P* = ,75 indicate that E(Lz) and E(L,) are sensitive to changes in
the values of the parameters and are decreasing functions of a and n. In the
case of L1 it increases in the range of values of a considered when n = 3 and
for other values of n it increases upto a certain point and then decreases as a
increases. This lack of monotonicity of E(L1) as the best population moves
further away from the other populations, and the difficulty of its interpretation

s




render L Tess suigpble than L2 and L3. Between Lz and L3. due to ease of
{nterpretation, L3 seems’ more appropriate as the criterion of performance of R.

g Finally, R was shown to be monotone i.e. for all { < §,
P[R selects the pop. with Izl[i]] < P[R selects the pop. with IzI[J]].

On_approximasing the constant ¢ - Approximation to the dist. of |S|

Let n = product of p factors each 1nd. central xz. the rth factor
having (n-r)d.f.
(1) Then using methods of probability plotting, it is found that Hoel's i
approximation to the distribution of n"p decreases 1n accuracy as p increases.
(11) The approximation of the distribution of log xs by the normal distribution
improves with d.f., v, of the xz variable. For v > 25, the maximum differance
between the quantiles is < .4 while for .05 < a < .95, the difference is less
than .05. The maximum error in probability in using the percentage point of
; the standard normal distribution as those of standardized log xz 1s less
! than .02 for n < 25 and decreases with n.
' (144) The normal approximation for log(generalized sample variance) improves with

‘both p and n. Approximating the dist. of % log n by the normal

1nf P(CS|R) = [ ok~ 1(y-c Yde(y) where °0 « (log c)zl E‘ xz(n-i) where
Az(n) - Var(log xn)

3. Selection in terms of distance functions

Gupta (1966) considered the problem of selection of a sybset of k multi- ‘
variate normal populations which would include the population located farthest
‘ away from the origin, where the distance from the origin of the population with
) mean vector, y; and covariance matrix, r,, is defined as ;q:;124. the Mahalanobis
distance function, Let y1J - Jz ]x X4 where we assume L ara all equal to &
and X4q0 12 00000ki J=T,...0n is the vector with p-components of observations
on the {th population. Then 78 { yiJ has a non-centra) xz distribution with
1 np d.f. and non- centra11ty paranwter Ai * ny where Ay " 2421 yy. For selecting
a subset containing the largest Ay» Gupta proposed the rule R.

R: Select =, 1ff y, > ¢ max(y1,....yk) where 0 < ¢ = c(k,n,p,P*) <1 is
determined to satisfy the P* probability condition, It was shown that

inf P(CS|R)= 1ng A thl(x/c)de.(x) where FA.(x)-cdf of a non-central A2 with np d.f.
At

-17 -
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For selecting the populated nearest to the origin, R' was defined
R': Select n iff y, <b min(yl.....yk) where b = b(k,n,p,P*) > 1 {s.
again determined to satisfy the P* condition. For this rule R',

inf P(CS|R') = inf Z[I-FA.(x/b)]k" dF, . (x).
A'20

Monotbnicity of the above two integrals wrt A' has been shown by Gupta
(1966) and Gupta and Studden (1570). Both integrals are monatonically
increasing in A' so that the inf takes place when A’ = 0. Thus the problem
reduces to selecting the gamma population with the largest (smallest) scale
parameters, respectively, which is solved in Gupta (1963) and in Gupta and
Sobel (1962) where appropriate constantc are available.

To be precise, Gupta and Studden (1970) considered the case where Iy
are not necessarily equal but known, In this case the procedure is modified
by using yt1 ] 543:; 513. They also studied the case where L are different

but a1l unknown. In this case, let z, = i;s;’ii. Then the procedures R, and
R! are:

.R‘: Select ny 1ff cz, > max(z;,...02,)s ¢ > 1.
Gupta and Studden (1970) obtained a sufficient condition for the monotone
behavior of I(a) = £ Fk'l(cx)dF (x) and J{(1) = 6[1 -F.( )]k -1 dF where

where f (x) . { -JA- gj(x). x>0andF (x) = cdf of f (x) and gJ(x).

J = ‘0,,... 1s a sequence of density functions on {0,=). This condition {s

a special case of a mere general condition obtained by Gupta and Panchapakesan
(1972) for a class of more general rules. The sufficient conditfon 1s satisfied
for R,R' and also for R1 and Ri. For Rl and Ri the constants ¢ and b are given
by

k-1
6 Fpunp{c)dFy nop Pun=p

() is the cdf of a central F with p and n-p d.f.

(x/b)]k'1 dF (x) = P* where

(x) = P* and Z[1-F _—

P n-p
It should be pointed out that the procedures R and R’ for I, known case

are not strictly analogous to the procedures R1 and Ri for the unequal and
unknown I, case. If we use i1z;‘i1 in R and R', the constants ¢ and b de not

.18-
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depend on n, a feature which is undesirable. Alam and Rizvi (1966) use this
type of rule. Another procedure, say, for the case of Iy =, for all 1,

1

2,2 2,00 2y = RITR

where d s given by inf_ 6 FXT(x+d)f, . (x)dx = P* where F and f refer to non-
A'>

2

central x* with p d.f. and non-centrality parameter 1A' = na,

Procedures of the above type when Iy= Iy known, or Iy not equal but known,
have not been determined in the sense that one does not know the monotone
behavior of the integral involving d (above),

Another unsolved problem is the case where £, =...= I, = I, unknown ,
and we use a pooled estimate of I.

4. Selection in terms of multiple correlation coefficient

The random vector X; has multivariate distribution N(Hd'zi) where u, and
L, are unknown. Let Py £ P1,2,..p be the multiple correlation coefficient
between the first variable and the rest in the population y defined by
1- pz = ‘21' where o is the leading element of £, and T is the

i Fﬁm in i (M)
matrix obtained from Iy by deleting the first row and the first column. This
o4 (taken to be the positive square root of pf) 1s the maximum of the correlation
between x1, and a linear combination of “12""'“1p over all possible 1inear
combinations and as such is a measure of the dependence of x,1 on x12.....x1p.

Gupta and Panchapakesan (1969) investigated the problem of se1ect1n? a
subset contdining the population associated with p[k](p[1]). Let R, = R]f%'_'p
denote the multiple correlation coefficient obtained from the sample Xy 40
J = 1,....0. Two cases:

(1) Kygeseeikyp are fixed; the conditional case.
(41) Xygresssky, Bre random; the unconditional case.

The following rule & has been investigated by Gupta and Panchapakesan (1969) for
the selection of Plk]
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@ select v, 17f R > ¢ max(R)Z,...,et%) whare R} = RZ/(1-R2). 1n

the above rule, we write c(0 < c < 1) formally both for the conditional case
and the uncunditional. “

Letting A - p%. we can write the density of R1 as

U, (x) = ji;—%{g;%;‘}%i (12)0%0 fz(q+J).2m(x)' unconditional case

® _am J

u,(x) = JIO !‘fEFELL' fz(q¢J).2m(x)’ condftional case,

where q = Eél. me= ﬂin‘aﬁd fr.s(x) = density function of central F with r,s d.f.

. It 1s eisy to show that ul(x) has MLR in x and hence the distribution of
R ™ 1s stochastically increasing in ). Hernce

IR A e o e L )

inf P(CS|®) = ing ‘ U:'](x/c)dux(x). when Uk(x) = cdf corresponding to ul(x).
A2\

A sufficient condition for the monotonicity of the above integral is
obtained by Gupta and Panchapakesan and it is verified so that the inf takes
place when A = 0 for the unconditional case. For the conditional case the
result follows from the paper of Gupta and Studden. In either case we obtain

L AR s

STy

inf P(CS) = g qu 2m(x/c:)szq 2m(x‘ = P*, F and f refer to central F. Table )

of Gupta and Panchapakesan (1969) gives values of the constants ¢, which are
same for both cases.

For selecting the population with the smal1cst ps the rule 1sA"

n @ Select n, 1ff dRY% < min RJ v 0 <d = d(k,n,p,P* < 1.

. 1i<k

In an analogous manner, 1t follows for both cases
inf P(CSER) = ‘n-l-'2 n(xdN T dFp o) @ P,

Since 1- F2 an(xd) Fa“ 2q (-ao. the constants d can be obtained from
constants ¢ by 1nterchanging q and m,

Consider 6 2q ,‘,m( )szq m(x) = p¥,
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When q and m are integers i.e. p and n are odd, we can use series

expansion for F23.2m(x) and obtain formulae for computing ¢ for specified

values of q,m an
P*

where a(r,j) and K(c,m,q,a,j) are given by certain recurrence relations.

(M
(2)
(3)

(4)
(8)

(6)

(7

(8)
(9)

(10)

(1)

(12)

= ——.r_(g:-‘“)—.—qk-] (k']%(lﬂ-‘) (_”a(q

P*, The final result is:

k-] [ 04.\’
k']. M,q,a,
r(q)r(m)(1-¢)™ as0  §=0 . Jal =) Kk(em,q,04.9)
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INTERPRETATION OF ANALYSIS OF VARIANCE EPPRCTS TN DESIGNS
YIELDING A SUBJECTS X TREATMENT INTERACTION

i Ray T. Sternar, Richard S. Teplick, and Jamas T. Whealer
; Letterman Army Institute of Research
Fitssimons Army Medical Center
Denvar, Colorado 80240

ABST"ACT. This paper outlines & propesed altermative analysis for
data commonly obtained under a ons-way, within-subjects analygis of var-
isnce design., Briefly, for situations in which multiple replicates ars
obtained within treatment cells, it is argusd that inclusion of Subjects
as an indigenous factor yields important information ragarding the natura
of subjects' responsivity to exparimental tresatments, as vwell as the
relisbility of population infarences. Results of an empirical application
of the analysis to a set of plasma Vitamin A observations obtained from 8
nale voluntesrs during a successive, 30-wesk pericd of dietary Vitamin A
restriction are used to illustrate the approach. Comments from discussants
aimed at clarifying (a) legitimacy of the approach (b) potential limitations
imposed by the occurrence of a sipgnificant Subjects X Treatment term upon
Treatment infersnces and (¢) alternative analytical procedures or mathods
for dealing with cases ylelding such a Subjects X Treatmant intsraction
are sought.

1. __INTRODUCTION. One-way, within-subjects (i.s., repeated mesasures)
analysis of variance designs are often used in experiments vhere: (1)
costs of runaing multipla, independent treatmant groups are prohibitive
and/or (2) estimates of experimental effects relstive to prior control
valuss offer sufficient test of proposed hypotheses. Typically, this
analysis partitions total experimental variation into a Batween-Subjects :
and Within-Subjects componants, with a subssquent F-Ratio of Batween- ! i
Treatnent/Residual developed from the Within-Subjects component (see ‘ i
Winer, 1971). Although this design controls inter-subject differences :

in variability (i.e., variability dus to differences in the average
responsivenssa of subjects is removed from the Residual), no direct test
of subjacts' responsivity across treatments is afforded by this analysis.
In cases vhere multiple replicates ars obtained within treatmsnt cells,
however, this same analysis can be vieved as involving both a Treatment

and Subject variance componant. That is, estimates of the Between-Subjects
: and Between-5ubjects X Treatment variance can be obtainad. It is felt

t these componunts provide useful information in the assessment of the (1)

' nature of subject responsivity (i.e., the homogensous or heterogsneous

3 nature in the way subjects respond to specific treatments) and (2) gener-
alizability of an observed treatmant effect to a population.

R i R ]
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2. _PROPOSED MODEL. Consider the mixsd affects analysis of variance

wodel (1.,s., with Treatment & fixed and Subjects a random effect variable):

X -n+.1+b

13 gt gy ey (v

vhera, Xi4 vefers to an obsarvation of subject, under treatment,, M
refers to the grand msan term, ay refers to a éonotmt associatdd with
subjecty, b; refers to a constant associated with treatmant,, &b

refers to a"constant associated with the subjecty by treatmdnt Hur-
action, and e44 refars to axperimentsal error. is 1is the basic additive
model which nﬂuctntnl a straightforvard two-way analysis of variancs
conprised of Subjects and Trestments (ses Winer, 1971).

Extending the above model to the rapeated msasurss case in which

multiple replicates ars obtained for each subject within treatment cells
yields:

xuk s M+ 8, + bj + ck(ni) + ab“ +* bcjk('t) + .1jk, (2)

vhers, X{ji refers to a replicate of subjecty under treatment,, M refers
to the grand mean term, a; refers to a constant associated wiih oubjcc:i.
bj refers to a constant associated with :uatmnej. ¢ (I.E) rafers to a
constant associated with replicatey nasted within“subjecty, abjs, refers
to & constant associated with the subjecty by treatment inuuztton.

be k(u‘) rvefers to a conatant associated with ths treatfent, X ropuenuk
nedted within subjecty, and e;,, refers to error. Thus, thd proposed
model makes it feasible to distuss the potential testing of variances
attributabla to Treatment, Subjects, and Treatment X Subjects sources.
Additionally, inclusion of Subjects as en indigenous variasble would seen
to yield important information about the uniformity of subjects' respon-
sivity to selected experimental treatmsnts, highly useful data in attempts

to nneiluu observed findings (tresatment offects) to s dasignated popu-
lation.

3. EMPIRICAL APPLICATION OF THE ANALYSIS. In a recent dietary Vita-
nin A restriction experiment, 50 weakly Vitamin A plasma eatimates (i.e.,
mg Vitamin A per 100 ml Plasma) were ovbtained from 3 adult male volunteers

lln the Discussion Session which followed presentation of the current
paper, Prof. Cornfield refarrad to certain similaritiss between the
ourrent issus and one aliuded to by himsaelf and J. W. Tukey in an
earlier publication (ses Cornfield & Tukey, 1956).

-24 -
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for purposes of detarmining the ''characteristic Vitamin-A-depletion pattarn
of humans." Dus to conaiderable variability present in the observed plasma
estimates {particularly during the early part of the expariment), it was
decided to treat restriction as a successive series of 23, 2-wesek treatmant
valuse (2 replicates/session) for aach subject. Moraover, a Log trans-~
formation of the data was parformed in order to (1) avoid the likelihood

of a treatment cell effect yielding a negative Vicanin A value, and (2)
invoke a multiplicative model of Vitamin A depletion, an spproach which
seanad more realistic for describing the expectad decreases in subjacts’
plasma A. Thus, the design was set up as a 25 (Treatments) X 8 (Subjects)
X 2 (Replicates) factorial, with Trsatmenta end Subjects viewed as repsated
measures and Replicates nasted within Subjects. This final model is the
same as that listed in Equation 2, with the exception that Log Xyqp 10
substituted for x“k. 3

Results of the analysis of variance ars presented in Table 1. As shown,
the Treatment X Subjects (Fe 2,635; dtfw 168/192, p<.03), Treatmaut (P» 5,.38;
df = 24/168, p<.03), and Subjects terms (Pe 7.04; dfs 7/8, p<.05) were all
found to ba significant. VWhareas interpretations of the Treatment and
Subjects main effects are fairly straightforward (i.e., msan Plasma Vitanmin
A estimates differed significantly acreoes the 25 trsatment sassions as
vell as between the 8 subjects), interpratation of the Treatment X Subjects
tern is wore difficult. Basically, this term indicates that the Plasma A
valuss for subjects varied uniquely aw a function of specific trsatment
sessions,

TABLE 1
Analysis of variance for Log mg Vitamin A/100 ml Plasma values
of 8 voluntesrs obtained during 25, 2-week treatmant
sessions of distary A restriction
(i.e., 2 replicates/subject/treatment session)

- .. A o - —

Source af Msq F
‘ Treatment 24 988 6.58%

‘ Treatment X Subjects 168 130 2.65% ]
] Treatment X Replicatas ,{
] v. Subjects 192 .057 '

Subjects 7 177 7.04%
Replicates w. Subjects 8 +110

® p<,05
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In an attempt to clarify the Treatment X Subjects intaraction, plots
of both tha raw Plasma A values and Log Plasma A valuss for each subject
by traatment session sre shown in Figures ls and 1b, respactively. (Notas
that the insert of Figure la also shows the mean mg Vitamin A/100 ml Plasma
by Sessions for the group of 8 subjects.) As can be sesn in these graphs,
whereas all 8 of the subjects displayed similar decreases in their Plasma
A values during the first part of restriction, midway through the restrictive
. ; pexiod, 5 subjects showed stabilization and 3 subjecta continusd to display
4 ' large decreases in Plasma A. This indicates subjects vwers hetsrogsnsous
in their response to prolonged A restriction, a result which limits the
i straightforward inference that subjects displayed a characteristic trsatment
: (depletion) pattern throughout restriction.

While such intaraction is explaineble in & nunber of ways (i.s., widely
differing deplation rates among individuals, inuake of foods containing
Vitamin A in violation of dietary regimen, atc.), the significance of a
Subjaicts X Treatment term would seum to argus against the generalisability
of the Treatment main effect. That is, if it is concluded on the basis
of the Treatmant sffect that 50 waeks exposure to distary Vitamin A restric-
tion produces significant depletion, any inference regarding ths "charac-
teristic depletion rate of humans'" still remains suspsct due to the apparent
differences shown by certain of the subjects. Thus, whereas under the
classical one-way, within-subjects analysis, one would be led to conclude
that Vitamin A was significantly decresased during a 50-week period of
restriction (1.e., a result also yieldad by the current approach), the
occurrence of Subject X Truatment interaction in the proposed analysis
would supgest such a conclusion be qualified, if not ignored altogether.
Regardless of the pragmatic conclusion, howaver, tha current analysis
would seem to provide additional information regarding interpretatien
and inferences about the Treatment effect which has utility to a variety
of research situations.

|

4. _DISCUSSANT QUESTIONS. Inm conclusion, I’V‘l‘ll questions concerning
application of the proposed analysis are noted. Specifically, these ave:

1. Are there any problems with legitimacy of the analysis?

R YO S

2. What are the inference limitations imposed upon the Treatment
effact by occurrence of the Subjects X Treatment interactiom?

e

3. What would be an appropriate metliod to quantify the divergence .
of subjecta?

e

4., Whact criteria can he used for determining the appropriatensss
of data transformation(s) in the current analysis?

———— . A > el S

Discussants for the current paper wers: Prof. J. Cormnfield, Prof.
G. Lieberman, and Prof. W. A. Thompson, Jr.
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6. DISCUSSANT COMMENTS.

Prof. Lisbemmn:

I commend ths authors for an interesting paper with well stated mathe-
matical assumptions. I have no qualms sbout the mathematical model and
thair trestment of it. MHowsver, 1 have sound reservations sbout the appli-
cation of the physical problem to this math model. I explain as follows:

The term "treatment' is used, and there are 25 "treatments." Howaver,
the "treatments’ are just bi-weekly obsarvations, i.s., "treatmsnts” are
tame. Thus, the term treatment is artificial. I believe that the authors
are interested in long run trends, as opposed to minor fluctuations. The
suggested malysis of variance apprcach doesn't answer this question. Purther-
wore, there is a question in my mind wvhether or not the homoscedasticity
aseumption, within a sudbject, is valid. I believe that one subject may be
wore variable than another, and this variation is important. I believe that
these comments address the first concern msntioned in the paper.

The second concern can be answered by the ususl answear for main effects
in the presence of interaction. The interaction says that tha vitamin A
concentration decreases in soms subjects and stays the sams or parhaps
increases in other subjects. This implias there are "trsatment differences."

The third area of concern is tha heart of the problem in that it requires
scme suggestion sbout how to handle the overall analysis. In the sbsencs
of more information, I would plot the vitemin A plasma as a function of

tine (per week) for each subject, and see vhat conclusions can be drawn
from each subjact.

The final area of concern is the "transformation." I approwe of the
log transformation because it handles the case whers variability is pro~

portional to the concentration lsvel, and I believa this to be valid in
this case. ’
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Prof. Thompson: ‘N

An alternative malysis of these data is suggested by Figure 1, It
spvears that a quadratic regression egquation of Log concentrations (y) vs.
time (¥) may be fittad to the data for each voluntesr. This leads to !
eight regression equations o7 the form :

2
,_.¢+Bx+u. 3
ome for each voluntear. Regression equations of this form would be -
particularly informative if 8<0, y<0, for the ¢® would be an asymptote &8
x + e, It would also be interesting to test the hypothesis that all
eight regression equations are in fact the sams, for then the individuals :
of the population csn ba thought of as having the sams depletion pattermm. i
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PROBLEMS WITH A COMPARTMENT MODEL FOR
ASSESSING HIRIAN VITAMIN A KINETICS

Richard Teplick
Captain, M.C.
Assistant Chief Department- of Information Sciences
Letterman Arny Institute of Research
Fitzsimons Arny Medical Center
Denver, Colorado

ABSTRACT. To utilize tracer data to assess relative rates of
Vitanin A utilization under dietary restriction a four-compartment
model was developed. Ideally, the matrix of transition probabilities
for this model could _e cbtained by finding its four eigenvalues and
eigenvectors by fitting an equation with four exponential terms to the
tracer data from each compartment. However, since data was obtained
fron only two compartments, two less direct techniques were utilized.

In one attempt to solve the model, the data from each of these
two compartments was fit with such a multiexponential equation. The
resulting two eigenvectors and four eigenvalues were used to try to
solve twelve nonlinear sirmmltaneous equations. This proved to be very
complex and dependencies were eventually uncovered. A second attenpt
utilized the eigenvalues from the first fit to derive an equatiom
describing the second set of data explicitly in terms of transition
probabilities, volunmes and two eigenvectors. The parameters of thig
equation were then adjusted to fit the data. This technique yielded
a physically unrealizable solution. However the attempts to obtain
solutions using these methods illustrate a number of problems common
to this class of models.

1. TINTRODUCTIONH. In the late 1960Us eipht adult males were
studied for a two and one half year period to acquire information
about human requirements for Vitamin A. This study included a 360
to 771 day depletion phase during which exogenous Vitamin A intake
was to be eliminated. At the beginning of the depletion phase, seven
of the subjects were given an intravenous tracer dose of cl4 1abeled
retinol. At varying intervals the label present in plasma, plasma
retinol, feces, urine and breath was determined. The original intent
was to use specific activity of the tracer to calaulate the body
stores of Vitamin A. llowever, since this involves an open system the
label will never equilibrate with the body stores. Thus specific
activity should vary with time and cannot be used directly to calculate
body stores of retinol. Therefore, an alternative method to estimate
total retinol stores as a function of tinme was souht. The approach
selected was tc nmodel the systen.
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2. TiE MODEL. The simplest model which is in any way realistic

is shown in Fimure 1. The assumptions made for this model are as follows:

a. The loss or gain of retinol in any compartment follows first
order kinetics. Therefore, there is no active transport.

b. Retinol exists in blood both bound to serum proteins and in a
free fom.

c. All compartments corwnicate directly with the free serum retinol
compartnent but not directly with each other.

d. The volumes of all compartments are fixed.

e. The bolus of labeled retinol was introduced directly into he
free blood compartment.

The general form of the set of first order differential equations
generated by this model is shown at the bottom of Figure 1.

These equations, written explicitly for this nmodel in terms of
concentrations rather than quantities, are seen in Figure 2A. The
initial conditions are given in Figure 2B. Since the bolus of label
is introduced only into the free-blood compartment (Cz); if rapid in-
jection and mixing are assumed, the label in this cempartment at zero
timc equals the initial dose. Additionally, at zero time, there can
be no label in any of the other three compartments.

The known or measured parareters used in seekino solutions of the
nodel are given in Figure 2C. The concentration of labeled retinol
in blood was determined at varying intervals. Thus these values reflect
both blood compartments. Fecal sampleus were collected and pooled
for one week periods. Aliquots were counted and total welghts measured
giving a figure for label lost per week. This was converted to a
one-day figure and assumed to reflect the loss at mid-week. The blood
volure was deternined by dilution techaiques. The problem, then,
is to derive the parameters of tlie model from the data.

3. _SOLVIANG THE MODLL. The general fornm of the solution to the
set of differential equations is siiown in Figure 3A. This solution
is derived by taking the Laplace Transform of the equations and solving
them for the transform of the concentration in any compartment. This
gsolution, shown on the right of the equal sign in Figure 3A, always
has a fourth degree polynonial in S for a denominator. A second degree
polynomial in S forms the numerator for all compartments except the
free-blood compartment which is third desree in S. The inverse Laplace
trans form of this function, shown on the left in Figure 3A, is a weighted
sun of four exponential terms where the aj's are the same for all
compartments and the Aij's differ.



Any attempt to solve for the defining parameters of the model
will involve nonlinear curve fitting. The major differences among
these approaches depend upon the available information. If aata are
available for the concentration or amount of label as a function of
time in each of the four compartments the simplest technique is to
fit the four exponential equation to the data for each compartment.
Since the a; are the same in each compartment, once they are determined
for any comgartnent usinz nonlinear fitting techniques, the data for
the remaining three compartments may be fit linearly. As illustrated
in Figure 3B, the 3 are compcnents of the eigenvector corresponding
to the eigenvalue a,” for the matrix of transition probabilities. There-
fore, as illustratea, the transition probabilities car easily be calcu-
lated if (A;,) 1s non-singular. This method couid not be used for
this model since a direct measure of labeled retinol was available
only for the combined concentration of the two blood compartments.

It 18 readily shown that each Aij may be written as an explicit
nonlinear function of transition probabilities and volumes. The exact
form can be derived from the equation in Figure 3C.

The a, 8 and ¢ may be determined by placing solutions for
concentrations in Laplace space into the fornm given on the right in
Figure 3A. The total blood concentration can be expressed as a weighted
sum of four exponerncial terms since it is a linear combination of the
two blood compartments. A similar form can be derived for fecal excretiom.
Therefore, the four eigenvalues, and the eigenvectors for the total
blood concentration for the fecal excretion may be found by nonlinearly
fitting one set of data and using the eigenvalues determined from this
fit to linearly fit other set of data. The two eigenvectors and four
eigenvalues thus determined can be used to derive twelve equations
which are nonlinear functions of the eight transition probabilities
and the four volumes. Eight of these equations are derived from the
equation in Figure 3C. The other four are formed by writing the denomi-
nator of the solutions in Laplace space in the form of the denominator
given on the right in Figure 3A. It appeared that there were twelve
equations and tweive unknowns. However, after considerable algebraic
manipulation, dependencies could be demonstrated between several of
the equations. Thus it was apparent that a solution could not be derived
in this fashion and this method was abandoned. Retrospectively, this
is obvious as half of the eigenvectors and all of the eigenvalues are
insufficient for reconstructing the original matrix.

A second approach was devised which uses nonlinear minimization
techniques to fird the unknown parameters using as few variables in
the minimization: as possible. Figure 4 illustrates this approach
for the blood compartments. By using the equation relating C, to
CZ’ (Figure 4A) the general form of the solution (Figure 4B) and the
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unknown constraints (Figure 4C) the total blood concentration can
be written as a function of the four eigenvalues, and the bound blood
eipenvectors, volume and associated transition probabiliites.

Figure 4t illustrates this equation. The eigenvalues were deter-
mined by fitting the fecal data using a nonlinear least squares approach.
This data was chosen rather than labeled blcod retinol data because
more data points were available and because there was no blood data
available for tine first ten hours of the study. Initial values for
the fit were estimated by peeling two exponentials from the tail of
the fecal data and guessing the remaining values. It was also evident
that all eigenvalues and at least one of the Aij had to be negative.

The fitting routine incorporates provisions for random searches
and several gradient and nongradient mininmization techniques. Parameters
may also be fixed while others are permitted to vary. A procedure
is also available to attempt to subtract out a local minina and continue
the search. All runs were on a CHC 7600, A positive definite Hessian
matrix was eventually found although several parameters had to be altered
manually to escape local minima. A positive definite Hessian was also
obtained for the equations of Figure 4L using the eisenvalues derived
from the fecal data. The derivad parameters appecared reasonable. Sub-
sequently a linear fit was performed on the total blood compartment.
Using this fit and the calculated bound-blood equation, the equation
for the concentration of rctinol in the free blood compartment was
calculated. This produced one nepative component in the eigenvector
which drove the calculated labeled retinol necative for the first five
hours of the study and caused a maxim:ua to be reached at about 26 hours.
Because these results are physically impossible, further efforts were
abandoaed. llowever, had this not occurred, a similar technique would
have been used to determine the parameters associated with the liver

compartment in conjunction with the measured fecal excretion and calculated

free-blood pool. The parameters for the last compartment (other tissues)
would have been determined using the same technique along w’th the
calculated label remainins in the body (assuming the percent metabolites
to be insignificant) minus the quantity calculated to bte in the three
deternined pools. The resultant eigenvectors and eigenvalues were

to be used to recalculate the volumes and transition probabilities

as in Figure 3B. These new values would be used as starting points

for new solutions to be calculated in the game manner as the original
solutions. It was hoped that eventually the fitted parameters would
correspond to those calculated from the eigfenvalues and eigenvectors.
The reason this technique was to be employed was in the hope of circum-
venting the difficulties inherent in the use and interpretation of
nonlinear .Inimization techniques.
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4. PROBLEMS WITH THE TECHNIQUE. Regardless of the approach taken,
some nonlinear curve fitting must be performed. If measurements are
available for all compartments, only one nonlinear fit adjusting seven
parameters is needed. This method was utilized to fit the fecal data.

In the second approach used to solve the model this fit was used as

the basis for a second nonlinear fit adjusting six additional parameters.
An alternative would have been one fit for 10 parameters which would
have also determined the eigenvalues. It is evident that when fewer
parameters are fit more nonlinear fits are needed. This is counterbalanced
by the mounting difficulties in fitting more parameters simultaneously.
A1l fits, regardless of technique, are dependent upon the initial values
chosen. In this study, only crude guesses could be made for initial
values. If an improper set of initial values is used, the nonlinear fit
becomes trapped in a local minimum. This was amply clear from futile
attempts to better the fit using random searches; successively fixing
parameters; and subtracting out local minima. Yet when a different

set of starting values was selected a better fit resulted.

It is obvious from the form of the fecal data, which is initially
zero; reaches a peak in about 24 hours and then monotonically decreases;
that at least one of the Aij had to be negative and that all of the

eigenvalues must be negative. If a physical interpretation could be
affixed to the aigenvectors, reasonable starting points and constraints
might be derived. However, I am unable to find any such interpretion.
Is it valid to assume that a fit with a positive definite Hessian matrix
is the best fit? If so, should starting values be altered until a
positive definite Hessian can be found. If, as in this case, the model
fails to yield a reasonable solution, how can one decide if it is the
model, the techniques, the data, or a combination of these factors
causing the difficulty. Additionally, if a reasonable solution is
obtained without finding a positive definite Hessian is it valid to

use this solution and to compare the solution for one subject to another.
Finally, can any form of confidence intervals be placed around the
calculated parameters?

5. COMMENTS BY ONE OF THE PANELISTS. The author is grateful to
Professor Jerome Cornfield for the following remarks on a possible
methods for treating the troublesome problems:
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1 have besn stimulated by this very interesting paper to resexaming
[1] the application of H.0. Hartley's method of internal least squares
[2] to the .nilylto of multi-compartment models. The major reascn for
investigating this method {s that certain parameters of the model can be
made to appear linearly, so that the computations become greatly simplified.
A major econsequence of this simplicity is thac the issus of whether the
existence of four compartmants can be inferred from measurements qn only
two, can be investigated in s very direct way. My own working hypothesis
is that only direct measurements of concentrationt in the compartmants
in question, such as those reported by Duncan et al [3), will provide
satisfactory ansvers. Such direct measurement is not possible when the
subjects are humans, so that it seems essential to have a statistical basis
for detertiining whether a given body of data will permit reliable indirect
estimation of the paramsters of unobzsrved compartments from direct meatursment
on observed ones.
Qe-Compartment Model

Starting with a one-compartment model, the differential equation, using

quantities of labal throughout is

(1) -« -2q

Integrating both sides from time O to t, we have
t
(2) Q=zI-Af qde,

where 1 is the bolus injected.’ >

1f observations q; are made at time t, (i=1,2,..r), estimate




IR e ot Al e " L ¢

£y
'r:‘-IQ de as
(3) (=t 1)(qp.0=q¢)

, -
t logg 941« 10gg q,

vhere t,»0 and 9" I
((3) is obtained by passing an sxponential through the points at t, ,and t,

and .integracing.) Set

T A TETTERARTE CRE .

and estinate )\ as the constant in the linsar npdol.

) q *I=Ax + ¢,

AT T TR e T v e

r
i,e. by minimizing 131(11‘1 +Ax,)%/V, (vhexre Var(q,) *V,) or some other

-
convenient procedura, A standard error, confidence interval or other tsasure

of uncertainty can be similarly obtained., This formulation, which is

essentially dus to Hartlsgy, linearizes the problem. The question of the

i Rt MR i2ich i et A

efficiency of the estimate seatis of secondary importance in this context
and we shall not pursue it.
Ivoscompartment model

The model 1s defined by the equations

d !
—df*- = =(qst* Mo)Q +2e3Q :
®) ia
“qt " Mgy +)g0)0. ¢

Compartment 1 corresponds to the blood-free compartment, compartment 2 to a

homogensous all=othar comparimsnt, while );, #nd )40 are the constants governing
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the two forms of sxcration, Integrating as befors

Q =I-= (s "'ho)f:Qxdt"‘h;.r:Q‘dt
n

Q = inI:Qadt =(2a1 "‘Mo),f:Qa“ .

Observations q,, of amounts in compartment 1, are mada at tima t,, and of

: U;q» the amount excrated from compartment j between €i(1-1) and t,, (i=1,2).

No obsaervations are made on compartment 2. We defins Xy &8 in the one

S YT T

oompartmant nodllu' and estimate f:‘q,dc in aquations (7) as x;;. To
estimate J':‘ Qedt ve 1ot

(8) dgy * I = qy,~-cumulative amt, excrated,
where the last term is estimated from the u . We pass over the datails of
this astimation as straightforward and of no iantrinsic interest. We now

r treat the qg, in the same fashion as the q; of the ons-compartment modal
:

t .
to obtain xg, as estimates of J'o’Q.dt. We then astimate ()\;q +1;o) and Ag,
;  from the linear model

9) Qg "I~ Ogetho)%  +Ag 1%eq +¢

by least squares or soma other convenient procedurs. )\;, and )\q, can de

TR I L

estimated from the linear models

mnann sl

L
For the 2 compartment model Q; is a linear combination of 2 exponentials

and altermatively one might consider passing such & gurve through the

4 points qy.gs dyay» Qs 8Nd qq4 3 and integrating between q,., and q ;.
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Estimates of the uncertainty of the estimated constants can be obtainsd, as for

i the one compartment case, from standard linear regression theory.

Ihree compartment model
The foregoing is all preliminary to a considaration of whether the

observations qy, and u, will support the separation of the assuned homo=
gensous all-other compartment into two or more., The differential equations

are

|
]
i
|
g
i}
|

dQ
'-d'e-"' - '(1;. +Alg '.'A;OA)QI + th'.'. :h‘Q.

1 (11) g‘%" * Mg Q = (Agy *20)Q

d .
'a%ﬁ = MaQ = (Aa1* Aa0)Qs»
which on integration become
) t t t
] Q = IO+ At 3,00/ 0dE + )y, [ Qade + 29y [ Qudt
] (12) - ¢ ¢
4 Q M'Io Q dt =(Ag; + ho)fond‘
. t t

| Q MoIOQ;dt = (g Mo).roQadt
Latting Q: = Qg +Q; we hava from the sum of the last two equations

{ .
(13) Q= (Mg *h9)f Qudt - (hit A:O)J’:e:dc '

' t t
! L)) +2,0 [Fo
! whera N5, +)\§, * ( A Qqdt+ Ay *) de

¢ 14
SQedt + [o Qadt

Equation (13) is of the same form as tho second of equations (7), except

that the quantity Mg+ Agg,» which 1s constant over time in that equation
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E, s replaced by the watghted sverage 33”‘{* Mo, this wﬁy "“Vm ,
; over time if f:q, dt/j':Q.dt is not constant for all t. The abtftty to
break t:t_m lumped all=other compartment into two or more separate
compartments in the absence of direct measurements is thus entiraly

; dependent on the non=-constancy of ):ﬁ ):o and the inferences that can be
dravn from this non-constancy.

Behavior of MY, + Aso

{ The bshavior of the function ):, + ):, can now be directly investigated
by first fitting a two compartment modal from equations (9) and (10). Ve

then substitute observed quantities for the second of squations (7) to obtain

(14) Qas = MeXyg=(Ogy+ Ago)%ey e

Using the value of ),4 8stimated from the two compartment assumption one can

compute for each t, the quantity

|
i (15) qa1~ Mya¥i
! Xa4

and cbserve its behaviot over time., If it is constant, within observational i
3 ,' error, then there is no basis in the data for breaking down the lumped all- -
other compartment, This step of the investigation would benefit, however,
by knowing the behavior of A\J,;+ A\Jo when the three compartment model holds.

One way of proceeding would be to substitute for J‘:Q.dt: and J’::Q,d: Ain

* Gk
A3 * X0 the linear combination of three exponentials obtained by the

solution of squations (12), All linsar propertias are now lost, but

i ) there may ba no simpler procedure, Under some circumstances 3: v+ x:’,




- o . . . e e e st s sttt Y VR

may be monotone in t, although I have bsen unabla to prove that this is

generally true when the three compartment model holds. Although more can '

and should be done to investigate the behavior of 3§,+ 3&,, the point of
this note is that direct investigation of the behavior over time of
expression (15), which depends only on simply computed observables, may
provide a mores perspicucus analysis than is achievable by more standard
methods.
ommen £

The foregoing is best interpreted as an informal memo to a colleague

on a possible new line of investigation that may bypass some difficulties,

but overlocking many details which must evantually be filled in. Until

i
g this investigation is undortakon, 1 would claim no niore than that the :
| :

general apnroach seems promising.
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SOLUTIONS TO COMPARTMENT M@DEL
A GENERAL FORM @F S@LUTIONS'

G (t) .;;A“ eoit = J:"{Kshass’;’go’)s * 8.}

B IF A; KNOWN FOR ALL |
(] (8] = [A) (o, 3]

)= [ay) (o 8 [Au]-'
C IF EXPLICIT SOLUTIONS ARE DESIRED ~

Ay = i

?‘. (O - 01) 3

Jui ‘

Kal IF {2 §

KO IF i%2
&7 INVERSE LAPLACE TRANSFORM

S « COORDINATES IN LAPLACE SPACE

Ajj,0) ARE CONSTANTS FROM FITTING DATA
3y 1S KRORECKER DELTA

[] ARE SQUARE MATRICES
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SAWPLE SIZE DETERMINATION AND THE OPERATING
CHARACTERISTIC CURVE FOR THE CIRCULAR
PROBABLE ERROR

Gideon A, Qulpspper

Relisbility, Availability, and Msintainability Division
Army Missile. Test and Evaluation Directorate
US Army White Sands Missile Range, New Mexico 88002

ABSTRACT. An equation is devel containing the sample size required
In order to meet a Circulsr Probable Error requirement ssed in
terms of a desired and essential valus and the corres producer
and user risks., From this equation a table is produced gi the
required sample size for the risk factors involved and value of the
Circular le Error ratio. Also, the necessary condition is given
that the CPE estimate must fulfill in order to meet the criteria.

An Operating Characteristic Curve is also constructed for an
example. The OC Curve is based upon the chi-square distribution with

géz degrees of freedom and the ratio of the essential CPE to the true
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The Circular Probable Error (CPE) is often used as a measure of
accuracy in evaluating the performance of surface-to-surface missiles
and rockets. Various formulas are used in estimating the CPE
depending upon the characteristics of the miss distance data collected
from the firing tests. The estimator for the CPE used in this paper is

o 2 2 2
CPE = 1.1774-P. whers sp * i[lx + sy J. The sample variance

1% is the pooled or average variance of the component miss distance

data.

The problem considered here is to determine first, the sample
size needed in order to meet the CPE criteria given in requirements
documents and second, to find what the condition is that the estimated
CPE must fulfill to satisfy these requirements. The CPE criteria are

assumed to be given in the following form:
CPE = the essential or minimum
acceptable CPE
CPE::D s the desired or specified CPE

CPEE > CPED

The following risk factors are either given or assumed for the

purpose of test planning:

B = the user's probability of the missile passing the accuracy test
if the true CPE of the missile is greater than CPEE.

a = the producer's probability of the missile failing this test if the
true CPE of the missile is squal to CPED._ 100(1-p)% is interpreted
o~
as the confidence that the true CPE < CPEE if CPE satisfies a certain

condition (see paragraph on next page). The parameters
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{CPEE. ] CPED. d} determine the sample size (N) of missiles to

be fired in an accuracy demonstration test.

oo T W’v‘fmwmvﬂ
-

€

b
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After the miss distance data have been collected, the CPE is
estimated by the formula ﬁ = 1, 1774IP. If C/P}: .SK(CPEE).
where K = [X;(ZN-Z)IZN-Z]%. then the missile has met the accuracy
criteria, that is, there is a demonstrated 100(1-P)% confidence that
the true CPE = CPE_, and if the true CPE = CPE,, thereiss

probability of 100(1-a)% that the missile will be accepted.

The partial table on the next page lists the a and f risks, the ratio
CPEE/ CPE,, N, and the value of K. In forming this table N, a,
and P were selected first and the ratio CPEE/CPE

last. The equation

D was computed

E
CPED

t _ x: (2N-2) _ <CPE >z

2
X] _p (2N-2)

connects the quantities. The upper percentage points of chi-square are E]

used with 2N-2 degrees of freedom.

Numerical Example.

250 meters

C:PEE = 300 meters, CPED

B = 0,20 a = 0,50

CPE 3
E _ 300 _ . N < -

cFE, = 750 1,20, N = 7 and CPE £ 0.8067(CPE)
: ]
% |
]
- 49 - ‘




o 3 o3 hal L REdUE T e RGAS Eat L T T T A e R R 5o T T e, SR Y
4 K such that
CPE, i CPE = K (CPE,)
CPE the accuracy criteria
D N have been met,
~ a = ,50 1.451 5 . 6605
1.385 6 . 6975
;
] B = .10 1.342 1 . 7248
] 1. 309 8 . 7459 3
] 1.28¢4 9 . 7629 E
] 1. 262 10 . 7769
1 1,247 1 . 7888 :
] 1.225 12 . 7987 .
a = ,50 1.264 5 . 7575 |
: 1.229 6 . 7861 i
b B = .20 1,205, 7 . 8067 :_»
1.187 8 . 8224 |
! 1.173 9 . 8367 P
: 1. 162 10 . 8466 o
e = .25 1. 365 6 . 8208 o
i 1.326 7 . 8386 .
N . B = .25 1.298 8 . 8521 o
; 1 1.275 9 . 8628
] : 1,287 10 . 8716
‘ 1. 242 11 . 8790
1.229 12 . 8853
1.218 13 . 8906 ;
1.208 14 . 8953 }
i 1.200 15 . 8995 !
: 1. 192 16 . 9033 !
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If an OC Curve is desired for this design, then the probability
that the missile will pass this accuracy test (be accepted by the test)
is given by

s CPE
P, » Prob[x (2N-2) < Xp (2N-2) cpn: ]

where CPET = thetrue CPE. If N = 7, # = 0,20, the coordinates

of the OC Curve are given in the table below. Xzzo(IZ) = 7,81,
The graphed OC Curve follows.

(7.81) X

=)
180 21.79 .96
200 17.57 .87
220 14. 52 .74
240 12. 20 .57
260 10, 40 . 42
280 8.96 .29
300 7.81 .20
320 . 6.86 .14
340 .6.08 . 09
350 5.73 .07
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DESIGN AND ANALYSIS OF A HIT PROBABILITY EXPERIMENT BASED ON
A BIVARIATE NORMAL DISTRIBUTION

Robert W. Mai, Data Reduction Section, Technical Test
Support Division, Materiel Test Directorate, Yuma
Proving Ground, Yuma, Arizona

ABSTRACT

The paper describes a method for analyzing the results
of a hit probabtlity experiment 4n such a wa{ that the .
producer's risk (a riskg of roiocting a population of items
that does in fact meet & specified criterion is controlled.
The procedure described is an adaptation of the methods
ordinarily used within AMC when a binomial distribution or
exponantial distribution 1s the model.

The method starts with a population known to have a
hit probability equal to the specification. A procedure s
defined for getting a point estimate of hit probability from
a sample. A rajection point for the point estimate from a
given sample 1s then established at a level that will force
the o risk to ba within a given interval.

This method will provide information useful in evaluating
the acceptability of a test item's hit probability when a
bivarifate normal distributfon 1s indicated. It will alse
help to determine a sample size which will afford desired
protection agatinst making a T{po I error. Investigation is
underway to determine interval estimates for the risk of a
Type Il error (1.e. to provide gquantitative control of the
B risk using similar techniques.)
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INTRODUCTION

This paper is concerned with the estimation of producer's
risk o for tests of hit probability whare a bivariate nornia?
distribution is indicated and where the miss distances in the
hortzontal (x) and vertical (y) directions are independent.
The a risk had to be quantified so that the project engineer
could design the test and choose an analytical plan that
would follow latest Army guidance for this phase of testing.
Guidance has baen: As a result of relfability growth during
the test cycle, 1t is imperative that agencies insure against
rajecting the test item early in the test cycle. This can
be accomplished by insuring a high progabllity of accepting
a population of test items {f the true hit prob|b111t¥. H»
is greater than or equal to the specified hit probability,

PspEC"

APPROACH TO THE PROBLEM

The approach taken in this investigation was:

(1) Find a hit probability estimator, P,, that .ould be
easily measured and/or computed during tne test.

(2) A rejection goint. Prp» Must be computed and FH
compared to this Ppp.

(3) If we set up the hypothesis that
pH < Ppp implies Py < Pgpge

Py > Prp implies Py > Psppc

then we must be able to choose Ppp such that the risk
of a Type I error is less than or equal to a.

INVESTIGATION PROCEDURES AND RESULTS

The physical set up of the test hints strongly at the
choice for Py (the hit probability estimator). The target
was to be rectangular (or square) with height H and length L.
Previous test results had shown miss distances in x and y
directions to be independent and normally distributed.

Also the system could he boresighted to assure

My * 0 = uy




For this set up we know that the hit probability could
be computed as the product of the probability of hitting in
x and the probabilit{ of hitting iny. Also we know that
the probability of hitting in the x or y direction can be
computed based on the normal distribution. :

N An obvious choice for the hit probability estimator
| Py is the one described by the following equations:

| N AN

é .
E Px = A(Zxs1) * A(Zy4,y)
E | a’ - A(z’o|) + A(zyo.)
3 ' lel - X - x,
| Ox
: 2 » __l,.-—x - X
»; : x.' ax
Z " = —!—:—l‘—
3 y Oy
. Zys, ® -_y-l_;._y—
v Yy’ F]
y
i where x,: x coordinate of left edge of target
Xg: x coordinate of right edge ¢f ‘arget
Y,: Yy coordinate of lower edge of target
E ¥yt Yy coordinate of upper edge of target :
X : average x coordinate of sample impacts 3
¥ : average y coordinate of sample impacts ]
Ex: sample standard deviation in x direction E
Gy: sample standard deviation in y direction ;
Z : standard normal variable with mean 0 and ?
: varfance 1
] A(Z): Probability that the absolute value of a
standard normal variable will not exceed 2




P,: Sample estimate of the probability that the
x coordinate of an impact will be within
the bounds of the target

Sample estimate of the probabiiity that the
y coordinate of an impact will be within
the bounds of the target

Py:

The next s;op in the investigation is to find rejection
points Ppp for Py in such a way that if

Py = PspEC
then in a sample of size N
(*) P(Py < Pgp) = & .

We see from the definition of Py that 1t is computed from
the sample parameters %, 9, o,, and o,. Thus to soive equation
(*) for Ppp. we would need to study thd distributions of %, §,
Oy, and oy.

X The gample parameters £ and § are normally distributed
with means u, and respectively, and standard deviatigns
Iy ! NN and oy / NN, respectively [1]. The parameters o, and
a¥ are each related to chi-squared with N-1 degrees of freedom

x (N-1) » _LE:%%TExi_

- 5 a
xt(N-1) « MDD Oy”
" .

To investigate Ppp, we need to know how X, ¥, 3, and o ; §
behave, which in turn depends on u:. Hys Oy, Oy and the normal ? ;

and chi-square distributions. We know how to approximate the
distributions and we know that

ux-o.uy'

The remaining unknowns are o, and oy. Recall that we are
trying to solve equation (*) under {hc assumption that

PR S

Py = Pspgc -
We also know that
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SO Py = AlZgay) + M2y,y)
; , Py = AlZyss) ¢ A(Zy.4)
i -L/2 - ¥x

]‘ Zx" d ox ]

i Loy = -—ELE—:~£‘
o

- - H]

|

| 2,,, » M2 - uy

| ¥y g

i y

; Zyl. - —HI_Z—-_ux
%

But By ® 0 implies

AZya,) = A(Z,,,)

and
Px . 2A(Zx.,) .

.- : Simtlarly,

F'.v . 2 A(zy.‘) .
In this test the size of target was such that

Gy ® 2 ay where

L =aH.
With this simplification we have
Py = Py

and . R
Py = Py® = Pyt @ Popee

Thus §¢ PSPEC = .90 we have
PH - Px‘ - Py’ ] .90

Py = .94868 = P,

?f - 57 -
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A(Z,) » 47434 = A(Zy)

Oy = 1.92426 = 0.

Il the assumption that o, = a o, when L = a H {is not valid
the

n {terative numerical techni‘ues are required to solve for
oy and o, given a value for Pgpgc = Py.

We how have a1) the information required to solve
equation (*). We let

S$s= { (a,b,c,d) /
PGy 20,5y 2b, |Rl 2¢, |F] 24d) =a)
We then compute
3"(‘9”0304) ’
for every (a,b,c,d) ¢ S by
substituting a = g,
b =gy

c = X

d=y
into the equations for ﬁH'

i s

Then we let

Pap * Min{ Pyla,b,c,d) / (a,b,cid)eS).
If we do the above, then

’u = Pspec
implies

P(Py < Ppp) < d .

To find the set S, we observe first due to independence
of x and y that

~

P(5, 2 8, 8, 2 by 2] 2 ¢ [9] 2 0) |

= P(o, 2 a) P(3y 2 b) P(IX| 2 ¢) P(I¥| > d).




=
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We now compute values for (a,b,c,d) assocfated with the
probabilities

-
[
»
]
b
-
Q
»
v

2a)
= P(G, > b)
a, x * P(IX] 2 ¢)

8.y ® PI¥] 2 9) .

iv

For ease of notation, we let
4y, 8,y

8, =8, x 8,y
so that we are looking for (a,b,c,d) such that

o= a, 3, .

An example of the computation required is given in table ) :
for Pgpge = <90 » Py, a = .10, N = 38, §

The observations made during computation were:

(1) For a given a,, the minfmum FH(a.b.c,d) occurs where
8, ,x 8,y * \E,. '

(2) For a given value of a,, the minimum value for

P,(a,b,c,d) occurs when a, , = a, or a - a
dgpendiné on whether a,.y'ixa.‘x'or a,:§y< a,:, ’
respectively. ‘

(3) For a given value of a, the minimum Fﬂia.b.c d;
occurs where a, = 1.00 and a, = o and (from an

Nh!l‘e al.u - {}‘ - .‘.y .
Thus ng can be computed for a_given N, a,
t

P by
making one of computations for P,(a,b,c,d) fogpgﬁe
(a,b,c,d) associated with the probabVlities !

‘l'x L a - ."y

a,y = 1.0=a, ,.

OO,

PORRT O -




Examples of varfous reinction :oints and associated o
risks are shown in figures - 4. In figure 1, for example,
where the specification hit probabilfty was .90 and the
sample size was 38, one can choose any desired a risk for a
test by simply finding_the rejection point Ppp associated
with a. Then compute Py for the sample and reject it {f

Py < Ppp and accepting it 1f Py > Ppp .
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; TABLE 1
|
; a = .10 Pepge ™ +90 = Py SAMPLE SIZE = 38
i 'l.x 8.y 82,x 82,y PH I
’ |
|
! 8, "8, x 8,400, 8, " A, x 8,y " 1.00 {
| |
| .1000 1.0000 1.0000 1.0000 9118
| .2000 5000 " " .8806 |
| . 3000 .3333 " " 8786
| .3162 .3162 " . .8785
. 3500 .2857 . " .8787
.4000 . 2500 " " 8791
.5000 +2000 " " . 8806
A .6000 1667 " " .8828
] 1.0000 .1000 1.0000 1.0000 .9118
'
’1
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.l oy ."'.*; .. Y 4 '"

| a, s, L, y" .20 A, "8, x8, y" .50
.2000 1.0000 .5000 1.0000 . 9245
" " .6000 .8333 .9253
oo » .7071 70N .9287
" » .8333 .6000 . 9258
h ;zooo 1.0000 1.0000 .5000 .9262
} . 3000 .6667 .5000 1.0000 . 8987
{ " " .6000 .8333 .8992 ;
: " . 70N 707 .8992
: " . .8333 .6000 .8991
; 1 .3000 .6667 1.0000 .5000 . 8988
;' i 4162 4162 .5000 1.0000 .8917 ;
g 3 " " .6000 .8333 .8922 |
] ' " " L7071 .7071 .8923 1
E . . .8333 .6000 .8922 |
g L4162 L4162 1.0000 . 5000 .8917
; .5000 .4000 .5000 1.0000 .8960
X " " .6000 .8333 .8965
{ o " .707 17071 .8966
: Lo " .8333 .6000 . 8965
‘ ; .5000 . 4000 1.0000 .5000 .8960
1 | 16667 . 3000 .5000 1.0000 .8988
: ! " " .6000 .8333 .8991
; z " " L7071 70N . 8992
: ' " . .8333 .6000 .8992
! .6667 . 3000 1.0000 .§000 .8987
1
] . 1.0000 .2000 .5000 1.0000 . 9262
; " " .6000 .8333 .9258
) } " " L7071 70N .9287
, i . " .8333 .6000 9253
: 1.0000 .2000 1.0000 .5000 . 9245
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N
: 8 .x 8,y 8, &,y Py
Bty by e 3162 a, ey, e, - 3162
‘ 3162 1.0000 .3162 1.0000 .9342
u. .4000 .7905 .3162 1.0000 9124
f +5000 .6324 .3162 1.0000 9092
4 ;5623 .5623 .3162 1.0000 .9088
.6324 .5000 1.0000 .3162 .9092
. 7905 . 4000 1.0000 .3162 24
1.0000 . 3162 1.0000 .3162 .9342
8, =2, x &, ,y" .4000 a, "8, x3,,y " .2500 ; )
F ,6325 6325 .2500 1.0000 .9167 ;
% 8y = 84, 4 8, 4 = .5000 4, = a,,x 8,y " .2000 ;
L7071 .7071 .2000 1.0000 L9251 d
8% 8,y 8y, % 7000 a, moa,,a,,, s . 1429 ;
.8367 .8367 1429 1.0000 .9419
a =2 ,a - 1.0000 @ "a 40 " .1000
1:0000 1.0000 .1000 1.0000 1.0000
! |
- 63 -
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MODEL FOR PROBABILITY HIT ANALYSIS |
OF 20MM PROJECTILES !
Diana L. Fraderick

Frankford Arsenal
"Philadelphia, Pennsylvania

ABSTRACT. An analytical determination of probability of hit (PH)
for ammunition fired from a helicopter or fixed wing aircraft was
calculatod by a model utiliging Hastings Error Pumction. The model
can incorporate errors for various slant ranges and target sizes.
Primarily, the model provided trajectory comparisons and probability

, of hit data for a proposed 20mm 1950 grain HE projectile with an M505
-4 fuse nose contour and the recently developed 20mm PGU 37B Semi-Armor
. Piercing Incendiary (SAPL) projectila for mixed firings at 10 x 10 and
100 x 100 feet targets.

1. _INTRUDUCTION. This analytical model provides & means of
comparing mismatched ammunition when fired Ln the same burst and is
particularly useful; for example, in comparing kinetic projectiles
with high explosive projectiles. However, specific data on these
projectiles for & fixed set of conditions were not immediately avail-

) able; therefore, the model used exiating data for ammunition under
- development. The model represents an input to the Systems Analysis
3 task for ACTS. :

The purpose of this model was to provide a tool for determining
and comparing probability of hit data for a proposed 20mm 1950 grain
HE projectile, Figure 1, and the newly developed Armor Piercing
Incendiary (AP) ammunition, Figure 2, when used in combination in
the M6l gun, BSince the firing system allows only one ammunition type
to be entered in the computer system of the weapon and sincc the
weapon could fire mismatched ammunitinn in the same burst, tha question
arose! How does the limitation on the weapon system and the variation
in projectile design effect the probability of hit?

1 A summary of projectile characteristics follows in Table I.
TABLE 1

Ammunition Characteristics
Muzzle Nose ;
length Weight Velocity Langth i

| Projectile (4n) (gee) (fps) (in)

HE 3.600 1950 2950 1,440 1
AP 3.1258 2100 2850 1.462 '

‘,' Preceding page blank - 69 -
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b. Body and Rotating Band Assembly

Figure 2. 20 mm AP Projectile




The probability of hit calculations require - timates for the
tollowing error values:

1. Trajectory disparsion caused by variation in ammunition
parameters such as 'drag weight and musele veloctity,

2, Projectile precision,

3. Bystem errarscaused by the weapon mount type and movement,
functional mechaniam, and ammunition interectiom.

2. _PROCEDURE. The computer program was sat up for use throygh
card data input or data input on a teletype. The output from DIANA PH
(name of program) is the probability of hit for a specified slant range,
and target size for single and multiple rounds. Data inpute to the
program ave target size, slant range and the error estimates. All
distributions considered were normal,

By = Px By
where
P, = probability of hit
Px = target length probability
Py = target width probability I
- bx X ¢ x & Hx -X
Px = Prob e X ¢
( JT o /Ty
Py = Preb _F!L'_\'i <y < My -
T g ST
vhere

X = continuous random variable of dispersion in x direction
X = mean disparsion in x direction

Hx = 1/2 target width

Y = continuous random variable of dispersion in y direction
Y = mean dispersion in y direction

Hy = 1/2 target height

SR = sglant range
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Al = all errors, mils

F = J/Ium?
& =& (sr/1000)

Px and Py were evaluated from application of Hastings Error Approximation,

that 1is 1f
otxl
h-___j:_fl . tx dtx ’
w (-] !
where tx = Hx ,‘
JT & ;
and W'—Lf” . -ty? dty ?
Jr Jo
vhere ty = Hy
JST @

then the approximations are:

Px N 1l - 1 j

t“c;.’?*cgizﬂg?*hi“f
0535 + 06 36] 16 :.1

f and
i Py g1 - 1 .
' [1+e3 + -2 ) -4
b 1Y Ay Ayt tay +
! ag y3 o+ ag }6] 16 |
". with: b
f a, = .0705,2307,84 5
a; = .0422,8201,23 :
a3 = .0092,7052,72
.a = 00001'5201.43
b ag = .0002,7656,72
b ag = .0000,4306,38
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E, Also for multiple rounds
Pn=1-Q.pn"

Symbols used i{n’the computer program are as follows:

Probability of hit
Probability of hit of n rounds

SR - Slant range
BML ~ Ballistic error in mils
AML - Ammunition mismatch error in mils
; REML = Range estimate error in mils
; SHAPE - Projectile design nane
: Hx - One-half target length
' Hy - One-half target width
IND « Index
Px - Target length probability
Py - Target width probability

I AR T - T T T
L,

- The program is described in the flow chart in Figwe 3. Tt is set up
to do multiple runs when IND is equal to sero. The program will perform
probability of hit calculations for various errors using the sane target
i ‘ size and projectile shape. 1If IND is not equal to sero the program can be
] ;' terminated, the target size can be changed, or the projectile can bs changed.

] : i

; | |

5 ' TARE 11

: Data Inputs :

{ Card ;

: Type Columns Format Explanation |

. !

] 1 2- 24 4A6 Projectile shape }

2 1-10 r10.2 One-half target width i

11 - 20 F10.2 One-half target length \

3 1-.10 r10.2 BML 3

4 3 11 - 20 r10.2 AL !

E 21 - 30 r10.2 REML |
, 31 - 40 r10.2 st ( ;
3 41 - 45 13 1IND ! !

The fortran program, sample data input and sample date output
follow in the Appendices. ’

P

DISCUSSION

An example of an application of DIANA PH is the probability of hit
analysis performed on two 20mm projectiles using trajectory data genarated

T




START

READ IN

SHAPE: -
READ IN
BML.AML,| o | CALCULATE
REML. SR, Zx, 2y

IND
v +

iIr tix e —999. |

|
NO

f

—

Figure 3,

YES

]ISTOPI

Flow Chart oy P“

HASTINGS
ERROR FUNCTION.

CALCULATE
P, PN

L |

'

IF, IND

<0 . |—YES ——
>0

NO

Program




at Frankford Arsenal. Pigure &4 containe the drag curves for these two
projectiles: the HE and AP. The lower drag of tha AP projectile results
from its longer and more slender nose shape. Thus, the AP projectile
travels further with a shorter time of flight, see Figure 5.

Mismatch 1s a function of range, muzzle velocity, altitude upon
firing, and aircraft dive angle and spee’. Mismatch was calculated from
the difference betwsen the trajectories of the two projectiles. This
study concerned variation of only two errors: system dispsrsion, BML,
and trajectory dispersion, AML. Range estimate dispersion, REML, remained
sero. The study covered the following four cases:

TABLE 111
Variation of AML and BML Errors (Probability of Hit)

‘Case 1 -BML = 1 for both projectiles,
AML = O for AP
AML = X(i) for HE
X(i)= mil dispersion between trajectories of the
two projectiles at the spacified slant range.
In this case the value is taken to be 3.47
at a range of 2309 feet.

Case 11 - Same as Case 1 except range was 6928 feet and X(1)
vas 13.7,

Case 111- Bame as Case 11 except BML = 4 for both projectiles.

Case 1V - BML = 1 for HE
" BML = 2 for AP
X(4)» 18.3 at a range of 10,381 feet

Table 1V contains tabulations of the probability of hit comparisons
between the HE and AP projectiles for single and multiple round bursts.
The values came from exercise of the computer program with the input
data as shown in the table plus that shown in Table 11l. The program
has incorporated the drag curve for the AP and HE projectiles. From the
resultant trajectory mismatch between the two projectiles, the program
computes the orobability of hit for both types of projectiles but with
the AP being the refersence. The trajectory mismatch im shown {n Figure 6.

The £iring system is programmed for one ammunition system only.
This report assumes the projectile drag curve programmed is the AP,
Thus the AML error is zero for this round and some value Xi for HE.
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' Pigure 7 shows the probabiiity of hit versus number of rounds, The
{ ' data graphed is takan from Table 1V,

Table V compares probability of hit betwesn a small and large target
at short and long ranges with data obtained from exercise of the program
as a second example.

_ : The data sets for these exercises are contained in the Appendicaes.
i ‘ These data are graphically presented fh Figures 8 and 9 for two different

? ‘ target sizes: & small target 10 by 10 feet and a large target 100 by 100
) . feet, '
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QWL 1S BALLISTIC EwwOn IN MILS
SR IS SLANT RANGE

PROJECTILE DESIGN 18 mShy

TAVGET wiOtw 1%

TABGET LLNGTH (S

W

238940
2300,.40
230949
230900
2104,40
230949
230,40
230949
2)69.40
230980
2309,40
2309.00
2309.49
2309.%9
230940
2303.400
419,00
AA19.00
4819.00
619,00
778,00
774,00
774,40
$774.00
6928,20
6928.20
6920.20
4928.20
€928.20
928,20
4928.20
6928,20
929,20
4928,20
6928.20
$928.25
1490.00
7690.00
7690,00
7690,00
8083.00
8083.00
RONI,00
#0%3,00
9237.60
9237.60
9237.60
9237.60
9943,30
9943.30
99%3,30
9961,30
10321.00
10381.00
10341,00
10381,00
10797,00
10797,00
10797,00
10797.00
11365,00
11365.00
11345.00
1138%.00

+}1000000E 02
+10000000€+02
Lo ANL  NEM
1.00 J.a? =0.0000
2,00 J.47 =0,0000
3.00 Jea? =0,0000
~,00 J.a? =0,0000
1.00 Y.n$ =0,0000
2,00 YedS =0,0000
J.00 9.d45 =0.0000
.,00 V.45 =0,0000
1,00 1J.96 =0,0000
2.00 1J49s =0,0000
3. 00 13,96 =0.0000
4,00 13,96 ~-0.0000
1.00 15,60 =-0,0000
2.00 15.60 -0,0000
3,00 15,60 «0,0000
4,00 15.60 =0,0000
1.00 21,30 =-0,0000
2,00 21,30 -0,0000
3,00 41,30 ~8.0000
4,00 21,30 -0,0000
1,00 24,40 «0.0000
2.00 24,60 -0,U000
J.00 26,60 -0.0000
-, 00 24,60 =-0.0000
1,00 13,70 =~0,0000
2.00 11,70 =0,0000
.00 13,70 -0.0000
.,00 13,70 =0,0000
1.00 23,80 ~0.0000
2,00 23,80 -0,0000
3.00 23.40 ~0,0000
4,00 23,40 «0,0000
1.00 26,50 =0.u000
2.00 26,50 =0,0004
.00 26,50 -0.0000
~, 00 26,50 =0.0000
1.00 30,00 -0,0000
2.00 30,00 -0.0000
3,00 30,00 -0,0000
4,00 30,00 -0,0000
1.00 22.10 =0,0000
2.00 22,10 ~0,0000
J. 00 22.1n -60,0000
“,00 22,10 =0,0000
1.00 6,56 =0.,0000
2.00 6.56 ~0.0000
3.00 6,56 =0.0000
4. 00 6,56 =0.0000
1,00 J0.40 =0.0000
2,00 30.40 =0,0000
3.00 30,40 ~0,0000
4,00 30480 =0,0000
1.00 18.30 0.v000
2.00 18,30 0,0000
l.00 18,30 0.0000
~,00 19,30 ©.0002
1.00 28,60 ~0.0000
2.00 28,60 ~0,0000
.00 24,60 ~0.0000
., 00 24,50 ~0,0000
1.00 3333 ~0,0000
2.00 33.33 ~0.¢000
3.00 33433 ~0.0000
&.00 33.33 ~0.0000

«2038
«169]
<1319
«1007
«0300
0291
<0277
0260
#0151
019
<0148
<0141
<0121
0126
#0118
«0114
«00'%
«0016
0016
0016
+0008
+0008
0008
+0008
001N
«0017
<0017
<0018
0006
+000¢
=006
<0006
«Q00s
«000%
«000s
«000%
=000)
0003
«000)
«0003
<0005
«000%
.0005
+000S
0042
«C0ko

- «C0136

+0032
+0002
+0002
«0002
+0002
«0006
+0004
20004
«0004
+0002
#0002
«0002
.0002
+0001
«0001
«0001
«0001

Pi3

- 9998
+ 9991
«IVSe
9823
«b8Ss
BT84
6567
06332
ohI9S
M sIYY
R 266
«4159
« 3713
« 3677
«3620
« 1542
'+ 0608
<0601
0596
0588
«029%
#0293
+0291
<0288
«06bs
0636
«062]
+ 0600
#0220
+0219
.0217
<0214
.0178
0177
0176
0176
#0112
«011)
0112
«0111
0187
2L
<0184
+0132
1487
«1299
«1274
+1132
20086
«0045
+0065
«006S
<0166
«0lba
0162
#0159
«0Uus
0085
<0084
+008)
«0062
20062
«0062
0041

- 90 -

+0329
0326

«0318
0170
0169
<0168
0166
+Quae
+0084
+008)
0083

«H797
«t080
«5069
«%119
=1611
«11373
-3312
«1236
o0713)
#0722
«8706
«864)
« 8592
«85A%
«0S74
«9559

« 9040

«0005

Plo

4976
«Rb32
J 7568
« 65462
20624
+2557
« 2052
2320
oleld

20063
20042

<0011
«0011)

AML 1S ATMING EHRON [N #ILS QD 1S WANGE ESTIMATE ERHOR IN uILS

P1s

«9671
«3379
+B8801
« 7987
03665
3528
PRI
03269
e206)
2015
«197)
o912
1674
« 1655
«1625
«1585
026
07 .2
021V
+0225
“0l17
0117
0116
«0115
«0260
0256
0250
0281
+0uB7
«0uv87
«0086
+008S
0070
#0070
+0079
0069
+ 0045
«0045
« 0044
«0064
«0074
«0076
<0073
0072
<0616
#0578
<0524
«0%63
+0026
<0026
«N026
«y026
0066
+006S
+0064
«006)
«0034
«00J4
+00J)
«00133
20017
0017
0016
0016
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PPOMECTILE DESIGN (S Sap]
TARGFY WIDTH IS ,10000000€.02
TARGEY LENGTW IS ,10000000E+02

kL LY REWL P (2 L] (2] (4] rio LS
MI.00 - «0.00 ~0,0000 <9402 1.0000 1.0000 1.0000 1.0000 11,0000
2300,408 “0.00 ~0.0000 #5199 1,0000 1.0000 29745 v9993  1,0000
2389,40 =0.00 ~0.0000 +2805 1.0000 1.0000 8071 9628 9928
2389,40 =0.00 -0.0000 «169% «9991 1.0000 +86050 + 8439 9384
2309,40 ~0400 ~0.0000 1122 «9892 «99v9 0486 +696 «8324
230940 =¢.00 ~0.0000 «079% «9569 «9981 «J3389 «5629 7110
209,40 =0.00 ~0.0000 «0590 9009 « 9902 «262) 4557 » 5985
29,40 *0.00 =0.0000 + 0655 8297 «9710 «2078 037246 +5028
IS, A8 =0.,00 -0,0000 0362 » 7532 «9391 « 16142 «3080 o244
P2 A1) =0.00 =0.0000 20294 «6T81 « 8964 1380 2579 «J607
2M9,.40 =0.,00 =0.0000 0264 <0082 <8445 »1160 «2185 «2092
2309 .40 *=0.00 ~0.0000 0208 +5449 «7929 +09As 21871 2671
~619,0¢ =0.80 -0.0000 «5199 11,0000 1.6000 « 9745 «9993 1.0000
4619,00 ~0.00 =0,0000 + 1698 «9991 1.0000 +6049 <8439 «938)

[ =0.00 ~0.0000 «0794 <9569 «9981 «J388 «5629 7110

=0.00 =-0.0000 #0435 «8297 «9710 «2078 3724 «5028
=0.00 -0.0000 0294 <678} «8V64 1335 2579 «3007
=0.00 -0,0000 +0208 «5649 «TV29 «0984 +1871 «2671
«0.,00 -0,0000 «015] +4392 «$956 0732 1412 2042

8.00 =0.00 =0.0000 «0116 3578 «5876 <0566 1100 21606
9,00 «0.00 =0.0000 «0092 «2953 «5034 «0hS0 »0580 «1290
10,00 =0.00 -0.0000 0074 22669 «4328 «0366 0719