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ABSTRACT 

New and improved algorithms for computation in 
several fundamental polynomial operations are presented. 
The common bases for these algorithms are 
generalizations of the p-adic technique used in the 
constructive proof of the Hensel Lemma. Multivariate 
polynomial operations are stressed due to the special 
importance of the multivariate Hensel-type construction 
in replacing the modular evaluation-and-interpoiation 
technique under certain conditions. Due to the 
availability of numerous (not completely satisfactory) 
methods for the computation of polynomial greatest 
common divisors (GCD), the EZGCO Algorithm based on the 
Hensel construction is given special emphasis. An 
intuitive computing time analysis and many empirical 
experiments are made to compare the performance of this 
algorithm with two other major methods, especially the 
Modular GCD Algorithm. Both theoretically and by actual 
computing data, the new EZGCD Algorithm demonstrates 
promising efficiencies by taking advantage of the 
sparseness of multivariate polynomials. An intuitive 
and more "engineering" approach to computing time 
analysis also appears to give quite accurate predictions 
of actual run times for many practical problems. Dther 
applications of the Hensel-type constructions resulting 
in improved algorithms for computing polynomial 
factorizations, contents and primitive parts, and 
square-free decompositions are also described. 
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CHAPTER I. INTRODUCTION 

I - 1 Introduction 

With the development of modern computing machines, many 

numerical algorithms became pouerful tools used by an 

increasing number of people. Technical terms such as 

polynomial approximotion, evaluation and interpolation, and 

numerical quadratures became common words to almost anyone 

with a college mathematical background. A basic drawback in 

numerical methods lie in their painstaking concern for 

numerical errors, truncation and round-off, and the fact 

that in many cases, the resulting numbers do not provide 

enough information for interpreting physical phenomena or 

gaining significant insight. In such cases these methods 

have 'ailed, since as R. 14. Hamming said, "ihe purpose of 

computing is insight, not numbers". 

Research in the field of symbolic and algebraic 

manipulation was initiated over a decade age, based upon 

this spirit as well as the general perceived need. By 

dealing mainly with exact numbers, infinite precision 

integers and rational numbers, and algebraic expressions in 

terms of their symbolic representations, computers an now 

eliminate some of the sources of numerical error and aid 

scientists in performing many non-numeric computations. 

Hang software systems devoted to various classes of symbolic 

mm mm* ttmtä iBftillWiiim'WtmüBii 
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computations have been developed since 1968 or so. They 

have been used and tested in many different ways, but they 

do not have the wide acclaim that the numerical software rou- 

tines have achieved. Various arguments can be made to 

explain this - some symbolic packages are highly specialized 

and some systems are still in embryonic development stages. 

There is, however, one common reason for the lack of wide- 

spread usage for many of these systems: the rapid exhaustion 

of the allotted data storage spaces for symbolic expressions 

due to the growth of expressions during computations. This 

expression growth problem can be divided into two 

categories. One is the blowup of the resulting expression 

of a computation. A good example for that is the 

computation of the determinant of a matrix. The determinant 

of an n by n numerical matrix is still a number, but a 

determinant of symbolic matrix may contain n factorial 

terms. The other category is the blowup of intermediate 

expressions when the final result of the computation is 

quite small and manageable. For this, the problem of 

computing the greatest common divisor (GCD) demonstrates 

this phenomenon [KNU631. The GCO of two integers can be 

easily computed by the classical Euclidean algorithm, but 

the similar method for computing the GCD of two polynomials 

in just one variable over the integers can have enormous 

intermediate results even though the ectual GCO could simply 

jUtM^jMiMtaW ÜMMM ■MMliiiiiii nII in ii' nn «utii MInimtMlmlrrfiiiiWiil« 
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be 1 [KNUG9] [BR0711. When polynomials in several variables 

are involved the blowup may be even worse. Actually, the 

distinction between the two categories is not as clear cut 

as the above examples have made it appear. Uhen a 

computation involves many different steps, blowup of the 

first kind in any step can be considered in the second 

category, if only the final result of the entire computation 

is important. Thus any of these blowup problems will be 

referred to as the "expression growth" problem. 

The solution to this common problem in symbolic manipu- 

lation seems to lie in careful analysis of existing computa- 

tional algorithms and discoveries of more efficient new 

methods. (Although faster computers with more memory uill 

also help, of course.) Much recent research in symbolic 

manipulation has been directed toward algorithm analysis. 

Perhaps the most important and useful collection of papers 

on algorithms (and also systems) in symbolic manipulation up 

to 1971 is the "Proceedings of the Second Symposium on 

Symbolic and Algebraic Manipulation" [PET71). Many 

important surveys, tutorials, and current research papers in 

all areas of the field are presented. Since polynomial and 

rational function operations and simplification form the 

fundamental basis of any symbolic manipulation system, they 

represent a large portion of the papers on symbolic 

algorithms. Among these algorithms a noticeable common 

iaük. i^^w.^,..^.-. ..^......^„.....^.a^.^..^^ 
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theme is the use of modular ariihmetic and interpolation 

techiquas. At that time, tne common sentiment seemed to be 

a belief in the general applicability of the modular and 

evaluation mappings for many basic polynomial calculations. 

It is one of the major goals of this thesis to show hoM 

misleading this idea has been for several classes of 

problems, especially the computation of multivariate 

polynomial GCD's. 

Another major algorithmic advance in this field has 

been in the problem of polynomial factorization. Berlekamp 

[BERB7]. Zassenhaus [ZASG9], Husser mUS71], Uang, and 

Rothschild [U&R73] have been instrumental in making this 

advance. The essential innovation in accomplishing the task 

of factoring polynomials is another classical idea of p-adic 

constructions in the Hensel's Lemma [V0U49]. It turns out 

that this method is not only applicable to factorization but 

also to many other polynomial operations, especially GCD's. 

Ue are especially interested in the computation of GCD's 

since there are many known methods of performing this task 

and none seems satisfactory for a wide spectrum of practical 

problems. 

The use of Hensel-type construct itns in polynomial 

factorization was crucial because it is very uneconomical to 

perform many factorizations using the Berlekamp algorithm. 

The Hensel-type construction takes advantage of the special 

t^m MlllBiii^llillMliiilniiiiiMiilinlrniiiiitiln-iii-'"- " -" -'■ 
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structure of a singlB modular factorization and extends this 

modular image to a full factorization. As some of these 

Hensel-type algorithms were being developed, dissatisfaction 

with the computing times of polynomial GCD's using known 

algorithms was mounting. The modular GCD algorithm, which 

also uses modular and evaluation mappings similar to the 

factorization algorithms, was performing poorly for large 

class of practical problems run on the symbolic manipulation 

system MACSYNA [nAC73]. It was upon Hoses' suggestion that 

the similarities between the problems of factorization and 

GCD computation were studied and the Hensel-type 

constructions were tested for applications other than 

factorization. Not only were new algorithms discovered, in 

particular, major improvements of the Rothachi Id-Uang 

version of Hensel construction, but also methods of 

analyzing the algorithms were innovated. Previously, the 

analysis of many algorithms that has been geared excessively 

toward either idealized situations or worst-case situations. 

Ue will present a more intuitive approach of analyzing some 

of our main algorithms for cases which are too complex for 

step-by-step analysis. Besides, when we are dealing with 

multivariate polynomials, the basic operation for each step 

may be very different so as to make the detailed analysis 

misleading and polynomials are often sparse (most of the 

possible terms are zero) rather than dense so as to make 

«HMMMtfi^MMH •"- ■'"-•"■•■"liiMiilTir  n i ■ - ■- - ^^J************* 
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worst-caae analysis inoperativs. Ue will shou that our 

intuitive "engineering" approach actually produces timing 

formulae which will predict the computing costs to Mithin 

15% in most cases. 

Uith this brief description of the sequence of events 

leading to the current research, ue uill begin to present a 

more detailed overview of the thesis in the following 

section. An earlier version of some results in this thesis, 

in particular, those of Chapter III, arpears in Moses and 

Yun tn&Y73]. 

1-2 An Overview and Some Essential Concepts 

Ever since the publication of Euclid's algorithm in 

Book 7 of his Elements (380 B. C.) far computing the 

positive greatest common divisor of two given positive 

integers, its various generalizations for computing 

polynomial GCD's have been useful computational tools for 

centuries (as many number theorists and algebraists can well 

substantiate). However it was the onset of research in 

symbolic and algebraic manipulation that touched off 

numerous significant results on the theoretical and 

mathematical basis, algorithmic descriptions, and computer 

implementations of these irsthods. In particular. Brown's 

[BR0711, Collins' IC0L67], and Brown and Traub's [B4T713 

works provide a complete background as well as excellent 

tmmmm^ ———' iMMferitUHM^. 



technical material on this subject. 

For the computatir.i of univariate or multivariate 

polynomial GCD's OVP the domain of the integers or the 

rationals, the most popular computational methods are the 

Reduced or Subresultant PRS algorithms and the Modular 

algorithm. Ue uill briefly discuss these methods in this 

section uhich uill provide a basis for comparing analytical 

and computational results with those of the neu Hensel-type 

GCD algorithms uhich ue uill present later. 

In this section, ue uill give an overview of the mate- 

rial contained in this thesis. Our principal goal is to 

present several neu methods of performing some essential 

polynomial operations based on the Hensel-type construc- 

tions. One major application ?f the Hensel construction is 

the polynomial GCO computation uhich ue uill describe in 

detail in Chapter III. Other applications uill be presented 

in later chapters, but the analysis and empirical 

experiments uill concentrate on the Hensel constructions and 

GCD computations. The concept of these polynomial opera- 

tions can be easily extended to more general algebraic do- 

mains (as tlusser did in [MUS71]). But, in keeping uith the 

principles of symbolic manipulation uhere the stress is on 

exact arithmetic, ue uill b- dealing mainly uith polynomials 

over the integers, Z? the integers modulo q, Z/q,; or the 

rationals, Z/Z; in these domains many computational advar»— 

; 
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tages can be more easily demonstrated. 

Since polynomials are our main concerns, we first need 

some basic algebraic concepts about polynomials. Only the 

most essential algebraic notions will be defined here, 

others will be referred to the Appendix or texts on modern 

algebra such as Herstein [HERG4} or Birkoff and HacLane 

[BtflBBl. 

The domain of integers will be denoted by Z; the set of 

equivalence classes in Z with respect to a congruence 

relation mooulo some integer q by (Z/q); anJ the field of 

rational numbers by (1/1).    The ring of polynomials uith 

indeterminants x,y,...,z over a eosfficiant Joman J will bo 

denoted by J(x,y zl. Note that us can also write this 

polynomial ring as J* [x] where now J' denotes J[y zl. 

This conceptually forces all polynomials to be expressed 

with x as the main variable with coefficients in J'. 

J[x,y zl is an integral domain if J is [HER64, p. 1231. 

in most cases of the 'ol lowing chapters, ue will consider 

un i var i ate or mul tWariate po I ynom i a I doma i ns I tx] or 

Itx.y z] where I is often Z or Z/q and q is a prime 

power. Divisions of polynomials F-f x +...+f x+f 
m 1    i 

and G - g x + ... + g over a field to obtain the quotient 
n 8 

WMMriMmtfilMWUMMi   i'Miin iirrtii 
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m-n 
polynomial Q • q   x 

m-n 
+ ... + q is done as follous; 

8 

For k - m - n to k - 0, do q - f   g and 
k  n+k n 

f - f - q 9  . j - n+k-l k. Let J be a unique 
j   j   k j-k 

factorization domain (u.f.d.), then J[K] is also a u.f.d. 

whose units are units of J. The process of polynomial 

division with remainder cannot always be made in Jtxl, since 

the coefficient domain is not necessarily a field where 

exact division can always be carried out. However, the pro- 

cess of pseudo-division can always be carried out [KNU69]. 

Given F, G in J[x] unique pseudo-quotient Q - pquo(F G) and 

pseudo-remainder R - prem(F, G) can be found in J[x] such 

d+1 
that g  F - Q G + R and deg(R) < degIG) where g - lc(G), 

the leading coefficient of G, and d - deg(F) - deg(G), 

For non-zero F and G in J[x], F and G are said to be 

simjjar, denoted by F^ G, if there exist f, g in J 

such that f F - g G. Let F - F and F - G and assume 
1       2 

degtF) > deg(G), then a sequence of remainders F ,F ,...,F 
1 2    k 

can be generated by pseudo-division such that 

F r^i  prem(F  , F  ) for i - 3  k, and 
i       i-2  i-l 

prem(F  , F ) - 8. This is called the DO I unom i a I remainder 
k-1  k 

HMWliii IIIIII m li  -■   ^.^_^-^l-JIML^l-»J«^»^-M^.-^.JJ  
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sequence (PRS) tBRO/ll. 

Let G.'G„ G be elements of an integral domain. 
12    n 

Then D is the greatest cowwon diviBor (GCO) of G ,...,G iff 

1    n 

(1) D divides G ,G  and G . 
1 2        n 

(2) Every common dmsor of G .G  and G   also divides D. 
1   2 n 

(3) D is unit normal. In a u.f.d., there always exists a 

unique GCD for a given set of elements. If GCO of tuo 

elements F, G in the u.f.d. equals 1, gcd(F,G) - 1, then ue 

say that F and G are relativelu prime. A polynomial P in 

JW is BLimitive. if the GCO of al I its non-zero 

coefficients is 1. Each polynomial P in JM  has a unique 

representation of the form P - cont(P) pp{P). «here cont(P), 

csntsni of P. is the unit normal GCD of the non-zero 

coefficients of P and pp{P) - P/conUP) is the remaining 

primitive pjrt of P. 

The process of computing the PRS for two polynomials F 

and G in JW is a generalization of the classical Euclid's 

algorithm which constructs a integer remainder sequence 

(IRS) [KNUB9]. It is clear from the process of computing 

the PRS (or !RS) that 

gcd{F - F. F - G)~ gcd(F . F ) gcd(F  . F )^ F . 
12 2     3 k-1      k K 

Thus the method of PRS yields the desired GCO up so simila- 

ittiitii^mmmiummmmmm in niinHiiiMr- -' •-■ —^■■'"^■'-■rfili'Miiiiriiii rifiiMhBiiiitlilflli-iniiiiiiiiiTiiiiii 
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rity.    As pointed out by Broun [BR871I,  if F' and F'  are 
1 2 

non-zero polynomials in Jtxl with degtF') > degCF')  and U* 
1 2 

is their GCD,  then the PRS algorithm can be used to determine 

this GCD D* uniquely as follows: 

Let c    - cont(F'),  c   - conMF'), c - gcd(c ,c ), 
1 12 2 12 

F    - ppif). F    . pplF'),   and D - gcd(F ,F ).    If now 
112 2 12 

F .F  F is a resulting PRS, then it is clear that 
1 2    k 

D - pp(F ) and D' - c D. This is the so called EucIjdean 
k 

PRS a Iaor i thw [C0LB7] as it is the obvious generalization of 

Euclid's algorithm to polynomials over a u.f.d. which is not 

necessarily a field. 

Polynomial GCD computations basically rely on division 

or pseudo-division over a u.f.d. Thus the straight-forward 

generalization of the Euclid's algorithm for integers for 

computing the GCD of polynomials F and G over a field is 

simply: 

F-F. F-G, F--QF  +F  , deg(F ) < deg(F  ). 
1     2     i   i i-l   i-2    i      i-l 

"-3 k. For polynomials over a u.f.d., then, it is 

n&cessary \o  use the PRS generated by pseudo-division. So 

we use the following rule instead: 

Ö F - -Q F  +a F  , deg(F ) < deg(F  ), i-3 k. 
;  i    i  i-l   i  i-2     i       i-l 

----- ,- —1-^~' ^-^^■*«*kia*iMiii<Mi^^  ■...,. ...„„„.^.^^ 
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The a and 0 are particular chosen element'; of the coeffi- 
i    i 

cient u.f.d. and the specification of then determines the 

particular PR5 algorithm intended in the diecuesion. 

The a 'a are simp Ig the necessary multiplier of pseudo- 
i 

division. He brief Ig list several such PRS GCD algorithms 

according to the choices of ß 's. (For More detailed dis- 
i 

cuss ions of these algorithms, see [BR071].) 

(a) The Euclidian PRS Algorithm: /3 -1,1-3 k. 
i 

(b) The Primitive PRS Algorithm« 

ß   - conUpretnlF      ,F      )), so that F   - pp(prem(F      ,F      )), 
i i-1    i-? i 1-1    i-2 

i-3 k. 

(c) Collins' Reduced PRS Algorithm: 

ß ■ I, (9 -a  . i-4,...,k. 
3     i   i-1 

(d) The Subresultant PRS Algorithm: 

6+1 r 
1 0--2 

ß   - (-1)       , ß   - -f       ^      ,  ;-4 k   Hhere 
3 i i-2    i 

d    - deg(F ), £    - d   - d     .  f   « lc(F ),  1-1 k and 
i i        i        i        1+11 1 

5        1-^ 
i-3 i-3 

v^   - -1, ^   - (-f     ) ^ ,  i-4,...,k. 
3 i i-2 i-1 

MWttüMMMMMHMIMflUHMHiMlik   u^j^Kn.Ktii ...ivj^H 
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Among the above algorithms, the Euclidean PR3 Algorithm 

suffers from coefficient growth due to the use of the pseudo- 

division multiplier. This expression explosion can some- 

times, especially for multivariate polynomials whore the 

multiplier is polynomial, be so big as to make the GCD 

computation prohibitively expensive. The Primitive PRS 

Algorithms requires a content computation at each step 

of the algorithm which may take a significant part of the 

total computing time, especially in multivanate cases again. 

Both the Reduced and the Subresultant PRS Algorithms 

are designed to avoid this content operation. As pointed 

out by Brown [BR071] even though there is a trade-off be- 

tween the coat of computing the content at each step and the 

advantage of having possibly smaller coefficients to work 

with, in most cases the compensation is very little. 

The Subresultant PRS Algorithm is a further improvement of 

the Reduced PRS Algorithm in that it even avoids gross inef- 

ficiencies when the PRS is abnormal (when in a PRS F   
1 

F , there is some i > 1, deg(F ) - deg(F  ) > 1). 
k i       i+1 

As an illustration of the severity of the growth of 

the coefficients in the PRS, let us consider univariate 

polynomials where N bounds the absolute magnitude of the 

coefficients in F and F . Let N*«a bound the coefficients 
1    2        j 

■JMMaM—i II II   II MlfHin xMu^at^MMSHMiltaaaMMak •■    •      ^■^.:v~-;-^tt.^ .~.*..t>*.Mil*~-.~M*^- 
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of F . Then, for the Euclidean PRS Algorithm uith a normal 

j 

PRS, we have a>2a  +a  as a recurrence relation for 

j    j-l   J-2 

the sequence la I. Thus a  /a —> 2.414 as j becoRes 

j       j+l j 

large. Therefore, if deg(F ) - n + 1 and deg(F ) - n, then 
1 2 

the coefficient growth in the PRS is like N«*(2.414«*n) 

which is an exponential growth in the number of digits of 

the coefficients. For Collins' Reduced PRS GCO Algorithm 

uith normal PRS, Knuth [KNU69] shows that the coefficient 

2n+l 
growth is proportional to N   which is only a linear 

growth in the number of digits. Nevertheless, the j^owth is 

still very large (see [KNU69] and IBR0711 for some exam- 

ple?), i,specially when the GCO itself is relatively small, 

say 1. 

Ue now turn our attention to an algorithm which clearly 

avoids this basic difficulty - the flodular GCO Algorithm. 

The Modular GCD Algorithm, as well as many other modu- 

lar algorithms, basically relies on two common forms of alge- 

braic homomorphisms: 

(1) The modular homomorphism, for integers modulo a prime p. 

(a) Computing a homomorphic image - getting the residue 

of an integer modulo p. 

(b) inverting the mapping - applying the Chinese Re- 

   - - ri lr.^.-.-^ —.  - .  •-— - .^.-..a^M-^a^-^i-».-^..^ ^^^..-.....^ .,,,.- ■            -■ ■ ;.'■--...-. . ^.■,-^.......-,.Jt.i-UJ*l 
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mainder Theorem (Garner's rule) to the residues 

w.r.t. (with respect to) different primes. 

(2) The ev_aJualion hoaiomorphism, for polynomials in x 

modulo x-b. 

(a) Computing a homomorphic image - evaluating the 

polynomial at a point b. 

(b) Inverting the mapping - interpolating a polynomial 

from its values at different points. 

Here, we Mill say that the prime, p, or the evaluation 

value, b, is lucky for a given polynomial if the homomorphic 

images of two distinct divisors of the given polynomial do 

not become identical in the image domain. (See also [BR071]) 

The modular GCO Algorithm basically applies the 

fundamental concepts of these two homoworphisms on the 

integral coefficients and recurses on each of the variables 

in the given polynomials. Without going into the details of 

the Modular Algorithm (for that see tBR071]), ue list the 

steps of a general modular algorithm uhich is used for each 

variable and the integral coefficients: 

(1) Estimate the number of homomorphic images required. 

(2) Compute a neu homomorphic image. 

(3) Solve the problem in the image domain. 

(4) Apply the inverse-mapping algorithm to include this new 

information. 

(5) Test if sufficient number of image solutions have been 

■uaHiMUk   "^•":j"--'L  ~~~-*~~L-......k-~*t ■ 
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computed. If not go back to (2). If so, verify the 

current result and exit with it if correct. 

Brown 13R071) performed a •worst case" coaputing time 

analysis which indicated that the Modular GCD Algorithm 

would outperform the Subresultant Algorithm for sufficiently 

large problems.  (Here, "large" often means dense or nearly 

dense polynomials of high degree in many variables.) 

Collins [C0L711 presented a similar timing analysis and gave 

some empirical computing results which demonstrated the 

superiority of the flodular polynomial resultant algorithm to 

the Reduced PRS resultant algorithm. 

Practical experiences with the flodular GCD and 

resultant algorithms have shown that in some cases these 

algorithms take a disastrously long time, often much longer 

than the comparable Reduced PRS algorithms. The reason for 

this is that the flodular algorithms are geared to the 

"uorst" cases and are remarkably insensitive to the 

sparseness of the polynomial inputs and outputs. To 

illustrate this insensitivity, we give a simple case which 

should be familiar to anyone with some background in 

numerical analysis. Any interpolation technique used to 

compute the polynomial x*«29 + 1 requires 21 values of this 

polynomial at 21 distinct points, even though there are only 

tuo terms in the polynomial. Thus a modular algorithm which 

inherently assumes denseness of the polynomials might be 

M^MaMMM _. —  
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inferior to a non-modular one, if the solution by the 

e/a I uat ion-Interpol at ion process is in fact x«*20 + 1. A 

completely dense polynomial in v variables of degree d in 

each has (d + Dmcv terms. This number is an exponential 

function of the number of variables. 

If the GCD of two polynomials is a multivariate polyno- 

mial in v variables of degree d each, then the number of 

evaluations and interpolations performed by the Modular GCD 

Algorithm is at least (d + l)**v, regardless of the number 

of terms in the original polynomials and in the GCD. Thus 

18  18       16 
if the GCD of two polynomials is x  + x  ■«■...-«■ x 

1   2        18 

(e.g. P - this polynomial and Q - x P), the Modular 

Algorithm uould take days or weeks to compute it on existing 

machines. On the other hand, the Reduced PRS GCD algorithm 

might take less than a second of computing time. 

The Modular algorithm performs at its best uhen the 

original polynomials are univariate or uhen the resulting 

GCD is 1, since this case involves feu evaluations and 

univariate modular GCD calculations and no interpolation. 

The Reduced or Subresultant Algorithms are at their best 

uhen the input polynomials are very small (e.g. polynomials 

of degree 2 or less in each variable) since they require 

little overhead, or uhen the GCD is almost as large as the 

original polynomials (as is the case for P and Q defined 

  «u MÜMHMMtttfM _^ ^■^^.■..■^■■.■^^■.^^..„■.^^^„^^IJMUJ.,.   ...:1--.1^..I..V. 
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above). This is the case when the number of poiynonia! 

remaindering operations required to obtain the GCD is small, 

say 1. The Floo^iar algorithm degrades as an exponential 

function of the number of variables and the logarithm of 

their degrees in the GCD. The Reduced or subraeultant 

algorithms degrade quite rapidly, though the analysis here 

is not nearly as complete or elsgant. The degradation is 

roughly a exponentially grouing function of the length of 

the polynomial remainder sequence {[BR071], [C0L67]) 

required to obtain the GCD. For these two algorithms, small 

ansuers (e.g. 1) require the most uork. 

According to Broun*s analysis, the computing time for 

the Reduced PRS GCO Algorithm is proportional to 

2 
2     4v 2v  v 

L (d + 1)  2  3  where L is the maximum integer length 

of the coefficients and d is the maximum degree in all v 

variables.  The computing time for the Modular GCO Algorithm 

2     v        v+1 
is proportional to L Id + 1) + L (d + 1)  . Comparing 

these computing times, ue can see the important feature of 

the Modular algorithm. That is, as the number of terms in 

tie two input polynomials grous touard the exponential num- 

ber of terms in a dense polynomial, the Modular algorithm 

can obtain the answer much faster than the Reduced algorithm 

and even faster than a standard multiplication or division 

^. i   - -■'  : Li ■ ^ " - "^  ■ ■■---  
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of the two polynoBilala which would require on the order of 

2v 
(d -f- 1)  steps. In practice, however, one is hardly likely 

to ever confront polynomials so large and dense that their 

mul tipl icaticn will be slower than their GCD calculations by 

the Modular algorithm. To offset this potential advantage 

of the Modular algorithms is the fact, already noted, that 

they are insensitive to the possibility of sparseness in the 

original polynomials and the results. Polynomials in many 

variables of high degree are invariably sparse in practice, 

and in fact, exceedingly sparse. Furthermore, if one is 

going to deal with truly gigantic polynomials then there 

exist "fast" polynomial multiplication algorithms IB0N73] 

which would lower the cost of polynomial multiplication (and 

division) to a level which is close to that of the Modular 

algorithm. This would improve the computation cost for any 

algorithm requiring multivariate multiplication and division 

in the dense cases. 

Since not ens of these algorithms performs well on the 

whole spectrum of input polynomials, there is much room for 

improvement. The EZGCD (Extended Zassenhaus GCD) Algorithm 

presented later appears to outperh.-m the Modular GCD 

Algorithm in most practical situations. It Mill not 

outperform the Reduced or Subresultant Algorithms in those 

situations when these algorithms are at their best. It 

1 
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does, however, give a much better accounting of itself in 

such cases than the Modular algorithm would. 

As uill be seen, situations which nag present some 

difficulty to the EZGCD algorithm are those where the GCO is 

not relatively prime to either of the co-divisors (or 

cofactors, i.e. the quotients of original polynomials by the 

GCO) of the input polynomials. Then the EZGCD algorithm 

will resort to 3 variant of a square-free decomposition of 

the input polynomial. Additional difficulties arise when no 

variable has a constant leading coefficient in either of the 

input polynomials. And the most serious difficulty will be 

cases where no variable can have zero as an evaluation 

point. 

The essential difference between the EZGCO algorithm 

and the Modular GCD algorithm is in the treatment of the 

mul tivariate case. Uhen the Modular algorithm is at its 

best (univariate, small GCD, or dense inputs and outputs), 

the performance will usually be comparable. 

As we mentioned before, the new methods for computing 

polynomial GCO and performing several other polynomial 

operations are based upon the Hensel-type constructions. It 

turns out that these Hensel-type methods are closely 

analogous to the evaluation-Interpol at ion methods of 

numerical analysis and the above described modular methods. 

As numerical analysis draws from the mathematical field of 

mm ■ ■^^W^aU^^...^.^..,.^.-...^..-^..   .■    ......   .^.....^*.^_^.<_._  ;■   ....   ....   .  ^■■^■■^^W.-..- ftirtiHittlkn T    -n fi  a . ■     .■   ■ . > ■.^■bJ.A.^«.:^;. 
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real  and complex analysis for its computational methods and 

theoretical  supports,  it appears that symbolic manipulations 

new insights from modern algebra,  in particular,  the studies 

of geometric behavior of polynomials - algebraic geometry. 

The classical Hensel's Lemma has its fundamental 

importance in the studies of p-adic analysis and valuation 

theory.    The use of this constructive method in the problem 

of polynomial  factorization was first suggested by H. 

Zassenhaus  [ZAS69].    Musser  [HUS71] presented this method 

and the Zassenhaus' quadratic extension technique as 

algorithms for extending factorizations of polynomials in 

general algebraic domains.   Some computational 

inefficiencies result from considerations in such a general 

context especially for multivariate polynomials over the 

integers,    A general iza it ion of the Hensel algorithm based on 

the constructive proof of the Hensel's reducibility 

criterion  (VDU49] uas devised by Wang and Rothschild (U«R73] 

in the context of factoring multivariate polynomials.    A 

(v+1)-variable polynomial can be considered as a generalized 

Taylor series,  as wt; uill see shortly.    The generalized 

Hensel  construction is devised to recover the codivisors of 

a given polynomial   in the generalized Taylor series form 

with one main variable and a v-dimensional coefficient 

space.    This is a distinct point of vieu from the original 

Uang and Rothschild version and our discussions of the 

:~"-- "'"- "'-■'"•■■-■  iiiiii#l>M*MiMlMiililiiliMMiter¥iiirn^  '■■- •"-■xi 
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generalized Hensel construction will be presented from this 

neu and different standpoint which will provg to be very 

beneficial. 

The method essentially amounts to rediscovering the 

generalized Taylor series forms of the divisors term by term 

from their linearly independent "values" in the univariate 

polynomial space and the original polynomial. Such a 

process is quite a familiar one to many algebraic geometers 

as we discovered in the course of our work. The 

"evaluation" stage is known as the "specialization" process 

and the reconstructici method is often called the 

"deformation" process (one probable reason for calling it 

such is because the polynomial and its factors are now 

transformed to Taylor series forms corresponding to the 

specific chosen values, hence deformed to a space with a neu 

origin).  Interestingly the entire process of specializa'.ion 

and deformation is Known as the "Newton's method". As we 

will see later, the parallelism between the evaluation- 

interpolation method and this specialization-deforiüation 

Newton's method is quite striking. However, we should nole 

that the role of Hensel's Hemma in algebraic geometry was 

pointed out to us very late in our research. 

Let us first get a good conceptual understanding of the 

generalized Taylor series representation of multivan late 
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polynomials.    For a multivariate polynomial mth integral 

coefficients, P(x,y y )   in Z(x,y y 1,  and for a 
1 v 1 v 

given set of integers b - (b ,...,b ), we denote 
1    v 

P(x.y -b y -b ) or PCx.b b ) by P M.    Ue uill 
11 v   v 1 v b 

also write P in a general Taylor series form 

P(x,y y ) - P(x,b b ) 
1    v      1    v 

V—p M lu b ) 
i    i   i 

-1 

(a Ii terms of degree 
1 in some y) 

v  v 

il I terms of 
total degree 

i-1 j-1 2 in the y's) 

+/  2. JP    (><) (y -b) (y -b '       Ja' 
'.j    '  •  j  j    tc 

V   V   V 

p   (x) (y - b ) (y - b ) (y - b ) 
i.j.k    i   i   j   j   k   K 

i-1 j-1 k-1 

+ ... 

This series is finite and unique for a given set of b's, 

since Pisa polynomial. Ue let 

O) 
P      (x,y y ) - P(x,b ,...,b ) - P (x) and 

1 v 1 v b 
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In) 
P  (x,y ,...,y ) E p       (x) 

Z-^    i  i 
i ....,1 »1   1      R 
1     * 

(y  - b ) 
i   I 

j"l   j   j 

Then P(x,y y ) - >  P  (x,y y ), for 
1    v  Z-^      1    v 

some 

M-e 

positive integer n. If ue define "In" to be a typical index 

(n) 
set (i  i J in P  where for ; - 1,2 m, i  is in 

1     tn j 

'1.2 vl  and "fliiily y )" to be the wonowial of the 
1 v 

(y  - b Ts indexed by IM, flmfy y ) --|—r(y  - b ), 
'    • 1    v   I  I  i    i 

j    j j-l   j    j 

then P   - > p (x) tlinly ,...,y ) and 
^—' Im 
Im 

1 

P(><.y y ' ->  > \    (x) nm(y u ). The finite 
1    v S   4{   j  Im     1    v 

m-8 Im 

degree bound n is determined by n - max td where td is the 
i   i      i 

term ctearee of the i|h term in the complete expansion of P, 

that is the sum of the degrees of the non-main variables 

y y in the ith term. 
1    v 
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For S ■ (y -b y -b I, we can extend the notion of 
11    v v 

modular congruence to multivariate polynomials uith respect 

to a set of  integers b.    Thus P (mod S) ui 11  simply be P  (x), 
b 

i.e. dropping all terms in the Taylor series form of P which 

2   (8)   (1) 
contain any element of Sj P (mod S ) - P  + P  i and, in 

«-1 
m     ^-^    (i) 

general, P  (mod S )  - >     P      (x,y y ).    Therefore,  due 

i-e 
1 

n+1 
to the finitenes.i of the series form of P, P (mod S     )   is 

simpiy P written in the general Taylor series form with res- 

pect to b,  so that  it  is equal  to P independent of any chosen 

b.    For J - Z  [y ,...,y ] or  (Z/q)   [y y ],   it  is a 
1 v 1 v 

direct extension of previous notation to denote the space 

m    tn 
of all polynomials modulo S by J/S . As an example of such 

a generalized Taylor series representation, we take a tri- 

variate polynomial 

2   2 2      2 2 
P(x,y  ,y)-y    x    +(-y    y    -y    y    +y    y    +y    +2y)x 

12 1 12       12       12       1 1 

3       3       2 
+ y  y  -y   -y  y  -y  y  +2y,and 

12       2       12       12 2 

b -   (b ,  b I   -  (1, 81.    Then P (x) - x   + 3 x, 
1     2 b 
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and in the Taylor series form, which is typically obtained 

by a Hensel-type construction, 

(1)        (2)        (3)        (4) 
PU.y ,y)-P(x)+P       +P       +P       +P       where 

1    2 b 

(1) 2 
P      (x.y .y )  - (2 x   - 3 x)   (y   - 1) + 8 (y   - 8). 

12 12 

(2) 2 2 
P      (x.y .y )  -  (x   + 1)   (y   - 1)    ■•■ (-x - 3)   (y   - 1) y 

12 1 12 

2 
+ (-x) y , 

2 

(3) 2 2 
P      (x.y .y )  - (-x - 1)   (y   - 1)    y   + (-x)   (y   - 1) y , 

12 12 12 

(4) 3 
P      (x.y .y )  - 1  (y   - 1) y . 

12 1 2 

Clearly the term degree bound, n, is 4 for this P. 

S » ly - 1. y ) and, for instance, 
1     2 

2    (8)   (1)   2 2 
P (mod S ) - P   + P   - (x + 3x) + (2 x - 3x) (y - 1). 

1 

The above concepts and notations will be of crucial 

importance to our discussion of the various Hensel 

constructions in Chapter H. There, us HI 11 present, first, 

Hensel's Lemma itself, then the quadratic extension method 

due to Zassenhaus for the univariate polynomials. Section 

11-4 contains the detailed descriptions of the multivariate 

ita*»^. —■ -- tMiiiii«iin^««<r[ilniiiiiiiir- - ■ ■ ■■■■'■•■«iiiliflllliiil*lilMMiiilllliiimiiiii*■ i  ■    ■ ̂i-.-v..!..,^.!.,  ,.,_ ..   ., :. iju . , t. ,  
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Hensel construction - the Genoralized Hensel Algorithm. 

Finally, in Section II-5, we discuss the uses of these 

Hensel constructions over the domain of integers which leads 

naturally to a discussion of the difficulty and solution of 

the non-trivial leading coefficient problem in this case. 

Some simple but comprehensive examples are carried out to 

help give a clearer understanding of these constructive 

methods which form the foundation of all the new algorithms 

presented later. 

Chapter III contains the new algorithms for computing 

univariate or multivariate polynomial GCD's using the Hensel 

constructions. He  will emphasize the multivariate 

algorithm, EZGCD, since it provides an efficient method for 

the large class of intermediate-sized problems. The general 

set-up of the new method of calculating GCD's and the 

fundamental theorems proving the validity of this method 

will be presented for the multivariate case only, since the 

univariate case obeys the same rules. In Section 111-3, we 

present the UNIGCD Algorithm which uses the Zassenhaus* 

Quadratic Extension Algorithm to compute univariate GCD's. 

Then the main application of the Hensel construction in this 

thesis - EZGCD Algorithm, is finally discussed in full 

detail in Section 111-4. The solution to the non-trivial 

leading coefficient problem for the computation of GCD's 

also appear? in detail in this section. 
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The timing analysis of many algorithms in Chapters II 

and III are collected in Chapter IV. Ue analyze the 

computing costs of the Hensel-type algorithms, argue the 

case for our more intuitive timing formula for the 

multivariate Hensel construction. Then the computing cost 

of the EZGCD Algorithm is derived and it is shown that the 

dominating cost here is in the Hensel construction. These 

derived computing time formulas are verified by timing many 

cases of GCD computations. These empirical results strongly 

suggest the validity of the derived formulas since the 

actual ctmputing times ordinarily correspond to the formula 

predictions to within ISX and frequently much closer. 

The next three chapters contain three other useful 

applications of the Hensel constructions in algebraic 

computations. Again we concentrate on the multivariate 

cases , since the univariate cases are much less complex so 

that they can essentially be considered special cases of the 

multivariate methods. 

Chapter V outlines the polynomial factorization 

algorithms using the Zassenhaus' Quadratic Extension 

algorithm in the univariate case and a new and more 

efficient multiple factor generalized Hensel construction 

for the multivariate case. Chapter VI shows how we can take 

advantage of the univariate images of the codivisors of one 

of several given polynomials and apply the Hensel 

'-"-——^■il-k*^*,**,*~— ■■-   -  ■■..-J..—».^—»-^y—„^ . •--■"■'""-'WiJttanitlrimii 



mmmmmmm mm» 

35 

construction only once. Thus, polynomial contents and 

primitive parts or the GCO of more than two polynomials can 

be computed in a semi-parallel way. In Chapter VH, ue 

point out some of the nefficiencies in the known methods of 

computing square-free decompositions of multivariate 

polynomials. Then we will generalize a method already 

introduced as the special case algorithm for EZGCO, and get 

still another application of the Hensel construction in a 

new square-free decomposition algorithm - EZSQFR. 

Finally, in Chapter VIII we summarize this research, 

point out several more potential applications of the Hensel- 

type constructions, and indicate some open research problems 

of interest in this direction. 
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37 

CHAPTER II. THE HENSEL ALGORITHMS 

11 - 1 Introduction 

In this chapter, us will discuss the Menge I-type algo- 

rithms for polynomials over Z, or Z/q in particular those 

where computational advantages can be most easily demon 

strated. Because of the importance of these Hensel construc- 

tions for the discussion of all the other material in the 

following chapters, some intuitive feeling as well as a 

conceptual grasp of these methods is imperative. To aid in 

achieving this understanding, we will intersperse numerous 

examples among the discussions. Also, for theoretical and 

pedagogical purpose*, we compare the algorithms with a 

purely integral version. Analyses of these Hensei-type algo- 

rithms will be done in Chapter IV, nhere we uiII also 

present some empirical results to justify our arguments and 

the computing time formulas. 

II - 2 Two Basic Supporting Algorithms 

Lemma II-2.1: Let F(x) and G(x) be in (Z/p)[x] where p 

is a prime in Z. If gcd(F,G) i Dlx) (mod p), then there 

exist unique (up to units) A(x) and B(x) in (Z/p) tx] sucn 

that A(x) F(x) + B(x) G(x) -DU) (mod p) where 

deg(A) < deg(G) - deg(D) and deg(B) < deg(F) - deg(O). 

Proof: (Z/p) [x] is an Euclidean ring, so that the 

Preceding page blank 
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Extended Euclidean algorithm applies. A version of this 

algorithm for the domain of integers is presented bg Knuth 

(KNU69] and can easily be generalized for (Z/p)[x]. 

Assume there exist A' and B* in (Z/p)tx] such that 

A'F +0*0-0 (mod p) and 

degM') < deg(G) - deg(D). deg(B') < deg(F) - deg(D). Then 

(A - AM (F/D) - (B* - B) (G/D).. Since (F/D) and (G/D) are 

relatively prime, (F/0) divides B - B'. But 

deg(B - B') < deg(F) - deg(D), thus B - B' ;; 8 or B - B'. 

Simi iarly A - A'. The A and B so found by the Extended 

Euclidean algorithm must then be unique in (Z/p)tx]. // 

Example 11-2.la: As a simple example, let F(x) - x, 

G(x) - x + 3, and p - 7 then clearly (-1) x + 1 (x + 3) - 3 

or 2 x + (-2) (x + 3) i 1 (mod 7) so that A - 2, B - -2, 

and D - 1. 

Cordlary 11-2.1: If p in the above lemma is not a 

prime, but all prime divisors or p are "lucky" (see [BR071] 

or Section IV - 2), then the conclusions of the above lemma 

sti1! hold. 

Proof: Since p is lucky, the Extended Euclidean 

algorithm still applies (refer to Theorem 1 of [BR071)). It 

is also clear that the proof for uniqueness of A and B 

holds. // 

Since (Z/p)Ix) is a Euclidean ring, regular division 

***** "-"'•'-         ■■ — ■   ■J TMrMiiiin 
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of polynomials uith remainder can be carried out.    Given 

polynomials F   - F and F   - G in (Z/p)[x],  the PRS, 
1 2 

F ,l: ,...,F   can be found turiether with the quotients Q 
12k 1 

such that F       - Q   F + F ,   i - 3 k.    Then 
i-2        i    i-1 i 

0(x) - F (x) and A(x), B(x) are constructed from the Q(x)'8 
k 

as specified in the Extended Euclidean algorithm. Ue 

present a tabulated version of this algorithm to ma..a the 

algorithm easier to understand. 

Alqori thm 11-2.1: 

Input; F and G in (Z/p)[x]. 

Output; A, B, and 0 in (Z/p)[x] such that 

A F + B G - 0 (mod p) 
■ 

Q Q • ■ • Q • • • Q 
3 4 i k 

1 e A 
3 

A 
4 

• t • A 
i 

• • i A 
k 

e i B 
3 

B 
4 

• • • B • • • B 
k 

F F • • • F • • • F 
3 4 i k 

A - 1, A « 0, B - 0. B - 1. and A - A  - Q A 
12    12       i   i-2   i i-1 

B - B  -QB  ,i-3,...,k. That is, as ue compute Q 
i   i-2   i i-1 i 

and F by the division algorithm, ue can fill in the values 
i 

MM  , X        ... 
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of A    and B   by subtracting the product of  the current quo- 

tient and the previous A or B from the one A or B before. 

Finally A - A , B «9 , and D - F   uhere 
k k k 

A F + B G e D (mod p). 

Example 11-2. lb:    Let F(x) - x   +2, 

G(x) - x ■«■ 2 x - 2, and p - 5. By division, ue get 

F - Q G + F - (x - 2) G + (x - 2) and 
3 3 

G-Q F +F -(x-l)F +1. Thus the tabulated solu- 
4 3   4        3 

tions are as follous: 

x-2 x-1 

1 8 1 -x+1 

8 1 -x+2 
2 

x +2x-2 

x-2 1 

So A » -x + 1, B - x +2x-2, andD-l. It is easy to 

verify this result, and clearly A F + B G ^ D (mod p) with 

degCA) - 1 < deg(G) - 2. 

Remark: By the Corollary, p may be a composite integer 

and the algorithm uill still be valid so long as lc(F) and 

lc(G) are uni ts in (Z/p). 

Lemma II-2.2: For non-zero F(x) and G(x) in (Z/pHxl, 

and any H(x) such that gcd(F,G) - D(x) which divides H(x) 

mm ^^^^.^ täa*tü^*jji^^^...^^.^J.^^j^1j..^...-L^^.^^  .. .....j 
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(mod p), there exist unique A(x) and B(x) in (Z/p)[xl such 

that A F + B G - H (mod p) uhere deg(A) < deg(G) - deg(O). 

Proof: By Lemma II-2.1, ue can find A', B' in (Z/p) [x] 

such that A' F + B* G £ 0 ("nod p) uhere 

deg(A,) < deg(G) - deg(D), deg^') < deg(F) - deg(D). 

Let C(x) - H(x)/D(x). then (C AM F + (C BM G • H (mod p) 

or (C A') (F/D) + (C B*) (G/D) ^ C (mod p). Apply the 

division algorithm to C A' and G/D so that 

C A' - Q (G/D) + R uhere deg(R) < deg(G) - deg(D). Let 

A - R and B - C B' +0 (F/0). Then A (F/D) + B (G/D) - C or 

A F + B G ^ H (mod p). Assume there also exist A"(x) 

and B"(x) in (Z/p) tx] satisfying A" F + B" G ^ H (mod p) 

and the degree constraints. Then 

(A - A") (F/D) -  (B" - B) (G/D) (mod p) .... (Eq. 11-2.2). 

F/D and G/D are relatively prime, so (G/D) must divide 

(A - A") (mod p). But deg(A - A") < deg(G) - deg(D), there 

fore, A - A" - 8 (mod p) or A » A" (mod pi. Hence, from 

(Eq. 11-2.2), B i B" (mod p), since G/D is non-zero. 

Therefore, the A and B so found must be unique in (Z/P) lx]. 

// 

Example 11-2.2a!    Continuing from Example II-2.1a, assume 

2 
H(x)  - x ,   then following the notations in the proof of 

2 
Lemma 11-2.2 C(x)  - H/D - x , since D - 1, A* - 2,  and 

iSUniUtiati****-*....*.^..,^,.^:,. Jt,..,1„,..^...-,.1iJ,..,..  
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B' - -2. C A' - 2 x - Q G + R uhere Q - 2 x + 1, R - -3. 

Thus A - -3. B - C B' + Q F - x, and 

2 
AF + BG»-3x + x (x + 3)-x where deg(A) < deg(G). 

it is quite obvious here that AH F + B" G - H with 

A" - x and B" - 0 also solves the equation. But then the 

condition deg(An) < deg(G) is not satisfied. In fact, 

x - Q" G + R" with Q" - 1 and R" - 3. Using the same 

technique, we can get R" F + (Q" F + B") G - H where 

Q" F + B" » x and that is the same solution as the above A 

and B. This is a simple example showing that the 

equation A F + B G - H has many solutions but division 

by G (or F) can be used to obtain a unique solution. 

Coro11ary 11-2.2: If H(x) in Lemma 11-2.2 satisfies 

the degree constraint deg(H) < deglF) + deg(G) - deg(D), 

then B(x) satisfies a degree constraint similar to that for 

A(x), deg(B) < deg(F) - degiD). 

Proof: As in the proof of Lemma, B - C B' + Q (F/D) 

satisfies A F + B G » H (mod p), thus 

deg(B) < deg(H - A F) - deg(G) < deg(F) - deg(D). // 

Example 11-2.2b: Continue from Example 11-2.lbt we 

4   3    2 
assume H(x) -2x +x +2x +x + 2, then fol lowing the 

proof of Lemma 11-2.2 and using the results of Example 

11-2.lb, C(x) - H(x)  since 0 - 1, A* - -x + 1, and 

B,JL*-*i~ll.'.l.i-..   -.   ;~.:,-Ji.;i.-..'.^Tii|,'Jjfi'J 
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2 3 
B' - « -f-Zx-Z. CA'-QG + R where Q - -2 x + 1 and 

R-2x-l. SoA-R-2x-l, B-CB* +QF-2x-2, 

and A F + B G » H where deg(A) < deg(G), and since 

deg(H) < deg(F) + deg(G), also deg(B) < deg(H). This result 

Ulli be used in Example II-3.1 in the next section. 

Remark; In Lemma or Corollary 11-2.2, if p is not a 

prime but lc(G) is a unit in lip,  then the conclusions still 

hold. 

Example II-2.2c: In this example, p is not a prime, but 

computations similar to the above example can still be 

carried out. (The results of this example will later be 

used in Example 11-3.2.) Assume we have 

2 2 
A' - -x - 9, B* - x - 3 x + 3, F - x + 10 x - 8, 

2 
G - x - 12 x + 7, and p - 25, then A' F + B' G - 1 (mod p). 

Clearly lc(G) - 1 is a unit in (Z/25). Let 

3     2 
H(K) - -x - 11 x - G x - 7 in (Z/25) Ixl be given and we 

wünt to find A(x), B(x) in (Z/25)[x] such that 

A F + B G - H (mod 25). Since C(x) - H/D - H and 

lc(G) - 1, the division algorithm can be carried out to 

2 
compute C A' - Q G + R ^here Q-x +8x-9andR-8. 

Thus A - 0, B - C B' + Q F - -x + 1, and we get 

AF + BG^Huith them.    Therefore, when p is not a prime 

— —-—— -— 'mutmiim^^i 
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but lc(G) is a unit in (Z/p), the process rewains the same so 

long as the division algorithm can be carried out. 

The algorithm for achieving the goals set in Lemma II- 

2.2 is similar to Algorithm 2.7S (Solution of a polynomial 

equation) of Dusser [flUS?!], except ours caa be used for 

general right-hand-sides other than 1. 

Algorithm 11-2.2: 

lnp_ut: F. G, A'. B*. D. and H in (Z/p) M such that 

A' F + B' G - 0 and 0 divides H or C - H/D is in (Z/p) M. 

Output; Unique A and B in (Z/p) IK] such that A F + B G - H 

where d'q(A) < deg(G) - deg(D). 

(If deg.H) < deg(F) + deg(G) - deg(O), then also 

deg(B) < deg(F) - deg(O).) 

(1) Set A <-- A' C. If D ^ 1, set F <-- F/n, G <-- G/D. 

(2) Apply mod p division algorithm to compute Q and R such 

that A - Q G + R, deg(R) < deg(G). 

(3) Return A <- R and B <-- C B* + Q F (mod p). 

11-3 Hensel's Lemma - The Univariate Case 

Ue will now present the Hensel Lemma for extending a 

k 

factorization modulo p to a factorization modulo p for any 

k > 1. The presentation is essentially based on that of 

Van der Uaerden [VDU491. This Lemma provides the founda- 

tion of most other algorithms we will discuss later. The 

........—^^■^■^■■^^■^^,..-. ■ -.^^^^^^^^ 
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proof of the Lemma is constructive, but ue Mill still 

formalize it into an algorithm. The reason for that is 

because it is very important to get a firm grasp of the 

underlying ideas of this Lemma. Ue will not use the 

construction of the proof of the Lemma for computations in 

the univariate case, rather ue uill use Zassenhaus* 

Quadratic Extension algorithm. Houever, the construction 

for extending multivariate factorizations is a direct 

generalization of this Lemma as we shall soon see. 

Lemma 11-3.1: (Hensel) 

Let F(x)  be  in Z[x]  and p be a prime in Z.    Assume 

Fix)  . G (x) H Ix)   (mod p), where G tx) and H (x) are 
11 11 

relatively prime polynomials in IZ/pUx].    Then,   for any 

integer k > 1,   there exist polynomials G (x)  and H (x)   in 
k k 

(Z/q) [x] where q - p such that Fix) - G (x) H (x) (mod q) 
k   k 

and G » G (mod p), H - H (mod p). 
k   1        k   1 

Proof: Since G and H are relatively prime in 
1    1 

IZ/pHx], we can find, by applying Algorithm 11-2.1, A(x), 

B(x) in (Z/p) [x] such that A G + B H - 1 (mod p) and 
1    1 

deg(A)  < deg(H ),  deg(B)  < deglG ).    From G   and H . ue uill 
1 1 11 

mmamimm^m 
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construct sequences of polynomials IG I and iH I by induction 

j     J 

j 
such that F - G H (mod p ) and G • G , H - H (mod p). 

j j j  1  j   1 

j 
Assume for j > 1, ue have G M,  H (x) in (Z/p )M   such that 

j     J 

J 
F - G H (mod p ) 

j j 

(«). 

Let C (x) in (Z/p) [x] be such that 

j 

j H 
p C (x) ._ F(x) - G (x) H (x) (mod p  ) 

j j   j 

where all arithmetic operations are performed in (Z/p  ) 

1+1 
with G    and H    considered to be polynomials in (Z/p      )[x]. 

j j 

j 
Note that, by (*), p divides into F(x) - G (x) H (x) 

j    J 

exactly. Now apply Algorithm II-2.2 on G , H , A, B and C 

1  1 j 

in (Z/p) Ix] ^nd obtain A (x), B (x) in (7/p) Ixl such that 

j    J 

A (x) G (x) + B (x) H (x) - G (x) (mod p) and 
j   1     j   1     j 

deg(A ) < deg(H ). Now let 

j       1 

j J 
G       -G+pBandH       -H+pA,  then 

j+l        j j j+l       j j 

■^^"'-   "" ""-—   ■■'•- - ^^^-~u-,  iiiittina'firr- -•■--■•■■ ■-—-^■■■■'.l  nmiraai 
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j H 
G   H  -GH+p(AG+BH) (mod p  ) 
j+1 j+1   j j      j 1   j 1 

j J+1 
- G H + p C - F(x) (Mod p  ) 

j J     J 

Because of this construction, 

j 
G   - G + p B + ... + p B and 

j+1   1    1 j 

j 
H       -H   +pA   +...+p   A,forallj>l 

j+1       1 1 j 

So clearly G • G , H - H (mod p) for all j > 1. // 

j   1  j   1 

Remark; If F(x) is a monlc polynomial in Z[xl then 

deg(F - G   H )  < deg(G ) ♦ deg(H ).    So C   and,  in turn, C 
11112 j 

for all j > 1 satisfy the condition of Corollary 11-2.2. 

Therefore, we have deg(B ) < deg(G ) for all j > 1. This 

j      J 

uill prove to be a very important observation later, espe- 

cially for solving the leading coefficient problem of the 

EZGCD algorithm. It should also be noted that the Hensel 

construction is a method for expressing the factors in a 

p-adic representation or a type of power series form. This 

is clearly seen from the last expressions for G   and H 
j+1    j+1 

in the above proof. An example here will make these points 

clearer, and also demonstrate the constructive nature of the 

'^"- - ■■'-■ 
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above proof. 

Example 11-3.Is Let F(x) in Z[xl be 

5     4     3     2 
x + 12 x - 22 x - 1G3 x + 389 x - 119 and p • 5. Then 

in (Z/pHxl. F(x) - G (x) H (x) where G (x) - x +2 and 
1   1        1 

H (x) - x + 2 x - 2. Let us carry out two iterations of 
1 

the Hensel construction, i.e. assume k - 3 and find G (x), 
3 

H (x) such that F(x) - G (x) H (x) (mod q) uiiere q - p . Ue 
3 3   3 

will cheat a little by revealing the answers, 

3 2 
G (x) - x - 15 x + 17 and H (x) . x + 12 x - 7. The 
3 3 

reason for doing this is to be able to see exactly how 

these coefficients are discovered as the algorithm pro- 

ceeds. The first thing to do is to compute A(x) and B(x) in 

(Z/pHxl such that A G + B H - 1 (mod p). But this com- 
1    1 

putation was already done in Example 11-2.lb and we have 

A(x) - -x + 1 and B(x) ■ x + 2 x - 2. Next we have 

4     3     2 
F - G H - 19 x - 28 x - 1G5 x + 385 x - 115 over Z with 

1 1 

G and H considered polynomials in ZM. Thus 
1    1 

tomm  - -- ^M.,,..-..^.J,^,...,<,;--t.,..-..J.....,...w^;.ul:;,..^.... ,..i-.fl 
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4  3    2 
C (x) - (F - G H )/p (mod p)-2x +x +2x +x + 2and 
1        1 1 

p C (x) i3 the "residue" of F and G H in the next bigger 
1 1 1 

polynomial space (Z/p )M.    The goal now is to correct or 

add to G and H what is missing so as to make this residue 
1    1 

disappear and to have G and K such that 
2    2 

F - G H (mod p ). To do so ue need to find A (xJ and 
2 2 1 

B (x)   in (Z/pHxl such that A   G   + B   h   - C    (mod p). 
1 11111 

Conveniently,  this computation has also been done in Example 

11-2.2b, with A (x) - 2 >• - 1 and B (x) - 2 x - 2.    Thus 
1 1 

G    - G   +pB   -x   + 10 x - 8 and 
2       1 1 

H    -H   +pA   »x   4-12x-7.    Thus, as is easily verified, 
2       1 1 

F - G   H    (mod p ).    At this point, note that 
2    2 

2 2 
G    is simply G    (mod p )  and H    is H    (mod p ).    In fact, 

2 3 2        3 

H    - H    since p   •> 25 is already bigger than tuice the 
2       3 

^m  "--—-=— —   ^MHHHMHHai h.M^-^1^^^^.^.^^^.^,...,.,.,.. ..^...^^ ^.^ 
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coefficients of H . What this iteration has accomplished is 
3 

then obvious. For the second iteration, 

2 3  2 
C (x) - (F - G H )/p (mod p) - -(x + x + x + 2). 
2        2 2 

Applying Algorithm 11-2.2 on F, G, A, B, and D ■ 1, Me 

get A (x) - 8 and B (x) - -x + 1 in (Z/pHx] such that 
2 2 

A F + B G - C (mod p). Then, 
2 2    2 

2    3 
G - G + p B - x - 15 x + 17. As ue already pointed out, 
3 2    2 

H - H and surely A - 8 so that H need not be updated. 
3  2        2 2 

Therefore, ue have constructed G and H such that 
3    3 

F - G H in (Z/q)[x], as ue set out to do. 
3 3 

As ue can see from the construction, 

2 2 
G    -G   +pB   +p   B   andH   -H   +pA   +p   A   uhich 

3       11 2 3       11 2 

shows clearly G - G and H - H (mod p). Actually, 
3  1    3  1 

3 2  3 
G -x -15x + 17.(l + 85 + 85)x + 

3 

2 2 
(8+25+ (-1) 5 ) x + (2 + (-2) 5+15) uhich is putting 

the coefficients of G into p-adic representation with 
3 

-■"  —^-^--      . .--.—   .        ■UtA^k'M-^j.^.. 
 i :- L__ 
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p - 5. Then, the correspondence of this representation and 

the above formula for G as constructed from G , B , and B 
3 112 

becomes clearer. 

Algorithm 11-3.1:  (Hensel) 

Input:    F(x)   in Zlx],  p a prime in Z uhich does not divide 

lc(F), k > 8 in Z, G (x) and H W.   in (Z/p) tx] uhich are 
1 1 

relatively prime, and F > G   H    (nod p). 
1   1 

k 
Output; G (x) and H (x) in (Z/q ) [x] where q - p such 

k      k       k        k 

that F - G H (mod q) and G - G , H ■ H (mod p). 
k k k  1  k   1 

(1) Apply Algorithm II-2.1 to G - G and H - H and obtain 
1       1 

A. B in (Z/p)[x] nuch that A G + B H - 1 (mod p). 

Set j <— 1, q <~ p, and q' <~ q p. 

(2) I f j ■ k then output G and H. 

Otherwise, set C <— (F - G H)/q and C <-- C (mod p). 

(3) Apply Algorithm 11-2.2 on G, H. A, B, and C in (Z/p) tx] 

to get A' and B' in (Z/p) [x] such that 

A' G + B' H - C (mod p). 

(4) Set q <— q', q* <— q p,   j <~ j + 1,  and go to (2). 

Ue next discuss the Zassenhaus' quadratic extension 

algorithm   [ZASG91   mUS7I]   [USP72] which is an improved ver- 

sion of  the Hensel'9 method described above.    This algorithm. 

—■—-   - liimifllitflMttiiftiMriMlliMMlwiMHMHiliHik ^ ■  
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because of ita added efficiency for eMail prines p or 

large required modulus q, is actually used in univariate 

cases of many later algorithms for extending factors fron 

k 
2 

Z/p to Z/q. where q > p  for some k > 8, and consequently 

to Z (as we uill see in Section 11-5). 

Lemma 11-3.2: (Zassenhaus) Let fix)  be in Z(x] and 

p be a prime in Z uhich does not divide the leading coeffi- 

cient of F(x). Assume F(x) - G (x) H (x) (.nod p) where 
8   8 

G and H are relatively prime polynomials in (Z/pHx]. 
8    8 

Then, for any integer k > 8f there exist polynomials 

k 
2 

G (:•;) and H (x) in (Z/q ) [x], where q - p , such that 
k       k        k k 

F(x) - G M  H (x) (mod q ) and G i G , H - H (mod p). 
k   k       k     k   8  k   8 

Proof:  lc(G ) and lc(H ) must be units in (Z/p), since 
8       8 

lc(F) is one. By Lemma and Corollary II-2.1 and using 

Algorithm II-2.1, we can find A , B in (Z/p)[x] such that 
8  8 

A G + B H - 1 (mod p) and 
8 8   8 8 

deg(A )  < deg(H ), d8g(B ) < deg(G ). 
8 8 8 8 

From G , H , A , and B , we will construct sequences of 
8     8     8 8 

*^_  .^..^.J-.-.„^....;..li/   J...... 
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polynomials IG I, UH, (Al, and IB )  by induction such that 
j   j   j      j 

F - G H (mod q ), G E G , H - H (rhod p), and 
j j     i   j  8  J   0 

A G + B H - 1 (mod q ), lc(H ) is a unit 

j j   j j        j     j 

in (Z/q ), and deg(A ) < deg(H ), deg(6 ) < deg(G ). Assume 

j J      J     j      j 

j 
for j > 9 ue have G , H , A , and B in (Z/p ) M  such that 

j  j  j     j 

F - G H (mod q ) and A G + B H -1 (mod q ). 

j j     J    j j   j j        j 

Also assume  lc(H )  is a unit in (Z/q ) and 
j J 

deg(A )  < deg(H ), deg(B ) < deg(G ). 
J J j j 

Let C  (x)   in  (Z/q )[x] be       > that 
j j 

q   C (x)  - F(x) - G (x) H Ix)  (mod q     ) uhere ail arith- 
j    j i j j+l 

metic operations are performed in (Z/q     ) [x].    Nou ue apply 
i+1 

Algorithm II-2.2 on G , H , A , B , and C in (Z/q )[xl and 

j  j  j  j     j      j 

obtain H', G' in (Z/q ) (x] such that 

j  J      j 

H' G + G' H - C (mod q ). Let G   - G + q G' and 

j i   j j   j     J      H   J   j j 

H   - H + q H', then 

j+l   J   j j 

G  H-GH+qlH' G+G* H) (mod q  ) 

j+l j+l   J j   j  j j   j j      j+l 
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- G   H   + q   C   - F(x)   (nod q     ) 
j    j        j    j j+1 

Since lc(H ) is a unit in Z/q and degCH') < dBg(H ), 

j J       j      j 

lc(H  ) - lc(H ) is a\an a unit in Z/q  and 

j+l     j j+1 

deg(H  ) . deg(H ) - deg(H ). Nog let R (x) in (Z/q )M 
j+1     j     0       j      j 

be such that AG   + B H   - 1 + q R (mod q  ). 

j j+1   j j+1      j j     J+1 

Apply Algorithm 11-2.2 on G , H , A , B and R in (Z/q ) txl 

j  j  j  j    j      j 

and get A'. B'    such that A' G   + B' H   - R    in (Z/q HKI 

j      j J    J       j    j       j j 

and deg(A')  < deg(H ).    Let A       - A   - q   A'    and 
j J j+1        j        j    j 

B        - B   - q   B',   then 
j+1        J        j    j 

A       G       + B       H 
j+1    j+1        j+1    j+1 

-AG       +BH       -q^'G+B' H). 
j    j+1        J    J+l        j      j    j        j    j 

-1+q   R    -q    (R)-l   (mod q      ) 
j    j        j      j j+1 

and deg(A      ) - deg(A )  < deg(H )  - deg(H     ), hence, 
j+1 j j j+1 

deg(B     ) < deg(G      ), because lc(H     )  is a unit.    By this 
j+1 j+1 j+1 

construction, G       -G+qG' + ...+qG* and 
j+1        8       8   8 j    j 

H       - H   + q   H* + ... + q   H',  so that clearly G   - G 
j+1       8       8   8 j    j j       8 
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and H - H (mod p) for all j > 8.   // 
j e 

Rgmark: IfF(x) is a monic polunomial inZM, then 

deg(F - G H ) < deg(G ) + deg(H ), so that C , and in turn, 
8 8      8      8        1 

C for all j > 1 satisfy the condition of Corollary 11-2.2. 

Thus we must have degCB') < deg(G ) in addition to 

i      J 

deglA') < deg(H ). 

j       j 

Example 11-3.2; As an example for this quadratic 

construction ue take the same F and p from Example 11-3.1, 

3 2 
so that ue have G   -x   +2andH   -x   +2x-2 such that 

8 8 

F - G H (mod q - p - 5) as before. Ue want to carru the 
8 8    8 

construction to k - 2 or q - B25 uhich is already greater 
2 

than 125 bounding twice (since ue use positive and negative 

numbers centered at 8 as residue class representatives in 

any Z/q) the magnitude of coefficients in G and H of 
3    3 

Example 11-3.1.    Thus our goal   is still  to construct G   and 
3 

H but using the quadratic construction uith A - -x + 1 and 
3 8 

B    -x   +2x-2 such that A   G   + B   H   - 1  (mod q ). 
0 8   8       8   8 8 

^^^~^*****m^*^..~,.^.,^..~...... *,-..^.^.^.,...„.,..^..^**t******IIUU*^^  ^.;;^MJ.L...^^.L^.J....,.....,...^..^....1..^-;—..^. 
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5G 

From these data we can compute G and H in (Z/q ) Ixl as 
1 1 1 

« 

ue did in Example II-3.1, G   - x   + 18 x - 8 and 
1 

H    - x    + 12 x - 7.    Next ue find R (x)   in (Z/q )tx]  euch 
1 8 8 

that A   G   +B   H   -1+q   R    (mod q   -25), 
8   18   1 8   8 1 

3 2 
R   - ((15 x   +5x   -28x + 6)-l)/q    (mod q ) 

8 8 8 

3  2 
--2x +x +x + l. Applying Algorithm 11-2.2 on G , 

8 

H ,  A , B .  and R    in (Z/q ) [x], ue find A* - 2 and 
8     8     8 8 8 8 

8'  - x - 1 such that A* G   + B* H   - R    (mod q ).    Thus 
8 8   8       8   8       8 8 

A    -A    -q   A'  --x-9, B   -B    -q   B*  -x   -3x + 3, 
18       8   8 18       8   8 

and A   G   + B   H   - 1  (mod q   <■ p ).    Nou ue begin the next 
1111 1 

iteration by computing C (x)   in (Z/q )tx]  such that 
1 1 

q    C    -  (F - G   H )   (mod q   - G25). 
11 11 2 

3 2 
C    - (-25 x   - 275 x   + 475 x - 175)/25 (mod 25) 

1 

3     2 
- -x - 11 x - G x - 7. Ue need to apply Algorithm 

--- ^.■~^...,^..^-.,.....-..,... ..^^.^..w^;.,^^^ I--^-           . A...   :...^.... .-...^ ,;^., ,W>.t..^V^ .    _     ..^ 



^mmm^^mmm^mmmm m 

b7 

11-2.2 on G ,  H , A , B , and C    in (Z/q ) M   to obtain H', 
11:11 1 1 

G'  such that H' G   + G' H   -C    (mod q ).    Conveniently, 
1 11111 1 

Example 11-2.2c has done just that with H' - 0 and 
1 

G' - -x + 1.    So G   - G   + q   G* • x   - 15 x + 17 and 
1 2       111 

H    -H   +q    H'  -H   -K   +12x-7. 
2        1111 

Ue have now constructed the desired polynomials using 

the quadratic method. The power of this method over the regu- 

lar Hensel construction was not clearly demonstrated, but ue 

can easily show it by changing the problem slightly. If ue 

3 2 
let F - G H - (x - 2G5 x + 142) (x + 187 x - 107), then 

for the regular Hensel construction ue see that the modulus 

uould have to be at least 625 (since it is the least power 

of the modulus 5 which exceeds 2*265-530) before ue can con- 

struct from G and H any polynomial ulth coefficients of 
1    1 

magnitude up to 265. That means ue uould carry out at least 

2 
three steps of the Hensel construction, froM modulo p to p 

3   4 
to p to p ■ 625, But for the quadratic method, only tuo 

iterations uould be sufficient, since the modulus uould 

already be 625. Actually, ue intentionally chose G and H 

HHMMAüMiHHM 
■   ■" ^ - dMwMitJMMiHMMWBHM 
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so that G ^ G   - x   + 18 x - 8 and 
1 

H - H   - x   + 12 x - 7 In (Z/25)[x].    The ortly difference 
1 

in the computation for this case is in the second iteration, 

uhere we need to compute a neu C and then, fro« G , H , A , 
1 111 

B ,  and C . obtain H* - 7 x - 4 and G' - -9 x + 6 in 
111 1 

(Z/25) lx]  such that H* G   + G' H   ^ C    (mod 25).    Thus ue 
11       111 

get final ly G - G + 25 G' - x - 265 x + 142 and 
2  1 

H - H + 25 H' - x + 187 x - 197. 
2   1     1 

Of course, this examplfj only shows a saving ot one 

iteration for using the quadratic method instead of the 

regular Hensel construction. As the coefficients get large 

enough, the difference in the number of iterations will be 

bigger. For k iterations of the Hensel construction, the 

quadratic method needs only to go through (1 + the greatest 

integer of log (k)) steps. Houever, let us point out an 
2 

important fact - the quadratic grouth in the modulus id 

obtained at the expense of having to solve 

A G + B H - R (mod q ) at each step, a cost which 

j j   j j   j     J 

^gj^^tmi^^ 
i..-^^,t^.^^J-Yl||fliVj>

,rr|MTltMn^ 



Output! G (x) and H (x) in (Z/q ) M  uhere q - p  such 
k      k       k        k 

that F - G H (mod q ) and G ; G , H - H (mod p). 
k k     k    k  8  k  8 

(1) Apply Algorithm 11-2.1 to G - G and H - H and obtain 
8       8 

A. B in (Z/p) [*] such that A G + B H - 1 (mod ph 

Set j <— 8, q <— p, and q* <~ q . 

59 

is not negligible. Complicated cost trade-off is involved 

here. A more detailed study of this trade-off is currently 

underway. Preliminary results for the univariate cases show 

that the cost of solving these equations above is 

sufficiently dominant so as to make the quadratic method 

less efficient than the regular Hensel construction (uith 

some modifications). There are also reasons to strongly 

suggest that the multivariate constructions will turn out to 

give 'ehe same indications. But that will again be left to a 

later study. 

Alqori thm 11-3.2; 

(Zassenhaus' Quadratic Extension Algorithm) 

Input; F(x) in Zlx], p a prime in Z which does not divide 

lc(F). k > 8 in Z, G (x) and H (x) in (Z/p)[x] which are 
8      8 

relatively prime, and F - G H (mod p). 
8 8 

 ——-   - -■■- •- —-'-■ MMM^MMHHMtMMuo, iiniiiii'ii i • IIMM 
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(2) If  j - k then output G and H. 

Otheruise,  set C <-- (F - G H)/q and C <-- C (»od q). 

(3) Apply Algorithm II-2.2 on G, H, A, B, ard C in (Z/q) [x] 

to get A'  and B*   in (Z/q)[x]  such that 

A' '5 + B' H - C  (mod q). 

?et G*  <-- G + q B' and H' <- H + q A*. 

(4) Set R <-- (A* G' + B' H' - l)/q (mod q'). 

(5) Apply Algorithm 11-2.2 on G, H, A, B, and R in (Z/q) [x] 

to get A' and B' such that A' G + B' H - R in (Z/q) M. 

Set A <-- A - q A', B <-- B - q B*. G <— G*. and H <— H*. 

2 
(G) Set q <— q*. q* <-- q , j <-- j + 1, and go to (2). 

11-4 Generalized HenseI Algorithm 

Ue now present the Generalized Heneel Algorithm (GHA) 

for extending univariate factorizations modulo q to 

multivariate factorizations expressed in the general Taylor 

series form modulo q where q is the rth power of a prime p. 

tlusser [tlUS?!] presented a version of an "abstract" 

algorithm which is also intended to extend factorizations of 

multivariate polynomials. However, his basic underlying 

idea of recursively applying the Zassenhaus Quadratic 

Extension Algorithm has the drawback of requiring a general 

algorithm for solving multivariate polynomial equations in 

the form of A F + B G - H with F, G and H given. Ue will 

HHMMMMHlMräMMkWilHBWi HMMHMMH ■»-■■^-.«■;■.->,, ...-   .^ ,...tt.J,.....^, ^.[.„^..j    ..,   ^. 



mmmmmmm 

Gl 

see later that there is a Hensel-type algorithm which uiII 

compute A and B. However, repeated use of a multivariate 

polynomial division with remainders algorithm in Flusser's 

Algorithm Q keeps his version of the "Generalized Hensel 

Aigorithm" from being computationally efficient. Therefore, 

the version of the Generalized Hensel Algorithm discussed 

here is based rather on a presentation by Uang and 

Rothschild [U&R731 in the context of factorization even 

though the presentation and the algorithm itself may appear 

to have been modified to a point of non-recognition. 

Theorem 11-4.1: (Generalized Hensel) 

Let F(x,y ,y ,...,y ) be a multivariate polynomial in 
1 2    v 

(ZCy .... ,y ]) [x]. Let b - ib b I be a given set of 
1    v 1    v 

integral values and S - ly -b ,...,y -b 1 such that the 
11    v v 

leading coefficient of F evaluated at y   - b .....y   - b 
11 v       v 

satisfies (lc(F)) - 0 (mod q) where q is a given rth 
b 

power of a lucky prime p for F . A&sume there exist rela- 
te 

tively prime G (x) ant^ H (x» in (Z/q) [x] ■ (J/S) [x], where 
1      1 

J - (Z/q) Cy y 1, such that F - G H (mod q). Then 
1    v 11 

k 
for any k > 1, there exist G and H in (J/S ) [x] such that 

k k 

mtumm nlHill M.^. L.^-^-.^.. ._J.^^.... ^.v,^.v.:..„^iii^w^^^J^..T-uj.at^.^-u.u-i! 
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F - G H (mod q, S ) and G i G , H i H (nod q, S). 
k k k  1  k  1 

Proof; Since (lc(F)) ^8 (mod q), 't must be a unit 

in Z/q, hence lc(G ) and lc(H ) must be units also. By Lemma 
1      1 

and Corollary 11-2.1, we can use Algorithm II-2.1 to find 

A (x)  and B (x)   in U/S) M  such that A   G   + B   H   - 1 and 
11 1111 

deg(A )  < deg(H ). deg(B ) < deg(G ).    From G . H , A , and 
1 11 1 111 

B    in  IJ/SMx]  ue will construct sequences of polynomials 
1 

IG )  and  IH }  by induction such that F i G   H    in U/S ) M 
mm m   > 

and G   - G , H   • H    (mod q, S).    Assume for M > 1, ue 
m       1     m      1 

have G  (x,y ,...,y ) and H (x,y ,...,y )   in U/S )M  such 
ml v ml v 

that F - G   H .    Let 
m    m 

m-fl 
R(x,y,...,y)-F-G   H    (mod q, S     ) 
ml v mm 

i -1 i -1     1   2 
1 IK 

(x) 

m 

(y     - b   ) 
i i j 

j J 
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> /    C      (x) M (y ,...,y ) 
^—' Im ml v 

Im 

For each C      in (Z/qMx]  a typical coefficient polynomial  of 
Im 

R ,  we can apply Algorithm 11-2.2 on G , H . A . B ,  and C 
m 11111« 

in  (Z/qHx]  and obtain A    , B     such that 
Im     Im 

A     G   + B     H   - C     and deg(A   ) < deg(H )  in (Z/qHxl. 
Im   1        Im   1       Im In i 

Now  le 
(m) 

t G -  >     B     (x)  fl   (y y ) 
Z-'   Im        m   1 v 

Im 

(m) 
- \     A     (x)  M   (y y ) 

£-J  Im        m   1 v 
Im 

(M) (n) 
G       -G+G     ,andH       -H+H     . 

m+1       m m+1       m 

(m) («) 
Then G      H       EGH+HG+G      H 

m+1   m+1       m   m 1 1 

m+1 
- G   H   + R   - F    in J/S     .    By this construction, 

mm      m 

(1) (m) 
G       -G+G      +...+G      and 

m+1       1 

(1) {») 
H       -H+H      +...+H     ,so that G   - .G   and 

m+1       1 w      i 

H   - H     n U/S)  for all m > 1. // 
m       1 

MÜÜÜHiÜÜ J-i-—-■ mmtgmmmmmtimmtlt^ ■■.^■^■^ :■-..«-..^ ;1.,.^^^^.... .:■.■.:.. ., ;-,,...^ 
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Remark; It is important to note that, as in the uni- 

variate Hensel construction, if F(x,y ,...,y ) is a wonic 
1    v 

polynomial in ZU.y ,...,y 1, then 
1    v 

deg(F - G   H )  < deg(G ) ♦ deg(H ).    Thus each C    (x) of 
1111 IM 

R satisfies deg(C ) < deg(G ) + deg(H ), for all • > 1. 
j Im      1      1 

(■) 
Therefore,   in addition to deg(H     ) < deg(H ) because of 

1 

(R) 
deg(A    )  < deg(H ), we also have deg(G     ) < degCJ )  for all 

Im 1 1 

m > 1 because of deg(B   ) < deg(G ). 
Im 1 

Example II-4.1a: Let us first do a simple, »onic 

example using the generalized Hensel construction for a 

mul tivariate polynomial. Let 

2    2 3  3  2 
F - x + (-z -y z +y +z +2) x + y z -z + y z -y z + 2 z. 

Since F is monic, there is no problem in finding a valid 

evaluation, so let b - lb , b I - (0, 01 and 
1  2 

S - ly-0, z-01 - ly, zl. This will make the problem of 

picking out coefficients of monomials very simple. In fact, 

this device of using zeros as evaluation points will be used 

whenever possible. Assume we somehow determined a choice of 

mm*mm ■- —--J^-^^—.^ TWrT»iiiiirn-iMir-"v-- - ■ - ^-^-^.-a»^-^...-—  
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q - p - 7. then we have G (K) - x and H (x) - x + 2 in 
1 1 

(Z/q) [x] such that F - G H (mod q). In this case Me 
1 1 

will let k - 3 and carry out two iteralione of the con- 

struction. Again, we reveal in advance that F is actually 

the product of G and H uith G • x - y z + z and 

2 
H = x + y-z +2; and ue ui11 see how these polynomials 

get recovered from G and H as ue proceed. First, we need 
1    1 

to find A (x) and B (x) in (J/S)[x] . (Z/q) [x] such that 
1      1 

A   G   +B   H   -1  (mod q).    By applying Algorithm II-2.1, 
1111 

ue get A  (x)  - 3 and B  (x)  - -3.    So ue compute the current 
1 1 

"residue" R   - F - G   H    (mod q, S ).    Ue find that 
1 1    1 

2 3     3     2 
F - G   H    »  (-z    -y z +y + z) x + y z   -z    -y   z -y z + 2 z. 

1    1 

Hodulo S means dropping all terms uith term degree in the 

non-main variables y and z higher than 1. Thus 

R « (y + z) x + 2 z in (J/S )[x]. Representing this in 
1 

terms of monomials of the non-main variables, ue get 

R - (x) y + (x + 2) z, so ue have C (x) - x and 
1 1 

^gg^gllj,^ .   iiHiiTiirii --■■"  ^.■:...^.-....^.W..»—.-J.^.-,l llir.,ri|,|ialiiyi^»iaj^<l»uaMaiW^MaJk<x,..w-.,,..    .-  __ llla'lftlfo-'-'"-''' i . ■    ■■ ■ 
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C  (x)  - K + 2 such that R   - C (x) y + C (x)  z.    By applying 
2 112 

Algorithm II-2.2  (or  it can be trivially shown), A    - 1, 
1 

B    - 0 such that A   G   + B   H   -C   end A   -0, B   -1 such 
1 111112 2 

that A   'J   + B   H   - C .    Thus, 
2   1       2   1       2 

(1) 
G        - B  (x)  y + B  (x) z - z and 

1 2 

(1) (1) 
H        - A  (x)  y + A (x) z - y,  so that G-G+G       -x + z 

12 2       1 

(1) 
and H   -H   +H       -x + 2 + y.    Comparing this with G and 

2       1 

H,  we note that G   and H   already have more correct terms 
2 2 

than G   and H .    Although G   and H   still differ from G and 
11 2 2 

H by some terms of higher degree,   they now contain all   terms 

of G and H which are linear  in the non-main variable ,   i.e. 

G    and H    approximates G and H correctly modulo S . 
2 2 

Continuing now to the second iteration,  we find 

R    - F - G    H    (mod q,  S ) 
2 2    2 

2 3       2 3 3 
-(-yz-z)x+yz   -y   z-2yz-z    (mod S ) 

mmm -. .— -—' •   ""■'-■  ^■■'■'—:'"-iiiir[iti'iiii itaiiiwrfi n 
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2 2 
- (-y z - z ) x - 2 y z ■ (-x - 2) g z + (-x) z . So, we 

have C (x) • -(x + 2) and C (x) - -x such that 
12 22 

R - C (x) y z + C (x) z . Again it is trivial, even 
2 12       22 

without using Algorithm 11-2.2, to see that A  - 0, 
12 

B  - -1 such that A  G + B  H • C  and A  - -1, 
12 12 1  12 1   12    22 

B  - 8 such that A  G + B  H - C . Thus 
22 22 1  22 1  22 

(2) 2 
G  >B  yz + B  z--yzand 

12     22 

(2) 2   2 
H   -A  yz + A  Z--Z30 that 

12     22 

(2) 
G "G +G  -x + z-yz and 
3 2 

(2) 2 
H - H +H  -x + y + 2-z. Note that already 
3  2 

G » G and H - H, since all terms quadratic in the non-main 
3       3 

variables have been included, and G, H contain only up to 

quadratic terms any nay so that equality modulo S is the 

same as being equal over Z for all terms. Indeed, we find 

F - G H -0 over the integers. 
3 3 

■ ■- •■. ■ - ■-■ 
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Before Me specify the details of the Generalized Hensel 

algorithm,  we will discuss several computational  improve- 

ments which will be important in the actual computational 

processes  later.    The first such improvement  is due to a 

suggestion by Moses. 

Lemma    11-4.2:    Let G(K) and H(K) be relatively prime 

polynomials in (Z/q) [x] and let A (x) and B  (x) be found 
i i 

i 
such that A G + B H ■ x in (Z   .1 for all i where 

i    i 

c x 

i-e 

such i3t deg(C) - k < deg(G) + deg(H), polynomials A(x) 

and B(x) in (Z/q) (xl can be constructed from the A and B 's 
i    i 

such that A (i ■»• D H - C (mod q). 

k k 

■z i . A    c A and B -\ ^ c B ...(«), 
i  i      Z«i i  | 

i>0 i-e 

then A G + B H -V^ c (A G + B H) i C (mod q) 
Z^ i  i    i 

.  // 
i  i    i 

i-e 

Remark; If A (x) and B (x) are found uein« Algorithm 
i      i 

11-2.2, then by Corollary 11-2.2 deg(A ) < deMK' and 
i 

^"  §mm*ämmumiim ■^a^^.-.,,...-.,-...^...^^^»....nJ., ,u^j*<**aiktimMmiMauiäuu**u~,*..,.. .,..■      .  ■-,..,..■. 
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deg(B )  < deg(G)   for all 0 < i < deg(G) + deg(H).  and for 
i 

i - deg(G) + deg(H). deg(A ) < deg(H). and deg(B )  < deg(G), 

Thus, since c 'o are independent of x, the computation of A 
i 

and B involves simply the additions and multiplications 

in («) and the degree constraints for A and B are automati- 

cal ly satisfied: deg(A) < deg(H), deg(B) < deg(G) for all 

C such that deg(C) < deg(H) + deg(G) and otHerwise 

deg(B) < deg(G). 

Also, the c 's, instead of being elements of (Z/q), 
i 

can be polynomials which are independent of x (or c in 

(Z/q) [y y ]), and the computation of A and 6 is still 
1    v 

simply a "scalar linear combination" of A 's and B 's. 
i      i 

Coming back  to the generalized Hensel's construction, 

ue can write any R  (x,y y ) as polynomials in 
ml v 

m+1 
(J/S      ) [xl,   i.e.   in the form o fVc (y  

/-^i   i 1 
,y ) x where 

i-8 

C 's are in (Z'q)[y ,...,y ) and k is the maximum degree of 
i            1    v 

x in R (clearly k < deg(F) - deg(G ) + deg(H )). Thus 
m                   1      1 

mmmmmmmmamm^ jdtfiteMaiii* Ba^a^^^^^w^,^.^...^.^,..-,^-,^,....,!,,^.,.,^^-. .ia.1m^ 
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(m)     ^-^ 
G       -  >   C (y y ) B (x) 

*-'   i    1 v      i 
and 

i-0 

k 
(m) 

H       -V^C f    ,„.,y ) A (x) so that 
t-~l   1    J v      i 
i-e 

(m) (m) 
H       G   +G       H 

1 
-"V^C (y y )  (A   G   + B   H ) 

\    L-J   \    I v       i    1        i    1 
i-0 

m+1 
> R in (J/S  ) [x]. So us  see that, in order to 

i" 

(m)    (m) 
compute G   and H   it is no longer necessary to solve all 

the pclynomial equations A  G +B  H -C , but simply 
In 1  Im 1  In 

I 
use the solutions of A G +B H -x to form scalar 

i 1   11 

linear combinations as needed. 

Next, we observe that it is not necessary to compute 

1142 
R   by the formula F - G  H   (mod q, S  ), but ue can 
m+l tn+1 m+1 

get R       Uy the following scheme using quantities already 
m+1 

coniputed previously; 

As  in the proof of  the Theorem (11-4.1), ue urite 

im^m^m^mmmmmm^mm '■■*■"-—'■ ■ ■■- ^—.....— ■.. -^i^ 
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(m) (1) (R) 
G       - G   + G       - G   + G      ♦ ... + G 

m+1       m 1 

(m) (1) (m) 
H       -H+H       -H+H      +... +H 

rn+l        m 1 

Define D   - F - G   H   where the arithmetical operations are 
in in   in 

done over Z with G   H    considered as poly, jmials in 
m   m 

n+l 
Z[x.y .....y 1.    Then R    is simply D    (mod q, S     ) and 

1 v m M 

D   - 0 (mod S ),   i.e. 0   contains non-zero terms only In 

U/S ) M   for k > m.    Thus D   - F - G   H   and 
1 1    1 

R   - D    (mod q, S ).    In general, 
1       1 

(m)        (m) in)     (m) 
D       -F-G       H       -D-GH      -G       H-G       H 

m+1 m-fl   m+l       mm R 

m-t-2 
and R      - D        (mod q, S     )  for all m > 1.     (Since 

m+1        m+1 

m+1 
D  - 8 (inod S  ), R   is obtained from D  by simply 
m+1 m+1 m+1 

setting all HMy y ) to 0 in the generalized Taylor 
1    v 

series form of D  , for all k > m+1.) 
m+1 

-—-—-  ■      ■        in   i ilMMi«iwiH«MMIIIIIil«MII*«  il^w-A...,^...;.,..^.^:..- ....^L;..^...*: ..■::,.,^,w.—.^.^       , i,. J 
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Finally, ue note that the generalized Taylor series for* 

is not always a very easy representation to obtain.    To 

rewrite a mul tivariate polynomial P(x,y y )   in that for» 
1 v 

it will be necessary to divide P successively by each and 

every (y - b ) until all combinations of n such (y - b Ps 
i   i ■   i 

are used where n is the maximum term degree of the non-main 

variables. This is a combinatorially complex process. It 

is, therefore better to use the following more efficient 

technique; (However, it is important to note the this is 

not necessarily the optimal technique, as will be seen later 

when we discuss the so called "Non-zero Substitution" 

problem of this method.) 

Let y* - y - b for i - l,...,v. Then y - y' + b so 
i   i   i I   i   I 

that if we completely expand PU.y'+b y'+b ) and express 
11    v v 

that in the Taylor series form with b* (the integral evalu- 

ation values for y') - 8 for all i, ue get 
i 

P^.W y ) - > C (x) flmfy' y') where 
1    v  -£—' 1«     1    v 

m-0 

nmCy* y') - (y 

j j-l 

b ) 

j 

Hm(y (y ). 
v 

  " "-"•■ '"-itn    -—■ ■ 
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(Hence the name "monomiar used for flu in Sec. 1-2.) 

Note that with this representation of P, S - ly* y') and 
1    v 

m+1 
P (mod S  ) is a simple operation of dropping (or setting 

to zero) all monomials whose term degree exceed m with no 

re-representation or divisions by (g - b ) necessary. Also, 
I   i 

it is an equally simple matter to transform PU.y'.....y') 
1    v 

back to P(x,y ,...,y ) ~ by substituting y - b for y'. 
1    v i   i     i 

Example IM.lbi Uith all the computational 

mechanisms described above, we can now do a more complex 

example before we give the detailed specifications of the 

Generalized Hensel Algorithm. This example is the same as 

Example 11-4.la except the leading terms non have non- 

trivial coefficients. Let G-yx + z-yz and 

H-yx + y-z +2, so that the given polynomial 

2 2 
F - G H - y x 

2  2       2 3  3  2 
+ (-y z -y z +y z +y + 2 y) x + y z -z -y z -y z +2 z. 

In order for the evaluation to be valid for this polynomial. 

we can only iise non-zero values for y since lc(F) - y . Let 

b - lb , b ) - 11, 01 and S - (y-1, z). Let q - p - 7, then 
1  2 

  I  ■  — -■ ■ - Ummm* ■(^,^^.^Ii...^....J....J.„.. ua:-^. ..,...,...,,„,,...:,  ,: . ,  . ,'.g/M 
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we have G (x) - x and H (*) - x -f 3 in (Z/q) (xl such that 
1 1 

F - G H (mod q). Ue let k - 4 and carry out three itera- 
1 1 

tions of the construction to compute G and H such that 
3    3 

F - G H (mod q, S ). First, ue apply Algorithm 11-2.1 on 
3 3 

G , H in (Z/q) [x] and find A (x) and B (x) such that 
11 88      88 

A  G + B  H - 1 (mod q). But Example 11-2.la has 
88 1   88 1 

already done so with A  «2 and B  - -2. Then, according 
18       18 

to the first computational suggestion, ue compute A    M, 
81 

B (x) such that A  G + B  H - x (mod q) and A (K), 

81 81 1   81 1 82 

B (x) such that A  G +B  H -X (modq). Since 
82 82 1   82 1 

G - x, it is clear that A  - 1 and S  -3, and conve- 
1 81      81 

niently Example 11-2.2a readily giveo us A  - -3 and 
82 

B  - x. Next, ue perform the suggested substitution in 
82 

order to facilitate the necessary operations of putting 

polynomials modulo S later. Let y' - y - 1 so that 

y - y' +1. Substituting this into F, ue get 

... ^■■-■■-•■^^"-SriiiWh-r^iiin'-"^-''-^^ ■■■■''-^■^-^•^•^'^^-^^ 
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2 2 
F' - (y* + 2 y* + 1) H 

2  2   2 2 
+ (-y* z - z - y' z - y' z + y' - 3 y* + 3) K 

3   2 
+ y* z - y' z - 3 y* z. With this substitution, 

S - ly-1, zl becomes S' - ly', zl which is a convenient form 

for picking out coefficients of monomials or performing 

m 
modulo S* operations. 

Having carried out these preliminary computations, we 

can proceed to go through the steps of the first iteration 

of the Generalized HenseI construction. According to 

another computational suggestion above, we compute 

D - F' - G H over Z and get 
1      1 1 

2       2 
D - (y* + 2 y') x 
1 

2  2   2 2 3 
+ (-y* z -z -y' z-y' z + y' ^yMx + y' z 

2 
- y' z - 3 y' z. 

2       2 2 
R - D (mod q, S' ) - 2 y' x - 3 y' x - (2 x - 3 x) y* 

1   1 

- C (x) y'. From the preparations already done, we 
1 

have A (x) - 2 A (x) + (-3) A (x) - -2 and 
1      82        81 

B (x) - 2 B (x) + (-3) B (x) - 2 x such that 
1      02        81 

■MMMM '--•^'•'■■-'■'-'■■■-.-^^^ ^^...^..^..^-^.^„^■■■i.^,,.,,.;..* 
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(1) 
A   H   + B   G    - C    (nod q).    So G       is simply 
1111       1 

(1) 
B   y' - 2 x y' and H      - A   y' - -2 y*.    Then 

1 1 

(1) (1) 
G-G+G     -x + 2xy, andH-H+H      -x + 3-2y, 

2 1 2      1 

such that G   H   - F'   (mod q, S'  ). 
2   2 

Next, we compute 

(1)   (1)     ?1) (1) 
D-D-GH   -G  H-ü  H 
2  11 1 

2 2     2      2    2       2 
- y' x + (-y' z-2y• -y' z -y' z-x)x 

2      3 
- y* z + y* z - 3 y' z. Then 

R - D (mod q, S' ) 
2   2 

2 2      2       2 
- y* X + (-2 y' - y' z - z ) x - 3 y' z 

2      2 2 
- (x - 2x) y' + (-x - 3) y* z + (-x) z 

2 2 
- C (x) y' + C (x) y' z + C (x) z . By taking 

11       12        22 

scalar linear combinations according to the coefficient 

polynomials C , C , and C , we easily get 
11  12    13 

"—'-"—-j^— ■■^-■■-'■—'^^■■*v-****-^^-'  ■^^f^'.^..^^;v.L.,.,.^v^^..J,-^U.^.l^.> .-,...tlL-.V'..«^^-^^ 
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A    (x)  - 1 A     - 2 A      - 2, B    (x) - 1 B     - 2 B     - x,  .wch 
11 92 81 11 82 81 

that A     G   + B     H    - C    ; A    (*)  - 0, B    U)  - -1,  such 
11 1       11    1       11     12 12 

that A     G   + B     H   - C    ; and A    (x) - -1, B    (x) - 6 
12 1      12   1       12 22 22 

such that A     G   +B     H   -C     (mod q).    Then 
22   1       22   1       22 

(2) 2 2 2 
G        - B     y*    + B     y'  z + B     z   - x y*    - y* z and 

11 12 22 

(2) 2 2 2      2 
H       -A     y*   +A     y'z + A     z^y'    -z.so that 

11 12 22 

(2) 2 
G    -G   +G       •x + 2xy, txy*    -y* z, 

3       2 

(2) 2       2 
H    -H   +H       "x + 3-2y, +2y,    -z.and 

3       2 

G   H    - F*   (mod q, S'  ). 
3   3 

Finally, ue compute 

(2)        (2) (2)    (2) 
D-D-GH       -G       H-G      H 

3       2       2 2 

43222 2 3 2 
- (-2 y*    -2 y'    ty'    z   -y'    z ^-y' z ) x +2 y*    z -3 y'    z. 

4 3       2 2 2 
Then R    - D    (mod q, S'  )  - (-2 y'    -y*    z +y, z )x -3 y'    z 

3       3 

3 2 2 
- (-2 x) y'    + (-x - 3) y'    z + (x) y* z 

mm tmmmmmmmmm -     ■     nrtili  ii i»>l ■■ -■ ' — ■"■"--  -■ ■     -    --^ 
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3        2 2 
- C  (x) y* + C  (x) y' z + C  (x) y' z . 

Ill        112 122 

Again, we can compute, by scalar linear coMbinations, 

A   - -2, B  - 8, A  - 8, B  • -I, A  ■ 1, and 
111     111    112    112     122 

B   - 8. Thus 
122 

(3)       3       2 2    2 
G   - B  y' + B  y' z + B  y' z - -y' z, 

111     112       122 

(3)       3       2 2     3     2 
H   - A   y' + A   y* z + A   y* Z - -2 y* + y* z . 

HI     112       122 

(3) 2        2 
so that G -G +G  -x + 2xz, +xy, -y' z-y* z 

4   3 

- (y' + 2 y* + 1) x - (y' + 1) y* z, 

(3) 2  2    3     2 
H - H +H  -x4•3-2y, +2y, -z ^y* +y,z, 
4  3 

and G H - F* (mod q, S' ). 
4 A 

At this point, one might object to the fact that neither 

G nor H has any resemblance to G* or H' (G or H with 
4    4 

y' + 1 substituted for y) at all. This is a complication 

caused by the non-trivial leading coefficient of the given 

polynomial. All we can point out here is that if G were 
4 

transformed back into a polynomi?!   in y by substituting 

mmtm  r  ....   _, .._...   .  ..  i u mum 
'^^"■^t,—'■'"'"'" ' "   ' 



BPW^^IPP • l. ..L.AiiiliiJlUPPPIHÜPWlWiPl 

79 

y - 1 for y' (we gat y x - (y - 1) z), then it becomes a 

simple multiple (by y) of 6.    Ue will give a more complete 

discussion of this in the next section, where this example 

uill be continued and G, H uill actually b recovered. 

Here, it is only important to observe that ue can actually 

find the sequences of polynomials IG , G , G ) and 
2  3  4 

IH , H , H I such that G H - F' (mod q, S* ), 
2  3  4 mm 

m ■ 2, 3, and 4. 

Algorithm 11-4.1 (Generalized HenseI) 

Input; F(x,y y ) in (Z[y y JHxlj b - (b ,...,b I 
1    v      1    v 1    v 

a given set of integer values such that (lc(F)) i< 8 (mod q) 
b 

where q is a given lucky prime power for F ; 
b 

S -   ly -b ,...,y -b I; G (x)  and H (x) are relatively prime 
11 v   v       1 1 

polynomials in (J/S) [x] where J - (Z/q) [y y ]  such that 
1 v 

F - G H (mod q, S); and n ■ the degree bound for F in 
1 1 

I 

the non-main variable. 

n+1 
Output; G   and H   in (J/S  )[x] such that 

n+1    n+1 

n+1 
F - G   H   (mod q, S  ) and G   ^ G , 

n+1 n+1 n+1   I 

m^mm m^mmmtmmit/itmtmimam .Ut^.^.^,,..-»^.....-:.■. ■.1.J.i^J.v.^..J»^..-J.^^.i..J->-.J^.-^»-i^ 
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6tl 

H        - H    (mod q, S). 
n+1        1 

(1) Set F <- F(x,y +b .....y +b ), S <— ly y I,  and 
11 v   v 1 v 

m <— 1. 

(2) Apply Algorithm 11-2.1 on G - G    and H - H    in (Z/q) tx] 
1 1 

to get A , B   such that A   G + B   H - 1  in (Z/q) M and 
0     6 9 8 

deg(A )  < deg(H), degiB )  < deg(G). 
0 e 

(3)    Apply Algorithm II-2.2 on G, H, A , B , and x    tor 
0      0 

0 <  i   < deg(F) - deg(G) + dBg(H) and get A , B    in (Z/q) tx] 
i i 

such that A   G + 8   H - x    (mod q), deg(A ) < deg(H)  for all 
' i i   ' 

i  < deg(F),  deg(B )  < deg(G)  for all   i  < deg(F), and 
i 

deg(B )  < deg(G)   if  i  - deg(F). 
i 

(4) Set 0 <- F - G H, G'  <-- 0, H'  <— 0. 

(5) If m - n + 1, set G <-- G", H <— H" and go to (7), 

otheruise.   set m <~ m + 1.    Set 

D <- D - G H' - G' H - G' H'. G <-- G",  and H <-- H". where 

all  arithmetic operations are carried out over Z/q and F, 

G,  H considered  in  (Z/q) [x,y y ].     I f D - 0,   then go to 
1 v 

a.-" U^-«^M—^i-*..- -    . ..,   ^_^^i.-.J, .,..^j   . ^...i,-,,,^,...^..,.,^^,..,.^ 
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(7), otheruise, set R <— D (mod S ), i.e. drop all monomials 

in D with term degree > m and express R as 

k 

I^A  ,y ) x ,  k < deg(F) 

1-8 

by collecting all coefficients of like powers of x. 

k k 

(G) Set G* ;* <~y^ C B ,  H» «-Y^ C A , 
^ i i        ^-^ i i 

i-0 
i i 

G" <-- G + G*. H" <- H + H*. and go to (5). 

(7) Output G(x,y -b y -b ) and H(x,y -b y -b ), 
11    vv       11    vv 

11-5 Hensel Construction over the Integers. 

Due to its theoretical importance and for pedagogical 

interests, ue now present a theorem which contains all the 

underlying ideas of the generalized Hensel's construction 

for extending factors over the integers. The theorem shows 

that this method of construction can be carried out directly 

in Z. The Generalized Hensel Algorithm is simply a special 

case of this theorem where, for computational efficiencies, 

the underlying numerical coefficient space will be Z/q such 

that q is a prime power,p**r, greater than any of the 

integer coefficients in the origirid! polynomial, its 

factors, and their evaluations at the given v integral 

■ - — -  - - -   - -  —.-:- immmtm^tmWtm^tUiu 
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points. 

Lemma    11-5.1:    Let JM denote a general polynomial 

domain and S denote a general modulus.    Assume G H - G' H* 

k 
in  (J/S )[xl where G • 0* - G*.    H - H' i H" for some 

relatively prime polynomials G"(x), Hn(x)  in (J/S)tx], 

deg(G)  - deg^*)  - deg(G"), deg(H)  - degCH") - deg(H").    Then 

k 
G and G*, H and H' are associates in (J/S )(x] (i.e. 

G - u G' and H - v H' where u and v are units and 

k 
u v - 1 in (J/S )(xJ or G/lc(G) and H/lc(H), are identi- 

cally equal to G'/lc(G') and H'/lcUT) respectively where 

k 
divisions are carried out in (J/S ) tx] and the leading 

k 

coefficients are inherently assumed to be units in (J/S )). 

Proof; Let D - gcd^.G') so that G - D C, G' -DC'. 

and gcdlCC') - 1, Thus. 0 C H - G H - G1 H* - D C' H' 

-=> C divides H* --> C (mod S) divides H' (mod S) - H". 

Clearly also C (mod S) divides G (mod S) - G". C (mod S), 

thus, divides gcdlGMT) - 1 --> deg(C (mod S)) - 8. But 

k 
deg(C) - deg(C (mod S)) - 8 in (J/S )[x] and C must be a 

k 
unit in (J/S Hxl, since C (mod S) divides 1. Similarly C* 

is alc^o a unit. Therefore. G and G' are associates and 

similarly with H and H'. Since lc(G) and lc(G') are units. 

tiiifttHfilMiitiMiiMllfingiiii in llWiliWTiiaiirlliiMiitlilMiillBiitiii^  i Kuntu?nwiiw- .^^^^-^^-.■-■^.«^^..t .......-a. 
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we can compute the itionic polynomials G/lc(G) and G'/lclG') 

k 
in  (J/S ) [x].    These polynomials when considered in J[x] 

must be equal.    Similarly H/lc(H) ■ H'/lcW).    // 

Theorem    11-5.2:    Let Flx.y ,y ,...,y ) be a monic 
1   2 v 

multivariate polynomial  in J[K], J » Z[y .....y 1, 
1 v 

b - lb  b I be a given set of integral values, and 
I v 

S - ly -b  y -b 1 such that the leading coefficient of 
II v v 

F satisfies (IcIF))    / 0 or lc(F) ^0 (mod S).    Assume F 
b 

has a factorization in J[x]  such that F ■ G H uherei G    - G , 
b       1 

H ■ H and gcdCG , H ) - 1, then there exists a positive n 
b   1       11 

sufficiently large (in fact, n ■ degree bound of F or max td 
i   i 

always suffices) such that G»G,H»H,F"G H over Z 
n     n     n n 

G - G and H - H (mod S). 
n   1    n  1 

Proof; If we consider G and H to be polynomials in 
1    1 

(Z/Z) [xl which is an Euclidean domain, then we can apply 

Algorithm 11-2.1 and aet A (x), B (x) in (Z/Z)tx] such that 
1    1 

A    G    + B    H   - 1 and deg(A ) < deg(H ),  deg(B ) < deg(G ). 
1111 1 1 1 1 

-     ' ■   ■ --   -    -        i ■**!■—millliuaiMiwiM 
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Similar to the proof of Theorem 11-2.5, ue uiil construct 

sequences of polynomials IG I  and IH J  IN Jtx] bg induction 
m m 

such that F - G   H    in U/S )M  and 
m   m 

G » G , H - H (mod S). For the inductive step, Me let 
m   1  m  1 

»l+l 
R (x,y y ) - F - G H (mod S  ) 
ml    v      mm 

- /   C    (x) nm(y y ) where each C    lx)  is in Ztxl. 
^-^ Im 1 v Im 

Im 

For each C    (x) ue apply Algorithm 11-2.2 on G , H , A , B , 
Im 1111 

and C      as if we are in (Z/Z)[xl  and obtain A    , B      in 
Im Im     Im 

(Z/Z) [x)  such that A     G   + P     H   - C     and 
Im   1       im   1       Im 

deg(A    )  < deg(H ).    Assume G and H ire put In th«s general i- 
Im 1 

(1) (n) 
zed Taylor aeries form where G-G   +G       +...+G       and 

1 

(1) (n) 
H-H+H       +...+H     .But then 

1 

(m)     ^r-^ 
G       - /   B*  (x) nm(y y ) and 

A—' Im 1 v 
Im 

•;J-^---J'  -..^.-  w^-^^^-^^.- -  -   —■■  
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(tn) 

H       -  >   A*   (x) flinly ,...,y ) where A'    and B'    are in 
^--^ Im 1 v Im Im 

ZM.    Furthermore, we must have A'    G    + B*    H   - C      in 
Im   1        Im   1       Im 

ZIxl,   since otherwise G H when multiplied in their series 

form can not equal  to F in the integers.    Also since F is 

monic,   deg(C    )  < deg(R ) < deglF) - deg(G ) + deg(H )   for 
Im m 11 

all  IB > 1,  hence degIA'  )  < deg(H ) and deg(B'  )  < deg(G ). 
Im 1 Im 1 

Now, consider A' and B' to be polynomials in (Z/Z) M, Ue 
Im    Im 

then have (A  - A* ) G - (B* - B ) H in (Z/Z)tx). Since 
Im  Im 1   Im  Im  1 

G and H are relatively prime, H must divide A  - A' , yet 
11 1 Im   Im 

deg(A  - A' ) < deg(H ). Thus, A  - A'  in iZ/Z) M  or. 
Im   Im      1       Im   Im 

in fact, in Zlx], Uith this relation and the fact that H 
1 

is monic,  ue must also have B     ■ B*     in Z[x].    Therefore, 
Im       Im 

(m) (m) 
the formula for G       and H        is uniquely determined by this 

construction and  it  is routine to verify 

((it) (m) tn+1 
G       H       -(G+G)(H+H)-F  (mod S     ).    Also 

m+1    m+l m m 

it  is clear that G   - G , H   - H    (mod S)  for all m > 1. 
mini 

teü"^ j -...^.^-^ -   ^ .,„•.■.,■...J..^.--^-,^ ,...,..,.utai^J^ia«^ttiJl^aJ«u»t^^-.^w,.-.-..-..  .....    ^..^......,   ,  , in   iHMll 
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■ 

Uhen m - n, the term degree bound of F, any divisor of F must 

be uniquely represented, or identically equal to an element 

n+1 n+1 
in U/S  ) M,    Consider, then, G H • F ■ G H (mod S  ), 

n n 

Lemma 11-5.1 implies G and G , H and H are associates in 
n      n 

n+1 
(J/S  ) [x]. Since F is monic, G must also be monic. But 

G is, by construction, monic since G is monic and 
n 1 

(m) 
deg(G  ) < deg(G ). Therefore G - G over Z. Similarly 

1 n 

H - H , and F - G H over Z.    // 
n       n n 

In addition to demonstrating   feasibility of making 

mul tivariate Hensel construction directly over the integers. 

Theorem I!-5.2 also shoHs that under suitable constraints 

factors or divisors of polynomials over Z can be reconstruct- 

ed from their evaluations at uell chosen points. Ue will 

now discuss extensions of the Zassenhaus* Algor:thm and the 

Generalized Hensel Algorithm so that divisors of polynomials 

over Z can be reconstructed using these computationally more 

efficient "modular" algorithms. 

The main add; lonal operation neceasary for achieving 

this is called the Restore Leading Coefficient (RLC) opera- 

tion (the reason for this name uill be clear later). 

mmimitni Httäimuti ***!.■ *^1A:^., . „ . ,.  i,-,. MüMrftiHir-fmiifni -ir inn-  ir--' MtiTtii'riiiri'r'iMnifiüilfififii^T 
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Theorem 11-5.3 (EZ - Extended Zaesenhaus) 

Let F(x) be a primitive polynomial in Ztxl and p be a prime 

in Z u'-Mch does not divide the leading coefficient of F(x). 

Assume G(x) in Z[x] is a divisor of F, F - G H, such that 

G - G (mod p) and H - H (mod p) are relatively prime in 
8 e 

(Z/pHxl. Then for a sufficiently large integer K > 8, the 

G (X'J and H (x) in (Z/q )M  of Lemma 11-3.2, where q - p , 
k      k       k * 

found by applying Algorithm 11-3.2 on F, G , and H can be 
8 8 

used to raconstruct G and H directly. 

Proof:    By Lemma 11-3.2 we can find,  for any k > 8, G (x) 
~  " k 

and H (x) in (Z/q ) M  such that F - G H (mod q ) and 
k       k k k    k 

G - G , H - H (mod p). Let k be chosen such that 
k ' 8  k   8 

q > 2 B lc{F) uhere B in Z bounds the magnitude of coef- 

k 

ficients of F and any of its divisors Mlth the particular 

degrees of G and H .  (One such absolute but large bound B 
8    8 

d     1/2 
can be computed from F by the formula (2r) /(3d/2)   Hhere 

d - max(deg(G), deg(H)) and r - maximum magnitude of all 

complex roots of F - for its computation, see [KNUG91. This 

formula is derived by applying Sterling's approximation to 

vmm ^i^-.^»^.^.. ..■^^■^y»^aaki«am».hl,^....,,...J,,.-....^.  ..■^i^.:^..^,^,.--^-.;.^.J.«^*rfo^i^MMa^^   
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the maxitnum coefficient of U + r) .) For this k, any divi- 

sor D of F can at most differ from the canonical represen- 

tative of its equivalence class in (Z/q )M  by a unit in 
k 

(Z/q ) i.e. D/lc(0) (mod q ) is unit normal rr is the unique 
k k 

canonical class representative. 

By Lemma 11-5.1, G and G , H and H are associates in 
k      k 

(Z/q )lxl. Since lc(F) is a unit in (Z/p) hence also in 
k 

(Z/q ), so lc(G) and lc(H) are also units in (Z/q ). Since 
k k 

lc(F) - lc(G ) lc(H ), lc(G ) and lc(H ) must also be 
k    k    k       k 

units in (Z/q ). Then, since q is sufficiently large, 
k k 

H/lc(H) (mod q ) - H /lc(H ) (mod q ) --> 
k   k   k     k 

H" - lc(F) H/lc(H) (mod q ) - H" - lc(F) H /lc(H ) (mod q ) 
k k   k     k 

uhere the equality now holds over Z. But lc(F)/lc(H) - lc(G) 

in ZUJ, hence lc(G) also divides into HB. In fact, since F 

is primitive, so must H be. Hence, we must have 

lc(G) - cont(H') - conHH") and 

H - ppW) - pp(H") - pp(lc(F) (H /lc(H )) (mod q )) over Z. 
k   k      k 

Similarly G - pp(lc(F) (G /lc(G')) (mod q )) over Z. 
k   k      k 
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(Actually, once H has been computed, lc(G) - lc(F)/lc(H) and 

G - lc(G) G /lc(G ) (mod q ) 
k   K     k 

cont(H") G /lc(G ) (mod q ).) 
k   K     k 

// 

Example 11-5.3:    Let us now continue from Example 

11-3.2,  where given 

5     4     3     2 
F - y + 12 x - 22 x - 1^3 x + 399 x - 119 and p - 5 we 

used the quadratic construction to compute 

3 2 
G - x - 15 x • 17 and H - x + 12 x - 7 from the modulo 
2 2 

3 2 
p cofactors of F, P ■ x +2 and H «x +2x-2. Note 

8 8 

that Example 11-3.2 gives us G H - F (mod q - G25) and 
2 2       2 

the modulus G25 clearly exceeds the bound of the numerical 

coefficients in any involved polynomial. Also, since F, G , 
2 

H are monic, there is nothing to be done for the res'.ore- 
2 

leading-coefficient operation. Thus we get directly from 

the results of Example 11-3.2, G and H such that F • G H 
2    2 2 2 

over the integers. It should be realized that had F been 

nonmonic, G and H obtained from the mod p factorization 
2    2 

of F (some G and H ) would not be fs^ors of F over Z, BO 
8    8 

' •   '  - ----- -    --^.^-^ ^w^,^.,       -MMJiMnnnifliMHiflMMyM iliiflil[li,iiiifii!iirir',''T[r,Vfll ni i rf iir'i-irir^i'iii^iir'Viil'Milr'ir'Tiirii'ilifI' £■ :.-\^-.iM 
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that they must have the Restore Leading Coefficient opera- 

tions performed on them. Since this fact will be demon- 

strated clearly in the next example involving multivariate 

polynomials, ue nil! not duel I on it here but simply point 

out that so long as the modulus is sufficiently large, the 

modular factors of F can actually be -aed to recover the 

correct factors of F over Z regardless of whether F is monic 

or not. 

AI gort thm 11-5.3:  (Univariate EZ Algorithm) 

Input; F(x) primitive in Zlx], p prime in Z which 

does not divide lc(F), and G (x), H (x) relat.-ely prime in 
8    8 

(Z/pHxl auch that F ■ G H (mod p). 
8 8 

ou tput:  If F has divisors G and H such that F - G H 

inZandG = G,H-H (mod p), then G and H will be re- 
8     8 

turned. Otherwise the outputs wi 11 be G , H , and q ■ p 
k  k     K 

such that F - G H (mod q ) and q bounds the coefficients 
k k     k     k 

of F and any of its divisors with degrees less than 

max(deg(G ), deg(H )). 
8      8 

(1) Set d <— max(deg(G ), deg(H )), 
8     8 

r <— maximum magnitude of ail roots of F, 

tt^mmmmmm      ii        ii-iiii-aiiiTn i'i-i    ii  HÜ 
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d 1/2 
B <-- (2r) /(3d/2)      , and 

k <~ tninimutii integer euch that q   > 2 B lc(F). 
k 

(2) Apply Zassenhaue* Quadratic Extension Algorithm tlI-3.2) 

on F, p, k, G , and H to obtain G (x) and H (x) in (Z/q ) M 
8    8        k      k       k 

such that F - G H (mod q ) and G - G . H ■ H (mod p). 
k k    k    k  8  k  B 

(3) Restore Leading Coefficient: 

Set H <- Ic'F) (H /lc(H )) (mod q ). 
k   k      k 

If H divides (lc(F) F) over Z, then set H <-- pp(H) over Z, 

G <-- cont(H) (G /lc(G )) (mod q ), and return G and H. 
k   k      k 

(4) Otheruise return G , H , and q . 
k  k    k 

In the inultivariatvj case, ue can similarly extend the 

Generalized Hensel Algorithm. 

Theorem II-5.4: (Multivariate EZ) 

Let F(x,y ,...,y ) be a multivariate polynomial in 
1    v 

(Z(y ,...,y ])M  primitive w.r.t. (with respect to) x. Let 
1    v 

p be a prime in Z and b - (b ,c..,b I be a set of integral 
1    v 

values such that (lc(F)) /8 (mod p). Assume there exist 
br 

G and H in (Z[y y ]) [xi such that F - G H and 
1 v 

i 

\ 
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G   - G (mod q , S), H   - H (mod q , S) are relatively Drime 
1 k 1 k 

in  (Z/q )[x]  or  (J/S)[xl uhere J - (Z/q )ty .....y 1.    For 
k k     1 v 

sufficiently large integere k > 9 and n > 0,  the G   and H 
n n 

n 
in (J/S )[x]   found by applying the Generalized Hensel Algo- 

rithm (11-4.1) on F, G , and H   can be used to reconstruct 
1 1 

G and H directly. 

Proof; Let B in Z be larger than the magnitude of any 

numerical coefficiente of F and any of its divisors with the 

particular degrees of G and H . (One such coefficient bound 
1    1 

can be computed using a method discussed in tU&R73].    In 

most cases,   it is sufficient to let B be the maximum of the 

coefficient magnitudes of F and the bound computed from F 
b 

using the method discussed in the proof of Theorem II-5.3.) 

Let k > 0 be such that 

2 
q > 2 B > 2 B (coefficient bound of lc(F)). 
k 

Let n' be the term degree bound for F and n" be the maximum 

term degree of lc(F). Now let n - n* + n" + 1 which bounds 

ill the term degrees of lc(F) F. Then for such k and n, any 

divisor D of F can at most differ from the canonical repre- 

n 
sentative of its equivalence class in (J/S )[xl by a unit 
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n n 
in U/S )   i.e. D/lc(D)   (mod q , S )  is unit normal or is 

k 

actually the canonical class representative. 

By Theorem 11-4.1, we can find G   and H    in U/S )M 
n n 

n 
from F, G ,  and H   such that F - G   H    in U/S ) M  and 

11 n   n 

G    - G , H   - H    in (J/S) [x].    By Lemma II-5.1, G and G , 
n        1      n       1 n 

H and H   are associates in U/S ) [x].    Since IctF)   is a 
n 

unit in J/S, hence also in J/S , so must lc(G) and lc(H) be 

n 
units in J/S . Since lc(F) ^ IcIG ) lc(H ), lc(G ) and 

n    n     n 

lc(H ) must also be units in (J/S ). Then, because q and 
n k 

S is sufficiently large, we have H' ■ IcCF) H/lc(H) in 

n n 
(J/S Mx] and H" - lc(F) H /lc(H ) in (J/S )[x] identically 

n   n 

equal  or equal   in (Zly ylHxl.    But  lc(F)/lc(H)  -  lc(G) 
1 v 

in (Zly ,...,y IHxl  so that the expression H" considered as 
1 v 

a polynomial   in (ZCy ,...,y Dtx] must also be divisible by 
1 v 
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lc(G). In factw since F is primitive, so must H be, and 

lc(G) - conUH') - contlH"), H - pp'.M') - ppm"). SiMi larlij, 

G - ppdc'F) (G /!c(G )) (mod q , S )). (In fact, with H 
n   n      k 

known now, lc(G) - lc{F)/lc(H) - cont(H") and 

G - cont{H") (G /lc(G )) (mod c , S ) as it is considered as 
n   n      k 

a polynomial in (Z[y ,...,y 1Mx].)   // 
1    v 

Example II-5.4a; This one will be the continuation 

from Example 11-4.13 whera F uas given to be 

2 2 3  3  2 
x +(-z -yz + y + z + 2)x + yz -z +y z-yz + 2zf 

b - 19. 81. q - p - 7 and the univariate codivisors of F, 

G - x and H - x + 2. Since q - 7, n - 3 happ- ^d to be 
1       1 

large enough, and F was given monic, there is really nothing 

much to continue. The results of applying the Generalized 

Hensel Algorithm to F, G , and H are G - x + z - y z and 
1     1    3 

2 3 
H -x + y-z +2 such that F - G H (mod q, S ). But 
3 3 3 

there is no need for performing the Restore Leading Coeffi- 

citnt operations on G and H because they are moric. Thus, 
3    3 

in fact F - G H - G H over the integers uith G - G and 
3 3 3 
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H - H 

Example 11-5.4b:    Continuing from Example Ii-4.1b, ue 

have the given non-monic mu!tivariate polynomial 

1111 2 3       3 
F-y   x   +(-y2   -y   z + yz + y   +2y)x + yz   -z 

2 
- y    z - y z ■(- 2 z uith b -  II, 6), p - 7, G    - x,  and 

1 

H ■ x + 3. The goal here is to find the factors over the 
1 

integers, G and H,  corresponding to G   and H    in (Z/p) txl. 
1 1 

Since we know that k • 1 and n - 4 is sufficiently large 

for the general modulus, the results from Example 11-4.lb, 

by applying the Generalized Hensel construction on F, G , 
1 

and H , are exactly what ue need here. Ue had 
1 

G - (y* + 2 y" + 1) x - (y* + 1) y' z, 
4 

2  2    3    2 
H - x + 3 - 2 y* + 2 y* - z - 2 y' + y* z , and 
4 

F* - G   H    (mod 7, S'  ).   Ue Mill noH apply the Restore 
4   4 

Leading Coefficient operations to G    and H ,  working uith F' 
4 4 

in the more convenient modular space S'  (rather than F in 
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S ). For simplicity and by symmetry, ue first compute 

G" - IcCF') G /lc(G ) in U/S' )M.    Since 
4   4 

lc(G ) - lc(F') - (y* + 2 y' + 1), ue have 
4 

4       2 
G" - G (mod 7, S" ) - G - (y' +2 y' +'.) x - iy' +1) y* z. 

4 4 

Considering G" as polynomials over Z (since 7 is a suffi- 

ciently large modulus) and computing the primitive part of it, 

ue get (y* + 1) x - y' z. But then G can be recovered from 

this by the substitution of y - 1 for y' In this expression 

giving y x - y z + z - G. For recovering H, ue takn the 

corresponding content of G", y' +1, and get 

cont(G") H /lc(H ) (mod 7, S* ) 
4   4 

- (y1 + 1) x + 3 (y* + 1) - 2 y* (y* + 1) 

?.        2 3    2 
+ 2 y' (y* + 1) - z (y* + 1) - 2 y' + y' z 

2 2 
- (y* +1) x +3 ♦y' - z - (y' + 1) x + (y' + 1) + 2 - z 

-yx + y-z +2-H. Then ue have shoun hou the 

divisors of F over Z can be recovered from their univariate 

images, G and H , via the application of the Generalized 
1    1 

Hensel construction, to a sufficiently large modular space 

""'-"'M-""~—  «*^ 



(in this case S ), and <-fter Restore Leading Coefficient 

operations if necessary.    The lack of resemblance between G 
4 

and G, H and H mentioned in Example 11-4.lb, turned out not 
4 

to be a serious hindi— :e to the recovery of G and H. But 

the added complications and computations due to non-trivial 

leading coefficients have a!**) been shoHn to be potentially 

costly. If we compare the computations involved in Examples 

11-5.4a and 11-5.4b as well as in Examples II-4.1a and 

11-4.lb, the amount of extra work (for example the substi- 

tution transformations, the one additional iteration 

necessary for the Generalized HenseI construction, and 

the Restore Leading Coefficient operation) due to the simple 

2 
but non-trivial leading coefficient y* is quite substan- 

tial. This problem uill be the topic of discussion in the 

next section (II-5(a)). 

Algorithm 11-5.4:  (Multivariate EZ Algorithm) 

Input; F{x,y ,...,y ) primitive in (Z[y ,...,y ))[x], 
1    y 1    v 

b - lb o I a set of integers in Z such that 
1    v 

(lc{F))    /8 (mod p), p a lucky prime for F    in Z, and 
b b 

G (x), H (x) relatively prime such that F - G   H    in 
11 11 

mm t^U^S^äääMJÜM 
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U/S) M. 

Output; If F has divisors G and H such that F - G H 5n 

Zlx.y .....y 1 and G ■ G , H • H in (J/S)[K], then ü and 
1    v       11 

H ui 11 be returned. Otherwise, the outputs will be G , H , 
n  n 

n 
q , and n such that F ; G H (mod q , S ). 
k n n     k 

(1) Compute B as suggested in the above Proof. 

Set L <-- maximum coefficient magnitude of lc(F). 

k <~ minimum integer such that q > 2 B L. 
k 

n' <-— term degree bound of F - max td . 
I        i 

n" <— maximum term degree o' lc(F)  . 

n <— n*  + n" + 1. 

(2) Apply General'-zed Hensel Algorithm II-4.1 on F, b, q , 
k 

G ,  and H    to obtain G {x,y y ) and H (x.y U >  such 
1 1 n       1 v n       1 v 

n 
that F - G   H    in U/S ) [x] and G   ^ G , H  •- H    in 

n   n n       1     n       1 

U/SMxl. 

(3) Restore Leading Coefficient: 

Set H <-- lc(F) (H /lc(H )) (mod q . S ). 
n   n      k 

If H divides (lc(F) F) over Z,  then set 

jr||iijMMBMjiti^tt 
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H <-- pp(H) over (ZIy ,...,y DM, 
1    v 

G <-- cont(H) (G /lc(G )) (mod q , S ), 
n   n      K 

and return G and H, 

(4) Other:'!se return G , H , q , and n. 
n  n  K 

II - 5 (a) The Leading Coefficient Problem 

Ue now observe that the basic underlying step of all of 

the Hensel-type algorithms is solving the Diophantine Unlva- 

riate Polynomial Equations (DUPE) of the form A G + B H - C 

where G, H, and C are given polynomials in (Z/q)[x], 

gcd(G, H) - 1 and q is some power of a prime p. As in the 

case of integral Diophantine equations, solutions to DUPE are 

not unique. However, if we impose the condition that lc(G) 

be a unit in Z/'p and deg(A) < deg(H) then the solutions A and 

B are unique up to units in Z/p. Unfortunately, this artifi- 

cially imposed condition influences the Hensel-typtj of con- 

struction process so that the leading coefficient of one of 

the factors, say H, is never updated (see Example !I-4.1b). 

For instance, in the Generalized Hensel Algorithm, we have 

(1)       (K) (m) 
H   -H+H  +...+H  where each H   is a linear 
k+1   1 

combination of the A' s which are computed by solving corres- 

\ 

. 
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ponding DUPE'9. Sinre degIA 5 < deg(H ) for all Im, the 
Im      1 

leading coefficient of H   is always the same as the luading 
k+1 

coefficient of H which is only congruent to the leading co- 
1 

efficient of the true factor H modulo 3 but usually not iden- 

tically equal to it over the integers. Thus, as ue have seen 

in the univariate and the multivariate EZ Thuorem, for 

F - G H, the Hensel constructions result in G and H for 
n    n 

sufficiently large n such that F - G H and G - G , 
n n       n 

H = H . but usual ly G / G and H y H over the integers. The 
n n       n 

reason for such a situation is that essentially al I of the 

leading coefficient of F has been artificial Ig forced onto 

the leading coefficient of G . In fact If the leading coef- 
n 

ficient of H were divided out of H , i.e. H - H /IcIH ), 
1 1111 

G - lc(H ) G , and still F - G H (mod S), then the Hensel 
111 11 

construction using these G and H will automatically force 
1    1 

lc(G )  - lc(F) and lc(H ) - 1.    In this case,  the Restore 
n n 

Leading Coefficient operation becomes simply G'  - pp(G )  and 

H'  - contlG I H    (mod S ).    Thus,  in general, ue have 
n      n n 
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G - G /u where u - lc(H) uhich ia a unit in J/S . and 
n 

F - G H - (d/u) G ) (u H ) uhere multiplications by units 
n    n 

are done in J/S . •kin\)  such phenomena (in their simplified 

versions) can be seen from Example 11-5.4b and its preceed- 

ing related examples. Ue now point out that if 

d d    d 
u - 1 + y + y +...+g (mod y ,y y ) then 1/u is a 

12      v    1 2    v 

dense polynomial in the y's of degree less than d in each, 

v 
which is a polynomial of d terms. The relationships of G, 

H, G , and H in J/S are G - u G and H - (1/u) H. This 
n     n n        n 

means that the Hensel method is reconstructing the factors G 

and H uhere each coefficient of G is multiplied by u and 
n 

each coefficient of H is multiplied by (1/u).    This  's an 

expression blowup due to non-uniqueness of solutions to 

DUPEs relating essentially to the leading coefficient of F. 

Ue will  address this problem as the Leading Coefficient 

Blowup  (LCB) problem. 

Referring back to Theorem 11-5.2 uhere ue assumed F to 

be monic, ue noted in the proof of that theorem that 

deg(C    )  < deg(R )  < deg(F) - deg(G ) + deg(H ).    With this 
Im m 11 
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condition holding, Corollary II-2.2 implies that the corres- 

ponding A  and B  satisfu deg(A ) < deg(H ) 8:td 
Im    Im Im      1 

(m) 
deg(B ) < deg(G ). Thus, deg(G  ) < deg(G ) and 

Im      1 1 

(m) 
deg(H  ) < deg{H ) so that !c(G ) - lc(G ), ic(H ) - lc(H ), 

1 n     1     n      i 

and, in fact, lc(G) - lc(G ) - lc(H) - lc(H ) - lc(F) - 1. 
n n 

The correct  leading coefficients for G   and H   made G   and H 
n n n n 

the unique canonical representative of the equivalence class- 

n 
es for G and H in U/S ) M so that G - G   and H - H   over 

n n 

the integers when n is sufficiently large to bound the term 

degrees in F, G, and H. He now observe that if F is monic, 

then the same arguments hold even if he integral arithmetic 

was carried out in Z/q for k sufficiently large to bound 
k 

all the numerical coefficients of F, G, and H (as in Theorem 

1I-S.3 and II-5.4). Examples 11-4.1.3 and II-5.4a clearly 

demonstrate these points. Ue further note that the impor- 

tant condition is not that F is monic but rather that 

lc(G) - lc(G ) and lc(H) - lc(H ). (See Remark follouing 
n n 

Theorem 11-4.1.) This leads us to the next lemma uhich, 

though only constitutes an artificial solution to the LCB 

■iniiiiiiitfriiiiiii-nr  im mm 
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problem, Mill later prove to avoid the LCB problem at a 

email cost for some applications of the Hensel construction. 

However, ue ulll emphasize that this method of treating the 

leading coefficients is indeed "sparseness-preserving". 

For univariate polynomials a similar version of the 

follouing lemma applies. Since ue have pointed out the 

effects when F is monic in the remark following Lemma II- 

3.2, we witl now concentrate only on the multivariate case. 

In fact, the Restore Leading Coefficient operation for 

univariate polynomials essentially only involves the 

additional step of computing integral contents and prim'five 

parts that it is a much less expensive operation than in the 

multivariate case. 

Lemma II-5.5: Let F(x,y y ) be in 
1    v 

(Z[y y IHxl and primitive w.r.t. x.    Let 
1 v 

b ■ ,b b 1 be a set of Integra! values and p t-e a lucky 
1 v 

prime for F    in Z such that  (lc(F))    - 8 (mod p).    Assume 
b b 

there exist G and H in (Zty y ])[x]  such that F - G H 
1 v 

and G - G (mod q , S), H - H (mod q , S) are relatively 
1        k    1       k 

prime in (Z/q ) [x] or (J/S) Ix] where J - (Z/q My y ]. 
* k  1    v 

Then, with F, G , H , lc(G), and lc(H), we can apply a »odi- 
11 
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fied version of the Generalized Hensel Algorithm so that the 

outputs of it are G and H. 

Proof;    Before we proceed with the proof, we define a 

replacement function,  the use of which was f.irst suggested 

by Mores, rep I ace Ic(P. L) - P with its leading coefficient 

replaced by L.    As in proof of Theorem 11-4.1, we have 

F o G   H    (mod q , S) so that A   and B   can be found in 
Ilk 11 

U/S) M  such that A   G   + B   H   - 1 and deg(A ) < deg(H ), 
1111 1 1 

deg(B )  < deg(G ).    Now let G' - replacelc(G ,   lc(G)) and 
111 1 

H*  - replaceiclH ,   lc{H)).    For the mth step of the induc- 
1 1 

(1) (R-l) 
five process, we use G' - G' + G       + ... + G and 

m       1 

(1) (m-1) 
H*  - H' + H       + ... + H to compute 

m       1 

m+.i 
R   - F - G* H"   (mod q , S     ).    Thus we have 

m mm k 

deg(C    )  < deg(R )  < deg(F) - deg(G ) + deg(H )  since no» 
Im n 11 

10(0 lc(H,) - lc(F) over ^he integers. However, since 
m     m 

G* - G and H' - H in J/S. we can still apply Algorithm 
1111 

11-2.2 on G , H , A , B , and C  in J/S to compute A  and 
1  1  1  1     Im Im 
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B  such that A  G + B  H - C . But now Corollary 2.2 
la \n   1   Im 1   In 

implies deg(A ) < deg(H ) and deg(B ) < deg(G ). Hence 
In      1       Im      1 

(m) (in) 
deg(G  ) < deq(G ). deg(H  ) < deg(H ) and 

1 1 

\c{G'    ) - IcCG') - IcIG') - lc(G), IcIH' ) - lc(H). There- 
m+l      m     1 w+l 

fore, for sufficiently large k and n (see proof of Theorem 

n 
11-5.4), ue have F - G' H* (mod q , S ). But because of 

n n    k 

the identities in the leading coefficients, ue must have 

G - G' and H ■ H' over the integers.   // 
n       n 

Example II-5.5: To demonstrate the feasibility and 

the necessary additional operations of this modified Hensel 

construction, ue work out a problem which is closely related 

2 
to that of Example 11-5.Ab.   Let F be the product of y   and 

the given polynomial of Example 11-5.4b,  so 

42 224 3 4 3 33 
F-y   x   +(-y   z   -y   z + y   z + y   +2y)x + y   z 

2   3       4 3 2 
-y    z    -y    z-y   z + 2y   z. 

Then, over the integers, F has codivisors G and H where 

2 2 
G-y(yx + z-yz)"y   x + yz-y   z and 

2 2 2 2 
H ■ y(y x + y-z   -»-Zl-y   x + y   -yz   +2y. 

■bh - ■ 
^■'^^   •'-'"■Miiiiiiii'-tnii II ri - - -  jau*-*^**...  
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Uith b - II, 0) and p - 7, G and H are the same as those 
1    1 

in Example H-S.Ab, «here G - x and H - x + 3. Here, ue 

2 2 
assume  it  is known that IclG) - y   and lc(H)  - y   are the 

correct multivariate leading coefficients of G   and H .    So 

we apply the replacement function to get 

G*  - replacelclG ,  lc(G)) - y   x and 
1 1 

2 
H'  - replacelclH ,  IcCH)) - y   x + 3.    As in Example 

1 1 

11-5.4b, we get the same A    , B   , A    , B    , A   , and B 
68     60     01     01     02 02 

such that A     G + B     H   - x    (mod 7)   for  1-0, 1, 2. 
01    1     01    1 

Another preparatory step for  the Hensel  construction Is, 

as before,   the substitution transformation,  y' + 1 for y. 

In this case, we apply this transformation to G*, H', and F 

to get Gv  - G'  ly-y'+l, z) - ly'   + 2 y' + 1) x, 
1       1 

2 
H'  - H'   (y-y'+l, z) - (y*    + 2 y' + 1) x + 3, and 

1       1 

F'  - F(y-y'+l, z).    Then the Hensel construction iterations 

are the same as before. 

 [m*mmiiamm* tfmMtmm-'^'^^'^immiim^,t''*a*iMi^ei.\w*.'*tj*ati 
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First we compute D • F' - G' H* and 
1     1 1 

R ■ D (mod 7. S' ). He get R - -3 y' x - C (x) u'. 
11 11 

Thus, simply A (x) - -3, B (x) - 8 such that 
1        1 

(1) 
A G + B H - C (mod 7) so that G  - B y' - 9, 
11   11   1 1 

(1) 
H   - A y' - -3 y', 

1 

(1)       2 
G1 - G* + G  - G' - (y* + 2 y* + 1) x, and 
2  1       1 

(1)    2 
H' - H* + H  - (y* + 2 y' + 1) x + 3 - 3 y' such that 
2   1 

G' H' - F* (mod 7, S' ). Next ue compute 
2 2 

(1)   (1)    (1) (1) 
D - D - G' H   - G  H' - G  H  and 
2   11 1 

3    2     .2 
R - D (mod 7, S* ) - (y* - y* z - z ) x - 3 y* z 
2   2 

2 2 
- (x) y' + (-x - 3) y' z + (-x) z 

2 2 
- C (x) y* + C (x) y* z + C (x) z . By scalar linear 

11        12        22 

combinations using A , B  i - 9, 1, 2, we get A  - 1, 
91  9i 11 

—   -■" mmm^ ^^^^.^H,. 



mmmmm pwwwp» i iimi i, j a imjiimmmmmmm 

!98 

B  - 8, A  - 8, B  - -1, A - -1, and B  - 8. Thus 
11     12    12     22        22 

(2)      2 2 
G  - B  y' + B  y' z + B z - -y" z and 

11     12      22 

(2)      2     2   2  2 
H   -A  y' +A  z-y'-z.so that 

11     22 

(2)    2 
G* - G' + G  - (y* + 2 y' + 1) x - y* z, 
3  2 

(2)    2 2  2 
H' - H' + H  - (y* + 2 y' + 1) x + 3 - 3 y' + y' - z , 
3  2 

and G* H' - F' (mod 7, S' ). Finally, we compute 
3 3 

(2)   (2)     (2) (2) 
D - D - G' H  - G  H* - G  H  and 
3  2  2 2 

*     2      2       2 
R - D (mod 7, S' ) - (-y* z-y' z)x-3y, z 
3   3 

2 2 
- (-x -3) y' z + (-x) y* z 

2 2 
- C  (x) y' z + C  (x) y' z . it io easily computed 

112 122 

that A  - B, B  - -1, A  - -l.and B  - 8. Thus 
112    112     122        122 

(3)      2     2     (3) 
G  - B  y' z - -y' z and H  - A  y* z - -y z , 

112 122 

(3)    2 2 
so that G' - G' + G  - (y' + 2 y' + 1) x - y' z - y* z, 

4  3 

— —-  .^^^^a*^^^...^^^ ^ 
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(3) 2 2   2 2 
H* - H'  + H       - (y*   +2 y' +1) x + 3 -3 y' + y'    z   -y' z , 

4       3 

such that G' H' - F (mod 7, S* ).    In ^ct, 
4   4 

D    - F - G' H' - 8.  i.e. F* - C H* over Z, so the Hensel 
4 4   4 4   4 

construction terminates here and gives 

2 2 
G - G'   (y'-y-l, z) - y   x + y z - y   z and 

4 

2    2    2 
H - H' (y'-y-l, z)-y x + y -yZ +2yas results, 

4 

which is indeed the correct cod!visors of F over Z. Note 

that only three iterations of the Hensel construction were 

needed in this case, where the term degree bound for F is 

actually B, so that even though the problem is a larger one 

than Example 11-5.4b, the number of iterations remain the 

same. Therefore, we have shown with this example, that 

knowing the correct multivariate leading coefficients avoids 

the LCB problem (Compare the number of terms in H* with that 
4 

of H in Example II-5.4b.) at the cost of working with a 
4 

larger given polynomial but without having to go through any 

more iterations of the Hensel conptruction than before. 

This is definitely an improvement over the regular Hensel 

construction so long as we can be given theXnowledge of the 

^tämmmmm iiTMitiiliiMnimiilli^^ n^^^.^^^.-aJi^J,..^.,^.:t^^.,:^^i 



correct uay of splitting the leading coefficient of the 

given polynomial into the leading coefficients of its uni- 

variate codivisors. In Chapter IV, MB ulIt see how this 

knowledge can actually be obtained at a small cost thereby 

avoiding large coat due to the LCB problem and preserve the 

sparseness of the polynomials during the Hensel construction. 

Algorithm 11-5.5: 

Input; Same as those for Multivariate EZ Algorithm II-5.4 

except, in addition, g and h in ZIy ,...,y 1 are given such 
1    v 

that g - lc(G ) and h - lc(H ). 
b     1     b     1 

Output; If F has divisors G and H such that F - G H and 

lc(G) - g, lc(H) - h, then G and H Mill be returned. Other- 

Mi se the outputs uill be G , H , q and n such that 
n  n  K 

n 
F - G H (mod a , S ). 

n n     R 

(1) Compute bounds k and n as in Step (1) of Algorithm 

11-5.4. 

(2) Return the result of applying GHA on F, 

G*  - replacelc(G . g),  and H'  - rep I ace(H , h). 
1 111 

iiiiihiBiiiiimiiiiiiitwiiii'i-ir'iiiii lln1rll,(ii^--^^>--"""-'------'----^--^--'---'- .,.^.^..-.M:^........*^^ »M^.J.,;^.,j...u^a.,:...^a-...-.a^L^jaJa-^J...,:-^.J,....i..,/.. .,,r.,.;..,jM 
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CHAPTER III POLYNOniAL GREATEST COmON DIVISORS 

111 - 1  Introduction 

As already noted, polynomial GCD computationg basically 

rely on division, especially for the PRS GCD algorithms. 

But the process of finding the GCD of two polynomials, F and 

G, also has many features in common with polynomial 

factorization. Clearly, if we have the complete 

factorizations of F and G, then their GCD can simply be 

recognized by taking the common factors raised to the 

respective minimum powers. Even without the complete 

factorizations, though, the GCD, 0, of F and G still breaks 

up F and G into incomplete factorizations, F - D (F/D) and G 

= D (G/D).  It is these factorizations that we usually seek 

in GCD coniputat:ons, where we often require not only the 

GCD, but also the cofactors, F/D and G/D (for example, in 

reducing F/G to lowest terms). The Hensel-type GCD 

algorithm will always compute the cofactors as a byproduct 

of the built-in tr;al division process, just as Brown's 

Hodular GCD Algorithm will obtain them as a byproduct of the 

process of verifying the GCD. 

The Hensel-type GCD algorithm uses the modular and 

evaluation homomorphisms, just as the Modular GCD Algorithm 

does.  The main distinction is in the process of inverting 

the mappings.  Here, we use the Hensel-type constructions 

MililiiiiliBlliirifliii^m^^^^^^^ -i    ni nrniii     i   ' ■   •■niliiiiMiurliMrttlrdlMititlHlilirrniinr 
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which make good use of one jell chosen homomorphic image 

instead of several images required by the Chinese Remainder 

Algorithm and the interpolation process. This is actually 

the only distinction in the univariate case. For 

mul tivariate GCD computations, houever, the Generalized 

Hensel Algorithm enables the simultaneous constructions (or 

inversions) in several variables instead of recursively 

inverting one variable at a time. This is uhy the 

multivariate EZGCD Algorithm often compares much more 

favorably to other GCD algorithms than the univariate UN1GCD 

Algorithm would. For this reason (and because the 

computation of univariate GCDs are not so costly, anyway) 

the univariate case will be given less emphasis in the 

following discussion. 

Ill - 2 Basic Concepts and an Overview of EZGCD Algorithm 

Ue will now present the four basic steps of the GCD 

algorithm by Hensel-type constructions. This overview will 

show the similarities of this methH with the flodular GCD 

Algorithm and with Uang and Rothschild's polynomial 

factorization algorithm. Then, we will also prove a 

fundamental theorem which will show why this neu method for 

GCD computation is possible. For both of these task^ we 

will mainly dibcuss the more important multivr-riate case and 

only point out that the univariate case follows similarly 

 --'"^■^—-^'^-^'•—- ^.-^..^ •Mtfk ■""'•"•-'ilrtri'iV n ■! ■ i >rTilrt^f[rVl'T-'fiiilif;ii»iiiir<llii»iiii'iiMi'illlil 
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and more simply so that it need not be repeated here. 

First, we prove a result that is essential fo- the 

understanding of GCO computations via homomorphic images in 

more structured subdotnains. This result is implicitly 

stated in Brown's [BR071] discussions on "unlucky" primes 

and b-values. and its proof can be implicitly derived from 

his Theorem 1 and 4 i f one understands the theory of 

polynomial PRS'a and subresultante. But its importance in 

our ensuing discussions warrants its individual treatment 

here. 

Lemma 111-2.1: Let F and G be in J[x] where J is any 

u.f.d. Let h be a homomorphism from J to a subdomain of J 

whose kernel is some ideal I of J, i.e. h: J —> J' - J/!. 

Assume h(lc(F)) ^ 0 and h(lc(G)) i< 8. If D - gcd(F, G) and 

D* ■ gcd{h(F), h(G)) where h(F) means applying h on all 

coefficients of F. then deg(0(x)) < deglO*(x)). 

Proof.: Since h is a homomorphism, D divides F and G so that 

there exists F' and G' in J such that F - 0 F* and G - D G* 

--> h(F) - h(D) hCF') and h(G) - h(0) MG') or h{D) divides 

h(F) and h(G) «=> h(D) divides D'. by definition of GCD --> 

deg(h(D)) jcdegtO'(x)). But h(lc(D)) also ^ 0, for if 

h(lc(D)) = 0 then since lc(D) divides IcCF) and lc(G) so 

lc(F) - lc(G) • 0. contradicting assumptions. Therefore 

deg(D(x)) . deg(h(D)) < degCD'(x)).   // 

— —^ ^ .-^■■~ ■-' ^..^ ■■.*-.. - .^ .-^-..- ^ jfiWiitiiiitirii 'i ii II   •• ff frtiriitihiifiT 
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In our applications, uo have the modular homomorphisms 

determined by a prime p and the evaluation homomorphisms 

determined by a chosen set of integers b « fb ,...,b I. 
1    v 

According to Broun, the particular chosen p or b is lucky 

if thti homomorphism determined by it satisfies 

deg(h(D)) > deg(D' - gcd(h(F), h(G))), and unlucKy other- 

wise. Broun's Theorem 1 and 4 in [BR071] give another ver- 

sion of the definition of the "luckiness" in terms of sub- 

resultants of tuo polynomials. In general, we uiII call a 

particular homomorphism lucky for a single polynomial P if 

the homomorphic images of any tuo distinct factors of P are 

not the sai..e in the image domain. 

I he EZGCD Algorithm uill compute the GCD, 

0'(x,y y ), of tuo multivariate polynomials 
1     v 

F'U.y y 1 and G' (K,y ,.. .,y ) in Z[x,y y ] ui th 
1     v 1     v        1     v 

the cofactors F'/D*  and G'/D'  as byproducts of the GCD veri- 

fication proca?s. 

Step  1:     (Contents and Primitive Parts) 

Consider F'  and G'  as polynomials in (Zty y ])M 
1 v 

and set   f   <— conUF'),  F <~ pplF'».  g"  <-- conHG'), 

G <-- ppiG'), and d' <— gcdlf, g'). 

The computation of content and primitive part is a recursive 

process, each step involving calculations of GCD'a of 

 ■ -— -  ™" ^•——  • - ^«-Ji.-.-.^1|WMf|lll|.imf, riitiiMI 
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polynomials uith one less variable. As we will see later, 

these computations can be accomplished using a variant of 

•ihis algorithm. The remaining task for this algorithm is to 

compute D » gcd(F, G), where F and G are now primitive, and 

the corresponding cofactors F/0 and G/D. Then D* is simply 

d' D and the corresponding cofactors are (f'/d') (F/D) and 

(g'/d1) (G/D). 

Step II:  (Evaluation and Univariate GCD) 

Choose a set of v integers b ■ lb ,...,fj ) such that 
1    v 

the degrees in x of F and G evaluated at y   - b , 
i        i 

i■!,...,v are not decreased. [Such an eveluation is 

called a valid evaluation.] 

Compute F (x), G (x), and D (x) • gcdIF , l> ). 
b    b       8       b  b 

This univariate GCD computation can be (Jons by using, say, 

the tlodular GCD Algorithm which is very efficient in this 

case. However, it is equally efficient to use the UNIGCD 

Algorithm with Zassenhaus' quadratic extension algorithm in 

most cases, as we will see in the next section. 

Step III:  (Preparation for Hensel Construction) 

If deg(D (x)) - 0. then D (x) - 1 and D - 1. 
0 8 

If deg(D ) » deg(F ) or deg(G ), then F divides G, or G 
0      b       b 

divides F, or a new valid evaluation should be made. 

immimiai^mm ^-JJ..^^^-J.«.,^.^. i|gigi|g)gM|j||Maiita tiilrrimiilmi Mntitfftll^W^^^^"-t^!-"- ■ riiri-itiinniniiii•i-^"—'- ■ '-"* 
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Clearly if deg(D ) -  0, then D - constant. Since b is a 
8 8 

valid evaluation for F and G, it must also be valid for D 

and so D - con; tant implies D contains no x. But F and G 

8 

are primitive implies D is also primitive. Hence D must be 

1. Because deg(D ) > deg(D) (see Lemma 111-2.1), 
8 

if deg(D ) - deg(F) < deg(G) and F does not divide 
8 

G. we know deg(D) < deg(D ) so that this evalua icn 
8 

must be unlucky so as to create an univariate GCO which is 

not the image of the actual GCD. Similarly, 

deg(D ) = deg(G) < deg(F). 
n 

Otherwise determine if the following condition holds: 

Condition II1-A: gcd(D , F /D ) - 1 or 
8  b 8 

gcd(D , G /0 ) ■ 1. 
8  b 8 

This is a necessary condition for the application of the 

Generalized Hensel Algorithm, as we have seen. This condi- 

tion will not hold if gcd(0, F/D) / 1 and gcd(0, G/0) / 1. 

(The simplest class of problems for which this is true is 

2       2 
the case where F - U V and G - L) V, U and V are any non- 

trivial polynomials depentent on the main variable of the 

problem in question). If this is the case, the algorithm 

■ - ■'   ■     —-..^  ^^^^a^  .!.«>■■ •■^..^....y, ..:..,-  ■■----^—'■■■ ■■'^' iiiaW.^hflniiMaAA-rii- ■dnfthriM 
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wiii be forced to apply a special case method which amounts 

to computing a square-free decomposition of D. Houever, 

this special method also uses the Hensel-type constructions 

and, in many cases, proves to be comparable in cost ',o, if 

not more efficient thar,, the other GCD algorithms. This 

special method will be discussed and especially clearified 

when we present the Hensel-type square free decomposition 

algorithm in Chapter VII. 

Assuming Condition I1I-A holds, we continue under a further 

assumpt ion. 

Condition III-B: deg(D ) - deg(D). 
e 

Since 0 is supposedlu unknown, this assumption cannot be 

tested at this point. However, because it is an essential 

condition for the algorithm to work (see the following 

theorem), at various places in the algorithm we endeavor to 

increase the probability 'if having it hold. Ue also use 

a "safety-vslve" test near the end of the algorithm, to 

ensure that any unlucky evaluation, which causes Condition 

III-B to L? false, will be detected. 

Step IV:  (Application of the Hensel Cons',uction) 

Suppose F satisfies condition III-A. 

Apply the Hultivariate EZ Algorithm (11-5.4) on F, 

D (x), and F (x)/D (x) to get either 
8       b   8 
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(a) multivariate cofactors, D" and H", of F such that 

F - D" H" over Z. or 

(b) some q , n, and D , H such that 
k n  n 

n 
F » D H (mod q , S ). 

n n     k 

Ue note here that only F (or G) is used in the application 

of the Hensel-type construction. This will be the funda- 

mental observation for the neu and, in most cases, improved 

Hensel-type polynomial content and primitive part algorithm 

which ue Mill present later. 

Step V:  (GCD Verification) 

For case (a), test whether D" also divide G.  If so 

D « D" is the GCD of F and G ue seek, so that 

D* = d' D and the cofactors can be computed by multi- 

plying quantities already computed. Otherwise, or for 

case (b), go back to Step II for a new evaluation and a 

resulting univariate GCD having a smaller degree than 

this D . 
e 

From the properties of the Multivariate EZ Algorithm 

(Theorem 11-5.4), D"(x) - D (x) and D" is a proper primitive 
b     8 

divisor of F.  Thus, since deg(0") - deg(D ) > deg(D), 
0 

D" must be the GCD. 0, of F and G if it also divides G. 

  ■  - fcBitti^ftiiilfcitMiaiiütfilnii-VTiri i r nimri Vn'ii riliiiiYri'ift -iia,i>>iMlj|i.'M/ilaii i.iiiinhUiliMi 
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This will oe made more explicit in Theorem III-2.3. 

For case (b), 3'nee q and n are chosen to be surely larger 
K 

than the coefficient bound and the term degree bound of F 

respectively, b must be an unlucky evaluation so Me look for 

another.  In case it was decided to use a heuristic coeffi- 

cient bound for the computation of q in the multivariate EZ 
k 

algorithm, then case (b) does not necessarily mean that the 

chosen evaluation was unlucky. It may be worthwhile to 

apply the Hensel construction again with a larger integer 

modulus than q (perh.jps, an actual coefficient bound). 
k 

However, for practical multivariate problems, it is rarely 

the case that any reasonable heuristic coefficient bound 

such as the one suggested in the EZ algorithm will not 

suffice. 

Example 11!-2.1: As an example of multivariate poly- 

notniai GCD computation using the above out', ined EZGCD Algo- 

ri thm. we assume 

2 2 3  3  2 
F' »x +(-z -yz + y + z + 2)x + yz -z +y z 

- y z + 2 z and 

3 2 2.    3  3 
G' -x +(-z -yz +z)x +(yz -z -y + 2)x 

+y    z-3yz+2z are given and we want to find 

immiiii i   liiinmiiiiiiiiiiin  n   f i   ii f t\m  ii^^^<vv.,...^^.^...^^.L..^,^.^,j^^b^.^^^^J^^^j^^^..^^...,./.o.L,^ 
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0' « gcäif,  G'). Since F and G are ironic, they must be 

primitive, so that Step I can be passed through with 

d' - gcdff, g1) - gcdd, 1) . 1. F - F' and G - G*. Ue 

choose b =» 10, 91 uhich is clearly a valid evaluation for 

monic polynomials F and G. Then F (x) - x + 2 x, 
b 

G (x) - K + 2 x, and D - gcd(F , G ) - x. Since 
b 0      b  b 

deg(D (x)) - 1/deg(F) or deg(G), ue test Condition III-A 
0 

and find gcd(D , F /D ) - gcd(x, x+2) - 1, So we continue 
8  b 0 

to Step III assuming Condition III-B, deg(D ) - 1 - deg(D) 
0 

uhere D =• gcd(F, G) is to be found. Ue now apply the Mul- 

tivariate EZ Algorithm (II-5.4) on F, D (x) - x, and 
0 

F (x)/D (x) ■ x + 2. But this problem uas already done in 
b   0 

Example II-5.4a and the results are D" - x + z - u z and 

H"»x+y-2 +2 such that F - 0" H" over Z (case (a) of 

Step IV). Since 0" also divides G 

2   2 
(G - D" (x - z x - y + 2) over Z), ue conclude that 

D' - 0 - D" - gcd(F, G) - gcdCF', G') and indeed it is. 

ue  Mill now prove the fundamental theorems for the 

validity of the application of the Hensel-type construction 
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to polynomial GCD computations.    Again,   in order to avoid 

redundancy,  we concentrate on the muKivariate case. 

Let F(x,y y )  and G(x,y y ) be two multiva- 
1 v 1 v 

riate polynomials over the integers with GCD DCx.y ,...,y ). 
1    v 

For a set of integral values b - lb  b I such that 
1    v 

deg(F(x)) . deg{F (x)) and deg(G(x)) - deg(G (x)) (i.e. 
b b 

(lc(F)) / 0 and (lc(G)) *  0.), let 
b b 

D (x) - gcd(F (x). G (x)). 
0        b    b 

Theorem II!-2.2; 

If D (x) is assumed to have the follouing properties: 
0 

(i) deg(D (x)) - deg(Dlx)), 
0 

(ii) gcd(D (x)). F (x)/D (x)) . 1, 
0     b   0 

then for any primitive divisor D* (x,y y ) of F such 
1    v 

that D'(x) » D (x), we must have 
b     0 

D(x,y ^...y ) » D'lx.y y ) Q(y y ) uhere Q is a 
1    v       1    v   1    v 

polynomial   independent of x. 

Proof;    Refering to Lemma III-2.1 and its proof,  we have 

D  (x)  dividing D  (x)  - DMx), deg(D)  - deg(D (x)), and, 
b 0 b b 

--'- "      -  ■M^MMi i.;,.1..^.-^iJ..,..^^,,.L,.i^^a 
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similarly, degCDM - deglDMx)).   By (i). we have 
b 

deg(D M)  - deg(D)  - deg(D lx)) - degCOMx)) - degCD'). 
b 0 b 

Let F - D F1   and G - 0 G',  then 

D  (x)  - D  M   gcdfF* (xl.G'(x)), and so gcd(F'. G')  - c.  c a 
0 b b b b     b 

constant.    That  is D (x) - 0* (x) - c D (x).    Now let 
0 b b 

P(x,y y )  - gcd(D. 0'),  then D - P Q and D*  - P Q'  for 
1 v 

some Q and Q'   in Z[x,y y 1 such that gcd(Q, Q")  - I. 
1 v 

Since 0'   is primitive, 0' must also be primitive so that 

either Q*  - 1 or degiQ') > 0.    Assuming the latter, ue have 

P Q dividing P Q'   (F/D') or Q dividing QMF/O'),  since D 

divides F.    But gcd(Q, Q') - 1 so that Q divides F/ü\  hence 

Q    divides F/D'   - F /0 .    On the other hand, 
b b    b       b   0 

P   Q'  »D'»!'    =cD   -cD   Q   orQ   divides D .    Thus Q 
bbböbbbb 0 b 

divides gcd(0 . F /D ) - 1, by (ii), or Q - 1 which means 
0  b 0 b 

Q' = c contradicting the fact that deglQMx)) - degCQ*) > 0 

b b 

by assumption. Therefore ue must (-..ve Q' - 1 or D - D' Q. 

But degCD') - deg(D) so that deg(Q) ■■ 0 and ue have 

0(x.y y ) - DMx.y y ) Q(y y ) "here Q is 
1    v       1    v   1    v 

independent  of  x. // 

t - -_----.-   
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Tteprern III - 2.3:  (Validity of the EZGCO Algorithm) 

Let P'^x.y y ) and G'(x.y y ) be mul tivariate 
1    v        1    v 

polynomials  in Ztx.y y ]  with GCD OMx.y y ).    Let 
1 v 1 v 

F - pplF').   f  - contlF'). G - ppIG'), g* - contJG'),  and 

D(x.y y )  " D'/gcdlf,  g*).    For any chosen set of 
1 v 

integral  values b -  lb b I   satisfying the conditions 
1 v 

deg(F (x)) - deg(F) and deg(G (x)) - degIG) and resulting in 
b b 

a D (x) - gcd(F (x), G (x)) satisfying (i) and (ii) of 
0        b    b 

Theorem 111-2.2, the D"(x,y  y ), which is obtained from 
1    v 

D  (x)  via the application of the mul tivariate EZ Algorithm 
8 

(11-5.4)  on F, 0 ,  and F /D , must satisfy D - 0" or 
0 bB 

D'(x,y y )  - D"(x,y u ) gcdff, g'). 
1 v 1 v 

Proof: Apply the Multivariate EZ Algorithm on F, D , 
0 

and F /D to get D". Since the evaluation mapping determined 
b 0 

by b is a homomorphism, D (x) divides D Ix) or 0 - D C. 
b 0     0b 

But   II)   implies deg(D )  - degID )  -o that C must be a con- 
0 b 

stant. But C divides D , in fact, C divides lc(D ), so C 
0 0 

mmm ii^mimitimmmmmmmmm jMLt-'-"'"""..'",...^ '->■»— ».-.^.-^^ •■-•■--.- ..^.-.^J— .^i-^-^ai 
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must be a unit modulo the particular prime p of the EZ Algo- 

rithm.  Thus we have D-D (mod q , S) and so 
8     k 

F/D = F /0 ' (mori q , S). Therefore, by Theorem 11-5.4 the 
b 8     k 

EZ Algorithm (11-5.4) yields D" which is primitive and 

divides F. By the result of Theorem III-2.2, D - D" Q. But 

F and G being primitive implies D must also be primitive, so 

that Q, being independent of x, must be 1. That is D - D" 

and D' - D" gcdff, g').    // 

III - 3 Univariate GCD Algorithm 

with Zassenhaus* Quadratic Constructions 

Computing the GCD of univariate polynomials using the 

Hensel-type construction does not demonstrate the full power 

of the Hensel method. However, it does serve the purposes 

of showing that (1) in many cases it is not necessary to 

compute more than om  homomorphic image of the GCD in order 

to "irvort" the mapping and get the actual answer, (2) this 

method also avoids the coefficient growth problem of the PRS 

algorithms and at tht same time retains the unique advantage 

of the Modular Algorithms for speedy detection when the GCD 

is actually 1. and (3) it provides a good conceptual basis 

for understanding the multivariate EZGCD Algorithm and its 

related problems, since the two cases are basically similar 

in many aspects. 

HMM. x.^,..^..^^..,.,....^.:.^..^..^..,,^ 
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wmmmmmmm^^^m» ■*mmmmmmmmm 

125 

Non that ue have established some theoretical 

foundations for  the utilization of the Hensel-type 

construction in GCO computations in the last section, ue 

will  directly present the univariate algorithm, UNIGCO, 

relying on the theoretical  similarities of the multivariate 

and the univariate cases. 

Algorithm    111-3.1:     (Univariate GCO - UN1GCD) 

Input:    Univariate polynomials F'(x) and G'(x)   in 

Z[x]   uhere deg(F')   is assumed to be > deglG').     (Otherwise 

simply switch them and later also switch the order of the 

output cofactors.) 

Output;    0'(x)  - gcdF'. G")   in Zlx], FVD', andG'/D*. 

(AD    Set  f  <-- conUF'), F <- pp^'), g" <— cont(G•), 

G <— pp(G•), and d' <~ igcd(f,, g') where the "i" 

stands for integer operations. 

(A2) Set fl <— lc(F), gl <—  lc(G), and dl - igcd(fl, gl). 

Set d <-- deg{F) and d <~ deg(G). 
F G 

Set p to a new prime such that p does not divide fl gl. 

Se' F <— F (mod p), G <— G (mod p), 

P P 

0 <— mgcd(F , G ) where the "m" stands for modular 

P        P  P 

operations, and d <— deg(0 ). 

P 

(A3)     If d - 3 then 0    - 1 and return d',   (f'/d*) F,  and 
P 

^^mmmmm^ mmmjmm^m 
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(g'/d*) G. Otherwise, if (A4) has been passed through 

already, then skip to (AS). 

(A4) Choose a neu prime p' such that p' does not divide 

fl gl and compute D  ■ mgcdF , G ). 

P'      P'  P' 

If deg(D ) < d, then set F <-- F , G <— G , 
P* p    p'  p    p' 

D <— D , p <-- p', d <~ deg(D ), and repeat (A4). 

P   P* P' 

If deg(D ) =• d, then go to (A3). 
P' 

If deg(D ) > d, then repeat (A4). 

P' 

ikS)     If d - d , then test uhether G divides F, if so return 
G 

d* G, (f/d1) (F/G). and g'/d'. 

If test-division fails then go to (AB). 

If d ^ d , then continue to (A7). 
G 

(AB) Choose neu primes p" until a new D  ■ mgcdlF , G ) 

P P P 

is found uhose degree is less than d. Then set 

F <— F , G <— G , D <— D , p <— p", 

P    P"  P    P"  P    P" 

d <-- deg(D ), and go back to (A3). 

P" 

(A7)  if mgcd(D . G /D ) - 1, then set U <— G, D <-- D , 
p  p D 8     p 

H <— G /D , and go to (A8). If mgcd(D , F /D ) - 1, 
8    p p P' P P 

hä*^**±*******^^^ ....... ..,.., _.;^.^^ „ , „.^,, ■-....■■^.-IJi1,1(l||ill|-i1-|iYT iTiMiiiriiiitiiiiiaiiMiiiit^ l^>m,i»..i^;.-.--■........■---"-» J—>■<■■.■«">'- ■  t*„j,^~n.tiü. 
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then set U - F, D - D , H - F /D , and go to (A8). 
B  p  6  p p 

Otheruise. go to the special case algorithm (SI). 

(A8) Apply the Univariate EZ Algorithm (11-5.3) to U(x) 

in ZM,  and D (x), H (x) in Z Ixl. 
0    8     p 

If the outputs are D and H such that U - D H over Z 

then continue to (A9). Otheruise, the outputs are 

D . H , and q such that U i 0 H (mod q ), 
k  k     k k k     k 

then p must be unlucky so that a neu prime p" must he 

found, go to (AB). 

(A3) If U - G. test uhether D divides F, 

if so return d* D. (f'/d*) (F/D). and (g'/d') H. 

If U =» F, test uhether D divides G, 

if so return d* D. (f'/d') H, and (g'/d') (G/D). 

Otheruise p must be unlucky, so go to (AB). 

(51) Set G" <-- UNIGCD(G, dG/dx) and L <-- G/G" 

(via Steps (A2) - (AS)). 

(52) Set L <-- UNIGCDIL, F) and F" <- F/L 

(via Steps (A2) - (A9)). Set D" <— L and 0 <~ L. 

(53) Set 0 <— mgcd(L , F", G") uhere p is the valid, 
P       p  p  p 

lucky prime already used in UNIGCO Stepi (A2) - (A9) 

of (52). 

(54) If deg(D ) - 8, then D - 1, so return d' 0", 

P P 

in iimrMiiirii —■ -■J....—.--'-  — —'■ ^nuiiiiiriili 
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(f'/d*)   (F/DM). and (gVd')   (G/D"). 

(S5)    If L /D   ■ 1,   then skip (S6) and go to (S7). 
P   P 

(SG)     Apply Univariate EZ Algorithm to L in ZIx]  and D    - D , 
0        P 

H - L /D in Z [x] to-get D and H in ZM  3uch that 
0   p p   p 

L = D H over Z. Set L <— D. 

(S7) Set 0" <-- D" 0. F" <- FVD , G" <- GVD . 
P    P P  P    P P 

and go to (S3). 

Nou, ue make some brief remarks and explanations on the 

individual steps of the algorithm especially those relevant 

to univariate case, leaving detailed discussions of points 

commoi to both cases to the multivariate algorithm later. 

Remark (A't): This is the step where we attempt to 

establish Condition Ill-B, deg(D ) - deg(0). Since 
e 

D = gcd(F, G)   is the unknown poiynomiat  to be determined, 

ue have no way of verifying that d - degCO).    In fact,  by 

Lemma  111-2.1.  d could be > deg(D).    However,   the probability 

of   the chosen prime p being unlucky  is bounded by 1/p  (see 

Theorem 3 of   (BR071]).     If we use fairly  large primes and 

attempt as  in  (A4)   to repeat d with another prime p'   then we 

can greatly reduce  tue probability for p to be unlucky or 

greatly  inhance  the probability of having Condition I!!-B be 

true.    Thus,   in Step  (A4) we try with another prime p'.     If 

wmm iiinrririiiinliiiiiiiii'miiinimii  j -  — ■ initiwniMMiilMMIIMIiiaMiMMi«—   -             .   —^—-■.- 



mkim ^^m^mmmmmmmmmmmmmm 

129 

p was unlucky so that d > deg(O), the probability of p' 

being unlucky dn^ resulvino in a D  uith degree equal to d 

P' 

is at least bounded by l/(p p'). That means that, this way, 

it is very unlikely for us to use a unlucky prime p for our 

Hensel construction later. 

Remark (A7): Here, ue determine which. If one, of the 

given polynomials satisfy Condition 1I1-A. Since it is a 

good strategy to apply Hense1 constructions on smaller 

polynomials, we test the condition on G first, relying on 

the heuristic basis that polynomials of smaller degrees 

contain fewer terms. If Condition I1I-A fails on both 

polynomials, then we cannot directly apply the Hensel 

construction to this problem. However, our special case 

algorithm, which applies the Hensel construction also, will 

always apply for any two polynomials as we will soon see. 

Note that it is possible for Condition III-A to faiI even 

though either gcd(D, F/0) - 1 or gcd(D, G/D) - 1, if the 

chosen prime is unlucky. Because of the fact that we have 

decreased the probability for p to be unlucky and that the 

special case algorithm works in general, we, therefore, have 

a complete GCD algorithm which uses the Hensel construction 

for alI cases. 

Remark (A8): By Theorem 11-5.3 and when q is suffi- 
k 

a^"—' m^^mmmtu^umt^uimiMMMmM ^^^,■^..,,,.,.1,^(11^^   ifftrit^ii''"--'1-'^-''^'^ --■■-<'•■    _„J, 
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ciently large to bound all poss.ble integral coefficients, 

the Univariate EZ Algorithm returning only 0 and H such 
k    k 

that U i D H (mod q ) could only mean the lack of 
k k     k 

any divisor of U over the integers corresponding to this 

D M  or having the same degree as D (x). Thus Lemma III-2.I. 

0 8 

would imply that deg(D ) > c;?g(D) or p is unlucky. 
8 

Remark (SI): The basic underlying principle of the 

special case method is that if one of the two original 

polynomials is square-free, then it is always possible to 

find a prime such that Condition II1-A holds. Viewing this 

another way, it is always possible, when given two 

polynomials, to compute the largest square-free part of 

their GCO first and then the largest square-free part of the 

GCO of the remaining cofactors successively. Thus we will 

always be able to compute essentially the square-free 

decomposition of the GCD of any two polynomials, hence the 

GCO itself. 

The special case algorithm first computes the largest 

square-free part of G. then uses that with F to get the 

largest square-free part of the GCO of F and G. Ue leave 

many detailed discussions on the individual steps of this 

special case algorithm until later when we present the 

multivariate rase and the Hensel-type square-free 

IfMniiriririil m 11 iiiiiiiiniiini ir   "'-"■■'■iiiflilifrMliiiTiti ■ ,^-a,.^i.,...,.^-^.-.a: ■ irriiitfiMiMiiiiMiiiiiii   
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decomposition algorithm (Chapter VI). 

Remark (S2): The reason for only needing S eps (A2) - 

(A9) for UNIGCD(G. dG/dx) and for UNIGCDd, F) should be 

quite clear. However, proofs for them will be presented in 

Chapter VII. 

As compared to the raodul.'ir GCD algorithm for univariate 

polynomials, the essential difference for the UNIGCO algo- 

rithm is the step of inverting the modular homomorphism. 

Except for the higher overhead of the Zassenhaus' Quadratic 

Extension Algorithm, i.e. the cost of applying the Extended 

Euclidean Algorithm (11-2.1) on the two modular codivisors, 

the remaining operations are mainly integer arithmetic only. 

The Chinese Remainder Algorithm also only involves 

arithmetic operations on each pair of corresponding coef- 

ficients, except each of these require one application 

of the integral extended EucIidean a Igorithm. In general, 

if p is an average-sized prime that we use in either 

algorithm (we assume that the primes used all have appro- 

ximately the same integer length), and B is the bound 

jn all integral coefficients for a given problem, then the 

major computational gain of using the Zassenhaus' algorithm 

is due to the fact that it requires only k steps where 

k - log (log (B)), whereas the modular algorithm will need 
2   P 

to apply the Chinese Remainder Algorithm on corresponding 

mmmtltm - '■-' - ^....^■>.... ■. mniir r n« II"---~ --"  mtmmm itBmaw^.>-,....^,.w:...i.^- ._;..tJ-^i,,JJ:.J.,.J.:„.,.J^.,..^........^.J. 
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coefficients for k' steps where k' ■ log (B). Thus the 

P 

method using the Zassenhaus* algorithm can shou some compu- 

tational efficiencies when B is quite large or p is small so 

that k' » log (B), which is the number of steps the Modular 

P 

GCD Algorithm has to go through, is large compared to k 

(= log (k')). However, it is very costly for the 
2 

Zassenhaus' Quadratic Extension Algorithm to have to main- 

tain relative primeness of the two codivisors being ccii- 

structed (i.e. getting A and B such that 

j    J 

A    G    + B    H    i 1   (mod q );  see Lemma 11-3.2).    In this 
j     j j     j j 

respect,   it  seems that  the ordinary HenseI  method  (Algo- 

rithm 11-3.1)  will prove to be more efficient when thi» 

number of  steps,  k',   for  this algorithm  is relatively small 

(e.g.  k'   < IB or k < 4).    Also the computations of succes- 

sive residual   terms  in both algorithms  (the C 's),  require 
j 

cross multiplications of the current factors which can be 

very costly, especially when the coefficients are large. 

These complsx trade-offs in computational efficiencies of 

the three modular methods for computing univariate GCD's are 

currently under active study and further results will be 

reported in a future paper by Yun and Hiola. 
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III  - 4    The riultivariate GCD Algorithm - EZGCD 

Uith Section 111-2 as theoretical basis and the  last 

section as brief  introduction, Me now present  the detailed 

EZGCD Algorithm usi^h remarks on some of   rne steps to follow 

afterwards. 

Algorithm II 1-4.1:     (riultivariate GCC - EZGCD) 

Input;    Multivariate polynomiald FMx.y y )  and 
1 v 

G' o ,y ,...,y ) in Zfx.y ,...,y 1 where deg(F') in x is 
1     v        1    v 

assumed to be > deg(G') (Otherwise, simply switch the input 

polynomials and later also switch the order of the output 

cof?xtors.) 

Output;    DMx.y   y )  - gcdlF", G')   in 
1 v 

Zlx.y y ).  F'/D'. and G'/D'. 
1 v 

(AD    Set f  <- contlF'), F <-- pp(F•), g' <-- contfG'), 

G <— pp^'),  and d' <— gcd(f,, g'). 

(A2)    Set d    <— deg(F(x)) and d   <~ deg(G(x)). 
F G 

If b =  lb =0, b -0,  ...  , b -01   is a valid evaluation 
1 2 v 

(i.e. (lc(F)) and (lc(G)) ^0), then compute F (x), 
b        b b 

G (x), and D (x) ■ sicd(F , G ). Otherwise, find a new 
b        b        b  b 

valid evaluation b which contains as many zeros as 

^^..„.„^..v.^.,.^; H^..,  ■■,...^J„.1,..,^ „-,....^^„J„^„^..^.,..:.,w.JM;^^^^..a^^-^<i[.i 
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possible and compute D M  - gcd(F (x), G (x)). Set 
b       b    b 

d <— deg(D (x)). 
b 

(A3)  If d - 8. then return d*. (f/d*) F, and (g'/d') G. 

Otheruiise, if (A4) has been passed through already, 

then skip to (AS). 

(A4) Choose a nsw valid evaluation b' and compute 

D (x) = gcd(F (x), G (x)). 
b'        b*    b' 

If deg(D ) < d, then set F <— F , G <-- G , 
b* b    b*  b    b* 

D <~ D , P <-- P', d <-- deg(D ), and repeat (A4), 
b    b' b' 

If deg(D ) - d, then go to (A3). 
P* 

If deg(D ) > d, then repeat (A4). 

P* 

(A5)  If d - d , then test uhether G divides F, if so return 
G 

d' G. (f/d') (F/G), and g'/d'. 

If test-division fails, then go to (AG). 

If d / d , then continue to (A7). 
G 

(AG) Choose a new valid evaluation b" until the correspond- 

ing D (x) » gcd(F (x), G (x)) has degree 'ess than 
b"        b"    b" 

d. Then set F <— F . G <-- G , D <— D , 
b    b"  b    b"  b    b" 

b <— b". d <— deg(D ), and go to (A3). 
b" 
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(A7)  If gccHO . G /O ) - 1. then set U <— G. 0 <— D , 
b  b b i    b 

H <— G /D , and go to (A8). 
1    b b 

If gcd(D .  F /D )  - 1,  then set U <-- F, 0    <— D . 
b      b    b lb 

H    <— F /D ,  and go to (A8). 
1 b    b 

Othen-iise,  go to the special case algorithm (51). 

(A8)    Apply the flultivariate EZ Algorithm 11-5.4 to U in 

{Z[y y ])[x]  and D (x), H M   in (Z/q )M  where 
1 v 11 k 

q => p**(2**k) for some lucky prime p for U . 
k b 

If the outputs are D and H such that U - D H over Z, 

then continue to (A9). Otherwise, the outputs are D , 
n 

n 
H . q , and n such that U i D H (mod q , 5 ), then 
n  k n n     k 

b must be an unlucky evaluation so that a new evalua- 

tion must be found, go to (AB). 

(A3)  If U ■ G, test whether 0 divider F, if so return d* D, 

(f/d') (F/D), and (g'/d') H. 

If U « F, test whether D divides G, i f so return d* 0, 

(f'/d') H. and ig'/d*) (G/0). 

Otherwise, b must be an unlucky evaluation, so go to (AG). 

(SI) Set G" <— EZGCCKG, dG/dx) and L <~ G/G" (via Steps 

- -— aUttiUiiüiÜttBM ■J-"^J""""-'-J BMlMilill« iViitiifiifliiiiirifiimriii'ita'riiiiiiitiri.iyiiiiifiilia'li 



^mmmmmmmmrA mm^mm mmm 
■■    " :■■'■■■'»W1*.f." ...r  ,;-.^;-..i;-.-   , 

138 

(A2) -  (A3) above). 

(52) Set L <- EZGCDIL. F) and F" <- F/L (via Steps (A2) - 

(A9) above). Set D" <-- L and D <-- L. 

(53) Set D M  <-- gcd(L (x). F"(x). G'Mx)) where b is the 
b b    b    b 

valid, lucky evaluation already used in EZGCO Steps 

(A2) - (A3) of (S2). 

(54) If deg{D (x)) - 8, then D (x) - 1, so return d* D". 
b b 

(f/d) (F/O"), and (g'/d1) (G/0"). 

(55) If L /D - 1, then skip (SB) and go to (S7). 
b b 

(SG) Apply Hultivariate EZ Algorithm to L in ZEx.y  y ], 

1    v 

and D   . D , H   - L /D    in (Z/q ) tx], where 
1       'J     1       b   b k 

q    - p**{2**k)   for some lucky prime p for L ,  to aet D 
k b 

and H in Ztx.y y 1  such that L - D H'over Z.    Set 
1 v 

L <- D. 

(57)    Set D" <- D" 0. F" <- FVD . G" <- G'VD . and go 
P P   P     P P   P 

to  (S3). 

Remark (AD: Contents and primitive parts of any mul- 

tivariate polynomljls are computed recursively on the varia- 

bles. Here, the contents are taken w.r.t. the main variable 

x and are polynomials in Zty y ]. That is we consider 
1    v 
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the given polynomial to be in (Zly y ]) [x]. The compu- 
1    v 

tation involves GCD's of all coefficients with respect to a 

particular main variable (here x). This is accomplished by 

using a variant of this algorithm uhich computes the GCD of 

all coefficients in a semiparallel fashion which will be 

discussed in more detail in Chapter VI. 

Remark (A2): In Section II-4 and 1I-B we have briefly 

mentioned the potential seriousness of the "non-zero sub- 

stitution" problem. Section II-G points out that the tech- 

nique we use for putting polynomials into the generalized 

Taylor series forms may cause blowups in the number of terms 

resulting in computational inefficiencies for certain bad 

cases. Ue see from the way this transformation is carried 

out (Sec. 11-4), it is desirable to have as many zeros in 

the set, b. of the integral values for evaluation as possi- 

ble so that the number of terms in the expanded form of the 

series is not increased unnecessarily. Due to the require- 

ment for valid and lucky evaluations, it is not always 

possible to choose zeros for evaluation. But more zeros in 

the set of values used for the Generalized Hensel construc- 

tion certainly improves its efficiency because of the 

dependency of the computing cost for the GHA on the number 

of terms in the Taylor series form of the given polynomial 

as we shall see in the next chapter. Since it is not possi- 

I 

1 
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ble to check whether an evaluation is lucky or not at this 

point, ue only make sure the set of values for evaluation 

contain as many zeros as possible and still remain valid. 

Remark (A'J): Since deg(gcd(F, G)) < deg(D (x)), 
b 

d = 0 implies gcd(F, G) is independent of x. But F and G 

are primitive so that gcd(F, G) must simply be 1. Thus, 

gcdCF'. G*) is just d' and the co^ctors are 

F'/d' - (f/d') F and G'/d* - (g'/d') G respectively. 

Remark (A4): In this step, we attempt to establish 

Condition III-B, deg(G ) ■ deg(O). Since D - gcd(F, G) is 
8 

the unknown polynomial to be determined, we have no way of 

verifying that d » deg(D) at this point.  In fact. Lemma 

111-2.1 indicates that d could be > deg(D). However, the 

total number of possible unlucky integral values for evalua- 

tion is bounded by (v m deg(F)) where 

v 
m - maxCdeg (F) + deg (G)) (see Theorem 5 of tBR071]). So 

i -1   y       y 
i        i 

even if we limit our possible choice of integral values to 

only those in Z/p for some prime p, the probability for any 

evaluation b = lb b I to be unlucky is bounded by 
1    v 

2 
v m deg{F)/p. If the given GCD problem is of reasonable 

2 
size so that v m deg(F) is not too large and the prime is 

HMMM   ̂^«^i^Maflikfii^ 
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fairly large, then the task of {A4), which tries to repeat 

the same degree d with another evaluation b'. will greatly 

reduce the probability for b to be unlucky or inhence the 

probability of having Condition Il-B be true. Because of 

the fact that deg(O) < deg(D - gcd(F , G )) for any given 
b     b  b 

valid evaluation b. note that if we make several evaluations 

of F and G at different sets of values, then the one result- 

ing in the minimal degree for D should be used.  In fact. 
b 

if the number of trial evaluations are larger than 

2 
v m deg(F) then we are sure to find one evaluation among 

them which has degree equal to degID). In Step (A4) i-te try 

to find a valid evaluation b which yields a 0 M  having the 
b 

degree that is repeated by some other valid evaluation. 

Thus if the first evaluation is unlucky and results in a 

high degree, the chances of repeating this wrong degree are 

much smaller.  This step virtually insures the success of 

getting a lucky evaluation. Together with Step (A2), we can 

be quite certain that the evaluation b we use in this 

algorithm, hence for the Hensel construction, is valid, 

lucky, and contains many zeros. 

Remark (A5): Since deg(G(x)) < deg(F(x)) and F, G are 

primitive, when d - d after Step <A4) it is very likely 
G 
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that G divides F.  If this test-division fails ue still get 

the valuable information that d should be smaller than it is 

neu.  Therefore, this is a strategic, time saving step in 

any case. 

Remark (AG); This step is used at several other places 

of the algorithm, whenever we can get the information about 

d being too large or the corresponding evaluation b is 

unlucky.  In these cases we know there is an evaluation, say 

b", which can result in an univariate GCD of lower degree 

than d.  So we keep on choosing new valid evaluations until 

such ab" is fourd. 

Remark (A?): Here we determine which, if one of the 

given polynomials satisfy Condition III-A so that the Hensel 

construction can be applied. Since it is a good strategy to 

apply Hensel constructions on polynomials with fewer terms, 

we test the condition on G first, relying on the heuristic 

basis that polynomials of smaller degrees contain fewer 

terms.  If Condition III-A fails on both polynomials, then 

we cannot directly apply the Hensel construction to this 

problem. However, our special case algorithm, which also 

applies the Hensel construction will always apply for any 

two polynomials. Note that if the chosen evaluation is 

unlucky it is possible for Condition III-A to fail even 

though either gccKD. F/D) - 1 or gcd(D, G/D) - 1. But Step 

^■■.,^^^.- .^■■:..^.,.J..„.^„.,^_.:...,.■...  ^..■^-- ■ ■-. ^^^a^a^.^;..,.,:. LVir,^'..*..^...:.-^ ..^... . . '. ..-., :'.:.U.. ...^„.„r-^C*'.::.--!'**.:.«.-:*.-     .. -ftiJ 
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(A4) has reduced the probability for usinq an unlucky 

evaluation and the special case algorithm can handle any 

polynomial inputs, so we have a complete GCD algorithm uhich 

applies the Hensel construction for all cases. 

Remark (A8): Note that the application of the Multi- 

variate EZ Algorithm (II-5.4) requires a lucky prime p for 

U - because it is necessary to compute Mx)  and B(x) such 
b 

that AD + B H - 1 in (Z/q Hx] by using the Extended 
1    1 k 

Euclidean Algorithm (11-2.1). This lucky prime can be found 

in several ways. One such method is simply using the lucky 

prime from the GCD computation in Step (A7), assuming of 

course the univariate GCD computations are performed by 

cither the Modular GCD Algorithm or the UNIGCD Algorithm 

which requires a lucky prime for its computations.  In fact, 

such a lucky prime can also be provided by any other step of 

this algorithm (e.g. (A2)) where univariate GCD's are com- 

puted, so long as the univariate GCD algorithm used is the 

modular kind. By Theorem 11-5.4 and since p is lucky, q 
k 

and n are sufficiently large, the case where the flultiva- 

riate EZ Algorithm returns only D anc H such that 
n    n 

n 
U i D H (mod q , S ) can only mean the non-existence of 

n n     k 
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any divisor of U corresponding to this D M,    Lemma III-2.1 
1 

would then imply that deg(D (x)) > deg(D) or that b is an 
1 

unlucky evaluation. 

Remark (A3):  If U - G, then G - D H over Z. Since 

deg(gcd(F. G)) < deg(gcd(F , G )) and primitive polynomials 
b  b 

over Z are uniaue up to signs, D must be gcd(F, G) if D also 

divides F.  If D does not divide F, then D must contain some 

factor of G which is not a factor of F. That is the degree 

of D must be too big or this evaluation b is unlucky, so we 

must re-evaluate by going back to Step (AB). This is a 

"safety-valve" step which catches all hitherto undetected 

unlucky evaluations even though the probability of such has 

been greatly reclucd by Step (A4). 

Remark (SI):  Similar to Remark (SI) of the UNIGCD 

Algorithm, we point out again that the basic underlying 

principle of the special case method (SI) - (57) is that if 

one of the two original polynomials is square-free, then it 

is always possible to find an evaluation such that Condition 

II1-A holds.  That is, for two arbitrary multivariate 

polynomials it is always possible to compute (using the 

Hensel construction) the largest square-free part of their 

GCD first, and then the largest square-free part of the GCD 

of the remaining cofactors, successively. Thus, we will 
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always be able to compute essentially the square-free 

decomposition of the GCD of any two polynomials using Hensel 

construction, hence the GCD itself. 

The special case algorithm first computes the largest 

square-free part of G, then uses that with F to get the 

largest square-free part of the GCD of F and G. This atep 

computes the largest square-free part of G, by computing the 

cofactor of G with respect to gcdlG. dG/dx). This GCD can 

always be computed by going through Steps (A2) - (A9) only. 

The reason for this is made clear by the following lemma: 

Lemma (SI): Let P be primitive in (ZU) y IHxl 
1    v 

and R - gcd(P. dP/dx), then gcd(R. (dP/dx)/R) - 1. 

Note that this virtually insures that of Condition II1-A 

holds, so that there will be no need for special case 

consideration for gcd(G, dG/dx). 

Here ue point out that this special case algorithm (SI) 

- (S7) with the above lemma and some other conditions 

constitutes the essential ideas for an algorithm of finding 

the square-free decompositici of a multivariate polynomial 

using the Hensel construction. The clarification of this 

statement together with the proof of the above lemma will be 

deferred to Chapter VI on square-free decompositions of 

polynomi als. 

Remark (S2): Since L is square-free- GCD of L and any 

iWJilniiü-WiVliimrthTiimüiiiti<rri'ii muuii 
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other polynomial can be computed by Step (A2) - (A3) of this 

EZGCD Algorithm. That is, when L is square-free, it is 

always possible to find a valid lucky evaluation for L such 

that L evaluated is still square-free (see Chapter VI or 

[U&R731 for a proof). D" uill be used to denote the 

accumulative GCO up to this point, D the current largest 

square-free part GCD, and F", GH the cofactors of D" in F, G 

respect ively. 

Remark (S3):  If b is a valid, lucky svaluation for L 

and F in (S2) then it must be lucky for both F and G or for 

any square-free part of their GCD. Therefore, from this 

point on, we will always use this valid, lucky evaluation 

for our succeeding computations. Uhat ue intend to compute 

now is gcd(L, F", G"). But since b is a lucky and valid 

evaluation for this problem, all that needs to be computed 

dt this point is the univariate GCD of the three polynomials 

evaluated. Ue can then use this univariate GCD for the 

Hensei construction witn L to get the actual mutivariate 

gccJ(L, F", G"). Here the GCD is a univariate GCD taken over 

the integers. GCD of several polynomials can be taken 

recursively by successive pairs. However, as we shall see 

in the next chapter, it is also possible to semi-paralleily 

compute the GCD of several polynomials and their 

corresponding cofactors together for either the muttivariate 

or the univariate cases using Hensei constructions. 
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Remark (55): If L /D - 1, then we know that the 
b b 

largest square-free part of the remaining cofactors of D" in 

F and G (i.e. F" and G") is the same as the current largest 

square-free part, L, or D - L. It is then not necessary to 

apply the Multivariate EZ Algorithm and simply use the 

current largest square-free part of the GCO, D, to update 

the accumulative GCD, 0", in (SV). Thus whenever L /D - 1 
b h 

we can save one application of the EZ Algorithm. For 

3 2       2 3 
example, if F • U V andG-U V, then L - D - U V in 

2 2 
(S2). F" - U V and G" - U V , so that gcd(L, F", G") - U V 

again and in (S3) D » U V - L resulting in L /D »1. 
b   b h   b b b 

Remark (56): Here we apply the Multivariate EZ Algori- 

thm on L, D , anti H to get D » gcd(L, F", G"), as ue set 
1     1 

out to do in Step (S3). The lucky prime p for L can be the 
b 

one used  in  (S3)   for  the computation of univariate GCD, D . 
b 

Uith these guaranteed lucky prime p, a va''  lucky evalua- 

tion b. and a square-free L, all conditions of Theorem 

11-5.4 (tlultivariate EZ) are satisfied so that the EZ Algo- 

rithm produces the correct multivariate polynomials D and H 

such that L - D H over Z. This D must be the GCD of L. F", 

.^*^,^.^.^-^.^....^. .^^..■..,^^,^....^gt^^^^,^ hateu^^..^,....^,^......^^..  
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and G", or the largest square-free GCD of F" and G". This 

largest square-free GCD of F" and G", 0, must be smaller 

than the previous one, L, and ue can take advantage of it by 

using this D (setting L <— D) for computation of later 

largest square-free GCD's for the new cofactors F" and G" 

corresponding to F" and G" of the next step, 
b    b 

Remark (S7): Here we update the accumulative GCD to 

include the D just found. Ue then also update the cofactors 

to correspond to this D", in order to begin the computation 

of the nt^t largest square-free GCD. But ue have already 

obse- veri that in (S3) ue only need the univariate (or eva- 

luated) cofactors, F" and G", so ue only need to update 
b    b 

these univariatn oolynomials insteiid of the corresponding 

muttivariatfi polynomials.  Therefore, we see that after 

Steps (SI) and (52), the only multivariate polynomials used 

in the remaining computations are the largest square-free 

GCD's. L. in the application of the EZ algorithm. The final 

answer gcd(F, G) is simply D" which is the product of the 

results of the EZ Algorithm in (SB). This fact will account 

for the comparable efficiency of this special case algorithm 

with the regular algorithm ((Al) - (AS)) and the Modular GCD 

AI gor i thm. 
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III - 4(a) Solution to the Leading Coefficient Problem 

Because of the non-uniqueness of polynomials in image 

domains, all algorithms based on modular techniques suffer 

by having to perform some extra process in order to 

determine a unique answer from its class of associates. 

This is often accomplished by recursively requiring a unique 

leading coefficient. Since the GCO algorithm was one of the 

earliest considered from this point of view, the leading 

coefficient problem naturally came up. In his now classic 

paper on the Modular GCO Algorithm [BR071], Broun clearly 

recognized this problem. His implicitly proposed solution 

(only given in the algorithmic specifications for Algorithm 

fl and P) uses the GCO of the leading coefficients of the two 

given polynomials. This polynomial is clearly divisible by 

the leading coefficient of the true GCO of the two given 

polynomials.  The Modular GCO Algorithm then artificially 

imposes this onto a monicized GCO so as to have a unique 

polynomial which is a simple multiple of the actual GCD. In 

fact, the GCO is the primitive part of this polynomial. 

This approach still results in the blowup problem, 

which we discussed in Section 11-5(a). Although our 

solution to this leading coefficient blowup (LCB) problem is 

in essence similar to Brown's approach, some important 

differences as well as the significance of this blowup 

problems alone make this separate treatment worthwhile.  Our 
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approach achieves the same goal in the end and also uses the 

GCO of the leading coefficients as does the flodular 

Algorithm, but the means for avoidim the blowup are 

different in many nays. Host itnprotantly, our method 

preserved the sparseness of the problem during computation 

at a small cost (of computing the GCD of the leading 

coefficients and multiplying it to the polynomials). 

In Section 11-5(a) we discussed the causes and the 

potential seriousness of the LCB problem. Ue also presented 

a method (Theorem and Algorithm II-B.B) of avoiding this 

problem and an example demonstrating its feasibility. But 

it is not always possible to knou in advance the leading 

coefficients of the co-divisors that the Hensel construction 

is attempting to find. So the method proposed by Theorem 

il-5.5 must have appeared extremely artificial and 

impractical.  In the case of the EZGCD Algorithm, however, 

there is actually much to be gained. 

Let F and G be the primitive parts of the input poly- 

nomials for the EZGCD Algorithm and D be gcd(F, G) to be 

computed. Consider F, G, D to be in (Z[y y 1 Mxl and 
1    v 

let fl = lc(F). gl - lc(G) and dl - lc(D). These are poly- 

nomials in Z(y ,...,y 1 independent of x. Ue can compute 
1    v 

dl" - gcd(fl, g!) for later use. Note that this is a GCD 

: 

,; 
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computation of one less variable, which can hope'fully be 

done more easily. In fact, this computation is, in most 

cases, less costly than the calculation of contents and 

primitive parts of the input polynomials F* and G' to the 

EZGCO Algorithm. Before Step IV of the EZGCD outline of 

Section lli-2 (or before the application of the Multivariate 

EZ Algorithm in Step (A8) of the EZGCO Algorithm, assuming 

F satisfies the test in (A7)), we have F, 0 (x), 
8 

H (x) - F (x)/D (x) such that F - D H (mod q , S) where 
0 b   6 8 0     k 

D  (x)   « gcd(F  (x), G (x)).    At this point we let 
8 b b 

D  (x)  - dl"   (D /lc(D )) and H (x) - lc(D ) H    (mod q ),   then 
1 b     8 0 1 0     0k 

the following are all  true: 

(i)     lc(D (x))  = dl" and dl"  is a known polynomial, 
lb 

(ii)     lc(H  (x))  -  lc(D )   lc(H )  - lc(F )  - fl    and fl   is a 
1 0 8 b b 

given, hence known polynomial. 

(iii) dl" F - dl" F - D H (mod q , S). 
b b   1 1     k 

Thus by theo am 11-5.5, Algorithm 11-5.5 can be used instead 

of the riultivariate EZ Algorithm in the EZGCD Algorithm in 

order to alleviate the LCB problem. If the prime and the 

evaluation values used are lucky, then 

D (x) - 0(x,b  b ) and the outputs obtained will be 
0        1    v 

M^ttMUIMtt^WiWttMttMMC 
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D' » dl"{0/dl) and H' - dl H such that dl" F - D* H' over Z. 

Since dl divider dl", contCD') - dlVd1 or dl - dl'VcontCD'), 

so that D - DVconUD") - ppCD*) and H - H' conHDM/dl". 

In this case, there is no blouup orobleir due to multiplica- 

n 
tion by some unit u in S or 1/u as pointed out in Section 

ll-5(a). Therefore, the leading coefficient problem for the 

Hensel construction in EZGCD Algorithm is avoided at the 

relatively small cost of computing dl" ■ gcd(fl, gl) and 

using dl" F for the EZ Algorithm instead of F. Ue modify 

the EZGCD Algorithm by changing Step (A8) as folk/Ms; 

(A8') Compute dl" - gcd(lc(F), IdG)). 

Set U" <- dl" U, D <-- dl" (D /lc(D '/), and 
1     b  1   i 

H <— lc(D ) H . 
1       1  1 

If U - F. then apply Algorithm 11-5.5 on IT, D , H , 
1  1 

dl,   and  lc(F), otheruise U     G,  then apply Algorithm 

11-5.5 on U", D , H , dl, and lc(G),   to replace the use 
1     1 

of  the Hultivariate EZ Algorithm in (A8).     If the 

results are 0" and H" such that U" - D" H" over Z, 

then clearly U - pp(U")  - pp(D")  ppIH")   -OH with 

D - pp(D")  and H - ppIH"),   then continue to A(9). 

Otheruise,  as in (A8), b must be an unlucky evalua- 

Mfiliiiiiiiiiiifirii'tMirirftMimrtim^^^ H r 
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tion, so go to (A6). 

Example 111-4.1: In the rest of this section we ui11 

compute the multivariate GCD of two given non-monic poly- 

nomials using the EZGCD Algorithm. Hopefully this example 

will demonstrate many essential features of this algorithm, 

especially the way the leading coefficients are handled (as 

in (A8')). To avoid using too lengthy, we will go through 

the steps of the algorithm outline in Section 111-2 instead 

of following the detailed steps of the EZGCD Algorithm. 

However, the modified version of the multivariate EZ Algo- 

rithm (11-5.5. as in (A8')) rather than the regular version 

(Algorithm 11-5.4, as in (A8)) will be used. Also, the 

spneial case method is not needed for this example. 

Assume the problem is to compute the GCD, 0', of two 

given multivariate polynomials F' and G' where 

2 2 2       2 2 3 
F'-y    x    +(-yz    -y    z + yz + y   +2y)x + yz 

3       2 
-z    -y    z-yz + 2z and 

3 3 2       3 2 
G'  - y    x    +  (-y z    - y    z + y   z) x 

3       3     2 2 
+ (yz   -z   -y   +2y)x + y   z-3yz + 2z. 

It is easily realized that F' and G' are primitive, so that 

d' - f = g' = 1, F - F', G - G", and D' - D - gcd(F, G). 

By choosing b - II, 01 which is clearly a valid evaluation 
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2 3 
for F and G, we have F (x) - x + 3 x, G (x) - x + x, and 

b b 

D M  = gcd(F . G ) - x. Since deg(0 (x)) - W deg(F) or 
0        b  b 8 

deg(G), we test Condition III-A and find 

gcd(D , r /D ) = gcd(x, x+3) - 1. So we continue to Step IV 
0  b 6 

assuming Condition III-B, deg(D ) - 1 - degCD). Now the 
0 

Hensel construction needs to be applied on F, D , and F /D , 

0        be 

but the multivariate leading coefficients of D   and F /D 
0 b   0 

are not known. So according to (AS'), we compute 

dl" « gcd(lc(F), lc(G)) - y . Then we set 

U <-- dl" F. D <- dl" (0 /lc(D )) - x and 
1    B  0   e 

H <— lc(G ) F /D - x + 2, but now we know that the mul- 
1       1  B 0 

tivariate leading coefficients of 0 and H are both equal 
1    1 

to y . So we can apply the modified multivariate EZ Algo- 

rithm (11-5.5) to U, 0 . H , with y as leading coeffi- 
1  1 

cients. This problem is exactly the same as Example 11-5.5 

2        2 
and the results of that are O'M-G') -y x + yz-y zand 

4 
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H"(-H') -y x + y -yz +2y such that U - D" H" over Z. 

Thus ue avoided the LCB problem as pointed out by Example 

2 3   2 
11-5.5 at the cost of computing dl" - gcd(y , y ) - y . Now 

ue note that F - pp(U) - ppCD") pp(H") - D H over Z. so that 

D-yx + z-yzandH-yx + y-z   +2.    Since D al so 

2 2  2 
divides G (G - D (y x - z x - y + 2) over Z), ue conclude 

that D* - D « gcd(F. G) - gcdlF', G") - y x + z - y z. 

Ill - 5 Conclusions 

This chapter has demonstrated the applicability of the 

Hensel construction to the computation of polynomial 

greatest common divisors, especially in the multivariate 

case. A complete GCD algorithm uas presented uhich uses the 

Hensel construction for all situations. UNIGCO Algorithm 

showed the feasibilit  * using Zassenhaus' Quadratic 

Extension Algorithm for calculating univariate GCO's, hence 

avoiding the computation of many modular images of a GCD 

over the integers. By taking advantage of the sparseness 

usually exhibited by multivariate polynomials, the EZGCD 

Algorithm achieves greater computational efficiency at the 

very small cost of having the given polynomials sati-fy a 

quite minor condition (Condition III-A). Careful and 

detailed design and implementat:on of this algorithm 
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revealed the possibility of using the Hansel construction 

for other fundamental polynomial operations. These include 

the semi-parallei computation o'  contents and primitive 

parts, the square-free decompositions of polynomials, and a 

different view of the pseudo-division of polynomials via the 

solution of polynomial equations. 
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CHAPTER IV COnPUTING TlflE ANALYSIS AND EriPIRlCAL RESULTS 

IV - 1 Introduction 

The practical value of an algorithm ia measured by its 

"efficiency" and the most natural quantitative measure of 

efficiency is the computing time of the algorithm for a 

particular problem. But computing times do not always 

reveal tha whole truth because of the many varying factors 

that have an influence on their values, such as the computer 

hardware, the supporting software, and the algorithm 

implementation and implementer. Thus, in order to evaluate 

an algorithm, it is important to perform some theoretical 

analysis of the algorithm independent of the implementation. 

In analyzing an algorithm one should strive to correlate 

predicted performance with the actual computing time, so 

that one can attempt to verify the validity of the analysis 

and the correctness of the implementation simultaneously. 

Hethods of analysis which attempt to achieve these 

goals have been developed and popularized in the recent 

years by Knuth [KNUGSl and (particularly for algebraic 

algorithms) by Collins [C0LG9], (C0L71.. and Brown [BR071]. 

Ue will briefly discuss some of these methods c.d point out 

some of their weaknesses. Then a somewhat different and 

more intuitive new method (developed with some essential 

innovations of Moses) will be proposed for analyzing the 
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just described Hensel construction and the EZGCO Algorithm. 

Finally, in this chapter, ue will show how well the analysis 

is substantiated by some empirical test data. A similar 

philosophy regarding computing time analysis was 

independently arrived at by Gentleman [GEN73]. Fateman 

[FAY73] also presents a similar point of view and 

criticizes the uorst-case analysis of algorithms for 

asymptotically large problems as essentially misleading. He 

analyzes several algorithms for making one particular 

polynomial computation by comparing actual timing and counts 

of basic operations (additions, multiplications, etc.) to 

the total run-times of the implementations for these 

a I gori thms. 

Although both time and space requirements of an 

algorithm are important, it is often much easier to 

concentrate on one aspect rather than the "two dimensional" 

problem. Lie shall concentrate mainly on the analysis of the 

computing time of algorithms, and simply neglect space 

requirements (or assume that the available storage space is 

infini te). 

One notation used in the analysis of algorithms is the 

"big-oh" notation [KNUG9], which has the following meaning: 

the number x(n) represented by 0(f(n)) (big-oh of some 

function of n), where f(n) is a function of the positive 

integer n, satisfies the condition |x(n)| < fl |f(n)| for 
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some positive constant H. Unfort^ately this 0-notation is 

not very suitable for the analysis if algebraic algorithms. 

So Collins and Broun adopted the more general notion of 

dominance. Let f and g be real-valued functions defined on 

some set S. Then f is said to be dominated by g or g bounds 

f, if there is a positive real number c such that f(x) < c 

g(x) for all x in S. If f is also a t-ound for g (f bounds 

g), then f and g are said to be codominant. Note the 

similarity to the 0-notation but the generality of S, or x 

in S. makes it possible for f and g to be functions of 

several variables. It is clear that codominance is an 

equivalence relation. Plusser muS71, Theorem D) lists some 

properties of the dominance relation which are straight- 

forward consequences of the definitions. This notion of a 

bound is useful and convenient for many problems but it also 

has some drawbacks. One defect is that the real constant c 

(which is ordinarily unknown) is sometimes necessarily so 

large that the bound is good only for a small portion of the 

x's in S and is unrealistic for all other- elements of S. 

Also, since the definition for dominance encompasses all 

elements x of S, a bound for a given function often turns 

out to be an asympwtic or "worst case" bound and provides 

little information about the actual behavior of the function 

for the "average" cases. These phenomena have been 

mentioned already in Section 1-2 where we quoted Brown's 
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computing time formulas for the Reduced PRS and the Modular 

GCD Algorithms. Nevertheless, for many simpler algorithms, 

this method of analysis still provides vaiuabla intuition 

and ue will utilize it whenever it is appropriate for our 

computing time analyses. 

Before ue proceed, ue Mill nou formalize the notions of 

dense and sparse polynomials. A v-variable polynomial 

having maximum degree d in the ith variable uill be 
i 

considered dense if it contains all the possible monomial 

terms (products of pouers of variables) uith ith degree < d . 
i 

Thus, a dense univariate polynomial in x of degree d uill 

d 
have all powers of x — l,x,...,x , so that it has d+1 terms. 

A dense v variable polynomial uith maximum degree d , then, 
i 

has 

i-1 

(d + 1) terms. Note that if d - 4 for all i and 
i i 

v - G, the polynomial uill have over 15,080 terms. A pre- 

sent-day symbolic computing facility can hardly perform any 

non-trivial algebraic operations on such a polynomial. This 

is an important objection to asymptotic analyses of some 

algebraic algorithms and the reason for the more intuitive 

analysis for practically sized problems. 
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Any polynomial which has a significantly sfliailer number 

of terms than that of the dense polynomial having the same 

degree in each of the variables is considered sparse. 

According to this description of sparseness, the dividing 

line between the classes of sparse and dense polynomials is 

certainly not distinct.  It is often left to personal 

judgment to deterniine what is a reasonable percentage of 

non-zero terms for which a polynomial will be considered 

sparse. 

These are what we prefer to call the "autonomous" 

definitions of denseness and sparseness in that they can be 

determined by knowing the polynomial itself. Another 

"relative" definition, originally used in relation to 

polynomial multiplications, is more preferable in analyzing 

in the Hensel-type algorithms. The two different points of 

view are actually very closely related as we will soon 

i I lustrate. 

Two polynomials are considered completelu sparse if, 

when we form their product, there is no combination o* terms 

by addition at all. Thus if one polynomial has m terms and 

the other n termi, then their product w II have mn terms. 

Two polynomials of m and n terms respectively will be 

considered dense if their product has m+n-1 terms. As 

pointed out by Johnson and Gentleman [JÄG73], this can only 

be attained yhen the polynomials are univariate with no non- 
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zero coefficients. For autonomously dense »ultivariate 

polynomials of degree d in each of the v variables, the 

product has (2 d + l)*«v terms but the computation of *he 

product by this usual algorithm involves (d + 1)«*(2 v) 

term-by-term multiplications. Thus the ratio of non- 

cancelled terms to the possible terms is approximately 

(2/(d + l))**v. So we extend the definition of relative 

denseness to equal-degreed (having the same maximum degree d 

in each variable) muitivariate polynomials of R and n terms 

respectively which yield a product of k terms such that 

k/(m n) < (2/(d + l))*«v. 

Among the basic arithmetic operations for polynomials, 

multiplication turns out to be the most important and 

relevant, since addition is much less costly for onr 

polynomial representation. The classical method for 

performing the multiplication of two polynomials P and Q to 

get their product R (» P Q) involves term-by-term multiplica 

tions. So. if T(P) denotes the number of terms in a poly 

nomial P, then the cost of the polynomial multiplication, 

R <- P Q, is at least T(P)T(Q). In fact, this is the often 

accepted computing cost for multiplication (e.g. by Broun 

[BR0711, Johnson, and Gentleman U4G73]), especially for the 

extreme cases uhere the polynomials involved are completely 

sparse or dense. For the completely sparse case, 

T(P) T(Q) - T(R) uhich is the actual computing time often 
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observed for sparse polynomials. Once these terms are 

generated, it is necessary to sort then into some particular 

canonically simplified representations. Thus, including the 

sorting, polynomial multiplicatiün is bounded by 

T(P)T(Q)log(T(P)T(G/). But fhat assumes no ordering on the 

terMs in P or Q. When the ordering of, say, P is taken into 

account, the bound for multiplication of sparse polynomials 

can be reduced to T(P)T(Q) log(T(P)) (as ALTRAN has been able 

to accomplish). It, then, seems reasonable to expect the 

computing time of a multiplication algorithm to bs propor 

tional to T(P)T(Q) by taking advantages of the orderings 

from both input polynomials (see [FR098] for relevant 

discussions). In fact, such an improvement can be 

accomplished for the dense case. If the product is dense 

the classical method is not the best way for this 

computation. The reason is that terms which combine do not 

have to be computed separately. The technique of using the 

fast finite Fourier transform to do multiplication turns out 

to achieve the (presently) minimal computing time bound of 

T(R)log(T(R)) [B0N731. Ue see that when the polynomials 

involved are all dense, it is possible to use the above 

lower bound which in general is already bounded by T(P)T(Q) 

(since (2d+l)*«v*Iogi(2d-t-l)«:•.'} s in general less than 

(d+l)««(2 v) for v > I). An even stronger iirgument can be 

made for this when the algorithm being analyzed performs 

: 

• 
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polynomial multiplications only as a part of all the 

necessary polynomial operations. Ue agree completely with 

those who argue that the cost of multiplication is at least 

T(P)T(a) when an algorithm is used only for multiplication 

or is dominated by some multiplication procetjs. Thus it 

seems rr.asonable to use T(P)T{Q) as the estimate for the 

cost of multiplication for all cases, except possibly when 

the product is dense where we can use T(R) log(T(R)) as the 

bound. As already noted in Chapter 1, multivariate 

polynomials of high degree are inevitably sparse in 

practical situations, in fact, exceedingly sparse, so that 

the T(P)T(Q) computing cost will be a fair measure for a 

wide range of practical situations. The correctness of 

using this formula for multiplication, however, will bo 

confirmed by many empirical computing results in Section IV- 

3. 

IV - 2 Analysis of Computing Costs 

In this section, we will attempt to give some 

reasonable estimates of computing costs for the algorithms 

discussed in the previous two chapters. Many of the 

asymptotic computing times for common arithmetic operations, 

especially for dense univariate polynomials, will be based 

or. Brown's analysis [BR0711. Ue will often assume 

univariate polynomials to be dense and use the asymptotic 
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computing times for many operations on them. But ue ui 11 

also discuss computing times for average sized, non-dense 

multivariate polynomials since dense polynomials with many 

variables of high degree seldom occur in practical 

computations. 

The computing time for the Extended Euclidean Algorithm 

(Algorithm 11-2.1) in (Z/q) [x] uhon q is bounded by some 

fixed length integer is of the sane order as the computing 

time for the Euclidean algorithm, so that it is bounded by 

deg(G) (deg(F) - deg(O)). Ihe reason for this is clear from 

the fact that the A and B produced by the algorithm are 

obtained by multiplications where the final products, A and 

B, satisfy the conditions deg(A) < deg(G), deg(B) < deg(F). 

For Algorithm 11-2.2, there are essentially three poly- 

nomial multiplications (A* C), (B' C), (Q F) and a division 

with remainder A' C - Q G + R. Their costs are bounded by 

deg(G) (deg(H) - deg(D) + 1), deg(F) (deg(H) - deg(O) + 1), 

(degCH) - deg(D)) {deg(F) + 1), and 

(deg{H) - degCD)) (deg(G) +1), respectively. The 

approximate total cost is, then 

2 (deg(F) + deg{G) + 1) (deg(H) - deg(D)) + degCF) + degIG). 

For the univariate Zassenhaus' Quadratic Extension Algo- 

rithm 11-3.2: Step (1) costs degCG) deg(H); Step (2) and Step 

(4) are bounded by T(G) T(H); in Steps (3) and {Si, since 
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deg(C) and deg(R) < deg(G) + deg(H) and deg(D) - 8, the 

costs are bounded by 

2 
2 (degCG) + deg(H)) (deg(G) + deg(H)) + deg (H) or 

2 2 
(deg(G) + deg(H)) or simply deg (F). Since Steps (2)-(5) 

are carried out k times and assume T(G) - T(G ), 

T(H) ■ T(M ) for each step, then the total cost is appro- 
e 

ximately k (T(G ) T(H ) + 2 deg (F)). For dense univariate 
a      e 

polynomials T(F) - deg(F) + 1, hence the total cost is 

2       2 
essential y dominated by k deg (F) or k d if deg(F) - d. 

Note that here ue have not considered the integer length of 

the coefficients in F. This detail uas omitted on the 

assumption that the coefficients occuring in F for practical 

cases can all be expressed by, say, at most four 3B bit 

binary computer words. In fact, if we have infinite preci- 

sion integral coefficients the cost for this algorithm is 

still just a maximum integer length multiple of the above 

(for instance, see [MUS?!]). 

The Hensel's Algorithm (II-3.1) is just a simpler and 

shorter version of Algorithm !1-3.2. Except the m ber of 

steps is k' where k - logfk') or k' - 2 . Thus tht cost of 
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the Hensel's Algorithm is k*   (T(G ) T(H ) + 2 deg (FM. 
1 1 

For the analysis of '(he Generalized Hensel Algorithm 

11-4.1, it is necessary to first consider the computing 

cost of the substitution 

p,<y y ' <— P(y +b y +b ). Let d . i - 1 v 
1    v      1 1    v v       i 

be the maximum degrees of variables y in P(y ,...ty ). 
i     1    v 

j 
For each i,   the computation of  (y   + b )    for j - 1 d 

i        i 

requires 2(2 + 3 + ... + d ) - (d - 1) (d + 2) terfl by 
i     i      i 

term multiplications. Thus /(d - 1) (d + 2) term 

operations are needed for computing all the powers for the 

substitutions of the variables. Assume now the polynomial 

P is put in fully expanded form in J[y y ]. Then 
1    v 

k  k     k 
1  2     v 

a typical monomial is y  y  ... y  and the cost for mul- 
1  2     v 

tiplying the k   degree dense polynomials of (y   + b )      al- 
i i        i 
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ready prepared isT Mk   + 1). If the fully expanded poIy- 

nomial P cont   na T(P)  ternie or monomials,  then the total 

cost of sub5t..,iion to get P*  is («)    

T(P)    v v 

/_]TT <k  + 1' *y    W -U Id +2). (Note that a 

j«l i-1 i-1 

brief analysis of substitution of this type with Horner's 

rule not only shows the same order but also reveals its in- 

efficiencies in redundant operations for these multiple sub- 

stitutions. In a private communication uith E. Horouitz, 

the al ove statement was also verified by his computing 

time formulas also [H0R73].) 

If n is the maximum term degree of P in the variables 

y ..... y , then n bounds all k  + ... + k , so that the 
1       v ij       vj 

total cost of substitution is bounded by 

v  2  2       2 
T(P) (n/v) + d + d + ... + d . 

1   2       v 

If P is a dense polynomial of degree d in each variable, 

then the cost bound becomes 
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V V 

E-ZTTv'TTv 
k -0 k -9  i-1 

1 v 
i-1 

!  j   (d   + Did   + 2)/2 +TTd . or approximate I: 

i-1 i-1 

2v v    2 
d /2 + v d uhich is roughly the cost of multiplying P 

by itself. 

It is important to point out that the number of terms 

in P* could become as large as a dense polynomial of degree 

d ..... d uhich could be much larger than T(P). Hence. 
1       v 

not only may the computing cost of substitution be expensive, 

but also this type of blowup in the number of terms may 

cause computaticial inefficiencies in some unfortunate cases, 

as we will see later in this chapter. Therefore, it is im- 

portant to choose as tiany zeros in the set of substitution 

values b - lb . ... . b I whenever possible.  In the expres- 
1      v 

sion (*). if any b  - 0 then we can accordingly set k   to 
1« i'j 

9 and d  to 1 to indicate that essentially no work is invol- 
i' 

ved for this variable. The result'mi savings in computing 

cost for the Generalized Hensel Algorithm is obviously great 
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for each additional zero b . This blowup problem due to non- 
i 

zero substitutions will be called the non-zero-tubsti tution 

problem and will be discussed later for some individual 

a I gori thms. 

Let the input polynomial F of the Generalized Hensel 

Algorithm have d , i - 1 v, as the maximum degree in the 
i 

non-main variable y . Then Step (1) of the GHA is the 
i 

substitution operation whose cost is bounded by 

v  2       2 
T(F) (n/v) + d + ... + d , if we assume essentially no 

1       v 

additional cost for multiplying a coefficient polynomial In 

x, C(x), with a monomial in the other variables as compared 

with multiplying a constant and monomial. The cost of Step 

(2) is deg(G ) deg(H ). For Step (3), we observe that the 
1     1 

i 
multiplication of an univariate polynomial in x by x in- 

volves essentially a shift operation or additions of the 

degrees by a constant, i. Thus, in the deg(F) applications 

of Algorithm 11-2.2, only the division steps and one multi- 

plication need to be counted. The cost of these operations 

deg(F) 

is >   [(deg(H ) + i) deg(H ) + i deg(G )1 - 
t-J 1        1       1 
i-1 
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deg(F)  deg (H ) + deg(F)  (deg(F)(deg(F) + l)/2) or approxi 
1 

mate Iy bounded by deg (F)/2. Because of the iterative update 

of D, carrying out Step (5) up to n times constitutes a mul- 

tiplication of G and H , hence the total cost is 
n    n 

T(G ) T(H ). Step (A) has negligible cost and Step (6) only 
n   n 

involves "scalar" multiplications. Step (7) is again a 

substitution step for polynomials smaller in size than F in 

Step (1). hence it is bounded by 

v v 
T(G ) (n/v) + T(H ) (n/v) , In fact the total cost of the 

n n 

Generalized Hensel Algorithm is bounded by 

v  2      2    3 
(T(F) + T(G ) + T(H )) (n/v) + d + ... + d + deg (F)/2 + 

n    n        1      v 

T(G ) KH ) or simply by 
n   n 

v 
T(G )T(H ) + (T(F) + T(G ) f T(H ))(n/v)  (El). 

n   n n    n 

For the Univariate EZ Algorithm II-5.3, there is one 

additional cost to the cost of applying Zassenhaus* Quadra- 

tic Extension Algorithm. That is the computing cost of 

cont(H) and pp(H) which essentially involves at most deg(H) 

integral GCO computations with each bounded by the maximum 

- " j—-- —:: 
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integral length squared. For fixed length integers this is 

a cost appending essentially only on deg(H). Houever. in 

the case of Multivariate FZ Algorithm, the situation is 

somewhat different. Not only do cont(H) and pp(H) consti- 

tute additional costs to that of GHA, but also the cost of 

multivariate division and multiplication for computing 

n 
H and G mod S needs to be counted. However, Lemma 

II - 5.5 shows that it is possible to avoid this expense at 

the cost of predetermining leading coefficients of the divi- 

sors. So we will delay analysis of this problem until later 

when we discuss practical applications of the principles of 

Lemma II - 5.5. Furthermore, the following observations 

will decrease the severity of this problem. 

The above analysis for the GHA is based essentially on 

the sum of the dominating costs for each individual step. 

From the expression (El) we find that the costs for 

substitutions and multiplications seem to be the most 

significant. But the difficulty in using this expression 

for an estimate of computing ccat lies in the fact that the 

basic operations of substitution and multiplication are 

different, so that their basic unit costs are also 

different.  In *he manipulation of multivariate polynomials, 

there can be many different oasic ojjprations that a complete 

timing analysis should include. But these operations often 
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have varying cost units, unlike many algorithmic analyses in 

complexity theory uhere the most costly basic operations are 

often either a comparison of two records or a multiplication 

of two fixed point integers. It is then clearly 

advantageous to find some particular parameters, for an 

algorithm involving many different basic operations, on 

whirn essentially all relevant computing costs depend 

somewhat explicitly. For this basic reason as uell as the 

very sound argument that the follouing variation of cost 

analysis can be more easily substantiated by actual run 

times, we propose a new formula for the total proportional 

cost of the GHA. The main parameter for the computing cost 

formula, which we will attempt to establish by the following 

arguments and actual computing times, is the number of terms 

for the polynomials. 

Let F* denote F(x,y +b ,...,y +b ). Since the most 
11    v v 

important operations for the GHA is to correct for terms in 

R - F' - G H at the mth iteration, after n iterations 
m      mm 

the algorithm would have corrected for all the cross terms 

(1)       (n-1) 
of G H withG -G +G  + ... + G    and 

n n     n   1 

(1) (n-1) 
H-H+H       +...+H .For each distinct term in 

n       1 

I 

I 

i ! 
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this product, some uork is involved. That uorK includes the 

multipl icetion that produced the term; isolating this term 

by finding the correct integral coefficient, the power of x, 

and the monomial in the other variables; solving the corres- 

ponding DUPE for the term; and finally assembling the solu- 

tions of the DUPE uith the monomial and adding the results 

to the two current codivisors. Quite clearly, all this 

uork for one term dominates in cost over any other basic 

operations such as sorting, comparing, multiplying or 

dividing by integers, etc. In fa»-*, even the content and 

primitive part computations in the restore-leading-coeffi- 

el en t operations correspond roughly to these individual 

terms. Thus it is quite reasonable to expect that the total 

computing cost for GHA is proportional to the number of 

distinct terms that the algorithm has to deal ulth, and that 

is approximately (or at least bounded by) T(G ) T(H ), 
n   n 

except when F' is dense. In such a case F' would contain 

all possible terms that the product of G and H could gene- 
n    n 

rate. In this case, TIF') is the number of terms that GHA 

has to deal with. Therefore, the total cost of GHA should 

be approximately proportional to (T(G ) T(H ) or 
n   n 

Fir')) + cost of substitution. Actually the substitution 

cost can generally be included in the first part of the 
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above expression since it is (T(F) + T(G ) + T(H )) (n/v)**v. 
n     n 

Clearly, if F* is dense, then T(F) < TIF'), T(G ) < TIF'). 
n 

and T(H ) < T(F'); Hhereas if 
n 

tnax(T(G ) T(H ). JiD)  - T(G )  TIH ) this T(G ) T(H ) still 
n   n n   n       n   n 

dominates (T(F) + T(G ) + T(H )) in general. Therefore, Me 
n     n 

can even go further and simply claim that the cost of GHA is 

proportional to T(G ) JiH )<S>J{F)   (E2). 
n   n 

The 'IQC is used here in the special sense that the total 

cost is proportional to T(G ) TUi ) in general except 
n   n 

when F' is dense, then it is mainly proportional to TCF*). 

There is one qualification necessary for the dense case. 

Even though T(F') is the main parameter Hhich many basic 

operation costs in GHA are proportional to, the classical 

term-by-term multiplication cost Hhich is on the order of 

T(G ) T(H ) and is non-linear with respect to T(F*) Mill 
n   n 

begin to take a significant part of the total GHA computing 

cost if G and H are also quite dense and have a large 
n    n 

number of terms. This means that as the problem size in- 

creases in the dense case, the multiplication cost can begin 

to dominate the costs of other operations. For example, in 

—    .^t——. ^. ■-., ■■:-.^.._,.  ...■,...  1,^ 
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Case 2 of the empirical test data of the next section ue 

explicitly recorder the time for the Hensel constructions on 

linearly dense quartic polynomials F and the related multi- 

plication time (in seconds): 

V - 1 2 3 4 5 

Multp. 0.18 8.27 0.59 1.15 2.18 

Hensel 8.46 0.7G 1.35 2.28 3.88 

% 22% 34* 43X 58% 55* 

Ue notf that the percentage of computing time for multipli- 

cation in the GHA in this problem is increasing as the 

numbur of variables increases. But as we will see from the 

"ratio tests" in the next section the linear behavior n.r.t. 

KF") still dominates over the quadratic contributions from 

the multiplication of G and H , Similar recordings of 
n    n 

multiplication times and total GHA time were also made for 

other cases of empirical test data in the next section. For 

the non-dense cases, the percentage of multiplication time 

has never exceeded 28* of the total GHA time; whereas the 

dense cases show a upper bound of G8*. At the point of G8*, 

however, the test problems involve polynomials of more than 

1875 terms which are quite large as far as the polynomials 

that can reasonably be handled by a present-day symbolic 

system are concerneo. Thus, for the class of problems where 

the polynomial sizes are not extremely large so as to 

prohibit computation in present-day symbolic systers, 

 tfämmmamimiiifämito^^   
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formula (E2) gives a good estimate of the work involved to a 

reliable accuracy even for the dense case). Furthermore, we 

repeat, large multivariate polynomials are inevitably 

sparse, SO that our computing cost estimati» fc HA by (E2) 

will hold for quite a wide range of problems. 

Ue now make estimates of the cost of computing GCD's of 

multivariate polynomials using the EZGCO Algorithm under the 

following assumptions! 

(AStll) The Integer coofficients of the input polynomials 

and the resulting polynomials after solution with 

the chosen b-values are small (u.r.t, the maximum 

single precision integers in most present-day com- 

puters) so that the total computing time is not 

significantly dependent on the coefficient sizes or 

the time for arithmetical operations therof.  (See 

(A3) and (A4) of [BR071]). 

(ASI12) Unlucl<y primes and evaluation values are never used 

in the Hensel constructions (i.e. Step (A4) of the 

EZGCO Algorithm ensures Condition 1I!-B or a lucky 

evaluation for later steps). (See (A2) of [BR071]). 

(ASM3) The cost of contend computations is negligible com- 

pared to the actual cost of computing the GCO of the 

primitive parts of input polynomials. 

(ASMA) There is no need to use the special case algorithm 

(SI) - (S7) (i.e. Condition I1I-A holds). 
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Since Steps (Al) - (AS) are simply more detailed 

statements of Steps I - ' of the outline of the EZGCO 

Algorithm, in Section lli-2, we will examine these five 

steps. Assumption (ASMS) basically states that the cost of 

Step I is negligible. In fact, it assumes that the cost of 

GCO computations with one less variable is negligible. That 

includes computing d' ■ gcdlf, g') and dl" « gcd(lc(F), 

lc(G)) as well as the restore-leading-coefficiert 

operations. This is in general not correct. Practical 

experiences tell ub that the totality of all these GCD's of 

one less variable could in certain cases amount to as much 

as one-third the total cost. But ue make this assumption on 

the grounds that the problem of computing the GCO of 

primitive polynomials merits special attention so that f. 

g*. and d' can alI be assumed to be 1, that lc(F) and lc(G) 

are in most cases much smaller than F and G, and that for 

GCD problems the modified Step (A8') of Section III-5(a) 

helps to reduce the cost of the restore-leading-coefficient 

operation to the very minimal. Also the computation of 

GCD's of several polynomials together will be discussed 

further in Chapter VI. 

Steps II and III involves only evaluations and 

univariate GCO's which usually cost much less than the other 

steps.  (ASMl) in effect states that computing univariate 

GCD's is cheap. Siep V consists of only one test-division. 

ii**m***^m^.^ : ....„^...^^a^A*^^^^ ^    ..„^^^^j^^^ ■ -,-^.,..,.,..,...^.,^.^..aj.wMaMd«M - iiiiittfiiftfflBiHfvT . ,. ... , .■.. ,■ .•.■..Vaial 
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Although the cost of dividing two polynomials by the 

classical method is asymptotically bigger than the cost ot 

computing GCO's for polynomials of the same sizes, in nost 

practical cases, divisions are much cheaper than GCD 

calculations. Alternatively, we can perform two parallel 

Hansel constructions on both F and G so that the total .ost 

will simply be multiplied by a constant, 2, and the test- 

division can be eliminated by simply comparing the resulting 

potential GCO's from tue two Hensel constructions. Actually 

(ASf12) assumes away the need for performing'the test • 

division. 

Therefore, based on these assumptions the most 

significant amount of time of the entire algorithm is spent 

in Step (A8) or (AS') - the Hensel construction. According 

to the analysis already done above and assuming we use the 

alternative Step (AS*), the cost of that is (according to 

(ED) 

KsubUdi'Vdi) 0) T(sub(dl H)) + 

v 
[T(dl" U) + nsubUdl'VdDD) + Ksubfdl H))Hn/v) ....(E3) 

where D = gcd(F. G), dl - lc(D), dl" - gcdClcCF), lc(G)), 

U - either F or G, "sub" denotes the substitution 

transformation discussed in 11-4, T denotes tha number of 

terms in fully expanded form, and n ia Maximum term degree 

of dl" U. 

■ gnygm ., ,.  
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This formula seems very complicated so that we may want 

to make some further simplifying assumptions. First we 

assume 

(ASMS) Sufficiently many zeros can be used in the valid 

lucky evaluation for Hensel construction so as to 

keep the number o* terms in the substitution trans- 

formed polynomials approximately the same as that of 

the un trans formed polynomials. 

This s.dumption has the wide ranging implication that makes 

'he substitution cost negligible compared uith the other 

costs, in addition to making TlsublP)) ■ TCP), Thus formula 

(E3) becomes simply 

TUdlVd') D) T(dl H)  (E4) 

If in addition we assume: 

(ASH'S) There is no appreciable increase in cost of the EZ 

Algorithm due to non-constant leading coefficients, 

so that Step (A8) can be used instead of (AS*) and 

still avoid the leading coefficient biouup problem. 

Then formula (E4) becomes T(D) T(H)  (E5) 

Note that this assumption is stated more strongly than 

necessary for formula (E5) to hold. Actually, so long as 

the LCB problem is not very severe (i.e. the unyanted unit 

multipliers u ard 1/u, as discussed in Section II-5(a) and 

here equal to i/dl and dl respectively are small mod S , and 

only cause minor increases in the number of tarma), we can 
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still use (A8) instead of (AS') of the EZGCO Algorithm. 

Anyuay, (ASMS) assumes that the cost for restoring leading 

Coefficients is small, especially when the content or the 

mu11ipIier is sma11. 

If assumptirn (ASMB) is made separately from iMSfIS), 

then the cost for substitution transformation still remains 

and formula (E3) becomes 

T(sub(D)) T{sub(H)) 

+ tT(U) +T(sub(D)) + T(sub(H))] (n/v)   (EG) 

where n is the maximum term degree of U. 

On the other hand, if we make the same intuitive 

arguments as we did for the GHA above, and reason that in 

formula (E3) substitution cost can be proportionally 

included or simply use the formula (EZ) instead of (El) for 

the proportional cost of GHA, then we have a proportional 

cost for EZGCD Algorithm: 

KsubUdlVdl) D) T{sub(dl H)) <J> T(sub(dl" U))   (E7) 

under only assumptions (ASIIl) - (AGrtt). That is the cost of 

EZGCD Algorithm is proportional to 

KsubUdr/dl) D) T(sub(dl H)), except when dl" U ie dense, 

then it is proportional to Tlsubldl" U)) until the problems 

become so large that multiplication costs begin to be 

equally significant to the total costs, then (E7) ie taken 

as an actual sum so that both terms contribute to the total 

*>*< iMiMMMl im>[ laMirnMinitiiiiiliim '■JJ*''*a*',M*'>**a*"—u*u^"—- -     ■   -        .—■:■..■..-.,.■  —.a 
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cost. 

The above formula reveals a computing cost of polyno 

mi a I GCD's uihicn is essentially proportional to the number 

of terms of the polynomials. Specifically, the cost is 

proportional to the number of terms of the polynomial used 

for the Hensel construction in case it is dense, otherHise, 

proportional to the product of the number of terms in the 

codivisors obtained by the Hensel construction. 

It is important to point out that the cost estimation 

formula involves both the given polynomials of the GCO 

problem and the answers (the GCD and cofactors). Sometimes, 

such an expression can have only questionable value. 

Houever, we first emphasize that what our formula reveals is 

the clear fact that polynomial GCT computation (and probably 

many other polynomial computations) is an input and output 

dependent process. Knowing only the g'uen inputs simply 

will not allow a good estimate of the computing costs, 

except possibly in certain special cases. In our situation, 

the nearly completely sparse polynomial is such a special 

case where, because T(P Q) - T(P) T(Q) in sparse cases, the 

input polynomials alone can provide sufficient information 

to estimate the computing cost. In fact, the computing cost 

is linearly proportional to the number of terms in the 

polynomial used for the Hensel construction. This 

constitutes a great advantage over the Modular GCD Algorithm 

^MIMMMlHMttMMKa mmmmMtim 
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when the given polynomials are sparse (and the 

transformations necessary for the Hensel construction do not 

blou up the number of terms severly). For the other extreme 

- the dense case, the situation is more complicated. So 

long as the multiplication cost does not dominate, input 

polynomials still provide enough information to estimate the 

actual computing cost, as data of cases 2 and 5 will shou in 

the next section. In Case 5, the biggest dense quadratic 

Dolynomials (in 4 variables only), for which we dared to 

attempt a GCO computation, has 1875 terms. But this fact 

makes clear why we can not and should not consider 

operations on large dense multivariate polynomials (yet) and 

why asymptotic analysis of algorithms may be misleading for 

realistic problems which are within the grasp of present-day 

computation. 

Next we emphasize a previously neglected point in 

computing time analysis. One of the most important purpose 

of performing computing time analysis for an algorithm is to 

account for the major effort put into the computation, and 

one hopes, predict the cost for similar computations in the 

future. This goal, if achieved, is significant in many 

obvious ways. Not only can one reveal the asymptotic 

behavior of the algorithm and the correctness of the program 

implementation, but one can also estimate future 

computational efforts so that no wasteful or impossible 

^^^^^ 
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computations are attempted and all limitations of the 

algorithm can be realized. Of course, comparisons of 

different or similar algorithms then become more meaningful 

also. Uhat ue ui II show with test cases in the next section 

is that, for a particular class of problems whose general 

structures are known, having computed the GCD and cofactors 

of a simpler problem, our cost estimating formula enables us 

to predict the cost or the computing time of a more complex 

problem in the same class to an accuracy that is 

surprisingly good especially as the problems get large. 

That is exactly the point and the importance of what »e  call 

the "ratio test". 

IV - 3 Empirical Computing Results 

Uith the analytical formulas for costs of computing 

GCD's by the EZGCD Algorithm based on the analysis of the 

Generalized Hensel Algorithm, ue now present several tables 

of empirically observed computing times (in seconds) for the 

Reduced, Modular, and the EZGCO Algorithms. Uith these 

actual run times, we hope to show not only the performances 

of these algorithms foi various classes of problems but also 

substantially validate our more intuitively derived 

computing cost formulas for the wide range of practically 

sized proolems. Ue will find that the actual computing 

times can usually be predicted to within 15X accuracies in 
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most empirical test cases uhen the intuitive cost estimation 

formula (E7) is used. Such accuracies are quite good 

considering the uide variety of bas'c operations underlying 

such an algorithm for the computation or polynomial GCD's. 

The three algorithms tested are implemented (hopefully) 

uithoir. any bias becauso of their Independent designs and 

codings in the symbolic manipulation system MACSYMA inAC73] 

and run on a PDP-18 computer uith a 2 microsacond memory. 

The particular examples are chosen to demonstrate specific 

features. For the most part they are chosen for simplicity 

and clarity, especially w.r.t. the integral coefficients, 

and are therwise (hopefully) quite random. Note that 

timings for the Reduced GCO Algorithm are included here 

mainly for the purpose of demonstrating the cot'Detitiveness 

of the PRS type of algorithms in small and certain sparse 

cases. The general blowup behavior of the PRS GCD 

algorithms, even the most efficient subresultant PRS GCD 

algorithm, for large and dense problems is quite uelI known 

and expected. Such a phenomenon will a'so be revealed by 

the data below. Our main purpose for this empirical data, 

however, is to compare the performances of the Modular and 

EZGCD Algorithms and to support the analytical computing 

time predictions jith some actual figures. Numbers in 

parentheses indicate the number of "garbage collections", 

which cost aproxlmately 3 seconds each, made during the GCD 
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computation. This number gives a fairly good indication of 

the storage space consumed by intermediate expressions. 

Case 1: gcd{F, G) ■ 1; 

v v 

y^y +1) (x +y\ +2) F - (x + >    y   + 1)   (x + 

i-1 i-1 

^   ^^\ 1 Z       Z 
(x   + >    y   + 1)   (-3 y   x   + y   - 1). 

-fc—'  i 1 1 
i-1 

V =• 1 2 3 4 5 

EZ. e.387 0.457 0.G37 0.855 1.032 

RED. 0.5B8 2.544 10.55 44.02(2) 147.5(10) 

MOD. 0.213 0.390 0.601 0.843 1.144 

This GCO - 1 case is supposedly best suited for any modular 

algorithm.    Since the Modular and the EZGCD Algorithms are 

based on modular arithmetic,  they both perform well  as 

expected. 

Ca_s_e 2:    Linearly dense quartics with quadratic GCD'e. 

v 

D -  (x +\y   + 1)  5 

i-1 
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F - 0 (x •E", -2,2! 
i-i 

- D (x +\ ^y   + 2) 

i-1 

V -1 2 3 4 5 

EZ. 1.328 2.520 5.124 9.475 19.75(1) 

RED. 0.897 3.3' 7 10.85 34.34(1) — 

noo. 1.194 G.071 33.98Ü) 180.4(7) — 

This is a dense monic case where both F and G have degree 4 

in x, the main variable, and their GCD, 0, is a quadratic 

polynomial. For the Reduced GCD Algorithm, the PRS 

sequences are normal and involves only two pseudo-division 

steps. For the Modular GCD Algorithm, we have degree d - 4 

in each variable, so that according to the formula of 

v+1 
computing time (d + 1)  , tha ratio of computing times for 

our polynomials above should be d + 1 ■ 5 and we see that 

the ratios between successive p?irs of the actual computing 

times (less approximately three seconds for each garbage 

collection) approximate the prediction remarkably well. For 

the EZGCO Algorithm we will also perform this "ratio test". 

The ratios between succesive pairs of actual computing times 

are roughly RA(2, 1) - 1.9, RAO, 21 - 2.0, RA(4, 3) - 1.8. 

inniii    i um   i  i UltMimihUi i r i 



186 

and RA(5, 4) ■ 1.7, rounding to two significant digits. 

Since the given polynomials are monic and dense while the 

number of terms are still reasonably small, formula {E7) 

uould apply in this case as simply T(U). Here, F of the two 

original polynomials F and G, since their degrees are the 

same in x, is used for the Hensel construction. The number 

of terms are T(U) - T(F) - 13, 23, 57, 102, 178. Thus 

ratios of theoretically predicted costs are ratios of 

successive TIU) which are RT(2, 1) - 2.2, RT(3, 2) « 2.8, 

RT(4, 3) ■ 1.8, and RT(5, 4) - 1.7, also rounding to two 

digits. As we can see, this also agrees remarkchly well 

with the ratior of actual computing times. Except possibly 

the firot ratio, which is due to the high overhead (total 

preparation costs, including computing contents and 

substitutions) which is unusually high for the first small 

example. This phenomenon will also occur for later cases. 

But, in each case, as the problem size increases the ratios 

tend to agree better and better. This is in fact the reason 

for making these ratio tests - as the problem sizes increase 

in our "controlled experimental" environments the relatively 

small overhead costs become dominated and the total cost of 

the algorithm corresponds more and more to the number of 

terms of the polynomials involved . This gives strong 

support to our heuristically derived estimate of computing 

costs for the EZGCD Algorithm as well as Generalized Hensel 
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Algorithm and other related Hensei constructions. 

^ase 3: Sparse polynomials uhere degrees and the number of 

variables increase with v. 

v+1 <* ^ v+1 
D - x   + >  y   + 1; 

i-1 

v+1 ^—, v+1 
F - 0 (x   + £>,   -2,! 

i-1 

V+1  ,, , v+1 
G •• I! (x   +/ 

i-1 

V^ v+1 

y ^ y   +2), 

v - i 2 3 4 5 6 

EZ. 8.544 0.755 1.127 1.601 2.183 2.831 

REG. 0.187 0.615 1.141 1,938 3.051 4.538 

noo. 0.631 6.148 124.3(8) — — _.._ 

This is again a monic case, but now the polynomials F and G 

are quite sparse. Thus formula (E7) applies as T(D) T(H). 

T(0) - T(H) » 3, i, 5, B, 7, 8, Thus the ratios of 

theoretically predicted costs are approximately RT(2, !.) - 

15/9 = 1.8, RT(3, 2) - 25/16 - 1,56, RT(4( 3) - 36/25 - 

1.44. RT(5. 4) - 49/36 - 1.36. and RT(6, 5) - 64/49 - 1.30. 

Compared with ratios of actual computing times RAI2, 1) - 
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1.4, RA(3, 2) - 1.58. RA(4, 3) - 1.42. RA(5, 4) - 1.3G, and 

RA(G, 5) - 1.38, we again have very good agreements. Also 

in this case the Reduced GCO Algorithm performs quite well, 

because of the sparseness of the problems and the symmetric 

regularity of the given polynomials. But the next table 

shows that slight variations of the input polynomials could 

cause the timing of the Reduced Algorithm to. change 

drastically uhere as the EZGCD Algorithm remains quite 

stable. 

Case 31: 0 and F as above5 

v 

G - D (x + 
!»• 
i-l 

V - 1 2 3 4 5 G 

EZ. 8.G28 1.112 1.7B7 2.574 3.5G5 4.GGG 

RED, 8.43G 6.141 134.9(5) — — — 

MOD. 8.721 7.88G 158.9(9) — — — 

Since G is of lotsar degree in x than F, it is the one that 

is used for Hensel construction according to the heuristics 

set ;n EZGCD Algorithm. Here G is nearly completely sparse 

so that the formula T(D) T(H) still applies and the RT 

ratios are the same as above. Compared with ratios of 

actual computing times for the data of this table 
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RA(2, 1) - 1.8. RA(3. 2) - 1.58, RA(4, 3) - 1.4B, 

RA(5. 4)  - 1.38. and RA(6, 5) - 1.31. ue still have fairly 

good agreements. 

Case 4:    Quadratic non-monic GCO Hith quadratic cofactors. 

2 2 v^ y  + 1? 
I 

i-2 

2       2   ^^ 2 
F - D  (x    - y   + >    y    - 1); 

1    L~d   \ 

> 0 (y   x +\    i G   - D  «y    x ;■ >    y   + 2)   . 

i-2 

V - 1 2 3 4 5 

EZ. 1.184 1.G12 2.586 3.822 5.549 

RED. 0.G37 6.488 55.58(1) 487.6(28) — 

MOD. 1.487 6.754 39.15(2) 198.9(18) — 

All three previous cases have been with monic polynomials 

which not only avoid the leading coefficient, problem but 

also the non-zero substitution problem for the Hensel con- 

struction in the EZGCD Algorithm. So we now test a more 

complex situation for the EZGCD Algorithm. Here we must use 

tema;ai^;^^  '-"-——'■ —- ■'" ■ - ,  
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(E7) as Ksubddl'Vdl) D) Ksubfdl H)) uith U - F, dl" - y , 
1 

2 -  2 
and dl ■ y . Since lc(F) ■ y , the evaluation value for y 

1 1 1 

can not be B, so that there nil I bo some blowup in the 

number of terms when we substitute y + b for y . In this 
1   1    1 

case T(sub((dr7dl) 0) - 4, 5, G, 7, 8, since dIVdl - 1 and 

2 2 
each y x in D becomes three terms after substitution. 

1 

T(sub(dl H)) - 8, 11, 14, 17, 28. Note that, in counting 

the terms above, we have implicitly assumed that all other 

evaluation values except b for y are zeros. Thus the 
1    1 

corresponding ratios of theoretically predicted costs are 

RT(2,  1)  - 55/32 ■ 1.73, RT!3, 2) - 84/55 - 1.53, 

RT'.4,  3)  - 119/84 - 1.42, and RT{5, 4) - 158/119 - 1.35. 

Compared with the ratios of actual computing times 

RA(2.1)  - 1.3G, RA(3, 2) - 1.56, RA(4, 3)  - 1.58, and 

RA(5, 4) ■ 1.45, the agreements are still reasonably good 

considering the many uncertainties in this case. Two spe- 

cifically important uncertainties are due to the fact that 

the total number of terms involved is still quite small so 

the overhead costs are not completely dominated and the 

fact that this is a case intermediate between dense and 

'-j^~-^^*k*j-,"--"j-- -"- —- - - ---- ..^.„..J. .«.»„.^.f^rfuj....... -:,:...JI 
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sparse so formula (E7) is a simplifying estimation of the 

proportionalities rather than a more exact count. The 

flodular GCO Aiyorithm, houever, behaves quite predictably. 

v+1 
According to the computing time formula Id + 1)   where 

d - 4 in this case, the actual computing time increases by a 

factor of approximately 5 as v increases from 1 to 4. 

Case 5: Completely dense non-monic quadratic polynomials 

uith dense non-monic linear GCD's. 

v 

D - (x + 1)   (y + 1) - 3$ 

i-1 

F - D ((x - 2)TT(y - 2) ■»• 3h 

i-1 

v 

G - D ((x + 2)   (y + 2) - 3). 
i 

i-1 

V - 1 2 3 4 

EZ. 1.832 3.712 1B.77 188.5(5) 

RED. e.845 13.47 525.6(45) .__ 

MOD. 9.814 4.258 22.85(1) 182.1(5) 

This is a completely dense case for which the Modular GCO 

MMMWiMMflH 
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Algorithm is at its best. Since dl" - gcd(lc(F), lc(G)) 

v 

- lc(0) - dl • 1 (y ♦ 1) and (dl" F), (dl" G) are used 

i-1 

for the flodular Algorithm, the computing time formula for 

this case should be (d + 1) (2 d + 1' with d - 2. Thus the 

predicted ratio of computing times for tlodular GCD Algorithm 

is 5. Ue see that this ratio is approximately observed in 

the actual computing times of the flodular Algorithm. Next, 

we note that even though d - 2 for all variables in F and G, 

and D is linear and dense so that the PRS sequences consist 

of results for only one pseudo-division, the ReHuced GCD 

Algorithm still loses badly to the other two algorithms. As 

for the EZGCD Algorithm, thia cate represents a difficult 

extreme where there are not only leading coefficient blowup 

problems but also dense leading coefficients in dense 

polynomials. The actual computing times, however, tuned 

out to be good compared with the Modular times. The ratios 

of these times are RA(2, 1) - 3.G, RA(3, 2) - 4.5, 

RA(4, 3) - 5.0. On the other hand, since the polynomials 

ore dense, substitutions do not change the number of terms, 

sc ihat we can use formula (E7) for the cost of the EZGCD 

Algorithm with cost - T(ölH U) where U - F because 

deg(F) - deg(G). Thus, similar to the flodular Algorithm, ue 

'  •'■'- Ü      
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have also T(dr U) - 3«5«iv. According to this, the ratio 

of theoretically predicted costs is 5 for all pairs of suc- 

cessive problems. Indeed, we see the actual ratios approach 

this number 5 as v gets large, or as the problem becomes 

sufficiently large pi that the overhead costs are dominated. 

Case 51: Sparse non-monic quadratic polynomials with linear 

GCD's 

■«IT y -I; 

F - D (x f[V3.t 
i-1 

{]• G - D (x| | y - 3). 

V - 1 2 3 4 

EZ. 8.G44 1.436 4.685 2G.G9J1) 

RED. 8.164 8.245 8.337 8.431 

noo. 8.719 3.771 22.41(1) 113.8(5) 

This case is only 3lightly different from Case 5 as we can 

easily see, except that tne polynomials are very sparse 

here. In fact, each of F and G has only three terms. For 

HHMMMH^ 
-■   v^gmmmm iih^^^,^ ^l*u.*^<m**iM^ 
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such sparse polynomials with low degrees (2) the number of 

PRS elements is very small for the Reduced GCO Algorithm. 

Actually, for each problem, the PRS is normal anr. requires 

only one pseudo-division, so that there can not be much 

growth at all. That accounts for the relatively fast com- 

puting times for the Reduced algorithm in the above table. 

For the Modular Algorithm, the timings are surprisingly 

similar to the dense problems of Casj 5. The common ratio 

for predicted times and for the actunl computing times 

remains 5, which clearly demonstrate?) the insensitivity 

of the modular algorithm to the sparseness of the polynomials 

and the computing time formula derived for this algorithm 

indicates this "worst-case" behavior. It shows that 

the numbr- of variables in the problem and their maximum 

degrees are the only parameters affecting the computing 

times for the fl.dular GCD Algorithm. These are not 

yet the main poirrts to be made with the empirical data of 

this case. The major observation io  oe made here is that 

this is a bad case for the EZGCO Algorithm also. Since the 

polynomials in x have products of powers of all other vari- 

ables as leading coefficients, the validity requirement for 

the evaluation value? forces them to be non-zero. Thus, 

after the substitution transformations (y* + b for y ) are 
i   i     i 

performed on the polynomial used for Hensel construction 

MUMiriMiifiiiii iiiiinur —-^ 
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(in this case, it does not matter if it is F or G), the new 

polynomial that the flultivariate EZ Algorithm has to work 

with is just as dense as the problems of Case 5. In fact, 

the number of terms ui11 be exactly the same with only dif- 

ferent numerical coefficients (due to differences between 

various b 's of Case 5' and 2 of Case 5). So, Tleubtd!" „')) 
i 

for this case is the same as Kdl" U) of Case 5 uhich is 

3*5**v. Accordingly tho ratio of predicted costs for pairs 

of successive problems it also 5. Indeed, »e  see that 

RA(2, 1) - 2.2, RA(3, 2) - 3.2, and RA(4, 3) - 5.1 which is 

approaching 5 as the problem get large. Note that the 

actual computing times of this case are proportionally less 

than those of the dense problems and those of the Modular 

Algorithm, because of the fact that the blowup due to nrn- 

zero substitutions only occu,-"» in the step of EZGCO Algo 

rithm where the Hensel construction is applied and not in 

other steps. Therefore, we emphasize the point that when 

the validity requirement of the evaluation values force them 

to be non-zero and cause the non-zero substitution problem, 

the computing time unfortunately goes up close to that of 

more dpnse problems. The phenomenon is quite similar to 

that of the Modular GCD Algorithm, but these bad cases for 

the EZGCD Algorithm occur much less frequently (since they 

depend on the number of non-zero values for valid and lucky 
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evaluations) than the bad casec for Modular Algorithm uhich 

depends solely on the number of variables and their degrees 

in the given polynomials. 

Case S: Trivariate Polynomials uith increasing degrees 

j 
D - x y (z - l)s 

j   j+l j 
F - D (x + y  z + l)s 

j+l   j j+l 
C"D(x  +yz  -7). 

j - i 2 3 4 5 

EZ. 1.192 1.523 1.934 2.449 3.867 

RED. 8,896 1.750 2.697 3.884 5.321 

noo. 5.283 15.24(1) 31.42(3) 51.88(5) 82.85(9) 

For all previous cases, ue have used the number o' 

variables, v, as the major parameter for experimentations. 

Ue observed that in those cases, the Modular as Hell as the 

Reduced GCD Algorithms are extremely sensitive to the 

increase of v. The EZGCD Algorithm depends more on the 

number of terms it has to process, rather than on v alone, 

so it is more efficient in the sparse polynomial situations. 

Ue also sau the predictabilities of the actual computing 

times uith some of our formulas, especially for the Modular 

and the EZGCD Algorithms. 

In this case, ue concentrate on testing another 

tiWMMI 
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important parameter - the degree of the polynomials. Our 

purpose is also to see the performance of the EZGCD 

Algorithm for sparse polynomials but having a leading 

coefficient blowup problem that worsens with respect to the 

degree. First of all, the numbers in the above table reveal 

the fact that the EZGCD Algorithm still performs well even 

under these adverse conditions. Looking at the polynomial 

inputs in more detail, we have dl" - dl • y 2. This forces 

the evaluations to be non-zero. In addition, the cofactors 

contain high powers of y and z, so that the blowup due to 

non-zero substitutions in Hensel constructions are quite 

severe. In fact, we get dense polynomials in y and z. Thus 

we use formula (E7) with proportional cost - TCsubidl" U)) 

corresponding to dense polynomials. U • F, since 

deg(F) < deg(G). If we count carefully, TCsubidl" U)) - 41, 

59. 81. lev, and 137. Trom those, we get RT(2. 1) - 59/41 

- 1.44, RT(3, 2) - 81/59 - 1.37, RT(4, 3) - 187/81 - 1.32, 

and RT(5, 4) - 137/197 - 1.28. Compared with ratios of 

actual computing times RA(2( 1) ■ 1.28, RA13, 2) - 1.27, 

RA(4. 3) - 1.2B, and RA(5, 4) - 1.25, the agreements are 

quite adequate. For the Modular GCD Algorithm, we should 

use dl" F and dl" G. The degrees of dl" F in x, y, and z 

respectively are 2j, j + 3, and j + 2. Using thsee degrees 

in the standard formula tor the flodular algorithm, we find 

that the computing time should be growing somewhat as 

i^tlilliifl^mlililifa;^a•''^^^^^^■^i i^Wiiriiilaiiiiri-i><i-iii;ii«iiirt[fth<ia<nrifl''i 
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(2 j + 1) (j + A) Ij + 3). Thus 

RT(2. 1) - (5 G 5)/(3 5 4) - 2.50. 

RT(3.2) - (7 7 6)/l5 G 5) - i.9G, 

RT(4, 3) - (3 8 7)/(7 7 G) - 1.71. and 

RT(5, 4) H (11 9 8)/(9 8 7) - 1.57. Compared uith ratios of 

actual computing times RA(2, 1) - 2.35, RA(3, 2) - 1.83, 

RA(4, 3) = 1.G5, and RA(5, 4) ■ 1.51, the agreements are 

quite good considering the fact that polynomials are 

actually sparse rather than dense as the formula expresses. 

Finally we also point out that the PRS sequences for the 

Reduced GCD Algorithm are normal in this case. That 

partially explains the good performance of the Reduced 

AI gor i thm. 

Case 7: GCO's of trivariate polynomials requiring special 

case method of EZGCD Algorithm 

P-x-yz + 1; Q-x-y + Sz; 

j k        k j 
F-P Q; andG-P Q. 

j.  K - 1.2 1.3 1.4 2.4 

EZ. 2.5G8 3.914 5.778 10.80 

RED. 1.354 28.03(1) 729.7(77) 73.70(4) 

HOD. 4.2G3 8.492 18.39(1) 33.58(2) 

This is a very simple trivariate case where the special case 

method of the EZGCD Algorithm has to be used. We employ 

MMW ai*mfM.-Mv..  .. j^^m^itmmmm »tu Mitämutäuiäisittä&t 
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this case to shou that even though the special case method 

is much more inefficient than the regular al^crithm ((AD - 

(A9)), it is in fact not more inefficient than the other GCO 

algorithms in many cases similar to the one tested here. 

mmm .,:.^..:^^M***U***^^~-....>     . 
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CHAPTER V. Polynomial Factorization 

V - 1 Introduction 

In this chapter, ue uill discuss methods for factoring 

polynomials of one and several variables over the integers. 

The first computationally feasible method for the 

factorization of univariats polynomials over Z was due to 

Kronecker. As presented by Van der Uaerden [VDU49, Section 

25], the method is essentially as follows: 

For a given polynomial P(x) of degree n, let m be the 

greatest integer < n/2. For m + 1 integral values 

a , a , ... , a ; compute P(a ), ... , P(a ) and let 
6  I      m 8        m 

b ■ the set of all distinct integral factors of P(a ). 
i i 

For k - 2,...„m+l do the following. Choose set of k ele- 

ments b , one from each S , and use interpolation to find a 
i i 

polynomial Q(x) of degree k-1 such that Q(a ) - b for all 
i    i 

0 < i < k. If Q(x) divides P(x) then we have found a 

factor of P and we can recursively apply this method on 

P(x)/Q(x). Otherwise choose another set of k b 's from the 
i 

S 's different from all previously chosen sets,   interpolate, 
i 

and test-divide again. Unen all possible ^ombinations of 

Precsding page blank 
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m + 1 or feuer integral values from the S 's have been 
i 

exhausted (the step for k ■ m + 1 is done), we conclude that 

P is irreducible. 

The reason for the lack of success with '•he Kronecker's 

method even with today's high speed computers is the trial- 

and-error nature and the exponential number (u.r.t, n) of 

possible factors needed to be tried. It is aUj a nontri- 

vial task to factor integersj in fact, its cost is an expo- 

nential function of the length of the given integer. These 

exponential growths dependent upon the degree and the inte- 

gral length of the coefficients of the given polynomial pre- 

vent this method from being a practical computational algo- 

rithm even after several improvements were suggested [VDU49] 

[JOHGG]. 

Berlekamp's factorization algorithms for polynomials 

over finite fields [BERB7] [BER78] proved to be fundamental 

for developing efficient algorithms for factoring 

polynomials over the integers. Based on Berlekamp's 

algorithm Knuth IKNUGS, Section 4.G.21 suggested a method of 

reconstructing the factors over Z using the Chinese 

Remainder Algorithm. However, the interpolative nature of 

the Chinese Remainder Algorithm (Garner's Rule) retains the 

exponential growth with respect to the degree of the given 

polynomial. Although the exponential growth due to 

««MM, mtmttmiititumkmitmmiiimm 
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factoring intsgers is completely avoided in this method, the 

number of tentative factors and their combinatorial 

possibilities is still potentially large. 

It uas Zassenhaus' suggestion of using Hensel's p-adic 

construction (Lemma 11-3.1) and his quadratic improvement 

thereof (Lemma 11-3.2) that initiated new research for more 

efficient algorithms in polynomial factorization based on 

mod p factorizations. In his thesis, Husser [f1US71) 

presents abstract algorithms for factoring univariate and 

multivariate polynomials which theoreticaly establish the 

feasibility of using Hensel-type constructions for 

factorization in general algebraic spaces. He also presents 

detailed specificafr, s, careful discussions, asymptotic 

computing time bounds, and some empirial timings for the 

algorithm for factoring univariate polynomials over the 

integers based mainly on Berlekamp's and Zassenhaus' 

a I gori thms. 

For mul tivariate polynomial factorization, flusser'«? 

abstract algorithm has definite computafional drawbacks, as 

pointed out previously. So our presentation of 

factorization algorithm in this case uill essentially be 

based on that discussed by Uang and Rothschild [U&R73] uhich 

uses the computationally efficient Generalized Hensel 

Algorithm of Section 11-4. In addition, we attempt to 

analyze the computing cost of the multivariate factorization 

jtfliar-IWftr.lilliVllrril 
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algorithm which has hitherto been lacking in the litaratura. 

V - 2 Factorization of Univariate Polynomials 

The algorithm for factoring an univariate polynomial 

F(x) over Z can be divided into six basic steps as follows: 

(1) Set c <— cont(F) and F <-- pp(F). 

k 

(2) Find the square-free decomposition o, P.JJPi 

Each F will now be square-free and primitive. 
i 

For such a polynomial G we factor by 

(3) Find a prime p in Z such that g(x) <— G(x) (mod p) 

has the same degree as G and is square-free in (Z/pHx]. 

(The existence of such a prime can be shown quite easily. 

For reference, see [U&R73].) 

(4) Factor g(x) into g (x) g (x) ... g (x) In (Z/p)[x] 
1   2      r 

by applying the Berlekamp s algorithm over finite fields. 

(Coth flusser [HUS71] and Uang and Rothschild 

[W&R731 have detailed discussions and algorithmic imple- 

mentations of this algorithm for 'small" prime fields.) If 

r - 1, G is irreducible over Z. 

(5) For r / 1, apply Zaasenhaus' algorithm (Algorithm 

11-3.2) successively on complementary products of these 

«MMMHMBMMM '■^"■1^"^- ^"■"■"■"--tiirtaiii ywwriiMtii-niiiinn'iiiFiii inrritii»! 
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g 's to obtain G  (x), G  (x) G  (x)  such that 
i 1 2 r 

G - G   G    ...  G    (mod q) where q - p**(2**m)  which 
12 P 

bounds any integral coefficient of any factor of G.    (See 

discussion  in proof of Theorem 11-5.3.) 

Also G    - g     (mod p)   for all  1 <  i  < r. 
i I 

(G)    Combine extraneous factors and restore  leading coeffi- 

cient for these G 's and get the true factors of G over Z. 
i 

Both Algorithm 2.GP of HIUS?!] and Algorithm TRUFACTOflS of 

[U&R73] discuss this step in detail. 

Flusser gives a very complete analysis of asymptotic 

computing time bounds for this univariate case in his thesis 

[flUS?!]. Ue refer the reader to Musser's thesis for 

details. However, at this point we will call the reader's 

attention to the problem of combinatorial I y collecting 

extraneous factors into true factors. For an irreducible 

polynomial with k extraneous factors, as many as 2«*k 

combinations of factors and divisions may be required before 

the irreducibi I i ty of the polynomial can be discovered. 

V - 3 Multiple Factor Generalized Hensel Construction 

Because of the fact that a polynomial may have many 

factors, we will present a new version of the Generalized 

Hense! Algorithm of Section 11-4 which will construct more 

ftttliM^»«,....,.,,. .........-..,.. .;:..^^....J.. am^^^,..,^^.^.J...,^,^...^.-...^^>-»^aa».^ai»J>^M^.,.m^t.-i^1.   .,,_, .^, .^ ^ _ ., ,...,,..,,,..,.....,.,...„.^.^.„.^M^aj 
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than tuo muitivariate factors from their evaluated 

univariate representations. This algorithm Mill be 

equivalent to GHA when the numbet of factors is tuo. Also, 

as ue will see later, the computing cost of this algorithm 

uill essential Ig be l/(r - 1) times less than that of 

applying GHA r - 1 times on successive groupings of the r 

factors as the way this is done in [14SR73] and [f1US71]. 

Since we believe that the savings in cost for the univariate 

case uill not be as significant as the multivariate case, ue 

uill only discuss this semi-parallel multiple factor 

construction for the mul tivariate case. However, ue make 

the claim that a similar method applies to the multiple 

factor univariate constructions, and ue challenge the reader 

to uork that out in detail. 

Theorem V-3.1:  (llultiple Factor Generalized Mensel) 

Let F(x,y ,...,y ) be a multivariate polynomial in 
1    v 

(Z[y ,...,y 1) [K] . Let b - lb ,...,b t be a given set of 
1     v 1    v 

integral values and S - ly -b ,...,y -b I such that 
11    v v 

lc(F)  / 0  (mod q, S) where q is a given rth pouer of a  lucky 

prime p for F .    Assume there exist pairuise relatively prime 
b 

univariate polynomials Fl  (x), F2  (x),   ...   , Fr   (x)   in 
1 1 1 

(Z/qUx]  -  (J/S)tx], uhere J - (Z/q) [y y 1,   such that 
1 v 

•*•*•**—**—**~'^'—-—-■—  ^^mimaimaim iiLi.-.., :^....;.,i,^-:m .^ ..,-....>... : ;:^u...,.^ju:.iij.i.^n.^^w..M-.m.! 
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F - Fl F2 ... Fr (mod q, S). Then, for any K > 1, we 
1  1    1 

can step by step construct Fl , ... , Fr in U/S )M 
k       k 

simultaneously such that F - Fl F2 ... Fr (mod q, S ) 
k  k    k 

and Fi - Fi (mod q, S) for all 1 < i < r. 
k   1 

Proof:    Let F[j|r)    denote Fj    F[j+1)    ...Fr    for 
1 111 

j - 2,...,r.    Since lc(F) / 8 (mod q, S),  it must be a 

unit  in Z/q. hence so must  lc(Fi) be,  for i»l,...,r.    By 

Lemma and Corollary 11-2.1, ue can use Algorithm 11-2.1  to 

find Ai   (x),  Bi   (x)   in  (J/S)tx]  such that 
1 1 

Ai    Fi    + Bi    F[i|r]    - 1 anü deg(Ai ) < deg F[i|r]  , 
111 1 1 1 

deg(Bi   )  < deg(Fi  ),   for all   i-l,...,r-l.    From these poly- 
11 

nomials ue ui II  construct,  by induction,  sequences of polyno- 

mials   IF1  I,   tF2 I (Fr 1  such that F - Fi    ... Fr     in 
mm m mm 

(J/S ) [>,]  and Fi    - Fi     (mod q, S)  for all   i-l,...,r. 
m 1 

(Again  let F[j|r]    denote Fj    F[j+1]    ... Fr    for j-2,...,r.) 
m in m m 

For  inductive hypothesis,  assume for m > 1 ue have 

-'--'^"''^■''*'"'- -»»-^^^.i^...^.^..-^   .... — .-■-^.—■—  
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Fi   (x,y y ),   i-l,...,r in (J/S )M  such that 
ml v 

F - Fl    F2    ... Fr .    Let 
mm m 

B+l 
Rl   (x.y y )  - F - Fl  (F2 ...Fr )   (mod q, S      ) 
ml v m     m        m 

A \l    (x) til (y y 
/  ^   Im ml \ 

). 

Im 

For each typical coefficient polynomial, Cl    (x),  of Rl  ,  we 
I« m 

apply Algorithm II-2.2 on Fl , F[2|r]  , Al , Dl , and Cl 
1 111 Im 

in (Z/q) [xl  and obtain Al    , Bl     such that 
Im      Im 

Al     Fl    + Bl     Ft2|r]    - Cl     and 
Im     1 Im 1 Im 

deg(Al    )  < deg(F[21r]  )   in (Z/q)[xl.    Now let 
Im 1 

(m) 
Fl       -\"^B1    (x) 111 (y y ), 

/ -*    Im ml v 
Im 

(m)     —-^ 
F[2|r]        -\   Al    (x) til  (y y),Fl       - Fl    + Fl 

/ J   Im ml v        ra+1        m 

(m) 

(M) 
and F[2|r]        - FI2|rl    + F[2|rl      .    Then 

m+1 m 

(m) (m) 
Fl       F[2|r]        -Fl    Ft2|r]    + Fl       F[2|r]    + F[2|r]        Fl 

m+1 m+1 m m 1 1 

^„^^^ MÜÜlilMilHMMH iriiiaiiiliMliaurHfrii'i iM^"^^^--^-''-^--^^^^^^^-^-^ - t--^ 
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m+l 
- Fl F2 ...Fr + fll i F In J/S  . Ue observe that 

m  m     m   m 

m+l 
in J/S  R2 - F/Fl   - F2 ... Fr - Fl2|r]   - FI2|rl 

m     m+l   «     m      m+l       » 

(m) 
- F(2|r]      .    In general   (or inductivelg), assume ue have 

m+l 
F - Fl       F2       ... Flj-lJ       F[j|r]        in J/S     .  then 

m+l     m+l m+l m+l 

Rj    - F/Fl      /.../F[j-ll        -F[j|r]    - F[j|r]        -F[j|r] 
m     m+l 

(m) 

m+l m+l 

- F[j|r]   -X "Cj (x) Hj (y g). For each Cj M 
£_j   Im m   1 v I* 

Im 

ue can apply Algorithm II-2.2 on Fj , Ft(j+l)|r]   , Aj  , Bj , 

and Cj      to get Aj      and Bj      in (Z/qHx3  such that 
Im Im Im 

Aj     Fj    + Bj     F[(j+l)|r]    iCj    .    Then 1st 
Im     1 Im 1 I» 

(m)     _^ 
Fj       -\    Bj    (x) tlj  (y y ), 

/ ^i    Im ml v 
Im 

(m^      __^ 
F[(j+l)|r]        -\     Aj     Hj  (y y ), 

/  J    Im     m   1 v 
Im 

(m) 
Fj        - Fj    + Fj      , and 

m+l m 

(m) 
F[(j+l>|r]        -Fl(j+l)|r]    +Ft(j+l)|r]      , ue have 

m+l m 

-^-.^ 
--- ■  - 
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m+l 
F - Fl       ... Fj       F[lj+l)|r]       in J/S      and 

m+l m+l m+l 

(m) 
Rfj+1]     - F[{j+l)|r]      .    Thus we can jet F - '-l        ... Fr 

m .       m+l m+l 

m+l 
in J/S   by making r - 1 such iterations where for all 

(1)        (m) 
m > 1 ue have Fj   • Fj + Fj   + ... + Fj   for 

m+l    1 

j - 1 r which exactly corresponds to the two-factor case 

of GHA.  This completes the induction and the proof.    // 

Ue will not specify the algorithm for this multiple 

factor generalized Hensel construction in detail since the 

proof of the theorem is constructive. Ue will, however, 

point out that all of the special preparatory computational 

considerations discucsed in Section 11-4 still can be 

applied here.  Thus this algorithm is a direct extension of 

GHA (Algorithm II-4.1). Referring to the analysis of the 

computing cost of GHA in Section IV-2, we see that because 

of the simultaneous construction of all factors which 

results in savings of the multiplication costs (corres- 

ponding to Step (5) of GHA). the corresponding total com- 

puting cost for this algorithm is approximately 

r 

T(Fj ) + (n/v)  (T(F) + 

j-l j-l 

X^TFj )). 
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Ue also point out that the total space requirement for 

storing preparatory data and intermediate results of this 

simultaneous construction is essentially the same as that of 

applying GHA successively r - 1 times. But, if C represents 

thu ront nf applying GHA once, then this simultaneous con- 

struction effectively improves the cost from (r - 1) C to C 

which can be most significant if the number of factors of F, 

r, is large. 

V - 4 Factorization of riultivariate Polynomials 

The only known implementation of the Hensel type multi- 

variate factorization algorithm is by Uang and Rothschild on 

the symbolic manipulation systam tlACSYMA. An outline of 

such a factorization algorithm is as follows where the main 

difference here is in Step (4) where we apply the Multiple 

Factor Generalized Henssl Algorithm instead of using the 

ordinary GHA r - 1 times. Given a multivariate polynomial 

r(x.y ,....y ) in Z[x,y ,...,y 1 
1    v        1    v 

(1) By taking content and primitive part of F, we can write 

F » cont(F) pp(F) and factor each part separately. Bu com- 

puting the square-free decomposition of F, we can write 

2    k 
F - F F ... F and factor each F separately then simply 
12k i 
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attach the multiplicities of trie factors. Thus ue uiII 

assume that the F to be factored is primitive and square-fre«. 

(2) Choose a set of integers b - lb ,....b I such that 
1    v 

fix)  =. F  (x)  - Flx.b ,...,b )  is also square-free and 
b 1 v 

cleg(f)   - deg(F)   in x. 

(3) Apply the univariate factoring algorithm described 

in Section V-2 to find a factorization of f such that 

fix)  - f (x) f (x) ... f (x) over Z. In the process of this 
1   2      r 

computation ue can also determine a prime p and an integer m 

such that q » p**(2*«in) bounds tuice the coefficients of any 

factor of F and its evaluation at b so that f over Z is 
i 

identical to f (mod q) and the f 's remain pairwise rela- 
i i 

tively prime modulo q. 

(4) Let S - ly -b ....,y -b I, then ue have 
11    v v 

F(x,y y ) - f (x) ... f (x) (mod S). Apply the flul- 
1     v    1       r 

tiple Factor Generalized Hensel Algorithm discussed in the 

last section on these univariate factors to compute pairuise 

relatively prime multivariate polynomials F (x,y ,...,y ), 
i   1    v 

i-1 r, corresponding to f (x) such that 
i 
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r - F   F    .., F    iraod S , q) uhere n • 1 + the degree bound 
1    2 r 

for F ii- its non-main variables y ,...,y . 
1    v 

15)    From these F 's, all  true irreducible factors of F over 

Z can be computed by taking combinations,   trial divisors, 

and thr, restore-leading-coefficient operations. 

The cost for factoring a primitive,  square-free multi- 

variate polynomial F,   then, mainly consists o* the costs 

from Steps (3),   (4), and (5).    The cost of S.ep (3)   is 

simply for factoring the univariate polynomial F (x)   into 
b 

f  M,  f  (x) f  (x) which was discussed in Section 
1 2 r 

V-2. Step (4) involves the application of the Multiple 

Factor Generalization Hensel Algorithm in the last section. 

According to the brief analysis of this algorithm, the total 

cost of this step is proportional to 

r r 

•   T(F ) + (n/v) (T(F) +V\(F 

i-1 i-1 

Step (5) is very much dependent on the choices of evaluation 

points and the prime modulus. The uorst case is when F is 

n 
irreducible but (mod q, S )s it has r extraneous factors. 

r-1 
In this case,   it will   take as many as 2       multiplications 

' 
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of  the extranetufj factor.? and trist divisions to confirn the 

irreducibiIity of F.     In practice, not very many trial 

operations are required and thj true factors of F are 

quickly found.    For each true factor of F,  then,   it may be 

necessary to restore the leading coefficient, and that  in- 

volves a content and primitive part computation on some com- 

bination of the potential  factors. 

Finally,  ue observe that because of the high cost  in- 

volved in processing an extraneous factor, especially in 

Steps  (4)  ari  [S),   it seems wise and uorthuhile to repeat 

Steps  (2) and (3)  several  times in order to find an evalua- 

tion and a prime such that the number of potential   factors 

is minimal. 
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CHAPTER VI. POLYNDfllAL CONTENTS AND PRltllTlVE PARTS 

VI - 1  Introduction 

In the previous chapters, we have seen '■he important 

parts played by tho operation of compu^inq contetits and 

primitive parts of polynomials. Host notably, the first 

step of both the factorization and the GCD algorithms is 

mainly performing this operation. To refresh our memories, 

any polynomial P in J[x], with J being any u.f.d., can be 

rewritten in a unique representation P - cont(P) pp(P) where 

cont(P) is the unit normal GCD of ah the non-zero coeffi- 

cients of P ard pp(P) • P/cont(P) is the remaining primitive 

part of P. Specifically, a multivariate polynomial P in 

Zlx.y  y ] will actually be considered and represented in 
1    v 

(ZIy y Dtxl.    That  i? P is considered to be a polyno- 
1 v 

mial in x with coefficients as polynomials in the other 

variables. The importance of the content and primitive part 

operations comes exactly from this requirement of choosing a 

main variable and a unique representation of polynomials 

with respect to the main variable. Among the basic 

arithmetic operations on polynomials, division essentially 

makes the determination of a main variable mandatory. 

Factors and GCO's of polynomials are in fact divisors, hence 

the particular importance of the computation of contents and 

MMMI  -    " ttmmm aU^tdi^,.-..:.^..... ,.._.^»,l..^u.f^:J.rtJ.-.„.-^.J,1J.IJ,fc-^^...-.--^..t-;:...-.:.->-.~J. 
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primitive parts for these algorithms. 

In general, contents and primitive parts are relative 

operations, i.e. they are operations with respect to a par- 

ticular variable, contlP) - contIP, x) for some variable x. 

Houever, there are at least two other kinds of useful 

notions of contents and primitive parts which are essen- 

tially absolute instead of relative to any particular varia- 

ble. One such is often called the term content. 

tcont. For an arbitrary polynomial P(x ,x ,...,x ), 
1 2    v 

kl k2    kv 
tcont (P) - x  x  ... x , i.e. the monomial which is the 

1  2     v 

product of the variables each raised to the power which is 

the minimum of all corresponding variable powers in all the 

terms of the completely expanded P.  In other words, ac- 

cording to Brown in a private communication pp(P) is now 

nprmaj or it is not divisible by any monomial except 1 or 

-1.  This is quite an easy quantity to obtain from a polyno- 

mial P <;jr many different ways of representing a polynomial. 

Clearly, if a pclynomial is representsd in a jys'em as a 

collection of fully expanded terras, tMn rjetling its term 

content simply involves taking minimunu «,♦ small imegers. 

Anothe- such concept of content is called the super 

content, scont. This ia computed by regular contents recur- 

sively on each variable in the polynomial. In other words, 

mm  '-'-- ■ •' -iMMiüiiiiiMrtiiiiiiKMiri 
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spp(P(>< x )) - pp(...(pp(pp(P, K ),* ),...x ) and 
1    v 1  2    v 

acontCP) - P/sppIP). Super content of a polynomial P 

contains all factors of P each of uhich is independent of 

anyone of the variables in P. Thus 8pp(P) can only contain 

factors uhich have all the variables, or not divisible by 

any mul tivariato polynomial uhich depends on fewer than a!' 

v variables in P. 

In the following sections of this chapter, we will 

present an algorithm for computing multivariate polynomial 

contents and primitive parts using the Hensel construction. 

Ue will compute term contents of the coefficients as a very 

useful preliminary step of computing regular contents with 

respect to a particular variable. Ue will only mention here 

that the computation of super contents, then, simply 

involves a recursive applications of the algorithm for 

computing regular contents on each variable. 

VI - 2 The EZCONTENT Algorithm 

The important observation to be made is that the Hensel 

construction for the EZGCD Algorithm Step IV, Section III-2 

is applied using only one of the two given polynomials. 

That being the case, there is no reason why the EZGCD 

Algorithm cannot be generalized to compute the GCO of 

several polynomials at once. Because the entire preparation 

-^■.,.....;.--, ■ -■--'--.-. ^ -'--riiii'iiiliiaiiiiiriBiiiiiiiiiiiii '--■■— -'^ w.v.^....        ,   __. 
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for Hensel construction in EZGCO Algorithm consists of 

evaluations, univariate GCD computation, and some 

ver 'cation of the conditions, the only difference in 

handling several polynomials at once is in successively 

calculating the GCD of several univariate polynomials. Thus 

ue have achieved some parallelism for dealing Hith several 

multivariate polynomials, hence the so called semi-parallel 

process. Since th» content of a polynomial H.r.t. a 

particular variable is simply the GCD of all cf the 

coefficients, we have a straight forward generalization of 

the EZGCD Algorithm to an algorithm for computing contents. 

Furthermore, since the GCO verification step of the EZGCD 

Algorithm (Step V, Sect. III-2) computes the cofactors as a 

byproduct, ue can easily have the corresponding primitive 

parts as a byproduct of the content computation, 

Ue now give an outline and overview of this generalized 

EZGCD Algorithm for computing contents and primitive parts, 

the EZCONTENT Algorithm, similar to those given in Section 

III-2.  The detailed algorithm will clearly be quite similar 

to the EZGCC Algorithm and will be omitted. 

The EZCONTENT Algorithm will compute the content 

C (z,x,y  y ) and the primitive ■ ..rt P' {z,x,y ,.. .,y ) 
1     v 1    v 

with respect to the variable x of a given multivariate poly- 

nomial F'(z,x,y ,...,y ) inZ[z,x,y ,...,y ]. 
1    v 1    v 
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Step I:  (Term Contents of Coefficients) 

Express F' as FB'Cx.y ....,y ) + FlMx.y y ) z + 
I    v        1    v 

... + Fk'(x,y  y ) z . For i - l,...,k, set 
1    v 

Ti <-- tcont(Fi') andFi(x,y ,...,y ) <— tpptFi'). 
1    v 

Note that some of the Fi' may be zero, but ue ass-ime at 

least two of the coefficients are non-zero. In the case 

where only one coefficient is non-zero, the problem is of 

course trivial, that coefficient is the content and the 

corresponding power of z is the primitive part. 

Compute and set TC <~ gcd(F0,Fl,...,Fk). Here, since 

all the polynomials are actually monomials in x,y ,...,y , 
1    v 

their gcd is simply the product of variables raised to the 

minimum of corresponding powers in each monomial. ThB 

cofactors corresponding to TC are also easy to compute - by 

substraction of powers. Thus the remaining task for this 

algorithm is to compute C(x,y  y )  gcd(F8,Fl,...,Fk) 
1    v 

and the respective cof actors F8/C, Fl/C Fk/C. Then, 

the content C is simply TC « C and the primitive part 

P' (z.x.y ,...,y ) is 
1     v 

k 
(Te/TC) (F8/C) + (Tl/TC) (Fl/C! z + ... + (Tk/TC) (Fk/C) z . 
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The reason for computing all the tern contents of the coef- 

ficients is not only because they are convenient to calcu- 

late but also because ue can thus eliminate some unnecessary 

blowup problem due to non-zero evaluation values later. Ue 

have noted before that non-zero evaluations cause blowups 

in the number of terms, hence in the computing cost of the 

GCD. If we can reduce the degrees of the variables in 

each coefficient polynomial by this term content operation, 

then we can also hope to lessen the severity of the blowups 

when we compute the GCD of the term primitive parts of the 

coefficient which are normal. 

Step lit (Evaluation and Univariate GCD) 

Choose a set of v integers b - lb ,...,b 1 such that 
1    v 

the degrees in x of F8, Fl  Fk evaluated at 

y - b i - l,...,v are not decreased (i.e. b is valid 

for F0. Fl Fk). 

Compute F8 .Fl ,...,Fk and C - gcd(F8 ,F1 Fk ). 
b  b     b    8      b  b     b 

This univariate GCD can be computed using UNIGCD or Modular 

GCD Algorithms serially or successively on pairs of polyno- 

mials, e.g. gcd(...(gcd(F8 , Fl ),...),Fk ). If UNIGCD is 
b   b      b 

used,   then a similar generalization of that algorithm will 

enable it  to handle several polynomials at once.    However, 

UHMM MaMc   
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even in that case the gcd of several modular images uould 

have to be computed serially, so that our parallel computa- 

tion uill eventually end in a serial calculation in a sub- 

domain. That is why ue only call this a semiparallel pro- 

cess. 

Step III:  (Preparation for Hensel Construction) 

If deg(C (x)) - 8, then C (x) - 1 and C - 1. If Fj is 
0 8 

the polynomial of minimum degree in x among 

Fß  Fk and deg(C ) - deg{Fj), then either Fj 
8 

divides all other polynomials or a neu valid evaluation 

should be made. Otherwise, determine if the following 

condi tion holds: 

Condition III - A: There exists a j in I8,l,...,kl 

such that gcd(C , Fj /C ) - 1. 
8  8 8 

If the condition fails to hold on any of the polynomials, 

then the special case method which is also similar to that 

of 'he EZGCD Algorithm will have to be used. The difference 

between handling two or several polynomials for the special 

case is again so small that we will omit presenting the 

method here. 

Assuming Condition III-A holds for some  j,  we continue 

under  the  further assumption, 

Condition III  - B:    deg(C  (x))  - deg(C). 
8 
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Again similar to the EZGCD Algorithm, this C is supposedly 

unknoun so that this condition cannot be tested at this 

point. However we will endeavor to increase the probability 

of having it hold, at various places of the algorithm.  In 

addition, Step V will provide a safety-valve test to ensixe 

that any unlucky evaluation, which causes Condition III-B to 

be false, will be detected. 

Step IV:  (Application of the Hensel Construction) 

Suppose Fj satisfies condition III-A. Apply the riulti- 

variate EZ Algorithm UI-5.4) on Fj, C (x), and 

Fj {x)/C (x) to get either 
b   6 

(a) multivariate cofactors, C" and H", of Fj such that 

Fj - C" H" over Z, or 

(b) some q , n, C , and H such that 
k    n     n 

Fj - C H (mod q , S ). 
n n     k 

Step V:  (Verification of Results) 

For case (a), test whether C" divides the other polyno- 

mials Fi not equal to Fj. If so, C - C" is the GCD we 

seek, so that C - TC C is the content we seek and the 

primitive part can be computed by multiplying quanti- 

ties already computed. Otherwise, or for case(b), go 

back to Step II for a new evaluation and a resulting 

mmm ■■——--^■'-— 
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m^m 

univariate GCD having a smaller degree than this C . 
8 

The theoretical justifications for this algorithm has 

esentially already been provided by Theorems II1-2.2 and 

111-2.3. Therefore, we only refer to them keeping in mind 

the generalization to considering several given polynomials 

at once. 

VI - 3 Computing Cost Estimation and Conclusions 

Because of the similarities of the EZCONTENT and the 

EZGCO Algorithm, the cost of computing the content and 

primitive par' of a v + 2 variable polynomial 

P(z,x,y  y ) is about the same as computing the GCD of 
1    v 

some v + 1 variable polynomials. For this algorithm, 

assumptions (ASfll) - (AStIA) uill also be made, except that 

(ASt13) should be changed to 

(ASn3') The cost of computing GCD's for polynomials of v 

variables or less is negligible compared to the cost 

of computing the GCD and cofactors of verm primi- 

tive parts of the v + I variable coefficient poly- 

nom ia Is. 

Under these assumptions, we get a computing cost estimate 

for this algorithm parallel to (E3) of the EZGCO Algorithm: 

TlsubUclVcl) C) Tlsublcl H)) + 

--■■■ ■-•'■■•-■:- 
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mcl" Fj) + T(8ub((cl"/cl) C) + T(9ub(cl H))] (n/v) 

where C - gcd(F8, Fl Fk), cl - lc(C), cln is the GCD 
I 

of the leading coefficients of F8, Fl Fk, H is the 

co-divisor of C in Fj which is one of the Fi's satisfying 

Condition III-A and used for the Hensel construction, and 

n is the maxi sum term degree for cl" Fj. 

If the additional assumptions (ASflS) and/or (ASflB) are 

made, we also get formulas similar to iEU)  -  (E6) for the 

EZGCO Algorithm. But, more importantly, we also get an 

expression similar to the well substantiated formula (E7) 

as the proportional computing cost for the EZCONTENT 

AI gori thm: 

TlsubUcr/cl) C) T(sub(cl H)) 0T(sub(cl,, Fj)) 

Uith this formula, we can conclude that the cost for 

computing contant and primitive part of a polynomial is 

roughly proportional to the number of terms in the smallest 

coefficient polynomial. This interpretation, in essence, 

gives validity to assumption (ASI13) for the EZGCD Algorithm. 

After the many cases of empirical examples shown in 

Section 1V-3. one can readily observe that the computing 

time for contents and primitive parts using the EZCONTENT 

Algorithm can be much faster than the more usual ways of 

serially applying other GCO algorithms. Thus we will not 

attempt to create separate examples to re-emphasize this 
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point by exhibiting additional experimental data. 

The definition for GCO of several polynomials (Section 

1-2) makes no stipulation that this GCD should be computed 

success!ve'y and pairuise. In fact, according to the 

definition it is more natural the oth«r way, because the GCD 

is simply the greatest common divisor of all the polynomials 

taken simultaneously rather than taken in a specific order. 

Ue hope, our presentation of the E2C0NTENT Algorithm further 

demonstrated and emphasized 'his vieH point. The polynomial 

content operation is an important example of the need for 

parallel GCD computations and the importance of the 

primitive parts shous the usefulness of getting the 

cofactors of a GCD as byproducts. 
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CHAPTER VII    SQUARE-FREE DECOflPOSlTIONS 

VII  - 1    Introduction and Overview of EZSQFR 

Square-free decompositions of polynomials have many 

uses.    Among them,   the most important ones are in polynomial 

factorization and partial  fraction decfV-;o9ition of rational 

functions  (refer to Appendix for defIn'tions).    These are, 

in turn,   inHionengable tools of rational  function 

integrations  [HOSS?],   mOS71].   [H0R71].   [RISBS].    Horowitz 

[H0R71]  made a quite complete survey and analysis on 

computing square-free decompositions, partial  fraction 

decompositions and rational  function integrations for the 

univariate case.    Many existing symbolic manipulation 

systems such as nACSYTIA [nAC73] and SAC-1   [H0RG9]  also 

contain algorithms for computing square-free decompositions 

of multivariate polynomials.    Husser[HUS71]  presented a 

slightly  improved version of the above mentioned more 

classical  algorithm.    Ue will now present brief outlines of 

these square-free decomposition algorithms for multivariate 

polynomials and then,   in parallel, give a rough overview of 

the new EZSQFR Algorithm which uses the Hensel construction. 

Given a multivariate polynomial P(x,y  y )   in 
1 v 

Z[x,y y ],  which will  be assumed primitive w.r.t.  x, 
1 v 

Preceding page blank 
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the follouing square-free decomposition algorithms .«HI 

compute square-free polynomials P (x.y .....y ), i-l,...,k, 
i   1    v 

2 k 
(some of them equal 1)  such that P - P   P    ... P ,   for some 

1   2 k 

k > 1 and P   yt 1. 
k 

First we give a simple and direct proof of a funda- 

mental fact: 

2    k 
Theorem VII - 1.1: If P - P P ... P is primitive in 

1 2    k 

2    k-1 
x then gcd{P, dP/dx) - P P ... P  . 

2 3    k 

Proof: Let 0 • gcdCP, dP/dx). For an arbitrary P 

i 

ur 1 ta P - P Q, then 
i 

i-i i i-1 
dP/dx - i P   (dP /dx) Q + P Q (dQ/dx), i.e. P   divides 
ill i 

TT ]-1 
U.     Thus    P dP/dx. Thus | | P   divides D. On the other hand, 

i-2 

k      k 

dP/dx = i ! P ' C\   'i {dP /dx) 

i-2     i-1 jj'i 

P does not 

divide dP/dx, since P divides every term in the aummation 
i 
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except one.   i   (dP /ax), because P    is square-free and 
i i 

2 K-l 
primitive w.r.t.  x.    Thus P   P   ... p       is actually the 

2   3k 

greatest common divisor. 

(1)    Clasaical  Method  (Horowitz and Tobegh 

Set u <— gcd(P, dP/dx). P   <- H,   i  <— 1. 
e 

Loop:    Set P <— D, 0 <- gcd(P, flP/dx). P    - P     /P/D, 
i        i-1 

i <— i + 1, ö'. Loop unless D ■ 1. 

(ii)    Improved Algorithm (llusser): 

Set C    - gcd(P, dP/dx), D   <-- P/C .   i <— 1. 
1 1 1 

Loop: Set D   <-- gcd{C , D ), C   <— C /D  , 
i+l       i  i   i+1    i i+1 

P <— 0 /D  , i <— i+1, go Loop unless D - 1. 
i    i i+1 i 

(iii) EZSQFR (for primitive polynomials): 

Set D <- EZGCD(P, dP/dr.)  and L <- P/D. 

Let b »   (b ,... ,b I  be the lucky evaluation for P used 
1 v 

in the above GCD computatinn. Set i <— 1. 

Loop: Set H <-- igcd(L (x), D (x)), G <-- L /H . 
0        b    b     8    b 9 

D <-- D /H , and L <-- H . If G a 1, then 
b    b 8    b    8     8 

set P   <~ 1; otherwise G   ^ 1,  then apply the 
i 8 
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Multivariate EZ Algorithm on U G ,  and H    to 
e        e 

get multivariate G and H such that L - G H, and 

sat P <-- G and L <-- H. Set i <-- i + 1. If 

0 (x) / 1, go Loop, else set P <-- L and return 

b 5 

P.P. ... , P where k - i. 
1  2      k 

Upon more careful examination of these three algori- 

thms, it is quite clear that the difference betueen algori- 

thm (i) and (ii) is rather small. Some unnecessary 

differentiations are done in (i), and the computations of 

GCD's in (ii) in general involves smaller polynomials 

than in (i). The GCD computations in the Loop of (i) 

and (ii) all involve mu! Tivariate polynomials. They can 

be very time consuming. If polynomial GCD Algorithms, such 

as the floduiar and EZGCD Algorithms which compute the co- 

factors as byproducts, are used, then both (ii) and (iii) 

involves no polynomial divisions at all where as (i) has to 

do one division for each P . In addition, the most impor- 
i 

tant advantage that EZSQFR Algorithm has over the other two 

methods is that, except the first GCD computation, all other 

GCD's are univariate operations. In fact, within the Loop 

of EZSQFR Algorithm, the only multivariate operations are 

done on L in the application of the Multivariate EZ Algo- 
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rithtn for constructing G and H. Tharefore ue uill no« dis- 

cuss this EZSQFR Algorithm for computing muitivariate poly- 

nomial square-free decompositions in more detail. 

VII - 2 The EZSQFR Algorithm 

From the outline of the last section, it is clear that 

the EZSQFR Algorithm is also based on the evaluation 

homomorphism and the Hensel construction. As we have seen 

for the EZGCD Algorithm in Chapter III, it is quite obvious 

that the modular homomorphism and the Zassenhaus' Quadratic 

Extension Algorithm can be used for computing square-free 

decompositions of univariate polynomials, similar to the 

muitivariate situations. Again, we uill not discuss the 

univariate case in any detail, due to the ample similarities 

be tueen the two cases. 

For the muitivariate EZSQFR Algorithm we will first 

i'iscuss a useful, timesaving device for the computation of 

square-free decompositions, due to a suggestion by Uang. A 

given muitivariate polynomial could alr?ady be square-free 

with respect to a particular variable. If this fact can be 

detected, at a relatively small cost, before the entire 

machinery of the square-free algorithm begins to work, there 

can be big savings in computing time. There is such a time 

saving test which we shall call faiI-safe square-free test 

(f.s.s.f.). This test consists of (a) evaluating the 
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polynomia; at random by chosen valid points, (b) computing 

the GCD of the resulting univariate polynomial and its 

derivative u.r.t. the main variable, (c) checKing to see if 

the GCD is a integer or not, if so then the original 

polynomial is square-free. The validity of this test is 

shoun by the following lemmas 

Lemma VII - 2.1« Let b - lb ,...,b } be an arbitrary 
1    v 

valid evaluation for P(x,y y )   in Z[x,y y ].     If 
1 v 1 v 

P (x) - P(x,b b ) is square-free in ZW then P is 
b        1    v 

itself square-free. 

2 
Proof: If P is not square-free, P - Q R , then via 

2 
the evaluation homomorphism P • Q R which cannot be 

b  b b 

square-free.    // 

The usefulness of this test comes from the next lemma, uhich 

is also stated and proved by Uang and Rothschild [U&R73]: 

Lemma VII - 2.2s If P is a square-free multivariate 

polynomial in Zlx,y  y ], then a set of integers 
1    v 

b ■ lb ,...,b 1 can be chosen so that b is a valid evalua- 
1    v 

tion for P (i.e. deg(P) - deg(P (x)) and P (x) is also 
b       b 

square-free. 
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Proof;    Let P - PI P2 ... Pk be the factorization of P 

into irreducible factors where gcd(Pi, Pj) > 1 for all   i  and 

j such that  i ^ j.    P (x)   is square-free if and only if 
b 

Pi (x) is square-free for all i and 
h 

.jccld'l (*), I') (xU • comtant. for al) 1. J, i ^ j, which 
b     b 

is equivalent to resltlPi (x), Pj (x)) / 8, for all i, j, 
b    b 

i / j, where "resit" denotes the resultant w.r.t. x [VDU49]. 

j) Let R(x,y y )  -j  fresltlPi, dPi/dx) |   jresltlPi. P 

i l<j 

Then R / 8 since P is square-free and P (x) is square-free 
b 

if and only if R (x) / 8. Now It sufficee to note that 
b 

there are only finitely many integral values for 

b b such that R (x) - 8 or (lc(P)) ' - 8.   // 
1      v        b b 

The finiteness of integral roots for R(x,y  y ) has 
1    v 

the further implication tha( out of the infinite possibi- 

lities of integral values for each b , the probability for 

choosing a valid but unlucky set b, such that P (x) becomes 
b 

not squarc-fres when P is, cannot be too large. Ue will 

apply this test at the beginning of the EZSQFR Algorithm 

with at most two valid evaluations. If the test fails, we 
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simply assume no information uas gained and continue with 

the rest of the EZSQFR AIgorithin. However, we point out 

that not all the work done for the test was wasted in this 

case, since the computations done for the f.s.s.f. test is 

useful for the EZGCD Algorithm when it is used to compute 

the square-free part of the given polynomial (the D of (HI) 

in the last section). 

Next, we will prove Lemma (51) already stated in 

Section 111-4 which will eliminate the need for using the 

spe:ial case method of the EZGCD Algorithm when it is 

invokfcd to compute D - gcd(P, dP/dx). 

Lemma VII - 2.3: (same as IIl-(Sl)) 

Let P be primitive in (Z[y ,..,,y IHxl and 
1    v 

R - gcd(P. dP/dx). then gcd(R, (dP/dx)/R) - 1. 

2 k 
Proof:    Let P - P   P    ... P   and Q - dP/dx.    By Theorem 

1    2 k 

1    2 k-1 
VII-1.1. R-P   P   ... P     .    Assume D - gcd(fl, Q/R) / 1, 

1   2 k 

then Q - R □ Q" fcr some Q". Since D divides R, there must 

be an irreducible factor C / 1 of some P , i > 2. But 
i 

this C clearly also divides P/R so that P - R C Pn  for some 

P".    Thus, R C divides both P and Q, contradicting to R 

b-iing the GCD.    Therefore, gcd(R, Q/R)  must be 1. // 

*-""—  
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This lemma and the finiteness of the number of unlucky 

evaluations imply that Condition I1I-A of the EZGCD Algo- 

rithm can always be satisfied for the polynomial dP/dx. 

Hence, only Steps (Ai) - (A9) of the EZGCD Algorithm uill be 

used for computing gcd(P, dP/dx) and the special case method 

Steps (SI) - (57) can be completely avoided tor this square- 

free decomposition algorithm. 

He are ready now to describe the EZSQFR Algorithm in 

detail. However we will not be so careful as to indicate, 

for example, how the computations for f.s.s.f. test is used 

in the EZGCD Algorithm or what is altered in the EZGCD 

Algorithm when it is known that Condition III-A uill hold 

for one input polynomial eventually. These changes are 

actually very simple if we carefully look at the EZGCD 

Algor i thtn again. 

If the given polynomial is not primitive, then clearly 

we can work on its content and primitive part separately. 

Because of the fad that square-free decompositions are main 

variable dependent and that for some us«!3 it is not 

necessary to square-frae decompose the content, we will 

assume primitive inputs to the EZSQFR Algorithm. 

ftlaorithin VII - 2.4: (EZSQFR) 

Loeut: A primitive multivariate polynomial 

P(x«y y ' in Ztx.y y ] and the main variables, x. 
1    v       1    v 
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Output;    A list of polynomials in Ztx.y ,...,u It 
1 v 

2 k 
P ,  P P ,  such that P - P   P    ... P    for some k > 1 
12 k 12k 

and P   /I. 
k 

(1) Invoke the f.s.s.f. test twice uith random valid eva- 

luations. If the test is successful, then return P, 

• otherwise continue. 

(2) Apply the EZGCD Algorithm on P and dP/dx to obtain 

D - gcd(P, dP/dx) and L - P/D. Let b be the valid 

lucky evaluation for P and P be the lucky prime for 

P (x) used in the EZGCD Algorithm above, 
b 

(3) Set Lb <— L(x,b ,...,b ), Ob <— 0(x,b b ), and 
1    v 1    v 

i <-- 1. 

(4) Apply UNIGCG Algorithm (or some other univariate GCD 

Algorithm which also computes cofactors) on Lb and Db 

to obtain H0 <-- gcd(Lb, Ob), G0 <— Lb/H0, and 

Db <— Db/HB. Set Lb <— H8. 

(5) . If G8 - 1, then set P <— 1. Otherwise, apply the 
i 

flultivariate EZ Algorithm on L, G9, and H0 to get mul- 

tivariate polynomials G and H such that L - G H over Z. 

Set P   <~ G, L <-- H, and i <— i + 1. 

IQni ----■ nil niT iiiiniB-''- " ■■■..-.«..^.^m^^-.^L».^^.. 
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(G) If Db - 1, then go to 14). Otherwise, set k <— i. 

P    <— L,  and return P , P P . 
k 12k 

Remark: Note that even the evaluation of multivariate 

polynomial L and 0 in Step (3) need only be done oncp. The 

later values for Lb and Db are simply updated with known 

quantities. Step (4) involves only one univariate GCD 

computation. For the application of the Hultivariate EZ 

Algorithm in Step (5), the required lucky evaluation b and 

prime p is again provided by the EZGCO Algorithm in Step 

(2). Thus the results of that computation are certain to be 

correct over Z. Also, it is possible to avoid the leading 

coefficient blowup problem by applying, instead of the 

Multivariate E. Algorithm, Algorithm II-5.5 in a way similar 

to that of the EZGCD Algorithm in Section III-4(a). Here we 

can use the successively decreasing leading coefficient of L 

as the leading coefficient to be forced onto G0. That is 

instead of using L, G8, and H8, ue use (lc(L), L), 

(lc(L)) (G0/lc(G0)), and lc{G0) H0 together with lc(L) as 
b 

the leading coefficient replacing leading coefficients of 

both univariate polynomials. 

VII - 3 Conclusions 

It is quite obvious that the E2SCFR takes great advan- 
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tages of computations already performed to achieve added 

efficiencies. By performing Hensel constructions instead of 

full-fledged mul tivariate GCD computations, the gains in 

efficiency is clear. Even the preparations for these appli- 

cations of the riultivariate EZ Algorithm are very simple. 

They involve essentially only one univariate GCD computation 

as preparation for each Hensel construction, hence for each 

P . That is much less costly than what EZGCO Algorithm goes 
i 

through for preparing Hensel construction. All the choosing 

of lucky evaluations and primes, testing for various condi- 

tions et...., are eliminated because the evaluation values and 

prime are knoun to be lucky after the first call to EZGCD. 

3 
Whenever P - 1 for some i (for example. P - U V , then 

i 

P - U, P - 1. P - v), the computational process is even 
1     2     3 

simpler - only one univariate GCD computation is necessary 

and no multivariate operation is required at ail. Compared 

to method (ii), we would find, in ttiis case, 

D  - gcd(C . D ) - 0 . so that P - D /D  - 1, i.e. D 
i+l     i  i    i        i   i i+i -, 

divides C . Even so, there is still at least one multiva- 
i 

riate division involved, which is more time consuming than a 

univariate GCD computation in most cases. In conclusion, 

the EZSQFR Algorithm contains all the time saving devices in 
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the other two methods and several more in addition. 

Therefore, the decrease in computing costs should be rather 

obvious. Ue nil I not illustrate this uith empirical tests 

but only re-emphasize the following facts: (1) Hensel 

constructions have been shown to be an efficient 

computational techniqua whenever applicable for practical 

multivariate polynomials, (2) the EZSQFR Algorithm needs 

only one call to EZGCD, no multivariate divisions at all, 

and several Hensel constructions replacing complete 

multivariate GCD computations, and (3) empirical data in 

Section IV-3 have shown clearly how the Hensel approach to 

GCD computations can be advantageous over other methods. 
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CHAPTER VIII. CONCLUSIONS AND 

SUGGESTIONS FOR FUTURE RESEARCH 

VIII - 1 Summary and Conclusions 

At this point, ue hope that the usefulness of the 

Hensel-type constructions in symbolic and algebraic manipu- 

lation has been made clear. Ue have shown how far a rela- 

tively simple idea in p-adic analysis can go toward improv. 

ing the performance of algebraic algorithms. A great deal 

of effort has been given, in Chapter 11, to clarify this 

fundamental concept and its many generalizations. The basic 

idea in these Hensel constructions is to recover the co- 

divisors of a given polynomial in a higher domain from their 

algebraically independent images in some more structured 

subdomain. Many interspersed exampiee have been given to 

help in understanding these Hensel-type algorithms. The 

Generalized Hensel Algorithm for multivariate constructions 

brought back a seldom used but very appropriate way of 

viewing a multivariate polynomial - as a generalized Taylor 

series. Actually, that is also a natural generalization of 

the p-adic representation for integers. The only difference 

is that, instead of using a integral prime as the basis for 

representation, ue use the degree-one irreducible polyno- 

mials of the form (y - b), with some chosen integral evalu- 

ation point b f-jr the variable y. Although we have noted 

Preceding page blank 
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the difficulties related to transforming the poIunomia Is 

from one representation to the other, ue also have realized 

the gains in efficiencies for many algebraic algorithms when 

the Taylor series forms are used. The major emphasis to be 

made here is that only one set of evaluation values are 

necessary for these suitable applications of the GHA uhen 

these integral values are well chosen, and that is exactly 

the reason for the efficie.icies of the algorithms described 

in this thesis. 

The main application of the Hensel construction is in 

the problem of computing polynomial greatest common divi- 

sors.  This is a very weII-studied topic ever si.nce the time 

of Euclid (308 B.C.). In Chapter I, ue pointed out the 

major draubacks of known methods for computing GCD's. Ue 

noted that the method based upon U» recently quite popular 

modular technique - the flodula' GCO Algorithm, actually only 

gave us a "worst case" algorithm. That is, it essentially 

considers all polynomials to have the biggest size possible 

- dense up to the same maximum degree in each variable. 

Computation^l experience tell us that this is a very 

unrealistic and impractical assumption for GCO calculations. 

Rational function manipulation and simplification, 

.jnich is the basis many powerful recent symbolic manipula- 

tion systems, in most cases depends on the computation of 

polynomial GCD's. The storage capacity and speed limita- 
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tions of present-deiy computers impose bounds on the sizes of 

expressions for wh; h any non-t-ivial computations can be 

done.  As far as GCO computations are concerned, «e sau in 

Section IV-3 that the largest dense polynomials, for uhich 

their GCO'g can be computed uithin reasonable time period», 

have on the orrler of 2008 terms and those are only dense 

quadratic polynomials in four variables. Thus, if every GCO 

computation assumes dense polynomials, it would be very 

difficult to do any non-trivial calculations uith multi- 

variate polynomials of high degrees with a symbolic com- 

puting system. Fortunately, most multivariate poIynomia IB 

of any high degree are sparse. The EZGCD Algorithm based on 

the Hensel coniitruction takes advantage of the sparseness of 

polynomials whenever possible and achieves remarkable 

efficiencies for many classes of problems. Some of the 

empirical test cases of Section IV-3 showed this efficiency 

very uell. Ue should also point out that the HACSYMA sym- 

bolic manipulation system has been able to perform many 

previously nearly impossible (in time and space) computa- 

tions with the .leuly implemented EZGCD Algorithm. 

Uith these computational expp-iences and the test case 

data listed in Section IV-3, we were able to verify the use 

fulness and correctness of the EZGCD Algorithm with analy- 

tically derived computing cost estimation formulas. Chapter 

'V show? the accuracy of the predictions that wc were able 
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to make with the intuitively derived expressions for com- 

puting costs. Because of these accurate predictions of 

actual run times, our confidence in this more intuitive 

(more "engineering") approach to computing time analysis has 

been strengthened. As already noted, Gentleman tGEN73] has 

independently arrived at a similar conclusion that an 

engineering approach to computing time analysis is desirable 

for complex algorithms. Ue can, therefore, conclude that in 

the absence of unlucky evaluation values and non-trivial 

leading coefficients causing severe blowup problems due to 

non-zero substitutions, and when special case considerations 

are not necessary, the EZGCD Algorithm gonerally surpasses 

the Hodular GCD Algorithm in performance. Even in those 

cases where the Hodular Algorithm ia supposed to be at its 

best, such as when the GCO is 1 or for moderately dense 

situations, the Hensel-type algorithm can perform equally 

wel I.  The only cases where the Modular GCO algorithm should 

theoretically win, are the extremely large and dense cases 

where the multiplication cost becomes a significant part of 

or even dominates the cost of Hensel construction. But. as 

the data in Section IV-3 showed c>early, such problems soon 

become prohibitively large so ds to be impractical for 

computation by any method. So. we should concentrate mainly 

on problems of a more practical size. In this size range, 

it is possible for the PRE GCD algorithme to be more effi- 
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cient than the EZGCD Algorithm in small problems where the 

number of elements in the PRS sequence or the number of 

pseudo-divisions is very pn.dli (e.g. 1 or 2 divisions) so 

that it is impossible for large blowup to occur due to large 

pseudo-division multipliers. Since a large number of GCD 

problems deal with small polynomials (because the computa- 

tion of GCD's and contents is essentially a recursive 

process on the variables), we believe that a combination of 

the Reduced (or Subresul tant) PRS GCD Algorithm ar,-1 the 

EZGCD Algorithm will be very advantageous. For example, we 

could test if the minimum of degrees of the two input poly- 

nomials is less than or equal to 2, recursively, each time 

the main variable changes. If »o, the PRS GCO Algorithm can 

be used since at most two pseudo-divisions need to be per- 

formed in this case. Otherwise, we would apply the EZGCD 

Algorithm.  In this manner, we can take advantage of the 

best aspects of both algorithms and achieve added 

ef f i cienr.y. 

The drawbacks of the EZGCD Algorithm should also be 

clearly recognized. First, there is the problem of unlucky 

primes end evaluations. But this problem is usually less 

sivere for the EZGCD Algorithm than for the flodular GCD 

Algorithm because the EZGCD Algorithm only needs one lucky 

prime and one lucky evaluation value for each non-main 

variab1».  Uith careful scresning of the chosen integral 
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values and several intermediate tests for the luckiness, as 

we have designed into the algorithm, this problem can be 

largely avoided at a very small cost. Next, there is the 

problem of the desired GCO being not relatively prime to 

either of its codivisors in the tuo given polynomials (i.e. 

Condition III-A of Section II1-2 can not be satisfied). 

For that ue have designed the special case method which 

still uses the Hensel construction but in a more indirect 

uay. Although this method is slower by being round-about, 

it turns out that it still performs quite competitively by 

taking advantage of the special structures of the given 

polynomials, as Case 7 of Section IV-3 bears out. In such a 

case, the EZGCD Algorithm has the blowup problem due to non- 

trivial leading coefficient when applying the Hensel con- 

struction. As discussed in Sections II-5(a) and III-4(a), 

this problem is caused by the non-uniqueness of the solu- 

tions to Diophantine Univariate Polynomial Equations (DUPE) 

which results in arbitrary multiplications of the codivisors 

by units in the modular domain. This phenomenon is actually 

common to most modular algorithms and our solution for this 

problem for the GCD computation is somewhat similar to the 

uay of getting around this problem used by the Modular GCD 

Algorithm. At the cost of computing the GCD of leading 

coefficients of the given polynomials and using the product 

of this GCD and one original polynomial (this is what the 

-  - -^ - —    -    - 



247 

Modular GCD Algorithm aiso uses) for tl-e GHA, we can avoid 

this blowup problem by forcing the results from the Hensel 

construction to be uniquely determined. Finally, we have 

the yet unresolved blowup problem duo to the combination of 

the requirement for valid and lucky evaluational values and 

the need for making a substitution transformation on the 

given polynomial for the Hensel construction. Uhen the 

evaluation values are forced by the validity and luckiness 

requirements to be non-zero, the substitution transformation 

can increase the number of terms in the polynomial for GHA 

drastically (up to that of the dense polynomial with the 

same maximum degree in each variable, of course). This is 

the ao called the non-zero substitution problem for which a 

generally applicable solution is still lacking. Ue point 

out that there are various ways for avoiding such blowup 

problems in some special situations. But, because of the'r 

lack of general applicability, we will not discuss them in 

this thesis. Ue will emphasize that even assuming the worst 

such blowup (to dense polynomials), the commutation times 

for practical sized problems are still competitive with 

those of the Hodular GCD Algorithm, as we can see from Case 

5* in Section IV-3 and by verifying with the corresponding 

computing time formulas for both algorithms. 

The last three chapters dealt with three other applica- 

tions o^ the Hensel constructions. The application of 

  ..-^„.-.-^-..■fciv-' .^Jimä 
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Hensel construction to the problem of factoring polynomials 

was actually the initial uork in this direction. However 

the multiple factor generalized Hensel construction in 

Section V-3 can provide a noticeable improvement to the 

multivariate polynomial factorization algorithm when the 

number of potential factors is bigger than two. The next 

two applications of Hensel construction are actually out 

growths from the EZGCO Algorithm based essentially on two 

key observations while designing and implementing the GCD 

algorithm. Realizing that the computation of contents is 

just the same as computing the GCO of several polynomials 

together and that the application of the Hensel constructior 

needs only one of the given polynomials, we can immediately 

extend the EZGCD Alg-     ü compute polynomial contents 

and primitive parts. The square-free decomposition algo- 

ritnm - EZSQFR is a direct extension of the special case 

method of the EZGCD Algorithm for handling non-square-fren 

polynomials. The key observafon in this case is Lemma VII- 

2.3 which ensures the applicability of the Hensel construc- 

tion to the problem of computing square-free decompositions 

for all polynomials. A careful study of the known square- 

free decoinposition algorithms revealed several inefficien- 

cies of these methods which the EZSQFR Algorithm can avoid. 

These computational improvemtnts make the EZSQFR Algorithm 

unquestionably more efficient than the other known methods. 
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VIII - 2 Prospects and Suggestions 

The vast possibilities of applying Hensel-type methods 

are certainly not exhausted by this thesis. The univariate 

GCD atgorithm discussed in Section 111-3 has already pro- 

vciKenl a<:liv« rituify and analytl« o» o'h-r major GCD algorl- 

thms for univariate polynomials, hany interesting results 

have been discovered by comparing GCD algorithms using the 

ordinary Hensel's construction (Algorithm 11-3.1) and 

Zassenhaus' Quadratic Extension Algorithm (II-3.2) with 

other known methods. A paper by Yun and Miola reporting 

these activities is under preparation. 

A linear version of the Hensel construction is mani- 

fested in the problem of solving the polynomial equation 

A F + B G » H with F, G, and H being 'he given polynomials 

and A. B the unknowns. The simplest such problem is des- 

cribed in Lemma 11-2.2 and solvable by Algorithm 11-2.2. 

Under suitable conditions, such equations can even be solved 

for multivariate polynomials over the integers. Work in 

this aspect of utilizing Hensel-type methods has already 

been initiated and will be further pursued by Yun in the 

near future.  Two immediate major applications of this work 

lie in the problems of polynomial division with remainders 

(or pseudo-division) and in partial fraction decomposition 

of rational functions. Ue will only point out here that. 
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the main variable is quite arbitrary. As we can clearly 

realize in GCD computations, however, the choice of a main 

variable can greatly affect the computing time. With 

respect to the EZGCD Aigorithm, for instance, different main 

variables result '.n different leading coefficients hence in 

different lucky evaluation values and more or fewer zeros 

for the substitution transformation. Up to now, the choice 

of main variable seems to be more of an art than a science. 

Thus, it will be a very worthwhile undertaking to see if a 

more methodical jay of choosing a main variable can be found 

for the EZGCD Algorithm, the other GCD algorithms, and other 

polynomial operations. 

(3) The multiplication of multivariate polynomials 

seems to be far from being well understood. For dense 

polynomials, the method of fast finite Fourier transform 

achieves the currently knoun minimal theoretical computinn 

time - T(P*Q)log(T(P«Q)) [B0N73]. For the completely sparse 

case, the best known method has a computing time propor- 

tional to T(P*Q)log(T(P)) (ALTRAN [3RD72]) phen sorting of 

terms in the product into a canonical representation is also 

considered. Furthermore, we believe that a even better 

method Icost proportional to TIP) T(Q)) can be found if the 

ordering of terms in both input polynomials are taken into 

consideration. Then, what about intermediately sized poly- 

nomial multiplications? Are these known methods actually 
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optimal? Certainly, an understanding of polynomial multi^ 

plication is extremely important for the algorithmic studies 

of more complex algebraic operations. 

(4) Polynomial division is equally as important as 

multiplication. As mentioned above, a variation of the 

Hensel construction already provides a neu way of performing 

a division with remainder. A byproduct of that method is a 

fail-safe uay of doing test-division uhich is an important 

verification step of the EZGCO and the riodular GCD Algo- 

r i thms. 

(5) Polynomial divisions and pseudo-divisions lead 

naturally to PRS sequences for computing GCD's and result- 

ants. There are still many unanswered questions regarding 

PRS algorithms. For instance, is the Subresultant PRS GCD 

Algorithm the best one of its kind? Section 3.7 of [BR071] 

answers this negatively, but some theoretical and algori- 

thmic details have yet to be worked out. A non-trivial 

improvement to the Subresultant PRS GCD Algorithm was dis- 

covered and presented by Hearn in 1972 tHEA72]. It has been 

shown by the EZGCD Algorithm that the Hensel-type construc- 

tion works quite well in GCD computations. Can a similar 

Hensel-related method be used for the computation of poly- 

nomial resultants? 

(G) As a matter of habit from algorithmic analysis in 

complexity theory, we have been taking the cost of polyno- 
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mial (versus integer, in complexity theory) multiplication 

and division as thu basic operations to be accounted for in 

algebraic algorithtnic analysis. Our more intuitive method 

of analysis has hopefully shown that complex polynomial 

(especially multivariate) operations often involve many 

other equally important basic operations uhich also contri- 

bute significantly to the total computing cost. In the case 

of the Hensel construction (GHA) and the EZGCO Algorithm, ue 

were able to pin point one particular parameter, the number 

of terms, as the major variable on which the total computing 

cost depends. Can one find such a parameter for other 

polynomial algorithm:,? The work that remains to be done in 

this respect is to establish some order in this complex 

environment by finding the relative cost differences among 

several important basic operations. For example, the cost 

of forming the product of two polynomial terms in relation 

to comparing tuo terms and determining their relative posi- 

tions in some canonical ordering of polynomial terms. Once 

such a ranking of cost units for major relevant basic oper- 

ations is obtained, it will be much easier to perform accu- 

rate computing time analyses and to pin point important 

cost-affecting parameters. The ultimate goal for timing 

analysis should be predictive accuracy for computational 

algorithms with realistic problems. 

(7) A very simple but generally useful substitution 
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operation is neresaary for the Hensel construction. Ue 

found out that the more straight forward method of «ubeti- 

tuting term by term is actually faster than that by Horner's 

rule, contrary to the general impression due to the effi- 

ciency of the Homer's rule in polynomial evaluations 

[H0R73]. Thus, further understanding of and a better method 

for substitution of polynomials into polynomials still seems 

to be in demand. Related to the substitution problem and. 

of course, to the Hensel construction as Mel I as the EZGCD 

Algorithm, is the open problem of blouup due to non-zero 

substitutions mentioned again in the last section. If this 

problem can be successfully avoided, then the class of 

problems inhere the EZGCD performs Mel I can be greatly 

enlarged. 

(8) The use of the Hensel construction in polynoüial 

factorization and GCO computations theoretically requires a 

bound on the integral coefficients of the factors or divi- 

sors of the given polynomials. Although the computational 

algorithrds easily and successfully get around this need by 

calculating only a heuristic bound supported by some final 

tests for the sufficiency of this bound, it is still highly 

desirable to be able to compute a good true bound at the 

start. Knuth [KNUG91 gives several good bounds for the 

factors of univariate polynomials. But for multivariate 

polynomials, his methods are either not generalizable or too 

H^M     h^^—t—^^-..- *. — ..     ...... .^      .    
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time consuming. Other quickly computed absolute bounds for 

multivariate polynomial factors, such as the one given by 

flusser [f1US73], are unreal istical ly large. So we desire a 

quickly computable tight bound for the integral coefficients 

of factors of arbitrarily given multivariate polynomials. 

(9) Nou that the Hensel construction makes factori- 

zations for polynomials a computationally feasible task, It 

appears reasonable to expect to encounter more and more 

factored polynomials in symbolic computations in the future. 

Factored polynomials are in general smaller, more compre- 

hensible, and give more insight. However, we have been so 

accustomed to expanded representations of polynomials that 

little is knoun about how to perform such a basic operation 

as division efficiently when either or both polynomials are 

in factored forms. Uork on this aspect will definitely be 

awaited uith great anticipation. 

i, .-.,„. ■...-;,.■-^.^^■..^■^,^-J.,. ...... 
-    - ■"■'■' ■   -  -  ■  - ■ 



wmrnmrnm^m^m*** mmmm *mmv      i. .^mwimiwmmmmmmmm'fmmimimi^WKf'' «^WMHU*.*.'! ^ 

I 

256 

APPENDIX: BASIC ALGEBRAIC CONCEPTS AND ESSENTIAL NDT/ITIDNS 

In this section, we uill review some basic concepts In 

modern algebra [HERG4] [B&MBS], which uill be used freely 

throughout this thesis. He a'so establish sonii notations 

which uill be essential to facilitate our expositions. 

In an algebraic ring, units are simplg divisors of 

uni i.y or elements having inverses in the domain, zero-d I vi- 

sors are divisors of zero. A commutative ring is an inte- 

gral domain if it has no zero-divisors. In a field, all 

non-zero elements are units; in the domain of integers, 

denoted by Z, the only units are 1 and -1. Elements of an 

integral domain that divide each other are called associ- 

ates. 

A binary relation is called an equivalence relation if 

it satisfies reflexive, symmetric, and transitive proper 

ties. Equivalence relations divide a domain into eauiva- 

lence classes and it is often convenient to choose one 

simple element out of each equivalence class as a canonical 

representative and define it to be unit normal. The 

relation of associativity is an equivalence relation and 

decomposes the integral domain into associate classes. 

For a given element q in an integral domain I, the 

relation "-", conaruence moduIo g, defined by a,b in I is 

a-b (mod q) iff (if and only if) q divides a-b, is an 

 -""—""-<>--'—   — ...   ..,■ ^  
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equivalence relation.    Ue uii!  let (Z/q) denote the set of 

equivalence classes uith respect to the congruence relation 

modulo some positive integer q.    Z/Z uill denote the field 

of rational  numbers. 

An «Inrnpnt  of an  integral  domain is eald to be  irradu- 

WJLde   if   it» only divisoro are units and associates.  An 

integral  domain  in which every eleme'it can be represented 

uniquely  (up to associativity) as a product of  Irreduclbles 

is called a unique factorization dowa1n (u.f.d.). 

Let J be a unique factorization domain,   then J[x]   la 

also a u.f.d.   (HERB4]  whose units are unite of J.    In J[x], 

ue assume that the ter ms of a polynomial P are arranged in 

the order of decreasing exponents, 

n n-1 
P"CX      +c        X +...+CX  +  C. 

n    n-1 1   8 

The coefficient of the highest non-zero pouer of x Is called 

the Ieadinq coefficient. lc(P), and the coefficient of the 

lowest ncn-negative power of x is called the tralIinq coe- 

ffie lent. tc(P). A polynomial P is called monlc if 

lc(P) ■ 1. A polynomial is considered oosi tlve If its 

leading integral coefficient (leading coefficient of each 

variable taken rt ursively) is positive. 

Final ly ue define gquare-f'-ee decomposition of a poly- 

nomial in J[x] and partial fraction decomposition for a 

^M ajtotoatt^^-i^ij^-jV-.^-^». ^../..■.-..-.^.■.■■■.■.^„^^.„.„.■..^^ ,..., «..j^L 
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rational   function where the numerator and the denominator are 

both polynomials  in J(x].    A polynomial   in JM   is called 

square-free  if all  of its non-trivial  factors  (i.e.   factors 

of positive degree  in x)  occur not more than once.  The 

square-free decomnosi tion of a polynomial Q(x)   in J[xl 

k 
j [  i 

is a product of the form C   Q where C is in J, 
I I i 
i-1 

each Q    is primitive and positive in J[x], and the Q's are 
i i 

pairwise relatively prime.    A rational  function over J[x]   is 

a numerator-denominator pair of polynomials in J[x], 

P(x)/Q(x).    Each such rational  function has a canonical Ig 

reduced form where P and Q are relatively prime and Q is 

positive.     Two rational  functions are said to be canonicallu 

equal   if  their canonically reduced forms are  identically 

equal.    A rational   function P(x)/Q(x)   is called proper  if 

deg(D)  < deg(Q)  and  improDer otherwise.    For a canonicaliy 

reduced proper rational  function P(x)/Q(x),  a square-free 

partial   fraction  (s.f.p.f.) decomposition of P/Q is 

k 

i-i 

P (x)/(C Q (x)) where Q has a square free decomposition 

^^MIMBMa^.ja<->M<. ^■.w^.v.:..^~^...J^i...^^ufcM^^.^«....^Ji^    , . . , , i ^ . - 
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C j   !  Q , P    i9 in J[x], C    is in J, and deg(P ) < deg(Q ) 
11     i      i i j j 
i-1 

for all  1 <  i  < k.    By successive application of pseudo- 

division in J[x], each P /(C   Q ) can be further decomposed in 
ill 

the form\ AP      (x)/(C Q (x)) where deg(P      )  < deg(Q ) 
^—^   '.J '.j      i i.j I 

for all  1 < j <  i.     If each term of s.f.p.f. decomposi- 

tion of P/Q is so expressed such that 

k      i 

P/Q -\ ^N >      (x)/(C       Q (x)) 
S   'S   J   i.j i.j    i 

i-1   j-1 

then ue have the ggtnplgtg sauare-frea partial  fraction 

(c.s. f.p.f.)  decomposition of P/Q. 

-—■— -■ -- 
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