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\ ABSTRACT

Neuw and improved algorithms for computation in

several fundamental polynomial operations are presented.

The common  bases for  these algorithms are

generalizations of the p-adic technique used in the

constructive proof of the Hensel Lemma. HMultivariate

polynomial operations are stressed due to the srecial

importance of the multivariate Hensel-type construction

in replacing the modular evaluation-and-interpolation

technique under certain conditions. fue to the

availability of numerous (not completely satisfactory)

i methods for the computation of polynomial greatest

g common divisors (GCD), the EZGCD Algorithm based on the

: Hensel construction is given spacial emphasis. An

% intuitive computing time analysis and many empirical

. experiments are made to compare the performance of this

algorithm with two other major methods, especially the

Modular GCO Algorithm. Both theoretically and by actual

computing data, the new EZGCO Algorithm demonstrates

promising efficiencies by taking advantage of the

sparseness of multivariate polynomials. An intuitive

and more "“engineering" approach to computing time

analysis also appears to give quite accurate predictions

of actual run times for many practical problems. Other

applications of the Hensel-type constructions resulting

in improved algorithms for computing polynomial

factorizations, contents and primitive parts, and
square-free decompositions are also described.
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CHAPTER I. INTROBUCTION

[ -1 Intrcduction

Uith the development of modern computing machines, many
numerical algorithms became pouerful tools used by an
increasing number of peopie. Technical terms such as k-
polynomial approximiation, evaluation and interpotation, and ?
numerical quadratures became common Words to almost anyone
Wwith a college mathematical background. A basic drauwback in
ﬁumerical methods lie in their painstaking concern for
numerical errors, truncation andlroundmoff, and the fact
that in many cases, the resulting numbers do not provide 3
eriough information for interpreting physical phenomena or
gaining significant insight. In such cases these methods
have failed, since as R. W. Hamming said, "the purpose of 3
computing is insight, not numbers".

Research in the field of symbolic and algebraic
manipulaticn was initiated over a decade agc, based upon
this spirit as well as the general perceived need. By
dealing mainly uith exact numbers, infinite precision
integers and rational numbers, and algebraic expressions in ?
terms of their symbolic representations, computers :.an nou
eliminate some of the sources of numerical error and aid

scientists in performing many non-numeric computations. i

Many softuare systems devoted to various ~lasses of symbolic




computations have been developed since 1968 or so. They
have been used and tested in many different ways, but they
do not have the uide acclaim that the numerical software rou-
E tines have achieved. Various arguments can be made to

} explain this - some symbolic packages are highly specialized
and some systems ara still in embryonic development stages.
There is, houever, one common reason for the lack of wide-
spread usage for many of these systems: the rapid exhauetion
of the allotted data storage spaces for suqulic expressions
due to the grouwth of expressions during computations. Thie
expression grouth problem can be divided into tuo
categories. One is the blowup of the resulting expression
of a computation. A good example for that is the
computation of the determinant of a matrix. The determinant
of an n by n numerical matrix is still a number, but a
determinant of symbolic matrix may contain n factorial
terms. The other category is the blowup of intermediate
expressions when the final result nf the computation ie
quite small and manageable. For this, the problem of
computing the greatest common divisor {GCD) demonstrates
this phenomenon [KNUES]l. The GCO of two integers can be
easily computed by the classical Euclidean algorithm, but
the similar method for computing the GCD of two polynomials
in just one variable over the integers can have enormous

intermediate results even though the 2ctual GCD could simply



be 1 [KNUBS] ([BRO71). When polynomials in several variables
are involved the blowup may be even worse. Actually, the
distinction betueen the tuo categories is not as clear cut
as the above examples have made it appear. UWhen a
computation involves many different steps, blowup of the
tirst kind in any step can be considered in the second
category, if only the final result of the entire computation
is important. Thus any of these blowup problems will be
referred to as the "expression growth" problem.

The solution to this common problem in symbolic manipu-
lation seems to lie in careful analyeis of existing computa-
tional algorithms and discoveries of more efficient neu
methods. (Although faster computers with more memory wili
also help, of course.) Much recent research in symbolic
manipulation has been directed toward algorithm analysis.
Perhaps the most important and useful collection of papers
on algorithms (and also systems) in symbolic manipulation up
to 1971 is the "Proceedings of the Second Symposium on
Symbolic and Algebraic Manipulation" [PET71). Many
impor tant surveys, tutorials, and current research papers in
all areas of the field are presented. Since polynomial and
rational function operations and simplification form the
fundamental basis of any symbolic manipulaticn system, they

represent a large portion of the papers on symbolic

algorithms. Among these algorithms a noticeable common

il e B e
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theme is the use of modular ariihmetic and interpolation
techiquzs. At that time, tne common sentiment seemed to be
a belief in the general applicability of the modular and
evaluation mappings for many basic polynomial calculations.
It is one of the major goals of this thesis to shou how
misleading this idea has been for several classes of
problems, especially the computation of multivariate
polynomial GCD’s.

Another major algorithmic advance in this fieid has
been in khe problem of polunomial factorization. Berlekamp
[BERG7]. Zassenhaus [ZASE3], Musser [MUS711, Wang, and
Rothschild [W8R731 have been instrumental in making this
advance. The essential innovation in accomplishing the task
of factoring polynomials is another classical idea of p-adic
constructions in the Hensel's Lemma [VDW4S). It turns out
that this method is not only applicable to factorization but
also to many other polynomial operations, especially GCD’s.
We are especially interested in the computation of GCD's
since there are many known methods of performing this task
and none seems satisfactory for a wide spectrum of practical
problems.

The use of Hensel-type constructicns in polynomial
factorization was crucial because it is very uneccnomical to

per form many factorizations using the Berlekamp algorithm.

The Hensel-type construction takes advantage of the special
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. structure of a single modular factorization and extends this
| modular image to a full factorization. As some of these
Hensel-type algorithms were being developed, dissatisfaction
with the computing times of polynomial GCD's using known
algorithms was mounting. The modular GCO algorithm, which
also uses modular and evaluation mappings similar to the
factorization algorithms, was performing pooriy for large
class of practical problems run on the symbolic manipulation
system MACSYMA [MAC73). It was upon Moses’ suggestion that
the similarities betueen the problems of factorization and
GCD computation were studled and the Hensel-type
constructions were tested for applications other than
factorization. Not only were neu algorithms discovered, in
particular, major improvements of the Rothschild-Wang

3 varsion of Hensel construction, but also methods of
analyzing the algorithms were innuvated. Previously, the
analysis of many algorithms that has been geared excessively
toward either idealized situations or worst-case situations.
We will present a more intuitive approach of analyzing some
of our main algorithms for cases which are too complex for
b step-by-step analysis. Besides, when we are dealing with
| multivariate polynomials, the basic cperation for each step
may be very different so as to make the detailed analysis
4 misleading and polynomials are often snarse (most of the

possible terms are zero) rather than deiise so as to make

L R R T T L WU O L P R 7
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worst-case analysis inoperative. We will show that our
intuitive "engineering" approach actually producee timing
formulae which will predict the computing costs to within
ISX in most cases.

With this brief description of the sequence of events
leading to the current research, we will begin to present a
more detailed overview of the thesis in the following
section. An earlier version of somc tesults in this %hesis,

in particular, those of Chapter 111, ajpears in Moses and

Yun (M&Y73).

I -2 An Overview and Some Essential Concepts

Ever since the publication of Euclid’s algorithm in
Book 7 of his Elements (390 B, C.) fur computing the
positive greatest common divisor of two glven positive
integers, its various generalizations for cémputing
polynomial GCD's have been useful computational tools for
centuries (as many number theorists and algebraists can well
substantiate). However it uas the onset of research in
symbolic and algebraic manipulation that touched off
numerous significant results on the theoretical and
mathematical basis. algorithmic descriptions, and computer
implementations of these mathods. In particular, Brown's

(BRO711, Collins’ [COLE7], and Broun and Traub's [B&T71)

works provide a complete background as well as excellant
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technical material on this subject.

For the computatic. of univariate or multivariate
pulynomial GCD's ove:: the domain of the integers or the
rationals, tie most popular computational methods are the
Reduced or Subresultant PRS algorithms and the Modular
algorithm. MWe will briefly discuss these methods in this
section which will provide a basis for comparing analytical
and computaticnal results with those of the neu Hensel-type
GCD algorithms which we will present later.

In this section, we will give an overvieu of the mate-
rial contained in this thesis. Our principal goal is to
present several neu methods of performing some essential
polynomial operations based on the Hensel-type construc—
tions. One major application ~f the Hensel construction is
the polynomial GCOD computation which we will describe in
detail in Chapter I1l. Other applications will be presented
in later chapters, but the analysis and empirical
experiments will concentrate on the Hensel constructions and
GCO computations. The concept of these polynomial opera-
tions can be easily extended to more general algebraic do-
mains (as Musser did in [MUS71]). But, in keeping uith the
principles of symbolic manipulation uhere the stress is on
exact arithmetic, we will b= dealing mainly with polynomials
over the integers, Z; the integers modulo q, Z/q,; or the

rationals, Z/Zy in these domains many computational advan—

ek e Sl e i et ot ot St
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tages can be more easily demonstrated.

Since polynomials are our main concerns, we first need
some basic algebraic concepts about polynomials., Only the
most essential algebraic notions uill be defined here,
others will be referred to the Appendix or texts on modern
algebra such as Herstein [HERG4] or Birkoff and MacLane
[B&MBET.

The domain of integers uill be denoted by Z; the set of
equivalence classes in Z uith respect to a congruence

relation mooulo some integer q by (Z/q)s and the field of

rational numbers by (Z/Z). The ring of polynomials with

indeterminants x,y,...,2 over a coefiicient domain J will be
denoted by J(x,y,...,2]. Note that we can also urite this
polynomial ring as J' [x] where nou J' denotes Jly,...,zl.
This conceptually forces all polynomials to be expreased
with x as the main variable uith coefficlents in J'.
JIx,4,...,2) is an integral domain if J is [HERB4, p. 123].
In most cases of the “ollouing chapters, ue will consider
univariate or mu!tivariate polynomial demains I[x) or
[Ix,4,...,2) where | is often Z or Z/q and q is a prime
L]

power. Divisions of polynomials F « f x + ... + f x + f

m 1 d

n

and G =g x + ... +g over a field to obtain the quotient
n 8




B

m-n
polynomial Q = q x + ... +3 is done as follous:
m-n 8

For k =m-ntoke«8 dogq = f g and
k ntk n

f =f -q g , jentk-1,...,k. Let J be a unique
j j ko j-k

factorization domain (u.f.d.), then J[x) is also a u.f.d.
whose units are units of J. The process of polynomial
division with remainder cannot always be made in JIx], since
the coefficient domain is not necessarily a'field uhere

exact division can always be carried out. However, the pro-

cess of pseudo-division can aluays be carried out [KNUBY).

Given F, G in J[x] unique pseudo-quotient @ = pquo(F G) and

pseudo-remainder R « prem{(F, G) can be found in JI[x) such

d+l
that g F =0G + R and deg(R) < deg(G) uhere g = Ic(G),

the leading coefficient of G, and d = deg(F) - deg(G).

For non-zero F and G in JIx), F and G are said to be

similar, denoted by Fa. G, if there exist f, g in J

such that f F « g G, LetF e F and F « G and assume
1 2

deg(F) > deg(G), then a sequence of remainders F ,F ,...,F
1 2 K

can be generated by pseudo-division such that

F~prem(F ,F ) forie3,..., Kk, and
i i-2 i-1

prem(F , F ) =@ This is called the polynomial remainder
k-1 k
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sequence (PRS) [BRO71].

Let G ,G ,....GC be elements of an integral domain.
1 2 n

Then D is the greatest common divisor (GCO) of G ,...,G iff
1 n

(1) D divides 6 ,6 ,..., and G .
1l 2 n

(2) Every common divisor of G ,G veesy and G also divides D
1 2 n

(3 O is unit normal. In a u.f.d., therc aluays exists a
unique GCD for a given set of elements. |f GCO of two
elements F, G in the u.f.d. equals 1, gcd(F,G) = 1, then we
say that F and G are relatively prime. A polynomial P in
JIx) is primitive it the GCD of all its non-zero
coefficients is 1, Each polynomial P in Jlx] has a unique
representation of the form P « cont(P) pp(P), where cont(P),
content of P, is the unit normal GCD of the non-zero
coefficients of P and pp(P) = P/cont(P) Is the remaining

primitive part of P.

The process of computing the PRS for two polynomials F
and G in J(x] is a generalization of the classical Euclid’s

algorithm uhich constructs a integer remainder sequence

(IRS) [KNUB3]. It is clear from the process of computing
the PRS (or 'RS) that

gcd(F = F, F = G)~ gecdF , F JoveengedlF  , F) F .
1 2 2 3 k-1 k k

Thus the method of PRS yields the desired GCO up o simila-

Lol Kt et Sty
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rity. As pointed out by Brown [BRB7I1, if F' and F' are 1
1 2 '

non-zero polynomials in Jix] with deg(F') > deg(F') and U’ ;
1 2 3

i8 their GCO, then the PRS algorithm can be used to determine
this GCO D' uniquely as followus:

Let ¢ = cont(F'), ¢ = cont(F'), ¢ = gecdlc ,c ),
1 1 2 2 1 2

F =pplF'), F = pp(F'), and O = gcd(F ,F ). If nou
1 1 2 2 1 2

F.F,....F is aresulting PRS, then it is clear that
1 2 3

D=pplF) and D’ »« cD. This is the so called Euclidean ]
k ]

PRS algorithm [COLE7] as it is the obvious generalization of

Euclid’s algorithm to polynomials over a u.f.d. which is not
necessarily a field.

Polynomial GCD computations basically rely on division
or pseudo-division over a u.f.d. Thus the straight-foruard
generalization of the Euclid's algorithm for integers for
computing the GCD of polynomials F and G over a field is
simply:

F =F,.F =G F «-0 F +F , deglF) < deglF ),
1 2 i ioi-1 i-2 i i-1

i=3,...,k. For polynomials over a u,f.d., then, it is
necessary 10 use the PRS generated by pseudo-division. So

we use the following rule instead:

8 F =-0 F +a F , deg(F ) < deglF ), is=3,...,k.
i ioi-l ii-2 i i-1
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The a and 3 are particular chosen element: of the coeffi-
i i

cient u.f.d. and the epecification of them determines the
particular PRS algorithm Intended in the discussion.

The a 's are simply the necessary multipller of pseudo-
i

division. He briefly list eeveral such PRS GCO algorithme

according to the choices of 8 's. (For wore detalled dis-
|

cussions of these algor|thms, see [BRO71].)

(a) The Euclidian PRS Algor‘ithll: B = 1. i-3.040.k.
i

(b) The Primitive PRS Algorithms

3 = contlprem(F ,F )), so that F = pplprem(F ,F ),
i i-l1 -2 i i-1 1-2

i=3,...,k.
(c}) Collins' Reduced PRS Algorithm:

B -1.8 Ll s § . i-l’.olo.ko
3 i i-1

(d) The Subresultant PRS Algorithm:

o+l -

1 %i-2
6 s ("1) » B L "f ¢/ » ;44.000.k HhGrQ
3 i i-2 i
d = deg(F )' 6 - d i d ’ f = |C(F ). l‘l.oo..k aﬂd
i i i i i+l i |

1-6
%3 i

l# = -10 ¢/ s ("f ) ¢/ ’ i-l’.o...ko
3 i i i
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Among the 2bove algorithms, the Euclidean PRS Algorithm
suffers from coetficient grouth due to the use of the pssudo-
division multipller. This expression explcsion can some-
times, especially for multivariate polynomials where the
multiplier is polynomial, be so big as to make the GCD
computation prohibitively expensive. The Primitive PRS

Algorithms requires a content computation at each step

b PR b T
e i A e i e e i e e e a8

of the algorithm which may take a significant part of the

| total computing time, especially in multivariate cases again.
Both the Reduced and the Subresultant PRS Algorithms

are designed to avoid this content operation. As pointed
out by Broun [BRO71] even though there is a trade-off be-
tueen the cost ¢ computing the content at each step and the
advantage of having possibly smaller coefficients to work
with, in most cases the compensation is very little.

The Subresul tant PRS Algorithm is a further improvement of

the Reduced PRS Algorithm in that it even avoids gross inef-

ficiencies uhen the PRS is abnormal (uhen ina PRSF , ... ,
1

F ., there is some i > 1, deg(F ) - deg(F )} > 1),
k i i+l

As an illustration of the severity of the grouth of

Bt ol ot o ke R

the coefficients in the PRS, let us ccnsider univariate
polynomials uhere N bounds the absolute magnitude of the

coefficients inF and F . Let Nxxa bound the coefficlents ;
1 2 i




z8
of F . Then, for the Euclidean PRS Algorithm with a normal
j

PRS, we have 3 = 2 a as a recurrence relation for
j -1 -2

the sequence {al. Thus a /a --» 2,414 as j becomes
i il

large. Therefore, if deg(F ) = n + 1 and deg(F ) = n, then
1 2

the coefficient grouth in the PRS is |ike Naxx(2.414mxn)

uhich is an exponential grouth in tha number of digits of
the coefficients. For Collins’ Reduced PRS GCD Algorithm
With normal PRS, Knuth [KNUBS] shows that the coefficient

2n+l
growth is proportional to N uhich is only a linear

grouth in the number of digits. Nevertheless, the yrouth is
still very large (see [KNUE3) and [BRO71] for some exam-
plea), uspecially uhen the GCO itsalf is relatively small,
say 1.

We nou turn our attention to an algorithm which clearly
avoids this basic difficulty - the Modular GCD Algorithm.
The Modular GCD Algorithm, as well as many other modu-
lar algorithms, basically relies on tuo common forms of alge-
braic homomorphisms:

(1) The modular homomorphism, for integers modulo a prime p.

(a) Computing a homomorphic image - getting the residue

of an integer modulo p.

(b) Inverting the mapping - applying the Chinese Re-




mainder Theorem (Garner's rule) to the residues

H.r.t. (with respect to) different primes.

The evaluation homomorphism, for polynomials in x

modulo x-b.
(a) Computing a homomorphic image - evaluating the
polynomial at a point b,

{b) Inverting the mapping - interpolating a poiynomial

from its values at different points.

Here, we will say that the orime, p, or the evaluation
value, b, is lucky for a given polynomial if the homomorphic
images of two distinct divisors of the given polynomial do
not become identical in the image domain. (See also [BRO71])

The modular GCD Algori thm basically applies the
fundamental concepts of these two homotorphisms on the
integral coefficients and recurses on each of the variahles
in the given polynomials. Without going into the details of
the Modular Algorithm (for that see [BRO71]), we list the
steps of a general modular algorithm which is used for each
variable and the integral coefficients:

(1) Estimate the number of homomorphic images required.

(2) Compute a new homomorphic image.

(3} Solve the problem in the image domain.

(4} Apply the inverse-mapping algorithm to include this neu
information.

Test if sufficient number of image solutions have been
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computed. 1f not go back to (2). 1f so, verify the

current result and exit with it if corract.

Browun [3R071) performed a "worst case" computing time
analysis which indicated that the Modular GCO Algorithm
would outper form the Subresultant Algorithm for sufficiently
large problems. (Here, "large" often means dense or nearly
dense polynomials of high degree in many variables.)

Collins (COL71) presented a similar timing 5na|gsie and gave
some empirical computing results uhich demonstrated the
superiority of the Modular polynomial resultant algorithm to
the Reduced PRS resultant algorithm.

Practica! experisnces w4ith the Modular GCD and
resul tant algorithms have shoun that in some cases these
algorithms take a disastrously long time, often much longer
than the comparable Reduced PRS algorithms. The reason for
this is that the Modular algorithms are geared to the
"uorst" cases and are remarkably insensitive to the
sparseness of the polynomial inputs and outputs. To
illustrate this insensitivity, we give a simple case which
should be familiar to anyone uith some background in
numerical analysis. Any interpolation technique used to
compute the polynomial x%%x28 + 1 requires 21 values of this
polynomial at 21 distinct points, even though there are only

tuo terms in the polynomial. Thus a modular algorithm which

inherent!y assumes denseness of the polynomials might be

o e T
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inferior to a non-modular one, if the solution by the
eraluation-interpolation process is in fact xsx28 + 1. A
completely dense polynomial in v variables of degree d in
each has (d + l)soxv terms. This number is an exponential
function of the number of variables.

[f the GCD of tuo polynomials is a multivariate polyno-
mial in v variables of degree d each, then the number of
evaluations and interpolations performed by the Modular GCD
Algorithm is at least (d + l)xxv, regardless cf the number
of terms in the original polynomials and in the GCD. Thus

19 10 16
if the GCD of two pelynomials is x +x 4 ... + x

1 2 10
{e.g. P = this polynomial and Q = x P}, the Modular
Algorithm would take days or ueeks to compute it on existing
machines. On the other hand, the Reduced PRS GCD algorithm
might take less than a second of computing time.

The Modular algorithm performs at its best uhen the
original polynomials are univariate or when the resulting
GCO is 1, since this cass involves few evaluations and
univariate modular GCD calculations and no interpolation.
The Reduced or Subresultant Algorithms are at their best
uhen the input polynomials are very small (e.g. polynomials
cf degree 2 or less in each variable) since they require

little overhead, or when the GCD is almost as large as the

original polynomials (as Is the case for P and Q defined
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above). This is the case uhen the number of poiynomial
remaindering operationg required to obtain the GCO is small,
say 1. The Mocuiar algorithm degrades as an exponential
function of the number of variables and the logarithm of
their degrees in the GCD. The Reduced or subresultant
algorithms degrade quite rapgidly, though the analysis here
is not nearly as complete or elugant. The degradation is
roughly a exponentially growing function of the length of
the polynomial remainder sequence ([BRO711, [COLG71)
required to obtain the GCD. For these tun algorithme, small
ansuers f{e.g. 1) require the most work.

According to Broun's analysis, the computing time for
the Reduced PRS GCD Algorithm is proportional to

2

2 by 2v v
L (d+1) 2 3 wuherel is the maximum integer length

of the coefficients and d is the maximum degree in all v

variables. The computing time for the Modular GCO Algcrithm

2 v v+l
ig proportional tolL (d+1) +L (d+1) . Comparing

these computing times, we can see the important feature of
the Modular algorithm. That is, as the number of terms in
thie two input polynomials grows toward the exponential num-
ber of terms in a dense polynomial, the rlodular algorithm
can obtain the ansuer much faster than the Reduced algorithm

and even faster than a standard multiplication or divigion
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of the tuwo polynumials which would require on the order of

2v
(d + 1) steps. In practice, houever, one is hardly likely

to ever confront poluynomials so large and dense that their
multiplicatien uill be slower than their GCD calculations by
the Modular algorithm. To offset this potential advantage
of the Modular algorithms is the fact, already noted, that
they are insensitive to the possibility of sparseness in the
original polynomials and the results. Polynomials in many
variables of high degree are invariably sparse in practice,
and in fact, exceedingly sparse. Furthermore, if one is
going to deal uith truly gigantic polynomials then there
exist "fast" polynomial multiplication algorithms [BON73]
which would lower the cost of polynomial multiplication (and
division) to a level which is close to that of the Modular
algorithm. This would improve the computation cost for any
algorithm recuiring multivariate multiplication and division
in the dense cases.

Since not cnc of these algorithms performs well on the
whole spectrum of input polynomials, there is much room for
improvement. The EZGCD (Extended Zassenhaus GCO) Algorithm
presented later appears to outperf(~m the Hodular GCD
Algorithm in most practical situations. 1t will not

outper form the Reduced or Subresultant Aigorithms in those

situations uhen these algorithms are at their best. 1t
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does, houever, give a much better accounting of itself in
such cases than the Modular algorithm would.

As Will be seen, situations which may present some
difficulty to the EZGCD algorithm are those where the GCD is
not relatively prime to either of the co-divisors (or
cofactors, i.e. the quotients of original polynomials by the
GCO) of the input polynomials. Then the EZGCO algorithm
uill resort to a2 variant of a equare-free dscomposition of
the input polynomial. Additional difficulties arise when no
variable has a constant leading coefficient in either of the
input polynomials. And the most serious difficulty uill be
cases uhere no variable can have zero as an evaluation
point.

The essential difference betueen the EZGCD algorithm
and the Modular GCD algorithm is in the treatment of the
mul tivariate case. MWhen the Modular algorithm is at its
best (univariate, small GCD, or dense inputs and outputs),
the per formance will usually be compgrable.

As ue mentioned before, the ned methods for computing
polynomial GCO and performing several other polynomial
operations are based upon the Hensel-type constructions. It
turns out that these Hensel-type methods are closely
analogous to the evaluation-interpolation methods of

numer ical analysis and the above described modular methods.

As numerical analysis draus from the mathematical field of
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real and complex analysis for its computational methods and
theoretical supports, it appears that symbolic manipulations
neu insight§ from modern algebra, in particular, the studies
of geometr-ic behavior of polynomials - algebraic geometry.
The classical Hensel's Lemma has Its fundamental
importance in the studies of p-adic analysis and valuation
theory. The use of this constructive method in the problem
of polynomial factorization uas first suggested by H.
Zassenhaus [ZASE3), Musser [MUS71) presented this method
and the Zassenhaus' quadratic extension technique as
algorithms for extending factorizations of polynomials in
general algebraic domains. Some computational
inefficiencies result from considerations in such a general
context especially for multivariate polynomials over the
integers. A generalization of the Hensel algorithm based on
the constructive proof of the Hensel's reducibility
criterion (VOW49) was devised by Wang and Rothschild [W8R73)
in the context of factoring multivariate polynomials. A
{(v4l)-variable polyncmial can be considered as a generalized
Taylor series, as uc will see shortly. The generalized
Hensel construction is devised to recover the codivisors of
a given polynomial in the generalized Taylor series form
with one main variable and a v-dimensional coefficient
space. This is a distinct point of view from the original

Wang and Rothschild version and our discusslons of the
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genera!ized Hensel construction Wwill be preeented from thie
new and different standpoint which will prova to be very
beneficial.

The method essentially amounts to rediscovering the
genéralized Taylor series forms of the divisors term by term
from their !inearly independent "values" in the univariate
polynomial space and the original polynomial. Such a
process is quite a familiar one to many algebraic geometers
as ue discovered in the course of our work. The
"evaluation" stage is knoun as the "specialization" procees
and the reconstructicn method ie often called the
"deformation" process (one probable reason for calling it
such is because the polynomial and its factors are now
transformed to Taylor eeries forms corresponding to the
speci fic chosen values, hence deformed to a epace with a neu
origin). Interestingly the entire process of epecializa’ion
and deformation is knoun as the "Newton's method". As we
uwill see later, the parallelism between the evaluation-
interpolation method and this epecialization-defornation
Neuton'e method ie quite etriking. However, we should ne'’e
that the role of Hensel's Hemma in algebéaic geometry was
pointed out to us very late in our research.

Let us first get a good conceptual understanding of the

generalized Taylor seriee representation of multivariate




29

polynomials. For a muitivariate polynomial with Integral

coefficients, Plx,y ,...,y ) in Zlx,y ,...,y 1, and for a
1 v 1 v

given set of integers b = (b ,...,b ), ue denote

1 v

P(x.g =hb 'ooo'g .b ) or P(x'b 'lol'b ) bu P (X). uﬂ “i"
11 vV v 1 v b

also write P in a gsnsral Taylor series form:

P(X,U '.l-'u ) = P(x'b 'ool'b )
1 1

+ E px} (y -b) (all terms of degree
i i |

1 in soms y)

i=]
v v
+ E E p x){y -b)(y -b) (all terms of
iy i i j j total degree
i-llj-l 2 in the y's)
v v v
+ E E E p (x)(y -b)(y -b)(y -b)
iyjok i i j j K k
im]l jul k=l
+ 00

This series is finite and unique for a given set of b's,

since P is a polynomial. MWe let

(@)

P (xy,ee.,y) =Plx,b ,e00,b) =P (x) and
1 v 1 v b
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v )
{m)
P (Y ,eee,y) = EE p (x)l |(u -b )
1 v il ere Tt | i
i soeeyi =l 1 [ i=1l i i
1 "
n
{m)
Then Pix,y ,+00,y ) = E P (Y ,ee0,y ), for some
1 v 1 v
m=0

positive integer n. 1f we define "Im" to be a typical index
{m)
set {i ,o.0,i ) inP where for i = 1,2,...,m, | i8s in
1 m i

1,2,...,vl and "Mmly ,...,y )" to be the mongmiai of the
1 v

ly -b )'s indexed by Im, Mmly ,...,y ) J]"'r(y -b ),
i i 1 v i i

j j j=1 i

{m)
then P - E p ) Mmly ,...,y ) and
Im 1 v

n
Plx.y yousyy) = E E p (x) Mmly ,..o,y ). The finite
1 v Im 1 v

m=0 Im

degree bound n is determined by n = max td wWhere td is the
i i i

term degree of the ith term in the complete expansion of P,
that is the sum of the degrees of the non-main variables

Y sesssy in the ith term.
1 v

g b

S Gl bl o S e B b i e, T b
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For S = {y -b ,...,y -b }, We can extend the notion of
11 v v
modular congruence to multivariate polynomials with respect

to a set of integers b, Thus P (mod S) uill simply be P (x),
b

i.e. dropping all terms in the Taylor series form of P which

2 (@) (1)
contain any element of Sy P (mod S ) = P +P ¢ end, in
n-1
m {i)
general, P (mod S ) -Z P (Y ,...,y). Therefore, due
1 v
i=0

n+l
to the finiteness of the series formof P, P (mod S ) is

simpiy P written in the general Taylor series form with res-
pect to b, so that it is equal to P independent of any chosen

b- FOFJ-Z [U .....g]Of‘ (Z/Q) [g gooo.g]. it iBa
1 v 1 v

direct extension of previous notation to denote the space

m m
of all polynomials modulo S by J/S . As an example of such

a generalized Taylor series representation, we take a tri-
variate polynomial

2 2 2 2 2
Pxy ,y) =y x +(-y y -y y +y y +y +2y) x
l 2 1 l 2 l 2 1 2 1 1

3 3 2
+Yy Yy -y -yy-yy+2y, and
12 2 12 12 2

2
b=ib,b} =1(, 8. ThenP (x) = x 4+ 3 x,
1 2 b
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and in the Taylor series form, which is typically obtained
by a Hensel-type construction,

(1) (2) (3) (4)
Pix,y ,y) =P (x} +P +P +P +P where

1 2 b
(1) 2
P (xy,y)l=12x =3x){y -1)+08(y -0,
1 2 1 2
(2) 2 2
P (xy,y)eilx +1) y -1 +(x=-3) {y =Dy
1 2 1 1 2
2
+ (=x) y,
2
(3) 2 2
P (xy,y)esfx=1 1y -1 y ¢+ (=x) ly ~1y,
1 2 1 2 1 2
(4) 3
P (xy,y)l=11(y -1ly.
1 2 1 2

Clearly the term degree bound, n, is & for this P.

S=1{y -1, yli and, for instance,
1

2 %)) (1) 2 2
PmdS) =P +P = {x +3x) + 2x -3x) (y -1).
1
The above concepts and notations will be of crucial
importance to our discussion of the various Hensel
constructions in Chapter 1l. There, Wue uill present, first,

Hensel's Lemma itself, then the quadratic extension method

due to Zassenhaus for the univariate polynomials. Section

11-4 contains the detailed descriptions of the multivariate




Hensel construction - the Generalized Hensel Algorithm.

Finally, in Section 11-5, we discuss the uses of these
Hensel constructions over the domain of integers which leads
naturally to a discussion of the difficulty and solution of
the non-trivial leading coefficient problem in this case.
Some simple but comprehensive examples are carried out to
help give a clearer understanding of these constructive
methods which form the foundation of all the new algorithms
presented later.

Chapter 111 contains the new algorithms for computing
univariate or multivariate polynomial GCD's using the Hensel
constructions. MWe will emphasize the multivariate
algorithm, EZGCD, since it provides an effigient method for
the large ciass of intermediate-sized problems. The general
set-up of the new method of calculating GCD's and the
fundamental theorems proving the validity of this method
will be presented for the multivariate case only, since the
univariate case obeys the same rules. In Section 1171-3, we
present the UNIGCD Algorithm which uses the Zassenhaus’
Quadratic Extension Algorithm to compute univariate GCD's.
Then the main application of the Hense! construction in this
thesis - EZGCD Algorithm, is finally discussed in full
detail in Section 111-4. The solution to the non-trivial
leading coefficient problem for the computation of GCD’s

also appeare in detail in this section.
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The timing analysis of many algorithms in Chapters II
and II] are collected in Chapter IV, We analyze the
computing costs of the Hensel-type algorithms, argue the
case for our more intuitive timing formula for the
mul tivariate Hensel construction. Then the computing cost
of the EZGCD Algorithm is derived and it is shoun that the

dominating cost here is in the Hensel construction. These

- derived computing time formulas are verified by timing many

cases of GCD computations. These empirical results strongly
suggest the validity of the derived formulas since the
actual cumputing times ordinarily correspond to the formula
predictioﬁs to within 15% and frequently much closer.

The next three chapters contain three other useful
applications of the Hensel constructions in algebraic
computations. Again we concentrate on the multivariate
cases , since the univariate cases are much less complex so
that they can essentially be considered special cases of the
multivariate methods.

Chapter V outlines the polynomial factorization
algorithms using the Zassenhaus' Quadratic Extension
algorithm in the univariate case and a new and more
efficient multiple factor generalized Hensel construction
for the multivariate case. Chapter VI shous how we can take

advantage of the univariate images of the codivisors of one

of severa! given polynomials and apply the Hensel

T TR T T T T a— g
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construction only once. Thus, polynomial contents and
primitive parts or the GCD of more than two polynomials can
be computed in a semi-parallel way. In Chapter VII, we
point out some of the inefficiencies in the known methods of
computing square-free decompositions of multivariate
polynomials. Then we will generalize a method already
introduced as the special case algorithm for EZGCD, and get
still another application of the Hensel construction in a
new square-free decomposition algorithm - EZSQFR.

Finalty, in Chapter VIIl we summarize this research,
point out several more potential applications of the Hensel-

type constructions, and indicate some open research problems

of interest in this direction.

s o | e
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CHAPTER I1. THE HENSEL ALGORITHMS

Il -1 Introduction

In this chapter, wa will discuss the Hensel-type algo-
} rithms for polynomials over Z, or Z/q in particular those
: Hhere computational advantages can be most easily demon
strated. Because of the importance of these Hensel construc—
tions for the discussion of all the other material in the
following chapters, some intuitive feeling as well as a
conceptual grasp of these methods is imperative. To aid in
achieving this understanding, He will intersperse numerous
examples among the discussions. Also, for theoretical and
pedagogical purposcs, we compare the algorithms with a
purely integral version. Analyses of these Hensel-type algo-
rithms will be done in Chapter IV, where we will also
present some empirical results to justify our arguments and

the computing time formulas,

Il - 2 Tuo Basic Supporting Algorithms
© Lemma 11-2.1: Lst F(x) and G(x) be in (Z/p) [x] where p
is a prime inZ, [f gcd(F,G) = D(x) (mod p), then there
exist unique (up to units) A(x) and Bi(x) in (Z/p) [x] such
that Alx} Fix} + Bix) Gilx} = D(x) (mod p) where

deg(A} < deg(G) - deg(D) and deg(B) < deg(F) - deg(D).

Proof: (Z/p)Ix] is an Euclidean ring, so that the

Preceding page blank
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Extended Euclidean algorithm applies. A version of this

algorithm for the domain of integers is presented by Knuth

(KNUB3] and can easily be generalized for (Z/p) Ix].

Assume there exist A’ and B' in (Z/p) [x] such that

A'F + B'G = 0 (mod p) and

deg(A’) < deg(G) - deg(D), deg(B‘) < deg(F) - deg(D). Then

(A -7") (F/D) = (B’ - B) (G/D). Since (F/D) and (G/D) are

relatively prime, (F/D) divides B - B', But

deg(B - B') < deg(F) - deg(D), thus B -B' =B or B = B’,

Simitarly A = A’, The A and B so found by the Extended

Euclidean algorithm must then be unique in (Z/p) [xl. //
Example 11-2.1a: As a simple example, let F(x) = x,

G{x) = x +3, and p = 7 then clearly (-1) x + 1 {x + 3) = 3

or 2x+ (-2) {(x +3) =1 (mod 7) so that A =« 2, B = -2,

and D = 1.

Corollary [1-2.1: [f p in the above lemma is not a

prime, but all prime divisors of p are "lucky" (see [BRO71!
or Section IV - 2), then the conclusions of the above |emma
still hold.

Proof: Since p is lucky, the Extended Euclidean
algorithm still applies {(refer to Theorem 1 of [BRO711). It
is also clear that the proof for uniqueness of A and B

hotds. //

Since (Z/p)[x) is a Euclidean ring, regular division
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of polynomials with remainder can be carried out. Given

polynomials F = F and F = G in (Z/p) [x]), the PRS,
1 2

F ,F ,...,F can be found tcnether with the quotients Q
1 2 k |

such that F =0 F +F, i=3,...,k. Then
i-2 ioi-1 i

Di(x) = F (x) and A{x), B(x) are constructed from the Q(x)'s
k

as specified in the Extended Euclidean algorithm, He

present a tabulated version of this algorithm to ma.a the
algorithm easier to understand.
Algorithm 11-2.1:
Input: F and G in (Z/p)[x).
Output: A, B, and D in (Z/p) [x) such that
AF +BG =0 (mod p)

a|aj...
31 4

FIF F F
3| 4 i k

A =1,A =8B =8,B =1,andA =A -aA ,
1 2 1 2 i i-2 ii-l

-28 , i =3,...,k. That is, as we compute Q
i-2 ii-l i

and F by the division algorithm, we can fill In the values
i
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of A and B by subtracting the product of the current quo-
i i

tient and the previous A or B from the one A or B before.

Finally A=A ,B=8, and D = F uhere
k k k

AF +BG =D (mod pl.

3
Example 11-2.1b: Let Fix) = x + 2,

2
Gix) = x +2x -2, and p =05, Bydivision, ue get

F=eQ G+F =1I0x-2) 6+ (x-2) and
3 3

CG=0 F +F = (x=-1)F 4+ 1. Thus the tabulated solu-
4 3 4 3

tions are as follous:

x=2 x-1

1|8 1 -x+1

8 | 1 [ -x42 | x +2x-2

%=2 1

SoA=-x+1,Bax +2x-2,andD =1, It is easy %o
verify this resuit, and clearly AF + B G = D (mod p) with
deg(A) = 1 < deg(G) = 2.

Remark: By the Corollary, p may be a composite integer
and the aigorithm will still be valid so long as Ic(F) and
lci{G) are units in (2/p).

Lemma [1-2.2: For non-zero Fix) and Gix) in (Z/p) (x],

and any H(x) such that gcd(F,G) = D{x) which divides H{x)
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(mod p), there exist unigue A{x) and B(x) in (Z/p) [x] such

that AF + BG = H (mod p) where deg(A) < deg(G) - deg(D).
Proof: By Lemma [I-2.1, we can find A’, B* in (Z/p) {x]

such that A F + B* G « D (mod p) where

deg(A’) < deg(G) - deg(D), deg(B') < deg(F) - deg(D).

Let Cix) = H(x)/D(x), then (CA') F + (CB") G =H (mod p)

or (CA') (F/0) + (C B") (G/D) = C {(mod p). Apply the

division algorithm to C A’ and G/D so that

C A" =Q (G/D) + R where deg(R) < deg(G) - deg(D). Let

A=RandB=CB' +0Q (F/D). Then A (F/D) +B (G/D) = C or

AF +BG =H (mod p). Assume there also exist A" (x)

and B"(x) in (Z/p) (x) satisfying A" F + B" G = H (mod p)

and the degree constraints. Then

(A - A") (F/D) = (B" - B) (G/D) (mod p) .... (Eq. 11-2.2).

F/D and G/D are relatively prime, so (G/D) must divide

(A - A") (mod p). But deg(A - A") < deg(G) - deg(D), there

fore, A - A" = 8 (mod p) or A = A" (mod p}. Hence, from

(Eq. 11-2.2), B = B" (mod p), since G/D is non-zero.

Therefore, the A and B so found must be unique in (Z/P){x],

//

Example [1-2.2a: Continuing from Example 11-2.1a, assume

2
Lemma [1-2.2 C(x) « H/D = x , since D = 1, A’ = 2, and

2 y
H(x) = x , then follouing the notations in the proof of j
;
:
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B' =-2, CA =2x =0GC+RuhereQe2x+1, Ra-3.

Thus A = -3, B=C8 +QF = x, and

2
AF +4BG=-3x+x (x+3) =x uhere degl{A) < deg(G).

[t is quite obvious here that A" F + B" G =« H with
A" = x and B" = @ also solves the equation. But then the
condition deg(A"} < deg(G) is not satisfied. In fact,
x =0"G+R"nwith Q" =1 and R" = -3, Using the same
technique, we can get R" F + (Q" F + B8") G =« H where
Q" F + B" = x and that is the same solution as the above A
and B. This is a simple example shouing that the
equation AF + B G = H has many solutions but division
by G {or F) can be used to obtain a unique salution.
Corallary I1-2.2: [f H(x) in Lemma 1[1-2.2 satisfies
the degree constraint deg(H) < deg(F) + deg(G) - deg(D),
then Bix) satisfies a degree conetraint similar to that for
Al{x), deg{B) < deg(F) - deg(D),
Proof: As in the proof of Lemma, B « C B* + Q (F/D)
satisfies AF + BG = H (mod p), thus
deg(B) < deg(H - A F) - deg(G) < deg(F) - deg(D). //
Example 11-2.2b: Continue from Example [1-2.1b, we

4 3 2
assume Hix) = 2 x + x +2x +x + 2, then following the

proof of Lemma 11-2.2 and using the results of Example

[1-2.1b, Ci(x} = Hix) since D=1, A" w -x + 1, and
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2 3
B' max +2x-2, CA" «QG+Runerel = -2x +1 and
Ra2x-1. SoA=R=22x-1,B=CB +QF =2x -2,
and AF + B G = H uhere deg(A) < deg(G), and since
deg(H) < deg(F) + deg(G), also deg(B) < deg(H). This result
Hill be used in Example 11-3.1 in the next section.

Remark: In Lemma or Corollary 11-2.2, if p is not a
prime but Ic(G) is a unit in Z/p, then the conclusions still
hold.

Example 11-2.2c: In this example, p is not a prime, but
computations similar to the above example can still be
carried out. (The results of this example will later be
used in Example 11-3.2.) Assume we have

2 2
A' = -x-9,B" ax -3 x+3, Fax +18x-38,

2
Cox=-12x+7,andp =25, then A’ F + B' G = 1 (mod p).

Clearly Ic(G) = 1 is a unit in (2/25). Let

3 2
Hix}) = -x - 11 x -6 x - 7 in (Z/25) [x] be given and ue

want to find Alx), Bx) in (Z/25) [x] such that
AF +BG =H (mod 25). Since Ci{x) = H/D = H and
Ic(G) = 1, the division algorithm can be carried out to

2 '
compute CA° = QG +Rihered=x +8x-9andR = 8,

Thus A =8, BaCB +QF » -x+1, and we get

AF +BG = Huith them. Therefore, when p is not a prime 5
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but lc(G) is a unit in (Z/p), the process remaine the eame 30
long as the division algorithm can be carried out.

The algorithm for achievina the goals set in Lemma I1-
2.2 is similar to Algorithm 2,75 (Solution of a polynomial
equation) of Musser [fUS71], except ours can be used for
general right-hand-sides other than

Algorithm [1-2.2:
Input: F, G, A", B°, D, and H in (Z/p) [x) such that
A'F +B" G =D and D divides H or C = H/D is in (Z/p) [
Qutput: Unique A and B in (Z/p) {x] such that AF +B G =H
uhere dg(A) < deg(G) - deglD).
(1 degH) < deg(F) + deg(G) - deg(D), then aleo
deg(B) < deg(F) - degiD).)
(1) Set A <= A" C. 1fD 41, set F <~ F/n, G <-- G/0.
(2) Apply mod p division algorithm to compute Q and R euch

that A = 0 G + R, deg(R) < deglG).

(3) Return A <-- R and B <-- C B’ + Q F (mod p}.

{1 - 3 Hensel's Lemma - The Univariate Case
We will nou present the Hensel Lemma for extending a

k
factorization modulo p to a factorization moculo p for any

k > 1. The presentation is eesentially based on that of

Van der Waerden [VOW43). This Lemma provides the founda-

tion of most other algorithms we will discuss later. The
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proof of the Lemma is constructive, but ue uill still é
formalize it into an algorithm. The reason for that is
because it is very important to get a firm grasp of the
under lying ideas of this Lemma. We will not use the
construction of the proof of the Lemma for computations in
the univariate case, rather we uill use Zassenhaus'
Quadratic Extension algorithm. However, the construction
for extending multivariate factorizations is a dirsct
generalization of this Lemma as we shall soon see.

Lemma [1-3.1: {(Hensel)

Let F(x) be in ZIx) and p be a prime in Z. Assume

Fix) =G (x) H (x) (mod p), where G ix) and M (x) are
1 1 1 1

relatively prime polynomials in (Z/p)(xi. Then, for any

integer k > 1, there exist polynomials G (x) and H (x) in 4
k K

k
(Z/q) [x) uhere q = p such that Fix} = G (x) H (x) (mod q)
k k

axdG =G f(mod p), H =H (mod p).
k 1 k 1

Proof: Since G ancd H are relatively prime in
1 1

(Z/p) [x), we can find, by applying Algorithm [1-2.1, Alx),

Bix) in (Z/p)(x) such that AGC + B H =1 (mod p) and
1 1

deg(A) < deg(H ), deg(B) < deg(G ). FromG and H, we will
1 1 1 1
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construct sequences of polytomials (G} and (H ) by induction
j j

J
such that F = G H (modp) andG =G, H =H (mod pl.
i i 1 1

j
Assume for j > 1, we have G (x}, H (x) in (Z/p ) [x] euch that
j j

j
F:G H (mndp) R EEEERE] (*).
i

Let C (x) in (Z/p) [x] be such that
j
i j+l
p C (x) =F(x) =G (x) H(x) (modp )
J j j
j+l
where ail arithmetic operations are performed in (Z/p )
j+l
with G and H considered to be polynomials in (Z/p ) Ix].
j j

j
Note that, by (x), p divides into F(x) - G (x) H (x)
j j

exactly. Now apply Algorithm 11-2.2 on G, H, A, B and C
1 1 j

in (Z/pr =] and obtain A (x), B (x) in (Z/p) (x] such that
j j

A{x) G (x) +B (x) Hi{x) «C (x} {mod p} and
j 1 j 1 j

deg(A ) < deg(H ). Nou let
i 1

j j
G =G +p B andH =H +p A, then
i+l J j j+l j j
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i j+l
G H «G H +p (A G +48 H) (mdp )
j+#l 4l i ] 1 il

i j+l
=G H +p C sFi(x) (mdp )
i j
Because of this construction,

§
G =GC +pB +...+4p B and
j+l 1 1 j

j
H =H +pA +...4p A, forall j21
j+l 1 1 i

So clearlyG =G, H =H (mod p) for all j>1. //
i1 g 1

Remark: 1f Fix) is a monlc polynomial in Z[x] then

deg(F -G H) < degiG ) + deg(H ). SoC and, in turn, C
11 1 1 2 j

for all j > 1 satisfy the condition of Corollary 11-2.2.

Therefore, we have deg(B ) < degi{G ) for all j > 1. This
J |

Wwill prove to be a very important observation later, espe-
cially for solving the leading coefficient problem of the
EZCCO algorithm. It should alsn be noted that the Hensel
construction is a method for expressing the factors in a
p-adic representation or a type of power series form. This

is clearly seen from the last expressions for G and H
j+l j+l

in the above proof. An example here uill make these points

clearer, and also demonstrate the constructive nature of the




above proof.
Example [1-3.1: Let Fix) in Z(x] be

S 4 3 2
x +12x -2x -163x +309x-119andp =5. Then

3
in (Z/p)Ix], F(x) =G (x} H (x) uhere G (x} = x + 2 and
1 1 1

2
H (x) =x +2x -2, Let us carry out tuo iterations of
1

the Hensel construction, i.e. assume k = 3 and find G (x),

3
3

H (x) such that F(x) = G (x) H (x) (mod q) wiere q = p . He

3 3 3
Hill cheat a little by revealing the ansuers,

3 2

G (x) »x ~15S5x+17andH (x) = x +12x-7, The

3 3
reason for doing this is to be able to see exactly hou

these coefficients are discovered as the algorithm pro-

ceeds, The firsgt thing to do is to compute A(x} and B(x) in

{Z/p) [x] such that AG +BH =1 (mod p). But this com-
1 1

putation was already done in Example 11-2.1b and we have

2
Alx) = -x + 1 and Bix) = x + 2 x - 2. Next ue have

4 3 2
F-0C H =10x -20x -165x + 305 x - 115 over Z uith
11

- G and H considered polynomials in Z[x}J. Thus
1 1
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4 3 2
Cx) =(F-GC H)p (mdp) =»2x +x +2x +x+ 2 and
1 11

p C (x) is the "residue" of Fand G H in the next bigger
1 11

2
polynomial space (Z/p )Ix). The goal now is to correct or

add to G and H wuhat is missing so as to make thls residue

1 1
disappear and to have G and B such that
2 2
2
F=G H (mdp). To do so ue need to find A (x} and
2 2 1

B (x) in (Z/p)Ix) such that A G +B 4 =C (mod p).
i 11 11 1

Conveniently, this computation has also bsen done in Example

[1-2.2b, with A (x) = 2 » =1 and B (x) = 2 x - 2. Thus
1 1

3
G «G +pB =»x +18x-8and
2 1 1

2
H =H +pA =»x +12x -7, Thus, as is easily verified,
2 1 1

2
F=0GC H (modp). At this point, note that
A 2

2 2
G is simplyG (mod p) and H is H (mod p). In fact,
2 3 N 3

2
H =H sincep =25 is already bigger than tuice the
2 3
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coefficients of H . What this iteration has accomplished is
3

then obvious. For the second iteration,

2 3 2
Cix) =(F-G H)/p f(modp) = -{x +x+x+2).
2 2 2

Applying Algorithm I1-2,2 on F, G, A, B, and D = 1, we

get A Ix) =B and B (x) = -x + 1 in (Z/p) [x] such that
2 2

A F+B G=C (mod p). Then,
2 2 2

2 3
G =G +p Ba=x -15x+17. As ue already pointed out,
3 2 2

H =H and surely A = B so that H need not be updated.

3 2 2 2

Therefore, we have constructed G and H such that
3 3

F=G H in (Z/q)[x], as we set out to do.
3 3

As ue can see from the construction,

2 2
G =G +pB +p B andH =H +pA +p A uhich
3 1 1 2 3 1 1 2

shous clearly6G =G and H =H (mod p). Actualiy,
3 1 3 1

3 2 3
G =x -15x4+17=(1+085+05) x +
3

2 2
@ +25+ (-1)5) x+ (2+(-2) 5+415) uhich is putting

the coefficients of G into p-adic representation uith
3




S —

51

p = S. Then, the correspondence of this representation and t

the ahove formula for G as conetrhcted fromG , B, and B
3 1 1 2

becomes clearer.
Algorithm [I1-3.1: (Hensel)
Input: Fix) in ZI{x], p a prime in Z which does not divide

ic(F), k > B inZ, G (x) and H (x; in (Z/p) [x] which are

‘ 1 1
3 relatively prime, and F = G H (mod pl.
11,
k
Qutput: G (x) and H (x) in (Z/q ) (x] where q = p such 4
k k k k :

that F =G H (modg) andG =G, H =H (mod p). ]
k k k 1 k 1

(1} Apply Algorithm 11-2,1 to G =G and H = H and obtain
1 1

A, B in (Z/p){x] such that AG +BH =1 (mod p).
Set j <-=- 1, q <-- p, and 9" <-- q p.
1 (2) If j = k then output G and H.
{ Otheruise, set C <-- (F - G H)/q and C <-- C (mod p).
(3) Appiy Algorithm I11-2.2 on G, H, A, B, and C in (Z/p) [x]
to get A’ and B’ in (Z/p) Ix] such that
A’G +B" H=C (rod p).
(4) Set q<--q', q" <——qp, j <—-j+1, and go to (2).
We next discuss the Zassenhaus' quadratic extension

algorithm [ZAS63] [MUS71] [(W&R73) which is an improved ver-

sion of the Hensei's method described above. This algorithm,
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because of its added efficiency for small primes p or
large required modulus q, is actually used in univariate
cases of many later a\gorithns for extending factors from
k
2
Z/p to Z/q, uhere q = p  for some k > B, and consequently
to Z (as we will see in Section 11-5). :\
Lemma 11-3.2: (Zassenhaus) Let F(x) be in Z[x] and

p be a prime in Z which does not divide the leading coeffi- 4

cient of F(x). Assume F(x) = G (x} H {x) (sod p) where
] 9

G and H are relatively prime polynomials in (Z/p) [x). _ :
9 ] i

Then, for any integer k > @, thers exist polynomials

k
2
G ) and H (x) in (Z/q )I[x), where q = p , such that
k k k k

Fix) a G (x} H(x) (mdq) andG =G, H =«H (mod p). e
Kk k Kk k B k @ ]

Proof: 1c(G ) and Ic(H ) must be units in (Z/p), since
9 9

Ic(F} is one. By Lemma and Corollary 11-2.1 and using

Algorithm 1.-2.1, we can find A, B in (Z/p) [x] such that
2 0

A G +B H =1 (mod p} and
0 0 8 9

deg(A )} < deg(H )}, dag(B ) < deg(G ).
9 ] 8 )

From G, H, A, and B, we uill construct sequences of
2 9 9 9
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polynomiale (G}, H}, (A}, and {B) by induction such that
j j i j

F=C H (mdq),G =G,H =H (mod p), and
i) i i g )

A G +B H =1 (mdgq), lctH) is a unit
i i j i

in (Z/q ), and deg(A ) < deg(H ), deg(B ) < deg(G ). Assume
j j J j J

j
for j>@uehave G, H, A, and B in (Z/p )Ix] such that
R B j

F=G H (mdq)andA G +B H =1 (mod q ).
i j i i j

Also assume lc(H ) is aunlt in (Z/q ) and
j j

deg(A ) < deg(H ), deg(B ) < deg(G ).
J J i i

Let C (x) in (Z/q )(x]) be -~ ~ that
j j

q C (x) =F(x) -G (x) H (x) (mod g ) where all arith-
i j j j+l

metic operations are performed in (Z/q )(x]. Nou ue apply
i+l

Algorithm 11-2.2 onG,H, A, B, andC in (Z/q )Ix] and
S S T j

obtain H', G’ in (Z/q ) [x] such that
i j
H' G +G'H =C (modq). LetG =G +qg G and
i i j j i+l j i

H =H 4+ q H, then
j+l j i

G H =G H +q WG +G H) (mdq )
IR LT R T A B S j+
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=6 H +q C =F(x) (mdq )
i i j+l

Since Ic(H) is aunit in Z/q and deg(H') < deg(H ),
j j j J

lc(H )} = Ic(H) is alea a unit inZ2/q and
j+l J i+

deg(H ) = deg(H ) = deg(H ). Nou let R (x) in (Z/q ) [x]
j+l J @ j j

be such that A G +B H =14+qg R (modqg ).
i+l i i+l Joi j+l

Apply Algorithm 11-2.2 onG , H, A, B and R in (Z/q ) [x]
iod J j

and get A', B' such that ' G +B" H =R in (Z/q ) [x]
i il i j J

and deg(A’) < deg(H ). Let A =A -q A" and
j j i+l j i
B =B -q B, then
i+l j i

=A G +B H -q (AG +B H).
TN A 15 N R A B

=1+qg R -qg (R)=]1l(mdgq )
i i j+l

and deg(A ) = deg(A ) < deg(H ) = deg(H }, hence,
j+l j j j+l

deg(B ) < deg(G ), because Ic(H ) is a unit. By this
j+l i+l j+l

construction, G =G +49g 6" +... +q G and
j+l 86 90 @ |

H =H +q H + ... +q H, so that cleariy G =G
j+l 8 0 @ i i 9
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andH =H (mod p) for all j > @. //
j ]

Remark: 1f F(x) is a monic polynomial in Z[x], then

deg(F -G H) < deg(G ) + deg(H ), so that C , and in turn,
e 0 0 0 1

C for all j > 1 satisfy the condition of Corollary 11-2.2,

'
3

Thus ue must have deg(B') < deg(G ) in addition to
j J

deg(A') < deg(H ).
J j

Example 11-3.2: As an example for this quadratic
construction we take the same F and p from Bxample 11-3.1,

3 2
80 that ve have G = x +2andH = x + 2 x -~ 2 such that
6 6

F=G H (modg =p=S5) as before. We want to carry the
8 0 5]

construction to k « 2 or q = 625 uhich is already greater

2
than 125 bounding twice (since we use positive and negative
numbers centered at @ as residue class representatives in

any Z/q) the magnitude of coefficients in G and H of
3 3

Example [1-3.1. Thus our goal is still to construct G and
3

H but using the quadratic construction with A = -x + 1 and
3 e

2
B =x +2x-2s8uchthatA G +B H =1 (mod q).
8 88 0@ 8
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From these data we can compute G and H in (Z/q ) [x) as
1 1 1

3
we did in Example [1-3.1, G = x + 18 x - 8 and
1

2
H = x +12x -7, Next ue find R (x) in (Z/q ) [x] such
1 0 0

that A G +B H =l +q R (modq = 25),
g 1 81 g 0 1

3 2
R = ((15x +5x -20x+86) -1)/q (mod q)
8 0 0

3 2
=-2x +x +x+1, Applying Algorithm [1-2,2 on G ,
0

H,A,B, andR in (Z/q )I[x), ue find A’ = 2 and
8 o @ ] ] (/]

B' = x-1sgsuch that A'G +B'"H =R (modq}. Thus
8 2 8 080 e 0

2
A=A -qg A ea-x-9,8B =B -q B =ax -3 x+23,
1 8 g 0 1 8 @068

2
and A G +B H «1 (modq =p ). Now we begin the next
1 1 11 1

iteration by computing C (x) in (Z/q }[x] such that
1 1

q C «(F-G H) (modg =625),
1 1 11 2

3 2
C = (-25x -275x + 475 x - 175)/25 (mod 25)
1

3 2
= -x =11 x -6 x-7. HWe need to apply Algorithm
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[1-2.20n G, H,A,B, andC in (Z/q ) Ix] to obtain H’,
1 1 1 1 1 1 1

G’ such that ' G +G'H =C (mod g }. Conveniently,
1 11 S | 1 1

Example 11-2.2¢c has done just that with H' = 8 and
1

3

G' = -x+1. SG =G +q G" =x -15x + 17 and

1 2 1 11

2

H =H +q H =H sx +12x -7,

2 1 11 1

We have nou constructed the desired polynomials using

the quadratic method. The power of this method over the regu-
lar Hensel constructicr was not clearly demonstrated, but we

can easily shou it by changing the problem slightly. If ue

3 2
let F =« G H = (x - 265 x4+ 142) (x + 187 x - 187), then

for the regular Hensel construction we see that the modulus
would have to be at least 625 (since it is the least power
of the modulus 5 which exceeds 2x265«538) before we can con-

struct from G and H any polynomial uith coefficients of
1

magnitude up to 265. That means we would carry out at least

74

three steps of the Hensel construction, from modulo p to p

3 4
top top =625 But for the quadratic method, only two

iterations would be sufficient, since the modulus would

already be 625. Actually, ue intentionally chose G and H

R A
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2
g0 that G =G = x + 18 x - 8 and
1

2
H=H =x +12 x =7 n (Z/25) [x}. The ortly difference
1

T T —

in the computation for this case is in the second iteration,

where we need to compute a neu C and then, fromG , H, A,
1 1 1 1

B, andC , obtainH' «7 x -4 and G’ =« -9 x + 6 in
1 1 1 1

(2/25) (x) such that H' G +G' H =C (mod 25). Thus we
11 11 1

3
get finallyG =G +25G" = x - 265 x + 142 and
2 1
2

H =H +25H =x + 187 x - 107,
2 1 1

0f course, this example only shows a saving ot one
iteration for using the quidratic method instead of the
regular Hensel construction. As the coefficients get large
enough, the difference in the number of iterations will be
bigger. For k iterations of the Hensel construction, the

quadratic method needs only to go through (1 + the greatest

integer of log (k)) steps. Houever, let us point out an

impor tant fact - the quadratic grouth in the modulus is

obtained at the expense of having to solve

A G +B H =R (mod q ) at each step, a cost which
i o j i
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is not negligible. Complicated cost trade-off is involved
nere. A more detailed study of this trade-off is currently E
underway. Preliminary results for the univariate cases shou
that the cost of solving these equations above is
sufficiently dominant so as to make the quadratic method L
less efficient than the regular Hensel construction (uith
some modifications). There are also reasons to etrongly
suggest that the multivariate constructions will turn out to
give the same indications. But that will again be left to a
later study.

Algorithm [1-3.2:
(Zassenhaus’ Quadratic Extension Algorithm)
Input: F(x) in Z(x), p a prime in Z uhich does not divide

1c(F}, xk > B8 inZ, G (x) and H (x) in (Z/p) Ix] uhich are

0 0 :
relatively prime, and F « G H (mod p). :
o 8 i
K
2
Qutput: G (x) and H (x) in {Z/q )Ix] uhere g = p such i
K K K K

that F =G H (modq) andG =G, H =H (mod p).
k k Kk k 8 k )

(1) Apply Algorithm [[1-2.1 to G« G and K = H and obtain
) )

A, B in (Z/p) [x] such that AG + BH = 1 (mod p).

2
Set j <-- 8, q <--p, and g’ <-- q .
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(2) [f j = k then output G and H.

Otheruise, set C <-- (F - G H)/q and C <-- C (mod q).

(3) Apply Algorithm [1-2.2 on G, H, A, B, ard C in (Z/q) [x]
to get A’ and B* in {Z/q) [x] such that

A* 5 +B'" HaC (mod q).

Cot G' <-- G +qB' and H' <-- H + q A’

(4) Set R <-- (A' G* +B" H' -1)/q (mod q’).

{S) Apply Algorithm [1-2.2 on G, H, A, B, and R in (Z/q) [x]
to get A’ and B' such that A' G + B' H =R in (Z/q) [x].

Set A<--A-qA",B<--B-qB', G <--G', and H <-- H'.

2
) Setq<—-q', q <=-q, j<—-j+1, and go to (2).

Il - & Generalized Hensel Algorithm

We nou p;;sent the Generalized Hensel Algorithm (GHA)
for extending univariate factorizations modulo q to
multivariate factorizations expressed in the general Taylor
series form modulo q where q is the rth power of a prime p.
Musser [MUS71] presented a version of an "abstract”
algorithm which is also intended to extend factorizations of
mul tivariate polynomiais. Houever, his basic underlying
idea of recursively applying the Zassenhaus Quadratic
Extension Algorithm has the drauback of requiring a general
algorithm for solving multivariate polynomial equations in

the form of AF + BG = Huith F, G and H given. He will
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see later that there is a Hensel-type algorithm which uill
compute A and B. Houever, repeated use of a multivariate
polynomial division uith remainders algorithm in Musser's
Algorithm O keeps his version of the "Generalized Hensel
Algorithm" from being computationally efficient. Therefore,
the version of the Gsneralized Hensel Algorithm discussed
here is based rathsr on a presentation by Wang and
Rothschild [W8R73]) in the context of factorization even
though the presentation and the algorithm itself may appear
to have been modified to a point of non-recognition.
Theorem [1-4.1: (Generalized Hensel)

Let Fix,y ,y y+..,4 } be @ multivariate polynomial in
1 2 v

(Zly ...,y 1}Ix). Letb= b,...,b} be a given set of
1 v 1 v

integral values and S = {y -b ,...,y -b } such that the
11 v v

leading coefficient of F evaluated at y =b ,...,y = b
1 v v

satisfies (lc(F}) = @ (mod q) where q is a given rth
b

pouer of a lucky prime p for F . Assume there exist rela-
b

tively prime G (x) and H (xV in (Z/q) [x) = (J/S) (x]), where
1 1

J= (Z/g)ly ye.uyy ), such that F = G H (mod q). Then
1 v 11
k
for any k > 1, there exist G and H in (J/S ) [x) such that
k k
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1 K
4 F«G H (mdg, S)andG =G, H =H (mod q, S).
k k k 1 k 1
.g Proof: Since (Ic(F)) /{8 {mod q), it must be a unit
g in Z/q, hence Ic(G ) and Ic(H ) must be units also. By Lemma
1 1

and Corollary I1-2.1, we can use Algorithm 11-2.7 to find

s ; A (x) and B (x) in (J/S)[x) such that A G +B H =1 and

1 1 11 11

deg(A ) < deg(H ), deg(B ) < deg(G ). FromG , H, A, and
1 1 1 1 1 o

B in (J/S) [x] we will construct sequences of polynomials
1

m
{G) and tH} by induction such that F « G H in (J/S ) [x]
t m m nom

andG =G, H =H (modq, S). Assume for m > 1, ue
m 1 nm 1

1 m
; have G (x,y ,+..,y ) and H {x,y ,+.0,y ) in (J/S ) [x] such
k m 1 v m 1 v
that F « G H . Let :
mom
m+l
R (x,y yooo,y) «sF -G H (modgq, S )
m 1 v mom
m
E E {x) (y -b )
. ...l _ i il
i -1 i =1 1 j=1 J i

.
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i

b C (X)"(g .ooo.Q)
Z Im m 1 v

Im

For each C  in (Z/q) Ix) a typical coefficient polynomial of
Im

R, we can apply Algorithm [1-2.2onG, H, A, B , and C
m 1 1 1 1 Im

in {Z/q) [x} and obtain A , B such that
Im  Im

A G +B H =C anddeglA ) < deglH) in (2/q) [x).
Im 1 Im 1 Im Im 1

(m)
Now let G -Za ) My veuury )
Im m 1 v
Im

{m)
H -EA () My ,.o0y)
Im m 1 v
Im

{m) (m)
G =G +6G , and H =H +H .
m+l m m+l n

i o i Loy

(m) (m)
Then G H =GC H +H G +6 H
m+l  msel meom 1 1

m+l
=G H +R =F inJ/S ., By this construction, -
mom m

(1) (m)
G =6 +6 +...+6 and 4
m+1 1

5] {m)
H =H +H +...+4H , sothatG =G and
m+l 1 m 1

H =H 'n (J/S) for all m > 1. //
m 1
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Remark: It is important to note that, as in the uni-

variate Hensel construction, if Fix,y ,...,y ) is a monic
v

polynomial in ZIx,y ,...,y 1, then
1 v

deg(F =G H ) < deg(G )} + degtH }). Thus each C (x} of
11 1 1 Im

R satisfies deg(C ) < deg(G ) + deg(H )}, for all m > 1.
i Im 1 1

(m)
Therefore, in addition to deglH ) < deg(H ) because of
1
(m)
deg(A )} < deg(H ), we also have deg{GC )} < deg(’s ) for all
Im 1 1

m > 1 because of deg(B ) < deg(C ).
Im 1

Example 11-4.1a: Let us first do a simple, monic
example using the generalized Hensa! construction for a
multivariate polynomial. Let

2 2 3 3 2
Fax 4+ (-2 ~yz++z+42 x+yz -z +y z-yz+2az

Since F is monic, there is no problem in finding a valid

evaluation, so letb= (b, b) = {8, @) and
1 2

S = {y-8, z-8} = {y, z). This will make the problem of
picking out coefficients of monomials very simple. In fact,

this device of using zeros as evaluation points will be used

whenever possible. Assume we somehou determined a choice of
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q=p=7, thenwe have G (x) = x and H (x) = x + 2 in
1 1

{Z/q) [x] such that F = G H (mod gq). In this case ue
11

uill let k = 3 and carry out tuo iteralions of the con-
struction. Again, we reveal in advance that F is actually
the product of G and H with G = x - y z + z and

2
H=x4+y-2z +2; and ue will see hou these polynomials

get recovered from G and H as we proceed. First, we need
1 1

to find A (x) and B {x) in (J/S)[x] = (Z/q) [x) such that
1 1

A G +B H =1 (mod q). By applying Algorithm 11-2.1,
11 11

we get A (x) = 3 and B (x) = -3. So ue compute the current
1 )|

2
"residue" R =F -G H (modgq, S). MHe find that
1 11

2 3 3 2
F-G H =2(-z -yz+y+2) x+yz -z -y z-yz+2z.
11

2
Modulo S means dropping all terms with term degree in the

non-main variables y and z higher than 1. Thus
2
R =1{y+2z) x+22zin (J/S)Ix. Representing this in
1

terms of monomials of the non-main variables, ue get

R = (x) y+ (x+2) z, so we have C (x) = x and
1 1
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C (x) =x4+2such that R «C (x}) y+C (x} z. By applying
2 1 1 2

Algorithm [1-2.2 (or it can be trivially shoun), A =1,
1

B =Qsuchthat A G +B H «C andA =« 8, B =1 such
1 11 11 1 2 2

P T

that A & +B H «C. Thus,
2 1 2 1 2

(1)
G =B (x) y+B (x) z=2z and ;
1 2 s

(1) (1)
H «A(x) y+A i (x) z=y, sothatG =G +GC - X+ 2
1 2 2 1

9]
and H =H +H = x +2+y. Comparing this with G and
2 1

H, we note that G and H already have mors correct terms §
2 2

than G and H . Although G and H still differ from G and
| 1 2 2

H by some terms of higher degree, they now contain all terms
of G and H which are linear in the non-main variable, i.e.
2

G and H approximates G and H correctly modulo S .
2 2

Continuing now to the second iteration, we find
3 4

R =F-G H (modgq, S)
2 2 2

2 3 2 3 3
= (-yz-z)x+yz -y z-2yz-2z (md$S)
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2 2
s (-yz-z)x-2yzeol-x-2yz+(-x) 2. So, ue

have C (x) = -(x + 2) and C (x) = -x such that
12 22

2
R «C (x} yz+C (x) z. Again it is trivial, even
2 12

without using Algorithm [1-2,2, to see that A = 8,

12
B w«-lsuchthatA G 4B H «C andA = -],
12 12 1 12 1 12 22
B =08suchthatA G +B H =C . Thus
22 22 1 2 1 22
(2) 2
G «B yz+B z =-yzand
12 22
(2) 2 2
H =A yz+A 2z =-z so that
12 22
(2}
G -G +6G = x+2Z-y2zand
3 2
2) 2
H =H +H =x+y+2-2z. Note that already
3 2

G =GandH =H, since all terms quadratic in the non-main
3 3

variables have been included, and G, H contain only up to

3
quadratic terms any way so that equality modulo S is the

same as being equal over Z for all terms. Indeed, we find

F -G H = 8 over the integers,
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