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This report presents a theory describing the flow field near 
the entrance to the cavity of a continuous wave chemical laser. The 
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HF chemistry is considered in some detail but the point of view is 
general and applicable to other chemistries. The theory yields crite-
ria for limiting flow regimes and establishes the influence of several 
key parameters explicitly. In particular, the important role played 
by the diluents in inhibiting collisional deactivation is discussed 
on the basis of the macroscopic flow equations. The theory rests on 
i~ell-set Damkohler number arguments and estaolished boundary layer 

• 

concepts. The former lead to a classification of the relative impor-
tance of diffusion, :1omen tum exchange mixing and finite rate kinetics 
when all three p·. ocesses are simultaneously accounted for. Laminar and 
turbulent flows are treated on a unified basis; the latter are dis- , ; 

cussed from the phenomenological point of view. First approximations 
for the case of a diffusion flame are obtained and an appropriate 
perturbation technique describing collisional deactivation is developed. 
The diffusion limited case is shown to be a valid approximation to 
several systems now operating. Radiative interactions are considered 
for a medium near saturation. Possible rotational nonequilibrium 
effects are discussed briefly. 
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SUMMARY 

This report presents a ~heory describing the flow 
field n~ar the entrance to the cavity of a continuous 
wave chemical laser. The HF chemistry is considered in 
some detail but the point of view is general and applica­
ble to other chemistries. The theory yields .criteria for 
limiting flow regimes and establishes the influence of 
several key parameters explicitly. In particular, the 
important role played by the diluents in inhibiting 
collis : onal deactivation is discussed on the basis of 
the macroscopic flow equations. The theory rests ·on 
well-set Damkohler number arguments and established bound­
dary layer concepts. The former lead to a classification 
of the relative importance of diffusion, mome1tum exchange 
mixing and finite rate kinetics when all three processes 
are simultaneously ac~ounted for. Laminar and turbulent 
flows are treated on :i unified basis; the latter are dis­
cussed from the phenomenological point of view. First 
approximations for the case of a diffusion flame are 
obtained and an appropriate perturbation technique des­
cribing collisional deactivation is developed. The 
diffusion limited case is shown to be a valid approximation 
to several systems now operating. Radiative interactions 
are considered for a medium near saturation. Possible 
rotational nonequilibrium effects are discussed briefly. 
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PREFACE 

This technical rep r t su unarizes work ?erformed 
by SCICOM, Inc. for the Army Missile Command, Redstone 
Arsenal, Alabama, under Contract DAAH0l-7.-C-1088. 
M. William Martin serves as technical monitor for 
this contract. 
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Section I 

INTRODUCTION 

In the past f w years considerable effort was devoted 
to theor tical and experimental studies of continuous wave 
chemi al lasers. Extensive bibliographies on the subject 
may oe found in papers by Hofland and Mirels [l], [2], and 
Skifstad [3]. The impetus for these studies is largely 
due to the fact that chemical lasers show promise for more 
or less direct conversion of chemical energy into that of 
coherent r4diation; a large fraction of the energy released 
in a combustion process typified by the reaction H2+F#HF+H 
is momentarily stored in the higher vibrational levels of 
the product molecules (HF) and part of this energy is ex­
tractable as radiation. Moreover, because chemical lasers 
unlike others bypass the intermediate thermalization of 
chemical energy, they are poten ially of superior efficiencies. 

Theoretica.l works on HF lasers are typified by [1], [2] 
and [3]. The first paper deals with devices functioning in 
the diffusion limited regime and the second is concerned 
with the operation of lasers entploying premixed reagents. 
Both studies employ a number of simplifying assumptions 
pertaining to chemical kinetics and fluid mechanics. These 
assumptions make closed form solutions ~escribing flow, 
kinetics, and radiative interaction in the cavity possible. 
Elaborate numerical solutions pertaining to the same problems . 
are exemplified in the papers by King and Mirels [4], Thoenes, 
Ratliff and Benefield [5] and references quoted therein. 

This technical report is conceptually related to [2] 
and [3] in that it deals with the development of analytical 
models describing the flow and radiation phenomena in the 
c Yity of a continuous wave HF-chemical laser. Emphasis is 

Precedin1 page blank 
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placed on interactions of initially separated streams 
of fuel and oxydizer and the resultant flame in the 
diffusion limited regime. Nonetheless, some of the 
results have more general validity. 

The basic flow configuration is sketched in Fig.l., 
Page 85. Two initially separate, semi-infinite parallel 
treams of different velocities but equal pressures are 

brought into contact at x=0. One stream contains atomic 
fluo r ine and a diluen.; the other consists of molecular 
hydrogen and a diluent or pure hydrogen. Either laminar 
or turbulent mixing and chemical interactions of the two 
streams commence af•. of x=0. 

The analysis is ~ivided into several parts. In Sec-
tion 2.1 radiative interactions are neglected and the flow 
and kinetics phenomena taking place in the mixing layer are 
examined within ·he framework of boundary l ayer theory. Lam­
inar and turbulent mixing are treated on a unified basis 
f rom the phenomenological point of view. The mixture is 
taken to consist of the species HF(0), HF(l), HF(2), HF(3), 
Hz,F,H and two diluents, He or Nz. Apart from the pumping 
reactions creating HF(v) in the first three vibrational 
l evels, only the dominant vibration - translation (V-T) 
deactivation reactions are included. The validity of the 
difusion flame model is established by considering the 
magnitudes of a set of Damkohler numbers characterizing 
the pumping reactions. Section 2.2 summarizes the zero 
order solutions, i.e, flame sheet solutions with colli­
sional deactivation neglected. Some implications of these 
solutions are discusseJ in Section 2.3. Collisional 
deactivation phenomena are governed by a set of perturbation 
equations derived in Section 2.4. The latter equations are 

-8 -
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given to second order in terms of a set of Damkohler 
numbers characterizing the V-T processes. The bound­
ary value problems are set up for straight-forward 
numerical solutions. In Section 2.5, radiative inter­
actions are considered for a medium near saturation. 
The question of rotational equilibrium is also 
briefly discussed. 

-9-



Section 2 

ANALYSIS 

2.1 Flow Model and Kin e tics 

The star t ing point is the set of differential equations 
expressing respectively global conservation of mass, linear 
momentum, mass of individual species and total energy. With 
terms describ i ng the i nf luence of the radiation field excluded, 
the boundary layer form of this set is the following: 

Equations (1) -( 4) apply formally to turbulent flows 
provided p, u, v, Yi, ht£ are interpreted as average quan­
tities and the transport coefficients are identified with 
the "eddy" counterparts of those in laminar flows. The 
subscripts x and y denote partial derivatives. Otherwise, 
the notation is standard and summarized in the Nomenclature. 

Preceding page blank 
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Reactions chosen to represent the kinetics are those 
used in [6] and values of the reaction rate constants, 
k=aTbexp(-c/T: in cm 3 /gm-mole-sec are taken from [l]. 

Reaction -~H(kcal/g-mole) 

kf,O 
+ F * HF ( 0) + H + 31 . 5 2 

kb,O 

+ F -. HF (1 ) + H + 2 0 . 2 3 

+ F _. HF ( 2) + H + 9 . 4 0 

+ F _. HF ( 3) + H + ( - 0. 94) 

4. HF(3) + Mc-.HF(2) +Mc+ 10.34 

5 . HF ( 2 ) + Mc-. HF ( 1 ) + M + 1 0 . 8 3 

a 

13 
0.7-10 

13 
7.0-10 

13 
0.7•10 

• 

b 

0 

0 

0 

0 

1.0·10 1.3 

• o.s·10 1.3 

c°K 

860 

860 

860 

860 

0 

0 

0 

The first four reactions define chemical pumping. For the 
conditions pertinent to lasers, they are predominantly forward 
and therefore the backward rates are neglected. Reactions ~-6 
are taken as dominant for the vibration-translation (V-T) colli­
sional deactivation processes. Vibration-vibration (V-V) trans­
fers, say those competing in deactivating the 1/0 band, may be 
included without substantial complications. The latter at e not 
considered herein because they are primarily responsible for 
redistribution of energy among the different v-levels (thermali­
zation). Heats of reactions are given in kcal/g-mole and, for 
reactions 0-3, imply an average difference of 10.86 kcal/g-mole 
per vibrational level. 

-12-
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The mixture consists of species HF(O), HF(l), HF(2), 

HF(3), H
2 

, Hand at most two diluents D
1 

and D
2

• The 

species are numbered from Oto 8. However, for emphasis, 

occasional use of chemical symbols as subscripts is made. 

For example Y~ =Ytt
2

, M5 =MF, Yttp, 2=Y2 and so on. While the 

kinetic model is representative and chosen more or le5s 

for convenience, it nevertheless covers the main phenomena 

of interest. 

Based upon the law of mass action, the nine species­

seven reactions system of diffusion equations (3) is the 

follow i ng: 

- 13-
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The mass fraction Ye is connected with the collision partner 
of molecular weight Mc in the reactions 4-6. Herein, the 
latter is HF or Hor a suitable average of the two. 

Define 

y'1f +ot = 
I 

(1 S) 

and sum equations (6)-(9). Then, irrespective of the magni­
tude of the terms accounting for collisional deactivation, 
the result is 

0 If now YHF,v denotes the HF mass fracti n in the level v when 
collisional deactivation is neglected then any one of the 
equations (6)-(9) is of the form 

An immediate consequence of (16) and (17) is that 

o o V 
~ : '(. = +. .. "HF, +ot 1~ HF,v v 

(18) 

where the ratios fv =kf v;f, kf v are constants . But,insofar 
' v=o , 

as this section is concerned, each Y~F,v is altered solely 
by the neglected terms. Therefore, it is natural to examine 
conditions for the validity of expansions 

-14-



where each tcd,v is a parameter characterizing collisional 

deactivation of a given v-level and where the interaction 
terms specify th~ same type of influence exerted by the 
higher vibrational levels. The latter will be referred to 
as secondary pumping terms because they will represent the 
supply of an excited specie into level v resulting from 
collisional deactivat i on of level v+l. The explicit struc-
ture of the expansion (19) is to be determined. For the 
moment, (19) is regarded as a formalism wherein each tcd,v 

is a member of a set of collisional deactivation Damkohler 
numbers. Each such number is a ratio of two characteristic 

times, Tflow/tchem· This set and its pumping counterpart, 

taken together, determine the structure of the chemically 
active mixing zone. Now, in a diffusion controlled laser 
device, the primary pumping Damkohler numbers, namely those 
associated with reactions 0-3, exceed the ~cd,v's by orders 

of magnitude. (In any case, the magnitude of the former 
ought to be large for efficient H2-F combustion.) Th~refore, 
it is logical to inquire about conditions whereat the magni­
tude of the primary pumping Damkohler numbers is great enough 
to assure combustion in a narrow flame zone. In such cases 
Y~F,v is a simple linear function of u alone, provided the 

momentum equation (2) is decoupled from the rest of the system. 

The matters just brought up are best clarified by the 
governing equ~tionJ themselves subject to a transformation 
of the similarity class. It is convenient to indicate first 
the procedure for decoupling the momentum equation govern­
ing laminar flows. Changes required for handling turbulent 
flows are summarized in Footnote 1. 

Let 

(20) 
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denote a similarity-like mapping and let 

(21) 

stand for the stream function such that pu=fy and pv=-fx· 
Then (20) together with (21) yield (2) in the form 

(2 2) 

In terms of 

(23) 

the foregoing equation is equivalent to 

(24) 

The boundary conditions imposed on (2) are 

and imply that f=f(n) alone. The boundary value problem is 

f Ill + ff II & 0 
( 2 5) 

liw, t' l1) = 1 , .. ., , 

-16-
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d 1) 
where I = an . 

Consider now t he system of diffusion equations under 

the s,n transfor~ation. Expressed in dimensionless form, 

this system gent. rates the requisite Damkohler numbers once 

a suitable set of reference conditions is chosen. The choice 

is of some importance: one reason is that it affects the 

estimates of pumping and collisional deactivation lengths. 

T~is is illustrated in the next few paragraphs. 

In the s,n variables, the diffusion equations governing 

transports of fuel H2 and oxydizer F take the form 

l)The turbulent flow analogue is obtained as follows . Let 

£=E(x) = £ e(x) is ar. eddy diffusivity. Set 
0 

- l /\ We 1" 
!> = fe fo"e s , ") • l2iJ" o rcA'j 

(i) 

(ii) 

where E; =f.(x)dx. As before, 1i'=(2s)-~ f(s,~) .Under (ii) 'I the 

the analog~e of (22) is 

(iii) 

This equation may be handled in several ways. One procedure 
is to replace the ratio p/pe by a suitable constant average 
and then to introduce the obvious analogue of (23). This 
approach reproduces the Blasius problem (25). Other possi­
bilities are open. The same procedure may be applied to the 
other equations. Therefore it suffices to discuss the laminar 
case alone. 

- 17 -



and 

The normalized mass fractions Yi. and Ys are defined as 

0 

Y., - v;,,. - '<1 - Y .. ., .. v .. and Ys~ Ys-
'( == = :. - . 
'\ Y1 "- - Y._,o,. r .. ~- Y~e - Ys:,. y 

I S',f 1 ., 

The equality follows because Y4° * and Y5 * being identified , , 
with the zero order solutions (subscript o) at the com-
bustion interface (subscript•) are both zero.2) 

2) The reference states denoted by an asterisk (*) are 
based upon solutions to the flame sheet problem discussed 
in 2.2 of this section. This slight circularity in logic 
is unimportant because, in all cases, a posteriori veri­
fication of the validity of the flame sheet model is made. 
It is possible to think of the ._reference states as asso­
ciated with an assumed flame sheet. The appropriateness 
of this model is then verified (or negated) a posteriori. 
The *-reference states a ·e used for all species whose mass 
fractions vanish at the outer edges of the mixing zones. 

- 18-
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The different i al equations (26) and (27) generate two 
primary pumping Damkohler number s r;p, 4 and l';p,s= 

( 30 ) 

In (29) and (30) ai = aie_c;Tref and 0 =T/Tref· The procedure 
used here departs slightly from that given, for example, in 
[7,Chap.V] in that the Damkohler numbers are ~a3ed upon the 
al's and not the ai's. 
temperature dependence 
hand sides of (29) and 

This insures the functionally correct 
in the r;p' s. It is noted that the left 
(30) are related to the chemical source 

terms wi/P writttn in the form wi/p = (1/Tchem)wi(T,Yi,P) where 
the w.'s are dimensionless. The similarity mapping automat : cally l 

introduces Tflo. ~x/ue and the ratios Tflow/Tchem are then 
identified a s Damkohler numbers. The notation is meant to imply 
that r; . is a pumping~ (subscript p) generated by the i th specie p,1 
diffusion equation (subscript i). 

Estinat ~ of characteristic lengths associated with primary 
chemical pumping, x ., are obtained from r;p .•l, once a reference p,l ,l 

- 19 -



state is chosen. Let the reference states for (26) and (27) 
be those used in (28), i.e. those corresponding to the respec­
tive free -stream conditions. Then~ 4=1 and~ 5-1 give p, p, 

(31) 

and 

(3 2) 

For the representative conditions 

the results are x 4=2.7cm and x 5=2.1·10- 3 cm. A slight p, p, 
degree of arbitrariness exists depending upon the choice 
of the reference flow speed and depending upon whether 
the mixture Schmidt number Sc is incorporated in the Damkohler 
numbers or not. It is possible, for example, to use ue_ as 
the reference speed for the H2-diffusion equation or an 
average reference speed uave =(ue+ue_)/2 can be introduced 
for all of the diffusion equations. From a practical stand­
point, these matters are trivial because in laser applications 
ue and ue- rarely differ by more than a factor of three and 
the Schmidt numbers are not drastically different from unity. 

- 20-



The intent here is to emphasize the thousandfold di£ erence 
in pumping length estimates. The large difference occurs 
because (MF/p v5 ) =10 3 (MH /p Y4 ). The implications e- ,e 

2 e ,e-
are that: a) the choice of the reference state is important 
in estimating chemical pump i ng lengths and that b) the 
Damkohler numbers based upon free-stream conditions are no t 
necessarily indicative of local 1Talues in the combustio·.1 
zone. 31 

Evidently, more reliable estimates of x . and the p,1 
companion collisional deactivation lengths xcd,i require 
a choice of a refe~ence state reflecting the actual com­
bustion zone conditions as closely as possible. This dic­
tates the use of the diffusion equation for the excited 
species. An additional reason is that a relative compar-
ison of chemical pumping lengths and collisional deactivation 
lengths is sought. The collisional deactivation Damkohler 
nu~bers appear in these equations but not in (26) and (27). 

Under the s,n transforIBation, the diffusion equation 
for YHF

3
= Y3 takes the form 

(33) 

The logical normalization quantity is Y0 the zero order 
3 * mass fraction of the HF specie generated'at the combustion 

interface in the third vibrational level. The normalized form 

3) In fact : Chung et al. [8] have shown that b) is directly 
related to possible combustion anomalies manifested by multi ­
plicities of solutions in transitions from frozen to equilibrium 
flows. The anomalies are the more likely to occur the more 
exothermic the reaction. 

-2 1-



of (33) is then 

In accord with choosing Yi,* as the :1ormalizi~g quantity, 
the reference states for the density and teruperature, p: 
and r:, correspond to the zero order solutions at the 
flame sheet as well. 

The analogue of (33) for YHF,z =Y2 is 

(35) 

and the same proced11,..e which led to (34) now gives 

(36) 

-22 -
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The remaining equations are deduced in the same fashion 
and are therefore omitted. 

The following observations are worthwhile because 
they set the stage for the perturbation procedure developed 
in Section 2.4. Upon summation, the unnormalized excited 
specie diffusion equations of the type (33) reproduce the 
s,n transform of (2). Clearly, this is not true of the 
normalized counterparts typified by (34). 4) The pertinent 
Damkohler numbers are the terms in the square brackets on 
the left hand sides of the normalized diffusion equations. 
Starting from the highest vibrational level, v•3, the 
following two sets are obtained: 

(37) 

and 

(38) 

4) .. 
r.. '(" : '(MF, t"ot 
L•D 

-23-



The first set characterizes the action of the primary 
pumping reactions and the second set reflects collisional 
deactivation of levels v=3,2 and 1. Members of the second 
set play a dual role: in any normalized diffusion equation, 
a negative term containing a collisional deactivation Dam­
kohler number is related to deactivation of the given level 
whereas an analogous term with a plus sign appearing in the 
same equation reflects the supply of the excited specie 
resulting from collisional deactivation of the next higher 
level. The latter term is associated with what is herein 
called secondary pumping. Now, each secondary pumping term 
is small in comparison to its primary counterpart and, in 
this sense, can be neglected. But each such term must be 
retained in the perturbation series because otherwise a 
contradiction arises in the mathematical model. It is noted 
in passing that the normalization of the s,n forms of the 
differential equations automatically introduces the correct 
temperature dependence into the ~cd's and this in turn re­
inforces the choice of the ai's, i=O, 1, 2 and 3 for the tp's. 

Estimates of the variou s primary pumping and colli­
sional deactivation lengths are based upon Sctp, 3=Sctp,z= 

Sctp, 1= •.• • 1 and Sctcd, 3 = Sctcd,Z = Sctcd,l = 1. For 

example, Sc~p,Z = 1 gives 

Let now the 
remain unaltered. 

representative conditions following (32) 
Then, taking T: = 600°K and Y0z • 

• 3 ,* 1• 

[a 2/ .E ail (YHF tot)* = 0.0744 
1•0 ' 

-24-
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gives Sc•xP,Z • l.7·10- 3cm. S) The companion estimates 
xp,o' xp,l and xp, 3 differ very little from xp,z· Moreover, 

when secondary pumping is neglected - which effect is indeed 
small for the reactions considered herein -- then the x . 's p,1 
are identical: 

( 40) 

Each of the foregoing xp,i's is quite close to xp, 4 • Evidently, 
in this example, the free stream conditions in the F-stream 
are much closer to the actual flame front conditions than those 
prevailing in the H2-stream. 

The same procedure yields estimates for collisional deacti­

vation lengths, xcd,i. For example, Sc~cd,Z • 1 gives 

( 41) 

which reduces to 

""c.J,z = o.s,i . ,o-' ~ c.ni. ( 4 2) 
~, .. 

It remains to choose M /Y
0 

•· For illustrative purposes, C c, 
consider the same conditions which led to the x 2 estimates. p, 
The fluorine stream is highly diluted, there is little atomic 
hydrog ~n in the combustion zone and, therefore, in the first 
estimat>, the collisional deactivation partner M is ident i -

c 
fied with HFtotal· Hence, Mc= 20, YHF,tot • Y~,* = 0.104 
and xcd,Z • 9.8 cm. This value is large mainly because of the 

S)zero order solutions show that (YHF,tot)* • 0.104 and 

Y6 ,* = YH,• • 0.005. 

-25-



high degree of F-stream dilution and also because both Te 
and Te- are low. In fact, xcd,Z can easily decreas~ by 
more than an order of magnitude. This is demonstrated 
in Section 2.3. At this point, it will suffice to note 
that (41) clearly exhibits the influence exerted by sev­
eral parameter s upon a typical xcd when convection, diffu­
sion and ki netics are all simultaneously accounted for. 
In particular, (41) shows explicitly the crucial role 
played by a diluent in stretching xcd· 6) The remaining 
estimates of xcd,l and xcd, 3 are obtained in the same 

way. With M /Y 0 * fixed, the following relationships 
C C, 

hold: 

and 

6) While this hardly suggests any physical explanation 
for the actual role played by the diluent, the gross effect 
in stretching the Xcd's as dictated by the macroscopic flow 
equations is as stated and worth noting. It is interesting 
to observe that xp 2 (and hence each xp) is roughly equal to 
that given in [l].' However, the estimates of the Xcd'S differ 
substantially from those of [l] mainly because of the factor 
Mc/Y~ • in (42). (The ratios xp,2/Xcd,2 given here are about 
the same as in [l], provided one sets M~/Y~ ••l.) Herein, the 
factor Mc/Y 0

~ * is taken to reflect the infiuence of the colli­
sional deact1vator through the molecular weight Mc; the degree 
of dilution and the molecular nature of the diluent strongly 
affect Y~,*· For highly di :iuted F-streams the factor Mc/Y~ * 
may exceea one hundred. A few pertinent numerical values ' 
are given in Section 2.3. 

-26-
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2.2 The Flame Sheet Problem - Zero Order Solutions 

The s,n transformed set of conservation equations 

governing the behavior of the mixture consisting of nine 

species undergoing the seven reactions (5) is the following: 

f 111 ,,6, l.f II 
' T ::. 0 

- ,, y_o 
1 

_, 
-t f Y.:o 

7 

(44) 

( 4 5) 

( 46) 

(47) 

( 48) 

( 49) 

- II - I y_0 
-t f 1.0 

- 0 (SO) 
e • 

-27-



Equat i ons (45)-(51) were obtained from the s,n trans­
forms of the basic d i fferential equations (2)-(4) subject 
t o the limiting conditions min r,;p,i -+- 00 and max r,;cd,i -+-0. 
The general basis for this limiting procedure is well known 
[7]. The standard and usually adequate simplification 
Sci=Pr=Lei=l was employed to simplify matters further. For 
the convenience of the reader the normalized quantities Yi 
and the dimensionless enthalpy function H defined in the 
Nomenclature are repeated 

(53) 
T 

fttf- • t~'• f c,c1r ~ i Lt.~+ c;r. 
0 

Solutions of the one -parameter £-boundary value problem 
Equation (44) subject to £' (00 )-=l, f' (- 00)=A and f(0)-= 0- are 
available and solutions of the rema l ning differential equa­
tions can be expressed in terms of £ 1

• Each is of the form 

(54) 

where the constants are evaluated from two-point boun1ary 
conditions. Now, a glance at the definitions (53) suffices 
to show that every equation in the system (45)-(50) satisfies 
zero-one boundary conditions. All zero order solutions fall 
into the similarity class and may be expressed as follows: 
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A - f' .. 
f'' I -o T - -I,_ 

Y.5 = 
i - t.' ... 

or 

o .r 

or 

-o .f'- 1 Y a. -- or 
Hf,to+ f' 

* - 1 

or 

or 

or 

and 

y & Y. f' - J. 
a 8,t· A._ 1 

f' - J... ti 
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, all 

all 

(55) 

(56 ) 

(57) a b 
' 

( 58) b a, 

(59) 

(60) 



A few points deserve mention. First of all, the results 
(55)-(61) are formalisms because they contain the unknowns 
vg *' (YttF totl

0
, A:, f*' and the location parameter n •. The ' ' * latter quantities are determined from balance conditions and 

stoichiometry imposed at the i nterface. Second, for any set 
of (constant) free - stream conditions prescribed for the isobaric 
mixing layer, the quantities YttF,tot, Y4, Y5, Y6, Y7 and Ys 
remain functions of n alone and therefore the superscr pt o 
can be dropped from these variables. The physical implication 
is that in connection with the overall reaction H2 +F~HF+H, 
the flow field is similar and fixed once and for all. In 
contrast, the distribution of HF among the vibrational levels 
and the associated energy distribution fall into the similar­
ity class to zero order but not in general. Herein, the diffu­
sion equations (45)-(50) and the energy equation (51) are not 
coupled with the momentum equation. (Coupling effects are in 
part accounted for through the various transformations.) 
Therefore, collisional deactivation destroys similarity essen­
tially only i n the Yi's, i ~ 0, 1, 2 and 3. Finally, it is 
noted that the derivatives of the diluent mass fractions are 
continuous at the flame front. This is in accord with the 
physics of the model which demands that neither a source nor 
a sink for the diluents exist at n •. 

The relationships determin·ng the unknowns Y6,*' (YHF,tot)* 
H*, f~ and the associated flame front location n* are the following: 

(62) 

(63) 
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(64) 

(65) 

and 

+ o' l 
~tt -

.. - (66) 

The first two stateme ts, (62) and (63), are in accord 
with the stoichiometry of the overall reaction H2 +F+HFtot•H. 
Molar fluxes of Hz and Fare therefore equal at the flame 
front and the condition ho \ds for the products Hand HFtot· 7) 
Moreover, both Hz and Fare destroyed at the combustion sheet, 
(64). Equation (65) is a standard mass balance condition and 
(66) is a local energy balance which states that energy con­
ducted away from the inter~ace is in balance with the energy 
generated by chemical reactions. The set Y6,*' (YHF,tot)*, 
A:, f: and n* is determined by combining (62)-(66) with (55)-(61). 
The procedure is given in the following paragraphs. 

In view of (55) and (56), the stoichiometr i c requirement 
(62) implies that 

M,., Ys,e A +- MF Y1,. - (67) 

Y1,e-MF + 'l'&',e M.,a 

7)Note that the diffusion coefficients in (62) and (63) are ~aken as equal to one another. This is consistent with the 
assumptions Lei = pD¼cp = 1 and Pr = ~= 1 wher~ each Di =Dij 
is a multi-component diffusion coefficient expressed in terms 
of theLginary coefficients Dij of the various pairs. Since 
Sci= rr = 1, the Di's are equal. 
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The relationship (67) is used as follows. The right -hand 
side is known and n* is identified with the unique n-value 
corresponding to the now known f

1
• For example, n* may be 

read off from available tabulations of f 1 (n). In this sense, 
(67) determines both the flame front flow velocity component 
u.=uef~ and the locations of the flame front. 

Su~stituting the derivatives of (57) and (58) into (63) 
reduces the latter statement to 

(68) 

This condition implies equality of mole fractions of HFtot and 
and Hat nw· No~, a second equation relating (YHF,tot)• and 
YH,* is obtained by substituting (54), (59) and (60) evaluated 
at n* together with Y7 =l-Y 5 and Y8 _=l-Y4 _ into (65) ,e ,e ,e ,e 
and eliminating f; v ia (67). The result is 

It follows from (68) and (69) that 

and 

Y,..,,.:r,.« t IYIF • M .... ) =­

Y4.e- MF + Ys.c Mt41. 

-32-
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Formulae (70) and (71) indicate that the source strength 
for HF and Has reflected by the mass fractions (YHF,tot)• 
and (Ytt)* is solely a function of the supply and molecular 
weights of H2 and F. The absence of any A-dependence is 
noted. This fact and the sum (65) suggest that at the 
combustion interface all mass fractions are independent 
of the momentum exchange parameter A. This is indeed the 
case and may be shown as follows. For each specie, Y! * , 
is given by one of the formulae (55)-(60) wherein f'=f;. 
The latter quantity is eliminated via (67) and the result 
is independent of A. For example: 

'( :: Y. 
",• 7,C 

( 7 2) 

Thus, momentum exchange mixing affects the location of the 
flame sheet and the shift in mass fraction profiles but not 
the mass fraction values at n •. 

It is noted in passing that at the combustion interface 
the local mass balance expressed in the s,n variables, 

I I I I I I I I , ,, Y..'I 
-Y It Y / • Y.1 I - r .. 1 =-Y.,..,.I t-Y"Ftot-1- Y .. • YKI • YT - • + ~- Ft +- '-'• I t I - +- - + 

( 7 3) 

reduces to an identity. 8) Equation (73) is obtained from a 
general balance by assuming that all diffusion coefficients 
are equal and constant; convective terms cancel out whenever 
f and £ 1 are continuous at n •. 

S) This may be shown by substituting the derivatives of 
the set (55)-(60) together with the function values (67), 
(70) and (71) into (73). 

-33-



The assumption of equal diffusion coefficients is 
subject to question in connection with chemical systems 
containing species of widely different molecular weights. 
This is the case for the diffusion controlled HF laser 
employing an N2 -diluted F-stream interacting with a pure 
H2 -stream. A rough estimate of the influence exerted by 
unequal diffusion coefficients on the structure of the 
mixing zone is obtained as follows. Let D1 and Drr de­
note respectively average constant values on the F and H2 

sides of the flame front. Suppose that Dr,' Drr but that 
all Schmidt numbers are still sufficiently close to unity 
so that Sc=l can be retained in the differential equations. 
(While the forego i ng statement is not entirely consistent, 
nonetheless, the results ought to indicate the correct trends.) 
The balance conditions (62) and (63) are generalized to in­
clude Dr and D11- The new form of (62) together with (55) 
and (56) yields 

(74) 

The relat~onships (68), (70) ano (71) remain unaltered. 
Therefore, the influence of unequal diffusion coefficients 
is similar to that of A in that both affect the flame front 
location and thereby shift the mass fraction profiles but 
otherwise leave the structure of the flame zone unchanged. 

It remains to determine the total frozen enthalpy ratio 
A: and then obtain the expression for the zero order value 
of the flame front temperature T:. The formula for 
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-o 
H. (7 5) 

is a straightforward consequence of (66), (55) and (61). 
The associated flame temperature r: follows from the 
definition 

(7 6) 

where u11 =f;ue andfoT cp dT=cp T. 

For equal diffusion coefficients, an alternate version 
of (67) and (75) i s noted: 

f = Am •. , + m4,,-

tt m,.,~- + m,,, 
(7 7) 

and 

(7 8) 

where 

and (7 g) 

Formulae (77) and (78) are of a form typical of any other 
chemical system as long as the overall combustion can be 
v i ewed as consumption of a single fuel and single oxydizer. 
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2.3 Implications of h Zero Order Solutions 

Insofar as the structure of the chemically active mixing 
zone directly affects the extraction of power, it is of interest 
to establish to zero order the influence exerted by A, diffu­
sive transports, chemical rates and diluents upon 

o flow speed at the interface 

o location of the interface 

o flame zone mass fractions of active species 

o flame zone temperature 

o characteristic pumping lengths 

o characteristic V-T deactivation lengths 

The numerical examples, except where otherwise stated, are 
based upon the following parameters held fixed: 

t:>a 1· 1oi.c1+w,, Ue • l -,l C4't1/~, Te=-"f.- z 4oo•K, ~,e· • i. (8 O) 

The diluents are nitrogen and helium. 

The flow speed at the flame front and its location are 
specified by (74) which reduces to (67) for the special case 
of equal diffusion coefficients. A more convenient form for 
the velocity ratio f'=u /u is 

* * e 

I 
t. • A + .. (81) 

Formula (81) implies the following. The flow speed at the 
flame front is the same for any combination of diluents provided 
their free-stream mass fractions Y7 = l-Y5 ,e ,e and Y8 = l-Y4 e ,e- ' -
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are equal and the influence of the diluents upon the 

diffusion coefficients is disregarded. The interface 
flow speed depends explicitly upon the velocity ratio A, 
relative magnitude of diffusion coefficients,and the 

ambient mass fractions of fuel H2 and oxydizer F. Since 

lim f 1 
• 1 and lim f' = A, values off~ close to 1 and 

n~m n➔~ 

A imply, respectively, flame front locations close to 
the fluorine and hydrogen streams. Inspection of (81) 

ind i cates that when Y4 ,e_, 0 and Ys,e➔ 0,the interface 
attains the limiting shift towards the fluorine side and 

that the opposite happens when Ys,e ~ 0 and Y4,e- ➔ 0. Of 
course, neither limit is physically realistic because the 

existence of the flame front demands non - zero values of 

Y4,e- and Ys,e• Therefore, it is worth noting that the 
flame does exhibit the two limiting behaviors quite well 

when Y4,e- is close to unity and Ys,e is small,and vice 
versa. The overriding control determining the location 
of the flame in the mixing zone is thus the relative 
amount of fuel and oxydizer present expressed herein in 

terms of the ambient mass fractions Y4,e- and Ys,e; the 
velocity ratio A and the diffusion coefficients play a 
subservient role. The latter two quantities have the 

following effect: the stronger the ineq ality Drr/Dr>l, 
the larger is the shift towards ~he fluorine stream and 
the greater the deviation from A=l the stronger is the 
shift towards the hydrogen stream. The physical r eason 

for the behavior associated with Drr/Dr>l is that the 
interface stoichiometry is fixed and the more rapidly 
diffusing hydrogen allows for establishing the the stoichio­
metric mass flux ratios closer to the F-stream. The A 
influence is more complicated and depends upon the degree 
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of dilution of the hydrogen stream. To see this, denote 

formally the parametric influence upon f! by f~(A,Y7,e, 

Ys,e,D11/D1). (Recall that Y7,e • l-YS,e and Ys,e=l -Y4,e-•l 

Then 

(8 2) 

Thus, when Y4 ,e _+l and Ys,e+61 << l, the derivative is practi­

cally ze~o and becomes close to the other limiting (maximum) 

value 1 when Y4,e_+6 2 << 1 and Ys,e+l. Because of the large 

disparity between the molecular weights of the fuel and oxy­

dizer, the validity of the foregoing statement requires that 

62 be substantially smaller than 61. In any event, the A­

influence is much weaker in the first case than in the second. 

Moreover, values of o1I/Dr>l aid the former "limiting" be­

havior but hinder the latter. This is because DI1IDI>l 

promotes a shift to the fluorine side. It may be of some 

practical signif i cance to note that current parallel mixing 

diffusion controlled HF lasers tend to employ highly diluted 

F- streams interacting with pure molecular hydrogen. Now, the 

foregoing development indicates that in such cases manipulating 

velocities to promote mixing has li~~le effect: the flame 

location is practically independent of A and always appears 

close to the F- stream. It is tempting to suggest that this 

may be one reason why, for example, the numerical results of 

[S,Fig.23] showing "potential power" distributions exhibit 

a relatively small dependence upon mixing models. A few 

representative values of f~(A;Y7,e,Ys,e,D11/Dr)are given 

below for Y4,e- =l. 
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f; (0.9;0.9,0,1) = 0.9990 

f.,.' (O.S;0.9,0,1) = 0.9948 

f' (0;0.9,0,1) 
11 

f' (0.9,0,0,l) 
11 

f ~ ( 0 . S ; 0 , 0 , 1 ) 

f~ (O.S;0,0,1) 

f~ (0;0,0,1) 

f~ (2;0.9,0,1) 

f~(2;0,0,l) 

= 0.9896 

= 0.9905 

= 0.9524 

= 0.9524 

= 0.9048 

= 1. 0104 

= 1. 0952 

f11'(0.9;0.9,0,3) = 0.9996 

f11'(0.5;0.9,0,3) = 0.9982 

f 11' co; o . 9, o, 3) 

f' (0.9;0,0,3) 
11 

f: co . 5 ; o , o , 3) 

f' (0.5;0,0,3) 
11 

f' (0;0,0,3) 
11 

f~ (Z;0.9,0,3) 

f~(Z;0,0,3) 

= 0.9965 

= 0.9961 

,.. 0.9830 

,.. 0.9830 

= 0.9661 

= 1. 0035 

= 1.0339 

The va lues substantiate the previous assertions. It is 
no t ed in passing that the percentage shift defined by 

is ~- independent. According to (83), the maximum shift 
is about 9.5 percent attained when Y5 ,e=l and D11/Dr=l 
and this value is reduced roughly by a factor of three 
when Dn/D1=3. 

(83) 

At the combustion interface, mass fractions of HFtot,H, 
and the diluents are given by 

(84) 

=- (8 5) 
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Y-,,, = Y1,i 
Pl" Y4,e-

t•-Ys,,) 
1WI, v .. ,,. (86) = 

Y4,c-M, • v,,c Pl.ta. Y1,r-'1• -+ Ys.,-,tt, 

and 

Ye., .. • Y8,, 
Plw~ Y6,e 

( 1- Y1,c-) 
M,.1 Y5,e 

(87) : . 
Y4,c•PlF + Ys,t l'lt1a. Y,.,t-C'IF + Ys,i f')11z 

The mass fractions depend only upon the prescribed ambient 

mass fraction values of fuel Y4,e- and oxydizer Ys,e and 

their respective molecular weights. As a consequence, it 

is to be ~xpected that splitting a given amount of a single 

diluent between the F-stream and the H2 -stream will leave 

the maximum value of HF i.e.(YHF,tot)* unaffected. To show 

this, consider the following two cases. In the first case, 

let the molar rates of flow of fluorine and diluent be l:m 

and let the hydrogen stream be undiluted with a molar rate 

of flow equal to 1. Then the free stream mole fractions 

are x5 ,e•l+m, x7,e=m/l+m, x4 ,e_• 1, xS,e-= 0. In the second 

case, let an amount n of the available diluent be taken 

away from the fluorine stream and added to the hydrogen 

stream. This results 

x7 ,e=(m-n)/[l+(m-n)], 
in new mole fractions xs,e•l/[l+(m-n)] 

x4 •1/l+n and x8 ,e-= n/l+n. Now 
,e-

,C,5,c"l, t (,CD,t f\i,li::. T x,.,,.ll\ .. l.t-(>'l)it M,al, 
,ci',e "At,e-

Therefore, in case 1, 

PlttF 
(YttF, ♦o+ ),. • ..1.. M + .!!l.. P\ . 

l ♦ ft\ F l+m 1)11 

...L. 
l+m 

:: 

+ 
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and the same result holds in case 2. In the remainder of 
th i s subsection it is assumed that only the F-stream con­
tains a diluent. 

Zero order f lame sheet temperatures er:) are computed 
from (7S) i.e. 

and 

Equation (90) indicates that the total (frozen) enthalpy 
ratio at the flame sheet, A:, depends upon A but only 
implicitly through He_; the explicit influence of fuel (H2) 
and oxydizer (F) mass fractions and hence Y7 e are obvious. , 
The temperature T: depends upon A through u*. Because of 
the cp's the temperatures depend quite strongly upon the 
molecular nature of the diluents. 

Two sets of A: 1 s and hence r:'s are of interest. The 
first set is consistent with the previous development , hich 
demands I::fv t Hv=ll.79 kcal/g-mole. In this case, the rest 
of the energy is taken as trapped in the vibrational levels 
and is potentially available for lasing. (Of course, only 
a fraction of this energy is actually extracted.) The second 

9)1 h . . . n t e compJtat1ons, a one or two step 1terat1on re-
lating cp,* and r: is used . The cp,* is an average cp in 
the sense that f cpdT~cP,* r:. In order not to clutter the 
notation, the bar is omitted. 
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set assumes a situation where no lasing takes place and 

all of the available energy (31.S kcal/g-mole) ultimately 

appea~s as heat. The latter 1:-values provide an upper 

bound estimate on the translational temperature. A few 

values of A: and T: are given in the following tables. 

Table lA 

3 
Nitrogen Diluent~fvAHv' = 11.79 kcal/g-mole 

v=o 

o diluent, 
pure F 

=A:co.S;0.9)=1.1230 He_= 2.6080; T:=618°K 

=A:co.9;0) =2.1409 He-= 3.004 

=H 0 (0.S;O) = 
* 

Table lB 

T0 =1324°K 
* 

Helium Diluent!: fvAHv = 11.79 kcal/g-mole 
v=o 

No diluent, 
pure F 

=H:(O.S;0.9)=2.1409; He - = 3.004; 

= 

-42-
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Table lC 

Nitrogen Diluent!: fvfifiy~ 31.52 kcal/g-mole 
v=o 

H: (A; YNz ) = tt:co.9;0.9) = 1.3056; He- = 3.0709 To = 926°K ,e • 
= H:co.s;o9J = = = 

= H:(0.9;0) = 3.7308 = 3.004 To = 2673°K No diluent * 
pure F 

= tt:co.s;o) = = = 

Table lD 

3 
Helium Diluent I: f vfiHv ~ 31.52 kcal/g-mole 

v=o 

tt;(A;YH ) = H: co . g ; o . g) = 1.1847; He- = 1. 8964 To = 583°K e,e * 
= tt:co.s;o.9) = H - = e 

= tt;co.9;0) = 3.7308 He- = 3.004 To = 2673°K No diluent * pure F 
= tt;co.s;o) = He- = 

The omitted entries are intended to suggest that the 
A-influence is practically nil. For the same reason, several 
significant figures are carried, despite the fact that the 
numbers themselves are at best representative of th actual 
physical situation. Tabulated values show that for equal 
free - stream mass fractions, helium keeps the flame much 
cooler than nitrogen. 

The greatest differences resulting from substituting 
one diluent for another occur in the magnitudes of the 

-43-



xp,i's and Xcd,i's. This information is of some interest 

in laser design and so a few numerical values are listed. 

The notation xp,iCA;Y7,e) and xcd,i(A;Y7,e) is used to 
indicate the dependence of the chemical lengths on the 
parameters in the brackets. However, the A-effect which 

enters through T: is quite weak and for this reason only 

the A=0.9 values are given. 

Table 2A t fyl\Hv=ll. 79 kcal/g-mole 
v=o 

_3 
Sc•xp,2(0.9;YNz,e=0.9) = 1.7•10 cm SC•Xcd,2(0.9;YN2,e=O.S) = 9.8 cm 

-2 
Sc. • Xp, 2 ( 0. 9; Y He, e c O. 9) = 1 . 1 • 10 cm Sc• Xcd, 2 ( 0. 9; Y He, e = 0. 9) = 5 8 cm 

3 
Table 2B 

L fvl\Hv-+31. 52 kcal/g-mole 
v•o------------

M =20 C 

·2 
Sc • xp , 2 ( 0 . 9 ; Y He , e • 0 . 9) = 1 • 10 cm Sc•xcd z(0.9;YHe e•0.9) • 55cm 

' ' 

3 Table 2C 
Lf I\Hv=ll.79 kcal/g-mole (pure F-stream) 
v=o Mc=20 

= Sc•Xcd,2(0.9;0)= 1.96 cm 
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Table 2D 
3 

l:fvaHv ~ 31.52 kcal/g-mole (pure F-stream) 
v•o---------------------

Mc= 2o 

Sc•Xcd,2 = Sc•Xcd,2(0.9;0) = 1.59cm 

The foregoing tabulations are based upon the formulae 

and 

Tables 2A-2D indicate that on a mass basis helium acts 

(92) 

(93) 

as a better collisional deactivation buffer than nitrogen. 
For comparable conditions, the Xcd,i's are evidently 
stretched by about a factor of 6 when helium is substituted 
for nitrogen. There is a corresponding stretch of the 
xp's. While this is undesirable, the xp's are small enough 
and so the stretching of the Xcd's is of the greater practi­
cal significance. 

Comparison of Table 2A with the value given in 2C 
indicates clearly the significant role played by either 
one of the diluents. It is observed that if no diluent 
were used, Xcd, 2 would shrink by about a factor of 29 
for the helium case and approximately by a factor of S 
for the nJ ~rogen case. The high degree of dilution 
was taken to exemplify some extremes. Of course, the 
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absolute values of Sc• Y.cd,z's are in quite some doubt 
but the relative alues, expressed as ratios, should 
be much better. The absolute values are sensitive to 
Mc/Y~, •. Those given in the last column are based upon 
Mc=20 which means that the influence of atomic j ydrogen 
is neglected and HF - in whatever energy state - is 
assumed to act as the sole collisional deactivator. This 
assumption is very likely poor. Certainly, when no 
diluent is present (either one of the last two cases) 

Hence, (YHF,tot -' • = 0.952 and Y
0 

= 0.048. If it is H, * 

(94) 

now assumed that Hand HF are equally efficient deacti-
vators, then 

I [ Fo l '<H

0

F, tot).] • - - .. Yw" 
"'' 

- I 

(95) 
M, = 10.S 

and 

M, 10. S' 
-0 -

( v:F.tvt ). 
0 'Ii. 10.5' Y,,• + Yw,, 

Consequently, the entries in Tables 2C and 2D are roughly 
halved. In these circumstances, the collisional deactiva­
tion length Sc•Xcd,2 collapses to a few millimeters. While 
then the boundary layer as well as the flame sheet concepts 
are suspect, the illustrative example nevertheless retains 
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considerable force in showing the crucial role played by 
the diluents. An identical decrease takes place when 
either one of the diluents is present, providing one 
argues as follows. Let Hand HF be equally active and 
let the buffer gas leave Mc unaffected. As an example, 
consider the helium case which gave SC•Xcd,2 • 58cm. • 0 

For this case [YHF,totl* = 0.1042 and Ytt,* = 0.0052 and 
the sum is 0.1094. Defining [YHF,totl•= 0.1042/0.1094 

" o 
= 0.952 and Y8 = 0.0052/0.1094 • 0.048 and repeating (95) 
in terms of these values yields the same result. 

Because the molecular weights of helium and nitrogen 
differ by a factor of 7, it is pertinent to compare the 
effectiveness of the two diluents on a mole basis. It 
suffices to consider one case only. Leth= 0.9;YF,e=0.l 
and YN 2,e = 0.9. The corresponding free-stream mole frac­
tions are XF e = 0.1337 and XN2 e = 0.8593. The pertinent , , 
case for comparison is thus XF,e • 0.1337, Xtte = 0.8593 or 
equivalently Yf,e = 0.425 and Ytte,e = 0.575. The following 
are the results: 

It is seen that now Sc•xp,2 and Sc•Xcd,2 are roughly com­
parable to the nitrogen case in Table 2A. However, the 
helium diluent admits a fourfold increase in cYttF, tot)* -
the maximum HF mass fraction - and so, on this basis too, 
helium is preferable to nitrogen. 
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It remains to remark on some practical aspects of 

the flame sheet model and to outline the rationale for 

applying the former to the nozzle configuration (Fig.2). 

The criteria are based upon magnitudes of the pumping 

and collisional deactivation Damkohler numbers. Because 

all diffus i on equations are handled in the same manner, 

the discussion is again confined to the Y2 -diffusion 

equation. 

In a strict sense, t he flame sheet model is valid 

for min Cp+m. However, practical experience with the 

type of combustion problems discussed here, [7J and LBJ, 

suggests that the flame front is reasonably well devel­

oped for tp's on the order of 100. To get an idea of 

the actual lengths involved, consider the nitrogen case 

of Table 2A. Now, 

~~,& "" 
'I( 

a. \00 111 - , -- a 
)(~ l,l·IO~ 

~► •1 ,1. 

yields x = 0.17cm. On this basis, the flame front 

begins to assert itself quite closely to the initial 

point of contact between the H2 and F-streams. At 

x = 0.17cm, Ccd,2/Ctcd,Z=l) = x/Xcd~0.17/5 = 0.034 

where the lower value of Mc/Y~,* was used to indicate 

the effect of atomic hydrogen. If it is assumed that 

the power series in Ced (given in the next section) 

are valid say up to tcd,2 = 0.4 then this translates 

to an applicable x-range on the order of 2cm. The 

latter value is within the lasing zone range of the 

diffusion limited HF lasers now operating and, from 

(97) 

this point of view, the flame front model is of practi­

cal significance. It is interesting to note that in 
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which exceeds 10 3 has a minimum at T: • c/b 11 660°R. 
At this temperature, Xcd, 2/xp,2 has a maximum. The 
latter is quite flat and tends to suggest the desir­
ability of low free-stream temperatures. 

Unlike the semi-infinite stream confiauration, 
the nozzle geometry (Fig. 2) possesses an inherent 
length scale: the F-nozzle height d. Thus, in order 
for the flame sheet model to be of practical value, 

(98) 

not only must the foregoing discussion apply but also 
une additional criterion must be met: the flame zone 
thickness must be small in comparison to d, say an order 
of magnitude less than d. A crude estimate of the flame 
zone thickness is the chemical pumping length Xp· 
A few values of xp were given in Tables 2A and 2B. On 
this basis it follows that the flame sheet model is 
valid for F-nozzles as small as a few millimeters. For 
nozzles still smaller, the flow tends to remain frozen 
in the core flow regime and perhaps somewhat further 
downstream as well. Consequently, the H2 and F-streams 
undergo substantial mixing before any significant chemical 
interactions take place. The one dimensional pre-mixed 
flow model discussed by J. Skifstad (3] is then appropriate . 
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2.4 The Perturbation Equations 

Three types of perturbat i ons ought to be mentioned. 
The first two are connected with the primary pumping 
reaction s and f rom the physical standpoint are related 
to flame sheet broadening. Th i s occurs when either the 
l;p . 's are finite and backward pumping Damkohler numbers 

'l 
are zero or when l; p,i~~ and backward pumping Damkohler 
numbers are non - ze ro.IO) In both cases, the perturbation 
problems ar e s i ngular and of the type d i scussed in [7] 
and [ 8] . 

This study is concerned with perturbations of the 
third kind which are regular and ari se when l;p -~~, 

'l 
(l; p 1· )b k d t ' =0,max l;cd i <l. The situation is , ac war rea c ion , 
the fo l lowing. A flame - sheet f low field is e s tablished 
(zero order problem) and small changes in it s structure 
caused by coll i sional deactivation are evaluated through 
appropriate series in powers of collisional deactivation 
Damkohler numbers. The flame sheet itself remains a sur­
face of discontinuity. No broadening takes place. 

Herein, the variables which reflect the action of 
collisional deactivation are the three Damkohler numbers, 
~cd, 3 , l;cd,Z and l;cd,l. It is convenient to relabel these: 

~. = ~,o,?> , ~&.. ~~.l and t;?> C ~c .. ,L • (99) 

Each of the foregoing variables influences Y and there-HF,v 
fore the gene r al series for yi (previously written as Yi) 
where i = 0, 1, 2 and 3 is of the form 

Yi. vi. y i. ,. v' i ~ z 
• looo ♦ 100 -:,1 + 10101!;1 -+ Yoot l;,~ + Yloo t;, 

+ y~~ t,: -+ '(L~o ;, ;&. + '(~o, ;, ':,~ ,. Y~,1 ~L ~~ t­

(100) 

l O) Backward pumping Damkohler numbers are those based 
upon the backward reactions 0-4 in (5). 
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The set of perturbation equations is obtained by first 

substituting the normalized version of (100), 

(101) 

into the corresponding set of diffusion equations expressed 

in the s,n variables, collecting then powers and products 
of the ~•sand finally, reading off the coefficient set of 
the differential equations. The latter are the perturbation 

equations. For example: substituting (101) with i = 3 
into (34) gives 

(102) 
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where the 'denotes differentiation with respect ton 
- 3 

and where each Yijk is a f unction of n alone. Equation 
(102) utilizes the fact that f is a function only of n 
and that each derivative with respect to the streamwise 
variables can be expressed in terms of any z;i, = 1, 2 
and 3. Now, since the first term in the square bracket 
of (102) contains ten terms, (102) generates ten differ-

- 3 ential equations for Y ijk· This set is the following: 

Level v=3 

0-term: 

z; 3 -term: 

z; 1 z; 3 -term: 

2 
z; 1 - t e rm: 

2 

l:;2-term: 

-,u -)1 

v + ~f Y,,o 1
110 

-,11 y 
OIi 
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Clearly, (103) 1 is the prototype of the equations gener-
ating the zero order soluti ns discussed previously. All 
other equations are perturbat i on equations up to order r;

2
• 

Only (103)1 , (103) 2 and (103). possess non-trivial solutions; 
the rest of the system (103) reduces to identities, i.e., 
the remaining equations have the trivial solutions. 

-3 - -, 
Y

010 
= Y!0 , = • •• • Yoo& ~ 0 • (104) 

The statement (104) is a consequence of the fact that each 
perturbation equation must satisfy homogeneous zero-bound-
ary conditions at + 00 and - 00 • Therefore, for example, the 

- 3 ~elution to the homogeneous equation (103~ is Yoio = 0. 
Taking cognizance ~f this fact, equation (103) is really 

- 3 5 homogeneous also. Thus Y 100 = 0 and so on. All ot~er 
non-trivial perturbation equations generated by the½. and 
Y1 diffusion equations are obtained by analogous arguments 
and by noting certain structural identities among the equa­
tions. The results are as follows: 

Level v=2 

0-term: 

c; - term: 
l 

1;
2

- term: 

2 
l'; -

l term: 

2 
c; - term: 

2 

-a.11 -z' 
Yooo ., Sc t '( ooo = O 

(10 S) 
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Level v •·• 1 

O - term: 

2 
z;,-term: 

z:; 2 z; 1 - term : 

Level v • 0 

0 -term: 

( 3 -term: 

2 
i:; 3 -term: 

(106) 

~ - -1 -0 ,-. 

l 001 - - '( 001 '(', ... '( o 4t ,... ' (107) 
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Each of the foregoing perturbation equations may 
be solved in two parts satisfying the boundary conditions 

(108) 

The derivatives are zero at n* because the zero or der 
terms by themselves satisfy the required mass balance at 
the intErface. It is worth noting that collisional deacti­
vation is distributed throughout the mixing layer, that no 
sources or sinks exist anywhere, and that in particular 
the derivatives of the perturbation variables are continuous 
at the interfac e which is the location of maximum YHF,v's. 

The explicit forms of the perturbation series (101) are 
the following: 

(109) 

(110) 
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~ ~~ 

and 

The corresponding set of yi•s follows from the defini­
tion (101). 

A few observations are worthwhile. There is a one­
to-one correspondence between the summability properties 
of the two sets of perturbation expansions and the genera­
ting set of diffusion equations whose prototypes are (33) 
and (34). This correspondence is the following. Upon 
summing the unnormalized d~fferential equations for Y3

, 

Y2
, Y1 and Y0

, one obtains the differential equation for 
YHF,tot in the s,n variables; the analogous property of 
the unbarred yi series implied by (110)-(112 ) is that 

> . 
r. Y"= '("Hf,tot. 
\.:o 

The second correspondence is obtained by comparing 
~ 

LY''/: '<tt11
1
-t,,t-: '<' .. ,,-tot/(Y"",wt)* 

.:AO 

(113) 

(114) 

with the sum of the differential equations of the type (34). 
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This sum does not reproduce the differential equation for 
for YHF tot· The statement (113) demands that al~ pertur -' bation terms sum to zero identically and may be viewed as 
a compatibility condition dictating the particular forms of 
the expansions used in this reportJl)rn turn, the summability 
properties just mentioned imply that the diffusion field 
itself possesses a dual structure. For large primary pumping 
rates it is similar (in the boundary layer sense) ~ith respe c t 
to the overall production of HF. Now, in view of the global 
reaction H

2 tF+HFtot+H, similarity exists for the H1 , H an<l 
F species and also for the diluents. In contrast, the set 
of mass fractions HF(v) forms a sub s tructure that in the 
zeroth approximation belongs to the similarity class but 
not otherwise. This substructure is imbedded into the over -
all field in a very specific way reflected in the summability 
properties. It is this duality which distinguishes the current 
perturbation problems from numerous others discussed in (7]. 
It is noted in passing that the point of v i ew adopted by 
Hofland and Mirels in [l] (apparently the only other paper 
on the subject related to this section) appears to be incom ­
patible with the approach taken here~n. One tends to suspect 
that conclusions basect upon solutions of the perturbation 
equations presented in this report may be different from those 
of [l]. 

The mathematics of the perturbation scheme reflects the 
physical nature of the chemical model that may be summarized 
as follows. Because deactivation proceeds only downward and 
and in single steps, each intermediate level (i.e. levels one 
or two) is affected solely by its immediate higher neighbor 

ll)In fact, one may take (113) as the starting point and then deduce the appropriate ~Cd-expansions. The rpproach taken herein is more direct and guarantees that (113) is automatically satisfied. 
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and in turn aff~cts only its adjacent lower neighbor. 
In other words, to order of 2. each such level takes up r; , 
no direct cognizance of any level other than its immediate 
partners. The situation is pictured in the following diagram: 

(a) (b) (c) (d) 

V = 3 r; 1 ; y 3; 2. 
r; 1 , z;; 1 

2 Y2.; 2 2. and V = z;; 2. ; z;; 1 , r; 2 ; t 1 , z; 2. I'; 1 1; 2 

1 y 1; 2 2 and V = z;; 3 ; z;; 2 , z; 3 ; z; 2 , z; 3 z;2z;3 

0 y ',; 2 
and V = r; 3 , z; 3 , 1; 2 l,; 3 

Columns (a) and (b) underscore the notation by showing the 
Damkohler numbers and mass fractions associated with the 
levels given on the left. Columns (c) and (d) exhibit 
respectively the Damkohler numbers appearing in each expan­
sion up to orders r; and z;;

2
• The coupling is reflected in 

the "cross terms," namely the products l',;1 l',;2. and z;;2 z;; 3 • Note 
the special nature of the top and ground levels in accord 
with t~e previous statements. 

Since no solutions to the perturbation problems are 
presented in this report, it is appropriate to make the 
following closing remarks. The system consisting of (103) 2 , 

(103) 1 , (105)2 . ., (106h-a., and (107h.a. is less formidable 
than it appears at first glance. To a good approximation, the 
right hand sides can be simplified by setting Sc(T/T:)b (p/p:) 
equal to a constant. This procedure decouples the diffusion 
equations trom the energy equation and is consistent with 
the treatment of the zero order problem presented earlier. 
The mass fraction Ye is obtained from the zero order 
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solutions and therefore always belongs to the s imilarity 
class. This means that all of the linear perturbation 
equations can be solved sequentially. Finally, it is 
emphasized that while no closed form solutions are avail­
able, numerical solutions are quite simple. What is more 
important, such solutions can be obtained once and for all 
and, because of the structure of the expansions, do not 
detract from the explicit nature of the results. 
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2.S Radiation 

The influence of radiation upon the flow manifests 
itself through the appearance of additional source terms 
in the diffusion equations for HF(v) and the energy 
equation and by the appearance of the radiative transfer 
equation. This general set written in terms of local 
optical gain is given, for example, in [2] and [4]. Herein, 
attention is focused on the high power case which is of 
main practical interest. With regard to the flame front 
model, the foregoing situation implies radiation fields 
of sufficient intensity so that radiative deactivation 
takes place at the site of fo mation of the active species, 
i.e., the flame sheet. The medium is transparent else­
where. In these circumstances,the radiative transfer 
equation is effectively bypassed and the energy equation 
is affected through the interface energy balance. To 
obtain the resultant distribution of active species and 
hence power, it suffices to consider the diffusion equa­
tions alone. 12 ) 

In connection with the high-power model, two diametri­
cally opposed assumptions are evidently employed. The first 
is typified by Skifstad [3] who assumes that rotational 
equilibrium holds irrespective of the magnitude of intensity. 
The second is exemplified by the work of Hofland and Mirels 
[2] who abandon the equilibrium hypothesis. Practical con­
siderations make it worthwhile to examine assumptions made 
in [2] and [3]. 

12)It is noted that because the new mass source terms appear in the diffusion equations for HF(v) and no others, the direct effect is to alter the distribution of the excited species alone. Couplings of the conservation equations through physical and transport properties exert a secondary influence which is in part accounted for through the similarity transformations. Thus, radiation is viewed as mainly influencing the detailed chemical structure through the HF(v)'s but otherwise as leaving the global structure of the flow unaltered. 
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The intent here parallels that of Section 2.1. Once 
again, the governing differential equations expressed in the 
s,n variables are used to generate a set of dimensionless 
parameters that characterize the influence exerted by the 
radiation field (in terms of energy density or intensity) 
upon the detailed chemical structure of the flow. Because 
each such parameter is an analogue of the t's, it is called 
a radiative Damkohler number. In carrying out this plan, 
there arise certain practical difficulties even though no 
such difficulties exist in principle. To see the reasons 
for this, it is best to re-emphasize the approach taken 
earlier with radiation effects excluded: 1) the hierarchy 
of governing boundary layer equations was used to yield a 
set of characteristic parameters; 2) the relative magnitude 
of these parameters dictated in turn permissible mathematical 
simplifications of the equations themselves. On this basis, 
the validity of the diffusion limited flame sheet model was 
not assumed a priori but instead was deduced from the general 
equations as a consequence of the magnitudes of the various 
Damkohler numbers. Because collisional deactivation involved 
v-levels but not the rotational states within them, it was 
sufficient to regard the mixture as one containing chemically 
distinct active species HF(0), HF(l), HF(2) and HF(3) with­
out explicit regard of the various rotational states. 

Radiative trans i tions involve rotational states within 
the v-levels. This means that if the procedure outlined in 
the previous sections were actually followed, it would be 
necessary to enlarge the ensemble of the active species to 
include the rotational states within each v (i.e. to consider 
HF(v;j) j•0, 1 ... ) and thus to include rotational kinetics. 
If this were done, comparison of the hierarchy of radiative 
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Damkohler numbers with those generated by considerations 
of rotational kinetics would dictate under what conditions 
the assumption of rotational equilibrium is permissible and 
under what conditions it must be abandoned. This procedure 
cannot be followed in this report. Nevertheless, it is possi­
ble to deal with the question of rotational equilibrium, how­
ever crudely, within the framework of the equations given here 
and without explicit regard of rotational kinetics. The re­
sults presented in the latter part of this section show that 
the assumption of rotational equilibrium, while obviously 
permissible for the "small power" case, is in some doubt for 
high intensity fields. 

At this point, it is convenient to employ substantially 
the same notation as well as the main concepts presented 
recently by Skifstad [3]. A few modifications are introduced 
wherever required by the more general flow model employed in 
this report.13) The prototype of the diffusion equations ex­
pressed in the x,y variables is that governing Yz=Yttf(2)=Yttf,2: 

13 )skifstad prefers to consider the indirect problem in that 
he specifies line intensities (or energy densities) in the lasing 
region rather than the combination of optical path length through 
the medium and mirror reflectivities. His choice of energy densi­
ty distributions allows for discussing the implications of the 
radiative transfer equation separately from flow and kinetics. 
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In (115), the last four terms account for radiation; namely, 
stimulated emission from the adjacent higher level v•2i; absorp ­
tion from the next lower level v=l; stimulated emission from 
v=2; and absorption from v=2. While the various terms are 
given in the Nomenclature, it is useful to note here that 
uv stands for the spectral energy density and that B1u denotes 
the transition probability for induced emission related to the 
transition probability for spontaneous emission Aul through 

(116) 

The subscripts 1 and u stand for "lower" and "upper" levels 
respectively and g denotes degeneracy. Only P-branch transi­
tions are considered and therefore the degeneracies satisfy 

1wr-• z.j" .. 3 
- i:. 

~"' z. j" + i 
(117) 

and 

.1! :a 
zj,,., +~ 

," t1. 1j"+t + i 
(118) 

where jv refers to the rotational quantum number of the upper 
level of transition. Stimulated emissions are due to transitions 
v,jv~v-1,jy+l and absorption is associated with the transitions 
v-1,jvtl~v,jy, The transition probabilities B1u and Bu1 are 
related as follows: 

(119) 
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Incorporating (117)-(119) into (115) yields 

(120) 

From (115) or (120) it is evident that further progress 
requires relationships connecting the mass fractions YHF,v,jv 
to YHF,v· For the moment (and mainly for the purpose of 
estimating the magnitudes of radiative Damkohler numbers),it 
will suffice to assume rotational equilibrium as was done in 
[3] and elsewhere. Lat~r, the situation is re-examined in 
light of a specific nonequilibrium model. The rotational 
equilibrium assumption amounts to saying that rotational 
relaxation rates are much higher than other competing rates 
and that the population of the rotational levels may there-
fore be taken to be in equilibrium at the translational tempera­
ture of the gas. 

Let 1: and 1~ denote the fractions of the population in 
the vibrational level v corresponding, respectively, to the 
lower level of the transition v·l,jv+l~v,jv+l+l and the upper 
level of the transition v,jv~v-1, jv+l. This means that 

(121) 

and 

(122) 
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Now, in accord with assuming equilibrium, it follows that 

(123) 
and 

(124) 

where the rotational partition function is approximated 
by the usual integral which equals T/8R. For the HF mole­
cule,the characteristic rotational temperature 8R=30.15°K. 

Equation (120) may be expressed as 

and this equation, under the transormation x,y+s,n+s,n 
takes the form 
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Now, to obtain the prototypes of radiative Damkohler numbers, 
an analogue of (36) is required. In non-dimensionalizing 
the radiative terms, it is convenient once again to adopt 
a procedure similar to that us ed by Skifstad [3]. He puts 

(127) 

and introduces a reference value for the transition proba­
bilities, Bref, through 

(128) 

In (127), u~ i s a constant value of the spectral energy 
density and Av where v=l, 2 and 3 is taken as a distribution 
function for the intensity levels of the lines such that 

~ 

r."":. 1. (129) 
'1•1 

The coefficients Svare on the order of unity or slightly 
larger. In order to obtain closed form solutions, Skifstad 
[3] chooses F(e) to equal a certain density ratio. A dif­
ferent choice is appropriate here, namely, 

II - U O .. O!/ 0 .,. ~i io0I 1 'I .. IA., ''1 ,... \ (130) 

where p: is the reference density associated with the zero 
order solution given earlier. 14) The analogue of (36) incor­
porating (128) and (130) is obtained from (126) and the 
result is 

14 )Skifstad adopts (127) in order to decouple all of 
the diffusion equations from the energy equation. Herein, 
(130) parallels his (127) in intent in that a pT product 
(subsequently approximated by a constant) appears in the 
s , n transformed diffusion equations. But, in the case of 
the flame sheet model for a medium near saturation, the 
choice (130) is not as important as in [3]; in the current 
limiting situation, the radiative terms behave like t he 
chemical pumping terms and hence do not explicitly enter 
the final governing equation. It is also worth noting that 
Skifstad, in assuming different forms of (127), found no 
drastic changes in his results. 
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(131) 

The radiative Damkohler numbers are now identified with 
the groups of terms in the square brackets containing u~, 
that is, 

and 

The first is associated with the line connecting levels 
two and three and the second corresponds to the line 
connecting levels one and two. 
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From the definitions (132) and (133), it follows that 
values of the radiative Damkohler numbers span a range en­
compassing those comparable in magnitude to the Ccd,i's 
as well as those comparable to or exceeding the Cp,i's. 
It is easy to show that the first situation defines what 
is usually called the "small power" case and that the 
second case occurs near saturation conditions. Which of 
the two extremes prevails depends on the magnitude of uo. 

\) 

Attention is now focussed on the radiative deactiva­
tion length scales Xrd,i implied by (132) and (133). A 
relative comparison of the Xrd,i's with the Xcd,i's and 
xp,i's is sought and therefore each Xrd,i is obtained 
by setting its corresponding Crd,i equal to unity. For 
example: 

(134) 

At this point, it is convenient to relate the energy 
densities to line radiancies. Skifstad's development 
[3, Laser Parameters] is applicable and thus 

where 

f I.- t.)'-i < ~'-7 
\A.'1 & l \ ,r -r-­

c. DJ> 
(135) 

(136) 

is the Doppler half-width of a line. The reader is referred 
to [3] for further details. In view of (135) and (136), it 
follows that 

(137) 
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For illustrative purposes, it is better not to assign 
values to <RL> but instead to assign values to the Xrd,i's 
and inquire about the corresponding magnitudes of line 
radiancies. First, suppose Xrd,2 is on the order of Xcd,2· 
Then, for the conditions given in Section 2.1 (highly diluted 
F-stream, cool flame) Xcd,2 is on the order of 10 centimeters. 
Taking again T: = 600°K,Pe =Pe-= 1·10- 2 atm,ue = 2·10 5 cm/sec, 

YN
2
,e = 0. 9 and Xcd, 2 = 10 cm gives 

U~ 1 . !_ ( II )" ~ C: 0.01 ~L • 
<:~L'z.= 2(~1~1.)Brcf 2 ,ew,l. "'~;Z. 

(138) 

17 This value is based upon 62 = 1.23, A2 = 1/3, Bref = 2.538·10 
l It and v21 = 1.07-10 taken from [3] and the HF-output spectrum 

of [9]. Second, suppose that xrd, 2 is on the order of the 
corresponding pumping length xp, 2. Under the same ambient 
conditions, the latter value is on the order l.7-10- 3 cm. There­
fore, the corresponding <RL~ is given by 

(139) 

The foregoing estimates are rough because the quantities 
entering the radiative Damkohler numbers are somewhat arbi­
trary. No11etheless, the values of the line radiancies just 
given ought to delineate the regime of radiative deactivation 
within an order of magnitude. In the first case, radiative 
deactivation, like its collisional counterpart, takes place 
in the entire mixing layer. In the second example, deactiva­
tion occurs at the flame front itself. 

Finally, suppose that a typical time for rotational 
equilibrium is an order of 10- 2 seconds smaller than the 
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characteristic pumping time. In steady flow, consider 
therefore a corresponding length scale smaller than xp,2 
by a factor of 10 2 cm. In this case 

(140) 

On t his basis, it appears that rotational relaxation 
effec t s ought to arise under the stated conditi~ns when 
<RL>2 >4•1~ c~2. For the flame sheet model, the last esti ­
mate is rather artificial in that the structure of the 
flame sheet itself must come into play. Despite this, 
the example is highly suggestive, implying that the 
usual equilibrium assumption is likely to be questionable 
for high power devices. It is worth noting that in most 
theoretical works on chemical lasers, the rotational 
equilibrium assumption is retained irrespective of the 
magnitude of intensities. 

A few additional comments are pertinent. First, the 
question is raised as to the degree of confidence one is 
to attach to the foregoing estimates in view of the fact 
that they are based upon equations which contain the assump­
tion of rotational equilibrium to begin with. In this respect, 
it is noted that the equilibrium assumption enters only into 
the fractions 1; and 1~ as given by (123) and (124).Clearly, 
(121) and (122) remain valid; it is only necessary to pro-
vide new fractions 1: and 1; that do not depend upon the 
equilibrium assumption. Such alternate estimates can be 
obtained. For the conditions cited previously, the new 
1;'s appear to be within a factor of four or so of the 
equilibrium 1; 1 s when the jv's are in the range of four 
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to eight. This tends to suggest that the estimates given 
in the foregoing paragraphs are likely to be reasonable. 
The procedure for obtaining alternate lv's is outlined 
below. 

In all major respects, the ideas are the same as 
those employed by Hofland and Mirels [2] who claim valid­
ity for their model at saturation. To aid the reader in 
obtaining further details, the notation of [2] is left 
intact. It is assumed that excited HF-molecules are still 
initially distributed in the various v-levels in accord 
with the pumping reactions (5) and that all rotational 
states are given by the equilibrium distribution. There­
fore, prior to lasing, 

where 

J• : 0 i · · · · I I 

[

Q) .ot,,jlj+ ') 
'iRl") = (2j+1)e 

j :.o 

(141) 

is the rotational partition function, ~v =0R(v)/T, 0R(v) 
is the characteristic rotational temperature for level 
v, and nv de .otes the number of molecules per unit volume 
in the vibrational level v. As in [2], it is further 
assumed that both the 2/1 and 1/0 vibrational bands are 
initially totally inverted but that n3<<n 2. Consideration 
is given to P-branch sharp-line lasing transitions in the 
high-power limit. 

The central new assumption is that the population 
inversion is destroyed completely by reducing the gain 
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to zero on all possible P-branch transitions. This assump­
tion allows for obtaining the total number of photons 
released as well as the final vibration-rotation distri­
bution in terms of the init i al nv,j 's (or nv's). The 
physical implication is that a molecule undergoing a 
transition has no means of communicating the event to 
its neighbors; rotational equilibrium no longer holds. 
This situation is quite different from that embodied in 
the assumptions (123) and (124) and reflected further in 
the prototypes of the diffusion equations (125), (126) 
and (131). Consequently, while in both instances one is 
concerned with the case min ~rd,i••, the chemical compo­
sitions of the flows are different. It is convenient to 
indicate the reason for this here and at the same time 
establish a point of contact between the "high power" 
limiting case based upon the equilibrium assumption and 
the Hofland-Mirels case. It suffices to note that terms 
in each of the diffusion equations (125), (126) and (131) 
may be writt en in t erms of products of gain and intensity. 
The integrated gain for the transition v,jv•v-1, jv+l is 

Because the radiative terms in the diffusion equations 
must remain bounded, it follows, for example, from (131), 
(132) and (133) that as ~r, 3•~ the gain necessarily goes 
to zero and hence 
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More generally, at saturation under the equilibrium 

assumption, 
. ~ 

z ll~+I) T 
(Y~F," )~t e =- l YHF,'J-1 )~it . 

(144) 

The distribution embodied in (144) is to be contrasted 

with that obtained under the Hofland-Mirels assumption. 

The procedure is indicated in the next few paragraphs. 

Let now n' and n" denote the number of molecules 

per unit volume after lasing; n' is connected with the 

destruction of the population inversion on the 1/0 band 

and n" refers to the f i nal distribution after taking into 

account the influence of the second vibrational level. 

Under the rotational non-equilibrium assumption of [2], 

it is possible to treat the deactivation of the first 

vibrational level as an independent event. 15 ) It is 

desired to obtain the final distributions n~ j/n;, n~ 

and, in passing, the total number of photons released, 

all in terms of the given initial distributions. 

The zero gain condition for the P-branch transition 

implies that stimulated emission balances absorption and 

therefore 

I 
n..,,it, 

I . 
n~-1,Hl. 

[t(jn.)+i] 

Of course, (145) also holds for the" variables. On 

physical grounds it follows that 

(14 5) 

lS)The reader may wish to consult Patel's paper [10] in 
which he discusses non-equilibrium effects in a qualitative 
way. 
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The generic term of the foregoing series is written as 

I I 
A,o,j ~ n,,j., - rt,,j .. ,:. n.0 ,j+i - no, 1+2. (14 7) 

and the total number of photons released from v=l alone 
L the sum 

00 

L A,o,j . 
ls-, 

The reader may wish to note that in (146) term-by-term 
equalities of the type 

I I 
n,,o - n,,o :: no,1 - noJI 

hold and that the sum (148) starts with j=-1 since no 
P-branch transition from v=l can terminate on j=O in 
v=O. All this is consistent with the foregoing dis­
cussion in the sense that each molecule leaving level 
v•l and arriving in level v•O is fixed in its terminal 
state without communication with its neighboring mole­
cules. The zero gain condition (145) is now combined 
with (147) to yield 

I 

n,,jt, - n,,j ., 'Ill. 

whence it follows that 
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In view of (151), the generic term (147) may be expressed 
as 

where the initial nv,j 's are given by (141) i.e., 

and 

no,j +Z. = 

-.l,(j+1)0+1.) 
e 

(152) 

The total number of photons released in deactivating v=l 
is therefore 

00 CIO 

~ A,o,i = [ ◄~+e[ l a.j+s) ri,1 j+1 - l zj+, )no,j•l] . 
J;a-1 J::-1 

(153) 

Clearly, 
cO 

n~ : t n:,;+1 (154) 
J=-• 

whence by (151) and (154) the intermediate distributions 
n'l,j+llni are easily obtained. These are omitted because 
only the final" d.1stributions which take into account the 
influence of v=Z are of interest. 

Consider now the number of molecules in states v,j 
after cancellation of the population inversion among the 
three states (v,j), (v-1, j+l) and (v-2,j+2). Let 
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II f 

a n,,j+1 - n,,j+1 

and 

II I 

A20,j • no, l-+2 - no,j +l 

denote respectively the number of molecules uudergoing 
transitions from v=2 to v=l and from v=2 to v=0. (The 
latter transitions constitute a departure from those 
considered under the equilibrium assumption.) Once 
again, the zero gain condition gives 

" Zj + 3 • n,,,· .. , = --- l'lo J. ~ l.j +S , +11. 

and 

(155) 

(156 J 

(157) 

(158) 

In view of (157) and (158), ~Zl,j and ~ZO,j are related by 

(159) 

A second relationship connecting ~21,j and ~20,j is obtained 
on physical grounds: 

(160) 

which states that the total number of photons released in 
the transition from v=2 equals the difference between the 
initial and final number of molecules (per unit volume) 
for each j. From the definition (155) and (151), (159) 
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and (160), it follows now that 

(161) 

and in terms of the initial nv's, the result (161) is 

The quantity ~ZO,j is given in terms of the initial distri­
bution by (162) an (159). The total number of photons 
released as a result of all interactions, 

00 

~,o,-1 + Z: lA,o,i + Al1,j + ZAa.o,j) 
J::o 

may be expressed in the form 

«> 

A,0,-1 + L ( b 10,1 .. Az.1,j + 2L;)1C>,.i) 
jao 
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In (163) the factor 2 arises because each jump from 2+0 
is associated with the release of two photons. 

The final v,j distributions in the form n"./n" can 
VJ V 

now be determined. It is convenient to give the fore-
going ratios in terms of the fractions 

,, 
"" 

The latter are analoques of the initial fractions 

Y .. Fv 
I 

fc., >J 
I 

= ::. 
> 

r1~," 
'1:o 

(165) 

(166) 

where kf stands for the rates ,v of the pumping reactions. 
Consider first the level v=O. Since no P-branch transition 
from the upper levels can terminate on j=O, it follows that 

" Vlo 
no,o = no,o = 

q_RlO} 

Therefore, 
:) 

L 
,, 

ti 'lo nv 
no,o Vlo I 

= -- :: ~ 

fl~ rt~ ~loJ 
> 
Z:,n., n; ~(OJ 
11:o 

I 

and upon introducing the ratios (165) and (166) there 
results 
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In a similar fashion one obtains 

(170) 

The general term for v=O 

- -'o ll+L){j+~) 
e Zo 

(171) 

is obtained from 

which is valid for j=O, 1, ..... The unknown Z
0 

is determined 
by solving 

ti 

no,o -n. II 
0 

,, 
-t flo, I 

11 ,, 
0 

= 1 

for Z
0 

resulting in the expression 
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.... ...-.................. - .... ·-· ...9t ...... _ ..... , 

The same type of procedure is applied to levels v=l 
and v=2. The pertinent results may be summarized as follows: 

(174) 

(17 S) 

J=O,J, .... j 

(176) 

(177) 
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(178) 

The foregoing vibration-rotation distributions are 
to be contrasted with those based upon the equilibrium 
assumption given in equations (121)-(124). Since a ratio 
such as (175) also equals a corresponding ratio of mass 
fractions, a formal definition of the new lv's can be given. 
This procedure is not convenient for computations because 
of the appearance of the infinite series in the zv's. How­
ever, the latter were evaluated in [2] in a sufficiently 
wide range of temperatures. For conditions close enough 
to those taken under the equilibrium assumption, the shift 
from the Boltzmann distribution implies the factor of 4 or 
so change in the equilibrium lv's mentioned elsewhere in 
the report. 

It appears then that a rough estimate of the rotational 
nonequilibrium effects can be obtained by comparing the 
distribution of active species at saturation under the 
equilibrium assumption and under the assumption of [2]. 
Corresponding assessment of power output is then accessible 
with the aid of formulae given in [2, Sect.III, Bl and 
[3, Laser Parameters]. 

2.6 Closing Comment 

The report provides a basis for a sufficiently general 
theory of HF lasers operating in the diffusion limited regime. 
regime. 
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Potential power output and its degradation as a result 
of collisional deactivation can be assessed from the 
zero order solutions and the boundary value pr~blems 
based upon the perturbation equations given in Section 2.4. 
Computational e fort in connection with the perturbation 
equation system describing collisional deac tivation should 
prove to be minimal and yield useful new results. Some 
care is evidently called for in handling rotational non­
equilibrium effects that are likely to arise near saturation. 
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APPENDIX A 

Influence of Higher Vibrational Levels 
Effect of the Hot Reaction H+F2 -+ HF+F 

The intent here is to outline t he main steps which 
are required to extend the foregoing theory by including 
the hot reaction H+F2* HF+F. This reaction, unlike the 
cold r~action H2 +F*HF+H, contributes heavily to the pump­
ing of vibrational levels four through six. The flow 
configuration is sketched in Fig. A-1 and shows that the 
upper stream is now the carrier of two oxydizers, namely, 
F and F2 • The lower stream is assumed to c,ontain the fuels 
Hand H2 • 

The mixture is taken to consist of the species HF(O), 
HF(l), ..... HF(6), H

2

, F, H, F
2

, and diluents D
1 

and D
2

, 

numbered respectively from zero to twelve. The chemistry 
of the system is assumed to be governed by the following 
reactions: 

Reactions a b c°K 

"t,o 
13 0. H, + F~ HF(o) + H 0.1.10 0 

\tb o 
} 

1. Hi+ F ➔ HF(i.) ._ H 1.4' · 10') 0 gw, 
(l,S,. ,011 J (910) 

2. Ht-+ F -9 Hf(Z) + H 7,0 • 
,o,,. 0 8"° (Al) 

l 11.0.- • 10") (810) 

3. H~ + F .... HF(l) -t H 0.7 • ,o~ 0 9',o 
I ( 4,'f. ,o'l) (9lo) 

ta 
o'. H + F 

f,o 
HF(o)+ F ·~ 0 IZ.OO l. .... 0,11 • 10 

Preceding p ge blank 
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t. 

z'.' 

s '.' 

ti + Fi -!> HF(t,)t F 
,, 

lr-4, I 
HF(l)t~-, HF(o)+PJ 

HF lZ) ~ Pl - HF{1) t P) 

HF (4) -t PJ ➔ HFl~) -t Pl 

HF(") ,. M -, HF(SJ + PJ 

I) 
0,tS· 10 

1,5 • 108 

'o e 
1 .0. 

~ ,.o . 10 

0 •zoo 

0 1200 

0 1200 

lloo 

IZoo 

IZOO 

(Al) 

0 

0 

0 

0 

0 

1,1 0 

Reactio~s 0-3 specify the pumping rates generated by 
the cold reac ~ion which distributes the HF products among 
levels zero through three. 1) Examination of the hot reaction 
rate constants shows that over 90 percent of the total produc­
tion rate is assoc j ted w~th levels four through s ix. Moreover, 

!)Values given in parentheses were those supplied to the 
author by W. A. Martin of AMICOM. The same statement applies 
to all other rates in the table. 
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the values of "a" connected with reactions 01-31 
are almo s t 

an order of magnitude smaller than those given by the cold 
reaction. On this bas i s, it seems plausible to neglect 
(ultimately) reactions 0~3~ Actually, neglecting reactions 
o~j is dictated more by the resulting mathematical simpli ­
fications. Reactions l~6 1

represent vibration translation 
transfers. In accord with the main part of the report, 
vibration-vibration interactions are not considered. 

The system of diffusion equations which parallels 
(6)-(13) in the text is as follows: 

~o 

f14lY.): e"lY.J, • &1>l~], • r,,.. }Jr.,•i~I\,+ ,.: .. ti!. I\, - 0 
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In (A2)-(Al4), the first seven equations govern the 
kinetics and flow of the active species and the remaining 
equations describe,respectively,the behavior of H2 , F, H, 
F2 and the diluents D1 and D2 • 

(AB) 

Since reactions d-~ are now neglected, it is possible 
to effectively separate the action of the hot reaction from 
that of the cold reaction. This is reflected in the definitions 
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~ 

l Y14t:,+ot )t ~ L Y-.F,11" (AlS) 
'l:o 

and 

(Al6) 

where l denotes "lower" and h denotes "higher." As in 
0 

th text, let YHF,v denote the HF mass fractions when 

collisional deac tivation is neglected. Then,summing 

(A2) through (AS) and (A6) through (AB) yields, in 

accord with the foregoing definitions, 

3 

P"[(r:,, ... \1 l,+ f" f (Y,:,.,. \ld r D[l Y;,,1o+ ), 11 k f' f ~1,, },J, rtllf 

and 

(Al 7) 

Comparison of equations (A2)-(A8) with the collisional 

deactivation terms neglected and equations (Al7) and (Al8) 

yields 

V': O • • • • 3 , ) (Al9) 

and 

(A20) 
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where 

and 

The overall 

where 

I 

It","' 
~,r,l a -r-, 

z:-1r.,,'1 
"~ .. 

distribution factor £ t tis given by V, 0 

tr,t ( YH°F.tv+)e + .f,.,"- ( Y.tf, tvt)l, 

(A21) 

(A22) 

(A23) 

(A24) 

Clearly, Y0 HF,tot = YHF,tot which is to say that colli­
sional deactivation (and radiative interactions) leave 
the total HF mass fraction unaltered. 

The simplest situation involving six vibrational 
levels is examined, namely the one resulting from combustion 
of fuels and oxydizers in a single flame sheet, Fig. A-1. 
In this ca se, most of the results given in the text carry 
over intact. The few changes and generalizations that are 
required are summarized in the next few paragraphs. 

The system of equations (44)-(51) remains unchanged, 
provided it is understood that: (48) stands for two equations 
-one for (Y°HF,tot)l and the other for (Y°HF,tot~ _ and 
an equation of the form (46) governing the behavior of F2 
is added. The same is true of the zero order solutions (55)­
(61) so long as it is understood that: to (S8),which formally 
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stands for (Y~F,tot) 1 , two _otherwi se identical solutions 
for (Y 0 HF,tot)h are added, a solution for YFz formally 
identical to (56) is added, (57a) is deleted and the 
normalizing factor in (57b) is taken to be Ytt . An e-
additional stoichiometric flux requirement paralleling 
(62) is necessary, namely: 

(A25) 

This statement yields a second condition on f; paralleling 
(67). The two expressions must be equal and therefor e 

Plw., Yr,, A + P\r: Y111,t- & Pl .. Y\,cA + Ml\ V..,c-
YM,e-PI, + Y,:t.l'ltt Y .... -PI~ + Y~ .~ ... 

1 I ,_ 1• &. ra,~ ., 

{A26) 

must hold. This means that not all four ambient mass 
fractions appearing in (A26) can be prescribed arbitrarily. 
For example, if no diluents are present, then any three 
can be specified and the fourth is set by (A26) toge t her 
with 

(A27) 

This is a peculiarity of the single flame front combustion 
model involving two reactions. The current model also 
differ s from the one described in the text in that condi­
tion (63) is abandoned for both the hot and cold reactions. 
Now, in the text, (63) implied equality of mole fractions 
of the reaction products and the interface mass balance (73) 
was satisfied identically. Herein, the overall interface 
mass flux balaLce 
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together with 

(A29) 

is taken to determine compatible interface mass fraction 
of Y HF tot. (For the sake of simplicity, the influence , 
of the diluents is again disregarded.) The reason is that 
the current model cannot distinguish as to what goes on in 
the combustion sheet itself with regard to F generated by 
the hot reaction and consumed by the cold reaction and H 
generated by the cold reaction and consumed by the hot 
reaction. Otherwise , the zero order solutions represent 
the same type of a limiting ituation described in 2.1 of 
the text. Of course, the flame sheet flow field is now 
set by the magnitudes of seven~ 'sand six ~cd's of the p,v 
kind given in (37) and (38). 

The foregoing development clearly indicates that the 
perturbation scheme developed in Section 2.4 of the text 
may be carried over to the current system with obvious 
and inor modifications. The same is true of most of the 
material in Section (2.5). For example, the general form 
representing the six diffusion equations which govern the 
distribution of the active species with radiation included 
is 
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where v = 0, ... 6 and where it is understood that YHF,v+l 

and ~•f,v+l are identically zero for v = 6. For the 

flame sheet model, the right-hand side of (A30) is zero. 

Moreover, in the limiting case of a saturated medium 

(see Section 2.5 of the text), the active species 

sati s fy the relationship 

t(i + 1) ~ 
{YHF," )wt e ., T = t'<HF,"-• )Ht. 

(A31) 

Equa tion (A31) is based upon the rotational equilibrium 

assumption. In this equation, the temperature may be 

approximately taken to be that given by the zero order 

solutions. Power output may then be estimated as noted 

in the text. 

, 
-

Fig. A-1. Semi - Infinite Stream Configuration 
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a 

C 

D 

f 

h 

j 

kf . , 1 

M. 
1 

m 

NOMENCLATURE 

Einstein coefficient for spontaneous 
emission 

constant related to reaction rates, Eq.l 

Einstein coefficient for absorption 
3 

(cm /erg sec 2
) 

Einstein coefficient for stimulated 
emission 

reference value for the Einstein coefficient s 

Doppler halfwidth of a line, Eq.59 

constant related to reaction rates, 
soee~. of J. igli.t 

effective diff usion coefficient for the 
multicomponent mixture 

dimensionless stream function of the 
Blasius type 

Planck's constant 

rotational quantum number of the upper level 
of t he transition v,jv~ v-1,jv+l 

rotational quantum number 

forward rate of the ±th reaction, Eq.l 

fractions of populations of the vibrational 
levels associated with the jth rotational 
levels 

molecular weight of the ith specie 

mass of the HF molecule, Eq. 65 

Preceding page blank 
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N 

n 

p 

T 

u 

u v,v,v-1 

V 

,;,. 
1 

X 

yi or Y· 
1 

yi or Y· 1 

Greek Symbols 

z; 

Avogadro's number 

total number of species 

number of molecules per unit volume 

pressure 

line radiancy 

Schmidt number 

temperature 

x-component of flow velocity 

spectral energy density 

u" value for the transition v+v-1 

y-component of flow velocity; vibrational 
level v 

net mass rate of production of species i 
per unit volume 

streamwise distance 

mass fraction of the ith specie 

normalized mass fraction 

integrated gain coefficient for the 
transition v+v-1 

symbol for several Damkohler numbers 

pumping Damkohler number based on the 
diffusion equation for the ith specie 
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. 

r;cd i 
' 

r;r, i 

-
T'l,T'l 

0,0R 

Av 

p 

T 

Subscripts 

C 

cd 

e 

e-

i 

j 

p 

r 

tot 

u 

ul 

collisional deactivation Damkohler 
numher based on the diffusion equa­tion for the ith specie 

radiative Damkohler number 

boundary layer similarity variables 
T/Tref = T/T,.

0
; characteristic rotational 

temperature 
distribution functiori for the intensity among the active lines. 

density of the mixture (gm/cm 3) 

one of several characteristic times 

denotes a collision partner in a V-T 
transfer or the associated mass 
fraction Ye 

denotes collisional deactivation 

denotes edge of mixing layer on the fluorine side 

denotes edge of mixing layer on the hydrogen side 

refers to species 

rotational level 

refers to chemical pumping 

refers to radiation 

denotes '·'total" - total mass fraction of HF 

upper level 

upper level to lower level 
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V 

* 

Superscripts 

i 

o or (o) 

t II , 

vibrational level v 

refers to flame sheet 

denotes ith specie, Section 2.2 

refers to zero order solutions 

refers to conditions after lasing, d 
Section 2.3; also a symbol for an" 

Numbering of species: from 0-8, respectively, HF(0), 
HF(l), HF(2), HF(3), H2 , F, H, D1 (diluent 
in F-stream), D

2 (diluent in H
1 

-stream) 
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