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CHAPTER ONE
INTRODUCTION

How best to detect known signals in noise is the object of
much study and effort. Among the forms in which this problem occurs is
that of deciding when a signal is present and from what direction it is
arriving. In this study, we are concerned with the capabilities of
sonar arrays to perform these functions.

1.1 BACKGROUND OF THE PROBLEM

The emphasis to be found here is upon analytical rigor, and
so the class of array models treated is restricted. However, in the
presentation of this work we have striven to facilitate extensions to
related problems by being quite general in the earlier stiges of the
analysis.

Specifically, we shall derive the detection and bearing esii-
mation performance of a "multiplicative linear array" in comparison
with that of the "standard 1inear array."

1.1.1 LINEAR ARRAYS

By the term "linear array" we refer to a set of 2M isotropic
point receivers (hydrophones), arranged in a straight line with e ual
spacing d. In the literature, this configuration is cften called a
"broadside array," particularly in connection with transmitting systems.
In receiving applications this configuration makes use of the greater
coherence or correlation among the samples of the signal present at the
hydrophones over thoge of the noise, when this condition exists. In
effect, it is a method of simultaneously obtaining 2 samples or obser-
vations of the signal plus noise process, a spatial analog to time

sampling. I
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When these samples are summed, the signal components tend to
reinforce each other while the noise components, under certain conditions,
tend to cancel or "average out." Also, when the signal is in the form
of a sinusoidal plane wave, the individual signal components sum in such
a way as to give the array a highly directive receiving pattern.

In this plane wave case, which shall be our signal model
throughout the study, the signal components at the hydrophones can be
modeled as sk(t) = Ak(t)cos[wt-ﬂ-(k-l)Bsina], k =1,2,...2M, where o is the
bearing of the (distant) source relative to the perpendicular of the

array, @ is an arbitrary initial phase, and 8 = 2nd/x. The angular

frequency is equal to 2nc/x. where ¢ and A are the velocity of sound

and the wavelength in water, respectively.

For a symmetrical gain array (Ak = A2M+1-k’ k=1,2,...M),
the sum of the signal components is
M M
s(t) = z s (t) = 2cos[mt-¢-}(2M-1)Bsina]Z A1 CosH(2k-1)Bsina]
k=1 ' k=1 '
(1-1)
and for a uniform gain array (Ak = A, 211 k}, the sum is
s(t) = 2Acos[wt-w-i(2M-1)Bsina]:E:cos[%(Zk-1)ssina]
k=1
(1-2)
1' = 2WAD(3gsina; 2M)cos[ut-p-4(2M-1)6sinal,

where D{x; N) = sinNx/Nsinx.

1-2




Tne sum of the noise components meanwhile, to illustrate with
the simple case in which the components are independent, zero-mean, and
have equal variances 02, would have a variance equal to 2M02. Thus, in
this ideal case, at zero bearing the uniform linear array sum would

achieve a signal to noise ratio "gain" of

. o200 2
e e’y A
(SHR), o/ (SNR), = JZM—OZ-L ks , (1-3)

In general there exist proportional relationships between the
number of elements and the array proce<sing gain, and between the number
of elements and the array directivity, considered separately. However,
as will be discussed below, the relationship between directivity and 3NR
gain is subject to other considerations.

Schelkunoff [1], Dolph [27, and others, by considering the
directivity function D(% gsin «; N) as a polynomial in cos (2 B sin a),
have shown that the directivity of a linear arrvy whose elements are
summed can be optimized as a function of the inter-element spacings
and/or the individual weightings of the elements. In this study we
shall restrict our attention to uniform gain linear arrays with equal
spacings.

1.1.2 SQUARE-LAW ARRAY PROCESSING

In his textbook an acoustic signal processing, Horton [3]
terms "standerd detector" that configuration in which the sum of the
hydrophone outputs is squared and averaged by means of a lowpass filter,
usually with a variable time constant or bandwidth to accommodate
tracking conditions. The output of the filter is then observed as the
array is steered either physically or e]ectronicaf]y. When the

1-3




observation exceeds a certain threshold, the decision, "signal present,"
is made. When, as the steering takes place, the observation passes
thirough a peak value, then the bearing of the signal source is taken

to be the direction in which the array was steered at the time. A
diagram representing the standard or square-law processor is shown in
Figure 1-1.

1.1.3 MULTIPLICATIVE ARRAY PROCESSING

Berman and Clay [4] showed that methods of generating poly-
nomials can be found which require fewer array elements than the uniform
lineur array whose outputs are summed. One such method was shown to
be taking time averages of products of various array element signals,
rather than summing them, and manipuiating the relative spacings among
elements. Thus a 4-element TAP (time-averaged-product) array achieved
the direction pattern of an 3-eiement additive array, and an ii-eiement
TAP array matched the pattern of a 1024-element additive array.

Tucker and Welsby [5-8] and Cath [9] considered systems in
which the N elements of a uniform gain linear array are divided into two
groups; the summed output of one group is multiplied by that of the other,
and the product is smoothed by lowpass filtering--in essence, the corre-
lation of two arrays of smaller size. The beamwidth of this configuration,
shown diagrammatically in Figure 1-2, was snown tc be about one half that
of the corresponding N-element standard array. Also, the relative
magnitudes of the unwanted sidelobes are greatly reduced, the iargest
sidelobes being of negitive polarity and thus removable by rectification.

These advantages are illusirated in Figure 1-3 for a specific case.
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While multiplier configurations can offer more efficient beam-
forming, in the processing area they represent a departure from conven-
tional detection toward correlation techniques. Thus there come into play
additional tradeoffs, earlier stated by Faran and Hills [10], and subse-
quently confirmed by these array designers in their calculations and
experiments.

It was found that any improvement in the directional pattern
over the standard array by multiplicative processing is accompanied by
degradation of the noise factor, or decreased SNR gain. Also, the multi-
plication tends to mar the performance of discrimination between two
targets or sources of unequal strength, while for equal strengths the
performance was demonstrated to be greater.

The degradation in array gain for TAP arrays relative to stan-
dard was examined by Fakley [11] for narruwband noise and coherent
narrowband signals. He shows that in a specific instance, for the same
probability of correct detection, TAP operations require a higher input
SNR. Fakley also shows the occurrence of the small signal suppression
effect in the case of two sources, as well as the interesting case of a
line source. In the latter he presents a calculation implying that the
multiplicative process output will not track the angular energy distri-
bution of the extended source, but rather peaks at its center bearing.

Thus, among the experimenters and researchers in the field of
sonar arrays, there exists a running debate on the relative merits and

tradeoffs between standard and multiplicative array processing.

1-8
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1.2 DESCRIPTION OF THE PRESENT WORK

This "debate" over the relative merits of standard and multipli-

cative arrays has been handicapped by a significant consideration. Tucker [5]
alluded to it as "... the difficult question of whether the better
signal/noice performance ... is really indicative of a higher probabiiity

of detection." That is to say, the present methods of characterizing the
array processing performance are inadequate. - Except in a few instances

the performance criteria, because of the analytical difficulty of obtaining
statistical detection parameters, have been SNR gains, calculated usually

for rather specialized cases such as white noise.

1.2.1 OBJECTIVES ~ND PROCEDURES

The object of this study is to make a positive contribution to
the array processing debate by deriving exact probability density functions
for the filter outputs of reasonably general narrowband models of both the
standard array and the multinlicative, with the major emphasis on the
latter. In doing so, we have been able to develop expressions for detec-
tion performance criteria in which appear all the various parameters which
go into the tradeoffs. This matcrial is presented in Chapters Two and
Three.

Also, we have utilized these probability distributions to
calculate the theoretical best bearinry estimation performance (minimum
variance, error) attainable due to the information contained in the
array filter output signal. Forms for maximum 1ikelihood estimators
are derived and evaluated with respect to the predicted minimum variance.

This work is found in Chapters Four and Five.

1-9
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In Chapter Six the study is concluded by summarizing the

! performance of the multiplicative array model, particularly in comparison

wth the standard model. Suggestions also are given for extensions of

s .
. a——

the work.

1.2.2 THE ARRAY CONFIGURATIONS TO BE STUDIED

. ~
———

The standard array configquration, as shown in Figure 1-1, and

: 'E the nultiplicative array configuration mentioned by Welsby and Tucker,

given in Figure 1-2, are the models to be studied--primarily the multi-

i plicative one. That is, the multiplicative array studied shall be

considered to have a total of 2M isotropic point receivers or hydro-
< phones equally spaced d units a]on§ a straight line and each with unity
gain. The outputs of these hydrophones, indexed sequentially from one
end of the array to the other, are denoted by xk(t), k =1,2,...,2M.
The standard array shall be considered to have N hydrophones.
In the case of the standard array, the output of the processor

is the filtered version of
N 2 .
z(t) = EE. xk(t) = [NA(t)D(4Rsina; N) cos(wt-p-}(N-l)Bsina) + n(t)]2

k=1
(1-4)

For the multiplicative array, the output is, before filtering,

' M M
2(t) 5| > x ()l > x ()
k=1 k=M+1

=" {MA(t)D(I8sina; M)cos[wt-p-2(M-1)8sina] + ny(t)}

x (MA(t)D(dpsina; M)cos[ut-p-4(21-1)psinal + ny(t)}.  (1-5)

1-10
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The form of the signal used here and throughout the study is that of a
known narrowband source whose bandwidth is centered about w/2w, and
located at bearing sufficiently far away that the array experiances
it as a plane wave. This form is emphasized diagrammatically in
Figures 1-1 and 1-2 by the presence of narrowband filters. For the sake
of avoiding ambiguities, our attention will be mainly on bearings which
fall within the major lobe of the array. That is, |N8 sin a|<m for the
standard array and |M8 sin a|<m for the multiplicative. Any steering
done by the array shall be assumed ideal, that is unity gain, distor-
tionless, time de]ays.*
1.2.3 THE NOISE PROCESS MODEL

Although the conditions do not alway: warrant it, for conveni-
ence the noise process in the locality of the array shall be considered
stationary Gaussian with zero mean. In Appendix A a discussion is
presented to motivate the selection of values for the elements of the
following covariance matrices used to characterize the noise components

of the array summations:

SQUARE-LAW ARRAY: n(t) = nc(t) cos wt + ns(t) sin wt
02 0
Covn.(t;), n.(ty)] = X 2 (1-6)

That is, adopting the usual quadrature expansion of narrowband Gaussian
processes, the sine and cosine compcnents of the noise are ..cnsidered

independent at the same time instant.

*

We shall not consider steering and beamforming as such, but mention
these operations only to indicate that the models we employ can
accommodate them, and to support our practice of considerin? only
relative bearings (i.e., relative to the steering direction
the major lobe of the array pattern.

within




[t |

MULTIPLICATIVE ARRAY: ni(t) = nic(t) cos ut + nis(t) sin wt i =1,2

Covlmetydany ey )anyeltyDanyg ()1 =

i ) i
of 0 “’102 re,c :
172 1
]
0 0'2 ' -1g,0 . (¢) i
1 1% P9%: |
: |
| , . AK,
o P99, -ro,0, o, 0 1
g |
o (1-7)
. 191% p9Y%, e % i
That is, the noise correlation at the array sums is considered fo be such
(1-8)

that »
Elngenae) = Elnygnye) = poya,
Elngenpg) = -Elnggnye) = roqo,.
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CHAPTER TkO
ARRAY PROBABILITY DENSITY FUNCTIONS

The most basic representation of the multiplicative array
model we are considering is that of the product of two nonzero-mean
Gaussian random variables. This description encompasses a large number
of cases which are of interest, which cases are often most readily
approached individually because one or more simplifying assumptions are
traditionally made.

In this chapter we develop the probability density function
for the generalized narrowband case of the multiplicative array configu-
ration, showing also the related function for the square-law array.
These, in tura, are specialized to the cases which are anticipated to
be of most interest and, moreover, are relatively amenable to the
analysis in the succeeding chapters.

The situation in which the noise is symmetric across the
array and has a narrowband spectrum which is even about the center
frequency is selected as the "main case." The probability density
functions for the multiplicative and square-law array filter outputs
are applied to this case, yielding forms in which all the array para-
meters appear explicitly.

Computed results are shown for the probability Jdensity
functions, displaying the effects of the various distribution para-

meters.

1-
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The mean and variance of the filter nutput are calculated, and
used to express the signal to noise ratio (SNR) at the output of the
array processors.

2.1 PROBABILITY DENSITY FUNCTION FOR THE GENERALIZED NARROWBAND

MULTIPLICATIVE ARRAY PROCESSOR

We now give our attention to & rather general case in which
the multiplicative array summations of Figure 1-2 are modeled as two
narrowband processes, u](t) and u2(t), whose product z(t) is passed
through a zonal Towpass filter to yield the output y(t), as illustrated
in Figure 2-1. The processes u](t) and uz(t) are said to consist of
the super-position of known signals s](t) and sz(t) and roise processes
n](t) and n2(t), respectively. At tihe same instant of time, n](t) and

nz(t) are assumed to be jointly normal random variables with variances

2

and Sy s

carrelation coefficient o, and zerg meancg,. ac in Section
carnefiation, CoeRn e oy eang, 2as 1n >eclile

Rism —ws L=t 41 .

The multiplier is assumed to be instantaneous, so that its

output can be written

2(t) u](t) X u2(t)

1"

[s1(t) + ny(2)] x [s,(t) + ny't)]

[}

7 Ly (8) + ()2 - T (t) - uy(6)]2

[s,(t) + ny(t)]2 - [5,(t) + n,(£)]2, (2-1)
where 53’4(t) = %{s}(t) + Sz(t)] ' (2-1a)

and 3 4(t) = %{n](t) £ n,(t)]. (2-1b)

This arrangement may be recognized as the old "quarter-square multiplier"

idea, used in analog computation.

2-2
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For the new variables we have defined, we have the following

moments:

.E(ng) =0
E(n2) @ o} = 1oz + 2 + o2)
3 g (e} + 2040y + o3
A
E(nﬁ = O'ﬁ = ']'4— (O'-l 2p0"|0'2 + 02)
4 . 2
E(n3n4) = Rog0y = %-(c% = o;). (2-2b)

Note that if o] = ops then R = 0; that is, Ny and n, are uncorrelated.

Specialization to what we are calling the narrowband case
consists in the conventional assumption that the following quadrature
representations apply:

53(t) = S5(t) cos[wt-93(t)]. s4(t) = 54(t) cos[mt-e4(t)]

n3(t) = n3c(t) cos wt + n3s(t) sin wt N3(t) cos[wt—¢3(t)]

n4(t) = n4c(t) cos wt + n4s(t) sin wt

—

Ny(t) cosfut-o,(t)], (2-3)
where if si(t) = Si(t) cos[wt-ei(t)]

i=1,2 (2-3a)
ni(t) = Ni(t) cos[wt-¢i(t)]

then
§2 = X [52452425.S, cos(0;-0,)]
3,4 ~ § 19172g%019, 081078,
i S] sinO]tSZ sine2
taney 4 = 3 €0S6,%5, €OSO
3 1 172 2
- I Y
N34 =37 [N]+N2:2N]N2 cos(¢1-9,)]
N, sin¢,2N, sins
2] 1772 2
tan¢3,4 h M cos¢2N, coss, (2-3b)

2-4




With this narrowband representation, we have for the output

of the mu’tiplier,

2 AV ac, ot A

2= (53 +0,) 12 (sq + n4)2

=__ 2 _ 2 _ ¢2 _ 2
7 [53%253N5 cos(45-65) + N3 = S7 - 25,N, cos(gy-0,)-N2]

+ (terms with frequency 2u). (2-4)

What is meant by "zunal lowpass filter" is that the filter output y is

o b Al N S . A e o B i rak 42

equal to the multiplier output z, less the terms of frequency 2w. Thus

if we define the sum and differenco terms

53(t) + ng(t) = 7 [uy(£) + up(£)] = 2, (t) cosiut-(1)]

ne»

Z](t)

2. (t) cos . + 2, (t) sin ut (2-4a)

2)(t) 2 5(6) + ng(t) = % [ug(£) = up(£)] = Z,(t) coslut-p,(t)]

= 2, (t) cos ot + Zy (t) sin ot (2-4b) i
we find that ;
y(t) = 5 [Z(t) - Z5(t)] (2-5) |
where ,é
% 2 %-[S% + Sg + N% + N% + 25,5, cos(ez-e]) |
+ 25N, cos(¢1-e]) AN cos(¢2-e]) !
E ZSZN cos(¢] 2) + 25 N cos(¢2 2) 2N N cos(¢]-¢2)]
; = 83,0 % Ngq * 253 4Ny g C05(eg 4703 ) okl

2-5
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and

B i S] sine] + 52 sine2 + N] sin¢] + N2 sin¢2
1,2 S] cose, * S2 cose, + N] cosg; * N2 €34,
S

3,4 5105 4 + N3y sines 4
53’4 cuse3’4 =3 N3’4 cos<;>3’4

(2-5b)

Our object is to find the probability density function of the filter

output y(t) at a given instant in time. (From this

to time will be suppressed.)

point on, reference

2:1:1 DISTRIBUTION OF THE SUM AND DIFFERENCE TERMS

If, to use vector notction, we refer to the input noise com-

ponents as x' = (n]C, Ngs Moeo n2$)’ where the prime (') is used to

indicate the transpose, then we may express the joint probability den-

sity function of the input noise components as

po (Z.) =

where Kx’ the covariance matrix, is postulated to be

Ky = Covlny (), ny (), ny (L), n, ()]

= E[x'x]
[, :
B 0 POy
: 4 1919,
; PCa0 -1 2
2 9192 %2
rO]JZ pO10, 0

2-6
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| That is, the noise correlation at the inputs to the muitiplier is con-

sidered to be such that, for the same time instant,

;-—m:ﬁ--‘

Elmhac) = Elnyghag) = 0oy,

J Elnyehag) = -E(nygnye) = rojo,.

We may consider the sum and difference noise components

- . i . - .
n' = (ng., naos Nges ny ) as a linear transofrmation n = Ax, where

the matrix A is given by

| 172 0 1/2 0
| I
g A= 1/2 0 -1/2 o’
3 i 0 1/2 0 -]/ZJ
; ;
; s We may then write the probability density function of the variables n
as
py(n) = 74712-5 exp[- ]72' K;]nls (2-6)

where the new covariance matrix Kn is easily computed to be

2-7
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_03 0 R0304 R 030‘4
2 '
0 03 "R 0'30'4 R030'4
K, = AKA = : (2-7)
X ' 2
Roqa, -Rlogo, op . 0
| -R'0304 R0304 0 ' oi )
' 1
and D = Ydetk = o202[1 - R* - (R')’]. (2-7a)
- The variances og and oji, and R are as given in (2-2), and R'oy0, = - -]z-ro]oz.
It follows then that the quadrature expansions of the signal
plus noise variables Z and z, &s defined above have the density function
( - 1 1 ' ']
Po(2y002y552p002p5) = gz expl- 7 (2-5)'K (z-s)] (2-8) !
H “ = [} = o J 3 - = . 5
: ' where (z-s) (Z]c S5 €0S83,27,-S3 51N85,2, -8, €OS6,,25.-S, s1n04) (2-9) :
1
2.1.2 DISTRIBUTION OF THE FILTER QUTPUT, vy
Recall that the filter output is y =-]2— (Z]2 - 25). The density
function of Z] and 22 is
;
2n 2n
Pa(Zys2,) = j(; d¢, jo‘ ddy P3(Zy58752550,)
F
1 2n 2n . .
: = 2122‘/(; d¢] j(; d¢2 pz(Z] cos¢], Z"l sing,, Z2 cos¢»2,Z2 s1n¢2)
z _
é | (2-10a)
2-8
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2n 2 ‘1 -1
dé, fo dé, exp[- 5(Z-s)'K "(Z-s)]  (2-10b)
b .

where (Z-5) = (2 cos¢y - S5 €cs6q, Iy sing; - Sy sine,,
Z2 €osg, - Sq 0504, Z2 sin¢2 - S4 sine4). (2-11)

The quadratic form appearing in the integral's exponent reduces to

_ =1
Q = 55 [0f (2] + S3) + 03(Z3 + ¢3) - 2050,4%S,S, cos(e,-65-x)
-203o4XZ]Z2 cos(¢]-¢2-x)

~20,VZ; cos(4y-v) - 2042, cos{¢,~W)] (2-12)
where X2 = RZ + (R')2, tanx = R'/R

2y2¢2 =
0453 3X 54 20304XS3S4 cos(e3 e4+x)

2 . 262 4 42Y262 . -
W 035 + 04X S3 20304XS3S4 COS(63 e4+x)

_ 9453 sin03 - 03%S, sin(e4-x)

tanv - -
0453 COSt, = 03KS, cos(e4-i7
0,5, $in6, - o,XS, sin(6,+x)
Land' = 0354 cose4 - 4XS3 co (03+x) (2-13)
370 US54, T peg) 08 g
XCOSW v 1.n =0
Using the relationship e = ) el (x) cosnw, € = and
n:Onn n 2,n>0

performing the integration with respect to 9 and 095 in a manner quite

similar to Midd]eton[]6] (chapter 9) we obtain

2-9
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p4(Z],Z ) = -———— expi 0 [0222 + 0322 + Uz]f

0, VI 0. WZ X2,z
4'51 32 N A
<l ( 0 )’( y )Im (_T" cosm(v-u-x) (2-14)

where we have used U2 = ﬁsg + oé’-S&’- 20304XS3S4 cos{e4-e3-x), (2-15)
and Im( ) is the m:th order modified Bessel function of the first kind.

To obtain the density for y, we use the transformations

Z, = Y2y coshu
forZ]>22,ory>0andu>0
and
Z] = /2y sinhu
for Z] < 22, ory <0 and v > 0. (2-16)
22 = /=2y coshu

Then we find that the density for y is given by the expressjon

p6(y) = ‘L du p5(_y,u) =.£ du p4(y"27 coshu , v2y sinhu ), y > 0

=£ du p4(»/-2_y sinhu , /-2y coshu ), y < 0.

i o

2 2 2
. “(g2- 2] -
- Ayl (03 04)ly| -w-
= J5- exp 50 mZO € COS m(v W x)

xf du sinh2u e™2 cosh2u I (b coshu )I_(c sinhu )I_(d sinh2u) 5
b m m m
(2-17)

2-10
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with a = |y|(o3+03)/20, d = og0,X]y|/D, and
(bic) = (o4VV2y/D, oW/2y/), y > O

= (o3w /-2y/D, LA /=2y/D), y < 0. (2-18)
| = By writing x = 1 + cosh2u , we may change the above integral to
¥ | %ea[ dx e 1 [0h20e+2)] 1 [efix] 1 [4/Txe2)])

i 1 ,\2k+m
b/2/z)emm  (d)

i l ® (
7 € I 1 (X I Y (D

© 1
f dx e-ax(x+2)n+k+mxk+§m
0

X Im[cig-;]

2k+m
s1.2 5 1 Mfm (b/2/z)2m™ () ek I
"Z7 Zokio rso MH(mm)d k'(k+m7' r
1
kigrtr
x £dxeaxx 2 Im[c %X] (2-19)

Making use of Gradshteyn and Ryzhik{13] (formulas 6.643.4 and 9.220.2),

we obtain for (2-19) the following expression:

cz : o ntkem (4;)2"*'“(«1)2"““ ko o
m -C
X Lyirlg3) (2-20)




m
k+r

m. Substituting in (2-17) and for a, b, c, and d, and rearranging terms

where the L., ( ) are the Laguerre polynomials of order k+r and parameter

for clarity, we have finally

i 1 -1 2_n2 232
pgly) = o] ¥§5{208IYI+U g /(c§+o4)]§

T (fgo3o4X )(fz)“(ogogxz )k : )"
& 207(02%2) ) \202 ) \D(o2*a 2402
o ko ko Lo \ BT 7] Wz 55z

X ecos mv-u-x) "!("+$§;E}ik+m7! (KM

. k+mtn-r,m -¢°
WL (o) 1)

(U4v, 03'w', 02), y>0

wi th (f,g,cé) =
(U3w’ 04V’ 0%}’ y <0. (2-22)

(17]

A recent paper by Andrews gives an expression for the den-
sity function in nearly the same situation, by means of the character-
istic function method. Comparing the development here with that of
Andrews, it appears that following the strenuous development associated
with the computations of the character{§jéc function, one still needs

to solve a convoluticn integral c4ch as our (2-19) above. The different

final expression he obtains results simply from a different method of




attacking this type of integra2l. For the special cases, of course, the
form of the expressions given here is identical to that of Andrews.
Moreover, the computed results we show telow match his wherever appli-
cable.
2.1.3 REDUCTION OF THE GENERAL EXPRESSION TO SPECIAL CASES

For practical applications and for purposes of checking our
results with those of previous authors, it is instructive to reduce the
general expression of (2-21) under certain assumptions.

2.1.3.1 Equal Noise Power with Even Spectrum

An important case is that for vhich the noise inputs are of

equal power and their spectra are even about the center frequency of the

band. Under these assumptions, the cross-quadrature correlation

coefficient r is zero[]ﬁl and o% = c% = g2, implying that R = R' = 0,

3
><

sc that the term X in {2-21) is zerp, Definin

channels 1 and 2 by
S

2
2 & 1

hy = 557

and )
S
2

2-—-

h = 7552

the general expression of (2-21) is reduced te the following form:

For y > 0,

R (y) = gz e i 7y M - () “3}

R o Fh(1-p)/TH ] [2n
B 3 i I 7 _]_+)2 )
E . . rzo l /ByTa7 I ( ¢ Y+ )Lr [ ( 2 h4] (2-23a)
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and fory ¢ 0

0 2
pely) = -7 exp ’;mL_p—y - (& hg-hﬁi

® h (]+p)n.— r 2h
X Io [L———p] 1,(—-‘l ‘_Zl)Lr [ U—Zﬁlhg] (2-23b)

= V'8y7cz g ]'O
where
2 _ 1 2,02
h3 = D) (h]+h2+2h]h2 cos 26) (2-23c)
2 .1 AT
hi = 57757 (hy*hy-2hih, cos 26) . (2-23d)

and ithere 26 61-62 is the difference in phase between the narrowband

[18]

signals at the multiplier input [see Fiqure 2-1 and (2-3a)]. Muraka
presents results corresponding to a further specialization of this case
= 2 _pn2

2.1.3.2 No Input Signals and Equal Noise Power

If the correlator inputs are assumed to be only the noise of
equal power, that is, h% = hg = 0 and 0% = 0% = o2, the pdf (2-21) is

further reduced to

1 2
oz'eXp[' 521%:;7'], y>0

ps(Y) = (2-24)

1 2
Oy-exp[571¥:57-], y<0

2-14
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= This result is identicail to that of Lezin[lgl, who began analysis with

these assumptions.

2.1.4 THE PROBABILITY DENSITY FUNCTION FOR THE OUTPUT OF THE

i STANDARD OR SQUARE LAW ARRAY DETECTOR
f . In the ensuing chapters we shall have use for the density
. function for the standard or square law array scheme, as we have

defined it in Section 1.2.2. If the input to the squaring device is

omismre

z(t) = s(t) + n(t) = Z(t) cos [wt-4(t)], then the filter output is given
i i by y = 72%/2.

i As above, we may write 7?2 = zé + zg » Where z, and z_ are
independent Gaussian variates with identical variance ¢2 and means

E Scos® and Ssiné respectively if s(t) = S(t) cos [wt-6(t)].

It is well known that the sum of the squares of n independent,

unit-variance Gaussian variates with means mk is a noncentril chi-square

variate with n degrees of freedom and noncentrality parameter
m% + m% + ...+ mﬁ [23]. Therefore, x = %%-is noncentral chi-square
with two degrees of freedom and parameter $2/02?, and the probability

density function of y is

=2 212y, . 21
Psql¥) = S x [-'gn 2, —2-] = exp(-hz - Lz) IO(Zh\/y/oz), y >0, (2-25)

o 4]

where h? is the SNR at the input to the square law device.

s Sl SR e
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2.1.5 COMPUTED RESULTS

Judging the symmetric array, even spectrum case to be one of
most general utility, we shall present computations of this probability
density function (2-23), as well as the related density for the square
law array (2-25), in order to show the effects of the parameters o,
h] = hz = h?, and 6 = (6]-62)/2; o, quite cbviously, is a scaling para-
meter. In Appendix B the pdf (2-23) is shrwn to be equivalent to

o o [§(1-p)n3)" [3(14p)n3"

pgly) = ;12 exp [-(h} + hj)] nZO mgo = =

T ooy 10 4y, T
exp L—T(—l)»o T G |5 el B y>0

oy Jml -4y |,
exp L&‘{(—]‘%[ Cn Loé(]_pé)-a y <0,

—
N
]
i\
Y
~

where the polynomials we have defined, Gm(x) = ? (m+:-k) %;-have the
unusually useful computational property Gg = G;_; + GS;]. The form (2-26)
results from application of the characteristic function method to the
special case we are now considering.

For computation of (2-26), we have chosen a "nominal case" of
specific values for the purameters: p=0, v=1, h=1, 6=0. In Figures 2-2
through 2-5, (2-26) and (2-25) are plotted under varying parameters. It
is seen in Figure 2-2, that h2 has the powerful effect of changing the

pointed curve of th2 no signal case into curves which begin to approach

the familiar Guassian.

2-16
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o 2.2 APPLICATION TO THE ARRAY MODELS

A1l subsequent analysis shall be based on the application of

the filter output probability density functions for the "main" case in

which the array and the array noise input processes are symmetric, and :
the noise spectrum is even about the narrowband center frequency. This I
application shall consist, in this chapter, in showing the explicit

probability density functions (that is, containing all the pertinent

s Lo

parameters) for either type of array, including computed results.
=l In order to be able to show the effects of inter-element
correlation on the probability density, we have taken pains in Appendix A,

Section 3, to obtain closed form representations for the variances and

T g T s, U e

the correlation coefficient at the array sums. The resulting complexity

in expression is considerable, but we shall be quick to illustrate with

2.2.1 THE EXPLICIT PROBABILITY DENSITY FUNCTION FOR THE
MULTIPLICATIVE ARRAY MODEL
For the multiplicative array model, from (1-5) it is evident

that we have for the array sum signal parameters,

S] = 52 = MAD(e/M; M), %(9] - 62) = 9 = gMBsina, (2-27)
where A is the signal input amplitude, the total number of array ele-
sinNX 2nd

ments is 2M, o is the relative bearing, D{x;n) = Nsinx » & = "1 - H

Referring now to the two models for inter-element correlation

in Appendix A, we have for the multi.iicative array,

2-21
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2 2 2

o< = Ms© + 2(M-1)as
) ADJACENT CORRELATION
& a '
=W+ 2 . a = correlation coefficient (2-28)

2 _ WunP(o/m; M)

L T T

-b
ot =ns? ¢ 2@:(»1-1)s2(9’192—’—")
b

Wy EXPONENTIALLY DECREASING
He b(]-e p)z XPONENTIALL

bl+2(M-1)(b+e 2-1) CORRELATION (2-29)

Correlation between

il . <blm-
pe = > D (Q/M;b”) elements m and n « e 2lmnl
b2+2(1-1) (b+e P-1)

where s2 = nojse variance at hydronhones
H2 2 SNR at hydrophones.
In order to keep the notation under control, let us define for either
nodel of correlation the two parameters
B = g2/Ms?
C = pB. (2-30)
Thus we may conveniently resort to the white noise case by setting
B=1and C=0. With these definitions, we may substitute into (2-23)
to obtain the explicit probability density function for the multiplica-

tive array filter output:
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i Pe(¥) = Pgly; @, B, M, s, H, a or b)

1 [ -2y 2mi%0? p-Ceos20 , MHPo’sine B+C]

= exp
|
N r o 22 .2
. x z MsHDcos® B-C I 4Dcosevy L -ME™D"sin"9 B+C >0
3 | 2y B r\ s(B+C) /r B B¢/ Y
e r=0
g (2-31)
i :
B 1 [ 2y _ am0® p-Ceos2o MHZDZCOSZG_B-C]
BM52 MSZ(B~C) B BZ-CZ B B+C
i = 25 MsHDsin6 B+C r‘ 4HDsﬁne»-y\L -MHZDZCOSZB B-C <0
i oy B/ T\SEC] )\ B Bec)> Y <
r=o0
g (2-32)

To i1lustrate the use of this expression, we shall give four
examples. To obtain the white noise case, we use B =1 and C = 0, with
_ the result
;€ ! Pe(¥) = Pglys @, By M, s, H)

= Lo exp (-2yms? - am?o? + wiPo%sine)
Ms
= r
- MsHDcos® ) ; [4HDcosbvy) (-MHZDzsinze), y>0 (2-33)
r S r
r=0 20y |
2 %
- éii-exp(Zy/Ms - 2120% + MH202cos2e)
y r
« Z<MSHDs1n6> Ir<4HDS;"G‘/:y>Lr(-MHZDZCOSZB), v < 0. (2-34)
r=0 2/-y
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For a second example, let us consider a 10-element multipli-

cative array with adjacent correlation. Then M = 5, and for y > 0,

PG(Y; a, B, 5, s, H, a)

1 expl 2y 08?14, 6a-ac0526'
5s2(1+1.6a)  |5s°(1+2.6a) 141.6a 143.2a+1.56a°
 exp|SH-D sing 142. 6a| (2:5sHDcos 1+.62 )
1+1.6a 1+, 6a] 1+1.6a
r-o
I I4HDC056‘/)_;)L ('5H20251n26 ]+2.6a) (2 35)
r(s(]+1.6a§' 1+1.6a 1+.6a -

For our third example, let us find the density fo: an array
whose noise environment nas been determined to be exponen:ially decreas-
ing, in the manner in which we have defined this concept, and for which
experiments yield the information b = 1. Thus B = .74 and C = .15,

We have for this density, if y > 0,

ps(y; as B, Ms Sl5, Hy b=])

o2
= 1 exp' -2y _ 2MHD

Ms?(.26+.74M) Msz(.41+.74M) .26+.78M .045+.34M+.55M

.26+.74M-.15c0526]
7

« exp| M0 sin%0 . a1e. 78 (tstleoss . D171
26874 V7| 2,7 o 2w T

I [4HDcose/y ]L (-MH D sin 6 41+, 74M)

ris(.4%+.741) 26+.74M 11+.74M (2-3€)
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As a fourth example, let us find what is called the "boresight”

case, where a = 0. Then o =0and D = 1, so that

PG()'; 0, 8, M, s, H, a or b)

. ‘Sz exp|gr2(y/msZam?)| (oA Bgc)rlr[s?gfgs L,y >0 (2-37)

BM =0 27y
2] exp[ 2y MH2/2 ) B-Cﬂ y <0 (2-38)
BM52 Msz(B-C) B+C\ B

2.2.2 THE EXPLICIT PROBABILITY DENSITY FUNCTION FOR THE STANDARD

ARRAY MODEL

For the standard array model, from (1-4) we have for the array
sum amplitude, S = NAD(6'/N; N), where we have used ' = 3NBsina,N = total

number of hydrophones. As in (2-28, 2-29, 2-30) we may write for the

array sum,
02 = st + 2(N-1)as2
22 9 ADJACENT CORRELATION (2-39)
b2 = NCHD(0'/N; N)
N + 2(N-1)a
o = Ns? + 2N(N-1)52(9i9:2:1)
2 EXPONENTIALLY DECREASING
b (2-40)
b2+2(N-1) (b+e"2-1)
and we may also define B' = oz/st. (2-41)
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The white noise case corresponds to B' =1.
With these definitions, we substitute in (2-25) tu find the
explicit probability density function for the standard array filter

output:

Psql¥) = Pgo(¥s o, By N, s H, a or b)

1

2.,2:2 2
Bstexp——(wN 1 1(30%5), y > 0.

242.3 COMPUTED RESULLTS

Results for the array probability densities (2-31, 2-32) and
(2-42) are presented in Figures 2-6 through 2-14.

For the multiplicative array model, the nominal case of 10
elements (M = 5), white noise (a = 0), unit ncise variance (s = 1),
zero bearing (e« = 0), half-wavelength array spacing (8 = =), and zero
dB input SNR (H? = 1) was chosen. In Figure 2-6, H is varied, yield-
ing curves very similar to those of Figure 2-2, although we are now
dealing with an order of magnitude higher values of the filter output,
since each array sum is contributed to by five array elements, and the
normalization we have chosen is at the elements.

The number of array elements (2M) is varied in Figure 2-7,
showing especially well the effect of this parameter on the mean and
variance. It is evident that the number of elements does not signifi-
cantly change the shape of the distribution, as does the SNR. However,
for lower input SNR, as in Figure 2-8, a more dramatic effect can be

observed.

2-26
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The effect of adjacent inter-element correlation is displayed
in Figure 2-9. It is seen that correlation among tre array elements,
and therefore between the array sums, increases the variance of the
filter output and decreases the value of y at which the peak of the
distribution occurs.

Figure 2-10 demonstrates a phenomenon of great interest to
us in Chapter 4. The bearing is seen to act as a location parameter
for the distribution of the filter output. The manner in which the
bearing slightly affects the SNR, through the directivity function, can
also be obseirved in this figure. In Figure 2-11 it is shown that for
low SNR, bearing ceases to be a Tocation parameter in the usual sense,
since the peak of the distribution remains at y = 0.

In Figures 2-12 through 2-14, the distribution of the filter
output of the square law or standard array model is seen to behave with
parameter variation in much the same way as that of the multiplicative.
Here we have used H2 =1, s2=1,8=17, a=0, 3 =0, and N = 10 as
the nominc1 case. In Figure 2-10, the SNR is varied, while in Figure 2-13
and 2-14 _.he array inter-element correlation and the bearing are varied,
respectively. It is very noticeable that, although we have used the same
number of elements as in the multiplicative case, the magnitude of the
filter output values is much greater. In fact, there is a factor of
four involved, as can be understood by comparing (1-4) and (1-5) for

N = 2M.

2-36
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2.3 MEAN, VARIANCE AND SNR AT THE FILTER QUTPUT

2.3.1 MULTIPLICATIVE ARRAY

For the narrowband multiplicative configuration, we have from

Section 2.1,
y = (sq+n))(s, + ny) - (terms of frequency 2u)
é-{{S](n2ccosel+n2551n9]) T Slszcos(e]-ez) + Sz(n]ccosez+nlssin62)
e t n]s"Zs] (2-43)

so that E(y) = P00, + }s]szcosze = 0]02(p + h]h2c0526) (2-44)

and  Var(y) = 40%05(1+6°-r%) + 40y0,5.5, (pcos26+rsin2s) + H(o2s2a2s?)
R i b bl 2802

b Gl 2 . colE b N R
I TP - T cn]nz\pcoscv*rSIHCU) + n? + n;J (¢-4%)

where 8 = (6]-62) and we have used (1-7) and the well known moment

properties of zero-mean Gaussian random variables ([16], Section 7.3.2):
E(uvwx) = E{uv)E(wx) + E(uw)E(vx) + E(ux)E(ww) (2-46) i
E(uw) = 0 (2-47)

PR

with (u, v, w, x) being any combination of (n]c, Mos Noes n2$)’

il




For our main case of the symmetric array, even noise spectrum,

¥ we have 9 T 0y = 0s S] = S2 = ohv2, and r = 0. Therefore, for the main

case,

1
¥ E(y) = o%(p + h2cos 26) (2-48)

T Var(y) = #0701 + p2 + 2h2(1 + p cos 26)]. (2-49)
Further, using the notation of (2-29), 2-30, 2-31), we obtain expli-

citly

E(y) = Ms2[C + MH?D2(0/M; M) cos 26] (2-50)
Var(y) = +M2s*[B2 + C2 + MHZD2(o/M)(28 + C cos 28)]. (2-51)

e P A PR T YL IO
'
L

We may use these expressions to show the SNR at the filter

output, using the conventions of Middleton[l6], Section 5.3:

4
or < [EW-EQH=0)T? M2k cos228
0

. 3.
Var(y) B2 + (2 + MHD(2B + Ccos26) (2-52)

2.3.2 SQUARE-LAW ARRAY
For the narrowband standard or square law array configuration,
the filter output is a noncentral chi-square random variable, as noted

in Section 2.1.4. Since the mean and variance of x?(x; 2, a2) are given

([23]) by E(x)

2 + a2, Var(y) = 4 + 4a , we have

E(y) = 02(1 + h?) (2-53)
Var(y) = o*(1 + 2n2). (2-54)
Using the notation of (2-39, 2-40, 2-41), we write explicitly,
E E(y) = Ns2[B' + NH?D2(n'/N; N)] (2-55)
1 Var(y) = B'N?s [B' + 2NH2D?(o'/N; N)]. (2-56)
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| The filter output SNR then becomes

_ [E() - By #=0)7? o Nt

SNR .

2.3.3 COMPARISONS
It is interesting to compare the moments and SNRs which we
have just shown. We shall do so for the white noise case in which

also 6 = 0 (boresight case). Denoting means by E and variances by V,

[ we have
]
! = 21 2 = M2c2H2

Egq = Ns2(1 + NH2) E_ = M2s2H
- Veq = N2sY (1 + 2nH2) Vs w2t (1 + 2MH2) (2-58)
?
v 2,4 2,4

SiR., = —L shp_ = LLH_

9 1+ oM 1 + 2MH®

The comparisons we wish to show are tabulated as Figure 2-15, in which

we have four situations represen o (a) the
standard and multiplicative arrays having the same total number of
elements, that is, N = 2M; (b) the two arrays having roughly the same
beamwidth, represented by N = 4M. It is seen, for example, that the
multiplicative array SNR is less than or equal to that for the standard

array in all thesc cases.

* * * * % *

Additional refercnces. The method we have used to obtain the filter

] cutput probability density functions is by no means the only one.
Perhaps the most thorough method is that which takes into account the

filter transfer function of a realizable filter, and treats the filter 5?
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Nl i
En = E'Esq En = 16 Esq
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= 1
SNRm = SNRSq SNRm = ?-SNRSq

FIGURE 2-15 COMPARISON OF FILTER OUTPUT MOMENTS, SNR
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input as a time series. In the literature, this approach is often
attributed to Kac and Siegert[ao], and usually is found applied to the
square law detector [41-43]. An exception is the work of Lampard[]sl,
who studies a multiplier/filter configuration. The curves in Marcum[30]
and in Emerson[41] are especially comparable to those we have generated.
Others not mentioned in the text who have used the same method
as we to analyze th2 multiplier/filter, though less generally, are listed
for reference [44-46]. A thorough treatment of the output SNR of such
systems is that of Green{47]. In these works, very similar probability
density curves were obtained from sometimes very dissimilar expressions.
For those who wish to pursue the mathematical statistics

aspect of this problem, we provide a listing [48-52] of what we con-

sider profitable reading in this area.
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CHAPTER THREE
DETECTION PERFORMANCE

Having now the probability density functions for the array
processor filter outputs, we are in a position to evaluate what
Tucker[s] described as "... the difficult question of whether the
better signal/noise performance [of one detector over another] is really
indicative of a higher probability of detection." That is, we are able
to calculate directly the probabilities of detection for the standard
and multiplicative array models, as functions of the SNR and of corres-
ponding probabiiities of false alarm.

3.1 DETECTION CRITERIA

The above assertion relies on various deffnitions and assump-
tions. Our analysis assumes the usual Neyman-Pearson arrangement[26],
shown in Figure 3-1, in which the value of the filter output is subjected
to a “test." If the filter output (y) is greater than a threshold (),
then the decision, "signal present," is made. If y < 1, the decision
"no signal" is made.

Since due to the noise, y is a random variable, this decision
strategy is susceptible to two kinds of error. One, called "false
alarm," occurs when a threshold-crcssing due to noise only causes a
spurious "signal present” decision. The other error lies in missing a
weak signal because a threshold-crossing did not take place.

The problem in this type of strategy is to choose the threshold
such that an acceptable probability of error is maintained. Often there
is a high cost attached to a false alarm (for example, an expensive
weapon fired), so the usual practice is to consider the threshold as
o T(PFA) where Pp, is the probability of false alarm.

3|
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Various types of detection systems then are evaluated in terms
of the probability of detection (PD) achieved for a given threshold,
as a function of the SNR when a signal is present. Therefore the trade-
off between PFA and PD is of great interest, and it is standard practice
to exhibit this tradeoff in the form of "receiver operating character-
istics," in which PD is plotted as a function of PFA and the input SNR.
3.2 CALCULATION OF FALSE ALARM PROBABILITY

Since a false alarm occurs when the filter output y exceeds
3 the detection threshold t when there is no signal present, the procabhility

of false alarm is given by

e = ooy, (3-1)
T _ .

3.2.1 MULTIPLICATIVE MODEL

i 2T O i e I b o
- - .

Using (2-26) for p (y|H=0), we have for the false alarm

probability for the multiplicative array model,

e
T o=(1+p)
= %(Ho)/dx e”*
2T
o?(1+p)
. -21
Pea = 3(14p) exp (3-2)
FA . 02(1+p)
or, to use the notation of Section 2.2.1,
Py © +(1+C/B) exp —QL"] . (3-3) 3
B Ms“(B+C)

3-3
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3.2.2 SQUARE LAW MODEL
Using (2-26) for psq(y), we obtain for the false alarm

probability for the square law or standard array model,

Pea = / dy ;—2 exp(-y/cz) (x>0)
T

= exp(-T/cz) - (3-4)

or, in terms of Section 2.2.2,

Pea = exp(-r/B'st). (3-5)

82 13 COMPUTED RESULTS

Figure 3-2 illustrates the simple manner in which the false
alarm probability varies with the threshold. It is clear that the
standard array model requires a higher detection threshold than the
multiplicative with the same number of elements to achieve a similar
false alarm rate. However, this statement has to be qualified further
for general application, since the models do not take into account the
attenuations and gains of actual systems, and therefore the magnitudes
of the filter outputs may not correspond in the same way as they do
here.

Nevertheless, the mean and variance of the filter output due

to noise alone tends to be smaller in the multiplicative configuration,

allowing a relatively iower threshold (compare equations (2-51) and

(2-56), (2-52) and (2-57) for N = 2M).

L o ae ot 2
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;g 3:3 CALCULATION OF DETECTION PROBABILITY

Detection of a sigral which is present occurs when the

filter output exceeds the detection threshold. Therefore, the proba-

4 bility of detection is given by
| rp = [ ply1ib0). (3-6)
! - T

3.3.1 MULTIPLICATIVE MODREL
Using (2-26) for p6(y), for the multiplicative array model
we have for the probability of detection,

= [§(1-0)h31" [5(14p)n31"

1
0 mZO ol n!

p(¥) = =3 axp [-(h] + h2)]

=
e~ 8

r

X ﬁy exp—-'—zL— G"l———z‘l—é—]- (t>0). (3-7)
|

(1+0) | ™| f (-6

To obtain the result, we take the integral in (3-7) separately:

[ m ©

ﬁy eehey) = Y (™) Jﬂiy e (ey) /!

T k=0 T

m
- 25 (m+n-k) Ct+] r(k+1, br), (3-8)

Fa
]
o
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where T'(n,x) is the incomplete Gamma function. Using [13], formula

8.352.2, we continue:

~ =bc i k k r
Jor e = 5= S (M) S -
T a k=0 +or=0
bT m
6 2 (MH(E) eyt (3:9)

where we have taken b = 2/9%(1+p) and ¢ = 4/0%(1-02).

Substituting (3-9) in (3-7), we find for hy=h,=h,

2m . .\2n m-n
Py = #(1tp) expl < °529>] (hCOSG) (hSTE?) (};%)
m=0 n=0
R K2 ¥ [ 2
=21 mtn-K T
X exp ; —) e, | 5 (3-10)
02(]+p) IE;% ( £l )(]‘p) klOZ(]+p)}

or, in the notation of Section 2.2.1,

o0
p = BC exp‘ 20 2mio® B- CCOS?O} \ Z <MH2[1) Lco?e) m(SirIIB)zn
D 2B M52(8+C) B BZ-CZ ;:b =) B mi n.
m-n B k
BEGA mn-k) [ 2B\ 2t _
"(iﬁf) E( n )<B-C/ek ? : (3-11)
s Ms© (B+C)
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3.3.2 SQUARE LAW MODEL

Using (2-25) for psq(y), the probability of detection for

the square law or standard array model becomes 1
4 i
1 2 2 _
= fay L exp(-h°- héy, |
= Pp ﬁy 2 exp(-h“-y/c®) 1,(2hvy/0) ;
N |
~ i
= ﬁ( exp(—hz-%xz) Io(/fhx) dx (3-12) i
Y2t/o i
or PD = Q(v/2h, V2t/o), . (3-13)

where Q is Marcum's Q-function. In terms of Section 2.2.2, the proba-

bility of detection is

Py = QUHD/ZNVBT , V2r/B'Ns%). (3-14) ’%

8.3.3 COMPUTED RESULTS

The behavior of the probability of detectior at the filter
outputs as a functicn of threshold and array input SNR is shown in
Figure 3-3 for N = 2M = 4 and in Figure 3-4 for N = 2M = 10.

It is seen that in general, the standard array model's
detection probability is higher than that of the multiplicative for ]
the same threshold, subject to the qualifications cited in Section 3.2.3.

This is due to the fact that, for the same number of array eiements, the

5 bulk of the standard probability density is concentrated about & higher
' mean value than for the muitiplicative case. Another factor is that the

detection probability for the square-law or standard processor is

always unity for zero threshold.
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3.4 SYSTEM COMPARISON: RECEIVER OPERATING CHARACTERISTICS

In the previous cections we have examined separately the
i probabilitics of faise alarm and or detection for the two array models

we are considering. It was seen that the multiplicative model has a
more desirable false alarm rate for the sime value of detection threshold,
while the square-law or standard model yields a higher probability of
detection. However, this apparent tradeoff is tlurred by the unsuit-
ability of the detection threshold as a basis for comparison.

A more informative method of comparing such systems is the
construction of "receiver operating characteristics," which eliminates

the threshold altogether by converting the parametric relations

E Pop = Poa(1)
= FA = TFA | (3-15)
4 PD = PD(T,SNR)
1 ] 3 - { in A
into the relationship Py = PD\PFA,Shn). (3-16)

Because with the receiver operating characteristics (ROC)
representation two different threshold detectors are more directly
comparable, a performance index such as "minimum detectable signal" can
be used to pronounce one the better detector with some confidence in
the generality of this kind of statement. (The minimum detectable sig-
nal is defined as the SNR reguired to insure a given probability of
detection for a certain false alarm rate, also given.) He]strom[26]

cites additional uses of the ROC; for example, determination of para-

meters for Bayes and minimax criteria detection schemes.
The ROC curves for our two models, for the white noise, bore-
sight case, are given in Figure 3-5 for N = 2M = 4 and in Figure 3-6

for N = 24 = 10. The fact that the standard array processor ROC curves
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are consistently above those of the multiplicative indicates that the
standard array model is a better detector in this case. They are
quite close together, however, ard the minimum signals for the two
configurations would appear not to differ by more than 1 dB.

The more usual presentation of detection probability as a
function of SNR is given in Figure 3-7 for four-element arrays and in
Figure 3-8 fcr ten-element arrays, for varinus values of false alarm
probability. These curves, of course, contain the same information
as Figures 3-5 and 3-6, and are given here for the convenience of
those who are more familiar with this presentation.

Arndt[sg] compared SNR and angular resolution (beamwidth)
properties of various array configuration, including linear arrays of
the type we are studying. Assuming that probabi]ityvof detection is
proportional to output SNR, he is willing to declare that additive
(conventional or "standard") processing is the better detection strat-
egy, although for the price of 3 dB in SNR, split-beam multiplicative
processing obtains superior hearing "estimation" (tracking) capability.
Arndt concludes that this “price" is too high where detection is para-
mount, although he does not consider the false aiarm rates of the two
configurations.

Our results, while not directly comparable, suggest that
more thorough examination may reveal that the cost in detection proba-

bility (vs. false alarm rate) is less than indicated by the difference

in SNR.
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CHAPTER FOUR
MAXIMUM LIKELIHOOD BEARING ESTIMATION

In Chapter 3 we have generated characterizations of signal
detection performance based on the probability density functions of
Chapter 2. At this stage, we have provided the analytical equipment
to answer a good many of the questions raised in the literature regard-
ing the relative merits of the two array configurations we are consi-
dering. However, before making a general comparison, we should Tike
to include another important consideration.

In addition to detecting the presence or absence of a signal,
we desire to know the bearing of the signal source preciseiy. The
purpose both of steering the array and of seeking to improve its direc-
tivity by summing th= outputs of several hydrophones, is to obtain a
filter cutput whose value can be depended upon to show a peak when the
array is steered in the direction of tae signal source. The precision
of this technique is, of course, reiated to the tracking (noise)
conditions and also to such factors as the accuracy of the steering
and peak-detecting operaiions. (Often the "peak-detector' is a sonar
operator.)

The precision with whici bearing is determined can be calcu-
lated in some fashion for a given reaiization of an array system.
However, what we are interested in discovering here is, given the array
processor configuration, what is its ultimate capability in establishing
bearing? An answer to this question could, for example, motivate a

designer's decision to improve the performance of an array subsystem




or component, if the configuration's ultimate capabilities were not
nearly beiny realized.

In Chapter 5 we show calculations, based on statistical con-
cepts, which bound the minimum bearing error attainable. In this
chapter we derive forms for bearing estimators, whose performance we
shall later compare with the theoreticai bounds.

4.1 MAXIMUM LIKELTHOOD ESTIMATION

From (1-4) and (1-5), we know that the array filter output,
if there is no noise, behaves in a known way as a function of the
bearing, so that we can write y(t) = y(t; «). Assuming we have only
this filter output to work with, we could determine the bearing by
inverting this function: o = a(y). However, since in general there is
noise present, th2 result of this operation would have to be censidered
an estimate of the bearing, written a*, and illustrated in Figure 4-1.
And there would be error associated with the estimate. Much attention
is given in statistics to the problem of finding estimators which yield
the most accurate (least mean square error or minimum variance) value
of the parameter being measured. Since we have the probability density
function at the filter output, we may make use of the results of the
statistical theory of estimation.

According to Cramer[zs], the most important general method of

finding estimates is the maximum likelihood method. Briefly stated,
this method, as applied to our problem, consists of considering the

maximum 1likelihood bearing estimate (o) to be that bearing for which the

| oot o s g poi ot SR

known value of the filter output (y) is the most likely value. That is,

é ~ A

a a: ply; a)2 ply; @) . (4-1)

e e
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Therefore, we nay determine the maximum likelihood estimate by finding

the bearing which maximizes p(y: a):

~ A " a=qa : " =0
aé{a(y):ilg’—ﬂ ok aéa <0f. (4-2)
s ) :

The importance of this method lies in the property that [29]
under fairly general assumptions, the maximum 1ikelihood method will
produce asymptotically efficient estimates, that is estimates whose
variance approaches the theoretical minimum for certain conditions.

We shall not be computing the secor.j derivative indicated in
(4-2) since we have seen in Chapter 2 that the bearing (suitably
restricted in value) acts somewhat like a location parameter, and thus
we expect that the solution to the maximum likelihood equation 3P/3a = Q
to also be the value of o which causes the given value of y to corres-
pond to the peak of the distribution. Although for swmall SNR this
location influence of « changes in that the peak value remains at y = 0,
we shall assume that the solution of the maximum likelihood equation
continues to be a maximum.

4.2 [HE MAXIMUM LIKELTHOOD BEARING ESTIMATE FOR THE

STANDARD ARRAY

Using (2-25), the probability density function of the filter
output of the sta.dard or square law array, we heve the following

equation for the maximum likelihood bearing estimate:

~ LY

Lo ()2 gl

=0 (4-3)




= = 4"'4)
2h o[ 2 2h ahr"ﬂ (
or 1 (P8l =5 5) 5
2h .
I](E_'{y) _ oh '
or —_— = 7_- 3 (4-5)
2h
%Tﬁ) 4

where, from Section 2.2.2, we have the notation

-~

h & nee; =N undpsina; N). (4-6)

B"
Equation (4-5) corresponds to a special case of the maximum 1likelihood
equation for the estimates of the noncentrality parameter of a non-
central chi-square variate, as given by Meyer[33].
4.2.1 THE HIGH SNR CASE

As shown in Figure 4-2, the ratio of Bessel functions on the

left hand side of (4-5) approaches unity for large values of the argu-

ment, satisfied by iarge SNR (Hz). That is,

L0/ =1, x> 3. (4-7)
Thus for H2D?y > 2.25(B")%% or hly > 2.250%, we obtain
h = vy/o, (4-8)
or, from section 2.2.2,
2222

s"NTH™D (%Bsin;; N)

sszsinz(%NBsina)/sinz(%Bsin&) . (4-9)
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an implicit form which we shall fiad useful in Section 4.4. From

Appencix C we have tke approximate inverse or explicit forms

290 = arcsin 24 /6 (1. 7
a(y) = arcsin g h- NHS)

n

%-arccosll & 62(22-1) (nz; - 1)] » V¥ < NHs (4-10)

=0, /y > NHs

where the approximation assumes 3{(N-1)8 sin a << Y/12. Since the beam-
width is given at most by [iN8 sin a|<m, this assumption is a valid one.

It is instructive to note that (4-9) is equivalent to taking
y(a) = [E(y) - E(y|H = 0)1%7%, (4-11)

that is, the maximum likelihood estimate for the high SNR case can be
interpreted as the operation which assumes that the filter output is its
mean value, less the 1. 7fects of noise.
4.2.2 THE LOW SNR CASE

For small values of the argument in (4-5), the ratio of the

Bessel functions can be approximated by

(/I (%) = .584x e™ %% x <3, (8-12)

Thus for HD%y < 2.25(8')%s2, we obtain

.584 §V§'exp :4§§ﬂfz = a/Vy (4-13;
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S B T AT AT S

=

oF g ]n(l.168y) (4-14)

527y o?

or, from section 2.2.2,

N+2(N-1)a] s 1.168y/s
D(HNBsina; N) = L 52NH/i L 1 <N+2 N-1 as . {4-15)

As for (r-10), we use (D-9) to write

;(y) = 4 arccos ‘ _£§Ll_21 }
B (N -1)

- 48 {N42(N-1)a] s 1.168y/s
) %'arcc°s[] alpe, [‘ SNy " W2(N-1)a

B~ (N"-1)
(4-16)
4.3 THE MAXIMUM LTKELTHOOD BEARING ESTIMATE FOR THE
MULTIPLICATIVE ARRAY
For the multip!icative array model, the maximum 1ikelihood
equation may be written
e =C =0 =0l
§E§£Zi_fi. _9% do MBcosaap6 =0
a0 30 da 36 ' (4-17)
Assuming that cos a # 0, we have, using 6 = 8(&),
p {6=9
ML (4-18)
20
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From (13], formulas 8.972.1 and 9.212.1, we observe that
X, k _ (r+k : -
XLK(-x) = (TTF)4F (reke1 k1), (4-19)

Substituting this expression in (2-23), we have for the probability

density of the filter output for h] = h2 = h

p6(y; a) = g(6) = a1exp[-a2h2(|-pc0526)] ES a;(hcose)r
r=0

Pon ),

x Ir(a4hcose) ]F](r+],1; ash sin“o (4-20)

where we have tried to simplify the notation somewhat by writing

a = o™ 2exp[-2y/0%(1+2)], a, = 2/(1-921, ay = (1-p)o/2/y, a, = &/y/a(1+p),

and a, = (1+p}/(1-p).

Performing the required differentiation of (4-20) with respect

to 6, we obtain

g'(p) = a]exp[-a2h2(1-pc0%29)]

[

E e g : C LT r
x { 2a2h[h (1-pcos26)+phsin26] z: a3(hcose) Ir( )]F]( )
o r=0
+ (h'cos6-hsing) :S rag‘hcose)r'] Ir( ).1F]( )
r=0_
) , . r v
+ 7a4(h cosB-hsing) 25 a3(hcose) [Ir+]( )+Ir-1( )]]Fl(]
r=0

+ 2a5hsine(h'sine+hcose) :L (r+1)ag(hcose)r1r( )

G x ]F](r+2,2;a5hzsin29) (4-21,

4-9
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In (4-21) we have used h' = dh/d® and have suppressed the arguments of
functions whenever they are the same as in (4-20). By combining summa-
tions and noting that rIr(x) = x[Ir_](x) - Ir+](X)], we may reduce (4-21)

to

(-]
g'(0) = a]exp[—a2h2(1—pcosze)] 25 (a3hcose)r
r=0

2

x -2a2[h'(1—pc0526) + phsinZG]Ir(a4hcose)]F](r+1,];ashzsin 9)

+ a4(h'cose-hsin6)1r_1(a4hcose)lF](r+1,];ashzsjnze) )
(4-22

2.2

+ Zas(r+1)hsin6(h'sin6+hcose)Ir(a4hcose)]F](r+2,2;a5h sin“0)}.

A slightly more compact form may be raalized by using (4-19) to return to

the Laguerre polynomials:

g'(e) = a]exp[-azhz(l-pc0526)+a5h251n26] :S (a3hcose)r
r=0

x -2a2[h’(1-pc0526)+phsin20]Ir(a4hcose)Lr(-ashzsinze)

' : 2 .2
+ a4(h cose-hs1n8)lr_](a4hcose)Lr(-a5h sin 0)

2sinZo) ). (4-23)

k 2a5hsine(hs1ne+hcose) (a
J

1
) =
Ir 4hcose,Lr( a.h

5
Our task is to solve the equation g'(8) = 0, ‘ur 6 = 8(y).

However, this we have not been able to do in general. Rather, we next

show a small SNR approximation to the solution, and fcr higher SNR, a

different approach.

4-10




- =

[ 2 ¢
BRre

4.3.1 SMALL SNR CASE
For h sufficiently smail, we may find an approximate solution

by taking the first term of the series. Thus g‘(e) = 0 becomes
0= -Za,{h‘(]-pcosze)+phsin29]Io(a4hcose)
; Tt
+ a4(h cos8 h51n9)11(a4hcose?
+ 2a5hsine(h'sin9+hcose)I](a4hcose). (4-27)

Dropping the hh' terms and supplying the expressions represented by a,

and a5 we abtain

. ' . o I, [4hcosovy/o(1+0)]
[h'(1-pcos28)+phsin20] = —1-—17(h'cose-hs1ne) :
102 SRR 1,[4hcosevy/a(1+0)]

{4-25)

For convenience we use a different approximation to the ratio of the
Bessel functions than (4-12). From Figure 4-2 we see that if x is quite

small, then

—
—t

(x)
)Z)-;I%,X<'|. (4'26)

<

With this approximation, (4-25) can be manipulated to yield the implicit
estimator form,

o? (L) h'(1-pc0s20)+phsin26 .
h

¥ == s
1-0 'cos8-hsind

(4-27)
hcosé

In the terms of Section 2.2.1,




3/2

- B+C\ D' (0 M;M
y ( ) (6/M;M)(B- Cc0526)+CD(ejM M)s1n26 ., (4-28)
HD(e/M M) D! (e/M M)cose D(e/M M)sme
where D'(e/m;M) = 9B - ] [cosh - -S1N0 cos(O/M)
M =96 = Wern(emy Leos Msin(6/M) 1
s1ne ——= [cos6-Dcos (6/M)]. (4-29)

For white noise (B = 1 and C = 0), the implicit estimator form (4-28)

becomes

.4\' 2 A A A
[P D _ §° _ cosg-Decos(e/M) . (4-30)

Hﬁ(ﬁ'cosa-ﬁsina) HD coszg-ﬁcosgcos(Q/M)

For small o (within the array major lobe), we may approximate:

y=£ 1-6°/2- 6(1 2/t wst - 582/2 (4-31)
HD 1-202-D(1-6%/2)(1-6%/24%)  HD 1-D-36%/2
or y ¥ 2730, (4-32)

From this we obtain the explicit estimator form for the white noise,

small SNR case,

; (y) = %arccos [1— Bz(:g-l) (1- 3iy>] (4-33)

4 3.2 A NONCENTRAL CHI-SQUARE APPROXIMATION

For SNR other than very small, rather than work with (4-23)
we shall follow the procedure of approximating the density function of
the 7ilter output y by one which nas a closed form, and then deriving

the maximum likelihood bearing estimate for the approximate distribution.




Over a wide range of vaiues for SNR, we have found that a good
approximation to the probability density function (2-23) for the multi-
plicative array model is the density function of an equivalent non-
central chi-square random variable, chosen such that the mean and variance

of the approximate distribution are the same as the original.

let x =d + cy/o2 be a noncentral chi-square variate with two

degrees of freedom and noncentrality parameter A2. Then we have

p(¥) = oo, (eyra+d)/o” = g expl-ley/o’d01")/2]
X IO(Ach/oz*d), cy/02+d > 0. (4-34)
From Section 2.3.1,
E(y),= 02(p+h2c0526) = Q'E'[E(x)-d] = 9;(2+Az-d) (4-35)

‘ 4 4 4.2
Var(y) = 95-[1+p2+2h2(|+ cos20); = 9§Var(x) = EQFélié;l-. (4-36)

c
In terms of ¢ we can solve (4-35) and (4-36) to yield
2 &, 2.2
AT = —§-[1+p +2n" (1+pcos20)] - 1 (4-37)
2.2 2
d=1+—=5 [140°+2h" (14+pc0s26)] - c(p*th“cos26). (4-38)

An illustration of this approximation is given by Figure 4-3.

Again assuming cos o # 0, (4-18) becomes

_ p,(y) [°7®
; T -=o. (4-39)

For py(y) as given in (4-34), the maximum likelihood equation then is

4-13




APPROXIMATION TO MULTIPLICATIVE

4rly) ARRAY PROBABILITY DENSITY FUNCTION
a=0 M=5
s=] g=.314

1 Noncentral chi-square
Actual

Equations (4-34 to 4-36)

f i . c=4

s o il A AU S

FIGURE 4-3
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(3'+22X')10(i4cy/02+3)
= Il(chy/s ;Z) [ZX'ch/o +d + Xa'/ ch/02+3 ] (4-40)

or, using x = cy/o2+d,

LOWR G

x = - (4-41)
Io(Wx)  2a'/x + Ad'/vx

Taking the ratio of the Bessel functions to be unity, we obtain the
quadratic equation,

2A'x - (d'+2A0')¥X + Ad' = 0, (4-42)
with the solutions

-A' I\' A 2 A- I\' A' 2 A2
K= d'/2x', ) or cy/o” +d = (d'/2x")%, A5, (4-43)

Putting ¢ = 4 into (4-37) and (4-38), the first sciution can

be expressed

<
—

SR e 22
%E h'Ll-(1-p)coi26] + h(l-g)s1n26 -3+ 2p(2-p)
h'(14pc0s26) - hpsinZd

%l

4 4h2[1-("-p)cos20].  (4-44)

Note the slight resemblance of this solution to (4-27). The second

solution has the much simpler form

Ao ~
Yo = o?hPcos29 - 02(&-9)

= Ms2[MH2D cos26+C-B/2]. (4-45)

4-15




This solution also has the form, or nearly so, of E(y) - E(y|H=0).
For this reason, and for its simplicity, we shall restrict our atten-
tion to it. An additional motive for preferring (4-45) is that, as the
SNR becomes very large and P5(¥) approaches the normal distribution,
{4-45) corresponds to the well known maximum likelihood estimate for that
case [57].

To obtain an explicit form &(y) for th> estimate, we first note

that (4-45) can be written

H A "~ 9 ZA °
D(0/M; Micoszo = SO . L, (i Bc)  (4-46)

MosinZ(o/M)  MH® \Ms?
= sin26 . sine
alsinZ(e/M)  Msin®(6/M)

DZ(o/M; 2M) - MEsinZ(6/M)D% (5/M; M)

oP(a/m; 2). (4-47)

Then, using (D-9) and recalling that 6 = iMB sin o, we find

) 48 ] y B
a(y) = %arccos{] - \V/ +5-0C ]. (4-48)
g% (am2-1) Ve (Msz 2~ %)
4.4 DISTRIBUTIONS OF THE ESTIMATES

The estimate &(y), being a transformation of a random variable,
is itself a random variable, whose probability density function is given

by

palas @) = p[y(o); ol |dy/cal. (4-49)
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For example, for the multiplicative array, high SNR case, the estimate

(4-45) has the density function
A‘. = 2A2 A 2 . 2A Al A A . A 'N'
palo: 2) = pglo“h®cos20-0(4~p); @2 h[h'cos20-hsin20(6*,  (4-50)

where we continue to use the shorthand notations h = h(é), o = 9(&).
Often at this point the analyst will attempt to provide an
expression for pA(&;a) in the form pA(&;a) ='f(&-a). However, since the
expressions for the density functions are so complex, this objective
requires much approximation, and there is little to be gained. We shall
be satisfied here to note that these densities are readily computed from
(4-49). Instead, this effort will be put into showing the means and
variances of the estimates for the high SNR cases so that their asumptotic
behavior may be examined in relationship to the theoretical bounds in the
next chapter.
4.4.1 MEAN AND MEAN SQUARE, THE STANDARD ARRAY ESTIMATE
The high SNR bearing estimate for the standard array, given by

(4-10), has the mean value

N2H2s2

ot f dyarcsin[K\/l-/y/NHsJexp(-hz-y/cz)10(2h/y/c)
0

. Ela)

1
k/ dx arcsin[K'fl—/ﬂexp(-hz-kx)IO(Zh/?x)
0

1
1

2% [ ax x arcsin[xymexp(-hz-kxz)10(2hxm, (4-51)
6
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2 [§ N2H252
where we employ K = g Nz ] and k = = h /D (38sina; N). Approximately
- ol
” _h2 ]‘ __kvz ._
we have E(a) = 2kKe J(dx 4 I Io(th/F)
0
2 = n m
-h kh +
= 2kKe z z Ln‘?ﬂ (- k) fdx x2n 2mt]
n=0 m=0
G 2yn m
= 2kKe™ 25 ZS 5%?;%—- f-)-B(s/z, 2n+2me2), (4-52)
n=0 m=0

where B is the beta function, B(u,v) = r(u) r(v)/r(u+v). By a simple

change of summation index we may write

2= M

2\n m-n
A oupah k)" (k)
E(x) = 2kKe 25 25 fﬁTﬁ%—- ‘T B0/2, 2m+2)
m=0 n=0
e (k) 2
=akke Y KL a(3/2, 2m2) L (). (4-53)
m=0

By a similar process we find that

~ s m
€[(o)?] = 2Ze™ > LK pia, 2miz) L), (4-54)
m=0
The beta functicns B(3/2, 2n+2m+2), as shown in Figure 4-4,

can be approximated by the geometric progression

B(3/2, 2n+2m:2) = B(3/2,2)x(.415)"™ . (4-55)
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Substituting this approximation in (4-52), we obtain

- g 2yn M
E@) = 2k Y S LK) LB gy, 2)

ninl!
n=C m=0
= 2kKB(3/2, 2)exp(-h®-.415k) 1,(2h/AT5K ) (4-56)
or E(a) = kKB(3/2, 2)exp[-(h-/-ATEK)2]/v n/.415kN, (4-57)

where we have used the large argument relation for the Bessel rtunction,

Io(x) = e*//ZiX. Substituting for K, k, and h, we find

a 2 .\1/2 s
E(a) = —=6 (M) expr-nt?(p-.644) /8" . (4-58)
gvD(N°-1) :
In a similar manner we approximate E[(&)z] by using
B(2, 2n+2m+2) = B(2, 2)x(.335)"™, (4-59)

This choice of approximation is illustrated in Figure 4-5. From (4-54),

the mean square of the bearing estimate becomes

g 2 m
2 -h" s (-.335k) 2
e T L3k pia, 2) L)

m=0

EL(0)?]

2kK?B(2, 2)exp(-hP-.335k) 1 (2 335) (4-60)

or E[(a)?] = kK%B(2, 2)exp[-(h-Y 335K, 2IA/ . 335kh . (4-61)

Substituting for K, k, and h, the expression for the mean square is
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. 2\1/2
20 . _2.97 (M 2 2
E = ) n e { . =
L] = e (M2 )™ expl-nt?(0-.579)%/8'] (4-62)

These approximaticns (4-62) and (4-58) are useful only for
smaller values of SNR (k = NH2/B' < 1).
4.4,2 MEAN AND MEAN SGUARE, THE MULTIPLICATIVE ARRAY ESTIMATE
| For the multiplicative array model, the high SNR bearing

estimate we have developed is given by (4-48), which can also be written

A et , 3
a(y) = arcsin K[l-d(y/02+%-p)/k]]/2 s 0 < yfo™+t-p <k
= arcsin K, y/02+}-p <0 (4-63)
2
= 0, y/o*+}-p > k,

vhere, in analeqy with the last section we here use K = 3 o
k = Mi2/B = nZ/D?(3Bsina; M).

To obtain the mean and mean square of &(y), we shall use the
noncentral chi-square approximate density (4-34), with the constant ¢

chosen to be 4. The mean of the estimate is then

(e
E(a) = 4 dy arcsink py(y)
-0 d/4
o? (k+p-3)
+ dy arcsin K[l-vf§752;§:577211/2 Py(Y)-
o*(p-})

 (4-64)

The first integral is approximately




e Te— At St i . P e

4(p-h)Hd $(p-4)+d
f dy K(a/4) py[oz(x-d)/ll] - £ f dx expl-(x22)/2] 1,(0/5)
0 0

=K- KQ[X. \/4(p-})+(T], | (4-65)

Q being Marcum's Q-function.

The second integral, making the same «pproximation as for the

first, is

]
K fdx kO'Z\/]-/)-(- py[oz(kxﬂ_:-})_]
0
]
= 2Kk fdx\/i x exp[- (4kx+4p-2+d+>\ ,/2}10(A Ak x+4p-z+d
(4-66)

] |
2
= 4Kk exp{-2%/2-2g) f dx xAT e 2K 0[2kax2+gJ‘

L]

= m
= 4Kk exp(—AZ/Z—Zg) > > ) i -2)
n: =

]
XIdx XZW]/ﬁ(HkXZ/g)n , (4-57)
0

where we use the notation g = p - 7 + d/4. Employing [13], formula

3.259.1, we reduce (4-67) to

(-] -] n
4Kk exp(-r%/2-29) Eb zo zo ﬂ%n).n (- f,',‘) (" )( )3(3/2 2mIre2)
m=0 n=0 r= |
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[N

L - L — — g

2 n+r A r
= 4Kkexp(-2%/2-29) %ﬁ%?%?ﬁ?‘ Lz k) a(3/2,2m2r42) ,

10
N
N

3
1
o
-
1]
o

@« @ m -
= akkexp(-37/2-29) > D S % ﬁ%(g)rs(s/z,zm)

=0

' = = 2yn m
= akexp(-\%/2-29) Y > BLLEL g(3/2,m2) 100%72), (4-68)

m=0 n=0

o
-

3
3
o

a development analcgous to (4-53). Thus for the mean value of the

multiplicative array bearing estimate we have

E(@) = K - KQ(A, 2/g) + dKkexp(-2?/2-2g)

b N L)
AN (=2k ny.2
" jz 25 ﬁsﬁ?%ﬁéaTTl‘ 8(3/2,2m2) L"A%/2).  (4-69)

m=0 n=0

Going through a very similar process we find for the mean

square,
ELe) 2] = K - KA, 2/9) + 4KPkexp(-3/2-29) |
b 2\n m
x> > $935%1§§%§%—-8(2,2m+2) Lh(Z/2). (4-10)
m=0 n=0

The notation used in (4-69) and (4-70) is summarized by

K = 4.9/pVaM2-1 k = MH2/8

A2 = [82+20244mi202 (3gsina; M) (B+Ccos26)]/B2

2

d =2 +2% - amp?(Jasina; M)cos20/3-4C/B (8-71)

g = d/4 - .5+ ¢/B = 3/4 - D% (38sina; M)cos26/B.

4-24
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4.4.3 COMPUTED RESULTS

Specific cases of the probability density functions of the
estimates (4-10) and (4-48) are given in Figures 4-6 and 4-7 for several
values of the actual bearing, computed according to (4-50). At first
sight what seems remarkable about these curves is that the bearing esti-
mates at which the peak values are located do not correspond clusely to
the actual bearing. However, this in itself is not a reliable indication
that the mean values diverge from what is desirabie -- an unbiased
estimate -- since there is a discrete probability that the value of the
estimate is zero in each case. For the multiplicative array bearing esti-
mate, there is also a discrete probabiiity that the estimate equals its
maximum value, arcsinK, not shown in the figure.

More revealing are the results for the mean values of the esti-
mates, shown in Figures 4-8 and 4-9 versus actual becring, with a straight
lire representing an unbiased estimator drawn in for reference. The
trend, as the SNR increases, toward u.biasedness is clearly seen. This
is comforting, since the theory of maximum likelihood estimation predicts
this pehnomenon. These computations, based on (4-53) and (4-69), required
on the order of 50 terms of each summation for H2 = 1,2 and 100 terms for
He =4,

The curves drawn with dashed lines in Figure 4-9 represent the
series term in (4-69), so that the importance of the Q term is seen.

It appears from our limitec computations that the standard and
the multiplicative array estimators on the whole perform equally well

with respect to bias. A kind of "end effect” is observed in either case
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when a approaches its maximum value. The difference is that the
standard array estimator behaves smoothly in this regard, while the
multiplicative estimator displays a more drastic reaction to this
limitation, imposed by the formulation (4-63) of the estimator. It
should be remembered that, if our attention is mainly upon bearings
within the major lobe {a < arcsin .2 for the standard, & < arcsin .1
for the multiplicative), then the important  region is that near o = 0.

Computations ot mean sguare, variance, and mean square error
are shown in Figu-es 4-10 and 4-11. 1..m the curves it is evident that
with respect to trese measures, the stanuard array estimator performs
better than the multiplicative for increasing bearing.

Further consideration of estimator variance and mean square
error is given in the next chapter, where we compare them with theoreti-

cal bounds.
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CHAPTER FIVE
BEARING ESTIMATION PERFORMANCE

As mentioned in the introduction to Chapter 4, in addition
to characterizing the detection performance of the two array models we
are studying, we also desire to evaluate the bearing estimation capa-
bilities of these configurations. That is,.we should like to know with
what potential precision the filter cutputs of these array processing
models can be operated upon to yield a value for the bearing of the
signal source. '

In the previous chapter we derived several forms fo., maximum
likelihood bearing estimators, based on the probability density functicuns
at the filter outputs which were found in Chapter 2. In this chapter
we shall examine the performance of these estimators in terms of the
relationship between the theoretical minimum estimator variance and the
actual variance of the given estimator, as a function of SNR.

Although there are other, more exact bounds [34,38], we shall

be making use of the Cramer-Rao bound on the variance of an estimator:

Var(a) »[-2€(a) M[[_L—M"aém 2 ]2] (5-1)

where p(w; o) represents the distribution cu which the estimate of the
parameter is based [16], and where certain regularity conditions on the

probability density [39] hold.
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Bounds will first be calculated based on the Gaussian distri-
butions seen by the array e”2ments, and aiso those gaussian distributions
holding at the array sums. Then bounds based on the filter output distri-
butions will be calculated. These latter bounds we snall refer to in
a general way as noncentral chi-square bounds.

5.1 CRAMER-RAQ BOUNDS FOR GAUSSIAN DISTRIBUTIONS

If, analogous to Section 2.1.1, we annotate the N samples
{wk} of a signal-plus-noise process by the vector w and the corres-
ponding signal components {xk} by x, the joint distribution for the

Gaussian case is

ply; a) = exp [-Hw-x) 'Kl (w-)l,  (5-2)

]
(2n)V 2/—detKN

where o is the parameter of interest and KN = E[(w-x)(w-x)'] is the
covariance matrix of the samples, which is symmetric. For this expres-

sion of the distribution, we have

)

alnp(w; a) _ /9 -1 40 "

% —(ﬁ>KN(ly : (2l
2 []

. - -1/3 5-4

ool [amgagu, a)] _ (%)KN] (w-) (4x) °K: (53‘) (5-4)
so that the expectatior of (5-4) is given by
| ] [] q

XY ko Ve (w-x) (w=x) '] K132 = (3% (1/3% N

(2) Ky ELw-x) (wx) "] Ky (5) (301) Ky (5 )- (5-5)
5-2
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5.1.1 APPLICATION TO THE ARRAT INPUTS
If the N hydrophone inputs are considered in their narrowband,

quadrature representations, then w in (5-1) is a vector with ZN com-

ponents:
) !c nkc & xkc
L N E (5-6)
!s Rks ks

where, if the phase reference is the center of the array,

Xe Acos‘[}(Zk-N-I)Bsina]

k=1,2,...N. (5-7)
Xis = Asin [F(2k-N-1)8sina]

The covariance matrix is 2N x 2N, with the form

E [(we-x Mwe-x.)'] E [lw-x ) w-x.)']
Kon = (5-8)

E Llwg-x )W .-x.)'T E [lwg-x,M(we-x.)']

For white noise, KZN is a diagonal matrix; further, if (as we have been

assuming) the noise variances at the elements are equal, then K2N = SZIZN’
1

so that KéN = IZN/SZ, where I, is the 2N x 2N identity matrix. For this

case, equation (5-5) becomes

ax.. -1 /3x 1 & e ‘ s 4
e (3) -5 3 ) - () -
_ RPeosa? (k- 221 )2 (5-10)
2 2
S ke
= %-N(Nz-l)stzcosza. (5-11)
5-3
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The form (5-10) is equivalent to that shown by Seidman [34] in the same
gg case. The error of a bearing estimate a{w; o) based on the array input

noise distribution for white noise is bounded hy

o

Var (a) > 6[3E(a)12/N(N2-1) B %cos s, (5-12)

b.Y.2 APPLICATION TO THE ARRAY SUMS

For the standard array model, which has the single array sum

(1-4), the quadrature components are

i, S oA

LA NAD(3Bsina; N)cos[3{N-1)8sina]
_ ' (5-13)
W, = ng + NAD(48sina; N)sin[+(N-1)Bsina],
where N and n_ are modeled as independent Gaussian variates with
variances g2 = NB’SZ (Section 2.2.2). Thus (5-5) in this case is ;
{
N?A28%cos’a 2 |
e | cosEH(N-1)8sinad - (N-1)DsinEd(N-1)Bsina]] |
+ |D'sinfH(N-1)Bsina] + (N-])Dcos[}(N-])Bsim]lzl
22 .2
< MEcos o 1(p)? 4 (v-1)%07, (5-14)

28’

: a) based on the standard arrey sum has the

so that an estimate &(wc,ws,

bound

Vor (o) > 28" [&E(a)1P/mielcos?al (02 + (n-D20%).  (5-15)

For the two array sums of the multiplicative array model, the

quadrature roise components have the covariance matrix given by (1-7).

5-4




Also, from (1-5) we have

X3¢ ® Scosel. X1s = Ssinel
(5-16)
xzé = ScosB,, X, = Ssingd,
where S = MAD(4Bsina; M)
(5-17)
8, = +(M-1)Bsina, 6, = +(3M-1)Bsina
For what we have called our main case, the quadratic form (5-5) is
K 2+<—-3’;;S>2+(a§f2+<”25f
0" (1-p") |
X X Bx
1c 2¢C (5-18)
2o (5e)( 52e) (i) (322
_ #eA%6%cos%a 2 2
—5 5 [D'cose]-(M-1)Dsine]] + [D'sin9]+(M-1)Dcose]]
4%(1-6%) |
+ [D'cos8,-(3M-1)0sing, 17 + [D'sing,*(3H-1)Dcoso, 1

- Zp[D'cose}-(M-l)Dsinel][D'cosez-(3M-])Dsinee]
- 2p[D'sin61+(M-1)Dcosel][D'sin62+(3M-1)Dcosez]] (5-19)

--1i£¥¥i11 [ 20241 (-1 24 (3m-1) 2702
28(1-6°)

~2pc0s20[ (0*)%+(M-1) (M-1)D2]-4chDD"sn26,  (5-20)

where 260 = e] - 92. If the phase reference is made the center of the

array, that is if

5-5
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8y = -6, = #(2M-1)gsina, (5-21)

then (5-5) becomes

.__jL£!£iJL. 2[(D*)2+(2M- 1)2 p23(1-pcos26)
23(1 -p°)

St |
- M8 o5 o pp)2e(am1)2%](B-CcosMpsina). (5-22)
B-C .

Therefore, an estimate a(w; o) based on the two array sums has an error
bound,

Var(a) » (82-c2)[2(a)1%/mB%cos%al (D) 2+ (24-1) 0] (B-CeosMgsina)

(5-23)
5 ll.3 COMPARISON OF BOUNDS AT ARRAY SUMS
For unbiased estimates. that is for E(&) = a, we may compare

the minimum estimator variances of the two array configurations by com-
paring (5-15) and (5-23). Let the minimum variances of the standard
and multiplicative arrays be denoted o? and o2 respectively.

min,s min,m
Then, for the same number of elements (N=2M),

2 2
7 (5-
Oin,m (DN) + (N-1)° D Dy |

where D, = D({ B sin a; K). Since DN/2 2 DN for the angles of interest,

we have

2 2 v
min,s » min,m (5-25) i

at the array sums, with equality holding at zero bearing. For example,

for N =10, 8 =7, and @ = .05, the ratio is .948/.808 = 1.24.
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5.2 CRAMER-RAU BOUND FOR NONCENTRAL CHI-SQUARE DISTRIBUTIONS

Let x be a noncentral chi-square random variable with two

degrees of freedom and noncentrality parameter A2. Then the probability

t t: dens 'ty function of x is
1k p(x) = (1/2)exsl-(x1A%)/2] 1(AVR), (5-26)
o where A = A{a), o a parameter to be estimated. For this density func-
§ tion,
el
plx; ) I, (3/X) '
amaax' et — & (5-27)
| 2 (/X I, (A
sothatls[(%f’-)l (ax2 - o [/‘ /_)+E (/—)
o l 1 o o(m

2 @
- (A')ZIAZ R /;:x/i e"‘/ZI]_(A/i)

0
20 [ I, (A/%)

+ (1/2)e A 12 fyax X2 177 (A/_)I (5-28)
'/o‘ o(*ﬂ

From Gradshteyn and Ryzhik [[13], formulas 6.643.2, 9.220.2) and
Middleton ([16], formula A.1.19b) we have “or the first integral,

e

fdx/i' M2 1L (WR) = 20F (1,25 AF72) = A7) (5.9

0

>‘:
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For the second integral we have approximately,

. I,(x
ﬁx c ez 1 /&_: I, (W) 2 f ax x X2 1 (VR) (5-30)
0

= VE JF (572,25 ¥r2)
= ME |3 1F (12,20 3%2) + (0P2) F (32,2 212)

2
-3 /& S AEA G ) + andL0dm1,  (6-3)

ageir waking use of [13] and [16].

Therefore, (5-28) becomes

l_lnp.]=

2
+ X a2 andg0%a) + (A1 0%

vor large arguments oF the Ressel functions (or large A) we may write,
ra1npy? 2,2 o A2 202
E{(3R) | = ()P(@at-2ve™ 7%) ¥ 2002 (3%0). (5-33)

512.1 CRAMER-RAQ BOUND FOR THE STANDARD ARRAY FILTER QUTPUT
For the standard array filter output, which is distributed

as a noncentral chi-square variable, we have
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2% = 2n% = 2202 (Basina; N)/B'. (5-34)

Thus the denominator of the Cramer-Rao bound expression (5-1) is

2
5
El<;—2559£!2> ] = 4(h')%(2h%-1)

oa

= 2n3H282cos2a(D' )2 (2nHeD2-B")/ (B")2. (5-35)

From (4-53) we may write, using [13], formula 8.971,

9l % m )
) " 2.1 -kD -k 1
EE'E(a) =-2Kk"DD'NBcosae E K—E%— 3(3/2’2m+2)[Lm+Lm-1]
m=0

2 & m .
= -2kkZo'peosae™ PN > LKL p(3/2,m2) L), (5-36)

m=0
since h2 =sz, so that
3 N2 242, 222 2 -2kp?
& E(@)]? = ak% 0% (D)W cos%a e
o (k)" PRNC
X jg S B(3/2,2m42) L (kD7) | (5-37)
m=0

The Cramer-Rao bound for the standard array filter output

is then the ratio of (5-37) to (5-35), using ¢ to denote the series:

R 2.2 ,m1
Var(a) » 2k2N3HOp2( g )2e2NDTH/B

/(812 (2v2p%-8")
v 2.8, 12 -2NDAHE/B: 22,2
Y Ntz e /(31262 (N2-1). (5-38)

5-9
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For white noise (B' = 1) this expression becomes
. 2,4, ¢ \2.-2ND2HE | 2,2
Var(a) » 2aNH'( T )% /B°(N-1), (5-39)
and when the bearing is zero also,

- A
Yar(a) 2 24N2H4(X )Ze-ZMH /8?(N2-]). (5-40)

w,0

5.2.2 CRAMER-RAO BOUND FOR THE MULTIPLICATIVE ARRAY FILTER QUTPUT
For the multiplicative array filter output, which is distri-
buted approximately as a noncentral chi-square variable, we have from

(4-71) and Section 4.3.2,

' Xz =1+ 2p2 + 4h2(1+pc0526)

2

= [8% + 2¢% + amif?(dgsina; M) (B+CeosMsis +)1/B2. (5-41)

The "x" in (5-26) correspends here to 4y/02+d, where y is the filter
output. The expression (5-33) may be used here if we can say that

ax/da = «, as assumed in (5-27) and in the following analysis. But

g£'= %§'= %&'[3 - 4p + 20° + 4h% - 4h2(1-p)c0526]
= aM°H2Dgcose {D'[B-(B~C)cos26] + D(B-C)sin20}/82. (5-42)

For white noise (B =1, C = 0) tis relation is

) 2

A . o H2DBcosas ine(D'sind+Dcosd) —> 0 as a —> 0. (5-43)

Thus, though we shall use (5-33), we do so with the understanding that

the solution involves this additional approximation when the bearing

is nonzero.
5-10



Proceeding to apply (5-33), then, we have

2
E[(g%"’@] = 20)20%) = 2068 /22 0%)

- [4M H DBcosa(D B+D"cosce DCs1n26)1
B2 + 2¢% + 4MHDP(B+Ccos26)

s [2¢2 + amkD?(BCeos28)]/28°. (5-44)
For white noise,
- <alngm>2 _3amoudpe2eos?a(n')? (5245)
% 1 + aMup?

Using (4-69), we may write
$5a) = -krdar, 2) - 4Kkexp(-22/2-20) '
i % LT‘.LB(3/2 2m+2) L "”(A /Z)L'F,ﬁ’,—;l—{%l (98)".
m=0 n= (5-46)
where g = d/4 + C/B - .5. Representing the series by rz, we have
BE@D = 0050, 28) + ae (Y2298, (5-47)

and the Cramer-Rao oound for the multiplicative array filter output

may be expressed, using (5-44),

~ K 13 2 2 .
Var(a) > - [&a0r, 2/) + akrexp(-¥/2-29)2z |2, (5-48)

2(x%-1)

5-N
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where the notation is given by (4-71). For small angles, the Q term

vanishes, yielding

2,2

Var(a) 5 8K2 k™A exp( G -4g)(zz) /(A -1). (5-49)

For white noise we obtain for small angles,

N 2,4 22
Var(q) » M2LH 2D oot g gmfp?(2-cos20) ()%, (5-50)
BY/AMT-T 1+aMHD

5.3 ~ COMPUTED RESULYS

Computations of the various bounds on estimator error derived
in this chapter are shown in the accompanying figures.

In Figure 5-1, we show diagrammatically how these bounds
correspond to the density functions at different points in the array
models. The bound at the array inputs (5-12) is based on the joint
probability density function of the outputs of the array eiements, and
take into account the basic geometry of the array. The bounds (5-15)
and (5-23) are based on the density functions of the array sums, and
reflect knowledge of the directivity gained by the summing. And, the
teuands (5-38) and (5-48) are basec on the filter otuput probability
density functions, and incorporate the effects of the nonlinear processing
involved in detection.

This procedure of coinputing bounds at several points in a
system is somewhat unusual, but was undertaken for two reasons: (1) after
the summations, to provide a basis of comparison where the two array systems
begin to differ; (2) after the filters, partly out of curiosity and
partly to obtain a measure of the effects of the nonlinear processing.

The effort was worthwhile if only for the interesting discussions the
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LT




e LS 1A 5. 8 e e

(8¥-5) *(8c-g) spunog

<«yp— YOLVWILSI }e< LEINDE N 30IA30

Q31vINJvI JY¥3IM SANNO8 HIIHM LY SWILSAS AVYYY 3HL NI SINIOd L-§ 3n9I4

(2L-5) punog

v A SSYdMo1 z dVINITINON

I

!
!
|
|

SYIWHNS
AVduY

(€2-6) *“[5l-G) spunog

SINIWIT3
AvdyY

bl bl o L el e




T

BRGNS

]
|

results have stimulated thus far, points which we shall mention in the
following presentation of the numerical results.

Figure 5-2 displays the bounds (5-15) and (5-23) in comparison
with (5-12) for estimators assumed to be unbiased, that is for which

E@) = a, for H 7

=1 and H™ = 2, versus actual bearing. The arrays are
assumed to have ten elements and half-wavelength spacing. There are two
significant features of this figure. The first is that for small bearings
the bounds computed from the uensity functions at the array sums are

lower than that computed at the array inputs. In fact, if we compare

(5-15) and (5-12) for zero bearing we find that

Bound at sums  _ 1 N+l _
Bound at inputs 3 N-T * %~ 0, (5-51)

where N is the number of elements. Thus for N = 2 we see that the bounds
are indeed equivalent, so that for other values of N the comparison
should be valid. On the other hand, given the manner in which the bear-
ing is "encoded" or embedded in the signal terms and recalling the results
obtained for estimator means in Chapter 4, we cannot push this comparison
very far since it appears likely that estimates of bearing based on the
summations will in general be biased.

The second feature to note in Figure 5-2 is that the bound
(5-23) for the multiplicative array bearing estimate lies below that for
the square-law or standard array (5-15). This has already been noted in
Section 5.1.3, and implies that the accuracy of the multiplicative
configuration's two summation (split-beam) approach is potentially
better for bearing estimation. Also, the increasing error for higher

angles typifies the cost of beamforming.

5-14
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Further comparisons among these pounds are illustrated in
Figure 5-3, versus SNR. Again, the position of the bound corresponding
to the array sums of the multiplicative array model relative to that of
the standard model would seem to imply that the multiplicative array
promises better performance for nonzero values of bearing, as noted in
Section 5.1.3.

The somewhat difficult tn compute noncentral chi-square bounds,
(5-38) for the standard array estimator and (5-48) for the multipli-
cative, are shown versus true bearing in Figure 5-4. Since estimator
bias is included in these bounds, these curves seem to be informing us
that the combination of the nonlinear processing and the particular
estimator forms we have selected promise much improved performance over
that achievable at the array sums, for this range of bearings. However,
it may be also, as Seidman implies in similar cases [34], that the
Cramer-Pao bounding technique yields a loose {too small) bound for the
error over the range cf bearings and SNR in which we are interested.

Estimator error curves from Figures 4-10 and 4-11 are super-
imposed in Figure 5-5 versus true bearing. From their shape, it is
obvious that these curves are "close relatives" to the post-fiiter
bounds in Figure 5-4. However, it is also manifest that these esti-
mators do not achieve tue error performance implied by the post-filter
bounds. Rather, the actual error curves are more closely bounded by

the bounds of Figure 5-2. This occurrence, we believe, indicates the

looseness of the post-filter bounds.
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Judging by the manner in which the actual estimator errors
behave with increased SNR (decreasing not nearly as "fast" as the
bounds), we may observe that the particular forms for the estimators,
though obtained by means of the maximum 1likelik.uu method, are not
asymptotically efficiert. That is, from the data we have obtained,
the error, though decreasing with higher SNR, does not converge toward
the lower bound. Again, we remark that this may be due to the limita-
tions of the bounding technique, but quite 1ikely also the estimator

forms, being approximations, are therefore suboptimum.

5-20

e SRR ¢ bl




i Feo k2

CHAPTER SIX
CONCLUSIONS

With this chapter we conclude this work and take stock of what
has been done. First, the work is summarized, with particular emphasis
upon what are considered to be the primary results. These comments are
then qualified or put into perspective by a more critical review of the
assumptions and methods employed. Finally, suggestions for improvements
and extensions of the work are given.

6.1 SUMMARY

We began by describing a "debate" in the literature over the

relative merits ot what were termed the standard and the multiplicative

processing of signals intercepted by linear arrays of receiving elements

that a considerable degree the issues are clouded by insufficient charac-
terization of the random processes involved, in thai some of the more
important performance measures by which the two configurations ought to
be compared are probabilistic in nature (e.g., probability of detection).
The goal of this work, therefore, was set to provide at least a partial
remedy tc this situation by applying some of the analytical techniques of
statistical communication theory to the problem, with a view toward sysiecm
comparison.

Because a kird of "gain/bandwidth" tradeoff exists for analysis,
rather simple narrowband models of standard, or square law, and multipli-

cative array processing systems were chosen so that fu11 attention could

w-!




be given to as rigorous an analysis of the performence of these systems

as our abilities would permit. In this fashion we were enabied to include
as generalizations the various array parameters, such as the rumber of
elements, the inter-element spacing, and the noise covariances.

A rather general probability density function for the filter out-
put of the narrowband array processor was derived by the direct method.
This, we believe, is our basic result in the sense that the remainder of
the work consists of application. The degree of generality is such that
the effects of all the model parameters can be studied. Moreover, alternate
computational forms were given for the main case, in which the array was
considered symmetric and the noise assumed to have a spectrum ever about
the bandpass center frequency.

Theorizing a typical Neyman-Pearson characterization of signal
detection at the filter outputs of the models, we were able to use the
probability densities to calculate detection and false alarm probabilities
and receiver operating characteristics. From the numerical results
obtained, we observe that the standard detector or processor is only very
slightly better than the multiplicative in terms of signal detection, so
that we would assume that the better beamforming property of the multipli-
cative array gives it the edge in this category.

The more difficult area of application of the probability density
functions was in exploring the bearing estimation capabilities of the
arrays. We found ourselves unable to solve the general maximum 1ikelihood
equation for other than very small SNR. However, our exact knowledge of

the distribution of the filter output made it possible to select as a good

6-2
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approximation the somewhat more tractable noncentral chi-square density
function, with a 1inear function of the multiplicative array filter out-
put as its argument. Forms of maximum 1ikelihood estimators of bearing
were shown for both high and low SNR cases for both array models.

Further treatment was given tc these estimators for the high
SNR cases, in the form of showing their means and mean squares, as well
as in displaying example computations of their probability distributions.
It was seen that these estimators do approach unbiasedness, although our
modeling of the multiplicative array estimator apparently had a negative
effect on its performance in this respect. Cramer-Rao bounds on the
mirimum estimator error were calculated for various points in the array
systems, with the bound based on the density function at the array sums
coming the closest to the actual mean square errors of the estimators.
Altihough with respect to mean square error, the standard array estimator
appeared to perform slightly better, it appeared also that for some
ranges of bearing the multipiicative irray estimator is better. Neither
of the two specific forms for the estimators we selected was very
efficient, however, an occurrence which we attribute to the amount of
approximation involved in their derivation.
6.2 CRITIQUE

In keeping with our goal to shed light on the discussion of
array performance, we now cffer some criticai comments, pro and con, on
the information which we have generated to assist the reader in assessing
it.

We believe that the derivation of the probability density
functions we have shown represents an important contribution to the know-

ledge in this area, to the extent that the popular approach on which it
6-3 '
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is based (utilizing rather idealistic conceptions of lowpass filtering)

is faithful tc the behavior of narrowband'systems. We should like to
remind the reader that several of the parameters on which the distribution
is conditioned, such as bearing and signal amplitude, might more realis-
tically be treated as random variables. Also, the validity of assuming
stationary Gaussian noise processes, although a popular procedure, is
sometimes questionable for underwater applications.

To our knowledge, the detecticn analysis which we have offered
is, ir its exactness, also a "step input" to the narrow field for which
it applies, although we would not be surprised to discover that similar
data exists in verious classified memoranda.

Most comparative detection analyses which have come to our
attention, besides those cited in Chapter 1, rely upon detector output
SNR as a figure of .erit (e.g., [58-€0]). While probebility of detection
is indeed proportional to SNR, we have demonstrated that comparison on
the basis of SNR may exaggerate the advantage of the system having the
greater SNR. However, this i3 not to discount this approach where the
comparison involves detectors with the same type of output probability
density function, when this property has been shown, as in optimization
of a given configuration [61, 62].

The amount of data which we have shown is small, but we offer
our computer programs in Appenaix D as a cover for this deficiency, if it
be such.

The numerical results of our investigation of maximum 1ikelihood
bearing estimation from the filter outputs are somewhat sparse, in pro-

portion to the amount of labor spent in derivation. However, we are

6-4
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satisfied that the several theoretical expressions we have chown are
useful accomplishments in themselves, going by the lack of assistance
offered bv the literature in this area. It is worth noting that though
the feasibility of optimally estimating bearing using the filter outputs
has been demonstrated, a more reasonable approach perhaps is to recon-

sider the entire configuration for these purposes. Stremler and Brown

[54], for example, show a bearing estimating system using a phase detector.

Also, split-beam and menopulse techniques are popular (e.g., [53, 58]).

6.3 SUGGESTIONS FOR FURTHER WORK

There are several directions which improvements and extensions
of this work may take. We suggest a few examples:

-- Direct application: wusing the PDF's and detection analysis
to evaluate similar systems, such as the split-beam tracke:, for which
the analysis either appiies or can be modified to apply.

-- Further generalizaticn: expanding the classes of array
geometries; treating ncndeterministic or unknown signals; considering
joint estimation of bearing, SNR (see [55]), ard perhaps range; treating
nonstationary/nongaussian noise processes.

-~ Improvemerts: wusing numerical methods to calculate more
precise error bounds and to simulate more exact forms of the maximum
likelihood estimator (see [56]); additional theoretical investigations
to specify the system comparison problem over the broader range of

bearings; a closer examination of the small SNR case.

6-5
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APPENDIX A
DISCUSSION OF THE ARRAY INPUT NOISE PROCESS

Let the array input rojse process be denoted v(x,t) before
steering and n(x,t) after sterring, where x represents distance along
the array, with x=0 at the center of the 2M.elements. Llet v(x,t) be
Gaussian, zero-mean, and stationary; consequently so is n(x,t).

The steering's effect of the noise "sample" at the k:th hydro-

phone shall be characterized by the relationship
nk(t) = vk[t + (k-M-3)T], k = 1,2,...,2M (A-1)

A.l AN ASSUMPTION

If R(r) is tlie normalized autocorrelation function of the
noise process before steering, let us assume that we may combine time
and space correlation along the array such that the covariance matrix

of the noise after steering is given by

ELn, (t)n (t)] = E[u [t + (k-M-1)TDv [t + (m-M-4)T]
(A-2)

ka[(m-k)T] = rkmskst[(m"k)T],

where the ka(r) are the interelement crosscorrelation functions, the
{rkm} are the "spatial correlation" coefficients, and the {sﬁ} are the
noise variances at the individual hydrophones.

In other words, we are supposing that the effects of steering

on the noise process covariances can be modeled by the "cascading" of

A-1
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spatial effects (present for no steering, or T=0) and time delay
effects, represented by the autocorrelation function of the process.
A.10 IMPLICATIONS FOR THE GENERAL CASE

The covariances of the multiplicative array sums are given

by

M M
€08) = of = 1 L rigsysRln-KT] (A-3)

(the sum of the 'upper left quarter' of the array noise covafiance

matrix),
(nyn,) ?2? [(m-k)T] (A-4)
E{(n,n,) = poyo, = r, s s R[(m-k)T A-4
172 1°2 121 mebie  kmokom

(the sum of the ‘upper right quarter' or 'lower left quarter' of the

array noise covariance matrix), and

(n2) = o3 21; 2%4 [(m-k)T] (A-5)
E(ng) = o5 = r . s, S _RLM-k)T A-5
S e

A.1.2 IMPLICATIONS FOR THE NARROWBAND CASE
In the narrowband case we write vk(t) = vck(t) cos wt +

vsk(t) sin wt. Davenport and Root [12] show that we may write

E[vck(t)vck(t+r)] = E[vsk(t)vsk(t+r)] = sﬁ ./P dfwv(f) cos 2nfr

-0

sﬁ Rc(r). and (A-6)

A-2
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where wv(f) is the normalized noise process spectrum. Thus RC(O) =]
and RCS(O) = 0.

Using the same approach as in the preceding section, we write

for the array sums

M M
2 = 2 - 2 - - -
| E("]c) E(n]s) o3 k§1 m§1 rkmskstc[(m k)T] (A-8)
§
E(n]cn]s) = E(n2cn25) =0 (A-9)
_ @ M
E(n]cnzc) = t(n]snzs) = poyo, = ké] m=5+1 rkmskstc[(m-k)T] (A-10)
M 2M
E("1c"25) = 'E(n1sn2c) = roq0, = k§1 m1%+]rkmskstcs[(m'k)T] (A-11)
M M
E(n%c) = E(n%s) = o% = ) ) rkmskstc[(m-k)T] (A-12)

k=M+1 m=M+1

A.2 EFFECT OF NOISE PROPr. .TIES ON ARRAY SUM COVARIANCES

The following is simply a compilation of certain noise proper-

ties, so far not soecified, and their consequences fer the array sum

noise parameters we have just related to the input process: Gy Tps P5 T




Narrowband noise with a spectrum even about the center frequency

For this case Rcs(r) = 0, and R(z) = Rc(r) CoS wt, 50 that r=0.

Uniform variance across array, correlation proportional to distance

Here s, ='s, all k, and r = f(|m-k|), so that oy = o,.
White noise

We have Rcs(r) =0, R (1) = 6(t), sc *hat p = r = C.

(o
Spatially independent noise

If " = Skme then p = r = 0. _
(Note the duality between spatial properties and spectral properties.)

A.3 FURTHER MODELING OF THE SYMMETRIC NOISE COVARIANCE MATRIX

When the noise across the array is symmetric and either white
noise or spatially independent, we have o% = c% = g2 = Ms? and p = 0.
dut we should like to be a bit more general than thet. The followin)
artifices are developed to provide an alternative to the white noise
assumption.
A.3.1 ADJACENT CORRELATION ONLY

IT we say that only the adjacent noise inputs are correlated
with one another, with correlation coefficient a, it is easy to perform

the summations of A.1.1 to find
02 = Ms2 + 2(M-1)as?, po? = as?, a<l. (A-13)

A.3.2 EXPONENTTALLY DECREASING CORRELATION
If we say that the correlation coefficient between hydrophones

m and n is an exponentially decreasing function of the distance between

A-4
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-b|m-n]

- them, that is rmnR[(m-n)T] = e » we have probably a more useful

. representation. For small numbers of hydrophones the calculation is

simple. For examples:

b M = ] 02 =5 [ = e-b

b

- M=2: o2 =2s2(1 + e'b), pal = sz(e'b ¢ 2070 4 e'3b)
. M=3: o2 =s2(3+ e+ 26720y,

It is apparent that for large M or for a general expression, unless

terms are discarded (effectively what is done in the tridiagonal case)
then our effort to achieve a closed expression is defeated. A way

around this cob,.acle is to model the sums of offdiagonai terms as inte-
grals, asserting that the sum is proportional to area of an appropriately

chosen region under the curve exp(-b|x-y|). In this fashion we have

1 X -b
g2 = Ms2 + 2M(M-1)s? f dx f dy e-b(X'}’) = Ms2 + 2MIM-1)s2 (E*’e_z.'l)
4] (V) b

2 1 b\? el
pa? = M2s? dx dy e-b(x-y) = M2g2¢7D l-e . (A-15)
1 0 b

Thus for b going to infinity, we have o2 = Ms? and o = 0, while for b

going to zero, we have g2 = po? = M2s2,

A-5




APPENDIX B
ANOTHER FORM FOR THE PROBABILITY DENSITY FUNCTION

The case we are considering is that in which the cross-
correlation coefficient r = 0 and 0y =9, (+R = 0), so that the term
X in (2-21) equals zero. Urder these conditions, the sum and difference

envelopes Z] and 22 are statistically independent, since we may factor

(s 422)
9%

their joint probability density function (2-14):

22,c2 2 o2,
. Z, oo |. 13452 : Ss27\ Z, . 25452 :
(A b A 2% Jo\e] )3 P 27 | ‘o

3 4
2z 22 22 Vi
I P i 2] 2 L2, 2
B—g_ X ;:23'9 2a2h3 0%— X ’5%" 2’2h4 ’ (B'])
where o% = %-02(]+p), cﬁ = %-02(1-9), h§ = S%/?c% = (h%+h§+2h]h2 cos 28)/2(1+),
and hﬁ = Sﬁ/ZOE = (h%+h§-2h]h2 cos 20)/2(1-p). x2%(x;2,a2) is the noncentral

chi-square distribution with two degrees of freedom and noncentrality
parameter a2. Thus the filter output y = % (Z%-Z%) is the difference
betwean two scaled, independent noncentral chi-square random variables.
This type of relationship was noted also by Lee [16] in a similar appli-
cation.

The noncentral chi-square distribution has many forms and
interpretations (see [17-20]). For example, we may write
= (3a2)"

1
x2(x; 2, a2) = exp(- 7 a%) rZO o x2(x; 2+2r), (B-2)

where x2(x; n) is the (central) chi-square distribution with n degrees
of freedom:

X2(x; n) = L e” 2™ [rny2))”! (8-3)
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B.1 Density for y using characteristic functicn

Using an expression given by Jayachandran and Barr [21],

we may write the characteristic function of the distributicn of y as

[l hz m h2 n
oylt) = exp [-thgehd] T 1 (,,3) (nf)

1 m-
n+] 'f (m+n-k [f (1-0)] + (]_p)mﬂ E’ (m+:1-r)

I
x 157 & n (1-io§t)k” r=0

[- (1+)1""
x -———-——-———-
(1+io4t)”‘

Thus we obtain for the density of y

1 240

(] © - ] 3 ]
pﬁ(y) = —5r exp [ (h2+h4)] z z [ ( p)h3] [2 (n:p)h4]
m=0 n=0 .

m -k
L) oty s 2+ 2. v > 0

Z (m+n- )(Ho) X [—2'1 ; 2+ 2r], y <0

\ r=0

m
Defining the polynomials G:](x) = ¥ (s

) Xk . .
%7 » We obtain finally

© = [i(l-o)h3] [£(1t0)h31"

Pe(y) = =& exp [-(h3+h2)] 11 T

exp[g*z:(%y,,?)'] G; [m%‘_!py], y>0
explsrriy) O Gritlryls ¥ < 0

B-2

(8-4)

(B-5)
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8.2 The polynomials G;(x)

8

[
vy

We 1ist here several of the properties of these polynomials.

= . A m - k
i Definition: G;(x) = kgo(m+: k)-%r . Gg(x) = em(x), Gg = 1. (8-7)
L Iterative relationships: G'(x) = 5T-+ E 6" (x) = 6" .(x) + G"'](x) (8-8)
erative relationships: G wt L 1 -1 .
' n E Py ~N-ptk T my .n-k Ty ok 8-9)
also, Gm(x) = L (k) Gm-k (x) = Z (k) Gk (x) = Z (k) Gm-k(x) (B-
“(m,n>p) (n>m) (m>n)
Differentiation formula: QE_ 6"(x) = 6" , (x) (8-10)
e a rm 5 dxk m m-k
n m K on
Addition formula: Gp(x+y) = kzo Yk—, Gn_y (X) (B-11)

Relationships with special functions:

The polynomials G;(x) may be related to the confluent hyper-
geometric functions ¥(a, B8; x) and 2Fo(y, 6; ; -1/x), to the Laguerre
polynomials L;(x), and to the Whittaker functions wA u(x) by the

®

following formulae.

G;(X) = ﬁ%-W(-m, -m-n; x) (8-12)

xm+n+l

] ¥Y(n+1, m+n+2; x) (B-13)
&

"ol 2Fo(-m, n+l; 5 -1/x) (B-14)

-1 x/2 a _mtn . _ m-n -

= e’ x wb,a+%(x) fora = == b= 5 (B-15)

= (-1)" L";""""(x). (8-16)

By using the identity (B-15), our expression (B-6) for the pdf can be

shown to be identical to that in [63, p. 63, eq. 28].
! B-3




B.3 Equivalence of forms

We now show that the form we have just derived for the

probability density function is equivalent tc that of (2-23) under the

assumed conditions.

® e mn ® o M0 k.mn
a2 6M(x) = (mn-ky xab_

mZO nzo minf én(X) mZo nzo kzo n ) KinTnl
® ® = k m+k n

m+n X a
AR

© amky k

s Z Fy(m+1,15 b)
m=0 k= 0

r\)é—‘

T @ 1, L mL; b)

Né—'

‘ m:__fo @) 1,(2/a%) L (-b),

using Kummer's transformation on the last step.

B-4

(B-17)
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APPENDIX C
INVERSION OF THE DIRECTIVITY FUNCTION

The directivity function, as it has been defined in Chapter 1, is
D = b(g; N) = sinNg/Nsing

= %-[cosﬂ + cos3g + cos5p +...+ cos(N-1)¢], N even c-1)
= 111 + 2c0s28 + 2costg +...+ 2c0s(N-1)8], Nodd.  (C-2)

In this appendix we derive an inversion of D, that is, in a way to

express ¢ = 6(D; N).

2 .4
Recalling that cosnx = 1 - (";) + (gz) =B ST

1- 02, ()¢ << 12, (C-3)

we.ﬁéy write for D, N even,

=201 -pr241- 06241 - 25652 4.4 1 - (N1)26%2]
2
2N B2, 2, e2 2
'N‘z 2[] +3"+5 +...+(N])]
=1 - 0%nede,  [N-1)81% << 12 (C-4)

where we have used Gradshteyn and Ryzhik [13]. formula 0.122.2. For N

odd, we obtain

Dol ez-ag 421088 42~ 368° 4 2 - (W1

= 1N - ag? 12 4 2

=1 - (N-1)86 (C-5)

+ 32 et (D)4
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where once again we have used [13], formula 0.721.2. Therefore, for N odd

or even we can write
2 . 6(1-D)/(N-1). (c-6)

1f we use the first three terms of the cosine power series

representation, we obtain
2 .12
D=l-(N-l)¢/6+]2N[1 +3 +5 +. +(Nl)]
a1 - (-1)6Y6 + (ant-108%47)8% 360, [(N-1)81% << 30, (C-7)

Application to Chapter 4.

In Chapter 4, we use ¢ = Bsina/2. Therefore we have the approximation

 g2sinasa = 6(1-0)/ (A1)

- 8%(1-cos2a)/2, (c-8)
2
or a = arcsin %- él'D = %-arccos [1 - 48(] D). (NE] Bsina) <«<12.
NE-1 8 (N -1)

(c-9)
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APPENDIX D
COMPUTER PROGRAMS

It is not our purpose here to burden the reader with a full

disclosure of the many numerical procedures we have employed. We shall

1list, however,

for the benefit of those who can iwnterpret them, the

major computer programs we have written, so that they may be open to

scrutiny and available to those who may wish to perform similar calcu-

lations.

The programs are all straightforwardly written in the BASIC

language. Those programs listed are labeled as follows:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)

basic multiplicative probability density function (2-26)

basic noncentral chi-square probability density function (2-25)
multiplicative array detection analysis (3-2, 3-10)

standard array detection analysis (3-5, 3-13)

multiplicative array estimator mean and mean square (4-69, 4-70)
standard array estimator mean and mean square (4-53, 4-54)
multiplicative array estimator bound (5-48)

standard array estimator bound (5-38).

Some manual calcuiations were employed to supplement programs 5 and 7,

using [31].

D-1
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PROGRAM ONE

1

5

10-
15
20

710
715

REM BASIC PRZGRAM FgR PA(Y)

DIM G(100,100),4(100),J(100), U(1oo)
LET G(0 o)-1

IET H 02-1
LET J(0)=1
LET U(0)=1

REM LINES 100 1:¢ 335: ENTER RH@, SIGMA 2, P@WER SNR, AND THETA;
REM CEMPUTE C¢NSTANTS. '
READ R,S,H,T

PRINT " PREBABILITY DENSITY FUNCTI@N"

PRINT

PRINT "RH@="R, "SIG2="S, "PSKR="H,"THETA="T

PRINT

PRINT "Y","P6(Y)"

LET c1=2*n*(1-n*e¢s(2*r))/(1-m2)

LET C2=H*(e@gs(T) )12

LET C3=H*(SIN(T))t2

LET Ch=(1-R)/(14R)

IET C5=-2 (s*(1+n;)

1ET c6=2/(8*(1-R)

LET C7=4/(s*(1-R12))

READ A1,A2,A3,L

FPR YeAl To‘ A2 STEP A3

LET Y1=C"‘ABS(Y)

1LET P=0 '

REM LINES 500 £F 545: CALCULATE THE demdMIAxs G(Y;K,N).

‘FFR N=1 ¢ L

LET G(0,N)=1
LET H(N)-=c3*H(N-1)/N

FYR K=t T¢ L

LET U(K)=Y1*u(x-1)/K
LET G(X,0)=G(K-1,0) + U(X)
LET G(K,N)=G(K-1,N) + G(x,N-1)
LET J(X)=C2*J(K-1)/X
NEXT K
NEXT ¥
REM LINES 600 T@ 725: CgMPUTE DENSITY FUNCTIgN.
11:; Y<0 TH‘;’N 700
R N=0 T¢ L
FER X=0 T¢ L
LET P=P +(CUA(K-N))*J(K)*H(N)*G(K,N)
NEXT K
NEXT N
LET P=p*EXP(C5*Y-C1)/S
G T¢ 800
FPR N=0 T¢ 1
FPR k=0 ¢ L
IET P=P + (C4t(X-N))*J(X)*H(N)*G(X,K)
NEXT X
NEXT N
LET P=P*EXP(C6*Y-C1)/S




800 FRINT Y,P
805 NEXT Y
1020 DATA .2,1,1,0
10’&0 DATA "‘705|7l5. 05
1041 DATA 30
2000 END
PROGRAM TWO
5 READ A1,A2,A3
10  READ H,S
15  PRINT "Y","P(Y)"
20 FPR Y=A1 T¢ A2 STEP A3
25  LET U=2*SQR(H*Y/S)
30 GESUB 300
35  LET P=XK*EXP(-H-Y/S)/s
40  PRINT Y,P
45  NEXT Y
50  DATA 0,10,1
55  DATA 1,1
(0  STgP
300 IBT V=,5%U
305 LET K=1
310 LET G=i
315 F@R N=1 ¥ 20
320 LET G=G*VA2/Nt2
325 1ET K=K + G
330 NEXT N
335 RETURN
500 END
PROGRAM THREE
5 DIK F(100),H(100),E(100),U(100),v(100)
10  LET H(0)=t
15  LET U(0)=1
20  LET v(0)=1
30 LET F(0)=1
32  READ M,B,A,H1,S1,A4
35  LET E=,5*M*B*SIN(A) N
40  LET D=SIN(E)/(M*SIN(E/M))
45  LET H=H1*(M*D)A2/(M + 2%(M-1)*Ak4)
50  LET R=AL/{M + 2%(M-1)*AL)
55  LET S=M¥S1 + 2%(M-1)*AL4¥S1
60  LET T-E
65  PRINT " MULTIPLICATIVE ARRAY DETECTION ANALYSIS"
70  PRINT
75  PRINT "M="'M;"BETA="B;"ALFA="A; "CORREL="Al
go PRINT “INPUT SNR="H1;"S1="S1
5 PRINT "RH@="R;"SIGA2="S;"SNR="H;"“THETA="T
90 PRINT
95 READ L
105 READ A1,A2,A3
110 PRIN: "Y*,“PD","PF%
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115 LET ci=H*{cgS(T))*2
120 LET C2=H*(SIN(T))12
125 LET 63=(1-R)/(1+R)
130 LET c4=2/(1-R)
135 FPR Y=A1 T@ A2 STEP A3
- 140  LET C5=2*Y/(S#(1+R))
145 LET ?1=0
150 FPR N=0 T¢ 1
155 LET U(N+1)=C2*U(N)/(N+1)
160 FFR M=0 T¥ L
165 LET v(M+1)=C1*V(M)/(M+1)
170 FPRK=0 Tg M
175 LET F(X+1)=F(K)*(N+K+1)/(K+1)
180 1ET E(¥-K)=0
185 FgR J=0 T¢ M-K
190 LET H(J+1)=C5%H(J)/(J+1)
195 IET E(M-K)=E(M-K) + H(J)
200 NEXT J
205 LET P2=U(N)*V(M)*(C3t(M-N))
210 I1ET P3=F(K)*(cut(¥-K))*B(M-K)
215 LET P1=P1 + P2%P3
220 NEYT K
225 NEXT M
230 NEXT N 4
235 LET Pl=-C5-2%H*(1-R*C@S(2*T))/(1-RP2)
240  LET P5=.5*%(1+R)*EXP(P4)*P1
245 LET Pb=,5%(1+4R)*EXP(-C5)
250 'PRINT Y,P5,P6
255 NEXT Y
260 DATA 5,3.14159,,00001
265 DATA 1,1,0
270 DATA 30
275 DATA 0,70,5
280 END
PROGRAM FOUR
5 DIM U(200),K(200),E(200)
10 1ET u(0)=t
15  1ET H(0)=1 s
20  READ N,B1,A5,S1,H1,A4,L,K2,L1
25  PRINT " STANDARD ARRAY DETECTI@N ANALYSIS"
30  PRINT
35  LET T=.5*N*B1*SIN(A5)
40  LET D=SIN(T)/(¥*SIN(T/N))
45  LET S=N*S1 + 2%(N-1)*A4*S1
- 50  LET H=H1*(N*DW2/(N + 2%(N-1}*A4)
55  PRINT "N="N;"BETA="B13;"ALPHA="A5
60  PRINT "Si="Si,"H1="Hi,"A="AL
65 PRINT "S'-‘*"S,"H="H,"TMA=’"T
66  PRINT “L="L,"K2="K2,"L1="L1
.-67  PRINT
68 PRINT "Y","PD","PF"
69  READ A1,A2,A3
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70  FPR Y2=A1 Tf A2 SIEP A3
75  IET Yi=Y2/s
80  LET A=SQR(2*H)
85  LET B=SQR(2*Y1)
1 140 IF (A+B)<20 THEN 200
. 145 LET K1=(A4B-20)/(K2+1)
150 LET A=A-X1
155 LET B=B=K1*K2
200 IF A>B THEN 220
205 IET X=,5%A12
210 IET Y=.5*B%2
215 g T 300
IET X=.5*B1‘2
225 LET Y=,5%At2
300 - IET Qi=0
! 305 FPR M=0 T¢ L
| 310 IET U(M+1)=Y*U(M)/(M+1)
. 315 IET E(M)=0
320 FgR K=0 T¢ M '
325  LET H(K+1)=x*H(K)/(x+1)
330 1ET E(M)=E(M) + H(K)

N
N
o

335 NEXT K
340 IET Q1=Q1 + U(M)*E(M)
345 NEXT M

350 LET QR=QI*EXP(-X-Y)
405 'IF A<B THEN 416
10 IET Q=2

415 cg T¢ 425

416 GESUB 55

420 IET Q=1 - Q2 + X*EXP(-X-Y)

425 LET P1=EXP(-Y1)

430 PRINT Y2,Q,P1

431  NEXT Y2

480  DATA 4,3.14159,,00001
: 481  DATA 1,1,0
" ' 498 DATA 120,.93,30

500 DATA 0,50,5

545  SIgP

550 LET V=, 5*%A%*B

555 IET K=1

560 LET G=1

565 FgR N=1 T¢ L1

570 LET G=G*VA2/Nt2

§75 1ET K=K + G

580 NEXT N
585  RETURN
. 600 END
PROGRAM FIVE

: ' 5 DIM U(94,94),1(94,94),B(94),C(94)
s -10°  I»T U(0,0)=1

15  IET L(0,0)=1

20  LET B(0)=4/15

i i sl
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STy IRy

25 LET B(1)=32/315
30 1ET c(0)=1/6
35 LET c(1)=1/20
40  READ M,B,H1,N2
50  FgR R=1 T¢ N2
. 55 LET B R+1g-2*(n+1 yx(2%R+3)*B(R)/((2*R+34 5)*(2*R+4, 5))
20 LET C(R+1)=(R+1)*(2*R+3)*C(R)/((R+2)*(2*R+5))
5  NEXT R
100 LET K=2*SQR(6/(4*Mt2-1))/B
105 PRINT X
110 LET K1=M*H1
115 FPR A=,00001 T¢ .21 STEP .01
120 LET E=,5*M*B*SIN(A)
125 LET D=SIN(E)/(+*SIN(E/M))
130 | LET L=SQR(1+4*K1%D42)
135 LET G=.25 + 2¥K1*D12*(SIN(E) 12
140 1ET G1=SQRr(G)
145 LIET A9=G*L12
150 LET B9=-2¥K1 '.
155 LET £9=,5*L12
160 IET L(1,0)=1-C9
165 LET L(2,0)=1-2%C9+,5%C9*2
170 FgR R=0 T¢ N2
180 IET U(R+1,0)=B9*U(R,0)/(R+1)
190 1ET U(R, 1S—A9*U(R oS/(R+1)
200 F¢R S=1 T¢ N2
210 1ET U(RH1,S)=B9*U(R,S)/(R45+1)
220 LET U(R, S+12~A9*U(R ,S)/((R4S+1)*(5+1))
230 1ET L{S+1,R)=((2%34R+1-CO)*L(S,R)-(R+3 )*L(S-1, R))/(S-l-i)
240 NEXT S
250 LET L(0,R+1)=((R+1)*L(0,R)-L(1,R))/C9
260 1ET L{1,R+1)=((R+2)*L(1,R)-2*L(2,R))/C9
270 NEXT R
300 LET M1=0
305 IET M2=0
310 F¢R R=0 Tg N2
315 FgR S=0 TP N2
320 LET M1=M1 + U(R,S)*L(R,S)*B(R)
325 1ET M2=M2 + U(R,S)*L(R,S)*C(R)
330 NEXT S N
335 NEXT R )
340  LET M1=M1*U*K*K1*EXP(-~ f‘9-2*c;)
345 LET M2=M2*U*KA2%K1*EXP(-C9=-2%G)
350  PRINT A,M1,M2,L,2%G1
355  NEXT A
40O DATA 5,3.14159,4,93
435 END
PROGRAM SIX
5 DIM u(100),B(100),L(100),c(100)
.10 LET u(0)=1
i5  LET B(0)=4/15
20  IET B(1)=32/315
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25 1ET L(0)=1

30 IET c(0)=1/6

35  IET c¢(1)=1/20

L)  READ N,B,H1,N2

b5  LET K=2*SQR(6/(N42-1))/B

-50  LET K1=N*Hi

2  IET U(1)=-Ki

55  FPR A=,00001 T¢ .21 STEP ,01

60  LET E=,5*N*B*SIN(A)

65 1ET D=SIN(E)/(N*SIN(E/N))

70  LET H=N*H1*DA2

75  LET L(1)=1-H

80  LET M1=B(0)

85  LET M2=C(0)

90  F@R Ni=1 Tf N2 .

100 LET U(N141)=-K1*U(N1)/(N1+1)

102  LET B(N1+1)=2%(N1+1)*(2*N1+3)*B(N1)/((2*N1+3.5)(2*N1+4,5))

105 LET C(N1+1)=(N1+1)*(2*N1+3)*C(N1)/((N1+2)*(2*N1+5))

110 LET L(N1+1)=((2*N1+1-H)*L(N1)-N1*L(N1-1))/(N1+1)

115 LET M1=M1 + U(N1)*L(N1)*B(N1)

120 LET M2=M2 + U(N1)*L(N1)*C(N1)

121  NEXT N1

122  LET M1=2*M1*K*K1*EXP(-H)

123 LET M2=M2*2*KA2*K1*EXP(-H)

125 LET vi=M2-M1*2

130 LET V2=M2-2#A¥M1+AR2

135 PRINT A,M1,M2,V1,V2

140 NEXT A

145 paTA 10,2, %1504

150 © DATA 99

200 END

PROGRAM SEVEN

5 DIM U(9%,94),L(S4,94),B(94)

10  LET u(0,0)=i

15  LET L(0,0)=t

20 L=ET B(0)=4/15

25  IET B(1)=32/315

30  READ M,B,H1,N2 -

4  FgR R=1 T¢ N2 \

50  LET B(R+1)=2%(R+1)*(2%2+3)*B(R)/((2*R+3.5)* (2*R+4.5))

65  NEXT R

100 LET K=2*SQR(6/(L*Mp2-1))/B

105 PRINT K

110 LET K1=M*H1

115 F@R A=,00001 T¢ .21 STEP .01

120 LET E=, 5*M*B*STN(A)

125 1ET D=SIN(E)/(M*SIN(E/M))

130 LET L=SQE(1+4*K1*D42)

135 LET G=.25 + 2*K1*Dt2*(SIN(E) )12
140 IET G1=SQR(G)

145 LET A9=G»*Lt2

150 LET B9=-2*K1

155 LET C9=,5*Lt2
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m,

- 160 IET Ls . ; -C9
g 165 IET L(2,0)=3-3*C9+, 5*Ccot2
200 FPR R=0 T@ N2

215 LET u(n+150)-139*u(n o)/(a+1)

220 1ET U(R,1)=A9*U(R,0)/(R+1)
- 225 TFPR S=1 TF N2
230 LET u§n+1 ,S)=B9*U(R,S)/(R45+1)
235 1ET U(R,S+1)=A9*U(R,S)/((R+S+1)*(5+1))
240 IET L(S+1,R)=((2*S+R+2~C9)*L(S,R)-(R+S+1)*L(S-1,R))/(S+1)
245 NEXT S
- 246 LET L(0,R+1)=((R+2)*L(0,R)-L(1, R))/c9
E 0 247  1ET i(1,R+1)=((R+3)*L(1,R -2*1,(2 R))/c9
i - 250 NEXT R
{ 300 LET M1=0

310 FPR R=0 T¢ N2
315 FPR S=0 19 N2
320 IET M1=M1 + U(R,S)*L(R,S)*B(R)*(R+5+1-2%G)/(K+S+1)
330 NEXT S
335 NEXT R
30 LET m=Mnz*xﬂ*a*m2*1.42*1::?9(-1,12 %) /(Lt2-1)
350 PRINT A,M1,L,2*G1
355 NEXT A
DATA 5,3.14159,2,60
415 END

PROGRAM EIGHT

4 DIM U(100),B(100),L(100)

10  LET U(0)=i

15  1ET B(0)=4/15

20 IET B$1;=32/315

25 1ET L(0)=1

4O  READ N,B,H1,N2

45  LET K=2*SQR(6/(N*2-1))/B

50  LET K1=N#*H1

§2  1ET U(1)=-K1

55  F@R A=,00001 T@ .21 STEP ,01

60  IET E=,5*N*B*SIN{A)

65  1ET D=SIN(E)/(N*SIN(E/N))

70  LET H=N#H1*D12 >

75 1ET L(i)=2-H -

80  LET M1=3(0)

90  FPR Ni=1 T@ N2

95  LET U(N1+1)=—K1*U(N1)/(N1+1)

100 IET B(N1+1)=2%(N1+1)*(2*N1+3)*B(N1)/((2*N1+3,5)*(2*N1+4, 5))

110 LET L(N1+41)=(2-H/(Ni+1))*L(N1)-L(N1-1)
115 LET M1=M1 + U(N1)*L(N1)*B(N1)

121 NEXT M1

122  LET M1=2¥pMi*X*K142*D*EYP(-H)

130 LET M1=M1f2/(2*N*H1*(2*H-1))

135 PRINT A,M1

-“140  NEXT A
145 DATA 10,3.14159,,5,99
200 END

D-8
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ABSTRACT

Analysis is made of a "multiplicative” receiv-
ing array model which is known to have about one-
half the beamwidth of the "additive" or convention-
a) (square-law) array with the same number of ele-
ments. The probability density functions fur the
filter outputs of array models are shown for mono-
chromatic, planewave signals in the presence of
narrowhand Gaussian noise, for broadside arrays
with equal spacing and uniform gains. The number
of elements, SNR, source bearing, and interelement
nofse correlation are treated as parametars of the

Tdistribution, and their influences are displayed
graphically.

Based on these probability density functions
for the square-law and the multiplicative array
processors, we then examine their performances as
signal detectors and as bearing estimators.

INTRODUCT ION

In judging the capabilities of sonar array
processing, it is a common practice to use the
processor output SNR (signal-to-noise ratio) as a
fiqure of merit for detection, and the array con-
figuration's beamwidth as a measure of bearing es-
timation performance. Thus, based on these cri-
teria Arndt[1], for example, concludes that con-
ventional or additive processing is the best method
for detection purposes, while correlating or
multiplicative processing is the choice for obtain-
ing bearing. These conclus.-ns had also been
reached by Welsby and Tucker [2] with some reserva-
tions. However, we wish to point out that these
criteria, SNR and beamwidth. while often adequate
for pursuing the optimization of a given confiqura-
tion [3], are not always suitable for motivating a
choice between two different configurations.

The usual standard of detection performance is
the probability of detection (PD) achieved for a
given false alarm rate (PFA) at an assumed systenm
input SNR (Neyman-Pearson model of cetection).
Therefore, even though it is rezsonable to assume
that the PD is proporticnal to output SNR for each
of two different systems, in ceneral one cannot say
that the PD's are corparable if the SNR is the same
since there is yet another parameter to be speci-

fied: the detection threshold, or equivalently the
the false alarm rate on which the threshold is
based.

Similarly, while beamwith (resolution)i> -er-
tainly a factor, bearing estimation performance is
to be understood in terms of minimum error attain-
able from an arrangement in which the bearing is
extracted, or indirectly measured, from observa-
tions corrupted by noise. Therefore, a true com-
parison of two configurations with respect to bear-
ing estimation requires an accounting of the effi-
ciency with which each smooths the noise.

The limitations we have pointed out are, of
course, more or less understood by those employing
the conventional figures of merit. The limitations
are tolerated because nf the difficulty in obtain-
ing the precise quantities on which systems com-
parisons need to be based, quantities which are re-
Jated to the statistical bebavior of the system *
outputs. In this paper we oresent the probability
density function of the detector output for a class
of multiplicative arrays, and employ it to calcu-
late detection and bearing estimation capabilities
of these arrays in comparison with conventional or
additive arrays which use a square-law detector.
Though necessarily we select a narrow class of Sys-
tems in order to achieve the rigor we seek, both
the analytical approach and the results (described
mere fully in [4]) lend themselves to extensions,
thereby encouraging more thorough system anaiysis
in the field of sonar arrays.

MULTIPLICATIVE ARRAY PROBABILITY DENSITY FUNCTION

Consider the model of a multiplicative array
as thown in Figure 1, in whicl the 2M omnidirec-
tional receiving elements are equally spaced d
units apart alcag a straight line. The sum of ore
half of the array element putputs is multiplied by
that of the other half, and the product is lowpass
filterad. We make the following assumptions:

SIGNAL: the array intersects a planewave,
monochromatic signal with known amplitude A and un-
known bearing a, relative to the perpendicular of
the array.

This work was supported in part by the Oftice of
Naval Research under Contract N00014-67-A-0377.
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PIGURE 1. Multiplicative array mcdel.

NOISE: the array elements experience station-
ary, zero-mean Gaussian nonse such that the vari-
ance at each element is s? and, at a given instant
of time, adjacent elements only are correlated,
with coefficient a.

Under these conditions the sum channels of
Figure 1 have the signal terms

si(t) = HADMcos(mt-e ), i=1,2

where the directivity function is given by D
sin{3MBsina)/Msin(38sina), with B = 2nd/A and
20 = 0,-0, = MBsnna The noise terms n,(t) have
equal variances o = Ms? + 2(M-1)as? and are cor-
related with coeffncnent p = a/[M+ 2(M-1)a].

The filter output is given by y(t)=}{z,2 -2,%)
where Z, is the =nvelope of +{uy + u,) and Z, is
the envelope of-ylu, - up), assuming ideal lowpass
filtering. That is, y is the difference between
two independent, scaled noncertral chi-square ran-
dom variables (for n; of uneoual variance, the Zi

JFIGURE 2, Multiplicative array PDF (equation 1}
for input signal-to-noise ratio varied.
0
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are dependent). It can be shown [4] that the
probability density function of y in this case is

Pul¥) = P yi as B, %y s, H, a)
Mi?Dgsin?e

2Mh¢D2
-2 M B-Ccos20 B+C
: .,p[m{.m.- et Bgees®s '—T_B—C}
< ,MsHD. cos® r
| MCOSP B¢
* W Zb (_J“z N B_) (1)

Qﬁnhcosedi' -MH’D’swn‘e B+C
x l ()

, y>0

2MH D MH D’cos’e
{ M B- CcosZe 8-C
= expl TT + B W"’

HsHD sing g+C\"
Eﬁﬁr ?7 <y B )

(1b)

x I

[4H0MsineJ=§' -MH?Dicos?e o C1
. Y <0
r l s(B-CJ r B B+CJ 4

where B = z/Ms , C = pB, and H? = A?/2s2, and
where the 1_( ) are the modified Bessel functions
of the first kind of order r, and the L () are
the r:th degree Laguerre po]ynom1als " The un-
correlated noise case corresponds to B = 1 and

= 0.

Results for the multiplicative array probabil-
ity density function (1) are presented in Figures
2 through 5. The nominal case of 2M = 10 e]emen;s,
uncorrelated noise (a=0), unit noise variance (s?
=1), zero bearing (a=0), half-wavelength array
spacing {B=n), and zero dB input SNR {H2=1) was
chosen. In Figure 2 the SNR is varied, while the

FIGURE 3, Multiplicative array PDF (equation 1}
for number of array elements varied.
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FIGURE 4. Multiplicative array PDF (equation 1)
for noise correlation coefficient varied.

number of elements is varied in Figure 3. It is
seen that these two parameters have similar ef-
fects on the distribution. The effect of adjacent
interelement correlation is displayed in Figure 4,

FIGURE 5. Multiplicative array PDF (equation 1)
for bearing angle varied.
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FIGURE 6. Square~law array model.

showing how increased correlation increases the
variance of the filter output, and decreases the
value of y at which the peak ¢¥ the distribution
occurs. Figure 5 demonstrates a phenomenon of
interest, for the bearing is seen to act as a lo-
cation parameter for the distribution, indicating
the potential of using the filter output for
bearing estimation.

SQUARE-LAW ARRAY PROBABILITY DENSITY FUNCTION

Consider the conventional or square-law 2rray
with N elements, as modelled in Fiqure 6. Using
the same basic assumptions as above, it can be
shown that the filter output y is a scaled noncen-
tral chi-square random variable with probability
density function .

Ps(y) = po(y: o BN, s, H, 2]
FIGURE 7. Square-law array PDF (equation 2)
for input signal-to~noise ratio varia=d.
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or py(y)=gryzre M

- oo ¥<0 (2)
where B' = [N + 2(N-1)a)/N
and DN = sin(INgsina)/Nsin(3Bsina).

In Figures 7 and 8, the probability density func-
tion of the filter output of the square-law array
model is seen to behave with parameter variation
in much the same way as that of the multiplicative.
Mere we have used H’= 1, s?= 1, 8 =m, a = 0,a=0,
and N = 10 as the nominal case. In Figure 7 the
SNR is varied, and in Figure 8 the source bearing
{s varied.

[(wN’H’D’s )] [zun f]
=TT Xp Y 10

~

DETECTION PERFORMANCE

Having now the probability density functions
for the array processor outputs, we are in a posi-
tion to evaluate what Tuck.r (5] described as
®. ..the difficult question of whether the better
signal/noise performance...is really indicative of
a higher probability of detection." That is, we
are able directly to calculate the probabilities
of detection for the two array models, as functions
of SNR and of corresponding probabilities of
false alarm.

Assuming the decision "signal present" is
made if the filter output y exceeds a threshold T,
the probability of false alarm or false alarm rate
and the probability of detection are given by

PFA =[ p(y|H=0)dy, PD = [ p(y[W0)dy.  (3)
T

For the multiplicative array mode)l we nave (1>0)

PFA = $(1 + ¢/8) exp[ﬂ-_wm} (4)

" -21 _ 2MH? . ,B-Ccos2?
PD Tex"[vs T(6+C) ~ B VM B - c‘]

3 Z(MHZ M)"‘*“(cose)z'“gsme)z” (5)

m=0 n=0 B

(gé)’" " ib(mm -k (28 [ 2r .

= n NB<T/ SklFs7(EeCy
For the square-law array model we have

PFA = exp(-1/38'Ns?) (6)
and PD = Q(HDN/ZF!/B 5 n.'/B Ns?), 7)
where Q is Marcum's Q-function.

It can be shown that the multiplicative model
has a more desirable false alarm rate for the same
value of detection threshold, while the sauare-law
model yields a higher PD. However, this apparent
tradeoff is biurred by the unsuitability of the
detection threshold value as a basis for compari-
son. The more 1nformative "receiver operating
characteristics" (ROC), given by PD = f(PFA; SNR),
render two different threshold detectors rore di-
rectly comparabie, enabling a performance index
such as "minimum detectable signal” (the SNR re-
quired to ‘nsui'e a given PD for a specified
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FIGURE 8. Square-law array PDF (equation 2)
for the bearing angle varied.

maximum PFA) to be used to pronounce one the better

detector with some confidence in the generality of
this kind of statement. Helmstrom (€] cites addi-
tional uses of the ROC.

ROC curves for our two models, for the uncor-
related, boresight («=0) case are given in Figure
9 for N=2M=4 and in Figure 10 for K=CY=10. The
fact that the square-law array processor curves
are consistently above those of the multiplicative
indicates that the square-law array model is a
better detector in this case. They are quite
close together, however, and whereas Arndt [1]
gives an SNR difference of 3 dB, cur recults imply
that the minimum detectable signals do not differ
by more than one dB.

MAXIMUM LIKELIHOOD BEARING ESTIMATES

If the filter output y of the multiplicative
array mxdel is to be operated upon to obtain an
estimate of the bearing o, it is sliown in [4] for
uncorrelated noise the maximum likelihood bearirg
estimator nas the approximate forms

;(y) = Qarccos[1 - Ey%%zjﬁj-ﬁ - 3%5)1, Tow SHR

= (8)
a(y) = }arccos[ 1-(—.-3)— (71'54- h1)glh Slslg)

Also, the corresponding forms for the square-law
model are

w0 frcs - gy - (2]
Tow SNR (10)

aly) = arcsin2\ /b (1 - ). pi-

aly) = al'CS'I?‘l8 ij(] S NHS)’ hich SHR. (1)

In {4) the mean viives of these estimators for
high SNR and for N = 2M are calculated to be

E(a) = 2k|<e"‘2§é {';',‘lms(%,zmz)Lm(h*) (12)
& hl

square law

10<
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and E(a) = K - KQ(1,2/G) + 2kKexp(-$32-29)

- L 23N m (13)
" nzb ..zo %EQ’ B3, 240 2)L7(12%),

multiplicative
with K = 4.9/8A7-T , k = NH?, h? = NH:D:J/Z‘
A = 1 + 2K%, 4g = A% - 2h%cos2e, and the B( , )
are beta functions.

Computations of these mean values are given in
Figures 11 and 12, with a straicht line represent-
ing an unbiased estimator drawn in for reference.
The trend, as the SNR increases, toward unbiased-
ness--where E{a) = a,--is clearly seen for the
smaller values of bearing. On the whole, the two
estimators appear to behave quite similarly with
respect to bias.

BOUNDS ON ESTIMATOR ERROR

As a means of learning estimator performance
we have chosen the Cramer-Rao bounds. Using the
above expressions for the mean values of the bear-
ing estimates and working with the filter output
probability density functions, we may calculate the
familiar Cramer-Rao bounds on estimator variance:

FIGURE 9. Recelver cperating characteristics (=4}

== n?-uJ_

o / = =
/Z =
L) L
/I
y

M: Multiplicativa Ar-ay
$: SquarsLaw Array

E

L7

%\\\
s

/

NN

‘// e

‘ a /" V// A/}% -
5 // ‘/// )
P L/ //,-/
T A
g
. s L/

0 j/i/n?-anm.sun -

o i

Array Spacing *A/2 d=w)
|2 = None Vanance = 1
a = None Correlaton = 0

//l’ N =2M = No Elements = 4

w8 105 10* 103 102 0! 1
PROBABILITY OF FALSE ALARM —————— 3o

var(a) > [2e(a p/erinplyiadysy (14}

An example of this bound for each array model 1s
given in Figure 13, in which for small bearings the
square-law array is seen to have a smaller upper
bound on variance. It should be kept in mind that,
since there is a bias, the mean square error will
be greater than the variance. These curves, as
well as others we have calculated for actual vari-
ance and mean square error, show a smaller error
for the square-law array for small {major lobe)
bearings, while the fact that the curves cross at
higher values of bearing seems to imply that there
are values at which the multiplicative array's
estimator is superior,

CONCLUSION

We have very briefly summarized recent inves-
tigations which, by direct calculation. demonstrate
that the actual relative performances of square-law
and multiplicative array processors in signal de-
tection and in bearing estimation can differ sig-
nificantly from those predicted using the systems'
SNR and beamwidth as figures of merit.

FIGURE 10. Receiver vperating characteristics{N=10)
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The Probability Density Function for the Output
of an Analog Cross-Correlator with Correlated
Bandpass Inputs

LEONARD E. MILLER, MEMBER, 1Et, AND JHONG S. LEE, MEMBER, IEEE

Abstract—The probability density function (pdf) for the output of an
analog cross-correlator with correlated bandpass inputs is derived. The
pdf is derived by a *‘direct method” without resorting to the ‘‘charac-
teristic function method,” which usually requires contour integrations in
a complex plane for inversion operations. The correlator consists of
bandpass filters, a multiplier, and a zonal low-pass filter. We treat the
general situation in whick the two inputs are narrow-band signals of
unequal power and of different phases. The bandpass input noises are
assumed to be correlated and may have different powers. In thc Appendix,
another cerivation for the pdf is given in the special case of equal power
correlated noise. This derivation is based on the fact that the correlator
output random variable is ihe difference of two independent noacentral
chi-square variablcs of two degrees of freedom. We show that the two
expressions for the pdf (one from the direct method and the other from
the characteristic function method) are indeed equivalent. Finally, we
discuss two major areas of application.

I. INTRODUCTION

HE PROBABILITY density function (pdf) for the
T output of an analog cross-correlator with correlated
bandpass inputs is derived. The correlator consists of
bandpass filters, a multiplier, and a zenal low-pass filter.
W treat the general situation in which the two inputs are
narrow-band signals of unequal power and of different
phases. The noises in the input channels are assumed to be
correlated with unequal power,

The problem of obtaining the pdf for the cutput of a
cross-correlator wth bandpass inputs has been a matter of
continuing interest [1]-[7]. To reduce the complexity
inherent in the mathematical aspects of the problem,
previous authors have often restricted their considerations
to certain suaplifying assumptions or approximations in
deriving a general expression tor the pdf. However, Andrews
[5] is an exception: he has obtained a general expression
of considerable complexity by utihizing the characteristic
function method. In this paper we show how the pdf can
be derived in a direct fashion without employing the
characteristic function method. The resultant expression
for the pdf appears to be much simpler than that of Andrews.
In the Appendix, yet another derivation of the pdf for the
correlator output is given. This derivaton is based on the
fact that the correlator output random variable, manip-
ulated suitably, 15 a difference of two independent non-
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central chi-square variables, each with two degrees of
freedom, Under this formulation for the output variable,
the application of the characteristic function method gave
ar easy derivation for the pdf. These findings resulted from
a study of the detection capabilities of narrowband multi-
plicative array configurations [8].

The “direct approach’ we have used to obtain the filter
output probability density function i3 by no means the only
one. Perhaps the most thorough method is that which
takes into account the filter transfer function of a realizable
filter and treats the filter output as a time series. In the
literature, this approach is often attributed to Kac and
Siegert [9], and usually is found applied to the square-law
detector [10J-[12]. An exception is the work of Lampard
[3], who studies a multiplier/filter combination.

Other references which use the same “"zonal filter” model
as we do to analyze the multiplier/filter, though less gener-
ally, are [ 1], [2]. [4], and [5]. A thorough treatment of the
output SNR of such systems is that of Green | 13]. In this
area, very similar pdf curves were obtained from sometimes
very dissimilar expressions.

II. T CROSS-CORRELATOR AND FORMULATION OF THE
PROBLEM

The cross-correlator to be studied is shown in Fig, I
The inputs to the multiplier ar: two narrow-band processes
u,(ty and wu,(r), and their product z(r) is passed through a
7onal lowpass filter to yield the output y(r), as shown, The
processes u, (1) and w,(r) are said to consi.i of the super-
position of the deterministic signals s,(1). 5,(r) and the
noisc processes #,(t), n,(r), respectively. At the same in-
stant of time, nj¢) and #,(r) are assumed to be jointly
Gaussian random variables with variances ¢,7 and 7,2,
correlation coefficient p, and zero means,

The multiplier ts assumed to be instantancous, so that its
output can be writter

21y = 1,(1) X uyr)
= [5,(1) + n(D)] x [s:0) + na()]
= ey + uy () = Hug(ry = uyin)]?
= [syn) + my)]F = [sa0) + ny(0))? (h
where
$3.400 = () £ 5,(0)] (la)
and
mygny = Yoy & ny{n)}. (Ib)

This arrangement may be recognized as the old “quarte:-
square multipliei™ idea used in analog computation,
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INPUT | SAnBaisn ) = ay{1) © Wl What is meant by “zon:! low-pass filter” is that the filter
- FLTER [ output y is equal to the multiplier output z, less the terms .
F ' —_— of frequency 2w. Thus if we define the sum and difference
i 3 2 | wountts | Mo terms |
: AUER 21(1) & 53(1) + ny(1) = 4[u, (1) + ux(0)] |
R WPUT 2 L eawopass | = Z,(t) cos [wt — ¢,(1)]
: FEIR (e 800 o n 1) . ;
" R = z,(t) cos wt + z, (1) sin wt (4a) l
Fig. 1. Block diagram of cross-correlator. 2,(1) B sy(t) + ny(t) = i[“l(’) _ uz(t)] .
= Z,(1) cos [0t — ¢,{1)]
For the new variables we have defined, we have the . !
3 . = 2,.1) cos wt + z,,(¢) sin wt (4b) =
following moments:
we find that
By) =0 (1) = 3[Z,%(0) — Z(0)] ) |
E(ny) = 0 (2a) where .
E(ny®) & 03® = {(0,® + 2p0,0; + 0,7) Z,2" = i[S;* + $2* + N2 + NP £25,S; cos (0, — 0,) ‘
Lwg?) 8 0,2 = 0,2 = 2p0,0, + 0,%) + 28,N, cos (¢, — 0,) + 25,N, cos (¢, — 0,) g
E(nyny) & Rayo, = 4(0,% — 0;7). (2b) T 25,N, cos (¢, — 0;) + 25;N, cos (¢, — 0,)
A !
Note that if o, = g,, then R = 0; that is, n, and n, are 1 2NN, cos (¢, - ¢,)] |
3 uncorrelated. 2 2 ;
A . =S + N + 283 4V 4 cos -0
Specialization to what we are calling the narrow-band case 3.4 s 2 (63.4 3.4)
consists in the conventional assumption that the following (52) ‘
quadrature representations apply: and
53(1) = S(t) cos [wt — 04(1)] i = S,sinf, + S,sin@, + N,;sin¢g, + N,sino,
" S,cos0, + S,cos0,+ N cos¢h, + N,cos ¢, i
sa(t) = S.(1) cos [wt — 0,(1)]
Syasinfly , + Ny oingy, )
= 1) cos i = —= = = = (5b)
niy(t) = n3 () cos wt + nylr) .sm wt Sys0050s 4 + NyaC05 s |
= N ryeas (@7 — Pyl Our object is to find the pdf of the filter output »(r) at a f
ng(t) = ny (t) cos wt + ny(t) sin wt given instant in time. (From this point on, refercnce to
; time will be suppressed.
= Nu(0) cos [wr — (1] 3) GESEEl 3
where if Distribution of the Sum and Difference Terms |
s(t) = Si(t) cos [wr — 0(1)] If, to use vector notaticn, we refer to the inpui noise _
' ' ‘ components as x' = (1,0, N2,M1,), where the prime (') 1
- ni(t) = N(t) cos [t — ¢(1)] (33)  is used to indicate the transpose, then we may express the
: shee = S joint pdf of the input noise componcents as
S3.a? = i[5S, + S;* £ 25,8, cos (0, — 0,)] pol(x) = — r /L-»:exp [-1x'K, 'x]
an 0. — Sisin0, & S,sin0, A yden i,
—i = S, cos 0, + S, cos 0, wherc K|, the covariance matrix, is postulated to be
Nyo2 = 1[N + N2+ 2N, Ny cos (b, — 6] K, = cov [, (), (1), (t)n,(0)]
/s Y = E[x'x
tan ¢y = N,sin ¢, + N, sin ¢, ' (3b) [x'x]
Ny cos ¢, & N, cos ¢, r 2 0 P0G, 16,0, —
With this narrow-band reprcsentation, we have for the = 0 7 =050 BCI% ||
_ = P06, —ro,o, a, 0 e
r output of the multiplicr 2 X
ro,0, po,0, 0 7,
ta

oo

2 2!
e Z2=(s3+n — (54 + n ? . . . o3 45
(55 3) (55 +) That is, the noise corrclation at the inputs to the multiplicr

= 4[S,? + 283N;cos (py — Uy) + N — 8,7 is considered to be such that, for the same time instant

— 28,N, cos (g — 04) — N,?]

E(nlc"h') = E(nlxnl.t) = 0,0,

} (terms with frequency 2w). 4)

15°

Enyny) = —E(n;ny,) = roo,.
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We may consider the sum and difference noise com-
ponerts a' = (ny.,K3,n5.0,) as a linear transformation
n = Ax, where the matrix 4 is given by

+ 0 %1 0
|0 4+ 0 4
4=1y 0 -1 o0
0 4 0 -4
We may then write the pdf of the variables m as
pi(n) = ﬁ exp [—4n'K,” 'n] {6)

where the new covariance matrix K|, is easily computed to be

Kn = AK_‘14

0y’ 0 Ro,6, R'oyr,
_ 0 0l —Ro,0, Ro,0, )
Royo, —Royo, 0.’ 0
—Roy0, Rojo, 0 o’

D =\det K, = 6,%02[l = R* = (R)}].  (Ta)

The variances o,° and 0,2, and R are as given in (2), and
Roi0, = —1ro,0,.

It follows then that the quadrature expansions of the
signal plus noise variables z, and z, as just defined have the
density function

exp [-4(z = VK, '(z = 9)]

T1efise s r':.’.x) = 3
PAZielisnl2 azD

(8
where
(2 —8) = (s, — Sycosfly, z;, — S, sin O3,
Ze — Sycos By, 2y, — Sysin ). (9)
ITI. GrNERAL EXPRESSION OF THE PROBABILITY DENSITY
Fusction rorR Tne CORRELATOR OUTPUT

Recall that the filter output is » = 4(Z,* — Z,%). Thc
density function of Z, and 7, is

tan n
pZ,.7;) = J do, f ddap 7. Zahs)
0

4] )

Z.7, ["'drﬁ, [“d(bzm(zlcos,(/;l.zlsin B

L] v

Z,¢08 ¢y, £, s ¢hy) {10a)
_ _/L"’_- “27{ i ’un .
42D J, Jo
cexp[- NZ — YK, H4Z — 5)] {10b)
where
(Z —s)

= (7, cos ¢, — Sycoslly, 7, sin¢p — Sy sin 0y,

Zicosdy, — Sgcos iy Zysing, — Sy 0y).

(1)
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The quadratic form appearing in the integral’s exponent
reduces to

Q = 7:D1 [0'42(212 + 532) + 0'32(222 + 542)
~ 26,6,X8,S,cos (0, — 0; — x)

— 20,6,XZ,Z, cos (¢, — ¢, — x)
— 20,VZ, cos (¢, — v) — 26,WZ, cos (¢, — w)]

(12)
where
X =R + (R) tanx=R/R
V? = ,25,2 + 6,2XS,?
~ 2046,XS;S,cos (0, — 0, + X)
W? =028, + 0,°X*S,*
— 20,6,XS;S;cos (0; — 0, + X)
T 6,S.sinfly — ¢, XS, sin (6, — x)
¢3Sy cos Uy — ;X8 cos (0, — x)
e et 6,S,sin 0, — 6,XS; sin (0; + \z (13)
6,8, cos 0, — 6,XS; cos (0, + x)
Using the rclationship
e = ngo £.1,(x) cos nw, & = {;_ : : g

and performing the integration with respect to ¢, and ¢,,
it a manner quite similar to Middicton [14, ch. 9] we
obtain

22y o | =1 |

l Z .Za = [ 4 — | O 22 g '+‘ 227: '+‘ va
|ROAWAY D P.zD[.t 1 0y 4Ls ]‘
4 ‘5, VZ o WZ,
. = (_4___‘) - ( 3 -)
mgol D | . D

o, (oX 2,2y

) cosm(v — w — x) (14)
\

where wc have used

W%

U = 0,28 4 0,085,7 — 20,0,X8,S, cos (0, — 0y — x),
(15)
and 7,(-) is the mth order modified Bessel function of the

first Kind.
To obtain the density for v, we use the transformations

Z, = x2veosho,

s =N 31 sinh u, forZ, > Z,;ory > 0andu > 0
and

/= \—_21 sinh i,

/y=~—=2coshu, for/Z, < Z,ory <Oandwu > 0.
(16)

16~
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Then we find that the density for y is given by the expressior

i) = j i el

0
J. du py( \’/EZ_}" cosh u, \/Z—_y sinh u), y>0
_1Jo

J. dup4(\/—2)' sinhu, v =2y coshu), y<0
(V]

: (2 A Ml — 2
=%'e,(p[("3 o)y u]

2D
* Y gucosmv —w— x)J. du sinh 2y e~ cosh 2v
m=0 0
I,(b cosh u)i,(c sinh u)I,(d sinh 2u) an
with
ai= l)'l(o'sz + 0'42)/2D d = ay,0,X\y|/D
and
(b,¢) = (6,WW2y/D, 0,W\/2y/D), y>0
= (6;WN =2/D, o,V =2y/D),  y <.

(18)

By writing x = 1 + cosh 2u, we may change the integral to

¢ f " dx e L [bVGx + DLV L [dVRx + 2)]

B |

1eﬂ x @« (b/2\/§)2"+m (‘}d)““"
2 wSokZon!(n+ mlk!(k + m)!

J. dxe—ax(x + 2)n+k+mxk+(1/2)m1m[c\/¥;]

0

lea i k2 n+k+m(b/2\/5)2n-‘-m (%d)2k+m
2 AS0 k=0 +o n'(n + m)!k!'(k + m)!

( + I‘ + m) ntktm=r
)

dxe’“"x""“'””‘*'!m[C\/‘}_x]. (|9)

Y0

Making use of Gradshteyn and Ryzhik {15, formula
6.643.4], we obtain the following expression for (19):

B terlee )
2a/ 2a 8a
o0 w ntk+m

' i (ib)2n+rn(id)2k+m
n‘-‘-:o k;O 72‘0 nt(n + m)!k!(k + m)!

'(n+k+m)2"'

r

CZ

G+ ez, (35) @
8a

where the L7, ,(-) are the Laguerre polynomials of order
k + r and parameter m. Substituting in (17) and for a, b, c,
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and d, and rearranging terins for clarity, we have finally

g u gz
pe(y) = o exp {— l 0'02|y| +U? .- T‘T]}
03 03 + 0’4

5: ( ngJU-L)m

m=0 n=0 k=0 r=0 \2D*(03% + 0,7)

) (_f_z—)n( 632642X2 )k( D )r
2D*) \D(0y? + 64/ \o,* + 0 °
(k + r)!
nt(n + m)'k!(k + m)!

. (k +n+ m) I ,lk+m+n—r1m ( _gz _)
)y “k+r 2 B
r 2D(o,° + 0,%)

U

x € @

cg,cosmv — w — x)

with

(04 V’US WsGAZ)»

. y > C
(f.9.60%) = :(03 W.a.V,m,2),

y<0. (2

A recent paper by Andrews [5] gives an expression for
the density function in nearly the same situation by means
of the characteristic function method. Comparing the
development here with that of Andrews, it appears that
following the strenuous development associated with the
computations of the characteristic function, one still needs
to solve a convolution integral such as our (19). The different
final expression he obtains results simply from a different
method of attacking this type of integral. For the special
cases, of course, the form of the expressions given here is
identical to that of Andrews, Moreover, the computed
results we show, match his wherever applicable.

IV. ReDUCTION OF THE GEN':RAL EXPRESSION TO SPECIAL
CASES

For practical applications and for purposes of checking
our results with those of previous authors, it is instructive
to reduce the general expression of (21} under certain
assumptions,

A. Equal Noise Power with iZven Spectrum

An important case is that for which the noise inputs are
of equal power and their spactra are even about the center
frequency of the band. Under these assumptions, the cross-
quadrature correlation coeflicient r is zero {14} and ¢,% =
0,2 = ¢?, implying that R = R’ = 0, so that the term X
in (21) is zero. Defining the input SNR for channels 1 and
Z by

and

(03}

saadiiy e |

vk il

F o

-
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v‘(y)

0.4 r

0.2 r

Fig. 2. Probabilily density functions for cross-correlator output ){r)
for se;eral values of identical mput SNR’s when p = 0, 8, = 0,,
and o2 = 1.

the general expression of (21) is reduced to the fo'lowing
form fory > 0:

= _u (
pe(») azeXP{ -t 5 45
e )

r=0 8}/0- o

~

(23a)

A =t—)h
[ (2 =
and fory < 0
1+P) 2 2|
-~ hyt — h*
(2 T

. 2 [h,,(l + oW1 ~ p] '(Z_h_‘“

I—E
a \/l—p)

[ 2
le%1 - p)

1
Pe(y) = — exp
a

—-8,\'/6

L, [— 67 =p) h,l] (23b)

2

where
l )
h?= (h,2 + hy* + 2h,h,; cos 20) (23c)
3 X0+ p) 1 112

he? = —1 (h,2 + hy? = 2h,hy cos 20) (23d)

2(1 = p)

and where 20 = 0, — 0, is the difference in phase between
the narrow-band signals at the multiplier input {see Fig. |
and (3a)). Muraka [6] presents results corresponding to a
further specialization of this case to @ = 0 and 4,? = h,2

B. No Input Signals and Equal Noise Power

If wie correlator inputs are assumed to be only the noise

of equa! power, that is, h;> = h,> = 0 and 0,° = 0,7 =
o2, the pdf (21) is further reduced to
[ EP[ ’f|+p) >0
pe(y) =
i exp [—L] y < 0. (24)
ol a1l — p))’ ’ ’

437

This result is identical to that of Lezin [7]. who began
analysis with these assumptions.

C. Computed Results for Special Cases

Judging the equal poveer (0,2 = 0,% = %), even spectrum

case to be of sufficient interest, we have plotted several
curves for i; = h, = h in order to show the effects of the
parameters p, h%, and 0 = (0, — 0,)/2: g, quile obviously,
is a scaling parameter. In the Appendix the pdf (23) is
shown to be equivalent to

1
Po(y) = ;—2 €xp [_(,132 + ”42)]

s § [3 = p)hy?]" [3(1 + p)h,2]"

n=0 m=0 m! n!
-2y i 4y
CA L . . C > 0
p [62(1 + p)] " laz(l — pz)] !
sl
| [a’u sy Il P

where the polynomials we have defined,’

m (m+n—k\x*

k=0 n

y<0

(25)

G (x) =

have the unusuzlly useful computational property G =
G _, + G""'. The form (25) results from application of
tle characteristic function methad to the special case we are
now considering.

For computation of (25), we have chosen a ‘‘nominal
case” of specific values for the parameters: p = 0, ¢ = 1,
h = 1,v = 0. In Fig. 2, the parameter 4* (SNR going into
the nultiplier) is varied. 1t is seen to have the powerful
effect ¢ changing the pointed curve of the no-signal case
into curves which begin to approach the familiar Gaussian.

The correlation coefficient at the multiplier inputs p is
varied in Fig. 3, where it is evident thal increasing correla-
tion produces a more ‘‘noiselike” distribution, that is, one
with a smaller apparent SNR. Figs. 2 and 3 include curves
which exactly match those given by Andrews [5], although
the scaling is somewhat different due to his inclusion of a
scale factor in the definition of the multiplier.

The phase between the two multiplier signal inputs 0 is
varied in Fig. 4. The :ffect of this parameter is seen to shift
the concentration of probable vuiues closcr to zero, decreas-
ing the apparent SNR. Note that the cases ¢ = n/6 and

= /3 are “‘reflections” of one another.

V. REMARKS ON THE APPLICATIONS OF THE RESULTS

The pdf for the output of a cross-correlator with bandpass
inputs arises in many situations of practical intercst. The
equivalent pdf’s (23) and (25) have been applied to the

' A further discussion on the properties of this polynomial Gl (x)
is given in the Appendix.

18<
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0.3 -

Fig. 3. Probability density functions for cross-correlator output »(r)
for several values of noise correlation coefficienits when 4% = 1,
o2 = 1,and 0, := 0,.

Fig. 4. Prebability density functions for cross-correlator outpur 3(r)
for several values of phase ditference ¢ = (8, — 0;) 2 when p = 0.
h* = 1,and a® = |.

study of a class of maltiplicative array configurations [8]
often employed 1n sonar or underwater detection and
estimation applications. In this application, the mputs to
the multiplier are summations ol the outputs ol array
elements. Having an explicit Tormulation for the pdl
permitted direct calculation of the effects on the distribution
of parameters such as signal bearing, the number of array
elements, interelement correlation. array  spacing, and
input SNR.

Caleulation of recenver operating characteristics (ROC)
based on our results revealed that the multiplier/filter
combination has the potential Tor performing signal detec-
tion very ncarly as well as the more conventional square-
law array conliguration, whereas previous analysis based
on SNR alone as a figure of merit predicted 1 3 dB supe-
riority for the conventional system. This particular applica-
ticn has been summarized in [22].

IEEE TRANSACTIONS ON INFORMATION THEOR:, JULY 1974

For those who wish to pursue the mathematical aspect
of this type of problem, consult {23]-[59].

Application of the pdf for the correlator output in
problems of digital communication is also rewarding. The
correlator model we have considered corresponds to the
receiver structure for binary communication in which
the detection is accomplished with a noisy reference. The
performance (error probability) computation. when the
noises between the input and the reference channels are
correlated, can be computed nusing the pdf of (23) for
h? = hy* = h% Cooper [2] has shown that the applica-
tion of the pdf for the correlator output to binary
orthogonal communication systems produces the same
known result of error probability under uncorrelated noise
(p = 0) assumptions.
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APPENDIX
ANOTHER FORM FOR THE PROBABILITY DENSITY FUNCTION

The case we are considering is that in which the cross-correla-
tion coefficient r = 0 and ¢, = &, (R — 0), so that the term X
in (21) equals zero. Under these conditions, the sum and dif-
ference envelopes Z, and Z, are statistically independent, since
we may factor their joint probability density function (14)

;g2 2 . .
Py 23) = Z" exp (_ 4"+ S5 I (5321\) Z_z’
G3" 20,2 gt | g’

Z% + s4f) Is '(5422)
20,2 042

.exp(_

Z, 52 122, ,[Z)°
2, [_’, 8, 2/;.,2J =/ [—-;; 2, 2/142]
a3° 7y [ a4

(26)

where ay® = Lol ~ pray® 1ol — phhy? = §3° 20, =
(2 4 s+ 20 cos 20200 4 py, and By = §54°/2a,° -
U2+ B = 200k cos 200201 - ) 73024y is the non-
central chi-square distribution with two degrees of freedom and
noncenirality parameter o2, Thus the filter output » - W27 -
Z5%) is the difference between two scaled. independent non-
central chi-square random variables. This tyvpe of refationship
was noted also by Lee [16] m a similar application,

The noncentral chissquare distribution has many forms and
interpretations (see {17 [20). For example, we may write the
tollowing

4 : 2 (detY .
72 a) expto-ha) }_ (_.a' s 2+ 2y 2D
r oo s

where 2w s the (central) chi-square distribution with #
degrees of freedom

s 1 ¥ n-232 i
7ol =o— e v (-—)
2 2

('z’)l . (28)
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MILLER AND LEE: PDF OF ANALOG CROSS-CORRELATOR

A. Density for y Using Characteristic Function

Using an expression given by Jayachandran and Barr [21}, we
may write the characteristic function of the distribution of y as

B = 2ym 230
6(0) = exp [~(hs? + h] Y ¥ Pl )"
m=0n=0 m. n!
. 1+ p)"+! i m+n— k [&II - p)]m—k
:( 2 £=0 n ) TR

(I - ioy?

o) (l_—_!))'"“ 2": (m o — r) [3a + A"\

2 r=0 m “ + ,0‘2’)r+|’
(29)
Thus we obtain for the density of y
2 . € o« | — a2
b3 = Sep {~(h? + a) Y ¥ BT
d m=0 n=0 m!
30+ ph2T
T
£ (A ()
LS ( 2 e+ py
2 + 2’(], y > 0
2":( +"—') '*”)_'72 -4y
r=0 ( 2 T el - p)’
2+2rJ, y<0.~|30)

Defining the polynomials

Goigz). = L(m+n—x)%

we finally obtain

1 L (0 - ph 2m
pe(y) = = exp [—(hy? + b)) 2:0 ) [0 - pihy’)
ag n=

m=0 m!

.[HI + phc)
n!

-2y n 4
exp | — Gy | =]
I 3 [nz(l + p)J a1l — /)2)}

7}! —4y
exp| ———| G7 | -——1{. »¥<O
1 Plazn = p)] [oz(l - ,;2)]

31)
B. The Polynomials Ghfx)

We list here several of the properties of these polynomials.

y=z0

Definition:

m _ %
Gy & Y ('" . )\—
K=o k!

n

GoUx) = eplx)  G§ = 1.

32)
Iterative relationships:

o
M) = . \ . Gr i) = - GEL e » G )
m'

(33)
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(:) G A x) = .Z' (:’) G Mx)
=
= Y (Z) Gh_y(x). (34)

Differentiation formula:

dk
—G" ) = G _y(x). (35)
s (x K
Addition formula:
Guix + y) = Z k—yi G-yl ). (36)

Relationships 10 Special Functions: The polynomials Gp(x)
may be related to the confluent hypergeometric functions
Y(a.B;x) and ,Fo(7,0; ;—1/x), to the Laguerre polynomials
L,,"(x), and to the Whittaker functions W, ,(x) by the following
formulas:

Gp(x) = I—' Y(—=m, —m ~ n; x) (37)
m!
+n+1
:,‘.m Yin+1,m+ n+2;x) (38)
m!
=1\‘—2F0 -m.n+1; —l\ (39)
m! x/
1 o2 an m+n m-n
= —';e X Wy a4 1,20x),  fora = i h = 5
(40)
= (=1L " x) 41)

By using the identity (40). our expression (31) for the pdf can
be shown to be identical to that in [30, p. 63, eq. 28].

C. Equivalence of Forms

We now show that the form we have just derived for the
probability density function is equivalent to that of (23) under
the assumed conditions

I

r man

~ ah .,
X Gr(x)
m=0n=0 m'n!

>

=V
P
m=0n=0K=0 \ ri

- i i 2': (m+ n) X

n A(m -+ K a!

('m +n - k‘) xka"h"
k' m!nt

k“m+kbn

ARG am it
= s ‘ Fum £ 110
m=o «~0 (m + k) A!

v (1 2mm
1,2 \a\) Fylm + 1,100

m

A~
~——

£

' a il m —_
= ('h (_) l"l(z\ ax)L b, (42)

mo0 Y

using Kummer's transformation on the last step.
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ON THE BINARY DPSK COMMUNICATION SYSTLMS
IN CORRELATED GAUSSIAN HOISE

Jhong S. Lee and Leonard E. Miller

ABSTRACT
. Using the recently developed probability density function we
obtain "directly" the error rate expressions for the binary differential
phase-shift keyed (DPSK) systems when the noise values at the sampling

instants in adjacent time slots are statistically dependent. Two cases

are considered: One corresponding to equal SNR at each of the two sampling
instants, and the other to unequal SHRs. The consideration of the former
case, together with the assumption of unequal a priori symbol probabilities

Po and Py results in an error rate expression
C_p2
P = 301+ (PP )ple™

where p is the noise correlation coefficient, and h2 is the SNR. This

expression shows clearly uhy PE is independent of noise correlation when the

source symbols are equi-probab}e provided intersymbol interference is assumed

absent. We then obtain the error probability expression in terms of unequal
SNRs (at the two sampling instants) and the correlation coefficient p.

Since intersymbol interference in a binary DPSK system gives rise to uneaual
SNRs, this expression provides a usefu].formu]a for estimating the system

performance under such circumstances.

This work was supported in part by the Off1ce of Naval Research under
Contract flo. NO0O14-A-0377-0021.

a3 R 4L &

At Lotk e ot s Alk S e ik

M e %, % LA, ik

TR N A




I. INTRODUCTION
The probability of error in binary differential phase-shift keyed

(DPSK) systems has been analyzed by several authors [1)-[6]. Different

methodologies have beer employed by the previcus authors in obtaining

the error rate expression. In a broud sense, the previous techniques

may be classed into two categories:“indirect" analogy tecknique and
“characteristic function" method. By "indirect analogy technique" we mean
that the computation of error probability is based on the knowledge of
other communication systems such as binary orthogonal systems. In such

an approach the technique does not require the probability density function
(pdf) of the decision variable because the probability of error expression,
namely the probability distribution function, can always be brousht to a
form that is equivalent to that of binary orthogonal system. Moreaver,
this technique has always been restricted to the case where the noise

samples at adjacent time siots are assumed to be statistically independent.

The characteristic function method [6], on the other hand, was employer to
compute the error rate in a most general situation to account for the

correlated noise and the intersymbol interference.

Our purpose here is to obtain the probability of error expression
in a "direct" fashion by using the pdf of the decision variable developed
recently by the authors [7]. We obtain the error rate expressions of the
two cases of interest. The first is that correspcnding to equal SNR at
each of the two sampling iﬁstants, and the othar to unequal SNRs. The

vonsideration of the former with the assumption of unequal source symbol

-—

24(




probabilities will lead to an error probabi1it} expression which shows

ST ——————U L}

clearly how it is related to the correlation between two noises.
It also shows why the error probability is independent of noise correlation
when the symbol probabilities are equiprobable provided that the inter-

symbol- interference is assumed to be absent.

Finally, we consider the case of uriequal SNRs at the two sampling
instants. Hubbard [8] has shown that the effects of intersymbol inter-
ference is equivalent to consideration of different SNRs in the two received
pulses. Thus, the error rate expression we obtain in terms of two different
SNRs, along with the noice correlation coefficient, would serve a useful

formula for estimating the "worst" [8] case intersymbol interference perfor-

mance.

I1. ANALYSTS
In binary DPSX systems, the sequence of binary source symbols %
0 (space) and 1 (mark) differentially phase-modulate the carrier between,
say, 0 and » radians. One possible rule of differential phase coding is
that whenever the source symbol is 0 the carrier phase remains unchznqged
from that for the previous symbol (or bit), and if the source symbol is 1,
the carrier phase is shifted « radians from that for the previous symboi.

Thus, a change of = radians occurs in carrier phase whenever the symbol 1

* is produced by the source.:

5 The receiver model for the binary DPSK svstem to be considered
is shown in Figure 1, which is an ideal produ-t demodulator. As shown in

the figure, the two inputs to the multiplier, u](t) and u,(t), represent

~3- R5*
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! the received waveforms for two consecutive source symbols. Each input is
assumed to contain bandpass information-carrying signals Si(t) and bandpass

Gaussian noises ni(t), i=1,2:
u](t) = S](t) + n](t) (1)
up(t) = S,(t) + ny(t) (2)
Let us assume that the "present" and the "preceding" source symbols are
identified with carrier phases 01 and 8,5 respectively. Then we may write
S](t) = A cos (mt-e]) (3)
and
| S,(t) = A cos [u(t-T)-0,] (4)
If we assume the carrier frequency to have been chosen such that

T = 2¢k, k integer,
we have

.Sz(t} = A cos (ut-6,) (5)

The noises are bandpass stationary Gaussian processes and hence we may

represent them in the form of well-known Rice decompositions [91,[10]:

n](t) = x](t) cos wt + y](t) sin wt (6)

nz(t) = x](t-T) cos [w(t-T)] + y](t-T) sin [w(t-T)]

X-l(t-T) 'cos wt + y](t-T) sin wt

LY
m

xz(t) cos ot + yz(t) sin wt (7)




What is noted in (6) and (7) is that the noise processes n](t) and nz(t)
are not "two different" processes but rather nz(t) is a translated version

of the noise process n](t).

Our objective is to include in the analysis the influence of

correlation between n](t) and nz(t). Thus we have

ELny (), (£)] = E[ay (t)n (t-T)] = o2p(T) (8)

and

o2 £ €[n2(t)] = E[x2(8)] = ELy2(e)]s i=1.2, (9)

and p(T) is the normalized correlation coefficient of noises n](t) and

nz(t).

The pdf of the Decision Variable

The decision variable y(t) at time t is the ideally lowpass

filtered version of the product

X(t) = uy(E)xuy(t) = [, (£bin (£ xS, (£)my()]

[A cos'(mt-e])+n](t)}x[A cos (mt-62)+n2(t)]. (10)

We now need to know the pdf of y(t) at the zonal lowpass filter output
(Figure 1). The problem of obtaining the pdf of the lowpass filter output
for the system model that fits our situation was solved by Miller and Lee [7]
in greater generality, inciuding the case of correlated noises of unequal

powers. Our reed here is a special case of the problem treated in [7], and

from (23) in [7] we have the pdf expressions as follows:

’
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For y > 0 with noise correlaticn coefficient p:

1 2 LI
plyie) = sz exp [} ;71T¥37" hg - () hé]

© |h,(1-p)/T+p # 2h
Ra TR MY |l ey o]
3 P G [ap) o

and for y < 0 with noise correlation coefficient p:

o o ()BT /20 ‘
X zo [—4—?—1} I (——4— lzl)Llr [— = hg] (11b)

r= V-8y/c? € !-p
where
A 1
hg = ERT?ZT'[h%+h%+2h1h2 cos (e]-ez)] (12a)
1 2+h2- F :
Ir( ) is the modified Bessel function of the first kind of
order r
Lr( ) is the Laguerre polynomial of order r
and h? is the signal-to-noise ratio (SNR) in channel i, i=1,2.

It is evident that the pdf given in (11) is that of a general

form in that the two inputs to the multiplier (Figure 1) have different

signal power levels and the noises are correlated. In another sense, how-
b ever, the pdf given in (11) ‘s a "restricted" form in that the noise inputs
are of equal power and their spectra are even about the center frequency of

the band (symmettrical bandpass, see Section IV of [7]). With the above pdf
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we will be able to obtain the error probabilities of binary DPSK system
under two different assumptions of practical interests. MNamely, the error

rates for equal and uncqual input power level, respectively.

It has been known [5], [6] that when the source symbols are equi-
probable and the intersymbol interference is assumed absent, the error prob-
ability of a binary DPSK system is independent of nois~ correlation. How-
ever, when the prior probabilities of the source sysmbols are unequal, the
error probability is found to depend very mu;h on the noise correlation. The
absence of intersymbol interference corresponds to a situation where the

two input powers to the multiplier are equal. It may be of interest to know,

then, in what manner the error probability is affected by the noise correlation.

In fact, in a laboratory simulation for DPSK system, the bfnary symbols
are not always generated in an equi-probable fashion, and the simulation
results are not always “poorer" than the theoretical prediction of the
ideal situation. As wili be noted subsequently, fhe simulation results
that are "better” than the idéa] theoretical predictionB% e readily
reconcilable in view of the error rate expressions to be derived in tne

foilowing section.

Rlso of interest is the error probability expression for the
binary DPSK system for unequal input rower.]evels. A practical situation
which corresponds to this assumption is that of intersymbcl interference,
since the attribute of intersymbol interference is the unequal pulse levels
for the two successive symbols. It will be explicit in the expressirn to
be derived later that in such case the error performance depends upon the

noise correlation regardless of the cdistribution of the source symbols.




I11. THE PROBABILITY OF ERROR WHEN THE SUCCESSIVE PULSES HAVC EQUAL POWER

The pdf that is applicable to the particular situation where the
two input channels to the mu]tipfier (Figure 1) have equal SNRs is obtained

when we substitute into (11) the conditions

h% = h% = h2 = A2/252. (13)

" Ne then obtain:

2 -0 6,-6
—2 exp 3 _7T¥?ET 2h cos ( 2) -h2 sinz(—lﬁ—g)f

r

h(1-p) 53—%331- 4h =l
w -p) cos cos
X Z Ir 1+ £ \Fzg
r=0 Yiy]o2 ] P o
0= 0. Johm.o]
x L |-h?sin? (—3 )(T:ﬁJ ;y>0 (14a)
o
plysp) = :
"z exp '1?(JL"y - h? COSZ( g) - 15 sin?(— )f
64-6 r 6,6
. 1 72 . 172
o Jh(14p) sin ( ) 4h sin ( )
X : Ir 1- £ ‘ﬁgg
=0 V-8y/c? 2

In binary DPSK system, the binary decision is based on the compari-
son of the decision variable with "zero" threshold. The reason is that
when noises are assumed to be absent at the input, the decision variable

is given by
A2
y(t) = = cos (84-0,) (15)

Since 81-6, is either 0 or +x in DPSK system, only the sign of y(t) is

significant in making a binary decision.

30~
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Let us assume that the referencel(prgvious) phaée 0, is 0. !
Then & is either 0 or = radians, depending upon whether the “next" symbol
(present symbol) is 0 (space) or 1 (mark), so that 8176, = 0 or 8,-0, ==
If qzis n instea then 81-6, = 0 or 81-6, = =T, again depending on whether
“2ero" or "one" ix transmitted,respectively. From (14b) it can be easily

verified that
P(.Y;DIG]'GZ =) = P(.Y;Ple]'ez = -n) (16)
Thus, the conditional pdf's are obtained as follows:

P(yse|space) = p(ysp]6,-6, = 0) (17a)

p(yse|mark) = ply;o|e;-6, = ) (17b)

The density functions of (17) with the normalization of u = y/o2 are given

by
exp( ) exp(-h?) 3 u<0
p(usp|space) -
exp (- 5e)exp(- ffp)rgo [ﬁé%%gl.]rxr(Tég /) 3u<C
(18a)
and

-
. exp(T%g)exp(- %93) ZO [ ]Z—)-] ]fh Y=u);u<0
P o= A

pluip|mark) =

exp(- Ted)exp(-h7) 3 w0

, | (18b)
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From (18a) and (18b) we observe the "symmetry" properties to be

pluse|space) = p(-u;-p|mark) (19)

The corditional pdf (19) is plotted under various parameter conditions in

Figures 2-3. In Figure 2 the variations of the conditional pdf for different
correlation coefficients are shown for fixed identical input SNRs of the two
multiplier inputs. Note the dramatic influences of the correlation coeffici-
ents for each input SNR. In Figure 3 we have shown the variations of the pdf

for different SNRs for fixed noise correlation coefficients.

To compute the probability of error we first obtain the conditional

error probabilities:

P(e|space) = Pmb{y<0|e]~e2 = 0} (20)
and

P{e|mark) = Prob{y>0|e]-ez = 41} (23)
To compute (20), we need only obtain from (14)
. .
p(y39|e]"92 =‘09 y<0) = p (.Y;Dlel'ez = 0)
which can be shown to be
“(v: -9, = = | 2 - op2( " 2(1=p
P yieley-e, = 0) = 57 exp [ozrsley - 202(155) + h2(332)]

, . .= é%—exp [EYT%¥ET -h?] (22)

In a similar manner, to compute (21) we need to obtain from (14)
*(y30]04-6, = 1) = - ro_ & oop2 (Mo 2 (e
p (yin)oy-6, = 7) = —rexp | EYTT¥ET 2h (1:379 + h (1-9)]
) 2 ”
==y exp [- EYTT¥ET ~h?] (23)




Using (22) and (23), we compute the conditional probabilities of error,

and we get

n
b
g
(1)
]
b~
N

P(elspace)=jo p'(y;p}a]-e2 0) dy 2 (24)

and.

-h2
Pelmark) = [ g ysolor-a, = 5) dy = 12 ¢ (25)

Assuming that the a priori probabilities of source symbol 0 (space) and

1 (mark) to be Pg and Py, respectively, we obtain the unconditional proba-

bility of error to be

O
"

€ POP(eispace) + P]P(e!mark)

2014 (7yrg)o] & (26)

When the source cymbol probabilities are equiprobable, namely when P0 = P],
(26) reduces to the well known classical expression P = % exp(-h2) for the

binary DPSK error rate, where h2 is the input carrier-to-noise power ratio
(SNR).

From the above expressions, we observe the known fact [5],[6]
that the error probability is independent of noise correlation when the
source symbols are equi-probable. It is interesting to note the simplistic

manner in which these varjaples affect the ideal classical error rate

expression.

Iv. THE PROBABILITY OF ERROR WHEN THE SUCCESSIVE PULSES HAVE
UNEQUAL POWER

OQur purpose here is to compute the probability of error in the

binary DPSK system when the two multiplier inputs have diffe-ent SNRs. As

-//- 33«




alluded to in the earlier discussions, this case corresponds to that of
intersymbol interference. Our aim is to show that, under such conditions,
the error rate expression is not independent of the noise correlation p(T)

even if the binary source symbols are assumed to be equi-probable.

Here we make use of the general form of the pdf given in (11).

The method of analysis parallels that considered in Section III.

Let us assume that the reference nhase 9y is 0 and the transmitted

source symbol is 1 (mark). Then 64-6, = 7. The conditional prebability of

error is thus computed from
P(e;p,h] shzlmark) = ‘[; p+(y;p,h] shzle]‘ez = n)dy (27)

where the pdf in the integrand is given by (11a) with 8,-8, = n. The inte-

gration indicated by (27) then results in

1 [ (hy+h,)? (“1‘“2)2]

P(eipshyshy|mark) = — exp " 3
. Lj/_.‘d(hrhz). 1 (14p)
2 20 .Zm Ly [‘z(ﬁp' (h]+h2)2] Floshyahy)  (28)
r= g '
where
Frloshyshs,) éJ(;e'°‘yy"‘/21"(Ze.f?)dy (29a)
and where
. '12 ) (29b)
Y 1+p
h,-h
8
= o]('“s) (29¢)
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Using the formulas 9.220.2 and 6.643.2 in [11], one can show that (2%)
reduces to

Fo(pshyahy) = o 87 @™ (F (1,041562/2) (30)
where ]F]( ) is the confluent hypergeometric function.

Putting (2%)-(30) into (28) we obtain

‘ (hy+hy)2  (hy-hy)*
, - I .12 12
Pleso,hyshy|mark) = = exp[ 7 2(T%)

w (hy-h,)?
& A o] i o 58]

et [ § G2 0, (31)

It can be shown that the cther conditional probability of error is exactly

the same as (31) except the sign change in p:
-P(e;p,h],hzlspace) = P(e;-p,h],hzlmark) (32)

When hy=h, is imposed on (31) and (32), the results reduce to the expression
we have already obtained in Section III [see (24) and (25)]. That is,

when h? = h3 = h2

2
1 2

-h2
Plesoohy,hy|mark) = 132 &7 (332)
and

on  -h2
P(e;p,h],hzlspace) = 159 M (33b)
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The probability of error for the case of unequal input SNRs for

equi-probable binary DPSK systam is tnen given by
Pe = %-[P(e;p,h],hzlmark) + P(e;p,h],hzlspace)]
= %-[P(e;p,h].hzlmark) + P(e;-p,h],hzlmark)] (34)

where it is noted that the conditional error probability (31) is all that

is needed to compute (34).
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] Figure 2a: pdf of the normalized (u=y/02) decision variable
f B ‘ ) {cross-correlator output) with noise correlation
£ coefficients as parameters when h2 = SNR = 0.5.
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Figure 2b: pdf of the normalized (u=y/s2) decision variable
(cross-correlator output) with noise corre’ation
coefficients as parameters when h? = SNR = 2.
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Firure 2c:

>

pdf of the normalized (u=y/q2) decision variable
(cross-correlator output) with noise correlation
coefficients as parameters when h? = SNR = 4,
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Figure 3a: pdf of the normalized (u=y/a2) decision variable
(cross-correlator output) with h2 = SNR as
parameters for p = 0 (a "classical® case)
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Figure 3c: pdf of the normalized (u=y/a2) decision variable

(cross-correlator output) with h2 = SNR as
parameters for p = 0.4.
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