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1. IN'l'RODUCTION 

' This is the final report on o one year study of angle tracking 

with phased array antennas in an external no:f.se environment. While 

the results of this study are applicRble generally to arr.ayo of sensor o 

for measuring the angle of arriv.il of inc:i cknt rad:f.atfon, the r.mphasis 

in the ail:lulatfor. por t:lc.1r, of the Fitudy ma: 1>laced cir, radar arrays operating 

in a j .. , .. ,;,1:... : .1, cnvil'onment. Th:f.s proble.m is important in a variety of radar 

ECC:·1 ap?lications, includin& AI rndara and miesile seekers. 

'J~•:o dif.fercut approaches to the adaptive angle tracking problem were 

included in t'lc otudy. Tbe first approach is based on maximization of 

the lik~lihood function. Three different angle estimators, each a maximum 

likcliho~d estimator under certain assumptions, are discussed in Section 

2 of this report. The interesting property of these estimators is that 

each requires formation of adaptive sum (t) Nld difference (A) beams. 

These are the I and A beams which would be expected fr0111 the earlier 

theory of adaptive receiving array antennas. The two receiving bemu 

automatically place pattern nulls at the angles of jaaiing. This 

adaptive beam control distorts the patterns as a function of the external 

noise field. The three maximum likelihood angle estimators employ 

different methodo of "compensating" for these distortions in arriving 

at an estimate of angle. 

The second basic approach to angle tracking in a jamming environment 

1• based on the use of symmetrical paira of array element■. AIJ discua■ed 

in Section 3, the sums of symmetrical pair outputG provide the basic inputs 

to the l: beam network and corresponding pair differences are used in forming 

the b beam. Thia symmetry constraint assures that the I and b beams are 
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symmetrical around n chosen boresight angle, and hen<:~, will provide 

unbiased angle estimates for targets near bore,;ight, 
' 

The performance of these angle estimators was compared by s:lmulstion, 

e111ployu1~ Monte Carlo techniques to obtain estimates of bias and rms ~rror 

for each. Results for the difficult case of jammers near the target 

(within the main beam) are discussed in Section 4. Multiple jammcr 

results arc discussed in Section 5, Electronic scanning of the I and 6 

beruts wns included in the simulation program. Results for electronic 

scan off the normal to a linear array are discussed in Section 6. Con­

clusions of the study are contnine~ in the final section of this r~port. 
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2. MAXIMUM I.IKEJ.JHOOD ESTIMATORS 

The derivation of the equations for the three angle estimators 

baaed on maximizing the likalihood function is outlined in this section. 

Al.so, the equati.ons for these estimators, which were compared by simulation, 

are described. The reader is referred to the previous quarterly progress 

report[l) for details of the ~~rivation. 

The outputs of elements of an a1:ra:• "ntenna are denoted by x1,~••. •~• 

Each Xn is o conplex number retaining both phase and amplitude information. 

The noise field is described by its covariance matrix, M, with elements 

; * 
/M • E{X X } 

/ mn 111 n 

I 
where ~otes the expectation or average obtained when only noise ia 

pre/. • Under the usual assumption of Gaussian statistics, which charac­

rlzes most noise components of interest, the probability density function 

/or likeli}\ood function for X is I . 
I i 

I 
/ .,. 

.f 

j 
I 
' 4 where: , 

ye 
I 

I 
I 

L 

P(XI s+N) 

x­
b• 

£ .. 

1 • -- exp 
,rflMI 

I 
vector of the X n 

amplitude 

incidence of plrute wave signal on 

' 2,ry cl • col•mn vector of V11 (£) • expt. ~ An f 

' 

(1) 

linear array 
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th y • coordinate of n element n 

). • wavelength 

lMJ • determinant of M 

C 

While the particular form of V (£) in Eq. 1 assumes a linear array n 

antenna, the analysis is general and can easily be extended to an 

arbitrary array of elements. 

Both signal and noise are assumed ~resent in one oample of the 

array output, X. The objective is to estflllate the nngle of arrival of 

the signal, or equivalently sin 8 • £. The unknown signal am11litude 

and phase are nuisance parameters, both contained in the comple.x 

quantity b. The likelihood function, P, is maximwa when Q is minimum, 

where 

(2) 

We wish to find values of the parameters band£ which minimize Q. 

Expanding this function around a boresight angle c
1 

• sin8
1 

gives 

(3) 

This function has an extremum where its derivative is zero, i.e., 

,. o• 
(£-£ ) • - ~ 1 Q (4) 

where primes denute differentation with respect to c, and e is the 

estimated value oft. This is the bas:l.c equ1:1tion used in deriving 

the three maximum likelihood cstir.latore. 
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As shown in [l], the ratio -Q'/Q" reduces to 

where: 
* -1 __ 

t•VMA 

* -L_ 
6 •-V DM -X 

D s diagonal matrix with elements 2ffiyn/A 

V • V(c); see Eq. 1 

6 • v*»2M-lX 
£ 

X • column vector of array element outputs 

The quantitie• I and 6 are the sm and difference beam outputs respectively. 

In these equations,~ denotes conjugate transpose and the bar denot6a complex 

conjugate. Thia estimator, Eq. 5, ia one of the tracking algorithms which 

were compared by simulation. As diacussed in Section 3 of this report, 

therms angle error was large using Eq. 5. Thia is probably due to the fact 

that differentiation leads to noisier quantities, and Q" i• a second derivative. 

It should also be noted that three receiving beams are required to implement 

this angle estimator, t, A, and Ac. 
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The other two maximum likelihood estimators require only two beam 

outputn, t and 6. They arc baaed on an everage of the denominator of 

Eq. 5. 

where E, as before, denotes the expec t ation. '11te two estimatoro based 

on Eq. 6 were found to provide better angular accuracy. 

The second maximum likelihood estimator tested by simulation is due to 

It. c. Davis. 

bl.] (IM-bt) - r.f(b12+b21> ________ ....,;;;;;_ 

(7) 

The quantities appearing in this expression are defined after Eq. 5. 

The third estimator, which was derived during this study and provides 

the best angle accuracy at low S/N ratios, is again based on Eq. 6. 

(8) 

This expres•sion is the simplest of the three maximum likelihood estimators 

and would be the easiest to impleD",ent. 



One interesting property of theoc three estimators is the natural 

occurrence oft and A beams. Weights for the sum beam are WE• v*M-l, 

a row vector of array element weights, where prime denotes transpose. 

' * -1 Similarly the difCcrence beam weights are Wll -v DM . These are the 

weights which would be e,:pected from maximum S/N adaptive array theory. 

The weights Wt maximize the S/N ratio for a signal at the angie defined 

* by V(t). The steering signals for the A beam, -VD, are matched to the 

derivative of V(C). The rand A beam outputs can be obtained using 

adaptive control loops, as described by Applebauml21 , with steering 

* * signals V and-VD, respectively. Other methods of generating the 

two array outputs, I and A, can be used, e.g., weights computed from 

a sample covariance matrix[ 3] of the noise field. In each implementatiun, 

the array outputs are obtained as illustrated in Figure 1. 
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3. SYMMETRICAL PAIRS 

The adaptively formed beams, I and~. described in the preceding 

section are not constrained to assure symmetry around the boresight 

angle corresponding to t 1. In fact, the simulation results of the 

next section show that these fully adaptive (separately controlled 

weight for each array ele~cnt) patterns may bear no resemblance to 

typical I and~ monopulsc patterns. Tl&e .ymmetrical pairs technique 

was devised to cmsurc symmetry around the boresight angle, while providing 

aome adaptive degrees of freedom for nulling interference. 

The theory of adaptive arrays with the symmetrical pairs constraint 

was presented in [4]. The basic technique is illustrated for a 6 element 

linear array in Fig. 2. Swns of symmetrically located element outputs, 

e.g., (V1+v6) in Fig. 2, are the inputs to an adaptive network which 

forms the sum beam. Similarly, differences such as (V1-v6) constitute 

the inputs to the difference beam network. This symmetrical pairs con­

straint leads to I and~ patterns which are symmetrical around the bore­

eight angle for small values of (£-£ ). The weights applied in the beam 
1 

forming networks are again adap~ively cor.trolled to null external intet-

ference. For an N element linear array there are only N/2 adaptive degrees 

of freedom in each beam forming network. This reduces the complexity of 

the adaptive processors, but also reduces the number of separate noise 

eources which can be nulled. 
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ADAPTIVE A!~GLE TRACKING USL'iG sn,!ETRICAL PAIRS 



11 

To elcc.tronically scan the boresi.ght angle £1' a phase shift is 

introduced in add:f.n& the outputs from the two symmt•tricaily located 

elements, -1"1 ilj, For example, a typical sum beam input has the form v1e + VNe . 

The maximum of the pattern formed by the pair of elements is electronically 

scanned to the selected boresight angle. Similar phase shifts are intro­

duced in forming the /J. bealll inputs, 

This symmetrical pairs technique was simulat~d to compare its per­

formance with the fully adaptive arrays of Section 2. Results presented 

in the next section show that the symmetry constraint significantly reduces 

angular accuracy in some cases. 
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4. MAIN BEAM JAMMING 

When one or more jwnmers are located in the sidelobJs of the antenna 

patterns, minor modifications of the array weights and E and A pattems 

suffice to move nulls on to the januners. An example of sidelobe jamming 

is included :f.n the next section to illustrate this point. A much more 

difficult task for the a.rray is to null main beam jammers whHe estill18ting 

target angl~. The pres~.nce of interference in the main beam, separated 

by less than a beamwidth from the target, seriously distorts the t and 11 

patterns. The examples presented in this section show that the adaptive 

angle trackers can cope very effectively with main beam jamming, 

The results presented here were obtained by simulation, using the 

program listed in Appendix I, In this program, the noise field is defined 

(jammer angles and J/N, jamrner-to-rcceiver noise ratio per element), and 

the covariance matrix, M, is computed. The boresight angle, e1, is 

selected and adaptive array weights are computed for the E and A beams. 

In each case, simulation runs are made for targets at the boresight angle 

e1, at 81 * .s•, and 81 t 1•. The signal-to-receiver noise ratio is 

specified, The jammer inputs, receiver noise, and signals sensed by the 

array are simulated for each of 100 independent runs. Estimates of the 

bias and rms errors are obtained from the 100 run sample. 

Six different tracking algorithms are compared during each aimulation 

run: 
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Cace 1 - Non-adaptive array, with conventional sum and difference 

beams opt~Pized for receiver noise only. The angle 

estimator has the fonn (e-c1) • K A/f.. 

Case 2 - Adaptive r. and l:l beams with separate weights for each 

element (fully adaptive). No compensation for beam 

distort icm and (c-c1) • K l:l/'i.. 

Case 3 - The adaptive tracking algorithm of Eq. 7 due to R. Davis. 

Case 4 - The symmetrical pairs technique described in Section 3. 

Case 5 - The fully adaptive array case with (€-£
1

) • -Q'/Q" of Eq. S. 

Case 6 - The new fully adaptive array algorithm employing Eq. 8 to 

compensate for berun distortion. 

A set of simulation r esults with rnnin beam jomming is outlinec1 in 

Table 1. Five different locations of a single jammer, 2°, 4°, 6°, 8°, 

and 10° were investigated. In eacb of the results shown, the boresight 

angle and target location were both at 0°, i.e., normal to the 10 element 

linear array. Isotopic element patterns and A/2 spacing between elements 

were simulated. Note that the array is roughly SA long, so the nominal 

beamwidth is 12°. All jammer locations are within the first null of the 

normal pattern for this array. Antenna patterns for these S examples are 

shown in Figures 3 through 7. Both the 1: and l:l patterns are shown in each 

figure, with the l:l pattern identified by the+ symbols. 

Referr·ing to Table 1, it is clear that the non-adaptive tracker 

employing conventional 1: and l:l beams, Case 1, does not provide useful 

angle information in any of the simulation examples. At small jaDDer 
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~gles, 2• and 4°, it appears thnt the system is tracking the jammer 

rathei.' than the target. This is apparent from tlae bias errors. Thie 

would be expe~ted sinct J/N is 50 dB and S/N is 30 dB or less in all 

examples. The results for Case 1 serve primar i ly to illustrate the 

fact that some form of adaptive tracking is required in this severe 

jamming environment. 

'l11e results for Case 2, adapted t and t:. benms without compensation 

for distortion, also show larce bias errors. Thet.e bias errors do not 

improve with increasing S/N ratio. While the adapted patterns used in 

Case 2, sho~'Il in Figures 3a, 4a, Sa, 6a, and 7a have nulls at the jall'tler 

angle, the conventional estimator (K/J./t) does not provide useful angular 

data. 

Tlae symmetrical pairs technique, Case 4 of Tnble 1, har. S1D4ll bias 

errors. The6e biases would be expected in a small sample of 100 sL~ulation 

runs. Therms bias should be rougly 0.1 times therms error and is a random 

variable of roughly this magnitude. The accuracy of the Case 4 angle 

estilllates il:lproves with S/N as would be expected. Therms error varies 

-1/2 roughly as (S/N) as predicted by theory. The errors obtained with 

symmetrical pnire are larger in most coses than the errors with fully 

adaptive arrays and maximum likelihood estimators (Cases 3 and 6). This 

is not surprising ~onsidering the antenna patterns of Figures 3b, 4b, 5b, 

6b, and 7b obt:i.in<' d with symmetric par:f.s. nae symmetry constraint requirea 

nulls on both sides of the o• boresight angle at the jammcr angl ~. These 

nulls, both in the E and fl patterns severely reduce the antenna gain at 

boresight. As a reoult, the effective S/N ratio is reduced and the angular 

errors are larger. 
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Figure lea, 
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Figure 4b. 
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Figure 6a. 
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Figure 7a. 

SUM MO DIFFERENCE PATTERNS - FULLY ADAPTIVE ARRAY 

10 elements 
1 jammer 

A/2 spacing 
8j C 10~ 

-EO ,CO -+----~------,----~-+---..,...-----,-----, 
-00,00 -60,00 -30,00 O,uJ 3G,OO 60,00 90,0G 

ANGLE 

• 



....... 
CD 
D ....., 
z 
1-4 

a: 
C!) 

O,GO 

-10 ,00 • 

-20,GO 

-J0,00 

·-40 ,CG 

--50,CG 

25 

Figure 7b. 
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The angle estimator -Q'/Q", Case 5, performs well at large S/N ratios. 

At small S/N ratios, the two estimators based on -Q' /E(Q") (i.e., Cases 3 

and 6) provide better. accuracy. The estimator of Case 5 performs poorly 

at low S/N ratios and is more complicated to implement, so it is not 

considered a useful algorithm for angle tracking. 

The best results are obtained with the new maximum likelihood estimator 

of Eq. 8. As the results in Table I show, this estimator is considerably 

better at low S/N ratios than the Eq. 7 estimator developed earlier by R. Davis. 

At least for the tl l fficult case of main beam jamming, the new algorithm of 

Case 6 provides the best accuracy. 

The accuracy as a function of target location relative to boresight 

wns invest:1.g.:itcd in cnch Gimul.ation run. One snmple ic sho\..'Il in Table 2. 

The conclusions concerning the relB.tive accuracy of the six tracking 

techniques are applicable for targets off the boresight angle, as well 

as the on-boresigbt configuration of Table 1. 

Note in Table l that accuracy of the ruaximum likelihood estimators, 

Cases 3 and 6, :Improves as the jammer moves away from the o• boresight 

angle. This would be expected, since the t and b beams each have more 

gain at the target angle when the null is further from boresight. This 

effect is more noticeable with symmetrical pairs, Case 4. For purposes 

of comparison, therms error for this array in the absence of jamming 

is 1.43° at O dB S/N, .43° at 10 dB, .14 at 20 dB, and .044 at 30 dB. 

The degradation in accuracy due to a strong jammer at 10° is very small, 

as can be seen from Table 1. Considering the beam distortions which are 

evident in Figure 7a, it is apparent that the Case 3 and 6 estimators 

arc very effective in compensating for beam distortion effects. 
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Table 2. Simulat ion of Tracking with Ti'l rgct Off-Bores ight 
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The precedin.e results have considered only the single jmnmar problem. 

Multiple jammer results are discussed in the next section. 
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5. MULTlPLJ: JAMMERS 

The fir s t ex.-im1>le of a simulation run with multiple j21ri:ners inclucks 

only sidelobc ,1uruming. None of tha jnnime1·s 1.e nei, r the 1J1:1in beam region. 

The patterns obtained w:i.th adaptive arrays and 3 jsmmerr. at -45°, 30•, 

and 60° respectively, are shown in 1-' ig. 8. Note that deep nulls occur 

at the angles of jamming, due to the lnrec J/N ratio of 50 dB~ With 

symmetrical pa irs, th~ three nulls ~ccur nn each side of borcsight at 

janmer nngles. Dimulation results fnr O dB anr1 20 dB signal-to-noise 

ratio are shown in Tables 3a and 3b. Results of simul3tint the came 10 

element array with no jnn:ming arc shown in Tables le and 3d for purposes 

of comparison. Note that the maximum likelihood t~3ckcr (Case i) provides 

essentially the satne accuracy in the presence of t, trong t4idelobe jammin& 

as a conventional tracker in the absence of janunine. Th<~ sy1I1Inetrical 

pairs technique (Case 4) also perform~; well in the sidelobe janning 

environment. Sr,1all differences in rms error between the sidelobe jamming 

and nn jammin~ examples should be disregarded and are due to the small 

sampl a size in the fdmulntion (100 samples). 

The second example, ,dth adapted antenna patterns illustrated in 

Fig. 9, include~ two mnin beam jammers . These jammers are located at 

4• and 6• and each hns a J/N ratio of 50 dB. As expected, the patterns 

contain nulls at both jammer angles. Results for this two jammer example 

arc contained in Table 4. The symmetrical pairs technique (Case 4) is 

much less effective than maximum likelihood estimators (Cases 3 and 6) in 

th1.s example. Referring to Table 1 and the sinr,le jammer cases, it is 

cle · r that 2 jammcrc in the main beam (4• antl 6°) degrade the accuracy 

L'luch more than a s:f.ngle jAmmer at citht!r of these angles. For E'.Xample, 
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1''igure 3a. 

Simulation Results with 3 Sidclobe Jammers (S/N • 0 dB) 
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Table lb. 

Simulation Rcculto with 3 Sidelobe Jammcrs (S/N • 20 dB) 
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1.731) 
t • 1 ; .i 
1,b':>5 
1. 7 sn 

10.5~4 
l , 7 J •j 

crncin~ 

,,:-,s= 1 • .S 1 <l 
~MS= 1,.s7q 
H11S= 1.31a 
~~s:: t,379 
Rl"!S:. i!. 1lS l 
fl ·1~ = 1 , ll<J 

t~f"!i: 1, :3'1 t 
~!'1S: 1.3<1l 
Rr1S: 1.020 
Ri'IS: 1.391 
RHS:: i.«.80 
R11S.::. l • 3~ l 

p.r,15:: 1, :s 7() 
Rt1S;; J . • ~7r., 
RMS: 1, 7(d 
H,'15= t .51b 
RMS=il.2.72 
RH5: 

4MS: 
k,'15: 
H:-!5= 
R,',S:; 

"MS:: 
ijM5: 

-.i ... · ·­" .:>-
• ~ .. . :.; = 

l • .S 7 o 

1.1uo 
1,7!iti 
1 !' t>d a 
1,7t.U 
8 • ~ 7 (.S 

1.748 

1.7:S0 
1 • I .S •i • 

;~ . ·! :; = ' t O 5 5 
.~! , ... ~, :: 1 • 7 3 I) 
i~:--S: I b, otll 
~ ;., 5 : 1 , / .S ~ 

No jamming 



'l'able 3d. 

Simulation Results without Jamming (S/N • 20 dB) 

20.01)0. 

t 

c~si l olAS 00 • sr Ct.Ii ,\53 P.:-tS= ,153 
- -c·l ~c. - 2-•j J°AS° ··- - - ··: ·oo··--·· st l~!:V ••• ·.-1'.>3 ·- ··· ··· h:15::: ,t5:S 

tASf l cilAS 1 J3 Sf 0£i ,l~2 R~S= ,luS 
C15E u dlAS .oo ST DEV ,l~J R~S= ,155 

--c-~·s·E---s- ·in-is-- - ·--; ·o·:s:- -•-·-:·s·T oE v·-- - --.1,0·· ····- -• R,,s:=-. - • .111 
C A SE b a 1 i\ S , \J o~ ·ST O C: V , l ~ l · • . • • R,.. S:: , 1 S 3 

--,TJ"GI-r~~CT~rr, =· ·;,;.--;-=s"- -·- - -· ---··---·· ·-···- ----·---··-·-

CASE l ~lAS .J2 ST JE~ .122 RH5: ,123 
··-t :,·!ft" .. _- t --sr-1s· · ·- -· .. :-;ir?.--··--s·r ;Je: v .. ... ··, 122 ···_· --·· ·Rr,s::: ···.123· 

CASF. 3 ~IAS ~~2 ST OEV ,1ao R~S= ,122 
CASE Cl 'HAS .02 sr o~v ,122 R.-1s:: ,12l 

-c .. -sf--s-·:,ris-·---·;of- --···st --·l.J~ v • · ;fi6- - -·- · · R•◄ s= ,f21 
CA~r b ~I~S ,u2 ST OE~ .122 HMS= ,123 

CA;jf: 1 i;l~S - • \i2 sr l)Ev , 1 'l l ~,-,s= .152 
C \~;. ~ ] I~S ~ ~,,2 ST I) f_ \I , t ':> l H:-tS: , 152 
CAS I:. .) tq AS -.02 ST t)F. ... ,151 H,-,5: , 1 Sc? 

CASf: '- dl.\S - • ')2 ST OE v .151 R.-•n;:: .15c! 
CAS ~ '.) :~ t A 5 - • IJ?. ST ~': \ .is, RMS: ,1S2 
C ~:; ': ·i l .\ S - • \.!?. 

.. Ir • • • ~ j t "·~s :: • t 52 :..• ,) : .. ,: .. 

T A,iGc T ANGL(C')EG): , 51) 

C .\St \ ulAS .llO SI ,J': V • t II 4 ~ ,~, s:: ,l!&U 
tA5I: 2 ,! I:\ S • 01) ST ,) ~ V • \ .. q R;1S:: ~14u 
C~S': j 6 I .1S -. ,; (\ ST 1..' t. ,J .ta2 ~;-,5: • t 4 ~ 
CA~~ IJ ":>l.\S .oo 5T l;t ~ 1 l tH~ R~S= • 1 a 4 , .. :,~ . 5 •J l .- S • Ci\ ST Di .,_ • 1 !4 S q :-, 5:: • 1 UtL 
CAS[ b :; 1 ;\ s '~· J sr J~'t • l iUJ Kt"'S: • 1 q £: 

1 AK I.i t T A ,.,, ,; d : l P E t; ) = \ • ,, : j 

C :- :; ,: l :, l.\S • ~?. :; r ,) EV • t .) ~ R:-,S: , 1 u i) 
C ;, ~;:: :! :11.,s • ,12 3T -)f ~ • l ·sq i-1 ,"'1S:: • 1 ti U 
C. ,\ '!". :~ .., - ., _; l A 5 .. ' •} 1 SI cEv t :., --. ~ ·- i-!"'.S: ,12J 
t JI:.. ~ ,; :., 1 .. ~ . :l . ,, ~- s i IJ C. t/ • l l '; ~'1->= • l t.. •J 
C:. .. , ~ , . ; { ,\S • J !) 'i I ,: E " • l 5 3 4•,s= • 1 b .S ~ 

C ~ :; ;: ( '' ~! It.S • •J? 5' ., ... ' · 
\4' - ' • • l.S ~ R,..,5:: •1th) 

Scan ani~le -o• 10 elements A/2 spacing No jamming 
Results in degrees 
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Figure 9a. 

SUM AND DIFFERENCE PATTEr-N ~ - FULLY ADAPTIVE ARRAY 

10 clements 'A/2 ~pocing 0° scan annle 
2 jrnnmc,rs 0 ::: t, 0 P • 105 

J 6° J 105 
t 



I 

co 
D 
...., 
z -cr 
G . 

O,CIJ 

-10,QJ 

-?.C . J l) 

37 

Figure 9b. 

SUH AND DIFF'ERENCE l'AT1'ERNS - SYMMETRICAL PAIRS 

10 elements 
2 j annncrs 

>./2 spacing 
e .. 4• 

J 60 

JJ. \ 
; \ 

I 

I 

.. l·---- - --- ·-r -·-· . -.. . 

\ 

\ 
I 
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0° scan angle 
P -= 105 

J 105 
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l 'able 4 

S:bnulation Results with 2 ?fain Beam J atnfT!ers 

CASE t 8IAS o,~8 sr OEY iJ,292 RMS: . 7,604 
• - • • -C .\SE-cr··d I 45--.;-n f ~ 2 !J ··-· ·· -·· ·s r oE·~ --- --; · 1 39 -·------RMS: 14 -;2 3 ,--

C ASf j BIAS ",11 ST DEV l,~47 ~NS: 1.~51 
C .\St. 4 tH AS ,.. ';, • J 8 S T u EV ij O , 5 -~ 4 ~ f·I S: 8 0 , 7 1 4 

-- - • ···c ASE -··s-a ri\°s .. ;1·0- -:---s r -·oe._ .. - T; 6s·Ef ---~~1s=-· -r;-6as--
c AsE o 8lAS ~.11 ST OEV l,4o1 R~S= 1.4o5 

··----·-- - - -·--- -·-·-

CASE 1 BIAS 5,84 ST OEV 2,5/5 ___ RHS: b,J80 
-- ·- ·-c·A~i"r-27 n -.rs- -;. Pf;-6-r5---·sr·0Ev---. 1 cia- ·m-1s:·rzr;-5~, 

CASE 3 BIAS ,2Q sr OEV l,717 ~MS: 1,733 
CASE q 8[4S 7,52 ST DEV t8,6q3 RMS=20,02d 

·- ·-·-·c·Asrs-o n ·s , n; ··srurr·-r-;-qo·b-------·--µ1-i s·::-r.<rrr 
CASE b 61AS 1 2U ST OEV 1,Jcij R~S= 1,7~1 

• Ch5E 1 UJAS 5,U3 ST OE~ 3,216 RHS: o.314 
- -- • C ,. :s r-2- i:I rA·s - - ·-;;·15-;TJ ____ ·s-r D Ev·· - · - • l q :,- - ·--- -P. t-1 s = ls; 1?. o . -

ClSE J UIAS ,Oh sr uE~ l.Olh HMS: 2.0lb 
CAtiE q UlAS -,1& ST DEV 26,aq2 RMS;2A~cq3 
CASE S UlAS ",0Q ST VEV 2,116 RMS= l,118 
CASE b HIAS ,Ob ST OEv 2,0lS ~HS~ 2,02b 

--·•·- - -· · - ---- • · ·• -- ---- - ·- · ---- --- • ---- -·-·- ··· . -- . - ·----· ·· .. -·-- - -·-- .. ----·· --·---·-•--·- - ······ · ·· --· 
TARGET ANGLElOEG): ,50 

---- c ~ :,t···- r· iiTA°S ----·c~1>:s- · ···--·s r ·-1.;-t·v-· ·- 2·.-·!. i.J 2 - -- • ·- ~ .-.; s==·-·s··::t> o ··-
c ! 5 t ~ rH _.l S - 1 'l , b il S T i.> ; V • 2 0 I i-? i·• S ; l 5 

11 
o O i. 

C1SE 3 BIAS •,lO ST DEV 2,203 RMS: 2,~12 
- ·· ·- - c • s c:- - --'+ -·d ! -A·s -- - ··s; ir u --- --·· s r·-c, E·v ··2 2 ~-2 9 ;~ -·---· ··--P. i1 s == ~ 2 ~ 6 r; ,r-

c As E 5 ijf45 •,jg ST OE~ 2,q4b R~S; 2~~70 

- --··· 

CASE b BIAS •,iO ST JE v 2,175 R~S= 2.lijS 

IA~GET A~GLE(OEG): 1,CO 

c ·l SF. l ,i I AS !, • QIJ ··s T 
CAS E ., 

( . n l~S "lh.u7 s j 
CAS !: j d t ,\ 3 -,j~ :; I 
C ~~F. <t rj l .\ s b • v3 SI 
C l:i£ 

,. 
:> !.) ! ,.\ 5 -1.1? s r 

CA~ ~ h . . . _, t ~ s 
···- ·· __ -._.s~ . sr 

. •' • 
l) t. V 

•) ~ 'I 
,.) £ V 

,.1 t:V 

.; '= " 
!) ►'. V 

• ··:s~"35'Q 
• jot> 

·s , l O l 
~ .i ,".s2 2 

!:, • 506 
:s,11, 

~ .. 15:: ·t,.-oQo­
R :- S = I b , 0 7 3 
:~ . !S:: .S, 125 
'1 ; • 3:: _.> 4 , 0 r, q 
;; ;-, ::, = !>" 021 
1?-t :;: 3. tt)j 

Senn Anelc a:: 0° 10 clements >../2 spacing Results in degrees 

2 Ja111Ii1ers 4°, 6° each J/N • 105 (Figure 9) 



39 

with a singl~ jammer at 4° and S/N • 20 dB, therms error for Case 6 is 

.52°. With two ma:i.n beam jmnmcrs (4° and 6°), the corresponding rrns error 

is 2°. It is also interesting to note in Table 4 that angular error 

increases as the target approache~ the jammcrs. The nus error f,r a 

target at -1 ° is 1.1.• and increases monotonically to 3. 2• as the target 

traverses the interval from -1• to +1°. 

The next example of multiple jammers illustrates the effect of con­

tinuounly distributed interference near the main beam. In this example 

there arc 5 strong interference sources (J/N a 50 dB) at nngles of 12°, 

14°, 16°, 18°, and 20° respectively. Figure 10 shows the adapted antenna 

patterns for this environment and a 0° scan angle. With symmetrical pairs, 

the low gain region occuro on both cidc:; of boresight (see Fig. lOb) 

resulting in low rand h beam gains. As shown in Table 5, the accuracy 

achieved using symmetrical pairs (Case 4) is poor relative to the maximum 

likelihood estimators (Cases 3, 5, and 6). Because of the large S/N 

ratio of 20 dB, the three likelihood estimatorFI are roughly equal in 

perfol'm3nce. Note that the I and b fully adaptive patterns in Fig. 10a 

are nearly identlcal in amplitude in the region around boresight (0°). 

The same jamming environcent is assumed in the next example of Fig. 11, 

except that the sct>n angle is -6°. The borcsight angle has been scanned 

away from the region of interference. As a result the I and A patterns 

of Fig. lla differ more than the corresponding pattern6 in Fig. 10a. 

Also, the gain of the symmetri.cal paiTs patterns of Fig. llb is larger 

than the corresponding gain of Fig. 10b for 0° boresight angle. Results 

of simulating the distributed :i.nterference (12°-20°) with a -6° boresight 
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Figure 10a 

SUM AND DIFFERENCE PATTERUS - FULLY AD/\PTIVE ARRAY 

10 elements 
5 jammers 

)./2 spacirig 
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Figure 10b 

SUM AND DIFFERE11CE PATlEnNS - sn~lffTRICAL P/\11'S 

10 elements >../2 spocing 0° s~an angl~ 
5 jammers 8. = 12° P = 10::i 

J 14° j 105 
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'fable 5J. 

Simulation Results with 5 Jllmmers near Main Beam; 0° Scan Angle 

CASE 1 HlAS 1 1 .52 
t ·Asf"- ·2 i1TAs·-- · · .. t>.01 · •• 
CASE l MIAS •,08 
CASE 4 UlAS q,&5 

••• CASE- s· tjJ •,\S - -·· · •,t?i!-
CASE b HIAS -.oa 

SJ l)t v 
ST O[V 
SJ OE V 
ST OtV 
$ f • 11E v 
ST OEV 

11:1,c;;s, 
,0b5. 
,q39 

1q,077 
t,170 

,qq;, 

CASE 1 HlAS 1,43 ST OEV 14 1 08q 
•••• Clsc · z-s·IAs-- -o-,u& ---- .. sr--oEv · ···,oa<1 

C~Sf. l fit,s .02 ST uEV 1,ouu 
c,sE 4 ~IAS ~.52 ST OF.~ 12,0bl 

··--c ASE- s-· or~;> - ,·o 11 · ---- - - s r ··ot v· 1, rq 1 • 
CASE b ijlAS 1 02 ST OEV l,Oij~ 

C~SE l til~S •3 1 0~ ST Df:.V 1a,77r:; 

C 

•••• CA 5 ~ - -z--ff I AS--• 6 , 9 o- -- - -- S T - 0 E. \•-·· • • • • , t O q -- ·-
C AS t j dlAS ,18 Sr OE v I • 268 
CASl "Bl~S 5,lt sr oE:v 1s,a1,, 
CA~E ~ Ult.S ,13 ST DEV 1,3:S~i 
CASf b 81A5 ,18 ST L>EV l,2tH 
. .. -·· . . - ·- ·- --·--·- ·• . -- .. 

T/.~GE.T At-.GLE(DEG): .so 
- CASE ... r 6 IAS -- - . ... , l l ST DEV l tr, .36t> 

CASE 2 ~lAS -7.~8 sr OE 'I , 1.52 
Cl,SE 3 tH I.S •' l ,, sr Of.\l l • c;-:,l 

• CA~f_ ·- ·q BIAS ·· 1.12 - sr l) t- \t 17.S':>H 
CASE s 131 AS -,2.J ST OF. 'I 1,5<>.S 
CA5E t, tilAS -.1« sr U [ V 1. 554 

JAt{r. c: T At-cGLE(OEG): 1 , il 0 

·----c, ~;: l fH 4s-·--·•i? • H H •• sr Of.. V ·1Ci2'jo --
C ~ ~:: 2 014S .-,.-3~ sr or::v ,\27 
Ci s ~- .) ►\ t l5 , i1 ~ :it LIE y I , :,d ":i 
C ~:-;~ q iil ..\S ~.H~ ST IJf v 13,,,:.; ,7 
C .\ SE '.> -.U .lS - • I,)~ sr Of.V 1 , IJ d ei 

(;\~~ 0 rJ I ... S ,oq ST ClV l,C9"S 
- . - . . - .. - .. • • • • • 4 • •• 

RHS=lo,blO 
RMS:: o,01)6 
RM~: ,qqz 
RMS;:19 1 b3b 
HMS= 1,190 
RMS:: ,qqq 

Mi"S=lU 0 \&2 
• Rl"!S: b.~'i/ 

WMS:: l, O<ll~ 

Ht1S=l.S,26"\ 
~MS:·1,1az 
~r,S: 1,0i!5 

Pt1S=i:i,231 
RMS: o,'>01 
~115: l, ·.sn 0 
fH~S:.:lf,,olU 
RMS: 1 1 341 
Wi1S:: 1,299 

RMS: l ti" . .HH~ 
~MS: 7,38b 
Rt-15:: 1 _ ~'>ti 

W1'1S=19,1Ht · 
~~,s= 1 • ':,/ ,, 
R:-,5: 1,5&0 

~-"IS=t·o.&co· 
~ 1-iS: 7 .~~ (4 

~~s: 1 , !~~ii 

.:: ~,s= t ., • o•rn 
~a'-15: \,U8/ 
HMS: 1,q<10 

S/N ,~ 20 dB 

5 j;.inuncrs 

10 clements >../2 spacing 

0 12• 14° 16°. 10•. 20• J - • • • • 

(Figure 10) 

5 
nll J/N .. 10 
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angle arc shO\,m in Table 6. Comparing the nnR error for these two c11ses 

of different scnn angle, but identical interference field, shows that 

' the accuracy improves noticeably as the boresi1_;ht nioveu away from the 

interf erencc. For example, the accurncy of the Case 6 maximum likelihood 

estimator with the tnrr,ct at O" is improve<l from 1.3• to .44• rms error. 
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Tnblc 6 

Simulation Results with 5 Jauu.1-ers nenr Main Beam; -6• Scan Angle 

S l :; ;'~ :. L .. J O • ~J iJ 1 S ~: H :. l l O ( t) ti ) 20,000 

C.\~E l iJ I ,\S o.titJ ST L,(V 11,702 q1'1S=l.S.55c, 
CA ~,r 2 •j l.\5 .. t ,tJ7 sr Of.\' ,012 tft1S: 1,e, '/q 
c.~sf 3 o I .\S .. • 'JS sr DEV , Jb1 RMS: • JCH 
CASE a: ti I AS • t)'l ST l)f~ u,t~7 PMS= ~.150 
C~St: :, tilAS · • • l q ST OE v - • qq3 f(MS:: .~~~ --
C~Sf b HlAS ~,Ob sr OE'I • 5'14 HNS:: ,lq8 

.. - Tt.1~GET- t.NGLE(CE.G): · · .. ,t;o···- •• - -·-·· · •• ··- - --· -- ---· . - - - . . ·-- -· 

CAS~ l ~llS ~,qo ~T OEV lb,&~6 ~MS:t/,35b 
- -c 5 :.;E.- -cu·1-A"s-- --~l. o 1-...-- ·s·t -oF.. v- ··-, o Io·--·-- R:1s: • 2 ,-o 1 j -

CASE 1 BI~S •,O\ ST OEV ,378 RMS:: ,37~ 
c~~E - ij a1~s ___ ,5d ST OE~ 4,l~U RMS: ij,201 

·-- c-4" S ~S-fi A;i •·,-o 5 S .-0 f.'V---; u-2n-o--- R MS:- --;·(: 2]-
C ASE b illAS -.ot ST OEV ,37Q RHS~ ,17~ 

-·- -·· - - · ·-·- --

Ct.Sc 1 bl~S l.ou ST OE~ 1u.111 
---c ·1sr.- c?- a·r-~ 5- -2·.- ~ r---- ·- sr--c r ~ - -. 01?· - -· 

R?-1S:1~.~:.~ 
Ri"l~:-- i.,u,~ 
WMS:: ,q3c, 

HHS.: U 1 0U2 
R;1S:: , q 3!:' 

... 

C A SE 3 tilAS 
C~SF. 4 ol,\S 
c:,s~ c; :U .,s 
C4SE t, tilAS 

CAjf i ,;tAS . 
C.\S£ l b I ,,S 
C~'>r. .\ i3 1 •• S 

.o~ ST OtV .~J2 
,Sh ST UEV «,7bq 
,o~ ST Ot~ ,uJu 
.Oh ST o~v ,411 

~ ;uf, ST f'f v l&,bl7 
•c!. .o'-1 sr ( l l: ~ ,094 

- • (; 5 sr OE:\' ,51\ 

... 

H!IIS:: ,435 

'lMS=11.1os 
RMS: Z.M'lt, 
HMS: .':il:S 

. .. Cl SE .... ~ - ti 1 A s-· · - - • 3q --····· -· sr· OF• --· - t:,O~b . .. 
.. ' •" ffr-tS: · ~, l t'i. 

CASE 'j di AS -.on sr DEV .ll~l R~S= ,r.,HJ 
:~ ::i E :> ➔ [AS - 'J'; ST OtV ,5l2 RMS: .5\.:. 

C :. St" l n l t. s··-·-·- .. 'i . .. , r- · sr U F. V ·-1 ~ , I l/ ~ .. .. - • · :<11S:tq;Odo 
C -~ .i :=. 2 ~ l t, S 
C .\ ~l t \ Ii l AS 
t ,j .·j ~ ·• ~IAS 
C ,,. s '- '.> lil ,,S 
C . . .. 

•• '> ".:. 0 b ( ,\S 

10 clements 

5 jammcrs 

.. 3. i-! r) ST li E 'I • Oo ·l w11S: :~ • lq o 
•. Li l sr (jl:V .u12 ~"15: • ,.. , 2 . . 

• ;; 2 Sl CE.'/ .. fJ. c'I ) ;, H:·15:: 4 1 iUl • 
... ,, i i 5T .... r• . ur. ~ • IJ 1 '} R ~,s:: ,~2l 
- • 'J !) sr UE\ • '" 11 U11S= , "11 

1/2 spacing Results in degrees (Figure 11) 

OJ D 12°, 14', 16°, 1a•. 20° all J/N - 105 

I 
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FiJ;urc llb 

SUM AND DIFFERF.NCE PAl''fF.RNS - SYHMJ::TRICAL PAIRS 

10 elements 
5 jamu1ers 

/2 spacing 
• 12° 

J 14° 

I • 

16° 
1n• 
20° 

I 
I 
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1\~1- I -11JL ! • ,------.------, 
.. ~a . r.o n . 20 30 . co fO • co· oo . ca 
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6. ELFCTR0IJC SCAN 

The angle tracking equationc; and oimulatiC1n prograt'Q nllow for electronic 

scan of the bores1.ght enc l e . One s ir1ulation re :mlt where the boresight is 

ecanncd 6• from the arrny normal was sho .. :n in Fi.gures lla and llb. Additional 

examples are included in this section to show that the various trackini:; tech­

niques perform well with electronic scan and thnt the conclusions re:iched 

earlier concernin~ the relntive accur ~cy n~ the different algorithm apply 

to all scar, an 1, l es . 

The first example, with patterno shown in Figures 12a and 12b, is for 

a 10 element. linear arrny with the borcs ight angle scanned 30• from the 

ari· ny nonnal.. A c ingl e j c1 mn er i i.; locil ted n t 10•. The symmetry around 

boresight :I.E not as apparent in Ficurc 12b as in earlier crnamples without 

electronic scan. Actually the sytmne try occurs in c n sin 8, so it would 

not be evident un the plot of gain ver sus 0. Simulation r cs,,lts for this 

example are shown in 'J'able 7. Again, the best accuracy at low S/N (OdB) 

was achieved with the new maximum likelihood cs tmator of Case 6. The 

symmetrical pairs algorithm c,f Case 4 performed ,..-ell since the single 

jammer is far from borei:.i i;ht nnd does not require reduction of antenna gain 

near boresight, 

A second example for the snn,e array and j ammer environment, with 60• 

electronic 6cun, is shown in Figure 13. Again, all antenna patterns have 

nulls at the 10° jammer angle. Simulation results for this example, shown 

in Toblc 8, sustain the same conclusions concerning relative accuracy of the 

different trackinr, techn1ques. In this example, the pattern distortion in 
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Fi!]ure 12a 

su;,t AND UlHEf: IJC[ PATTrnHS - FULL y /\DAPTIV[ ARRAY 
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'A./2 spacing 
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Figure 12b 

SUM Af\D DIFFEl(CHCE PATTEIU~S - SYtw'J'.ETRICAl. PAlRS 
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10 elements 
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>./2 spacing 
e. = 10° 
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Toble 7 

S.lmulation Rc~ult& for 30° Scan Angle 

S ! r_;; : :. L - T ~1- i , :J I ~ F le ~ r l ( l ( l) ~ ) 

. . . . - - . . . - . . . . . . - · . -· . . . - ·- . ... .. .. - . - -
r 1. kt; i: T ,, . , r; L F. ~ "t. G, = •· 1 , ,, 1J 

C:\Sf. ' H ;\~ - ~(J ! dll Sl t+."v . ·s, ,.1 . 
t; A ~H t! ,, ' t. s • (> :1 SI l't.• 1, t,•_,4 

C,o\~t. .. 
.. ,1 ~s ' .s?. sr Ut \' 1,t'3•1 .> 

(.\Sf. 4 tJ 1 ;\ s • 'j 7 ST Cfv t ,r,e', 

C 
. , . .. ... , r:. 5 C 1 ;\ ~ ,20 ST l; L v 2 • .s•rn 

C ''~i:" (;\ :; t:,:; . .s •_., Sf L.' ►:" I, bb5 
.. 

T AH;t. T Ar :GLt\ ,1t:~):-: - • '>IJ 

Cl\~ ~ ;.lI ~ s •7,3ti r, r uE'1 • c?O, 
C,\Sf 11 I ;.s , ':>3 

... - --· -
t,· C:" i,<J'j3 i:: ~, . 

CA :;i:. j lH .\S • iQ 5l t,E V 2.223 
CA~i.:. ~ dI.tS ·-~ 

• . IC:: . • ···-· · sr Ur:v 2,0Q~ 
CA~!: s u I ,\ S 2 • rl I SI uE"· 2<.,t~it 
C •\~f. 0 ti l 4 S · ,?.~ S I Ul:'i 1 , 'H.> 'I 

ri:NS= ~,Hun 
S..nS:: l.714 
f:1-1S: l,bS/ 
;;,,- S= l, 7?.o 
" :-•.S .:; .. 2. ~ i.HJ'I 
~,,s:: 1.10.s 

Ul".S::: 7,.Soo 
R:-!S:: 2.02~ 
QittS: 2.2q1 
,o~s= ~. ~21 
i1 r, S = ?. 4 • .S l 3 
~~s= 1.'182 . 

(.;AS~ .... \ .. • :iL~S ... __ ."'."J•r,5·····- -· · · SI DEV .218 RMS: 7.85b 
CA~,f. 2 (!111s •. \u sr iJr:v 1,fd:i .. .. . - ·µ~:,s;.: -f~t,bt.. .. _ 
,A~E 3 blAS .uQ Sl 0f~ 3.h~5 R~S= 3.721 
C .\ ~ f: '4 ri J ;\ S • ~ h S 1 Cr. , 1 • q ii \ RMS= 1 , 4 0 2 
Ci\Si: 5 ti!/\$ -,1.t\ sr Uf.'l · - ·c?~-S38·---- ·-···p~~;:· -2·;t;t7· 
CASE ~ ~lA5 ,0~ Si ~Ev t,.6q~ ~~s= l,8Q7 

CASl 1 ~lA~ • b .39 SI UE\ .t7r 
· c;,·~~t. .. c? . Bf~,~ .. ··- ·· -- .-~o .............. ~,r ·Ltv · c 7o? 
(A~l 1 ti [A5 . a ~ sr ~EV t.Hl5 
C~$E 4 bt~S .03 ~T ~[\ · l.81~ 
CA~t s 61.·,•~:j -·- --~-3; .k .. .. -.. •- ·s1 V~" j!).b.o4 

CAS[ D ~(~5 ,vi S1 ~l\ \.llu 

f.,.._5: H.39o 
.J. M S = • 1 • 7 iH; 
w .. s= 1. h2':> 
~ :•, S : l ,. d I B 

H :"I 3 = :S ~ • bl~ 
~ ~; S = 1 "! ., 7 5 

TARGr.:T A;.(iLE(CEGJ:; t.oo ·------- -· --- -- --· ... ··-· ·· -·- · ·- - . .... . . .. ______ _ . .. . 

CA5~ l ~f~S -ij.ijq sr ~Ev .252 ff~S= H,68~ 
c.\,1'-: , ' > I :.'., .ut --·-·--ifi'--·(-t ·~-··• ·;~.-.-) tf,i. - ·-- ·~>:-i: l, .. i ·11 
C~j~ l ~,~5 .~~ sr ~fV 2,2,~ ~1S= 2,2~, 
c ,\ s F '! h 1 r. s • 5 h s r l• r-: , 2 • 1 , _., " .... s = l • i'. o l 

••• c~·~E- ·-;;;--ff1 ;; s----~-J?.--·-··-·--s-,~-LJ[V--·25 :a2~ ----·R,•is.::2r;. a 3 o· -· 
C /, ~1 t-' b iii :'. S , .St 3 T ~,I::'( 2 • l '.! ~ .to'. :·13:: 2 , 1.H 

10 clements A/2 r:;pndng 1 jnmmer OJ • 10° J/N • 105 
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Table 8 
0 Simulation Results for 60 Scan Angle 

0,000 

CASE 1 dtAS 2,q6 ST utv ,1oq RMS: 2,q79 
--, ASE __ _ i - ,ii AS .. --·-- -- ~-5-5-···-·-·s r -oE_v __ • 2 ~-84"8 - - ·- - ij:-iS=- · l; '10 o-
C A SE 3 BIAS ,Su 51 OE~ 5,0~9 M~S: l,l~S 
CASE q BIAS 1 58 ST OEV 2,d1J RMS: 2,872 

·-c A-st-- !:, ·-u I AS · - - ·- ·---~-I 8---- ·- · s T i)E v ..... er; O 32 - • • • • • • R~S.= •• ~ ~TO r · 
CA~E b BIAS ,~7 sr DEV 2,812 ~MS= l,ijJQ 

-- TA~G(f ANGLf.t°0£G): ... ,so· ·---·-····--·--·-·- _·-··--·--·- ··-

CASE l BIAS 1,97 Sf oEv ,197 ~MS= l,q79 
CASE - 2 0 I A s··- - - -- ,lq . ---s r OcV """3 , ·3sa··---···Rr1S: "-.S -;181 
C~SE 1 UIAS • ,57 • ST OEV l,499 RHS: 3,SUb 

-~~-~~- ~--~~-~-~--- • , ii l ST _f?E_v ____ ~-~-- ~-2__~---~!1S_:i_], 3~_7_ 
CASE 5 tilAS ebb ST UEV 8,1b8 HHS: b,/9i 
CASE b 614S 1 4\ ST DEV 3,31b RMS~ J,lij2 

f AHGE"f ANGl..F:: ( Oe.Gf=··-o • 00 

CASE 1 BIAS 1,51 STOEY ,217 RMS: t-S2b 
CASE 2 tH ,'\S , 07 ST iir.v ··--J~Ts·o ···--·-R;.;·s; ··1;p;-c 
CASE 3 81A5 ,7C ST DEY 5,b74 RMS: ~.7th 
CA5~ 4 ttlAS ,oq __ sr OfV 3,121 RMS; l,125 

- ·c-Asr:··-s-a I"As- --~. :>2 sr·uE\. ____ Zl _;7 22 --~r-is·:i·--lf~ 1 :n-
C A sE o BIAS ,oq SJ vEY 3,111 R~S= 3,1l2 

·•·- - , ~ :-<Gt:IANGL[ (01:ITT =-·. sv·---· ·······--••·-•--- ---- ·-----·--· 

CASE 1 ~IAS . 1,02 ST OEV ,1SO RMS: 1,~33 
··c--A·se: ~-·i · • u rt.s·---·---;-or···· ·--··s r · oEv ·•· ·:r;·o:u·------Hlis=··· 3 ·.; o-.s r-

t ASE l rilAS ,O& sr UEV -5,117 RMS= 5,117 
CASE ~ 61AS ,03 SJ OEV · 2,q96 RMS: 2,qqb 

-,Asr-- s·· fHAS" •• --;;r,aa·- ·· ·-- sr or-v · ar,q16"-- ···-··Ri1S=a2;·35·q-
cA~E 6 81AS ,03 ·sr OEV . 2,qq3 HMS: 2,~qj 

- -1 ;arct·t'AN·c·cETo·E"c;T=- 1·.-o·o--· ·-- --------·-------- ••• ----------_ . . 

ClSE 1 BIAS ,S\ ST OEV ,228 ~~S= ,~5b 
•• c" ~·t--·z- lfri·s------~·5-,-·- ·· • ·-s r ·or:•r··· -r~ c; 31l ·- ·· · ••• --·Fn s·::··--.;·, 'la i --

c As E 3 d(AS .~o sr OEV l,Bl~ ~MS= 5.57J 
CASE q BljS ,S7 ST Df~ J.502 R~S= l,548 

···c-A sr·- ·s--tlTA·s ·- ;;,; 2s-; ·~-lJ---- ---·--s-r·oEv • • 11 ~-o-oq • -----·- R.~ s·= • &-~ o·oi:r • 
CASE b 81AS 1 57 ST QE~ 3,~95 R~S= 5 1 5QO 

. ·-- •· · -- - - -·- ·· · •··• - --·- ··· · ·-· -·· · · ·-- - - . - - - · - . . · ·- - - · . .. • .. • • . ·· - · · • · · - ·- o · - · ··--· · · · -·· . -- ~------

10 elcinents ">../2 spacing 1 jamn·ar OJ • 10 J/N • 10 
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Flgure 13a 

SUM AND L•IFFEF.ENC.:E PATTERHS - FULLY ADAPTIVE AF.RAY 
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Figure 13b 

SUN AND DIFFERENCE PA'fTCRNS - SYMMETRICAL PAIRS 

10 elements 
1 jammer 

I 

)./2 spacing 
8 • 10 11 
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nullin~ the 10° ja1mucr is sr.wl 1, so the uncorrected nleorithm (Case 2) 

works well. The rma errors arc larger nt 60° electronic scan angle thon 
C 

at 30°. This would be expected due to the reduced effective aperture <'f 

the array. 

Patterns for a 10° scan ,mglc and 1 jmnn1er at 0° are sho\m in Figures 

14a nnd 11th. Siniulation results for this eY.amplc, shc,wn in Table 9, 

correspond closely to the results for a 0° scan angle and 1 ja~.mer at 10°. 

This can be V<~rif icd by cross-niferencc with Table 1. 

The f inol two c:xamplcs show some rcsulti; obtainec1 for a 20 clement 

array. In the !irst 20-efoment example of Figure 15, three januners are 

present, locat~d at -45°, 30°, and 60~. The scan angle is 20°. Simulation 

result s .n re ehown :in 1'f1bJe 10 for a S/N nitio nf -10.5 dn pPr e.lerr.ent. 

The rrns errors are large and comparable to the no:.~inci.l 5° beamwidth in thi~1 

example. The new csti~1ator (Case 6) is superiol· to the other two maximum 

likeliho,,d cstimator 1> (Cases 3 and 5), as was generally found to be the 

case nt low S/N ratio. Symmetrical pairs work well in this example, 61.nce 

the 3 jamme~s Arc ~n t he far sidelobcs and easiJy nulled without reducing 

the gain near borcsight. 

'l'hc 20 element array wns nlso simulated with one jnmmer moved into 

the main bear• region. In the example of F'igure 16 and Table 11, the 

three c:t.rong jammcrs are located at 15°, 30°, nnd 45°. Again, the scan 

angle is 20•. Note the distortions of the patterns in this case (Figure 16) 

relntive to the sidelobe jamming example in Figure 15. The simulation results 

for a -10.5 dB S/N ratio per cl~ment arc shown in Table lla, As a result of 

moving o jammer from the sidelobrs (,.45•:, to the maitl benm region (15°), 
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Figure 14-1 

SUM AND DHFEFl:NCE PATTl:J{.~S - J,lJLLY AJJ/J'TIVE ARRAY 
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Figure 14b 

SUH ANU IiIFFERENCE PAT1'ERNS - SYMMETRICAL PAil!S 
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Table 9 

Simula tion Results for 10° Senn Angle 

:i l G •'l I. t • T O • r,. U J ~ E. ~ A T 1 0 l Du ) 0,000 

CASE l UI~S •2d.tll SJ DEV 2,l~~ ~MS=lij,902 
·c:Asf.- - 2 (tiis·- 1.cr;- ·- -·-·sT . lJE\' ___ _ l ,o-,q k'1S::··- r,-76!>. 

C A S t: .S t; 1 A S • • « <! S T l> ( V 2 • 2 ~ q R i"l S : 2 , 2 9 7 
CASE ~ ~l~S ,12 ST orv 1~023 RMS: 3,4?H 
C A-5 f. ·s· Lt" t ks- - - - u ,·i! 1 ·- -· S r --OE ~- • 2t>·, 31 a ·--- --~MS·= 21,;&·02 
CASE b filAS .~d SJ OEV 2,02b RMS= 2.oa2 

--•- T It ~C-{T - ANGLt: (Ct:G) = - •, 'lO - -- ---- ----· - -· - ----------·---·- - --

C A 5 ~ 1 i\ t.\ 5 • 2 q , l 6 S T OE \" \ • O «; 0 Q !"! S := 2 q , 1 ij 3 
t A~"t:·-- 2 ··•3_ u.s .. •• •• L ~ •> 1- --s·r uE"~ ---·r;·2s-9 · - -• Rr1s: r; 65"2 . 

CASE .S HIAS ,>q sr OEV 2.~~~ R~S= i,o2b 
CASE U AlAS e51 ST OEV 4,012 ___ RMS~ ~.~4ij 
CA ~t-. ~ tH A .i ~ l. l 7 s·r--uE'"v--s·~--0,-2 ffA°S-::-s-;2"0·s-
CA SE b HIAS .30 ~T OEV 2,Jb~ UMS? 2,38q 

CASE l _ BIAS ~2~,bJ sr OEV l,15tt RMS:29,b5q 
• t t\ J £ . -- i -11·1 ,\ s . • - -- - ·, i .- -- ·-·· ~ r" -OE\i- -t' ~ it,·9 ·- ----~ ,.,. s·:;· ·- f ;3_n_b_ 
CASE i ulAS ,SO ST UE~ ~.0~5 R~S= «,125 
CA~E 4 ~I!S ,ll __ ~ST UEY 3.772 PMS: 3.773 

··c ~-s !.:" -s··-u t .\ s·-- · ·-;-~ ·, s r ·-oi:: v--~ ~ 5q ,,------ R ~ s =--:r;o·2·4· 
CASf b b(AS ,Ob ST DEV 2,\9~ ~MS; 2,lq~ 

CAS~ l ~t,S •29,q5 51 UEV .7J9 RNS:29,95~ 
• CASE 2 • tH A 5· - - ••• , r. n • · - ·· ST' \) c r -· ·1 ·, t r~ - ---- ~ ;.,s == --:-1-~·2 ro--
CAfif 3 OlAS ,Ob ST o t v l,loo ~~s= 2.1~1 
CA~~ U dtAS ,0·3 51 O~Y J~&OK ~MS: 3.60d 
C A ~ C --S u t A ~; .. • • • • • , 5 2 .. • • • .. S T OEV ••• 4, 3 7,,--· •• •• R:15.-: • lf~ ·tn,T 
CASf o rilAS .o~ ST OEV 2,100 R~S= 2,100 

Cl5~ 1 nIAS -Jo.so ST OEv ,Q91 RMS=l0,5~1 
C.\ ,i :_:·-- ?. • .:·, r ., s-- • •• • • , -'.. 5· • •• • ·s r UF: '.r ·· • t , -; r,., - ---·-- ·· :n~ s·=-· 1 -. 3 -~ '-r 
c-' $ c. .$ ,;r .\ :i , :_s-_; !i r 11 !: ., t , h 1) n ~ :1 s.: ~ • c, ·., o 
C t. Sf q b 1 :, S • 7 \ S T OE \' lJ , 2 I r; R ,1 5:: q , l :\ .1 
c 1;, SE ·-· s ·-HI~ s-·- -· 1 ·1 ;1 a-·----·-s1 - oEr -,. t--; ·6 rq----·•·:u-1s:: * 1 ·,-r",r 
Ca~f b blA~ .45 Sf ~EV 2,UIO R~S: i,511 

10 clcmcnto 1 j arnm,.:r e - 0° J 
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Figure 15a 

SUM AflD DII'FE {E?;cE PA'f1TRl~S - FULLY ADAPTIVE ARRAY 
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Table 10 

Simulation of 20 El<>.ment Array ,dth Sidc•lobc Jamming 

-2.l~~~~Mru-NutsE ~Ar10<0H> 

TAHGET ANGLt(DEG):•1,00 

CA:;E 1 t:UAS J,11 ST 
CASE 2 tUAS . ,C>b sr 
~~~__; 3 BIAS 1a2 ST 
CASE q HIAS ,73 ST 
CASE s tUAS ,53 ST 
CASI:: t, HIAS ,1& ST 

TARGET ANGLE(OEC):; , •,SO 

CASE 1 tHAS 2,77 ST 
CASE 2 ~HAS ,27 ST 
CASE 3 ttIAS _tt40 ST 
CASE q 81AS ,37 ST 
CASE s tHAS .t>s ST 
C~SE b BIAS - !:Sb ST 

OEV 2,bB~ RMS:; Q, 112. 
DEV 2,q91 Rf'IS:; 3,0oZ 
DEV 'j • l 59 HMS:s 5, 2?)_ 
OtV 1,001 Ri1S: l,oaq 
DEY q,qb7 RMS.: 9,981 
OEV 2.943 RMS~ 3,o .sc, 

-
OE.v 3,2~9 H i1S:: Q,307 
OEV 2,119 HMS·: 2,150 
DEV ·1n.so2 HMS=18.555 
DE\' 2, 144·· RHS=· ?.1 l 7t, . 
OEV :s1.osa · RNS=ll,065 : 
DEV 2, 105· RMS::. 2 ,J37 . 

M,GLC C DEG)::· 
... ----- - - .. ·-·· ... . . . .. , . - -- .. .... ··• . .. . ·- . 

TARGET 0,00 . . . .. -· . . .. .. . .. . . . 

CASE l tfiU-___ 1 ,S4 -· -7rr- uEv 2 • • , ijf, 

CASE 2 BIAS .. ,Q2 ST OEV 2,301 
CASE :s 8l~S -2.qq ST OEY 11.i,877 
CA5E q U°fA S .... 3 ~ s r OE: V i. -~ i. q 
CASE !> 814S ... 31 ST OEV 21, 1 !H+9 
CA::;E 0 OIAS -,3?. sr t>EV l,264 

TARGET ANGLE(DI.-.G): ,50 

-c-~sr--1-ITT As 1 , 2·i!---sT u £ v 3 • o 3 s 
CASE 2 UIAS .02 sr OEV 2,455 
CA~E 3 UIAS ~l.15 ST OEV q,297 
~ ·s 1:·~ -1:f~o sT·-o--E-v---2-;-u-C11 
CASE 5 olAS •,22 ST O£V 7 1 91q 
C .\ ~ f · b 8 l AS , 1 l S T OE Y· 2 , 4 1 b --

TARGET ANGLE(DEG)~ 1,00 •••• 

. .. .... . 

RMS~ 3 • 15-0-
Ri'4S: · 2, J:Sti 
RMS:15,175 
HMS:: 2, j ,-3-
RMS:24.452 
RMS:; 2,?.86 

R11S:: l. 27 z­
'Rr-tS: 2 • 455 

.. . PMS~ ·q,"!.ib1 
RMS :i-r,cr9·q­
R :-! S? 7,"122 
R/'1S:a : ~,4\q 

l.~ St: l ti f{S l , 1 ·a s ro E v 3 , S" I 7 R :-rs·:f.--:r;S"OT 
CASE 2 UIAS •• ~l ST Uc~ 2,330 H~s~ 2,541 
CA~f 3 HlAS ~.12 sr OEV 10.100 R~S=l0,785 
-c·A·st- ;rlI n~s------;.~·ro----sr·ur~- ~ -;zs--.~ - - R}1S-=~z'5cr 
C4SE 5 UIAS w 1 QQ ST DEV 25 ,721 HMS:25,72Q 
CASE 6 UIAS N,15 ST OEV 2,2q~ RMS= 2,2~8 

- --•·- ·•---- ·- - ·-··--·-- - ··- ··- -·- · -· ·-·- -- - - -·- ---
0 

20 scon i:t nr,lc 3 j amucrs 

5 
nll J/N s. 10 
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F i r,1ire 16b 

SUM ANIJ l)U'ftRENCE I'ATTERNS - FULLY AJ)APT IVE ARRAY 

20 t:lc.m nts 'J../2 spacing 20° scan an~l,-! 
3 jammern 0 c 15° J/N • 105 

J 30° 105 
600 105 

t· 

fi1! II ~ 
! 
: 

Ii l 1: I, 

1 \J • ii , I 

- H1 ,2iJ -_·- ·- - ---- -·-r··--
-~;r!, ~(1 ,L~~, :JU 
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Table lln 

Simulution of 20 Element Array with Main Beam Jamming-Low S/N 

~J~NAL .. TO•MJ_I_SE R.t\TI0(08) •l0.458 

TARGET ANGCE .lOC:G)=-1 .oo 1 

clsE l B.lAS •S.68 sr OEV 24 1 1~& R M S .a 2 '' , 8 fJ l 
CASE 2 BIAS l, LIO ST OE\I 2,188 RMS= 2,598 
CASE 3 8IAS •3.18 - ST DEV 33,411 RHS=33.b27 
CA.SE- " UIAS 1,29 :; T OEV lt> 1 000 ~MS=to,71'.> 
CASE s BIAS .. 11,35 ST OEV 9&,bll RMS:<n, 275 
CASE b tHAS ,87 ST DEV U,lb2 Rt1S:: 4_! 251 

CASE -1 UIA8 e:.7 1 '/b ST Ot:V C!1--;1Jlq R,"1S;2t),ts~i1r 
CASE 2 BIAS 1 98 ST DEV 1,555 . RMS= 1,8~l 
CASE 3 BIAS 2,52 ST OEV tl,079 . RMS:13,321 . 
CA 5 E~. 6 I A s---:s---=,-:s-1-----s T OE V 14, 7-o-b-, - ·7rfts=T5, 1 T,r 
C A 5 F. 5. 8 I A S • 1 , l & •. S T OE Y 2 l • 1. 7 7 R :-. S: 2 1 • 2 2 1 
CASE · b BIAS · .52 . ST DEV 2t958 RMS: - l,004 

• TARGET ANGLE(OEG)= 0 1 00 

C ASE 1. 0 I AS ~ :S , 8 3 S T OE. V12 , 3 l 4 RMS: r 2 , c3 9 7 
CASE 2 BIAS ,22 ST DEV 1,7~7 RMS= 1,751 
CASE 3 UIAS 2,57 ST DEV 49,72b RHS;49,792 
CASE ,~ UlAS ~2,'H ST UEV 1 l,'r/3---R-MS ◄-°fU,217 
cisE 5 ~IAS ",q5 ST DEV lij,05b RNS=lij,093 
CASE b lHAS .. L4_1_ _____ ~T OEV 3,304 HMS= 3,337 

TARGET ~NGLE(OC:G):; .so 
CASE l um w4 1 ij\ s·ror~---q, 19'1 R t-1 s = 1 0-.-19~-r 
CASE 2 tHAS ,3~ • ST DEV 1 1 7b9 RMS:: 1,790 
CA5E 3 BIAS ,32 sr DEV 11,&03 RMS:;1l,b87 
CAifl!: q lf IAS -,48 ST Ol~ ~d,00 -- - .. --- - 3 --HMS::i?H,1 q 
CASE s IHAS •21,97 ST DEV *o,034 .RMS=~7, 100 
C.\SE & '3llS ,17 ST DEV 3, :.\btl R11S::1 5.368 

- - - ·-·· ··-- · 

TARGET ANGLECOf.G)::a 1,00 

·r.\sE 1 BlAS- - ... ,,.2b st- uE-V ~.2-10 R~~f=T1,1al · 
CASE 2 BIAS • 1 04 ST UEV 1,b23 RMS: 1,b2q 
CAJE 3 UIAS l,02 ST DEV 8,712 HMS:: H,772 - - - ---C45E q BIAS ,Jq ST UEV lb,b~O ~~5=16,b&b 
CASE 5 BIAS •1,9t ST DEV 10 1 5qq RMS=10,71S 
CI\ S_E _ t., __ lH AS _______ " , 0 7 ST OE V 3 , O 6 7 RMS= _} , 0 8 U ·- - - -- - - - ---··· 
),/2 epncing 0 20 11can nngle 

ull J/N ,.. 105 
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Table llb 

Simulatic,n of 20 F.ler.ient Array with Ma in Beno, J aurminr,-Hi£h S/N 

Sif;n .<i l - t" - Noi"<:: Ra tio (nR) ~ 30 

___ J __ A_i<Gt-: l i\NGLt:: ( fH: G) =• l., 00 
···- ···- --- ---- -··· ···------ ---------- ------ - - -

CASE 1 {HAS •4't1HJ sr DEV 12,'152 RMS-13,091 
CASE 2 iHAS • 'H\ ST OEV , O 1 !..I RHS:: ,981 

1; t.~~ .S Bl.AS t10 ~tut::" 1 O 2 iJ ki'1·s:: , 1 o~-
CASE 4 !HAS .. , 00 s r IJE \I , t 1 b Ri1S:; ,llb . . 
CASE s EHAS ,15 ST DEV ,023 RMS:: ,151 
C.\SE b tj 1 AS ,01 sr OE~ ,027 R/1S:: ,072 

-
TARGET ANGLE(Dt::G): -,so 

~~~-E t f-JI AS ~ :s ._0JL. - ~LQ..i:11 11,248 R~S=tl,obt. 
CA5f: 2 BIAS ,72 Sf OEV • 01 l HHS:J , 71 ti 
CASE 3 !HAS ,02 ST DEV ,025 Rr-tS:: ,03:S .. 

Q_S F. ti UlAS --~~ 01 ST DEV ._t_l_3 RMS: I 1 1 4 
C A~E- 5 BIA3 ,05 sr DEV · · . ,02, RMS:; ,051 
CASE 6 BIAS ,02 ST DEV , Ot!o · .RMS:· ,031 

--- - - - -TARGET ANGLE(DEG)~ _QI Q 0 
. -· . .... -- -·· - .. ---- -· ···-·• -----·. --. . .... . ... . . 

. . - -··· ·-
CAS E 1 uIAS •4_t~r'! ~q l) [V 11 ,5 t,n f?MS=12.5!3o 
CA~E 2. BIAS • ,n ST OEV ,012 RMS:: • q 7 2 
CASE :s BIAS ,oo ST DEV ,022 RMS= ~022 
CASE . 4 llIAS I ~J ST DEV ,099 RMS:: ,099 
CASE 5 UIAS ,oo 5T DEV ,022 ~MS:: ,02~ . . ··-· -
CASE . b fHAS ,oo ST DEV .022 HMS; _,022 

__ C_4_!_,s_t_ B_!_A_~ __ ..._?_J _6_. ___ S_T _Q.s_~_ 11 • qo_& ___ R_MS: 13, 225_ 
CASE 2 UlA5 ,~4 Sl UfV 1 013 RMS: •iij5 
CASE 3 nIAS ,01 ST DEV ,0~3 RMS= 1 026 
CASE Q BIAS .. ,01 __ ~.tJ~£.Y ,t_1_2 RMS= ,1_1E._ 
CASE 5 BlAS ,o'/ sr UEV ,030 RM5:: ,081 
CASE o eIAS 1 02 ST DEV 1 024 RMS; 1 030 

T AR GI:. T ANG L l ( IJ E G) = ~ , 0 O _ · - _ 

C~SE . 1 UIAS • •S,67 ST OfV Q,907 • ' HHS=tl~~l& 
C .\Se · 2 3 C .i 5 , O ~ s-·f7r~·v--,- O f:~------cciH1 S = 
CASE 3 SIAS ,oa JT Of.Y ,Oil RMS~ · 
CASE 4 BIAS ,02 ST DEV ,112 R~S: . 
r; ~SE ~ ,n A$ , 4 a 5 l U Ev , O 4 l-4 f<t"-1S = 
CASE i UIAS ,09 St UEV ,024 RMS: 

)./ 2 r, p:1d nr.; 20° scan nnglc 3 jamm_crs 

all J/N "' 105 

• oucf 
.ou2 
, 1 t 3 
.44b 

· , oq1 
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Table llc 

. Si.mulation r,f 20 Element Ar ray with No Jamming 

SIGNAL•TO•NOISE RATIOCOS) •10,458 ----- -- ___________ ....;:.. ---------
TARGET ANGLE(DEG)=•l,00 

--C-A SE 1 urAs •,04 ST OEV 2, o'H RMS:: 2,b9o 
CASE 2 DIAS .. ,04 ST DEV 2,697 RMS: 2,&98 
CASE 3 614S ... 12 ST OEV 12.21~ RMS::12,241 

CAS1 " 
UI°A·s -;-04 sT7frv-~ • o 97 RMS= ~, ()9ti-

CASE ~ BIAS •7.~4 ST OE'J ,,n, 7 20 RMS=-48,3\2 
CASE b BIAS •104 ST DEV 2,t,97 RMS~ 2, b'-18 

TARGET Af'iGLE(0EG):i : -• ·,50 

CASE 1 UiAS .-01 5t UEV l, 8~2 R:15:; 1,e2:s 
CASE 2 OIAS ,07 ST DEV l, lic!2 RMS: 1,62j 
CASE 3 HIAS .,,32 ST DEV 9,311 RMS= q,3lb 
CASE 4 BIAS ,07 ST OEV 1, tl~2 . Rt-1S:a 1,0[:S 
C~SE 5 BIAS · 4,3CI ST otv 19,142 NMS:19,b29 
CASE 0 BIAS 'Q_ 1 • ST DEV 1,622 RMS:; 1.623 

TAHG t: T At~GL.E(DEG) :,l o.oo 
I 

-- ---
C ',. ~ ,_ v (: 1 HIAS • I 1 lj sr OEV 2,uu RMS: ~.1139 
CASE 2 (HAS •,15 ST DEV 2, 1tiU RMS= 2,189 
CASE 3 HIA3 •,b2 ST DEV 11,04 ) RMS:11,osq 
L~SE 4 uIAS •,15 ST () t-:" 2 ,TIT,i fh·1S= l,159 
CASE 5 t31AS .. l,b8 51 OEV 7,2'18 RMS: 7,4t>9 
C.\SE b t:3IAS •, 15 ST oc:v 2,184 RMS: 2,189 ------- ---·-- -

TARGt::T ANGl.E(DEG): ,50 

USE 1 u!AS - ' 11~ sr OEV :s. i~ 'J R,'1S= 3,1Qb 
C45£ 2 o!AS ... p, ST DEV 3,1'43 RMS= 3,146 
CASE 3 BI A~i ,2t ST OEV 3,b09- RMS= 3,b15 
n~rt7 ulAS . -; Tq s-r -uc:v 3 ;·-1 ~3 R r1s=-.r; l 1.i i, 
CASE 5 BIAS .. 2,q3 ST DEV 24,792 RHS:2q 1 9bQ 
CASE 6 8 l .\S . "'• \4 ST OF.V 3.\43 RMS= 3 • l Ub 

lAHGET ANGLE(DEG): 1.00 

c -'Se- 1 -n as ... o 1 s-rorv-~-;strq R1-•s= . 2·; '5'.l·o-
c A sE 2 BIAS .. ,03 ST DEV 2,549 RHS: 2,550 
CASE 3 ijIAS •5,Bq ST OEV S3,0S8 RMS:5J,38Q 
CA~·r:- ,..-u·IAS -- .... -03 ----- :;r uE•{ 2,'iqq •• , rfMS- ~.s~o 
CASE 5 ~lAS •i,05 ST OEV 1Q,3b0 RHS=l4 1 640 
CA_~~ --~-- ~I~S .. , ~~~------~_!_f'E_~ __ 2 •-'~4't _ Rr-tS= _ 2 1 ~fjQ 

No jan1mers 
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the gain of the sy111me trica l pnirs pa tterns iH reduced (compare 1•':l.f.ures 15b 

and 16b). The resulting accura cy of the symmetrical pairs technique is 

much poorer in the rna:f.11 beam j amnd ng case. 

As before, at this low S/r. r a tio the new (Case 6) maximum likelihood 

estimator pcrf orms better than the other two (Ca rws 3 and 5). It happened 

in this particular e>:mnple thllt the technique of Case 2, uncorrect ecl adapted 

bea.~s, performed bes t. Results of the same simulation with 30 dB S/N ratio 

per element are shown in Table llb. The Cabe 2 technique does not peif,~m 

aa well as th e adapt ive elcoritl1m~ nt the hiBher S/N. As expected , it 

shows large bias error s. 

Resul ts for the 20 element army with no jamming are Ehown in 'l'able llc. 

Cases 1, 2, I+, a d 6 all prov j_dc.: the i.-- ame , ·. ecuruc;- in t h:i. s case. 'fbe other 

two maxlr.mm likelihood entimntors (Cnsc5 3 and 5) show lm~gcr erroi·s in the 

interfcrence:-free environment. 

' 
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7. CONCLUSIONS 

A method of angle tracking with an C1clapti,,e array ant'enna has been 

described and shown by simulation to perform well :f.n a wide variety of 

different externa l noise environments. This preferred technique employs 

adapth·e sum nncl difference beams which automatically place nulls on external 

noise sources. An nngle est:i.mator wh:f.ch compensates for the pattern distor­

tions die ~o 1daptation and provides goon angular accuracy in both main beam 

and si tlel ub C! j amni:i.ng environu:ents wa s <lcrived (Eq. 8). Simulation of thj_s 

and other algorithms shows thnt it pcovidcs the best accuracy at lo,: S/N 

ratios. At large S/N ratio, the estimntor of R. Devis performs equally 

well. Both of thcs~ cstimntors provid . good angular accuracy in noise 

fielrls where conventionnl 1r.onopulsc tr,icking f ei le. 

A t~acking technique b~sed on symmetrical pairs was also d~scrib~d. 

While the &)'!Jllllctry conatraints of this technique assure unbiased estimates 

for tnrgets near borcsight • and it ,-:t,uld be somewhat ec1si.er to implement 

thnn the fully ;iduptive tuixin1um likelihoo,~ ect:lmators, the symme;trical 

pairs technique is significantly less accur.~te in mm:v cases. 
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APPENDIX I 

f'ORTltAN Pl{0GRA?-1 FOR SHiULATION OF /\D/i.rTJVE ANGLF. TRACKING 

Many of the variables uGccl in th:f.s program are defined in comment 

statements at the beginning of the listing. Elerncnt weights for the 

swn and difference patterns are computed for both the fully adaptive 

arrayc and symmetrical. pain;. The simulation compares the accuracy 

of the six tracking algorithi.,s <lE.f incd. in Section 4 of the report. 

The n1ajor part of the co:nputation r: n<l sin ulation is pcrfonned in 

the i.:.iin progrrun, TRACI'. Subroutine GAUSS generates the complex gaussian 

randor.: variabl1=s used in simulation. TI1esc gaussian variables are 

derive d from unHormly dl£tributed (0,1) random numbers obtained by 

callinG IlANF. Subroutine GCALC computes the antenna patterns which 

arc plotted by calling the subroutine rNrPLT. Matrix inversion is per­

formed in ~!AT INV. 

lnputr; to th~ procram include the number of array elements (NEL), 

number of ja1nrners (NJ), number of f.amplez per simulation (NSD~), scan 

angle (SCA?O, E1ignal to noise ratio (SN), and jammcr powers (PJ (J)) 

and anglcf; (THJ (J)). Both the fJir,nal to noir.e ratio and the jauuner­

to-noisc ratio (J.>J (J)) are c11ec:f.fied for a single array element. 
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~ij UGM&M T~ACI'. (J~PUT,OUTPUT,TAPE5:l~PUT 1 Tl~Eb:JUTPUT) 
• NEL= ~UM8 tR Of lllHENTS 
• NJ: riu110 F. 1< UF ,1A :~1-1(ft S 
• N S J II = ,~ U ~ d b~ U f- S A ~ P L ~ S I Ii S l 11 UL A TI O Iii R UN 
• SCA N:[Lf CT~ ONl C SCA~ A~ GLE 
• t.U; l'AC-fLEr1t:: r1T SP AC.Ir•G/ wAV[Lf.NGTH 
• PJ(J),TMJ(J) A~l JAMM(M PU~fHS ANO A~GLES 
• ~s(J,J) A~ E SUM ~f ~M ~TS FUR l•T~ CtS E AND J"TH lLE~ENT 
t wO(I,J) lijf UltF BEAM w[l~HTS 
t C M l 11 , ~, ) I S C lJ V AR l 4 ~ C ~ t1 A T IH X O ~ I UV t: R SE 
t CASE t • NO iDA~lATIU N 
• CASE 2 • ADAPTI VE SUM AN O OlFFl~[ NCE BEAHS • NU CU~RltllUN 
• CA !> E l • DAVIS ALC:tJRl Tt1~1, U~i-.S CAf.t: l ,.r1Gt1TS 
• CASE «i • PAlr<S I.LGURl 111M 
• SS( ~),SD(N) A~£ STll~I NG SIG NALS 
t SS(N),SD(N) AijE ALSO U5~0 JN SIMULATION AS SIG AND DEL OUTPUTS 
• A(~),~( K) 1 C( K) AHE NUJ5l CUEF~JCJENTS FOR SIM~LATIUN Of K-T~ CASE 
• SSJ G(l(),OSlCi(I<) ARE. &Jt, tlAL CIJHFJCHt.:T S FOR l'.•PI CASE lN SJMULATION 
• CJ~C t< ,J>,CJ DCK, .J) AH E Jtl, •if: l! C!J f.FF', H'M K•Tl1 CASL A"- 1> J•TH JA!-iHER 
• ttll, ~ll,82t, U2i t ij£ CU l ~~lCll Nl~ J~ OAVI~ ALGU MllHM 
t HP1t,BP2l ARE t OE F~ICll NlS JN PAIRS ALGO~IJHH 

CO MPLEX OSJ GC4 ),SS1G(~), b~ll,B~2 2 
OI ~E~SlON GS(tOJ),GD(l ~1),A NGL~(163) 
(J I Mt II S l ON P J l 1 0 ) , T t, J ( 1 0 ) , !> ( '- ) , C ( 14 ) , A v ( 8 ) , \' AH ( 6 ) , T t• ( & ) 
CO MPLE~ U(~),C H( 20,2 Ul, ~~,uts,61 2 ,U2l,ti2l,CJ3 (4,10),CJD(ij,10) 
CO MPLEX SS( 2U ),S U( 20), ~s ca ,? u), wo (q,20),CP,C t ~,LX,GG(22) 
C 0 ~1P LEX W() lJ Cu , 2 Cl) , tl 1 ~, IU 1 , 1)0, U :, FF , CJ Dii ( 1 0) , () 0 S l C, S 00, t: PS, t:: TA 
hAM ELIST / PAHAM / Nl L, NJ, ~a! M,SCA N,b~,PJ,T HJ 
~A HELJST/EiACTI Ull,b31,D ~,Et,fF,A, R,C,ODSlG,SOO, ~PS,ETA,CJOO, 

l~LFA,H ETA,~A M,CJ S,CJ~, UE LT,SS,SD • 
HEAD(5,t2) ~~L,NJ, ~Sl M, SCAN,SN 

lZ FOHHAT , 3I5,2Ftu,2) 
If (NJ,EO,Ol GU TO ll 
DO 10 Jat,r~J 

10 H~A0(~,22) PJ(J),THJ(J) 
ll f 0W~AT(2Fl0,l) 
I l ClHi TINUE 

S t1 :. l u, • • ( S ,, I 2 o , ) 
NC:ASt:;j 

• TRY lHHEE OlFFEkENl JAM M~" LtVE~S 
• 

l)(I 100 LW, :.t,l 
no 1.01 J N.J:: 1, ,~J 
1 f ( L MN, E ,J, 1 ) Ci u TO 7 U 7 
PJ(JNJ):100,*PJ(JNJ) 
lf(LMN, EY,3) PJ(J NJ)ao, 

707 C0 ~1 TllJUE 
wRlll:(t,,PAIH11) 

• CO MPUT~ " [l~HTS fUH ~O~•ADAPTlVE AR~AY 
• CO MPUTE STL l~ lNG SIG NAL S 

Pt:Q,tATA"-U,) 
CP~CHPLXtO,,l,-Pl) 
AV ~,: ( !JtL+ l) /2 1 
lLb?AC a, 'j 
ST~Sl~(Pl/lUO,•SCAN) 
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1)0 lO p.,::1,~EL 
SS(N):C[•P(•CP• f LS PAC•l~•AVN)•ST) 
SD( N):•C~•EL~~AC•C h•AV~)• SS(~) 
"S ( I , 11) as S l ~ ) 

20 riD(l, N)::sS D ( N) 
• FO~M CUVARIA NCl MA1R1X 

L>O l0 1o11q, l~EL 
DO lO ~=-1,NEI. 
CH(M, N)110, 
1 r c 11 , E •~ , N > c M < H , N > " 1 , 

30 cn~TlNUE 
OU IHI J :s l , NJ 
SJ~S1 N(~l/l60 1 •l~J(J)) 
DO LIO M=l,NEL 
DO 40 N:t,NEL 

"0 C "1 ( M, N ) : C :•q 11, '.I ) + P J ( J) •C E X P ( • C P •EI.SP AC• ( H" N) t SJ) 
• lNVfHT CUVA~lA ~Ct MAJRlX 

CALL MATI NV(C " ,~EL) 
• FO ~"I AllAPTl\ll ARl< AY ,,EJGltTS 

00 SO 11 ::1, N[ I,. . 
~s,2,1-1):~ o ,2, ~)ao, 
t,;Ol)(Z,rt)c:O, 
DD 50 tol,NEI. 
.. s ( 2, H): As ( 2, t-, ) ♦ 5 5 (tJ). C ~ ( ,1 , N) 
~out 2 ,M): .. uuc2,·1) .. CP•~LS P~C•(N•AV N)•Sn(N)•CM(~,N) 

50 fi0(2,H):,.D(2, M ) ♦ ~0 ( N )t(;Pl(H,N) 

lF(LrlN , Nt,l) r. u TO 121 
t•PLUT::l 
CALL ,cALC(~s, - u,GS,GU,A N~ LE,NEL, Nr LOT,lLSPAC) 

l2l (; ( IIHlPllJF. 
t CllMPuTt:: hlJ fOR l)AVlS ALGO RITHII 

s u M ,~: o Ir,~= 0, 
t'1 l=UU:ti2t::o, 
Hlt=O, 
00 fl0 N:1,l'IEL 
Ul FN : DlFh+,A hS(~DC2,N))••l 
su 1-:1, :5Ut-< i 1♦CA11S( ... ;; (t!,:14)) ••2 
tt11~u11+~sc2, N>•cn ~JGC5Sl~)> 
It 2 l :: ti 21 u O ( 2, IJ ) • C IJ 'J Ci ( S S ( ►J ) ) 

1H 1 = 1s:H • "o o c 2. N > • c ui-. JG cs s c N > > 
bO U22; b22tCP• ELS PAC•(N•AVN)•~D(2,N)tCO NJ~(SS(~)) 

U12=CO r, JG(U2 l) 
lll .s:c11•1JG(tH1) 
~WITtCb,111) u 11, a 12,022 

111 fU MM AT(• 811~•,?tl2,5,5X,*Ul2=•,~E1~,S,5t,•8l2~•,2 l lZ,~) 
wR!Tl(~,IIOij) S~ M~,Uif N 

4'011 HlRlolAT(I• SUII NuISEu,f.t2,5,• OlFf' r,OlSLst,lt2,5) 
* fQijH CUV4~1ANCE MlJRlCES AN~ ~lJGHTS FU~ PAlRS 

N2.:'-lt:.L/?. 
• SUH PAl~S HATRIX 

00 3?. t-t:1,112 
OU :\l ll:t,N,? 
(►1(1'1,t-.J) :: I), 

If(~,F U,N) CM(M,~).:2, 
ll cor,l l NUE 
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on H Jat,NJ 
SJ:SI~(Pl/lHO,•THJ(J))•ST 
UU ll t1:.l,Nl 
DO l3 N:q, ,,z 
XX=CUS(2,•Pl•fLSPAC•CM•AVN)•SJ)•COSCZ,•Pl•lLSPAC•(~•AV~)•SJ) 

:u C"" ("I ' ti ) • CM ( ti ' ~ ) ♦ p J ( J ) • " • * u 
• SUM PAI RS INVtHSlO N 

CALL MATJNV(C~,N2) 
• SUM PAlRS ~EJGhT CALCULATION 

DU l~ t11;t,Nl 
f1S(3,M)•O, 
DU 97 N:1,1,z 
WS(l,H)2ftS(l,M) ♦ CM(M,N)•Z, 

q7 co:H 1 NUE' 
1'11'41:NEL•l•~ 
WS(l,MH)=~sc3,H)•CEXPC•CP•(LSPAC•ST•(M~•AVN)) 

34 ~S(l,t1)a~SCl,t1)•CEXP(•CP•ELSPAC•ijTt(M•AV~)) 
• 01 F H IH: t, CE PA If< S ti AT~ I X 

DO :SC, H:1,N2 
00 3b N: l, Ne! 
CM(H,N):r0 1 
1F(M 1 (U 1 N) CM(M,N)s2 1 

ltt (.01i TI NU£ 

UO l7 J•l ,NJ 
SJ~SIN(PlllHO,•T~J(J)l•ST 
00 1·1 t11:1,r~~ 
00 37 "~t,N2 . 
xx~SlN(l,*Pl•ELSPACt(H•AVN)•SJ)•SlN(l,•Pl•ELSPAC•Ch~,v~)•SJ) 

31 CM(M1N)2CH(1'4,~)tPJ(J)tU 1 tk~ 
• OlffLRlNCE PAIPS INV~~SlUN 

CALL MAll~V(CM,~2) 
• UlfflRE"C~ ,AIMS ~llCHT CALCULATION 

UU l6 t11q, ~2 
wO(l,M):,O, 
00 'ill t,~t,r:2 

q~ ~0(5,M)=~D(],~)+CH(~,~)•CPA2,•~LSPAC•(N•AV~) 
r1'1: tJi:.L + t •M 
~ 0 ( 3 , MM ) : "'U (.5 , M ) • C lX P C • C fl ti:. L S fl AC • S T * ( M .. A VI~ ) ) 

38 ~O(l,M)••~U(J,r,)•CEXP(•CP•~LSPAC•ST•('1•AVN)) 
JF(LHN 1 Nl 1 Z) GU TO bbb 
HPLDT:2 
CALL GCALC(WS,~O,GS,GO,AN~LE,NlL,N?L~T,ELSPAC) 
C~LL PA1PLJ(G5,GO,ANGL~) 
NPLOT:I.S 
CALL GCALC(~s,~o,GS,GO,A~GLE,~EL,NPLOl,ELSPAC) 
tj~L PATPLT(GS,GD,ANGL~) 

etbb CONTlNUI: 
• PAlHS NU~HlLilAflUN CUlFFlClENT3 

5UMt~:; 011-' ",: 0 1 

t,Pll=1w22s:o, 
lJ{l 210 N• t, tlt.L 
sur,"l: SUl11't ♦ C At1S ( ,-4!, 0, ,~)) u 2 
Ulf4~01FN+CAuS(~U(l,~))••2 
tX=ClXP(CP•(~•AV4)•ELS~AC•ST) 
~P11~e~11+~scl,N)•EX 
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230 1,i:-2;> :: I ,rv •--1>(3, r. )•tX•CP•(N .. 4VN)11f.LSP/\C 
.,; il J T t ( t> , ~ 0 J) lj I' 1 1 , I~ P 2 i!. 

qOJ FO ~ATC//• bP11=•,~l1i,~,• 6P2i~•,2EJ2 1 5//) 
... R l TE ( 0, "0 4) s ll Pl,, , I) J H~ 
~O 132 Lk=l,~CASL 
rd<Jl(('J,lll) LX 

t1] fO ~HAT (t ~f lGHT5 FO R CASf•,lq) 
UO 132 ~;; \,,~LL 

l3Z r,~JTt(b 1 1J~) WS(LX,N),~O(L X,N),~U0(2,N) 
t3i. FOM AT( t[ lU,~) 

• CO HPUT l RflElVt:.~ ~UISE COEfflClE~TS 
OU 77 11c ::J,tit;A Sf 
ALFA:.Rl:.lA::0, 
(;AM :: Q1 

lf(NC,t0,2) DELT= EPS=E1Ac0 1 
00 76 11;:1,r.EL 
AL~· A=A1 . Ft. ♦ Cf\bSl rl $( N C,N))uc? 
11 !:: TAi:h f.Tt.+ CAu ~l w ' (•.C, N))u2 
1FPIC 1 1lF ,2> (;C TU /6 
UELT=PtLT+CAb~l~ U0 (2, N, )••2 
t.? S: I:. P 5 ♦ • S l •• C , r. ) • I,; UN JI., t w lJ I) C .? , M) ) 
l TI.: l T t1 + ,. D ( ~, C , r ) .1: CU IJ .i ... ~ 11- LJ O l ;: , ~I) ) 

78 GAr1:: (.;A I HS(NC,rd • i.;u•~JG(WO( /: C,N)) 
A(~C): ~~ ~ T(ALFL/2 1 ) 

ti ( N t ) :: CO rl J ~ ( li A I\ ) / S IJ R l ( 2 t • AL r A ) 
1rp1c,,.f.,r.> r.o ru n 
VO:: CU ,J e, ( f· PS i I ~ • r: T ( 2 , 'ALF/.) 
E 1: i , c '-" • ._, r; c i: , A > 12 •• ,: i:..1 · , 1 r; u~ P ':: , • u, , . , 1 2 • o L F ~ 
H : :-: H I : ' : i:T ( 11 t T A /2 • • C A LI :, ( t; I\ 1 I ) • tt t I I. , I A L F /, j 
FF:s1; }: TC ' [L T/?.• nc;t.llS l fll J ) • • 2 .., C AI\S ( f:!:.) u i! ) 

7 7 C C •• C ) 4 S !~ I< 1 ( tit. 1 A I 2 , • C I, b !> ( C, A '1 ) • • ~ / l , I AL f-" A ) 
• CO •WU TE J AM ~ f. R CU !:. H l t: H t, TS 

00 b7 NC;:t,,~CA~f:: 
l>O ijl3 J:1,NJ 
t; J S ( : , C , J ) ~, JO C r; C: , J ) :i O , 
lF ( II C:.,(·. n ,n CJO()(J);:O, 
~ J: :, J :1 C I' I • 1 ► I J ( J ) / 1 d O ' ) 
0() t:\'1 1l=1,"l:.L 
l lC:.CL --~ ( CP•ELSPAC:' ( N" A~,J) •SJ, 
C ,I~ ( •1 f. , .J J :: CJ~ ( r, C , J) •,. S ( NL , rl) •EX 
l F ( :~ C , I- 'l , iJ.) CJ [l O ( J ) :: CJ i'Hl ( J ) <· •• D iJ ( 2, 11) i ( X 

8 II C ,J ll ( t C , ,J ) :: I,; J () ( 11 C , ,,I) ♦ "ll ( NC , N ) • t: X 
c J s c ,.c, J ) = s r.rn r , P J < J > n, > , c J;; c ~c, J > 
1 f-' c 11 ,; , £ 11 , n c J Do c J , = s , Hi r < P J c J > 1 2 • > • c J r, o c J > 

811 CJ l> ( r, C, J): SU id l I' JC J) /2, ) "'CJD l "I C, J) 
8 7 C O ,~ T l N ll f 

• SJ•~uu.-r l!J ~ FO~ 1-'lV E T41H,FT ANGUS 
fR:1?,• ~t L/(~fL••J~~~L) 

• fRY ~O U~ OtFFE~~ NT SIN RATJUS 
on 1 vo ,,s 1J:: 1, ,, 
s~;s~~rc10,••c~s ~-1>> 
5~0 8:20,•ALU~lU(SN) 
~~lTt<h,~O~> s~ o~ 

so~ ~U ijMA T(///• SIGNAL•IU•NOJ~E WA1IU(~8) •,flO,l) 
• THY OJFfll{l"lf iA HGF.T LlJC/,TJlliiS 



00 10 0 NA :,t, 5 
SEPc, S 
ATAMu-SEP•(NA•l) 
~RlTf(b,121) AtAkG 
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lZl fOM~AT(/~X~TARG~l AN ~Ll(OEG)~•,F5,2/) 
ATAR~cPJ/160,•S~~•(NA"l) 
THT:Pl/160,•SCAN ♦ ATAkC 

fRH:FR/Q 1 /PJ••2/El5PlC••Z/COS(PJ/l80 1 •SCAN) 
• CUMPUll TA kGE T A~GLf GAINS 

AV(4):V/uH:J)c0, 
A\'(S):: ·o R(~)=o, 
AV(b)i:VA~(b):.O, 
00 110 NC=l,NCASl 
AV(NC):VAR(NCJ:0 1 
SSJG( ►JC):O, 
lF(NC,t0,2) OOSlG=O, 
OSIG(llC)::O, 
DO 110 N:t,NEL 
lX;CEXP(CP•lLSPAC•( ~"AVN)•~IN(THT)) 
SSJG(~c,~ss1~c ~c,.SN • ~G(NC,N)•tx 
lF(NC,lU,2J oos1,:0Dbl, ♦ 5~•~DD(2,N)•EX 

110 USIG( NC):OSlG(~CJ+S ~•~U(Nt,NJtEX 
NJp;NJ+l 
NJ2=t~J+2 
NJl=NJ+l 

t 61'-lllL.AllO'~ ~l )llT!NE 
OU ZOO NS=1,N5PI 

• GENE~Al~ rANUUH ~UMBER S 
C.\LL Gt.ll5SC ~:J3,GG,>tP.,(:P) 
~o 210 Nc~,,~c~sl 
SS(NC):A( NC)•GG(~Jl)+SSJG(NC) 
S D p, C ) r; tH ' 0 • r; G ( N J 1 ) + C .' ~ C. ) t % ( 1,; J 2 ) + D S I C (I; C ) 
JF(NC,l0,2) SUD=ODSIG+UD•C~(~Jl)+El•~C(NJ2)+FF•GG(NJ3) 
OU clO J:it,t~J 
SS( NC)cSSC~C)+C.G(J)•CJS(NC,J) 
lF(~C,E0.2) soo~~DD+GG(J) • CJCD(J) 

210 SO(N(;):S[)( NC)+GG(J)•CJL>(r.C,J) 
l H ( 1 ) :t,.; l A I. (SU ( 1 ) / S $ ( I ) ) t\'FR M 
l"(2):MlJL( SU (l)/SS(2))tfRij 
t:X »•ti 1 1 • ( CU rJ J G C S !> C 2 ) ) * ~ 0 ( 2) + CO NJ c; ( SD C 2 ) ) t S S ( l) ) 
(X:lX+(Ht2•U 2 l)*5S(?)•C.. O~JG(SS(2)) 
~A~ Hl2•SS(2)*CIJNJG(5~(2))4dll•S5l2)•CONJ~(SDlZ)) 
U fl;; l\ll " :.l 1 ?. ,. C ll t , JG ( S !:» ( 7.) l * SD ( 2) + I} 1 1 t SI) ( 2) *CU•~ JG (SOC Z) ) 
~ B:. BU., 2 • • ( I; l 1 • t12 ~ .. ti 2 I * b I Z ) 
TH (3);: • ~ [ t. L Ct X /2 1 /ii H) / C US (SCA H •Pl/ 18 0, ) 
TH(4)= qf~ L(SO(j)/S5(JJ•UP11/H~27./CU5l~l/lij0,•SC4N)) 
~H:ijl2•SS(l)•CO~J~( SS (2))• 61l*SU(2)•CO~JGC50(2)) 
tHi::2,•tih .. 2 1 •( ~ 1?.t o ,O)/BtlHlC • 
h~: Ub-Hlt•(SS(2>•CU~J G(SUO)+SDU•CONJG(SS(2))J 
U 8 = H b + 5 S ( 2 ) * C U N J G ( S S l ~ ) ) * ( t.i'S l + Lil 3 ) 
JI◄ ( !>) : • 1-1 UL ( E. X / t~ u) / CU 5 (SCA r, *PI/ l 8 0) 
U~:?.,•5S(?.J•CONJG(S~(i'.))•(o22•1121•Ul2/Bll) 
TH(b)a• ij lAL(fX/Bb)/CUS(SCAh•?J/100) 
01.l 200 l<"-=1,o 
AV(K~):AV( KK)+lH(K~)•AlAHG 
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VAR(KK):VAR(K K)+(TH(~K)•AiAnG)••2 
20U co,-..Tl~Ul: 

t.CASt.1:~CASE+t 
~c A Sl2:&NCAH ♦ 2 
NCAS0=NCAS£+1 

* NONMALlZl ~JAS ANO VA~lA~Cl ESTIMATES 
OU ZlS N;1,NCAS£3 
AV(N):AV(N)/NS1 M*IU0 1 /Pl 
VA~(~):VA N( ~)/~SlM•(lH0 1 /Pl)••Z 
w~st.=s a1n cvt. 1 cr.i» 
VA H(~):VA~( ~)"AV(~)•*2 
STD=SD~T(VA R(~)) 

215 ~RJT£(b 1 2lb) ~,AV(N),STD,~HSE 
21~ FOnMAT(7H CASE ,12,7H BIAS ,fb,2,SX,7HST ~EV ,Fb,3,~x,•RMS:•,Fb, 

U) 
l 00 CO t-. TI NUE 

"'~11£(o,lxt.Cr> 
ENO 



76 

su~nuu,r~E GCALC(ws,~D,GS,GO,ANGLf,~lL,NCASE,(LSPAC) 
CO MPLt ~ ~5(4,?. 0 ),~Q(Q,tO),CP,~s.~o,xx 
L1?11E 1,SlO N liS(lt<l),t;D(HU),ANGLE(1~3) 
Pl::4,HUN(J.) 
CP=C~PLX(0,,2,•Pl) 
DM~c~Mxc.10000000000, 
DO 20 J::l,181 
PS l l>:.J.q 1 
A~{;Ll(J):PSIO 
t'SJ :s?SlD•?J/1O0 1 
l S:: E {I: O, 
LIU 20 ~=!,"-IEL 
X~cCtXP(CP•[L SPAC•N•Sl~(PSJ)) 
l~=ES+~S( NCA~t,N)•XX 

zo l{, ;f:IJ +~ocr CAS E,N)•XX 
lSS:AM4X1CC~ ~S ( [ S),,OOOOOI) 
tODa4MAXt(CAtiS(E0),,000001) 
GS(J):?.0,•AL UG tO(ESS) 
GO(J)~tO,tALUGlO(fDO) 
SMXCAMAXl(S~X,GS(J)) 
Dl~;OAMAXl(fJ' X,CiD(JJ) 

JO CO NTINUE 
on 30 J=1,1s1 
GS(J)sAM~Xl(C GS(J)•SMX),•60

1
) 

30 GD(J)cA~AXl((GU(J)wU MX),•60
1

) 

IH. I UR~I 
~PJD 

SUijqUUTJ Nt PATPLT(GS,cu,A ~G LE) 
()lMf. t• Slr.11, GSlldl),GO(i t !>,AI C,Lt.(16l) 
CiS(ll)t )=•b(.1 1 
CALL PLOTS <5 11Lu; , J) 
C~LL S~ALt(A NG LE,b,,181,l) 
CALL SCAL~(GS,b 1 ,l8J,1) 
CALL SCALE(G v,i,,td1,t) 
CALL AX JS Co, , O, , s~ me, LL,••:;, b • , 0 •, AN r. u: ( 162) , A NGU:. C 18 3), 0 • ) 
CALL AXJS(o.,o.,bH&A! ll(D G),6,b,,~o.,G s (t82),GS(t83),.l) 
CALL ll '~l Ct,'• '-'I. t., GS, lt>t , 1 , o, 0) 
CALL Ll " E(Al•fl, Ll. ,(.;D,lc!t,1,4,l) 
CALL PLOT(to,, o ,,•)) 
Wf. TUR II 
ll~D 



&U 8ROUTI~f HATlNV(A,~) 
co~:PLEX A<co,20> 
DO l l •~ I -; J , '~ 
Du 12 J: l, N 
1F(J.EU 1 Nl) GO TU li 
A(Nl,J)=A(Nl,J)/A(~l,Nl) 

le? CO~T1NU£ 
DU 1!; l=l,N 
lF C I • E Q • 141 ) GO TU 1 S 
00 lb J: l, N 
lF(J.fO,~l) ~o Tu lb 
A(J,J):h(l,J)• A(l,Nl)•A(~l,J) 

l f> CO r, l I 'JUf 
ACl, Nt)~•A(l,Nl)/A(Nl,Nl) 

l!t CO NTHIUE 
A(Nt,Nt):l,/A( Nl,Nl) 

11 COIH lNUE 
Rl TUfHl 
E. ND 

SUbRUUTl~E GAUSS(~,G~,XR,CP) 
CO MPLfX CP,GG(Zl) 
00 JO Hal,N 
AMP:1-a r-.i-- co.> . 
AR::Rt.,-.f ( 0 •) 

17 

10 G~(~)~ sa~T(•2, ~L LU G(AHPJ)*CE XP(CP~XR) 
RETURN 
END 
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APl'Et'11>IX II 

S!MUT.ATJON OF RECEIVER !WISF. 

In ~imulating the on~le esti~ator of Eq. 5 (i.e., Case 5), three 

beam outputc are r~quirc!d, >:, 6, nnd Ar:.. Since:: cnch of tl1ese beams is 

generated by wdghtinr. and summing the same array clPmcut outvuts, the re­

ceiver noi[,e componl':!nts in these outputs would be corn•latc<l. The assumed 

model is cine in which ench element :h. followed by m, amplifier and the 

amplifier outputs arc wef ghted Pnd n<lded. Hcceivcr noicc is equal and inde­

pendent in each channe l. Rather thnn generate a separate complex Gal1ssian 

number to r~prescnt tl1c f(;!Ceiver noi.s c in each element, it is more efficient 

during tlw simulation to r,cncrale Lhrce coucl"i.ctl 11oitH.: cu1111,on~1,i...i,. 'l'l,,e 

correlation :-. between the t 1n-r!C' outputs, r., 6, and f::. , are computed at the 
E 

beginning of a si~ulntion run and used in ccnerating the Appropriately cor-

related noiae components. 

The statistics of these thrc.• e noise components ore described completely 

by their second raomenLG, Let w
5 

denote the array element weights in the sum 

channel, w
0 

in the dift e r c:ncc (f...) channel, :.m<l w
02 

in the t.c channel. The 

required s c·cond 1:ioments are: 

E ltl 2 
:.: ,: lw512 .,. a 

E I til 2 
t; r. I WD 12 = p. 

E It. 12 
t; r lwo2l2 

f. 

E It.= r W W • y s l) 

r= 0 
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(11-1) 

1 

where E denotes average and bar denotes complex conjugate. 

To simulate the three properly correlated receiver noise components, 

three independent complex Gaussian numbers are generated, say r 1 , r 2, and 

r 3. Each has unit variance in each quadrature component, so 

(II-2) 
j rj k 

The three noise components are 

(II-3) 

It can easily be shown that these components have the second moments of 

Eq (11-1) when 

b • Y/ 2a 
;---'"--C"'--~-

c a B/2 _IYl 2
/2a (II-4) 

d •c/~ 

- -
e a ¥ - ___ c-;.x-:.-=--=--=--=--:..-=--:..-=--=--

2a ✓ 612 - IYl 2/2a 
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✓o 2 2 
f "' •2 - I d I • - I e I 

For cxm1 pl C? : 

,.. 2nd (II-5) 

a £ 

Similar c-;.;pansior. of the other seconu 111c.,me;.1ts, noting the 1ndepcndence of 

the r j, will verify the other cr1ua tions in (II-1). 
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