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MODELING OF THE DESTRUCTIVE EFFECT OF EXPLOSIONS IN ROCKS 

V.M. Komir, L.M. Gevman, V.S. Kravtsov, N.I. Myachina 

Foreword 

At the basis of a fundamental scientific inquiry lies the process 

of reproducing in a logical manner on a small scale phenomena which are 

sometimes gigantic -- in other words, modeling. This process encompass¬ 

es a huge amount of territory — from the launching into space of a 

rocket to the mechanisms by which neurophysiological systems of the 

human organism operate. Modeling became a reliable instrument for 

investigating phenomena which were inaccessible by any other methods, 

and it became a highly simplified means for learning about the regular¬ 

ities in nature, a unique criterion for approving monumental engineering 

words and complex machines prior to realizing them in the form of 

concrete or metal, and an effective means of predicting the development 

of science and technology, and of establishing the general direction 

of scientific investigations. 

The principle of modeling is not complicated — it is the ability 

to reproduce offsets which are similar to one another. The model may 

be an object possessing a different physical character than that of 

the object under study. In such a case it is mandatory that the 

requirement of identity of all relative quantitative characteristics 

by fulfilled. The sufficient criterion of similarity is the coincidence 

of dimensionless equations describing the object under study and its 

model. 

The possibility of studying different sides of a phenomenon on 

the basis of its model is the expression of the philosophical principle 

of unity of the world. Even in phenomena which are in essence 

different there are general sides of the picture. In his work 

"Materialism and Empiriocriticism," V. I. Lenin makes this note: "The 

unity of nature is found in 'the striking similarity' ©^differential 

equations relating to different phenomenological areas." 

1 V. I. Lenin? Polnoye sobr. soch. (Complete Collected Works), Vol. 18, 
p. 306 
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Thus the mathematical generality of various phenomena predetermines 

the wide capabilities of modeling methods. 

It is difficult to trace the origins of modeling, which apparently 

have been lost in the epoch of the building of the great pyramids 

and the first ships of antiquity. The history of modeling is more 

clearly traceable during the period under present review. Evidently 

the development of modeling may be divided into three stages: at 

first it was the attempt to build miniature prototypes of large 

scale production projects. Afterwards it was testing the reliability 

of monumental engineering works at the design state and, finally, 

modeling was formed into an independent scientific discipline, having 

a multi-faceted character. " 

It is known that knowledge about similarity began with I. Newton 

(1686 A.D.) and was developed by the French mathematician J. Bertrán 

(1848 A.D.), who introduced the concept of the "Newton criterion." 

The English engineer W. Froud initiated a study of the sea-going 

qualities of ocean ships, and N. Ye. Zhukovskiy was the first to 

study the quality of airplanes with the help of models. M. V. 

Kirpichev and M. A. Mikheyev laid the foundations for thermal 

modeling. One of the fi^-st attempts at modeling in the sphere of 

mining is the works of M. Fayol, devoted to an investigation based 

on models of the phenomena of deformation and destruction of minerals 

in the process of mining. Creation of the scientific bases of 

modeling amplified a full circle of questions, which were solved 

by drawing upon data obtained from models. 

At the present time a special value has been given to mathematical 

and physical modeling in the choice of rational systems for working 

beds of useful minerals, in the determination of optimum parameters 

for mineral-transport equipment, in the design of ventilation systems, 

in the construction of mining machines (electrical conductors, 

pneumatic ,and hydraulic systems), etc. Application of the optical 

method of investigating the stressed state by models permitted one 

to solve many problems c.'nected with the occurrence of pressure 

FTD-HC-2 3-ir>64-74 
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in rocks, and this takes on an especially important significance 

with .elation to increasing the depth of mineral works. The method 

of equivalent mat2rials, proposed by Professor G. N. Kuznetsov, 

opened possibili_ies for studying by models the distribution of 

deformation and damage to rocks in the process of underground mining. 

The solution of problems related to mining was simplified through 

the use of centrifugal modeling, proposed by Professor G. I. 

Pokrovskiy. The method of centrifugal modeling was successfully 

utilized in the solution of a series of problems on the stability 

of banks and terraces in the construction of the Moscow canal and 

other corresponding construction projects where unique industrial 

explosions were carried out. This method is widely used in the 

investigation of the development of rock pressure. 

Modeling of the disruptive action of explosions in the mountain 

mass, to which the present book is devoted, is relatively new 

and has yet been little studied. Direct study of industrial explo¬ 

sions ..s made difficult not only by the high pressures and tempera¬ 

tures, not only by the short time duration of the process, but also 

by the influence of subsidiary factors which are difficult to 

subject to detailed account. The modeling of an explosion permits 

one to limit the number of costly experiments in nature, maintain 

the identity of experimental conditions, and apply the results of 

laboratory experiments to natural objects. 

An important side of the modeling of explosive action is its ponder¬ 

able outcome in practice when embodied in complex mining construction 

problems. To the same class of problems belongs the production of 

effective and economical nuclear explosions for the moving of millions 

of tons of mountain rock in reckoned fractions of a second. In this 

connection it is fitting to mention the interesting publications of 

G. I. Pokrovskiy and A. A. Chernigovskiy pertaining to their in¬ 

vestigation by modeling of the intensity of radioactive radiation 

as a function of the energy of a nuclear explosion, reported over 

ten years ago before the congress on world utilization of atomic 

energy. Unfortunately this direction in modeling, in spite of its 
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3 



obvious future prospects, has not yet received the development it 

deserves. In the not too distant future the most appreciable results 

will be seen in the modeling of atomic explosions for opening rivers 

and building artificial channels and terraces. The enormous effect 

on the national economy may bring, in particular, the realization 

of the idea of an underground atomic explosion. In this case it 

is possible to construct dams owing to the intense seismic wave 

when the atomic charge is sufficiently remover» due to the elimina¬ 

tion of radioactive contamination of the body of the dam. No less 

practical is the wide application of massive directed explosions 

of ordinary explosive materials in hydraulic engineering construction. 

The large-scale scientific and engineering effect of the unique explo¬ 

sions for building the anti-erosion dam on the Malaya Alma Atinka 

River and the covering of the Terek and Vakhsh Rivers advances the 

problem of designing and realizing similar explosions in ever-increasing 

quantities as a candidate for the most important problems. An indis¬ 

pensable condition for realizing these projects must the modeling 

of each explosion taking account of the concrete mineral engineering 

details. 

It is inexcusable to bequeath to future generations overburden 

stripping by means of directed explosions of open-cut fields. 

The technological policy in effect today is that of constructing 

superdeep open mines whose annual yield is numbered in tens of 

millions of tons of useful minerals, and an ultimate depth of hun¬ 

dreds of meters may be still more economical and efficient, if 

the cutting of the trenches were realized with the aid of directed 

explosions. Substantiation of this was the successful driving of 

a slit trench in 1969 in the Dneprovsk GOk with the aid of an explo¬ 

sion. It deserves attentior j note that interborehole retardation 

in the dispersed charges ot ne core were used in this experiment 

in order to control the movement of mountain rock on a front of 

about 100 meters. 

* mining and concentration kombinat. 
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Th i formulation of these and similar types of problems in design 

practice,taking account of the results of preliminary modeling 

experiments,will serve as a very clear example of the union of 

science and practice, as it frees considerable economic reserves 

in the mineral industry and it shortens the period for the intro¬ 

duction of new capacity. 

In light of the above there has been a very sincere attempt on 

the part of the authors of the monograph here offered to analyze 

from a single point of view the diverse modeling methods which 

are in use in the investigation of the disruptive action of explo¬ 

sions in mineral rocks. In this book a thorough analysis has 

been carried out of the basic physical factors which determine t 

the intensity of crushing of rock by an explosion and methods [ 

for determining the same are presented. The method proposed by 

the authors for accomplishing physical modeling of the wave phenomena 

in absorbing medium makes it possible to study under laboratory con¬ 

ditions the particulars of the propagation and damping of pressure 

pulses with differing characteristics and to establish the most 

effective prerequisites for obtaining a uniform crushing — 

namely the creation of an optimum pressure field in the mass. A 

simple and original method is set forth in this book for evaluating 

the effectiveness of the method of controlling explosive energy 

when modeling on equivalent materials. (Up to recent times the 

method of equivalent materials was utilized only for studying the 

shape of the heap that was formed and the nature of the movement 

of rock mass.) 

The wealth of factual material has made it possible to promote in j 
this book a series of new ideas in the areas of study of the action 

of explosives on rock masses. Based on a statistical theory of 

crushing proposed by the authors new dimensionless criteria in the ' 

modeling of the disruptive action of explosions are worked out. 

The ideas on modeling the action of explosion^ concentrated in the 

monograph here offered to the reader, will serve as a stimulus toward 
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the search for new means in this most important methodological pro¬ 

cess and conceptual scheme for the phenomena of nature. 

Acadamician N. V. Mel'nikov 
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FROM THE AUTHORS 

The modeling of processes occupies an evergrowing part of the task 

in scientific investigations, appearing in a number of cases as an 

indispensable link, its own kind of a general verification of a 

daring industrial experiment. It relates in full to a rapid acting 

process such as an explosion. 

The monograph is devoted basically to a consideration of questions 

of modeling the explosive crushing of rock. A quantitative estimate 

in this area of explosive operations consists of billions of tons 

yearly of excavated rock broken up by explosions, and qualitatively 

it consists of the necessity of obtaining a uniform lumpiness on 

the bench of the mine, a fundamental prerequisite for utilizing a 

continuous technique in the extraction of hard excavated rock. In 

this work the basic principles of the process of breaking up mineral 

rocks by explosions are set forth, as well as the criteria for 

modeling this effect. Based on a statistical approach to the pro¬ 

cesses of explosive disintegration, dimensionless criteria are ob¬ 

tained which take account of the non-uniform structure of the 

materials. 

The completion of this book was in considerable degiee made possible 

by the advice, observations, and creative participation of acadamician 

N. V. Mel'nikov, and also Professors G. P. Demidyuk and G. I. 

Pokrovskiy, to whom we express our deepest gratitude. 
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CHAPTER 1 

THE FUNDAMENTAL STATUS OF THE THEORY OF MODELING, SIMILARITY AND 

DIMENSIONALITY. 

Modeling — An Effective Method of Investigation 

Modeling appeared at the dawn of civilivation for tne purpose of 

verifying technological solutions in the building of structures 

and the creation of mechanical devices. The necessity for modeling 

came as a result of lack cf understanding of the behaviour of struc¬ 

tures and devices in the process of their service and operation and 

of the absence of methods for calculating these. Until the theoret¬ 

ical bases of modeling were worked out, satistifactory results might 

be obtained only after drawn-out researches. In thic con¬ 

nection even G. P. fâlileo posed the question: "Why does a 

model in miniature perform perfectly, whereas a machine constructed 

in nature on the same model does not give the expected results?" 

Not a few cases are known where an incorrectly achieved model led 

to sad results in the construction of buildings and machines. The 

answer to Galileo's question took shape ever the course of several 

centuries. I. Newton set the beginning to a scientific answer to 

this question, being the first to formulate the theorem of mechanical 

similarity in the book "The Mathematical Beginnings of Natural 

Philosophy ," published in 1687. The working out of the scientific 

bases of modeling and the utilization of sound design methods made 

it possible to exclude erroneous solutions and deductions which 

had been obtained on the basis of investigations with models. 

The first type of modeling which arose and which found application 

were various physical models in which the model and the object under 

study possess the same physical character. Physical modeling allows 

one to judge the bchavio r of an object on the basis of the results 

of studies on the models under the condition of their similarity. 

In this case the equations which describe the phenomena may be 

unknown or may be very difficult to solve. The model is constructed 
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in such a way that the equations describing the effect under study 

or the process with respect to the model and in nature might be 

known to be identical beforehand, i.e., the model should be a 

reduced copy of the object or should represent the same object, but 

should operate in other similar regimes. The foundation of physical 

modeling is the dimensionless theory which allows one to apply the re¬ 

sults of an investigation of the model to the object. 

The extension of the conception of processes and phenomena, and the 

use of the mathematical apparatus for describing them led to the 

development of mathematical modeling, which was based on the utili¬ 

zation of the identity of equations which describe the various 

physical effects. For instance, damped mechanical vibrations of 

a pendulum and the change in voltage and current in an electrical 

circuit containing capacitance, inductance» and resistance are de¬ 

scribed by the very same differential equations. The distribution 

of mechanical stresses in a medium and the distribution of electrical 

potential in a conductive solution, the heat flux and electrical 

current, gas permeability and hydrodynamic effects, the movement 

of air through mines, and the passage of current in corresponding 

electrical circuits — here is far from a full list of pairs of 

phenomena; they are different in their physical nature and yet 

they are described by identical equations. The solution of these 

equations for one phenomenon may be employed in the study of another. 

To obtain the solution of the second aquation it is necessary only 

to insert the corresponding variables and coefficients into the 

solution of the first. 

The experimental investigation of one phenomenon may be replaced 

by the experimental study of another, and the results of the experi¬ 

ments may be extended to the second effect taking account of 

transition coefficients, the determination of which ordinarily 

does not cause any particular difficulties. 

The development of mathematical modeling was the basis for the 

creation of electronic computing machines intruded for the solution 
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of various equations. With the development of science and technology 

the necessity for modeling did not become superfluous. On the ccn- 

trary, modeling is widely used as a method for scientific investi¬ 

gation, ' as a method which lightens the labors of human beings by 

rendering problems soluble which would not be solved using other 

methods. 

According to the definition of academician L.I. Sednov (]965, oane 

64), "... modeling is a responsible scientific problem which has a 

general cognitive significance existing in principle, but it must 

be looked at only as a starting base for the main problem. The 

latter consists in the factual determination of the laws of nature, 

in finding the general properties and characteristics of various 

classes of phenomena, in the working out of experimental and theoret¬ 

ical methods for investigating and solving various problems, and 

finally in obtaining systematic materials, rules, and recommendations 

for solving concrete practical problems". 

Notwithstanding the vioorous development of mathematical modeling, 

physical modeling has not lost its significance for the solution of 

the most difficult problems connected with the study of processes 

which depend on a great number of independent variables and which 

are described by complicated equations (for instance, in aerohydro- 

mechanics, hydraulic engineering construction, shipbuilding, air¬ 

plane construction, mining, etc.). 

In the historical clan one should ooint three mo*5t important 

steps in the development of modeling. The beginning of the first 

step is attributed to Isaac Newton with his formulation of the 

first theorem of mechanical simil itude Thereafter upon the course 

of a lengthy period of time the criteria of similitude of various 

mechanical systems and physical phenomena were established. It 

suffices to name the work of L. Euler who established the simil itude 

criteria for ark constructions; J. Bertrán who formulated the general 

properties of similar mechanical motions; V. L. Kirpichev (1874) who 

formulated the simil itude conditions for elastic phenomena, and also 
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the works of other outstanding learned men. In the modeling of 

hydrodynamic effects a special position is occupied by the v/orks 

of 0. Reynolds, W. Froud and A. N. Krylov. 

The second stage may ne associatea with the beginning of the twen¬ 

tieth century when the n “theorem was formuleted and proved; this 

is the fundamental theorem of the theory of similitude and dimen¬ 

sionality which describes the possibility of expressing physical 

laws in the form cf dependenciesbetv'een similitude criteria (dimen¬ 

sionless quantities) whic^1 characterize phenomena. In 1911 an 

instructor in the St. Pet' ;sberg Polytechnic Institute, A. 0. 

Federam, published a work devoted to the proof of a theorem from 

which the n-theorem follows as a result. Still earlier the 

H-theorem was utilized in the works of the Kuchinsk Aerodynamic 

Institute, under the directorship of N. Ye. Zhukov. The proof 

of this theorem was published in works of the Kuchinsk Institute 

in 1912. Later a work by the American physicist E. Buckingham 

appeared (1914) which was devoted to this theorem. The second 

stage in the development of modeling is characterized by the 

general acceptance of this method of investigation into different 

branches of science. In fact not one branch of science and technol¬ 

ogy was left in which modeling would not be used for studying a 

variety of phenomena. 

The third junction point in the history of modeling is the reqular 

extension of the limits of a single experiment into a group of 

phenomena, an event which constitutes the content of the third 

theorem of similarity. The third theorem of similitude was formu¬ 

lated in 1931 by M. V. Kirpichev and A. A. Gukhman. A short- 

statement of the third theorem of similitude may be set forth 

in t1 e following way (Gukhman, 1963): "Similar phenomena are 

those which have the same conditions of single valueness and the 

same determining criteria". Determining criteria are formed from 

quantities which are independent of each other, which enter into 

the conditions of single valueness (geometrical relationships, , 

physical parameters, marginal conditions: initial and boundary). 
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A special place in the history of modelinq must be given to the 

creation of the first electronic model (the continuous action 

electronic computing machine). It would be difficult to over¬ 

estimate the role of electronic analog machines in the enlargement 

of a circle of problems, which were being studied by the methods 

of mathematical modeling, through its adoption in various areas 

of science and technology. The groundwork of mathematical modeling 

was worked out by N. N. Pavlov (1922), who published his first 

work devoted to the theory of electrohydrodynamic analogs. In 

the work of S. A. Gershgorin (1925, 1929), L. I. Gutenmakher (1949), 

V. M. Glushkov (1964), and V. T. Kulik ()963), electronic modeling 

received further development, and on this basis analog computing 

machines were worked out. 

Mathematical and physical modeling are widely employed in the inves 

tigation of explosive effects. Attention is given to questions of 

the modeling of the destructive effects in explosions in a series 

of works of noted scholars (Vlasov, 1962; Demidyuk, 1962; Mel'nikov 

1964; Pokrovskiy, 1969). In modeling the various effects which take 

place in an explosion, various methods are employed. In the following 

chapters the basic methods of modeling phenomena which occur in an 

explosion will be considered. Considering the fact that physical 

modeling is widely applied in the study of the destructive effect 

of explosions, prior to consideration of the methods of modeling 

we will pause to discuss the basic positions held by the theories 

of dimensionality and of similitude. 

The Fundamental Position of the Theory of Dimensionality 

When we refer to the measurement of a physical quantity what is 

understood is the comparison of that quantity with some quantity 

of similar physical nature, taken as unity. Every scaler quantity 

consists of an Absolute number which indicates the number of units, 

and having the dimensionality of this unit. Units of measurement 

for various physical quantities, joined together on the basis of their 

internal consistency, form a system of units. At the present time 
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the international system of units ß.I.) has preferential usage; in 

this system the independent units of measurement — mass (kilogram, 

kg), length (meter, m) , time (second, sec), current (ampere. A), 

temperature (degrees Kelvin, K°) , and luminosity (candela, cd) — 

are those chosen. The unit of plane ar.gle — radian — and the 

unit of body angle — steradian — serve as supplementary units 

in the S.I. system. 

Units of measurements of all the remaining 

magnitudes are expressed in terms of the units of measurement 

of the fundamental quantities in a well-defined manner. The expres¬ 

sion for a derivative unit of measurement in terms of fundamental 

units of measurement is called the dimensionality. The dimension¬ 

ality cf a secondary quantity is found with the aid of a deter¬ 

mining equation which functions oy defining this quantity in mathe¬ 

matical form. The dimensionality is written down symbolically in 

the form of a formula in which the symbols for unit length is desig¬ 

nated by [Ll, mass by [M], and time by [T]. One may speak of 

dimensionality only in reference to a definite system of measurement 

units. By making use of the determining equation one may establish 

the dimensionality of all physical quantities. In the following 

we will indicate dimensionality by taking the symbol for a quantity 

and enclosing it in square brackets. The determining equations for 

force may be taken to be Newton's Second Law: F = ma; for energy 

and work: E = mv2/2, E = mgH, A = Fl, etc. In the literature 

(Beklemishev, 1963; Burdun, 1963) one may find the dimensionalities 

of fundamental physical quantities in the S.I. system and the equa¬ 

tions which may be utilized as determining equations. 

Besides the S.I. system which we are considering there is a multitud 

of other systems of units. Some of these have been established 

on the scale of a number of countries and others 

have been established on a world-wide scale. There are 

systems in which the fundamental units differ only by a chosen scale 

factor, whereas others differ also in the fundamental quantities. 

For instance, in the engineering system of units, the fundamental 
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ones are taken to be the meter, kilogramorce, and second. In con¬ 

trast to the S.I. system the kilogram force rather than the kilogram 

mass is taken as a fundamental unit. The choice of fondamental units 

may be arbitrary, but they are subject to the requirement that they 

be single-valued independent functions of [M], [L], and [T]. In the 

theory of dimensionality it is shown (Alabuzhev, 1968) that the 

dimensionality formulas for physical quantities must have the form 

of monomials of factors raised to powers. 

(4>] = [M]VÎ.L]X[Ï]t. (1) 

Thus, if we choose [X], [Y], [Z], to serve as fundamental units, 

then their dimensionalities are expressed in the following wev: 

l-V| = I (2) 

1^1 = I IAl“i»|A¡xv|f|y '3j 

W 1-1/r« iai"* iriv (4) 

The uniqueness of these functions is obvious since the 

dimensionality of each quantity in any system is specified uniquely. 

With the aid of not-too-complicated algebraic operations, it may 

be shown that all three quantities will be linearly independent if 

the following condition is satisfied 

K 
K J=o. (5) 

From equation (5) it follows that for independent fundamental 

quantities one may choose: force, time, length (A = -1); force, 

mass, time Ja -1); force, mass, length (A - -2); mass, velocity, 

power (A = -1), force, density, time (A =-4). On the other hand 
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one is not permitted to choose for the independent units force, 

velocity and power (A = 0). ledeed power may be expressed in terms 

of velocity and force 

Mass, density and length (A =0) are not independent, since 

M 

I'--7.-. (7) 

The quantities [XKm r,, . 
UJ' N] raav be expressed in terms of fundamental 

units of any other system in which the fundamental units are known 

to be independent. By way of example let us express (X), [Y], [z] 

in terms of the dimensionality of the fundamental units of the 

systeir force [F], density [D], time [T] : 

I A*. --= 
9 

|> I r.r F,v[)''vr,v) 

\X\ 

( 
The quantities X, Y, z will be independent if 

d: 

t* 

•y 

t, 

-/-0. 

(8) 

(9) 

(10) 

(11) 

Thus any three quantities will be independent if they can be expressed 

in terms of other quantities known to be independent and if at 

the same time condition (5) or (11) are satisfied, i.e., the 

determinant A ^ q. 

- A question which arises in this connection regards the acceptable 

number of fundamental units and the feasibility of using dependent 

quantities as fundamental units. It is not difficult to convince 
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oneself that the number of fundamental units may be arbitrary, both 

fj Qater and less than 3. In order to remove the lack of corres¬ 

pondence between the dimensionalities of these dependent units 

one introduces supplementary dimensional physical constants, 

the number of which is equal to the number of dependent fundamental 

units. Let us take a look at a system of four fundamental quan¬ 

tities -- length, time, mass, and force. Let us suppose that force 

is a dependent quantity, but with equal justification any of the 

other quantities (force or mass, or time, or length) might be 

considered the dependent quantity. In this case Newton's equa¬ 

tion should be written down in the form 

F « kma (12) 

where F is force; m is mass; a is acceleration; k is a dimensional 

physical constant. 

Inasmuch as the dimensionalities of F, n, a are chosen arbitrarily 

the constant k must have the dimensionality 

(¿1 *■-- lF|/([m| (<?!) = (/•'I (.1/1 i [AI*1!7*|s. 

The numerical values of the dimensional coefficients depend on the 

dimensionalities of the chosen quantities. For instance if the 

dimensionality of force is chosen to be kilograms of force, mass 

to be kilograms of mass, acceleration to be meters per second 

squared, then the quantity 

k 0,1<>2kg/N 

i.e., it represents the conversion factor for force fr^m one system 

of units into the other. If three quantities are expressed in 

a different system of units, the coefficent k may be represented 

by the product of two factors, characterizing the conversion of 

two quantities into \he system of units of the third. If all funda¬ 

mental units are chosen in one system of units, then k equals one 

and is a dimensionless quantity, i.e., such a system automatically 

converts into a system with three fundamental units. A further 
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increase in the nuraber of fundamental units leads to the appearance 

of new constants, similar to k. In the S.I. system there are 

two arbitrary fundamental units characterizing e'nergy — the joule 

and the degree Kelvin, a situation which gives rise to a physical 

constant r (the gas constant) with dimensionality m2/sec2deg 

([R] = [L]2[T] 2[6] *). If for the unit of heat we choose the 

calorie (also characterizing energy), then the necessity arises 

for still another physical ccnstant — the mechanical equivalent 

of heat I, which has the dimensionality joule per calorie. When 

the number of fundamental units is reduced the corresponding 

dimensional constants disappear. 

Let us consider a system of units in which only two fundamental 

units are used — length [LJ and time [T). In this case the 

determining equation for mass may be taken to be the law of universal 

gravitation 

F • kl {tn.\f)lrt. (13) 

Taking the gravitational constant kt as an absolute dimensionless 

constant and using the determining equation for force (F=ma), we 

obtain the dimensionality of mass 

l,\l\ - [LV in *. (14) 

Excluding length or time from the fundamental units we obtain a 

system of units in which there is one fundamental quantity. To 

serve as the determining equation we will use the equation from 

quantum mechanics 

E = hv (15) 

where E is the quantum energy, v is the frequency of a radiator, 

and h is Planck's constant. If we take Planck's constant as an 

absolute dimensionless quantity equal to unity, we obtain 
v 

i/ii = m*. 
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In turn 

I£l = (1/1 [LI1 ITT* - L*r*. 

Because of the conditions for consistency of both dimensionalities 

for energy it follows that 

L - TV 

The dimensionalities of mass, length, or time in the systems of 

measurement under consideration depend on the chosen determining 

equation, m4 consequently, on the constant which is taken to serve 

as the absolute dimensionless constant. Thus, for instance, if 

for the determining equation for mass we take not the universal 

law of gravitation, but equation (15), and if for the absolute 

dimensionless quantity we had taken Planck's constant and not the 

gravitational constant, then the dimensionality of mass is expressed 

in terms of (L] and [T] in the following manner: 

U/J - (fl*(LI'1. (16> 

As we see, the dimensionalities of mass in the relations (]4) and 

(16) differ substantially. Therefore in converting to systems 

where the number of fundamnntal units is less than three, it must 

be indicated which constants are taken to be the absolute dimension¬ 

less quantities. 

Excluding the last dimensional unit, we obtain a sinale universal 

system of units, based on the chosen physical constants. The intro¬ 

duction of such a system of units is equivalent to the complete 

removal of the concept of dimensionality, and the numerical values 

of all quantitative properties are unambiguously determined from 

their physical value. 
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In the system of units proposed by M. Planck, the cravational 

constant, t»*e velocity of light, Planck's constant, and Boltzmann's 

constant are dimensionless and equal to unity. In this case 

all physical quantities will have fully-determined units of measure¬ 

ment and not one of these will be able to be chosen arbitrarily. 

In Planck's system of units the unit of length is equal to 4.02.10-33 

cm, mass — 5.43.10“'g and time — 1.34•10-43sec. 

•In Hartree's system of units the charge of the electron(e=4.B03.lO-10 

CGSE units), the electron mass (m = 9.108.10“'9 g) , the radius of the 

first bohr orbit of the hydrogen atom (rn = h2/4ïï2ml2 = 0.5292*10"9 cm) 

and Planck's constant (tr = h/2TT = 1.0544.10"27 g ,cm2/sec) are dimen¬ 

sionless and equal to unity. In this system the unit of time is 

equal to 2.419•10“17sec. Utilization of Hartree's system of units 

permits freedeom from superfluous numerical factors and simplifi¬ 

cation of some of the equations of quantum ». achanics and atomic 

physics. Obviously such units are inconvenient for use in practice. 

Moreover, only in some of the equations do the dimensional coefficients 

disappear, since in regard to many other phenomena the chosen physical 

constants have only the remotest connection, for which reason these 

systems of units and those similar to them have not received wide 

usage. 

i 

' 

Every physical phenomenon is determined by corresponding parameters 

Therefore^ in order to describe a phenomenon or a process it is 

necessary to determine the functional dependencies between the 

quantities which characterize the effect under study. The numerical 

values of these quantities, the determining parameter and the state 

of the system or the process depend on the units of measurement. 

Functional relationships which express the essence of the physical 

phenomena do not need to depend on the choice of the system of units. 

It is shown in the theory of dimensionality that every relationship 

between dimensional quantities may be replaced by a relationship 

between dimensionlecs quantities. A particular role in *-.he theory 

of similarity is played by dimensionless complexes of quantities, 

the so-called dimensionless criteria, which represent the products 

of various powers of the determining dimensional quantities. It is 

19 



standard to designate the similarity criteria through the symbol H. 

To serve as an example we will introduce several criteria? the homo- 

chronicity nu¿±>er vt/Ä, = Hv and Reynolds number vî,p/y = nR where 

V is velocity, t is time , l. is linear dimension, v is average 

flow velocity, p is density, y is the dynamic viscosity, and H , I1D 

are similarity criteria. 

Without dwelling in the meantime on the physical determination 

the similarity criteria, let us solve a problem relating to the theory 

of dimensionality, and having tc do with the number of independent 

similarity criteria which can be composed from n dimensional quan¬ 

tities. The independence of the similarity criteria means that not 

one of them can be a function of the rest, i.e., the relationship 

at this point 

(17) 

cannot hold. 

In the theory of dimensionality it is shown that the number of inde 

pendent similarity criteria is determined by the number of dimen¬ 

sional quantities n and the number of fundamental independent units 

of measurement r 

(18) m = n - r. 

where m is the number of independent similarity criteria. 

If n=r, i.e., the process is determined only by a fundamental inde¬ 

pendent dimensional quantity, then in general it is not possible to 

set up dimensionless similarity criteria. In fact, if the process 

is determined by length, time, mass, and force and they are chosen 

in order to serve as fundamental units, then it is not possible to 

form dimensionless similarity criteria from them. By excluding 

force from the fundamental units, for the same process we may set 

up one dimensionless criterion 

li - M'H'im 
1 PI (19) 

In the case where force is chosen for a fundamental unit this complex 
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will not be dimensionless, but will carry the dimensionality of 

the coefficient k in Newton's equation. If we choose three funda¬ 

mental units, then the dimensional coefficient k disappears and a 

dimensionless complex II1 appears. 

Passinq to a system with two units of measurement (time, length), 

we may add to the first similarity criterion a second 

U M'lUT 
* ~ i¿r * 

(20) 

For tnis case che dimensional coefficient kj disappears in the equa¬ 

tion describing the law of universal gravitation, inasmuch as we 

have gone over from a system with three fundamental units to a 

system with two fundamental units. In the practical investiga¬ 

tions it is possible to change the number of i"dependent simil itude 

cr^-teri.a by means of making a change in the number of fundamental 

units and determining parameters. However, it must not be forgotten 

that the appearance (disappearance) of a new unit of measurement 

is accompanied by the appearance (disappearance) of a dimensional 

coefficient. This method is effective in a case where the dimen¬ 

sional coefficients which are appearing or disappearing do not 

enter into the determining parameters and the differential equa¬ 

tions of the system. In the opposite case a change in the number 

of units of measurement are leads to the same change in the number 

of system parameters 

n-r = (n+d) - (r+d) = (n-d) - (r-d), 

and the number of independent criteria will remain unchanged. 

Bases of the Theory of Similitude 

Bimensional and similitude theory is the basic underlying 

the modeling of various processes and phenomena. Academician L. I. 

Sedov defines modeling in the following manner: "Modeling is a 

substitution of the study of an interesting natural phenouenon by 

the study of^an analogous effect on a model of a smaller or larger 
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scale, usually under special laboratory conditions. The basic 

sense of modeling is comprised in the idea that from the results 

of experiments with models it should be possible to give the neces¬ 

sary answers about the nature of the effects and about various 

quantities which are connected with the phenomenon under natural 

conditions " (1965, page 54). 

In order to make judgments on the behavior of an object in nature 

based on the data of measurements on a model, it is necessary as 

a preliminary step to prove that nature and the model are similar, 

i.e., subject to the same physical laws or are described ty the 

same mathematical dependences. If this is proved in the general 

sense or if it is known as a result of more general physical laws 

which are obeyed by the phenomenon under study, then subsequently, 

in setting up a particular problem, one may dispense with the construction 

of equations to describe the effect and build models according to 

rules which are basic to the theory of simil itude Two phenomena 

are similar if by the specified characteristics of one it is possible 

to determine the characteristics cf the other with the aid of a 

conversion scale. In the case of linear similitude the conversion 

scale is a constant, usually established by a calculation or by an 

experimental means. The numerical characteristics for two different 

but similar phenomena may be considered as the numerical character¬ 

istics of one and the same phenomenon, but expressed in a different 

system of units. The simplest and most typical example is that of 

geometrical similitude. With geometrical similarity of two objects 

the relacionship between corresponding dimensions, determining the 

geometrical form of the objects, is a fixed quantity bearing the 

name of the geometrical scale. From the point of view of the 

material of the object and its position in space, geometrical similarity 

does not impose any limitations. Geometrical similarity establishes 

only the identity of form between the natural object and the model. 

The geometrical scale of the modeling is determined by the relation 

between any corresponding dimensions of the object and the model. 

In practical problems in the majority of cases there is no necessity 

for observance of similitude in all characteristics and parameters 
V 

of the phenomenon. In a great number of cases it is sufficient to 
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observe siirilitude only for separate parameters which are of interest 

to the investigator. In this connection it is possible to separate 

out the most characteristic specific forms of physical similitude — 

kinematic, material,and dynamic. 

The modelinn of mechanical motions is based on kinematic similitude 

which determines the similitude of mechanical movements. As is known, 

the position of th'* object of the investigation is determined by 

the coordinates of it' points in space as a functio \ of time or 

according to a law of motion. In the case of kinematic similitude 

the relation between coordinates of any analogous points in nature 

and in the model for like moments of time is the constant 

J| (<") _ ’'-ni1,.) _ :,„(>*) . 
’/.„(f.)'• (21) 

where x. (t ), y. (t ), 2. (t ) are the coordinates of the 
in i n n “ in n 

i-point in nature as a function of time; xiM (tM), yiM (tM), ziM (t ) 

are the coordinates of the analogous model point as a function of 

time; t. and t^ are the time base corresponding to nature and to the 

model; is the similitude coefficient for length. 

Kinematic similitude permits one to determine all characteristics 

of motion in nature (velocity, acceleration) as the result of inves¬ 

tigations on the model. The value of velocity is determined from 

the relationship 

Denoting the ratio t /tM = At and taking account of (21), 

transform equation (22) 

(Mm . 
(M,7 “ V = *•" 

let us 

(23) 

where Xt is tlie similitude coefficient for time (time scale) ; Av 

is the similitude coefficient of velocity (velocity scale). Usually» 

the similitude coefficient of time is specified in the initial 

premises or is determined experimentally. 
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(24) 

i 

By analogy, it is possible to write 

(l’v)ln _ (|,f)iii _ . 

(Mi* (Ml* ~ e- 

The acceleration scale is also expressed in terms of the initial 

similitude coefficient 

tl 

r 

(25) 

However with kinematic similitude it is not permissible to say any¬ 

thing about stresses in the system elements. In order to study the 

force and energy characteristics of processes on models and to apply 

the results of these investigations to nature, in addition to the 

conditions of kinematic similitude it is necessary to guarantee 

material similitrude for points of the system 

'»a 
= = const, 

(26) 

where m. is the mass of the i-point in nature; m.„ is the mass of 

the analogous model point; is the similitude coefficient for mass. 

. In the case of dynamic similitude the connection between force and 

work in nature and in the model is expressed in terms of the simi¬ 

litude coefficient of length, mass,and time 

m. «. 
in in 

j'jíl'üi 
V,* 

XfX, 

K¿i 
V 

KM 

K 

(27) 

(28) 

where F 
in is the value of the force applied to the i-point in nature; 

FiM va^ue ^orce applied to the analogous model point; 

Xp is the similitude coefficient of force (force scale); A^n is the 

work produced in the motion of the i-point in nature; A.w is the 
XM 

work produced in the motion of the analogous model point; X is the 
Pi 

similitude coefficient of work. 
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The combination ol dynemic and kinematic similitude is called mecnan 

ical similitude. In mechanical similitude the system of corres¬ 

ponding similitude coefficients of the various quantities may be 

obtained from the formulas of dimensionality if in place of the 

dimensionality of a quantity we substitute into the formulas the 

corresponding coefficient of similitude. 

(29) 

- Ü'W 
" m* 

^ _ _m i MÏ 
>r 

(30) 

i.e., in place of [A], (M), [L], [T] the similitude coefficients 

*A' ^m' ^1f *t are ^stituted in a corresponding manner. The 

similitude coefficients for other quantities (force, acceleration» 

and others) may be obtained in an analogous manner. 

Having considered some of the particular cases, let us set up the 

rules for converting from a model to nature for the general simi¬ 

litude case. Such rules may be formulated on the basis of a 

theorem regarding necessary* and sufficient conditions for similitude, 

which appears as a result of the IT-theorem. 

If a phenomenon is determined by n parameters (a part of these 

may be non-dimensional, some may be physical dimensional constants), 

but the dimensionalities of the parameter variables and the physical 

constants are expressed in terms of r basic wits of measurement 

(r ¿ n), then from n quantities one may set up no more than 

n - r independent dimensionless combinations or similitude criteria. 

All non-dimensional characteristics of the effect may be considered 

as functions of the n - r independent dimensionless combinations 

which have been composed from the determining parameters. The 

theorem concerning the necessary and sufficient conditions for 

similitude may be formulated in the following manner (Sedov, 1965, 
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page 55). "A necessary and sufficient condition for similarity of 

two phenomena will be the constancy of the numerical values of dimen¬ 

sionless combinations forming the base." By the term base in the 

*»bove sentence is meant the system of independent dimensionless quan¬ 

tities which determine all basic parameters of the effect or process. 

Taking account of the fact that these dimensionless combinstions 

are the similitude criteria, the theorem may be put into a different 

formulation — the necessary and sufficient condition for similarity 

of two phenomena will be equality of any two corresponding similitude 

criteria for these phenomena. In fulfilling the simijitude conditions 

for calculating the characteristics in nature from data on the 

dimensional characteristics on the model it is necessary to know the 

similitude coefficients for all corresponding quantities. The 

similitude coefficients of the basic dimensional quantities are 

specified arbitrarily or are determined from the conditions of the 

experiment. The similitude coefficients for the remaining dimen¬ 

sional quantities may be easily determined from the formulas of 

dimensionality for each of these in the same way as this was done 

in relation (29). 

Investigations and determinations of the functional dependencies 

between the parameters of the process or the effect in a series of 

cases may be significantly simplified if we use the very important 

theorem of similitude.known by the name n-theorem: "The functional 

dependence between quantities characterizing a given process may be 

represented in the form of a dependence between the similitude 

criteria composed from them". If the process is characterized by 

n dimensional quantities and s non-dimensional quantities, of 

which r quantities are fundamental dimensional ones, then it is 

possible to set up n+s-r independent dimensionless complexes. 

Making use of the n-theorem, one may reduce the number of quanti¬ 

ties which must be related by a functional dependence. This makes 

it possible in many cases to simplify the problem and to decrease 

the number cf experimental measurements. To serve as an example 

we might take a look at the classical problem of the motion of a 
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pendulum. A mathematical pendulum (Figure 1) L.an be visualized 

as a heavy material point, suspended on a weightless inextensible 

string, the other end of which is fastened securely. The motion 

of the pendulum is characterized by the quantities: 1 - length of 

the pendulum; t - time; m - mass of the load; g - acceleration of 

free-fall; c - anoTe of inclination of the string from the vertical, 

Tn the absence of damping forces the problem 

of the motion of a pendulum reduces to solution 

of the equations 

<P<rl(lt3 = —(*//) «hi'ï, 

m (dyldtyi /V — rug-cus'i> 

(31) 

(32) 

where 

t ^ 0: <p ~ <r„; d f/dt = 0, 
(33) 

Figure 1 
Diagram of a 
Mathematical 
Pendulum 

where N is the tension in the string. 

From the equations and from the initial condi¬ 

tions it follows that for the determining para¬ 

meters one may take the following system: 

8, >», T*. 

In this manner one may express all the remaining quantities in terms 

of these parameters 

•P« 1(/,11., /, ir,/'«). (34) 

N « niglx (/, 'f,„/, g, '»)• 
(35) 

From equation (18) it follows that from the five determining para¬ 

meters, in light of the three independent units of measurement, 

one may et up two dimensionless complexes: 
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By virtuo of the n-theoren,, equations (34) and (35) may be written 

in the form 

, 1 r_ 

‘P ^ Ti (ï.. ' JX 
(36) 

N — mpi 11 ' Tf)' (37) 

From the dependencies(36) and (37) it follows that the law of mot.on 

of the pendulum does not depend on the mass of the load, but t e 

tension in the string is proportional to the mass of the load. 

For the period of oscillation it is not difficult to obtain 

T =3 ^Iz('\ a)' 
(38) 

where f2(*o) is a function of the maximum angle of inclination, 

determined by calculation or by experiment. 

Experimental investigations are significantly simplified since U 

is necessary only to determine the dependence between w. and T, 

rather than studying its dependence on five parameters. «>us it 

is established that the motion of other pendulums will be similar. 

if their values of t • • *• are *** Sa”e' 

Linear similitude is widely utilised in the modelinc of vario,,« 

mechanics problems. However in the description of duplicate^ 

non-stationary processes the simiUtude coefficient y 

tion of some parameter. According t P function 
in this case the similitude coefficient would be called a functi 
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of the non-linear similitude transformation of the correspondina 

parameter. In the given case the similitude will be non-linear, 

inasmuch as it is based on non-linear transformations of the 

quantities which characterize the effect under study, lion-linear 

similitude usually holds in a case where a model which has the same 

mathematical description as does nature is difficult to realize. 

For instance, in the physical modeling of strained and deformed 

spates it is d rficult to prepare a model with th* physical para¬ 

meters of the medium changing according to a well-defined law. 

In this case the problem may be solved with the aid of a model in 

which the processes are described by equations different from the 

mathematical description of nature, but the correspondence between 

the same quantities of nature and of the model are established with 

the aid of non-linear similitude . The basic circumstances of non¬ 

linear similitude were worked out by V. A. Venikov (1966), A. A. 

Gukhman (1946, 1963), A. G. Nazarov (1965), G. Ye. Pukhov (1963), 

and by other investigators. The ideas of non-linear similitude 

were employed by the authors in a series of works (Drukovanyy, 

1965; 1968) for the modeling of destruction processes in an explo¬ 

sion. When statistical damage series are employed non-linear 

similitude turns out to be the only realistic possibility for 

creating a model of the destructive process. In this case the 

similarity of macroscopic phenomena may be established on the 

basis of the similarity of micro rrocesses. 

In practice when modeling complicated processes which depend on 

many parameters, one often resorts to an approximate similarity. 

In this case one does not account for parameters which are insig¬ 

nificant in comparison with the others in their effect on the ultimate 

results of the process. Depending on which parameters are being 

studied in the modeling of the effect, it pays to establish the 

degree of influence of the other factors, in order to sort out 

the first order and neglect the second-order effects. The success¬ 

fulness of approximate modeling in general depends on the degree 

of justification for neglecting some factors with respect to the 

others. In-approximate modeling no small value should be placed 

on the evaluation of tolerable error, a step which is also not 
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possible without studying the effect of the separate factors on 

the process being studied. 

On of the methods of overconving the difficulties of modeling is 

an adherence to affine similarity instead of geometric. As a common 

example of affine similarity we might submit the similarity of two 

ellipses having a different geometrical scale for their coordinate 

axes. Although in the given case the geometrical forms of the 

figures are the same, for similar points on the ellipsis (for the 

same angle T) the ratio of the radius vectors is not a constant 

quantity. Another example of affine geometrical bodies is pro¬ 

vided by two circular cylinders for which the ratio of the dia¬ 

meters is net equal to the ratio of heights, i.e., di/dz ^ hi/hz. 

Such a situation is encountered in practice in the modeling of an 

explosion in deep bore holes of comparatively small diameter. In 

this case if we are to observe geometric similarity the diameter 

of the bore holes may turn out to be smaller than the critical dia- 

^ ter of the charge and in order to assure a stable detonation, 

it is necessary to resort to an increase in the diameter of the 

charge without changing its height, i.e., a resort to affine simi¬ 

larity. 

The methods of non-linear, approximate affine and statistical simi¬ 

larity is still not used on a sufficiently wide scale in the modeling 

of effects in mining, especially in the area of the modeling of 

the crushing effects of an explosion. In light of the great possi¬ 

bilities of non-linear, approximate and affine similarity, the most 

serious attention should be given to the prospects and the inevitable 

development of these itiathods as applied to problems in mining, where 

one is bound to run into processes and phenomena which are highly 

complicated and little understood. 
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CHAPTER 2 

THE MODELING OF EXPLOSIVE ACTION IN A SOLID MEDIUM 

Basic Parameters Characterizing the Effect of an Explosion 
in a Solid Medium 

An explosion in a solid, brittle medium is characterized by a diver¬ 

sity of processes and effects taking place. By the term effect 

(or phenomenon) and processes making up an effect let us agree to 

understand the aggregate of changes occurring in the system. Each 

change in the state of a system, taking place in space and in time, 

is caused by one or by a series of processes. As these processes 

proceed the quantities which characterize the state of the system 

change. These quantities will be called the parameters of the 

process in the following. In turn the parameters are a function 

of one or several variables, affecting the character of the process 

taking place. The elements of which the system is comprised are 

characterized by their parameters, the so-called system parameters. 

Starting from the definitions just taken, let us characterize the 

action of an explosion in a solid medium. 

Explosive action in a solid medium is accompanied by the following 

basic phenomena: 

1) detonation of the charge; 

2) discharge of the products of detonation; 

3) mechanical interaction of the detonation product with 

the surrounding medium; 

4) a propagation of pressure waves in the medium; 

5) destruction of the surrounding medium; 

6) displacement of the destroyed material and scattering 

of the debris. 

If we consider the effect of a detonation of an elongated cylindrical 

charge in a bore hole, the system wil^ bt th< charge of explosive * 

material which is about to undergo a change of state. This change 

of state of'the system is governed by the process of chemical reaction, 
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in the process of which quantities characterizing the state of the 

system are changed: temperature, density, pressure, volume of the 

reacting explosive material, the velocity of particle movement in 

the shock wave, and the velocity of sound in the detonation products 

(DP). These quantities are the parameters of the process. The 

system itself (the charge of the explosive material) is characterized 

by the elements: charge diameter, length, density of charge packing, 

velocity of detonation, and specific energy of the explosive material. 

Taking a look at the effect of discharqinq the detonation products, 

it is appropriate to take as the system the detonation products in 

the bore hole that undergo a change of state in the process of 

the discharge. The parameters of the process are the discharge 

velocity, density of escaping products, pressure, and DP tempera¬ 

ture. The parameters of the system are: the bore hole diameter, 

the initial density, temperature, pressure and volume of the detona¬ 

tion products, and the friction coefficient of their motion. 

Upon interaction of the detonation product which the surroundinq 

medium the state of the two interacting systems is changed — mainly 

the surrounding medium and the detonation products. Therefore, 

the parameters of the process characterize the state of both the 

medium and of the detonation products. The change in state of the 

medium arises as a consequence of the change in value of stresses 

at the contact with the charge, the value and direction of the dis¬ 

placement velocity of the particles, and the density of the medium. 

The change in state of the DP is caused by a change in pressure, 

density, velocity#and direction of the DP motion prior to encounter 

with the surrouding medium and after interaction with the wall of 

the charging chamber. The parameters of the medium will be the 

material density, the velocity of propagation of pressure waves, 

the acoustic rigidity, and the shock compressibility of the material. 

The parameters which determine uhe DP state are the initial velocity 

and direction of motion, the pressure, density, velocity of sound 

in the DP, and the detonation velocity. Furthermore, the parameter 

which characterizes the interaction of the two systems is the angle 

of incidence of the shock wave with the bore hole wall. 
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The phenomenon of propagation of a pressure wave is accompanied 

by a change in stress at various points in the medium. The system 

in such a case is the medium, changing its state of stress. As 

the pressure waves are propagated, the following quantities which 

characterize the state of the system (medium) undergo a change: the 

value of the stresses and the deformation of the medium at a point, 

the position of the pressure wave front, the stress at the wave 

front, the density of the medium at a point, and its temperature. 

The parameters of the system a; e the propagation velocity of pres¬ 

sure waves, the coefficient of dissipative losses, the initial 

density of the medium, the modulus of elasticity, the Poisson co¬ 

efficient, the porosity, and the dynamic compressibility. 

The phenomenon of the shattering of a brittle material is cha -ac- 

terized by a disturbance of the continuity of the medium. The system 

is comprised of the medium, which is changing its state, though 

this change differs substantially from that being considered, be¬ 

cause the continuity of the medium lo oeing upset. The destruction 

process is characterized by the following parameters: a change in 

the stress field, the dimensions of cracks about to grow at a given 

moment, and the growth rate of the cracks. To the parameters of 

the system we should relate the hardness of the material, the modulus 

of elasticity, the propagation velocity of the disturbing action, 

the energy capacity of the process of destruction, and the distribu¬ 

tion of microcracks in size and direction. 

The movement of rock and the dispersion of fragments is explained 

in terms of a displacement of the rock mass in space. The para¬ 

meters of the process are the acceleration, velocity and direction 

of motion ,and dispersion of the fragments. The parameters of the 

system are the mass of separate fragments, and the coefficients 

characterizing the resistance to motion of the massif and to the 

dispersion of fragments. 

The system parameters may have a substantial influence on the course 

of the processes, even if they themselves do not change during the 
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process. For example, in the investigation of a process of detona¬ 

tion the charge diameter is a system parameter. If the charge dia¬ 

meter is greater than the critical value, the detonation is propa¬ 

gated with each charge having the nominal velocity. For a charge 

diameter smaller than critical, the detonation is propagated with 

decreasing velocity and thereafter generally comes to a halt. As 

we can see, the system parameter, which in a given case is the 

charge diameteii has a telling effect on the course of the process. 

At the same time a change in the charge diameter within wide limits 

(greater than critical) has no effect on the course of the process. 

As our second example we might mention the plastic and brittle 

shattering of a material upon application of an impulsive load. 

The parameters of the system, in this case the properties of the 

material and the characteristics of the load, determine the*course 

of the process — brittle or plastic shattering. Thus,the para¬ 

meters of the system in a series of cases determine the basic 

particulars of the way in which the process takes place. 

At the present stage in the development of the exterior damage, 

and in the development of methods of investigation, and given con¬ 

temporary knowledge about the processes which take place in an 

explosion and in destruction of materials, it is not possible to 

guarantee the similarity of all phenomena in the modeling of the 

explosive action in a solid medium, and in practice; it is not 

necessary to do so. It is sufficient to provide a similarity for 

the separate effects which are interesting to us. We will decide 

on a detailed treatment of the process of destruction of mineral 

rocks in an explosion. All parameters of the system and the process 

of destruction will be grouped in the following manner: parameters 

characterizing the physical and mechanical properties of the medium, 

the explosive loading, and the characteristics of the process of 

destruction itself. 

In describing the processes which take place in the medium during 

an explosion various diagrammatic schemes are used for the explosion. ^ 

The most successful, having become one of the most classical, is 

the diagram for explosive action proposed by Professor G. I. Pokrovskiy 
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(1957). According to this scheme for the explosion of an explosive 

charge occurring instantaneously, a compression load is excited in 

the surrounding medium (Figure 2), which is propagated in all direc¬ 

tions from the charge with a single velocity. When the compression 

wave reaches a free surface it is reflected, transforming into a 

rarefaction wave. For an ideally elastic medium the rarefaction 

wave may be considered as a wave which is propagated from the virtual 

image center of the explosion, if we take the free surface as the 

surface of specular reflection (in analogy with the optical effect). 

In the case of an ideal elastic medium the stresses in the rarefac¬ 

tion wave at the free surface are equal in magnitude to the stresses 

in the compression wave upon approach to the surface. Moreover, as 

the pressure in the charging chamber falls away from the walls, a 

rarefaction wave also begins to propagate. The indicated types of 

disturbances in the medium are the reasons for the determined charac¬ 

ter of the damage (Figure 3). The volume in which destruction takes 

place, caused by the compression wave, depends on the durability of 

the arc and on the pressure in the charging chamber. If the pres¬ 

sure caused by the explosion of the charge exceeds the limit of 

the durability of the rock with respect to crushing, then in the 

zone closest to the charge the rock is crushed and collapses. As 

the stresses decrease further and further the destruction process 

takes on a different character. Disruption of the continuity of 

the material occurs by means of the formation of separate cracks, 

which propagate along radii from the charge. The appearance of 

radial cracks is explained by the presence of tangential tensile 

stresses, which exceed the limit of durability of the material 

toward rupture. If the tensile stresses in the reflected rarefac¬ 

tion wave exceed the limit of durability of the rock toward rup¬ 

ture then at the free surface splintering effects are observed. 

Analogous splintering effects may arise around the charging chamber 

when the rarefaction wave emerges (See Figure 3 ). The diagram 

for explosive action set forth in the works of G. I. Pokrovskiy 

permit one to determine the factors which influence the destruc¬ 

tion process, and to establish the diversity of forms for the 

process of destruction. 
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Figure 2. Diagram for the propagation of stress waves in a medium 

upon explosion of a charge near a free surface (according to G.I. 

Pokrovskiy). 1 - explosive charge; 2 - center of the dilatation 

wave front; 3 - a compression wave; 4 - dilatation wave. 

Figure 3. Nature of damage to a medium in the explosion of a 

charge near a free surface (according to G. I. Pokrovskiy). 
0 

In view of the difficulties which arise in the modeling of an 

explosive effect, obser/ance of the similitudes for separate 

phenomena and parameters is ordinarily the rule. The most typical 

phenomena and parameters in an explosion are the stress field, 

the crushing and the ejection of material, the zone of scattering 

of fragments, the loading of the rock mass,and the degree of its 

compaction. 

In the modeling of each of the enumerated parameters and phenomena 

various methods are employed, taking account of the various factors 

and obeying the various similitude criteria. In this connection 

use is made both of mathematical modeling with application of the 

model of an absolutely incompressible medium, as well as physical 
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modeling with the use of centrifugal modeling methods, applying 

equivalent materials and obeying the energetic, thermodynamic and 

other types of similitudes. Several methods may be utilizad in 

the modeling of some of the phenomena which arise in an explosion, 

just as separate effects may be modeled by several methods. 

gases for—Physical Modeling of Elastic Wave Phenomena in an Explosion 

In modeling the parameters of stress field arising in a medium 

at the time of explosion, various methods are used depending on the 

assumptions made. With regard to the charge assumptions are made 

pertaining to its form [point, spherical, cylindrical) and the instan¬ 

taneousness of detonation. It is presumed that the explosive action 

is determined only by the charge energy E0. With respect to the 

medium sevrai different assumptions a- made. The most widely used 

models for the medium are: 1) a continuous medium with density p, 

the compressibility of which is a specified function of pressure; 

2) an absolutely elastic medium, characterized by a density p, a 

modulus if elasticity E, and a Poisson ratio v; 3) an elastic 

medium with inelastic aftereffect, caused by dissipative losses. 
- • 

The continuous medium model is utilized in the description of explo¬ 

sive processes in liquids and in gases, whereas the shear modulus 

is equal to zero. For brittle materials the model of such a medium 

is employed in calculating the pressure parameters at the front 

of strong shock waves where cohesive forces may be neglected 

in comparison with the stresses developed. The model of an ideally 

elastic medium has been more widely adopted, since it allows one 

to determine the stress field parameters with greater accuracy 

without having to take account of dissipative losses. 

Let us consider the propagation of a one-dimensional elastic expan¬ 

sion wave. By a one-dimensional wave we understand a wave whose 

displacement on the wave front occurs only in the direction of one 

coordinate axis. 

As shown in the work of Chou Pie Chi and Koenig (1966), the equa¬ 

tion describing the stress wave parameters may be written down in 
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the form 

21a. i A’ a- ( ) - 1 ,v" 
i>r¡ Jr \ r I e‘ dl‘ ’ (39) 

where u(r, t) is the radial displacement as a function of distance 

and time; r is the radial coordinate; c is the velocity of a longi¬ 

tudinal stress wave, K is a coefficient depending on the type of 

waves. Fo\ plain waves K equals 0, for cylindrical waves K equals 

1' and for sPherical K equals 2. Inasmuch as the equation describing 

the process is well-known, for specified initial and boundary con¬ 

ditions we may establish the similitude criteria for modeling the 

dynamic stress field which arise at the time of explosion. Let us 

take a look at the explosions of a cylindrical charge (K = 1) with 

radius r0 in an unbounded (r0 < r < «0 homogeneous ideally elastic 

medium. In specifying the initial conditions we say that*at the 

initial moment in time (t = 0) the medium is not loaded, i.e., the 

displacement velocity and the stresses at the initial moment are 

equal to zero. For the boundary conditions we take c0 - fa (r0, t)and 

Vo (ro, o) = 0, i.e., at the wall of the charging chamber the load 

varies according to a specified law. The displacement velocity at 

the initial moment is equal to zero, but afterwards it is deter¬ 

mined by the nature of the applied charge and the properties of 
the medium. 

From equation (39), with the specified initial and boundary condi¬ 

tions, it follows that the process of wave propagation and the 

stress field characteristics are determined by the following parameters 

c, V, u, r, t, E, o, V, p. In choosing (time, length, mass) for 

the fundamental three units of measurement in accordance with the 

n -theorem, one may set up n-r independent similitude criteria. 

In the given case the number of parameters n = 9, the number of 

units of measurement r = 3, and the number of independent similitude 
criteria m - 6 

II, = v; H. JL 
a 11, = 4-1 

M 
7T h* 

3 
pr* h. -4- 

if1 

(40) 
4 
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From the similitude criteria it follows that the Poisson ratio 

must be the same for the materials of the model and of nature. 

The remaining five similitude criteria are functions of six para¬ 

meters. This implies that the relationships among the three inde¬ 

pendent parameters of nature and of the model may be chosen 

arbitrarily. To serve as the árbitrarily chosen relationship we 
may take 

-x' 
Geometrical scale; 

~k - Tensity Scale; 

Time Scale. 

Similitude criteria (40) permit one to express the scales of other 

parameters in terms of the chosen , \ 
£ ' p ' t 

From this it follows that 

0_ p J 

Pn'n P«' 

1 

ï * Kr 
M M 

i.e., the scale of wave propagation velocity and the scale of 

displacement velocity in the wave must be the same. It is not 

difficu •; to show that when the Poisson ratios are the same the 

scale 01 the transverse wave propagation velocity is equal to 

the scale of the longitudinal wave propagation velocity (Av). 
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From the relation 

r /u = 
n' n rM/uM 

It follows that u /u„ = r /r„ = Thus the geometric scale. 
n M n M Ü 

chosen for the model must be preserved as far as the ratio of dis 

placement values is concerned. 

From the relationship 

‘V* 

we determine the velocity scale,expressing it in terms of the known 

scale 

■« ‘m 

whence 

*7 X „ 
• -.-".TT^XT' 

(41) 

From the relation 

ri» «I P /'* 

we determine the stress scale 

f* r3 
n « 

■ kX- (42) 
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Consequently the scales of all parameters which characterize an 

elastic wave loading are expressed in terms of three arbitrarily 

chosen scales. It is essential that any independent three scales 

may be chosen arbitrarily. However it is not permissible to choose 

the dependent scale X^ or Xp, Xv, and Xo, since if that were 

done conditions (41) or (42) would be violated. 

In choosing A^, At, and A^ for the arbitrary scales, difficulties 

arise in attempting to observe the scales of density and propa¬ 

gation velocity of the elastic oscillation. Therefore it is more 

convenient to choose arbitrarily the model material, an action 

which is equivalent to the arbitrary choice of velocity and den¬ 

sity scales. Having decided on a geometric scale, it ir. possible 

to determine the time and stress scales by formulas (41) and (42). 

In the particular case where the materials of nature and the model 

are the same Xp = 1 and Xv= 1. From relations (42) and (41) it 

follows that Ao = 1, but Xfc = X^, i.e., the time scale must be 

equal to the geometric scale. This implies that a similar time 

period for the model is A¿ times smaller than in nature.' For the 

same moment of time the distance over which a wave is propagated 

must be Ay times smaller for the model than for nature, by virtue 

of geometric similarity. 

Inasmuch as the wave propagation velocity is the same, similitude 

for the explosive action zone dimensions is obtained only on 

account of the introduction of the wave propagation time scale. 

The time duration of loading, determined by the initial conditions 

at the point of loading, must change in correspondence with this 

proportionately to the geometrical scale. The similitude criteria 

of elastic wave phenomena, first obtained by G. N. Ivakin (1956), 

is used in the modeling of various phenomena which occur in an 

explosion. In the works of Ivakin similarity of elastic wave 

phenomena is utilized for the modeling of seismic operations in 

lumpy-inhomogeneous ideal media, each of which consists of n 

isotrophic layers, having arbitrary forms (Figure 4). The boundary 

conditions are writtend)wn in the form of equality of the displace¬ 

ment and stress vectors on all possible boundaries of the medium 
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i. 

under consideration. The similitude criteria obtained permit one 

to employ modeling for studying the principles of seismic wave 

propagation and elastic wave movement in an explosion taking place 

in a solid quarry rock. 

r 

b a 

Figure 4. A d: agrara of the lumpy-inhomogeneous ideal medium model. 

(a) - nature; (b) - model. 

In the propagation of stress waves in real media one must take 

account of the change in amplitude as a result of dissipative losses. 

In order to preserve similarity in the transient oscillations it 

is mandatory that the damping on some wavelengths in both nature 

and in the model are the same. The spatial damping coefficient 

of the wave for a fixed moment in time may be represented in the 

form e”ax, where a = w/2cQ — the amplitude absorption coeffi¬ 

cient. The quantity 1/Q = 2ca/u> is the dimensionless damping 

coefficient. In order to obey similarity in processes connected 

with damping it is necessary that 

(43) 

If a is a fixed quantity, then from condition (43) it follows that 
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i.e., the amplitude absorption coefficient in the model must be 

A £ times larger. Therefore, in the modeling processes concerning 

the damping of stress waves, the material of nature (where A£ is 

not equal to one) may not be used in the preparation of the model 

if the amplitude absorption coefficient does not depend on frequency. 

However, as is shown by studies in real materials, the amplitude 

absorption coefficient is a function of frequency. For the majority 

of solid state materials the amplitude absorption coefficient is 

proportional to frequency and the value of Q remains a constant. 

Values of Q for some solid materials are presented in Table 1 

(according to data in Fizicheskaya akustika, (196Ü1. In 

these materials observance of similarity in damping processes 

is guaranteed when using the material of nature for the model 

TABLE 1 

VALUES OF THE DIMENSIONLESS DAMPING COEFFICIENT 

FOR SOME MATERIALS 

Material 

Pottsville Sandstone 

Tyrro-Argillaceous Shale 

Loose Martite Ore 

Ferrosilicate Shale 

Magnetic Hematite 

Silicate Shale 

Granite (Quincy) 

Amherst Sandstone 

Hanton Limes one 

Sylvan Argillaceous Shale 

Granite (Westerley) 

Solenhofen Limestone 

Soda-Lime Glass 

Frequency 
Q' Region 

7 100-900 Hz 

23 50-450 Hz 

10 20-125 Hz 

12 300-500 Hz 

13 400-1000 Hz 

53 600-1500 Hz 

22 450-900 Hz 

100 140-1600 Hz 

150-200 140-1600 Hz 

52 930-12800 Hz 

65 2800-10600 Hz 

73 3,4-12.8 kHz 

79 50-400 kHz 

HO 3-15 MHz 

190 319 mHz 

1450 5,6-6,1 kHz 

1340 3,6-64 kHz 

Type Excitation 

Compression Impulses 

Compression Waves 

Transverse Waves 

Compression Waves 
• il 

I» 

II 

Longitudinal Resonance 

Flexing Resonance 

Longitudinal Resonance 

•I 

it 

Rayleigh Wave Impulses 

Compression Impulses 

Transverse Impulses 

Longitudinal Resonance 

Transverse Resonance 
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TABLE 1 (cont.) 

Material 

Fused Silica 

Copper 

Lead 

Steel 

Aluminum 

Q' 

44500 

2180 

4380 

36 

34 

5000 

200000 

Frequency 
Region 

5-19 MHz 

2.5- 30 kHz 

3,0-30 kHz 

1.6- 15 kHz 

1,0-9,0 kHz 

5-10 Hz 

1-200 kHz 

Type of Excitation 

Transverse Imnules 

Longitudinal Resonance 

Transverse Resonance 

Longitudinal Resonance 

Transverse Resonance 

Longitudinal Resonance 

Sometimes (water-sat irated rocks) the amplitude absorption coeffi¬ 

cient is proportional to the square of the fiequency, and the 

damping coefficient 1/Q is proportional to frequency. In Figure 5 

the dependence of the damping coefficient on frequency is presented 

for sandstone with varying degrees -, f water saturation ("Physical 

Acoustics, 1968). The dependence of Q on frequency may be expressed 

in the following manner. 

Figure 5. The logarithmic decrement of damping for sandstone 

with varying water contents. 

Qo is the damping coefficient for w = 0. The value of Q0 is con¬ 

stant and is numerically equal to the damping coefficient in the 

dry material; k is a coefficient characterizing the dependence 

of absorption on frequency. Numerically k is equal to the tangent 

of the angle of inclination of the straight line 1/Q = f (w) to 

% 
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r.he axis of the abscissa. The value of k depends on the degree 

of water saturation of the rock. 

From condition (44) it follows that 

1 

(44A) 

Equation (44A) allows one to establish similarity in damping pro¬ 

cesses for water saturated rocks. From condition (44) it is not 

difficult to find that 

^ « «•»-'■V. ( 4 5 ) 

Hence 

(46) 

i.e., the value of Q for the dry material in nature and for the 

model raust be the same, that the tangent of the angle of inclina¬ 

tion of the straight line k, which characterizes the dependence 

of 0 on frequency, in the material of the model must be Xt times 

smaller than in nature. Taking account of the dependence of k 

on the degree of water saturation, modeling of damping processes 

and observance of the similitude conditions (45) and (46) may be 

attained by using as the model material the 

material of nature with the corresponding degree of water satura¬ 

tion. Providing the specified moisture content for the model 

under laboratory conditions does not cause any particular diffi¬ 

culties. 

As a rule, when studying the action of an explosion in nature, it 

is necessary to solve volume problems. The complexity of preparing 
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volume models and the laboriousness of carrying out experimental 

investigations on such models induced investioators to replace 

volume models with plane models which represented layers which 

were cut out of the volume model. The transition to plane models 

demands that the formulation of such experiments be put on a sound 

basis. In some works (Vlasov, 1966) the feasibility and legitimacy 

of modeling volume problems on plane models is subjected to doubt 

on the basis of the difference in charge state of the material. 

The replacement of volume models with the corresponding plane 

models is equivalent to a replacement of the plane deformation 

by a plane charge state. In the work of G. N. Kuznetsov (1966) 

it is shown that in the majority of cases the error introduced by 

changing the charged state does not exceed 10%, i.e., it lies 

within the limits of measurement error or experimental investiga¬ 

tion. Taking a look at deformations in the case of the plane 

charge state 

(^i/w 

2 ( I — v) 
(47) 

H 

and of the plane deformation 

*«“-*-1(1 - v*)«,* - v(l + V)vJ„„l, 

(48) 

by means o' substituting 

r- 
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we bring equation (48) into a form analogous to equation (47), where 

E and v' are elastic constants for the same material under conditions 

of plane deformation. Thus,a change in the charged state in the # 

plane model is identical to a replacèrent of its elastic constants E 

and V by E' and v'. A change in the indicated constants leads to 

a change in the longitudinal wave propagation velocity c in the 

material. if we determine the ratio of two velocities - the 

longitudinal wave velocity c, calculated from the constants E and v, 

for a plane deformation, and the longitudinal wave velocity c', 

calculated from the constants E' and v' for the generalized plane 

charged state, 

— r- |/(1 " v>r 
? I 1 — 2v ' 

(49) 

We find that upon a Change in the Poisson ratio v from 0.2^ to 

0.33 the ratio (49) changes from 1.02 to 1.10. Taking account of 

the fact that the errors in the remaining dynamic parameters are 

determined only by the measurement error in the stress wave propa¬ 

gation velocity, we come to the conclusion that it is possible to 

apply modeling of elastic wave motions in a three dimensional space 

with plane models. 

Thus, in modeling the seismic action of explosions similarity of 

both elastic wave phenomena and damping processes of the seismic 

oscillations are not difficult to attain if the material of nature 

is used for the model material. However,in order to obtain quan¬ 

titative dependences it is necessary to assure similarity of the 

explosive loading. In attempting to fulfill this condition, diffi¬ 

culties arise as the result of an insufficiency of experimental 

data on the parameters of shock waves originating at the charge- 

medium boundary for various constructions of the charges and types 

of explosive materials. Special attention should be given to 

similarity of explosive loading in the transition from volume models 

to the plane model since, along with other factors,in this case 

the conditions of the discharge of detonation products is substan- 
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tially changed, and effects relating to the whole charge are changed 

by effects relating to its parts. 

Bases of Mathematical Modeling of Elastic Wave Motions Originating 

in An Explosion 

The physical essence of the connection between mechanical and elec¬ 

trical fields is comprised in the fact that processes in these fields 

conform to the generalized laws of Newton, Ohm,and Kirchhoff,these 

laws being in actuality the manifestation of the laws of the con¬ 

servation of energy and the continuity theorem. Translation of 

these laws into mathematical language leads to characteristic 

differential equations, and since these laws are applicable to 

mechanical and electrical systems,the corresponding differential 

equations are similar in form. The solution to the problem of 

propagation of stress waves turns out to be functions of contin¬ 

uously changing variables of the coordinate and time. A wave 

equation in the form 

<T:h 3'-n , <Vn 1 <)•'»« 
IF W + IF ^ c1 d»1 (50) 

may not be modeled, inasmuch as it is exceedingly difficult to 

build an analog with continuously changing properties. There¬ 

fore, the left-hand side of the equation is replaced by a finite 

difference approximation. In order to establish the physical 

sense of a finite difference approximation, let us write down the 

wave equation in the following form: 

■r«l r . «T5'* r. 

r 
*/i ,1s>, 
F 'Ji ~ ~ ** 'dF ’ 

(51) 

where E is 'the modulus of elasticity of the material; p is the 

density of the material. 
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The second derivative with respect to coordinate x in the left- 

hand part of the equation represents the ratio of the difference 

between the first derivatives at two neighboring points to the 

distance between them, under the condition that this distance 

approaches zero. 

(52) 

where 

A.r = jy — i,. 
— j*! *0 ** ' it **• 

The first derivative du/dx in the first approximation may be con¬ 

sidered as the ratio of displacement at two neighboring points to 

the distance between those points (Figure 6). 

(53) 

i.e., the numerator represents the absolute deformation of the 

medium along the x axis between points 1-0 and 0-2. The 

derivatives are related to the median point 1' and 2*. The ratio 

of the absolute deformation of an element of medium to itT length 

represents the relative deformation of the medium. The product 

of the relative deformation of the medium (first derivative) with 

the modulus of elasticity of the material represents nothing other 

than the stress 

=3 3# (54) 

Then the second derivative may be considered as the difference 

in stresses at two neighboring points, which on the basis of Newton's 

second law is equal to the product of the acceleration and the 

density (right-hand part of equation (51)). Mathematically the 
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second derivative with respect to the coordinate axis may be written 

in the form 

U| — l<8 Mu — Mi 
«Fm Az “ A/ _ «i 4- H« — 2mq 
~ÕF —-ÃJ = ÃX* (55) 

(£-> 

Ax 

“0 
if) 2' 

2' 

Ax- 

Figure 6. Diagram of a finite difference approximation of the 

wave equation. 

For the one-dimensional case the finite difference approximation 

is written down in the form 

9*11 _ m 4- “i — 2u» _ 1 <Fm 
~dx* — Ãr* ~ «H at* 

(56) 

Analogously for the two-dimensional equation 

«Fu ¿Fu __ ui 4 ui — 2uo 

‘ã*r ** Hÿ* ~ SP 
ui |-ui —2ui» _ <Fu 

Ay' ~ d«1 (57) 

For the wave equation in three-dimensional space 

50 



I 

dt* 1 ¿>yJ i)i: 

X| 4- M.1 — 2un 

111 4- MI — ÜUn 

5F 
ui I Un — 2iio 1 4¾ 

AxJ ** c* iH* 

In this manner, in the first approximation the continuous wave 

equation is replaced by finite differences of the displacement 

values at neighboring points. 

In order to establish the analogy of equation (56) with equations 

describing the passage of a current in electrical circuits, let 

us consider the electrical networks represented in Figure 7. On 

the basis of Kirchhoff's first law in correspondence with the 

equation^ which determine the voltage, current, energy of a con¬ 

denser with capacitance C and a coil with inductance L, for the 

typical node point we may write the equation 

(58) 

where C is the capacitance, L is the inductance, U is the electric 

potential at the point, i is the current in the circuit, and K 

is the initial charge on the condenser. Foi the node represented 

in Figures 7a, b, and c, the following relations are legitimate: 

(59) 

(60) 
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^(L^-Ujdt + 

Jr-¡-(Ut-U,)dt ^-1-^((/,-Ua)dt + 

+ -¡-\(U9- U.)dt = 6*.^ . 
<61) 

Differentiating all equations with respect to time we obtain 

U'~ ,ln i (/%-U, rf-tf,, 
(■> + ~tt- - (62) 

u* — (/« . (/% — (/« , (/% -r/« irt — un (nu*' 
~Ei U ' i., '' ;.i ^ (63) 

+ 

+ 

- (/« . 

L, 1., 
u,-u, , í/.-í;» 
~zr~ +—TT~ 

U_A- 1/,. 
L, 4 

r r-tu 
L'-ät • 

when 

¿i L, I',= Lt = L 

the equations are written in the form 

f-i/,-2//,- 

t/, + //, + (/1 -h //t - V/, = LC ; 

(64) 

(65) 

(66) 

(/, 4 //, 4- (/, I- i/4 4- //, 4- //. - 0//, = ¿<Æ". (67) 
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Figure 7. Node points of inductive-capacitive circuits. (a) one 

dimensional; (b) two-dimensional; (3) three-dimensional. 

Thus the circuits represented in Figures 7a, b, care the elec¬ 

trical models of the points of the corresponding one-, two- and 

three-dimensional wave equations, since they describe the same 

relationships. Equations (56), (57) and (58) are easily trans¬ 

formed into the form (65), (66) , and (67), if we set Ax = Ay = 

Az = h and multiply both parts of the equation by h2. Then t;.e 

value LCo will be the analog of h2/c2, where h is the chosen dis¬ 

tance between points in the medium. 

h/c = y LC. (68) 

The ratio h/c represents the time for propagation of a wave over 

the distance h, i.e., time is modeled with the aid of a corres¬ 

ponding choice of capacitance and inductance. If in the wave 

equation (51) the second derivative is considered as the ratio 

of difference in voltage in the medium between two points to the 

distance between them, then in equations (65), (66) and (67) the 

difference in potentials at two points in the model has been 

written on the left-hand side. Specifying the voltage at point 0 

(see Figure 7a), measuring the potential at points 2 and 1 and 

introducing a coefficient of proportionality between the value 

of the voltage in the model and the displacement of a unit area 

into a unit length of the medium, we may determine the displace- 
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ment at two neighboring points in the real medium under study. 

If we compose a set, i.e., a region composed of separate electrical 

sections of the network, based on the results of a measure¬ 

ment of the voltage at any node point of the model, one may find 

the displacement at the corresponding point of the medium. In 

modeling with the aid of networks of electrical resistances, two 

approaches to the construction of a model are possible. 

The first approach (physical) consists of the creation from the 

resistances of a network with contours which are geometrically 

similar to the modeled region. From the nominal values of the 

resistances of this network a determination is made of the scale 

factors which make it possible to convert from the values obtained 

for the electrical quantities to the parameters of the modeling 

medium. 

The second approach (mathematical) consists of the setting up of 

a differential equation with partial derivatives describing the 

given process, and also the establishment of boundary and initial 

conditions. After that from the values of the network function 

which comes about as the solution of the finite difference equa¬ 

tion obtained, a network of resistances is constructed. To sum 

up the circuit for electrical modeling may be represented in 

the following manner. A continuous unbroken medium is replaced 

by a n°twork, either plane or spatial, of elementary discrete 

resistances, and inductances spread out along the coordinate axes. 

In each network potentials or currents are fed in to the junc¬ 

tion points of the elements (node points), and the potentials 

which arise at other node points are then the desired quan¬ 

tities. Such a circuit integrates differential equations, and 

therefore the circuits are nailed .integrators. In Figure 8 the 

fundamental circuit of an integrator is presented, where ic is 

seen how the initial and boundary conditions are specified in 

modeling vith electrical circuits. In order to measure the dif¬ 

ference in potentials a dynamic recording apparatus (oscillo¬ 

graph) is hooked into the nodes of the circuit. 
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Figure 8. The fundamental circuit of an integrator. (I) - voltage 

source for establishing initial conditions; (II) - electron oscillo¬ 

scope or dynamic compensating measuring apparatus ; (m)- function 

generator for providing the boundary conditions; (iv) - device cor 

dividing into periods; (v) - £ bank of dischargers for the con¬ 

densers. 

In addition to modeling with electrical circuits, where the opera¬ 

tion of the modeled apparatus is based on a direct correspondence 

between elements which accumulate energy and elements which dis¬ 

perse it -- a discrete equivalent of the prototype — on the one 

hand, and electrical resistances, inductances and capacitances 

on the other hand, it is possible to model with electronic ana¬ 

lyzers, in which the elements of the analyzer satisfy mathematical 

functions in order to obtain a solution. These computing devic ;s 

are intended for the solution of systems of ordinary differential 

equations and differential equations in partial derivatives. Be¬ 

sides,in these apparatuses such mathematical functions as summa¬ 

tion, subtraction, multiplication ,and integration are performed, 

as well as the formation of arbitrary functions. The basic ele¬ 

ment of an electronic computing device is the computing ampli¬ 

fier, whose schematic representation is presented in Figure 9. 
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Eigure 9. Symbolic representation of the Computing Amplifier. 

In the operation of an electronic amplifier as a computing device 

the elements of feedback Zf and input resistance Zj are joined in 

accordance with the schematic shown in Figure 10. Since the cur¬ 

rent of the amplifier circuit is insignificant, the current ij 

flowing through the input resistance Zi is equal to the current Í2 

to the feedback resistance Z^. The equation for the node A has 

the form 

but, on the other hand, the voltage e^ is related to the voltage 

at the output of the amplifier 

where k is the amplification factor (approximately equal to 15,000), 

and the voltage eA in view of the large amplification factor, may 

be considered negligible. Consequently, the output voltage 

If the feedback resistance Z^ and the input resistance Zi have 

the same value, then the output voltage eQ is equal to the nega¬ 

tive of the input voltage ei. In this case using the circuit 

under consideration the operation of sign reversal is being accom¬ 

plished. If one of the two resistances is chosen to be variable, 

as shown in Figure 10b, then the input voltage may be multiplied 

by an arbitrary negative quantity which is determined by the ratio 
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of the feedback resistance 

with the expression 

to the input resistance in accordance 

ï? 
». !• 

Tae input of the amplifier may be connected with a large number 

of input resistances (See mure 10.). The output voltage in this 

case is equal to 

Inasmuch as the output voltage is proportional to the sum of input 

voltages, this circuit is called a "summator" and is used in the 

summation of two or more quantities. Incorporation of a capacitor 

C1 in place of the feedback resistance, as shown in Figure lOd, 

leads to the following result: 

Figure 10. Computing Amplifier. (a) Fundamental , 

computing network; (b) multiplication by a constant; (c) 

summation; (d) integration; (e) summator with integrator. 
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Consequently the output volta je is proportional to the negative 

value of the integral over tiro of the input voltage. Constant K 

represents the output voltage at the time t = 0 and determines 

the initial condition of the voltage up to which the capacitor 

must be charged prior to the beginning of the computational pro¬ 

cess. For this purpose a special relay and a constant current 

source are usually employed. The summation and integration opera 

tions may be combined with the aid of a circuit (See Figure 10e), 

in which the output voltage is equal to 

i, 

The operations of sign change , multiplication by a constant, summa¬ 

tion, and integration together with the corresponding input and 

output devices allow one to solve any systems of ordinary linear 

differential equations with constant coefficients. For an example 

let us consider the solution of the wave equation (50) using an 

electronic analyzer. This equation may be set down in the form 

••i + uj — 2iio 1 
/»» “ «J 'W • 

(69) 

«I 4-Ut + H1+ Ui — 4un _ 1 3*Uo 

RT e4 “Si4"’ 
(70) 

U| + Uj-f u* ^ m 4- ai + m — Cmo _ 

h* 
1 ¿>JUn 

c* «M4 * (71) 

where h = ax = Ay = Az 

Or 

(72) 
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(73) 

(74) 

Let us take a look at equation (72). The value of Uo = f(t) is 

obtained as a result of a double integration with respect to time 

of the sum under the integral uj + u2 - 2u0. Consequently, the 

circuit for the node point of the differential analyzer must consist 

of a summator at the input of which the voltages Uj, U2, and -2U0 

is fed in, and two O-integrators. The node point of an electronic 

analog circuit for modeling the one-dimensional wave equation is 

shown in Figure 4. At the input of the first integrator (I) (point 

A, Figure 11) there is fed a voltage, whose value corresponds to 

the second derivative with respect to time. After integration 

at the integrator (I) the value of the output voltage corresponds 

to the value of the first derivative with respect to time. This 

voltage with the opposite sign (since an integrator reverses the 

sign upon integration) is fed into the input of the second inte¬ 

grator (II). At the output of integrator II (point B) we have 

the voltage -U0. The voltages -2U0, U,, and U* ave fed into the sum¬ 

mator (III), which permits the voltage U, + - 2U0 to be ob¬ 

tained at the output. The value of this voltage corresponds to 

the function under the integral in equation (72). Thug, at point A 

we have the relationship 

Í/| -)- i/| — 2Ub “ 
A* cW„ 

t‘ Ji* • 

whence 
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By connecting an oscilloscope or any other recording device to 

the output of the differential analyzer, one may trace the change 

in output voltage (-U0) in time U0 = f(t). At t = ti, U0 = Ui, 

but at t = ta, Uo = Ü2. Since the voltages Ui and Ua are propor¬ 

tional to the displacement at points 1 and 2 of the real medium, 

the change in time of the displacement in the medium between the 

first and second points is found from the change in output voltage 

Uo = f(t) . 

Figure 11. Typical Differential Analyzer Block for Solving a Wave 

Equation. 

In the modeling of complex dynamic processes it is sometimes con¬ 

venient to combine the electronic analyzers and the circuit devices 

into one apparatus. 

The principle of mathamatical modeling which we have just considered 

makes it possible to solve questions of modeling elastic wave dis¬ 

placements in an absorbing medium. In order to model the parameters 

of seismic oscillations in an absorbing medium, B. N. Ivakin (1958) 

employs various models of the medium depending on the mechanism of 

absorption. An absorbing elastic medium may be represented in the 

form of an infinite network of infinitesimally small mechanical 

quadripoles. A macroscopic continuous one-dimensional mechanical 

model of an elastic medium is shown in Figure 12a; it consists of 

(to a known^degree arbitrary) mechanical impedances Z^o and zTo» 

called respectively the parallel and series arms of the infinites- 
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imaliy small mechanical quadripole. For such a model the equation 

of motion may be written down in operator form 

rf‘r 
('O' i\ </*/’ 

TrT = (-7.-)1 I1, (75) 

» 

M 
where v is the displacement velocity; P is the pressure; q0 .s 

the propagation constant 

(76) 

Figure 12. A macroscopic continuous model of an absorbing elastic 

medium. (a) - mechanical; (b) - electrical. 

Consequently the propagation constant of the mechanical model is 

expressed in simple enough manner in terms of the impedance of 

the quadripole arms and is a function of the Heaviside operator 

= d/dt, if the impedances of the arms are given in operator 

form. In equation (76) all the quantities are related to the unit 

of length 

ZM it 
zr 
777 ’ 'M ̂  zr di. 

(77) 

When Ax -*■() we pass from the mechanical network model over to the 

macroscopic continuous model. When that happens the wave impedances 

W^j and W™ take the form 

I y W yM 
W* 

(78) 
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where P and v are the pressure and displacement velocity at some 

point in the continuous one-dimensional model. 

Thus, for a continuous mechanical model of a non-ideally elastic 

medium we have in the most general form the following equations. 

1. The equation of motion in operator form (75) (written 

for the displacement velocity v and for the pressure P), 

where the propagation velocity q^ is expressed in 

terms of the impedance of the arms of the model zTo 

and Z20 (in accordance with equation (76)). 

2. The equation (78) connecting the displacement velocity v 

and ♦-he pressure P in a continuous model, coming about 

as the result of the known relation between the dis¬ 

placement and the mechanical stresses in elastic media. 

Comparing the equations(75) and (78) which have been obtained with 

the corresponding equations of a non-ideally elastic medium, one 

may determine unambiguously the desired models for the elastic medium. 

The electrical model of an elastic medium may be obtained if we uti¬ 

lize the first system of electromechanical analogs in the form 

worked out by G. A. Gamburtsev. In accordance with this system, 

there exists between the mechanical and electrical quantities the 

following analogy: 

P ~ Í7; 1' ~ /; // ~ //; in ~ k i/C, 

where P, v, H, m and k are respectively the pressure, displacement 

velocity, mechanical friction, mass ,and rigidity, and U, I, R, L , 

and C are respectively the electrical voltage, current, resistance, 

self-inductance ,and capacitance. In accordance with the first system 

of analogies we find the electrical analogs (Figure 12b) of the 

mechanical model. To serve as an example let us consider models 

of a visco-elastic medium. 
v 

Let us write down the equation of motion (Deryagin, 1932) for a 

visco-elastic median in the caso of a plane longitudinal wave 
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propagated in the direction of the X axis: 

â'u 

dJ ât ’ (79) 

where p is the density, Xß and uß are the Lane constants, u is the 

displacement of particles of the medium along the X axis, and n 

is the coefficient of viscosity of the medium. We differentiate 

equation (79) with respect to t and denote the displacement velocity 

of particles of the medium v = du/dt 

P 
ff'r 

~ (in 
\ a3!’ 

T 11 Hïïoï • 

(8C) 

Applying null initial conditions, we put equation (80) into operator 

form 

d2v 
dxA 

(81) 

where 

fln 
Xq 4- 2nn 

P 

Comparing (81) and (75), we find the first equation which connects 

the impedances of the arms z7o and zTo of the desired model 

with the parameters of the virco-elastic medium: 

(82) 

It is assumed that the density of the medium does not affect the 

wave absorption and that all dissipative losses come as a result 

of its non-ideal elasticity. Then 
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Zf, *= p • A/0 = Ptp. (83) 

Furthermore 

7* 
»1 

wn 

p''« 
^ ~ 

(84) 

where symbols for the impedances Z, and H have been introduced, 
K n ' 

Z* = 
(85) 

The relations between the visco-elastic medium parameters and its 

mechanical model are found from equations (83) and (85): 

Po -- 3/0, Xn -f* 2|in == kn', 

and the structure of the series arm of the mechanical model is found 

from equation (84). Starting from the results just obtained and 

taking account of the fact that in equation (84) the impedances are 

summed, the elastic impedance Zj^ and the active impedance are 

introduced in parallel fashion and we construct the model of the 

medium according to Figure 13 (in the electrical model the capaci¬ 

tive impedance ZCn and the active impedance is inserted in series). 

In Figure 13 the mechanical (a) and electrical (b) models of a visco¬ 

elastic medium are represented. In this representation, in accordance 

with the first system of electromechanical analogs, the relations 

between the parameters of the visco-elastic medium and the electrical 

model take the form 

p == X.u 2|in flu (86) 
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The equations of motion for the mechanical and electrical modais (see 

Figure 13) are found from the dependencies which determine the value 

of the arm impedances of the models and from equation (7b). In the 

end we obtain the equations of motion 

9'» *« i _£Üil 
^ A/n dx'Ot ' (S7) 

d'"  1 9:v . ltn <Vi> /0 
90 Z/T ■ <ii* ^ u di üt • 

which are analogous to the equation for a visco-elastic medium (79). 

Knowing the arm impedances Zi0 and Z2o of the model of a visco¬ 

elastic medium, it is not difficult to determine the wave impedance 

for the model, using relationship (78): 

w~VJQ-ny/T+f\^, 
i n 

(89) 

1 -1 
(90) 

Using the relationships between the parameters of the medium and the 

model, we find the value of the wave impedance for a visco-elastic 

medium: 

Consequently the given method provides a way to model the absorption 

of elastic waves in viscous media if the parameters of tha model are 

chosen in the corresponding way. 
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Figure 13. A construction of a section of the model of a visco¬ 

elastic medium. (a) - mechanical; (b) - electrical. 

Making use of electronic analyzers and vacuum tube devices, it 

is possible to solve the problems of stress wave propagation in 

ideally elastic and absorbing media. The spread of a series of 

problems, soluble with the aid of mathematical modeling, was pro¬ 

moted by the creation of special analyzers. In recent years a 

series of electronic analyzers and vacuum tube devices have been 

developed. C^e example is a computer which solves a system of 

equations of the sixth degree — a modeling machine, the coarsest 

type of modeling device, having 400 operational amplifiers. In 

order to solve biharmonic equations the model of an analyzer has 

been worked out. There are also other models that may be used 

effectively for solving problems connected with elastic wave motions. 

Fundamentals of Physical Modeling of Crushing and Other Types of 

Damage to Rock 

The process of destruction of rocks is one of the most complex 

phenomena taking place in an explosion. This complexity helps 

to explain the large number of works which have been devoted to 

various questions dealing with damage to friable materials under 

impulsive loads. Physical modeling plays a special role in inves¬ 

tigations of these questions. Theoretical questions concerning 

the modeling of the processes of crushing and damage to rock as 

well as methods for laboratory experimentation have been con¬ 

sidered in the works of Professor G. I. Pokrovskiy (1957, 1968), 

Professor 0. Yo. Vlasov (1962, 1966), Doctor of Engineering 

Science G. P. Demidyuk (1960, 1962, 1968) and in other works. 
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The accumulation of experimental material from the investigation 

of explosive action under laboratory conditions with models and 

from the production of industrial explosions has made it possible 

to establish the basic parameters end the degree of their influence 

on the destruction process, and to make a series of well-grounded 

assumptions. 

The effect of the design of the charge on the explosive impulse 

parameters and on the process of destruction of rocks in an explo¬ 

sion was established in the works of academician N. V. Mel'nikov 

and Doctor of Engineering Science L. N. Marchenko (1960, 1963, 1964). 

The results of these investigations carry a large significance 

not only for the development of methods of increasing the bene¬ 

ficial use of explosive energy for crushing, but also for assuring 

the similitude of the explosive loading in the modeling of explo¬ 

sive action. 

The large volume of experiments performed in the explosive works 

laboratory of the A. A. Skochinskiy Mining Institute under the 

leadership of L. I. Baron (1962) made it possible to study the 

particulars of the destruction mechanism and the local distri¬ 

bution of grain-size composition of the shattered material as a 

function of its strength. The results of the experi¬ 

mental studies are set forth also in the engineering science 

doctoral thesis of Ye. T. Maksimova (1950). 

Questions of the mechanism of explosive action is also dealt 

with in a series of works by Professor G. P. Demidyuk (1965, 1964) 

and Professor M. F. Drukovanyy (1965). In the indicated works 

consideration is given to a question of the effect of the explo¬ 

sive loading parameters on the course of the destruction process, 

a treatment which allows one to work out methods for guaranteeing 

similarities in the destruction process for modeling and in nature. 

A. N. Khanukayev (1962, 1961), V. N. Mosinets (1969), and Ye. G. 

Baranov (1969) carried out experiments studying the effect of 
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stress waves on the destruction process and investigated stress 

wave parameters in an explosion in several types of rocks at dif¬ 

ferent distances from the charge center, studies which make it 

possible in a series of cases to establish the similitude conditions 

for explosive loading. 

The investigations just mentioned, along with other works, serve 
as a groundwork for the development of the following methods for 

physical modeling of the processes of crushing and other damage 
to rock: 

1) The method based on the similitude of elastic wave motions; 

2) The method utilizing energetic similarity; 

3) The method of equivalent materials. 

A. Modeling of the process of damage to rocks by an explo¬ 

sion by using an elastic model of the medium. 

In the majority of cases by destruction or damage we mean destruc¬ 

tion of the structure of the material. The maximum tensile stress at 

which the material still retains its continuity is called the 

strength. The end result of the destruction process is the crush¬ 

ing or shattering of the material, which is characterized by having 

grain-size composition. A mean indicator of the intensity of 

crushing is given by the dimension of an average fragment. 

The similitude of elastic wave motions may be used in modeling the 
destruction processes, if one makes the following assumptions: 

1) Just before undergoing destruction the material 

behaves like an elastic material; 

2) The destruction process proceeds instantaneously, 

and the intensity of crushing is determined only 

by the magnitude of the stresses. 

One result of the first assumption is the existence of a definite 

material strength [o], up to which the stresses are related to 
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deformation by a linear dependence. As for all stresses, relation 

(42) must be satisfied for tensile strength. Therefore, we may write 

down 

(91) 

The second assumption assumes the absence of a redistribution of 

stresses during the destruction process and the identity of stresses 

independently of the dimensions of the model as similitude in the 

loading is obeyed, i.e., in observance of the condition 

• 

®unt n _ I -'ll* __ i 

=.,,,,- ~ 1 = 1« " ’ (92) 

On the model the same quantity of fragments of shattered material 

will be found as in nature. Use of the method just considered for 

modeling the destruction process does not cause any difficulties 

in determining the similitude criteria. The basic difficulties 

arise in the practical realization of the indicated conditions. 

The first difficulty is caused by the necessity of maintaining 

the definite relationships between the constants of the modeled 

material, since the velocivy, density, and stress scales must satisfy 

assumption (42). This condition is fulfilled if the durability 

of the material is proportional to the moduli of elasticity, and 

the coefficient of proportionality is the same for both nature 

and the model. As studies have shown, for some tough types of 

rocks and materials such a proportionality is observed and in 

a series of cases these difficulties are eliminated. Moreover, 

in choosing the modeled material it is possible to use the actual 

material of nature, and then all conditions are satisfied if one 

neglects the influence of the scale factor on the strength. 

Comparatively large difficulties arise in attempting to realize 

the second assumption. When we take account of the fact that the 

destruction procès* lacks a finite interval of time, it is not 

69 



possible to avoid redistribution of stresses in the process of 

crack-formation. Besides, combination of condition (92) with 

the similitude condition for crushing without supplementary require¬ 

ments placed on the characteristics of the material leads to con¬ 

tradictory deductions. In order to show the contradiction contained 

in this assiimption without resorting to complex mathematical calcu¬ 

lation, let us use a somewhat idealized but a sufficiently easy to 

understand example. Let us consider the destruction process for 

two cubes of different dimensions but prepared from the same material 

(Figure 14). With complete justification we may consider the large 

cube (with edge 2a) to b<_ associated with nature, and the small cube 

(with edge a) associatedv:ith the model. Let us suppose that under 

the action of a plane stress wave at all points in nature there 

arises the same stresses o ^ » as a result of which the cube is 

shattered into 24 approximately equal pieces. If we mentally cut 

a cube with edge a from nature, it will be fragmented into 

approximately three parts. In order to obtain the disintegration 

which ir, similar to nature, in accordance with equation (42) , it 

is necessary in the model to create the same stresses (^ = ). 

In doing this, in light of the second assumption, we must obtain 

a similar disintegration, i.e., the model must be fragmented into 

24 approximately equal pieces. Thus, we are led to the conclusion 

that the same volume of one and the same material subjected to 

the same stresses is crushed into a different number of pieces 

(3 and 24).. This deduction contradicts the initial assumption 

which says that the process of fragmenting the material is deter¬ 

mined only by the value of the maximum stresses. In order to 

remove this lack of agreement, it is necessary to impose supple¬ 

mentary requirements on the material of the model, requirements 

which may be established on the basis of the statistical theory 

of damage. 

One should not identify similitude of shattering with similitude 

of the dimensions of the damage zone. Similitude in the dimensions 

of the damage zone is related to the modeling of the durability 

theory problem and not damage theory problems. As is well known, 
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problems in the theory of durability differ from problems in 

damage theory in that in problems of the latter type it is required 

only that answers be found to the question- is the structure or 

the continuity of the material preserved under the given loading? 

In this regard it is absolutely immaterial how the continuity shall 

be disrupted. In determining the dimensions of the damage zone 

one should show at what minimum distance from the charge the material 

retains its continuity. In order to model a similar problem in the 

theory of durability (conditions (42) and (92)), it is sufficient 

to preserve similarity in the dimensions of the damage zone. In 

this case the intensity of fragmentations in nature and in the model 

may differ substantially. Similarity of the dimensions of the damage 

zone may be used as the method of indirect determination of the 

conditions of similar loading in the study of elastic wave phenomena, 

since it implies similarity in the value of the initial displace¬ 

ment. Considering that the value of the damage zone is proportional 

to the value of the initial displacement and the modulus of elas¬ 

ticity, and inversely proportional to the value of the fragmenting 

stresses, we may write 

r W.»#(/i)/(|:|). 

Ficjure 14. Fragmentation of cul.es of different dimensions. 
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From the similitude condition 

"jm „ j2i" !1'± 
''.M " '■m hi;' /,, ' 

i.e., under conditions (91) and (92),u /u^, = X. are obeyed. 

However, employinc similitude in the damage zone, we may estab¬ 

lish similitude only in the value of the stresses, but this does 

not indicate similitude in the stress pulse duration, since the 

stress pulse duration in the material dees not affect the dimen¬ 

sions of the damage zone, but influences only the intensity of 

fragmentation in the media without absorption. Considering the 

complex dependence of the fragmentation intensity on duration, 

it is necessary to utilize the results of experimental measure¬ 

ments in order to establish similitude of the duration of loading. 

When carrying out laboratory investigations it is necessary to 

adjust the value of the stresses and the duration of the explo¬ 

sive action in order to have similitude observed in the explosive 

loading. To a considerable degree the value of the stresses 

depends on the characteristics of the explosive material, the 

construction of the charge, and also the time duration of a 

pressure pulse in the charging chamber as well as on the trans¬ 

formation conditions of the shock wave in the concrete block. Let 

us find the effect of the separate factors on the value of 

stresses in an explosion in order to ease the adjustment con¬ 

dition in the performing of laboratory investigations. The 

value of the maximum stresses depends on the detonation velocity 

of the explosive material and on the charging density. Up to 

a well-defined limit (which depends on the acoustic rigidity 

and the durability of the material) the value of the maximum 

stresses which occur at the wall of the charging chamber is 

proportional to the impedance of the explosive material (pD). 

An increase in the peak pressure in the charging chamber still 

does not imply a proportional growth in the maximum stresses 
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in the rock. In order to obtain a proportionality between 

these quantities it is necessary to guarantee a corresponding 

duration of the existance of pressure in the charging chamber. 

A pulse of the shortest duration for the same stresses carries 

the least energies. If the medium is ideally elastic, the value 

of the maximum stresses for various durations will be the same. 

In real media upon propagation of the stress pulses a part of 

the energy is expended in dissipative losses, connected with 

the non-ideal nature of the medium and with the damage. The 

dissipative losses depend on the frequency characteristics of 

the stress pulse. The frequency characteristics of the pulse 

may be established with the aid of a Fourier transformation. 

A shorter pulse contains in its spectrum higher frequency 

oscillations, which are absorbed more intensely. A clear illus¬ 

tration of the damping intensity of various frequency oscilla¬ 

tions may be given in the following manner. 

We consider a region through which stress waves pass in the block 

with a frequency u0 and 2ujo and with the same initial ampli¬ 

tude on fFigure 15). It is seen in the figure that twice as 

many wavelengths with frequency 2w are enclosed in a trans¬ 

verse section than with u>. As shown earlier (according to the 

data of the work "Physical Acoustics," 1968), the reduction in 

oscillation amplitude over unit wave lengths for hard materials 

has a constant value. Let us suppose that in each oscillation 

the amplitude decreases by a factor of 1.1. Then the oscilla¬ 

tion amplitude at the end of the region for a wave with fre¬ 

quency wo is reduced by (l.l)n times (where n is the number 

of wavelengths enclosed in the region) , and for a wave with 

frequency 2w0 it is reduced by (1.1)?n times, since the wave 

accomplishes twice as many oscillations in the region under 

consideration. In the illustrated example, n ~ 4; 2n = 8. 

Correspondingly the amplitude in the wave with frequency wo 

decreases by 1.46 times, and in the waves witn frequency 2u)0 

by 2.14 times. By looking at the peculiarities of tue fre- 

73 



quency spectrum of pulses of different durations, it is not dif 

ficult to find the difference in their damping. A pulse of 

duration To has a spectral width of 

This indicates that in the pulse spectrum all frequencies from 

zero to B! are found. For a pulse duration of 2t& the spectral 

width is shortened 

Figure 15. The damping of waves of different frequencies in 

an absorbing medium. 

If we consider the fact that a pulse of longer duration carries 

also a greater amount of energy, then the amplitude of oscilla¬ 

tions of the same frequency in a pulse of longer duration will 

be considerably greater. Therefore^ in the propaç .cionof pulses 

the amplitudes of oscillation with frequencies irom B2 to Bj, 

which are characteristic only of a short pulse, are damped more 

intensely, but the components with frequencies from 0 to B2 are 

nevertheless damped the Sc.me, although the initial amplitude 

of these components are significantly smaller for a short pulse. 
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Therefore,in the propagation of a short pulse the widths of the 

spectrum is reduced to the spectral widths of a longer duration 

pulse, but the amplitude is significantly lower. Consequently 

a short pulse is damped more intensely owing to the absorption 

of high-frequency components. 

Based on the above damping mechanism for stress waves 

we are led to the deduction that it is necessary to observe 

similitude of pulse duration not only for time similitude of 

elastic wave phenomena, but also for similitude in the value 

of the maximum stresses, inasmuch as this similitude may not 

be attained at all points in the model, if similitude is not 

obeyed in time. A change in the duration of loading may be 

effected by a change in the construction of the charge. By 

using charges with air gaps it is possible to increase the dura¬ 

tion by a factor of 1.3 to 1.4. A lengthening of ths pulse 

leads to an increase in the damage zone dimensions on account 

of the reduction in damping of maximum stresses. According to 

the data of the work of N. V. Mel'nikov and L. N. Marchenko 

(1964), if charges with air gaps are used the uniformity of 

fragmentation is also increased, an observation which testifies 

to the smaller absorption of energy of stress waves in the 

neighboring zone. The length of the pulse depends also on the 

number of detonation products formed and on the conditions of 

their discharge. The number of detonation products formed may 

be controlled by using composite charges consisting of explo¬ 

sive materials which give off various quantities of detonation 

products in an explosion. A substantial difference in the 

quantity of liberated gases characterizes lead azide and 

mercury fulminate in comparison with other explosive materials 

( PETN - pentaerythyrityl tetranitrate, hexogen, 

tetranitromethy]aniline). Furthermore the duration of the 

discharge depends on the density of detonation product occlu¬ 

sion in che charging chamber. The density of occasion is 

determined by the material and the magnitude of stemming. 

Thus creating a situation of similar loading is a complex 

75 



problem, whose solution permits one in the first approximation 

to establish similitude of the damage zone dimensions. In order 

to have similitude obeyed more precisely a large volume of pre¬ 

liminary investigationsinto the effect of various factors on the 

stress pulse parameters must be performed. In this connection 

one should mention the very hopeful prospects for exploiting 

means of creating pulses with specified parameters under labora¬ 

tory conditions: electrohydraulic impact and electrical breax- 

down. In both cases the shock wave parameters may be controlled 

by the value of the voltage and the parameters of the electrical 

system (capacitance, inductance, etc.). Certain difficulties 

arise in changing the duration of a voltage pulse. This situa¬ 

tion is explained by the fact that after the electrical break¬ 

down the basic energy is consumed in heatina the surroundina 

medium and is not transformed into the energy of a shock wave, 

a fact which prevents one from obtaining the desired increase 

in the loading duration. Therefore, increasing the duration 

of the electrical discharge does not lead to the hoped for in¬ 

crease in loading duration. We should attribute to the defi¬ 

ciencies of this method the emergence of powerful electromag¬ 

netic fields in the discharge, complicating the process of 

working the electronic recording apparatus. The possibili¬ 

ties and the peculiarities of the indicated method are re¬ 

viewed in a series of works by G. I. Pokrovskiy, N. A. Vlatin, 

and others. The large amount of attention which has been given 

to similitude of explosive loading comes about because of the 

fact that lack of observance of this condition in modeling may 

lead to erroneous results. In the work by Kucheryavyy et al 

(1962) the proper attention was not paid to observance of the ’ 

similitude conditions of explosive loading, particularly in 

the transition from the volume to the plane model. In this 

regard it was proposed that one look at the model as a diminu¬ 

tive copy of a layer of the rock cut out mentally and it was 

considered that similitude in loading v/as guaranteed automat¬ 

ically. However, in this case the conditions under which the 

detonation products are discharged are changed in an essential 
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manner and there is no account taken of the action of the 

remaining part of the charge on the cut-out layer, a situa¬ 

tion which leads to non-identical damaqe. The results of 

experimental investigations carried out by 0. Ye. Vlasov and 

S. A. Smirnov (1966) demonstrate this point very well. In 

exploding a piece of detonation fuse (DF) in a plate of 

organic glass of thickness 34 mm (the diameter of the fuse 

was 5.5 mm) the radius of the damage zone amounted to 40 mm. 

It would seem that by cutting out of such a plate a model 

of thickness 9 mm and making sure that all other conditions 

were equal with respect to the geometry of the model, we 

should obtain the same radius of the damage zone. However, 

the damage zone radius in the explosion of a plate of 

thickness 9 mm decreases to 20 mm. The length of the piece 

of DF in both cases vas equal to the thickness of the plate. 

These experiments testify to the necessity of observing 

similitude conditions not only in geometrical dimensions 

and in properties of the medium, but also in the parameters 

of explosive loading. 

One method for using the modeling in the solution of impor¬ 

tant problems arising in the design of large-scale explosions, 

based on the similitude of elastic wave motions, was worked 

out by G. I. Pokrovskiy (1969). In the first approximation 

it was presumed that the detonations of elements of the medium 

would be similar in the explosion of two charges, analogous 

in form and in chemical composition but differing in magni¬ 

tude, with the same material for nature and for the model, 

and under the conditions of similar arrangement of the ele¬ 

ments of the medium under consideration. For charges of the 

same shape the volume and weight are proportional to the cube 

of the linear dimensions 

() = kll (93) 
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where Ä-o is the characteristic dimension; k is a coefficient 

accourting for the specific weight of the explosive material» (em) 

and the shape of the charges. 

For a spherical charge 

0 = 
•Ph 3 k -J-Xi'.m 

(94) 

From geometrical similarity it follows that the radius vector 

of the surface of equal stresses is proportional to the charge 

radius. 

r = xr o 

From (93) it follows that 

(95) 

'•o 

From (95) and (96) 

(96) 

r = / i/A-r'Q 
(97) 

Denoting 

X 
(98) 

we obtain 

(99) 
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i.e., the dimensions of the characteristic zone of explosive 

action in the medium varies as the square root of the cube 

of the weight of the charge. Inasmuch as k* does not depend 

on the scale, the value of k' may be determined in the explo¬ 

sion of small charges and the results of investigation may be 

incorporated in the design of large-scale explosions, carried 

out under analogous conditions. Thus the modeling of processes 

of damage to rock, based on the simi]itude of elastic wave 

motion, permits one to study a series of questions which 

have a large significance in the design of large-scale mass 

explosions and in the development of methods for enhancing 

the useful exploitation of the explosive energy for fragmen¬ 

tation . 

In modeling damage processes still another difficulty 

arises, which is caused by the reflection of stress waves from 

three surfaces owing to the fact that the dimensions of the 

model are bounded. One method for eliminating the effect of 

reflective waves on the model is to increase its dimensions. 

However,such an increase in the dimensions is not desirable, 

since it complicates the setting up of the experiment and 

the preparation of models. In the modeling processes which 

take place in a block of large size, G. N. Kuznetsov 

(1968) employed a method of stress wave traps. This method 

provides for setting up special diffuses along the edges of 

tve model, which correspond to the unbounded block in 

nature (Figure 16). This method is recommended for appli¬ 

cation in those cases where it is not permissible to prepare 

a model of such dimensions that from the side corresponding 

to the unbounded block a reflective stress wave would not 

arise in the part under investigation during the time over 

which the process takes place. A stress wave passes across 

the elongated part of the diffuser, is partially scattered, 

and after reflection arrives into tne model attenuated. If 

the stress wave has a high intensity, then for a large degree 

of attenuation of the wave one may employ a diffuser of the 
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construction shown in Figure 17. In a diffuser of such con¬ 

struction the attentuation of the wave occurs not only on 

account of geometrical divergence, but also on account of the 

reflection. A diagram of the path of a reflected, 

wave is shown by dotted lines. Usually after three or four¬ 

fold reflection from tthe surfaces of the plate the intensity 

of the wave becomes negligible. 

Figure Diagram of a diffuser for reducing the amplitude 

of a reflected stress wave by means of geometrical divergence, 

(a) - cross section of the diffuser; (b) - view of the model 

with the d:: ffuser. 

One method for partial elimination of the reflected 

wave is the use of special attachments. The attachment is 

prepared from the same material and is cemented to the corre¬ 

sponding edges (Figure 18). A wave propagated from the charge 

passes through the attachment and is reflected from a free 

surface. Upon approach of the reflected wave to the point 

at which the attachment is glued on, a part of the reflected 

wave is removed and does not enter the model. In arranging 

for this to happen the strength of the cement must be sub¬ 

stantially smaller than the strength of the modeled material 

in an explosion. In order that the effect of the reflected 

wave be eliminated entirely, it is necessary to choose the 

width of the attachment in such a way that it will not be 
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smaller than half of the blank of the positive phase of the 

wave, i.e., it is necessary that the condition 

(100) 

be fulfilled, where c is the velocity of sound in the material, 

and T is the duration of an explosive pulse in the model. 

Figure 17. Diagram of a diffuser for reducing the intensity 

of reflected stress waves owing to geometric divergence and 

multiple reflection. 

Usually the duration of an explosive pulse in the model amounts 

to tens of microseconds, and in rare cases hundreds of micro¬ 

seconds. For t = 100 microseconds and the velocity of sound 

in the modeled material of 4000 meters/second, the w'dth of 

the attachment must be no less than 0.2 m. For short pulse 

duration (i = 20-30 microseconds) the width of the attachment 

may come to about 5-7 cm. 

Place j--*- 

Glue 

Figure 18. Diagram of an attachment for eliminating the entry 

of reflected waves into the model. 
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The chief merit of this method is the possibility of practically 

complete elimination of a reflected stress wave of any inten¬ 

sity. We must admit that one deficiency is the necessity for 

providing a reliable height contact between the attachment 

and the model for each length of the edge. Moreover, for a 

long duration of loading the dimensions of the attachment may 

be considerable. Therefore, this method may be applied only 

for intense pulses of short duration. For intense prolonged 

pulses it is appropriate to use attachments in conjunction 

with a diffuser (Figure 19). In this case the penetration 

of a reflected wave into the block is partially removed by 

the attachment, and the remaining part is scattered in the 

diffuser. 

Place for Gluing 

Figure 19. Diagram of the use of an attachment with a diffuser. 

B. Methods of Modeling Using Energetic Similitude. 

Energetic similitude is one of the special cases of thermody¬ 

namic similitudes. From the thermodynamic similitude criterion 

as the most general criterion, all the remaining similitude 

criteria may be obtained as special cases. Questions relating 

to thermodynamic similitude are considered in detail in the 

works of N. A. Nasedkin (1939), G. I. Pokrovskiy and I. S. 

Fedorov (1957, 1969). The physical essence of thermodynamic 

similitude is contained in the notion that the change of state 

of a non-equilibrium closed system proceeds on account of 

supplied energy and free energy. In order to pass over to 
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general principles, without stopping to consider special cases, 

it is proposed that we represent any given system as con¬ 

sisting of a large numi er of small but macroscopic1 particles. 

The state of each part'cle is represented by a point in some 

phase state. Thus, the medium is represented by an aggre¬ 

gate of peints in some phase space and consideration of the 

state of the system may be replaced by consideration of the 

space of the phase space, characterized by density of points, pc- 

The change of state of the system is characterized by a change 

in the density of points in the phase space. From these premises 

the thermodynamic similitude criterion is obtained 

dr 
di 

s 

(101) 

where T is absolute temperature; Se is the system entropy; 

p is the system density; V = 1/Pg is specific volume; E is 

the system energy; F is the free energy of the syster • t is 

the present time coordinate. 

The right-hand side of the equation (101) represents the density 

of points in the phase space, corresponding to dispersed 

energy, and has the dimension of density. In order that 

similitude be obeyed between two systems it is necessary that 

the relative densities of points in the phase spaces of these 

systems be the ^ame for the same moment in time. Proceeding 

from this condition, the thermodynamic similitude criterion 

is written down in the form 

‘By the macroscopic property of an individual particle *re 
undi stand here the preservation by that particle of the basic 
properties of the medium. 
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Thus with the aid of an idealized representation of the system 

in the form of a phase space with a well-defined density of 

phase points, the establishment of criteria characterizing the 

similitude of various systems is facilitated. However it 

is much simpler to deduce the criterion of thermodynamic simi¬ 

litude if we use another idealized representation of the system. 

Representing the system in the form of a large number of phase 

points, we impart to the aggregate of these points the char¬ 

acteristics of an ideal gas. The change of state of this 

system will be described by equations caaracterizing the change 

of state of an ideal gas. From the gas lav/s and the laws of 

thermodynamics it follows that the work done by the gas is 

equal to the difference between the supplied energy and the 

change in internal energy of the gas 

(103) 

The first term is equal to the supplied energy, and the second 

is equal to the change in internal energy of the gas. It is 

clear that the work performed by the ideal gas must charac¬ 

terize the change in free energy of tne system 

The left-hand side of equation (104) is proportional to the 

change in free energy of the system. Equation (104) may be 

■written in the form 

(105) 
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When we take account or the fact that systems with differing 

parameters are represented in the form of a phase space, all 

characteristics of which with the exception of density are 

constant, the coefficient k is the scale of conversion from the 

phase space , to which is imparted the properties of an ideal 

gas, to the real system. The coefficient k accounts for the 

difference in the change of free energy for various systems 

when the change in energy of the ideal gas would be the same. 

The similitude criteria of the two systems reduces to an 

equality between the conversion coefficients, i.e.,for simi¬ 

lar system ki = k2. 

It is now easy to obtain the thermodynamic criterion 

for similitude (102) . The coefficient k may be represented 

in the form of a phase space density function and we arrive 

at the interpretation given in the works of G. I. Pokrovskiy 

(1957; 1969). The description of the aggregate of phase points 

in the form of an ideal gas represents a kind of abstraction 

which allows one to simplify the mathematical computations. 

At the basis of this abstraction lies the fact that the laws 

of conservation of mass and energy are equally valid for a 

gas as for any other system. Therefore, the deduction of gen¬ 

eral principles for different systems does not offer any 

particular difficulties. The expression of one 

principles is the thermodynamic similitude criterion. A 

determination of analogous quantities in different systems 

is considerably more complicated. The use of a thermodynamic 

similitude criterion is possible if the energy is expressed 

in terms of parameters which determine the process. Inasmuch 

as the thermodynamic similitude criterion is general for all 

processes, N. A. Nasedkin (1939) proposed the following rules 

for obtaining the similitude criteria for a concrete system. 

1. Determine the expressions for the basic thermo¬ 

dynamic functions of a given sys*-' the entropy, 

free energy, and total energy. 
I 

2. Express the functions contained in one system of 

basic units. 
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3. Find the differential of the functions of entropy 

and free energy and the partial derivative with 

respect to volume of the total energy at constant 

temperature and substitute them into the expression 

for the thermodynamic similitude criterion (102) . 

4. Write down the obtained relation in relative units 

and find from this the similitude conditions. 

Starting from the indicated rules, let us find the similitude 

criterion for the formation of a crater with an explosion. 

When the density of the rock does not vary 3/dt (l/ps)= 0, 

the similitude criterion (102) may be written down in the form 

! -77--1(10.,,. (106) 

The change in supplied energy is equal to the change in the 

energy of the charge 

r./v =,//■. 

The free energy in the gravitational field depends on the lift of 

the center of gravity of the ejec el rock H. The change in 

free energy is 

dF -- d (mgII). 

Expressing the mass of the rock in terms of linear dimensions 

and the density (m = pi*)» we obtain 

dF = d(g0ru)t 

where S- is the characteristic dimension, p is the density of 

rock, and g is the acceleration of gravity. 



From tha aotidition of thermodynamic simil itude 

<//■1 ,ih. 

it follows that 

(107) 

Integrating equation (107), we obtain 

(108) 

Expressing H in terms of the characteristic dimension £, we 

find the similitude criterion 

An identical expression is not difficult to obtain if we use 

the methods of tne theory of dimensionality. In modeling 

processes of ejection of rock from a crater it is customary 

to neglect the influence of cohesive forces, atmospheric pres¬ 

sure, and a series of other factors. The basic factors affecting 

the dimensions of the ejection crater are the force due to 

the weight of the rock, its density, the energy of the charge, 

and a quantity describing the deepening action (Figure 20), 

From the system of determining parameters p, g, £, and E, one 

dimensionless similitude criterion may be set up when there 

are three basic units of measurement (n - r = 1) 

E 
Í7ÑT ^ co"st- (110) 

R7 



From formula (110) it follows that in order vo obtain simi 

1 in the form and in the dimensions of the ejection crater 

the energy of the explosive material, and consequently the 

weight of the charge, must be proportional to In fact, 
X» 

'!'r Charge of 
explosive material 

(111) 

Figure 20. Scheme of ejection crater. 

If explosions are produced with the same specific consumption 

of explosive material, the ratio of energies or the ratio of 

weights of th^ charge for various scales of explosions is pro¬ 

portional to the cube of the scale Ef i = qiVi, E ‘ 2 - qiV2. 

(112) 

Therefore» for explosions of various scales with the same 

specific consumption of explosive material similitude is 

destroyed in the dimensions of the ejection crater. When the 

scale of the explosions is increased the specific consumption 

of explosive material must rise. 

When modeling processes in which gravitational forces play 

a definite role, fulfillment of the similitude conditions 

is frequently made difficult. In order to simplify the ful¬ 

fillment of the similitude criteria, the method of centrifugal 

modeling developed by G. I. Pokrovskiy is used. The basic 

idea of the method consists of creating high acceleration 

in order to obtain the capability of preserving similitude 

conditions for the other parameters. Questions on centrifugal 

modeling are considered in more detail in the work of G. I. 

Pokrovskiy and I. S. Fedorov (1969). 



B. The Method of Equivalent Materials 

One method for approaching natural experiments is 

modeling with the use of equivalent materials, i.e., materials 

whose properties stand in definite correspondence with the 

physical and mechanical properties of rocks. The method of 

equivalent materials was worked out by G. N. Kuznetsov (1951, 

1969) for the modeling of the occurrence of rock pressure. 

The similitude equation, which Kuznetsov derived from using 

equations of mechanical similitude , forms a connection between 

basic quantities which characterize the mechanical properties 

of rock and of the equivalent materials: 

where 

'Vm 
— mv, 

(113) 

G is the mechanical characteristic of the rocks (rigidity modulus, ten 

sile strength, etc.); F^, Fn are forces acting in the model and in 

nature; ¿M, are the characteristic linear dimensions of 

the model and of nature; d is the specific weight of : material. 

Condition (113) allows one to obtain the similar deformation 

of the rock and the size of the stresses at the same points 

in nature and in the model when forces due to the weight have 

the dominant effect. The similar strength of the materials 

is based on the fact that shattering of the material of the 

model and of nature takes place under conditions of similar 

deformation. Such physical premises make it possible to study 

by means of the model such things as the size of deformation 

occurring at the walls and at the roof of the mine site under 

the action of rock pressure, and the character and dimensions 



oí the destruction zone. It is not difficult to show that 

the similitude condition (113) is a special case of the 

similitude criteria for an elastic medium, when the active 

forces are determined by the weight of the rock. If the 

stresses depend on the weight, then they are proportional 

to ¿»d, where l is the characteristic dimension. 

Then 

(114) 

Taking account of the fact that o = FA2, i.e., the ratio 

of force to cross-sectional area, expression (114) may be 

rewritten in the form 

V'L (115) 

Upon consideration of applicability of the similitude condi¬ 

tions of elastic wave motions for modeling damage processes 

it was shown that 

where [o] is tensile strength, and E is the rigidity modulus 

From conditions (114) and (116) it is not difficult to obtain 

the similitude conditions for the strength and the elastic 

characteristics of the equivalent materials 

H ‘ 

M 

II (117) 
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(118) 

bU= 
If rll 

/' 

The similitude criteria (117) and (118) may be considered as 

a special case of condition (113), if we understand by G the 

corresponding characteristic of the rock (E or c). Expressions 

(117) and (118) may be obtained as a special case of the thermo- 

dynamic similitude criterion. Without dwelling over the deriva¬ 

tion of the formulas, we allude to the work of G. I. Pokrovskiy 

and I. S. Federov (1969), where the reader nay find the indi¬ 

cated computations. The difference in the similitude criteria 

for static and dynamic problems is determined only by the 

physical nature of the forces, but mathematically they do not 

differ in any respect. Actually, on the basis of known physi¬ 

cal laws we have 

_ 'r'tici/ii 

P»t Wm 

Making use of the accepted designations, we may write 

i- 

From the theory of dimensionality it is known that 

then 

* 1 

l 
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i.e., the expression is identical to Ao= ApA* , where 

Ap is expressed in terms of the scale of the other parameters 

Since in dynamics the determining parameters are the density 

of material, velocity of motion of particles in a wave, and 

the propagation velocity of the wave, but in statics these 

parameters are the geometrical dimensions and the specific 

weight, the scale of the same quantity in statics and in dyna¬ 

mics is expressed in terms of the scale of different para¬ 

meters . 

Professor V. R. Imemtov (1961) is author of the idea of 

applying the method of equivalent materials to the modeling 

of the ynamic problems of collapse and discharge of ore. 

The method is based on the proposition that similar pieces 

must be arranged in the mass of collapsed rock in a definite 

manner if the similitude conditions are observed for the 

forces which are acting. One of the basic conditions for 

obtaining a similar disposition of the separate pieces of 

fragmented rock is the crushing of the material of the model 

into pieces, whose dimensions are geometrically similar to 

nature. In distributing the pieces of rock in a collapse 

the determining factors are the gravitational forces; the 

similitude conditions obtained from these premises are 

inadequate for attaining similar fragmentetions. Therefore# 

it was proposed to create a model of the medium from geomet¬ 

rically similar pieces of strong material, reinforced by a 

weak cement. When the explosion takes effect the material 

of such a model is shattered at the junction points of the 

pieces. Thus, in the equivalent material we artificàlly create 

the same number of crack-formati centers as in nature with 

the maximum stresses which are created. A change in the maxi¬ 

mum stresses in the material of nature leads correspondingly 

to a change in the number and distribution of zones of ra- 

duced strength, these zones being the sources of the destruc¬ 

tion of the material. 
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In a model construction in a similar manner the intensity of 

fragmentation remains a constant as the stresses are changed 

within wide limits by virtue of the large difference in strength 

of the pieces and the cement. Therefore, similitude of the 

explosive loading is established by starting from similitude 

of the collapse which is obtained in the model and in nature. 

The size of the charge of explosive material in the model is 

determined from the similitude conditions of velocity vectors 

of motion of particles in the medium (Imenitov, 1961) 

* (119) 

where Xq is the scale of the weight of the charge; X^ is the 

scale of the coefficient describing the effect of the explo¬ 

sive material efficiency, the construction of the charge, the 

strength of the mediunv and the volumetric weight. 

For the scale of the charge diameter we propose the function 

^’ (120) 

where is the scale of the volumetric weight of the explosive 

material. 

With the aid of this method a large number of investigations 

has been conducted into the character of the distribution of 

the coarseness of the ore in a collapse and into the conditions 

of the discharge of the ore using various methods of cutting. 

The method of equivalent materials is particularly effective 

in laboratory studies of methods for reducing losses and for 

reducing the exhaustion of a useful mineral in selective ex¬ 

tractions. This method is employed in the works of V. T. 

Sorokin (1958, 1959) for modeling the ejection crater in an 
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explosion in mineral rocks, the breaking up of the rock mass, 

and the dispersion of fragments of various size. Difficulties 

which are mentioned in the work of V. T. Sorokin (1959) are 

easily removed if we utilize the dynamic characteristics of 

the material. For instance, in place of the relationship for 

the rigidity modulus, for which determination of the value is 

very difficult, the following identical relationship nay be 

used 

f» _ 
' „ rt 

where cn, cM are the stress wave velocities in the material 

of nature and the model respectively. Determination of the 

stress wave velocity and the density of the material do not 

bring forth any special difficulties. 

In conclusion we shall mention areas in which the prospects 

are good for applying the method of equivalent material in 

the investigation of explosive action. .rn the literature 

there is only very scanty information on applying the method 

of equivalent materials to the investigation of the effective¬ 

ness of various methods for controlling the explosive action 

in the crushing of rock. This is apparently explained by the 

fact that in preparing a model the particle-size composition 

of the disintegrated mass is a specified parameter and in the 

modeling of various methods of explosive operations it does 

not change. However, this does not eliminate the possibility 

of studying the effectiveness of various methods of control¬ 

ling explosive action in rocks using models based on equiva¬ 

lent materials. To this end under actual conditions an 

explosion is produced with a definite network of bore-hole 

locations, a complex charge construction and an ordered 

pattern of explosion. As a result of test probes the form 

of the broken-up rock in nature and the particle-size compo- 
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sition of the disintegrated rock mass can be established, 

and faking account of the geometrical scale the coarseness 

of material for the model is selected. The size of the charge 

Qo for the model is determined from the similitude condition 

(119), and after that it is adjusted to obtain a similar form 

for the broken-up rock. The problem results in the uetermina- 

tion of an assemblage of methods for controlling the energy 

of the explosion, which permits one with minimum expenditure 

to obtain a highly fragmented rock mass. The crushing of 

rocks depends on the construction of the charge, the type of 

explosive material and the density of charging, the diameter 

of the bore holes, the pattern of explosion,and the delay 

time It is also worthwhile to note the high effectiveness 

of inclined and pair-contiguous bore holes, as well as other 

methods for controlling the explosive action. Carrying out 

such a set of investigations under industrial conditions 

demands a lengthy period of time and entails engineering 

ani organizational difficulties. One should allow for the 

fact that determining the optimum values for each parameter 

requires that a whole complex of investigations be carried 

out. For instance, in order to determine the optimum para¬ 

meter for the charge construction it is necessary to conduct 

investigations of the intensity of fragmentation at a different 

air gap spacing and with a different relationship between the 

weights of the upper and lower parts of the charge. In order 

to solve these problems under laboratory conditions, using 

six parameters it is necessary to change only the construc¬ 

tion of the charge in the model, and this will cause a change 

in the form of the broken-up rock in the model. When the 

charge is concentrated, in order to obtain fie same form 

of broken-up rock in the model as with a cor tinuous charge 

Qo, one may reduce the weight of the charge for the model or 

enlarge the network of bore-holes for constant weight of 

charge. 



Reduction of the weight of the charge in the model, which 

necessary in order to attain a similar form for the broken- 

up rock, may be the criterion of effectiveness for the use of 

explosive energy in fragmentations given the method for carry¬ 

ing out explosive operation under study. For instance, as a 

result of investigations on the model it has been established 

that for certain mineral and geological conditions the similar 

form of the broken-up rock when a dispersed charge is used 

is attained using a weight of charge 20% less than Qo. This 

indicates that under specified actual conditions one may re¬ 

duce the specific consumption of explosive material by 20% 

(a reduction in the weight of charge in a bore-hole or the 

expansion of the network of bore-holes) while maintaining 

the same intensity of fragmentation of the rocks. When using 

models of equivalent materials by a similar method under lab¬ 

oratory conditions one may establish the optimum size of the 

a:r gap and the relationship between the weight of the separate 

parts of the dispersed bore-hole charge, without resorting to 

laborious industrial experiments. On the basis of analogous 

investigations other effective methods and parameters for 

drilling and blasting operations under definite mining and 

geological conditions may be established. If in using some 

method for carrying out explosive operations in order to 

attain a similar form for the broken-up rock one finds it 

necessary to increase the weight of charge in the model in 

comparison with Q0, this method under th ■* conditions 

being studied is not efficient and its application will lead 

to an impairment of crushing. 

Determination of the weight of charge, which is necessary 

in order to obtain a similar form for the broken-up rock in 

a change of charge construction, type of explosive material 

and other parameters of explosive operations in the model 

entails a large amount of laboratory experimentation. In 

order to cut down the number of investigations under laboratory 
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conditions it is convenient to utilize a reference or cali¬ 

brating scale of rock break-ups. A reference scale is 

created in the following manner. After finding the weight 

of the charge Q0, which assures a similar form of the broken- 

up rock, for all other identical conditions one produces 

explosions in the model with smaller (0.7 Q0; 0.8 Q0; 0.9 Q0) 

and with larger (1.1 Q0; 1.2 Q0; 1.3 Q0; 1.4 Q0) weights 

of the charge. For each charge one establishes the form of 

the broken-up rock which becomes the reference, characterizing 

the use of explosive energy. Consider for instance the explo¬ 

sion of a dispersed charge with an air gap, as a result of 

which a form of broken-up rock is obtained which is close to 

the form found for the explosion of a charge of 1.1 Qo. Con¬ 

sequently, without correcting the weight of the dispersed 

charge in ’the model, using a reference scale one may estab¬ 

lish the effectiveness of using explosive energy. By in¬ 

creasing the air gap spacing, we obtain a break-up corre¬ 

sponding to the break-up obtained with the explosion of a 

charge of continuous construction with weight 1.2 Q0. By 

changing in this manner the air gap spacing we find for 

what size of spacing the form of the broken-up rock will 

correspond to the largest weight for a continuous charge 

construction. In light of the geometrical scale this air 

gap spacing will be optimum under the given conditions. In 

an analogous manner we determine the optimum values of the 

other parameters of drilling and blasting operations; the 

relationship between the separate parts of the disperseu 

charge, the diameter of the bore-hole, the delay time, the 

pattern of explosion, etc. The reference scale of the break¬ 

up facilitates the performance of laboratory experiments and 

considerably reduces the number of such experiments. 

The modeling method which we have just considered permits. 

with the aid of equivalent materials, a qualitative evalua¬ 

tion of the effectiveness of application of various methods 

97 



for controlling the explosive action in the crushing of rock 

to be given. However, in this approach one cannot establish 

a change in the intensity of fragmentation as a function of 

the applied method. An approximate estimation of the intensity 

of fragmentation may be realized in the following manner. 

Under fixed mineral and geological conditions in nature one 

conducts a series of experimental explosions with a con¬ 

tinuous charge construction and with an ordered pattern of 

explosions consuming various specific amounts of explosive 

material. If to the charge Qo in the model there corresponded 

in nature a specific consumption of explosive material of 

0.5 kg/n3, then it would be necessary to carry out exoeri- 

mental explosions with less (0.45 kg/m3; 0.4 kg/m3; 0.35 kg/m3) 

and larger specific consumption (0.55 kg/m3; 0.6 kg/m3; 0.65 

kg/m3; 0.7 kg/m3). Each specific consumption of explosive 

material corresponds to a definite charge, which is taken as 

the reference scale. After each experimental explosion a 

measurement of the particle-size composition of the disinte¬ 

grated mass is taken. Having established which refexence 

charge is obtained in identical fashion by the use of some 

method of controlling the explosive action, it is not diffi¬ 

cult to find the change in intensity of fragmentation which 

is obtained by using this method. In the example considered 

earlier the use of an air gap in the charge of explosive 

material made it possible to increase the utilization of ex¬ 

plosive energy by 20% in comparison with the continuous charge. 

In order to determine the intensity of fragmentation in nature 

using a constant specific consumption of explosive material 

and a dispersed charge it is necessary to utilize the particle- 

size composition which was obtained in the case of a continuous 

charge construction and a specific consumption of explosive 

material which is 20% higher. 

From what has been oresented it follows that the oossihiliHes 

of the method of equivalent materials are far from having been 

exhausted. The effectivem.. s of the method of equivalent 
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materials in modeling is obvious and it is expected to obtain ; 

wide dissemination in the investigation of the fragmentation 

of rocks by explosi n. j 

Mathematical Modeling of the Processes of Shatterino and Crushing 

i 
In contrast to physical modeling, for mathematical modeling 

it is necessary to establish equations describing the processes 

of shattering and crushing. Because of the complexity and 

the large number of parameters which determine the process 

of shattering, there still does not exist a precise mathemat¬ 

ical description pf. this phenomenon. An approximate mathèmat-' 

ical description of the crushing process was proposed by 

Professor 0. Ye. Vlasov ana Engineering Doctoral Candidate 

S. A. Smirnov (1962). The indicated work is actually the first 

and still the only attempt at mathematical modeling of the 

crushing action of an explosion. In the proposed scheme the 

process of crushing is arbitrarily divided into three phasôs: I 

1) the transmission of energy of the explosion to the surround¬ 

ing medium; 2) the process of shattering of the medium. 

Such a division into phases, makes it impossible to idealize the 

process of transmission of explosive energy and to determine 

the distribution of energy in the medium, and after that accord¬ 

ing to the distribution of energy which is obtained and using 

as a basis the theory of shattering of a deformable medium it 

is possible to establish the expected crushing of the rock. 

In the first phase we use for the material of the me 5el an 

absolutely incompressible medium. In this case the energy 

of the explosion is conveyed to the medium instantaneously. 

By making this assumption we can simplify considerably the 

computation, since the number of parameters characterizing 

the medium and the charge is reduced. In particular, for an 

incompressible medium the parameters of the pressure impulse 

in the charge chamber haVlTno effect on the distribution of 
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stresses. The value of the stresses and their distribution 

in the medium depend only on the overall energy of the explo¬ 

sive material, the form,and the dimensions of the charge. This 

method permits a solution with a specified degree of accuracy 

to be found f^r a series of important problems connected with 

the fragmentation of rock and the determination of an expected 

particle-size composition. For the correct evaluation and 

modeling of phenomena in an explosion let us. t?.ke a more detailed 

look at the methodology of modeling, the lints of its aoolici- 

bility, and the errors brought in along with the assumptions 

taken. As noted by the authors in their work (Vlasov, Smirnov, 

1962), the replacement of an actual medium by an incompressible 

one is the fundamental assumption. Such a model of a medium 

differs substantially from real rock masses. This model 

approximates more closely a homogeneous mass with large acous¬ 

tic rigidity, and having a large modulus of elasticity and a tendency 

to brittle shattering. In calculating the shattering of such 

rocks the error caused by the idealization of the medium will 

be minimal. In rock masses of highly cracked, large-l^mp con¬ 

struction, in porous rocks, or in rocks of low breaking strength, 

the error may be considerable and the indicated methods may 

not always be used. Of all the modeling materials the 

closest in its properties to the ideal incompressible medium 

is glass, and if restricted to rocks, monolithic quartzite 

and jaspilite. From the first assumption, 

that the nature of the crushing action of the explosion is 

independent of the parameters of the explosive impulse,com¬ 

plicates both the modeling and the study of the effectiveness 

of methods for controlling the explosive action, connected 

with a change in the duration of application of explosive 
• 
loading. To such methods of controlling the explosive action 

one should relate the charge construction, the type of ex¬ 

plosive material, the stemming and other parameters, which 

make it possible to redistr'i. a . in time the discharge of 

energy of the explosion. Th« assumption that all of the 
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explosive energy is transmitted indicates that with the aid 

of this model there is no sense of studying methods for increas¬ 

ing the efficiency or performance of the explosion. Therefore, 

the most reliable results may be obtained by studying the in¬ 

fluence of the form of the charge, the density of charging, 

the specific and overall energy of the charge, and the network 

of bore-hole placement on the intensity of fragmentation. If 

we introduce into the equation the corresponding coefficients 

characterizing the use of explosive energy, then in principle 

one may solve problems connected with an increase in effi¬ 

ciency of the energy of the charge. Therefore, one of the 

directions for development of mathematical modeling is the 

perfection of the indicated method with the goal of applying 

it to a wider class of problems. • 

One basic virtue of the model is the identv between the 

equations obtained and the equations of hydrodynamics, a fact 

which makes it possible to utilize an electrical model. It 

is not difficult to show that under the conditions assumed 

the velocity potential ip satisfies the Laplace equation 

From the condition whereby the energy of the explosion is 

equal to the full kinetic energy of the medium a relation¬ 

ship is obtained (for the medium „ith a fixed density) 

f/» tiff d; A:i 

(121) 

which is transformed (according to Green's theorem) into the 

equation 

(122) 
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where dS is a surface element bounding the medium under con¬ 

sideration; tf»/dn is the derivative with respect to the 

direction of the interior normal. 

At the conclusion of the process of transmission of explosive 

energy the state of the incompressible medium remains unchanged, 

and it receives only some initial velocity, representing a 

function of the coordinates. In the case of a spherical 

charge of radius ro the field of velocities has the form 

V = ~V i /2^1 
» 2"t' * (123) 

where r is the distance from the charge center to the point 

under consideration. 

Thus the velocity at which particles of the mAHium rimro fc 

determined by its density, energy, and the radius of the charge, 

as well as distance from the center of the charge to the point 

under consideration. For another shape of charge (cylindrical or 

plane) the field of velocities is determined by the same para¬ 

meters as in the case of a spherical charge; however, the 

quantities entering into the problem will be related by a 

different functional dependency. Determining the velocity 

potential by an analytical means is not always possible. In 

order to solve the Laplace equation one may employ the method 

of grids or use electronic analog devices. However,in the 

given case,in order to determine the velocity potential it 

is convenient to utilize an electrohydrodynamic analog appar¬ 

atus. This set-up allows one to construct experimentally 

the equipotential surfaces. 

The theoritical form of an elastical. diaoram of the set up 

is shown in Figure 21. The simple method for finding the basic 

parameter of the process — namely, the field of velocities 
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for any forni of the charge or system of charges -- underlies 

the high effectiveness of such a model. 

PlIC. 21 ■ ll|HIMI!IIIIH;IJIMIHN CXCMU 
ycTMioiM.'u 

i — nMiipiiMiirr.il.; 

j — Non.TMrrp; 
4 — Mif.l ilMMffrpMrri»; 

5 —- noTrniiMoMrrp; 
4 — iiy.ii.-inmwK.iT'*p; 
y — iioiirMonaii nr ia; 
M — NM.ir.i»,; 

9 - m.im iiiiiM CMiiMirnn k iiiiii. 
in - anmHMM iiiiimm 

Figure 21. Theoretical‘diagram o£ the electrohydrodynamic 

analog apparatus. (1) - transformer; (2) - rectifier; (3) - 

voltmeter; (4) - millianmeter; (5) - potentiometer; (6) - null 

indicator; (7) - prohing stylus; (8) - model; (9) - resistance 

boxes; (10) - clamps. 

In order to find the interrealtionship oetween the field of 

velocities and the damage processes a model of an absolutely 

incompressible medium is unsuitable. Therefore, 0. Ye. Vlasov 

and S. A. Smirnov (1962) took a look at a medium which changes 

its properties in the process of explosive loading. Such an 

approach to choosing a model of the medium conforms fully to 

principle, inasmuch as the characteristics of the medium 

change continuously during the process of shattering. In the 

second stage an elasto-plastic medium is employed for the 

model. On this basis the critical velocity corresponding to 

the limit of fluidity is determined. 

(124) 

where vg is the critical velocity corresponding to plastic 

deformation; og is the yield point; E is the rigidity 

103 



modulus of the medium; p is the density of the medium. For 

brittle shattering taking place by means of breaking apart, we have 

analogously: 

(125) 

where v, is the critical velocity for breaking apart, and 

°j;)a is the maximum tensile strenath 

As wc consider the indicated mechanism of damaae to the medium 

several questionable circumstances shouldte mentioned. In 

particular, it follows from the presentation of the authors 

that when the compressing stresses are applied only plastic 

shattering is possible. However, this contradicts the works 

of a series of scholars both native (Pokrovskiy, 1967; Pok¬ 

rovskiy, Fedorov, 1957) and foreign (Kol'skiy, 19bo. Louette, 

1963) , where it is shown that upon application of compressing 

stresses in the perpendicular direction there arise tangential 

tensile stresses, which cause the appearance of radial cracks 

propagating from the center of the charge and typifying 

brittle shattering. In the work of 0. Ye. Vlasov and S. A. 

Smirnov (1966) it is proposed that brittle shattering is 

possible only with the reverse motion of the medium (splin¬ 

tering phenomena) , v/hen the compressive stresses change their 
,.. • -t • 

sign to the opposite polarity. In this regard it is to be 

noted that the fluidity is not a physical con tant but depends, 

apart from everything else, on the velocity jl deformation. 

Results of investigations by G. Kol’skiy (1963) into the in¬ 

fluence of the deformation velocity on the nature of shattering 

testifies to the fact that for high rates of loading even espe¬ 

cially plastic materials are subjected to brittle shattering, 

i.e., not plastic deformations of the medium which occur, but 

rather it^is radial cracks which appear. In plastic materials 
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brittle shattering is not observed, since the tangential 

stresses experience relaxation. The higher the rate of 

relaxation of tangential stresses, the more plastic is the 

material. For high rates of loading (of the explosive type) 

even in plastic materials the tangential stresses do not 

have time to undergo relaxation, and in connection with this 

the nature of the damage does not differ essentially from 

the shattering of brittle materials. The hypothesis of 

plastic shattering of rocks although it is an arbitrary 

convenience, nevertheless permits one to solve more simply 

the problem of determining the average probable dimension 

of fragment formed in the explosion. By means of not too 

difficult transformation one obtains tne dependency of the 

dimensions of an average fragment on the critical velocity 

of plastic shattering and the so-called crushability number 

(126) 

where D is the crushability number. 

The crushability number represents a quantity depending on 

the velocity potential 

(127) 

The velocity potential is determined experimentally on the 

electrohydrodynamic analog apparatus. From the known velocity 

potentials <p at various points it is possible to compute the 

crushability number and the dimension of an average fragment. 
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In determining the velocity potential it is necessary to assure 

a high accuracy for the measurements, since in taking the 

second derivative, errors compound. There exists methods 

for measuring d^/dx directly. A detailed description of 

methods for measuring the potential, as well as the first 

and second derivatives thereof, is presented in the special 

literature (Karplyus, 1962). The velocity potential depends 

on the radius of the charge, its energy and the distance 

to the center of the charge, and therefore the crushability 

number also becomes a function of these quantities. For the 

case of spherical symmetry 

(128) 

and the average probable dimension of fragments of rock 

a = vj* 

(129) 

From the formula it follows that the dimension of fragments 

increases with distance from the charge and decreases with 

increasing radius of the charge and its energy. From these 

same premises the dimensions of the crushing zone are obtained 

(130) 

From the known boundaries of the crushing zone and the coarse¬ 

ness of the rock fragments it is possible to find the probable 

particle-size composition of the damaged part of the mass. 
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In order to determine the duration of the shattering process 

it is proposed that the following dependency be employed 

r 

(131) 

For a spherical charge 

- 1/ -.■»;> , i 

T,f: 'o’) 
(132) 

Formula (131) is obtained under the supposition that th«3 

velocity of the advancing front of the shattering action 

differs very little from the velocity of the motion of 

particles in the medium. Such an assumption may not be made 

owing to the fact that the velocity of the shattering front 

in rocks ?nd in brittle media is an order of magnitude higher 

than the velocity of motion. In the given case we see the 

effect of the inapplicability of the assumed mechanism of 

plastic shattering for the determination of time characteris¬ 

tics of the process. For the action of an explosion in a 

plastic material or in a liquid, expression (131) may be uti¬ 

lized for determining the time of formation of a cavity of 

radius r when the velocity of motion of the walls v is 

a variable. However, such a mechanism for the damage is abso¬ 

lutely not typical for rocks and therefore the calculated 

duration for the process is clearly overstated. To serve 

as an example let us determine by the proposed method the 

time for a rock mass to be destroyed under the following 

conditions ; 

height of the bench 15 m 

depth of the bore-hole 17 m 

height of the charge 10 m 

weight of the charge 400 kg 
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density of the rock 

diameter of the charge 

damage radius 

250 kg-secVro*’ 

240 mm = 0.24 m 

r = 6.25 m 

Let us compare these data with the actual time for destruc¬ 

tion. On the basis of the proposed dependences in the work 

(Vlasov, Smirnov, 1962) the time for destruction amounts to 

T è 400 msec« According to the data of high-speed motion- 

picture filming, carried out with the aid of the SKS-lm 

camera at the Kolomoyevskiy granite quarry, it was found that 

the shattering process is completed within -a time between 

30 and 60 msec, since on the photo-recorded frames by 60 msec 

the rock had not only disintegrated but separate pieces had 

already begun to fly apart. Although inequality (131) is 

indeed satisfied, the actual time for shattering is an order 

of magnitude smaller. Therefore,in the case of hard rock to 

be excavated the shattering time may not be evaluated accord¬ 

ing to the proposed formulas even in a first approximation. 

As in any other method, the proposed model represents some 

kind of approximation to the actual process and possesses a 

number of inadequacies. Nevertheless the method as developed 

makes it possible to calculate an expected particle—size 

composition of rock for certain conditions, thus providing 

a significant contribution to science and furthering the 

development of methods for predicting the particle-size com¬ 

position. The mathematical modeling of damage processes 

must develop by means of the creation of new models for compu¬ 

tational purposes and systems on the basis of which the ex¬ 

pected particle-size composition of rock may be calculated 

and effective methods of controlling the fragmentation may 

be set up. The possibilities of the method proposed by 0. Ye. 

Vlasov and S. A. Smirnov may be expanded significantly if in 

the equations account can be taken of tne conditions for 

transmission of energy (with the aid of the duty factor for 
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explosive energy) and if methodologies are worked out for evalu¬ 

ating this factor for various methods of carrying out explosive 

operations. The methods with the highest prospects are those 

for predicting the particle-size compositions, based on a 

choice of a model for the medium which is closer to the actual 

situation with rocks. A further step in this direction wculd 

be the application of statistical methods in the description 

of the damage process in a medium. 

of Other Phenomena Occurring in An Explosion 

In view of the diversity of the use of explosions in the 

national economy the necessity arises for modeling the various 

manifestations of its action, such as the question of 

the rock, the heap of exploded rock mass, its compaction, etc. 

The modeling of the various factors for explosive action has 

its own inherent specifics, which stipulate corresponding 

similitude criteria. In the modeling of the ejection of rock 

by an explosion the resistance of the air is neglected in a 

first approximation (Pokrovskiy, Federov, 1969). For a prac¬ 

tically attainable degree of accuracy in determining the spot 

at which the fragments of rock fall (20%), the resistance of 

the air may be neglected if the following condition is ful¬ 

filled: 

V1 
-— o •> 

where xf is the maximum distance of flight of the fragments; 

na is the dimensional coefficient of the resistance of air 

to the motion in flight of the fragments (in the SI system, 

kg/m2). 

In the motion of any body which has been ejected at an angle a 

to the horizontal with an initial velocity v, the distance 

flight, is determined by the expression 
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(133) 

The initial velocity of motion, specified by the effect of 

the explosion may be obtained from the relationship 

mv- 
— =* 'Wt. 

(134) 

where m is the mass of the moving fragments; n is the averaging 

factor for the energy of fragments; QT is the T.N.T. equivalent 

of the charge. 

From equations (133) and (134) it follows that 

-n7T 

K»i »in 2«. 

If the condition of geometrical similarity is to be fulfilled 

for the quantity n, the value of sin 2a must coincide in both 

nature and in the model. In this case the characteristics 

of the charge and the material of the model must satisfy the 

conditions 

or, taking account of the fact that 

where p and p„ are the densities of the materials of nature 
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and the model respectively; Vn and VM are the volumes of 

ejected masses in nature and in the model; A is the linear 

scale for modeling, then we obtain 

(135) 

For centrifugal modeling the similitude criteria simplifies 

somewhat (Pokrovskiy, Fedorof 1969) 

However, in the case of centrifugation the motion of the frag¬ 

ments of rock ejected by the explosion is altered on account 

of the Coriolis force. The accelerations which arise because 

of this change the trajectory of fragments. In the work of 

G. I. Pokrovskiy and I. S. Fedorov (1969) an estimation is 

made of the absolute 6 and relative 6 of error, with which 

the model reproduces nature in the case of centrifugal model¬ 

ing of the process of dispersion: 

(137) 

(138) 

where r^ is the radius of the periphery describing a body 

moving under inertial forces in the rotating system of coor¬ 

dinates; r0 is the radius of the centrifuge. 

With a corresponding choice of quantities entering into 

equations (135) and (136) one may guarantee a specified 

degree of accuracy in the results obtained. The advantages 
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of the method of centrifugal modeling consists of the simplicity 

the similitude conditions in allowing for air resistance. 

The velocity of a body moving in air under inertial forces is 

determined by the equation 

t’# exp f-iA] 
L 21,,, J . (139) 

» 

i. 
I * 

* 4 
t 

where V0 is the initial velocity, c is the coefficient of 

head-on resistance of the body, p and p are the densities 

of air and fragments respectively, b is the linear dimen¬ 

sion of a fragment, measured along the direction of its motion. 

From relation (137) it follows that the condition of aerodynamic 

similitude will be fulfilled when geometrical similarity is 

observed, i.e., 

^ in!hn. 
(140) 

In the case where criteria (135) are applied, accounting for 

aerodynamic resistance in modeling the scattering of frag¬ 

ments is made significantly more complex. 

In centrifugal modeling the form of the pile up of rock 

introduces supplementary requirements: during the free- 

flight period of the fragments the angle of turning of the 

centrifuge must be smaller then the angle which is determined 

by the necessary accuracy of the measurements. This require¬ 

ment is satisfied when the following relationship is fulfilled 
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where rT is the radius of rotation of the point under study. 

The quantity y is always larger then unity, and its concrete 

vaxue is determined by the required accuracy of the experi¬ 

ment. If the requirements superimposed by the given relations 

ship onto the geometrical dimensions of the model and the 

centrifuge are difficult to realize, the necessary accuracy 

of the experiment mav be attained by mea^s of an appropriate 

correction to the experimental data. 

In modeling the compaction of the heap of rock mass the 

method of centrifugation is that with the highest prospects. 

The density of the heap when the properties of the rock are 

specified is determined by the residual kinetic energy of 

the fragments. Applying the linear dependence of the time 

resistance of the heap ar on its porosity 

.c =3 <1 ^1' II ”c(F-ma*) -3 t1« (^) 13 mti. 

where e is the porosity of the heap, we obtain 

(141) 

equating the kinetic energy of a unit of volume to the work 

done in compaction of the heap, we obtain 

Hence 

(142) 

FTD-HC-2 3-1564-74 
113 



The identity of the rock in the model and in nature per¬ 

mits one to obtain a single porosity when the correspondences 

of velocities of motion of fragments are equated. Considering 

that the indicated questions have only an indirect relation 

to the process of shattering, we have limited our discussion 

to a short statement of the methods for modeling the disper¬ 

sion of fragments and the compaction of the disintegrated rock 

mass. These questions are illuminated in more detail in the 

works of G. I. Pokrovskiy and I. S. Fedorov (1969) and in the 

works of other authors. 
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CHAPTER 3 

THE USE OF STATISTICAL THEORIES OF STRENGTH AND DAMAGE IN THE 

MODELING OF THE CRUSHING OF ROCK 

Physical Bases of the Process of Damage 

The process oi damage or shattering of a material consists 

in the dispersion of that material under the actions of applied 

loads. The successes of solid state physics has made it possi¬ 

ble to explain the shattering phenomenon by considering the 

atomic and molecular structure of the substance. The damage 

process j.3 connected with the existence of a special tvpe of 

imperfections in the crytalline structure, so-called crystal 

defects. From a purely geometric point of view defects in 

actual crystals may be classified according to the number of 

measurements in which an inelasticly distorted region has 

macroscopic dimensions, whereas in the remaining measurements 

its dimensions are microscopic, of the order of several inter¬ 

atomic distances. In this case vacant lattice points, atoms 

imbedded into the interstices, and impurity atoms are considered 

as zero-dimensional defects, boundaries between crystallites 

(small crystals of modified form in the polycrystalline mass ) 

and lumps of mosaic structure are considered as two-dimensional 

defects. Into the category of one-dimensional defects we place 

chains of vacancies and other zero-dimensional defects, and 

also special distortions of the structure of an ideal crystal— 

dislocations (Fig. 22). Displacement of dislocations causes 

the slippage of atomic layers. There is a difference in edge 

and screw dislocations in relation to the d’-ection of slippage 

of atomic layers. If the direction of slip of atomic layers 

is perpendicular to the boundary between displaced and undis¬ 

placed parts of the crystal, the dislocation is considered 

edge-type (Fig. 23). For slippage parallel to the boundary, 

the dislocation is called a screw-type (Fig. 24). 
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The mechanism of formation of micro-cracks and shattering 

of a medium may be explained on the basis of dislocation theory. 

The shattering process is considered as consisting of three 

stages: a) the geteration of three slippage (i.e., capable 

of moving) dislocations; b) the conversion of slippage dislo¬ 

cations into cavity-type dislocations, representing cavities 

of microscopic dimensions; c) the growth of cracks, formed by 

the cavity-type dislocations. 

Figure 22. Fundamental point defects: vacancy (A) 

and imbedded atom (3) 

Fig. 23. Edge dislocation. 
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Piqûre 24. Screw dislocation 

The process of conversion of a slippage dislocation into 

a cavity dislocation is possible on?y with the aggregation of 

the former type at some obstacle (a grained boundary, inter¬ 

section with slippage bands, etc.) and under the condition of 

obstruction of the sources of dislocation, since the appear¬ 

ance of a large number of dislocations leads to plastic 

deformation. The motion of an unattached dislocation is con¬ 

nected with a definite frictional resistance .. Consequent¬ 

ly only an effective tangential stress ~ cv, ^ (qj, is the 

applied externa) stress) is acting on the slippage dislocations. 

But if the process of crack development is made difficult, 

work is produced by each applied stress Qp, and not only by 

°T aTi' i*e** plastic properties prevail in the material. 

If the stress due to flow exceeds the stress due to the growth 

of cracks, the material will shatter in brittle fashion. The 

criterion for shattering is derived from energetics considera¬ 

tions. The external stress acting on the slippage dislocations 

causes their drawing together, and in the case of shattering 

the work produced in this case by external forces must be no 

smaller then the energy of newly-formed surfaces of fracture. 

Molecular theories of strength examine the process of 

destruction in solid bodies as the rupture of atomic or molecular 

bonds along some surface. The bond rupture begins at places where 
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microcracks and other defects in the crystalline structure are 

localized. According to the kinetic concept, associations of 

atoms are found.at the terminii of cracks under special condi¬ 

tions. They are situated at the boundary regions, separating 

atoms located within the mass, and atoms forming the rupture 

surface (Fig. 25). A larger reserve of potential energy is 

concentrated in the surface layer than in the internal layers, 

and for that reason in order to transfer interior particles to 

the surface it is necessary to perform a certain amount of 

work. This work is determined by the energy of the atomic 

bond in the solid state, i.e., the energy which it is necessary 

to consume in order to rupture the atomic bond. The rupture of 

bonds between two atoms in the solid state, accompanied by the 

formation of two new surfaces, for any type of bond takes 

place with a transfer of potential energy across a barrier. 

Qualitatively the existence of a potential barrier becomes 

clear if we give our attention to the fact that the process of 

bond rupture is affected by nearest neighbors of particles 

which emerge onto the free surface. In the process of rupture 

the distances between particles are increased, and at the 

terminii of cracks they take their maximum values, a fact 

which corresponds to maximum potential energy. After rupture , 

particles which form the free surface come closer and the 

potential energy is reduced. The energy necessary for over¬ 

coming this potential barrier in an unstressed substance is 

available to the particle on account of fluctuations in the 

energy of thermal oscillations. But in that case the probability 

of rupture of atomic bond is small because of the large difference 

in the values of potential energy of particles within and on 

the surface of the substance. If a load is applied,on 

account of the concentration of stresses at the terminii of 

the cracks the difference in values of potential energy begins 

to decrease, and the probability of rupture of atomic bonds 
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of rupture grows correspondingly. If the probability of 

atomic bonds exceeds the probability of their recombination 

the original microcrack begins to grow. The rate of growth 

of the crack at this stage is a variable and depends on the , 

values of the stresses in regions reaching the end of the cracks. 

As the stresses increase the energy particles reaches the 

energy level of the potential barrier, and at that moment the 

crack begins to grow catastrophically. The velocity of crack 

propagation reaches its maximum value, which is equal to the 

velocity of Rayleigh waves, and no longer dépends on the 

values of the stresses. 

a ! f 

Figure 25. The structure of the terminal region of a crack. 

An approach to the description of the damage process which 

provides very good prospects is based on use of the mathematical 

apparatna cquantum mechanics, the so-called phonon concept 

of damage (Barten'ev, Razumovskaya, 1969). In analogy with a 

quantum of electromagnetic field--a photon, one introduces 

the concept of the phonon—a quantum of oscillation field in 
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the crystalline lattice. Regions of stress concentration at 
i 

apexes and other structural defects become microregions in 

the phonon spectrum, which differ from the basic phonon spec¬ 

trum of a substance under load. The loss of energy in these 

regions on account of bond rupture raises the concentration of 

non-equilibrium phonons, whose emergence beyond the limits of 

the region is made more difficult. It is only in the direction 

crack growth that the "interior" non-equilibrium phonon may 

proceed with sufficient ease. In this manner the region of 

overstress may be considered as a semi-transparent resonator, 

emitting oscillations with definite frequencies in chosen 

directions. The gradual development of a phonon concentration 

of damage makes it possible for one to establish the connection 

between physical and mechanical theories of strength. 

In mechanical theories of strength the criteria of damage 

are formulated as conditions for stability of cracks within 

the framework of the theory of elasticity. There are two 

approaches to the solution of this problem: the energetic and 

the force approach. 

The theory of A. A. Griffiths (1920, 1924) and the numerous 

modifications of this theory associated with the names A. Snekal 

(1922), K. Wolf (1923), G. P. Irvin (1948), 0. Ye. Orovan (1950), 

and others are based on the energetic methods for describing 

the process of damage. A. A. Griffiths postulated the existence 

of crack-type defects in unstressed bodies. When a load is 

applied at places where these defects are localized a concentra¬ 

tion of stresses occurs. At the site.of a crack having the form 

of an ellipse, the stresses are concentrated on the atomic bonds 

at the apexes of the crack. The value of the stresses is computed 

as the maximum stress °max in a plane with an elliptical indenta¬ 

tion which is subjected to the effect of an average tensile 

stress o v 

' * 
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(143) 
3ni.n = 2 J 

where le is the length of the major semi-axis of the ellipse, 

and re is the radius of curvature at the ends of the major semi 

axis. 

In actual cracks the value of r is of the order of inter- 
e 

atomic distances. Distances of this order cannot be considered 

finite in investigations based on concepts of continuous media. 

As re approaches zero the stresses at the terminii of cracks 

become infinitely large. As the length of a crack increases 

each of the bonds in turn receives the stress of the initial 

bond, and the work expended in stretching and rupturing these 

bonds is converted into surface energy in the planes of 

rupture. This work is accomplished through the applied external 

forces or as a result of the lasting energy of the system. 

The potential energy of an elastic body containing a crack 

may be divided into three components: a) the energy of elastic 

deformation of the whole body after deducting the part next to 

the crack; b) the energy of elastic deformation connected with 

a crack E_ and owing its existence to that crack; c) the sur- 

face energy Eg of the crack which has been formed. 

The first component of energy exerts only an indirect 

influence and may be omitted in the consideration of an ener¬ 

getic balance of the propagating crack. The condition for 

growth of a given crack consists in the fact that as the 

dimensions of the crack increase there need not be an increase 

in the free energy of the substance. In this case the para¬ 

meters of the critical non-equilibrium state are found from 

the condition * 

* <*,-*;> 
91 0. (144) 
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where I is the length of the crack. 

t 

The theory of Griffiths calls upon the presence of micro¬ 

scopic cracks and defects in the crystalline lattice to explain 

the paradoxical fact that the theoretically calculated strengths 

of the material is many orders of magnitude higher than the 

actual strength that is determined from mechanical experiments. 

A determination of the critical stress reduces a determination of 

the rate of liberation of elastic energy dE/ll. Using the 

solution of Inglis (1913) or the value of stressât the 

terminus of a crack, Griffiths calculated the critical.values 

of the destructive stresses for the conditions of a plane defor¬ 

mation 

[ 
°er y a(1-v)/* (145) i 

I 

where E is Young’s modulus, Y8 is the surface energy density, ^ 

V is the poisson ratio and for the plane stressed state 

r nJ • 

. 

(146) 

B. Ya. Pines, starting from the theory of dimensionality 

and similitude obtained an expression for the critical stress 

in the case of volume stress state 

(147) 

where L is the linear dimension of the body; Scr is the area 

of the crack. 

A.'r. Sak, employing the energetic model of Griffiths, 

calculated critical stresses for a brittle substance, weakened 

by a disc-shaped macroscopic crack, and subjected at infinity 
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to an elongation by uniform stresses o 

(148) 

where S is the area of a crack. 

Ya. I. Frenkel'(1952) noticed the contradiction between 

Griffiths' hypothesis regarding the *::i«?tence of microcracks 

in the unstressed state and the equation of energy balance 

which had been applied, this equation not allowing for the 

existence of cracks in an unstressed state. Formally this 

contradiction may be reduced to the existence of one extremum 

point on the curve U(l) (Fig. 26)(when a = constant), corres¬ 

ponding to maximum energy, i.e., to an unstable state of the 

substance. In modifications of Griffiths' theory, using the 

expanded energy balance equation, this definciency is 

removed (Fig. 27). 

Fig. 26. Dependence of potential energy on the length of a 
crack according to the theory of Griffiths. 

Fig. 27. Dependence of potential energy on the length of a 
crack in modifications of Griffiths' theory. 
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A serious objection must be made to the elliptical form 

of a crack which is assumed in the Griffiths' theory. P. A. 

Rebinder and Ya. I. Frenkel believed that in crystalline 

substances actual microcracks must have pointed ends, in which 

the radius of curvature is equal to zero. This corresponds to 

the notion whereby surfaces separated by a crack approach 

gradually up to a separation equal to the crystalline lattice 

concept. From the geometric point of view every solid body 

may be considered as being pierced or permeated in all directions 

by a system of cracks with atomic widths . However, from the 

dynamic point of view these gaps may be cracks in the case 

where distances between atoms, although it is in some limited 

part of the sample, become greater in size by an order of mag¬ 

nitude or higher in comparison with normal distances. Formally 

the length of a crack becomes infinitely large, but in practice 

one considers that a crack ends at that point where the 

distance between its edges becomes equal to double the value 

of the normal interatomic distance. Starting from such an 

idea of the development of a crack, one may estimate the value 

of surface energy, having found the dependence of the force of 

interaction between oppositely lying regions of the crack 

walls on the distance between them. Such an evaluation has 

up to the present time offered only a rather theoretical interest, 

inasmuch as difficulties arise in the experimental determination 

Of quantities which enter into the equation. 

Subsequent modifications of the theory of Griffiths preserve 

the basic concepts of energy balance, but supplimentary factors, 

the value of which became apparent, were taken into account in 

these modifications. In the energy balance equation 

a correction was introduced which represents the energy dissipated 

in the plastic deformation. Using the values ot the surface 

energy which are ordinarily taken, cracks which may cause damage 

under normal stresses must be too larae and may not exist 

previous to this in the unstressed state. In order to overcome 
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this difficulty, one introduces into the equation of energy 

balance a local elastic energy, by means of which the assump¬ 

tion of local concentration of stresses at the apex of cracks 

is taken into account. 

One of the widely adopted modifications of Griffiths' 

theory considers four component energies, determining tne 

growth of a crack: 

1. The surface energy of a crack, proportional to its 

length. 

2. The energy of the applied stress field, proportional to 

the square of the applied stresses and to the square of the 

crack length. 

3. The energy of plastic deformation, depending on the 

crack length, the applied stress and the fluidity of the material. 

4. The energy of local concentration of stresses, for 

which damage begins (ordinarily this is taken to be proportional 

to log l. 

The condition fjr propagation of a crack does not differ 

'from that formulated by G. R. Irvin (1948) and 0. Ye. Orovan 

(1950) in the theory of quasi-brittle damage which made use of 

a different method for accounting for the energy of plastic 

deformation.« They assume Griffiths' formula to be valid if in the 

place of y one substitutes the so-called surface energy Yef» 

whi^h represents the sum of the actual surface energy and the 

energy of plastic deformation. The Irvin-Orovan theory in which 

a relatively simple method for accounting for the energy of plastic 

deformation is employed, has substantially broadened the range 

of application for the Griffiths theory. 

The equations of energy balance considered above describe 

the state^ of a system when the stress is lower then critical 
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value and when the system possesses only a potential energy. 

When the stresses exceed this value, the system possesses both 

potential and kinetic energy. N. F. Mott (1948) made use 

of a dimensionality analysis to obtain an expression for the 

kinetic energy of a moving crack. 

(149) 

where p is the density of the material; u is the propagation 

velocity of the crack; k is a dimensionless factor; a is the 

tensile stress. 

Supplementing the equation for energy balance with the 

expression for kinetic energy, and considering that the remain 

ing terms maintain the same form as in the static problem, 

Mott found the propagat-on velocity for a crack 

(150) 

where l^is the critical length of a crack. 

As tha crack grows, to a proportional degree its velocity 

approaches the limit 

(151) 

From this relationship it is seen that the limiting velocity 

of a propagating crack comprises a definite par* 'f the longitudi 

nal wave velocity. Numerous experiments carried at by various 

authors allow one to come to the conclusion that the limiting 

propagation velocity of cracks is equal to the Rayleigh wave 
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velocity, i.e., it amounts to approximately 0.6 of the longi¬ 

tudinal wave velocity. A series of authors (Bikerman, 1946; 

Broberg, 1960) view with some doubt the applicability of the 

theorem concerning a minimum potential energy to the actual 

damage process. The surface energy of a substance is really 

free energy and not potential energy, as introduced by 

Griffiths. In order to form a new surface free energy it is 

not necessary to fulfill the condition of isothermality. In 

the general case, iffupon heating,the surface area of the 

sample increases, then according to the Le Chatelier principle 

any increase in this area by other means leads to a drop in 

temperature at the surface. It has been experimentally proved 

that the temperature of a newly formed surface is lower then 

the temperature of internal points of the sample, and there 

exists an irreversible thermal flux from internal points to 

external points of the substance. Thus the damage process 

can no longer be looked at as consisting of a series of quasi¬ 

equilibrium states; in the light of what has just been said it 

must be treated as an essentially irreversible process. Let us 

utilize the second law of thermodynamics which includes the 

theorem of minimum potential energy in implicit form. 

According to the law of the conservation of energy 

dE *- dQ — dA, 
(152) 

where E is the internal energy of the system, Q is the amount 

of heat received by the system, and A is the. work performed by 

the system. Let us write down the second law of thermodynamics 

in the form 

dQ^TdS’-dq, 
(153) 
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where T is the absolute temperature, S is the entropy of the 

system, and Q is the dissipated energy (the uncompensated 

heat according to Clausius). 

Inasmuch as we are dealing with mechanical phenomena, it 

is convenient to express the internal energy E in terms of the 

Helmholtz free energy 

E — TS. 
(154) 

whence 

tl,j « — (//■’ _ ¿4 ¿¡'JT \ y. 

(155) 

In accordance with the calculations of-Griffiths the gain in 

free energy upon an increase in crack length by dl is equal to 

dE~r,dl, (156) 

where YZ is the surface energy o£ a crack, related to 

a unit length. The gain in elastic energy amounts to 

dWy = - 2k3*ldl, 
(157) 

where k is a constant. Then the dissipated energy becomes equal 

to 

d'l ~ - (Y/ - 213¾) dt — .S,dT > U. (158) 
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If the term Sedt is small, then by neglecting it we return to 

the Griffiths'theory. However,this is justified only for 

temperatures close to absolute zero. 

The thermodynamic approach to damage phenomena makes it 

possible to illuminate certain theoretical sides of this process 

in a new way. I¡, practical calculations the Griffiths' theory 

retains its validity as before, inasmuch as the non-isothermalif, 

O the process is automatically taken into account in the expe^ 

mental determination of specific surface energy ,. 

I. I. Bikerman (1964) proposed a new criterion for damage. 

Subjecting to criticism the energy balance equation in 

Griffiths' theory, which is based on a balance of the energy 

of deformation and the increase in surface energy of a crack, 

he connects damage with a favorable distribution of the energy 

of deformation alone. A crack may propagate in the case where 

a reduction in deformation energy around the critical region 

IS greater then that required for an elastic deformation of 

the critical region prior to rupture. In contrast to . 

í*ÍthS the0ry it; is assumed that the energy expended in 

he damage process is converted mainly into heat, and not into 

the surface energy of a crack. Formulas for calculation, 

obtained on the basis of this hypothesis, are identical to 

formulas from the Griffiths' theory, but in place of the 

specific energy in the latter, the specific work of damage 

plays a part, a quantity which has a different physical meaning. 

I. V. Kraggs proposes that the critical conditions for 

damage be evaluated from the local energy of the stress in a 

region which includes the crack. He supposes the damage to be 

a quantum (discontinuous) phenomenon. The rupture of atomic 

bonds takes place within the limits of a surface of area S in 

a small interval of time V since the crack cannot propague 

With a velocity exceeding that of longitudinal elastic waves C 

129 



the energy of a new surface must be concentrated in a region 

whose boundary is removed by nc more then a distance of a = cAt 

from the edges of the crack. The crack is formed only in the 

case where 

where w. is the energy of elastic deformations of a unit of 

volume. The integration in formula 0-59) is performed over the 

region of concentration of elastic deformation energy cAt. 

Two new parameters, S, ,and ayenter into expression 159. Let us 

determine their physical meaning. Let us suppose that an ideal 

crystal is damaged by a uniaxial tensile stress a«. This 

stress will be equivalent to the theoretical forces of adhesion, 

referred to a unit of area corresponding to a plane of the 

crystal. Criterion 159) is transformed into the form 

(160) 

and thus 

(161) 

We note that expression 161) signifies only a necessary condi¬ 

tion for damage. However, in principle, it may bt applied as 

a sufficient condition as well. The value of S, depends on the 

internal structure of the medium being damaged and has the 

order of magnitude of the average cross-sectional area of a 

grain or a crystal. 

0 Although the hypothesis of damage being considered here 

130 



differ in their physical meaning and in the method of analysis, 

damage effects and formulas for calculation obtained on ¿heir 

basis agree in form with the computational formulas from the 

modified Griffiths' theory. 

The essence o.r the force approach to a description of the 

damage process consists in a replacement of interparticle 

adhesion forces, acting in the dead-end part of a crack, by 

some external forces. This makes it possible to utilize the 

methods of the mathematical theory of elasticity and the model 

of a continuous medium in the calculations, and the problem 

of crack propagation is formulated as a force problem in the 

mechanics of a deformable body. G. I. Barenblatt (1961) 

proposed a theoretical scheme for solving problems on the 

ultimate equilibrium of brittle bodies with macro- 

cracks. At the root of this scheme lie the hypotheses of 

independence of the terminal region of a crack, the smallness 

in size of the terminal region in comparison with dimensions 

of the crack itself (the conditions of macroscopicity), and 

the finiteness of stresses in the dead-end portion. However, 

the given computational scheme is not satisfactory fcr the 

description of microcrack behavior, since in a series of cases 

microcracks exert a quite significant influence on the strength 

properties of a solid body. 

In the works of M. Ya. Leonov Qnd V. V. Panasyuk (1959, 1961, 

1968) a new model for calculation (5^-model) was proposed, 

providing the capability for studying in a single-plan the 

equilibrium state of a solid body weakened with both micro- and 

macro-cracks. In the case of macroscopic cracks the 6^-model 

of a brittle body leads to the same results as the G. I. Baren¬ 

blatt scheme (1961). The basic hypothesis in the construction 

of this model is an assumption about the nature of the dependence 

of interparticle forces on distance:* if the distance between 
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opposite sides of a crack does not exceed some constant for a 

given material whose value is the forces of attraction 

between them are equal to a constant value a0; but if 

the distance between opposite sides of the cracks is greater 

then <5^, they are equal to zero. The condition for crack pro¬ 

pagation within the framework of this scheme is the relationship 

2Mi„,/, 7.)-0,, (162) 

where u^ is the normal component of the displacment vector of 

points on the sides (shores) of the crack; Zj is the character¬ 

istic linear dimension of the region of the inital crack; q* is 

a parameter characterizing the external load. 

The value of the limiting load for a specified initial 

crack length I within the framework of the î^-model is deter¬ 

mined as 

2 /1 
— 3, arreos If \ 

(163) 

where k is a constant equal to 1/itE for a plane stressed 

state equal to (I-UjJ/ttE for a plane deformation. For U 

much greater then expression (jl63) turns into the familiar 

formula of Griffiths, and for /.o approaching zero, «... approaches 

ao» i.e., a plate with a crack of zero length has the strength 

of a defectless plate. Thus,the problem of damage in a solid 

body reduces to the study of crack propagation in deformable 

bodies using methods of the linear theory of elasticity. 

Advances in mathematical statistics made it possible to 

apply some of the methods of this science to an investigation of 

the damage process (Bolotin, 1965; Volkov, 1954; 1960). The 
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basic idea of the statistical theory of strength is the con¬ 

struction of an original model of the medium that permits 

one to apply the methods of statistics in describing the 

process of damage. The model of a quasi-isotropic crystalline 

body is chosen in the form of a single-phase system of crystals, 

contained in a volume uiv and bound to each other by adhesion 

forces. The size of the volume u)v is chosen with a reckoning 

such that comparability is assured between the results of 

calculations carried out for a uniform medium and the results 

of experimental measurements of the stresses and deformations 

in the case of a polycrystalline body. To serve as a physical 

analog of a mathematical point we introduce the volume V, 

which is small in comparison with the dimensions of the total 

sample, but which at the same time contains a large number of 

atoms or molecules, whereby a uv is much greater then V. 

In accordance with the views of M. V. Yakutovich (1961) 

the sole cause for the formation of microcracks is the action 

of breaking apart under the influence of normal tensile 

stresses. In the case of complex stressed states only the 

normal component of the tensile stress is considered. This 

makes it possible to consider from a single point of view all 

types of macroscopic damage. The process of macroscopic damage 

within the scale cf volumes V begins with strésses which are 

smaller than the resistance to damage of the polycrystalline 

material. Calculations show that even with a null stress in a 

cross-section of the volume uiv in some part of the cioss-sect- 

tions volumes V there exist stresses greater thin the critical 

stress for breaking apart acr . Consequently, in accoi ce 

with the single mechamism for damage in the solid state, there 

come to exist microscopic cracks. The relative number of 

damaged volumes V, in which microcracks have appeared in response 

to uniaxial tensile strength c, is equal to 
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where 

y ss 

(Op is the average resistance to damage of the crystals of 

polycrystalline material; 9 is the coefficient of normal dis¬ 

tribution of volumes V in values of the stress). With an 

increase in external leading the number of microscopic cracks 

grows rapidly, reaching some critical value. After that there 

occurs a consolidation or coalescence into one macroscopic 

crack occupying a volume which is typically a u>v. The condi¬ 

tion for attaining the critical number of microcracks for any 

type of stressed type is equivalent to the equation 

(165) 

where n^ is a constant for a given material, which does not 

depend on the nature of the stressed state of the solid material 

in the volume u>v. This constant is equal to the relative 

number of cracks in volumes V which is sufficient for macroscopic 

damage. Not all volumes wv are laced by damage, including macro¬ 

scopic damage, but only some part of them. In this connection, 

the more brittle the material is the smaller this part will be, 

since in such a material a microcrack will be more dangerous 

then in a plastic material. With brittle macroscopic damage in 

separate microscopic volumes the damage may be viscous. The 

proportion of microscopic volumes of brittle and viscous damage, 

determines the nature of macroscopic damage. In the process 

of plastic deformation in similar volumes of viscous damage, 

the resistance to damage changes at a level with the change in 

geometric form. As the deformation increases there is observed 

a general tendency for the shear strength to increase 
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and for the cohesive strength in a direction perpen¬ 

dicular to the slippage plane to decrease. However»in some cases 

true tensile strength increases with a growth in the value of 

plastic deformation or remains constant. In the general case 

under the influence of an external stress both elastic and 

plastic deformations rise in a damaged substance. Out of a 

total number N of volumes of type V a part of them»Ne»will 

deform elastically and a part in a plastic fashion. The 

total number of microcracks up to the moment of »aacroscopic 

damage is 

m r* w 4- m • r "*** 
(166) 

where me is the number of microcracks formed upon damage in 

elastically deformed volumes V.,; m is the number of microcracks 
y p 

formed as a result of damage in elastically deformed volumes 

Vp. The relative number of microcracks up to the moment of 

damage will be 

m 
ir 

».m. 
N /V + y 

'"p 
0 - />v 

(167) 

where P = Ng/N is the relative number of elastically deformed 

volumes V , or the probability of the elastic state; N is 
J¡> 

the relative number of microcracks in elastically deformed 

volumes Vp; ne is the relative number of microcracks in elastically de 

formed volumes Vfi. From this one may obtain the criteria for 

brittle and viscous damage in the statistical theory of Strength: 

a) ir\ the case of brittle damage 

(168) 

b) in the case of viscous damage 

m.< = «p- • (169) 
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In the works S. D. Volkov and other authors the numerous 

applications of the statistical theory of strength are reviewed 

as to the manner in which they verify the correctness of the 

basic assumptions and other aspects of the theory and its 

advantages over more engineering-oriented theories of strength, 

as a single unique theory both with respect to the mechanism 

of damage and wi*-h respect to the condition for strength 

which is common for ai] types of stressed states. The statis¬ 

tical theory of strength may be successfully utilized in the 

study of the damage process in rocks. 

Actual media, in particular rocks, possess complicated 

structures. Mathematical models of media, even when there 

plastic and relaxation properties are taken into account, 

do not fully describe all the peculiarities of behavior of 

an actual medi'jm under the action of high impulsive loads. 

The use of the concept of a continuum is already bv 

itself an approximation especially in the case where destruc¬ 

tive stresses are exceeded. Therefore,at the present time an 

analytical description of the damage process in rocks is not 

possible. Only qualitative ideas exist regarding the essence 

of phenomena which take place in damage. This explains the 

phenomenological character of theories of damage in rocks. 

They belong the same category as the classical theories of 

strength, i.e., to the category of mechancal theories of strength. 

A description of the damage process in an explosion using 

a solid state model similar to the Griffiths' model was first 

introduced by Professor M. V. Machinskiy (1936), who proposes 

that "the wave passes through strong places in the rock leaving 

no trace; as it passes through 'weak' places the beginning of 

cracks emerge." Supposing that one knows the pressure at every 

point in the block is a function of time, the distribution 

law of crack nuclei as a function of strength, the velocity of 

136 



motion of crack apexes as a function of pressure »and the dis¬ 

tribution pattern of weak points (centers of crack formation) 

within the body, M. V. Machinskiy obtained theoretical dependen¬ 

ces relating the parameters oí the explosion, and the number 

and average volume of the fragments that were formed. For a 

long time the absence of methods for determining the "weak" 

places in the block prevented M. V. Machinskiy' theory 

from being used for finding quantitative dependences which 

were suitable for practical calculations. Taking account of 

these experimental difficulties, M. V. Machinskiy noted the 

relation of the theory under consideration to the theory of 

a series of more general processes. Therefore»"experimental 

verification of these more general processes along with con¬ 

firmation of agreement between the actual results of the 

process and the processes indicated above may serve as a cri¬ 

terion for the correctness for the proposed theory." 

Experimental investigations carried out at the A. A. 

Skochinskiy Institute of Mining Affairs. (Sorokin, 1959) 

and in the Institute for Geotechnical Machinics 

of the Ukranian SSR Academy of Sciences 

testify convincingly to the fact that the process 

of shattering begins in zones of reduced strength. Further 

investigations showed that the density of crack-formation 

centers is a function of the stresses. The distance between 

a zone of lowered strength and the rate at which cracks 

develop determine the time parameters of the damage process, 

i.e., the time for shattering to take, place is a function of 

the stresses. 

Over the last few years in addition to a study of the 

qualitative picture of shattering, experimental investigations 

have been conducted which examine the process of damage and 

the rate at which cracks develop as an important physical 
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and mechanical characteristic of rocks. G. Kol'skiy (1963) 

studied the conditions of brittle shattering on the basis of 

experimental data. As a result of these studies"he1 came to 

the conclusion that the brittleness of a material depends on 

the rate at which a load is applied and on the physical and 

mechanical properties of the rocks. However, up to the present 

time there exists no generally accepted theory of shattering, 

for which reason various methods for calculating the fragmen¬ 

tation of rocks have been proposed. 

One of the first attempts at calculating the particle- 

size composition of an exploded rock mass was the work of 

0. Ye. Vlasov (1958), which was considered in detail in the 

preceding chapter. In the, work of A. N. Khanukavev (1962) the 

determining influence of the acoustic rigidity of rocks on 

the nature of shattering is proved convincingly on the basis 

of copious experimental material. In the case of hard exca¬ 

vated rock possessing a high acoustic rigidity, crushing is 

conditioned by the stress wave parameters. It is proposed 

that the number of splintered fragments for these rocks be 

determined from the expression 

where Nk is the number of strips formed in the 

rock by the stress wave; omax is the maximum pressure at the 

wave front of the stress wave,(a) is the ultimate tensile strength 

of the rock, 

The indicated dependence naturally cannot be used for 

describing damage effects produced by a compression wave. 

An analogous form may be obtained by using the statistical theory of 
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-strength for a uniform distribution of cracks over the whole 

volume of damaged medium and the impossibility of simultaneous 

growth of two or more cracks. The deviation of the results of 

the calculation from the experimental data is explained by the 

nature of the assumptions made. 

Recently in the works of Doctor of Engineering Science 

G. P. Demidyuk, the concept of the intensity of shattering on 

the energy reserve of the explosive material being exerted 

on a unit volume of the rock being shattered has received deve¬ 

lopment. This permits wider use of the method of energy 

modeling employing the thermodynamic criteria of similarity. 

In utilizing the similarity criteria for elastic wave 

motions in order to model the destructive action of .n 

explosion no acqount is taken for the effect of piston action 

of the gaseous products of the explosion on the shattering 

process. An indirect confirmation of the influence of piston 

action of the gaseous detonation products on the damage process 

is rendered by an evaluation of the damping of tangential 

stresses causing the devlopment of radial cracks. The tangential 

stresses, arising in the explosion of cylindrical charges may 

be approximately determined from the formula 

('M+i 
i'll']) -1 ’ 

(171) 

where ot is the value of tangential stresses in the rock at 

point r; p is the pressure in the charge chamber; r is the 

radius of the shattered zone- r0 is the radius of the charge 

cavity; r is the distance of the point where stresses are 

determined from the axis of the charge. An analysis of equa¬ 

tion (171) shows that with increasing separation from the charge 

center the tangential stresses diminish quite rapidly. If • 
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they were the only reason for the development of cracks, 

the damaged volume would be insignificant. However, owing to 

the high pressure in the charge chamber, the gases penetrate 

into cracks formed in the wall of the blast hole and exert 

pressure on the walls of the cracks. As a result of this 

high tensile stresses develop at the terminii of a crack 

facilitating further growth of the crack. As a consequence, 

the piston action of gaseous explosion products favors the 

increase in terminal length of the cracks being formed and has 

practically no effect on the number of cracks. 

As the result of an analysis of the present state of the 

theory of damage it has been established that in shatterina 

the block of rock may be considered as a medium with non-uniform- 

ties and microcracks, to which the basic assumptions of the 

of strength of Griffiths and the statistical theory of damage 

may be applied. 

Basic Mechanisms of the Process of Damage (Shattering) 

In sufficiently large volumes of a substance the effect 

of microcracks, dislocations, and displacements of atoms averages 

out to some me^n value. One may consider that the microcracks 

are uniformly distributed over the whole volume under study, 

and even over its elementary parts (sufficiently large in order 

for the condition of uniform distribution of defects to be 

fulfilled). The damage process is determined by the physical, the 

mechanical, and the structural properties of the medium and 

by the parameters of the stress field. Let us take a look at 

the basic mechanisms or regularities of the damage process. 

The mechanism of damage consists in the growth and coalescence 

of cracks which are found in the medium. Quantities which 

characterize the capacity of the cracks to grow will be called 

the crack parameters. Included in their number will be the 
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dimensions of the crack,, their orientation in space, the radius 

of curvature at the apex of the crack, etc. The number of 

parameters which determine fully the behavior of a crack upon 

application of a load we will take as equal to n. The value 

of the parameters will change as we pass from one crack to 

another in a discrete manner. But the aggregate of parameters 

forms a continuous system. This means that the parameters 

of any separate crack may take on any value (here vre take no 

notice of possible correlations between them). Thu i,the 

crack parameters may be represented in the form of points 

in an n-dimensional space. The aggregate of all possible 

values of the parameters, by virtue of the continuity of their 

variation, forms some simply connected region V in the n-dimen¬ 

sional space. The number of cracks nc in a fixed volume as the medium 

(without limiting the generality of our discussion it may be 

considered as a single number) possessing parameters a^,..., 

an, lying in a region of n-dimensional space AV, is determined 

in the following manner: 

• 

n 

5 /(«i.«Oll'J'M. 
<*V) (172) 

n 

where n a, , is an element of the n-dimensional 
IS i 1 

volume; f (a^,...,otn) is the differential distribution function. 

The differential distribution function characterizes the 

rule for distribution of cracks according to the yalues of 

their paramaters. The concrete form of this function depends 

on the properties and the structure of the medium under consider¬ 

ation. It specifies the probability that any crack chosen in 

a random fashion will have parameters lying within the limits of 

VI 

«o i II «Kl 
i I 
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In order that the crack might begin to propagate in the 

case of a concrete form for the stressed state« its parameters 

might satisfy definite conditions. Mathematically this means 

that the parameters of the propagating cracks must lie inside 

some region AV of the parameter values. The dimensions of 

this region are determined by the nature of the stress field, 

i.e., by the form of the function (r,t) (r{t) is a 

tensor describing the dynamic field of the stresses]. Con¬ 

sequently, the form and dimensions of the region AV will be 

a function of the stress tensor: 

AK = <I»[30(r,i)|. 
(173) 

The dependence of the boundaries of region AV on c^ 

(r,t) may be represented in the form 

^ K.—, 3j;(r, /)1 = 0. 
(174) 

Relation (174)represents the condition for growth of cracks. 

It is a necessary but not a sufficient condition for fragmen 

tation, since does it not include kinetic characteristics of 

the process but only force characteristics. 

The number of cracks which have lost their stability in 

will be determined by the equation 

n 

«011 die, =» 
4-1 

$ /(‘*i, Q|»)J{ diq. 
•tv t-i (175) 

the kinematic condition for fragmentation will consist of the 

requirement that values of (r, t) within the course of an 

interval of time t should not fall within the region W of the 

values o^. 
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flueTP when ti<t^tl + Xt (176) 

where is some fixed moment in time. The value of the time 

interval t is a complicated function of the crack parameters, 

the number of cracks, the value of the stresses, and the 

physical properties of the medium. 

T = 
'•’K.«... >•.K -vT) (177) 

where bj^,..., bm are elastic constants of the medium. 

Relations (i74 )and (176) represent a necessary and sufficient 

condition for shattering and may be taken to be a '.if netalized 

criterion of fragmentation. The dependencies thus tained are 

quite general. They characterize only that general quality 

which is inherent in any form of damage to any material. Nature- 

ally these dependences are not sensitive to a series of important 

qualitative aspects of the actual form of damage, by which one 

type is distinguished from another. The peculiarities of 

brittle shattering of rock is considered below. 

The Mechanism of Crushing of Rock By Explosive Action . 

The destruction or shattering of rock under the action 

of explosive loads represents a complex non-stationary process. 

The phenomenon is complicated by the structural peculiarities 

of rocks, which in most cases are anisotropic nonhomgeneous 

systems. Interuptions in the continuity, stratification of 

the structure , and inhomogeneity ot the physical and mechanical 

properties make an accurate solution of the problem impossible 

given the present level of development of this science. Any 

notion on the mechanism of destruction in rocks have basically 

only a qualitative nature. The high pressure of gases formed 

143 



in the explosion inside the charge chamber acts on the walls 

of the chamber and cause them to move and deform, an effect 

which propagates in tWe form of waves with a velocity determined 

by the physical and mechanical properties of the medium. 

In a region enveloped by wave action, the massive exists in 

a stressed state. If the stresses exceed some value which is 

characteristic for a given region, the cracks which are found 

there begin to grow and the volume becomes divided into parts 

by a spatial network of cracks. The value of the critical 

stress depends on the type of sti ssed state, the dimensions 

of cracks,and the region under consideration and on the average 

is equal to the mechanical strength of the material. The 

scatter of values of the critical stress is not large and fluctu¬ 

ates within limits determined by the scale of the effect. The 

maximum velocity of growth of cracks is determined by the physical 

and mechanical properties of the material. According to theo¬ 

retical calculations it is equal to the velocity of a Rayleigh 

wave. But the velocity of crack propagation does not immediately 

attain its maximum value. The time taken by the velocity of a 

crack to reach its maximum (or a value close to it) depends on 

the level of the stressed state, decreasing sharply with an 

increase of stress. Since the velocity of crack propagation 

is a finite quantity, the length of time during which the stress 

field exists in a given region has a substantial effect on the 

damage process in addition to the level of the stressed state. 

The minimum time necessary for destruction of a given volume 

is determined by the velocity of crack propagation and the 

density of sites of their origin. When the velocity of cracks 

reaches its maximum value the value of the stresses no longer 

exerts any influence over the velocity of crack propagation. 

The density of sites where cracks have originated is a quantity 

which is quite sensitive to the stress. This is explained by the 

fact that cracks of smaller dimensions, the probability of 
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whose existence in the solid state is larger then that of cracks 

of larger dimensions, are exposed as the stresses are increased. 

Therefore/as the value of the stresses rises the minimum time 

for damage decreases on account of shortening of the path covered 

by cracks up to the time of their coalescence. For very high 

stresses the solid state passes over into a quasi-liquid state 

and in the processes of shattering plastic deformations begin 

to play the principle role, i.e., the mechanism of damage itself 

changes. Nevertheless these phenomena have small practical 

significance in explosive operations with excavated rocks, since 

the radius of this zone does not exceed 3 to 5 charged radii. 

The process of shattering of a solid block especially in 

distant zones, continues for a rather long time (in terms of 

the temporal characteristics of the explosion) and the stressed 

state of these regions is determined by the interference between 

the reflected and direct waves. The stresses in the reflected 

wave depend in their magnitude and their size on the condition 

of reflection existing at the boundary of the load. By 

changing these conditions one may control the quality of crushing 

of the rock and the size into which the exploded rock mass is 

broken up. 

The majority of rocks contain numerous cracks, the number, 

orientation,and density of which depends on the physical and 

mechanical properties of the rock and the actual mineral and 

geological conditions of their occurrence. The mechanism of 

damage of blocks of cracked rocks subjected to the action of 

explosive loads have their peculiarities which set them apart 

to a signficant degree from the mechanism of crushing of mono¬ 

lithic media. In weak rocks, i.e., rocks with a developed 

system of fine cracks, the pressure of the products of explosive 

decomposition on the charge cavity falls more rapidly than ir 

monolithic rocks, on account of the penetration of compressed 

gases into the cracks. The stress field is less intense and is 



characterized by a high degree of damping of the stresses in 

proportion to increasing distance from the charge. This 

comes as a consequence of absorption of energy of a stress wave 

as it passes through the cracks. A significant part of the energy 

of the stress field is thereby transferred into kinetic energy 

of moving fragments. Shattering caused by the action of a 

stress wave is in this case insignificant and the principle 

role is played by the piston action of the gaseous products 

of detonation. In blocks which have been divided into separate 

structural units by coarse, sparsely distributed cracks, the 

only lump which is intensly fragmented is that in which the 

explosion cavity was situated and the remaining part of the 

t shattered block represents structural units which are dis¬ 

connected by virtue of the crack which exist there:. Con¬ 

sequently, the particle-size composition of the exploded rock 

mass will be determined by the structural elements of the 

spatial network of cracks in a significant portion of its total. 

A more efficient use of the energy accumulated in the field 

of stresses formed in the explosion is possible if the following 

conditions are fulfilled. First of all conditions must be 

created which prevent a substantial opening of cracks. The 

intensity of the stress field diminishes to the least degree in 

the presence of only tightly closed cracks or cracks with a 

width that does not exceed the absolute deformations of the 

block in the region where a crack is localized. Secondly, the 

block must not move as a sinqle unit. This means that the 

field of velocities of the block must have a gradient which 

is different from zero. In this case there-arises a supplementary 

mechanism for transmitting energy into the distant zones of the 

block which is being shattered. The essence of the idea consists 

in the collision of moving pieces of rock. A series of such 

impacts causes a stressed state to obtain in the remO.te parts of 

the block, and a part of the kinetic energy is once mo-e 

transformed into energy in the stress field. All the conditions 
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enumerated above are fulfilled in the case of an explosion in 

a compressed medium. In this case the conditions for explosion 

play a decisive role in the damage process. A qualitative 

analysis of the process of shattering permits one to separate 

out three basic factors which effect the quality of the dis¬ 

integrated rock mass: the paramters of the stress pulse, physi¬ 

cal and mechanical properties of the rock being shattered,and 

the explosion conditons. When mining operations are being con¬ 

ducted under actual conditions the physical and mechanical 

properties of the rock turn out to be fixed quantities and 

a variation in the intensity of fragmentation of the rock may 

be attained through a modification of the stress pulse para¬ 

meters and the explosion conditions. The characteristic which 

underlies these factors are the parameters ot the stress field. 

To serve as a mechanical model of the rock mass we choose 

an isotrooic homogeneous medium which contains a large number of 

irregularly arranged cracks. Let us suppose that the system of 

cracks does not possess a preferential orientation. The sizes of 

the cracks being considered must obey much less then L^, where 

L. and are the linear dimensions of the cracks and the block 
1 ^ 

respectively. If there exists in the block of rock cracks with 

dimensions of the order of Lg, then the block may be considered 

as the aggregate of separate fragments. For each of the similar 

individual units all previously stated assumptions remain in force. 

Let us consider the shattering of an elementary volume. We 

will consider as elementary the smallest volume of rock which 

possesses properties similar to the properties of the block 

with the exception of the peculiarities connected with the scale 

effect. The stressed state which causes damage in the elementary 

volum? will at the same time be the condition for fragmentation of 

of the block. Let us assume that in the medium a plane wave is 

propagating with an amplitude which exceeds the shattering stress. 
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*'he energy of a deformed homogeneous isotropic body is deter¬ 

mined in the following manner: 

H-v 
¿E (178) 

w he re 9 = ^ - o- - + 

of the stress tensor; 
’ll T a22 + 

c33 —the first invariant 

a. . are components of the stress tensor. 

o are components of the deformation tensor. 
ID 

To serve as a characteristic quantity of the stressed 

state we shall choose the effective stress^ef which is deter 

mined by the equation 

(179) 

assuming that the components of the stress tensor do not change 

significantly within the confines of the elementary volume, we 

obtain 

Et —’-Ar ■iE a*. (180) 

where AV is the elementary volume. 

The crack parameters differ as to their role in the process 

of fragmentation. Let us take a look at the distribution of 

principle crack parameters: the dimensions and the orientation 

of cracks in space. If the cracks dp not have a preferred direc¬ 

tion (a representative feature of the distribution of micro¬ 

cracks) , then the distribution of number of cracks in the various 

directions may be considered uniform to a sufficient degree of 

accuracy. The formation of cracks in unstressed material takes 

place under the control of numerous factors. The distribution of 

random magnitudes whcih are under the influence 

of a rather large number of independent (or almost 
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independent) ^factors, the effect of each of which is insignificant, 

approaches a normal distribution in agreement with the limiting 

theorems of the theory of probability (Bolotin, 1965; Gnedenko, 

1961). The assumption of independence for the crack parameters eli¬ 

minates the possibility of taking account of interactions between 

them. An account of the mutual influence of propagating cracks 

is exceedingly complex and up to the present time has not been 

accomplished. However, it is obvious that the effect of inter¬ 

action between cracks on their development diminishes with an 

increase in the rate of application of the load. From this point 

of view, introducing an assumption about the independence of para¬ 

meters.of the growing cracks in the case of shattering by explo¬ 

sive loads is full’, justified. An account of the interacting 

of cracks may be related both to a change in the parameters of 

the normal distribution as well as to a completely different dis¬ 

tribution law. Consequently, we will consider that the number 

of cracks in a unit of volume of rock obeys the normal distribu¬ 

tion law in areas. 

dn = n^?sr dS, 

(181) 

where n is a constant characterizing the structure of the sub- 
o 

stance; ß is a constant factor which has the dimension of inverse 

area. 

The quantity ß depends on the physical and mechanical proper 

ties of the rock and determines its strength. Even with uniform 

loading in actual substances the stress fields contain local 

inhomogeneities. At the terminii there occurs a concentration 

of stresses depending on the crack dimensions. When the value 

of these stresses reaches a certain value, called the critical 

stress, the crack begins to grow with a finite velocity (i.e., 

the process of crack development becomes irreversible). Some- 
N. 

times this value of the critical stress is identified with 
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the theoretical strength of the material. Such an identifica¬ 

tion is erroneous. The theoretical strength is the greatest 

possible quasi-elastic force in an ideal defectless lattice 

under conditions of uniform steady deformation. The critical 

stress is the maximum quasi-elastic force under special condi¬ 

tions at the apexes of a crack. The first quantity is a constant 

of the material but the second varies not only from crack to 

crack but also for a given crack throughout the process of its 

growth. In the calculation formulas we must insert precisely 

the critical stresses, not the theoretical strength. 

The connection between the applied stresses and the dimen¬ 

sions of a crack, where the concentration of stresses at the 

boundary of that crack attains the critical value, is found 

from formula (L47)* If the applied load creates stress fields in 

the material with a value of , then all cracks with an area 

S greater than or equal to Scr begin to grow. The number of 

such propagating cracks is determined in the following way: 

N = /iu 

(182) c r 

where) 

♦ (Scr) is the probability integral. 

The atomic-molecular th^c’-y of structures does not permit 

an unlimited decrease in the dimensions of cracks. Arguments 

based on the concentration of a continuous medium cease to oe 

correct when the dimensions of the region are reduced to dis¬ 

tance on the order of atomic dimensions. A series of investi¬ 

gators (Barenblatt et al, 1967; Berry, 1958) confirmed che 

presence of some characteristic linear dimension !. in every 

material. Thus, Berry (1953) in his ate^mpt to establish the 
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applicability of the usual theory of cracks for polymethylmetha¬ 

crylate (an inorganic glass) and polystyrene discovered that 

when the dimensions of the initial cracks were reduced to some 

tenths of a millimeter the destructive stress (contrary to the 

theory) ceases to depend on the length of the crack. Berry 

concluded that cracks of such lengths arise rn a material in a 
• A#, 

natural manner (there were none in an unloaded material). Ana¬ 

logous results were obtained on nylon and introesters. The 

linear dimensions 2- for these materials lay between 0.05 and 

1 mm. G. I. Barenblatt et al.(1967) on the basis of a theoreti¬ 

cal analysis of the mechanism of fluctuational damage came to ti e 

conclusion that there exists cracks of a constant length i, aris¬ 

ing in a natural manner in an unloaded material which originally 

did not have cracks. This quantity agrees in size with 7q. Thus, 

2q will be the minimum length of cracks which are capable of 

forming a spatial network under practically realizable loads. In 

order for cracks of smaller dimensions to grow a longer time is 

necessary tnan that necessary for a body to be damaged by cracks 

developing from a disruption of continuity of more substantial 

dimensions. When the spatial network of cracks forms these 

stresses in the damaged volume become vanishingly small and 

further growth of the crack comes to a stop. 

Let us determine the average distance between growing cracks 

under the condition of their uniform distribution throughout the 

volume of the sample. We will consider that each growing crack 

is located in the center of a cube with edge A, so that 

or for unit volume 

a — N s . 
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substituting the value of N into formulas (183) and expression 

(182), we obtain 

(184) 

the mean diste ice between propagating cracks 

6 = (-7=-_,T 
I ■ * -M --'"(çcr)| I (185) 

Let us calculate the time required for the coalescense 

of growing cracks. The distance covered by a crack consists 

of two terms, corresponding to two stages of growth. The 

length of a crack at a moment in time t may be written down 

in approximately in the following form: 

l, 
l’..«, — *«), 

(186) 

where tg is the time taken by the crack to reach maximum velo¬ 

city vmax and t is the overall time taken by the shattering process 

to develop. 

Formula (186) is derived on the basis of the assumption 

tion that growth in the crack velocity is a linear function of time. 

The quantity lt changes with a variation in the level of the 

stressed state. Experimental studies into the time dependence 

of strength (Zhurkov, 1958; 1959) permit us to approximate the 

dependence of the time taken by a crack to reach maximum propagation 

velocity in the form 

(187) 

where k and t are constants which depend on the physical and 
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mechanical properties of the material; is the so-called 

safety stress, i.e., that stress at which the probability of 

growth of a crack is equal tothe probability of its closing 

up p( o - osaf) is the a functio i istep) ; p( o - a J = 

{1 when a - a * > 0 53 
saf 

0 when a - o ^ < 0. 
saf - 

The overall time for shattering of a unit of volume 

• i 

An analysis of expression (188) showed that even when the stress 

approaches infinity the shattering time remains finite, and when 

fi m 0 then t . This agrees with the behavior of actual 

materials. 

The intensity of fragmentation of rocks by explosive action 

depends on a number of factors. However, their effect on the 

nature of crushing is not equivalent. The basic factors which 

determine the particle-size composition of the explodeü rock 

mass are the values of stresses arising in the rock block at 

the time of explosion, the duration of existence of a stress 

state and the physical and mechanical properties of the rock 

mass. The properties of the rock mass under practical conditions 

are quantities which are specified and invariable. Consequently, 

the crushing process may be controlled only through an alteration 

of the first two factors. In the general case, the stressed state 

is fully determined by the six components of the stress tensor. 

For definite forms of the stressed state, there exists completely 

unambiguous relations between the tensor components. The stress 

fields which are formed in the explosion of a spherical and 

cylindrical charges constitute the object of our interest. By 

virtue of the specifics of the stress distribution in such fields, 

their intensity may be characterized by one component—the value 

153 



of the maximum primary stress. 

The shape of the stress impulse is an integral character¬ 

istic quantity of the stress and the duration of its existence. 

From the state of the stress impulse we understand the form of 

the curve c(t) . Thus ,the shape of the stress impulse charac¬ 

terizes the particular way in which the value of the stress 

varies with time. 

Let us take a look at the typical shape of stress impulse 

arising in a medium at the time of explosion (Fig. 28). The seg¬ 

ment of the curve ab characterizes the forward front of the 

wave, segment be characterizes the rear front. The amplitude, 

i.e., the maximum stress in the impulse is °inax» Segment ac 

along the time axis isequal to the overall duration of'the 

impulse. The time taken for maximum stress to be reached is 

determined by segment atm. The ratio of the value of the maxi¬ 

mum stress to the time for it to be reached, o determines 

the slope of the forward front of the impulse. 

A study of the mechanism of fragmentation makes it possible 

to determine the influence of each stress pulse parameter on 

the particle-size composition of the exploded rock mass. The 

amplitude of the stress impulse 0 is controlled by the number 
max 

of cracks opening in a unit of volume (182). The density with 

which the opening cracks are arranged determines the possible 
• 
dimension of an average fragment. Consequently, by varying the 

amplitude of the stress pulse one may regulate the linear dimen¬ 

sions of the fragment. The relation between these quantities 

is given by formula (185). Relationship (185) determines only 

the possible dimension of an average piece b. In fact, by 

the duration of the stressed state is not long enough, the grow¬ 

ing cracks are not able to coalesce, i.e., to form a spatial net- 

work. In this case, the dimension of an average fragment grows 

on account of an increase in the specific gravity of the course 

fractions. Pieces of large dimensions will retain their large 

number of cracks, while not evolving towards coalescense with 
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their neighbors. The cracks which exist will lower the strength 

of the pieces of rock, though this strength may be sufficient 

to guarantee the integrity of individual structural units. 

Fig. 28. Shape of the rtress impulse arising in a medium upon 
explosion. 

Fig. 29. Optimum of stress impulse of rectangular shape. 

In order that all cracks opening under a rtressa should 

unite it is necessary that the duration of the stressed state 

should be no less than some quantity t •• The value of this 

quantity depends on the average distance between crack-forma¬ 

tion centers and on the propagation velocity of the cracks. 

Inasmuch as the number of crack generation sites and the 

rate of their evolution in a certain material depend on the 

value of the stress, the necessary interval of time t0p will be 

a complicated function of the stress. The nature of this depen¬ 

dence is described by equation (188). 

The shape of actual stress impulses is such that the maxi¬ 

mum stress is attained only at one point on the curve c(t), i.e.. 
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the duration of the stressed state when there is a normal stress 

equal to omax* is equal to 0. Consequently, cracks whose 

dimensions are critical at o(t) = o cannot form a spatial 

network. The nature of fragmentation in this case is determiend 

not by amax but by some quantity o^. The value of c^-ls found 

from the condition that the time during which trw stressed state 

exists with a greater than or equal to c is equal to t 
. . .. •„ . R °P» 
A similar consideration of the crushing process leads to the idea 

of an optimum impulse of rectangular form. A stress impulse is 

considered sufficient for crushing of a medium to a specified 

coarseness of the fragment if the optimum impulse is accomodated 

inside it or can be inscribed within (Fig. 29). The rectangular 

shape of the optimum stress impulse is only a first approximation. 

It will be correct when the condition holds that the shattering 

stress does not decrease in the process of crack growth. However, 

fulfillment of this condition is not mandatory. In the process 

of development of a crack its dimensions increase and, consequently, 

the value of the critical stress decreases in accordance with 

(147). When we take account of this'effect the shape of the 

optimum impulse takes the form of a curved trapezoid abed (Fig. 30). 

Curve be is described by the equation 

a**KjTt (189) 

where 

The value of the stress a from equation (189) is the minimum 

stress which is necessary for normal growth of cracks opening 

up under a stress a(t). When the stress a (t) increases to a 

value growth of cracks having a smaller dimension begins. 
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In order to support their growth all succeding values of the 

stress must lie above the curve be, located along the curve a(t) 

up to the point An average fragment with an edge b¿ will 

correspond to the optimal stress impulse, constructed on the 

basis of this curve. Thus, to every point on the forward froùt 

of an actual impulse lying within the interval [ c] - c. £ o 

(where [ o] is the limit of brittle rupture) there will corres— 

pond some curve ott). The aggregate of these curves forms a 

parametric family 

0 t 

3i(0 — A', (f — T where />/4> 

ot(t)--j(ti) where t ~ t,. 
(190) 

For sufficient impulse duration in the exploded rock mass 

all fractions up to bm^n inclusively will be present (bm^n is 

the dimension of a fraction corresponding to the ampltude value 

of the stress in the impulse). 

Actual stress impulses, as a rule, have a tendency toward 

reduction of the duration of existence of the stressed state 

with an increase in the stress. Owing to this fact, cracks which 

arise under high stresses are not able to coalesce because of the 

negligibly short duration of their existence. The geometrical 

locations of the ends of optimal impulses of rectangular form may 

be represented in the form of the following analytical function 

(191) 

where 

The limiting propagation velocity does not depend 

the stress. Consequently, neglecting the initial 

on the value of 

period of crack 
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development, the crack velocity may be taken to be independent of 

stress. In this case the optimal duration is determined only by 

the stress at the forward front of the optimal impulse and does 

not depend on the way in which the stress beyond that front changes. 

Because of this situation the value of the duration of an optimal 

impulse of rectangular form will coincide with the duration of an 

optimal impulse of any other shape. Graphically, the impulse dura¬ 

tion will be found from the abscissa of the point of intersection 

of curve a. (t) with the straight line t = t^, where t^ is the 

abscissa of the point of intersection of the upper boundary of the 

rectangular impulse with a curve ab (Fig. 31). Keeping in mind that 

the evolution of a crack is characterized by some value oí the 

initial period t^ during the course of which the stress must be 

maintained constant, we are led tc the conclusion that the optimal 

impulse must obey the condition 

3t(*)“ 3,,.:,, when -M«* 
(192) 

Condition (192) indicates that the optimal impulse must have 

a flat value. As the amplitude of an optimal impulse is increased 

t diminishes according to an exponential law in agreement 
n 

with dependence (187). Accounting for relationship (192) allows 

for some increase in stress in an optimal impulse, thouch 

this effect will be noticeable only for stress values lying near 

in the neighborhood of aR. 

In Fig. 31 the shape of an optimal impulse is depicted, 

where al 1 features of the variation of the impulse parameters 

in the shattering process are taken into account. The minimum 

stress in an impulse is not equal to zero. The value of 

will be dtermined in general by the value of b, i.e., the average 

distance between crack formation centers. In the limit 0i must 

be such as to assure the growth of cracks with dimensions b^ 
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Fig. 30. A trapezoidal optimal stress impulse. 

Fig. 31. Construction of an optimal stress impulse. 

The size may be found from the relationship 

(193) 

As the stresses uk increase the dimensions of the zone of repul¬ 

verization must grow. To obtain a uniform crushing it is neces¬ 

sary to lov r the value of the stresses (up to a certain limit) 

and increase the impulse duration. 

Prediction of the Particle-Size Composition of an Exploded 

Rock Mass. 

The particle-size composition of a shattered body is deter- ' 

mined by the density of crack generation sites, which form a 

spatial network. Cracks for which the duration of load applica¬ 

tion turned out to be insufficient for them to coalesce do not 

have much of an effect on the dimension of fragments, but they 

may lower the strength of the pieces considerably. 

When a stress impulse is propagated in a medium its para¬ 

meters change. Owing to geometrical dispersion and dissipapted 

losses its amplitude decreases and the duration increases. The 

rules bv which the yield of fraction varies according to zone is 

determined from these phenomenon. The near-zore is characterized 
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by intense fragmentation, but the dimension of an average frag¬ 

ment rises in proportion to the distance of removal from the 

center of explosion. Inasmuch as the shape of a stress impulse 

changes continuously as it propagates in the rock mass, the 

criteria obtained are, generally speaking, local. However, when 

the laws by which the stress pulse changes are considered they 

may also give an integrated evaluation of the nature of the 

crushing. The maximum stresses in an impulse are some function 

of the distance o (r). As has been noted above, the quality 
max 

of crushing is determined not byci but by some value a _ 

whose duration of existence is greater or equal to t . Assuming 

that aD follows the same law of decrease with distance as c_(r), R max 
we obtain 

3/» (') = (r), 
(194) 

where k is a proportionality factor. The proportionality factor 
AT 

kp for a given rock will depend only on the length of the impulse 

in time, and for a fixed initial shape of impulse will be a 

constant quantity. The size of an average fragment b will be 

determined by the equality 

b 
(195) 

The quantity b(r) has a probabilistic character. Using 

this quantity one may determine the average dimension of 

a fragment in the zone bounded by iad'i R - ct_/2 and 
^ n op 

Rn + ct0p/2f according to the frrmula 

«'tfM 

7T-Ii''<r)rfr* 
‘•P 

(196) 
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The propagation velocity of the strers field c xs always 

larger than the velocity of cracks v, and therefore the "dimen¬ 

sions of the zone under consideration is always larger than the 

dimensions of pieces. The zone dimensions will not remain con¬ 

stant when r is changed. With an increase in distance to the 

explosion center the value of the cR(r) will decrease, and as 

£ consequence of that t will rise, as will the zone dimensions 

as a result. With the aid of relationship (196) one may obtain 

the integrated characteristics of the particle-size composition 

of the exploded rock mass. 

The particle-size composition of the exploded rock mass 

may characterize the size of an average fragment. Let us calcu¬ 

late the value of this•quantity starting from the theoretical 

plan we have adopted. The shattered volume is divided into a 

series of zones with centers at the points Rn and with variable 

widths ct^p. The size of an average piece in each zone is deter¬ 

mined in accordance with formula (196). The volume of a zone 

in which pieces of dimension bn are formed will be equal to 

VM - '¿nilf 1., IL, 
(197) 

where H is the height of a scarp 

The quantity Vn is the statistical weight of fragments of 

dimension b^ in the overall volume of a shattered mass. Then 

the average dimension of a fragment of the whole exploded rock 

mass is determined by the relation 

y, h i—" »• op »* 
»• M 

-77- (198) 

or,after substitution of (196) into (198), 
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(199) 

»•' 

*1«» I 

* t 

where L is the line of least resistance, and N is the total 

number of zones. 

The difficulty in practical utilization of the relationships 

(199) consists in the complexity encountered in finding the sur¬ 

face energy 7 and t:*e parameters of normal distribution. For 

ideally brittle crystalline bodies the value of 7 may be determined 

from the approximate formula 

T- ITT (200) 

where aQ is the interatomic distance Uq =* 2.4 A). 

However, purely brittle shattering is an idealization. Even 

in materials which in practice are considered brittle, at the end 

of a propagating crack there is a region of plastic deformation^ 

The consumption of energy in plastic deformation increases by 

factors of a hundred and a thousand (up to 108 erg/cm2) in 

comparison with values calculated from formula (200). For a 

wide class of rocks under conditions of explosive loading, 

** changes within a narrow range of values and, once it is 

determined for one rock, may be employed as an approximation 

in other cases. 

In view of the absence of reliable methods for determining 

the fracturing of rock blocks, especially in the case of closed 

or microscopic cracks which are invisible to the unaided eye, the 

determination of the parameters of the normal distribution of 

cracks from their dimension using a direct method is not 
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possible at the present time. In a first approximation this 

problem may be solved by appealing to the reults of statistical 

tests on rock samples. The damage of a sample in this case is 

determined by the crack of maximum dimension. The totality of 

results of these tests amounts to some distribution of the maxi¬ 

mum values of crack lengths. In the work (Bolotin, 1965) 

asymptotic formulas are presented for the characteristics of 

the normal distribution of maximum values in the case of large 

values of n 

where xnn and onn are respectively the mathematical expectation 

value and the standard deviation of the distribution of maximum 

values; a and a are the mathematical expectation value and 

standard deviation of the distribution of all values; n is the 

number of tests. 

Solving equation (201) with respect a and c we obtain 

In this way the normal distribution may be obtained in the form 

(»—«il» 

e~ w . 
(203) 

The value of Xnn and onn are determined from the results of 

statistical experiments as 

ti 

(204) 

_ 2 
where (X) is the mean square of the values of d. 

the samples for strength we obtain several values 
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shattering stresses. The dimensions of a crack causing damage to a 

sample may be calculated by the formula 

— V ) • (205) 

The proposed method permits one to determine the crack distribu¬ 

tion function from the dimensions within samples. In making the 

transitions to the rock blocks it is necessary to take into account 

the scale factor, i.e., the reduction in strength of the sample 

with a increase in its dimensions. This dependence is expressed 

by the relationship 

iam - . 
‘i.. (206) 

where [av] is the strength of a sample of volume V; i^Vo ) is 

the strength of a sample of volume Vft; V , is the relative 
u rel 

volume V/Vq,* . is a coefficient characterizing the strength 

properties of the shattered material. Then the maximum crack 

dimensions in the samples will be connected by the relationship 

dv rn r«l 
(207) 

and the distvibution law transforms into the form 

h (r) 
(208) 

where d^ is the maximum crack dimension in samples of volume V; 

and dV0 is th< maximuin crack dimension in samples of volume Vq. 

Choosing a volume which is sufficiently large (such that 

the homogeneity condition is fulfilled) we obtain the distribution 
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function for the number of cracks in the rock block. The pres¬ 

ence of a system of coarse cracks with an expressed preferential 

direction, arising from the effect of geological factors, violate 

the condition of isotropicity and demands a special accounting. 

This special calculation may be carried out directly owing to 

the considerable dimensions of cricks of this type. Therefore, 

>'hen we determine the distribution function using the indicated 

method, it is in principle possible, knowing the explosive 

impulse parameters/to predict the particle—size composition of 

the exploded rock mass. 

Principles of Modeling and the Destructive Effect of an 

Explosion. 

Modeling the explosive effect in general, i.e., modeling 

whole aspects of this phenomenon, is at the present time not 

possible. This is a result of both the limited knowledge of 

the separate processes taking place in an explosion and of 

the possibility forinccnpatible similitude conditions to arise. 

Therefore, as was shown in the preceding chapters, one usually mo¬ 

dels one of several aspects of the explosive action, which lead 

to success in some one engineering application of explosions. 

The accuracy of similitude modeling depends primarily on the 

correctness of the choice of basic factors determining the course 

of the process, and cn the degree of influence of factors not 

taken into account. Therefore, a thorough analysis of the 

shattering mechanism is necessary in order to establish reliable 

criteria for modeling the crushing action of an explosion. In 

the finding of the dependence of the average fragment on the 

stress field parameters, the piston action of the explosion was 

not taken into account. Consequently, the additional mechanisms 

fragmentation, arising in the movement of the block and in the 

collision of moving fragments, were discarded. In the case of 

shattering of solid excavated rock the contribution of these 

factors to the overall extent of shattering is insignificant. 

It is with these ro'-ks that the sphere of applicability of the 
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relations obtained is bounded. 

The investigations that were carried out on the crushing 

mechanism made it possible to establish criteria for modeling 

the destructive action of an explosion. We will consider 

equality between the number of crack generation sites in the 

model Nm'and the number of such sites in the object under study 

Nn to be the similitude criterion for crushing of the material. 

This assertion is equivalent to the assumption of equality of 

the number of fragments of disintegrated mass in both cases. 

The number of crack generation sites in a unit of volume in the 

model and in nature will be connected by the relationship 

(210) 

where X1 is the geometric scale of the modeling. 

Utilizing relationship (182) we obtain 

11 - «l* (ßM v;,) I -= 11 _ (\Sl) I. 
-4n » - 1 (211) 

The dispersion in the distribution of a number of cracks in 

nature and in the model do not differ significantly, and there¬ 

fore one may consider, approximately 0n =^. in consideration 

of this assumption, expression (209) transforms into the form 

«(•(K) = "’(K)- 
(212) 
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* * 
From this it follows S= S, i.e., the minimum areas of the 

in n 
opening cracks must be equal in nature and in the model. Using 

relations (145) and (200), we obtain 

S' 
" *»(1 - v;)3* ’ (213) 

Accounting for the fact that v • varies within narrow limits and 

that the strength of a material in the first approximation is 

proportional to the elastic modulus, i.e., [<rR] ~ E (Khanuka- 

yev, 1962), expression .(209) may be transformed into the form 

or 

(214) 

Values of the stresses in actual n°dia are complicated functions 

of the relative distances. Relation (214) in explicit form is 

written down in the following way: 

(215) 

where Rn and Rm are the relative radii of the shattering zone 

for nature and for the model respectively. 

In the special case where dissipative losses in the 

material are absent but the shape of the charge in nature and 

in the model are the same instead of the geometrical divergence 

reaching a state of identity, these similitude criteria simplify 
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l3nl>i (216) 

The conditions presented appear as necessary but not 

sufficient conditions in the modeling of the shattering process. 

This is because from the same number of generation sites, cracks 

may develop with different velocities, a situation which causes 

similitude in fragmentation to be violated. Let us denote the 

distance between crack generation centers in nature and in the 

model as a and a respectively. The time taken for damage in 

nature and in the model is determined from the ordinary kinema¬ 

tic relationship, in which both the distances between crack- 

formation centers and the velocities of crack growth may vary 

with distance from the center of the charge 

a H 
l<nln = 

(217) cr.n 

where ft 1 , [t^l are the times for damage in nature and in the 
1 rj n R m 

model respectively; vcr n, vcr,tn are ve^oc^ties crac^ 

growth in nature and in the model. 

The ratio of the damaae time in nature .to that in the model was 

I'nlr = -jl . !«« 

®ii pem 
(218). 

The condition 

(219) 

is valid for nature and for the model where is the geometric scale. 

From (218) and (219) we obtain 

(220) 

FTD-HC-23-1564-74 
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In the where is tine scale in modeling the damage process, 

general case is a function of the relative distance. 

From the criteria obtained it follows that similar fragmenr 

tation may be obtained by two means: 1) by choice of a material 

for the model with corresponding physical and mechanical proper¬ 

ties for specified impulse parameters in nature and in the model, 

i.e., by selecting appropriate strength properties and velocity 

of crack development; 2) by creating the appropriate stress 

impulse in the model for a specified impulse in nature and with 

similitude in the physical and mechanical properties of the 

materials of nature and the model. 

*4*0 
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CHAPTER FOUR 

EXPERIMENTAL METHODS FOR DETERMINING THE CHARACTERISTICS OF THE 

SHATTERING PROCESS1 

Measurement of the Stress Field 
Parameters and Deformation Parameters 
In an Elastic Medium Under Explosive Conditions 

Observance of similitude in explosive shock loading when 

modeling the explosive effect is sometimes coupled with a requirement 

for finding the change in stresses and deformations in time at the 

most characteristic points. The solution of this problem is made 

difficult because of the rapid change in stresses with time, the 

short duration of the stressed state, and the large values of the 

maximum stresses. Mechanical methods for measuring these quali¬ 

ties have been developed, in which the simple and ingenious experi¬ 

ment with a measuring rod proposed by Hcpkinson (Hopkinson, 1914) 

in 1914 serves as the basis; this method was used by him in order 

to determine the change in time of pressures which arise in explo¬ 

sions and mechanical shocks with high velocities. The pressure 

which was to be measured was applied to one of the ends of a uni¬ 

form steel rod, so that a compression wave was created which 

propogated with a constant velocity (if we neglect the effect of 

dispersion) 
I C=r 
V 

where E is the elastic modulus of the material of the rod, and p 

is the density of the rod material. The stress wave, having reached 

the free end of the rod, is reflected as a longitudinal wwe 

(under the assumed conditions the rod itself does not cause any 

distortion in the wave). At subsequent moments in time the stress 

in any cross section of the rod is determined as the sum of tne 

stresses in the incident and the reflected waves. Near the free 

end the rod is cut and the surfaces of the cut are ground and 

joined together. The incident wave passes through the joint 

without changing; the end part of the rod will remain 

in contact with the main part of the rod fo’- as long as the 

*This chapter was written jointly with Engineer S. N. Kodak 
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the compressive stresses of the incident wave at the point of 

contact. In this case the end part separates from the main part 

of the rod and flies off. The momentum of the part which has 

separated may be found with the aid of a ballistic pendulum. 

If the cross sectional area of the end part is S, its length is I 

and the stress in the wave is a then the mnnentum 

{222) 

Proceeding in this fashion and taking end parts of various 

lengths it is possible to obtain the momentum for various inter¬ 

vals of time. This experiment does not render it possible to 

determine the shape of the curve o(t), since the moment of time 

corresponding to the beginning of the various time integrals 

are not known, but one may always find the duration of the 

impulse i and the maximum Wlue of the stresses a 

(223) 

where is the length of the end part for which the main part 

of the rod remains in a state of rest. 

In order to determine the end parts are taken to be very short 

so that the moment of time 2l/c will correspond to the time 

at which maximum stresses are reached. Then the momentum is 

found in the following way: 

(224) 

2.Vj / 

or 

-HC-2J-1564-74 
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l4 = l*SlvT o. 
(225) 

where vT q is the velocity with which the separating part moves. 

Equating (224) and (225) , we obtain 

am.n 
(’"t. » 

(226) 

For longitudinal elastic waves 

(227) 

where v is the maximum value of a velocity with which particles 
max 

move in the wave. Consequently, from (226) and (227) 

IV o — 2Vma*- 
(228) 

When a stress wave undergoes normal reflection from a free surface, 

the mass velocity of points on the surface is equal to 2vmax; 

therefore the velocity of separation vT ^ of the very short end 

part is equal to the maximum velocity, which is then communicated 

to the free end by the stress wave. 

Using Hopkinson's method Reinhart and Pearson developed 

two methods for measuring the propagation velocity of stress waves 

in metals during explosive shock loading, the first method 

(Fig. 32) consists in a disc being attached to a massive cylinder 

(plate) serving as a "time measurer" (the end part in the Hopkin- 

son rods), and this disc being separated from the cylinder whenever the 

stresses at the surface of the contact become zero; the velocity 

of separation of the disc was measured by spark photography. From 
V 0 m 

the data obtained for discs of various thicknesses, it was 

possible to reconstruct the dependence of the stresses on time 

at the rear surface of the plate (cylinder). A modification of 

-23-1564-74 
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this method (Fig. 33) consists in drilling out a cylindrical 

depression in the rear side of the plate, in this pit 

several discs of various thicknesses v/ere pl'-^ed. This 

reduced the number of experiments and ^furthermore^made it 

possible to measure those stresses which were sufficiently 

high to cause "splintering off" of the thin discs due to the 

effects of the waves reflected from the free surface of the 

discs. The duration of the effect from the stresses, measured by 

Feinhart, was of the order of 10 microsec., and the maximum 

stresses for steel plates amounted to 7.5 X 10^ kgf/cm , which 

is 5-6 times higher than the critical breaking stresses of 

the material. 

Fig. 32. Apparatus for determining experimentally particle veloci¬ 
ties with one disc. 

1 - disc; 2 - cylinder; 3 - explosive charge; 4 - detonation cap. 

Fig. 33. Apparatus for determining experimentally particle veloci¬ 
ties with several discs. 

1, 2, 3 - discs; 4 - cylinder; 5 - explosive charge; 6 - detonation 
cap. 
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In the second series of experimer, Reinhart and Pearson 

employed the impression method for determining the velocities 

of particles of the rear surface of the plate. Let us denote 

by S the area of the contact between the disc and the plate, by 

l the thickness of the disc, and by t the time counted from the 

moment of arrival of the stress wave front at the rear surface 

of the disc. At the moment t = 0 particles on the platform 

S begins to move with a velocity equal to the velocity of par¬ 

ticles located in the neighborhood of the platform SQ. Thn dif¬ 

ference in the bulk velocities in these two regions will be 

maintained until the time t = 2!/c, when the contact is broken ow¬ 

ing to the arrival of the longitudinal wave at the point of 

contact between the disc and the plate. If the material of the 

plate behaves in plastic fashion, this difference in velocities 

leads to a residual impression or dent in the surface of the 

plate. Wh?n elastic deformations are absent the depth of the 

impression will be eaual to 

e 

It — \ vdt, *. 
0 (228a) 

where h is the depth of the impression of the disc. 

Thus,by using discs of various thicknesses it is possible 

to find the dependence of particle velocity on time. The agree¬ 

ment in the experimental results obtained by these two methods 

is satisfac-ory. 

The degree of development of high speed photography allowed 

us to make successful use of this technique in studying the 

process of shattering of sclid bodies by impulsive loads. Photo 

graphic methods made it possible to study the displacement of 

a point on the surface of the sample or model as well as propa¬ 

gation of the stress wave front (by the photoelasticity method 

and the shadow method). 
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Two methods are used for studying the movement of points on 

the surface of the sample: a continuous record of the motion, ob¬ 

tained by means of rapid photography by using cameras with a drum 

or by mirror scanning; or, a continuous record is obtained by using 

a light source which produces flashes of very short duration. The 

difficulties which arise in applying photographic methods of in¬ 

vestigation are attributable to the short duration of the phenom¬ 

enon, the very small displacements, the high values of the propa¬ 

gation front velocity, and the necessity for careful synchroni¬ 

zation of the beginning cf operation of the illumination source 

with the beginning of the effect to be studied. 

In recent years the practice of measuring non-electrical 

quantities using electrical methods has received increasingly 

wide use in the recording of displacements, stresses,or deforma¬ 

tions in stress waves. Changes in the dynamic and kinematic 

characteristics of a medium as a wave passes through the medium 

correspond to a change in the parameters of electrical capacitances 

or voltages. Inductance and capacJ.tance-type sensors for measure¬ 

ment of displacements, resistance sensors for measuring the rela¬ 

tive deformation,and piezoelectric pick-ups for measuring vol¬ 

tages have found wide use in laboratory and industrial investigations. 

A capacitance-type sensor is realized as a flat condenser, one 

plate of which is the surface of the sample to be studied, and the 

other of which is an insulated conductor (Fig. 34). In response 

to impulse loads the surface of the sample moves, whereas the in¬ 

sulated conductor remains at rest. The translation of the sur- . 

face of the sample causes a change in the capacitance, which is 

transformed into a variation of the potential difference, recor¬ 

ded in time with the aid of a cathode ray oscilloscope. The change 

in capacitance of tie sensor is a function of the system geometry 

and of the corresponding complements of surface displacements, 

averaged over the area of the insulated conductor. Fig. 35 shows 

the arrangement used by G. Kol'skiy (1963) for studying stresses 
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which were developed in the shattering of rods made of sodium 

glass, polystyrene,ánd plexiglass. Determining the way in which 

the displacement of the end of the rod depends on time enables 

one to calculate the shape of the compression pulse arriving at 

the end of the rod. In practice this is related to a numerical 

differentiation of the curve representing the dependence of dis¬ 

placement on time. One may measure the various complements of 

surface translation as a function of the geometrical shape of 

the sensor (see Fig. 34) . 

Fig. 34. Capacitive elements for measuring the surface displace- 

ments in pulsed stress waves 

a- grounded rod; b- insulated dioc or cylinder for measuring 

the following: 

a- the average displacement of the rod end, 

b- the average displacement of the bounded region of the 

end plane; 

c- the longitudinal displacements of the circumference of 

the end plane, 

d- the radial displacements averaged over the length. 
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Fig. 35. Experimental setap for determining the displacement 

of the end plane of the rod. 

1- Ignition wire; 

2- Explosive charge; 

3- Rod; 

4- Hangers (suspension); 

5- Condenser; 

6- Micrometer head; 

7- Voltage feed source; 

8- Amplifier; 

9- Cathode ray oscilloscope; 

10- Photocell; 

11- Oscillator. 

Strain gauges of various type for measuring deformation. 

The most widely used type of resistance strain gauge consists of 

a thin wire with high electrical resistance, laid out in such a 
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way that it forms a system of parallel loops, connected in series. 

The lattice which is formed in this way is attached between layers 

of thin paper. At the time of use the sensor is cemented to the 

sample over its entire area. If this fastening is snLi&fa^tory 

from the mechanical point of view, the deformation of the sample 

at the point of contact is equal to the deformation of the sen¬ 

sor. In the case of a deformation that consists of an elonga¬ 

tion in the direction of the sensor axis the length of the wire 

will increase and its diameter will decrease. This leads to a 

rise in the resistance of the wire, and consequently in the total 

resistance of the sensor also A compression deformation leads 

to a reduction in the sansnr resistance. It has been found ex¬ 

perimentally that with a uniform static loading the increase in 

electrical resistance \s directly proportional to that component 

of the deformation which lies in the direction of che axis of 

the sensor winding. 

(229) 
Mt V 
K “ / ’ 

where R is the sensor resistance prior to deformation; ¿R is the 

increase (or decrease) of resistance upon deformation; l is the 

total length of the undeformed wire of the sensor; is the size 

of the deformetion of the sensor in the direction of the winding 

axis; a is the sensitivity factor of the sensor. The quantity a 

depends basically on the material of the wire of the sensor and 

in most cases ia equal to a constant, close to 2. For some experi¬ 

ments it is sufficient to take the value of the sensitivity as 

given by the manufacturer (e.g. on the name plate), but for more 

accurate measurements it is necessary to calibrate the sensor. 

In dynamic loading the value of the sensitivity factor of the 

sensor may differ from the value obtained in a static calibration, 

since the mechanical behavior of the wire and of the paper pad in the 

fastening material may be different in both cases. Moreover, with 
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dynamic loads the deformations may differ noticeably in the lo- 

of the base xine. In this case the measurement error is 

determined by the size of the gradient of the deformation. 

R. M. Davis (1961) has carried out an estimation of the error 

which arises due to nonuniformity of deformation at the point of 

contact. Let us suppose that the sensor is attached to a rod, 

along whose axis Ox longitudinal stress wares are propagated with 

a velocity c without dispersion. The sensor is oriented such 

that its axis is parallel to Ox so that in the undeformed state 

it is located between the points x = 0 and x = 3. If e is the 

deformation at the point wi ;h abscissa x at the moment in time t, 

then the total increase A3 in the length of the sensor at the 

moment t will equal ^e¡h under the condition that there is no 

difference in the static and dynamic behavior of the sensor, and 

from (229) we obtain 

(230) 

For plane stress waves 

* - / (x — el) 

and equation (230) takes the form 

Tr~7$/<T-C')dr- 
it 

For an infinite series of monochromatic sinusoidal waves 

with wave length \ and period T 

(233) 

e «= *«»» «in (*■ — <•/), 

(231) 

(232) 
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where emax is the maximum va .ue of the relative deformation. 

From equation (232) it follows that 

(234) 

Aft 
H 

Jill 

'~~ïê — 

(t) . ,,,, > 
jj—Sill (-jr-if). 

where ¢) = it//X is the phase angle. 

From equations (233) and (234) it is seen that the amplitude 

and phase will be distorted if the condition r/X<<l is not ful¬ 

filled. The analysis of the measurement error may be extended 

to stress pulses of different forms. For a pulse during which the 

deformation at a given point on the rod rises instantaneously 

from zero to some maximum value emax/ and afterwards falls expo¬ 

nentially / 

A/- 
/ -<vWy(i-c •). 

(235) 

where 0 is a constant representing the time necessary for the 

deformation at the given point to decrease fren the maximum value 

emax to the value Emax/e- 

The effect of the length of the sensor on the value of AR/R 

turns out to be twr.old: a) the initial growth will not be in¬ 

stantaneous, since the leading front of the pulse approaches the 

length of the sensor over a finite time Z/c; b) the maximum values 

of AR/R will be smaller than aemax» since at the moment when the 

effect of the pulse has propagated across the whole length of the 

sensor, the average value of the stresses will be less than their 
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maximu i /alue. The method of measuring deformation with strain 

gauges has two essential shortcomings: 1) the finite length of 

the sensor limits its resolution capacity with rapidly changing 

deformation; 2) the resistance sensor measures deformation only 

on the surface of a sample. In accounting for the effect of 

dispersion for stresses changing rapidly in time it is difficult 

to connect these deformations with the average stresses over a 

cross section. Peterson sought to reduce dispersion by using 

two resistance sensors, cemented at right angles to each other 

and forming two arms of a bridge system. The indicated method 

increase^ somewhat the accuracy of .the data obtained, but it does 

not fully eliminate the difficulties of using wire-type strain 

gauge sensors for measuring impulsive loads. 

Piezoelectric sensors of various types may be employed for 

recording stresses within a sample. The most promisino one's are 

ceramic sensors made of barium titanate and lead zirconate-titanate, 

Piezoelectric sensors made from the indicated materials are dis¬ 

tinguished by che ir considerable mechanical strength ([aR] = 20Q0 

kgf/cm ) and high sensitivity (3-8«10“6 CGSE/dyne). It is easy 

to prepare sensors of any required dimension and shape from these 

meterials. Applicable barium-titanate sensors are intended for 

registering stresses perpendicular to the working surface of the 

sensors. In order to eliminate the effect of other complements 

of the stress sensor the sensor is placed inside a special 

band. The calibration of a piezosensor is carried out in the 

following manner. The sample, placed between the two electrodes 

of a holder, is subjected tc compression using a press (Fig. 36). 

Measurement of the quantity of electrical charge arriving at the 

faces of the sample when the load is quickly removed, per¬ 

formed with a ballistic galvanometer 

(236) 

Q = Cm,, 
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where is the ballistic constant of the galvanometer and a 

is the deflection of the galvanometer. 
9 

The piezoelectric modulus is determined as 

d ~ J~s A * 

(237) 

where I is the electrical polarization in the direction of me¬ 

chanical compression of the sample; o is the mechanical stress; 

F is the force acting on the sensor; S is the working area of 

the sensor; d is the piezoelectric modulus of the sensor. 

Investigation of the dependence of the piezomodulus on the 

size of the impulsive load is carried out on a calibration stand 

(Fig. 37), on which the sensor is tightly pressed to the sur¬ 

face of a massive steel cube with the aid of special band. im¬ 

pact is accomplished with a steel ball suspended by a thread. 

From the angle of deflection of the ball and the duration of the 

impact (the impact duration is measured using a cathode ray os¬ 

cilloscope) one calculates the maximum force of the impact 

(238) 

_ 2m 1 (I — <■*>■* J> 
t ~ ... 

V 

where m is the mass of the ball; At is the duration of the im¬ 

pact; Rh is the sum of length of the thread and the radius of 

the ball; a is the angle of deflection of the thread. By varying 

the angle of deflection of the thread and the weight of the ball, 

it is possible to control the force of the impact throughout a wide 

range.. The electrical charge arising at the electrodes of the 

sensor upon impact is equal to 

(j I'V. 
(239) 



wnere C is the capacitance of the sensor, U is the potential 

difference at the faces of the sensor as recorded by the oscill¬ 

oscope . 

Expressing the value of the charge in terms of the piezo¬ 

modulus of the sensor and the force acting upon it 

o F d 

(240) 

we obtained from (239) and (240) 

d 
nr 
~r ' 

(241) 

Fig. 36. Overall view of the press for calibrating sensors 
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..o . 

Fig. 37. Overall view of the calibration stand. 

The investigations are conducted by varying the 

dynamic load between the limits of 100 and 1500 kgf/cm2. The 

results of a measurement of the piezoelectric modulus 

under the influence of various values of the load are shown in 

Fig. 38. The drawing shows that within the range studied the 

piezomodulus does not depend on the value of the load. 

500 WOO tôúOF,„r 

Fig. 38. Dependence of the piezomodulus on barium-titanate sen¬ 

sors on th«’ size of the impulsive loading 
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In order to measure stresses in an explosion the piezo¬ 

sensors with their leads are placed in forms for preparation 

of models, into which the substance of the model is afterwards 

poured in the liquid state. The leads must be soldered to the 

working surfaces of the sensor with a low-temperature solde* in 

order to avoid partial or complete depolarization of the piez'- 

ceramic. After hardening has occurred the sensors are placed 

inside a solid body in which the stresses will be measured when 

the stress waves pass through. Under natural conditions, at 

definite distances from the charge chamber,special blast holes 

are drilled»through which the sensors are oriented and fastened, 

and afterwards these holes are filled in with a cement solution. 

After the cement has hardened the stresses which occur when the 

charge is exploded may be measured. When the stresses are meas¬ 

ured in a medium whose conductivity is higher than the conduc¬ 

tivity of the sensor, the latter must be carefully insulated. 

In the opposite case the medium will shunt the sensor, and this 

is unavoidably reflected in the accuracy of the readings. As 

an insulating material one uses a coating of epoxy resin. When 

a stress field is developed in the medium there acts upon the 

sensor a force 

r ,e (242) 

where o is the value of the normal stresses, and S is the o'-ea 

of the working surface of the sensor. In response to the j.orce 

on the surfaces of the sensor an electrical charge Q appears, 

whose value is determined according to the formula (240) . 

From (241) and (240) we obtain 

CM 
Ö s=r 

4* 

(243) 

185 



where C = + C2 + + C4 is the capacitance of the measuring 

system is the capacitance of the piezosensor, is the capaci¬ 

tance of the conductive wires, is the capacitance of the os¬ 

cilloscope plates, and is an additional capacitance). 

Recording of the signals is carried out using cathode ray 

oscilloscopes In order to check the accuracy of the measurement 

of stresses using piezosensors, a series of experiments were con¬ 

ducted. In the center of the ring a charge of explosive material 

(100 mg PETN, pentaerythretril tetranitrate) was fastened, and 

around the circumference piezoelectric sensors were arranged. 

The piezosensors and the explosive charge were covered with a 

impermeable film . As the explosion took place measure¬ 

ments of the pressure at the front of the shock wave in the water 

were taken. The stresses, as registered by the sensors, were 

calculated according to formula (243). In Table 2 values for 

the maximum stresses at the wave front in water are computed 

at distances of 20r and 30r (r is the charge radius) for an 
0 a 0 

explosion of 100 mg of TETN. For the same distances the maxi¬ 

mum pressures P for an underwater exolosion v;ere computed from 

the formula (Yakovlev, 1961) 

(244) 

where Pmax is the maximum pressure at the point; B is a constant 

factor (for TNT,B=533); Q is the weight of the explosive charge; 

R is the distance at which the pressure is measured. 

In accordance with the principle of energetic similarity 

the value of the coefficient B^ for other types of explosive 



material may be computed using the approximate dependence 

(245) 

(246) 

i.n 

where is the specific energy of the given explosive material 

in kcal/kg, qT is the specific energy of TOT, i.e., qt=1000kcal/kg. 

For dimensionless distances expression (244) 

to the following 

1171)0 
mnt — 

.11 Ti- 

transforms in- 

(247) 

For the indicated charge of TETO we obtain 

(248) 
p 1680 
* p i* • 

where r is the relative distance. 

Table 2. Calculated and Experimental Values for the Maximum Stresses 

In An Explosion of 100 mg of TETU In Water. 

Helative 

distance 

Experimental 

value, 

kgf/cn2 

Calculated 

value, 

kgf/cm2 

Relative 

distance 

Experimental 

value, 

kgf/cm2 

Calculated 

value, 

kgf/cm‘ 

?0 

20 

20 

52,0 

57,2 

56,9 

56,7 

56,7 

56,7 

30 

30 

30 

37.5 

33.5 

35,3 

36,0 

36,0 

36,0 

From the data of Table 2 it follows that the results of the 

calculations and the experimentally found values of Pmajt differ 

by 8-10%. 
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In the second series of experiments the measurement error 

caused by an uncontrolled variation in the properties of the 

sensors was studied. For this purpose, plates made of resin of 

diameter 210 x 210 x 16 mm were prepared. The diameter of the 

blast hole was made equal to 5 mm, and for the explosive material 

TETN was used, the weight of the explosive charge amounting to 

500 mg. The trigger was a susp .«nsion of lead oxide, and 

initiation took place simultaneously along the whole core of 

charge. The piezosensors were arranged around a circumference 

of radius 50 mm. The computation of stresses, as registered by 

the sensors, was carried out according to the given formula (248). 

The results of the investigation are presented in Table 3. 

The data of Table 3 show that the scatter in the indications 

of various sensors does not exceed 5%. The next step was veri¬ 

fication of the piezoelectric sensor indications by comparing 

them with data obtained by an electro magnetic method. For this 

purpose the rods were prepared from three materials: cement, resin, 

and hypo-sulfite. Piezosensors and electromagnetic wire sensors 

were set up at distances of 30, 60,and 90 mm. Comparison of the 

results of stress measurements of the time of explosion using the 

two methods showed that the relative error comes to 5-10%. There¬ 

fore, the piezoelectric sensor made from barium titanate may be 

used for measuring stresses in a medium which is subjected to an 

explosion. In measuring the stresses with piezosensor it is 

necessary that the duration of the measured signal be at least 

one order of magnitude lower than the time constant RC of the 

measuring system. This circumstance limits the range of appli- 
r* 

cation of piezosensors to short-time reactions. 

Capacitance sensors made of barium titanate are conveniently 

used for recording stress impulses of long duration. The prin¬ 

ciple of their operation consists of the change in 
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Table 3. Results of Stress Measurements With Piezoelectric Sensors. 

oermittivity, and consequently also the capacitance, in response 

to mechanical stresses. In order to record stresses with the 

capacitance sensors, the circuit depicted in Fig. 39 was employed. 

This circuit consists of a voltage oscillator, composed of a 

6K7 vacuum tube ; the emf taken from coil L3 is fed to the amplifier 

1*2 i a 6K7 vacuum tube, to the anode of which is connected a 

discriminator circuit Cg, tuned to the nominal frequency 

of the oscillator (1MHz). The resonant circuit L5 Lg C9 C10 is.tuned 

to the same frequency. In the frequency of the oscillator changes 

there appears at the output of the discriminator a voltage which 

is proportional to the change in capacitance of the sensor. The 

size of the electrical signal is registered on a cathode ray os¬ 

cilloscope. An RC-filter Rg R? R0 C14 C15 is connected at 

the output of the discriminator, permitting the induction of 

high frequency to be reduced to a significant degree. The cap¬ 

acitance sensor is hooked into the oscillator circuit through cap¬ 

acitor Cj using a RK-101 cable. Since in the process of opera¬ 

tion the sensor is subjected only to impulsive loads, any method 

for calibrating the sensor using a static pressure is unsuitable , 

since whenever a pressure acts on the sensor for a prolonged 

1» 
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period an irreversible change in its parameters is observed. 

The method of calibrating capacitance sensors using impulsive 

loads is analogous to the method of calibrating piezoelectric 

sensors using an impact. Determination of the value of the 

stresses occurring in the medium at the time of explosion is 

performed in line with the formula 

(249) 

where AV is the size of the voltage change at the sensor in re¬ 

sponse to the pressure, B is the sensitivity of the sensor, and 

S is the area of the working surface of the sensor. 

Capacitance sensors were used for recording stresses arising 

in the medium when explosive charges were set off in blast holes 

and boreholes, i.e., in experimental investigations under ar¬ 

tillery range and industrial conditions. The installation, arrange 

ment, and installation in blaot holes for the purpose of measure¬ 

ments are the same as the te ,ts using piezoelectric sensors. 

Fig. 39. Diagram of a Capacitance Converter^ 
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The electromagnetic method of measuring stresses is based 

on the appearance of an induced emf in a conductor moving in a 

magnetic field. According to the law of electromagnetic induc¬ 

tion the size of the emf induced in the wire is determined by 

the expression 

E ■= li-l-vs'ui a, 
(250) 

where E is the value of the emf induced in the wire; B is the 

magnetic induction; I is the length of the wire; v 

is the velocity of the wire in the magnetic field; a is the 

angle which the wire makes with the magnetic field lines. For 

known values of E, B, ¿»and a one may determine the ve¬ 

locity of the wire. For the purpose of the'sensor usually one 

used a Constantine or copper wire of diameter 0.08 mm. Either 

the sensor had been previously constructed into a shape for prep¬ 

aration of the model and then the unhardened material of the 

model was poured in to fill it, or the sensor was cemented tightly 

to the body which was to be studied. Thus, in the explosion the 

velocity of the sensor coincides with the translational velocity 

of particles of the medium and is easily found from relationship 

(250). Measurements are performed using a special magnetic appar¬ 

atus and cathode ray oscilloscopes. The size of the magnetic 

field and its Homogeneity for various gaps between the pole 

pieces of the magnet were determined using magnetic induction 

measuring devices IMI-2 and IMI-3. Having found the maximum bulk 

velocity vmax in the explosion, let us calculate the value of the 

maximum stresses arising in the medium according to the formula 

(251) 

3lMM ” I*"# 

191 

■ »*•«. ■* 



where ^ is the maximum stress in the medium occurring in the 
max 

explosion, p is the density of the material, and c is the propa¬ 

gation velocity of longitudinal elastic waves in the given medium. 

Placing the sensors at various distances r from the explosive 

charge, it is not difficult to establish the dependence o=f(r). 

The indicated methods enable one to determine the stresses 

and deformation which occur in a medium at the time of explosion 

with a sufficient degree of accuracy. The main shortcoming in 

the method which has been considered is the necessity of creating 

special cavities for setting up the sensors. In order to elim¬ 

inate to some degree the distortion of the stress field which is 

caused by the creation of cavities for the sensors, it is nec¬ 

essary to select a composition of cementing material which differs 

very little in its properties from the rock of the surrounding 

masses. 

Optical Methods for Recording the Damage Process in an 

Explosion 

Optical methods of investigation enable one to determine 

both the kinematic and the dynamic characteristics of the shatt¬ 

ering process. An important advantage of such methods over others 

is the possibility of making a complex study of the damage phe¬ 

nomenon, i.e., a simultaneous recording of factors having an 

effect on various aspects of the phenomenon. In view of the short 

time duration of processes taking place in an explosion, high speed 

surveying cameras are used, and these are classified into two 

groups. To the first group belong cameras which enable one to 

make discrete frame recordings of the action, as the result of 

which a series of sequential frames are formed on film. Cameras 

of the second group are intended for rapid continuous photographic 

recording of the process in which an evolved image is obtained 

without being divided into frames. 
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In terms of the features of their construction cameras of 

the first group are divided into three types, 'f’o the first type 

of surveying cameras, which are close to the ordinary motion 

picture film apparatus, belong high speed cameras with discon¬ 

tinuous motion of the film, obtained with the aid of a skip 

pull-down mechanism. The frame frequency range of such cam¬ 

eras is 250-300 frames/sec. Cameras of the second type, with 

so called optical compensation, allow frame frequencies up to 

approximately 12-15 thousand frames/sec to be obtained. In these 

cameras the film moves discontinuously during the picture taking, 

and the optical image is shifted to the same side and with the 

same speed in the course of time during which each successive 

frame is exposed, as a result of which the possibility of prac¬ 

tically eliminating smearing of the film t 3 realized. The very 

widely used high speed motion picture camera SKS-1 belongs to 

this class of camera and is distinguished by a number of important 

features of merit. To the third type belong multi-objective 

surveying cameras in which the image is formed on successive 

frames with the aid of a series of identical optical systems, 

functioning one after the other. The frame frequency realized 

with these cameras may go as high as several tens o~ millions of 

frames per second. 

In surveying cameras of the second group - high speed photo 

registering devices - a continuous relative translation of the 

optical image along a photographic layer takes places, as a result 

of which the image is developed. The time-development velocity 

in such cerneras reaches 4000 m/sec. 

The most acceptable cameras existing at the present time for 

the purpose of studying explosive processes are the SKS-1 and the 

SFR cameras. The frame frequency range of these cameras makes it 

possible to utilize them for studying the velocity of detonation 
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of explosive charges, the nature of the motion of ejected rock 

mass, the development of stress fields in models made from op¬ 

tically active materials, the velocity of crack formation, and 

other kinematic characteristics of the processes under study. 

The SFR apparatus (Fig 40) permits one to record a process 

with a frame frequency of from 2,500 to 2,500,000 frames/sec. 

Photographic recording is accomplished on a motionless film with 

the aid of a rotating mirror. ‘The maximum velocity of image de¬ 

velopment on the film is 3,750 m/sec. In the case of such a high 

frame frequency an intense illumination oi the photographed ob¬ 

ject is necessary for normal exposure of th3 film. The duration 

of illumination in this case must not exceed the period of ro- 

tation of the mirror in the camera in order not to obtain 

double exposure of the image. Such a requirement is satisfied 

by flash lamp sources, for instance flash lamps of type ISSh- 

100—2, ISSh-300, and ISSh-500. The lamps operate on the principle 

of a capacitor discharge through discharge electrodes. The bright¬ 

ness of the lamp is as high as 107 stilb and even higher. The 

duration of the luminance under normal conditions of operation of 

the lamp depends on the capacitance of the condenser and may be 

controlled within wide limits from 500 to 1,500 microseconds. 

In order to operate the flash lamp a supplementary circuit is 

assembled (Fig. 41) which performs the function of supplying a 

high voltage (3000-3,500V) to the electrode. The discharge in 

the lamp is excited by the voltage fed to the ignition electrode. 

At the proper moment in time a voltage pulse is applied to this 

electrode of such a magnitude that a discharge takes place be¬ 

tween it and the cathode. The ionization of gas in the lamp leads 

to an electrical breakdown of the main discharge gap. In order 

to record the process it is necessary to make these three factors 

coincide in time: the working position of the mirror, the be¬ 

ginning of the event to be examined,and the beginning of the 

flash of the flash lamp. In Fig. 41 the scheme for synchroni¬ 

zing the flash of the flash lamp with the explosion and the 
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operating position of the mirror is shown. Prior to the be¬ 

ginning of the picture taking condensers and C2 (see Fig. 41) 

are charged to a voltage of 3.5 kV. The voltage from the con¬ 

densers is fed to the electrode of pulse lamp 1 and the discharge 

gap. To sorve as the discharge gap another ISSh-100-2 flash lamp 

is used, but it has no illumination function. The voltages to 

which condensers and C2 are charged are selected in such a 

way that no spontaneous discharge takes place through the lamp. 

The circuits of the capacitors and C2 are isolated, and this 

permits one to charge each capacitor independently of the other. 

The flash lamp is connected into the discharge circuit of the 

first of these. A connection is made into the discharge circuit 

of the second condenser through the discharge gap 5 using a thin 

Constantine filament, soldered between current - carrying wires. 
• 

The constantine thread passes through a layer of the initiating 

explosive material (usually lead azide). When the mirror of the 

camera takes its operating position corresponding to the beginning 

of recording of the process, the generator of the triggering pulse 

delivers a high-voltage pulse with an amplitude of 50 kV. This 

pulse arrives at the divider 6 and from here it is fed to the 

igniting electrode of the bias lighting lamp and the discharge 

lamp. As the pulse arrives at the igniting electrodes of the 

lamp a spark jumps between the cathode and the igniting electrode, 

and this causes the discharge of the capacitors and C2 to take 

place in the lamp. As condenser discharges a flash occurs in 

the flash lamp, and as condenser discharges the explosive 

charge explodes. Since the high-voltage synchronizing pulse is 

delivered at the initial moment of the operating position of the 

mirror, a strict coincidence is maintained relating the time of 

the explosion, the beginning of the flash in the bias lighting 

lamp»and the beginning of the operating position of the mirror. 

When the capacitance of condenser is 100 v»f the duration 
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of the flash in the ISSh-100-2 lamp amounts to 500 microseconds. 

This duration is not sufficiently long for the recording of pro¬ 

cesses with a frame speed of less than 125,000 frames/second. 

The duration of luminescence of the flash lc.mp may be increased 

by two methods: 1) by increasing the capacitance of condenser C^; 

2) by incorporating an inductance L into the discharge circuit 

of condenser C^. 

Fig. 40. Overall view of the SFK apparatus. 

Fig. 41. Circuit for synchronizing the flash of a flash lamp with 

an explosion by means of the i iting position of the mirror. 

1- flash lamp; 2- explosive «_ nge; 3- Constantine bridge; 4- model; 

5- discharge gap; 6- ohmic voltage divider. 



In 'th® -irst case the increase in the luminescence duration 

is caused by the increase in the eiectric charge in the previous 

discharge current, and in the second case it is caused by the de¬ 

crease in the discharge current when there is no change in the 

magnitude of the electric charge. The first method is the pre¬ 

ferred one since the brightness in the flash in the lamp remains 

constant. Utilization of the second method leads to a decrease 

in the fJash brightness, a fact which has an effect on the quality 

of the film recordings obtained. 

If a recording is made cf the indications of a different 

kind of sensor installed on the model and this registration is 

made on a cathode ray oscilloscope in parallel with the photo¬ 

graphic recording of the process, then it is necessary to syn¬ 

chronize in time the start-up of the oscilloscope with the instant 

of the explosion. In order to assure synchronization an induc¬ 

tion coil is placed in parallel with the transformer winding of 

the initiating pulse generator. At the time of delivery of the 

initiating pulse an emf is induced in the coil whose magnitude 

is controlled by the number of windings on the coil. The voltage 

pulse which is induced in the winding of the coil is used as a 

starting signal, guaranteeing simultaneity of the explosion and 

the start-up of the oscilloscope. 

In modelling a series of problems (short-time delayed-action 

explosions, inter-borehole delayed action) the necessity arises 

for delaying the explosion of one charge relative to the explosion 

of the other. Considering the tr-.t that in the study of damage 

processes in models of small dimension the time scale amounts to 

Xt = 100-500» it is necessary to create delays counted in tens and 

hundreds of microseconds. Explosions of two charges having a 

difference in time may be attained by using a Constantine filament 

of various diameters for the initiating charges. In the case of 
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series correction of such filaments a delay in the explosion is 

obtained which depends on the relationship between the filament 

diameter and the value of the current in the circuit. In Fig. 42 

the delay of the explosion of the charge of explosive material is 

shown as a function of the diameter of the Constantine bridge. 

The delay time is determined in regard to the explosion of a charge 

initiated by a constantine bridge of diameter 0.03 mm. The delay 

time of the explosion depends on the circuit parameters; the re¬ 

sistance, the voltage on condenser C2, the length of the material, 

and the diameter of the wire. By changing these parameters one 

may obtain the necessary delay time. In the study of the simul¬ 

taneous explosion of several charges it is necessary that the 

material, the length and the diameter of the wires of the trig¬ 

gering filaments be the same. In the investigation of the simul¬ 

taneous explosion of several charges the series connection of 

incandescent bridges is not always acceptable, since failures 

possible. Therefore, in the explosion of more than two charges 

it is expedient to use parallel connections of triggering bridges. 

The most common optical scheme for studying the shattering 

process is shown in Fig. 43. Condenser 3 converts the light flux 

coming from flash lamp 4 into a parallel light beam which,after 

passing through the model 2,falls upon the objective of the SFR 1 

camera. With the aid of the objective an image of the object is 

formed in the plane which intersects the center of the reflecting 

face of the mirror. At some distance from the mirror along the 

arc of the surrounding enclosure a series of lenses are set up, 

which sequentially project the image of the object on to a high- 

sensitivity film. 

Using high speed photographic recording one may establish 

the propagation mechanism and parameters of stress waves in the 

material of the model during an explosion. For this purpose it 

pays to employ the optical polarization method for measuring the 
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Fig. 42. Dependence of delay time of the explosion on the 

diameter of the Constantine bridge wire. 

Fig. 43. Optical scheme for studying the damage process by SFR 

(High speed photographic recording). 

stresses, this method being based on the capability of a number 

of transparent isotropic materials to exhibit double refraction 

of light under the influence of voltages. The elastic-optical 

effect, quantitatively expressed in terms of the order of the 

isochrome, may be considered as a function of two variables: the 

specific elongation and the normal stress. However, within the 
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limits of elasticity, these quantities are proportional to each 

other, so that when using the optical method both the stress 

and the deformation are measured. The optical method, in contrast 

to other methods, permits one to measure the stress at all points 

of the model under study. When using other methods it is some¬ 

times rather difficult to obtain a representation of the distri¬ 

bution of stresses over the whole object in order to determine 

accurately the points of maximum stresses. In order to study 

the stress fields occurring in an explosion in models made of 

optically active materials, a polarization apparatus is used in 

combination with the SFR. To serve as the polarizers one often 

employs artificially prepared polaroids. They consist of two 

pieces of glass glued together with a film in between then. The 

film contains crystals of herapathite, which possess the property 

of double refraction. The simplest polarization set up consists 

of a light source (reliably monochromatic) and two cross polaroids, 

called the polarizer and the analyzer, between which the model is 

placed (Fig. 44). As a result of the investigation it was estab¬ 

lished that the band factor for an elastic material does 

not depend on the nature of the loading, and the results of cal¬ 

ibration using static loads may be used in interpreting the dy¬ 

namic stress fields. 

For the recording of more protracted processes occurring 

under natural conditions, as for instance tre shifting of a block 

due to an explosion or the dispersion of fragments, one uses the 

SKS-1 surveying camera. In view of the large overall time dura¬ 

tion of the frame in the given case such a careful synchronization 

is not necessary as when using the SFR camera. The frame frequency 

of the SKS-1 camera is regulated within the limits of from 150 

to 4,000 frames/sec when the total number of frames is 3,900. 
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Fig. 44. Abstract diagram of the optical apparatus for studying 

dynamic stress fields. 

1- flash lamp; 2- condenser; 3- polarizer; 4- quarter-wave plates; 

5- protective glass; 6- model made of optically active material; 

7- analyzer; 8- SFR motion picture camera. 

Application of modern methods of photographic recording enable 

one tc establish the basic regularities of the shattering process ' 

in both transparent and opaque materials. 

• 

Methods for Determining the Velocity of Crack Development 

The shattering of rocks by impulsive loads is to be viewed 

as a process of formation, growth,and amalgamation of cracks. 

One of the characteristics of the process, namely the velocity of crack 

development, enters as a determining parameter into the simi¬ 

litude criteria for modelling the destructive action of an ex¬ 

plosion. Methods for measuring the velocity of crack develop¬ 

ment in response to impulsive loads may be divided into three 

groups: methods using high speed photography, ultrasonic methods^ 

and electrical methods. 
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High speed photography in conjunction with the shadow method 

of Teppler and the method of the double reflection of light from 

the surface of shattering (Kol'skiy, 1963) permits one not only 

to determine the velocity of crack development in optically trans¬ 

parent materials, but also to investigate stresses at the front 

of the propagating cracks. 

Kh. Shardin and V. Shtrut (1937) established the constant 

maximum velocity of shattering in glass with the aid of a motion 

picture apparatus with multiple flashes, which makes it possible 

to obtain frame exchange rates from 10s to 10® per second as well 

as good resolution. Ordinarily when using an apparatus with multi¬ 

ple flashes one studied processes in transparent materials only, 

but using light reflected from a plane surface one may in prin¬ 

ciple study the velocity of crack development in opaque materials. 

The front of the propagating crack is usually visible with simple 

illumination of the transparent plate by point flashes without 

any supplementary optical design. The domestic ultra high speed 

photographic recording system SFR (Dubovik,1964) makes it possible 

to investigate the process of crack development in transparent 

plates. 

In order to investigate the shattering process within an 

opaque material one uses the ultrasonic method (Kerkhof, 1953; 

1956), which is based on utilization of the Walner lines that 

form in response to transverse waves. The surface of shattering 

is modulated by a standard, continuously radiated, transverse 

ultrasonic wave of frequency 10® - 107 Hz. When there is inter¬ 

action with these waves the front of the crack deviates and forms 

trenches or steps, which are observed as lines on the surface of 

fracture. The direction of the deviation of the cracked front 

is determined by the phase of the ultrasonic oscillation, and in 

the course of one period one trench and one step is formed. The 

distance between neighboring steps depends on the path traversed 

by a crack.over a period of time equal to the period of oscillation 
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of the ultrasonic „ave. Por a constant frequency of oscillation 

the oistance between neighboring steps is determined only by the 

velocity of crack propagation. Thus the surface of shattering is 

imprinted with time markings from which it is possible to find the 

/elocity of crack propagation. Taking account of the small dis¬ 

tances between steps (for a crack velocity of 1000 m/sec and an 

ultrasonic oscillation frequency of 10’ Hz the distance between 

steps will come to 0.1 mm), and also the very deviation of the 

crack front, the shattering surface, modulated by ultrasonic radia- 

ticn, is studied with the aid of the ordina-y shadow microscope 

or the interference microscoe. In making use of the ultrasonic 

method the chief difficulties are related to the transmission of 

transverse waves into the sample to be studied. In the original 

variation of this method the source of ultrasonic waves was im¬ 

mersed in water along with the sample. Subsequently two new 

adaptations were worked out (Kerkhof, 1956). m the first adapta¬ 

tion one uses an ordinary quartz crystal cut along the x axis 

to serve as the radiator (Fig. 45); this crystal conveys the 

energy of the longitudinal waves into > water converter, enclosed 

in a rubber membrane. When the membrane is in contact with the 

sample, the sound enters into the sample just as if the whole 

sample were immersed in water. The water also serves as a cooling 

liquid, which circulates around a closed system through the pipe 

K under the action of a small pump. This method makes it possible 

to transmit the ultrasonic wave to the rubber - sample surface at 

angles of incidence from 0 to 40°. with such angles of incidence 

of the longitudinal wave in the sample transverse waves of suffi- 

cient intensity are formed. 

The sound converter depicted in Fig. 46 consists of a com¬ 

posite oscillator which generates transverse waves. In order to• 

excite the transverse waves one uses a quartz crystal, cut along 

t..e y axis. At a frequency of 5-10‘ Hz the thickness of the 
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Fig. 45. Diagram of an ultrasonic radiator for introducing longitu¬ 

dinal waves into solid samples through a water cushion. 

Qx" quartz crystal, cut along x axis; G- rubber membrane; W- water; 

K- pipe for water cooling; U.S.- radiated longitudinal wave 

Fig. 46. Transverse ultrasonic wave radiating device. 

Qy quartz crystal, cut along y axis; A- composite oscillator with 

aluminum; K- water cooling channel; Sj- radiated transverse wave. 

crystal is 0.3 mm and therefore it may be very easily damaged. In 

order to avoid damaging the crystal it is fastened to a support 

made of aluminum whose thickness is 10 times greater than the 

wavelength of the transverse waves. Owing to the intense heating 

during operation the composite oscillato.' is cooled with water 

passing through the channel K. Using suc.i a device one may trans¬ 

mit transverse waves directly into the sample being tested, but 

only in a direction perpendicular to the surface. In introducing 

a wave into the sample when using this adaptation various schemes 

are possible, whose essence is made clear in Fig. 47. 
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The shortcoming of the ultrasonic method is the considerable 

complexity entailed in making contact between brittle radiators 

and the sample under conditions of sufficiently high ejection 

velocity of the sample fragments. The complexity involved in 

carrying out the experiment imposes a limitation on the practical 

utilization of the ultrasonic method for measuring the velocity 

of crack development in rocks. 

Fig. 47. A scheme for introducing waves into the sample. 

a- simultaneous introduction of a longitudinal L and a transverse 

T wave; b- introduction of a transverse wave with full reflection 

of the longitudinal wave in the radiator, c- introduction of a 

transverse wave along the axis of a rod using a water radiator, 

d- introduction of a transverse wave using a composite oscillator; 

e- introduction of standing transverse waves. 

In a number of cases Wallner lines were formed by the inter¬ 

action of the crack front with the transverse elastic oscilla¬ 

tions which arise under conditions of shatter, the so-called 

Wallner waves. These oscillations, whose frequency may go as high 

as 1010 or 1011 Hz, occur in the shattering of the region with a 

disrupted structure. In order to determine the velocity of crack 

development it is necessary to establish the frequency of the 



Wallner waves which occur in the process of shattering. From the 

Waller lines on the shear surface in accordance with the approach which 

has been described one can determine the velocity of crack develop¬ 

ment. Such a methodism may be successfully applied to the in¬ 

vestigation of crack kinetics in metals, some rocks in plexiglass 

(or'cj^ni.c glass) , etc. In plexiglass the roughness of the surface 

of shattering may be so significant that it is possible to get 

along without a microscope in the investigation.* In the case of 

large crack velocities the Wallner line method cannot be employed 

owing to the growth of the number of centers which radiate waves 

and the complexity of the shattering surface. 

In order to investigate the velocity of crack development 

in opaque materials and in rocks, electrical methods are widely 

used, which consist in the fixation of current carrying 

lines drawn on the surface of the samples at the moment of rup- 

serve as the signal lines one uses a glued—on wire or 

a foil or layers of metal obtained by vacuum deposition, Aqua- 

dag, silver paste, graphite preparation VKGS-0 (TÜ-35-X11-329-61) 

(Danchev, 1960; Drukovanyy, 1967; Kucheryavyy et al., 1962; 

Smirnov, 1967). The many existing schemes for making the measure¬ 

ment have a number of deficiencias and require a critical approach 

in choosing the types of signal lines and recording apparatus to 

be used. The accuracy and reliability of measuring the velocity 

of crack development depends in turn on the property 

of the material in the signal line, which must satisfy the follow¬ 

ing requirements: Dmininum lag or persistance, i.e., the capability 

fixing with high accuracy the moment of passage of the top of 

the growing crack; 2) the cechnology of drawing signal lines must 

not affect the properties of the rocks. These requirements deter¬ 

mine the most important properties of the materia) of the line: 

high adhesion capabilities, brittleness,r-nd strength, not exceed¬ 

ing the strength of the rock. 
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Determining the velocity of crack development in rock using 

glued-on „ires or foils is carried out in the following manner 

(Kucheryavyy et al.. 1962). Thin wires or strips of foil de¬ 

pending on the shape of damage front are glued on in the form of 

straight lines, concentric circles, or semicircles on the sample 

or model to be studied. The moment of explosion of the charge 

is fixed with a special sensor. The MPO-2 oscilloscope with a 

time marker at 100 Hr is used as the recording apparatus. The 

maximum frame velocity for recording the process on photograohic 

Urn is 5000 mm/sec. Cracks propagating from the charge disrupt 

t e current carrying ring, and the moment of the rupture is fixed 

With the aid of a MPO-2 oscilloscope. Knowing the distance be¬ 

tween the rings, it is easy to compute the velocity of crack de¬ 

velopment from ordinary kinematic relationships. Using a thin 

Wire or foils to function as the signal lines is the source of a 

number of shortcomings. The adhesive joint does not have suffi¬ 

cient brittleness, and the signal line, connected with the rock 

by a viscous layer of cement, may rupture not at the top of the 

passing crack, but far away from it as a result of the separa-ion 

of the sides of the crack. Moreover, in the rupture of the wire 

plastic deformations occur while most of 

the rock is shattering in brittle fashion. Experimental investi¬ 

gations have established that wire-type sensors, attached to a 

block undergoing shattering, will rupture not at the moment at 

which cracks are passing through them but after the cracks have 

opened up to some sire. Under experimental conditions on the 

artillery range after the explosion of blast-hole charges,cracks 

were found at the bottom which had opened up to seme size but the 

wire crossing them turned out to be unbroken. 

In the work of V. v. Smirnov (1967) the nature of the rupture 

of signal wires made of Constantine wire, aluminum foil,and colloid 
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graphite preparation VKGS-0 (TU-35-XII-61) was soundly estab- 

li*hed. In Fig. 48 micropl.otographs of regions of a sample of 

soapstone (magnification 60x)with signal lines made from a wire 

of diameter 0.05 mm are given. For a crack width of 0.06 mm 

(Fig. 48a) the wire undergoes a rupture which was preceded by 

considerable plastic deformation, and closer to the top thi_ crack 

caused no damage to the signal wire (Fig. 48b). Tests with lines 

made of aluminum foil gave the same results. Apparently, the 

signal lines made of wire and foil cannot give precise informa¬ 

tion on the moment of passage of the top of a crack. Investiga¬ 

tions conducted by the authors of a group of works (Drubovanyy, 

1965, 1967; Smirnov, 1967) lead us to the conclusion that ir. order 

to record the velocity of cracks in rocks the most acceptable 

signal lines are those made from silver paste (kontaktol) and 

thinly dispersed graphite, ■'’he paste consists of colloidal silver 

and epoxy cement (5 parts silver and 1 part cement), alabaster 

(plaster of paris), cement (4:1), and it possess a high conduc¬ 

tivity^ fact which makes it possible to use it for conductive 

rocks of the iron ore-type, where the graphite preparation is 

unsuitable. Silver paste and graphite preparation have good ad¬ 

hesion properties, and the lines drav'n on the surface of samples, 

after a brief drying at room temperature, have low strength and 

high brittleness. In Fig. 49 a microphotograph of a region of a 

sample at the top of a crack at rest (separation of the sides 

0.015 mm; magnification 135x)is shown. And the nature of the 

rupture illustrates convincingly the suitability of graphite 

preparations for use in the role of signal lines. Verification 

of the rupture of signal lines made of silver paste was carried 

out on glass plates. The velocity of crack development was de¬ 

termined by two methods: from the time of rupture of the signal 

xines and from the frames of the photographic recording (frame 

frequency 625,000 frames/sec). The values of the crack develop¬ 

ment velocity, all determined in the same region but by different 

methods, did not diffe“ by more than 5%. One of the advantages 

of the indicated method is the simple technology for drawing lines 

of the desired thickness on any kind of surface. In measuring the 
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velocity of crack development in various materials the feasibility 

of using one or another type of recording device is determined bv 

the assumed velocity of crack movement, typical of the dimensions 

of the sample, and by the speed with which the process is recorded. 

In the majority of known schemes for measuring crack velocity 

cathode ray oscilloscopes are employed. Let us take a look at the 

schemes which are most widely utilized. 
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Fig. 48. Microphotographs of a sample and signal lines after passaoe 
or a crack 
Width of the crack: a- 0.06 mm; b- 0.03 mm (60X) 
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Fig. 49. Microphotographs of a sample with lines drawn on with grap¬ 
hite preparation after passage of ,- crack of width 0.015 mm (135X) 
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The simplest scheme is the one introduced in the vork of 

M. F. Drukovanyy (1967). According to this scheme (Fig. 50) the 

voltage from a signal line is fed to the plates of an OK-17 (Cl-24) 

oscilloscope.BAS-100 batteries are used as the feed source. As 

the line ruptures the potential on the oscilloscope plates changes, 

and this c aises a deflection of the beam on the screen. For rocks 

with high conductivity (for instance, iron ore) the resistance of 

2-5 kohm is shunted by a resistance of the order of several 

megohms in order to obtain a higher discontinuity in voltage as 

the signal line is ruptured. Start up (triggering) of the oscillo¬ 

scope is performed by a piezoelectric sensor, which is situated 

directly on the explosive charge. The diagram shows switching 

of two signal lines to one oscilloscope. The oscilloscope traces 

obtained permit one to determine the velocity of crack movement. 

• 50. Electrical circuit for determining the time of rupture 

of the current-conducting sensors. 

Fig. 51. Measuring circuit for determining the velocity of crack 

development with a OK-17M oscilloscope. 
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In the works of V. V. Smirnov (1967) for velocity measurement 

several consLant current ha^f-bridge circuits are proposed whose 

measuring arms are signal lines connected in parallel (Fig. 51). 

Rupture of the lines by the top of a passing crack leads to a dis¬ 

continuous rise in voltage, which is fed to the input of the 

oscilloscope. It has been experimentally established that the 

optimum voltage necessary for feeding the half-bridge is cf the 

order of 5-10V. in «-his connection it is convenient to take the 

sweep trigger signal from the signal being measured in view of 

the large amplitude of the automatic triggering signal of the 

device. In order to trigger the oscilloscope at the moment of 

crack formation a system is built up operating on the principle 

of interruption of continuity. At the time of rupture of a current¬ 

conducting line by the crack which has been formed, a signal of 

small amplitude from the external feed source is enhanced by a 

pulse amplifier and fed to the trigger input of the 0K-17M os¬ 

cilloscope. The electrical measuring scheme*for the case just 

described is shown in Fig. 51, where A is the signal line and 

B is the triggering sensor. With the aid of resistors and R. 

one chooses the size of the beam deflection for signal lines 

switched in and switched out (modelling of the rupture) within 

the limits of th"1 linear part of the amplitude characteristics. 

The trigger signal pulse amplifier is built around a 6Zh9P pen¬ 

tode. Recording of the velocity of crack propagation by the 

scheme developed here may be realized for various means of damage 

of the sample and using any period of cathode ray oscilloscope 

which has a high signal level for automatic triggering and a signal 

voltage in the regime of independent triggering up to 50 V. 

Fig. 52. Measuring circuit for determining the velocity of crack 

development with a Sl-19b oscilloscope. 
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The Sl-19b oscilloscope has a number of advantages over the 

0K-17M: a significantly larger (up to 50 mm) beam deflection along 

the vertical axis within the linear portion of the amplitude charac¬ 

teristics, a fact which makes it possible to increase the number 

of signal lines and to raise the accuracy of the measurement; a 

low level of triggering signal within the regime of automatic 

triggering; wider amplification limits for constant current. 

Utilization of the Sl-19b oscilloscope made it possible to im¬ 

prove the measuring circuit (Fig. 52): the independent trigger¬ 

ing system was removed, the reliability of the measuring scheme 

was enhanced, and the signal lines were brought close to the 

contact zone of the instrument with the sample. A low voltage 

was fed to the measuring half-bridge as a result of which the 

accuracy of measurement was improved. By modelling the rupture 

of current-carry ini'» lines of various resistances using a variable 

resistance of R=2.2 kohm the beam deflection in the linear range 

of amplitude characteristics is found. 

In the explosive mechanics department of the Institute for 

Geological Engineering Mechanics of the Ukrainian SSR Academy of 

Sciences studies were carried out on the velocity of crack de¬ 

velopment in various materials and in rocks using silver paste 

for the signal lines and with the electrical circuitry shown in 

Fig. 50. It was found that in the rupture of the signal line 

a coherent order was not observed. First of all ring I may rup¬ 

ture from the charge, -nd after that rings III, II, iv,etc. During 

investigation of shattering of glass models using SFR it was 

found that cracks arise simultaneously at various distances from 

the center of the explosion (Fig. 53). Such lack of coherence 

and, at first glance, haphazard behavior is easy to explain if, 

in our consideration of the shattering process, we start from the 

hypothesis of M. V. Machinskiy concerning the existence of "weak 

points". The number of crack generation sites is not a fixed 

quantity for a given material. When the magnitude of the applied 
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stress is made larger the number of cracks appearing increases, 

and the length of an elementary crack decreases (Regel; 1956). 

Fig. 53. Shattering process in a glass plate (in microseconds) 

In considering the process of shattering, it is necessary 

to distinguish the velocity of development of a single crack and 

the propagation velocity of the shattering front. In the experi¬ 

ment the velocity of crack development was determined from the 

known distance between neighboring signal lines and the time of 

rupture of these lines. 

(252) 

where r ., is the distance between the nth and (n+l)st signal 
n, n+1 ^ 

lines (accounting for the width of one line); tn# ^+1 are the 

moments of rupture of the nth and (n+l)st signal lines respect¬ 

ively. 

The mean velocity of shattering is found from the known dis¬ 

tance between the first and the last signal lines and from the time 

of rupture of the first (t . ) and the last (t  ) rings 
min max 

(253) 
„ _ ~r' 

n i .-i * 
III.H 'nil;, 

where r^ is the distance from the charge center to the first line, 

and r^ is the distance from the charge center to the. last line. 

213 



These methods have made it possible to study crack velocity 

in the rocks of the Krivoy Rog open pit iron ore mines, open pit 

mines of the Dokuchayevskyy flux-dolomite Kombinat, the granite 

quarries of Krivoy Rog, Kremenchug, the Vinnitskyy region and in 

other quarries and mines. Rock samples of approximately cubic 

shape with edge length of 30-40 cm were extracted directly at the 

quarry. A blast hole was drilled in the sample, and around it on 

the side of the line of least resistance through 5-15 mm a semi¬ 

circle was drawn out of* silver paste. Ammonite V-3 was used as the 

explosive material. The specific consumption of explosive material 

was 600 g/m3. The results of measurement of the velocity of crack 

development in some rocks are shown in Table 4. The mean velocity 

of shattering and the velocity of crack development were measured 

also directly in the block with explosions of blast-hole charges. 

The approach toward making the measurements was not in any way 

different from that described. The results of the crack develop¬ 

ment velocity measurement in the massif are given in Table 5. 

Table 4 

Characteristics of the Shattering Process of Outsized Blocks of 

Rock By Ueans cf Explosion of Ammonite V-3 Charges (Specific 

Consumption of Explosive Material 600 g/m3) 

Crack 
Sampling site Rock development 

rate, m/sec 

Average 
destruction 
rate, m/sec 

New Krivoy-Rog Mining 
and Concentration 
Kombinat 

Central Mining and 
Concentration 
Kombinat 

Inguletskiy Mining 
and Concentration 
Kombinat 

Gnivan'skiy 
granite quarry 

Dokuchayevskiy flux- 
dolomite Kombinat, 
dolomite mine 

Martite-magnetite 
chert 

230 

Carbonate-magnetite 
chert 295 

Magnetite chert 85-100 

Chloritic shale 580-670 

Gray, small- 
granular granite 210-230 

Dolomite 450 

780 

920 

330-390 

985-1050 

555-820 
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Table 5 

' Velocity of the Shattering Process In Explosion of Blast-Hole 

Charges in a Block 

Place where Crack Average 
experiment Rock development destruction 
was conducted rate, m/sec rate, m/sec 

• Dokuchayevskiy flux- 

dolomite Kombinat, Gray limestone 300-340 1200-1310 
Dolomite mine 

. Krivoy Rog, Kolomoyev- 
skiy granite quarry Granite 130 700-800 

Diabase 245 1000-1200 

Methods for Determining the Distribute- of Zones of Reduced 

Strength in Model Materials and in Rocks 

Experimental determination of the distribution of reduced 

strength zones with regard to the degree to which they represent a 

hazard is of paramount importance in statistical theories of 

damage. The basis of similarities in the use of statistical theor¬ 

ies of damage is the equality of the number of microcracks open¬ 

ing in a unit of relative volume. Experimental determination of 

the distribution of reduced strength zones makes it possible to 

realize the physical modelling of crushing processes on a strict 

scientific basis. Since by a zone of reduced strength we usually 

mean regions with decreased adhesive forces, the main part of the 

similar zones is comprised of places where continuity is disrupted, 

i.e., cracks. Existing methods for determining the degree of 

crumbling or fracturing of rock blocks are based mainly on con¬ 

sideration of visible cracks. Direct, reliable methods for find¬ 

ing closely -ioined or microscopic cracks at the present time do 

not exist, in spite of the fact that it has been recognized that 
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the defects determine in large part the nature of shattering in 

monolithic rocks. One of the indirect methods for finding the 

numner of weak spots is the simultaneous determination of the 

propagation velocity of individual cracks v^ and the shattering 

front vR. Then the number of crack generation sites is found 

from the relationship 

(253a) 

where nz is the number of crack generation sites along the di¬ 

rection 1.. Knowing the total number of cracks in the chosen 

region, it is easy to determine the number of generation sites 

in a unit of volume . 

« 

In order to determine experimentally nQ=f (c) from the ma¬ 

terial under study a rod of diameter 20 mm was prepared, in which 

wire sensors were arranged at definite distances (5-8 mm) per¬ 

pendicular to the axis. The diameter of the sensor was 0.03 mm 

and the length was 20 mm. In rods made of rock,openings were 

drilled (d=0.7 - 1.0 mm) in which wire sensors were set and ce¬ 

mented. If self-hardening mixtures (cement, gypsum,etc.) or low- 

melting materials (rosin, hyposulphite, sulphur,etc.) were used 

for preparing the rod, then the sensors were set in shape before 

pouring the material. The rod'prepared with sensors was placed 

inside a detachable covering made of non-magnetite steel (Fig. 54) 

which prevented intermixing of the disintegrated-material and 

scattering of the fragments. On the free end of the rod a washer 

was installed, on which explosive charge (1), creating a plane 

shock wave, was placed. The rod in its covering (3) was situated 

between the pole pieces of a strong permanent magnetite. Upon 

explosion of the charge, the sensors (2) installed on the rod en¬ 

abled the value of the maximum velocity of particle movement in 

the shock wave to be determined. The emf induced in the sensor 

was registered on Sl-29 oscilloscopes. Some typical oscilloscope 
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tracers are shown in Fig. 55. As a result of an analysis of the 

oscilloscope traces the size of the maximum velocity of motion 

was established and in the acoustic approximation the value of 

the maximum stresses were calculated (Fig. 56). Following the 

explosion#the covering of non-magnetite steel was dismantled in 

such a manner that the distribution of particle sizes in the 

composition of fragments formed at various regions of the rod 

was preserved. Knowing the value of the maximum stresses and 

the particle-size composition of "the fragmented material in a 

region, one may determine to a first approximation the depen- 

dence n0=f (omax). 

Fig. 54. Experimental scheme for determining the specific number 

of crack generation sites as a function of the value of stresses 

in various materials. 

In some transparent material, for instance in rosin, a direct 

determination of the frequency of cracks being formed in various 

zones is possible. In order to do this a transverse cut of the 

rod is made in the plane of every sensor (Fig. 57)# from which 

the number of cracks being formed at various distances from the 

charge is determined. In Fig. 57 it is seen tha the number of 

cracks at large distances from the charge decreases in connection with 



a decrease in a Using a longitudinal cut 

Fig. 55. Typical oscilloscope traces of a stress pulse in a rod 

in the zone of intense crushing at the following distance from 

the charge (in mm) a-8, b-16, c-24. 

of the rod (Fig. 58) it is possible to trace very clearly the change 

in number of crack formation centers 

r* 
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in various regions of the rod and to establish the dependence 

Fig. 56. Variation in the value of the maximum stresses in a 

rod as a function of distance. 

Fig. 57. Transverse sections of a rod in the zone of intense 

crushing at the following distances from the charge (in mm) a - 8, 

b - 16, c - 24. 
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Fig. 58. Longitudinal section of a disintegrated rod. 

The nature of the change in value of 3n/3a for various mater¬ 

ials has its peculiarities, caused by the structure of these 

materials. For instance, hyposulphite in contrast to rosin has 

a crystalline structure. The process of shattering for small 

stresses usually begins along cleavage planes, where the adhesion 

forces are considerably less chan binding forces in the crystal 

and the dimensions of defects in the cleavage region are frequently 

considerably greater. Such a structure in hyposulphite explains 

the smaller number of crack formation centers in comparison with 

rosin for small relative stresses (Fig. 59), since shattering 

takes place only along cleavage planes. The number of crack for¬ 

mation centers in a unit of volume depends on the crystallization 

condition and in every case it must be determined by experimental 

means. The decrease in 9n/3a in the range c /[o] =3-7 is ex- 

plained by the difference in the strengths of the crystals and 

of the joints between them, and the value of o yto]_ for which 
max R 

one again observes an increase in 3n/9o characterizes the ratio 

of the crystal strength to the strength of the joint between the 

crystals. After the strength of the crystals themselves is ex¬ 

ceeded one observes a sharp increase in the centers of crack for¬ 

mation on account of the exposure of defects in the crystalline 

lattice. Theoretically,nQ= f(o) must rise sharply with an in¬ 

crease in stresses, though for small distances between the cracks 

there is a substantial effect of redistribution of stresses near 

the moving crack, which leads to a reduction in 3ng/3a. A further 
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increase in ân^/Do with an increase in stresses must be observed 

i.n the shock wave, leading to evaporation of the material. An 

analogous dependence holds also for dolomitized limestone (Fig. 60, 

curve 1). For granite the difference in strength of the various 

components of the minerals is more clearly expressed. At first 

one observes a sharp increase in the number of weak points owing 

to the shattering of the minerals with less strength (mica, feld¬ 

spar) . After that an increase in stresses has little effect on 

the number of weak points as long ao the strength of quartz is 

not exceeded. The nature of the curve depends on the ratio of 

the strengths of the mirerais included and their composition 

ratio. 

Fig. 59. Nature of the change in specific number of crack gen¬ 

eration sites as a function of the relative stress 

1- for rosin; 2- for hyposulphite. 

Fig. 60. Nature of the change in specific number of crack gen¬ 

eration sites as a function of the relative stress 

1- for granite; 2- for dolomitized limestone; 3- for a hypo¬ 

thetical rock block. 

Even for different dimensions of a sample of the same rock 

(o]R is different. Particular distinctions in the nature of 

shattering are observed in the block . The block is usually 

broken by a system of microcracks, many of which may be tightly 

closed and invisible to the unaided eye. For relatively small * 

stresses these cracks begin to open, damaging the separate region. 
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Therefore, one observes in the block a redistribution of stresses 

at the time of shattering. In the block the tendency toward re¬ 

duction of 3nQ/3o must be more strongly expressed than in granite, 

since the difference in strength of the crack filler, in the ad¬ 

hesion forces in closely joined macrocracks,and in the strength 

of the material is very la-ge. Therefore,in Fig. 60 (curve 3) 

the assumed dependence is shown for the block. 

The number of crack generation sites depends on the distri¬ 

bution of weak points in the material being studied and on the 

value of the stresses. Knowing the nature of the change in num¬ 

ber of crack generation sites with stress, it is possible to de¬ 

termine indirectly the parameters of the. desired distribution. 

The function n^o) is determined from an analysis of the particle 

size composition of the damage medium within limited regions. 

The dimensions of these regions are found from the conditions 

stipulating that the change in stresses within these limits is 

negligible. 

The methods which have been set forth make it possible to 

study the distribut, on of zones of reduced strength in various 

modelling materials and in rocks as well as to employ the depen¬ 

dences obtained in modelling the destructive action of _n explo¬ 

sion. An analysis of the experimental data obtained attests 

to the fact that the distribution of weak points in the 

materials studied agrees with the normal distribution law in the 

majority of cases. 
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CHAPTER FIVE 

PARAMETERS OF THE SHATTERING PROCESSI 

Physical and Mechanical Properties of Rocks and Modelling 

Materials 

One of the main factors ascertaining the nature of the 

shattering process is the physical and mechanical properties of 

the medium. The most important of these are: the elastic charac¬ 

teristics of the medium, its strength and the velocity of crack 

propagation. In order to model the crushing process it is nec¬ 

essary to study the basic physical and mechanical properties 

the rocks and modelling materials and the effect they have on the 

shattering. The nature of propagation and reflection of elastic 

waves determines the structure of the stress field arising in the 

block at the time of explosion and, consequently, exerts an im¬ 

portant influence on the process of shattering of rocks. One of 

the fundamental characteristics of the process, along with the 

laws of absorbtion, reflection,and refraction, is the velocity of 

propagation of an elastic wave. The velocity of waves in a suffi¬ 

ciently broad region does not depend on the oscillation frequency 

(i.e.,the wavelengths)and is unambiguously connected with the 

elastic modulus of the material. Several methods exist for de¬ 

termining the propagation velocity of elastic waves. All of these, 

except for resonance methods, are based on a measurement of the 

time taken for a wave to travel over a known distance. In order 

to measure the time of passage of an ultrasonic wave one uses de¬ 

vices of two classes. In devices of ore of these classes one re¬ 

cords the moment of arrival of a passing elastic wave, and in de¬ 

vices of the other type one fixes the time of arrival of the re¬ 

flected wave. All remaining differences are contained in the 

technique of measurement. 

1. This chapter has been written jointly with engineer V.P. Bilokon 



Determination of the velocity of wave propagation by the 

resonance method is based on the phenomenon of resonance. For 

a known length of the sample and a known frequency of first reson¬ 

ance (the fundamental tone) the value of the velocity is obtained 

from the relationship 

(254) 

where c is the propagation velocity of longitudinal waves; 1^ is 

the length of the sample (rod), u is the cyclic resonance fre¬ 

quency. 

In the Institute for Geological Engineering Mechanics of 

the Ukrainian SSR Academy of Sciences measurements were carried 

out on the velocity of wave propogation in rocks of Krivoy Rog, 

the Dokuchayevskyy flux-dolomite Kombinat, , the Balaklavskyy 

Ore Administration and in modelling material-rosin and hypersul¬ 

phite. The wave propagation velocity was determined by two methods: 

the ultrasonic method, based on the measurement of propagation 

velocity of ultrasonic signals, and the explosive method, con¬ 

sisting of the measurement of propagation velocity of an explosive 

stress in the impulse. In order to determine the propagation 

velocity of dilatational elastic waves by the first method the 

ultrasonic device UZP-62 was employed. This -device is intended 

for the measurement of propagation time of an ultrasonic pulse in 

various materials. It is equipped with two interchangeable ultra¬ 

sonic heads (sensors), one of which serves as an oscillation source 

and the other as a receiver. In measuring the propagation velocity 

of ultrasonic radiation in a solid material an acoustical contact 

must be mounted between the sensors and the medium of interest, 

the contact being realized in the following way. On parallel 

faces of the rock sample selected for measurement, two planes are 
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grouped, located opposite each other. Their dimensions must be 

slightly larger than the area of the end surface of the ultra- 

sonic sensors. The planes arc lubricated with commercial vaseline 

and the ultrasonic heads are pressed against them. 

In the elastic medium several types of waves arise and are 

propagated: dilatational waves (longitudinal 

waves), flexural waves,shear waves (transverse waves), Rayleigh 

surface waves,and purely transverse surface waves (Love waves) 

in order for flexu-al waves.surface waves,and purely transversé 

surface waves to develop in the samples it is necessary to sati-fy 

a series of special conditions, and they do not arise in the case 

of the method which has been described above for exciting ultra¬ 

sonic oscillations in the sample. Transverse waves do not arise 

irectly at the point of contact of the ultrasonic head with the 

sample, but in reflect.on from the free surface a part of the 

longitudinal wave (depending on the angle of reflection) are 

transformed into transverse waves. The ultrasonic receiver deter¬ 

mines only the moment of entrance of longitudinal waves, since 

their velocity is larger than the propagation velocity of the 
transverse waves. 

Furthermore, the transverse wave may arrive at the ultra¬ 

sonic receiver after reflection from lateral surfaces of the 

sample at the moment that the longitudinal wave is propagating 

directly from the radiator. 

The conditions for propagation of a longitudinal wave in an 

infinite block and in a rod are different; the wave propagation 

velocities are also not the same in the two cases. 

The ratio between the wave velocities in the 

block depend on the Poisson coefficient 
rod and in the 

(255) 

vt _ i/r-- y - >v= 
r* " i I - V • 
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where is the velocity of longitudinal wave propogation in 

the rod; is the velocity of longitudinal wave propagation in 

the block. 

The shape of the rock samples and the material samples being 

studied were made to approximate the shape of a cuse. In order 

that the propagation velocity of the ultrasonic pulse in the 

sample correspond to the propagation velocity of the longitudinal 

wave in the block , it was necessary to satisfy the inequality 

(256) 

where X is the ultrasonic wavelength; Tq is the radius of the 

base of the sample. In this case the lateral surfaces do not in- 

troduce distortion into the reckoned time of arrival of the longi¬ 

tudinal wave. The propagation velocity of longitudinal waves is 

computed from the formula 

nr 
T ’ 

(257) 

where Iq is the base of the measurement (length of the sample) 

in mm, and t is the time for passage of a wave in microseconds. 

Besides the ultrasonic method for determining the velocity of an 

elastic wave in the rock samples the method of explosive loading 

was used. The propagation of an elastic wave in this case proceeds 

in the following way: explosive charge-triggering piezoelement - 

sample - receiving piezoelement. The piezoelement made of Rochelle 

salt was cemented to the polished end of the rock samples. After¬ 

wards one end of the sample was subjected to the effect of the 

explosion of a charge of PETN of weight 200 mg, which was trigger¬ 

ed by a suspension of lead azide (10 mg). Recording of the time 



taken for the wave to cross the distance between the triggering 

and the receiving piezoelements was accomplished using an 0K-17IÎ 

oscilloscope. On the basis of the data obtained the average vel¬ 

ocity of the stress wave was determined. E$ch type of rock was 

represented by five samples. The dimensions of their faces fluc¬ 

tuated within the limits 60-120 mm. The results of measurement 

of the wave propagation velocity by both methods are shown in 

Table 6. An analysis of the results obtained showed that the 

values of the wave propagation velocities obtained by the explo¬ 

sive method are, as a rule, somewhat larger than the values of the 

velocities obtained by the ultrasonic method. The reason for 

this difference in velocities lies in the fact that near the 

charge a shock wave is formed. 

The velocity of the shock wave is a variable quantity, de¬ 

pending on the stress at the wave front, but it always remains 

larger than the velocity of the elastic stress wave. 

In order to determine the other elastic constants measurement 

was made of the propagation velocity of elastic waves in rods 

made oe rock employing the ultrasonic method. The length of the 

rods exceeded the wave length of the ultrasonic radiation by a 

factor of 4 or 5. The results of the experiments carried out 

in Table 6 enable one to determine the elastic modulus of the 

rocks 

(258) 

and the Poisson coefficient 

+ 9 » 

(259) 

where p is the density of the material, which is determined by a 

method in which the volume of water displaced by a sample of known 

mass is measured. The data obtained fully characterized the elas¬ 

tic properties of the rocks and the modelling materials. 
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TABLE A

Velocitv of lrt«cl“ Velocity Jf l«ng- Elasticity
Orarlty ttidinil w.ivc In Cudlnal vavo in rad. Modulus Polsscn

Swplfne site BetV of r.->rk,
*/c«3

hlork. u/sec n/v*'C (ultl asrnic 
rethod) kKf/c«’-10** Coefficient

Ultrasoutc Explosive
Hctliod Hctlind

Krlvey Rep, 4.60 6080/5740 6150/3550 54;.9/5125 15.5/13.50 0.27
Krivoy Kof.
•nd Conrentr^lmu 
»U>ut>in.‘>c

icii r;iupt

• Carbon. te-Siner.^— 
tlte chare

4.12 6630/7315 65T.0/:240 5910/6530 16.2/19.70 0.27

Sep*i-exldl?t?J
•wirclte-caK^ieilte
chart

5.222 6880/6520 6700/k:C0 6090/5775 22.1/20.90 0.28

Biocice-rl.loritlc
shale

2.95 5980/5510 5500/5100 5440/5'UO 6.9/7.60 0.28

l»oa«oxidtrcJ nar-
tlte-cACTctite
chart

3.46 - /7000 7050/5050 - /6250 -/15.10 0.27

Chloritlc a'.ale 3.23 2850/2755 2370/2180 2590/2500 2.22/2.06 0.25

Krivoy Rog, Con- ^?oncond 1C1 oned 3.22 4650/5020 5100/4670 4150/44S0 6,14/7.26 0.27
tral y.inirz and .-r !»•<—r trtlc
Cenc*'ntrat*'’n rbart
Koabi?\at

Hematiterarcite
chart

3.89 52 33/4500 62CJ/55J0 4620/4020 9.57/7.03 0,27

Oxidised henacite 4.70 621C/56S0 6190/4950 5550/4990 16.4/13.50 0.27

Krlvov kjr» C#-;-.- '.♦rt :t«—ferrr-ir -i 4.22 6590/5280 6300/5200 ?.<175/4;20 16.37/10.51 0.27
tral Mining and 
Concentration

InApilite chart

Ko^inac Q«iarts>nlca shale 3.09 6000/3560 5900/3Q60 5450/3237 9.43/3.32 0.25

Magnetic shale 3.28 5500/SOfV* 5500/5050 4780/4350 6.92/7.34 0.30

Hcaat1te-sartite 
rtu.le

3.19 6250/5180 6* >00/5050 5570/4525 11.13/7.64 0.27

Sllicate-magne- 3.2^ 5700/4V70 5750/4000 5130/4425 9.71/7.26 1' 26
tite shale -
0«iarri-p«lcc^cf»ws 
shale with n^i- 
a. ntfd cl rl inter­
calations

2.19 6B90/4'>70 6330/5™ 6110/4020 16.95/6.60 0.24

Csrbonate-^» »eot— 2.44 5760/4630 5020/4400 4740/4170 6.01,4.67 0.26
tire chart •

Balaklavskoyc VliUc tuirhle- 2.71 i940 6100 5160 5.61 0.30
Mine fypv liPicstORv
»9or

Boee SLirbit • 
type lltcstone 2.78 6750 6200 5875 7.06 0.30
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t A 1 L C * (Cost'd)

Umpltwm sit* »M>h
ftmaf tv 
of wk 
t/tm

VeWllv of luof.l- 
tiiJtn.il vov<* In 
block, n/ecc

Velocity of lonf.l- 
twdln.il vuv« lit t.Mi. 
n/itec fultriHonIc 

«n-Cl»od)

Klaatfclty
r«<dMlHO

k*f/co^M0"*
Votaaon

Coefficient

Oliva-ronkC Kxplealve 
Method Method

Or>kuckiy*«raklv 
f luk*dolo«lC* 
Konblnat

•

Dolonlto HIM fiolonlta i.M 5S00/Sj6f)/M30 7.2 0.24

• Boloftlce^tvr* 
llMtf tone

2.« 400O/17C0/4210 4.SS 0.29

Dolonlit 2.4* $120/3*10/5ilS S.O o.:s

Central ■ tende-1 (ray 
llneatona

2.50 sofo/sooo/jm 4.95 0.33

tltuaf*''>ur tMn 
(ralnaa 1i«a tone

2.H •20O/41C0/5440 S.04 0.29

Hedlun-cratned 
gray 1tneatone

2.4« «100/$3:0/3473 S.12 0.30

Herded pray and 
b!uiah-prav line- 
atone

2.M •l$0/*?00/5377 S.U 0.30

Cavtern fwlo- 
nltt Mina

IVl'^nire 2.70 S180/4a(V)/4$?> 4.05 0.2«

Modelln$ 
Material

•oatn
Hyrosuiphlrj

1.10
1.70

22 30/22*n/.Mi)
4070/4140/3753

0.52
2.7S

O.U
0.24

>

B«Mrk«. Hwaeracor r«pr«*Mit» lanKifuJinal wave velocity in naralitl to mrntiftratlon, and tH« dtiwlnaftf rnprnsMCS 
tk« vnloclcjr to th« acracification. In ttw caac ot or.o valve. lUa data cwincida.

(
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The uniaxial compressive strength may serve as the charac¬ 

teristic strength of a rock. Tests on the uniaxial compression 

(Crussing) are the most widely used laboratory methods for the 

general evaluation of the strength properties of rocks. The strength 

criterion determined in these experiments is the temporary resis¬ 

tance to uniaxial compression [oR], i.e.,the maximum value of the 

compressing stress experienced by the rock at the moment of des¬ 

truction of the sample. There exists a series of All-Union State 

Standards establishing requirements for samples intended for the 

determination of the tensile resistance to crushing. In the 

work of L. 1. Baron (1962) it is noted that the shape, ratio of 

the sides, diameter of the base, and dimensions of the samples 

have a strong influence on the value of the tensile resistance 

to compression. The use of various elastic pads (gaskets) or 

greases in the testing of the samples reduces the value of the 

tensile resistance. In order to perform the tests on samples 

of rock and modelling materials one prepares tubes with edge di¬ 

mensions of 50 and 65 mm, with six samples in each series of models. 

In the tests the force of crushing of the sample is determined, 

from which the strength of the material is found: 

(260) 

1½) = £ , 

where F is the force at which the sample is shattered and S is 

the cross-sectional area of the sample. 

The main difficulty in carrying out large-scale tests for 

crushing is the preparation of regularly shaped samples. 

In this connection Professor M. N. Trotod'yakonov (the younger) 

and V. S. Voblikov at the A. A. Skochinskiy Institute for Geo¬ 

logical Affairs have worked out a simple method for determining 

the tensile resistance to crushing in irregularly shaped sam¬ 

ples, which is at the same time convenient for large-scale testing 
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of rocks. This method was also applied to the determination of 

foR] of rocks. Its essence consists of the following. Irregular¬ 

ly shaped samples are selected for the tests, with the length of 

the edges not different from each other by more than a factor of 

1.5. All of them have about the same volume (in the given ex¬ 

periments this was about 100 cm3), in the press the force F 

at which the sample is destroved was established. The value of 

the stresses at which shattering of an irregularly shaped sample 

takes place is computed from the formula 

bi»r 

(261) 

where [aR]' is the tensile resistance to crushing of irregular¬ 

ly shaped samples, in kgf/cm2; is the weight of the sample, 

in g; Yk is the apparent specific (volume) weight of the rock, 

in g/cm3; FR is the force of crushing of irregularly shaped sam¬ 

ples, in kgf. 

For a series of rocks there exists the following relation¬ 

ship between the values of the tensile resistance to crushing 

of regularly and irregularly shaped samples 

i3*r-0,19.1¾). (262) 

Making use of this relationship, one may easily pass over to the 

results which are obtained for the same rocks in tests of regularly 

shaped samples. Fifteen samples of each type of rock were sub¬ 

jected to testing. In the calculation the maximum value of the 

force at the point of shattering of each sample was used. For all 

tests of the rocks the average value of the shattering force was 

computed. From the known value of the tensile resistance to 

compression, the hardness coefficient of these recks was calculated 

according to the scale of M. M. Protod'yakonov, f=[a0)/100. 

Tests were conducted for rocks from Krivoy Rog, 

Dokuchayevskiy flux-dolomite Kombinat and several quarries of 

construction materials. The results of the experiments are pre¬ 

sented in Table 7. 
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Table 7

The Hardness Characteristics of Rocks and Modelling Materials
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Table 7 (cont.)

•

S^^llos Site r.ock

Bulk

Density,

g/c«^

Breaking 
Stress Under 
Cec;>ressioo 
kgl/cs^

Tensile Stress 
According to 
M. M. rrotoc’yakav

tlestem Kadykov 
Hlac

W.ltr marbl — 
like liae.tone

2,71. 6R0
-

M •• Rose aatble-
like llreszcne

2.7R 954 9-10

fsllerakh Kir.* Rose r-»rhie- 
like lirest ne

:,5i 765 8

Vl..nlt» X<-glan
Saachln Quarry Fin*-Rr.*l »eJ 

gray sranlte
2.74 720 7

3nlvan*skiy
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2.57 lOaO 11

Donets Ea»ln
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- 2.66 1055 U
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2.62 1055 IG-U
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%
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Hodclllnc
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Hyposulphite

1.10

1.70
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3<»
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Characteristics of Explosive Loading 

The way in which the charge of explosive material performs 

in the medium depends on the pressure pulse in the charge chamber. 

The pressure impulse is characterized by a function of the change 

of pressure in time p(t), and its magnitude is determined by 

the formula 

(263) 

where P(t) is the change in pressure on the charge plane and 

T is the time over which the excess pressure acts on the wall of 

the charge cavity. 

The maximum pressure of the gaseous detonation products is 

determined as 

Prn.ii — !’•« •HI 

(264) 

where is the density of the charge of explosive material; D 

is the velocity of detonation; vmax is the maxi ..am (initial) velo¬ 

city of motion of particles at the front of the forming shock 

wave. For an ideally detonating explosive charge 

(265) 
• * 

‘'•w* “ Î7TÏ • 

..-¾ 

where k^ is the index of isentropic expansion of detonation pro¬ 

ducts . 

From equation (264) 

is readily found that 

and (265) for high explosives (k^=3) it 

P T)'-. 
(266) 
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The mean pressure of detonation products in the charge chamber is 

equal to half of the pressure at the front of the detonation wave 

V.P,, D\ 
(267) 

Expression (266) may give unsatisfactory results if the 

velocity of detonation is smaller than the steady-state velocity 

for a given explosive material, a circumstance which occurs in 

actual bore-hole charges of industrial explosive materials when 

inert impurities are present in them. In this case it pays to 

resort to a more rigorous analytical ccilculation or to an experi¬ 

mental determination of the detonation pressure. 

In order to determine the parameters of waves arriving at a 

discontinuity of the medium, one uses the depend:ces between the 

characteristics of the detonation and shock waves in the medium 

adjacent to the detonating explosive material. The pressure at 

t-he f°nt of the shock wave in the medium is determined by the 

dependence 

r*'= eJV, 
(268) 

where pgh is the pressure at the shock wave front; pm is the 

density of the medium; is the velocity of the shock wave; v is 

the velocity of motion of particles at the shock wave front. 

« 

The coefficients PexD in equation (264) and PmDv in equation 

(268) denote the ratio between the jump in pressure and the sud¬ 

den change in bulk velocity at the shock wave front and have the 

dimensions of impedance. 
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In the case of normal incidence of the detonation wave at 

the charge-medium interface, the relationship connecting the 

pressure in the medium with the detonation pressure is determined 

by a ratio of impedances 

/’.h = P 
1 + Lf'Jl 

w. 

(269) 

The parameters of shock waves arising through an explosion in 

several materials are presented in Table 8. In a more precise 

form the dependence (269) has the form (Atchison et al., 1962; 

Nichols, Duval, 1966) 

t+ N 
' th 

• N. 
b 

Pm1 l) 

(270) 

Here 

N pi(p i«1) 
p.. o 

(271) 

where is the density of detonation products, and w is the 

velocity of sound in the detonation products. Expression (271) 

represents the ratio of the impedance of explosion products to 

the impedance of the explosive material. The value of N may be 

determined with the aid of a graph (Fig. 61) with Z=(p D)/(p D ) 
in V 

varying within the range from 0.4 to 1. 

2 

IÎ s 

v*-2 

r*J 

t' 

i 

N-1- 

i 

^N-t.S 

0.5 t 1.5 2 Z 

Fig. 61. The dependence of the ratio of pressure on the ratio of 

acoustic stiffnesses for various values of N. 
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The value of N differs very little from unity. The ratio 

of impedances can in fact be determined in this manner only 

where the detonation wave moves perpendicularly to the boundary 

line (normal incidence). Under actual conditions the detonation 

wave moves in the charge parallel to the wall of the charge 

chamber. In this case one should take into account, along wich 

the value of N, the angles of the incident, the reflected,and 

the refracted waves. A study of the laws of propagation of shock 

waves in solid and liquid media presents a very complex problem. 

Therefore »experimental methods for investigating the behavior of 

rocks under the action of intense shock waves takes on a special 

role. The main characteristic feature distinguishing the conden¬ 

sate state from the gaseous state and determining the behavior 

of solid and liquid bodies under compression by shock waves is 

the strong interaction of atoms (or molecules) with each other. 

The radius within which interatomic forces can act is quite limi¬ 

ted. It is of the order of the dimensions of the aton^ and mole¬ 

cules themselves. The interaction forces have a dual character. 

On the one hand the atoms attract one another, but on the other 

hand with closer approach the atoms repel one another as a result 

of the interpenetration of each other's electronic shell. 

With strong compression of the condensate material a huge internal 

pressure builds up inside it, even in the absence of heating, only 

because of the repulsive forces of the atoms. The existence of 

this pressure of non-thermal origin determines the basic features 

of the behavior of solid and liquid bodier under compression by 

shock waves. In shock waves of very large amplitude a vigorous 

heating of the material occurs, leading to the appearance of a 

pressure connected with thermal motion of the atoms (and electrons), 

which is called "thermal” in distinction to the elastic or "cold" 

pressure, caused by the forces of repulsion. In strong shock waves 

(with pressures higher than a million atmospheres) pressures of 

both types are comparable with aach other. In less powerful waves, 
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with a pressure on the order of hundreds of thousands of atmos¬ 

pheres and lower, elastic pressure predominates. A shock wave 

with a similar jump in pressure at the front is "weak" and differs 

little from an acoustic wave: it propagates with a velocity close 

to the speed of sound, the density of material at the wave front 

increases by no more than 10%, and the velocity behind the front 

is 10 times smaller than the velocity of weight propagation 

(Zel'dodich, 1966). 

Table 8 

Shock Wave Parameters at the Charge-Medium Interface with Normal 

Incidence (Explosives - Tetryl: p =1.665 g/cm3) 
GX 

IlctI :.um n. 
m/Mc 

P 
kbar m ate 

»• rrv 
. m ate 

Pc. 
kbar 

1 r 

p 

Plexiglass 

Aluminum 

Coooer 

0772 
0771 
OãON 
GOVS 

0711 
0510 
0505 
0510 

0505 
GUIS 
0510 

-200,29 
190,70 
181,91 
192,9S 

190,7 
187.11 
188,28 
187.11 

188,2.1 
192,98 
187.11 

5510 
50 >2 
51'K> 
5508 

701.7 
7279 
0955 
0090 

197.8 
5080 
5115 

1917 
20:15 
1879 
2'105 

1281 
1110 
1198 
1005 

i.79 
731 
7!K) 

120,59 
119,91 
119,91 
112.15 

252.. (1 
292.1. ( 
••I*» 

187,55 

297.11 
uaa.u 
:157.08 

0.0.12 
0,0 18 
0,018 
0,0.87 

1,281 
1,5(^1 
1,211 
1,002 

7.712 
1,911 

1.18 
1,1.8 
1,18 
1,18 

2.787 
2,7.87 
2.787 
2,787 

8,80 
8,80 
8,8» 

1,711 
1,078 
1,098 
1,070 

0,507 
0,517 
0,501 
0,581 

0,250 
0,217 
0,211 

Remarks. The detonation pressure is calculated from the formula ^ 

PD+4.157D2Pex(l+0.543pex+0.193p2ex)-lO"6(pD- in kbar; D in m/sec; J 
Pex— g/cm3) . D is the detonation velocity; p is the pressure * 

at the detonation wave front; D is the shock wave velocity; v is 
v m / 
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the bulk velocity of particles of the medium; is the pressure 

at the shock wave front; z is the ratio of acoustic stiffnesses 
of the explosive material and the medium. 

The elastic components px and Ex depend only on the density 

of the material p or the specific volume Vy=l/p and are equal to 

the total pressure and the specific internal energy at absolute 

zero temperature (these are sometimes called "cold" pressure and 

energy). In considering the behavior of a solid substance under¬ 

going a change in volume, we will have in mind cubic compression 

(and expansion) of the body, while paying no attention to effects 

connected with the anistropy of the elastic properties, shear 

deformation, strength properties, etc., which appear at compara¬ 

tively small pressure. The elastic pressure is related to the 

potential energy by the relationship 

(272) 



which has a natural mechanical sense (the increase in energy is 

equal to the work of compression) and may be considered as tne 

equation of an isotherm or adiabatic curve of cold compression. The 

curve Px(Vy) is shown schematically in Fig. 62. At the point 

VV0 the elastic pressure is equal to zero, with compression of 

the body the pressure rises rapidly, and with elongation it becomes 

negative. The negative side of the pressure corresponds to the 

physical fact that for expansion of a body from zero volume, 

corresponding to a mechanical equilibrium at T=0, p=0, a tensile 

force must be applied to the body. Theoretical calculations of 

the cold compression curves px(Vy) or Ex(Vy) in practically attain¬ 

able ranges of compression and pressure are based on a quantum 

mechanical consideration of interatomic interaction. In a num¬ 

ber of cases satisfactory agreement is obtained with experimental 

data on compressioility (Gombash, 1951). 

The laws of conservation of mass, momentum,and energy fluxes 

at the shock wave front have their usual meaning, irrespective of 

the aggregate state of the material through which the wave is 

propagated. Dropping the index for quantities characterizing 

the state of the material behind the wave front, let us write 

down the laws of conservation of mass and momentum in the form 

(273) 

(274) 

ing V from (273) and (274) , we obtain 

(275) 
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To serve as the third, energetic, relation let us take the 

equation of the adiabatic curve with Pq=0 

(276) 

The total energy acquired by one g of material as a result of 

shock compression, equal to P^0y- distributed equally 

between the kinetic vz/2 and internal energies (in a system 

of coordinates where undisturbed matter is at rest). The change 

in internal energy is the sum of the changes in elastic energy 

and thermal energy. In Fig. 63 the adiabatic curve of cold compres¬ 

sion px(Vy) is shown as well as the Hugoniot curve pH(V ) which is 

located above the former since the full pressure behind the front 

is the sum of the elastic and the thermal pressure. The elastic 

energy Ex acquired by the matter is numerically equal to the 

area of the curvilinear triangle OBC, cross-hatched with hori¬ 

zontal lines 

~] 

77 V 

Fig. 62. Curve of the elastic pressure as a function of specific 

volume. 

Fig. 63. Cold compression adiabatic and Hugoniot curves P, V - 

graph for shock compression and cold compression of the material; 

Pfl ~ Hugoniot curve;Px - curve of cold compression. 
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The total internal energy E, in accordance with equation 

(276) is equal to the area of the triangle OAC; the difference 

of the areas hatched with vertical lines also consti¬ 

tutes the thermal energy of the matter which is subjected to 

shock compression. 

The laws of conservation of mass and momentum (273) and 

(274) provide a connection between four parameters at the shock 

wave front: the propagation velocity of the shock wave through 

undisturbed matter D, the sudden change in the bulk velocity v, 

equal to the velocity of motion of the compressed matter with 

respect to the undisturbed matter, the pressure p,and the speci¬ 

fic volume Vy (or the density p = 1/V^). Thus the problem of find¬ 

ing all mechanical parameters of the shock wave front is reduced 

to an experimental determination of any two of them, in particu¬ 

lar» the kinematic parameters which are the most accessible for 

measurements - the velocity D and v. 

The Effect of Stress Waves in Gaseous Detonation Products 

on the Process of Rock Shattering. 

The shock wave in dying out degenerates into an elasto- 

plastic stress wave and this in turn is transformed into an elastic 

wave of seismic oscillations. In conformity with the nature of 

these waves we divide the zones of explosion action in the mediuiu 

into a near zone(buckling zone), a central zone (radial crack 

zone),and a far zone (elastic oscillation zone). 

In the near zone the medium is repulverized and recompacted. 

Some investigators believe that the medium behaves in this zone 

not as solid state but as liquid. In this connection allusion is 

usually made to the fact that the pressure in the shock wave is 
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many times greater than the strength of the rook. Attempts to 

describe theoretically the processes^ taking place in the buckl¬ 

ing zone have met with no particular success owing to the absence 

of a sufficient volume of experimental data on the behavior of the 

material. 

In his consideration of the action of stress waves in rocks, 

Reinhart (1966) notes that one must keep in mind the difference 

of motions in the spherical, cylindrical,and plane symmetry cases: 

for instance, when no damping is present the shape of the plane 

component does not change, but the shape of the other components do 

vary. In Fig. 64 the shapes of two cylindrically d".verging waves 

as calculated by Sel'berg are shown; one of these i> described 

at the initial moment as a step function, and the ether by an 

exponential function. The shape of the waves become indisting¬ 

uishable af^er a dislocation at some distance fvom the charge, 

in the given case equal to 10 times the radius of the bore-hole. 

The consequence of this initial shape of the stress wave has 

relatively little significance. Rodionov (1969) also makes note 

of the fact that the dissipation of energy in the near zone leads 

to a "forgetting" of the initial conditions by the developing 

process, a situation which is reflected in the law of energetic 

similitude, in accordance with which the parameters of the shock 

waves arising in the explosion are determined only by the total 

separated energy and do not depend on the density of the explo¬ 

sive material, the detonation velocity,or anything else. 

0 2 4109? 

Fig. 64. Mature of the change in radial stress in a diverging 

cylindrical wave, described by a step function (a) and by an 

exponential function (b) 

Fig. 65. Plot of the change in relative energy content as a function 

of distance for argillaceous aleurite (1), limestone (2)#and 

marble (3) 
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In the work of Ye. G. Baranov and V. Ya. Klapovskiy (1969) 

whe dependence of the change in relative integrated energy loss 

of the wave, on distance and on the physical and mechanical pro¬ 

perties of the rock was established experimentally. It was shown 

that for a constant weight of charge of the same explosive material 

the maximum values of energy in the wave are observed for argilla¬ 

ceous aleurite, after that for limestone, and finally the least 

for marble. The largest values of energy correspond with the high¬ 

est particle velocities behindthe front, and the time of exis¬ 

tence of positive wave phase and deformation (Table 9). From the 

plots of Sn = f [Ig (r ) ] , presented, it follows that for explo¬ 

sive loading the largest relative integral energy losses are 

observed for argillaceous aleurite and the least for marble 

(Fig. 65). Analogous regularities were obtained as a result of 

experimental investioations carried out in the explosive mechanics 

department of the Institute for Geotechnical Mechanics of the 

Ukrainian SSR Academy of Sciences. Besides, it was shown that in 

the same material damping of the shock wave created by various 

types of explosives does not proceed uniformly and depends on 

both the value of the stresses and on the duration of the detona¬ 

tion impulse (Table 10). The most representative example of 

this observation is the damping of a shock wave arising from the 

explosion of a charge of lead azide. The value of the maximum 

translation velocity at the charge - medium contact amounts to 

1350 m/sec, at a distance of 5 mm it diminishes to 635 m/sec, and 

at a distance of 10 mm it has diminished to 135 m/sec. This can 

be explained by saying that the pulse duration is small by virtue 

of the small specific energy of the lead azide for high peak 

pressures. Naturally, in the near zone for large expenditures 

of energy on the repulvarization of the material the value of 

stresses in the shock wave falls more drastically. As the stress 

wave passes through the medium a large number of cracks appear, 

and their further growth is prolonged on account of the piston 

action of the gases (Demidyuk, 1968). The role of the piston 

action of the explosion may be fairly closely estimated on the 

basis of experimental data obtained in an underwater1* explosion. 



à. 

I The energy of the shock wave in water, which is analogous to the 

shock wave energy in solid bodies, and the pulsation energy of a 

gas bubble, which is analogous to the energy of heaving -and dis¬ 

placement of the medium in an explosion in rocks, together com¬ 

prise the largest part of the energy of the explosion. Comparison 

of the total of these works with the theoretical total satisfac¬ 

torily characterizes the transmission of explosive energy into 

the surrounding medium. Up to 50% of the energy of the explosive 

material is dissipated in the piston action, whereas only 15% of 

the energy is transferred into the shock wave or the stress wave 

! (Sedvin, 1962). In an explosion in rocks the piston action of 1 

I the detonation products is difficult to estimate, since no pulsa¬ 

tions similar to the pulsations of a gas bubble in an underwater 

explosion, having any kind of a measurable amplitude,were noted. 
! 

^ Following from laboratory investigations of the process of des- 

k truction and displacement of a model under the action of an ex¬ 

plosion - using the high speed motion picture method - it was 

established that the detonation products of the charge not only 

, produced a displacement of the fragmented mass, but also take 

part directly in the process of crack formation. The gaseous j 

i detonation products, penetrating into the cracks, facilitate the ! 

growth of the latter because of the wedging action. In Fig. 66 | 

motion picture frames are shown which describe the process of | 

shattering of a cylindrical model made of plexig.'.ass of diameter Í 

(# 140 mm and height 200 mm with a TETN charge of weight 2 g. The 

velocity cf the inrush of gases through the cracks amounts 

i to 600-700 m/sec, which serves as an indirect confirmation of 

the high pressure of gases penetrating into the forming cracks. 

■ 

It is necessary to separate out the following factors from 

all of those influencing the nature of the pressure change in 

the charge cavity: the type of explosive; the design, size,and 

i 
t 

% 

/ 
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length of the charge; the quality of the stenuning. 

r 

Fig. 66. Motion Picture Frames of the Destruction of a 

Made of Plexiglass 

Table 9. Experimental Parameters for Plane Shock Waves. 
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4,00 

1,507 
1,420 
1.2J2 
0,701 

1,1« 
1,100 
1,035 
0.0',0 

1,023 
0,000 

0,030 
0.S7 : 

3,202 
3,107 
2,772 
1,980 

3,051 
3,792 
3,028 
3,118 

3,100 
5.388 
:.,2'.o 
r.,n. 

88,7 
79,0 
01,0 
28.3 

18,30 
19,27 
21,00 

30,10 

3,28 
3,25 
3,18 
2,91 

1,83 
1,81 
1,79 
1,00 

Limestone 

111,4 
102,9 
91,9 
78,0 

132.1 
118.2 
111,1 
123.1 

10.5 Í 
11,01 
11,50 
12,21 

3,12 
3,39 
3,35 
3,31 

Marble 
6,75 
0,77 
0,95 
7.11 

3.33 
3,31 
3,23 
3,23 

1.42 
1.41 
1,39 
1.37 

1,23 
1,22 
1,21 
1,20 

2m,*1 
25,55 

14,83 
14.83 
11.83 
11,85 

10,92 
10,92 
10,92 
10,92 

23,55 
22,07 
17,07 
12,02 

14,85 
13,07 
11,38 
9.39 

10,92 
10,13 
9,01 
7,97 

0 
0,113 
0,332 
0,529 

0 
0,119 
0,231 
0,308 

0 
0,015 
0,172 
0,270 

Model 
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Table 10. Shock Wave Parameters in Rosin Rods. 

Type of 
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Lead azide 

Tetryl 
Phlennatizer 
hexogen 

0,80 
1,00 

1,07 
1,00 

0,80 

1,00 
0,80 

»:.oo 
5200 

5200 
/.200 

•'»'.00 

550 
2500 

1050 
1270 

530 

sir. 
5;*o 

8'.5 
1270 

1350 

'.20 

510 
340 

/.82 
507 

<535 
170 

210 

203 
127 

321 
370 

133 
101 

r.7 

152 

292,0 
340,0 

84,5 

91,0 

50,0 

182,0 
217,0 

40.5 
33,8 

52.5 

•48.5 
30,0 

101,0 

33,8 
or o 

31,5 

25,0- 

The characteristics of the detonation process that depend 

on the type of explosive material determine the value of the maxi 

mum pressure and che rate of itr accretion. The rate of loading 

depends on the detonation velocity and on the state of dispersion 

of the explosive material. Thinly dispersed explosives are char¬ 

acterized by a narrow zone of chemical reaction and rapid growth 

of pressure. Granulated explosives have a more even pressure 

buildup. From the point of view of the wave theory of damage, 

it is necessary to utilize an explosive material with a high 

density and detonation velocity in order to assume the maximum 

transmission of explosive energy to a rock with high acoustic 

stiffness. However»increasing the potency of an explosive mate: ial 

is accompanied by a disproportionate rise in its cost. There¬ 

fore, in using an explosive material with a low detonation velo¬ 

city one should strive to increase the sh^re of the action attri¬ 

buted to the gas piston effect in the process of shattering 

(Demidyuk, 1968). 
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On the basis of a large volume of experimental work by 

Academician N. V. Mel'nikov and Dr. of Engineering Science L. N. 

Marchenko (1960; 1963), the theoretical bases were worked out 

for choosing the most appropriate design for the core charge and 

for choosing a method of calculating the air gap parameters 

when using core and concentrated charges under various geological 

and min? ng conditions for the working of mine and non-mine de¬ 

posits. The essence of this method consists of the creation of 

air gaps along the length of the core charge, a procedure which 

leads to a lowering of the maximum pressure in the charge chamber 

and a raising of the profitable use of energy of the explosion. 

Fot a continuous construction of a core charge the pressure de¬ 

pends only on the type of explosive material. For the charge 

construction with air gaps the pressure at the first moment after 

detonation is distributed nonuniformly along the length of the 

bore-hole. Afterwards it equalizes somewhat and then its maximum 

value is determined not only by the type of explosive but also by 

the ratio of the volumes of explosive material and the air gaps. 

For this case the effect of the explosion products on the medium 

subject to explosion is increased, and this promotes a more effec¬ 

tive shattering of the medium. 

The stemming, weight,and length of the core charge has no 

effect on the value of maximum pressure in the cn;.rge chamber, 

but to a significant degree it influences the time over which 

the detonation products act on the bore-hole walls. The stemming 

plays a substantial role in the blasting of monolithic rocks, 

since in this case there takes place mainly a leakage of gases 

through the stemming. In heavily cracked or crumbling rock the 

stemming has Ir^s of an effect on the parameters of the pressure 

impulse because of a rather significant leakage of gases through 

the cracks in the walls of the bore-hole. 

The weight of the charge in the bore-hole is determined by 

the length of the core of explosive material and by the diameter, 

and this situation influences the duration of the emission process 
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ina thi fh a °£ the ^1°^0 increas. 

leads t ! the Char9e C°re f°r COnStant Char9£ leads to a lengthening of the time of explosive action. 

with By USÍn9 a Char9e deSÍ9n WÍth- alr 9aps< an «Plosive material 
With progressiez increasing pressure, a method of intra-bore- 

retardâtion,and an explosion in a compressed medium, it be¬ 

comes possible to enhance the role of the piston action of ga es 

n the process of shattering mineable rods and to raise the effi- 
ciency of using the explosive energy. 

Energetic Characteristics of the r, n 
and in Explosion. Shattering Process in impact 

is the"« °f tha faCt0rS WhÍCh COnditions the Process of shattering 
the energy transmitted to the medium being damaged. The frag¬ 

menting of solid bodies must naturally depend on some energetL 

the sahatte1StiCS; T SPeCi£iC 6ner^ conte« ^ 
the ! r 9 lmpulsive load= and the efficiency of use of 

explosive energy. By specific energy content of shattering 

we need the worK expended in forming a unit o, new surface 

(277) 

where qy is the specific energy content of shattering; A is the 
work expended in crushing- S is fh* a . 9' * is the 

g. SH is the area of newly formed surface 

of *n de^ernUning qy the dimensions of the samples and the natu 
the load must be chosen in such a way that the effect of ran¬ 

dom factors is reduced to a minimum. 

,uiivH;rr;the SPeCÍ£ÍC ener9y content °f shattering cannot be 

fraction orfCthri2ed,by the CrUShabiUty °f «>e roch. A different 
nend i ei<ploSlve ««W transmitted to the medium de¬ 
pending on the physical and mechanical properties of the rock 
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and therefore for the same specific energy content of shattering 

a different quality of crushing will be obtained. Energy losses 

may be characterized by the efficiency of use of explosive energy, 

i.e., by the ratio of the energy going into the fragmentation to 

the total energy of the explosive material. The efficiency of use 

of explosive energy depends on many factors: the physical and 

mechanical properties (elastic constant of the medium, value of 

the shattering stresses, number of zones of reduced strength, and 

velocity of crack development), the type of explosive material, 

the density of charging, etc., a situation which makes theoretical 

determination of the efficiency very difficult. Tentative ex¬ 

perimental values of the efficiency of use of explosive energy 

may be determined as the ratio of specific energy content of 

shattering of a given rock to the value of the energy content 

of shattering in an explosion for definite conditions and para¬ 

meters of the explosive operations. The latter quantity is the 

quantity of energy of the explosive material, related to a unit 

of newly formed surface 

<7. 
(278) 

where qe is the energy content of shattering in the explosion; 

Eex is the energy escaping in detonation of the explosive; SH is 

the quantity of newly formed surface. Then the efficiency of use 

of explosive energy is expressed as 

(279) 

The quantity of specific energy content of shattering was deter 

mined by the method of L. I. Baron (1962). For this purpose 
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10 samples were gathered for each rock, each sample being in 

shape close to a cube and having the same weight, approximately 

equal to 50 g. The samples were shattered using a falling weight on 

the usual impact testing machine. The mass of deformed weight was 

21.4kg, and the height of the fall was 0.934m. The work expended 

in shattering the sample amounted to 20 kg-m. The particle-size 

composition of the shattered sample was determined 

by the sieve analysis method. The disintegrated material of 

the samples was sifted through #10, 7, 5, 3, 2 and 1 screens and 

each fraction was weighed. The amount of total newly formed 

surface was computed from the formula 

where m is the number of fractions; is the average linear 

dimension of pieces of a given fraction; y is the specific gravity 
of the rock under study; SQ is the initial surface of the samnle. 

In this manner tne quantities entering into expression (280) 

have been determined and the quantity of specific energy content 

of shattering has been calculated for each type of rock (Table 11). 

A determination of the energy content of shattering in an explo¬ 

sion was carried out for ea<~h definite case. For this purpose 

the energy of the explosive material and the . '■^a of newly formed 

surface was calculated. The value of qe was computed from formula 

(2/8). From the known values of the energy content upon impact and 

upon explosion, the efficiency of use of explosive energy was de¬ 

termined (see Table 11). An analysis of the experimental data ob¬ 

tained shows that for the majority of rocks the efficiency of use 

of explosive energy varies within the limits 10-20%. This effi¬ 

ciency has a tendency to increase for monolithic homogeneous rocks. 

The experimental investigations which were performed make it possible 

to determine the parameters of the shattering process and to utilize 

them in modelling the effect of explosions. 
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F"
Table 11

Energetic Characteristics of the Shattering of Rocks and of 

Modelling Materials.

Slt« !.ocV. -occific cner?;-

content of scat­
tering <cf/c.-.*

•inergy co.ntent 
ir. explosion 
kgf/cr.^

Efiiciency of use 
of explosive energy
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Table 11 (cent.)

Sac!>ltng Sit« ir.tN tV content trricler.cy u#.'
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Chapter Six 

EXPERIMENTAL INVESTIGATIONS OF THE SHATTERING PROCESS IN 

MODELS AND IN NATURE 

Modelling the Shattering Process with Models of Various 

Materials 

Experimental confirmation of the applicability and reliability 

of similitude criteria obtained on the basis of the statistical 

theory of damage were carried out under laboratory and industrial 

conditions. The laboratory experiment has the advantage that it 

allows one to reduce the affect of random factors, to determine 

with high accuracy the properties of the materials and to con¬ 

struct explosive loading parameters for computation purposes. 

From the criteria obtained on the basis of the statistical theory 

of damage, it follows that similar fragmentation may be attained 

by two means: (1) by choice of a model material with correspond¬ 

ing physical and mechanical properties for given impulse para¬ 

meters in nature and in the model, i.e., by choosing correspond¬ 

ing strength properties and velocity of crack development; (2) by 

creating the corresponding stress pulse in the model for specified 

physical and mechanical properties of the materials of nature 

and of the model and for specified stress pulse parameters in 

nature. Besides these similitude criteria, in order to compute the 

scales of the models one uses the similarity of elastic wave mo¬ 

tions, in order to indicate the common features and pecularities 

of the various methods of modelling. 

To serve as the modelling materials rosin and hyposulphite 

were chosen. The explanation of the choice of these materials 

is that they are uniform with respect to structure, they undergo 

shattering under impulsive loads, and models may be easily 
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prepared from them since they possess a low temperature of mel- 

ting. The technology of preparing models from rosin and hypo¬ 

sulphite specifies heating of the material to the melting tem¬ 

perature (for rosin to 110°c, for hyposulphite to 60°c). The 

pasty mass is poured into metal dismountable forms, to which 

sensors and a paper tube for placement of the explosive charge 

are attached. The models were prepared in the form of cubes with 

dimensions 200 x 200 x 200 mm and 300 x 300 x 300 mm. The depth 

of the blast-hole which was used was equal to half the height of 

the block, the diameter of the blast-holes was 8 mm for the smaller 

cubes and 12 mm for the larger cubes. In order to measure the 

stress,piezoelectric sensors are used, which a.:e placed at various 

distances from the center of the blast-hole at the depth of place¬ 

ment of the explosive charge, with the working surface toward 

the charge. The methods for making the measurement and the formu¬ 

las for calculating the stresses wV^n using piezoelectric sensors 

were presented in‘Chapter four. From the oscilloscope traces ob¬ 

tained stress-time plots for various relative distances were con¬ 

structed. The reflected wave is not recorded by the sensors, in¬ 

asmuch as the tensile strength at the point of sensor- 

medium contact is vanishingly small. In the given case,in order 

to model t e crushing process it is sufficient to follow the shape of 

the forward-travelling wave, and the parameters of the reflected wave 

automatically satisfy the similitude condition, owing to similarity 

Oi. the form of the models. Together with the measurement of 

stresses one determines the particle-size composition of the ex¬ 

ploded blocks using the sieve analysis method. In pieces wit-h 

the largest edge greater than 30 mm three linear dimensions are 

measured and the surface is computed as the surface, of a parallel¬ 

epiped. For pieces with linear dimensions smaller than 30 mm the 

following fractions are separated: 30-20; 20-10; 10-7; 7-5; 5-3; 

3-1 mm; less than 1.0 mm. The amount of newly formed surface is 



determined by formula (280). In finding the size of an average 

fragment dav one uses the technique of L. I. Baron (1960): 

i 

V rf,r. 
(281) 

where is the average dimension of the i-th piece or the i-th 

fraction in cm; is the weight fraction of the i-th fraction 

or the i-th piece, in per cent. 

Variation of the explosive impulse parameters is accomplished 

by changing the various constructions of the charge, the types of 

explosive material (PETN, tetryl) and the value of the specific 

consumption of explosive material. 

Let us take a look at the technique nd the results of modelling 

by means of a choice of corresponding material of the model. To 

serve as the starting data we take the characteristics of the 

material of nature, the geometric scale, and the change in value 

of maximum stresses with distance for the materials of the model 

and of nature. It is necessary to determine for which properties 

of the model material similitude of the particle-size composition 

of the disintegrated mass can be guaranteed. In the example under 

consideration we use - 1.5 and we take rosin for the material 

of nature. The characteristics of the material of nature (rosin 

blocks) and of the charge are presented in Table 12. From the 

data of the experimental tests a plot of o = f(r) is constructed 

(Fig. 67, curve 1). Let us find what conditions must be satisfied 

by the model material in order that the particle-si^.e composition 

of this material after the explosion Le similar to the particle- 

size composition of the materia*, of nature for a given change in 

maximum stresses with distance isee Fig. 67, curve 2). From the 

similitude condition of the shattering zone the strength charac¬ 

teristics of the model material are determined. In nature the 

value of the maximum stresses at a distance of 70rQM is equal to 
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the strength of the niaterial. Consequently, in order to obtain 

similar dimensions for the shattering zone, it is necessary to 

choose a model material such that its strength be equal to the 

value of maximum stresses at a distance of 70r_„. From the plot 

(see Fig. 67, curve 2) it follows that the strength of the model 

material must be equal to crmax/ r = 70 = I°R]M = 35 kgf/cm2. By 

fulfilling this condition it is possible to obtain a similar di¬ 

mension for the shattering zone in the model. In order to obtain 

a similar particle-size composition for the disintegrated mater¬ 

ial it is necessary that for any relative distance the number of 

crack-formation centers in a unit of relative volume be the sane, 

i.e. , 

Characteristics of Model Materials and Charges* 

(282) 

Table 12 
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38 

Rosin 
-lyposulf itt 
Rosin 
typosulfito 

.Tnox.'wi'x.'tmt 

2iiix2iiix2nn 
2H0y 200x2ii) 

1.1 
1.7 
1.1 
1.7 

21(1) 
311)0 
212') 
4030 

20 
35 
27 
45 

50 
180 *• 
‘iC 

250 

* In the experiment TETN was used for the explosive 

** The charge was in an air gap 
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Condition (282) is a direct consequence of (210), except 

that the number of crack formation centers is related to a unit 

of relative volume instead of absolute volume. The function 

n*0N = f ^max was established by experimental means 

(see Fig. 68, curve 1), using the approach laid out in the fourth 

chapter. For a distance of r = 5: 

in nature ^ =- ~ - W, »; - U0; 

®n»a^ M _ r . 

in the model 7^« ’ ;t5 ^ 

Fig. 67. The change in maximum stresses with distance 

1- for rosin; 2- for the model material 

Fig. 68. Dependence of the number of crack rormation centers in 

a unit of relative volume on the value of the stresses 

1- for the material of nature (rosin); 2- for the material of the 

model (calculated), 3- for hyposulphite 

In accordance with condition (282) , for this relationship 

n = 130. Thus, we determine the coordinates of point 1, char- 
OM 
acterizing the material of the model in the system of coordinates 

ní, o /[o.,]. Having found the coordinates of the other points, 

we may obtain the dependence n*H = (°max M^°rW * 
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For a distance of r = 10: 

in nature amax N/IoR1N = 500/20=25 

From the plot (see Fig. 68, curve 1) it follows that nrt = 100 
ON 

and for the model amax M/IaR]tj = 1200/35=34. From condition (282) 

for this relationship (cmax nQM must be equal to 100. 

» 

Analogously for r = 20: 

in nature amax N/(oR]N = 250/20=12.5 

From the plot (see Fig. 68, curve 1) njj = 50. 

For the model ^max - 700/35-20. In accordance with 

the similitude condition for the relation cr 
max r/^R^ri 20, n0M 50, 

For r = 30: 

in nature = ,8; 

in the model ia. 

For r = 40: 

in nature —21ÍÍ = - == 4 5 ,., |3nlN a»“4*0 »....= 10: <>N 

in the model = ?!iî ^ 8 «• <n 
|3nU as ö* = Í0. 

For r = 50: 

in nature ililii „ 5? = 3 • „5. 

|3ßlN a» ’ "<* -01 

in the model 3in.n m ibo r 
hßU 35 - " 

• _ r 
om 

For r = 60: 

in nature 
lint N 3(1 Ml.W J J- # 

I’hIn r a* " 

in the model = ,,- .,2. P„IM "•» 
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For r = 70 in nature and in the model the maximum strength 

of the material is reached and therefore we assume provisionally 

that n* = 0. If the stress is greater than the strength, then n 

is greater than 0. Joining the points by a smooth curve we obtain 

the graphical dependence which characterizes the material of the 

model (Fig. 68, curve 2). The similitude of the intensity of 

crushing (similitude of particle-size composition) w 11 be attained 

if for a specified manner in which the maximum stresses change,the 

material of the model will satisfy the dependence = f (amax fj/ 

[o ] ), shown in Fig. 68, (curve 3). As a result of tests on a 
R M 

number of materials it was established that the material which 

has the characteristics closest to the calculated ones is hypo¬ 

sulphite (see Table 12, lump 9). In Fig. 68 (curve 3) the de¬ 

pendence nn = f(a /[^rJ ) is shown. In the region of values of 
u max R 

o /la^] from 1 to 25 the characteristics of the material agree 
max' R 
closely with the calculated ones. For c ^ /a >25 a substantial 

deviation from the required characteristics is observed. This 

is explained by the fact that for large stresses (exceeding 

by a factor of 25 to 30 the maximum strength) the dimensions 

of the particles which are formed tends to a constant value and 

depends only slightly on the value of the stresses and the strength 

of the material. Consequently, for such stress in a unit of ab¬ 

solute volume the number of particles being formed and the num¬ 

ber of crack formation centers is approximately the same for all 

materials. A unit of relative volume for nature is times 

greater than a unit of volume for the model. Therefore,with a 

geometrical scale of modelling f- 1, in a unit of relative 

volume (for larce values of ö ) there will be a different num- 
max 

ber of crack formation centers by virtue of the difference in 

absolute values of the/volumes. Such a difference in the calcu¬ 

lated and actual properties of the material leads to the situa¬ 

tion where for scales of modelling ^ 1 it is not possible to 

obtain similitude in the dimensions of particles of the repul¬ 

verized zone, and for larga geometrical scales (X^ > 100) it becomes 
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difficult to have similitude obeyed in the yield of fine frac¬ 

tions (less than 100 mm in nature). If one is given not only . 

the rule by which omax changes with distance from the center of 

the charge but also the nature of the change in stresses in time 

at various points of nature and of the model, then the time scale 

is established from the relationship between the pulse durations 

at similar points. From the given velocity of crack development 

m nature an<* from the known time scale from condition (220) , we 

determine the required velocity of crack development at a speci¬ 

fied point of the material of the model. if, for instance, the 

relationship between the durations of stress pulses of nature and 

of the model At = 2.0, and at a distance of r = 5 the velocity 

of crack development in nature vcr = HOOm/sec (Fig. 69, curve 1) , 

then at this distance the velocity of crack development in the 
model must be 

Vcr.M ~ ^e^t^ Vcr.N = ^*5/2)1100 = 825 m/sec 

Fig. 69. The velocity of crack development as a function of rela¬ 

tive distance from the explosion center 

1- calculated for the model; 

2~ for the material of nature. 

It is desirable to take into account the fact that the time 

scale is a function of the relative distance. In calculating 

the pulse duration at various distances it is necessary to find 
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the corresponding value of X . In Fig. 69 (curve 2) the required 

law for the crack development velocity in the model material is 

shown as a function of the relative distance under the condition 

that Xt = 2.0 and that it not depend on r. Consequently, in 

order to obtain identical shattering the material of the model 

must satisfy still one other condition: for a specified rule for 

the change in maximum stresses the velocity of crack development 

must correspond to the calculated velocity. Naturally, it is 

difficult to select a material which satisfies simultaneously all 

these requirements. Therefore,in choosing a model material only 

•the corresponding function n£j = ^amax t0 ca^cu~ 

lated characteristics was controlled. After the explosion the 

particle-size composition of the fragmented material was tested. 

Results of the measurement are shown in Table 13. 

Table 13 

Particle-size composition of fragmented material in nature and 

in the model 

Block 3 (Nature) Block 9 (Model) 
— 

Block 3 (Naturo) Block 9 (Modol) 
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10X7x0 
10X0X0 
8x5X't 
8X'.X'. 
7x0X3 
6x4x3 
6x4x2 
4,5-.1.0 

o.i 
3.1 
1.0 
4,8 
2,0 
5,3 
8,0 

8x1x4 
8X4X3 
7x3,<3 
0x3 .3 
0X3 >.2 
5>3>.l 
1x3x2 
3-2 

r»,K 
4.8 
3.2 
3,0 
5.0 
2.0 
6.1 
8,5 

3-1,5 
1,5-1,0 
1,0—11,7 
0,7-0,5 
0,5-0,3 
0,3-0,2 
Mi'llrti 0,2 

26,1 
0,0 
8.1 

. 3,7 
2,0 
1,5 

6,1 

2-1 
1-0,7 

0.7—11,5 
0,5—0,3 
0,3-0,2 
0.2-0,1 

o,l 

27,6 
0,2 
8,0 
3.5 
3,0 
4.8 
4.9 

262 



From the data of Table 13 it follows that the particle size 

composition obtained in the model is very close to the composition 

in nature (taking account of the geometrical scale), with the ex¬ 

ception of the fine fractions. This circumstance is explained 

by the deviation of the properties of a real material from the 

calculated characteristics for high stresses and by the fact that 

the charge used for the model has an air gap, thus contributing 

to a reduction of the dimensions of the zone of repulverization. 

Let us take a look at the requirements which must be pro¬ 

duced in the material of the model in order that the similitude 

criteria of elastic wave phenomena be obeyed. As was shown ear¬ 

lier, in having similitude of elastic wave phenomena observed 

one can obtain only similitude of the damage zone. Inasmuch as 

the parameters of explosive loading are specified, it is necessary 

to choose the strength of the material to be equal to the value 

of the maximum stresses at the boundary of the zone which is simi¬ 

lar to the damage zone in nature. Moreover, it follows from the 

similitude condition of elastic wave motions that 

°max N^amax M = PNCN^PMCM 

The ratio of ^max jj^amax M is not rec3uired to be a constant 

fo - similar points in nature and in the model, so that 

for a given loading it is necessary that the density of the mater- 

PM or the velocity of sound CM be variable. Only in this 

case may the similitude conditions of elastic wave phenomena be 

satisfied. When making use of equivalent materials for similar 

points the ratio °_av/foD]= idem must be observed. 
ill Cl A t\ 
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For a specified loading this condition may be fulfilled in 

the case where the strength of the material of the model will be 

found as a function of distance from the center of the charge, 

since from the calculation presented above it follows that for 

a constant strength of material of the model the condition a / 
max 

[oRJ is not fulfilled. However, even when the strength is variable 

and the condition = idem, is observed, similar particle 

size composition may be obtained only in the case where the curves 

n0 = f •amax//^cR^ for nature and for the model coincide. Then at 

similar points the number of crack formation centers in a unit 

of relative volume will be the same. 

Thus,from the similitude condition of elastic wave motion 

one cannot establish similitude of the particle size composition. 

When using the method of equivalent materials,similar particle 

size composition may be obtained only in the special case where 

the model material in which, along with fulfillment of the con¬ 

dition arriax/taRî= idem, the number of crack formation centers in 

a unit of relative volume for nature and for the model are the 

same for 0max/(aj^ = constant. Similitude criteria for the pro¬ 

cess of shattering of rocks in an explosion, obtained from the 

statistical theory of damage, are more general, since the simi¬ 

litude criteria used in the method of equivalent materials follows 

from these as a special case. However,the method under considera¬ 

tion for attaining similar crushing by means of choosing material 

with specified characteristics is very complicated when it comes 

to practical realization. Therefore,it is more expedient to employ 

a different method for solving the problems of obtaining similar 

crushing. 

To serve as our initial data let us take the physical and 

mechanical properties of the materials of nature (rosin) and of 

the model (hyposulphite) (see Table 12, blocks 8 and 38) and the 
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stress pulse in nature for a distance of r = 7.5 and r = 15 

(Fig. 70, 71, curves 1 and Table 14). 

Fig. 70. Change in stress with time at a distance r = 7.5 

1- in nature; 2- calculated for the model 

Fig. 71. Change in stress with time at a distance r = 15 

1- in nature; 2-* calculated for the model 

The change in maximum stress as a function of relative distance 

from the center of explosion is given in Fig. 72 (curve 1). It 

is necessary to construct a stress pulse for the model which 

assures crushing identical to nature. From the plot (see Fig. 72 

we determine the value of maximum stress in nature a . For 

the distance r = 7.5, amax N = 200 kgf/cm2. The ratiõ^ N 

5'«a* M/| 3ft| rr: 2lXj/27 ^ 7 /. 
* » 1 * 

From the plot (Fig. 73) we find that for such a value of relative 

stresses n* = 28. For n* = 28 in the model it is necessary to 

create relative stresses such that omax M/[aRJM=13. Knowing the 

strength of the model material, we determine the required value 

of the maximum stresses at a distance of r = 7.5. For [a ] = 

45 kgf/cm2, r = 7.5 amax = 13.45 kgf/cm2 = 585 kgf/cm2. 
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Table 14 

Experimental values of stresses in a rosin lump (nature) 

a> 
b 60 

0) 0> t* 
o +J a) 

■â S o 
-P O 
U) 0) 
•H > 
TJ O 'H 

W 
0) -P O ^ 
> C H ^ 
•<h o a o 

,4* ^ X ^ 
0) (m <u 
^ II- 
<U C <P 
Jh -H O 

• ,() 
K,5 

15,0 
20,0 

Stresses (kpf/ein? appearing dur¬ 
ing inpact in different nonents 
of trne (ysec) from priming 
moment 

Table 15 

Calculated ’ alues of stresses in a hyposulphite lump (model) 

Relative distance in 
front of center of 
explosive charge 

F = 
r* 
T 

1,0 
8,5 

15,0 

211,0 

Stresses vkgf/cn2) calculated 
for different moments of tine 
(ysec) from beginning of 
initiation 

10 

I '.70 
50 
0 
0 

Ji 

lom) 
520 
0!) 
0 

720 
'.70 
i'.i i 

I Mil 

40 

5 Vi 

:»Vi 
ui 
20 

w 

270 

0 

M7 
loo 
0 
0 

;o 

20 

0 
0 
0 

(0 
<1 
m 
b) 
<u 
u 
p 
V) 

a § •H \ 
3¾ 
B ^ 

1 '<70 
580 
'.80 

205 

S’« 
4-. i) 
xi W 
CJ 0) 
a) o 
ci V, 
V. p 

in 
V. 
<2 ^ 

& 
o 4-. o 
E X <u 

•i-i cd in 
.E- 3_2. 

10,0 

17.7 

22,1 
27,5 
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In a similar manner the stresses at the remaining points in the 

model are found. From the computed values we construct the de¬ 

pendence of the change in maximum stresses with distance from 

the charge center for the model (see Fig. 12, curve 2). In mo¬ 

delling the damage process the time scale is determined in order 

to synthesize the time characteristics of the desired pulse. 

The time scale is computed from the dependence of the velocity 

of crack development on the relative distance to the charge cen¬ 

ter (see Fig. 74). For a distance of r = 7.5 the velocity of 

crack development in nature vTp ,, = 1100 m/sec, the velocity of 

cracks in the model vcr ^ = 750 m/sec, and the geometric scale 

= 1. In accordance with dependence (220) 

The time scale for other typical points of the model are computed 

in an analogous way. The data of the computations are presented 

in Table 15, and the constructed pulses for the model are shown 

in Fig. 70 and 71 (curve 2). 

In order to create the necessary pulse in the model, PETN was 

used for the explosive material (specific consumption 250 mg/kg). 

The particle size composition of the exploded blocks is shown in 

Table 16. From the oscilloscope traces obtained in the explosion 

for the distances r = 7.5 and r = 15 in the model, plots of the 

change in stress with time were constructed (Fig. 75). The small 

difference in dimensions of the fractions obtained is explained 

by the fact that there are discrepancies in the calculated and 

constructed pulses. 

Experimental investigations carried out on blocks of various 

dimensions for the same and for different materials of nature and 

of the model were also performed under laboratory conditions. 
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Fig. 72. Change in maximum stress as a function of the relative 

distance: 

1- for nature (block 8) ; 2- calculated for the model; 3- experi¬ 

mental for the model (block 38) 

Fig. 73. Dependence of the specific number of crack generation 

sites on the relative stress for rosin (1) and hyposulphite (2) 

The characteristics of some of the models and charges used are 

shown in Table 17. 

Fig. 74. Change in velocity of crack development with distance 

for rosin (1), hyposulphite (2), granite (3) and dolomitized 

limestone (4) 

Fig. 75. Variation of stresses in time for a hyposulphite block 

at the distances 

a-r=7.5;b-r=15 
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From the data of the table it follows that lump 10 of rosin 

should be used in the capacity of nature. Modelling was accom¬ 

plished by various means. 

The model, represented by block 14, was prepared from the 

same material, but differs in dimensions. Furthermore, in this 

model a dispersed charge was used, thus making it possible to 

create calculated parameters of the pulse for a smaller specific 

consumption of explosive material (50 mg/kg instead of 56 mg/kg). 

The model represented by block 33 had the same dimensions as in 

nature, but it was made from hyposulphite. The model was also 

shattered by a dispersed charge with a 1:2 weight ratio of the 

parts of the charge. The smaller charge was placed in the upper 

part of the bore-hole. The size of the air gap was 15 mm. The 

calculated parameters of the stress pulse (Table 13) were de¬ 

termined by the method which has been described. They differ 

somewhat from the actual "alues (Table 19), a fact which is ex¬ 

plained by the complexity of creating a specified pulse. In 

order to obtain a pulse with characteristics close to the calcu¬ 

lated ones, several identical models with various types of ex¬ 

plosive material, specific consumption,and charge construction 

are exploded. From these the model is chosen in which the stress 

pulse parameters are close to the calculated ones. The results 

of testing the particle size composition are presented in Table 

20. The dimensions of the fractions of the particle size com¬ 

position of block 14 are referred to nature by taking account 

of the geometric scale of modelling (i.e., multiplied by the geo¬ 

metric scale = 1.5). From the data of Table 20 it follows 

that by usJ ng a charce with an air gap it became possible to ob ¬ 

tain more uniform crushing in comparison with the continuous 

charge in block 37, notwithstanding the smaller specific consump¬ 

tion of explosive material. Analogous results were obtained for 

other blocks as well. 
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Particle size composition of the exploded lumps 

Table 16 

» 

Table 17 

Characteristics of laboratory explosions* 

Number 

of 

Block 

Material 

Dimensions 

of blocks, 

10 
14 
33 
1G 

27 
19 
34 

. - i 
Rosin 

II 

Hyposulphite 

Rosin 

Hyposulphite 

Rosin 

Hyposulphite 
I I 

300X 300X.W 
200 X 200 X1H1 

300.i300y3"O 
2(ilx2Wx200 

200 x 200 .'200 

21 *0 X 2' (0 ,-:200 
200 > 1., ' X 2oo 

Density VelocityShatter- 

of of ing 

material sound, stresses, 

g/cm^ m/sec. kgf/cm? 

1.1 
1.1 
1.7 
1.1 
1.7 
1,1 
1.7 

2100 
2100 
4000 
2100 
4000 
210-( 

40t0 

15 
15 
60 
20 
40 
20 
50 

Construction 

of charge 

Continuous 

Dispersed 
II 

Continuous 

Dispersed 

Continuous 
II 

Specific 

consumption 

of explosive 

material, 

mg/kg_ 

84 
50 

125 
112 
105 

56 
125 

Footnote. In block 16 tetryl was used for the explosive material, 

and in the renaining cases PETN. 
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T 

Calculated values of the stresses in the model 
Table 18 

• ¿lumber 
of 

block 

Relative 
distance 
to charge 
center, 

r =- r0,r 

otresses vkgf/cm2) calculated for various moriente of 

lip 

33p 

19p 

It'ip 

0 5 It) . 2D wU ;o 50 oo to too no tot 

5 
14 

5 
14 

!<> 
Jil 
7,3 

13 
20 

n 
0 

0 
0 
0 
0 

0 
0 
0 

1150 
0 
0 
0 

0 
0 

0 
0 
0 

957 
0 

9<V) 
0 
u 
U 

0 
(! 
0 

90<i 
0 

I Cm'ill 

20'i 

l!y' 
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'■2i* 
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57*iI 2'Hi 
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521 7o 
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M. ,i i 
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0 
3 
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120 
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¡h5 

■ i o2 

0 
loO 

0 
2()0 

0 I 
:io i 
4" I 

0 
GO 
0 

2' ul 
0 
13 

0 
o 

30 

0 
0 
n 

I On 

0 
20 

0 
o 

oo 

1130 
390 

1840 
bio 
420 
1 it) 

420 
I'.o 
85. 

Table 19 
Experimental values of the stresses in shattered blocks 

Relative 
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Table 20 Particle size composition of shattered blocks 

' Block 10 ' Block ll* ( . Block 33 
(nature) | (model) ’ (model) 

Yield of fractions 

•i CM 9' • CM 

12X"X3 
9x4x3 
7x9/3 
7x9/0 

6x0x2 
0/3/2 

3-2 

2-1 
1- n,7 

0,7-0,0 

0,0-0.3 

0,3-0,2 

0.2-0,1 
0,1 

Block 
(r.atur 

:'v<3 •• 
K/ly ¡ 
1>x3x2 

0x3 >2 

6x3x2 
5X2> 2 

3 -2 

2-1 
1-0,7 

0,7-0,5 

0,5-0,3 

0,3-0,2 

3,2-0,1 

0,1 

1.3 

2,0 
2,0 
0,7 
2,0 

O.'J 

3.1) 

21,2 
11,2 
11,6 
13,1) 

6,1 

6,5 

4,0 

8/8x0 
6x5x5 

6/4/3 

0x3x3 

5x2x2 

4x3x2 

3—2 

2-1 
1-0.7 

0.7- 0,5 

0,5-(),3 

0,3--0,2 

0,2- 0,1 
0.1 

27 

e ) 

Block 16 
^model ) 

6.3 

3,'J 

1,9 
2,8 
2.0 
2,0 
7.3 

21,6 
12.1 
11,8 
11,6 
0/, 
6,2 
4.3 

Block 
(model 

I 

19 
) 

8x5x1 
6x5 <2 

6x5 <2 

5x3/2 

4x3x2 
4yixl 

3 2 

2-1 
1-0,7 

0,7-0,5 

0,5 -0.3 

0,3 0,2 

9,2-0,1 
0.1 

I 

1.« 
3.0 

i,0 

5,0 

3.1 
8.2 

¡0,0 

11),8 
12,2 
10,1) 

8.1 
6,1 
6,3 

I 3,2 

Block 2k 
(nature ) 

l.o 

1.7 

1.8 

2,0 

2,6 

3.7 

3.6 

25,3 

11,0 
10,8 
11,6 
9.2 

7.7 
4,0 

< X5x3 

6x W2 
1.5X1X2 
1x3x3 

1X3X2 

3—2 

2-1 

1-0,7 
0,7-0,: 

0,5-0,3 

0,3-0,2 

0,2-0,1 
0,1 

1,0 
3,3 

1.0 
1,9 

2,1 

'•,7 
23,6 

11.1 
12.2 
12,8 

6.2 
8,0 
5.1 

tox7>;7 

9x Ox 1 
5x5x5 

5x1x3 
5x3x3 
1x2x2 

3—2 

2-1 
i—o,: 

0,7-0,5 

0,5-0,3 

0,3-0,2 

0,2-0,1 
0,1 

7.8 

3.5 

3.4 

6, 1 

3.6 

2,0 
9.0 

25,3 

11,0 
8,t! 

8.5 
3.7 
4.8 
2.4 

8,.5 -12 
5 X 1 y 3 

7X3X2 
5x3X2 
1X2X2.5 

3-2 

2—1 
1 -o 

0,7-0,5 

0,5-0,3 

0,3-0.2 
0,2-0,1 

0.1 

1.9 
8,0 

1*1,1) 
•r>,0 

5.8 

12,2 
21,8 
1)),5 
6.8 

7.8 
3,6 
4.2 
2.9 

Thus, by varying the physical and mechanical properties of 

the materials and the parameters of the explosive impulse it is 

possible to obtain crushing in the model which is identical to 

nature. Investigations of methods for controlling the explosive 

action in models permit one to set up the required characteristics 

of the stress pulse in the block in order to obtain the specified 

fragmentation. Moreover, according to how the stress field para¬ 

meters are changed in the model.it is possible to obtain a quanti¬ 

tative estimate of the effectiveness of the methods under study 

for controlling the energy of the explosion. 

[r Reproduced from 

bes) »vailab)'6 CQPV- 
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Determination of the Necessary Parameters of the Stress 

Pulse in a Rock Block in Order to Obtain a Given Degree of 

Crushing. 

In order to model the shattering process in explosions in 

quarries it is necessary to determine the value of constants char¬ 

acterizing the properties of the rock and the parameters of the 

stress pulse. Physical constants of some rocks and modelling 

materials obtained as a result of some pertinent studies were 

presented in the preceding chapter. In modelling the shattering 

process of large volumes of rock it is necessary to take account 

of the effect of the scale factor on the strength of the rock in 

the block, and special studies have oeen carried out for this 

purpose. For the investigation samples of cubic shape having 

various dimensions (5x5x5 cm; 10 x 10 x 10 cm; 15 x 15 x 15 cm; 

20 X 20 X 20 cm) v/ere selected and the value of the shattering 

compression stresses was determined. As a result of the 

experiments it was found that the increase in linear dimensions 

of a sample greater than 15 cm has little influence on the strengths 

of limestone and granite. The strength of the sample when the di¬ 

mensions are 15 x 15 x 15 cm is taken to be the characteristic 

strength of the material in succeeding calculations. This strength 

is substantially different from the strength of the 5 x 5 x 5 cm 

sample which was referred to in Chapter five, and which was used 

to determine the strength coefficient of Protod'yakonov. The 

main difficulty in the investigations turns out to be the crea¬ 

tion of a stress field with the specified parameters in the block 

Since the physical and mechanical properties of the rock may vary 

Over a wide range, there is a special significance to the ques¬ 

tion concerning methods for controlling the energy of the explo- 

sxon.Experimental studies were conducted with an eye toward es¬ 

tablishing the effect of the specific consumption, type of ex¬ 

plosive material, the stemming and the construction of the charge 

on the quality of fragmentation of the rock mass. Preliminary 

studies were carried out on outsized blocks, and from the final re¬ 

sults of the explosions an evaluation of the effectiveness of 



various methods was performed. Separate experiments of this 

nature were conducted also in the exploding of bore-hole charges 

on a scarp. 

The next step in the investigation was the measurement of 

the stresses which arise at various points of the brock during 

the explosion. These experiments made it possible to make a 

quantitative evaluation of the influence of various factors on the 

stress field parameters, with which one then finds it possible to 

create the required impulse. Under laboratory conditions definite 

particle size composition of the model shattered by the explosion 

and definite stress field parameters are obtained. The depen¬ 

dencies obtained and the results of the laboratory experiment were 

utilized in the calculation of stress pulse parameters in nature 

which assure similar crushing of the rock mass. ihe required 

stress pulse was created by an appropriate choice of the specific 

consumption,type of explosive material,and charge design. In 

order to record the stress field parameters capacitance sensors 

made of barium titanate were used, and bore-holes were drilled 

along the line of least resistance to a depth of the level of the 

charge center in order to locate the sensors in the block. The 

sensors were insulated in order to avoid short-circuiting of the 

ceverings. In the bore-hole the sensor was oriented in such a 

way as to fix the radial component of stress. In order to elimi¬ 

nate any affect from the tangential stress component on the opera¬ 

tion of the sensor the latter was placed in a rubber clip or ring. 

The bore—hole was filled with a cement solution whose strength 

(after harde.ning) was close to the strength of a rock sample 

whose dimension was 200 mm. The choice of this strength for the 

cement assured the stable registering of the value of stresses 

during the course of each process of shattering of the block, 

inasmuch as the cement did not shatter earlier than the rock. 

Testing of the particle size composition after explosion was 

carried out by the method of oblique-angled photoplanimetry, de 

veloped by L. I. Baron (1960). As a result of experiments under 
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industrial conditions a full corroboration was made of the de¬ 

pendences and similitude criteria which were obtained for mod¬ 

elling the shattering process. 

In order to model the process of shattering a bench a model 

of a bench was prepared out of rosin with the scale 1:75 (model 1). 

Charges of PETN were placed in channels (models of the .bore-holes), 

and the weight of the charges was determined from a calculation 

showing that the specific consumption of explosive material amounted 

to 100 mg/kg (the specific consumption of explosive material is 

taken in the calculation as 1 kg of the weight of the material 

being broken up). After the explosion the disintegrated mass was 

sifted on screens and its particle size composition was determined. 

With the aid of piezoelectric sensors the stress pulse parameters 

were recorded at various distances from the center of the charge. 

After the oscilloscope traces were interpreted plots were construc¬ 

ted of the change in value of maximum stresses as a function of 

distance (Fig. 76) 

n 16 2« r 

Fig. 76. Change in value of maximum stresses with distance from 

the charge center in a model made of rosin 

1- for granite; 2- for limestone 

Characteristics of the rocks of the Kolomoyevskiy granite 

quarry and of the model material are presented in Table 21. The 

strength of granite is shown for blocks of dimensions 20 20 x 20 cm 

This strength is two to three times smaller than the strength accor¬ 

ding to Protod'yakonov, which is determined on the basis cf cubes 

of smaller dimensions. The range of variation of the crack de¬ 

velopment velocity is wider for hyposulphite and rosin tha.i lor 
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granite and limestone, a fact which is explained by the larger 

interval of change in the value of relative stresses. In order 

to obtain similarities in the particle size composition, it is 

necessary to provide for validity of the condition whereby the 

number of forming cracks in a unit of relative volume of the 

model and of nature is the same. The dependence of the distri¬ 

bution of centers of reduced strength on the value of the stresses 

is shown for rosin and for hyposulphite in Fig. 73, and for gra¬ 

nite and limestone in Fig. 77. From the existing experimental 

data and from the plots let us determine the stress field para¬ 

meters for a given block of rosin, and also the distribution of 

weak points, as a function of relative distance. The results of 

the computations are presented in Table 22. On the basis of these 

data the necessary values of maximum stresses in the scale of 

stresses as a function of relative distance are established. 

Table 21 

Characteristics of mate1'' Is of the model and of the block 
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30 sin 
iyposulphite 
’Iranite 

2100 
'.000 
5500 

100—loot) 
70-1100 

1W-200 

1.1 
1.7 
2.7 

1 

52.10» 
2.72.10» 
8,1.101 

20 
80 

420 

In making the computations one should take account of the 

change in the values of relative volume with variation of the 

scale of modelling. Plots in Figs. 73 and 77 are composed with 

a scale of modelling 1:100. For a different scale of modelling 

(l:m) it is necessary to relate the number of weak points to a 

unit of volume, which is taken in constructing the graph of Fig. 77, 

and in this regard the calculated number of weak points must be 
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incre sfd by a factor cf (100/m)3 and the quantity a 
] 

must be determined for 
max 

(283) 

Analogous calculations were carried out for the model made of 

hyposulphite. The scale of modelling is taken as 1:50. A plot 

of the change in maximum stresses as a function of distance in 

this explosion is presented in Fig. 78 the results of the com¬ 

putations are shewn in Table 22. 

W 20 R/r* 6 . n i,i 

Fig. 77. Dependence of the number of crack formation centers in 

a unit of relative volurae for granite and for limestone 

Fig. 78. Change in the value of maximum stresses as a function of 

distance in a block of hyposulphite 

The next step in the construction is a determination of the 

scale of time characteristics of the explosive impulse. As follows 

from formula (20), the scale of time may be different depending on 

the law according to which the velocity of cracks changes with dis¬ 

tance for nature and for the model. Using the values of crack de¬ 

velopment velocities in rosin, hyposulphite and granite (Fig. 74), 
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let us compute the scale of time as a function of distance (Fig 

79) . 

Table 22 

Calculated characteristics of the stress field 

Material 

beinfl 

shattered 

Rosin 

Relative 

distance 

(referred— 

to the 

charge 

radii) 
f ™ r/r. 

Relative 

value of 

the max¬ 

imum 

stresses 

li 

V 

to 

^<i 2(> 
:io !) 

Number of , 

weak points 

in a unit 

of rela¬ 

tive volume 

Value of 

maximum 

stresses 

too 
<J0 
SO 
M 

10 

1200 

tono 
t'.iuo 
ÎOO 
iso 

Hyposulphite 

Granite 

to 
tr. 
20 

;io 

5 
10 
11» 
20 
;iu 

2o 
0.2 

:i,7r. 
2,5 
1,0 
5/5 

1.0/.1,5 
.1,2 .1,0 
2/t.H 

1.5,1.3 

:io 
15 

1 
210/210 
111/120 
52/10 
20/1C 
10/8 

t< im 
1% 
.ino 
200 

SO 

2100/2100 
1GH0,1170 
1320,12'>0 
810/750 
(130,580 

Footnote. In the numerator are the calculated values for the model 
made of rosin, in the denominator are the values for the model 
made of hyposulohite. 

Fig. 'Jj. Change in the time 

scale with distance to the 

charge center 

From the data of the table it follows that the value of the * 
maximum stresses calculated from the results of modelling with 

hyposulphite and rosin differ somewhat, in which connection the 

particle size composition of the shattered blocks contains a de¬ 

viation from similitude. Owing to the fact that it is exceedingly 

diffr-ult to generate the required law of changes in stresses 

with any accuracy, it pays to attain stress pulse parameters in 
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nature such that the value of inaxiir..iin stresses lies in the in¬ 

terval of values calcolated from the results of experiments on 

the models. In this case one may obtain a particle size composi¬ 

tion which is close to the calculated one.The probability of de¬ 

viation from similitude is greater for the coarse fractions 

that are created by nacrocracks and structural features of the 

blocks that are not taken into account in the modelling. Using the 

stress and time scales, plots of the calculated stress pulse in 

the block are constructed. In generating the calculated stresses 

in the block one should expect to obtain a similar particle 

size composition of the rock mass. In constructing plots of the 

change in stresses in nature at various relative distances one 

uses the graphs of the stresses in the model with the stress and 

time scales taken into consideration. From Table 22 for the rel¬ 

ative distance r = 5 the stress scale amounts to A = 1.75. Accor¬ 

ding to the graph (see Fig. 79) the time scale for a distance of 

r = 5 is = 550. From the plot of stresses for the model (Fig. 

80), constructed on the basis of experimental oscilloscope traces, 

the characteristic points are determined. For the moment of 

time tj^j = 6 microseconds and for the stress corresponding to 

that time,= 1200kgf/cm2 in the model, we must have in nature 

t\M <1*1 = ß- UF'-CmO = :1,3-10'* 3,3 m—c, 

Giw — Aa3|* = 1200-1,75 = 2100 hgi/cm5. 

Analogously for the moment of time t2M = 20 microseconds and 

°2M = 480 k9f/cm2 

20.10 ».11 • 10 ’stt — 1 (msec , 

■S'JN Ao3iM Zt /,«0. |t7,r, .. g',() kgf/om¬ 

et C • From the data of the computations the required stress pulse 

in the block for r = 5 (Fig. 81) is constructed. 
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6, kgf/cm2 

Fig. 80. Change in stresses with tine at a distance r 

model made of rosin 
= 5 in a 

Fig. 81. Calculated pulse in the block at a distance r = 5 in 

order to obtain the required degree of crushing. 

From the same table and graph v/e determine the time and 

stress scales: for r = 15, Xfc = 300; = 1.5; for r = 30, A ^ 270, 

Ao = 3.5 

Using the same scales the required stress pulse parameters 

at the indicated distances in nature (r = 15; 30) are established. 

In order to create the required stress pulse parameters in the 

block a series of experimental explosions were carried out under 

industrial conditions. 

In/estigation of the Quality of Crushing of Rocks in an 

Explosion by Generating Calculated Parameters of the Stress Pulse. 

Industrial experimental explosions were conducted in which 

the characteristics of the stress field for various parameters 

of the bore-hole network, various specific consumptions, types 

of explosive material.»and designs of the charge were recorded, 

and the results enabled one to obtain stress field parameters 

close to the calculated ones. In granite of the IV category 

(Kolomoyevskiy granite quarry) stress field parameters close to 
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the calculated ones were obtained using ammonite #6 for the ex¬ 

plosive material. The specific consumption amounted to 500g/m3 

for the explosion of charges with air gaps. 

The parameters of the bore-hole network: 

line of least resistance 7.5 m 

distance between bore-hole^ 5 m 

bore-hole diameter 220 nuu 

length of air gar 2.2 m 

ratio of the rate of the upper 
to the lower charge * \;3 

height of the stemming 2.5 m 

Seventeen bore-holes v/ere exploded simultaneously. After 

the explosion the particle size composition was measured using 

the method of oblique-angle photoplanimetry. The distribution 

of fractions is characterized by the following numbers 

ia»-75" . t. . . • 2m.5% .«.« 
750-550 mm .... 15.1»% 15" -<5 ».<• 
55ft_.TTO .tf.M . ... 14.5% < 75 .«m 
370—TJ'» JW.H .... 1H.7?b 

12.1% 
12 2% 
7.0% 

The distribution of fractions in the rosin model 

20—10*.II (15(10-75.11.11)• . . . is.8% 
10-7 .«.4(750-550 u.u) . . . 15.4% 

7—5 mm (550-370 .« ul , , . 17.3% 
5—3 414(370-^20.4.4) ... 18 7% 

3—2 ami (221»—150 .iw*) . . 0.9% 
2—1 Ai.u(t50—75 .«a») . . 13.7% 

^ 1 .441 «•»«.«. il. 2% 

* The fractions corresponding to nature are indicated inside the 

parenthesis. 
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In comparing the particle size composition of nature and of 

the model we see tnat the results exhibit reasonably good agreement. 

The small deviation is explained by the fact that the stress pulse in 

nature differs slightly from the calculated pulse. The distribu¬ 

tion of fractions in the block of hyposulphite is also close to the 

distribution obtained in nature (Table 23). 

Table 23 

Particle-size composition of the model (hyposulphite) and of 

nature (granite) 

Dimensions of 
fractions, mm 
(model) 

Corresponding 
dimensions of 
fractions, mn 
(nature) 

Yield of 
fractions , 
% (nature) 

Yield of 
fractions , 
% (nature) 

> .13 

30-20 
20-10 
10-7 
7-r. 
5-3 
3-2 
2-1 
< 1 

> 130 0,2 
1300—1000 15, Í 
lotto -500 15,7 
500 -350 r.,o 
350 — 250 17,2 
250—150 13,2 
150-100 13,7 
100 -50 7,0 

< --0 3,0 

17,7 
1.3,0 
11/i 
13.3 
12/. 
10.3 

■'»,1 
3,3 

In the Dolomite mine (Donets region) in September 1968 an 

experimental explosion was conducted. The rocks consisted of 

dolomitized limestones. Granulite AS was taken as the explosive 

material, with a specific consumption of 420 g/m3. The line of 

least resistance was 8.0 m, the distance between bore-holes was 

7.5 m, and the diameter of the bore-holes was 220 mm. The charge 

was dispersed, the length of the air gap was 2.5 m, and the ratio 

of the weight of the upper charge to the lower charge was 1:2. 
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The length of stemming was 3.0 m. Ten bore-holes were exploded 

at the same time. The particle-size composition of the explo- 

sion in nature and of the shattered model of hyposulphite (scale 

1:50; explosive material TETN; specific consumption 200 mg/kg; 

IoR] = 4 0 kgf/cm2 ) is shown in Table 24. 

Table 24 

Particle size composition of the shattered model (hyposulphite) 

and shattered nature (dolomitized limestone). 

Dimensions of Corresponding Yield of Yield of 
fractions, mm dimensions of fractions, fractions, 
(model) fractions, mm % (model) % (nature) 

(nature) 

18—tli 

Hi-11 
11-12 
12-10 
10-8 
8-Ü 
(i—\ 

4-2 
2 

IM»)—NKI 
bin)—7»H) 

7lM—UHJ 

IM »)~r.(io 
500—100 

400—200 
200—200 

200-100 
100 

1.1 
2.1 
.1.1 

1.7 
ti. 8 
8.5 

40..1 
21.8 

0.0 
1.8 

2.2 

2.0 

5.1 
li.2 
8.7 

45.2 
25.0 

A comparison of the particle size composition in nature and 

in the model permits us to conclude that the results are in good 

agreement. The experiments which were carried out indicated 

that the similitude criteria which were employed make it possible 

to guarantee identity of the particle size composition in nature 

according to the rosults of investigations on the model. 
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Kll rill III til H.lpUIOl.lTIJV IIOIHI'I TII. - - I'.li. «I’iupyilli'lllll II MOX.inilKJ ropliux 
linpn.V. riii'l(iproMi i.t.ir, |!ii¡a. 

AjfloHuii II. /'. it ¿ip. Ilaitiiiiiio iiiip.'ni-'rpiiii iiapiannnro iiMiiy.iboa na ooiii^hi'io- 
Ciiliii a<|n|ioK7 napi.iii.*i.(.'o. «il.ipMiiiiiio ,(0.10, At 112/1 !li. II.i.vhh illonim*. 

/¡aitKiniiipm 0. .1., Itiiipii.n ,). </»., Kiipiijniimin ,7. ,/. Oimr Mi>xo.iit|MH<aintn 
npiiuoocn ,1111111,10111111 KpotiKiix py,( napuiioM.— llaDrcTiix u\ :1111, IHiiii, 
As 5. 

BoaOiiu /1.//., linii.iiui //. /'. .‘>KMiiiia.ioiiTiiMo M.iTopiia.iu ,tih Mii,(o.iii|Miiiannn 
noiicTHHH iiapiaiiu II KponKiii lopnux uojMiaax. M., 11.1.(. Iir;| ity. A. A. Oò- 
niiiiridiro, lIMifi. 

Bttpilll.il 1-.. /1 .liinm.rXtflV //. /.'. (>l(OIII(.1 IHIOpriM'MKOOTII rO|HIMX lllipil.l tipil 
11.1)114110.- <l*iri|lh'H Tl'Xllll'MTIillO llptlH.li-MIJ )111.1 liaGoTK,1 110.10.11114X IIOKO- 
IIII0MI4X, IIKMI, .V /1. 

Bap-nñ.iiimm I'. II. MaioMaTii'ii-i'iciii Toiipiiii pniiininiTitu.x rpoiiiitii, in'i|m iym- 
li(iixrii ii|in xpyiiiiiiM pa.ipytiii’ltiiii.-- IIpiiK.ia/diaii iH’xaiiiiKii 11 Trxiiii'H- 
cKiiii i|iii.iiina, t'.mi, .V '1. 

Baprnfi.uinini I. II. (I iioitnriipMx 01(0111..i.x /(.111 y.(o.ii.iiOH iinhopxiMirTii T|m-iiuiii, 
oTipnaymmiixrii lipn /(iiiiaMit'ioriciix iio.i;(oiirTiiiinx 11a thciiaoo tojio. — llpii- 
Manniiaii moxouiikii ii toxiihhi-ckiih i|iii.iiii(a, 111(11, .-.y 

Etipcitfi.iiinim F. 11., Lum.w //. ,1/., Ch.i.miiuk /*. ,1/. O kiiiioxhko paciniucTpa- 
UOIIIIH T|ioii(ini.— llii.i(oiio|)iii4ii iityjmaa, IU(i7, MI. 

BttpcH JI. II. KycKOuaiocrb u motoau co ujMopoaiiM. IUa do AU CCCP, 19(10. 
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Bapon .7. II. (Xi nKjrTii'irfK.ii'i h(ittk<ictu Kan i(|iim|ntn rmipoTiiii.iiicMiK-rn 
rn|iMMX |M:i|iyiiii'iiMin (;i|iitr>:iriiiii<i) ^iniiiMii'ircKiiMii n¡ir|iy:iKaMii._ 
VA. .V; l'»7/21*. IhiJHiw «11 vil'«», 

fía/wii .’I. ]l. it AI»- Oii|M-WMciinr <'m»iirrii ropuux rocniiiTi-xiii.-i.iT 
19G2. ' 

EapfH tn •/. .Y-himmi mi! /1. 1(., ¡'/uiiini lí. Diniipmciiiioo corTmiunc :ia! 
n-viii iirr.irAoiiaiiiiH pa i|iymp||iiM.— ITi. hAtomiimii Mi'\niiii:«\i paapyiuriiiin». 
NUrn.i.iypi n iAnx, I'.i'i.l. 

Itopmrm. -i I. M., /'ii.Df MiMM-vif.-i ,7. /1. KpitTii'ii'i'Kali himimimm'ti- ii KpitTiin-f kop 
nniiptiia iiiip pn ipyiiiPiinii Tiipp;p4x tp.i. - JIimc.i. All CCCI», l'.Hii», |Xl, .\i 2. 

liapmenisii I. M., /‘-/.n/.Mrt-i »«.i .7. II. il'niiominn kiiiiiipiiihiii pnapyiiiPiiiin 
THPpAMX tp.i.— 'I'naiiiio-xiiMii'ipracaii xipx-hiiik-i MaTPpiiii.aoH, 111(111, ,V t. 

BayM <l>. /1., (.ni/iiii-'kiii.uH It. 11., ///1-411117- /»’. //. ihnaiiKa oupi-niii. <l»ii.iMaT- 
rn.t 111..1). 1 

ItfK.ir.tnniir,: .-1.//. Mppia 11 p;iiiiniip4 i|.ii iii'U ricux itc.nriiiM. <l'n im.iti 111, IIKi.'ï. 
BtAOritko <l>. /1., /-1-(. III. //., ;//.i/M- -11(1/.. .1/. 1/1. Ilpiivrni-Ulip rci-pxi KHpoCT- 

ittiii p.i<|.iiii ;i.'iii iuy.|piiMn iiaiipiiaa'iiMii npn iia|'inp aapicta 11 ropnon 
xtacriiiip.-- llannTiiH ... rupinip ai.io, IlMil, -N: 3. 

E'lCthtmu uh /1. 6., ./i/iiir-nx» //. //. Tañ.iitiii-i Mra-aviiapi.auoii «■iirTi-Mw p.mitiiK. 
ll:Vt-no Xapi.K.-iirKiiio ii.ryiiiiMppriiTpra, 11((11(. 

£i>.v)u.ib //. T., II/.1^.7--.1-41111 //. //. llaM.-pi-mip ;u'<i>«pM-iuiiti 11 iiaiipiiinpitiiii 
WPIIM-I'I i.MTIdP'KII 'lyill-TIIIITP.II.MNX lli.KpUTIIII. — Cm. «llpimlPMM lip.l'l- 
KOCTii n MniiiiiiiiMiPA.'mi.M, man. (5, 11)(12. 

En.inmun //.//. (.TnTiirTii'ipriiiip vptoau n cipoiiTp.ii-noii vcxamiKP, l’inirTpoii- 
n.Ur.T, 111(15. 1 

Eptftfp! It. /•'. V/tnpiiMi! mi.iiiu 11 yiipyroA 11 yiipyro-ii.iacT'i'i.'i'Koii cppj(p. 
I'ocrojiU'xiiiAftT, ID.'.!). 

Etfc.tritkn //. //. ii ,ip. Mpti.,1 ctaîiirTii'ipriaix iiriiMiniinii (iipTOA MoiiTP-Kapjio). 
U'ii.iMaiin.i, 11(1.2. 

//1//--(1/11 r. ,/. Kahiiiiiim iI>ii iii'Iiti.'iix iip.iii'IIiii. /ÎTaiiA-ipri 11a, 10(13. 

üetiUKvH II. A., //-, ..i»-..*6.w.-.I- m mio ,1.//. «|i|i3ii.ieri¡iN! MoAP.iiipoiiaiiiiP n.n-n- 
tpii'ivciaix fiiCTt-M. M.— JL, rpr.nppiiHii;iar, 11)50. 

BeituKm fl. A. Tpopiin imaumiii 11 Mi./ipaiipoiioiiiip iipiiMOHiircaitiia x aa^anam . 
¡MtPKTpuaiippicTiinii. Il ia-no «IImi-iimiii niiau«*, ll/Gii. 

Bpottun C. //. (> CTaTiicTii'iirKiix MPT.iaax n »loaiiiinc ropiiwx nopyA.r—Cf». 
«Iti-upocM iMpiioro/inii.iPiiiin». Haa no All, .('.('.CI*, 11)-12. 

Dftmt,iii(kitii II. ,1/,. llpi.'iimcTi, Miii¡ppiipnAii«|K.Aiii4x xpyuKiix tp.i -ce craTiic- 
TinrcKioi |'aciipc;tP:i..)iin'M APijipKi.in Tima Tpviiuin.-- •iMoiiwcxiiMiiw'CKa» - 
MPxaniiKa 51-1111.11:1/1..11, IllUtt, 1, Ai 1. 

fíAartm O. (Ipiioiim tp«|.iiii iiapi-M.a. 1'«. ii>|rf'!Xiia/iaT, 1058. 
Uaiho* O. Et, Cmttpittu. C. A. O Mii/M-auponaiiiiii ;ir.iriniiii iiapMita.-- CO. 

• Hapuitin.o WA«, 51MI1*. 11:./( 11« •llp/ipn», IKilil. 

IIjiucm U. /:., r.MM/o. C. A. (.i.iioi.u pa.-iPTa jipu.i/ipiiiin lapnu.x uopi./i /ted- 
cri.h.-M napi4iia. Il.i/t 11« Ail, 0X1/, llinj. 

UoAKor. C. //. Mniiiian ct.iTiirTii-ii-.-Han Tpi.piin iip«-iu<rrn tnr|MMX tiï.t.— )Kyp- 
na.i TPXinri.fKuii .|mi.iiikii, 1.0:.:1, Will, hmii. * i; t'.I.Vl, X\IV. nuii. 1,2. 

UaAKi'v C.CTariicTii'iixK « T..-upu/i Up«'iiimctii. M.uiii tí a, lililí). 

h'njtwp I*. Il., I. hiiiIiih H. A. 'loi.mua 11 i/m-iiiik-iii KpiiCTiuwui'ii'CKJi.x ru.l. — 
Vcupxii .liiiiii-K-PHii.x uiiyn, IHUiK 70. 

ftpwtnpuH C. /1. IIpnÓMp A.IH. iiuT.:L|/iip«nau/i;i luili-lir|K.'t4u/iajii.u4JJt, ypaau*- 
KiJii — Upinuia.UJ iH ^u.iukh, 1023, 2, uuu. 3—4. 

CeputopuH C. -4. 06 a.wKipu.TccKJu ccruax fjui n-uuÚAiniiaiiHato. pauuBU 
jrpaueBuâ JIbdumc».— Upmuju/uub ÿuwa, 1929, 4. 
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/<• M- HurnwitH* h KiiiH'ininiiKy. Ail VCCI’. 1901. 

fitrOrHKO r.U. Uyi'c Tro|iuu iii'imnnuirTvü. U'iuMaTnia, 19G1. 
r»."ùaw U. rfUTMcriniTKUii tri»|uin otomu mt* iipiiMiwimo. I1JI, 19." 1. 

Pontuar 1'. ^nnaMii’ii'i-Kito Hi'yiipynio mit.uiiod. Han no «Mop», 
tUIÜ. 

rpadmmeiin'JI. C., Pumhk II. M. Taó.impj iiiiiri pnaoti, cyMM, |>n;iou n npo- 
Hani'nriiuii. <l>liaM.aTrn.i, l'.H'C. 

Fpuippnn C. C. llrKirrnjiM« nuiipocM M.iTCMiiTirierKiiii tl'0|iiih ni^lmp'iiiponaiiiiH 
li pnapymi'iiiiii ropiiux impon.— Ilpiiiuin/iiiau MuminniKii n Moxauiiica, 
1%7t 91, nun. 4. 

I'uOk UH C. II., ,:l'i6pitli’.llrt;Hli t‘. II., UoiltCit Jl. M. OluTOIIJliWTIIHliH'Th, 
li.u-im All i;<:<:i\ i'.»r.7. 

l'ÿitifHMiijip .7. II. .'i.ii'inpii'iriKiH' MoniMH. Han no All ('.CC.P, 19Í9. 
7'yr.wnii /1. .1. rariipiH Tpaiiriinr Tiiipini iiiijiim'iiiii ii.i tviy’iaii rpi>;iu r iu‘|h-moii- 

iimmii i|iimii'ii'i'i,iimii < ii<iiirTi<:iMii. II ui. I>a uixrimrii i|iii.iu.i i.i Mt l'.('.CI'. 
AjiMii-Aia, r.i’iti, ff. 1 (Jä). 

ïyj uim ,1. /1. ItiHVli'IIIH' It Tli'plini ll<i,|<h'iiiH. Ila.i iiii «Itudlliill llllio.in», t!MPt. 
JJaiiHri. II. Ihro.'»: //_. M.. mr /1. II. O 1^111111110111 paniporTpu- 

111-111111 Tin-mnii h hpii'iinin ' |H‘,i'' iipn ii.ipi.iii)'. II.1.1. Hu rã iiipii.iro ne.ia. 
Vpn.'iliCKiiü i|iii.'ina.i All (.('.<.1', (àii'p.i.iitHi i.'. tin'iii, iimii. 7. 

Jlriu.-ue M. Xll.'IMM llillipna.'i'llllll ll TMI'P.IMX Tl’.l.i V. Il.'l, t'.Hil. 
/'. II. IlyT i ya\•nmiimi KyrimnaTiH'111 iipn ii.ipMiiiimi otímihiíi' im.ica- 

liux lirijoiiai'MU>. 1.0. «llapMIiliui' pilúulM». rui'inpirvil i.'tar, l'.lliii. 
JIcmuOh'k /'. II. d m ■x.ihii.imo ;irn( tiitiii ii ipuiia 11 < iiniv'iiaix 11 ipMu'iarux m1- 

mm».— Cfi. •ll.ipuiiiiiN* no.iu, Jvt hUii». Ila;t nu «lli'.ipu», l'.llli. 
JJfAittfr.K /'. II. (I iixrriiiiua.ii.iioii .nii’piiiii i.ai. KpiiTi'piin iiui imii upoviuiii.irii- 

11MX iiapMit'iarux Hi'iHiTni. I'.ií. «It.ipMiiiiiM-.V .'»7. I'i*. Ila.i noMlc.V 
pa*, tyii.'i. 

/(r.iiiii)bii l\ II. li imupiM'v o KpiiTi'pnii x ou* mai m pu minx mom'ni HH nan 
ropiiux impon. «iMiaiii.'ii-Ti'XiiiPiiM'Kiit' upoó.o MN P4.i|nomitkii im.ir.uiNx 11c- 
Koiiiiommx, 19(17. .V: I. 

JJr.MiiOh.k 7'. II. <1 napaMi'Ti'ii.x Hit 11 mu mi r lipiM KTIlpoiiaillloM ii.i|*nhou r aa- 
naillioil nrui'lli.Hi npoó.lrlillH. — Caí. «liapHHUoo ñi'.'IO, .V l>.>JI.14-UU 
«HiVipn*, l9t*H. 

/'. II., Cuupiu* C. A. O Mi-To.iiiisr naóopnTiipiiiiro Mo.iraii|K>iiaiiiiH 
U.ipNlia. I llMlOI* U .tpiHÍ.IrlIllll mpilNX lllipo.i H.ipNHllU.— CG- «H.lpUllllOC Jtf¡- 
ao. A* 50/7», i'acio|rrc.xn.i;iaTt 1902. 

/1*. ;i IIni su, Ki-uur r. A. Kahhoc piii‘i*xiiiT|M‘iiiii* luuiiiiapnnofKHX iir<]>opn- 
•utiiiix ynpyiiix man Mrrr.ioM xiipaniopiirTiiK. - llpiiK.ianiiaii Moxami'ia,’ 
líMHi, A; 1. 

JlplUtloklKllH ll. /1., <7>/*Mi*.lool II. I!. II.HIHIIIO' T|K*ll|llll lia MI'XUIIIOII-OOIC CNOÜ- 
CTiia Koiiripyitiiiioiiiiux naai-ti. Miiaaaypinanar, t90n. 

Jim* t nuil II. II. Mii'o/( :aoKT|Hii'ii;i|NMUiiuixiii'iii’Kiix ¡iii.i.'Iiii iiii h «>ro npiiuo- 
liriiilo lipn iii-i'.iivioiiaiiiiii i|iuai-T|iui(iui. li'oraiili'pioiianaT, 1950. 

Hpt/kf.iiiiuii M. */>., liikuiip II M. U Mi'.xaiiitaat' puapyiin'iiiiH ropiiux impon 
Aiiiir riiiii'ii iiapuita 11 yiipiiN.miim'M 11x1.—.CG. «Ha|iumiiir nrao, ,\j 57/11», 
Han no «Itivipii», 1905. 

Apyutminiuii M. «/>.. Iin.uitp 11. M., iVn'iihoi 11. II. O Honran pona 11 it 11 paa* 
^1* y. un. h h h jupiiMX ampón amiuthui'M aiapuna. - .Có. niíapuiiiioc Jiruo,, 
.V 57/14», llan-im «JJi'npu», iUtiá. 

npyKUKUHuú kl. <l>. h ;y>. »•.uraii>|4iMi>irraAuair atccai'iiouaiiiiu ramporn. jpa.inn* 
tim Tjiomuu.—lUaMHXiui aiyuuu. Jluyiuwu Hiyjma/i, 1907. Ai 7. 
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JIpyKnmiiiJii M. <t>. II M|». 1(111171111111 lipil W*«i*JIII|MHI«lHllll li(HHivrcji 
na ipyiiimiiii TIICIMUX TIM ni iM tiiiii m b i|*whh. - iImi hikii-ti'miiimitkih' ii|h*- 
Gj rMM |ia:l|<l«'lOTKII IIOJUMIIMX lU KtMIilrMUX, I1MW, JV 3. 

Jf y finen, A.C. il'oTiM |iin|iii'irft¡iui ('••i iirT|iaHiiH f»wrT|H»il|HiTCI«niiw;uiX iijiom'C- 

coii. IIin-ho «llnynn», UMi'i. 
JJtpHfun /». ilaTyxiiiiiii' rclirMii'inmix n »«vctiimim-kiix nonii it rro aniiiiriiMOCTfc 

or nartoTU.— îlîyimaJi rcoi|iii.iiiKii, l'l tÜ, .V 3 I. 
JKyvKoa C. II., //n/uv.inr« U. II. I*|>i mi hiihii miiiitiiMiirTi. ii|m.mii(vth tbi'|>- 

AMX ton.— Jliypiian toxiiii'iim-khh i|im.imkii, I'.IÍnS, Will. hhii. 10. 

Mupko« C. II., Cai.mii. a a A. II. K noii|MH> o m««xhiiii:imi< |ui:i|iyiiiiniin TwpnM« 
TVJI.-Aoiui. All CCCP, l'.t.V.I, 130. .V 1. 

3»Mfrna II. •!>. IIpil 11011171110 Toupilll nonoCiiiil II pa iHopiiorTlt lipn Mono.llfjiOB»- 
iiini ii|ioi(ornm ;ipiif».nmin iiopn.i it.ipMiiim. (Ti. fllpoi-.ioMU Moxaiiiina* 
Hllli liipHMX liopon«. II i.l-Hii All 1.13.1’, l'.Hi.l. 

3r.it.âi<ut II. l'i., I(ii.unmir.ii A. Toiipiui noToiiiimiii. I'm roxii.ini.r, 11133. 
.’to.ikdoi.NH //. K). II. 'I'iimi.a y.t.ipiiuv no.in ii uw..HH.TOMiiopiiTyp 

1114X rilnl'O.'lltllHM'l'M CKIIX 1111.1171011. II U HO •IlilyKII», l'Mili. 
3mm*:is* A.A. .'loiiriooKnii oiuo.ii. KaK ipo.wTno uiiyiiimo iirr.ic.toiiaiiiiw.- 

ItniiporM il'ii.ioi-oil.mi, l'.Hiii, ,V I. 
Aaihiuu II. .-1. o ;ip. IUt.-ii'.iom.iiiho faipytiioumi ctoii.'in lipn i.ici;TpoiiMiiy:ii/-.- 

uoH iipoiHH-. lp>nu Vlll nitoii iUyuioio hh.otii uo uapo.iuoxoiiii'ct- 
m-unovy m no. i i.o 71.111 h io u'pun.i. l'ooo. uinioi «llayKoiia . i v oo.i *. I'... ). 

UaitKun />'. II llonuöi". yiipyiov im.uiioii.lv nua.iaauia. Ilm. All il-l.l*. «•opiui 
U7n|'H i-> l1.1'1!'. A' ll. 13. 

UttiMH li, H. U Mo.v'.iiipuituiiiui HOI.limo mi I um-MioHH-mix muh.-U w. 
All 1X3'l*. fopiiii ioimI'iii., IIIÖH, .V 7. 

Ü«V.h<oii II. II. liopoii iioioiiiiiia ia f iipmo. aiuiHviu n Toopiio i^oi vpM Hoh- 
AH II IOIhJ.II III HO. 1*11 III. Ill <••. 

tlMriuunio «./*.. Kr.'i.ir« II. .1.. .1/....0- H. C. ,\lo;io.nipun.*uoo u(i|i>hhiiiih 
h HWiiypKii py ni M.. Ila.i. Ml II. 1^11. 

Kapu t**- y. Mononiipyaiiiuio ji TpoiuTiia ji/im |h iih hiim ta.ntt'l XoopiiH iio-ih. It.l, 
IWÜ. 

K a pu* un II. Il-, 10-11111 /•• //•. Km’-" II- C. lîpiiTiiiiH ciipaiiouiuii; no .l>n- 
iiiikc. Ila;i ho «Uij man iiiiomiu» 1W2 

Kupunw« H..1. O no .oTmii npn yiipy.iix iiiwhoiiihi.— Jliypiina PyrrKoro ¢11- 
aiiKO-xiiMirioriio. i «MÍmocTHa, IH/1, li, or;|. I, 7. ♦luii'HfKaM. 

I(upnu<t,u M. U. TcopiiM ii(Moôiiii. I'M au Ail CCr.P, 1953. 
Kupuit’ii" M. Il,, /ñ.ii.in«. II. K. Ma-». .aTiioonino oomobw Tioipiiii ho.iih'oih. 

Ila/i uu All (XXl\ l«W. 
KaCpHur*Mi, U. K. Maro un rtriorKim mhoiiihh «oinmpwMioio Arücrniiii. l’ocw«- 

lia/iar. 11151. 
' o*rp ;>.fc ipan.iim Jl. OiiTHOorKiiô Moron oriJM'/ionaiinii iiaiipoaaoiiiii. (ill 111, 

10311. 
Koumkuú /’. llo.iiiM imiipiiiiioHiiü 11 rnop/iu* rivaux. IIJI, lO.i-’. 
KoAixkHii /’. Ph ipyiiM lino non noiiitHiioM ho.hi i:aupiuni7iiiii. - CG. «AtomiiuiÏ 

Moxnnit.iM paipj iinoinn«. Moraaayprn.i/iaT, l'Hi.!. 
Kaptau mtu*,* II. II.. M,.a II. t‘„ l’.-1:1:.,1 K. H. Ti-.piiM noii-iiioro 

ir.ipuna. 11111111111111:1, 101*1. 
Kamm/tr.i.i A. X. Too|M-Tii7ori(no nrooKTM npoiiiT-ia paapyiiioiiiiM.—CG. «Atom- 

iihiii moxmiium pa.ipynn7iiiM». MnaJiayjn nanar, UN*.!. 
Kammia-j.t A. X. Aiiraoiiaiiiin n auurnmocicoo to hiiuo 11 k¡i.i .raaaax.—Ofc 

•Atomiimü Moxuniiau p«apyuK7iun». McTuaayprii.uuiT 191*1. 
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/r,.,,i /*. n:i|iMiuj. It.’l, IftTiO. 

h'/w.ii* A. //. Coó|i¡iiiii(* T|i)'Aon. 7. All CCCP, lO.'Mi. 
Kpu.ii» A. //. Com i khi in* T|»y;»oM. 8. II.in no All CCCP, 1050. 
Kytmip»' //. //. lliiMi,|ixiiocTiia*i ’Jiirpriiii Tnopnux ron. I'IITTJI, 1954. 
Kij.iii< i(,ir r. //.n;ip. llrr.iiMoiiniiiii' ii|hiiihjioiihíí ropnoro naunoiiiiH ii.i Mo;iojinx. 

rocio|,Toxii.i;inr, IUÓI. 

Kyjitcift, /’. //. li ;i|>. MonoAiipuiiniiiii* iiponiini'iiMii ropiioro A.m.iouiin. Jl., 
n:i;i «o •llf.lp.-i», !«>8. 

//!/'•• //. .1., Ihir II II CKopo-Tl, poi-Til XpyilKoii T.N'UUIIIM II rtOli.V* II 
i:aiiiii|N,nii.-- Cfi »11,'KoTnpi.." u nmí.'iomm iiiio'iiioctii roi'pnoni re.ia». Uj,v 
no All COT, lO'.O, 

Kyi h K II. T. Ilpiniiuiiiu .i.no iiiniiiiiiiiiiii u uorriioiMiiin yiip.in.inin'mtx Malinin. 
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