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ABSTRACT

A model for the prediction of the temperature and vapor fields
created about a small wate; droplet undergoing irradiation by a laser
beam has been developed. Time dependent and steady state solutions
of the model are discussed, as well as the possible effects of a number
of aerosol properties not included in the model,
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I. INTRODUCTION

There is considerable current interest in the effect of

atmospheric aerosols on laser propagation . In the case of

pPropagation of low intensity radiation through the atmosphere the
pPrimary extinction mechanisms are absorption and scattering by
both aerosols and molecules. As the radiation intensity increases
the interaction between these extinction mechanisms and the radiation
field can become important. The phenomenon of thermal blooming
occurs when the laser energy absorbed by atmospheric aerosols or
molecules is converted into translational energy of the surrounding
air. The index of refraction of this heated air will differ from ambient
which in turn can cause beam de-focusing and/or steering. The magnitude
of this effect will depend upon both the laser pulse shape and the heating
phenomenology.

The case of laser blooming resulting from molecular absorption
has been treated in some detail5 and is included in the larger laser
propagation codes (for example, Ref. 6). The atmospheric heating due
to molecular absorption may be treated relatively straightforwardly in that
it occurs continuously and uniformly in space and the temperature increase
at any one point is directly proportional to the local laser intensity,

Recently,

the heating resulting from the absorption of laser energy by aerosols has

1-3,7 ) ) . p
received some attention. v The situation in this case is more com-

plicated than that of molecular absorption in that the absorption and
resulting heating occurs at discrete points rather than continuously and thus
the temperature fields in the surrounding air are highly nonuniform:.
Blooming/scattering predictions have been prer::enl:edl-3 for the temperature
fields resulting from the absorption of laser radiation by nonvaporizing
aerosols. As will be discussed further in the text the main features of

these heating models are that the rate of temperature increase of a given
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aerosol is linearly proportional to the laser intensity and that the
increase in temperature above ambient about the acrosol will scale
inversely with distance from the aerosol out to some distance which is
an increasing function of time.

The temperature fields resulting from the absorption of laser
energy by a vaporizable aerosol have been discussed bricfly in Ref. 7
and will be considered in more detail here. As discussed o:arlier7 the
temperature increase of the aerosol need no longer scale linearly with
laser intensity and, furthermore, the temperature increase in the air
around the aerosol will not necessarily decrease inversely with radius.
The subsequent prediction of blooming/scattering resulting from such
temperature fields necessarily becomes more complex than for the case

of nonvaporizing aerosols.

This report is concerned with the prediction of the temperature
anc vapor fields arising from the interaction of a laser beam with hygro-
scopic aerosols at sca level. Although the modeling presented is quite
general the discussion will be limited to DF laser wavelengths, Section Il
provides a brief description of atmospheric aerosols and their optical
properties. The details of the mathematical model describing the inter-
action of a laser beam with an acrosol (taken as pure HZO) are presented
in Section III. Simplified analytic solutions to the model as well as
detailed computer predictions for a matrix of laser intensities and
aerusol sizes are given in Section IV, A number of real aerosol effects
not included in the modeling are discussed in Section V. These include
nonuniform aerosol heating, original solute effects and ebullition.
Section VI provide: a brief discussion on the effect of the laser-aerosol
interaction on laser propagation. Lastly, a summary of the report is

preseated in Section VII,

!
'.
%
|
{
’l.




II. PROPERTIES OF ATMOSPHERIC AEROSOLS

A. Aerosol Particle Size Distributions

The particle size distribution., mass loading and composition of
natural sea level aerosols va ry considerably depending upon such factors
as tune of day, geographical location, weather, etc. @ The 'standard
continenta! distribution4' 4 will be used in this section for computational
purposes because of the simplicity of its mathematical form:. Ihis
distribution is defined by the relationship

-12

-4 0,32 % 10 <5 z
dl\',\/dR. cm = % 10 N 3cm/- R < 35x10 3cm

4
R

where .\'A s the number of particles/cc of radius R. The R“‘ dependence
of the distribution has been verified by a number of measurements  :
however, the functional form can be somewhat misleading. Assuming
an averayge aerosol material density of |, 5 gms/cce the total mass of the
aerosol distribution represented by Eq. (1) 1s a modest 12 -gm/'m}.
Furthermore, the distribution corresponds to a total particle density of
110 part/cc (10—‘) cm < Kk < 5 x 10-3 cm, )

Oceanic acrosol distributions are not as well defined as the

continental; however, there is a ""standard’ marittime distribution

which, although somewhat different in shape than the continental distribution,

also corresponds to a mass loading of approximatel, 12 -—gm,/m;. There
can be a large number of particles with radius < 10--3 cm in both the
continental and maritime environments; however, for most situations
these will not constitute a significant fraction of the total aerosol mass

loading and have been neglected in the present analysis,




The variation in aerosol mass loading from the "standard"

distributions can be quite large. # As examples, aerosol mass loadings
In urban areas such as Lus Angeles, are typically measured in hundreds
of “gm/m3 and sea salt concentrations in Pacific Ocean aerosols have
been found to vary from 10 - 1000 = gm/m3 depending on wind velocity. l
Of course, scenarios involving mist, fog or even ship induced spray could

result in still higher mass loadings.

B. Relative Humidity Effects

It has been demonstrated that hygroscopic aerosols increase in
size with increasing relative humidity, this accretion resulting from the
condensation of water vapor on the aerosol. A relationship widely used4’
to predict the factor F by which the radius of the aerosol increases with

Increasing relative humidity is

F o= 1-0.%1In(l -R,H./100) (2)

where R.H, is relative humidity. This relationship is obviously unsatis-
factory for R,H, = 100; however, it is expected to provide reasonable
esti:nates of aerosol growth at high relative humidities. Unfortunately
there is little experimental data available to provide validation for Eq. (2).
Recently DeBary et all2 presented measurements on the growth of sea
spray aerosols with relative humidity. No details of the measurement
technique were given. These measurements are shown in Fig. 1 along with
the growth curve predicted by Eq. (2). As can be seen the data fall some-
what below the prediction over the full range of relative humidity. This
dilference corresponds to approximately a factor of two in aerosol volume
at 48", relative humidity. Note there is a hysteresis effect in the aerosol
growth measurements at relative humidities less than 807, (i.e. the growth
paramcter varies depending upon whether the measurement was made with

increasing or decreasing relative hamidity).

-9
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Fig. 1 Growth Factor for Hygroscopic Aerosols vs. Relative Humidity
- - - -, Data for sea spray from Ref. 12, - Eq. (2) of text.
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It should be noted that there is some theoretical Justification for

the use of Eq. (2). A pure water droplet cannot attain an equilibrium con-
figuration unless the surrounding water vapor concentration corresponds to
super-saturation. On the other hand salt solution aerosols can reach equili-
brium configurations at relative humidities below 100% because of the
reduction in the water vapor pressure at the droplet surface caused by the
presence of the salt. A salt solution aerosol will reach a saturation level

at a relative humidity somewhere below 100%. As the relative humidity is
increased above this level the solution will be diluted and the particle will

grow to a new equilibrium size. The resulting growth law will be a function

of the solution properties and for the case of NaCl this growth is in reasonable

agreement with the predictions of Eq. (2) at relative humidities above 809,
this latter condition corresponding to the saturated solution. The details
of this phenomenon are given in Section V.

In any case this relationship only pertains to hygroscopic aerosols,
and the percentage of aerosol mass loading corresponding to hygroscopic
materials can vary significantly. Maritime aerosols can be dominantly
hygroscopic whereas aerosols over urban areas may be composed largely
of non-hygroscopic materials. (For example it has been reported that only
15% of the aerosol mass loading over Los Angeles is hygroscopicl3). The
remainder of this discussion will be limited to hygroscopic aerosols. It
is clear for this case that relationship (2) provides for a dramatic variation
in aerosol mass density (or volume) with relative humidity. For example
at 98% relative humidity the total aerosol mass density for the continental
distribution would be 740 l-lgm/m3 as compared to 12 }-J~gm/m3 on a dry
day. It should be emphasized that this apparently high mass loading still

corresponds to a relatively clear day, the scattering coefficient for visible
-1 -
light being < 10 1

C. Particle Absorption Cross Sections

If the aerosol particles are assumed to be spheres their absorption

cross sections may be calculated by use of Mie Theory (particle radius of

-6a-
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same order as laser wavelength.). Thus the absorptior. cross section is

a complicated function of the complex index of refraction of the absorbing

material, m = n - in', and the ratio of particle size to wavelength, R/)\.
The simplest case corresponds to when |m - 1| << 1and

4Tn' R/X < 1 whence it can be shown14 that the absorption cross section

is given by

Q = 4/37 R (42“')

with the quantity 4T n'/A defined as @, the bulk absorption coefficient.
This limit is generally referred to as volume absorption. Unfortunately,
real aerosol materials exhibit values of n ranging from 1, 34 to 1.5 in the
infrared and prediction of the absorpticn cross section requires use of
the full Mie theory.

Suca predictions have been made for the case of water droplets,
with m=1.364 - 0.0034i, for a wavelength of 3.8 Um (corresponding to
a strongly transmitting DF laser line). These predictions, normalized
by particle volume, are shown vs. aerosol radius in Fig. 2. Shown for
comparison are the normalized absorption cross sections resulting from
volume absorption, Eq. (3), and that predicted by geometric optics, which
of course is only valid when \ << R. As can be seen, over much of the
aerosol size range of interest the Mie theory prediction is larger than that
due to volume absorption. At larger particle sizes the ab sorption coefficient
falls off because of self absorption and at the smallest radii asymptotes to

the Rayleigh limit 14, i. e.
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At approxi- ~ately R = 60 ym the Mie theory and geometric optics
predictions converge. It should be noted that the geometric prediction
rises above that of volurne absorption because of nonuniform absorption
within the aerosol resulting from focusing effects. It may be that the
increase in the Mie theory absorption cross section over that of voiume
heating may also result from nonuniform absorption within the aerosol.
(This can only be verified by an examination of the electro-magnetic field
within the aerosol as predicted by Mie theory)., In any event in the modeling
to be presented in Sections III and IV uniform absorption has been assumed
for simplicity. A discussion of possible effects arising from nonuniform

absorption is presented in Section V.

D. Atmospheric Aerosol Absorption Coefficients

The total atmospheric aerosol absorption coefficient is defined by

%

k f Q (R, A, n, n) (dN, /dR) dR (5)

Rl

where dNA/dR is now the aerosol distribution function, Eq. (1), with the
effects of relative hurnidity included, (Egq. (2) ). For simplicity the aerosol
has been taken to be composed completely of hygroscopic material havin,
the complex index of refraction of water. This approximation is most relevant
to a marine environment on a humid day, (It has been previously demon-
strated4 that the '""standard' continental and maritime distributions result
1n similar absorption coefficients for A & 4 um),

There 1s still some uncertainty in the imaginary part of the index of
refraction of liquid water at 3.8 um, In two recent reviews the values of
3.4 x 1073 and 6 x 10_3 have been recommended (Refs. 15 and 16, respectively).
Absorption coefficients for both values of n' have been calculated in order

to bound the actual aerosol absorption coefficient., For simplicity the

calculations were performed assuming volume heating, Eq. (3), and the




P -3
prediction for n' = 6 x 10"~ was increased hy a factor of 1.5 as a crude

correction factor for Eq. (3) to account for the fact that m =~ |, 3¢,

These predictions are shown vs. reli tive humidity in Fig. 3 along
with similar predictions for an aerosol distribution with ten times the
mass loading. The shaded area between each set of curves approximately
represents the uncertainty in the absorption coefficient. It is to be noted
that these predictions are much lower than those presented by Hodges 4
for the same aerosol distribution function. The cause for this discrepancy
is not clear,

An important consideratior is the determination of the conditions
under which absorption will dominate molecular absorption. McClatchey
and Selby ha\e made predictions of atmospheric laser attenuation for a
number of important HF and DF laser lines. An example of a strong DF
laser line with weak molecular absorption is the v = 2-1, 7= § line at
3.8 M m for which McClatchey and Selby predict a sea level absorption
coefficient of 7.3 x 10 . km- for a mid-latitude summer day (R.H, = 80%).
This is shown as the circled point on Fig. 3. The dominant molecular
absorber for this case was found to be HDO.

Recently Burchl8 has found evidence for a water vapor continuum
absorption band in the 4 Um region, The continuum appears to be due to
a pressure broadening phenomenon, with N2 found to be 1/8 as efficient
as HZO as a collision partner,

There is still some uncertainty in the magnitude of this continuum
absorption in that the fneasurements were made at ternperatures > 338° K
and extrapolated to room temperature. Nonctheless, the water vapor
continuum would appear to be a prominent absorption niechanism in the
4 um region. A prediction of the absorption coefficient due to this water
vapor continuum is shown vs. R, H, in Fig, 3.

As can be seen by reference to Fig. 3 molecular absorption will
dominate aerosol absorption for the "standard" continental aerosol distribu-
tion. On the other hand much larger aerosol mass loadings are commonly

observed in a variety of scenarios, and these in turn will provide the

~-10-
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dominant absorption loss mechanism for DF laser radiation. This absorp-

tion can be particularly severe under conditions corresponding to mist,

heavy maritime winds, etc,

It should be pointed out that the main interest in this phenomenon is

not beam attenuation, indeed scattering from aerosols will attenuate the

laser beam more rapidly than absorption, but rather the resulting effects

on beam quality due to thermal blooming, Unlike molecular absorption,

absorption by aerosols results in nonuniform atmospheric heating with

strongly localized temperature gradiems, The resulting effects on beam

quality can be significantly different from those arising from unifo.m heatiny,

In the next section a model is presented for the prediction of the atmospheric

perturbations resulting from the absorption of laser radiation by aerosols,
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III, MODELING

The phenomenon to be modeled here is the time and spatial
variation of the temperature and vapor fields about a water droplet
undergoing laser irradiation. This problem, in its aggregate form,
has been considered by Sutton19 and Glicklerzo(among others) in
their analysis of laser propagation through fogs and clouds, respectively,
I'he steady state solutions for an individual droplet, developed under the
assumption of constant density, have heen discussed by Williams. 4

Ihe fully time dependent solutions for an individual droplet have not
appeared in the open literature.

The phenomenology of the present problem is that the aerosol
droplet absorbs energy and is heated. As the droplet temperature rises
above ambient the droplet conducts heat energy to the surrounding air and
undergoes surface vaporization. The vapor leaves the droplet with a
directed velocity and a pressure wave is induced in the surrounding gus
in response to the mass and heat addition. (If the rate of energy absorption
were sufficiently large the droplet would ""explode", creating a shock wave;
the laser intensity/particle size range at whach this occurs has been discussed
by Sutton 9. The present analysis will be limited to laser intensities and
droplet sizes such that the directed velocity of the vapor leaving the droplet
surface is much less than the local sound speed). An additional feature
which must be included in the aralysis is the fact that the droplet radius

decreases with time due to mass loss resulting from vaporization.

A. Gas Equations

A number of approximations have been made to simplify the solution
of this problem. The most prominent of these ig that the gas is taken to be
at constant pressure. As pointed out above, pressure gradients are induced

in the gas because of the mass and heat addition from the droplet. However,

-13.




if the pressure equilibrates on a time scale fast relative to the times for

conduction and diffusion then the heat and mass transfer may be assumed
to be occurring in a constant pressure gas, The characteristic time for

water vapor to diffuse a distance L in air is approximately

2
Th © L /D (6)

where D is the diffusion coefficient. The characteristic time for heat

conduction in air is

T .= sz Cp /k

(7)
C A A

where p is the density, Cp the specific heat and kA the thermal con-
A
ductivity of air. Lastly, the characteristic time for pressure equilibration

is

’Tp ~ L/c (8)

where c is the sound speed in air. Evaluating these expressions with
-3

D = 0.24 cmz/sec, N 1.2 x 10 gms/cec, C_ = 0,24 cal., /gm—OK,

Pa
kA 6.2 x 107~ cal. /em-see-K and c ™ 3y 104 cm/sec results in

o~ §_ SSq (9)

for L> 1 um. The characteristic droplet sizes of interest in this work are
a few tenths dm to 50 um, and for the typical atmospheric aerosol distribu-
tions of interest the average spacing between droplets, which would be the
heating range of interest, is approximately one mm, Thus, it would appear
that the approxima .ion of a constant pressure gas is reasonable,
Another simplifying approximation used is that the gas properties
are taken to be those of clean air. Although this approximation would suggest that

the defining equations would not be valid for high water vapor concentrations

-14-




this is not the case, as will be demonstrated later in this section. A s0,

the coefficient of thermal conductivity, kA and the product of the coefficient
of diffusion and number density, DN, were taken to be constant. These quan-

tities vary by < 15% over the temperature range of interest, 0 - 100° C.

The last simplifications concern the fluid mechanies. The processes
considered in the analysis are thermal conduction, diffusion and convection.
The phenomena of thermal diffusion (Soret effect) and thermo-diffusion
(Dufour effect) have not been includer, Generally, these processes are in-
significant in flow fields of the type under consideration. Furthermore,
consideration must be given to gravitational effects., As the gas surrounding
the dropiet is heated it will rise. The characteristic tirae for the gas to
rise a distance L is:

1/2
'1'g e 2L/g[ﬁﬂfﬂ] (10)
where g is the acceleration due to gravity, 980 :m/sccz, and 4p/P is the
fractional difference in density between the heated gas and the surrounding
medium. A strong lower bound on Tg corresponds to 4p/p ~ 0.3, Even in

this limit it can be shown that

for L less than onc mm. Of course this effect might have to be included for
long time (t > 0.01 sec) irradiation. However, in this case it would perhaps
be more appropriate to treat the aerosols as an aggregate rather than
individually,

Within the framework of the above-mentioned approximations, the

general relationships describing the system are

a) Conservation of mass

- -

0p/ot = -9 - (p V) (11)

where V is the gas velocity,

5.




b) Euler's equation

-

- 4 o
OV /dt = - V-V V

c) Conservation of energy

- - 2 -

o(1/2pVZ+pC,T)/0t= -V - [p V(1/2 V7 +CpT) -kAVT.l (13)

{

g 4

where C . is the specific heat at constant volume, and
d) The diffusion equation
-> Y =¥

°ov /3t =9 - (DVp, V (14)

where p  is the water vapor density and D is the HpO-air diffusion coefficient.

If the droplet is taken to be heated uniformly, the system will be
spherically symmetric and it can be shown that the ordered kinetic energy
terms drop out of the equations under the condition of constant pressure.
The relevant gas equations for r © R, where R is the droplet radius, are

kkAAT

8T/ot = - VBT/dr + 5= (f eT/or), (15)
r C PM
PA A

aX fot=-vax for + EIBN 8 2,5 5 (16)
v v prZ or v

k k, A
. )
B V/or - -2 V/r b ——2 = (r* 5 T/2r), (17)

2
A

r C PM
Pa

where k is Bnltzmann's constant, A is Avogadro's number, P is the total

-16-
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pressure taken as one atm,. , MA is the molecular weight of air, N is

the total number density, and X\, is the mole fraction of water vapor,

These equations have been formulated in terms of number density
rather than mass density, since in a constant pressure flow of two gases
with different molecular weights the quantity NT, rather than P T, remains
constant.  As mentionad earlier, these cquations were derived under the
assumption X -+ 1. In reality, the quantity CPA MA should be replaced
by the expression
p M¢X

\% A

CpA MA(I-XV) + C

where the subscript v refers to water vapor, and the diffusion coefficient
should be replaced by that for full binary diffusion. However, over the
temperature and water vapor ranges of interest in this problem these latter
two quantities are reasonably constant and well represented by CPA MA and
D, respectively., Thus Eqs. (15) - (17) are approximately valid for water

vApur concentrations approaching unity,

B. Droplet Equations

In the following analysis the temperature field across the droplet
1s taken to be constant. As will be seen (Sections IV and V) this approxi-
mation is reasonable until the droplet temperature approaches the boiling
point, if the absorption is volumetric. (As pointed out in Section II the
absorption will not necessarily be volumetric, Specifically, as is evident

from Fig. 2, there can he significant laser attenuation within the droplet for

larpe sizes, Ameliorating this effect somewhat is the fact that heat conduction

within the droplet will tend to smooth out temperature irregularities

resulting from nonuniform absorption).

The basic cquation connecting the droplet and gas dynamics is con -

servation of ¢nergy in the droplet.

-17-




3 3
4/3 TR Ia =4/3 TR Pp CPDd TD/dt

2

+ 4mTR kA(-aT/Br IR) (18)
2 Mv

F4TR AHV T(NV)|R

The LHS of Eq. (18) is the rate of absorption of energy, where I is the laser
intensity, and the RHS represents the energy deposition into droplet heating,
conduction and >purization respectively. The quantity AH  is the change in

enthalpy required to proceed from liquid to gaseous state and the subscript D

the droplet surface; i.e. TD = T (R). The terms involving the ordered
kinetic energy of the vapor are negligible for the present considerations and

|
E refers to droplet properties. Note that the temperature is continus as across
E have been left out of Eq. (18).

|

The vapor concentration at the surface of the droplet has been

} related to the droplet temperature by the Clausius-Clapeyron relationship,

d In X AH
v

dT - 2 (19)
P v

where R\. is the ideal gas constant per unit mass of water vapor. It has

' 21 ’ .
been demonstrated ~ that this relationship properly describes the surface
vapor pressure of a water droplet when the vapor velocity is less than the

sound speed and the droplet radius is sufficiently large (> 0. 05 MmM) so that

surface tension effects may be neglected. In the present analysis Eq. (19)

has been used in its integral form

A H (TD - 'ru)
X, (R) = X = (20)




where the subscript @ refers to ambient conditions. Eq. (20) is derived under
the assumption that AH, is a constant. Indeed AH, varies by less than 10%
between 0 - 100°C and has been taken to have the constant value of 585 cal/gm.

The last equation connecting the droplet and gas behavior is the con-
servation of mass of the vapor. If a spherical shell of thickness AR is
constructed about the droplet, then it is required that the rate of mass loss of
the droplet be balanced by the rate of increase of vapor within the shell plus the
rate of vapor leaving the exterior of the shell. With some straightforward

mathematical manipulation this leads to the relationship

-1
(NV) = -(l1-X (R)) DNoX /or . (21)
v v
R R
Note that X,, as given by Eq. (20) could exceed unity for sufficiently high
temperature. However, if this occurred, the vaporization rate as given by
Eq. (21) would oecome negative. This is a consequence of assuming a constant

pressure gas and limits the droplet temperature that can be attained to 100°C,

It was assumed in the derivation of Eq. (21) that the vaporization rate at
the surface is controlled by diffusion. Actually vaporization at the surface is a
kinetic process obeying Knudsen's equation with diffusion taking control approxi-
mately 2 mean free path (~0.06 um at 1 atm) away from the droplet. It can
readily be shown22 that if the vaporization coefficient for water, a,, were unity
Eq. (21) would adequately represent this phenomenon for particle radii > 0, 5um,
At the time that this research was in progress the value of a,, = 1 appeared to be

22 -
preferred 2 24; however, very recently a measurement of a, = 0. 033 has been

reported25

in agreement with several earlier measurements. If this latter value
of U.033 is correct then Eq. (21) would provide an overestimate of the vaporiza-
tion rate for the droplet sizes considered.

The computer predictions to be presented in Section IV were made using
Eq. (21). The computer code can be readily adjusted to include the more general
vaporization rate as is discussed in Section V. In general, a smaller value of
a, will provide more heut conduction for a given configuration at the expense of

vaporization.
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C. Effect of Varying Droplet Size

So far in the analysis the effect of decreasing droplet size has
not been considered. This effect can be uncoupled because the rate of
change of droplet size is small compared to the rate of change of the gas
parameters (because of the large difference between liquid and gas
densities). Of course, it has been implicitly assumed that the time varying,

rather than initial, value of R will be used in the solution of the equations.

The governing equations have been recast in terms of the variable
Z = R (t)/r (22)
In terins of this variable the equations may be written as
3T/t = R°F (z* - z dr/dy) 2 T/32

kkAA

+-—_—-—
C PM
PA A

TR™Z 2% 32 T/ z° (23)

39X /3t = r°! (Qz4 - Z dR/dt) d xv/az

N k DN TR-Z Z4 a2 X /BZZ (24)
P v
k k, A
2Q/32 = - ——2_ gl 3% T/az2 (25)
Cp PM,
A
where
PMv
dR/dt - - A_pD_kT_ Q(z - 1) (26)
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and

T v— 3 - v o e I . VR 1 TN, TR T TRy T T T e

Q= V/Z2 (27)

The transformed boundary conditions atr = R (Z = 1) are

-2 .
la = pp CPD d3T/dt +3R kAaT/az
Z=1 Z=1
-1 MvAHvP

+3R —A—FT-‘Q(L=1), (28)

-1

.. _ .-1 kT DN )

Q(z=1) =R 55— [1-xv(z_1)] 3X, /32| (29)
Z=1

and the Clausius-Clapeyron relationship, Eq. (20).

Note that the quantities I and o enter only as a product in the

problem, Eq. (28). As shown in Fig. 2 the effective value of o as

determined by Mie theory can vary by close to a factor of two for particles

of radius between 0.1 and 100 pm, Thus the absorption efficiency of a

droplet can vary as the particle vaporizes (and thus decreases in size).

Given the uncertainty in the imaginary part of the index of refraction of

water and the desire to present generalized solutions this effect was not

included in the computations of Section IV.

A .




IV, MODEL PREDICTIONS

No analytic solution has been found for the system of Eqs. (20),
(23) - (29). A computer program has been developed for their numerical
evaluation which employs a fully implicit Crank-Nicolson finite difference
scheme. A complication in using the 7 co-ordinate is that a constant grid
size in Z space results in a limited number of grid points at large r, where
the solution :nay be most interesting. This complication has been circum-
vented by modifying the finite difference scheme to allow for a change in
grid spacing at small Z. In the present mode of operation the grid spacing
for 0,00 < Z < 0.05is an order of magnitude finer than that for 0. 05 < 2
< 1,00.

A matrix of computer solutions for the Egs. (20), (23) - (29) has
been completed. Simultaneously a steady state solution of the equations

has been performed in order to analytically predict the effects of varying

fundamental parameters such as particle radius and laser intensity. The
latter analysis is useful not only as a check for the computer solutions but

also in that it presents a broad overview of the laser-aerosol interaction.

A. Steady State Solutions

In the limit where the velocity term in Eqs. (23) and (24) can be
neglected, the equations effectively uncouple, and it can be readily demon-

strated that the steady state solutions for A T = T-Te and AX = XV - XV
v

scale inversely with r, i.e., ”
AT (r) = (R/r) AT (R) (30)
and
AX (r) = (R/r) A X (R) (31)
v v
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Indeed, even the time dependent solutions, which may be found in standard
texts (for example, Ref. 26) vary approximately as r-! for r<2 (k t/p CP ) 2
Thus, in the limit of low velocity the gradients appearing in the equation
for droplet energy conservation, Eq. (28), may be evaluated by use of Eq. (30)
and (31).

If this is done, use of Eqs. (20), (28) and (29) results in

2
3 R_Ia
d (ATp)/dt = — \ { 5 - kpAT -
R pDCpD
AH M i
DN -X,(R)) " (X,(R) - X )} (32)

where

AHVATD
‘{V(R) - XVD = XV@ {exp [RV(ATD+TQ) Tm]- 1 }

Although this differential equation is separable, it affords no simple analytic
solution. One feature of interest is the maximum value of A Tp which is
reached when the time derivative is zero. Egquation (32) in this limit reduces
to a transcendental equation for A TD-max which may be evaluated as a
function of the parameter R2 Ia. The solution to this equation is shown in
Fig. 4 over a range of 5 orders of magnitude in the parameter R2 Ia.
Shown for comparison are the predicted maximum droplet temperatures
for the related cases of "heat conduction only' and ''vaporization only",
These calculations were performed for initial conditions of T, = 293°K,
X, =2.1x 1072,

Note that for the full range of R%1u shown the ATD-max predicted

for the case of heat conduction alone is significantly higher than that pre-

dicted when both heat conduction and vaporization were included, On the
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other hard, the predictions for the case of '"vaporization only" are relatively
close to the full solution. The reason for this is that the major portion of
the absorbed energy goes into vaporization rather than heat conduction. This
is shown explicitly in Fig. 4 where the fraction of the absorbed energy which
is lost to heat conduction is plotted vs, R2 Ia. For low R2 Ia this fraction
asymptotes to ~ 0.3, and falls off rapidly with increasing Rzlc. This rapid
fall-off occurs as the droplet temperature approaches the boiling point.

This is because the vaporization rate increases exponentially in this region,
whereas the rate of heat conduction approaches a constant, The relative
value of this fraction is determined by the ratio of the last two terms on the

RHS of Eq. (32). For small AT this ratio reduces to
D-max

2
Power into heat conduction _ kA Rv T, A (1 - X!

Power into vaporization Xy, DN (A HV)Z M,

~ 0.43 (33)

in agreement with the asymptotic value shown in Fig. 4 (i.e.,0.43/1.43~0, 3),
Note that Fig. 4 is somewhat misleading at large values of R%lain
that convective heat transfer will dominate conductive heat transfer in that
range, i, e, the water vapor is heated prior to leaving the droplet. The
fraction of the vaporization energy which goes to heating is
CPHZO A Tp

E - ST (34)

which at 100°C is Ep ~ 0.06. The fraction of absorbed energy converted to

heat will not fall below that value given by Eq. (34). Note further that the
radial steady state solutions Eq. (30) - (31) are not strictly valid in the
convection dominated regime. Williams21 has discussed the steady state

solution for this casc under the assumption of constant density and showe=:l

-25-
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that the radial distribution is exponential with an argument preportional

to the vaporization rate over radius. Nonetheless for the cases corresponding
to high vaporization considered in the present work the computed radial
derivatives of the temperature and water vapor distributions at r - R were
typically within a factor of two of those predicted from Egs. (30) - (31).

Thus it is concluded that the present steady state analysis should adequately

describe the gioss phenomenology of the convection dominated regime,

One last point with reference to Fig. 4 is that although the solution
for the case of "heat conduction only' is linearly proportional to laser
intensity this is not the case for the more general solution. As vaporization
begins to strongly dominate, the temperature increase scales more weakly
with laser intensity. This occurs approximately at an R%1Iaq of 1.5 x 1n-2
cal/cm-sec which for a laser intensity of 104 watts/cm2 and an g of 112 em-!

corresponds to a droplet size of ~2um,

The fact that vaporization dominates heat conduction as an energy
loss mechanism allows an approximate analytic formulation for several of
the variables of interest in the problem. In particular, in steady state
it can be readily shown from Eq. (32) that the rate of mass ioss from the

droplet can be expressed as

dm/dt = - 4/3 n R3I0/A H, (35)
or in terms of the droplet radius

dR/dt = - RIa/(34 H, Pp) (36)

From Eq. (36) it can be seen that the characteristic e-folding time for

droplet radius is

TR = 3 AH, /I (37)

-26-
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which is inversely proportional to Ia and independent of initial par:icle size.

Lastly, the gas velocity leaving the droplet surface is given by

V(R)* M, RIa/(3M,pLH) (38)

Note this latter quantity scales as RIa rather than R2 Ia, and thus is less

sensitive 10 changes in radius than the droplet temperaturc.

The relationships (33) - (38) are all valid after the droplet nas reached
its steady state temperature. It can be shown that prior to that time the
major portion of the absorbed energy is consumed in heating the droplet. It

was found through computer solutions of Eq. (32) that the o-fclding time for

the quantity % TD-max - b TD was given by
G

. 0.65 & TD—max Py, P 9

D Ia )

to within 20% for R2 Io between 10-4 - 101 cal, /cm-sec. Note that ‘TD is

not independent of particle size since & T is a function cf R2 Ie.. Indeed

2 2 D-rnax
for R"Ia < 1.5x 10 ~ cal/cm-sec
AT ~1.6x10° R® | (4
D-max o % & (40)
whence
TD"‘ 103 PL CpL Rz; R2 JIo < 1.5x 10-2 cal/cm-sec (41)

independent of Ia. As a numerical example, for a droplet of radius 1gm the
characteristic tirne to steady state as determined from Eq. (41) is 10-5 seconds,
For values of R2 Io larger than 1.5 x 10-2 cal/cm-sec the characteristic

heating time rmust be determined from Eq. (39) in conjunction with the values

. io. 4.
of A TD-max shown in Fig
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A last pcint before leaving the discussion on steady state solutions
concerns the importance of temperature gradients within the droplet. If
one consicers volume absorption followed by heat conduction as the only
phenomenon occurring within the droplet, the defining steady state energy

equation becomes

/30310 - - 472l kp 3 T/3r (r< R) (42)

where k_ is the coefficient of thermal conductivity of liquid water, taken as

1.4 x 10_3 cal/cm-sec-°K, Eq. (42) requires that

where the subscripts C and S refer to conditions at the droplet center and
surface, respectively. This temperature variation is also shown in Fig. 4

and can be seen to be significantly lower than AT until the droplet

D-max
approachr: the boiling point. Of course, Eq. (43) is not necessarily realistic
in that region since it requires droplet superheating. In reality, vaporization
could occur within the droplet and original nucle: effects, etc. could be quite
important. These points are discussed in Section V. In any event, it is

clear that the approximation of a constant temperature field across the

‘droplet is not appropriate at large values of R2 Ia.

B. Time Dependent Solutions

Computer calculations have been performed for droplet radii between
0.5 - 50 pm and for values of Ig = 27, 81, 270, 810, 2700 kcal/cc-sec.
(For a nominal value of o = 113 cm_1 these correspond to I = 1, 3, 10, 30,
100 kwatts/cmz). Only a few predictions have been made for the largest and
smallest droplet sizes inasmuch as these require the largest amount of

computer time,
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Shown in Figs. 5 - 9 are the rise in droplet temperature vs.
time for an Ia of 270 kcal/cc-sec (I = lO4 watts/cm2 for ana of
113 cm_l)and for particle radii ¢f 0.5, 1., 3., 5. and 10. um. The
slope discontinuities appearing on the curves are not real but are a
result of the plotting technique. As can be seen the time to reach steady
state increases with increasing particle size as expected from Eq. (39) and
(41). The decrease in droplet temperature with increasing time results
from the decrease in radius due to vaporization. The predicted droplet
temperatures for times corresponding to the point of maximum tempera-
and beyond are in good agreement with the steady state predictions shown
in Fig. 4.

The radial profiles of the temperature increase in the gas for
these cases are shown in Figs. 10 - 14 at times of I, 3 and 5 msec.
These profiles scale inversely with radius out to distances roughly given
by r~ 2 (k At/p CpA)l /2 in agreement with the analytic solution for the
case of heat conduction with no vaporization. (The magnitude of the increase
is of course lower than the heat conduction case as is evident from Fig. 4).
The decrease in temperature at small radius with increasing time is
caused by the decreasing droplet temperature. At the la rger distances
the temperature is highest at the longest time because of the finite time
required for heat conduction.

The radial profiles of the increase in water vapor mole fraction
in the gas are quite similar in form to those for the temperature increase.
Examples of this are shown in Figs. 15 and 16 for particle radii of | and 10
Mm and an 1@ of 270 kcal/cc-sec. The profiles scale inversely with
radius out to approximately the same distance as the respective profiles
for the temperature increase in the gas as shown in Figs. 1l and 14. This
is because the characteristic time for diffusion is approximately the same

as that for heat conduction (See Eqgs. (6) and (7) ).
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Similar predictions for an I q of 2700 kcal/cc-sec (I =10 watts/cm'2

for an@ of 113 cm”~ l) and for particle radii of 0.5, 1., 3. and 5. Hm
are shown in Figs. 17-24. The rise in droplet temperature vs. time for
various droplet sizes is shown for this [ @ in Figs. 17-20. Note the
time scale to reach steady state égain increases with radius. At the
larger droplet sizes these times are considerably faster than those

for the same droplet size at an 1@ of 270 kcal/cc-sec. This is as
expected from Eq. (39). The fall-off in droplet temperature with
increasing time is more rapid in this case than at the lower I @ since
the characteristic time for droplet shrinkage scales inversely with I a
(Eq. (38) ).

The increase in temperature of the gas vs. radius is shown in
Fig. 21-24 attimes 7{0.2, 0.6 and 1.0 msec, Departures from an
inverse radial dependence are obvious in these profiles particularly for
the larger droplet radii. The cor responding predictions for the increase
in water vapor mole fraction exhibit a similar behavior.

Predictions of the cumulative energy distribution vs. time are
shown in Figs. 25-29 for a droplet radius of 5 um and for five values
of I @ lying between 27 to 2700 kcal/cc- sec, Shown are the total absorbed
energy, the amount of energy converted to heat of the surrounding gas by
conduction and by convection and that lost to vaporization. Note that the
five figures are not all plotted on the same time scale.

The first thing that can be seen is that the total energy absorbed
does not scale linearly with I & over the time ranges shown. The reason
for this is that the rate of droplet shrinkage increases with increasing
I 8 and thus the effective absorption coefficient decreases. Also the
percentage of the total absorbed energy which is conducted away as heat
energy decreases with increasing I & as expected from the steady state
analysis discussed in Section A. Indeed the heat flow resulting from con-

vection exceeds that from conduction at anI @ of 2700 kcal/cc-sec.
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F It should be emphasized that the prediction that vaporization,

E rather than heat conduction, is the dominant energy loss mechanism is
strongly dependent upon the assumption that the evaporation coefficient
for HZO is unity. If it were 0,033, as mentioned in Section II conduction
could dominate vaporization. This point is discussed in some detail in

the next section.
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Figs. 5 - 9

Figs. 10 - 14

Figs. 15 & 16

Figs. 17 - 20

Figs. 21 - 24

Figs, 25 - 29

FIGURE CAPTIONS

The Rise in Droplet Temperature Above

Ambient vs. Time. Ia - 2.7 x 10° cal/cc-sec,

R = 0.5, 1,,3.,5.,10, pm, respectively.

Ambient conditions are T = 293°K, X, - 2.1x10"2,

The Rise in Gas Temperature Above Ambient vs.
Radius at Times of 1, 3, 5 msec. Initial conditions
the same as in Figs. 5 - 9, respectively.

The Rise in Water Vapor Mole Fraction Above
Ambient vs, Radius at Times of 1, 3, 5 msec.

Io - 2.7 x 107 cal/cc-sec, R=1., 10, um
respectively. Ambient conditions are T = 293°K,
X, = 2.1x 1072,

The Rise in Droplet Temperature Above Ambient
vs. Time. lao - 2.7 x 10° cal/cc-sec, R = 0.5,
l.,3.,5. M respectively, Ambient conditions are
T - 2939K, X, - 2.1 x 10-2,

The Rise in Gas Temperature Above Ambient
vs., Radius. Initial conditions are the same as in
Figs. 17 - 20, respectively.

Cumulative Energy Deposition vs. Time.

R =5um, Ia=2.7x 104 8.1x 104,

2.7x 105, 8.1 x 105, 2.7 x 106 cal/cc-sec,
respectively. Shown are the total absorbed
energy and the amounts lost to heat conduction,
heat convection and vaporization.
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Droplet Temperoture v Time
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Droplet Temperature v Time
IALPHA = 270 kcal/cc-sec » R = 3 microns
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