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ABSTRACT 

This report summarizes the three-year research program 

at Systems, Science and Software to investigate the effects of 

meso-scale and small-scale interactions on global climate. 

The research concentrated on two areas, orographic effects on 

the wind patterns and effects of radiation transport on the 

climate. Volume I describes the orographic research and in- 

cludes the theory of momentum transport due to mountain ranges, 

the formulation of several computer cod.^s to calculate the ef- 

fects for realistic topography and wind profiles, and the ap- 

plication of these codes to various problems and comparison 

with other calculations as well as experimental results. 

Volume II describes the radiation transport research 

which produced a benchmark code against which more simplified 

models can be compared. This code, ATRAD, is characterized 

by high angular and frequency resolution and by the ability 

to calculate radiative atmospheric heating rates taking into 

account molecular absorption and scattering from arbitrary 

distributions of aerosols and particulatas. 
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1.  INTRODUCTION 

The numerical prediction of the general circulation of 

the atmosphere predates most of the other applications of high 

speed computers to physical problems.  The codes which exist 

at several major research centers have reached levels of con- 

siderable sophistication. These codes are used to solve time- 

dependent equations describing atmospheric motion in a three- 

dimensional representation. Parametric descriptions are in- 

cluded to take into account the effects of insolation, turbulent 

transport, and moisture. 

There are two aspects of current computational capabili- 

ties, however, which have been treated rather crudely in the 

past, and which have been the subject of the present research 

program at Systems, Science and Software (S ): orographic ef- 

fects and effects of radiative transfer on the climatology. 

Orographic (mountainous) effects are mesoscale phenomena, i.e., 

occurring on a distance scale of a few kilometers which is 

smaller than the typical grid size in the Global Circulation 

Models (GCM). Qualitatively, the effect of mountains is to 

transport horizontal momentum to high altitudes over the moun- 

tains and long distances down wind. This perturbation in 

the flow field can cause moisture to be advected to high alti- 

tudes and cloud formation is common. The clouds and moisture, 

on the other hand, can alter the climatic conditions over areas 

large compared to the mountainous source. 

For the application to short period forecasts, covering 

the time interval shorter than a few days, the details of the 

atmospheric heating by solar insolation are probably not 
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necessary. Over longer periods of time, however, the processes 

which transform the solar energy into motion of the atmosphere 

are much more important, and more accurate models are necessary. 

The research effort described in this report has led 

to the development of computer codes capable of calculating 

the orographic effects and radiative effects in considerable 

detail.  S3 has used its extensive hydrodynamics and radiation 

modeling capabilities to produce codes that include descrip- 

tions of motit of the physical processes which are relevant. 

Through test calculations the accuracy of various physical and 

mathematical approximations was determined, allowing simplifi- 

cation in the models. Finally, parameterized models have been 

developed for the RAND Mintz-Arakawa two-level Global Circula- 

tion Model (GCM) which provide increased accuracy in the momen- 

tum transport and radiative heating calculations at a nominal 

increase in computation time. 

The present report is a comprehensive summary of nearly 

four years of research. The editors have attempted to discard 

the many blind alleys encountered and reported in the various 

semi-annual reports, and to condense the material as much as 

possible, but the sheer volume of useful results has required 

publication in two volumes. Volume I describes the work on 

orographic modeling, and the radiation transport work is de- 

scribed in Volume II, 

•■ 

1-2 

---—-■—  --■■ ■ I  IliUM.r ii-milifiMlilltltlMMilmii   I   I 



m. m^rmmmam^nmmm^ **mm» J,I- «u ,w.fi!JM. mJm*mm>*i!m'L" ■ ^i-''- L wi^^wwiw'wwii'iswp ww#»ww).-jjfupip.|j#»i ^wmmufm Ti' /^B^^tpf^^^^l " 

o 553-^75-2556 

1.1    OROGRAPHIC EFFECTS ON GLOBAL CLIMATE 

Phenomena taking place on a scale smaller than the reso- 

lution of global circulation codes can cause changes in climate. 

The tropospheric transport coefficients that are required in 

the global atmospheric model may arise from atmospheric mo- 

tions that occur in quite small regions (e.g., mountain lee 

waves). Transport is also effected by convective eddies such 

as cumulus and cumulo-nimbus convective cells. These may be 

influenced by small geographic features such as islands and 

by upper atmospheric phenomena such as jet streams and waves. 

The simplest method of accounting for meso-scale phe- 

nomena is to calculate parameters (such as eddy diffusivities) 

according to some fit of experimental data, risking large in- 

accuracies due to incomplete and inappropriate data. A tech- 

nique which can give more accuracy is to compute these param- 

eters by means of several meso-scale calculations performed 

separately, or concurrently with the large scale calculation. 

This permits a more complete description of relevant physical 

processes to be built into the global model. 

Models having various degrees of sophistication have been 

developed under the present program. The basic code is a two- 

dimensional time-dependent code which makes use of the Boussinesq 

approximation. This code is described in Section 2.  Several 

test calculations have been completed which show the transient 

effects on the air flow over mountain ranges under various at- 

mospheric conditions. These results are presented in Section 4. 

Modifications to the code, reported in Section 3, include 

full compressibility and moisture effects. Test calculations 

which evaluate the importance of these modifications are also 

presented. Modifications of the zoning capabilities are also 

discussed. 
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A full time-dependent calculation of the wind wave phe- 

nomena is, of course, too time consuming and unnecessarily 

sophisticated for a large scale GCM calculation. A three- 

dimensional Linear Steady-State (LSS) code was, therefore, de- 

veloped to provide the correct time-average of the wave momen- 

tum transport. This code is described in Section 5,  This 

model was further simplified for the Mintz-Arakawa two-level 

code in the subroutine DRAG which is described in Section 5.3. 

A final code, STUFF3, was developed during this re- 

search, and is described in Section 6. This is a fully three- 

dimensional Boussinesq code, including effects of turbulent 

diffusion.  The numerical treatment includes a mixed mode, 

Eulerian-Lagrangian grid specification which is a distinct 

improvement over other coder of its type. 
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NOMENCLATURE FOR SECTIONS 2 AND 3 

cc  - 

D  = 

uAt 
Ax 

numerical stability parameter 

specific heat at constant pressure 

drag force on the obstacle 

d 
at 

n 

F 

g 

r 

h 

I 

J 

i,j 

kt 

kv 

L 

3t 
+ V«v = total derivative 

_n .,   .. ..     3u  3v 
fluid vorticity =37-37 

advective flux across a boundary 

acceleration of gravity 

dry adiabatic lapse rate = g/C« 

enthalpy 

maximum value of the grid index i 

maximum value of the grid index j 

numerical grid indices 

temperature diffusion constant 

viscous diffusion constant 

latent heat of vaporization for water 

I      -    cloud water content 
c 

Ä  ■ rain water content 
r 

P  = water production terms 

P 

4» 

pressure 

compressibility stream function defined in 
Eq.  (3.6) 

4.1    =     stream function 
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Q - 

q ■ 

R = 

r = 

P = 

S = 

s - 

T = 

t = 

't - 
-*■ 

V = 

u = 

w * 

X " 

total water content 

water contained as cloud moisture and vapor 

gas constant for air 

relative humidity 

density- 

static scahility 

ertropy 

temperature 

time 

terminal velocity of water droplet in atmosphere 

total velocity 

total horizontal velocity 

vertical velocity 

horizontal Cartesian coordinate 

vertical Cartesian coordinate 

i    + k u        w 

C    ■    compressibility vorticity function 

"   IrO) - 1*(PW) 

SUBSCRIPTS 

D = diameter of water droplet 

i,j ■ numerical grid indices 

o = initial spatial distribution Csometimes used 
to indicate a ground level value) 
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2.  THE BASIC HAIFA CODE 

HAIFA (Hydrodynamics in an Almost Incompressible Flow 

Approximation) is a two-dimensional Eulerian time-dependent 

Boussinesq hydrodynamic code including effects of inertia and 

buoyancy. Modifications were made to BASIC HAIFA to include 

effects of compressibility and moisture. 

2.1    THE BASIC HAIFA EQUATIONS 

The numerical investigation of mountain waves requires 

that the effects of inertia and buoyancy be taken into account. 

The two-dimensional time-dependent Boussinesq equations, devel- 

oped herein, include these effects in the HAIFA computer code. 

The buoyancy effects are due to adiabatic changes of tempera- 

ture induced by perturbations of an initially thermally stra- 

tified atmosphere. Deviations from constancy of the density 

in other terms of the fluid equations, including the continuity 

equation, are neglected, giving a set of equations which are 

basically valid for an incompressible fluid. The use of the 

Boussinesq equations for the investigation of mountain waves, 

therefore, is appropriate in that the effects of buoyant sta- 

bility are restricted by the incompressibility approximation. 

These equations, as used in HAIFA, a:re the vorticity equation 

derived from the two-dimensional equations of motion, the 
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energy equation, and the continuity equation for an incom- 

pressible fluid.  An rutline of the derivation of these 

equations follows.  (The symbols used in the equations are 

defined in the Nomenclature list.) 

In the Boussinesq approximation, the momentum equa- 

tions in the horizontal (x) and the vertical (z) directions 

are: 

du=-l_|£+V.CVu) (2.1) 

ar'-Mf-fc^^vvo   . (2.2) 

For the present, we have neglected the Coriolis terms in this 

set of equations. 

The incompressible continuity equation in two dimen- 

sions is 

|H+ |iL= o 
dx   3z 

(2.3) 

The vorticity equation used in the HAIFA code is derived using 

Eqs. (2.1), (2.2), and (2.3). Eq. (2.1) is differentiated with 

respect to z and Eq. (2.3) with respect to x . Consistent 

with the Boussinesq approximation, the variation of PO with 

height is assumed negligible. Subtracting one from the other 

removes the pressure terms. If one also treats the diffusion 

coefficient k  as a constant, the resulting expression is: 

attn) 
+ f- lf+ V2Cn) (2.4) 
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-..; 
where n  is defined as the vorticity component perpendicular 

to the x-z plane. Mathematically, 

n = 9u  3w 
ö Tx 

. 

It is further possible to modify Eq. (^-4) consiient with the 

Boussinesq approximations.  The variables  p,  T and p may 

be written as functions of their static .alues plus a perturba- 

tion contribution as follows: 

p(x,z,t) = p0Cz) + p'Cx^.t)  , 

TCx^t) = T0(z) + T'(x,',t)  , (2.JO 

p(x,z,t) = p0(z) + p'(x,z,t)  . 

The buoyancy term 

1_ 
P, 

3p 
3x 

can then be written as 

p0 9x 

However, for the Boussinesq approximation to be valid, the 

density variation p' must depend mainly on temperature, 

i.e., the variation of density due to the dynamical pressure 

is assumed negligible (see Appendix A)» Therefore, 
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' ' (tU (2.6) 

Substituting  Eq.   (2.6)   into Eq.   (2.4)   and using Eq.   (2.3)   to 

allow the  result to be written in conservative form,  the 

vorticity  equation is 

^(n) + f^urO + ^(wn) ^ ill + k v2n T   ax      \    ' o 
(2.7) 

Eq. (2.7) is the first of three equations to be solved 

in the HAIFA code. The second equation results from the con- 

tinu.ty equation and the definition of vorticity. Defining a 
stream function ^ such that u « 3^/9z and w = -9ij;/3x, the 

continuity equation is automatically satisfied. Further, the 

stream function is related to the vorticity through a Poisson 

equation of the form 

V2ij; = n (2.8) 

The final equation necessary to complete the descrip- 

tion of mountain waves is the energy equation. This equation 

expresses   the  first law of thermodynamics 

dh _   .   1 d 
3t ^Faf + V2h 

for an adi: batic system.    For a perfect 'gas with constant 

specific heat and using the hydrostatic approximation in the 

dp/dt term,  this equation may be  expressed by 

dT 
3t i- wg +  k.V2T 

S 
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Defining T" = T + Tz  and substituting Eq. (2.5) into Eq. (2.9), 

the resulting energy equation is 

^1 = kTV
2(T" - Tz) 

(2.10) 

Eqs. (2.7), (2.8) and (2.10) constitute ;he fluid flow 

equations integrated in the HAIFA code. 

2.2    NUMERICAL APPROXIMATION OF HAIFA EQUATIONS 

Eqs. (2.7), (2.8) and (2.10) are written in finite 

difference form and integrated numerically. The integration 

is accomplished by updating the equations in time for each 

variable based on the values at the previous time step or an 

intermediate time located between two successive time steps. 

Each of these steps will be discussed in turn in this report. 

These descriptions include the definition of the grid used and 

the location of each variable listed in the equations, the 

evaluation of the advection terms in the vorticity and energy 

equations, the solution for the stream function from the 

Poisson eq. (2.8), and a discussion of the boundary conditions 

used in the numerical integration. 

2.2.1  Finite Difference Scheme 

The basic scheme used to numerically integrate the 

HAIFA equations is shown in Figure 2.1.  The finite difference 

grid used in HAIFA is shown in Figure 2.2. The locations of 

the major variables with respect to the grid cells are defined 

in the figure. 
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Initial values of temperature, 
vorticity, and velocities are 

specified. These will be 
available at time tn for the start 

of each succeeding time step. 

Step 1. 

ij 

■ 

i 

: 

New values of temperature 
and vorticity are obtained 
accounting for the advection 

terms in Eqs. C2-7) and (2.10) only. 

Stap 2, 

1 

J$_ 
Temperature and.vorticity are up- 

dated to time tn i by accounting for 
buoyancy and friction terms using 
the intermediate values of T 6 n 

obtained in St'-p 2. 

; 

Step 3. 

The Poisson equation is solved 
for ty    using values of n at 

tn+1. 

Step 4. 

I: 
Velocities are updated using ty 

values from Step 4.  Initial data for 
a new cycle are now available for 
edit or further calculation be- 

ginning at Step 2. 

Step 5. 

Figure  2.1 - HAIFA Scheme Used in Numerical  Integration 
of Eqs.   (2.7),   (2.8),   and   (2.10). 
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>. 

j + l 

j-l- 

i-1 

!i^ii,. 

u. 
1J 

ijrrr 

i.j*i 

Cn.T)^- 

13 

h+iti+i 

i+l 

1 

Figure 2.2 - HAIFA Finite Difference Grid. 

The stream functions are located at the grid points, the vor- 

ticities and temperatures are cell centered and velocities are 

centered on a grid line located between stream line values. 

In this way, the velocities defined in finite difference form 

are: 

- *i.i*i " *i: uij - Jz Lz 
C2.ll) 

il = . UHU " ÜjJ 
ij 3x Ax 

(2.12) 
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2.2.2  The Advection Scheme 

The advection of temperature and vorticity in HAIFA 

is calculated using either the second or fourth order scheme 

of Crowley.  ^  The selection of the second or fourth order 

scheme is optional and is determined by the trade-off between 

accuracy and computing time. The schemes chosen are written 

in conservation form and are based on forward time differences 

and centered space differences.  Test calculations performed 

by Crowley indicated that for the same order of accuracy, the 

conservation form produced more accurate solutions than the 

advection form. 

In the conservation form, the time derivative and ad- 

vection terms of the vorticity or temperature equation may be 

written as 

M + 
3(u^ + illil = s 

ITt  3x     i'Z 
C2.13) 

'.■ 

; 

where <J> is either T or n and S is the source term. 

In two dimensions a splitting technique is used; the 

calculational scheme calls for solving a one-dimensional equa- 

tion twice, i.e., the net flux of vorticity or temperature is 

solved for in the horizontal, the quantity solved for in the 

xone being updated due to this flux and the procedure is then 

repeated in the vertical direction using the partially updated 

values.  The equation for the flux across the boundary j 

written in finite difference form (second order accurate) is 

Ax 
It r1^ + *j-i) ■ i1-^ - *j-i> C2,I4} 

where    a.   =  u.   At/Ax 
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The net change in the variable $ in the cell  ij  due to ad- 

vection in the horizontal is then 

n+1 n AtrF 
27CFj "i+J C2.15) 

The corresponding fourth order scheme for the flux 

across the boundary j  is 

a-3 

" lf-[^j + ♦j-i^ " ^j+i " ♦j-z)] 

u 

The numerical stability of these equations is discussed in 

Section 2.3 of this report.  The accuracy, as discussed by 

Crowley, is found by expanding the quantities in Taylor series, 

both in tine and in space.  The result gives the solution of 

the variable $    at the new time accurate to order At2 

in time.  The time derivative of the finite difference form 

of the differential equation is thus accurate to order At3 

in time.  The second order scheme, Eq. (2.14), has a trun- 

cation of order Ax3  and the fourth order scheme, Eq. (2.16), 

is accurate to Ax5  in space. 
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2.2.3      ^^S^fJ)^,rJejmsJjlJhe Vorticitv  and Energy 
Equation^ 

The vorticitv equation has two additional terms besides 

the advective terms.  In general, central differences are used 

in the numerical scheme.  The buoyancy term 

T0 9x 

is expressed as 

Ti+l.i ' Ti-l,i 
T        2Ax 
0j 

C2.17) 

The diffusion term kvV
2n is expressed as 

kvl^i,j + l ■ 2T1iJ ^i.J-l3^3 

+ ^i+l,j ■ 2nij + ^-l.J3^!  ' 
(2.18) 

■ 

■ ■ 
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2.2.4  Solution of the Poisson Difference Equation by Finite 
Fourier Transform 

The solution of the Poisson equation by means of 

Fourier transform results in a direct (or exact) solution of 

the difference equations and their boundary values.  In the 

current version of the subroutine there are some limitations 

on the generality of the solution: the spatial interval Ax 

must be constant (see Section 3.3 for variable Az). The solu- 

tion must be periodic in the x-direction and prescribed values 

of the stream function are to be maintained en the top and 

bottom boundaries of the rectangular region. How the hound- 

ar/ is modified from the rectangular shape is discussed in 

the following section. 

A second order finite difference approximation to the 

Poisson equation V2^ = n is obtained by replacing the second 

derivative operator by a centered second difference operator. 

62 4). . x V13 1» 11  = 
(Ax)2    (Az) 1J 

i 

j 

12      I 

2 , . . • , J"1^ ; 
(2.19) 

where 

6 2 i'/. . 
x ij n+i,j ■ 2hi  + ^i-lj 

ana 

52 4>. • 
z rij = ^i,j+i - ^ii + h,i-i 
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Boundary conditions are imposed as follows 

At the bottom of the mesh, 

At the top of the mesh, 

*i,J = ßi 

i  =   1,   . . .,   I   . 

i  —  1,2,   •••>  1   • 

The cyclic boundary  conditions  in the horizontal  are, 

VJ - h.j and 1/ltj - *ulti 
j   =  2 ,   • • •«  «J" 1   • 

We  introduce an orthonormal base  set of functions having 

cyclic properties  on the  index i: 

w.k =  /27T cos ^ 
Zirki 

rr-rr 2Trki 

I is  even 

i  =   1»2»   •••»   l   • 

w.  T « 1//T 

wi,I/2 '  i/^"5  i 

k ■   1,2,   ..., j 1  . 

j 
These are the finite Fourier functions which have the properties, 

I 

[ 
i = l 
]C Wik wiil = 6ki 
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i.j 

and the analogous cyclic boundary conditions are valid in the 

horizontal. They also have the property that they are 

eigenfunctions of the central second difference operator 

6x wik = -Xk wik 

where    \,   =  I sin irk/I     .   These functions  are  complete func- 

tions on the interval    i  = 1,2,   ...,  I   .     Consequently, 
an arbiträr)   function    f.     on this space  can be represented 

fi  = £ ak wil 
k=l 

where 

Hi Zfi«ik • 
i=l 

We are now ready to consider Eq. (2.19) from the point 

of view of Fourier transformation. The vorticity and stream 

function are represented as Fourier series as follows: 

I 

I 
k=l 

I 

nij  = Z bkj wik        '        where    bkj  x 2 nij wik    ' 
i-1 

and (2.20) 

tf;.     =    7     a, ■   w.,, 
ij       JLJ    kj     ik 

k=l 

where    a 
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Substituting into Eq. (2.19) we obtain 

]Cwik 
k=l 

5z 

(Ax)2   (Az)2, 
aik - bjk 

= 0 

Multiplying by w.^ and summing over i g ives 

(Ax)2 ' (Az)2/ ^   ^ 

j ■ 2,   ... ,  J~l f 

i = 1,2, ,.., I . 
(2.21) 

The values of a^ and aj^ required by Eq. (2.21) are 

obtained from the boundary values 

1,1' Z"!"!! and 

1=1 

(2.22) 

^A 
= L 3i wiii ' 

i=l 

In Eq. (2.21) the value of the wave nu^bdr, Ä, appears 

only parametrically.  For each value of I    there is a tri- 

diagonal equation having fixed values at the end points of the 

j-interval. 

We summarize the procedure for obtaining the direct 

solution of the Poisson equation, Eq. (2.19), by Fourier trans- 

form: 
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(1) The vorticity and the top and bottom boundary 

values of the stream function are subjected to Fourier trans- 

formation to obtain 

b . „ = /  n-• w. 

i=l 
I   ' 

and aM = S ai w^ ' 
i=l 

lJ,il = S ßi W^ 
i=l 

(2) The Fourier components of the stream function are 

obtained by solving the tridiagonal system of equations, Eq. 

(2.21) , for a.£. 

(3) The stream function itself is obtained by Fourier 

synthesis 

I 

^ij = £ aj£ WU  * 

The quantity I must be even. In order to take maxi- 

mum advantage of the efficiency of the Fast Fourier Transform, 

the quantity I should also be a power of 2. 

2-15 

|l|MiiBi^M^^aMBtfa^ rifflitiiiiiMiMiiiitiiritiiiiii  -         —    ■ _ _*■ ■'    !-    ■- ■~:A^.-^. 



IU Mi I ilJJIJ JtL Ji. i^u. ^.WtlJipW«! LJ^iiiy JH, UJ U Lit* ^--^H i. _>u. IU^ t^ipHp^ipip^igjB^PB^piP^i^ipipiprr^^^ if.   uu^npBvq^a^^pBgpifi^^^^PlVI!. m.T.... .M J i r. ■■^U* ii J^-Ui^ii^U^-1 Wi Wliofioji^ J| i.ipp, ^ .   ^^P^nfiuOTIIII 

SSS-R-75-2556 

2.2.5  The FFT Solution of the Poisson liquation HavinR Non- 

Re ctani;u 1 ar Bouiular i es 

In order to represent a mountain within the computa- 

tional grid it is necessary to depart from rectangular bound- 

aries.  A modification of the solution algorithm using the FFT 

is necessary to take account of the specified values of * on 

the mountain contour.  The procedure for carrying out this 

modification of the direct solution of Poisson's equation^on 

an irregular region has been described by Buzbee, et.al. 

We consider the case in which there are p  internal 

grid points on which the potential is to be specified. These 

points constitute the adjacent mesh points lying along the 

boundary of the mountain which will be assigned the same value 

of potential (usually lero)  as the lower boundary. The first 

step is to precalculate the stream function contribution at 

each of the p points of unit vorticity located at each of 

the points. The solution is then obtained by solving Poisson's 

equation twice for each cycle. First, Poisson's equation is 

solved with arbitrary vorticity on the boundary points. The 

difference between the obtained and desired values of the 

stream function at each of the p points is used to obtain 

the corresponding vorticity increments through application of 

the precalculated matrix. A second solution of Poisson's 

equation using the incremented vorticity field gives the final 

value of the stream function vithin the calculational region. 

2.2.6  Description of Poisson Solver Routines 

This section describes the subroutines currently used 

in the HAIFA code to solve the Poisson equation in x-z geometry 

The method of solution employs a Fourier transform in the 

x-direction, solving the resultant set of one-dimensional dif- 

ference equations (one for each wave number) by Gaussian 
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, 
elimination in the i-direction and performing the inverse 

x-direction Fourier transform to obtain the solution.  The 

Cooley-Tukcy Fast Fourier Transform (FFT) technique 

is employed (subroutine COOTUK) with some pre- and post- 

processing of the data for efficient utilization of the al- 

gorithm.  In the current version the dependent variable (the 

stream function tjj in the HAIFA context) is assumed to have 

cyclic boundary conditions in the x-direction and fixed values 

at the top and bottom of the grid. 

At the beginning of each new calculation, there are 

references to subroutines which are used only once in each 

problem.  These are called SETUP and OBSET. 

SETUP -- This entry references an internal subroutine SET, 

whose function is to define certain index parameters and re- 

quired data arrays that are used throughout the calculation 

by the Poisson solver. 

OBSET This subroutine is called only when internal boundary 
■ i conditions are to be applied.  Suppose there are p internal 

points required to have stream function values ij)0, ^°, ... ij»° 

This subroutine computes a P x P matrix C which has thi fol- 

lowing property: 

a unit vorticity is placed in the posi- 

tion of internal boundary point j. The value 

of the independent variable (vorticity) is 

assumed to be zero at every other point. The 

Poisson equation solver XYPOIS (see discus- 

sion below) is called and returns the influ- 

ence of that particular unit vorticity on all 

the other internal boundary points.  These 

influences are put into row j of matrix C. 
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This procedure is continued until all p in- 

ternal boundary influences have been computed. 

Finally, subroutine OBSET forms and stores 

the inverse matrix C"1. 

The controlling subroutine for the Poisson equation 

solution is named LAPLAC (for the Laplacian symbol V2). 

This routine is responsible for the solution to both standard 

boundary condition cases and problems which include internal 

boundaries. 

Each cycle, subroutine LAPLAC averages the cell- 

centered HAIFA vorticities to provide node-centered vortici- 

ties. Then the Poisson equation solver XYPOIS is called to 

provide the updated values of the stream function.  In the 

case of internal boundaries, one more step is performed in 

subroutine LAPLAC. Upon the first return from solving the 

Poisson equation, each internal boundary has a value i>*, 

i=l, ... ,p which in general is not the required value i)°. 

A  vector L\p    of the differences ^? - \p* is formed.  Then, 

using the inverse matrix C"1 formed in subroutine OBSET, one 

may compute the required modifications Aq- to the values of 

the independent variable at each of the p internal boundary 

points from 

The independent variable is so modified, and the XYPOIS 

package is called once again. The solution returned now con- 

tains the correct values for the internal boundary points as 

well as the other grid points.  It remains to discuss the sub 

routine XYPOIS. 
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XYPOIS  --  This entry is used every calculational cycle to 

carrv out the solution of Poisson's equation.  It contains 

as an argument the values of the inhorcogeneous term (here 

vorticity) in the interior (nodal) points of the grid, and 

the fixed values of the dependent variable (here, the 

stream function) at the top and bottom of the grid.  XYPOIS 

references four internal subroutines; 

(1) FFANL (fast Fourier analyzer), which is respon- 

sible for carrying out the x-direction transform of vorticity 

into Fourier components.  It processes two rows at a time, 

so an uncoupling of the row components is required upon re- 

turn from the FFT routine COOTUK; 

(2) GAUSS, which is responsible for solving the re- 

sulting z-direction tridiagonal equations for the transform 

of the dependent variable (see Section 3.3.1.1); 

(3) FFSYN (fast Fourier synthesizer), which is the 

inverse of FFANL, is responsible for restoring the Fourier 

components to the new values of the independent variable by 

another call to subroutine COOTUK. These values, represent 

ing the solution to the Poisson equation, are returned to 

the calling routine (subroutine LAPLAC) in the array contaxn- 

ing the original argument list; and 

(4) COOTUK, which carries out the Cooiev-Tukey fast 

Fourier transform. 

2.3    STABILITY ANALYSIS 

A numerical stability analysis of the advection terms 

in the vorticity and temperature equations has been completed 

by other researchers. Among them, Crowley^ J did a complete 

analysis for the scheme presently being used in the HAIFA 

code  The results obtained by Crowley indicate that both his 
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second and fourth order scheme are stable for all wave num- 

bers if 

uAt 
Ax < 1 

Further, the fourth order conservation scheme being used in 

HAIFA is stable for  (uAt/Ax) <  1.5. 

As indicated by Crowley, the schemes both result in 

amplitude damping and phase lag. For long wavelength dis- 

turbances the damping and phase errors are appreciably smaller 

for the fourth order scheme than for the second order.  Com- 

parison tests with a typical mountain wave problem indicated, 

however, that the differences between fourth and second order 

solutions are not large. Most of our calculations have been 

performed with the second order scheme. The criterion 

built into the HAIFA code is more stringent than any of those 

noted above, i.e., 

uAt 
W <   0.8 

A stability criterion also has been established for 

the diffusion terms, however, in all problems calculated for 

this research, the diffusion coefficients are set to zero and 

thus these terms play no part in the solution. 

One unstable region was found using the above cri- 

teria in computing the uniform velocity problem discussed in 

Section 4.5.  The details of the instability and the new 

criteria developed for that problem are also given in that 

section. 
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2.4    BOUNDARY CONDITIONS 

The initial value problem solved using the HAIFA code 

requires initial temperature, vorticity and stream function 

distributions. This is accomplished by prescribing a value 

of the stream function which is constant in the horizontal 

direction and which gives the desired horizontal velocity 

distribution as a function of the vertical coordinate. The 

vertical velocity component is set to zero. The vorticity 

at each point in the grid is calculated analytically using 

the definition 

n - |ü , since |^ is everywhere zero. 

The temperature distribution is specified as being horizontal- 

ly stratified with a lapse rate which may vary with altitude. 

It is also possible to simulate inversions. 

At the beginning of the calculation, with the flow 

already established, an obstacle is placed in the stream by 

setting the lower surface streamline to coincide with the 

mountain surface. A rigii lid (constant streamline) is im- 

posed on the upper boundary of the problem. Figure 2.3 indi- 

cates these boundary conditions in graphical form. 

The boundary condition imposed at the sides of the 

grid assumes the flow to be cyclic, i.e., the stream function 

at each vertical grid line j on the left side of the grid 

is set equal to the corresponding stream function at the 

right side of the grid. Mathematically, this can be ex- 

pressed as ^ - ^n+1|j • A graphical explanation of this 

boundary condition is*also given in Figure 2.3. 
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^ = constant 

Upper and Lower 
Boundary 
Condition 

•>»  

i|) = constant 
(usually 

zero) 

u 

i"> 

n-1 

^i,^ 

Cyclic Boundary 
Condition 

I'^n+l 

Figure 2.3 - Schematic o£ HAIFA Boundary Conditions 

2-22 

mmmmmiiimKmmmimmtim t i    -^~.---^ —-  



:!.JJMijp,ll9l*Wpill^ 

; 

'. i 

u 

VJ 

u 

SSS-R-75-2556 

One further boundary condition is necessary to obtain 

the transient solution.  The vorticity equation requires that 

the temperature gradient in the x-direction be specified at 

the cell center bounded by the obstacle.  This requires a 

value for the temperature perturbation on the obstacle 

boundary.  The assumption is made that the ajr immediately 

next to the mountain has risen from the bottom of the grid. 

The temperature of the air alongside the mountain is thus 

given by 

T = T - r-z m   o 

where 

m 

fo 

r 

the temperature along the vertical 
mountain boundaries 

the temperature at ground level 

the dry adiabatic lapse rate 

the distance above ground level, 

Since the initial temperature profile (Ti) is given as 

an analytic function of z, the temperature perturbation along 

the mountain is 

T' = T - r-z - T,  . mo        i 

Referring to the example of a two-cell thick mountain in the 

figure below,  ST'/Sx at the cell centers adja  t to the 

obstacle are calculated as 

5T! 

ix 
m 

T; * Ti.i 
 =5  

Ax 
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3Ti + 3 
tt  

T'   +7* Ti+3  ii*^ 

Ax 
m 

u 

. 

I 
i*l 

At cycle zero (tine equal to tero), these boundary con- 

ditions are then used to determine tho new distribution of 
streaalines within the calculational grid. This completes the 

required information to start the computation. 

2.S    HAIFA CODE DESCRIPTION 

A flow chart giving the calculational sequence of the 

HAIFA code is displayed in Figure 2.4. A description of how 
problems are generated and the major subroutines within ^he 

code is. presented below. 
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DESIRED CYCLE 
AND READ 
IN DATA 

READ INPUT DAT/ 
AND GENERATE 
NEW PROBLEM 

YES- 
READ DATA 

AND GENERATE 
OBSTACLE 

CYCLE - CYCLE ♦ 1 

CALCULATE NEW 
TEMPERATURE 

AND VORTICITY 

SOLVE PCISSON 
EQUATION FOR NEW 
STREAM FUNCTION 

COMPUTE THE U 
AND V VELOCITIES 

ADVANCE THE 
TIME, COMPUTE 
NEW TIME STEP 

(UPDATE) 

(LAPLAC) 

(VELOC) 

(TIMSTP) 

PERFORM 
REQUIRED 

DATA 
OUTPUT 

(RTAPE) 

(OBSET) 

(EDIT) 
(OUTPUT) 
(WTAPE) 

{      STOP J 

Figure 2.4 - Flow Diagram of HAIFA Code. 
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2.5.1  Initiating A Calculation 

There are two methods for initiating a calculation: 

generating a new problem, and restarting a partially completed 

calculation from a data tape. These are controlled by sub- 

routine INPUT. 

Generating a New Problem - Subroutine INPUT reads all 

input data and sets up several constants which will be used 

in the calculation. The initial streamline distribution is 

computed from a series of input parameters, MT , DTI , DT2 , 

DT3 , DT4 , and ZETA such that 

tKz) = DTI + DT2»zMT + DT3'Z(MT+1) 

+ DT4»expC-ZETA«z)  . 

These parameters define the horizontal velocity distribu- 

tion 

u(2) - || - MT«DT2«z^MT"1^ + CMT+l)«DT3«z MT 

ü 

- DT4»ZETA*expC-ZETA«z)  . 

The initial vorticities are found from differentiating the 

above expression with respect to z , i.e., T\  = 3u/3z since 

3v/3x is everywhere zero at time equal zero. 

The initial temperature distribution is set in a 

similar fashion using the input parameters KT , ATI , AT2 , 

AT3 , AT4 , and ALPHA. 

TCz)   = ATI + AT2'ZKT + AT3^KT+1) 

+ AT4»expC-ALPHA'z)     . 
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Internal Boundaries - The input variable NOBS defines 

the number of internal points which are to have fixed stream- 

function values. A series of data cards specifying the grid 

points and the associated ^ values are read if NOBS > 0 . 

Such internal boundary points are used to define grid 

obstacles, which are outlined by a series of connected points. 

Typically, the fixed value of ty    assigned to the obstacle 

points is the lower boundary streamfunction value. The re- 

quested initialization of the streamfunction, vorticities, and 

velocities in the case of internal boundaries is handled by 

subroutine OBSET. 

Restarting A Calculation - The option to restart a 

calculation is keyed by the input psrameter RESTRT.  If it 

is non-zero in value, the data tape is scanned in subroutine 

RTAPE until the cycle requested by input parameter ISTART is 

found.  The values of the necessary calculational variables 

of the requested cycle are then read, and the computation is 

continued. 

2.5.2  Major Subroutines in the Main HAIFA Calculational Loop 

UPDATE  -- UPDATE is used to solve the conservative equations 

for vorticity and temperature.  Crowley's second order or 

fourth order scheme is called from this subroutine to calculate 

the advection terms. This scheme is described in Section 2.2.2 

of this report. 

LAPLAC -- The Poisson equation relating the stream function 

and the vorticity is solved using this subroutine as the con- 

trolling program. The details of the Poisson solver are given 

in Section 2.2.4. 
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VELOC  --  The updated stream function values are differenced 

in z-space to provide the horizontal velocity field u , and 

in x-space to provide the vertical velocity field v. 

PRTTST  --  This subroutine defines the type of output required 

in each cycle, viz, plots, large edits, and/or data dumps on 

tape are available options with this program. 

TIMSTP The TIMSTP subroutine calculates a time step to 

be used in the calculation limited by the numerical stability 

criterion.  The stability criterion is outlined in Section 2.3. 
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3. MODIFICATIONS TO THE HAIFA CODE 

The BASIC HAIFA equations described in the preceeding 

sections are limited in that the formulation has been simpli- 

fied both from the mathematical and physical points of view. 

In Section 3 we discuss five investigations to generalize both 

the mathematical and physical aspects of the code. These modi- 

fications include the effects of (1) compressibility, (2) mois- 

ture, (3) improved zoning, (4) Coriolis terms, and (5) turbu- 

lence. 

3.1    COMPRESSIBILITY 

3.1.1  Derivation of the Differential Equations 

The use of HAIFA for the investigation of mountain 

waves is appropriate in that the effects of buoyant stability 

ind dynamics are taken into account, but its applicability is 

restricted by the incompressibility of the flow. In particu- 

lar, if the height of the mountain range is ccnparable with 

the atmospheric scale height there will be effects induced by 

the expansion experienced by an air packet in being lifted over 

the mountain. 

The effects of compressibility are to be determined 

through the use of a new code developed with which problems in- 

cluding this effect may be run and the results compared with BASIC 

HAIF^ calculations.  Several objectives were sought in arriving 

at a method of accomplishing this task.  They are discussed 

below. 
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(1) Sound waves should be excluded from the numerical 

solutions in order to permit efficient calculations having time 

intervals comparable with material displacement through a space 

interval. 

(2) Compressibility effects should be retained. 

(3) The scheme should be formulated in physical vari- 

ables to facilitate addition of new physical effects (such as 

Coriolis force or wacer vapor). 

(4) Conservative difference equations should be sought. 

(5) The scheme should retain a mathematical form simi- 

lar to BASIC HAIFA to make programming and check-out as speedy 

as possible. 

The "anelastic" equations of Ogura^ meet some of the above 

criteria and will be compared further below. However, the 

anelastic equations do not allow an arbitrary atmospheric 

stratification, do not include the change in density due to 

temperature perturbations and are formulated in problem- 

dependent variables.  These limitations can be avoided, as 

indicated below. 

The compressibility equations used here are derived 

in more detail in references [6,7] 

3pu i   3pu
2 . 3puw . 3p. = 0 

St   dT~     Tr~     3x 
(3.1) 

2-^       3puw       3pw2   + l£. =   .   eD 
Jt~       te~~       3z 3z 8M 

(3.2) 

3pu + 3pw = 0 

3x    3z 

3pT,   3pTlu . 3pT'w _ 
3t     3x     3z 

-w r 3Tn        1 
P.  

+ p r M3z   Ho 

(3.3) 

(3.4) 
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Here we recall the assumption that the density at 

every position can be determined from the perfect gas equa- 

tion of state, in which the pressure takes the value associ- 

ated with the static atmosphere, p0 , through the relation 

Po P - RY (3.5) 

A stream-function-like quantity 4. can be introduced, 

such that Eq. (3.3) is satisfied and 

Pu s ft 
3d) 

Pw = " 37 
(3.6) 

If a vorticity-like function C is defined, 

3pu  3pv 
5 '" 3z   3x 

(3.7) 

then the same P' 

mation results, 

^n equation as for the BouÄsinesq approxi 

5  Ix7  3z2 
(3.8) 

The prognostic ecuation for C is obtained by cross differen- 

tiating Eqs. (3.1) and (3.2) and subtracting, 

ar   a       3 ,  ^   3 /a* 3u . 8<1) 3u\ 

3      /a*   3w   .    3*   3w\   ^   23P   = 
3Y   \37  3x       3z   3z/       ö3x 

gP ,. |I1 . (3.9) 
T  + V   3x   v 

o 

Eq. (3.9) replaces the vorticity equation of the Boussinesq 

system of equations, differing principally in having the 

additional terms containing the derivatives of ♦, u, and w. 
These additional terms, which for convenience we call the 

"chi terms," will be discussed in detail in Section 3.1.1.2. 
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3.1.2  Method of Numerical Solution 

3.1.2.1  Calculational Logic - The sequence of cal- 

culations for one cycle of the compressible code is: 

SUBROUTINE 

UPDATE 

LAPLAC 

VELOC 

FUNCTION 

(1) Eq. (3.4) is solved for 
new values of (pT1) 

(2) Eq. (3.9) is solved for 

(3) As adjuncts, p is computed 
from 

P = P, (PT') 

and T'  follows from 

T' = Mli 
P 

(4) Eq. (3.8) is solved for 
new values of (}> 

From Eq. (3.6) 

(5) u is derived from 

u- ff /P 
(6) v is derived from 

v-lf/p 

3.1.2.2 Finite Difference Scheme - The centering of 

the dependent variables in the compressible code is identical 

to the centering of the analogous variables in BASIC HAIFA, viz.. 
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j + l- 
*; i.i+lo 

u- 

i,J 

v. i,j+l 

<>lilU 

(C,P,T)iJ 

. * . 
v. 
i,J 

+ 1 

u i+lj 

*in,j 

J-L 

i-1 i+1 

The difference scheme used in the standard HAIFA 

equations is applied directly to the compressible system of 

equations, and need not be reviewed here.  The differencing 

of the chi term, which is unique to the compressible code, 

is discussed below. 

To form 

3 p* 9u . i* iu] . iLfM 3w + H lH.1 
x ~ 3x[9x 9x  9z 92]   9z|.9x 9x  9z 9zJ 

we define XR, XL, Zy, and ZD 

• 
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i + lj + l i+i.jn 

XL - 
• X ♦xR 

i.j h i*l,j 

so that 

XR'XL       ZU"ZD x " "AT" +    A: 

is cell centered.    Then,  the difference  form used is 

v    . *i*2.i   +  tlllüli  '  JJ^i  :  *-lu2   .  "i^J   '  Uitj 

u- 
+ ^i^l.i^l I hll*2   . Vl.-J^l "  "i^>3-l +        AZ 2Az 

z 3 hiLj±k I JiäiJ:. Wi^.i+i„;,wi-i.j+i 

'Ü AX 2Ax 

+   ^i-i + 2   *   *i + l.i*2   -   ^i.i 
4Az 2Az 

(3.10) 
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Note that 

and 

3,1.3   Initial Conditions 

As with HAIFA, the values of uo(z)  and T0(z)  are 

specified by input to the compressible code.  In addition, 

the initial surface pressure p^z^O) must be specified. 

The remaining initial pressures are found using the static 

atmospheric equation 

3Po 
gp, 

*Po (3.11) 

so that 

p0(z) • PQCZ^O) exp HX ^ 
The initial density profile then follows from 

The stream-function-like quantity * is formed by integrat- 

ing 

dz P0(z) uo(z) 
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and the vorticity-like quantity c is initialized from the 

application of Eq. (3.7) to yield 

5 = hK^ uoW)   • 

As in BASIC HAIFA, initially there is no y .ependence of 

any quantity. 

3.1.4  Modification of Advectic Scheme 

The quantities to be ivected in the system of com- 

pressibility equations arp 4 , Eq. (3.9), and (pT) , 

Eq. (3.4).  Since the e' dtion of continuity has the form 

3pu . 3pw _ n 

3x   3z~ ' u  ' 

u 

it was necessary to modify Crowley'r; second-order scheme for 

advection in order to use  (pu)  and (pw)  as pseudo- 

velocities. 

3.I.5  Timing Comparison 

The major computational difference between the 

Boussinesq and compressible codes is the calculation of the 

chi term.  Timing studies of the two code versions were per- 

formed, based on a grid of 64 x-direction cells and 35 

y-direction cells, and incorporating an interior boundary 

condition (which requires two passes per cycle in the Poisson 

Equation Solver).  The results are summarized in the table 
below: 
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COMPRESSIBLE BASIC HAIFA 

UPDATE TOTAL 

2  Order Scheme 

Chi Term 

LAPLAC TOTAL 

VELOC TOTAL 

TIMSTP TOTAL 

1.58 sec 

0.33 sec 

1.02 sec 

1.14 sec 

0.14 sec 

0.03 sec 

0.51 sec 

0.33 sec 

1.14 sec 

0.11 sec 

0.03 sec 

TOTAL/CYCLE 2.89  sec 1.79 sec 

3.1.6      Test Problem 

A two wave problem identical to that discussed in 

Section 4.2 was used for comparative calculations between 

the compressible and the Boussinesq versions of the HAIFA 

codes. 

Comparative plots   (Figures  3.1 and 3.2)   of the  results 
from the compressible ,code and HAIFA at a time of approximate- 

ly 1500 seconds  indicates a single wave   (in each case)  with a 

10-12 km wavelength.     The vertical velocity pattern indicates 

that only the  single wave is forming in the  compressible  case 
while a second wave  is appearing in the Boussinesq case. 

However,  since  the  compressible calculation was  run to a time 

of only 2000  seconds,   -hese results  are  inconclusive.    The 

first wavelength in each case agrees with the shorter of the 

two waves predicted by Palm and Foldvik^  ^   and Hesstvedti-   J 

3-9 

mm* ^■:- ■ aa-^ a mnj^Ma-MumMm „(.:.. -.t~*^i,^^xmrtsmmeM»amaiii>s «IIJULMM 



i|^.liif,tu«^^!^WJW*«VMMH?« 

:      ■ 

SSS-R-75-2556 

s 

e 

Q) 
ja 
■P 

M 
o 

M-( /—% 
W) 

w ^3 
(U C 
iH o 
•H u 
m (D 
o W 
^ 
p.^- 

oo 
X-* 
•P iH 
•H 
U II 
o 

r-t a> 
O e 
> •H 

■P 
r-i *—' 
rt 
u 

•H • 
■P £ 
tH 0) 
OrH 
>Xi 

o 
tJ >-. 
fi a 
rt 

0) 
W n-t 
0) Xl 
c •H 

•H <fi 
i-l tA. 
B 4) 
rt IH 
(U D. 
M e 

■p o w u 

to 

(U 

3 
■H 

3-10 

•"— I "-''■-■"-'— ■■^-^■■-■•'-" ■  i-  iMi^a^iTiiinir'inBnr j "-"■-        i,^ 



MpPJI.lWilMtJ^l^iJi«^*^ ^PPJ^IPPPflS?!! 

;  ; 

U 

, 

SSS-R-75-2556 

•s 

w 
< m 
<u 
Xi 
+J 

u 
o 
m 
w 
a) 
rH 
•H 
«4-1 

o «—\ 
^ i/l 
O-'ö 

C 
xo 
•p o 

■ H 0) 
U w 
o 

rH LO 
tu VO 
> LD 

r-H 
rH 
rt II 
u 

•rt (U 
+J e 
(H •H 
<U +-> 
> * ' 

•ti 
Ö • 
rt E 

0) 
t/) rH 
«43 
Ö c 

•H !-. 
rH P. 
B 
rt < 
a» MH 
^I M 
4-> S 

» 
CM 

ro 

Q) 
M 
3 
QO 

tu 

3-11 

-    --  



i^,i:!Vjiiijj;,!^j^ ^wim-'mmmmvmmim^i^iM'm 

SSS-R-75-2556 

3.I.61.I Wave Drag Results - The momentum edits pu'W , lo- 

cated one cell above the mountain top, are shown as a func- 

tion of time for the Boussinesq and compressible calculations 

in Figure 3.3. The maximum value of the drag reached during 

2000 seconds of integration time was approximately equal to 

5 dyne/cm2 and 3.8 dyne/cm2, respectively. 

Figures 3.4, 3.5 and 3.6 show the momentum edit as a 

function of height at a time of approximately 1000, 1500 and 

2000 seconds. This sequence indicates that the solution has 

not yet reached a steady state value, since the drag for a 

steady problem will be constant with height. 

The major characteristics of the momentum flux re- 

sults are: 

(1) a larger value of the vertical flux 

of horizontal momentum just above 

the mountain (660 meters) is predicted 

by the Boussinesq code than by the 

compressible code; and 

(2) above a height of approximately 4.5 

km, the compressible results indicate 

a larger flux of momentum than the 

Boussinesq calculations. 

These results are explainable to a certain degree by the 

linear analysis of the equations in Section 5. The analysis 

shows that the vertical velocity resulting from the com- 

pressible equations increases with increasing altitude by a 

factor of Cp/P )"0,36 (p/p )"1/2 relative to the Boussinesq 

equations. This velocity is reflected directly in the value 

of the momentum flux pu'w'  and the cross over of the drag 

results seen in the figures as a function of height is quali- 

tatively expected. 
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Figure 3.3. Vertical transport of horizontal momentum 
above the obstacle. 
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Figure 3.4. Momentum flux as a function of vertical height 
centered over the obstacle.  (time ^  1000 sec) 
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Figure 3.5 Momentum flux as a function of vertical height 
centered over the obstacle.  (time »v 1500 sec) 
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Figure  3.6,    Momentum flux as  a function of vertical height 
centered over the obstacle,     (time ^   2000  sec) 
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3.1,6.^ Numerical Stability - The stabilit> the compres- 
sible finite difference equations  is not well understood at 
this  time.    Originally,  the time-step criterion of the 
Boussinesq formulation, 

At ^ -.-/  A*           Az   \ < mm ^   ,  
y max        max/ 

was also used for the compressible equations.  In some in- 

stances, calculational instabilities developed.  Lacking a 

comprehensive stability analysis upon which to base new time 

step criteria, sensitivity experiments were performed in an 

attempt to bound the stable range for the compressible code. 

A quantity a < 1.0 defined by 

At compr aAt boussinesq 

was introduced in an attempt to simplify the investigation. 

This approach did not yield useful results, as a proved to 

be highly problem dependent.  Indeed, values as small as 

a * 0,2 have failed to proviütj a stable compressible solution 

in some cases. 

Not surprisingly, the major stability problems have 

been observed in the regions of highest speed flow, which 

typically are the uppermost portions of the calculational grid 

for many atmospheric test problems. This is true, for ex- 

ample, of the two wave test problem of this section.  Further, 

the effects of most interest in code comparisons for the two 

wave problem take place near the obstacle, far removed from 

the upper atmosphere.  This suggested another approach; the 

introduction of strong artificial diffusion in the upper cells 

of the grid, forcing the solution there to become spatially 
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smoothed. While the use of diffusion proved successful in 

this application, not enough is known yet about the stability 

characteristics of the compressible formulation.  Further 

theoretical and numerical research is warranted in this area, 

both to improve the accuracy and economics of the compressible 

formulation, and to advance understanding of atmospheric 

meso-scale codes. 

i ; 

3.2 MOISTURE EFFECTS 

Atmospheric water in the form of water vapor, cloud 

water, and precipitation may have important effects on the 

characteristics of gravity waves caused by mountains.  Lee 

waves are frequently accompanied by clouds which can be ex- 

pected to modify the stability of the air through the pres- 

ence of the latent heat of condensation which the cloud water 

adds to the air.  Consequently, the terms resulting in 

changes of stability of the air in which clouds are forming 

are of primary interest. 

A code has been developed to determine the effects of 

moisture on the equations for a Boussinesq fluid.  The HAIFA 

equations have been modified to incorporate the following 

changes: 

(.1)  the momentum equation incorporates the 

effects of moisture in the buoyancy 

term, 

(2) the equ.tion of state for air takes 

account of a water vapor component. 
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(3) the energy equation includes energy 

changes equivalent to the latent heat 

of water being given to or taken from 

the air, 

(4) an equation is added to account for 

the conservation of all moisture ex- 

cept rain water, and 

(5) a conservation equation is added which 

governs the rain water content in the 

atmosphere including sources and sinks 

at the boundaries. 

The differential equations are outlined below. This set most 

closely matches that of Liu and Orville^ÜJ and is similar to 

[HI Arnason.1 

du 
3t 

dw 
at 

1__ 3£ 
p Ix 

+ F 

L.|2 - g(l +J0 
0 P . "Sz 

and 

where 

p - pRT(l + Er) 

(3.12) 

(3.13) 

(3.14) 

r 

r 

S,    *  SL      total liquid water content (kg H20/kg air) , 

cloud water content (kg H20/kg air) , 

rain water content (kg H20/kg air), 

specific humidity (kg H20/kg air), 

p « density of humid air, 

T - air temperature, 

F .F  = friction terms, rx' y 
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and 

E •  (molecular weight of air/molecular weight 
of H20) - 1 

These equations can be combined to yield a vorticity 

equation of the form: 

dn = -SL.3T + gM.+ kv
2n (3.15) 

dt    T  3x  9 3x   mv ' 
o 

where the Boussinesq approximation and the further restriction 

that T /T ^ 1 have been utilized. 
o 
The energy equation for the moist system has been re- 

written to include the wT    term in the definition of T'': 

TIIC.T_T +Lr+rz  . (3.16) 
o  Cp 

This allows the energy equation to be written as 

d Ti • =.. j^ v2(Ti • _ pz)   . (3.17) 

In addition to the vorticity and energy equations, the 

conservation of total water or moisture must be expressed. 

The atmospheric moisture can be divided into three distinct 

categories - moisture existing as water vapor, moisture 

existing as cloud water, and moisture existing as rain water. 

With this decomposition one may write the equation for total 

moisture conservation as follows: 

|^ (PQ)  = - V  •(prV)   - 7  •(p£c^) 

•[pj    tf~%)l] - V  •[pi    (V-VJ Ä°dD]   + k-72p(r+Ä  ) (3.18) 
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where 

and 

Q = total moisture content, 

p = density of dry air, 

VD = terminal velocity of rain drops of diameter D, 

V = wind velocity, 

k0 = diffusivity for cloud water and water vapor. 

The terms on the right express water vapor convergence, cloud 

water convergence, rain water convergence, and diffusion of 

vapor and cloud water. 

Again, from conservation considerations, one may obtain 

another equation expressing rain water content. 

= -V.IP/ '"Ä^ f^ (pÄr) =-V • [pi  (V-VD)rjdD] + pPr  , (3.19) 
D 

where    P      is a rain water production term described in 

Equation   (3.33).   These two conservation equations may be 

subtracted to yield yet another, describing cloud weiter 

plus water vapor conservation. 

|^q = kQV2q - Pr     ,     where    q = r +  £       . .     (3.20) 

Equations   (3.19)   and   (3.20)   comprise the moisture set 

solved in HAIFA.    At this point, however,   (3.19)   is  in rather 
awkward form.    The rain water convergence term may be decomposed 

ar   follows: 
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but 

- V • P I (v-v )ä° dD = - V 

- V 

p VJ A^dD 

p/v> (3.21) 

(3.22) 

•'D r     r 

Defining an average terminal velocity of the ra1'n drops by 

Equation (4.23) becomes: 

-V • p f (V-V )^dD = - V -(plM/)- V -(py^)  • (3.24) 
^D     D 

Substituting this result into the conservation Equation   (3.19) 

we have: 

St 
(pH )  = - V  '(pÄrV)   - V  • (pÄrvT)   + pPr      • (3.25) 

Expanding the right side with the realization that VT only 

operates in the vertical, we obtain the expression: 

3*     ^v an     avT 

dt r 
7T 75" + VT p" ^ + r Tz~ 

(3.26) 

where use of the continuity condition f^P = 0 has been Inade• 

With this result, the equation set solved in the moisture 

version of HAIFA is complete. It is summarized below: 
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u 

d - _ . -(^r + ^c\ S_ I! + k v2 
\Sx   3x /  T 3x  % n' 

V^ = n, 

(3.27) 

(3.28) 

djp,. M k^Cr"- Tz) (3.29) 

dtÄr ' VT ^F" + VT -p 3? + ^r 3^ + V 
(3.30) 

h^  = ,kQv2^ " Pr (3.31) 

Vt = 5.32(Är) 1/5 (3.32) 

and 
Pr - ß(r-rs) + a(£c-Äc ) + 4.6xlO"3Ac(llr) 

0•95   (3.33) 

B - 3.607xl0"8(pAr)
0*65 (3.34) 

For a more detailed description of the assumptions in these 
equations, see Section 3.2.1 and 3.2.2. 

It should be noticed that once one has progressed 

beyond t = 0, there is no explicit method of extractiny the 

air temperature from the energy equation. The magnitude of 
the air temperature increase experienced by a parcel upon con- 

densation of water vapor is related to the local saturation 
mixing ratio in that all moisture above this value condenses. 
The value of r  is no longer known, however, since it is a 

function of the air temperature and the air temperature itself 
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has changed an unknown amount. As a result of this elliptic 

relation, an iterative procedure is required to obtain T. 

This is accomplished in HAIFA via the addition of a new sub- 

routine NEWTON which utilizes a Newton-Raphson iterative 

scheme to achieve rapid convergence to a self-consistent value 

of T in the relations below: 

T = T.. . _ürs - rz + TO , 
p 

= ill exp j 17.27 ((T-273.16)/(T-35.86))} .       (3-35) 

For the case where the moisture content of the parcel 

is less than the saturated value, there is no latent heat 

change and the temperature changes as in the dry equations. 

The flowchart presented in Figure 3.7 depicts the 

logic used in the routine UPDATE to solve the vorticity, 

enery, moisture, and rain water equations. 
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3.2.1  Integration of the Finite Difference Equations 

The Eqs. (3.27) through (3.31) are written in finite 

difference form and integrated numerically in a similar man- 

ner to the BASIC HAIFA equdtions. 

The basic scheme used in the integration is shown in 

Figure 3.8.  The locations of the major variables with re- 

spect to the grid cells are shown in Figure 3.9. 

3.2.1.1 The Advection Scheme - The advection terms for vortic- 

ity, water vapor content and rain water are calculated using 

the second order scheme of Crowley.  The scheme is written in 

conservation form and is based on a forward time difference 

and centered space differences.  Test calculations performed 

by Crowley indicated that for the same order of accuracy, 

the conservation form produced more accurate solutions than 

the advection form. 

In the conservation formv the time derivative and ad- 

vectirn terms of the vorticity, temperature, or moist re 

equations may be written as 

St  35^ + Hz S (3.36) 

; 
where a represents T, n, q, or H^ 

term. 

and S is the source 

In two dimensions a splitting technique is used; the 

calculational scheme calls for solving two one-dimensional 

equations sequentially.  First, the net flux of vorticity or 

temperature is solved for in the horizontal, the quantity 

solved for in the zone being updated due to this flux.  The 

procedure is then repeated in the vertical direction using 

the partially updated values from the horizontal calculation. 
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STEP 1    Initial values of temperature, vorticity, 

velocities and water content are speci- 

fied. 

STEP 2    Set water vapor content calculated and 

initial water content values are redis- 

tributed as rain water, clouds and vapor. 

STEP 3    New values of temperature, rain water, 

water content other than rain water, and 

vorticity are obtained accounting for the 

advection terms only. 

STEP 4    Vorticity, water content and rain water 

are updated to time tn   by evaluating 

source terms with the quantities obtained 

in Step 3. 

ü 

I 

STEP 5    The Poisson equation is solved for ij; 

using values of n at t 

STEP 6    Velocities are updated using ^ values 

from Step 4.  Initial data for a new 

cycle are now available for edit or con- 

tinuation of the calculation beginning 

at Step 2. 

Figure 3.8 HAIFA*MOISTURE calculation sequence 
used in numerical integration of 
Eqs. (3.27) through (3.31). 
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Figure 3.9 Finite difference grid - HAIFA*MOISTURE. 
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3.2,1.2 Changes in Vorticity and Water Content Due to Other 

Terms in the Conservation Equations - All source terms in 

Eqs. (3.27) through (3.31) are evaluated as zone centered 

quantities containing centered space differences. Update 

takes place after the effects of advection have been calcu- 

lated. 

«. 

>. 

3.2.2  Moisture Equation Source Terms 

The source terms in the conservation equations (3.12) 

through (3.16) depend on complicated physical processes which 

have been parameterized from experimental measurement data. 

These include the terminal velocity of rain drops, the 

equilibrium vapor pressure of water, and several constants 

dealing with the water production term.  Parametric represen- 

tations of these terms are given below; we have attempted to 

obtain the most comprehensive results available. 

3.2.2.  Terminal Velocity - The terminal velocity of rain 

drops is given by 

Vt = 5.32(Är) 1/5 

[10] 

where V.  is in ra/sec and i      in gm/Kgm . 

This expression, derived by Liu and Orville 

been compared to data from the Smithsonian Meteorological 
[12]   ,  .„ , ,.„„„....._... [131 

has 

Tables and an expression developed by Srivastava. 

3.2,2,2 Saturation Vapor Pressure - The saturation vapor pres 

sure is defined as 

e = 6.11 x io7-5CV2-73)/(To-36) "»invars 
s 

where T = T - gz/C  and r  , the saturated water vapor o   o  0  p      s ' 
mixing ratio in gm/Kg, is given by 
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Res(T0)    L(T" - WC^ 

Both expressions are obtained from the work of Liu and Orville, 

Orville,^14^ Ogura,^15^ and Ogura and Phillips.1 

3.2.2.3 Water Production Term - The water production consists 

of three physical phenomena which can add to,, subtract from, 

or change the state of the water in the atmosphere. This in- 

cludes (1) the evaporation of rain water outside the clouds, 

(2) the conversion of cloud water to rain water, and (3) the 

growth of rain through coalescence. These terms were origi- 

nally expressed in Orville's work as 

Pr - BCr-rs) + aCÄc-ilc ) + 4.6 x lO-3 £cCilr)
0,95  . 

During our initial test calculations, it was discovered that 

treating ß , the evaporation parameter, as a constant led to 

computational difficulties. This term was modified to agree 

with that used in Kessler's work^16^ which expressed ß as 

ß = 3.807 x 10 öCpJlrr
,0:>  . 

3.2.2.4 Density of Air Containing Water Vapor - The equation 

of state utilized is that of a perfect gas consisting of air 

and water vapor.  The expression is 

„DTI
1
 •<• r/m p = pRTj i + ; 

where m is the ratio of the molecular weight of water and 

dry air.  The pressure p is treated as P0(z) . the initial 

atmospheric distribution, while T and r are allowed to 

vary in both the horizontal and vertical directions. 
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3.2.3  Test Problem 

The test problem selected for the moisture code 

was chosen such that the initial water vapor content in- 

put into the atmosphere was an amount equal to the satu- 

rated value calculated by the prescription described in 

Section 3.2.2. The configuration of the problem was 

identical to the two wave problems described in Section 

4.2, i.e., an obstacle height of 625 meters and a cell 

height of 312.5 meters. 

The results of the calculation, run to a time of 

1672 seconds, are shown in Figures 3.10 through 3.13.  These 

include streamlines, vertical velocity contours, cloud water 

contours and rain water contours.  The formation of the clouds 

and their movement downwind of x.he obstacle as a function of 

time is realistic physically. 

Figures 3.14 and 3.15 show vertical velocity contour 

plots from the computer printouts at times of 1673 and 1669 

seconds for the moisture and dry calculations, respectively. 

The numbers on the figures indicate the relative velocity in 

each region, i.e., the larger numbers represent positive 

velocities while the lower numbers represent the negative 

velocities. 

As the computer results were compared at various 

times, the buoyancy forces caused by the condensation or 

evaporation of water as air rises or falls over the obstacle 

became apparent.  As the air rose at the forward position of 

the mountain, water vapor condensed out creating a positive 

buoyancy force and an increase in vertical air velocity due 

to its rise in temperature.  As the cloud water falls in the 

lee of the obstacle, energy is removed from the air, dropping 
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Figure 3,10. Streamline pattern - Two wave problem 
with moisture effects. 
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Figure 3.11 Vertical velocity contours — Two wave 
problem with moisture effects. 
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Figure 3.12.  Cloud formation - Two wave problem 
' with moisture effects. 
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Figure 3.13. Rain water contours - Two wave problem 
with moisture effects. 
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its temperature and a stronger downdrift is created.  These 

phenomena effect the velocity profiles in different ways at 

various times. 

The momentum flux results shown in Figure 3.16 indi- 

cates only minor differences in drag between the moist aid 

dry cases.  However, since the problem has only been run a 

short time, the results do not necessarily reflect those ex- 

pected near steady state. 

3.3    ZONING MODIFICATIONS IN THE HAIFA CODE IN VERTICAL 

DIRECTION 

3.3.1  Variable Zoning in the Vertical Direction 

The modifications to the basic HAIFA code that will 

enable it to operate with a mesh of variable spacing in the 

vertical direction are examined in this section. This modi- 

fication affords the ability to resolve more finely certain 

areas without excessively slowing the computation by re- 

quiring fine zoning throughout the grid. Modifications to 

two routines of the code are necessary.  They are the Poisson 

equation solver, and the vertical advection subroutine. Each 

modification is discussed below. 

3.3.1.1 The Poisson Solver 

The use of the Fast Fourier Transform in the horizontal 

x-direction imposes the limitation that the spatial interval, 

Ax , be constant.  In the vertical direction, however, the 

solution of the Poisson equation is obtained by Gaussian elim- 

ination and is not limited to a constant spatial interval. 

The Gaussian elimination subroutine of POISPK solves 

a system of difference equations approximating 

3z2 a i|) (3.37) 
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The solution of these equations  is briefly  outlined below: 

The  finite difference form of Eq.  (3.37) 
may be written as  a tridiagonal system 

Ai h*i+ Bi n + ci h-i= Di  • 
(3.38) 

Letting 

^i " Ei *i+l + Gi 
(3.39) 

which implies 

n-i" Ei-i h + Gi- (3.40) 

and substituting into the tridiagonal sys- 

tem, the coefficients E^^ and Gi may be 

expressed as 

A. 
ci    B, + C. E. i "i-l 

(3.41) 

_ Dj - Cj Gi.1 

1 " Bi + Ci Ei-1 
(3.42) 

The finite difference form of Eq. (3.37) 

for constant vertical zoning is 

ipi+1 - [2 + a(Az)2]^i + i|)i_1 

(Az) 
= Qi 

(3.43) 
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and the coefficients A. , B. ,  C ,  and 

D.  are thus equivalent to 

Ai - l/(Az)2  , 

Bi = -a - 2/(Az)2  , 

q -   1/(AZ)
2  , 

D. - Q.  . 

(3.44) 

, ; 

..■■ 

Using these coefficients, E.  and G. can 

be calculated and thus the ip- may be 

solved for recursively. 

With variable zoning the finite difference form of 

Eq. (3.37) becomes 

'Kj, - to.   to. - ]>. , ri+l   ri   yi   'i-l 
Az. Azi-1 

Az. + Az. , 
i     i-l 

a^i = Qi  , (3.45) 

where the location of ^ and Az are shown below, 
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The coefficients A. ,  B. ,  Ci , and Di  are now equivalent 

to 

j 

(3.46) 

A. = l/( zi(Azi + Az^^/2) 

Bi =-2/(Azi Azi-1) - a 

Ci = l/(A2i_1 (Az. + Azi_1)/2) 

Di = Qi  ' 

The values of E.  and G.  are computed using the above 

coefficients and ^.  is computed in the same manner as indi 

cated above by Eq. (3.40). 

3.3.1.2 Vertical Advectinn 

The advection schemes discussed previously are valid 

for uniform zones only.  The equivalent scheme for variable 

size zones is derived below for the Crowley second order 

scheme.  It has been incorporated into a version of HAIFA. 

The one-dimensional advection equation in conservation 

form may be written for flow in the z-direction as follows: 

|i + ^(v*) = 0  , C3.47) 

where 4) is a variable representing the quantity to be ad- 

vected.  Only the one-dimensicnal equation need be considered 

du.ä to the splitting technique used in HAIFA. 

In finite difference form, Eq. (.3.470 is 

*j+1 = *j - sH^Vi ■ Cv4))J ■      C3'48) 
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The term A(v(J)) . requires the flux across the boundary of 

the j cell (see figure below) . 

t 

"r   i ivi*y 
▲ 

i 

i                   ♦ 
t V 

J 

w 

2*1 

1-1 

The flux at the  j+1  bouncaiy may be expressed as  v-; + ^ ^^ 

where  $,  represents the value of the variable  4) at that 

boundary. Assuming 4)  to vary linearly between zone 

centers, this flux may be expressed as 

.n+1 

v40 boundary 
t z-vt 

$  dz 

Assuming (j) = a + bz , and integrating, 

vtb")        = F   = v rjboundary   j+1   j+1 *i 

- v-.^At 
j+1   Az

j+l 

Azj+1 + Azj 

+ Az. 

(3.49) 

(3.50) 

The new value of  4)1?*  can then be expressed using Eq. (3.50) 

as 

,n+l A11  4.  At 

*j + AT F. - F 
^) 

(3.51) 
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3.3.1.3 Test Calculations for Variable Vertical Zoning 

Three test problems were performed using a 625 meter 

high mountain similar to the single wave problem described in 

Section 4.1. The initial input to this problem was (1) a tem- 

perature lapse rate equal to jne-half the dry adiabatic, (2) 

an obstacle measuring 625 meters high by 4500 meters long, 

and (3) an exponential horizontal velocity profile described 

by the equation 

u - 9.94 exp (1.795 * IC-4 z)  . 

Two of the test problems used constant vertical grid heights 

and the BASIC HAIFA code.  The grid heights were 312.5 

meters and 208.5 meters.  The results were compared with a 

third problem run using a variable vertical grid size.     This 

grid varied from 125 meters near the lower boundary to 738 

meters at the upper boundary.  The total number of vertical 

zones in all three calculations was the same. 

Figures 3.17 and 3.18 contain the detailed comparison 

for the Az = 312.5 meter problem and the variable Az problem 

of the temperature and vorticity at times of approximately 

1500 seconds.  Quantities are shown as a function of  z  for 

three locations; just upstream of the obstacle (1=16), just 

downstream of the obstacle (1=24), and far downstream of the 

obstacle(I=36). 

It can be noted that the trends in the results are 

the same for both problems.  However, some differences in the 

computed values, particularly at small heights, are large. 

Part of this discrepancy was thought to be due to the smaller 

grid near the lower boundary.  As a result, the problem was 

re-run using constant Az equal to 208.3 meters.  The results 

were closer to the variable Az case indicating that the grid 

size was playing an important role in the detailed results. 
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DO 
•H 

(U 
X 

Mt. 
Height 

   Variable  Az 
   Constant  Az  = 

312.5  meters 

2-1 0+1 

Temperature  ueviatiou  (0C) 

+ 2 + 3 

Figure 3.17, Comparison of variable Az and constant Az HAIFA 
temperature deviations. 
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Figure 3.18a, Comparison of variable Az and constant 
Az HAIFA - vorticity. 

3-46 

  n  ---  L"'—  '- --■■- — 



^«1111 WHIM I   I ^*mmmmm \ im.w '' < "«■■ »i-« ■■»11 IIWIIHPJI   l«l      ^ 

u 
SSS-R-75-2556 

O 

0 

Ü 

3000 

2800 . 

2600 . 

2400 - 

2200 - 

2000 . 

1800 - 

/-v 

1600 - 

■■-• 

0) 
X 

1400 - 

1200 - 

1000 - 

800 - 

600 J 

200 -I 

0 

Variable Az 

Constant Az > 
312.5 meters 

 1 1 1 r** 
0.008  -0.004 

T—■—I 
♦0.004 

T 1— 
+0.008 
-1 

i r—i 
+0.012 

Vorticity (sec ) 

Figure 3.18b. Comparison of variable Az and constant 
Az HAIF^ - vorticity. 
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Figure .'.19 shows the momentum flux at a height of 781 meters 

for the three problems as a function of time.  The good 

agreement between the small constant Az case and the variable 

Az problem should be noted.  In particular, the cyclic be- 

havior of the drag values is not as pronounced as in the 

larger zoned case. 

3.3.;  Numerical Checks of Crowley's Advection Scheme 

The integration of the advection ttrms in the present 

HAIFA codes is done using Crowley's second-order finite dif- 

ference method.  This section describes investigations of the 

accuracy of this scheme, and modifications of the original 

scheme to improve accuracy. 

The BASIC HAIFA code was used as a test bed to 

check the accuracy of Crowley's advection scheme.  Setting 

the derivatives of the temperature profile to the adiabatic 

lapse rate reduces the HAIFA equations to: 

V2i|; 

|5 ♦ v(un) ■ o 

3T 
Tt + V(uT) 

A wind profile of u 10 + 0.01z m/sec was used which gives 

an initial vorticity field of n - 0.01 sec 

Zoning for a calculation reported in Section 4.1 was used 

(Ax - 1500m, A2 - 312.5) with an obstacle 625 meters high and 

4500 meters long.  The problem was run for 30 cycles with an 

3-48 

  ^^-^ 
■ - ■         - u. 



•r^m^mm^m^^^vrnttn        n i     ^^ue^n^mm^rnFm^^^mm^^--   mmmmmm«     'mm 

U 
SSS-R-75-2556 

u 

.» 

1.3- 

1.2- 

1.0- 

0.9_ 

,-N     0.8« 
N 

U 

^      0.7J 
6 

0.6- 

0.5_ 

0.4. 

0.3- 

0.2 

0.1- 

0 

■    Constant Az 
312.5m 

▲    Constant Az 
208.Sm 

a   Variable  Az 

Obstacle:  625m * 4500m 

200 
1 r T T r 

600 1000     1400 

Time (sec) 

1 r- 
1800 

Figure 3.19.  Comparison of variable Az and constant Az HAIFA 
codes — momentum flux edits at 781 meters. 
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edit of the mean kinetic energy, and mean squared vorticity 

taken every 10 cycles.  Since there are no energy terms in 

the reduced HAIFA equations, there should be no chance In 

mean square vorticity and the kinecic energy; any change I. 

an indication of the errors induced into the code by the ad- 

vection scheme.  Table 3.1 gives the results of the first test 

run with the Crowley second-order advection scheme. 

A correction procedure for the advection treatment 

has been suggested.t171  This improvement consists of limit- 

ing the value of the updated value to be between the maximum 

and minimum of the original values of the cell and nearest 

neighboring cells. 

m inCC^^C^) < Cn+1 < maxCcJ.^.C^) 

This technique has the advantage of smoothing the solution 

of the advection equation and thus improving stability and 

?ccuracy.  However, it also has the disadvantage of not in- 

suring conservation.  A test run was made for this modified 

Crowley scheme with the same conditions as the test described 

previously.  The results given in Table 3.2 show that to the 

limit of accuracy of the computer, the modified Crowley 

scheme conserved both kinetic energy and mean square vorticity 

[] 

3-50 

—  MBHflMMMMK 



OT*> npmwpwuM».!*i«i.».i.u*piip    pimviiiiiiii •iv«>;^«i^^wMnn^«iiiiiiiipaii      mil *i m>twm^*m^mmmmmmm**m*m!'i^*~mm~m 

u 
SSS-R-75-2556 

CYCLE 

0 

1 

10 

20 

^0 

TABLE 3.1 

Test Advection Schemes 
Crowley Second-Order 

%  Difference 
per cycle 

/KE 

5.809652x10' 

5.809652 

5.809647 

5.809634 

5.809616 

2x10 -5 

/■ 

2.239996x10 

:.. 239996 

2.240003 

2.240020 

2.240033 

-1 

+ 5x10 

;l 

.i 

TABLE 3.2 

Crowley Second-Order with the Restriction: 
■in(Ci.1,Ci,Cl^1) < CAt < maxCC^^C^C^^ 

CYCLE fm f 
0 5 .809652x10° 2.233996X10"1 

1 ii II 

10 ii n 

20 n n 

30 M H 

%  Difference 
0 per cycle 0 
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Ü       3.3.3  Triangular Zones in HAIFA 

The addition of non-rectangular zees to the grid 

requires alteration of the code in three major areas.  The 

Crowley advection scheme must be modified to include flow 

between rectangular and triangular zones.  The Poisson 

solver must consider calculation of node-centered vorticities 

in the presence of triangular zones.  Finally, needed space 

derivatives must be appropriately approximated in regions 

near triangular zones. 

The practice of using triangular zones requires as- 

sumptions concerning the nature of the fiov/ thtough the zone 

boundaries.  We have assumed in this cas1? thc.c the flux :> o 

uniform along the unobstructed boundaries with all cell 

centered quantities located at the centroids of the cells. 

Clearly, there are other assumptions concerning the location 

for the cell centered quantities which could be made.  These 

two assumptions, however, allow a simple adaptation of the 

flux scheme which seems to give quality .xvely reasonable 

results. This scheme needs further testing, however, and 

further modifications may be required. 

For completeness, the Crowley advection scheme    is 

described below for the case of rectangular zc.ies.  The case 

of triangular zoning follows immediately with results for 

left facing and right facing slopes presented.  Since the 

Crowley scheme utilizes the. splitting technique in which 

spatial dimensions are calculated sequentially, the scheme 

is derived for the one-dimensional case, it being a trivial 

matter to extend to two dimensions. 

Assuming that the dynamic varidblo $    varies linearly 

between cells we obtain the following pictorial represent©cion. 

3-52 

  



mmmmimm*m*m*m*m*mmm^m0}mmmmmmm mmtm<«      ».»*»....-^M m*^m*mm •wmnn virnqmaimmi 

SSS-R-75-2556 

t 

"i^l+l^ xi+l 

where the ordinate represents the variable $   ,  whose distri- 

bution is given by the piecewise continuous diagonal line. 

This assumption results in Crowley's second-order scheme. 

If ^ were fitted to a cubic between cells, the fourth-order 

scheme would be realized.  The vertical bars represent cell 

boundaries in x# whil'i the dashed lines indicate cell midpoints, 

The shaded area represents the material advected out of 

face x ■ xi+1  in a time  At.  The flux through this boundary 
is given by: 

i+1 
1 
At 

] 

1 'i+l 
(t>(x)dx 

Ät 

xi+r
ui+i

At 

(ax + » x2) 

At   ] 

'i+1 
(a + bx)dx 

Xi+l-
ui+l

At 

ki+l 

xi+r
ui+i

At 

a ui+i 
+ b xi+i 

ui+i - I ui+i 
At (3.52) 
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Under the assumption of linearity: 

♦i       -a+bxi+l/2 

or 

♦i+1 " a + b x^ i+3/2 

SSS-R-75-2556 

4. , - 4». 

xi+3/2 " xi+l/2 

♦i " b Xi+l/2 

(3.53) 

For a constant Ax: 

and 

Xi+l/2 " 
Xi + AX/2    ' 

Xi+3/2 " 
Xi+1 

+ LX/2 ' 

x. . - ^ - x. ., ,«  = Ax ki+3/2      *i+l/2 

Plugging in for    a    and    b    the flux becomes: 

(3.54) 

Fifl = I(4,i +  ♦i*^   Ui+1 " ^i+1 " ^   Ui+1 E (3*55) 

defining 

a 

we have 

At 
ui+l  Ax 

Fi+i K " I<*fl + ♦i» " ^*i+i " ♦i1 (3.56) 

Finally: 

u n+1 Ü t'i+i - 
Fi) (3.57) 

which is Crowley's result. 
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(J Upon introduction of triangular zones, the assumption 

of constant Ax is no longer valid.  The scheme is altered 

as follows for a right facing zone: 

tl 

^s^l Äx     a t 

The scheme is identical to the above case up to the 

assumption of linearity. We now have: 

*i+l  yx 
a + b xi+2/3 x. - x. i+3/2  Äi*-2/3 

or 

♦i+1 - « + b xi+3/2 

ano 

Ax xi+3/2 ' Xi+2/3 ' 'S 

Upon substitution for a and b we have: 

(3.58) 

Fi+1 tf ♦i + 5 Wui+l " yUi*l ' ♦i)Ui*l E 
u2       At       (3.59) 
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defining 

Ät 
ui+l fi 

then 

Fi+1 S ' T^i+i    -i- 
3a 

" - ^(».^ * i.^.i - ^(»i.i - »i1 (3.60) 

Finally: 

(# 
n-H A ^i fP    - F.) 

S lFi-H   i' 
(3.61) 

For the case of the left facing zone a similar deri- 

vation results in 

2 

i+ 
At  2a 

1 ET' "T d.^i+l 
+ ^ " T- l*i+l " ♦i'   (3-62) 

and 

(♦i  - «i) 
A^ rp   - F) 

where the reference grid is 

(3.63) 

The fact that adjacent cells in this derivation have 

centered values which are spatially non-aligned in the complx- 

mentary dimension was ignored.  The effect of this neglect xs 

not negligible (on the order of 10 percent), but the law of 

diminishing returns applies. 
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• Another necessary modification to the HAIFA code occurs 

in the Poisson solver routine.  Specifically, the Poisson 

solver requires node-centered vortices in its solution for 

the stream function.  Normally, the vorticity is carried as 

a cell-centered quantity so that it may be easily handled 

in the vorticity transport equation, and converted via an 

averaging process when the Poisson solver is called. With 

the introduction of triangular zones, this averaging process 

must be altered.  Utilizing Figure 3.20 we define the following: 

and 

B 

(Ax2 + Az2) 

I" 

1/2 
/2 

Using these quantities, one performs a weighted averaging 

process on the four cell centered vorticities surrounding 

the point  i,j . 

We have 

n,  n,  n,  n4  3  1 

0.222(T\1  + ri2 + n3) + 0-333 n4 (3.64) 

No further alteration of the Poisson solver is needed. 

Figure  3.20. Determination of node-centered vorticity, 
3-57 

,_,_ mmjmtm,   



u 
SSS-R-75-2556 

1,1 
The final code alteration needed to effect incorporation 

of triangular zones is in the method of calculating the needed 

space derivatives.  In the figure below, space derivatives 

calculated for cells B, C and D will be affected by the presence 

of triangular zone C. 

■J 

• A 

\ 

• B 

Ob si 

N. c 

acle         ^ 

• D •   E 

\  — 

o The approximations used by HAIFA are summarized below, 

where 4) is any dynamic variable: 

£- (♦D-v
/lax 

J^. uE-*c)/HAx ,  J^-^-♦c)/HAl-  (3-65) 

Again, the spatial misalignment of the cell-centered 

quantities has been neglected in order to facilitate the 

calculation.  Results have shown that this neglect does not 

noticeably affect the solution. 
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U       3.4     CORIOLIS TERMS IN HAIFA 

The characteristic distance scale for the Coriolis 

force is Lf » u/f, where u is a typical wind speed and f 

is the Coriolis parameter (if u ^ 10 m/s, we obtain Lf % 100 km) 

When the mountain range is comparable to Lf, an appreciable 

modification of the gravity waves will result to form a com- 

plex system of gravity-inertia waves. 

Since the Coriolis force induces a turning of the wind 

it is necessary to take into account several new factors in 

the calculations: 

(1) the component of tt:e wind parallel to 

the mountain; 

(2) pressure gradients in directions par- 

allel and perpendicular to the mountain 

must be included to establish geo- 

strophic balance in the unperturbed 

flow; and 

(3) the vertical atmosphere structure is 

slightly modified to account for the 

Coriolis contribution to the hydro- 

static balance condition. 

i > In the following formulation we attempt to parallel the nu- 

merical treatment of the HAIFA code as closely as feasible in 

order to be able to compare the effects of the Coriolis terms 

with those pertaining to a non-rotating Earth. 

3.4.1  Formulation 

The differential equations of the dry atmosphere are 

formulated in a system of reference fixed to a rotating Earth. 

As discussed by Thompson'  ' we incorporate the centrifugal 

terms into the definition of the local gravity to obtain 
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at+ 2^ x u = - 
> - kg (3.66) 

where U is the velocity relative to the Earth's surface, 

ft is the rotational ^«locity of the Earth,  P is the pre- 

sure,  p  is the density of the c.tmosphere,  g is the local 

acceleration of gravity which is assumed to act in the verti- 

cal direction k .  The time derivative is that evaluated fol- 

lowing the fluid motion.  The equations of mass and energy 

conservation are not affected by the Coriolis force. 

Neglecting the curvature of the Earth's surface (and 

the resulting centrifugal terms associated with the relative 

velocity), Eq. (3.66) can be resolved into components.  We 

choose a Cartesian coordinate system in which the x-axis lies 

in the surface and forms an angle  (j> with the eastward direc- 

tion, the y-axis lies in the surface at the same angle  ^ 

with the northward direction, and the z-axis is perpendicular 

positive upward. We shall subsequently assume that the x-axis 

is perpendicular to the 2-D mountain range which is oriented 

at the angle <j) with the northward direction {^ee figure 

below) .  Denoting x, y, and z  components of the velocity by 

u, v, w, the component equations ure: 

"^Mountain range 

Geostrophic Wind 
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- 
^H - 2n sinG v + 2^ cosO cos(t) w = 
dt 

1 3P 
p 3x 

U 
dv 
dt 

1 3P 
+ 2« sine u - 2n cos6 sin4) w " p ay 

.; 

$1 - 2n cosO (u cos* - v sincM - 
dt 

p 3z  y 
(3.67) 

where ß  is the magni .ude of the rotational velocity,  6  is 

the latitude of the position, and the time derivatives are 

those formed following the fluid motion. 

In the absence of the mountain barrier we consider 

the atmosphere to be in geostrophic balance; the motion is 

unaccelerated, the vertical velocity component w I. zero, 

and the pressure gradients are just balanced by the Corxolis 

and gravity terms.  Denoting the geostrophic state by sub- 

scripts g we obtain 

-2« sine v . . i ä 
o 3x 

1 Ü1 2U  Sin6 ug = " p" "Sy   ' 

JUS -2Q cose (ug COM - vg sin(|)) + g - - -^ 3z 
(3.68) 

Since the velociry of the unperturbed state is taken to be 

independent of x and y  . Eq. (3.68) shows that the pres- 

sure at most need depend linearly on x and y  . 

When the mountain is present the pressure, density 

and velocity are perturbed fro« their geostrophic values.  It 

3-61 

mm ■MHUMM I    _ 



Kj 

U 

SSS-R-75-2556 

will be convenient tc introduce the deviation P'  of the 

pressure from the geostrophic value: 

P« = p _ p (3.6! 

We also introduce ti\e Boussinesq approximation, in which the 

departure of density from the geostrophic value is taken into 

account only in the jravity term of Eq. (3.68)  In all other 

terms, we use the geostrophic density: 

du    -r, 
g^-2n sine(v-v ) + 2Q  cose cos(|) w - 1_ 

P, 
ap' 
ax 

dv 
g^ + 2« sine(u-u ) - 2fi c0se sin(|) w = - i- BP' 

ay 

g-* - 2ß cose[(u-ug)cos^ - (v-v Isind»] - - i-J|l ♦  /i-P_\g  . 

9      \   pg / 
(3.70) 

These equations constitute the Boussinesq approximation for 

the equations of motion when the geostrophic flow, assumed 

steady and independent of x and y  , is perturbed.  Clearly, 

they are only approximately satisfied in a local region, since 

and v  are not constant on the synoptic scale. g  —-   g 

We now consider the special case in which the initial 

and boundary equations are independent of the y-coordinate, 

corresponding to a uniform but obliquely incident wind en- 

countering a two-dimensional ridge, the topography of which 

is independent of y  .  In this case, the initial and bound- 

ary conditions and the equations depend only on the coordi- 

nates x and z  . The resulting 2-D equations derived from 
Eq. (3.70) are: 
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IT + U^ + wl7 " 2n sine(v-v ) + 2^ cosO cos* w - - i- ||1  , 
g 

3v    3v    3v 
Tt + uIx + w7z +   sinö(u-u ) - 2« cosO sin^ w = 0  , 

Jt + uä^ + w37 + 2n CDse[{u-u )cos({) - (v-v )sin(J)] 

1  3P 

('-?:)• • 

Equations (3.71) are to be supplemented with the equa- 

tions of incompressibility and the temperature equation.  These 

latter equations are unchanged from those in Section 2.1. 

There are two major modifications of the equations 

which have resulted from the treatment of the rotation of the 
Earth: 

(1) The component of the wind parallel to the range 

influences both the x and  z momentum equations through 

the Coriolis terms.  The y momentum component equation is 

only weakly coupled to the others and may be solved in a 

similar way to the temperature equation. 

(2) Additional terms from the Coriolis force enter 

the momentum equations giving rise to new termc in the vorti- 

city equation. 

3.4.2  Difference Equations 

The difference equation formulation corresponding to 

Eq. (3.71) and supplementary equations can be chosen to parallel 

that of the HAIFA code.  The equation for the y-component of 
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vorticity is obtained by cross-differentiation of the x and 
z components of the monentum, thereby eliminating the pres- 

sure from the equations entirely.  The resulting equations are; 

ij + "I2 + w|i + 2!) sine(u-u„) - 2n cose itint  w = 0 ,   O-72» 
dt    oX    oz g 

where the y-component of vorticity, n, is defined by 

9u   8w 

*. • 

A quantity, v1, is now introduced which is the difference 

between the y-component of wind velocity and the y-component 

of the geostrophic wind. 

( ) 

v* = v - V 

The system of equations that HAIFA solves now becomes 

O 
v * * n-  ••  u = it  ;  w = " 17  ; 

ST«  acuT')  a^/r1) 
7t"    3x      3z - wr 

u 
av« an + UM) + i(wa) . 2n sine _ 

2« cose sin0 gl . 1- H 
g 
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U 
^(wv,) _ du 

- w (3.73) 
3z 

U 
-   2« sine (u-u  )   +  20 cosö   sin1) w = 0 

g 

The difference approximations for the above equations follows 

that of the basic HAIFA femulation.  The tine-dependent 

equations are solved in an explicit two-level formulation. 

The advection terms are obtained by using a high order con- 

Rervation scheme in which the two directions are integrated 

by the splitting technique.  Additional terms are all centered 

in space from quantities available at the current time cycle. 

The additional equation for v'  is similar to the temperature 

equation in structure. The vorticity equation is modified by 

gradients in the velocity perturbation.  Changes in v"  are 

due to both forcing terms which are tne result of the Coriolis 

force actions on the u- and w-components of velocity and ad- 

vection of the v -component of geostrophic velocity in the 

vertical direction.  Depending on the geostrophic wind struc- 

ture the advection term could dominate the change in the v' 

parameter. 

3.4.3  Initial Conditions 

The initial conditions for HAIFA modified to include 

Coriolis forces are the same as basic HAIFA except that the 

angle between the mountain range and the north-south direction 

and the angle between the geostrophic wind and the mountain 

range must be specified. 

The figure in Section 3.4.1 defines the parameters used 

to describe the orientation of the geostrophic wind and the 

mountain range.  The angles, <{> and ß, are both specified in 

degrees; $'  is the angle that the mountain range makes with the 
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nor\-.h-south coordinate, and 8 is the angle the geostrophic 

wind makes with respect to the direct ion normal to the mountair, 

range.  The x- and y-axis in the code corresponds to the direc- 

tion along the mountain range and normal to the mountain range, 

respectively. 

The other parameter required in the Coriolis terms is 

the latitude, 9, which is specified in the usual manner, in 

degrees fron; the equator. 

The initial geostrophic wind,  u  , is simply the wind 

which would be present without the mountain.  This wind is 

assumed not to vary in the vertical direction. Thus, it is 

similar to the initial u velocity in BASIC HAIFA except that 

the wind is not necessarily normal to the mountain. Noting 

that 

ug(z) = u(z)Ä + v(z)^ (3.74) 

u and referring to the figure above we can calculate the initial 

u- and v-velocicies by 

u(z) = cosßlu (z) 
g 

v(z) ■ sinßju (z) 
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3,4.4      Test Problem 

Severn   preliminary runs were made using HAIFA with 
Coriolis  forces.     The first runs were made with the angular 
velocity,   n.   set to 2ero and with the  initial wind perpendxcular 

to the raountains  in an attempt to duplicate the double wave 

problem run with the basic HAIFA code. 

After verifying that HAIFA with Coriolis  forces dupli- 

cates the  standard double wave problem,  additional runs were 

made with the angular velocity,   ß,   set to its nominal value, 

and with  the wind perpendicular to the mountain range   (i.e., 

&=0).     The results of this run showed virtually no effects 

of the Coriolis terms  incorporated  in HAIFA.     This result  xs 

not unexpected when we recall  that the mountain range  xn the 

double wave problem is only 625 meters high and 4500 meters 

long. 
However,  problems simulating much larger mountains, 

for example,  the Andes or the Sierras,   should be significantly 
affected by the Coriolis  forces, and the resulting lee waves 
produced would be a system of both inertia and gravity waves. 

These complex wave systems could appreciably change the drag 
from what one would expect considering only gravity waves. 
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3.5 HEURISTIC NUMERICAL MODEL OF TURBULENCE 

In incompressible flow, whether laminar or turbulent, 

the equations of nonentum and continuity,, along with the 

boundary and initial conditions, suffice to establish com- 

pletely the exact fluid motion.  If the flow happens to be 

turbulent, however, the motion invoT.es such small and rapid 

changes that, although it is in principle determinate, its 

actual calculation would impose an overwhelming computational 

burden and, in addition, the detailed initial conditions are 
not known. 

The usual way around this difficulty is to average 

the equations of momentum and continuity to obtain mean flow 

quantities which are smooth.  This results, of course, in an 

enormous simplification. Unfortunately, it also involves a 

significant and irretrievable loss of essential information. 

Consequently, owing to the presence of the unknown Reynolds 

stresses which are created by this averaging process, the 

averaged equations of momentum and continuity do not in them- 

selves comprise a determinate set.  Additional relations are 

required to fix the unknown Reynolds stresses.  Equations can 

aUo be derived for the fluctuations and for averages of pro- 

ducts of them.  However, these equations form a coupled sys- 

tem involving ever higher order variances.  No first-principles 

method for terminating this system of equations is known. 

A plausible heuristic approach has been developed by 

Gawain and Pritchett.^ J  Since the necessary supplementary 

relations cannot be established from the original equations 

by an analytic procedure, Gawain and Pritchett closed the sys- 

tem with the addition of empirical hypotheses.  Their philoso- 

phy and rationale is quoted below: 

"From another viewpoint, it may be stated that the 

averaged equations of motion show the effect of the Reynolds 
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stresses upon the mean flow.  However, the reciprocal effect 

of the mean flow upon the Reynolds stresses is lost in the 

averaging process.  Hence some adequate hypothesis must be 

found for representing this relation, at least approximately." 

"For this purpose, a heuristic approach which seems 

plausible is to postulate a relation between the Reynolds 

stresses and the mean flow which is analogous to the relation 

that is known to govern the viscous stresses.  The analogue 

of the ordinary molecular kinematic viscosity is the so-called 

eddy kinematic viscosity.  The problem becomes, therefore, to 

determine empirically the general law which governs this mean 

effective eddy viscosity at every space/time point in the 

flow field." 

"The eddy viscosity presumably depends on a number of 

variables, one of the most important of which is the local 

kinetic energy of turbulence.  Therefore, it becomes necessary 

to find the space/time distribution of the turbulent energy. 

Fortunately, the governing energy equation can be deduced 

0      rigorously from the original equations of motion.  However, 

the energy equation itself introduces two additional unknowns 

which can only be approximated in the same heuristic and 

empirical fashion as the eddy viscosity itself.  The addition- 

al unknowns are the rate of dissipation of turbulent energy 

into heat, and the rate  of turbulent diffusion of energy." 

"Theory and experiment both show that the eddy viscos- 

ity, and the dissipation and diffusion functions as well, 

depend not only on the turbulent energy itself, but also on a 

local length scale parameter which can be associated with 

each space/time point in the flow field.  Von Karman was per- 

haps the first to point out how a physically meaningful 

characteristic length can be defined in terms of local space 

derivatives of the mean velocity at any point in the flow. 
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In the present paper, the original approach of von Karman is 

further developed and refined.  It now takes into account not 

only the velocitv derivatives at the designated point itself, 

but also the values in the general vicinity of the point." 

"By employing dinensional analysis, and by applying 

tha available experimental data, v;e finally obtain three enpir- 

icai expressions which determine to a reasonable approximation 

the eddv viscosity, the heat dissipation and the turbulent 

diffusion, respectively.  These expressions also involve the 

turbulent energy, the local length parameter, and the distance 

to the nearest fixed wall (if any).  Of course, these empiri- 

cal expressions are amenable to further investigation and 

development." 

"In this way a single consistent and determinate set 

of equations xs established which applies in principle to any 

incompressible turbulent flow field.  Only the boundary condi- 

tions differ for each specific application." 

3.5.1   Formulation 

The formulation of equations as developed by Gawain 

and Pritchett must be modified for flow of an incompressible 

fluid to flow of a fluid characterized by the Boussinesq 

approximation.  Starting with the momentum and continuity 

equations shown below, the derivation of equations follows. 

I |i ♦ |S . 0     (continuity) (3-76) 

Hr+-M + «IT-1; H+' • "'v'"> ) (3•77, 

) (momentum) 

lt+^ + ^--^ll+'-"tv'w'-tJ       <3■78, 
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) 

Here Kv is the molecular viscosity.  The velocity components, 

the pressure, and density can be separated into mean and fluc- 
tuating parts, 

u = ü + u' 

w = w + w' 

P = P + P* 

P = P + p' 

These are to be inserted into the equations of motion and 

ensemble averaged.  Eqs. (3.79) and (3.80) give the mean 

momentum equations. 

IE + T7lH 4.i_ /„.2, ^ -1Ü x 3 

1  3 
P 

(3.79) 

and 

if.uH^t^D.wlf^tw-) 

'  ' r£+  V'Kv 7" + f-9 (3.80) 
o po 

Following Gawain and Pritchett, the Reynolds stresses 

are postulated to be related to the strain rates of mean flow 
through 
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     .  , /3ui   3U. \ (3.81) 

where 6. . = 0 for i^j, and =1 otherwise;  e XP.  called the 

eddy kinematic viscosity. 

The postulate of Eq. (3.81) provides four necessary 

relationships, 

-u'2 - - ^ (u'2 + v'2 + w'2) + 2e |^ 

/3w  3ü\ 
\7Z + JZJ -u'w* ■ e 

-w'2 = - ^ (u" + v'2 + w'2) + 2e |£ 

-w'u' - - u'w'  . (3.82) 

Applying the postulate of Eq. (3.81) to Eq. (3.79) and 

substituting the kinematic pressure 

p - 1  (u'2 + v'2  + w'2) 

one has 

ö il + *i + "ii = -^+ <'+v^ 
+  2 ii^+ li  fe-^ 1^^     , (3.83) 

and for Eq,   (3.80)   one obtains 

3-72 

♦ = p - T 'u'*  + v"  + w" / 

wmmmmm ■■in  M , —< 



'»l—•""""' '■' i um  JiJWJifii^||piir»^w«^ww^M^wwpiiiffiwiP^l'"l"i|viw.1*" RW  I -W .      "VPPPtMp 

U 

SSS-R-75-2556 

U 

u 

3w       -3w       -9w 
dt 3X oZ o o 

Sc   /3w       9u\ 
3x   \3x       3z/ 

_ 3e 3w 
+ 2 17 3¥ (3.84) 

>. ' 

i I 

■ 

Equations (3.83) and (3.84) are reformulated in terms 

of the vorticity n and the stream function 4*, which satisfy 

the relations „ - 3u 11 - 3i 
3w 
7x 

and V2^ ■ n.  The vorticity equa- 

tion then has the form 

dn 
dt (e+Kv)V' 

+ 4 
,2 

3x3z 
3'e 

- 2_ 

3x3z 

3p 
17 

/32e  32e\ /3^  3M 

3£ 3^  3e 3n . 3e La H  1 
3z 3z  3x 1x   3x I/ Tz 

3e 
77 3x1 (3.85) 

. 

The energy equation is formed by multiplying the 

momentum equation by velocity. As before, the resultant equa- 

tion is rewritten with mean and fluctuating terms, and the 

averaged energy equation is subtracted to yield the turbulent 

energy equation.  It is convenient to express the result in 

Cartesian tensor notation, 
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Ü 

u 

It \  2 /   3xk \Uk  2 /      2  \3xk 
+ aXj/ 

3 / uVu".    \] 

K 
^ 

mr 
j^^-V ^«"j-i' (3.86) 

(j)' is the perturbation of kinematic pressure, pressure/ 

density.  The terms on the right-hand side of the energy equa- 

tion represent, respectively, turbulent energv production cor- 

responding to the v/ork done by the mean flow against the 

Reynolds stresses, dissipation of turbulent energy to heat, 

turbulent diffusion of energy, and molecular diffusion.  For 

problems at high Reynolds number the last term is vanishingly 

small; it will be ignored hereafter. 

Denoting by E the turbulent kinetic energv. 

ÜTJ?" 1 
2 E = -4-1 - i (u'2 + v'2 + w'2) 

and applying the postulate of Eq. (3.81) to Eq. (3.86), the 

turbulent energy equation becomes 

Tt + 73^ (ukE) " 2 \axk 
+ az./ - 2 \3xk

+ ax./ 

^ 

(u'. u'. 
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> At this point, neither the vorticity equation nor the 

turbulent energy equation are closed.  It should also be noted 

here that the development of the turbulent energy equation (3.88) 

as described by Gawain and Pritchett neglects the temperature 

> stratification term - p'u! -2- on the right-hand side of the 
1 po 

equation, which for our applications can be a significant effect. 

For the initial development of the turbulent scheme, however, 

thii term was also ignored as it requires thac the fluctuating 

density component be described in some heuristic and empirical 

fashion, i.e., that  'prüT  = e' |£.  The value of e' remains to 

be determined from experimental data in much the same manner as 

the kinematic eddy viscosity e itself needs to be determined. 

To enable the kinematic eddy viscosity £ to be deter- 

mined, Gawain and Pritchett postulated the formulation 

e = aX /5E . (3.89) 

where a is a u; mensionless, slowly varying universal function 

not predictable from theory, but estimable from experimental 

data and X is a length scale of turbulence in the vicinity of 

a point.  Thus, fiere is a X associated with every point of 

the flow field.  It was hypothesized that the definition of X 

in the vicinity of an arbitrary point should depend only on 

the mean flow conditions in a finite region surrounding that 

point.  By use of a weighting function which falls off rapidly 

with increasing separation, dependence on all points in the 

flow field can be avoided. 
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u The weighting function chosen was 

\    X2(x)/ 06, .  X   M!      - (3.90) 

J        \    X2(x)/ 
all 
space 

A strain rate tensor was defined, 

r.   -|2+||   . (3.91) 
ij       3z       dx 

Note that F.. = 0 for the incompressible case from continuity. 

Next a generalized strain rate, fi2, and a generalized strain 

rate gradient, T.'2, were duiined as follows: 

ß2 « i r. .r. (3-92) 
2 i] 13 

Q.' fe) N • 2 ,. /Ifi \   m_\ (3.93) 

It was also found useful to define 

«»■)«. i(|2i)  (Hi) 

M2 X2 can be defined in terms of ß2 and  (ßfi*) 

X2(x) - I2(x)/J2{x) (3.95) 

where 
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I2(x) 
/ 

w('x,x')«,,(x)dv' (3.96) 

all 
space 

J2(x) = 
/' 

2 J,,I (x^1) Cnn« (x))Mv 
(3.97) 

and 

all 
space 

exp 

wtx^x*) 

/  (x-x')-(x-x')\ 

T   XMx)   / (3.98) 

all 
space 

The last term in the turbulent energy equation (Eq. 3.88) 

is not in a form amenable to calculation.  It was postulated 

to be expressible in the form 

uTüT 

«i (-¥ + ♦) " " Ye (%) (3.99) 

Dimensional considerations suggested to Gawain and Pritchett 

that the dissipation of turbulent energy into heat could be 

expressed in the form 

K (2E) 
•    Kv /!!i   3ui 1    bil 
E
H ' "2 \^;  3XJ /    A2 

(3.100) 

which amounts to a definition of a dissipation length Xp.  To 

define XD# Gawain and Pritchett turned to the results of ex- 

perimental studies at high Reynolds number, where heat dis- 

sipation effect tended to become independent of Reynolds 

number. Two lengths h1  and L2 were defined, 

3-77 

M—MMMii ii iiwiii 'ill itiu »IilHiM 



SSS-R-75-2556 

.. K 
(3.101) 

2E 
J 

(3.102) 

and the relation 

-T2 P 
(3.103) 

i / 

was postulated.  The energy dissipation term becomes 

EH = ß(2E)
7/6j1/s  . (3.104) 

The complete turbulent energy equation, inc' ading heuristic 

substitutes, is then written as follows: 

|| + 1^ (ÜE) + 1^ (WE) = aX /3E n2 - ß(2E)7/sJl/s 

+ k H ^ i)+ k h m i) (3.105) 

To complete the formulation, it is necessary to specify 

the computation of the three dimensionless coefficients, a, 8, 

and y.    Gawain and Pritchett used the follo'/ing expressions, 

based on experimental data: 

a 

1/ß 

Y 

0.065 {1 + exp[-(y/X-l)2]} 

3.7 {1 + exp[-(y/X-l)2]} 

1.4 - 0.4 exp[-(y/X-I)2] 

(3.106) 

where y is the distance to the nearest fixed boundary. 
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Thus, the modifications to the usual incompressible 

formulation required to incorporate the heuristic turbulence 

scheme of Gawain and Pritchett are 

(1) the revised vorticity equation [Eq. (3.85) ], and 

(2) the inclusion of an heuristic equation i-or 

turbulent enertjy (Eq. (3.86). 

These modifications have been carried out, and the 

results are detailed in the following sections. 

3.5.2  Numerics 

The modifications to the vorticity eauation were coded 

and incorporated using typical finite difference formulations, 

and treating the sum (Kv+e) as a total diffusion term. 

The solution of the turbulent energy equation was 

carried out in a new code subpackage, subroutine TURB.  The 

flow logic of this subroutine is displayed in Figure 3.21. 

The turbulent energy code was exercised on various 

test problems in which it became apparent that a major calcula- 

tional burden was imposed by the development of the I2 and J2 

terms, and the associated weighting terms required for each 

grid point.  This is despite the fact that the potentially ex- 

pensive "exponential" evaluations can be reduced to a one pass 

computation, with tabular evaluation thereafter each cvcle. 

The cost in computer time to simply form all the I2 and J2 terms, 

when only the nearest 36 cells are used in the weights, is about 

12 seconds.  The cost of a complete calculation?.! cycle for the 

turbulent formulation approached 7 seconds in this case, nearly 

10 times the cost of the BASIC HAIFA solution.  In one test, 

the problem characteristics were such that the weights did not 

fall off sufficiently rapidly, and it was required to include 
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NO 

i 

F0RM  3P   35'   " 

I 
FORM     ft'2   AND 

FORM  Xf 

EVALUATE  EXPONENTIALS 

Ax2 

exp 
i 

FOR 

ALL Ax POSSIBILITIES 

FORM WEIGHTS, I2, J2, 
AND UPDATED  X2 

FORM a, 6, y,   e, AND 
ALL NON-ADVECTIVE 

TERMS 

CALL SECOND ORDER 
ADVECTION ROUTINE 

FORM UPDATED 
TURBULENT ENERGY 

RETURN 

! 

Figure 3.21. Flow Logic for Subroutine TURB 
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4.  BASIC HAIFA WAVE DRAG CALCULATIONS 

. 

Several problems have been calculated using the BASIC 

HAIFA code.  The results of each are presented in this sec- 

tion and comparisons with other results are made where pos- 

sible.  An edit routine to determine the momentum flux 

(wave drag associated with gravity waves) was written and 

is described in detail in Appendix B. 

Table 4.1 summarizes the initial conditions used for 

each problem.  The boundary conditions in each case were 

those described in Section 2.4 of this report.  The grid 

size consisted of 35 vertical cells by 64 horizontal cells. 

4.1 SINGLE WAVE PROBLEM 

The atmospheric and horizontal velocity conditions 

to produce a single gravity wave were arrived at using the 

results presented on two-dimensional mountain lee waves by 

Palm and Foldvik. ^  They had established that if the 

quantity 

S   1 32u 
u7 " u 3zT ' 

where S is the stability of the atmosphere, has a value 

at the ground level which is at least 2.5 times as large as 

the minimum value (usually located 7-10 km above the ground), 
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the wave motion in tne lower troposphere depends only on the 

wind profile and the .stability.  This condition is almost 

always satisfied when mountain waves occur.  A diagram giv- 

ing the expected wave lengths of lee waves under various 

stability and wind profiles was presented.  In particular, 

regions of one and two waves were indicated. Using this 

diagram, a single wave of approximately 16 km in ""ength was 

predicted for a lapse rate equal to orie-half the dry adiabatic 

value (see Figure 4.1), and the exponential velocity profile 

shown in Figure 4.2. 

The numerical results calculated using HAIFA are 

shown in Figures 4.3 through 4.6 as streamlines and vertical 

velocity contours at several times up to 1-1/4 hours.  The 

measured wave length from Figure 4.4 or 4.6 is approximately 

15 km.  As can be observed from the results, only one wave 

did form during the time the problem was run.  The cyclic 

boundary condition prevented any further computation due to 

disturbances created by the obstacle in the flow stream 

being introduced into the main flow upstream of the mountain. 

Some interference with the upper boundary positioned at 

10.9 km may also be seen at the latest times. 

0 The momentum edits  u'v1  (see Appendix B) located 

one cell or 312.5 meters above the mountain top are shown 

in Figures 4.7 and 4.8 for various lengths used in obtaining 

the horizontal averages.  The qualitative result obtained 

from these figures indicates a decrease in the edited quan- 

tity as the length used in the averaging length is increased, 

i.e., a lower amount of drag is created by the mountain.  One 

exception appears, however; this can be noted as a cross over 
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Figure 4.1 — Initial Temperature Profiles used 
in Test Problems. 
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Figure 4.2 - Single Wave Velocity Profile. 
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\ 

Time  x  10'3  (sec) 

Figure  4.7 - Single Wave Problem Momentum Flux Edits. 
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Figure 4.8 - Single Wave Problem Momentum Flux Edits Cpage 2) 
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of two of the curves occurring at approximately 3400 to 4000 

seconds on either of the figures.  The same phenomenon occurs 

when the averaging length is reduced by discounting zones 

from in front of the obstacle as well as the rear.  While 

it is not clear what the averaging length should be in these 

cases or the intrepretation of these results, it is clear 

that the magnitude of the edited quantity is only equal to 

the drag on the mountain if the inlet and outlet values of 

p and pu2  are identical.  Since this is the case only 

when the  total numerical grid length is used as the averaging 

length, due to the cyclic boundary conditions, a value for 

the drag on the mountain can only be estimated from the 

uppermost curve of Figure 4.7-  The value of the drag 

reached at 4,445 seconds was approximately equal to 10 dynes/ 

cm2.  This value agrees qualitatively with measured values 

of the momentum flux reported by D. K. Lilly 

surements at Boulder, Colorado. 

,(20) £or mea. 

One other important feature of the momentum flux 

edit is the oscillatory character of the values with time. 

This is thought to be related to the formation of the in- 

dividual vertical velocity cells, i.e., as a new positive 

or negative cell is formed, the effect seems to be to in- 

crease or decrease the horizontal average of the vertical 

flux of horizontal momentum.  This cyclic character is 

perhaps more clearly seen in the edits of the two wave 

problem discussed later. 

Figure 4.9 shows the momentum edit as a function 

of height at a time of 4,445 seconds.  The value goes to 

zero very quickly above the mountain.  This indicates the 

solution is not yet approaching a steady state value since 

the drag for a steady problem would be constant with height. 
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4.2 TWO WAVE PROBLEM 

This problem was run using a vertical grid size of 

441 meters and an obstacle height of 441 meters. This placed 

the upper boundary at 15.4 km.  The other initial conditions 

were identical to those noted in Section 4.1. They are re- 

iterated in Table 4.2, and the initial horizontal velocity pro- 

file is shown in Figure 4.10. 

■ TABLE   4.2 
TWO WAVE  PROBLEM 

PROBLEM 
TITLE 

LAPSE 
RATE* GRID CHARACTERISTICS 

HORIZONTAL 
VELOCITY 
PROFILE 

Two Wave       Y = fr Ax =  1500  meters 
Az =  441  meters 

Obstacle: 

Height  =   441 meters 
Length  =   4500 meters 

Exponential 

profile  as 

shown  in 

Figure   4.10 

O 
Initial surface temperature = 300oK 

T ■ adiabatic lapse rate = 10oK/km 

The linear analysis of Palm and Foldvik^ ' indicates 

that under these conditions two waves should be present in 

the lee of the mountain - one wave of approximately 9.2 km 

wavelength and a second wave of approximately 25 km wave- 

length.  The HAIFA calculation was run to a time of 4980 

seconds.  Computer plots of the streamlines and the vertical 

velocity profiles from the calculation at a time of 4691 

seconds are shown in Figure 4.11. The shorter wave appears 

just above and behind the obstacle displaying a wavelength 

of approximately 10 km. A second wave appears behind the 
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Figure 4.10.   Initial velocity profile — two wave problem. 
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obstacle at a height of 7 to 8 k.n with a wavelength of ap- 

proximately 25-35 km.  Palm and Foldvik's analysis indicated 

the maximum amplitude of the wave would appear at 7.4 km. 

Consequently, the main features of the linear theory are ob- 

tained in the numerical calculation.  These waves are dis- 

tinctly indicated in the vertical velocity contour plots 

also shown in the figure. 

4.2.1  Wave Drag Results 

In stratified flow over an obstacle the pressure is 

systematically higher on the upstream side, resulting in a 

drag force on the obstacle, and a corresponding drag of op- 

posite sign on the air stream. 

This drag force of the air on the mountain is ob- 

tained by integrating the momentum transport along the 

x-axis.  For a symmetrical mountain of height H, 

/. 
Drag - - j       (pu'w")\lxH  dx 

where    u^w'     ■    velocity perturbation quantities. 

An edit routine was written to  integrate  the  results 
obtained in these  calculation-.    The  results  are presented 
as 

^/L 

L 
pu'w'   ■ 4T   /      pu'w*   dx 

where L is one-half the computational x-interval.  The drag 

units  pu'w1 , as presented here, are in dynes/cm2.  The 

quantity  L  is 48 km.  The values presented may be related 

to other studies where drag force is presented i.i dynes/cm by 

multiplying the values shown here by 2L. 
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The momentum edits pu'w1 , located one cell above 

the mountain top, are shown as a function of time in Figure 

4.12. The largest value of the drag which was reached at 

1000 seconds, was approximately equal to 4 dynes/cm2. This 

value agrees qualitatively with measured values of the mo- 

mentum flux reported by D.K. Lilly^ '   for measurements at 

Boulder, Colorado (7 dynes/cm2). Palm and Foldvik, and 

Vergeiner'- *  present calculated values of 7xl06 to 2x]07 

dynes/cm for similar problems. The value of 4 dynes/cm2 

corresponds to 3.8xl07 dynes/cm and thus we also see quali- 

tative agreement here. 

The other important feature of the momentum flux 

edit is the oscillatory character of the values with time. 

It is thought to be related to the formation of the individ- 

ual vertical velocity cells, i.e., as new positive or nega- 

tive cells are formed, there is an increase or decrease in 

the horizontal average of the vertical flux of horizontal 

momentum. 

Figure 4.13 presents the two-wave momentum flux as a 

function of height at several times.  The momentum edits in- 

dicate a cyclic character at late times at a height of 3 to 

5 km.  The interaction of the long and short waves takes place 

in this altitude range and is thought to be responsible for 

this phenomenon. 
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Figure 4.13. Momentum flux as a function of 
height for two-wave problem. 
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4.3    UNIFORM VELOCITY 

A problem using a velocity distribution uniform with 

height and equal to 10 m/sec perturbed by a one kilometer high 

mountain was completed.  The lapse rate was set equal to one- 

half the dry adiabatic.  Figures 4.14 through 4.17 show the 

resulting streamlines and vertical velocity cells formed under 
[221 

these conditions.  Foldvik and Wurtele1  ' have also investi- 

gated this problem, the results of which are shown in Figures 

4.18 through 4.20. A comparison of their streamlines w^th our 

results show a continuous spectrum of waves is excited in both 

calculations, which when added together produce growing numbers 

of upwind-tilting troughs and crests extending to great heights. 

The figures showing the vertical velocity cells at the forward 

and rear of the obstacle show these upwind-tilting troughs and 
[231 

crests even more distinctly.  Lyra1  J theoretically showed 

these same results using a linear analysis.  His steady state 

analytical result for the streamlines and the vertical velocity 

field are shown in Figures 4.21 and 4.22. While there are 

certainly similarities in the results of Lyra, Foldvik and 

Wurtele, and the S3 calculation, there are also some signifi- 

cant differences.  The four total streamline fields computed 

by Foldvik and Wurtele and shown in Figures 4.18 and 4.19 show 

a large amplitude wave just above the lee slope.  The vertical 

velocity in this region is more than five times the upstream 

wind and the total horizontal velocity is negative at some 

grid points.  This feature is not present in the linear theory 

and did not appear in the S9 computations. 

One of the most significant items found in calculating 

this problem was a numerical instability associated with the 

flow when the normal stability criteria for the advective 

terms of the equations was used.  An initial computation using 

this time step control produced a series of large wave length 
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Figure 4.14 - Streamlines from Uniform Velocity Problem. 
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Figure 4.15 - Streamlines  from Uniform Velocity 
Problem  (page   2) . 
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Figure   4.16  - Vertical Velocity  Field  from 
Uniform Velocity  Problem. 
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Figure 4.17 - Vertical Velocity Field from 
Uniform Velocity Problem 
(page 2). 
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Figure 4.18 - Computed Streamlines from Foldvik and 
Wurtele at successive times for Uni- 
form Velocity Problem. 
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Figure 4.19 - Computed Streamlines from Foldvik and 
Wurtele at successive times for Uni- 
form Velocity Problem (page 2). 
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Figure  4.20  - Field of vertical motion computed under 
upwind conditions for successive times 
from Uniform velocity pioblem. 
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Figure 4.21 - Streamlines from the linear theory 
(after Lyra). 
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Figure 4.22 - Field of vertical velocity when 
U - constant with height (after 
Lyra).  Isopleths for w > 0 only. 
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high amplitude wcves which propagated throughout the flow very 

quickly.  The problem was recalculated by putting an upper 

limit on the time step which was based on the phase speed of 

the largest of these waves, i.e., a wave with a 50 km wave- 

length.  This limited the time step to less than 14 seconds 

per cycle in order that the 50 km wave would not completely 

traverse a grid cell in one cycle.  The actual limiting time 

step used in the r-calculation was 12.0 seconds.  The result- 

ing wave pattern is the one shown in Figures 4.14 through 4.17 

and previously discussed in this section.  This new stability 

criteria, which had not been previously used, was not required 

in earlier problems due to either (1) the damping of the dis- 

turbances caused by the wind shear or (2) the high velocities 

in the single wave problem controlling the time step to an 

acceptable value.  Later problems, the tropopause and inver- 

sion layers, exhibited this same instability. 

4.4    INVERSION LAYER I 

The determination of the effect of an inversion layer 

in the atmosphere was calculated using the BASIC HAIFA code. 

The inversion layer was described as a positive 40C tempera- 

ture change over a 1.5 km height as shown in Figure 4.23.  The 

other initial conditions are described in Table 4.1.  The re- 

sults, shown in Figures 4.24 through 4.27, indicate a small 

effect in the vertical velocity cells at heights corresponding 

to the inversion heights.  The cells appear to be broader at 

a 5 km height than those seen in the two wave case for example, 

There also appear to be displacements in the vertical cells 

at this position. However, these may be due more to the 

change in the lapse lates at this position than the presence 

of the 40C temperature increase. 
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Figure 4.23 - Temperature Distribution used in Inver- 
sion Layer Problem. 
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Figure4,24 - Streamlines from Inversion Layer 
Problem. 
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Figure   4.25 - Ctreamlines   from  Inversion  Layer 
Problem   (page   2). 
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Figure 4.26 - Vertical Velocity Field from In- 
version Layer Problem. 
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Figure 4.27 -Vertical Velocity Field from In- 
version Layer Problem (page 2). 
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Because of the coarse zoning at the inversion layer, 

the definition of the flow is poor. 

4.5 TROPOPAUSE PROBLEM 

The test calculation representing a tropopause prob- 

lem consisted of initial conditions as described in Table 4.1. 

The calculated streamlines and vertical velocity contours are 

shown in Figures 4.28 through 4.31.  The most noticeable char- 

acteristic of the resulting solution is the tilting of the 

vertical velocity cells toward the upwind direction.  The 

streamline pattern for this problem did indicate, but not 

clearly, this same phenomena of the upwind tilting of the 

gravity peaks. 

4.6 SIERRA NEVADA LEE WAVE STUDY 

Upon Incorporation of triangular zoning and moisture 

effects in HAIFA, a study of the Sierra Nevada lee wave 

problem was undertaken.  Experimental data was obtained 

from a study conducted by the University of California on lee 
[241 

wave phenomena occurring over the Owens Valley.1  J  This study 

progressed over many months using sailplanes to record mete- 

orological data over the valley.  Rather complete temperature 

profiles were constructed for each day's work, with an ac- 

companying description of the nature of any lee waves.  Wind 

velocities were also measured, but no profiles could be con- 

structed from the spotty data.  Ambient conditions taken at 

two established weather stations were usually included in each 

day's report.  The data set of February 16, 1952, (Figure 4.32) 

was chosen for the input conditions in the HAIFA runs.  A 

strong lee wave was present on this day as shown by the stream- 

line plots on Figure 4.33.  The wavelength apptars to be ap- 

proximately 18 km at 2 km elevation, but increases to a 20 km 

wavelength at 6 km elevation. 
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Figure 4.28   — Streamlines  from Tropopause  Problem. 
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lem (page 2) . 
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Figure 4.30   - Vertical Velocity  FielJ  from Tropo- 
pause  Problem. 
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Figure 4.31 - Vertical Velocity Field from Tropo- 
pause Problem (page 2). 
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Figure 4.32 — Meteorological  conditions for February  16,   1952, 
in the Owens Valley area. 
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HAIFA requires the specification of initial profiles 

of temperature, wind velocity, arid in the csse of the moist 

version of HAIFA, a moisture profile at.d specification of 

rain water production parameters.  Since» wind and moisture 

data were only available at the Merced weather station on 

the test day (west of the Sierra Nevada Range) , the profiles 

of this station were used as input to HAIFA. A discussion 

of the appropriateness of this choice follows the presentation 

of results.  The production term parameters describing auto- 

conversion, accretion, and evaporative processes were manipu- 

lated such that cloud water converted to rain water at the 

rate of 0.1 percent/second, rain water evaporation rates were 

zero and accretion assumed a negligible role compared to 

autoconversion.  This arrangement is only one of many pos- 

sibilities.  It is, however, fairly representative of choices 

made by Liu and Orville in their cloud modeling work and is 

thought to be a good first choice.  ^ 

Upon examination of the typical cross section of the 

Sierra Nevada's Owens Valley (see Figure 4.34), it was thought 

that an appropriate choice of topography would be a symmetric 

triangular mountain of height 2 km with a base extending 

16 km.  The superposition of this choice on that of the real 

topography is seen in Figure 4.35. The HAIFA grid used in the 

study was composed of 35 cells in the vertical with a Az 

of 500 m, yielding a total extent of 17.5 km.  There were 

64 cells in the horizontal, with a Ax of 2000 m, yielding an 

extent of 128 km.  The top of the mountain model was 

located 30 km from the left edge of the grid. 

The above HAIFA grid structure was used to simulate 

mountains at various elevations.  This was accomplished by situ- 

ating the base of the YL IFA grid at various elevations and 
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allowing the HAIFA obstacle to represent only that part of 

the mountain which extends above the base elevation. The 

input profiles are picked up from the elevation at which the 

griri begins.  Utilizing this procedure, two sets of runs were 

coropleted in the Sierra study. Each set consisted of two 

runs; the first run modeling a dry atmosphere, while the 

second run included moisture effects.  The sets differed only 

in their grid base elevations. The first set located the 

grid base at sea level, thereby modeling a mountain of 2 km 

height. The second set positioned the grid base at 1.5 km 

elevation yielding a total mountain peak elevation of 3.5 km. 

Figure 4.32 depicts the actual weather data obtained at Merced 

Wind data from Bishop and the temperature profile obtained 

from the flights over the valley are also presented. Figures 

4.36a, b, and c represent the HAIFA input approximations to 

the Merced profiles.  The approximations are tabulated in 
Table 4.3. 

The results of set one indicate the basic validity 

of the HAIFA approach.  The results of the dry run after a 

2000 sees integration are presented in the streamline plots 

presented in Figure 4.37. A single well developed lee wave 

is present with a wavelength of approximately 10 km at an 

elevation of 2 km increasing to 15 km at 4 km.  Three rotors 

are seen. The windward rotor is the result of blocking and 

is growing in time, as would be expected.  Backflow extends 

almost 15 km.  The two leeward rotors were formed from the 

splitting of a single larger rotor as time progressed.  This 

is an expected result due to the traveling lee wave. Since 

there are no damping processes occurring in these HAIFA runs 

(other than truncation error diffusion), one would expect a 

series of rotors to form as any '-rapped waves progress down- 

wind; the number and size of rotors produced being dependent 
on the strength of the flow field. 
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Table 4.3 

HAIFA Input Profiles for Set 1 

z(kin) q   (xlO3 kg/kg) T(0C) u   (m/s) 
■ 

.25 9.50 13.0 1.48 

.75 7.47 7.5 4.45 

1.25 6.92 5.5 7.42 

1.75 5.75 2.0 10.40 

2.25 3.70 -   3.5 13.40 

2.75 2.30 -  8.0 16.30 

3.25 1.70 -  8.0 ..9   30 
3.75 1,50 -   9.5 22.20 

4.25 1.30 -12.7 25.20 

4.75 1.20 -15.5 28.20 

5.25 1.10 -19.0 31.10 

5.75 1.00 -22.2 34.10 

6.25 1.00 -25.7 37.10 

6.75 0.79 -29.0 40.00 

7.25 0.62 -32.2 43.00 

7.75 0.46 -36.0 46.00 

8.25 0.3v -39.5 49.00 

8.75 0.25 -43.0 49.00 

9.25 0.17 -47.0 49.00 

9.75 0.13 -50.0 49.00 

{ ) 

10.25 
10.75 

0.08 
0.06 

-54.5 
-58.0 

49.00 
49.00 

11.25 
11.75 

0.06 
0.12 

-58.0 
-53.0 

49.00 
49.00 

12.25 0.19 -50.0 49.00 

12.75 0.18 -51.0 49.00 

13.25 0.14 -54.0 49.00 

. 13.75 0.11 -56.5 49.00 

14.25 
14.75 

0.12 
0.13 

-56.5 
-56.5 

49.00 
49.00 

-.5.25 0.14 -56.5 49.00 

15.75 
16.25 

0.15 
0.16 

-56.5 
-56.5 

49.00 
49.00 

16.75 0.18 -56.5 49.00 

17.25 0.18 -56.5 49.00 
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Figure 4.37 — Streamlines set 1, dry run, grid base 
at sea level, t = 2000 sec. 

The flow field in a moist atmosphere at 2000 sees is 

presented in Figure 4.38.  In this case, we find two distinct 

lee waves — one at 2 km elevation has a wavelength of 8 km. 

The other, found at 4 km, displays a wavelength fo approxi- 

mately 20 km.  This wavelength is in excellent agreement with 

that observed over the Owens Valley. As in the dry case, 

three rotors are observed. However, their structure is con- 

siderably different.  The windward rotor is almost absent, 

while the leeward rotors have become much larger.  In addi- 

tion, the upper wave crest has advanced farther downwind 

than seen in the dry case. 

| 

x (km) 

Figure 4.38 - Streamlines set 1, wet run, grid base 
at sea level, t = 2000 sec. 
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Table  4.4 

HAIFA ".nput Profiles  for Set 2 

. 

z(kin) q    (xlO3   kq/kg) T ro u   (m/s) 

.25 5.28 3.4 11.5 

.75 3.90 -    4.0 14.5 
1.25 2.30 -     8.0 17.4 
1.75 1.70 -     8.0 20.4 
2.25 1.50 -     9.6 23.4 
2.75 1.30 -  12.9 26.3 
3.25 1.20 -   16.1 29.3 
3.75 1.10 -  19.4 32.3 
4.25 1.10 -  22.6 35.2 
4.75 0.90 -   25.9 38.2 
5.25 0.71 -   29.1 41.2 
5.75 0.56 -  32.4 44.2 
6.25 0.43 -  35.6 47.1 
6.75 0.33 -  38.9 50.0 
7.25 0.25 -   42.1 53.0 
7.75 0.19 -  45.4 56.0 
8.25 0.24 -  48.6 59.0 
8.75 0.10 -   51.9 62.0 
9.25 0.07 -  55.1 65.0 
9.75 0.05 -  58.4 67.9 

10.25 0.04 -  61.6 70.9 
10.75 0.03 -   64.9 73.9 
11.25 0.02 -   68.1 76.8 
11.75 0.01 -  71.4 79.8 
12.25 0.01 -  74.6 82.8 
12.75 0.01 -  77.9 85.7 
13.25 0.00 -   81.1 88.7 
13.75 0.00 -   84.4 91.7 
14r25 0.00 -   87.6 94.7 
14.75 0.00 -   90.9 97.6 
15.25 0.00 -  94.1 100.6 
15.75 0.00 -  97.4 103.6 
16.2^ 0.00 -100.6 106.5 
16.75 0.00 -103.9 109.5 
17.25 0.00 -107.1 112.5 
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Figure 4.41 - Streamliner,  set 2,  dry run,   grid base at 1.5 km, 
t -  2000  sec. 

x ikm) 

Figure 4,42 — Streamlines set 2, wet run, grid base at 1.5 km, 
t * 2000 sec. 

4-58 



^   ' ' -■ •^•^m^n^mr^^'m^^^^m^^^^^m^m 

SSS-R-75-2556 

wavelength of around 24 km.  Since there is considerably 

less moisture in this sec   (the moist lower atmosphere has 

been ignored in the profiles), it is not surprising.  The 

rotors on tie windward side have not appeared, although flow 

is very sluggish there, as seen from exam.-'nation of wind 

field edits. 

The cloud water (Figure 4.43) again congregates in 

regions of upward flow, predominantly on the windward slope 

and in the crest of the lee wave.  Maximum values approach 
-3 

10   kg/kg.  The much larger wave amplitudes present in 

this run serve to yield cloud water concentrations as large 

as that of the firs» ^.un even though less moisture is avail- 

able. 

Momentum flux edits were performed on this set of runs. 

These are presented in Figures 4.44 and 4.45. 

The two new edits exhibit a similar period with the 

moist run showing a consistently lower drag v/hen plotted as 

a function of time.  This appears to be the result of letent 

heat effects.  The energetic processes which are introdveed 

by the inclusion of moisture make interpretation difficult. 

It appears buoyant effects make the troughs in the streamlines 

shallower, thereby reducing the flux.  More investigation is 

needed in this area. 
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The choice of the Merced profiles w^ dictated by 

their availability and not by thoir obvious applicability. 

Since Merced is located approximately 50 - 100 miles from 

the Owens Valley, the prevailing ambient conditions most 

probably do not reflect the true ambient conditions of the 

flow as it reaches the Sierra Nevada.  In particular, the 

prevailing winds reported at Bishop on the same day (shown 

in Figure 4.32) show a marked deviation from those reported 

at Merced. Unfortunately, no temperature or moisture data 

was available that day for Bishop.  The runs do indicate 

that the code is very sensitive to the input flow profile. 

The truncation of the Merced profiles at an elevation of 

1.5 km for use in the set two runs is most probably an in- 

valid procedure, resulting in much higher "ground" velocities 

than is found at 1.5 km on the Sierra Nevac'.a.  This artifici- 

ally high flow may inhibit the formation of a large lee 

rctor at late integration times.  A profile similar to that 

of Bishop's is probably more accurate. 
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5.  LINEAR STEADY STATE CALCULATION OF WAVE DRAG 

The calculation of the vertical flux of horizontal 

momentum (wave drag) using the HAIFA code has shown the phe- 

nomenon to be a complex time dependent process.  On the other 

hand, the Mintz-Arakwa Global Circulation Model (GCM) is used 

to determine climatic changes over periods of time longer than 

hours. On this time scale the cyclic behavior of the wave 

drag parameters has undergone several oscillations, and it 

seems appropriate to use a time average of the wave drag in 

the GCM. For this reason a steady state treatment was derived. 

Bretherton    and Danielson and Bleck,    among 

others, have published linear steady state analyses on the 

calculation of momentum transport by gravity waves. After an 

examination of both procedures, the analysis of Bretherton 

was chosen as the basis of the numerical model to be developed 

at Systems, Science and Software.  The primary reason for the 

selection was that Bretherton had extended his analysis to 

three dimensions and arbitrary topography while the Danielson 

and Bleck model was more limited in scope. 

In Section 5.1 a derivation of the Bretherton results 

is presented.  The results of this analysis require that a 

topography data manipulation be performed, that an atmospheric 

response function be calculated, and that a stress integral 

be evaluated.  These three calculations are described in 

5-1 
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Sections 5.2.1, 5.2.2, and 5.2.3, respectively.  In Section 

5.2.4 the topographical data which we obtained for these calcu- 

lations is described.  In Section 5.2.5 test calculations us- 

ing the linear steady state treatment are presented. 

The linear steady state codes, as described in Section 

5.2, turned out to be too expensive to incorporate directly 

into the GCM. Furthermore, the altitude dependence of the 

wind profiles as calculated in the two level GCM is not re- 

solved in sufficient detail to warrant the additional expense. 

A vastly simplified model of the linear steady state model 

was, therefore, coded in, o a subroutine DRAG which has been 

delivered to RAND for use in their GCM.  The simplifications 

and the program are described in Section 5.3. While this 

model has been simplified to the point of losing much of the 

s jhistication and accuracy of the LSS code, we feel that its 

use in the GCM will provide a qualitatively correct estimate 

of the effects of wave drag on global circulation models. 
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5.1   A DERIVATION OF REYNOLDS STRESS FOR LINEAR-STEADY 
STATE FORMULATIONS 

Bretherton gives without derivation the equations 

for the components of Reynolds stress corresponding to steady- 

state flow over three-dimensional (3D) topography in the 

linear approximation.  In this section, the derivations of 

his result will be presented. We also generalize the equation 

for the vertical velocity and display correction terms to the 

Scorer parameter. The resulting equations (when sound waves 

are neglected) can then be incorporated into Bretherton's 

computational framework with little modification. 

As a point of departure, the Linearized steady state 

Navier Stokes equations for air without diabatic, Coriolis, 

or dissipative terms are adopted. We consider the perturbation 

to an unperturbed atmospheric state in which the atmosphere 

is stably stratified and the wind is steady and horizontal. 

The unperturbed wind may vary in strength and direction with 

altitude as given by the east-west and north-south components 

U(z)  and V(z) . 

The inviscid 3D equations of motion before we make the 

linear and steady-state approximations are: 

dp    /3u  3V 4. 3w\ - n 
dt+ P iH^ By + ^)     ' 

du + i *£= o  , 
Ht  p 3x 

dv + 1 IE. 0 
Ht  p 3y     ' 

dt  p 3z   y  ' 
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dT       _1_ d£ 
eTt "  pC    dt       ' 

p =  pRT     , 

where 

at = k+ u k+ v I7+ w ti 

5.1.1 Lintar Steady State Equations 

The Ainear steady state equations for a small pertur- 

bation are obtained by separating the variables into a mean 

part which is a function of z only and a perturbation, 

and substituting these expressions into the above equations. 

The expressions for the variables are: 

p « p'Cz) + p,   , 

u » U(2) + u,  , 

v = V(z) + v1  , 

w ■ Wj^   , 

P = P(z) + P3L 

T « T(z) + T1 

The derived steady state equations are: 

üpx + Vpy + wp2 + p (u„ + vy + w2) = 0 , (5.1) 

Uu.. + Vu.. + wU. + ^ Px = 0   , (5-2) 
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üvx + Vv + WVZ + ~ P  = 0 
P 

Uwv + Vw, + -^ + - P, = 0   , 
•*  p   p 

ÜTV + VT„ + w(T  + F) = ~- (UP  + VP ) 
x    y      z        pC y 

P   p"  T 

(5.3) 

(5.4) 

(5.5) 

(5.6) 

The subscript "1" has been dropped in the above equations 

and the subscripts x# y,  and z are used to denote differen- 

tiation. The adiabatic lapse rate r = 2_ has been introduced. 
TP In anticipation of the discussion of obliquely propagating 

plane waves, a transformation to a new cor-dinate system 

(x*, y') rotated by an angle $ with respect to the xry 

system is completed, i.e., 

x » x'cos^) - y'sinij) 

y » x'siniji + y'coscj) 

and 

i 

Mr - H cos* + |i sind.  , 

ly- = " H sin* + ly cos* 

We also introduce the definitions: 

ün = U cos()) + V sin(J)    , 

mM 

U «s - U sin^  + V cos(|> 

mmm* n«M 
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and    u    = u cosfy + v sirnj)     , n 

u    « - v sin* + v cos(J) 
P 

The  following identities are required in the derivation: 

U    (b.+Ud»,»!!*    +V<|) 

3un      i^p      Su +  3v 
ääF      3^"      3x       3y 

Using these relations,   the conservation equations 

become: 
Continuity 

Vx« + Vy + w^ + ?I(Vvi 
+ (VV. + w

z
1 = 0 ; (5-7) 

x y ■ 

Vertical Momentum 

Vx- + Vy + f+1p^ 0 , (5.8) 

Energy 

Vx- + Vy' + w(¥z + r) = =r (ünPx' + Vy^    ;    (5,9) 
pc

p 
Equation of State 

P/F - p/p + T/T  . (5-10) 

The x and y momentum equations: 

Ü u . + U u , + wU -s - Pv = 0 n x*   p y'    z  — x 
(5.11) 

and 

U v . + U v , + WV, + - P„ = 0  , wn x'   p y'    z  - y 
(5.12) 

respectively, are then combined in two ways; 
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U   (u  .cosi)» + v  ,sin(J))   + U   (u   ,cos(J> + v   .sincj)) 
n      X X r      JT y 

+ w{U,cos* + V,sin(|>)   + - Pvl z z p 

(5.13) - UntV       + ün(un) + w(U  )     + = P   .   =  0   ; nn, pnvi nz      -x P 
and 

U«^"11^'3111* + v  .cos*)   + U   (-u  .sin* + v   .CDS*) 

+ - P   ,   + w(-U sin(t> + V cos*) 
p    Y z z 

= U^tuJ       + U„(u )       + w(U )     + z pv'  " 0       ' (5.14) 
npxi PPyi P2      p    y 

The above equations are to be expected; they are the 

result of transforming the equations by rotation to the x' 

and y* directions. They are obtained by the substitutions: 

V ü '     üp * v ' 

V U '     up - v ' 

x'-»- x  and y' -•■ y 

into the original equations. 

5.1.2 Boundary Condition 

The bottom boundary condition for the mountain flow 

problem results from linearization of the statement that the 

wind is parallel to the sux'ace at all points, 

w(0) = u |^+ V |^= U IV+U IV (5.15) wv '    3x    3y   n Bar   p By' 
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where h(x,y) = height of the ground surface. 

We now introduce Fourier components of the topography 

such that: 
V V 

h(k,l) =±Jf h{x,y)e-i(kx+ ^dxdy 
0 0 

and 
ly) h(x,y) = |ijjh(k,l)e

i(k31 + dkdl  . 

Since both the equations and the boundary conditions are 

linear, we may consider a single wave component, corresponding 

to particular values of k and 1, 

h(k,l)ei(}ui + ^ 

and superpose the resulting calculated wave drag. 

Introducing tan^  = j^ /  x = x'cos* - y'sin*  , 

y ■ x'sin^ + y'cos^)  , 

K = A.2+ I2 and cos^  = -  , 

one arrives at the result that 

kx + ly ■ tcx' 

Consequently, the disturbance is 

hdc^e1^'  , 

corresponding to corrugations in the x'direction and having 

no y* dependence. All of the perturbation quantities are 

also independent of y' for this moda and the linearized 

5-8 
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conservation equations become; 

Vx' + wpz + ^^n^, + w2] - 0 

ün(un)   +w(V  .ipxl = 0   , 
x       z  p 

P     P and 

ünTx. + w(Tz * D -~-Vx' 

with the bovmdary condition 

»(0) - Unhx.     . 

These equations do not contain U  or u  .  (However,  u 
P      P p 

apparently is not zero or constant with x' or z if U' # 0 
p 

since    U   (u  )       + w{U  )     -  0   .) 
n    P x' 

KX Substituting the spatial dependence    e intc  the 
above equations,  we obtain: 

iicUn0 + w pz +  P(iKun + wz)   ■ 0 . » 

iicü ü    + w(U )     + ij P = 0 n n n „ p z 

lieu w + £2. + — ■ 0       , 
n        P        P 

ä       Ä _                    iic    ^ 
iicü T + wtT,.  +  D   »   P , 

PCP 
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0(0)   =  iKfi       / 

A Ä A 
P       T        p 

P       T        p 
=   0 

where the quantity J denotes the coefficient of the Fourier 

component of  <J> with wavenumbers k and 1 . 

These equations are precisely the same as the 2D 

equations presented in Reference 27 as Equations (5.4a) - 

(5.4e), except for the replacements: 

and 
n •*" u 
n 

u -•• u 
n 

Therefore, we can incorporate the results of Equation (5.8) (Ref. 27) 
A 

to obtain the equation for the vertical velocity w : 

-„ - (°+ rK+ H + k(s*¥) 
(3.16) 

where 

. - &)"■ 

T   + r 
s = - —    and    S =   

P, 

P 

and    C       is the  sound speed. 

The    w      term can be eliminated by the transformation; 
z 

(!)" 
(5.17) 
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to give 

xzz + {-   V<'  + 4("n-^i-» 
<an' zz 
U. n khW'ih». x = 0 . (i>.18) 

This equation can be compared with the corresponding 3D equa- 

tions of Bretherton (Equation 49} and Sawyer    «Equation 10) . 

The leading terms are seen to agree with the exception of 

terms which are normally very small.  In particular, the 

approximation y = 1 is justified, since the atmospheric 

motions are strongly subsonic. Consequently, the equations 

become: 

and 

-fe) • ■ 

W   + f- K2 + if. + s 
(UJ 

zz UÄ u n 

(UJ 

"u ̂ +(|)f + ^ju.o   (s.is; 

i where p  is the unperturbed atmospheric density at the 
o 

surface. 

We now consider the drag force on the lower boundary 
resulting from a particular Fourier component of the topo- 
graphy    k,   1.    For this component    j—r = 0    and 

= _ l_ffp J*    dx'dy«  = i-ffh :•        XYJJ    äx1^ ^ cy      XYJJ" 
8P 
äx1 dx'dy" 

where    X, Y    are the horizontal grid limits.    Substituting 
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) 
from the momentum equations we obtain: 

Fx' = - w/Jp h(ün ^ + w ^E)dx, .*r   . 

where all quantities are evaluated at z = 0.  Using the 

bottom boi 

by parts. 

bottom boundary condition  w(0) = U h  , and integrating 

:• ' Iv/J* UnhK■UndX•ay■ = IY//» "«"V11'^' 

Consequently, the drag is equal to the Reynold's stress 

evaluated at the surface.  In the direction parallel to the 

wavefront (y1), F , = 0. 

For the same Fourier component we now calculate the 

vertical dependence of the Reynold's stress and energy flux. 

The equations are simplified by eliminating the temperature 

and the density perturbations in favor of the vertical dis- 
[29] 

placement,  ?. Following Eliassen and Palm,    the equa- 

tions become: 

(ün^+wUi) + l^=0       ' (5.20) 

K l^+ v ^ H+ 
Y g p =  0 (5.21) 

and 

aun   .   3w .   Yün  3E_      ft 

P 

w = Un ^P-       ' 
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where y    characterizes the compressibility of the air 

Y ■ ^ and y   is the sound speed, and F = —-^ i^ the 
Or dp 

density gradient of the unperturbed atmosphere. The static 

stability of the atmosphere is described by rhe Brunt-Vaisala 

frequency,  v ,  given by vo
2 = (r-Y)g2. These quantities 

are considered to be constants characteristic of the atmosphere, 

In terms of them, the density perturbation p is given by: 

v 2 

P = -|- P 5 + YP  • 

We obtain the wave energy equation by forming the sum of the 

products. Equation (5.20) times u , Equation (5.21) times 

w,  and Equation (5.22) times P.  The result is: 

läF (EUn + PV + h  (Pw) = - ^Vz  Un w  ' 
where 

E i P(un
2 + w2 + vo

252 + ^1) 
P 

is the wave energy.  Integrating over the domain we obtain: 

3 fjPwdx•dy, =- (Un)  pJjunwdx,dy,   .    (5.24) 

We can obtain another relation between these two 

quantities by multiplying Equation (5.20) by  ("p Unun + P) 

3 /P2Un      ,       - P2\ I -^J1   u2  +  p U    u P+ %-) y   2^       n      ^    n    n       2   1 

{vz\tw+ **) ~ + P 
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Integrating over the domain we obtain; 

//■ Pw dx'dy* = - p U I I u w dx'dy' nJJ n (5.25) 

Comparing Equations (5.24) and (5.25) we conclude that: 

i(p Jjunw dx'dy') 
3z 

ün = 0. 

so that the Reynold'3 stress is independent of altitude if 

U 9^ 0.  Consequently, the moraentum flux is constant with 
n 

z and equal to the surface drag force in the absence of a 

critical layer where 

Since the quantity most readily available describing 

the perturbed motion is the vertical velocity from Equation 

(5.19), it is desirable to express the Reynold's stress in 

terms of the quantity oi.     We again follow Eliassen and Palm, 

using the continuity equation for a Fourier component in the 

(^-direction. Multiplying Equation (5.22) by j^r  , we obtain: 

3w 8w 
dx'   dz 

3Un 3w ,12 3w2  ^n  3?  3w 
33^ Sx1"   2 3xT " - 3xT SOT 

P 

Taking into account the dependence of each of the perturbed 

quantities on x"  as e    , plus the result in Equation 

(5.14) , this becomes after integration: 

jjunw dx'dy'(l-yU*) = -Jj^r ^ dx'dy'   . 

Neglecting the small quantity -yU* compared to 1, the average 

value of the Reynold's stress is expressed in terms of w as: 

5-14 
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XY JJunw dx-ay - - ^.JJl^ II to'tr 

This quantity, the Reynold's stress in the x" direction due 

to the k, 1 component, can now be expressed in terms of w 

fron the definition w = Rejw(2-\~ ei<x,j : 

• = X7jjunw dx'dy" = - ^S Im } o)*to (5.26) 

where w*  is the complex conjugate of u and Im denotes 

the imaginary part.  It can readily be shown, from Equation 

(5.19) for w , that this quantity is strictly constant as 

a function of z. 

The value of w in Equation (5.26) depends on the 

topography through the boundary condition at the surface, 

w(0' ■ u„ ir   • 

Due to the linearity of the  formulation,   it is con- 

venient to arrange Equation   (5.26)   into a topography-independent 

factor. 

F = J Im|a)*a)z]/a)*(0)ü)(0) (5.27) 

and a factor that depends on topography 

U2(0)<: 

a)*(0)a)(0)   = U2   (0)<2   R*R =    "^ A X Y (5.28) 

Fx'   " 
PnUn(0) 

(5.29) 
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X and Y are the spatial dimensions of the surface grid 

cell, and A and I will be discussed later. We not integrate 

over all wave numbers k, 1 to obtain the drag components: 

= I  I p uwdxdy = 4TT
2
 po I  I ^ Iin(cj*üJz) dkdl  , 

-00        JO 

F 
X 

—oo    —"oo ^00    —oo 

and 
CO 00 00 00 

=  I     I   p vwdxdy =  47r2   pi     \   21 Iin(u*wz)   dkdl 
Fy 

^00     .— 00 —CO     —cx> 

These are obtained by taking components of the Reynold's stress 

in the x' direction.  In terms of K and $    the drag 

components are: 

.90 

cos(J)  d(j)  K  die , 
?x=4'2ilFx' 

and 

JTi.00 

- ^ /i **' F    =  4IT
Z
   I  I   Fv,   sincj)  d^  K  dK 

-Tt 0 

Substituting and taking account that contributions  from    -k 

and    k    are  the  same, 

f*/2   f- 

-%/2    '0 

Y     = -2p     I I   U2(0)   COSiJ)   K
Z
   F A d*  dK 

and 

= -2»of IK 
-in   0 

F    =  -2p     I I   U*(0)   s.n*  <2   F A d({)  dK      . (5.30) 
0 1/2 
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Equal-ion (5.30) corresponds to Equation (54) of Bretherton 

and forms the basis for the linear steady-state calculations. 

The derivation shows that, even though the surface air density 

enters the equation, the density change with altitude is taken 

into account. Additional correction terms have been derived 

in Equation (5.19) which, under most circumstances, are small 

compared with the terms originally taken into account by 
Bretherton. 

5.2     LSS:A 3-D STEADY STATE WAVE DKAG C/IiCULATION 

In Section 5.1 it was shown that the linear steady state 

equations may be solved to calculate the wave drag.  The ex- 

pression for the drag (Equation 5.30) contains an atmospheric 

response function. Prescribed in Section 5.2.1, and a topo- 

graphy function. A, described in Section 5.2.2. These two 

functions are integrated over a domain in Fourier wave number. 

space (k, 1 space).  The integration is described in Section 

5.2.3.  Finally, in Section 5.2.4 the topography data we have 
acquired is described. 

5.2.1  Atmospheric Response Function, F(k,l) 

The function F(k,l)  is given in Bretherton•st25] equa- 

tion 52.  This may be derived from Equation 5.16 by setting y-l, 
yz=0, s=0 . 

P-3T|al»*-|r«j/«(0)w.(0, ,5.3!, 

Here    ^    is a  solution to the Scorer equation, 

d2G     /fl2/  x    . A 
3P- + (ä

2
(Z)-K

2
)0= 0     . (5#32) 

We now discuss the boundary conditions to be used in solving 
this equation. 
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5.2.1.1 Choice of Vertical Velocity at Upper Boundary 

The solution of the vertical velocity equation re- 

quires boundary conditions to be imposed both at the ground 

and at the top of thn atmosphere.  In order :o perform a 

marching calculation, a specific value of the complex vertical 

velocity is assigned at the top of the atmosphere. The result- 

ing wave drag is independent of this value, a result which we 

wish to demonstrate below.  In order to do so, we evaluate the 

quantity F containing all of the vertical velocity terms. 

According to Bretherton, we must consider the two cases for 

which different boundary conditions at the top of the atmos- 

phere z»H are prescribed. 

Before considering these two cases, however, we 

develop a general solution of the Scorer equation with which 

we can more easily consider the boundary conditions.  The real 

and imaginary parts of the vertical velocity each obey the 

same linear second order equation 

d?u + U 2-^2 )u = 0 (5.33) 

A general solution of this equation contains two coef- 

ficients 

u = a^ + a2u2 
(5.34) 

where u,  and u, are linearly independent. We choose the 

functions ^ and u2 to be solutions of Eq. (5.33) having the 

following boundary conditions: 

u^H) = 1 

u2(H) = 0 

du 

du2 

(5.33) 
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. 

As mentioned above, the real and imagr.nary parts of w , the 

vertical component of the perturbation velocity, eajh have the 

form of Eq. (5.34). 

We now discuss the simpler of the two cases in which 

K
2
 > Ä2(H) , for which we have trapped wave solutions and the 

contributions to the Reynold's stress are discrete (as given 

by Eq. (61) of Bretherton). The boundary condition at the top 

of the atmosphere z=H in this case, is Eq. (50a) of Bretherton 

|| = - /c2-Jl2(H)a . 

Assuming an initial value of    0    at    z=H    of    0(H)   - 
u    +  iv     ,     the initial values of the derivatives are 

o o 

dw. 
3i" Bj     =  -   /ic2-l2(H)uo     , 

dw_. 
\     = -   /ic2-Ä2(H)vc 

We can now determine the coefficients    a^    and    aj     in 

Eq.    (5.34): 

w„ = Uä(U,   -   /ic2-J!,2(H)u-))      , 
O      x (5.36) 

WI " V0(U1  "   ^-^(II)U2)      ' 

Thus,  we  find that the real part of the velocity    wR    and the 
imaginary part    w      are proportional to each other at every 
altitude     z  .     Consequently,   it  is only necessary to perform 
one integration of the Scorer equation to evaluate sither one 

of them. 
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It  is now possiblo to construct the term containing 

all of the velocity dependence of the Reynold's stress,  given 

by Bretherton's Eq.   (60); 

|d*\ p /dV0)\2 + /dwi(0>\2 

fv(   s*        - ldZM tr     \    dz    / \    dz    / 
^ I     |0|2  dz I       (w^ + wpdz 

In terms of the expressions of Eq.   (5.36),  we obtain 
0 

/du, ___   du.X2 

fw-h-k  '*-°   ■ (b•37, 
^ I       (^ -  /K2

-JI
2
(H)U2)

2
  dz 

The salient feature of Eq. (5.37) is that the values of 

u  and v  do not appear; the trapped wave contribution to 

the Reynold's stress is independent of the assumed velocity 

amplitude at  2=H . 

For the case of waves which leak into the stratosphere, 

corresponding to K2  <^ 2 (ll) ,  the boundary condition (given 

by Eq. (50b) of Bretherton) is 

|| = + i/Ä2(H)-K2 sgn(ün)v)  . 

Substituting the assumed boundary values at     z=H  ,  the deriva- 

tive condition becomes 

2^)    = -  /em-<2 sgn(Un)v0    , )--^ 

Jl2(H)-K2  sgn(U„)u„     . 3r/„   -   r x   in,-*      ay«vun,u0 
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The general solutions satisfyinc these boundary conditions are 

wR « u^ ■ /l2(H)-K2 sgn(Un)u2v0  , 

(5.38) 

Wj ■ Uj^ + A? (H)-K2 sgn(ün)u2u0  . 

In contrast to the first case, these two solutions are linearly 

independent and require that two integrations of the Scorer 

Equation be performed. 

In order to evaluate the term containing all of the 

dependence on the vertical velocity in the Reynold's stress, 

we compute the quantity F  (see Equation (5.31)): 

F = jr|i^* "al^j/(0)^(0)   ' 

where w* denotes the complex conjugate of w . The numerator 

of F is independent of altitude and can be evaluated at z=H 

from the boundary values given above.  The rerult is 

^      = AMm-K2 sgn(Un) 0(H) 0*(H) 

/jl2(H)-ic2 sgn(Un)(u
2+v2)  . (5.39) 

Usinc, this result, and forming the denominator of Eq. (5.39) from 

the solutions of Eq. (5.38) evaluated at  z=0 , we obtain for F 

A2(H)-tc2 sgn (Un) 

uj(0) + U2(H)-ic2)u2(0) 
(5.40) 

This expression is also  independent of the assumed boundary 

values u  and Consequently, we have shown that the 

Reynold's stress does not depend on the chosen values of 

vertical velocity at the top of the atmosphere. 
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• ' 

5.2.2  The Topography Spectriun Function Code 

5.2.2.1 The Equations 

The spectrum function code performs the primary task 

of determining a spectrum function distribution in wavenumber 

space associated with a Fourier representation of the hori- 

zontal dependence of the topography.  Bretherton1251 defines a 

spectrum function. A; 

A(k,l) = ill fi* fi (5.41) 

where X and Y represent the spatial extent of the topo- 

graphic region in the east-west and north-south directions,  h 

is the Fourier transform of the surface height and the asterisk 

indicates conjugation.  The Fourier transform is defined as 

1   /• x /* *      -i{kx+ly) 
h(k'1) * H7 I       I      h(x,y)e dxdy       (5.42) 

These two equations are solved in this code. 

5.2.2.2 Numerical Method 

The approach taken in this code is as follows:  First, 

surface height data are obtained from the appropriate data 

tape.  Next, these data are Fourier transformed to obtain the 

spectrum.  Finally, the spectrum function distribution is cal- 

culated according to Eq. (5.41). 
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The topography data are composed of m*n data "points" 

falling within the rectangle specified by the user at problem 

generation time.  It must be remembered that each "point" is, 

in fact, an average value to be associated with a small rec- 

tangle about the point in question.  Thus, the surface height 

may be thought of as a step-function representation of the 

topography.  A sample 5x4 grid shown in Figure 5.1 demonstrates 

this more clearly.  Each of the numbers appearing within the 

cells represents the average height within the cell. 

The nature of the data representation has implica- 

tions for the Fourier transform.  First, the discrete data 

can be represented by a discrete number of spectral com- 

ponents.  Second, the resolution in spectral space is a 

function of the resolution in real space, and a lack of 

spectral resolution can therefore reduce the accuracy of 

the wave drag calculation.  Particularly at trapped wave- 

numbers this uncertainty results in a corresponding un- 

certainty in the trapped wave drag contribution.  The use 

of 5' data allows resolution of wavelengths of the order 

of 10 km, which are comparable with the wavelengths of the 

predominant trapped waves.  We propose to examine the de- 

sirability of using even more highly resolved data. 

The fact that the topography can be considered discrete 

is fortunate from a calculational point of view, however.  Cal- 

culation of the Fourier transform requires a large amount of 

time due to the large number of trigonometric evaluations and 

manipulations of the data.  The fast Fourier transform (FFT), 

which is an algorithm to optimize the direct calculation of the 

Fourier tranaform, is used to calculate the topography spectrum 

function.  The algorithm requires that the function be defined 

at a discrete set of points spaced at equal intervals in each 

dimension.  A FORTRAN subroutine based on the Cooley-Tukey 
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Figure 5.1 - A hypothetical topographical grid extending 25,*20'. 
The numbers represent mean values for the cell. Grid 
resolution is 5 minutes. 
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algorithm was obtained from the University of California at 

San Diego and has been used satisfactorily in the applications 

described below. 

The finite Fourier transform requires some adaptation 

before it is applicable to the topography data.  This can be 

seen from the finite difference expression for the Fourier 

integral which is given by 

m-1 n-1 

E E 
s=0 u=0 

ill  J- Al   L. 

-i (ksAx+luAy) 
AxAy 

(5.43) 

The FFT routine calculates 

m-1 n-1      0 .Irs      tu\ 

rt  mn E E 
s=0 u^O 

a e su (5.44) 

We see then that if we identify a   with the height function 

as follows 

•8u - 
S%TÄl "(«Ax.uW (5.45) 

and define 

k = 2iTr 
mAx 0 < r < 

m (5.46) 

k = 2Tr(r-m) 
mAx 

m . ^ < r < m 
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. 

.   _  2TTt o  <  t  <  " (5.47) 
1 " HS7 " 2 

2Tr(t-n) ^ < t < n 
■L nfiy 2 " 

then the FFT routine will return the Fourier transform as de- 

fined in Eq. (5.42).  The wavenumbers associated with the trans- 

form are given by Eqs. (5.46) and (5.47). 

The topo data tapes, however, do not contain values 

associated with boundary points of the area in question.  In- 

stead, the data are associated with averages over elementary 

rectangles and lie in the interior of the area as illustrated 

by Figure 5.1.  It is also necessary that the number of data 

points along each spatial dimension be an integer power of 2. 

In order to take account of this displacement of the data from 

the boundary points, a redefinition of the Cooley-Tukey coeffi- 

cients is requir-d: 

a su 
= mAxnAx h[(a+lä)Ax> (u+i1)Ayl (5.48) 

4'liz 

Following the calculation of the FFT coefficients a subsequent 

calculation to form the topography transform is carried out: 

hkl " art e 

^i(kAx+lAy) (5>49) 

This transformation of terms allows one to approximate the 

integral of Eq. (5.42) without having to use boundary points. 

The steps of the spectrum function calculation, conse- 

quently, are as follows:  The topography data are interpolated 

to obtain new values corresponding to the next higher integer 

power of 2 equally spaced points in each direction.  These 
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values are pre-processed according to Eq. (5.48).  The FFT 

is executed and the resulting array is then processed as in 

Eq. (5.49) to obtain the Fourier transform of the height. 

The spectrum function is then straightforwardly calculated 

according to Eq. (5.41). 

The spectrum function, together with the associated 

k,l wavenumbers, is written into a file for future use.  The 

final task of the code is to print a tabulation of A(k,l) . 

Contour maps of the topography and spectrum function are also 

plotted.  Additionally, a contour map of the log of the spec- 

trum function is made. 

5,2.2.3 Spectrum Function Calculations 

Several calculations were run with the spectrum 

function code to determine the sensitivity of the model to 

the spatial resolution.  The study consisted of an exami- 

nation of ten geographic areas in the United States dif- 

fering widely in topography and location.  Topography 

data from the DMA magnetic tapes having 51 resolution 

were used and the resulting spectrum functions were calculated. 

These same topographic data were then resolved to 10', by com- 

bining 5' values, and the spectrum functions were determined 

again. The resulting set of data can be investigated to deter- 

mine the behavior of A as a function of differing topographies 

and also determine the sensitivity of A to topographical reso- 

lution. 

A representative sample of terrains was selected; these 

data consisted of contiguous rectangles within a strip of land 

across the U.S., from 34°20' to 37o0, north latitude aid from 

94o20, to 121° west longitude.  This strip includes the rugged 

topography of the High Sierra and Rocky Mountains, the flat 

plains of the midwest, and the Appalachian mountains of the east. 
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The strip was composed of 10 contiguous topographical grids 

2<»40' on a side (corresponding to 32x32 data points for each 

grid at 5' resolution).  This set of grids constitutes a pre- 

liminary cross-section of characteristic topographies. 

Figures 5.2 through 5.5 show contour maps of one geo- 

graphic area and its associated spectrum function ^ated in 

the rectangle 1I8'20' to 121» west longitude, 34»2C to 37 0 

latitude at both 5' and 10' resolution.  This area corresponds 

to the first grid in the set of grids and encompasses portions 

of the San Joaquin Valley, Sierra-Nevada mountains, and the 

coastal ranges of California. Figure 5.2 presents the contour 

„ap at 5' resolution, and Figure 5.3 is the corresponding cal- 

culated spectrum function. Figure 5.4 presents the contour 

map for the 10' resolution data, and Figure 5.5 shows the cor- 

responding spectrum function. 

The figures contain computer produced contours. Actual 

contours could be constructed by connecting like numbers; the 

actual value  (h or A)  corresponding to the plotted numbers 

are given by the formula 

v     =V   + (V -V.)[mh)±h)]/10     . 
vactual   min  v max mm 

The quantities V^, Vmin refer to maximum and minimum values 

of the variable and N is the plotted symbol.  The ±h    indi- 

cates the range in Vactual corresponding to a particular 

symbol. The blank fields appearing in the plots correspond to 

contour levels intermediate between the symbols which are left 

blank for visual clarity. A(0,0) appearing on the spectrum 
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function plots is the value of the spectrum function at k-0, 

1=0 .  Due to its laiqe value it has omitted in the contouring 

so that resolution could be improved. 

The presence of the San Joaquin Valley (having a pro- 

nounced north-west to south-east axis) in the grid introduced 

an interesting asymmetry to the topography.  Upon examination 

of the graph we find that these regularities in the topography 

are reflected in the spectrum function.  The topography consists 

primarily of two ridges rising above a flat plain.  One feature 

extends north-south near the right edge of the topography 

graph and the other crosses the graph at approximately a 45° 

angle.  These two ridges correspond to the two finger-like 

extensions seen in the spectrum function plot of Figures 5.2 

and 5.4. The horizontal extension corresponds mainly to the 

irregularities in the N-S ridge while the diagonal arm reflects 

the diagonal ridge. 

Due to the symmetry properties of A, the graphs exhibit 

a reflected symmetry through the origin.  (Note:  Due to the 

number of contour intervals and the slight displacement of the 

graphs of topography and spectrum function, exactly the same 

plot character may not appear in the reflected plot.)  We also 

see the same characteristic features appearing in both A 

plots. The resolution of Figure 5.3 hampers further comparisons 

between the spectrum functions corresponding to 5' and 10* 

resolution. 

Examination of the other topographic regions of the 

set reveals that frequently a prominent topographical feature 

will be reflected in a clearly observable corresponding feature 

of the A distribution. 
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u 
5.2.3  Computer Code for Calculation of Reynold's Stress 

5.2.3.1 Reduction of Domain of Integration 

This result, which reduces the amount of calculation 

in forming the Reynold's stress components by a factor 2, is 

incorrectly justified by Bretherton.  In fact, as will be 

shown below, the simplification results from the integrand 

being the same at the wave numbers  (k,l)  and  (-k,-l)  rep- 

resenting a reflection in the origin of wave number space, 

rather than as stated by Bretherton that  (K,*)  is the same 

as  (ic,-*) • 

Several factors enter in the Reynold's stress inte- 

grand; we examine the behavior of each of these when the 

transformation (-k,-l) - (k,l)  is carried out. First, we 

exc-mine the differential equation for the vertical velocity 

and its boundary conditions. 

K2(-k,-l) = k2+l' = K2(k,l) 

i i 

-1 U (-k,-l) = ^(Uk+Vl) = - un(k,i) 
(5.50) 

n 

l2<-t'-1> s8r- F^ = t2(k'1) • 
. 

i.e., the Scorer parameter, being an even function of Un , 

is invariant under the transformation.  Consequently, the 

Scorer equation and its elementary solutions, depending only 

on i2-<z   ,    are also invariant. Using this result, which 

establishes that u1    and u^ of Eq. (5.35) are invariant. 

and considering the transformation properties of Eq. (5.40) 

for F , we find that 

F(-k,-l) = - F(k,l) 
(5.51) 
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We now consider the topographic factor of the Reynold 
stress given by Eq. (47) of Bretherton. 

fi(-^-l) =^ f*     f* hU.y)   e-i(-kx -i(-kx-ly) 
dxdy 

h*(k,l)  . 

Forming the spectrum function A 

transformation property 

4Tr 
~  yy~ ^ ^*   »     we obtain  the XY 

4Tr 
A(-k,-l) =_h(-k,-i) h*(-k,-i) = A(krl)  . 

These quantities can be combined to form the integrands of the 

two horizontal components of the Reynold's stress: 

0 

puw\ 

pvw r poUn(0) K2AF' 
COS()> 

sincj). 

= PoU^(0) <AF^ 

The transformation  (-k,-!) - (ka)  is seen to leave the inte- 
grand invariant: 

puwC-k,-!) = pnwü:,!) 

pvw(-k,-l ) = pvwCk^)  . 

Consequently, the result given in Bretherton's Eq. (54) is 
confirmed; namely that 

Jo    d*Wo d<p 
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5.2.3.2 The Equations 

The equations incorporated in the code are substantially 

those of Bretherton.[25]  A slight modification has been made to 

the trapped wave integrals, however. A factor of <  in the nu- 

merator of the sums which was omitted by Bretherton, has been in- 

corporated into the code. 

, 

5.2.3.3 Numerical Method 

The flow diagram for the Reynold's stress calculation is 

shown in Figure 5.6.  A trapezoidal integration scheme is currently 

being employed in the evaluation of the stress integrals.  The 

integration uses a constant increment AK and L$    of K and <j) . 

The integration over < is currently carried out for each value 

of (j) , although the order of calculations can be changed to in- 

crease the efficiency code.  First, the Scorer parameter profile 

is calculated for the current value of $ . Values of 0 are 

then successively calculated for all K-values.  The values at 

z=0 are then tested to determine whether there are nearby 

trapped waves.  If the test is negative and K <_  £(H)  then 

the region is defined to be part of the continuous spectrum 

and the stress integrals are incremented using Bretherton's 

Eq. (54).  If the criterion for a trapped wave is met, a search 

to localize it more accurately is begun.  <-values between 

K-AK and ic are searched until the denominator of the F 

expression is minimized to within a user-prescribed accuracy. 

If K > Ä,(H) , the trapped wave occurs at a K-value for which 

the perturbation velocity w at z=0 vanishes.  Since the 

r«al and imaginary parts of the solution for K >  £(H)  are 

proportional to each other, they both must vanish together. 

This property simplifies the search scheme for the trapped 

wave considerably. 
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Figure 5.6 - General flow diagram of drag code. 
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Figure  5.6 -   (continued) 
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I Figure 5.7 depicts the typical <-dependence of the 

Scorer equation solutions at  z=0 . Let K.     be the K-value 

of the trapped wave. We also denote by w.  and Wj the real 

parts of the Scorer equation solution for K-A< and K    at 

z=0 .  An iterative search is performed which utilizes linear 

interpolation between w,  and w- to obtain a more accurate 

guess at K.   .     Using this value of K and its corresponding 

wR(0)  another linear interpolation is performed using the 

member of the old pair of w's of opposite sign to the new 

value.  The search converges quite rapidly and usually requires 

only a few iterations.  The criterion for convergence of the 

search is a user-specified value of the permissible change in 

the "s" term of Bretherton's Eq. (61).  It was found to be 

superior to a test of wR(ic,(j))  compared with a small number 

which was found to be unreliable due to possible rounding errors 

in w where the amplitude of w is very large.  Care must be 

taken in choosing the size of  AK since it might be possible 

for W{K,(|))  to change sign twice within the interval and a 

trapped wave would be missed.  Present A< are very conserva- 

tive, and it is felt that this situation will not arise very 

often. 

For values of < <_ 1(H)   ,   the real and imaginary parts 

of the solution to Scorer's equation are linearly independent. 

Consequently, the real and imaginary parts will not simultane- 

ously vanish at z=0 for any K-value. Both may simultaneously 

become quite small, however.  When this condition occurs, a 

peak in the F distribution will be present.  The height of 

the peak is a function of w* (0) w(0) , and its  "Q" , corre- 

sponding to the width of the peak, is a function of the depth 

of the region in which the solution of the Scorer equation 

undergoes exponential decrease.  A large value of "Q"  corre- 

sponds to trapped waves with a very slight upwards energy leak. 
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Figure 5.7 - Typical dependence on wavenur^ber of the solution 
of the Scorer equation at z=0, Wp(0) vs. <. 
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.( 
Consequently, a trapped wave in the region of < < «-(H) 

must satisfy two conditions. First, the value of w*(0) w(0) 

must have a local minimum. And second, the peak in the value 

of F must be sharply localized.  Bretherton suggests that the 

first condition can be recognized by examining the quantity 

arg[w(ic,(|)) ]  for sudden changes as a function of < . This, in 

effect, requires either the real or the imaginary part of w 

at z=0 to change sign.  This is a necessary condition for a 

trapped wave to exist.  For < > MH)  it is also a sufficient 

condition.  However, for K < MH)  the second condition dis- 

cussed above must also be met.  A sharply localized peak of F 

requires that a resonant behavior of w occur. This, in turn, 

calls for a sufficiently deep atmospheric layer in which gravity 

waves are reflected so that the leakage of energy into the strat- 

osphere is small.  This condition can be quantified in terms of 

the quantity. 

Jo 
£2(z) - K2 dz 

which is a measure of:  the exponential decrease of w due to 

wave reflection. When 

; 
/, 

H 
A2(z) - tc2 dz > 0 

where a  is a user-specified number, the resonance in F is 

judged to be sufficiently sharp to perform the integration over 

it analytically.  If the above condition is not met, the inte- 

gration is to be performed numerically.  In this case, the 

integrand changes sufficiently slowly that an accurate numeri- 

cal quadrature can be performed with a reasonable integration 

step AK . 
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Since the extent and strength of the region of exponen- 

tial decay in the solution to Scorer's equation increases with 

increasing K , the resonances (if any) lying below K=)1(H) 

will exhibit sharper and sharper peaks as K increases. Through 

the choice of a the user has control over the extent of the 

spectrum to be considered as continuum. A small value of 0 

will require that rather broad lines are treated analytically, 

while a large value will treat quite sharp lines as continuous. 

Tests of this section of the code have been carried 

out for several choices of atmospheric parameters in order to 

determine an optimum value of o for accuracy and speed of 

calculation. 

5.2.4  Topography 

Topography data were obtained from the Defense Mapping 

Agency (DMA) and are contained on two sets of magnetic tapes. 

The first set contains elevations area-averaged over SO'xSO' 

rectangles for the entire globe.  The second set contains ele- 

vations area-averaged over S'^S' rectangles for most of North 

America and Europe. 

An examination of these tapes indicated that a re- 

structuring of the data format would allow much faster access 

to particular pieces of information.  As a result, the reading 

of all available 30' data now requires 30 seconds of CPU time 

as compared to 600 seconds previously. 

The new tapes, resulting from the above restructuring, 

are arranged in a common format for both the 30' and 5' data 

sets.  The 30' set requires two tapes, one for the northern 

hemisphere and one for the southern hemisphere.  The 5' set 

consists of one tape covering the northern hemisphere.  The 

data are written in logical records having 1444 word length 

for 30' data and 4324 words for 5' data.  Each logical record 

represents topographical data at a particular latitude for a 
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full 360° of longitude.  These records are written on the 

tapes sequentially starting at the northernmost latitude of 

each hemisphere. At the head of each logical record are writ- 

ten the starting latitude and longitude of the strip, where 

longitude is measured east of Greenwich. Associated with each 

data point is a code number which contains information about 

the nature of the topography; i.e., whether sea bed, lake, all 

land, etc.  This coded information is the same as that in the 

DMA description of their tapes.  In addition to the code data, 

however, another indicator has been added to denote missing 

data.  It was found that occasional gaps in data occurred on 

the DMA tapes.  Since the Fourier transform routine requires 

complete data, a flag is set whenever the missing topography 

is encountered and the run is terminated. Urually, this re- 

quires obtaining the data from other sources and inserting it 

into the data tape. The case can then be rerun in the usual 

manner. 

5.2.5  Test Calculations 

5.2.5.1 Comparison of Transient and SteadyState Wave Drag 

After the completion of the 3-D steady-state code, two 

test problems were run.  The first investigated a generaliza- 

tion of the triangular mountain of the previous section (see 

Section 4.6) by calculating a triangular ridge 128 km in length, 

The second calculation was applied to the actual Sierra Nevada- 

Owen's Valley topography and is described below in detail. 

The Sierra Nevada is a single unbroken range approxi- 

mately 400 miles in length and 50 to 80 miles wide. At the 

Owen's Valley we find the main crest running nearly North- 

South.  Elevations along the crest are around 12,000 ft. with 

numerous peaks rising above 14,000 ft.  The eastern scarp is 

abrupt and quite straight.  Owen's Valley is to the east at an 
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average elevation of 4,000 ft. and of a nearly uniform width 

of approximately 15 miles.  The east wall of Owen's Valley is 

a fault block range called the Inyo Mountains to the south 

and the White Mountains to the north.  The elevation of the 

Inyo Mountains is 7,000-11,000 ft. wh'.le the White Mountains 

rival the Sierras in height. 

Figures 5.8 and 5.9 show the topography of the Owen's 

Valley region.  Figure 5.8 is a contour map of the data ased in 

the second 3-D calculation.  Figure 5.9 shows three east-west 

transects at the indicated latitudes.  The asterisk indicates 

the position of Owen's Valley.  Both figures were made from 

data derived from the 5' x 5' topography tapes described in 

Section 5.2.4. 

The steady-state runs utilized the wind and tempera- 

ture profile data obtained from the Merced weather station 

and employed in the previous studies.  The calculations indi- 

cate a principal trapped wave having a wavelength of approxi- 

mately 19 km.  This agr.aes well with the value observed in the 

Owen's Valley under the same meteorological conditions of 

18-20 km.  The wave drag results are shown superimposed on the 

transient HAIFA results in Figure 5.10.  Two-dimensional steady- 

state calculation results utilizing the east-west transects of 

Figure 5.9 are also presented.  As can be seen, the results of 

the 3-D runs agree quite closely, revealing a possible insen- 
O 

sitivity to the topography. 

The 2-D runs, however, differ by as much as a factor 

of 3.  Since the real topography calculations and idealized 

topography 3-D calculations agree close!_  one may assume that 

the idealized topography is a good characterization of the 

real topography.  The differences between the 2-D and 3-D re- 

sults can thus be attributed to the sensitivity of Reynold's 

stress to the topographic variability exhibited in Figure 5.9. 
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Figure  5.9 - 2-D cross-sections of Sierra topography from 120oW 
through 116o50,W l(3ngitude. Asterisk indicates 
Owen's Valley. 
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5.2.6 Test Calculations to Parameterize the Wavedrag 

The amplitude of the waves generated on the leeward side 

of mountains and the mechanism for the dissipation of these 

waves will depend strongly on the atmospheric wind and tempera- 

ture profiles.  In the linearized theory, the propagation of 

wave energy in the wave with horizontal wavenumbers  (k,l)  is 

dependent on the Scorer parameter profile in the atmosphere. 

The Scorer parameter  (z) = N /U  - U    is a function of n n 
the atmospheric  stability,    N  ,  and the velocity component, 
Un  ,  parallel to the wavevector.     The amplitude of the waves 
that the atmosphere can support is determined by a solution of 
the equation. 

(d2w/dz2)  +   (Ä2(z)   -  K2)   w =  0 (5.52) 

. [25—291 
subject to the boundary conditions imposed by the model used. 

O       O      1 
In equation (5.52), K    = k + lz. The local magnitude of the Scorer 

2 
parameter, Ä (z) , with respect to the square of the magnitude of 

2 
the wavevector. K , will determine the amplification of a parti- 

cular wavenumber.  When the wind speed in the direction of the 

wavevector is very high, horizontal energy and momentum is pumped 

into that wavenumber, and the wave will grow in amplitude in that 
2 7 

layer. Conditions producing amplification of wave energy (K >A (z)) 

also occur when the lapse rate approaches tho adiabatic lapse rate. 

The longer waves will not be as greatly influenced by changes in 

the resonance characteristics of the lower atmosphere, and much 

of this wave energy will pass through the troposphere forcing the 

natural modes of the stratosphere. 
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the stress integrals, we have chosen to fit the GCM wind speed and 

temperature data at the two levels with prescribed vertical profiles 

which will be described subsequently.  The Scorer parameter pro- 

file for each wavevector then followed from the definition of 

the Scorer parameter and the atmospheric response was determined 

by integration of equation (5.52) through the atmosphere subject 

to the boundary conditions at the top of the atmosphere given 

in equation (5.53). The wind profiles, the temperature profiles, 

and the Scorer parameter, are of necessity considerably smoothed 

due to the poor resolution of the GCM.  Since the Scorer param- 

eter is considerably smoothed, we might have alternately chosen 

to express the Scorer parameter in terms of the mathematical 

forms which give analytic solutions to the Scorer equation. Ap- 

plication of these analytic solutions to multilayer models for 

the one-dimensional problem has been given by Palm and Foldvik 
[8,21] 

and Vergeiner.       The same solutions are applicable to our 

problem if the Scorer parameter is treated as a function of the 

wavevector of each of the components of the topography spectrum 

function.  The Scorer equation admits analytic solutions when 

the Scorer parameter is treated as a constant through the Iryer, 

as an exponential function of height, or if it is taken to be 

Ä2(z) 5«n
2 

(z+a) (5.53) 

where iQ    and a are constants determined for each level.  The 

form given in equation (5.53) has been applied by Vergeiner.  We 

will d:'~cusc in Section 5.3 how we inttrd to use an analytic solu- 

tion Jr. the Rand GCM subroutine to calculate the two components 

of the wave drag.  We did not feel justified in using these analy- 

tic models during this phase of the research because of the need 

to study the sensitivity of the atmospheric response function to 

the changes in the atmospheric variables. 
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[32] 

We have described the difficulties involved in obtaining 

the meridional and zonal win.l profiles.  We inspected the wind 

data that were available on National Weather Service tapes 

obtained data available on microfilm from the National Cenl.r 

for Atmospneric Research, and reviewed the seasonally averaged 

wind profiles available from the National Weather Records Center 

We also consulted with meteorologists to obtain suggestions on 

how the wind profiles might be deduced from the two-level model. 

In Figures 5.11 and 5.12 we have reproduced typical seasonally 

averaged data from the National Weather Records Center data for 

the midlatitudes over mountainous terrain.  Each component is 

characterized by peak speeds near the tropopause and can be ap- 

proximated by a second-degree polynomial. 

Wind speed and direction data obtained from the National 

Center for Atmospheric Research are reproduced in Figure 5.13. 

These data represent soundings over the Rocky Mountains taken 

over a period of approximately one hour. 

Finally, in Figures 5.14 to 5.16 we have reproduced data taken 

from the National Weather Service tapes for the meridional and 

zonal winds and the temperature profiles over West Virginia. 

The data are represented by the dots and the data points have 

been fitted with a smooth curve. 

In the present study the solution of the Scorer equation 

w^s obtained by an integration of the equation through the at- 

mosphere in the z-coordinate system. To use the GCM data re- 

quired a transformation from the a-coordinate system to the z- 

coordinate system and extrapolation of the data to other points 

in the atmosphere.  The temperature, given at the a = 1/4 and 

a = 3/4 levels, was extrapolated in a pressure noordinate sys- 

tem by letting 
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Figure  5.13a -   Wind speed data from NCAR for March 12,   1973. 
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Figure 5.14 - The zonal wind profile for West Virginia from the 
National Weather Service tapes. 
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Figure 5.15 - The meridional wind profile for West Virginia from 
the National Weather Service tapes. 
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kl 

ki       ki 
P  1-P1 ■11 (5.54) 

below the 200-mb level and assuming an isothermal layer above 

this level. In equation (5,54) , k, = 0.286, ard subscripts 1 

and 3 denote the variables at the a = 1/4 and o = 3/4 levels, 

respectively. The transformation from the p-coordinates to the 

z-coordinates followed by successive application of the hydro- 

static equation written in finite difference form.  The pressure 

profile obtained in this manner from the West Virginia data is 

given in Figure 5.17. 

The profiles of the meridional and zonal winds were ob- 

tained by a parabolic fit, in z-coordinates, of the wind data 

points at o = 1/4, 0 = 3/4, and a third point obtained by a re- 

flection of the o = 1/4 data point about the 200-mb pressure 

level.  This profile closely approximates the profiles of the 

seasonally averaged meridional and zonal winds in the midlati- 

tude"•  In Figures 5.14 to 5.16 we have applied the extrapola- 

tion schemes to the West Virginia wind and temperature profiles. 

In this particular example, ver, high surface winds are pre- 

dicted by this model.  We did not correct for the high surface 

winds because in general this was not a problem.  The only ad- 

vantage of this prescription for the winds is that it provides 

an extrapolation above 200 mb which is not given by the linear 

extrapolation in the GCM.  A prescription for the wind field 

which more accurately treats the variability of the winds with 

height would require a lengthy statistical treatment of the 

available wind data in terms of the two levels of the GCM.  The 

additional information gained by such a prescription would un- 

doubtedly be lost in the parameterization required to reduce 

the computing time to levels compatible with the GCM.  A simple 

modeling of the wind field is consistent with the requirements 

of a simple mathematical expression for the Scorer parameter to 
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Figure 5.17 - Tlv pressure profile for West Virginia from the 
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obtain an analytic solution of the Scorer equation.  In general, 

in the absence of very stable conditions, the Scorer parameter 

will be much larger than the wavenumbers resolvable in the topo- 

graphy spectrum.  Any local decrease of the Scorer parameter 

will have a greater influence on the shorter wavelengths than 

on the long wavelengths.  Other investigators have found that 

these trapped waves do not increase the wave drag significantly. 

The temperatures at the a = 1/4 and o = 3/4 levels have 

been extrapolated to other levels by assuming that the potential 

temperature is linear in p !, where J^ = 1 - l/y  and y  is the 

ratio of specific heats for the atmosphere.  We have extended 

this to the 200-mb level, and then we have assumed an isothermal 

atmosphere above this level.  The extrapolation of the tempera- 

ture is the same as used in the GCM. 

The temperature profile enters explicitly in the Scorer 

equation through the stability.  It also enters into the wind 

profile through the transformation of the o-coordinate system 

to the z-coordinate system by the hydrostatic equation.  The 

smoothing of the temperature profile should also have a more 

significant effect on the shorter wavelengths than on the long 

wavelengths. 

We have considered the ten topographic grids and the 

15 atmospheres listed in Tables 5.1 and 5.2.  All of the grids 

listed in Table 5.2 were 2°40' on a side.  In addition, another 

computer run was made of the stress integral on a 4° by 5° grid 

with the northwest corner located at 121° W 37° N.  The smaller 

grids were selected for the economy of calculating fewer values 

of the atmospheric response function.  The atmospheres were 

taken from selected mountainous areas of a GCi-J run.  Four at- 

mospheres were taken from this GCM run, and the remaining 11 

atmospheres are perturbations or permutations of these four 

sets of data. 

[25,33] 
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TABLE 5.1 
TOPOGRAPHIES INVESTIGATED 

NORTHERN    SOUTHERN     WESTERN      EASTERN 
TOPOGRAPHY    LATITUDE    LATITUDE    LONGTIUDE    LONGITUDE 

1 370N 34° 20^ 1210W 118° 20^ 

2 37^ 34° 20^ 118° 20^ 115° 40'« 

3 370N 34° 20^ 115c 40^ 1130W 

4 37 0N 34° 20^ 113°« 110° 20^ 

5 370N 34° 20^ 110° 20^ 107° 40^ 

6 370N 34° 20^ 107° 40^ 105oW 

7 37 0N 34° 20^ 105oW 102° 20^ 

8 370N 34° 2G'N 102° 20^ 99° 40^ 

9 37 0N 34° 20'N 99° 40'W 970W 

10 370N 34° 20^ 97 0W 94° 20^ 

The topography spectrum function, the atmospheric re- 

sponse function, and the stress integral are discussed in the 

next three sections.  Our objective was to parameterize the 

stress integral; therefore, much of the discussion in the third 

section is devoted to the investigation of individual components 

of the stress integral and their dependence on the atmospheric 

response function and the topography spectrum function. 

5.2.6.1 The Topography Spectrum Function 

Very little time was spent trying to characterize the 

topography spectrum function in terms of the features of the 

terrain. We decided early in the parameterization that the 
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s. 

TABLE 5.2 
ATMOSPHERES STUDIED 

ATMOSPHERE Ps Tl T3 Ul 
U3 Vl V3 

1 906.4 231 263 29.3 7.88 -0.97 0.82 

2 826.0 234 262 33.6 14.80 4.57 -0.69 

3 906.4 231 263 29.3 7.96 -0.97 0.82 

4 906.4 231 263 29.3 8.27 -0.97 0.82 

5 826.0 234 262 33.6 15.00 4.57 -0.69 

6 826.0 234 262 33.6 14.60 4.57 -0.69 

7 B26.0 234 262 33.6 15.50 4.57 -0.69 

8 826.0 234 262 33.6 14.10 4.57 -0.69 

9 826.0 234 262 33.6 16.30 4.57 -0.69 

10 826.0 234 262 33.6 13.30 4.57 -0.69 

11 906.4 ?31 263 33.6 14.80 -0.97 0.82 

12 906.4 231 263 29.3 7.d8 4.57 -0.69 

13 743.8 214 237 -4.95 -2.89 11.47 5.85 

14 738.9 239 267 10.95 5.14 13.23 -4.93 

15 743.8 239 267 -4.95 -2.80 11.47 5.85 

spectrum function could be calculated and stored for the grids 

on which the wave drag vvas to be calculated. The two-dimensional 

spectrum of the real topography is not easily related to feature-- 

of the terrain. 
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The topography spectrum function is, by definition. 

2 
A(k,l) = —  h*(k,l) h(k,l) (5.55) 

where X and Y are the dimensions of the grid and h(k,l) 

is the two-dimensional Fourier transform of the topography. 

h(k,l) = AT-   f      f  h(x,y) ei(kx+ly) dxdy.   (5.56) 
fn*       J       J 

The function A(k,l)  depends strongly on the amplitude of a 

Fourier component of the topography and will therefore vary 

over many orders of magnitude.  The 5* topography data which 

we have ovar North America provides resolution of the topo- 

graphy spectrum to a wavenumber of 0.3 km  in the midlatitudes. 

5.2.6.2 The Atmospheric Response Function 

From a physical point of view the atmospheric response 

function represents a measure of the kinetic energy that must 

be transferred from the mean flow to the vertical at the ground 

level to propagate one unit of kinetic energy to the level at 

which the integration of the Scorer equation begins.  Reso- 

nances in the atmospheric response func.ion will oocur when 

the kinetic energy, transferred into the vertical at the ground 

level, required to propagate one unit of energy into the strato- 

sphere approaches zero. 

The atmospheric response function may be written as 

P(|C^) = gjgjH) -<l     sgn[Un(H)]  , (5.57) 
w^(0) + wI(0) 
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where W is obtained by integrating Scorer's equation through 

the atmosphere with boundary conditions 

WR(H) - WjCH) « 1  • 

Equation (5.57) illustrates one of the weaknesses of 

the model.  The atmospheric response is a function of the height 

at which the integration of the Scorer equation begins.  The 

dependence on the depth of the atmosphere appears explicitly 

in the numerator of Eq. (5.57).  Of greater significance is the 

dependence of the denominator on the initial height,  H , chosen 

to begin the numerical integration of the Scorer equation. 

Typically, the stability is on the order of 2 x 10  sec  , 

and in some layers of the atmosphere, particularly near the 

around, the wind speed is on the order of 1 m/sec.  The Scorer 
A 0 

parameter is then 2 * 10  m"  , and large variations of w(0) 

will then occur when changes in z on the order of  (TT/2) (1.4 

x 10~2 m)  or approximately 100 m are made.  Perhaps because of 

this and for obvious reasons of computer economy, Bretherton de- 

fines a critical layer at points in the atmosphere where the 

Scorer parameter,  l2(z) , is greater than 2.5 * 10 ' m ' . 

His integration then begins from this point and no larger values 

of the Scorer parameter occur in the integration. 

To be consistent in our studies we always began the in- 

tegration at 15 km above sea level.  The depth of the atmosphere 

was then determined by the average height of the terrain. 

In addition to those atmospheres listed in Table 5.2, 

we investigated other atmospheres earlier in the contract period 

to charact^-ize the behavior of the atmospheric response func- 

tion.  These atmospheres were obtained by making a linear inter- 

polation between the data points taken from National Weather 
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Service tape...  Results of one of these runs are shown in Fig- 

ures 5.18 to Ii.23.  The atmospheric response function was run for 

50 values of the wave vector magnitude, <,   and for 19 angles 

between -90« and 90» from the direction of the zonal wind.  The 

atmospheric response function is invariant under the transfor- 

mation from (k,l) to (-k,-l).  Critical layers for this atmos- 

phere occurred for angles around 77».  For 70° l * i 90% the 

Scorer parameter is much larger than the magnitude of the wave 

vector and F(k,l) is virtually independent of K . 

When atmospheric layers exist where I2 (z)   <  <     , energy 

will be pumped into that mode which propagates to that layer 

and in phase with the atmospheric response at that layer.  The 

resonances which occur in the continuous spectrum in Figures 

10 to 13 are associated with wave vectors such that i   U) < 

<2  for a segment of the atmosphere.  These resonances will not 

have any effect on the stress calculated with the topography 

data that is available to us. With 5' resolution the maxxmum 

resolvable wavenumber in the topography spectrum is 0.3 km 

in the midlatitudes.  In the upper atmosphere, where winds of 

sufficient strength may be present to make the Scorer parameter 

comparable to <2, the stability is typically 4 * 10  sec  . 

The winds required to give a Scorer parameter comparable to our 

maximum resolvable wavenumber are on the order of 65 m/sec. 

Without better resolution in the atmospheric variables it is 

unlikely that the lapse rates or the winds required to have a 

resonance in the atmospheric response function will be found. 

in the absence of these resonances the atmospheric re- 

sponse is nearly independent of <  for a constant * •  Over 

the entire range of  (K,4)  the atmospheric response changes by 

less than two orders of magnitude compared to the topography 

spectrum which may vary over seven orders of magnitude or more. 

These observations considerably simplify the treatment of the 

stress integrals and make it possible to neglect many of the 

terms in the integral of the stress. 
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Figure   5.18  - 
Location of critical 
levels for the sample 
atmosphere. 
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Figure  5.19 - The  real and imaginary parts of  the ground  level 
wave amplitude  for  0=0. 
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Figure 5.20 - wavenumber dependence of the atmospheric response 
function for fixed angles of the wavevector. 
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B'igure 5.21 - Wavenumber dependence of the atmospheric response 
function for fixed angles of the wavevector. 
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Figure  5.23  -   Wavenumber dependence of  the atmospheric response 
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.. Before the beginning of the parameterization of the 

wave drag it was necessary to reduce the computing time re- 

quired for the atmospheric response function.  At the start 

of this study the computing time required to calculate the 

atmospheric response function for the 500 wavenumbers, 

required to integrate the stress integral, was 1100 seconds. 

By a judicious optimization of the code and a simplification 

of the numerical methods involved in the solution of the Scorer 

equation we reduced the time required to calculate the 500 

values of F(K,<J))  to 20 seconds for our parameterization study 

This optimization produced less than a 3% change in the magni- 

tude of the calculated atmospheric response function. 

5.2.6.3 Parameterization of the Stress Integral 

The code to calculate the two components of the stress 

was written to perform the integration in horizontal wave 

number space; the range and resolution of the wave numbers 

being determined by the resolution of the topography used to 

calculate the topography spectrum function.  The atmospheric 

response function was calculated at each point that the 

spectrum function was calculated.  The integrals for the 

two components of the stress are 

kc 1c 
^7= 2p(0)  /C | Un

2(0) A(k,l) F(k/l)k dkdl     (5.58) 

0 -h 
and 

k lc 
^7= 2P(0)  / / ün

2(0) A(k,l) F(k/l)l dkdl     (5-59) 

0 -i„ 

where the limits of integration in wavenumber space are deter- 

mined by the resolution of the topography. 
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Our purpose in studying the stress integral was to re- 

duce the number of calculcitions of the atmospheric response 

function required to calculate the stress. 

A reduction of th^ time required to solve the Scorer 

equation will not, by itself, simplify the wave drag calcula- 

tion to the extent necessary to meet the requirements of the 

GCM.  The actual computing time that can be devoted to the 

calculation of the wave drag in the GCM will depend upon the 

persistence of the wave drag and the number of cycles that 

will not require a recalculation of the drag. We have found 
2 

that the wave drag is on the order of 6 to 7 dynes/cm on a 

4° by 5° grid with the northwest corner located at 1210W 370N. 
2 

If an upper limit of 10 dynes/cm is taken and we assume that 

all of the momentum is taken out of the lower layer of the GCM 

(typically 3 km in depth) then the change in the wind speed in 

the lower layer will be on the order of 1 m/sec/hour of appli- 

cation of this stress.  The meridional component of the wind 

velocity is typically 5 to 10 m/sec in the lower layer, hence 

the wave drag should be recalculated at least every hour in 

the GCM.  Further studies of the persistence of the drag will 

be performed on the final version of the wave drag subroutine. 

The running time for older versions of the GCM is 

typically 17 min of computer time per day of calculation.  If 

we increase this running time by 5% for the initial parameteri- 

zation then 2 sec of computing time will be available for each 

calculation if the calculation is performed once in an hour. 

Our calculations have shown that the magnitude of the stress 

will only be significant when large mountains are present in a 

GCM grid.  We have specified the grids that will require a 

calculation of the wave drag in Figure 5.24.  There are on the 

order of 400 of these grids.  With 2 sec of computing time 

available for each cycle, we can use 5 * 10  sec to compute 

the drag for each grid, 
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To utilize the resolution of our 5' topography data 

to the fullest on the GCM 4° by 5° grids, a 64 by 64 grid is 

required (the fast Fourier transform requires the number of 

grids to be powers of 2) . The symmetry properties of the 

atmospheric response function and the topography spectrum 

function, which were discussed previously, reduce the 

number of grids required for the calculation of the 

stress integrals to 32 by 64.  The simplest analytic solution 

of the Scorer equation is the sinusoidal solution.  The sine 

function and the cosine function require approximately 30 ysec 

of computing time on the UCLA 360/91.  In a two-level model 

approximately 10 calculations of the sine or cosine function 

are required for each wavenumber component of the stress. 

Hence, with the simplest analytic model fewer than 16 solu- 

tions of the Scorer equation can be obtained for the calcula- 

tion of the two components of the stress. 

The first task that was completed after the develop- 

ment of the stress integral code was to calculate the stress 

integrals for a series of topography grids.  Two atmospheres 

were chosen from a run of the Rand GCM and the stress was cal- 

culated over six topography grids.  The two atmospheres are 

listed as atmospheres 1 and 2 in Table 5.2.  The first five 

topography grids and the last grid listed in Table 1 were in- 

volved in the calculation. The component of the drag in the 

direction of the zonal wind has been illustrated in Figure 5.25 

for atmosphere 1.  The results of the drag calculation for the 

other component of the stress and the two components for the 

other atmosphere are tabulated in Table 5.3.  The westernmost 

grid includes the Coast Range, the San Joaquin Valley and parts 

of the Sierra Nevada range.  It is a grid with extreme varia- 

ti' s in height.  The next grid includes parts of the Sierra 

Nevadas and Death Valley.  The easternmost edge of TOP05 is 

just west of the San Juan Mountains and the Sangre de Cristo 

Mountains in New Mexico.  The grids represented by TOP04 and 
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Figure 5.25 - The wavedrag as a function of the topography grid 
for atmosphere 1. 

5-77 

-MM*»*,,. Wül^HaMiM ■■■ m ■ - ^-.-w. . .„    mt^fmi t- - 



SSS-R-75-2556 

TABLE 5.3 
THE RESULTS OF THE STRESS PARAMETERIZATION 

ATMOSPHERE 
LOCATION 

ZONAL 
STRESS 

MERIDIONAL 
STRESS 

Puw/pkA pvw/p|l|A 
(DUW) (p|l|A) 
(pvw)(pkA) 

Atmosphere 1 
Topography 
Topography 
Topography 
Topography 
Topography 

1 
2 
3 
4 
5 

-12.5 
-10.6 
- 5.18 
- 2.95 
- 1.40 

4.22 
4.13 
1.38 
1.52 
0.596 

-0.0968 
-0.112 
-0.0953 
-0.113 
-0.11 

0.0656 -1.48 

Atmosphere 2 
Topography 
Topography 
Topography 
Top^gr ^phy 
Toi jraphy 

1 
2 
3 
4 
5 

- 0.061 
13.96 
11.62 
5.77 
2.69 
1.39 

0.0294 
-5.83 
-5.59 
-3.13 
-2.18 
-0.92 

-0.0795 
0.107 
0.122 
0.106 
0.103 
0.109 

0.039 
0.0908 

-2.06 
1.18 

Atmosphere 3 
Topography 
Topography 

1 
2 

-12.28 
-10.39 

4.15 
4.17 

-0.096 
-0.109 

0.0646 -1.48 

Atmosphere 4 
Topography 
Topography 

1 
2 

-11.50 
- 8.54 

4.70 
3.84 

-0.089 
-0.090 

0.0731 -1.22 

Atmosphere 5 
Topography I 14.90 -5.28 Ü.115 -0.082 1.40 

Atmosphere 6 
Topography 1 13.37 -5.20 0.103 -0.081 -1.27 

Atmosphere 7 
Topography 1 15.74 -5.57 0.121 0.087 1.39 

Atmosphere 8 
Topography 1 8.90 -5.08 0.0687 -0.0791 0.87 

Atmosphere 9 
Topography 1 15.78 -6.27 0.122 -0.097 -1.26 

Atmosphere 10 
Topography 1 - 4.27 -5.30 0.033 -0.082 -0.402 
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TABLE 5.3, continued 

ATMOSPIlKRi; ZONAL MERIDIONAL 
liOCATION STRESS STRESS 

Atmosphere 11 
Topography 1 13.35 1.10 

Atmosphere 12 
Topography 1 -11.12 -2.74 

Atmosphere 13 
Topography 1 7.1 -2.98 

Atmosphere 14 
Topography 1 7.73 -0.48 

Atmosphere 15 
Topography 1 2.80 -1.3V 

PUW/PKA pvw/plllA* TOMUF 

0.103 

0.055 

0.060 

0.022 

0.017 

-0.086 -0.043 

■0.046 

-7.4X10 

-0.021 

6.06 

2.0 

1.20 

8.1 

1.05 
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LJ 

T0P05 are south of the very rugged region of the Rockies in 

Utah and Colorado.  The last grid, TOPO10, contains sections 

of Arkansas and Oklahoma. 

The early runs that were made of the topography spectrum 

function and atmospheric response function indicated that 

F(k,l) was nearly constant compared with the highly varying 

spectrum function.  It was found that the topography spectrum 

function was large for small wavenumbers and fell off rapidly 

as the wavenumbers increased.  If the spectrum function is 
2 

localized in wavenumber space then the product TJn(
0) F(k,l) 

should be nearly constant for the wavenumbers which dominate 

the stress integral.  If this is true, then dividing the stress 

integral in Eq.(5.58) by 

kc  ^ 
2p(0)  [   f     kA(k,l) dkdl 

0   -1. 

(5.60) 

PAd the stress  integral in Eq. (5.59) by 

2p(0)       f jC   ^i   A(kf])   dkdl 

Ü -1_ 

(5.61) 

should produce a function which is independent of the topography. 

In Table 5.3 we have tabulated these functions in the fourth and 

fii:th columns.  The first two atmospheres, which were run on 

the five topographies indicate that the ratio of Eq. (5.58) and 

Eq. (5.60) has an rms deviation about the mean of 7% although the 

dra.i varies by an order of magnitude over the five topographies. 

On TOPO10 the variation is more significant but this can be 

attributed to the spectrum function being less localized be- 

cause there are no significant features in the topography. 
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We had an error in the integration routine for Eq. 

(5.60) and did not obtain much data on this function for the 

meridional stress.  We suspect that this function will not be 

as constant for the meridional stress as for the zonal stress 

because the dominant features of the topography tend to run 

north-south (with the 'possible exception of the Himalayas); 

therefore, the spectrum function on the 1-axis and on off- 

axis points is not as large as the values of the spectrum 

function along the k-axis when large mountains running north- 

south are in a grid.  Some additional work is required to de- 

cide how the parameterization of the meridional component of 

the stress will be treated. 

In Table 5.4 we have tabulated the wavenumbers which 

dominate the stress integral. Most of the zonal component of 

the stress is contributed by the wavenumbers for which 1=0. 

In this case Un becomes the zonal wind component and F(k,l) 

is essentially constant if the Scorer parameter is large. 

To simplify the calculation of the stress it would be 

desirable to store the integral in Eq. (5.59) for each grid and 

calculate a single value of U^F for each atmosphere.  In Ta- 

ble 5.5 we have tabulated the calculated value of U2F for 

each of the atmospheres that we have considered for the wave- 

number (5.21 x io" ,0). We have also formed the product of 

ünF with the integral in Eq. (5.59) and have compared it with 

the calculated stress.  For most of the atmospheres tabulated 

the ratio of the stress to the product U2FpkA is between 1.3 

and 2.5.  Hence, at least for the meridional component of the 

stress it appears tnat the wave dr g can be calculated to 

within approximately a factor of t.;o by calculating the 

atmospheric response function for a single wavenumber. 

We have also tabulated, for some of the atmospheres, 

the momentum flux which is dissipated at critical layers in 
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the lower layer and that which gets through to the upper layer. 

These results are given in Table 5.6.  One of the difficulties 

with a two-layer model is deciding where the momentum which 

propagates into the stratosphere comes from.  We are making 

the assumption that since the mcmentum flux would not be 

present in the absence of the mountains that the momentum 

must be taken from the lower layer.  It is obvious that mo- 

mentum will, in fact, be taken from both layers but it is 

quite difficult to decide what the contribution is from each 

layer. 

5.2.6.4 SUIPJ ^ry of Parameterization Attempts 

The above examples show that parameterization of the 

wavedrag by a simple procedure is not very successful.  Errors 

on the order of 100 percent are routine and, we feel, unac- 

ceptable.  Other studies were done which showed that substitut- 

ing equally valid parabolic fits to the two velocity points 

of the GCM could vary the results by a factor of two as well. 

There was little sensitivity of the results to varying tem- 

perature profiles. 

It was therefore decided to avoid the parameterization 

errors entirely, and use instead a simple analytical solution 

to Scorer's equation to reduce the computational time.  This 

procedure is described in more detail in Section 5.3. 

5.3    DRAG - A SUBROUTINE FOR A TWO-LEVEL GLOBAL CIRCULATION 
MODEL 

3 
One of the purposes of the S climatology program was 

to produce a computer program for use with the RAND Mintz- 

Arakawa GCM,  The development of this subroutine proceeded by 

making use of the more elaborate time dependent model in 

the HAIFA code to evaluate the simpler LSS model described 
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above, and finally, by making additional assumptions consist- 

ent with approximations already made in the GCM to simplify 

the model even further.  This resultant code is called DRAG 

and is the subject of this section. At the risk of repeti- 

tion of some of the material in other sections of this report, 

we summarize the Bretherton treatment as well as all the steps 

necessary to arrive at the final version of the code in 

order that the present section will essentially stand alone 

and serve as a user's Guide to the DRAG program. 

5.3.1 Wave Drag Contribution to the Atmospheric Momentum 

Equations 

The momentum equation for the earth's atmosphere may 

be written 

w- +  7 pW 

total rate rate of change 
of change due to convec- 
of momentum tion 

+ VP 

rate of 
change due 
to pressure 
gradient 

+ V«T 

rate of 
change due 
to viscous 
forces 

- pg 

rate of 
change due 
to gravity 

+ ctHxV 

Coriolis force 

= WD 

wind wave 
drag 

('5.55) 

In this equation V corresponds to the wind velocity vector, 

p  is the density, and P is the pressure.  The viscous force 

term V«T includes effects of air-air friction and air-ground 

friction. 

Over mountains, the air flow is characterized by three 

types of flow shown in Figure 5     The streamlines of the 

ambient flow are deflected as ^ey flow over the mountains and 

mountain lee waves are formed.  These waves continue far down- 

stream and rise high above the mountains until turbulence and 

viscous damping forces finally dirsipate their energy. 
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At low altitudes, near the mountains, the flow is tur- 

bulent and the simplifying assumptions in the present wave 

drag treatment are not justified.  At altitudes greater than 

some level indicated by the dashed line in Figure 5.26, however, 

the flow is smooth, and the present treatment is more appli- 

cable. 

In the present treatment, the effects of the mountains 

are felt only through the vertically deflected air.  This con- 

tribution enters through the term WD in Eq. (5.59) and is 

the subject of this section. 

Ambient 
Flow 

\ 

O    O      o Turbulence 

Figure 5.26 - Schematic diagram of mountain wave configuration, 
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The wave drag treatment described here is based on a 

linearized, steady-state, Doussinesq, adiabatic, frictionless 
[291 non-rotating model derived by Eliassen and Palm,    and im- 

[251 
plemented by Bretherton    who also provides theoretical 

insight into some of the subtleties of the model. 

5.3.2 Summary of the Bretherton Model 

5.3.2.1 Reduction to a Fourier Intagral 

The wave drag contributions to the horizontal momentum 

equations are 

WD. - 1?PUW 

WDy = - -^ pvw , 

(5.60) 

(5.61) 

where u , v , w are the  x , y and z components of the 

velocity perturbation duo to the mountains.  Ingegrating over 

the three-dimensional GCM grid cells as shown in Figure 5.27, 

the contribution to the momentum equations for the air in a 

particular cell is 

WD. 

WD 

-/ 
dxdy puw 

-ß dxdy pvw 

(5.62) 

(5.63) 

These te^ms represent shear stresses integrated over the bottom 
and top faces of the cells. The Bretherton treatment calculates 

the perturbation velocities u , v ,  and w appearing in 

Eqs. (5.62) and (5.f)3) from a steady state linearizec: theory. 
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Figure 5.27 - Coordinate system in the 2-level General 
Circulation Model. 

Whereas Bretherton merely states the formulas for WD 

without derivation, a satisfactory derivation is presented in 

Section 5 1 of this report.  We will not repeat the derivation 

here, but merely summarize the results: 
00    00 

/dxdy puw = p(0) /* j   U^O) A(k,l) F(k,l)kdkdl   (5.64) 
J -a*     -oo 

00    00 

/dxdy pvw = P(0)/ /  U^(0) A(k,l) F(k,l)ldkdl   (5.65) 
J - 00  - 00 

In thes':' formulas,  k and 1 represent wave numbers correspond- 

ing to a Fourier decomposition of the topography with respect 

to surface coordinates x and y .  The topographical informa- 

tion is wholly contained in the function A(k,l)  and the effects 
2 

of the atmosphere are contained both in the velocity u
n(
0)  and 

the atmospheric response function F(k,l) . 
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Numerical Evaluation of the Integrals 

The integrals in Eqs. (5.64) and (5.65) are approximated 

using the trapezoid rule. An initial simplification may be 

made by realizing that tie integrands, denoted Ik and 11 

respectively, obey the symmetry properties 

Ik(k,l) = Ik(-k,-l) 
(5.66) 

and 

l1(k,i) = I1(-k,-l) 
(5.67) 

Equations (5.64) and (5.65) thus reduce to 

Axdy puw - 2p(0) / dk/ dl u2(0)kA(k,l) F(k,l)   (5.68) 

Axdy pvw = 2p(0) //k/Jdl ü'(0)lA(k,l) F(k,l)   (5.69) 

The trapezoid rule which is used to approximate these integrals 

makes use of nine points in 1-space and five points in k-space: 

5   4 
V^ = 2p(0)£ ^Ak.Al. U2(0) A(ki,lj)F(ki,lj)ki 

i=l j=-4 

5   5 

zl 

WD " 2p(0)Z E^1^ U^(0) A(ki'1J)F(ki'1^)13 
i=l  j=-4 

(5.70) 

(5.71) 

where Aki and Al. are given below. 
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5.3.2.2 Topography Function,  A(k,l) 

As described above, all of the topography information 

is contained in the term A(k,l) .   A(k,l)  is defined in terms 

of the complex function h(k,l)  as follows: 

2 
A(k#l) = ^- h*(k,l) h (k,l) , (5.72) 

where h is the two-dimensional Fourier transform of the topo- 

graphical features within the rectangular lower surface of the 

GCM cell with corners  (0,V) , 

hdc,!) = J^ yX dx /
Y dy h(x,y)e-i(kx + ^ 

0      0 

(5.73) 
4TT' 

and h*  is the complex conjugate.  h(x,y)  is the altitude 

of the surface within the rectangle.  If h(x,y)  is known at 

N  points in the interval  [0,X]  and N  points in the 

interval  [0,Y], approximately N «N cosine/sine amplitudes x    y 
may be determined for 

.      „  2Tm 
m        x 

. 2TTm 

N 
- T^ +   1   <  m  < 

N 

N 

- 2 

N 
(5.74) 

+  1  < m 
-       - 2 

Numerical Calculation of the Topography Function A(k/1) 

The topography function A(k,l)  is evaluated at 32 

points in the interval  [0,X]  and  [£),¥]  for each GCM grid 

cell, and from these values, a 32 by 32 array of Fourier ampli- 

tudes is calculated for wave numbers 

.  _ 2Trm 
m   x 

- 15 < m < 16 (5.76) 

.  _ 2Trm 
1m " T" ' 

- 15 < m < 16 . (5.77) 
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Of these, only the 45 central values are used in the evaluation 

of the integral, i.e., 

k . 2um   m= o,l,2,3,4 (5.78) 
m   x 

! = .2mn   m = -4,-3,-2,-1,0,1,2,3,4 . (5.79) 
m   Y 

The topography tei*  is taken from tapes provided by the 

Defense Mapping Service which provide the average surface ele- 

vation over a meridional square 0.5° x 0.5°.  There are thus 

8 x 10 » 80 altitude data points in each 4° x 5° GCM grid cell. 

The 80 values are linearly extrapolated and interpolated to 

provide the 32 x 32 table of h(x,y) which is then fast Fourier 

transformed to provide h(k,l)  and subsequently,  A(k,l) . 

These calculations are performed by an auxiliary code ATABLE 

which stores the 45 central Foarier components of the topography 

for each GCM g.rid cell.  These data are then used to perform 

the drag integrals during the time dependent GCM calculations. 

5.3.2.3 Atmospheric Response Function 

The atmospheric properties are taken into account through 

two factors in Eqs. (5.64) and (5.65), U^(0)  and F(k,l) . 

U2{0)  is the wind at the surface of the earth in the direction 
n < 

determined by k and 1 , 

U = u 11+ v i (5.80) 
n    tc    < 

K = v^ k2 + I2 (5-81) 

where U is the easterly component and V is the northerly 

component of wind velocity.  F(k,l)  contains the atmospheric 

properties in a more complicated way: 
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U 
F(k,l) « §X | a| OMz) - |^*«(z) | /0*(0)0(0) (5.82) 

Ü 

0(z)  in this equation is the x-y Fourier transform of the 

vertical velocity perturbation which depends en altitude through 

Scorer's equation: 

d2Q + (i2  - ic2) 0 = 0 (5.83) 
dz 

w(0)  refers to the solution to this equation at the surface. 

Equation (5.83) may be derived from the linearized steady 

state equations assuming inviscid flow in the Boussinesq approxi- 
r 9 251 

mation.  ' '     The parameter i     in this equation is given by 

U2(z)       Un   3z2 

n 

(5.84) 

Q 
where    N    is the Brunt-Vaisala  frequency, 

N2 = - 3_d£ = 
p dz i -+r) (5.85) 

where  p" is the unperturbed density.  In the present treatment, 

the second term in Eq. (5.84) is neglected since the RAND two 

level GCM code does not have sufficient resolution to evaluate 

it.  If our model were to be used in a GCM calculation with more 

levels, the second term should be included.  It appears to be 

roughly the same magnitude as the first term for representative 

wind profiles. 
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Solution to Scorer's Equation 

Two types of solutions may be obtained for Scorer's equa- 

tion, Eq. (5.83), depending on the relative magnitude of  K2 

and A-2 .  For ic2 > Ä.2 , a discrete spectrum is obtained, and 

for i2 < K2 a continuous spectrum is obtained.  Theoretically, 

both will contribute to the wave drag, but the contribution from 

the discrete spectrum is usually much smaller (see Section 5.2.1), 

and in the present treatment has been neglected. 

We now develop a general solution to the Scorer equation 

with which we can consider the boundary conditions.  The real 

and imaginary parts of the vertical velocity,  0D and 0T , 

each obey the same linear second order equation. 

d2u 

d? 
+ {I2  - K2) u = 0 (5.86) 

■.. 

A general solution of this equation contains two coeffi- 

cients. 

u = a,u, + ajUj (5.87) 

.. 

where u,  and u2 are linearly independent.  We choose u, 

and u-  to be solutions of Eq. (5.86) having the following 

boundary equations. 

U^H)   -  1 
du, 

dz 

U2(H)   -   0 
du2 

dz 

Z=H 

z=H 

= 0 

- 1 

(5.88) 
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Since the case  K2 > Ä2  is neglected in the present 

treatment, we will consider only the case of the continuous 

spectrum,  J.2 > tc2 .  In this case we have the following boun- 
f 251 

dary condition at the upper surface of the grid (Bretherton's1  J 

Eq. 50b), 

dft i A1 - <■ Sgn (Un) G (5.89) 

where  Sgn means (+1) corresponding to the numerical sign of 

U  .  This relation is derived to satisfy the requirement that 

wave energy can only be transported up out of the calculational 

grid.  This is a reasonable assumption since the wave inter- 

action is totally igi. jred above the grid.  For the real and 

imaginary parts of the vertical velocity, we have 

« = -/i2  - K2  Sgn (U ) v, dz n' '0 (5.90) 

d^T  
(5.91) 

where u0 and v0 are values of the vertical velocities at the 

upper boundary,  z = H : 

^(H) = u0 + iv0 

The general solutions satisfyina these boundary conditions are 

ÄR - ulu0  "   ^2   "  K2     s<3n   <un)   u 2V2 (5.92) 

Oj = U^Q +  A2  -  K2     Sgn   (Un)   u2u( (5.93) 
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Returning to Eq. (5.82), 

we find that the numerator is independent of z and may be 

evaluated at  z=H ,  The denominator is found by substituting 

from equations (5.92) and (5.93) evaluated at the earth's sur- 

face .  Thus, 

AMH) - K
Z
 Sgn (U ) 

F(k,l) - —i S 5  (5-94) 
[uj(0) + (tMH) - K2) U2(0)] 

This expression is independent of the assumed boundary values 

un and vn .  Consequently, we have shown that the Reynolds 

stress does not depend on the chosen values of vertical velo- 

city at the top of the atmosphere.  It also follows that for 

Ä2 > K2 , 

■|^(/dxdypuw) = -^(/dxdypvw) = 0 (5.95) 

unless i2 -*■ 00 

Numerical Treatment of the Atmospheric Response Function 

The numerical approximations of the atmospheric response 

function are probably the source of greatest inaccuracy in the 

present method.  These approximations are necessitated by the 

extremely poor resolution of the GCM in the vertical direction 

with only two levels. 

The problem arises in the integration of Scorer's equa- 

tion when 4(z) is a strongly varying function of z through 

the velocity (see Eq. (3.25)).  The assumption is made in the 
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model that Mz)  is constant over each of the two levels.  The 

Scorer equation is then solved for constant I     in each level, 

and the value and first derivative of 0 is assumed constant 

across the interface between levels.  This assumption is equi- 

valent to assuming a continuous pressure gradient across the 

interface. 

These assumptions lead to the relation 

,  A?      Ai    2 
^(0)w(0) = (V* + u*) [4 + (1 " -j) cos  (^L^n (5.96) 

A3        3 

where 

4i AT 
1 

z   = thi:kness of lower layer. 
Low 

(5.97) 

i = 1, 3 corresponds to the GCM altitude variable 

1/4, J/4, respectively. 

The form for F(k,l)  then becomes 

F(k,l) = 
^ Sgn (Un) 

A Al    2 [ 1+ (1   1) cos2 (A32Low)] 
A3       A3 

(5.98) 

Fast cos  Routine 

In order to reduce computation time, a suoroutine was 

written to calculate the square of the cosine appearing in the 

denominator of Eq. (5.98).  A method was used which made use 

of, at most,three terms in the Taylor series expansion of cos x 

retaining accuracy of 0.7 percent.  The program, which con- 

tains, at most, five floating point multiplications, is about 
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6-7 times faster than the conventional cosine routine on the 

UNIVAC 1108.  This simple subroutine is included in the list- 

ing in Appendix B. 

■ i 

Ü 

Short Wavelength Limit 

if  A z    is large (many multiples of TT/2) and A./A 
"   3 Low       * .^.   ^ 

is not close to one, the value of F(k,l)  is very sensitive to 

A zLow .  On the other hand,  zLow is probably not known better 

than 20 percent, and due to the approximations of constant i   , 

A  is not known to be better than, say, 30 percent in the GCM. 

Therefore, if ^zLovi    is greater than Tr/(2 (0.2 + 0.3)] = TT , 

the correct value of cos^z^ lies anywhere between 0 and 1. 

We then replace F(k,l)  by its average over the uncertainty 

range, 

., 
A3 zT _, + n/4 

Flini(k,l) =i72 y 

Low 

do 

A3ZLow 

A1 Sgn (Un) 

" TT/4 ^1 + (1 - ^i) COS2 6 

(5.99) 

ü 

, 

■ A3 Sgn (Un) 
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5.3.2.4 Effect of a Critical Level 

If the profile of U  for a pair of Fourier wave num- n 
bers,  k and 1 includes a point at which i -* ™  ,  this point 

defines a critict 1 level.  In the simple two level model used 

here, where the wxnd velocity is assumed to be linear with z , 

the second term of Eq. (5.84) vanishes and a critical level ex- 

ists whenever U (z) -*- 0 . n 
[251 

Bretherton    and othe s offer the following interpre- 

tation of a critical level. Above the critical layer the Rey- 

nolds stress is extremely small for usual atmospheric condi- 

tions»  The waves propagating upwards from below are completely 

absorbed, being neither reflected nor transmitted. On the 

other hand, if there is no critical level in  a three-dimensional 

cell, the momentum flux entering the cell at the bottom is the 

same as the momentum flux leaving the top of the cell, so that 

there is no net momentum change in the cell.  The momentum flux 

flows upward unimpeded until a critical level is reached for 

that wave component, and at that point the whole effect of the 

mountain for that wave component is felt.  The altitude at which 

a critical level exists will, in general, be different for each 

wave number pair, an^l different components will be absorbed in 

different layers. 

For the uppermost of the two layers shown in Figure 5.27, 

Eqs. (5.70) and (5.71) give the contribution to each level which 

does not contain a critical layer for any pair of wave numbers, 

k and 1 .  But, since in this model the stress is independent 

of alticude, the stress at the top boundary equals the stress 

at the bottom, and 

WDx = WDy = 0 
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If, however, a critical layer occurs anywhere within the upper 

cell for wave numbers kc, lc, the Reynolds stress for those 

wave numbers on the top cell boundary is zero, i.e., the ef- 

fects of the mountains for those wavenumbers are all absorbed 

at the critical layer.  Thus, 

"WV^WVWI (5.100) 
Zl 

WD„(k ,1 ) = -WD (k ,1 ) I 
y c' c'    yv c' c'|z2 (5.101) 

Furthermore, for the layer nearest the ground, the lower bound- 

ary momentum flux is zero, and the model gives the stress within 

the lowest layer above the mountain, i.e., across the dotted 

line in Figure 5.26.  The net results of these considerations 

are the following: 

(a) For k ,  1 ,  un such that there is no critical 

layer in either level, the momentum is removed from 

the lower level, passes through the upper level without 

interaction, and escapes from the top of the grid. 

(b) For k ,  1 ,  un such that a critical level ap- 

pears in the upper level, momentum is removed from 

the lower level, and deposited in the upper level. 

(c) For k ,  1 ,  un  such that a critical level ap- 

pears in the lower level, there is no momentum 

change in either upper or lower levels. 

5.3.3 The PRAG Subroutines 

There are actually two subroutines used in the RAND GCM 

to compute the drag contributions.  The first subroutine, DRGSET 

is called only once in each GCM run to calculate and store cer- 

tain time independent parameters.  These variables include various 
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trigonometric functions utilized in the Fourier space integra- 

tion, and transfers the topography information from a perma- 

nent memory file to core for access during the time dependent 

calculation. 

The sacond subroutine, WVDRAG, is called either every 

c/cle or every nth cycle of the time dependent calculation 

since the atmospheric response function and wind velocity are 

time dependent.  Currently, the wave drag terms are calculated 

explicitly using "old" values of the atmospheric parameters, 

although with little modification they could be calculated im- 

plicitly in order to avoid numerical instabilities. 

The subroutines are listed in Appendix B. 

5.3.4 Representative Calculations 

Several calculations were performed using the model for 

various geographic locations and several wind conditions, and 

the results compared with other models when possible. We pre- 

sent hei^i results from four calculations of wind drag for flow 

over the Sierra Nevada and Himalayan mountains.  (See Table 5.8.) 

In these calculations the temperature was given at two 

altitudes (pressures) and interpolated or extrapolated adiabati- 

cally for other altitudes.  Results are shown in TabJe 5.7. 

TABLE 5.7 
TEMPERATURE DEPENDENCE ON PRESSURE FOR THE TEST PROBLEMS 

p = 400rab 0=1/4   T = 2310k 

p ■ 800mb 0=3/4   T » 263eK 

The calculated quantities are the easterly and northerly momen- 

tum flux removed from the lowor GCM level.  In the particular 
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test calculations presented here, a critical layer did not ap- 

pear in the upper level, and, therefore, the net flux loss from 

the top level is zero. 

Cases 1 and 2 were problems run on the Sierra Nevada 

topography, the 4° x 5° rectangle, with the northwest corner 

at 38* latitude and 240° longitude.  It includes the highest 

peak in the Sierra Nevadas, as well as Owens Valley, so that 

it may be compared with the results presented in Section 5.2. 
2 

There the drag w«« calculated to be 15 dynes/cm for a surface 

velocity of •<20m/sec.  Comparing results for Cases 1 and 2, it 

is evident that the magnitude of the drag is approximately pro- 

portional to the square of the surface wind velocity.  (This is 
2 not surprising given the dependence of U (0)  in the integrands 

of equations (3.64) and (3.65).)  Scaling the Case 1 or Case 2 

results by the square of the surface velocity, we obtain «• 18 
2 2 dynes/cm to be compared with the value of 15 dynes/cm calcu- 

lated by the more accurate LSS program. 

The Sierra Nevada mountains are essentially north-south, 

while the Himalayas (Case 3 and Case 4) are essentially east- 

west.  The difference in drag calculated in Cases 3 and 4, 

with different direction of wind flow, indicate the strong 

dependence on the topographical anisotropy. 

Timing runs were also made to determine the speed of 

the subroutine package.  The time (on the UCLA IBM 360/91) 

was 40 ms for 500 spatial cells, or 80 ys for each spatial 

cell. 

5-106 



I 

SSS-R-75-2556 

6.     A THREE-DIMENSIONAL  BOUSSINESQ CODE   'STUFF' 

. 

During this project, a three-dimensional Joussinesq 

code to treat the low-speed laminar and turbulent motion 

of stratified fluids has been developed. The numerical 

technique used is unique and was developed using funds 

from this contract as well as independent research and 

development funds provided by S3.  The code was initially 

written in two dimensions since several new concepts were 

involved and has since been extended to three dimensions. 

The code's name, STUFF, is an acronym for Stratified Turbulent 
Unsteady Fluid Flow. 

The principal difficulty involved in treating flows 

of this sort in the past has been that purely Eulerian finite 

difference procedures are diffusive in character.  That is, 

diffusicn-like errors in the finite-difference representation 

o'. the advection terms of the fundamental field equations will 

artificially "smear" the distribution of the field variables 

(i.e., density). Lagrangian procedures, on the other hand, 

avoid this difficulty but cannot treat flows in which high- 

amplitude waves or vortices occur such as those present in 

mountain lee wave phenomena since a Lagrangian grid will become 

so distorted that the finite difference approximations referred 

to such a grid will become meaningless. 

The S3 procedure avoids these difficulties by using 

both an Eulerian grid and an array of Lagrangian particles 

su^i.rimposed upon that grid which mov<>s along with the fluid 
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as the calculation proceeds. All scalar field variables 

(density, turbulent energy, thermal energy) are carried by 

the Lagrangian marker particles as well as by the Eulerian 

grid.  At late times, the Lagrangian net will become distorted 

just as in the purely Lagrangian case.  Such distortion does 

not adversely affect the calculation, however, since all 

space derivatives of scalar field variables are determined 

using the Eulerian grid; the Eulerian values are determined 

by a "census" procedure which essentially sets the value of 

each scalar field variable within a Eulerian zone to the 

average of the values carried by the Lagrangian particles 

within the zone. On the other hand, the "artificial diffusion" 

which is characteristic of pure Eulerian schemes is absent, 

since advection effects are treated by moving the particles 

in a Lagrangian fashion. 

In this chapter, the STUFF computer model, as presently 

developed at S3, is outlined in detail. The equations, boundary 

and initial conditions, and results of sample calculations are 

presented. 

Also included are two calculations of a viscous inter- 

nal wave decay problem which demonstrates the numerical dif- 

fusion associated with one Eulerian treatment of scalar 

advection transport (relative to the Eulerian/Lagrangian 

method in STUFF). 

6.1    DERIVATION OF EQUATIONS 

The equations in the Boussinesq approximation which 

express the conservation of mass, momentum and energy within 

the fluid system in the STUFF code are: 
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Mass 

Momentum 

= -S- v 9  (u!) 
3xj L 3xj      - 

_ Ml 
9x, 

(6.1) 

+ Qgi + S 
(6.2) 

Energy = ^ lD ^ (Q,1 + '< (6.3) 

where 

u[,  u-, u- 

s 

Q 

ß 

p 

= components of velocity in x^i x2, x3 

directions, 

= momentum source , 

= Boussinesq parameter = (P/PO-1) = -3 (T~T0i 

= volumetric expansion coefficient , 

= density , 

= gravity acceleration component in xi direction 

■n ■ energy source term  , 

v = molecular kinematical viscosity  , 

D = molecular diffusion coefficient  , 
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and 

(j)' ■ the departure of the atmospheric pressure 
from the hydrostatic pressure divided by 
the reference density. 

[19] 
The turbulence scheme of Gawain and Pritchett    used 

previously in the HAIFA code, is an integral part of the compu- 

ter model and will be reiterated here in some detail for 

completeness.  However, it should be noted that alternative 

schemes based on a mixin.i length theory could be used.  Ad- 

ditionally, the present model allows a prescribed set of 

diffusion coefficients at any space points in the numerical 

grid. 

The derivation of the equations including the turbulence 

scheme is shown below.  Only the momentum and mass equations 

are discussed in detail; the energy equation follows directly 

with D being redefined to include both the molecular and tur- 

bulent diffusion coefficient. As previously noted (see Section 

3.5), the development of the turbulent energy equation as described 

by Gawain and Pritchett neglects the temperature str-.tification 

term -p1 u.'  2_ which can have a significant effect on the 

results of the p?oblems associated with our studies.  The 

investigation of a heuristic model for this term has not yet 

been carried out at S3 and a formulation must be developed 

to describe its relation to the mean flow and temperature 

fields.  This term has been included ii the final equations, 

however, by assuming that the thermal 2ddy diffusivity E' 

can be used to relate this buoyancy '.erm to the mean tempera- 

ture field and that e'  is equal Lo t, the momentum eddy 

diffusivity. 

Using a standard procedure, we define the U* ,4* , 

and p*  fields as the sums of mean and fluctuating components 
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U! ^ U. + u.   , 

and 

*'=* + ()) 

P' " P0 + P 

' :■ Now performing ensemble averaging, we obtain the conservation 

equations for the mean flow: 

and 

Mean Flow Continuity 

377 <V = 0 
D  J 

Mean Flow Momentum 

3  «V + w: (uiuj) 
jt 

3 [ (Wi      WA       
^15" + ^) " uiu: 

- ||- + ^ + s 

If it were not for the Reynolds stress term appearing in 

the momentum equation, the solution would be straightforward. 

The stress term can, however, be related heuristically to the 

strain rates of the mean flow through an eddy viscjsity e via 

the relation: 

       ,  Mi    "M 
-Vj -"iVk 6ij + e\^+ 3xi/ (6-4) 
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U 

or more  simply 

-SJÜJ = - I ukuk 6.. * cr.. (6.5) 

where 
3Ui       3U. 

rij  "  3x7 +   3xi 

is  the  strain rate  tensor.     With  this  relation we may  now 

rewrite   the mean  flow momentum equation  as: 

+  Qg     +   S (6.6) 

where 

U.U. 

p       v       3        2 

*") 

It now  remains  to determine  the  functional  form of  E   . 
Since we  are  about  to postulate   a  functional dependence  of  e 
on the   local turbulent kinetic energy,  we will now include 
the  turbulent energy  equation in our equation set. 

We  return to the  conservation equations  and obtain  an 

expression of the  following form: 
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^ »)  + 4 (U''B, = 
2  \3xk   äXj/ 

/äü—3ÜjT-7äü—Tun 
- 2 \3xk   »xj ^xk   SX^ 

-^ [uk (E + *)]+^T^ 

+ „_L_ ^_ (EI + ■^-  (üJüT) 

where 
u .\r 

«■4 

(6.7) 

The terms on the right represent work done by the mean flow 
against the Reynold's  stresses,  dissipation as heat,     (.t^)   , 
the effects of  fluid stratification on turbulent energy dis- 
sipation,   turbulent diffusion     (ED)    ,   and molecular diffusion. 
Henceforth,   the molecular diffusion term will be assumed 
negligible  as compared to the other  terms.     Using the relation 
coupling strain ra-es to stress we have: 

It <E>+ k 'v ■ I V:* 

luk(E+t)] (6.8) 
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At this point in time it is appropriate to examine the 

approach to be taken in solving the equation set. The attempt 

will be made to derive empirical expressions for the dissipa- 

tive and remaining diffusive term in the turbulent energy 

equation. Once this has been accomplished, the local eddy 

viscosity will then be postulated as functionally dependent 

at the least on the local turbulent energy, 

ü The diffusive term is relatively simple to approximate 

with a heuristic substitute.  Gawain and Pritchett, basing 

their arguments on dimensional and physical grounds, derive 

the following expression: 

l ! 

' 

' 

u.u 
uk-P+* --^H: <6-9) 3E_ 

rk 

so that the diffusion term in the turbulent energy equation 

becomes 

*   3 

D  ^ K) 
where y  in this case is a slowly varying function whose form 

is empirically derived from past experiments. An explicit 

expression of y will be given later. In a similar manner. 

the buoyancy term pIT -i  is set equal to -yE' ^5- 
J po j 

In order to develop expressions for turbulent Reynolds 

stresses, eddy viscosities, and dissipation rates, it is neces- 

sary to establish a "macro-scale" associated with the motion. 

Utilizing the fact that the flow characteristics at a point are 

influenced principally by the field inunediately surrounding the 

point, Gawain and Pritchett have derived a heuristic formulation 

for the macro-scale of the following form: 
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i i 

x2& = I2(x)/J2(x) 

I2(x)   = J       wCx,^')«4^')   dv' 
All 
Space 

J2(J)   = 
f              1 2       , 

wCx^x') nr«' (x-)     dv, 

All 
Space 

(x-x1)   •    (x-t-) 

/■*•    "♦"l  \ — [            x2(5)      J 
W(X,X    J 

111         I-         X  (x) 
^) 

Space 

»2 = l ^/iD 

dv' 

O 
(fl1)2 =Oß/3x,) Ofi/3x,) 

1 -M. 

(6.10) 

Note that A must be solved for in an iterative fashion, since 

it appears on both sides of the equation. The Gawain Pritchett 

scheme models turbulent energy dissipation to heat by: 

EH = ß(2E)
7/ö ,1/3    , (6.11) 

ß is similar to t, and will be defined later, 
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We now need only to obtain an expression for e and 

we will achieve a practical closure. One would expect that 

the eddy viscosit/ at a space time point would be somehow re- 

lated to the local turbulent energy density.  Also, it should 

depend on the macroscale at that point.  An appropriate dimen- 

sional combination of these quantities is 

aX(2E) 1/2 (6.12) 

This is the final relation needed to effect closure,  a, B, 

and Y are n». » defined as slowly varying functions which hav(i 

been determined from experiments and are expressed a." follows 

o = 0.065 {l + exp [- * - "1 

Y = 1.4 - 0.4 exp - (^ - 1) 

|- 3.7 1 + exp (6.13) 

where y is the distance to the nearest physical boundary from 

the space grid point and where y/X is never permitted to ex- 

ceed unity. 

The final hydrodynamic equations including the assumption 

that the thermal eddy diffusivities are equal to the momentum 

eddy diffusivities are: 

ki (0i'-0 

dx 

(6.14) 

r        /3U.   3U. \     3 

+ Qg. + S (6.15) 
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|_  (Q)+>        („.o,   - IJ-   [CXT^D)   |2-]+   .Q (6.16, 

'     (E)+ |    (u.E)   =  aX/2En2-ß(2E)7/6 J1/3 

3t       dX .    J 

3^ ^X/2*SxjJ 

- aYX/2E q, I?-      (6.17) 

In effect, Gawain and Pritchett's equations have been modi- 

fied to include a buoyancy term in the momentum equation in 

the vertical direction, and the effects of fluid stratification 

on turbulent energy dissipation. 

Note that the total energy equation carried through 

the derivation results in a final equation which is identical 

to Equation (6.3) with D being redefined to include both 

the molecular and turbulent diffusion coefficient. 

The source/sink terms in the equations may be used to 

include the effects of radiation losses, and surface friction 

losses.  In each case, the terms would be included using a 

prescription obtained from the literature. 

6.1.1 The Numerical Scheme 

In this section, the 2-D procedure used will be dis- 

cussed; the 3-D extension is straightforward.  The treatment 

of the momentum Equation (6.2) is explicit and second-order 

in space. Time derivatives may be specified as either first 

or second order by ;he user.  The direct calculation of the 
[34] 

pressure is avoided by the method of Chorin.     In this 
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method, "tentative" new velocities  (un+1,wn+ )  after a short 

time interval  (T)  are computed based upon the "old" veloc- 

ities (r/Sw")  using finite-difference versions of the niomentun\ 

equations, but neglecting the pressure gradient terms. Next, 

since a pressure field alone cannot impart rotation to the 

fluid, the true new velocities cannot differ from the "tenta- 

tive" values by more than a vector field which is the gradient 

of a scalar "velocity corrector potential"  *  : 

n+1 . Mi+1 + 3*       wn+l , ^n+l + |1 ,  (6#1|) 

Furthermore, the final new velocities must satisfy the con- 

tinuity condition: 

9un+1   Bw"*1   n (6.19) 
TS  + äi     0 

which, when combined with Equations   (6.17)   and   (6.18),   provides 

a Poisson    equation  for the    ip    field: 

>**       3^,.        3^n+1        3^n+1 (6  20) 
15^ + Ht = " "53^ li  (6-20) 

This equation is solved by an over-relaxed Gausc Seidel iter- 

ation procedure for *  ,  and then the final new velocities 

are determined using Equation (6.18).  The above procedure 

is first-order in time.  The code also allows a second-order 

time approximation by iterating twice on the above procedure. 

Upon completion of the solution for the new (updated) veloc- 

ities, the solution of the turbulent energy equation and thus 

the eddy diffusion coefficient may be obtained.  The energy 

is then updated based upon the new velocities. 
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An important property of this code is the treatment 

of the scalar fields.  An array of tracer particles is intro- 

duced which move with the mean flow, each particle has as- 

sociated with it values of each field Q .  To find values 

for these variables for a given computational cell, a "census" 

is taken of those particles within tne cell at the time and 

the mean particle-based value is used for the cell as a whole. 

Given the cell-centered values for Q , a time rate of change 

of Q due to diffusion and source terms (the right-hand side 

of Equation (6.16) may be computed for each cell.  Next, the 

particle-based values of Q  for those particles within the 

cell are changed at that rate for a short time interval At. 

Then, new velocities (u and w) are calculated using the 

momentum equations, and finally the particles are moved to 

their new posicions. 

The advantage of this procedure over more conventional 

techniques is that no "numerical diffusion" of the scalar 

fields can occur.  In ordinary Eulerian finite-difference 

schemes, it may be shown that high-order truncation errors 

in the finite-difference treatment of the advection terms of 

the scalar transport equation will inevitably produce ficti- 

tious diffusion-like effectsJ35l  In some procedures, this 

diffusion is always positive and smears the Q distribution; 

in others, it may be negative and cause computational in- 

stability.  The present procedure circumvents these difficulties 

by simply not calculating the advection terms explicitly, but 

instead treating advection implicitly (that is, by moving the 

marker particles). 

6.1.2 Boundary Conditions 

Both STUFF2 (2-D) and STUFF3 (3-D) allow several pos- 

sible boundary structures.  Any or all of the outer walls of 
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the grid may be set to simulate rigid, impermeable "free slip" 

walls, or  one may choose to make the x-direction periodic. 

The latter case will allow comparison with HAIFA calculations. 

Internal boundaries are managed by the introduction of obsta- 

cle cells with impenetrable walls. The obstacle cells may 

be placed in any number and arrangement throuytiout the grid. 

One sees then that topography is easily handled through 

judiscious arrangement of these cells. The last major feature 

presently incorporated is the provision for specifying any 

physically meaningful combination of outer walls as "planes 

of symmetry." Many problems encountered express some sym- 

metry properties.  Taking advantage of this feature of the 

code will allow considerable saving in computer cost since 

only a fraction of th<3 physical problem need be modeled. 

6.1.3 Initial Conditions 

The initial flow field and scalar fields must be 

specified in STUFF.  All scalar fields may be initialized 

in the following ways:  (1) one may construct a field by 

specifying a series of rectangular cell blocks at a given 

temperature or density, (2) one may construct the field via 

specification of a vertical profile of essentially arbitrary 

functional form, and (3) one may initialize via a series of 

Gaussian distributions throughout the grid.  With the at- 

tendant "flags" in the code, one may choose any possible 

combination of the above techniques to achieve the desired 

scalar field structure. 

The initial flow field also can be specified in several 

ways.  The prime requirement, however, is that no matter how 

pathological one wishes to be, the resulting field must be 

non-divergent. The simplest method of flow specification is 

that of a uniform flow in the x-direction.  If this is specified, 
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then the field will be derived from potential flow and the 

given boundary flow.  One may, as in the case of scalar fields, 

specify cell blocks as having given flow characteristics. 

The option is available for combinations of these blocks with 

the flow derived from the potential function to obtair a 
resultant field. 

In addition to the above options in specifying flow, 

STUFF contains an elaborate intake/exhaust system.  This 

system consists of groups of intake and/or exhaust cells which 

may be arbitrarily positioned throughout the grid.  They are 

true sources/sinks of mass, momentum, and energy; hence, one 

must be careful in constructing the system to insure conserva- 

tion of these quantities.  Through judiscious positioning of 

an intake system at the right edge of the grid and an exhaust 

system at the left edge of the grid, an upstream flow profile 

of essentially arbitrary structure may be maintained.  This 

feature is extremely useful in constructing velocity profiles 

which are z dependent. 

6.1.4 The Buffering Scheme 

STUFF3 utilizes a particle buffering scheme sucn that only 

a small fraction of the Lagrangian particle propertios occupy 

core storage at any one time.  The rest reside on mass storage 

devices in distinct batches.  They are retrieved, when required, 

recalculated, and subsequently returned, to mass storage. This 

method allows a certain degree cf machine independence, since 

the core requirements of the code are reduced drastically.  Cur- 

rently, STUFF3 has been utilizing a particle density of eight 

particles per Eulerian cell.  This results in a requirement of 

64,000 particles in a 20x20x20 cell grid.  Since each particle 

requires six storage locations for position, density, contami- 

nant and turbulent energy concentration, one sees that this 
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amounts to 384,000 required storage locations. Tc keep such a 

large amount of information in core would be prohibitively ex- 

pensive. 

With the advent of mass storage devices with high rates 

of information transfer, buffering schemes have become practi- 

cal, both from an economical and run time standpoint.  STUFF3 

stores the particle variables, associated with 500 particles, in 

core at one time. As a result only 3000 core locations are 

required to handle the particle-based information.  Since most 

accounting systems utilized by computer installations heavily 

weight core utilization, this technique results in marked 

economies.  The penalty one pays is in the resultant increased 

run times and a high use of the I/O channels to the peripheral 

devices.  Both of these factors increase the cost of a calcula- 

tion. 

Timing runs were made which indicated that the buffer- 

ing scheme was, indeed, adding substantially to run costs.  As 

a result, an examination of the code was made to determine if 

the part-.icles contained in core were being utilized to their 

maximum efficiency.  By alteration of the order of the particle 

calculation routines, it was found that the number of exchanges 

of particles between core and mass storage per time step could 

be reduced from 9,5 to 3.5.  The effect of this reduction has 

been to render run costs considerably less dependent on the 

buffering feature; the contribution currently is approximately 

15 percent.  The reason for this small value is that arithmetic 

calculations now dominate the time required to execute a time 

st.ap. Actual run time and cost have been reduced by more than 

30 percent on an average basis.  Larger grids yield larger 

relative saving. 
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6.1.5 The Macro-Scale Calculation 

Further optimization was centered around the calcula- 

tion of the local turbulent macro-scale length.  Since this 

requires three-dimensional integrations over all space and 

calculation of the components of the strain-rate tensor for 

every cell, a large fraction of the total run time can be 

attributed to it.  Two optimizing mechanisms were employed. 

The first was a rather straightforward implementation of a 

suggestion presented in Section 3.5, namely, that the char- 

acteristics of the local mean flow are influenced primarily 

by the quantities in the neighborhood of the point in question, 

and less by quantities further away.  This scheme was incorpo- 

rated into the optimization program as a limitation on the 

number of surrounding cells to be included in the spatial inte- 

gration.  This limit is established by the user, as an input 

number. 

The second scheme is suggested by the fact that the 

code is used to study the evolution of fluid flow from a non- 

steady tc steady-state configuration.  As the fluid progresses 

through the evolutionary sequence, one would expect that the 

local macro-scale also reach a steady-state since they are, 

in effect, dependent on the mean flow.  Also, we would not 

expect large changes in the eddy viscosity distribution unless 

the macro-scales have changed significantly.  The user speci- 

fies a value which he considers to represent a significant 

change from one time step to the next in the macro-i'cale dis- 

tribution.  If this value is exceeded on any time stop, then a 

complete re-integration occurs.  If not, then the eddy viscosi- 

ties are boosted at a rate which corresponds to the rate of 

change of the average macro-scale.  This procedure has the 

advantage of entirely eliminating the integration at late 

times resulting in correspondingly more rapid executions of 

each time step. 
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6.1.6 Numerical Method 

STUFF3 is a mixed-mode hydrodynamics code in which both 

an Eulerian and Lagrangian matrix representation exist concur- 

rently.  In general, mixed-mode codes attempt to minimize the 

inadequacies of one representation by combining the best fea- 

tures of both.  This usually results in some or all of the 

field variables being carried in both representations (i.e., 

available in either particle or cell based quantities), with 

one or the other being utilized as the solution progresses, to 

evaluate the various terms appearing in the differential equa- 

tions.  At some point there must exist an exchange of data be- 

tween the two such that each may be able to exert a "correc- 

tive" function upon the other.  It is through this mechanism 

that distortions in the Lagrangian net, such as those due to 

high amplitude waves, can be minimized and that artificial 

diffusion in the Eulerian sense is greatly reduced. 

Before examining the data exchange routines of the STUFF 

code, a discussion of the allocation of the dynamic variables 

between the two representations is in order. 

All of the scalar fields (density, contaminant concen- 

tration, and turbulent energy) are assigned to both represen- 

tations, while the vector fields (in our case this is just the 

velocity field) are associated with the Eulerian grid alone. 

All changes in the distribution of a scalar dynamic variable 

are reflected in changes in the particle based values during 

a time step.  At the completion of the evaluation of all dif- 

ferential terms, the Eulerian quantities are assigned the 

"average" of the values associated with particles contained 

within the cell.  This censusing of the particles is one of two 

exchanges of data in the STUFF code.  The purpose is primarily 

to replace the explicit Eulerian evaluation of the scalar 

advection terms with a more accurate Lagrangian one.  In this 

6-18 

mmmmm^^mm—-.    



SSS-R-75-2556 

manner, the errors induced by artificial diffusion are avoided. 

This censusing procedure is defined more explicitly below. 

The second exchange of data takes place in the calcula- 

tion of the scalar diffusion tenuc  These terms use both 

particle and cell based values. 

Perhaps the best method to describe the numerical tech- 

niques of STUFF3 is to detail the steps of a typical cycle of 

calculation. 

Leaving the question of initialization to Section 6.1.6.1, 

we assume that sufficient data are available tc begin a time 

step.  The calculational sequence is as follows: 

Calculate the local eddy viscosity. 

Evaluate source and diffusion terms in the 
scalar equations. 

Partially update particle-based scalar vari- 
ables by addi^c source and diffusion terms. 

Solve the momentum equations utilizing 
method of Chorin. 

Move the particles with the new velocity 
field and evaluate the scalar advection 
terms. 

Remove or add particles as needed to account 
for sources or sinks of mementum. 

Establish new cell-based values from a 
particle census. 

Advance the time. 

Honor output requests. 

A basic flow diagram is shown in Figure 6.1. 

STEP 1 — Calculation of the local eddy viscosity. 

The local eddy viscosity is calculated in routine 

EVMAKE.  Additionally, the turbulent energy source terms in- 

volving ß and J are calculated and stored in temporary 

storage.  The diffusion-limited time step is also calculated. 

Finally, a "boosted" eddy viscosity is constructed for use in 

the momentum equations.  This quantity is the larger of the 
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true eddy viscosity and a "stability" viscosity.  The latter 

is the smallest viscosity needed to stabilize the weak insta- 

bility arising from the finite difference operator used in the 

momentum equation.  The sole purpose of this procedure is to 

insure computational stability. 

The calculation of the eddy viscosity requires a know- 

ledge of the local macro-scale distribution.  Hence, EVMAKE 

calculates this as well.  At this point a feature of the p e- 

viously described code optimization is introduced.  A value is 

assigned by the user which is a measure of the error that will 

be tolerated in the eddy viscosity calculation.  The average 

macro-scale of the grid is calculated on each cycle.  In order 

for the local macro-scale to be spatially integrated, the cur- 

rent average macro-scale must differ from the previous one by the 

given significance level.  If the test fails, then the old 

local eddy viscosities are boosted by an amount corresponding 

to the rate of change in the average macro-scale.  This pro- 

cedure is found to give excellent results in rractice, showing 

good agreement with the continuous integration procedure.  The 

largest deviation appears in regions of abrupt changes in the 

boundary, as would be expected. 

The user may also specify the maximum extent of the 

spatial integration of  I2  and J2 .  This allows substantial 

reduction in computing time with only a moderate loss in accu- 

racy since the integrands fall off strongly at larger distances. 

STEP 2 — Evaluation of scalar source and diffus.i-on terms. 

In this calculation the cell-based scalar field values 

and eddy viscoMty distribution are utilized to construct the 

diffusion term contributions to the scalar equations.  To these 

terms are added any scalar source terms arising from sources or 

sinks.  In the case of turbulent kinetic energy, the sources 

calculated in routine EVMAKE are included.  rhe result is to 

create an effective "source" rate for each of the cells.  This 

is stored temporarily for use in the next step. 
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STEP 3 - Partial update of particle scalar quantities. 

Some difficulty is encountered in using the diffusion 

and source rates t& update the particle scalar quantities for 

a time At . The diffusion and source rates are cell-centered 

quantities. A first approximation would be to apply a single 

rate to all particles falling within the confines of one cell. 

This procedure leads to computational difficulties as seen in 

the following figure. 

Ax, 

.; 

' 

The ordinate represents the local value of the scalar 

variable while the absissa is marked off in cellular intervals. 

The dashed lines represent cell-based values of the scalar 

while the solid line traces through the particle-based distri- 

bution.  The arrows represent the increase or decrease of 

particle-based values when the net "source" rates are applied 

to the particles falling within each of the cells.  One sees 

that in many instances a universal application of cell-based 

rates to the internal particles could result in some particle- 

based values going negative.  As a result of this, a weighting 

technique was developed which drives the average particle value 

to what would be the new Eulerian value but also drives the 

particles which deviate most from the norm at the fastest rate. 
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STEP 4 — Solution of the momentum equations. 

Utilizing the boosted eddy viscosity calculated in 

Step 1 and the old velocity field, the subroutine MOMENT 

determines the resultant new field.  The procedure is to first 

calculate the diffusion terms and store these in temporary 

storage.  Next, the advection terms are calculated and tempo- 

rarily stored.  Finally, the buoyancy term is determined.  A 

resultant tentative velocity field is then determined by 

applying the calculated rates for a time At . This velocity 

field is then utilized in the Poisson equation solution for 

the corrector potential.  Finally, the resulting corrector 

potential is utilized to update the tentative velocities to the 

true new velocities as in Eq. (6.18).  In order to achieve a 

second order accurate time differencing scheme in the momentum 

equation solution, a second iteration on the above procedure is 

carried out with the old" velocity field being replaced by an 

average of the true old velocity field and the one just calcu- 

lated.  It is found that this second iteration is not very 

costly in terms of increasing total cycle execution times. 

This is not obvious nince the Poisson equation solution requires 

an iterative procedure in its solution.  It turns out that an 

over-relaxed Gauss-Seidel procedure produces quite rapid con- 

vergence.  Additionally, a conservative value of the Courant 

number also aids in rapid convergonce. 

STEP 5 — Move the particles. 

Once the new velocity field is determined, the evalu- 

ation of the scalar advection terms is carried out.  This ii 

done by moving the particles at their local velocicy for a 

time  At .  The local velocity is determined from two consid- 

erations:  first, the time centered velocity field is used, 

and second, an interpolation scheme is used to determine the 

velocity appropriate to the position of the particle. 
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STEP 6 - Add or delete particles to account for sources of 
momentum. 

Lagrangian marker particles must be added or removed 

as necessary from the calculation as the fluid element in 

which they reside is swept into or out of the computational 

mesh.  Additionally, the discrete representation of the veloc- 

ity field will sometimes result in particles being moved into 

internal obstacle cells accidently.  These conditions aro 

handled in two ways depending on the boundary conditions. 

If the cyclic boundary option is specified, then 

particles swept out of the downstream side are reinserted at 

the upstream side and complete their movement for that time 

step.  Any particle accidentally being moved into an obstacle 

region io placed at the position it occupied before the move- 

ment.  Ihis insures a constant number of particles within the 

fluid. 

If an a priori boundary condition is specified, then 

particles which are swept out of the downstream side are 

flaggsd as deleted in their respective batches.  The vacant 

space then becomes available for the insertion of new particles 

generated by fluid entering on the upstream side, or from in- 

terior sources of momentum.  New particles are given scalar 

values characteristic of the source from which they emerged. 

Presently, the code deletes all particles which are acciden- 

tally moved into an interior obstacle when the a priori bound- 

ary condition is specified.  This tends to reduce the number 

of active particles slightly but produpes little alteration 

of results when compared to the repositioning method. 

All of these calculations occur in routine PMOVE which 

also performs the search of the particle batches for particles 

flagged as deleted.  It then packs the batches eliminating the 

deleted particles and inserting any newly generated ones into 

the vacancies. 
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STEP 7 - Establish new cell-based values. 

With the completion of the movement of the particles, 

the equations effectively have been solved at the new time. 

The task remains, however, to generate the new cell-based 

quantities.  These quantities are required in the calculation 

of additional time steps and are desired in the editing of 

problem results. 

The cell-based quantities are calculated In routine 

CENSUS which utilizes essentially the same procedure found in 

the MAC method.1361 Each particle is visualized to extend 

Ax./N in each of the cellular dimensions and to have a scalar 

value throughout this volume equal to the value attributed to 

the particle.  N is the cube root of the particle density. 

The result is to smooth the distribution and to reduce the 

likelihood of large discontinuities arising from particle 

clumping.  The CENSUS routine determines the fraction each 

particle donates to each cell.  These contributions are summed 

and normalized to yield a resultant cell-based distribution. 

Finally, CENSUS checks to insure that no cell is empty of 

particles.  If any are found in this condition, tuen the cell 

value is given the averaged value of all the adjacent cells. 

This rarely happens in runs where the particle density is 

eight per cell or greater. 

STEP 8 — Advance the time. 

The time is now advanced so that a new cycle can begin, 

Several stability criteria representing different terms in the 

equations limit the size of the time step. 

In order to avoid the problems associated with having 

to introduce more than one set of source particles per time 

step across any boundary of the domain, the stability number 

is restricted to values of f < 1/N .  This allows consider- 

able coding economy and does not restrict the allowable time 

steps too severely. 
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The stability criterion in explicit schemes requires 

a restriction on At due to diffusion.  This is calculated in 

routine EVMAKE and has the following form: 

At <|F 

Ax2   Ay2  Az2 

where Ax, Ay, Az represent cellular dimensions,  e  is the 

local eddy viscosity, and f is a stability number sue that 

0 < f < 2 . 

Another stability criterion incorporated into STTJFF 

reflects the stability associated with the propagation oi  in- 

ternal waves.  In order to ensure stability in this case, we 

require 

At < fAx/c 

where Ax is the smallest dimension of the cell,  f a stabil- 

ity number, and c the internal wave phase velocity given by 

:2 = g i- A*; 
2IT 

where X  is the largest wavelength of the generated internal 

waves,  g the gravitational acceleration and A^ the maximum 

fractional variation in density across the cell interfaces. 

X , in effect, is a free parameter to be chosen a priori from 

past experience with waves arising in fluid flow problems. 

Its value is not critical for most cases. 
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Finally, the stability condition for the advection 

scheme can be expressed as follows: 

At < 
u n+1 + /u n-H tü^V + 2fAx 

3U4 

W 

3U 
^t 

n 

Account has been taken above of the possible increase in veloc- 

ity during the anf icipated time step. 

The final resultant time step to be used in the next 

increment is chosen to be the most restrictive of the four in- 

equalities presented above. 

STEP 9 — Honor output requests. 

Requests for edits of output data can assume three 

forms:  (1) requests for a printer dump of all variables of 

interest including vector and scalar arrays, (2) requests for 

printer plots of the velocity and scalar fields? an option is 

to be specified by the user of which particular variables are 

desired.  The plots are depicted as if one were looking down 

from the top onto the model and successively removing layers 

of cells.  Finally, (3) a tape dump may be made for the pur- 

poses of saving the variables for later use, such as a restart. 

This completes a calculational cycle in STUFF3.  We 

next discuss the initialization of a problem.  The options 

available for starting a calculation are outlined below. 

6.1.6.1 Initialization 

The Velocity Field — Three methods are available to 

the user in specifying an initial configuration.  The first, 

which is of limited use, involves the determination of the in- 

ternal momentum distribution from potential flow and specified 

6-27 

— ■ 



SSS-R-75-2556 

boundary flow.  This method requires the assumption that the 

boundary flow must be irrotational.  This corresponds to an 

input flow uniform in z    with no differential cross flow, a 

condition not likely to be found in atmospheric studies. 

A second technique is to specify the velocity in the 

x-direction to be periodic and proceed as above.  This has the 

advantage of uniquely determining the flow.  A proper boundary 

condition is also imposed at the downstream grid face which 

does not introduce flow disturbances.  However, this technique 

is of doubtful usefulness in 3-D codes since large numbers of 

downwind cells are required so that wrap around effects do not 

become significant.  This approach becomes prohibitively ex- 

pensive in realistic situations. 

The third method appears to be the most useful for 

mountain wave problems.  This involves the usage of the cor- 

rector potential-velocity relations expressed by Eqs. (6.19) 

and (6.20).  The procedure is to use the best guess of the 

ambient field available.  This will be in considerable error 

near highly convoluted regions and the divergence will prob- 

ably be non-zero.  This field is then utilized as a source 

term of the Poisson equation to derive a corrector potential 

which, when combined as in Eq. (6.20) with the guessed ambi- 

ent field, will result in a field which is non-divergent and 

preserves the vorticity distribution of the origin?! guess. 

This procedure gives realistic ambient fields, and although 

they are not unique, they have represented excellent starting 

fields for several test cases.  This method will allow the 

specification of essentially arbitrary z-dependent u-velocity 

profiles.  Cross winds are also allowed. 

6.1.6.2 The Grid 

The grid utilized by STUFF 3 is pictured in Figure 

6.2.  For computational efficiency and boundary condition 
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Figure 6.2 - Cross-section of STUFF3 grid with interior and 
boundary obstacle cells.  One interior cell 
represents a source of momentum.  Flow has been 
specified to the right via the a priori imposed 
boundary flow. 
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application, the true grid is surrounded on all sides by a 

layer of border cells.  The velocities at the interior faces 

of these cells can be assigned to apply various boundary con- 

ditions on the flow.  Work has been completed to incorporate 

outflow boundary conditions utilizing extrapolated internal 

values.  This procedure is equivalent to the setting of the 

second derivative of the normal component to zero, thereby 

minimizing the disturbing effect of the boundary on the in- 

ternal flow. 

Boundary cells and interior obstacle cells are flagged 

with a value of zero in the grid-defining array, FULL(I,J,K). 

Any cell characterized by zero (meaning zero fluid) is assigned 

velocities associated with its interfaces at problem generation 

time.  This allows interior obstacle cells to act as ducts 

through which fluid can be removed from or injected into the 

system, i.e., these become sources or sinks of momentum. 

The particles are initially distributed within the grid 

at a specified density (in terms of number of particles (N) per 

cellular dimension).  Hence, a three-dimensional problem will 

have N*  particles per cell.  The initial spatial distribution 

within the fluid filled cells is seen in Figure 6.3. 

The indexing notation used to access the various scalar 

and vector quantities is shown for an arbitrary i,j,k cell in 

Figure 6.4.   All scalar quantities are cell-centered with i,j,k 

referring to the cell center coordinates.  Velocities are inter- 

face quantities with the u,v,w components of a cell being de- 

fined on the i+h,   j+h, and k+>» faces, respectively. 

6.1.6.3 Procedure in Updating Particle Arrays Due to Source and 

Diffusion Terms 

In a purely Eulerian scheme the updating of the field 

variables due to diffusive contributions is straightforward. 

6-30 

    i .- ^_^^. 



Li 

SSS-R-75-2556 

• 

r 
Ay/4 

•- Ax/4 -+ Ax/2 

Ay/2 

Ax/4 

Ay/4 

i 
• 

Figure 6.3 - The distribution of particles within a given cell, 
The third dimension is not shown but exhibits the 
same symmetry.  N is 2. 
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Figure 6.4 - Notation utilized by STUFF.  An xy cross-section 
is shown taken through the cell center.  Scalars 
are cell-centered quantities. Vector components 
are interface quantities. 
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Utilizing the standard centered difference operator, the cell- 

based quantity tends with time to a value more in equilibrium 

with its neighbors.  Since STUFF utilizes the Eulerian-based 

diffusion rates to modify the particle-based values in the 

cell, it is possible, using an average rate, to force values 

associated with some of '.he particles, negativ3. While a sub- 

sequent census would yield a cell-based value in agreement 

with the purely Eulerian method, discontinuities may develop 

when these particles undergo subsequent advection. For ex- 

ample, some of the negative particles might be moved into 

cells in which they are the sole contributors. A subsequent 

census would then yield negative cell-based quantities.  In 

order to avoid this problem a smoothing function was developed 

which preferentially modifies particle values and reduces the 

variation from the expected Eulerian value. 

This function should be related to the local curvature 

in the field.  Also, it should be functionally dependent on 

the strength of the diffusive coefficient and the time interval 

over which it can act. After much experimentation, the follow- 

ing form was selected: 

Qn+1 = Qn -'PART  
U
CELL MQ? ^n 

RT '" QCELL] e-AtSe + At 
3Q 
at 

where Q represents the field variable,  PART and CELL refer 

to particle and cell-based values, respectively.  € represents 

the sum of the turbulent eddy viscosity and molecular diffusion 

coefficients, and S is related to the field shape by: 

E(li-)! 
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where the summation range over all cells, and the derivatives 

are approximated by standard cell centered finite difference 

operators.  The last term involving -g^ represents the rate of 

change due to diffusion and sources and is determined from all 

based quantities at t *= tn as is the S factor. 

Once the particles have been movei to their final 

positions for the current time step, a census is carried out 

to determine the resultant cell-based values so that a new 

time step may commence.  For the purposes of the census, each 

particle is considered to fill a finite volume, whose dimen- 

sions are given by Lx^  ■ AX^/N .  Ax.  is the particle dimen- 

sion in the ith direction,  AX.  is the cell-dimension in the 

ith direction, and N is the cube root of the particle den- 

sity per cell.  This description is defined graphically in 

Figure 6.5. 

The calculation of the cell-based quantities now be- 

comes a series of summations, whereby the value for a particu- 

lar cell is given by: 

L ♦PART, • dvi 
* CELL 

Edvi 

where ♦  is the scalar variable with PART and CELL refer- 

ring to particle and cell-based values, respectively, dv. 

is the part of the volume of particle i falling within the 

boundaries of the given cell. 

6-34 

—'-—■" -..-....: ■ ---^ 



^^-■^"■~ 
1 ^^■■mMpcw 

SSS-R-75-2556 ] 

i 

■ 

Ax. 

AX; 

vrrffyiynmn 

t  

mMmk 

i 
Ax2  ■  Ax2/2 

Axi  =  AX./2 

Figure   6.5    - A cross-section of Eulerian cells  containing 
a particle  "cube".     In this example,   particle 
density is  8/cell,   hence    Ax.   ■  Ax./2  . 
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The scalar advection terms are calculated through the 

actual moving of the particles.  After the completion of this 

procedure a census is taken to establish the new cell-based 

values.  This results in an evaluation of the advection terms 

which is free of artificial diffusion. 

Some errors are introduced by this scheme, however. 

While thay are much less significant than those found in the 

method they replace, they should be noted. 

Each particle in the fluid should be advected by the 

fluid,,  In order for this to be the case, the instantaneous 

velocity of the particle must be the local velocity of the 

fluid.  A finite difference scheme can only approximate the 

velocity field at each space-time point.  As a result, the 

velocity which they experience is some interpolated value 

between locally defined values.  Once this value has been 

determined the particle is moved at this velocity for the 

time At . 

Two types of errors are introduced.  The first results 

from the fact that the calculated instantaneous velocity of 

the particle is an interpolated one.  The resulting error will 

be small if the Eulerian grid is of the proper resolution to 

adequately resolve the problem.  A second error is introduced 

when the particle is moved at the constant velocity for a time 

At . Actually, the local velocity is a function of t . The 

magnitude of this error is still significantly less than the 

scheme being replaced, however. 

In order to insure that the scheme is second order 

accurate in time, the time centered velocity field is utilized 

for the particle movement. 
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6.1.7    Sample Calculations 

Test problems have been completed using the STUFF code 
in both a two-dimensional  and three-dimensional  configuration. 
The problems give an indication of the code's capabilities to 
treat flows over mountains.    Two-dimensional problems were 
calculated for flow over a rectangular obstacle,  and the results 
were compared with HAIFA.     The agreement was good with no 
significant differences showing up in the results. 

A typical  three-dimensional test problem was constructed 
for the STo'FF code.     The problem was also configured so as to 
simulate flow over a rectangular obstacle  in a vertically 
stratified atmosphere.    The Gratification was represented via 
a Boussinesq parameter distribution corresponding to a tempera- 
ture lapse rate of one-half the dry adiabatic lapse rate.    An 
input flow profile corresponding to 

U(y)   =   (10 + ü.02y)  m/s 

was included.  No cross-winds wire specified in this problem 

but the option has been checked out in a separate calcula- 

tion. The obstacle consisted of a rectangular block one cell 

high, two cells wide and one cell long, where each cell in the 

grid represents a cubical volume 1 km on a side. The grid 

extends eight cells in the horizontal direction and five in 

the vertical.  Since the input flow is uni-direcf.cmal, problem 

symmetry exists about a plane which bisects the obstacle, in 

the direction of flow.  For this reason, the symmetry nandling 

capabilities of STUFF were utilized. The obstacle was placed 

against the near side of the grid in the bottom cell layer 

close to the left edge. The obstacle reduces to one cell in 

the symmetric case.  The results of this problem, after 50 

iterative cycle«, are given in Figures 6.6 through 6.8. These 

results present the velocity flow field over and around the 

obstacle. As noted in the figures, acceleration of the flow 
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around the obstacle is much more evident than the acceleration 

over it.  It is necessary to point out that these results are 

only a summarization of the flow field lifted from the computer 
printout after 50 calculational cycles. 

6.1.7.1 Treatment of Advection - Viscous Wave Calculations 

Numerical diffusion errors can have profound effects 

upon the solutions obtained using hydrodynamic codes. As an 

illustration, a laminar internal wave problem was rolved 

twice; once using the STUPF 2-D code and once using a conven- 

tional Eulerian finite-difference scheme. The case considered 

was that of the oscillation of a viscous-damped internal wave 

in a channel of unit height acted upon by a unit downward 

gravity acceleration (SM Figure 6.9). The wavelength was 

equal to two, and the fluid's molecular kinematic viscosity 

(v) was 5 x 10-\ yielding a Reynolds number of about 50 

(NR - A
2/Tv, where A = amplitude, T = period, v = kinematic 

viscosity), m the upper portion of the fluid, the density 

was 0.95 and in the lower portion 1.05, as shown; initially, 

the fluid was motionless. To isolate the effects of numerical 

diffusion, the thermal diffusivity (i.e., "density diffusivity") 

of the fluid was set to zero. Thus, in principle, the density 

of a particular fluid element should never change through the 

calculation, and the interface between the two regions should 

remain sharply defined. For both calculations, a 20x20 com- 

putational mesh was used, and the time step was fixed at 0.05. 

The same finite-difference procedure was used for both calcula- 

tions, except that the density transport equation in one case 

was treated using the STUFF Eulerian-Lagrangian particle 

techniaue.  In the other calculation, a conventional pure 

Eulerian "donor-cell" first order scheme was applied.  This 

latter procedure is in common use in many operational codes 
(see, for example, Hirt and Cook1371). 
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Figure 6.10 shows the evolution with time of the density 

field.  As can be seen, in the STUFF calculation the density 

interface remains sharp (i.e., one computational cell thick) 

whereas in the purely Eulerian calculation the interface dif- 

fuses more and more widely as time goes on.  Figure 6.11 shows 

the density distribution along the left-hand edge of the grid 

(x « 0) at t « 25 for both cases; by this time, the Eulerian 

procedure has "smeared" the interface over a vertical region 

comparable to the wave height itself.  This "smearing" of the 

density field, in turn, affects the overall fluid flow pattern. 

Figure 6.12 shows, as a function of time, the height of 

the interface along the left-hand edge of the grid.  In the 

Eulerian case, the interface height was taken as the height 

where p ■ 1.0. Agreement is fairly good out to t = 7 or so, 

but, thereafter, the "natural period" of the oscillation in 

the pure Eulerian calculation begins to increase with time. 

If the Eulerian calculation were carried further, the "numeri- 

cal diffusion" effect would eventually homogenize the density 

field completely; thus the buoyant restoring force would be 

lost and the natural oscillation period would become infinite. 

In the STUFF calculation, the period remains essentially con- 

stant since the n'unerical procedure automatically precludes 

"numerical diffusion." 

6-43 

UMHM - ..:*.    ^. . ^  . ^.. . 



m m mmm^mmtmmm m . wmmmimmmm ^mm^mmm 

EULERIAN/LAGRANGIAN 

e - 3.is 

SSS-R-75-2556 

PIKE   EULERIAN 
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Figure6.10 "Evolution of the density field with time - 
laminar internal wave test problem (contour 
levels:  p = 0.96, 0.97, 0.98, 0.99, 1.00, 
1.01, 1.02, 1.03, 1.04). 
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APPENDIX A 

DERIVATION OF BOUSSINESQ EQUATIONS 

The conservation equations governing macroscopic fluid 

motion are frequently simplified fci problems of thermal con- 

vection by introducing certain approximations which are at- 

tributed to Boussinesq.  These approximations can best be 

summarized by 

(1) fluctuations in density which appear 

with the advent of motion result prin- 

cipally from thermal (as opposed to 

pressure) effects, and 

(2) in the conservation equations of mass 

and momentum, density variations may 

be neglected except when they are 

coupled to the gravitational accelera- 

tion in the buoyancy force. 

These approximations are examined in the derivation of equa- 

tions presented below. 

The general equations of mass and momentum conserva- 

tion are 

^ß- - -pV'V CA.l) 
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.dV p3t " ^P+^P - Pgk  . (A.2) 

For purposes of this derivation the viscous stress tensor P 
will be dropped from the equations.  The equation of state 
will be assumed to be of the form 

P " P(p,T)  . f.A.3) 

The basic approximation to be made may be examined by the fol- 
lowing procedure: 

(1)  Let f represent any one of the state variables. 
It will be expressed in the following form 

f " fm + fo^ + f,^,z,t) (A.4) 

where 

. 

) 

fo^ 

fU.Zft) 

space average of f 

variation of f in the absence 
of motion 

fluctuations in f resulting 
from fluid motions. 

(2)  If a scale height is introduced as 

H(f) - 1  dfo 
CA.5) 

o a the basic approximation is that the fluid be confined t 

layer whose thickness, d ,  is much less than that of the 
scale height  (d << H) . 

A-2 
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In particular, Eq. (A.5) implies that d/H(p) << 1. On inte 

grating this latter condition over the layer, one concludes 

that 

^ = e « 1 (A.6) 

.- where Ap  is the maximum Variation of p  across the layer, o o ' 

It is also required in non-linear investigations to 

make the additional restriction that the motion induced fluc- 

tuations do not exceed, in order of magnitude, the static 

variation, i.e.. 

21 
P m 

i 0(e) (A.7) 

Condition A.7 must be verified a posteriori from solutions 

of the problem.  In the absence of motion and introducing 

Eq. (A.4), the vertical component of Eq. (A.2) is 

3Po 
TT -gPm  - gP0 

(A. 8) 

Introducing the hydrostatic relation into Eq. (A.2), we have 

P
(IT 

+ v,vv/ - -Vp' - gp1 k  • (A.9) 

We may introduce Eqs. (A.4) and (A.6) into the continuity 

Eq. (A.l) to obtain 

V.«v ■ (IT + H( AP. 
el 
AP, 

0(e2) (A.10) 
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Hence to order e , Eqs. (A.9) and (A.10) may be written 

IT + v,Vv • - r Vp, " «cfe-* (A.ID 

v v" • 0 (A.22) 

In Eq. (A.11) we have retained the term geCp'/^P ) k even 

though it contains e as a factor. This procedure is 

necessary if we are to study convection problems in the 

Boussinesq approximation, and the following justification may 

be made:  The quantity ^ measures the characteristic 

acceleration of the fluid. Now the system is driven by 

fluctuations of the density field, and hence we must insist 

that the characteristic acceleration be of order  (gep'/Ap ) 

This, in turn, forces the conclusion that the acceleration 

of gravity is always much greater than the characteristic 

acceleration, i.e.. 

Ap0    [c  5tj 
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APPENDIX B 

LISTING OF THE DRAG PROGRAM 

. i 

Two subroutines have been developed for the RAND Mintz- 

Arakawa two-level GCM, and they are presented in this Appendix. 

Subroutine DRGSET is called once for each calculation and need 

not be repeated every GCM cycle.  The second subroutine, WVDRAG, 

is called every cycle (or every nth cycle) and performs the 

calculation of the net stress gain in each level in nt/met2. 

The variable names were chosen to be as consistent with the 

GCM as possible. 

. 
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