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Checking metamathematical proofs !

SECTION | INTRODUCTION

This paper tepresents a fust attempt at the axiomanization of the metamathematics of - first order
theory and at using the new proof checher FOL (Fist Oider Logic). The logic which FOL checks
ts described in detail in the user manual for this program, Weyhrauch and Thomas 1374, It s basec.
on a system of natural deduction described m Prawiz 1965, 1970,

Our mouvation v axiomatizing the metamathematics of FOL was the desire to work on 1in
example which could be used as a case study for projected features of FOL and, at the same tirie,
had independent interest with 1espect to tepresenting the proofs of signtficant mathematical results
to a computer.

The eventual ability to clearly expiess the theorems of matheinatics to a computer wiil require the

facility to state and prove theorems of metamathematics. T here are several clear examples:
a. Axtom schemas. How exactly do we express that
P(B) A Vn.(P(n) 2 P(ne})) > YnP(n)

Is an axtom t«chema? We need to say: "If for any furst order sentence P with one free variable y we
denote by P(n) the formmla obtained from P by substituting n for y assuming n ts free for y in P,
then the sentence

P(B) A ¥Yn.(P(n) > P(n+i)) > ¥nP(n)

i$ an axiom of arithmetic”,

b. Theorem schemas. ‘The following kind of "theorem” is sometimes seen in set theor)' books
Yxb . xn S. 3T Vu (<xi,..xnd€T = 3y (xl,..xn,y>€S)).

It asserts the existence of some particular projection of nel-tuples. In its usc:al formulation this is
not a theotem of set theary at all, but a metatheorem which states that, for each n, the above
sentence 15 a theotem. We do not know of any implementation of first order logic capable of
expressing the above notton m a straightforward way.

¢. Subsidiary deduction r1ules Below we show how to prove that if thete Is a proof of Vx y WFF then
there ts also a prouf of Vy x WFF, where WFF 15 any well formed formula. We chose this task because
it seemed simple enough to do, and 1s a theorem which may actually be used. The use of
metatheorems as rutes of infrience by means of a reflection principle will be discussed in a future
memo by Richard  Weyhrauch.  Eventually we hope to check some more substantial
metamattiematical theoreimg

d. Interesting mathematical theorems. We presen 'wo examples. The first is any theorem about finite
groups. The notion of fimte group cannot be wi'ined in the usual first order language of group
theory  Thus many "theorems” are actually metatheorems, unless you axiomatize groups in . at
theory. The second theorem is the "duality principle” in pro jective geometry.
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SECTION 2 THE AXICM SYSTEM

In this section we present two axiomatizations of the metamathematics of first order logic. The main
difference between them is that one is done in a many sorted first order logic and the other not.
These axiomatizations represent an attempt at experimenting with proofs about properties of
formulas and deductions. No effort has been spent on guaranteeing that the axioms are
independent. It would not only have been uninteresting but also contrary to our basic philosophy.
We wish to find axioms which Haturally reflect the relevant notions. At the mornent this
axjomatization Is far from being in its final form. Neither the extent of the notions involved nor the
best way ol expressing them is considered settied.

Section 2.1 The sorts

The sorts we have defined correspond to the basic 7otions of the metamathematics ie. terms,
formulas, individual vanables, logical symbols, funct:on symbols etc. and to the notions of the
domains (strings and sequences of strings) in which the axiomatization has been defined. FOL (see
Weyhrauch and Thomas 1974) allows the declaration of variables to be of a certain sort. In the
formulas appearing in this paper the following declarations are assumed:

ggl g2 g3 g4 ¢S g6 range over the most general sort

8q 511 692 593 594 sq5 sqb ¢ SEQ (SEQs are sequences of strings)

pf pfl pf2 13 pfd ptS pf6 € PROOFTREE (PROOFTRees are sequences representing
derivations in FOL)

s sl s2 s3 54 s5 s6 ¢ STRING (STRINGs are strings)

ttl 12 13 14 15 16 ¢ TERM (TERMs are strings representing terms)

x x1 x2 x3 x4 x5 x6 ¢ INDVAR (INDVARs are strings 1epresenting i.ndlvldual
variables)

ol ol @l2 el3 ol4 8l5 el6 ¢ ELF (ELFs are strings representing elementary
formulas)

f 11 12 13 14 5 16 ¢ FORM (FORMSs are well formed formulas)

th thl th2 th3 (h4 thS thé ¢ BEW (BEWs are theorems of a first order theory)

A Al A2 A3 A4 A5 A6 ¢ AXIOM (AXIOMs are axioms of a particular theory)

€0 cl ¢c2 ¢3 ¢4 ¢5 ¢6 € INDCONST (INDCONSTs are individial constants)

o al 22 a3 24 25 a6 ¢ ATOM (ATOMs are the individual constituents of a string)
nnl n2 n3 nd n5 k €INTEGER |NTEGERSs are integers)

nc nel ne2 ne3 ncd ne5 nc6 ¢ NUMERAL (NUMERALS are numerals)

e,
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sy syl sy2 sy3 syd sy5 sy6 ¢ SYM (SYMs are Iogrcal cymbols)
np npl np2 np3 npd np5 npb ¢ N_PLCSYM (N_PLCSYMs are symbols which have an arity)
fn tnl n2 tn3 fnd In5 fn6 ¢ OPCONST, (OPCONSTs are function symbols)
P Pl P2 P3 P4 P5 P6 ¢ PREDCONST; PREDCONSTs are predicate symbols)

the partial otder between these sorts s defined by the followtng FOL declarations:

MG SEQ > { STRING , PROOFTREE } ;

MG PROOFTREE 2 { FGRM }:

MG STRING > { TEPM , FORM , ATOM , VARSTRING } ;

MG TERM > | INOVAR |

MG FORM > | ELF SENTCONST , PREDPARD , AXIOM , BEW ] ;

MG BEW > { AXIOM |

MG ATOM > { INDCONST , SENTCONST , SYM , INTEGER , N_PLCSYM ,

INDPAR , INDVAR , AUXSIGN , PREOCONSTE , PREDPARE };
MG 'NDCONST 3  HUMPRAL }
MG 3YM > { QUANT , SENTCONN } 3
3 MG N_PLCSYM 2 { PREDCONST , OPCONST , PREDPAR } 3

R S L T T T ¥ L T —————e T @ T e
7 R

Sorts are always predicates with one aigument. The declaration

i

MG SORTI » { SORT2 , , SORTn }

should be read as SORTI ts mare general than SORT2,.,SORTn and corresponds to the implicit axioms

Vg SORTI(g)>S0RT I (g),

Vg .50RTn(g)>SORT (g).

The fist dectaration, for instance, says that strmgs and derivations are particular sequences of
formulas Sty s are i fact sequences of lengtl 1 and dertvations are those sequences satisfying the
predicate PROOFTREE.

Section 2.2 The domain af representation of the metamathematics

The haac nottons of the metamathematics of fust order logre have beenr axiematized 12 terms of
strings and copenees of s The pramtve functions on ther are concatenation (¢ for strings, cc,
for sequences) and welectin s (car, cdr for strngs and scar, sedr for srtan‘ncr.‘s). ¢ and c¢c are infix
oper ators
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2.2.1 Formulas and terins

Formulas and terms are represented by the string of symbols appearing in them. Terms are defined
recursively as strings which either represent an individual variable or can be decomposed into n+/
substrings representing a function symbol of arity n, followed by n terms. The two predicates
defining terms are:

TERMSEQ(B,LAMBDA)
Vs.(TERM(s) * INDVAR(s) v 3n fn.{fn=car(s) A n=arity(fn) A TERMSEQ(n,cdr(s))))

¥n ¢.(TERMSEQ(n,s) = ((car(s)LPARSYM) A ((len(s) g! s)=RPARSYM) A
3nl (TERM(subsiring(s,2,n1)) A TERMSEQ(n=1 substring(s,nl +1 len(s)=1)))))

where the function substring(s,m,n) (see appendix 1.2) returns the substring of s starting from its m-th
element and ending with the n-th. len(s) computes the length of s and (n gl s) selects the n-th element
of s.

Well formed formulas (wffs) are represented as strings which either are elementary formulas
(defined by the predicate ELF) or can be partitioned into substrings for formulas and logical
connectives. Formilas are defined by:

Vs.(ELF(s) # (s=FALSESYM v PREDPARO(s) v 3n P.(P=car(s) A nearily(P) A TERMSEQ(n,cdr(s))))),

Ve.(FORM(s) » (ELF(s) v Ix f.(s=(x pen {) v sa{x ex f)) v
311 12.(s={f1 Jis 12) v sa(f] con 12) v sa(f] impl 12)) v Jf.s=neg(f) )) 55

gen is the infix operator that maps its arguments x and f into the string (FORALLSYM ¢ x) ¢ f
representing the well formed formula Vx{ The operator ex is used for the existential quantifier.
dis, con and impl are the infix operators for the disjunction, conjinction and implication of two
formulas. Finally, neg, is the operator which maps a formula into its negation.

We could possibly represent wffs as structured objects (lists, trees, etc.) which contain all the
information about the structure of the formula and do not require any parsing. This approach
amounts to axiomatizing metamathematics in terms of the abstract syntax of first order logic, instead
of strings of symbols Both of these possibilities should be explored. We have chosen the first
alternative because:

1) It s the most traditional, i.e. metamathematics, as it appears in logic books, is usually stated in
terms of strings.

2) Axioms in terms of abstract syntax are simply theorems of the theory expressed in terms of
strings.  Thus the two representations look substantially the same with respect to "high level”
thecrems.

3) Hi-formed formulas can be mentioned. This is of course impossible in an axiomatizatlon in
terms of the abstract syntax.
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The properties of wifs relevant w onr theory have been defined by the predicates FR, FRN, GEB anc
SBT. FROGH) 18 true aff the varrable x has at least ane free occurience 1 the wif f. while FRN(x,n,f)
and GEB(x,nf) are recpctively tine when the vanable x ocanrs free or bound at the place nn the
formula f Thewe predicstes are defined e appendix 16, In addition, some generalized selector
functions are defined, whach evadnate the fust or the k-th fice occurrence of a varable i a wif, or
the number of we free ocanencec Vhe predicate SBT s then defined. It axiomatizes the notion of
substitution af a term for any tiee ocanrtence of a vanable in a wif.

Vx t 1] 12.(58T(xt,11,12) =
Vnl n2 ((n2=(numblr erocc(x,nh, {1 )*(len(1)-1)}+nl) o
((-INDVAR(n1 gl 11) > (nl gt f1)=(n2 gl 12)) A
(INDVAR(n] gl 1) o ((FRN(x,ni,11)2SUBT(),2,n2)) A
(~=FRN(x,nl f1) o INVART(nl,t1,n2,{2)))) }))

Vt 12 n2.(SUBT(1,§2,n2) = Vx2 k ((k gt 1)=x2 2 FRN(x2,n2-(len(])-k),{2)))),

Vn £l nl 12 (INVART(nf1,n1,12) = ((GER(nI gl 12,n1,42) = GEB(n gl 11,n{1)) A
(FRN(n1 g 12,n1,02) = FRN(n gl $1,0,41)) A (n] gl 12)=(n gt 11)))

In the previons detintion, al 1< any poution i the strng, il and n2 1< the corresponding position in
12. The ansalary predicee SUBT <tates that the vanables appearing in the term ¢ suboiinted for a
free occurrence of the vinpible x are snll free tNVART defines which properties of {1 are still true
for 2. 1f the term Fas a vannable, then SBT reduces to SBY.

Vxl x2 f1 f2.(SBV(xl x1,{1,2) -
Vn ((-INDVAR(n pt £1) > (n gt f1)=(n gl 12) A
(INDVAR(n g} f1) o ((FRN(x1,n,f1) > FRN(x2,n,{2)) A
(-FRN(x1,nt1) > INVARV(n,t1,£2)))))),

Yn {1 f2.(INVARV(n{1,62)  ((GEB(n ) £2,n,i2) = GEB(n gl {1,n,{1)) A
(FRNGh g1 12,0,12) = FRN( gl 11,0,01)) A (n gl £2)=(n gl 11))),

The proof of the equnvalinie of SB1 and SBV when 1 1s a variable is very simple. 1t 1s based on the
fact that n2 comades with ni when the term 1 has length 1 (see appendix 4). The function sbt (sbv)
evaluates to the strmg rtepiesenting the result of substituting a term (varlable) for cvery free
occurrence of a vaniahle n a piven wif. sbt and sbv are defined from the predicates SBT and SBV as
follows:

Vx t f1 12.(SBT(xb,f1,£2) = cbi(x,1,{])=12)
Vxl x2 {1 2 (SBV(xi,x2,§1,§2) - sbv(xl x2,1)-12)

The problem of fincing: the biest way of defiwmg functions i FOL 1s cancial i the axiom system
given an this paper a mmtorm way has not been followed. |n defiming the ubstitntion we are
interested an properties of the funciions sbl and sby and s drawing conclisions from the fact that a
1My
substitntion s been made 1005 thus nseful to have a piedicate which defmes the 1elation between
formulas before and ateer 1 cubctimtion mstead of mfering it 1rom the definitions of the functions
(stated for example 35 a syaem of equations, as i1 Kleene 1952)  One of the motivations of tha
! 1 :

present experiment was to explote different ways of defimng functions. We do not yet hiave enough
examples ol proofs to make a clear statement abont this matter.
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2.2.2 Rules of inference, deductions and the notion of provability

The rules of inference are deflned by the predicates i appendix 1.7. The rules with one premise,
are expressed by means of a Linary predicate whose arguments are two sequences of wffs (sq, pf)
which satisfy PROOFTREE. T he predicate is true iff pf is the sedr of sq and the first element of sq is a
wff obtained by applying that particular deduction rule to the first wff of pf. The rules with more
antecedents are defined In a similar way.

Derivations are recursively defined as sequences of wffs which either are a single wff or are
obtained from one or more derivations by applying one of the deduction rules. The recursion is
implicitly stated by saying that there exist objects of sort PROOFTREE which satisfy one of the
predicates defining the rules of inference. These sequences represent the linearization of a deduction-
tree and are defined as follows:

Vsq.(PROOFTREE(sq) ®
(FORM(sq) v
3p!.(ORI(sq,pf) v ANDE(sq,p) v FALSEE(sq,pf) v NOTI(sq,p!) v NOTE(sq,pf) v IMPLI(sq,pf)) Vv
3pf x L(GENI(=q,plx1) v GENE(sqg,pfx,t) v EXI{sq,pl,x,t)) v
3pti pl2.(ANDWz=q,pfl pl2) v FALSEI(sq,pfl,pf2) v IMPLE(sq,p!f 1 ,pf2)) v
3ptl pi2 x1 x2.EXE(sq,pll ,pf2,xlx2) v
Jptl pt2 pi3.0RE(sq,p!l,pl2,p13) ) 5

A sequence of wffs is a prooftree if either It consists of a single wff or one of the following
alternatives holds: there exists another prooftiee and a one premise deduction rule has been applied;
there exist two prooftrees and one of the two premises rules has been applied; finally, there are three
prooftrees and the predicate defining the v-elimination rule is true. Note that the root of a prooftree
Is not necessarlly a theorem i a glven thecry. A predicate DEPEND has been deflned which is true i/
a given wif is a dependence for the root of a prooftree. The axioms about DEPEND allows to decide
all the dependencies of a prooftice.

Since some of the deduction rules (the implication introduction, for Instance) eliminate dependencies,
not all the leaves of a prooftree pf are dependencies for a wff { such that fsscar(pf). The predicate
DEPEND is true only for those leaves of the prooftree which the formula f actually depends on. Its
definition 1s shown in appendix 1.8. The axioms DEPEND state which dependencies do not change by
applylng the deduction rules and are transferred from one prooftree to the other. The axioms
NDEPND state which rules discharge dependencies in a given prooftree.

Using this notion of dependence the provability of a formula in a theory Is defined as follows:

Vi.(BEW(!) = 35q.(PROOFTREE(sq) A f=scar(sq) A VI1.(DEPEND(sq,f1) o AXIOM(11))));;
A wif { is a theorem in a given theory if there exists a prooftree whose first element Is { and whose
only dependencies are axioms mn that theory. We have limited our attention to theories in which

axioms have no free variables. This property is defined by the axlom:

Vx (.(AXIOM(!) 2 ~FR(x,0));;

Section 2.3 The main proof in the inany sorted logic
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The main theorem we have proved in this aviomatization of 1the metamathematics states that 1f Vx
ywif 15 provable in some theory, then Vy xwif s also provable. We have chosen tius theorem
becanse, even if very simple, it mvelves basic notions of provability, substitution and universal
quantification Iis proof 1s tenne i appendices 5.1-2. The theorem depends on the first three lines
of the proof. The fust stepas a lemma stating: that Vx witsbilxx f)=wif, i.e substutnting a variable x
for any fiee vcainrrence of x m wif does’t change that wif. Steps two and three pive simple facts
about sequences. The theorem is then proved by instantiating two other lemmas: 1) if Vxwif is a
theorem, then wif 1s alco a theoiem, 2) if wif 1s provable, then x cannot be free In the dependencies
of the proof of wif and so Vxwif 1s provable. This is of course true only for theories with no free
variables in their axioms.

The only propeity of the infrience pules nsed n this proc! involves universal quanufication. The
restriction on the apphciblity of the Y-mtioduction rule 1s that the variable to be umversally
quantified i a wif must nat appear free moany of its dependencies. This restiiction 1s reflected
our axtomatization ly the paerhice APGENL  In this prroof APGENI 1s catisfied hecanse 1f wif is
provabln, its dependencics ate anioms with no free varables,

The following 15 an mfranal proot of the alove theorems. I Vewff 1s provabde, then there is a
prooftiee pf whose inst <ty 1s Viewdt. The sequence (Vewtf) ce pfas still a proufuee. it is obtained
by applving the V.ehmmation mle The apphcation of this rale doesn’t add any dependency to the
prooftree. As ats anly dependenais e axioms, it follows from the definition of BEW that wit is a
theorem. On the atheer haoned f wif 1 a theortem there exists a puoofuvr‘ pf whose first element is wif,
By applymg the ¥V mtocduction tule to pf we oltamn the prooftree (Vxwff) cc pf. This rule as
applicable since theorems have na free vanables i their dependencies. It follows that Vx.wif is a
theorem. If ¥x y.wif 1s provahle then Vxwff and wif are provable using the first lemma. Finally, we
can quantify first over x and then over y, obtaiming Vy xwif as a theorem.

Section 2.4 Another axiomatization

A different axiomatization tias been given an an earlier version of FOL where there was no facility
for creating sarts We precent it heie as we want to de some comparisons between proofs, and discuss
some of the features ab FOL. Same ditferences hetween the two axtomatizations are due to the new
features available in FOL They will be diccussed in the next section. Here we only discuss the
difference hetween the definition of formulas and terms. The list of all the axioms can be found in
appendices 2 | 8

In this axiomanzon, famnbs and terms are sull represented as the string ob the symbols
appearing w them  They are detmed as strmps that can be decomposed into a - sequence of
substrmge tecordun the consinchien of that formula or term from vlr‘mrnmxy formutas and
individuatl varabtes, aceonding 1o the nsual fenmation jules (see apprendix 2.5 for the hst of axioms).
These sequicnces are detined by the predicate TERMSEQ for terms and FRR for wffs. A sequence
satisfles the predacate TERMSEQ if at represents the listory of the construction of its first clement (the
term to be defimed), darting, frmn symbols, functions and individual variables. Similarly, a string is a
wif if there exists a <equence which satisfies the precdicate FRR and represents the history of the
construction of that wff from elrmentary formulas and the logical connectives.
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SECTION 3 THE PROOFS

In this section we look at the proofs appearing in the appendices, in order to explore the features of
FOL that need improving and their use In carrying out formal proofs.

Section 3.1 A look at sorts

] As already noted, the primary difference between the two axiomatizations we presented is the

E introduction of a many sorted logic. In the earlier version of FOL there was no facility for creatin

‘ - sorts, but It sonn became evident that relativization of wifs to predicates was desirable. The notlon

[ of partially ordered sorts was a natural outgrowth. The axioms In the sorted logic are simpler and
more readable and, most important, proofs are considerably shorter. First of all. in the

F axiomatization done in the eatlier version of FOL the partial order of sorts wasn't explicit and was
to be derived as a theorem. In the proofs shown in the appendices these theorems appear as
dependencies. At the moment FOL has no facility for using already proved statements as lemmas in

[ making new proofs. In FOL theie 1s also the possibility of declaring for each function symbol the
sorts of its arguments and of its value. These sorts were defined in the origiral version by
additional axloms. For example, together with the definition of the functlons sbt and sby, the
second axiomatization has two extra axioms,

Vx t 11 ((INDVAR(x) A TERM(t) A FORMI(f1)) > FORM(sbi(x,t,1)));;

Vxl x2 11 .((INDVAR(x1) A INDVAR(x2) A FORM(f1)) > FORM(sbv(x! x2,{1)));;

Proofs are shorter in a many sorted logic. As an example, we can examine the two proofs in
appendices 5.1-2 and 55-6 The second proof is longer because the explicit assumption that x Is an
individual variable and f Is a wff must be made, and the symbol > must be introduced at the end of
the proof, to discharge this assumption Note that in this proof the statements labeled TH2 and TH3
appear as dependencies and the proof would have been even longer if we had proved them there.
Another difference between the two proofs 1s that, in the second one, we had to use the axiom
previously mentioned stating that the resuit of substituting a term t for every free occurrence of a
variable in a wff is still a wff. The different axiomatization of wffs and terms only influences the
length of the proofs in appendix 3.1.-2-3. All the other proofs are shorter only due to the presence
of sorts in FOL. Furthermoie, note that proofs in the second axiomatization have more
dependencles since all the theorems about the partial order of sorts have been assumed.

Sectton 3.2 The unify and tantology commands

FOL proofs are greatly simphfied by the existence of the commands TAUT and TAUTEQ. They decide
if a given formula 15 a tautulogical consequence of a specified set of wffs. The difference between
TAUT and TAUTEQ 1s that the latter uses properties of the equality and the former doesn't. These
commands make proofs shorter since they allow to decide every propositional sentence in one step.
As a consequence, the rules of inference most frequently used manipulate quantifiers. The form of
almost all the proofs we presented 1 the same. First of all, the right instantiations of the relevant
axfoms and theorems are done. Then the propositional consequences are asserted by using TAUT
and TAUTEQ. The tautology commands cannot of course manipulate the quantifiers appearing In

P ——

3
i
;
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statements.  Henee, the vatements prodinced by them have quantifiers as main symbols or it is
necessary to introduce a quantifier to proceec in tiie proof. After the right introductions or
eliminations have been done to them, the tautology commands are used again. This process is
iterated until the completion of the proof.

The command UNIFY decides if a given wif can be obtained by instantiation of quantified variables
or introduction of them for fire vcciriences of variables or terms in a second wff. The code for this
command has been writien by Ashok Chandra and is sull in an experimental stage. In the proofs
presented here, this command has been essentially used for the simultancous introduction of the
existential quantifier. As an example, consider the following assumption:

I Vx.(P(x)2(Q(f] ¢ f2)AVIR(1))) (1) ASSUME
the command

unify 3. (P0)234.(Q(H) Rz (), 13

deduces in a cnygle sep

2 3x.(P(x)231(CINAR(z(1))) (6) UNIFY |

A gond example of a combuned nee of these features s found in appendix 3.3

19 FRR((x1 gen f) cc SQ) (SEQUENCE, il gan 1) cc SQ)AL((x] gen f) cc U4
SLAMBDAA(ELF (scar((x] pen 1) cc SO)NVIFRR(scdr({x] pen ) cc SQ))A
35l s2.(STRING(s1 JA(STRING (= 2)A((scar({=]1 pon f) cc SQ)=NEG(s] )
find(1,51 scdr{(xl gen f) cc SO)))vilsear({x] pon f) cc SQ)=(c1 dis §2)A
find{2,s1 ¢ s2,5¢cdr({vt ren f) cc SONIv((scar((x] pen f) cc SQ)=(s] con s2)A
find(2,51 ¢ s2,5¢dr((x1 ;en f) ce SQ))Ivi(scar((x] gen f) cc SQ)=(s] impl s2)A
find(2,51 ¢ s2,5edr((x1 gon f) cc SQ)N)v((scar((x] gen f) cc SQ)=(s] gen s2)A(INDVAR(s])A
find(1,s2,scdr{{x! gen f) cc 5Q))))v(scar{{x] gon f) cc SQ)={s] ex s2)A{INDVAR(s])A
find(1,s2,scdr((x] gen f) cc SQNNNNINNN) === VE WFFI (x] gen 1) cc SQ

20 STRING(x1)A{STRING(f)A((scar((x! pen f) cec SQ)-NEG(x1)A
find(1 x1,5cdr{(x] gan ) cc SON)Iv((scar{(x] geon ) cc SQ)=(x] dis f)a
find(2,x1 ¢ f,sedr((x] pan 1) cc 50)))v{(zcar((x] pen f) cc SQ)=(x]1 con i)A
find(2,x1 ¢ fscdr{(xi gan ) cc SOv{scar((x] gon f) cc SQ)=(x} impl f)A
find(2,x1 ¢ f,5cdr{{x] gon ) cc SOV {(scar((x] gonf) cc SQ)=(x] gen f)A(INDVAR(x])A
find(1,f,sedr{{x] gen ) cc SOMIvizcar((x] gen f) cc SQ)=(xl ex NA(INDVAR(xI )A
find(t f,scdr{lx] gen f) cc SONMMN (1 234567 8 11)--- TAUTEQ 1:19

21 35l s2.(STRING(s1 IA(STRING(=2)A ((scar((s] men f) cc SQ)=NEG(s])A
find(1,51,5cdr({x] gon f) cc SQ))v((ncarilx! gen f) cc SQ)=(sl dis s2)A
find(2,s1 ¢ s2,5¢dr((x] pen 1) cc SO))Iv((scar((x] gen f) cc SQ)=(sl con s2)A
find(2,51 ¢ 52,5¢dr((x] gen ) cc SONv((scar((x] gen f) cc SQ)=(s] impl &2)A
find(2,51 ¢ s2,5¢dr({x] pen 1) ce SQN)Ivi{scar((xl pon ) cc SQ)=(s] gen s2)A(INDVAR(s!)A
find(1,52,5cde((x] gon 1) cc SQ))Nviscar{(x] gen f) cc SQ)=(s| ex s2)A(INDVAR(s] )A
find(1,s2,scdr({x] gen f) cc SQIMMMMN (1 234567 8 11) <=« UNIFY 20

Line 19 is the instantianion of an axiom. Line 20 1s generated by the command,

TAUTEQ 19:02020202¢20@|[s] ¢ : s2¢x]] 1:19;
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note how the use of the FOL subpart designators allows us to mention the desired subpart of 19,
without having to retype 1. [n addition we can do the appropriate substitutions. Line 21 Is just a
use of UNIFY:

UNIFY 19:0202020202 20;

Because we can mention the conclusion, withcut writing it down explicitly, the amount of typing
necessary s severely reduced. Without UNIFY, line 21 would have required two 3-introductions and
the commands would have heen.

31 20 x1~¢]l OCC 1,2,3,4,7,8,11,12,15,16,19,20,23,24;
31 20 { ~¢2 OCC 1,5,9,13,17,18,21,22;

We do not enter mto a detailed discussion of the command UNIFY. It 1s our intension to do it
elsewhere. It should be thought of as the routine which handles quantifiers In "simple” inferences.
As seen above, the saving to a user can be large.
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SECTION 4 CONCLUSION

The desite to represent matheinatics i a computer 1 a feasible way certainly requires the facility to

discuss metamathematical nottons The axiomatization presented here only treats the syntactic part
of the problem Any mention of the models nvolved needs the addition of set theory to the
axtomatization. However, it 1s clear from the simple theorems we proved that any practical system

needs more extensive featines even to do a satisfactory Job of writing down the theorems we might
want.

Anamportant point for futiee work s how (in a practical way) to use these theorems. Consider for
tnctance:

Vxl x2 f.(BEW(x) gen (x2 gan f)) > BEW(x2 gen (xl pen 1))

What we mean by reflection principle 1s a rule of FOL which says.

-

//BEW({) //mn meta FOL
feessass
/111 /m FCL

That is, if v the axomatiz vion of the inetamathematics of FOL, we can prove the existence of an

FOL proof of {, then we can assert f i FOL. Suppose we have a proof in FOL of ¥x y.wif. Then
instantiating the above thearem pIves ns

BEW(x gen (y gen wif)) > BEW(y gen (x gen wif))

Since we started with a proof of Vx ywHt in FOL and BEW represents the proof predicate for FOL,
we can conclude BEW(x gan (y pan wif)) Usng modns ponens we get BEW(y gen (x gen wif}), and

8

using the above jule we can conclinde Yy x wit i FOL.

The exact form of sich 4 1nle Tequites more

examples of proofs and is one of the main reasons for
domng the example i the memo

s not just a proof checking exercise, but a case study for
fundamental  quesions of epreconting athematical informanon i a computer.  Using

metamathematics ako prepares the way for more comprchensive systems which can furmally discuss
how they reason That 1s exactly what the metamathematics s good for.
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APPENDIN 1|

THE AXIOMS IN THE MANY SORTED LOGIC

1.1 Natural nmnbhers

AXIOM NUMB:
vnl n2 n3. (nl=n2 > {nlen3 > n2:n3)),

vnl n2. {nl=n2 > suce(nl )zsucc(n?)),
Vnl. BAsuce(nl),

vnl n2 (suce(nl)=5uzc(n2) o nlan2) !
vnl. nleB=n} ,

vnl n2. nlosucc(n2)=succ(n|‘n2),
vnl. nlx0=0 ,

vnl n2. nl*succ(n2)e(nl xn2)en] ;;

AXIOM INDCT:
(F(B)AVN.(F(n)oF(ns1))) > Vn.F(n) @

AXIOM DEFN:
Vn. {succ{n)=1)=n ,
Vnl n2. suce(nl)n2zn1-(n2-1) ,
Vnl n2 n3. (nlcn2 e 3n3.(n3/8 A nlen3sn2)) :
Ynl n2, (ni<n2 & (n1¢n2) v (nien2)),
vYnl n2. (n2>nl ® nl<n2),
vnl n2. (n22n1 » nl¢n2) o

1.2 The set of symbols

AXIOM SYM:
Va. (SYM(a) » a:LPARSYM v azRPARSYM v a:ORSYM v 2*ANDSYM v asiMPSYM v
aFALSESYM v a«sFORALLSYM v =EXISTSYM) ;

1.3 Strings

AXIOM STRING:

Vs. s=car(s) ¢ edr(s),
Vsl s2. (s1=LAMBDA > car(s] ¢ 82)=car(s2)) ,
Vsl s2. {s1 /LAMBDA > car(s] ¢ s2)=car(sl)),

Vsl s2. {s1=LAMBDA > cdr(sl ¢ $2)=cdr(s2)) ,
Vs| s2. {sl FLAMBDA > cdr{s] ¢ s2)=cdr(sl)) ,

Vs. {s ¢ LAMBDA:LAMBDA ¢ s),
Vs. s ¢ LAMBDA=s |

Vel 6263, (sl ¢ (s2 ¢ s3)=(s] ¢ s2) ¢ £3),
Va. (len{a)=1 v a=LAMBDA) i

Vs. len(s)@ ,

Vsl s2. len(s ¢ §2):lan(s] )+len(s2) ,
Vs. (len(s)=1 > ATOM(s)) ,

Vs. 8 gls« LAMBDA ,

12




Vs
Vs n.

AXIOM SUBSTRDEF:
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| g} sscar(s),
(W 1)2((n gl 5)=((n=1) ! cdr(s)))) ;s

Vnl n2 ¢l 62 (SUBSTP(s1,2,nl,n2) = (ten(s2)=n2-n| +1 AlVn (n2nl Argn2 >

nelelz(n=nlel) gi s2)))),

Val n2 st «2 (SUBSTP(s1,52,n1,n2) = subsiring(sl,nl n2)=52) ,

Vsl 52

The vatie of substring(sl,nl,n2) 1< he bty

(SUBS(s1,72) = In! n2.SUBSTP(s1,s2,nl,n2));;

sl and whose last element s the nth element,

AXIOM DISEQ:

Vel g2 (~(gl=g2) = glds2) ;;

AXIOM EQS:

Vsl s2. (Vninpglsl=n gl £2) = sl=62) 35

AXIOM COMP:
Vi,
Yil 2.
Vil 12
Vi,
Vil f2.
Vx §2.
Vx 2.

1.4 Formulas

AXIOM TERM:
Vn s.

Vs,
AXIOM WFF:
Vs,

Vs.

1.5 Sequences

AXIOM SEQ:
Vagq
Vsq! «q2.
Vegl sq2.
Vsql sq2.

o(f)-(LPARSYM ¢ 1) ¢ RPARSYM |

fl dis §2=(a(f]) ¢ ORSYM) ¢ e(f2),
f1impl £2={o(f1) ¢ IMPSYM) ¢ a(f2),
ner(f)-(f unpl FALSESYM) ,

{1 con 12=(n(f1) ¢ ANDSYM) ¢ o(f2) i
x pon 12=(FORALLSYM ¢ x) ¢ 2,

x ox {2=(EXISTSYM ¢ x) ¢ 12 3;

TERMSLO (0,LAMBDA) 0
(TERMSEO(n,<)  (3nd (TERM(subslring(s,1,n1)) A
TEEMSEOM=1 substrmp(s,n] ] Jden(s)H)))
(TEEM(=)  INDVAR(<) v Jn fn.(fn=car(s) A nzarily (fn) A TERMSEQ(n,cdr (s)))) 3

(ELF (%) © («-FALSESYM v PREDPARO(s) v In P (P=car(s) A n=arity(P) A
TERMSEQ(n,cdr (3))))),

(FORM(=) - (ELF(5) v
It (ls=x gon f) v (n2x @x {)) v
12 ((= =11 dis 12) v (s = 1] con 12) v (s =11 impl 12)) v
Is=nepg (D)) 5

sq=ncar(=q) cc scdr(sq) ,

(sql =SLAMBDA > ccar(sql cc $Q2)=scar(sq2)) ,
(=ql ASLAMBDA > scar(«ql c¢ $q2)=scar(sql)) ,
(sl =SLAMBDA > scdr(sql cc sq2)=scdr(sq2)) ;

& uf <l whose first element is the nlth clement of

13
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Veql sa2. (sq1 /SLAMBDA > sedr(sq! cc vq2)sscdr(sql) cc sq2) ;
Vsq. §q ¢¢c SLAMBDA=SLAMBDA cc sq,
j Vsq. £q ¢c SLAMBDAesq ,
1 Vsql 592 ¢q3.  (sql cc (sq™ cc sq3)=(sq] cc $q2) cc 5q3) ,
Vs. (slen(s)=1'/s:SLAMBDA) ,
Vsq. slen(sq)20 ,
Veq!l 8q2. slen(sql cc sq2)=slen(sql )esien(sq2) ,
Vsq. 8 sgl sq=SLAMBDA ,
Vsq. | sgl sq=scar(sq) ,
Vn sq. (i) 2 ((n syl sq)=((n=1) sgl sedr(sq)))) 3
AXIOM SUBSEQDEF:
Ynl n2 sql sq2.  (SUB3EP(sql,5q2,n1,n2) : {slen{sq2)=n2=nt:1 A
(Yninznl Anén2 3 n spl sq2:(n-nl+]) gl sq1)))) g

Vnl n2 sql sq2.  (SUBSEP{<ql,sq2,nl n2) = subseq(sql,nl,n2)=sq2) ,
Vsql sq2. (SUBSSE(sql ,5q2) = 3al n2.(SUBSEP(sql £q2,n1,n2))) 3

AXIOM EQSQ:
Vsql $q2.  (Vn.(n sgl sqlan sgl sq2) o sqlesq2) i

1.6 Free and bound variables and the substifution

AXIOM BOUNDV:
Vx nf (GEB(x,n1) = 351 s2 11 (len(s] )+l <n A n<(len(f)-len(s2)) A
(xen gl DA((=(s? ¢ ((x gon 1) ¢ s2)))v(fs(s] ¢ ((x ox 1) ¢ £2)))))) R

AXIOM FREEV:

Vx nf (FRN(. nt) = (x=(n gl 1) A ~GEB(x,n,1)}) )
Vx {. (FR{x,f) = InFRN(x,n,1));3

AXIOM FIRSTFRDF:

Vx n i (FIRSTFREE(x,n 1) = (FRN(x,n,1) A Vn].(xsn] gl £ 2 (nl2n v GEB(x,n1,1))))) ,
Vx nf. (FIRSTFREE(x,n,f) = firstireeocc(x,!)zn) ;;

, AXIOM <KFREEOCCDF:
1 Vx knt (KTHFREEOCC (x,k,n,f) = ((k=D A 0=1)) v
(n=lenff) A ¥n2 (n2>kthireeocc(x,k=1,f) o -FRN(x,n2,1))) v
(FRN(x,nf) A ¥nl.((nl <k A n1>B) > 3n2.(n2¢n A KTHFREEQCC(x,n1,n2,1)))))),
Vx kntf (KTHFRELOCC(x k,n,f) = kihtreeoce(x,k,f)=n) ,
Vx k nf. (KTHFREEQCC (x,k,n 1) o numbfreeocc(x,n,f)=k),
Vx knt (numbfreanocc(x,n )=k o (KTHFREEOCC(x,k,n,{) v
(n<kihfreeocc(x,k,f) A n>kthireeocc(x,k=1,1)))):;
AXIOM SUBSTDF:

Ve t ] 12, (SBT(x,11,12) = ¥nl n2.((n2=(numblrooocc(x,nl,fl)*(lon(l)-l))‘nl)z
((-INDVAR{nl gl 1) > nl pi 1] = n2 gl 12)a
(INDVAR(nl gl 11) o ((FRN(x,nl,f1) 2 SUBT(1,f2,n2))A
(~FRN(x,n1,{1)2INVART (n1 {1,n2,12))))),
vt 12 n2. (SUBT(t12,n2) = Vx2 k(((k gl t) = x2) o FRN(x2,n2-(len(t)-k),12})),
Vn {1 nl §2. (INVART(nf1,n142) s ((GEB(nl gl 12,n],t2) « GEB(n gl Hinf1))A

(FRN(nl sl 12,n1,£2) 5 FRN(n gl t1,n,1)) A nl gl 12=n gl 11))
Vx t 112, (SBT(x!,01,12) v sbi(x,t,11)212) T
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AXIOM SUBDEF :
Vxl x2 1 12.(SBV(x1,x2,{1 12) = Vn.((~INDVAR(n gl fl) > n gl f] = n gl 12)a
(INDVAR(n gi f1) 2 ((FRN(xl,n.”)=FRN(x2,n,12)) A
(~FRN(xI 0,1 )5INVARV (n,{1,12)))))),
vn 1l f2. (INVARV(n,f1,§2) » ((GEB(n gl 12,n,12) = GEB(n gl f1,nf1))A
(FRN(n gl 12,n,12) » FRN(n gl f1,n,f1)) A n gl 22 nglfl)),
Vx xl f1 12, (SBV(x,xl,f1,§2, = sbv(x,x1,f1)=12);;

1.7 Rules oi inference

AXIOM ANDIRUL:
Vsq pfl pf2. (ANDI(sq,pf! pf2) = 3f| f2.(scdr(sq)=(pfl cc pf2) A scar(sq)efl con 12 A
flescar(pfl) A f2=5car(pf2))),
Vsq pf. (ANDE!sq,pf) * 3f1 12 (scdr(sq)=p! A scar(sq)sfl A ((f] con 2)sscar(pf))v
(f2 con ] )zscar(pf))))s:

AXIOM FALSERUL:
Vsq pfl pf2. (FALSEI(sq,pfl pf2) = 31 ((sedr(sq)=(pfl cc pf2))a
(scar(sq):FALSESYM) A (neg(fl )=scaripfl)) A (flevcar(pf2)))),
Veq pf. (FALSEE(sq,pf) = 3H.((scar(pf)=FALSESYM) A fzscar(sq) A scdr(sq)ept));;

AXIOM IMPLRUL:
Veq pfl pf2. (IMPLE(sq,pfl,pf2) = 3f1 12 ((scdr (5q)=(pfl cc pf2))a
(scar(pfl ): (f1 impl 12)) A (scar(sq)=12 A (scar(pf2) = §] »,
Veq pf fl.  (IMPLID(sq,pf,f1) a (sedr(sq)=pf A 312.((scar(sq)e(f] impl 12))A
(f2=scar(pf)) A In.(fl = (n sgl pf)))),
Vsq pf. (IMPLI(sq,pf) & 31IMPLID(sq,pf,f1 );;

AXIOM NEGRUL:
Veq pf f. (NOTID(sq,pf 1) = (scdr(sq)=pf A scar(sq)sf A (scar(pf)sFALSESYM) A
3n (n =gl pt)=f)) ,
Vsq pf. (NOTI(sq,pf) = JE.NOTID(sq,pf.1),
Veq pf §. (NOTED(~q,pf,f) = (scdr(nq)=pf A (scar(pf) » FALSESYM)A
3n.((n sgl pt)=f) A (f-r.ep(scar(sq))))),
Ysq pf. (NOTE(sq,pf) & 31.NOTED(5q,pt,1);;

AXIOM ORRUL:
\eq pf. (ORI(sq,pf) = (sedr (=q)=pf A 31l f2.((scar(sq)=(f1 dis 12)) A
f1=scar(pf)) v (f2=scar(pf))))),
Vsq pfl pf2 pf3 {1 2. (ORED(sq,ptl,pf2,p13,11,§2) = (sedr(sq)=(pfl cc (pf2 cc pf3)) A
(scar(pfl)=(f] dis 12) A 33 (scar(pf2)=13) A scar(sq)=f3 A
(scar(pf3)=13)) A Inl (nl spi pf2)=f] )Adnl (n] sgl pi3)si2))),
Vsq pfl pf2 pi3. (ORE(sq,pfl,pf2,pi3) ¢ 3] 12.0RED(sq,pll,pt'Z,le,H,fZ));;

AXIOM EXRUL:
Viq pf x . EXIeq,pfx0) = 311 ({scdr(sq)=pfl) A (scar(sq)=(x ax 1)) A
scar(phlzsbt(xt,11))) ,
Vsq pfl pf2 xI x2 {]. (EXED(sq,pfl,pf2,x],x2,{1) ¢ ((scdr(sq)=(pfl cc pf2)) A
(=car(pfl)=(x] ex 1)) A (scar(sq)=scar(pf2)) A
3n ((n sgl pf2)=sbt(x1,x2,{1) A EXAPPL(x2,p12,41)))),
Vsq pfl pf2 x| x2. (EXE(sq,pfl pf2,x! x2) = 311 EXED(sq,pf1,pf2,x1 x2,11),
Vx pf f. (EXAPPL(x,pf,f) * (~FR(x,scar(pf)) A ~FR(x,f) A V11 (DEPEND(pf,f1) o
~FR{x,f1))));;
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AXIOM GENRUL:

Vsq sql x t. {GENE(sq,sql,x,1) = (sedr(sq)=sql A PROOFTREE(sql) A

M .(scar(sql)=x gen { A scar(sq) = sbt{<,},1)))),
Vsq sql x1 x2. (GENI(sq,sql ,x1,x2) ® (scdr(sq)=sql A PROOFTREE(sql) A

3.(scar(sq)=x] gon f A scar(sql) = sbt(xl,x2,{) A APGENI(x2,5q1)))),
Vx sq. (APGENI(x,sq) » (Vf.(CPEND(sq,!) 2 ~FR(x,{))) A PROOFTREE (sq)),
Vpt.3x. APGENI(x,pt);s

1.8 Deduction

AXIOM PROOF:
Veq. (PROOFTREE(%q) = (FORMI(sq) v
3pt.(ORHsq,pt) v ANDE(sq,pf) v FALSEE(sq,pf) v NOTI(sq,pf) v NOTE(sq,pf) v
IMPLI{sq,pt)) v
Ipt x { (GENI(sq,pt,x4) v GENE(sq,pf,x,1) v EXI{sq,pfix,t)) v
3pfl pf2.(ANDI(sq,pf1,pt2) v FALSEl(sq,ptl,pf2) v IMPLE(sq,p!],pi2)) v :
3pfl pf2 x] x2. EXE(sq,pfl,pf2,x] x2) v ,
3pfl pt2 pt2 pt3.0RE(sq,pfl,pf2,pt3)));;

AXIOM DEPNDG:
Vsq f. (DEPEND(=q,f) > SUBSSE(f,sq)) ,
Vsq f. (f*sq @ DEPEND(sq 1)) ;:

AXIOM DEPEND:
vpf ptl f. ((pf1=scdr(pf) > (DEPEND(pt,f) = DEPEND(pt1,1))) »
(ORI(pt,pt]) v ANDE(pt,ptl) v FALSEE(pf,ptl) v
311 ((NOTID(pt,pf1,#1) v NOTED(pt,pf1,41) v IMPLID(pf,pt1,i1)) A {1 41) v
3x t (GENI{pf,pfl x,t) v GENE(pt,pfl,x,t) v EXI(pt,ptl,x 1)),

Vpt ptl pf2 f. ((((pti cc pi2=scdr(pf)) v (p12 cc ptl=scdript))) o E
(DEPEND(pf,f) = ((DEPEND(pt1,1) v DEPEND(pf2,{)))) =
(ANDI(pt,pt1,p12) v FALSEI(pt,pf1,pf2) v IMPLE(pf,pfl,pf2) v 1

3x1 x2 {1.(EXED(pt,pf] pf2,x1,x2,{1) A {411))),
Vpt ptl pf2 pi3 1. ((({(pf! cc (pf2 cc pi))=scdr(pf)) v

((pf1 cc (pf3 cc pi2))=scdript)) v

((p12 cc (pfl cc pt3))=scdript)) v

((pf2 cc (p13 cc nfl))=scdript)) v

({(pf3 cc (pfl cc pig))=scdript)) v ]
{((pt3 cc (pf2 cc ptl))zsedr(pt))) @

(DEPEND(pt,f) = (DEPEND(ptl,f) v DEPEND(p12,f) v

N DEPEND(pt3,t))))2
311 12.(ORED(pf,pt1,pf2,p13,11,12) A 1411 A 1412)) ;3

AXIOM NDEPND:

Vptl pf2 ¢ ((NOTID(pf1,pf2,) v NOTED(pf1,p2,{) v i4PLID(pf1 pt2,0)) >
~DEPEND(p1,1)),

Vpil pf2 pf3 x1 x2 1 EXED(p1,pf2,p13,x1,x2,0) > ~ DEPEND(pt1 1)) ,

Vpil pf2 pi3 pf4 11 12. (ORED(pt] pf2,pI3,pf4,11,2) > ~ DEPEND(pt],i1) A
~DEPEND(pf1,12));;

vi. (BEW(f) = 35q (PROOFTREE(sq) A { = scar(sq) A V{1 (DEPEND(sq,f1) o
AXIOM(f1 1)));;

e e

AXIOM THEORY: ‘
Vx f. (AXIOM(1) o ~FR(x,1));; 3
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AXIOM INFYAR:
Ye.3x.Yn. ngls 4 x;
!
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APPENDIX 2

THE AXIOMS IN THE LOGIC

2.1 Natural number:

i AXIOM NUMB:
¥nl r2 n3. ((INTEGER(n1) A INTEGER(n2) A INTEGER(n3)) o (nlen2 > (n1=n3 > n2sn3))),
Vnl n2. ((INTEGER(n1) A INTEGER{n2)) o (nl=n2 > succ(nl )esuce(n2))),

Vn!. (INTEGER(n1) o Ofsucc(nl),

vnl n2. (INTEGER(n1) A INTEGER(n2)) ® (suce(nl) = suce(n2) > nl = n2)),
vnl. (INTEGER(n1) o nl+b=nl),

Vnl n2. ((INTEGER(n] )JAINTEGER(n2)) ® n] suce(n2) = suce(nl + n2)),
vnl. (INTEGER(n1) ® nlx0:=0),

vnl n2, ((INTEGER(n1) A INTEGER(n2)) > nl *succ(n2)a{nl xn2)en| )

~IOM INDCT;
(F(0) A ¥x.(INTEGTR(v) > (F(x) > F(x¢1)))) > Vx.(INTEGER(») > ()

AXiOM DEFNM:
Vn. (INTEGER(n) 2 (suce(n)-1)=n),
vnl n2. ((INTEGER(nl) A INTEGER(n2)) o suce(n])=n2enl =(n2-] N,
Ynl n2 n3. ((INTEGER(nl) A INTEGER(nZ) A INTEGER(n3)) o
(n1<n2 = 3n3 (340 A nl+n3:=n2))),
vnl n2. ((INTEGER(n1) A INTEGER(n2)) 5 (n1¢n2 = (nl ¢n2) v (nl=n2))),
Vnl n2. ((INTEGER(nl) A INTEGER(n2)) ® (n2)nl = nl<n2)),
vnl n2. ((INTESCR(n1) A INTEGER(n2)) > (n22nl # nl¢n2)),

2.2 The set of symbols

AXIOM SYM:
Ya. (SYM(a) » asLPARSYM v 2:RPARSYM v asORSYM v axANDSYM v asIMPSYM v
atFALSESYM v asFORALLSYM v asEXISTSYM) 33

2.3 Strings

AXIOM STRING:
Vs. (STRING(s) > sscar(s) ¢ edr(s)) ,
Vsl s2. ((STRING(s1) A STRING(s2)) > (s!1=LAMBDA > car(s] ¢ $2)=car(s2))),
Vsl s2. ((STRING(s1) A STRING(s2)) > (s] SLAMBDA > car(s] ¢ s2)scar(sl))),
vsl s2. ((STRING(s1) A STRING(s2)) ® (s1:1.AMBDA > cdr(s| ¢ $2)=2cdr(s2))), 1
Vsl s2. ((STRING(s1) A STRING(s2)) = (s] ALAMBD/\ > edr(s| ¢ s2)xedr(s1))), s

Vs. ((STRING(s) > (s ¢ LAMBDA:LAMBDA ¢ s)),

Vs, (STRING(s) = (s ¢ LAMBDA:=s)),

Vsl 82 83, ((STRING(s1) A STRING(s2) A STRING(s3)) = (s] ¢ (52 ¢ s3)x(s] ¢ $2) ¢ £3)),
Vs. (STRING(=) > (len(a):1 v a:LAMBDA)),

Vs. (STRING(s5) > lon(z)20),

Vsl s2. ((STRING(s1) A STRING(s2)) o len(sl ¢ s2)slen(s] )+len(s2)),
Vs. (STRING(s) = (len(s)=l > ATOM(s)),
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Vs. (STRING(s) = B gl ssLAMBDA),
Vs. (STRING(s) o 1 gl sxcar(s)),
Vs n. ((STRING(s) A INTEGER(n)) > ((n>1) > (fn gl s)s{(n=1) g} edr(s))))),

AXIOM SUBSTRDEF:
Vnl n2 el s2. ((INTEGER(n1) A INTEGER(n2) A STRING(sl) A STRING(s2)) =
(SUBSTP(s) ,52,n1,n2) = (len(s2)=n2-nl+] A (Vn.(n2nl A n¢n2 o
n gl slz(n=nlel) gl s2))))),
vnl n2 sl s2. ((INTEGER(n1) A INTEGER(n2) A STRING(s!) A STRING(s2)) >
(SUBSTP(s1,52,n!,n2) 3 substring(sl,n!,n2)es :

Vs| s2. ((STRING(s1) A STRING(s2)) > (SUBS(s1,52) = 3n. n2.SUBSTP(s1,52,n1,n2)))s;
AXIOM DISEQ:
Vgl g2. (~(gl=g2) 7 gljg2) ;;
1 AXIOM EQS:
Vsl o2, ((STRING(s1) A 57RING(s2)) > (Vn.(INTEGER(n) > (n gl s1=n gl 82)) = gleg2))s;
] AXIOM COMP:
: vi. (FORMI(f) > (e(f)=(LPARSYM ¢ f) ¢ RPARSYM),
4 Vil f2. ((FORM(f1) A FORM(12)} 2 (f1 dis f2)=(e(t]) ¢ ORSYM) ¢ o(t2)),
3 vil (2. ((FORM(1) A FORM(12)) > (1 impl 12)=z(0(f1) ¢ IMPSYM) ¢ o(f2)),
vi. (FORM(f) > neg(f)=(f impl FALSESYM)),
3 vl (2. ((FORM(1) A FORM(f2)) o (f1 con 12)=(ef1) ¢ ANDSYM) ¢ o(f2)),
- Vx f2. ((INDVAR(x) A FORM(f2)} 2 (x gen 2)=(FORALLSYM ¢ x ) ¢ 12) a
- Vx 2. ((INDVAR{x) A FORM{f2)) > (x ox 12)s(EXISTSYM ¢ x) ¢ f2)

2.4 Sequences

AXIOM SEQ:

Vsq. (SEQUENCE(3q) > sq=scar(sq) cc sedr(sq)) ,

Vaql sq2. ((SEQUENCE(sql) A SEQUENCE(2q2)) > (sql*SLAMBDA >
scar(sql cc sq2)=scar(sqe})),

Vsql sq2. ((SEQUENCE(sql) A SEQUENCE(sq?)} o (sq1 ASLAMBDA >
scar(sql cc £q2)=scar(sql))),

Vsql sq2. ((SEQUENCE(sql ) A SEQUENCE(sq2))  (syl sSLAMBDA >
scdr(sql ce $q2)=scdr(sq2))),

Vsql sq2. ((SEQUENCE(sql) A SEQUENCE(sq2)) » (sql #SLAMBDA >

scdr(sql cc sq2)ascdr(sql) cc sq2)) ,
Vsq. (SEQUENCE(sq) 2 s cc SLAMBDAsSLAMBDA cc sq),
Vsq. (SEQUENCE(sq) > sq cc SLAMBDA=sq),

Vsql 592 sq? ((SEQUENCE(sql) A SEQUENCE(sq2) A SEQUENCE(sq3)) >
(sq] cc (sq2 cc 5q3)=(sql cc $92) cc 5q3))

Vs. (STRING(s) > (slen(s)= v s=SLAMBDA)),

Vsq. (SEQUENCE(sq) = slen(sq)?8),

Vsql sq2. ((SEQUENCE(sql) A SEQUENCE(sq2)) = slen(sql cc sq2)sslenisql )+slen(sq2)) ,
Vsq. (SEQUENCE(sq) > 8 sgl sq=SLAMBDA),

Vsq. (SEQUENCE(sq) = 1 sgl sq=scar(sq)),

Vn sq. ((INTEGER(n) A SEQUENCE(sq)) > ((n>1) > ((n sgl sq)=((n-1) sgl scdr(sq)))) ;3

AXIOM SUBSEQDEF:
vnl n2 sql sq2. ((INTEGER(n1) A INTEGER(n2) » SEGUENCE(sq1) A SEQUENCE(sq2)) @
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(SUBSEP(sql,sq2,n1,n2) = (slen(sq2)zn2=nl+] A {(Vn{mdnl A n<n2 o
n spl sq2=(n-nl+1) sgl sqi )}))),

vnl n2 sql sq2. ((INTEGER(n1) A INTEGER(n2) A SEQUENCE(sql) A SEQUENCE(sq2)) >
(SUBSEP(sql 5q2,nl,n2) = subseq(sql,ni,n2)=sq2)),

Vsql sq2. ((SEQUENCE(sql) A SEQUENCE(sq2)) = (SUBSSE(sql,sq2) »
Inl n2.(SUBSEP(sqi,sq2,n1,n2)));;

AXIOM EQSQ:
Veql sq2. ((SEQUENCE(sqi) A SEQUENCE(sq2)) 2 (Vn.(n sgl sqlen sgi $q2) > sql=sq2));;

2.5 Formulas

AXIOM FIND:
Vsq. (FIND((,LAMBDA 5q): SEQUENCE (=q)),
Vn s sq. (FIND(n,5,5q) = INTEGER(n) A STRING(s) A SEQUENCE(sq) A
3n sl s2.(INTEGER(n) A STRING(si) A STRING(s2) A (8¢ A s<slen(sq)) A
(s1=(n sgl 8q)) A (s=(s] ¢ 52)) A FIND(n=1,52,5q)));s

AXIOM FINDTOP:
Vsq. (FINDTOP(0,SLAMBDA,2q): SEQUENCE (sq)),
Vn s sq. (FINDTOP(n,s5,5q) = INTEGER(n) A STRING(s) A SEQUENCE(sq) A
J51 62 (STRING(s1) A STRING(s2) A (s1/LAMBDA) A (s=(sl ¢ $2)) A
(s=5car(sq)) A FINDTOP(n-1,52,scar(sq))));;
AXIOM TERM:
Veq. (TERMSEQ{=q) - SEQUENCE(sq) A {(slen(sq)=1 A-INDVAR(I sgl 8q)) v
(slen(sqp1 A TERMSEQ(scdr(sq)) A (INDYAR(scar(sq)) v
3n < INTEGER(n) A STRING(s) A (s=car(scar(sq)) A OPCONST(s) A n=arity(s) A
FIND(n,cdr(scar(sq)),sedr (sq)))))),
vt. (TERM(1) = STRING(1) A 33q.(TERMSEQ(sq) A txcar(sq)));;
AXIOM WFF:
vi. (ELF(f) = STRING(1) A (1=FALSESYM v PREDPARO{!) v 3n sq.(INTEGER(n) A
SEQUENCE(sq) A PREDPAR(car(f)) A n=arity(car(f)) A TERMSEQ(sq) A
FINDTOP(n,cdr(f),5q)))),
Vagq. (FRR(sq) - SEQUENCE(sq) A (sqfSLAMBDA) ~ (ELF(scar(sq)) v
(FRR(scdr(sq)) A 3s1 s2.(STRING(s1) A STRING(s2) A
(((scar(<q)=neg(sl) A FIND(1,x1,scdr(sq)}} v/
(szar(sq)=(s1 dis 52) A FIND(2,(s] ¢ 52),5¢dr(sq))) v
(scar(sq)=(s1 con s2) A FIND(2,(s] ¢ §2),5¢dr(sq))) v
(scar(zq)=(s1 impl 52) A FIND(2,(s] ¢ §2),scdr(sq))) v
(scar(sq)=(s1 gen s2) A INDVAR(s1) A FIND(l,s2,5¢dr(sq))) v
(scar(sq)=(s1 ex s2) A INDVAR(s]) A FIND(1 s2,s¢dr(5q))))))))),
(FORM(f) = STRING(f) A 3sq.(FRR(sq) A frscar(sq)));;

2.6 Free and hound variables and the substitution

AXIOM BOUNDYV:
Vx n £(GEB(x,n,f) = INDVAR (x) A INTEGER(n) A FORM (f) A 3s1 2 {1 .(STRING(s| A
FORM(f1) A STRING(s2) A len(sl)+1<n A n¢(len(f)=len(s2)) A
(x=n gl DA((I=(s1 ¢ ((x gen f1) ¢ s2))) v (f=(s] ¢ ((x ex {1) ¢ £30)s3
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AXIOM FREEV:
Vx nt (FRN(x,n,f) = INDVAR(x) A INTEGER(n) A FORM (f) A x=(n gl f) A
~GEB(x,n,f)),
Vx f. (FR(x,{) * In.(INTEGER(n) A FRN(x,n,)))s:

AXIOM FIRSTFF.OF:
Veni. (FIRSTFREE(x,n,f) & FRN(x,n,f) A ¥nl.(INTEGER(n1) A xsnl gl § »
(n12n v GEB(x,nl,1)))),
Vxnt. (FIRSTFREE(x,n,a) s firstiree(x,f)=n);s

AXIOM KFREEOQCCOF:
Vx knif. (KTHFREEOCC (x,k,n,f) = (INDVAR(x) A INTEGER(K) A INTEGER(n) A
FORM(f) A (k=B A n=R) v
(n=len(f) A VN2 ((INTEGER(n2) A n2>kthfresocc(x,k=1,f)) = ~FRN(x,n2,f))) v
(FRN(x,n,f) A ¥nl.((INTEGER(nI)A(nl <k A n1>8)) >
3n2.(INTEGER(rn2) A n2¢n A KTHFREEOCC(x,n| n2,0M),
Vx knf (KTHFREEOCC (x,k,n,f) & kthireeocc(x,k,f)sn),
Vx knf. (KTHFREEOCC(x,k,n,f) @ numbfreeoce(x,n,{)=k),
Yx knf. (numbfreeocc(x,n,f)=k > (KTHFREEOCC(x,k,n,f) v
(n<kthireeoce(x,k,f) A n>kthiresocc(xk=1,))):;

AXIOM SUBSTOF:

Vx t {112, (SBT(x,t,11,2) = ((INDVAR(x) A TERM(t) A FORM(f]) A FORM(f2)) =
Vnl n2.((INTEGER(nl) A INTEGER(n2) A
n2=numbfrecocc(x,n] {1 )x(len(t)=1))enl o
((<INDVAR(n] gl f1) 2 nl gl {1 = n2 gl 12) A
(INDVAR(n1 gl f1) o ((FRN(x.n1,f1) > SUBT(1,12,n2)) A

(<FRN(x,n1,f1) > INVART(nl,{1,n2,£2)))))))),

Vi 2 n2.  (SUBT(,12,n2) = (TERM(t) A FORM({2) A INTEGER(n2) A
Vx2 k.((INDVAR(x2) A INTEGER(K) A ((k gl t)ex2)) o
FRN(x2,n2=(len(t)-k),12)))),

Ynl 1 n2 12(INVART(n] ,f1,n2,§2) = (INTEGER(ni) A FORM(f1) A INTEGER(n2) A
FORM(12) A (GEB(n2 gl 12,n2,f2) ® GEB(nl gl {1,n1,{1)) A
(FRN(n2 gl 12,n2,12) = FRN(nl gl f1,n1,11)) A
n2 gl 12=n] gl (1)),

Vx t £l 12.  ((INDVAR(x) A TERM(t) A FORM(f1) A FORM(f2)) >
(SBT(x,t,f1,12)=sbt(x,t,{1)=12)),

vx t 1. ((INDVAR(x) A TERM(t) A FORM(f1)) > FORM(sbt(x,t,{1)));;

AXIOi4 SUBDEF:

Yxl x2 11 12(SBV(x1,x2,{1,12) = (INDVAR(x1) A INDVAR(x2) A FORM(f!) A FORM(12)) 2
Vn.(INTEGER(n) > ((<INDVAR(n gl f1) 2 n gl f1sn gl §2) A
(INDVAR(n gl f1) > ((FRN(x1,n,f1) © FRN(x2,n,12)) A
(~FRN(x1,n,f1) 2 INVARV(nf1,12)))))),

Vn fl 12.  (INVARV(n,f1,/2) = (INTEGER(n) A FORM({1) A FORM(f2) A
(GEB(n gl 12,n,12) = GEB(n gl f1,n,11)) A
FRN(n gl 2,n,2) = FRN(n gl {1 ,n,f1)) A
n gl 12=n gl {1)),

Vxl x2 11 12 ((INDVAR(x1) A INDVAR(x2) A FORMI{I) A FORM(f2)) o
(SBV(x1,x2,f1,12) = sbv(xl,x2,{])s12)),

Vx1l x2 fl. ((INDVAR(x1) A INDVAR(x2) A FORM(f1)) > FORM(sbv(x1,x2,11)))s;

2.7 Rules of inference




AXIOM ANDIRUL:
Veq pfl pi2.

Vsq pf.

AXIOM FALSERUL :
Vsq pfl pf2.

Vsq pf.

AXIOM IMPLRUL :
Vsq pfl pf2.

Vsq pf fl.

Veq pf.

AXIOM NEGRUL:
Vsq pf fl.

Vsq pf.
Yeq pf f1.
Veq pf.

AXIOM ORRUL:
Veq pf.
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(ANDI(sa,pf! ,pf2) = (SEQUENCE(sq) A PROOFTREE(pf1) A PROOFTREE(pf2) A
Jf1 2.(scdr(sq)=(pfl cc pf2) A scar(sq)=t] con 2 A FORM(f1) A
FORM{f2) A fl=scar(ptl) A f2=scar(pf2))}),

(ANDE(sq,pt) = (SEQUENCE(sq) A PROOFTREE(pf) A 3f].(scdr(sq)=pt A
FORM(f1) A (((scar(sq) con fl)zscar(pf)) v
{(t] con (scar(sq))=scar(pt)));;

(FALSEI{sq,pfl,pf2) = (SEQUENCE(sq) A PROOFTREE(pfl) A PROOFTREE(pf2) A
311 ({sedr(sq)={pfl cc pf2)) A (scar(sq)=FALSESYM) A FORM(f1) A
{nep(x)=scar(pfl)) A (x]=scar(pf2))))),

(FALSEE(sq,pf) * (SEQUENCE(sq) A PROOFTREE(pf) A (scar(pf)sFALSESYM) A
sedr(sq)=pt));;

(IMPLE(sq,pfl,pf2) = (SEQUENCE(sq) A PROOFTREE(pf]1) A
PROOFTREE(pf2) A Vil .((scdr(sq)=(pf]l cc pf2)) A FORM(f1) A
{scar(pfl)=(i] impl (scar(sq))) A (scar(pf2)=t1)))),

(IMPLID(sq,pf.f1) = (SEQUENCE(sq) A PROOFTREE(pf) A scdrisa)epf A
FORMI(f1) A 312 ((scar(sq)={fl impl x2)) A FORM(f1) A (f2=scar(pt)) A
In(INTEGER(n) A t12(n sgl pININ);s

(IMPLI(sq.pf) * 31 IMPLID(sq.pf,))s;

(NOTID(sq,phf!) = (sedrisq)=pf A SEQUENCE(sq) A PROOFTREE(pf) A
FORM(f!) A In.((scar(pf)=FALSESYM) A scar(sq)=neg(fl) A
INTEGER(n) A ((n sgl pf)=f1)))),

(NOTM(sq,pf) = ILNOTID(sq,pf,f)),

(NDTED(sq.pt,f1) = (scdrisq)=pt A SEQUENCE(sq) A PROOFTREE(pf) A
FORM(f) A In.{(scar(pf)=FALSESYM) A INTEGER(n) A
((n sg! pt)=nap(scar(sq))))),

(NOTE(sq,pf) 2 31.NOTED(sq,pf,));;

(ORI(sq,pt) = (scdr(sq)=pi A SEQUENCE(sq) A PROOFTREE(pf) A
3f1 f2.((scar(sq) = (f1 dis {2)) A FORM(f1) A FORM(f2) A (fl=scar(pt)) v
(t2=scar(phH)))),

Yeq ptl pf2 pf3 t1 :2.(ORED(sq,ptl,pf2,pf3,1,§2) = (SEQUENCE(sq) A PROOFTREE(pf1) A

PROOFTREE(pi2) A PROOFTREE(pf3) A FORM(f1) A FORM(f2) A
(sedrisq)={pfl cc (pf2 cc pf3)) A

(scar{pt1)-=(t] dis 12))A(scar(pf2)=scar(sq)) A (scar(pf3)=scar(sq)) A
Inl.(nl sgl pf2)=f1) A 3nl.(n1 sgl pt3)=12)))),

Veq pfl pf2 pf3. (ORE(sq,pfl pf2,pf3) = 3f]1 12.0RED(sq,ptl,pt2,pl3,11,12));;

AXIOM EXRUL :
Vsq pf x L.

(EXI(=q,pf,x,t) = (SEQUENCE(sq) A PROOFTREE(pf) A INDVAR(x) A TERM(t) A
31 ((sedrizq)=ptl) A (scar(sq)=(x ex f1)) A FORM(f1) A
scar(ph)=sbt{x,1,{1)))),

Vzq pfl pf2 x1 x2 f1. (EXED(sq,pfl,pf2,x1,x2,f1) = (SEQUENCE(sq) A PROOFTREE(pf]) A

INDVAR(x1) A INDVAR(x2) A (scdr(sq)=(pfl cc pf2)) A FORM(]) A
{scar(pt])=(x] ex t1)) A (scar(sq)= scar(pf2)) A
3n.(n sgl pf2)=sbi(x! x2,f1) A INTEGER(n) A EXAPPL(x2,p12,f1))))),

Veq ptl pf2 x1 x2(EXE(sq,pfl,pf2,x! 2} = EXED(sq,ptl =1 x2)),

Vx ptt.

(EXAPPL(x,pf,f) & (INDVAR(x) A PROOFTREF (pf} A FORM(f) A ~FR(x,scar(pf)) A

PEET LR Tapw
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i ~FR(x,f) A ¥{1.(DEPEND(pt,{1) > ~FR(x,f1)1);;

AXIOM GENRUL:

Vsq sql x . (GENE(sq,5q1 x,1) r (SEQUENCE(sq) A INDVAR(x) A TERM(t) A sedr(sq)esql A
PROOFTREE(sql) A 31.(FORM(f) A scar(sql)=x gen f A
scar(sq)=sbi(x,1,1)))),

Veq sql x1 x2. (GENI(sq,5q] x1,x2) ~ (SEQUENCE(sq) A INDVAR(x1) A INDVAR(x2) A
scdr(sq)=sql A PROOFTREE(sql ) A 31.(FORM() A (scar(sq)=x! gen f) A
scar(tql )=sbl(x1,x2,) A APGENI(x2,sql m),

Vx sq. (APGENI(x,59) = (INDVAR(x) A V{.(DEPEND(sq,f) > <FR(x,)}) A
PROOFTREE (sq)),
Vsq. (PROOFTREE(sq) > 3x.(INDVAR(x) A APGENI(x,sq))) ;3

2.8 Deduction

AXIOM PROVF:

Vsq. (PROOFTREE (sq) = ((SEQUENCE(sq) A FORM(sq)) v
3p!.(PROOF TREE(pf) A (ORI(sq,pf) v ANDE(sq,pf) v FALSEE(sq,pf) v
NOTi(sq,pf) v NOTE(sq,pt) v IMPLI(sq,pf))) v
3pf x t .(PROOFTREE(p!) A INDVAR(x)} A TERM(1) A

TR

L (GENI(=- ptx,1) v GENE(sq,pf,x,{) v EXI{sq,pl,x,1))) v
: 3ptl pIZAPROOFTREE(pf1) A PROOFTREE(pf2) A
! (ANDi(=q,p!1,p12) v FALSEI(sq,pl1 p12) v IMPLE(sq,p!1,pf2))) v
3pil pi2 x| x2.(PROOFTREE(pf1) A PROOFTREE(pf2) A INDVAR(x1) A
I INDVAR(x2) A EXE(sq,pf] Pi2,x] x2)) v
i 3pfl pf2 pi3.(PROOFTREE(pf1) A PROOFTREE(pf2) A PROOFTREE(pf3) A

ORE(zq,pfl,pf2,p13)))) ;3
AXIOM DEPNDG:

Vsq f. (DEPEND(sq,1) > (SEQUENCE(sq) A FORM(f) A SUBSSE(f,q))),

Vsq f. ((SEQUENCE(sq) A FORM(f) A 5q=1) > DEPEND(sq,f)) ;3
AXIOM DEPEND:

Vpf pfl f. (((PROOFTREE(p1) A PROOFTREE(pf1) A (pfl =scdr(pf))) >

(DEPEND(p#,) = DEPEND(pf1 ,f))) =
(ORI(pt,pf1) v ANDE(pf,pt] ) v FALSEE(pf,pfl) v
31 .(FORM(fI) A (NOTID(pf,pf1,1) v NOTED(pf,pf1,f1) v
IMPLID(pf,pf1,f1)) A f141) v
3x { .(INDVAR(x) A TERM(t) A GENI(pf,pfl x,t) v
GENE(pf,pf1,x,t) v EXI(pf,pf],x,1))))) H

AXIOM DEP:

Vpt pfl pf2 {. (((PROOFTREE (pf) A PROOFTREE(pt1) A PROOFTREE(pf2) A
({(pf1 cc pl2=5cdr(pt)) v (pf2 cc p!l=scdr(pf)))) > (DEPEND(pf,f) =
(DEPEND(pf1 1) v DEPEND(p12,f)))) = (ANDI(pf,pt1,pf2) v
FALSEI(pf,pf1,pf2) v IMPLE(pf.pf],pf2) v
Ixl x2 f1 (EXED(pf,pfl,pf2,x] x2,£1) A £481)));:

AXIOM DEPND: I
Vpf pfl pf2 pf3 f. (((PROOFTREE (pf) A PROOFTREE (pf1) A :
PROOFTREE(pi2) A PROOFTREE (pf3) A

(((pf1 cc (pt2 cc pf3))=scdr(pf)) v

((pf1 cc (pf3 cc pf2))=scdr(pf)) v
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((pt2 cc (pt] cc pi3))=scdr(pf)) v

((pf2 cc (pt3 cc pfl))=scdripi)) v

((pt3 cc (ptl cc pi2))=scdr(pf)) v

((pf3 cc (pi2 cc ptl N=scdr(pf)))) 2

(DEPEND(pf,f) = (DEPEND(pf1,{) v DEPEND(pi2,{) v DEPEND(p3,f)))) =
311 12.(ORED(pt,pf1,p12,p13,11,12) A 141l A £412)) ,

AXIOM NDEPND:
vptl pf2 f. (INOTID(pf1 pf2,1) v NOTED(pf1,p12,1) v IMPLID(p!1,pf2,1))
-DEPEND(pt1 1)),
vpfl pi2 pi3 xl x2 1(EXED(p!1,pf2,p13,xI x2,) > ~ DEPENCpIL 1)) ,
Vpil pf2 pf3 ptd f1 12. (ORED(pf1,p12,p13,p14,11,12) o ~ DEPEND(pf1,{1) A ~DEPEND(pt1,12));;

AXIOM PROVABLE:
vi. (BEWI(f) = FORM(f) A 35q.(PROOFTREE(sq) A fascar(sq) A
Vi1.(DEPEND(sq,f1) @ AXIOM(f]))));;

AXIOM THEORY:
Vx { (AXIOM(f) = =~ FR(x,)AFORM(1));;

AXIOM INFVAR:
Vs.3x.Vn. neglséx) i




{\

L

Checking metamathematical proofs

APPENDIX 3

THE PROQF OF "IF f IS A WFF ALSO . xf1S A WFF"

3.1 FOL commands and printout In the many sorted logic
commands

VE WFF1, x gen {;

TAUTEQ (x gen f= x gon {) v (x gen f s x ex {);
UNIFY ==:82820] , =;

TAUT =e=0], |2

proof

| FORM(x gen 1)=(ELF(x gen {)v(3x1 11.((x gen f)=(x] gen 11 vix gen {)s(x] ox {1))v
(31 12.0(x gen =11 dis 12)v{(x gen 1)=(f] con 12)v(x gen )s(fl imp! 2))v
3t1.(x gen f)=neg(l1))))

2 (x gen {)=(x gen )v(x gen 1)=(x ex {)
3 3Ixl 11.((x gen f)s(x] gen {1)vix gen f)=(xl ex {1))

4 FORM(x gen f)

3.9 FOL commands in the earlier axlomatization

DECLARE INDVAR A U;

label hptl;

ASSUME FORM(f) A INDVAR (x1) 3

label teol ;

ASSUME V1 .(SEQUENCE (sq)A sq # SLAMBDA > (STRING(s)> (s cc sq) 4 SLAMBDA))
label teo02 ;

ASSUME Vs sq.(STRING(s)ASEQUENCE(sq)s sear(s .c sq)s s);

label teo3 ;

ASSUME Vs £q.(STRING(s)ASEQUENCE(sq): scdr(s cc sq)s sq);
label teod ;

ASSUME Vsq.(SEQUENCE(sq)AsqdSLAMBDA & {ind(! ,scar(sq),59));
label teo5 ;

ASSUME V1 x (FORM({)AINDVAR(x) 2STRING(x gen 1));

label teob6;

ASSUME Vs sq.(STRING(s)ASEQUENCE(sq) 2SEQUENCE(s cc $q));
label teo7 ;

ASSUME Vx.(INDVAR(x) o STRING(x));

Ve WFF2 {

LABEL ass! ;

taut 3sq.(FRR(sq)Af=scar(sq)) 1:=;
ASSUME FRR(SQ) A f = SCAR(SQ) ;
Ve WFF1 SQ

Ve {e0]l SQ ,x! gen {;

25
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Ve teol x| gen { ,SQ;

Ve feo3 x1 gen 1 ,5Q;

Ve {04 SQ;

Ve tech § xl;

Ve {007 x1;

Ve Wifl (x] gen ) cc SQ;

TAUTEQ -:#2w2w2u2u28]w|[s]«f : s2¢x]] }|:=;
unify -=-:9202020202 -
Ve {806 x| gon { ,5Q;

Ve WFF2 x| genf ;

lauteq -:w2028][sq+(x] gen f) cc SQ) 1:=;
unify ==:0242 -

faut FORM(x! gen f) |:=;

e assi,~,SQ;

2i hptl ,=;

Yl - xl f;

3.3 Printout of the proof in the caclier avionatization

| FORM(f)AINDVAR(x!) (1) --- ASSUME

2 Vsq s ((SEQUENCE(sq)AsqdSLAMBDA)S(STRING(s)2(s ce sq)/SLAMBDA)) (2) -=- ASSUME

3 Vs sq ((STRING(s)ASEQUENCE(sq)} scar(s cc £q)=s) (3) === ASSUME

4 Vs 5q ((STRING(s)ASEQUENCE(=q)) =cdr(s cc 5q)=sq) (4) === ASSUME

5 Vsq.((SEQUENCE(sq)~-qf SLAMBDA ) find(1 scar(sq),5q)) (5) === ASSUME

6 Vi x.((FORM({)AINDVAR!{x))>STRING{x gan f)) (6) -=-- ASSUME

7 Vs £q.((STRING(s)ASEQUENCE (<q))>SEQUENCE(s cc $q)) {7) === ASSUME

8 V. (INDVAR(x)>STRING(x)) (8) --- ASSUME

9 FORM(f)=(STRING(t)A3=q (FRF rfescar(sq))) === VE WFF2 {

10 3sq.(FRR(sq)Af=scar(sq)) {1 23 456 7 8) --- TAUT |:9

1] FRR(SQ)At=5¢ar(SQ) (11) --- ASSUME

12 FRR(SO)“(SEOUENCE(SO)A(SOMLAMBDAA(ELF(:car(SO))V(FRR(scdr(SO))ABSI
$2.(STRING (s 1 JA(STRING(22)A({=car(SQ)=NEG(s 1 )Atind(1 5] ,sedr(SQ)))vi(scar{SQ)
={s] dis s2)Afind(2,51 ¢ x2,2cdr (SO {(acar(5Q)=(c] con s2)Atind(2,51 ¢ 2,
sedr(SQ)))v((scar(50)=(s] impl 22)Afind(2,5] ¢ 52,5¢dr(SQ))Ivi(scar(5Q)=(s gur
$2)A(INDVAR(s | )atind(1,52,5rdr (SQ)))Iv{scar(5Q)=(s) ox s2)A(INDVAR(s ] )Afindy!,
52,5¢dr (SQIINNNINN) === YE WFF] $Q

13 (SEQUENCE(SQ)ASQASLAMBDA)>(STRING(x! gen 1)>((x| gen ) ce SQ)ASLAMBDA) (2)
=== YE 2 SQ,x] gen {
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14 (STRING(x1 gen {)ASEQUENCE(SQ))=scar((x] gen f) cc SQ)=(x] gen f)
(3) --- VE 3 x| gen{,5Q

15 (STRING(x1 gen {)ASEQUENCE(SQ))=scdr((r} gen f) cc $Q)xSQ :4) === VE 4 x| gen 1,5Q
16 (SEQUENCE(SQ)ASQ/SLAMBDA) find(1,s¢ar(5Q),5Q) (5) === VE § SQ

17 (FORM(f)AINDVAR(x1))aslring(x] gen ) (6) === VE 6 f,x]

18 INDVAR(x1)>STRING(x1) (8) === VE 8 x]

19 FRR((x] gen 1) cc SQ)-(SEQUENCE((xI gen f) cc SQ)A(((x] gen f) ec U4
SLAMBDAA (ELF (scar((x| gon 1) cc SQ)IV(FRR(scdr(ix} gen 1) ¢z 5Q))A
sl s2.(STRING(sI)A(STRING(s2)A((scar((s] pan 1) cc SQ)=NEG(sl)A
find(1,s1 ,scdr({xl gan f) cc SQ))v((scar((x] pan 1) cc $Q)=(s] dis s2)A
find(2,51 ¢ s2,scdr({x| gen f) cc SQ)))vilscar((xl gen f) ce SQ)=(s] con §2)A
lind(2,s1 ¢ s2,5cdr((x} pen 1) cc SONIVv((scar((x] gen f) cc $Q)=(sl impl 52)A
lind(2,s1 ¢ s2,scdr((x} gon 1) cc SQNIVv((scar((x] gen f) cc $Q)=(sl gen s2)A(INDVAR(s1)A
find(1,52,scdr((x1 gon f) cc SO)))viscar((x]l pon {) cc SQ)=(s] ex s2)A(INDVAR(s])A
find(1,52,5¢dr((x] gan 1) <c SONNNMNN)) === VE WFF] (x] gen 1) cc SQ

20 STRING(x1)A(STRING()A({scar((x] pon f) cc SQ):NEG(x])A
find(1,x] ,scdr((x] pont) cc SQ)Nv(scar((x] gon 1) cc $Q)=(x! dis 1)a
find(2,x1 ¢ f,scdr((xl gan{) cc SQN)Iv((scar((x] gen 1) cc $Q)=(x] con 1)A
find(2,x] ¢ f,sedr((x] gon 1) cc S5QN)v(l(scar((x] gan f) cc SQ)=(x] impl f)A
tind(2,xl ¢ t,scdr((xi gan 1) cc SO)))vi(scar({x] gen 1) cc SQ)=(x] gen )A(INDVAR(x])A
find(1 f,sedr((x] gon f) cc SON))v(scar((xl pen f) cc SQ)=(x! ex f)A(INDVAR(x])A
find(1,f,scdr((x] gen 1) cc SONINNN (1 234567 8 1) === TAUTEQ 1:19

21 3s] s2.(STRING{s 1~ {STRING(=2)A((scar((s] ron () cc $SQ)=NEG(s])A
find(1,s1,5cdr((x| gor i) cc SQN)Iv((scar((x] pan 1) cc $Q)=(s] dis §2)A
find(2,51 ¢ 52,5cdr{(x| gon 1) cc SQNIv((scar((x] gon 1) cc SQ)={s] con s2)A
find(2,51 ¢ s2,5cdr((x] gon 1) cc SQ))Iv((scar((x] gen ) cc SQ)=(s] impl §2)A
find(2,51 ¢ s2,5cdr((x] gon f) cc SQ))v((scar((x] gen f) cc SQ)=(sl gen s2)A(INDVAR(s!)A
find(1,52,scdr((x] gen f) cc SQ)NIv(scar((x] gon f) cc SQ)=(s] ex s2)A(INDVAR(s!)A
find(1,52,5cdr((x} gen f) cc SQINNMMNIMN (1 234567 8 11)--- UNIFY 20

22 (STRING(x! gen {)ASEQUENCE(SQ))>SEQUENCE{(x] gen {} cc SQ) (7) ===VE 7 x]1 GEN 1,5Q
23 FORM(x1 gan 1)=(STRING(x] gan 1)AJsq.(FRR(sq)A{x!| g2+ f)zscar(sq))) === VE WFF2 x| gen f
24 FRR((x] gen 1) cc SQ)A(xl gon f)=scar((xl ponf) cc SQ) (1 234567 8 11) TAUTEQ 1:23
25 3sa.(FRR(sq)A(x] gon f)=scar(sq)) (1 234567 8 11) === UNIFY 24

26 FORM(x] gen 1) (1 234567 8 1) -==-TAUT 1:25

27 FORM(x! gen{) (1 234567 8)---JE1026 U

28 (FORM(f)AINDVAR(x1))oFORM(x] gen {) (23456 7 8) === 3| | 27

29 Y§ x| ((FORM({)AINDVAR(x]))>FORMI(x} gen{)) (23 456 7 8) --- V| 28 xl+&x] fef
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APPENDIX ¢

4.1 FOL commanis in the many sorted logic

LABEL ARITH); ASSUME V¥n x.(nx(len(x)=1)s8);
LABEL ARITH2; ASSUME Vn. (B+n=n);

LABEL ARITH3; ASSUME Vx. (len(x)-1)=8;
LABEL ARITH4; ASSUME Vn, {n=0)zn;

LABEL STRING!1; ASSUME Vx. 1 gl x = x;

Proof of the First Lemma: Vx n.(SUBT(x,f,n) > FRN(x,n,f))

LABEL HPTLEM; ASSUME SUBT(x,f,n);
Ve SUBSTOF I ,x,f,n;

TAUT 82,22 -;

Ve -x,1;

Ve STRINGI ,x; substr « in ==;

Ve ARITH3 ,x; substr = in ==;

Ve ARITH4 n; substr = in --;

TAUTEQ FRN(x,n,f),HPTLEMe | ;-

S| HPTLEM,=;

LABEL LEMMA] ;Y1 = ,x,f,n:

Proof of the Second Lemma- ¥n ¢ 12.(INVART(n,f1,n,£2) ® INVARV (n,f1,12))

Ve SUBSTDF2,n,fl,n,12;
Ve SUBDEF! ,n,f1,12;
TAUT =] # «:0] e o »

LABEL LEMMAZ2; Vi =,n,f1,12;

Proof of the Main Theorem: Vx| x2 fl fZ.(SBT(xl,x;Z,fl,f2)=SBV(xl.x2.fl,12))

LABEL HPT; ASSUME SBT(x1,x2,11,12);
Ve SUBSTDFO,x1,x2,11,12;

TAUT -:42 HPT,-;

VE -.nl,nl;

Ve ARITHI numbfreeoce(x1,nl,f1),x2; substr = in .=
Ve ARITH2,nl;

Ve SUBDEFO x1,x2,f1,12;

Ve LEMMAIL x2,{2,nl;

Ve LEMMA2,nl {1 12;

TAUTEQ -~=:#28][nenl JHPT+] =3

Vi =,nlen;

TAUTEQ ====~ 200 HPTe]:=;

ol HPT,~;

Vi x| ,x2,41,12;

4.2 Printout of the proof in the many sorted logic

THE PROOF OF THE EQUIVALENCE BETWEEN $BV AND SBT FOR VARIABLES

28
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F

E 1 ¥n x.(nx(len(x)-1))=0 (1)

| 2 Vn.(0en)en (2)

3 Vx.(len{x)-1)s0" (3)

4 Va(n-0)zn (4)

5 Vx.(l gl x)sx (5)

6 SUBT(x,{,n) (6)

7 SUBT(x,f,n)2¥x2 k.((k gl x)=x2>FRN(x2,n-(len(x)-k),f))
8 Vx2 k.((k g! x)=x2FRN(x2,n=(len(x)-k),f)) (6)
9 (1 g! x)ex>FRN(x,n=(len(x)-1),) (6)

10 (1 gl x)=x (5)

i 11 xsxaFRN(x,n=(len(x)=1),{) (5 6)

12 (len{x)=1):0 (3)

13 xsx>FRN(x,n-0,f) (3 5 6)

14 (n-0)=n (4)

15 xax>FRN(x,nf) (3 45 6)

16 FRN(x,nf) (3 45 6)

17 SUBT(x,f,n)oFRN(x,n,{) (3 45)
18 Vx { n(SUBT(x,f,n)2FRN(x,n,f)) (3 45)

19 INVART(n,f1,n,12)*((GEB(n g} 12,n,12):GEB(n gl 11,01 IA((FRN(n gl 12,n,2)s
FRN(n gl f1,nf1))A(n gl 2)=(n gl 11)))

20 INVARY(n,f1,12)-((GEB(n gl 12,n,12) GEB(n gl {1,nf1))A((FRN(n gl 12,n,§2)s
FRN(n gl 11,n,f1))A(n gl 12)=(n gl {1)))

21 INVART(n,{1,n,i2)"INVARY(n,il,{2)

22 Vn {l {2.(INVART(n,f1,n,{2)-INVARV(nf],2))

23 SBT(x1,x2,§1,§2) (23)

24 SBT(x1,x2,f1,§12)7¥nl n2.(n2=((numbfreeocc(x] ,nl f1)x(len{x2)=1))enl)>

((~INDVAR(n1 g! f1)2(nl gl f1)2(n2 gl 12))A(INDVAR(nl gl {1)2((FRN(x],nl {1)>
SUBT(x2,12,n2))A(~FRN(x1,n1,f1)2INVAKT(n] f1,n2,{2))))))

- — T ——————— i . e e
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25 Vnl nZ.(nZ-((numbfroeocc(xl,nl,ll)*(Ion(xZ)-l))ml):((-INDVAR(nl glfl)»
(n1 gl f1)(n2 gi 12))A(INDVAR(n] gl fl):((F’RN(xl,nl,fl)=SUBT(x2,f2,n2))A
(-FRN(xl.nl,fl)DlNVART(nl,fl,n2,l2)))))) (23)

26 nl-((numbfruocc(xl,nl,ll)*(Ion(xZ)-l))ml):((-INDVAR(nl gl f1)a(nl gl f1)a
(nl gl £2))A(INDVAR(n] el fl):((FRN(xl,nl,fl):SUBT(xZ.fZ.nl))A(~FRN(xl,nl,H)=
INVART(n1,f1,n1,02))))) (23)

27 (numbfresocc(x1,nl,t1)%(len(x2)-1))=0 (1)

28 ni=(0+nl)>((~INDVAR(n] gl {1)2(n] £l 11)=(n] gl 12))A(INDVAR(nI gl f1)>
((FRN(xl,nl.H):SUBT(xZ,lZ,nl))A(-FRN(xl,nl,fl):INVART(nl,fl,nl,fZ))))) (1 23)

29 (O+nl)z=nl (2)

((FRN(xl.n,H)DFRN(x2,n,12))A(-FRN(xl,n‘fl):INVARV(n,fl,fZ)))))
31 SUBT(x2,f2,n1)>FRN(x2,n1,12) (3 45)
32 INVART(nl,11,n1,12)-INVARV(nl {1,12)

33 (~INDVAR(nl gl 11)>(nl gI f1)=(n] g 12))A(INDVAR(n1 gl 11)2((FRN(x1,n1,{1)>

[ 30 SBV(x1,x2,{1,12)-Vn ((~INDVAR(n gl 11)3(n El 11)=(n gl 12))A(INDVAR(n gl 11)>
} FRN(xZ,nl,fZ))A(-FRN(xl,nl,fl)DINVARV(nl,“.fZ)))) (12345 23)
)

34 VYn.((-INDVAR(n gl f1)2(n gl {1)=(n g 12))A(INDVAR(n gl {1)o((FRN(x1,n,f1)>
FRN(xZ,n,fZ))A(-FRN(xl.n,fl):INVARV(n,H,fZ))))) (12345 23)

35 SBY(xix2,1,12) (1234523

! 36 SBT(xIx2,t1,02)258V(x1,x2,11,12) (1 23 45)
3 37 vxl x2 1 12.(5BT(x1,x2,{1,§2)2SBV(x1,x2,11,f2)) (1 23 4 5)

4.3 FOL commands in the earlier axiomatization

LABEL ARITHI; ASSUME Vn x.((INTEGER(n) A INDVAR(x))>{n%(len(x)- 1 )=8));
4 - LABEL ARITH2; ASSUME Vn. (INTEGER(n) > (B+nzn)):

] LABEL ARITH3; ASSUME Vx. (INDVAR(x) > ((len(x)-1):8));

LABEL ARITH4; ASSUME Vn. (INTEGER(n) > (n-8):n);

LABEL STRINGI; ASSUME Vx. (INDVAR(x) > | gl xx);

i Proof of the First Lemma:
Vx n {.((INDVAR(x) A INTEGER(n) A FORM({) A SUBT(x,f,n)) > FRN(x,n,f))

LABEL HPTLEM; ASSUME INDVAR(x)AFORM(!)AINTEGER(n)ASUBT(x,f.n);
LABEL FACT ; ASSUME INTEGER(1);

Ve SUBSTDF 1 ,x,1,n;

TAUT -:2420202 < -,

Ve =x,1;

Ve STRINGI]x; TAUT -:#2 HPTLEM:=;subsir = in eue;

Ve ARITH3,x; TAUT «:82 HPTLEM:-;substr = in coe:

ad
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Ve ARITH& n: TAUT -:82 HPTLEM:-:substr = 1n .ee
TAUTEQ FRN(x,n,{),HPTLEM:=;

ol HPTLEM,=;

LABEL LEMMA {5¢! «x,f,n;

Proof =f the Second lerva @ Vk {1 f2.(INVART {k,f1 k,12) o INVARV(K,f],12))
Ve SUBSTDF2,k.f1,k,§2;

Ve SUBDEF1 k,f1,i2;

TAUT ==:#] 2 =:#] == -;

LABEL LEMMA2; Vi - k ‘1 ,f2:

Proof of the Mamn Throrem

Vxl x2 f1 {2 ((INDVAR(x1) A INDVAR(x2) A FORM(t1) A FORM({2) A SBT{x1,x2,{1,12) -

SBV(x1,x2,11,2))
LABEL HPT; ASSUME INDVAR(x1 JAINDVAR(x2)AFORM(f1 )JAFORM(12)ASBT (x 1 ,x2,1,12);

LABFL THTERM; ASSUME Vx2.(INDVAR(x¢)2> 1ERM(x2));
VE THTERM,x2;
LABEL THNFRO; ASSUME VxI1 nl f1.INTEGER(numbfreeocc(x1,nl,f1));

Vo SUBSTDFOx1,x2.41,12;
TAUT -:#202020202 HPT:~;
VE -,ni,n!;

LABEL AUX;ASSUME INTEGER(nl );
VE THNFROx!,nl f1;

Ve ARITHI numbfreeoc-!.1,nl f1),x2; TAUT -:#2,HPT:=;substr = in ceceny
Ve ARITH2,n1 ;TAUT -:#2,rPT:=;SUBSTR=IN =-=;
TAUTEQ ~:#2,HPT:~;

Ve SUBDEFO x1,x2,f1,12;

Ve LEMMA| x2,12,nl;

Ve LEMMA2 nl {1,12; ‘

TAUTEQ ---:42#20|82[n&-n] ], HPT :=;

ol AUX,=3

Vi -,nl;

TAUTEQ »==--- M1, HPT:-;

ol HPT,~;

Vi - xl ,x2,8 §2;

4.4  P:ntont of the proof in the carlier axiomatization

I ¥n x {(INTEGER(n)AINDVAR(x))>{nk(len(x)=1))20) (1)

2 Vn.(INTEGER(n)>(0+n)=n) (2)

3 Vx.(INDVAR(x)>(len{x)=1)=0) (3)

31
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Vn.(INTEGER(n)>(n-0)=n) (4)

Vx..iNDVAR(x)>(1 gl x)=x) (5)

INDVAR (x)A(FORM(f)A(INTEGER(n)ASUBT(x,f,n))) (6)
INTEGER(1) (7)

SUBT (x,f,n)=(TERM(x)A(FORM(f)A (INTEGER(n)AVx2 k.((INDVAR(x2)A(INTEGER(K)A(K gl x)
1x2))F RN(x2,n=(len(x)-k}),))}})

9 Vx2 k(((NDVAR(x2)A(INTEGER(K)A(K gl x)=x2))oFRN(x2,n=(len{x)=k),{)) (6)
10 (INDVAROOA(INTEGER(IIA(] gl x)=x))aFRN(x,n=(len(x)=1),f) (6)

11 INDVAR(x)=(1 gl x)=x (5)

12 (1 glx)x (567)

13 (INDVAR(X)A(INTEGER(1)Ax=x))oFRN(x,n=(len(x}-1),{) (56 7)

14 INDVAR{x)>(len(x)=1):0 (3)

15 (len(x)=1):0 (3567)

16 (INDVAR(x)A(INTEGER(I )Axax)joFRN(x,1=0,) (356 7)

17 INTEGER(n)>(n-0)en (4}

18 (n-O)=n (34567

19 (INDVAR(x)A(INTEGER(] )Ax=x))aFRN(x,n,f) (3456 7)

20 FRN(x,n{f) (34567)

21 (INDVAR(x)A(FORMINA(INTEGER(n)ASUBT (x,t,n)N)oFRN(x,nf) (3 4 5 7)

22 Vx f n.((INDVAR(x)A{FORM(f)A(INTEGER(n)ASUBT(x,f,n)}))aFRN(x,n,f)) (3 4 57)

23 INVART(K 1 k{2)- (INTEGER(K)A (FORM({1)A(INTEGER(K)A(FORM(f2)A ((GEB {k gl 12,k,{2)=
GEB(k gl 11 k{1 DAIFRN(K gl 12,k,12)-FAN(K g f1,k,{1)ACK gl £2)=(k gl 11))))})

24 INVARV(K,f1,12)-(INTEGER (k)A (FORM(f 1 )A(FORM(12)A((GEB(K gl 12,k,12)2GEB(k gl {1 k,f1))A
((FRN(k gl 12,k,$2)"FRN(k gl 11,k,f1NA(K gl 12)=(k gl {1)))))

25 INVART(k,f1k,f2) INVARV(K,f],f2)
26 Vk {1 12.(INVART(K,f1,k,§2)-INVARV(k1,{2))
27 INDVAR(x1)A(INDVAR(x2)A(FORM(f1 JA(FORM(f2)ASBT(x1,x2,f1,12)))) (27)

28 Vx2.(INDVAR(x2)>TERM(x2)) (28)
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29 INDVAR(x2)oTERM(x2) (28)

30 Vxl nl f1INTEGER(numbfreeocc(x!,n!,f1)) (39)

31 SBT(xl,x2,fl,f2)=((lNDVAR(xl)A(TERM(XZ)A(FORM(H)AFORM(Q)))):VM n2.({(INTEGER(n1 )A
(INTEGER(n2)An2:=((numbfreeocc(x! ,nl {1 )%(len(x2)-1 Nenl))a((-INDVAR(nI gl f1)>
(nl gl £1)2(n2 gl £2))A(INDVAR(nI gl 1] ){{FRN(x1 ,nl 1 )>SUBT(x2,{2,n2))A
(<sF2N(x1,n1 11 )3INVART(n1,f1,n2,12))))))

32 Vnl n2.((|NTEGER(nl)A(INTEGER(nZ)An2=((numbfreeocc(xl,nl,fl)*(len(xZ)-l))'nl)))3
((-INDVAR(n! g1 f1)o(nl gl £1)=(n2 pl 12))A(INDVAR{nl gl f1)2((FRN(x1,nl £1)>
SUBT(x2,12,n2))A(-FRN(x1,n1,f1)2INVART(nl f1,n2,12)))))) (27 28 30)

33 (INTEGER(nl)A(INTEGER(n1)Anl z((numbfrecoce(x| Nl k(len(x2)=1))en1)))o(
(-INDVAR(n] gl f1)a(nl gl t1)=(nl pi 12))A(INDVAR(nI gl {1)2((FRN(x1,nl {1 )>
SUBT(x2,f2,nl DA(=FRN(x1,n1,f1)2INVART(n1 1 ,nl,£2)0))) (27 28 30)

34 INTEGER(nl) (34)

35 INTEGER(numbfreeocc(xl,nl,fl)) (30)

36 (INTEGER(numbfreeocc(xl 'ﬂl,fl))AlNDVAR(xZ)):(numbfreeocc(xl,nl,fl)*(Ion(xZ)-l))-O (1)

- 37 (numbfreeocc(x| nl f1)*(len(x2)=1))-0 (I 27 28 30 34)

38 (INTEGER(nl)A(INTEGER(n1)An1=(0+nl 1N)2((<INDVAR(n] gl t1)3(nl gl {1)=(nl gl t2))A
(INDVAR(n1 gl $1)2((RN(x1,nl,f1)>SUBT(x2,12,n1 ))A(~FRN(x| nl i)
INVART(nl,f1,n1,£2))))) (1 27 28 30 34)

39 INTEGER(n1)2(Csnl)-ni (2)

40 (Oenl)=nl (1 2 27 28 30 34)

41 (INTEGER(nI)A(INTEGER(n1)An1=n1))>((<INDVAR(n] gl ¢1)a(nl gl f1)a(nl gl £2))A
(INDVAR(nl gl f1)2((FRN(x1,nl 01 )DSUBT(XZ,fZ,nl))A(*FRN(xl,nl,fl -]
INVART{nl,f1,nl,2))))) (1 2 27 28 30 34)

42 (~INDVAR(nl gl f1)a(nl gl f1)=(nl gl 12))A(INDVAR(nI gl f1)2((FRN(x1,n1,¢1 )>
SUBT(x2,£2,n1 DAG-FRN(x1,n1,{1)3INVART(n1,f1,n1,£2)))) (1 2 27 28 30 34)

43 SBV(x!,x2,t1,£2):((INDVAR(x | )A(INDVAR(x2)A(FORM(f1 JAFORM(£2))))=Vn.(INTEGER(n)>(
(~INDVAR(n gl t1)a(n gl {1)=(n gl 12))A(INDVAR(n g f1)a((FRN(x1,n,f1)>
FRN(x2,n,£2)A(-FRN(x 1 ,n,¢1 }2INVARV(n,f1,12)))))))

44 (INDVAR(x2)A(FORM(f2)A(INTEGER(n1)ASUBT (x2,2,nl N)2FRN(x2,n1,2) (3457)

45 INVART(nl,f1,nl,12)"INVARV(nl,{1,{2)

46 (~INDVAR(nl gl {l)a(nl gl t1)=(nl gI {2))A(INOVAR(n| g f1)2((FRN(x1,n} t1)>
FRN(x2,n1,f2))A(-FRN(x1,nl,t1)2INVARV(nl 11,12)))) (1 23457 27 28 30 34)

47 INTEGER(nl)=((-INDVAR(nl g £1)>(nl gl t1)=(ni gl 12))A(INDVAR(nI gl fl)>
(FRN(x1,n1,#1)3FR N(x2,n1,12))A(=FRN(xI,n1,11)2INVARV(nl f1,02))))) (1 23 45

|
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7 27 28 30)

48 Vnl (INTEGER(n])>((~INDVAR(nl gl ti)a{nl gl f1)=(n] gl f2))A(INDVAR(nI gl f1)>
((FRN(x1,n],£1)oFRN(x2,n],£2))A(-FRN(x] nl,f1)2INVARV(nl,f1,£2)))))) (1 23 4
5 7 27 28 30)

49 SBV(xI,x2,f1,£2) (1 23 457 27 28 30 34)

50 (INDVAR(x1)A(INDVAR(x2)A(FORM(f1)A(FORM(12)ASBT(x1,x2,{1,£2)))))2$BV (x1 x2,11,12)
(1 23457 28 30 34)

51 Vxl x2 11 12.(INDVAR(x] )A(INDVAR(x2)A(FORM(f1)A (FORM(2)ASBTx 1 x2,f1 12)))))=
SBV(x1,x2,1,12)) (1 23457 28 30)

3¢
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APPENDIX b

THE PROCF THAT UNIVERSAL QUANTIFIER CAN BE INTERCHANGED

5.1 FOL comimands for the main jemma In tie many sorted logic

LABEL THI; ASSUME Vxi x2 11 12.(S8T(x],x2,i1,12)2 SBV(xlx2,t1,i2));
Ve THI, x.x, 11 ,sbi(x,x,il)s

VE SUBSTOE3 x,x, 1, sbtlxx,f1);

19 SUBDEFC x, x,§i,sbiix,x,f1):

tautag =2, -

Ve - n;

VE FREEVG, %, n, f):

VE FREEVC, x, , shitee,ilhs

VE SUBDEF1 1, t1, shilex,fth;

tauteg (i i 1% im(n gl abtiax,il)), 11, 17, 1&;
Vi =

VE ECS 41 shdin fth;

tauteq shiflx,«,!1inf] =~ =

Vi = x,fied;

5.2 Printout of the proof in ihe many coried logic

Wxl ¥2 i 12.008T 00 w241 120958V (x! x&, 1,125 (1)

2 SBT(x,%,01,30i %, 1153 SBY (x x, 11 st f10) (3)

3 SBT!x,»,f1,s5t0ux, i) sbix,x,i1 )=obtlex,fl)

& SBV(x,xfi,sb vk, 01 D-Vn((-INDVAR(n gl f1 )12 g f1)=(n gl sbix,x.11)))A

(INDVAR(n g i1)>((FRN(x,n {1 )oFRN(x,n,sbtx,x,01))A(<FRN(x.n,¢1 )2IMVARV(n,
£1,sbt{x,x,$1 )M

5 Vn.((-INDVAR(r 28 11)2(~ al £1)=(n a1 sbilxx,(!)IAGNDVAR(n gi £1)=((FRN(x,
n,11)2FRN(x,n,sbtix,x, 1 ))A(FRN(x,n,{1 )2INVARV(n,{} sbt(x,x, 1)))))) (1 )

6 (~INDVAR(n gl 11)=(n i 11)=(n gl sbt{x,x,f1)DA(NDVAR(n gl £1)2((FRN(x,n,f1)=
FRN(x,n,sbt{x.x,i1))A(-FRN(x,n,11)=INVARV(nf] St NN (1)

7 FRN(x,n,f1j={x={n gl i1)A-GEB(x,n{1)) VE FREEVO x ,n,{l

8 FRN(x,n,sbtix,x,11))=(x=(n gl sbt(x,x,1))A-GEB(x,n,sbt(x,x,{1)))

9 INVARV(n,f1,sbt(x,x,11))-((GEB(r gl sblx,x,{i),n,sbt(x,x,f1)):GEB{n gl {1,n,fl A
((FRN(n g] sbi(x,x,{1),n,sbt(x,x,{1))=FRN(n gl {1,n,{i)}A(n gl sbt(x,x,:] )
(n gl t1))

10 (n gl f1)=(n gl sbt(x,x,f1)) (1)
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11 ¥Yn.(n gl t1)s(n gl sbtixxt1)) (1)
12 VYn.n gl t1)=(n gl sbt{x,x,f1))atlsgbt(x,x,{])
13 sbtix,x,f1)s f1 (1)

14 Vx febt(x,x,f)ef (1)

5.3 FOLi commands for the theorem in the many sorted logic

LABEL FIRSTLEMMA;
ASSUME Vx f.sbl(x,x,f) sf;

LABEL THEONI;
ASSUME VI sqscar(f cc sq) = f;
LABEL THEONZ2;
ASSUME Yt sq.scdr(f cc sq) » sq;

Proof of the Lemma: BEW(x gen {) > BEW(()

LABEL HPT;
ASSUME BEW(x gen f) ;

LABEL THTAUT;
Ve FIRSTLEMMA x, f;

Ve PROVABLE x gen { ;
TAUT -:02 , - HPT;
LABEL HPAUX;

Je - 5q;

Ve GENRULO f c¢ sq ,5q,x,X;

LABEL THNI;

Ve THEONI {, sq;

Ve THEON2 f, sq;

TAUTEQ  ==-:0202028][f]* {] ,1:=;
UNIFY  eeeein20282 | =

TAUTEQ ==-=~-:#] s 1=

Ve PROOF fccsq;

LABEL GENEI;

vi GENI(f cc sq,8q,x,x) , ==, EXI(f cc 8q,5q,x,x) ;
UNIFY e-:4282828] -

LABEL PROOFTR;

TAUT =e=:tt], ]:=;

Ae HPAUX :8282;
Ve - ,fl;
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Ve DEPENDO f cc sq, sq,f1;
UNIFY -:82082828282, GENE] ;

TAUTEQ DEPEND(f cc sq,f1) > AXIOM (f1) ,1:=3
Vi =il

TAUTEQ THN1:#2 = THNI:#] ,THNI;

Ai PROOFTR, =, ==

LABEL USEFUL;

Ve PROVABLE f;

UNIFY ~:02  ==;

TAUT ==:] ,1:=;

LABEL CITHI;

o] HPT,~;

Prcof of the Lemma. BEW(f) > BEW(x gen {)

LABEL HPTI;
ASSUME BEW(f);

TAUT USEFUL:»#2 , -, HPT] ,USEFUL;

Je - 5q;
A@ -:4202;
Ve -, 1l;

Ve GENRUL2 x,sq;

Ve THEORY x,fl;

TAUTEQ --:u28]8][ff]] HPT]:=;
Vi - flefl;

TAUT =e-=:8] HPT]:-;

Ve GENRULI ({x gen f) cc sq) , 5q ,x,x ;
LABEL THN2;

Ve THEON]! x gent,sq;

Ve THEON2 «x pent, sq;

TAUTEQ  ---:02020281[f] + {], THTAUT,HPTI:;
UNIFY  ee--:028282 | =
TAUTEQ =---- w1, THTAUTHPTI:=;

Ve PROOF (x gen f) cc sq;

LABEL GENI;

vi == , GENE({x gen f) cc sq,5q,x,x) , EXI{(x gen f) cc sq,5q,x,x) ;
UNIFY --:#202u28] -

LABEL PROOFTRI;
TAUT =--:4], HPT|:~ THTAUT;

Ve DEPENDO (x gen {) cc sq, sq,fl:
3i GEN! ,x~f OCC 3 6 9,x~x} OCC 2 4 6;

TAUTEQ DEPEND((x gen f) cc sq,t1) o AXIOM (1) ,THTAUT HPT|:=;

27
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Vi = fletl;

TAUTEQ THN2:82 » THN2:01 ,THN2;
Ai PROOFTRI, =, ==

Ve PROVABLE x gen f;
UNIFY -:02 -

TAUT --:0] THTAUT,HPTI:=;
LABEL C2THI;

ol HPTI,=;

e} CI THI C2THI;

LABEL THI;

Vil - x,f;

Ve THI x| ,x2 gon f;

Ve THI »2,f;

Ve THI x1,f;

Ve THI x2,xl gen f;

TAUT ec--:0] 2 -:0], THl:~;
Vi = xlx2,f;

5.4 Printout of the proof of the theorem in the many sorted logic

1 Vx fsbt(x,x,f)ef (1)

2 Vtsqscar(f cc sq)ef (2)

3 V{ sqscdr(f cc sq)esq (3)

4 BEW(x genf) (4)

S sbt(x,x,f)=f (1)

6 BEW(x gen 1):3sq.(PRODFTREE(sq)A((x gen f)zscar(sq)AVil.(DEPEND(sq,f1)>AXIOM(1))))
7 3sq.(PROOFTREE(sq)A((x gen f)=scar(sq)AV1].(DEPEND(sq,f1)2AXIOM(f1Y))) (4)

8 PROOFTREE(sq)A((x gon escar(sq)AV1l.(DEPEND(sq,11)2AXIOM(f1))) (8)

o

GENE(f cc 5q,50,%,x)"(sedr(f cc sq)»sqA(PROOFTREE (sq)A3fl.(scar(sq)e(x gon f1)A
scar(f cc sq)=sbt(x,x,{1))))

10 scar(f cc sq)zt (2) l
11 scdr(f cc sq)=sq (3)

12 scar(sq)=(x gon fAscar(f cc sq)=sbi(x,x,f) (1 23 48)

13 3fl.(scar(sq)=(x gen f1)Ascar(f cc sq)=sbilx,x,f1)) (1 23 4 8)

14 GENE(f cc saq,sqxx) (1 23 48)

15 PROOFTREE(f cc sq) (FORM({ cc sq)v(3pf.(ORI{f cc sq,pf)V(ANDE(f cc sq,pf)v
(FALSEE(f cc sq,p!)VINOTI(f cc sq,pt)VINOTE(f cc sq,pt)VIMPLI(f cc 5q,pf))))))V

38
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(3pf x t.(GENI(f cc sq,pf,x,{)VIGENE(f cc sq,pf,x,fVEXI(f cc sq,plfx,1)))v
(3pf1 pl2.(ANDI( cc sq,pf1,pI2)V(FALSEIf cc sq,pfl pf2)VIMPLE(f cc sq,pf1,pf2)))V
3ptl pf2 x {EXE(f cc sq,pt1,pf2,x,)vIpfl pl2 pt3.ORE(f cc sq.pf1,pi2,p13)))))
16 GENI(f cc sq,5q,%,x)V(GENE(f cc sq,s5q,x,x)VEXI(f ce sq,sqx,x)) (I 2 3 4 8)
17 3pt x LIGENI(f cc sq,pf,x,fIVIGENE(f cc sq,pt,x,)VEXI(f cc sq,pfx,))) (1 23 438)
18 PROOFTREE(f cc sq) (1 2 3 4 8)
19 V{1 .(DEPEND(sq,f1)>AXIOM(f1)) (8)
20 DEPEND(sq,f1)>AXIOM(f1) (8)
21 PROOFTREE(f cc 5q)>(PROOF TREE(sq)>((sq=sedr(f c¢ $q)3(DEPENDI(! cc 8q,f1)e
DEPEND(sq,f1)))7(ORIf cc 5q,59)v(ANDE(! cc sq,5q)V(FALSEE(! cc sq,6q)V
(31.((NOTID(f cc 5q,5q,/)V(INOTED(f cc $q,3q,f)VIMPLID(f ¢c 5q,56q,)))At#11 )v
3x L(GENI(f cc sq,6q,x,)V(GENE(f cc sq,59,x,1)VEXI(! cc sq,6q,x,1)))))))))
22 I L.(GENI(f cc sq,59,x,)VIGENE(f cc 6q,59,x 1IVEXI(f cc sq,8a,x1))) (1 23 4 8)
23 DEPEND(f cc £q,f1)2AXIOM(f1) (1 23 4 8)
24 V(| (DEPEND(f cc sq,f1)2AXIOM(f1)) (1 2 3 4 8)
25 fuscar(f cc sq) (2)
26 PROOFTREE(f cc sq)A(f=scar(f cc sq)AVI1.(DEPEND(f cc sq,t1 )2AXIOM(f1))) (1 2 3 4 8)
27 BEW(()=35q.(PROOFTREE (sq)A(f=scar (sq)AVI1 (DEPEND(sq,f1 )2 AXIOM(f1))))
28 3sq.(PROOFTREE(sq)A(f=scar(sq)AVI] (DEPEND(sq,f1 )2AXIOM(f1)))) (1 2 3 4)
29 BEW() (123 4)
30 BEW(x gen f)2BEW() (1 2 3)
31 BEW(f) (31)
32 3sq.(PROOFTREE(sq)A(f=scar(sq)AV1.(DEPEND(sq,f1)2AXIOM(f1)))) (31)
33 PROOFTREE(sq)A(f=scar(sq)AV{] (DEPEND(sq,f1)2AXIOM(f1))) (33)
34 Vi]1.(DEPEND(sq,f1)2AXIOM(f1)) (33)
35 DEPEND(sq,f1)2AXIOM(f1) (33)
36 APGENI(x,sq)*(V1.(DEPEND(sq,{)>~FR(x,!))APROOF TREE(sq))
37 AXIOM(f1)3-FR(x,f1)

38 DEPEND(sq,f!1)a-FR(x,f1) (31 33)

39
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39 V{1 .(DEPEND(sq,f1)2-FR(x,f1)) (31 33)
40 APGENI(x,sq) (31 33)

4] GENI((x pen f) cc sq,59,x,x)7(«cdr({x gen {) cc $q)=5qA(PROOFTREE (sq)A
311 (scar((x gon {) cc sq)=(x gon {| JA(scar(sq)=sbl(x,x,11 )JAAPGENI(x,5q)))))

42 scar((x gen ) cc sq)=(x gen 1) (2)

43 scdr((x gen f) cc sq)=sq (3)

44 ccar((x gen{) cc 5q)=(x gan A(scar(sq)=sbt(x,x,()AAPGENI(x,6q)) (1 2 3 3] 33)

45 311 (scar((x gen ) cc sq)=(x gan t1)a(scar(sq)=sbi(x,x,f] JAAPGEN!(x,6q))) (1 2 3 31 33)

46 GENI((x gen f) cc sq,59,%,x) (I 2 3 31 33)

47 PROOFTREE((x gen {) cc 5q) (FORM((x gen ) cc sq)v(Ipf.(ORI((x gen f) ¢cc eq,pt)v
(ANDE((x gen f) cc sq,pf)/(FALSEE((x gan ) cc sq,pf)VINOTI((x gen 1) cc sq,pf)v
(NOTE((x gen 1) cc sq,pf)vIMPLI((x gen f) cc sq,p1))))))v(3Ipf x1 {.(GENI((x gen f)
¢c sq,pl,x] H)VIGENE((x pen 1) cc cq,pf,x1,tIVEXI((x gen 1) cc sq,ptx] )))v
(3pf1 pf2 (ANDI((x gen f) cc sq,pll,pt2)v(FALSEI((x gon f) cc sq,pf1,pt2)v
IMPLE((x gen f) cc sq,pf1,pf2))v(3pfl pl2 x1 $EXE((x gen 1) cc ¢q,pfl pi2,x1 )v
3pfl pf2 pI3.0ORE((x gen f) cc sq,pfl,pt2,pf3))))))

48 GENI((x gen f) cc sq,5q,x,x)V(GENE((x gen f) cc 5q,59,%,x)VEXI((x gen f) cc sq,
sq,xx)) (1 2331 33)

49 3pf x1 £.(GEM!((x pen t) cc sq,plxl A)V(GENE((x gen f) cc sq,pf,xl )V
EXI({x gan f) cc sq,pf -1 ,1))) (1 23 3; 33)

50 PROOFTREE((x gen {) cc sq) (1 2 3 31 33)
51 PROOFTREE((x gen f) cc £q)>(PROOFTREE(sq)>((sq=scdr((x gan 1) cc £q)>(DEPEND(
(x gen 1) cc sq,f1) DEPEND(=q,11))) (ORI((x pan f) cc sq,5q)v(ANDE((x gen f)
cc 89,5q)v(FALSEE((x pen f) cc caq)v(31.((NOTID((x gen f) cc 5q,59,f)v
(NOTED((x gen 1) cc 5q,5q,f)vIMPLID((x gon f) cc sq,59,/))IAtdt] )v
Ixl t.AGENI((x gen 1) cc 5q,2q,x! tIVIGENE((x ger ) ce sq,sq,x],)VEXI(
(x gen ) cc sq,59,x1,1NMMN)

52 3xl t (GENI((x gen ) cc sq,59,x1 t)V(GENE((x gen f) cc sq,6q,x],f)v
EXI({x gon ) cc sq.59,x1,f))) (I 2 331 33)

53 DEPEND((x gen () cc 5q,t1)2AXIOM(t1) (1 2 3 31 33)
54 V{1.(DEPEND((x gon f) cc sq,l1)2AXIOM(11)) (1 2 3 31 33!
55 (x gen f)=scar((x gon f) ce sq) (2)

56 PROOFTREE((x gen f) cc sq)allx pan f)=scar((x gen f) cc sq)A
Vi1 (DEPEND((x gen 1) cc sq,/1)2AXIOM(f1))) (1 2 3 31 33)

57 BEW(x gen f)*3sq (PROOFTREE(sq)A((x gen f)=scar(sq)AV1].(DEPEND(sq,! 1 )2AXIOM(t1))))

40
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58 3sq.(PROOFTREE(sq)A((x gen f)sscar(sq)AVI1.(DEPEND(sq,11 )AXIOM(11))) (1 2 3 31)
59 BEW(x genf) (1 23 31)

60 BEW(f)>BEW(x gen ) (1 2 3)

61 BEW(x gen )-BEW(f) (I 2 3)

62 Vx {.(BEW(x gen 1)-BEW(f)) (1 2 3)

63 BEW(xl gen (x2 gen 1))-BEW(x2 gen f) (1 2 3)

64 BEW(x2 gen 1)=BEW(!) (1 2 3)

65 BEW(x] gen f)=BEW(f) (1 2 3)

66 BEW(x2 gen (x1 gen 1))=BEW(xl gen f) (1 2 3)

67 BEW(xl gen (x2 gen ))>BEW(x2 gen (xI gen 1)) (1 2 3)

68 Vxl x2 f. (BEW(x] gen (x2 gen f)) > BEW(x2 gen (xI gen 1)) (1 2 3)

5.5 FOL commands for the main lemma in the earlier axiomatization

LABEL HPT; ASSUME INDVAR(x) A FORM(!]) ;

LABEL THI ; ASSUME Vx| x2 f] 12.((INDVAR(x1) A INDVAR(x2) A FORM(f1) A FORM({2) A
SBT(x1,x2,f1,12)) > SBV(x1,x2,1{1,12));

LABEL TH2 ; ASSUME “- {INDVAR(x) > TERM(x));

LABEL TH3 ; ASSUME Vi (FORM(x) > STRING(x));

Ve THI, x,x,f1,sbt(x,x,f1);

Ve TH2, x;

Ve TH3, 11;

Ve TH3, sbt(x,x,t1);

VE SUBSTDF3 x,x, {1, sbtx,x,f1);

VE SUBSTDF4 xx, f1;

Ve SUBDEFO x, x,f1,sbt(x,x,f1);

tavteq -:9282 | :-;

Ve -,n;

VE FREEVO, x, n, 11;

VE FREEVO, x, n, sbt{x,x,fl);

VE SUBDEF1 n, f1, sbt(x,x,f1);

tauteq INTEGER(n) > ((n gl f1)e(n gl sbi(x,x,11))) 1:=;

Vi =,n;

VE EQS, f1,sbt(x,x,f1);

taut -:0202,1:-;

i, 1 :=3

Vi - flef;

11
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5.6 Printout of the proof of the main lemma in the second axlomatization
I INDVAR(x)AFORM(f1) (1) ASSUME

2 Vxi x2 1l lZ.((INDVAR(xl)A(INDVAR(XZ)A(FORM(H)A(FORM(!Z)ASBT(XI,x2,1l,12))))):
SBV(x1,x2,11,62)) (2) ASSUME

3 Vx.(INDVAR(x)>TERM(x)) (3) ASSUME
4 Vx.(FORM(x)=STRING(x)) (4) ASSUME

5 (INDVAR(x)A(INDVAR(x)A(FORM(lI)A(FORM(sbl(x.x.ll))ASBT(X.X.“.SN(X.X.”))))))3
SEV(x,x,f1,sbt(x,x,t)) (2) VE 2 x y X, 11, sbi(x,x,{1)

6 INDVAR(x)STERM(x) (3) VE 3 x
7 FORM(f1 }>STRING(f1) (4) VE 4 {|
8 FORM(sbt(x,x,t1))2STRING(sbt(x,x,f1)) (4) YE 4 sbl(x,x,f1)

9 (INDVAR(x)A(TERM(x)A(FORM(ll)AFORM(sbl(x,x,H)))))=(SBT(x,x,ll,sbi(x,x,il))l
sbt(x,x,f1)=sbt(x,x,f1))  VE SUBSTDF3 x , x , f] , sbi(x,x,{1)

10 (INDVAR(X)A(TERM(x)AFORM(fI)))DFORM(sbt(x,x,H)) VE SUBSTDF4 x , x , {1

FT SBVOx,x,f1,5b10x,x,f1)) (INDVAR()A(INDY AR (x)A(FORMI!1 JAFORM(sbt(x,x,1)))))2
Y. (INTEGER(n)>((-INDVAR(n g1 11)3(n £l 11)=(n gl sb(x,x$1)))A(INDVAR(n gl 1)
((ERNO,1)SFRNG,bH(x,x, 41 )IAGFRNGG, 11 YSINVARV(n {1 sb(x,x,d1 )))))

) VE SUBDEFO x , x , fl , sbtlxx,f1)

12 Yn.(INTEGER(n)>((~INUVAR(n £l 11)5(n gl 11)e(n gl sbi(x,x,f1)))A(INDVAR(n gl 1)
S((FRN(x,n,t1)>FRN(x,n,sbt(x ,x,fl IMA(-FRN(x,n,11)>
INVARV(nf1,sbt0xp 1)) (1 2348) 1:1]

13 INTEGER(n)=((-INDVAR(n gl {1)2(n gl {1)=(n &l sbt{x,x,{1)))A(INDVAR(n gl 1])>
((FRN(x,n,f1)2FRN(x,n,5b(x,x,{1 INA(-FRN(x,n,{1 )5INVARV(n,{] sbi(x,x, (1))
(1234) VEl2n

14 FRN{x,n,f1)=(x=(n gl {1)A-GEB(x,n,f1)) VE FREEVO x y 0,

15 FRN(x,n,sbt(x,x,11))=(x=(n g sbt(x,x,f1))A-GEB(x,n,sbt(x,x,11))) VE FREEVO x v 0y sbt(x,x,f1)

16 INVARV(n,f1,5bt(x.x,11))2(INTEGER(n)A(FORM({} JA(FORM(sbt(x,x,11))A((GEB(n gl
sbt{x,x,11),n,sbt(x,x,1))-GEB(

n gl fl,nd1)A((FRN(n gl sbt(x,x,f1),n,5b(x,x,{1)):FRN(n gl 1 N)A(n gl
sbt (x,x,{1))=(n gl 11)))))) VE SUBDEF] n , 11, sbi(x,x,f1)

17 INTEGER(n)>(n gl t1)=(n gl sbt(x,x,01)) (1 23 4) | : 16

18 V¥n.(INTEGER(n)a(n gl f1)=(n g! sbt(x,x,41))) (1 23 4) Y1 |7 ne n

19 (STRING(f1)ASTRING(=bt(x,x,11)))2(Vn.(INTEGER(n)=(n gl t1)2(n gl sbt{x,x,f1)))s
flesbi(x,x,f1))  VE EQS fl , sbt(x,x,{1)
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20 flesbi(x,xf!) (1 254) 1:19
21 (INDVAR(x)AFORM(f]1))2f1=sbt(x,x,f1) (23 4) oI | 20

22 Vx {.((INDVAR(x)AFORM(f))o1zsbt(x,x,f}) (2 3 4) V121 x & ] «x

5.7 FOL commands in the earlier axiomarization

LABEL FIRSTLEMMA;
ASSUME Vx {.((INDVAR(x)A FORM()) = sbl(x,x,f) f);

LABEL THEONI;

ASSUME Vs sq.((STRING(s)a SEQUENCE(sq))> scar(s cc sq) = 5);
LABEL THEONZ2;

ASSUN £ Vs sq.((STRING(s)A SEQUENCE(sq))osedr(s cc sq) = $q);
LABEL THI;

ASSUME Vx {.((INDVAR(x)AFORM(f))2FORM(x gen 1));

LABEL TH2;

ASSUME Vi (FORMI(f) > STRING(1)) ;

LABEL TH3;

ASSUME VY1 sq.((FORM(f)ASEQUENCE(=q))>SEQUENCE(f cc $q));
LABEL TH4;

ASSUME Vx.(INDVAR(x)> TERM(x)};

LABEL THS;

ASSUME Vpf (PROOF TREE (p1)2SEQUENCE(pf));

Proof of the Lemma BEW(x gen ) > BEW(f) Under the Assumption: INOVARI(x) A FORM(f)

LABEL HPTT;

ASSUME INDVAR(x)A FORM(!);
LABEL HPT;

ASSUME BEW(x gen f) ;

LABEL THTAUT;
Ve FIRSTLEMMA x, f;

Ve PROVABLE x gen f ;
VE THI 1

TAUT =~:#202, HPTT:=;
Ve TH2,1;

Ve TH3,f,sq;

VE TH4 x;

VE TH5,sq;

LABEL HPAUX;

Ve GENRULO f cc sq ,5q,x,x;

LABEL THNI;

Ve THTONI  f, sq;

Ve THEQONZ f, sq;

TAUTEQ  ~==:0202u2020202u|[f]« {] ,1:=;
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UNIFY  cccc:u2u2u2028202 | -
TAUTEQ ===--- ] A

Ve PROOF f¢c sq;
LABEL GENE1;

TAUTEQ PROOF TREE(sq)AINDVAR(x)ATERM(x)A(GENI(f cc 5q,59,%,x) V ==; v

EXI{f cc sq,59,%,x)) 1:=3
UNIFY --:u2u2u2u]| -
LABEL PROOFTR;

TAUT ===:n], |:=;

Ae HPAUX :#2u2;
Ve - ,f{l;

Ve DEPEND f cc sq, sq,f1;
AE GENE|:2;
UNIFY ==:02u282u282, - ;

TAUTEQ DEPEND(f cc sq,f1) o AXIOM (1) ,]:=;
Vi=flefl;

TAUTEQ f=scar(f cc sq) 1:-;

Al PROOFTR, -, == ;

LABEL USEFUL;

Ve PROVABLE f;

UNIFY =:4282 --;

TAUT =] ,]:=;

LABEL C!THI;

ol HPT,=;

Proof of the Lemma PEW(f) > BEW(x gen ) Under the Assumption: INDVAR(x) A FORM(f)

LABEL HFTI;
ASSUME BEW(f);

TAUT USEFUL:#2 , - HPT1,USEFUL;
AE -:#2
e - 5q;

AQ@ =:n2u2:

Ve -, fl;

Ve GENRUL2 x,sq;

Ve THEORY x,fl;

TAUTEQ --:02u|u20][fef1] HPTT,HPT] =
Vi - f1+fl;

TAUT ==-=:2] HPTT HPT]:=;

Ve GENRULI ((x gen f) cc sq), sq x,x 3

LABEL THNZ2;

Ve THEONI x pent,sq;

Ve THEON2 xgenf,sq:

VE THI x ,f;

VE TH2 x gen !;

VE THS sq;

TAUTEQ ==r---:42020201[f] « f] HPTT, THTAUT HPTI A
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UNIFY e-co-e- 20202 | -
VE TH3, x ger f,sq;:
TAUTEQ --==-c--- :#], HP1T, THTAUT HPT!:=;

Ve PROOF (x gen f) c¢ sc .
Ve TH4x;
LABEL GENI;

TAUTEQ PROOFTREE(sq) A INDVAR(x) A TERM(x) A ( ===: v GENE((x zen f) c¢ $9,8Q,%,X) V

EXH(x gen f) cc 5q,59,%,x)) HPTT,HPT] :=;
UNIFY =--:02602028| -

LABEL PROOFTR!;
TAUT =---:#], HPT]:- THTAUT HPTT;

Ve DEPEND (x gen f) cc sq, sq,fl;
AE GEN|:w2;

Ji- x-t0CC25811;
di-, x~xI 0CC1|1357;

TAUTEQ DEPEND((x gon f) cc sq,f1) > AXIOM (1) ,THTAUT, HPTT,HPT | :=;
Vi=flefl;

TAUTEQ x gan f = scar((x gen f) cc sq),HPTTHPT]:=;
Al PROOFTRI, =, == ;

Ve PROVABLE x gen f;

UNIFY -:0202 --;

TAUT ==:01 THTAUT HPTI:=;

LABEL C2THI;

S| HPTI,-;

*| CITH],C2THI;

LABEL THGEN;

of HPTT,-;

VI = x,f:

Ve THI x| ,x2 gen f;

Ve THI x2.f;

Ve THI xI.f;

Ve THI x2,x] gen {;

VE THI x!t;

VE THI x2,f;

TAUT (INDVAR(x1) A {INDVAR(x2) A FORM(f))) > (BEW(x| gen (x2 gen {)) s
BEW(x2 gen (x1 gen 1))),THGEN:-;

VI =xl,x2,t;

5.6 Printout of the proof in the earlier axiomatization
1 Vx f.((INDVAR(x)AFORM(f))2sbt(x,x,1)=f) (1) ASSUME
2 Vs sq.((STRING(s)ASEQUENCE(sq))scar(s cc 5q)=s) (2) ASSUME

3 Vs sq.((STRING(s)ASEQUENCE(sq))ascdr(s cc sq)=sa) (3) ASSUME




10
11
12

13
14
15
16
17
18
19
20

2l
22
23
24
25
26
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Vx {.((INDVAR(x)AFORM(f))}>FORM(x gen 1)} (4} ASSUME
VI.(FORM(1)oSTRING(f)) (5) ASSUME

V1 sq.((FORM()ASEQUENCE (sq))2SEQUENCE(f cc sq)) (6) ASSUME
Vx.(INDVAR(x}>TERM(x)) (7) ASSUME
Vpt.(PROOFTREE(pf)>SEQUENCE(pf)) (8) ASSUME
INDVAR(x)AFORM({) (9) ASSUME

BEW(x gen ) (10) ASSUME

(INDVAR(x)AFORM(f))2sbl(x,x,f)sf (1) VEI x,f

BEW(x gen 1)=(FORM(x gen 1)A3sq (PROOFTREE(sq)A((x gen f)sscar(sq)AVil.(DEPEND(
8q,f1 )2AXIOM(f1))))) VE PROVABLE x gen {

(INDVAR(x)AFORM({})oFORM(x gen 1) (4) YE 4 x , f

36q.(PROOFTREE(sq)A((x gen f)=scar(sq)AVI] (DEPENT{sq,f1)2AXIOM(11)))) (1 49 10) 9 : 13
FORM(1)oSTRING(f) (5) VES |

(FORM(1)ASEQUENCE(sq))>SEQUENCE(f cc sq) (6) VE 6 f, sq

INDVAR(x)STERM(x) (7) VE 7 x

PROOFTREE(sq)>SENUENCE(sq) (8) VE 8 sq

PROOFTREE(sq)A((x gen {):scar(sq)AVIl (DEPEND(sq,/1 )2AXIOM(11))) (19) ASSUME

GENE(f cc $q,59,%,x)*(SEQUENCE(f cc sq)A(INDVAR(x)A(TERM(x)A (scdr(f cc sq)=sqA(PROOFTREE (sq)A
A1 (FORM(11)A(scar(sq)=(x gen {1)A
scar(f cc sq)=sbtix,x,11))))))))  VE GENRULO f cc 6q , 89, x , X

(STRING({)ASEQUENCE (sq))oscar(f cc cq)sf (2) VE 2 ¢, 5q

(STRING(V)ASEQUENCE (sq))oscdr(f cc sq)=sq (3) VE 31, ¢q

FORM(f)A(scar(sq)=(x gan f)Ascar(f cc sq)=sbi(xx,1)) (1 234567 891019) | :22

361 .(FORM(f1 )a(scar(sq)=(x gen {1 )ascar(f cc sq)=sbt(x,x,f1))) (1 234567 8910 19) UNIFY 23
GENE(f cc 5q,5qx,x) (1 234567891019) 1 :24

PROOFTREE(f cc =q) ((SEQUENCE(f cc sq)AFORM(f cc sq))v(3pl.(PROOFTREE(p!)A(ORI(f cc sq,pt)v
(ANDE(f cc 5q,pf)V(FALSEF(f cc ~q,pfIVINOTI(f vc sq,pf)VINOTE(f cc sq,pf)v
IMFLI(f ec sq,p!))IN)V(Ipf x | (PROOFTREE(pf)A(INDVAR(x)A(TERM(t)A

(GENI(f cc sq,pf,x,t)V(GENE(f cc sq,pfx,tv
EXI(! cc sq,pfx,1))IM)Iv(3pt] pi2.(PROOFTREE(pf])A(PROOFTREE(pf2)A(ANDI(f cc sq,pfl,pi2)v

46
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(FALSEN cc sq,pfl,pf2)VIMPLE(f cc sq,pf!,pf2)1)))v(3pfl pf2 x1 x2.(PROOFTREE(pf1)A
(PROOFTREE (pf2)A{INCVAR(x1 )A(INDVAR(x2)AEXE(f cc sq,ptl ,pf2,x1 x2)))))v3pfl pf2 pf3.
(PROOFTREE (pf | JA{PROOF TREE (pf2)A(PROOF TREE (pf3)AORE(( cc sq,pfl ,pf2,p13))))N)

VE PROOF f cc sq

27 PROOFTREE(sq)A(INDVAR(x)A(TERM(x)A(GENI(f cc sq,5q,x,x)V(GENE(f cc sq,8q,x,x)v
EXI(f cc sq,sq,xx)))) (1234567891019) 1:26

28 3pf x t.(PROOFTREE(pf)A(INDVAR(x)A(TERM(DA(GENI(f cc sq,pf,x,t)V(GENE(! cc sq,pt.x,t)v
EXI(f cc sq,pf,x,)))) (1 234567 891019) UNIFY 27

29 PROOFTREE(fecsq) (1234567891019) 1:28

30 Vi1.(DEPEND(sq,f1)=2AXIOM(f1)) (19) AE 19 :e2e2

31 DEPEND(sq,fl)2AXIOM({1) (19) VE 30 fl

32 ((FROOFTREE(! cc 5q)A(PROOFTREE(sq)asq=scdr(f cc q)))>(DEPEND(f cc sq,fl )=DEPEND(sq,f1)))=
(ORI cc sq,5q)VIANDE(f cc 5q,5q)V(FALSEE(f cc 5q,5q)v(31.(FORM(f)A((NOTID(f cc sq,sq,f)v
(NOTED(f cc sq,5q,1)VIMPLID(f cc 5q,5q,1)))Af#11))v3x L.(INDVAR(x)A(TERM(t)A
(GENI(f cc sq,5a,%,)V(GENE(f cc sq,5q,x,)VEXI( cc sq,5q,x,1))))))))
VE DEPEND f cc sq , 5q, fl

33 INDVAR(X)A(TERM(x)A(GENI(f cc sq,5q,%,x)V(GENE(f cc sq,sq,x,x)VEXI(f cc $4,59,x,x))))
(12345678931019) AE 27 2

34 3x L.(INDVAR(x)A(TERM(A(GENI(f cc sq,59,x,t)v(GENE(f cc sq,sq,x,1IVEX!f cc £4,59,%,t)))))
(1234567891019) UNIFY 33

35 DEPEND(f cc sq,f1)=AXIOM(f1) (1 234567891019) 1:34
36 Vil.(DEPEND(f cc sq,f1)2AXIOM({1)) (1 234567 8 910 19) VI35l « ¢l
37 fescar(fcceq) (1234567891019) 1:36

38 PROOFTREE(f ce sq)a(f=scar(f cc sq)AVi1.(DEPEND(! cc sq,fl )SAXIOM(f1)))
(1234567891019) Al(29 (37 36))

39 BEW(f)-(FORM(f)A3sq (PROOF TREE(sq)A(f=scar(sq)aV{l .(DEPEND(sq,f1)2AXIOM(f1))))
VE PROVABLE f{

40 Jsq (PROOFTREE(sq)A(f=scar(sq)aV{] (DEPEND(sq,f1)2AXIOM(I)))) (123456 7 89 10) UNIFY 38
4] BEW(f) (12345678910) 9,39,40

42 BEWI(x gen 1)>BEW(f) (1 23456789) o104l

43 BEWI(f) (43) ASSUME

44 FORM{f)AJsq.(PROOF TREE(sq)A(f=scar(sq)aV!] (DEPEND(sq,i1)2AXIOM(f1)))) (43) 43, 43, 39

45 33q.(PROOFTREE(sq)a(f=scar(sq)AVi] (DEPEND(sq,{1)2AXIOM(11)))) (43) AE 44 :#2
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46 PROOFTREE(sq)A(f=scar(sq)AV{l (DEPEND(sq,f1 )>AXIOM(f1)}) (46) ASSUME
47 V{).(DEPEND(sq,{1)2AXIOM(1)) (46) AE 46 :#202
42 DEPEND(sq,fl)>AXIOM(f1) (46) VE 47 {|
49 APGENI(x,sq)=((INDVAR(x)AV{.(DCPEND(sq,f)>~-FR(x,{)))APROOF TREE(sa}} VE GENRUL2 x , sq
50 AXIOM(f1)=2(-FR(x,f1)AFORM(f1))  VE THEORY x , {1
51 DEPEND(sq,fl)=>-FR(xfl) (1234567 894346) 9,43:50
52 V{1 (DEPEND(sq,f1)>-FR(x,f1)) (1 234567 8 9 43 46) VI 5] {] « {]
53 APGENI(x,sq) (1 234567 8 94346) 9,43 :52
54 GENI((x gen f) cc 5q,59,x,x) (SEQUENCE((x pen t) cc sq)A(INDVAR(X)A(INDVAR (x)A
(sedr((x gan ) cc £q)=2qA(PROOF TREE(sq)A3f1 .(FORM(I1 )A(scar((x gen 1) cc sq)=
(x gen f1)A(scar(sq)=sbt(x,x,f1 )AAPGLNI(x,5q)))))))))
VE GENRULI (x genf) ccsq,5q,x, X
55 (STRING(x gen f)ASEQUENCE(q))=scar((x gen f) cc sq)=(x gen f)(2) VE 2 x gen 1 , sq
56 (STRING(x gen f)ASEQUENCE(sq))ascdr((x gen f) cc sq)ssq (3) VE3 x gen f , sq
57 (INDVAR(x)AFORM())oFORM(x genf) (4) VE 4 x ,{
58 FORM(x gen {)oSTRING(x gen f) (5) VE5 x gen {
59 PROOFTREE(sq)>SEFQUENCE(sq) (8) VE 8 ¢q

60 FORM(f)A(scar((x gan f) cc sq)=(x gen f)A(scar(sq)=sbi(x,x,f)AAPGENI(x,sq)))
(1234567894346) 11,43:59,9

61 3] (FORM(f1 )A(scar((x gen f) cc sq)=(x gen (1 )A(scar(sq)=sbt(x,x,{1)A
APGENI(x,5q)))) (1 234567 89 43 46) UNIFY 60

62 (FORM(x gen {)ASEQUENCE(3sq))>SEQUENCE((x gen f) cc sq) (6) VE6 x gonf , sq
63 GENI({x gen {) ccsqsqxx) (1 234567 8943 46) 9,11 ,43:62

64 PROOFTREE((x pan ) cc sq) ((SEQUENTE((x pan f) cc sq)AFORM((x gen f) cc sq))v
(3pf (PROOF TREE(pf)A(ORI{(x ren 1) ce 5q,pf)v(ANDE((x gon f) ¢ sq,pf)v
(FALSEE((x gon {) cc 2q,pt)v(NOTH(x gen 1) cc 5q,pf)v(NOTE((x gen {) c¢ sq,pf)v
IMPLI((x gan ) cc sq,p)MNv(3pf x1 1 (PROOFTREE(pI)A(INDVAR(x | )A(TERM(t)A
(GENI((x gon 1) cc sq,pf,x] DVIGENE((x gon 1) c¢ sq,pf,x] ,t)VEXI{(x gen {)
¢c sq,ptx 1, 1))N)v3ptl pl2.(PROOFTREE(pfl )JA(PROOF TREE (pf2)A(ANDI((x gen f)
¢c sq,pfl,pf2)V(FALSEI{(x gon ) cc «q,pil pI2)VIMPLE ((x gen f) cc sq,pfl,pf2)))))v
(3pfl pf2 x1 x2.(PROOFTREE(pf1 )A(PROOF TREE(pf2)A(INDVAR(x! )A(INDVAR(x2)AEXE(
(x gen 1) cc sq,pll,pf2,x1,x2))Nv3pfl pf2 pi3.(PROOFTREE(p!1 )A(PROOFTREE (pt2)A
(PROOFTREE (pf3)AORE((x gen f) cc sq,pf1,p12,p127))i)))))  VE PROOF (x gen 1) ce sq

65 INDVAR(x)STERM(x) (7) VE7 x

|
|
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66 PROOFTREE(sq)A(INDVAR()A(TERM{x)A(GENI{((x gen f) cc sq,5q,x,X)V(GENE((x gen {)
¢¢ 5q,5q,x,x)VEXI{{x gen f) cc cq,59,x,x))))) (1 234567 8 9 43 46) 9,43 : 65

67 3pf x1 L.(PROCFTREE(pHA(INDVAR(x 1 )A(TERM(NA(GENI{(x pen ) cc sq,pfxl t)v
(GENE ((x gen 1) cz sq,ptxl HVEXI({x gen f) cc sq,pf,x1,1)))))
(1234567 89 43 46) UNIFY 66

68 PROOFTREE((x genf)ccsq) (12345678943 46) 43:67,11,9

69 ((PROOFTREE((x pen f) cc sq)A{PROOFTREE(sq)Asq=scdr((x gen f) cc sq)))=(DEPEND(
{x gen f) cc sq,f1)=DEPEND(:q,f1)))=(ORI{(x son f) cc sq,5q)V(ANDE((x gen f) cc
$q,5q)V(FALSEE((x gon ) cc 5q,5q)v(I.(FORM(DA((NOTID((x gen f) cc sq,59,t)v
(NOTED({x pen f) cc 5q,5q,/)VIMPLID({x gen 1) cc #q,5q,D)))Afdf1)IvIx] t(

INDVAR (x I )A(TERM{)A{GENI((x pon 1) cc sq,5q,x1 DV(GENE((x gen f) cc sq,5q,xl,
DVEXI{(x gon f) ce sqg,5aqx|,INMN)) VE DEPEND (x gen f) =c sq , sq, {l

70 INDVAR{)A(TERMO)A(GENI{(x gon 1) cc £q,5q,x,x)v(GENE((x pen f) cc sq,5q,x,x)V
EXI((x gen 1) cc sqaxx)))) (12343567 8943 46) AE 66 :»2

71 JUNDVARB)A(TERMIMA(GENI((x gon 1) cc 5g,5q,%,)VIGENE((x gen f) cc sq,53,x,1)
VvEXI({x gen f) cc sq5qx,)))N) (123456789 4346) 70 x « t OCC

72 3xl LUNDVAR(x1)A(TERM{UDA(GENI{(x gen f) cc sq,5q,x]1,)V(GENE((x gen f) cc sq,
sqx 1 IVEXI((x gen f) cc sqsqx1, i) (1 234567 8 943 46) 71 x+~xi OCC

2 73 DEPEND((x gen 1) cc sq,fl1)2AXIOM{fl) (1 224567 8 943 46) 11,9,43:72
74 Vil .(DEPEND((x gen f) cc &q,f1)3AXIOM{f1)) (1 23 4567 8943 46) VI73 1l « {]
75 (x gen f)=scar({x panf)ccsq) (123 4567894346) 9,43:74

i 76 PROOFTREE((x gen t) cc sq)al{x pen f)=scar((x gen f) cc sq)AYI]1.(DEPEND((x gen )
ce 5q,f1)DAXIOM(13))) (1234567 8943 46) Al (68 (7574))

77 BEW(x yen {)-(FORM(x gen f)adsq (PROOFTREE(sq)A((x gen f)zscar(sq)AVil (DEPEND
(sq,f1)2AX:IM{I1))))) VE PROVABLE x gen t

78 3sq.(PROOFTREE(sq)A{(x gen f)=scar(sq)A¥f] (DEPEND(sq,f1)2AXIOM(t1))))
(123456789 101948346) UNIFY 77

79 BEW(xpgenf) (1 2345678943) 11,9,43:78

80 BEW(f)>BEW(x gentf) (1234567 89) 14379

81 BEW(x gen f)-BEW(f) (1 234567 89) -14280

82 (INDVAR(x)AFORM(1))>(BEW(x gen f)-BEW(f)) (1 23 4567 8) =19 81

83 Vx L{{INDVAR(x)AFORM(f))>(BEW(x pen 1)-BEW(f))) (1 234567 8)Vi82«x,{

84 (INDVAR(x1)AFORM(x2 gen 1))2(BEW(x] gon (x2 gon {))=BEW(x2 gen 1))
(1234567 8) VE83xl,x2genf
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85 (INDVAR(x2)AFORM({))>(BEW(x2 gan 1):BEW(f)) (1234567 8) VE 83 x2,1
86 (INDVAR(x1)AFORM(1))>(BEW(x] gen 1):BEW(()) (1 234567 8) VE83 xl ,

87 (INDVAR(x2)AFORM(x1 gen 1))=2(BEW(x2 gen (x! gen 1))2BEW(x] gen t))
(1234567 8) VE83x2,x!lgent

- 88 (INDVAR(x!)AFORM(!))oFORM(x! gen {) (4) VE 4 x1 , ¢

89 (INDVAR(x2)AFORM({))>FORM(x2 gen ) (4) VE 4 x2 ,1

90 (INDVAR(x1)A(INDVAR(x2)AFORM(1)))>(BEW(x] gen (x2 gen 1))sBEW(x2 gen (x| gen 1))
(1234567 8) 84:89

] 91 Vxl x2 f.((INDVAR(x1)A(INDVAR(x2)AFORM(1)))>(BEW(x] gen (x2 gen {))2BEW(x2 gen (
] xl gen 1)) (1 2345678) YI90xl,x2,1
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