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y,z     Dimenslonless radial and axial coordinates (f = ^Cy.z) system) 
Coordinates are non-dlmensionalized with respect to the far upstream 
hub radius. 

Y,x Dimenslonless radial and axial coordinates (Y = YCx,'!') system) 

R Dimenslonless far upstream tip radius 

G Dimenslonless tip radiu3 (G ■ G(x)) 

F Dimenslonless hub radius (F = F(x)) 

y Dimenslonless streamfunction, defined by Eqs (2) or Eqs (10) 

U,V,W   Dimenslonless velocity components in radial, azimuthal and axial 
directions. Velocities are non-dimensionalized with respect to the 
far upstream axial velocity. 

U      Dimenslonless vector velocity, components (U,V,W) 

?      Dimenslonless angular momentum, C = YV = yV 

M      Mach number 

p Dimenslonless  density.     Density is non-dimensionalized with respect  to 
the far upstream static density. 

T Temperature 

S Entropy 

C Specific heat at  constant volume v r 

H Dimenslonless stagnation enthalpy.    Enthalpies are non-dimensionalized 
with respect  to  the square of the  far upstream axial velocity. 

h Dimenslonless static enthalpy 

P Dimenslonless pressure.     Pressure is non-dlmensionalized with respect 
to the product o£  the far upstream static density and square of  the 
far upstream axial velocity. 

K Group of  term'-:  defined by Eq   (15) 

V Variational functional,   defined by Eq  (14) 

fi Dimensionlesc rotor angular velocity.    Non-dlmensionalized with respect 
to the far upstream axial velocity divided by  the far upstream hub 
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SUBSCRIPTS 

d Refers to  (jump)  conditions at a disc 

o Conditions  far upstream 

e Conditions at exit 

T Stagnation conditions 

-00,00 Conditions far upstream,  far downstream 

NOTE:     Symbols used   in finite element analysis and numerical analysis are 
Introduced and defined within the text. 
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SECTION I 

INTRODUCTION 

The throughflow theory of flow in turbomachlnes describes the overall ef- 
fect of an entire blade row or rows upon the fluid properties within the ma- 
chine.    The throughflow field is considered to be axially symmetric,  and because 
of its position as the "parent" flow field to the cascade field and the second- 
ary field,  it is important that the throughflow field be accurately described. 

An extensive description of  throughflow theory for turbomachlnes is given 
in Refs.  1-3.    In Ref.   3, a variational formulation of the incompressible 
throughflow problem suitable for the description of highly rotating flows 
existing in annuli with large variations in hub and tip radii is described^ 
The present study,  described herein,  extends the study of Ref.   3 to include 
the effects of compressibility.    The effects of entropy production within the 
blade rows is included in the formulation though the flow external to the blade 
rows must be considered perfect.     In addition the meridional Mach number must 
be less than unity. 

This latter restriction is not very limiting with regards to the extent 
of applicability of the results, because few (if any)  turbines or compressors 
are  contemplated that would utilize meridional Mach numbers   In excess of unity. 
Of  course,   the full flow Mach number   (including  the swirl component of velocity) 
may be much in excess of unity.     It  should be noted,  however,   that it Is the 
approach to unit meridional Mach number that is at the heart of  the computa- 
tional difficulties of any program that calculates ne^r-sonic   flow fields. 
Any iterative program utilizes,   somewhere in the program,   a "guess"  for '.tie 
streamline  location that will later be adjusted  to numerically satisfy tht 
describing equations.     A glance at subsonic flow tables   (Ref.   4  for example) 
shows  that a one percent error  in streamtube area would lead to the prediction 
of sonic flow for a flow whose "true" Mach number should be  0.9.     Without 
special corrective measures being  taken,   this error would  lead to numerical 
divergence of the density calculation. 

There are two reasons  for  the  comparatively great difficulties encountered 
in  the numerical calculation of highly rotating  compressible  flow fields.     The 
presence of the large rotation leads  to highly distorted axial velocity pro- 
files,  and  the presence of  the  large  swirl component of velocity leads to large 
total  flow Mach numbers.     The fluid density is,  of  course,   determined by the 
total  flow Mach number so  the  combination of axial velocity  distortion and 
large density variations make  it difficult to estimate an accurate "first 
guess" for streamline position.     As  a result erroneous  "supersonic" portions 
of  the  flow field can easily appear  in  the initial portions  of  the calculations, 
even in a flow field that,  when eventually determined, will have rather modest 
meridional Mach numbers  throughout. 

These preliminary remarks  are  intended to alert  the  reader  to the impor- 
tance of wisely selecting the  iterative procedures  of  calculations such as 
those described herein,  and  to explain why such an emphasis has been placed 
upon  the method and order of   the several subsidiary calculations  involved in 
the program. 



SECTION II 

VARIATIONAL FORMULATION OF THE 

COMPRESSIBLE THROUGHFLOW PROBLEM 

1.       FORMULATION OF THE EQUATIONS 

The pertinent equations are  developed in detail in Ref.   3,  but  for con- 
venience non-dimensional forms  of  the  resultant equations will be repeated 
here.     When perfect  flow is considered,  conservation of angular momentum and 
Euler's momentum equation indiente  that external  to the blade  rows  the angular 
momentum and stagnation enthalpy,  respectively,  are conserved along stream- 
surfaces. 

Information regarding variations  across streamsurfaces  is obtained by con- 
sidering the normal component of  the  combined momentum and  thermodynamic equa- 
tions.     The resultant equation gives  a relationship for  the  tangential vorti- 
city which may be written in the form: 

1_(^H)  +L.(L.*1)   _   DvrM_ Tls __L i^i-, m 
9z    py 3z;        3y    py 9y^ My L a^      ' ST      2y2  3'i'-1 u; 

This form is valid for flow external to the blade rows, provided only that 
the flow external to the blade rows may be considered nonvlscous. 

The dimensionless velocity components are related to the dimenslonless 
streamfunction by: 

PU = - T-  ,   pW = -r- (2) 
y dz y 3y 

The boundary conditions on ¥ are 

Y = -1 on y = F(z)   ,  T = - |- on y = G^.) (3) 

When a*-' "^tor discs are considered to exist in the flow field, the matching 
conditions across the discs follow from the continuity equation and radial 
momentum (assuming no radial forces) to give respectively the jump conditions 

md = 0 (4) 

[i|i]   -    0 (5) 
py 3z d 



In general there will be jumps in tangential momentum and stagnation en- 
thalpy imparted by the blade rows, which must be related by the Euler momentum 
equation to give 

[H]d  =  nmd (6) 

Finally,  the  thermodynamic equation  in conjunction with the equation  for 
the   (known)  stagnation enthalpy gives  the equation for  the  density. 

s-s0 

1 ,..2   ,  „2   .   S* . ,     Y-l        c' J2  + W2 + 4r v 
H - Y (u' + w^ + ^) -   h   =   h0p' ^ e f7) 

Utilizing Eq   (2),  this may be  rearranged to give: 

S-So 

(2„-£i,p'-2h</
+le    '"      -{(i|l,

!
+(if,!)-    0 (8, 

Eqs (1) - (8) represent the mathematical statement of the problem. Fig. 1 
indicates the various geometric relationships.  It should be noted that any 
entropy variations occurring are considered to have been created within the 
blade rows, because Eq (1) has not included the effects of viscous terms. 
This being the case, external to the blade rows the entropy is a function of 
streamfunction only. This model gives a good approximation to the throughflow 
flow field, (1) and in this report only the special case of perfect flow (S = 
S0 throughout) is actually calculated.  The formulation, however, is not re- 
stricted to isentropic flow fields. 

2.   FORMULATION OF THE TRANSFORMED EQUATIONS 

The numerical solutions to follow are conveniently obtained by formulating 
the equations to solve for the radial position as a function of axial position 
and streamf unction. We thus transform the independent variables from y and z 
to m  and x, where x = z. We also write y = YCx.^) in order to facilitate 
simple conceptual separation of the two systems. Routine transformation of the 
appropriate equations leads to the following set of equations in the x,T system. 

Differential equation 

1 + ra   ,  ,Y 1 + (^)   % <L  i   9x Y a 
3x ^ p „ 8Y ^ 2  SH*  k _  | „  3Y \ 2  J      '2       , „  8Y , 2 3? Y3Y    2J 2 3Y 

pY[3H.. T IS _ J^IÜ] () 
M    L34' a^      2Y2   9V   J *•'•' 



4-1 

OJ 
B 
o 
OJ 
o 
•a 
c 
IT! 

0) 
U 

4-1 

(0 
rH 
U 
c 
0) 
e o 
z 

3 
00 

N •< *• 
i 
: 

D 

>> 7        l 
CC 
ii -*• 

>* 

.-■" 
>» 

■v. 

^- 1 i 



Velocity   Relationships 

PU 

3Y 
" 3x 
Y A 1 a* 

pw  - 
-i 

Y1I x w 
(10) 

Boundary Conditions (enclosed flows only) 

F on ^ - - Y  , Y G on 4» - - ~- (11) 

Matching Conditions 

[Yl. - 0 
3x 

PY 9? 

- e (12) 

Density   Relationship 

S-Sc 

(2H - i) p2 - ZhoP^1 e =    0 (13) 

The Euler equation remains as in Eq.   (6) 

3.       VARIATIONAL STATEMENT OF THE PROBLEM 

We now define a variational functional, V,  by 

,",0 V    =    -i ■'"F fp " pe + P{u    + W2}jydydz (14) 

This,  of  course,  is simply  the  integral of  the meridional momentum over 
all space.     For  convenience In relating  the compressible results  to  the  in- 
compressible results we define the parameter K by: 

K    -    P-Pe+ypÜ2 (15) 

The thermodynamic equation may be written 

Ü2    1 TVS « VH - V ^ - i VP 
2      P (16) 



,, . .....   ,   . 

so that with Eq (15), 

Ü2 

VK - p{VH - TVS} + y- Vp (17) 

Utilizing the definitions of Eqs (14) and (15), we obtain the expression 
for ^ In the (x,^) system as: 

00    -R2/2 
V    -    /      / [K + f   {U2 + W2  -  V2}] Y|J d'i'dx (18) 

Tne variation of this quantity Is now taken.    Noting from Eq   (17)   that 

—2 
U 6K    =■    p{6H - T6S}    + -p 6p (19) 

the variation of Eq   (18)  utilizing Eqs   (10)   leads,  after some manipulation, 
to 

"      -R2/: 
6V 

3Y 

/      /        2   [  p{6H      T6S} Y || + K   6(Y  ^)    + ^ ^ I $~ 
-co      -l/2 aY 

- f ^ f" § >]   d^dx (20) 

In the  flows  considered in  this  report,  perfect flow is  assumed to exist 
outside  the blade  rows.    This being  the  case,  both the entropy and stagnation 
enthalpy are  constant along streamsurfaces.    When the variation  is  taken in  the 
x,y system,   as  it  is here,   the variation of functions of ¥ alone,   is of course, 
zero.     It follows  that neither ÖH nor 6S  contribute in Eq  (20).     Utilizing  this 
fact and rearranging the terms  in Eq   (20)  we  then obtain: 

6V 
oo        -R2/2 

/ / 
-1/2 

(SY    - 3T      2Y     aV 
8       3x 
3x 

pY-3? 
3Y      2  ^ 

1 + (f)2 
dx 

^„oY,2 
P   (YW) 

3^ 
([„ 2 Y        2    I../3Y,« 2 

{«m j •       pi ^u, J 

(21) 

Eq (17) with Eqs (10), gives us 

3K    n r9H  T US. "I  i 
at   "   p ^av "  9^ ^ " 2 

(-) 

3Y  2 

(Y — ) 
^  3^ ; 

3V   2Y2 34' (22) 



Substituting this expression into Eq (21), and Integrating the last two 

terms leads to 

-R2/2 
6V -  /  /    6Y i - 

_oo  _i/2 

11 1 + (iXV 
I   ., f 9H  T 9S   1 9g21   i_ 3x . I i_    Ijxj 

" pY L3^ "    dH' " 2Y2 3^ J  ~ 3x  y ay 2 a*?    jY <W\* 
O T » 

!        (9Y\2 a ^ r00 r T + (8Y12 -.-R2/2 

.   I1 M^l     *p]ATwi    f       r^      £ii      1  1      fe     1 1 fiY 1 + i-1f)^^ldfdx + i   r^Y  "2   Y^y  PJ
6Y

J^ 

ay) 

dx 

-R2/2 -R2/2  ^ -rv.   / t   *.y -iv.   ' ^   r   gv 

-/ [Si dT+-+/ IS -1/2 LP   w*  . -1/2   L pY a^ 
X   =   Xd- 

[till dT   +. 

X   =    Xd+ 

-R2/2   av 

-1/2 LpYaf 

d^     (23) 

X   =  -H» 

Interior to the domain, 6Y is arbitrary.  It can be seen from Eq (9) that 
the first term gives the Euler-Lagrange equation governing Y(x,4').  Utilizing 
Eqs (10) and (15), it is apparent that the second term vanishes if the boundary 
is specified ((SY=0 on ^ = -1/2, R2/2) or if the boundary is a free streamline 
(P=Pe).  The remaining terms arise from the far upstream conditions, jump con- 
ditions at the actuator discs, and far downstream conditions.  For enclosed 
flows, radial equilibrium at far upstream and far downstream ensures that 

JY 
~ ax 

U =  ^rr is zero.  Eqs (12) indicate that the matching conditions at the 
PY 

ay 
a^ 

actuator  discs  are also naturally satisfied by  this  variational  statement. 

It can now be seen that the variational principle represents a complete 
statement of  the physical problem in which  the effects of compressibility and 
entropy variations have both been included.     The boundary conditions and all 
matching  conditions are all natural conditions of  the variational  formulation. 
As  a result,  a finite element variational approach may be employed without pre- 
scription of these boundary and matching conditions,  and they will  auto- 
matically  be satisfied within  the numerical  approximation. 
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4.       FORMULATION OF THE VARIATIONAL EQUATION 

It still remains to represent 6V in terns of prescribed variables (H.O 
and functions of Y and 6Y. Eq (20) and the discussion immediately following 
Eq   (20)  lead to 

6V 

oo    -R2/2 

;     / 
_oo   -1/2 

m -f6(fi|}]d^dx (24) 

We now restrict our attention  to the calculation of  isentropic  flow fields. 
An expression for K is obtained by  first noting  that the dimensionless pressure 
may be written 

P    =    pTPr PY(^h0) (25) 

Utilizing Eq (13) with S = Sn, it follows that 

P = 
Y- 
" P[H " 2 

- (HI5 
  _ + ü 
PY ^]2   Y2 

(26) 

Thus with Eqs (10), (15) and (26) it follows that 

K 
Y-l 1 
— PH+I7 

i + li): 

Ml)' 
+ P Y2 (.27) 

The desired form of  the functional variation is  then obtained to give: 

"    -R /2 r 

6v 
// 
-oo   -1/2 

— PH+2Y 

1 + m 
hur +  P TT l^i) 

+ts 1 + M 
Y H 

9f 
2 0 IY    5^) 

d^dx (28) 
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The subsidiary equation for the density, for the case of Isentroplc condi- 
tions is: 

■2 1   + 1-1 
2H - £-) P2 - 2h0pY+1 -      |    jffi        -    0 (29) 

lY w 

Usually the far upstream approach Mach number will be prescribed,  so we 
note 

Ho -h0    -    y   -    h^^V) 

hence ho    "    y1! iT5" (30) 

1    1 + ¥Mo2 
^d H0    =    -fj- —,  (31) 

o 

The local stagnation enthalpy H follows  from application of  the Euler 
Momentum equation ,   Eq   (6)• 

It  is important  to note that  the density variations were included in  the 
variation of  functional  V in Eq   (18)   to determine 6V  in Eq  (20).     However, 
collecting terms  involving 6p produces  the  governing  differential equation 
multiplying 6p as  the density variation contribution.     Then,  since  the govern- 
ing equation  is satisfied as  the Euler equation  from consideration of varia- 
tions 6Y,   the expression involving 6p  is  zero.     That  is, we may write 

9V 
and the variatlonal problem reduces  to satisfying rrr 6Y = 0.     Then  the  finite 

element approximation need introduce only an approximation to Y(x,f)   in  terms 
i 9V 

of solution point values Y    and the variatlonal problem requires —r = 0 sub- 

ject  to  the prescribed boundary conditions. 

The unknown density  field still appears  in  the  coefficients of  the varia- 
tions of position  terms  and satisfies  the subsidiary equation,  Eq   (29).     Thus 
given any streamfield,   the associated density  field is  completely specified. 

These two  calculation    steps,   (a)   the  streamfield position,  and  (b)   the 
corresponding  density  field,constitute  the  central  feature of the  coupled 
iterative scheme  described in the following sections. 



■ 

We remark that,  as an alternative scheme,   the density field could be in- 
cluded as  an unknown in  the variational problem itself,  by expanding YCx,^)  = 

fj(Y )  and PCx,^)  *  f2(p  ).    The formulation and computation become complicated, 

since the subsidiary density equation must be imbedded as a constraint by 
Lagrange multiplier methods.    The vector of  finite element nodal unknowns  is 

thereby increased  to include  {Y  ,  p"    X  },  where  X(x,^)   is  the Lagrange multi- 

plier.     In  turn,   this  increases the vector of unknowns  in the nonlinear alge- 
braic system resulting, and the problem formulation is computationally inferior 
to that of  the coupled position and density problems above. 

5.       INTERPRETATION OF TERM K 

It is  clear  that  the effect of  finite Mach number  is  felt directly  in  the 
coefficients of  the last  two terms of Eq  (28)   through its effect on  the dimen- 
sionless density p.     It  is of interest  to  consider also  the effect of Mach 

Y-l ^T number on the  term K.     Writing -rr H =  —,  we have  from Eqs  (10)  and  (27) 
T Px 

or      K = P 

Y 
We note upon expansion that    K = P    - P    -  - M^P    +  . ."♦T 

Thus for small Mach numbers, the compressibility effect upon the parameter K 
is very small Indeed. 
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SECTION HI 

FIITTE ELEMENT METHOD 

1. INTRODUCTION 

The preceding analysis  develops a variational formulation of the through- 
flow problem.    The Euler equation is  the governing partial differential  equa- 
tion for the throughflow, and natural boundary conditions prescribe conditions 
at  the actuator discs and at downstream  Lufinity.     For  the present,  only en- 
closed flows are  considered.      In  this analysis  the fully-infinite flow 

domain is idealized as a  finite but extensive region with boundary conditions 
at infinity applying on the remote boundaries x = x0   and x = xj^.     The  finite 
domain approximation is not essential to  the method.     Since  the asymptotic 
far  field solution  is known,   this may be incliücd in  the  finite elfnent analysis 
as an "exterior" element approximant matching the solution at  the remote bound- 
aries XQ and XM.O)     However,   it is simpler aid  adequate to  use the finite 
domain approximation and  the natural bouncary condition insures parallel flow 
as  the solution approaches   the radial equilibrium condition  at  the ends. 

It was remarked in  the variational development  thnt  the  inverse formulation 
in YCx,^) achieved by  transformation to  (x^)  coordinates  is particularly ad- 
vantageous.    There,   it was  pointed out  that enthalpy II and angular momentum E, 
are constant along streamsurfaces in the flow between discs.       In addition,   the 
domain is mapped to a rectangular region bounded by  ^ = HV y= -1/2 and 

^ = ^tip = ~ ö- streamlines and with intermediate H* lines parallel to the bound- 

ing streamlines.    A representation of rectangular elements  is a natural choice 
in the  (x,^) plane.     There  is no domain error at  the hub and tip and the use of 
parametric element  forms,  necessary in an accurate  (x,y)  plane approximation at 
the walls,  is  thereby avoided. 

The finite element description of  the problem is now developed for a 
general element form.     Following this,  detailed derivation  is presented for a 
low order element approximant,   the bilinear interpolant. 

2. NATURE OF THE FINITE ELEMENT SYSTEM 

The desired variational functional,  ^, was  described in  the previous 

section.    We now utilize  the notation    -^ = ff, "jT" -  ^Y»   ^  any function  to re- 

write the variation 6V  as  given  in Eq  (28)  as: 

■R!/2 

6V    - 

-r/2 

dfdx (32) 

11 



It is  ».o be noted  that  the  term Pe has been excluded  for algebraic simpli- 
city.     In the situation  considered here of enclosed  flows  only,  Pe makes  no 
contribution  to  the  f]ow behavior. 

Assume  Lagranglan  interpolation on any given mesh of  elements and  let  the 
nodes be numbered consecutively.     For example,  on a  rectangular mesh of size 
S =   (MxN)  the general node k defined by the ordinate   index   pair  (i,j)   is k = 
(i-l)N + j.    The finite  element  approximation may be written  in terms of  the 

nodal values   {Y   },  k=l,   ...,S,  as 

YU.Y)  = Y%k(x,^) (33) 

where the repeated index implies summation. 

The functions ^(x.H7) are termed nodal or global basis functions.  They are 
non-zero only over those elements immediately adjacent to node k, assume unit 
value at node k and are zero at all other nodes. 

Substituting for Y(xJ)   into V(Y), then V(Y) becomes V(Y .{fyj), with 

6V = —5- üi   =  0 
SY* 

which implies 

^Y   =    0       ,  k=l.....S (34) 

This represents  tha  system of  finite element equations   for  the dlscretized 
throughflow problem.     From Eq   (32),   the detailed expression  for Eq  (34)   is 

0 = ^= / / [[¥>H+M^+^"V 

1 + Yx2 \        p    8       /  ^i 
2p   ^„k   \      YY,,,      | 2   ~vk     I     Y      J 

3Y      ' ^      ' 3Y 
dtdx (35) 

12 
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We examine the expression —r (Tim)  in detail: 
3Yk 

-^ <"»>   " ^ "V'WB'V' 

- ^ir ^\<W 

ka  a ß if  kS  a ß y 

A-^v = Ya{w, + v*kV 

9 I1 + Yx \   , 3 /^ Y^\ 
The other terms of interest, —r I—^   and —r I—n—J- 

9YK \       YY^  /       9YK t   Y   ; 

may be similarly expanded.     Substitution into Eq   (35)   and  integration over the 
"patch" of elements  connected at   node k determines  the general finite element 
equation corresponding  to node k. 

The additional variables,   enthalpy HW  and angular momentum £(¥),  are known 
functions  throughout  the  flow field;   the density p is  an implicit function of 
the streamline field and is assumed known corresponding  to  the prior position 
iteration.    This completes  the most general finite element  description of  the 
problem. 

3.       THE ELEMENT APPROXIMATIONS 

In the above statement,   a very general   nodal or  global basis  {<j).(x,T)} was 
introduced.    The problem reduces  to quadrature on each nodal patch.     In turn, 
this  quadrature is most  conveniently evaluated as  an  accumulated quadrature 
from each element of a given patch.     To do so,   the global  basis   {(|). (x,^)}  is 
resolved to a local element basis on each element. 

Consider a partition of  the  flow   "leid by  rectangular  elements.    The 
simplest approximation uses bilinear interpolation on  each  element and is  de- 
veloped here.    The extension  to higher order elements   is  immediate.    A general 
element and   nodal patch with global basis function  is  shown  in   Fig,   2. 

For convenience of notation  in deriving  the  finite element equations, 
replace node k by the ordinate node  pair  (m,n)  as markec with k  -   (m-l)N + n. 
Let x  ..,  - x      = a and ^  .,  - *    = b and introduce  the normalized element 

m+1        m n+1        n 
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"■": : ■    ■ ■        . -.- 

coordinates  x =   (x -  x  )/a and ^ =   (H' - ^ )/b.     In bilinear  Interpolation on an 
m n 

fc1eTnent e,   Y    (x.^)  = a    + a , x -I- a,^ + a.xV with  the   {a,;   determined such that 
'    e                   o i            '           s                            l 

Y   (x.'F)   interpolates  the  four  corner values Ym, Y11^1,  Y1", n ,  and Y**].     In 
e n      n n+1 n+1 

normalizea coordinates,   the bilinear interjolant is 

Y     (x,?) =   (1  - x)(l - f) Ym + x(l - 41) Y1^1 + xY Y"*
1
 +  (1  - 5)? Y™      (36) e n n n+1 n+i 

The statement of Eq   (34)  may be rephrased in terms of element contributions. 
The functional V is represented as  a sum of element quadratures by 

M-l    N-l 
V = E(V)    =    I 

e      e 
,m 

m«!    n=l 

where  V     = V    is  the contribution to V of element e identified by  the  lower- 
e        n 

left index pair  (r.,n). 

Eq   (34) becomes  for any node   (i,j), 

,m .- .„ M-l    N-l     9V 

e 3Y^       m=l    n=l     3Y1 

J J J 
3Y 

(37) 

Consider the contribution of a single element ac  (m,n;   to  the system.    Then, 
writing, 

Y-l K(x,^) = -y^ PH 
2Y 

the element   contribution is 

3 V 

3Y 

x f 
•m+l   r n+lr 

/    / 
K(x,^) 

3Y! 
J 

(YYW) 

+ 2iii(\?~>-I3i(f Y-)]d^    (38) 
3Y1 

,] 
ü 9Y! 

r 

In  the  interests  of  developing  as  simple a numerical  problem as possible 
for   this  initial  analysis,   and motivated by  the analogous   assumption  that 
H    =   constant  for  the  incompressible   calculations, (   )   the   quadrature problem is 

simplified by  the assumption  K(x,4;)   =  K    = constant   in  an  element.     This 

approximation is  involved  only  in   the  quadrature.     The  enthalpy   and 
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angular momentum are constant along V lines In a given element.  For the quad- 

rature H =■ (H + H  )/2 and £* = (?2 + £2.,)/2 are assumed constant in an 
e    n   nTi       e    n   n+± 

element.  Similarly, the density p is constant at the mean value 

p = p   = i/4{p;+ pfu pm  + p^h. 
e n n n+1 n+1 

Under  these assumptions  the quadrature of Eq  (38)  becomes 

 n K      \ 
Vi rn+l 

/ 
3Y^ e 8Y: X * 

J j m n 

,     ,       a 
XnH-l       Vn , 1 + Y2.                52 Xnrfl ^n+l 

+ l^-±i f              f \rrnm*-f~P f f      ^d^dx ^    ^    3Y1 x y y   ™y     l               * x ^           Y aTax 

j m              n m n 

(39) 

The  three  integrals in Eq   (39)  are evaluated in turn.     Consider the  first 
integral, 

x ¥ 
mfl      n+1 

I,  =• / / (YY )  dTdx 
x f 

m n 

x ^ 
Vl      n+1 

=    / / ( y Y2)T d^dx 
x y m n 

.    Vi 
= i      / ^Z(x,1'n+1)   -  Y2(x.y}  dx 

x m 

Applying the trapezoidal rule, 

h = i [(Ci>2 + CJ'2 - «y - «T1^*^ - v       (40) 

In  the second integral,   since the element interpolant is bilinear,   the ap- 
proximant varies linearly along  the element sides.     Derivatives Y    and Y^ at 

the  comer nodes can be  replaced by  the  corresponding difference quotients in 
the 4-point quadrature  formula 
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"T*"1 n+1 1 _J.1 -j-1 

x 4* 
m 

to give 

n + 
^  1 

nri-1 _ Yin    . 
n+1        n+1] 

m+l        m    ' 
1 + 

m+l _ Ym 
n+1 n+1 

nr+1 m    / 
1 + 

fm+l  _ Ym^ 
n n 

Xi.1    ~   x 
m+l ml 

Y^IY^-Y1^1)        Y"   IY 
L   n+l\  n+1        n    I n+1 

m m 
n+1 n 

Ym+ljYnr+l  _ Ym+1) 
n     1  n+1 

,m+l] 
n    I 

1 + 

,m+l 
Y   \z 

n 

m+l        ni 
m,Ym 
n    n+1 

Ym) 
n 

(Vr¥n)2(vrx
ln
) w 

Similarly,  the third quadrature gives 

mfl 2  _      m+l 2 m      2_      m2 

1^        n+1 n n+1 n 
4       Ym+1    Ym+1 Ym        Ym 

n+1      n n+1      n 

(Xiir+l " Xm) (42) 

Writing    I    =  I     (Ym,  Y°    ,   Y1^1,  Y^J")   ,    a =  1,2,3 ,   then  the  following 
a       an      n+1      n n+1 6 

permutation  relations  are evident  on inspection 

T     ,vm      vm m+l      vTirfl,>    = 
La   Un  '    n+1  '    n       '    n+l; 

T     /vm v1"      v"^1      vII^,"1^ 
a   an+l   '    n  *    n+1   '    n    ; 

I   (Y^1   .  Y^J   .   Ym  . Y*)  = - I   (Y11^   .  Y1^1 

an      '    n+1  '     n  '    n+1 a.    n+1   '    n 
m Ytn. 
n+1   '     n' 

(43) 

Then differentiating  I    with   respect   to Y.  we  have. 

3Ir —J    =    6.  6.    —a+ 6    64.    ,.  ------ 
9Yi im jn 9Ym im j (n+1)   3Ym 

j n n+1 

+ 6 ,6, 
Sir 

+ 6 
9Ir 

i(tn+l)  jn  „„m+l i(iir+l)   i (n+l)   ^„m+1 
di di   ,, 

n n+1 
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The  term   ".an be evaluated and    ,  ~  ,  — all  follow directly 
3Ytn 3Ym 3Ym+l       ^nrfl 

n n+1    n     n+1 
from the permutation relations in Eq (43). 

3Ia 
The integrated expressions —j  ,  a = 1,2,3 may be substituted into 

8Vm 
 n 

3Y^ 

SY: 
j 

We write 

nH-1      vm+l\ I,.     8I1   ,   1    9I2       r2   3I3 I A     . 
n\  n        n+1        n n+1/ L       ^v1"      2,2  ^vm        e   ■iv1" J   iin Jn 

SY'"       ^  9Y'" 3Y"  - 
n n n (4it) 

Then,using   the permutation  relations 

3Vm 

n    _     „mf  m        m            m+l       vnri-l\ vm|vni vm      vm+l       vmfll 
T   "     Fn|Yn   '  Yn+1  '  Yn       '  Yn+ll '  Fn|Yn+l '  Yn  '  Yn+1   '  Yn     ) 

+  F^Y**1   ,   Y^J   .   Ym ,   Ym
xl]   - F^/Y^;   ,  Y^1   ,   Y™   ., ,   Ym ]        (45) 

n\ n             n+1         n n+lj n|  n+1         n             n+1       n| 

Eq   (45)   is   the contribution of   the general element e   to  the   finite element 
equation at node   (l,j).     The product  of delta  functions  in  Fm ensures   that  the 

correct  non-zero element  contributions  are  accumulated.     For example,   if 
(i,j)   =   (m+l,n)   then the  contribution  of  the  element  is 

n _m(vnn-i       vm+i       vm      vm 
FnlYn       '  Y-1   '   Y-   '  Y- „„m+l nl  n       '     n+1   '     n   '     n+1 

n 

Individual  element   contributions   are now  collected  to  determine   Che   finite 
element   system. 

9 V n 

9Y! m n  9Y! 
J i 
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An  arbitrary   internal node  point   (m,n)   has   four  adjacent  elements   and  col- 
lecting  element   contributions  at   this  node, 

o  -   3V 

3Ym 

n 

_Fm-l|Ym Y* Ym-1 Yirrl ] _  Fm     jYm        m             mfl YnT+l| 
n-l\   n         n-1         n n-1 j         n-ll   n        n-1         n n-ll 

V-l.m m Ym-1 YJn-n + ^ . ^ ^          Ymfl YnH-lj 
n     I  n n+1 n n+li          n \   n n+1         n n+li 

+ F 

At a nodal point (m,n) on the boundary only 2 elements are adjacent except at 
the region corners where there is a single element.  For example, at a point 
(m,n) on the lower boundary, 

Fm-ljYm-l ^  Ym-1 ^ Ym ^ ^J + ^|ymfl > ^1 ^ ^  ^    = 0 

A similar relation holds on the  upper boundary and at  the  remote  upstream and 
downstream boundaries. 

The boundary  conditions  are now  included  in   the   formulation  of  the   dis- 
i N 

crete problem.     The enclosed  flows,for  Instance,imply that Y    and Y.   are 

prescribed for  all  i and j,and  these values  are set  directly into  the nonlinear 
system.     The remote end conditions are  retained as  the natural boundary  condi- 
tion  resulting  from arbitrary end node  variations,   a.id satisfy 

-F1   JY1   ,   Y1   .   .   Y2   ,  Y2   .]  + F1   (Y1
   ,   Y*        ,   Y2   ,  Y2      i   =     0 

n-l\  n n-1        n        n-l|        n \  n  '     n+1   '     n        n+l| 

and    -F^lYM  .   YM 1   .  Y""
1

   ,   Y^M   + F^1^   ,  Y*       ,  Y^1   .  Y^M    =     0       (47) 
n-1 \ n n-1 n n-ll n     In n+1        n n+li 

Eqs   (46),   (A7)   and  the prescribed boundary  conditions   (known position)   determine 
the nonlinear system of  finite element equations  for streamline position  for a 
prescribed density  field.    The  nonlinear system may be solved and  the new stream- 
field  used  to  improve  the density  field solution.     The coupled solution  of 
streamline position and density  is  then  iterated  to  convergence. 

19 



SECTION IV 

NUMERICAL ANALYSIS 

1. FORMULATION OF COUPLED ITERATIONS 

The streamline position Y(x,(i') and the density p(x,^)  are the primary un- 
knowns la this formulation.  One approach is to interpolate both unknown 
functions Y and p in the piecewise bilinear basis and solve for vectors Y and 
P from a variational problem that incorporates the density relation f(p) = 0 
as a constraint condition by the use of Lagrange multipliers.  This approach 
has not been developed since the earlier variational analysis indicated that 
the density variation expressions are zero. 

The procedure advanced and applied here involves a coupled iteration for 
position Y(x,y),   and density p(x,^).     The function Y(x,T) is approximated on 
the finite element discretization, and substituted in the variational problem 

3V 
determining  r = 0.  This leads to a nonlinear algebraic system of finite 

9Y^ 
2 

element equations for Y and dependent on the unknown density pix,^).     If the 
correct density were known, then solution of the algebraic system could be 
achieved by a gradient method such as Newton-Raphson iteration.  Starting with 
an initial streamfield guess, the method iteratively improves the position 
vector, solving a linear Jacobian system at each iterative step.  The approach 
can be extended to include the unknown density as follows.  Select an appropri- 
ate streamline guess for the solution, based on the wall geometry.  The scalar 
density equation f(p) = 0 is solved iteratively with this prescribed stream- 
line position to determine the corresponding density field.  With this density 
field (as if it were the exact result), the Newton-Raphson iteration for pos - 
tion is commenced.  Interrupting the iteration at an appropriate point returi.,~ 
an improved streamline solution.  The density field is recomputed for the new 
streamfield, and the Newton-Raphson iteration for position recommences with the 
new density field.  The coupled process of scalar density iteration and vector 
position iteration is repeated to convergence within a prescribed error toler- 
ance on the nonlinear system.  The linking of iterations is depicted in the 
chart of Fig. 3. 

2. DENSITY ITERATION 

Given a streamline configuration Y(x,,l'), the density function satisfies 
the nonlinear scalar equation, Eq (29). This equation can be solved at each 
node point (i,j) where H, ^  and Y are known values. 

Newton iteration for the root a of the scalar equation f(p) = 0 is 

p,.., =  p. —      ,  provided f^a) 4  0 (48) 
k+1    ^k flV 

20 



Select  an  Initial  Streamfleld 
Configuration 

Calculate   the Density  Field 
Corresponding  to  the  Current  Stream 

Position by  Solving   f(o)  =  C 
at  Each Node  Point 

With  the  Current  Density   Field  Fixed 
Improve Y  the  Streamline  Solution 
by Newton-Raphson  Iteration of   the 
Finite  Element  System g(V)   =  0 

Conclude  Calculations   if 
"R^^'OO 

<  €'     Otherwise  Return 
to Update   the  Densitv  Field 

"igure   3.       Coupling  o'   Density   and Streamline 
Calculations  as  ar   Iteration 
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    --,.-. 

Differentiating Eq (29) 

f'(p)  = 2(2H - l^p - (Y + l)2h0p
Y 

Substituting in Eq (48) and simplifying, 

r2 /       Y+i  1 + Y 
2H - ^ V - 2hn p Y+1 

2 

0 ^k      (YY^)2 

k+1   H   2(2H - ^2/Y2)p 2- 2(Y + l)h p Y+1 
K OK 

(49) 

The iteration is considered to have converged when the difference in 
successive iterates is less than a specified error tolerance.  The starting 
guess for the initial calculation is P = 1.  Thereafter, the Iterates begin 
from the previous flow field estimate.  The scalar iteration is carried out for 
each node point in the mesh. 

3.   POSITION VECTOR ITERATION 

Let J be the Jacobian matrix J  =  VSY-j.  The vector Newton iteration 

follows directly, as in the scalar case, by Taylor series expansion of 
g(Y + AY) about Y.  Then the vector iteration is 

^k+1 = Yk - J~lg(f-) (50) 

In practice,   the Jacobian derivatives       i/9Y.  are  determined as  finite 
J 

difference approximations, 

(51) !!i~ ei(V---'Yi-i'Yi + AYr Vi'-'-'V - gi(Yi' — . V 
9Y. ~ AY, 

J j 

k+1 The iterate Y   is obtained as the solution of the linear system 

JAYk+1  =  g(Yk) (52) 

with     AYk+1  = Yk+1 - Y1^  and  g  = ^  . .... p    3Yp 

The coefficient matrix J is positive definite, syirnetric, and sparse. 
Positive definiteness results from the convexity of the functional V whose 

stationary value is sought. Writing g = E={E } for node (m,n) the symmetry 

follows from 

2 2 



3E* 3 3V 3       3Vn %       K ^ 
1     = 1      ^     k^      = 1 k^   ~ ""k 1       = k 

3Y* 3Y.       3Y1; m.n    3Y.     3Y. m.n    3Y„     3Y, 3Yp 

The sparseness  is evident  as the algebraic equation corresponding to any 
given node has possible non-zero coefficients only  for  those nodes belonging 
to elements  adjacent  to  the node concerned.     Finally,   it  is  Important  to 
note that a judicious numbering of  the nodes will produce  an algebr,       problem 
that is neatly banded.     Then highly efficient bandsolvers  can be employed  to 

solve Eq   (52)   for AY^     .     In  the particular  instance  of   the    throughflow problem, 
the characteristic span between hub and tip walls  is  small  compared with  the 
axial length between  the remote upstream and downstream stations.     Furthermore, 
the solution  is well-behaved  in  the  radial   direction  so  that  a coarse mesh 
gradation in  this  direction is appropriate;   that  is,   few V lines  are necessary. 
On the other hand,   there will be a much  larger number  of axial mesh   lines 
corresponding  to a graduated mesh,  especially  fine near  the actuator discs and 
becoming  coarse  towards   the  remote boundaries.     With   this knowledge of   the  flow 
behavior and mesh natuie,   the optimal nodal-numbering  scheme  is evident: 
beginning at  the  remote  upstream boundary,  number radially across  the stream- 
lines.     Then node  k,   cr rresponding  to mesh pair   (m,n)   for a mesh of N H'-lines 
and M axial mesh lines   (with M » N),   is   (m-1)  N + n.     The half-bandwidth is N 
and the  coefficient  matrix  is block-tridiagonal.     Only   the bandedness will be 
exploited in  this  algorithm as  there  is non-zero "fil]" between the  tridiago- 
nal blocks during decomposition. 

For direct solution of symmetric,  positive-definite systems,   the Cholesky 
method  is preferable.     The  Cholesky  decoLoosition is   the  triangular decomposi- 
tion,  J = L L^, where  L  is  lower triangui  r.     In  the  program code an equivalent 
form of Cholesky decomposition was used,   expressing J    as y^y where U is upper 
triangular.    Thi^ allowed more convenient  computation and display of the com- 
pactly  stored jacobian and  its decomposed  form.     Writing J = U^U so  that 

yTy AYk+1 = g(Yk),   implies: 

yT.ß   =    g(X  '       >       forward reduction 

k+1 
and UAY =     ß ,       back substitution, 

k+1 
to determine  the solution AY 

Only the non-zero upper half-band of J need be  stored and U  is overstored 
on J as  decomposition proceeds. 

4.        STABILITY AND CONVERGENCE 

Fixed point  theory  for scalar and vector    Iterations  is quite extensively 
developed and the Newton-Raphson iteration has been  investigated.     Standard 
contraction arguments(8)   Indicate that the iteration  converges if  the  initial 
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guess  is within  the contraction Interval.     The streamline position Iteration is 
generally well-behaved,   as  the wall  geometry suggests  a reasonable starting 
guess which is  coded directly  in the program and need not be developed as  data. 
The  density  iteration  requires more  care.     Given an  initial streamline  configura- 
tion,   the starting guess  is  incompressiblllty,   p =  1,   and Newton  Iteration of 
the nonlinear scalar equation at each grid point  is generally convergent. 
However,   in regions where  there is  a dramatic  change  in density,  such as on  tlu 
hub  axis  Immediately beyond a stator  imparting  large  swirl,   the  density Itera- 
tion may not converge.     An  inadequate streamline  configuration estimate, 
together with a poor initial  density  Iterate,  may predict meridional Mach num- 
ber values greater than unity when the real physical  flow has a subsonic meri- 
dional Mach number. 

To stabilize  the  density Iteration,   the successive Newton Iterates  are 
scrutinized:     if  the  Iteration at a particular grid point begins  to diverge, 
the physical constraint  to subsonic meridional Mach numbers is enforced by 
setting axial velocity W =  1 and radial velocity U =  0.     This determines  a 
reasonable  interim approximation at   the  troublesome point.    Subsequent posi- 
tion iterations  improve  the  streamline guess,  and  the  later density iteration 
generally converges,  with  the exceptions  of borderline  cases where  the physical 
flow is very demanding and sonic meridional Mach numbers are being closely ap- 
proached.     T"ils  approximate measure  then serves  to stabilize the numerical 
iterations and extends   the numerical  stability  to  include essentially  the  full 
range of  flows of  Interest. 

The graphs  in Figs.   4 and 5 plot the error at a point on the hub wall 
beyond a stator,   for several  computations  at various incident,   free-stream Mach 
numbers.     The graphs  show very clearly the  influence of  the stabilizing density 
approximation. 

Another technique  for stabilizing the  density  calculation is  to moderate 
the  flow transition  through  the blade row.     This  can be done readily by using 
several actuator  discs  closely nested with a very  fine separating grid,   rather 
than use a single  disc.     Such an example  is  later examined in SECTION VI. 

The exploration of  the  density calculation brings  forth the question of 
stability of  the global  coupled iteration process,   rather than  that of  the posi- 
tion  or density  iterations  alone.     In particular,   should the position iteration 
at a fixed density be  iterated to convergence   (a quasi-incompressible analysis) 
and  the density  then updated,  or should  the position  iteration be  terminated 
earlier      Early computations explored the  former scheme and it was found that 
in many  cases  the  coupled process diverged.     The use  of  under-relaxation at- 
tempting complete position  iteration was  similarly unsuccessful  in these  cases. 
Limiting  the number of position iterations and successively reducing  the  limit 
eventually  led  to a coupled sequence  that was  stable  and converged.     The best 
results were obtained using a single position iteration to improve the stream- 
line pattern.  This  analysis  Indicated  the necessary  close  coupling of  the 
numerical schemes. 

Computationally,   the global rate of  convergence of  the coupled calcula- 
tions is only  linear,  whereas the Newton processes are asymptotically quadra- 
tic.     For each  case  the  rate of convergence of both position and density  is 
somewhat  slower  for  the  first few iterations.     The  density point computations 
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required several  Iterations  in  the starting calculations.     However,  for most 
Incident Mach numbers  and away  from heavily  loaded  discs,   subsequent point 
density calculations required only one or two  iterations   to give  six signifi- 
cant figure accuracy. 

Finally,   the scheme  is naturally sensitive  to  the  Incident Mach number. 
As Mach number increases  the  calculation becomes more  demanding,  stabilization 
is necessary,  and the rate of  convergence decreases.     This   is due in part to 
the physical nature of  the higher Mach number  flows,   attainment  of a sonic 
meridional Mach number being associated with  "choking."     In addition,   sequences 
of  flows computed at successively higher incident Mach numbers,   on the same 
configuration and ut  the same  loading,  all used the same  starting streamline 
pattern     This pattern is best for nearly incompressible flows and deteriorates 
with increased incident Mach number.    Thus it  takes  increasingly more  iterations 
to improve  the starting guess.     Relaxation and extrapolation techniques are 
possible ways  to accelerate  convergence but have not yet been explored,   the 
present scheme affording adequate  results  in  fewer  than  ten coupled iterations 
for most applications. 
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SECTION V 

THE THROUGHFLOW PROGRAM 

1.       BASIC PROGRAM STRUCTURE 

The  throughflow problem is specified by input  data to  the program,   the 
finite element idealization is  established,   and,  beginning with a preset stream- 
field,  the coupled iterations  in density and position are  carried out.     Each 
position iteration is  associated with solution of  a banded  linear system of 
equations.    The general computational procedure and subroutine inter-relations 
are depicted in the macrochart of Fig.  6. 

The  function of each module and its  relation  to other stages in  the  layout 
are described briefly below. 

a. Input 

The input instructions reside within the controlling program, TCOMFLO. 
Input data defining the problem is read from cards for each flow problem 
analyzed. 

b. TCOMFLO 

This is the main calling program.  It determines the finite element 
idealization in the (x,^) coordinate system, and controls the data input and 
solution output steps. 

c. GUESS 

The initial guess for YCx,^) at the mesh points is prescribed. 

d. RSOLVE 

This  contains  the density iteration and position vector iteration, 
returning the  final values  to  the main controlling module,  TCOMFLO. 

e. BANSOL 

This subprogram is called from RSOLVE and bandsolves the linear 
jacobian system for AY. 

f. MERMACH 

The meridional Mach number is computed at each node point between 
streamfield position iterations to monitor convergence of the coupled itera- 
tions. 

g. Output 

The final streamline coordinates and associated nodal velocity com- 
ponents are printed by axial mesh section. 

Important details of the program are now developed. 
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Figure  6.       Modular Subroutine Layout  of Programs 
for Throughflow Calculations 
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2.  PROGRAM METHOD 

Finite elemfent mesh generation.  The sections of uniform flow between discs 
are delimited by variables set In the program code. For a single stage, the 
separation between stator and rotor Is Input, and a uniform fine mesh established 
between the disc pair. Away from the discs, the grid spacing Increases with 
Ax.. . ■ K x. where Ax.... ■ x, .., - x, downstream and Ax. , = x. - x. , upstream 
j±l    j       j+l   J+l   j j-1   j   j-1 

and < Is set In the program as 1.25. Most of the results described later em- 
ployed this restricted mesh algorithm. For general purposes, problems with 
several stages will require more flexible data-generation schemes or simply in- 
put the values {x.} as in Ref. 3. 

Initial Streamfleld Pattern.  The starting pattern is determined from the 
hub and tip wall shapes and the uniform flow at the remote upstream boundary. 
At the spstream boundary the flow is uniform with axial velocity W_ = 1 and 

f = 1. Then the axial velocity satisfies pW = - — -rrr and leads in the (x^) 
1  2 1  2 

system, to -r(Y  ) =1.  Integrating with respect to f  gives — Y = -f so that 

Y(x0, Y)  ="Y-2H' (53) 

and determines  the H'-line distribution at  the remote upstream boundary.     The 
T-llne spacing for  the initial guess  is chosen so  that  the separation of adja- 
cent streamlines is  constant along any radial mesh  line  from hub  to tip.     In 

the   (x,^) plane,   then "^ "  ^ = " IfM+l)2 ~ ^i)2]"     Clearly  the sPacing 

AY will vary  from one mesh line j   to  ehe next as  the hub wall  f(x)  or tip wall 
g(x)   change.     Then  for a mesh  line at x,, 

. .  (g(x.)  - f(x,)) 
Y(Xj.v   .   ,1   =   f(Xj) + (V^   _ f(Xo))  _!. , ^     (54) 

The Density Iteration.  The density at any node point (x.,^ ) is deter- 

mined by Newton iteration applied to the equation f(P) = 0 as described in the 
preceding section.  For highly rotating flows at high incident Mach number, 
the density iteration may require stabilization.  This is particularly true in 
the early stages of coupled iteration as the streamline pattern will be poor 
in some regions. The density calculation is indicated in the chart of Fig. 7. 

Streamline Position Adjustment. The variatlonal finite element formula- 
tion for streallne position Y(x,^)  leads to the nonlinear system of equations 

9Y,    tn'n 3Y. 
i J 
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Current  Stream Pattern  Known 

Select  Node  and Associated Element 
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i 

Iterative  Step:   pk+]   =  o^  - W 
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No 
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Figure  7.       Newton   Iteration   for Densitv with 
Stabilization   at   Critical   Points 

31 



Writing this as g(Y) ■ 0,   the solution Y is sought by Newton-Raphson iteration. 
k. ^ k k Let Y    correspond to  the k  th  intermediate solution pattern.     Then g(Y  )  = e 

>• Q,  and is  the error vector.     The  solution adjustment  is achieved as a single 
step of the jacobian system iteration 

iAYk+1    =    -ek 

In SECTION IV, the element contributions to 3V/9Y were developed and per- 

mutation relations noted.  These permutation relations allow an elegant coding 
k   k 

for accumulation of g = g at each node point, and similarly for the jacobian 

evaluation. A single statement function definition, F(Y  , Y1", , Y   , Y ,) 
n        n+1        n n+1 

determines  the element contribution  to  a given node,  and permutation of  the 
a 

corner  coordinates  (YR)  ascertain  the other nodal contributions  from the element 
(Fig.   8). P 

The  compuational procedure  is  outlined in Fig.   9.     Using  the  density field 
calculated from the current streamline position,   the new adjusted streamline 
pattern is  computed.     Proceeding sequentially by elements,   the element  contri- 

bution    of  3V /9Y,   to ea>-.h of  the  four  corner nodes  is  determined by use of 
n      j 

the statement function.    The nodal contributions are accumulated  to give  the 
error vector 

H =    g(Yk)     =     ek 

and the infinity norm of  e    is  tested  to determine if the solution has  con- 
verged.     The jacobian J      =  3K  /3Y    is  formed numerically by  differencing, 

pq        P     q 

^ _ g(Yi'---Yp-i 'Yp + AV Vi'--V -8(Yi'---V 
3Y AY 

q p 

Again, this difference quotient is formed sequentially by elements, evaluating 
g(Y , ,Y + AY ,...,Y ) and g(Y ,...,Y ) by accumulating element contributions 

to the nodes as in the preceding calculation of e .  The value AY = 10  is set p 

in the program code. Only the banded upper-half of the jacobian is stored 
during formation. The linear jacobian system is solved by banded Cholesky 
decomposition, followed by forward and backward substitution sweeps on the 

right-hand side vector ft . During decomposition, only the upper triangular 
decomposed matrix is needed, and is stored over the coefficient matrix J as 

k+1 
decomposition proceeds.  Solution for AY   determines the adjusted streamline 
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Density  Field   Iteration  at 

Previous   Streamfleld   Solution 

Compute   the  Residual  Vector 
 ^ - smJ  

Convergence   if     |e. ||M <  e 

Form  the  Jacoblan  J= -s-*-    - —2- 
3Y    AY 

q    q 

solve j,  AYk+1 = gk 

Coupled Problem 
is Converged so 

Return to 
Calling Program 

Janded Choleskv Method ' 

Adjust:  X, .-, = Y, + AY, 
 k+1  ~k. ~k 

Return  to  Revise   the  Density  Field 

Figure  9.       Layout of  Procedure   in RSOLVE   to Adjust  the  Streamline  Pattern 
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pattern.     After  the new position solution,  we  return to  the  density  calculation 
and the next  coupled iteration commences. 

3.       PROGRAM USAGE 

Idealization Description.     The  turbine  configuration  is  described  In  two 
dimensions,   and  consists of a sequence  of  sections  of  continuous   flow  separated 
by  line  interfaces  representing actuator discs.     The lower and upper boundaries 
correspond  to hub  and  tip surfaces respectively,  and  the  remote  left  and  right 
boundaries  simulate  uniform flow  regions   far upstream and  far downstream.     The 
flow is  characterized by a discrete  streamline pattern,  and  the problem 
formulated in  the   (x,^)  plane  to solve for streamline location.     In  (x,'^) 
coordinates  the  domain  is rectangular and a  finite element  idealization  of  rec- 
tangular    is   introduced,  with  prid  lines  ^ =  T    determined  in  the  program,   and 

x =  x.   -Inout   as  data.     Angular momentum and  enthalpy  far upstreaTn  and  at   the  discs 

are  prescribed  for  each section  of  continuous   flow.     A typical  configurrtlon  with 
three  discs  and varyinp hub  and   tip walls   is  shown  in Fig.   10.     The   finite  ele- 
ment  idealization  in  the   (x,1^)   plane   is  indicated  in Fig.   11. 

A  typical   rectangular element,   shaded  in section 2  of Fig.   11,   is  defined 
by  enclosing horizontal  V-lines   and  vertical  x-lines.     The section   limits Nz,   . 
with i =   1,...   sections  and k =   1,2  delimit  each  domain of continuous   flow       ' 
and  are   the  x-l.'.ne  index pairs marked. 

Computer  application requires  specification  of:   the  Idealization  as  g^id 
point  ordinates  in   the   (x,f)   plane  and  identification of  flow sections;   angular 
momentum and enthalpy at each  interface between  adjacent  sections.     The   rectangu- 
lar  domain  in   the   (x,1!1)  plane  simplifies   the  finite element   representation  and 
for   flexibility  the  prescription  of   the  x-partition  is  required  as   card   input. 
The  ^-partition  is  set  in  the  program  and  corresponds  to AY  =  constant   at   the 
upstream boundary.     The  fully-infinite  pnblem is modelled as  a  finite  but 
extensive  region,   and natural   boundary  coi ditions  at   the  remote  ends  of   the   flow 
approximate   the   free-stream conditions. 

List  of  Program Variables. 

ALFA(K):     Coefficient of  momentum  fit  across  disc. vV 

BETA(K):     Coefficient  of momentum  fit  across  disc,   yV = 
C(N,M): Upper half-band  of   symmetric  jacobian matrix 
E(N): Error residual   vector of  nonlinear system 
F(J): Vector defining  lower wall   (hub)   ordlnate boundary,   f(x) 
G(J): Vector defining  upper wall   (tip)   ordlnate boundary,   g(x) 
H(I,K): Total enthalpy  on   streamline  I   in section K 
IDEN: Maximum number of  cycles  of coupled calculation 
ITMX: Maximum number  of  position  iterations per  cycle,   usually 
MNMAX: Maximum number of  density  iterations per cycle 
NR: Row dimension  of jacobian,   C 

t Indices:  K = section, I = streamline, J = x-line, N = node (I,J) 
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Figure 11.   Idealization of Turbine Flow Problem to a Finite Element 
Representation in the (x.T) Plane 
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NS: 
NY: 
NZ(K,L): 
NZMX: 
OMEGA(K); 
RON(I,J): 
T(I.K): 

X(I.J): 
Y(I): 
Z(J): 

Number of flow sections 
Number of horizontal V-llnes 
Section delimiters  In  pairs,  L =  1,2 
Number of vertical x-llnes 
Angular velocity  Introduced  to each section  (11 ) 
Density at node   (I,J) 
Section angular momentum on each T-llne,  T =  (yV)' 

Solution array of f-llne  ordinates,   (Y  ) 
Stream function values,   W. ■' '     i 
x-grid abscissas,  x 

Input Preparation.    The Input scheme  Is  described sequentially by  card 
type.    Numbers  In parentheses  following each  listed number Indicate  the number 
of  cards  of  this  type  required.     Variables  are  listed within each card  type  In 
order,  and correspond to the column fields as  sequenced. 

(a)       Card Type 1 

Cols: 
Format: 
Variables: 
Description: 

Comments: 

(b)  Card Type 2 

Cols: 
Format: 
Variables: 
Description: 

Comments: 

(c)  Card Type 3 

Cols: 
Format: 
Variables: 
Description: 

Comments: 

(1) 

1-5, 6-10, 11-15, 16-20 
415 
NY, NZMX, NS, NF 

NY - Number of f-llnes 
NZMX - Number of x-lines 

NS - Number of sections 
NF - Flag:  0 ■ enclosed, 1 ■ free exit 

Use NF ■ 0 for this program version. 

(NZMX) 

1-5,  6-15,   16-25,   26-35 
15,   3F10.5 
J,  Z(J),  F(J),  G(J) 

J    - Vertical grid-line z-index 
Z(J) - Z-absclssa 
F(J)  - Hub-surface boundary 
G(J)  - Tip-surface boundary 
Repeat each card  to end of z-lines;  J ■  1,  NZMX 

([rtS/3] + 1) 

1-10,   11-20,   21-30,   31-40,  41-50,  51-60 
3(2F10.5) 
NZ(L,K) 
NZ(L,K)  -  Flow section delimiters  in pairs, 
L = 1,2 
Set up  in  sequence with 3 sections per card  till 
end of sections,  e.g.,  the first card will have 
in order:     NZ(1,1),  NZ(2,1); NZ(1,2),  NZ(2,2); 
NZ(1,3),  NZ(2,3). 
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(d)  Card Type 4 

Cola: 
Format: 
Variables: 

Description; 

Comments: 

(e) Card Type 5 

Cols: 
Format: 
Variables: 
Description: 

(f) Card Type 6a 

Cols: 
Format: 
Variables: 
Description: 

Comments; 

(1) 

(g)  Card Type 6b 

Cols: 

Format: 
Variables: 
Descriprion: 

Comments: 

(h)       Card Type   7 

Cols: 

Format: 
Variables: 
Description: 

Comments: 

1-2 
12 
I FLAG 

IFlag 
(=  1  implies  read card types 6b  and 7 ) 
O1 1  Implies  read card type 6a or ly ) 

IFlag determines mode  of prescribed enthalpy and 
momentum within  sections. 

CD 

1-10 
F10.5 
AMD 
AMD - Incident Mach number for upstream. 

(NS) 

1-10,  11-20,  21-30 
3F10.5 
ALFA(K),   BETA(K),   OMEGA(K) 
Momentum  (rv)  -  -ALFACK)*^ + BETA(K) 
ALFA(K) — Swirl  component 
BETA(K)    - Translation component 
OMEGA(K)  - Angular velocity 
Linear fit  to momentum introduced by disc at sec- 
tion entrance.     Repeat each card to end of sec- 
ticns K =  1,  NS.   Repeat sequential sets  for para- 
metric studies   (see Recommendations). 

([NG/8]  + 1) 

1-10,   11-20,   21-30,   31-40,   41-50,  51-60,   61-70, 
71-80 
8F10.5 
OMEGA(K) 
OMEGA(K)   - Angular velocity  introduced  to each 
flow section 
Repeat  to  end of  sections. 

([NS*NY/8]) 

1-10,   11-20,   21-30,   31-40,   41-50,  51-60,   61-70, 
71-80 
8F10.5 
T(I,K) 
T(I,K)  - Angular momentum   (rv)   at H'-line  I  for 
section K 
Repeat each card  to  end of  sections,   K =  1,  NS 
In sequential  order by  streamlines  I =  1,   NY, 
Repeat  sets   6b  and   7   for parametric  studies   (see 
Recommendations). 
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Recommendat Ions.       Multiple data sets  can be  processed and are  to be 
separated by  END-OF-RECORD cards   (7-8-9  multipunch   in  column  1).     Parametric 
studies  for varied  section angular velocities   and raotntnta can be   run within 
each  full  data  set  by  duplicating card   types   6 and   7.     Also,   the  incompressible 
flow calculation  is  available as  a default,   by  setting  MNMAX =  0  as   the  itera- 
tion limit  for density calculations. 

Restrictions.     Arrays currently are dimensionc-d  in  the main program 
TCOMFLO  to accommodate  at most:   15 streamlines,   42  z-lines,   3 sections.     Note 
that NR is set  to  630,   the current row dimension of C(M,N).    The  corresponding 
dimension statements  can be altered readily.     Subprograms are variably dimen- 
sioned and require  no adjustment.    Array usage  is: 

NZ(2,   ^ NS),   F(i NZMX),  G(i NZMX) ,   H(NY,   i  NS),   T(NY,   i  NS), 
X(NY,   ^ NZMX),  Y(> NY),   ZU NZMX),   C(NR,   ^  NY +  2),   E(>  NODE), 
ALFA(^ NS),   BETAOi NS),   OMEGA (i NS) ,   RON (NY,   ^ NZMX) 

To change  the  array dimensions  the  relevant  source  cards are:     cards  2, 
3,   4 and  12   in  program TCOMFLO.     The   iterations   are   controled by   the   following 
variables  set   in  RSOLVE: 

IDEN = 10 

MNMAX = 5 

ITMX    =     1 

ETOL 

DX 

10 
-5 

10 
-6 

the maximum number of coupled cycles 
allowed 
the maximum number of Newton  itera- 
tions for density at each grid point 
the maximum number of position itera- 
tions of the finite element system 
error-bound tolerance for Iterate 
convergence 
difference Increment for jacoblan de- 
rivative 

Convergence is accepted if the infinity norm of E is less than ETOL.  If 
more than IDEN cycles are necessary the program terminates with a message, and 
prints:  the current contents of the streamline position solution, the last 
position adjustment, and the velocity components at each node. 

Diagnostics, 
execution: 

The following diagnostic comments may appear during program 

"IMPROPER ARRAY SIZE FOR EXECUTION" — accompanied by the input 
NR, NS, NY, NZMX, NODE values.  This is triggered by either in- 
correct data (prescribing NR) or the need to redlmenslon arrays 
in the program to accommodate a "larger" problem. The program 
terminates after printing the diagnostic. 

"SOLUTION DID NOT CONVERGE" — the maximum number of full 
cycles was completed and ||E|loo had  not yet decreased to the 
prescribed tolerance ETOL, The control returns to the calling 
program, whereupon the velocity field is calculated and printed. 
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"ENCOUNTERED MERIDIONAL MACH NUMBER IN EXCESS OF UNITY" — 
printed from subroutine MERMACH,  this indicates that the cur- 
rent position and density is predicting a supersonic meridional 
Mach number.    For physically realistic problems  this is cor- 
rected in later cycles by density and position adjustment.    Com- 
putation  continues to complete  the  analysis.     Physically ill- 
posed problems will lead to an arithmetic error in the band- 
solver,   caused by divergence of the solution. 

"DENSITY  ADJUSTED TO STABILIZE COUPLED PROBLEM"  ~  this occurs 
when  the position guess is so poor  that  locally  the Newton 
iteration for density fails.    A physical argument resets  the 
density  to an approximate estimate and calculation proceeds. 

Subprograms and Calling Sequences. 

GUESS: Call GUESS  (X,F,G,NZMX,NY,Y,XT,XH,YT,YH) [also call 
COORD   (X,F,G,NZMX,NY,Y,XT,XH,YT,YH)   as  a second 
entry point].    GUESS determines  the f-line distri- 
bution and the starting streamfield pattern. 

RSOLVE:       Call RSOLVE  (NF,NR,NS,NY,NZ,C,E,F,G,H,T,PE,X,Y,Z, 
RON).     RSOLVE solves  for density and position adjust- 
ments as an iterative cycle. 

MERMACH:     Call MERMACH  (NS,NR,NZ,H,T,NY,X,Y,RON,Z,NDEN) . 
MERMACH calculates  the meridional Mach number at each 
node  in the idealization. 

FANSOL:       Call  BANSOL  (NBAN,NODE,NR,C,E).     BANSOL solves   the 
symmetric positive-definite jacobian system for each 
position adjustment,  using a banded Cholesky decom- 
position and substitution sweeps. 

Machine  Requirements.     The program has been developed on the CDC 6400 
computer at  the University of Washington.     It  is  coded completely in FORTRAN 
with no machine-dependent  instructions,   and so can be   adapted to alternate 
hardware.    With current array dimer ilons  the program requires 42,000 octal 
central memory storage  locations and takes approximately % seconds CDC 6400 
central processor  time for solution at  the maximum array size allowed.    A 
detailed breakdown of  timing for sample  calculations  follows. 

Timing.     Timing profiles for a sample problem with coarse and fine mesh 
idealizations  are  shown in Figs 12 and 13.     The  calculation is broken down  to 
its main components —  the density iteration   (D),  jacobian calculation   (J), 
bandsolver  (B),  position adjustment   (P),  and total  coupled iteration  (T).     The 
graphs Indicate  that the  density iteration is quite inexpensive and confirm the 
earlier reasoning  in formulating the coupled process. 

Output.     An echo-check of the input data  Is  displayed;   the density,  posi- 
tion,  and error arrays are printed during each cycle together with the peak 
meridional Mach number on each Y-line and in each section.    Finally,   the posi- 
tion,  stream function,   axial velocity and tangential velocity are printed by 
'i'-llne beginning at  the hub and for each x-line segment. 

40 



- 

35 

30- 

T r T 1 1 1 F 1 r 

R - 10/7 
Parallel Walls 
S-R separation 0.14 
a - 0 
8 - 6.66 
M0 - 0.182 

T:  Total (P+D) 

Position Adjustment 
(includes J and B) 

J:  Jacobian Calculation 

B:  Bandsolver 

D:  Density Iteration 

2 4 6 8 10 
NUMBER OF COMPLETE COUPLED CYCLES 

Figure 12.  Timing in Central Processor Seconds for Coarse Mesh (8 x 24) 
Calculation 
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45 -1 1 1 1    I T 

R - 10/7 
Parallel Walls 
S-R separation 
a = 0 

■ 6.66 

T 1 r 

0.182 

T:    Total   (P+D) 

P:    Position Adjustment 
(includes J and B) 

J:    Jacobian Calculation 

B:     Bandsolver 

D:     Density  Iteration 

0 2 4 6 8 10 

NUMBER OF COMPLETE COUPLED CYCLES 

Figure 13.  Timing in Central Processor Seconds for Fine Mesh (8 x A2) 
Calculation 
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Deck Structure  for Compile  and Execute from Source  Code. 

JOB CARD 
RUN(S) (Compile) Job  Control 
LGO (Load and execute) Record 
END-OF-RECORD CARD 

PROGRAM CODE Source Deck 
END-OF-RECORD CARD 

1st Data Set 
END OF RECORD CARD 

FINAL DATA SET 
END-OF-RECORD CARD 
END-OF-FILE  CARD 

Sample Problem. A simple throughflow example with single stage and varying 
tip surface is Identified in three sections in Fig 14. The corresponding finite 
element idealization  in  the  (x,^)  plane is given in Fig  15. 

Input 

8 24        3 0 
1 -9.42 1.0 3.0 
2 -7.04 1.0 3.0 
3 -5.13 1.0 3.0 
4 -3.60 1.0 3.0 
5 -2.38 1.0 3.0 
6 -1.41 1.0 3.0 
7 -0.63 1.0 3.0017 
8 -0.0 1.0 3.0085 
9 0.5 1.0 3.0172 

10 1.0 1.0 3.0283 
11 1.5 1.0 3.0410 
12 2.0 1.0 3.0546 
13 2.5 1.0 3.0681 
14 3.0 1.0 3.0808 
15 3.5 1.0 3.0919 
16 4.0 1.0 3.1006 
17 4.63 1.0 3.1074 
18 5.41 1.0 3.1086 
19 6.38 1.0 3.1086 
20 7.60 1.0 3.1086 
21 9.13 1.0 3.1086 
22 11.04 1.0 3.1086 
23 13.42 1.0 3.1086 
24 16.40 1.0 3.1086 

1 8 9 
22 

.2 
• 0. 0. 

.0 2. 0. 

.0 0. 0. 

16 17 23 
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RUN VERSION FEB 7U 16««»7 06/2<»/7i» 

SUBROUTINE RSOLVE<NF,NR,NS, NY,NZ,C,E»F,G,HfT,PE»X,Y,Z»RON! 
C 
C SOLVES A NdNLINEAR SET OF FINITE ELEMENT EQUATIONS GIVING 
C A THROUGHFLOW MODEL OF AN ANNULAR TURBCMACHINE INCLUDING 
C VARIABLE WALL GEOMETRY AND THE POSSIBILITY OF A NEARBY EXIT 
C HITH FREE-STREAMLINES. THE TREATMcNT IS JAScO ON PAOTUSm 
C AS A FUNCTION OF PSI(Y) AND AXIAL-DOSITI ON«Z). THE MACHINE 
C IS DIVIDED INTO NS SEGMENTS OF CONTINUOUS FLOW KITH NS-i 
C ACTUATOR OISCS BETWEEN INTERNAL OIVISIOHS. NY PSI-LIHES 
C ARE IN EACH SEGMENT, AND NZ(JE,J3) DEFINES THE END Z-PIVI-
C SION NUM'JERS. WHERE SPECIFIED, T>-r INNER WALL SHAPE IS 
C GIVEN BY F(JJ AND THE OUTER WALL' 3Y G<J>. 
C NF=C EXIT FAR COWNSTREAM (NO t-REE-STrEA lLINES> 
C NF = 1 LAST SEGMENT IS FREE (F ANO G TO BE DETERMINED) 
C H(I,JS) AND T(I,JS) CEFINt THE STAGNATION ENTHALPY ANO 
C TANGENTIAL VELOCITY FUNCTIONS IN THE INTERVAL Y(1),Y(I»-1> 
C FOP. EACH SEGMENT (JS=1, ... ,NSI . PE DEFINES THE EXTERNAL 
C CONDITIONS ON THE FREE-STREAMLINES, IT NEED NOT BE SPECI-
C FIED IF NF=t ... PE-t IS THEN AUTOMATICALLY SET. 
C NR IS THE ROW OIMENSION OF THE MATRIX C(K.L) AS SFT IN 
C THE MAIN PROGRAM. C IS USEO F03 COMPACT STORAGE OF THE 
C BANDCO., SYMMETRIC JACOBIAN MATRIX USED IN SOLVING THE NON-
C LINEAR SYSTEM BY NEWTON-P.APHSON ITERATION. THE ERROR °ESI-
C DUALS ARE STORED IN E(K) BY PSI-LINE. 
C VERSION .... FINITE DIFFERENCE JACCBIAN EVALUATION 
C 

23 DIMENSION NZ<2,1),F(11,G11),HI NY,1),T«NY,1) 
23 DIMENSION' X ( 1» , Y (1) , Z 11) ,C t NR, 1J , £C i) 
23 DIMENSION RON(NY,l) 
23 OIMENSION VCt) 
23 LOGICAL NTST 
23 REAL MMN 

C 
C ELEMENT-CHARACTERISTIC FUNCTION (MEAN-VALUE APPROXIMATION) 

23 D <R1,R2,R3,RH) = DZ*C 2* ( FF-F Nl *Ri+-e . 5 *TT * < 1/R3 + R3/< R'.'RM ) 
» *QY*OY*( (RU-R2)*ll/(Rl»*<Pvi»-R3) ) + 1/(ri 2* {;.2-Rl) )) / < G Z' 0 Z) 
• -3.5M <1M(R<»-R2)/0Z)**2)M2*R1,-F.3)/(R'.*R<.> 

11 * C (R3-R1)/0Z)**2)/R3)/(R<»-R3>**2)/RN2) *RN 
C 

112 NY1=NY-1 $ NZMX-NZ (2»NS I *1 
1 1 6 NBAN=NY *2 T, NODE=NV*NZMX 
121 ITMX=1 I £TOL=l«t-G $ OX=l.E-5 t IDEN = 1Q 
126 GAM = l.l» 
130 RF=1. 0 
131 NPRT=5 
132 MNMAX=5 
133 ITMX=1 
13<» NPSS=2 
135 IDENTIC 
13b IP=ITHX-1 
1<»C IF(NF.EO.P) PE=C. 
1 « IF(NR.GE.NODE) GO TO 1 
1<»<» WRITE (6,201) NP,NS,NY,NZMX,NODE 
162 CALL EXIT 
16 3 1 CONTINUE 

RSOLVE 
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RUN VERSION FES 74 16147 06/24/74 

C 
C STARTING GUESS IS INC50FRESSI9LE FLOW 

163 00 50 1 = 1,NY 
170 00 50 J=1,NZMX 
171 50 R0N(I,J)=1.C 
204 10 26 N0£N=1IIHEN 
205 CAH. MERMACH<NS,NR,NZ,H,T,NY,X,Y,RON,Z«NCEM) 
221 00 25 JS=1,NS 
226 J l = N Z l l , J S > SJ2=NZ<2,JSI 
232 00 24 1 = 1,NY 
23 4 ITEST=0 
235 IF(I.NE.NY1GO TO 1000 
236 1=1-1 
240 ITEST=1 
241 1030 HH=H<I,JS» 
246 tT=T<I,JS> 
252 OV=Y(I+l)-V (I) 
255 H0 = HlI,l»-0.r-
262 00 23 J=J1,J2 
264 0Z=7( J«-l)-Z( J> 
270 IF CI.EQ.NYII-I-l 
273 JMYI"J»NY»I 
275 Kl=JNYI-NY 5 K2 = K 1 H J K3=JNYI £K4=K3+1 
302 X1=X(K1» S X2=X(K2I 2 X3=X(K3» T. X4=XIK4I 
314 T1- (1 • ( <X4-X2)/0Z> **2>/<X4*<X4-X3> i **2 
324 T2= C1M (X4-X2J/0Z)»»2)/(X2*(X2-X1I)»*2 
333 T3 = (1M (X3-X1I/QZ) **Z>/ (;<3* < X*-X3) > «*2 
343 T*=(l+( (X3-X1I/UZ) **i.i / Ul" (X2-X1J) **2 
353 TS= (Ti + T2*T3 »T4) *0Y»*2/4.'J 
36.1. IF<ITEST.NE.l)GO TO 1001 
363 I = NY 
364 X1=X2 
365 1001 CONTINUE 
365 KR-0 
366 QT^l.C 
370 00 21 MNIT=1,MNM AX 
371 QTC = A 3S ( CT) 
373 EPS 11= PON ( I, J ) 
40 0 Al=(2»*HH-TT/yi**2)*f<ON(I,J) »»2 
412 A2=2«*Hu*p0NtI,J> **(GAM*1.) 
424 A 3= A2*(GAM»1,> 
42 7 QT=tA1-A2-TS»/12.*A1-A3» 
434 QT=QT*°F 
436 IF(OT°.LT«A!3S(CTJSGO TO 211 
441 RON(I,J>=ROH(I,J»Ml,-OT) 
447 IF < A OS(tPSM-RON(I,JII.LE,ETOLJ GO TO 22 
457 21 CONTINUE 
461 GO TO 212 
462 211 TVAR=(1.0«-TT/(*i**2> )/2.0 
467 RON(I,JI=SQr>T(((HH-TyAiO/HOI**5J 
505 RPM=?CNCI,J> 
510 HPITt" ( 6 , 2 T O I , J.PPM 
522 204 FORMHH5X,'DENSITY ACJUSTtlO TO STABILIZE CU'JPltG PROBLEM*, 5 X, 

1 * I = * , I 2 , » J = * , I 2 , * 0 E H S I T Y S c T < , E 1 2 . 4 I 
522 212 CO'lTINUE 
522 22 CONTINUE 

RSOLVi: 
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7f-Tl • 

•5 
XV/M^I^ 'W 'WV 

RUN VERSION FEB 74 16»47 0 6 / 2 4 / 7 4 

522 23 CONTINUE 
530 i r (JS.EO.NS)RON«I ,NZKX»=RON<I ,J2> 
54 1 24 CONTINUE 
544 25 CONTINUE 
546 CALL MERMA€H(NS,NR,NZ,H,T,NY,X,Y,RON,Z,NOEN) 

C 9EG1N THZ NEWTON-RAPHSON ITERATION * 

C 
562 00 21) IT=1»ITMX 

C 
C EVALUATE THE RFSIOUAL VECTOR ... 

567 DO 2 K= 1, NOD c 
570 2 E(K)=C. 

C SUM THE ELEMENT CONT t~I'3UT IONS TO RESIDUALS 
575 DO 5 JS = 1,NS 
576 J1=NZ(1,JS) S J2 = NZ(2,JS) 
602 DO 4 1=1,NY1 
604 DY=Y(I*1>-Y(I) 
610 HH=H(ItJSI 
614 TT=T(I,JS) 
620 DO 3 J=J1,J2 
622 DZ=Z(JH)-Z« J> X JNYI=J»NY+I 
632 K1=JNYI-KY J K2=Ki+l S K3=JNYI t K4=K3»1 
635 Xl=XtKl> S X2=X(K2> Z X3=X(K3> S X4=X(K4» 
647 T 1= (1 v < (X4-X2J /DZ> ••21 /(X4* <X4-X3>) **2 
657 T2= (1 • ( <X4-X2)/DZ)**2I/(X2V(X2-X1M**2 
666 T3=(1•( IX3-X1>/0Z>»*2>/(X:?MX4-X3>» **2 
676 T4 = tin (X3-X11/DZ) *»2I/ (XI* CX2-X1)» *»2 
706 TS=(Tl+T2*T3»Tfc)*DY»*2/4.0 
714 RN=(:;ON <1, JI tRON (I»J+1) t-RON < I • 1 ,J> • RON «1*1, JU»1/4.0 
736 IF(J.EQ.J2)RN=(RON11, J)•ROM(I + l,JlI/2.C-
747 RN2=RN»*2 
751 TS=TS/RN2 
752 SS= (l.G/Xl**2+l.!}/X2**2«-l.C/X3**2*l.C/X4**2l/4.0 
764 FF= (G AM-1. C) »HH/GAM+(TS«-TT*SS)/t2.aj»GAM» 
776 PN=°E/RN 

1000 E ( K 1 ) = E ( < 1 » - 0 ( X 4 , X 3 , X 2 , X 1 ) 
I t 12 E(K2l=E<K2>«-OtX3 , X 4 , X l , X 2 t 
1024 E ( K 3 ) = E ( K 3 ) - 0 < X 2 , X 1 , X 4 , X 3 > 
1036 E(K-»J=E(K4)»D(X1,X2,X3,X4» 
ll5d 3 CONTINUF 
1C52 4 CONTINUE 
1055 5 CONTINUE 

C MODIFY RESIOUALS AT SPECIFIED HALL NOOES 
1057 IF(NF.£Q.0J J?=NZMX 
1061 IFlNF.EU.il J2=NZ<1,NS) 
1065 DO 6 J=1,J2 
1067 JU=J*NY I JL=JU-KY+1 
1072 £<JU)=X<JUI-G(J) 
1100 E(JL>=X(JLI-FtJ) 
1106 6 CONTINUE 

C 
C RESIOUAL NORM AND CHECK FOR CONVERGENCE ... 

111C EMAX=C. 
1111 OO 7 K=1,NOO E 

RSOLYE 
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RUN  VCRSION FE3 7k 16IJ.7   tb/Z^/Tt* 

ill2 7 
1123 
1126 
nzy. 2 99 
ii.i^ 
ilkü 3C0 
11'» C 
llbi 
120U 301 
IZO*» 777 
120** 

C 
c 

1212 
121«. 
1215 B 
122'» 9 

C 
1227 
12J0 
123'* 
123b 
12<*2 
12<«6 
1252 
125'* 
1262 
1267 
1301 
1311 
1320 
i3n 
13i«C 
13'»6 
1370 
1<»31 
11.03 
ikik 
1»»16 
1'.30 
iklZ 
ikSC 
1^66 
1504 
1522 
15<*2 
1561 
1576 
lei*. 
1633 
165J 
1666 
170«. 10 
1707 11 
1711 12 

EHAXsAMAXlttCAX.A^SlEtKm 
IF(MOO(MD£N,NP&T>.NE.0)GO   TO 777 

TO  JACOSIAN 

t. JNrisJ'MY»! 
s K3=JNVI             t   K'v = K3*l 
ä X3 = X(K?I           f.   Xi. = X(K'+» 

WSlTE(fj,299) 
FORMAT(1H1» 
WRIT; (6,301»NOTN 
FO^'MT (3(/l »5X,» ITERATION* ,13,5X, ♦SOLUTION 
MPIU (6,331) (X{K) ,K=l,NOÜ5:i 
WRlT!;(6,3ail (i':<K>,Ksl,NOO^> 
FO-l'Ua (/,(5X,ML:11.3) » 
CONTINUE 
IF(LMaX.LE.E70L)GO   TC   31 

EVALUATE  THiI   JACOSIAr   ELEMENTS   NUMEKICALLV 
OO   9   K=l,NOnE 
00   I   L=i,N3AK 
Q(<,L1=0. 
CONTINUE 

SUM   THE   CLEMENT   CONTRIIUTIONS 
00   1?   JS=1,NS 
J1=N7.(1,JS)    I   J2 = NZ(2,JS) 
00   11   1=1,NV1 
DY = Y(If 1»-Y(I) 
HMrH(I,JS) 

TT=T(I,JS» 
00   1Ü   J=J1,J2 
0Z=7.(J»i»-Z(J) 
K1=JNY1-KY      i   K2=K1»1 
Xl = X(Kl) :   X2 = X (K2) 
Tl=(l»((X(*-X2)/DZ)»»2)/lX(t*(Xi*-X3)!<"'2 
T2=(1M (Xi*-X2)//DZi»*2)/ (X2* (X2-X1)»'»2 
T3=(1M(X3-X1)/D2» ••2» / ( X 3* ( Xi*-X3 ) I * ^ 2 
T'*=(lf( (X3-X1»/DZ» ♦♦2»/ (Xi* (X2-X1)1»»2 
TS=(ri*T'.'»T3+T(,)»DY»»2/'*.T 
RN-(RON{I,J) »ROMII,Jn> «-RON (UlfJM.RONdH.J+ll »/I«, 
IF(J,f.Q.J2)RN=(nON(I,J» »RON (1*1, J ) >/2 . f, 
RN2=RM»»2 
TS=TS/RN? 
S5=(1.L/Xl»*2fl.0/X2»*2*l.:/X3'1»2v:.t/X<*»»2l/'..G 
FP=(GAH«l.ü)»HH/r,AM+(T3«-Tr*SS)/(2.rj¥GAii) 
PN=PE/I?N 
DiO=OtX«»,X3,xri,Xll %   o:'u = 0(X3,Xi*,Xl,X2) 
D3J=0(X2, Xl, X«.,X3) $   U'.C=P(XJ.IX2,X3,X(*I 
C(Kl,l)=C(Kl,l)-<0{X'*,X3,X2,Xl+DX)-Jlf, )/DX 
c (Ki ,2» =c (Ki ,2) - (01 Xd ,X3, y.2 »nx^ i > -uii;»/üx 
C(Kl,HV«-l>=C('<l,NY»l)-(0(Xi4,X3«-0X,XJ,Al.)-0i:>/0X 
C(Kl,NY*2)=C(!;l,NY*2)-(0!X^»-OX,X3%X2,X:) -D1C)/UX 
C (!<r.',l) =C(I<2,1) * tQ (X3,X1+,X1)XL'*DX}-0,.1; » /DX 
C(K2,,JY)-C(K2,t!y ) f COIXS+'OXtX'*, Xl,X2)-O20l/OX 
C(K2,MV*U=C«K2,NY»1I KOIXS ,X(»»ÜX,X1,X2) -D^SI/OX 
C(K3»l)=C(K3,U-(OIX2,Xl,x:»,X3*DX»-D30)/DX 
C (< ^ , .'^ = C ( K3 , 2 ) - (0 ( X,?, X 1, x;t »U X, X3) -0 30 ) /nX 
C(K!.,l>=C(<<«,l)v(0tXl,X2,X3,X<,*0X»-D'.C)/0X 
CONTINUE 
CONTINUE 
CONTINUE 

HOUIFV   JACODIAN   AT   SPECIFIED   WALL   NODES 

AHO   ERRDR   PrSIDUAL») 

RSOLVE 
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RUN     VERSION   FE9   71* löH»/  ib/Zi*/7k 

17U IFCNF.EQ.O)    J?=NZMX 
1716 IF(NF,eQ.l)    J2 = NZ(.N^S) 
1722 00   l^   J=ifJ2 
172<» JU=J»NY %   JL-JU-NY*! 
1727 C(JU,i)=C(JL,i)=i. 
1737 00   13   L=2fN9AN 
17^0 C(JU,L)=C(JLa» = 0. 
175C 13 CONTINUE 
1753 C(JU-1,2)=0. 
1757 IF((Nr.tC.lI .AMD.(v.£Q.J2I) GO TO ik 
1766 C(JLH,NY) = 0. 
1771 C(JI)-1,INY*2»=C. 
1775 it*  CONTINUE 

C 
C SOLVc   THE   SYhM'TRIC,   PO^ITIVE-OEF I;a 1r   JACOBIAN   SYSTEM 
C USING   A   HANDnO-nOLESKY   [i'CCOMPOS IT ION   ... 

2C0C CALL   BANS0L(N8AN,NCDt,NR,C,t) 
C 
C 
C     NEW CSTIHATE OF THE SOLUTION VECTOR ... 

200'» DXMX=C. 
2Ü05 00 1^ K=l,NOnE 
2C12 X(K)=X(KI-EtK» 
?L16 0XMX=A';AX1(0XMX, A3S(E(K»)) 
2u25 15 CONTINUE 

C 
2U27 20 CONTINUE 

C 
2032 26 CONTINUE 
203^ 

2G«»2 
2061 

2051 

«SOLVE 

WRIT1: (o,202) 
31 CONTTMUE 

2Ü61 
L'C6 2 END 

Jl   uurn i nut 
NOEN^IOEN 
CALL   ^ERPACH(NS,NR,NZ,HfT,;<Yfy,Y,RON,Z|UOEN» 

201   FOPfATC   MPLOPE"   ARPAY   SIZC   FOR   EXECUTION   *, 
♦ ♦   NR,NS»NY,t.ZKX,NODä   *,5I5) 

2C2   FO?flATl//,15X,♦SOLUTION   ÜI0   NOT   CONVERGE»! 

RETURN 
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RUN      VERSION   FEB  7k IbtUT   06/2U/7*» 

SUBROUTINE  GUESS(X,F ,G»NZMX ,NY,Y,XT,XH,yT,VH) 
15 DIMENSION   X < NY ,1» , Y (1) , F (1» , & (1) 
15 NY1=NY-1 

C   END   R  VALUES 
C   PRESCRnc   SURFACE   PS I   VALUES 

17 YH=-<XH»»2l/2. 
22 YT=-(XT*»2»/2. 

C  CALCULATE   INTERMEDIATE   PSI   VALUES 
2*. Y(1)=YH 
26 DO   10   I=ltNYl 
27 R=XH*(XT-XH)»FLOAT(l)/FLOAT(NYD 
«♦0                 10   Y(I*1»=-0.5»H»R 
<»5 PETURN 
«♦5 ENTRY   COO'^D 
72 X0=(XT/XH)»»2-1, 
76 00  15   J=l,NZHX 

130 A1=F(J»»»? 
102 A2=G(J)»»2 
10*» B1=A2-A1 
106 00   15   1=1,NY 
107 X(I,J) = F(J)MSQRT (-:>.♦ Y(I) )-XH)MG(J)-F(J!)/:XT-XH) 
137                15   CONTINUE 
i.i*3 RETURN 
If» 3 END 

GUET.S 
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• / / • / • • / / / • / / / / • / / / / / / • / / / / • / / • / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / ' / " 

RUN VERSION FES 7k 1M4»7 06/2«. /7<» 

PROGRAM T C O N F L O ( I N F U I , O U T P U T , T A P E 5 = I N P U T , T A P E 6 = 0 U T P U T t 
3 OIMENSIOh N Z I 2 , 3 > • F»2«»l . G I 2 M , H ( 8 , 3 1 ,T ( 8 , 3 » 

l , X ( 9 , 2 < » l » Y I 8 > » Z ( 2 < » > » C ( l < 5 2 » l L ) » c C 1 9 2 J 
I t RON< <!, ZU\ 

3 QIMENSION A L F A ( 3 > , B t T A « J > , O M E G A ( 3 1 
3 666 R E A O « 5 , 1 0 1 I N Y , N Z M X , N S , N F 

17 I F ( E O F , 5 1 1 , 2 
22 1 CALL EX IT 
23 2 WRITF(6,1031INY,NZKX»NS»NF 
37 PI=3.i<»15927 
%1 NY1=NY-1 
<,3 NOOE=NY*NZMX 
itk NP.= 192 
1*5 101 FORMAT (<.151 
(,5 1 0 0 1 F U R M A T ( l H l , 3 « / > . l S X . ' N U M ^ r ? OF ST RE AiiL INFS = * , I 2 , 

1 / , 15X,*NUM3E?i OF G f i l J SIGHTS = * , I 2 » 
1 / , 1 5 X,*NUM3Er> OF FLOW StCTNS = * , I 2 , 
1 / , 1 5 X , * D = £ N C L O S C O , 1 = F R E I . E X I T * , I 2 » 

1,5 REAO(5, 10 21 IJ.ZCJI ,F«J»,GI J» ,J=1,NZMX> 
65 102 FORMST(I5,3FlO.S» 
65 WRITE<6,100 2> <J,Z( J> ,FU> ,G(J> ,J=1,NZMXI 
105 1802 FORMATI2 (/• ,5X,*SEGMENT* ,5X,*t>RQINA7r"*»5X,*HUD SURFACE*,5X,*TIP SU 

1RFACE* , • , t 5 X , I ' » , 6 X , F i a . 5 , 5 X , F l C . 5 , 5 X , F l 0 . 5 ) ) 
1 3 5 PEA3 < ! i , l i ) 7 > C M Z ( 1 , J » , N Z C 2 , J ) , J = 1 , N S » 
1 2 5 107 F O R M A T ( 3 ( 2 1 1 0 1 1 
125 W R I T E ( 6 , 1 0 3 7 ) C I H Z d , J ) • 1 = 1 , 2 1 , J = 1 » N 3 I 
IM» 1007 F O R ' ' A T ( 3 ( / > , 5 X , * S E C T I 0 N O t L I M l T c R S * , / , ( 3 X , 2 I 1 S I < 

C PRESCRIBE SURFACE PSI VALUES 
ikk XH= F (1) 
1<,6 XT=G(1) 
1<»7 YH=-:.0«XH»*2 
152 YT=--.5*XT**2 

C CALCULATE INTERMEDIATE PSI VALUES 
C SET HUT A NO T Ii» COORCINATES 
C SET PSI LINE VALUFS 

153 CALL G U I S S ( X , F , G , N Z M X , N Y , Y , X T , X H , Y T , Y H ) 
C cNTHALPY AND ANG MOM TERCS 

165 R E A 0 ( 5 . 1 P 3 > I F L A G 
173 103 FORMAT 11? ) 
173 3EAC(5»10<»1I HCOHS 
2 3 1 10U1 F 0 R M A T ( F i n . 5 l 
2 0 1 WRIT" (6 ,10 '»2 IHCONS 
207 lo<.2 F 0 R ! 1 A T ( / / , 5 X , * I H C T C E N T MACH NO. » , F 5 . 2 ) 
2 0 7 H C O N S = ( 5 . a / « 2 . 0 ' H C C M S * * 2 l » * l l . C * a . 2 * H C O N S * * 2 ) 
2 1 6 777 I F d F L A G . E Q . l l G O TO e88 
22C READ (5 , 1J «•» I ALFA ( J l , B E T A ( J I ,OMEGA«J) , J = 1 ,NS» 
237 1 C<* FORMA T( 3 C Hi • 51 
237 I F ( E O F , E I 3 , < » 
2<,2 3 GO TO 0 6 * 
21,3 «, WRITE ( 6 , 1 0 0 3 M J , A L F A ( J ) , B E T A ( J I , O H E G A ( J I , J = l , N S J 
263 l i j J 3 c O R M A T ( 3 ( / » , 5X , * SECT ION* , r <* , « ALF A-COi-F * , 5X , * 6 i T A-COEF* , 5 X , 

1*OMEGA * , / , l 5 X , I 5 , 3 t 5 X , F l j . 5 » » ) 
C STARTING GUfSS IN X 

263 CALL COO'̂ 'OIX ,F,G, NZHX,NY, Y, XT, XH, YT , YM> 
275 00 35 1=1,NY1 

TCOMFLO 
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RUN     VERSION  FEB   7W 16H»7   06/2U/7I* 

277 H(I,l)=HCONS 
JG1 Tllill    =   O.C 
302 00   35   J=2,NS 
iü* TIIfJI=(u.5»ALFA(J»»(Y(I+l)tY(I))-9£TA(J))»»2 
3ik ORV   =   SQRT»T(IfJH-SCRT«T<I,i-l)) 
326 35          H(I,J)   =   H(I,J-1»   ♦   CMEGAU)*U?7 
2ki GO   TO   Ul 
3'.1 888   RrA0(5,lÜ5) (OMEGÄ(J) ,J=1,NS» 
yjt* IF(rOF,5)6,7 
357 105   F0RMAT(8P1C.5» 
357 6   GO   TO  666 
360 7   r<£AD(5, 106» ( »T<I,J),I=1,NY» tJ=l,NS) 
377 106   FODMAT(6F10.5) 
377 WRIT£(6»1CJ61 (J»OHEGACJI i(T«I»J» fI=itNY)»J=1,NSI 
«422 1JC6   FORMAT (3 ( / > , 5X,»SEC 1 I ON» ,5X ,• At.G. VEL. ♦ .5X ,♦ MOMENTUM» »/, 

lC5X,I'f,3X,Fü.5,3X,ri.3,5>) 
<»22 00   36   1*1,HV1 
<♦?': H(I,l» = HCONS 
1.26 DO   36   J   =   2,NS 
(♦27 ORV   =   SCmn (I,JH-SQRT(T{I,J-1)) 
<«i»l 36          H(I,J)   =   H(I,J-1)   ♦   0:l£GA( J)»L)RV 

«♦53 »♦I   CALL   SECOMtUTll 
'♦55 CALL R3üLi;E(NF,NP,t.S,NV,NZ,C.t,r,G,H,T,PL,X,Y,Z,FON) 
i»75 CALL StC0N3(T3) 
«♦77 M<:,ITE<6,213) 
503 203        FOPIATdHl,51/» »ZSX,»SOLUTION   POINTMISc   ^Y   VERTICAL    IECTIONS») 

5Ü3 DO   ^C   J^l.NZHX 
505 MRITEI6,2(?i> Jf7U) 
51«» MPITE<6,2n5» 
520 2C5        FOPMATC/,l^Xt»LINE',,3X,»STREAMFUtlCT10N»,5X,»PfiüIUS»,5>;,"AXIAL   VtLD 

1C.*,3X,»TANG,   VELOC») 
520 DO   Uü   1=1,MY 
522 IF<IFLAG.EQ.l»GO  TC   37 
52'» 00   33   M = 1,NS 
525 IF(J.NE.NZ(1,M))G0  TC   33 
530 K=M 
531 33   CONTINUE 
53*« V=-{ALFfi(K> •V(I»*B£TA(K»>/(X(I,J»/XH» 
5'»'. GO   TO   371 
5i»5 37   V=-SQRT (T(I»K> » 
552 371   IFd.Nc.NYIGO   TO   38 
55«» P=Y(Mr»-Y (Nv-1) 
556 Q = YlflY)-Y(MY-2) 
'jbO DE=P*QMP-Q» 
563 A1=P»»2 
So«* A2 = Q»»2 
565 A3=A1"A2 
567 Fl=X(NY-<i,J)»»2 
572 F2=X(NY~1,J»*»2 
57't F3=X(NY , J)»»2 
576 W = -2.»OE/ (-(U»F1*A2»F2»A3*F3) 
605 W=M/ROMlI,JI 
611 GO   TO   39 
bll 38   CONTINUE 
611 W = -2.M Y(I*ll-Ym)/mi*ltJ»*,'2-X(I,J>»*2> 
623 H=W/RON(I,J» 

TCO^FLO 
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RUN     VERSION  FE3   7«» 16I«47   06/2U/?!* 

626 39   WRITE{6>2C2> I»VtI) ,X(I,J),W,V 
6<«6 UO   CONTINUE 
653 201   Fü"1AT(//,2X,»SEGMENT»»I3,i;x,»OROINAT£   Z ( J) »,£12 .<») 
65,? 202        FOPM4T(l.l/,I5,5X,tl2.'«,'»X,Ei2.'»»i:X,£12.«»,3X,tl2.U) 
653 TI"t = T2-Tl 
655 W»ITE(6,?j^)TIM 
663 20'»  FCRMftT(3(/> ,5X,*S0LN.   TIME»tF7.3,»     C.P.   SECONDS») 
663 GO   TO   777 
66f» ENO 

TCOMFLO 
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RUN     VERSION  FEB   7<» 16K.7  Ü6/L"*m 

SUBROUTINE   MERMACHJNS.NR.NZ.H.T.NY.X,Y.RON,Z,NOFN» 
16 DIMENSION   NZ«2,1»,H(NY,1) ,T(NY,1),X(1),Y(1),Z(1»»RON(NY,l» 
16 DIMENSION   tfP»8,U?) 
16 REAL   MMN.MiN 

C     MFRIOIONAL   MACH   NUMGEfi   CALCULATION   BEGINS 
16 NV1=NY-1 
20 00   f+ü   JS=1,NS 
21 J1=NZU,JS»    JJ2=NZ(2,JSI 
25 00   «»0   1 = 1,NY1 
27 HH=H(I,JS» 
33 TT=T(I,JS) 
36 K=0      t     L=•) 
1*0 VMMN = rJ.U 
«»1 00   39   J = Ji,J2 
«f3 JNYI = J*NY*I 
1*5 K1 = JNYI-NY   SK2 = K1*1   S   K3=JNYI      JKt»=K3*l 
53 X1=X(K1)      tX2=X(K2)      «X3=X(K3)       tx<«=X(K'»» 
65 (/sSO^KTTJ/Xl 
71 H=-2,»(YII*1>-Y(I))/(X2»»2-Xl»»2» 

105 MaW/RON<I,J» 
112 U = -W» (X5-Xl)/(Z(J*-1)-Z(jn 
121 U=U»»2 
122 \i = H**c 
122 \r=V*»2 
123 TOT=U«-V«-H 
126 MMN = 2,5MU*WI/'.HH-0,5»TOT» 
13^» KP(IfJ»~MMN 
136 MMN = ALJS (•iMNI 
l«tC IF(tfHMN.GE.MMNJGO   TO   38 
1«»2 <=!      ?     L = J 
l'»5 VMMN-UMN 
1<»5 39   CONTINUE 
ikS IF(M'1N.L.;:.1.»G0   TO   39 
150 ME>1=SrjRT CriNJ 
152 WRITc t6f U2) I.Jj^K 
163 102   FOPMftTt5X,»fc;NCCUNT£RtO   McRIDIONAL   MACH   NUHBER  IN   EXCESS   OF   UMITV», 

15Xt»I-*,I2,»J»*,I2,»f£R.   MACH   NU.   =»,F!3.2) 
163 39   CONTTMUE 
171 '♦C   CONTINUE 

C      MERIDIONAL   MACH   NUMEER   CALCULATION   ENOS 
176 RETUPtJ 
176 END 

MFRMACH 
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RUN     VERSION   FEB   71» lbti*7   Ob/Zk/Tk 

SUBROUTINE   3 ANSOU N,N,NR , A ,«}» 
C 
C SOLVES   A   DANDFO,   SYMMETRIC,   P03 IT IVE-OEFINITi   SYfiTFM   CF 
C N   LIN£AR   tOUATIOKS   USING   PACKED   SIORAGE   AND   A  CHOLESKV 
C OECOMFOSITION   FOLLCWFO   3V   FORWAon   AND   bAC<   SU'1 jTITUTION, 
C NR   IS   THE   ROW   OIMENSION.   OF   A(I,J)    ..'HEN   IT   WAS   STORcD. 
C M   IS   THE   HALF-^ANO   SIZE   < SUPEROIAGOIJAL)    PLUS  ONE. 
C ON   ENTRY   THE   SINGLE   cit.HT-HANü   VECTOR   IS   3T0\'J   IN   B(Ilt 

C ANO   8(11   CONTAINS   THE   SOLUTION   VrCrOP   ON   EXIT. 
10 DIMENSION   A(NR,1),B(1» 

C 
C CHOLESKY   OECCMPOSITION   WITH   PACKFÜ   STORAGE   ... 

10 00   5   1=1, N 
11 SUM=A(I,1) 
15 KMX=MIN0CI,M) 
2L IF(KMX.LT.2)    GO   TO   2 
22 DO   1   K=2,KMX 
Zk THP = A(I-KH,KI 
30 1   SUM=SU1-TMP»TMP 
35 2   A(I,l)=RA=SORT(SUM) 
i»6 RA=1./RA 
5u JHX=;iINC (M,N-im 
SU IF(JMX.LT,2I    GO   TO  5 
56 DO   <♦   J=2,JiX 
6C SUM=A(I,J> 
f>i* KHX=MINOtI,M-J»ll 
7C IF(KMX.LT,2)    GO   TO  k 
72 DO   .3   K=2,K,!X 
7<» 3   SU'4=SUM-AtI-K»l,K)»A(I-K*l,J«-K-ll 

111 U   A(l,J)=PA»SUM 
121 5   CONTINUE 

C 
G FOIWAPO   ANO   OACK   SUBSTITUTION   WITH   PACKED   STORAGE   ... 

12'» DO   7    1=1,N 
125 SUM=q(I) 
127 Kt*X=MIN0 (I,"l 
132 IF(KMX.LT,2)    GO   TO   7 
IJf» 00   6   K=2,<-1X 
136 6   SIJM-SUM-MI-K*1,K) »Bd-Kn» 
MT 7   :J(I)=SUM/AtI,l> 
156 HO   9   11=1,M 
160 I=N-II*1 
162 SUMrQCI) 
16<, KMX=MItJC(lI,K> 
167 IK(KMX.LT.2»    GC   TO   9 
171 00   8   K-2,K'1X 
175 8   3UM=SUH-fl<I,K) »Od+K-ll 
20 o 9    MI) = GUM/A (1,1 > 

C 
216 «ETU'IN 
216 END 

SAN^OL 
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Nl'MBPR OF STPEA^LINES - 8 
UUK1ER OF GRIO SEGMTS -Z^ 
mw:z.R OF FLOW SCCINS = 3 
C=FNCLOSEO,   l-FREE   cXIT   0 

SEGMENT ORDINATE HU9   SURFACE IIP   SUPFßCL 
X -9.^20C3 1.00330 3 .UCCOC 
2 -r.ü^oci I.0.000 3.ü&(jün 
3 -5.130DO l.OUOJJ 3. o r c L r. 
t* -3.6CCL3 t.oma 3.Ü0ÜS.C 
5 -2.38(100 l.CCÜüO ,3 . J ii 01" 
6 -1.MIU0 1.0 CO 3 0 J.OOOC 
7 -.63oC0 i.ccooo 3.00170 
8 -O.OPQOj 1.00033 3.0365" 
9 .500CT 1.CIJJ3 3,01720 

1Ü i.OOOwO l.icooo 3,ü2b3(- 
11 1.5CJtO 1.0LC33 3.C41CC 
12 2.C0C00 1.ÜC030 3.0 5460 
13 2.5CCJO l.OCJJO 3.0 6810 
14 3.00CÜJ i.ccajo ?.Q3cer 
15 S.SCCüC l.CtülO 3,0919C 
16 <*.OOCUO 1.0CCQ3 3.iCo6L 
ir <».&3tL0 l.CCCJJ 3.iimr 

18 5.410CO 1.C0J00 3.1086C 
19 6.38ÜLQ l.OGOJD 3,in86C 
2D z.eiiOGc 1 • Ü u C 2 Ü 3.i086C 
21 9.13CO0 1. Q C 0 J 0 3.10e6C 
22 ll.li'+OCO 1,01031) 3,10 860 
23 13.«♦200 1.OOQGJ 3.108*>C 
2<* I&.<*b0v0 1.DC30J 3.1086C 

SECTION  O-LIMITERS 
1 8 
9 16 

17 23 

INCIDENT   MACH   NO. .20 

SECTION ALFA-CO£F eETA-COEF OMEGA 
1 Q.COCOÜ O.CLüOO C.CGCOG 
2 C.00300 2.CÜÜG0 O.CCoün 
3 O.ütCüO C,00303 G.OOLOC 
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SOLUTION FOINTHlSc SlT VEPTICAL StCTIüNS 

SEGMENT     1 ORDINATE   Z(J)   -9.'t?Cü£*C0 

LINE STRtAMFUNCTION RAOIUJ AXIAL   I'ELOC. TANG. VELOC. 
1 -5.CÜ00E-01 i.a-^CctOQ 9.9735E-Ü1 -0 
2 -8.2653E-(J1 1.23G6i;*Ga «.SSfiSt-OJ •n 

3 -l,2347E*Ci; LbTZU-.*»1) 9.99'52c-Cl -0 
k -I. 7 2«» «>£«•« a 1. «533c«-00 L. ni,u5E*oi. »i? 
5 -2.Z959E+iia 2.i*i>r.ä*-üP 5 . JiC8Er0r -c 
6 -2.9'«9CEtnu 2.£»293i:UC i.Cjl7L«-oC -n 
7 -3, 6 837L>.iC 2.?l'<o"*ü0 l.uL,13E + 0r -n 
8 -'f.BODCE + Oü 3, oo3:E»-CiC 1.0ül3EtCw ••r 

SEGMENT     2 ORDINftTE   Z(J)   -7.C<«C0E*CC 

LINE STREAMFUNCTION RADIUS             AXIAI.   VELOS. TANG. VELOC. 
1 -O.JODCE-Ol 1. L\ J Ü £ ♦ j C g.y^j^E-ci -'■ < 

2 -8.2653E-i,l l,2966E*0a S.9068^-01 ****   * 
3 -1.2 347£tCü 1.5726E*fjö rj.99SlE-ai -0 
i» -1.72i*5ttU 1.8593E*ÜJ 1.31;.J5E*Q0 «■ n 

5 -2.2959EtCL 2.i'»39F*ÜQ l.C^G^E^C >, • ^ 
6 -2.q<»q{,E»Qc 2.<.293E + Q0 l.aül3E<-0C -c. 
7 -3.6837E<-Q& 2.71'fDh:f CO 1.3C13E+CC -,■■, 

a -'♦.SOOOE + OC 3.üüQ0E*0u 1.0Ü13E+0C -C i 

SEGMENT     3 OROINATE   Z(J)   -5.13C0E ♦ 00 

LINE STRTAMFUNCTION RADIUS             AXIAL   VELOC. TANG, VELOC. 
I -S.O&CCE-Ol l.CiJOEtQC 9.9735E-C1 -C. 
2 -H.2653E-01 l,-.566E + 03 y.9efi7E-Ql -n. 
3 -1.23t»7E»ÜC 1.^726E*-JO 9.99n2t-01 -a. 
(* -I^Z^SEVIC l,8583t*0C l.JUt,5P»0r —n 

5 -2.2959E«--u 2.lA38E*3a i.Qa:et>oc _T t 

6 -2.94.90c«GC 2.^293L+0') 1.0Ll3E*ct -0 , 

7 -3.6837E«-nC 2.71'»6r;*03 1.0-13E+0C -'' . 
8 -li.SCOCC+OG S.ÜJQOt^CO 1.Üü13L*-CL -3. 

SEGMENT     <♦ OROINATE   Z(J»   -3,6000Z »GO 

LINE STREftHFUNCTION RADIUS             AXIAL   VELOC. TANG, VcLOC, 
1 -5.u00Ct-dl 1.00JJt*0Q 9.97H1»E-Q1 -0. 
2 -8.2653E-01 1.2?ö6E*öO O.9697E-01 -3. 
3 -1.23'»7E»0C 1.6726£«-ul 9.999iE-03 -C. 
1» -l.72*»5C*0u i,6582t*C0 I.LUIL.SE + '.O -C. 
5 -2.2959E*Ü3 2.1'»3^E+30 t.3C;09£»0C -(?. 
6 -2.9i.9nE»00 2.'»29<it«-u0 1.0^13E+00 -n. 
7 -3.6337EmJ 2.711>6L«00 1.3C12E*cr -p. 
8 -<».5C00E*0Q 3.t}üJuE«'Cu 1. Jt,ll£»00 -?. 

SEGMENT  5     OROINATE Z<JI -2.38aOE»00 

LINE   STREAMFUNCTION     RADIUS 
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3 - 1 . 2 3 « » 7 K O O 1.6291E«-0u 9 . 6 3 J 7 F - C 1 - 1 . 2 2 7 7 c » C C 
It - 1 . 7 2fc5E»0 0 1 .9238E*or . 9 . 6 3 i 7 E - f l l • l » G S 9 6 E * c f l 
5 - 2 . 2 9 5 9 t * , J i ; 2.216<#E» JL 9 . 6 1 3 7 E - 0 1 - 9 . 023^F . -C l 
b -2 .9<»9! .E»00 2 . i io82L* 9 . 5 9 8 3 C - J J 1 - 7 . 9 7 3 7 E - G 1 
7 - 3 . 6 6 ? 7 t » 0 i ) 2 . 7 9 9 9 E » i , a 9 . 5 7 L ' ) P - C 1 
0 -*••5 j(jPE« 30 3 . 3 9 1 9 E * C 3 9 . 5 5 C 9 E - 0 1 - o . < t6b5E-01 

SEGHdNT 16 ORDINATE Z(JI <».Q00iic«-fl0 

LINE STRcAMFUNCTION RADIUS AXIAL VELOC. TANG. VELOC. 
1 ~ 5 i G w u O E - j l i.nD03t"»a: 9 . 2 9 9 C E - 0 1 — cl • 

f C J t £ • C C 
2 - S . 2 6 D ? E - G i 1 . 3 2 7 0 £ » c r , 9 . S 6 c J i j u - 2 1 -1. 5C72I»C 'J 
3 - i . : ; 3 ! » 7 E » 0 3 l . f > 2 S 3 f c » 0 j 9 . 5 7 2 B ' : - 0 i - 1 . 2 " i 7 9 i * o a 
l» - l . ? ' 2 ' » 5 E » 0 3 1 . 9250E + ii'J 9 .5615C!-G1 - 1 . i 39*' E* i/0 
5 - 2 . 2959E «-CC 2 .2193EHJ& 9.53<»L. ' ; -ul - 9 . : . 1 2 L E - L 1 
6 -2 .S- t9 :E«-0C 2 • 5 1 3 i t *• c 0 9 . 5 1 2 9 F - 0 1 . T 

i • 

7 - 3 . 6 C 3 7 F + 3 B 2 . 8 J 6 5 E « - J t 9.<»7«,v:~C-i - 7 . i t 6 3 c . - t ; i 
9 -<».5CCCF«-00 3.1fc06c*(il- 9 . M » 9 ? E - 0 1 -b. <i50 '» t>e i 

SEGMENT 17 ORDINATE ZIJ) <t.6303,i*30 

LINt" STREAMFUMCTION RADIUS AXIAL VELCC. TANG. 
1 - 5 « O-JiiCF.-ll l .C3Q0E«-U: 8 . 7 9 9 2 i - g l -C • 
2 - 6 . 2 6 5 3 E - 0 1 1 . 3193fc*B!i 9 . 1 1 9 2 t > C l - e . 
3 - l . 2 2'(7F*Cii 1 . 6 ? 2 5 £ * U P 9 . 2 2 1 C , ' J - « 1 •i# • 
<« - 1 . 7Z'*5t:« 0 C 1 . 9 2 1 5 c * C ." 9 . 2 7 j 9 c - 0 1 - 0 . 
5 -2 .2 t 55 r :E*3C 2 . 212*»E*0l' 9 . 2 8 S 9 7 - G 1 - 3 . 
6 -2.9-;?tE«-!)G 2 . 51 ^»71 • J ;• 9 . 2 9 G 0 £ - U 1 - C . 
7 - 3 » G337F»C 0 2 .3107E»CC 9 . 2 7 < » 2 i - r . i — « • • 
a -<».5ncct»3B 3 . 1 C 7 '»t» uC 9 . 2 6 2 9 . . - C 1 A r. •c • 

SEGMiNT 18 ORDINATE ZiJl 5.«.133E»00 

LINE STREAHFUtlCTION RADIUS AXIAL VELCC. TANG. 
1 -5.::.or E-?I 1 . C 3 J 0 t * U 0 9 . 0 7 1 « . E - C 1 —!•'. 
2 - 8 . 2 G 5 3 E - U 1 1 .31G 4E+ J J 9 . 1 « . 9 7 E - 0 i - f • 
3 - l . 23V7E«-C0 1 .G1H9E+33 9.i93<=.E-Gl —r . 
!» - 1 . 7 2 « » 5 E H ) i 1 . 9 1 5 9 E » J U 9 . 2 2 2 2 . X - 1 - C . 
5 - 2 . 2 S 5 9 E + B 0 2.2151E»0C- 9 . 2 3 o 3 L - i . ' l - 0 . 
6 - 2 . 9 i » 9 t . M 0 C 2 . 5 1 J3E»0ii 9.2<«b5i:-i".l - 0 . 
7 • 3 « b S 3 7 t *0C 2.<)139E*BC 9 . 2 3 9 9 E - M — r. w • 

6 5 l ! (KE»3 i 3 . It} cJ6c* wf? 9 . 2 3 6 6 E - G 1 • r 

SEGMENT 19 ORDINATE ZU) 6.38CUE»C3 

LINt. STF.EA1HMICTION PADIU2 AXIAL VELOC. TANG. 
1 - 5 . 8 - C r a - O l 1 . 0 3 0 C E » 5 J 9 . 1 5 4 7 e - 0 1 - C . 
2 - 8 . 2 6 5 i E - 0 1 1 . 3Ce3£><H* 9 . 1 7 9 2 L - K 1 - 5 • 
3 - 1 . 2 3'»7~«-CS 1 . 6 1 2 1 F * C ; 9 . 1 9 7 2 K - G 1 
i* -J .»72 ' t5t<-3i i 1.913i»E*ij(; 9 . 2 1 1 ' » t - u 1 - C . 
5 -2.295. ' iE*GQ 2 . 2 1 3 2 E * J U 9.219<»E"G1 - P . 
6 -2 .9- '»9»E*C0 2 . 512?L*I.-G 9 . 227<«s.-lil -1. 
7 - 3 . b 6 3 7 E » a O 2 . 8 1 3 5 F t O I . 9 . 2 2 6 9 r > 3 1 - P . 
8 -<••500 r r *0u 3 . 1C 36E* CC 9 .22e>8E-Bl - 0 . 

SEGMENT 2C ORDINATE ZCJI 7.6COOc*fO 

LIN'/ STREAHFUNCTION RADIUS AXJAL YELOC. TANG. VELOC. 
i -5.cecur-oi i.cjo5t*jr, 9.i/7i.c-oi -i. 

i . 3 C 7 7 t * t i o 9 . I 9 1 < » L - J 1 -*>. 
3 »0ii 9 . 2 U 1 6 E - 3 1 - D . 
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SECTION VI 

EXAMPLE RESULTS 

1.  CALCULATION OF DESIRED AREA CHANGE 

In the first series of examples considered below, a stator rotor pair are 
considered to exist in an annulus in which the area is expanded to make the out- 
let "average" Mach number approximately equal to the inlet average Mach number. 
Assuming for the moment that a single Mach number exists far downstream (as 
would be the case for free vortex machinery) it follows from consideratior. of 
continuity for isentropic flow that 

M2 

T  . Y-l M 2' 1 + ~ M2 

1 + ~ M0 

Y+l 
2(Y-l) 

Y+l 

(55) 

or, in the case where M, = M , 
^   o 

tl   = 
Y-H 

/H0\2(Y-1) 
(56) 

Here we calculate the desired area ratio using this formula, but consid- 
ering the enthalpy to be a mass averaged enthalpy such that 

-2 
av 

-R2/2 

Rz - 1 

-1/2 

H d^ (57) 

For  convenience  of   interpretation  the examples  considered herein were all 
* iken  to be of  the  linear  form considered in Ref.   3.     That  is   to  say  the angular 

■ntum in all sections   is  of   the   form YV = -Otf + ß.     Thus  it  follows in  this 
case of  a stator followed by  a  rotor  that removes   the  swirl,   that: 

9 ^    - l-^{6 + 2W + l)) (58) 

The area ratio is the.i calculated from Eq (56).  It is assumed in these 
examples that the hub radius remains at unity and the tip radius in the 

r>9 

k 



expanding section of length L Is given by 

l/z 
G - R + f-(l-cosp)  = R + l [{R2 - (R2- 1)(1 -^-)}  -R](l-coSp) 

(59) 

In the examples considered in this report, L was taken equal to 5.4063. 

2. FREE VORTEX FLOWS 

Figs. 16 through 21 show the results of the calculations for flow through a 
stator rotor combination in which a free vortex swirl is introduced by the 
stator and removed by the rotor.  In all cases the outlet area is adjusted to 
compensate for the reduced stagnation enthalpy as described in the previous 
section.  The figures are arranged in order t' illustrate the effect of in- 
creasing inlet Mach number, other pertinent parameters being supplied on the 
figures. 

It is readily apparent that the pei':urbations in axial velocity brought 
about by the effect of compressibility increase substantially over the range of 
Mach numbers investigated.  (For example, just following the rotor W^ = 0.95 

for M0 = 0.2, whereas W, = 0.68 for M0 = 0.5). The overall effect of the reduc- 

tion in axial velocity at exit due to the reduced stagnation enthalpy is also 
evident in the same figures.  (W = .98 for M = 0.2, W = .91 for M =0.5). 

It is obvious that in these cases, where the vorticity is zero, that the outlet 
velocity must be uniform, and it is a simple check on the accuracy of the pro- 
gram to observe the predicted uniformity of the outlet velocity profile. 

It is interesting to note that in the calculation of these free vortex 
examples, no spurious values of meridional Mach Numbers in excess of unity ap- 
peared throughout the iterations in the calculational procedures.  This was true 
even though in the case where M0 = 0.5, meridional Mach number on the hub just 
following the stator was M = 0.74.  (The total Mach number at this location was 
1.36).  In the examples to follow, the very important effect of the vorticity 
in distorting the axial velocity profiles becomes evident.  The effect of the 
distortion is to actually introduce high Mach numbers, as well as to make the 
eventual streamline pattern more distant from the original guess. 

3. FLOWS WITH VORTICITY 

In order to illustrate the effects of vorticity two sets of calculations 
(a = 0.4, 6=1 and a = 0.5, B = 0.75) were investigated at inlet Mach numbers 
of 0.2 and 0.3.  "hi; results of the flow field calculations are presented in 
Figs. 22 to 27. The distortion of axial velocity profile due to '-.he presence 
of the non-free vortex swirl velocities is very evident in the figures. Note, 
for example the distorted outlet profiles far downstream.  Thus, for flows with 
seemingly low approach Mach numbers, the distortion of the profile can lead to 
large meridional Mach numbers occurring in the field. The very strong effect 
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of  vorticlty can be noted by observing  the values of  the axial velocity at  the 
hub  at  downstream Infinity  for  the  two  cases at M0 =  0.2.     Thus when a ■ 0.4, 
W.C00)  =  1.67, whereas when a =  0.5,  W, C00)  = 1.85.     The latter case hence leads 

more  rapidly  to the approach  to  supersonic Mach numbers.     This  is  true even 
though  the  free vortex component  of swirl is  reduced  in  the a =  0.5  case suffi- 
ciently  to  cause  the  average  outlet enthalpies   to be  equal. 

The  dotted portions  of  the   curves  appearing on Figs.   24  and  27  indicate 
regions where  the  computer program indicated the  failure of  the  density itera- 
tion program.    In such areas  the  density is estimated by the  calculational pro- 
cedure  outlirv.'.d in SECTION  IV-4.     Generally speaking  the number of mesh points 
indicating  that this procedure  has been invoked decreases with successive 
iterations.     In these cases  the number of iterations was  limited  to  ten,  so it 
is  quite possible  that  the  few mesh points exhibiting this behavior could be 
removed with further iterations.     As  it  is,  the Meridional Mach number exis  ing 
at   the hub  at downstream infinity,   calculated utilizing  the   density  raLio ob- 
tained by  the alternate  calculation procedure  is   .60'-, in Fig     24  and  .975 in 
Fig.   27.     It should be noted  that   the  values chosen  for a   (0.4  and 0.5)   repre- 
sent very high levels of vorticlty  (with consequent  large variations  in stagna- 
tion enthalpy)  compared  to  traditional   turbomachine practice,   and as  such pro- 
vide a demanding  test  for  the  computer program. 

4.        THE  EFFECT OF MESH  SIZE 

In order to investigate  the effect of Mesh size,  some very highly swirling 
free  vortex flows   (6 = 6.66)   in an annulus of modest  tip  to hub  ratio   (R =  10/7) 
were  considered.     These values  of  3 and R were  taken in order,   also,   to compare 
the   results  to  those of  Hawthorne  and Ringrose(10)   (See  also  SECTION VII).     The 
trends observed are very similar  to those reported in Ref.   10,   the only real 
differences arising because of  slight  differences  in  the value of ß assumed 
(6.66 versus approximately 6.1  for Ref.   10),  and from the much  different value 
of wheel speed taken here  (£7=1 versus fi = 2.61 for Ref.   10). 

The geometry considered has parallel walls,  with  the stator to lolor 
spacing being 0.14.     (Thus  approximately one  third of  the blade height    R-l). 
The mesh was constructed  to have even x spacing between the  stator aad rotor. 
Upstream from the stator and dow-stream from the rotor tue x spacing of the 
mesh points  increases  in  the  ratio 1.25  for each succeeding mesh point.    In 
both coarse and fine meshes  there are eight streamline mesh points.     In the 
fine mesh,   there are  twelve x mesh points between stator and  rotor, with fifteen 
further mesh points both upstream of  the stator and downstream of the  rotor for 
a  total of  forty  two x mesh points.    The coarse mesh has eight mech points 
between stator and rotor with eight  further mesh points both  upstream of the 
stator and downstream of  the  rotor for a  total of  twenty  four x mesh points. 

When the stator alone is  considered the mesh point spacing is  the same as 
that  described above.     Figs.   28-31 show the behavior of  the  axial velocity on 
hub  and  tip  throughout  the  flow  field length.     The  location of  the mesh points 
is  indicated in the  figures. 

It  is  interesting  to note,   again,   the large effect of   compressibility  for 
cases with such high swirl loading.     Thus,  though the entrance Mach number is 
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only M0 = 0.182, the meridional Mach number at the hub just following the stator 
is 0.497.  The total flow Mach number at this location is 1.54. 

It can be seen by comparison of the figures, that the effect of decreased 
mesh size is very small here.  (Careful perusal of the tabular output indicates 
changes in the predicted velocities at comparable locations of only approxi- 
mately one percent). This suggests that for most calculational purposes eight 
streamwise mesh points and twenty four x-wise mesh points would produce suffi- 
cient computational accuracy. 

5.  THE EFFECT OF FINITE ASPECT RATIO 

As a first approximation to the effect of finite aspect ratio the flow of 
fluid through a stator only was considered.  The first calculation (Fig. 32) 
considered a single disc, whereas the second calculation (Fig. 33) considered the 
blade to be replaced by two actuato1- discs such that 62.5% of the loading was on 
the first disc and 37.5% of the loading on the second.  Figs. 30 and 31 show 
the resultant axial velocity profiles existing at the position just preceding 
the upstream disc and just following the downstream disc.  For the case of the 
single disc, the x = 0 origin was located so that the single disc was at the 
appropriate center of moment. 

Comparison of the profiles, particularly at the downstream location, indi- 
cate as expected, that the flow following the single disc has proceeded more 
towards its asymptotic form than has that which has just departed the second of 
the two discs.  It is obvious that this process may be continued to a larger 
number of actuator discs if a more accurate description of the effects of dis- 
tributed blade forces is desired. 
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SECTION VII 

COMPARISON WITH ALTERNATIVE CALCULATIONAL TECHNIQUES 

Many calculational  techniques  for  throughflow  theory are avalJible  in  the 
literature  today,  but we will here  limit our  attention  to  those examples  that 
consider compressible  flows.C7-10) 

Creveling and CarmodyO) provide a program written  to obtain the desired 
output variables  of a  turbomachine row or rows  in  terms  of input  design para- 
meters.    The study  is not  really directly relatable  to  the present study,  be- 
cause  the  detailed flow  information involved  in dcocnbirg the  flow approach  to, 
and departure from,  a blade  row is not obtained.       Rather,  a "quasi  radial 
equilibrium" solution  is  obtained  for  the conditions between blade  rows.     In 
this  quasi  radial equilibrium solution  the effect of  streamline  curvature at   the 
station investigated is   incorporated directly by  taking  the supplied  flow path 
geometry  (Mod I)  or by establishing the flow path geometry by computation 
(Mod  II).     It  is pointed out by the authors   that  irregular geometry  can be pro- 
duced by Mod II  computation,  resulting  in severe  streamline curvature effects. 
In common with all  the example techniques  studied  (and in common with  this 
report)  the  computation  is  limited to  flows  in which  the meridional Mach number 
is less  than unity.     By  simplifynng the  fluid mechanical description,   the 
authors have made  it possible to analyze  the machine behavior in  terms  of  de- 
sign input variables   (total pressure profile  at each  rotor exit,  and  limiting 
values  of Rotor  tip  diffusion factor,   Stator hub  diffusion factor,   Stator hub 
Mach number,  Rotor hub  relative exit angle and Rotor  tip exit whirl velocity). 
The output of  the program is  the  desired flow  field information.     (Velocities, 
temperatures  flow angles,  etc.) 

The study by Marsh(8)   is directed  to  the  solution of  the "direct problem" 
of throughflow  theory wherein the blade geometry  is prescribed and the  resulting 
flow  field is  to be determined.    As a  result  actuator disc theory is not used, 
but  rather the  "average  forces" of  the blades  are  related to the  rate of 
change of  angular momentum of the  fluid and  the blade  surface geometry.     The 
effect of blade  thickness  is included by adding a factor,  B,  in  the  continuity 
equation  that  is  simply  the ratio  of  the  circumferential width of  the blade 
passage  to  the blade pitch.    The effects of  imperfect  flow can be included 
through the generation  of entropy  term,   though  the  related drag effect  upon  the 
equation of   motion  is  not  included. 

It is  interesting  to note that in common with Wu,^11) Marsh elected to 
ju^ve  and store   the equation for  density   (our Eq   (13))   rather  than  Iterate   for 
the  solution at  each point.     In  the examples   considered  in the present   report, 
after  the  first  pass   for  streamline  location   the number of iterations  required 
for  six figure  density  accuracy were usually  only one or  two.     The  authors  of 
this  report  feel  that when such accuracy  is  desired  it  is more efficient  to  use 
the  iterative   technique   than to  store   the  information. 

The  actual  computational process  used by Marsh  involves  solving  a quasi- 
linear equation   for T  in  terms of  an assumed known  density field.     After  solu- 
tion of   the  quasi-linear  equation  the  density estimate   is  updated and  the  pro- 
cess  repeated  till  convergence.     Finite  difference methods are  used  throughout. 
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The examples  given by Marsh  correspond   to very   low Mach number  flows 
(speeds  of  less   than  100 fps),   so  it  is  difficult   to  determine with certainty 
the  reliability  of   the  convergence of   the process when applied  to   the  analysis 
of   flows  in which  large meridional Mach numbers  exist.     Marsh mpntions   that  an 

* " \ 
accuracy of   10   "   to   10       in the  streamline  position  estimate,  —rj  is   normal- 

ly 
ly obtained within  10   to  20 iterations. 

Schröder  and Schuster(9)  employ a  finite  difference technique  tu  solve  the 
compressible  throughflow problem in a parallel walled annulus  containing one or 
two actuator discs.     Their formulation is  "quasi-direct"  In  the sense  that  they 
prescribe  the jump   in   tangential velocity   (and hence  in enthalpy when  the   disc 
is  a rotor)   in  terms  of  the spacial   (r)  position rather than in terms  of  the 
value of  the  streamfunction.    By so doing,   they are  forced to  resort  to  itera- 
tive corrections  to  the equations  describing  the  flow downstream of a rotor 
because  the  local  value of stagnation enthalpy at  a given point   (r,z)  must be 
updated as  the value  of  the streamfunction  at   the  disc  and at   the point   (r,z), 
change.    As with Ref.   8 and the present report,   the  density is  calculated by 
iteratively updating   the streamline position estimate. 

In common with  the present  report,  Schröder and  Schuster consider only 
radial blades.     The main  thrust  of  the paper  of  Ref.   9  seems   to be  in  the   direc- 
tion of  investigating  the jumr  conditions  at  the actuator disc.     It appears 
that  their program is   the most developed with  regard  to capability of handling 
high meridional Mach numbers of  the papers  reviewec   here, but  the parallel 
walled geometry  is  unfortunately  restrictive.     With  regards   to  convergence, 
Schroder and Schuster state that "as  a rule,   35  to  70 complete iteration  cycles 
will be necessary  to  arrive at  convergence,   each cycle passing over all nodes." 

The  final paper  considered here,   that by Hawthorne and Ringrose(10)   is  the 
most  restrictive physically in  that  it  considers  only  free vortex flow  through 
actuator discs  contained in a parallel walled annulus.     The solutions,   however, 
are obtained in analytical form by  first  linearizing  the equations.     It  is 
apparent  that  the  linearizing approximation  requires  the presence of "small" 
meridional Mach numbers  in order  to give valid results.    The paper,  however,   is 
very useful  for several reasons.     Most importantly  the very rapid calculation 
of  desired examples  allows the easy physical  interpretation of  the density ef- 
fects.     In addition,  by considering a free vortex flow field,  no velocity 
perturbations  arise  from rotational effects  so  the effects of density varia- 
tions are effectively  isolated.     Fina.My,   the  restriction to low meridional 
Mach numbers  is not  as  restrictive as  at  first might  seem apparent, because 
flows with very  large  swirl Mach numbers   (>  1)   can be  considered.     Such  flows 
exhibit  large  compressibility effects but do not necessarily contain large 
meridional Mach numbers.     Several  computational examples have been given already 
in SECTION VI   in which  results  of  the present  report  calculations were   compared 
to  the results  of Ref.   10. 
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SECTION  VIII 

SUMMARY AND CONCLUSIONS 

This report has given  the statement of a new variational formulation of  the 
compressible  throughflow problem.    A detailed development  of a finite element 
analysis and presentation of  an associated computer  program is included,   together 
with many example calculations. 

It is  important  to note  that the variational principle  is valid for a very 
general  flow field.     Thus,   compressibility,  entropy variations and real  gas ef- 
fects may all be included  in  the analysis.     It  is  assumed  that viscosity  is zero 
throughout  the flow field,   an assumption that  implies  that any entropy variations 
arise within  the blade  rows.     This  latter assumption  is,   of  course,   consistent 
with conventional  throughflow  theory. 

The analytical and numerical forms presented herein have been restricted  to 
isentropic flows and  to flows of a calorically perfect gas.     This  latter assump- 
tion appears  primarily  in  the subsidiary expression  for  the density.     It  is 
emphasized again,  however,   that further development  of  the  concept  could  lead  to 
inclusion of both entropy variations and real gas  effects. 

The authors  feel  that  the utilization of  finite element  techniques  in  this 
context promises  to  lead  to  the efficient calculation of very complex flow fields 
and hope  that  this  report has made a significant step  in  this direction. 
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