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LIST OF SYMBOLS

Dimensiorless radial and axial coordinates (¥ = ¥(y,z) system)
Coordinates are non-dimensionalized with respect to the far upstream
hub radius.

Dimensionless radial and axial coordinates (Y = Y(x,¥) system)
Dimensionless far upstream tip radius

Dimensionless tip radius (G = G(x))

Dimensionless hub radius (F = F(x))

Dimensionless streamfunction, defined by Eqs (2) or Egs (10)
Dimensionless velocity components in radial, azimuthal and axial
directions., Velocities are non-dimensionalized with respect to the
far upstream axial velocity.

Dimensionless vector velocity, components (U,V,W)

Dimensionless angular momentum, § = YV = yV

Mach number

Dimensionless density. Density is non-dimensionalized with respect to
the far upstream static density.

Temperature
Entropy
Specific heat at constant volume

Dimensionless stagnation enthalpy. Enthalpies are non-dimensionalized
with respect to the square of the far upstream axial velocity.

Dimensionless static enthalpy

Dimensionless pressure. Pressure 1s non-dimensionalized with respect
to the product of the far upstream static density and square of the
far upstream axial velocity.

Group of term- defined by Eq (15)

Variational functional, defined by Eq (14)

Dimensionlesc rotor angular velocity. Non-dimensionalized with respect
to the far upstream axial velocity divided by the far upstream hub
radius.
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d Refers to (jump) conditions at a disc

o Conditions far upstream
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~o 00 Conditions far upstream, far downstream
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SECTION 1

INTRODUCTION

The throughflow theory of flow in turbomachines describes the overall ef-
fect of an entire blade row or rows upon the fluid properties within the ma-
chine. The throughflow field 1s considered to be axially symmetric, and because
of its position as the '"parent" flow field to the cascade field and the second-
ary field, it is important that the throughflow field be accurately described.

An extensive description of throughflow theory for turbomachines is given
in Refs. 1-3. 1In Ref. 3, a variational formulation of the incompressible
throughflow problem suitable for the description of highly rotating flows
existing in annuli with large variations in hub and tip radii 1s described.

The present study, described lherein, extends the study of Ref. 3 to include

the effects of compressibility. The effects of entropy production within the
blade rows is included in the formulation though the flow external to the blade
rows must be considered perfect. In addition the meridional Mach number must
be less than unity.

This latter restriction is not very limiting with regards to the extent
of applicability of the results, because few (if any) turbines or compressors
are contemplated that wnuld utilize meridional Mach numbers 1in excess of unity.
Of course, the full flow Mach number (including the swirl component of velocity)
may be much in excess of unity. It should be noted, however, that it is the
approach to unit meridional Mach number that is at the heart of the computa-
tional difficulties of any program that calculates near-sonic flow fields.

Any iterative program utilizes, somewhere in the program, a ''guess" for ‘ne
streamline location that will later be adjusted to numerically satis’y the
describing equations. A glance at subsonic flow tables (Ref. 4 for example)
shows that a one percent error in streamtube area would lead to the prediction
of sonic flow for a flow whose "true" Mach number should be 0.9. Without
special corrective measures being taken, this error would lead to numerical
divergence of the density calculation.

There are two reasons for the comparatively great difficulties encountered
in the numerical calculation of highly rotating compressible flow fields. The
presence of the large rotation leads to highly distorted axial velocity pro-
files, and the presence of the large swirl component of velocity leads to large
total flow Mach numbers. The fluid density is, of course, determined by the
total flow Mach number so the combination of axial velocity distortion and
large density variations make it difficult to estimate an accurate "first
guess' for streamline position. As a result erroneous "supersonic" portions
of the flow field can easily appear in the initial portions of the calculations,
even in a flow field that, when eventually determined, will have rather modest
meridional Mach numbers throughout.

These preliminary remarks are intended to alert the reader to the impor-
tance of wisely selecting the iterative procedures of calculations such as
those described herein, and to expiain why such an emphasis has been placed
upon the method and order of the several subsidiary calculations involved in
the program,



SECTION II
VARTATIONAL FORMULATION OF THE

COMPRESSIBLE THROUGHFLOW PROBLEM

1. FORMULATION OF THE EQUATIONS

The pertinent equations are developed in detail in Ref. 3, but for con-
venience non-dimensional forms of the resultant equations will be repeated
here. When perfect flow 1s considered, conservation of angular momentum and
Euler's momentum equation indicate that external to the blade rows the angular
momentum and stagnation enthalpy, respectively, are conserved along stream-
surfaces.

Information regarding variations across streamsurfaces is obtained by con-
sidering the normal component of the combined momentum and thermodynamic equa-
tions. The resultant equation gives a relationship for the tangential vorti-
city which may be written in the form:

(1 3¥y .3 1 3¥, 8 _ o3 1 2g?
az( Py az) + 3y( oy 8_) eyl oY T oY  2y2 a¥ ] (1)

This form is valid for flow external to the blade rows, provided only that
the flow external to the blade rows may be consiaered nonviscous.

The dimensionless velocity components are related to the dimensionless
streamfunction by:

1 a¥ 1 9¥
= — — ‘ =] - — 2
pU P O oW A = (2)
The boundary conditions on Y are
1 R?
Yy = - 2 on y= F(z) . Yy = - 5 on y= G(7) (3)

When ar”<ator discs are considered to exist in the flow field, the matching
conditions across the discs follow from the continuity equation and radial
momentum (assuming no radial forces) to give respectively the jump conditions

¥l = o )
1 oV _
[p-y—;] 4 = 0 (5)



In general there will be jumps in tangential momentum and stagnation en-
thalpy imparted by the blade rows, which must be related by the Euler momentum
equation to give

My = QL& (6)

Finally, the thermodynamic equation in conjunction with the equation for
the (known) stagnation enthalpy gives the equation for the density.

2 = ¢
H-%(U2+w2+y%) = h = holee . (7)

Utilizing Eq (2), this may be rearranged to give:

S-So

2 Y+1 Cv 1 w 1
(2H—§—) 2 _ 2n e -{(==—) + (=
yz' P of {ya (y

) }= 0 (8)

gl

Eqs (1) - (8) represent the mathematical statement of the problem. Fig. 1
indicates the various geometric relationships. It should be noted that any

entropy variations occurring are considered to have been created within the
blade rows, because Eq (1) has not included the effects of viscous terms.

This being the case, external to the blade rows the entropy is a function of
streamfunction only. This model gives a good approximation to the throughflow
flow field, (1) and in this report only the special case of perfect flow (S =
So throughout) is actually calculated. The formulation, however, is not re-
stricted to isentropic flow fields.

2. FORMULATION OF THE TRANSFORMED EQUATIONS

The numerical solutions to follow are conveniently obtained by formulating
the equations to solve for the radial position as a function of axial position
and streamfunction. We thus transform the independent variables from y and z
to ¥ and x, where x = z, We also write y = Y(x.Y) in order to facilitate
simple conceptual separation of the two systems. Routine transformation of the
appropriate equations leads to the following set of equations in the x,Y system.

Differential equation

Y Y ) GRS |
3 .1 9 +1§__'{1+(3x) y L 2P0 2%
ax (o ov) T2 [v &) 7 g a,7 oY
Y] o LY 3y
2
- py[ﬂ{._Tis__.Lg_g_] (9)
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Velocity Relationships

_ 9y
pU = g;‘ , ow-—’%q (10)
Y 3% Yo

1 R?
Y = F on Y= - 3 Y = G on Y= - e (1)
Matching Conditions
ot
9x
)y = 0 |5 0 (12)
T
Density Relationship
S-S¢ )
2 1+(~—)
2 _ Y+1 Cy Tt
(2H-5—,—)p 2hyp e —(YB—Y = 0 (13)
Y
The Euler equation remains as in Eq. (6).
3.  VARIATIONAL STATEMENT OF THE PROBLEM
We now define a variational functional, ¥, by
v = G [p - P, + p{U? + W2}Iydyd (14)
4 F et P 'ydydz

This, of course, is simply the integral of the meridional momentum over
all space. For convenience in relating the compressible results to the in-
compressible results we define the parameter K by:

K=P—Pe+%pﬁz (15)

The thermodynamic equation may be written

U2 1
TVS‘VH-V‘E—EVP (16)



so that with Eq (15),
ik
VK = p{VH - TVS} + 7 Ve (17)

Utilizing the definitions of Eqs (14) and (15), we obtain the expression
for ¥ in the (x,Y) system as:

© ~R?/,
3Y
v-d {1/2 [x+% (U2 + w2 - V2] Y &5 avdx (18)

The variation of this quantity is now taken. Noting from Eq (17) that

[
8K = p{8H - T8S} + 5 8p (19)

the variation of Eq (18) utilizing Eqs (10) leads, after some manipulation,
to

2

Y
© -R%/, . i+ (=
Y 54 1 ox
¢ = { [ of6n - T8S} ¥ 25+ K &Y Zp) + - 6( 5 )
= Th Yoy

L)
-85 &) avax (20

In the flows considered in this report, perfect flow is assumed to exist
outside the blade rows. This being the case, both the entropy and stagnation
enthalpy are constant along streamsurfaces. When th2 variation is taken in the
x,Y system, as it is here, the variation of functions of Y alone, is of course,
zero. It follows that neitcher SH nor 8S contribute in Eq (20). Utilizing this
fact and rearranging the terms in Eq (20) we then obtain:

" _R2 oY ¥y 2
(SV = f fR/Z 8Y _Y_a_l.(.+.]‘__§.9_€i_a___._.ax +XB_..__._______1+ (3}{
g i 3% T 2Y oV ox , oY ' 2 3Y¥ (Yp_Y_z
Y Y
dy, ? oY
1+ = e
9 g 17 Y 3 ox &
- [KY 5 5 (Y(a—Y) 5 8| + o ngl d¥dx (21)
aw) BY
Eq (17) with Eqs (10), gives us
o 2 ad
s gesy 1t B9 Pp L etoge (22)
3y - P 5y Y 2 3Y ? 3 T 2y? 3y
(Y Y



Substituting this expiession into Eq (21), and integrating the last two
terms leads to

oY aY\?
o0 - 2 ——— ——
Y IR/ZGY Y .QE T_a_s.__l__aji] _a__._._ax +X§____———.—-l+(ax
SRR 'p[aw‘ 5% T 2% 3¢ % , o1 ' 2 3¥ O(Y_a_Y_z
- -1/2 Y 3y 5
Y2 .1 o oY -R%/2
1+ (-5— 9 = f 2 1 (—‘—
X p _pE 1 9x L]
Y Y 1/2
-R%/2 -R%/2
oY 3Y Y
r-ﬁ sY S;GY 3;\,"'
- l--jy- av + ...+ X == dv +...
oy X oy 2L o 25
-1/2 oY ~-1/2 oY oY
xl =00 = - X = xd+
-R%/2 gy -~
+ [—&-ﬁ dY (23)
Y_
1/2 “PY 3y

Interior to the domain, Y is arbitrary. It can be seen from Eq (9) that
the first term gives the Euler-Lagrange equation governing Y(x,¥). Utilizing
Egs (10) and (15), it is apparent that the second term vanishes if the boundary
is specified (6Y=0 on ¥ = -1/2, R%/2) or if the boundary is a free streamline
(P=Po). The remaining terms arise from the far upstream conditions, jump con-
ditions at the actuator discs, and far downstream conditions. For enclosed
flows, radial equilibrium at far upstream and far downstream ensures that

is zero. Egqs (12) indicate that the matching conditions at the

actuator discs are also naturally satisfied by this variational statement.

It can now be seen that the variational principle represents a complete
statement of the physical problem in which the effects of compressibility and
entropy variations have both been included. The boundary conditions and all
matching conditions are all natural conditions of the variational formulation.
As a result, a finite element variational approach may be employed without pre-
scription of these boundary and matching conditions, and they wil' auto-
matically be satisfied within the numerical approximation.



4, FORMULATION OF THE VARIATIONAL EQUATION

It still remains to represent &Y in terms of prescribed variables (H,&)
and functions of Y and 8Y. Eq (20) ard the discussion immediately following
Eq (20) lead to

o =R?/2 13 a_v)z
= Ay 1 T Vex) ) _p s E2BY
&t / i [KG(Ya\y) +206 aY ) 26{Y aq,}]d‘m (24)
-0 =1/2 BW

We now restrict our attention to the calculation of isentropic flow fields.
An expression for K is obtained by first noting that the dimensionless pressure
may be written

Y-1
P = DYPO = DY(Tho) (25)
Utilizing Eq (13) with § = Sgs 1t follows that
2
P = ly_ [ ( (3" +§7) (26)
[ov 21

Thus with Eqs (10), (15) and (26) it follows that

12 ‘a_Y )
Y-1 1 117 Vox) £ _
K ~ pH + ——[p 'Y +p Y2] e (27)

The desired form of the functional variation is then obtained to give:

®w -R?/2
DR RN
2o -/2 lY
3 2
i+_3:{<_)_) eélsz AN G

Y ¥




The subsidiary equation for the density, for the case of isentropic condi-
tions is:

‘2“-;)°Z-Zhoy+l-l+ (3_12 = 0 (29)

Usually the far upstream approach Mach number will be prescribed, so we
note

1 Y-1 . 2
o=k = 7 = b [T )
hence h, = V%T Ely (30)
o
D e
and Ho = v-1 Moz (31)

The local stagnation enthalpy H follows from application of the Euler
Momentum equation., Eq (6).

It is important to note that the density variations were included in the
variation of functional ¥ in Eq (18) to determine &8V in Eq (20). However,
collecting terms involving 8p produces the governing differential equation
multiplying 8p as the density variation contribution. Then, since the govern-
ing equation is satisfied as the Euler equation from consideration of varia-
tions 8Y, the expression involving 8p is zero. That is, we may write

)
Y

at

st =

5Y + §p = = 68Y = 0

end the variational problem reduces to satisfying %% 8Y = 0. Then the finite
element approximation need introduce only an approximation to Y(x,¥) in terms

of solution point values Yi and the variational problem requires QSI = 0 sub-

i 3

ject to the prescribed boundary conditions.

The unknown density field still appears in the coefficients of the varia-
tions of position terms and satisfies the subsidiary equation, Eq (29). Thus
given any streamfield, the associated density field is completely specified.

These two calculation steps, (a) the streamfield position, and (b) the
corresponding density field,constitute the central feature of the coupled
iterative scheme described in the following sections.



We remark that, as an alternative scheme, the density field could be in-
cluded as an unknown in the variational problem itself, by expanding Y(x,¥) =

fl(Y;) and p(x,¥) = fz(pj). The formulation and computation become complicated,

since the subsidiary density equation must be imbedded as a constraint by
Lagrange multiplier methods. The vector of finite element nodal unknowns 1is

1
thereby increased to include {Yj, 03, X;}, where A(x,Y) is the Lagrange multi-

plier. 1In turn, this increases the vector of unknowns in the nonlinear alge-
braic system resulting, and the problem formulation is computationally inferior
to that of the coupled position and density problems alove.

5. INTERPRETATION OF TERM K

It is clear that the effect of finite Mach number is felt directly in the
coefficients of the last two terms of Eq (28) through its effect on the dimen-
sionless density p. It is of interest to consider also the effect of Mach

L P
number on the term K. Writing le H = 5%, we have from Eqs (10) and (27)
P =2 P 2
T U T d 2
K*p[——+—)-P =p—{1+5—75M}-pP
Py 2Y a Pr ZaT e
P 1+%H1
P Y-1,2 e
Pp 14+ L2 p?
i
1+%=.»{2
or K=P Y =P
Tan+ 2wy °
- Iy
We note upon expansion that K = PT Pe 8 M PT LA

Thus for small Mach numbers, the compressibi.ity effect upon the parameter K
is very small indeed.
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SECTION ITI

FIN".F ELEMENT METHCD

1. INTRODUCTION

The preceding analysis develops a variational formulation of the through-
flow problem. The Euler equation 1s the governing partial differential equa-
tion for the throughflow, and natural boundary conditions prescribe conditions
at the actuator discs and at downstream infinity. For the present, only en-
closed flows are considered. In this anzlysis the fully-infinite flow

domain is idealized as a finite but extunsive region with boundary conditions

at infinity applying on the remote boundaries x = x, and x = xy. The finite
domain approximation is not essential to the metlod. Since the asymptotic

far field solution is known, this may be inclided in the finite element analysis
as an "exterior'" element approximant matching the solution at the r.mote bound-
aries x, and xN.(S) However, it is simpler ard sdequate to use the finite
domain approximation and the natural bouncary condition insures parallel flow

as the solution approaches the radial equilibriuwm condition at the ends.

It was remarked in the variational development that the inverse formulation
in Y(x,Y)achieved by transformation to (x,¥) coordinates is particularly ad-
vantageous. There, it was pointed out that enthalpy H and angular momentum £
are constant along streamsurfaces in the flow between discs. In addition, the
domain {is mappgd to a rectangular region bounded by Y = Wh = -1/2 and

¥ = wtip = - %— streamlines and with intermediate Y lines parallel to the bound-

ing streamlines. A representation of rectangular elements is a natural choice

in the (x,¥) plane. There is no domain error at the hub and tip and the use of
parametric element forms, necessary in an accurate (x,y) plane approximation at
the walls, 1s thereby avoided.

The finite element description of the problem is now developed for a
general element form., Following this, detailed derivation is presented for a
low order element approximant, the bilinear interpolant,

2. NATURE OF THE FINITE ELEMENT SYSTEM

The desired variational functional, ¥, was described in the previous

section. We now utilize the notation %% = fy, gﬁ = fx’ f any function to re-
write the variation 6V as given in Eq (28) as:
© -R2/2 ,
8¢ = Y-1 o1 AY 2 il Eyest
j .[ [[Y PR o g +p§_]5(”)+“’5( )
-0 -1/2

-8s|E Yw)]d‘l’dx (32)

11
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It is to be ncted that the term P, has been excluded for algebraic simpli-
city. In the situation considered here of enclosed flows only, P, makes no
contribution to the flow behavior.

Assume Lagrangian interpolation on any given mesh of elements and let the
ncdes be numbered consecutively., For example, on a rectangular mesh of size
S = (MxN) the general node k defined by the ordinate index pair (i,j) is k =
(i-1)N + j. The finite element approximation may be written in terms of the

nodal values {Yk}, k=1, ...,S, as
k
Y(x,¥) = Y ¢, (6, ¥) (?3)

where the repeated index implies summation.
The functions ¢k(x,W) are termed nodal or global basis functions. They are
non-zero only over those elements immediately adjacent to node k, assume unit

value at node k and are zero at all other nodes.

Substituting for Y(x,Y) into T(Y), then Yv(Y) becomes V(Y ,{¢k]), with

1
§v = ——avk Gx.{ = 0
oY
which implies
3§
a_i = 0 5 B, .S (34)
oY

This represents the system of finite element equations for the discretized
throughflow problem., From Eq (32), the detailed expression for Eq (34) is

©  -RY/2 1+ Y,2 2

R Y-l 1 (Lt =

O j _[ [[ Y p”+2v(o(yyw)2 +e g I
-00 _]_/2

2

1 3 1+Yx2) o 3 EYW)]
+ = SlSll—=> d¥dx (35)
20 aYk ( YYq, 2 ayk ( Y

12



We examine the expression Bk (YYW) in detail:

oY
9 3 o, B
=y, = = @% YT (6) )
vk y vk a B’y
- =™ )y
oY &
B o
= B 00,0+ 8,170 60,
B a
- Yo e, + 170,00,
- vy = Yo, (b)) + ¢ (6) )
e Y kUa'y  taTk’y

1+ Y2 3y (&% Y
The other terms of interest, -jl-(-——-—li-) and — (————Jﬂ)
k YY k Y
oY ¥ Y
may be similarly expanded. Substitution into Eq (35) and integration over the
"patch" of elements connected at node k determines the general finite element

equation corresponding to node k.

The additional variables, enthalpy H(Y¥) and angular momentum £(¥), are known
functions throughout the flow field; the density P is an implicit function of
the streamline field and is assumed known corresponding to the prior position
iteration. This completes the most general finite element description of the
problem.

3. THE ELEMENT APPROXIMATIONS

In the above statement, a very general nodal or global basis {¢, (x,¥)} was
introduced. The problem reduces to quadrature on each nodal patch. In turn,
this quadrature is most conveniertly evaluated as an accumulated quadrature
from each element of a given patch. To do so, the global basis {¢k(x,W)] is
resolved to a local element basis on each element.

Consider a partition of the flow .leld by rectangular elements. The
simplest approximation uses bilinear interpolation on each element and is de-
veloped here. The extension to higher order elements is immediate. A general
element and nodal patch with global basis function is shown in Fig. 2.

For convenience of notation in deriving the finite element equations,
replace node k by the ordinate node pair (m,n) as markec with k = (m-1)N + n.

Let xm+1 - X = a and Wn+1 - Wn = b and introduce the normalized element

13
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coordinates x = (x - x )/2 and ¥ = (Y - Wn)/b. In biiinear interpolation on an

m
element e, \; (x,¥) = ao + a, x - aZW + aaxW with the {ai} determined such that
Ye(x,W) {nterpolates the four corner values Yg, Y:+1, Y:+1, and Y:Ii, In
normalized coordinates, the bilinear interjolant is

- = - = . m - = ol -= mtl — oM
" - - + = + -
Ye (x,¥) a-x)a-Y) Yn x(1 -Y) Yn x¥ Yn+1 + (1 x)Y Yn+l (36)

The statement of Eq (34) may be rephrased in terms of elewent contributions.
The functional V is represented as a sum of element quadratures by

M-1 N-1 a
T=I(Y) = I L Vn
€ ¢ np=l n=1
where Ve = T: is the contribution to ¥ of element e identified by the lower-

left index pair (rm,n).

Eq (34) becomes for any node (i,j),

M-1 N-1 ot%

gy 91‘% - 1 2 (37)
BY% € 3y m=1 n=1 29Y,
J h| J

Consider the contribution of a single element at (m,n; to the system. Then,
writing,

1+ Y?
Y—l 1 1 X 2
kG, ¥) = = oH + %% [5 ( mw)z) +o %]

the element contribution is

a?’: fm+1fyn+1 :
—_— = K(x,¥) — (YY)
i [ BY; Y

g3 £
LYYy, 2 gyl Y
] ]

YW)] d¥dx  (38)

In the interests of developing as simple a numerical problem as possible
for this initial analysis, and motivated by the analogous assumption that
He = constant for the incompressible calculations, (?) the quadrature problem is

simplified by the assumption K(x,Y) = Ke = constant in an element. This

approximation 1s involved only in the quadrature. The enthalpy and

15
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angular momentum are constant along Y lines in a given element. For the quad-
2 2 2
rature He = (Hn + Hn+1)/2 and Ee = (En + £n+1)/2 are assumed constant in an

element. Similarly, the density p is constant at the mean value
. = 1/4 m, m+l + m mt1
o 0 /{pn I pn+l+p+l}.

Under these assumptions the quadrature of Eq (38) becomes

a“: - 241 Yol
—3 - Ke = J (YY‘},) d¥dx
Y, Y] x Y
J m n
Xobl  To#l 1+ Y2 g2 Xpbl ol
TR g i x)dex-—EB s ;o Yy
ZR5 aY% - v | YYW 2 x y —-?d‘i’dx
j m n m n
(39)

The three integrals in Eq (39) are evaluated in turn. Consider the first
integral,

Xebl ol
I, = [ S (YYW) d¥dx

oAl 1
= I i (5 YZ)\P d¥dx

E]

mt1

1
5 {Yz(x,‘i’n+l) - Y? (x,‘l’n)} dx

X

8 -

Applying the trapezoidal rule,

- l._ m 2 mtl, _ my2 _ m+l, 2 _
R S (G N i L G S i B [CIREE (40)
In the second integral, since the element interpolant is bilinear, the ap-
proximant varies linearly along the element sides. Derivatives Yx and YW at

the coruner nodes can be replaced by the corresponding difference quotients in
the 4-point quadrature formula

16
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x y
mt+1 n+l o+l = mhl

1 m
; Wf f(x,¥) d¥dx = 7 [fn +EOHE L+ fn+1](wn+l-wn)(xm+l-xm)
m n
to give
m+l m m+l m mt+l m
-Y 2 - Y - Y\,
1+ n+1 n+1) 1+ xn+1 xrﬁ-l) 1+ xn - xn)
~ 1 [ T ¥ mtl m nr+1 m
2 A m+l mt+l m m m m+1 mtl
Yn+1(Yn+1 Yn ) YI'H'lIY 1 Yn) { nt+l X )
Ym"-l - Y: 2
1+ | 2— = )
m+l n 0 2 _
Ym(Ym - Ym) (q’n+l Wn) (xm+l xm) (41)
n ntl n
Similarly, the third quadrature gives
m+l m+l
(50 REEIN ¢ s LI ¢ G N ¢ 49)
I :l nt+l n + n+l n _ (42)
N S RS o ym X1 ™ %)
nt+l n n+l n
m m mt+1 mt+1

Writing Ia = Ia (Yn’ Yn+1’ n Yn+1) , a=1,2,3, then the following

permutation relations are evident on inspection

m m mtl mtl, m m mt1 m+1
IOt (Yn ? Yn+l ' "n ' Yn+l) - IOt (Yn+1 '‘n?* Yn+1 ’ Yn )

s ™, Y™ ™y - s 1y
o n o,

o+ 1 m+1 m m)
ntl * n n+l

n+l °* Yn 2 Yn+1 * n

(43)

Then differentiating Ioc with respect to Y; we have,

g, 1y 91, Kive Ay
—_— = § &, ~—4+6 8 — + g, | + 4
i im jn . m im j(n+l) m i(mtl) jn m+1 i(m+l) J(n+l) omtl
oY aY Y oY oY
j n n+l n n+1l
17



oI a1y 31y 0ly
The term —— ~an be evaluated and = , el 1 all follow directly
BY: aYn+1 aYn aYn+l
from the permutation relations in Eq (43).
oI
The integrated expressions ——%-, a =1,2,3 may be substituted into
oY,
J
at™
——% . We write
aY
b/
ol ol ol
M y™ , y0 , Ym+l ’ Ym+l - IK M . 1: 2 _ 2 3
n| n n+l n n+l e .om 20 .,m e .,m| im jn
aY aY aY
n n n (44)
Then, using the permutation relations
BT: m| m m mtl mtl m{.m m mtl mt+1
—— = — Y
aYi Fn(Yn ’ Yn+1 ’ Yn ? Yn+1 n(Yn+1 *'n’ Yn+1 i Yn )
)

mt+1 m

m
ntl > 'n’ Yn+l) - Fn Y » ¥

my,m+1 mt+1 m m
‘ ntl ’ 'n n+l’ Y ) (45)

+ F“‘(Y“*l , Y
nyn

Eq (45) is the contribution of the general element e to the finite element
equation at node (i,j). The product of delta functions in Fg ensures that the

correct non-zero element contributions are accumulated. For example, if
(i,j) = (m+l,n) then the contribution of the element is

av
n _ pmypmtl mt+1 m m
8Ym+l - Fn(Yn » Yoe1 0 Yoo Yn+l)
n

Individual element contributions are now collected to determine the finite
element system.

== |

—
e e
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An arbitrary internal node point (m,n) has four adjacent elements and col-
lecting element contributions at this node,

v = -
0 = 3 I 1 ym , v , ym 1 ’ Ym—] _ [Ym , ym , m+1 ’ Ym+1
aYm n-1} n n-1 n n-1 n-1| n n-1 n n-1
n
m-1¢.m m m-1 m-1 m m .m mt+1 mt+1
+ Y Y Y + ¢
T ( n’ ntl’ Yn ’ n+l i l\n’ Yn+1 & Yn ’ Yn+1 (&6)

At a nodal point (m,n) on the boundary only 2 elements are adjacent except at
the region corners where there is a single element. For example, at a point
(m,n) on the lower boundary,

Fm-l Ym—l ’ Ym-l ’ YT ’ Ym) - FT(Y?+1 Y

mt+1 m m
1 2 1 1

1 ’ Yz’ Yl

A similar relation holds on the upper boundary and aiv the remote upstream and
downstream boundaries.

The boundary conditions are now included in the formulation of the dis-
crete problem. The enclosed flows, for Instance implyv that Yi and Y? are

prescribed for all i and j,and these values are set directly into the nonlinear
system. The remote end conditions are retained as the natural boundary condi-
tion resulting from arbitrary end node variations, a.id satisfy

1 1 1 2 2 1 1 1 2 2
- + =
Fn-l(Yn ’ Yn--l ’ Yn i Yn-l) Fn (Yn ’ Yn+1 k Yn ’ Yn+1) 0
FM—ll M M M-1 M-1 M-1}| M M M-1 M-1
- Y Y Y + Y Y =
and n-1in ’ Yn-l ''n ? 'n-1 Fn ( n’ Yn+l > 'n ’ Yn+1 g (47)

Eqs (46), (47) and the prescribed boundary conditions (known position) determine
the nonlinear system of finite element equations for streamline position for a
prescribed density field. The nonlinear system may be solved and the new stream-
field used to improve the density field solution. The coupled solution of
streamline position and density is then iterated to convergence.
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SECTION IV

NUMERICAL ANALYSIS

1, FORMULATION OF COUPLED ITERATIONS

The streamline position Y(x,¥) and the density p(x,Y) are the primary un-
knowns in this formulation. One approach is to interpolate both unknown
functions Y and p in the piecewise bilinear basis and solve for vectors Y and
P from a variational problem that incorporates the density relation f(p) = 0
as a constraint condition by the use of Lagrange multipliers. This approach
has not been developed since the earlier variational analysis indicated that
the density variation expressions are zero.

The procedure advanced and applied here involves a coupled iteration for
position Y(x,¥), and density p(x,¥). The function Y(x,¥) is approximated on
the finite element discretization, and substituted in the variational problem

determining QST = 0. This leads to a nonlinear algebraic system of finite

BY

J

element equations for Y and dependent on the unknown density p(x,Y¥). If the
correct density were known, then solution of the algebraic system could be
achieved by a yradient method such as Newton-Raphson iteration. Starting with
an initial streamfield guess, the method iteratively improves the positicn
vector, solving a linear Jacobian system at each iterative step. The approach
can be extended to include the unknown density as follows. Select an appropri-
ate streamline guess for the solution, based on the wall geometry. The scalar
density equation f(p) = 0 is solved iteratively with this pruscribed stream-
line position to determine the corresponding density fie'd. With this densiry
field (as if it were the exact result), the Newton-Raphson iteration for pos -
tion is commenced. Interrupting the iteration at an appropriate point returuns
an improved streamline solution. The density field is recomputed for the new
streamfield, and the Newton-Raphson iteration for positi-n recommences with the
new density field. The coupled process of scalar density iteration and vector
position iteration is repeated to convergence within a prescribed error toler-
ance on the nonlinear system. The linking of iterations is depicted in the
chart of Fig. 3.

2. DENSITY ITERATION

Given a streamline configuration Y(x,Y), the density function satisfies
the nonlinear scalar equation, Eq (29). This equation can be solved at each
node point (i,j) where H, £ and Y are known values.

Newton iteration for the root a of the scalar equation f(p) = 0 is
£0,)
o = p - , provided f'(a) # 0 (48)
k+1 k 1
£ 6, )
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Differentiating Eq (29)

. £? Y
f°(p) = 2(2H - ?3)9 - (Y + 1)2hop
Substituting in Eq (48) and simplifying, ,
1+Y

= B/ YHL - " x

[ 2H Y 2h, pk (YYW)Z
) =p |1 - 3 ] (49)

L 2028 - & N?yp, - 2(Y + 1)h0pkY+1

The iteration is considered to have converged when the difference in
successive iterates is less than a specified error tolerance. The starting
guess for the initial calculation is 0 = 1. Thereafter, the iterates begin
from the previous flow field estimate. The scalar iteration is carried out for
each node point in the mesh.

3. POSITION VECTOR ITERATION

Let J be the Jacobian matrix Jij = agi/BYj. The vector Newton iteration
follows directly, as in the scalar case, by Taylor series expansion of
g(Y + AY) about Y. Then the vector iteration is

ML R P (50)

In practice, the Jacobian derivatives agi/an are determined as finite

difference approximations,

Bgi N gi(Yl,...,\{j_l,Yj + Wj, Yj+1""’YN) - gi(Y!,..., YN) o
oY Ay,
] i
k+1 ;
The iterate Y is obtained as the solution of the linear system
<t = gy (52)
+ + .
with AYk 1. Yk 1 Yk and gp = %%

The coefficient matrix J is positive definite, symaetric, and sparse.
Positive definiteness results from the convexity of the functional Y whose

k
stationary value is sought. Writing g §={E:} for node (m,n) the symmetry

follows from



K Vm - M i
) 3 av S e A o

g & o@ Cp) 2 I TpiespiEl e ey 2
oY 3Y oY m,n 9Y, &Y m,n 3y Y aY

j Q j i ? i §

The sparseness is evident as the algebraic equation corresponding to any
given node has possible non-zero coefficients only for those nodes belonging
to elements adjacent to the node concerned. Finally, it is important to
note that a judicious numbering of the nodes will produce an algebr: problem
that is neatly banded. Then highly efficient bandsolvers can be empioyed to

solve Eq (52) for Azk+1. In the particular instance of the throughflow problem,
the characteristic span between hub and tip walls is small compared with the
axial length between the remote upstream and downstream stations. Furthermore,
the solution is well-behaved in the radial direction so that a coarse mesh
gradation in this direction is appropriate; that is, few Y lines are necessary.
On the other hand, there will be a wuch larger number of axial mesh lines
corresponding to a graduated mesh, especially fine near the actuator discs and
becoming coarse towards the remote boundaries. With this knowledge of the flow
behavior and mesh natuie, the optimal nodal-numbering scheme is evident:
beginning at the remote upstream boundary, number radially across the stream-
lines. Then node k, crrresponding to mesh pair (m,n) for a mesh of N Y-lines
and M axial mesh lines (with M >> N), is (m-1) N + n. The half-bandwidth is N
and the coefficient matrix is block-tridiagonal. Only the bandedness will be
exploited in this algorithm as there is non-zero '"fi11" between the tridiago-
nal blocks during decomposition.

For direct solution of symmetric, positive-definite systems, the Cholesky
method is proferable. The Cholesky deconvosition is the triangular decomposi-
tion, J =L ET, where L is lower triangui r. In the program code an equivalent
form of Cholesky decomposition was used, expressing J as UTy where U is upper
triangular. Thi, allowed more convenient computation and display of the com-
pactly storea jacobian and its decomposed form. Writing J = QTQ so that

vy 0y **t = g (1Y), implies:
UTg = g(!k) , forward reduction
+
and QAXk 1. B , back substitution,
k+1

to determine the solution AY .

Only the non-zero upper half-band of J need be stored and U is overstored
on J as decomposition proceeds.

4, STABILITY AND CONVERGENCE

Fixed point theory for scalar and vector iterations is quite extensively
developed and the Newton-Raphson iteration has been investigated. Standard
contraction arguments(®) indicate that the iteration converges if the initial
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guess is within the contraction interval. The streamline position iteration is
generally well-behaved, as the wall geometry suggests a reasonable starting
guess which 1s coded directly in the program and need not be developed as data.
The density iteration requires more care. Given an initial streamline configura-
tion, the starting guess is incompressibility, p = 1, and Newton iteration of
the nonlinear scalar equation at each grid point is generally convergent,
However, in regions where there is a dramatic change in density, such as on the
hub axis immediately beyond a stator imparting large swirl, the density itera-
tion may not converge. An inadequate streamline configuration estimate,
together with a poor initial density iterate, may predict meridional Mach num-
ber values greater than unity when the real physical flow has a subsonic meri-
dional Mach number.

To stabilize the density iteration, the successive Newton iterates are
scrutinized: if the iteration at a particular grid point begins to diverge,
the physical constraint to subsonic meridional Mach numbers is enforced by
setting axial velocity W = 1 and radial velocity U = 0. This determines a
reasonable interim approximation at the troublesome point. Subsequent posi-
tion iterations improve the streamline guess, and the later density iteration
generally converges, with the exceptions of borderline cases where the physical
flow is very demanding and sonic meridional Mach numbers are being close.y ap-
proached. This approximate measure then serves to stabilize the numerical
iterations and extends the numerical stability to include essentially the full
range of flows of interest.

The graphs in Figs. 4 and 5 plot the error at a point on the hub wall
beyond a stator, for several computations at various incident, free-stream Mach
numbers. The graphs show very clearly the influence of the stabilizing density
approximation.

Another technique for stabilizing the density calculation is to moderate
the flow transition through the blade row. This can be done readily by using
several actuator discs closely nested with a very fine separating grid, rather
than use a single disc. Such an example is later examined in SECTION VI.

The exploration of the density calculation brings forth the question of
stability of the global coupled iteration process, rather than that of the posi-
tion or density iterations alone. In particular, should the position iteration
at a fixed density be iterated to convergence (a quasi-incompressible analysis)
and the density then updated, or should the position iteration be terminated
earlier. Early computations exploced the former scheme and it was found that
in many cases the coupled process diverged. The use of under-relaxation at-
tempting complete position iteration was similarly unsuccessful in these cases.
Limiting the number of position iterations and successively reducing the limit
eventually led to a coupled sequence that was stable and converged. The best
results were obtained using a single position iteration to improve the stream-
line pattern. This analysis indicated the necessary close coupling of the
numerical schemes.

Computationally, the global rate of convergence of the coupled calcula-
tions 1s only linear, whereas the Newton processes are asymptotically quadra-
tic. For each case the rate of convergence of both position and density is
somewhat slower for the first few iterations. The density point computations
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required several iterations in the starting calculations. However, for most
incident Mach numbers and away from hLeavily loaded discs, subsequent point
density calculations required only one or two iterations to give six signifi-
cant figure accuracy.

Finally, the scheme is naturally sensitive to the incident Mach number.
As Mach number increases the calculation becomes more demanding, stabilization
is necessary, and the rate of convergence decreases. This is due in part to
the physical nature of the higher Mach number flows, attainment of a sonic
meridional Mach number being associated with '"choking." 1In addition, sequences
of flows computed at successively higher incident Mach numbers, on the same
configuration and at the same loading, all used the same starting streamline
pattern. This pattern is best for nearly incompressible flows and deteriorates
with in.reased incident Mach number. Thus it takes increasingly more iterations
to improve the starting guess. Relaxation and extrapolation techniques are
possible ways to accelerate convergence but have not yet been explored, tle
present scheme affording adequate results in fewer than ten coupled iterations
for most applications.
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SECTION V

THE THROUGHFLOW PROGRAM

1. BASIC PROGRAM STRUCTURE

The throughflow problem is specified by input data to the program, the
finite element ideal !zatlon is established, and, beginning with a preset stream-
field, the coupled iterations in density and position are carried out. Each
position iteration is associated with solution of a banded linear system of
equations, The general computational procedure and subroutine inter-relations
are depicted in the macrochart of Fig. 6.

The function of each module and its relation to other stages in the layout
are described briefly below.

a. Input
The input instructions reside within the controlling program, TCOMFLO.
Input data defining the problem is read from cards for each flow problem
analyzed.
b. TCOMFLO
This is the main calling program. It determines the finite element
idealization in the (x,Y¥Y) coordinate system, and controls the data input and
solution output steps.
c. GUESS
The initial guess for Y(x,Y¥Y) at the mesh points is prescribed.

d. RSOLVE
This contains the density iteration and position vector iteration,
returning the final values to the main controlling module, TCOMFLO.
e. BANSOL
This subprogram is called from RSOLVE and bandsolves the linear
jacobian system for AY.
f. MERMACH

The meridional Mach number is computed at each node point between
streamfield position iterations to monitor convergence of the coupled itera-

tions.
g. Output

The final streamline coordinates and associated nodal velocity com-
ponents are printed by axial mesh section.

Important details of the program are now developed.
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2. PROGRAM METHOD

Finite element mesh generation. The sections of uniform flow between discs
are delimited by variables set in the program code. For a single stage, the
separation between stator and rotor is input, and a uniform fine mesh established
between the disc pair. Away from the discs, the grid spacing increases with

ijtl = K X where ij+1 = downstream and ij-l = xj ] upstream

and K 1s set in the program as 1.25., Most of the results described later em-
ployed this restricted mesh algorithm. For general purposes, problems with
several stages will require more flexible data-generation schemes or simplr in-
put the values {x,} as in Ref. 3.

3

Initial Streamfield Pattern. The starting pattern is determined from the
hub and tip wall shapes and the uniform flow at the remote upstream boundary.
At the spstream boundary the flow is uniform with axial velocity W__ =1 and

f = 1. Then the axial velocity satisfies pW = - %-%% and leads in the (x,Y)
system, to %(Yz)w = 1, Integrating with respect to Y gives % Y? = -¥ so that
Wk ) =i\ [-2¥ (53)

and determines the ¥Y-line distribution at the remote upstream boundary. The
¥-line spacing for the initial guess is chosen so that the separation of adja-
cent streamlines is constant along any radial mesh line from hub to tip. 1In

_ = _dllvd Y2l led 2]
the (x,Y) plane, then Wi+1 Wi = E{(Yi+l) (Yi] . Clearly the spacing

AY will vary from one mesh line j to the next as the hub wall f(x) or tip wall
g(x) change. Then for a mesh line at xj,

(g(xj) - f(xj))

- vyl - 1] -
Yx4) = Yy o= B+ (V-2¢, - £(x) ARERIR A

The Density Iteration. The density at any node point (xj,W ) is deter-

mined by Newton iteration applied to the equation f(P) = O as described in the
preceding section. For highly rotating flows at high incident Mach number,
the density iteration may require stabilization. This is particularly true in
the early stages of coupled iteration as the streamline pattern will be poor
in some regions., The density calculation is indicated in the chart of Fig. 7.

Streamline Position Adfustment. The variational finite element formula-
tion for strealine position Y(x,¥) leads to the nonlinear system of equations

EAY
1

oY
3
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Writing this as g(Y) = 0, the solution Y is sought by Newton-Raphson iteration.

Let !k correspond to the k“th intermediate solution pattern. Then g(!k) = gk
$ 0, and is the error vector. The solution adjustment is achieved as a single
step of the jacobian system iteration

e o Lk

~

i
3

mutation relations noted. These permutation relations allow an elegant coding

In SECTION IV, the element contributions to 3V/3Y, were developed and per-

for accumulation of gk = gk at each node point, and similarly for the jacobian
m Ym+1 Ym+l
ntl ° n ' ‘ntl

determines the element contribution to a given node, and permutation of the

evaluation. A single statement function definition, F(Y: , Y )

corner coordinates (Yg) ascertain the other nodal contributions from the element
(Fig. 8).

The compuational procedure is outlined in Fig. 9. Using the density field
calculated from the current streamline position, the new adjusted streamline
pattern is computed. Proceeding sequentially by elements, the element contri-

bution of BVm/aYi
n - j

the statement function. The nodal contributions are accumulated to give the
error vector

to each of the four corner nodes 1s determined by use of

and the infinity norm of gk is tested to determine if the solution has con-
verged., The jacobian Jpq = ng/BYq is formed numerically by differencing,

p) Vo p 2 ot , Y +AY , Y Y
& g(¥, p-1 p P

B B (B n 09T

Y AY
q p

Again, this difference quotient is formed sequentially by elements, e@valuating
g(Yl,...,Yp + AYp""’YN) and g(Yl,...,YN) by accumulating element contributions

to the nodes as in the preceding calculation of gk. The value AYp = 10" ° is set

in the program code. Only the banded upper-half of the jacobian is stored
during formation. The linear jacobian system is solved by banded Cholesky
decomposition, followed by forward and backward substitution sweeps on the

right-hand side vector gk. During decomposition, only the upper triangular
decomposed matrix is needed, and is stored over the coefficient matrix J as

+
decomposition proceeds. Sclution for AXk 1 determines the adjusted streamline
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Statement “unction
I Defipirion

Density Field Tteration at

:ra—-fk

Previous Streamfield Solution

<

~Compute the ResIdual Vector
ey = 8(Yy)

Convergence 1f Tlek!lm < €

w5
Form the Jacobian J == Y ~ T
q q
Y’
Solve J A K1 gk
]
Adjust: Xk+1 = Xk + Azk

Return to Revise the Density Field

Figure 9.

Coupled Problem
is Converged so
Return to
Calling Program

Banded Choleskv Method

Layout of Procedure in RSOLVE to Adjust the Streamline Pattern
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pattern. After the new position solution, we return to the density calculation
and the next coupled iteration commences.

3. PROGRAM USAGE

Idealization Description. The turbine configuration is described in two
dimensions, and consists of a sequence of sections of continuous flow separated
by line interfaces representing actuator discs. The lower and upper boundaries
correspond to hub and tip surfaces respectively, and the remote left and right
boundaries simulate uniform flow regions far upstream and far downstream. The
flow is characterized by a discrete streamline pattern, and the problem
formulated in the (x,Y) plane to solve for streamline location. In (x,Y)

coordinates the domain is rectangular and a finite element idealization of rec-
tangular 1is introduced, with prid lines V¥ = Wi determined in the program, and

X = xj input as data. Angular momentum and enthalpy far upstream and at the discs

are prescribed for each section of continuous flow. A typical configurstion with
three discs and varying hub and tip walls is shown in Fip. 10. The finite ele-
ment idealization in the (x,¥) plane is indicated in Fig. 11.

A typical rectangular element, shaded in section 2 of Fig. 11, is defined
by enclosing horizontal Y-lines and vertical x-lines. The section limits NzQ K
with £ = 1,... sections and k = 1,2 delimit each domain of continuous flow ’
and are the x-1'ne index pairs marked.

Computer application requires specification of: the idealization as grid
point ordinates in the (x,Y) plane and identification of flow sections; angular
momentum and enthalpy at each interface between adjacent sections. The rectangu-
lar domain in the (x,%) plane simplifies the finite element representation and
for flexibility the prescription of the x-partition is required as card input.
The Y-partition is set in the program and corresponds to AY = constant at the
upstream boundary. The fullv-infinite pioblem is modelled as a finite but
extensive region, and natural boundary co.ditions at the remote ends of the flow
approximate the free-stream conditions.

List of Program Variables.+

ALFA(K): Coefficient of momentum f!t across disc, yv = -a¥ + 8
BETA(K): Coefficient of momentum fit across disc, vV = -a¥f + ¢
C(N,M): Upper half-band of symmetric jacobian matrix N
E(N): Error residual vector of nonlinear system

F(J): Vector defining lower wall (hub) ordinate boundary, f(x)
G(J): Vector defining upper wall (tip) ordinate boundary, g(x)
H(I,K): Total enthalpv on streamline I in section K

IDEN: Maximum number of cycles of coupled calculation

ITMX: Maximum number of position iterations per cycle, usually 1
MNMAX: Maximum number of density iterations per cycle

NR: Row dimension of jacobian, C

tIndices: K = section, I = str~amline, J = x~line, N = node (I,J)
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NS:
NY.

NZ(K,L):
N2ZMX:
OMEGA (K):
RON(I,J):
T(I,K):

X(1,J):
Y(I):
Z2(J):

Number of flow sections
Number of horizontal ¥Y-lines

Section delimiters in pairs, L = 1,2

Number of vertical x-lines

Input Preparation.

type.

of cards of this type required.

Solution array of ¥Y-line ordinates, (Yi)
Stream function values, Y
x-grid abscissas, x

Angular velocity introduced to each section (Qk)
Density at node (I,J)
Section angular momentum on each Y-line, T = (yv)? = g2

i
i

3

The input scheme is described sequentially by card
Numbers in parentheses following each listed number indicate the number

Variables are listed within each card type in

order, and correspond to the column fields as sequenced.

(a)

(b)

(c)

Card Type 1

Cols:
Format:
Variables:

Description:

Comments:

Card Type 2

Cols:
Format:
Variables:

Description:

Comments:

Card Type 3

Cols:
Format:
Variables:

Description:

Comments:

(1)

1-5, 6-10, 11-15, 16-20
415
NY, NZMX, NS, NF
NY - Number of Y-lines
NZMX - Number of x-1lines
NS - Number of sections
NF - rFilag: O = enclosed, 1 = free exit
Use NF = 0 for this program version.

(NZMX)

1-5, 6-15, 16-25, 26-35
15, 3F10.5
J, 2(J), F(J), G(J)
J - Vertical grid-line z-index
Z2(J) Z-abscissa
F(J) - Hub-surface boundary
G(J) - Tip-surface boundary
Repeat eacna card to end of z-lines; J = 1, NZIMX

({ss/3] + 1)

1-10, 11-20, 21-30, 31-40, 41-50, 51-60
3(2F10.5)

NZ(L,K)

NZ(L,K) - Flow section delimiters in pairs,
L=1,2

Set up in sequence with 3 sections per card till
end of sections, e.g., the first card will have
in order: NZ(1,1), N2(2,1); NZ2(1,2), NZ(2,2);
NZ(1,3), N2(2,3).
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(d)

(e)

(£)

(g)

(h)

Card Type 4

Cols:
Format:
Variables:

Description:

Comments:

Card Type 5

Cnls:
Format:
Variables:
Description:

Card Type 6a

Cols:
Format:
Variables:
Description:

Comments:

Card Type 6b
Cols:
Format:
Variables:
Description:

Comments:

Card Type 7
Cols:

Format:
Variables:
Description:

Comments:

(1)

1-2

12

IFLAG

IFlag (= 1 implies read card types 6b and 7)
(# 1 implies read card type 6a orly )

IFlag determines mode of prescribed enthalpy and

momentum within sections.

(1)

1-10

F10.5

AMD

AMD - Incident Mach number for upstream,
(NS)

1-10, 11-20, 21-30

3F10.5

ALFA(K), BETA(K), OMEGA(K)

Momentum (rv) = -ALFA(K)*Y + BETA(K)

ALFA(K) -- Swirl component

BETA(K) - Translation component

OMEGA(K) - Angular velocity

Linear fit to momentum introduced by disc at sec-
tion entrance. Repeat each card to end of sec-
tions K = 1, NS. Repeat sequential s2ts for para-
metric studies (see Recommendations).

([N5/8] + 1)

1-10, 11-20, 21-30, 31-40, 41-50, 51-60, 61-70,
71-80

8F10.5

OMEGA (K)

OMEGA (K) - Angular velocity introduced to each
flow section

Repeat tc end of sections.

([NS*NY/8])

1-10, 11-20, 21-30, 31-40, 41-50, 51-60, 61-70,
71-80

8F10.5

T(I,K)

T(I,K) - Angular momentum (rv) at Y-line I for
section K

Repeat each card to end of sections, K = 1, NS
in sequential order by streamlines I = 1, NY.
Repeat sets 6b and 7 for parametric studies (see
Recommendations).
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Recommendations. Multiple data sets can be processed and are to be
separated by END- OF-RECORD cards (7-8-9 multipunch in column 1). Parametric
studies for varied section angular velocities and momenta can be run within
each full data set by duplicating card types 6 and 7. Also, the incompressible
flow calculation is available as a default, by setting MNMAX = 0 as the itera-
tion limit for density calculations.

Restrictions. Arrays currently are dimensionrd in the main program
TCOMFLO to accommodate at most: 15 streamlines, 42 z-lines, 3 sections. Note
that NR is set to 630, the current row dimension of C(M,N). The corresponding
dimension statements can be altered readily. Subprograms are variably dimen-
sioned and require no adjustment. Array usage is:

NZ(2, > NS), F(2 NZMX), G(2 NZMX), H(NY, 2 NS), T(NY, 2 NS),
X(NY, 2 NZMX), Y(2 NY), Z(2 NZMX), C(NR, 2 NY + 2), E(2 NODE),
ALFA(2 NS), BETA(2 NS), OMEGA(2 NS), RON(NY, 2 NZMX)

To change the array dimensions the relevant source cards are: cards 2,
3, 4 and 12 in program TCOMFLO. The iterations are controled by the following
variables set in RSOLVE:

IDEN = 10 ; the maximum number of coupled cycles
allowed
MNMAX = 5 ; the maximum number of Newton itera-
tions for density at each grid point
ITMX = 1 ; the maximum number of position itera-
-5 tions of the finite element system
ETOL = 10 ; error-bound tolerance for iterate
-6 convergence
DX = 10 ; difference increment for jacobian de-
rivative

Convergence 1is accepted if the infinity norm of E is less than ETOL. If
more than IDEN cycles are necessary the program terminates with a message, and
prints: the current contents of the streamline position solution, the last
position adjustment, and the velocity components at each node.

Diagnostics. "The following diagnostic comments may appear during program
execution:

"IMPROPER ARRAY SIZE FOR EXECUTION'" -- accompanied by the input
NR, NS, NY, NZMX, NODE values. This is triggered by either in-
correct data (prescribing NR) or the need to redimension arrays
in the program to accommodate a ''larger' problem. The program
terminates after printing the diagnostic.

""SOLUTION DID NOT CONVERGE" -- the maximum number of full
cycles was completed and HE;IIQo had not yet decreased to the
prescribed tolerance ETOL. The control returns to the calling
program, whereupon the velocity field is calculated and printed.
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"ENCOUNTERED MERIDIONAL MACH NUMBER IN EXCESS OF UNITY" --
printed from subroutine MERMACH, this indicates that the cur-
rent position and density is predicting a supersonic meridional
Mach number. For physically realistic problems this 1is cor-
rected in later cycles by density and position adjustment. Com-
putation continues to complete the analysis. Physically ill-
posed problems will lead tu an arithmetic error in the band-
solver, caused by divergence of the solution.

“"DENSITY ADJUSTED TO STABILIZE COUPLED PROBLEM" -- this occurs
when the position guess is so poor that locally the Newton
iteration for density fails. A physical argument resets the
density to au approximate estimate and calculation proceeds.

Subprograms and Calling Sequences.

GUESS: Call GUESS (X,F,G,NZMX,NY,Y,XT,XH,YT,YH)[also call
COORD (X,F,G,NZMX,NY,Y,XT,XH,YT,YH) as a second
entry point]. GUESS determines the ¥Y-line distri-
bution and the starting streamfield pattern.

RSOLVE: Call RSOLVE (NF,NR,NS,NY,NZ,C,E,F,G,H,T,PE,X,Y,Z,
RON). RSOLVE solves for density and position adjust-
ments as an iterative cycle.

MERMACH: Call MERMACH (NS,NR,NZ,H,T,NY,X,Y,RON,Z,NDEN).
MERMACH calculates the meridional Mach number at each
node in the idealization.

PANSOL: Call BANSOL (NBAN,NODE,NR,C,E). BANSOL solves the
symmetric positive-definite jacoblan system for each
position adjustment, using a banded Cholesky decom-
position and substitution sweeps.

Machine Requirements. The program has been developed on the CDC 6400
computer at the University of Washington. It is coded completely in FORTRAN
with no machine-dependent instructions, and so can be adapted to alternate
hardware. With current array dimer ;ions the program requires 42,000 octal
central memory storage locations and takes approximately 90 seconds CDC 6400
central processor time for solution at the maximum array size allowed. A
detailed breakdown of timing for sample calculations follows.

Timing. Timing profiles for a sample problem with coarse and fine mesh
idealizations are shown in Figs 12 and 13. The calculation is broken down to
its main components ~- the density iteration (D), jacobian calculation (J),
bandsolver (B), position adjustment (P), and total coupled iteration (T). The
graphs indicate that the density iteration is quite inexpensive and confirm the
earlier reasoning in formulating the coupled process.

Qutput. An echo-check of the input data is displayed; the density, posi-
tion, and error arrays are printed during each cycle together with the peak
meridional Mach number on each Y-line and in each section. Finally, the posi-
tion, stream function, axial velocity and tangential velocity are printed by
Y-1ine beginning at the hub and for each x-line segment.
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tip surface is identified in three sections in Fig 14,

Deck Structure for Compile and Execute from fource Code.

JOB CARD

RUN(S)

LGO

END-QF-RECORD CARD

PROGRAM CODE
END-OF-RECORD CARD
lst Data Set
END OF RECORD CARD

FINAL DATA SET
END-OF~RECORD CARD
END-OF-FILE CARD

(Compile;
(Load and execute)

Job Control
Record

Source Deck

Sample Problem. A simple throughflow example with single stage and varying

The corresponding finite
element idealization in the (x,Y) plane is given in Fig 15,

Input.
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RSOLYE
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(Y

: RUN VERSION FEB 74 1647 06/724/74

SUBROUTINE RSOLVE(NFyNRyNSyNYyNZyCyE9FyGyHyT9yPE9XsY9ZyR0ND

SOLVES A NONLINEAR SET OF FINITE ELEMENT EQUATIONS GIVING
A THROUGHFLOW MODEL CF AN ANNULAR TURBCHMACHINS INCLUGING
VARIABLE WALL GECMETRY AND THEZ POSSIBILITY OF A NEAR3Y EXIT
WITH FREE~STREAMLINES, THE TREATMcNT IS 3ASED ON RACTUS(X)
AS A FUNCTION OF PSI(Y) AND AXIAL-POSITIOCH{Z)e THE MACHINE
IS DIVIDZD INTO NS S:GMENTS OF CONTINUCUS FLOW WITH NS-1
ACTUATOR DISCS BETWEEN INTERNAL DIVISIOMS. NY PSI-LIHNES
ARE IN EACH SEGMZNT, AND NZ(JE,J3) DEFINCS THE END Z=-DPIVIe
SION NUMBERS. WHERE SPECIFIED, THE INNZR WALL SHAPE IS
GIVEN 8Y F(J) AND THE QUTER WALL 2Y G(J).

NF=C EXIT FAR COWNSTREAM (NO FREE=STHEAGLINES)

NF=1 LAST SEGMENT IS FREE (F AND G TU BEZ DETERMINED)
H(I9JS) AND T(I,JS) CEFINE THE STAGNATION ENTHALPY AND
TANGEMTIAL VELOCITY FUNCTIONS IN THE INTERVAL Y(1l,Y(Iv1)
FOR CTACH SEGMENT (JUS=1seeeeNS)e PE DEFINES THE EXTERHAL
CONDITICNS ON THE FREE=STREAUMLINES. IT MZED NOT BE SPECI-
FIED IF NF=0 eee P&=( IS THEN AUTOMATICALLY SET.

NR IS THZ R0W OIMEINSION CF THZ MATRIX C(K.L) AS SET 1IN

THE MATN PROGRAM. C IS USED FO2 COMPACT STG2AGE OF THE
BANDCOD. SYMMETRIC JACO3IAN MATRIX USED IN SOLVING THZ NON-
LINEAR SYSTZM BY NEWTON=RAPHSON ITEZRATION, THE ERROF PESI-
JUALS ARZ STYOR®ED IN E(K) BY PSI-LINE,

VERSION eeee FINITE DIFFERENCEC JACCSIAN EVALUATION

DIMENSION NZ{(291)5F (1) ,6C1) 4HI{NY ;1) 3 TINY,41}
OIMINSION X(1),Y(1)3Z(1),C(NRy1},c(1)
DIMENSICN RGNINY,1)

DIMENSION VW)

LOGICAL NTST

RZAL MMN

ELEMENT-CHARACTERISTIC FUNCTION (MZIAN~VALUE APPROXIMATION)
D(R1,R2yR3IyR4) = DZ¥( 2%(FF=FH)*RU=C¢S*TT*{1/R3I*+R3/ (L*RU))
¥ +0YADVH( (RL=R2) * L1/ (RUF(RG=R3II I +1/(R2* (2=R1IIV/ (527 D7)
= =JeS*¥( (1t ((RY=2)/DZ)*#*2)* (2" R4=F3)/ (RUW*RL)
“+(1+((R3=RL)/DZ)**2)/R3)/ (R4=R3)*¥*2) /RN?2) *RN

NY1=NY=~-1 $ NZMX=NZ(2yNS) #1
NBAN=NY +2 % NODE=NY*NZMX
ITMX=1 3 ETOL=1.t-6 $ DX=1.E-5 ¢ IDEH=10
GAM=1.4

RF=1.Q

NPRT=5

MNMAX=5

ITHX=1

NPSS=2

INEN=1C

IP=ITMX =1

IF(NF.EDLNY PE=GC,
IF(NR4GEZL,HNODE) GO TO &
HRITE(642%1) NPyNSyNY,HZMX,yNIDE
CALL EXIT

CONTINUE
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RUN VERSION FEB 74 16847 06/24/74

163
170
171
204
205
221
226
232
234
235
236
240
2hi

355
365
366
378
371
373
400
412
424
w27
434
436
461
NN
457
461
462
467
505
516
522

522
522

RSOLVE

c

C STARTING GUESS IS INCROFRESSISLE FLOW

S0

i000

1001

21
211

204 FORMATCSXy*CANSITY ACJUSTLO TO STAGILIZE COUPLEG PROBLEM*35X,

212
22

DO 50 I=1,NY

DO 50 J=1i,NZMX

RONI{ISJI=1.0

N0 26 MIZN=1,INEN

CALL MERMACH(NSyNRINZyHyT 9gNY 9 Xy Y4 RONgZ s HTEN)

B0 25 JS=1,;NS

J1=NZ(2,4JS) §J2=NZ(2,IS)

DO 24 I=1,NY

ITEST=0

IF(I.NELNY)IGO TO 1000

I=T=-1

ITEST=1

HH=H(I, JS)

TT=T(I,JS)

DY=Y(I¢1)=-Y (I}

HO=H{Iy1)=0."
DO 23 J=J1,J2
0Z=72(J¢1)=2(N)

IF(I.EQeNY)I=]I=1

JNYI=J¥NYe]
K1=JNYI=NY $ K2Z=K1#1 $ K3=UNYI 3IK&L=K3I+1
X1=X(K1) 2 X2=X(K2) ? X3I=xX(K3) 2 X&=Y (K&}
T1=(1+C(X4=X2) /D7) #42) /(XL ¥ (XG4=XT)} *¥2
T2= (L4 (XL=X2)/DZ)®*2) /7 (X2% (X2=X1)) **2
TI=(14((X3=X1) /D7) *%#23/ (£3*¥(Xu=X3)) **2
Te=(L4CIXI=X1I/DZ)* ¥/ (R1% (X2=X13) ¥*2
TS=(TL4T2¢T3eTL)I*¥DY* %2/ ,0
IF(ITESTeNESL)GO TO 1031

I=NY

X1=Xx2

CONTINUE

KR=0
QT=1,¢C

D0 21 MNIT=1,MNMAX

QTF=A3S(CT)
EPSNM=RON(I,J)

A1=(2¥HH=TT/ X1242)%RON(I,J) *¥2

A2=2*HU¥PONIT,J) ** (GAMEL,)
A3=A2%(GAM+1 &)
QT=(A1=A2=TS)/(2.*A1=-A3}
QT=QT*OF

IF(OTOLLTLAZSIOTIIGO TO 211
RONCIHZII=RON{T LU} ¥€1~0T)

IFCAGS (EPSH=RON(I9JIBoLELTTOLIGO TO 22
CONTINUE
G0 T0 212
TVAR=(1el¢TT/(X1%%2)) /2.0
ROHCIJ)=30RV CC{HH-TVAR) /HO) **5)
ROM=2CN(I J!
HWPITE(6 920401 9JyFPM

171=%9I29*J=%, 12, *DENSITY ScT*,512.4)

CONTINUE
CCNTINUE
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RUN VERSION FEB 74 16147 06/724/704
522 23 CONTIMUE
; | 530 IF(JSEQeNS) RONCIZNZMX)=KON(I,J2)
3 ; 541 24 CONTINUE
; ; S4lL 25 CONTINUE
: | 546 CALL MERHACHINSyNRyNZ,HyT 9NY 9Xy Yy IONyZyNDEN)
p c BRFERBYBIBER RIS BGBIJIRPEIR PSRRIV FE XY
c BEGIN THI NEWTON-RAPHSON ITZRATIOH  *
c IZ TR RS RIS ES SRR R AR RS R R E LR X X 2
3 c
562 DO 20 IT=1,IVMX
c
c EVALUATE THE RESIOUAL VECTOR eee
567 DO 2 K=1,NODE
570 2 £(K)=C.
2 ‘ c SUM THS SLEMENT CONTRIGUTIONS TC RESIDUALS
' 575 00 5 JS=1,NS
576 JI=NZ(L5JS) § J2=NZ(2,J5)
602 DO & I=1,NY1
604 DY=Y(I+1)=Y(I)
611 HH=H (I, JS)
614 TT=T(I,JS)
621 DO 3 J=J1,J2
622 DZ=Z(J+1)=Z(J) 3 UNYI=J*NY+I .
632 K1=JNYI=NY 3 K2=Ki+i % K3=JnvI $ K4=K3+1
635 X1=X (K1) £ X2=X(K2) S X3=X(K3) ¢ Xu=X(Ku)
647 T1= (140 (X%=X2} /DZ) **2) / (X4¥ {Xb=X3}) #=2
657 T2= (L4 ((XL=X2)/DZ) **2)/ (X2% (X2=X1)) “¥2
666 T=(140EX3=X1)/07) #%2) /7 (X3¢ (X4=XI )} **2
676 TW= (160 (X3=X13/DZ) *¥2)/ (X1* {X2=X1)) **2
796 TS=(T1+T2¢T34Ti:) *0Y**2/4,.0
714 RN=(RUNCT 3 J) #RON (L9 J41) #RONCI+1 3 3 +RON(I¢1,J%13)/L40
736 IF(JeEQeJ2IRN=IRON(IJ) ¢POH(TI+1,J))/2,¢
747 RN2=RN*»2
751 TS=T5/RN2
752 SST LG/ X1%%¥24 1,0/ X2%%241 ,C/X3%%241.0/ Xu**2) /4,40
764 FF=(GAM=14C3 *HH/GANMS (TS+TT*SS) / (2.3%GAM)
776 PN=CE/RN !
1000 E(KL)=E (K1) =0DXl 4 X3,y X2y X1) |
1612 E(KZI=E(K2) +01XT 3 Xty X1yX2)
1024 Z(K3)=EAK3) =0CX29 X1y XlyX3?
1036 E(K4)ZE (K4) ¢ DXLy X2 X3y X&) !
1L54 3 CONTINUFT d
' 1052 4 CONTINUE |
3 1955 S COMTINUE 4
c MODIFY RESIDUALS AT SPZCIFIED WALL NODES
1057 IF(NFLEQLN) J2=NIMX
1061 IF(NF.EQe1) J2=NZ(14NS)
1065 DO 6 J=1,42
; 1067 Ju=J*nyY § JL=JU=NY+1
i 1072 ECJUI =X (IUN =G ()
1190 E(JL) =X (L) =F (D)
1106 6 CONTINUE
c
c RESIDUAL NORM AND CHECK FOR CONVERGENCE eee
111¢ EMAX=C.,
1111 D0 7 K=1,NODE
RSOLVE
47




RUN VERSION FES 74 16147 C6/24/74

1112 7 EUAX=AMAXLtEMAX 4 ARS(E(K)))
1123 IF(MOD(NDENGNPRT) ¢ NELQYGO TO 777
1126 HRITE () 4,299)
1132 299 FOPMAT (LML)
1132 HRITZ(645327)KDSN
11445 300 FOPYAT(3(/) 3SXy*ITERATION*4I3,5X,*SOLUTIGON AND ERRIR PZSIDUAL®)
114¢C WPITL (64301) (X{K)yk=1,NOCE)
1162 WRITECG930L1) (KDY Ka1,yRN00F)
1204 301 FORMAT(/ (5% 48511301}
1294 777 CONTINUE
1204 IF(EMAXGLE.ETQLIGO TC 31
c
c EVALUATE THE JACOTIAN ELEMINTS NUMZRICALLY <o
1212 N0 9 K=1,NONE -
1214 D0 % L=1,N3AN
1215 B CU,L1=0.
1224 9 CONTINUF
C SUM THE cLYMENT CONTRIZUTIOHNS YO JACOBIANM
1227 DO 12 JS=1,4yNS
1230 J1=HZ(1,JS) T J2=NZ2(2,J45)
1234 00 11 I=1,NY1
1230 DY=Y(I¢t1)=Y (]}
1242 HH=i4 (T, JS)
1246 TT=T(I,J5
1252 00 14 J=J1,J2
1254 0Z=2(J¢8)=21J) T UNYI=J*NY+I
1262 Ki=JNYI =AY § K2=Ki#¢}g $ KI=JNYI 2 K4=K3el
1267 X1=X (K1) 3 X2=X(K2) 3 X3=XL{K2) & Xa=r(KY)
1301 TL=01+((XG=X2) /DZI®22)/ (XH¥ (X4=X3 )} ¥2
1311 T2=(L e LUXGU=X2)/D7V*%2) /7 (X2% (X2=X11))=*2
13230 TI3=(Le0(X3=X1)/DZ2) *%2)/ (X 3+ (XL=X3))*%2
1333 TL= (L ¢ IX3I=XL)/DZY*222/ (XL1* (£2=X1))**2
134¢C TS=UTLeT20T34TLIEDY¥%2/4,1
1346 RN=(RONII ) ¥ E0MN (T4 %1) #RON(TI#1, ) ¢ RONUI#L,J% ) /0,0
1370 TJRFCJeEQeJ2IRN=(NON(I 4 J) ¢RON(I#L,J)V /2.0
1491 RN2=RN® &2
1403 TS=TS/RAN2
1404 SS= (L L/X1%¥ 241 o0/ X2% %2414 /X3P ¥24 1/ XU""2)/0, 0
1416 FES(GAMeL () *HH/GAME(TS®TT*SS)/ (2, 1%CAi1)
1439 PN=PL/ON
1432 D13=N{XbLy XTIy X2 4¥1) $ D2u=D{Y3,XlLyXL,yX2)
1450 DIU=0(X29 X1y XthyX3) P UGE=NUXLyX29XTyXG)
1466 CUKLy L) =C0(KLo1) = (DXL e X349 X2yX1+DX)=u17) /DX
1504 CUKL2Y=0IKL y2) =D IXLy X3y 724X X 1)=-ULL B/70X
122 CUKL Y #L) =C UKLy MY #1) = (I (Xty A3¢DX 4 X2ya2)=D17Y/0X
1542 CUKLyRYE2)=ClHL g MY 42)= (D (X3 +DX X34 N 2y X1)~D1T)/0X
1561 ClC2y 1) sCUK2 41+ (DIXIyXU4 g XLy K2+DX)~Dz) /DX
1576 CIKZ2yNYIZCUKZ MY I ¢ (DEX320Xy KUy X1y X2} =073 /0X
1614 CIK2y MY+ DI =CIK2yNY+ L) (D (XS, XLeDX 471 ,X2)=023)/70DX
1633 CUK341)=C(K3 1) ~IDIX24X1g2a4X3#0X)=-D3C) /DX
1654 CK3,21=CUKI 42 )=(D X2y XLy X3 40Xy X3)~038) /DX
1666 ClK4y 1) =CUKG 1) ¢ (0 IXL9X24X33X4¢0X)~D4()/0X
1704 140 CONTINUE
1707 11 CONTINUE
1711 12 CONTINUE
C MOUIFY JACOOIAN AT SPTCIFIED WALL NODES
RSOLVE
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RUN VERSION FEB 74

1714
1716
1722
1724
1727
1737
17460
175¢
1753
1757
1766
1771
1775

2co0¢

2004
2005
20ie
2L16
2025

2027

2032
2034
254C
2L4LL
2042
2061

RSOLVE

OO0

OO0

c

13

14

15
29
206

31

¢G1L FOPHAT(*

L g

16047 L6/24774

IFINFL.EQ.0) J2=HZMX
IF(NFoEQed) JZ=NZ(1,4MS)
00 14 J=1,J2

JUSJ®NY
ClJu,.)
DN 13 L
CtJu, L)
CONTINU
ClJu~-4,
IFCUINF,
ClJLt1,
cltJu-1,
CONTINY

soLve T
USTHG A

£ JL=JU=NYel
sC(JL,1)=1,
=29 NBAN
=C(JLL)=0.
{3
2)=03,
tClel) e ANDG( LoEQeJ2})
NY)=0.
NY®#2)=C
E

i

GO TO 14

HE SYMMITRIC, POSITIVE-DEFINIT" JACOBIAN SYSTEM
BANDcD=-CHOLESKY DECOMPOSITION se
CALL BANSOLU{NBANL,NCDEsNR,4CyE)

NEW ESTIMATE OF THE SOLUTION VECTOR .4

DXMx={,
D0 15 X
X{K)=X(
DXMX=A"
CONTINY

COMTINY

CONTTINY
HPITS (o
conTTHY
NDEN=TIU

=1y NODE

KI=ETK}

AXL1(OXMX, ABSCE(K)))
(2

13

E

2 202)
3

N

CALL MERPACHINS NRyNZyHy Ty ilY s Xy Y4 RON;Z,HDEN)

© NRyNSyNY, hZMX,NODZ

202 FOPHATI//915X3*SCLUTION 010

RETURN
END
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RUN VERSION FEB 7& 16847 06/2L/74

SUBROUTINE GUESSIX yF oG yNZMXyNY Yy XT g XHy Y T,YH)
15 OINENSION XUNY1) Y (1) ,F(1),G(L)
15 NY1=NY=1
C END R VALUES
C PRESCRI%c SURFACE PSI VALUES

17 YH=={XH**2)/2,
22 YT==(XT**2) /2,
C CALCULATE INTZIRMEDOIATE PSI VALUES
264 Y(1)=YH
26 00 10 I=1,4NV1
27 R=XH+ (XT=XH) *FLOAT(L)/FLOAT(NYYL)
490 10 Y(I+1)==~0,5¢R"*R
45 PETURN
45 ENTRY COORD
72 XO0={XT/ XH)**2=1,
76 DO 15 J=1,NZMX
139 AL=F(J) **2
102 A2=G1J) ¥*2
106 B1=A2-A1
106 00 15 I=1,NY
107 XULyJISFUH ¢ (SQRT (=2 4#Y (I)) =XH)*(GLI)=F (Ui )/ IXT=XH)
137 15 CONTINUE
1643 RETURN
143 END
GUESS
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RUN VERSION FE3 74 LASLT 06/724/T6

17

23
37
el
63
Lb6
45
&S

45
65
65
105

135
125
125
164

1604
146
167
152

153

165
173
173
201
201
297
207
216
22¢C
237
237
262
243
263

263
275

TCOMFLO

101

PROGRAM TCOMFLO(INFUT,0UTPUT,TAPES=INPUT,TAPE6=0UTPUT)
DIMENSION NZU243)9FU2L)3G(24) gHI(B3) 4T (893)
19X(8,20) Y (8),7C24),CU19291L)49E(192)
19 RON(2,24)

DIMENSION ALFA(3),EeTA(3),04EGA(3)
READU(S, 101)NY o NZMXy NSy NF

IF(EOF,501,2

CALL zXIT

WRITE(691031INYyNZMXyNSyNF

PI=3,1415927

NY1=NY=1

NODE=NY®NZMX

NR=192

FORMAT (LIS5)

1001 FORMATI1H1,30/),15X,*NUM2C2 OF STRTANLINES =%,12,

1 /915X 4 *NUMBER OF GRIU SLGMTS =%,12,
1 /915Xy *NUMGER OF FLOW SECTNS =%,12,
1 /315X #0=ZNCLOSED, 1=FRiéu EXIT*,12)
READ(S,102) (JQZ(J),F(J"G‘J)’J=1'NZMX)

102 FORMAY(I543F10.5)

107

10067
C PRESCRINZ SURFACE PSI VALUES

WRITZ(6,1002)0J9Z(J)sFlJ) 4G EI)9I=1yNZHXD

1002 FORMAT(2(/) ,5Xs* SEGMENT®* 35X, #IRDINATE®,5X, *HUB SURFACE®*,5X,*TIP SU

1RFACE*, /9 (5Xe 14 96XeFLlla595XsFLie545XK9F1le5))
PEAD(54107) (MZ(1,J)yNZIZ,4)9J=1,NS)

FORMATLI (2I19V)

WRITC(691007) CINZ(I,J)9I=142)9J=1,4NS)
FORAT (3(/) 95X *SECTION DELINITERS® 9/ 9 (3X42T12)

XH=F (1)
XT=6(1)
YH==( 4 S2XH*#2
YT==l50XTe82

C CALCULATE INTZIRMEDTATE PSI VALUZS
C SET HU3 AND TIP COORCINATES
C SET PSI LINE VALUES

CALL GUFSS(XoFsGoaNZMXGNY Yy XTyXHy YT, YH)

C ENTHALPY AND ANG MOM TERFS

READ{S,103) IFLAG

103 FORMAT(I?)

REAC(5,13413 HCONS

1041 FORMAT(Fi7.5)

HRITT (£51C042)HCONS

1042 FORMAT(// 95Xy ®INCTICENT MACH NOo *4F5,2)

HCONS=(5,3/ (24 0%*HICNS**2) ) (14640 ¢2%HCONS**2)

777 IFCIFLAG.S0Q.4)GN TC 288

READC(S, 116D (ALFALJI) EETALID) OMEGALY) 3 J=2pNS)

104 FORMAT(3F1i.5)

IF(EOFy 513,40

3 GO TO 06&
G HRITE(H91503)(J,ALFACI) yEETALI) yONEGALS) 3 J=14NS)

1033 FORMATLI(/D ¢5X ¥ SZCTION® 35X 9 #ALFA=COLF® 45X ¢*BTA=-COEF* 45Xy

1*0OMEGA ® o/ 95X e1593(5XyF135e5)))

C STARTING GUESS IN X

CALL COORDUXoF9GyNZMXsNY oYy XTyXHy YT YH)
00 35 I=1,NY1

51
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RUN VERSION FEB 74 16347 06/24/74

ar7
301
202
304
314
326
34l
341
3v6
357
357
360
377
rr
422

422
Lot
426
427
441
452
455
475
W77
503
503
505
514
520

5290
522
524
525
530
531
534
544
545
552
554
556
LE0
563
So4
565
567
572
574
576
605
611
6l
611
623

TCONMFLO

35
888
165

&
7
166

13C6

36
41

203

33

37
371

38

H{I,1)=HCONS
TtIy1) = 0.0
10 35 J=2,4HS
TAI )= (U oS ALFAGJI*IY(I+4)eY( )Y -BETA(J) ) **2
DRV = SORTIT(IyJM) «SCRTUT(I,J=-1))
HiIo,J) = H(I,J=1) ¢ CHEGALJI®URY
GO TO &1
RFEAD(5,105) LOMEGA(J) yJ=14NS)
IF(Z0F,S10,7
FORMAT(8F10,.5)
GN TO 666
READ(Sy 12A (UT(IyJ) s I=1yNYD 4J=14yNS)
FORMATUBF1N.5)
WRITZE(6917.6) (JeOMLCACI) , (T LI, J),I=1,NY) 4 0=1,NT)
FORMAT (3 (/) 45Ky ¥SECTINN* 9SO X 4 * ALGa VELe® oS Xy *YOMENTUH® 4/
LUOX gThy 3N yFLueS593XyF1leD))
DO 26 T=1,HYl
H(I,1¥=HCONS
00 36 J = 2,4NS
NRV = SQRTITI(I,J))=SART(T(I,J=-1))
H(I,J) = H(IyJ=1) ¢ CrlcGACJ)*ORY
CALL SECOHND(T1)
CALL RSOLYEINF4NPY LS o NY g NZ g CotaFgGaH TPy XyYyZoFON)
CELL SECOND(T2)
WPITE(6,213)
FOPMAT(1H1L,5(/) 423X, *SOLUTICN POINTHIS: BY VERTICAL SECTIONS®)
00 4% J=1yNZI¥X
HRITE(E 2000 Jy7(J)
HPITZ(6,4205)
FORMAT U/ ¢ Lie X9 #LINE®y 3Xy *STREAMFUMCTION® 3 SX, *PADTUS* 35X, #AXTAL VELD
1Ce™ 43Xy *TLNGs VELOC.*})
DO 4f I=1,ily
IFCIFLAG.ZQ, 1260 TC 37
D0 33 M=1,NS
IF(JeNESNZ(L14M))IGO TC 33
K=M
CONTINUE
Va=(ALFA(K) *Y(T)&BETAIK) )/ (X(1sJ)/XH)
GO T0 371
V==SART (T (I,X))
IF(TI4NEoNYIGO TO 38
P=Y (MY} =Y (Nv=1)
QA=Y (NY) =Y (NY=2)
DE=P*Q* (P~}
Al=pes?
A2=Q**2
A3=zAL-A2
F1=X{(NY=2,J}®*2
F2=X{NY~1,J) **2
F3=X(NY,Jy*ep
W=e2,%05/ (=AL®FLeA2*F2¢AT*FI)
H=W/RON I, J}
G0 10 39
CONTINUVE
H==2, 2 (Y(T¢1)=Y(I) )/ (X(I419J)*%2=X(]4J)**2)
H=H/RON(I,J)

52



RUN VERSION FE3 74 16147 06/24/74

626 39 WRITE(6 9232 Ly YII) yX(IaJ)gH,yV
646 40 CONTINVE
653 204 FOPMATI(/./ 42X #SEGMENT® 413,45 X, *0ORDINATE Z(J) *4E1244)
653 202 FORPMAT (12X I595X,E82ebyUXy)El2elyc X E12e433Xyt1200)
653 TIM=Te=-T1
655 WRITZ(6,2i4)TIM
663 204 FORMAT(3(/) 35X y*SOLNs TIME*,F7429* CoePes SECONDS®)
663 6N 10 777
664 END

TCOMFLO
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RUN VERSION FEB 74 16847 06/724L/TH

SUBROJTINE MERMACH (NS NRYNZ yHyTyNY X,y Yy RONyZyNDEN)

16 DIMENSION NZ(241)ogHUINY L) o TINY 2D oX€1) oY (1) 9Z(1) ¢RONINY,41)
16 DIMENSION VP (8,42)

16 REAL MMN,MZM

C MERIDIONAL MACH NUMBER CALCULATION BEGINS

16 NY1=NY=1

20 DO 4d JS=1,4NS

21 J1=NZ(1,JS) 3J2=NZ(2,J4S)

25 D0 43 I=1,NY1

27 HH=H(I, JS}

33 TT=T(I,JS)

36 K=0 & L=9

L0 VMMN=Lo U

61 D0 39 J=J1,42

43 JNYI=J*NY+I

45 K1=JNYI=-NY 3K2=Kit1 § K3I=JNYI ITKL=K3+!
53 X1=X(K1) $X2=X(K2) $X3I=X(K3) X=X (K4)
65 V=SERI(TTI/X1

71 HE=2, ¥ (YII+1)=Y(I) )/ (X2%%2-X1*¥*2)

105 H=W/E0H(T,J)

112 Us=H*(X3=X1)/(2(J+1)=20J))

121 Usye*2

122 W=We**g

122 y=yer2

123 TOT=U+VeH

126 MMN=2,5% (UtH)/ 'HH=0,S*TOT)

134 VP LT, ) =MN

136 MMN=A0S (44N)

14¢ IF(VMMN  GE.MMNIGO TO 338

142 K=I % L=J

145 VYMMN=MMN

145 38 CONTINUFE

145 IF(M'INsL.Zele)GO TO 39

150 MEM=SORT (4N}

152 WRITZ (61020 I9JyMEM

163 162 FOPMAT(SX *ENCCUNTERPED MERIDIONAL MACH NUM3ZR IN EXCESS OF UNITYX,

15X o * T g 124%J=%9124*MERe MACH NO. =%,F5,.2)

163 39 CONTTHUE

171 4C CONTINUE

C MERIDICNAL MACH NUMBER CALCULATION ENDS

176 RETULN

176 END

MERMACH
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RUN VYERSION FEB 74 16147 06/724/74

SUBROUTINE BANSOL(MyNyNR,A 48}

c
C SOLVES A JANDFEO, SYMMETRIC, POSITIVL=-DEFINIT: SYSTEM CF
c N LINCAR £QUATIONS USING PACKEDO SI1NDRAGE AND A CHOLESKY
C DECOMFOSITION FOLLCWFD 3Y FORWAPN ANGC bACK SUISTITUTIOM.
C NR IS THEZ Q0HWH OIMENSION OF ACI,J) YWHEN IT WALS STOReD.
c M IS THE HALF=9AND SIZz (SUPERDIAGUONAL) PLUS UHE,.
C ON ENTRY THE SINGLE FIGHT=-HAND VECTOK IS 3TOX7) IN B(I},
c AND B(I) CONTAINS THt SOLUTION VECTOP ON EXIT.

10 DIKENSION A(NRy1),48(1)
C
Cc CHOLESKY NIZCCMPOSITION WITH PACKFEO STORAGE e

10 00 & I=i,N

i1 SUM=A(TI,1)

15 KMX=MINQ (I, M)

24 IF(KMXLTL2) GO TO 2

22 N0 1 K=2,KMX

24 THP=A(I=K¢1, K}

30 1 SUM=SUM=THYP*TMP

35 2 A(I41)=RA=SORTISUM)

46 RA=1./RA

5u JUX=4ING (MyN=-T¢1)

54 IF(JHMXeLT.2) GO TO 5

56 DO 4 J=2,4JMX

6C SUM=A(TI N

b4 KHX=MING(IyM=Je1)

7¢ IF(KMXeLTL2) GO TO &

72 DU 3 K=24KMX

T4 I SUH=SUM=A(T=K+1,yKI®A(I=-Kt1, JeK=11)

i1 & AlI,J)=FPA®SUNM

121 S CONTINUE
c
c FORWAFRD AND BACK SUBSTITUTION WITH PACKED STOUAGE ee

124 D0 7 I=41,N

125 SuUM=13(T1)

127 KMY=MINQ (I,yt)

132 IFiKMXeLlTe2) GO TO 7

134 DO 6 K=2,¥X4X

130 6 SUM=SU=A{T-ke¢1,K}*B{I-K¢1)

147 7 3(I)=SUN/AL],L)

156 N0 9 II=1,N

160 I=N~IT¢1

162 SUM=8(I)

164 KMX=MINHCE(IT,M)

167 IF(KMY LT,2Y GO TO 9

171 N0 7 K=24KMX

173 8 SU“=SUM=A(L,K)*HB(I+K=1)

290 9 3(I)=SUM/A(I,1)
C

216 RETURH

216 END

BANSOL
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NU!MBFR OF STREAMLINES = 8
WUMIER OF GRID SEGMTIS =24
NUM_ZR OF FLOW SECINS = 3
C=ENCLOSED, 1=FREE €XIT 0
SEGMENT OROINATE HUB SUKFACE 1IP SUFFACL
1 *9,4200C3 1,06730 I GuLol
2 “7s0400) 1.0.000 Je0GULN
3 =5¢13530 1.00039 3.00CLC
4 =3e60G (0 1.00612 3.c00LC
5 =2+380040 {1.C0C00 SeduQL®
6 =1.61009 1.0003¢C JelNRLC
7 -e63L00 1.060000 200170
8 -G.00004 $,02000 3.0085"
9 «50007 1,004d39 3e01720C
YY) 1.006G49 L.0L0000 3e0283¢(
12 2.000800 1.0C2170 X, 05467
13 2.5C0 44 1.0CJ00 J.C6840
i4 3.000Cy 1.CL0u0 2.08080
15 3¢5C00° 1.0Lu20 340919¢C
i6 Lo0UCULO 1,0€C33 3el1lubL
17 LeB3L 00D 1.00043J Jeil74°"
18 Seil0Cy 1.C0420 2,1086¢C
19 6e38ui0 1.00090 J.1086C
20 7600070 1.6uC30 3.1086C
21 9,120y 1.000390 3.10806¢C
22 14.64GCO 1,000 J.1386¢
23 13.429C9 1.,060000 31986L
24 1644000 1.0€000 J.1086LC
SECTION DZILIMITERS
i 8
9 16
17 23
INCIDENT MACH NO, 20
SECTION ALFA=-CCUCEF BETA-{0CF OMEGA
i 0.C0Ca0 DeCULUN] L.00C0C
2 Ce0LIOO 2.G00C3 deC0u0O
3 0.GCCOLO .00000 6.00C0CC
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LINE
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ORDINATE Z(J)

LINE
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SECTION VI

EXAMPLE RESULTS

1. CALCULATION OF DESIRED AREA CHANGE

In the first series of examples considered below, a stator rotor pair are
considered to exist in an annulus in which the area is expanded to make the out-
let "average' Mach number approximately equal to the inlet average Mach number.
Assuming for the moment that a single Mach number exists far downstream (as
would be the case for free vortex machinery) it follows from consideratior. of
continuity for isentropic flow that

Y+ .
Y-1 27 2(y-1) Y ]
A, Mol 1t7 M (Ho)2<-1> -
-2 = 2| ——— — 55
Ao M2 l+'——Y21 Moz H2
or, in the case where M, = MO,
s 5
A oy 2(Y-1)
=2 =t e (56)
Ao Hy
Here we calculate the desired area ratio using this formula, but consid-
ering the enthalpy to be a mass averaged enthalpy such that
-R%/2
-2
Hav = Ez—:T H d¥ (57)
-1/2

For convenience of interpretation the examples considered herein were all
*1ken to be of the linear form considered in Ref. 3. That is to say the angular
ntum in all sections is of the form YV = -a¥ + 8. Thus it follows in this

case of a stator followed by a rotor that removes the swirl, that:

H
av

H

9
= 1_H—{B+%(R2+l)} (58)
o] (o]

The area ratio is the. calculated from Eq (56). It is assumed in these
examples that the hub radius remains at unity and the tip radius in the
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expanding section of length L is given by

1/2
G = R+é£(1-cos%£) = R+%[{R2—(R2—l)(l-%§)} —R](l—cosz—x)

2
(59)

In the examples considered in this report, L was taken equal to 5.4063.
2.  FREE VORTEX FLOWS

Figs.1l6 through 21 show the results of the calculations for flow through a
stator rotor combination in which a free vortex swirl is introduced by the
stator and removed by the rotor. In all cases the outlet area is adjusta:d to
compensate for the reduced stagnation enthalpy as described in the previus
section. The figures are arranged in order t- illustrate the effect of in-
creasing inlet Mach number, other pertinent parameters being supplied on the
figures.

It is readily apparent that the per:urbations in axial velocity brought
about by the effect of compressibility increase substantially over the range of
Mach numbers investigated. (For example, just following the rotor Wy = 0.95

for M, = 0.2, whereas Wh = 0.68 for M, = 0.5). The overall effect of the reduc-

tion in axial velocity at exit due to the reduced stagnation enthalpy 1is also
evident in the same figures. (W_ = .98 for Mo = 0.2, W_ = .91 for Mo = 0.5).

It is obvious that in these cases, where the vorticity is zero, that the outlet
velocity must be uniform, and it is a simple check on the accuracy of the pro-
gram to observe the predicted uniformity of the outlet velocity profile.

It is interesting to note that in the calculation of these free vortex
examples, no spurious values of meridional Mach Numbers in excess of unity ap-
peared throughout the iterations in the calculational procedures. This was true
even though in the case where Mg = 0.5, meridional Mach number on the hub just
following the stator was M = 0.74. (The total Mach number at this location was
1.36). In the examples to follow, the very important effect of the vorticity
in distorting the axial velocity profiles becomes evident. The effect of the
distortion is to actually introduce high Mach numbers, as well as to make the
eventual streamline pattern more distant from the original guess.

3. FLOWS WITH VORTICITY

In order to illustrate the effects of vorticity two sets of calculations
(@ =0.4, B=12¢2nd o =0.5, B=0.75) were investigated at inlet Mach numbers
of 0.2 and 0.3. "he results of the flow field calculations are presented in
Figs. 22 to 27. Tne distortion of axial velocity profile due to *the prescrce
of the non-free vortex swirl velocities is very evident in the fiyures. Note,
for example the distorted outlet profiles far downstream. Thus, for flows with
seemingly low approach Mach numbers, the distortion of the profile can lead to
large meridional Mach numbers occurring in the field. The very strong effect
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of vorticity can be noted by observing the values of the axial velocity at the
hub at downstream infinity for the two cases at My = 0.2, Thus when a = 0.4,
wh(w) = 1,67, whereas when o = 0.5, wh(m) = 1,85. The latter case hence leads

more rapidly to the approach tc supersonic Mach numbers. This is true even
though the free vortex component of swirl is reduced in the a = 0.5 case suffi-
clently to cause the average outlet enthalpies to be equal.

The dotted portions of the curves appearing on Figs. 24 and 27 indicate
regions where the computer program indicated the failure of the density itera-
tion program. In such areas the density is estimated by the calculational pro-
cedure outlined in SECTION IV~4. Generally speaking the number of mesh points
indicating that this procedure has been invoked decreases with successive
iterations. 1In these cases the number of iterations was limited to ten, so it
is quite possible that the few mesh points exhibiting this behavior could be
removed with further iterations. As it 1is, the Meridional Mach number exis ing
at the hub at downstream infinity, calculated utilizing the density ratio ob-
tained by the alternate calculation procedure is .62%4 in Fig 24 and .975 in
Fig. 27. It shculd be noted that the values chosen for o (0.4 and 0.5) repre-
sent very high levels of vorticity (with consequent large variations in stagna-
tion enthalpy) compared to traditional turbomachine practice, and as such pro-
vide a demanding test for the computer progran.

4, THE EFFECT OF MESH SIZE

In order to Investigate the effect of Mesh size, some very highly swirling
free vortex flows (B = 6.66) in an annulus of modest tip to hub ratio (R = 10/7)
were considered. These values of B and R were taken in order, also, to compare
the results to those of Hawthorne and Ringrose(l°) (See also SECTION VII). The
trends observed are very similar to those reported in Ref. 10, the only real
differences arising because of slight differences in the value of B azsmmed
(6.66 versus approximately 6.1 for Ref. 10), and from the much different value
of wheel speed taken here (2 = 1 versus § = 2.61 for Ref. 10).

The geometry considered has parallel walls, with the stator to iuror
spacing being 0.14. (Thus approximately one third of the blade h~ight. R-1).
The mesh was constructed to have even x spacing between the stator aad rotor.
Upstream from the stator and dcw-stream from the rotor tue x spacing of the
mesh points increases in the retio 1.25 for each succeeding mesh point. In
both coarse and fine meshes there are eight streamline mesh points. In the
fine mesh, there are twelve x mesh points between stator and rotor, with fifteen
further mesh points buth upstream of the stator and downstream of the rotor for
a total of forty two x mesh points. The coarse mesh has eight mesh points
between stator and rotor with eight further mesh points both upstream of the
stator and downstream of the rotor for a total of twenty four x mesh points.

When the stator alone is considered the mesh point spacing is the same as
that described above. Figs. 28-31 show the behavior of the axial velocity on
hub and tip throughout the flow field length. The location of the mesh points
is indicated in the figures.

It is interesting to note, again, the large effect of -ompressibility for
cases with such high swirl loading. Thus, though the entraace Mach number is
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only M, = 0.182, the meridional Mach number at the hub just following the stator
is 0.497. The total flow Mach number at this location 1s 1.54.

It can be seen by comparison of the figures, that the effect of decreased
mesh size is very small here. (Careful perusal of the tabular output indicates
changes in the predicted velocities at comparable locations of only approxi-
mately one percent). This suggests that for most calculational purposes eight
streamwise mesh points and twenty four x-wise mesh points would produce suffi-
cient computational accuracy.

5. THE EFFECT OF FINITE ASPECT RATIO

As a first approximation to the effect of finite aspect ratio the flow of
fluid through a stator only was considered. The first calculation (Fig. 32)
considered a single disc, whereas the second calculation (Fig.33) considered the
blade to be replaced by two actuato discs such that 62.5% of the loading was on
the first disc and 37.5% of the loa.ing on the second. Figs. 30 and 31 show
the resultant axial velocity profiles existing at the position just preceding
the upstream disc and just following the downstream disc. For the case of the
single disc, the x = 0 origin was located so that the single disc was at the
appropriate center of moment.

Comparison of the profiles, particularly at the downctream location, indi-
cate as expected, that the flow following the single disc has proceeded more
towards its asymptctic form than has that which has just departed the second of
the two discs. It is obvious that this process may be continued to a larger
number of actuator discs if a more accurate description of the effects of dis-
tributed blade forces is desired.
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SECTION VII

COMPARISON WITH ALTERNATIVE CALCULATIONAL TECHNIQUES

Many calculational techniques for throughflow theory are availzhle in the
literatuve today, but we will here limit our attention to those examples that
consider compressible flows,(7-10)

Creveling and Carmody(7) provide a program written to obtain the desired
output variables of a turbomachine row or rows in terms of input design para-
meters. The study is not really directly relatable to the present study, be-
cause the detailed flow information involved 1in dcscribing the flow appruach to,
and departure from, a blade row is not obtained. Rather, a "quasi radial
equilibrium" solution is obtained for the conditions between blade rows. In
this quasi radial equilibrium solution the effect of streamline curvature at the
station investigated is incorporated directly by taking the supplied flow path
geometry (Mod I) or by establishing the flow path geometry by computation
(Mod II). It is pointed out by the authors that irregular geometry can be pro-
duced by Mod II computation, resulting Iin severe streamline curvature effects.
In common with all the example techniques studied (and in common with this
report) the computation is limited to flows in which the meridional Mach number
is less than unity. By simplifynng the fluid mechanical description, the
authors have made it possible to analyze the machine behavior in terms of de-
sign input variables (total pressure profile at each rotor exit, and limiting
values of Rotor tip diffusion factor, Stator hub diffusion factor, Stator hub
Mach number, Rotor hub relative exit angle and Rotor tip exit whirl velocity).
The output of the program is the desired flow field information. (Velocities,
temperatures flow angles, etc.)

The study by Marsh(8) is directed to the solution of the "direct problem"
of throughflow theory wherein the blade geometry 1s prescribed and the resulting
flow field is to be determined. As a result actuator disc theory is not used,
but rather the 'average forces'" of the blades are related to the rate of
change of angular momentum of the fluid and the blade surface geometry. The
effect of blade thickness is included by adding a factor, B, in the continuity
equation that is simply the ratio of the circumferential width of the blade
passage to the blade pitch. The effects of imperfect flow can be included
through the generation of entrspy term, though the related drag effect upon the
equotion of motion is not inc.iuded.

It is interesting to note that in common with Wu,(ll) Marsh elected to
sulve and store the equation for density (our Eq (13)) rather than iterate for
the snlution at each point. In the examples considered in the present report,
after the first pass for streamline location the number of iterations required
for six figure density accuracy were usually only one or two. The authors of
this report feel that when such accuracy is desired it is more efficient to use
the iterative technique than tc store the information.

The actual computational process used by Marsh involves solving a quasi-
linear equation for ¥ in terms of an assumed known density field. After solu-
tion of the quasi-linear equation the densitv estimate is updated and the pro-
cess repeated till convergence. Finite diffevence methods are used thrcighout.
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The examples given by Marsh correspond to very low Mach number flows
(speeds of less than 100 fps), so it is difficult to determine with certainty
the reliability of the convergence of the process when applied to the analysis
of flows in which large meridional Mach numbers exist. Marsh mentions that an

Yy -y
accuracy of 10"% to 10" in the streamline position estimate, ¥ is normal-
k

ly obtained within 10 to 20 iterations.

Schroder and Schuster(®) employ a finite difference technique tu solve the
compressible throughflow problem in a parallel walled annulus containing one or
two actuator discs. Their formulation is "quasi-direct" in the sense that they
prescribe the jump in tangential velocity (and hence in enthalpy when the disc
is a rotor) in terms of the spacial (r) position rather than in terms of the
value of the streamfunction. By so doing, they are forced to resort to itera-
tive torrections to the equations describing the flow downstream of a rotor
because the local value of stagnation enthalpy at a given point (r,z) must be
updated as the value of the streamfunction at the disc and at the point (r,z),
change., As with Ref. 8 and the present report, the density is calculated by
iteratively updating the streamline position estimate.

In common with the present report, Schroder and Schuster consider only
radial blades. The main thrust of the paper of Ref. 9 seems to be in the direc-
tion of investigating the jumr conditions at the actuator disc. It appears
that their program is the most developed with regard to capability of handling
high meridional Mach numbers of the papers reviewec here, but the parallel
walled geometry is unfortunately restrictive. With regards to convergence,
Schroder and Schuster state that "as a rule, 35 to 70 complete iteration cycles
will be necessary to arrive at convergence, each cycle passing over all nodes."

The final paper considered here, that by Hawthorne and Ringrose(1°) is the
most restrictive physically in that it considers only free vortex flow through
actuator discs contained in a parallel walled annulus. The soluticns, however,
are obtained in analytical form by first linearizing the equations. It is
apparent that the linearizing approximation requires the presence of 'small
meridional Mach numbers in order to give valid results. The paper, however, is
very useful for several reasons. HMost importantly the very rapid calculation
of desired examples allows the easy physical interpretation of the density ef-
fects. In addition, by considering a free vortex flow field, no velocity
perturbations arise from rotational effects so the effects of density varia-
tions are effectively isolated. Fina’ly, the restriction to low meridional
Mach numbers is not as restrictive as at first might seem apparent, because
flows with very large swirl Mach numbers (> 1) can be considered. Such flows
exhibit large compressibility effects but do not necessarily contain large
meridional Mach numbers. Several computational examples have been given already
in SECTION VI in which results of the present report calculations were compared
to the results of Ref, 10,
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SECTION VIII

SUMMARY AND CONCLUSIONS

This report has given the statement of a new variational formulation of the
compressible throughflow problem. A detailed development of a finite element
analysis and presentation of an associated computer program is included, together
with many example calculations.

It is importaat to note that the variational principle is valid for a very
gencral flow field. Thus, compressibility, entropy variations and real gas of-
fects may all be included in the analysis. It is assumed that viscosity is zero
throughout the flow field, an assumption that implies that any entropy variations
arjse within the blade rows. This latter assumption is, of course, consistent
with conventional throughflow theory.

The analytical and numerical forms presented herein have been restricted to
isentropic flows and to flows of a calorically perfect gas. This latter assump-
tion appears primarily in the subsidiary expression for the density. It is
emphasized again, however, that further development of the concept could lead to
inclusion of both entropy variations and real gas effects.

The authors feel that the utilization of finite element techniques in this

context promises to lead to the efficient calculation of very complex flow fields
and hope that this report has made a significant step in this direction.
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