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A SHALLOW WATER ACOUSTIC MODEL 
FOR AN OCEAN STRATIFIED IN RANGE AND DEPTH 

VOLUME I 

INTRODUCTION 

The Block Island — Fishers Island (BIFI) acoustic program was undertaken with 
the objective of formulating an analytical model suitable for the prediction of sonar 
performance in shallow water. This report describes an acoustic model, with its 
foundations in normal mode theory, which has been developed for this purpose. The 
model is applicable to low frequency, long range propagation and can accommodate 
changes in stratification with range as well as with depth. The rate of change in the 
stratification with range is not limited to be "slowly varying" because the effect of 
mode conversion is included in the analysis. Hence, large changes in velocity profile, 
water depth, and bottom composition with range can be accommodated. 

Volume I describes the theoretical basis for the model and the mechanics of the 
computer program which can be used to perform the necessary calculations. Vol¬ 
ume n deals with the validation of the model. 

The following outlines the most important input parameters and output informa¬ 
tion obtained from the model via a Fortran V computer program. 

Description of Medium 

a. Ocean Surface — flat 

b. Bottom Profile -- can be approximated in any one of three ways: (1) flat, 
(2) segmented into range intervals of constant depth, and (3) segmented into 
range intervals characterized by a mean depth and a constant slope. 

c. Bottom Composition — semi-infinite bottom characterized by constant density 
^B and sound velocity Cg. The bottom composition is constant within any 
one segment but may differ in various segments. 

d. Velocity Profile — the velocity profile is constant within any one segment but 
may differ in various segments. 

Description of Source and Receiver 

a. Source Characteristics — the source may be either a point source or a vertical 
array of point sources. In a given computer run, the source field can be 
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calculated for as many as 45 specified source depths or for an array 
containing as many as 45 elements at specified depths. For an array of 
sources, the relative amplitudes and phases of the individual elements must 
be specified and the wave form can be either CW or pulsed CW of a specified 
length. 

b. Receiver Characteristics — the receiver may be either a point receiver or 
a vertical array of point receivers. In a given computer run, the sound field 
can be calculated for as many as 45 specified receiver depths or for an array 
containing as many as 45 elements at specified depths. When there is an array 
of receivers, the relative amplitude and phase shading of the individual elements 
must be specified. (One restriction is that both source and receiver cannot be 
arrays.) 

Output Information 

a. Propagation loss as a function of range is calculated for any specified set of 
modes. The loss is listed and plotted on the Calcomp plotter. 

b. Propagation loss as a function of depth at any given range can be calculated 
for any specified set of modes. ITie loss is listed and can be stored on tape. 
These values can later be plotted by using another computer program. 

c. In the case of a source which transmits a pulsed CW signal, the time history 
of the pulse can be determined at any range or depth. The time history can 
be stored on tape and later plotted by using another computer program. In 
addition, the power spectrum of the signal can be obtained. 

d. For the case of an array of point sources or receivers, the theoretical 
optimum array shading for transmitting or receiving any single mode can be 
obtained. A listing of the array shading necessary for the selection of indi¬ 
vidual modes using either amplitude matching or phase matching (defined 
later) can be obtained. 

e. For any mode, the group velocity, phase velocity, excitation pressure and 
the angle of incidence of sound waves striking the bo'indaries are listed. 

f. For any mode, a listing and Calcomp plots can be obtained for the amplitude 
as a 1 unction of depth and the ray equivalent. 

THEORY 

In this section, the normal mode theory and the numerical procedures supporting 
the acoustic model described herein are presented. First, acoustic propagation over 
a flat, homogeneous ocean bottom in a medium whose stratification is constant with 
range is considered. Next, propagation in a medium whose stratification varies with 
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range is described, but mode conversion is neglected. Then the effect of mode 
conversion and a sloping bottom is described. This is followed by a consideration 
of the propagation of time-limited signals. Finally, transmission and reception of 
energy by means of arrays and the use of such arrays matched to individual modes 
are described. 

PROPAGATION OVER A FLAT, HOMOGENEOUS 
BOTTOM IN A MEDIUM IN WHICH STRATIFICATION 
IS CONSTANT WITH RANGE 

Normal mode theory is based on the assumption that at large di stances from 
a source, the main part of the sound field consists of standing waves formed by 
energy that is striking the boundaries in certain preferred directions. 

The preferred directions and the amplitude distribution of the standing waves 
may be determined by solving the wave equation 

1 d2$ 
$ --- 

C2 *2 
(1) 

where <J> is a displacement, or a velocity potential (herein $ is the displacement 
potential) and c is the velocity of sound in the medium considered. 

One may obtain the solution of equation (1) by direct numerical integration, as 
done by A. D. Little, Incorporated, by means of the computer program described 
in references 1 and 2. The basis of this program is the rapid evaluation affordeo by 
the use of a high-speed computer. 

When equation (1) is solved for <!>, the incremental pressure p is found by 
definition, 

a2<t> 
P = -p— . (2) 

at 

where <t> is the displacement potential and p is the material density at the point 
considered. 

We find that equation (1) is separable in terms of range r and depth z, so 
that the pressure can be written as 

iwt 
p = F(r) u(z) eJ , (3) 

where F(r) gives pressure as a function of range, and a differential equation in 
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terms of u(z) may be obtained 

(4) 

where 

is the angular frequency. 

c is the sound velocity (a function of z), * 

u = u(z) gives the pressure amplitude distribution as a function of depth. 

k is the horizontal wave number 
r 

u> 
— sin 9 
c (5) 

in which 9 is measured relative to the normal to the ocean bottom and c and 0 
are measured at the same depth. 

The physical picture presented by equation (3) is that of a standing wave that 
has a particular pressure amplitude distribution as a function of depth, u(z) , and 
travels unchanged in shape as it progresses in the r direction. 

Equation (4) may be written as 

2 

—2 + f(z)u = 0 . (6) 

dz 

where 

(7) 

In solving equation (4), we must impose two constraints on any solution: the 
boundary conditions at the interface between the water and the bottom material, and 
at the water surface. First, because there must be continuity of pressure and particle 
velocity in the vertical direction at the bottom interface, it is necessary that 

*The z-dependence will henceforth be dropped in the notation c. 
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(8a) 

where the terms with subscript b refer to quantities in the bottom material, 
whereas those with subscript 1 refer to the water side of the Interface, and z is 
measured upward relative to the ocean bottom. Second, since we assume a pressure- 
release surface at the air-water boundary, 

u = 0 (8b) 

at tills surface. 

Also, we assume that only '’unattenuated" modes compose the sound field. 
These modes, by definition, involve propagation with energy that strikes the bottom 
at angles larger than the critical angle so that 'total reflection" occurs. Since the 
critical angle 0 measured relative to the normal to the interface is given by 

sin 0 
c 

then 

sin 0 > — 
cb 

mue* hold for all energy striking the bottom. (Naturally, c, mint be greater than 
Cj to ensure the existence of a critical angle. ) b 

Since 

k =— sin e , 
r c * 

by using equation (7) and the above inequality, we obtain 

at the bottom interface. 

(8c) 

Upon examining equation (6), we can see that if f(z) is positive, u(z) is in the 
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form of a sinusoid. This form of solution is obtained for the interference pattern 
between upgoing and downgoing waves in the water. If f(z) is negative, u(z) is in 
the form of an exponential. This is a consequence of Sturm's comparison theorem 
(reference 3). 

The value f(z) is negative everywhere in the bottom and in the water at depths 
that correspond to shadow zones caused by the vertexing of rays that form a mode. 
Both distributions are a result of the condition of continuity of pressure in the medium. 
Thus, when there is total reflection at a level (either by vertexing or reflection from 
a boundary) and the pressure is finite at that level, then at adjacent levels there is 
a decay (whose rate is determined by the boundary conditions) but not a discontinuous 
step to zero pressure. Examples of a distribution involving both exponentials are 
shown in figure 1, which presents the amplitude distribution as a function of depth, 
and in figure 2, which presents the ray equivalent of the mode. This concept of the 
ray equivalent is discussed in more detail in the next subsection of this report. In 
figure 2, it is seen that the ray equivalent of the normal mode vertexes at a depth of 
48 ft; therefore, in figure 1, the pressure amplitude distribution is in the form of an 
exponential between the surface of the ocean and a depth of 48 ft. It can also be seen 
in figure 1 that the pressure amplitude distribution in the bottom is in the form of an 
exponential. 

To integrate equation (6) numerically, formulas relating un+1 and its deriva¬ 
tive (du/dz)ftfi with the quantities 1¾ and (du/dz)n must be obtained (the sub- 
scripts signify the depth at which the quantities are calculated). This is done by 
writing a Taylor series for u^i and (du/dz)n+1 and retaining all terms of the 
third order or less. The details of this procedure are given in references 1 and 2; 
the results are summarized in equations (9) and (10): 

where h is the increment between level n and level n + l, and f and f 
are the values of f(z) at n and n + 1 , respectively. n 1 
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Figure 1. Amplitude Versus Depth, Figure 2. Ray Equivalent, 
Frequency 282 Hz, Mode 1 Frequency 282 Hz, Mode 1 

7 



TR 4887-1 

Equations (9) and (10) are recursion relationships that permit of u 
and du/dz at all levels in the water if the given values tor ui and du,/da are the 
values of u and du/dz just above the bottom. ^ 

Since we are interested in normalized values of u over the water column« we 
can select ux to be any arbitrary value (u1 = 1 is convenient). For an arbitrary 
value of the horizontal wave number kr that is restricted by equation (8c), we can 
evaluate (duj/dz) by equation (8a). Then we can determine u tor all levels by 
using equations (9) and (10) repeatedly. If the value of ky corresponds to a mode, 
equation (8b) will be satisfied at the surface of the water. Each mode has, at most, 
one such solution tor a given frequency. There is a low cutoff frequency tor each 
mode, so that at frequencies below the cutoff frequency, equation (8b) cannot be 
satisfied. 

After finding the amplitude distribution of a mode, we must define the mode 
number. For a finite frequency, the mode number is equal to the number of nndes 
in the amplitude distribution. Thus, the first mode has a node only at the surtoce. 
A representation of the amplitude distribution of the first mode is shown in figure 1. 

The Rav Equivalent 

Corresponding to the definition of a mode discussed above is a more physical 
approach in which the ray equivalent of the solution to file wave equation ia con¬ 
sidered. Additional information concerning this approach is contained in références 
4, 5, 6, 7, and 8. 

For simplicity, let us consider a two-layer medium of constant water depth H, 
density , and sound velocity cj lying over an infinite bottom of density #g 
sound velocity eg » as shown in figure 8. At large ranges from a point source, we 
may consider sound to be propagated by plans waves. It is olear from figure 3 that 
for certain waves whose dlrsotton is defined by an angle 9, there will bo construc¬ 
tive interference between that wave and a plans wavs undergoing one mors bottom 
and surface reflection. For constructive interference to exist, the phase difference 
between pointe A and B of figure 8 must be 2(n - l)v degreesi 1. e., the phase 
difference must satiety the equation 

+db «"“»J - • 

or 

■■■* [2HOOS9] - « - v2(n- 1) V , (11) 

8 



TR 4887-1 

v’here xn is the wavelength of the preferred mode, « is the phase change undergone 
by a plane wave upon bottom reflection, n is the mode number, and the phase change 
upon reflection from the water surface is assumed to be - r . if the sound velocity 
in the water layer varies with depth, the first term of equation (11) would be different 
from that given above; however, the discussion below applies to either case. 

If, for a given wavelength \n and angle 9 , there is constructive interference 
between plane waves suffering different numbers of bottom and surface reflections, 
then propagation consists of a series of upgoing and downgoing waves, as shown in 
figure 4. The left term of equation (11) is the phase change, 2 A, undergone in the 
z direction when a ray makes a surface-bottom-surface cycle. For finite frequencies, 
tr>i>0 as */2 > $ > $c . Therefore, the phase change, A , undergone in the 
z direction over the water depth is limited by 

(12) A < nr . 

The pressure is zero at the surfàce, the phase change upon reflection is -r , and 
the direction of propagation is reversed upon reflection from the surface. Therefore, 
the sound field in the vertical direction is the sum of two sine waves representing the 
upgoing and downgoing waves in the z direction. These waver: are shown for the first 
two modes in figure 5. Because of equation (12), the number of nodes in this amplitude 
distribution is equal to the mode number. Thus, there is a correspondence between 
die definitions of mode number in the solution of the wave equation and the ray equiv¬ 
alent solution. 

Now let us consider the procedure actually used in the computer program to 
determine the ray equivalent. When the wave equation is solved numerically, values 
of f(z) are obtained; f(z) is given in equation (7) by 

(13) 

where is given in equation (5) by 

<•> 
k = - sin 8 . 
r c (14) 

Therefore, given positive f(z), one can determine, from equations (13) and 
(14), the cosine of the angle of inclination of the equivalent ray as a function of z 

cos« =~ */T(z) . (15) 
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If the ray between two points and z2 is continuous, then 
may be given in terms of the horizontal distance AR = Rj - Rg and one 
value of the tan 9 over the path. This relationship is 

Az = Zj - z„ 
particular 

AR c sin • c 
■11 = tan 9 = — *.. = ———— . 

Az c cos 9 c cos 9 
V 

where cv, the vertex velocity, equals c/sin 9. 

If the value of 9 does not vary appreciably between z^ and z2 • then we can 
approximate tan 9 by 

tan • + tan 9 
J. Æ « 

where • and # are taken at z = z and z , respectively. Thus (reference 9), 
i. Z X 4b 

AR 
Az 

Cl + C2 

cos + cos *2 

(16) 

where 

c is the vertex velocity, 
V 

ct, c are the sound velocities at z and z , respectively, 
12 12 

®1, ®2 are the angles relative to the normal of the ray at z^ and z2, 
respectively. 

Thus, given values of f(z), one can construct a ray equivalent. If vertexing 
takes place, the depth z at which it occurs is the level whose value of sound 
velocity equals cv . 

The ray equivalent has a counterpart in the analysis of sound propagation using 
ray theory. In ray theory, rays corresponding to a continuum of angles of propagation 
are summed at the receiver. Most groups of rays effectively cancel each other and 
contribute little to the sound field. This leaves a discrete number of rays that sum 
constructively to form the sound field. These rays correspond to the ray equivalent 
of modes that compose the sound field. According to ray theory, the rays that con¬ 
tribute to the sound field are determined by interference effects, and hence, as in 
normal mode theory, the geometry of the dominant rays changes as a function of 
frequency. Also as in normal mode theory, the sum of these rays is influenced by the 
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source-receiver geometry. However, there are two factors that limit the 
correspondence between normal mode and ray theory. First, in ray calculations the 
sound field is often obtained by simply adding all rays without regard to their phase. 
Second, the geometrical approximation limits the validity of ray tracing. This limi¬ 
tation can produce differences not only in the theoretical pressure field but also in 
the ray representations in ray tracing and normal mode methods. 

If the velocity profile assumed in the calculations contains only a monotonie 
variation in sound velocity with depth (as, for example, in figure 6) or describes 
a simple sound channel, a relatively simple ray equivalent obtains (as in figure 2). 
However, let us consider the ray equivalent associated with the more complicated 
velocity profile shown in figure 7. This profile describes two sound channels at 
depths of about 60 and 120 ft, respectively. The associated ray equivalent of mode 1 
at a frequency of 200 Hz is shown in figure 8. It can be seen that the ray equivalent 
consists of two traveling waves, one for each of the two sound channels in the water 
column. This phenomenon of wave "leakage" through a layer is described in 
reference 10. 

Phase Velocity and Group Velocity 

The phase velocity is given by the relationship 

V =—— 
p sin0 

(17) 

where # is the direction of propagation of a plane wave where the sound velocity 
has a value c . Equation (17) can also be written 

V 
P 

(18) 

where cv is the vertex velocity. 

The group velocity Vg can be considered from two points of view. First, Vg 
may be considered as a measure of the speed of propagation in the horizontal direc 
tion of a number of frequencies in a band Aw centered about w. V may be given 
by (reference 11) g 

V 
g 

or by (reference 11) 

V 
-JS_ = 
c 

V 
_JL 
c 

(19) 

(20) 
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Figure 7. Velocity Profile, Complex Variation 
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Figure 8. Ray Equivalent, Frequency 
200 Hz, Mode 1 
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where H is the water depth« and « is wave number. 

It can be seen that this approach to the calculation of group velocities Involves 
the calculation of derivatives, which is not desirable in a computer program since 
it produces inaccuracies and makes it necessary to obtain an unnecessarily large 
munber of values of phase velocity as a function of frequency. 

Second, Tolstoy (reference 12) has used a general theorem by Biot (reference 13) 
to show the equiva? nee of Vg in equations (19) and (20) to the rate of energy transport 
in the horizontal direction. Tlie group velocity is given by 

where 

¥ dz 

(21) 

(22) 

^ P 2 
— ♦ dz , (23) 

- ao c 

in which p and c are, respectively, the density and sound velocity at z, and f 
is given in the equation 

♦ = 4(2)6 
j(+ * x-ut) 

(24) 

in which 4 is the displacement potential in equation (1). 

Since, by equation (2), 

and u is the value of pressure (normalized to maximum amplitude) as a function 
of z ; then, by equations (2) and (24), 

uat p * , (25) 

where * is the normalized value of # . Thus, by equation (25) we can obtain ? once 
u is known, since we are interested only in the normalized values of u and <p for 
given u. 

17 
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Given Pi in the water, P^ in the bottom, and u normalized to maximum 
pressure amplitude; to obtain * , the normalization of 4 , we first obtain 

u(z) 

1. uu(z) \ 

= “13 
b. uu(z) Pb (25a) 

where 1 and b signify water and bottom, respectively, and uu signifies unnor- 
malized. Since the maximum value of u lies in the water and is greater 

and because u(z) is normalized with respect to maximum amplitude, we multi¬ 
ply both expressions in equation (25a) by p^ to obtain * normalized with respect 
to maximum amplitude, so that 

*1 = u(z) 

*b=u<2> V'b • 
(25b) 

The normalized value foi $ is represented by # and may be used instead of # in 
equations (22) and ( £). 

Excitation Pressure and Propagation Loss 

The sound field produced by a simple harmonic source in a two-layered half¬ 
space (figure 9) with a free surface at z = 0 and the boundary between two fluids 
at z = H is given by the solution of equation (1). The solution is given in refer¬ 
ence 11 by 

(26) 

where 

r is the horizontal range, 

u> is the angular frequency 

m is the mode number, 

«in is the horizontal wave number kr for mode m, and 

18 
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Figure 9. Two-Layered Half-Space 

(27) 

in which 

p is the water density at the source, 

*m(z) is the normalized displacement potential, a function of depth, 

zq is the source d^)th, 

z is the receiver depth, 

m is the mode number. 

The notation p is the excitation function given bv 
m 

1/2 
o 
o 

(28) 

where 

pQ is the water density at the source, 

cq is sound velocity at the source, 

19 
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S is the power output of an omnidirectional source, * 

K 
m 

is the horizontal wave number, and 

V 
m / "i** ’ 

— oo 

(29) 

where <p is the normalized displacement potential. 
m 

If the source produces a unit .sound pressure level, then the following relation¬ 

ship (reference 11) must be satisfied: 

(30) 

Substituting equation (30) into equation (28), we obtain for the excitation pressure 

1/2 

(31) P, m 

The excitation pressure is the sound pressure amplitude produced by a source that 

generates a unit pressure level at unit range when both source and receiver are at 
antinodes. It is essentially a measure of the source level of mode m for a unit 

source. 

From equation (26) we determine the pressure amplitude characteristics of 

the sound field, and this amplitude, p , is given by 
a 

1/2 

(32) 

Since pa is the sound pressure amplitude at range r from a generator with 

unit source level, the value of propagation loss Lp at range r for given depths of 

source and receiver is 

L = -20 log p . 
r a 

(33) 

* This quantity is represented by 11 in reference 11. 
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ft caxi be seen from equations (27) and (32) that, ones *>m Is known, one ean 
SMdly deternine the effect of the source and receiver depths on the sound field at 
a given range. If the source depth, z0 , is such that * .,, , u ' --’'mi2«) is a node, tue mode 
m will be suppressed in the sound field; conversely, if z0 is suchthat <fm(zn) is 
an anttnode, the sound field of mode m will be greater than it would be at depths 
for which *m(z) is less than *>m(z0). The same relationships apply to the effect 
of the receiver depth upon the sound field. 

It can also be seen from equations (27), (28), and (29) that the 
tude does not depend upon the normalization of #(z) . 

pressure ampli 

^or ®ma11 attenuations of individual modes, equation (32) may be rewritten to 
include, for mode m, losses at the boundaries as a function of range and losses 
caused by absorption of sound energy in the water, so that 

“(v • i)] " j ^ 
where D (which must be specified by the user of the program) is a measure of 
bottom loss in decibels of loss per unit increment of range and a is the attenuation 
coefficient given in reference 14 by 

. dB O.lf2 

M-i + i2 + 

where f in the frequency in kilohertz. 

PROPAGATION IN A MEDIUM IN WHICH 
STRATIFICATION IS A FUNCTION OF RANGE 

In computing the sound field for a medium in which stratification is a function 
of position, the following three assumptions (reference 11) are made: 

a. The values of *m(z) correspond to local stratification. 

b. The stratification varies slowly from one region to another so that there 
is no appreciable scattering of energy from one mode to another, when sound 
propagates through the medium. 

4012 

4100 + Í2 ’ 
(35) 

21 



TR 4887-1 

c. If the latter assumption holds, then the bottom topography can be 
approximated by a number of segments of different depth parallel to the surface as 
shown in figure 10. (Assumptions b and c will be removed in the following section.) 

The power in a given mode is determined by ^(zq) , where zQ is the source 
depth. The pressure level at the receiver is determined by <¿>(z), whe. o z is the 
receiver depth. When there is little scattering between modes, we can approximate 
(reference 11) the pressure level for a given mode by substituting Pm for Pm in 
equation (34), with 

(36) 

where "source" and "receiver' refer to the values of P obtained by taking into 
account the local stratification at the source or receiver. 

Thus, PSource is found by calculating Pm in equation (27), using the depth, 
velocity profile, and bottom composition present in the segment of the range con¬ 
taining the source. In addition, *>m(z0) should be substituted for ^m(z). Similarly, 
to calculate Preceiver* local stratification at the receiver should be used in 
equation (27) and <¿>m(z) should be substituted for <¿>m(z0) . 

In equation (34) the phase of the signal depends upon «mr . In a medium not hori 
zontally stratified, «m is a function of range, since the variation in water depth 
and bottom composition causes *m to vary. The term «m can be expressed by 

(reference 11) _ 

where ïm is the average of *m over r and *m(r) is the value of «m at 
a range r . Equation (36) c?m be used to form a perturbation solution of the plane 
wave equation 

c 

in this case, one obtains (reference 11) an approximate solution so that in equation 
(34), *tm(r) can be replaced by 

where 

(37) 
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Figure 10. Model of BI FI Range 
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If the bottom properties vary with range from the source, then the attenuation 
per unit range due to losses at the boundaries 1½ varies as a function of range, 
and Dmir) in equation (34) can be replaced by 

r 
DM d^ . 

m 

Thus equation (34) becomes 

Pa s[r 

-ar/20- frD M dV20 
_ I m 
E p io Jo 
m m cos(* r + AS-»/4) 

m 

V p 10 
m 

ar/20- f D (al dV20 
Jo m 

12 

m 
sin(* r + AS - ir/4) 

m 

1/2 

(38) 

and 

Lr = -20 log pa , (39) 

where is the propagation loss at range r . 

The amplitude distribution as a function of depth and the ray equivalent can 
be calculated for a particular segment of the range by a method identical to that 
used for stratification constant with range, using the parameters determined by the 
local stratification. 

The above formulation corresponds to a simple physical picture of the propa¬ 
gation of sound in a medium whose stratification changes with range. Let us 
consider two plane waves propagating in a medium segmented as described above. 
Let the first wave correspond to a given order mode in one segment and the 
second wave correspond to the same order mode in an adjacent segment. If the 
change in stratification between segments is small, the difference in direction of 
the two waves is small; hence the waves are excited at approximately the same 
level at the source. This level is determined by the excitation pressée of the mode. 
However, the field at the receiver will correspond to the stratification of the seg¬ 
ment in which the receiver is located, and the plane wave that corresponds to the 
mode considered will dominate the contribution by that mode to the field in the 
segment. Thus the field in the segments is determined by the plane wave corre¬ 
sponding to the modes that compose the field. By extending the concept to several 
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segments and several plane waves, we can similarly picture a given mode changing 
shape in conformance to the local stratification, as it moves from segment to 
segment. 

Let us consider, for a specific case, the effect upon sound propagation of 
differences in eg , the velocity of sound in the bottom, found in segments of a 
range. This effect can be seen in table 1, in which ^ , the angle of incidence at 
the bottom for the wave corresponding to mode 1 at 127 Hz, is given as a function 
of Cg for the', velocity profile shown in figure 11. Consider the case where Cp 
varies between 5200 and 6000 ft/sec over a range. The decrease in 6-, is rather 
small, 0.9°. Thus it appears that the formulation presented above in equations (38) 
and (39) can be used for such a variation in cB , with D^r) , the bottom loss for 
mode 1 as a function of range, chosen to correspond to cB in each segment. 

Table 1. Angle of Incidence at Bottom for Mode 1, 6 , 
and Critical Angle 8C as a Function of Velocity of 1 

Sound in Bottom c_, at 127 Hz 
B 

Let us consider the result when the value of cB varies from 5000 to 5200 ft/sec. 
The change in * A is larger (1.5°) than for the case considered previously. Further¬ 
more, the $c corresponding to a cB of 5000 ft/sec is greater than the 91 corre¬ 
sponding to 5200 ft/sec. M the situation where cB increases with increasing 
range from 5000 to 5200 ft/sec, the ray corresponding to mode 1 for the harder 
bottom (cB = 5200 ft/sec) can be highly attenuated because the angle of incidence 
is less than the criticai angle as the ray passes through the segment that contains 
the softer bottom. If the softer segment is long, there is a high probability that the 
ray considered cannot contribute significantly to the sound field over the hard 
bottom. Thus, if the ray is highly attenuated, one would expect a dramatic drop in 
signal level and an unstable field. If, on the other hand, the transition is from a 
harder to a softer bottom, the value of 6^ increases, and hence the sound field 
should be stronger over the softer bottom because of the transition alone. (This 
subject and pertinent experimental results are discussed in reference 15.) 
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A change in stratification due to an Increase in water depth results in an in¬ 
crease in the *1 associated with a given mode. Hence, the result of such a change 
in stratification is similar to the result of a decrease in cB . (The effect of a 
change in depth is discussed in detail in reference 16 in the context of the conse¬ 
quences of a change in water depth due to tide. ) 

Finally, a change in stratification that can be described by a change in velocity 
profile with range has two effects. First, like the changes in stratification discussed 
above, the angle $i associated with a given mode is changed. Second, the angle of 
propagation of a given wave corresponding to a given mode in one segment is diverted 
toward the direction corresponding to the same mode in the following segment 
entered by the wave. 

MODE CONVERSION AND A SLOPING BOTTOM 

One method of determining the sound field in a medium such as shown in 
figure 10, while accounting for the effect of mode conversion, is to assume that the 
field at the interface between any two segments is produced by an equivalent fine 
source. The purpose of synthesizing such an equivalent source is to determine the 
sound field in terms of modes immediately to the right of the interface when the 
field to the left is known. Once the sound field is determined in this manner, it is 
a trivial matter to determine the sound field throughout the entire right segment. 
The equivalent source can be located anywhere in the left segment. It is convenient 
to consider the source at unit distance from the interface but it can be placed 
arbitrarily close to the interface after reducing its amplitude in the appropriate 
manner. Since the equivalent array can be placed arbitrarily close to the interface, 
it follows that the field immediately to the right of the interface can be determined 
by calculating the field produced by this source as it radiates energy into the right 
segment. The amplitude and phase of such a line source may be determined 
uniquely for each mode by taking advantage of the fact that a set of functions 
closely related to the eigenfunctions ^m(z) °f the modes are orthogonal. Thus 
(reference 17) 

where p is the density at depth z and 

IPq in the water column 

p in the bottom , 
B 

and k is a constant. 

m = n 

m¿n ’ (40) 

Examination of equations (34) and (27) shows that, for a given mode, the pressure 
amplitude pa is dependent on the source depth only through *m(z ) . 

iu o 
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Hence 

(41) 

for a given mode m and source depth Zq . Here k, a constant independent of 
source depth, is obtained from equation (34), with a modification of the term 
to reflect the changing stratification with range, and is given by 

(42) 

where r is the range to the interface. 

Given a continuous transmitting array, we have from superposition 

(43) 

where w(z) is the amplitude of the array measured at unit distance and depth z. 

The phase of the array will be independent of depth and can be considered 
separately. We wish to determine an equivalent array corresponding to mode n 
and the orthogonality property given by equation (40) dictates the form of the 
amplitude distribution of the array. Hence 

(44) w(z) = k p* (z) 
n n 

where k is a constant independent of z for mode n. 
n 

Because of orthogonality (equation (40)) and the condition that the array duplicate 
the sound field given by equation (41), we obtain 

/+ oo 

k p<p (z) * (z) dz = 
« n n m 

k*n(z) m = n 

(45) 
o m / n 

Hence 

k 
n 

(46) 
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and from equation (44) 

(47) 

The phase of the array meiisured at unit distance is obtained directly from the 
Phase of the mode given by equation (38). The phase • is independent of depth and 
is indcated by 

A = eJ(:mr + AS - '/4> • (48) 

where r is the range to the interface. 

This procedure can be followed for all modes in the sound field and the pres¬ 
sure amplitude of equivalent sources obtained as shown on the left of figure 12. 
These sources can then be added, taking into account the phases of the arrays, so 
that the sources are combined to obtain one equivalent line source, such as the one 
sketched on the right of figure 12, so that the amplitude and phase are given by 

(49) 

The resultant pressure amplitudes of the individual modes immediately to the right 
of the interface are obtained in a manner similar to equation (43), so that 

(50) 

where the primes indicate that the parameters are determined in the right segment. 
The phase of a given mode may be obtained from equation (50) before the absolute 
value operation is performed. Naturally the total field follows from a knowledge of 
the amplitude and phase of the individual modes. 

In the model, the pressure amplitude distribution as a function of depth for the 
individual modes is determined by numerical integration at a discrete number of 
depths. Hence, a continuous equivalent source must be approximated by a limited 
number of discrete sources. Hence the orthogonality property is only approximate 
and 
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Figure 12. Representations of Equivalent Arrays 

N 

£/%<*> V1»*2 

k m = n 

o m ^ n 
(51) 

where N is the number of discrete depths and * (i) is *(z) evaluated at the i-th 
discrete depth. It is believed that the vertical separation between values of the pres¬ 
sure ampUtude distribution necessary to obtain convergence in the numerical integra¬ 
tion over the water column is sufficient for this approximation. This has been borne 
out by test cases where the stratification was assumed to be identical in the adjacent 
segments. Assuming orthogonaUty, the level of a given mode produced is the same 
immediately to the left or right of the interface and the levels of all other modes are 
zero. For sample cases run, for a few simple velocity profiles, the level of the 
approximated mode was virtually the same on both sides of the interface, and the 
levels of all other modes were at least 50 dB below this level. Likewise, when iden¬ 
tical stratification was assumed in eight adjacent segments, the level of the approxi¬ 
mated mode was virtually the same on both sides of all interfaces, and the levels of 
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all other modes were at least 50 dB below this level at all ranges. Assuming orthog- 
onaUty for arrays of point sources, the integrals in the preceding equations must be 
replaced by sums so that equations (43), (45), (46), (47), (49), and (50) become 

N 
Pa = k E W(i)* (i) Az 

i=l 
(52) 

N 

p =k£ k **„(*> *ji>Az = 
i=l m 

k * (Z ) 
n o' m = n 

m ¿ n 
(53) 

»n<zJ 1 U 
k*°T—2 

1=1 
(i)Az 

(54) 

^ (z ) 

Wn(,, = £—f-*%<*» 
Z-» P<fin (i) Az 

i=l 

(55) 

w(i)e = Y, wn(i) e n 
m “ 

(56) 

P a k' Ë w(i) ej * ^(i) A z 
i=l m 

(57) 

Another way of looking at the same problem is to consider the consequences 
of continuity of pressure at the interface and orthogonality. Assume for the sake 
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of simplicity that functions um(z) and u^n(z) are both orthonormal (the unprimed 
symbol indicates a function applicable in the left segment and the primed symbol 
indicates applicability in the right segment) so thaf 

/+« 

U <Z) u (z) ‘k = - m n 

m = n 

m ^ n 
(58) 

/I' um-<z> V2» ^ = 

m = n 

•A > m / n 
(59) 

and by a reasoning similar to that applied above that the pressure be expressed by 
mklWz) an<* 31111 k* are complex constants) so that by continuity 
or pressure across the interface 

m 
k u (z) 
m m = L Cu''(z) m m 

m 
(60) 

Generally, we know values of k , u (z) and u^-(z) and wish to determine kl- . 
If we are interested in the field to the^left corresponding to mode n and the 1 
resultant field to the right after mode conversion, we multiply both sides of the 
equation (60) by u^z) and integrate over all z and get 

/ +00 /* + a0T~» / 
£ UtJZ> Un<Z> d2 = / £ km'Um^Z) Un iZ> ^ * *e m m n J —«> mm n 

(61) 

By using orthonormality 

/ + *> -+ ® 

« k„ u„(z) u„(z) dz = I V k' ,u' ,(z) u (z) dz . -» n n' ' n' ' J-* m m n 
^ m 

(62) 

Equation (62) tells us that an equivalent array proportional to u (z) , tra*\smitting 
energy into mode n in the left segment represented by n 

/+ 00 

u (z) u 
■w n ' n 

(z) dz 
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on the left in the equation, produces energy in all modes in the right segment as 
indicated by the additional on the right in the equation. For m ^ n in the sum, 
the term corresponds to the level of the mode produced by mode conversion. 

If we wish to determine the extent of this coupling, the coefficient kp of 
a given mode p must be determined. This can be done by multiplying equation (62) 
by u'(z)/u (z) so that 

p' ' n 

(63) 

By orthogonality of u ' . (z) , 
m 

/kn UJZ) u dz = /* k' u (z) u (z) dz . * n n p j-oD p p' ' p' 7 (64) -« p p 

or 

(65) 

Equation (65) tells us that an equivalent array proportional to un(z) , transmitting 
energy into mode p in the right segment, produces the energy associated with 
mode p in the right segment. This mathematically corresponds to the physical 
ideas inherent in the conception of equivalent arrays. However, in utilizing equiv¬ 
alent arrays, the field may be found directly and it is not necessary to solve 
explicitly for coupling coefficients. 

In extending the scope of the model to include the effect of a sloping bottom, 
the following idealization is made. The total range interval is divided, as shown in 
figure 13, ’.nto segments in which the bottom is approximated as being smooth and 
having a constant slope. The bottom composition and velocity profile are constant 
within any one segment but may differ in various segments. 

The effect of a sloping bottom can be accounted for in any segment in the 
following manner. First, as for the kind of segmentation shown in figure 10, the 
sound field is obtained at the beginning of the segment as generated by an equivalent 
array in the previous segment. Within the segment, there is a continuous process 
of mode conversion due to two processes: (1) mode conversion results from the 
change in the eigenfunctions of the modes due to the changing depth, and (2) mode 
conversion results from the deffection of energy by the sloping bottom. 

The effect of the change in depth can be determined in a manner identical to 
that used in treating the stratification shown in figure 10. An equivalent array can 
be determined at any range where the sound field is known. This array can be used 
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to determine the sound field immediately to the right. This process is continued 
until the sound field has been determined throughout the segment. 

The deflection of energy by the sloping bottom is accounted for by considering 
the ray equivalent of an individual mode as shown in figure 14. As can be seen by 
observing the ray equivalent, the extent to which energy associated with a mode is 
deflected, at a given r-inge, is determined by the skip distance of the mode and the 
angle of inclination of the bottom. In a so-called conversion distance D, all energy 
is deflected by an angle 20ß , where 0B is the angle of inclination of the bottom. 
Knowing the ray equivalent and 0B , one can determine D "graphically" on a com¬ 
puter. At the beginning of the segment, all energy progresses in a direction deter¬ 
mined by the local stratification. Hence one equivalent array can be used to 
represent the mode. At greater ranges, part of the energy is deflected and the 
remaining energy retains its original direction. Hence the one equivalent array 
must be divided into two subarrays, which represent, respectively, the undeflected 
energy and the energy deflected by the sloping bottom. Since the skip distance is a 
function of range, the conversion distance is also a function of range, and the com¬ 
position of these subarrays is determined by the number of bounces NP(r) at any 
given range, given by 

(66) 

where r is the range measured relative to the beginning of the segment. 

Nc(r) is not generally an integer and the fractional portion of Nc(r) determines 
the division of energy between the two subarrays. For example at range Ri shown 
in figure 14, Nc(r) equals 0. 5 which indicates a range of one half the conversion 
distance D. The two subarrays have equal energy. Subarray 1 has no time delays 
and subarray 2 has time delays corresponding to angle of inclination 2 0 B which is 

2wz sin(2 0B) 
Subarray 2: radians, 

X 

where z is the vertical coordinate measured down from the ocean surface and X 
is the acoustic wavelength measured at the ocean bottom. At range Ro , N (r) 
equals 1 conversion distance and all energy is deflected and is contained inC 
subarray 2 with time delay corresponding to angle of inclination 2 0fi . At range 
r3 * Nc(r> etluals 1* 5 conversion distances and subarrays 1 and 2 have time delays 
corresponding to angles 2 0 , and 4 0 , respectively, and they have equal energy. 
The time delays are given by 0 
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2rz sin(2 6_) 
Subarray 1:-£_ 

Subarray 2: 
2wz sin(4 0 ) 

radians 

radians. 

to general, given Nc(r) , the energy of the subarrays Ej and E2 and the time 
delays and 4>2 can be determined in the following maimer 

El°c îfiyr) + 1]- N (r) 

E2 * Nc(r) ' 1 [Nc(r)3 • 

where I[xJ represents the largest integer less than x . Therefore, the pressure 
amplitudes w^ and w^ are given by 

j « SQRT^l[Nc(r) + l] - Nc(r)\ 

2 a SQRT^Nc(r) - I[No(r)] j . 
Since Üie total energy in the subarrays must equal that in the original array, the 
amplitude, w, of the undivided array must be such that 

w = w + w„ 
1 2 (67) 

or 

SQRT^I [Nc(r) + l]- Nc(r)J + k SQRT ^(r) - I [^(r)]^ = w 

SQRTj1 [Nc(r) + l] - Nc(r)) + SQRT(Nc(r) - I [Nc(r)]J 

SQRt((I [Nc(r) + l] -Nc(r))w 

1 " SQRTJIpyr) + 1] - Nc(r)) - SQRT|f/(r) - l[Nc(r)]J 
w. = 

(68) 

(69) 
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W2 SQRT(l[Nc(r) + 1] - Nc(r)) + SQRT|Nc(r) - Ipyr)]) ' (70) 

SQHT(Nc(r) - I[Nc(r)]) w 

The phase delays of the two subarrays due to reflections are added to those associ¬ 
ated with the unperturbed array. The delays are given by 

Array 1: ^ (71) 
\ 

(72) 

Such subarrays can be determined for all modes at any given range of interest and 
then they are combined to give one equivalent array at this range. The sound field 
at any depth at the range is obtained from the field produced by this array. 

As energy progresses upslope, backscattering will occur when 2 ifNcW + l]«, 
exceeds 90 degrees. When this occurs, the reflected field Is calculated separately 1 
from the field produced by energy propagating forward. In a manner similar to that 
described when the energy is progressing forward, the reflected field is determined 
at ranges of interest while considering the effect of the sloping bottom on sound 
propagating backward. 

In practice, certain assumptions are made in the implementation of the proce¬ 
dures described above. Mode conversion due to the changing eigenfunction in the 
section is neglected. It is assumed that modes unperturbed by the sloping bottom 
are constant in any section. As a result, the conversion distance D is constant 
within any one segment and equation (66) becomes 

(73) 

Neglect of this source of mode conversion may be difficult to justify when large 
slopes occur in the bottom. However, this problem may be reduced by segmenting 
the range more finely. In future versions of the model, it may prove advantageous 
to calculate the eigenfunctions corresponding to the modes at more than one depth 
within any segment. This additional calculation of eigenfunctions can be accom¬ 
plished with little increase in computation time by making the following modification 
in the numerical procedure used. Presently the wave equation is integrated numer¬ 
ically from bottom to surface, until the boundary condition (u = 0) is satisfied to an 
acceptable tolerance at the surface. The wave equation could be integrated numer¬ 
ically from surface to bottom, until the boundary condition for du/dz is satisfied 
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to an acceptable tolerance at the bottom. If, in the trial and error process, the 
slope was tested at all depths of interest as bottom depths, we would obtain the 
eigenfunctions for all depths of interest. Iu essence, we could increase dramati¬ 
cally the information obtained from virtually the same procedure. 

When the ray equivalent is used to determine mode conversion effects, we 
necessarily use some of the approximations inherent in ray theory. For instance, 
if the ray equivalent of a mode vertexes above the bottom, it is assumed that the 
sloping bottom does not affect the mode. This assumption is justified provided the 
ray vertexes well above the bottom. In addition, ray theory poses problems when 
angles of incidence are near the critical angle, and the ray equivalent, strictly 
speaking, does not truly represent the physical picture. 

TIME-LIMITED SIGNALS 

In previous discussions, we have considered only CW signals produced by 
a harmonic source. It is also of interest to consider pulsed CW signals. Knowledge 
of such signals can serve two purposes. First, such signals are often transmitted 
in ocean experiments, hence it is desirable to predict the propagation 01 such signals. 
Second, such signals can be considered as approximations to other more complex 
time-limited signals used in ocean experiments, such as filtered explosive signals, 
and can be used to predict propagation of the more complex signals. 

The procedure used in the model described herein is similar to that described 
in reference 18 but is extended to accommodate a range-dependent environment. 
This procedure assumes that the propagation of a CW pulse can be described by 
modes of the same duration as the pulse. These modes are assumed to propagate 
in accordance with the group velocities of the modes corresponding to the center 
frequency of the transmitted pulse. An example of such a received signal is shown 
in figure 15 where each arrival corresponds to a mode and where some of the modes 
overlap, causing distortion of the received signal. The assumptions which allow the 
calculation of such a signal are good, provided the CW pulse is long enough so that 
the bandwidth of the signal is small, or provided the medium is not very dispersive 
over the bandwidth of the signal. 

Under these assumptions, it is extremely easy to determine the characteristics 
of CW pulses at any point in the water column. The field is given directly by equa¬ 
tions (34) and (38) (where the medium is either unstratified or stratified with range, 
respectively) with a few small modifications. First, we must consider the instantane¬ 
ous pressure p(t) a function of time and hence the term wt, suppressed previously 
must be obtained by adding terms of the form £ cos . In addition, the number of 
modes included in the total field is a function of time, since each mode arrives at 
a time consistent with the group velocity and lasts only the length of the transmitted 
signal. Hence, when the medium is unstratified in range, the signal duration for 
a given mode is given by 
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e (74) 

where 

tg is the time of arrival of the signal corresponding to the mode, 

tg is the time at the end of the signal corresponding to the mode 

r is the range at which the received signal is calculated, 

V is the group velocity of the mode, 
D 

T is the duration of the transmitted CW pulse. 

When the medium is stratified in range, the signal duration for a given mode is 
given by 

t 
s 

N r 

‘e'E^+T, (75) 
i=l gi 

where 

N is the number of segments into which the range is divided, 

r^ is the length of segment i, 

Vg is the group velocity of the mode in segment i . 

(It may be noted that in equations (74) and (75) ts and te are independent of 
source or receiver depth. Hence, the basic structure of a received signal is inde¬ 
pendent of the source and receiver depths. The source and receiver depth only affect 
the amplitudes of the arrivals. ) 

As a result of the previous discussion, for a medium unstratified in range, 
equation (34) yields for the instantaneous pressure p(t) 
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m=in(t) 
EP 10' m 

. m 
(-D r/20 - ar/20) 

cos(«mr -»t - r/4) (76) 

and, for a medium stratified in range, equation (38) yields 

cos (« r+ÛS - *t - w/4) (77) 
m ' 

where is used to indicate that at any given time t, a limited number of 
modes determined by equations (74) and (75), respectively, are included in the 
summation. 

Propagation loss Lr is determined from the ratio of the energy in the 
received signal to that of the transmitted signal so that 

(78) 

where is the energy of the received signal, E0 is the energy of the transmitted 
signal at unit distance. Hence, 

(79) 

where 

'ï' is the length of the received signal, 

T is the length of the transmitted signal, 

t is time measured relative to the beginning of the signal, 

p(t) is pressure of the received signal as a function of time, 

PQ(t) is pressure of the transmitted signal at unit distance as a function 
of time. 

If the pressure amplitude of p (t) , the transmitted signal, is unity, the lower 
integral is evaluated so that 
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2 T 
sin (wt) dt = - 

ù 
(80) 

provided the signal contains an integral number of cycles or T > > w . Thus 

(81) 

Since, in the actual computer computations, p(t) is calculated only at a discrete 
number of instants of time, the integral in equation (81) must be replaced by a sum 
so that 

T'/At 2 
£ P (iAt)At 

(82) 

where A t is the time interval between samples of p(t) . 

At present the propagation of time-limited signals is not considered when calcu¬ 
lating mode conversion. Mode conversion is not included in the analysis because of 
the complexities introduced. The situation becomes complicated because each pulse 
corresponding to a mode, after mode conversion, is transformed into a number of 
pulses, one corresponding to each mode, displaced in time from all other pulses. 
Hence, after n + 1 segments with each segment containing m modes, there are 
n X nr pulses to keep track of. 

ARRAYS AND SELECTION OF MODES 

A study (reference 1) conducted by A. D. Little, Inc., for the Naval Underwater 
Systems Center (NUSC) demonstrated the feasibility of exciting single modes in the 
Block Island-Fishers Island (BIFI) shallow acoustic range by means of a vertical 
array of sources. The excitation of single modes in the range has several attractive 
uses, among them the study of individual modes, reduction of the effects of inter¬ 
ference between modes, and the selection of modes to maximize the level of the 
sound field or to provide information about a particular portion of the water column. 

Effective utilization of such an array in acoustic experiments requires: (1) knowl¬ 
edge of the theoretical sound field produced at any range and depth for any amplitude 
and phase of the individual array elements, and (2) the theoretical optimum array 
shading for transmitting any single mode. In order to obtain this information here, 
the propagation of sound generated by a vertical array is discussed in terms of 
normal mode theory. To facilitate understanding of the physical mechanisms involved, 
in each of the following subsections, the initial discussion assumes a very idealized 
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description of the medium. A description of the calculations performed in the 
computer program, which of course employs more realistic assumptions regarding 
the medium, then follows. 

Propagation of Array-Generated Sound 

Previously, pa , the pressure amplitude of the sound field produced by a 
point source with unit source level in an ocean with a flat, semi-infinite, homogene¬ 
ous bottom, was described by a function dependent on range: 

4 
{ 

EPm10(-Dmr/20-“r/20>c<.s(. 

+ E P m 1 m m 

(-D r/20 - or/20) 
sin 

-:)J 
(vrf)] 

1/2 

(83) 

where 

a is the attenuation coefficient caused by absorption 

ßQ is the water density 

r is the horizontal range 

m is the mode number 

* is the horizontal wave number of mode m m 

^m *S a^enua^on Per unit range due to losses at the boundaries 

pm = Pm r Vz) Vzo> - 
s 

(84) 

where 

p is the water density at the source 
O 

*m^ is normalized displacement potential as a function of depth 

zo ’z are source nnd receiver depths, respectively. 
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where 

/o«2'» 
Pm 2» 

m 

1/2 

Vv 
(85) 

V 
m 

(z) dz . (86) 

Examination of equations (83) and (84) shows that, for a given mode, the pres¬ 
sure amplitude p is dependent on the source depth only through *m(z0) • Hence, 

pa* 
* (z ) 
nr o 

(87) 

for a given mode m and source depth z . Given a vertical transmitting array of 
N point sources in phase and with unit amplitude, we have from superposition 

pa a 

N 

E 
i=l 

♦mtV (88) 

The general nature of the sound field produced by such an array can be deduced 
from figure 16 and equation (88). In the figure, * is sketched as a function of depth 

Figure 16. Displacement Potentials of Modes 1 to 4 
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tor modes 1 to 4 in an idealized case of two pressure release surfaces. For mode 1, 
is positive at all depths; hence, all terms in equation (88) for mode 1 are positive 

and add constructively. For mode 2, the sign of ? changes with source depth; ?£ is 
positive in the upper half of the water column and negative in the lower half. Hence, 
the second mode produced by an element of the upper half of the array combines 
destructively with the second mode produced by an element in the lower half. A sim¬ 
ilar discussion can br ** op lied to the higher order modes. (This should suggest to 
the reader one method of emphasizing selected modes, and this method is described 
later. ) 

If the elements of the array are amplitude- and phase-shaded, equation (88) 
becomes 

pa« 
N 

E 
i=l 

w. * (Z.) i m i 
J*i (89) 

where 

w^ is the amplitude of element i of the array measured at unit 
distance 

is the phase of element i of the array measured at unit distance. 

The pressure amplitude pa as a function of range and depth can be obtained for 
a shaded array by substituting the summation contained in equation (89) for ? m(z0) 
in equation (84). If, as in reference 11, we also extend the solution to a medium in 
which the stratification is a slowly changing function of range, we obtain 

where 

N is the number of elements in the transmitting array 

i is the i-th element of the array 
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is the phase at unit distance associated with the i-th element 

^m(r) 1® th® attenuation per unit range for mode m as a function of range 

ï is the average of « over r . 
m m ’ 

so that 

« 
m 

K 
m 

(r) - « 
m (r) (91) 

AS = f * (r) dr 
m Jo mv ' 

P = fp P 
m source receiver 

(92) 

(93) 

where 

P 
source 

s 

2 / V (z.) 
m' i 

receiver 
2 

^ (z) , m 

(94) 

(95) 

where z is the depth of the i-th element of the transmitting array, w is the 
amplitude of element i at unit distance, and the other symbols in equations (94) 
and (95) are given in equations (84), (85), and (86). 

Before propagation loss can be considered, a unit source level must be defined. 
In the case of an array of sources, we can define a unit source level in a manner 
analogous to that corresponding to a point source. Thus we define a unit source level 
for the array in such a way that there is a unit sum of the squared amplitudes of 
each source at unit distance. If the amplitudes of the individual elements are such 
that 

it follows that 

L.--20 log pa , 

(96) 

(97) 
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where L is the propagation loss at range r. 
r 

Similarly, one can take into account mode conversion by forming equivalent 
arrays after the superposition of the fields of the point sources. 

Amplitude Matching 

One approach to emphasizing one mode in the sound field is to match the 
vertical amplitude distribution of an array to that of the desired mode. Let us 
consider the medium and the corresponding displacement potential distribution 

°f modes 1 to 4 shown in figure 16. We assume constant p and c in 
the water column and pressure release surfaces at the two boundaries. If (z) 
is normalized so that 

(98) 

for all modes, it can be shown (references 17, 19, 20) that v (z) is orthogonal for 
this case, with the result that 

1 m = n 

0 m ^ n (99) 

The effect of matching an array to the vertical amplitude distribution of a mode 
can be determined from equation (98) and from equation (89), which is rewritten 
below: 

(100) 

If we assume a continuous distribution of sources so that the sum in equa¬ 
tion (100) may be replaced by an integral and if we match the array shading to 
^(5¾) associated with mode n so that 

(101) 

the pressure amplitude is such that 
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Pa “/” %<zl> VV = 
QO 

1 m = n 

0 m ^ n . 

(102) 

The significance of equation (102) is apparent. Consider a continuous line of 
point sources matched to *n(z) (or equivalently matched to the vertical pressure 
amplitude distribution of mode n). At any arbitrary range and receiver depth, the 
contributions corresponding to mode n produced at all source depths will add in 
phase, and the level of all other modes will be zero because of destructive 
interference. 

In figure 16, is sketched for modes 1 to 4. Let us consider, for definite¬ 
ness, the case where a continuous array of point sources is matched to mode 1. In 
this case, proper matching requires all array elements to be in phase and to have 
amplitudes proportional to 1^(¾) at each element depth zi . Thus the first modes 
generated by all elements are in phase and add constructively at all ranges and depths. 
However, the second modes generated by elements in the upper half of the water 
column are in phase opposition to those generated by elements in the lower half. This 
phase opposition corresponds to the change in sign of ^(z) at mid depth. Since 
*l(z) is symmetrical about mid depth, it follows that the arrivals corresponding to 
mode 2 cancel exactly. Similarly, by considering the symmetry of *m(z) , we can 
see that all even modes undergo complete cancellation. In the case of mode 3, the 
orthogonality property is not as evident; for this matching procedure, the third 
modes produced by elements in the upper and lower third of the channel are in phase 
at all ranges and depths but are in phase opposition to those produced by elements 
in the middle third of the channel. However, in the mode 1 matching, energy is so 
concentrated in the middle third of the channel (as shown in figure 16) that there is 
exact cancellation of the third mode. Similar analysis shows that there is exact 
cancellation for all odd modes. 

Thus far we have considered mode matching in a medium bounded by two pres¬ 
sure release surfaces. It is more realistic to assume a semi-infinite, liquid bottom, 
where there is a sharp discontinuity in p and c at the water-bottom interface. For 
such a bottom, it can be shown (reference 4) that ?m(z) is no longer orthogonal, 
because of the discontinuity in p. Hence matching to a mode will emphasize the mode 
in the sound field but will not completely eliminate all other modes. The results of 
matching can be calculated by using the model described herein. Such theoretical 
results for a 25-element array and typical velocity profiles, presented in refer¬ 
ence 21, showed that modes could, in theory, be emphasized under such conditions. 

In reference 1, a simple method of amplitude matching was proposed. The 
method consists of weighting an array in such a way that w^ , the weight of 
element i, is given by 
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w 
i 

1 if - (max I I >/2 

0 lf |vzi)|<(max|v<zi)|>/2 

-1 if 1^(2^)/2 , (103) 

where 

max 

m 

4> i 

is the number of the mode being matched 

is the depth of element i 

is the value of * (z) at z. 
m i 

is the maximum value of <p (z) over the water column 
m 

is constant. 

Phase Matching 

Another approach to emphasizing one mode in the sound field is to match the 
phase across a vertical array to that of the desired mode. Let us consider the 
medium and one of the two plane waves associated with an arbitrary mode m, 
shown in figure 17. We assume constant p and c in the water column and pres¬ 
sure release surfaces at the boundaries; hence, the phase change t undergone upon 
reflection from each of the boundaries is - v. The direction of propagation of the 
wave corresponding to a mode must be such that the wave is (reference 22) "self- 
consistent. " Hence, as successive waves progress from the top to the bottom of 
a vertical segment of the water column, the waves must be in phas at all water 
depths. This occurs (references 16 and 11) if A, the advance in phase that occurs 
as the wave progresses from top to bottom, is such that 

2Û+ €1 + «2 = 2w(m - 1) , (104) 

where 

m is the mode number 

* 1» *2 are Pkase changes upon refiection from the boundaries. 

Since € = t - - V at the boundaries in the case considered, it is required that 

Û = m V . (105) 
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Figure 17. Plane Wave Corresponding to Mode m 

The pressure amplitude of a mode as a function of depth can be determined by 
adding up going and downgoing waves corresponding to the mode. Such waves are 
shown in figure 18. At the ocean surface, these waves are out of phase by - r 
radians. Let us assume, for definiteness, that at the surface the phase of the down¬ 
going wave is -T radians and the phase of the upgoing wave is 0 radian. 
The phase of the downgoing wave increases uniformly with depth, so that, consid¬ 
ering equation (105), we obtain 

♦ 1(z) =-»+^m » . (106) 

Figure 18. Upgoing and Downgoing Waves 
Corresponding to a Mode 
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The phase of the upgoing wave decreases uniformly with depth, so that 

(107) 

where H is the water depth and 0 < z < H . 

The waves can be added by using the procedure illustrated in figure 19. The 
two waves are represented by vectors whose amplitudes are A = A = 1/2 and 
whose phases are given by equations (106) and (107). The vectors are rotated, in 
the directions indicated, through m r radians. Since the vectors are symmetrical 
about the ordinate the sum of the vectors is given by sin ♦, where ♦ is given by 
equation (106) or (107). The sums for modes 1 to 4 are sketched in figure 16. 

-7T 0 

A i ♦ Aj* SIN 6 

Figure 19. Vector Representation of Sum of Upgoing and Downgoing Waves 
Corresponding to Mode m 
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Similarly, the phase of either of the waves at any particular depth can be 
determined from the ampUtude distribution as a function of depth. The phase of 
a wave corresponding to mode m at depth z. can be determined simply by calcu¬ 
lating the arc sine of ^(Zj) . Thus, 

♦ (Zj) = arc sin (^(Zj)) + (J - 1), (108) 

where J is the number of zero crossings of * (z) for 0 < z < z . Hence it can 
be seen by inspection of figure 16 that, considering equation (108)/the phase of 
mode 1 varies linearly with depth from 0 to ir radians, mode 2 varies linearly from 
0 to 2r nidi ans, mode 3 from 0 to 3# radians, etc. This is in agreement with equa¬ 
tion (106). 

For an arbitrary velocity profile, the procedure illustrated in figure 19 must 
be modified. The angles ^ and *2 do not vary linearly with depth but increase 
more rapidly for depths corresponding to large sound velocities (large curvature 
of rays) than for depths corresponding to smaller velocities. Moreover, if one 
introduces a liquid, semi-infinite bottom, the vectors are rotated through 
(w - *2)/2 + (m - 1) F radians («2 is the phase change upon reflection from the 
bottom). In all cases, however, the phase at any depth can be more easily calcu¬ 
lated by using *m(z) and equation (108), in the model. Hence, a vertical array is 
matched to the phase of a mode by setting ♦j, given in equation (89), equal to 
♦(zi) , the phase of the mode at the depth of array element i . This matching has 
the effect of steering energy in the direction corresponding to the desired mode. 

Given , the phases of the array elements, we should choose the amplitude 
weighting wj to obtain, for a specific power, the maximum pressure amplitude of 
the sound field produced by mode m at any given range and depth. Since *m(z) is 
the only parameter of the sound field dependent on source depth, we would like to 
obtain 

N 
max £ 

i=l 
(109) 

under the constraints that 

¿ w^ = constant 
i=l 1 

wj > 0 i = 1, 2 f • • • t N . (110) 
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The maximization of expression (109) subject to constraints (110) is a problem 
in optimizing a nonlinear objective function subject to nonlinear constraints. A rather 
complex algorithm serving this purpose is described in references 23 and 24. How¬ 
ever, we shall adopt a simpler, albeit less optimum, procedure that utilizes a form 
of cosine weighting whereby wJ, the ampUtude of the i-th array element at unit 
distance, is given by 

Wi °i^m(Zi) C0S 9 * (111) 

where 

Zj is the depth of element i 

9 is the phase difference ♦, - # for mode m , 
i max 

in which 

is the phase of element i 

♦max ls 016 Phase corresponding to the maximum value of \<p (z)| in the 
lobe of (z) that contains the depth of element i . m m 

In the discussion concerning arrays it has been assumed that the aperture of 
the array is such that the array extends over the entire water column. Perhaps 
a few words concerning mode enhancement using limited aperture arrays may be of 
interest. Hie capability of a limited aperture array to enhance modes can be demon¬ 
strated qualitatively by observing the displacement potentials shown in figure 16. 
Assume that the array covers the upper half of the water column, and we would like 
to match to mode 1. Hence, by using the amplitude matching described in equa¬ 
tion (101), all arrivals corresponding to mode 1 add in phase. However, all arrivals 
corresponding to mode 2 also add in phase, but these arrivals will not emphasize 
mode 2 as much as mode 1 since, for example, the depth of the maximum weighting 
for the array corresponde to a zero for *2 (z> • K can be seen that, for higher- 
order modes, there is some cancellation and that this is a generally increasing 
function of mode number. Hence we can conclude that the effect of going to a limited 
aperture array is effectively, as expected, a broadening of the beam, and as a result 
the tendency is to reach a state in which gvoups of modes, rather than individual 
modes, can be enhanced. 

DESCRIPTION OF COMPUTER PROGRAM 

It is necessary to use a high-speed computer to perform the computations 
which correspond to the acoustic model described herein. The mechanics of using 
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the associated computer program and the output which eventuates are described in 
this section, together with the following aspects of the program: 

• Input parameters specifying the source and receiver, and the medium 
over which sound is transmitted 

• Amplitude versus depth and the ray equivalent 

• Propagation loss versus range 

• Propagation loss versus depth 

• Time-limited signals 

• Mode matching, using amplitude and phase matching. 

INPUT PARAMETERS SPECIFYING SOURCE, 
RECEIVER, AND MEDIUM 

Certain input parameters must be specified by the user of the program. The 
number of segments into which a given range is divided is specified by inpii NPCS 
(table 2, card group 2). If NPCS = 1 and the bottom is flat (IRH = 0, card group 16) 
then the stratification does not vary with range. If NPCS > 1 and the bottom segments 
are flat (IRH = 0), the ocean is divided into flat segments such as is shown in fig¬ 
ure 10. If IRH ¿ 0 for all segments, the ocean is divided into segments with constant 
slope as in figure 13. The depth, location, size, and bottom properties of each seg¬ 
ment are inputs of card group 16, and the quantity of velocity profiles necessary for 
a full description of the range is given by NVPC (card group 2). The number of the 
first segment described by a particular velocity profile is given by ICVP(J) (card 
groupS; this profile describes the velocity conditions from segment ICVP(J)to 
segment ICVP(J + 1). The velocity profiles themselves are specified in card group 13. 

If information is desired concerning propagation from a point source to a point 
receiver, the source depth (ZS) and receiver depth (ZRC) are specified in card 
group 12. Such information may be obtained for NDPZ (group 5) additional source -- 
receiver configurations specified in card group 6. 

If information is desired concerning propagation from a vertical array of point 
sources, the number of sources is given by NSE (card group 5). The depths of the 
elements, ZSD(J), and their relative amplitudes, SMA(J), and phases, SMP(J), at 
unit distance are given in card group 9. The sound field may be obtained at NDPR 
(card group 5) receiver depths, which are given by ZRD(J) (card group 8). 

If information is desired concerning propagation to a vertical array of point 
receivers, the number of receivers is given by NRE (card group 5). The depths of 
the elements, ZSD(J), and their relative amplitudes, SMA(J), and phases, SMP(J), 
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at unit distance are given in card group 10. The sound field may be obtained for 
NDPS (card group 5) individual source depths, which are given by ZRD(J) (card 
group 7). At present, propagation from an array of point sources to an array of 
point receivers cannot be determined by using the present computer program. 

For any given source, the frequency FQ is specified in card group 14. 

A time-limited CW pulse at length IPL (card group 14) milliseconds may be 
specified. If IPL = 0, an infinite CW pulse is specified. 

If IMA = 1 (card group 5), the sound field is calculated at a depth for which any 
given mode is a maximum. Thus, in effect, a point receiver is moved to the depth 
of the maximum amplitude of any given mode. 

AMPUTUDE DISTRIBUTION AND RAY 
EQUIVALENT 

Each segment of a range has its own amplitude distribution as a function of 
depth for each mode. For a range divided into 73 segments as in figure 10, it is 
doubtful that one would want a plot of the amplitude distribution and ray equivalent 
of the calculated modes for each segment. Therefore, NADS (card group 2, table 2) 
is the number of segments for which Calcemp plots of these functions are desired, 
and IADS(J) (card group 4) gives the segment numbers for which these plots are 
generated. NMOD (card group 2) is the :¿umber of modes calculated. Sample plots 
are shown in figures 20 and 21. The increment in range in feet in figure 20 is given 
by SHE (card group 13). The maximum water depth plotted in figure 21 is given by 
FSC (card group 12) times 200 ft. 

In determining u(z) , the amplitude distribution as a function of depth, the 
equation is integrated over the water column and u(z) determined at a discrete 
number of depths. The depth increment between values of u(z) is specified by 
FH ft (card group 14). The depth increment in feet between values of u(z) can be 
decreased by a factor of IMS (card group 14) for MNS (card group 14) intervals. 
These intervals are given by IAMS(J) (card group 15), where the intervals are 
numbered from bottom to surface. In the numerical procedure, kr is varied system¬ 
atically until numerical conversion is obtained to satisfy the boundary conditions. 
The increment of kr is proportional to the factor 10-IEX where IEX is specified 
in card group 13. The value of u at the bottom, u(l), is determined by the rela¬ 
tionship u(l) = UBOT^^) where UBOT and IX are in card group 13. The numer¬ 
ical integration is terminated when u(z) exceeds the value UM^^ , where UM is 
specified in card group 14, IXX in card group 13, and u(z) is determined to a depth 
of ZBOT (card group 13) into the bottom. 
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Table 2. Input Data for Program 

Card 
Group 

Amount of 
Cards 

Format 
Input 

Parameter 
Columns Data 

1 1 20A4 1-80 Heading on each page of output 

2 1 7110 

F10.5 

NPCS 

NVPC 

NADS 

NCOR 

NMOD 

ISM 

EBL 

BK 

1-10 

11-20 

21-30 

31-40 

41-50 

51-60 

61-70 

71-80 

Number of segments into 
which range is divided 

Number of velocity profiles in 
the range 

Number of segments for which 
amplitude distributions and 
ray equivalents are plotted 

Segment number considered 
to be effective water depth at 
source 

Number of modes calculated 

First ISM modes are ignored 
in calculations 

EBL = 0 

BK = 0.0 

3 The 
smallest 
integer 

> NVPC 
- 8 

6110 ICVP(J) 1-60 ICVP(J) is the number of the 
bottom segment at which 
velocity profile J is first 
used. This profile is used in 
calculations between segments 
ICVP(J) and ICVP(J+1). 

4 The 
smallest 
integer 

: NADS 
- 8 

6110 IADS(J) 1-60 IADS(J) is the number of the 
bottom segment for which the 
pressure amplitude distribu¬ 
tion and ray equivalent are 
plotted 
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Table 2 (Cont'd). Input Data for Program 

Card 
Group 

Amount of 
Cards 

Format 
Input 

Parameter 
Columns Data 

5 1 1015 NDPS 

NDPR 

IML 
IMU 

IMA 

NSE 

NRE 

INEU 

NDPZ 

NRT 

1-5 

6-10 

11-15 
16-20 

21-25 

26-30 

31-35 

36-40 

41-45 

46-50 

If the receiver is a vertical 
array (NRE>0), the field is 
calculated for NDPS differ¬ 
ent source depths 

If the source is a vertical 
array (NSE>0), the field is 
calculated for NDPR differ¬ 
ent receiver depths 

Mode matching information 
is printed out for all range 
segments between the IML-th 
and the IMU-th segments 

If IMA = 1, the sound field 
is calculated at depth for 
which pressure amplitude of 
any given mode is a maximum 

If (NSE>0), the source is a 
vertical array with NSE 
elements 

If (NRE>0) tha receiver is 
a vertical array with NRE 
elements 

INEU = 0 

If (NSE = 0 and NRE = 0) the 
sound field is calculated for 
NDPZ + 1, different point- 
source point-receiver 
configurations 

If the source transmits a 
CW pulse (IPL>0), the time 
history of the received signal 
at NRT ranges are recorded 
on digital tape (unit 8) 
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Table 2 (Cont'd). Input Data for Program 

Card 
Group 

j- 

Amount of 
Cards Format 

■j- 

Input 
Parameter Columns Data 

! « 
i 
• 

* i 
i 

*- 

If NDPZ>0, 
the small¬ 
est integer 

1 >NDPZ/3. 
i 

j If NDPZ=0, 
j card is 
! omitted 
j-— 

6F10.5 

1 
i 
i 

ZSD(l) 
ZRD(l) 

• 

• 

• 

ZSD(NDPZ) 
ZRD(NDPZ) 

1-60 ZSD(J), ZRD(J) is the J-th 
point-source point-receiver ; 
configuration for which the 
field is calculated 

I 

! ! 
j t i i 

7 i 
; 

1 
1 
1 

If NDPS>Ot 
the small¬ 
est integer 
>NDPS/3. 
If NDPS=0, 
card is 
omitted 
-- 

6F10.5 

! 
i 

i—- 

ZRD(J) 1-60 ZRD(J) is the J-th source 
depth for which the sound 
field at a receiving array 
is calculated ' » • 

i 
! 

1 
8 

! 
1 

! 
i 
i 
j 

r. 

If NDPR>0, 
the small¬ 
est integer 

> NDPR/3. 
ifNDPR=0, 
card is 
omitted 

6F10.5 ZRD(J) 1-60 ZRD(J) is the J-th receiver 
depth for which the sound 
field of any array of 
sources is calculated 

i 
; 

¡ 

j 9 

_ 

If NSE>0, 
card(s) a = 
the small¬ 
est integer 

> NSE/6 

card(s) b = 
the small¬ 
est integer 

> NSE/6 

card(s) c = 
the small¬ 
est integer 

> NSE/6 

If NSE=0# all 
cards are 
omitted 

6F10.5 

6F10.5 

6F10.5 

ZSD(J) 

SMA(J) 

SMP(J) 

1-60 

1-60 

1-60 

---1 

ZSD(J) is the depth of the 
J-th element of an array of 
NSE sources 

1 
1 

SMA(J) is the relative 
amplitude at unit range of 
the J-th element of an array 
of NSE sources 

SMP(J) is the phase, at unit 
range, in degrees of the J-th 
element of .m array of NSE 
sources 
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Table 2 (Cont'd). Input Data for Program 

Card 
Group 

Amount of 
Cards Format 

Input 
Parameter Columns Data 

10 If NRE>0 
card(s) a = 
the small¬ 
est integer 

> NRE/6 

card(s) b = 
the small¬ 
est integer 
> NRE/6 

card(s) c = 
the small¬ 
est integer 

> NRE/6 

If NRE = 0, I 
all cards are| 
omitted 

6F10. 5 ZSD(J) 

6F10.5 

6F10.5 

SMA(J) 

SMP/J) 

1-60 ZSD(J) is the depth of the 
J-th element of a receiving 
array of NRE elements 

1-60 SMA(J) is the relative 
‘ amplitude at unit distance 
I from ¿he J-th element of 

a receiving array of 
: NRE elements 

1-60 SMP(J) is the phase, at unit 
; distance, in degrees of the 
j J-th element of an array of 
i NRE elements 

11 

12 

If NRT>0, 
the small¬ 
est integer 

> NRT/6 

If NRT = 0, 
cards are 
omitted 

6110 IRT(J) 1-60 If the source transmits a 
CW pulse (IPL>0), the 
time history of the 
received signal is recorded 
on digital tape (unit 8) at 
ranges of IRT(J) ft wher*» 
J = 1, 2, NRT 

2110 IRIC 

NPS 

1-10 

11-20 

4F10.3 zs 
ZRC 
FMI 

21-30 
31-40 
41-50 

Range increments (ft) in 
propagation loss versus 
range plot 

Number of propagation loss 
versus range plots for any 
given source receiver con¬ 
figuration 

Source depth (ft) 
Receiver depth (ft) 
Increment in range in nmi/in. 
on propagation loss curves 
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Table 2 (Cont'd). Input Data for Program 

Card 
Group 

12 
(Contid) 

Amount of 
Cards 

Format 

4 F10.3 

2F10.3 

Input 
Parameter 

FSC 

FMJ 

FMK 

Columns Data 

51-60 200 X FSC is maximum 
depth (ft) plotted on curves 
that have depth as a parameter 

61-70 Value of propagation loss (dB) 
at origin of propagation loss 
curves 

71-80 Increment in propagation loss 
in dB/in. on propagation loss 
curves 

13 Card a = 1 

Card a = 1 

110 

F10.0 

2110 

Card b = 1 4F10.3 

2110 

NUMV 

VEL 1 

IVPL 

IEX 

ZMM 

CB 

ZBOT 

UBOT 

DC 

DOC 

1-10 

11-20 

21-30 

31-40 

1-10 

11-20 

21-30 

31-40 

41-50 

51-60 

Number of values in velocity 
profile 

Velocity at origin of plot of 
velocity profile 

If IVPL = 1, velocity profile 
not plotted 

Changes increment of kr by 
a factor of 10“IEX, Values 
from 0 to 10 

Water depth (ft) at location 
of velocity profile 

Velocity (ft/sec) of sound 
in bottom at location of 
velocity profile 

Depth into bottom (ft) for 
which sound field is calcu¬ 
lated for all modes 

Value of u(z) at bottom u(l) = 
UBOTÍEQ 

The maximum value of u(z) 
= UM(KX) 
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Table 2 (Cont'd). Input Data for Program 

Card 
Group 

Amount of 
Cards 

Format 
Input 

Parameter 
Columns Data 

13 
(Cont'd) 

Card b = 1 

Card(s) 

c = NUMV 

F10.3 

2F10.3 

SRE 

ZZ(I) 

CC(I) 

61-70 

1-10 

11-20 

Increment in range in feet in 
ray equivalent plots 

Height (ft) above bottom at 
which sound velocity is CC(I) 

Velocity (ft/sec) of sound at 
ZZ(I) 
I = 1, 2, . . . , NUMV in 
order of increasing z 

(Other groups of cards representing a velocity profile should be inserted in front 
of Group 15 cards that represent the bottom segments ICVP(J), J = 1, NVPC. ) 

14 F10.0 

D20.1 

F10.3 

715 

FH 

UM 

MNS 
IMS 

IMC 

IPL 

IDL 

1-10 

11-30 

31-40 

41-45 
46-50 

51-55 

56-60 

61-65 

Depth increment in feet 
betwen values of u(z) 

The maximum value of 
u(z) = UM(IXX) 

Frequency (Hz) 

Depth increment in feet 
between values of u(z) 
can be decreased to 
FH/IMS for MNS 
intervals 

If IMC = 0, mode conversion 
effect calculated. NDPZ must 
equal 0, NDPS and NDPR 
must equal 1. 
If IMC = 1, mode conversion 
neglected 

If IPL = 0, CW transmitted. 
If IPL>0, pulsed CW trans¬ 
mitted with pulse length of 
IPL msec 

If IPL>0, pulse is sampled 
at rate of 4096/(IBL/1000) 
samples/second _ 
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Table 2 (Cont'd). Input Data for Program 

Card 
Group 

Amount of 
Cards 

Format 
Input 

Parameter Columns Data 

14 
Cont'd) 

715 NFS 

NFT 

66-70 If NFS>0, NFS files are 
I skipped on unit 8 

71-75 ¡If NFT>0, NFT files are 
! skipped on unit 7 

15 If MNS>0, 
the small¬ 
est integer 

> MNS/6 

If MNS = 0, 
card(s) are 
omitted 

6110 IAMS(J) 1-60 ! IAMS(J), J = 1, 2, . . . , 
MNS are depth intervals 
for which the depth increment 
is diminished 
IAMS(1) represents the 
depth of the bottom 

j IAMS[(ZM/FH) + l] repre¬ 
sents the surface and a 
linear relationship holds at all 

: other depths 

16 Card 
a = 1 

F10.0 

7110 

ZM 

IRST 

IREN 

IRH 

1-10 i Mean depth (ft) of water in 
: a given segment 

j 
11-20 ■ Distance (ft) of a given 

; segment from the source 

HUB 

IRI 

21-30 

31-40 

41-50 

51-60 

Length (ft) of a given 
segment 

Change in depth (ft) over the 
length of the segment 
If IRH>0, there is an upslope 
If IRH<0, there is a down- 
slope 

If IBS = 1 the length (ft) of 
the subsections of the segment 
which produce backscattering 

If EMC = 0, IRI modes will 
be neglected in computing 
equivalent arrays 
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Table 2 (Cont'd). Input Data for Program 

Card 
Group 

16 
(Cont'd) 

Amount of 
Cards 

Card 
a = 1 

Card(s) b 
If IRI>0, 
the small¬ 
est integer 

> IRI/6 
if IRI = 0, 
cards are 
omitted 

Card 
c = 1 

Card(s) d = 
the smallest 
integer 
> NMOD/6 

Format 
Input 

Parameter 

7110 IBS 

IPB 

6110 ¡ IRM(J) 

4F10.3 CB 

! RO 

RB 

6F10.5 

CMIN 

DD(J) 

Columns 

61-70 

71-80 

1-60 

1-10 

11-20 

21-30 

31-40 

1-60 

Data 

If IBS = 1, backscattering 
included in calculations. 
If IBS = 0, backscattering 
ignored 

If IBS = 1 and IRH = 0, 
If IPB = 1, the backscat- 
tered field is calculated from 
a steplike bottom 

Modes IRM(J), J = 1.IRI 
are not considered in the 
sound field 

Velocity (ft/sec) of sound in 
a given bottom segment 

3 
Density (grams/cm ) of water 
above a given bottom segment 

3 
Density (grams/cm ) of bottom 
in a given bottom segment 

The minimum velocity (ft/sec) 
of sound in the water column 
in a given segment 

DD(J) is the loss at the 
boundaries per unit range 
for a given bottom segment 
(dB/ft for mode J) 
J = 1, 2, . . . , NMOD 
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Table 2 (Cont'd). Input Data for Program 

Card 
Group 

17 

Amount of 
Cards 

Card 
a = 1 

Card(s) b 
= the 
smallest 
integer 

> NMS/6 

Format 

2110 

6110 

Input 
Parameter 

Columns 

NMS 1-10 

IPV 

MDS(J) 

11-20 

1-60 

Data 

Number of modes to be sum¬ 
med in plot of propagation 
loss versus range 
NMS < NMOD 

If IPV = 1, plot of modes 
specified in card(s) b of 
card group 17 will be super¬ 
imposed on previous plot 

J = 1, 2, . . . , NMS 
The values of MDS(J) are 
the mode numbers of the 
modes to be summed in the 
propagation loss versus range 
plots MDS(J) < NMOD 

There are (NPS + NDPS + NDPR + NDPZ + 1) sets of card group 17. 
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AMPLITUDE 

Figure 20. Ray Equivalent, Figure 21. Amplitude Versus Depth, 
Frequency 46 Hz, Mode 1 Frequency 46 Hz, Mode 1 

PROPAGATION LOSS VERSUS RANGE 

Propagation loss for a source level (at one yard reference) as a function of 
range is calculated and plotted for any given frequency and combination of modes. 
NMOD (card group 2) gives the number of modes calculated, commencing with 
mode ISM + 1 (card group 2). IRI (card group 16) of these modes may be neglected, 
and the neglected modes are specified by IRM(J) (card group 16). Propagation loss 
plots can be obtained for every specified source-receiver configuration and, for 
each source-receiver configuration, NPS (card group 12) combinations of modes. 
Mode conversion is specified by IMC (card group 14), and backscattering by IBS, 
IPB, and IRIB(card group 16). The actual combination of modes plotted are given 
in card group 17, and the attenuations of the modes are given by DD(J) in card 
group 16. The scales of the plots are given by FMI, FMJ, and FMK (card group 12), 
and the increment in range in feet in the calculated values of propagation loss is 
given by IRIC (card group 12). If EPV (card group 17) = 1, the plot specified will be 
superimposed on the previous plot. A sample plot is shown in figure 22. 
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TIME-UMITED PULSES 

Time-limited pulsed CW signals are specified by EPL (card group 14) which 
specifies the pulse length in milliseconds. The sampling rate of the calculated 
receiver sisnalis S^en by IDL (card group 14). The calculated received pulses can 
be listed on digital tape (unit 8). The pulses at NRT (card group 5) different ranees 

^yIRi(J!iCKrdrUPll)’ are“d* NF* (card ^li spiiflt Zt 
NFS files should be skipped on unit 8. These recorded values can later be plotted 
by using an appropriate computer program. A sample plot is shown in figure 15. 
In addition, the power spectrum of the received pulse can be obtained by a sub¬ 
routine described in reference 25. A sample plot is shown in figure 23. 

PROPAGATION LOSS VERSUS DEPTH 

The values of propagation loss as a function of depth are listed on digital tape 
(unit 7). NFT (card group 14) specifies that NET files should be skipped on unit 7 
Later propagation can be plotted as a function of depth by using an appropriate 
computer program. Sample plots are shown in figures 24 through 26. In figure 24 
propagation loss is plotted as a function of depth. In figure 25, the relative signal’ 
level in decibels is plotted as a function of depth. In figure 26, the relative signal 
level is plotted linearly as a function of depth. Measured values can also be plotted 
in all three figures for the purpose of comparison. 

AMPUTUDE MATCHING AND PHASE MATCHING 

The output of the program lists the array element ampUtude and phases 
necessary to match aiy desired mode. This information is listed at ranges beyond 
segment IML (group 5), and at ranges less than that corresponding to segment IMU 
(group 5). Such a list for mode 2 is shown in table 3. The depth, ampUtude 
weighting, and phase of each element are listed first for ampUtude matching and 
then for phase matching. 

CONCLUSIONS 

A model which can accommodate changes in stratification with range and depth 
has been described. The model is flexible enough to accommodate many different 
situations. Propagation can be determined either for point sources, or receivers, 
or transmitting, or receiving arrays. The stratification may be either constant 
wdth range, or may vary either because of changing velocity profile, or bottom 
characteristics, or slope. The transmission of either CW or pulsed CW signals 
can be accommodated. Mode conversion may be either included or neglected in the 
calculations. The ampUtude distribution as a function of depth and ray equivalent of 
individual modes may be determined. Propagation loss can be determined as a 
function of range and depth for any combination of modes. The level of backscattered 
energy may be determined. Finally, the proper utiUzation of arrays to enhance 
modes by amplitude or phase matching can be determined for any specified array. 
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Table 3. Element Amplitudes and Phases for Mode 2 

HYDROPHONE NO DEPTH (FT) AMPLITUDE PHASE (DEG) 

1 

2 
3 
4 

5 

6 
7 

8 
9 

10 
11 
12 
13 

14 

15 

16 
17 

18 

19 

20 
21 
22 
23 
24 

25 

1 
2 
3 

4 

5 

6 
7 

8 
9 

10 
11 
12 
13 

14 

15 

16 

17 

18 
19 

20 
21 
22 
23 

24 

25 

4.0 

8.0 
12.0 
16.0 

20.0 
24.0 

28.0 

32.0 

36.0 

40.0 

44.0 

48.0 

52.0 

56.0 

60.0 

64.0 

68.0 
72.0 

76.0 

80.0 

84.0 

88.0 
92.0 

96.0 

100.0 

4.0 

8.0 
12.0 
16.0 

20.0 
24.0 
28.0 

32.0 

36.0 

40.0 

44.0 

48.0 

52.0 

56.0 

60.0 

64.0 

68.0 
72.0 

76.0 

80.0 

84.0 

88.0 
92.0 

96.0 

100.0 

.217 

.422 

.605 

.755 

.866 

.932 

.951 

.921 

.845 

.728 

.575 

.395 

.196 

.013 

.220 

.418 

.597 

.750 

.870 

.952 

.994 

.995 

.955 

.876 

.762 

.050 

.188 

.385 

.600 

.789 

.914 

.951 

.892 

.752 

.557 

.348 

.164 

.040 

.000 

.049 

.176 

.358 

.565 

.760 

.911 

.994 

.995 

.916 

.771 

.584 

180.0 

180.0 

180.0 
180.0 

180.0 

180.0 

180.0 

180.0 

180.0 

180.0 

180.0 

180.0 

180.0 

.0 

.0 

.0 

.0 

.0 

.0 

.0 

.0 

.0 

.0 

.0 

.0 

13.2 

26.4 

39.5 

52.6 

65.7 

78.7 

90.0 

104.4 

117.2 

130.0 

142.8 

155.5 

168.1 

180.8 

192.8 

204.8 

216.9 

228.9 

240 9 

253.1 

267.8 

270.0 

286.3 

298.3 

310.0 
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SUMMARY 

In this volume, we have described the theory underlying the model, and the 
mechanics of its implementation by means of a computer program. Volume n will 
deal with the validation procedure in testing the model against other models and 
against experimental data. Finally, in volume O an evaluation of the model's 
strengths and weaknesses, and recommendations for future work will be given. 
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THE COMPUTER PROGRAM 
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