
•m    «w     i>i i       ■ inBimi m " • •■ '    P   ""■   m >"•-*' — "■■■   ■■■■■■!■ 1 ■■■>!- 

4  ,  

AD-A008   205 

A   Biv/ARIATE   TEST   OF   GOODNESS   OF   FIT 
BASED   ON   A   GRADUALLY   INCREASING 
NUMBER   OF   ORDER   STATISTICS 

Jose   Kreimerman 

Cornell    University 

Prepared   for: 

Army   Research   Office 
Office   of   Naval    Research 

March   1975 

DISTRIBUTED BY: 

KTm 
National Technical Information Service 
U. S. DEPARTMENT OF COMMERCE 

ItmtHmau—t,! , -'.j,-,.. ..~., ... ... .' 



Unclassified 

REPOfn DOCUMENTATION PAGE READ I~:<; T!WCTIUNS 
IJI-:FOHE n)~!l'l. L ri~W. FOI{M 

I . REPORT NUMBE r. r GOVT ACCEUION Notiib:,r;;~;;~iioS 
1250 

4. Tl TLE: (-d S...rlllo) •• TYPE 0, RF.POI'IT a PERIOD COVF.REO 

A BIVARIATE TEST OF GOODNESS OF FIT BASED ON A Technical Report 
GRADUALLY INCREASING NUMBER OF ORDER STATISTICS 

I. PI:I'I,-ORMING O'lG. REPOHT NUMilEA 

1 . AUTHOR(o) •• CONTAACT OR GRANT IIUMtiEA(e) 

Jose Kreiaerun DAHC04-73-C-0008 
N00014-67-A-0077-0020 

t. PE:R,ORMING ORGANIZATION NAME AND ADDRESS 10. P~OGAAM EL EM F.NT. PHOJ ECT, TASK 

Departll'ent of Operations Research 
AIU.A I WORK UNIT NU·Ntii::RS 

College of Engineering, Cornell University 
Ithaca, ,;ew York 14853 

II . CONTROLLING OF,.CE NAME AND ADDRESS II. RF.PDRT DATI 

Sponsoring Military Activity March 1975 
u.s. Aray Research Office u . NUMBER OF PAGES ss-Durluua, ;; .~. 27706 Jill" 

rrr.costRo[LJNG OFFICE NAME AND ADDRESS II. SECUI\ITY CLASS. (ol lhle tepotl) 

Sponsoring Military Activity Unclassified 
Statistics and Probability Program 
Office of .~aval Research .... O<: CL ASS I F'ICATION/ 00\IING F' &!liNG 

SCHf:DULE 
Arlington, Virginia 22217 

It) . DISTRIBUTION STATEMENT (of lhle R.,.otl) 

Approved for public release; distribution w11iaited. 

17. DISTRiiJUTION STATE,AENT (of lhe olleltOCIWIIOtelllft •todr ,0, If dlffeunl ft- RO#otl) 

II. SUPPL.f.NENTARY NOTES . . 

lep,ocfucecf by 

NATIONAL TECHNICAL 
INFORMA liON 5aVICE 
US~ofC-

Spri-.fiel4, VA. 22151 

lt. KEY WORDS (Conllnuo on renr•• elde If nocoeoory ottd Identity l>y l>locl< ,... .. ,) 

- -- -·--- . .. 
tests of fit 
asymptotic distribution theory 
order :;tatistics 
multivariate distribution 

20. A8$TMACT (Conllnue on •• .. •••• •Ide If n•c•••MY en : Identity"' olocl< nu.,l>er) 

This report is concerned with _ _!he problem of_test:!.!!g t.h~ goodness of fit 
of a s:~mple drawn from a continuous bivariate distribution, where the null 
hypothesis is that the true distribution is a completely specified one. 
A test is developed, where the test criterion is based on some standardized 
order statistics, standardization which depends on the distt.ibution under 
the null hypothesis. 

By order statistics from a bivariate distribution we will understand 
the followin2. We order the !famp1e oy t:ne r~rst: '"IJUn lill.tt: ana we ·select some 

OD ,-ORM 
I JAN 7l EDITION 0' I NOV 6IIS o•SOLCTC 

S/N 0102•014•1101 I 
• Unclassified 
I :•IKCURITY CLASIIP'ICATION 9~ T.lfiL41~-. Dot• .,,.,_) 

........_-----~----~· fiCES SIIJECr TO .CIWII 



l!lclassified 
~ L LII'fiTY CLASSIFICAfiO N OF" THIS. PA Gf. tltiiM• Dnt ll l!ntered) 

of the ordered first coordinates as strip liaits. For the points in the 
int~1·ior of each strip, we order their second coordinate and we consider 
soae of those. 

:the distributiota theory, of which the test of goodness of fit is 
an application, is presented in a general framework. The sample is drawn 
froa a bivariate continuous distribution which may depend on the sample size 
n. ..~ prove the asymptotic joint normality of an increasing number of 
standardized order statistics, standardization which depends on the true 
distribution. We asst:.J&e that as n increases, we gradually increase the 
number of strips; that in each strip the number of those second coordinates 
we consider is also gradually increased; that we move slowly into the tails; 
that the derivative of the aarginal probability density function exists and 
its absolute value is bounded by a number depending on n: that the derivativ«: 
of the conditional marginal probability density function for the second 
coordinate within each strip, conditional on the strip limits, exists and its 
absolute value is rounded by a number depending on n; that there exist 
l>ounds, which depend on n, for both marginal p.d.f.s mentioned above; that 
there are some asymptotic relationships concerned with the speed of moving into 
the tails, the slowly increasing nwaber of standardized order statistics, the 
separation in order of those order statistics and the smoothness of both 
marginal p.d.f.s. Using a generalization of the concept of limiting distribu­
tion, asymptotic equivalence. which allows us to handle the case where the 
dimension of the multivariate random variables depends on n, we prove that 
those standardized order statistics are asymptotically equivalent to a multi­
variate norul with mean zero and known covariance 118trix. 

U~ ing this result, a test of goodness of fit is developed, and the test 
criterion is the quadratic form of this multivariate normal. It follows that 
Wtder the null hypothesis. its distribution approximates the chi-square 
distribution with known degrees of freedom. In a particular case, it is 
shown that under the alternative the test criterion has approximately a 
noncentra i chi-square distribution wi~h known noncentrality parameter and 
known degrees of freedom. 

• ,.., 
Unclassified 

SECURITY CLASSIFICATION OF' THIS "AGf:(Mien D•t• l!ntetetl) 



DEPARTMENT OF OPERATIONS RESEARCH 
COLLEGE OF ENGINEERING 

CORNELL U~IVERSITY 
ITHACA, ~EW YORK 

TOCHN I CAL REPORT NO. 2 50 

March 1975 

A BIVARIATE TEST OF GOODNESS OF FIT BASED ON A 

GRADUALLY INCREASING NUMBER OF ORDER STATISTICS 

by 

Jose Krei~~erun 

Prepared under contracts 

DAHC04-73-C-0008, U. S. Army Research Office - Durham 

and 

N00014-67-A-0077-0020, Office of Naval Research 

Approved for Public Release; Distribution Unlimite4 



THE FINDINGS IN THIS REPORT ARE NOT TO BE 
CONSTRUED AS AN OFFICIAL DEPARTMENT OF THE 
ARMY POSITION, UNLESS SO DESIGNATED BY OTHER 
AtrrHOR I ZED OOCliENTS. 



„■ULiiiii ij  ■■■     i  »-.— .,■■,.. .     i.»-   m   .»w. II n,.i   »p   .ill IHMII -HiWliin      in   IIII.I.I»»II ii.»  »i    um IM        <<   IW**~~^I 

TABLE OP co^^"E^^■s 

Chapter  I          INTRODUCTION 1 

1.1    Introduction 1 

1. 2    Summary 3 

1.3    Historical  Background 4 

Chapter  II        ON THE ASYMPTOTIC JOINT NORMALITY OF A GRADUALLY 9 
INCREASING NUMBER OF SOME FUNCTIONS OF ORDER STATISTICS 
FROM A CONTINUOUS  BIVARIATE DISTRIBUTION 

2.0 Introduction 9 

2.1 Order Statistics fro« a Bivariate Distribution, 10 
and a Multivariate Normal Distribution 

2.2 Assumptions and Some Consequences 14 

2.3 The Joint P.D.F.s of the Functions of Order 20 
Statistics, the Multivariate Normal, and Other 
Known Facts 

2.4 The Asymptotic Joint Normality of the Functions 25 
of Order Statistics 

Chapter  III      A  BIVARIATE TEST OF GOODNESS OF FIT ^3 

3.0 Introduction 63 

5.1 The General '.ase 63 

3.2 A Particular Case 65 

Appendix A        ASYMPTOTIC EQUIVALENCE 74 

A.l    Historical  Background 74 

A. 2    Asymptotic Equivalence of Sequences of Random 76 
Variables 

Bibliography 79 

\v 

MiMM—iH^M*Mi^^MiliMi1IM«^i—■iiniimmiii   I niirni^ma*amMmmltlimmmtmmit*mm.mi,*,m.* ^■»J.....^.^. 



pp —"■»—- ^ll""" 1 I "••, '■•• i~ i  pi i na  m^ 

Chapter I 

INTROOUCTION 

1.1.  Introduction 

An important area of Statistical Inference relates to the 

problem of assessing the conformity or ROoJi.ess of fit of some observa- 

tions to a null hypothesis.  This hypothesis may be that the observations 

came from a distribution which belongs to a given family or may be a 

completely specified distribution.  A statistical procedure which solves 

such a problem is called a test of goodness of fit. 

This thesis is concerned with the problem of testing the 

goodness of fit of a sample drawn from a continuous blvariate distribu- 

tion, where the null hypothesir is that the true distribution is a 

completely specified one. A test is developed, where the test criterion 

is based in some functions of a subset of order statistics, functions 

which depend on the distribution under the null hypothesis. 

By order statistics from a bivariate distribution we will 

understand the following,  he order the sample by the first coordinate 

and we select some of the ordered first coordinates as strip limits. 

tor  the points in the interior of each strip, we order their second 

coordinate and will consider some of those. Our test criterion is 

based on some functions of the strip lin.its and  on functions of those 

second coordinates ordered within each strip. 

The distribution theory on which this test is based will show 

the asymptotic joint normality of those functions of the subset of 

order statistics on which the test criterion is based on, assuming that as 

I 
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the sample sire increases, we gradually increase the number of strips, 

that in each strip the number of those ordered second coordinate we 

consider is also gradually increased, that we move slowly into the tails 

for both coordinates, that for each sample size n , the derivative of 

the marginal probability density function (p.d.f.) exists and its 

absolute value is bounded by a number depending on n , that the deriva- 

tive of the conditional marginal p.d.f. for the second coordinate within 

each strip, conditional on the strip limits, exists and its absolute 

value is bounded by a number depending on n , that for each n , there 

exist bounds, which depend on n , for both marginals mentioned above. 

This distribution theory allows the distribution from which we sample 

to depend on n . Those order statistics taken into consideration, 

are standardized and the standardization depends on the true distri- 

bution. 

Using a generalization of the concept of limiting distribution, 

asymptotic equivalence, which allows us to handle the case where the 

dimension of the multivariate random variables depends on n , we 

will prove that those functions of the subset of order statistics are 

asymptotically equivalent to a multivariate normal with mean zero and 

known coveriance matrix. 

As the test criterion is the quadratic form of this multivariate 

normal it follows that under the null hypothesis, its distribution 

approaches the chi-square distribution with degrees of freedom known 

and depending on the number of strips and the number of order statistics 

considered within the strips. 

'**'*■*-*—*—■—*——-—^-~~~~~*-^.^  ..J_J^_^^^. 
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1.2.    Stawary 

In Section 1.1 we have given an overview of the problem and of 

the results obtained,  and in Section   1.3 we give a review on the 

'iistorical background.     In this Section we outline briefly the contents 

of this thesis. 

In Chapter II we study the asynptotic distribution of a gradually 

increasing number of some functions of order statistics from a continuous 

bivariate distribution. 

In Section 2.1 we will  introduce the concept of order statistics 

from a bivariate distribution,  and for each    n , we will define some 

functions of them, functions which depend on the distribution.     For 

each    n  , we will define a multivariate random variable, whose dimen- 

sionality increases with    n    and we will also define a multivariate 

normal variable with the same dimensionality as the other one for 

each    n  . 

In Section 2.2 we will  state the assumptions that will hold 

throughout  Chapter II  and deduce  from  them  some results. 

In Section 2.3 we will  explicitly show the  joint  probability 

density function of both the  functions of the order  statistics and  the 

multivariate normal, and we will  state some results useful  for the 

proofs of Section 2.4. 

In Section 2.4 we will  prove  that both sequences of multivariate 

random variable,  in one case tht  functions of the order statistics and 

in the other the multivariate normal,  are asymptotically equivalent. 

In Chapter III, we are going to develop a bivariate test of 

goodness of fit, for testing the hypothesis that the sample comes 

from a completely specified continuous bivariate distribution. 

llliaHMMMIMIiMiMM■ 
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In Section 3.1 we propose the test of goodness of fit, whose 

test criterion is based on the functions of order statistics defined 

in Section 2.1. 

In Section 3.2 wc show that in a particular case the random 

variable used as test criterion has under the alternative approximately 

a noncentral chi-square distribution with noncentrality parameter known 

and known degrees of freedom. We also give a concrete example, which 

satisfies all the assumptions given in Section 2.2. 

In Appendix A we present the concept of asymptotic equivalence 

of sequences of multivariate random variables, whose dimensionality 

depends on the position in the sequence. The historical background is 

given in Section A. 1 and the concept and some basic results are 

presented in Section A. 2. 

The notation used in Sections 1.3 and A.l are independent of 

that used in the rest of the thesis, and the notation we adopt in this 

thesis will be introduced as it is needed in the development. 

1.3.  Historical Background 

Historically, the first clear use of a test of goodness of fit 

seems to have been by Bernoulli [2], regarding the closeness of orbital 

planes of the planets to one another and to the equatorial p'ane of 

the sun. 

1.3.1. The Chi-Square Test of Goodness of Fit 

Karl Pearson [16], was the first one to give a proposal for the 

general use of such a procedure in a broad class of situations, namely 

■i      i    mt,m^mmamm iMaaiaiM—wn 
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his chi-square test of goodness of fit, where the essential features of 

this type of procedure were presented without ambiguity.  In this 

2 
pioneering paper he introduced his X -test criterion and he realized that 

this criterion, under certain circumstances follows the chi-square 

distribution.  Pearson essentially operated as follows: He divided the 

observations into k-cells, defined x,  as the number of observations 

which lie in cell 1 , let m. be the expected number of observations 

2     h  (v«"!)2 
falling in cell     1    and defined    X    ■    )    —-—-— .    He first dealt 

i»l i 

with the case where    m.     (l<i<k)    are known numbers.    He assumed that 

the    x.    may he  taken as normally distributed,  so implicitly he was 

committed to the assumption that the expectations    m.    are large for all 

2 
cells,  and he proved that  if the null  hypothesis is true    X      has 

asymptotically a chi-square distribution with    (k-1)    degrees of freedom. 

2 
The test rejects the null hypothesis  if    X      is too large. 

Pearson established the necessary distribution theory for 

finding significance levels when the null hypothesis provides the exact 

values for the    ra.     (l<ii<k)   , but he did not show that the exact 

2 
distribution of    X    , always discontinuous,  actually approaches chi- 

square as a limiting distribution.    A fully rigorous proof may be found 

in Cramer  [4]. 

Fisher  [6], generalized the procedure for the problem when 

the expected number of observations  lying in each cell are estimated 

from the sample. 

The exact distribution for    X     ,  for fixed sample size,  is 

usually extremely complicated, and for this reason most of the literature 

concentrates on generalizing the procedure for large sample size. 

MMM ■■ I—'—■'  



Following those early papers in the area,  rhere is an extensive 

literature trying to improve different aspects of the test.    Yates   [19], 

under certain conditions,  introduced a correction for continuity. 

Neynan   [15],  showed that if we test the null hypothesis that the expec- 

tations are    m.    when in fact they are    a'    and if    m. ,ml     and the 

significance level are kept fixed, then as    n    increases, the power of 

the test tends to 1. 

Wien    X      is used to test the hypothesis that the observations 

cane from a continuous distribution, we must,  in order to apply the test, 

decide in advance how to group the observations into cells.    Both the 

number of cells and the division points between cells are at our 

disposal, and the choices we make will  affect  the sensitivity of the 

test.    Mann and Wald [13] and Gumbel   [8]  suggested choosing the cells 

such that each cell has the save expected number, namely    n/k .    Other 

authors,  recently suggested using randomly assigned cell  limits. 

Nevertheless,  in testing the hypothesis that the sample came 

from a given continuous distribution versus the alternative that it 

came from a continuous distribution belonging to a given family, the 

power of the test  is very poor for an alternative where each test cell 

has the  same expected number under both  the null hypothesis and this 

alternative, no matter how large the sample size. 

This is not the unique criticism that the traditional form of 

the chi-square test has undergone, but we only mention this particular 

one because the test based on a gradually increasing number of order 

statistic proposed by Weiss [22] meets this objection and we are 

generaliiin'' his results for the bivariate case. 

MUHMMM II    ■! I ' -■       —'- 
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1.3.2.    The Kolmogorov-Saimov Test of Goodness of Fit 

Kolmogorov   [12]   and Sulmov   [17]   have  suggesteii a test of goodness 

of fit.    A brief description of the test  for the univariate case would be 

t^te following: 

Let X-.X. X  be random variables drawn from an unknown 12 n 

cumulative distribution  function    F(xl   ,   let    S  (x)    be the observed 
n 

kfx) cumulative step  function of the sample,   (i.e.,  S  (x)   ■ -*-L   where    V(x) 

is the number of observations less or equal to    x ),  called the empirical 

cd. f., then the sampling distribution of    D    ■ sup     |F(x)-S (X) |     is 

known, and is independent of    F(x)   ,  if    F(x)     is continuous. 

Therefore,  a natural test of goodness of fit  for testing the 

nypothesis that     F(x)  ■ Fn(x)   ,  a continuous  specified cd.f.,  is to 

reject the hypothesis  if    sup    |F0(x)-S  (X) |   > d  (a)   , where    d  (a) 

is taken from a table. 

Kolmogorov-Smimov proved that    *nd      has a  limiting distribution 

as    n    increases.     A table for the limiting distribution was given by 

Smimov [18]. 

Although the criticism we were applying to the chi-square test 

does not apply to the Kolmogorov-Smimov, unfortunately when we are 

interested in testing goodness of fit for a continuous bivariate distri- 

bution, D  's    distribution depends on the true distribution of the 

observation, even when the null hypothesis is true   (i.e.,  it is not 

distribution-free any more) and actually its distribution is difficult to 

compute. 

MM »fMiMiMIMMMMMM i i    IlilMMM 
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1.3.3.   Weiss Test of Goodnesa of Fit 

Weiss  [22]  developed a test of goodness of fit.  for the problem 

of testing the hypothesis that the sample comes  from a continuous 

univariate distribution completely specified.    Mis test criterion is a 

quadratic ton of some standardized order statistics,  standardization 

which depends on the true distribution. 

The test  is based on the asymptotic normality of a gradually 

increasing number of order statistics.    The number of order statistics 

he considered, depends on the sample size    n  .     Me assumed the existence 

of the derivative of the p.d.f.  and that thr "Solute value is bounded 

by a    n    depended number.    That as    n    increases, he moves slowly into 

the tails.    That the p.d.f.'s are bounded from above and below by 

numbers depending on    n  .  And that there exist  some asymptotic 

conditions between all  these elements,  and between them and the number 

of order statistics which are between those considered.    The standard- 

ization is made with the population quantile.  its p.d.f.  value and it is 

assomed that the ordered statistic is the corresponded sample quantile. 

It is also assumed that  the number of order statistics considered 

increases as    n    increases. 

As the test criterion is the quadratic  form valued at those 

standardized order statistics, under the null hypothesis,  its distri- 

bution approximates the chi-square distribution with as many degrees 

of freedom as number of order statistics considered. 

in  M, ^^ämmmmtmmi^   
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Chipter II 

ON THE ASYMPTOTIC  JOINT NORMALITY OF A GRADUALLY   INCREASING NUMBER 

OF SOME FUNCTIONS OF ORDER STATISTICS FROM A CONTINUOUS 

BIVARIATE DISTRIBUTION 

2.0.    Introduction 

This chapter is concerned with the asymptotic joint distribution 

of a gradually increasing number of order statistics from a continuous 

bivariate distribution. 

In Section 2.1 we will  introduce the concept of order statistics 

from a bivariate population,  and for each sample size    n   , we will 

define some functions of them,  functions which depend on the distribution. 

Then for each    n  , we will define some multivariate random variable, whose 

dimensionality increases with    n .    We will also define some multivariate 

normal variable, with the same dimension as the one depending on the 

order statistics. 

In Section 2.2 we will  state the assumptions that will hold 

throughout this chapter and deduce from them some useful results. 

In Section 2.3 we will explicitly show the joint probability 

density function of both the functions of the order statistics and the 

multivariate normal,   and we will  state some elementary results, which 

will be used in the proofs of the following section. 

In Section 2.4 we will  formulate and prove a theorem showing 

that both multivariate random variables,  the function of the order 

statistics and the multivariate normal  are asymptotically equivalent 

■ iHtiül.l^.«,«.^,^...^.^.^.»...       i, .^^^^yymj,^ 



im>„ ■ um—WP—M i HHPI        iiiiJlHJ       i     I'-.MI       ■ — ■ ,.„.»|I.JIH.I...IM -        -mmm 

10 

(for details see Appendix A), or in other words,  their distributions 

are asyaptotically approaching each other. 

2.1.    Order Statistics from a Bivariate Distribution,  and a Multivariite 

Norwal  Distribution 

In this section we will define,  for each positive integer   n  , 

two aultivariate random variables.    One is a set of functions, which 

depend on the distribution,  of some order statistics fron a sample of 

size   n   drawn fron a continuous bivariate distribution;  and the other 

is a nultivariate normal with mem zero and some known covariance «atrix. 

2.1.1.    Order Statistics from a Bivariate Distribution 

By order statistics from a bivariate distribution we will 

understand the following.    We order the sample by the first coordinate 

and we select some of the ordered first coordinates as strip limits. 

For the points in the interior of the strip, we order their second 

coordinate and will consider some of those. 

Let    (X jOO.X-.OO)     (lii<^)    be independent identically distri- 

buted (i.i.d.) continuous bivariate randon variables with common probabi- 

lity density function   (p.d.f.)    f(x.,x,,n)    and common cumulative 

distribution function  (c.d.f.)    F(x .x-.n)   .    Let    Y (1)  <...<Y (n)    be 

the ordered    X .OO's  .    For each   n ,  let    p    , q.   , 0 < p    < q   <  1 

be such that    np.    and    nq      are positive integers,  and let    K     and    L. 

be positive integers,  such that 

KJLJ  - nCqj-Pj)   . (2.1) 

 -.^.».»aij^^M»-^—^J^^^A..— .,..■   i-,     ,,      .,.la^111M<1— 
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Let 

m ■ L.   -  )   . (2.2) 

Let    S(J.n) - ((XjjdO.X^dO);  Yj (np^(j-l)L1)<X11(n)<Y1 (np^JLj). 

(lll<p)>      dJiKj)    and let    Yjd.j) <...< Y^n.j)     (l^JJCj)    be the 

ordered values of the second coordinate of the elements of   S(j,n)  .    For 

each    n ,  let    p.  , q    , 0 < p    < q    < 1    such that    mp.    and    «q-    ate 

positive Integers and let    K      and    L.   be positive integers such 

that 

K2l2 ' n^2'P7) (2.5) 

Let 

d •  Kj  ♦  1  ♦ ^(lyi) (2.4) 

Define the d-dimensional random variable Y(n) as 

[YjtnpjMJ-DLj)  (IDiK^l) , Y2(mp2*(i-l)L2.j) HiX^lAÜ^)] 

the vector Y(n) contains the order sv.atistics we are interested in, 

and we are going to define some functions of them, which depend on the 

distribution. 

Let F^ (x) and f, (x) be the marginal c.d.f. and marginal p.d.f. In In ' • 

of the X.'s , and let G  (x,j) and g. (x,j)  (IJiJC.) be the condi- 
l «.n Zn 1 

tlonal marginal c.d.f. and conditional marginal p.d.f. of the second 

coordinates of the elements of S(j,n) , conditional on (Y (np ♦(j-l)L ) 

(l<j<K ♦!)] . We next define 

-- 
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.j np^O-DLj 
Tl(j) ' Fln(—^i  >     '    tl(j) " fln(Tl0)) nU^C^l)        (2.5) 

mp ♦(i-l)L 
T2(l'^-G2n(-4 ^ j) . t2(i,j) • g^djd.D.j) 

(2.6) 

WjCj)  •  ^t1(j)[Y1(np1*(j-l)L1)-T1(j)] dlJlKjM) (2.7) 

W2(1.J)  -  ^t2(l,j)[Y2(mp2*(i-l)L2.j)-T2(i.j)] 

(lii^2*l.l<J<.K1) 

(2.8) 

and W(n) as a d-dinenslonal random variable whose coordinates are given 

by (2.7) and (2.8). that is 

W(n) • (Kjü) (l<j<Vl) • w2(i'j) ^^^2*l'1^^l)] (2'9) 

and let g(w(n),n) b« its joint p.d.f. whose exact expression will be 

given in Section 2.3. 

2.1.2. A Multivariate Non«al Distribution 

For each    n   , define the positive real numbers    A    , A^  , A.  , A 

and the symnetric matrix    V(n) ■ {v..(n)}    of size   d    as follows 

1     np, .    A 2      nCl-qj)     '      "3      mp2      '       4      md-q^T 

i-~aa«aW«MMMM 
"- ■      ■   '        ■     ■    ■■-■■■    '  ■ 
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Lj(l*(i-l)A1I[l*(K1*l-j)A2l 

fUi(K1A1A2*A1»A2) 

'i)(n) 'S 

Lj(l*(i'-l)A3][l*(K2M-j')A4l 

m(L2-l)(K2A3A4*A3*A4) 

diiiteVi) 

/i'-l-fK^l^k-DCK^l)]^ 

j'-J-fKjM^k-DflC^l)) 

K ♦2<l<i<d 

otherwise. 

(2.10) 

Define    Z(n)    as s d-dimensional random variable,  normally distri- 

buted with mean zero and covariance matrix   V(n)   . 

Z(n) -   (Z^j)     (Ifjiiyi)   ,  Z2(i.j)     {l<i<K2*l , l^JiKj)] 

and let h{z(n),n) be its ioint p.d.f. whose expression will be given 

in Section 2.3. 

2.1.3. Some Additional Notation 

In this subsection we are going to define some quantities which 

are going to be useful throughout this thesis. Define 

B11 - g.l.b.{x;Fln(x)>0)   (maybe -• ) 

B12 ■ l.u.b.(x:Fln(x)<l}   (maybe ♦- ) 

(2.11) 

(2.12) 

l21(J) - g.l.b.U;G2n(x.J)>0}   (maybe -- )   (liJ^)    (2.13) 

■ —-— -■ ■ --  ■ i r.am——mai^iiMii»^ 
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B22(J) ■ l.u.b.{x;G2n(x,J)<l)   (maybe -)   dDilCj)    (2.14) 

bj - inf {fln(x);T1(l)<^<T1(/(1M)} (2.15) 

Bj - »up {fln(x);T1(l)</<iT1(K1*l)} (2.16) 
x 

b - min  inf (g (x.j);T (IJ)<^T (K MJ)} (2.17) 

B, - min  sup {g,n(x,j);T (l.j)</<T,(K MJ)} (2.18) 
liJi^j x   '"      i 

The reader is reminded that throughout this thesis the numbers 

A. . A- i A_ , A. , b. , b« , B. , B. , B.. , B^ » "21^  tliji/j) . 

B22
(^  C^i^jJ . d . Kj . K2 , Lj , L2 , m , pj , v2 , qj . q2 depend 

on n but this dependence is not explicitely thown for notational 

convenience. 

2. 2. Assumptions and Some Consequences 

Throughout this section we are going to list the assumptions, 

deduce some results based directly on the assumptions, and state some 

properties of the coordinates of Z(n) . 

2.2.1. Assumptions 

Our assumptions are given in Table I. 

mm 



^m^mmmm mmmm 

IS 

Table I 

Assuaptlon Assumption 

lia p    - 0 

li» Q    - 1 

lim np    > - 

lim nd-qp - - 

lia Kj - • 

lim p. ■ 0 

lim q. ■ 1 

lim — - 0 

lim 
■(i-q2) 

lim K, ■ • 

For all    n , np    , np    , 

n<*l   • "^  ' ^  '  K2  ' 
L.   ,  L.   are positive 

integers 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

For all n and all .< in  (12) 

the open interval (B1i.
Bi2^' 

f; (x) exists and If; (x) | 
In ' lnv  ' 

< D  where 0  is a real 

number, which depends on n , 

and D > 1 for all n . 

For all n and j ,       (13) 

dUiKj)   . «nd «11    x    in the 

open Interval    (B21{j), 

B22(j)),g2n(x,j)    exists and 

Ig^U.Dl  < D2  , where    Dj 

is a real number, which 

depends on    n   and    D7 ^ 1 

for all    n  . 

bj <. 1    for all  sufficiently (14) 

large   n 

b2 <   1    for all  sufficiently (15) 

large   n 

lis 
L1D1 

n*-   nb. 

lia 

lia 

B1K1 

/rlb1 

Wi 

(16) 

(17) 

/nb! 
(18) 

■ii—ii n 
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Assumption         • Assumption          t 

lim -i-J- - 0            (19) 
n^» nb. 

(l-q^oj 
lim  J—i- • 0         (20) 
n-Mt  nb. 

lin -^—!- - 0          (21) 
iv*« b.»^7 

nD 

BKD 
lim -^-y- - 0           (25) 
n-»« /mb- 

lim -~ - 0            (26) 
n*~   ab, 

(l-q2)D2 
lim  1—^ - 0          (27) 
n*«  mb. 

11m x - - ■ 0          (28) 

mK D 
li- TOT? " 0         (^ 
n*« L. b. 

ji;^i(1)fBii-Ti(1)i— (30) 

li
" ,1.5.2 ^          ^^ 

n-M» L. D. 

L2D2 lim -=-| - 0            (23) 
n-»» mb- 

B K 
lim —=-=■ - 0           (24) 
iv*« /Lib. 

Assumption 

liBlL—tjOC^lUB^-TjOyi)]  - - 

Kl^ lin   max 
ir*- ij^j    ^b2|B21(j)-T(l.j)| 

lim    max 
KJ/R; 

n*- IJ^Kj     ^b2[B22(j)-T2(K2*l.J)] 

(31) 

(32) 

0 (33) 
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2.2.2.    Some Useful Results Baaed on the Assumption» 

Since by «ssuaptlon  (12)    Di   *  1    for all    n   ,  and hy  (14) 

b1 < 1     for all  large   n  , then    0 <   (Kjj/C/Tj") <. (^^/(^Tjbj)     for 

large    n    and by  (21) we have 

\iu — • 0 (2.19) 
n-M. /L^ 

and 0 < n/Lj*5 ^ (nD^/aJ^bJ) , and by (22) we have 

lim -pTr - 0 . (2.20) 

n-M. Lj 

Since 

0 <  T * ? " "i c 5   15 2 ^   /r^   Lpb^   L;-5b; 

by (2.1), then by assumption  (22) we have 

D.K 
lim^.o. (2.21) 

We are now going to show that for the following pairs    (r,s): 

(1,1).(0.2).(0,3).(1.2).(2.1).(3.0)   . 

n*- L bj 

Since   (2.22)  holds for    (r.s) -   (l.D    by assumption  (22)  it follows that 

for Urge    n    0 <  (nD^/aJ'^  <   1   . and therefore    0 <   (noj)   < 

(n2Dj)/(L^)  <   (nD^/dJ^bJ)    which implies that  (2.22)  also holds 

mm —^— -   -        -  ..^^^w^ia^^^ m •  - - ■■-"'■■ -^--- - —-■■- 



WWOOWPBIP^^""1 in  i III. Ill   l H1BPIP"-»- iiwii.iii      iii   «■  .     

i 

IS 

for (r.s) ■ (0,2) . Since for large n . 0 < (nDj)/(Ljbj) < 

(n3Dj)/(Lj"5bJ) < (nD^/aj^bj) then (2.22) holds for (r.s) ■ (0.3) . 

Given that we proved that (2.22) holds for (r.s? ■ (0,2) and 0 < 

(nDj)/(Lj,5bJ) < (nDj)/(LjbJ) , It follows that it also holds for 

(r,») ■ (1,2) . By the fact that 0 < (nD )/(L?b[) < (nD^/al'V) then 

by assumption (22), (2.22) holds for (r,s) - (2,1) , and finally (2.20) 

shows that (2.22) also holds for  (r,s) ■ (3,0) . Therefore the proof 

that (2.22) holds for (r,s): (1,1),(0,2),(0,3),(I,2).(2,1),(3.0)  is 

completed. 

Since by assumption (IS) D. > 1 and by (15) b- <, 1 for all 

large n , then for large n , 0 < {K^^/i/l')  < (K^/DJ) and by (28) 

K K 
12 

li« -^ ■ 0 (2.23) 

and for large n , 0 < (BKJ)/^ ') < («KjO^/a*"^) and by (29) 

BK 
lim -pj ■ 0 and lim -y-^ - 0 . (2.24) 
n-*" L ' n*~ I' 

Since 0 < (K^D^/^bj) < (K1K2D2)/(/r2b2) 
<   O"^^^'S3  then 

by assumption (29) 

K K n 
lim -L-i2£ ■ 0 . (2.25) 
n>" «Emb- 

using assumption (29) and the same kind of argument as those used 

to prove (2.22), it follows that 

I  Ulf IIIMI 
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mt^l 

n      L h2 (2.^6) 

for the pairs    (r,s)  -  (1.D.(0,2), (0,3). (1.2),(2.1)    and    (3,0) 

If we would remove the conditions that for all    n  ,    ^i  1 1    and 

D    ^ 1    in assumptions  (12)  and  (13) then we should include  (2.19),   (2.2>.), 

(2.23),   (2.25)    as assumptions and replace (22) by (2.22) and  (29) by 

(2.26). 

2.2.3.    Some Variances Related to the Multivariate Normal 

2 
Throughout this thesis    o  (x)    will denote the variance of    x 

and    o(x)    the standard deviation of    x  . 

From (2.10) and recalling  (2.1)  and (2.3),  if assumptions  (1) 

through  (10) hold,  then 

o^Zjd))  - Pjd^j) (2.77) 

o^ZjCKyi))  -  (l-qjHl*«;) (2.28) 

2 

a^O-D-Z^))  - ^ (1  -  K^**^)  " i iW{)   d-^V (2.29) 

o2(Z2(l,j))  - p2(l*62) diJJCj) (2.30) 

o2(Z2(K2*lJ)) -   (l-q2)d*«') dij^j) (2-31) 

■■■■" ^—MMMIM—l>i.-«Hi«Mt«llMiili1|ii    i   ..,,mMn,,m,,.        I      I   nmt^tltltmmmt^^^ttlm^u. 
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'. A A        L 
o2(z2(i-i.j)-z2(i,j)) « —?— (i *— ) - -i- (uap 

■ (L2-l)     K2A3ArA3>A4 (232) 

where d  , i' , 6" , 62 , 6'  6'' depend on n and their cotaon limit 

as n increases is zero. 

Furthermore, since all the variances of the coordinates of Z(n) 

approach zero as n increases, there exists a real number a  such 

that 

t^CZjO)) <.o2  (1<J<^1) and 

(2.33) 

o2(Z2(i.J)) io
2  (lliJC^MlJiKj) 

2.3. The Joint P.D.F.s of the Functions of Order Statistics, The 

Multlvariate Normal, and Other Known Facts 

In Subsection 2.3.1 we will write the p.d.f.s of W(n) and 2(n) 

in a convenient way for the purpose of making it easier to follow the 

proofs in this chapter. 

The p.d.f. for W(n) is found by computing the p.d.f. of Y(n) 

in two stages: first the marginal for the Y 's and then the conditional 

marginal of the Y 's conditioned on the Y 's , taking advantage of the 

fact that the Y 's of different strips »re independent and making the 

change of variables. 

in Subsection 2.3.2, we will state some known facts that will 

be useful for the proofs of Section 2.4. 

———»I—M——— ■■ !■—M—mM— 
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2.3.1.    The P.D.P.s 

The Joint p.d.f.   for   W(n)   , R(w(n),n)   , cen be written as the 

product of the following twelve expressions. 

     Kj nqws (2-34) 

(npj-DKn-nq^lImll    n 

1 (2.35) 
KM 
^    t.(j) 

w  (1)       nPl-l 
(Fln(T.(l)  ♦ —  

ln    1 /nt.(l) 
lllL^  l (2.36) 

1 

w,(K,*l)    n-nq 

n-^VV^T^—^ (2-37) 1
 In    1    1 /JTt^l) 

Ki w  fi*l) wi ö)      m 

^r1 w,(j) 
.'•.     In     1 /rw   /•^^ f.i   ln   1 ^b 0) 

Ki V1 

I   I   t (ij) 
j-l  i-l 

(2.40) 

IIIM^M^^—II I   ^-■■.J.....    ..   ■.- ^-..^ ^^.^U^juM^lu^^^^^,        ,     _ _ ^ ^, 
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n     [G    (T  (l.j)  ♦ 
w2(i,j)      ^/P:'1 

. 1)1 (2.41) 

1 *2(K2M.j) 

J-l /itjCK^l.j) 
.  j)) 

m-mq. 
(2.42) 

1       2 w,(i*l.J) 
n      n     [G    (T  (l*l.J)  ♦ -~*  ,  j) 

j-l i-1      /n /it-(i»l,j) 

G^CT^iJ)  ♦ 
w,(i.J) L -1 

—  .   j)]  2 

^t^i.j) 

(2.43) 

Kl  K2 w  (l.j) 
n      n   g   (T (i,j) ♦ —^ . j) 

j-l    i-l ^t.d.j) 
(2.44) 

ML 
[(mp2-l)!(m-«q2)l[(L2-l)l]   'm 

K2   (K2*2)/2 Kl 
(2.45) 

if    bn  < T^l)   ♦   (w1(l))/(/i7t1(l))   <...< TjCK^l)   ♦   (w1(K1M))/(^t1(K1M)) 

<  B12    and    B21(i)   <  lyi.j)  ♦  (w2(l, j))/(^t2(l. j))  <...< T2(r2*l,j)  ♦ 

(w2(K2*l.j))/(/it2(IC2*l.j))  < B22(j)       (liJiJCj)    and    R(w(n)fn) - 0 

otherwise. 

The joint p.d.f. for Z(n) , h(r(n),n) , recalling the fact that 

Z(n) is a d-variate normal with mean zero and covariance matrix V(n) , 

can be written as the product of the following five expressions 

 ■' ii ■ 
■ -   - - ' 
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,IU.,-V ,   J 12,
Ll  1      ""'l,pl)J 

V   2     ' V^'  [~J- —] (2.46) 

(2w) 372 (2.47) 

K1(K2*1) Kj     2 K1 

■ (L2-l)--^  TL K (l-q2.p ) T 

(—5—1 (r-nTT-rl    f-T- ♦ z 1 lP2(l-q2) 
(2.48) 

nB L,z?(l)       l.l2AK.*l) *l . 

2LJ    npj nd-qj) j-1 
(2.49) 

«{L2-l)    ll    L z^{l,.1)      L2^(K2*l.j) 
exp( =    L    [  ♦ 

2l22        j-1 
0P2 »(i-q2) 

i-1 

2»3.?.    So«e Useful Elementary Facts 

(2.50) 

In this subsection we will state some results and show some 

typical expansions that we will use in the proofs of Section 2. 

Define    ♦(x)    as the standard normal c.d.f.  valued at    x .     For 

any event    E  ,    E    denotes the coaiplment of    E  . 

Since for any events    E(k)    (1<^J()   ,  PfnJ.j  E(k)}  ♦ P{U][B1  E(k)} 

1    and    PiU^j E(k)}  <. l*ml P{E(k)}    then 

K K 
P(  D    E(k)} >. 1 -    I    P{E(k)}   . 

k-1 k-1 
(2.51) 

kit-     ■     -  ■               ■ .. ■ ■ nif raa rmir 
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In Feller [S], page 175, it is proved that 

for any x > 0 , 1 - »(x) < - . (2.52) 

Recalling (2.5) and expanding by Taylor's series we have 

MJ)   np ♦(M)L1  Mj)  f' (e.O))**^}) 
Fin^Ti^ * TT—) ■      n      * V * -^rr. ^tjCj)       '       /^      2ntJ(j) 

(2.53) 

(1<J«^1) 

where 6.(3) is in the open interval (^ii'^i?^ *n(*  t^eT'e^ore 

Recalling (2.6) and expanding by Taylor's series we have 

W2(i.j)       mp2*(i-l)L2  W2(i,j)  g^(62(i,j),j)W^(i.)) 

2n 2 '    ^t2(l.j) '        "        /i 2«t2(i.j) 

(lii<^2*l.l<j<K1)       (2.54} 

where    e2(i,j)     is in the open Interval    (B.  (j),B -(j))    and therefore 

|gye2(i.j)J)|  < n2    for all    n      il<W2*l.W^)  - 

Another elementary result that will be useful  is the fact that 

for any random variables    X , Y 

o(X-Y)  < o(X)   ♦ a(Y)  . (2.55) 

.».M.>.-..—. HI   ■ aM—   — ,.M. -■   , ■■,    iiiait.in  fc.—... . -  «fc^^B^^^ 
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2.4.    The Asyptottc Joint Nor—llty of the Functions of Order Statlitlc» 

In this section we will state and prove a theorem which shows 

that the distribution of    N(n)    asymptotically approaches the distribution 

of   Z(n)  , or using the notation of Appendix A, that the sequence    (M(n)) 

is asymptotically equivalent to the sequence    (Z(n))  .    The proof of 

the theorem will be based on results found by Weiss (20],   [21] which 

are explicitly stated in Theorem A.l. 

We note the fact that by assumptions (5) and  (10)  the dimension 

of    Z(n) and   W(n)    increases as    n    increases. 

Theorem 2.1. 

Under the assumptions listed in Section 2.2. and if for each n , 

R(n) is any measurable region in d-dinensional euclidean spacs, then 

lim |P{W(n) c R(n)} - P{Z(n) c R(n)}| • 0 . 

Proof of the Theorem 2.1. 

For the proof of the theorem, it is sufflclfnt to prove that 

loR(gU(n) ,n))/(h(Z(n) ,n)) converges stochastically to zero as n 

Increases. 

Throughout this proof we assume that the p.d.f. for Z(n) is 

h(i(n),n) . 

Define the following events: 

i i i   mimmtimtM MMl i.       ■ .. _   . .     .—   . 
I        !■—< 
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z.d) 
E.d)  - <Bn  < T  (1)   ♦ —i > 

1 U        1 /nt (1) 

ZjO-D ^(j) 
E.O)  - (T.O-l)   ♦ —i  < T  (j)  ♦ —i ) (2<J<^ ♦!) 

1 1 /^tjO-l) 1 ^tjfj) 

E.CK.^)  - {T,(IC ♦!)   ♦ —±—±  <  B    } 
11 1     ' Xt^l)        12 

z2(i.j) 
E.(l,j)  - {B(j)  < T  (l.j)  ♦ -f ) (1<JJC ) 

2 Z1 Z ^t   (l.j) 

Z,(i-lJ) Z   (l.j) 
E,(iJ) - (T2(i-l.j)  ♦ -f  < T  (l.j)  ♦ — ) 

2 2 /.tCl-lJ)        i ^it   (l.j) 

Z,(K MJ) 
E,(K,*l.j) - (T2(K..*l.j)  ♦ -f-^ < B    (j)} (1<J<K ) 
22 2    * /it   (K*l,j) 

K^Z K2*2    Kj 

E - I   n  E.(j)] n [   n   n  E (i.j)] 
j-i   i i-i j-i 

The coaplenent of    E    Is the region where   g(Z(n),n)    Is zero, and 

In the following leaaa we are going to prove that the probability of   E 

approaches    1    as    n    Increases. 

— rim i^jiMMt^mn..,    ininni   in-     .y,,. unlidHMlMiM—MMfcM^»^—». ■III. I      ■« -:  --* 
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Leva 2.1. 

11» P{F,} - 1 

Proof of Lena 2.1, 

K »2 K *2    K. 
P{E) - 1 - P{E} > 1 - ( 7  P{E1(J)}] -   [2l      I  P{E(i.j)n 

j-1 1-1 j-1 

therefore to prove this lemna it is sufficient to prove that the 

following quantities approach zero as n increases: P(F. (1)} , P{E. (K ♦2)), 
K »1 K K K   K ♦! 

lj.2    P{El(^} • Ij-1 P^2(IJ)) . l^  P(E^2*2.j)} . I^j Ij^ P(E2(lfj)} . 

ZjCl) 
P{E1(1)} - Pdjd) ♦ —*  <. BJJ} - P{Z1(l)^t1(l)[B11-T1(l)]} 

^tjd) 

and by (2.27) 

PfEjd)) P{- 
2!       ^t1(l)[B11-T1(l)l 

/Pjd*«!)      /pjCl^j) 

and by assunption (30) this approaches zero as n Increases. 

ZJCKJ*!) 

P{E,(K1*2)}  - P{B,, <  T   (K.M)   ♦ —i—^ } 
11 12 1     1 /fTtjdC^l) 

/nt^K^DlB^-TjCICjM)] ZjOyi) 

•d-q^d*«;) /(l-q^d^j) 

-"--—■ -^- t^ttat '•^•^—J- ...... ii—  



*mmm mm   — '"■  " •■ •■"" 
■" •" '  - -——- 

2« 

and by (2.28) the right sld« Is standard normal and hy  assuaption (31) 

P{E.(K »2)) approaches zero as n Increases. 

Z.(M)  Z (J) 
PlEjOM)) - Pi^j^j -  7^ < ^(D-TjCJ*!)))  dU^) 

and we have SnlT^tf-T^+l)] *  i'l^/iSnf^i*^)))    where W|(J) is a 

real nuaber in the open interval  (T (1) ,T. (K ♦!)) and therefore by (2.16) 

Z   (j*l)       Z   0)        -L. 
Pül(M))<P{A_T-?L:iT<_i)      (i^p 

and since 

ZjU*!) ZjO) ZjCJM) ZjCJ) 

VM) t^J) ' _      Llfln^^^ t^n 
t m ♦   i ln   ' 

lüj      n f^^'O)) 

z^j^D-z^j) Zjü*!) 

17ÖT 

Llfin(Wl»^ 
n fln(W,

1
,(j))t1(j) 

1   rr^nrrvm 

therefore by  (2.55),   (2.33),   (2.29)  and (2.15) we have 

Z.O'l)      Z  (j) 1  ./S 
-1 (i>«v) ♦ t^FTT " ^ ^ VT ^^1 

nb? 

1 ♦ 
L1D1 

nb 

o  ■  ß. 

say, and by assumptions (12) and (16) 6  approaches zero as n increases. 

1 IIWM—> 
L ■ '   111 
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Therefore, 

-L L /SB 6 
P{E  (j*l)}  <.♦( i—)   -  I   -  ♦( 1~)  < —pL-i 

^B  61 ^B ßj 1 

by  (2.52).     It follows that 

20 

V1 ^M, 
I    P{E   (j))   < —l-1-!- 

j-2        * Ll 

and by assumptions   (17) and  (18)  this converges to zero as    n    increases. 

I    P{E,(l.j))  •    I    ♦( 
1      <^t,(l.j) 

i'i 
[B31(J)-T7(l.j))) 

j-:    A>2(i*s2)-   21       2 

by  (2.30)   therefore. 

1 1 ^t-(lj) 
I    P{E  (l.j)} -    I    [1  - ♦(      ' 

j-1 j-1 •'P2(l*ö2) 
|B21(3)-T2(l.j)|)] 

<    nax 
K^/iT^ 

liJ^Cj   ^b2|B21(j)-T(l.j)| 

and by assumption (32) this  last expression converges to zero as    n 

increases.    Using (2.31) and  (2.52) 

Tl P(E,(K-*2.J)}  -    I     [1  -  P(E2(K ♦Z.j))]   • 
j-1        2    ? i-1 

*"  ■ -L ■'■■, iliiiiiaii n ■ —- - 
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I (i - n- 2 2 -i—^  [B„(j)-T  (K ♦l.j)])) 

'2 2 

/r^/rsTj 
j-l    ^t2(K2*l,j)tB„(j)-T,(K,*l.j)] 

22VJ;   '2'  2 

<    max 
/T^/iT^ K1 

liJJCj   ^b2[B22(j)-T2(K2M.j)] 

and by assumption (33) this converges to zero as    n    increases, 

Z-(i*l.j)       Z  (ij) 
P(E2(i*ij)) - Pi^ijy - r^i-jT <- ^T2(iJ)-T2(i*ij)l) 

and we have    »^[^(i . j)-T2(i*l, j))  •  (-Lp/^g^N^i .j) .j))    where 

W'(i.j)    is in the open interval     (T2(l, j),T2(K2*1,j))    and therefore 

by  (2.18) 

ZJiM.j)       Z2(i.J)        -l2 

piE2ii*i.i)) - ^tTTTTny - ttrrj)'^^f}     ^r^^) 4B, 

and since 

30 
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w^^mm^ • '  ^mmm 

M 

t2(lM.j)  " t2(lj) 

Z2(l*l.j) z2(i..l) 

t2(i,j) 

i^^C^d.jij) 

Z2(i*l,j)-Z2(lJ) z2(1*1':i) ig, fr'(ij),j)t,(i.j) ^n^:1 

i ♦ 
L2l?'n(W^(i.j)."j) 

then by  (2.55),   (2.33),   (2.32)  and   (2.17) 

Z  (fl.j)      Z   (i.j) L 

4^2 

1   ♦ 
L2n2 

mb. 

o  ■  ß. 

say and be assumptions  (13) and  (23)    6.,    approaches zero as    n    increases. 

Therefore 

-L L ^B 8 
P{E,(i*l.j)} < ♦( ^—)   -  1  -  ♦( —) < —— 

' ^B2ß2 ^B2ß2 
L2 

by (2.52)       dii^j.liJiKj)   ,  therefore 

KlVl 

I      I    P{E(i,j)>  < 
j-1  i-2 

K1(K2*1)^B262 

and by assumptions (24) and (25) this converges to xero as n increases, 

and this completes the proof of Lemma 2.1. 

MMMHtaMtaf»-".. MMMi ll II li till I il i      I "■— 1 ■ 
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Lew« 2.2. 

♦Kith probability approaching one as    n    increases we nay write 

log(g(Z(n),n))/(h(Z(n),n))    as the sum of the following sixteen expressions 

Zjd) 
(np -l)log(F    (T  (1)  ♦ —i )] 

1 in    * ^tjd) 
(2.56) 

I                                        Z   (l.j) 
(■p,-l)    I    log[G-  (T,(1,J)   ♦ -^  .  j)) 

j-l 
2nv 2' ^t2(i.j) 

(2.57) 

Z.(K ♦!) 
nd-qjlogfl  -  F^d^K M)   ♦ —i—i )] 

1 in    i     i ^t  (K ♦!) 
(2.58) 

1                                                       2,(V1.J) 
■d-qJ    I    logU - G. (Wl.j)  ♦ ^f-*  . j)] (2.53) 

j-l 
2nv 2V 2 ^t2(K2*l,j) 

1 Z  (j*l) Z   (j) 
I    log[F     (T.(j*l)  ♦ —^ )-Fin(Tl(^   * TT )1 ^•60) 

j-1 ln    1 ^t  (jM) ln    1 /nt  (j) 

Kl     K2 r       r Z   (i*l.j) 
(L.-l)    I      I    log(G    (T  (i*l,J)   ♦ -f  .  j) 

j-1  i-1 £n ^t2(i*l,j) 
(2.61) 

Z,(iJ) 

'■t2(i,j) 

LjZjd)      LjZjdC^l) *l 

^-^-•^hrnvM2."'"^."'^ (2.62) 

MM -  '— . ■  i i ... .«.^MiMMlMa—Ü ■ — «^ ■ ■ •■* 
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5S 

■ (L2-l)     \     L2Z^(1J)       L2Z^(K2»!.j) ^2 
5     I     f-lS  *      Ji.q \  *    I     (Z2(iM,J)-Z  (l.j))']   (2.63) 
,        J-l        ^2 K    q2, i-1 2L;      J-l 

K^l 

I    log t   (j) 
J-l 

(2.M) 

KlVl 

I      I    log t   (i.j) 
J-l i-1 

(2.65) 

V1 

I    log f.   (T.U) ♦ —i ) 
J-l     ln 1     ^t (j) 

(2.66) 

K1   Vl 

I       I    log g2n(T2(i.J) 
j-l    i-1 /n ^t2(l,J) 

-) (2.67) 

log(- nl 

(npj-l)! (n-nq^lfml]    n 
J   (K1M)/21 (2.68) 

Kj   log[ 
ml 

(«P2-l)I(«-iiq2)![(L2-l)!l   2m    2 
ic K^m] (2'69) 

(KjM) 
K^l 

2—    log 2» 

12 1 
.     f/nB.  2  ,_   ,,       .,2.11        1       u ^1x2, 
log[(-2)       (Pjd-qj))     (—5- ♦ )] (2.70) 

K.OVO                                «(L -1)   (K  (K  ♦l))/2 (-K )/2 
-L-\  log  2t  -   \ci[{—\ )     1 (P2(l-q2)) 

L2K2       L2(l.Vp2)   (1^/2 
(-T- * S ) ! 

(2.71) 

)ttMmttui**mm**tltmtm MM '*-     - - 
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Proof of Le— 2.2. 

Applying Lenaa 2.1 and the fomul?   for    R(w(n),n)    and    h(z(n),n) 

It follows  limnedlately that Lema 2.2 hoi (5. 

2.3. 

The expression  (2.56) can be wr tten a' 

(npj-niog Pj ♦ "p^-^— ♦ fTZ T~~^ * *(*'*) 
i^np 2np t  (1) 11 

2np1L1 

(2.56)' 

where A(l,n) converges stochasticilly to zero a.^ n increases. 

Proof of Lemma 2.3. 

Using (2.53), (2.56) can be written as 

(npj-Ulogfp, ♦ 
2,(1) t fin(e1a))z21(i) 

/K 2ntJ(l) 

where 6 (1) is a real number in the open interval  (Bii,Bi2^ ' and 

therefore  |fj (8.)] < D  by assumption (12). Then (2.56) can be 

written as 

2,(1)  f;n(e1(i))Zj(i) 
(np.-Dlog p *  (np -l)log(l ♦ ♦  = 1 

1      1     1 ^ p,    2np1t,(l) 

end  since by (2.27,)  (Z (l)'/(/p (1*6 ))  is standard rormM and by 

assumption (16)  lim ^ (L^^/^b ) - 0 it follows that 

■M—U i I 
—   ■ - 
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^5 

Zjd)   fin(8
1(

l))z;(i) 

/n pj Znpjtjd) 

converges stochastically to z^ro as n increases. Then, using a 

Taylor expansion, (2.S6) can be written as 

(npj-Ulog Pj ♦ (npj-Df 
Zjd)  f|n(e1(i))zj(i) 

^ Pj    2np1t1(l) 

Z (1)  f\(9Al))zUl)   , 
-Icw,)^ ln  1 , 1 ]2] 

•^Pj    2np1t;(l) 

where    Y.    converges stochastically to rero as    n    increases.    Recalling 

assunptions  (3)  and  (19) the proof of Lemma 2.3 is completed. 

Lemma 2.4. 

The expression  (2.57) can be written as 

hi   z2(i,j)     g^n(e2(i,j).j)z^i.j) 
(mp^l)^ log p2 ♦ «p2   l^   [- 

j»l      i^ p. 2iiip2t2(l,j) 

(2.57) 

izii.DUfi) 

2nip-L 
— )  ♦ &(2.n) 

2  2 

where    Ä(2,n)    converges stochastically to zero as    n    increases. 

I   HMi in i   r n iiiiiiiMM—iia*iaiiiiiMiiii-«iiiiiiiiiiMiiiii      i um i i  i    ||iM|i||taMMMgM<MMiMi|||| ■ i —■■ —, r i—. 
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Proof of Lofnm« 2.4. 

Using  (2.54) the expression  (2.1)7)  can be written *% 

(mp -1)     2    loj?[p    ♦ —  ♦ j ] 
j-1 ' /i Zi-t^l.J) 

where e2(l,j) is in the open intervnl  (B21(j) ,B22(J))  dlJ^Cj) . and 

therefore Ig^Ojd.j) .J) | < D2  (liJiKj) . Then (2.57) can be 

written as 

S    Z(l.j)  g' (6 (lJ),j)Z?(l,j) 
(mp -DK log p ♦ (mp -l) [ [l*-i  ♦ -^-^ x 1 ] , 

j-1    ^P2      2mP t2(l.j) 

and since by (2.50),  (2.(1,j))/(/p2(l*6_)) is standard normal and 
2 

liiBn^, (L2D2)/(mb2) • 0 by assumption (23), it follows that 

z2(i.j)  g' (e2(ij).j)z^(ij) 
  ♦ _  

/m p2      2mp2t2(l,j) 

converges stochastically to rero PS    n    increases.    Then using a Taylor 

expansion we can write  (2.57) as 

*i   z (i.j)    gi (e (i,j).i)z^i,j) 
(mpj-DKj   log p2 ♦   (mp2-l)    I    [^  ♦ -^n—^ ^       - 

J-1      ^P 2mp2t2(l,j) 

,                 z n.i)     g'  (e (i,j),j)2 (i,j) 
^(in2(J))[-i ♦ -2-1—2 ^ J 

«^o P2 2mp2t2(l,j) 

-^— ■-ji—v■'--•   ■ —■   -       -     ii   ^nj^mm^ujjjjggjjuummi— .._,.   ....^i 
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where    Y-O)     (l<Ji^,)    converges stochastically to zero as    n    increases, 

and recalling assumptions   (8) and  (26)  the proof of Lemma 2.4 is 

completed. 

2.5. 

The expression  (2.58) can be written as 

-Z   (K  ♦!) mzJ(K  ♦!) 
n(l-qJlogd-q.)   ♦ n(l-q )(--i—^  2 

1 l    ^(I-qj) 2n(l-q  KL 

f;n(e1(K1.i))z^(Kri) 
 =-= ]  ♦ A(3,n) 

2n(l-q1)
Zt,(K1*l) 

where    A(3,n)    converges stochastically to zero as    n    increases. 

Proof of Le«ma 2.5. 

Using (2.53) the expression (2.58) can be written as 

WD     qn(e1(S^))z^(Kri) 
nd-qJlogfl - q = ] 

1 1 /n 2ntj(K1M) 

where 6.(K,*l)i5 a real number in the open Interval     Cii»",-,)  • an<l 

therefore    |f'   (6   (K ♦1))|< D    ,    Then  (2.58) can be written as 

Z   (K ♦!)       f'   (e.dC ♦l))7?(IC ♦!) 
nd-qjlogd-q.)   ♦ nd-qjlogfl  - -5__J in    '     '     2    '    ' )   . 

1 1 ^d-qj) 2nd-q  )tJ(K ♦!) 

(2.58) 
* 

and since by (2.28).     (21(K1*l))/( Vd-qj) (l*6p )     is standard normal 

■*-—•—'--•"—'•■'  - -' —.^^-ü^—^—-^^....,. 
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■nd by «ssunptlon   (16),     11« _,     (L.DJ/Cnb.)  ■ 0    it  follows that 
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Z^KjM)       fln(6i(K
1
4l))Z;(K1M) 

^d-qj) 2n(l-q1)tJ(K1M) 

converges stochastically to zero as    n    increases.     By a Taylor 

expansion we have that   (2.58) can be written as 

nd-qjHogd-q^  ♦ nd-q^f 
W0     ^(W^zjtVi) 
/^(l-qj) 2n(l-q1)tJ(K1*l) 

i                  z.CK.♦!)     f;n(e (K ♦l))Z,(K,*n , 
y(inK M)[-^ ln   I   1   2   

1    '     I2] 
Kl ^(l-qj) 2n(l-q1)tJ(K1*l) 

where    y      .    converges stochastically to lero as    n    increases. 

Recalling assumptions   (4) and   (20) the proof of Lemma 2.5 is completed. 

Lemma 2.6. 

The expression   (2.59)  can be written as 

mK  (1-q )log(l-q,)  ♦ m(l-q  )     [ 
1 ' ^ j-1 

-Z2(K2M.j) Z^(t(2-1,3)(L2-1) ' 

^t2(K2*l,j) 2««(l-q2)L2 

-i;;n(e2(K2*i,j),j)z2(K2Mj) 

2m(l-q2)t2(K2*),j) 

♦ A(4,n) (2.59) 

where A(4,n) converges stochastically to zero as n increases. 

•».MMMMtMMH ^^t^^mtm 
-- - -       ■  ■ i • 
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Proof of Leiwna 2.6. 

Uflnji  (2.54) and recalling the fact  that    K L    ■ in(q -p )   ,   (2.59) 

can be written as 

m(l-q )    ji     lojj(l   - q  -  = ] 
j-1 ^ 2mt2(K2*l,j) 

where e2(K2*l,j)  is in the open interval  (B21(j),B22(J))  (IfJilC,) 

and therefore |g^n(e2(K2*l, J), j) | < D2 (l^JJCj) .  (2.59) can be 

written as 

■K1(l-q2)log(l-q2) 

Ki ^(yu)   82n(e2(viti)j)z;(K2M.j) 
♦ m(l-qj I    log[l   = ) 

j-1        ^(l-q2)      2B(l-q2)t;(K2*l.j) 

Since by (2.31),  (Z2(K2*1,j))/(/(l-q2)(1*0^)) is standard nornal and 

2 
by assumption (23),  Um   (L-D )/(inb,) ■ 0 it follows that 

Z2(K2Mfj)   K^(e2(K2M(j)Z2(K2*l.j) 

/i(l-q2)      2m(l.q2)t2(K2*l,J) 

converges stochastically to zero as n increases. Therefore, using a 

Taylor expansion (2.59) may be written as 

"■—-^—*——■•-'  '        — -    ...^^^^MMM^. 
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• (l-q^Kj   10K(l-q2) 

♦ "<(l-qJ     I 

-Z2(K2M,J)      gJn(«2(K2M.j),j)Z2(K2M,j) 

•^'d-q^ 2m(l-q2)t2(K2M.j) 

1 
2(in2(Vi.j))t * 

-'■(l-q,) 

«^n(92(K2M..1).j)Z2(K2M.,1)   2 

2»(l-q2)t^(K2*l.j) 

where    Y.(K ♦l.j)    converges stochastically to zero as    n    Increases. 

Recalling assumptions   (9)   and   (27)  the proof of Leimia  2.6  is completed, 

Leiraaa  2.7. 

The expression   (2.60)  can be written as 

n(L  -1)       1 
..,2 (L1-1)K1  log -ji ♦  ^(ZjdC^D-Z^l)) ^     I     [Z^j^n-ZjO)] 

21]        j-1 

(2.60) 

.   f'    (0   (K ♦1))Z;(K ♦!)       f'   (6   (1))Z;(1) 
Irlnil 11 inl 1 , . rr        \ 

♦ 2f 2 ^ ^ *  A(5,n) 
t^K^D tjd) 

where A(5,n) converges stochastically to zero as n  increases. 

Proof of Lemaa 2.7. 

Using (2.53) we can write (2.60) as 

b-«..^.... .. . 
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where   Q.(j)    is defined as 
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fln(ei0*1))ZlÜM) 

t{(j*l) 

rln(ei0*1))Zl(,) 

tj(j) 
diJ^!) 

Then we can write (2.60)  as 

mK 
L.             [l                   -^{Z,(jM)-Z   (j))      Q  (j) 

.   log -f ♦ ■    I     log[l   ♦  ^—J; *  ♦ -iI—] 

we are going to show that 

■ax 
l<j<^ 1 

•^{ZJO^D-ZJO)] Q^j) 
2L, 

converges stochastically to zero as n increases. Since 

max 
l<j<J( 1 

/fÜZjCj^U-ZjO))  QjÜ) 

2L. 

< max 

liJ<^ 1 

^ntZjO^D-ZjCj)) 

'l 
♦ max 

1<JJC 1 

Qjü) 

2L 

it is sufficient to prove that both terms on the right side ot the Inequality 

converge stochastically to zero. Fix a positive number c . Using (2.51) 

and (2.52) 

k-"—^--J-- - - ■■mi     
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p{ max 

1 

^[ZjU^D-ZjOn 
i c) > i - y p{ 

J-l 

/^(ZJO^D-ZJO)] 
> t) 

S      Z   (J*l)-Z.(j) c^l. 
I -  2    I    P{   1 1     - >       -L) 

^(uap 
/T^y 

Ki c/r 
-1-2    I     [1  -  ♦(—i-)l 

> i - 
2K1/U«Y 

By assuaption (21),  lim   {K./tM/Cb »Tj ■ 0 and since by assuapti 

(12), D. > 1 and by assumption (14), b < 1 for all sufficiently 

large n it follows that lim   K,/»/L7 • 0 and therefore the proof 

that 

on 

max 

1 

/nfZ^D-ZjU)] 

'1 

converges   stochastically   to  zero,  as    n    increases,  is completed.    We 

are now going to show that 

max 
1<J<JC 1 

Q^j) 

converges stochastically to zero as n increases. Ke note the fact that 

  irtlMMHIll II —MMaMMMHMBmMM 
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■ux 

1 

QiCJ) 2D-  "iX'<«K,*l  ZlW 

2D1 «ax1:yiK    j ZjU)       ^ 

P    yl <.e r       2     tLib; P       max        Z'  (j) <  -~i-i- 

1 _ cLibi 
> i -   I mUi) > -JP) 

V1 2,0) /e/T.b. 
• 1.2   y p(—-       > - - 

)) 

S*1 /T/T.b, 
1-2     I    [l  - ♦( i-i  

> I - 
2(K1*1)/2D|    o 

and by assumption (21),  11m   (K./DJ/C/Lb.) • 0 and therefore the 

proof that 

max 
Witi 

QjO) 

'1 

converges stochastically to zero Is completed. Therefore we may write 

(2.60) using a Taylor expansion as 

m—mt^M ■!■    i i -  ■  . —-^  n  r iiBi -- 
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Ll rl 

1 n J-l 

/SfZjCj^D-ZjO)!     Qjd) 
2L. 

^^(ZjCj^n-ZjCj)]   QjO) 2 

fl 2L. 

1 /^(ZjCj^D-ZjCj))     Q^j) 3 

sfinj)3 Li 

where    y .     (l^JiK.)    converges  stochastically to rero as    n    i 

The last expression is  (2.60)* where 

2L, 

ncrtases. 

A(5,n) - - 
/ntZjCK^lJ-Zjd)] 

1 

1   I .       2 /n[Z   (j*l)-Z   (j)]Q  (j) 

M - -T OiW " rJ  - 
jil   I      8L,     l 21 1 1 

j ^[ZjCj^D-Z^j)]       QjO)   3 

sdn^3 Li 2L. 

21 

^n^K^l^l^l*0       fjn(e1(l))zj(l) 

t   (K^l) tjd) 

To show that A(5,n) converges stochastically to zero as n increases 

it is sufficient to show that 

1 
R.Or.s) ■ m \ 

1        J-l 

f/nCZjU^U-Z^j)) ■\   X QjO) si 

[Ll    J 

■*M,M^—-J- ■        ■ ■1J-—^^——-^ -, I    iii tMt    —. 
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converges stochastically to zero for the following pairs:     (r,s):   (1,1) 

(0.2).(0.3).(1.2).(2.1).(3.0)   .     We have 

mn; "1 

1 ",8.28,/^-.r     .*•, 4bJs(/^)r    j-1 

z^j^n-ZjO) 

§ 
(z;ü♦l)♦zJ(j)], 

and therefore 

K mD. nD. 
MlR^r.s)]) < —1^-^ J^r.s) <-       {T/\)2, *^,*) 

l., D, L. u. 

where J.(r.8)  is a finite number depending only on fr.s) . 

By (2.22) the riffnt side of the inequality approaches zero as 

n increases for all the pairs  (r,s) we are interested in. Therefore 

|R.(r.s)| converges stochastically to zero as n increases and the 

proof cf Lemma 2.7 is completed. 

Lemma 2.8. 

The expression  (2.61) can be written as 

L2      ,-   r1 
(L2-1)K1K2  log   ^ Wm    I     [Z2(K2*llj)-Z2(lJ)l 

w 

m(L2-l)     Kl     Y2 
T—  .1      I     [Z2(i*1.3)-22(iJ)l 

2L*        j-1  i-1 

1 

hi 
gJn(e2(K2M,j)Z2(K2M,j) 

t2(K2M.j) 
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g2n(92(1'nj)Z2(1,i) 
♦ A(6,n) (2.61) 

where A(6.n) converges stochastically to zero as n Increases. 

Proof of Lean« 2.8. 

Using (2.54) we can write (2.61) as 

^ *2 L, Z,(iM.j)-Z2(i.j)  Q2(iJ) 
(L2-l)  I I    log'^-^ 

*    j-i i-i      " /a :m 

where Q-(i.J) is defined as 

^Il(e2(i*i.j),j)z^(i*i.j) g^n(e2(i,j),j)z^i.j) 

tJdM.j) tjd.j) 
diAi^.ljjCj) 

and we can rewrite  (3.61)  as 

S    ^ ^(2  (i*l.j)-Z  (i,j)]      Q2(i.1) 
(L -l)K  K     log-^ML2-l)     I      I     [1   -  ^ r 2-  ♦ -|r ] 

2 12 m 2        j.i  i.i 4 2L2 

We are going to show that 

max 
lli<K2.l<j<^ 

/i»'(Z2(i-l.j)-22(i.j)  Q2(i.j) 

2L. 

converges stochastically to zero as n increases. It is sufficient to 

show that both 

■■■ 11  !.!■■!     ■' - -  --4 
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max 
iSi&iMMfi 

^(z2(ui,j)-z2(i,j)i 

and 

max 
|Q2(iJ) 

21. lU^^liii^  I      2 

converge stochastically to zero as    n    increases.    Fix a positive number 

c  .    Using   (2.51)  and (2.52) 

P(        max 
l^i^K-fl^J^K. 

|/»[Z2(iM.j)-Z2(iJ)] 
<  £> 

S    K2 
1  -    I      I    "{ 

j-1 i-1 

/m[Z2(i*l.j).Z2(iJ)] 
> c) 

Ki K2   z (iu.j)-z (ij)    t/c; 

j-i i-i        /rrr" 
-> 

/i*^: 

\    K2 C/LT 
i - 2 I   in- H—1)] 

j-i i-i /MöY 

> i 
2KlK2/]T6\; 

and since by assumption (28),    U*^,,  (K1K2/Dj)/(/L^b2)  ■ 0 ,  and by 

assumption  (13),  D. >  1    and by assumption  (15), b. <. 1    for all 

•M^MMi ■   ^tatttrn 
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sufficiently Urge    n ,  It follows that    lln ^  (K.K )/{/LJ  ■ 0  , and 

since ehe inequality holds for all positive    c  ,  the proof that 

4« 

max 
^[22{i*l.j)-Z2(i.j)) 

converges stochastically to zero is ccnpltted. 

We are now going to show that 

max 
Q2(i.J)l 

21. 

converges stochastically to zero as    n    increases.    Recalling the 

definition of   Q2(i,j)    we note the fact that 

■ax 
Q2{i.J) 

21. 

2 ,iaXl<i<K2*l.liJ<J(1 
Z2(i':,) 

L2b2 

For any fixed positive number e , using (2.51) and (2.52) 

max 
i<X<^2*i,i<J^l 

Z^i.J)       > 

L2b2 

<  e\    >  1   - -V 

KI v1   ,      ciy7 l     l nz2
2(i,i) > -P) 

j-l     i-l        ^ 2 
y 

Kl   K2 Z.(i.j) /^/L    b 

jii   iii    c,(z2(i.j))   ^(z (ij)) 

Kl  V1 Z,(i,j) /t/llh 

j-l    i-i      a^2llt}n       S^o 

i        [ iiiiinirMMlir- •M^MM Ig^j   —t^.^^.^^^    J.M_J^fcJ^^..^„.^,   ,^..   .  ._     . 
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>   1  - 
2K1(K2*1)^' a 

and by assumption  (28)  the last expression approaches one as    n    increases, 

and since this holds for any fixed positive number    c  , the proof that 

max 
1<J<^J.1Ü<^2 

Q2(i.j) 

21, 

converges stochastically to zero is completed. 

Thus we can write (2.61) as 

K1  K2 
(U-DK K  IOR ~ *  (L,-l) [  [ 

£       * l m '  j-1 i-1 

^[Z (i»l,j)-2 (i.j)]  Q7(i.j) 

21 

'i 

j ^"[Z2(i*l.j)-Z2(i,j)]  Q2(i.j) 2 

r[- 21. 

3(UY2(i.j)) 

( 

^[Z2(Ul(j)-Z2(i,j))   Q2(i.j) 3 

21 

where    max.   . ^^i-    |Y?{itj)|    converges stochastically to zero as 

n    increases. 

■MM 
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This last expression is (2.61) with A(6,n) givei by 

Ä(6,n) - - r-    I     [Z (K MJ)-: (1,J)1 
L2 j-1  ^ ^     ^ 

1   r1 ^rJW^^^V1'^   R2n(e?(1,j)',)Z2(1'j) J-    I     I" 2L 
2 j-1 t^K^l.j) tjd.j) 

K   K 
''l   2 

(L2-n   I    I 
'        J-1 i-1 

-^2 Q^iJ) 
8L 

^[Z2(i*l.j)-Z2(i,j)] 

SCln^i.j))' 

^[Z.(iM.j)-Z,(i,i))  Q.fiJ) 
[- 21. -1 

Define R_(r,s)  as 

Kl K2  /n(Z,(i*l,j).Z,(i.j)] Q7(i.i)c 

(4-1)  I   I  [(—?—c—= ff-A:—^ 
j»l i»l 2 2 

To show that Ä(6,n) converges stochastically to zero as n increases 

it is sufficient to show that R_(r,s) converges stochastically to zero 

as n increases for the following pairs (r,s): (1,1), (0,2),(0,3), (1,2), 

(2.1).(3,0) . 

a2-n^ 
L2' 'b2

SLS
2 

K      K 

I      I 
j-1  i-1 

Z2(i*l,j)-Z2(i,j) 

f. 
t2^(i*l.j)^(i,J)]! 

iMMHMlMliiif HI i i y^i H^MI !   n    la^fcMi^liihBM^Mii mi' i   
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and therefore 

(L,-l)n' mK D' 

where    J_(T,S)    is a finite number depending only on    (r,s)  . 

By  (2.26)  this last expression approaches zero as    n    increases 

and this iaplies that    R?(r,s)    converges stochastically to zero as    n 

increases, for all  the pairs    (r,$)    we are interested in and the proof 

of Lemma 2.8 is completed. 

Lenta 2.9. 

The expression  (2.66) can be written as 

V1 

I    log t   (j)  ♦ A(7.n) (2.66) 

where A(7,n) converges stochastically to zero as n increases. 

Proof of Letwia 2.9, 

By the mean value theorem we can write 

2,0) f' (w:(j))2.(j) 
fln(Tl(j) ' "^ J'MJ) ♦ 

• 

^(j)   1        ^t^j) 

for some w!(j)  in the open interval (B11.
B
12^  (l^jl^j*

1) • Therefore 

(2.66) can be written as 

 < 
n I ■ i ■ ' - -  ■ 
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«,.1 h'1 

'1    'OS t  (j) ♦      I   loill . 
• ^ ■ ■ 

fln(wiO))z1(J) 

J-l j-i ^tjo) 
-) 

and this expression Is exactly (2.66}    where 

V1 

M7.n)   -      [    logfl  ♦     ln    1  . 1 ] 

To show that A(7,n) converges stochastically to zero as n 

increases we are first going to show that 

■ax 
i<j<Vi 

f;n(w|0))21(j)i 

^tjo) 

converges stochastically to zero as n increases.  Since w!(j)  (l<JiK ♦!) 

is in the open interval  (BJJ.B^)  l';nC*[(J))l * D
1    diJ^^U 

and by the definition of b , t (j) > b.  (liJlK.^1) and therefore 

max 
fin(wl"^Zl^) 

^tj(j) 

< 
Di ""llJlK^l lZi»^ 

/n bj 

Using (2.51) and (2.52), and for any positive c 

-\ D,      »ax         |Z   (j)| 

p< L_  <. G> >    1 

V 
/n b 

1 

V1        yj) /n bje 
2   j-i ^(ZjCJ)) * cyTyjlT^ 

„„MMMMMa ■- i   ■■- i   i — 
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V1 /:,(„   /ÄbJ.- 
> 1 - 2  )     P ( —: >  

1 - 2(K ♦1)11 - ♦( i-OJ 
D1T 

> 1 - 
2(K1M)D1o 

and by (2.21) this last expression approaches one as n increases. 

Therefore we may write A(7,n) as 

i f:B(w:(j))z.(j) 

where «ax. :1<4<K ♦! Y?tj) converges stochastically to ze 

increases. We have 

ro as n 

V1 

j-l 

fln(w;(j))z1(j) 

•^ tJU) 

(K^DDJCJ 

; 
/n b 1 

for some constant C. .  Using the expression (2,21) this completes the 

proof of Lemma 2.9. 

Lemma 2.10. 

The expression (2.67) can be written as 

 "-——- >■*. .MMUMMM ■*~^ -'-^      -•- ~ -^- -——* 
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where &(8,n) converges stochastically to zero as n increases. 

Proof of Leima 2.10. 

By the mean value theorem we can write 

z,(i.j) g;n(w;(i.j),.i)z7(i.j) 
82n(T2(i'j) *  7-  ' ^ ' ^^'^ * ^t2(i.j) /■ t2(i.j) 

(l<JiK1.l<i<K2M) 

for so«e    W^i.j)    in the open interval     (B21(j) ,B22(j))     (l^J^^ 

Therefore  (2.67)  can be written as 

K1  K2M K1   Vl 

[       ^    log t,(i.j)  ♦    I       I    log(l 
j-l    i-1 j-1    i-1 

gJn(^(i.JM)Z2(i.j) 

-^ t2(i.j) 

and this expression is exactly  (2.67)    where 

K1   K2M 
g-n(W'(i>j)tj)Z2(i.j) 

A(8.n)  -    ^ ZU*  ^-^ 1 
j-l     i-1 ^ t,(i,j) 
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KlVl 

I      I    log t  (i.J)  ♦ &(8,n) 
j-l  i-1 

(2.67) 

To show that    A(8,n)    converges stochastically to zero as    n 

increases we are first going to show that 

max 
g^(wj(i.j).j)z2(i.j) 

Sm t2(i,j) 

mm MMiM  „^aiMI———M^ ■Ml        -------      ^. . , ,   h|j 
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converges stochastically to zero as n increases. Since W'(iJ) is in 

the open Interval (B21(J) .B22(j)) then |gJn(»fJ(i,J)J)| < D2 

(liJ^^lil^j*!) and by definition of b2 , t2(i.J)>.b2  (IJ^Kj. 

lili^j^l) and therefore 

lz2(ij)l 

■ax 
^n(W'(iJ).j)Z2(i,j) 

^S t2(i.j) 

D     max 

l<J<^j.lii<^2*l 

/ih'. 

Using  (2.51) and  (2.52)  and for any fixed positive    e 

'D2 Max   |Z2(i.j) 

/ibi 

. ^ Jl  V1      f Z   (i.J) /Sbje 

IJl  V1      f   Z  (i.j)        ^b^e 

j-1     i-1       |J^2U,JJJ        D    a 

»^t b.c 
- 1  -  2K1(K2*1)[1  -  »( f-)] 

0    o 

>  1 
2K1(K2M)D2Ö 

/m b_c 

and by expression (2.25)»  this  last expression approaches one as    n 

increases. 

Then we may write    A(8,n)    as 

[      I   [i^cij)] -ilL2      ?  
j-l    i-l ^t*(i.J) 

a^^MiaimiMiMI ■MMMaMMaiMMHBMIfHk 
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where    »«^^i^^i .l^jJC^ Y2 

as    n    Increases.    And since 

Y*(i.j)|    converges stochastically to zero 

j-1     i-1 

82n(W2(i'j),j)Z2(i,:i) 

/S tjd.j) 

K1^2M)n2C2 

/iii b_ 

for some constant    C.  , using the expression  (2.25)  this completes the 

proof of Lenna 2.10. 

Lemma 2.11. 

The expression (2.68) can be written as 

1 
l*l) I    Ll 1 i^— log 2w - K^Lj- ^)log i- - (npj-Dlog Pj - i log Pj 

- nd-q^logd-q^ - ± logfl-q^ ♦ &(9.n) ; 

where Ä(9,n) approaches zero as n increases. 

Proof of Lewna 2.11. 

In this proof we are going to use Stirling's formula, 

(2.68) 

[for each positive integer K , log Kl ■ ^ log 2w 

♦ (K*|)log K - K ♦ *JB.     where |a(K)| < 1) 

(2.72) 

the expression (2.1) and the Taylor expansion of some functions, typified 

by log(L -1) - log 4 - r- " T 
1  Li 

*       . . Then (2.68) can be written as 

    -- ■ I     I.I! -I» .—.■! II  ■ ! ■ ^. 
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2 log 2i ♦  (n*^)10» " - n ♦ *~ - 2 
lo« 2, •  tnp. - ^logCnpj-l) 

■(nPi-n       ! ! 
♦ (npj-1)  -     -     ^ 2  l0R ^ "   (n-n<>i ♦ 2)l0R(n'nqi) 

«(n-nq^       K^ ^ 
♦  (n-nqj)   - -JJT^J y log 2i  -  ^(■♦jUog ■ ♦ Kjin 

K^iw)       (K^l) 
log n 

and recalling the definition of    m ■ L -1  , reordering and making sone 

siBplifications, this expression may be written as 

— —log  2f ♦ ^{Lj-yHog n -  Kjdj-^log  Lj  -   fnPj-Dlog p 1 

i log pj  -  nd-q^logd-qj)  - j logd-q^   -   1   -  Kj 

S^-^logd-^)- (npri)logd-^) 

a(n)      »(npj-l)      aCn-nqp      K^CL^l) 

np.-l n-nq v1 

Therefore, 

&(9,n)  . -1 -  Kj  -  K^Lj-^logd-^-)  -   (npj-^logd-^-)  ♦ ^i 

aCnpj-l)       aCn-nqj)       K^CL^l) 

nPi'l n-nq~ l^l 

nuMMaw --- ■ 
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mnd by issuaptlons (3) and (4), the expression (2.19) and (2.72), 

expanding the log's It follows that A(9,n) converges to zero as n 

Increases. QED 

Leaaa 2.12. 

The expression (2.69) can be written as 

(K ♦!) l L2 l 

Kjl 2  log 2' ' K2(L2' 2)l0g T ' (nP2'1)l0g P2 " 2 loR P2 

(2.69) 

-   («(l-q^Jlogd-qj)   -  y log(l-q2)]  ♦ A(10.n) 

where    Ä(10,n)    approaches zero as    n    increases. 

Proof of Lewma 2.12. 

The proof of this lemma is straightforward using the same kind 

of argument as the proof of Lemma 2.11.     (2.69) can be written as 

1  , 2f ♦  (m*^)log m - ■ ♦ 2^1 - x log 2* -   (mp, - T) log(mp,-l) 2    2J 

a(i«p -1)       . j 
♦  (mp2-l)  - ^ 2  log 2»  -   iu-m\2*j)\o^im-mc{2)   ♦  (m-mq2) 

a(m-mq )      K 
^^—^ - -1 log  2.  -  lC2(L2-i)log(L2-l)  . K2(L2-1) 

K2a(L2-l)       (K2M) 

-I7i 2— log ■ . 

-       — 
-■-■■ 
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Reordering,  recalling expression  (2.3) and making some simplifications 

this expression may be written as 

(•yn , j 
—j  log 2*  ♦ K2(L2 - y^oj? ■ -  K2fL2 - 2)log m  -   (mp2-l)loR p2 

i log p2  - m(l-q2)log(l-q2)   -   l- log(l-q2)   -   1   -  ^ 

«(mp,-!) 
ic2(L2-i)iog(i - M - (.P2-i)iog(i - -^ ^ - -^r 

a(m-mq2)       K2a(L2-l) 

m-mq. L.-l 

This expression is  (2.69)    where    A(10,n)    is defined as 

V-1 -V *2il2-j)W'^) -  (mp?-f)log(l-^) ^ 

a(mp2-l)       a(m-Bq2)       K;,a(L2-r;i 

mp -1 "-^2 ^T"1 

and by assumptions (8) and (9), expressions (2.23) and (2.72), 

expanding the log's it follows that A(lO,n) converges to zero as n 

increases. 
QEI) 

Lemma 2.13. 

The expression (2.70) can be written as 

-*—"-'—      — i ^tfMWM^M 



60 

^l4l) ,   ,   1 .        I ,  ,.   .   Kl ,   Ll 
•— IOR 2i ♦ 2 lo« P] ♦ 2 l0'l(1'('i) * T l0R n * A(11'n)   (2-70) 

where A(ll,n) approaches zero as n increases. 

Proof of Lemma 2.13. 

Defln» 

Adl.n) 2" l0« 72" - 2 l0^~r * —ü 1 * T los F 
Ll 

To complete the proof we must show thit lim   A(ll,n) ■ 0 . 
JJ-M» 

Simplifying, we may write 

An,  m ^l'0   ,       »     1  ,        n     1  ,      L1K1    1   i     n    n(1'ql4Pl). A(ll.n) r_ logj--^ log r--2 l0R-X-2 lo«(1*—TIT ) 

1 1 n 11 

and recalling the facts that    m ■ L -1    and    K L    « n(q -p )     it follows 

that    A(ll,n) «-r(K1*l)/2)log   (1- 1/L )   , and from expression   (2.19)   it 

follows that    Ä(ll,n)    approaches  zero as    n    increa?rä. _n 

Lemma 2.14. 

The expression (2.71) can be written as 

K (lyi)        Kj K1 K K,    L2 
(2-71) 

 2  log 2l' * T l0g P2 * T lo8f1"<'2) * T^  l0g F * A(12'n^ 

where A(12,n) approaches zero as n increases. 

^^^^—^^■ii i        i i HI l■M^ll^l^ •   mtmä 
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Proof of LenoM 2.14. 

Define 

A(12,n) 

K   (K  M)           «(L -1)       K             l22K2      L   (l-q2*p2) K  K L, 
__  log ._^ .   _ log(-_ . _ ]   . ___ ,og -^ 

Simplifying, we may write 

n,    .          'I  ,       "      VVH,     n      1, S  ,      L2K2 
Ä(l2,n)  - - y log L 2    og(1 T^ " T loR "T" 

2                                        2 m 

K.                   ra(l-q ♦pO 
1  log[1  4 _2 ] 

K2L2 

and recalling the fact that    K L    • «(q -p )    it follows 

MK ♦!) . 
a(12,n)  « - -^-f  logd-ji-) 

and from expression (2.23) it follows that Ä(12,n) approaches zero 

as n increases. 
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QED 

Applying the results of Lemaas 2.5 through 2.14 to Lemma 2.2, it 

follows that with probability approaching one as n increases, we may 

* 
write log (g(Z(n) ,<.. /(h(Z(n) ,n)) as the sum of expressions (2.56) , 

(2.57)*, (2.58)*, (2.59)*, (2.60)*, (2.61)*, (2.62). (2.63), (2.64), 

n   ■■"  rii mi. nr i        "■■"   r -■ i ■        1|M1|i|i||iii||1|||||1|>M|> 
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(2.65),   (2.66)*.   (2.67)*,   (2.68)*,   (2.69)*,   (2.V0)*, and  (2.71)*.    That 

rl2 is we may write    log  (g(Z(n) ,n))/(h(Z(n),n))  •  .     .  &(l,n)   , and by the 

definitions of the    A(.)n)    it follows that    log  (g(Z(n),n))/(h(Z(n),n)) 

converges stochastically to zero as    n    increases and therefore the 

proof of Theorem 2.1 is completed. 

  HMMMjUMi 
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Chapter III 

A  BIVARIATt TcST OF GOODNFSS OF  FIT 

3.0. Introduction 

In this chapter, we are going to develop a bivariate test of 

goodness of fit,   for testing  that  the sample comes  from a completely 

specified continuous bivariate distribution.    The distribution theory 

on which the test  is based was developed   in Chapter II. 

In Section 3.1, we will propose  the test of goodness of fit 

based on the functions of order statistics defined in  (2.7)  and 

(2.8). 

In Section  3.2,  we show that  in  a particular case the random 

variable used as test criterion has under the alternative a known distri- 

bution and we give a concrete example, which satisfies, as    n    increases, 

all the assumptions of Section 2.2. 

3.1. The General  Case 

Suppose that  (X..(n),X-,(n))  Cl^i'/O  are identically indepen- 

dently distributed random variables with common unknown probability density 

function f(x.,x7,n)    and we want to test the hypothesis that 

f(x.,x-,n) ■ u(x.,x-) for all n , where u(x.,x_) is a completely 

specified p.d.f. with corresponding c.d.f. U(x.,x_) . Denote by u.(x ) 

the marginal p.d.f., by U.(x.) the marginal c.d.f., 

np ♦Cj-IH 
U. (—*— -)  by T* (j)  (1<J<K.♦!) , and u.CTMj)) by 
in i i ii 
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tJ(J)     dlj^^l)     »nd let    WJ(J)    he    ^t J(j) [Yj (np^fj-DLj)-T*(j)] 

(liJiK.^1)   .     Define    u  (x ,j)    as the conditional marginal p.d.f., 

conditioner4 on the    Y  's  ,  and    U_(x,,j)     the corresponding c.d.f. 

(1<J<V   .    T$(iJ)    as    U2'( 
j  inp2*(i-l)L2 

. j)     Oii^Ml^!)   .  »"J 

tMi.j)    as    u,tTi(i,j),j)     (liiJC,*! , liJiKJ   .     Let    W?(i.j)    he 2V  2 

64 

4t*(i.j)(Y2(mp2*(i-l)L2,j)-T*(i.j)]   (l<i<K2M,l<.1<K1) .   Define    V(n)     as 

nm 

Ll 

LjlWJd)]"       L^WJCKj.l)] 

np *      no-v      -^ ^(^n-wjfj)) 

»a:-i)   Ji 
L. -1 

L2[W*(l.j))2        ^[W'CK^l.j)]2 

mp. ni(l-q2) 

♦    I     [W*(i*l,J)-W*(i,j)]' 
j m 1 

Then  the results ahove tell us that  for all  asymptotic  purposes, 

whe'i  the hypothesis    f{x  ,x  ,n)   - u(x  .x.)     is true,    V'Cn)     can he 

considered to have  a chi-square distribution with    d    degrees of 

freedom. 

We reject  the hypothesis   if    V#(n)     is "too  large".     Since 

Wl(j)"      t(Tl ♦  ^OHTjOhTJCj)]     dUJC^l)    and    W*(i,j)- 

t;(i.j)W.(i,j) 
t   fi  ^  ♦  -^t»(i>j)[T2(i,j)-T*(i,j)]     (l<iiK2*I,l<J<.K1)    we can 

express V#(n)  in terms of W(rO and in many cases we can explicitly 

find the asymptotic distribution of V*(n)  when the hypothesis is false. 

For such cases we can compute the asymptotic power of a test of goodness 

of fit which rejects the hypothesis when V#(n)  is "too large". 

■ - ■ -       ÜMÜ  
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3.2.    A Particular Case 

6S 

If under both the null hypothesis and the alternative X and 

X2 are independent random variables then T*(i,j) , T2(i,j) , t*(i,j) 

t2^'3)     (iiAi^^*1»1^^!)   . «re real numbers   (nonrandom quantities). 

Then when the alternative is true, the distribution of    V*(n) 

approaches the noncentral chi-square distribution with d-degrees of 

freedom and noncentrality parameter given by 

nmK^l0^2                          2     L  [ttCK/Dl2 2 M^  'VlMid)]2 . -i-4-^  [^(K^D-T-dC^l)]2 

1 
♦ n   I tJÜ^DfTjCj^n-T-O^DJ-tjCj)^^!)-!^})] 

/■ 

■(L7-l)        1 
2    I L   <-±--L-  (T   (l.j)-T!(l.j)]' 

it,        j-1  I P' '2 

L  [t^CK ♦!)]' 
-i—Y^  (T2(K2M.j)-T*(K2M.j)]' 

i-1 
t*(i*l,j)[T2{i*l,j)-T*(i,j)] 

t^(i.j)[T2(i.j)-T«(i.J)] 

3.2.1.     An Example 

ftXj.Xj.n) ■ -j 

Consider the problem of testing the null hypothesis that 

1 
T, 

^[^(Xj-Wp Ifl^Xj-Vi*)^ 
x- versus the alternative hypothesis 

 Mtmt—m  
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that f(x ,x,,n) ■ -= = =- .  Since for both 

hypothesis, X  and X. are independent, we can easily compute the 

quantities defined above. 

(j-DL 
In this case TJ(j) - ujnanWp^  JJ—^ - i)] . TjCj) - 

(j-DLj 
sin  (ir(p    ♦ )] 

TJ(j)   - V\* Vl   .    tj(j) l— 5  .     tjO)  - t JO)     (IJJCj) 

(i-l)L2      j 
and    T^i.J)  - M« ♦ tan[ir(p2 ♦ —5—^ - y)]   .    T2(i,J) - T*(i.j,  - v*2 * v2  , 

2                (i-1)L2 sin  [w(p    ♦ )] 
t*(ifJ) 1- ■  ,    t2(i,j) - t*{i,j)    diiJC^MtJ^j)  . 

We are going to show that there exist numbers    p.   , p~  , q.   , q.  , 

L.   ,   L.  ,  K.   ,   K      such that all the assumptions of Section 2.2 are 

satisfied for this example. 
Xl . ,        Xl      ,       . X2 

1    * 

n "Vn  , p- ■ 1 - q? ■ m ""/m    and therefore    K.   • n      ^(1 - ——)   , 

Let L. «n  , m ■ L. - 1 ■ n  -l.L.-m  ,p»l-q. 

X3,       .       A4,   '      ,    „    ^K.  2nX3 

1-X,    , X4 

K2 ■ .  2(. - V> • 

Assume that X, , X. , X, , A. are real numbers which satisfy 1^34 

the following assumptions. 

0<X, <1,0<X-<1,0<X, <1,0<X. <1 (3.0) 
I Z 3 4 

3 ♦ Xj < 4X3 (3.1) 

5 < 4X  ♦ 1.5X (3.2) 

ii'iir"''-'-^ --I in         -■■  '■-—J
*'
M
'—*■■'■»—*-■*■»—•■ '      - 
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3 ♦ A, <  4X. (3.3) 

5 < 4X4 ♦  1.5Ä2 (3.4) 

1   ♦  4X     <   4X,Xjl   ♦   l.SX.X, 
1 14 12 

(3.5) 

By    a(3,x)  ♦ b(3.y)    we mean multiply inequality    (3.x)    by    a    and 

(3.y)    hy    b    and add the resulting inequalities tern by tern.    Then the 

inequalities given in Table II hold. 

Table II 

Number Inequality Implied By 

(3.6) 3 < 2X3 ♦ 1.5X. (3.2) ♦ [-2<-2X3] 

(3.7) 0.95 < X3 1.5(3.1) ♦ (3.2)  j 

(3.8) 6.5 < 6X3 ♦ Xj ^(3.7) ♦ |(3.2) 

(3.9) 3 < 2X4 ♦ 1.5X2 (3.4) ♦ [-2<-2X4] 

(3.10) 0.95 < X4 1.5(3.3) ♦ (3.4) 

! (3.11) 6.5 < 6X. ♦ X. 
4    2 

y(3.10) ♦ |(3.4) 

(3.12) 1 ♦ 2X  < 2X1X^ ♦ l.SXtX, 
1     14      I   Z 

(3.5) ♦ X1[-2<-2X4] 

(3.13) i < i.sx1 (3.2)  and  [X3<11 

(3.14) i < x1(i*x4) (3.13)  and  (3.10) 

■"   " ""    ' II     '       '■!■   I  I  ■■    ....  ■ ---—  - .^-^^^g^ggm^ -A. »_- *.,*mM 
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Since in this case f. (x.) ■ 
wfl^Xj-Uj)') 2, ,lnd *2n(-X2'^ 

w[U(x2-w2)
4) 

follows that 

2"   diJ.^!) then by definitions (2.11) throuRh (2.1R) it 

2 2 
sin (wp^       sin (fp2) 
  , b, -  ' Bl " B2 " w • Bll 

(3.15) 

312 ' *" '  B21(j) ' '• Bnd    B22(,) " *"   f1^^^ 

Since fJ-C«) «xists and  |f| (x)| < 1 for all x and all n , then 

assumption (12) holds and D. ■ 1 for all n . 

Since g^tx.J) exists and  |g' (x,j)| < 1 for all x and all n , then 

assumption (13) holds and D_ • 1 for all n . 

Since by (3.0) and (3.15), Bj, ■ -- , B 2 ■ ♦• , 0 < p. , q < 1 for all n 

and tjd) , Tjd) , t (K ♦I) and T (K.*l) are finite for all n , 

then assumptions (30) and (31) hold. 

Since by (3.0) and (3.5). B^O) - -- , B^O) . —  (l^.Kj) , 0 < p2 , 

q2 < 1 for all n and t2(l ,j) , T^l. j) , t^K,*!, j) and T2(K2*l,j) 

(l<JiK ) are finite for all n , then assumptions (32) and (33) hold. 

With the Table III we are going to show that all the other 

assumptions hold. 

IfllM—ai^lMiüitMliünii' — ■»»...■,■■,    ■!    ,  .   ■■ 1        1   ill ■ •       - 
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Table III 
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Assumption Condition For This Case ^statement of 
Condition 

Implied 
by 

(I) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

lim p.   ■ 0 
n*- 

lim ql  •   1 

lim n    /n ■ 0 

lim np 

lim n(l-q ) 

lim (1 - I!— ) 
n 

n-H» 

^3 
lim n      » • 

A3 
lim n     ■ - 

lim K 1 

lim p_ ■ 0 

lim q    ■ 1 

lim —i- 
n-BP2 

(9) lim 
m(l-q,) 

1-X, . A3 
llia n      ^l-lD—) 

lim m    /m ■ 0 
n-»" 

lim  (1 - —) - 1 
n- 

1-X X  -1       X 
n      1[1-2T\ _    )(n    -1) lim 

(n    -l)in   -I) 

■ 0 

1-X 
n V1 

1 
{i-2"    )(" -n 

(n    -l){n    -1) 

X3<   1 

S*1 

0  <   X, 

0 < x. 

x^ i.x3< 1 

X4<   1 

X4<   1 

j <x1{i*x4) 

(3.0) 

(3.0) 

(3.0) 

(3.0) 

(3.0) 

(3.0) 

(3.0) 

(3.14) 

1 <*l(l^4) (3.14) 

mm ■ — - -    -    ■■ - —       ■    - - -» 
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Assuaption Condition For This Case Restatement of 
Condition 

I«plied 
by 

(10) lim K. 

(14) 

(15) 

(16) 

(17) 

(17) 

(18) 

bj < 1    for all 

sufficiently 

large   n 

b   < 1    for all 

sufficiently 

large   n 

L1D1 lim —x - 0 
nb. 

B K 
lim —i-^- - 0 

B KD 
lim    1  1

3
1 ■ 0 

n*«   /üb 

Hm -J-i . o 

X l-X 
lim (n    -1)      i x2<i (3.0) 

r,       2(n    -1)  q, 

1 
(n    -1) 

sin  (»pj) 
< 1    for all    n 

sln^ipj) 

n-H» nb 1 

< 1    for all    n 

i14 

n-»4» 3 
nn 

^    i    3,  2 
H       (n-2n    )n      n n 

n-»«    Xl Xl/2 2X3 
n    n       n 

,    -,3.6 
H« I^-ij- - 0 
n-    Xl  1/2 6X3 

n    n      n 

lim-^-- 
n^nn    3 

3 . X1  < 4X3 

3 <   2X3 ♦  1.5X 

6.5  <  6X     ♦ X 

6 <  7X, 

(3.15) 

(3.15) 

(3.1) 

(3.6) 

(3.8) 

(3.7) 

in — ii ■ - ■  -— —'-—i 
*^-^'—         ■ ■ 
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Assuaption Condition For This Case Restatement of 
Condition 

Implied 
by 

(20) 

(21) 

(22) 

HR 

lim ——- - 0 
n-»« b./CT 

nD 
1 

(23) 

n-Lj   b, 

L D 
11m -U- - 0 
n-»* mb 2 

I B K 
(24)i   um __£_£ . o 

/r2b2 

(25) 

(25) 

(26) 

B KD 
lim    - ^Y ' 0 

rr*«   »'mb- 

P2D22 lim -=~ - 0 
n*» mb- 

lim j-± - 0 
mb. 

n^nn    3 

,.       (n-2n    )n A 

IV*»      1      3    1/2 n    n      n 

lim nn 
l.SXj 4X3 

n n 

2 4 

n-** 4 

,,       [m-2m    Im n lim xi—2r "0 A
2    2/2 ^4 mm        m 

r     ■>_ 4,   6 
lim  t"'2"    1"    . o 
n—    X2 1/2 6X4 mm     m 

lim -^r - 0 
n-*»        4 m 

lim_»_. 0 
n-»*        4 

6 <  7X, 

3 <   2XS ♦  1.5X 

S <  4XJ ♦  1.5X 

3  ♦  X2  <  4X4 

3 <   2X.  ♦  1.5X, 
4 i 

6.5  <  6X4  ♦  X. 
4 2 

6 <  7X. 

(3.8) 

(3.6) 

(3.2) 

(3.3) 

(3.9) 

(3.11) 

6  <  7X 

(3.10) 

(3.10) 

tat—     — ■    -      -— -■ -j ~ , i I IKM^J^MIiMl^l ■■■ ■   li 
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Assumption Condition For This Case Restatement of 
Condition 

Implied 
by 

(28) lim    1 -    - - 0 
/r2b2 

(29) 
^o2 

rr** L     b. 
11 

1 n 

[m-2m    ]m . 
*     I   ft   i—" 0 

2      4 A2/2 
n    m      in 

Urn ^'2n -JJ   ■ 0 "■   175174x7    u 

Z   4 

1 ♦ 2», < 2Ä. 
1    4 

♦ 1.5X X 

1 ♦ 4X  < 4X|X, 1     14 

♦ J.5X X2 

(3.12) 

(3.5) 

Therefore given numbers X, , X, , X. , X. which satisfy (3.0) 
1 Z 3 4 

through  (3.5) all the assumptions from Section 2.2 hold. 

Therefore since    X,  ■ X. ■ 0.95    and    X,  • X_ ■ 0.99    satisfy (3.0) 
3 4 1 Z 

•v   u ,,  cs    .u       ,        "O-OS  ,    0.95       0.99 . through (3.5), then p-l-q-n     ,L"n    ,m«n   -1, 

L- ■ ra '  , p. ■ 1 - q? ■ m  '   satisfy all the assumptions, for this 

example. And therefore the results of Section 2.4 hold. 

Then when the alternative is true V*(n) , for large n , has 

approximately a noncentral chi-square distribution with d-degrees of 

freedom and noncentrality parameter given by 

k*m MMMMMM ■MMMMMMMi —   ■ ■ ■■-■   — 
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,(VUl)2/Ll 9ln4(fPl)      Ll   »i"4^*'!) 
TTT i - q, 

i (^1)L1 2 iLl  ,12 sin   [wfpj  ♦ J-sin  [«(Pj  ♦ -^-)] 

KL^-DKjCgj-pJ)2  ^L2 sin4(»p2)      L2 sin4(wq2) 

L2w 1   -  q. 

i-1 

(i*I)L, iL, 
s.»2[«(p2 ♦   V'  'J   2)]-sin2[ir(p2 ♦ -jji)] 

nHa^^g^a^.^ i inn——MI 
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Appendix A 

ASYMPTOTIC  F.QUIVALENCF. 

A.l.    Historical  Background 

The concept of asymptotic equivalence of two sequences of 

probability distributions,  where all   terms  in both  sequences were defined 

on  the same space and there was no requirement on the existence or non- 

existence of a limit in? distribution  for both sequences, was  introduced 

by  Ikeda  [9] as a way to formulate the problem of asymptotic approxima- 

tion in a generalized form and  to study asymptotic  independence.     Me 

generalized a notion of asymptotic independence of two random variables 

introduced by Jeffroy [11]   in the study of extreme values. 

The notion was  implicitly generalized by Weiss   [20],   studying 

asymptotic distribution theory for samples drawn from distributions 

approaching the uniform distribution  as the sample  size increases, 

where he considered two sequences of random variables where  the    n 

term of each sequence was defined on the same dimensions!  space,  but 

the dimension increased with    n   ;  and he gave a sufficient condition for 

the asymptotic equivalence of the two sequences as we will define  it  in 

this appendix.    This  result will  be  stated  in this appendix  as Theorem A.l. 

Weiss   [21]  applied  asymptotic  equivalence again to prove the 

asymptotic joint normality of an increasing number of sample quantiles, 

where the distributions from which the samples were drawn were univariate 

continuous, defined on the interval     [0,1]   , the p.d.f.'s for .ill     n    were 

bounded from above and below by two constants independent of    n   ,   the 

absolute value of the second derivative was boundea by a constant 

74 
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independent of n and the p.d.f.'s and Its two first lierivatives were 

continuous in the open interval  (0.1) and on the right at 0 and on 

the left at 1 .  In this case the n   term of both sequences were 

defined in the k(n)-dimensional euclidean space with, k(n) ■ n ' -1 . 

0.75 < 6 < 1 . 

Another application given by Weiss [22], used asymptotic 

equivalence to study the asymptotic joint normality of an increasing 

number of order statistics, where the distributions from which the samples 

were drawn were assumed to be univariate continuous, for each n , the 

derivative of the p.d.f. exists and its absolute value is less than a 

bound depending on n . The assumptions are that we move into both tails, 

but not too fast, and some compromises concerned with the speed in 

moving into the tail, the graduality of the increasing number of order 

statistics under consideration, the separation in ovJer of those order 

statistics, and the smoothness of the p.d.f.  It is also assumed that 

the order statistics are sample quantiles and that as n increases, 

the population tends to cover all the real line and there is a compromise 

between the speed at which it does it and all the other elements mentioned 

earlier.  Another point is that Weiss, in the proof that for this 

case the sufficient condition (see Theorem A) holds, assumed that the 

actual distribution was the normal one.  He didn't make use of this 

point in his earlier papers. 

Ikeda and Matsunawa [10], generalizing Weiss [21] slightly, 

under essentially the same assumptions, formalized the concept of 

asymptotic equivalence for the case we are considering in this appendix. 

Another application was given by Weiss [23] in studying the 

problem of testing the hypothesis that the sample came from the uniform 

- ■-- 
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distribution, when the samples are drawn from a distribution with p.d.f. 

rfx) 
1 ♦  * / ,  x in the open interval  (0,1) , r(x) unknown but satisfying 

/n 

some regularity conditions.  He proved the asymptotic normality of a 

gradually increasing number of order statistics, and their asymptotic 

sufficiency. 

A. 2.  Asymptotic Equivalence of Sequences of Random Variaoles 

Let  {X*(n)} , {Y*(n)} be sequences of random variables such 

that  X*(n)  and Y*(n)  are K(n)  dimensional random variables, let 

f„,(x*(n))  arH fy.CyMn)) denote the p.d.f. if they are continuous 

or its probability mass function if they are discrete.  Lot C     be the 

collection of sequences of random variables such that the n   term 

of the sequence is a IC(n) dimensional random variable, and let 

IR(n)} be a sequence of measurable regions such that R(n)  is a K(n) 

dimensional measurable region. 

Definition A. 1 

The sequences (X^n)} , {Y*(n)}  are asymptotically equivalent, 

(denoted by  {X*(n)} ^ {Y*(n)} ), if for any sequence {R(n)} 

lim |P{X*(n) c R(n)}-P{Y*(n) e R(n)}| - 0 . 
n-*» 

Weiss [20] and [21] has proved the following theorem. 

Theorem A.1 

If {X#(n)} and {Y*(n)} are elements of  C , a sufficient 

condition for {X*(n)) ^ {Y*(n)}  is that  log fY.(X» (n) )/fx# (X^n)) 

HMMMMJI——MM    ■■ '  -     ■-■——-^^^——^-^^nmniii ^mMU,*^*-,^..^*.:...*..**.:.. l|r|tJ 
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converges stochastically to zero as n increases or equlvalently 

that fY,(X*(n))/f (X*(n)) converges stochastically to one as n 

increases. 

Lven though not needed for this thesis, it seems to us useful 

to introduce the following two lemma-. 

Lema A. I 

Asymptotic equivalence is a equivalence relationship on    i.' . 

Proof of Lenuna A. 1 

From the definition A. I  it is obvious that  for any    {X*(n)} e C 

and any    {Y*(n)}  c C 

i)     {X*(n)} -v-  {Y*{n)}   , 

it)    {X*(n)) ^ {Y*(n)}    implies    {Y*(n)} "v {X*(n)}   •    Given    {X*(n))   , 

{Y*(n)}   ,  {Z*(n)}    elements of    C    and any    {R(n)}   ,  from the fact  that 

|p{X*(n)c R(n)}-P{Z»(n) c R(n)}| 

<. |P{X*(n) c R(n)}-P{Y*(n) t R(n)}| 

♦   |P{YMn) e R(n)}-P{Z*(n)c R(n)}| 

which implies 

lim |P{X*(n)c R{n) }-P{Z*(n) e R(n)}| 

<. lim lP{X*(n) £ R(n)}-P{V*(n) c R(n)}| 

*  lira  |P{Y*(n)E R(n)}-P{Z*(nj c R(n)}| 
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we get 

ill)    {X*(n)} ^ {Y*(n))    and    (Y*(iO) x if{n))    implies    (X^fn)) ^ 

(Z«(n))  . or.n 

Lemiia A. 2 

If    {X*(n)}    and    (Y*(n)} t.'.menti of     i'   and  for every    n   , 

X*(n)     is continuou-  K(n)-dimen5ionii  random variable and    Y*(n)     is a 

discrete K(n)-dimen$ional  rando« variable then    (X*(n)}    and    {Y*(n)} 

are not asymptotically equivalent. 

Proof of Le—a A. 2 

For each n , let R(n) be the i^n)-dimensional support of Y*(n) 

Then, for all n ,  P(X*(n) e R(n)} - 0 and P{Y#(n)e R(n)} - 1  and 

therefore the requirements of Definition A.l are not fulfilled.     ^-n 

MM 
'-■— ■■' -   ■ ■ mil 



70 

BIBLIOGRAPHY 

(I) Anscorabe, F.J. (1963), 'Tests of Goodness of Fit", Jour. Roy, stat. 
Sec. , Series B.,Vol. 25, pj.. 81-94. 

[2]  Bernoulli, P. (1735), "Recherches physiques et «strononiques...". 
PiÄces qui on Rewport^ le Prix Double de 1'Academic Royele des 
Sciences en 1734, Paris, pp. 93-122. 

(3]  Cochran, W.G. (1952), "The x2 Test of Goodness of Fit", Ann. Math. 
Stat.. Vol. 23, pp. 315-345. 

(4)  CrtmiT,  H. (1946), Mathematical Methods of Statistics, Princeton 
Univ. Press, p. 424. 

[5]  Feller, W. (1968), An Intoduction to Probability Theory and Its 
Applications, Vol. I, John Wiley d  Sons, Inc. 

[6]  Fisher, R.A. (1924), "The conditions under which chi square 
measures the discrepancy between observation snd hypothesis". Jour. 
Roy. Stat. Soc., Vol. 87, pp. 442-450. 

[7]  Gibbons, J.D. ("1971), Nonparaaetric Statistical Inference, McGraw- 
Hill Book Co. 

[8]  Gumbel.E.J. (1943), "On the Reliability of the Classical  x2 Test", 
Ann. Math. Stat., Vol. 14, pp. 253-263. 

[9]  Ikeda, S. (1963), "Asymptotic F.quivalence of Probability Distribu- 
tions with Applications to some Problem!» of Asymptotic Independence", 
Ann. Inst. Stat. Math., Vol. 15, pp. 87-116. 

[10]  Ikeda, S. and Matsunawa, T. (19/2), "On the Uniform Asymptotic 
Joint Normality of Sample Quantiles", Ann. Inst. S'at. Math., 
Vol. 24, pp. 33-52. 

[II] Jeffroy, J. (1959), "Contribution ä la Theorie dr.s Valuers 
Extremes", Publ. Inst. Univ. Paris, Vol. 8, pp. 123-184. 

[12]  Kolmogorov, A. (1933), "Sulla Determinazione F.mpirica di una Leppc 
di Distribuzione", Giom. 1st. Ital. Attuari, Vol. 4, pp. 1-11. 

[13]  Mann, H.B. and Kald, A. ('.942), "On the Choice of the Number of 
Class Intervals in the Application of the rhi square Test", Ann. 
Math. Stat. , Voi. 13, pp. 306-317. 

*tmr.~i*. ,--..-.^-J-M^—..-   ..,J^^M_^_MM MiaMMIMUak 



i ■ ■■■ 11  I ■■   I  ' ■"  —— 

80 

[14] Hassey, F.J., Jr. (1951), "The l^lmoRorov-Snirnov Test for Goodness 
of Fit", Joum. Aw. Stat. Assoc., Vol. 46, pp. 68-78. 

(15) Neyman, J. (1949), 'Tontribution to the Theory of the x2 Test", 
Proceedings of the Berkeley Syposiua o*-. Mathematical Statistics 
and Probability, University of California Press, pp. 239-273. 

[16]  Pearson, K. (1900), "On the Criterion that a given System of 
Deviations from the Probable in the Case of a Correlated System of 
Variables i> ?>«>... that it can be Reasonably Supposed to have arisen 
fro« Randon. Sa^rUnft", Philos. Mag. Series 5, Vol. 50, pp. 157-172. 

[17]  Saimov, H. (1939), "Sur les Ecarts de U Courbe de Itistribution 
Empirique", Recueil Mathftnatique (Matematiceskii Sbernik), N.S.6, 
pp. 3-26. 

[18] Smimov, N. (1948), "Table for Estimating the Goodness of Fit 
of Empirical Distributions", Ann. Math. Stat., Vol. 19, pp. 279-281. 

[19] Yates, F. (1934), "Contingency Tables involving Small Numbers and 
the x2 Test", Jour. Roy. Stat. Soc. Suppl., Vol. 1, pp. 217-235. 

[20] Weiss, L. (1965), "On Asymptotic Sampling Theory for Oistrihutions 
Approaching the Uniform Distribution", Z. Wahrscheinlichkeitstheorie 
verw, Gerb 4, pp. 2*7-221. 

[21]  Weiss, L. (1969), "The Asymptotic Joint Distribution of an Increasing 
Number of Sample Quantiles", Ann. Inst. Stat. Math., Vol. 21, 
pp. 257-263. 

[22]  Weiss, L. (1973), "Statistical Procedures Based on a Gradually 
Increasing Number of Order Statistics", Communications in Statistics, 
Vol. 2(2), pp. 95114. 

[23]  Weiss, L. (1974), "The Asymptotic Sufficiency of a Relatively Small 
Number of Order Statistics in Te;»' of Fit", Annals of Statistics, 
Vol  2. pp. 795-802. 


