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Chapter I

INTROBUCTION

1.1. Introduction

An important area of Statistical Inference relates to the
problem of assessing the conformity or gooliess of fit of some observa-
tions to a null hypothesis. This hypothesis may be that the observations
came from a distribution which belongs to a given family or may be a
completely specified distribution. A statistical procedure which solves
such a problem is cnlied a test of gocdness of fit.

This thesis is concerned with the problem of testing the
goodness of fit of a sample drawn from a continuous bivariate distribu-
tion, where the null hypothesis is that the true distribution is a
completely specified one. A test is develuped, where the test criterion
is based in some functions of a subset of order statistics, functions
which depend on the distribution under the null hypothesis.

By order statistics from a bivariate distribution we will
understand the following. We order the sample by the first coordinate
and we select some of the ordered first coordinates as strip limits.
ror the points in the interior of each strip, we order their second
coordinate and will consider some of those. Our test criterion is
based on some functions of the strip linits and on functions of those
second coordinates ordered within each strip.

The distribution theory on which this test is based will show
the asymptotic joint normality of those functions of the subset of
order statistics on which the test criterion is based on, assuming that as
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the sample size increases, we gradually increase the number of strips,
that in each strip the number of those ordered second coordinate we
consider is also gradually increased, that wc move slowly into the tails
for both coordinates, that for each sample size n , the derivative of
the marginal probability density function (p.d.f.) exists and its
absolute value is bounded by a number depending on n , that the deriva-
tive of the conditional marginal p.d.f. for the second coordinate within
each strip, conditional on the strip limits, exists and its ahsolute
value is bounded by a number depending on n , that for each n , there
exist bounds, which depend on n , for both marginals mentioned above.
This distribution theory allows the distribution from which we sample

to depend on n . Those order statistics taken into consideration,

are standardized and the standardization depends on the true distri-
bution.

Using a generalization of the concept of limiting distribution,
asymptotic equivalence, which allows us to handle the case where the
dimension of the multivariate random variables depends on n , we
will prove that those functions of the subset of order statistics are
asymptotically equivalent to a multivariate normal with mean zero and
known coveriance matrix.

As the test criterion is the quadratic form of this multivariate
normal it follows that under the null hypothesis, its distribution
approaches the chi-square distribution with degrees of freedom known

and depending on the number of strips and the number of order statistics

considered within the strips.
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1.2. Summary

In Section 1.1 we have given an overview of the problem and of E
the results obtained, and in Section 1.3 we give a review on the
historical background. In this Section we outline briefly the contents §

of this thesis.

In Chapter Il we study the asymptotic distribution of a gradually
increasing number of some functions of order statistics from a continuous
bivariate distribution.

In Section 2.1 we will introduce the concept of order statistics
from a bivariate distribution, and for each n , we will define some
functions of them, functions which depend on the distribution. For
cach n , we will define a multivariate random variable, whose dimen-
sionality increases with n and we will also define a multivariate
normal variable with the same dimensionality as the other one for
each n .

In Section 2.2 we will state the assumptions that will hold
throughout Chapter Il and deduce from them some results.

In Section 2.3 we will explicitly show the joint probability
density function of both the functions of the order statistics and the
multivariate normal, and ve will state some results useful for the

proofs of Section 2.4.

In Section 2.4 we will prove that both sequences of multivariate
random variable, in one case the functions of the order statistics and
in the other the multivariate normal, are asymptotically equivalent.

In Chapter III, we are going to develop a bivariate test of

goodness of fit, for testing the hypothesis that the sample comes

from a completely specified continuous bivariate distribution.
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In Section 3.1 we propose the test of goodness of fit, whose
test criterion is based on the functions of order statistics defined
in Section 2.1.

In Section 3.2 we show that in a particular case the random
variable used as test criterion has under the alternative approximately
a noncentral chi-square distribution with noncentrality parameter known
and known degrees of freedom. We also give a concrete example, which
satisfies all the assumptions given in Scction 2.2.

In Appendix A we present the concept of asymptotic equivalence
of sequences of multivariate random variables, whose dimensionality
depends on the position in the sequence. The historical background is
given in Secticn A.1 and the concept and some basic results are
presented in Section A.2.

The notation used in Sections 1.3 and A.l1 are independent of
that used in the rest of the thesis, and the notation we adopt in this

thesis will be introduced as it is needed in the development.

1.3. Historical Background

Historically, the first clear use of a test of goodness of fit
seems to have been by Bernoulli [2], regarding the closeness of orbital

planes of the planets to one another and to the equatorial p'ane of

the sun.

1.3.1. The Chi-Square Test of Goodness of Fit

Karl Pearson [16], was the first one to give a proposal for the

general use of such a procedure in a broad class of situations, namely

.t
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his chi-square test of goodness of fit, where the essential features of
this type of procedure were presented without ambiguity. In this
ploneering paper he introduced his Xz-test criterion and he realized that

this criterion, under certain circumstances follows the chi-square

G

distribution. Pearson essentially operated as follows: He divided the
observations into k-cells, defined X, as the number of observations

which lie in cell i , let mi be the expected number of ohservations

, S Gl i

2
2 k)
falling in cell i and defined X° = J ———— . He first dealt
i=] i

with the case where m, (1<i<k) are known numbers. le assumed that

the x, may be taken as normally distributed, so implicitly he was
committed to the assumption that the expectations m are large for all
cells, and he proved that if the null hypothesis is true X2 has
asymptotically a chi-square distribution with (k-1) degreces of freedom.
The test rejects the null hypothesis if X2 is too large.

Pearson established the necessary distribution theory for
finding significance levels when the null hypothesis provides the exact
values for the m, (1<i<k) , but he did not show that the exact
distribution of X2 , always discontinuous, actually approaches chi-
square as a limiting distribution. A fully rigorous proof may be found
in Cramér [4].

Fisher {6], generalized the procedure for the problem when
the expected number of observations lying.in each cell are estimated
from the sample.

The exact distribution for X2 , for fixed sample size, is

usually extremely complicated, and for this reason most of the literature

concentrates on generalizing the procedure for large sample size.
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Following those early papers in the area, rhere is an extensive
literature trying to improve different aspects of the test. Yates [19],
under certain conditions, introduced a correction for continuity.

Neyman [15], showed that if we test the null hypothesis that the expec-
tations are m when in fact they are ui and if mi.mi and the
significance level are kept fixed, then as n increases, the power of
the test tends to 1.

When X2 is used to test the nyputhesis that the observations
came from a continuous distribution, we must, in order to apply the test,
decide in advance how to group the observations into cells. Both the
number of cells and the division points between cells are at our
disposal, and the choices we make will affect the sensitivity of the
test. Mann and Wald [13] and Gumbel [8] suggested choosing the cells
such that each cell has the same expected number, namely n/k . Other
authors, recently suggested using randomly assigned cell limits.

Nevertheless, in testing the hypothesis that the sample came
from a given continuous distribution versus the alternative that it
came from a continuous distribution belonging to a given family, the
power of the test is very poor for an alternative where each test cell
has the same expected number under both the null hypothesis and this
alternative, no matter how large the sample size.

This is not the unique criticism that the traditional form of
the chi-square test has undergone, but we only mention this particular
one because the test based on a gradually increasing number of order

statistic proposed by Weiss [22] meets this objection and we are

generalizin~ his results tor the bivariate case.

i T st A 0




A V] ad iaadobnbamn o bta o Latdde 4 o b " i a TN il " TPy R ta L anid ot g Lo . s =

1.3.2. The Kolmogorov-Smirnov Test of Goodness of Fit

Kolmogorov [12] and Smirnov [17] have suggested a test of grodness
of fit. A brief description of the test for the univariate case would be
the following:

Let xl,xz,....xn be random variables drawn from an unknown
cunulative distribution function F(x) , let Sn(x) be the observed
cumulative step function of the sample, (i.e., Sn(x) = 5{%1 where k(x)
is the number of observations less or equal to x ), called the empirical
c.d.f., then the sampiing distribution of Dn = sup_ |F(x)-Sn(x)| is
known, and is independent of F(x) , if F(x) 1is continuous.

Therefore, a natural test of goodness of fit for testing the
hypothesis that F(x) = Fo(x) , a continuous specified c.d.f., is to
reject the hypothesis if sup lFo(x)-Sn(x)I >d (a) , where d_(a)
is taken from a table.

Kolmogorov-Smirnov proved that /;bn has a limiting distribution
as n 1increases. A table for the limiting distribution was given by
Smirnov [18].

Although the criticism we were applying to the chi-square test
does not apply to the Kolmogorov-Smirnov, unfortunately when we are
interested in testing goodness of fit for a continuous bivariate distri-
bution, Dn's distribution depends on the true distribution of the
observation, even when the null hypothesis is true (i.e., it is not
distribution-free any more) and actually its distribution is difficult to

compute.

i o




LSl all St s B L b ST C b s R L L g

.

1.3.3. Weiss Test of Goodness of Fit

Weiss [22] developed a test of goodness of fit, for the problem

cof testing the hypothesis that the sample comes from & continuous

unjvariate distribution complesely specified. His test criterion is a
quadratic torm of some standardized order statistics, standardization

which depends on the true distribution.

The test is based on the asymptotic normality of a gradually

increasing number of order statistics. The number of order statistics

g

gl he considered, depends on the sample size n . le assumed the existence
of the derivative of the p.d.f. and that th~ ats0lute value is bounded

] by a n depended number. That as n 1increases, he moves slowly into

the tails. That the p.d.f.'s are bounded from above and below by
numbers depending on n . And that there exist some asymntotic

conditions between all these elements, and between them and the number

of order statistics which are between those considered. The standard-

ization is made with the population quantile, its p.d.f. value and it is

PP R o

assumed that the ordered statistic is the corresponded sample quantile.
It is also assumed that the number of order statistics considered

increases as n increases.

As the test criterion is the quadratic form valued at those

s

standardized order statistics, under the null hypothesis, its distri-

bution approximates the chi-square distribution with as many degrees

D Y g 1

i of freedom as number of order statistics considered.
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Chapter 11

ON THE ASYMPTOTIC JOINT NORMALITY OF A GRADUALLY INCREASING NUMBER
OF SOME FUNCTIONS OF ORDER STATISTICS FROM A CONTINUOUS
BIVARIATE DISTRIBUTION

2.0. Introduction

This chapter is concerned with the asymptotic joint distribution
of a gradually increasirg number of order statistics from a continuous
bivariate distribution.

In Section 2.1 we will introduce the concept of order statistics
from a bivariate population, and for each sample size n , we will
define some functions of them, functions which depend on the distribution.
Then for each n , we will define some multivariate random variable, whose
dimensionality increases with n . We will also define some multivariate
normal variable, with the same dimension as the one depending on the
order statistics.

In Section 2.2 we will state the assumptions that will hold
throughout this chapter and deduce from them some useful results.

In Section 2.3 we will explicitly show the joint probability
density function of both the functions of the order statistics and the
multivariate normal, and we will state some elementary results, which
will be used in the proofs of the following section.

In Section 2.4 we wili formulate and prove a theorem showing
that both multivariate random variables, the function of the order

statistics and the multivariate normal are asymptotically equivalent

!
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(for details see Appendix A), or in other words, their distributions

are asymptotically approaching each other.

2.1. Order Statistics from a Bivariate Distribution, and a Multivariate

Normal Distribution

In this section we will define, for cach positive integer n ,
two multivariate random variables. One is a set of functions, which
depend on the distribution, of some order statistics from a sample of
size n drawn from a continuous bivariate distribution; and the other

is a multivariate normal with mern zero and some known covariance aatrix.

2.1.1. Order Statistics from a Bivariate Distribution

By order statistics from a bivariate distribution we will
understand the following. We order the sample by the first coordinate
and we select some of the ordered first coordinates as strip limits,

For the points in the interior of the strip, we order their second
coordinate and will consider some of those.

Let (xli(n)'XZi(n)) (1gign) be independent identically distri-
buted (i.i.d.) continuous bivariate random variables with common probabi-
lity density function (p.d.f.) f(xl,xz.n) and common cumulative
distribution function (c.d.f.) F(xl,xz,n) . Let Yl(l) <,..< Yl(n) be
the ordered Xli(n)'s . For each n , let Py » 9 o 0 <« Py < q < 1
be such that np, and nq, are positive integers, and let K, and L

1 1
be positive integers, such that

b o > A gy

10

KlLl - n(ql-pl) 5 (2.1)

ciiduiak
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Let
me l,l - ). (2.2)
Let S(j,n) = {(X;,(n). Xy, (n)); Y, (np,+(§-1)L,) <X, (n)<Y, (np,*jL,),
(1dgn)}  (1<d<K)) and let Y, (1,9) <...< Y (m,§) (1<j<K|) be the
ordered values of the second coordinate of the :lements of S(j,n) . For
each n , let Py » 8y s 0 < Py < 9y <1 such that mp, and mg, are
positive integers and let Kz and l.2 be positive integers such
that
Ksz » m(qz-pz) . (2.3)
Let
d e Kl + 1 Kl(Kzol) . (2.4)

Define the d-dimensional random variable Y(n) as
(Y, (npy+(-1L))  (1YSK o1) , Yy(mppe(1-1)L,,3)  (1sd<K,01, 189K )]

the vector Y(n) contains the order statistics we are interested in,
and we are going to define some functions of them, which depend on the
distribution.

Let Fln(x) and fln(x) be the marginal c.d.f. and marginal p.d.f.
of the Xl's , and let GZn(x'j) and gZ“(x,j) (1;J:xl) be the condi-
tional marginal c.d.f. and conditional marginal p.d.f. of the second

coordinates of the elements of S(j,n) , conditional on [Yl(anO(j-l)Ll)

(1§J;Kl¢l)] . We next define

el

SN A L,
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1 |np2¢(i-l)L2

T,(1,3) = 6, (————.3) » ty(4,9) = gy (T,(4,9).))

: (2.6)
(gigk,*, 18d2K,)

| W G) = e (Y (np e (5-1L)-T ()] (I<YsK +D) (2.7)

f Wy(1,3) = Jmt, (4, 9) (Y, (mp,e(4-1)L,,5)-T,(4,§)] i
(2.8) ‘*

: (l;i:)(zd,lf_j‘gxl) ]

E and W(n) as a d-dimensional random variable whose coordinates are given

1 by (2.7) and (2.8), that is

W) = (W) (LSisKpel) , WyliL))  (1sdgK,yel, 152K, (2.9)

and let g(w(n),n) be its joint p.d.f. whose exact expression will be

given in Section 2.3.

2.1.2. A Multivariate Normal Distribution

lat bk dain B i o

For each n , define the positive real numbers Ay o Ay s Ay A,

AT

and the symmetric matrix V(n) = {vij(")} of size d as follows

i
: L L Lz L2

» ....—l -+ B ——— -
1 A1 np, ! A2 n(l-ql) ' A3 mp, g A4 m(l-qzi
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Li(1e (- 1A T (16 (K #1-§)A,)
(1K 1)
nl(KlAlAzoAIOAz)
1'-1-[K1010(k-l)(K201)]
L2000 (10 DA (10 (Kyo1-§DA,] [ 303 [K ole(k-1) (Kpo1))
vi’(n) -< (2.10)
KIOZ;igjgg
L 0 otherwise.

Define Z(n} as a d-dimensional random variable, normally distri-
buted with mean zero and covariance matrix V(n) .

Zn) = [2,(5) Ggigkyel) , 2,(1,5) (gieK sl , 1igK))]
and let h(z(n),n) be its joint p.d.f. whose expression will be given
in Section 2.3.
2.1.3. Some Additional Notation

In this subsection we are going to define some quantities which
are going to be useful throughout this thesis. Define

Bll s g.l.b.(x;Fln(x)>0} (may be -= ) (2.11)

Blz » l.u.b.{x:Fln(x)<l) (may be += ) (2.12)

BZl(j) - g.l.b.{x;GZn(x.j)>0} (may be -= ) (1;55}1) (2.13)
- ool M L e




T

14

Byy(J) = Lub (xiGy (x,3)<1)  (may be +=)  (184<K)) (2.14)
by = i:f (£, ()T, (1)<X<T, (K 1)) (2.15)

B, * s:p (£, (x);T, (1)<xsT, (K +1)) (2.16)

b, = 132%, i:f (8,5, (X, 3) 5Ty (1L SXET, (K1, ) ) (2.17)

B, = 13;}1 S:P (8,5, (x,3)3T,(1,)2xsT, (Kye1,9) } (2.18)

The reader is reminded that throughout this thesis the numbers
Al ’ Az ’ AS L} A‘ ’ bl ’ bz ’ Bl ’ Bz 4 Bll ’ Blz ’ le(j) (lﬁgl) ’
822(3) (I:J;xl) , d, Kl , K2 , Ll , L2 » M Py s ¥y s Qv Qy depend
on n but this dependence is not explicitely shown for notational

convenience.

2.2. Assumptions and Some Consequences

Throughout this section we are going to list the assumptions,
deduce some results based directly on the assumptions, and state some

properties of the coordinates of Z(n) .

2.2.1. Assumptions

Our assumptions are given in Table I.
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Table |

Assumption ' Assumption ’
lim pl =0 (1) For all n and all .« in (12)
s h i 1 (B, ,B
the open interval ( n’ 12)_.
lmaq =1 ) fin(x) exists and |£} (x)]
Moo < [)l where Dl is a real
nuaber, which depends on n ,
1im np, = = (3)
o snd D, >1 forali n.
lim n(l'ql) A (4) For a1l n and j , (13)
Nee (l,_<_jg(l) , and all x 1in the
open interval (le(j),
lim K, s » (S) '
Nee 1 Bzz(j)),gz"(x,j) exists and
]
|85, (x,9)| < D, , where D,
lim p, = 0 6) is a real number, which
R depends on n and D, > 1
1im q, * 1 (7) for all n .
e
K bl < 1 for all sufficiently (14)
1
lim = 0 (8) large n
nee "P2
K bzi 1 for all sufficiently (15)
1
Hm ———= = 0 (9) large n
e B(1-0))
LlDl
lin K, = = (10) lim — = 0 (16)
n-be 2 e nbl
For all n , np, . ®p, , (11) lel
“q » Bq ] K » K » lil =0 (17)
1 2 1 2 b
L, » L, are positive e 745
integers
B.K.D
1in e 0 (18)
Nee /ﬁbl

ia ikl e
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s Tt i i o

I P, .J



16

Table I (Continued)

Assumption ’ Assumption ’
§
P 02 B.K.D
11 .9 (19) lim —2—231 =0 (25)
mee  nb, e /—bz
2 2
(1-q,)D, P22,
—— 0 (20) lim = = 0 (26)
nbl nee mb
2
K .
1P (1-q,)03
= q (21 lim _._42__2 .0 (27)
1'71 Nee nbz
nD
1 K.K./D.
157" 0 (22) e 12 2.9 (28)
1 1 me /L.b
272
L.D
272 mK. D
o (23) 1o -5 = 0 (29)
2 e L 7D
2 2
B.X
272
=0 (24) JE‘
lim (1)[B,,-T, (1) ]=-= (30)
ne= /Lb, noe Py 1 n
Assumption ’
n
1im o, tl(KIOI)[Blz-Tl(KlOI)] CRR T (31)
o= 1
K ’p,
1im max s 0 (32)

me 1<J<K)  /mb, (B, (3)-T(1, 1)

Klv'l-q2
lim max =0 (33)
e 1K) /mb, (B, ()T, (Ky01,9)]
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2.2.2. Some Useful Results Based on the Assumptions

Since by assumption (12) Dl > 1 for all n , and by (14)

b, £ for all large n , then 0 < (Kl)/(/f;) < (Kl/ﬁ;)/(/f;bl) for

large n and by (21) we have

K

lim — = 0 (2.19)

mee A,

and 0 <« n/Li'5 5 (nDl)/(L:'Sbf) , and by (22) we have

1im «0. (2.20)

n
n-ee L}'S

Sirce

by (2.1), then by assumption (22) we have

D.X

171
3 " 0. (2.21)

1

lim
n+= /nb

We are now going to show that for the following pairs (r,s):

(1,1),10,2),(0,3),(1,2),(2,1),(3,0) ,

nDs

1
lim——T7———-0.
= s+(r 2)b2s

& 1

(222)

Since (2.22) holds for (r,s) = (1,1) by assumption (22) it follows that

for large n 0 < (nDl)/(L:'Sbl) < 1 , and therefore 0 < (an) <

(nzof)/(Lfb:) < (nol)/(L:'sbf) which implies that (2.22) also holds
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for (r,s) = (0,2) . Since for large n , 0 < (nD:)/(Lfb?) <
(*0)/L}00) < (D)7 (L) "®b2) then (2.22) holds for (r,s) = (0,3) .
Given that we proved that (2.22) holds for (r,s) = (0,2) and 0 <

f'sb:) < (an)/(Lfb:) , it follows that it also holds for

(n0¥)/ (L
(r,s) = (1,2) . S8y the fact that O < (nol)/(Lfbf) < (nD))/ (L}"%b7) then
by assumption (22), (2.22) holds for (r,s) = (2,1) , and finally (2.20)
shows that (2.22) also holds for (r,s) = (3,0) . Therefore the proof
that (2.22) holds for (r,s): (1,1),(0,2),(0,3),(1,2),(2,1),(3,0) is
completed.

Since by assumption (13) 02 > 1 and by (15) b2 <1 for all
large n , then for large n, 0 < (KZKZ)/(/E;) <(K1K2/5;) and by (28)

K, K

1im 1 2.9 (2.23)
nee /E;
and for large n, 0< (aK)/(L, ") < (IKIDZ)/(L;'Sbg) and by (29)
nK1 n
lim ——= = 0 and lim = 0. (2.24)
1.5 1.5
n+e L2 nee L2

Since 0 < (xlxzoz)/(fﬁbg) < (K1K202)/(/[;b§) < (-xloz)/(L;'snz) then
by assumption (29)

K KDy
3

2

1im = 0. (2.25)

nee  /md

Using assumption (29) and the same kind of argument as those used

to prove (2.22), it follows that

i
]
me_“m bl o e g g s e Saadtrait b o
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nKlD;
;1: LSO(T/Z)bZS M
2 (2.26)

for the pairs (r,s) = (1,1),(0,2),(0,3),(1,2),(2,1) and (3,0)

If we would remove the conditions that for all n , Dl > 1 and
DZ~1 1 in assumptions (12) and (13) then we should include (2.19), (2.2)),
(2.23), (2.25) as assumptions and replace (22) by (2.22) and (29) by

(2.26).

2.2.3. Some Variances Related to the Multivariate Normal

Throughout this thesis oz(x) will denote the variance of x
and o(x) the standard deviation of «x .
From (2.10) and recalling (2.1) and (2.3), if assumptions (1)

through (10) hold, then

02(21(1)) - "1(1‘61) (2.27)
oz(zl(klol)) - (1-q,)(1+61) (2.28)

2 l’f Aty L
g (zl(j’l)-zl(j)) = a - EIKIK;:K;:i;) = == (1+67) (1<3<K)) (2.29)
0 (2,(1,3)) = p,(146,) (<) (2.30)
0?(2,(K41.9)) = (1-q,)(1+83) (<K (2.31)

. . il aoncamnhiideiin oo bt b ¢
s e AT,
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2
Y AA L
o?(2,(1-1,9)-2,(1,9) = —2— (1 - —21—) o L (1esy)
m(Lz-l) KoAyA *A oA, (2.32)

(lf_i:)(z : l;jg_l(l)
where 61 , Gi , 6; 3 62 . 65 : 6; depend on n and their coamon limit
as n increases is zero.

Furthermore, since all the variances of the ccordinates of Z(n)

approach zero as n {increases, there exists a real number 32 such

that

o?(2,(3)) £3°  (gygxye1) and
(2.33)

2

0f(2,(1,)) £3° QYLK 1GK)

2.3. The Joint P.D.F.s of the Functions of Order Statistics, The

Multivariate Normal, and Other Known Facts

In Subsection 2.3.1 we will write the p.d.f.s of W(n) and 2Z(n)
in a convenient way for the purpose of making it easier to follow tlie

proofs in this chapter,
The p.d.f. for W(n) is found by computing the p.d.f. of Y(n)

in two stages: first the marginai for the Yl's and then the conditional

marginal of the Yz's conditioned on the Yl's , taking advantage of the

fact that the Yz's of different strips are independent and making the

change of variables.

in Subsection 2.3.2, we will state some knomwn facts that will

be useful for the proofs of Section 2.4.




2.3.1. The P.D.F.s

The joint p.d.f. for W(n) , g(w(n),n) , cen be written as the

product of the following twelve expressions.

nl
X (K +1)/2 (2.34)

(npl-l)l(n-nql)l[m!] n 1

1
K[’l (2.35)
1ot ()
=1

w, (1) np, -l
Ll (2.36)

(F, (T,(1) »
In""1 /nt, (1)

w, (K,*1) n-nq
B e § (2.37)

[1-F, (T, (K;+1) *
Int 11 '/Etln‘;l’l)

g (F,_(T,(j+1) "(j‘”) F. (T, (3) 9 ) (2.38)
n +]) ¢ ——m8m™} -~ T . 2.%
jop 1 Aegen LT An0)

Kl; e T.G) + — 9, (2.39)
i) .
oy /b, (3)

1
Kool (2.40)

1 2
P I o
j=1 iml
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K
1 wz(l,j) lpz-l
n [Gzn(Tz(llj) ¢ - (2.‘1)
J=1 /mt,(1,4)
K
1 wz(KZOl,j) m-mq2
(1 -G, (T,(Kye1,§) ¢ —=———, §)] (2.42)
Jel /at, (K,01.9)
) "2[ v, (1+1,)
n n [G, (T .(i+1,§) ¢ —=~—oouo—", §)
ja1 de1 M2 /at,(1+1,1)
(2.43)
wz(ilj) Lz'l
= Gzn(Tz(ilj) ¢ ’ j)]
mt,(1,})
Ky Kp*l W, (1, 1)
moonog, (Ty(1,3) + —_ (2.44)
j=l sl /fitz(i,j)
%
[m!] N
(2.45)
X, (K,+2)/2 X,

[(mp,-1)1 (m-mq )1 [(L,-1)1] “m ]
if By, <T,(1) (wl(l))/(v’l_{tl(l)) <€ T (K A1) ¢ (wl(xln))/(.’it](xlol))
<B, and By (J) < T,(1.5) + (Wy(1,3))/(/mt,(1,§)) <...< T, (Kyel,5) o

(v, (Ky*1, §))/(/AT, (K,*1,)) < Bpy(J)  (1jsK;) and g(w(n),n) = O .‘

otherwise.

The joint p.d.f. for 2Z(n) , h(z(n),n) , recalling the fact that

Z(n) is a d-variate normal with mean zero and covariance matrix V(n) ,

can be written as the product of the following five expressions

'
X . . - as . : o - 2
dlition i i . (VPP PN FURTe s R X




23

K. +1 12 1
1 M, ORageey) g

A7 (—— ] (2.46)
:? pi?i-ql) n? g

(2.47)
a2
K, (K, 1) K X
1152 1,2 1
['(Lz'l)]“"i""} 1 ]?T(szz . (l'qz’pz)ri' (2.48)
Lg Pp(l-q))" * 2 L
2 2 X
L.z (1) L.z0(K,+1) 1
expl- B — o 2110 T2 (o020 7N (2.49)
2L1 np, n(l-ql) jel
X 2 2 .
( m(L-1) 1 Lozy(14)  Lyvp(Kyel,j)
expi - 2 mp * Twl-q.)
2Ly §el 2 2
(2.50)
K2

» L ez

2.3.2. Some Useful Elementary Facts

In this subsection we will state some results and show some
typical expansions that we will use in the proofs of Section 2.

Define ¢(x) as the standard normal c.d.<. valued at x . For
any event E, E denotes the complment of E .

K

Since for any events E(k) (1skgK) , PN E(K)) o p{uf_l £(K)}

=1 and PUY, E(O) £ B, PGEK)) then

K K
P(N E(XDY21- ] PEWK)) . (2.51)
kel k=1

i
!
t
F
E
E
e
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In Feller (5], page 175, it is proved that
for any x>0, 1 - (x) < % . (2.52)
Recalling (2.5) and expanding by Taylor's series we have
. 2
SN ) 0 i nt? (3)
(2.53)
(12K *1)
where Ol(j) is in the open interval (811.812) and therefore
|£ (8,3 <D, .
Recalling (2.6) and expanding by Taylor's series we have
, 2
Gz (Tz(i.j) . wz(i'j) . j) . mpz.(i'l)l‘z . wz(iij) . gzn(ez(itjz)nJ)hz(iuJ)
. /'—ltz(ipj) . ',; 2‘t2(inj)
(1sdsK,el,152K ) (2.54)
where ez(i,j) is in the open interval (BZl(j),Bzz(j)) and therefore
lgh (0,(1,§),5)| <D, forall n (1gigK,*1,1gK)) .
Another elementary result that will be useful is the fact that
for any random variables X , Y
o(X-Y) < a(X) + a(Y) . (2.55)
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2.4. The Asymptotic Joint Normality of the Functions of Order Statistics

fn this section we will state and prove a theorem which shows
that the distribution of W(n) asymptotically approaches the distribution
of Z(n) , or using the notation of Appendix A, that the sequence {(W(n))
is asymptotically equivalent to the sequence (Z(n)} . The proof of
the theorem will be based on results found by Weiss [20], [21] which
are explicitly stated in Theorem A.}.

We note the fact that by assumptions (S) and (10) the dimension

of Z(n) and W(n) increases as n increases.

Theorenm 2.1.

Under the assumptions listed in Section 2.2, and if for each n ,

R(n) 1is any measurable region in d-dimensional euclidean space, then

1im |[P{W(n) eR(n)} - P{Z(n) eR(n)}| = O .

n“

Proof of the Theorem 2.1.

For the proof of the theorem, it is sufficient to prove that
log(g(Z(n),n))/(h(Z(n),n)) converges stochastically to zero as n
increases.

Throughout this proof we assume that the p.d.f. for Z(n) is
h(z(n),n) .

Define the following events:




T

Delaa it b e

T—

Z,(1)

E. (1) » (B < T (1) » }
1 11 1 /'Ttl(”
R e | B s 1L
s - * < * 253X *1)
: ! M- L A G) :
2, (K *1)
El(Kl02) . (TI(KIOI) ¢ —— 812}
/Mt (K 1)
11
E,(1,§) = (B, () (1,4) 0.
1,§) = (B, (§) < T,(1,§) ¢+ ——r (1§ <X.)
2 21 2 o, (.0 X,
E,(1,9) = ({Ty(1-1,) ¢ ————— < T,(1,§) » ——}
/at,(1-1,9) /at,(1,))
(29K,0 1, 19K
( ) = (T, (K,+1,1) S (4)} )
E,(K,+1,3) = (T (K, *1,j) ¢ —————— < B__(§) (1<K
2% 22 A0y 2 1
Kloz K202 K1
E=[ N EMINL N N ELY] .
j=1 isl j=1

The complement of E is the region where g(Z(n),n) 1is zero, and
in the following lemma we are going to prove that the probability of E

approaches 1 as n increases.
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Lemma 2.1.
lim P{E} = 1 .
nee
Proof of Lemma 2.1.
_ Kloz _ K202 Kl B
P{E} = 1 - P(E} 21 - [ '] P(E,(1)}] - [ ) P(E,(1,§))]
j=1 sl jul

therefore to prove this lemma it is sufficient to prove that the

following quantities approach zero as n increases: P(fl(l)) , P{fl(K162)),

K+l K K_+1

1 = Kl = Kl ¥ 1 2 =
joz PEY Loy PELY Ly PER2.) T [iC, PE M)

2,1

/:Ttl(l)

p{El(l)} = P(T, (1) + <B,) - P{Zl(l)f_/ﬁtl(l)[B“-Tl(l)])

and by (2.27)

P(E, (1)} = P 1 <

7p, (1+6)) ) 7p (1e8))

z /Etl(x)[su-Tl(x)))

and by assumption (30) this approaches zero as n increases.

_ zl(xl’l)
P(El(xloz)} . P{ta12 T (K el) o —_—}
/E:l(xlox)

/icl(xlol)[slz-rl(xlol)]< Z (K +1)

)

= P{

/(1=q,) (1+8)) " /i=q)) (1+5])
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and by (2.28) the right side is standard normal and by assumption (31)

P(El(KlOZ)) approaches zero as n increases.

_ Lo [0)
PEOD) = Py - g3y < AMOIT 0D gk

é and we have /F[Tl(j)-Tl(jOI)] - (-Ll)/(/;fln(wi(j)) where Wi(j) is a

E real number in the open interval (Tl(l),Tl(KIOI)) and therefore by (2.16)
3

1 Zl(jol) Zl(j) -L

P(E, (Jo1)} & Pl - «c—h  agx)

and since
2,(3+1)  Z,09) Z,(3+1) 2,09)
LRV N N SN CHOMEENG)

IR S CH (D))

L f1 ()

2,(3+1) T :

3 0e0-2, ) 1 £ (O, )
t, () L RINCHER |
n £, (3t G)

therefore by (2.55), (2.33), (2.29) and (2.15) we have

( L,D,
2
Z.(j+1) Z,(5) L nb
| 1 < L2l oooan R S -
°(t1(j*l) ) ‘1”)) =b ym (1+67) L0, o =8
1 s —
\ nle

say, and by assumptions (12) and (16) el approaches zero as n increases.
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Therefore,
; _ -l L /nB, 8,
1 P(El(jOI)) < 0(/_ ) =1 - o ) < L

nB, 8, /Eblal 1

:

by (2.52). It follows that
}
L s /nB K 8,
- I PIE () « ———

ju2 1

and by assumptions (17) and (18) this converges to zero as n f{increases.

K K

1 1 /mt,(1,j
y ) P(E,(1,§)) = I o(——— (8,,(§)-T,(1,3}))
; jul jel ¢52(1032)

[ by (2.30) therefore,

K K

1 1 ‘at,(1,9)
I PE,NY= T [1- o |8, G)-T, (L))
j=1 j=l /92(10825
| k7P Tee,

< max

and by assumption (32) this last expression converges to zero as n

increases. Using (2.31) and (2.52)

K K

1 )
-21 P(E,(K,*2,§)) = j{l [1 - PLE,(Ky02.9)}) =
= "
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) ity (Kye1,9)
j-l Vl-({z'l’Gz

i

f ) /Tszlm;

<

Tq,/T+8 &,

< max

i T 19K, fmb, [B,,(3)-T, (Ky#1,9)]

and by assumption (33) this converges to zero as n increases.

_ ,(141,3)  Z,(1,) ,
P(E,(i¢1,))) = P(‘z“"-ﬁ A (T, (1,5)-T,(1+1,9)])

(151K, 189K

and we have /E[Tz(i.j)-Tz(iOI,j)] = (-Lz)/(/;an(Né(i.j).j)) where
w;(i,j) is in the open interval (Tz(l.j),TZ(KZOI,j)) and therefore

by (2.18)

Zq(i.l!j) Zz(iij) -L2
{-— — - - <

p(Ez(m,j)} ' } (1=K, 1552K))

and since

. e R a1 S L v




h)|

2 L)) L 2 h
N (v D () Ler 0oL .0) 60D

ty(1e1,§) o — gm(w'_;(i.j).j)

g) (3(1,9),9)
ULz 20D S eI

t,(1.9) g (. 1)
5 £y, (LI, (1,])

then by (2.55), (2.33), (2.32) and (2.17)

1
( LD,
,(0L,) 2,69 L, mha |
°(t2(m,j) ) tz(i.j)) iq T e ) Lo, o= 8,
]
2
meJ

say and be assumptions (13) and (23) 8., approaches zero as n increases.

Therefore

-, L, /aB_8,
) =1 - () <

/iazsz .’iaze2 2

P(Ez(m,j)} < o

by (2.52) (l;};xz.lgjgjl) , therefore

K, K,+1

) _ K, (K, +1)/mB 8
I 1 PEGHY « 222
ju1 is2 2

and by assumptions (24) and (25) this converges to zero as n increases,

and this completes the proof of Lemma 2.1.




Lemms 2.2.

With probabiiity approaching one as n

log(g(Z(n),n))/ (h(Z(n),n))

)log( a
(np,-1)1og(F, (T, (1) ¢ )
| In*'1 "!;tl(l)
;1 .y FUUDI.
(IP 'l) 108 G T l»,) + ’ j)
277 a1 i /mt,(1,9)
[ Z (K +1) |
n(l-q,)log[l - F, (T, (K ,+1) « )
1 i /e (K oD)
;1 Z,(Ky*1,9)
n(l-q.,) log[l - G, (T,(K,*1,}) ¢ ——————, )]
2 jul 2nt 242 '/;‘2('(2’1")
;l [ A LY
n log(F, (T,(j*l) » _) - T, (j) »
gm0 A gen MU o)
;1 ;2 Z,(1+1,9)
(L,-1) log[G,_(T,(1+1,§) » ——-""—, §)
277 ju1 el n 2 /at, (1+1,9)
"y UL
-G, (T,(1,j) ¢ — , J)
= /at,(1,1)
2 2 X
e L2 () L1k ) 1

sz[“"x e

2
¢ 1 (2,01 - 2,007

-q;) jal

increases we may write

as the sum of the following sixteen expressions

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)
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K 2 2 K
m(L-1) 1 L,25(1,3) L.,25(K.+!,}) 2
: 2] (A 2 T T (g,0,9)-2,(1,90)7) (2.63)
] al g ™ m(1-q,) fm1 2 2
g K101
‘ - 1 log t (9) (2.64)
. J=1
E
r Klkzol
i -1 1 logt,dd,9 (2.65)
‘ jul i=1
| (o1
E IZ log £, (T,(3) ¢ 0 ) (2.66)
j=1 " /nt, (§)
1
5 SN 2,(1,1)
4 I 1 logg, (T,(1,§) ¢+ —=—) (2.67)
. jo1 i=1 7at, (1,))
1
log( nl , (Kl’l)/?] (2.68)
(npl-l)!(n-nql)![mll n
m!
Ky logf K (677 (2.69)
(mp,-1)1 (R-mq,)  [(L,-1)1] ’m
K, +1
1 1,2 1
(K, +1) - LK L, (1-q,+*p,) 5
12 log 2% - los[(f%) 2 (P, (1-q;)) “( 121 o2 nl L )2] (2.70) ,
1 n 4
K (Ky*1) n(L,-1) (K (K,*1))/2 (-k,)/2
5 log 2v - i (—5—) (P,(1-q,))
L (2.71)

2
LK, Lz(l—qzopz))(Kl)/Z]

* 7 n
n
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b Proof of Lewma 2.2.

Applying Lemma 2.1 and the formule for g(w(n),n) and h(z(n),n)

it follows iwmmediately that Lemma 2.2 hol.us.

Lerma 2.3.

T e ST

The expression (2.56) can be wr tten a-

f Z,(1) fin(egl))zf(l) zf(l)m .
i (npl-l)log pl g npl[ % 2 - ] ] + 4(1,n) (2.56)
/Ebl 2npltl(l) 2nplLl

where A(l,n) converges stochastically to zero 23 n increases.

Proof of Lemma 2.3.

Using (2.53), (2.56) can be written as

= 2
2,(1) £ (8,(1)2(1)

(np,-1)log(p, *
1 L Zntf(l)

where 610) is a real number in the open interval (BII’BIZ) , and
therefore Ifin(el)l <D, by assumption (12). Then (2.56) can be

written as

2 (1) £ (s, ANZEN)
3 (npl-l)log P, * (npx-l)log[l * - + 5
/n P anltl(l)

gnd since by (2.27) (Zl(l))/(/pl(IOGl)) is standard rormr! and by

2 .
assumption (16) limn*a (LlDl)/(nbl) = 0 it follows that
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2,1 £ 6,022
1 , An 1 1
2
-
converges stochastically to z¢ro as n increases. Then, using a
Taylor expansion, (2.56) can be written as
' 52
(np,-1log p, « (np,-D o 2 >
/n P 2npltl(l)
Z,(1) £ (8, (1)22(1)
1 1 In* "1 1 2
- f(l.yl)[ R 9 ] ]
/n p 2np,t- (1)
1 1°1
where Y, converges stochastically to zero as n increases. Recalling
assumptions (3) and (19) the proof of Lemma 2.3 is completed.
Leama 2.4.
The expression (2.57) can be written as
K 7 f ey
1 2,(1,5) g5 (8,(1,1),)25(1,1)
(mp,-1)K, log p, + mp, | | ? 2
js1  /mp 2mp,to(1,9)
2 272
(2.571)"
2
25(1,3) (1,-1)
- 2 ] & A(zon)
2mp2L2

where 4(2,n) converges stochastically to zero as n {ncreases.
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Proof of Lumma 2.4.

Using (2.54) the expression (2.57) can be written as

) 2,1,5) &Y, (8,(1,3),3)25(1,9)
(ap,-1) ] log(p, ¢ - 2 1
j-l ',ﬂ-l mtz(loj)

where ez(l,j) is in the open interval (B,l(j),Bzz(j)) (I;J;xl) , and

therefore Igén(ez(l,j).j)l <D (liJ:Kl) . Then (2.57) can be

2

written as

2
1 Z.(1,§) gl (6,(1,3),3)2,(1,%)
(mpz-l)Kl log P, * (npz-l) X [1e 2 > lisad 3 2
jul /m P, 2mp,to(1,5)

and since by (2.30), (22(1.j))/(“P2i3‘52i) is standard normal and

2 .
limn‘. (LZDZ)/(.bZ) = 0 by assumption (23), it follows that

3,09 83,(0,(1,9).9)2301,9)

/np, 2mp2t§(1,j)

converges stochastically to zero s n increases. Then using a Taylor
expansion we can write (2.57) as
YUz, el (0,01,9),)220,5)
2(1.3) 85,08,{1,0).3)25(1.

(mp,-1)X, log p, ¢+ (mp,-1) Z {
PO 20,85 (1,9)

P09 | 85, (0,0.0.005,0.0) 5

1
- L, 001
PP Ay, mp,t2(1,5)

Lahad
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where vz(j) (lgjgxl) converges stochastically to zero as n increases,
and recalling assumptions (8) and (26) the proof of Lemma 2.4 is

completed.

Lemma 2.5.

r TP

3 The expression (2.58) can be written as

"2, (%)
n(l-q,)1og(1-q;) + n(1-q,) -

, /E(L-ql) 2n(l-ql)2L1

1) mzf(xlol)

YT ——T

(2.58)"

g . 2 .
) fm(el(Kl l))Zl(Kl 1)

] + 4(3,n)
zn(l-ql)ch(xlol)

where A(3,n) converges stochastically to zero as n increases.

Proof of Lemma 2.5.

Using (2.53) the expression (2.58) can be written as

U * 2 +
Zl(Klol) ] fln(el(xl l))Zl(K] 1)]

n(l-q,)log(l-q, - -
! ! /n 2ntf(K101)

where Ol(Klol)is a real number in the open interval (B BIZ) , and

1’

therefore |fin(el(K101))l< Dl . Then (2.58) can be written as

2
Z.(K,+1) £! (8, (X ,+1))7 (K, +1)
n(l-q;)log(l-q,) ¢ n(1-q)log[1 - 171 _Int171 1171 -

2
/R(l-ql) 2n(1-q )t (K +1)

and since by (2.28), (ZI(KIOI))/(J(l-ql)(106i)) is standard normal
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2
and by assumption (16), limn‘_ (LIDI)/("bl) =0 {t follows that

U . 2 .
Zl(KlOI) . fln(el(Kl l))Zl(K1 1)

/f(1-q)) 2n(1-q))t} (K o))

converges stochastically to zero as n increases. By a Taylor

expansion we have that (2.58) can be written as

2
-Zl(Kl0l) fln(ol(KIOI))Zl(KIOI)

Mm-q)  2n(1-q )t (K 1)

n(1-q,)log(1-q,) * n(l-q,){

g * 2 +

1 2y (Kye1) £ (8 (K #1))Z (K 1)
20y = * 2 ")
1 vn(l-ql) 2n(l-q1)tl(Kl¢l)

where Yi 4] converges stochastically to zero as n increases.

1
Recalling assumptions (4) and (20) the proof of Lemma 2.5 is completed.

1

Lesmma 2.6.

The expression (2.59) can be written as

I )
2 .

2m(l-q2)l.2

K

mK. (1-q,)1log(l-q,) + m(1-q,) z -
1 2 2 g | faty (K el )

B3 (8 (K,#1.3), D25 (e )

2 . |

o 8(4,n) 2.59)"

where A(4,n)} converges stochastically to zero as n increases.
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Using (2.54) and recalling the fact that K2L2 - m(qz-pz) , (2.59)

can be written as

2019 83, (0,(K019) )T (K oL, )

K1
m(1-q,) [ log(l - q, - )

: 2
jel /m 2mey (K e1,9)

where Oz(Kz«l.j) is in the open interval (821(1),822(j)) (l:j;xl)
and therefore Igin(ez(KZOI,j),j)l <D, (lgj<k)) . (2.59) can be

written as

K, (1-q,)10g(1-q,)

K 2
1 Z,(K,01,3)  gh (0 (K +1,1),3)Z5(K *1,5)
+ m(l-q,) T log[l - 2 R S22 - Pt ]
jel /m(1-q,) m(1-q,)t5 (K, ¢1,9)

Since by (2.31), (ZZ(KZ*I.j))/('(l-qz)(lOGE)) is standard normal and

by assumption (23), limn’. (LGz)/(mbg) = 0 it follows that

. , 2
2y (Kp 13D R (80Kt 1 DTy (Kp+1,)

/a(i-q,) 2m(1-)t3 (K o1, 9)

converges stochastically to zero as n increases. Therefore, using a

Taylor expansion (2.59) may be written as
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m(1-q,)K, log(l-q,)

. - \ T
Kl Zz(xz llj) i gzn(ez(‘z ln))o.))‘-z(kz lu’)
v n(l-q,) ,Zn /n(1-q,) m(1-q,)ta (K1, 5)
T (K. +1,3)
- e, (Kye1,9)) 2=
7a(1-q,) |
y * 2 * ‘
 Ban(0(%p010) DT, LD
L 2(1-q,)t5 (K,*1, ) J

where YZ(K.)Ol,j) converges stochastically to zero as n increases.

Recalling assumptions (9) and (27) the proof of Lemma 2.6 i{s completed.

Lemma 2.7,
The expression (2.60) can be written as

K
l.l - n(Ll-l) 1 2
(LK) dog - ¢ /2y (K *D)2) (1)) - —5— jgl (2,(3+1)-2,(3)]
1

(2.60)"

2 2
Ll fln(ﬁl(klﬂ))ll(l(lﬂ) ] fln(el(l))a_l(l)

2['

5 5 ] + A(S,n)
tl(xlol) tl(l)

T

where A(5,n) converges stochastically to zero as n increases.

Proof of Lemma 2.7. i

Using (2.53) we can write (2.60) as
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K
: I L Z,00D-2,0) Q)
1' »n z 108[—"_ A a n ]
: jel /n
]
5 where Q (j) is defined as
| £ 8,(3122(301) £ (0, (301122 (9)
In'"1 1 In'"1 1

3 - > (1d<k)) -

t,(jel) t, (3)
1
;
é Then we can write (2.60) as
; . ;1 G CCIRIC)
s n og — +m log(l » i
L 1 n ju1 Ll 2Ll
E we are going to show that

M2, (GeD-2,(H] Q)

Ll ZLl

Rax

1852K,

converges stochastically to zero as n increases. Since

A, G002, )

Ll 2Ll

max

182K,

Mm(Z,(3+1)-2,(G))

L

Q, (5)
2Ll

¢ max

152K,

< max

192K,

it is sufficient to prove that both terms on the right side ot the inequality

converge stochastically to zero. Fix a positive number ¢ . Using (2.51) j

and (2.52) i




4?2

Az, (o1)-2, 91 1 |/Alz, (e1)-2,(3))
P{ max 3 ceb21- ] P [ > ¢}
185K, 1 | a1 1
K P
' 1 Z,.(j+1)-2.(4) eld
: e1-2 J p(A ks Ly
- ML—l(l.a") e
n 1
l Kl c/E;
! =1-2 ] [1-e(—)]
| jel /T8
- ZKIVIOGY
el

T ————

By assumption (21), lim __ (leﬁ;)/(bl/f;) « 0 and since by assumption

(12), Dl > 1 and by assumption (14), bl <1 for all sufficiently

large n it follows that lim KI/JEI = 0 and therefore the proof

ke

that

max

182K,

Bt R ok R o et o

Ly

v’ﬁlzl(jon-zlm]‘

] converges stochastically to zero, as n increases, is completed. We

are now going to show that

Q, (4)

max
Ll

lgj:}l

converges stochastically to zero as n increases. We note the fact that

teade ai Sl o S ahdRs N

T 4 . Iy : ; 5 ik s
k il o o i B i ’ et A ——— R " . e = .




b ety

2

i QN . 20, "Xy cyaxyer 1)
1gex, || T 2V
11
2D maxl«’_x R Z (j) ) h2
P{ _<_¢} - P{ max 2°.(3) < —-—-——-—1 l}
Llff 1Kot =y
K, ¢l 2
1 elL,b
>1- [ e > 4D
a1
Kyl N¢)) e/l b,
“1-2 Z P{ c(Z ay )
j=1 /20,0(2,(§))
Klgl /b,
>1 -2 [1 - o
ja1 /0 (2, (5))

2(xlox)/2—q a
/E/q bl

and by assumption (21), 1

proof that

Q,(3)
1

max
<3<k,

converges stochastically to zero is completed. Therefore we may write

(2.60) using a Taylor expansion as

im (Kl/f)_l_)/(/f._lbl) = 0 and therefore the




T e

lKl log rid Z
j=1

-

/n(z,()+1)-2,(4))

Q, ()

by

RS

.
ZLI

(
2 Ly

1 ‘iz,

1) 946,
2Ll

(J+1)-2,(5)) Ql(J)]3

*

3 |

3(lovj)

-

.
Lx 2Ll

-

where Yj (lgjgxl) converges stochastically to zero as n 1increases.

The last expression is (2.60)* where

/E[zl(xl

4 (5,n) w -

*1)-2, ()]

K

1
m -
jzl

1

1
—3 Q
8.2

L

2, G

D-2, ()19, (§)

l(j) -
1

1 /H[zl(jol

2
2Ll

)-2,(3)]

(
I(ley )3 L1

J

Q, (3)
i ]3

2Ll

o 2
fln‘exlox)zx(Kx”) - fin(el(l))zf(l)

2Ll

To show that 4(5,n)

tz(KIOI)

converges stochastically to zero as n

it is sufficient to show that

4

Rl(r,s) =m
j=1

t2(1)

increases

L

[/ﬁ(zl(jﬂ)-zl(m
1

* (0,()) 3
&

ot 2D act et

44
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converges stochastically to zero for the following pairs: (r,s): (1,1),

(9,2),(0,3),(1,2),(2,1),(3,0) . We have

3 K

" ceom] , 1|2, Gen-2 (D]
R .(r,8)] &£
1 L:bfs(/ir)r

j (2] Genyezi ()1
=] L

1
n
and therefore
KlmD; nD;
Ry D) £ 7 09 L a7 )
Ly b} L) b]

where Jl(r,s) is a finite number depending only on (r,s) .

By (2.22) the right side of the inequality approaches zero as
n increases for all the pairs (r,s) we are interested in. Therefore
IRl(r,s)| converges stochastically to zero as n 1increases and the

proof of Lemma 2.7 is completed.

Lemma 2.8.
The expression (2.61) can be written as

Kl

(Ly-D)K K, log o= + CRRICISRICUEN
m(LZ-l) Kl i(2 2
s —5— 1 I [2,0015)-3,G.)]

2L jel sl

K., e .
4 2 2 -
a1 ty(K,e1,9)

powy o v g ) bk w o v o g " L3 bl
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8, (8,(1,3),4)25(1,9) :
- 3 + A(6,n) (2.61)
t,(1,3)
where 4(6,n) converges stochastically to zero as n {ncreases.
Proof of Lemma 2.8.
Using (2.54) we can write (2.61) as
s S B W M CTS IS DI N €S DI (I )
(L-) [T toglts o 5
jel isl /s e
where Qz(i.j) is defined as
85, (8, (1+1,3),1)25 (0 1,3) gy (8,(5,3).9)25(4.5)
2 - 2 (152K, 19 2K))
t5(is1,9) t7(1,9)
and we can rewrite (2.61) as
KK 1op 2 ) ;1 ;2[ Al L2091 0,6,
S og — ¢+ (L,-1 1« + 5
2 172 B 2 Jeilis L2 2L2

We are going to show that

max .
142K, 1<K L, 2L,

converges stochastically to zero as n increases. It is sufficient to

show that both
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fF[Zz(iOI.j)-Zz(i.i)ll

max T
1<K, 1<K, 2
and
lQ,(1.1)
max "ZL——'
12K, s, | 52

converge stochastically to zero as n increases. Fix a positive number

¢ . Using (2.51) and (2.52)

/5[22(101.1)—22(1.1)]
P{ max L < e}
lf_i:KZ,lg:Kl 0
T2 /A, Ue10)-2,3.9)])
21- 1 1 P L 2 e}
j=1 sl 2 |
X K

1 2 I.(i*l,§)-2,(1,j) /L,
c1-2 7] T pi-2 2 > —

j=1 i=1 /Lz’ /106;
S 1’6||
m 2

NE: e/i;
=1-2 ] ] [1- e )]

joi 1el /T+87
- 2K1K2¢106'2'

c/f;

and since by assumption (28), Iim (lez/ﬁ;)/(/fsbz) « 0, and by

assumption (13), 02 > 1 and by assumption (lS),b2 <1 for all
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E -
| sufficiently large n , it follows that linn‘. (KIKZ)/( Lz) =0, and
; since che inequality kolds for all positive ¢ , the proof that
A
j
r Mm(z,(141,9)-2.(1.9)]

max T
i 1,5_1<'(2.l<_1_<_)(l 2

converges stochastically to zero is ccmpluted.

3 We are now going to show that

Q, (1,9

max ———
2T, l

converges stochastically to zero as n increases. Recalling the

definition of Qz(i,j) we note the fact that

max

2
Qz(i.j), D, ‘axl;j;Kzol,l:j;}l Z2;(4,4)
< .
142K, , 123 <K, -

2L2 2
2

L.b

For any fixed positive number ¢ , using (2.51) and (2.52)

2
D nax 2.(i,3) ,
e 12K, o1, 152K, 2 SR cLzbg
p 5 <ey 21 -] 7 P(25(1,§) > ——}
L, b5 jml  isl 2

K, K.+
12 zaL /e/T; v,

s ] - 2 P{ > }
ja1 igl oM " iz, 0,90)
Ky Jol ,,9) b,

21-2] e

P{ >
bk TG /by
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/E/L“z' b,
: =1 - 2K (KeD) (1 - 8(— )]

- 5.
? 02 o

2xl(x2»1)/ﬁ; o
/E/L_z’ b,

> ] -

D eadCeel i dacling i sk tiine

il o mt e

and by assumption (28) the last expression approaches one as n 1{increases,

and since this holds for any fixed positive number ¢ , the proof that

D i B e e

Q,(i.9)
max =T
% converges stochastically to zero is completed.
Thus we can write (2.61) as
r'/_ R
Lz Kl Kz mlzz(i’l:J)'zz(iuJ)] . Qz(lvj)
(L,-1)K K, log ==+ (L,-1) ) L, 2r,
j=l i=]
_ }{15122(1~1.3)-zzu.j)1 0
2 L2 2L2
1
e
3(107,(1,3))
; . E
; .[5ilzz(t»1.j)-22(:.1)1 Q9 ;
E LZ ZLZ 2
: = J
H’ 4
] where maxléiixznlijifl IYZ\i,j)I converges stochastically to zero as

n increases.
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This last expression is (2.61). with A(6,n) giver by

K
1
B = - 2 (2, (K,000)-2,01,9))
2 jel
KL gy (8,(K,01,5)Z5 (K00, ) &Y (8,(1,§),3)25(1,5)
S [82n o e el g N L | e Rl I
2Ly §oy t2(K,01,4) t2(1.)
K K, 1
L %2 Mz, (101,5)-2, (3,3
eyt IL |- 56 - " 2 a
j=1 i=1| 8L 2Ly
+ 1 3
3(1ev,(1,9))
[G[zz(iol.j)-zz(i.j)l Q,(1,) 4
. +
i L2 2L2 |
Define Rz(r.s) as
;1 ;2 /E[zz(i*l.j)-l,(i.J')])rQZ(i.J')
(L,-1) [ - (
27 ja1im Ly 2

To show that A(6,n) converges stochastically to zero as n 1increases
it is sufficient to show that Rz(r.s) converges stochastically to zero
as n increases for the following pairs (r,s): (1,1),(0,2),(0,3),(1,2),

(2,13,(3,0) .

L,-005 K1 K|z e, i)-2,01,5) Y “

|Rytrn)| & e 1 |2 2 (23001,5)025(1,9)1°
Ly "b57L5  j=1 iml J}z

m J

= L sl aiet et &
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and therefore

S

s
(Lz-l)D2 mKlD2

bZSLso(rIZ) KleJz(r.s) < bZSLso(r72) J2(r,s)
2 2 l

s e g

E(|R, (r,8)|} <

where Jz(r.s) is a finite number depending only on (r,s) .

By (2.26) this last expression approaches zero as n {increases

and this implies that Rz(r,s) converges stochastically to zero as n
increases, for all the pairs (r,s) we are interested in and the proof

of Lemma 2.8 is completed.

Lemma 2.9.
The expression (2.66) can be written as
K,+1

l L ]
[ log t (j) + &(7,m) (2.66)
j=1

where A(7,n) converges stochastically to zero as n increases.

Proof of Lemma 2.9.

By the mean value theorem we can write

Z,09) £1,001 (102, (5)
1 =5 -tl(j) L An 1 1
/e, () /e, ()

£,,(T, () »

for some wi(j) in the open interval (811,812) (lgnglol) . Therefore

(2.66) can be written as




o

g
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K. o] K. el

1 1 £1 (w! (3))2,())
I tog t () + | togre A2t 1
yul el A i)

and this expression is exactly (2.66). where

K. .+l
1 £ (i (3))2,(§)
A(7,n) = | log[1 » 421 —
jel /ot ()

To show that 4(7,n) converges stochastically to zero as n

increases we are first going to show that

£, N2, ()
nax 3
132K, +1 /n t](§)

converges stochastically to zero as n increases. Since wi(j) (lgjgxlol)
] L 4
is in the open interval (8,85 |f1n(W1(J))| <Dy (ALK )
and by the definition of bl 2 tl(j) 2 bl (I:J:XIOI) and therefore
] ' g .
FlatUN )] 0y maxycsex w1 12) ()]

max <

1gK, 1 | v ) /i b2

Using (2.51) and (2.52), and for any positive ¢

D ma x lz. ()] - -
. igek el ! . Kl):l y z,03) S bfc }
- <€) 1 - > : 2
" bf ja1 0(21(5)) D,0(Z,(3))

PP, T
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K, +l -2
12 ] z,) . /n bl €
ju1 o(z,(§)) |

v
—

L
N

0

/Ebfc

1 - 2(k +1) {1 - #( )]

Dl ’

2(K101)Dlo

/n bfc

> 1 -

and by (2.21) this last expression approaches one as n increases.

Therefore we may write A(7,n) as

K,+l

1 £ 102, ()
I Devin) 25—
o1 A ()

where max converges stochastically to zero as n

increases. We have

K, +1 ' '
: 1z a1 002,00 | (peDnyCy
L ad b
j=l /n tz(j) /n b
)| ) 1
for some constant Cl . Using the expression (2.21) this completes the

proof of Lemma 2.9.

Lemma 2.10.

The expression (2.67) can be written as ;
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KIKZOl ,
[ 1 logt,(i,g) «a(8,n) (2.67)
jel iel

where 4(8,n) converges stochastically to zero 2as n increases,

Proof of Lemma 2.10.

By the mean value theorem we can write

2,01, 85, (N0 (1,5),1)2,(1,)
By, (T, (1,9) ¢ —2———, §) = t,(1,5) ¢ 222 :
/nt, (1, 5) /at,(1,))
(LK, 145K p*1)

for some wé(i,j) in the open interval (le(j),Bzz(j)) (lijixl) s

Therefore (2.67) can be written as

K, K, +1 K, K.+l

1 72 1 g, (W (1,3),3)2,(i,))
I T rege,tig)e [ ] tognne i 2 7
jel sl j=1  i=l /n t5(i,9)

L ]
and this expression is exactly (2.67) where

K., K ¢l .
1 72 85 (Ny(1,5),3)2,(1,3)
A8.n) * ] R 2n' 2 - 2
jml  isl /a t5(i,5)

To show that A(8,n) converges stochastically to zero as n

increases we are first going to show that

85, V5 (1,9),3)2,(4,3)

max ]
1<K, 1gieK, /m t5(i,])




converges stochastically to zero as n increases. Since Né(i.j) is in
the open interval (B, (§),B,,(j)) then lgin("i(laj)nj)| <D,
(lg;xl,lgi,gzd) and by definition of bz , tz(l.j) 2 b2 (15_15)(1.
154:1201) and therefore

Dz max |zz(ilj)|
nax . <
PI2T 08 PIT SR3 /at,(1,9) B /b

Using (2.51) and (2.52) and for any fixed positive ¢

D, ae 12,019 I ENIWY /m ble
/;bz j-l 1%l 0( 2 pj 20( 2( v’)
;1 KZ; 1,(1,))  /m ble
21-2 P >
s PEHED T G
/n bgc
=1 - 2K (Kyel)[1 - 9(—))
D2 o

2K, (Ky#1)D 0

/m bgc

> 1 -

and by expression (2.25), this last expression approaches one as n
increases.

Then we may write A(8,n) as

K, K,*1 .
I 2 g, N (1,5),))Z,(1,))
I [evgup) 22 2

je1 is1 /n tg(i,j)




*
where n.x1£1112’1-1£3£x1|yz(1'j)l converges stochastically to zero

as n increases. And since

(Kx Ko*l g we (i 2o (1,3 K. (K.+1)D.C
jal tel /) S /vl

for some constant C2 , using the expression (2.25) this completes the

proof of Lemma 2.10.

Lemma 2.11.

The expression (2.68) can be written as

(K1) Y| 1
- 5 log 2 - Kl(Ll- i)l°3'ﬁ" (npl-l)log Py - 3 log P,
-
(2.68)
- n(1-q))leg(1-a)) -  log(l-ap) + 8(%,m) ;
where A(9,n) approaches zero as n increases.
Proof of Lemma 2.11.
In this proof we are going to use Stirling's formula,
[for each positive integer K, log KI = % log 2%
{(2.72)
+ (K 0%Jlog K - K ¢ 3%}1 where [a(K)| < 1]
typified

the expression (2.1) and the Taylor expansion of some functions,

Then (2.68) can be written as

1
by log(Ll-l) = log Ll - E; -

._‘!"Ni L




T

1 1 a(n I 1
3 log 2v + (n 05)log n-ne —ﬁ—l-- 2 log 2v - (npl- 5)!og(npl-l)
a(npl-l) 1 |
* (npl-l) - —;EI:T——-- 3 log 2 - (n-nql 0§)log(n-nql)
l(n-nql) Kl )
* (n-nql) - —;;:;;;—— -5 log 2v - Kl(n o:)log n e Klm

Kla(l) (KXOI)
- 3 log n

and recalling the definition of m = L -1 , reordering and making some

1
simplifications, this expression may be written as

(K, +1)

1 1
-y Jog 21 » Kl(Ll- i)log n - Kl(Ll--E)log Ll - (npl-l)log P

1 - . (1-0.) - & - -1 -
7 log p; - n(l-q,)log{l-q,) - 5 log(l-q,) - 1 - K,

1 1 1 1
Kl(Ll--E)log(l °i;9 - (npl--i)log(l- ;ETJ

. a(n) a(npl-l) a(n-nql) Kla(Ll-l)
n

npl-l n-nq, Ll'l

Therefore,

np n

B(9,m) = -1 - K - K (L -%)mg(n-ﬁ) - (np, - $)log(1 - ‘1) « M@

a(npl-l) a(n-nql) Kla(Ll-l)
npl-l n-nq, Ll-l
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and by assumptions (3) and (4), the expression (2.19) and (2.72),
expanding the log's it follows that A(9,n) converges to zero as n
increases. QED
Lemma 2.12.

The expression (2.69) can be written as

(Ky¢1) 1, b 1

Kl[- 5 log 2% - KZ(LZ- 5)103 i (mpz-l)log Py - 3 log P,
(2.69)"

|
- [(m(1-q))]10g(1-q,) - 3 log(i-q,)] + 4(10,n)
where A(10,n) approaches zero as n increases.

Proof of Lemma 2.12.

The proof of this lemma is straightforward using the same kind

of argument as the proof of Lemma 2.11. (2.69) can be written as

[ -
1 1 . a(m 1 - 1 |
Kl 3 log 2% + (m oz)log m-om e 3 log 2» (mp2 2)log(mp2 1)
¢+ (mp,y-1) - —Wl— - 3 log 23 - (m-mg, +)log(m-mq,) ¢ (m-mq,)
2(m-mq,)) K, 1
- W;— - -—2- log 2% - KZ(LZ -5)l.og(L2-l) + Kz(Lz-l)
) Kza(Lz-l) ) (KZOI) los
L.-1 2 gm
2
J
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] Reordering, recalling expression (2.3) and making some simplifications

5 this expression may be written as

—
[ (X;*D) 1 !
] Kl -3 log 27 « KZ(LZ- f)log » - Kz(L2 -E)log m - (npz-l)log P,
LI - m(1-9,)l0g(1-q.) - & log(l-q.) - 1 - K
a(mp,-1)
21 B P Sy, am T
; = xz(l‘z 2)l°g(l L ) (“Pz Z)log(l mp ) % m mp -1
| 2 2 2
n(n-qu) Kza(Lz-l)
m-mq, Lz-l
i - J
L 2
This expression is (2.69) where 4(10,n) 1is defined as
1 e 1 T L a ()
Kl[-l - KZ - KZ(LZ- 2)log(l L2) (mp2 2)log(l l"pz) L
) a(mpz-l) ) a(m--qz) ) Kza(Lz-l)]
mpz-l n-mq, Lz-l
and by assumptions (8) and (9), expressions (2.23) and (2.72),
expanding the iog's it follows that A(10,n) converges to zero as n
increases. QED

F Lemma 2.13.

The expression (2.70) can be written as

Fa e o




\KIOl) X L

1 1 1 1 L
———3—-log 21 . 3 log Py * 3 log(l-ql) 0-§-log = O A(11,n) (2.70)

where A4(11,n) approaches zero as n increases.

Proof of Lemma 2.13.

Defin-
A fol Ly(-qy*p)) K Ly
4(11,n) = - - log =5 - 5 log[ . 105
2 772 2
Ll n

n _2-. n

To complete the proof we must show that limn*. 4(11,n) = 0 .

Simplifying, we may write

2
(K, +1) LoK n(i-q,+p,)
1 m 1 n 1 11 1 1 71
3 log E;-'f log Ll S -2- log ——Tn = —2‘ log(l ‘——-———KILI )

a(ll,n) = -

and recalling the facts that m = Ll-l and KlLl = n(ql-pl) it follows

that A(ll,n) --I(KIOI)/Z]log (1- l/Ll) , and from expression (2.19) it

follows that 4(11,n) approaches zero as n increasss.

QED
Lemma 2.14.
The expression (2.71) can be written as
5 L ]
K, (Kye1) K, K, KX, L, (2.71)
»——?r———-log 2n + 3 log P, . 5 log(l-qz) . 3 log "y + A(12,n)

where A4(12,n) approaches zero as n 1increases.
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Proof of Lemma 2.14.

Define
4(12,n) =
2
) Kl(Kzol) o m(Lz-l) ) El o [5253 . Lz(l-qZOpz)] ] KIKZ . Eg
2 8 =3~ " 7 '°Rl7T3 n 7 08
L m
2
Simplifying, we may write
S n 5 (K1) 1.5 Lgxz
Al2,n) = - 5 log T log(l 'f—) - 5 log —5-
2 2 m
K m(1-q,+p,)
3 1o o
272

and recalling the fact that K2L2 = n(qz-pz) it follows

K. (K, +1)
12 1
—7  led-p)

2

a(l2,n) = -

and from expression (2.23) it follows that A (12,n) approaches zero

as n increases. QED

Applying the results of Lemmas 2.3 through 2.14 to Lemma 2.2, it
follows that with probability approaching one as n increases, we may
L 4
write 1log (g(Z(n),u /(h(Z(n),n)) as the sum of expressions (2.56) ,

.51, (2.58)", (2.59)°, (2.60) , (2.61) , (2.62). (2.63), (2.64),

o e e »
i . s akinda i G
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(2.65), (2.66) , (2.67)", (2.68)", (2.69) , (2.70)", and (2.71) . That
) ¥

is we may write 1log (g(Z(n),n))/(h(Z(n),n)) = _ -1 4(i,n) , and by the
definitions of the A(.,n) it follows that log (g(Z(n),n))/(h(Z(n),n))
i converges stochastically to zero as n increases ard therefore the

proof of Theorem 2.1 is completed.
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Chapter 111

A BIVARIATE TeST OF GOODNESS OF FIT

3.0. Introduction

In this chapter, we are going to develop a bivariate test of
goodness of fit, for testing that the sample comes from a completely
specified continuous bivariate distribution. The distribution theory
on which the test is based was developed in Chapter II.

In Section 3.1, we will propose the test of guodness of fit
based on the functions of order statistics defined in (2.7) and
(2.8).

In Section 3.2, we show that in a particular case the random
variable used as test criterion has under the alternative a known distri-
bution and we give a concrete example, which satisfies, as n increases,

all the assumptions of Section 2.2.

3.1. The General Case

Suppose that (Xli(n)'XZi(n)) (lgisn) are identically indepen-

dently distributed random variables with common unknown probability density

function f(xl,xz, ) and we want to test the hypothesis that

f(xl,xz,n) = u(xl,xz) for all n , where u(xl,x is a completely

2)

specified p.d.f. with corresponding c.d.f. U(xl,x Denote by ul(xl)

2) )

the marginal p.d.f., by Ul(xl) the marginal c.d.f.,
1 MRy DY

Uy ———) by T*,(§) (1<K +1) , and wu (T}(5)) by

4
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t3(§) (1<K *1) and let Wi(j) be /nes(§)(Y, (np +(G-1)L))-T{(§)]
(I:J:XIOI) . Define uz(xz,j) as the conditional marginal p.d.f.,

conditioned on the Y 's , and Uz(xz,j) the corresponding c.d.f.

I
-1 "yt (-,
(LK) T3P as U (—————25)  (gdgK el gigk)) L and

t;(ioj) as uz(TE("J)lj) (lgﬂz’l ’ 19:}‘1) . Let w-:;(l-j) be

/;tE(i,j)[Yz(mp20(i-l)L2,j)-T5(i,j)] (J<i<K,el,1<8<K)) . Define Ve(n) as

2 2 K i
L,[we(1)) L, [W3(K, r1)] 1
nm | 101 1714 2
In . T We(Je1)-We(j))
Ll np1 n(l-ql) jut 1 1 |
m(Lz-l) ;1 Lz[w5(1,j)]2 Lz[w§(K2*l.j)]2
Lg in] "y m(1-q,)
K, .
o 1 Iwglie,)-ws(i,9))°
jis] ¢

Then the results above tell us that for all asymptotic purposes,
wher, the hypothesis f(xl,xz.n) = u(xl,xz) i{s true, V*(n) can be

considered to have a chi-square distribution with d degrees of

freedom.
We reject the hypothesis if V*(nj is '"too large'. Since
t1GIW, () o
MO =g /G T G)-TIG)] (1K +1) and W5(i,)) =
BUIG) )
tz(i,ﬂ 2 sJ)[Tz(ltl) ~2(inJ}; (l.f.ixixz’l'lﬁﬂ(l) we can

express V*(n) in terms of W(n) and in many cases we can explicitly
find the asymptotic distribution of V*(n) when the hypothesis is false.

For such cases we can compute the asymptotic power of a test of goodness

of fit which rejects the hypothesis when V*(n) 1is ""too large'.




TR

3.2. A Particular Case

If under both the null hypothesis and the alternative Xl and
X2 are independent random variables then T;(i,j) . Tz(i,j) . t;(i,j) ;
tz(i,j) (I:A;KZOI,lgjgxl) , are real numbers (nonrandom quantities).

Then when the alternative is true, the distribution of V*(n)

approaches the noncentral chi-square distribution with d-degrees of

freedom and noncentrality parameter given by

2 2
L, [er (1)) L, [t3(K, +1)]
nm/ 1'% = 2.111 o11-Te 2
B Mmoo =3 [T, (K +1)-T3(K o 1))
1

K
1 2
+n j{l [t;()ol)[T,(jol)-T;(j»x)l-t;(j)trl(j)-r;(j)ﬂ

K 2
a(L,-1) 1 }L [t3(1,5)]
2 22 2
. — (T, (1,3)-T2(1,
——If——-jgl L 7 [T,(1,§)-T3(1, )]
2

2
L,[t5(K,e1)]
l-qz

[T, (Ky*1,3)-T8 (Kp+1, )]

K
2
! [t§(i01.j)[Tz(i*l.j)-Tg(i.j)]
=]
» » 2
- tz(i.j)rrz(i.j)-Tz(t.j)ﬂ

3.2.1. An Example

Consider the problem of testing the null hypothesis that
1

5 Wi 3~ Vversus the alternative hypothesis
" [l‘(xl_ui) ][l’(xz_uE) ]

f(xl,xz,n) -
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1

that f(xl.xz,n) - Since for both

2 2 2
v [l’(xl-ul) ][l.(xz'uz) l
hypothesis, Xl and XZ are independent, we can easily compute the

quantities defined above.

g-nL,

In this case T;(j) = u'*tan[u(plo - 5)) , Tl(j) =

1 n

2 (j'l)l‘l
sin’(x(p, + ——)]
- () () (g)

I - wp e u L t1G) -

(i-l)L2 1
and TE(i,j) =uj ¢ tan(w(p2 e 7)] , Tz(i,j) . T5(i,jJ - u; sy,

(i-1)L
sin’[x(p, + ——2)]

t5(4,9) = —- : L ty1,5) = t5(1,9)  (dsK 1, 188K

Ne are going to show that there exist numbers Py » Py s Q) 5 4y,
Ll , L2 , Kl . K2 such that all the assumptions of Section 2.2 are

satisfied for this example.

A A Ar
Let Ll-n ,m-Ll-l-n -I'Lz.m ,plx.l_ql-
ls x4 l.Al 2n 3
n/n, Pp*l-q,*m /m and therefore K, = n a-=-,
A
1- 4
KZ . m 2(1 _onm 1 -

Assume that Xl o xz . XS c x4 are real numbers which satisfy

the following assumptions.

0 < xl <1, 0c¢ Az <1, 0c¢< A3 <] ,0c«< x4 <1 (3.0)
3o, <4y (3.1)
5 < 4x3 * l.SAl (3.2)

i IO T DTN,
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T S

Jed <4l (3.3)

5< 4k, + 1.5 (3.4)

2

Ledd < o LSAA, (3.5)

By a(3.x) ¢ b(3.y) we mean multiply inequality (3.x) by a and
(3.y) Uy b and add the resulting inequalities term by term. Then the

inequalities given in Table Il hold.

Table 11
Number Inequality Implied By
(3.6) 3« 2x3 + 1.le (3.2) « [-2<-2x3]
(3.7) 0.95 <« Ay 1.5(3.1) + (3.2)
10 2

(3.8) 6.5 < 6h; + A 3.7 + 33.2)
(3.9) 32, ¢ 15, (3.4) + [-2¢-23,]
(3.10) 0.95 <« A4 1.5(3.3) + (3.4)
(3.11) 6.5 < 61, + ) 103.10) + 2(3.4)

) ’ 4 2 3 3t

c - -

(3.12) 1 e« le < 2X1A4 + 1..Alx2 (3.5) + xl[ 2< 214]
(3.13) 1 < l.Skl (3.2) and [A3<l]
(3.14) 1 < Xl(lwld) (3.13) and (3.10)

-y 1 P . . - - e, v
e g i it e, M i aint it 2 o g siciniitelil At b e s PrET—
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f
;

1
w[l’(xl-ul) )

(l:Jjﬂl) then by definitions (2.11) through (2.18)

Since in this case fln(xl) -

1
1[10(x2-u2)2]

follows that

sinz(wpl) sinz(tpz)

)
bl — b2 — Bl = 82 -5 B,, » -»,

312% %=+ By (J) === and B,(§) = +=  (QYK))

2 .nd gzn(xzij) L]

it

(3.15)

Since fin(x) exists and Ifin(x)l <1 for all x and all n, then

assumption (12) holds and D1 = ] for all n .

Since gén(xd) exists and Igén(x,jﬂ <1 for all x and all n , then

assumption (13) holds and 02 =1 for all n .

Since by (3.0) and (3.15), Bll . - B12 = @ 0 < pl B ql <1 for all n

and tl(l) , Tl(l) 5 tl(Klol) and Tl(Klol) are finite for all n ,

then assumptions (30) and (31) hold.

Since by (3.0) and (3.5), 821(1) s e Bzz(j) = +»  (1<j<K.) , 0 < Py o

Ill
q, < 1 for all n and tz(l,J) R Tz(l.j) R tz(Kzol.j) and T2(K2¢l

»3)

(l;J;ﬂl) are finite for all n , then assumptions (32) and (33) hold.

With the Table III we are going to show that all the other

assumptions hold.

O P VORI ©F PO, s 1 T
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Table I11
¥
E ' Assumption Condition For This Case }lcstatement of (Implied
Condition by
b A
! (1) | Hmp =0 limn 3/n = 0 Ay <1 (3.0)
' nee nee
A3
f (2) | Hma =1 e (1 - 2~ ) =1 A, <} (3.0) «
; e N n 3 ;
K
A
(3) | lim np, == lim n L 0 < 13 (3.0)
A ]
(4) | 1in n(1-q)) = = linn o ee 0 < (3.0) ]
nee nee
-4 2nx3 3
(5) | mK == Hrn T(1-25) == <1,y <1] (3.0 1
n-” n” [
)
1 (6) { lim P, * 0 limm /m= 0 x4 <1 (3.0)
b nee n-te
A
1 X4
™ | lin q, =1 Hm (1 - 2 =1 Ay <) (3.0)
: nee nee "
. I-2 A -1 A 4
| K 1 3 1 :
| @) | 1im L a0 im 020" J@ DIy qaa) | 3.14)
] e P2 e ST e 1
E. (n "-1)(n "-1) 1
FI .0 1
' . 1-3, Al A i
1, n (-2n ° (o _-1) . "

(9) rl’:: ﬂ-l_Tz)— 0 'l‘illl Al Al X4 1 11(1014) (3.14)
(n -1)(n "-1) ]
i
s () i
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¢ Assumption Condition For This Case Restatement of |Implied
Condition by
xl l-lz
(10)| lim K, == | 1im (n "-1) Ay <1 (3.0)
nee nee
Al Xd
1] 2§nx -1) )] =w
(n l-l)
Q)b <1 for a11| 310 P
1=" TR —— <1 forall n (3.15)
sufficiently
large n
in’ (xp,)
sin” (vp
(lED) by <, 4 8 ter raill ——2% <1 forall n (3.15)
sufficiently
large n
LlDl nxln4
(16) lim —x = 0 lim no " 0 3 . Xl < 4X3 (3.1)
me nbl n-ee 3
1 nn
A
B, K 3, 2 ’
L any| 1tm 2L i Lo 3, e 15| (3.6) |
mee /T b nee 1 2172 Py 3 .
11 n n n
A
8,K,D 3. 6
a7 1m L aof 14w 1:_23_%_ -0 6.5 < 63, + A| (3.8)
me /nd me 1 1/2 773
1 nn’'’n
2
Pi0) n’ 7 3.7)
(18) lim ) = 0 1im T = ( 6 < 3 ( .
Nvos nbl ne+e A 3

LE
,
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] Table IIl (Continued)
]
:
? ' Assumption Condition For This Case Restatement of ([Implied
i Condition by
: 2
d (l-pl)Dl n7
F' (20){ lim =0 lim —— = 0 6 < Thy (3.8)
4 nhe nbl nee = 3 )
K,/D,
@) 1m 2L .o 11 —5—f S<n e 15| (3.6)
e b /L] L7 -
nDl nn4
(22)| lim T3 =0 1im TS 4% 0 S « 03 . l.SXl (3.2)
nee L b nee 1 3
1 1 n n
L,D, n*z 4
(B)| 1lim =0 1im 4'; .0 3, <8, | (3.3)
| n«\'nb2 nee - 4
I B.K
(24) lim —=2 <0 —['-"—ZLJ-— 3<n, . LSy, (3.9)
free /Ezb N z 2/2
A
B_X.D 4. 6
25)] 1im 2 232 .0 lim 1';Ll'!— 2 0 6.5 < 61, ¢ A | (3.11)
e /Ebz nee C2.1/2
PZDg m6
(25) lim T = 0 lim -y " 0 6 < 7)«4 (3.10)
nee mbz n-e m 4
(l-qs)D m6
(26){lim 3 . lim —5— = 0 6 <7, (3.10)
ree mbz nee : 4
1
it S i e B e R

P

s,

il

ahie o wiaraERA
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I Table II1 (Continued)

NARER k. o e

’ Assumption Condition For This Case Restatement of |Implied
Condition by
b
| /o A
' K. K.¥YD 3
(28) 14 L2 2 0 o |1gu (R220 ) 1o, <20, | (3.12)
1 4
» nee /L b nee 1
. 22 n
A
! 4, 2
. 4__2__1_‘2;' LN + 1.SAA,
b 2 4 2/2
nm m
' ) 3 4
29) | 1im —l—;—g -0 lim "g;‘ .0 Leax <@, (3.5
e L7 b2 e TTTT2 774
n m
r 1 l.SAlxz

Therefore given numbers xl : xz . As , A, which satisfy (3.0)

4
through (3.5) all the assumptions from Section 2.2 hold.

Therefore since A_. = A, = 0.95 and ), = xz = 0.99 satisfy (3.0)

3% % 1
through (3.5), then p, =1 - q, = n 0.05 Ly . [0.95 e 0.99 ) '
{ L, = n %% » Pyl -q, - m 005 satisfy all the assumptions, for this
:

example. And therefore the results of Section 2.4 hold.

Then when the alternative is true V*(n) , for large n , has

approximately a noncentral chi-square distribution with d-degrees of

! freedom and noncentrality parameter given by
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F nm(ul-ui)2 l.l Sin‘(lpl) l.l sin‘('ql)
t Lfaz Py T
1 sn [ [31“ (v(p, * Fsin“(n(p, —-—)]]
] jo1 n 1 n
ol 4 4
| Ly ) sz sin(1p,) L, sin’(ra)
L & P2 ST
2
Ky > (1e1)L, 2 iL, 72
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Appendix A

ASYMPTOTIC EQUIVALENCE

1 A.1. Historicsl Background
; The concept of asymptotic equivalence of two sequences of

probability distributions, where all terms in hoth sequences were defined
on the same space and there was no requirement on the existence or non-
existence of a limiting distribution for both sequences, was introduced
by Ikeda [9) as a way to formulate the problem of asymptotic approxima-
tion in a generalized form and to study asymptotic independence. He
generalized a notion of asymptotic independence of two random variables

1 introduced by Jeffroy [11] in the study of extreme values.

The notion was implicitly generalized hy Weiss [20], studying

asymptotic distribution theory for samples drawn from distributions
approaching the uniform distribution as the sample size increases,
where he considered two sequences of random variables where the nth
term of each sequence was defined on the same dimensionel space, but
the dimension increased with n ; and he gave a sufficient condition for

the asymptotic equivalence of the two sequences as we will define it in

this appendix. This result will be stated in this appendix as Theorem A.1l.

Weiss [21] applied asymptotic equivalence again to prove the
asymptotic joint normality of an increa<jng number of sample quantiles,
where the distributions from which the samples were drawn were univariate
continuous, defined on the interval [0,1] , the p.d.f.'s for all n were
E bounded from above and below by two constants independent of n , the

absolute value of the second derivative was boundea by a constant

1 74
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independent of n and the p.d.f.'s and its two first derivatives were
continuous in the open interval (0,1) and on the right at 0 and on
the left at 1 . In this case the nth term of both sequences were

1-6_1 .

defined in the k(n)-dimensional euclidean space with, k(n) = n
0.75 < § <},

Another application given by Weiss [22], used asymptotic
equivalence to study the asymptotic joint normality of an increasing
number of order statistics, where the distributions from which the samples
were drawn were assumed to be univariate continuous, for each n , the
derivative of the p.d.f. exists and its absolute value is less than a
bound depending on n . The assumptions are that we move into both tails,
but not too tast, and some compromises concerned with the speed in
moving into the tail, the graduality of the increasing number of order
statistics under consideration, the separation in ovier of those order
statistics, and the smoothness of the p.d.f. It is also assumed that
the order statistics are sample quantiles and that as n increases,
the population tends to cover all the real line and there is a compromise
between the speed at which it does it and all the other elements mentioned
earlier. Another point is that Weiss, in the proof that for this
case the sufficient condition (see Theorem A) holds, assumed that the
actual distribution was the normal one. He didn't make use of this
point in his earlier papers.

Ikeda and Matsunawa [10], generalizing Weiss [21] slightly,
under essentially the same assumptions, formalized the concept of
asymptotic equivalence for the case we are considering in this appendix.

Another application was given by Weiss [23] in studying the

problem of testing the hypothesis that the sample came from the uniform

s mai i i s " s ek Lo
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distribution, when the samples are drawn from a distribution with p.d.f.

l.!.(!).
/n

some regularity conditions. He proved the asymptotic normality of a

, X in the open interval (0,1) , r(x) unknown but satisfying

gradually increasing number of order statistics, and their asymptotic

sufficiency.

A.2. Asymptotic Equivalence of Sequences of Random Variables

Let (X*(n)} , (Y*(n)} be sequences of random variables such
that X*®(n) and Y*(n) are K(n) dimensional random variables, let
fx.(x'(n)) and fY.(y'(n)) denote the p.d.f. if they are continuous
or its probability mass function if they are discrete. Let ( be the
collection of sequences of random variables such that the nth term
of the sequence is a K(n) dimensional random variable, and let

{R(n)} be a sequence of measurable regions such that R(n) is a K(n)

dimensional measurable region.

Definition A.1l

The sequences {X*(n)} , {Y*(n)} are asymptotically equivalent,

(denoted by ({X*(n)} ~ {Y*(n)} ), if for any sequence ({R(n)}

1im |P{X*(n) e R(n)}-P{Y*(n) e R(n)}| = O .

) 1 gnd

Weiss [20] and [21) has proved the following theorem.

Theorem A.1

If {(Xx*(n)} and {Y*(n)} are elements of ( , a sufficient

condition for ({X*(n)} ~ {(Y*(n)} is that log fY,(X'(n))/fx,(X'(n))
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converges stochastically to zero as n increases or equivalently
that fy.(X'(n))/fx.(X'(n)) converges stochastically to one as n

increases.

i Even though not needed for this thesis, it seems to us useful

to introduce the following two lemma:.

Lemma A.l

Asymptotic equivalence is a equivalence relationship on

Proof of Lemma A.l

From the definition A.]l it is obvious that for any {X*(n)} e (

S T

and any (Y*(n)} e ¢

T

D (X*")Y ~ {Y*(n)} ,

i1) (X*(n)} ~ {Y*(n)} implies {Y*(n)} ~ {X*(n)} . Given {X*(n)} ,

{Y*(n)} , {Z*(n)} elements of ( and any {R(n)} , from the fact that
[P{X*(n) e R(n)}-P{Z*(n) € R(n)}|
< |P{x*(n) e R(n)}-P{Y*(n) e R(n) }|
« |P{Y*(n) € R(n)}-P{Z*(n) € R(n)}|
which implies

lim |P{X*{n) € R(n)}-P{Z*(n) € R(n)}|
N>

< lim |P{X*(n) € R(n) }-P{Y*(n) c R(n)}|

+ Him |[P{Y*(n) € R(n) }-P{Z*(n) ¢ R(n)}]
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we get

i11) (x*(n)} ~ {Y*(n)} and (Y*(n)} ~ (Z*()} dimplies (X*(n)} ~

{z*(n)} . OrD
Lemma A.2
If (X*(n)} and {Y*(n)} i« _ments of ( and for every n ,

X*(n) 1is continuou~ K(n)-dimension1l random variable and Y*(n) 1is a
discrete K(n)-dimensional random variable then {(X*(n)} and ({(Y*(n)}

are not asymptotically equivalent.

Proof of Lemma A.2

For each n , let R(n) be the i"(n)-dimensional support of Y*(n).
Then, for all n , P{X*(njeR(n)} = 0 and P{Y*(n)e R(n)} = 1 and

therefore the requirements of Definition A.1 are not fulfilled. OED
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