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Abstract: 

-/- 

The interaction of a spherical aceusui'. vavf- with an elastic 

spherical shell is treated analytically. The solution includes 

the coupling between the acoustic sound field and vibration of 

the shell with any degree of fluid loading. The formulation for 

the far-field acoustic pressure is derived in terms of natural 

spherical wave functions, the properties of the acoustic medium, 

and the material constants of the shell. The far acoustic field 

is computed for a thin aluminum shell and several sound source 

locations over a large range of ka, where k is the wavenumber, and 

a is the shell radius. It is shown that the acoustic pressure 

depends significantly on whether the shell is in air or is submerged 
in water; particularly when the sound source is very near the 

surface. In air, the sound field of the shell is nearly identical 

to that of a rigid sphere but, in water, the shell is more compliant, 

which results in a damped radiation field that is characterized by 

vibrational resonances throughout the range of frequencies 

considered. As the sounsource is moved f'. ther away from the 

surface, hr.--;ever, this resonance response decreases very rapidly, 
and the cound field corresponds more closely to that of the shell 

in air. 

*This memorandum contains a paper that has been submitted to 

the Journal of_Sound and Vibration. 
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1. INTRODUCTION 

In this paper the diffraction of a spherical sound wave by an elastic 

spherical shell of finite impedance is investigated analytically. It is 

assumed that the characteristic acoustic impedance of the medium is 

arbitrary relative to that of the shell material and that the radiation 

loading imposed by the medium may affect the vibration of the shell. It 

has been demonstrated by Maidanik and Kerwin [1], Crighton [2], King [3], 

Stuart [4], and others that both the finite mechanics] impedance and fluid¬ 

loading effects can alter, significantly, the propagation of sound near 

simple membranes and plates. The results presented here essentially 

demonstrate the influence of these effects on the sou.d field generated by 

a spherical shell under the acoustic excitation of a Maple monopole sound 

source. The sphere has been chosen to investigate these effects because 

of geometric symmetry, availability of an exact solu'e on to the wave 

equation, and the fact that the mechanical impedance of a thin spherical 

shell can be derived in closed form. 

Junger [5] has presented a formal normal-mode solution for the scattering 

of a plane wave by an elastic sphere, and in reference [6] he has investigated 

the point-excited spherical shell in an acoustic medium. The theory of 

point-excited spherical shells was further investigated by Hayck [7]. The 

analysis presented in this paper will follow the approach used by Junger [5], 

with the exception that the incident sound field is 'oplaced by the free- 

space Green's function in spherical coordinates. The ' asi.c assumptions in 

the following analysis are: (1) the fluid medium is lossless; (2) the 

time dependence is harmonic (e iwt, where w is the circular frequency); 

(3) the material of the shell is isotropic, has zero damping, and obeys 
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Hooke’s law; (4) the shell is freely suspended; (5) the shearing strains 
\ 

are negligible; and (6) the thickness and deflections of the shell are 

much smaller than the radius a« 

2, ANALYSIS 

Figure 1 shows a sketch of a spherical shell of radius a and 

thickness 2h. The material of the shell has a mass density p , Young's 
o 

modulus E, and Poisson's ratio y; and, the acoustic medium has a mass 

density p and sound speed c. It is assumed that the monopole sound source 

is located on the axis of symmetry (z axis) at a distance rQ from the 

center of the sphere. The problem then reduces to an axisymmetric one 

that is independent of 4>» the rotational spherical coordinate. The 

field depends only on the field radius r and the aspect angle 0. 

A rigorous derivation of the shell dynamics equations is found in 

Junger [5, 6], so it need not be repeated here. For completeness, however,- 

the more important equations will be presented. The radial (w) and 

tangential (u) displacements of the shell are each written in the form ■ 

of series of spherical surface harmonics: 

00 ‘ . ' 

w *> Z a P (cos 0)e iut .(1) 
n«0 n n 

u *= - £ b P*(cos 0)e iwt , (2) 
. n n 

nKl 

where P (x) is the Legendre polynomial, and P^ix) is the associated Legendre 
n “ 

function of the first order. The coefficients an and are generalized 

, 

. 



_d 

dt 
/ 3t\ ST . 3V n n . n 
lãT) aT + ãT ° 0 n 0 
' u' n n 

(4) 

where T is the kinetic energy of the chell and V is the potential energy. 

Expressions for these may be found in Love [8]. The generalized force Q 
n 

is determined from the integral of the pressure acting on the shell, i.e., 

Q = - 2ïïa 
n 

il 

7 <pi 
+o 

r=a 

P (cos 0) sin 0 d9 
n 

(5) 

The incident pressure field is expressed in terras of the free-space Green's 

function in spherical coordinates, viz, Morse and Fcshbach [9]: 

p. “ - k^pcQ(4Ti) 1 E (2n+l)P (cos 6) < 

1 n-0 n 

j (kr )h(1)(kr) 
n on 

hn1>(kro)J„(''r) 

r > r 

. (6) 

r < r 

where k is the wavenumber (w/c), Q is the volume flow cf the monopole, and 

.(1) j and h' are spherical Bessel and Hankcl functions of the first kind, 
n n ’ 

respectively. Here and in the remainder of this pape , the harmonic time 

dependence will be suppressed. The scattered field if expressed in the form: 

........ 

i 
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p ** E c P (cos 0)h(1)(kr) 
8 n-0 nn 

(7) 

and equation (5) occomes 

Q 
Ti 2n+l 

c^^Oca) (în+Dh^^ (kro)jn(ka) (8) 

Lagrange's equations (3) and (A) will have the same form as those of Junger 

[5], but with Q being replaced by equation (8), i.e., 

2 2 
8ira hp w 

s 
2n+l an+ (1-y) (2n+l) 

8irEh 2a - (n+l)nb 
n n 

(9) 

. 2. 2 n(n+l) . , SirEh n(n+ll [ _ , + n(n+l) - (1^ b ] . 0 , (10) 
“ 8Tia hp#U) bn + ^ (2n+1) L + (1+y) Dn 

The simultaneous solution of these two equations results in an and bn in 

terms of c . We find that 
n 

n 8TTh 
(2n+l) 

2 2 
a p (jJ 

s (i-y) 
2 - 

d-y) f 
n(n+l) [ 

2 2 
a u) Pc (1+y) + -[_ 

E 

; (ID 

but, recalling that Qn/(-iu>an) is a mechanical modal impedance (in a vacuum), 

we can write an expression for the modal mechanical impedance of a thin 

spherical shell: 
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Buha 

Zn “ "i (2n+l) 
kacp„ - 

E 

6 kac(l-y) 

I 
2 - 

(l+u) 

1 - 
Ö-IQ fk2a2c2ps(l±u)_ + 1 

n(n+l) L £ 

.(12) 

The coefficient of the scattered partial wave cn may now be determined 

through the application of the additional boundary condition: 

. i 3p 

w " ” uip 3r 
r=a 

(13a) 

In terms of the displacement, 

1 op 
u “ 2 Sr 

w p r*a 

(13b) 

where p - Pi + pg and w - wi + wg + w with 

» . i (2n+l)P (cos 6)1^15 (kr )j '(ka) , 
i Atic n n n on 

n=0 

(1A) 

.(1) ' 
w » (kc2?)’1 I c Pn(cos 9)hn (ka) 

s n=0 

(15) 

The prime on the spherical radial functions denotes differentiation with 

respect to the argument. Substituting equations (1A) and (15) into equation 

(13b) and making use of equation (1) and (11) results an 
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c - (2n+l)h(1)(Ur ) 
n 4TI n o 

(2n+l)Z 
j (ka) - i---J1 j '(Ka) 

4TTa pc 

h^1)(ka) - i 
(2n+l)Z 

2 
Aira pc 

- h(1)'(ka) 
n 

(16) 

from which the normal displacment w and the scattered pressure ? can be 
s 

fully determined. 

2 
It is noted that (2n+l)Zn/4ua , which may be interpreted as a modal 

mechanical impedance per unit area, is analytically the. same as the 

impedance discussed by Junger [5, 6]. Fluxd loading may then be accounted 

for by adding to this impedance a term representing the reaction of the 

fluid medium. This added term is the modal radiation impedance of a 

spherical vibrator defined in Junger [10]. The loaded impedance is thus 

written: 

(2n+i)Z 

Ana loaded 

(2n+l)Z 

4Tra 

h(1)(kr.) 

- + ipc ■ - 
(ka) 

n 

(17) 

It is further noted that the scattered pressure from either rigid or 

soft (pressure release) spherical scatterers may be deduced from equation 

(16) by letting Z -► 00 or 0, respectively. The rigid case will be discussed 

in the numerical results to follow. 

3. NUMERICAL COMPUTATION'S 

As discussed earlier, fluid loading and finite n ehnnical impedance 

have been shown to significantly change the propagation of sound near surfaces. 

The purpose of the following computations is to demo:, urate the effect these 
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added conditions have on the far-field sound pressure relative to what 

occurs for a rigid sphere. The far-field solution is derived by letting 

h(1>(kr) —> elkr 
n ' X m kr 

in equation (7) and normalizing the total pressure to the sound field of 

the monopole in the absence of the spherical baffle, i.e., 

08) 

P . - iisM eikr (r » a) 
po A irr e , U » 

The resulting expression for the total normalized preisure field, with 

fluid loading taken into account, is thus: 

09 

» l (2n+l)(-i)nP^(cos 0) ^ j (kr ) - h(1)(kr ) 
n-0 

n 'n o n 

h(1)(ka) 

+ j ' (ka) qY i 

n (ka) 
Jn,(kA) 

2h^1)(ka) - i ^ h^15’(ka) 
n 

where z = (2n+l)Z /Ana" 
r n 

09) 

(20) 

The numerical evaluation of equation (20) was performed on an IBM 360/72 

digital computer located on The Pennsylvania State University Campus. The 
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spherical Bessel functions were computed by downward recursion as discussed 

by Corbató and Uretsky [11]. Aluminum was chosen as the shell material with 

-3 -2 
2h/a = 7.8125 x 10 and 2.3437 x 10 , and the source locations included 

r /a “ 1.0, 1.125, and 2.0. The mediums considered were air and water 
o 

under standard conditions. The reduced frequency ka varied between 0.01 

and 80. Before proceeding with the numerical results, a discussion of the 

convergence of equation (20) is in order. The parameters ka = 29, 2h/a - 

6.95 x 10~3, ro/a = 1.0, and 0 = 10° were arbitrarily chosen for the air 

medium, and the value of the series for the real and the imaginary parts 

were expressed as a function of truncation index. The results of this 

"convergence check" are shown in Figures 2(a) and 2(b). The curves represent 

the value of the sum as a function of the number of terms summed. It is 

clearly seen that convergence has occurred for truncation indices greater 

than approximately 24. In general, it was found that convergence occurs 

for truncation indices slightly greater than [ka], which is to be expected 

because of the manner in which spherical Bessel functions approach zero for 

« 

orders greater than the argument. In the remaining computations, the 

summations were terminated after [ka + O.SkaJ terms. 

The magnitude of the far-ficld acoustic pressure is presented as a 

function of ka in Figures 3 through 7 for the back-scr.tered direction 

(0 “ 0°) and for various shell thicknesses and source locations. In these 

figures, the uniform broken-line curve represents the frequency response 

of an assumed rigid sphere (Z “O. We see that fox' .;a £ 2.0, the shell 
n 

in air may be considered rigid. Structural response is absent over much 

of the frequency range because the characteristic acoistic impedance of air 

is much less than the mechanical impedance of the she'1. When submerged in 

water, however, the fluid impE’dancc and the mechanic, impedance are more 
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closely matched, and the shell is more compliant. The resultiny sound field 

is seen to be considerably different from the field in air. The overall 

levels (mean line) in water are approximately a factor of two less than the 

levels in air because for source locations near the surface, the reflection 

factor is similar to that of an infinite plane. In air, the reflection 

factor is +1, and in water where the fluid and structural impedances are 

matched, this factor is approximately 1/2. Figure 5 shows the frequency- 
4 

response curves for rQ/a ** 2.0, where the difference in levels between air 

and water has diainisheu considerably. It is expected here that the sphere 

no longer appears planar to the sound source, and the simplified reflection 

factor of an infinite plane will predict an inaccurate result. 

The frequency response of the shell in water is seen to be characterized 

by many structural resonances. Due to the membrane theory of shells, all 

of these resonances are "squeezed together" for ka > 30, which makes them 

difficult to identify; but between thirty and forty of these resonant peaks 

were noted for 0.01 < ka < 80. This number of resonances is consistent with 

the findings of Hayek [7] who presents the natural frequencies of thin, 

submerged spherical shells for a wide range of 2h/a. The spherically 

symmetric vibration mode of a spherical shell (the breathing mode) occurs 

at an extremely high frequency because of the large strain energy required 

to deform the shell in this manner. The lowest expected frequency for 

a vibration mode that actually deforms the shell, then, is the n = 2 or 

2-noded mode [7], The large resonance response at ka « 0.5 (2h/a « 7.8125 

-3 -2 
X 10 ) or ka * 1.0 (2h/a •= 2.3437 x 10 ) is attributed to this mode. 

Figure 8 shows the directivity function (|p/po| vs. 0) for the thinner of . 

the two shells considered at ka = 0.5. The shape of the directivity curve is 

quadrupole, which is the type expected for a sphere vibrating in a two-noded 
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mode. As r0/a increases, the magnitude of this resonance decreases 

rapidly as depicted in Figures 3, A, and 5. The response in both air and 

water is nearly identical for rQ/a *= 2.0 (Figure 5), which indicates that 

the farfield does not depend very much on fluid-loading effects when the 

incident wave originates at distances greater than or comparable to the 

sphere radius. The inference may not generally apply to the finite 

impedance effect, however, because there may indeed be combinations of 

2h/a, E, p , etc., which make that effect important. This observation nay 
s 

be further explained by the reciprocity principle. The results for ro/a 

< 2.0 essentially show the influence of fluid loading near the surface for 

plane wave incidence. It has been stressed by previous researchers that 

it is near the surface where the fluid-loading effects are most significant 

and where these computations support that hypothesis. 

The curves of Figures 6 and 7 demonstrate that as the shell becomes 

thicker, the response in water is less affected by fluid-loading and , 

structural-vibration effects, and begins to approach the response of the 

shell in air. 

It is noted in Figures 3 through 7 that a periodicity is occurring in 

the frequency response for all source locations (ka > 5). The period of 

these oscillations (in ka units) is approximately TTa/(rQ - a), which 

corresponds to the separation distance between source and surface of one- 

half wavelength. This indicates that the field is primarily due to specular 

reflection, and diffraction at the shadow boundary is of only se.condary 

importance. As ro/a 2.0, however, diffraction becomes more important, 

as indicated by the discrepancy in the predicted period of it and the 

observed period of approximately 3ïï. 

The directivity functions in air and in water for an aluminum shell 



wmNMN 11..1.. 

- 12 - GCL:jdw 
6 March 1975 

,-3 
with 2h/a ° 7.8125 x 10 , r /a “ 1.125, and ka “ 10.0 arc shown in 

o 

Figure 9, and the phase angles relative to the incident sound field are 

shown as a function of 0 in Figure 10. The relative change in phase angle 

between air and water is a measure of the degree of damping imposed by the 

heavy fluid medium. The directivity function for ka ■= 25.0 is shown in 

Figure 11. 

A. SUMMARY 

In this paper, the interaction of a spherical acoustic wave with an 

elastic spherical shell is treated analytically. The numerical results for 

a thin aluminum shell in water indicate that fluid-loading effects are most 

important in the far-field radiation when the distance between the source 

and the surface of the shell is less than the radius of the sphere. For 

these source locations, a strong resonance response was noted at a small 

value of ka. The far-field directivity function at this resonance frequency 

indicates that the sphere is vibrating in a 2-noded mode. The frequency 

response for the shell in water is characterized by many resonances over 

a wide frequency range, but their magnitude was considerably less than that 

for the 2-noded mode. In general, the far-field scattering of a spherical 

shell in air corresponds closely to that of a rigid sphere; whereas, in 

water, the field is influenced by resonant radiation ; ad damping due to the 

compliance of the shell. The directivity functions f source locations 

near the surface were found to be typically omnidirectional for angles well 

into the shadow region but, for angles much greater than the shadow angle, 

wave interference becomes noticeable. 
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FIGURE LEGEND 

Figure 1 

-3 
Aluminum shell with 2h/a “ 7.8125 x 10 , r0^a B 

Figure 2. 

Sketch of the spherical shell in relation to the spherical 

and Cartesian coordinate syftc..á. 

Value of the modal series ss a function of number of 

terms summed; (a) Real part, and (b) Imaginary part. 

Figure 3. Frequency response of far-field acoustic pressure; 

in air, in water, and-rigid. 

Figure 4. Frequency response of far-field acoustic pressure. 

Aluminum shell with 2h/a *= 7.8125 x 10 , 11 1*125, 

in air, in water, and ----- rigid. 

Figure 5. Frequency response of far-field acoustic pressure: 

-3 
Aluminum shell with 2h/a “ 7.8125 x 10 , m 2.0, 

in air or rigid, and in water. 

Figure 6. Frequency response of far-field acoustic pressure. 

Aluminum shell with 2h/a “ 2.3437 x 10 , r0/a a 1*0* 

in air, in water, and ---- rigid. 

Figure 7. Frequency response of far-field acoustic pressure: 

Aluminum shell with 2h/a ■ 2.3437 x 10 , r0/a " 1.125, 

in air, 

Figure 8. Directivity functions for aluninum sl.el in water with 

Figure 9. Directivity function for aluminum shell with ka - 10.0, 

-- -- in water. 
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Figure 10. Phatie angle relative to incident field as a function of 

aspect angle for aluminum shell with ka ■= 10.0, 2h/a = 

7.8125 X 10 ■*, rQ/a b 1.125,-in air, and ---- 

in water. 

Figure 11. Directivity function for aluminum shell with ka = 25.0, 

2h/a « 7.8125 x 10"3, rQ/a « 1.125, - in air, and 

- in water. 
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Fig. 8. Directivity function for tilutninum pIioII 
in water with ka r 0.5 and 2h/a « 7.8125 
X 10"^. 
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Fig. 9. Directivity function for alu'inuia shell with 
ka * 10.0, 2h/a « 7.8125 x 1 , r /a <= 1.125, 

- in air, and - -- - in water. 
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Fig. 11. Directivity function for Înun shell 
.3 

* 
with ka *= 25.0, 2h/a = 7.v 5 >: .10 
ro/a = 1.125,-in air, and - 
in water. 




