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1. Introfluciion -/- 

A st’lf-propelled body should not leave any \vaI\r> under practically 

unrealizable ideal conditions in which the momentum defect created by 

the viscous effect on the body is cancelled at every point in the flow by 

the propulsive device. The propulsive devices in real life1, however, are 

far from this ideal condition. What propellers and jets accomplish is to 

compensate the total drag by the total thrust, am! therefore in the flow 

immediately behind the body some regions have excess momentum and 

other regions have momentum defect. This nonuniform distribution of 

momentum is smoothed out as it moves downstream from the body. 

The asymptotic laminar wake behind a non-lifting body was ex¬ 

amined theoretically by Tollmien/1^ Goldstein/2^ and Stewartson*3^ as 

well as many other investigators. It has been established by these in¬ 

vestigations that the asymptotic expansion for large distances contains 

a series that is uniquely determined by the drag coefficient CJ;) and in 

addition series that depend not only on but also on the details of the 

initial velocity profile. Bchi id a sell-propelled body, the part of I he 

wake determined by CD vanishes identically. Birkhoff^ showed thaf the 

remaining part is determined by the second moments of the velocity 

profile, / dy, in two-dimensional flows and the velocity 

-cc -3/2 
"defect" decays as x (x is the distance from the body) in contrast 

_! 

to the drag-wake decay of x"¿. 

The turbulent wake of a self-propelled body, however, appears 

to behave quite differently from the turbulent drag-wake. In the latter 

flow the decaying mean velocity defect and the turbulence motion reach 

some sort of equilibrium condition beyond some distance from the body. 

The mean value of turbulence velocities becomes proportional to the 



moan velocity elefect an<l the turbulence scale lenRlh (integral scale or 

dissipation length) proportional to the mean-velocity wake thickness. 

Consequently, scmiempirical turbulence shear stress models, eddy 

viscosity and mixing length, give adequate description of the wake. 

On the other hand, in the wake behind a self-propelled body, the 

turbulence, which is injected from the boundary layer into the wake and 

also generated by the propulsion device, decays much slower than the 

mean velocity "defer. " that decays much faster than in the drag-wake 

on account of near-zero total momentum flux, and because of this dis¬ 

parity in the decay rates the equilibrium between the mean flow and the 

turbulence does not seem to exist in the self-propelled body wake. 

If an eddy viscosity coefficient is assumed constant across the 

wake, Birkholf showed that the second moment of velocity defect is 

constant also for momentumless turbulent wake. Then it follows that, 

if we assume eddy viscosity proportional to the velocity defect and wake 

.1/5 width, the wake grows like x and the mean-velocity "defect" decays 

-4/5 . . . „ 
as x in axisymmetnc flow. With Prandtl's mixing-length model for 

for turbulent viscosity, no simple integral theorem car be derived as in 

laminar flows and the wake-growth exponent must be obtained from anon- 

linear eigenvalue problem of ordinary differential equation for velocity 

distribution. We carried out the solution and the results differ only 

slightly from the constant eddy-viscosity results. 

Compared with experimental results (Naudascher,^ and Ginevskii, 

(6), 
et al.v ') these predictions agre3 with the measurements fairly well as far 

as the wake growth is concerned. The mean velocity decay, however, is 

predicted much too slow compared with the measured decay (Naudascher 

shows the velocity decay roughly as x"¿). In laminar flow, on the other 

MUHNtfl ■ÜIHÉlHÉHaÉMÉ HkÉMHÉÉMHHriNiaia 
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-2 hand, the theory predicts the velocity decay as x . It appears that in 

turbulent momcntumless wakes turbulence decays slower than the mean 

velocity which is subjected to more or less constant (in streamwise 

direction as well) turbulent viscosity, 

An order to describe nonequilibrium turbulent shear flows, the 

next hierarchy of turbulence modelling employs differential equations 

for turbulence energy, turbulence scale (or dissipation scale), etc. in 

addition to the equations for mean velocities. 

The existing mathematical models for turbulence in shear flows 

may be classified in the following manner: 

a) Algebraic models define turbulent viscosity coefficient 

Vt = - u'v'/íchi/dy) 

a-1) Mixing length model (Prandtl^) 

P 2 i 9u i 
m J 9y I 

l - 0. 07 6 ~ 0, 1 3 6 for jets and wakes 
m J 

a-2) Eddy-viscosity model (Prandtl) 

V = |u„ . - u 
G • L • uc U 

b) One-equation models introduce one additional differential equation 

for turbulence quantity. 

b-1) Prandtl^-Kolmogoror^ model assumes 

vt = e¿ ¿ 

iÉttdMÉUMÉttMÜI 
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wh«*rv e time-avi1 raf>«*<l Uirlmlcruf «m'r^y 

l - specific'd Irnulh scale 6 

The growth or decay of tin* turbulence energy is governed b, a model 

equation 

= -i. 4 V (<>*) . c e‘ 
Dt 9y \ 0 dyJ t\!)y J £ 

turbulence energy Prandtl number 1 

Cjj = dissipation constant ~ 0.09 

b-2) 1 urbulent-siress motlel (Bradshaw^ 

= ape (a, constant - 0. 3) 

A model equation for t is 

_D, T T 9u 
Dt 'a J ” 9y C-^G-^/L 

where G and L are empirical functions of y/6. 

Application of this modek is limited to boundary layers without velocity 

maxima. 

b-3) Nee-Kovas/,nay model ^ ^ 

A model equation for turbulent viscosity 

Dv a / V4. ^v* \ r Vi. r\ / v. \ 2 

"DT = -99(-^-57) 4 [A-c -df]vt|Í7| - ß(—) 

Empirical constants introduced are approximately A = G. 1, B = C = °v=l« 

I is an empirical function of y/6. 

c) Two-equation models introduce ar equation for the length scale Í 

(or equivalent) in addition to the turbulence energy equation. The number 

of specific models increases rapidly, but typical ones are: 



c-1) Turbulent vorticity model (Kolmogorov, Saffman^*^) 

The transport equation for the length scale ¿ is derived from a 
i 

model equation for turbulence vorticity U) - e¿ ! L 

-2s.2 ^ - (iu3 i 4 (o V, ä s ) 
I)t By <)y \ t dy / 

0. 1 j < (i < 0. 20, 1.7 < p < 2, o = ' 

(1 3) c-2) Dissipation Model (Harlow and Nakayama' ') 

The scale-length equation is derived from a model equation for 
J 

turbulence dissipation G = e' /£ 

De _ d / 't de ) /Ou \2 r ef_ 
Dt - 3y \ 9y / '"'I \0y/ 2 e 

0£ = 1. 3, o1 = 1.45, C? = 0. 19 

d) Multi-equation models introduce model equations for many, if not 

(14) 
all, turbulence velocity correlations u? u: . (Donaldson,' Rotta 

/ I ' \ 
Hanjalic-Launder' For example, 1 lanjalic-Launder model for 

boundary layer type flows is 

• - .2.»(G T -0.07 , 

(15) 

Dt 

De 
Dt 

L — 
p 9y 

2 ^ 
, 0. 064 ^(^ |S) 

Dy 

^ = - 1.45 — - 2.0 S- 1 
Dt pe Dy e °-065 i(¥l7) 

Unfortunately the applicability of these mathematical models 

for untried situations has to be tested by comparing the predictic is with 

measurements. Given initial and boundary conditions, one can numer¬ 

ically integrate these partial differential equations and compare the re¬ 

sults with measurements (this approach may be called experiments on 

a computer). A more satisfactory and efficient approach is to look for 



similarity solution so that the governing equations reduce to ordinary 

differential equations. Even in overall non-equilibrium turbulent wakes, 

some, if not all quantities must reach an equilibrium stage in a far-wake 

where other quantities decay to an insignificant level. 

If we consider the equations for turbulence energy and scale, 

these can be reduced to the following form in a region where the produc¬ 

tion due to mean-velocity gradient is decreased to negligible level (in 

tw'o-dimensional flow): 
3 

0 

0 

where r\ ~ y/xm, turbulence energy e f(r|), scale Z ~ xm g(^). 

The boundary conditions are: f = g1 = 0 at r] = 0 from symmetry and 

f = f’ = g1 = 0 at the wake edge tl = r^. This again constitutes an eigen¬ 

value problem for m and (since the turbulent viscosity ~ g vanishes 

at the edge, the wake has a well-defined edge). (The solution for this 

problem has yet to be carried out.) This solution presumably describes 

the far-wake behind a self-propelled body. Closer to the body we have 

to take into account the decay of mean-velocity and the turbulence pro¬ 

duction, which together with the initial condition will determine the mag¬ 

nitude s of turbulence energy and scale in the far-wake. 

For a given situation, one can numerically integrate the governing 

differential equations to predict the wake behavior. The approach out¬ 

lined above, however, is more suitable for delineating the similarity 

parameters and the sensitivity of solutions to the empirically determined 

constants invariably incorporated in any turbulence model equations. 
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2. Laminar Flow 

2.1. Laminar Wak«- without Swirl 

Bound.iry-lay<-r approximation nivo.s, without pressure ^radiont 

or swirl, 

9vi , v 
u ^ + V a r 

ËÜ - J_ JL (rj V ^ ) 
■ rj Or (r v 3r > 

Cm _1_ ar^v 
9x rj 9r 

0 

where j - 0 2-D 

j = 1 Axi-symmetric 

The condition for zero drag is 
r 

D = J u(u-U )r^ dr = 0 
r 

If we define 

ud = u-Uo, 

where U is the freestream velocity, Eqs. (1)~ (3) become 
o 

9u . \ 9u. 9u . d _d 
*d 9x V <)r 

r' 
r . du 

V --T- / r^ -rp- dr i dx 
rJ o 

* o . o 2 
U / u . rJ dr = - / u / rJ dr 

o d o o 

The boundary conditions are 

Ou 
as r - oo 

9r 

9u , 

y 

dr 
= 0 at r = 0 

(1) 

(2) 

(3) 

(4) 

O') 

(2') 

(3') 

(3) 

MMMIMaMMNIttlMaHilttlli Éia«ÉtiiA*aiiaÉÉÉáaÍINliAaAÉ 
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We look for the solution of the form: 

1 
U Ud 

o 

oo -k 
L Ax n f (ri) , n n 

n=l 
(6) 

where 

T) = (7) 

We expand b(x) as 

oc 

b(x) = Z! B 
m n 

n=l n («) 

2. 2. First-Order Term 

When higher order terms of are neglected, Eq. (I1) and Eq. (2') 

yield the following linear equations 

3u , 
U o 3x 

4_ JLfrj V —±) = 0 
y 3r \ 3r / 

/ u, r^ dr 
o d 

First-order terms of Eqs. (6) and (8) are 

IT “d = A x-k i(n) : n = ^ 
o 

(9) 

(10) 

b(x) = B X 
m 

(H) 

(12) 

When Eqs, (11) and (12) are substituted into Eq. (9), we require 

for the similarity; 

® = V U ’ m “ 2 
o 

Hence the jet width is given by 



mmmm 

I- 
o 

(13) 

ami the equation for the velocity profile f(r]) is given by 

f"(r)) + {Zr\ ^ j ti'Sf'in) + 4k f(n) = 0 (14) 

subject to the boundary conditions 

f 

f 

f 

f 

- 0 

- 0 

= 1 

= 0 

as r| — go 

at T) = 0 

The solutions are given by 

Two-dimensional case: 

-r,2 
f(rl) = H2k_^iDe 71 

where is the Hermite Polynomial. 

Axi-symmetric case: 

? J 
f(r,) = L(k_n One-71 

where Ln is the Laguerre Polynomial. 

From Eq. (10), 

oc 
I Í T)3 dr) = 0 

(15) 

(16) 

(17) 

We multiply Eq. (14) by ri2n+^ (n; integer), integrate from 0 to oc, and get: 

(2n+l+j-2k) / f h2n+j dri = n(2n-l+j) I f n2n_2+j dri (18) 
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PVif« 

n = 0; 

Eq. (18) becomes 

00 

(-2k+l +j) / f riJ rit) = 0 
o 

Hence for k ¿ -lyi- corresponds to the ordinary wake D i 0) 

n = 1; 

Eqs. (18) and (19) give 

°o 7 . 
(2n+Hj-2k) I f T| dT) = 0 

o 
oc 

For the non-zero second moment of velocity / f ri2+j dt) ^ 0, we get 
o 

k = i±A 
2 

In summary, the first order solution is given by 

i 

b(x) Ä X2 

(19) 

(20) 

(21) 

u 
.¾ 

-(.1+3)/2 

u 

u 

^01)6 ^ (two-dimensional flow) 

(axisymmetric flow) 

From the continuity equation 

V = 0 
11 = 00 

2. 3. Higher-Order Terms 

When Eq. (7) and (8) are substituted in Eqs. (!') and (2'), with 
, I 

mn = > and b = 2(\x/Uo)2 determined from the similarity condition, 

the equation becomes 

-...—--i- 



L An X n [l"(n) I (Tl^jn■1)f,(^l)^2kf(n) I 
n -1 

= ^ A X n f (T|) • ), A X kn [k f (ti) i nf'(ri)] 
n=l n n n = l n n n' 7 n ' 

-L A x n ‘ ri'j[(k / Vf (rDdni‘r]j + 1 f(n)]* L A x1""'^ • 
n=l n o n n = l n n n 

(22) 

(il) 

Equating the same pover of x, we get non-homogeneous linear equations to 

be satisfied by ^('H). 

The solutions are as follows: 

Two-dimensional flow: 

1 5 7 2 
ÏÏ" Ud = A1 x ‘ h2(ri)e" +A2 x'2 H4<T1) ' fA3x"3' H6(r))e"T1 + ... 

2 
- g- Aj2 x"3 e"2T1 [4 Ho(ri)+H2(ri)] + ... (23) 

Axi-symmetric flow: 

IT ud = AfX-^Ol^e"11 + A2x"3L2(H2)e_11 ) Aj x"4 L3(n2)e ^ 

+ ... 

+ ' A2 x 1 ffn of q] (24) 

Thw coefficients Aj, A2, • • • are to be determined by expanding the given 

velocity profile at a certain initial stage in Hermite or Laguerre Polynomials. 

For example, for the two-dimensional solution, we have 

1 i i 00 

A1 = 2U Xo ^ ud(V • 0 0 

2.4. Swirling Flow 

For laminar axisymmetric flow with swirl velocity the boundary-layer 

approximation gives 



, . 
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“I2- + vl!l = •- Ie -1 1^-) àx 9r p 9x v ,. 2 r 9r 7 
r 9r 

w_ 
r 

9w 

i ÜE 
p 9r 

f42 
u _ + v 9w + vw _ ^ . fPw ^ 1_ 9\v w . 

9x 9r r ~ ' „ 2 r 9r 2^ 
9r r 

9u 1_ 9rv _ n 
9x r Or 

Assuming UfJ(= u - Uo), v, w « Uq, Eq. (27) becomes 

it dw . 9 "w . 1 9w w 
o ax -¿i r dr 

r 

Angular momentum ii given by 

00 ? 00 ? 
M = 2it / p u w r dr ^ 2ir p U / w r dr 

We assume the form 

w = X ^ f(T)) where ri = r 
B 

m 

Substituting Eq. (31) into Eq. (29), we require for similarity. 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

m 1 
2 

U /v 
o' const. 

Since B is arbitrary, we take the constant to be 4 for convenience. 

Then Eq. (29) becomes 

f'Ol) + (2n + ¿Of'Ol) + 2(j - -l)f(ri) = 0 (32) 
T1 

From Eq. (30) we have 

oo _ 
M ~ / f(r()n dr) 

o 

jiáÉiiaHMüiilllitflriÉÉÉaHttÉIHiÉÉIMt]MlÉÉHÍÉMlMÉHkNÉÉBlÉlkilttÉIÉiÉMÉ 
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Hence we multiply Eq. (32) by r) and integrate to get 

uo 
(2j-3) I ír\á dr\ = 0 

o 

Thus, we obtain 

J for M ^ 0 

j ¿ for M = 0 

From the comlition that f(0) is finite, we find that 

! +n. n integer 

Hence, 

f(ri) = T] (r]2)e'r] 

(1) where ' is Generalized Laguerre Polynomials 

The lowest power of x for M = 0 gives 

.2 
w C X 'Mrt - ¿ V] 3v-n 

Substituting into Eq. (26) we get the pressure as 

P-P, oo 
c2 -51C t „2 ^ •> ^4l -2n2 ir P x (5 - 6 T1 + 2 T, )e 

When this is substituted into Eq. (25) for u^ = u-Uo* it is found that the 

solution obtained in the section 2. 1 (neglecting the pressure gradient due 

-5 
to swirl motion) is valid up to x term. 

... ■ -. ■aaiiiMiHHa taiiMiiHBaiaiiiaMNHaiMfe 
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3. Turbulent Flow 

3. 1 £tltly-Viscosity Model 

In the eddy-viscosity model, we use the same expression for the 

shear stress as in the laminar case except that the viscosity coefficient 

is replaced by an eddy viscosity reflecting increased momentum exchange 

due to turbulent motion. The eddy viscosity is no longer a fluid property 

like the molecular viscosity, but depends on the flow field characteristics. 

Prandtl's hypothesis states 

e r K b(x) utj(x, 0) (33) 

where K is a constant. Since e is a function of x only in this model, the 

turbulent flow solution is obtained from the corresponding laminar solution 

by the following transformation: 

1 x I -- I e(x)dx 
o 

U(Ç, r) = u(x, r) 

V(?’r) = ¿T^)v(x'r) 

(34) 

After the transformation the equations for U and 

laminar flow. Hence 

b(x) = ; . 5.-U ç/v 
o 

and u^ is of the form: 

V are identical to those for 

(35) 

trud(x, r) ^ A +fjfn) 4 (36) 

where fn(r)) are Hermite or Laguerre polynomiale normalized to be 1 at 

T| = 0. Therefore 



■PUHH 
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1 V_ ci(2lj 
2KA U o 

' (1 - 
■’* 

. ... ) 

Thus 

2ltAV/v 1 ••• ) 

Inverting the asymptotic: series, we obtain 

Z Ä X ,2«4+j)[l t a. X L a -2/(4+j) + ,.. 1 
2+j 1 * J 

xa * (4+j)K A U x/v 
^ o 

Hence 

(37) 

bM * 2 ^ xi/(4+jl[1 *-¿j ai x’»2/<4+il + •••] <38) 

rud“ Ax;<3+i>/(4+il{fo(t,|+a1[f1(r|).|ttfo(r,)]x;2/(4+i,+...} (39) 

3. 2. Prandtl's Mixing Length Theory 

Prandtl's eddy viscosity is independent of r at each cross section. 

In order to examine the effect of the eddy viscosity that varies in the radial 

direction, Prandtl's mixing length theory will be applied to the momentum¬ 

less wake. 

Prandtl's mixing length theory assumes 

T . 2 i du i du 
= 1 dr dr (40) 

We take the mixing length proportional to the jet width 

£ = c2 b(x) 

and look for the similarity in the form 

u, = u - U = U A x f(C) d o o 

r 
b(x) 

Bx m 

(42) 

where C 
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A“' wo substituto ufl from (42) into tho linearized momentum equation 

9u , 
U o fix Tê'-';"" j = 0 (2-{|in>onsional ) 

j = 1 (axisyrnmot ric) 

wo not tho condition for similarity 

m + k = 1 , (4 1) 

and if we choose 

B A/m (4-1) 

t!ie equation for f becomes 

2f'f" + j C 1 f'2 + sgn(f') lC f t a f] = 0 (45) 

where a 
_k_ 
m 

Boundary conditions are as follows 

f(0) = 1 f'(0) = 0 

(46) 

fKe) = 0 i'(Se) = o 

where C denotes the value at the edge of the jet. 

If we multiply Eq. (45) by ÇJ and integrate, we obtain 

.2 j, - -1«- -C' 

C=ie 
tf CJ]C=Ç + [fC‘+J]s=c Ua-l-i) J f dC = 0 

For the momentumless wake the last integral vanishes, and therefore, 

we require, if Ç should be infinity. 

= 0 

= 0 (47) 

» ¿ i + 1 

Eq. (45) is a second-order nonlinear ordinary differential equation and we 

dÉtiàálk —-... 
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have four boundary conditions (46) to be satisfied. Thus the problem is 

a nonlinear eigenvalue problem in which a and are the eigenvalues to 

be determined. 

In order to study the behavior of the solution of the nonlinear equation (45), 

we make the following change of variables: 

(48) 

and then Eq. (45) becomes 

,2 dt _ _ 5tw + sgn(t)» (t+tts) 
ds ~ 2t(t-3s) 

(49) 

Integral curves are shown in the following sketch. 

«MMWIMMHIIMNHIlÉlHIÉliiaailiaiilMÉÉltMriNMy 
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From the boundary condition (46), we find t = -no, s - 4uo, C r 0, and 

t = 0, s = 0 at C = C, . 
c 

Around the singular point at the origin, we assume first a series expansion 

as 

2 4 s = a. t + a.t tad +....+ 
1 2 4 

Substituting into Eq. (49) and determining the coefficients, we get 

s = -t^ + j (2-or)t^ + ^-(2-0)(30-+))1^ + .... 

or s = .Lt+^±Lt2 t3 + .... 

(50) 

(51) 

Further, when we solve for the deviation a(t) from the above regular solutions 

s = alt + a2l + * * * * + 0(t) 

we get J(t) = c e(2a+6)t for Eq. (50), and o(t) = c e I for Eq. (51). 

Therefore, the integral curves passing through the origin have the form 

either 

s = -t2 + y (2-o)t^ +-g-(2-o)(3o-r()t^ + • • • • 

or 

= . i, + 2£îit21uizima+n ,3 4.... t c i 
o o o t 
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In terms of í(Q), we see that 

(1) Case s ~ — t: We obtain from the definition of s and t, 

£ 
f 

Therefore 

f 

Substituting into Eq. (40), we get 

Therefore, the drag is zero when a > 1+j 

2 
(2) Case --1 : We obtain 

I II . 3 
f ~ -Q¿ í¿, ll-y + const. ) 

Therefore f - 0, P = 0 for a finite £e» and the condition of the zero drag 

is a ^ 1+j, 

For a - j + 1, the solution for D ^ 0 is obtained by Schlichting^1 for two- 

dimensional wake, and Swain' ' for circular wake. For both cases the 
A o 

velocity distribution is given by f = (1 - 5 Ç2) . 

A numerical integration of the ordinary differential equation was 

employed to solve the nonlinear eigenvalue problem. In order to avoid 

two-parameter iteration, the solution for the outer part was obtained in the 

st-plane and the solution in the inner part was carried out in the fC-plane. 

For the inner part where P < 0, we have from (45) 

i 

C [- (Cg)2 + df] 
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We integrate the equations from C = 0, where f(0) = 1, g(0) = 0, till 

we get f* - 0. Ther the numerical integration oí Eq. (49) starting at 

t = s = 0 along s ~ -t¿ is carried out, and two solutions are matched on 

the s-axis, where t = 0 and hence f = 0. By this shooting method a was 

obtained after iterations as 

a = — = 5. 538 
m 

This given the main characteristic of the momentumless wake as follows: 

Mixing length Eddy viscosity Naudascher 

-0. 847 
X 

-0. 8 
X 

b 0. 153 
X 

0. 2 
X 

T 
max 

-1.694 
X 

-2 
X 

The integral curve and the velocity profiles are given in Fig. 1 and 2. 

The comparison with the experiment by Ginevskii^ ^ ^ el al. shows that both 

the eddy viscosity and the mixing length theory underpredict the decay of the 

centerline velocity except in the initial region of the experiment. 

3. 3. Two-Equation Model 

It is clear from the previous analysis that either the mixing-length 

model or the eddy-viscosity model is not capable of explaining Naudascher's 

experiment. 

The two-equation models are attempts to incorporate the physics of 

turbulent flow into the description of turbulent shear flows. In these models, 

the turbulent shear stress is modelled as in Prandtl's eddy viscosity model. 
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The eddy viscosity is expressed, from the dimensional consideration. 

as 

e¿ l 

where e is the mean energy of turbulent motion, and X is a scale associated 
i 

with the turbulence. Instead of assuming the proportionality between e¿ ^ 

and (Au)b, model equations for e and 1 are introduced. 

A model equation for the turbulence energy for axisymmotric flow 

with boundary-layer type approximation, is 

De 
Dt = I J_ (r JL ¿e") + V - C K- 

r 9r V a dr J t\drJ CD (52) 

where CT^, CD are constants. On the right-hand side, the first term repre¬ 

sents the diffusion of turbulence energy, the second term the production of 

turbulence energy by the mean flow shear, and the third term the dissipation 

of turbulence energy (direct viscous dissipation is not included in the above 

form). The turbulence scale length ¿ is determined indirectly from the 

turbulent dissipation € defined by 

= eVX (53) 

for which a model equation may be written as 

De 
Dt 

= I -1 fr A âl) + c » (3u,2 
r 3r V a 8r / C1 '3r * '2 e (54) 

where oc, Cj and c^ are constants determined from some experiments. 

If we integrate (52) across the wake, we obtain 

± ^ erdr = ^ V57) rdr ‘ CD S T rdr 

ÜMIMMÉ ■MHHIUlttMlM 
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Accortli.ng to Naudascher's experiments on momentumless wake, 

*max/u2 “ (x/D)"1-6 

b/D « (x/D)0,3 

ud/U ° (x/D)'2 

^ /U2 =vt I“ /U2 " (x/D)"2* 1 

for x/D ^ 10. Hence if it is assumed that ¿ b, we obtain 

Thus, at large distances from the body, the dissipation outweighs the 

production. 

In the far-wake the governing equations may be approximated by 

and 

V. 
2 

e /e 

(55a) 

(55b) 

(55c) 

Suppose that the velocity defect, the integrated turbulent energy and dissipation 

entering the far-wake region are uo, Eq, and respectively, and we intro¬ 

duce the following dimensionless variables: 



III ^ Il II ll'IVIIIlippill 
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_ — 1 3/4 
X = (ç /UE )x, r = {c¿/E )r 

O O ni O V 

l 
o = (E¿ /r. )e, € = (E 5/f; 2)^ 

O O O o 

U = u/u 

Then Eqs. f5S) become (omitting the bar from the dimensionless variables) 

2 2 

de_ 
3x 

3e 1 3 / e r 3e \ e- + TT e i^ 
" 7 8? I— 87/ - rD e + b — (87> 

e 

- L JL ( Òl ÊL) . c —i Tfc e(—)' 
' r 3r U e 3r/ C2 e + 1 1 1 ' 3r J 

e 

3u _ 1 3 /e^r 3u^ 
3x ~ r 3r \ e 3r/ 

(57a) 

(57b) 

(57c) 

where 

' TJ = u¿ E2/c 
11 o o o 

(58) 

When the production is insignificant compared to the diffusion and dissipation 

terms, we may put |T = and the wake growth, the decay of e and e are 

determined by Eqn. (57a, b). Then, Eq. (57c) governs the velocity decay 

in that wake. 

In the 11=0 wake, we look for solutions of the form: 

e = x"P g(ri), e = X B h(ri); ri = r x _ -g ■m (59) 

Substituting these forms into Eqs. (57 a, b), we find 

p = 2(1-m), q = 3-2m (60) 

for the similarity condition, and the equations for g and h become 

2 
1 

o ri dt] 
e 

("'VS?) +"'n^ +2(l-m)g-cDh = 0 

— -p- (ri Z~) + m Tl + (3-2m)h - c? — = 0 
o q dTi \ 1 h dn / 1 dq v 2 g 

€ 
dr) dr) 

(61a) 

(61b) 
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with the boundary ronditiona 

tk 
fir. at T) = 0 

g* h - 0 for large r\ 

Eqs. (61) and the boundary conditions (62) constitute 

problem. 

Let 

(62a) 

(62b) 

a nonlinear eigenvalue 

g0 = g(°)» \ = MO) 

z = TKmOeho,a/go 

g(^) = gow1(z), h(ri = hQ w2(z) 

Then Eqs. (61) and (62) become 

dw d/ wl2 dwl\ f awi i -, 
dzlzw2 "dz"/ + ZLZ ~dz" + ^ ' 1 " CD ^ w2] = 0 

d (z Í!2)+dz[z^ + (¿ - 2)w2 - c2 X 0 
dz \ w2 dz / L dz m 2 2 Wj J 

dw. dw 

wl = w2 = *• dT = = 0 at 2 = 0 

Wj =w2 = o 

dz 

for large z 

where 

X = ho/mgo, a = ae/oe 

(63a) 

(63b) 

(64) 

Thus two eigenvalues, m and X, have to be determined to satisfy the boundary 

conditions. 

After these eigenvalues are determined, Eq. (57c) has to be solved 

to determine the velocity defect. 
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■n 
u = X f(z) , f(0) = 1 . 

Then Eq. (57c) becomes 

2 
d 

dz 
â!)+ «+JLf) = o 

\ dz / 0 \ dz m / 

£ = ° 

f = 0 for large z 

at 

(65) 

In addition, f has to satisfy the zero-momentum condition 

cc r ^ 
\ f z dz = 0 (66) 

The problem for f is also an eigenvalue problem, which determines the 

value of n. 

A crude estimate for m and X can be made by integral method. By 

integrating Eqs. (63) from 0 to cc, we obtain 

oc 00 

2( “ “ 2) \ z w.dz - c^ \ ^ z w dz = 0 
m Jo 1 D Jo n 

Assume 

Then 

1 m 41 s z w^ dz - c 

oc 2 
W2 z dz = 0 
w, 

o 1 

w j = e 
-z 

w2 = e 

1 
2 z 

(1 - 2) - ^ CD X = 0 
m 

14 1 
(— - t) - T C, X = 0 ' m 3 ' 4 2 

..., 
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Hence 

m = (íC2-JCD>/'¿C2-fCD> 

X = 2/(f C2 -CD) 

For = 0.18, Cp = 0. 09 ( Spalding we obtain 

m = 0. 3, X = 22 (Sf>( 

The estimated value of m agrees very well with Naudascher's experimental 

result -- m = 0.29 for 10 ^(x-x^J/D ^ 50. The corresponding rate of turbu¬ 

lence energy decay is, from Eq. (60), 

p = 1.4 

while Naudascher's measurements indicate that this value is close to 1.57. 

4. Conclusion 

We have examined turbulent shear flow in the momentumless wake 

using the assumptions of (1) eddy-viscosity, (2) mixing-length, and (3) 

turbulence energy and dissipation model. 

The eddy-viscosity and mixing-length models were incapable of 

describint the momentumless-wake flow. We attribute this to the non¬ 

equilibrium between the mean flow and the turbulence in this kind of wake. 

The two-equation model was further simplified by neglecting produc¬ 

tions by mean-flow shear in turbulence equations. A nonlinear eigenvalue 

problem was formulated for describing the far-field solution for the momentum¬ 

less wake. A crude estimate of eigenvalues gives the wake growth and tur¬ 

bulence decay rate thit agree fairly well with Naudascher's experiment. 
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In order to complete the solution, further work has to be carried 

out on the numerical solution of the nonlinear eigenvalue problem und on 

the extension of asymptotic solution lo higher-order terms so that I he 

connection to the near-field solution can be accomplished. 

«■kSIilkMSMklMHHMHÉÉMIiHI mum 



r 

-28- 

References 

1. W. Tollmien, "Grenzschichten, " Hand. d. Exper. -Physik, vol. 4, 
pt. 1, 1931. - 

2. S. Goldstein, "On the two-dimensional steady flow of a viscous fluid 
behind a solid body, " Proc. Roy. Soc, London, A142, 1933. 

3. K. Stewartson, J. Math, and Pliysics, vol. 3f>, 1957. 

4. G. Birkhoff and E. H. Zarantonello, Jets, Wakes and Cavities, 
Academic Press, 1957. 

5. N. Naudascher, J. Fluid Mech., vol. 52, pt. 4, 1972. 

6. Ginevskii, K. A., Pochkina and L. H. Ukhanova, Izv. An SSSR 
Mekhanika Zhidkostii Gaza, vol. 1, no. 6, 1966. 

7. Prandtl, L., "Bericht über Untersuchungen zur ausgebildeten 
Turbulenz," ZAMM vol. 5, 1925. 

8. Prandtl, L., "Über ein neues Formelsystem für die ausgebildete 
Turbulenz, " Nachrichten von der Akad. der Wissenschaft in 
Göttingen, 1945. 

9. Kolmogorov, A. N., "Equations of turbulent motion of an incom¬ 
pressible fluid, " Izv. Akad. Nauk SSSR Ser Phys. VI, No. 1-2, 
1942. 

10. Bradshaw, P,, Fer riss, D. H. and Atwell, N. P., "Calculation 
of boundary layer development using the turbulent energy equation, " 
J. Fluid Mech., vol. 28, 1967. 

11. Nee, V. W. and Kovasznay, L.S.G., "The calculation of the in¬ 
compressible turbulent boundary layer by a simple theory, " 
Physics of Fluids, vol. 12, 1968. 

12. Saffman, P., "A model for inhomogeneous turbulent flow, " Proc. 
Roy. Soc. London, A. 317, 1970. 

13. F. H. Harlow and P. I. Nakayama, Physics of Fluids, vol. 10, 
no. 11, 1967. 

14. C. duP. Donaldson, AGARD-CP-93, 1972. 

15. J. C. Rotta, AGARD-CP-93, 1972. 

16. Hanjalic, K. and Launder, B, E., "A Reynolds stress model of 
turbulence and its application to thin shear flows, " J. Fluid Mech., 
vol. 52, 1972. 



-29- 

17. Schlichting, H. Boundary Layer Theory, translated by 

J. Kestin, McGraw-Hill, New York, I960. 

18. Launder, B. E. and Spalding, D. B. Mathematical Models of 

Turbulence. Academic Press, London and New York, 1972. 

NÉ MUkttNl - ---—---- 



O iTt O liï ITI 
^ r~ .—« rv. ív 

H h h h h H i' 

Q Q Q Q Q Q P 
'x ^ "x ^ 'x X 

B O <1 OR Ht * 

L J 

u*n os2‘o- 

... . xJ -- diilkÉlMÉÉilMÉÉÉNMl 

(■n
 

a
t 

u
 

m
a
tc

h
e
d
 
b

e
tw

e
e
n
 e

x
p

e
ri

m
e
n

t 
a
n

d
 t

h
e
o
ry

) 



O 
O 
CJ 

000 

& ■ 

bC •H 

....-. J .... «UUMÉ éMHHMHÉUMíHNI ÉÉNÉMÉlMÉÉHHillÉAHIÉHIIik MMHAIMM 

E
d
d
y
-V

is
c
o
s
it

y
 M

o
d

e
l-

-S
h
e
a
r 

S
tr

e
s
s

 



.. 'Pil'iWiW 

I_ 
-2.000 

o 
o 
OJ 

J 
4.000 

Fig. 2-a Mixing-Length Model--integral Curve in st-Plane 
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