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\ tracking but introduces an accurate model of the satellite orbit.
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Abstract

A 6l-state truth model is developed for the aircraft to satellite
tracking problem. The equations for the Ixtended Kalman Iilter are
described and the truth model is examined and simplified to give a
12-state reduced order filter model of the system. Using the method
of Covariance Analysis which is described, the performance of the 12~
state filter model against the 61-state truth model is evaluated with
tiie dynamics profile of a high altitude ~ircraft tracking a near earth
satellite in a circular polar orbit. The measurement equations for the
truth model are adjusted over a range of measuring instrument precision
and the filter model reevaluated. The resultant tracking accuracies

are discussed.
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IiIGH ACCURACY ATRCRAFT TQ SATELLITE
TRACi{ING USING LXTLNDED KALMAN
; FILTER

I. IKRTRODUCTION

i g r A

Statement of the Problem

Given two accelerating vehicles, there are many situations in which

LT M

it is necessaryv to track one vehicle from the other with a high degree of

accuracy. In general, such a svstem cannct be modeled deterministicallv

and stochasti~c estimation techniques must be emploved.

i s tess o0 s N

This thesis wddresses the nroblem of tracking a satellite from an

aircraft. Again, this problem is varied and might include tracking of

navigation satellites from long range transport aircraft or tracking of
low orbit satellites from high altitude aircraft using laser devices. j
The latter will be investigated in particular. Ideallv, the satellite
would transmit a beacon signal to facilitate tracking but in practice

this cannot be guaranteed. For the purposes of this report, the satel-

s

lite is assumed to be completelv passive.
Various metiods are available for formulating and solving the

tracking problem. One such method which uses an ILxtended Kalman Filter

to provide the system state estimate is investigated in detail.

Objectives of the Study

The primary objective of the studv will be to determine the feasi-
bility of using a reduced order (simplified) svstem model to propagate
the system state. Propagation will be carried out using the Txtended

Kalman Filter. To investicate feasibility, the following breakdown of

1
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the problerm will be followed:
1. Develop the full truth model representing true svstem
performance.
2. Generate a tracking prcfil2 representing a typical
tracking 'pass'.
3. Using the truth model from 1. and the tracking profile
from 2. carry out a covariance analvsis with a reduced
order system model.
! 4. Adjust the reduced order model until satisfactory
: performance is obtained.
Thus, given a svstem truth model, a reduced order svstem model will
3 be found and tested using the covariance analvsis. A secondary objective
will be to modify the system truth model and correspondinglv modifv the
£ reduced order system model and repeat the tests of the reduced order

model. The modifications will involve changes to the measuring devices

o~ to represent increased or degraded quality. This will be done to deter-
mnine the quality of measuring instrument reauired in practice to achieve

] some specified level of tracking performance. :

sg b et

Assumptions and Limitations

The system investigated here is in fact non-linear so that the basic
walman Filter cannot be used to propagate state estimate and associated j

covariance. Various methods are avialable for handling non-linear oro-

blems among which is the Extended Kalman Filter. This formulation,in

common with most methods for handling non-linear problems,assumes that

?

Gl e o ol L aanlhy i

the non-linear system can adequately be represented by a linear svstem

about some trajectory. That is, deviations from this trajectory can be

R am o b

handled using linear methods. The assumptions inherent in the lineari- 3
2 !
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zation procecs will be desr:ived in detail under cection 1II which des-

cribes the Lxtended Kalman Filter.

This study attenpts to find a simplified reduced order system model

which will adequately describe the true system performance. TFor a true

3 linear system, the covariance analvsis is complete in that it accurately
4 c

describes the filter perfoirmance.

Loy by

However, in applying linear techniques

to non~linear systems, it is sometimes possible to obtain apparently
good performance when in realitv the performance is bad. This possibility

is usually overcome by carrying out a 'Monte-Carlo' system analysis in

R T, W ey DA

addition to the covariance analysis. This would be desireable for the
problem but will not be done in this study.
Only one aircraft/satellite dynamics profile is investigated in this

study. The profile chosen uses a low orbit satellite in a polar orbit

“ tracked by an aircraft flying east/west. This was chosen to represent as
near as possible one of the worst case situations in which the satellite
passes almost directly overhead. Clearly, confidence in the models would
improve if several representative profiles are tested. Also, the tracking
state equations are modeled in the line of sigh® coordinate system. The

equations could have been modeled entirely in inertial coordinates or

aircraft coordinates possibly with different results.
It is assumed that the tracking antenna is controlled by some closed 3

loop control system. Tie dynamics of such a system have not been incor-

porated into the models. In fact, the system assumes that deviations

from nominal can instantaneously be corrected at regular intervals.

BT

Finally, it will be astcumed that the coordinate transformation matrix |
from the tracking coordinate frame to the inertial non-rotating earth :

centered coordinate frame is known. This assumption implies that the

3
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tracker orienctation relative to the inertial cocrdinate frame is known.

For the purposes of this study, it will he further assumed that the tracker
elevation axis always lies in the inertial X-Y plane (See Fig. 1 Section
IT). Thus an inertial reference must be available on board the aircraft.
The problem could be considered bv introducing a body (aircraft) coordi-
nate system and assuming that the tracker orientation relative to the
body is known. It would then be necessary to assume also that the body
orientation relative to the inertial coordinate system is known. The

simplest assumption which implies no loss of generality is the first.

That is, the tracker-orientation relative to the inertial coordinate

frame 1is known.
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II. SYSTEM MODELING

Physical Descweiption of the System

Physically, the system consists of a satellite and an aircraft
equipped with some type of satellite tracking device, typically a high
resolution radar or laser. The tracking device is equipped with three
rate gyros which measure the tracker inertial angular velocity in thr:e
comporienits. Three accelerometers measure the three corponents of spe-
cific force of the tracker origin. Some control svstem is available to
correct the estimated tracker angular deviations. These estimates will
be found using the Extended Kalman Filter and the control system will
have the capability of instantaneocus corrections. The tracking device
is able to measure the satellite range, range rate and small angular
deviations of the tra~ker firom the true line of sight. The measurements
are all assumed to be imperfect. The nature of the corrupting noises
w11l be discussed later.

The tracker depends for its operation on the availability of a
reference coordinate system. This could be the aircraft to bodv system
assuming the orientation is known or the inertial earth centered coor-
dinate system. For this problem, it is assumed that the tracker base
always lies in a plane parallel to the inertial X-Y plane (see Fig. 1,
next page). In practice this would be accomplished with a closed loop con-
trol system using some inertial reference sensing device. Note that the
possibility that the tracker base 1s translating or accelerating is not
excluded.

Target State Equations

The target state zquations are expressed in the geocentric - equa-

torial non-rotating coordinate system illustrated i~ Fig. 1. The state
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Ad), Ady, Adj
As;, Ary, Asjy
Amy, Amp, Amj
Ap), App, Apj

wly w2’ W2 -

equations are:

X, = X,
. X2 = Xs
: }.{3 = Xg
g %Q = Ag, + Ad} + As; + Am; + Ap; + W, (2-1)
: X = Ag, + Ad, + As, + Aw, + Ap, + W,
] Xe = Agy + Ad, + Asy + Amy + Apy + W
; X,, X,, X3 ~ represent the target inertial position from earth center.
Xy, X5, Xg - represent the target inertial velocity

Agy, Agy, Ags - are the gravitational forces along the X;, X, Xidirections

~ are the forces due to aerodynamic drag.

are the solar perturbatisns (gravitational).
- are the lunar perturbations (gravitational).
- are the perturbations due to solar pressure.
are zero mean independent Gaussian white noises added to
model unknown perturbations and to account for approximas-

tions in the above terms.

Appendix A indicates the method of obtaining the earth's gravita-
tional attracting forces Ag), Agr, Ag3 and the method of finding the
second partials of the gravity gradient for the earth. These will be

required during the state equation linearization process.

Force Due to Drag

e G R e A o e GBI

Ad

&

The drag perturbational accelerations are modeled as follows:

is the drag vector in inertial non-rotating coordinates

is the inertial position vector | X
from earth center to target

= S e i
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r 1is the iInertial velocity vector Xy
of the target
X5
| %6 |
1 .
Then Ad = -5 p BV, 1, (2-2)
where:
o = atmospheric dencity modeled as: p = p,e =6 hn
Pg = mean sea level atmoshperic density
£ = altitude atmospheric density decay rate
h = (X2 + X,2 + )(32)'”E - R
"o = mean earth radius ]
Va = magnitude of the vehicle velocity relative to the ;
rotating atmosphere. V_ = éa i
WE = earth rotation rate, and by the law of Coriolis: ;
-Xu + VE qu %
=
r, =|Xs - VEX1|= Va (2-3) ‘
Xg
B =~ wvehicle ;allistic coe;ficient %

In general, the ballistic properties of the vehicle will be unknown. 3

However, the ballistic coefficient B will nct change with time and can

ey

therefore ve modeled stochastically as a random bias. Such a model

implies 100 correlation with time. B is therefore represented by the

system state X5 with the state equation :

X7 = 0 (2-4)
Thus appropriate choice of an initial condition for X, can be made to
adequately mocdel a range of vehiecle types.

8
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Sun and lfoon Q£§y};§£jfgggLl]{gﬁggth}ons

The sun and moon perturbing acceleration vectors are defined

respectively as:

s R e e N A T A e T S T N TS

rAsl Amj
g As = | Asy], Am = | Am,
: As3 Amjy
: S L

For the parposes of this report, the sun and moon are considered

¢ stationary in space relative to the vehicle and earth. This assumption

is valid since the time for a particular pass for a low orbit satellite

will be of the order of minutes only.

If the sun and moon have position vectors relative to the non-

rotating inertial coordinate system of:

o

Xs and Xm

Sarad sty son

Ys Ym| respectively
Zs Zm
3 then the perturbatlional acceleration vectors As and Am vill be given by:
B, —— —
Y
: — -
: Xs - X Xs
3 As =y —_— -
— © rvs” rs3
;i
;
: ¥s - X, ¥s
rvs3 T ors?
]
Zs - X3 Ei
Tyg ’ o xS 3
3
9
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PSRRI

o Ty e TR e e R T

and

Y X
: Amo= g (m - X)) _ (2-6)
é Tym3 m3

(Zm - X3) Zm

~
w
w

where

i i e

gt

B A 2 S e by

Z = Zm - X

XVS = Xs = x1

YVS = Ys - X

Zys = Zs - X

= ,} 2 2 2
vs Xvs + Yvs + Zvs

e mERARE e i S

= 2 2 2
Tym \[va + Yvm + Zvm

v g

g

rm = \/sz + Ym? + Zm2

rs = \/st + Ys? + 252

BTNy LTy S |

Solar Pressure

The force acting due to solar pressure is modeled in a

gt

simple way using the relationship:

10
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Ap, = -K s Xvs
Tys

Ap, = -K s JvS (2-7)
P rvs

Apa = -K s E‘E
Tys

K is a proportionality constant of 4.5 x 107 m/sec (Ref. 1) and
S is the solar pressure coefficient. This latter coefficient depends
directly on the vehicle surface area presented towards the sun and in-
versely on the mass of the vehicle. Again, no information is available
about the vehicle and S is agaln modeled as a random bias Xg. The sta‘e

equation for Xg is therefore:

XB = 0 (2-8)
and appropriate choice of the initial condition tor X will adequately

model the range of vehicles of primarv interest.

Tracker State Equations

Fig. 2 illustrates the geometry of the typical tracker. The table
is aligned with a reference plane which in this case will be the inertial
plane. The tracker is thus restricted to rotate about the azimuth ver-
tical axis and the elevation axis. The vertical axis of rotation will
always stay aligned with the inertial vertical axils while the elevation
axis will be restricted to lie in the inertial horizontal plane only.
Note that the tracker is configured such that the tracker xp axis points
along the antenna center line, while the tracker vy axis points out
through the tracker elevation axis and theretore always lies in the

plane of the table as shown. The tracker zy axis forms the third vec-

tor in an orthogonal system.

11
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Z
Fig. 2 Tracking Antenna Configuration

l1ig. 3 shows the relation between the inertial X, Y, Z frane,

which is an earth centered non-rotating frame, and the tracker XT, yT,
z
T frame.

Fig. 3 1Inertial and Tra:ker Coordinate Frames

From the above figure it can be seen that the tracker frame orientation
1s obtained via two Euler angle rotations © and f in the azimuth and

elevation directions respectively from the inertial frame. Denoting

12
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the inertial frame as the I-frame ard the tracking frame as the T-frame

ve define the coordinate transformation matrix C1 as the transformation

matrix from I-coordinates into T-coordinates, then:

- r -

cos ¢ 0 -sin ¢ cos B sin 8 0

cg - 0 1 0 -sin 8 cos 8 0
sin ¢ 0 cos ¢ 0 0 1
= (;os € cos ¢ =sgin 6 cos ¢ -~sin ¢
~sin 6 cos 6 0 (2-9)
cos 0 sin ¢ sin 6 sin ¢ cos ¢

Now, the Euler rotation angles 6 and ¢ can he determined by con-

sidering the geometrv of the tracking problem. Let the relative position

vector of the target from the aircraft be expressed in inertial X, Y, Z
coordinates as‘EIi

Defining B; as the relative pcsition vector expressed

in inertial I-coordinates and BT as the relative posi-

tion vector expressed in tracker T-coordinates then:

N
X
RE =R |, and &' = T g! (2-10)
RZ-J
PT = [R, cos 8 + R sin 8 cos ¢ - R, sin ¢ |
R = Y cos ¢ v sin z

- ]
RX sin 6 + RY cos @

l_R.X cos 6 sin ¢ + RY sin 8 sin ¢ + Rz cos 9

(S
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Bt ielirt

’ If we define the range from alrcraft to target as the scalar variable R,
then R = the X-component of the vector BT and the Y and Z components

: are both zero for perfect tracking.

Thus

. R = Ry cos 8 cos ¢ + RY sin 6 cos ¢ + RZ sin ¢

And

-Ry sin 6 + RY cos 6 = 0

tan © = —

is determined as follows:

® = arc tan (RY/RX) if Ry > 0, Ry arbitrary
(2-12)
= arc tan (R,/R,) + ®m 1if Ry < 0, Ry arbitrary
: X Y
Similarly,
Ry cos 6 sin ¢ + RY sin & sin¢ + Ry cos ¢ = O :
Ry
X+ Ry + Rz = 0
tan § tan ¢ sin 6 ﬁ
but ;
Ry '
sin 6 = 1 ;
(Ry?2 + Ry2)* .
X + = = 0 |
Ry Ry « tan ¢ :
i
;
_Rz R
tan ¢ = T oL (2-13)

(Rxf + RYZ) 2

14
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Thus far, the relationship between the tracker and inertial

coordinate frames has been established and it has been shown that

the cocrdinate tranformation mat-{ix is dependent entirely on the

relative pos.tion vector from aircraft to target expressed in inertial

coordinates.

In practice, perfect tracking, in which the XT vector aligns per-

fectly with the target line of sight, will not be possible, The tracker

frame will in fact be slightly misazligned from the true line of sight

coordinate system denoted Ls* This system has the X1 g axis pointing

directly towards the target and is related to the target coordinate

system as shown by Fig. 4.

L5k &/

Fig. 4 Target and Line of Sight Coordinate Frames
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e Or~e again, the two frames can be coincided through two small Euler

rotations ¢e and 6n. &n rotates the LS - frame about the tracker
Zn axis and d&¢ rotates the LS - frame about the line of sight Yis axis.

LS
The coordinate transformation matrix CT transforms a vector from T -

coordinates into LS - coordinates and:

B ey S S e e R Al e bl A S g L
- N - (i

] LS B
: CT = cos én cos 6¢ sin &n cos §¢ ~-sin §e
i -sin &n cos &n 0
i
‘ cos 8n sin §e sin 8n sin ¢ cos &¢
i For near-perfect tracking in which the angles 8¢ and én are small,
i it is possible to make the small angle assumptions:
3
: cos 6n = cos 8 = 1
é { : sin 6n = §&n, sin e = §¢
§eén = 0
i~
3
3 then:
J LS
3 Ct = 1l &n ~8e
8¢ 0 1
h: In practice, the tracking device will be canable of providing :
- measurement information concerning the two small angles &8¢ and 6n; ]
k:
1 hence it is necessary to establish the state equations expressing the f
?; time rate of change of the two angles., 3

The motion between the T-rotating frame and the LS-rotating frame

|
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S
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is characterized by the following differential cquation: (Pef. 7)

T

, _ 1 T -
LS “LS W, C (2-15)

]

T
Cle = C ;
T °LS

‘LS

where H‘S and ”T are the skev symmetric matrices defined as

W =~ 0 -w wra | [0 . 0 —Wer W |
LS LS: LSY 2 T L7 TY
w 0 ~Wr e W 0 -
LS, LSy T, Ty
|
CYLSy, ”LSX ¢ i tmTy “Ty 0 J

and the elements of these matrices represent the angular velocities
about the particular axes subscripted.

Now, the tuo vectors:

LS T
. = [w 7 =TI T
ij uLSX and wT wTX

W S

are inertial angular velocity vectors expressed in line of sight LS -

coordinates and tracker T - coordinates respectivelv,

From (2-15),

LS T _ ., _ LS., .T
CT” Cg = Vg cp> el
or
. . LS. T
I+ MG = R - P O
17
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Rl

E vhere:
E ( 0 &n =8¢
3
E A = |-én 0 0 (2"17)
:
;
3 be 0 0
| Neglecting second order quantities gives:
1 —u - . _ LS B T _
A=W CF” My Cfg (2-18)
: The above equation can be written out as:
3
j 0 ~d&n &e 0 —wLSZ wLSY
:i .
3 §n 0 0 - 0 - -
“Ls, 18
4 e 00 ~w w 0
3 C . | "ULSy LSy _
R 0 -wr. wp | [1  -en &
Iy Tz TY
) 1 0 0o - $ 1 0
n wTZ UJTX n j
| |
5 2 -& 0 1
| Se 0 1 | LmTY wTX 0 ] | -¢€ _
= W - T 0 (e - 8¢ wry) ( - &n wr,) ] .
L3 YT, Tx “Ty X ;
—uy, = 8 + 8¢ & ]
(wTZ + 8¢ wTX) 0 ( wr, = &0 wpy 3 uTZ) )
. - )
_(_wTY + 6 mTX) (uTX + 6n wTY Se wTZ. 0 ]

T E—
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; which provides the two required state ecuations for 8e and én as:

én = wLSz = wTZ - &r¢ wTX
fe = “’LSY - u\TY + &n mTX

In order to determine the time evolution of the line of sight
angular velocity vector Ygs consider the position vector of the target
reiative to the aircraft which was defined as R (iiote that the magnitude
of R i1s the scalar range variable R also previously defined).

Differentiating R twice with respect to inertial space and applving

the theorem of Coriolis each time gives the equation:

2 2 .
e T Y
I - 2 dt
dt 1 e LS LS de LS
+ g X (g X OB (2-20)

where the vertical line denotes the frame relative to which the deriva-

e KR

tives are taken, so that the left hand side of equation (20) i.e.

d?R dR .
—= represents the total rate of change of = which is also
de? I dt 1

the total rate of change of the relative position vector R.

3
5
]
Equation (2-20) is entirely general and not referenced to any ﬁ
particular coordinate system. Choosing the line of sight coordinate %
2 , i
system and expression f;E in the line of sipht system as[A .y 7] i
dt? X }
I
A »"
telY H
!
A ;
: - “rel, - {
4:- Z i
19
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- then:

Arelx Vr 0 r 0 T
Arely =10 + 2| R wLSV + R uLSZ
_Arelz Lo J R sy 4L Rersy
E
, _ 2 X AN
| [ Rlupg ® + wps,”)
v
; + R mLSX wLSY (2-21)
- L R wLSX wLSZ 1
, and the above vector state equation yields the following four scalar
% ; state equations:
i_« (
i R = Vr (2-22)
i\ .
Vo= A+ Rlus,? 4 wpg?) (2-23)
i oo = -1 -2V -
; wLSY R Arely L P wLSX stz (2-24)
: . 1 2V
= = A - r - . 2-25
“Ls; T R rely = ‘Lsz ~ “Lsy ‘LS, =5 1
. where: §
: !
: R = Range g
Vy = Range rate i
Arel = Acceleration of target relative to tracker measured ¢
X 4
along the line of sight X - axis g
E
. 3
£ 3
4 |

20
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J - ArelY = Relative acceleration measured along line of

: sight Y - axis

krelz = Relative acceleration measured along line of
sight Z - axis

thus, 1if !/ A target acceleration along line of sight
ARy &

X - axis
A
and ATRX = trachker acceleration along line of sight X - axis
3 thea: A = A - etc. 3
rely TARy TRy
k Equations (2-22) to (2-25) thus represent the exact relationships

for the aircraft/sateilite tracking problem. It should be noted that

there is no state equation relating the motion of the tracker about

r , the X - axls in the line cf sight coordinate svstem, i.e. Wrg + The
_ ! X
; ' reason is simple, for the purposes of tracking, angular velocity about

the line of sight has nc significance. This does not however preclude
the requirement to mes.ur: the tracker angular velocitv in that direction

but since there is no state equation for w it must be eliminated

LSy’
from equations (2-24) and (2-25).

In practice, angular velocities will be measured in the tracking
coordinate frame since there is no physical way in which they could

be measured in the line of sight frame. The substitution from equation

(2-18) is made, i.e.

o T rte et s DT i s S o Lswlt e SAALAS (£330

- fegw (2-26)

TR 3 e
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and equations (2-24) and (2-25) now become:

= -1 - 2V
wLSY R ArelZ S “LSY + W3, (LTX + 6&n mTY - 8¢ uTy) (2-27)
; 1 2 Vp
“Ls, T R Arely T TRots, T uLsy lury *énep - deowp) (2-28)

The definitions for Arelxv Arely’ and Arelz again are made in the
line of sight coordinate system. Acceleration measurements for the
tracker are orly available in the tracker coordinate svstem in which

the tracker acceleration vector is defined as:

and accelerations of the target (satellite) are only availab’e in the

irertial coordinate system as:

[ X T
A
I L]
A =
_S Xs
L X
)
AS can be transformed from the inertial coordinate frame into the tracker :
It

coordinate frame by the transformation

AST = C, T a(l (2-29) 3

22
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: Thus, the vector of relative accelerations in the tracker coordinate

t

3

frame defined as:

4 rArV-
Ap = | AL | - 2-30
i B -
[ AL
L/
| nust be used to obtain the vector Arel’ i.e.
:
3 LS
; Are1 = Cp A (2-31)
3 where Cgs = 1 Sn  -é¢
~8n 1 0
(
3 e 0 1
X -
! or - A -1 dn =8¢ A ]
relX %
ArelY = [=6n 1 0 Ary (2-32)
il Arelz A | ¢ 0 1 'Arz'

Substitution from equations (2-31) and 2-32) into (2-27) and {2-28)

gives the final form of the two line of sight angular velocity equations

as:

23
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DR AT 6 Snal L R e 2
A

‘ g AL+

w Wy = w w
: LSY R LDY R rz LSZ TX
;
i
k
{ S ITE ) o § 5 (2-33)

w n w - dc uw -

F R “ry LS T T

. -2V 1

) = r — - \

“Ls, = Ys;, T R Ay “Lsy Y1y
{ + =6n A - uwg [dn wr, = &c wp ] (2-34)
3 R rX Y Y Z
: Hote thar in equations (2-33) and (2-34), the two brackated terms

represent modifications to the state equations for perfect tracking.

These modifications account for the small angular deviations &e and dn

from the verfect tracking situation.

Finaily, equation (2-32) {is substituted into equation (2-23) to give:

= 2 (. 2 2 -

which is the final state equation for V..

‘leasurement Lquations (Ref. 2, 3, and 5)

Measurements to the tracking system as alreadv stated will consist
of inertial angular velocity of the tracker measured in the tracker
coordinate frame by three rate gyros. measurements of tracker inertial
acceleration again in the tracker coordinate f -ame, measurements of range
and range rate and measurements of the two small angular deviations &e¢

and én. None of the measurements are assumed perfect. Now the system

propagates the true line of sight angular velocities VLSy and LSy

whereas measurements are available onlv of the tracker angular velocities

24
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L. s mTY’ Wy, - Yfeasarements of wa thus constitute true measurements
of parameter g while measurements of wry and wTZ are interpreted

as pseudo~measurenents of ULSy and wLs, respectively. If the tracking
is good, these measurements approach trne measurements. Measurements
of angular velocities in the line of sipht system would be most
iesireable but in a praciical s—stem such measurements would not be
available. It should also be noted that the tracker accrlerations are

not states of the system. Thus measurements of tracker accelerations

are measurements of system parameters,

sleasurement of Tracker Angular Velocities

These are provided bv three rate gvros mounted approximately in the
tracking coordinate frame. The approximation arises because in practice,
the gvros will always be slightlv misaligned from the true frame align-
ment. To simplify the discussion, only the measurement of wry will be
described. leasurements of the other two anpular velocity components
are modeled identically in form. The measurement of angular velocity

in the XT direction is thus modeled as:

3
=W + Bgsf, w + I Bgm A, + C
Ty Tx B Py Yoo PR T 8X
+|8Cpa wp + v (2-36)

>
W
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The terms in equation (2-36) are as follows:

wy, = measured angular velocity along Xp - axis (see Fig. 2)

wa = true anpular velocity along Xp axis
Bgsfx = constant (bias) gyro scale factor
Bngi = coefficients (along X, Y, and Z directions of tracker

coordinate frame) of the g - sensitive mass unbalance

to which ti. gyro is subject

Ay = Accelerations (ATX, ATY, ATZ) of the tracker origin

ng = gyro drift term along the Xp axis.

|
%
3

ACgma = the error angle transformation resulting from the

misalignments of the three gyros

0 Bgma12 Bgma13
ACgma A Bgmas 0 Bgma, , 3
| Boma,, bgma,, 0 d

Note that for the purposes of this study, the terms in the above

matrix are considered constant and result from the small ancle approx-

imation.

V1 is an additive white noise used to compensate for any unmodeled
effects such as aniso-elastic drift.

The above terms can be modeled stochastically as follows: The gyro
drift term ng can be modeled as a first order exponentially time co-

related random variable. Drift is not a white random noise process

26
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but does show a degree of correlation in time. lLaboratory data inai-

~ cates that the exponential model adequately describes this correlation.
The state equation for ng will thur be:
L ng = "Bl. Cg\: + \’2 Bl& Oy Uy (2-37)

where if 1, represents the system correlation time,

!
. B = =
g, is the rms value of the process, and U, is a unity variance white

i driving noise.
13

1
8

Fig. 5 below shows the equivalent linear system:

A—

_C
4—1\/2B, 0y P———e———— fﬂl ——"0

o S ey
RPN W

Bty CF Y

Fig. 5 Linear System Representation for ng i

£,
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U, in Fig. 5 1s o "tistte driving noise of variance gq

il
—

The autocorrelation function for ng is given by:

Eoicg (®) Cplt + 1 = 02 o Buld

4

Note that by appropriate choice of initial condition for C

gy’ an

initial known bias in drift can be accounted for.

TR B AR R L WY TR ST A

The remaining ccefficientsrepresent unknowns in thz system. One

3 fact is certain however; none of these coefficients will vary with time.
For example, the gyro misalignment coefficients have values which des-

i cribe how the gyros are displaced during assembly from their true

orientations. While these displacements may not be known, it is certain

that in the time scale of a typical satellite pass, they will not change.

p The model chosen to represent the coefficients therefore will have the

@2
P

general form:

| This is a linear equation and the covariance equation which corre-

sponingly describes the way in which the covariance of a coefficient

will change in time is given by the general form:

P = #P + P FL (where FL denotes the trans-
pose of F, and F is the
system matrix)

Thus, P = O, :

and this implies that the variance of a coefficient likewise will not

Se 5 e AdtonC L

change with time. Choice of initial conditions on X and P completely
& {; describe a coefficient. The initial condition on X represents the mean

value of the coefficient and the initial condition on P represents the

28




A AL LM E MLt N D Saaa D LS

CA/LE/74-3

variance of the distribution of ¥ about its mean. Often, howvever, the

only information available about the coefficient will be the variance,

in which case, the nost reasonable choice for an initial conditjion on

R e Y e T A

X is zero.

A ) :1
rleasurements of TrnckeriAccelqrations

The tracker accelerations are parameters of the svstem rather than

states. The measurements are modeled as follous. note that only the

measureucnt equation for the acceleration in the Xr direction is given.

. I3 ’ » 1] - i
The remaining equations are identical in form.

= + Las, A + C + 3Bnon Ar 2+ Bnon 3
ATXM bry X Ty ax X1 TTx X, “1y

| + AC 4 Ap 2 + Vl+ (2-38) ;

The terms in equation (2-38) are defined as follows: ]

ATX = measured acceleration along XT direction in tracker
M

coordinate frame

true acceleration

g

BasX = accelerometer scale factor

J:
F
;
[
2
i
1
3

.

C = accelerometer drift and bias

2 o

BnonXl = accelerometer (g2) non-linear coefficient

BnonXZ = accelerometer (ga) non-linear coefficient

y
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A -
ACma = [ O Bamaj, Bama, 4
Bama2 1 0 Bama2 3
Ik Bama31 Bamagy, 0 a is the error angle

transformation matrix which supplies the accelerometer misalignment

coefficients,

Note that the small angle approximation has been made in using

this matrix.

v, = white noise to account for unmodeled effec:=z.

Once again, as in the case of the rate gyros, the coefficients in
the measurement equations are modeled as states of the system. The
accelerometer drift and bias is modeled as a first order exponentially
correlated random variable. This choice of model is justified since
the magnitude of the drift will in fact varv with time. The degree of
correlation in time is expressed by the constant Bi used in the state
equation. Note that equation (2-37) describing the gyro drift shows
the form of these equations. In addition, the remaining coefficients

are once again modeled as random biases.

Measurement of Angular Misalignments Se and 6n

The tracking device will be capable of providing measurements in the
tracking coordinate frame of the two angular misalignment angles &e and
dn. See Fig. 4 for a description of the geometry. &n is measured about
the Zp - axis and 6e is measured about the y;¢ - axis. In practice,

the LS - coordinate frame and the T - coordinate frame will be closely

30
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aligned and §c will in fact be assumed to be measured about the yr =

axis.

TN I T

Now there are clearly manv differcnt measuring devices. If a

radar scanner were used, the measurement device might be different to

el

that used with a laser tracker. lowever, a scmewhat representative

T T

model is chosen vhich could easily be adjusted to suit the particular

] device. The measurement model for the two error angles has the following
% form:
: E
GCM = KI(GL + Se) + CSFE + de + BATE + V5
(2-39)
6n,, = Ka(én +8n) + Cgp - én + Byy + Vg A
n n i
, where the various coefficient are as follows: E
: »;
Ky, K - deterministic scale factois i
Ses Cn - angle track scintillation noises ;
CSFC’ CSFn ~ scale factor errors '
BATE’ BATn - angle track biases
|
Vs, Vg - white gaussian additive noises to account for

unmodeled effects

K and K, are assumed to be known. S_ and S,, are modeled as first order

exponentially time correlated random variables. This model is used

since the scintillation noise is dependent on various factors such as

™

atmospheric propagation, amplifier characteristics, etc. This type of

31
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factor does not change instantaneously with time but fluctuates. Again

the state equation used will have the form:

S, = -1 S, + 281 o Uy (2-40)

1 2
where B = T and 1; is the correlation time of the process. oy is

the steady state covariance of the noise and U] is a white driving
noise with unity covariance.

The scale factor errors C. and CSF are modecled also as first
< n

Fe
order exponentially correlated random variables with state equations of
the form showm in (2-40) above. This is andfher way of stating that
the constants K; and K, are not really constants but random variables
which are expcaentially time correlated and have a non-zero mean.
Again, the justification for using this model is that the scale factors
are really determined within some type of electronic equipment which
exhibits time correlated behaviour.

The remaining coefficients BATe and BATn can be adequately modeled

as random biases. i.e. The actual values are unknown, the covariance

is known and the variable has 1007 time correlation.

Yleasurement of Range

The measurement of range is very similar to those of the angular
misalignment angles except that the scale factor error is omitted.

The measurement equation is thus:

Ry = KR + 5.) + B + Vg (2-41)
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where:

RM - measured range

R - true range

SR - range scintillation noise

BR - range bias

V9 - white gaussian additive noise to account for unmodeled
effects

The actual electronic methods by which range is measured vary from
those by which the angular misalignments are measured. In peneral, the
latter depend to some extent on analoy equipment (linear amplifiers,
etc.) while the range measurement can usually be accomplished digitally
with very little analog equipment. The digital equipment can usually
be accurately calibrated so that only the scintillation noise and bias
need be stochastically estimated. The bias will be small in magnitude
compared to the scintillation noise and will result from the equipment.
The scintillation noise will however be the additive effect of the
digitization of the range and the atmospheric fluctuations. These can
be combined and modeled as the familiar first order exponentially time
correlated random variable. The bias 1s considered to be fixed but

unknowvn and can therefore be modeled as a random bias.

l{easurement of Range Rate

The experiments performed with this model have shown that the
measurement of range rate is usually redundant since range measurements

made at a high frequency will yield the same information. The possibility
33
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of a range rate measurement is therefore not investigated.

Sunmary of Svstem Truth l!lodel State and Measurement ELquatlons

The above state and measurement equations for the system truth model

are summarized as follows:

aidetied

State Equations

| (L) X3 = Xy
(2) kz = X5 Satellite Inertial Position
(3) X3 = Xg

(4) Xy = Agy + Ad} + As; + Amp + Apy + W

! , Satellite

(3) X5 = Ag, + Ady + Asp; + fmp + Apy + Wy Inertial
i Velocity

(6) Xg = Agz + Ad3 + Asz3 + Am3z + Apy + W3

¥ (7 x;, = 0 Satellite Ballistic Coefficient

i

1 (8) Xg = © Satellite Sol-r Pressure Coefficient

g 9 w = - = A = r w + w w

: LSy R 1z R LSy Ls, Tx

P Tracker -
+ Ot Ary 4w [Gn wp - fe W ] Angular E
- LSy Y 47 Velocity ]

LV g ot
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(11)

(12}

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)
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