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1.0 INTRODUCTION 

One of the m o s t  widely used methods  for  ca lcu la t ing  b o u n d a r y - l a y e r  
f lows is  that  developed o r ig ina l l y  by P a t a n k a r  and Spalding (Ref. 1). 
This  has been l a r g e l y  due to the v e r s a t i l i t y  and ease  of app l i ca t ion  of the 
method.  At the Arnold Eng inee r ing  Development  Cente r ,  the method  of 
P a t a n k a r  and Spalding has  been applied to a wide v a r i e t y  of p r o b l e m s ,  
r ang ing  f r o m  l a m i n a r  i n c o m p r e s s i b l e  f lows to tu rbu len t  s u p e r s o n i c  f lows 
( e . g . ,  Refs .  2 and 3). As o r ig ina l l y  conceived,  th is  method was 
capable  of t r e a t i n g  both l a m i n a r  and tu rbu len t  boundary  l a y e r s  and in-  
cluded the t r a n s v e r s e  cu rva tu re  effect  for  both in t e rna l  (nozzle or  channel)  
and ex t e rna l  a x i s y m m e t r i c  f lows.  Each  u s e r  of the method of P a t a n k a r  
and Spalding has ,  of course ,  s ty led  it to his  p a r t i c u l a r  t a s t e ,  and a num-  
ber  of s ign i f ican t  modi f i ca t ions  have been made.  These  include the addi-  
t ion of equ i l i b r i um d i s s o c i a t i n g  a i r  t h e r m o d y n a m i c  and t r a n s p o r t  p r o p e r -  
t i e s ,  the t r e a t m e n t  of en t ropy  l a y e r  swal lowing in computing s u p e r s o n i c  
and h y p e r s o n i c  flow over  b lun t -nosed  bodies ,  and ex tens ion  of the b a s i c  
method to t r e a t  the t h r e e - d i m e n s i o n a l  b o u n d a r y - l a y e r  flow in the wind-  
ward  s y m m e t r y  plane of an a x i s y m m e t r i c  body at angle of a t tack 
(Refs. 4 and 5). 

The purpose  of th is  r e p o r t  is  to p r e s e n t  a r e c e n t l y  developed method 
for  computing b o u n d a r y - l a y e r  f lows.  Although the method to be p r e s e n t e d  
is de r ived  f rom the work of P a t a n k a r  and Spalding, t he re  a r e  a number  
of s ign i f i can t  devia t ions  f r o m  and ex tens ions  to t he i r  work.  F o r  th is  
r ea son ,  much  of the s u c c e s s  of the p r e s e n t  method mus t  be a t t r ibu ted  to 
the p rev ious  e f for t s  of P a t a n k a r  and Spalding,  while any b lame for  s h o r t -  
comings  of the modif ied  computat ion mus t  be borne by the p r e s e n t  author .  

One of the primary contributions of Patankar and Spalding was the 
introduction of the to coordinate for the direction normal to the body sur- 
face. This is a normalized yon Mises coordinate which varies from zero 
at the body surface to unity at the outer edge of the boundary layer. The 
simple w coordinate has, however, certain shortcomings: one is the 
singularity of certain derivatives with respect to w when evaluated at the 
body surface, and a second is the necessity for predicting the rate of 
change of the stream function along the outer edge of the boundary layer 
as the flow proceeds. The first of these can be eliminated, as has been 
done by Landis (Ref. 6), by adopting a so-called w 2 transformation, and 
this approach has been used in the present work. Not only does the use 
of the ~2 transformation eliminate the aesthetically distasteful singularity 
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m e n t i o n e d  above,  i t  a l so  y i e l d s  m o r e  a c c u r a t e  n u m e r i c a l  r e s u l t s  a c c o r d -  
ing to Denny  and L a n d i s  (Ref. 7). U n f o r t u n a t e l y ,  the  p r o b l e m  of d e t e r -  
m i n i n g  the g r o w t h  r a t e  of the  s t r e a m  func t ion  h a s  no pa ten t  so lu t ion ,  but  
t h r o u g h  c a r e f u l  m o n i t o r i n g  and c o n t r o l s  i t  can  be a d e q u a t e l y  d e t e r m i n e d .  

A s econd  d i f f e r e n c e  be tween  the  p r e s e n t  work  and t ha t  of Ref .  1 i s  
tha t  an opt ion  fo r  c o n s i d e r i n g  the e f f ec t s  of l o n g i t u d i n a l  c u r v a t u r e  and 
the v a r i a t i o n  of the  s t a t i c  p r e s s u r e  in the  d i r e c t i o n  n o r m a l  to the body 
s u r f a c e  has  been  i nc luded  in  the  me thod  p r e s e n t e d  h e r e i n .  The  use  of a 
d i f f e r e n c e  s c h e m e  d e r i v e d  f r o m  T a y l o r  s e r i e s  t r u n c a t i o n  i s  a n o t h e r  
m a j o r  d i f f e r e n c e  be tween  the  m e t h o d  d e s c r i b e d  in th i s  r e p o r t  and tha t  
p r e s e n t e d  in  Ref.  1. B e c a u s e  of the coup l ing  of the  n o r m a l  and l o n g i -  
t ud ina l  p r e s s u r e  g r a d i e n t s ,  and b e c a u s e  of the n u m e r i c a l  s c h e m e  used  
fo r  t u r b u l e n t  f lows ,  the  r e s u l t i n g  f i n i t e - d i f f e r e n c e  so lu t i on  me thod  is  an 
i t e r a t i v e  one, in  c o n t r a s t  to the  n o n - i t e r a t i v e  m e t h o d  of Ref .  1. 

The  next  s e c t i o n  p r e s e n t s  the  g o v e r n i n g  equa t ions  and the  f i n i t e -  
d i f f e r e n c e  m e t h o d  which  i s  e m p l o y e d  in so lv ing  t h e m ,  and in  the  s u c c e e d -  
ing s e c t i o n  a r e  g iven  the r e s u l t s  of a v a r i e t y  of t e s t  c a l c u l a t i o n s  wh ich  
have  been  p e r f o r m e d ,  i nc lud ing  i n t e r n a l  and e x t e r n a l  f lows  and f lows  wi th  
s i g n i f i c a n t  n o r m a l  p r e s s u r e  g r a d i e n t s .  

2.0 GOVERNING EQUATIONS AND METHOD OF SOLUTION 

In t h i s  s e c t i o n  a r e  p r e s e n t e d  the g o v e r n i n g  equa t ions  f o r  c o m p r e s s i -  
ble b o u n d a r y - l a y e r  flow and the  f i n i t e - d i f f e r e n c e  m e t h o d  u s e d  to so lve  
t h e s e  equa t ions .  The b o u n d a r y - l a y e r  e q u a t i o n s  inc lude  t r a n s v e r s e  c u r v a -  
t u r e ,  l o n g i t u d i n a l  c u r v a t u r e ,  and n o r m a l  p r e s s u r e  g r a d i e n t  e f f ec t s .  The  
equa t ions  a r e  g iven  f i r s t  in x - y  s u r f a c e  c o o r d i n a t e s ,  and l a t e r  the  t r a n s -  
f o r m a t i o n  to x-c0 c o o r d i n a t e s  (us ing  the (o2 t r a n s f o r m a t i o n )  is  g iven .  

In th i s  i n v e s t i g a t i o n ,  the  s t a g n a t i o n  point  f o r m  of the  b o u n d a r y - l a y e r  
equa t ions  w e r e  d e r i v e d  and so lved .  To the  a u t h o r ' s  k n o w l e d g e  t h i s  ha s  
not p r e v i o u s l y  been  done us ing  the  co or  (o2 t r a n s f o r m a t i o n ,  and f o r  tha t  
r e a s o n ,  the  s t a g n a t i o n  point  f o r m  of the b o u n d a r y - l a y e r  equa t ions  u s ing  
the co2 t r a n s f o r m a t i o n  is  a l so  p r e s e n t e d  in  th i s  r e p o r t .  

The  r e s u l t s  wh ich  a r e  g i v e n  in the next  s e c t i o n  a r e  a l l  f o r  a t h e r m -  
a l ly  and c a l o r i c a l l y  p e r f e c t  gas ;  howeve r ,  the m e t h o d  which  has  b e e n  
deve loped  is  a l so  capab le  of t r e a t i n g  the  f low of e q u i l i b r i u m  d i s s o c i a t i n g  
a i r .  T h i s  ha s  been  a c h i e v e d  by u s i n g  the t h e r m o d y n a m i c  and t r a n s p o r t  

5 
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p rope r ty  c o r r e l a t i o n s  of Cohen (Ref. 8) which have been f a i r ed  into 
perfe  c t -gas ,  cons tan t -  P rand t l  number ,  Su the r l and-v i s  cos i ty  r e l a t i o n s  
at l ower  t e m p e r a t u r e s .  F o r  the case  of tu rbulen t  f lows,  a t w o - l a y e r  
e d d y - t r a n s p o r t  p r o p e r t y  fo rmu la t i on  was used; a s t r e a m w i s e  i n t e r -  
mi t t ency  f ac to r  was used  to t r e a t  t r a n s i t i o n  f r o m  l a m i n a r  to tu rbu len t  
f l o w .  

2.1 BOUNDARY-LAYER EQUATIONS AND TRANSPORT LAWS 

The b o u n d a r y - l a y e r  equat ions which have been used are  e s s e n t i a l l y  
those  given by Maslen  (Ref. 9), except  that  the P rand t l  number  has  not 
been a s sumed  to be cons tant  and is,  t h e r e f o r e ,  included within the y de-  
r i va t i ve  in the energy  equation.  When both longi tudina l  and t r a n s v e r s e  
cu rva tu re  t e r m s  a re  r e t a ined ,  the b o u n d a r y - l a y e r  equat ions have the 
following fo rm:  

cont inui ty:  

O--~O (purJ) + ~y [(1 + Ky)pvrJ] = 0 (1) 

x -momen tum:  

0u Ou 
pu~ + pv(] +,cy) ~ + puv~ - 

Op 1 0 I ~  0.]  0_~ 
O~ + el- ~ rJ(1 +Ky)~ - Kuoy (2) 

y - m o m e n t u m :  

Op Kp u 2 
= ( 3 )  

energy:  

OH al[ _ ~  
pu-~x + Or(1 +Ky) = ay 

k 1 O OH P r - 1  

+ L p, + + p, 
-- ~(I + Ky)--~--y j (4) 

These  equat ions  a re  s i m i l a r  to those  used by Back (Ref. 10), a l though 
he t r e a t e d  some  of the cu rva tu re  t e r m s  d i f fe rent ly .  In these  equat ions  
u and v a re  ve loc i ty  components  p a r a l l e l  and n o r m a l  to the su r face  (in 
the x and y d i rec t ions ) ,  and ~ is  the sur face  cu rva tu re  (see Fig. 1). 
The ~ is the r e c i p r o c a l  of the longi tudinal  r ad ius  of cu rva tu re  R, except  
that  it is counted negat ive  fo r  concave su r f aces  and pos i t ive  for  convex 

7 
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s u r f a c e s .  The power j is  +1 for  a x i s y m m e t r i c  flow and 0 for  two-  
d imens iona l  flow. The r and y a r e  r e l a t e d  by 

r = r w + i y c o s ~ b  (5) 

where  r w is the t r a n s v e r s e  r ad iu s  of the body, ~ is  the body s lope,  and 
i is  an index which is +1 for  e x t e r n a l  flow, -1 for  i n t e r n a l  flow, and 0 ff 
t r a n s v e r s e  cu rva tu re  is  to be neglec ted .  

Figure 1. Typical configuration showing coordinates and velocity components. 

Boundary  condit ions (at the su r f ace ,  s u b s c r i p t  w, and outer  edge, 
s u b s c r i p t  e) for  Eqs .  (1) through (4) a r e  as fol lows:  

y = O :  V = V w 

U - -  0 

H= ll,~.orOll/Oy = 0 

y = y e  ~, U = U 

P = Pe 
. = t t  (6)  

Typica l ly ,  the d i s t r ibu t ion  of s t a t i c  p r e s s u r e  along the body su r f ace ,  as 
computed by methods  for  inv i sc id  flow, is  known. Assuming  then that  
Eq. (3) is  val id  in the inv i sc id  flow reg ion  n e a r  the body su r f ace ,  Pe was 
d e t e r m i n e d  by n u m e r i c a l l y  i n t eg ra t ing  Eq. (3) f r o m  the body su r f ace  to 
the value of the s t r e a m  funct ion at the outer  edge of the boundary  l a y e r ,  

8 



AEDC-TR-75-21 

t r e a t i n g  the flow as inv isc id .  This  was done while s i m u l t a n e o u s l y  de-  
t e r m i n i n g  the v a r i a t i o n  of u, p, etc.  in th is  r e g i o n  by convent ional  
me thods ,  including the t r e a t m e n t  of en t ropy  swal lowing on blunt bodies  
in s u p e r s o n i c  flow by the method d e s c r i b e d  in Ref. 4. This  a l so  r e -  
su l ted  in the d e t e r m i n a t i o n  of u e. 

F o r  l a m i n a r  (molecu la r )  t h e r m o d y n a m i c  and t r a n s p o r t  p r o p e r t i e s ,  
constant  spec i f i c  hea t s  and a Su ther land  v i s c o s i t y  law were  used for  
p e r f e c t - g a s  ca lcu la t ions  and Cohen ' s  c o r r e l a t i o n s  (Ref. 8 ) m e n t i o n e d  
p r e v i o u s l y  were  used to obtain p r o p e r t i e s  of e q u i l i b r i u m  d i s s o c i a t i n g  
a i r .  

In o r d e r  to t r e a t  t r a n s i t i o n a l  and tu rbu len t  b o u n d a r y - l a y e r  flow, a 
t w o - l a y e r  e d d y - t r a n s p o r t  p r o p e r t y  hypo thes i s  and a s t r e a m w i s e  i n t e r -  
m i t t e n c y  fac to r ,  7, were  employed.  The independent  v a r i a b l e s  in 
Eqs .  (1) through (4) were  t r e a t e d  as t i m e - m e a n  quant i t i es ,  and the 
t r a n s p o r t  p r o p e r t i e s  were  t r e a t e d  as follows: 

# = ~ e  + Y~t (7) 

~ vt 
P-; = P,~ + YF~,~ ( 8 )  

where 

(// t) in. er 
(9 )  

A2 2 V u ] (#/|)outer = P Ym ~yy (i0) 

Equat ion  (9) was used out to the point where  (Pt) inner = (Pt)outer,  and 
Eq. (10) was used beyond that .  Equat ions  (9) and (10) a r e  those  r e c o m -  
mended in Ref. 1, and the values  used for  >,0 A '~, and k were  0 .09 ,  
26.0 ,  and 0.435,  r e s p e c t i v e l y ,  which a re  e s s e n t i a l l y  those  g iven in 
Ref. 1. T h e Y m i S  the value o f y w h e r e u / u  e = 0 .99 .  

The i n t e r m i t t e n c y  f ac to r  de t e rmined  by Dhawan and N a r a s i m h a  
(Ref. 11) was used; th is  has  the f o r m  

(11) 
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w h e r e  x a i s  the  va lue  of x at  the  b e g i n n i n g  of t r a n s i t i o n  and Xb the  va lue  
at  the  end of t r a n s i t i o n .  

2.2 TRANSFORMATION OF THE GOVERNING EQUATIONS 

In o r d e r  to t r a n s f o r m  the g o v e r n i n g  e q u a t i o n s ,  a s t r e a m  f u n c t i o n  
was  de f ined  which  s a t i s f i e s  the  con t inu i ty  equa t ion ,  and t h e n  a v a r i a b l e  
u was  i n t r o d u c e d ,  w h e r e  u 2 is  a n o r m a l i z e d  f o r m  of the  s t r e a m  func t ion .  
The  s t r e a m  func t i on  ~ i s  def ined  by 

~ l  = - (1+Ky)pvrJ 
Y 

°C~-/) = purJ 
X (12) 

The v a r i a b l e  u i s  de f ined  by 

2 ~-~w 
¢,,- ¢,. 

(13) 

T h e s e  w e r e  u s e d  to  ob ta in  the  t r a n s f o r m a t i o n  o p e r a t o r s  

\ d ,  d , /  (I + Ky)@ vrJ ~ 1  dx 
x 2~( '~e  - , / ' ,J - x 2 ~ ( ~ ,  _ ~ , , )  ( 1 4 )  

~¢ 2° '~ (~  e - -  ~ w  ) x (15) 

E q u a t i o n s  (14) and (15) can  be combi ned  to t r e a t  the  c o n v e c t i v e  t e r m s  
of E q s .  (2) and (4), y i e l d i n g  

d'~w + ~2( dq'o d~.~/ 
p,,(af X _- pu(_ar'  \d,, 

(16) 

Appl i ca t i on  of E q s .  (14), (15), and ( 1 6 ) t o  E q s .  (2) and (4) y i e l d s  the 
fo l lowing  g e n e r a l  f o r m  

10 
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+ ~ka-gjx-- h ~  f + df 
X 

w h e r e ,  f o r  f = u 

"" L"" 
! mw - w2(r m w - r m 

au = ~ PE[ 

I 
b = -- 
u 2~ 

Cu = Pulzr 2 j ( l+Ky)  
2.~ PEI 2 

] O('~x~)¢ u ( ~ ) ~  I L  row" -- a) 2(rJ~' row" - rJe me ' l  

~..~) (1 + xy)vr j K.,J a(~__) 
+ 2oJu PEI 2t~ PEI 

X X 

(zT)  

(18 )  

w i t h  

a n d  

d~ e 

d~w 

PEI = ~e -- .~w 

(19)  

F o r  t h e  e n e r g y  e q u a t i o n ,  w h e r e  f - H, 

dll = 2r.o PEI ~ ar, o Ix ~ a~ 

aH = au 

bl! = b u 

c H = cu~Pr 

Ip P r - !  
- -  - -  uffr2j(1 + x v)" Pr 

P v ~  -~ ~--~/xJx 

(2o) 

11 
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In add i t ion  to so lv ing  e q u a t i o n s  of the f o r m  of Eq.  (17) fo r  u and H, 
Eq.  (3) was  i n t e g r a t e d  f r o m  y = Ye to y = 0 to ob ta in  the  v a r i a t i o n  of p 
t h r o u g h  the  b o u n d a r y  l a y e r ,  and the  de f in i t i on  of the  s t r e a m  f u n c t i o n  
was u s e d  to ob ta in  the  v c o m p o n e n t  of ve loc i t y .  To ob ta in  y f r o m  w, the  
fo l lowing  equa t ion  was i n t e g r a t e d  at a g i v e n  va lue  of x f r o m  w = 0 to 
t ~ = l  

fco ~ PEI y= d~ 
o p.j (21) 

The q u a n t i t i e s  me*  and r~v* i n t r o d u c e d  in E q s .  (19) w e r e  r e q u i r e d  
• @ # l ,  

in  o r d e r  to s o l v e  the  x - m o m e n t u m  and e n e r g y  equa t ions ;  m w ,,.was d e t e r -  
. , • • Op  

m i n e d  f r o m  the  s u r f a c e  m a s s  f lux wh ich  was s p e c i f i e d ,  and  m e was  
d e t e r m i n e d  in a l l  c a s e s  in a m a n n e r  s i m i l a r  to  tha t  u s e d  in Ref .  1 f o r  
l a m i n a r  f low, n a m e l y  by c o n s i d e r i n g  the  x - m o m e n t u m  equa t ion  n e a r  t he  
o u t e r  edge  of the  b o u n d a r y  l a y e r .  The  va lue  so  ob ta ined  was  a d j u s t e d  
to p r e v e n t  l a r g e  v a r i a t i o n s  in r ~ "  f r o m  s t e p  to s t e p  in  x, and,  s i n c e  
rn e" c o n t r o l s  the  ex ten t  of the  r e g i o n  o v e r  which  the  b o u n d a r y - l a y e r  
equa t ions  a r e  s o lved ,  it was  a l so  a d j u s t e d  to a s s u r e  tha t  the  b o u n d a r y -  
l a y e r  equa t ions  w e r e  not be ing  s o l v e d  o v e r  a r e g i o n  of e s s e n t i a l l y  in -  
v i s c i d  flow. 

F o r  the  p r e s e n t  app l i ca t ion ,  the  p r i m a r y  advan t age  of the  t~ c o o r d i -  
na te ,  as opposed  to r e t a i n i n g  the p h y s i c a l  c o o r d i n a t e  y, is  tha t  the  
bounda ry  l a y e r  a lways  l i e s  in the  r e g i o n  0 <_ w _< 1, whi le  in  t e r m s  of y 
the ex ten t  of the  r e g i o n  of i n t e r e s t  is  unknown and g e n e r a l l y  i n c r e a s e s  
with x. If the  v a r i a t i o n  of p wi th  y w e r e  not  be ing  c o n s i d e r e d ,  the  n e e d  
fo r  a k n o w l e d g e  of v would  van i sh ,  and n e i t h e r  the  s t r e a m  func t ion  
equa t ion  no r  the  con t inu i ty  equa t ion  would n e e d  to be so lved .  

2.3 STAGNATION POINT EQUATIONS 

In o r d e r  to beg in  the  n u m e r i c a l  so lu t ion  of the e q u a t i o n s  r e p r e s e n t e d  
by Eq. (17), it is  n e c e s s a r y  to have  in i t i a l  p r o f i l e s  of u and H as func -  
t i ons  of w. T h e s e  can be p r o v i d e d  f r o m  e x p e r i m e n t a l  data ,  a p p r o x i m a -  
t ions ,  or  o t h e r  s o u r c e s ,  as in Refs .  2 and 6 fo r  i n s t a n c e .  F o r  the  c a s e  
of flow o v e r  a b l u n t - n o s e d  body, h o w e v e r ,  the  g o v e r n i n g  e q u a t i o n s  can  
be r e d u c e d  to a t w o - p o i n t  b o u n d a r y - v a l u e  p r o b l e m  at the  s t a g n a t i o n  
point ,  the  so lu t ion  of which  can p r o v i d e  the  in i t i a l  p r o f i l e s  n e e d e d  to 
s t a r t  the  g e n e r a l  so lu t ion .  

In the  p r e s e n t  work ,  the  s t a g n a t i o n  point  x - m o m e n t u m  and e n e r g y  
equa t i ons  w e r e  f o r m e d  by i n t r o d u c i n g  a d e p e n d e n t  v a r i a b l e ,  ~, w h e r e  

12 
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= II/U 6 (22) 

and then  cons ide r ing  the l im i t i ng  f o r m s  which the equat ions  took as x 
approached  zero .  A typ ica l  t e r m  in th is  t r e a t m e n t  is the fol lowing:  

lim Uer]w j + 1 d'U(~x,. / 
x.-)O ~ = 0 ( 1"6~ j , ,,.s 

- V-I (23) 

where  

lira re Ye 
~ =  1 + ~  

x-.0 rw rD 

In these equations, (due/dx)o is the stagnation point edge velocity grad- 
ient which was evaluated using Euler's equation and a modified Newtonian 
pressure distribution. 

The r e su l t i ng  f o r m  of the x - m o m e n t u m  equat ion at the s tagnat ion  
point is  

%-- + 5 o~ . + ~[. = 0 
= = ( 2 4 )  

where  

Tw.~ w" - oj2(T~v~v " - T e me') 
a u = 

1 
~u = 

.~ = p~.~(l + Ky)T '2 
u 2OO 

(2.5) 

13 
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and 

PA ~, 
T ~ =  

r n /  

j + I Cdu e'~ 
T e = ] . , ,  . , ,  \"~-x 1o 

• I n  w - -  I l l  

(l + Ye/rn)J 

T, = 
j ,. ] (.du .~ 

(.]l + Ye/rn_~ j ~'-~'x,o .,, 
I m'" - Y" n /  ( 2 6 )  (1 + Y/rn)J +v + ~ me 

m 

In ob ta in ing  d u the  y - m o m e n t u m  e q u a t i o n  was c o n v e r t e d  to x-w f o r m  
and u s e d  in t r e a t i n g  t h o s e  t e r m s  in d u which  i n c l u d e d  (Sp/Sw) x as a coe f f i -  
c ient .  

B e f o r e  the l i m i t i n g  f o r m  of the  e n e r g y  e q u a t i o n  cobld be d e v e l o p e d ,  
it was  n e c e s s a r y  to m u l t i p l y  the  e n t i r e  e q u a t i o n  by u e. The  r e s u l t i n g  
f o r m  of the  e n e r g y  equa t ion  at the  s t a g n a t i o n  point  is  

- 

w h e r e  

Ell = au 

b'H = bu 

Ell = ~u/Pr 

= 0 ( 2 8 )  

Appl i ca t ion  of l ' H o s p i t a l ' s  r u l e  to the d e f i n i t i o n  of u, t o g e t h e r  wi th  
the i n t r o d u c t i o n  of the d e f i n i t i o n  of ~ y i e l d s  the fo l lowing  equa t ion  fo r  v 
at the  s t a g n a t i o n  point  

v = ra  1 + y e . " r n ) J  r 

(1 + Ky)p(l + Y/rn)J (29) 

14 
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Since u " 0 at the s t agna t i on  point ,  the  use  of Eq.  (3) y i e l d s  a con-  
s t an t  s t a t i c  p r e s s u r e  at that  l oca t i on ,  Eind at the s t a g n a t i o n  point  y can  
be d e t e r m i n e d  f r o m  

Y = fco 2¢0 
o (30 )  

The quant i ty  r n ~ ' ,  ca l l ed  the e n t r a i n m e n t  1"ate b e c a u s e  of i ts  r e l a t i o n  
to the  g rowth  of the  s t r e a m  func t ion  due to the  e n t r a i n m e n t  of f lu id  in to  
the bounda ry  l a y e r ,  was  eva lua t ed  at the s t a g n a t i o n  point  by e x a m i n i n g  a 
n u m b e r  of s t a g n a t i o n  point  b o u n d a r y - l a y e r  so lu t ions  and d e t e r m i n i n g  tha t  

(31) 

y i e l d e d  a va lue  which  was g e n e r a l l y  s a t i s f a c t o r y .  

2.4 FINITE-DIFFERENCE EQUATIONS 

In o r d e r  to so lve  the coupled p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  fo r  u and 
H r e p r e s e n t e d  by Eq. (17), th i s  equa t ion  was r e p l a c e d  by a se t  of con-  
s i s t e n t  l i n e a r i z e d  a l g e b r a i c  equa t ions .  The  se t  is of t r i d i a g o n a l  f o r m  
and was so lved  by m e a n s  of a s t a n d a r d  a l g o r i t h m  which  is  e s p e c i a l l y  
e f f i c i en t  fo r  such  f o r m s .  

As m e n t i o n e d  p r e v i o u s l y ,  in o r d e r  to so lve  the  f i n i t e - d i f f e r e n c e  
f o r m  of the  g o v e r n i n g  equa t ions  at a g e n e r a l  x l oca t i on ,  it was  n e c e s s a r y  
to have  a c o m p l e t e  so lu t i on  at a p r e v i o u s  x s ta t ion .  To s t a r t  the p r o c e s s  
th is  in i t i a l  so lu t i on  was ob ta ined  f r o m  e x p e r i m e n t a l  da ta ,  a p p r o x i m a t i o n s ,  
or  a f i n i t e - d i f f e r e n c e  so lu t ion  of the  s t a g n a t i o n  point  equa t i ons .  Th i s  is  
i nd i ca t ed  s c h e m a t i c a l l y  in Fig.  2 w h e r e  x l o c a t i o n  1 r e p r e s e n t s  a l o c a -  
t ion  w h e r e  the  so lu t ion  is  known and l o c a t i o n  2 the  l o c a t i o n  w h e r e  the 
so lu t i on  is  to be obta ined .  

With Eq. (17) in the f o r m  

0 
\~ , , , ' /x  + kaY7,,/, b~  x - ~ + bf~---7 (32) 

the fo l lowing  d i f f e r e n c e  f o r m s  ob ta ined  f r o m  T a y l o r  s e r i e s  t r u n c a t i o n  
w e r e  e m p l o y e d .  
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fi,2 = |I,1 + O(Ax) 

~/~_~l = t l ,2- fI,1 
,2 Ax 

+ O(Ax) 

Of(.._'~ | I+1,2-  |1-1,2 
= + 0 ( ~ )  ~,ao, / !,2 ~ + t~  T 

( o2,~ 2 {'i+~,_2-',,2 
+ A,oT 

+ o(~v_o) 
(33) 

I+1,1 

1,1 

I "1,1_ 

u I 

m 

a .  i 
_ E ~ _ . ~  

~ A x  

1+1,2 

.2 

I -1 ,2  

= X 

Figure 2. Typical section of finite-difference grid. 

Applicat ion of Eq. (33) to Eq. (32) yields the fol lowing general fo rm 
f o r  t h e  c o r r e s p o n d i n g  f i n i t e - d i f f e r e n c e  e q u a t i o n  

fl,2 = Af, lfl+l,2 + Bf,  l f1-1 .2  - Cf, I (34) 

w h e r e  

1 (( 2 Pf, I ~ 

1 l 2 P,l  
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Cf'I = Df, I bfl, 1 1,1 cf ~Ax + dfI, 

DI,  I = ~. - + + ~ A x  
L~-° ! ~ "  bfi,l 1,1 

cf - af 1 [+1,1 Cfl-l,1 !,1 

1,1 1,1 1,1 (35) 

In Eq.  (35) it is i n d i c a t e d  that  af, bf, cf, and df a r e  e v a l u a t e d  at x 
l o c a t i o n  1, and th i s  p r o v e d  to be a va l id  and e f f ec t ive  t r e a t m e n t  f o r  
l a m i n a r  flow p r o b l e m s .  F o r  t u r b u l e n t  flow p r o b l e m s ,  h o w e v e r ,  d i f f i -  
cul ty  was  e n c o u n t e r e d  in the  so lu t ion .  Th i s  a p p e a r e d  as an o s c i l l a t i o n  
in  the  t u r b u l e n t  v i s c o s i t y  and s h e a r i n g  s t r e s s  f r o m  one x l o c a t i o n  to the  
next ,  in the  n e i g h b o r h o o d  of the  c h a n g e o v e r  f r o m  the  i n n e r - l a y e r  v i s -  
cos i ty  law to the  o u t e r - l a y e r  law.  To a l l e v i a t e  th is  p r o b l e m ,  the  va lue  
of the  v i s c o s i t y  at x l o c a t i o n  2 was  u s e d  in  the  cf t e r m s .  Since th i s  v i s -  
cos i ty  is  not known b e f o r e h a n d ,  th is  t r e a t m e n t  n e c e s s i t a t e s  an i t e r a t i o n  
fo r  the  so lu t i on  at l o c a t i o n  2. 

F o r  f equa l  to e a c h  of u and H an equa t ion  of the  f o r m  of Eq.  (34) 
can be w r i t t e n  for  1 < I < N, w h e r e  N is  the n u m b e r  of g r i d  points  f r o m  
the s u r f a c e  to the  ou t e r  edge ,  i nc lud ing  both end  poin ts .  With  the  
bounda ry  cond i t ions  as d e s c r i b e d  p r e v i o u s l y ,  the equa t ions  r e p r e s e n t e d  
by Eq. (34) w e r e  s o l v e d  u s ing  the  s t a n d a r d  a l g o r i t h m  fo r  l i n e a r  t r i d i a g o -  
nal  s y s t e m s ,  as d e s c r i b e d  in Ref.  1. Af t e r  the  v a l u e s  of u and H w e r e  
d e t e r m i n e d  at x l o c a t i o n  2, the  t h e r m o d y n a m i c  and t r a n s p o r t  p r o p e r t i e s ,  
p(y), and v(y) w e r e  d e t e r m i n e d .  Since i t e r a t i o n  was r e q u i r e d ,  f o r  the  
r e a s o n  p r e v i o u s l y  d i s c u s s e d ,  th i s  was  done unt i l  c o n v e r g e n c e  was 
a t t a ined ,  and t h e n  the  who le  p r o c e d u r e  was  r e p e a t e d  at the  next  x l o c a -  
t ion,  wi th  l o c a t i o n  1 v a l u e s  having  b e e n  r e p l a c e d  by l o c a t i o n  2 v a l u e s .  

It i s  n o t e w o r t h y  that  the  f i n i t e - d i f f e r e n c e  g r i d  u s e d  r e q u i r e d  n e i t h e r  
&x n o r  &w to be a cons tan t ;  in p a r t i c u l a r ,  an ~ g r i d  was  u s e d  w h i c h  
c a u s e d  the  point  spac ing  to be m u c h  c l o s e r  n e a r  the  s u r f a c e  t h a n  in the  
ou t e r  pa r t  of the  b o u n d a r y  l a y e r .  

At the  s t a g n a t i o n  point  of a blunt  body an i t e r a t i v e  f i n i t e - d i f f e r e n c e  
m e t h o d  was  used ,  e m p l o y i n g  d i f f e r e n c e  f o r m s  fo r  the  d e r i v a t i v e s  wi th  
r e s p e c t  to ~ as g iven  in Eq.  (33). All  da ta  excep t  the  v a l u e s  of the  
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dependen t  v a r i a b l e s  in  t he  d e r i v a t i v e s  wi th  r e s p e c t  to ~0 w e r e  t a k e n  f r o m  
i n i t i a l  a p p r o x i m a t i o n  or  p r e v i o u s  i t e r a t i o n  v a l u e s  and w e r e  r e c o m p u t e d  
a f t e r  new v a l u e s  f o r  ~ and H w e r e  found.  The  i t e r a t i o n  was  t hen  r e -  
pea t ed  un t i l  c o n v e r g e n c e  was  a t t a ined .  

3.0 RESULTS OF CALCULATIONS 

The  g e n e r a l  b e h a v i o r  of the  s o lu t i on  me thod  d e s c r i b e d  in  the  p r e -  
v ious  s e c t i o n  was  i n v e s t i g a t e d  by p e r f o r m i n g  a s e r i e s  of c a l c u l a t i o n s  to 
i n v e s t i g a t e  g r i d  s p a c i n g ,  c o n v e r g e n c e  c r i t e r i a ,  and o t h e r  f a c t o r s  i n -  
vo lved  in app ly ing  the f i n i t e - d i f f e r e n c e  t e c h n i q u e .  It was  d e t e r m i n e d  
t ha t  a p r a c t i c a l  va lue  f o r  the  n u m b e r  of (~ g r i d  l i n e s  was  50, and the  
v a r i o u s  i t e r a t i o n s  invo lved  w e r e  d e e m e d  to be c o n v e r g e d  when  s u c c e s -  
s i ve  v a l u e s  of the  v a r i a b l e s  invo lved  d i f f e r e d  no m o r e  t h a n  0 .05  p e r c e n t .  

Al l  c o m p u t a t i o n s  p e r f o r m e d  in  t h i s  i n v e s t i g a t i o n  w e r e  done in  double  
p r e c i s i o n  on an IBM Model  370 /155  d i g i t a l  c o m p u t e r ,  u s i n g  a p p r o x i -  
m a t e l y  180,000 b y t e s  of c o r e  and 15 m i n u t e s  of c e n t r a l  p r o c e s s o r  t i m e  
p e r  c a se .  

3.1 22.5-DEG HYPERBOLOID IN MACH 10 FLOW 

One t e s t  of the  p r e s e n t  m e t h o d  was  to m a k e  c o m p a r i s o n s  wi th  r e s u l t s  
ob ta ined  in  the  i n v e s t i g a t i o n  r e p o r t e d  in  Ref .  4. The  s i t u a t i o n  was  tha t  
of the  f low of a i r  o v e r  a 0 . 1 - f t  n o s e - r a d i u s ,  2 2 . 5 - d e g ,  a s y m p t o t i c  h a l f -  
ang le  h y p e r b o l o i d .  The  f r e e - s t r e a m  Mach  n u m b e r  was  10, and the  f r e e -  
s t r e a m  R e y n o l d s  n u m b e r  b a s e d  on nose  r a d i u s  was  4 , 0 0 0 .  The  w a l l - t o -  
f r e e - s t r e a m  s t a g n a t i o n  t e m p e r a t u r e  r a t i o  was  0 . 2 ,  and the  b o u n d a r y -  
l a y e r  flow was  a s s u m e d  to be l a m i n a r .  F o r  t h i s  c a s e  the  b o u n d a r y  
l a y e r  o c c u p i e s  about  o n e - t h i r d  of the  r e g i o n  b e t w e e n  the  body and the  
bow shock ,  and the e f f ec t s  of e n t r o p y  l a y e r  s w a l l o w i n g  w e r e  shown  in  
Ref.  4 to be s i g n i f i c a n t .  

F i g u r e s  3, 4, and 5 show c o m p a r i s o n s  of r e s u l t s  f r o m  the p r e s e n t  
m e t h o d  wi th  r e s u l t s  f r o m  the fu l ly  v i s c o u s  shock  l a y e r  m e t h o d  of Ref.  12. 
F o r  th i s  p r o b l e m ,  the shock  l a y e r  m e t h o d  shou ld  be the  b e s t  of a l l  t h o s e  
wh ich  a r e  ava i l ab l e ;  h o w e v e r ,  shock  l a y e r  m e t h o d s  a r e  c u r r e n t l y  qui te  
r e s t r i c t e d  in  t h e i r  r a n g e  of a p p l i c a b i l i t y .  
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F i g u r e  3 c o m p a r e s  Stanton number  and sk in  f r i c t i o n  coeff ic ient  d i s -  
t r ibu t ions  f r o m  the p r e s e n t  method and the v i scous  shock l a y e r ,  and 
exce l l en t  a g r e e m e n t  between the two methods  i s  exhibi ted.  

F i g u r e  4 shows ve loc i ty  and to ta l  en tha lpy  p rof i l e  data  f rom the two 
methods  at a su r f ace  loca t ion  of x / r  n = 15. The b o u n d a r y - l a y e r  so lu t ion  
was t e r m i n a t e d  at a y loca t ion  such that H/H® had a t ta ined  a value c lose  
to uni ty  at Y/Ye = 0.9;  the shock l a y e r  data  extend out to the computed 
loca t ion  of the bow shock wave.  These  prof i le  data  a lso  show good 
a g r e e m e n t  be tween the two methods .  

F i g u r e  5 c o m p a r e s  s t a t i c  p r e s s u r e  and n o r m a l  ve loc i ty  data  f r o m  
the p r e s e n t  method and the shock l a y e r  method at X/ rn  = 15. In addit ion,  
p r e s s u r e  data  obtained us ing  the  inv i sc id  method  of c h a r a c t e r i s t i c s  t r e a t -  
ment  of Ref. 13 is  shown. T h e r e  is  r e a s o n a b l e  a g r e e m e n t ,  cons ide r ing  
the expanded a b s c i s s a  sca le ,  among the t h r e e  methods  where  they o v e r -  
lap; however ,  not ing that  Eq. (3) r e q u i r e s  8p/ay _> 0 for  th i s  case ,  it is 
obvious that  the outer  r eg ion  of d e c r e a s i n g  s t a t i c  p r e s s u r e  could not be 
obtained us ing this  model  for  t r e a t i ng  the flow in such a reg ion .  
Obviously ,  as  ment ioned  in Ref. 4, the s t a t i c  p r e s s u r e  v a r i a t i o n  shown 
he re  is  neg l ig ib ly  sma l l ;  i t  has  been cons ide red  only for  d e m o n s t r a t i n g  
the capabi l i ty  for  t r e a t i n g  it.  The n o r m a l  ve loc i ty  data  show good a g r e e -  
ment  be tween the p r e s e n t  r e s u l t s  and those  obtained by the method  of 
Ref. 12. 
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The  r e s u l t s  d i s c u s s e d  in  th i s  s u b s e c t i o n  s e r v e  to v a l i d a t e  the  b a s i c  
m e t h o d  which  has  been  p r e s e n t e d  fo r  t r e a t i n g  l a m i n a r  b o u n d a r y - l a y e r  
f lows ,  and to d e m o n s t r a t e  the c a p a b i l i t y  (and s o m e  l i m i t a t i o n s )  f o r  c o m -  
put ing  the  s t a t i c  p r e s s u r e  v a r i a t i o n  wi th  y and the n o r m a l  c o m p o n e n t  of 
v e l o c i t y  in  b o u n d a r y - l a y e r  f lows .  

3.2 CONE.OGIVE-CYLINDER IN MACH 7.2 FLOW 

In Ref s .  14 and 15, H o r s t m a n  and Owen p r e s e n t  d e t a i l e d  m e a s u r e -  
m e n t s  of the  f low in the  t u r b u l e n t  b o u n d a r y  l a y e r  on a s l e n d e r  cone -  
o g i v e - c y l i n d e r  body in  a Mach 7 .2  f low. T h e y  r e p o r t  m e a s u r e m e n t s  of 
s u r f a c e  p r e s s u r e ,  sk in  f r i c t i o n ,  and hea t i ng  r a t e ,  p r o f i l e s  of v a r i o u s  
m e a n  flow p a r a m e t e r s ,  and r e s u l t s  of h o t - w i r e  p robe  m e a s u r e m e n t s .  
F i g u r e s  6 and 7 and T a b l e  1 c o m p a r e  r e s u l t s  f r o m  the  p r e s e n t  i n v e s t i -  
ga t ion  wi th  the  da t a  ob ta ined  by H o r t s m a n  and Owen fo r  a l l  excep t  t h e i r  
h o t - w i r e  r e s u l t s .  
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Surface pressure distribution, body, and bow shock for 
' cone-ogive-cylinder in a Mach 7.2 flow. 
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Table 1. Boundary-Layer Parameters for Cone-Ogive-Cylinder in a 
Mach 7.2 Flow 

Statzon 

x, ,rt 3. 

5, ft  0. 

6 ~, t't 0. 

O, £t O. 

Cfe x 103 0. 

St e x 103 [ O. 

N o t e s :  1. 6 ", 

Measured  Computed Measured Computed Measured Computed 

1 l 2 2 3 3 

80 3.80 

0558 0.053 

0284 0.0287 

00176 0.00174 

90 0.884 

510 0.612 

5.80 

0.082 

0.0427 

0.00273 

0.855 

0.458 

5.80 

0.079 

0.0432 

0.00271 

0.854 

0.569 

7.80 

0.1083 

0.0531 

0.00390 

0.801 

0.484 

0 include t r a n s v e r s e  cu rva tu re  

2. 6 - y at po/(P~)y..~® = O. 99 

3. efe = 27w/Pe u2 

4. St e = qw/[PeUe(0.9  H e - Hw)] 

7.80 

0. 104 

O. 0557 

0. 00360 

0. 835 

0. 543 

The body was app rox ima te l y  12 ft long, being b a s i c a l l y  a 4 - i n . - d i a m  
cy l inde r  capped by a 10-deg ha l f - ang le  cone fol lowed by shor t  ogive s e c -  
tion; the  cy l inde r  began app rox ima te ly  2 ft pas t  the cone apex. The flow 
underwent  t r a n s i t i o n  f r o m  l a m i n a r  to tu rbu len t  flow beginning at x = 1.2 
ft and ending at x = 2 .6  ft, and the  s u r f a c e - t o - f r e e - s t r e a m  to ta l -  
t e m p e r a t u r e  r a t io  was 0. 465. 

F i g u r e  6 shows the su r f ace  p r e s s u r e  d i s t r ibu t ion ,  the  body shape ,  
and the bow shock shape for  the case  of H o r s t m a n  and Owen. The s u r -  
face  p r e s s u r e  d i s t r i bu t ion  computed us ing the method of c h a r a c t e r i s t i c s  
technique  of Ref. 13 a g r e e s  r e a s o n a b l y  well  with the e x p e r i m e n t a l  data,  
a l though the computed value is  about 10 pe r cen t  h ighe r  than  that  m e a -  
su r ed  at the l a s t  m e a s u r i n g  point.  In Fig .  6b, the computed boundary -  
l a y e r  t h i c k n e s s  is  s een  to be l e s s  than 10 pe r cen t  of the d i s t ance  f r o m  
the body to the bow shock at the  loca t ions  where  b o u n d a r y - l a y e r  p rof i le  
and s u r f a c e  hea t ing  r a t e  and sk in  f r i c t i on  m e a s u r e m e n t s  w e r e  made .  
Also shown in Fig.  6b is  the loca t ion  (at each s u r v e y  station} out to 
which the computed s t a t i c  p r e s s u r e  was e s s e n t i a l l y  cons tant .  Because  
the body longi tudina l  c u r v a t u r e  is  z e ro  over  the cy l inde r ,  the bounda ry -  
l a y e r  computa t ions  a s s u m e d  ap/ay = 0 in that  r eg ion .  Inc lus ion  of l ong i -  
tudinal  c u r v a t u r e  ef fec ts  over  the ogive sec t ion  had no s ign i f i can t  effect  
on the flow at the s u r v e y  s t a t ions .  

Table  1 c o m p a r e s  b o u n d a r y - l a y e r  t h i c k n e s s  data, i n t eg r a l  quant i -  
t i e s ,  and su r f ace  hea t ing  and f r i c t i on  p a r a m e t e r s  as m e a s u r e d  with 
those  computed.  The computed and e x p e r i m e n t a l l y  d e t e r m i n e d  t h i c k n e s s  
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and i n t eg ra l  p a r a m e t e r s  a r e  in exce l l en t  a g r e e m e n t .  The computed 
coeff ic ient  of sk in  f r i c t i on  is wi thin  +4 pe r cen t  of the e x p e r i m e n t a l  data 
at each s ta t ion .  The computed  Stanton n u m b e r  is a p p r o x i m a t e l y  20 per -  
cent g r e a t e r  than the e x p e r i m e n t a l  data; however ,  the exper imenta l  
data do not show the expected  mono ton ica l ly  decreas ing  behavior .  

Figu re  7 shows b o u n d a r y - l a y e r  p ro f i l e s  at s u r v e y  s t a t ion  2. The 
c o m p a r i s o n s  between the computed r e s u l t s  and the e x p e r i m e n t a l  da ta  
we re  v e r y  s i m i l a r  to t hese  at al l  t h r e e  s u r v e y  s t a t ions ,  and t he se  are 
p r e s e n t e d  as typica l .  T h e r e  is  good a g r e e m e n t  be tween computa t ion  
and e x p e r i m e n t  in the case  of the ve loc i ty ,  to ta l  enthalpy,  and M a t h  
number  p ro f i l e s .  The dens i ty  p ro f i l e s  ag ree  well  except  n e a r  the outer  
edge of the boundary  l a y e r ,  where  the computed data  r e a c h  a va lue  
a lmos t  15 pe rcen t  g r e a t e r  than  that  m e a s u r e d .  

3.3 MACH 8 NOZZLE FLOW 

In th is  sec t ion  a r e  p r e s e n t e d  c o m p a r i s o n s  between e x p e r i m e n t a l  
da ta  and computa t ions  for  the case  of s u p e r s o n i c  flow in a nozz le .  Th~ 
e x p e r i m e n t a l  data  were  taken  in the Arnold  E n g i n e e r i n g  Deve lopment  
Cen te r  yon K&rm&n F a c i l i t y ' s  H y p e r s o n i c  Wind Tunnel  B at an exit  Mach 
number  of a p p r o x i m a t e l y  8. The a x i s y m m e t r i c  contoured nozz le  is 
app rox ima te ly  22 ft long,  with a t h roa t  r ad iu s  of 1.60 in. and an exit  
r ad ius  of about 2 ft.  Tabula ted  g e o m e t r y  data  a r e  g iven in Ref. 16. 

The t e s t  condit ion cons ide red  was one fo r  which the to ta l  p r e s s u r e  
was 605 ps i a  and the total  t e m p e r a t u r e  1321°R. At the s u r v e y  s t a t ion  
where  the e x p e r i m e n t a l  data  were  taken,  the unit  Reynolds  number  out- 
s ide  the boundary  l a y e r  was 2 .69  x 106/ft ,  and the co r r e spond ing  Mach 
number  was 8.02.  T h e s e  data  and the e x p e r i m e n t a l  da ta  which wil l  be 
p r e s e n t e d  were  taken f r o m  Ref. 17. Sur face  t e m p e r a t u r e  da ta  used in 
the computa t ions  were  t aken  f r o m  e s t i m a t e s  given in Ref. 18. 

The inviscid data which provided the boundary conditions used along 
the outer edge of the boundary layer were determined by an isentropic 
expansion from reservoir conditions to a known pressure at a given 
value of x. The pressure distribution (in x) was obtained from one- 
dimensional stream tube relationships. Viscous interaction effects 
were considered by forming an effective area distribution which took 
into account the boundary-layer displacement thickness. This required 
an iteration with respect to the displacement thickness, in a manner 
similar to that described in Ref. 19. 
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F i g u r e  8 shows the r e s u l t s  of the i t e r a t i o n  p rocedure ,  beginning 
with an in i t i a l  approx ima t ion  to the d i s p l a c e m e n t  t h i c k n e s s  d i s t r i bu t ion  
which was a bit high, and converg ing  r e a s o n a b l y  well  in 2 i t e r a t i o n s .  
Because  of the d i f f icu l t ies  in defining and computing a d i s p l a c e m e n t  
(or momentum)  t h i c k n e s s  when cons ide r ing  longi tud ina l  cu rva tu re  and 
n o r m a l  p r e s s u r e  g rad ien t  e f fec ts ,  t hese  effects  were  neg lec ted  in 
t hese  nozzle  b o u n d a r y - l a y e r  computa t ions .  (The in i t i a l  boundary-  
l a y e r  so lu t ion  was p e r f o r m e d  with and without the longi tudina l  cu rva -  
t u r e / n o r m a l  p r e s s u r e  g rad ien t  ef fects ,  and the net effect  on the so lu-  
t ion was negl ig ib le .  ) 
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Figure 8. Displacement thickness iterations for Mach 8 nozzle case. 

Table  2 l i s t s  the m e a s u r e d  and computed d i s p l a c e m e n t  and m o m e n -  
tum t h i c k n e s s  va lues  at the su rvey  s ta t ion .  The computed d i s p l a c e m e n t  
t h i ckness  is app rox ima te ly  f i f teen pe rcen t  g r e a t e r  than the e x p e r i m e n -  
t a l ly  i n f e r r e d  value,  and the computed momen tum th i ckness  a lmos t  t h i r t y  
pe rcen t  l e s s  than the e x p e r i m e n t a l  value.  It might  be noted that  the r e -  
su l t s  of nozz le  b o u n d a r y - l a y e r  computat ions  s i m i l a r  to the p r e s e n t  ones 
were  given in Ref. 20, and the gene ra l  na tu re  of the a g r e e m e n t  between 
the computed and m e a s u r e d  data was e s s e n t i a l l y  as obtained in th is  i nves -  
t igat ion.  

25 



AEDC-TR-75-21 

Table 2. Boundary-Layer Parameters at Exit of Mach 8 Nozzle 

6 ~, ft O, ft 

M e a s u r e d  0 .198  0. 0221 
Compu ted  0. 227 0 .0160  

Figure 9 shows comparisons between computed and measured im-  
pact p r e s s u r e  and t o t a l  en tha lpy  p r o f i l e s  at the  s u r v e y  s t a t i on .  R e a s o n -  
able  a g r e e m e n t  i s  shown  be tween  the  c o m p u t a t i o n s  and the  e x p e r i m e n t a l  
da ta .  The  computed  p r o f i l e s  ex tend  as  f a r  in  y as the  c a l c u l a t i o n s  w e r e  
c a r r i e d ,  whi le  the  e x p e r i m e n t a l  da ta  a c t u a l l y  con t inued  beyond  the  
r e g i o n  shown  but wi th  cons t an t  v a l u e s  of the  p i to t  p r e s s u r e  and t o t a l  
en tha lpy .  
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Figure 9. Impact pressure and total enthalpy profiles at 
exit of Mach 8 nozzle. 

3.4 RAMP IN MACH 3.54 FLOW 

In Ref .  21, S t u r e k  p r e s e n t s  the  r e s u l t s  of an  e x p e r i m e n t a l  i n v e s t i -  
ga t ion  of the  t u r b u l e n t  b o u n d a r y - l a y e r  f low o v e r  a t w o - d i m e n s i o n a l  i s e n -  
t r o p i c  c o m p r e s s i o n  r a m p  wi th  s i g n i f i c a n t  longi tudinal ,  c u r v a t u r e  and 
n o r m a l  p r e s s u r e  g r a d i e n t  e f f ec t s .  The  r a m p  was  a f f ixed  to  the  f l o o r  of 
the  t e s t  s e c t i o n  of a s u p e r s o n i c  wind t unne l  a d j u s t e d  to g ive  a M a c h  3 . 5 4  
u n i f o r m  flow a p p r o a c h i n g  the  r a m p .  The  cond i t ion  c o n s i d e r e d  in  t h i s  
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s tudy was one for  which the total  t e m p e r a t u r e  was 560°R and the to ta l  
p r e s s u r e  was 48.34 ps ia .  The r a m p  su r face  was e s s e n t i a l l y  ad iabat ic ,  
and the t e s t  sec t ion  boundary  l a y e r  approaching  the r a m p  was approx i -  
ma te ly  1 in. thick.  

In order to begin the computations one-seventh power profiles of 
u/u e and (H-Hw)/(He-H w) were assumed, giving the comparison shown 
in Fig. i0 between the assumed and measured velocity and total enthalpy 
profiles approaching the ramp. The velocity profiles agree quite well, 
and the total enthalpy profiles agree to within about 2 percent, although 
the assumed profile does not exhibit the overshoot to be expected in the 
outer region of the boundary layer on an adiabatic surface. At the 
location where the computations were begun, the static pressure was 
constant across the boundary layer. 
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Figure 10. Assumed and measured profiles near the beginning of a ramp in 
a Mach 3.54 flow. 

The measured pressure distribution along the ramp was used to pro- 
vide the necessary data for determining the inviscid flow over the ramp, 
according to the scheme discussed in Section 2. i. The coordinates of the 
ramp were fitted by a curve of the form y = ax b (where x and y are rec- 
tangular cartesian coordinates), and the corresponding longitudinal radius 
of curvature was determined analytically. 
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Figure  11 shows computed and m e a s u r e d  p ro f i l e s  of ve loc i ty ,  to ta l  
enthalpy,  and s t a t i c  p r e s s u r e  at a su rvey  s t a t ion  app rox ima te ly  8 in. 
back on the r amp .  
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Figure 1 1. 
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Computed and measured velocity, total enthalpy, and 
static pressure profiles at survey stat ion on ramp 
in a Mach 3 .54 flow. 

Good a g r e e m e n t  is shown between the m e a s u r e d  and computed data,  
except  that  the computed to ta l  enthalpy prof i le  s t i l l  shows no overshoo t .  
In p a r t i c u l a r ,  the s t a t i c  p r e s s u r e  v a r i a t i o n  is fe l t  to be quite wel l  r e p r e -  
sented by the model  used in the computa t ions .  

F igu re  12 compares  computed and m e a s u r e d  su r face  s h e a r i n g  s t r e s s  
d i s t r ibu t ions  along the r amp .  The two se t s  of data  agree  r e a s o n a b l y  well ,  
but the expe r imen t a l  da ta  i n c r e a s e  l e s s  r ap id ly  over  the fo rward  por t ion  
of the r a m p  and m o r e  r ap id ly  over  the  aft por t ion  of the r a m p  than the 
computed shea r i ng  s t r e s s .  
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Computed and measured surface shearing stress distribution 
on ramp in a Mach 3.54 flow. 

4.0 S U M M A R Y  AND CONCLUSIONS 

The c o m p r e s s i b l e  l a m i n a r  and turbulen t  b o u n d a r y - l a y e r  equat ions  
for  two=dimensional  and a x i s y m m e t r i c  flow have been p re sen t ed  in a 
f o r m  which includes t r a n s v e r s e  cu rva tu re ,  longi tudina l  cu rva tu re ,  and 
n o r m a l  p r e s s u r e  g rad ien t  effects .  The equat ions were  f i r s t  p r e sen t ed  
in phys ica l  su r face  coord ina tes  and then t r a n s f o r m e d  using the w 2 
t r a n s f o r m a t i o n  to a f o r m  fo r  which a f i n i t e - d i f f e r e n c e  so lu t ion  p rocedu re  
was developed.  The s tagna t ion  point f o r m  of the boundary= laye r  equa-  
t ions  in x-~ coord ina tes  was a lso  p resen ted ,  to the au tho r ' s  knowledge 
the f i r s t  t ime  th is  has  been done. 

The method p re sen ted  for  t r ea t ing  boundary= laye r  flows was t e s t ed  
by compar ing  r e s u l t s  f r o m  the p resen t  method with both e x p e r i m e n t a l  
data  and r e s u l t s  f r om o ther  methods  of ca lcula t ion .  Gene ra l ly  good 
ag reemen t  was obtained for  a va r i e ty  of cases ,  including both i n t e rna l  
and ex te rna l  boundary  l a y e r s  and a case in which n o r m a l  p r e s s u r e  
grad ien t  and longi tudina l  cu rva tu re  effects  were  s igni f icant .  

The method p re sen t ed  he r e in  would be diff icul t  to apply to s i tua t ions  
in which boundary=layer  d i sp lacemen t  inf luences  needed to be cons idered .  
This  is  because  of the di f f icul ty  which would be encounte red  in defining 
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and computing a displacement  thickness when normal  p r e s s u r e  gradient  
and longitudinal curvature  effects were included, The best approach for  
such cases  would be the development of a fully viscous shock l a y e r  
method of more  genera l  applicability than that given in Ref. 12. 
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NOMENCLATURE 

A, B, C, D, P 

A* 

a, b, c, d 

cf e 

c f® 

f 

H 

k 

M 

m"" 

N 

PEI 

P 

Po 

Pr 

4 
R 

Re®, rn 

r 

r n  

St e 

S t .  

T 

T" 

U® 

U 

V 

Terms in finite-difference equations 

Mixing length constant 

Terms in general form of governing equations 

Edge skin friction coefficient, 2TwlPeU e 

Free-stream skin friction coefficient, 2Twlp®U~ 

General variable, especially u or H 

Stagnation enthalpy 

Mixing length constant 

Mach number 

Mass flux term 

Number of cross-stream grid points 

"~e - ~'w 
P r e s s u r e '  

Pftot p r e s s u r e  

P rand t l  number  

H e a t - t r a n s f e r  r a t e  

Longi tudinal  radiu.s of cu rva tu re  

F r e e - s t r e a m  Reynolds  number  based  on nose  r ad ius  

Radial  coord ina te  

Nose r ad ius  of cu rva tu re  

Edge Stanton number  

F r e e - s t r e a m  Stanton number ,  qw/P®Um(H® - Hw) 

T e m p e r a t u r e  

T e r m s  in s tagna t ion  point equat ions 

F r e e - s t r e a m  ve loc i ty  

Velocity in x direction 

Velocity in y direction 
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X 

Y 

Ym 

z 

7 

8 
@ 

8 

0 

K 

p 

T 

W 

Coordinate along the surface 

Coordinate normal to the surface 

Value of y at u/u e = 0.99 

Axial distance 

I n t e r m i t t e n c y  f ac to r  

B o u n d a r y - l a y e r  th ickness  

B o u n d a r y - l a y e r  d i sp lacemen t  th i ckness  

U/Ue 

Momentum thickness 

Longitudinal curvature, 1/R 

Mixing length constant 

Visc o s ity 

Mass density 

Shearing stress 

Surface slope 

Stream function 

Transformed stream function 

SUBSCRIPTS 

e 

t 

W 

O 

Outer  edge of boundary  l a y e r  

L a m i n a r  

Turbulen t  

Wall or  su r face  

Stagnat ion condit ions 

F r e e - s t r e a m ,  or  r e s e r v o i r  fo r  i n t e rna l  flow 
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