
n,_w.|ilW ,'! !l!» IO ' — 

AD-A008 773 

THE DYNAMICS OF A GROWING SEPARATED 
REGION ON AN AIRFOIL 

James D. Lang 

Frank J. Seiler Research Laboratory 
United States Air Force Academy, Colorado 

February 1975 

DISTRIBUTED BY: 

National Technical Information Service 
U. S. DEPARTMENT OF COMMERCE 

------- 



UNCLASSIFIED 
«eCUWITY CLASStnCATlQN QP THII PAOC (Wh»n Palm Bnltrtd) 

REPORT DOCUMENTATION PAGE READ IÑ&tRbCTiüVs 
BEFORE COMPLETING h 

• t 

SRL-TR-75-0005 

2.' GOVT ACCESSION NO, 

*• TITLE (mid Subit tit) 

THE DYNAMICS OF A GROWING SEPARATED REGION 
ON AN AIRFOIL 

AD- 
V autmoac) --—-—— 

S- RECIPIENT'S CATALOG NUMBER 

5. TYPE OP REPORT • PERIOD COVe’rËÔ“ 

Scientific Final 

(Nov 1972 - Feb 1975) 
«• PERFORMING ORG. REPORT NUMBER 

750005 
S CONTRACT OR GRANT NUMBER^«) 

Janes D. Lang, Major, USAF 

PERFORMING ORGANIZATION NAME AND ADDRESS 

Department of Aeronautics 

USAF Academy, Colorado 80840 

1° PgOGr/M ELEMENT, PROJECT, TASK 
AREA A WORK UNIT NUMBERS 

DRS 61102F 

7905-01-28 
. CONTROLLING OFFICE NAME AND ADDRESS “ 

Frank J. Seiler Research Laboratory (AFSC) 
USAF Academy, Colorado 80840 

U. MONITORING AGENCY NAME A AOORESSf/i dlI Iron, Controlltnt Ofti'c) 

t2. REPORT DATE 

February 1975 
U. NUMBER OF PAGES 

114- 
15. SECURITY CLASS, (of thl* nport) 

Unclassified 

,S*' SCHEDULE ICAT,ON/DOWNGRADING 

•• DISTRIBUTION STATEMENT (ol thl$ R»porl) ' -- 

Approved for public release; distribution unlimited. 

• '7' DISTRIBUTION STATEMENT (o/ th» abttrtct wir«»«« /n Bleek 20. Il dl titrent from Report) ' 

Same 

IB. SUPPLEMENTARY NOTES 

TECH, OTHER 

D D C 

H APR so 1975 

19. KEY WORDS (Continu» or. rovttto »Ido II n»e»t»»ry and ld»ntlly by block numbtr) 

30 1975 

EISEDTTE 
-er 

Control-Surface Buzz 

Dynamic Stall 

Limit-cycle Behavior 

Separated Flow 

Separation Bubbles 

Unsteady Flow 
PRICES SUBJECT 10 

20. ABSTRACT (Continu» on r»vti» »Id» II n»e»»»»ry and ld»ntlly by block number; 

dti is known of the dynamics of a separating and reattaching 
flowfield. This unsteady flow topic relates to a wide range of aerodynamic 
problems such as dynamic stall and control-surface-buzz. 

A theory is developed which models separation bubble dynamics. It 

includes a quasi-steady model for the external shear-layer, and flow of mass 

within the bubble at a metn reversed-flow velocity. Pressure perturbations 
along the bubble are modeled also. The theory is based on experimental 
results for an airfoil with oscillatina spoiler and flap 

on ro*M 
1 JAN 7| 1473 EDIT R.produc.0 hy 

NATIONAL TECHNICAL 
INFORMATION SERVICE 

US Department ol Commerce 
Springfield, VA. 22151 

■UNCLASSIFIED 
ECURITY CLASSIFICATION OF THIS PAGE (Wh»n D»t» Bnt»r»d) 



VKCIASSff^P 
SECURITY CLASSIFICATION OF THIS FAOEfl*h«n Q«l« Bnffd) 

20. (continued) 

The theory Is used with the method of Beecham and Titchener In order to 

predict limit-cycle behavior which was observed on the airfoil model when the 

spoiler and flap were mechanically coupled and free to oscillate. This 

behavior is thought to be a subsonic analogy of control-surface-buzz. Good 

agreement with experimentai results is achieved. 

The instant of instability and of growth of a laminar separation bubble 

at the leading-edge of an oscillating airfoil is also investigated theoreti¬ 

cally. The beginning of dynamic stall is seen to be related to the dynamics 

of a separating region and the inviscid flowfield. The theory is applied 

also to a study of the phenomena of control-surface-buzz, where separation 

is induced by shock waves. 

/ A- 
UNCLASSIFIED 

SECURITY CLASSIFICATION OF This PAGE(W>©n Dafc Entered) 



l||!W"flT,¡ W| "' ip* f. ” '^'¡rn WiJlPpr^TTr^ 

February 1975 

Final Scientific Report 

THE DYNAMICS OF A 

GROWING SEPARATED REGION 

ON AN AIRFOIL 

Nov 1972 - Feb 1975 

JAMES D. LANG 

USAT Academy, Colorado 

D D C 
gVEOEIELGEj 

IEISE1IÜ El 
D 

Reproduction, translation, publication, use and disposal in vhole 

or in part by or for the United States Government is permitted. 

This research has been sponsored by the Frank J. Seller Research 

Labs (AFSC) with Work Unit No. 7905-01-28 and by the European 

Office of Aerospace Research and Development (AFSC) under Grant 

No. 73-2472. 

7 J~ 

uufcjjkjjdiik t , i iiJt... ... ..... .... 



ABSTRACT 

At present little is known of the dynamics of a 

and reattaching flowfield. This unsteady flow topic 

a wide range of aerodynamic problems such as dynamic 

control-surface-buzz. 

separating 

relates to 

stall and 

A theory is developed which models separation bubble 

dynamics. It includes a quasi-steady model for the external 

shear-layer, and flow of mass within the bubble at a mean 

reversed-flow velocity. Pressure perturbations along the 

bubble are modeled also. The theory is based on experimental 

results for an airfoil with oscillating spoiler and flap. 

The theory is used with the method of Beecham and Titchener 

in order to predict limit-cycle behavior which was observed on 

the airfoil model when the spoiler and flap were mechanically 

coupled and free to oscillate. This behavior is thought to be a 

subsonic analogy of control-surface-buzz. Good agreement with 

experimental results is achieved. 

The instant of instability and of growth of a laminar 

separation bubble at the leading-edge of an oscillating airfoil 

is also investigated theoretically. The beginning of dynamic 

stall is seen to be related to the dynamics of a separating 

region and the inviscid flowfield. The theory is applied also 

to a study of the phenomena of control-surface-buzz, where 

separation is induced by shock waves. 
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I. introduction 

At present little is known of the dynamics of a separatine 

and reattaching flowfield. This unsteady flow topic ÎÎÏÎS. t! 

a wide range of aerodynamic problems such as control-surface- 

8talli-ng of lifting surfaces or bodies; "wing 

rfCï departure and autobuffeting of aircraft; "stall flutter" 
of helicopter rotor blades, engine compressor blldes and 

possibly v/STOL aircraft wings and lifting body configurations.1.2,3 

The above examples of interaction between an oscillating 

surface (or body) and a separating flow represent significant 

pro lems. Unfortunately, there exists e void in knowledge 

which predudes the development of valid models for the delated 

III»"*1/ 6 a?°Ve examPles usually involve low rates of 

elî: L° /rOPerïle8 Withln the flowfield. thus dynamic viscous 
fíííS Play a? import:ant role- Flutter in one degree of 
freedom may exist in which there is a mutual interaction between 

the motion of a body and the separating and reattaching flow 

Shock waves may be involved as the mechanisms for inducing flow 

”aP*r*“.0n: topic of flutter in oue degree of freed™ f. 
discussed by Lambourne in reference 1. Jones, in reference 4 

ÍítL ííd8 S8' ln thi! tyPe °f fl0W the fl- field is llllUlk- 
fífíinííí. he appr0priate analytical model is autonomous and 

One of the problems associated with these inviscid-viscous 

at°ihfnferaS J”8 Íí ^ there be a “stehing of conditions 
t the boundaries of the rotational and irrotational flow 

regions. An iterative process is usually involved. At extremes 

o this matching problem are cases where either the inviscid or 
viscous region dominates the other. For example, a thin 

boundary layer on an airfoil may be neglected completely in 
many cases of steady and unsteady flow. X 

seen fi fîf8 cases »iH be investigated which are 
seen to lie near the above extremes. The first case involves 

perturbation C?n be th?U8ht of as an overwhelming 
perturbation and is used to 'control' a sizable separated region 

on an airfoil. The growth of the separated region is studied. 

It is found that viscous effects are of primary importance 

Near the other extreme is the interaction between l smiu aminar 

leading-edge separation bubble and the outer inviscid flow field 

Results obtained during these analyses are 
xtended in order to study the complex problem of control- 

Ue‘ ^ of 

COni-rIiiLÍirSt: partJ0f this paPer then deals primarily with a 
ontrolled separated region. The purpose is to gain further 

nsight into the dynamics of an unsteady separating flow where 

SLÎLÎfrM th: inVl8Cld £l0W field i» »isoiffcanuy „d” ed. 
thií rí ? elfborates °n an experiment which was designed to do 
this. It involves an airfoil with flap and a spoiler which was 



unsteady separating in order t0 control an 

that the flap (which ^ al80 de8i*ned 80 
fixed or be allowed to respond freely toh!hSP°ííer) C0Uld be 
forcing, or be coupled to the spoiler tv^6 effects of spoiler 
exhibits limit-cycle oscillationR v.-» *u couP^e<^ system 
«Ub.onic «.log/of c::tiol}:.“sÄ?re thouihe “ »• « 

found in'chMg-rbooMReff 6)^ olhê^î “ se,,ar“te<1 f1““» is 
in the study of steady or quasi-steî^ important contributions 
found, for example: (i) in rhô 1 ^ separated flows are 

Reeves (Ref. 7)"which deals withT/^1 T* °f Crlml a“d 
layer which transitions to a Íwbílent^í • 1lamÍnar shear- 
and reattachment onto a surface (U? in rü ^ Wlth wixia8 
of Barnes (Ref. 8) and Newman (Ref ^í Ím .exPeriraenta1 Studie: 
region aft of a fence-type spoUer mi ? With a sePa«tec 
DeBroderode and Bradshaw (Ref ini’ V in the exPeriraent bv 
region aft of a rea™“-SL“ T'* "lth a »»»“«tid 
dimensional effects and rh« J P d di8cusses three- 

height and initial boundary-layer thicknfssUbb]e íen8t:h °n step 
the analysis by Bradshaw and Wong (Refill a"d sbape> dv) in 
strong and overwhelming perturba?* f* U) which deals ^th 
by steps or spoilers L e"Seí áñd °a shf“-layar (caused 
reaetachment and relaxation o/thi hf subsequent dounstream 
lytlcal work of Norbury and Cr.îï' f":1*3*1’ (v) la rhe ana- 
the mixing and reattacbment region of^6 ' 12* '*lch ^eals with 
(vi) in the studies by Gregor ttj f aeparatl°n bubble, and 
Young and Horton ÍHof iT? 2 (Raf- 13)' Gsster (Ref. 14) 

Woodward (Ref. l7) concêrnefwiíhV^rr’“ "“"“Y 
of laminar leading-edge separation ^bbles 8rOBth ““ burstia* 

(ReY* T20)^have'offered ^dels '"“j l9> 
unsteady mass flow into the region * î regl0" i" which 

determine growth char.ct.Îl.tlL^^s^dTfw!" C° 

is derived whic^is^Md^ITcomDa r’'*61 °f 8 seParaced region 
results of reference 5. Further L!?" Che exPrrlmental 
extends the analytical model of rb! 1 8, S alao of£ered which 
dynamic stall. i„ partHw íu experiment to the study of 
leading-edge s.pír.Mon büíhí. » “1 °f a laminar 
when instability is achieved for Í aiffo11 is studied and 
Pitched upward past the static sLuTncid *? airfo11 has 
tion is made of the instant at «b* i, Jacidence angle, a predic- 

Subsequent growth and loading d^ to bíbbl“1*16 ^81°8 t0 8row‘ 
analyzed. Also included is ?n extan»? bbl* 8u°Wth is not 
include the study of control-8urface!b°"t? analySls ta 

in reference^21^ C0Mal"S Part °f tha “«rial which is presented 

2 



II. THEORETICAL PREDICTION OF SPOILER EFFECTS 

In reference 5 it was shown that two categories of separa¬ 

tion bubbles could be defined. The ratio of spoiler height to 

boundary-layer thickness (hs/0) relates to the strength of the 

spoiler perturbation and to a resultant bubble type. In the 

following development only the"long bubble" type, which 

probably results from an overwhelming perturbation, will be 

considered. It will be shown that unsteady effects can serve 

to modify the character of the lo..g bubble in such a way that 

it may resemble a short bubble. 

if 

1. A Simple Steady-Flow Bubble Model 

Consider the sketch below, which serves to define several 

parameters. 

NEW MIXING REGION EDGE OF SHEAR LAYER 

DIVIDING STREAMLINE 

. X 

RE ATTACHMENT POINT 

X, 

Based on experimental observations and other works (Ref 6) 

the length of the bubble is represented as a linear function of 

spoiler height as follows: (See Fig. 13 of reference 5.) 

or in non-dimensional form as 



or 

<*r * x3p> m ár V 
and 

X “ d 
r r 

(h 
hc> 

+ X 
sp 

d h + X 
r c 

where 

X - d h 
sp r c 

also we have: 

*b * V1 + XC 
The chordwise pressure distribution along the surface is 

approximated by a "roof-top" distribution as shown below, with 

rPP = 0. (Note: CB in the following is actual Cp minus Cp 
uPr v 
due to airfoil thickness.) 

For long bubbles with recompression on the flap surface and 

pressure divergence at the trailing edge, a linear pressure 

distribution which recovers to zero at the flap hinfe",lin®.£f d 
assumed on the lower surface. This simplification is justified 

by measurements made on the flap lower surface. 

A 



irmwimrm’ti 1 ti.ilínihi.i.JíJ.-jl«., .i wm 

or 

(*r * xsp> - dr (h ” hc) 

and 

xr ■ dr (h - hc) + xsp - drh + xc 

where 

X - d h 
sp re 

also we have: 

xb db» + *0 

The chordvise pressure distribution along the surface is 

approximated by a "roof-top" distribution as shown below, with 

c * 0. (Note: C. in the following is actual Cp minus Cp 
''Pr ^ 
due to airfoil thickness.) 

For long bubbles with recompression on the flap surface and 

pressure divergence at the trailing edge, a linear pressure 

distribution which recovers to zero at the flap hinfe_Jin®.d 
assumed on the lower surface. This simplification is justified 

by measurements made on the flap lower surface. 

4 



The Incremental hinge-moment due to spoiler deflection may 

be found by integrating pressures over the flap. 

AC„ h Ah 
H q bf c£a ( cCf )a 1 (CPje ' CPU^X " ^ f xf 

where pressure coefficients are approximated as discussed above. 

We have five cases to consider: 

Case A 

X. - X 
xr £ Xf ; i.e., h £ —r—- 

*’• CPjf, “ CPU " 0 and ACH " 0 

Case B 

X. ^ X, and xr ^ x s 1 
or i r 

1 - X X- - X X- - X 

i.e., h s—- and ¿ h z — ■ c 

(x - x) 

CPi * ° 1 CP„ * CPb (xr - *b) for X£ S x s xr 

and 

(t>a 

ach - c Pb (dr - (^) dr3 ha + 2 dr* (xc 

(x - X-)3 

Xf) h 

+ 2 dr (xc “ xf>a + 6 
1 “ "f' 

- - ... 

_
_
_

b
.
—

 
^ 
.
 
.
.
.
.

 



■WÍM.U1 SI 
»VI, .IMUJWI.H 

Case C 

s and xf ^ 1 ; 

xf - X 1 - X 

i.e., h and h ¿ ■ c 
A d- 

.-. cPí « o : 

cpu ' •< 

JPb 

(x„ - x) 

L Pb (xr - xb) 

Xf ¿ X ^ Xb 

xb ^ X S xr 

and 

ACH * CPb (7-/ [? (V + db '•r + dr3> 

+ 2 ^db + dr^xc " xf ^ + 2 <xc " x£^a - 

Case C' (in lieu of Case C) 

x. á xr and 1 ^ x 
b f r 

X* - X 1 - X 
, , ^ f c , c 
i.e., h ^ j- and - 

db 
^ h 

(Xr - 1) (X - Xf) 

P¿ " "Pb (xr - xb)(l - Xf) 
CrN/1 = C Xf £ X £ 1 

(X - x) 

CPu = CPb (X - X. ) 
r b 

Xf ^ X S 1 

and 

, <l - xf)a 
ACH -¾ (r/ 6 (dr - db) Cdr + 

(xc - xf) 

x, ¿ x. s 1 and 1 ^ x 
f b r 

Case D 



l.e £ h * and 

and 

(xr - 1) (x - xf) 

CP* " CPb (xr xf) 
Xj ^ X ^ 1 

(x - x) 

cpb \> 
^Sxäl 

■ °I>b (Jr~h¡^j - I V (*c ■ x£) h 

+1? dr » - -f)2 - K (xc - xf>33 

+ t- I (xc - x£)3 + i (xc - XfHl - Xf)3] 5 } 

Experimental data found in Figure 13 of reference 5 yields 

the following values : 

d ■ 8.538; d, * 4.838; x * .4167 
roc 

Cases A, B, C* and D are considered with Cp^ ■ -.4 (this 

corresponds to a pressure recovery coefficient value of (T » 

.286) and results aré plotted in Figure 1. Further approximate 

results with parameter values of dr = 5.50; db * 3.00 and xc ■ x 
are also shown. 

The experimental data is not predicted accurately; however, 

the non-linear nature of the functional relation ACfl * f {h} 

is firmly established. The above simple model also demonstrates 

that the hinge-moment functional relation may also be written as 

ACh ■ Cpb f {h}. Furthermore, we find that for all results 

occurs just prior to trailing-edge pressure diver¬ 

gence. For the curve based on experimental data the value of 

Ò ACr 
—at T.E. pressure divergence (an average since slope is 

discontinuous there) is -3.548 at h — .068. This compares 

Ò ACr 
fairly well with the experimental value of —tt- “ -3.3 at 

h 5= .066. 
7 
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For quasi-steady spoiler motion of the form h ■ h0 + 
Ah cos 0 we find that the above formulation does not properly 
represent the functional dependence of ACg on hQ and Ah. 
Accordingly, a polynomial "curve fit" to the experimental data 

was attempted in order to duplicate the steady-flow functional 

relation ACH = f {h0, Ah} over a range of h0 and Ah values of 
interest. A fifth order polynomial in h was needed. This 

polynomial will be used in the unsteady-flow theory as the 

steady-flow functional relation. 

ACU = ag h5 + a* h4 + a3 h3 + ag h2 + aj, h + a0 
n 

The justification for this step lies in the fact that 

prediction of accurate unsteady effects is based in large part 

on a good steady-flow model. 

Let us now consider the separation bubble in more detail. 

First we will investigate the pressure rise over the aft portion 

of the bubble. 

A detailed view of the aft portion of the bubble, to 

include mean velocity profiles, is shown below. 

Norbury and Crabtree (Ref 12) have represented the turbu¬ 

lent mixing, and reattachment region on a separation bubble as 

above. They derived an expression for the pressure recovery 

coefficient by assuming that the principal mixing process and 

corresponding pressure rise occur in the region BCDE as shown 

on the sketch. The pressures across ABC and DE are assumed 

uniform and equal to pb and pr. The portion of the bubble to 

the left of station xb is assumed to be a region of constant 

pressure "dead air" with pressure pb. Further assumptions are 

that: CD is a streamline parallel to AE, no fluid enters or 

leaves AB on the average, and that curvature of the surface AE 

may be neglected. 

pb and pr are related to Ub and Ur by Bernoulli's equation: 

9 
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pb + I P Ub2 * pr + I P Ur2 

By use of the steady flow momentum equation applied to the 

control volume ABODE, the following expression is derived for 

the pressure difference (pr - P^). 

(Pr - Pb' “ f ^ ub '•y ■ J 1 "r2 dy] 
f yd o 

Viscous and turbulent stresses are neglected in this development 

as they were in reference 12, thus an error is introduced with 

an effect that cannot be determined. However, it appears 

reasonable to postulate that pressure effects dominate the 

process of momentum transfer in the x-direction in the shear 

layer. Assuming a linear velocity profile across BC of the 

form: 

u. y - y* _.a+(l_a)__ 

At the dividing streamline (y * y¿) and 

ub = a Ub H UB 

so we have : 

(pr - V = 1' [3 UB3 6b (1 + I + ^ 
r 

+ U/ (9r + 6r* - 6r)] (1) 

w!iere 0r and õr are the momentum and displacement thicknesses 

of the shear layer at reattachment. 

The steady flow continuity equation is: 

ub dy 
0 

or 

1 

2 UB 
t 
u. (1 U (2) 

10 



Norbury and Crabtree proceeded to develop an expression 

for the pressure recovery coefficient, a, where: 

Pr - Pb CPr " CPb 

° = "IPV * 1 ‘ CPb 

This oarameter will be discussed in detail in section III. For 

now we assume that 0 remains constant as spoiler height varies 

In steady flow. Actually the bubble parameters iT, db and O 
.« expected“; be functions of Re.* as discussed in reference 
22, Zt Tor an overwhelming spcillr perturbation we expect the 
Reynolds Number dependence to be minimal. 

The pressure rise in the reattachment region has also been 

modeled by many authors with the assumption ^ 
recompression along the dividing streamline (Ref 6). This 

approach will not be attempted here. 

Now consider the steady flow continuity equation applied 

to the interior o£ the separation bubble, i-e-> the so-called 

"dead air" region. (See also Ref 19). We have fcinJ ^ut* 
the dividing streamline on the average min - mout; - u, 

consider the region near reattachment. 

WtT^TT^TTTTTTT^ /777Z77 
ZERO 

STREAMLINE 
DIVIDING 

STREAMLINE 

In the region ABE we have min = àout and the mass flux per unit 

span is : 

m 
out 

u dy 

and 

r*yd , . 
P j u dy = mout 

yZ 

11 



Fluid to the left of region ABE is entrained from under the zero 

streamline into the new mixing layer such that: 

m 
out 

x-x. y, 
pc J ve dx * P J u dy 

Xsp yz 

where is the entrainment velocity of fluid into the mixing 

ve 
region. Vasilu (in Ref. 6) assumes 77- = const, where Ue is the 

velocity at the edge of the shear layer along the bubble. 

Since C_ is assumed constant over much of the bubble we 
ue P 

have — * const and 
00 

A „ = Pc V i dx — p v -¿ 
out e e 

sp 

since V “* 0 
e 

as X - x_ 

Fluid recirculated into the dead air region from the region near 

reattachment cun be represented as: 

A. =pjd . e 
in u dy = p u Õ B 0 

where uB is the velocity along the dividing streamline and 00 

is a resultant length. (For a linear velocity profile from y 

yd - yz 
to yd, 0£ .) 

And for the separated region we have: 

0 UB 6o '*> 

and 

V 

i.e., bubble length parameters scale to ¿ in steady flow. 

Also within the bubble at any station x we find that mass 

flux recirculated into the region bounded by the spoiler, 

station x and the zero streamline is: 

12 



X 

Äin(x) * s *c I dx 
e 

X 
sp 

“ P° ve (x - xsp) 

These and previous equations describe approximate steady-flow 

bubble behavior. In the following pages, an attempt is made to 

account for the effect of harmonic oscillations of the spoiler 

about a mean position which involves a long bubble type of 
separation. 

2. Unsteady Flow Modifications 

a. Unsteady Bubble Growth 

Spoiler motion of the form h ■ h0 + Ah cos cot will be 
considered. Use of a reduced frequency parameter V results in: 

h = h + Ah cos Vf o 

Consider now the "quasi-steady" assumption that separation 

bubble growth is in phase with spoiler height. The bubble 

growth relation would be: 

where we approximate : 

and 

(A) ^ f (hsi + h3i) 

but in the quasi-steady assumption: 

and 

13 
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Define this as the quasi steady mass flux % so that 

P dt (A) “ “c ^ “ P dr ccf (3) 

I 

In reference 19, East and Wilkinson postulate that a similar mass 

flux may result when a new filament line is "selected" at the 

spoiler tip. Piston theory is used in their hypersonic flow 

problem in order to account for the unsteady effect. 

®outss -P 

And that *inQS * ®inss + “inss “ P uß öo and 

modifications to ug and 60 account for the quantity m€ in 

quasi-steady flow. That is, in the assumed model m¿ is a mass 

flux that is forced into or out of the bubble in the reattach¬ 

ment region. Later it will be shown how this may be achieved. 

As done for the steady flow quantity Ain(x) we assume in 

the quasi-steady case 

mc (x) - è€ (xr) 

The above quasi-steady result involves a bubble that grows 

in phase with spoiler motion. Since this is at odds with experi¬ 

mental data we are led to the conclusion that a quasi-steady 

model is not appropriate. In reference 18, for example, it is 

argued that since a characteristic time for the outer shear 

layer is Ô/U,^ as compared to ^/|uc| for the separated flow (where 

Uc is the mean reversed flow velocity), an appropriate assump¬ 

tion would be that the outer layer reacts instantaneously to 

¿poiler motion; i.e., the return mass flow is mç from the 

quasi-steady assumption. 

Now consider an elemental area, ÕA, within the bubble where 

we make the unsteady-flow assumption (as in reference 18) that 

the backflow mass fluctuations, mç , travel upstream at a mean 

I 

14 



mm .       —   HPpi ""fl 

flow velocity, Uc. That is, ráç (X) = mç (X, t - Tf) * 
¿ —y 

á€ (X, t - |- ) where now X is a distance measured aft from 

the spoiler. CThen 

P [ÔA (X,t)] = min^ - ráoutç 

,Ac(X + dx,t.^Æ^a, 
®c (X, t 

/j% Û 
For long wavelength (i.e., |y' j <<; 2tt) we find from a Taylor 

series expansion that c 

P ^ (ÔA) s ¿ (X, t - Tf) dX 

A mEW, t-Te)f <iX 

dX 
mf (¿, t - r€) — 

Now we integrate over the bubble area 

£ 

P J (ÔA) =p^ (A) = jJ mf (Ü. t 
bubble o fiT) ^ 

where Af ¢2, t - Tc) = p dr ccf h (t - Th (t - ^ç)* For 

h = h + Ah cos tot ; h = - <0 Ah sin COt we find: 

|u I drccf i 
^ (A) = - -j- [2h0 Ah sin (0 (t - yijy ) 

2“(t - 

Consider now^small perturbations^so that h * h0 + V; 
JLq + lí where h = Ah cos cot and |h| « h0 & |T| « ¿Q, 

We have : 

15 
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è<A> 

2|Uc|drccf_ . ,.. O 

£ ¿0 o 
h0 Sin (W zluj 

[- oo Ah sin oo(t - 

but dr c h0 « ¿0 

■■ Ã i*) 

2|Uc|cf ~ *o , 
—^ sin (^) h (t - 

But since the area is A ^ hg £ = ~ hi then ^ (A) — 

[h ¿0 + je*h0] cf and we find the unsteady flow result: 

^ - ÏT [TTT sin WTo ^ (t ' To) " 
no o 

where tq = ifuÍT 
. For h = Ah cos Odt we find: 

Z J* is, 
I — r” [(k cos w r0 - 1) h + (k tú sin oo TQ) h] 

where 

*l«cl lo 
k ■ T-zrsln " 2IÜJ co r. 

sin co T, 

Integrating to find £(t) we have: 

^ Z 
T(t) - Ho) “ ^ cos aiTo " Ah (cos cot - 1) 

o 

+ (k sin C0To) Ah sin cot] 

Assume that over a cycle the average length perturbation is zero 

so that 

^ l 
'z(o) - (k cos co T - 1) Ah 

n 0 

16 
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and 

T(t) * [(k cos tor - 1) Ah cos wt 

+ (k sin U! ro) Ah sin tot] 

This can be written as: 

T(t) m — Pi Ah cos (tot - a ) = dr c A Ah cos (tot - a ) 

where 

A * (k2 - 2 k cos co T + 1)‘ 

and 

A s 0 

also 

sin to T, 
OL * tan"1 [ 

T 1 cos co ' 0 - £ 

a s o 

Now: 

to To = CO 
WCf ¡ 

2IÜJ ' u., I U( 

d c d 
■J— h * 2 1/ h ~- 
2 e o 0 U 

'U. 

Note that for quasi-steady bubble growth: 

T(t) = rp lT(t) * dr c Ah cos COt 

so that the unsteady result above involves an effective spoiler 
height perturbation that is amplitude and phase dependent on a 
time lag, TQ, where 

17 
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That is, 

1aeff * A Ah cos (oot - a ) 

This result can be achieved by alternative assumptions 

about the mechanisms of unsteady bubble growth. Inherent in 

the present result is a model for unsteady entrainment of fluid 

from the bubble into the outer shear layer. For small pertur¬ 

bations the present model is expected to be correct to first 

order. 

Let us investigate this linear time lag .model in detail. 

First consider small bubbles at low frequency with 

■ i Uœ 
to T0 « 1 (where | Uc | ~ 0 ( ) 

We find 

k ■ "STT sin " Ta ” 2 
' O 

and 

A 2! 1 

a - tan"1 (2 co T0) = tan-1 (w 

Therefore, the length perturbation is: 

A 
_O V 

Tüïï) 

£(t) = dr c Ah cos w (t--p~j-) 

That is, the length lags its quasi-steady location by a time lag 

which is the "bubble characteristic time." 

Now consider a larger bubble and higher frequency where the 

relation is more complex. For example, consider the following 

values : 

u .12; 6"; 
u 
c 

UŒ 

1 

3 

then G0To * .18 rad; k 2= 1.99; A ^ 1.02 and a 2r 20.3° = .354 rad 

T(t) = dr c Ah (1.02) cos (GOt- 20.3°) 

18 



the linear approximation yields: 

4(t) ■ dr c Ah cos (wt- 19.8°) 

The unsteady bubble growth relation also shows that the 

.^UeVLSn "ear reattaCh“nt with 

b* the Pressure Rise Near ReattacWnt- 

flow SpT388 fÍ!X ter,n, ’ Which is included in the unsteady riow model can be represented as J 

P uD 6 B ub 

that is a perturbation near xb at the "dividing streamline" 
results in the additional mass flux. If we assume that condi- 

equation w'we^ad: UnaffeCted then from the continuity 

1 
2 UB 6b d + P I (uB + “B,(6b + Sb><1+î) 

Ur <6r - «r*) 

and 

“B 5b a - “B 

That is, a perturbation of õb results in a proportional change 

The momentum equation 
bation to p.. (1) yields an appropriate pertur- 

or 

- Pjsr [- u uB 6b (1 + ¿ + 

+ 3uBa 6b (l + i + ^-)] + «“B 

p [-= sr d + i + i)] - pu»fr 

b rl 
5bV r [3 (4 + i + r^^ 
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and in coefficient form: 

Now 6r - 0 (hs) and continuing the assumption that condi¬ 

tions at reattachment are unaffected by small perturbations to 
h we have : 

6r ' 6r„ a ki <>r c >>0 

From the quasi-steady equation for mass flux (3) we have: 

mf ^ p dr ccf h0 h 

Therefore, the pressure perturbation can be written as: 

or if we assume a constant relation 

u 
B K = 

U , 
= kg 1/ Ah sin 0)t 

where 

r* «< 

k, - [f <4 

Thus, we see that the pressure perturbation depends on spoiler 

rate and a shear-layer parameter, k3. This corresponds to a 

perturbation to the pressure recovery coefficient, a, and indi¬ 

cates that the normally constant value of a for a reattaching 

shear-layer may be modified in unsteady flow. 

20 
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In order to gain insight into the mechanisms involved In 

these unsteady flow perturbations, let us consider and extend 

a treatment of vorticity within the separation bubble. 

McGregor (Ref 13) investigated the conditions necessary 

for equilibrium of the separation bubble in steady-flow. 

Constancy of circulation and the maintenance of kinetic energy 

are required. 

Circulation around the bubble is 

r = rr y dx dy * $ qs ds 
bubble c 

where y is the vorticity - an^ C is a curve, described 

in the counterclockwise sense, which encloses the bubble. It 

coincides with the dividing streamline, spoiler aft face and 

airfoil surface, in steady flow. qs is the tangential velocity 

component around the dividing streamline. 

If we consider turbulent flow so that u, v and y consist 
of mean values ü, v, and y on which are superimposed random 
fluctuating components u', v' and yx due to turbulence and 
whose time average values are zero then we find (Ref 13): 

^ -ÿ ÿ qn ds = - V ^ ds + ÿ y'qn’ ds (4) 

In steady flow the terms on the L.H.S. are zero since qn = 0 

on the bubble boundary. Then we have: 

On the surface of the model qn' * 0 and we may write 

sepn - _ 

+ ^ 1m " y,<ln')d83 * 0 
reatt sepn 

The first term is related to the pressure distribution and the 

first part of the second term may be neglected so that: 

This gives the relation between the fluctuating vorticity 

and normal velocity at the bubble boundary and the pressure 

21 



rise.13 The rate of transfer of vorticity is very high in the 

reattachment region since the pressure rise occurs primarily 
there. 

Consider now an unsteady flow assumption that involves the 

LHS of equation (4). Assume that the sum of the terms is zero, 

as in steady flow, but in unsteady flow we have: 

where Ç> ÿ qn ds = yfivg ^ (Abubble) with yavg an averaSe value 

of vorticity along the dividing streamline. 

Previous experiments have shown that for low spoiler heights 

(roughly for hs £ .015 c) airfoil lift is relatively unaffected 

by spoiler projection. 9»23>2%iis is thought to be associated 

with shear layer reattachment on the airfoil surface for low 

spoiler heights. 

It appears reasonable to postulate, therefore, that for 

low spoiler heights (which do not involve T.E. pressure diver¬ 

gence) total airfoil circulation remains constant so that 

r ' * r 
airfoil wetted 

surface 

* r 
bubble o 

Now Wood's theory (Ref 25) predicts that lift generated by the 

wetted surface varies in direct proportion to spoiler height, 

so that 

surface 

where > 0. This results in: 

bubble - ■ k4h 

and 

dr, 
bubble 

dt 
— - l^h 

Also we have 

dF, 
bubble 

dt ^bubble^ 

22 



If we neglect phase lags then both and A are proportional to 

h and ÿ(s) < 0, which is to be expected. Thus, on the spoiler 

upstroke (h > 0), we find that vorticity of clockwise sense 

is added to the bubble interior, and conversely on the down- 

stroke, vorticity of clockwise sense is removed from the bubble 
interior. 

If we consider now the maintenance of kinetic energy of the 

bubble, as in Ref 13, we may look at the steady flow equilibrium 
relation: 

W = + qs ds+<j> qnV ds - £ q^ (- p q^') ds (5) 

where W is the rate of dissipation of energy due to viscosity 
and 

W - M JJ dx dy 
The terms on the RHS of equation (5) represent, in turn, the 

rate at which work is done: on the bubble by the viscous 

stresses, on the turbulent motion by the pressure fluctuations, 

and on the bubble by the turbulent shearing stress tangential 

to the bubble boundary. All but the last term may be neglected 
as an approximation. 

W p JJ ÿ3 dx dy ^ - ÿ q^ (- p qg'q^' ) ds 

IO 

as the energy equilibrium relation for the bubble. 

Note that the bubble contains both positive and negative 

vorticity. The negative vorticity largely diffuses into the 

bubble in steady flow and the positive vorticity is created at 

the surface. The rate of dissipation, W, is least for any given 

circulation, ^bubble» ^611 the vorticity is all of the same sign. 

In unsteady flow where we have found that negative vorticity 

(of clockwise sense) is either transferred into or out of the 
bubble we expect the following: 
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for h > 0 

and 

dW 
W 

< 
dT 

T 

dW 

W for h < 0 

That is, the energy dissipation increases less rapidly than 

circulation on the upstroke and more rapidly than circulation on 

the downstroke. Thus, on the upstroke an increased pressure 

rise across the bubble, with corresponding increase in energy 

dissipation, can be maintained. The increased magnitude of 

circulation on the upstroke is associated with this pressure 
rise. 

Other qualitative judgements can be made. On the upstroke, 

an increased pressure rise and increased magnitude of circula¬ 

tion are expected to result in a more highly curved reattachment 

"streamline." On the other hand, our quasi-steady mass flux 

model results in near quasi-steady growth for the region of the 

bubble near to reattachment, thus we expect that the height of 

this region increases faster than its length, on the upstroke. 

This deformation to bubble shape is also compatible with 

increased inviscid external flow velocities and decreased 

pressures near the point of maximum bubble thickness, that is, 
probably near xj,. 

One factor has not been considered yet. That is, on the 

spoiler upstroke when vorticity is transferred to the bubble 

and circulation magnitude increases, there is likely to be an 

additional integral effect on circulation. This follows if 

energy is being added to the bubble faster than it is dissipated. 

A more comprehensive unsteady flow model would probably yield 

this result. 

The previous discussion of bubble vorticity is not offered 

as a rigorous study of actual conditions. The quasi-steady and 

unsteady flow assumptions are not well supported in general; 

however, the qualitative results appear to explain much of the 

observed behavior. Further testing is absolutely necessary in 

order to justify and/or refine these assumptions. 

3. Unsteady Flow Model 

Two significant unsteady flow effects will be included in 

the steady flow equation for A C^. A polynomial approximation 

is used for the steady flow relation and modified to account for 

unsteady pressure perturbations, which are taken to act over the 

dead air region. An effective spoiler height is used, which 

lags actual spoiler motion. 
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Thus, the steady-flow relation: 

ACjj * atjh5 + a^h4 + 83h3 + aah2 + axh + a0 

is modified to the unsteady flow approximation for h = hj, + 
Ah cos cot: 

Q 

ACH(t) ^ [1 + [ae h5eff + a* h4ff + 33 t£ff 

+ a, haeff + ai heff + a0] (6) 

where Cp^ is the steady flow value of C 
Pb 

U 
Cpb * k3 V ¡ — I Ah sin cot 

and 

heff “ h0 + A Ah cos (COt - a) 

The following parameter values are chosen based on experi¬ 
mental observations and other results* 

X a 
which yields 

u 

ÏÏ 
B 

b 
.535 = a 

Also, we have 

2.0 

so that 



But, 

Now, based on boundary 

so that 

layer measurements, assume 3 h0 Cf s? 6ro 

de 
1¾ — 4.0 — 16.0 

cf 

where d_ = 5.5 and xr = drh + x . A best steady-flow curve fit 
yields: * r Sp 

as = -4 x 105 ; a* = 1.3 x Itf5 ; % - -1.48 x 104 

aa = 689 ; ax = -14.38375; a0 = .06190375 

Figure 2 shows a comparison of the unsteady prediction and 

experiment (reconstructed curves) for the following three cases: 

Ah Îîo Case 

053 

076 

062 

026 

027 

040 

B 

C 

E 

y = .12 for all curves. 

Also shown on Figure 2 are unsteady predictions which 

include an empirical modification to allow for the integral 

circulation effect mentioned previously. 

The unsteady "dead-air" pressure perturbations, are 

integrated from the start of the spoiler upstroke, multiplied 

by a factor of % (to approximately allow for dissipation of 
energy due to viscous and turbulent stresses) and superimposed 

on the quasi-steady value of Cp^; that is, 

This empirical modification improves the otherwise fair 

agreement which is demonstrated in Figure 2; however, it is 
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FIG 2. DYNAMIC HINGE-MOMENT VARIATIONS. EXPERIMENT 
AND THEORY 
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not used in further analysis since it is a rather speculative 

addition to the unsteady theory. 

The present theory cannot be compared with other flap- 
fixed, spoiler-forced results for two reasons: 

1, The steady-flow curve fit is only valid for .03 ^ h ^ 

.10. 

2. For large bubbles which involve recompression on the 
flap surface and "reattachment" at a point (line in 3-D 
flow) of confluence in the wake, the mass flux rela¬ 

tions are no longer valid for the bubble. 

However, it will be seen that the theory can be used in 

order to predict limit-cycle behavior of the coupled flap/ 

spoiler system. 

4. The Describing Functions 

For spoiler motion of the form h = h0 + Ah cos Vr , with 
h0, Ah and V constant, the resultant incremental hinge-moment 
coefficient may be represented in Fourier series form as: 

AC„ - ACh {h0, Ah, i/} + E ACu {h0, Ah, v } 
h o n*l 

cos [ncot + j/)n {h0, Ah, V ]] 

Results obtained from the unsteady relation (equation 6) 

are as follows: 

^Cno “ 2ir ^ ^Ch ^h° + ^hcos Ah sin o)t} d(cot) 
o 

Thus: 

AC^ = [(a6h06 + a^4 + %h03 + agh02 + axh0 + aQ) 

+ i (lOagho3 + 634h0a + 3a3h0 + 83) AW*A3 

+ I (Saeh0 + a* ) Ah4 A4 ] + W 1VUS-1 Ah sin a 
8 Pb0 

[(5a6h04 + Aà*h03 + 3a3h02 + 2agh0 + ax) Ah A 

+ ^ (lOaghQ2 + 434h0 + 83). Ab? A3 + ^ (Sß) Ah5A5] 



A Cr 
Now define the describing function 

where 

Ah 

Ni 

Np 

= Nx + i 1½ 

1 2ff 
^j ACh {h0 + Ah cos cot, -CO Ah sin cot} 

o 

cos cot 

_sin cot. 

d(cot) 

We find: 

and 

Nx = [ (535h04 + + 3a3h02 + 2%^ + ax) 

+ J (10asho2 + 4a4h0 + aa ) Ah2 A2 + | (a6)Ah4A4] 

lu./u^l 
rl 

A cos a + —2~c- sin 2a L2 + 6a4ho 
JPb, 

+ 3aah + ap) Ah2A2 + -¼ (5a6h0 + 34) Ah4A4] 

(8) 

Np * [(5ash04 + 434 h03 + 333h0a + 2agh0 + ax ) 

+ ^ (lOashj,2 + 4a4h0 + a^) Ah2A2 + ^ (a5)Ah4A4] 

kaV |U /U^l , 

(-A sin a) + —2~c- cos 20! I- "2 i^^^o3 
Pb0 

+ 6a4h02 + 3aah0 + 3g) Ah2A2 + (5¾^ + 34) Ah4A4] 

Muc/uJ 

'Pb, 
[ (at h05 + 34h04 + a3h03 + 3ph02 + a^ 
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+ ao) + ! <10%h03 + 6a4h02 + 3aah0 + %) A^A2 

+ | (5%^ + a4)Ah*A*] (9) 

Also we find: 

I I o h 
l-^l - 0Ha + >t=)' 

and 

= 180° + tan"1 

Thus, the first two terms of the Fourier series representation 

are: 

ACjj - ACh0 + AC^ cos (ü)t + ¢1 ) 

or 

ACH 2! ACu + Nx Ah cos cot + ^ (-co Ah sin cot) 

ACjj 
Plots of ACj^ , and & , Ni and N? are shown in 

Figures 3 to 5 and may be compared to the experimental steady 

flow results, which are also shown. 

Unsteady predictions for AC^ are generally confirmed by 

experimental results. (See data in references 5 and 21.) 
Frequency effect is clearly duplicated; that is, 

there is a reduction in magnitude of AChq as frequency increases. 

Existing discrepancies, which are minor, can be attributed 

primarily to the approximate fifth order polynomial curve fit 

for steady flow. 

ACr 1 
Predictions of the describing function, ^ , are also 

dependent on the goodness of fit of the polynomial. For high 

values of hQ there is obvious discrepancy and the complicated 

ACr 
dependency of on Ah is not reproduced. Furthermore, 

frequency effect on magnitude is not accurately predicted for 

high h , and phase shift ^ is not predicted well over some of 

the h0°range. Several reasons exist for these discrepancies: 
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1. 

2. 

The experimental results reflect the integral effect 

ACHi 
on circulation, which would tend to increase as 

frequency and h0 increase. 
Ah 

For spoiler motion which involves very low spoiler 

heights during part of the cycle, the short bubble type 

is formed at the onset of the upstroke. Pressure 

recovery to high values aft of reattachment can 

influence the hinge-moment greatly. This, plus the 

low pressures in the bubble near reattachment (which 

relate to large negative incremental moments) combine 

|AChi I r 4 ' to increase | xr- | as frequency increases. 

3. The theory does not allow for large bubbles where 

reattachment, hence mixing and additional mass flux, 

occurs in the wake. 

4. In the limit at very high frequencies, the bubble is 

washed off the airfoil into the wake. It does not 

dissipate as in our model. The effect of bubble "wash 

off" is that a large region of high suction is able to 

affect hinge-moment greatly. 

Although there appear to be large discrepancies in the 

unsteady describing function in general, it appears that the 

functional relation is in fair, if not good, agreement in the 

region near h_ = .065; that is, for small perturbations with 

reattachment near the T.E. This region is of prime interest as 

will be shown when coupled system behavior is considered. 

Before leaving this topic, it is necessary to consider the 

evaluation of describing functions which can be used when spoiler 

motion is of the form: 

h = h0(t) + Ah (t) cos cd(t) t 

That is, for transient motion, where h0, Ah and to are assumed 

to vary slowly and can be averaged over a cycle of motion. We 
have: h ^ Ah cos tot - to Ah sin tot and now proceed to form an 

expression for AC}^(t) which includes the first damped 

harmonic."26 The following expressions are evaluated: 

. 2 IT 
AÊu = ~ J Ach [h0 + Ah cos tot. Ah cos cot 

o 

- to Ah sin tot} d(cot) 

34 

.-. .... dm 



"mmm 

A 

Nx 

A 
1½ 

1 
^¡Sh «Î Ach \ + Ahcos wt* Ah cos cot 

o 

- co Ah sin cot} 

cos cot 

_ sin C0t_ 

d(cot) 

And we find: 

A A AC 
ka cf |UCI . ! 

Ho ~ ” cD U 2 (^aghQ4 + 
'Pb0 -» 

+ 3^h03 + 2agh0) AhA+ | (10¾¾^ + 4a4h0 + aa ) 

Ah3 A3 + (æ ) AhsAs] cos a (10) 

where ACj^ is given in equation (7). 

“s cf M Ah A 
Nx = Nx 

cPb0u.a 
{[(agho5 + 34h 4 + 3 

+ aah^ + aiho + a0) + i (10¾^3 + óa^ + 3¾^ 

+ 33) Ah3Aa + I (Saghjj + 34) Ah4A4] + (lOagh^ 

+ 634h02 + 3a3h0 + % ) AhaA2 + I (Sagh. + 34) 

Ah4A4] cos 2 Oü } 

where Nx is given in equation (8), and 

(11) 

A k3 c£ |U I *V , 

^ ‘ ^ + ~C^"o Ä Ç (10aBho3 + 3%hc 

+ 3g ) Ah?A3 + i (5agh0 + 34) Ah4A4] sin 2tt 

(12) 

where 1½ is given in equation (9). 
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system stability and transient beba i inf°rder t0 investigate 
spoiler system. The first terns 1°* the C°Upled flaP' 
sentation for ACH would be:^^ the Fourier series repre- 

ACH - dn0 + Nx Ah cos Wt + (Ah cos cot - a, Ah sin cot) 

ACH°+ lNi + w" AV cos wt:+ ^ (-W Ah sin cot) 

5* prediction of Coupled System BeW-t»». 

expect, in semejases ,^3^861^6 machanically coupled we 
which lead to stable limit cyclemotion. OSCillations ^ occur 

Consider now the linear coupling relation: 

h = h0x + 
(13) 

which involves the coupling parameters h i, 
investigate the dependence of system stabhitv oñ ^ 86 t0 
parameters. r ra scaDi1ity on these 

The syster, equation of motion is of the fom.- 

where 

Aß + B/8+ cß = H 

H = H4^+ Hg/3+ AH 

This form of the equation has been iu'-MfioH k, 
results. (See references 5 and 21.) “so ie have“'“ ''1 

3 + 
(B - H4) . --J?.,- O 

A ^ 
(C " H«) au 

+-P ß = 
(14) 

i" Zillr¿iz:z*L ueisfTLn„gct£rtlr;,“as ^ 
through the coupling relation (13). We have! fl3P m0tion 

AH _ ^CH^ bf c/ 
A = Ã- (15) 

'if0’ f0r SPOller m0ti0n °f form 3 ^ 
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This form of motion is assumed since the LHS of equation 

(14) relates to a system with low-pass filter characteristics, 
That is, higher harmonic content of ß (t) may be neglected. 
Therefore, it is appropriate to represent ACrU) , in order to 
determine system stability, as: 

A ^ â 
ACjj 25 ACj^ + [1¾ + ^ j^-] k & cos cot 

A 

+ ^ (-Wk ßx sin cot) 

since 

Ah * k ßi 

Q A A 
But now ACu , Ni and 1½ are functions of the assumed slowly 

varying parameters ßo, ßx and co. 

In order to study sustained (limit-cycle) oscillations we 
represent ACH as: 

ACh - + Ni k ßx cos Wt+ ^ (-COk ßx sin cot) 

A direct solution of equation (14) is not attempted, 

instead (as in references 27 and 28) we consider an approximate 

method of solving non-linear differential equations. 

• • 

First define X - = . 
Pi Ah 

Then from equations (14) and (15) we find the following 

approximate relations for ß0, X and to3:2' 

ß. 
ACH0 Iq, bf *J_ 

(C - Hg) 
AcH0 

• CH^) 

(16) 

A 
It 

X 25 
(B - Há) - k bf cf») 

2Ã 

1 C A 

2Ã t(üf + k ^ bf c/ - B] uf cf 
(17) 



Id3 3= - A2 + [• 
(C - Hg) - k Nx qœ bf c 2 

+ 1-2-Ã-—] 

xa + [^^^l)qœbf C£^ 

(18) 

where h 
GO c. 

o = h0l + k ; Ah * k ßt and 1/ 2 ~ 

Note that an equivalent linear equation may be used to 
represent equation (14) as: 

ß - 2\ß + cdna /3 = 0 

where go^ = go2 + Xs and -A = Ccon. 

The set of equations (16) to (18) was evaluated for an 

"ideal" coupled system. (That is, dry friction was not included. 

The system is taken to be initially at rest at the steady-flow 

equilibrium position. Initially then ßi * Ah = 0. Parameter 

values matched the experimental configuration with a few minor 

exceptions. Moment of inertia, A, was taken as constant for 

the coupled system. It is actually a weak function of the 

coupling parameter k. Also mechanical damping was taken as 

constant. It is also a weak function of k. Values of and 

result from the series of flap-forced testing with zero 

spoiler height. The parameter values are: 

A » .0099 sl-ft2 ; B = .0115 ft"lb~sc£ 
rad 

C = .477 ; CH0 = -.518 
rad 

Ch/j “ -1*29 ; q b. c 2 = 10.20 ft-lb 
“ f f 

(i.e., U = 150 -^-) 
00 sec 

Figure 6 presents the system stability parameters over a 

wide range of coupling parameters. The lines of constant ßQ 
are seen to be straight, which is to be expected since h0 = 

bo ” k ß0‘ The curve of A = 0 defines the system stability 

boundary. Regions in the upper right side are most unstable, 

while the stable region is confined roughly to the lower left. 

We find too that at ßQ ^ -4°, which corresponds to hQ — .065, 
the system is most unstable for any given k. This coincides 

with the peak value of Na. The constant frequency curves nearly 

follow the curves of constant A due primarily to the similarity 
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in h0 dependence of [NjI and 1½. An equivalent damping ratio, 

Ç, takes on a value of approximately -.07 at hrt “ .08* k * 3 

For hox = *10J k “ *6. then Ç s: -.21. 1 * * 

It is found that unstable combinations of coupling param¬ 

eters will lead to sustained oscillations, or limit-cycle 

behavior. The system of equations (16) to (18) was included 

in an algorithm which searched through permissible values of 

$o> ßl and W in order to satisfy the set of equations with X * 0. 
A high-speed digital computer was used. At the limit cycle we 
have : 

* ACHo ; Nx = Nx and Ng = 1¾ 

and 

ACr - AcHo + Nx k ßl cos wt+ (-tok j3x sin cdt) 

Figure 7 contains curves of constant parameter values; 

ßq> Pi and v. Note that there is evidence of the "rectification" 

effect on ACHo . A comparison of Figures 3 , 6 and 7 shows 

that the ßQ ^ -4° curve is relatively unaffected, which follows 
from the unsteady theory (see Figure 3). For low values of 

h0i (hence, low values of h0) we find that 0OLC < /30g ; where 

LC and SS stand for limit-cycle and steady-state "equilibrium," 

respectively. Conversely, for high values of h0; ß0 > ßQ [ 
, — _ u vs s S 

This effect is more pronounced for large ßx. Limit-cycle 

frequencies are less than for ßx — 0. This is due to reduced 

magnitudes of Nx as ßx goes from zero to limit-cycle amplitude. 
The frequency change is more pronounced for large /Jx. Maximum 

limit-cycle amplitudes occur near h0i = .08; k = .26. This 

corresponds to hQ ^ .065 as expected. Limit-cycle amplitude 

decreases as k increases past about .26 because of the combined 

frequency effect and the nonlinear dependence of 1¾ on Ah. 

Also, ßx = — . Note also that for low values of h0i and k, 

limit-cycle behavior is predicted even though the system is 

predicted to be stable at "equilibrium." This apparent anomaly 

is due to the rectification effect on ACjio , hence ßQ. In this 

case "hard oscillator" behavior exists; that is, the system 

needs an initial disturbance of sufficient magnitude to provoke 

limit-cycle behavior. Limitations of the present model could 
also account for this phenomenon. 

The theory was modified to allow for the presence of dry 

friction since it was discovered that this was a significant 

damping contribution to the actual coupled system. Several 

tests were performed in order to verify that dry friction was, 

in fact, present and to measure its contribution. An equivalent 

linear representation was calculated and is included in the 
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system equation of motion as an additional damping term of the 
form: 

B' - kg k2 
Ah co 'f "f 

The dependence on h0 qœ bf occurs because the normal force on 

the spoiler face is^ a function of dynamic pressure and spoiler 

wetted area. The k2 dependence represents the effect of gear 

ratio on moment and provides a best fit to the test data. The 
constant value is kg .232. 

Thus, at the limit-cycle, equation (17) becomes: 

Hß + kik- 
CO 

kg k3 
Ahco ] q- bfc/ 

Once again a search algorithm was run and results are shown in 

Figure 8. In this case, however, computer data was considered 

unreliable in the region shown. Suitable convergence in the 

shaded region could not be achieved unless parameter increments 

were made small at the cost of large amounts of computer time. 

The presence of dry friction, which is inversely proportional 

to Ah, precludes self-excited oscillations as verified in the 

experiment ; however, stable limit-cycle behavior is predicted 

as was observed. The effect of dry friction is not extremely 

significant except that lower amplitude limit-cycles are reached, 

with the maximum occurring near hQi = .073 and k = .25. The 

contours of constant ßi are shifted downward and to the left 
due to dependence of dry friction on IIq and k. The curves of 

constant ßQ are not significantly altered; however, frequencies 
are uniformly increased due to the fact that the lower ampli¬ 

tudes, ß1, relate to lower values of Ah at limit-cycle, hence 
to higher values of ¡Ni¡ and frequency. 

Finally, in Figure 9 data points taken from several 

coupled system tests are shown. Curves of constant frequency, 

ßQ and ßi are shown interpolated between the points. In all 

cases amplitude data was within 207. of the final results shown. 

Frequency results are within 107.. Only data taken for a free-’ 

stream speed of Uœ * 150 ft/sec was used. Some of the tests at 

extreme values of hQi did not demonstrate long-term sustained 

limit-cycle behavior. It is probable that three-dimensional 

effects could account for this. Although the range of parameter 

variations was small for the series of tests (due primarily to 

model limitations) the agreement between experiment and theory 

is surprisingly good. Frequencies, amplitudes and mean values 

of flap angle appear to be well predicted. Note that largest 

amplitudes occur near ßQ * -3° which corresponds to h 2: .06. 

This is the region where the unsteady theory is expected to be 
most accurate. 
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FIG. 8. LIMIT-CYCLE PARAMETERS 
(ACTUAL COUPLING. INCLUDES DRY FRICTION) 



FIG. 9. EXPERIMENTAL RESULTS 
LIMIT-CYCLE PARAMETERS 
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The concept of relative stability of the limit-cycle oscil¬ 
lations is worthy of mention. Consider the function X, 

X * f {h0, Ah, U} 

and its total derivative: 

dX = -Q- dhn + -—r dAh + (19) 
ò h0 o ò Ah ÒV 

The value of cai be taken as a measure of the relative 

stability of sustained nonlinear oscillations. Also we can 

evaluate sensitivities; e.g., 

òX 

ò Ah 
and 

ÒX 

Ò V 

The relative stability can be investigated approximately by 

reference to equations (16) to (18) and Figures 3 and 5. 

From Figure 5 and equation (17) we have: 

ÒX 
ò Ah 

< 0 for .045 < h0 < .085 

and 

also, 

ÒX r> 0 for h0 < .065 

òh0 8 ^ < 0 for h0 > .065 

òX 

Õ V 
> 0 

We also find from Figure 3, equation (16) and the relation 

ho = h0l + k ßQ: 

Ò h 
__o 

ò Ah 
C< 0 for h0 < .065 

> 0 for h0 > .065 

and from equation (18) and Figure 5 

by 
ò Ah 

< 0 (approximately) 
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Equation (19) is approximately: 

dX òX òh 
—y/* a; r u/v_2 a. & X , O A ù U -, 

dSh [òh0 ôAh + TSh + TÎ? "ôSh] 0 
ô X ò t/ 

for .045 < h0 < .085. w Thus, relative stability of the limit- 
cycle oscillations in Figures 7 and 8 is predicted. A 
more rigorous demonstration of stability will not be attempted 

In conclusion, it has been shown via small perturbation 
analysis, that significant unsteady effects alter the steady- 
flowbubbie growth relations. Of course, a complete solution 
of the problem must involve a matching of the bubble dynamics 

‘“TJ T®™1’ inVlSCid fl0W field* T*16 significant dynamic ejects, however, are shown to primarily involve the 

that has the tfol lowing character is ti^f â dyna”ic behavior 

1. Bubble length lags spoiler motion due to mass flux 
which is convected into the bubble near reattachment 
and which is assumed to travel upstream at a mean 
backflow velocity. 

2. The pressure rise to reattachment, hence pressure in 
the dead-air region, is altered in the unsteady case 
m order to satisfy momentum relations. 

3. 
°f 1 and 2 ab0're i" dynamic 

bubble behavior that is in good qualitative and fair 
quantitative agreement with experimental observations. 

4. Negative damping, for small amplitudes of oscillation 
and subsequent limit-cycle behavior is predicted for ’ 
the coupled system. This predicted behavior is con¬ 
firmed by experimental observations. 

The unsteady bubble model is expected to be valid when 
reattachment occurs on the flap surface. For larger bubbles 
the model must be modified in order to account for mass flux’ 
from the shear layer on the flap lower surface. Further experi¬ 
mental and analytical work is needed in order to properly model 
withi b^blh dyn^^cs. Also, the unsteady energy relation 

needs1to be better understood. It is probable 
hï M ff í0nal/ntegral effects exist and they are expected to 
be highly dependent on the frequency of spoiler motion. Also 
three-dimensional effects are not included. Theisen (Ref 20)’ 
is one among many who recognize that spanwise flow in the bubble 
can alter the dynamics of the separated region. The present 
model, however, contains two important dynamic effects which 
have not previously been modeled. This is thought to be the 

46 

..- 



most significant analytical result of the investigation, although 

some of the important assumptions must be regarded as somewhat 

speculative at present. 

It will be shown that these methods may be applied to other 

similar problems in order to obtain useful results. 
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III. FURTHER ANALYSIS OF RELATED PROBLEMS 

In the study of interactions between an oscillating body 

and a separating flow it is not always possible to consider the 

separating region as in the previous section. For a type of 

flow perturbation such as a spoiler, it is expected that in 

some important cases the perturbation may be considered over¬ 

whelming and consequent analysis may neglect, as a first 

approximation, the influence of the external flow field. In 

the case of a laminar separation bubble at the leading-edge 

of an airfoil, for example, it has been demonstrated (Ref. 29 

and 30) that the external inviscid flow field may dominate the 

behavior of the separated region. It will be shown, however, 

that results of the previous section are useful. 

1. Initiation of Dynamic Stall 

As an airfoil pitches upward through its static stall 

angle it is known that an "overshoot" of this stall angle 

usually occurs. At a higher incidence "dynamic stall" is 

initiated with resulting forces and moments that differ in 

character and intensity from the steady flow stall case. 

Similarly, on the downstroke, reattachment may be delayed; or 

in other words, the static reattachment angle is "undershot." 

Even if hysteresis in separation and reattachment did not exist 

in steady flow, the overshoot and undershoot phenomena result 

in apparent hysteresis in all cases of unsteady flow. 

For an airfoil that is free to oscillate in pitch, the 

loading due to dynamic stall can lead to a self-excited oscil¬ 

lation that builds in amplitude until a limit-cycle is reached. 

Such a motion is termed "stall flutter" and is known to be 

applicable to helicopter rotor blades, engine compressor 

blades, space shuttle (and lifting body) configurations, certain 

V/STOL aircraft types, and to the study of aircraft response to 
severe gusts. 

Motion of a control-surface can also initiate dynamic 
stall. 2>33 # "stall flutter" of a flap-type control- 

surface has been observed on an airfoil at incidence. ^ This 

type of instability involved the single-degree-of-freedom of 
rotation of the flap about the hinge-line. 

This section is concerned with the prediction of the over¬ 

shoot and undershoot angles of dynamic stall and it deals with 

the type of dynamic stall that involves a leading-edge separa¬ 

tion bubble. Pertinent elements of the flow field are modeled 

so that their interactions in unsteady flow can be studied. It 

is found that the resulting model for flow over an airfoil is 

useful for predicting when the leading-edge bubble bursts (hence 

initiating dynamic stall) and for studying the conditions 

necessary for flow to reattach. The following development is, 

in part, a summary of material contained in reference 22. 
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1. 

3. 

a. vlow Elements 

When flow is attached to an airfoil that is 

about a moderate value of mean Incidence, 

at moderate incidence with an oscillati g P» 

elements are taken to be: 

A potential flow field that acta over thesurfaceof 

airfoil with mean properties that are related to the 

airfoil at its mean incidence. 

The effects of airfoil or flap motion on the potential 

flow field to include the effect of vorticity which 

is shed into the wake. 

A laminar boundary layer from the leading-edgescagna- 

tion point to the point of laminar separation on the 

upper surface. 

4. A constant pressure laminar shear layer to the transi- 

tion point. 

5. The turbulent mixing and reattachment region. 

6. The turbulent shear layer from the reattachment point 

to the trailing edge. 

bubble6^an^are^nly3considered1 durin^th^pôrtloníiO^of a 

c °cîebof -“n when a 
and turbulent reattachment points define tne ^ 

of the bubble which is shown schematically in Fig 

of trailing-edge separation. 

Airfoil or flap 
rases of forced motion, with rererenc 
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EDGE OF THE BOUNDARY LAYER 

CASE I. The airfoil, at a mean incidence a0> is forced to pitch 

about an axis x = a, with amplitude AO! such that 

a (t) = a0 + a * a0 + Aa cos wt 

where a , Aa and oú are constant prescribed values. 

CASE II. The airfoil is fixed at an incidence a0, and the flap 
is forced to oscillate with amplitude Aß. The flap is a plain 

flap with hinge-line at x = c. 

a = a0 

ß (t) = Aß cos cot 

We now define non-dimensional time and reduced frequency 

parameters. 
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wTTWir . 
. '"'■"T"' , ! ■''■’'r-.""''" ‘^Tinfnr’riT.T^r , 

CASE I. The airfoil, at a mean incidence a0, is forced to pitch 

about an axis x = a, with amplitude Aa such that 

a (t) = a0 + a = a0 + Aa cos cot 

where a0, Aa and GO are constant prescribed values. 

CASE II. The airfoil is fixed at an incidence a0, and the flap 

is forced to oscillate with amplitude Aß. The flap is a plain 

flap with hinge-line at x = c. 

a = a0 

ß (t) = Aß cos cot 

We now define non-dimensional time and reduced frequency 

parameters. 
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CÁSE I 

also 

b 
and 1/ s 

a um 00 

a' (£•) à and O" = (£-)* ä 
Uoo Uoo 

where b is airfoil semi-chord. 

CASE II 

r 

so that 

_ Ucot 

tCc. 
and V = 

also we have 

(1 - c) 

so that 

^ = (1 - c) 

Also, we have a non-dimensional chordwise distance x based on b 

with origin at mid-chord: 

x 1 

Pressures and velocities at the edge of the boundary and 

shear layers are found by considering an appropriate potential 

flow model. The model used here involves a non-linear pressure- 

velocity relation and considers the instantaneous value of 

velocity to be a superposition of a mean, steady flow value and 

a time varying perturbation. McCroskey (Ref. 30) recently and 

independently considered a similar inviscid flow field. 

We consider the non-linear Bernoulli equation for unsteady 

flow. 

C 
V 

_ P - P, 
? - 1 - cf ) 

2 
¡¡7 f>t (20) 
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with U, the velocity evaluated at the airfoil surface from the 

potential flow solution, assumed equal to the velocity at the 
edge of the boundary layer in attached flow. 

Now 

and 

JJ_ 

U 00 
0 -= 0o + 0 

Ò 0 0 0 
Ò t " Ò t 

(21) 

Vu» wil1 be found from the NACA method and u/U will be found 
from "classical" unsteady thin airfoil theory. 00 

The unsteady thin airfoil results are found to contain the 

usual singular terms with corresponding infinite velocities at 

the leading edge and flap hinge-line. Since the leading edge 

region is critical in this analysis we chose to correct the 

unsteady results by euploying Lighthill's correction factor, 

which is applicable to the thin airfoil approximation. The 

factor makes the first order thin airfoil solution valid over 

the entire airfoil surface. (See reference 22.) 

Thus, in equation (21) where U0/U is known from the NACA 
method, we find u/U,^ from: 

t) 
1 + 

'1 + X + p, ->* 
N 

(—) Vth 00 
(22) 

where 

(—) 
CO 

is the thin airfoil result and the correction factor; 

(ï )- ‘1 + X + p 
N 

due to Lighthlll includes the parameter Pjj which is the non- 

dimensional leading-edge radius based on chord length, i.e., 

PN = .0158 

for a NACA 0012 profile. 
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is found, as explained in reference 22, from the 

relation: 

Ä - .1 (c 
(u 'th 2 ^CPu + U 2 Ò t ; 

(23) 

where 

JPu -I 
r cPa “ + cPà + CPä + Cp^(a) CASE 1 

Cd« ß + cd« ß' + Cp«* ß" + C P/3 p Pj3 p P/3 H Pr 
CASE II 

(ß) 

The non-dimensional derivatives are for Case I: 

cpa-° 

cPá = “ -(1 + 2x) /^+ x+ 2 ‘ 553 J 

Cpg = (2a - x) a/1 - X2 

and for Case II: 

cpß = if [^n|N| + JT - c 
/1 - x 
/ 1 + X -1 

CPj3 = TT (î"-~cT ^°3-1 c ^ - 2 (x - c) £n|N| 

+ [cos-1 c (1 + 2x) + c VI " c2 ] ÆÜ} 
y i + xJ 

-1 
JP,3 7T ( 1 - C ) 

- (x - c)2 ¿n|N¡ } 

y {[./1 - + (x - 2c) cos”1 c] Vl “ Xs 

where 

V, (1 - cx - a/1 - c5 yl - x2 ) 
N = (x - c) 

The above derivatives are valid for attached flow and 
general motion, but with the Kutta condition satisfied. 
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(-H.) . Is found, as explained in reference 22, from the 
'u th 

00 

relation: 

) = - — (Cn + ) 
^th 2 ^Pu Uj3 Ò t ; 

(23) 

where 

'Pu 1 
cPa “ + c?& + cpg + cPT(a) CASE 1 

Cfß ß + Cp(j ß' + Cp¿-3" + Cpj,^ CASE II 

The non-dimensional derivatives are for Case I: 

cPa=° 

c0. = 
Pa 

Cpg = (2a - x) -/1 - X2 

and for Case II: 

cP/3 * V - + ' cS ]\ + * ^ 

CPj3 = IT (i"~cT ^°8-1 c ^ - 2 (x - c) £n|N| 

+ [cos-1 c (1 + 2x) + c Vl - c2 ] } 

CP3 = rr (l1-"'ëy - cé + (x - 2c) cos’1 c] VI - ^ 

- (x - c)2 ¿n|N| } 

where 

.. _ (1 - cx - Vl - c8 yl - X8 ) 
(x - c) 

The above derivatives are valid for attached flow and 

general motion, but with the Kutta condition satisfied. 
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are sensitive 

(a) 103) 
to the distribution of shed vorticity in the wake, and we have 

the approximations : 

where 

C — C (^a); the Theodorsen Function 

and Q is found from the Kutta condition to be: 

V 4- 1 00 

O 

Uœ [a + (I - a) a'] CASE I 

CASE II 

where 

T10 = vl “ c2 + cos"1 c 

Txi = cos"1 c (1 - 2c) + v'l - c2 (2 - c) 

It can be seen that dynamic effects modify the magnitude 

and phase relation of pressures due to circulation. The rela¬ 

tion: 

PT 
steady 

is plotted in Figure 11 and shows the dependence of circulation 

effects on frequency and pitch-axis location. A combination of 

high frequency and aft location of the pitch axis contributes 

to reduced circulation effects that lag airfoil or flap motion. 

At low frequencies, pitch axis location is of lesser importance. 

This "circulation lag" effect due to shed vorticity has been 

referred to by Ericsson and Reding^ as a significant factor in 

stall overshoot. Flap effects are given by the dashed curves. 

Figures 12 and 13 indicate the chordwise distribution of 

the components of pressure coefficient. Note that the "apparent 
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FIG. ii. EFFECT OF PITCH AXIS AND FREQUENCY 
ON CIRCULATION. 
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mass” terms Cp» and Cnö are small. 
HP 

Their overall contributions 

(CpS 2?' and Cp^ /3") are usually small except for high frequen¬ 

cies. The Cp» term is highly dependent upon pitch axis location. 

The damping terms Cp^ a'and Cp^ ß'are definitely significant, 

especially near the leading edge. The curves of Figures 12 

and 13 do not include the influence of the correction factor 

due to Lighthill (equation 22 ) which is significant near the 

leading edge. The correction factor, however, would not cause 

a noticeable modification to the curves due to the scale of the 

X axis. The circulation dependent components, C pr in the 

figures are based on unit values of a and ß, and are dependent 
on frequency and pitch axis location. 

The combined effect of pressure components is shown in 

Figures 14 and 15. In Figure 14 we see a comparison between 

steady flow and unsteady flow perturbations. The motion involved 

is represented by: 

ã = 5° cos (0.16 Ta) 

and the five pictures represent the instantaneous pressure 

distributions at time intervals that are equally spaced on the 

airfoil upstroke (i.e., ¿>0). This type of representation 

(again excluding Lighthill's leading-edge correction) has been 

offered by Cartaas indicative of the important role unsteady 

flow effects play in dynamic stall. This additional, unsteady 

distribution involves favorable pressure gradients along^the 

entire airfoil chord as the airfoil pitches upward past 5*0. 

This effect helps not only in a delay of bubble bursting, but 

in a "suppression” of trailing-edge stall as well. See reference 

22 for more details on this. 

Figure 15 involves motion of the form: 

ß * 5.73° cos (0.12T) 

and indicates trends, near the leading-edge especially, that 

are qualitatively similar to those for airfoil pitching. 

Let us now solve for the unsteady velocity perturbations. 

We may represent the last term in equation (23) as: 

_2_ -2_ r2Ã 4. IILi 
UsÒt~U2Í-Òt ÒtJ 

CO 00 

where : 
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FIG ia INSTANTANEOUS PRESSURE DISTRIBUTION 
DUE TO AIRFOIL MOTION. 
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V = 012 

C * 0-5 

ß > O 

* DENOTES HINGE LINE 
-STEADY FLOW 

- UNSTEADY FLOW 

FIG. 15. INSTANTANEOUS PRESSURE DISTRIBUTION 
DUE TO FLAP MOTION. 
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±lîi 
U„ Ò t 

~(l . c) [cos-1 c 7l - X2 - (x - c) ¿n|N|])3' 

and 

+ n (1 - c)5 ^/]L " c2 vl - Xs + cos-1 C. 

(x - 2c) v/l - X5 - (x - c)s ¿n| n| ] /3" CASE II 

2 0 0r 4 n-r 1 (ya*x) 
ûj "TT"= - rr ^ - [H^'O'a) + i hJ27^)] 

* Q 

where 

-i xo 

i (^a,x) = r 
dx 

1 ^xo3 ' 1 (xo " x) 

and I is evaluated numerically. 

In Figures 16 and 17 we see the difference in the unsteady 
quantities : 

'Pu 

u 

It is apparent that for either airfoil or flap motion, these 

two quantities differ in magnitude and phase by very small 

amounts near the leading edge. The largest magnitude discrepancy 

occurs near mid-chord and the largest phase difference occurs 

at the trailing-edge. In all cases, as one would expect, the 
velocity perturbations - u/U^ lag the pressure perturbations 

Cpu. These magnitude and phase relations are very much frequency 

and pitch axis location dependent, and the curves of Figures 

16 and 17 must be treated as such. 

The laminar boundary layer, separation point and shear 

layer are approximately accounted for by the quasi-steady 

assumption that they react instantaneously to changes in the 

outer flow. This assumption has been justified for example in 

references 22 and 30. Figure 18 will serve to define some 

parameters in the assumed bubble model. 

The laminar separation point is found by use of an empir¬ 

ical result found by Owen and Klanfer, Gault and Györgyfalvy,^ 

that is , 
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Figure 18 
Leading-Edge Bubble Parameters 

U 
95 — 

£» 

where UsAJœ and are velocity ratios at separation and the 
point of maximum velocity. 

If we consider the mean steady flow then from the NACÄ 
method: 

U 
o _ Ui ^ Us „ 

U ~ U + U Cltt * a° '00 CO 03 

(X) + U2- (x> CLa * ac 

and we find 
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from: 

U. 

m 

U max 
GO 

which yields the magnitude and location of 

U 

nijmax 

as a function of a0. 

From the above relations we find the predicted separation 

point. 

Velocity perturbations are accounted for by considering 

the following: 

u 

+ Axs = xso + U. 
00 

where x is the predicted steady flow value of xs, the laminar 

separation point. Although 

this perturbation quantity is found to yield a significant effect. 

The quantity ôxs/ô(U/Uœ) is evaluated for xs = xso; u/U^ = 

0, as discussed in reference 22. 

The relation which is used to determine the instantaneous 

location of the laminar separation point is then: 

a = «o 

b, 00 
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On Figure 18 the locations Xjj, and xg refer to maximum 

velocity and separation points. xr is the point of turbulent 

reattachment. Dis canee i defines the laminar shear layer length 
and m defines the turbulent mixing and reattachment region. 

Note that transition and the beginning of reattachment are 

taken to coincide at a point (x^). Also note that at separation 

and reattachment, pressures (and velocities) are assumed equal 

to their potential flow values at the same point. These assump¬ 

tions have been shown to be reasonably accurate. 

Now we are interested in finding the lengths l and m so 
that we can determine the pressure (or velocity) rise across 

the assumed bubble. 

At present no analytical solution or numerical method is 

found to be adequate in predicting the length l. Even with 

knowledge of the laminar boundary layer parameters at separa¬ 

tion, free-stream turbulence level, surface roughness and 

Reynolds No., there is no known method that allows for a deter¬ 

mination of transition point in a laminar shear layer that is 

also influenced by unsteady pressures, velocities and surface 

curvature. 

We, therefore, choose to fall back on an empirical model 

that is due to Von Doenhoff.^ The Von Doenhoff model is: 

Pus(Xb-xs)b pus¿b 

JU M 
5 X 104 

where Us is the velocity at the edge of the boundary layer at 

the separation point, xs. Therefore, we have: 

£(t) s: 
5 X IQ4 u 
Us(t) b p 

It is shown in reference 22 that an appropriate quasi-steady 

flow model for the turbulent mixing and reattachment region is: 

m(t) 
Us(t) b p 

where kj^ is a function of Reg* ¿ that is, the Reynolds number 

based on shear-layer displacement thickness at separation. 

Based on experimental results, the relations above are 

combined and a constant added so that we have approximately: 

2(t) + m(t) = + k^ 
s 
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Thus, the bubble length parameters can be found for quasi-steady 

bubble growth. Since the potential flow solution is known for 

all time, the pressures and velocities at separation and reattach¬ 

ment can also be found. 

An example of steady flow predictions for the location of 

separation, transition and reattachment points is shown in 

Figure 19 for the NACA 0012 airfoil. Parameter values are 

found in reference 22. 

The separation point results for the NACA 0012 are in good 

agreement with values that were interpolated from NACA 0010 

(mod) and NACA 66q - 018 experimental measurements for = 

2 X ICP which were taken from reference 36. Results for bubble 

length at a = 14° which are found in reference 37 are in very 

good agreement with present results; however, data from reference 

36 indicates that the laminar shear layer length of the model is 

consistently overestimated by about 0.75% of chord, and the 

turbulent region length is overestimated by about 0.5% chord. 

The rates of movement of these points as incidence is varied 

are found to be in good agreement with experiment. It must be 

noted, however, that the present model provides solutions at 

incidence above the static stall so the high incidence values 

found in Figure 19 should not be taken to imply that bubble 

bursting is not achieved. In the case of the NACA 0012 (for 

R^ = 2 X 10s ) it appears that static stall is achieved when the 

leading-edge bubble bursts at an incidence of around 13°-160. 

The pressure recovery coefficient, cr, or Crabtree's param¬ 

eter can be evaluated also. It is defined: 

It has been evaluated in steady-flow for the NACA 0012 and 

results are plotted in Figures 20 and 21. 

Figure 20 involves the NACA 0012 with various combinations 

of (Xq and S. The trends appear at least qualitatively correct 

except that most combinations of ao + a do not yield exactly the 

same result for an equivalent "non-pertur’»ed" incidence. For 

example, for a0 = 14°, a = 0° we have cr = .273 whereas for 0fo = 

10°; a = 4° we have a = .276. This discrepancy is expected, 

however, and thought to be acceptable in light of the fact that 

the pressure distribution imposed by perturbations, a, is of 

the thin airfoil form (i.e., ~ V(1 x)/(l + x)) and includes 

Lighthill's correction factor. Similarly, the results of 

Figure 21 show the same effect. The irregular curvature to 

the a = 0 curve at high incidence is related to the assumed 

polynomial representation of velocity ratios from the NACA 

method and to the limitations of the NACA method. 
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FIG. 20. CRABTREE'S PARAMETER FOR NACA OOI2 
INCIDENCE EFFECT 
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FIG. 2i. CRABTREE'S PARAMETER FOR NACA 0012 
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The present model was not derived in order to predict static 

stalling; however, it appears that the method does compare 

favorably with steady flow res ilts concerning Crabtree's param¬ 

eter. 

A possible use of these results is best illustrated by 

considering Figure 21. It is suggested that a critical value 

of Crabtree's parameter can be found from rigid airfoil tests 

and applied to the prediction of airfoil stall which is induced 

by flap deflection. If pertinent parameters are not varied for 

the flap test (e.g., Re, free-stream turbulence, M, surface 

roughness) then it is suggested that stall will occur when O = 

^CR* ^or cxamP*e> ^st ill = we ta^e ^cr “ anc* 

can find combinations of 0io and ß that will cause bubble bursting 
and consequent airfoil stall. At present this is only a sugges¬ 

tion, and one that lacks complete experimental verification. 

b. Prediction of Bubble Bursting 

In reference 22 it was argued that a critical value of 

velocity drop across the bubble exists which relates to bubble 

bursting in unsteady flow. In steady flow, Crabtree's param¬ 

eter is seen to bn an appropriate measure of velocity drop 

since, 

Pr ' CPs 

1 “ Cp 

U 

K\J ’ 
s 

Now define a parameter, Young and Horton's parameter,which 

is : 

U 
s 

Then in steady-flow: 

Ü = - 
, 2 Au 

1 U 
(Aa,.- ^ 
(vJ 

A typical variation of Young and Horton's parameter during 

a cycle of airfoil pitching is shown in Figure 22 for two 

cases. NACA 0012 pitching motion is considered with: 

« = 12° + 5° cos Ta i ^ = and ^30 

The steady-flow variation, represented by the dashed curve, 

follows from the related variation oc Crabtree s parameter in 

Figure 20. The hysteresis eff 'Ct due co unsteady motion is 

clearly evident in Figure 22. If we assume that a critical 
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value of AU/U exists and is not dependent on unsteady effects, 

then we could proceed as follows to evaluate static stall angle 

overshoot. We first find the value of 

(^1) ''U 'CR 
c 

where at present, it appears that static stall experiments must 

be relied upon to yield this value. For example, if 

a = 12.0 
static 

stall 

then the critical value of AU/Ug follows from point (1) on 

Figure 22 and we have: 

Us 'CR 
.13 for a 

static 

stall 

12.0 

Then, in the unsteady case we assume that the bubblî does 

not burst for: 

V .13 

Thus, on the upstroke, bubble bursting (and the initiation 

of dynamic stall) is assumed to occur at 

AU _ /AU. 
Us * X ;CR 

From Figure 22 we find that for 

V = 0.04 (i.e., (2)), dynamic 

stall 

or for 

= 0.30 (i.e., (3)), dynamic 

stall 

If we define a stall angle overshoot, A 0£s where 

^ “s “dynamic " “static 

stall stall 
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then we have: 

...P 6 for l/a * 0.04 

V. 1.2 for * 0.30 

Points (4) and (5) on Figure 22 can be assumed to yield 

the reattachment angles as discussed previously. 

The difference between using a velocity-based criterion 

ÛU/US , and a pressure-based criterion a, has been investigated 

over a range of pertinent parameters. It appears that the 

difference is mostly sensitive to frequency effects, and if we 

define an error parameter €(1/), where: 

eW 
**Su - Aas 

A a 
SU 

2 

and the U and p subscripts refer to unsteady overshoot predic¬ 

tions based on velocities and pressures respectively, we find 

that at l/a = 0.30 an error of 8% exists. The approximate rela¬ 

tion shown below is characteristic of the frequency effect: 

€(10 ~ .267 va 

Thus, at low frequencies, predictions based solely on 

pressures and Crabtree's criterion will yield reasonable results. 

Results based on the velocity method of determining bubble 

bursting will now be presented as parameters are varied for the 

NACA 0012 and as airfoil and flap motion is considered. Compu¬ 

tational procedures are discussed in reference 22. 

Figure 23 contains results for the NACA 0012 pitching 

case where stall angle overshoot angle (Aas) is plotted versus 

pitch rate at bubble burst (a's). The effect of frequency and 

amplitude of oscillation is clearly evident and we find that 

for a given frequency, A (v is roughly proportional to the 

amplitude of oscillation (A a) which is a more-or-less expected 
result since a linear unsteady flow model is used. Notice 

however, that for a given value of A a the effect of frequency 

is decidedly nonlinear. Vortical wake effects primarily account 

for this trend. Also, it must be mentioned that for Figure 23 

a critical value of (AU/Us)was determined from the somewhat 

arbitrary selection of steady flow stall angle where 

OL 
static 

stall 
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was assumed to be 13.1°. (This corresponds to « .26 and 

(US ^CR *14) 

The results relate to airfoil pitching about the quarter-chord 
(a * -.5) at a mean incidence of 12°. 

In Figure 24 we see a seemingly irregular result that can 

fortunately be explained. Flap motion effects on the NACA 0012 
leading-edge bubble are considered where a = 12° and 

rAH) 
' us ''cr 

which yields 

.14 

^static 

stall 

considered (i.e., Aß = 20°) the 
effect of frequency on A ßs and ß's generally follows trends 
which were seen previously; however, the lower amplitudes, 

A,3 - 10 , 15 exhibit a different effect. Consider now the 

constant amplitude curve Aß = 10°. At very high frequencies 

it appears that dynamic stall occurs at lower flap rates. This 

effect simply relates to the fact that at higher frequencies 

bubble bursting is delayed to such an extent that it occurs 

close to the maximum flap deflection angle, which for harmonic 
motion coincides with zero flap rate. 

Notice also that bubble bursting does not occur during an 

oscillation for A/3 = 5 (and for ^ £ .08). This effect relates 

to the so called "stall-free regime" mentioned by McCroskey in 
reference 30. 

Reference 22 contains further results of the application 

of the present theory to the cases of airfoil pitching and flap 

motion. Details are given of the effects of amplitude and 

frequency of oscillation, pitch axis location and mean incidence 

on the overshoot angle and interval (during a cycle) of over¬ 

shoot. Furthermore, discussion is offered concerning the effects 

o wake vortical distribution and the speed of propagation of 

vortex elements into the wake. At high frequencies it appears 

that the assumption of constancy of circulation is justified 

when one considers loading due to growth of the separated region. ^ 

Also, 

ß = 3.4C 
'static -3,4 

stall 

s dynamic 

stall 

For the largest amplitude 
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However, for low frequencies dissipation of energy in the growing 

bubble is significant as it moves across the airfoil surface, 

thus, the assumption of constancy of circulation does not appear 
justified. 

Reference 22 also contains an approximate analysis of the 

effect of unsteady pressures on turbulent trailing-edge separa¬ 
tion. Stratford's criterionis used to show that on the airfoil 

upstroke (or flap downstroke) trailing-edge separation is likely 

to be supressed so that leading-edge separation and bubble 
bursting will occur in unsteady cases. 

Finally, an additional element must be considered. The 

present analysis is expected to be useful in order to predict 

the onset of bubble instability. The term bursting, however, 

is probably misleading in the unsteady case since a finite 

amount of time is required for the bubble to grow once it does 

become unstable. Thus, the present quasi-steady model is limited 

in that it does not account for the dynamics of bubble growth 

once instability is achieved. McCroskey^® has recently recog¬ 

nized this also and has compared a simple burst prediction 

(based on the instantaneous pressure gradient at 10% chord) to 

experimental observations which involve both the initial break¬ 

down of the potential flow and data based on moment stall of an 
airfoil. 

Consider now an extension of the previous quasi-steady 
model to allow for the dynamics of bubble growth. The model 

of separation bubble dynamics of section II serves as a starting 
point. - 

Crimi in Reference 40 has concluded that growth of the 

leading-edge separation bubble is dependent primarily on mass 

flux into the bubble from near the reattachment point. An 

incremental mass flux in the unsteady case is essential so that 
the bubble may grow, and we have: 

A " P £ (Abubt-.e> 
From the analysis of section II.2.b we find “.hat the pressure 

rise near reattaclnnent is expected to alter in proportion to 

the additional mass flux. So we have a change to the pressure 
drop across the bubble: 

A C 
A p 

Prb = T 
rb 

P u - cà + 
m u 
e B 

p u0 

For quasi-steady bubble growth we have approximately: 

ubble klL (a " °stall^" 
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or 

“i - 7 P kib2 (® - “stall* “ 

and 

6r = ksb (a - otstall> 

The above relations are appropriate for thin airfoil-type stall 

which involves the growth of a long bubble type. See also 

Wood's theory of bubble growth in reference 41. 

The quasi-steady mass flux is assumed valid as for the 

bubble behind a spoiler. This appears well justified since 

the bubble is small and the shear layer is expected to have a 

small characteristic time. So we have for the pressure pertur¬ 

bation: 

a S' - n ,. . 1 . 1>, Aid V3 • 
ACPrb ^ £3 + a + a2)j ke U 2 “ 

, ,V Ôb 
3 ub (uj Uœ 

but 

b ». / 
— = - Aa sin cot = a 

00 

for 

a = 0!o + A a cos co t 

and 

IL 

õ; ‘(1 ' ^ 

“b 
Also, assume = constant so that 

A C 
Prb 

K4 (1 - Oí i /V» 

In the unsteady case then, the short leading-edge bubble 

will grow when sufficient mass is returned to the bubble. In 

effect, this means that the critical pressure recovery coeffi¬ 

cient is modified in the unsteady case, so we have: 
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CT , = cr + Act 
growth CR 

where 

A C 

and 

Computations were performed in order to find the overshoot 

angle-of-attack for a pitching airfoil. Overshoot angle in this 

case is defined to be: 

bubble " ^static 

^ _ growth stall 

Act Act 

A single case was chosen in order to compare with experimental 

data. Motion is of the form: 

a = 12° + 5° cos cot 

= 12°. In this case, a pressure CT__ was chosen so that ct, 
CR static 

stall 

criterion was used in o.rder predict overshoot angle, thus a 

small discrepancy is expected with overshoot angle being slightly 

underestimated. 

Results are plotted in Figure 25, as curves for bubble 

growth. Two values of the shear layer parameter, 1¾. were used 

(i.e., ki = .25 and 1¾ = .15) and results show that overshoot 

is not strongly dependent on this parameter. Experimental data 

is taken from reference 30. Also shown in Figure 25 are 

results from the unmodified quasi-steady theory. The curve 

labeled "bubble burst based on pressures" is nearly coincident 

with results if either the pressure gradient at 1.25% chord or 

CTcr is evaluated with bubble length fixed. The curve labeled 

"bubble burst based on velocities" follows directly from the 

original theory, which is based on Young and Horton s parameter, 

and is found to be nearly coincident with a prediction of 
McCroskeySO based on his pressure gradient at 10% chord. 

The onset of bubble growth, as predicted from the present 

theory, is seen to correspond well to observations of airfoil 

moment stall. Thus, it appears that the instant of dynamic 

stall initiation is associated not with bubble instability but 
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with actual growth of the separation bubble. McCroskey's data 

for the initial breakdown of potential flow lies, as expected, 

between the instant for bubble bursting (or instability) and 
bubble growth. 

In conclusion regarding dynamic stall, it is seen that the 

unsteady inviscid flowfield dominates bubble behavior and that 

a critical pressure or velocity drop across the bubble may be 

determined by considering that the small bubble reacts in a 

quasi-steady manner to changes in the external flowfield. 

Growth of the bubble, however, apparently depends on dynamic 

effects in that it does not begin until mass is forced into 

the bubble at a sufficient rate to cause growth. 

2. A Type of Control-Surface-Buzz 

The dynamics of a separating region are known to be an 

element in the problem of control-surface buzz. Lamhourne in 

references 1,34 & 42 discusses this example of flutter in one 

degree-of-freedom which involves the interaction of a moving 

flap, shock wave(s) and a separating flow. A type of control- 

surface buzz (CSB), which is termed type A, involves shock 

wave(s) which lie on the airfoil surface ahead of the flap 

hinge-line. The flap is in subsonic flow and boundary-layer 
separation is induced by the shock wave(s). 

Some conclusions concerning type A buzz are 

1. The critical Mach number for buzz correlates with a 

criterion for the onset of shock-induced separation, 

e.g., trailing-edge pressure divergence. 

2. The critical Mach number falls with increasing airfoil 
incidence. 

3. The critical Mach number is not greatly altered by a 

change in the elastic hinge stiffness. 

4. At constant Mach number, the buzz frequency is given 
approximately by: 

td 

The theoretical work of Eckhaus^’^included shock waves 

at the wing surface in an inviscid flow theory and has predicted 

the existence of a Mach number and frequency range in which the 

flap is negatively damped. Other analyses which included a 

time lag in the motion of the shock and subsequent lag in the 

aerodynamic hinge moment were offered.46 present, however, 

the exact mechanisms and interactions remain unknown. 
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Based on the results and theory for the oscillating spoiler 

case and some recent information concerning viscous-inviscid 

interactions at transonic speeds one can further speculate as 

to the mechanisms and interactions in type A control-surface 

buzz. 

Consider now a typical type A flow which involves an air¬ 

foil at incidence, Mach number near critical, and a single 

shock-wave ahead of the flap on the upper surface. A separated 

region exists aft of the shock wave with reattachment occurring 

on the flap surface and no divergence in trailing edge pressure. 

The flap is fixed at a "steady flow equilibrium" angle with 

Gh = °. 

In this case, which borders between the so-called "weak" 

and "strong" interactions of the shock/shear-layer system and 

the overall flow^' we expect that coupling (via shear layer 

displacement thickness effects) between the shear layer and 

pressure field is strong locally (in the region of the separa¬ 

tion bubble) but relatively weak in the overall sense, since 

trailing-edge pressure has not diverged. 

Now if the flap were to be oscillated harmonically with 

very small amplitude, as an assumption, we neglect a direct 

effect on the separation bubble and shear layer and instead 

consider that the outer inviscid flow responds as in the weak 

interaction, or attached flow, case. This assumption follows 

from results of the spoiler experiment where, for moderate 

spoiler heights, it was found that aerodynamic hinge-moment 

was approximately independent of spoiler height and bubble 

length. 

As a result of flap motion, pressure perturbations are 

realized at the shock. If the region of supersonic flow ahead 

of the shock is sufficiently large, then propagation of pressure 

perturbations to the shock from upstream may be neglected. The 

flow may be considered "frozen" ahead of the shock. Tijdeman 

and Zwaan in reference 48 show that this type of pressure 

disturbance travels upstream as a receding wave and that the 

time taken to reach the aft face of the shock is as discussed 

in reference 46 and is approximately: 

At = ãa (ld- 1¾) 

where d is the distance between T.E. and shock location, ag and 

1¾ are the mean speed of sound and local Mach number along d. 

We can also write : 

AT 2 
At Um 

cf 

,¾ M«,— 

(1 - 
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A phase shift may be found: 

0 = 2 TT f At * 1/ A T 

Thus, the pressure perturbations at the aft face of the shock, 

ôpa , result from flap motion and a time lag. Lambourne in 

reference 34 shows that this change in shock strength can be 

related to shock motion by means of the 1-D flow jump relations 
for a normal shock. 

.AY. 
y + l 

U 

^ <ïf> for « Mi 

where Us is shock velocity upstream relative to the airfoil 

surface and subscript 1 denotes conditions immediately upstream 

of the shock. Also, we have the pressure jump across the shock: 

2z - Pi = * 
; y Pi Mjl3 y + 1 

1 8 Us 

(1 - + rri (sf> 
For a normal shock, then, we find that the flap can "drive" the 

shock across the surface of the airfoil via unsteady pressure 

perturbations. This result is also found in Eckhaus' work^»44 

along with an equation that may be solved for the pressure 

perturbations due to flap motion. 

Forced oscillation tests confirm that the flap/shock 

interaction as described above is qualitatively correct in the 

absence of significant separation. In reference 48 it is shown 

that for sufficiently large perturbations the shock does not 

exist during part of its downstream motion. We find in that 

case that 1½ æ Pi. This is very strong evidence to support the 

hypothesis that prior to T.E. pressure divergence, flap motion 

serves to force the shock along the airfoil surface as described 

above, thus we expect that at the onset of buzz, coupling 

between the flap and shock motion may be represented by a 

parameter which is primarily a function of freestream Mach 

number, frequency and airfoil geometry. It is further probable, 

but remains to be verified, that for larger degrees of initial 

separation (for example those which involve recompression on 

the flap upper surface) the flap may also control the outer 

flow to a significant degree or may be able to force the shock 

by affecting mass flow in the separated region. It is expected, 

therefore, that the coupling relation between flap and shock 

depends on the amplitude of flap motion as well as on the initial 

degree of shock-induced separation. This non-linear effect is 

not simulated in the coupled spoiler/flap experiment of reference 
22 where coupling parameters were held constant. 
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As the shock wave moves across the airfoil surface it 

affects the boundary layer. A forward moving shock causes 

severe separation; a rearward moving shock is weaker and leads 

to reduced separation. Measurements by Nakamura** and Lam- 

bourne, at both fixed chordwise positions and fixed distances 

ií rVi?8 ,Sh0Ck’ have ShoWn that shear lflyer thickness 
is related to shock strength. In references 18 and 50 it is 

shown that the angle at which the boundary-layer is forced to 

TnPí£fte,-fr!r airfoil 8urface is a function of shock strength. 

shock J! dy fl;?,CaSe ÍOT the reglon near the £o°t of a normal 
shock where an oblique shock emanates from the edge of the sh’ar 
layer, we have an approximation from reference 51. 

£a. - Pi a. - yMia 
91 

where 0 is the deflection angle of the outer flow and can be 

surface? an8U ^ ^ the Shear UyCr aeparates 

The above results show that shock strength corresponds to 
shear layer deflection anale at the foot of the shock. ïrUUng 

also shows this to be the case in unsteady flow, where the 
preceding equation yields approximately: 

Ù£a. - _ yM!a 

vV - 1 
6 0 (for « Mx) 

ai 

laver^intotchf ^ aÍr" regÍOn Under the she«- 
layer into the shear-layer (see reference 22 and section II) 

ill result in a transverse pressure gradient and can cause 
shear layer curvature and reattachment. 

oarni!?? "d? he ear layer’ as in the case of the 
oscillating spoiler, involves vorticity being convected into 

or past the separation "bubble." As the shock moves forward 

vorticity is figuratively "peeled away" from the airfoil surface 

and may be convected downstream so that bubble circulation and 

size increase. Pressure in the region of the bubble is sîgnî- 

ficantly reduced. Thus, in a manner analogous to spoiler 

induced effects, one would expect that shock motion induces 

alterations to separation bubble size and pressures. 

cmallAVhe sho^k forward, the shear layer (which has a 

Till* îraTriStiC tine) WiU seParate « «n angle which 
arowíh h° Sh0Ck atreagt:h (i*e*» rate>- The mechanism of bubble 
growth, however, involves mass flux and a time lag. In this 

case also, movement of the separation point and bubble is a 

factor. Bubble growth is expected to lag shock rate whereas 

pressure perturbations are assumed to depend on shock rate. 

(See section n for a iscussion of possible integral effects.) 
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The net result is In a first harmonic component of incremental 

hinge-moment which depends on shock rate. For small perturba¬ 

tions the effect of shock and separation point location may be 

neglected as an approximation. The effect of shock position 

may also cancel the effect of lag in bubble growth. An incre¬ 

mental hinge-moment is nevertheless produced by shock motion. 

If the flap is free to respond, then we have the possibility 

of self-excited oscillations; that is, control-surface-buzz. 

The preceding discussion involves a considerable amount of 

speculation concerning the exact interactions between flap 

motion, shock movement and incremental hinge-moment. For 

example, the displacement thickness effect of the shear-layer on 

the outer flow is neglected for small perturbations. The 

important assumptions, which are only appropriate at the onset 

of instability, are that the shock is primarily driven by flap 

motion through the outer flow and that shock strength, hence 

incremental hinge-moment,is altered due to shock motion. This 

scheme of interactions can be approximately modeled in order to 

study the onset of buzz. 

As in the coupled spoiler/flap experiment, we take as the 

equation of motion: 

ß + 
(B 

ß + 
(C - Hg) 

ß 
Ah 

a 
(24) 

where Hß and Rß are aerodynamic terms which may be found from 
tests at moderate values of freestream Mach no. in the absence 

of significant shock-induced separation. 

The incremental hinge-moment is related to the coefficient, 

ACh » which can be determined in steady flow with the flap fixed 

by varying freestream Mach number, Mœ , over a range from that 

which involves the onset of shock-induced separation effects to 

that which corresponds to large-scale separation (e.g., when 

the shock wave(s) move onto the flap surface). Ideally ACjj 

should be evaluated by extrapolation with total hinge-moment 

on the flap equal to zero at a fixed Mach number. This will 

insure that AC^ is known near the steady-flow "equilibrium" 

flap position. The incremental hinge-moment coefficient as a 

function of Mœ is expected to qualitatively resemble the 

corresponding terra in the spoiler experiment as a function of 

spoiler height. 

A solution for the coupling relation between flap and shock 

motion can possibly be found by extending Eckhaus' work. For 

flap motion of the form: 

ß s ß0 + ß\ cos Wt 
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shock poslnion can bt; represented from the linear theory of 
Eckhaus as: 

x u - sh 
xsh = “T “ xsh0 4 xi cos (wt - y) 

where Xi * and y (the lag angle) are functions 

£ « ^ I 
xsh0» Mi > v an^ ~ • xsh0 can 1,6 found as a function of 

from flap fixed experiments with ß = ßQ. ßQ should be the 
steady flow equilibrium value for a given It will be 

expected in the present asymmetric flow example (i.e., a single 

shock exists at the onset) that a "rectification effect" will 

exist so that ß0 * ßQ(t) as in the spoiler/flap experiment; 
therefore, xsho will vary during the transient growth of oscilla¬ 

tions in a buzz situation. We may take: 

is f°und from experiment or theory, or as an approxi¬ 
mation:^* 

xsh() - (xsho)^=0 + 

mental results found by Nakamura (Ref 49 ) indicate that y * 0 

for V — .09, however, other tests and the time lag theory 
previously discussed indicate that y may be nearer 80° or so.^8 

y is found to be primarily a function of frequency, V. 

The effect of shock motion on is complex« An equiva¬ 

lent change to the freestream Mach number is approximately: 

dX 
sh 

where U 
s dt 

c xg^ and for transient motion: 

sin (cot - y)] 
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where Eckhaus1 theory could be used to find values of v a1 and 
0 pi 

y which are based on average values of v and xs^ over a cycle 

of motion. ° 

We then have : 

M 00 
He c 

M, ax ^isho + T]fc cos ^11 - y) 

sin (tot - y)] 

or with the approximation 

n® ■ Mj, bßi LPo 

sin (tot - y)] 

— ^ j30 we have : 

0 

+ ßi cos (tot - y) - to 0! 

In an actual buzz case the coupling terms -r- and y are 
0 Pi 

expected to be functions of flap amplitude as well as shear- 

layer displacement thickness. The present relation can be 

written for the limit-cycle case as: 

~ sin <wt“ y>] 

or as : 

Mœ - ki 01 cos (tot - I - y) 

which shows that the equivalent Mach number perturbation lags 

flap motion by 90 + y, where kx and y depend on frequency and 

Mx. This relation may be compared to the spoiler height 

perturbation in the coupled spoiler/flap experiment. 

h = k 0i cos tot 

where 

h = h0 + h 

The Mach number perturbation may be modified, as in the spoiler 

case, to account for a lag in bubble growth which is also 

expected in the compressible flow behind a moving shock. A 

modified theory would yield an "effective" Mach number pertur¬ 

bation: 
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For a critical range of y it is probable that effects due to 
lag in bubble growth are countered by the effect of instantan¬ 

eous shock location; that is, the shear-layer reattachment point 

may not move significantly across the flap surface. Also, a 

correction to bubble dead air pressure is required due to 

unsteady momentum flux to the bubble and alterations to bubble 

circulation. These corrections would involve evaluation of 

shear layer parameters and a steady-flow bubble growth law. 

The correction would be applied to steady-flow AC^ results as 

in the spoiler case. 

The net result is that unsteady incremental hinee moment 

may be approximately found as a function of j30, /3i, pi» V and 
Mœ. Under the apparently reasonable assumption that flap motion 

is approximately of the form: 

ß = ßQ + ßi cos cot 

We can proceed to find ACji in describing function form: 

ACjj - ACHo+ Nxkift cos cot+ (- cojSi sin cot) 

and for transient motion we have: 

Afy ^ ACho+ [Nx + ^ X] kxjSj, cos cot 

A 

+ (- co ß\ sin cot) 

where X = f1- and terms in the series are found in the obvious 
Pi A A 

ÀcHi ^CHX A A 
way, with = Nx + i Ng and = Nx +11½. 

Consider now a qualitative discussion of transient and limit 

cycle behavior for the buzz problem based on results for the 

coupled spoiler/flap problem and other experimental data. 

In the experiment with spoiler and flap coupled we have the 

coupling relation: 

h = h0i + k jS = (h0i + k 0O) + k 0X cos cot 

= h + Ah cos cot 
o 
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for flap motion of the form: 

0 = 00 + 01 cos wt 

Thus, the mean spoiler height is h0 * hQi + k 0O and spoiler 

amplitude is Ah * k 0!. The spoiler oscillates in phase with 

the flap. 

In the buzz problem for flap motion of the form 0 * 0O + 
ßx cos tot we have an approximate mean effective freestream 

Mach number. 

(Veff + CO *Jo 
d M 00 

d 0 
_—2 may be found from experiment or we may use as an 
d 

CO 

approximation : 

d 0 

d M 
CO 

Moo 

dx . _sh 
dMi 
dx . 

sh 
d0 i 

with the derivatives on the RHS found by a suitable transonic 
flow theory. The mean effective freestream Mach number is 
analogous to mean spoiler height. 

We also have a shock relation: 

xsh * xsh0 + xi cos (t0t“ 

= xs^o + C0S (Wt " r) 

and an effective freestream Mach number perturbation that is 

approximately: 

(MJeff - A ki^i cos ^c0t ' (f + ? + a)J 

= (AMao)eff cos [tot- + y + a)] 
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with 

A » 1.0; kj, 

This relation is valid for |j30| « |/3x| and |\| « 1. 

We may tentatively assume that the lag in bubble growth is 

negligible and we have: 

ttUeff - cos (| + y)^ 

The above result is essentially a quasi-steady model of shock 

effects. 

At the onset of instability we find from Nakamura's 

results49 that the perturbations act nearly in quadrature with 

flap motion for V 2: .09. Results based on the time lag theory 

and flap forced testing indicate that the perturbations would 

lag flap motion by a greater amount. Perhaps this anomaly 

relates to the increasing shear layer displacement thickness 

effect as oscillations build in amplitude.. In order to quali¬ 

tatively study the stability of a coupled system, therefore, 

it appears appropriate to tentatively take y — 0. In this case, 

perturbations are in-quadrature with flap deflection and we 

have a result which also includes the pressure perturbations to 

the separated region, which are assumed to act in phase with 

A 

ACjj - A^lo+ X kißi cos C0t+ (- coiSi sin u)t) 

When the above expression is substituted into the equation of 

motion (24) we find as in section II: 
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Since the effect of freestream Mach number on ACu In steady 

flow is expected to be qualitatively similar to tne spoiler 

height effect, it follows that the describing function 

will be of similar form. Refer to Figure 4 and note that a 

maximum value of | | occurs at about h * .065. In the buzz 

case we expect a similar dependence on Moa. The effect of Ah 

AcHi 
on is expected to reflect the dependence of 011 

(Atk ^ff (AM® Kff ~ A kl^ ~ irsf Tfa w h * Thus’ we 

can study system stability with the notion that Moo relates to 

h0l and kx relates to k for the spoiler and flap system. 

Unlike the spoiler and flap system, however, ki is a 

function of M^, ßQ, ßi, — and V, As Mœ and V increase we 

Ò X, 
expect g ß* to decrease. This follows because in transonic flow 

as 

£b 
Uco 

1 - rç» 
increases, receding waves which are propagated 

COb 

Uoo 
upstream tend to cancel and for | ^ | >:> ^ upstream effects 

ki 
can be neglected. The parameter then will decrease as V or 

A w 

M increase, and will decrease as V increases. 
CO CO 

The solution for stability parameters in the buzz case may 

be represented as in the sketch below: 

SYSTEM STABILITY PARAMETERS 
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EHExEr?!!:.... 

The X - O curve is a closed curve due to the effect of y at low 

and high frequencies and because -♦ 0 at high frequencies. 

The .horizontal line labeled M* relates to the M„ value for 

ÄCHi I 
M— Lx* ^or^zontal lines labeled ßQ * const represent 

"steady flow equilibrium" flap angles. The coupling parameter 

being a function of Mœ and V, acts to distort the curves of 

constant X. A point within the X * 0 contour would relate to a 
self-excited oscillation. 

Limit-cycle behavior may also be predicted even in the 
Ö xi ACu, 

absence of amplitude effects on ~%ß and y since -* 0 as 

(AMg, )eff increases as in the spoiler/flap case. 

A sketch of limit cycle parameters, as in Figure 7, would 
likely appear as follows: 

INCR ß0 

Í 

.X 4-(3,, = CONST 

LIMIT-CYCLE PARAMETERS 

Maximum amplitude limit-cycle oscillations relate to M * 
and a critical value of V (somewhere around V « .10). For lower 

frequencies the coupling parameter is increased and in the 

actual case y, the shock lag angle, would increase as ßi 
increases, thus allowing for large amplitude limit cycles at 
low frequencies. Curves of constant amplitude, ßi, are there¬ 
fore skewed to the left. At high frequencies the coupling 
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parameter decreases. At Mœ ** Mœ* the ßl = 0 locations will 
likely correspond to the X * 0 points in the preceding sketch. 

For values of Mœ above or below Mœ* we expect that a "rectifi¬ 

cation effect" (as in Lhe spoiler experiment) would serve to 

modify ßQ, with the degree of rectification depending on 
amplitude, /3x . 

The shaded regions in the sketch lie outside the previous 

X = 0 curve, and result primarily from the rectification effect. 

These regions would relate to "hard oscillator" behavior. 

In conclusion, it can be stated that some similarities 

appear to exist between the coupled spoiler/flap problem and 

control-surface-buzz. Significant additional effects, such as 

the lag in shock motion, exist and of course mechanisms of the 

shock/shear layer interaction are not well understood. It 

appears, however, that the clue to Mach number effect on 

stability can be found by study of the steady flow hinge-moment 

dependence on Mach number. Frequency effect relates primarily 

to coupling strength and a phase relation that is associated 

with shock motion. It is obvious that further tests are neces¬ 

sary in order to gain insight into the many unknown aspects of 

this problem. Also, the effect of three-dimensional flow needs 

to be studied since it is likely that it is significant. It is 

probably very important in other related cases of shock/shear- 

layer/body interactions such as the problem of wing rock , for 
example. 
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IV. CONCLUSIONS 

It has been shown In the experiments with an oscillating 

spoiler that significant dynamic effects modify the behavior of 

an unsteady separating flow. Quasi-steady models are not 

appropriate even at low frequencies of oscillation. It appears, 

however, that a useful analytical model can be derived if mass 

flow in a separated region is considered. A quasi-steady model 

for mass flux in the reattachment region of a separated bubble 

and the assumption of propagation of mass upstream at a mean 

backflow velocity is used in order to predict the experimentally 

observed lag in bubble growth. The quasi-steady assumption can 

be used in conjunction with the momentum equation in order to 

find the perturbation to "dead air" pressure that accompanies 

unsteady mass flux. The resultant analytical model of bubble 

behavior is then used to predict experimental results with good 

qualitative and fair quantitative agreement. 

In the study of a laminar leading-edge separation bubble 

on an airfoil, it is shown that a model based on an unsteady 

inviscid flowfield acting on a small quasi-steady bubble is 

useful in order to predict bubble instability. Instability is 

taken to occur when the turbulent mixing and reattachment 

process can not take place due to an extreme pressure rise or 

velocity drop across the bubble. In order for the bubble to 

grow, mass must be forced into the bubble at a sufficient rate 

to cause growth. In unsteady flow then we find that an over¬ 

shoot of static stall angle may occur. This may be due to 

airfoil or flap motion. As the static stall angle is overshot, 

bubble instability first occurs and is followed by a larger 

rate dependent overshoot which is necessary in order for the 

bubble to grow. As the bubble continues to grow, consideration 

must be given to the effect of viscosity on energy dissipation 

within the bubble. At very high frequencies it may be reasonable 

to assume (as Ham did in Ref 38) constancy of circulation over 

the flowfield. 

In the case of control-surface-buzz (or other cases which 

involve shock-induced separation), it is argute! that prior to 

trailing-edge pressure divergence the motion of an airfoil or 

flap will control the inviscid flowfield (as in attached flow) 

so that unsteady pressure perturbations are realized at the 

shock. These perturbations can be related to shock motion 

across the airfoil surface and subsequent unsteady boundary- 

layer separation. Dynamics of the separated regipn are expected 

to follow the predictions of the separation bubble model when 

compressibility corrections are made. The assumption of quasi¬ 

steady shear layer behavior also appears justified (where, the 

shear-layer above is taken to be external to a separation bubble) 
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The phenomenon of self-excited oscillations and subsequent 

limit-cycle motion was investigated for the coupled spoiler/ 

flap configuration and discussed in the case of control- 

surface-buzz. It appears that the nonlinear nature of these 

problems is strongly related to the steady-flow functional 

dependence of incremental hinge-moment coefficient on either 

spoiler height or freestream Mach number. Additional nonlinear 

effects in unsteady flow, such as amplitude dependent phase 

lags and coupling, may not be necessary additions to an analyti¬ 

cal model which is used to describe the coupled system motion. 

More information is needed in order to better model the 

fluid dynamics of unsteady separating flows. In particular, 

it is desirable to study dissipation of energy in separation 

bubbles in the unsteady case, also the character and role of 

convection, diffusion and creation of vorticity needs to be 

studied, and perhaps most important are the effects of spanwise 

flow in the bubble interior, end plates, and other three- 

dimensional flow considerations. 

The most significant results of the present study relate 

to better understanding of and a useful analytical model for 

the dynamics of an unsteady separation bubble. It is expected 

that these results are appropriate when considering most, if 

not all, of the aerodynamic problem areas mentioned in the 

introduction. 
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