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INTRODUCTION 

Foreign object damage (FOD) has been recognized as the number one 

barrier against the use of advanced composites in fan blades. While 

numerous development programs in the past decade have demonstrated the 

advantages of composites, the following examples are deemed worthwhile 

repeating: 

1. Weight of fan blades is a major controlling factor which 

determines size or weight of remaining structures such as wheels, shafts, 

bearings, and containment support structures. One pound savings in 

blades may multiply to six pounds in total system. Weight savings has 

direct Impact on payload, range and cost. 

2. Higher specific modulus and higher specific strength of com¬ 

posites will Increase fan efficiency through the use of higher tip 

speed, wider chord (lower aspect ratio), elimination of mid-span shrouds, 

and wider range of flutter-free design. All the features of composite 

blades are essentially additive, resulting in significant improvement in 

the overall fan operation. 

In experimental engines, Pratt & Whitney Aircraft has produced first- 

stage blades with up to 63 percent savings in weight by using graphite- 

polyimide over titanium blades. General Electric also demonstrated over 

30 percent weight savings in their TF 39 fan rotor using graphite-epoxy 

composites (Reference 1). The Rolls-Royce RB 211 engine would have 25 

Hyfil blades weighting 9.2 pounds each as compared with 33 titanium blades 

at 16.5 pounds each (Reference 2). The wider chord of Hyfil blades 

permits the use of fewer blades. The total difference in weight of 

blades is 230 pounds for Hyfil over 545 pounds for titanium or a 58% 

savings. 

It is the purpose of this investigation to develop an effective 

laboratory technique to determine the structural behavior and strength of 

blades during Impact by a soft object. Cantilever beams made of 

1 
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representative composites were Impacted by soft rubber projectiles. The 

experimental observations were checked against an analytical model 

based on an equivalent mass-spring system. It can be concluded that the 

structural behavior and strength of blades, stationary or rotating, can 

be predicted when impacted by small soft objects such as birds. 

In Section II, an analyticul model of a mass-spring system will be 

developed in detail. In Section III, the experimental facility, in¬ 

strumentation, and resulting data will be reported. Discussion based on 

the comparision between data and theory will be covered in Section IV. 

Conclusions and recommendations for future work will be cited in Section 

V. Several appendices are included to show detailed description of the 

coefficient of restitution, the case of torsional deflection and 

frequency, and sample calculations. 

2 
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SECTION II 

ANALYTICAL MODEL 

For analysis purposes the blade is frequently considered to be a 

cantilever beam with lumped masses placed at selected locations (Figure 

1). The number of degrees of freedom of the lumped mass-spring system 

depends on the geometrical properties of the blade as well as the 

accuracy of analysis required. As a preliminary step, however, we here 

replace the blade by only one lumped mass M, with the polar mass moment 

of inertia, J, located at the point of impact (Figure 2). The stiffness 

of the blade is represented by a linear spring k and a torsional spring 

kj. In Figure 2, m, v and x represent, respectively, the mass, impact 

velocity of the foreign object, and the location of impact. The 

quantities M, J, k, k^ are in general functions of the following 

variables: the location of impact, the distribution of area and polar 

moments of inertia, the density per unit length p(X), the Young's modulus 

E(X) and shear modulus b(X), and the deflections assumed. 

In Figure 2, C and Cq respectively denote the centroid and center of 

mass, while y and $ represent the linear displacement and the angular 

rotation, respectively. The kinetic and the potential energies of the 

system are given by 

T = •£■ M ( ÿ -c<¿)8 + y j<¿2 

V = ky2 ♦ -jr 

(1) 

Using Lagrange's method, we obtain the equations of motion of the system 

(2) 

3 
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Figure 1. Simulation of Actual Blade by Lump Parameter Model 
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It Is evident from Equation 2 that the motion of the system is coupled 

through c. The terms with c appear only in the off-diagonal terms of the 

mass matrix: physically this implies that the coupling is dynamic, i.e., 

if the system is displaced by a force at C and released, the inertia 

force which acts at Cq will result in a moment about C acd produce a 

rotation superimposed on the translation. Thus, if the ;enter of mass 

coincides with the centroid, then the modes of flexural and torsional 

vibration are uncoupled, and each mode will behave independently. Other¬ 

wise, dynamic coupling will result. 

Fu. most blade geometries considered, the distance between the 

centroid and the center of mass is very small, rendering possible 

independent consideration of each mode of vibration. Therefore, in this 

report, coupling is neglected, leading to the mass-spring model shown in 

Figure 3. Moreover, only the flexural vibration will be discussed in 

detail. The uncoupled torsional vibration is briefly described in 

Appendix II. 

1. EFFECTIVE FLEXURAL STIFFNESS k 

In this section we derive the effective stiffness k as a function of 

the minimum area moment of inertial I0> the Young's modulus E of the 

blade, and the location of impact p In general, there are two methods 

available. 

One method is to equate the maximum potential energy of the blade 

system with the maximum potential energy of the mass-spring system, i.e., 

L 

(3) 

6 
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where Y = Y (X) is assumed to be the static deflection curve under a 

concentrated load at the point of impact. Another method is to use the 

definition of k., 1.e., 

k * [ V(X) lx«« 

where P is the applied concentrated force at x. 

(4) 

The static deflection curve can be determined from the well known 

formula 

PU-X) 
E(X) I(X) 

0 < X < * 

s O x < X < L 
dX2 

(5) 

Two different cases which appear to represent the actual blades are 

considered: 

(1) E = Constant, 1 * ^ = Constant 

(2) E = Constant, I = I0 (1 - £)2 

The first case corresponds to a homogeneous beam with uniform cross 

section and the second case to an idealized distribution of I(X) for 

stainless steel, boron-aluminum, graphite-epoxy, and titanium blades. 

The distribution I(X) are shown for these blades in Figure 4-a. 

We now derive Y as a function of X for each case separately. 

Case (1) E = Constant 1 = ^ = Constant 

For this case, Y can be determined in a straightforward manner by 

double integration with respect to X and by using the boundary conditions 

at X = 0, and the continuity at X = x., i.e., 

8 
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Y » O ot X = O 

= O at X = O 
dX 

Y i« continuous at X s x 

^ is continuous at X = x 
dX 

(6) 

The final expression for Y is given by 

* = - (4-)5] oí «i 

T ' > [' + 4 ( 4- - ')] x < X < L 

(7) 

where y is the deflection at X = x: 

- s pia (sS 
y 3 EI0 \ L / 

From Equations 4 and 8 follows 

(8) 

k = 
3EI0 . 3EI 

M4) 

The stiffness k is plotted as a function of in Figure 5. 

(9) 

Case (2) E = Constant, I = I0 (1 - ^-)2 

Substituting the expression for I(X) into Equation 5 and solving the 

resulting differential equation, we obtain 

10 
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JL 
L 

Figure 5. Effective Flexural Stiffness versus Location of Impact 
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Y * «» (-r) [J 4 - -í- ♦ ( 
0 < X < X 

)4-(.-4)] 
(10) 

where 

, = _a2_ (jl)* oi) 
' 0EI0 V >■) 

'■{±Î[*--t + 2(^--.)4- (,-t)]" 02) 

The stiffness k can then be evaluated from Equations 4 and 11 as 

‘ " T * (V)’ (,3) 

Comparison of Equation 13 with Equation 9 reveals that a is a 

"shape factor" showing the effect of the distribution of moment of 

inertia. Figure 5 shows k as a function of x/L. In both cases k is 

seen to Increase with L/x. This implies that as the location of impact 

is closer to the root of the blade, the effective stiffness Increases. 

The equation for Y in the interval x<X<L can be obtained from 

Equations 5, 10, and the conditions of continuity as given by Equation 6: 

Y = »{l-Ci(4) [' + -Vin('- t)](-L--L)} (14) 

X £ X < L 

2. EFFECTIVE FLEXURAL MASS M 

To determine the effective mass M as a function of the location of 

impact, we equate the maximum kinetic energy of the actual blade to the 

maximum kinetic energy of the mass-spring system. The maximum kinetic 

12 
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energy of the blade Is given by 

L 

Ti s i J Y(X)2/,(X) dX 
0 

(15) 

and the maximum kinetic energy of the mass-spring system is given by 

(16) T2 = -½ M 'y2 

Since we a sume that the motion of the blade is sinusodial with respect 

to time we have the following relations 

(17) Y(X) = w Y(X) 

and 

(18) 

where to is the fundamental natural frequency of flexural 

vibration. 

Substituting Equations 17 and 18 into Equations 15 and 16, 

respectively, and then equating and Tg, we have 

L 

(19) 

0 

where 

ŸIX. . 3U1 (20) 

and Y(X) is the static deflection curve. The use of the static 

deflection as the mode shape in the dynamic case is recognized only 

as an approximation. Regarding the density distribution p(X), we 

again consider two cases here. 

13 
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Cos« (1) 

P - P0 - Constant, £ = M^L 

Cos« (2) 

/.«j (. 

The first case closely describes an idealized density distribution of 

graphite-epoxy and titanium blades while the second case is an approxi¬ 

mation for stainless steel and boron-aluminum blades. In making the 

idealizations for each case, we should make sure that the integration 

/q p (X) dX is close to the total mass of the blade. Figure 4(b) 

shows p as a function of x for both cases. We now evaluate the 

effective mass M as a function of x for each case separately. 

In the first case we use the static deflection curve Y(X) as given in 

Equation 7 which corresponds to the deflection curve of a uniform 

cantilever beam under a concentrated load at x. Substituting Equation 7 

into Equation 19 and carrying out the integration, we obtain 

M = [ “rar ♦ ^ (t - •)(' ♦ 3 )]Ml (21) 

where represents the total mass of the blade. Equation 21 is plotted 

as a function of in Figure 6. 

In the case where p = pQ (1 -£)1/^ we may use the deflection curve 

given in Equations 10 and 14. Since integration of Equation 19 is 

extremely tedious when Equations 10 and 14 are substituted, we instead 

use Equation 10 over the entire interval from 0 to L. The expression 

for the effective mass is then given by 

M'S (4-r i (• [*£--') * (*-*"-£-') M'Hr)] V 

14 
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JÇ_ 

L 

Figure 6. Effective Flexural Mass versus Location of Impact 
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or 

M’ ^ oÎ(-î-)*L «''‘[('-x)2 {^r 
(22) 

2 2 

-i)(V (i+s) -I )i»* + -') («»*) ]<« 
V 

where the substitution X = 1 has been made for convenience. The 

Integration 1n Equation 22 can be carried out with the help of the 

following formula 

fi"1 (in l)"di 
m + I 

(m, n # - l) 

(23) 

Using Equation 23 In conjunction with Equation 22 we obtain 

M = a' 256 
729 

2197 

(24) 

Equation 24 is plotted in Figure 6. This figure shows that the 

effective mass of the mass-spring system increases as the location of 

impact is closer to the root of the blade as previously shown in Figure 

5 for the stiffness k. 

3. NATURAL FREQUENCIES AND INITIAL CONDITIONS OF THE MASS-SPRING SYSTEM 

a. Initial Velocity Only 

When the mass-spring system is given an initial velocity alone by 

the impact of the foreign object, the sinusoidal motion can be described 

as shown in Figure 7(a). 

16 
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Figure 7. Resulting Vibration: (a) Without Initial Displacement; 
(b) With Initial Displacement 
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The maximum velocity, V, occurs at t = 0 and the maximum displace¬ 

ment, A, occurs at t = 7^ where w is the natural frequency of the mass¬ 

spring system. For sinusoidal motion we have the following relations 

y = A sin wt 

ÿ s y cos o»t (25) 

From Equation 25 we recognize that 

A (2G) 

For a conservative system, the maximum potential energy must be equal 

to the maximum kinetic energy, i.e.. 

■¿■kA2 = M V2 (27) 

Substituting Equation 26 into Equation 27 we obtain the well-known 

relation 

(28) 

From Equations 9, 13, 21 and 24 it appears that to also depends upon 

the location of impact. The natural frequency to is plotted as a 

function in Figure 8 for the two cases considered before: 

(1) I = Constant, p = Constant; 

(2) I = I0 (1 - £)2, p = p0 (1 - £)1/4 

Figure 8 shows that to is practically independent of p Since, physically, 

the natural frequency depends upon the material and geometry of the 

blade, it should be independent of the location of impact. For a 

continuous beam, impact at different points along the beam may excite 

different modes of vibration. However, based upon experimental results. 

18 
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w 
o> 

X = L 

_X_ 

L 

Figure 8. Natural Frequency (Flexural) versus Location of Impact 
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the vibration of the beam essentially corresponds to that of the funda¬ 

mental mode when the point of impact falls within the range 0.6 < < 

0.85. 

The Initial velocity V of the system can be determined from the 

principle of conservation of linear momentum and the definition of the 

coefficient of restitution. The principle of conservation of linear 

momentum states that when the sum of the Impulses of the external forces 

acting on a system of particles is zero, the total momentum of the 

system remains constant. For a nonrotating blade, the sum of the total 

momentum before impact is mvn and after impact Is mv^ + MV, Figure 3. 

Thus, we have 

mvn s mvp -f MV (29) 

where vn and v^ are the normal velocities of the foreign object before 

and after Impact, respectively. The coefficient of restitution e Is the 

ratio of the relative velocity of the two particles after impact to the 

relative velocity of the two particles before Impact, i.e., 

^Vofter Impact v"wn 
• * —-z- = -(30) 

Aw wn 
bafora impact 

The values of e are always between 0 and 1 and depend to a large 

extent on the two materials involved. However, it also varies con¬ 

siderably with the impact velocity and the shape and size of the 

colliding bodies. The relationship between e and the impact velocity Is 

obtained experimentally. A detailed discussion of the coefficient of 

restitution e is given in Appendix I. 

From Equations 29 and 30 we can express V In terms of vn through 

the elimination of v'. 
n 

v - h 
M + m n 

(31) 

20 
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For normal Impact we have v * vn. If the direction of v is not parallel 

to the normal direction of the blade at the point of impact, then we 

have 

v * y $ind (32) 
n 

where 0 is the incident angle defined in Figure 3. 

After having determined V, we can determine A (the maximum deflection 

of the lumped mass) from Equation 26. The maximum deflection 6 of the 

blade at the tip can then be calculated from the static deflection curve 

(Equation 8 or Equation 14) by replacing y by A. The maximum flexural 

stress which occurs at the root of the blade can be obtained from the 

formula 

k A » h 

~^7 
(33) 

where h is the thickness of the blade cross-section at the root. All the 

quantities discussed in this section were evaluated for several B/Al and 

Gr/Ep beams of uniform cross-section and are listed in Table 1. 

b. Initial Velocity and Initial Displacement 

If the motion of the mass-spring system is considered to start with 

an initial displacement A^ as well as an initial velocity, the equation 

of motion of the system can be written as 

y s A tin (wt ♦ y) (34) 

where y Is the phase angle which is related to the initial displacement 

A.¡ by the following relation 

Substituting Equation 35 into Equation 34, we have 

., A, 
y * A siniwt ♦ tin (36) 

21 
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TABLE 1 

THEORETICAL AND EXPERIMENTAL RESULTS FOR THE CASE WITHOUT INITIAL DISPLACEMENT 
(B/Al and Gr/Ep) 

Beam 
Mali 

V, ft/sec , Hz A, in 6 , in O max 
ksi Theo Exp Theo Exp T heo Exp Theo Exp 

B/Al 6¿ 58 244 241 .48 .51 .66 -- 150 

63. 5 67. 1 244 217 .488 .453 . 58 . 57 115 

64. 0 33. 5 244 226 .492 .495 . 585 .649 126 

68. 5 83.2 244 222 . 525 . 577 . 625 . 710 147 

87. 5 91. 8 244 197 .670 . 829 .800 .910 211 

94. 5 90. 8 244 214 .730 .848 . 870 1. 00 216 

111.4 146.8 244 195 .855 .917 1.02 1.091 233 

1¿1.6 121. 3 244 234 .933 . 831 1. 11 1.068 211 

1¿4. 9 63.6 244 208 .958 .876 1.14 1.045 223 

1¿5.9 146. 2 244 293 .966 1.151 1. 14 1. 35 293 

B/Al 132.¿ 134. 4 244 -- 1.014 1.092 1.201 1. 290 278 

Gr/Ep 33.6 33.9 190 133 . 375 .566 . 515 .699 108 

1 47.6 47.2 190 145 .660 . 751 .910 .863 143 

Gr/Ep 64.8 106. 5 190 123 .885 .831 1.21 .964 158 
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A plot of Equation 34 is shown graphically in Figure 7(b). The velocity 

of the mass-spring system is then given by 

ÿ = tv A cos (tv! + sin' ) (37) 

and the initial velocity V is obtained as 

V « tv A cos sin -I (38) 

It is observed that as Ai tends to 0, Equation 38 coincides with 

Equation 26. 

Equation 38 can be solved for A by trial and error. The influence of 

A^, in general, is to increase the damage to the blade for a given bird 

velocity. It is very easy to verify from Equations 38 and 31 that in 

order to produce the same deflection A the following relationship between 

V and A. exists, i.e., 

M*, * O r 

M 
« cos sin Ai 1 |J 

o
 

M
 

A J n 
A, * o [.+.] 

(39) 

A, *0 

Numerical results obtained for this case are listed in Table 2. 
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SECTION III 

EXPERIMENTAL PROCEDURE AND RESULTS 

Laboratory experiments to test the "Lumped Parameter" theory were 

designed and conducted in the AFML-LLN High Velocity Impact Physics 

facility. It was decided that the complex geometry of the blade would 

be idealized for purposes of these tests to a simply clamped cantilever 

beam. It was determined that a cantilever beam geometry was a legitimate 

test to check the applicability of the theory without incurring the 

expense in time and money to obtain either full scale or reduced scale 

models of actual blade geometries. The simple-geometry laboratory size 

cantilever beam samples are sufficiently inexpensive to allow testing of 

a variety of different materials and composite layup configurations. 

The several motion parameters resulting from soft body (bird) impact 

on the beam that are to be monitored include the following (Figure 2): 

(a) Mass of projectile, m 

(b) Velocity of projectile, v 

(c) Velocity of projectile at beam failure, vm 

(d) Location of impact, x 

(e) Deflection of beam as function of X, Y(X) 

(f) Initial velocity of beam after impact, V 

(g) Maximum tip deflection, 6 

(h) Maximum tip deflection at beam failure, <5m 

(i) Frequency of flexural vibration, u 

(j) Thickness, width, and length of beam, h, b, L 

(k) Longitudinal Young's modulus and strength of beam, E and om 

In addition there are other parameters of interest. For example, 

contact time of the rubber projectile on the beam, higher bending modes 

and torsional frequencies were measured on occasion. The techniques 

required to determine this many parameters on a single impact become 

rather sophisticated. An attempt was made to have redundant measurements 

on all Important parameters to ensure no loss of data and to provide 

Internal checks. 
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1. EXPERIMENTAL PROCEDURE 

The beam dimensions were fixed as nearly as possible. Occasionally 

slight differences occurred when an effort was made to obtain a maximum 

number of test samples with minimum waste from a single piece of material. 

The samples were 4 1/2 inches long to allow 1/2 inch in the clamp and 

4 inches of free beam. The samples were cut 0.4 inch wide. The beam 

thickness varied with the material, the number of plies, the ply layup, 

and the manufacturing technique. The thickness varied from 0.035" to 

0.066". The exact dimensions of each sample were measured and used in 

the analysis. 

The materials chosen for the tests were one metal and two composites. 

The composites each had variations in them making nine different kinds of 

samples to use to test the theory. 

The projectile used to impact the sample was a cylinder .295" diameter 

by .295" long of RTV-11 silicone rubber made by General Electric. The 

cured cylinder has a mass of 350 milligrams. The RTV rubber was chosen 

because it was a convenient, easy to handle material that has been shown 

in other experiments to behave in a manner similar to bird flesh upon 

impact. Figure 9 on RTV shows projectile in the sabot. The sabot is a 

plastic bore fitting carrier that protects the projectile from the 

launch tube walls. The sabot is either stopped in the launch tube or 

deflected away so as not to interfere with the experiment. 

The projectile is launched from an 0.50 caliber launch tube ant! is 

propelled by either air or burning powder. The smooth bore tube will 

accept adapters either for the compressed air breech (Figure 10) or a 

breech (Figure 11) containing a rifle shell with gun powder. The muzzle 

end of the launch tube is also adaptable. It will accept fixtures to 

stop the sabot on low velocity shots or to retard and deflect the sabot 

out of the flight path on the higher velocity shots. Figure 12 shews the 

deflection assembly. The split launch tut» allows the propellent gases 

to escape while the sabot is being slowed by friction. The projectile 

separates from the sabot and flies free exiting the launch tule. 
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The larger diameter sabot is deflected from the flight path and into a 

waiting catcher away from the field of the experiment. 

The projectile passes through two laser beams between the muzzle and 

the test samples. When the projectile interrupts the first beam a 

counter is started which measures the time required to cross the known 

path length to the second beam which gives the signal to stop the 

counter. The known time and the known distance give a good measure of 

the impact velocity. Figure 13 is a diagram of the velocity measuring 

unit. 

The cantilever beam is mounted a few Inches beyond the final velocity 

station. It is clamped such that there is 4" of free beam. The impact 

point is at 3.2" measured from the clamp. Figure 14 shows the beam 

mounted in place. The engraved grid seen behind the sample gives 

fiducial marks for reducing the framing camera data. 

Dynafax framing camera -326 capable of taking 224 pictures at rates 

up to 26,000 frames per second is shown in Figure 15. It is a continuous 

access type camera; hence the light duration must be tailored to initiate 

during the event and extinguish in time to prevent rewrite. The camera 

is used in a shadowgraph mode with the flash lamp behind the impact 

event. is camera is focused on the whole beam with enough depth of 

field to see both the beam and the grid. 

Taking advantage of the framing camera light through a beam splitter 

arrangement the streak camera is used to measure very accurately the 

motion of the impacted beam at a point at or just above the point of 

impact. The streak camera used (Figure 16) is a Beckman and Whitley 

Dynafax Streak Camera Model 319B. The streak camera is ideally suited to 

accurately measure the velocity of short duration movement. A side 

benefit is the ability of the streak camera to register to torsional 

mode vibrations. 
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Figure 13. Velocity Measuring Unit

Figure 14. Cantilever Beam Mounted in Tank 
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Figure 15. B & W Model 326 Framing Camera
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Strain gauges are glued to the beam on both sides as shown in 

Figure 17 and are connected to a strain gauge bridge with the proper 

amplifiers to measure the absolute strain and the variation of strain 

with time at a point on the beam near the clamp. 

The incoming velocity v is measured by the laser velocity stations 

and, when needed, by the streak camera. The initial velocity of the 

beam V was measured by the streak camera and the framing camera. The 

flexural frequency is measured most accurately by the strain gauges but 

also from the framing camera records. The various desired deflection 

(displacement) measurements are taken from the framing camera pictures 

(Figure 18) and the streak camera record. The angle at maximum dis¬ 

placement and at break off can only be measured on the framing camera 

pictures. Torsional frequencies are most accurately measured from the 

streak record (Figure 19) though they can be seen as second order 

vibrations on the strain gauge records. Higher flexural mode frequencies, 

when they are excited, can also be seen on the strain gauge (Figure 20) 

records. Figure 20 also shows slow damping of the first flexural mode 

following higher mode bending on first cycle. The several internal 

consistency checks on the data gathered increase the confidence of the 

measurements made. 

2. EXPERIMENTAL RESULTS 

The maximum tip deflection 6m of the cantilever beam when impacted 

at the velocity vm that will just cause root failure can not be measured 

directly because at that velocity the beam initiates a mode of vibration 

that is more like free-hinged vibration than simple harmonic motion of a 

disturbed cantilever beam. As a result, it is difficult to measure the 

maximum deflection of the beam just at the break off velocity. However, 

the lumped parameter model calls for the deflection at break off velocity 

as one of the parameters, so an alternate method of determining the 

maximum deflection at v„ was devised. 
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jniprinnim
Figure 17. Strain Gauges on Beam



Figure 18. Impact RTV Slug on 8/Al Beam - Framing Camera Record 
(Impact Velocity = 333 ft/sec, Camera Speed = 21360 
frames/sec) 
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Figure 19. Streak Camera Record 
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t, 5msec/cm

Figure 20. Strain Gauge Record for Shot 6713 (B/Al) with 
SS Mesh
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The impact velocity that just breaks the beam at the root 50¾ of the 

time is determined by plotting all the test results for, e.g., B/Al 

•beams as shown In Figure 21. The velocity vm for a given material and 

geometry can be seen rather easily. Next the maximum deflection 6 as 

measured from the framing camera pictures is plotted versus v as shown 

in Figure 22. A best fit curve is drawn through these points and the 

intersection of the curve with the vertical vm line is taken to be the 

deflection <5m or the deflection at break off velocity. 

Next, a single plot of the beam deflection data for all materials is 

of interest. Here deflection is measured at the point of impact. Since 

the mass of each material type is different, a normalized plot is 

required. In the analytical section of this report, the following 

momentum transfer equation was developed: 

_ M(l + • 
" TÜT+mT W (31R) 

In terms of deflections Equation 31R becomes: 

A » JL s -JSil +•) 
w u(m + M) 

V (40) 

Similar equations may be written for the deflection corresponding to the 

threshold velocity vm for breaking the beam at the root. By dividing 

the equation describing deflection at any velocity by the equation for 

maximum deflection (at break off) a normalized relationship may be 
written: 

A . (!♦■) y 7 , 
Am 11 + wm 

This equation states that by knowing the coefficient of restitution as a 

function of velocity and the maximum deflection and velocity, A and v , 

for a given material, the deflection at any velocity may be predicted. 

39 



AFML-TR-74-94 

Figure 21. Root Failure versus Impact Velocity (B/Al) 

V, f t / sec 

Figure 22. Maximum Tip Deflection versus Impact Velocity 
(B/Al, 0.058" Thick) 
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Figure 23 displays the normalized deflection for all materials 

tested in this effort. As can be seen, the data fit the prediction quite 

well and evenly scattered about the line. The line 1s curved by virtue 

of the variation 1n coefficient of restitution with velocity (described 

in Appendix I). It is worthwhile to note that the data for the pre¬ 

deflected beams also fit the prediction when the initial displacement Is 

taken into account. 

Other results obtained (e.g., natural frequencies and initial 

velocities) are listed In Tables 1 and 2. Also reported In Table 3 are 

the results for torsional vibration. The analysis for this case is 

described In Appendix II. 
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SECTION IV 

DISCUSSION OF EXPERIMENTAL RESULTS 

As seen In Tables 1, 2 and 4, the lumped parameter model reasonably 

predicts the first mode bending frequency, first mode torsional 

frequency, maximum deflection and initial velocity of a simple uniform 

cantilever beam struck at by a soft projectile. Detailed photographic 

and strain gauge analysis reveals that even though the beam is struck 

at the center of percussion, higher modes of bending are induced but 

that these quickly dampen and are nonexistent by the end of the first 

cycle of motion. A typical strain gage record of this motion is shown 

in Figure 20. Figure 24 displays the high speed photographs of the 

impact of an RTV projectile against a B/Al beam (4 in x 0.4 in x 0.045 in) 

at a velocity of 392 ft/sec. This impact velocity is only 28 ft/sec 

below that required for breakage of the beam at the root. The framing 

rate is 21265 frames/sec and only every other frame is printed here. 

The projectile in the lower left corner frame (frame sequence proceeding 

upwards) enters from the left and impact the beam, undergoes severe 

compression, relaxes and remains nearly stationary. The disturbance is 

seen to move to the beam root in the first few frames and the beam 

undergoes both first and higher mode bending until maximum deflection 

occurs. The higher modes dampen and the beam undergoes damped simple 

harmonic oscillation until it comes to rest. 

At impact velocities where the beam fails at the root the lumped 

parameter analysis is inapplicable as new phenomena occur. Figure 18 

displays this motion very well. The conditions are the same as for 

Figure 24 but here the impact velocity is 333 ft/sec, and the camera 

speed is 21360 frames/sec. In this a disturbance moves from the impact 

site to the root. At maximum deflection, the root stress is assumed to 

be sufficiently large that the beam plastically deforms, and, for all 

practical purposes, fails. A new type of oscillatory motion sets in 

where the root and tip act as nodal points. The beam may be described as 

free-hinged (FH) d'j.ing this portion of the event. The bending frequency 

in this mode may be estimated by counting the number of frames for the 
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PROJECTILE MOTION-

Fi'qure 24. Impact at RTV Slug on B/Al Beam (Impact Velocity 
392 ft/sec. Camera Speed = 21265 frames/sec)
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beam to oscillate a given number of cycles and dividing this number into 

the camera framing rate. Performing this operation on the beam shown 

in Figure 18 yields a frequency of 667 Hz. This motion may be predicted 

from beam theory. 

(42) 

Substituting the appropriate values for this case into Equation 1 yields 

a value of 671 Hz. 

Subsequently the beam breaks away completely from the root and 

undergoes what may be termed free-free (FF) oscillatory motion with the 

tips still acting as nodal points. Again, by observing this motion in 

Figure 18 the frequency of this type motion is measured as 1017 Hz. 

Beam theory, in this case, predicts a frequency of 975 Hz from the 

equation: 

(43) 

The case just described where the two new types of motion set in at 

break-off velocities is typical of that observed for all composite 

materials evaluated in this effort. 
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SECTION V 

CONCLUSIONS AND RECOMMENDATIONS 

As the failure of turbine fan blades due to impact of foreign objects 

such as birds becomes more and more critical in the application of 

advanced composites, an exploratory study has been made in this report to 

develop a simple yet analytically sound model which can predict the 

dynamic behavior of blades. As a fi-st step, a cantilever beam with 

uniform geometry and mass distribution was chosen in place of the 

actual blade and a soft RTV projectile was used to simulate the bird 

impact. 

The analytical model we adopted in lieu of the cantilever is a one 

mass-spring system. The results seem encouraging as the following 

observations indicate: 

1. The model predicts that the fundamental flexural frequency is 

almost insensitive to the location of impact as should be required 

(Figure 8) and the calculated frequencies compare fairly well with the 

experimental data. 

2. The model is fairly accurate in predicting the initial velocity 

and maximum deflection of the cantilever beam (Tables 1 and 2 and 

Figure 23). 

The present approach is a first order approximation to a rational 

analysis of the impact failure. Therefore, more detailed study is 

needed to fully understand and describe the phenomenon. 

First, since the impact induces vibration of various modes, refined 

model should be allowed more degrees of freedom. This may be accomplished 

by adding more identical masses or by using an optimum model with fewer 

masses of different magnitude. 
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Second, It is necessary to study the momentum transfer mechanism 

between the bird and blade. In the present work the momentum transfer 

was relatively easily analyzed due to the simplicity of the projectile 

geometry and behavior. However, in real situations, degeneration of 

bird upon impact is not well understood. We need to find what are the 

pertinent parameters descriptive of this phenomenon. 

Third, any failure analysis in not possible without a failure 

criterion. Although no attempt has been made here, our ultimate goal 

is the prediction of failure. 

Finally, whereas the present work is concerned with the global damage, 

i.e., the root failure, the local damage is frequently observed also. 

Thus, depending on the situation, the problem is not only one of vibration 

but of wave propagation. This aspect should further be looked into. 

We can say that the simple mass-spring model seems to yield a fairly 

accurate picture of the vibrational characteristics of a cantilever 

beam Impacted by a rubber projectile. The model should be refined 

accordingly as the level of accuracy of the required information Increases. 
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APPENDIX I 

MEASUREMENT OF THE COEFFICIENT OF RESTITUTION IN RTV 

High speed photographic observation of the impact of RTV cylinders 

against the cantilever beams revealed ’.nat the projectiles did not remain 

in contact with the beam throughout the impact event. Rather, the 

projectile came to nearly a standstill at impact, while the beam moved 

away from the impact site. In some cases the projectile reversed its 

motion and retreated very slowly from the impact site. Thus, the 

assumption of a plastic impact was not valid, and an analysis based on 

inelastic behavior was required. 

A series of experiments was conducted to measure the coefficients of 

restitution of RTV impacting various materials. Spheres of RTV-11 

measuring 0.5 inch diameter were molded. For the very low velocity 

measurements, the spheres were allowed to free fall through a known 

distance (1 ft, 2 ft, 4 ft), striking a smooth steel plate and allowed to 

rebound. By equating the kinetic and potential energies before impact, 

the impact velocity could be determined from 

(44) V = 

Similarly after impact: 

v* s ,/2 g H' (45) 

By assuming a rigid target, the coefficient of restitution is 

(46) 

The results of these measurements are shown as the lowest velocity 

circled data points in Figure 25. Targets of B/Al (0.058 in), Gr/Ep 

(0.040 in), and B^C (0.25 in) were bonded to a 5/8-inch thick steel plate 

Preceding pege blank 
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and were impacted by the RTV-11 dropped from the one foot position with 

the results shown in Figure 26. The data for these four materials are 

identical within the limits of experimental error. 

A 0.50-inch smooth bore gun was used to launch these spheres normal 

to the surface of each of these rigidly fixed targets. A 20,000 frames/ 

sec framing camera recorded the impact and rebound velocities. The 

targets underwent considerable compression at impact and rebounded with 

an oscillating expansion and contraction about the sphere center of mass 

as shown in Figure 26. The framing sequence starts at the upper left 

corner and proceeds down the first column. The sphere is seen entering 

the field from the left, impacting the plate which is clamped in a small 

bench vise, and then rebounding to the left. The motion of the assumed 

center of mass was analyzed to determine the rebound velocity. 

By assuming a rigid target, which exhibited no motion, Equation 46 

yielded the coefficient of restitution. The results of these experiments, 

with data taken in the velocity range of 78 to 500 ft/sec are also shown 

in Figure 25. The RTV exhibits Increased inelastic behavior with 

velocity. The measurement of e appears to be nearly independent of 

target material. 

Auxiliary measurements of interest from these experiments are the 

determination of the degree of compression of the RTV against the target 

and the impactor/target contact time. These quantitites were determined 

from the high speed photographic records as seen in Figures 26 and 27. 

The compression was severe, reaching as much as 80¾ at the highest 

velocities, but the projectile is recovered intact after the experiment 

with no visible damage. At impact velocities greater than 500 feet/sec 

the projectile began to shatter. As seen in Figure 26 after release from 

the target face, the projectile has expanded to roughly twice its original 

length. 
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Figure 27. Compression of Projectile versus Impact Velocity 

0 100 200 300 400 500 

v0 ,ft/sec 

Figure 28. Contact Time versus Impact Velocity 
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The duration of contact between the projectile and target was 

determined by the framing records as in Figure 26. The results are 

shown in Figure 28 where the error band signifies the uncertainty in 

actual value arising from the long interframe time - the times of 

contact and departure may occur anytime within the interframe period of 

~ 50 u sec. 
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APPENDIX II 

TORSIONAL VIBRATION 

1. EQUIVALENT TORSIONAL STIFFNESS K 

Similarly to the effective flexural stiffness k, which is defined in 

Equation 4, the effective torsional stiffness ky is given by 

(47) 

where T is the applied torque and $ is the angle of rotation. For beams 

with nonuniform cross section, it is very difficult to express i as a 

function of X analytically. In this report only the case of uniform 

beams with narrow rectangular cross-section will be discussed. As a 

first approximation 4> is known to be given by the following formula 

<3> = T*-- o < X < * 

It 6 
(48) 

<X> = d> = -k— x < X £ L 
' T fZ 

where b is the width of the beam cross section, and 

3 

From Equations 47 and 48 we obtain 

fit /11 

(49) 

2. EFFECTIVE TORSIONAL MASS My 

To determine the effective torsional mass My as a function of x, we 

use a similar assumption as previous employed, i.e., the maximum kinetic 
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energy of the beam due to torsion is equal to the maximum kinetic energy 

of the torsional mass-spring system. We have 

L 

± J ¿(X)2 JxdX = -£■ MtR2<&2 (5°) 
0 

where JY represents the polar mass moment of inertia at X, R the radius 

of gyration and <$> the rate of angular rotation at X = x. Substituting 

<i> (X) = wy $ (X), and <j> = ojj 4> into Equation 50 and making use of 

Equation 48, we obtain 

mtr2 = / (4)' vx ♦ / Jxd'■ (51) 
0 * 

For a uniform beam the following relations exist 

Jx = R2dm = R2 pdX (52) 

Substituting Equation 52 into Equation 51 and carrying out the inte¬ 

gration with respect to X we obtain 

“t * (' - ! -l) ^ ° ^'t) M|> <53) 

where Mb represents total mass of the beam. 

3. UNCOUPLED FLEXURAL-TORSIONAL VIBRATIONS 

For this case, the flexural and torsional natural frequencies are 

given by 

“ ‘-v/F (M) 
and 

WT = 
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respectively. The variation of u)y with the point of impact is shown in 

Figure 29. 

The initial conditions for the ensuing vibration can be derived from 

the theorem of conservation of linear and angular momenta and the 

definition of the coefficient of restitution between a particle and a 

rigid body. The theorem of conservation of angular momentum states that 

when the sum of moments of the external forces about the mass center of 

a rigid body is zero, the angular momentum about the mass center is 

conserved. Referring to Figure 3 we have 

mzvn = J m z 

where m v z represents the angular momentum before impact and v^ the 

velocity of m after impact. Based upon the definition of the coefficient 

of restitution between a particle and a rigid body we have 

(56) 

where represents the velocity of the lumped mass at the point of 

contact after impact. From rigid body kinematics, V^, V and n are 

connected by the following relation 

vA = v ♦ Z.Q, (57) 

where ft is the initial angular velocity. From Equations 29, 55, 56, 

and (57) we can express V and ft in terms of vn after the elimination of 

V, and v', as 
A n 

V S 
M(l ♦ «) 

V. 

M+m(l + MzZ/j) 

Mi v 

n 
(58) 

n= 
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Figure 29. Natural Frequency (Torsional) versus Location of 
Impact 
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Similarly to the case of bending, the maximum angle B of the twist is 
given by the formula 

B * (59) 

and the maximum shear stress for a narrow rectangular cross section under 
torsion is given by 

k-Bh 
T s — I m°x ? (60) 

Numerical results of Wy from different blades are compared with experi¬ 
mental data In Table 4. 
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APPENDIX III 

SAMPLE CALCULATIONS 

I. The velocity of the foreign object is 800 fps with an incident angle 

of ten degrees. The point of impact is at 0.65 L measured from the root 

of the blade, i.e., x = 0.65 x 9.2 = 5.98 in. The weight of the foreign 

object is about 3.5 oz or .22 lb and the bite of the foreign object is 

about 57.6¾. This implies that the weight of the foreign object used to 

calculate the initial velocity of the blade is about .22 x .576 = 0.127 

lb. The weight of the stainless steel blade is .55 lb and the effective 

mass M which corresponds to x/L = .65 is obtained from Equation 24 or 

Figure 6. The value for this case is about 0.49 x .55 = .270 lb. We now 

substitute m =.127, M = .270, v = 9600 in/sec, e = .3, and 0 = 10° into 

Equation 31 and calculate the initial velocity of the blade V which is 

equal to 694 in/sec. 

To calculate the bending natural frequency w we use Equation 28. The 

stiffness k can be determined either from Equation 13 or Figure 5. 

Using x/L = .65 we obtain k = 7 EL/L^. Substituting E = 26.8 x 10^ psi, 
-4 4 0 

IQ = 12 x 10 in , L, 9.2 in, we have k = 288 Ib/in. The natural 

frequency cj = ./k/M = 642 rad/sec = 102 Hz is thus obtained. The maximum 

deflection of the blade at the point of impact can be evaluated from the 

formula A = V/w = 694/642 = 1.08 in. The maximum deflection of the blade 

at the tip is calculated by substituting x/L = .65 and A = 1.08 in. into 

Equation 14. We have 6 = 2.14 in. The maximum bending stress at the 

root can be evaluated from Equation 33: 

°max 

288 x 1.08 x 5.98 x ,125 

12 x IO'4 
194,000 psi 

2. The initial velocity of the beam after impact, the bending natural 

frequency w, and the maximum deflection of the beam can be ca1culated in 

a similar manner. The data of the foreign object and the boron aluminum 

beam are listed below. 
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Foreign Object: 

tn = .35 gram = 7.71 x 10*^ 1b 

V = 262 ft/sec 

e = 90° 

e = 0.41 

*■= .80 

B/A1 Beam: 

Thickness = .057 in. 

Width = .4 in. 

Length = 3.8 in. 

3 
Density = 2.6 gram/cm 

Weight = 3.69 gram = 8.14 x 10*^ 1b 

From Equation 21 or Figure 6 the effective mass M for x/L = 0.8 is 

M = 0.474 x 8.14 x 10‘3 = 3.86 x 10'3 Ib/g, 

and k for x/L = 0.8 follows from Equation 9 or Figure 5, 

k = 
5.85 El = 5.85 x 26.8 x 10^ x 6.173 x 10'6 

L3 (3.8)3 
= 23^.70 Ib/in. 

The area moment of inertia IQ is calculated from the given geometry as 

fol 1ows: 

lQ = ^ (0.4) (0.057)3 = 6.173 x 10'6 in4. 

The bending natural frequency is then obtained as 

0Ü = Vf = V23--70 Ogf = 1540 rad/sec = 244 Hz. 
M 3.86 x 10‘3 
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The initial velocity V can be calculated from the formula 

V = Ü e) V sin 0 = 63.5 ft/sec 

The maximum deflection at the point of Impact is given by 

63.5 X 12 A = V 
(jO 

0.488 in. 

and the maximum deflection at tip is obtained from Equation 7 

<5 * 0.67 

The maximum bending stress at the root of the blade is found to be 

. X 12.15 X .4527 X 3.04 x 2.85 x 10'2 
max 

6.173 x 10 ̂
r 3 77,000 psi 

3. The natural frequency u and the initial velocity V are obtained 

by similar approaches as in the preceding paragraphs 1 and 2. In our 

particular case 

V = 900 in/sec 

u> = 950 rad/sec 

Substituting the above data into the equation 

V -1 Ai 
-= A cos sin j- 
o) A 

and using A^ = .40 in., we obtain 

0.95 = A cos sin -1 .40 
T 

By using a trial and error technique we find 

A = 1.0? in. 

Substituting A = 1.03 in. into Equation 7, we obtain 

Smax ■ ^42 1"- 
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4. The torsional natural frequency can be determined from the 

formula 

“T 

where kT is the torsional stiffness and J is the effective polar moment 

of inertia of mass. The impact data for the aluminum beam is as follows: 

Density = .0976 lb/1n.^ 

Length = 3.0 in. 

Width = 1 in. 

Thickness = .064 in. 

G = 3.864 X 106 psi 

X = 0.8 length = 3.0 in. 

Based upon the previous analysis we have 

k . 
kT X 

where ly = 1/3 bh^ for narrow rectangular cross-section. Using the 

given data we have 

and 

IT = 8.74 X 10"5 in.4 

kT = 1.407 X 10‘ lb-in/radian 

The effective polar moment of inertia for a narrow rectangular cross 

section is given by 

J = k MTb2 

where My = torsional effective mass. From Equation 53 we have 

"T = c - ! c> "b 
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The total mass of the beam Mfa Is obtained by the formula 

Mb = .0976 X 1 X 3 X .064 = .0187 Ib/g 

The torsional effective mass is then given by (for x/L = .8) 

Mt = .467 X .0187 = 8.73 x 10'3 Ib/g. 

The torsional frequency is then calculated as 

“T ■ JÏ 470 x 10£ x 386 

}2 (I)2 8.73 x 10"3 = 8600 rad/sec = 1370 Hz. 
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