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FOREWORD

Simulating the interaction of terrain, vehicle, and man is
essential to improving land mobility technology — a goal of the
U.S. Army Tank-Automotive Command (TACOM) and the U.S. Army Corps
of Engineers Waterways Experiment Station (WES). Under TACOM con-
tract, Grumman has been actively supporting this effort and com-
pleted the development of a first generation mathematical model
for driven rigid wheel and pneumatic tire-soil interaction.

This model, conceived as an alternate submodel in the terrain-
vehicle~man simulation, called the AMC Vehicle Mobility Model,
allows the computation of tire performance in both purely fric-

tional or cohesive and frictional-cohesive soils.

This first generation mathematical model is based on the con-
cept of "steady state" in the soil that assumes a low and constant
velocity of travel. Observations in the laboratory and in the
field indicate that tire performance improves with travel velocity

under certain conditions.

To take this factor into account in mobility evaluation and
take advantage of it in off-road vehicle development it is neces=
sary tc analyze the effects of soil inertia and loading rates on
tire~soil interaction. 1In a follow=-on program to the development
of a first generation pneumatic tire-soil model, the results of
which are presented in this program, the model was expanded to in-
clude soil inertia forces. The effects of the loading rate were
analyzed by adjusting the strength properties of soil for the
strain rate corresponding to the travel velocity of the tire. The
expanded model was also shown to be suitable for the determination

of spring constants that can be applied in vehicle dynamic models.

iii




For the analyses of cross country mobility of trailer-mounted
weapons, a towed tire-soil model is needed that predicts the motior
resistance and sinkage of towed pneumatic tires. The basic con-
cepts of tire-soil interaction were applied to the case of towed

tire and an appropriate model, described in the second part of
this report, has been developed.
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ABSTRACT

The role of soil inertia forces and the effects of strain rate
in tire-soil interaction are analyzed. The differential equatious
of plasticity for soils are expanded to include soil inertia
forces. Two methods are developed for the determination of iner-
tial accelerations in tire-soil inferaction. 1In the first method
the theory of velocity fields is applied for the determination of
accelerations imparted to soil particles by a tire traveling at
constant velocity. An iterative scheme is developed that succes=-
sively updates the geometry of slip line fields for velocity in-
crements and associated inertia forces. 1In the second method soil
particle accelerations are computed on the basis of particle path
geometry. An analytical form of the particle path is assumed and
related to the time evénts of tire travel. Computations by both
methods indicate that the solution of the differential equaticns
of plasticity for soil becomes multivalued at a relatively low
travel velocity. Up to this velocity, tire~-soil interaction is not
significantly affected by soil inertia forces. Beyond this veloc~-
ity the multivaluedness of solutions of the differential equations
indicates a condition that has not been explored yet for its effect

on soil behavior and cannot be treated by present theories.

The effect of strain rate of soil strength properties is ana-
lyzed and recognized as the major contributor to the improvement

of tire performance.with speed.

A mathematical model for towed pneumatic tires and soil is de-
veloped for the simulation of towed tire=-soil interaction. Towed
force coefficient predictions are compared with experimental re-

sults.
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4 I. SCOPE OF WORK
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The scope o work as described in the RFP work statements for
Contracts DAAEQ7-74-Q-0004 and C-0204 was twofold: investigate
the effect of spe.d on tire~-soil interaction and develop a towed

pneumatic tire-soil model. Within this general scope emphasis was
placed on the following items:

P
. N

I ® Expansion of plasticity theory for soils to

include soil inertia forces

! Development of methods for the determination
: of inertia accelerations of soil particles
‘ caused by tire travel

e

; Analysis of soil inertia and strain rate ef-

fects on tire-soil interaction

® Development of a towed tire-soil model with
consideration of interface stress distributions

resulting in zero torque condition

¢ Verification of the towed tire-soil model by
comparisons of predicted towed force coeffi~

cients with available experimental data.
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II. EFFECT OF SPEED ON TIRE~SOIL INTERACTION

At present, tire=-soil interaction theories are based on a
quasi-static model that assumes a steady state of the tire-soil
system. The tire is assumed to travel at a sufficiently low
velocity so that velocity effects are negligible. Yet experiments
performed under controlled conditions at WES (Ref. 1) show that
even in the low velocity range of off-road travel, velocity ef-
fects are far from negligible. In the higher velocity range of
aircraft landing gear-soil interaction velocity is one of the main
contrelling factors that affects the drag load as experiments indi-
cate (Refs. 2 and 3).

Velocity affects tire-soil interaction primarily in the fol-

lowing two ways:

® Soil inertia forces are generated in the soil
during the passage of a tire. The magnitude of
these inertia forces depends on the velocity of
the tire and is approximately proportionate with

the square of the velocity of the tire.

¢ The strength of the soil that controls the inter-
face stresses is affected by the rate of loading
that is directly proportionate to the velocity

of travel.

Secondary effects of velocity on tire-soil interaction may in-
clude the increase of tire stiffness with an increase of the angu~-
lar velocity of tire, the effects of velocity on interface friction
development, etc. No study of these effects was made in the pres-

ent research project.
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ITI. EFFECT OF SOIL INERTIA FORCES
ON TIRE-SOIL INTERACTION

The concept of tire-soil interaction presented in Ref. 4 for
driven tires and Section VIII of this report for towed tires
assumes that the soil is in the plastic state of equilibrium, char-
acterized by slip line fields, whenever the normal stress corre-
sponding to this plastic state of stresses is less than the limit-
ing pressure characteristic of the tire. The geometry of the
zones of plastic equilibrium and the stress states in these zones
are defined by solutions of the differential equations of plas-
ticity for soils. These differential equations are derived from
the combination of the differential equations of static equilibrium
with the Mohr-Coulomb yield criterion.

The passage of a tire, even if it travels at a constant veloc-
ity, displaces soil particles within the affected soil mass. The
end result of soil particle displacement is the formation of a rut
behind the tire. Thus, during the passage of the tire a soil
particle moves from its original position at rest to a new one
where it comes to rest again. This particle motion involves ac~-
celeration and deceleration of the particle and, as a consequence,
inertia forces are generated in the soil. To consider these inertia
forces in the differential equations of plasticity for soil, the
Mohr-Coulomb yield criterion has to be combined with the differen-
tial equations of motion instead of those of static equilibrium.
This combination, after the same manipulation of the equations is

performed as in the static case, yields the following differential
equations:

dz = dx tan(6 F p)
(1)

Y ]
== ——- + . <+
doF 20 tan 9do g[(ax (az+g)tan (P)dx+(ax+g * a tan m)dzj

5  Preceding page blank




In these equations x and 2z refer to a coordinate system
that moves with the tire, whereas a and a, denote soil parti-
cle accelerations that refer to a fixed coordinate system. The
motion of soil particles as well as their accelerations are closely
related to the geometry of slip line fields. Since this latter
itself depends on the particle accelerations, as Eq. (1) indicates,
therefore, there is an interdependence between the accelerations
and other variables in Eq. (1). Even if a functional relationship
could be established among these variables, the direct numerical
solution of Eq. (1) would be a formidable task because of the in-
herent nonlinearities in these relationships. In an attempt to
develop a method that yields an acceptable approximate solution of
Eq. (1), two approaches have been followed and investigated in de-~
tail. In the first, essentially theoretical approach the theory
of velocity fields associated with the slip line fields is applied
to the determination of particle accelerations. The second ap-
proach is based on an analytical simulation of observad particle
path geometries and is, therefore, a semi~empirical one. A de-
tailed discussion of these approaches together with an evaluation
of the numerical computational procedures developed for their ap-
plication to the tire-soil interaction problem is given in the fol-

lowing sectionms.
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IV. DETERMINATION OF SOIL INERTIA FORCES
BY THE THEORY OF VELOCITY FIELDS

Theoretical Background

Originally, the theory of velocity fields was developed in
connection with the application of the theory of plasticity to
metal forming processes. For metals the angle of internal fric-
tion is zero and the characteristics obtained from the solutions
of the differential equations for both the velocities and the
stresses coincide. 1In the plastic state, frictionless materials

actually slip along the characteristic line; hence the term "slip
line field."

The theory of velocity fields was later extended for materials
exhibiting friction, such as soils. The purpose of this extension
was, however, not so much to determine the flow of the material,
as in the case of metal forming processes, but to enable research-
ers to apply the limit theorems of plasticity to various problems
of the plastic equilibrium in soils. The limit theorems of plas-
tic equilibrium state that a statically admissible stress field,
derived from the differential equations of the plasticity theory,
yields a lower bound for the collapse load, while collapse loads
computed for various kinematically admissible velocity fields

yield upper bound solutions. The true sclution is when the lower

and upper bounds coincide.

The significance of the limit theorems of plasticity in engi-~
neering applications is that the collapse load (or failure stresses)
may be higher than that computed from stress ficlds if the geometry

of thé stress fields is kinematically inadmissible.

Derivation of the differential equations of velocity fields

is based on the assumption that the strain rate is proportional to
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the time rate of stress (Refs. 5 through 12). A system of partial

differential equations similar to that of the stress equations can

then be derived. The solutions of this set of hyperbolic differen-

tial equations are the characteristics of the velocity field. Gen-
erally, the kinematic boundary conditions are insufficient to define
the velocity field and, therefore, the usual procedure is to ana-
lyze the geometries of stress fields for kinematic admissibility.
If, however, for a frictional material the characteristics of the
velocity field are assumed to coincide with those of the stress
field, the strain rates associated with the velocity fields require
a rate of dilation of the soil that is unrealistic. Various theo-~
ries have been proposed to deal with this problem but none of them
is completely satisfactory. It is outside the scope of this report
to discuss these controversial issues in detail; regarding the use
of velocity fields for the determination of soil inertia forces in
tire-soil interacticn problems the following considerations apply:

® If the stress boundary conditions are such that

they uniquely determine the stress field then
the problem is statically determinate, the char-
acteristics of the velocities coiuncide with those
of the stresses. The solution is the true solu-

tion since upper and lower bounds are identical
(Ref. 11).

In tire-soil interaction problems boundary condi-
tions completely define the stress field, there-
fore, the solution is statically determinate and
it is the true solution. However, the assumption
of a uniform development of interface friction
along the contact area, although to some extent

supported by experiments, is an arbitrary one.
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Since interface friction depends on the kinematic

boundary conditions at the interface, the solution

Ao

v

of Eq. (1) is the true solution only, if the as~-
sumed interface friction distribution is compati-

ble with the kinematic boundary conditions. The
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establishment of the kinematic boundary conditions
- at the interface is also necessary for the compu-
5 ‘ tation of velocities and is discussed in detail

under that heading.

® 1In the following analyses it is assumed that the

characteristics of stress and velocity fields

coincide. Although this assumption is associated

with an unrealistic rate of dilation, in the case

L

of tire-soil interaction problems the velocity
field is an instantaneous one, and the dilation

prevails only for an infinitesimal time. Also,

-

the tire-soil models used for the calculation of
;‘ é tire performance assume a steady state in soil
; where the soil is already compacted by the tire
action to a significant degree. Therefore, the

] soil is likely to dilate under the yield stresses.

In summary, flow fields in tire-soil interaction are main-
- tained for an infinitesimal time, therefore, the rate of dilation
: is not a critical consideration and the characteristics of stress
‘ and velocity fields may be assumed to coincide. If the geometry
of the characteristics is computed from the equations for the
stress field then the velocities can be computed from the follow-

ing eﬁuations (Ref. 10).
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av® + (va tan ¢ + vB sec ¢)d9a =0

(2)
B

dv[3 - (W% sec 9 + v° tan CP)deﬁ

ll
o

The above equations define the variation of velocities along
s . . a
characteristic lines. The velocity vectors v  and vB are com-
ponents (projections) of the velocity vector v in the direction

of the "j" and "i" 1lines, respectively. It is noted that the
vectorial sum of v° and vﬁ is not v (Fig. 1).

The Ve and v, components of the velocity vector, v, are
a
related to v  and vﬁ as follows

<
L]

. a a
v. sin &€ = v_ cos 6
X z

(3)
B B B

v =v sin 8 - v_ cos 6
X Z

Since it is assumed that the velocity and stress characteris-

tics coincide, the angles ei and Qj may be determined from the
stress field relation

(%)
Peon(Ee9

For the numerical computation of the velocities the geometry
of the characteristic lines as well as the 6 values are computed

for the stress field and the velocities from the following differ-
ence equations: '

a and B are superscripts designating slip lines
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Boundaries of a Slip Line Field in
Tire-Soil Interaction Problems
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vij=(A-B°C)/(1.0-B'D)

2

Q
. =C=D-"* v, .
»] 1,]

v

B
i
where

a a
_ Vigl,j = BVi4l,j tan 08 4 = Oy4q 5)

A T
k3 . . = 0, .
L+ztan 006 5= 0,5
, (5)

1+ % tan cp(ei’j - eiﬂ,j)

a 1.
: Vi, i+l ¥ Vi, 541 Sec ®(6g 5 - 01 j4q)
i = — 1 .
| L= tan 008 5 =6 549
% 5 % sec (P(Gi’j - ei’j+1)

PECA a0

= - 1 ~
1 -3 tan @(Gi’j ei,j+1)

The difference equations (5) indicate that for given stress
field characteristics the velocity for a grid point

=FF

i,j can be

computed if the velocities at two adjacent points (i+l,j and
i,j+1) are known. The kinematic boundary conditions, discussed

‘ under the next heading, provide the initial values of velocities

necessary to start the numerical computations.

Kinematic Boundary Conditions

In a slip line field determined by the differential equations
of plasticity for soils by methods discussed in detail in Refs. 13

TSI e e BNy ¢ Teers vk s

¢ through 18 there are three boundaries where kinematic boundary con=-
!
ditions are to be examined (Fig. 2). At the stress free surface

. AB it is assumed that there are no kinematic constraints and
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points at the surface may be displaced freely. The boundary BCDE
is the outermost slip line beyond which the soil is not in the
® state of failure. Implicit in the use of the Mohr-Coulomb yield

criterion is that soil deformations prior to yield are disregarded,

Al AR T e 3;..;'..-:\»: ko it oof

therefore, in this concept the soil beyond the outermost slip line

g acts as a rigid body. Consequently, velocities across this bound-
v ary must be zero, resulting in the kinematic boundary condition
. vB = 0 for this line. For this boundary condition Eq. () is
. integrable and yields
v a .
o o tan ¢(6 =-6))
o
: vV =v_*e (6)
o)
=y Note that for the stress computations the state of the soil

. outside the slip line field is immaterial. The velocity field,
however, is profoundly affected by the assumption that the soil

adjacent to the outermost slip line is assumed to be rigid. Ex-

perimental information on soil displacement< along this boundary

. is scarce. It appears that while the soil mass outside this

I : boundary undoubtedly undergoes some deformation there is an abrupt
change in the displacements in a narrow band along the boundary.
Thus, the theoretical boundary condition corresponding to the

rigid-plastic material idealization may not be too far off from
) L reality.

; As stated before, the critical kinematic boundary conditions
are those at the tire=-soil interface. The distribution of interface
\ friction along this boundary must be consistent with the kinematic
’ conditions there if the slip line field solution is to be the true
: . solution for the yield stresses. As a result of detailed studies
ﬁ ) of the kinematic conditions at the interface, new concepts of slip
: i ) and interface friction were developed. These are not only useful

for the definition of boundary conditions for velocity fields but
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also offer new insight in the not very well understood area of
slip-interface friction relationships. The results of these kine-
matic analyses and the reasoning that led to the development of

these new concerts regarding interface friction are presented in
the following discussions.

The kinematics of a point attached to the surface of the tire
are easily determined if the geometry of the tire centerline and
the angular and translational velocities of the tire are known.
The trajectory of such a point, in a fixed coordinate system is

shown in Fig. 3 for a complete revolution of a slipping tire. The

Fig. 3. Trejectory of a Point at the
Circumference of a Deformable Tire

point describes a prolate cycloid when its position is in the un-
deflected part of the tire; otherwise the trajectory is an irregu-
lar curve corresponding to the assumed tire deflection. The hori-
zontal and vertical components of the velocity of the point may

also be easily determined since both the angular and translational
velocities are assumed to be constants.

For the determination of the velocity boundary conditions
that apply to the slip line field in the soil the velocities im-
parted to a soil particle at the interface are needed. These are

related to the velocities of a point attached to the tire surface

14
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but are by no means identical. A fundamental aspect of the analy-

sis of the kinematic conditions at the interface is that the inter-
face must be considered as consisting of two faces:

one being the
surface of the tire, the other that of the soil.

It is assumed
that these two faces of the interface may slide on, but may not

separate from each other. This latter assumption leads to the

condition that the normal components of the velocities of the two

faces be the same at every point. This condition, however, is by

itself insufficient for the determination of soil particle veloci-

ties at the interface. The additional assumption is made that the

direction of the velocity vector cf a soil particle coincides with
the direction of the major principal stress in the clip line field.
For homogeneous isotropic soils with linear stress-strain relations
this assumption follows from the theorems of continuum mechanics;

for soils not meeting the above criteria strictly the assumption

is only approximately valid. With these assumptions the velocities

of soil particles at the interface (that constitute the velocity
boundary conditions) can be determined as follows.

The velocity vector for a point at the tire surface may be de-
termined by vectorially adding the forward velocity vector (;%)
and the tangential velocity vector (vt) (Fig. 4a). The tangen~-
tial velocity vector is the component of vector v (peripheral
velocity) in the direction of the deflected surface of the tire

V. =or = vf/(l - 8)
(7)

Ve =V cos(a - a’)

The horizontal and vertical components of the resultant veloc-

ity vector are

15




Fig. 4.

b)

Kinematic Boundary Conditions at the Tire-Solil Interface.
a) For the Tire b) For Soil
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=v,_ - a ~ o a
Vo £ vp cos( )cos
v, = vy cos(a - a’)sin a’ (8)

v =v sina’ +v cosa’ =v_ sina’
n X z

£
This last equation expresses the fact that the component of
the velocity vector normal to the deflected surface of the tire

depends only on the forward velocity and is independent of slip.

For a soil particle at the interface the normal component of

the velocity vector can be computed as (Fig. 4b)

1-
ve =v® sina’ +v° cos o’ = v_ sin a’
n X z £
€)]
s
Vx
—= = tan 6’
s
v
z
From Eq. (8) the horizontal and vertical components of the
velocity vector can be expressed as
W= v sin a’
X f sin o’ + cotan 6’ cos a’
(1.0)
vS = v° cotan 8’
z X

The velocity vector of a soil particle at the interface can
also be thought of as being composed of the forward velocity vector
and a tangential velocity vector. This latter can be computed from
the foliuiring equation:

8 - 1

Ve T VE TR & tan 67 + cos o (11)

Superscript s designates soil particle velocities

17
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The tangential velocity computed by Eq. (11) for a soil parti-
cle is in the case of driven tires generally less than the tangen-
tial velocity computed by Eq. (7) for a point at the surface of
the tire indicating that a relative displacement occurs between
the soil and the tire. From the value of the tangential velocity

of a soil particle a hypothetical slip value may be computed as
s’ =1-cos(a -a’) * (sina’ tan 8’ + cos a’) (12)

It is interesting to note that this hypothetical slip value
is independent of the translational velocity of the tire, at least

for the assumed steady state concept of tire-soil interaction.

At this point it is worthwhile to consider the meaning of the
hypothetical slip value determined by Eq. (12). If the tire ac-
tually turned with an angular velocity that resulted in a slip
equal to s’ then there would be no differential displacement be-
tween the surface of the tire and the soil. Therefore, the hypo-
thetical slip s’ may be termed as "contact slip." On the other
hand, the difference between s and s’ 1is the result of dif-
ferential displacement between tire surface and soil. The term
"spin" conveys the idea of a tire rotating relative to a nonyield-
ing surface and is also expressive of the relative motion between
a tire and a yielding surface, therefore it will be used herein to

designate the quantity s = s’.

To further elucidate the meaning and significance of these
terms a track element may be considered (Fig. 5a). If a track ele~
ment displaces the soil by AL but stays in contact with the soil

while the vehicle travels a distance 1. then the "contact slip" is

e (1ol g s
18
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Fig. 5. Contact Slip (a) and Total
Slip (b) of a Track Element
However, if the track element slides over the soil and at the
end of vehicle travel L is displaced by AX relative to its
original position (Fig. 5b) then the total slip is

s = é.)—(-{—A—I:'- (14)

In the case of a track element it is easy to visualize the

meaning of the two slip values s and s’. In the case of tire-
soil interaction the assumption of a steady state in the soil

leads to the concept that the slip line fields move with the tire
while the soil particles are displaced from their original position
with respect to a coordinate system that is fixed to the ground.

This concept makes it somewhat difficult to visualize the relative

19
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displacement of the tire surface to the soil. However, the meaning L

of the terms introduced by Eq. (12) is essentially the same as ex- -
plained for a track element. 1.

In the foregoing discussions velocities of a point at the sur- .
face of tire and soil were defined and compared. On the other hand, -
the conventional definition of slip relates slip to actual and
theoretical distances traveled by the tire. Obviously, the con-
ventional slip value determines an overall slip for the tire. i”
Janosi (Ref. 19) and others have pointed out that the slip for an ‘-
infinitesimal element of a rigid wheel may vary along the interface. P
In the case of pneumatic tires infinitesimal elements of the sur- o
face of both tire and soil may deform and exhibit different dis-
placements relative to each other. As a result, a variation of

slip along the interface may easily develop.

i

The kinematic boundary conditions and Eq. (12) derived from

these conditions allow the computation of contact slip for every

—r—

point at the interface once the tire centerline geometry and the
associated slip line fields have been determined. For the determi-
nation of the slip line fields in the tire-soil model the angle of
interface friction is assumed, or computed from the modified

Janosi-Hanamoto equation

~(s+s )/
tan & = tan amax (1 - e ° k) (15)

for given slip and slip-shear parameters. Equation (15) refers to
the conventional value of slip. In the model, slip and interface
friction angle are ‘assumed to be constant along the interface.

For these conditions the variation of the contact slip along the
interface in the tire-soil model was deterwined for several loading

conditions, tire types, and conventional slip values. It was found
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that the variation of the contact slip along the interface was

minimal and its value less than the conventional value of slip.

Typical variations of the contact slip along the interface
are shown in Fig. 6 as a function of the central angle. The con~
tact slip values were found to vary little along the interface in
the cases investigated. Largest deviations from the average value
were found near the exit angle where the tire centerline geometry
shows an upward curvature. Kinematically this portion of the
interface is the most problematic since the kinematic boundary
conditions as set forth in the foregoing paragraphs require that
the velocity of the soil particle be upward directed so that no

separation of soil and tire surface occurs.

The concept of contact slip has important implications for
both the theory of tire-soil interaction and the practical aspects
of off-road vehicle engineering. The contact slip represents the
absolute minimum of slip at which a certain tire performance can
be realized. 1In the tire-soil model the tire centerline geometry
as well as the directions of the principal stresses along the in-
terface are computed and from this information contact slip values
for every nodal point at the interface can be determined. Since
the variation for the contact slip values along the interface is
minimal, an average value of the contact slip may be computed and
relationships between the development of interface friction angle
and the average value of the contact slip may be established for
various conditions. Thus a theoretical basis exists for analysis
of the relationship between interface friction angle and contact
slip. This relationship may be compared with Eq. (15) that repre-

sents the relation with the conventional slip value.

The concept of contact slip and the method of analysis that

allows its determination frr various soil and loading conditions

21
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Fig, 6. Variation of Contact Slip Along the Interface

of a 9.00-14 Tire in Yuma Sand, Load 620 1bs;
Conventional Slip: 15%; Cone Index Gradient:
15 1bs/cu in.
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opens new avenues of research that could lead to economics in off-
road vehicle engineering. Obviously, spin, the differential dis~-
placement between tire and soil surface, is undesirable since it

is the primary cause of tire wear and results in a waste of energy.
For understanding of the phenomena that causes spin a systematic
analysis of the contact slip and its relation to the conventional
slip, scil, and loading conditions, preferably coupled with ex-
perimental investigations, would be needed. These would include
measurements of soil particle displacements at the surface as well

as torque rather than slip-controlled performance tests.

Computation of Inertial Accelerations from Velocity Fields

The concept of tire-soil interaction for which the mathemati-
cal model was developed (Ref. 13) assumes that steady state condi-
tions exist in the soil. This assumption is equivalent to stating
that the slip line fields travel with the tire with the same
velocity. For thes¢ conditions the computation of accelerations
becomes very simple if the velocity fields are known. 1In an in-
finitesimal At time increment the velocity of a soil particle at
any point x,z changes to the velocity at x - Ax,z where
Ax = vat. The velocity field computation yields the velocity com-
ponents for every nodal point in the slip line field. The numeri-
cal computation of the accelerations for these nodal points re~
quires the determination of the velocities for a Ax change. This
is cccomplished by assuming a linear velocity change between the
nodal point in question and two adjacent nodal points, one along
the "i" and one along the "j" 1line. At the boundaries of the
slip line field, velocities at these points are not always avail-
able and other combinations of adjacent nodal points had to be

selected for the determination of accelerations.
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Computational Scheme for the Consideration cf
Soil Inertia Forces in Tire=-Soil Interaction

For analysis of the effect of soil irertia forces, computed
on the basis of velocity fields, a computer program was prepared.
This computer program computes the interface stresses for a given
entry, rear and separation angles for various translational veloc-
ities of the tire. The soil inertia forces considered in the

program correspond to a constant translational velocity of the
tire,

The program represents a numerical solution method for the
differential equations (1). It computes the soil inertia forces
by successive iteration. In this iteration the first step is to
determine the slip line'fieid geometry without soil inertia forces,
i.e., for Ve = 0. Then on the basis of this slip line field
geometry the velocity fields and accelerations are determined for
each nodal point for a selected velocity increment. It is assumed
that the accelerations computed for each nodal point are valid
when a new slip line field geometry is computed on the basis of
these accelerations., This iteracion scheme in the computer pro-
gram is included in an interactive manner that allows study of the
effect of the selection of velocity increments as well as the
effect of repeated iterative acceleration computations on ihe slip
line field geometry. A detailed flow chart for the program is

given in Appendix A.

Problems Encountered with Development of

the Computer Program

Numerous minor problems were encountered with development of
the program because initially the same iteration and interpolation

schemes were used in the program as in the case without inertia
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forces. The consideration of inertia forces in Eq. (1) resulted
in a more complex situation where the behavior of soil was often
different from that anticipated on the basis of previous experi-
ence and, therefore, iteration and interpolation schemes had to be
modified. Other problems that have broader significance are dis-

cussed below.

The starting point for the development of this computer pro-
gram was the one prepared for the simulation of tire-soil interac-
tion presented in Ref. 13. In that program an ixj = 48 x 16
grid is set up for the computation of a slip line field, but only
as many j lines are computed as are necessary to end up with the
boundary j 1line at a prescribed location at the interface. The
boundary j 1line is obtained by intervolation between evenly
spaced j lines. This technique was developed to reduce the com-
puter time that would be necessary to find the required size of

the slip line field for a preset number of j lines.

Initial application of the same technique to the present prob-
18m created difficulties, because the number of j lines may
change in the various slip line fields when inertia forces are
taken into account. In the iteration technique where the slip
line field geometry is updated for velocity increments a variable
number of j 1lines is undesirable, because for an updated slip
i1ine field geometry containing more j 1lines than the previous
field, accelerations for points on the additional j 1line are not
available. For this reason the technique using a variable number
of j 1lines was discontinued in this program and a constant
30 x 10 grid size was adapted. It was found that although the
computer time needed to perform the necessary iterations to find
the required size of the slip line field increased considerably
for the first slip line field, in the subsequent iterative proce-

dure for the updating of the slip line field geometries the
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changes in the size of these fields were small and the total com-

puter time was comparable to that needed with variable j lines.

The boundary conditions for the stress field also presented
problems when inertia forces were included. The soil surface out-
side the tire-soil contact area was initially assumed as stress
free and the direction of the major principal stress as horizontal
even if soil inertia forces were included. Examination of the
geometries of slip line fields generated with this assumption
clearly showed an abrupt change in the directions of slip lines
at the first row of nodal points beneath the free surface. In
further analyses the direction of the major principal stress at
the surface was assumed to correspond to a hypothetical loading in
the direction of the resultant inertial force. Slip line fields
generated with this assumption were smooth and this assumption was

adapted in the further development.

The singular point (Point "A" in Fig. 2) presents special
problems when inertial accelerations are included in the computa-
tions. Stresses at this point are computed by the equation

2 tan ¢(6-9°)
o=o0_ e (16)

that is the solution of differential equations (1) when both dx
and dz vanish. It is seen that the inclusion of inertial accel-
erations does not affect the validity of Eq. (16) since all in-
ertial terms are multiplied by the vanishing dx or dz differ-
ential. The singular point can be regarded as a degenerate j
line (with zero length) alrng which 6 changes from its value 60
at the adjacent free surface to that specified at the adjacent
interface. However, for the determination of 60 the inertial
accelerations would have to be known at the singular point con-

sidered as part of the free surface. For the computation of these
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acceleration velocities at this point, themselves dependent on 90,
would have to be computed. Since the neighborhood of the singular
point and the singular point itself is a critical part of the solu-
tion for the whole slip line field, it was necessary to develop
and adopt an updating procedure for the computation of 60 and
velocities for this point independently of the updating of the
rest of the field. The problem of updating the solution of the
differential equations in the neighborhood of the singular point
was compounded by the difficulties of applying the numerical techs
niques to the solution. The assumption of a linear variation of
velocities from an 1i,j point to an 1i,j+l and i+l,j point
(applied for acceleration computations at an inner 1i,j point of
the velocity field) is clearly inapplicable to the singular point
that is the common location of nodal points with various i desig-
nations. The assumption of linearity would lead in this case to
either infinite, or undetermined accelerations. Thus, it was
necessary to compute the theoretical accelerations at the singular
point from another combination of points along the next j line.
An extensive analysis of the acceleration computation was made
using various grid sizes and combinations of two or more points
along the j+l1 1line. From these analyses it was concluded that
while different numerical techniques affected the value of accel-
eration computed for this point the problem is a physical one:
with increasing translational velocity the location where acceler-
ations become critical first is that of the singular point. This
could be expected since the singular point is also the entry point
where the tire "hits" the ground. JAccelerations at the singular
point are critical when the inclination of the major principal
stress associated with these accelerations equals that at which
the free surface becomes a slip line. There is no single valued
solution for the slip line field when the accelerations at this

point exceed this limit.
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The geometries of updated slip line fields generated with the

iterative procedure for the computation of inertial accelerations

were transmitted to a plotting program subroutine that allowed the 2
vicual examination of the updated geometries. This examination
revealed that in many cases when the numerical end results appeared
to be acceptable the numerical solution of the differential equa-
tions (1) was multivalued, as evidenced by the overlapping of the
slip .lines. A slip lime field with an appreciable overlap is

shown in Fig. 7. 1In many cases the overlap was hardly noticeable L

Fig. 7. Overlap of Slip Lines in the Case of a Multivalued Solution
of the Governing Differential Equations

upon visual examination of the slip line field, therefore, a pro-

vision was made in the program to indicate by a printout if, within

the accuracy of calculations, overlap occurs. Overlap indicates

that the mathematical solution of the differential equations (1)

at a particular location is multivalued, i.e., more than one o

and 6 value belongs to the same x,z point in the slip line
field.

The importance of an overlap indicating multivaluedness of
the mathematical solution is that the solution no longer represents
the physical behavior of soil under the applied loads, since it is
a physical impossibility to have two different stress states in the
soil at the same place and at the same time. Thus, overlap is a

limitation to the application of plasticity theory with inertial
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forces to the tire-soil interaction problem. Since with the method
of velocity fields, overlapping starts to occur at relatively low
velocities (in the range of 5 feet/second); this limitation is a
serious one. Therefore, an extensive investigation was made to
determine the causes of the overlap and especially, whether the
overlap is the result of the application of numerical techniques

or is inherent in the problem. As a result of these investigations

the following conclusions were drawn:

1. Overlap occurs if there is an abrupt change in
the magnitude of inertia forces between adjacent
nodal points. The geometry of the slip line

fields is such that while there are no abrupt

changes in the velocities along the slip lines,
there are abrupt changes in the derivatives of
the velocities at locations where the various
zones (active, passive, and radial) are joined
together. This is evident in the case of
Prandtl fields for weightless soil where straight
slip lines are joined with lcgarithmic spirals
at the zone boundaries. Numerical computation
techniques can aggravate this problem if at the
zone boundaries a different set of nodal points
is used for the acceleration computation than
inside the field. Numerical computation tech-
niques can alleviate the problem by using schemes

that tend to smooth these abrupt changes.

Overlap usually occurs first in the neighborhood
cf the singular point. Bow waves change the
geometry of free surface in a way that the ef-
fect of inertia forces in the neighborhood of

the singular point is counterbalanced.
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3. The velocities determined by the theory of
velocity fields are based on a two dimensional
model of the tire-soil interaction. Implicit L
in the model is that soil particles may move
only in the plane of travel. In actuality the "
movement of soil particles is not restricted
to the plane of travel and, as a consequence, -
the actual velocities and accelerations are
less than predicted by the two dimensional e

theory. -

Results of Sample Computations

For the evaluation of the effect of inertia forces on tire -
performance sample computations were made within the velocity
limits imposed by the criterion that the solution should be single
valued. The results of these sample computations were surprising -
in that the effect of inertia forces was minimal even though the
computed inertial accelerations often exceeded g by a factor of
10 or more. Figure 8 shows a comparison of normal stresses com-
puted with and without inertia forces generated at a translational
velocity of 5 feet/second. There is a slight, almost impercepti-
ble rise in the normal stresses in the front and a very slight ]
decrease of them in the rear of the tire when inertia forces are i

accounted for. Table 1 shows the pertinent input and performance i
data.

Figurz 9 shows the geometries of front slip line fields de- !
termined for 0, 3, and 6 feet/second translational velocities,
respectively. Although changes in the geometry with the velocity
appear to be minor, closer observations of the "i" 1lines shows
their approaching each other in the vicinity of the boundary be-
tween the passive and radial zone, an indication of an impending

overlap situation.
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Summary Discussion of the Method of
Velocity Fields and Conclusions

& computer program has been developed that takes soil inertia
forces in tire-soil interaction into account by computing the
velocity fields associated with the slip line fields and the ac-
celerations therefrom. It was found that the method can be used
up to about 5 feet/second velocity with 9.00-14 tires (for

larger tires probably up to proportionately higher velocities)
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TABLE 1 TIRE PERFORMANCE WITH AND WITHOUT

(Method of Velocity Fields)

Tire Size:

Tire Radius (nominal):

Tire Width:
Inflation Pressure
Slip:

Angle of Interface
Friction:

Cohesion
Friction Angle
Unit Weight

Translational Velocity

Load

Drawbar Pull
Torque

Sinkage

Pull Coefficient

SOIL INERTIA FORCES

9.00-14
1.18 ft
0.70 ft
12.5 psi
15%

(pi):

15.7°

Front Field

15 1bs/sq ft
24°

100 1bs/cu ft
ve =10 ft/sec
408 1bs

48 1bs

129 ft-1b
2.03 in,
0.119

Rear Field

30 1bs/sq ft

28°

105 1bs/cu ft
ve =5 ft/sec
410 1bs

53 1bs

135 ft-1b
1.81 in.
0.129

when the solution of the differential equations becomes multivalued.

Because of the two dimensionality of the velocity fields, veloci=~

ties and associated inertial accelerations are overestimated by

this method.

It was found that abrupt changes in inertia forces

occur inherently in this method because derivatives of slip line

directions that control the velocity field are discontinuous at

the joint boundaries of the active, passive, and radial zones.
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There is no experimental information on the physical phenome=
non that occurs when the plasticity solution becomes multivalued.
Speculatively, one may assume that failure in the classical Coulomb
sense cannot occur and a so-called "rigid" soil zone exists within
the bounds of overlap. It is also likely that the soil adjusts
itself and seeks to fail along slip lines with continuous curva-
ture. Upper bound solutions based on the characteristics of the
differential equations for velocities would have to be considered
rather than solutions based on stress characteristics. A possible
solution would be a slip line field with only one zone and con=-

tinuous curvature of the slip lines.

Inertia forces appear to have little effect on tire perfor-
mance as long as the plasticity solution is single valued. A
slight rise in the normal stresses in the front field increases
tire deflection thus resulting in a slightly better tractive per-
formance. It should be noted that even though the calculations
were made for a low translational velocity the calculated inertia
forces inside the field were in the range of several, often more
than 10 g-s.

An incidental but important result with this method is the
introduction of a new concept, that of "contact slip" in the tire
soil interaction problem. For determination of the contact slip
in any interaction problem, only a small portion of the computer
program, dealing with the kinematic boundary conditions, is needed.
The new concept can be the basis of further thcoretical research

in the area of slip, mobilized shear, and traction development.
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V. DETERMINATION OF SOIL INERTIA FORCES
BY THE PARTICLE PATH METHOD

Introduction

Soil inertia forces are generated by the acceleration and
deceleration of soil particles during the passage of a tire. The
motion of soil particles follows a particle path that defines the
geometry of particle motion in a coordinate system fixed to the
ground. Velocities and accelerations are time derivatives of the

coordinate vectors of particle path,

Experimental Information on Particle Path Geometry

Measurements of particle paths beneath rigid wheels were per-
formed by several researchers under laboratory conditions (Refs. 20
through 22) using the flash X-ray technique. These experiments
show the same general pattern and dependence of the particle path
on slip, as shown, for example, in Fig. 10. Although not pointed
out in the referenced publications that describe these particle
path measurements, theoretical considerations indicate that for a
constant velocity the particle path geometry must not change with
the x coordinate, the direction of travel. Any variation in
particle path geometry in the x direction obtained in experiments
must be the result of experimental error, inhomogeneities in the
soil bed preparation, etc. The invariability of the particle path
geometry with respect to the direction of travel also follows from

the "steady state" concept of tire=-soil interaction.

The experiments show, on the other hand, that the size of
particle paths diminishes with the depth beneath the wheel and
there is a certain limit depth below which the soil is unaffected

by the passage of the wheel.
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There are some conditions that define the end points of the
path of particles that were originally at the surface. After the
passage of the tire these particles wind up in the rut at some
depth, that evidently equals the vertical distance between the end
points of the path. Experiments also show that the horizontal posi-
tion of a particle at the surface is changed by the action of the

wheel as it passes over the particle. In the case of a slipping

36




s

wheel, the particle at the surface is pushed backward from its
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original position; in the case of a skidding wheel, or negative
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; ‘ slip, the particle at the surface is pushed in the forward direc-
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Figure 11 shows the displacement of dyed sand particles
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Displacement of Sand Particles Under a Slipping Wheel
(a, s = 55%) and a Skidding Wheel (b, s = -40%)

Fig. 11.

beneath a skidding and a slipping wheel determined in the mobility

bin at Grumman. Thus, a particle at the surface is generally dis- t

PR

placed both in the horizontal and vertical direction; the displace-~

ment equals the difference between the origin and the terminus of
the path of a particle at the surface.

Idealization of Particle Path Geometry

PP
s r ¢ 2 Do . e

For the intended use of particle path geometries it is desir-

a we t

able to describe these geometries by analytical functions. Experi-

mentally determined particle paths have some resemblance to E
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cardioids and in some publications they are referred to as such. (o
The parametric equation of a cardioid is (rig. 12)

X = 2a sin w - a sin 2w

(17) )
Z =2acos w - a cos 2w

b4 L

Fig. 12 Cardioid Geometry

Obviously, a cardioid is not a suitable curve to describe the
parcicle path when constraints are set for the displacement of the
end point in both the horizontal and vertical direction.

Another curve that has a shape similar to the observed parti-
cle paths is the nephroid. The parametric equation is (Fig. 13)

X = 3a sin o - a sin 3w
(18)

z =3acos w -~ a cos 3n

38
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Fig. 13 Nephroid Geometry

A study of the shape of these curves showed that even if the
constraints for the end conditions could be met by selecting only
a portion of these curves for particle path simulation, more free-
dom is needed to describe particle paths under the wide variety of
soil and tire loading conditions. Also, the experimental informa-
tion is restricted to the case of rigid wheels and it can be
assumed that the simulation of the effect of tire deflection on
particle path geometry would require more freedom in the analytical

expression. This freedom is achieved by allowing the constants in
the above expressions to vary as

x = a[p, sin ® - sin plw]

(19)
z = a[p2 -1 - Py cos ® + cos pzw]

39




3
A
1
|
i
i
1
!
3
3

Equation (19) refers to a coordinate system with its origin
coinciding with the initial at rest position of the particle. The
expansion of the expression in parentheses for z by the term

(p2 - 1) serves this purpose.

Equation (19) contains parametric exoressions of the particle
path that represents a family of curves of various shapes. Fig=-
ure 14 shows variations of the geometry as defined by Eq. (19) for
various values of the parameters Py and Pye Equation (19) also
represents the geometry of the particle path in parametric form.
Time derivatives of the coordinates x and 2z yield the veloci-
ties and accelerations of the particle at the time the particle is
at point x,z. To calculate these time derivatives the parameter
« has to be related to time, t, preferably by a differentiable

function. If
o= £(t) (20)

then the time derivatives of the coordinates of the particle path

are

X

aplé(cos ® = cos plw)

z = apz&(sin w - sin pzab

(21)

X = apl&(cos w - cos plw) + apl(aaz(-sin w + Py sin plag

N
]

apz&(sin w - sin pzaD + apz(&bz(cos ® = p, cos pzaD

To ccmpute the accelerations from Eq. (21) the relationship
between the parameter ® and time, t, has to be defined. To
this end it is useful to consider the changes in the direction of
the particle movement that can be associated with the relative po-

sition of the tire. The direction of the particle at any point

40
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along the particle path is given by the tangent of the path at

that point. From Eq. (19) the tangent of the particle path can be

calculated as

dz si D es ®
Q_Z_=99_=£Z in ® - sin p, 22)
dx dx Py cOS ® - cos p®

dw

The points along the particle path that may be associated with

various positions of the tire are shown in Fig. 15. The value of

the parameter at these points may be determined from the condition

that the tangent of the particle path is either horizontal or ver-

tical. The fcllowing tabulation shows the  values at these

points.

TABLE 2 VALUES OF THE PARAMETER
AT VARIOUS POINTS OF PARTICLE PATH

Point Tangent w
A Vertical 0
B Horizontal 7/ (1 + p,)
c Vertical 27/ (1 + pq)
D Horizontal 37/ (1 + py)
E Vertical 2w/ (py = 1)

The position of the tire that may be associated with the
above points and the time elapsed while the tire passes from one

point to another is shown in the lower part of Fig. 15. Obviously,

there is no rigorous time relation between these particle locations
and tire travel positions and these considerations serve primarily

as a guide for the mathematical formulation of the w = f(t) re-
lationship.
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As mentioned before, for a particle at the surface the end
points also have to meet certain conditions. First, the vertical
distance between the end points must equal the rut depth, i.e.,

2 -2, =z 23)

The constant "a" in Eq. (19) is selected so that this condition

be met.

Second, the assumption is made that the horizontal distance
between the end points equals the contact slip times the rut depth,

or

A,
225 (24)
Za

If in Eq. (19) the x,z values are substituted with the
values given by Eqs. (23) and (24) and with the appropriate value
off the w parameter given in Table 2 then a relationship between
Py and s’ can be obtained. This relationship is shown in Fig-
ure 16 fov Py values varying from 0.75 Py to 0.95 Py It is
seen that within these limits the value of Py is affected but
little by the value of Py s and Fig. 16 could be used for the es-
timation of p, for any value of the contact slip s’. On the
basis of the available experimental information on particle paths,
it appears that a Py value of about 0.9 Py is a reasonable
assumption. Shculd further information on particle paths become
available, any other value of Py that allows a good simulation
of particle path may be selected. In this case the value of Py
may be computed from the following polynomial determined as best

fitting the curves shown in Fig. 16.
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where

- 717.661 £ + 2504.05 £ - 3253.0 &2

a, = - 10.986 53 + 24.6844 &2 17.6294 € + 4.71601

(25)
a, = .273714 2 +1.05039 £ - 2.0157
ag = - 1.40114 €% +2.37218 ¢ + 2.01924
p
e=-2
P

The parameters PysPy and a completely define the particle
path and the accelerations if w = £(t) 1is known. Various func-
tional forms for this relationship have been assumed and investi-
gated for suitability to fit the time constraints established pre-~
viously for the various points along the path. Polynomials gen-
erally did not meet the requirement that ® should increase
monotonically with t. An analytical study of various logarithmic
and exponential expressions showed that if the requirement for a
monotonic increase of ® with t was satisfied then, in some
instances, it was not possible to meet the time constraints.

Finally, the following expression was chosen
w = ¢, arctan (cz(t + to)> + @, (26)

The constants Cq1:C in Eq. (26) are determined from the
ratios of the elapsed time between particle path locations A,B,D,
and E. The value of R in Eq. (25) may be tentatively chosen as

0.5x wE.
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Use of the Idealized Particle Path Geometry
in the Tire-Soil Model

The analytical expression for the particle path geometry is
convenient for the determination of accelerations. To use this
analytical expression for the calculation of inertia forces in the
tire-soil model it is necessary to determine the constants in that
expression. To this end it is assumed that the constants in the
particle path equation may be determined from the Ve = 0 case.
An alternative to this assumption is that the particle path re-
mains unchanged for small increments of velocity and the particle
path geometry for a given translational velocity would be deter-
mined by an updating procedure. Analysis of a few cases indicated
that, in view of the approximate nature of the particle path con-
cept, an elaborate updating procedure would be justified only if

more experimental information on the geometry of particle paths
were available.

For the assumption chat the particle path geometry may be de-
termined from the Ve = 0 case, computations of accelerations
become a simple matter. They require the addition of a short sub-
routine named "ACCE" to the program that was developed for the
computation of tire performance for given tire and soil input data.
(Main program "KTIRE" and subroutine "SLFI," developed for tire-
soil interaction simulation, are described in TACOM Tech. Report
No. 11900 (LL147) (Ref. 4). The subroutine "ACCE" is called from
subroutine "SLFI" after the first approximation of the coordinates
X,z 1is computed for each nodal point of the slip line £field. The
accelerations computed by the subroutine "ACCE" are then used in
the difference equations for the computation of ¢ and 6 and

for the computation of the improved values of the x,z coordinates
of the nodal point.
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A detailed flow chart of the expanded program for the computa-
tion of tire performance with consideration of soil inertia force

is given in Appendix B.

Problems Encountered with the Development of
the Computer Program

These were generally of the same nature as with the program
based on velocity fields. However, the analytical simulation of
the particle path geometry resulted in continuous time derivatives
alleviating the overlap problems at zone transitions encountered
with the other program. The critical accelerations occurring at
the singular peoint, that are inherent in the problem, limit the
applicability of the method to about 10 to 20 feet/second trans-

lational velocity, depending on the tire dimensions.

In cases where the soil and loading conditions are such that
there is no slip line field in the front, association of the vari-
ous points of the particle path with relative positions of the
tire is no longer applicable. Experimental information on parti-
cle paths generated under such conditions is needed for meaningful
simulation of the geometry of particle paths and the motion of

particles in the time frame of tire passage.

Results of Sample Computations

For evaluation of the effect of soil inertia forces on tire
performance by this method, computations were performed for a few
typical cases. Results of these computations are shown in Tables 3
and 4.

In the computations for the performance calculations shown in
Tables 3 and 4 no overlap was experienced for the translational

velocities indicated, i.e., all slip line field solutions were
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TABLE 3 TIRE PERFORMANCE AT VARIOUS VELOCITIES

Tire Size: 9.00-14
Tire Radius: R=1.18 ft
Tire Width: B=0.74 ft
Load: L = 614 1bs
Inflation Pressure: P; = 10.9 psi
Limit Pressure: P, = 11.0 psi
Deflection Coefficient: e =0.9
Slip: s = 10%
Cone Index Gradient: CGR = 15 pci
Interface Friction Angle: 6§ = 22.8°
Translational Pull Sinkage Contact Entry Rear
Velocity ft/sec Coefficient in. Slip Angle (°) Angle (°)
0.3268 0.724 0.0738 26.06 12
0.3334 0.599 0.0614 23.90 10
0.3340 0.593 0.0600 23.84 10
10 0.3346 0.588 0.0618 23.77 10
12 0.3352 0.583 NA 23.71 10
single valued. The highest velocities shown in these tables are

approximately the limits above which the solution becomes multi-

valued.

It is seen that the increase of tire performance due to soil

inertia forces are minimal

purposes, negligible.

in these cases and, for all practical
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TABLE 4 TIRE PERFORMANCE AT VARIOUS VELOCITIES

Tire Size: 4.,00-7

Tire Radius: R=0.59 ft
Tire Width: B = 0.40 ft
Load: L = 225 1bs
Inflation Pressure: P; = 10.3 psi
Limit Pressure: P, = 10.6 psi
Deflection Coefficient: e = 0.85
Slip: s = 30%

Cone Index Gradient: CCR=19.6 pci

Interface Friction Angle: & = 27.8°

Translational Pull Sinkage Contact Entry Rear
Velocity ft/sec Coefficient in. Slip Angle (°) Angle (°)
0.3217 1.11 0.089 42.3 22
5 0.3270 1.08 0.093 42.0 22
0.3291 1.07 0.131 41.9 22
10 0.3508 0.93 0.135 39.3 20

Summary Discussion of the Particle Path Method

and Conclusions

The consideration of soil inertia forces by the particle path
method is simpler than with the method of velocity fields. The
analytical simulation of particle path geometries results in smooth
changes of velocities and accelerations from one nodal point to
another in the slip line field. As a result, the limitation im-
posed by the multivaluedness of the solution of the differential
equations defining the slip line fields is less severe than the
velocity field method, and analysis of tire performance at higher

velocities becomes possible.
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The drawback of the particle path method is that its empiri-
cal basis includes only a few tests. Therefore, it was unavoidable
to make somewhat arbitrary assumptions in the analytical simulation
of the particle path geometry to attain a usable method. However,
there is enough freedom in the analytical simulation of particle
paths to allow for adjustments should more experimental information

become available.

The most interesting and important result of the analyses per=~
formed by the method of pariicle paths is that, in agreement with
the results obtained with the wmethod of velocity fields, the effect
of soil inertia forces on tire performance is minimal for the
translational velocities investigated. An explanation for this
finding, that is somewhat contrary to expectations, is that in the
cases analyzed tire performance was governed by failure conditions
in the soil. Even though soil inertia forces affected the geometry
of slip line fields, the stresses in the soil were controlled by
its strength; therefore, soil inertia forces had little effect on
the interface stresses and, consequently, on tire performance. A
logical amplification of this explanation is that soil inertia
forces are very likely to have appreciable effect on tire perfor-
mance if they affect the mode of failure in the soil. Multivalued-
ness of the solution of Eq. (1) is an indication that the soil may
not fail according to the concepts of soil plasticity. At this
time neither theory nor experiments are available that would apply

to the problem.

Another result of the sample calculations worth noting is
that the computed average value of contact slip changes with veloc-
ity. The improvements in tire performance with speed reported in
Ref. 1 refer to a constant slip of 20 percent. The question may

be raised whether the improvement in tire performance with speed
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would manifest itself over the entire slip range, including the
maximum pull performance, or whether the observed improvements
signify only an accelerated development of the interface shear
stresses with slip as the travel velocity increased. Tire perfor-
mance experiments at various velocities over the entire slip range

are needed to clarify this problem.
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VI. EFFECT OF LOADING RATE ON SOIL STRENGTH
AND TIRE-SOIL INTERACTION

Introduction

In tire-soil interaction the soil is loaded at a rate that is
directly proportional to the translational velocity of the tire.
The rate of loading affects the strength of soil in many ways. In
civil soils engineering practice consolidation and creep theories
deal with the long term effects of loading rates on soil strength;
the loading rates encountered in tire=-soil interaction problems
fall into the category termed as "rapid" or "quick" loading and the
soil strength referred to as "undrained" indicating that during

such rapid loading there is no drainage of the soil. For the pur-

poses of civil soils engineering, laboratory tests aimed at deter-
mining th2 strength of soil under rapid loading conditions are

performed so as to reach the maximum load in a matter of minutes.

In tire~-soil interaction the loading rate is generally faster
than that considered "rapid" in civil soil engineering. Soil be~
havior at loading rates comparable to those encountered in tire-
soil interaction has not been investigated until recently, since
laboratory investigations at these loading rates require special
equipment, referred to as "dynamic" triaxial testing apparatus.

In dynamic tests, loads are applied in fractions of seconds. Dy~
namic tests are generally strain controlled and investigations

relate strength properties to the strain rate.

Indirect information on the effect of loading rate on the
strength properties of soils is also available from various sources

where the resistance of soil to the penetration of plates, blades,

or cones is measured at various rates of penetration.
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Physical Causes of Strain Rate Dependent
Strength Properties of Soils

The physical causes of the strain rate dependent behavior of
soils are manifold ard some of them are not clearly understood.
The rate of strain affects soil behavior on the microlevel through
its effect on the physicochemical and electrochemical bonding
forces between the soil particles. On the macrolevel, moisture
redistribution during shearing and plastic flow of contacting par-
ticle asperities are the major time-dependent phenomena that affect
soil strength and tire-soil interaction. Since these phenomena
affect the results of the various types of laboratory and field
strength tests and tire-soil interaction in a different way, it is
important to consider the mechanism underlying these phenomena
when strain rate effects are analyzed. In the following discussion
many aspects of these very complex phenomena are omitted so that
the essential mechanism may be clearly presented. For the purposes
of this discussion it is convenient to group soils in three cate~
gories: saturated cohesive type soils, cohesionless soils, and

partially saturated frictional-cohesive soils.

In saturated cohesive type soils, such as the Buckshot clay,
moisture redistribution during loading is the most important single
factor responsible for the increase of soil strength with the rate
of strain., The phenomenon of moisture redistribution can be best
explained by considering a triaxial test (Fig. 17). Loading of
the sample in a triaxial test results in a stress state ultimately
leading to the development of a failure surface where shear
stresses exceed the shear strength of the material. In the process
of straining the sample, high shear stresses along the potential
failure surface tend to dilate the soil. This tendency to dilate

reduces the pore water pressures along the potential failure
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Fig. 17. Molsture Migration in Triaxlal Test

surface relative to the rest of the sample. The reduced pore water
pressures suck moisture toward the failure surface, therefore in-
creasing the moisture content locally. Thus, a moisture redis-~
tribution occurs in the sample during the test and the actual
strength of the sample corresponds to the moisture content in the
immediate vicinity of the failure surface. Experiments confirm
that moisture redistribution takes place in dynamically tested
triaxial samples (Ref. 23).

The rate of moisture migration depends on the permeability of
the clay. The total amount of moisture that migrates during a test
depends on the rate of migration and the time available for migra-
tion. Obviously, this latter depends on the strain rate and hence
dependence of the strength on the strain rate. It should be notéd

that this moisture migration occurs even though the test is of the
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"undrained" type, i.e., no water is going in or out to the sample
during the test and the total water content of the sample has not
changed.

The process of moisture redistribution is extremely complex
and its analytical treatment would require the knowledge of stress
states in the specimen for the deformed geometry as well as pore
water pressure response of the soil to these stress states. From
the viewpoint of tire-soil interaction, a significant feature of
this complex redistribution process is that the rate of moisture
migration toward a potential failure surface depends not only on
the properties of soil, but also on the stress states in the
vicinity of that surface and the distance from the impervious
boundaries (the sealed bottom and the rubber membrane in the tri-
axial test) of the specimen. These conditions are different in
tire~soil interaction from those in a triaxial or a field test,
therefore, strength-strain rate relations found by such tests are

not immediately applicable to tire-soil interaction problems.

In cohesionless soils the experimental evidence concerning
the effect of strain rate on their strength is inconclusive.
Early experiments by Casagrande and Shannon (Ref. 24) showed a
small increase in strength with an increase of the strain rate,
while Whitman and Healy found the shear strength of sands unaf-
fected by the strain rate (Ref. 25). Larew and Atakol (Ref. 26)
found that the rate of shear strain affected the strength of co-
hesionless soils. These experimental results indicate that the
response of cohesionless soils to dynamic loading is not uriform
and the mineral composition of the grains and arrangement of the
particles also play a role. The strain rate may affect this re-
sponse by delaying the force transmission from parcicle to parti-
cle due to the inertia of the individual particles and the plastic

deformation of the contacting surfaces.
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In partially saturated frictional-cohesive soils the effect
of strain rate on strength properties is diverse. In the three-
phase solid-water-air system pressures of pore water, as well as
of pore air, may be generated and moisture redistribution during
loading may be prevented by pore air pressures. Also, if there
are open channels, the pore air pressure may be relieved; the time
rate of this relief would depend on the air permeability of soil.
In summary, the effect of strain rate on the strength properties
of partially saturated frictional-cohesive soils is exceedingly
complex and cannot be evaluated, even qualitatively, on the basis

of theoretical and experimental information available at present.

Correlation of Strain-Rate Effects in Laboratory

and Field Tests for Strength Property Determination
and in Tire-Soil Interaction

Dynamic triaxial tests performed under controlled laboratory
conditions are the best source of information on the relationship
between strain rate and strength in various types of soils. Even
so, the measured resistance of the soil sample to the applied
loading includes the effects of soil inertia. Only in the most
recent experiments (Ref. 27) has an attempt been made to separate

inertia effects in the triaxial test from the shearing resistance.

In the dynamic triaxial tests the applied strain rate is con-
stant and controlled during the test. Thus, experimental relation-
ships between strain rate and strength can be clearly formulated;
these relationships may be approximated by a logarithmic relation-
ship between strain rate and strength. Figure 18, from Ref. 28,

shows such a relationship for normally and overconsolidated clays.

Indirect experimental information on the effect of strain
rate on the strength properties of soils has also been obtained
from dynamic plate bearing and cone penetration tests (Refs. 29

through 31). 1In these experiments the total force required to
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force the plate or cone into the soil was measured at various rates
of penetration. While these experiments provide useful information
on the behavior of the soils tested under these conditions there is
no theoretical basis for the generalization of these findings to
other types of soils. Also, the evaluation of the strength prop-
erties of soils from these tests is difficult for two reasons.
First, the effect of soil inertia forces would have to be accounted
for separately. Second, the strain and the strain rate in the soil
volume affected varies, and, therefore, any observed effect of the
penetration rate on the load is the cumulative effect of various

strain rates in the soil.

To compare, at least approximately, results of cone penetra-~
tion tests and dynamic triaxial tests, an average strain rate was
calculated for cone penetration tests performed in Buckshot clay

on the following basis. Slip line fields for cone penetration in
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clay show that a soil volume of a radius of about R = (5 to 6) » r

(r = radius of the base of the cone) is affected by the penetration

of the cone. If the initial void ratio of the soil is e and

R = 5r 1is assumed, then the change of void ratio due to the volume
displaced by the cone (assuming no surface heave) is

ei - e, + 1
be = 241 + e) (27
The corresponding strain is
Ae
*TT+ e, (28)

The average strain rate depends on the average strain and the rate

of penetration. For the WES cone the strain rate is

v
‘ Z

€=e3 (29)
where h = 3.77 cm, the height of the cone. For the standard
rate of cone penetration (3.05 cm/sec)

€= .8 x e(sec-l) (30)

In the tire tests conducted in Buckshot clay the cone index
varied from 16 to 62. According to experiments reported in
Ref. 32 this cone index variation corresponds to a variation in
moisture content from 40 to 33 percent. The corresponding ini-
tial void ratios vary from 1.37 to 0.97, the average strains
from 1.2 to 1.0 percent, and the average strain rates from

0.8 to 1.0 percent secpl.

In tire-soil interaction a crude approximation for the average

strain ratio may be computed by the assumption that the depth of

59




g e T JUT R U RRT
e T

soil affected by the interaction equals the radius of the tire.
For two-dimensional conditions the average strain rate may be es~
timated as

z

€ = == °

k¥
R 2

(31)
This formula was used to compute the average strain rate for
the test series on 9.00-14 tires reported in Table 8 of Ref. 1.
For the tests performed at the standard velocity of 5 feet/second,
the average strain rate computed by Eq. (31) varied from 5 to
34 percent sec-l, appreciably higher than the average strain
rate in a standard cone penetration test. For the tests performed
at velocities from 0.5 to 18 feet/second, the average strain

rate computed by Eq. (3l) varied from 1 to 58 percent sec-l.

Consideration of Strain Rate Effects
in the Tire=Soil Model

In the test series on 9.00-14 tires mentioned previously the
soil was characterized by its cone index obtained in cone penetra-
tion tests performed at the standard penetration rate, For the
purpose of model validation, a relationship between the Coulomb
strength parameters and the cone index was established for the
Buckshot clay in Ref. 4, that was found to yield good prediction
for the tire tests performed in Buckshot clay. The slip-interface
shear parameters needed in the prediction were established by an

empirical optimization technique.

In order to take strain rate effects in consideration in the
nodel it would be desirable to establish the strength properties
of the Buckshot clay as a function of the strain rate. determine
the strain rate for a particular case, and apply in the model the

strength parameters adjusted for the strain rate. Since the
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strain rate is not known a priocri, additional iterations would

have to be performed in the model for its determination. Also,

the inconsistency of the average strain rate being different in a
g‘ standard cone penetration test from that in a standard tire test,

such an approach would be unworkable. Instead, the experimental

T T e T T F
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data reported for the test series on 9.00-14 tires in Buckshot

L e )
L 3

clay were analyzed by adjusting the cone index values obtained at

the standard penetration rate for the variations of the transla-

Bz )

tional velocity. The cone penetration resistance was found to
vary with the rate of penetration according to the following rela-
tion (Ref. 30)

LAV |

Brandgorr. }
o
o
\O
N

_ c1 = cr_ () (32)

h oo

{ Since strain rates are proportional to the penetration rate in
f } cone penetration and to the translational velocity in tire-soil
” interaction, the v/vs ratio in the above equation may be substi-

i tuted by the ratio of the actual translational velocity to the

e
x

standard translational velocity in tire tests (5 feet/second).

* An analysis of tire performance was made where the Coulomb

-- strength parameters were determined for the CI wvalues adjusted

- for the translational velocity by Eq. (32). Results of this analy-

- sis are shown in Fig. 19 where predicted pull coefficients are
shown against measured ones. Indicated by various symbols are the

E - ranges of adjustment factors for the CI values used in the com-

putation.

It is seen from Fig. 19 that pull coefficients are generally
overpredicted by the tire-soil model if adjustments in the strength

properties for the strain rate are made on the assumption that the
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- cone strength varies with the translational velocities as indicated
-~ by Eq. (32).

There are several reasons why this procedure has not resulted

E YT L S R

in a better approximation of the pull performance. These can be

summed up as follows:

. ¢ 1In the computations for Fig. 19 the interface

friction-slip parameters were assumed on the

. basis of unadjusted CI values. These parame-
ters may vary with the translational velocity

. of the tire.

| ® In the tire-soil model the soil properties are

! assumed to be uniform throughout the affected

soil mass. 1In tire-solil interaction, strains

PRESTIN

and strain rates vary from point to point.
} Thus, if variation of strength properties with
strain rate is to be properly considered in the

model, then the model would have to be expanded

-yt

to allow for the variation cf the strength prop-

erties at every nodal point. This variation
would have to be determined on the basis of

strain rate computations. The two methods for

the computation of soil inertia forces pre-
sented in Sections IV and V lend themselves
readily applicable to the computation of strain
rates. Velocity fields as well as particle path
geometries may be used for strain rate computa-

tions.

® The crude approximation of the average strain ‘

rate by Eq. (31) shows that strain rates are %
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proportional to the translational velocity for
the same tire-soil geometry but vary signifi-
cantly with the rut depth even if the transla-
tional velocity remains the same. Thus, an
adjustment in the CI values based solely on
translational velocities cannot reflect the
effect of strain rate on the strength proper-

ties in tire=-soil interaction.

Summary Discussion of the Effects of Strain Rate
on Tire-Soil Interaction and Conclusions

Strain rate significantly affects the strength properties of
certain soils and thereby tire-soil interaction. The experimental
information on the effect of strain rate on soil strength behavior
is limited to a few types of soil. The complexity of the physics
of strain rate effects and the lack of a theory prohibit generaliza-
tion of the results of experiments for other types of soils. Spe-
cifically, clay soils saturated to a lesser degree than in the ex-
periments performed on Buckshot clay are likely to exhibit differ-
ent behavior. More basic research is needed for the interpretation

of strain rate effects observed in the experiments.

Theoretically, the most valuable information on the effect of
strain rate on soil behavior is that obtained in dynamic triaxial
tests where the strain rate is constant and controlled. Indirect
information on the effects of strain rate has been obtained from
cone penetration and plate sinkage tests performed at various rates
of penetration. Interpretation of the results of these tests is
difficult and the general validity of correlations with tire per-
formance are questionable for the following reasons. First, soil

inertia effects in these tests are not separated from strain rate
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effects. Second, the strain rate varies in the affected soil mass
and, therefore, measured changes in penetration resistance reflect
the cumulative effect of strain rate variation in the affected soil
volume. Theoretical and experimental research is needed to estab-

lish strain rate patterns for these experiments.

Soil strain rates also vary in tire-soil interaction. To take
their effect properly into account in the tire-soil model it is
necessary to determine the strain rate distribution in the soil.

Of the various ways to accomplish this the evaluation from parti-
cle path geometries appears to be the most practical. More experi-
mental information on particle path geometries is needed to deter-
mine the parameters in the analytical simulation presented in

Section V.
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VII. USE OF TIRE-SOIL MODEL IN
VEHICLE RIDE DYNAMICS SIMULATION

In the simulation of tire-soil interaction by the tire-soil
model it is assumed that tire load and travel velocity are constant
and a steady state exists in the soil. With these assumptions the
fundamental relationships governing tire-soil interaction may be
formulated and compared with laboratory experiments without undue

interference from interactions between tire and vehicle.

Another important area in mobility research is the simulation
of ride dynamics of off-road vehicles. 1In the first generation
dynamic models of off-road vehicles it is gssumed that the ground
is rigid and the motions ~f the vehicle are two dimensional. With
these assumptions it is possible to analyze the dynamics of off-
road vehicles under idealized conditions and validate the model

for such conditions.

Ideally, in both vehicle performance and ride dynamics, simu-
lation of the interaction between running gear and vehicle should
be taken into account. Even though in the model expansion reported
in Sections IV through VI velocity effects have been considered
only in a very preliminary way, the model may be used to demon-
strate its potential use in vehicle dynamic models. To this end |
sample computations were performed to determine axle height-load
relationships for a 9.00-14 tire predicted by the model for the

conditions shown in Table 5.

Figure 20 shows the results of computations for Cases 1 and
2., The difference between the two cases is in the value of the
assumed drawbar pull. In this case the 100 pounds difference
in drawbar pull does not appear to affect the axle height-load

relationship appreciably. However, in other types of soils,
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e S




Pt et s L R RS UARS

i A TR

T TRy

TR

AL, & 0

3000

2000

Vertical Force (1lbs)

1000

1

\ — @ =i= @9~ Drawbar Pull =0

—Qm=— 0= Drawbar
\\ Pull = 100 1bs

G.9 1.0 1.1
Axle Height

1.2 Ft

Fig. 20. Vertical Force - Axle Height Relationships for Cases

No.

1 and 2 Shown in Table 5

68




T

Al L

AT TS STV e L R s

TABLE 5 AXLE HEIGHT-LOAD RELATIONSHIPS

Tire Size: 9.00-14

Nominal Radius: 1.18 ft

Nominal Width: 0.74 ft

Soil: Buckshot Clay

Case No. 1 2 3 4
Tire Inflation Pressure psi 38 38 11.8 11.8
Limit Pressure psi 29 29 11.6 11.6
Deflection (WES Term.) 25% 25% 25% 25%
Deflection Coefficient (g) 0.9 0.9 0.9 0.9
Translational Velocity ft/sec 5 5 5 10
Drawbar Pull 1bs 0 100 0 0

Cone Index at Standard

Penetration Rate 37 37 43 43

Cone Index Adjusted for

Velosity 37 37 43 46

especially in cohesionless soils, it is likely that the effect of
the drawbar pull on the vertical force-axle height relationship
will be significant. Note that the relationship shown in Fig. 20

could be closely approximated by a linear spring rodel.

Figure 21 shows the same relationship for Cases 3 and 4 shown
in Table 5. These two cases differ in soil strength since in
Case 4 the cone index was adjusted for the strain rate correspond-
ing to the 10 feet/second translational velocity. The obtained
axle height-load relationships are aimost identical, probably due
to the controlling influence of the limiting pressure that governs
the normal pressure over a large portion of the contact area in

both cases. The soll strength comes into play only in a limited
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portion of the contact area, hence the almost identical axle
height-load relationships. This relationship is not as close to
a linear one as the one shown in Fig. 20. Nevertheless, consider-
ing all other idealizations in vehicle dynamic models, a linear

spring model would be an acceptable approximation.

These sample computations show that the tire-soil model, in
addition to performance predictions, may also be used for the de-
termination of realistic spring constants representing both tire
deflection and ground deformation in vehicle dynamic models. Once
such constants are determined for given tire and soil parameters,
their inclusion in a dynamic model is simple. The main advantage
of this procedure is that in the spring constants determined by
the tire-soil model, the deformability of soil is included allowing

thereby a more realistic simulation of off-road ride dynamics.

'y
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VIII. TOWED PNEUMATIC TIRE-SOIL MODEL

Introduction

For the analysis of cross country mobility of all wheel drive
vehicles, determination of the drawbar pull that a tire can develop
under various soil and terrain conditions is of prime importance.
The driven pneumatic tire-soil model developed under Contract
DAAE07-73-C0115 serves this purpose. However, it is often neces-
sary to evaluate the performance of off-road vehicles towing
trailers or of all wheel drive vehicles when the front wheel drive
is disengaged or inoperative. For this purpose it is necessary to

determine the towing force needed to move a pneumatic tire in vari-

ous soils.

For the determination of the towing force a pneumatic towed
tire model was developed by Janosi in 1960 (Ref. 33) using soil
parameters from plate sinkage tests. Many features of this model
were incorporated in the tire-soil model for driven tires. Thkz
accuracy of performance predictions achieved by the driven tire
model. the need to use uniform soil parameters in both driven and
towed tire models, and the desire to incorporate the results of
more recent experimental information on tire geometry and interface
stresses into the model, prompted the developmenit of a towed tire-

soil model des;ribed herein.

Experimental Information on Towed
Pneumatic Tire Behavior

Numerous towed tire tests have been performed by various re-
searchers over the years. Most of these were restricted to the
measurement of towing force and sinkage. For the development of a

towed tire-soil model those tire tests are especially of interest

.5 Preceding page hlank
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where tire geometry and interface stresses were measured (Refs. 33
through 40).

The tire geometry measurements on towed tires (Refs. 36 through
40) show that for towed tires the same qualitative relatienships
among tire stiffness, soil stiffness, sinkage, and deflection hold

as this general relationship is shown schematically in Fig. 22 for
driven tires.

Def.ection
Sinkage Large

Fig. 22. Schematlc Representation of Tire-Soil Behavior
(Based on VWES Experiments)
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Experimental information on stresses measured at the inter-
face of towed tires is meager and restricted to the measurement of
normal stresses. Since the salient difference between driver and
towed tires is in the magnitude and distribution of interface
shear stresses, this lack of experimental information presented a
serious drawback for the formulation of interface shear stress
criteria. 1In lieu of anything better, these were formulated on
the basis of interface shear stress measurements on towed rigid
wheels. Figure 23 shows a typical result of such measurements by
Krick (Ref. 40).

VARV vavay vavavas |
X .0'6.3 ,:.0.0.0\\

0.4

~,

Fig. 23. Distribution of Normal and Shear Stresses Beneath
a 0.88 in. Diameter Rigid Wheel (Averaged Cver the
Width for Two Tests) Wheel Load: 640 kg (From Ref. 40)
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Concept c: Towed Tire-Soil Interaction

In the conceptual development of the towed tire=~soil model
the inferences drawn from the study of experimental information

were incorporated in the following way.

¢ Tire deflection was related to the arc

length of the front slip line field in

the same way as in the driven tire-soil

model,

The interface friction coefficient, ©&, that

governs the shear stress distribution, was
assumed to vary linearly from the entry and

exit points to a central angle, LI where

its sign changes. This assumption results in
a shear stress distribution similar to that

obtained for rigid wheels and shown in Fig. 23.

For the shear stresses the criterion was

adopted that their moment about the tire axis be

2 .n-lg LRz SANEOS st N

zero. While at first glance this criterion ap-
pears to be self-evident for a towed tire where
the applied torque is zero, it should be brought
to mind that in the case of a deflecting tire
normal stresses may also produce moments about
the axis. 1In such a case the moment produced

by the normal stresses would have to be balanced

S ey T R R i n ¥ Ly s Wil Losf pls ot Y

by the shear stresses resulting in a different

shear stress distribution. It is in this respect

TR

that the lack of experimental information on in-
terface shear stresses beneath towed tires hin-

dered the development of a towed tire model that

N i ST e ST
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would be responsive to this contingency in

shear stress distribution.

® For the driven tire-soil model, relationships
were developed between slip and the interface
friction angle. For towed tires, skid or
negative slip is of less importance since it
does not affect travel efficiency or power
consumption. Therefore, skid-interface fric-
tion rclationships were not analyzed and

included in the model.

Development of Towed Tire-Soil Model

The concepts of towed tire~soil interaction described previ-
ously were incorporated in the towed tire-soil model shown in
Fig. 24. The tire centerline geometry consists of logarithmic
spirals and straight lines, as in the driven tire model. Tire
deflection is assumed to start aghead of the enfiry point and
ceases after the exit point. This assumption is incorporated in
the model by the angle o’ (see Fig. 24) that defines the end

points of the logarithmic spirals in the front and rear. The

normal stresses are controlled by plastic equiiibrium c~snditions
in the soil whenever they are less than the limit pressure Py
that depends on the tire inflation pressure. The shear stresses
and the interface friction angle ©& are assumed to vanish at the

central angle a,- A linear variation of & from the entry and

4 exit points results in a shear stress distribution as shown in

]

g . Fig. 24.

% .« For towed tire=-soil interaction, the soil model is the same

E il as for driven tire=-soil interaction. Soil behavior is represented
3 v by its Coulomb strength parameters and its unit weight. The gen-
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Fig. 24, Towed Tire-Soil Model

eral concept of towed tire-soil interaction as incorporated in the

T PR T o F o

towed tire-soil model shown in Fig. 24 does not, in itself, uniquely ;
define the geometry of the tire-soil interface. The condition that

the normal stress, q, at the assumed angle, ¢

TG FE o0

e e

, be equal to
m
the limit pressure Py defines the entry angle, since it is by

EPAST Y

the variation of the entry angle that this condition is met. How-

ever, the rear angle «_ is undefined. Experimental information
i

on ..e geometry of towed tirce shows that the rear angle varies

with the load and the entry angle. To define a general relationship
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for a wide variaty of soil and loading conditions the same approach
was followed as for the development of the driven tire-soil model.
A computer program was written for the towed tire-soil model and
towing force computations were made for a variety of assumptions
regarding the rear angle. The towed force computations were per-
formed for tire sizes and soil conditions for which experimental
data were reported in Ref. 1. These towed tire tests were selected
for validation of the model because soil strength parameters for
the two types of soils used in the tests were already established
in Report No. 11900 (LL147) (Ref. 4).

Since the cost of the large number of computer runs required
to perform the contemplated systematic analysis of the effect of
the various assumptions on the towed force is high, the computer
program was adapted to the General Data Corporation Nova Minicom-
puter owned by the Research Department. Running time of the com-
puter program on the minicomputer is about 4-8 times that on large
computers but the running cost is nominal. Arrangements were made
for input and output data veading from, and recording on, data
files so that results for a large number of selected cases could
be obtained overnight.

The computer analyses of a large number of cases served the
dual purpose of comparing results with experimental data and check-
ing on tolerance limits and convergency criteria of various itera-
tion schemes adopted in the computer program. In connection with

the latter, some new problems arose that are discussed below.

Problems Encountered

In the development of the computer program for towed tire=-soil
interaction the experiences gained with the driven tire-soil model

were heavily relied upon. One of the tasks that had to be solved
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in both models is that of finding the size of the slip line field

that matches a prescribed normal stress at the interface at its

end point. All iteration schemes developed for the driven tire-

so0il model were based on the assumption that the normal stresses
computed for any slip line field increase from the edge point
adjoining the free surface toward the inner points. While this is

generally true for a constant ©& angle of interface friction

assumed for driven tires, it is not necessarily so when the angle

decreases from the edge toward the inner point. It was found that

in certain cases in cohesive soils with a low friction angle the
normal stress is unchanged or even Zecreases from the edge point

for a certain rate of decrease in the ©& angle. Measurements of

normal stresses at the interface of a rigid wiheel towed in clay

reported by Uffelmann (Ref. 41) and shown in Fig. 25 indicate that
in highly cohesive soils this is, indeed, possible.

43

Max. Normal Stress = 28 psi

Fig. 25. Distribution of Normal Stresses Beneath a 54-in. Diameter

Rigid Wheel Towed in Heavy Clay. Load: 6720 1lbs; Slip:
= 27%, (From Ref. 41)
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This feature of the normal stress distribution in cohesive
soils made it necessary to make provisions in the program that
account for this situation. The main problem that had to be re-
solved was the determination of the size of the front slip line
field for nearly constant normal stresses. In principle, this
problem was resolved by assuming that the size of the front field
for entry angles between 30 and 60 degrees 1is determined by
the condition that the vertical components of all stresses be
equal to the load. The rear angle is assumed as 10 degrees for
the variations of the entry angle from 30 to 60 degrees. For
entry angles less than 30 degrees the rear angle is reduced by
half of the difference between the entry angle and 30 degrees. A
computational scheme corresponding to these assumptions was incor-
porated in the computer program. Results of the towing force com-
putations were compared with experimental data and were found to
yield acceptable approximations within the limitations of a two

dimensional model.

Results of the Analyses of Experimental Data

The systematic analyses of the experimental data were directed
primarily toward determination of the best assumption as to the
relative positions of the front and rear slip line field controlled
by the angle of separation and rear angle. The effects of other
assumptions, such as the relationship between the limiting and in-~
flation pressures, the value of the interface friction angle at the
entry and exit point, and the location of zero shear stress were
also investigated. 1In the course of these systematic analyses per-
formed on the minicomputer over 3000 cases were investigated, all
representing different combinations of the input data and assump=-

tions. The cost of this systematic investigation, if carried out
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on large computers at commercial rates, would have amounted to
more than half of the contract cost. Even though the number of
cases investigated appears to be large, only a limited number of
all possible combinations of input variables and assumptions are
covered. Nevertheless, it was possible to establish approximate
relationships that define the towed tire-soil model completely and
result in acceptable prediction accuracy. Although further sys-
tematic analyses could have resulted in refinements in the model,
the time spent would have been prohibitive. Also, the systematic
analyses showed that prediction accuracy could not be improved sig-
nificantly unless three dimensional conditions were considered in

the model.

The following assumptions were incorporated in the final com=-

puter program on the basis of these systematic analyses:
Initial value of rear angle a, = 10°
Initial value of separation angle a = 20°
Relationship between rear and separation angle =

a = 1.5 x a. + 5 (33)

The effects of limiting pressure on the prediction of towing
forces were also investigated. In the case of towed tires the

following relationship was found to yield good simulations

p{PSH) = .82 x p, + 6 (34)

The interface friction angle © 1is assumed to vary from a
maximum value at the entry and exit points to 0 at some inner
point. The variation of & along the interface is thus defined
by its maximum value and the angle a, at which its value becomes

zero. This angle was defined in the program as
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. % = F % (35)
L. where the value of the factor F_ was to be determined by the con-

dition that the moment of the shear stresses about the tire axis

LR ]

d be zero. The systematic analyses were run with various values of

the F_ factor. It was found that a value of F_ = 0.5 generally

o X
-

yielded a negligible moment of the shear stresses. Although it

would have been possible to set up an iteration scheme whereby the

EALML VLR O DUAMURECS T g

: moment of the shear stresses was made less than a specified tol-

Al Sl

- erance by an appropriate variation of the FT value, it was found

: that the prediction accuracy would not have been improved in a sig-
nificant degree to warrant the additional computer time required

.- for these iterations. If, however, for any reason, the moment of
shear stresses appears to be unacceptably high, an appropriate
change in the input F. value would bring it to an acceptable

level.

The maximum value of the interface friction angle was assumed

as
5 =F_* 9 (36)

In the systematic analysis the effect of the factor Fe on the

towed force coefficient was investigated by assuming various values
for Fg- It was found that for good simulation F6 may vary be-
tween 0.25 and 0.50. These values are in the range of F

values evaluated from experimental data on rigid wheels. ShZar

stress measurements on towed pneumatic tires in various soils would
. be needed to firm up the value of the F6 factor. A detailed flow

chart of the computer program incorporating these features is given

- in Appendix C.
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A comparison of measured and predicted towed force coeffi-
cients is given in Tables 6 through 10 for various tire sizes,
loading, and soil conditions. The experimental data were reported
in Ref. 1 where more detailed information on the performance of

experiments may be found.

As shown in the tabulations, in addition to the towed force
coefficient actually measured in the experiment, the one computed
from the best fitting curve for all experiments performed in the
same soil, as reported in Ref. 1, is also given. Since all ex-
perimental measurements necessarily contain some experimental error,
differences in predicted and measured towed coefficients may arise
from errors or inaccuracies in either value. In the course of the
systematic analyses of the experimental data it became evident, in
some instances, that efforts to simulate individual experiments
may be antiproductive if that experiment contains a significant
error. A comparison of measured towed coefficients with that ob-
tained from a best fitting curve is an indication of whether that

may be the case.

The predicted towed force coefficients were obtained with
FT = 0.5 and F5 = 0.25 and deflection coefficients € estab~
lished for driven tires in Ref. 4 and shown in Table 11.

Figures 26 and 27 show typical centerline geometries and in-
terface stress distributions predicted by the model for the follow-

ing conditions:

Fig. 26 Fig. 27
Tire Size: 9.00-14 4.,00-20
Tire radius: 1.18 ft 1.17 ft
Tire Width: 0.73 ft 0.37 ft
Inflation Pressure: 12.0 psi 40.0 psi
Deflection Coefficient e: 0.905 0.945
Soil: Yuma Sand Buckshot Clay
Cone Index: - 18 psi
Cone Index Gradient: 3.5 peci ~——
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: TABLE 6 COMPARISON OF PREDICTED AND MEASURED TOWED rFORCE COEFFICIENTS
. TIRE SIZE: 6.00-16

SOIL: YUMA SAND

X Case WES Cone Index (psi) { Load | Inflation WES Towed Force Coefficient
. gg?e Idenclgifation (égnglizzezr 1bs Pre::zre Dcfé;;cion Heasured] averaged Predloted
Gradient (pei) uii‘i‘“ Bese
(in sand) ng Lurve
i 164 8024 5.8 213 8.5 0.15 0.155 0.114 0.088
2 164 805A 12.1 215 8.5 0.070 0.058 0.081
3 164 8094 15.6 222 8.5 0.059 0.048 0.075
4 164 808A 2.4 293 11.4 0.065 0.073 0.085
S 164 807A 10.4 458 17.2 J 0.131 0.139 0.121
6 165 35A 4.0 650 29.0 0.449 2.3 0.203
7 164 816A 13.5 240 4.5 0.25 0.042 0.0395 0.078
8 165 374 15.0 223 4.5 0.063 0.035 0.083
9 164 818A 15.6 455 10.3 0.040 0.057 0.092
10 165 33A 2.3 429 10.3 0.424 0.604 0.238
11 166 8124 13.8 865 21.0 ‘ 0.088 0.116 0.127
12 164 817A 9.5 863 21.0 0.200 0.179 0.155
13 164 803A 5.8 225 2.5 0 35 0.116 0.055 0.111
14 164 813A 16.4 239 2.5 0.046 0.029 0.078
15 164 81%A 17.3 446 7.0 0.018 0.040 0.092
16 165 34A 3.5 674 10.3 0.3265 0.331 0.217
17 1AL K114 15.9 870 13.9 0.055 0.077 0.125
SOIL: BUCKSHOT CLAY
164 321C 20 238 8.5 0.15 0.059 0.061 0.087
165 323C 63 237 8.5 0.013 0.023 H.S.F.
166 329C 40 238 8.5 0.021 0.031 H.S.F.
| 167 325C 20 430 17.2 0.144 0.142 0.124
' 168 351C 55 461 17.2 0.033 0.042 H.S.F.
169 327¢C 20 631 29.0 0.254 0.367 0.157
170 339C 40 688 29.0 0.112 0.093 0.086
171 344C 37 877 38.0 0.155 0.170 0.125
172 359 54 875 38.0 l' 0.114 0.089 H.S.F.
173 322¢C 20 243 4.5 0.25 0.037 0.047 H.S.F.
174 324C 61 234 4.5 . 0.004 0.097 H.S.F.
175 330C 42 237 4.5 0.021 0.051 H.S.F.
176 328C 19 . 444 10.3 0.119 0.107 0.135
177 357C 51 460 10.3 0.022 0.036 H.S.F.
178 354C 50 662 15.3 0.050 0.051 H.S.F.
179 338C 22 688 15.3 0.222 0.179 0.165
180 362C S0 716 16.2 0.052 C.056 H.S.F.
181 337C 21 848 21.0 0.292 0.355 0.183
182 345C 37 893 21.0 0.127 0.111 H.S.F.
183 360C 52 889 1 21.0 ] 0.066 0.069 H.S.F.
184 331C 2 240 2.5 0.35 0.0:8 0.040 H.S.F.
185 342C 37 226 2.5 0.027 0.024 H.S.F.
186 355C 53 223 2.5 0.045 0.019 H.S.F.
187 332C 29 457 7.0 0.074 0.081 0.092
188 343C 37 L48 7.0 0.033 0.040 H.S.F.
189 356C 53 447 7.0 9.034 0.0295 H.S.F.
1% 341C 36 672 10.3 0.042 0.063 H.S.F.
191 338G 5¢ 673 10.3 9.022 0.044% H.S.F.
192 3 o 39 6§78 13.0 0.071 0.079 R.S.F.
193 361C 52 873 | 13.0 Y 0.046 0.056 Hs.y. |
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TABE<< 7 COMAAISON OF PREDICTED AND MEASIRED TOWFD FORCE COEFFICIENTS

TIRE S{ZE: 9.00-14
LI ade
o SOTL: YIUMA SAND
Case WES Cone Index (psi) | Load | Inflacion YES Towed Force Coefficient
Code | Identification {in clay) or 1bs | Pressure | Deflection for—
No. No. Cone Index psi 6/h Measured ,‘_‘vcr.u;ud Predicted
Cradient (pci) From Best
(4n sand) Fitting Curve
71 164 778A 8.1 230 7.5 0.15 0.052 0.065 0.075
72 164 779A 6.3 225 7.5 0.093 0.079 0.082
) 164 780A 13.8 230 7.5 0.074 0.043 0.065
4 164 786A 17.9 232 7.5 0.026 0.036 0.063
75 164 777A 8.9 460 16.4 0.113 0.114 0.108
76 164 782A 12.4 458 16.4 0.068 0.081 0.092
77 164 783A 5.2 436 16.4 0.216 0.203 0.137
78 164 785A 17.6 460 16.4 0.046 0.060 0.083
79 164 781A 12.1 871 36.7 0.177 0.161 0.123
80 164 784A 17.0 64 36.7 0.086 0.109 0.097
81 165 SA 10.7 144 5.5 ° 0.25 0.049 0.028 0.067
82 165 4A 11.2 2251 - 6.0 0.031 0.035 0.088
83 165 7A 22.5 216 6.0 0.028 0.024 0.072
34 165 6A 12.4 446 8.8 0.063 0.052 0.058
86 165 284 3.5 656 11.6 0.386 0.315 0.201
87 165 3A 13.8 850 14.5 0.035 0.081 0.115
88 165 24A 15.0 862 14.5 0.041 0.076 0.114
89 1-65-64 13.3 156 5.5 0.013 0.027 0.067
90 1-65-65 11.8 144 5.5 0.035 0.027 0.061
91 1-65-66 12.7 243 6.4 0.021 0.034 0.086
92 1-65-67 11.6 237 6.4 0.025 0.035 0.087
93 1-65-68 13.2 650 11.3 0.029 0.066 0.109
94 1-65-69 10.3 821 14.0 0.069 0.105 0.136
95 1-65-70° 13.2 348 7.5 0.017 0.041 0.093
104 1-65-71 9.7 286 6.9 0.024 0.045 0.089
97 1-65-72 10.3 i63 5.7 0.001 0.031 0.064
98 1-65-74 11.0 450 8.8 ' 0.028 0.058 0.108
99 165 9A 20.7 243 2.0 0.35 0.074 0.023 06.071
100 165 11A 13.0 226 2.0 0.058 0.027 0.080
101 165 124 24.2 668 7.5 0.033 0.034 0.090
102 165 13A 3.7 653 7.5 0.198 0.180 0.195
103 165 10A 12.4 892 10.6 0.044 0.069 0.123
SOIL: BUCKSHOT CLAY A
135 297C 17 227 7.5 0.15 0.040 0.056 0.087
136 304C 32 231 7.5 0.017 0.031 H.S.F.
137 308C 54 238 *7.5 0.013 0.022 H.S.F.
138 298C 17 434 16.4 0.161 0.135 0.123
139 303C 51 444 16.4 s 0.027 0.036 H.S.F.
140 305C 32 459 16.4 0.033 0.060 0.068
141 301cC 16 621 25.4 0.308 0.374 0.176
142 306C 30 653 25.4 0.110 0,102 0.100
143 313¢C 57 652 25.4 . 0.063 0.046 H.S.F
164 307¢C 31 866 36.7 0.136 0.155 0.123
145 418¢C 32 882 36.7 ' 0.088 0.072 H.S.F
146 299¢C 16 431 7.5 0.25 0.128 0.098 0.124
147 31CC 34 436 7.5 0,025 0.041 H.S.F.
148 312¢c 57 441 7.5 0.034 0.027 H.S.F.
149 308¢C 16 817 16.4 0.379 0.410 0.254
150 311¢c 3s 867 16.4 * 0.092 0.086 H.S.F.
151 419¢C 51 886 16.4 0.047 0.056 H.S.F.
152 314C 36 243 2.0 0.35 0.025 0.023 H.S.F.
152 414C 55 225 2.0 0.062 0.017 H.S.F.
154 417C 25 233 2.0 0.047 0.028 H.S.F.
155 390¢C 40 451 4.4 0.042 0.032 H.S.F.
156 408C 23 449 4.4 0.042 0.053 H.S.F.
157 410C 51 442 4.4 0.023 0.026 H.S.F.
158 409C 22 646 7.5 0.082 0.087 0.161
159 411C 52 658 7.5 0.021 0.035 H.S.F.
160 412¢C 39 658 7.5 0.030 0.046 H.S.F.
161 413C 39 883 10.6 0.041 0.062 H.S.F.
162 415C 56 864 10.6 ‘ 0.032 0.042 U.S.F.
163 416C 23 880 10.6 0.127 0.131 0.124
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TABLE 8 COMPARISON OF PREPTICTED AND MEASURED TOWED FORCE COEFFICIENTS
TIRE SIZE: 4.00-7

SOIL: YUMA SAND

Case WES Cone Index (psi)| Load | Inrlation WES Tex b Voree Coetficigag
Code | Identi{fication (in clay) or 1bs | Pressure | Deflection | Measurect Averaged Predicted
No. No. Cone Index psi °/h From Best
Gradient (pci) Fittlng Curvg
(in sand)
44 164 198A 17.3 85 16.2 0.15 0.259 0.085 0.068
45 164 8244 15.8 106 16.2 0.113 0.117 0.082
46 164 825A 9.8 123 33.2 0.171 0.258 0.250
47 164 800A 13.0 210 33.2 ' 0.305 0.377 0.175
48 164 827A 17.6 121 6.2 9.25 0.025 0.073 0.107
49 164 828A 19.6 122 6.2 0.033 0.067 0.104
50 164 83iA 25.1 185 17.0 0.130 0.077 0.098
51 164 8224 13.0 216 17.0 0.139 0.188 0.161
52 164 829A 19.6 234 17.0 0.107 0.126 0.131
53 164 8264 12.1 348 26.0 ' 0.210 0.436 0.229
54 164 833a 18.7 109 2.5 0.35 0.119 0.049 0.100
55 164 834%a 18.7 152 5.5 0.086 0.064 0.109
56 164 1a 22.8 145 5.5 0.103 0.052 0.100
57 164 830A 19.6 224 10.1 5.076 0.085 0.132
58 164 8324 19.9 455 12.7 0.125 0.174 0.157
SOIL: BUCKSHOT CLAY
21 363¢ 56 113 16.2 0.15 0.027 0.034 H.S.F.
22 368C 45 117 16.2 0.117 0.040 H.S.F.
23 371c 25 97 16.2 0.093 0.062 0.079
24 365¢C 46 226 33.2 0.137 0.087 0.077
- 2 383¢C 66 228 33.2 0.083 0.056 H.S.F.
26 373c al 335 51.8 0.188 0.212 0.125
27 380¢C 66 340 51.8 0.109 0.032 H.S.
28 375¢C 42 439 63.3 0.237 0.427 0.143
29 385¢ 66 ast] 635 Y 0.146 0.141 H.S.F.
30 364¢C 46 117 6.2 0.25 0.026 0.033 4.5.F.
31 372¢ 26 103 6.2 0.068 0.050 H.S.F.
32 367¢C 62 217 17.0 0.134 0.044 H.S.F.
. 33 370C 44 229 17.0 0.074 0.068 H.S.F.
34 37c 42 330 26.0 0.148 0.122 H.S.F.
35 384C 66 340 26.0 0.097 0.067 H.S.F.
36 376¢C 37 436 35.0 1 0.287 0.292 0.166
37 386C 65 46| 35.0 J 0.108 0.097 H.S.F.
38 378¢C 34 221 10.4 0.35 0.104 0.073 H.S.F.
39 387¢ 66 222 10.4 0.072 0.037 H.S.F.
\ 40 379¢ 36 322 17.0 0.208 n.115 H.S.F.
41 388¢C 66 336 17.0 0.042 0.055 H.S.F.
42 377¢ 38 446 21.9 0.197 0.192 H.S.F.
43 389cC 68 448 21.9 0.083 0.074 H.S.F.
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TABLE 9 COMPARISON OF PREDICTED AND MEASURED TOWED FORCE COEFFICIENTS

TIRE SIZE: 4.00-20
SOIL: YUMA SAND
Case WES Cone Index (psi)] Load | Inflation WES Towed Force Cocfficient
Code }JIdentification (in clay) or lbs | Pressure |Deflection |Measuredy Averaged Predicted
No. No. Cone Index psi §/h From Best
Cradient (pci) Fitting Curv
(in sand) T
59 164 791A 7.5 218 267 0.15 0.211 0.198 0.107
60 164 793A 16.4 22i 24.7 0.118 0.084 0.062
61 164 788a 12.1 426 48.2 0.246 0.252 0.119
62 164 794A 12.7 440 48.2 0.227 0.246 0.109
63 164 795A 16.1 446 48.2 0.195 0.181 0.093
64 165 l4A 27.7 227 11.4 0.25 0.079 0.038 0.076
65 165 15A 14.% 238 11.4 0.046 0.065 0.091
66 165 19A 16.1 338 18.2 0.062 0.079 0.100
67 165 16A 13.0 450 24,.7 0.156 0.131 0.123
68 165 21A 25.6 233 6.7 0.35 0.064 0.034 0.084
69 165 22A 25.6 350 11.0 J 0.029 0.058 0.091
70 165 20A 16.4 442 15.0 0.048 0.074 0.111
SOIl.: BUCKSHOT CLAY

105 401c 48 305 82.0 0.08 0.056 0.065 H.S.F.
106 402¢C 22 307 82.0 0.08 0.156 0.251 0.123
107 269C 20 204 24.7 0.15 0.059 0.086 0.099
108 275¢C 48 221 24.7 0.023 0.036 H.S.F.
109 279¢ 32 228 24.7 0.048 0.055 0.067
110 271¢ 18 388 40.0 0.255 0.427 G.177
111 273¢C 46 456 45,2 0.070 0.081 0.085
112 287¢C 32 448 48.2 0.127 0.139 0.125
113 286¢C 48 629 61.0 0.097 0.122 0.099
114 270c 22 204 11.4 0.25 0.044 0.057 0.099
115 276C 52 228 11.4 0.022 0.028 H.S.F.
iié 280¢ 33 225 11.4 0.044 0.042 H.S.F.
117 272¢C 19 377 18.2 0.207 0.171 0.162
118 274C 48 450 24,7 0.038 0.056 H.S.F.
119 288C 33 44,7 24.7 0.103 0.089 0.114
120 281C 47 €45 37.5 0.095 0.090 0.099
121 291¢c 40 664 37.5 0.130 0.121 0.125
122 293¢ 54 637 37.5 ' 0.055 0.073 H.S.F.
123 277¢ 50 211 6.7 0.35 0.03¢ 0.025 H.S.F.
124 283¢C 29 236 6.7 0.021 0.042 H.S.F.
125 289¢ 19 236 6.7 0.021 0.067 0.110
126 278C 50 433 15.0 0.035 0.044 H.S.F.
127 284C 30 454 15.0 0.077 0.084 0.125
128 295¢C 19 421 15.0 0.140 0.156 0.181
129 282¢ 45 651 23.0 0.060 0.078 H.S.F.
130 292¢C 35 664 23.0 0.092 0.115 0.136
131 294C 52 628 23.0 0.033 0.062 H.5.F,
132 285¢C 52 696 23.0 0.052 0.070 H.3.F.
133 400C 48 660 16.1 0.45 0.055 0.063 H.S.F.
134 403¢C 22 63