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1. Definition of Problem 

A sabot may be viewed as a device that transmits an internal ballistic 

pressure to a projectile and accelerates it down a barrel. After the exit 

from the barrel, the sabot will separate from the projectile, which flies 

to its target. The effectiveness of the sabot will be judged by the accuracy 

of projectile flight and the maximum kinetic energy imparted on the projectile. 

The proposed study is only concerned with che latter factor. 

Assuming the total kinetic energy available is fixed, the kinetic energy 

of the projectile be maximized when that of sabot is minimized. This will be 

accomplished by minimization of sabot weight. Currently a massive solid sabot 

of revolution is used. By making use of optimization theory of Ref. [1], the 

optimal profile of a sabot will be sought, which will maximize its weight. 

Also of interest is a new type of light weight sabot construction that will 

be discussed in the following section. 

2. Preliminary Study on Sabot Optimization 

During the summer of 1974, a preliminary study of sabot design optimiza¬ 

tion was conducted under CAD-E support from the Army Armaments Command. Working 

papers from this work are in Enclosure 1. Preliminary findings are summarized. 

Among all structures, it has been known that a shell type structure has 

a great load carrying capacity for the amount of material used. It is conceiv¬ 

able that the best design will be achieved in the area of shell material that 

is reinforced by modern high strength materials, such as carbon fibers. The 

system concept consider«d first was a multilayer shell of revolution as shown 

in Fig. 1. The bore pressure is transmitted from the outer layer to inner 

layers by elastic material that is emplaced between two adjacent layers, and 

to the projectile at one end of each layer. 
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A feasibility study was carried out on a simple model, consisting of a 

single layer of shell resting on an elastic foundation (Fig. 2). It was found 

that there is an extremely high compression stress at the forward end. This 

results in an excessively thick shell. It was finally concluded that this 

Fig. 2. A Single Layer Shell Used for a Feasibility Study 
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design concept was not feasible. For details, see Sections 16.1 to 16.6 

of Enclosure 1. 

A different type of structure has been studied, which consists of an 

outer shell and a number of plates extending from the projectile in a radial 

direction. Bore pressure will be transmitted from the outer shell to the shear 

plate and in turn to the projectile, through the plates, as shown schematically 

in Fig. 3. In this case, compressive stress in the shell is expected to reduce 

with an increase in number of plates, because the plates will prevent the shell 

from reducing its radius. Another advantage of this design is that there is 

a postbuckling equilibrium condition of the shell that results in tensile stress, 

rather than the compressive tangential stress that negated the previous concept. 

Since stress in all directions will be tensile, a high tensile strength material 

can be effectively utilized for the outer shell. The postbuckled shape is 

shown in Fig. 3. In this design concept, the shape of the shear plates plays 

a very important role. Shear plate optimization has been studied and looks 

very promising. For details, see Sections 16.7 to 16.10 of Enclosure 1. 

Fig. 3. Radial Shear Place Sabot Concept 



3. Formulation of Optimal Design Problem for a Solid Sabot of Revolution 

A solid sabot of revolution is assumed to have a geometry that is 

generated by rotation of a cross section, shown in Fig. 4, around the x^-axis. 

Fig. 4. Section of Solid of Revolution 

Using Reissner s variational principle [2], the governing equations can be 

obtained as the following first-order partial differential equations. 
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where 

« displacement in the axial direction 

z2 = displacement in the radial direction 

z - normal stress in the axial direction o 
J X 

z, = normal stress in the radial direction a 
4 r 

z^ * shearing stress 

n * normal to the boundary 

V - Poisson's ratio 

E ■ Young's modules 

G » shear modules 

F - body force in the axial direction 
X1 

F - body force in the radial direction 
x2 

f * boundary traction in the axial direction 
X1 

f - boundary traction in the radial direction 
x2 

The boundaries S1 and S2 in Fig. 4 are fixed, but S3 has to be designed. 

The boundary can be expressed in terms of slope v as 

dR^) 

dx. 
v(xx) 

R(0) « R 
o 

R(L) - R± 

(2a) 

(2b) 

Since Eq. (2a) is a first-order differential equation, one of Eqs. (2b) has to 

be treated as a constraint condition. 
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The objective is to minimize the weight of sabot, which is equivalent 

to minimizing its volume, namely: 

/-L r RÍXj) 

J =“ 2n / / x2 dx2 dx1 (3) 

JO ^Ri 

The minimization will be carried out subject to stress constraints in the 

material. Von Mises yield criterion is used, namely: 

u, = (z3 + z4)2 + 3(z3 - r.A)2 + 12z2 - 4o2p < 0 , (4) 

where a^p is yield stress. Equation (4) is a state variable constraint [1] and 

can most effectively be expressed by an equivalent functional constraint form. 

Introducing operator notation, the above optimal design problem can be 

summarized as follows: Minimize 

Ç L /-R(x1) 

J = 2ir I x2 dx2 dx3 (6) 

Jo Jr1 

subjected to constraints 

Lz « 0 (7a) 

B(v)z = q(v, R) (7b) 
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dx. 
- VÍXj^) (8a) 

R(0) - R 

<í<1 * R(L) - Rt = 0 

(8b) 

(9) 

F(z) x2 dx2 dXj^ = 0 (10) 

It should be noted that the domain of Integration varies with the variable R(x1) 

To obtain an optimal solution, one needs to know the effect of a small 

change in design variables. In -Ms problem, v is the only design variable. 

Using first-order variational notation from the calculus of variations [3], 

one can write 

rL 

6J - 2ir R(x1) <5R dxx (11) 

L6z * 0 

B(v)<5z+ (B(v)z)v6v 
3v ôv + 8R 3R 

(12a) 

(12b) 

dÔR 

dx. 
6v 

(13a) 

6R(0) =• 0 

= <5R(L) - 0 

(13b) 

(14) 

J 



6i|)_ = 2ti 
r1 
Jo 

r 

0 

r L 
3 F 
— 6z x_ dx_ dx, + 2tt 
dZ ¿ ¿ 1 

F(z) R(Xj)6R dXj^ (15) 

0 

Equations (11), (14), and (15) contain the state variables 6z and 6R. 

These quantities can be removed in the following manner. Let 

dX 
R 

dx. - R^) 

Ar(L) = 0 

Then 

dXR 
~ 6R = - R(x1)6R 

Integrating by parts, one obtains 

r L 

- A8 dXl + XR SR 
- RÔR dx. 

So, 

rL 
X 6v dx 
K 1 

Jo 

R6R dx. 

Substitution of the above into Eq. (11) yields 

I ÓJ = 2 IT Àr6v dXl (16) 
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Also, 

Ô!/^ = ÔR(L) =* I 6v dXj^ “ 0 

•o 
(17> 

To remove the state variable dependency from Eq. (15), one can use Eqs. (12a) 

and (12b) and write 

rL rR<xi> r 
I I |xT L6x - 6zT LA I x2 dx2 dx1 ■ / AT B(v)6z ds , (18) 

where L is a self-adjoint operator [4]. S is a boundary and consists of S2, 

and S^j as shown in Fig. 4. Define A to satisfy the equation 

LA 
3F 
3 z (19) 

Then, substituting from Eqs. (18) and (19) into Eq. (15), one obtains 

= 2y F(z) R(x1) dXj^ 

/t - 2v I <ÃT 6v + at "• 'T 
3 V 3R ÖR - A*(B(v)z)v dv| ds 

The above equation can be arranged in the following form 

rL 

6ip, Pj^íz, R) 6R dxx + 2^ I P7 6v d*1 (20) 



li 

6R dependency can be eliminated by using an equation adjoint to Eqs. (8a) and 

(8b) 

dA 
_E 

(21) 

A (L) = 0 
P 

Multiplying ÔR on the both sides of Eq. (21) and intt^rating by parts, one will 

obtain 

Then, Eq. (20) can be given in terms of only the design variable 6v as 

rL <5i|>2 = 2n J (Ap + Q) 6v dx^^ (22) 

Jo 

After the effect of small, changes in design variables is found, the optimiza¬ 

tion algorithm in Chapter 9 of [1] is applied. In the algorithm, one needs to 

know displacements and stresses. These quantities can be obtained by either 

solving the state equations (la) and (Lb) directly, or by using finite element 

methods. The adjoint Eq. (19) can be solved in the same manner, wherein the 

right-hand side can be treated as body force or initial stress in the system. 
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An algorithm for optimization of the sabot of revolution will be 

developed and applied to test cases in which stress analysis can be 

performed approximately by variational methods or with finite element stress 

analysis codes, if such codes can be provided by the government. 

Variations in enforcement of the interface condition between the sabot 

and rod will also be studied. A formulation will be developed that attempts to 

optimally distribute the normal and shear stress along the rod so that a friction 

bond can be employed to accelerate the rod. 

The shell shear plate approach outlined in Section 2 will also be studied. 

Realistic optimal designs, using fiber reinforced materials, will be calculated 

and compared with results obtained for the solid sabot of revolution. 
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[3] Gelfand, M. and Fomin, S. W., Calculus of Variations, Prentice Hall, 

Englewood Cliffs, N. J., 1963. 

[4] Lanczos, C., Linear Differential Operators, Van Nostrand, London, 1961. 
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Chapter l6: Optiraèl Design of a Sabot for Antitank Artillery. 

1-6-1 Objective 

A aabot tranarait interior ballistic pressure to thrust a rod that 

accelerates the rod in the gun tube. The effectiveness of the sabot will 

be Judged by the accuracy of flight of rod and the kinetic energy 

imparted to the rod. This study is only concerned with the latter factor. 

Assuming the total kinetic energy available is fixed, an improvement 

in design will be achieved through minimization of sabot weight. In this 

way, the kinetic energy of the penetrator is maximized. 

16-2 Design of a Sabot 

Among all structures that might be used for a sabot a shell type 

structure has great potential, particularly if modern high strength fiber 

materials such as carbon fibers, can be used. 

The system concept considered here consists of multilayers (See Fig 1) 

of shells of revolution. Adjacent shells are spaced by an elastic material 

so that a traction of the outer pressure will be transmitted to inner shells 

Each shell is reinforced by high strength material in a direction of 

generating curve, i.e. the axial direction of the tube. 

! 
: J 
I/f 
, * 

V 
Fig. 1. A Sabot of Multilayer Shell of Revotacion 



16-3 A Simplified Model 

Feasibility will be studied first on a much simplified model, 

consisting of a single shell resting on an elastic foundation as shown 

in Fig 2. The shell material will be taken as aluminum, with carbon 

fibers imbeded in the axial direction. 

A 
_ 

Analysis of the structure will initially u*ie thin shell membrane 

theory with an anisotropic shell construction. Preliminary calculations 

will determine if the shell configuration can be chosen so that compressive 

tangential stress can be kept to a minimum with a thin shell. 

16 - 4 Basic Structural Equations and Constraints 
e 

Equilibrium. For a thin shell with rotational symmotry, the equations 

of equilibrium are 

K* AX 
A ^ & 
dX A/, 

jA± 
¿9C tJ, 

(16-1) 

(Jïtfl*'* 
-t 

f<t, / r<r*-fïi 
( ^ / J 

- y t hu 



BBHlSiéy« 

J 

where 

io the stress resultant In axial direction 

N2 Is the stress resultant In circumferential direction 

R0(x' ia the Radius of stell; a design variable 

q is the distributed force normal to the shell surface outward positive 

k(x'is the Elastic constant of the foundation 

Strain - StressResultant. Stress-Strain relations for the anisotropic 

thin shell are ( ) : 

/ 
¿r /t ( AJ,- >4/ A4 ) (16-3) 

¿ i j- ^ {Mi - ) 
end 

K * 
— » 

where 

Ki and are Strain in axial and corcumferential directions^ respectively 

E1 and E2 8X6 Youn88' modulus in axial and circumferential directions, 

respectively 

and V2^ are Poison's ratios 

h (x) is the thickness of shell; a design variable. 

(16-4) 

(16-5) 

strain-displacement. Strain displacement relations for the shell are ( ): 

£, 

/ / + ^ 

ff’- + 

i0 ¿Oc* 

/ /, /.4½ 4 
t ' T L d'X / i 

UJ 

and 

r f /-, /2ÍS \*¿>í 'inc) y 

(16-6) 

(16-7) 

(16-8) 
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where 
'< /o 

and W are diaplaceoenta in the axial and radial directiona, respectively 

Equating for and E2 from Eqa.(j) and (4) into Eqa. (6) and (?) yields 

./ if 
d-X i\J djc* 

ci*. , i /4 

and 
d£o 

(/. . ^ d7C 
-¿r, 

Solving Eqa. (2) and (4) for N2 and W yields 

i ' * ($tr¡ 

ZÜ 

Ko!/-* Æ?}* RJ, -+ 

(16-9) 

(16-10) 

hh Ru /J, + 

and 

K.U + ( 

~ f.VT^y/vif/V (16-11) 
^ \ Ñ, d'Z- V», A/, 

; /V ¡K 4^7 

; ( /+ (4--° j7/ 
^ — - K' J ' ( doc u 

y. 
^ -1 Ñh ;7 

c / /t-44± 
't l< avt ? 

*■ I ' I _ / >• ”< _M¿ _ 

f,/í + ¿*.7,^$*)‘} I ,'<+ (^f!K ' ^'->#'7 
IT,/, «¿Z -, ¿ J 

e- >7 * (¿ï>'} 
(16-li;) 

Boundary Ccnditions and conatrainta are 

A/, 'V ; =r 7' (16-13) 

a = c (16-14) 

Kn(r ) ^ tfr (16-15) 

R0(t) ~ Ö (16-16) 

^ Ki (16-17) 

A/Í - < ¿7 (16-18) 

A4 - - ' (16-19) 

- A’«, < O (16-20) 

O (16-21) 

fin,.,, -/=,- <ie-22> 

Is •-T 
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where 

T is a specified shear force on the rod 

' r Rr, is the radius of rod 

\ t Rb is the radius of barrel 

Nla anti N2a aHow«ble atreaa resultants in the axial and 

circumferential directiona, respectively. 

hmin is the specified minimum thickness of the shell. 

E<1* (13) guarantees sufficient thrust on the rod. Eqs (15), (l6), (17), 

(20), and (21) are geometrical constraints on the sabot.middle surface. 

Eqa (18) and (19) are constraints on the allowable stress resultant. Eq 

(22) prevents the thickness of the shell from becoming pero. 

It should be noted here that membrane theory does not allow imposition of 

displacement or sheer constraints in the radial direction. 

In the concept being studied, high strength carbon fiber is imbeded 

in the axial direction of the shell. Youngs ' modulas and allowable stress 

resultant are 

^ (16-?M 

1 is Youngs modulas of aluminum 

' >j. 18 Youngs modules of carbon fibers 

As,* 18 *he d*ear of croaa section of the carbon fiber 

aIliable stress of aluminum 

-./s ciie aHo|wable stress of the carbon fibers 



To be confllatent with notations In Chapt. fi, the followlnR replacement will be 

made • 

(l6-2t>) 

I \j 

/, — * ui 

A*r - ^ ^ 

16-5 Steepest dependent Method for solving the optimal Design problem 

If one examines the state equations it Is clear that a closed form 

solution Is not Impossible. The steepest decendent method can be used 

in adving optimal design problems of this complexity, and will be adopted 

for solution of this problem. The design problem will now be written In 

the standard form of section 8.2.1 of (Handbook) to allow orderly 

Implementation of the steepest descent method. 

The object function is the weight of the shell 

L 

' Î) 
The state differential equations are 

r, nt +1 r;(/+ ; 
^3. H 2 Kt. *- >7 

(16-27) 



/ 

/• 7(. t . X. i; , i)3. 
.tt •' h ‘ - —£- e, 

< ! ., e’*> + ¿jIZl". e. - F. a,,('■>■*. 11 ! sc, th y., X, 
£, tEtlU + kxfO-'Xi)) ' ('/< X, (/-r¿4 f- 

. .5^..¾.¾.. + „ ; 

X, 

(¾ 
# ' = /, - 

/ -- y 
y<* r' 

The boundary conditions are 

¢, ^ XJC ) - T = O 

ft* = X ; =-- 

Ä ~ > — /i'r - ¿o 

^ r xso = O 

Finally, the pointwise performance constraints are 

(A-, 
--, 

X, 
X, i(> 

+ ^2. ( fL Tf-i Xt Xj (Xi- ) 

XX/+~xl Xz f El tAi + a xJTX 
Ü. — .r — t'' JxXXXXe 

c>v‘ x^xïpi ' r 

/ 

^ X+TCf) 

CVj - /fr •" y 5" 

- ZSff ) 0 

¢, = 4n,.~ ~ 14 (t ! < 0 

«J z> z+ 

(16-26) 

(16-29) 

(16-30) 

(16-31) 

(16-32) 

(16-33) 

(16-34) 

(16-36) 

.(-6-36) 
• r> 

(16-37) 

(16-38) 

(16-39) 
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The conatrain« ^ through muet be tranafonaed into functional 

conatraints in order to empi.w; the ateepeat deaânt methoda Define 

(16-40) 

(16-41) 

(16-42) 

(16-43) 

This is the full aet of equations that defines the aabot optinal 

design problem. 

A numerical method is first developed to solve the boundary - value 

problem for shell performance. In the boundary - value problem, the only 

Initial value missing la X^fo). Defining the parameter £ aa this 

missing initial value, one has the full aet of initial conditions : 

¿C/o) =- T ) 
Xr.fr) ^ J I 

X? fC*) ~ f?\r (16-44) 

ZU«)) - P J 
For a given value of , one can eaaily integrate the differential equations 

from to / = ¿ , and obtain the terminal valuee 

8 



Th* terminai boundary condition ^ flt(L)rC>-f/f)U Juat an algebraic 

•quation for ^ . Mary numerical method* can be ueed to eolve the 

problem effectively. Nevton'a method for algébrate equations will be 

employed here. 

The iterative solution by Newton's method proceeds by improving estimates 

according to the formula 

where £ ^ ia the ¿ th iteration solution. To implement the albertfchm, 

Note that 

(16-½) 

Since, at t-O, the values of * ^ are given 

bn i -(«'► %z 

/A,, , 
TV( ’ 1 

For given U,and b, equation (½) can be integrated with the initial 

values given above to obtain 

(16-^7) 

which is than used in the iterative formula (45). 

Next, the adjoint equations naist be defined and solved. They are 

(16-48) 

9 
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The boundary condition» of SX are, from (1*4) 

Sz3Co)- p (16-49) 

(8-13 Handbook) 

The boundary conditions on aie defined ao that 

Ar¡¿(o)- At(l) f¿(L) 

or written in explicity form 

AxfOÍXt/c) - A,0-)<fc,(L) - ) -A4(L)Sx+fi. ) — O 

for all satisfying Eq. (a-5), (16-90) 

Since St-(o)' ^Z,(L) ' (fXjfL) and d%+(L) «re not specified in the 

problem, they can assume any value, this implys that 

K^fC) = Ô 
A, (L I = C 
Kj ( L ) * r 
Á* (¿ ) — O 

Equation (1*8), together *lth boundary condition« of EQ. (51), 1« a linear, 

in homogenloua boundary value problem for ^ . rn order to une euperpoaltlon 

in solving this boundary value problem, put 

Aj(L)=0, A* C> ««d A C(L) - / 

and integrate the homoglnious differential equation. 

--A_ 
(16-52) 

(16-51) 

backwards, Denate this solution as A.(t ) , 

Next, Bet \¿( l)=Q, for 1=1.2.3.4., and integrate (a-4) backwarda. 

Denate this solution as À^t ) . 

N~' ^ = + A.1 (16-83) 
»here (X 1. a^v conatant, la a aolutlon to (kS) a at living boundary condition. 

10 



A+fù.) — ¿> At(L) ~ o A, CL) ■--= o 
and the initial condition 

AiCO) ~ Ai (t> ) + (A AÏ, CO ) 

The conatant can now be determined to satiafy the initial coalition 

Ai ¿0/- 0 solving forot one obtains 

, a'2(o) 
(A - - —ri—— 

A2L0) 

This value of CL is substituted into Eq. (53) to obtain the solution of 

the adjoint boundary - value problem. 

The adjoint equations corresponding to L , L . L , L. , and L are 
5 

solved in essentially the saoe way as eq. (48), except that the 

inhomogenioua part is replaced by —j* . The boundary conditions for 

each of-the adjoint equations are exactly the same as (51). Hence the 

backvords integration of (52) should be done only once, and the result 

used for solution of all other adjoint equations. 

Except those calculations discussed above, the numerical method for 

solving the sabot design problem poses no difficulty. All the necessary 

differentiations of functions required to implement the steepest descent 

algorithm of Section 8.2 of ( ) are given in Appendix 

11 



16-6 Further Simplification of the Model 

In current, optimization techniques, it is often very important to make 

a good estimate of initial design variables so that the iterative optimization 

method employed will not diverge or üuüouge to an eronoius design. For this 

purpose, a simple shell is chosen and statically analyzed. The generating 

curve of the shell is -/ 2< p < * 

lt 

i 

8 

y Av / 
-r( íT/ FT, 

y 

Rq is so chosen that the curve passes through (0, 3/8) and (8, 3/2) and has zero 

slope at (0f3/8). 

Using membrar?’shell theory, the stress resultants N and N are 
* X Ô 

tie 
computed for p = 2 'v 8 and the thickness of ©to shell is evaluated at x = 8, for 

each value of P. The resulults are shown in Table 1. 

Tille 1 

'> ! rrm K 

J 

4 

F 
/ 

6. é32?/ y £CS- 

O 

in a x S m 

- ¢, V'/'O S’* ' £ ¿S 

~ ^,499 e>y ■'Erf 
- p /4 / -/ y i . ^ 

- r ¿rc 9r ■> 

- \*PZZ/ - ftjT 

j - n yfzpc -+ rc£ 
\ - \ 1<AZg% + r 

' /« ) r I 
o u-V / 

y i 4- 
0,44 y 
e, 3 i 3 
C.54-2 
3.301 
¿>, f-c ! 
T. <Ct ) 
3 i-S 2 
t o s r 
CTI 3 

S 943 
4,e<: 1 

3-. ?/ 3 

3> . 2 f Z 
3 J3Z 
O.TZo 
0 ?( / 
r.. M 
1-,030 

C 2t¿ 

3J3> / 
0. S2 7 
3 

e>.. : ? 

3-0'9 

Jp 
Col. 1 The power of P in R =/6/^/ + /^/^/11 x + r- (^-)^. 

o & 3 8 

Col 2. Max of N , which occurs at x = 0. 
x 

Col 3. Max of N (in a absolute balue sense), which occurs ar x - 8. 
Ö 

Col 4. The thickness of shell is determined by max N©/^1" j., where (/* is 

the yielding strength of material. Two different values for (>*L are 



used. They are 100,000 psi and 150,000 psi. The upper no. is for 

100,000 psi and the lower no. is for 150,000 psi. 

Col 5. The ratio of thickness over the radius of shell is also computed. 

All numbers in the table are computed for an equally distributed load 30,000 

psi parpendicular to the shell surface. 

As the power p in the generating curve increases; max Ne. increases in 

absolute value, also must the thickness of shell. The thickness of shell is 

always greater than 0.1, which is beyond the applicable range of thin shell 

theory. To make thin shell theory applicable, either the yielding strength of 

the material must be drastically increased, or external load (30,000 psi for this 

analysis) has to be cut down by more than 50%. Neither of these are possible. 

Hence, the assumed geometry of the shell is NOT proper. 



Appendix 

Equilibrium equations of the shell are 

<tU* 

dTC 

N, ¿K*- 

/ dfo 

Mr 

¿K. ill K t^íé£)‘¡K cj’+íftíj 

The boundary condition is 

N (0) = T. 
X 

The Solution of the above equations is 

N,M = tíf») * TR.«>>¡ 

’ 2 ( tf*) - * TUrlf' ■í-í 
d’Po 

^ - 
k I ¿ 

where Rq(x) is the generating curve and /5 defined between 0 and some positive no. 

Also derivative of RQ at x = 0 has to be zero. 



16.7 A Radial Shear Plate Array Sabot Concept 

Having arrived at a negative conclusion regarding the practicability of 

a sequence of composite sourcal shells, totally different concept of construction 

is considered. A radial array cf shear plates, as shown in Fig. 4, is covered 

by a circumferentially fiber reinforced shell that transmits bore pressure to the 

shear plates- It is presumed that this shell will reach a postbuckled equilibrium 

condition and will not fail. There assumptions will be checked later, if th e concept 

appears to have merrit. 

The problem reduces to design of a shear plate, as shown in Fig. 5. Displacements 

u and V along x axis are zero. The edge along the y axis is free from tractions. 

Along y = P.(X) the traction, the magnitude of which is proportional to R(X), is 

acting in a direction normal to the boundary. 

Optimal design in this section concerns minimization of the weight of a 

sheer plate under certain constraints (geometrical, physical, etc). Generalized plane 

stress theory* is used for the analysis: i.e. The quantities such as stresses, strains, 

and displacements are average value over the thickness of a plate. It is assumed here 

that the theory can be applied without significant error to a plate of variable thick¬ 

ness, when its variation is small. 

* "Elasticity in Engineering Mechanics" by A P. Bores: Prentice Hajl, pp. 13.i>-136 
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16-8 The derivation of the governing eqs. 

The constitutive equations for plane stress are 

c; /\ (e* + ey ) + S* 

O- — A ( ^ ¢,) + £ y 

— ¿Sr 
where ^ * 

ZK 

( \-*Yn) 

K - Rame Constant 

G = Shear Modulus 

(X ) 

lhe strain displacement relationships are 

¿O' 

?d 7'J 

where u cind v are displacement in x - and y-direction respectively. 

Strain energy XJ for the system is 



Work done by the external forces is 

^ / ( fwK-t f( V) JS 

The total potential energy V is 

/= Z/- IV 

/ - Î A (g , fff 

5 {yf ^ ~ f ( /f V ) fa ) 

Introducing the explicit expressions for the volume and surface integration. 

’ i/ ^ (, / c ^ TÁc f 

- L St I» i 

1/- / 
Q y *» 

? a / / ¿a , *lt l ¿es * t a/ /at, , 
/ + *x )-*«. t t WtTx ^ ) 

where 

~ ^/./ , ^9 ~ / , ^ ' ï bce4*><(«ry /-56 S' 
Note that u and v are average quanties across the thickness, hence they are 

independent of fc. 

Setting <^V = 0 «= / /// ¿//¿JJ 
1f'^tr 

- <Su -< f’AÁl'f^ - ,y ) i ¿eso/,,,)+ * 2L)ícs,-r„> 
— ~i j L/non ' ■/ /íyi Y,Z Z7,1 ^^ ^ ^ 

f ^ 5/ Z/ S^r)j àt{ -/ ^ ÿ // — SJ )■+ 4 £(4 J^~J 

•J 
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Since Su dnd Sv are independent, the following set of equations are obtained. 

Governing equations: 

ti 
Boundary conditions: 

) 

/= O 

Z ^ ^ 

u(x, O ) - o 

Vf*, O ) — O 

fA -t ¿r7)h m+ 4/, =. o 

?Lh + » 

7 ■ t^c*) -/ 

i f&sA*. *1 ) Jx )¿°SrV’ ^ ) ~ y y 

{<A+*r >A y Abj¿} ses ¿V ) e** ("rrn)T J* j 

Eqs 4a and 4b can be written in operator notation as 

A it ^ a (4C ) 

u. f 'J - / (4<; 

Let Uq satisfy the boundary condition (4d), but not neccessarily equation (4c). Intro¬ 

ducing a new unknown ü, such that 

y = y - a, 
the nonhomogeneous boundary-value problem can be re-vritten as 

(n 

A çï ■= — A U0 - - (¿a ) 

& ¿Y — O ~ “ ' - ( £> b ) 
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Il A is d positive definite and bounded below operator, the solution of the 

above equations minimizes the following functional [Mikhlin]: 

F <O') ^ ( A ¿7 (J ) - C( -Acj0) * (7) 
Inserting (5) (7) 

f (0)^- (A u -An*, </- Uo)~ Z(-AlJo ) 

= (ACJ^J )+ njt Au )- (A¿J/Uo)- (Ay, Cjt ) 

~ ( A“. <d)-(y,i )+ ( Í ) - {A CJC) CJ0 ) 

In the above functional, the last two terms on the right hand side are constant. 

Hence the solution of the given problem is equivalent to finding a function that minimizes 

£>«/= {A¿j,n ) 

/'V 

- Z f' ( 

For 4>(u) to be minimum, ¿$(u) = 0. Then 

C*) 
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Since the operator A is positive definite and hounded below, we can construct 

the minimizing sequence with Ritz method. An appropriate choice for the coordinate 

functions is as follows: 

u 

zr = 

* *1 * u‘- + ' 'V *■ ¿I 

X., -t X f ^ + a,« xX cl„e <ry "i* ^ ¿ 

^ â*' *«'/ Z >• ^ it»,, ■ ) 

I 
' 

I 

( 
" (to) 

i 
i 

Substitution of (10) into (9) yields 



Since the a.'s are linearly independent, the coefficients have to be zero, i.e. 

Eqs. (11a) and (Lib) yeild a set of 2n linear equations in the a^ (i = 1,^ 2n), with 

constant coefficients. Hence, one can solve for the a.’s. 
i 
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16-9 Formulation of the Optimal Design Problem (O.D.P.) for a Shear Plate with 

Variable Thickness 

To utilize the steepest descent technique of [handbook] the state equations 

(4) must be written in first order form. 

Let Z, — (A 1 é 

Z* - i/- 

z3 ^ ■+ A ft ^ 

2-4. - Ab * b/[*2ilMTy 

/ k/ 

K,- z , y , ¿ 
J 

Then eq. 4 can be expressed in the following first order, self-adjoint form: 

Governing equation 

&2i 92¡- 

9X, 

3i± 
9Zi 

d¿ 

d?Xr 

9t<. 

— O 

'¿>Xl 

L _ A + 2&_ 
- * ?3 ~ 

A 
CA ) i( 

A* ¿¿i 

4Ci (A-*Cn )t< 

^ 

' ?4 ~ 

4C[ ( 

A 
4Cn(A*,Ci)u 

- ?3 

Qsa ) 

P*! 

Boundary conditions 

<*2~ - O 

¿7 i; J 

H , AX,. O ) “ O 

Zz. c ) ~ & 

¿i (, X* ) -~ O 
0 
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K-MX') 

Zjcoïft,,*) i- ¿V ~fr, 

¿oC('r.'»n) + CoSí'X,, h ) - f ~ O 
■**. 

Note: The reduction of the system of 2 order partial differential eqst to a 

system of 1st order is not unique. The 1st order equations so obtained might have 

r 
mMtiple solutions, although the original 2nd order eqs have a^ unique solution. 

The O.D.P. will be defined in the following manner: 

Cost function 

Constraints 

m.) 

u ) Ax, 

^ £ r 

<?£, 99C z 

_ p t - 

£> 

O 

= /1+24 _/)_ 

4G(/\+¿,)a ¿i 4A(A-Kn)U 4 

¿¿2 _ _Ai24 _/] _2 

(A*6)(J 4 4¿r(A*¿i)C/ J 
<?¿3 P,. 

&?(X. d?C j ¿.j 

?'(X,,0 ) ^ ¿> 

Zx^X,to) ^ o 

¿2 io, a; J -=- ¿> 

m) 

Q$) 

~Zç(C, %-L ) ^ o 

kfa))(X,,b) i- ?s(Z,£/*,))tos,//) ' 

, &*’)} cose**, a) f ¿s («,#■<,) jsosfa » ) 

^ ti — o 

?4 - ^ 

^ O X, , 'X^iJI 

i 'Xi / *J~L U 4 o 



Comparing notation with Chapter 4 of [handbook]. 

^ = - 

GU*, U, ¡ó, 

to(v, b )C¿] - 

u 

o 
-¾ J, 

_à_ 
¿¡t, 

o 
/1 izfi 

o 
? 
Ml 
/1 

o 

ècí 

d_ 
?PCl 

4SI (MCt)u 46 (A *6)1/ 
A _ Ai 2*1 

44(A«n)cj 

I = (e, 0, o. o ö I7 

0 c? / & £) 

c> Û & so 

o 0 C0sfat,ti\ o <rfi$Ut,A) 

£6 0 fosOCiti) saffy/t ) 

it x~ - o 

af- X, - o 

«!■ Xz-- C>'r, ) 

at O 

*i X, - 

ct tz-- £{*, ) 

Il ..Ill II |R| I lllMiliiÉÉÉM . 
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follows 

and let 

Since eqs (16) depend on , U this type of constraints has to be modified as 

¿*J J ~Z[ 4 Of U 

L~ , ~=~ -t / j 

¿-i = ^ ! OJt j 

/-j ■=■ 6J3 -t / j 
Further 

/-3 d^d^Cf 

The last constraint eq (17) will be 

^ - 4.,, -u < o 
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The quantities corresponding to 8.4.2 in [handbook] (the effect of small 

changes in design variables and parameters) are given in the following 

f ¿ " ;ê, o 
o 

o 
o <? 

0 

¿Zx 
A 

° 2K.X 4éií/U<ZZ< tUrfA-táM A 2_ 
2PC2 ?K, O o 

£> O O 

I o o o 
A. 

O 

o 
_A+7^ 

O O UL 

O Q — __A.____ 
' 4¿i(A+<r, / U*■ 

p & O 0 

4¿l(A+fi)U* 
A + ZZj 

Líct. b ](t) ^ ( 0 ] 

¿L, 

2g 

Co, ot /t e, o ] ^ ¿O' Jr ^ í o 1 :¿ ca)<;o 

-- (*.0,0, /, o] ¿¿ (Ox>oi o 1 :¿ CA>t<0 

'--1*0. 0,0.,] ¿{ Mi>0¡ £/^ío] 

?L 

c7¿ 

di _ 

d ( I ^ntA'K 

¿Ai 

±Ll - - -7 V. 
?>U c«i4v 0¿>t p. r) 

>0 , A 
■ï o, y~' ^ o 

d z. j 
TU 

o oú, < o 

'i ¿ ¿> 

S- o 
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2f 

Eq (8-149) in [handbook] becomes 

* * r 

¡j] X L fn> b 7 f 
= o 

¡K ] 

/. i 

r 

T « 

Afr] C(i*]A2 

A ? 

0 0 

o 0 

- COS fa' P ) o 

o -¿os fax/)) 

-Cfisfatfa) -¿o$fa,n) 

't 1 
tvSfa,.*) & (OS fax. '’/l! à?i I d/~ 

j: I 
O Cos h ) COS fa, p )jl à F* 

C 

0 

o 

o 

o 

o 

o 
o 
o 

,1¾ 

The integrand takes the following form at each boundary: 

At X = 0, X. = X 
2 1 "1 

C 
O 

ÍAl 

At X, 

N' 

At X, 

[Al1 

o 
/ o 

O 

¿p - / 

o o 
o o 

O c 

/ 

o 

o ° 
ccsfa'p) C 

o -fesfc/’) 

O 

O 

o 
I 

l i 
o, x2 = x2 

O 

! 

O 

O 
R(xi) 

O 

- / 

O 

o 

o 

o 
D 

O 

c 
O 

-I 

O 

o 
o 
o 

o 
-/ 

o 

Ô 

[te] 

[íi J 

C' 
y 

ct>sfa,, o ) & COSfat.n ) 

O CoSfaiA) cosfa,,n) 

O O O 

O o o 

O o O 

(52] 



Now from (8-152) in [handbook] one can obtain the boundary condition for^'3 

-¾ Í? - aíaTcíJ? ] 
0 •Sr 

In the present O.D.P. none of the equations contain the term corresponding 

the boundary conditions for then's can be determined by setting AC^]TC =8 & 

By so doing, 

= 'X, 

À, (y,. O ) -^=- o 

At Tíi-b #1- /Se. 
» 

\3(0, X.Í.) =■ o 

Aï fo, 9C*, ) — O 

'U ^ - /?&, ) 

A, ces(x,'H ) -r Ástcsíx,,*)) 

A ttosA#*,!) ) •+ A > foSf#,, * > =-¿> 

After all this calculation has been completed, the following quantités 

atawe to be computed to remove the state variable dependency from the O.D.P. 

/ ^ f*) 0 

o 
_A + 2¿I  ^ 

46\(A■'Si.) £/1 44(At*i) U1’ 
A ?/ A* z& 

îttf/iAïj «v + 44 UL 

■MiaMIHMMWHMalMiMHanllliaiM IHMKJ 
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so 

A.'xi = 
c 

O 
Ai /1 

a1 IfiM-'A) ol 
. __Ji r A+2&( 4 

Zl_ 
<^TÍÍ 1 

'r,, 

Ai 

Ai I 
A«. i 

Aç 

/1V*) =r - ^ h\M 

0 

o 
A _ 

4¿tf/-r4l U* 
_A__ 

4¿i(Ai6i ) 

-ir. 
AU2- 

A J*_ 

4'l(A-16) ux 

__A±è5_fs. 

46/4*4) a1- 

ïï*‘f*)= o ir*\xi-,. o rr'V) - o 

A, 

A L 

A, 

A4. 

Ac 

After all these quantles are determined the steepest descent algorithm may be 

implemented. 
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16-10 Optimal Design of Shear Plate with a Constant Thickness 

The objective of this section Is to find the shape of a segment of the 

boundary curve of a plate, such that the weight of the plate is minimized 

under certain constraint conditions. Here the thickness is assumed to be 

constant. The governing equations (4a) and the boundary conditions are 

simplified and take the following form: 

Governing equations; 

(18a) 

and boundary conditions: 

¿/V*", p)— O 

IT C? ) ^ o 

(18b) 

1 



The above can be written in operator notation as 

A H - C 

B ij - ;/ 

The operator A is found to be positive definite and bounded below [Mikhlin]. 

Hence, the Ritz method can be used and eq. (10) are an appropriate choice of 

coordinate functions. Furthermore, the shape of the boundary, R(x) , will be 

assumed in the form 

Rfr) ¿o + C,#: + -+ Cm 9C" 

Since R(x) has to go through (0, Rq) , 

In this case, the minimizing functional corresponding to eq. (8) is 

Then the variation of $(u) becomes 
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Substituting eqs. (10) into the above, one can obtain a set of linear 

equations corresponding to eqs. (11). 

fL 

// k~>m)& m - <*{-§?)£ ( W * a /¾. /#/ 
e> 4 ^ 1 / 

- -/ äs ^ 
ï t - I, 

(21a) 

'¡¡a m,>£ (%h m* «(m,. m) 
\J * c/ j 

)£!'M (yrr./ «'A if 
* ) 0 ' ! J 

7>i£ 

\ 

J 
] 
l~ ml -Vi 2 M (21b) 

Along the x and y axes, either traction or displacement is prescribed 

to be zero. Hence, the integration over those boundaries does not give a 

rise to the right-hand sides in eqs. (21). Only the third boundary, along 

y * R(x), contributes to the boundary integration. After the integration is 

carried out, eqs. (21) become 



For stress constraint. Von Mises yield criterion is used. The principal 

stresses in a plate have to satisfy the following inequality: 

£, 1 )- /JL A. )., fA )V /. H ' I (Tvp J fyp ) (23) 

where o, and o> are principal stresses, and o is yielding stress of the X z yp 

plate. The stresses and ^2(0^ > 02) can be written in terms of o^, oy 

and 0 
xy 

<£ ~ \ 

K - (24) 

The stresses, o^, o^, and are related to displacements by 

(■MnaasMatM J 



3£ 

st/ » s/'' 

A ¿H s M I ?Lr 

- A T*y ^ 

S' 
°1 ( 3 y 

V 
¿H ) 
, KÇ / 

(25) 

Substitution of eqs. (24) into (23) yields 

fc-> <?>,)% 3(<r,/a^ 4&f )? (26) 

Further, substituting eqs. (25) into eq. (26), one can express the stress 

constraint in terms of displacement 

/ 4(fi+6) t /3 0 -j (§y ) ■+ y,¡ 4fA^fr)!- /-5^7 */ )(If) 

- / (if)% ) 

4 /S^Y#'/ i ^CT,;. 

(27) 

For convenience, eq. (27) will be express by 

^VV,, ** c\ ) < o 

r . ^ - y 

(27a) 



Geometrically, the plate thickness b has to be greater than a m<n-iimnn 

allowable thickness b°, 

b ^ K 
(28) 

and R(x) has to satisfy, 

ßfL) = O - k'ct C,L-t C2lJ-> . • 4 f», L‘ 
(29) 

Since eq. (19) for R(x) already is chosen to satisfy the first of eqs. (29), 

only the second equation arisen as a constraint. 

The optimal design of this section will be defined as follows 

Minimize 

f (6 + r2) d*ci 

Z 3 
C~L m* / 

wt ! 

(30) 

Subject to constraint conditions 

bZ facie,, c, 
t - , V 

S' 
— Cx, o 

' ' (31a) 



37 

of*,' rz., (X\ ) ¿ o (31b) 

fio * L + ■ + ¿-*1 ^ D (31c) 

r- b < o 
(31d) 

In the above b and the c^s are design parameters, and the a^'s are state 

parameters. The constraint condition, eq. (31b) has to be modified as 

follows : 

The effect of a small change in design parameters on eqs. (30), (31) and 

(32) is following: 

From eq. (30) 

_L2 
~7 -i 

t*" / (33) 

From eq. (31a) 

5 (ih i if ^ - • ÿ ) ftj ' ^ ^ 
j jj j ' 

i ~ 

(34a) 
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From eq. (31c) 

L. t -* -t l' „ — C' 

From eq. (31d) 

^ S b <- c> 

(34c) 

(34d) 

From eq. (31b) and (27) 

^(z,. a '<)=zjM o '(($£)('.#; 

y ' \ (^)(^) * Z]'4(^-, 

+ )(>*?)+ Z4 4, '(&)(?£%) 

■4 i f ¿nj )/î£^\ 
t ¿W 

^ <r ^// 
t"- / 

-/ ^#7 

. 
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/^A/^7¿fy4^r ($x. 

2*2 

r* • 
-¿< c«,, ^ ■• <v 

Now from eq. (32) 

■ ■+ ) &Ö0 j äXf ^ o 

J J / ¿f, ^ ^ ]^¿ ^ ^) ¿E ~A;(#(/y7)£ó; \¿W* d*i 

ri /!*/«> 

L-' 
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16-11 Solid Sabot of Revolution 

Formulation of the symmetric elasticity problem. 

Strain energy is 

yn 
Kinetic Energy is 

(35) 

K = 
'JL 

1 p ILL 
Z > O'? àt 

4SI 

Work done by external and body forces is 

+ { ^ «.• ¿o 

Hamilton's principle states 

... f1' 

d ( ^ ~ K ~ W ) <lt = o 
t* 

(36) 

(37) 

(38) 

dU'ji')* àai(tl) 

r b 

— c 

*0 

kv 

X -. r ^ 

-A 

7 

r~ 
Fig. 6. Cross Section of Solid Sabot in x-r Plane 
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u / 

Substituting (35), (36), (37) into (38) and Integrating by parts, one 

obtains 
, f ' 

I / / (t-U'i) 7(kj-l( ') -t c> v2(i - p _- -A l . Jr: dt 
r'ii ( J ± ¿ 

ft' r , 
-+/// 

y,’ / r X 

O 

j i A ( v-ñjü • ¿n + ¿t V -vu. Sn + Sf SS. VU-1> - tï. SS ¡ a!F St 

(39) 

In the axially symmetric case, Eq. (39) becomes 

4 ! 

\ + r >7 - ~7T q 
*3C~ 

/ \ 4 /. ) ^ ^ /r’'' , f /•, ñ J*'- s 
t (X ('1‘ ?x?r J I ^^)Sr - ■ + -77- ^ ^ 

(A + 2 'r ) - ir_ t(L 
?x-- ' r ~*r' 

>r ,*r ^ 

/ Jfldt 
,1 

JlF* ~ \(yS + r f r J <-* I ' ! * f. ' * 
' / , 

filo M 7<7 . «5// , ^ / ¿>l( i. \ / / > 
XT' / Ht ?r- H- "r ^ H ¿ -.r ) j3¿t 

- *4 * 

(.7 {'<< 

i JO JO - -f-- 
,?/' r 

!>/ 

'àkJ JJ_ 
^ r ^ Pr ) 

-i 
“■' 'r J l 

A I 

l /J ! ?:+*(??* 

r>JO , ?'-> ^ ) 
r ?al' 

+■ 7,/ 
St }&<> + ) Ff +6( 

.¡Uj 

, 7C f J/F ) } óu)3J JSj 

“ /• 
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Since 6u and 6 are arbitrary, the governing equations can be obtained by 

setting their coefficients equal to zero 

' ¿I" ' ( Zl ) r—i .V f- ^ ~'~ 
i ' ¿>x~ 

^ ",)r: - -/- X — /0 _ **_ 

0 ) - 
*rJX 

■t /Á * fr ) 1 s / \ \ ?*"(I 
IK *]T -¿ ' 17 + 

■+ /, S ?!L 
î ?r - A 

A 

T'tJ 
¿f) 

(40a) 

Boundary conditions are: 

On S^, where tractions are prescribed. 

F/- 
V / Pli.) lO (PCS . / Jlö DJI y . 

■* Xt ) - <í A XT ' ^~>V - 

/ - ^ TT * ¿i /* - yir »r 

(40b) 

Pf± 
)= / 

On $21 where displacements are prescribed, 

^ ?c.'P 

= a* 

On S3> where tractions are all zero. 

c, ( - tv . 211 
{ > X t*n 

s / è> iO h2> P4/ 

y *r /- y 
i t A At “ ^ 
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Fig. 7. Solid Sabot 

If a sabot consists of more than two setments and if they don't contact 

each other under loading, X in Eqs. (40a) and (40b) has to be replaced by 

A = 2AG 
A f 2G * 
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16-12 Optimal Design Problem with Varying Boundary 

In previous sections all governing equations were obtained from the 

principle of stationary total potential energy, which result in a set of second 

order partial differential equations. Sometimes it is more desirable to write 

the state equations in first order, self adjoint form. This will be most con- 

* 
veniently done by using Reissner's variational principle. With the use of this 

variational principle, the governing equations for the shear plate and the solid 

sabot of revolution, with quasi static loading, can be written in the following 

manner. 

a) Shear plate 
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Reissner, E., 

(41a) 

(41b) 

"On a Variational Theorem in Elasticity" 



where 

E * Young's modulus 

G = Shear modulus 

V = Poisson's ratio 

= The displacement in the direction 

z^ = The displacement in the direction 

= The resultant force in the x. direction on a cross section 
normal to the x^ axis 

z^ = The resultant force in the X£ direction on a cross section 

normal to the x^ axis 

z^ * The resultant force in the direction on a cross section 

normal to the X2 (x^) axis 

The resultant force is defined as stress times the thickness of the plate, 

i.e., 

r. 

where u is thickness of plate. 

When the shear plate thickness is not constant, u is a function of x^ and 

X2 and will be treated as a design variable, 

b) A solid sabot of revolution 
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! » r 

(42a) 
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where x1 and x2 represent cylindrical coordinates in the axial and radial 

directions, respectively. Since the system is axisymmetric, the circumferential 

coordinate does not appear in the above equations. 

The following physical significance is ascribed to the variables of the 

problem: 

= Displacement in the axial direction 

z2 * Displacement in the radial direction 

= Stress in the axial direction (o ) 

z^ = Stress in the radial direction (a^) 

Zç * Shearing stress t 
•> xy 

V = Poisson's ratio 

E = Young's modulus 

G = Shear modulus 

= Body forces in the axial and radial directions respectively. 
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One wishes to minimize the weight of shear plate or sabot under certain 

constraint conditions. Hence, the optimal problem can be written in the 

following manner 

Minimize 

■L ffUr, I 

1 1 ¿X.: 4A' , 
'R 1 L 
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(44) 

(45) 

(46) 
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The above optimal design problem is for a shear plate. The problem for 

a solid sabot differs slightly and will be treated explicitly below. Equations 

(44) represent the relationship between displacements and forces in the plate. 

Equations (45) control the design of the boundary, in which one of the boun¬ 

dary conditions should be treated as a constraint equation. Equations (46) 

is a typical functional constraint. For example, a stress constraint will be 

given in this manner. To compute the sensitivity coefficient, one needs to 

know the effect of small changes in design. Using calculus of variations and 

keeping the boundary change in mind this will be one as follows: 
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The bars over the variation quantities are used to indicate net changes, 

which should be distinguished from total changes of variables/ Equations (47) 

and (50) are constraints on the variations in the state variables z and R. 

These quantities can be removed in this following manner. Let 

d À R 
'TZ = - (< (X,, f:ry, 

Then 
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) 

Integrating by parts, one obtains 
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Substituting the above into Eq. (47) yields 

(51) 

If the L(u) is a self adjoint operator, then 
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* Gelgand & Fomin, "Calculus of Variation" Sec. 37, pp. 168-179. 



Define A to satisfy the equation 

/ N *r' 
L- () \ — p 2 

Then, using Eq. (52) and (48), Eq. (50) can be written as 
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where A^. is a solution of 
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At this stage, sensitivity coefficients can be computed and the optimal 

design approach of Chapter 8 of the Handbook implemented for direct numerical 

calculation. 

In the case of a solid sabot of revolution, cost function is given by 

a - o 

/ t (*, I 

/l> 
<h . ix, 
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(5A) 

State equations are, in an operator form 
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(56) 

Functional constraint equation is 

V' (57) 

It is seen from the above set of equations that v is the only design variable. 

Hence the effect of small change in design can be written in c simple manner. 
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To remove the state variable dependency from Eq. (58)* set 

J 

Then 
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