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ESTIMATION OF PARAMETERS IN SYSTEMS OF RELATIVELY SLOW TIME VARIATION*

Philip H. Fiske
William L. Root
The University of Michigan, Ann Arbor

ABSTRACT

The estimation of parameters for a rather general class of nonlinear,
time-varying, causal, bounded memory systems is discussed. A model for such
systems is established using the concept that the system variation is un-
known, but bounded between observation times. A recursive estimation algo-
rithm is developed for the model, and both upper and lower bounds sre found
for the guaranteed error of estimation.

DEVELOPMENT OF THE SYSTEM MODEL

In this paper the term system means simply a mapping from an appropri-
ate space of inputs to an appropriate space of outputs. The central purpose
of the paper is to obtain estimates on how rapidly causal systems, of a cer-
tain rather general class that includcs nonlinear as well as linear systems,
can vary with time and still allow adequate experimental identification.

A particular kind of system model is especially appropriate for this
study and is used here. It has the features that it is linear in the param-
eters, even though the system itself may be nonlinear, and that it is widely
applicable if the only noise 10 be considered is output cbservation noise.
We briefly and heuristically describe such & model in a special case in what
follows, and this is sufficient for this paper. However there ig a generul
theory of such models, and most of the ad hoc assumptions mede below can
either be shown to be justifiable or not needed (see [1]).

Let ¥ be an arl itrary input space, 'tal, & linear output space, ..d H a set
of mappings from X intoYy (i.e., % is & class of "systems"), so that one may
write

y = h{x), xe%X, ye }} , heXx . (1)

Each x e€¢¥ determines a function from N intc»% . If this function is de~
noted by X, then

y = X(h), he¥ . (2)

Let addition and scalar multiplication be defined in"N in the way they usu-
ally are for functions and then extend W , if necessary, so that it is closed
under linear combinations. Denote this linear extension by F. It iz now
trivial to verify that the mapping X as extended to th will pe linear, even

*Research sponsored by the United States Air Force, Air Force Office of
Scientific Research Grant No. 72-23%28-B.
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though the mupping h may Le nonlineur (see e.y., [1]). It additive output
roise is present, (1) and (&) are replaced by

1l

y hx) +v (3)

and
Yy

n

Xh + v, hec¥, (4)

where v is a random variable taking values in %y and X is linear. Thus the

problem of iden%ifying the system has been put in the form of the classical
problem of estimuiing h in the linear model (4). Of course, equation (L) is
abstract, so we now need to gpecialize it so as to have a mecaningful estima-
tion problem. liere we gimply assume vhat we need in order to do this easily.

Suppose that a system with vector-valued inputs and outputs can be ade-
quately represented in terms of sampled inputs and outputs. Futheimore, as-
sume that it has bounded memory (this is the only critical assumption).

Tl:ien an input is a vector sequence {xy}, the corresponding output is a ver-
tor sequence {yyp), and if the system has memory m,

= “es , 4
e K R RLR L W
v, = hk(ik) + Vo k=12,..., (5)
where
x g (x ,x coxX )
=k kK’ Tk-1"""" " ken”

Jf the system is time-invariant each h, 1is the same; otherwise, of course,
the hy's are different. To each x; there corresponds a linear mapping Xy
defined, as belore, by Xghy d hk(ik), so that

= +
Y. X hk v

. . K =1,2,... . (6)

I’
Let there be imposed the further condition that all the mappings hy ¢ h are
fully characterized by a tinite set of parameters, say p in number. The
{hy} can then be rerresented by p-vectors, and if the output is an r-vector,
the [Xk} can be reprzsented by r x p matrices.

If the systems in b are of uniformly bounded time variation for each
finite interval, one can write

k+l - k k) k = 1)2)"‘) (7)

where each component of e is bounded. ‘The system model then becomes

= +
By 4 B vy
= + =1,2,...
Y, Xh v k=12, (8)

where the {wy]} are bounded, unknown elements of Rp and the (v} are random

variables representing output noise. 'The equations (8) are, of course, in
the form of the system equations for a degenerate linear dynamical system,
but the interpretation given to them is entirely different.

We wish to consider successive blocks of measurements where ea:h block

2 -
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consists of tests with the same suitably chosen N inputs (x3,...,xy]). We
muke the important simplifying assumption thul the system parameters change
only between blocks of measurements. Results can be obiained without this
assumption {see [3]), but there is not space to go into the additional argu-
ment necessary here. This assumpticn gives an acceptable approximation any-
way in many cuases where there is only slight variation within the blocks.

With this assumption we have

pk+l = pk 4 Gk
k k k
y = Xh +v, k=12,..., (9)
where hk 2 hkN and
-\ - b
ry(k-1>N+1 rxl rv(k-l)N+1
k d ko
¥ Vi) |2 X =%V V(k-1)N+2
X v
s..ykN J L NJ L kN J

The condition to be imposed on the inputs (xy,...,xy} is that the operator
X has zero null space, so that the vector hK is estimable. The usual as-
sumptions are made ubout the noise,

k k :
Ev. = 0, Ev (vj)T = stk, (10a)

where R ig strictly definite. The boundedness condition on the wk is taken
to be in the form,

k
l(w ;‘J'i)l < le) i=1,...,p (lOb)

for all k = 1,2,..., where [wi] is a complete orthonormal basis of eigenvec-
tors of (XTR-1x)-1, i.e.,

T ~1l -1 2 .
(X"R "X) 7B JPRE N RS

2.
The eigenvalues {o, ) are real and nonnegative.

ESTIMATION OF PARAMETERS

We now derive a recursive estimation algorithm for the parameler vec-
tor hk and obtain a uniform upper bound on the mean-squared error. Since
the actual mean-squared error depends on the (wk}, which are unknown, an
exact exprecsion for mean-squared error cannot be given, of course.

We begin by forming the stendard linear, unbiased, minimum variance
(LUMV) estimate of hi

Bt o= ot : (11)

where ¢ & (xTR=1x)-1xTR™). tne error in this estimate satisfies

.m\3 _
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Al 1, ¢ p b
E|h” - n |l‘2 =% a? = % b, (12)
t= 1 i=1 43

-y i 2 .
where bfi 4 6%, 1 =1,...,p. Now consider the second observation
-~ L

y2 = th + v2 Xhl + le + v2,

i

which can be rewritten us

A ., 1 1 1
y2 - Xhl = X{(h" - h ) W]+ v2. (13)
A : A : A
Letine 22 4 y2 - xht ang ¢l d (bl - hl) + wl = n2 - h) so that (1%) becomes
2 = xgt R (14)

(]
Let gl be o linear estimate of §l that is a function of ng, but is other-
wise arbitrary. Thus,

e p P
gl = n oa, (c2V, V), (15)
i,j=1 1d J 1
where the (aij) are real numbers. The error in this estimate ig given by
<
1 - 1 = P 1 -] 1 o+ E rl
- (3A)
p 2
+ noa, (Cvo,v. )|V, . (16)
j=1 33 Jhpi
Therefore, it follows from (10a) und the properties of the (V) that
o § 2 po 1 1% 1 2
Blet - 4% = s E[(a, -1)(5,v,) + Eoa (8,9))
i=1 11 i jzl lj J
(J#1)
b 2 2 )% 2 1 2 -
* 5 a/0.<2% (a,, - 1)E[(E7,¥,)"] (17)
i,d=1 * J i=p 3 t
p b 1 P 2 2
r23E % oa (8500 + 1 a5
i=1 | g=1 1J J i,d=1 1 J
JFL)
To minimize the upper bound in (lY), one should obviously choose ajy = 0 for
i # 3. Making this choice yields
21 2 Y 1 2 P 2 2
Blel - sY° = 2 (e, - DY) ¢ £ el o (18)
i=1 11 1 i=] 11 1
Now
L 2 1 Al 2 1 2l 1 1
BLS Y% = BT - By + ast (et - By ) (v ) +EL Gy, )
2 2 2
>+ ob + T = +
Shyyp T Ty (byy + )

1 . . n A N
*Obviously E[(hl - ﬁL,wl)(w ’wi)] = 0, but in general E[(h - h ,W,)(w,ﬂﬁ/]

F 0, n>2
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50 . . .
3 ye o X - 10 24 . 1
Ble - 7 < 15:1[(*‘11 D3ny, +n) ¢ a2 e (19)
The upper bound in (19) is minimized by putting
(b3 * ny)2 .
a = i=1,...,p.
1M i

The lineur estimate that results when these values are used is
A p by +ny)2 2
el = & 5 5 (Cz™, v, )V, . (20)
i=1 (byy + ny)° + of 11 7
- Al
Since h? = hl + ¢1, the estimate of h® is taken to be

= A A
I R (21)
Then
ar2 2.2 Loal AL AL 1,2 Al 12
FIin® - 0% = BB +¢7) - (27 + T = mlE - &7
p . 4 o )2
< o[y, e ay)?
i=1| ((b1i + ng)@ * of (22)
, )2 2 22
+ (b1 * my) 142 = g (byg *+ m3)%§ _ g B2
(b1 + m3)® + of * i=1(byy + ni)a'+of i=] 21
22
+ . )08
where bg, d (b3 né) 012 , 1 =1,...,p
i (b1y )= + of
If this process 1s continually repeated, we obtain the estimation
algorithm
A - AR e
hk - ﬁk 1 + gk 1
Ak-1 P A+ 1, )38 kK Akel
3 = oo t(Ked)d S TE (cy - b L)Y, (23)
1=1(b(k-1)i *11)° + o2 vt
22
2 (o)t mg) el
b, , L =1,...,D
ki (b + 1 )2 + 02
(k-1)i i g
The initial conditions are given by
Al 1 2 2
h = cy, bli = o i=1,...,p (24)

and the error in the estimate of hk satisfies

Ak k2 b 2
2 (25)

1=

Lemma 1. IT f(x) is twice continuously differentiuble for x > O and satisfies

. lim
(l) X+0+ i(X) >0




(i1) A op(x) < o

(iii) df(x) N

) 2
‘ (iv) d5f(x) <0, x>0

then (a) f(x) = x has a unique solution x* for x > O.

), x. > 0, converges Lo x¥.

ey TN TR

(b) the sequence x = £(x

n-1 1

Proof: Kollows from elementary argumenis.||| The limiting upper bound can
nov be established.

Proposition 1. If xg is the solution of the equation
/2 22

1/2 2 4 42

(x + T]l) Gi

Y T T T T Y
-

= x’

lim 2 - *
then “’wbni X

Proof: Define
g (x7/2 4 ;)22

(kY2 + 13)2 + 02

¢(x)

e B R AR A TR (e N

s Tt [ SR

and note that °(b%n-l)i) = bgi‘ Result follows directly from application of
Lgmma 1.|” Hence, use of the estimation algorithm in (23%) yields estimates
(hK) satisfying &}%)Elﬁk - nkj|2 < pr;.

1%

LOWER BOUNDS ON THE ESTIMATION ERROR

We now derive a lower bound on the attainable mean-squared error, in
the gense that with any linear estimator the error can always be as large as
this bound if cert .in parameter changes occur. Of course, in many cases the
actual error may be less than this lower bound, but we can never '"guarantee"
this fact. The basic idea is to construct a problem in which the system
variations are random, with 1own mean and covariance, but bounded ag in
(10b). Kalman filtering techniques can then be applied in order to find the
minimum mean~gquared error which is attainable using any linear estimation
procedure. This error provides the lower bound of interest.

T s cue e - G 4

Suppose that the wk's are random vectors, independent of the vk's,
which satisfy (10b) and are described by

k - P k = .
. PI(w',¥) =n] = 3 pL(W,¥,) = -n.], (26) |
[ (wh, ¥, ) (wt = 1%, 5 .. 3
Then E[( J"yl)<w }W'j)] ‘]1 ij kl 7
k= o, mE(wd)T = @, (27) j

whereQ can be found from knowledge of the [Wi} and (26). Suppose also that
hlis a rundom vector with, say, mean zero and covarian:e matrix Pp =

-

N S
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(XTR'lX)']. The error covariance malrix for the Kalman estimate ﬁk ol hit is
given by the recursive equation (sce e.g., [4])
= T Try(p T 4 gL
= > + I ~ XH[X(Py, ., + Q)X+ +R .
o= (p, @ - XKD, + @ 4R

(29)
CR(P L FQ)), k=25

We then have:

Proposition 2. The upper bound on the attainable mean-squared error of any
linear estimuate of the system puramciors {hR}, in the model described by (9)
and (10), caunot be less than 1pf T P, d e, wherc Py (k > 2) is given by
(29) and P = (xTr=1x)-1L,

Proof: Suppose the (wK} ure random vectors satisfying (26) and hl is a ran-
dcm vector with mean zero and covarisnce Py, First we observe that if only
yl is available, there is no linear estimator that will yield uniformly
smaller meun-squared error than P]. This is because P; was chosen to be the
variance of the LUMV estimate for hl in the equation yl = Xht + vl, ard no
blased estiwate gives u mean-squarcd error bounded for all nl. Next, suppose
that for m > 2 there exists a lineuar cstimator h guch that

A e : -
E(|L® - hmJP W ,ul Iy <e
frr every sequence [wl,...,wm'l}. Then
Elgm - hmﬂg = E[E[“nm = n")@ wl,...,wm"l]] < e,

But this %ontradicts the minimum mecon-squared error property of the Kalman
estimate hM,  Consequently, for uny m, there is a sequence wl,...,wm‘l such

thoe 0 > e Since (wl,...,w%"1} gatisries (10b), this proves the asser-
tion. |||

It is of interest to interprel this result in the special case of (Q)
and (10) where X is the identity and R is diagonal. The eigenvectors (V)
then become the standard unit vectors in RP and Q = diag(Qf,ng,...,nb .
Also, with a little algebruic manipulation (29) becomes

-1

P, = (B, *+Q)(p _, *Q+R) R

k
Since | R is diagonal, all the Py wlll be diagonal. 1In particular, if

- A ~ dis 2
P%;l = dlag(a%k_l)l,afk_l)g,...,a%k_l)p) then Py = dlug(%&l,aﬁg,...,oﬁp)
wnere

2 2, 2
_ (A gy .
aﬁi = = 5 S0 i =1,...,p (30)
n’ , 4. +
Ug-1): "M T 9

Corollary. If for the system described by (9) and (10), X is the identity
andR is diagonal, then there exisls a sequence {wX} satisfying (l0b) such

that 5
2 2
D LN ur 0."\
A R
jsnl 2 T]l)

”
] =

./7_.
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i
A . . v Bk L
3 ?{ for any linear estimate h* of h™.
1 % Proof: Define
: % a (x + nl)o
iy e(x) = ) )
WooE x +nf + of
5 ? ) and note that for equation (%0), e(a%k_l)i) = aﬁi. Application of Lemma 1
b ? yields -
g ! 1]2 T].2 0-2
oo lim 2 o _ iy 1) ¢ 32 i =1,...,p.
( _ k'*ooak 2 2 lee_ s 2 ? )P
5 Since 2
i 2 2
‘ inf 13 lim P ”? Ny /- 3
b TrP, = im pp Pk = gk = S{-_1 +_1J1 + 4= ,
b k k+ oo ko i=1 i=1 2 2 ﬂ?
P i

s

: the result follows directly from Proposition 2.||] Figure 1 provides a plot
of the ith component of the upper and lower bounds on the mean-square error
: when X = I and R is diagonal.

o o i S T YR P i
o e oo
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Figure 1. Bounds on Errors

COMMENTS

(1) The results derived for estimating the perameters when they vary only
between blocks of measurementis can be extended to include the case where
the parameters vary between each pair of measurements (see [3]).

R i SR SRR

{2) The upper and lower bound expressions given by Propositions 1 and 2 pro-
vide criteria for determining whether or not a system can be considered
as being slowly varying (see [3]).

(3) The restriction to the case where X is the identity is in fact less re-
strictive than it would appear to be at first glance. The "standard
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g-representation’ developed in [1] does provide such a model for a very
large cluss of systems. Of course, tne parametrization provided by this
i model may not be what is deslired in a practical situstion.
: point of
there is

However, our
view as regards to the concept ol slowly varying is that if
any parametrization for which sufficiently good estimates can
be made, then the system is slowly varying.

(4) The estimate used at each state of the recursive estimation procedure
; ' is essentiully “he modified LUMV estimatle described in [2].
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