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ESTIMATION OF PARAM•TERS IN SYSTEMS OF RELATIVELY SLOW TIME VARIATION*

Philip H, Fiske

William L. Root
The University of Michigan, Ann Arbor

ABSTRACT

The estimation of parameters for a rather general class of nonlinear,
time-varying, causal, bounded memory systems is discussed. A model for such
systems is established using the cornc-ept that the system variation is un-
known, but bounded between observation times. A recursive estimation algo-
rithm is developei for the model, and both upper and lower bounds are found
for the guaranteed error of estimation.

DEVELOPMENT OF THE SYSTEM MODEL

In this paper the term system means simply a mapping from an appropri-
ate space of inputs to an appropriate space of outputs. The central purpose
of the paper is to obtain estimates on how rapidly causal systems, of a cer-
tain rather general class that inc]udco nonlinear as well as linear systems,

can vary with time and still allow adequate experimental identification.

A particular kind of system model is especially appropriate for this
study and is used here. It has the features that it is linear in the param-
eters, even though the system itself may be nonlinear, and tha.t it is widely
applicable if the only noise to be considered is output observation noise.

IWe briefly and heuristically describe such a model in a special case in what
follows, and this is sufficient for this paper. However there is a general

theory of such models, and most of the ad hoc assumptions made below can
either be shown to be justifiable or not needed (see [11).

Let* be an ar[itrary input space,'ý a linear output space, -. ,d4 a set
of mappings from X into (i.e.,)) is a class of "systems"), so that one may
write

y = h(x), x c X , hE)$. (E)

Each x E* determines a function from into . If this function is de-
noted by X, then

y X(h), h E (2)

Let addition and scalar multiplication be defined in t in the way they usu-
ally are for functions and then extend )4 , if necessary, so that it is closed

under linear combinations. Denote this linear extension by CJi. It is now
trivial to verify that the mapping X as extended to •Awill oe linear, even

*Research sponsored by the United States Air Force, Air Force Office of

Scientific Research Grant No. 72-2528-B.
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though the mapping h may be nonlinear (see e.g. , [1]). If' auditive output

noise is present, (1) and (2) are replaced by

y =h(x) + v
and

y Xh+ v, hc ', (4)

where v is a random variable taking values in l# and X is linear. Thus the
problem of identifying the system has been put in the form of the classical
problem of estim.Ling It in the linear model (4). Of course, equation (i) is
abstract, so we now need to specialize it so as to have a meaningful estima-A tion problem. Tfere we simply assume ý..hat we need in order to do this easily.

Suppose that a system wiith vector-valued inputs and outputs can be ade-
quately represented in terms of sampled inputs and outputs. Futhei'more, as-

sumtie that it has bounded memory kthis is the only critical assumption).
Then an input is a vector sequence (xk1 , the corresponding output is a ve.-
tor sequence (Yk), and if the system has memory m,

or = , v
or

k hk-- k + vk, k = 1i'..
where d

-1k = (xk-l, 'k-in

If the system is tine-invariant each hk is the same; otherwise, of course,
the hk's are different. To each 2k there corresponds a linear mapping Xk
defined, as before, by Xkhk d hk(xk), so that

Yk = Xkhk +VI k - 1,2,... (6)

Let there be imposed the further condition that all the mappings hk e *3 are
fully characterized by a finite set of parameters, say p in nunber. The
(hk) can then be rerresented by p-vectors, and if the output is an r-vector,

the (Xk) can be represented by r x p matrices.

If the systems in ' are of uniformly bounded time variation for each
finite interval, one can write

hk+l hk +wk, k 1,2,.., (7)

where each component of w is bounded. The system model then becomes

Shk+1 h k + w k

Yk x khk + V k = 1,2,..., (8)

where the (WkN are bounded, unknown elements of R and the (vk) are random

variables representing output noise. The equations (8) are, of course, in
the form of the system equations for a degenerate linear dynamical. system,

but the interpretation given to them is entirely different.

We wish to consider successive blocks of measurements where ea2h block

j. ........



consists of tests with the same suLtably chosen N inputs (Xl,...,XN. We
make the important simplifying assumption that the system parameters change
only between blocks of' measurements. Results can be obtained without this
assumption (see [3]), but there is not space to go into the additional argu-
ment necessary here. This assumption gives an acceptable approximation any-
way in many cases where there is only slight variation within the blocks.

With this assumption we have

{ hk+l = hk + wk

y =k Xhk + v ,k =i•.. 9

where hk hkN and

Y(k-l)N+l 7xl v(k-l)Nil
"k kSY Y(k-)+ ' X d X2v

-I)N+2 ,2 (k-I)N+2

:'Y XN .vk

~kN XNJ kN'

The condition to be imposed on the inputs (Xl,...,XN) is that the operator
X has zero null space, so that the vector hk is estimable. The usual as-
"sumptions are made about the noise,

k k iT
Ev 0, REvvjk) (1a)

k
where R iE strictly definite. The boundedness condil ion on the w is taken
to be in the form,

i~ (wk ýki

for all k = 1,2,..., where (4i) is a complete orthonormal basis of eigenvec-

tors of (XTR-IX)-", i.e.,

S(xTR x)4'.~ = jt, i, 1,. p
( R ) *i = Cy,. •i ,p.

i• ~2,
The eigenvalues (oj are real and nonnegative. 1

ESTIMATION O PARAMETERS

We now derive a recursive estimation algorithm for the parameter vec-

tor hk and obtain a uniform upper bound on the mean-squared error. Since
the actual mean-squared error depends on the (wk), whicýh are unknown, an
exact expression for mean-squared error cannot be given, of course.

We begin by forming the standard linear, unbiased, minimum variance
(LUMV) estimate of hl

Aj_ 1
SCy (11)

where C d (XTR.Yx)-JXTR-]. The error in this estimate satisfies

.3,,SQ-~~:.



Ej h- hj 2 2yb 2  (12)

where bi 2 , i 2 l,...,p. Now consider the second observation

2 2 2 1 w 2
y Xh + V Xh +Xw + V,

which can be rewritten as

2 Al A 1i . 2y -X 1- h ) + + v (13)

-A 1Define z2 !y Xh. and t"l (h]. h"1 ) + w] h2  
Al so that (13) bEcomes

2 1 2
z xt1 + v. (14)

Let 1 be a linear estimate of that is a function of Cz but is other-

wise arbitrary. Thus,

p2

i,j=1l ij J

where the (aij) are real numbers. The error in this estimate ij given by

p 2"+ Z a .(CvF (16)
j=l 1j

Therefore, it follows from (1.0a) und the properties of the t •i) that

Ell il ýjl E 4-(j~zj a) (

P P 21 2 2.•.. . 2 ( ..- E)2 [(j ) , ) 1(17)
i,j=l i=l i

+ 2 2 2, a
+ =1 a(1Ajj

To minimize the upper bound in (17), one should obviously choose aij 0 for
, / J. Making this choice yields

E o P 2 2• "•1 -- i(a.. - )[('i)]+ i~ a.• 2' (18) •

Now 1 1 Al 21-l[, A(h h + 2E[(h - h i (w + (W

2 ~2 h

b + 2b + 2* + ( )- i 2bli. 1 1bli Di

*Obviously E[ ,, (wi)] 0, but in general E[(hn - ini)(w n*i)]

0 0, n >_2.



"•p I 2 2 2so o Fa. - ])"(b 1  + )i + a~iifl. (19)
Ell " 1114< Z a + 7 +

The upper bound in (19) is minimized by putting

- (bli +
a 2 2 'P

(b + ) +o.

The linear estimate that results when these values are used is

""p (bli + ri) 2  2
(Cz 4)4. (20)

i=l (bli + ni)2 + 22 z i
i

Since h h + the estimate of h 2 is taken to be

A2 Aj 1h h + (21)

Then
ji1jh _ h 1 = E (•Ell •1) + (A' + J.)112 EjIll - 11

i,(b.[ + r1)
2 A22 -1- Al + 2

+ L). 0 (22) '

(b+ + ) + i22 22
""( (bli + li) 2  i •bi+ .

2= ________ +1', 2
221 22

where b d (bi + ni) o =lo + --- ,... ,p. p 2

2i (b+i •i + oo '
2.2

If this process is continually repeated, we obtain the estimation
algorithm

A/

Ak Ak-l Ak.-1h 1 +, - , _ t .

-k-+• P t'+ 2 (Cyk - Ak- i) (,

b2 _ (b11k-]4+ 11i) ai i= , pki h.(.3)
' +i)2 + 2 0.

*The initial conditions are given by "
Al 1 2 2

h Cy2 , bi = . =1,...,p (24)

and the error in the estimate of hk satisfies

_b b
Ak k2 + 22 ).25'

Ellh -hjlj < >b2>
- 1 .=i ki

Lemma 1. If f(x) is twice continuously differentiable for x > 0 and satisfies

lim f(x) > 0(•)+ 1'(Xo>



i:• ( i ) -,lm•f(x < < o

.:. (Jilldr(x--- > O, x > 0

(iv) d 2 f < , x > 0

then (a) f(x) x has a unique solution x* for x > 0.

(b) the sequence x n f(x n), x1 > 0, converges to x*.n n-in 1

"Proof: Follows from elementary argments, The limiting upper bound can
now be established.

Proposition 1. If xt is the solution of the equation,• (1/2 + ":2 °?
•" •-. (xl/.2 + T,i) 2 + a? -- x

S~~then lim b2 = X.'
n-` 00hiProof: Define

'[ ,(x) 2 + ni) '2,

(xl/2 + 71i)2 +°

0ann]) n bi. Result follows directly from application of

Lemma 1. III Hence, use of the estimation algorithm in (23) yields estimates(' hk] satisfying lim-. jj• - hkl'12 _< iPixi.

LOER BOUNDS ON TIHE ESTIMATIO17 ERROR

SWe now derive a lower bound on the attainable mean-squared error, in
the sense that with any linear estimator the error can always be as large as
this bound if cert .in parameter changes occur. Of course, in many cases the
actual error may be less than this lower bound, but we can never "guarantee"
this fact. The basic idea is to construct a problem in whic. the system
variations are random, with iown mean and covariance, but bounded as in
(lOb). Kalman filtering techniques can then be applied in order to find the
minimum mean-squared error which is attainable using any linear estimation
procedure. This error provides the lower bound of interest.

Suppose that the wk's are random vectors, independent of the vk's,
which satisfy (l0b) and are described by

1[( p[(w ,.)=-k (26)
1 .2

and [(k,) . - -

"E[(wk,*i)(w'*J 4 2

Then ij l

Ewk = O, =k(wj)T Q6 (27)

whereQ can be found from knowledge of the (*i) and (26). Suppose also that

hlis a random vector with, say, mean zero and covarian~e matrix Pl=

S' ... .- - . ... •.":..d. •" " &¢ " .t I,- ,L -"* *•' * -" . .. ."; " : • " ',-L • •- • • ''•5 ''"•":" ' "



(XT'1-xX)". The error covariancc matrix for thic Kalman estimate 1k of hit is

given by the recursive equation (see e.g., []))

P (k= -k + Q)(: - xT[x(pk_ + ý)XT + R]- 1

(29)

X(P +kQ)), k - 2,5,...

We then have:

Proposi Lion 2. The upper bound on the attainable mean-squared error of any

linear estjimaLte of the 3ystem paramcl.,'rs (hn), in the model. described by (9)

and (10), cannot be less than i1f Tr' P d e, wher- c Pk (k > 2) is given by

(2 9 ) an d P I - (X ' [i '-x)-l .

Proof: Suppose the (wkk) are random vectors satisfying (26) and hi is a ran-

dcmn vector with mean zero and covariance P 1 . First we observe that if only

yl is available, there is no linear estimator that will yield uniformly

smaller mean-squared error than P]. This is because P1 wa6 chosen to be the

variance of the LLUV estimate for h-1- in the equation y1 = Xh' + vI, and no

biased estimiate gives a mean-squared error bounded for all h-. Next, suppose
that for m > 2 there exists a linear estimator lim such that

E~jihm - hmi2 w. wm-1] < e

frr every sequence (w], ... ,wm]. Then
Eijm. %12= •.•,{[l m u 2m• w1 m-1t

Ell m - hmj EI h I w ... • 1 < e.

But this contradicts the minimum mean-squared error property of the Kalman
estim-ate h1m Consequently, for any m, there is a sequence wl,,..,wm' such

thi On> c. Sinezs (w1 ,...,' satisfies (lOb), this proves the asser-tion. Ili
It is of interest to interpret this result in the special. case of (9)

and (i0) where X is the identity and R is diagonal. The e:igenvectors
then become the standard unit vectors in RP and Q =diag( 1 ,2 2,.. )

Also, with a little algebraic manipulation (29) becomes

-- + Q) k-i R.

Since 1-1 - R is diagonal., all the P1k will be diagonal. In particular, if

PkJ dig~ =~klp hn~ diag(a 1, 2 .,
where

2 22
(Ci +-1. i + .

2 2 2 ) ,. .P. (30)+ +
•(a•-l)i ii) (0

Corollary. If for the system described by (9) and (10), X ia the identity
andl{ is diag6onal, then there exists a sequence (wk) satisfying (lOb) such

that
p 2 2 0

Ell~ k . h kllI z - - + .. . !+2
-•= • Qr.oi



j
for any linear estimate hk of hk.

r Proof: Define

(x +•"e~x) oi 2

X + 1H. + a?

and note that for equation (30), e(Cck_l)i) •ci. Application of Lemma 1

yields 2 n•2f .2"
lim Q2 - •i+• i =l,...,p.

i "2 1 2 2
1Pm 2 1 + ii +

Since2 2
inf TrPk lim Tr Pk rlimn p2 Ep 22 + 12,Y

ok k k- O i=lk 2 2 2

the result follows directly from Proposition 2.111 Figure I provides a plot

of the ith component of the upper and lower bounds on the mean-square error
when X = land R is diagonal.

IIMSE (i units )

0.6 -

0.5 N--Upper Bound

0.4 " o

0.3 _.

0.2 * . ~ ~ -Lower Bound

0.1

0.1 •0.2 0.3 0.4 0.5
" • a

( Oi CT.)

Figure 1. Bounds on Errors

COMMENTS

(1) The results derived for estimating the parameters when they vary only
between blocks of measurements can be extended to include the case where
the parameters vary between each pair of measurements (see [3]).

(2) The upper and lower bound expressions given by Propositions 1 and 2 pro-
vide criteria for determining whether or not a system can be considered
as being slDwly varying (see [5]).

(3) The restriction to the case where X is the identity is in fact less re-

strictive than it would appear to be at first glance. The "standard
-1

i'. . • ... •...,, .•. •,..,:,.,,,,,•....................................................................................................,....-.,....




