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PREFACE

This Lecture Series, jointly sponsored by the Fluid Dynamics Panel, the Consultant
Exchange Programme of AGARD and the von Kirman Institute is a follow-up of two
other Lecture Series on the same general subject. The aim of this Series is to make fluid
dynamicists interested in numerical integration techniques familiar with the latest develop-
ments in the field. Although emphasis is placed on application some lectures are on
fundamental mathematical aspects.

Experience of the last four years has shown that the joint AGARD-VKI Lecture
Series as well as the VKI Courses on Numerical Methods in Fluid Dynamics, held in a
bi-annual cycle, have established themselves as an internationally recognised forum for
stimulating discussion and sound learning of this rapidly growing field. Each year, more
than a hundred participants from various countries in Europe, USA and Canada have
attended these Courses. The success of these Lectures is also reflected by the numerous
requests received by the National Distribution Centres of AGARD for the previous
publications: AGARD Lecture Series 48 (Numerical Methods in Fluid Dynamics) and
Lecture Series 64 (Advances in Numerical Fluid Dynamics).

The topics covered in the present Lecture Series comprise numerical stability of
hyperbolic partial differential equations, foundation and application of the finite-element

method in fluid dynamics; computational methods for laminar and turbulent boundary
layers in two-and-three-dimensional flows, numerical solution of the Navier-Stokes
equation and separated transonic and supersonic flows at high Reynolds numbers. Finally,
it is pointed out that the first results obtained with the new Illiac IV computer for viscous
flow simulation are being discussed in this Lecture Series.

Egon KRAUSE
Lecture Series Director
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1-1
FLOW ANALYSIS THROUGH NUMERICAL TECHNIQUES

Egon Krause
Aerodynamisches institut
Rheinlsch-Westfédlische Technische Hochschule Aachen
Aachen, Germany

SUMMARY

Fiow analysis by using numerical techniques is demonstrated in this article. Results obtained
from integrations of the governing equations are compared with experimental data of the recent literature,
The following problems wiil be discussed: The inviscid flow about a sphere at superrsonic Mach-numbers
ranging from Mg = 1.08 to My, = 5.0, calculated with Rusanov!'s algorithm; incompressible and com-
pressible laminar and turbuient boundary iayers on Infinite swept wings, caiculated with second- and
fourth-order accuracy for three different scalar closure assumptions. Hypersonic iaminar and turbulent
siot injection of frozen flow (He and Hz) and flow in approximated chemicai equilibrium (H2). Finally
applications of finlte-difference soiutions will be discussed for fuily viscous fiows in bio-fluidmechanical
probiems,

1. INTRODUCTION

Rapid development of new numerical integration procedures has provided the fluid mechanician
with new toois for flow anaiysis. During the past decade numerical techniques have been appiied in ali
branches of the fieid with increasing number. A survey recentiy made in Ref. [I] shows that in the
leading scientlfic engineering journais the number of articies using predominantiy numerical methods has
increased from one percent in 1963 to 15-20 percent in 1973 of ail articies published. it is also interesting
that the new methods were immediately used for design purposes. For example, in Ref, [2] a finite-
difference solution of the smali perturbation form of the potential equation was employed to determine the
inviscid surface pressure distribution of the three-dimensionai flow about the whole airfoil of the C-141
airplane, This is a remarkable advancement and it is safe to say that in the future design of aircraft and
spacecraft wiii reiy more heaviiy on prediction methods than was possible in the past. Pressure distribu-
tions wili to a greater extent be determined from numericai integration of the Euler equations as skin-
friction coefficients wiil be obtained from finite-difference solutions of Prandti's boundary-iayer equa-
tions for three-dimensional fiows, This is of Importance since control of the boundary layer on wings
and other wetted surfaces can result in substantial drag reduction. Some of the goalis which can be
achieved in the near future were recently described in Ref. [3] If it is possible to control the boundary
layer to such a degree that a large portion of the flow can be maintained laminar, ten to twenty percent
lower operating costs in comparison to the "turbuient! design wouid result. However, before such pre-
dictions become possible, more power ful methods of analysis than those presently in use wiil have to be
developed. For this reason, it wiil be interesting to see how the fourth computer generation, to be in
operation soon, will affect the advancement of numericai techniques. Although the new paraliel machines
will not cure our stability or convergence problems and although they wiii force us to deveiop new methods
of solutions and programming techniques, they wili cut down computation times by a factor of the order
of one hundred, perhaps more. This decrease in computation time wiill bring a number of problems which
could not be tackled untii now into our reach.

in this article a few results of recent flow calculations will be described in comparison to experi-
mentai data. The purpose of this comparison is twofold: First, to demonstrate the accuracy of presently
avaliabie finite-difference sojutions and secondly, to show the degree of complexity of the flow probiems
which can be solved. We begin with finite-difference solutions of the Euler equations for supersonic flow
about a sphere and contlnue with a description of compiex boundary-layer problems and finally fully
viscous Incompressible internal flows,

2. THREE-DIMENSIONAL SUPERSONIC INVISCID FLOWS ABOUT BLUNT BODIES

There are several aigorithms avaiiable through which such fiows can be determined. Of the artificial
viscosity methods Rusanov!s algorithm has often been claimed to be superior in accuracy in comparlson
to others., The particularities of the method are mainiy based on the introduction of artificial flux terms
for friction, conduction and diffusion with variable artificial transport coefficients. In addition of more
practical importance is the use of different step sizes in the finite-difference formulation. However,
the accuracy of Rusanov's method could so far only be achieved in long computation times. Reiativeiy
small time steps had to be employed in the integration as the limiting time step derived by Lyubimov and
Rusanov from a stability analysis for frozen coefficients appeared to be very restrictiv. In addition a
large number of iterations had lo be carried out during the transient period. In order to overcome this
difflculty, Forster, Roesner and Weiland attempted trial calcuiations with the aim to detect as to whether
or not the stabliiity condition as given by L_yubimov and Rusanov could not be loosened for the first phase
of the integration. This attempt proved to be successful as several comparlson calculations have shown.
in addition the method seems to be well suited for supersonic flow calculations for Mach numbers only
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slightly larger than unity. Before we discuss resuits for such flows we willl demonstrate the accuracy

of the method for hypersonic Mach numbers: The surface pressure, the density distribution along the
z-axis between stagnation point and shock, the shock shape and the sonic line as determined ex5er-lmem-
ally for a sphere by Segr]ey and Kahl [4] agree well with the predictions described in Ref. [5] . This
Is shown in Figs. 1 -3 °, where for a hypersonic Mach number of My, =5, pressure coeffient, non-
dimensionalized density shock shape and sonic line are plotted versus normalized coordinates indicated
In the Figs. Because of the very satisfactory agreement between measured and calculated pressures,
shock shape and sonic line in Figs, 1 and 2, it can be concluded that there are some anomalies in the
measured density distribution, in particular the three points in the middle of Fig. 2.

1 —<5Q ! With decreasing fi
X g free-stream
Mg =5.017

Mach number the rate of convergence
w =14 increases markedly, Yet the accura-
cy of Rusanov's method remains the
cpmox same as for high supersonic or
hypersonic flows, Gooderum!s and
Wood's density measurements on
5 the surface and along the z-axis
’ of a sphere [6] confirm the accura-
cy of the resuits obtained in Ref. [5]
A comparison of calculated and
N meaStir)ed data [s given in Figs. 4
and 5" /. The shock shape is equaliy
o EXPERIMENTS, REF[[’] \ well predicted (Flg. 6) for M= 1. 3.
—RUSANOV - ALGORITHM, REF[5] \N Some further comparisons are
5 - : + shown for even a lower Mach number
0 .5 1 15 w in Fig. 7. In Ref. [7] Stilp deter-
mined experimentally the slope of
the front shock of a sphere for free-
+) stream Mach numbers as low as
Mg = 1.079 and Mg = 1.109. The comparison in Fig. 7 shows that Rusanov's method predicts the
measured data with sufficlent accuracy although the free-stream Mach number of the calculation was not
exactly the same as that of the experiments. 6

0

Fig. 1 Surface pressure distribution on a sphere

In the integration of the transonic flow fields
the number of net points varied between 17 and 13
In the direction normal to the surface and between Moo:s'017
34 and 27 in the tangential directlon. Details of - L w=14
the method of Integration are described in [8] gco o ’
Reduction of computation time was shown to be o
possible. Firstresults are reported In [ 9]. By
means of a detailed stability analysis in particular o)
of the implicit part of the solutlon, a substantial
increase in the rate of convergence was obtained. 5 O—
These investigations will be published In the near
future.

Rusanov's method has in the meantime been o EXPER'MENTS,REFUJ
applied to flow fields about sphere-cone combina-
tlons at angle of attack. It is reported in [5] that —— RUSANOQV - ALGORITHM,REF[5]
the convergence rate is fast as long as the super-
sonic part of the flow fleld is kept small,

3. THREE-DIMENSIONAL BOUNDARY LAYERS L

Conslderable progress has been made in the 0 S E W
development of integration methods for three- BODY SHOCK
dimensional boundary layers, A descriptlon of a
method adapted to infinite swept wings |s given
in [10]; a more general method Is described in
[Il] and [12_]. Both second-and fourth-order accuracy can be used in implicit, locally linearized dlfference
equations. Eddy viscosity models can easily be incorporated in the Integration procedures [10]. Care
must, however, be exerclsed in the calculation of turbulent flows in general and of large cross-flows.
Because of large velocity gradients near the wall and large variations of the cross correlations in the
outer portion of the boundary layer large numerical errors may occur. These may then falsify the pre-

Fig. 2 Density distribution between shock and
body of a sphere"'

+)

The data shown in Figs. 2, 3, 5, and 7 were provided by C. Weiland who carried out the details
of the integration descrlbed in Ref. [5]
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L~ diction considerably and in comparison to
| r / experiment wrong conclusions may be drawn
e for the validity of the closing assumptions,

For large crossflows the scalar assumption
often employed in eddy viscosity models

—19
/ brakes down.

For laminar flows there are, in general

/ no major difficulties as long as all derivatives
are of order unity., Several boundary-layer

— 1 / oS “\ flows over swept wings with infinite aspect
ratio have been analysed with the method of
1<% Mo=5017 solution described in [10]. The following
y<\ w =14 results were obtalned for free-stream Mach
numbers Mg, = 0,649, 0.749 and 1. 298 and
05 Reynolds numbers of approximately 3- 106.
° EXPERlMENTS,REF[L] The sweep angle ¥ of the wing was assumed
to be zero for the first Mach number, 30° for
— RUSANOV-ALGORITHM, the second and 60° for the third. The pressure
REF(S] distribution was determined experimentally
| | | | | for the upper surface of the wing in [13], In
25 0 5 10 Z/R 15 all three cases considered supersonlc flow

exists and extends 20 percent of the chord,

Fig. 3 Shiotle shagis and senie Im? i where a shock can be identified. The pressure

flow field about a spher-e+

a “—j’_
25 o=
o, 9 o
25 °| o L/'
N . ol
%, o EXPERIMENTS, REF(6] Sof ] o[ Meo182
o —RUSANQV -ALGORITHM, ]
REF[5] 20 5
20> .0%
\ R o }"‘/"‘
o ©O
= 5 o </ /
-\ o // Moo =13 /
15 \\ //‘
"1 o EXPERIMENTE, REF[6)
|1 M, =11 ‘
i — 2 —— RUSANOV -ALGORITHM,
REF[S)
10 | 1
10 F Mo =11 0 8¢ 38 7 6 5 & 3 2 1 0
SHOCK B80DY
Mgp=13
Fig. 5 Density distribution along the z-axis
Mo =162 +)
\ of supersonic flow about a sphere
LN |
4] 20 4«0 60 80 100 wi 120 coefficient is depicted in the upper part of Flg, B.

The boundary-layer characteristics were deter-
mined with an adapted version of the solution for
fully three-dimensional flows of [II]. The modifi-
cation of the solution was carried out by

E.H. Hirschel, who also provided the data shown in Fig. 8. The skin friction attains a maximum a short
distance downstream from the stagnation line. For # = 0 the maximum is about two and one half times
higher than for f = 60°. Separation is observed at about 20 percent of the chord. Considerable flow
deflection in the boundary layer takes place near the maximum of the shearing stress. For y = 60°, the
direction of the limiting stream-lines near the wall deviates by some 20° from that of the external flow.

Fig. 4 Surface density distribution
on a sphere

An incompressible boundary layer on a swept wing of infinite aspect ratio was investigated experi-~
mentally by Altman and Hayter [MJ and more recently by Adams [15], who developed a second-order
finite-difference solution for Infinite-swept wing condltions. The pressure distribution is that of the
NACA 63,-012 section airfoil at zero angle of attack. In the experiments transition was artlficially
enforced at 20 percent of the chord for a Reynolds number of §. 4- 106, zero |Ift conditions and a sweep
angle of # = 45°, The skin friction coefficients as calculated with the solution of Ref, [IO] are shown
in Fig. 9. The integration was carrled out by U, Miller of the Aerodynamische Institut with a second-
order solution (abbreviated 2.0 in Fig. 9 and subsequent Figs. ) together with the closure relations equa-
tions (2. 18) and (2. 19) of Ref.[ 10], which yleld almost the same results except for a short distance down-
stream from the point where transition was enforced.

]
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—RUSANOV-;LGORITHM, : 100 o M =1079
REFISI "R | M°° - 11 09} EXPERIMENTS,REF(7)
~~=EXPERIMENTS, REF(6] @ =
o / — Mg =11 RUSANOV-ALGORITHM,
3 REFI[S]
90
Mm:'l 3
: 80 N
a \ a G
4\
1 |
i 70
: 0 2 4 6 8 r/R10
Fig. 7 Angle of the front shock about a sphere
near sonic conditions™
1 g 0 / 1
. ) LA/R=0992- *R

Fig. 6 Shock shape and sonic line in an
inviscid flow field about a sphere

-241
—J--—«\. 6 ] ‘
\- c 1 A‘ Re:S.l.-lOs
'\p 3 CyiRe (&S NACA 63,-012
Mw @(ol -20\ . a.:oo
0694) 0 LAMINAR
0749| 30 || 18 LOW— \
1.298| 60
[ -16 - \
Re=310° , Pr=075 | \}
- -1.4
=+ \&
— + -12 0
0 0.2 04 06 08 10
x/C
80 N
\ Fig. 9 Skin-friction coefficient calculated
\ QUTER EDGE g.
e° \ /1 wALL STREAM- LINE with the solution of Ref, [IOJ for the
\ \\ A \ measurements of Ref. [M]
\ — !
40 s T S
\\__¥=60 :
s \_’_/ / "0:300 B /
20 B I S e e e e e etes S In Fig. 10 of Ref. [10], the displacement
thickness d * and momentum thickness ©
0
o 004 008 012 016 X /C 022 as calculated with the solution of Ref. [15]
and of Ref. [IOJ are compared with the
Fig. 8 Pressure-, skin-friction coefficlent and experimental data, which correspond to
flow turning angle in a laminar compressible those shown in Fig. 9. Deviations from
boundary layer on the upper surface of a the measured data can be noted immediately
swept wing with infinite aspect ratlo downstream from the transition point, but

otherwise the accuracy of all three predic-
tions is acceptable. The displacement and the momentum thickness are evaluated for the x-component alone.
The small deviations in the predictions are due to the differences in the closure assumptions and can also
be noted in the velocity profiles (Fig. 11). At 50 percent chord the predictions obtained with the closure
assumptions (2. 18) and (2. 19) of Ref. [10] show slightly fuller velocity profiles than those of Ref. [15].
Further downstream at x/c = 0.6 all three predictions give virtually the same values; moreover, the agree-
ment with the measurements is Indeed good but not surprising since the pressure gradient Is very small,
The exchange coefficlents are then at least approximately the same and the scalar assumption is justified.
On the other hand, the comparison in Fig. 11 does not fully confirm the validity of the three closure
assumptions for three-dimensional boundary layers, Since the pressure gradient in the y-direction
vanishes identically and is small in the x-direction the flow deviates only little from constant pressure
conditions in the vicinity of 50 to 60 percent of the chord.




l

Re =5410°
NACA 63,-012
0004 o =0° |/
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Fig. 10 Comparison of measured displacement
and momentum thickness of Ref.[la]
with predictions of Ref. [15] and of
Ref. [10]
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Fig. 12 Comparison of measured skin-friction

coefficients with predictions of present
second- and fourth-order solution. The
curve which ends at point 8 is the pre-
diction of Ref, [17]. The dashed lines
give the skin-friction for d*based on
the u-component of the velocity.

001 . ,
Re=5410®
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0008
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0
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Fig. 11 Comparison of measured velo-
city profiles of Ref. [14] with
predictions of Ref, [15] and

of Ref. [10]

Large pressure gradients in the x-direc-
tion were enforced by van den Berg and
Elsenaar in their experiment on an infinite
swept wing [16]. The oncoming flow of the
free-stream is incompressible with a Reynolds
number of about 3, 1- 106. The sweep angle is
35° and the pressure gradient is positiv and
large enough to lead to separation, W.Kordulla
of the Aerodynamische Institut carried out
calculations in which all three closure assump-
tions, equations (2. 18), (2.19), and (2. 21) of
Ref, [IO] were employed. Both, second- and
fourth-order algorithms were used.

The range of predictions is shown for the
shearing stress in the upper part of Fig. 12.
Although there is agreement downstream from
the leading edge of the wing, the predictions
fail near separation. The details of the calcu-
lation are shown In the middle of Fig. 12. It is
seen that the inclusion of the pressure gradient
in the closure assumption (2. 21) gives better
agreement than equations (2. 18) and (2.19) of
Ref. [0] which are based on the wall shearing
stress alone. It is of importance to point to
purely numerical errors, Each calcuiation was
carried out with second-order (2.0) and fourth-
order (4.0) truncation errors and substantial
differences can be noted. The curve which ends
at measuring station 8 represents the prediction
of Ref. [17]. These values were obtained after
the iaw of the wail had been modified [17] and
adjusted to three-dimensional flows.

In the iower part of Fig. 12 the predictions
obtained with the closure assumption (2. 21) are
replotted for the second- and fourth-order soiu-

tion. The solid line gives the shearing stress for the case when equation (2. 21) is based on a displacement
thickness evaluated for both veiocity components. The dashed line gives the skin-friction coefficient for
a displacement thickness based on the u-component of the veiocity alone. Aithough there is agreement
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RANGE OF
PREDICTIONS
A2 -
EXPERIMENTS OF REF16
50 / % iﬁ
Re=3110°
40 — //
o
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EQ.218,40.
50
L~ s
40
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STATION

Fig. 13

Calculated and measured

(Ref. [16]) fiow deflection.
Predictions with second- and
fourth-order accuracy of Ref, [ IO].

to investigate the closure
assumptions for three-dimensional
flows anew and construct more
adequate formulations for the outer
part of the boundary iayer.

It is seen in Fig. 14 that mo-
mentum transport Is too iarge in
the direction normai to the wali.
This is particularly true for the
u-component. It is known from ex-
perimental investigations that the
locai shearing stress is not co-
linear with the velocity vector;
this indicates that the eddy visco-
sity depends on ali three coordi-
nates. Near separation, variation
of the pressure In the direction
normai to the wall Influences the
variation of the shearing-stress
markediy, such that it cannot at
the present time be decided, which
of the two effects Is the dominant
one. Investigations are under way
at the Aerodynamische Institut in
order to determine extermentally
shearing-stress distributions in
three-dimensional boundary iayers.

Further investigations are necessa-

ry to explain the deviations between
second- and fourth-order solutions.

with the experimentai data for the second-order
soiution, there is no justification of adopting the
displacement thickness of the u-component for three-
dimensional flows.

The flow defiection as measured in the experi-
ment of Ref. [16] and caiculated in the solution of
Ref. [IO] is shown in Fig. 13. Again the assumption
of colinearity between locai shearing stress and
the projection of the velocity vector is found to be
invalid near separation.

A comparison of caicuiated and measured velo-
city profiles is given in Fig. 14. For the measuring
station 4 all six predictions fali almost together and
are in agreement with the experiment. [t is seen that
the difference between second- and fourth-order
solution is more pronounced In the shearing stress
than in the veiocity profiles. Near separation the
predicted exchange of momentum is seen to be too
large for the x-direction. This is aiso indicated In
Fig. 15 where for the two measuring stations the
effective viscosities are plotted versus the coordi-
nate normal to the wall. Large differences can be
noted in the outer portion of the boundary layer. Yet.
despite the large deviations of equation (2. 21) from
(2. 18) and (2. 19) of Ref. [10] the corresponding
differences in the veiocity profiles are small. For
more accurate predictions it is therefore necessary

60 Y
7 o Re 231.10° b r
50 | 2. Zu
o EXPERIMENTS OF REF.16
X
STATION 4 STATION?7
40 i —
v-PROFILE o u-PROFILE o v-PROFILE ¢ u-PROFILE »
30
q L]
20
q o
10 0]
o
0 J._‘A __’/ _‘.—0} e
0 v 04 04 wu 04 v 08 04 u 08
Fig. 14 Measured and calculated velocity profiles,

Measurements are of Ref, [13].

4, TANGENTIAL SLOT INJECTION AT HYPERSONIC SPEEDS

Tangential siot injection is of importance for surface cooling and external combustion processes,
It has been shown recentiy, that the cooling effectiveness is large enough for practical application.

Theoretical and experimental investigation of injection of foreign gases as He or H

has shown that

simpiification of the description of the diffusion process is not possible [IB]. This resuit was obtalned
by comparison of a finite-difference soiution of Ref. [19] with concentration measurements., The follow-
ing resuits of Ref, [19] demonstrate the application of the method for various fiow conditions, Fig. 16
shows the calculated concentration decay for laminar and turbulent chmically frozen and approximated
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50 chemlcal equilibrium conditions (flame sheet
STATION 4 STATION 7 approximation). It is seen that the decay is
rapid, although the turbulent decay is much
’ steeper. Fig. 17 shows the calculated shearing
\ stress distribution at the wall for the conditions
40 — \ of Fig. 16. A minimum can be noticed immediately
downstream from the slot. While these calcula-
tions were carried out for zero-pressure-
gradient-conditions, Fig. 18 shows the influence
Re=3110¢ of positiv and negativ pressure gradients in
30 laminar frozen flow. Separation is obtained in
the vicinity of the slot, while in turbulent flows
|~ separation cannot be observed. There is a
-£Q0.218.20 noticeable influence on the wall temperature and
_4~EQ0. 218,40 ‘/ 1 on the length of the flame due to non-vanishing
20 —£Q.219.20 1 __—1 pressure gradients. This can be seen In Figs.
-EQ 218,40 "/ 19 and 20, In the former the wall temperature
L -EQ. 221,20 is plotted versus the downstream coordinate
/,/EO 221,40 while the extension of the flame sheet is shown
‘ / in Fig. 20. According to these results positiv
10 = R // pressure gradients yield shorter and accelerating
v flows longer flames In comparison to zero-
pressure-gradient flows,
The calculations of the results reported
here are complicated mainly by three factors,
0 N Firstly for laminar frozen flows all diffusion
0 200 0 200 400 fluxes due to concentration .gr‘adlems mu.s! be
Heft. taken into account, Comparison calculation of
Ref, [IB] have shown that assumptions of constant
Fig. 15 Evaluation of closure assumptions for Prandtl-;, Lewis- or Schmidt number l|ead to large
the velocity profiles shown in Fig. 14 deviations in the concentration proflles, For
example, the Prandtl-number of the gas mixture
was shown to vary between 0, 4 and
0. 8 for free-stream Mach-numbers 0 38,68 77.36 116,04 15473 xs/h 19341
of M= 8. Constant Prandtl-numbers 10 N T I s
are often justified in homogeneous i \’\, turbulent ﬂ/=0 Rey/L=610'm
flows. This is because the tempera- Yol k | 9l M,=8
ture dependence of the dynamic vis- T \ % =0 T =21665K
cosity, the thermal conductlvity and L \\ \ * Poo =0.2263 b
the specific heat at constant pressure 05—\ . -'I e ——_ — T y
are nearly compensated in the Prandt!- \ 9 |—— Flame -Sheet-Approx
number. But the dependence of the b\ \\('jlommar
latter on the concentration is not \\ \‘F\\‘\§ L—-—-chemfro[zen
negligible, resulting In varlations of R . — et LT
more than 50 per-cen‘t which In turn 0 001 002 003 004 x/L 005
may be responslble in marked changes
in the concentration profiles, It is Fig. 16 Concentration decay at the wall for H2-Injection for
also noteworthy that in the descrip- laminar and turbulent flows
tion of the transport coefficients from
the Chapman-Enskog-theory the
billard ball model is not sufficiently o 72.36 154.73 23209 30945 xs/h 38681
accurate to determine viscosity and 2 Re/L-6 107”;-r I
thermal conductivity. The Lennard- My=8 |
Jones (6, 12)-potential or even more T T =21665K |
generalized (n, m)-potentials have Pop 202263 —m——=T == T m T —— lt——- ————— 1
to be incorporated in the integration Py A& N | _*g -
proceaure, /7
/ "———— chem. frozen
The second difficulty is intro- ,/»A.\’UfDU’e"f chem.equilibrium
duced by the flame sheet approxima- ;] / ‘ (FIame-Sheel-Appron/’/
tion. As the integration of the gover- g ’/ / ‘—”—_:—:1:__/____,:1 ]
ning equations for Hy-Air mixtures / il /.0
for the complete reaction mechanism /’ leminar gy w
requires large computation times the / 5% =0
flame sheet approximation often finds e ———— . 2 2 2 2
application In fluid mechanical pro- 0 T
blems. In the present problem the 0 002 0.04 006 008 x/L o1

flame sheet separates two adjacent
regions in the flow, in which con-
vection and diffusion effects alone

Fig. 17

Shearlng-stress distribution at the wall for laminar
and turbulent flows
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0 3868 77.36 116,04 15473 x/h 19341
10
. | ‘ Rey/L=610"m"
T, H, - injection aT / @ M,=8
laminar Iyl T =216,65K
P 2022630
05
_g>_____,..-—
chem.frozen
0 1 |
0 001 002 003 004 x/L 005

Fig. 18 Shearing-stress distribution for positiv and negativ
pressure gradients in laminar flows

are present, The only reaction pro-
duct HZO is generated along the
common boundary and in the region
close to the wall the molecular Og-
concentration vanishes and in the
outer region the Hp-concentration,
The flame sheet assumption necessi-~
tates the integration of a three-point
initial-boundary value problem, in
which the location of the internal
boundary must be determined. The
diffusion fluxes which are discon-
tinous across the flame sheet yield
the necessary compatibility condition
to ensure continuous concentration
profiles.

The third complication is en-

0 77.36 75"7:?955\\23\2'09 30945 x/h 386,81 countered in turbulent flows. Even
35 o B first-order closure requires very
/L2 6:00 0 e small step sizes, not oniy because
;. % of large velocity gradients near the
re/ e
0 77.36 154,73 23209 x/h 30945
25| 50 T ;
Ren/L=610"m"
% -5 Mg =8
] ~ S Too =216.65K
b o e ] - o @ "
e \‘\' ‘\\pw =02263 b
15 ap 2.3 / A
ax o\ a1 .
T =216.65K o \\ a,yL-O
P =0.2263b ——N0 turbulent 20 ) \
e ——=z+57" \
1 dx | !
05 0 : L
0 002 004 006 008 x/L 01 0 002 0,04 006 xs/L 008
Fig. 19 Wall temperature distribution in turbulent Fig. 20 Influence of pressure gradient

flows for positiv and negativ pressure-

distributions

on the extent of the flame sheet
in turbulent flow

wall but also because of the temperature peak in the outer portion of the boundary layer. Telescoping of
the grid in the direction normal to the wall does not serve a useful purpose as the maximum value of the
static temperature does not occur at the same location where the cross-correlations attain their.maximum.
Further details of the integration procedure developed for this problem may be found in Ref. [!9].

00 3868 x/h 7736 0 3868 x/h 7736 0 3868 x/h
2 { /7 ] /’ I ,1
Reg/L:610°m"  / Reg/L=4510m" ! Re /L=310'm" //
Te [ 7
M, =8 l / My,=6 // My =4 //
/ /
15 — /— — — = = -I# — — H- — — IJ-—
gr:1 . e
L0 285K ] chem frozen
3 / i / chem. equilibrium
j% =0 ’I RpGIsnie II Flame-Sheet-Approx.
1.0 T "l* 1
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/ ‘ | I/ { / ')‘I/T
I /A
[ A v
0s 4 ‘:'/ !
e | N o [ mer_|
, 1
0 001 x/L 002 0 001t x/L 002 0 o x/L 002
Fig. 21 Comparison of shearing-stress distribution in the

vicinity of the slot for different free-stream Mach-
numbers, For chemically frozen flows the maximum
is reached further downstream.

A large influence on the flow

7736 characteristics is exerted by the

free-stream Mach number. This is
particularly true for the shearing
stress and the lines of constant
temperature. In Fig. 21 the shearing
stress is shown for free-stream Mach
numbers 8, 6, and 4, It is seen that
the minimum downstream from the
slot is shifted to larger x-values

and increases with decreasing Mach
numbers, For turbulent flows the
isotherms of the flows with free-
stream Mach numbers as stated above
are given in Fig. 22. At My = 4 the
flame sheets extends further out into
the stream and causes higher tempe-
ratures in the outer portion of the
boundary layer than at Mg, = 8,
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Fig. 22 Lines of constant temperature for chemicai equilibrium.
Other conditions are the same es in Fig., 21

5. REMARKS ON NUMERICAL SOLUTIONS FOR BIO-FLUIDMECHANICAL PROBLEMS

The implantation of artificial heart valves has almost become a routine operation. Yet heart valves
still pose a number of flow problems which are not completely understood, This is not surprising since
the flow is extremely compiex as it is not only three-dimensional but also unsteady. In particular it is
the siow separated flow downstream from the valve which tends to trap various particles of the blood,
thereby enhancling the danger of making the recircuiating fiow thrombogenic. In addition, artificial heart
valves are definitely hemolytic and thrombus formation may be caused by the destruction of red blood celis
due to high shearing stresses in the flow, It is therefore important to know the detaiied structure of the
blood fiow through artificial valves, So far most investigations have been carried out experimentaliy
using flow visuaiisation techniques and pressure measurements, as for example Naumann's measurements
of the pressure drop in heart vaives [20].

An example of vortex formation and recirculating flow behind an open disc-shaped valve is shown in
the lower left part of Fig. 23. The experiment was carried out in the water tank of the Aerodynamisches
Institut at Reynoids numbers of about 200,
The picture in the upper left part of Fig, 21
was obtained through a microscope using a
tunnei of 0.3 mm width and a height of
0. 16 mm with a new technique deviced by
J. Lambert [21]. The fiow medium is a
mixture of ox-blood and a NaCl solution.
The dark spots on the downstream side of
the disc indicate the high concentration of
red blood ceils whiie the bright spots ex-
hibit much lower concentrations,

The first numerical anaiysis of this
problem was carrled out by Mueller and
Underwood (Refs. [22], [23], [24]).
Integrating the Navier-Stokes equations
numericaliy they obtained the flow pattern
shown in the upper right part of Fig. 23.
Direct comparison to the flow picture in

the iower left part is not possible as the Fig. 23 Flow pattern in idealised heart valve.
calculation is carried out for steady and Computed lines of constant stream function and
axisymmetric flow condition with a Rey- shearing stress distribution were provided by
noids number of about 200, Although the T.Jd. Mueller,

accuracy of the calculation is not fuily

explored, shearing stress distributions in the flow can be obtained from the integration. In the jower right
part of Fig. 23 lines of constant shearing stress are indicated which at the present time cannot be deter-
mined experimentally. It can be expected that with improved accuracy of future calculations our understan-
ding of the flow behaviour in the recirculating region can be much enhanced.

6. CONCLUSIONS

The development of the digitai computer has enabied the soiution of complex fiow problems. Severai
examples were shown to demonstrate the applicability of numerical soiutions, These include three-dimen-
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sional supersonic-inviscid flow fields about spheres at transonic free-stream Mach numbers. Two-
dimensional laminar incompressible boundary layers can be predicted to any degree of accuracy. The
same is true for three-dimensional laminar boundary layers, except that the behaviour of the flow near
separation is not fully understood. With the existing modeis for the Reynolds stresses turbulent flows
can also be determined with reasonable accuracy. For small Reynolds numbers separated flows, velo-
city and pressure distribution have been obtained from numerical solutions of the Navier-Stokes equa-
tions. Although laminar and turbulent flows can be simulated little is known about transitional flows
and transition or relaminarisation cannot be predicted.
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NUMERICAL TECHNIQUES FOR THE SOLUTION OF THE COMPRESSIBLE NAVIER-STOKES EQUATIONS
AND IMPLEMENTATION OF TURBULENCE MODELS

Barrett S. Baldwin,* Robert W. MacCormack, and George S. Deiwert*
Ames Research Center, NASA, Moffett Field, Calif. 94035, USA

SUMMARY

The time-splitting explicit numerical method of MacCormack is applied to separated turbulent
boundary layer flow problems. Modifications of this basic method are developed to counter difficulties
associated with complicated geometry and severe numerical resolution requirements of turbulence model
equatians. The accuracy of solutions is investigated by comparison with exact solutions for several simple
cases. Procedures are developed for modifying the basic method to improve the accuracy. Numerical solu-
tions of high-Reynolds-number separated flows over an airfoil and shock-separated flows over a flat plate
are obtained. A simple mixing Tength model of turbulence is used for the transonic flow past an airfoil.
A nonorthogonal mesh of arbitrary configuration facilitates the description of the flow field. For the
simpler geometry associated with the flat plate, a rectangular mesh is used, and solutions are obtained
based on a two-equation differential model of turbulence.

INTRODUCTION

With continuing advances in both computer technology and computational methods, the fluid dynamicist
has been able to solve increasingly complex flow problems. Flows governed by the unsteady "compressible
Navier-Stokes equations" provide an example. In the recent past (refs. 1 and 2), with computers such as
the IBM 360/67 and CDC 6600, we were able to predict two-dimensional shock-separated laminar boundary layer
flows at Reynolds numbers of 105. Today, with the CDC 7600, STAR, and Burroughs' I1liac IV computers, and
with recent advances in turbulence modeling, we are on the threshold of extending our calculations to
full-scale-flight Reynolds numbers.

The field of turbulence modeling has received an impetus from increasing computer capabilities. Even
if the quest for a universal turbulence model (refs. 3-5) eventually proves to be illusory, models tailored
to particular flows will undoubtedly continue to be important in engineering applications. The degree of
complexity that can be tolerated is increasing with the gains in computer speed and capacity. Three-
dimensional time-dependent solutions of the conservation relations, with enough resolution to compute the
important turbulent eddies (ref. 6), may become commonplace in the future. Turbulence modeling<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>