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ABSTRACT

Two methods are presented for the analysis
of tunnel support loading caused by rock failure.
In the first part of-this thesiy®> closed-form
solutions are used, in the secongapaetbnumerical
techniques. BEmphasis is put upon the statical
indeterminacy of the problem and upon the necessity
for considering the relative displacements between
ground and support. From this follows the need
for a realistic calculation of the stiffness of
ground and support, as well as the need to consider
the sequential development of the interaction between

these two elements. It is assumed that the rock

mass behavior during failure is softening and

dilatant, Interface problems between ground and

support that can strongly influence the effective

support stiffness are discussed. ‘E¢“"*“---~~wm
The closed=form solutions obtained in the

first part are expressed in terms of ground and

support characteristics, The derivations are

based upon the assumption that the problem is

radially symmetric. Bounds for the ground reaction

can be derived by accounting for the intact and the

iv
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residual rock strength. Within the thus defined E

domair. the ground behavior is determined by the

ﬁ | rate of strength loss with incredsing strain. The
4 ground reaction curve can have fundamentally

different shapes depending upon the post-failure

rock behavior. Corresponding to failing or

i, yielding sections of the ground reaction will be

the desirability of stiff or soft supporting
methods. The increased trend towards the use of

stiffer supports as well as the emphasis on the

need for early installation manifested by the

{ combined use of reinforced shotcrete, grouted

3 bolts and steel sets confirms the likelihood that }

optimum support conditions can be approached when

only limited convergence is allowed. The optimum

equilibrium state depends on the brittleness or
the relative instability of the failing rock. The
optimum displacement will be affected by rock

| loosening, but loosening will have a dominant

effect only when the tunnel is shallow, the

residual friction very low and when pronounced

! differences exist between support pressures required
i on the roof and on the floor,
Strength of material formulas are used to

calculate the support stiffness or characteristic.

I
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The significance of the ground-support interface

is illustrated with examples of the influence of
wood blocking on steel set characteristics and of
the influence of end bonds and longitudinal shear
bonds on the behavior orf grouted bolts, The wide
range of theoretically possible behavior modes :
indicates the need for pertinent field evaluation ;
of the true support action provided by such systems, %
The sensitivity of some support system character-
istics to ostensibly secondary structural elements
suggests that practical problems must exist in
obtaining a consistent utilization of the full
support capacity of such systems, It also indi-

cates the serious difficulties likely to be

B A B RS S N b o M S e i s ol 5

encountered in the design and implementation of

s

i

representative in-situ observation programs.

In the second part of this thesis the ground

behavior ies modeled by the finite element method.

The elastic parameters that determine the rock

behavior are changed progressively in order to

simulate softening and volume increase of the

failing rock mass,

This method is used in an axisymmetric

analysis of failure patterns near the face and to

study the influence of face behavior on support




vii
loacling, Initial support loading strongly depends
on the stiffness of the rock ahead of the face
relative to the rock stiffness behind the face, and
can depend strongly on the face distance at the 4
time of support erection.

A simple equivalent mining method is used to

simulate progressive excavation in a plane strain

analysis. The support model consists of beam and
spring elements, At least for some support systems
the latter must be chosen with care if the model >

is to be realistic.
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Chapter 1

INTRODUCTION

Driving a tunnel disturbs the equilibrium of
the penetrated rock mass, The disturbed rock mass
will search and find a new state of equilibrium,

If the tunnel were left unsupported, the new state
of equilibrium frequently would be reached through
collapse of the tunnel. 1Installing a support system
is the method commonly used to prevent such an un=-
desirable occurrence., The function of tunnel sup-

port then is to permit the rock mass to reach a

post-tunneling equilibrium state in which a safe
usable tunnel is guaranteed.
The goal of tunnel support selection and
4 design is to arrive at a support system that will
function satisfactorily while minimizing the cost
of the total tunnel construction, Both criteria

must be satisfied simultaneously if an optimum is

to be achieved. The overall economics of a tunnel-

ing operation depend on a number of factors that

I-1
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frequently conflict to a considerable extent. The
purpose of tunnel support design, therefore, cannot
be limited to a narrow optimization of the support
system per se, But neither can one minimize the
total tunnel cost by treating the support require=-
ments as a variable with little or no constraints,
This consideration is particularly significant since
the complex interaction between ground and support
makes it a non-trivial matter to determine the
consequences of support system variations and
modifications, A more straightforward example is
that when support requirements are averaged along
tunnels or tunnel sections, it can suffice that the
minimum required support function is not met at
one or a few locations along the section to com=
Pletely negate all potential gain that was expected
from standardizing the construction operations
along that section.

In order to optimize the support selection
and design within the framework of the total tunnel
cost, it is thus necessary first to determine the
(minimum) required support function, and second to
determine what available support techniques can be
used most efficiently to fulfill that minimum

requirement. "Minimum support redquirement" does




ﬁ” j not refer to minimum support "strength" but rather
é. o to a combination of factors such as bending and
ring stiffness, strength and time of installation.
To ascertain the minimum support requirement
one needs an understanding of the mechanics that
determine the pre- and post-tunneling equilibrium
states as well as the transition process from one
to the other. This does not imply that the design
of supports nor, more generally, the construction
of tunnels requires an explicit understanding of f

the mechanics involved., 1Indeed, tunnels have been

driven and supported, more or less safely, for many
centuries. And only in the last decades has
mechanics entered the field of support design with
serious pretensions.

The variety of methods that have been developed
for the design of tunnel supports is extremely great.
Moreover, they have been developed in a number of
different fields, and often have been published in
journals of limited circulation with main interests
ranging from railroad construction to coal mining
to water supply, and many others, As a consequence,
it would be a difficult and major undertaking,
although an interesting one, to present a compre-

hensive survey of the existing design methods as




they developed over the last century. It is possible,

nevertheless, to distinguish some broad classes of

approach to the problem,

In what is likely to be the oldest method,

one proceeds by trial and error, or full-scale in

situ modeling, This approach is still used quite

commonly, particularly in mining, or in those urban

areas where numerous’ tunnels have been driven with-

out excessive difficulties, When sufficient

experience can be gained under a fairly fixed set

of conditions, and when the possibility for experi-

mentation with various systems exists, such a method

can lead to an adequate and efficient support.

Errors, however, tend to be very costly, And it is

]

t

I . 1]

{ not easy with such an approach to assess the in-
|

|

fluence of significant variations in either

encountered ground conditions or applied support

methods from previously experienced ones,

The earlier design methods, i.e., methods in

which an effort was made to quantify the support

requirements, were based upon estimates of the

amount of rock likely to fall out of the roof.

It was then postulated that the support's function

is the safe carrying of the loads that would result

from such a fall-out. Numerous methods of this




Sioad i s

bl 65 Mol s DA L M i Rt Ll AT Ot A Al GO IR e TS TN B O i s U i

I -5
type were further developed on the basis of various
assumptions about the development of possible
failure planes, arching action and beam action in
the roof. In the meantime, increased attention was
being paid to the possibility of applying elastic
and later plastic analysis to the rock behavior
around tunnels, As the realization of the full
complexity of the problem grew, two very different
schools of thought developed.

The first one attempted to simplify the
problem of support determination to the greatest
possible extent. This goal was approached by corre=-
lating information about the rock, and preferably
a bare minimum of information, with corresponding
support requirements, This minimum of information
would hopefully be sufficient to narrow down the
range of support requirements for a particular
situation to a fairly precise point on a scale of
support redquirements determined empirically for a
wide range of conditions, This-approach has led
to a large number of rock classification systems
for support determination purposes, The most recent
methods of this type are computerized statistical
correlations between parameters characterizing the

rock mass and support requirements,

N Y Y A R T T M T TR AT o e AP e
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The second school of thought strives towards
a more complete and precise understanding of tunnel
support mechanics., This approach led to more com-

prehensive continuum analyses of rock behavior,

L

studies of arching and instability along joints, as E
? well as advanced structural analysis of the supports.

The most recent methods of this type are computer- 1

ized numerical analyses of the mechanics of rock- 4
support interaction, .}

In this thesis a two=fold approach is made f

towards a clarification of the problem of rock-

support interaction, or the mechanics of tunnel

supports, In the first part a combination of simple
continuum and structural mechanics methods is used
for the study of the interaction about a circular i
tunnel in a highly idealized rock mass. In the
second part of the thesis use is made of the finite
element method to develop a more general analysis
technique.

For both approaches emphasis is put on the

necessity to include a sufficient degree of realism

in the model., This requires the use of a truthful
description of both rock and support behavior, as
well as a correct description of the problem posed

by the interaction between these two basic elements f

%W‘ﬂf""’r"'?:‘ﬂ?‘:‘.;‘ﬂ%‘j oo o g -



of the structure,

The problem considered is that of the role
played by the support system during the transition
from the pre-~-tunneling rock mass equilibrium to the
post=tunneling equilibrium., The support is installed
near the face., As excavation progresses, the tunnel
walls converge, and the support is compressed, The
reaction forces developed by the support induce a
stressfield in the rock mass, and constitute a new
"external" factor in the post-tunneling equilibrium
state, The problem, even in its most simplified
form, is a statically indeterminate one, Therefore
the rock mass stiffness and the support stiffness

must be incorporated into the analysis., Through an

analysis of the deformation and force changes during
the sequence of support loading the final state of
equilibrium can be determined,

The analysis of the rock mass displacements
requires a realistic estimate of the rock mass
properties prior to tunneling and of the behavioral
changes induced by tunneling, Throughout this
thesis, except for some minor and usually qualita-
tive comments, the rock mass is treated as a

continuous medium that reacts instantaneously.

Both of these assumptions imply a severe idealization
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of the real behavior, and allow great simplifica-

tions in the analysis, Whether or not one is !

willing to accept the one in order to accomplish-

the other will depend upon one's basic approach to
rock mechanics problems, as can be attested more
or less by the fact that the disagreement between
proponents of the use of "continuum" or "discon-
tinuum® approaches is longstanding, continuing and
unresolved (but for die=hard proponents of either

school), Conceptual as well as practical arguments

can be invoked to justify the continuum simplifica-

Gl b S b

tion. Of the first type are the arguments that
lead to the definition of equivalent continuum

models, i.e.,, models that under certain boundary

i 2

and geometrical conditions will lead to an adequate £
description of rock mass behavior. More specifically
for tunnels, it can be argued that one of the
frequently essential functions of an efficient
support is the elimination or at least the restric=-
tion of the detrimental influence exerted by the
discontinuities. A "continuum" representation is

then helpful in studying conditions under which

discontinuities are likely to become a dominating
factor. Finally, only under very unusual circume

stances are tunnels driven through a rock mass in

»
s
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which the discontinuity locations and their
mechanical properties are known, and with few
exceptions, an analysis of their influence must be
fully three-dimensional with all the complications
this entails,

The analysis of rock-support interaction
usually will have to be based upon a significant
amount of idealization and generalization, and it
is felt that the analysis presented here includes
several basic characteristics of rock mass behavior
that have not been included previously. Particular
attention is paid to the consequences of straine
softening, i.e,, the fact that a reduced but
significant strength remains in rock that has been
deformed beyond its peak strength, as well as to
the associated inelastic volume increase.1 Whether
these effects are due to the influence of newly=-
created or pre-existing discontinuities is assumed

here to be of secondary importance, What is not of

1The term "dilatancy" is avoided here because
it appears to have a different meaning in several
re:lated fields of mechanics, Whereas in plasticity
theory and soil mechanics the term is reserved
specifically for volume increases associated with
changes in shear stress, such a restriction is not
commonly observed in the rock mechanics literature,
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only seconda.y importance is the extent to which
these strencth and stiffness reductions, as well as
eventual volume changes, continue with time,
because this will influence the long-term stability
and support reduirements, Certainly in some rock
types, because of weathering, swelling, alterations,
wash-outs, drying or wetting, etc. a time-dependent
decrease in strength and in stiffness does occur.
When such effects can be predicted quantitatively,
their incorporation into the presented anelysis
techniques is straightforward,.

It is a common and widely accepted statement
that "the ground is unknown," or certainly not
well-known, A frequently implied association is
that the support system is a well-defined structural
unit and that the analysis of the support is, there-
fore, straightforward. Even though some elements
of the support structure are usually well-defined,
e.g., a steel set, a steel rod, a ring of concrete
elements, most support systems contain additional
elements that are frequently very variable, and
unknown prior to construction, such as blocking,
anchors, backfill. As a consedquence, neither the
stiffness ncr the strength of the support system,

as a rule, can be considered as immutable constants
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imposed once and for all at the design stage, Too
many construction imponderables can affect the
in~situ support behavior to permit such an assumpe
tion without at least a critical evaluation of its
validity.

Two methods of attack have been used in this
thesis to study the loading of tunnel supports
caused by rock failure, While both methods have
advantages and disadvantages, they tend to be come
plementary,

In the first part, closed-form solutions have
been derived for the case of a circular tunnel in a
radially symmetric rock mass and with radially
symmetric supports., Although the problem is simpli-
fied greatly compared to some tunneling situations,
it is not an unrealistic approximation to many
tunnels, A more fundamental justification for this
approach is that it allows the quantification of
some general concepts, It is possible, within this
simplified framework, to evaluate the influence of
most significant variables that determine rock and
support behavior, particularly by incorporating
such effects in the derivation of the ground and
support load-deflection curves., Visualization of

the dominating factors and of their respective
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contributions follows then immediately.

The finite element analysis complements the
study in the first part quite logically because,
while some of the generality of the conclusions is
lost when a case~by-tase study becomes necessary,
some problems are exceedingly difficult to handle
with closed-form solutions. Many of these, in
principle at least, should not present fundamental
problems when a numerical analysis technique is
used, Difficulties such as complicated geometrical
boundaries and boundary conditions, gravity effects,
inhomogeneity and non-isotropy can be handled easily
with the finite element method. The use of the
finite element method was oriented towards the
development of a strain-softening dilatant rock
model that would permit a heuristic analysis of the
influence of such effects upon tunnel support
loading. Particular attention was paid to support
loading near the face, where a three~dimensional
configuration was approximated by an axi-symmetric
model and by a sequential plane strain analysis

corresponding to progressive excavation and tunnel

support loading,
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Chapter 11

CONTINUUM ANALYSIS OF TUNNEL SUPPORT LOADING
CAUSED BY ROCK FAILURE

II-1l. Introduction

The use of continuum mechanics for the analysis
of tunnel stability and the design of tunnel supports
has been suggested fredquently, and in a variety of
forms, In the most common methods the problem is
discussed by analyzing the stress distribution
around an opening (usually circular) in an infinite
medium with given constitutive properties, In an
attempt to improve the realism with which the model
approximated the real situation, the material models
that were used became increasingly complex. They
evolved from isotropic into orthotropic elastic
solutions, and various elasto-plastic, visco-elastic
and visco-plastic calculations were considered.
While a progressively better understanding of tunnel
support loading might have developed, it does not
appear that a fundamental influence on support or
construction procedures has been exercised by these

methods,
I1 - 1
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The usual procedure for estimating support
requirements from such calculations was based on
the potential development of fracture or failure
zones, This, then, was complemented by calculating
the support pressures required to prevent failure
or by determining support strengths required to
prevent collapse of the tunnel when certain failure
modes were assumed to occur,

The applicability of continuum analysis to
tunnel support design has been disputed from two
opposite points of view:

- The methods involve too many assumptions
regarding material behavior, redquire much more
knowledge about the material properties and the
state of stress than is usually available, and are,
therefore, only of theoretical interest., They do
not offer a practical alternative to conventional
rule of thumb design,

- The methods involve too many simplifying
assumptions regarding material behavior and problem
geometry, These restrictions, due to the insurmount.-

able mathematical difficulties associated with

lMost older design methods are similar with
regard to this final step. They were usually based
upon assumptions and observations of possible roof
fall-outs rather than upon explicit stress distri-
bution calculations.
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solving all but the very simplest problems make it
unlikely that these simplistic methods are still
useful when compared tuv the flexibility and potential
of computerized numerical methods.

Both types of criticism, stated here in a
somewhat extreme form, have validity under certain
circumstances, They imply, however, that the use
of continuum mechanics is threatened from two
directions, by the simple pseudo=empirical design
methods and by the sophisticated modern numerical
analysis techniques., The potential use or signific=
ance of continuum mechznics solutions compared with
the two classes of methods listed above can be based
upon the following arguments:

- Continuum analysis attempts to explain the
mechanics of tunnel support loading. This requires
an explicit evaluation of the factors needed to
make an analysis, It reduces the likelihood of
unconsciously hiding assumptions under a cover of
empirical parameters,

- Continuum analysis provides guidelines as
to what type of factors or results must be con-
sidered or expected when various support types are
loaded by various rock failure mechanisms, This

facilitates narrowing down the range of effective
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influence factors, It reduces the likelihood of

rstiadin )

§ i; having to consider a near-infinite number of possible
case studies,

Continuum mechanics steersa middle course
between the simplest and the most complicated
analysis procedures., The former, with a nearly

exclusive interest in the final goal, the determina-

R R T Py, o
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E tion of support requirements, might never reach it
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by neglecting potentially valuable information,
The latter, with an extreme interest in determining

1 the optimum path to the goal might never reach it

B
&
i
:
i
;

by becoming enmeshed in a wealth of potentially
E | valuable information,

The analysis of support loading in this chapter

incorporates a comprehensive (if greatly simplified)
model of rock failure characteristies and of support
characteristics within a continuum mechanics frame-

work.,

A survey is given of the literature on the

A T et e e e

analysis of tunnel support loading caused by rock
failure, This survey is limited strictly to methods .

2 :
of the continuum type that have been published with :

2Frequently referred to as "plasticity" solu-
tions in the tunneling literature, i.e., excluding
elastic, visco-elastic, and other continuum mechanics

solutions,
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explicit reference to support design.3 The survey

aims to indicate in which way a growing awareness

of rock failure characteristics was appreciated and
applied to the study of tunnel support loading, Only
publications that present a significant additional
feature over earlier ones are included, but they

are neither fully summarized nor critically dis-
cussed.

In the subsequent sections the basic phenomena
associated with rock failure are used in calcula-
tions of the stress redistribution and the tunnel
convergence caused by progressive failure. Cone
sidered are the (gradual) strength, stiffness and
volume changes, As relaxation advances, it becomes
necessary to include the influence of gravity forces.
More comprehensive or detailed calculations can be
done by one=dimensional numerical generalizations,

The problem of rock-support interaction is a
statically indeterminate one. For this reason the
stiffness of the support plays a critical role in

the establishment of the final equilibrium position,

3The numerous plasticity solutions to such
problems as holes in plates, hollow cylinders, etc.
that could be used either directly or after some
modification are not reviewed,
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The significant influence of construction "details" ;
is shown with simple but realistic methods. This
obviates the need for qualitative comparisons between
support systems,

The results are summarized in the form of
typical ground and support characteristics, Such
graphs illustrate the principal examples of possible
equilibrium modes. Included are suggestions for a
simplified analysis of time-dépendent changes as
well as a discussion of the influence of discon-

tinuities and of tunnel size upon support redquire-

ments,

The applicability of the derived methods o

'i depends directly on a sufficient knowledge of the
rock mass behavior. It is unlikely that sweeping
generalizations regarding "ideal" tunnel support
characteristics can be realistic in view of the

wide range of possible rock types and properties,

,ﬁ Differences in the latter can cause fundamental -
] differences in the ground reaction. A final 5
appreciation of the discussed hypotheses must await ’ :

in-situ confirmation of calculated predictions.

II-2, Literature Survey E

Oone of the first calculations of an elasto-
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3 plastic stress distribution around a cylindrical ;l
:E underground opening was performed by Terzaghi (1919, %
E i 1925, 1943), This solution was presented in a i;
% | slightly different form by Westergdard (1940). The %
§'¢ ) resulting stress distribution was used by these :
E % . authors co explain the stability of small bore-

i H ] holes, stability that could be obtained with minimal

support in cohesionless sand and without support in
a cohesive clay. Terzaghi (1925) suggested that -
these calculations might lead to a semi-empirical
evaluation of a plastic load bearing zone around

a tunnel, but he did not consider or discuss the

application of these calculations for the design

of tunnel supports. Moreover, he did not accept

these calculations as a valid method for calculating

support preséures on shaft liners, although it was

% ; implied clearly that this rejection was based on
égf the observations of failures near a shaft mouth,
é'; - An attempt to use elastoplastic stress calcu-
; ¢ lations for determining the support pressures

g@ - required in cylindrical underground excavations was
E; first made by Fenner (1938), Because the cohesion
g_ is always included in his calculations they leaa

1

E : to the conclusion that stability of the opening is
: always possible without support. In order to
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circumvent this contradiction with practical experi-
ence in shafts and tunnels Fenner imposes some
arbitrary limits upon the depth to which plastic
zones can be allowed to propagate, This he justie
fies with the argument that the plastic zones
required to eliminate the need of any support pres-
sure are very large, It, therefore, takes a long
time before they are developed fully, and supports
are usually installed long before the "natural
equilibrium state" has been attained., Moreover,
the development of the plastic zone is associated
with a rock volume increase, and in order for the
natural equilibrium to be reached, large displace-
ments should be allowed or large amounts of rock
should be removed.4 Fenner assumed that the volume
increase of the plaétic region would equal the
elastic volume increase following a total destressing
of the plastic region from a hydrostatic pressure
equivalent to the overburden pressure at the tunnel

center, The plastic zones required to guarantee

4This is probably the origin (or at least a
theoretical justification) of the "stress~relief"
technique that has been suggested occasionally for
stabilizing tunnels &t reduced support pressures
by removing some of the rock behind the supports.
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unsupported stability that resulted from his
numerical examples were extremely large (several
orders of magnitude larger than the tunnel radius).
Fenner, therefore, concluded that the volume of
rock to be removed was excessive and that it was
preferable in practice to install supports,

Goguel (1947) derived the stress distribution
by using the second stress invariant as a criterion
for plastic flow, He pointed out some of the
difficulties associated with including in the analysis
the stress component parallel to the tunnel axis,
To negate the conclusion that support is not required,
he suggested that the process of deformation is not
finished with the development of the plastic zone
but that deformations continue, particularly within
this plastic zone., The function of the support
then is to provide a boundary, which makes it
possible for the surrounding material to regain a
hydrostatic state of stress (at a2 velocity that
might be extremely small). Goguel suggested that
it might be necessary to use reduced cohesion and
friction values in the calculations,

labasse (1949) derived essentially the same

stress distributions. He proposed several possible

alternative calculations to approach the problem

bbb e i AR At A e RN AN i S RS S i R
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for the case where the pre-tunneling stressfield

éé is not hydrostatic, Labasse's essential contrie

- bution was to consider the interaction between rock
o and support: support cannot be characterized by a
"support pressure," nor can rock be characterized

(. by a "rock load." The equilibrium state between

i rock and support will determine the contact pressure
between the two structural elements, This indicates
3 that the relative displacements are a significant

f factor. It is, therefore, necessary to consider

7 the influence of volume increases associated with
rock failure,

4 Kastner (in a series of papers, 1947-1952,
incorporated and extended in his 1962 book) pre-
sented a stress distribution similar to the one

- derived by the above-mentioned authors, His soluw
tion for the non-hydrostatic case is based on the

] potential fracture zones calculated from an

elastic stress distribution, The support design
application is derived by imposing some fairly

arbitrary limits upon the depth to which such

"plastic zones" can be allowed to propagate, Kastw
ner characterizes the support by a reduired support
pressure and strength, and gives minimal attention

to the statically indeterminate nature of the problem,
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Morrison and Coates (1955) discussed in great
detail the paper by Fenner (1938) and corrected
many of the numerous errors in the original, They
presented a graphical estimate of the stress distrie
bution around a tunnel based upon the assumption
that the "broken" material in the plastic zone
should be characterized by a failure envelope with
a smaller cohesion than the initial envelope., A
comprehensive calculation of the stress distribution
based on such a "bilinear" approach was given by
Krech (1966).

Mandel (1959) strongly criticized the use of
continuum type plasticity calculations for analyzing
rock failure around underground openings, He
emphasized that rock crushing or breaking was
neglected in such analyses, Mandel postulated that
the only reasonable conclusion to be retained from
such an elastoeplastic analysis is that a maximum
stress concentration develops somewhere within the
rock mass,

Rabcewicz (1963) suggested that the "ground
unloading curve" could be determinéd by measure-
ments of pressure and deformation on shotcrete

liners with a known "loading curve,"

Pacher (1964) emphasized the necessity of an
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empirical approach to the determination of the rocke

support equilibrium state, He presented a compre-

hensive qualitative discussion of the interaction

between rock and support in terms of their respec-

tive "characteristics," pointing out the importance

of the time of support installation and the necessity

to avoid the development of "loosening" pressure.

Sirieys (1964) suggested that a "broken" zone

might develop inside the plastic zone, and so did

Serata (1964) who suggested a series of various

material models around the opening,

Hobbs (1966) calculated the stress distribue=

tion for a circular roadway surrounded by a brcken

zone in which a nonlinear failure criterion is

satisfied. The nonlinear relation between the

largest and the smallest principal stresses was

derived from the results of compressive strength

tests, He complemented the solution with an approxi-

mate calculation of the roadway closure and of the

possible displacement patterns,

Richter (1966) cha-acterized the zone around

a failing tunnel as a succession of an annulus with

reduced elastic modulus, an annulus with increased

modulus and the outside region with the uachanged

original modulus.
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DeBeer and Buttiens (1966) calculated the

: tunnel closure assuming a constant volume deforma-
f | tion in the plastic region, and found fairly good
é agreement with the volume of surface settlement,
Lombardi (1966) subdivided the ground
characteristic by two limiting points: the tran- ;
siti. “rom elastic to plastic, and the point E

0 where rupture occurs,

Bray (1967) calculated the displacements by
considering slip along fracture planes,

Luetgendorf (1968) emphasized the significance
of gravity effects in the broken rock as well as

the reduced strength properties of the broken zone,

P D bt i e e R

while Lecian (1968) in his similar discussion under=

scored the need to include a time factor in such an

analysis.

Lombardi (1970) pointed out that the volume

increase due to failure does not merely increase

the displacements but can also have a significant
stabilizing effect,
Daemen and Fairhurst (1970), Wagner (1970)

and Egger (1972, 1973) discuss the strength reduc-

tion in the broken zone and the resulting changes
in support pressure requirements in terms of the

complete stress~strain curve,
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II-3, Stress Redistribution Caused by Rock Failure

Around a Tunnel

II-3.1. Introduction, When the stresses
around a newly-excavated tunnel exceed the rock
strength, failure occurs., Tunnel suppcrts usually
are not sufficiently stiff and strong, and generally
they cannot be installed early enough to maintain
a stress state in which the rock remains intact,
Even if it were possible to construct such a sup-
port, it would not necessarily be the most economical
one, because it would not allow the mobilization of
the significant residual strength of the surrounding
rock. Optii.zing a support system will require this
mobilization, It is necessary, therefore, to
analyze the consequences of rock failure on the
stress distribution arcund a tunnel. Failed rock
has a reduced strength, and the propagation of
failure causes stress relaxation, Pronounced
relaxation can lead to a situation where local
gravity effects around the tunnel can no longer be
ignored.

The following analysis starts along the same
lines as the derivations presented by most of the

aforementioned authors, and specific references are,

therefore, omitted,
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The problem considered is that of a circular
opening being driven through a rock mass under
hydrostatic stress, The problem is statically
determinate so that stresses can be calculated
without regard to displacements or strains (assumed
small enough so that no significant changes in the
geaometry occur),

Prior to tunneling the rock is assumed to be
homogeneous, isotropic and linearly elastic, The
stress concentration induced by the excavation ex-
ceeds the rock strength, and a homogeneous isotropic

cylindrical broken zone develops,

II-3.2, Constant Strength Broken Rock.

Failure around the opening is initiated when the
stress state reaches a failure condition. The con-
dition accepted here is that failure occurs when
the circle representing the stress state in an
elastic rock intersects the failure envelope in a
Mohr diagram, A preliminary calculation of the
stress distribution can be made assuming that the
stresses throughout the plastic zone satisfy the
condition of incipient failure (i.e., the stress
circle touches the failure envelope). The solution

can then be obtained from the following conditions:
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o i) Bquilibrium
ii) Boundary conditions
L - = oo ]
4 J'r 6‘e = P at r
e b i
f& J‘r = 61_ at r=>», . [
6, = Pi at r = a
e . e g |
b d'e (l=sin g) = O‘r (1 + sin @) +
2 ccos @ atr=>» !
iii) constitutive equations
b : b .
o‘e(l-szn¢)=6‘r(l+51n¢)+ ]
2 ccos g fora < r<b
- .
, = 2
y & _+ 6 p P
where:
o : .
,, d'r P o":., 6‘r = radial stress, in the elastic
region, in the broken 2zone,
., 6 e' o 2R tangential stress, in the :
: e "o e S
elastic region, in the broken 1
:7 i
j. zone, ;
S |
r, 6: polar coordinates
P: hydrostatic stressfield
c, @: cohesion and angle of internal friction
. a, b: tunnel radius and radius of the broken |
.
3 zone,
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The resulting relation between the radius b
is

of the plastic zone and the support pressure Pi

given by:

Pi=ﬁi_3[“’ sin @ + ¢ cos @) (1 - sin @)

(%)“ - ¢ cos @] (11-3,2)

where & = 2-8ing _

l-sing
(Details of all calculations summarized in this
chapter are given in Appendix A),

The support pressure required to maintain
equilibrium decreases monotonically with increasing
radius of the p}astic zone, For all rock types
with cohesion, i.e., with at least some uniaxial
strength equilibrium can be reached without support
if the broken zone is allowed to propagate deep

enough,

II-3.3. Broken Zone Characterized by Residual
Strength, When rock is strained beyond its peak

strength, the residual strength tends to decrease
more or less rapidly. As a first approximation,
this effect can be accounted for by specifying a
constant residual strength throughout the broken

zone. The only change from the basic equations in

the preceding section is in the constitutive
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equation describing the behavior of the rock in the

broken zone., This edquation now becomes:
62 (1 -sing) = 6° (1 + sin g) +
e r r r
2 c_ cos ¢r

for a ¢ r<¢b
where c. and ¢r are the residual cohesion and the
residual angle of internal friction, properties of
the broken rock.
The resulting relationship between the radius
b of the broken zone and the support pressure Pi can

be written as:
P, = [P(l - sin @) = c cos @ + c_ cot ¢r]
akr
(b) -c, cot ¢r (I11-3.3)

2 -
where ofr = S ¢r

l - sin ¢r
The required support pressure decreases moNo-
tonically with increasing radius of the broken zone,
For all materials with some residual cohesion, i.e.,
some residual uniaxial strength, equilibrium is

possible without support pressure.

II-3.4. Gravity Effects., In the preceding

sections the state of stress around the tunnel was

assumed to be generated by a hydrostatic stressfield

—~ -
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maintained at a great distance from the tunnel,

When gravity forces are taken into account, the ;

o

i

=

radial and tangential stresses are no longer

¥ principal stresses, and the equilibrium equation in ;
% . :
E the radial and in the tangential directions can be 1
z
written as:
b .

3 36'
P r 2T _
s | 6‘9- 6‘r-rar-ao+rwcose-0

o
_—-Laaa +2T+-a-1ar r-rwsine =0

where w is the specific weight of the rock, T is the |
shear stress.

Because of the symmetry about the vertical
axis, the radial and tangential stresses are principal

stresses along that axis, The equilibrium conditions

along that axis can be reduced to: i

as.

6‘6- G'r -rgT rw= 0 (II1-3.4) |

(+: floor; =: roof) ‘

3 Comparing this equation with (II-3.l1) it can %

be seen that the gravity term was neglected in the %
%& g previous sections, It is justifiable to neglect E
that term when it is small compared with the differ- 5‘
1': ence between the others., The other terms are a -‘
positive one, the stress difference, and a negative :

one, the radial stress increase into the rock mass,
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Both of these terms decrease rapidly in absolute
value with the development of a plastic or stress-
relieved zone around the tunnel, This decrease is
accelerated when residual properties are assigned
to the broken zone, and both terms decrease par=-
ticularly rapidly with a decreasing angle of in-
ternal friction, The error introduced by neglecting
the gravity field will, therefore, become larger
under such conditions, 1In particular, when the
broken 2one becomes so large that little or no
support is required the stress distribution near
the opening can be so small and equalized that
neglecting the gravity term in this region can no
longer be justified.

The problem can now only be solved when severe
simplifications are introduced. Neglecting the
gravity forces in the elastic region, and assuming
the same boundary conditions as in Section 3.2, the
relation between the support pressure Pi and the

radius b of the broken zone can now be written as:

Pi = [P(l - sin @) - ccos @ + c. cot gp

2 sin ¢r
l « sin ¢r

l - 3 sin ¢r

2,1l - sin @ =
() r - c_cot ¢r + aw

3 sin ¢r -1

[(%) l=sing _ 1] (I1I-3.5a)




»}é:" L ‘mm .m. . ‘ . ¢ s 2 il o : B i il

,F II - 21

1

8 Two special cases have to be considered.

:g When sin ¢r = 1/3,

i P.=[P(l-sin¢)-ccos¢+2ﬁc].a.-25c
v 1 rb r
g - b

d

é When ¢r = 0;

x . b -

S Pi =P(l - sin @) -~ ccos P = 2 c. 1n Sh w(b - a)

f The derivation of these equations is given in

? : Appendix A.,l. The preceding equations contain two
4 unknowns, the radius b of the broken zone and the

: support pressure Pi' Application of these equations
o

3

f’ to tunnel support loading requires consideration of
.i rock=support interaction, and therefore of the dis- .
;ﬁ placements, The determination of the displacements
f; ’ necessitates even more simplifying assumptions

§ i regarding rock failure behavior than does the

g determiration of the stress distribution, It seems
_% reasonable, therefore, to discuss the above results
% in somewhat more detail by illustrating the various
s t.

factors included in the analysis up to now,

Figure II.l shows the material strength model

TP IR T ST e

representation used in this analysis, The rock
around the tunnel is in a state of incipient failure

when the stress reaches a state represented by a 4
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circle touching the intact rock failure envelope.
It is assumed that the circles corresponding to the
stress states throughout the failed zone touch the
residual envelope.

A reduction in internal friction and in
cohesion, associated with rock failure, can have a
significant bearing upon the support pressure
requirements, This is illustrated in Figures II.2
and II.3.

Taking into account the gravity forces acting
on the stress-~relieved or loosened rock can intro-
duce basic modifications of the results, The
support requirements in the roof and on the floor
can differ significantly (Figures IX. 4, 5). Thie
conclusion is not likely to be considered a major
revelation by tunnel engineers, When the difference
between roof and floor support is significant, it
also will depend strongly upon the tunnel size
(Figure II.5). For a tunnel of given size, the
gravity term is determined mainly by the residual
friction (Figure 1I.6), because the specific weight
usually will not change greatly. The relative
significance of the gravity term wikth respect to
the total support redquirements decreases with

increasing pre-tunneling pressure (Figure 11.7),
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Figure II.Z2.
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Support Pressure Pi Required to Limit
Failure Propagation to a Radius b for
Various Values of the Residual Internal
Friction, Gravity Terms are Neglected.
Hydrostatic Pressure P = 500 psi

Intact Cohesion ¢ = Residual Cohesion =
50 psi

@ = Intact Friction = 30°

¢r = Residual Friction
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4 P (psi)

Figure II.3.

Support Pressure Pi Required to Limit
Failure Propagation to a Radius b for
Various Values of the Residual Cohesion,
Hydrostatic Pressure P = 500 psi

Intact Cohesion ¢ = 50 psi

c_ = Residual Cohesion

Intact Friction @ = Residual Friction

o

g = 30

Graphs: a: c.

50 psi b: c, = 25 psi

c: ¢ =0 psi
r P

A
Gravity is neglecteé; w = 0 lbs/in .
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Figure I1I.4. Support Pressure Pi Required at the

Roof and at the Floor to Prevent

Y AT e

Failure Propagation Beyond a Radius b.

e

Specific Weight w = 0.09 lbs/in3 =

155.5 1bs/ft>

ST

Graphs a: ¢ = C_ = 50 psi # = 30°

ﬂr = 10 % r
Tunnel Radius a = 10 feet ?
Hydrostatic stress P = 500 psi , i
Graphs b: ¢ = ¢ = 25 psi @ = 30° i
g. = o0° )

Tunnel Radius a = 15 fecet .

Hydrostatic stress P = 250 psi
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Figure II.5. Influence of the Tunnel Siz< Upon

the Required Support Pressure,
a = Tunnel Radius

P = 250 psi

Q
]

c. = 25 psi
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§ AP (psi)

30

20

10
o) -
b/a

Figure II.6.

Gravity Term APi for an Increasing
Broken Zone Radius b and for Various
Residual Angles of Internal Friction
$_. The Term AP, Must be Added to
or Subtracted from the "Weightless"
Support Pressiurce to Obtain the Roof
or Floor Support Pressure,

Tunnel Radius a = 10 ft,.

Specific Weight w = 0,09 lbs/in3 =

155,56 le/ft3.




Figure 11,7,

b/o

Relative Significance of the Gravity
Term APi Compared to the "Weightless"
Support Pressure Pi Reduired in Four
Hydrostatic Stressfields P( s Depths).
Tunnel Radius a = 15 feet

Intact Cohesion 50 psi

Intact Friction 20°

. 3
Specific Weight w = 0,09 lbs/in

Residual Cohesion c .= 25 psi

o

Residual Friction ¢r = 10
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or in general with increasing depth, When the fric-

tion drops to zero in the broken zone the full weight
of this zone has to be supported in the roof, as can

be seen from the last term in equation II-3.5c.

. '? The terms in equations II-3.5 which are inde-
pendent of the specific weight can be written as

f(b/a, c, C_s P, ¢r). The broken zone radius b enters

R, o (EE

the relation only relative to the tunnel radius,

3 ¢ through the ratio b/a. The resulting graphs of the
required support vs. the relative radius of the
broken zone therefore can be used for any tunnel size
provided the rock properties are identical,

The terms in equations II-3.,5 which are

dependent upon the specific weight can be written

as aw-f (b/a, ﬁr). Graphs of the gravity terms versus

the relative value of the broken zone radius b/a

can be used for a tunnel of any size with the same

) residual friction, provided they are scaled appropri-

li ately for size and specific weight. The gravity

term for a residual friction angle §_ = 0°, 10°, 20°,

30o can be derived from the szi value in Figure I1I.6.

If the actual tunnel radius differs from ten feet,

the value read from Figure II.6 must be multiplied

. 1 by the tunnel radius divided by ten. If the specific

weight differs from 0.09 lbs/in3, the gravity term Pi
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read from Figure II.6 must be multiplied by the actual
value and divided by 0,09,

II-4, Tunnel Convergence Caused by Rock Failure
Propagation

I1-4,1. Introduction, The load build-up on

9 a (passive) tunnel support system results from the
3 interaction between the support and the converging
rock. As the problem is statically indeterminate,
the determination of the displacements is a pre=-

4 requisite for the calculation of the support
requirements,

E | An analytical solution is possible only fcr
: relatively simple material models. Nevertheless,
these can be made sufficiently comprehensive to

; include, at least qualitatively, the principal

: deformational characteristics of rock failure. It
é, is then poséible to evaluate the potential sig-

nificance of such characteristics on tunnel stability

. and support reduirements,

5 Several additional assumptions beyond the ones
% involved for the stress distribution have to be made
E in order to derive displacement results, Several

E 3 additional rock properties have to be known as

g well, One of the principal requirements is a more

comprehensive definition of the stressfield. 1In




sl

T A

A R L R i b .3;{;51‘:_»4«- UL P LR S

11 - 32

the previous section, during the derivation of the
stress distribution, it was tacitly assumed that
the (principal) stress parallel to the tunnel axis
is always intermediate between the radial and the
tangential stress, and has no influence upon the
rock behavior in the broken zone. Such an implicit
understanding is not sufficient when the displace=-
ments are calculated because the axial stress enters
the results explicitly.

General assumptions regarding the axial stress
are somewhat more difficult to make than similar
hypotheses for in-plane stressfields. The axial
stress, in a way similar to the horizontal in-plane
stress, undoubtedly will depend strongly upon the
site conditions for a particular tunnel. This can
be illustrated best by two extreme but realistic
examples:

i. Consider a short tunnel through a long
narrow ridge and well above the average level of
the surrounding terrain, Both tunnel portals are
in vertical or near-vertical cliffs, Certainly
near the portals the axial stress will be close to
zero, If the axial stress is larger near the
center of the ridge then it is not a principal

stress, at least along some sections of the tunnel,

K
¥,

o 0 i X
(3
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This can be seen from the equilibrium equation for

a direction z parallel to the tunnel axis:

20, I Txz ‘Qz}z
9z T o9x +ay

In a situation such as this, for example near
a tunnel portal, the failure mode will bear little
resemblance to what is suggested by a two-dimen-
sional analysis of the type discussed in the pre- b
ceding sections, 1In such a case, unless the
horizontal and vertical stress are very different,
the axial stress is the smallest (principal) stress
throughout the rock surrounding these tunnel
sections. 9

ii., Consider a tunnel well below the average i
(and lowest) terrain level, A reasonable first

assumption is that prior to tunneling all stresses

TR A ST T e

are equal to the overburden pressure. A plane
strain condition can be imposed along the tunnel
for the stress and displacement changes induced by
tunneling.

In this thesis only the second situation is

considered in more detail.

I1-4.2, Constant Volume Expansion and Mini-

mum_Tunnel Convergence, A first assumption that {




can be made regarding the deformational character-

7

istics of breaking rock is that the entire broken

,
4
¢
ik o
;
I
,
3
4!

L crease (Labasse, 1949). The tunnel wall displace-

zone experiences an edqual and constant volume in-

ment can then be written as:

s

P
R £ £ g

Y

2 2
u =a-|[a (1+K)-bK-2bu.b+u12>]

e

(I11-4.1)

PO o SO

= where:
b K = constant voiume expansion factor

a,b radius of tunnel and of broken zone

E YarYy

The radial displacement w is given by:

radial displacements at r = a and r = b

w = il.%?ﬁlﬁ [P sin @§ + c cos @] (II-4.2)

where:
E, V= Young's modulus and Poisson's ratio

c, 9

P

cohesion and angle of internal friction 4

hydrostatic stress a
When K = 0 in (II-4.1) it is assumed that no

volume change occurs in the broken zone, and this .

results in a lower bound for the displacement or

tunnel convergence, When the displacemenis are

small in comparison with the tunnel radius one can

simplify equation (II-4.l1l) to:

o
3
o i
; R
“‘”‘»* e

2
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2 2
b Kb -~ a)
u, = u + >3 (I1-4,3)

I1-4,.3., Elastic Relaxation of the Broken

Zone. The lower bound displacement calculation of
the previous section implies that a substantial
change in the stress and stress deviation invariants
can take place (stress relaxation around the tunnel)
without an associated volume change, This is in-
compatible with the assumed failure criterion (at
least when the angle of internal friction is not
zero). The assumption of a constant volume change,
independent of strain and stress is obviously an
extreme simplification, although it can be used
with benefit in some circumstances,

A reasonable basic assumption for the dis-
placement calculations is to regard the volume
changes or displacements induced by the progressive
unloading during the propagation of the broken zone
as elastic. Prior to tunneling the rock has been
compressed, and the volume change due to that com-
pression, in a plane perpendicular to the tunnel

axis, is given by:

Op = V(g +6,) +6, -V(6, +0,)

\'4 dr r E

2P(1 - 2V)
E

(11-4.4)
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where 6'r, 6 eand & 2! the radial, tangential and

axial stresses are assumed to equal the hydro-
static stress P,

If the rock remains elastic after excavation
of the tunnel and a plane strain condition is im-
posed for changes induced by tunneling the axial
stress will remain constant, This can be seen

from:

a6, = x)[Ao'r +46,) = Vg, - 1>+6e -P] =0
(I1-4.5)
where Ac’z, Ao’r and As‘e are stress changes induced
by tunneling., It follows that no rock volume
change occurs around an elastic tunnel, as can be”
seen directly by substituting AG;, a6, - and Ad; in
equation (II-4.4).
Assuming that the elastic plane strain con-
dition remfins valid for the broken rock, the axial

stress in the broken zone can be derived from:

br bxr
Ag, = V(46 +d6y) = V(0O +0g - 2P)(II-4.6)

i el br _ br
=6; = -P,Ad‘e—é' -

A e
6:1 and 46;. = 62r - d‘f_l are the stress changes

b

where ds‘z = O'Z

induced by failure. The axial stress in the broken

zone is then given by:
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br
©

6% = (1 - 2V)p + V(G'lr)r+6

7 ) (11-4.7)

Assuming elastic stress-strain relations, the
volume increase caused by the stress relaxation
in the broken zone can be written as:
br br _br br r _br
T o e V(OTH61T) 450 = V(o 4,
E

The tunnel wall displacement can then be
calculated by equating the final volume of the rock
within the broken zone to the original wvolume
augmented with the expansion caused by the stress
relaxation during the propagation of the broken
zone, Assuming that the displacements (or strains)
are small compared to the tunnel radius, this

results in:

b
- 2 2
R T e I

br br
(c'r +6g ) rdr]

(1I-4,8)

where: u is the radial displacement at the outer
boundary of the broken zone, given by
(I11-4.2)
u, is the radial displacement on the tunnel
periphery, r = a
E, V are the Young's modulus and Poisson's

ratio
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P is the hydrostatic stressfield

br br

6,704

r
stress in the broken zone.

are the radial and tangential

Equation (II-4.8) can be rewritten in terms

of residual and intact elastic properties:

2
u_ = Dk y (P sin @ + c cos @) + i Lé)
a a E 3a1<r
2 2. B pr pr
[P(b°-a’) = § (6°%+ ¢°%)rar] (11-4.8a)
a r e
s
o S — : [] :
where »; and K_ 3(1_2»;) are the Poisson's ratio

and the bulk modulus of the broken rock, Er the
Young's modulus,

It is clear from equation (II-4,.,8a) that an
inelastic volume increase due to failure in the
broken zone, expressed as an increase in the
Poisson's ratio, a decrease in the bulk modulus,
or both, will lead to an increase of the tunnel
convergence beyond the value resulting from purely
elastic relaxation,

It is illustrative to rewrite (II-4.8) for
the assumption that the axial stress G; remains
equal to P during failure. The displacement is

then given by:

2 bl b
_b (P sin 8 + c cos @) 2 2
Y T2 2G + ZGr [P(b =) = Er
(tb'];r + cgr) rdr] (I1-4.8b)
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2

where G and Gr are the shear moduli of the intact
and of the broken rock. This shows that a decrease
o in the rock shear stiffness caused by rock failure

will increase the tunnel convergence.

When failure propagates into the rock the
tangential stress near the tunnel periphery de-
creases (as does the radial stress), For both of
the preceding Gk assumptions a situation can develép
, where the tangential stress in a region (a,r) with
z a {r £b, drops below the axial stress 6;. Failure
; is then most likely in between the (z,r) directions.

This type of failure induces stress relief in the

axial direction. A third reasonable 6; assumption
can be made, and it eliminates the problem of 6;
becoming the largest principal stress, One can
impose as a condition for 6; that the stress state
in the broken zone must satisfy the generalized
three-dimensional Mohr-Coulomb failure criterion

(Drucker and Prager, 1952), Combining this with

the plane strain condition leads to:

ﬁ br br br _br

1 6 °F - 0o +0, sin P Co =0y (11-4.9)
3 z 2 = sin B, 2

g

The displacement at the tunnel wall is then

given by:

L L I R Sy,

B oy

s S

AR
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2 2 b
_b P(le2 V) (b =a") 1-2V br _br
LEa%ht aE Y a{(ae*'sr)rdr
Vsesing b
r br br
- i a[ (6g =06 _")rdr (11-4.8c)

The full derivation of the preceding equations

leads to rather lengthy expressions and is given
in Appendix A where a Fortran program for the
numerical evaluation of the ground reaction curve
is included.

Examples of the relation between displace~
ments and corresponding support pressures as calcu-
lated from the preceding expressions are shown in
Figure II.8. The straight line in this figure
comprises the elastic section of the ground reaction
curve (full line) as well as the ground reaction
that would result if the rock were to remain elastic
after complete removal of all internal confinement
(dotted line), The "minimum displacement" ground

characteristic is based on the assumption that no

e ———— g R R ety -

volume change occurs when the failure zone develops,
i.e., K= 0 in equation II-4.1. The same edquation
was used to calculate the displacements when a
constant 0.1% (K = 0.001) volume increase accompanies

failure throughout the broken zone. Two sets of

"elastic relaxation" ground reaction curves are
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Figure II1.8. Influence of Variations in Residual
Properties on Ground Reaction Curves
Calculated for Different Assumptions

Common data: P = 500 psi; E = 106 psi;
V= 0,2; ¢ =50 psi; § =309 w=20
.--Ground reaction curve when rock

remains elastic, i.e., when 6 (__7_2P

uﬂ: displacement when §_ is calcu-
lated from an elastic plane
strain assumption (equation
I11-4.7)

up 1‘: displacement when §_ is calcu-
lated from a plastic plane
strain assumption (equation

I11-4.9)
Lower uel, uplz c,. = 25 psi; ¢r = 200;
E =E
. o
Upper uel, upl: c:. = 0 psi; ¢r =10";
E_ = 0,6E
r

K = 0: minimum displacement ground
reaction curve
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included, for two different sets of residual (broken
rock) propecties, One graph of each set was'calcu-
lated for an axial stress Sé calculated from the
elastic plane strain assumption (II-4,7), the other
graph results from the plastic 62 definition (1I1-4,9).
No gravity effects were included in the results of
Figure II.8,

Three fundamentally different types of "roof"
ground reaction curves are illustrated in Figure
II.9. When the rock strength drops very steeply
once the ultimate strength has been exceeded, the
support pressure required in the roof increases
rapidly with deeper failure propagation (curve 1),
For a rock type that can be subjected to large
inelastic strains without significant strength
loss the increased "arching" in the larger tangene—
tial compression zone more than compensates for
the combined contribution of the (limited) strength
loss and increased broken rock weight (curve 2),
Finally, and possibly most realistic or common, when
a gradual strength loss occurs (or a fairly steep
one but only well beyond the peak strength) the
support pressure required in the roof can decline
during the initial stage of nonelaqtic deformation

but will increase beyond the point where the

e

S




A6 S G e R e DM R lV'Aﬁf,uﬂvv‘apl.“m‘“‘"{\»yfﬁ»l e st O SO L R b A R R N O Ee e £ R "'\-h-‘

I1 - 43

?ﬁWﬁ)
100}, /

%
9

80|

o e~ A N,y T 10

~
-]
o
L

60

50

T

, 30

L

i
A
‘;.1 % 20
R

23
gt
]
b e e e R e
PR S (e e

u(inch)
i H
|2 1.4

or
ma
B
-}
@
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’ Reaction Curves
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o e ST e T T

30°% w = 155.5 lbs/ft> 9

: V
1 s




T o

DGR Bt (3o
e R g A

.
s

.

o

g

P o“‘.‘
o
E
o

II - 44
combined effects of strength loss and increased
broken rock weight preponderate (curve 3), This is
the shape of the ground reaction originally sug-
gested by Pacher (1964) in his discussion of the
influence of "genuine rock pressure" and of "loosen-

ing pressure" upon support requirements.

I1-4.4., Influence of a Progressive Strain

Dependent Strength Decrease During Rock Failure.

The analysis of the preceding section, where re-
sidual properties have been assigned to the broken
zone, implies that an abrupt change in material
behavior occurs across the broken zone boundary.
It also implies that all residual properties are
strain-independent. Stress-strain diagrams for
such a material are shown in Figure 1I.10, dotted
lines, Such a material is characterized by a
sudden lowering of the failure envelope from its
original level to the residual level, at the

instant the strength is exceeded, When the strengti
properties are changed according to this model a
discontinuity in the tangential stress and in the
radial stress gradient across the broken-intact
boundary is introduced., A similar discontinuity

is added in the displacement behavior if deformational

Al
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Figure II1,10,

Calculated Stress-Strain Curves

sudden strength loss beyond
peak

exponential strength decrease
beyond peak (equations II-4,16
and II-4,17)
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properties such as the moduli are changed abruptly

S e et

once failure does occur. The brusqueness of the

T

changes is revealed particularly well when the

drastic changes are considered that occur when

.2
it

failure is initiated on the tunnel periphery, At
least these sudden changes at the rock surface can
be eliminated by incorporating a rock failure model
with a gradual change in properties, the change

being related to the increasing inelastic straining

2 of the rock.

An easy inclusion of such a modification into

A ' the closed form solutions is possible by considering
the residual cohesion c.asa function of the
maximum inelastic strain, while maintaining c,
constant throughout the broken z°ne.5 This can be

achieved by letting:

c, = c exp {-xI (%:-)2 - 11} (1I-4.10)

where the constant k(> 0) determines the rate of
decrease of the residual cohesion c. for increasing

broken zone radius b and a is the tunnel radius.

5The strength for every specific b-value
remains then strain independent, Incorporating a
truly strain-dependent strength variation leads to
integrations that cannot be solved in closed form,
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The relationship between c. and the maximum
strain can be derived explicitly in a simple form
for the special case of the small displacement
solution without volume increase, Applying equation
(II-4.3) twice, with K = 0, once for b = a, result-

ing in uzl,.once for b >a, and subtracting the

results after substitution of (II-4.2), one obtains:

el
Ya " Ya po2 (L+)Y)(P sin @ + c cos @)
= =[3) -1] E
(II-4.11)
= ®? -1 (I1-4.12)

The relation between the maximum strain and
the cohesion decrease results from the substitution

of (II-4.12) into (II-4,10), giving:

u uel
_ a”_ a1
c.=¢c exp[ =k e Q] (I1-4.13)

Q is a constant for a given problem, but
depends on the stressfield P, and thus is not a
material constant, By translating the problem to
an equivalent one in an applied stressfield Pt -
P - cc/z =Pa=ccos @/ (1l - sin @) for a rock
with strength parameters Cp = o, Qc = @ equation

(II-4.11) can be rewritten as:

el .
u_=-u 2 (L +Y) sin @ 2
—E- = [ () - 1] - P, = [ -119. By,
i V,,»,m,gf,: e &ﬁi}*g:-‘iﬁ;;iw- _. e o e .- - . m ¥ 3 e s e
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Substitution of (II-4,14) into (II-4,10)

results in:

u_ - u

c. = C exp [-kF - = %; . %;]
(I1-4.15)
Qt is thus reduced to a material constant,
An appropriate kl factor can be selected for PT =1,
The same material behavior, i.e., strain dependent
c. reduction can then be obtained ig an arbitrary
stressfield by letting kP = Pt ° k1 5
It follows from equation (II-4.10) that the
residual cohesion will approach asymptotically a zero
value for increasing broken zone radius b, If it
is desired that the residual cohesion tend to a

min ‘ .
constant value cr one can generalize equation

(II-4.10) in the form:

c, = cr:‘in + (cr - cI:in) exp (-k[ (-]ag) 2- l]} (I1-4,16)

6The preceding translation is unnecessary
when either the angle of internal friction @ or
the cohesion ¢ equal zero, For these cases ‘c =0,

and equations (II-4.l11) and (II-4.12) reduce to:

0O u_ =-u

[N
A
©

il

]

v

= o &% 1)

u 2
a_a _p.o-(A%1
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Similar relations can be written down for

other residual properties:

g =%+ 8- e f~UB - 11) @1-4.17)

r

B =B 4+ (E- ) ep  foml @) - 11} (11-4.19)

The direct substitution of these equationé
into the expressions used for calculations of the
support pressures and the displacements leads to
very lengthy equations, and therefore the sube
stitutions are made numerically within a computer
program (Appendix A-3,2),

Figure 1I.10 shows four sets of stress-strain
curves, The post peak section of this curve was
calculated from equations (II-4,16) and (II-4,17)
after substitution of (II-4,14), Four different
values c:ignd ¢:}“defining the residual strength,
have been used, as well as two values of the factors
kP and 1P that define the rate of exponential
decrease,

The irfluence on the resulting ground chare
acteristic of variations in the rate of decrease
of the strength and deformational properties is
illustrated in Figures II.1lla,b,c. These three

figures are calculated for different values of the




Figure II.lla,

Ground Reaction Curve for a Rock
with a Gradual (Exponential)
Strength Decrease

Data: P 250 psi; E = 106 psi;
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Figure II.1lb. Ground Reaction Curve for a Rock
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Ground Reaction Curve for a Rock
with a Gradual (Exponential)
Strength Decrease
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minimum residual properties, The resulting ground
reaction curves are witpin the domain bound by the
extreme cases where the intact properties are
maintained (k = 1 = m = 0) or where the residual
properties are attained instantaneously (k =1 =
m = e ), However, the path aléng which the residual
properties are approached has a decisive influence
upon the shape of the ground reaction curve. The
gravity forces in the broken zone were neglected
in all graphs of Figures 11 (w = 0),

IT-5., Numerical Generalization of the Ground Re~
action Calculation

II-5.,1. Introduction. The closed form
determination of the ground reaction curve developed
in the preceding sections permits inclusion of the
principal features that characterize rock failure,
Nevertheless numerous approximations and assumptions
are made that could be considered too restrictive.
Some of the factors that might have to be included
in a more comprehensive or detailed analysis are
the nonlinearity of the failure envelope, particularly
for 1w confining pressures, and a strain-dependent
decrease, along an arbitrary and more complicated
path, of the strength and deformational properties

characterizing the rock behavior once the peak
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strength has been exceeded. Incorporating such
effects into the analysis, at least in a general-

ized form, requires the use of numerical methods,

II-5.2, MNumerical Generalization of Ground

Reaction Calculations. 1In the preceding sections

the entire rock mass around a tunnel is subdivided
in two regions: a broken zone surrounded by an
elastic rock mass, Both regions are homogeneous
and isotropic. For the broken zone particularly,
it would appear reasonable to relax these restric-
tions at least partially.7

A simple approach to the generalization of
the problem, suggested by the assumption of com=
plete radial symmetry, is to subdivide the region
around the tunnel in a series of concentric zones,
Each zone is characterized by a set of rock proper-

ties.8 These properties are constant for a given

7This not only complicates the mathematics,
an objection only prior to the derivation of the
solution, but it tends to increase rapidly the
number of required material properties., Even for
the simplest of methods discussed in this thesis
the determination of realistic material properties
poses difficult problems,

8An extreme example of such a zone would be
a superficial rock layer with a strength and
stiffness significantly reduced by blasting,
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radius of the broken zone, but can change when

failure propagates deeper, This provides a direct

physical picture for a mathematical model that can

be used to calculate the relationship between the

support pressure and the tunnel wall displacement

for cases where the rock behavior cannot be repre-

sented adequately by the simple laws used in earlier

sections,

In the numerical analysis the rock around the

tunnel is subdivided into a number (n) of concintric

regions, The rock behavior within each cylindrical

zone j is characterized by properties cj, ¢j' ES,

.o« At the internal (r.) and external (r. bounid-
& s J) ( J+1)

aries of each zone the equilibrium condition (equale

ity of radial stresses on both sides of the boundary)

as well as continuity in the (radial) displacement

must always be satisfied., The external radius

of the thus subdivided zone is equal to the

rn+l

broken zone boundary b (or falls within the elastic

region, although this increases the number of

calculations unnecessarily). The internal radius

rl equals the tunnel radius a,

An iterative procedure is used tc calculate

the stresses, displacements and strains throughout

the broken zone for increasing radius of that zone,
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The properties of each particular subzone j are
changed after each iteration so that a prescribed
correspondence is satisfied between the desired
material behavior and the results from the last
iteration,

Results obtained from a simplified calcula-
tion of this type are shown in Figures 1I.12 and
II.13b, Figure II.12 shows the decrease in required
support pressure for an increasing broken zone
radius., A stepwise approximation to the (linear)
cohesion decrease was used, It was assumed that no
volume change occurred in the broken zone., Three
rates of cohesion decrease are considered, and the
(variable) cohesion was taken constant throughout
the broken zone,

Figure II.13b illustrates the potential sig-
nificance of nonlinearities in the failure envelope.
The intact and residual failure envelopes (I,II,III,
IV) used for this calculation are shown in Figure
II.13a, The iteration consisted in deciding which
of the straight line segments was the appropriate
tangent to a stress circle. Only stress distri-
butions were considered, so that the strength
parameters fully uefine the problem, The results

corroborate the expectation that in low stressfields




r.;:::
II = 57
%
] .
4 ‘
300} i
] E
o .
i |
® |
= 2 3
€ ;
200L 3
100} 1
OL_ L L e
10 .2 14 .6 .8 2
bA
Figure 1I.12, Reduired Support Pressure Versus !
Radius of Broken Zone, Linear
Decrease of Residual Cohesion for 3
. Increasing Inelastic Strain 1
_u.% = elastic strain at boundary b :

g AR, T




IT - 58

200 1800 O
(psi)

L

& At iig AR

_,\:
A
7%

Figure II.l3a, Four Sets of Bilinear Intact and i
i Residual Failure Envelopes Used

e for the Calculation of the Support

g Pressures in Figure II.13b




11 - 59

e .
y ]
it
4
B j
3 : A !
i i; :
i 4
i X
i
.
b
. *
e
i
k::
e -
E -
Pos ! i
’,‘ 3
5
o

k‘?
i soo}
o,

3 :
P 400} ;:
s 3
¢ 4
* e
' :
3001 i
b

200}

SiigaRs L s

Figure II.13b, Required Support Pressure Pi vs, ;

: f i the Broken Zone Radius b in Three f
r§ ; Different Pre-tunneling Stress- E?

| fields P.

Figure 1I.l3a

3 . 3
# Roman numerals correspond to the ;
a ; sets of failure envelopes in 8
B 1
N b
3 1

TSI IR 1y TR e 157
. - - ¢ & 6 ¥




51 - Soag g2

i

E oo
B
i

SRR e e

i

W

IT - 60

there is a greater chance that the initial high-
friction part of the failure envelope will dominate
the results, It will depend on all factors that
determine the stress state, i.e., on the original
stressfield, the support pressure and the rock
strength whether or not bilinearities in the failure
envelopes have a significant influence upon the
ground reaction,

The numerical method proposed here has not
been developed beyond this fairly elementary stage,

and will not be discussed in any greater detail,

I1-6. Tunnel Support Characteristics

I1-6.1, Introduction. The ground reaction
characteristic determines one-half of the statice
ally indeterminate problem posed in the analysis
of tunnel support loading., The other half can be
described by the load deflection curve of the
support system, The point where the two character=-
istics intersect defines the equilibrium state, 4
and thus, in the absence of time-dependent stiffness

changes, the final tunnel support loading and tunnel

convergence,

II-6,2, Tunnel Support Characteristic. Come

mon support systems can be considered as being
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built up of two elements: on the one hand the
support"'strictu sensu", e.g,, a steel set, a
concrete liner, and on the other hand the elements
connecting the support to the rock, e.g., wooden
blocks, gravel backfill, a bolt anchor., It is

convenient to describe the support behavior in

terms of the "support ring stiffness, nd defined as

the slope of the curve representing the support
pressure Pi versus the radial deformation LA The
"support pressure" as used here is not necessarily
the contact pressure between the support and the
rock, but is rather the contact pressure averaged
over the area to be stabilized by a particular
support element (for a steel set, a wooden block,
a rock bolt, this would depend upon the spacing).
It will be assumed that the support system
stiffness (Ks) can be derived from the stiffness

of the support "strictu sensu" (Kss) and the

9'I‘he rather neutral term "support stiffness"
is avoided here in order to emphasize that it is
necessary to differentiate between bending and
compression stiffness, The latter is the sig-
nificant factor under the highly restrictive
assumption of radially symmetric convergence used
here. Any generalizations regarding "support
stiffness" conclusions for real tunnels have to be
tempered by an evaluation of what the support
behavior will be when the tunnel convergence is
not uniform all around,

5
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E B stiffness of the connection between rock and

:3 support (Kc). The two components of the support

& system are considered to be springs in series, and

S

the overall support stiffness is then given by:

%) é II-6.3. Characteristics of Common Tunnel

% ? Support Systems, The determination of the support
E é characteristic redquires an evaluation of the two

% stiffness components in the preceding equation.,

-% i For most support systems a realistic determination
4 f of the second term requires a reasonably good

St

assessment of the actual in-situ support conditions,

S
A e T

Alternatively a range of installation conditions

corresponding to practical possibilities can be
considered, and the significance of construction
"details" can thus be evaluated, A comprehensive
summary of stiffness expressions for various support
sfstems is given in Appendix A-4, The results are

presented here graphically, in a form similar to

the ground characteristics shown on Figures II,ll é
in order to facilitate a comparison between the
various support systems as well as an evaluation

of the rock-support equilibrium mode.
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II-6.3.1. Shotcrete liner, The stiffness of

;j é a shotcrete liner (Kss in equation II-6,1) is

f; 4 calculated as the stiffness of a plane strain

) 55
i

j cylinder (thick or thin wall) with constant (i.e.,
J% ] time independent) properties. It is assumed that
the shotcrete liner is in intimﬁte contact with
the rock (Kc = % in equation II-6.1l). Several
methods could be used to account for the lower
stiffness during the initial hardening period near
the face. The simplest way of doing so is to in~-
clude a pre~installation diSplacement; or offset

from the displacement at installation along the

ki
£
3
i
Bt

displacement axis., Alternatively oné could calcu=
late cylinder stiffnesses for various curing steps

and modify the elastic modulus according to a timee-

displacement relation corresponding approximately

to the sequence of face advance (see III-4,2).

Several examples of (linear) shotcrete character- B

ot
]
B
i
A
i

istics are included in Figures II.l4 and II.15, ¥

II-6.3.2, Steel set with wooden blocking, &

inl 2 . &
AR A el Ui

The stiffness of the steel set (Kss in equation

S

II-6.1) was calculated for a steel ring with equally

ol

spaced loads (corresponding to the blocking points).

The calculation of the block stiffness (K ) was E
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Figure 1I.14, Support Characteristics of a Blocked

Steel Set for a Range of Blocking ’
Parameters b

Tunnel diameter = 16,7 feet

Steel set: 6" x 4" light beam, 4
16 1lbs/ft, 2' spacing 'F
Block spacing = 41,9 inches . b

EB = elastic modulus of block, in pil
tB = block thickness, in inchcs ¥
Dotted line is characteristic of a g

3 inch thick shotcrete liner, with ¢
Young's modulus E = 3,000,000 psi #
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based on the assumption that the blocks function as
linear springs.

Major variables of practical significance
that have to be considered are the set spacing,
block spacing and block stiffness. The stiffness
of the wooden blocks, as well as the block spacing,
depends greatly on construction details, The
dominating role of the block stiffness can be
established by evaluating the overall blocked
steel set stiffness for a realistic range of block
stiffnesses, A precise determination of the support
stiffness does require an in-situ evaluation of
the block behavior (or, alternatively, imposing
certain blocking procedures in order to guarantee
a particular stiffness level),

Factors that affect the block stiffness are:

i, Overbreak

It might appear at first that the block
(spring) stiffness is simply inversely proportional
to the distance between steel set and rock. Such
an assumption is likely to lead to a significant
underestimate of the lose in stiffness caused by
'increased overbreak, 1Indeed, a larger gap between
steel set and rock complicates the composite of

wooden blocks composing a blocking point, which
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requires progressively more careful workmanship
if gaps and "soft spots" are to be avoided.
ii, Block construction

Although it is common practice to draw
blocking points as a single wood block, actual
blocking points, particularly in situations where
the overbreak is large, have to be build up of a
number of blocks, boards, wedges, etc, The true
stiffness of such a blocking point, constructed
under difficult if not dangerous conditions in
between the steel set and the rock, might bear
little resemblance to the stiffness of an ideal
"one block" blocking point,

iii. Wood properties

Even under optimum conditions the stiff-
ness of wooden blocks will vary greatly, because
wood is strongly anisotropic so that the orienta-
tion of the block is important, and because all
wood properties change markedly with changes in
humidity and temperature as well as with the

duration of loading (Wood Handbook, 1955).

It is clear that wooden biocking introduces
a significant uncertainty factor in the determina-
tion of the stiffness of a blocked steel set.

only when the blocking is done with unusual care
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will the stiffness of this suppot system depend
mainly on the stiffness of the steel set.

The overall stiffness of blocked steel sets
in a 16,7 ft. diameter tunnel is illustrated in
Figures II.14 and 11,15, Figure II.14 illustrates
stiffness variations of an average steel set
selected for this tunnel (Proctor and White, 1968)
under a variety of blocking conditions. Steel set
type is 6" x 4" Light Beam, 16 lbs, per foot, set
spacing 2 ft., block spacing 42 inches, and the
wood modulus rangeé from 1,400,000 psi (upper
range for softwood parallel to the grain) down to
40,000 psi (lower range for softwood perpendicular
to grain and parallel to ring). Blocking thick-
nesses range from 2 inches up to 12 inches. 1In
the same figure the load deflection curve of a 3
inch shotcrete liner is included,

The load deflection curves of light (417.7),
intermediate (6LB16) and heavy (6H25) blocked steel
sets at set spacings. of 1, 3 and 5 ft are shown on

e s e
Figure 11,15 for a 16,7 ft, diameter tunnel. The
blocking point 5pacihg\is the recommended maximum
42", block thickness is“Z"'and the block modulus is
1,400,000 psi. 1Included for a comparison with

these very stifftly blocked steel sets are the
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corresponding lines for shotcrete thicknesses of

2n‘ 4" and 8",

11-6,3.3., Rock bolts, Because the resultant
compressive (reinforcing) stresses induced in-
between the bolt ends are limited to that region,
and because of the tensile stresses induced behind
the anchor, it can be argued justifiably that rock
bolts are not truly a support system, and in par-
ticular that a support characteristic or support
stiffness concept as used here does not provide a
medningful tool for the analysis of rock bolt
mechanics. This general idea being accepted,
there are nonetheless conditions under which an
array of rock bolts can be considered as a support
system, This is true in particular for point
anchored bolts with an anchor section well within
the elastic or intact rock. Under these cone
ditions it can be assumed that the compressive
force applied at the tunnel periphery does reine-
force the rock in a similar way to blocking forces
at steel set blocking points, while the tensile
stresses induced behind the anchor are rather small
relative to the existing (compressive) stresses

and do not significantly affect the displacements




II - 70

nor impair the opening stability by propagating
deeper fracturing,

The stress distribution induced by deforma=-
tion and tensioning of fully grouted bolts is more
complicated, and particularly during the initial
stages of deformation will correspond to a rein-
forcement mechanism rather than to an external
support.. Once plastic yield of a friction bolt is
induced, the stress distribution will approach the
one induced by a point anchored bolt, certainly
when optimum boundary requirements (sufficiently
stiff and strong anchor and bearing plate) are
satisfied (Appendix A-4), Under the latter con-
ditions, plastic yield in a fully grouted bolt is
likely to be initiated for a smaller convergence
than in a point anchored bolt.

The stiffness of an array of bolts presented
here is calculated for steel only, i.e,, the con-
tact term Kc is assumed equal to infinity. Whether
this is a reasonable assumption or not will depend
on the stiffness of the connections between rock
and bolt, It certainly will redquire a sufficiently
large bearing plate as well as a "good" anchor,
i.e,, a thin grout over a sufficiently large area

in order to minimize shear deformations of the
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grout and in order to prevent local overstressing

of either rock or grout (resin or cement). A good
tensile bond between hole bottom and anchor end,
although probably difficult to achieve, would be
desirable,

It is assumed in the stiffness calculation
that the force exerted at the bearing plate is
distributed evenly throughout the rock. A representa-
tive set of support pressure versus convergence
graphs, ranging from a very dense pattern (1°'
spacing) of short (4') thick (1.25" diameter) bolts
up to a set of widely spaced /5') long and thin
bolts is given in Figure 1I1.16, on the same scale
as Figures II.1ll and II.l14. Accounting for an
installation tension can be done by raising the
ordinate at the point of zero bolt displacement to

the support pressure applied by the pre-tension,

II-6.3.4. Backfilled concrete segments, As
a first approximation concrete liners composed of
precast segmente can be treated as hollow cylinders
loaded externally., When the segments are jacked
in place so that iatimate contact between grcund
and support is assured the stiffness of the support

system will equal the stiffness of the concrete

i L L-m-.'ww.
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ring (KE =00 )., When the segmented ring is back-

filled, the situation becomes more complicated

because then the support stiffness will depend on

the type of backfill and on the care with which the

backfilling operation is performed., 1In the case

where a high quality backfill or grout is injected

carefully the combined support stiffness can

approach that of a two-material cylinder, or the

support system stiffness can be considered equal

to that of two parallel springs, At the other

extreme, for loosely blown in gravel it is more

appropriate to consider two springs in series, and

the overall stiffness, certainly during the initial

convergence or gravel compaction would be dominated

by the rather low gravel stiffness,

II-6.3.5. Composite support systems. When

two or more support methods are used simultaneously,

the overall support stiffness can be obtained by a

combination of the stiffnesses of the individual

N T T o ey A P PP S P L

support elements, The type of combination to be

used will depend on the distribution of the gener-

ated reaction forces over the various support

elements. The combination of bolts with either

shotcrete or steel sets is a clear case where the
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supports are acting in parallel, and the composite
stiffness is obtained as the sum of the individual
stiffnesses, The situation is less obvious for a
combination of shotcrete and steel sets. The

simplest and not altogether unreasonable approach

is to postulate that the combined stiffness corres-
ponds to the sum of the two unit stiffnesses, As

discussed in the above section on shotcrete, the

gradual hardening of shotcrete can be accounted
for by a stepwise stiffness increase corresponding
to the displacement increments associated with the
face advance cycle., If the shotcrete thickness
within the external periphery of the steel ring
constitutes a significant fraction of the total
shotcrete thickness, the shotcrete stiffness could
be separated into two parts, the first one corres-
ponding to the ring outside the steel set, the
second one to the ring within the steel set., The
total (final) stiffness would be the sum of three
terms, and the same as before. However, the out-
side shotcrete ring is the vehicle through which
the equilibrium pressure between rock and steel
must be transmitted. .If it is assumed that the
initial shotcrete stiffness and strength are very

low, then this is also a limiting factor on its
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stress transmission capacity. If, during initial
convergence, the shotcrete remains sufficiently
soft to flow plastically between the steel set and
the rock the combined support action becomes one
of springs in series, rather similar to that of a
blocked steel set,

The individual stiffnesses are used to calcu-
late the composite stiffness of the support. Once
the equilibrium support pressure is determined, the
decomposition of this total pressure in accordance
with the respective individual stiffnesses allows
the determination of the pressures exerted by and
on the separate support components. This, combined
with the strength of the various components, makes
it possible to judge the effectiveiess with which
the support pressure is distributed over the com=

ponents.

II-7. Extending the Ground Reaction Derivations

I1-7.1. Introduction. In the preceding sec-

tions the ground characteristic and the support

characteristic have been derived., They can be
‘v, .8idered as essential tools for the analysis of
rock-support interaction, An attempt was made to

incorporate as many significant parameters as
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possible in order to derive a realistic model of
chat interaction, while maintaining the simplicity
of a closed form solution, Nevertheless, numerous
simplifying assumptions were made, some of them
sweeping generalizations that could put severe
restrictions on the range of conditions for which
the results remain meaningful. The influence of
at least some of these simplifications can be
assessed by comparing observed behavior of tunnel
supports as described in the literature with con-
clusions that would be reached from the preceding
analysis. Such a comparison can point out basic
shortcomings of the analysis, and one can then pro-
ceed by making appropriate changes in order that a
better approximation to the trie solution might be
achieved, The extensions that will be suggested
here are mostly rather simple and qualitative in
nature, although, if appropriate data were avail-
able, a quantitative generalization would be

straightforward.,

I1-7.2, Time-dependent Variations in Support

Pressures, Numerous measurements of pressures on

a variety of support systems installed in a wide

range of ground conditions have shown that changes
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in support pressures can continue for prolonged
periods of time following the support erection,

The changes can be quite regular and monotonic or
they can be very erratic., Measurements of tunnel
convergence similarly indicate that shifts in the
equilibrium position are not uncommon,

Within a short distance from the face, changes
in tunnel support loads can be explained by cone
vergence increments caused by face advances (Daemen
and Fairhurst, 1972). In homogeneous ground such
geometric effects will be reduced to negligible
values within at most two or three tunnel diameters
behind the face (see III-4,2), In rock inter=-
spersed by discontinuities the effects are likely
to be limited to an even shorter distance from the
face, As pointed out by Lombardi (1974), the
extent to which convergence behind the face is con=-
trolled by the stiffness of the rock in the face
depends on the competence of the rock behind the
face, and in particilar on its ability to transmit
shear stresses, The convergence postponement also
depends on the stiffness of the rock in the face,
stiffness that is more likely to be significantly
decreased by blasting, mucking, etc. in a jointed

rock than in a homogeneous one, A more precise




=, = -

o TR

S i A s R e ey gl el LR e i ‘
(e Sl b T Rk TR e SR T i i st KR ke S bl i Y a

IT - 78
cvaluation of the geometric effects on tunnel sup-
port load changes should be possible with three-
dimensional finite element nmethods (e.g., Isenberg,
1973) or with "discontinuity analysis" (Crouch and
Fairhurst, 1973).,

Assuming that an initial "equilibrium" state10
is reached near the face, subsequent displacement
and support pressure changes (around a single
tunnel not affected by extraneous excavations) can
be explained by the following mechanisms:

- a decrease in support stiffness

a decrease in rock stiffness

- a decrease in rock strength (it is assumed
that the rock throughout the broken zone is

working at its strength limit)

a change in temperature (Burke 1957, Lane,
1957).

These factors cannot be considered as being
.ruly independent because mutual interaction
effects are likely to occur.

once equilibrium has been reached an increase

in the support stiffness (for example, with continued

10It is not strictly necessary that an equilib-

rium state must be reached., The listed factors can
also influence the behavior for example during the
pre-equilibrium support stage,
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shotcrete hardening) will not change the equilibrium
position,

Many mechanisms can cause a decrease in the
support stiffness, the most obvious and extreme
one being support failure, Support stiffness
decreases are to be expected for steel sets with
wood blocks, This is particularly true in wet
tunnels, because the elastic moduli of wood de-
crease rapidly with increasing moisture content,
but it is generally true because the wood stiffness

decreases under continuous loading (Wood Handbook,

1955)., Creep is also common in mechanical bolts
and in shotcrete, for the latter certainly during
anitial curing, Whether a decreasing support stiff-
ness will cause an increase or a decrease of the
support pressure depends on whether a "dynamic"
equilibrium is being approached along an ascending
or a descending branch of the ground reaction
characteristic (Figures I1I.1l1l),

A decrease in rock stiffness and in rock
strength will initiate rcnewed convergence and
will cause a support load increase, A variety of
closed-form visco=elastic and visco-plastic solu-
tions to the problem of a (reinforced) circular

hole in an infinite medium can be used to illustrate
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such conclusions., Besides rock materials that be-
have inherently according to the mentioned rheo-
logical models, there are a number of niechanisms
that can cause an (apparently time-dependent)
reduction in the rock properties. Several of these
mechanisms can be related to the prese:.ce, and
particularly to the flow of water, Notable examples
of this are volume increases or decreases of
minerals in the rock or in the joint fillings
caused by hydration, dehydration or changes in
crystal structure, Along similar lines effects
such as weathering, decomposition and washing out
of rock particles can contribute significantly to
rock mass strength losses, Also to be considered
is the possibility of a gradual strength and
stiffness reduction of rock or of discontinuities
within it when both are loaded at or around their
peak strength for prolonged periods of times.

A simple and &t least qualitative model of
time-dependent variations can be obtained by re-
placing the material constants in the expressions
for the ground reaction characteristic (II.4) by
appropriate time-~dependent functions, e.g.,

E = E' x f(t) = E_ -+ e it = E (l-e P/t)
o o o}
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c=c_ X f(t)

A possible hypothetical result from a calcu=-

lation of this type is illustrated in Figure IIJ7a,
and a resulting support load graph is shown on

Figure 11.17b.

| Ay ST

’ II-7.3. Influence of Discontinuities and

Inhomogeneities on Tunnel Support Requirements.

The entire analysis of the interaction between
tunnel support and rock as presented here is based
on the assumption that the rock mass can be des-

cribed as a homogeneous isotropic continuum, It

!
!
3
4

has been assumed that this holds true prior to
tunneling as well as after tunneling, and in the

latter case whether or not failure occurs.,

The rock mass characteristics that can cause
deviations from such an idealized mocfeL are numerous

and exist in many, if not most, rack formaiions,

Their combined effect will be that the rock mass
tends to behave as an inhomogeneous non-isotropic
discontinuum, Factors that can be significant
contributions to such effects on a scale influenc-

ing most tunnels are variations in rock type (e.g.,

e

in bedded deposits, near intrusive contacts, etc.),

S radi i o

preferred orientations within rock types (e.g., in
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shale, gneiss, etc,) and sections through the rock
mass with very different strength and stiffness
(e.g., joints, bedding planes, dykes, new fracture
planes, etc,)

Rock mass characteristics of the type listed
affect the tunnel-support interaction on two
different scales, Firstly, they modify the effec=-
tive‘parameters that are to be used to describe the
overall rock mass behavior, whether or not a tunnel
is being driven through the rock. To the extent
that the needed parameters are known they can be
taken into account when adequate numerical analysis
techniques are used (Singh, 1973). The problem
nearly always will be a truly three-dimensional one.

A second consequence of the presence of the
above~listed rock mass characteristics is that they
modify the changes induced by tunneling from the
ones predicted by the simple continuum analysis
methods used here, Specifically, it is possible
that low strength discontinuities have a dominating
role in the development of failure around an ad-
vancing tunnel (Cording, et al., 1971). Dis-
continuities will determine the failure mode when
the stress changes caused by slip along the dis-

continuity planes disturb the stress field to such




A 0 AN s et At PO 10 B S it S W i Ao s i el S SN o iy

IT - 85

Cip Tt

an extent that the results as calculated in II.3 ;
; become meaningless, When the circumferential '
stress is thus reduced or eliminated, it follows
E 2 from the equilibrium condition that the gravity
force becomes a dominating factor. The problem
nearly always will be a truly three-dimensional
one,

A simplified and at least qualitative repre=- |
sentation of the effect of slip along discontinui-
ties on the ground reaction curve is shown in A

Figure 11.18, For the "calculation" of this graph

it was assumed that no stress deviations from the gg
f ideal (continuum) solution occur until sudden slip ‘
(corresponding to a vertical jump in the character-
istic) causes complete relaxation of a "ring." The
weight of the ring (= _,ressure jump) is then added 8

L 1 to the redquired support pressure, and it is assumed

that further convergence of the rock without the
e} - relaxed ring is possible and reduces the support 3
pressure to be provided there until renewed slip is

N initiated, It is likely that Figures II.ll corres=

E | pond to smoothened-out versions of this ground
reaction type curve, whether the discontinuous stress

changes are caused by slip along pre-existing

discontinuities or by slip along freshly created
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Figure II,.18.
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§ fracture surfaces,
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I1-7.4. Influence of Tunnel Size on the

Required Support Pressure. It is axiomatic to many

writers discussing the subject of tunnel supports
that larger support pressures are required in larger
tunnels, Neglecting gravity forces, it follows from
the continuum analysis that the required support
pressure is independent of the tunnel size., How=
ever, this does necessitate heavier supports in a
larger tunnel. For a (thin wall) shotcrete liner
the thickness required to provide the same support
pressure at the same relative displacement (u,/a)
is approximately proportional to the tunnel size, ;
If the same absolute displacement is allowed, the
required thickness is proportional to the square of
the tunnel size (Equation A-28b), For a steel ring
with widely spaced blocking, so that only bending L
: 'displacements are significant, the required moment
of inertia of the steel section is proportional to f:
} the fourth power of the tunnel radius when the same P
set spacing and the same number of blocks are used

(Equation A-=29, middle term).11 For steel sections b

e imposed blocking criterion is usually ﬁ

the maximum allowed block point spacing. Although




II - 88

of the same shape it follows that the cross-

sectional area and the weight of the sets are

proportional to the square of the tunnel radius.,

(Proportional to al'5 if the relative rather than

the absolute displacement is used). The fact that

heavier supports are needed in larger tunnels is

SR s 4

e

RN

12,
el

not in itself an indication of increased support
pressures,

Support pressure requirements are likely to g
increase with tunnel size in rock masses with an
average joint spacing ruch smaller than the tunnel
dimensions because of the increased number of possible
displacement modes (Daemen and Fairhurst, 1974),

A direct method for including a rock strength re-
duction, causing increased support pressure, with

larger tunnel size could proceed along similar lines

as the methods used for the design of mine pillars.
A variety of such methods (Jéeger and Cook, 1969;
Obert and Duvall, 1967) postulate that the rock
strength (a'c) decreases with increasing pillar

height (t), the rate of decrease being determined

not directly proportional to the tunnel size, as

is assumed here, it does increase markedly with
size (Proctor and White, 1968, pp. 238, 240).
Observations in tunnels would be reQuired to deter=-
mine what is common practice.
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by an empirical parameter OC:

-0c
Gc vt

By analogy one could include similar rela-
tions for the rock characteristics in the calcula=-
tions of the ground reaction curve, with the tunnel
diameter (d) relative to a reference dicmeter (do)

as parameter, e.,qg.,

P

d d .~ d .-
c = co(a-) g = ¢o('5-) E = Eo(a-)
(o] o

I1-8, Applications of the Continuum Analysis of
Rock=-support Interaction

E II-8.1., Tunnel Support Design. Continuum

] approaches to the problem of rock-support inter-

action of the type discussed here can be considered

W,O_—gu!-m;)‘rmm\mm, e

as intermediate level methods of analysis, These

are bounded on the one side by empirical or pseudo-

empirical methods, on the other side by sophisti=-

cated and all-inclusive numerical techniques,

The very simple methods base the determination
of support reduirements on a correlation between one

or a small number of parameters describing the rock

mass and the necessary support. Ideally they are
based on a sufficiently large amount of data
obtained under a variety of conditions representa-

tive of those for which the methods are to be used,




II - 90

As a general rule, these methods are based on an

extremely simple mechanistic model of the tunnel
- support loading mode,

The highly sophisticated numerical analysis

methods, at present mainly finite element methods,

make it possible, at least in principle, to study
the support loading mechanism in detail, by ine
corporating in the analysis an extremely wide range
of possible material behavior models, Ideally,

they are based upon a sufficiently large number of
data about at least one particular location,. so that
the soundness of the analysis method and the valid=-
ity of the used properties is confirmed by & match
between predicted and observed behavior.

As can be expected from its relative position
inbetween these two extremes, continuum analysis of
tunnel supports combines some of the advantages and
some of the disadvantages of both, It requires
more information than the simple empirical methods.
The information required is of a different nature,
namely specific mechanical properties rather than

descriptive rock mass characterizations. On the

other hand, the needed mechanical properties are
average values, and less precise detRil is necessary,

whether factual or assumed, than for numerical methodas,
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The information needed for the direct design
of tunnel supports by means of continuum analysis
must be sufficient to allow a reasonably accurate
description of the two structural components, the
support system and the rock mass, Within limits
one can impose a range of permissible values for
the support characteristic by means of construction
specifications, But construction problems in rock
frequently cannot be predicted to the point where
very narrow limits on the amount of overbreak can
be imposed, or where it can be assumed that it is
a trivial problem to make a reasonable estimate of
such factors as blocking stiffness, footing stiff-
ness and strength, rock bolt anchor stiffness.
Regarding the rock mass behavior, one needs reascn-
ably accurate values for the average strength and
displacement properties, particularly for the
residual properties, Factors that might reduce
these properties under prolonged loading must be
considered. Also needed is an estimate of the

stressfield at tunnel level.

I1I-8.2, Optimum Support Stiffness. The

parameters needed for a direct tunnel support

design by means of continuum analysis are numerous
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and difficult to measure. 1It, therefore, is
appropriate to ask whether the results from the
analysis might suggest some general guidelines
that would be helpful in optimizing support design
and construction,

In general, a ground reaction curve can have
descending and ascending sections., Ideally the
support stiffness and the time of support erection
should be selected in such a way that equilibrium
is attained at the lowest minimum of the ground
characteristic. Ideals not easily being attained,
the more general question to be answered is whether
it is preferable to install stiff supports early
or to install soft supports late, Figures 1I.l1la,
b,c indicate that the ground reaction curve is
characterized by a steeply descending initial part
followed by a more gradually ascending section when
the post-failure strength drop is significant, i.e,,
when the residual strength is markedly lower than
the intact strength and is reached quickly. This
general demeanor of the ground reaction is ampli-
fied when gravity forces are included,

A stiff support, installed close to the face
and in intimate contact with the rock, can be

extremely efficient under such conditions whenever
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equilibrium is reached at or before the initial
minimum, This is consistent with the numerous
practical observations of the effectiveness of
shotcrete and rock bolt supports, The justifica-
tion of this effectiveness frequently has been
explained on the basis of the traditional elasto-
plastic ground reaction curve as derived by Fenner,
Goguel, Labasse and Kastner. Explanations of this
type have been used since the early successful
use of such supports (Rabcewicz, 1957) up to very
recently (BEgger, 1973). It would seam more
reasonable that the logical conclusion from the
elastoplastic derivation is that the use of yield-
ing supports (Labasse, 1949) and delayed installa-
tion following substantial deformation (Fenner,
1938) would be the most efficient method of sup-
porting tunnels, It is probably not incidental that
these conclusions were accepted fully by these
authors, both of whom were associated with (Euro-
pean) coal mining during the time when yielding
steel roadway and face supports were introduced
with great success, The support mechanics along a
longwall face are clearly entirely different from
tunnel support mechanics, But so are the mechanics

of roadway supports, because the overwhelming
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majority of mine roadways are repeatedly subjected
to the influence of nearby large-scale mining
excavations,
The contradiction between the logical cone-
clusion from the traditional elastoplastic analysis
and shotcrete practice becomes particularly strike
ing when one considers the great emphasis put on
the necessity to use appropriate hardening acceler-
ators,
While shotcrete and rock bolts will be acti-
vated rapidly for small displacements, they also
maintain some flexibility, certainly very shortly
after installation during initial hardening.
This flexibility allows the minor displacements
reduired to approach optimal support ccnditions
without detrimental effects,
There exists, moreover, an unmistakable
general trend towards the use of stiffer supports,
This is illustrated by several typical examples: B
- the replacement of timber sets by blocked
steel sets
- the replacement of blocked steel sets by a
combination of bolts, shotcrete and light

steel members

- the replacement of blocked steel sets by
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shotcreted steel sets

-~ the replacement of mechanical anchor bolts

by grouted bolts

- the use of jacked-in-place concrete seg-

ments12

A critical factor determining the shape of

the ground reaction curve, as illustrated in Figures

I1.11, is the rate of change from the intact to

the residual strength., This effectively corres-

ponds to the sequence or rate of stress relaxation

around the tunnel, Two other factors can comple-

ment such effects,

The first one is the "additional" J.oad

component that can be caused by the weight of the

broken zone (Pacher, 1964)., Prior discussion (II-

3.4) has indicated that this factor is unlikely to

be significant except for rather shallow tunnels

surrounded by rock with an extremely low residual

frictior. Whenever these gravity loads are

12'I'he use of unbolted segmented liners does
not contradict this general trend, because it is
aimed at reducing the bending stiffness of the
support ring., Conditions where increased bending
stiffness is advantageous would be most unusual.
There is no doubt, however, that jacking precast
segments is frequently done in order tc ninimize
subsidence raéther than to optimize the support
loads,
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significant one should expect a pronounced differ-

ence between roof and floor support requirements

(Figures 11.4,5). This is contradictory with

recommended good practice in difficult tunneling

conditions, where local gravity effects should be

most likely to develop (because of a relatively low

internal friction),

A second factor, and one generally more likely
to contribute significantly to the aforementioned
results is the influence of joints on tunnel sup-
port redquirements, Slip along joints intersecting
the tunnel will have a relaxation effect similar
to that of the strength reduction previously
¥ treated as a continuous homogeneous phenomenon,

Taking into account the gradual reduction of joint

strength with excessive slip, a picture at least
P qualitatively similar to Figures II.1ll can be

expected,

There is no reason to expect a similar or

even qualitatively the same behavior in all rock

types, A specific example that is likely to con-

stitute a different class of behavior is that of

rock susceptible to large volume increases for

reasons not associated with failure., In ground of

this type there can be distinct disadvantages to
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the use of unyielding supports., Displacements
caused by such volume changes can be accounted for
in a simplified way by a constant volume change
factor, similar to the one used in equations Il-4,1
and II-4,3, It is clear that whatever failure mode
might occur in such rock, the support characteristic
is likely to have a rather flattened or level

appearance.

I1I-8.3, Tunnel Support Instrumentation.

Whether or not continuum analysis is a viable and
practical proposition for studying tunnel support
mechanics will depend on results from comparisons
between in-situ measurements and calculated pre-
dictions., Conversely, the mechanics of support
action must guide the design of measurement and
instrumentation programs, Continuum analysis
provides the simplest techniques that can be used
for a reasonably comprehensive evaluation of support
systems,

The ultimate answer as to what constitutes
an optimum support system can be obtained only from
actual support installations, and the ultimate
criterion is a strictly economical one: what

support system will perform all necessary functions
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and minimize the total cost of the tunnel, De=
pending upon the circumstances the support cost

can vary from a minor to a major fraction of the
total tunnel cost, Because the latter case is not
uncommon and because of the increasing volume of
tunneling works an increased need for rational
analysis of support structures is felt, and numer-
ous methods and variations of analysis procedures
are being developed., The assessment of the worth

of such methods depends upon their validation by
in-situ observations. This makes the interpretation
of in-situ measurements an essential element in a
comparative evaluation of various design and
analysis methods.

The purpose of support instrumentation is to
observe the equilibrium state reached between rock
and support. The problem is highly statically
indeterminate, and an infinite number of equilibrium
positions are possible, The variables fully de-
fining the equilibrium position of such an in-
determinate problem are the displacement and the
stressfields, An appropriate general instrumenta=-
tion program, therefore, will be planned so that
sufficient information about these two groups of

values is obtained to allow an analysis of the
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support loading, In order that an understanding
of the sequence of events leading to the equilib-
rium state might be achieved, it is necessary to
know the fundamental characteristics that define
the problem, i,e,, the rock and support properties,

Corresponding to the complexity or complete-
ness of the methods of support-rock interaction
analysis (II-8.,1) must be an equivalent complexity
or completeness of the data gathering and in-
terpretation effort, For the simple semi-empirical
methods an obvious need exists for expanding the
available data basis, For design methods that
correlate one rock mess parameter with one parameter
defining the support requirements the most efficient
method of providing a sounder design basis consists
in increasing the number of instances where the
two parameters have been observed and the reli-
ability of the predictions evaluated. The simple
empirical methods derive their value from the
practical limitations that preclude a more comprew-
hensive analysis in many situations. There are
obvious limitations to the applicability of such
simple methods,

As more complex conditions are encountered,

the reliability of “correlation methods" not based
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on the mechanics of the problem decreases, A two=
fold reason for this lies in the selection of the
correlated parameters and in the evaluation of the
meaning of the resulting correlations, The selec-
tion of the parameters used in the correlations is
quite independent from the method, and the adequacy
of the choice can neither be vindicated nor refuted
by the correlation results, A rather simple tool
such as continuum analysis can provide valuable
guidelines as to what parameters must be cone-
sidered if a detailed explanation of the support
loading mechanism is desired. The significance

‘»
of the resulting correlations is notably dependent

£ upon the assumed statistical model, From this point
of view also continuum analysis provides insight

% ] into the type of mathematical relations that are

likely to exist between a variety of parameters,

A complete and detailed analysis of support

loading, as should in principle be possible with

appropriate finite element methods, redquires a

very comprehensive body of information. The

needed data input might be reduced by a combination

of statistical and mechanical methods aimed at

establishing a significance level for the possible

variables, Such a reduction is likely to be
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limited by a general lack of specific knowledge
about the (wide) range of potential values of the
potentially large number of significant parameters.
The wide range of possible numbers facilitates the
adjustment between observed and calculated results,
By the same token, this complicates and reduces
the predictive value of such methods.

The discussed principles probably can be
clarified best by means of examples, A classical
pseudo=empirical design method is the Terzaghi rock
load theory (Proctor and White, 1968)., An instru-
mentation program to solidify the foundation of the
method would consist in obtaining more data of
steel set loads and the corresponding rock classifi-
cation, Other parameters needed are obtained very
simply, as only steel set spacing and tunnel size
are necessary, The raw data has been obtained in
several tunnels, but aprears to be unpublishable
unless it has been sanitized by statistical manipue-
lations sufficient to obfuscate any simple and
direct meaning behind reams of computer output
(e.g., Abel, 1967). A straightforward comparison
between predicted and measured values for one of
the most frequently used support design methods

obviously would be of great value to the tunneling
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community at large, It is doubtful that a sig.
nificant additional contribution to the improve-
ment of this method can be expected from more
detailed observations or from very precise measure-
ments, One can select a larger number of rock
properties and make more detailed observations, and
correlate the resulting data by means of increas-
ingly sophisticated statistical techniques. If
the selection of the parameters is not based on
the mechanics of the problem, one is apt to exclude
significant ones or to include trivial ones., An
example of this would be a correlation between some
rock characteristics and steel set loads (measured
over prolonged periods of time) while neglecting
significant stiffness factors such as set spacing,
blocking point stiffness, temperature changes,
time~-dependent changes of the rock properties, As
correlations become more complicated and the number
of parameters more numerous, the amount of data

required to guarantee a meaningful sample increases

rapidly. While such methods can be of benefit in

the back-analysis of the support loading in a
particular tunnel, they cannot be used to predict
support requirements in different ground for the

same support type nor for different supports in the
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same ground. Indeed, correlations do not provide
information about the characteristics of either
of the two interacting elements of the structure,

Anything more comprehensive than a simple
empirical analysis must be based on the mechanics
of tunnel supports in order that causal rather than
coincidental relations might be established. Con-
versely, causal relations such as the ground
characteristic have to be confirmed by experi=-
mental evidence, Such a confirmation has to show
that it is possible to make a reliable estimate of
tunnel support loading once the stiffness and the
strength of rock and support are known, Completing
the cycle, such experimental confirmations must
indicate what significant parameters are needed and

which simplifications are possible in order to

derive a rational support design method.
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Chapter III1

STIFFNESS ANALYSIS OF TUNNEL SUPPORT LOADING
CAUSED BY ROCK FAILURE

ITII-1. Introduction

Driving a tunnel through a rock mass disturbs
the equilibrium of the rock mass. In order to
maintain a safe opening it is frequently necessary
to install a support system., The function of the
support system is to assist the rock mass in find-
ing a new state of equilibrium, This assist;nce
is given through the reaction forces developed by
the support system, These reaction forces are
caused by the compression of the support system
under increasing tunnel wall convergence, The
stresses thus induced in the rock by the support
system strongly depend upon the support systen
stiffness,

A simplified closed-form analysis of this
rock-support interaction was given in the preceding
chapter., It is clear that, given the complexity

of the problem, any analysis intended to be more

I1I-1
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than a basic model must invoke numerical methods,
In order to have a numerical model that is reason-
ably well balanced, it is necessary that it

incorporates the two elements of the structure with

a similar degree of realism, This requires that

increasing accuracy or complexity of modeliny the
rock behavior be accompanied by an increased
sophistication of the support analysis method.

If, on the other hand, a very simple rock load con=-
cept is acceptable, it is doubtful that a detailed
enalysis of support behavior is necessary or justi-
fied.

The tunnel wall convergence depends directly
upon the rock displacements induced by the tunneling
operations, In order to evaluate these displace-
ments it is necessary to know the pre-tunneling
equilibrium state as well as the changes caused by
tunneling, Within the context of this thesis, the
full emphasis is put on changes induced by tunnel-
ing, although it is well recognized that an accurate
description of the pre-~tunneling rock mass
equilibrium state is a formidable problem in itself.,
The pre-tunneling rock mass will be assumed to be
¢ homogeneous elastic continuum characterized by

known properties and stress distribution. The
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changes induced by tunneling will be studied by
means of the displacement finite element method.

While the tunnel walls converge, the support
system is activated. The reaction forces thus
developed determine the final equilibrium around
the tunnel. 1In order to clarify the support system
behavior a distinction will be made between the
support itself and the interface between rock and
support, even though this interface or connection
can justifiably be considered to be a part of the
support. Such a distinction makes it possible,
however, as was already shown in the simplified
analysis of the preceding chapter, to illustrate
the dominating role that can be played by seemingly
minor construction details, These details are one
of the principal reasons for the very wide range of
possible support characteristics. They are at the
basis of the variability and uncertainty regarding
the support structure, and make the support be-
havior an "unknown dquantity" in a manner not unlike
the rock behavior, even though support behavior
uncertainties can be reduced more easily through
appropriate observations and specifications., The
support system will be modeled by means of the

stiffness method of structural analysis.
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: "3 In this text the methods used for the analysis
of the two structural components wiil consistently
be referred to as the finite element method for

the rock (continuum) analysis and as the stiffness
method for the support analysis. The distinction

between the two is rather arbitrary, but simplifies

G ki e o o

| the terminology. The finite element method is
"defined" here as the use of discrete triangular

Z : and quadrilateral elements to describe the mechanics
of the (rock) continuum while in the stiffness
method beam and spring elements are used to describe

the support system. There is no generally accepted

rigorous definition of these and similar methods
that use matrix analysis for the study of struc-
tures. Depending upon one's point of view, one

can consider the displacement finite element method
as used here as a particular type of stiffness

structural analysis (Przemieniecki, 1968), or one

might consider the stiffness method as used here
as a subsection of the finite element method (Desai .
and Abel, 1972).
The purpose of this chapter is not the develop- 3
ment of a computer program that might automate the
design of tunnel supports by substituting data

manipulations for engineering judgment. The purpose

B B T T
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is the development of a tool that can assist in
making an engineering judgment by quantifying and
rationalizing the procedures for deriving such a

judgment,

IXI-2, Finite Element Analysis of Rock Failure

» III-2,1., Introduction. Tunnel support load-

ing is caused by the convergence of the tunnel
walls that occurs after the support system has been
installed. The support pressures thus developed
must be sufficient to guarantee the stability of
the opening. As an extreme condition the stability
can be guaranteed by maintaining a stress state

that assures elastic rock behavior. Even neglecting

practical problems caused by the very early ine
stallation and the intimate contact necessary to
allow the development of such a stress state, it
remains an excessively conservative proposition and
an inefficient method to try to recreate an
equilibrium state equal to or even approximating

R the pre-tunneling state,

Frequently it is unavoidable (if not un-
desirable) that some failure does occur around the
opening, An optimized support system is one that

will allow failure to the extent that 't helps

g s
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mobilizing the inherent rock strength and thus

minimizes the support requirements, Once the

optimum is exceeded rock failure can become a

self-propagating phenomenon., This situation must
be avoided,
The study of the failed rock behavior around

the tunnel must be directed towards the determinae-

tiun Nf the mentioned optimum, and centered upon
the aralysis of the factors that influence the
location of the optimum. These factors character-
izing the broken rock zone can be determined, to
a greater or lesser extent, from two sources:
laboratory investigations of rock failure and ine-
situ observation of stability problems in tunnels,
The fundamental information must come from
controlled investigations on a laboratory scale,

and in-situ observations must confirm at least

qualitatively the extrapolation from the one situa-
tion to the other. The extrapolation redquires an
analysis technique that makes it possible to calcu-
late the consequences of the failure characteristics
determined under a specific set of circumstances

for a quite different set of conditions, The finite
element method is a numerical analysis technique

that might be sufficiently powerful and flexible to
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make such an extension possible, The use of the
finite element method in this context requires the
definition of the basic phenomena that characterize
rock failure and the formulation of a mathematical
model that will adequately describe these character=-
istics under the various circumstances for which

the model is to be used.

III-2.2, Characteristics of (Compressive)

Rock Failure. The discussion (and the computer

model) is limited to the failure of rock in purely
compressive stressfields. To some extent this
limitation can be justified by the argument that
compressive stressfields are more likely around
tunnels. Nevertheless this limitation remains
somewhat artificial,

The discuss$Sion is limited to a phenomeno-
logical description, and no attempt is made to
explain the mechanics of failure., Failure has some
consequences for the requirements of rock behavior
description that are significant for determining
tunnel support requirements, but (hopefully) at a
level well removed from the point where a detailed
study of crack initiation and propagation becomes

necessary. This presumption is basic for the here

it s S
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included attempt at a large-scale numerical analysis
of rock failure effects upon support loading,
Particularly during the last decade a great
deal of work has been performed in the area of rock
fracture mechanics, This has led, at least on the
laboratory scale, to a fairly comprehensive des-
cription of the principal features that characterize
rock fracture, from failure initiation down to final

collapse, It will be assumed here that these

features, studied mostly on small cylinders in
triaxial compression, also characterize rock failure
4 around tunnels, in polyaxial inhomogeneous stress-

: . fields, The experimental work on which the following

summary is based has been reported by Wawersik (1968),

k ' Wawersik and Fairhurst (1970), Wawersik and Brace
:

(1971), Brace (1963), Brace, et al., (1966), Brace

and Byerlee (1966), Wiebols, et al. (1968), Crouch

(1970a,b; 1971), Bieniawski (1970), Rummel and Faire

SRRy

hurst (1970), Hudson, et al. (1971), Cornet and

Fairhurst (1974), Cornet (1975).

Greatly simplified, the fracturing process can

be described as the progressive but somewhat over=

lapping sequence of three main developments:

i, Micro-fracturing, with opening of cracks,

volume increase or dilatation and change in "elastic"




properties,

ii, Decrease in stiffness or s:rain softening
and stable or unstable fracturing, i.e., energy
must be added to or withdrawn from the failing
rock as +the final collapse state is approached,

iii. Development of a major throughgoing
failure plane, characterized by extremely low
shear stiffness,

Phenomena i and ii are pervasive properties
of the failing rock, and on a scale substantially
larger than that of the "fracture details" the
failing rock remains homogeneous, This is no longer
true in the final collapse stage,

The principal tool that has been used for
quantifying the failure behavior is a set of com-
plete stress~strain and volumetric strain-axial

strain curves, For the application to the analysis

of the long-term stability of underground openings
it is necessary to have such curves for the rock

mass while it remains subjected to prolonged loading,

I1I-2.3. Finite Element Sjimulation of Rock

Failure.,

II11-2,3.1. Introduction, The interaction
between rock and supports is a complicated problem,

and unless greatly simplifying assumptions are made
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it is necessary to study it by means of numerical

techniques, Presently the most popular of these

techniques for the study of continuum mechanics
4 is the finite element method. The method has been
[ documented exhaustively in a large number of text-

books (e.g., Martin and Carey, 1973; Desai and

é Abel, 1972; Przemieniecki, 17v8), conferences in-

; ! cluding review and state-of-the~art papers and

innumerable publications on new developments of

: the method. A discussion of the fundamentals of

i the method seems therefore superfluous, and reference

will be made only to publications discussing problems

related to tunnel stability, rock failure, or both,
The finite element simulation of rock failure

used in this thesis closely follows the procedure

developed by Crouch (1970). In this approach

failure propagation is assumed to be equivalent -to

a sequential development of a series of elastic

states, Each state is characterized by an
iterative derivation of appropriate elastic cone
stants, The independent variables defining the
elastic constants are the largest principal strain
and the smallest principal stress, The "principal"
elastic constants are defined as secant values

from stress-strain and volumetric strain-axial
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strain curves, Because of the lack of numerical
information about failed rock properties some

"agssociated" constants are selected upon the basis

of qualitative considerations,

I1I-2,.3,2, Literature Survey. A number of
methods have been used to study rock failure by
means of finite element analysis, The earlier
developments of this type were based upon the
finite element methods formulated to study "stable"
plasticity problems, Such calculations clearly
are subject to the same kind of criticism as the
conventional closed-form plasticity solutions used
for the evaluation of tunnel support requirements
that have been discussed in section II-2, The
essential shortcoming of such methods is that they
do not allow for the deterioration of rock proper-
ties with failure propagation,

Reyes (1966) and Reyes and Deere (1966) used
the generalized Mohr-Coulomb criterion (Drucker
and Prager, 1952) to study the development of
plastic zones around circular tunnels during
incremental unloading of the "confining" pressure

on the tunnel walls, Kovari (1969) simplified the

generalized Mohr=Coulomb criterion by eliminating
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the intermadiate principal stress in order to
reduce computing time, Kovari imposed incompressible
flow and used the "initial stress" technique
(Zienkiewicz, 1971, pp. 372, 3Bl) to solve the
problem for several lined tunnels, Kovari included
a numerical example of the influence of neglecting
the construction sequence upon the stresses in the
support. He used equivalent nodal point forces
to simulate excavation of the tunnel. 1In a more
recent version of the program (Grob, 1973) the
fully generalized Drucker and Prager yield surface

seems to be used,

Dahl (1969) and Dahl and Voight (1969) used
an anisotropic generalization of the Mohr-Coulomb
yield function to study the plastic zone propagation
around a circular opening subjected to incremental

external loading. Dahl (1969) compared results for

incremental external loading with results for
incremental unloading of the walls of a hole in a
stressed medium and found the final results to be
quite insensitive to the used approach,

Baker, et al. (1969) used the same generalized
Mohr-Coulomb criterion as Reyes (1966) with an
improved method for the "plastic displacement"

corrections to study stresses and displacements
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around a deep circular tunnel, Chang, et al. (1972)
compared results from an analysis based upon

Reyes! (1966) derivation with published experi-
mental results and obtained a qualitatively similar
behavior., Baudendistel (1972, 1973) apparently
used a simple Mohr criterion and some type of
initial strain technique developed by Malina (1970).
Desai and Reese (1970) used a simple Mohr failure
criterion in combination with a non-linear stressa
strain curve approximated by tangent moduli to
study failure around an incrementally loaded deep
borehole., Hayashi and Hibino (1970) incrementally
unload the walls of a large underground cavity.
They assign lower stiffness values to the super-
ficial layer of blasted rock and use a parabolic
two-dimensional Mohr envelope as well as a vari-
able modulus and Poisson's ratio in combination
with an initial stress analysis that includes a
time increment, Ishijima and Suzuki (1970) combine
the original Griffith criterion with a timew
dependent decrease of the tensile strength included
therein and a decreasing modulus as well as an
increasing Poisson's ratio to study loading of a
circular tunnel support.

of particular interest within the context of

-
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this thesis, discussing the influence of rock

# failure on tunnel support requirements, are finite

element analyses that incorporate techniques for
simulating strain softening behavior. The incre-

mental-iterative model with secant orthotropic

elastic constants developed by Crouch (1970) is

used in the following section and is discussed

there in more detail, Hoyaux and Ladanyi (1970a,

b) used a somewhat similar pseudo-elastic analysis

but with isotropic strain-dependent elastic proper=-

T e ATt S T T

ties. These authors used a two~dimensional Tresca

as well as a parabolic failure criterion to study

5
3
5
A
3
o
4

plastic flow around shallow tunnels in a medium

with reduced post=peak strength,

The isotropic secant modulus variation, based
= upon relations between octahedral stress and strain

had been applied to plate loading tests of sand by

Girija vallabhan and Reese (1968) and to the
analysis of a rock-soil interaction problem by
Girija vallabhan and Jain (1972), A combination
of a variable "secant modulus"l with a stress

transfer technique is proposed by Lo and Lee (1973).

1Although not defined as "secant " by the
authors, who used the absolute value of the descend-
ing slope of the stress-strain curve in the post=
peak region,
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The amount of stress transfer is defined by the
properties of a residual (linear, two-dimensional)
Mohr-Coulomb envelope. A similar stress transfer
analysis for a strain-dependent strength decrease
has been used by Zienkiewicz, et al. (1970).

A somewhat extreme example of "secant"
modulus variation was given by Barla (1972). At
(compressive) fracture initiation, determined from
the modified Griffith criterion (Jaeger and Cook,
1969, p. 95), the Poisson'’s ratio is increased to
account for non-elastic volume increases. At
"strength failure," i.e., when a (non-linear)

failure envelope condition is reached, the strength

and stiffness of the concerned element(s) are
equated tﬁ zero. Around a circular opening in a
hydrostatic stressfield this implies total collapse,
A straightforward extension of incremental
nonlinear elastic solutions, including a negative

shear stiffness in the post-peak region, was used

by Perloff and Pombo (1969).

Models of rock failure based upon sedquential
variations of the secant stiffness properties can
be closely associated with an elastic or pseudo-
elastic approach. Some models are based more

directly upon a plastic formulation of the straine-
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p. 36; Lo and Lee,

I1I-16
softening problem, Prime examples of these are
the models developed by Gates (1971, 1972), by
H6eg (1972) and by Isenberg and Bagge (1972), The
method proposed by Hoeg involves an extension of
the von Mises yield criterion, while Gates as well id
as Isenberg and Bagge use a similar extension of
the generalized Drucker and Prager criterion., Gates 2
formulates a sudden complete reduction to residual

strength values and combines this with Reyes®! (1966)

S g e s ST i e ar s e e et e e

stress-strain matrix. HOeg and also Isenberg &
Bagge incorporate a negative strain-hardening term
in the stiffness matrix in order to simulate a
strain-softening material, This procedure had been
suggested by Dahl (1969, Appendix B) in a discussion
of the significance of strain softening for rock
mechanics problems,

There is little doubt but that serious problems
remain to be solved in the general area of simulating

strain-softening behavior by means of finite element

techniques, Neither for the pseudo-elastic nor

for the pseudo-plastic approach have the questions

of uniqueness, convergence or stability received a

satisfactory final answer (Crouch, 1970, p. 98;

Isenberg and Bagge, 1972, p. 1157; Desai, 1972,

1972), Probably the best
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argument for using such methods at present is the
heuristic justification invoked by Zienkiewicz
(1971, p. 370) for engineering applications of non-

linear finite element analysis,

III-2.,3.3. Finite Element Simulation of

- Compressive Rock Failure,
III-2,3.,3.1, Introduction, The finite

element analysis of compressive rock failure used

in this thesis follows an incremental-iterative
path similar to the one developed by Crouch (1970).
In this model it is assumed that propagating rock
failure can be considered as being equivalent to a
sequence of pseudo-glastic states, each one of
these corresponding to the rock mass behavior after
the last load increment or decrement. After each
change in boundary conditions, corresponding either
to a load increment on the structure or to an

: additional step in,the sequential excavation of

an opening in a stressed medium, iterations are

2 performed to determine a set of elastic constants
corresponding to the new stress and strain state

in every element, The failed rock is thus treated

% |
: B
;{.' F
1
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at each increment as an inhomogeneous linearly

elastic continuum build up of elements with properties
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derived from the preceding stress and strain cone
ditions to which they have been subjected.

The main practical problem with this approach,
besides the previously-mentioned more fundamental
difficulties of uniqueness, convergence and sta-
bility, is the determination of a sequence of
pseudo-elastic constants that will guarantee a
fair modeling of rock failure. In order to illus-
trate the combination of empirical data, mathe-
matical derivations and heuristic arguments upon
which such a selection of equivalent constants is
based, the procedure will be detailed for a few
elastic models. Starting with the assumption of
isotropy, the models progress from the simplest
one, one that is probably physically not very
satisfactory, but that allows the most internally

coherent and rational derivations,

III-2,3,.3,2. 1Isotropic rock failure model.
Although rock failure causes tlie ~ock to lose its
(presumed initial) isotropy, it is worthwhile to
discuss the requirements that would be imposed upon
a set of equivalent isotropic elastic constants
used to model rock failure. The assumption of

isotropy simplifies the mathematical expressions
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while providing an easier insight into the physical
nature of the problem and still illustrating the
general redquirements of a finite element rock
failure model.

The principal failure characteristics as
presented in the greatly simplified discussion of
section III-2.2 are represented, in a linearized
form that will be used throughout, in Figure III.1,
These graphs show, for an idealized uniaxial come
pression test, the axial stress and the lateral
strain or volume change as & function of the axial
strain, The secant isotropic elastic constants

at any strain level can be derived from:

5, 2V
Sz = .-—E- ér + ée = -J'-E- 62 = -2)/5 2 (I11-2,1)

The equivalent secant elastic modulus E
decreases as soon as fracture is initiated, while
the equivalent Poisson's ratio starts increasing
at that point, The changes accelerate in the post-
peak region, until the residual plateau is reached,
and the changes slow down rapidly. 1In the finite
element model of the uniaxial compression test the
elastic constants E:j and 1/j, after any applied

strain increment j, are calculated from:

. € : £.t€
"“Jréf ,,J=_§_€;.9_ (I11-2,2)
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Figure III.,1. Idealized Uniaxial Compression

Stress=Strain Curve and Associated

Lateral Expansion er + Ee. The

Elastic Modulus E and the Poisson's

Ratio V are Secants,
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52 and gr + Ee are the total axial stress
and lateral volumetric strain in any element with
total largest principal stiain Ez after the boundary
condition increment j has been applied. The problem
is solved again with the same boundary conditions,
and if a significant strain change has occurred in
one or more elements the elastic constants are
adjusted so that they correspond to the new strain
level, This procedure is iterated until no more
changes take place. The next boundary load or dis-
placement increment or decrement is then applied.

Rock failure is, even qualitatively, strongly
dependent upon the confining pressure. For this
reason it is necessary to specify the pseudo-elastic
constants for a range of confining pressure levels,
In the computer program it ;s assumed that the
intermediate principal .stress does not influence
rock fracturing, and that the confining pressure
equals the smallest principal stress. The require=
ments this entails for the finite element analysis
can be derived by considering an (idealized) tri-
axial compression test. 'In this case the stress-

strain relations are given by:

z E : B E (I11~2.3)
L=+ §g) 2V, 20V =2V

€.+ &g = E “E E
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The secant to the axial stress-strain curve
k is no longer the elastic modulus, and neither is
fﬁ the Poisson's ratio (half) the secant of the lateral
volumetric strain versus axial strain diagram, §
Both curves depend upon both elastic constants, !
and a straightforward derivation as "secants" is
; no longer possible. 1In order to find such a direct
secant definition, one can rewrite equations
(III-2.3) in terms of the total volumetric strain:

( o‘r+ 6‘e+ 6‘2) (1-2 V) ) 6 +2 S‘CO

E -
IR ACRIC E = 73K

(1I11-2.4)

n

4 % It is thus possible, from a plot of the total

a b volumetric strain versus the first stress invariant,

to define the bulk modulus K as a pseudo-elastic
constant, A second (independent) elastic constant

that can be derived from a polyaxial test is the

T shear modulus G, Indeed, one can rewrite (III-2.3)
2 i in the form:

: & £ € &r _ (26’z- cr- cﬁ) S = §2= fcon

(I11-2.,5)

Bquations (III-2.4) and (I11I-2.5) permit the

derivation of the two independent "secant" elastic

constants K and G. It is then a trivial matter to

calculate the correspondihg values for the Poisson's
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ratio V and for the elastic modulus E that are used

in the stiffness matrix formulation.

g
e
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Bquations (III-2.4) and (III-2.5) indicate

=

o FQ limiting necessary conditions that must be satis-

i fied by the "experimental" volume-stress-strain

v relations in order that they might be represented
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by an equivalent secant isotropic model. From the

)
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conditions that bulk and shear modulus must be

positive follow the requirements:

E .+ Eg+ &, >0 252-(ée+€r)>0

Alternatively this can be expressed as:

>0 0«

ﬁ 9KG vo3K=26 .
' 3K+ G T 2(3 K + G)

The last of the latter conditions clearly

indicates the restrictive character of the iso=-

tropic model. Indeed, numerous experiments have

shown that frequently, and even well before the

peak strength is reached, the tested rock could no

longer be considered as an "equivalent isotropic"

material, because such an assumption would violate

the requirement that the Poisson's ratio should

not exceed 0.5,

A somewhat arbitrarily selected set of com-

plete stress-strain curves is shown in Figures III.Z2.

Intact and residual strengths were selected so that
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the intact and residual failure envelopes would be
linear (¢i = 300, ¢r = 150). In order to illustrate
the restrictions imposed by the isotropy conditions,
long-dashed lines on Figures b and ¢ indicate
the limits of the domain that can be covered by an
isotropic model, These lines correspond to a
residual Poisson's ratio equal to one-half. Because
numerical instabilities in the solution of the
stiffness equations are likely to occur well before
this limit is reached, a bound of more practical
significance is indicated by the solid lines,
corresponding to @ maximum residual Poisson's
ratio of 0.45. As a consequence of this restriction
the volume increase (Figure III.2c = K secant) ends
when the peak strength is reached. The initial
section of the graphs in III.2b corresponds to an
idealized triaxial test in which the pressures are
increased hydrostatically until the confining
pressure is reached (solid lines) or in which the
confining pressure is applied first (dotted lines).
Two possibilities exist for the use of the
preceding derivations in the plane strain finite
element analysis. It is possible to use a set of
curves as shown in Figures III.Z2 as input data,

and to consider the resulting largest principal

i sl T
¥ - 0
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Poisson's ratio of 0.45, long-
dashed lines for a residual Poisson'
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strain and smallest principal stress in every (plane)
element as equivalent to the axial strain and the
confining pressure in polyaxial tests, One would
then proceed by using equations (III-2.4) and
(III-2,5) to calculate the equivalent elastic cone
stants, The simplified results of such a translation
from a triaxial to a plane strain domain performed
(analytically) on the graphs on Figures III.2a and b
are shown in Figures III.3a and b. These results
are not strictly “linear" because of the simul-
taneous change of the Poisson's ratio and of the
elastic modulus. (An indication of the simplifica-
tion introduced here is given, in the ascending
section only, by the dotted lines for the zero
ccifining pressure curve).

An alternative approach was incorporated into

the computer program included in Appendix C. It
was assumed that a set of (idealized) results from
a series of plane strain tests at different "con-
fining" pressures were available, and that their
appearance would be entirely similar to that of
Figures III.3. The pseudo-elastic constants are
calculated directly from the following expressions,
the equivalents of (1II-2.,4) and (III-2.5) for the

plane strain case:

o o 2
i P s ‘.1.&;‘_,. %
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i 1
- -4 Ve 6, Ex - &, €x
3 e (6, + 6’z) Ex-( 6,+6)E&,

(I11-2,6)

(1+V) [ (1= V) Sz - v6x]
E = ‘zf

Z

Ll i

The derivation of these equations, in which

PSIEeE SV N

the z-direction corresponds to the larger and the

x-direction to the smaller in-plane directions, is

given in Appendix B=l. The numerical approximations

calculated according to this method, with a single

square finite element, for a minimum principal

stress equal to zero and for a minimum principal

stress equal to 6,000 psi respectively are shown in

Figures 1II.4a and b. The solid lines and squared

points are input, while the dotted lines and circled

points indicate the successive approximations under

stepwise increased axial strain.

I1I-2.,3.3.3. Orthotropic rock failure model,

Rock fracture initiation coincides with the develop-

ment or propagation of cracks, usually in preferrea

directions, depending upon the three-dimensional

stress state, Detailed study of the fracture

mechanism (see authors listed in section III-2.2,

particularly Wawersik) has clearly revealed this

directional character of crack development and rock
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Figure III.4a.

Numerical Approximation (dashed
lines, circled points) to an
Idealized Plane Strain Compression
Input (solid lines, squared points)
for Zero Minimum Principal Stress,
Calculation with one square finite
element and stepwise incr%?ented
largest principal strain 2°
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¥ failure, This implies that an isotropic model is

i3; unlikely to be satisfactory for the description of
rock failure,

The most reasonable three-dimensional generalizae
tion of the isot:iopic pseudo-elastic failure model
would seem to be that of an orthotropic medium
(orthogonally-anisctropic or orthorombic; Lekhnitskii,
1963, p. 19; Hearmon, 1961, p. 36), i.e., a material &
with three orthogonal planes of elastic symmetry. ﬁf
The three planes of symmetry are assumed to
correspond pointwise to the planes perpendicular
to the principal stress directions. This is based
on the assumption that the facility of crack develop-

ment il a particular direction, and therefore the

directional softening and dilatancy, is determined i
by and only by the principal stresses, their
directions and relative values,
It is obvious that the determination of the
) nine independent elastic constants in this model is
a major task, and a problem that requires, in the
* absence of experimental data, that several assump-

tions be made. In order to develop some guidelines

for the selection of these constants it is worthwhile .

to look in some more detail at the triaxial come .

pressive test, one of the most frequently performed
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and therefore best documented rock tests. 1In an

ideal triaxial test the radial and tangential
directions are fully equivalent ( 66 = 6; and

Ee = er) . Assuming that this remains true during
failure, the orthotropic model can be reduced to a
transversally isotropic one, the number of inde-
pendent elastic constants reduces to five, and the

stress-strain relations can be written as:

el §, -V, 6 _ 22-6 y ==f££
r El E2 z rz G
6~V V. t
€ = Z M T::'z' ¢, Yoy = _gg (I11-2,7)
1 2
VE Gﬁ 2(1+ Vi) ter
£z ;-.-Ez. ( 6‘r x 6.6) + -I::; Ier = El

There is little or no information about values
for the shear modulus during rock failure, and

therefore its value is determined from the follow-

ing combination:

2y
%;. = ;IE- + élE-:-— + -E-?- (II1I-2.8)
1 2 2

This reduces to the correct expression for an
isotropic material, and it is a special reduction
from the more general formulation given in Appendix

B-4.

It is possible to derive some information
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about the secant elastic properties from a uniaxial
compressive test on a cylindrical rock specimen,

as equations (III-2,7) then reduce to:

’ : 2 6'z
£ = - o=  —— =
&r HIES —--Ez o"z Ez E (I11-2.9)

Complementing this with assumed relations for
the remaining unknown constants )& and E, fully
defines the pseudo-elastic sequence. The problem
is somewhat more complicated in a conventional

i i i 6 = =6
triaxial test, where, with  on 6; o the

following relations are measured:

E +€ =2(1-V;L) ts.C°n-2V2¢$‘
r o El E2 z
(I111-2.10)
£z=_2yg€con+:‘z
2 2

It does not appear feasible to reduce these

equations into a form that permits a direct secant
formulation of the type given by equations (III-2.4)
and (II1I-2.5) for the isotropic material. The

ik most direct approach to the determination of the
elastic constants is then based upon the substitu-

tion of assumed relations for \& and El in function

of \b and E, into (II1I-2.10), followed by a pointe
wise calculation along the stress-strain curves of

the appropriate elastic constants for various
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confining pressures. The assumed relations between
the elastic constants must, as a minimum condition,
correspond to an assumption that is physically

reasonable., One such relation was proposed and

discussed in some detail by Crouch (1970, p. 90): *
EO vb
ST (Vz =0 l’1=l+°c( 2 _ ., .
Vo Vo ~
(I11-2.11)

Eo and Lg are the initial elastic modulus and
Poisson's ratio of the unfailed (isotropic) rock,
& is an as yet undetermined parameter. These
relations were based on the assumption that the
stiffness perpendicular to the largest principal
stress decreases with increasing (inelastic)
lateral expansion. Substituting expressions (III=2,11)
into the stress-strain relations (III-2,10) results
in equations for all elastic constants in function
of the stress-strain-volume input data., In order
to ensure positive definiteness of the sequential »

elastic systems, it is necessary to impose con-

ditions similar to the redquirements that the iso=- .
tropic modulus be positive and the Poisson's ratio
less than one~half; the choice of the as yet un-

determined parameter o facilitates satisfying

this requirement, Details and manipulations are
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given in Appendix B-3, as well as a more compre-
hensive discussion of the problems involved in the
calculations,

In order to apply a derivation similar to
the preceding one for the analysis of a polyaxial
test to the study of a plane strain problem,
accepting the anisotropy assumption for which far
less justification exists in this case, it is
necessary to make several decisions. The first
and most straightforward possibility at this stage
is the one previously mentioned in the discussion
of the isotropic model: analyze the plane strain
problem, consider the largest principal strain
and the smallest principal stress in each element
and at every iteration as independent variables
equivalent to the axial strain and the confining
pressure in the triaxial test, and calculate the
new elastic constants with the expressions derived
in Appendix B=3, based upon the preceding discussion,
The last decision that remains open then is whether
to assign the plane strain direction constants
equal to those in the direction of the largest
principal strain or equal to those in the direction

of the smallest principal stress,

2Back-analysis of plane-strain experiments
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An alternative method, again parallel to the
isotropic discussion, is to start with the assump-
tion of the availability of plane strain data input.
The expressions used for the calculation of the '
sequence of elastic constants are then derived
directly from the plane strain stress-strain formu-
lations. It will then be necessary to start the
derivation with the decision of whether the plane
strain direction is equivalent to the largest
strain or to the smallest stress direction. A

more comprehensive discussion of this alternative

e s i

is presented in Appendix B-3.

There is little doubt but that the physically
most appealing model is the fully orthotropic one,
Moreover, a fully consistent formulation of such a
model would eliminate the need for a separate
consideration of each particular boundary condition
problem (e.g., plane strain versus triaxial), a
particularly inelegant aspect of the preceding dis=-
cussion, Unfortunately, the number of constants and
the lack of experimental evidence create a situation

where the derivation of equivalent elastic constants

on rock could provide an indication which is more
appropriate, or whether the anisotropy assumption
is a reasonable cne altogether.
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becomes increasingly arbitrary and artificial,
};; Ideally, one should wish for a completely sym-
g.; metric formulation of the derivation of the
equivalent pseudo-elastic constants, in such a
form that "special cases" such as plane strain or

b axisymmetric conditions could logically and simply

be derived from it. Such a formulation has not

been attempted here.

III-3, Stiffness Analysis of Tunnel Supports

III-3.1. Introduction. Two basic require=-

ments must be satisfied by a support model that is

to be part of the numerical analysis of the rock-

structure interaction, 1In the first place it must

permit the generation of realistic reaction forces,

This requires that the support model, compressed

during tunnel convergence, induces accurate support

stresses in the rock mass., In the second place it

is necessary to obtain sufficient information

about the stresses in the support, so that the

safety as well as the efficiency of the system can

be evaluated.

Several stiffness methods have been used to

study support behavior and the influence of supports

on tunnel stability. One of the simplest methods,

and one that has some attractiveness when one has
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access only to a very simple finite element pro-
gram consists in using constant strain triangular

or linear strain quadrilateral plane elements

divotrs & i A L AR ol

(e.g., Zienkiewicz, et al.,, 1968; Zienkiewicz, 1971,

p. 389; Baudendistel, 1972, 1973). Part of the
overall mesh is then used to represent the support
sy&tem, and the elements in that part are given
support (e.g., concrete) properties. In principle
it should be possible to use such a method. But
because of the poor characteristics of these
"simple" elements under bending conditions it is
necessary to use a large number of elements across
the support section, or to limit these methods to
problems where bending strains are comparatively
small, It will be shown in the next section that
the support models used by the aforementioned
authors are inadequate for the types of support

loading they considered.

A second very simple support model is obtained

by representing the support action as a pressure
applied to the tunnel walls (Heuzé and Goodman,
1972). As in the preceding case, its simplicity
makes this model attractive, It does assume that
the support behavior is known, rather than provide

information about it., Nevertheless, under

——
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appropriate conditions, such as thg case of a
failed support considered by Heuzé and Goodman
(1972), it provides an approximation that could be
improved only by going to a great deal of sophistica~
tion.

A more precise tool for modeling the support
system is provided by stiffness structural analysis.
Kovari (1969) derived a combination of one-dimen-
sional bar elements, equivalent to a concrete
liner. Dixon (1969, 1971, 1973) and Isenberg
(1973) used beam elements to represent the support.
This type of element will be used here, because it
minimizes the number of equations needed for
adequate support representation, while allowing
an accurate stiffness model and providing full
information about support moments, stresses and
displacements,

A general discussion of the necessary require=-
ments to be satisfied by a support model must be
restricted by the great variability of support
characteristics. Because this variability is
mainly related to installation procedures and cone
struction details, it is necessary to pay careful
attention to the elements that determine the stiff-

ness of the rock-support interface. The same

y
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factors that were shown to have a dominating role
on the support system stiffness in section II-6
must also be considered here, in addition to fac=-
tors that can become significant in the general
non-axisymmetric case., The requirements this

poses for the numerical model will be discussed

! separately for a variety of support methods, as
f indeed different support systems tend to have ‘sery

different interface structures,

T

1 ! III-3.2, Stiffness Model of Tunnel Supports.
F
f A very simple model for shotcrete and concrete

supports has been used by Baudendistel (1972, 1973)
and by Zienkiewicz (1968, 1971). Because it makes
use of triangular and quadrilateral elements, its
incorporation into a finite element analysis is of
trivial facility and therefore very tempting. Such

a method must raise serious doubts as to the accuracy

of the results, because of the questionable value
of the used element types when 2 single element
must account for the entire strain variation

associated with bending or for a large fraction

thereof. Such situations do arise in most of the

problems discussed by the above-mentioned authors.,

s S

Indeed, because a relatively large number of
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elements is already used to represent the rock
mass, one tends to minimize the number of elements
used to represent the support structure. Such a
minimization can easily lead to large numerical
inaccuracies in stress and displacement results,
Although fairly large errors in some of these
results might be acceptable, one should be aware
of conditions where they can occur, as well as of
the cumulative effect they can have, The latter
consequence results from the fact that under non-
homogeneous loading the models described by the
preceding authors tend to be much stiffer than the
actual supports they are supposed to represent,
i.e., the external displacements of the support,
at the rock=support contact, tend to be smaller
than the true values, This obviously influences the
results of iterative schemes used to approach: non-
linear rock mass behavior. By the same token it
makes the use of such simple methods unreliable
for the calculation of the stress distribution in
the support, i.e., for evaluating the safety or
the efficiency of a particular system,

The support models used by Zienkiewicz, et
al. (1968) and by Baudendistel (1972, 1973) are

shown in Figures III.5a and b, as well as the




W TP

A S

III-46

Figure III.5a.

Tunnel Support Model (A) Used by
Zienkiewicz, et al. (1968) and
Loading Conditions (B=E) used to
Evaluate the Adequacy of the Model,
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Figure 111.5Db,

Tunnel Support Model (A) used by
Baudendistel (1972, 1973) and
Loading Conditions (B=G) used to
Evaluate the Adequacy of the Model,
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loading configurations that have been used to
evaluate the adequacy of the models. The results
of the evaluation are summarized in Table III-l,
The first column of this table gives a problem
designation, corresponding to Figure III.5a for

Z and to Figure III.5b for B, The second letter

indicates the loading case.3

Two types of stiffness models have been
used, and the results under various loads compared
with the theoretical results. For the in-plane

plate element analysis either constaat strain

3All calculations on which the results in ;
this section are based were performed with FORTRAN ;
programs in single precision arithmetic on a CDC 5
6600 computer (with about 14 significant decimal
digits per word). This should minimize the errors
compared to the ones resulting on most other come
puter types, Gaussian block elimination was used ]
to solve the stiffness equations, The nodal point ¢
numbering system was always the same, and corresponded é
to a solution sequence away frcm the fixed nodes 3
(e.g., ZB, BE, BF), towards the fixed nodes (e.g., |
ZE, BG), or a mixed sequence (e.g., BC). This *‘ype
of analysis should correspond reasonably well to
an analysis that might be performed under routine
conditions, when no special attention is paid to
error minimization., It is realized that the matrix
population density is particularly low in these g
problems, lower than it wculd be if the supports ;
were connected within a larger mesh, so that the
errors are likely to be larger, at least if they
contain an error component due to the equation
solver (Melosh, 1969).

s - o W y
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¥ Table III-1. Relative Errors (%) for Support
T Stiffness Models Consisting of in- A
plane Elements and of Beam Elements. -
] Loading cases ard meshes are illus=~ 1
trated in Figure III.5a for problems
4 Z and in Figure III,5b for problems B ;-
A y?.
| Plate Elements Beam Elements :
No, No. % No. No, % 3
Problem Type El, NP _Error El, NP Error £
ZB T 36 30 0.8
zc T 36 30 165, 9 10 4.04
ZD T 36 35 170. 9 10 0.24 ¥
ZE T 25 21 94,6 3
BB Q@ 20 42 0.2
BC Q@ 20 42 1366. 20 21 0.73
0
BC T 80 62 1370, E
| *_‘
BC Qs 20 42 23,1 4
BD Q 20 42 160.2 20 21 1.30 A
BD Qs 20 42 295,
BE @ 20 42135, 20 21 0.3l b
BE Qs 20 42  48.8
l-
i BF Q@ 10 22 1405. 10 11  0.52 :
?;
BF Qs 10 22 91,7 1
) BG @ 10 22 1380, 10 11 0.0l
BG @s 10 22 38,8
. N “:?

A
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triangular elements (T), quadrilateral (Q) elements
with a stiffness matrix build up from four tri-
angles and elimination of the central nodal point,
or a higher order quadrilateral element (QS,
Wilson, 1970) have been used. The number of ele=~
ments and the number of nodal points is tabulated
so that a quick comparison of the work necessary
to calculate the stiffness matrix and of the number
of equations to be solved is possible. The largest
relative error in the nodal peoint displacements is
given in the last column of each of the basic
element type tabulations,

The relative errors that occur with the plate
element model clearly indicate the existence of
two very different types of problems. Very accurate
displacement results are obtained for a thick wall
cylinder under radially symmetric load (problems
ZB and BB), Very large errors occur in all tested
cases vhere bending displacements dominate. None
such errors are observed in the models using
(straight) beam elements. As would be expected in
the displacement finite element method, the errors
in the stresses at the element centers tend to be
more erratic and generally larger than the dis-

placement errors,

s e b T L i G e i iy




'3,
b
.

3

¥

ek
i)'

.
A4
s,
i

i

o
%
5

L]

III=51

The very poor behavior of the "triangular"
and the "quadrilateral" models under bending is
very clear, and not unexpected (Zienkiewicz, 1971,
P. 155; Wilson, 1970), More specifically for tunnel
supports, Vouille (1974) used triangular elements
with six nodal points, and justified this choice by
mentioning the difficulty of obtaining adequate
accuracy with simpler elements, Although the
meshes of Figure III.5 would be adequate under some
very special circumstances, e.g., hydrostatic
loading and circular structure, and small varia-
tions thereof, it would appear that beam elements
can usually be relied upon to provide better results

with less computing time.

II11-3.3, Stiffness Model of the Rock-Support

Interface,

I1I-3.3.1., Introduction., Incorporating the
connection between rock and support into the
analysis requires as much care as does the develop-
ment of rock and support models, This could already
be expected from the results in section II-6, where
it was shown how dominant the influence of connecting
elements can be upon the overall stiffness of the

support in a circular tunnel, 1In the general case
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of non-~hydrostatic loading and non—circular problem
geometry some additional factors will have to be
considered.

A realistic discussion of the support-rock
mass interaction must take into account the three=
dimensional nature of the problem, This aspect of
tunnel support loading will be taken up in more
detail in section III-4,.2,

The interface between rock and supports must
be charicterized by an appropriate combination of
shear und normal stiffness, What constitutes an
"appropriate combination" will depend on the support
type, and also rather strongly on construction
procedures. For these reasons the interface cone
nections will ﬁe,discussed separately for a number
of common support systems., The type of interface
stiffness also has an influence upon the require-~
ments to be imposed on the support model itself.

A complete separation of the two would be somewhat
artificial and therefore this mutual influence
also is discussed under this heading.

Although the principles of an interface model
can be based on mechanical concepts, the numerical
values can be obtained only from actual installed

supports., For some support types it is possible to
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combine visual observation with simple assumptions

to obtain a reasonable estimate of the interface

stiffness., For other support types this is a very
- dquestionable approach, although it is generally

unavoidable. Indeed, the published information on

the subject is widely scattered, usually more or

less incidentally included in the presentation of

case histories, and frequently incomplete and

qualitative or descriptive., One of the few definite
statements that can be made is that a wide range of
stiffness values do occur. It is therefore worthe

while to consider the consequences of such varie

Aﬁ ations for support requirements, and particularly

their influence on the efficiency of various support

systems,

I11-3.3.2, Stiffness model of a blocked
steel set. The analysis of a blocked steel set as
a stiffness structural problem is of practical
significance because of the continued widespread use
of steel supports, In addition it allows an easy

illustration of the problems that arise in the

development of a realistic model for a rather
simple support structure.
The basic model of the blocked steel set is

shown in Figure III.6. The steel set itself is
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Figure III.6. tiffness Model of a Blocked Steel -
Set, b
.

A: Beam Element 5
;: B: Hinged Bar (Spring) Element :
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represented by a number of straight beam elements,
and the wooden blocks by one-dimensionzal bar ele-
ments, These springs function in compression only.
The external hinges on the spring element coincide
with finite element mesh nodal points representing
points on the tunnel circumference. The model
implies that no shear stiffness exists between rock
and steel. This can be justified by the very low
combined shear strength of the wood-rock contact,
the wood=wood contacts, the wood=-steel contact and
the wood shear stiffness (Proctor and White, 1968,
Pp. 208=209)., This justification also implies that
all set loads are in-~plane loads, a conclusion that
might be valid in clean-cut situations, with rela-
tively large overbreak and consistent separation
between rock and steel. Frequently this is not
the case, particularly when the convergence is
large and a soft ground embeds the steel set. In
such situations there is no reason to presume that
the rock displacement patterns are limited to two
dimensions, and this is especially unlikely when
the rock behavior is dominated by joints, shear
zones or other discontinuities., The simplest

evidence for out-of=plane loads is given by the

turning over of steel sets,

e s g e
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The stiffness calculation will commonly be -

performed internally, and it is therefore necessary

BTN N St A

to adjust the input parameters in such a way that
4 the pointwise, three-dimensional nature of the

contact between rock and steel set is accounted 8
for, The simplest way to make this adjustment for

the steel set itself is by using the properties of i

the steel set as installed, and multiplying the 1

5
N
i

stiffness matrix:of the surrounding rock mass with
a thickness factor equal to the set spacing., The

stiffness of thefwood blocking can be estimated :

from the (usually flimsy) available information

about block spacing, amount of overbreak, type of

O

block build-up, and care exerted in the blocking

point construction, Maintaining a constant dis-

RTOIIE

tance between rock and steel set facilitates data

IR ICTE

generation, and therefore stiffness variations of

the blocking points can best be entered as variations
in area and in elastic modulus, It is likely that -
a statistical variation of such parameters, based

upon a sufficiently large number of observations of

blocked steel sets, could produce a range of block=-

ing point types and spacings that covers common | 4
practice.

f Of particular significance in the analysis of
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a horseshoe-shaped steel set as shown in Figure

II1.6 is the characterization of the footing

B L B L e

spring., This footing spring is a very simple symbol
1 for a complex structural component consisting of
g the connection between the steel set and the wall

b plate, the wall plate itself, what frequently amounts

’{‘” k to not much more but a very wet layer of disinte-
1 grated rock, and finally the floor rock itself,
more or less scattered depending upon the amount

| of explosives used to avoid tight corners., The

5 footing stiffness can have a dominant influence

upon the overall vertical stiffness of the sﬁpport.

3 This is particularly so because it is not uncommon
that footings have less strength than the sets
resting on them, Some examples of situations where
this condition exists can be seen in Proctor 'and
White (1968), pp. 84, 86, 126, A case of wall plate

collapse is described by Hopper, et al. (1972).

Numerous factors complicate a straightforward

definition of the footing spring, but they all

* tend to indicate that this spring, unless its real
equivalent is carefully designed and built, will be
of lower strength, will be non-linear and will be
of greatly reduced stiffrness in comparison with

the steel set resting on it,
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f; III-3.3.3. Stiffness model of shotcrete

j support., The interface modeling problem for a

E shotcrete support is likely to be nonexistent in

; most situations where shotcrete can be applied

T,

G v

successfully. In such situations the assumption of
complete displacement continuity between rock and
support is probably realistic. This eliminates

the interface modeling problem, but by the same
token greatly complicates the overall support
modeling problem, Because shotcrete is usually
sprayed as close to the face as possible, the
problem of the initial loading sequence is generally
three-dimensional. Because of the shear stiffness
between rock and support tangential load components,
in=plane as well as out-of-plane forces do exist.
Moreover, the major three~dimensional effects
coincide with the period of rapid change in stiffa-
ness of the shotcrete layer., An additional problem,
of main but not exclusive interest in blasted
tunnels, is posed by surface irregularities., It is
next to impossible to model 2ll irregularities in
detail., But when they have a major effect upon

the shotcrete behavior (e.g., Mahar, et al., 1972,

p. 675) a model that entirely negates their in-

fluence is obviously inadeqiate,
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I11.3.3.4., Cast-in-place concrete, Pouring

of concrete generally proceeds only after the

stability of the tunnel has been guaranteed, at

least temporarily. If the temporary support is

left in place, unchanged, during the concreting

operation, loading of the concrete liner will occur

only when a stiffness change develops in any of

the components of the statically indeterminate

structural system, Concrete support loading is

therefore essentially a time~dependent phenomenon.

The interface between cast-in-place concrete

and rock will greatly depend upon the construction

techniques employed during casting., In any event,

a complete displacement continuity between rock

and concrete (as assumed for example by Zienkiewicz,

et al,, 1968) is unlikely to exist., The most

obvious reason for this is the almost unavoidable

gap between rock and concrete in the roof following

concrete settlement, and the all-around influence

of shrinkage, With the growing tendency to avoid

the labor costs associated with removing the wood

blocks, and the use of longer telescoping concrete

forms it becomes more difficult to assure a homo-

geneous distribution of concrete around the entire

tunnel periphery.
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For these reasons, and given the lack of
published field information, the contact problem
for a concrete liner remains largely an unknown
quantity., Reasonable assumptions for a first
approach to an analysis are that the shear stiff-
ness of the contact will be very low, and that
numerous gaps will cause a quite erratically
variable normal stiffness distribution, with very
low normal stiffness likely during the initial

tunnel convergence following concreting,

I1I-3.3.5. Rock bolt model. The interaction
between mechanical bolts and rock is determined by
the strength of the anchor and of the bearing plate
contacts, A realistic model must allow slip or
crushing at an appropriate stress level,

The interaction between grouted bolts and
rock is determined by the shear stiffness along
the bolt of the grout-rock and grout-bolt contact
as well as by the shear stiffness of the grout
itself. The relative displacements allowed by
these shear elements determine the induced stresses,
and thus the stabilizing effect of the bolts, The

relative displacements depend on the quality of

the contacts, and this is likely to depend upon
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rock type, precision of the drilled hole and worke
manship quality.

A detailed stiffness model of a bolt would
require a very large number of elements to repree
sent the great stiffness variations between steel,
grout and rock that occur over very short distances,

and would have to be three-=dimensional.

I11-3.3.6., Concluding remarks on the
support-rock interface model, The comnecting ele=~
ments, or the absence thereof, between rock and
support can be considered as an integral part of
the support system if so desired. They can certainly
not be treated as a fully known quantity, however,
but are more likely to be very variable and fre-
quently unknown parameters, This obviously does
not mean that their importance can be neglected,
but requires that a reasonable assessment be made
of what range of stiffness parameters might
characterize the interface,

As more sophisticated and costly analysis
techniques are used it becomes necessary to include
such variations more precisely if the irproved

technigues are to be truly as realistic as they are

assumed to be. The above discussion centered on
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ﬁ the problems this creates for some of the commonly g
%ﬁ used support systems, Stiffness analysis is a ?L
é powerful tool, and in its most advanced forms can ;
E deal with the problems, This does not alleviate }
% | the problem of obtaining adequate informaiion, in ‘5'
j { fact, as the model becomes more comprehensive and E?
; | complicated the input information problem becomes ] i
} more acute. This does not negate the value of the ;?
3 analysis method for studying the significance of g
é the various parameters, but its efficient use as f
a design tool prerequires parametric analyses in %
order to determine what are the truly important ;
parameters, é
III-4, sStiffness Analysis of Tunnel Support ;
Loading Caused by Rock Failure 5
I1I-4,1. Introduction, The progressive §
loading of tunnel supports during the face advance %
is studied in two ways., In the first approach the %

three~dimensional problem is reduced to a two-

dimensional one by considering an axisymmetric

case, Tunnel and support are circular (or at - ;
least the tunnel support stiffness can be reduced 3
to an axisymmetric expression), the stressfield is %j
hydrostatic, at least in the plane perpendicular to %
the tunnel axis, and gravity effects are neglected. -f
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This model is a direct generalization of the analysis
in Chapter 1I,
In the second approach a plane strain finite
element model is used. The boundary conditions
are changed sequentially so that an approximate
simulation of the three-dimensional face~influence

is made.

I1I-4.2, Influence of the Face Distance Upon

Support Loading and Rock Failure.

III-4.2,1., Introduction., In most theoretical
analyses of tunnel support loading the problem is
treated as a two=dimensional one, in a plane
perpendicular to the tunnel axis, Such an analysis
is clearly inadequate to study the events near the
face. When neither rock nor support undergo time=-
dependent stiffness changes, the final equilibrium
state will be reached within a relatively short
distance (corresponding to a few diameters at most)
from the face. Even in the more general case
where time-dependent stiffness changes do occur
the initial loading can be influenced strongly by
the three-dimensional nature of the problem,

Because of the nearness of the face (stiff-

ness), the tunnel wall convergence, even in an
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ideally elastic rock mass, approaches its full
value only at some distance behind the face,
Terzaghi (1946, pp. 65-66) describes this support
provided by the face in terms of a dome action,
and visualizes a transition from a half-dome near
the face to an arch at about one and a half times
the advance length behind the face. Peck (1969,
p. 249) suggests that the face influence can be
taken into account by allowing for a fraction of
the wall convergence to occur prior to the support
installation, i.e., by giving the support load-
deflection curve an offset from the origin. Lome
bardi (1972, pp. 373=374) assigns an indepencent
support characteristic to the rock in the face, and
includes it in the force=displacement diagram, Wag-
ner (1970) and Daemen and Fairhurst (1970; 1972) use

the results from axisymmetric finite element calcu=-

"lations to estimate the face influence on tunnel

wall convergence along the tunnel, and the
consequences for support loading, The geometry
of the problem is entirely similar to that used
by Desai and Reese (1970; also Desai and Abel,
1972, pp. 340-343) to study the development of

plastic zones around deep boreholes,

I1I-4.2,.2, Axisymmetric finite element
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analysis of rock failure near the face, Axisymmetric
finite element analysis (Zienkiewicz, 1971, pp. 73-
89) permits the study of the face influence in a
circular tunnel with only minor modifications from
plane two-dimensional analysis, A fully three-
dimensional analysis, in contrast, requires a
different order of magnitude in computer time and
in programming effort.

The problem considered here is that of a
circular cylindrical hole penetrating into a hydro-
statically loaded cylindrical body, along its axis,
The central part of the finite element mesh used
for the analysis is shown in Figure III-7. The
analysis was performed by incremental external
loaqing of the cylinder., Two different types of
material behavior during failure were used. These
are illustrated in Figure III.8 by means of the
corresponding sets of stress-strain-volume change
curves, Data input for the finite element analysis
was in the form of three straight line segments
for each curve. All calculations of equivalent
elastic constants were performed internally,
according to the orthotropic cylindrical model
described in Appendix B-5, An independent check

on the positive definiteness was made prior to the

SR
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finite element analysis, and it was found that
satisfactory results were obtained by selecting
paramesrs %= 0 and ¥ = 100,

The progressive development of the failure
zone during incrementally increasing external dise-
placements is shown in Figure I1I1I.9. On Figure III,
10 the tunnel wall displacement (equal to half the
tunnel convergence) is shown along the tunnel axis,
for identical external displacements, in the
assumption that the rock remains elastic and in

the assumption that the rock fails,

III-4.2.3. Implications of axisymmetric
face influence analysis for support loacding. A
qualitative summary of the failure development near
the face is given on Figure III.ll, Two basically
different types of behavior are shown. 1In the
first type the integrity of the face is essentially
maintained. The full development of the broken
zZone occurs then only well behind the face, because
the stiffness of the face rock prevents the develop-
ment of large stress differences in that area, On
the other hand, when the face stiffness decreases
substantially, e.g., because rock blocks in the

face are permitted to slip out, a large fraction
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Loading Step F

Loading Step H

Failure Zone Near the Tunnel Face
for Increasing Field Stress and for
"Pseudo-Plastic" or for "Failing"
Rock Behavior.
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of the failure zone can develop ahead of the face.
when this implies a étrength reduction of the wall
rock to low residual values it means that the
support system will not function in optimum con-
ditions,

It is clear from Figure III.10 that the con-
vergence and therefore the support loading path
near the face strongly depends upon the rock
behavior. In elastic rock nearly one=fourth of
the ultimate convergence occurs ahead of the face,
well over half within one-fourth of a diameter
and over ninety per cent within one diameter from
the face. This behavior can be altered radically
when the rock does not remain elastic, and the
mode of change will be contingent upon the face
rock behavior.

when the face remains quite stiff during
failure propagation, as in the example of Figure
111.10, and failure develops exclusively, or nearly
so, behind the face a very steep displacement
gradient exists for the first diameter along the
tunnel axis. Only a small fraction of the con-
rs ahead of the face. Convergence has

vergence occu

nearly reached its final value within one to two

diameters behind the face. Support loading (and
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thus the exerted support pressure) will be very
sensitive to the distance of installation from the
face .

At the other extreme, when the face is allowed
to disintegrate, a very large fraction of the

total convergence can occur ahead of the face.,

3§ Support loading will then be rather insensitive

i i to the distance of erection.

! A qualitative analysis of face influence on
support loading is possible in a very simple form

for the case where the rock remains elastic. The

influence of support stiffness, and of the distance

from the face at which support is installed on its
effectiveness will be illustrated here for the
idealized case of a circular lining installed in

perfect contact with the tunnel wall,

The final displacement u_. induced by driving

£

2 tunnel of diameter D in an (elastic) rock mass

under hydrostatic pressure P is given by:

PD (1+vr)
£ T 2 E
r

(I11-4.1)

where Vr and Er are the Poisson's ratio and

the elastic modulus of the rock,
At a distance 4 from the tunnel face a

circular support of external diameter D and thickness




O N R IR S

p

I1I=-76
t is installed (Figure III.1l3). As the face ad-
vances the tunnel walls at this point, if un-
supported, would move inwards a distance uge This
displacement can be expressed as a fraction of the

total displacement,

PD (1 + Vr)
u. =X u, =X

a £ 3 Er (II11-4.2)

where X is a proportionality factor that can be
derived from the tunnel wall displacements along
the tunnel, results obtained from an axisymmetric
finite element analysis (Figure III.1l4). As the
face advances a radia. contact pressure PS builds
up between rock and support, Under this contact
pressure the inwards displacement at the rock-
support contact of the circular cylindrical support
is equal to:

P, R(1 + V) 2

u, = = Ss— [R” (1-2V) + (R-t) °] (III-4.3)
EJ[R"=(R=t) "]

where R = D/2 and »g and E_ are the Poisson's ratio
and the elastic modulus of the support cylinder.

Under this contact pressure Ps the rock mass
will displace outwards (or the inwards displacement
will ke reduced) by:

_ PS D(1 +Vr)

Ug (II1-4.4)

2E
r

RO,
-
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Figure II1I.13. Geometry of the Problem used to
Study the Influence on Support
Loading of the Support Stiffness
and of the Distance from the Face
at the Moment of Support Erection,
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The total Adisplacement that would occur,
after the face has advanced to the point correspond=-
ing to support erection, if no support were in-
stalled, is equal to the sum of the displacement
which does take place and the displacement which

was prevented:

ud = us + ur (I11-4,5)

Substitution in this equation of the expres-
sions for the displacements results in the following
relation for the support pressure P, (relative to

the virgin hydrostatic stress P):

- 1 .
1+ 2

’Ulm"d

=t
1+ v E
r s

Led

This expression can be used to illustrate the
influence of:

i, Distance from the face of support erection,

The support pressure is directly proportional
to X, and the rapid nonlinear decrease of thia
factor is obvious from Figure III.14, Although an
extrapolation to a nonlinear situation is not
straightforward, it would appear from Figure 1II1.10
that for a situation in which most of the failure
development takes place behind the face the support

pressure would be even more sensitive to the face-
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installation distance. The opposite would be true
when large stiffness reductions are permitted within
the face.
ii, Relative stiffness of rock and liner. ¥
a. Mechanical properties VY and E,
b, Liner thickness t/R.

In Figure II1I.15 the resulting pressure is
pPlotted versus the distance from the face at which
the support is installed. Figure III.16 shows the
resulting support pressure and the maximum tangential
stress in the support cylinder as a function of
liner thickness, The vast majority of real support
systems would fall in between t/R = 0,05 and t/R =
0.25, more densily concentrated around t/R = 0,15,

Several conclusions can be drawn from these
graphs, The extrapolation of these conclusions to
real tunnel support problems must be tempered by E
an awareness of the idealizations implicit in the
derivation of the results,

1. The same support pressure can be obtained »!

with support systems of different stiffnesses (e.g.,

different thickness) when installed at different 3

distances from the face. f

2, The earlier a support is installed the 31

higher support pressure it will provide (and the
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07 P - Original (Hydrostatic) Stress
R - Support Pressure
d - Distance from Face, in Tunnel Diameters (D)
¢ B
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Figure II11.15, Support Pressure (as a Fraction of
the Pre-mining Hydrostatic Stress)
Versus Distance from the Face at
the Moment of Support Erection for
Various Values of the Support Stiff-
ness (Thickness t Relative to Tunnel
Radius R and Support Modulus E
Relative to Rock Modulus Er).
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R- Support Pressure

Oy~ Maximum Tongentiol Stress in Liner
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Figure III.16.

Support Pressure and Maximum Tane
gential Stress in the Support Versus
support Thickness for Two Distances
(D/4,D/8) from the Face at the Point
of Ssupport Installation.

D is the tunnel diameter.
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higher the load it will be subjected to). Depend-
ing upon the type of rock mass behavior, i.e., the
rate of strength loss of the rock with increasing
inelastic strain, early installation of stiff
supports will be good or poor practice.

3. The thicker a support installed at any
particular location the smaller the maximum stress
in it will be. This conclusion is true in this
particular case where hydrostatic loading and

perfect rock-support contact is assumed, so that

no bending moments can develop.

4. The higher the stiffness of a support

e

system relative to the rock mass stiffness the

- v

higher the developed support pressure will be.
When the rock mass stiffness exceeds the support
stiffness substantially (i.e., Er > 2 Es) the
maximum stress in the liner cannot be reduced
significantly by increasing tﬁe liner thickness.,

The preceding analysis was made for a truly

ST tr_§1?'nﬂ»;g = b#l 'l-=1.‘_5-.;-\- -

cylindrical support. By means of the axisymmetric
support stiffness expressions derived in Appendix
A~-4 A generalization to and comparison of various
support systems is straightforward.

The problem is less trivial when nonlinear

behavior must be considered. It is then necessary
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E ‘f to simulate the actual mining sequence, i.e., to

3 } progressively eliminate elements from the central
part of the mesh corresponding to the face advance
and connect stiffness terms equivalent to (radially

symmetric) support systems,

I1I1-4,2,4, Face influence in non~homogeneous .

g ; rock masses, In homogeneous rock masses the dis-

i sk

tance from the face at which a support is erected

R T

can have a major influence upon the exerted support

™

pressure, It is pointed out by Lombardi (1974b) that

i, i T

the effectiveness of the face in providing "support"

E near the face depends upon the ability of the rock
E in that area to transmit shear stresses perpen-
ﬁ i dicular to the tunnel axis, This ability is likely

to be seriously impeded in fault zones and similar

A

major inhomogeneities or discontinuities with low

shear strength,

In the previous section it was emphasized £

that failure-induced face stiffness changes (or
the absence thereof) will diminish (or amplify)
I é the three~dimensional character of support loading,

A similar influence can be expected when the tunnel

B T

face approaches and intersects rock formations of

e -

markedly different stiffnesses, e.g., dykes or

shear zones,
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These two modifications from the problem
analyzed previously, due to variations in rock
mass stiffness along the tunnel axis that are not
induced by tunneling, can be analyzed with the
elastic axisymmetric finite element method. To
use this method it is necessary to limit the
problems to the highly idealized situation where
it is assumed that the tunnel is driven perpen-
dicular to the rock formation contacts. A sche-
matic representation of the problem as analyzed
is given in Figures III.17a and b. The first
figure illustrates the problem where the face
approaches a rock formation of very different
characteristics, while the second figure is an
idealized case of a narrow stiff or soft zone
intersecting an otherwise homogeneous region.

The (radial) displacements at the tunnel wall
radius along the tunnel axis are plotted in Figure
I1I1.18 for two different boundary conditions. In
the first one external stress boundary conditions
( Gr = 12,000 psi; Cz = 4,000 psi) were imposed
on the cylinder. In the second one external
boundary displacements were imposed such that for

6 .
a homogeneous solid cylinder (El = E2 = 10 psi;

V, = \Jz = 0.2) a hydrostatic stress state (& _
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Figure III.l17a, Geometry of the Problem Used to
Study the Convergence Near the
Face When a Tunnel Approaches a
Contact Between Two Rock Zones
with Different Stiffnesses,

<100

Figure III.17b., Axisymmetric Problem Used to
Study the Influence of a Narrow
Zone of Different Rock on the
Tunnel Convergence Near the Face,
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Figure II1.18&. Radial Displacement U_ at the Tunnel
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1 Contact Between Two Rock Masses of
” Different Stiffness (d = 0.)
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Top: Hydrostatic pressure applied,

Bottom: Displacements imposed at

external boundaries

a: tunncl radius

d: distance between rock contact
and tunnel face
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G, = 6, = 12,000 psi) would result. For both
these figures the face has just reached the contact
area between two large zones of different stiff-
nesses (d = 0)., The corresponding result for a

homogeneous rock mass is included to facilitate

comparisons, As would be expected, a "stiff" face

tends to delay convergence, while convergence runs
ahead of the tunnel when the face is "soft."

| When the displacement distribution for the non-
% hbmogeneous cases is compared with that for the
homogeneous problem it i{s clear, especially on
the lower figure, that a large fraction of the
.; final displacement occurs ahead of the tunnel
when the face is very soft compared to the tunnel

Qalls, while the opposite is true when the face

is relatively stiff,

A recurring peculiarity of the results ic the

nonmonotonic displacement distribution observed in

X ‘ the top graph on Figure III.18. This suggests . E

oy

g that at some points near the interface between

the rock types an outwards radial displacement

might be induced by further tunnel advance (as
can also be seen on Figure III,19). Although such

movements have been observed (Miiller, et al., 1970;

Lombardi, 1974), therc is an element of the
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unexpected in this result., It is at least some-
what influenced by the boundary conditions, but
it is not obvious that it would be eliminated by
modeling the mining sequence rather than loading
a partly hollow cylinder, because that would not

eliminate the necessity to decide upon either

stress or displacement boundary conditions. The
physical interpretation of the result is compli=-
cated by its three-dimensional nature and by the
influence of the large shear stresses along the
contact between the two rock types. Before making
precise numerical conclusions from these results

it would seem necessary to study in more detail

the influence of such factors as boundary conditions

and the sequence in which they are imposed as well

as that of the mesh size along the contact area
and possibly the method of solving the stiffness

equations.

t The next sets of Figures (III.19 and III.20)

present a series of results for situations where

| the face is at various distances from the contact

plane. peviations from the homogeneous case are
‘ rather minor when the contact plane is more than

one tunnel diameter ahead of the face or once the

| tunnel has advanced more than two diameters beyond
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Radial Displacement Ur at the Tunnel
Periphery Versus the “"Distance x
from the Face for Various Values of
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hydrostatic pressure is applied at
the external boundaries.
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the contact plane. Because no limits are imposed
in any of these calculations upon the shear stresses
that can be transmitted along the contact plane it
is likely that this represents somewhat of an
upper bound upon the spatial extent of the influence
from inhomogeneities. This is confirmed by the
results from the analysis of a narrow zone of

very different stiffness. These results are shown

on Figure II1I.23. The displacement pattern near
the face is markedly different from the one in
homogeneous rock when the face is close to the
soft or stiff zone, A soft zone in the face
enhances convergence ahead of the tunnel. The
difference drops off rather rapidly when the face
is more than a few diameters away from the soft
(or stiff) band.

Figure I1I.22 gives the radial displacement
for a point on the contact plane and for two points
on either side of it as a function of the face

distance, i.e., as the face approaches and passes

by the points., This kincd of a plot could be used

to study support loading in a similar way as the

analysis given in section 111-4,2,3 for the homo-

geneous problem. It is obvious that support load-

ing will be much more sensitive to the face distance



Geometry of the Problem Used for
the Convergence Calculations
plotted in Figure III.22.

Figure III.Z2l.
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Distance from the Face to the
Contact Between Two Rock Zones for
Five Points on and Near the Contact.
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Radial Displacement Along the Tunnel
when the Face is Near a Narrow Rock
Zone with Different Stiffness,
Geometry as in Figure II1I.17b.
Triangles: E2=10 El Squares: E2=E1/10
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at the time of support erection when the face is
very stiff, while it will be rather unsensitive when

the face is soft.

111-4.3. Plane strain Stiffness Analxsis of

Support Loading Caused by Rock Failure.

1I1-4.3.1. Introduction. The combination of
the finite element rock failure model (III-2) and
of the stiffness support model (III-3) with a
simulation of the excavation sequence should allow
a reasonably accurate analysis of the overall
phenomena occurring during support loading caused
by rock softening and weakening., It was shown in
the preceding section that tunnel support loading
near the face, as a general rule, must be treated
as a three-dimensional problem, Once the face has
advanced up to a few tunnel diameters beyond the
point of support erection the problem is niore
likely to approach a two-dimensional one, at least
when the rock behavior is not dominated by a few
major discontinuities., If support loading con-
tinues once the face has advanced several diameters
it indicates 2 continued (time-dependent) stiffness
change of rock, support, or both.

Two methods would seem to be appropriate for
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the simulation of the mining sequence, or for taking
into account the influence of the face, in a two-
dimensional model. Firstly, one can load an unmined
mesh, and then sequentially eliminate a series of
elements, corresponding more or less precisely to
an actual excavation sequence. Secondly, one can
apply boundar: ces equivalent to the pre-mining
stressfield at both the tunnel circumference and
the external boundaries. The forces at the tunnel
periphery are then gradually reduced to simulate
mining. In both methods, at some point in between
the pre-mining and the final excavation step the
support system stiffness matrix is connected to the

rock mass stiffness matrix.

The second method, a gradual reduction of the
internal boundary forces, is far less demanding in
computer memory requirements, Indeed, when a pro-
gressive elimination of elements is used a far
greater number of elements is required to model
the problem, because the zone of high strain
gradients shifts gradually towards the final tunnel
periphery. Whether either of these methods is
more "accurate" is a somewhat artificial question
because of the substantial simplifications already

introduced., In the real near-the-face condition
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the plane perpendicular to the tunnel axis has
only geumetrically a somewhat special significance.
The displacements, even in a circular tunnel in a
homogeneous elastic rock are not radial (or, more
generally, in-plane) but have an out~of-plane come
ponent. The principal stresses (strains) within
the plane perpendicular to the tunnel axis are not
truly principal stresses with respect to the com-
plete three-dimensional stress (strain) state.
Particularly for a plane very close to the tunnel
face the deviations are large, Conseduently, the
two=dimer-ional analysis given here can only be
considered as a preliminary step in the study of

near-face tunnel support loading.

I1I-4.3.2, Support loading during face ad=-
vance, The method used for the plane strain

calculation of the ground-support interaction

during face advance is illustrated on Figure III.24,

Applied boundary stresses enforce a stress and
displacement distribution corresponding to a pre-
mining situation. The nodal point forces at the
tunnel periphery are eliminated stepwise, to
simulate the progressive reduction of internal

pressure associated with face advance. At some

. - o ‘AA,_
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Figure III.24,

A
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Graphical Representation of one of
the Simple Problems Used for De-
bugging TUNSUP, and Illustration

of the Sequence of Computations.
The Four Element Mesh Representing
the Ground is Compressed Hydro-
statically in step (1). The con=-
fining pressure is reduced to simue
late face advance, (2), after which
the support is connected, (3), and
equivalent mining proceeds, (4),
until completed (5).
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intermediate stage the support is connected to the
ground. An estimate of the appropriate moment for
starting the interaction can be based upon the
results of the axisymmetric analysis discussed in
the preceding section. From that discussion it is
fairly obvious that it is next to impossible to
give any fast and easy rules for making such an
estimate. Indeed, the convergence fraction that
preceeds support interaction with the ground depends
on a variety of factors such as face distance,
nonlinearity of the rock behavior, face stiffness,
heterogeneity of the rock mass, stress state, etc.
It is not sufficient, in a calculation of
this type, to combine the ground and support stiff-
ness matrices in order to start the interaction
sequence. The problem can be illustrated by con-
sidering point A on Figure I11.25. The displacement
U, of this point has a two-fold meaning. When A is
considered to be a point on the ground (finite
element mesh) u, indicates the full displacement
that occurs after the jnitial unloading step. When
A is considered to be a point on the support, u,
denotes the displacement subsequent to support

connection only. These two values of the displace-

ments at the rock-support contact points must be
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f Figure III.25, Numerical Example of Iterative
& 5 Convergence Towards the BEquilibrium

| Position Between "Ground" and
"Support" at each Unloading Step.

4 F, is the contact force between
. ; "ground" and "support", u, is the
4 displacement increment ovVer the
displacement that occurred prior
to making contact between ground
and support.

S, remains constant, Points 1, 2, é
3, ... indicate the iterations J
after the first reduction in S :
that follows support installation; j

points a, b, ¢ ... indicate the
iterations after the next reduction
in 82.
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separated explicitly, unless the entire calculation
is sequential.4 1f such a distinction is not made,
the effective displacements to which the support
is subjected are excessive, the support will be
joaded much heavier than would result from a cor-
rect calculation, and cofrespondingly the confining
pressure exerted on the rock will be too high.

The separation method used here makes it
necessary to approach the equilibrium state between
ground and support iteratively, as illustrated on
Figure III.25. (In many cases the equilibrium will
be between nonlinear characteristics, not, as in
this example, between straight line loading and
unloading characteristics). The iterative approach
described here fits in rather well with the iterative
sequences already used for solving the finite
element stiffness equations and for modifying the
element properties. By combining these various
jiterative schemes a relatively fast approach to the
equiiibrium position at each step is usually obtained
with a decidedly small number of iterations on the

finite element equations, by far the major

4The calculation is then fully sel f-contained
at each step, and cumulative values are obtained
through appropriate summation after each step.
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contributor to the total number of arithmetic

f ] operations,

é ' While the full emphasis in this discussion
has been on modeling the support loading due to
near-face convergence, an entirely similar method
could be used to study the consequences of time-

dependent softening of either ground or support.

RE—

- I1I-4.3.3., Examples of ground and support

e

behavior analysis performed in plane strain. The
examples presented in this section have been calcu-
lated with the program TUNSUP, given in Appendix

C, in which most of the plane strain finite element

techniques discussed in this chapter are incorporated.
The examples have been selected to illustrate some
points of practical significance in the mechanics

of tunnel supports, to point out some of the inter-

esting features of the analysis method, and to

E illustrate some of the dubious properties of the .

fk proposed rock failure model.

i !

- The central section of the finite element mesh .
'é § used for all the examples is shown in Figure III.26,
3 1 where one of the blocked steel set models is also

included. The rock modulus E has been taken equal

to 500,000 psi, the Poisson's ratio V equal to 0.2
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and the applied hydrostatic pressure P equal to
1,000 péi. No weight has been assigned to the
elements. The tunnel (rock periphery) is 20 feet
wide and high. Unloading of the tunnel boundary
from the initial hydrostatic stress is performed
in 20 steps.

The first set of examples illustrates failure
patterns around unlined tunnels. Figures I11.27a,
b, ¢ correspond respectively to rock with a uni-
axial strength €c of 1,000 psi, 500 psi and 250
psi. For each of these the absolute value of the
post=peak stress-strain slope edquals the pre=-peak
slope, the angle of internal friction derived from
peak strengths equals 300, the angle of internal
friction associated with the residual strengths
equals 15°, the residual cohesion is one-~tenth of
the intact cohesion.

In each case the failure propagates deepest
behind the flat sections of the tunnel periphery.
While it is true that the maximum stress concen=-

tration occurs in the sharp corner at the floor,
the build-up in confining pressure is sufficiently
fast to prevent failure propagation in this

region (see also Figure 111.28).

The overall fracture pattern description,
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Figure III,26.

Central Section of Finite Element
Mesh Used for Rock Modeling for
Figures II1I.27 Through III.31.
Geometry of blocked steel set used
for Figures III1.29 and 111.30a,b.
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Figure III.27a, Progressive "Failure" Development
Arounc a Tunnel when the Boundary
Stresses are Eliminated in 20 ‘
"Equivalent Mining" Unloading Steps.
Uniaxial Compressive strength
6 = 1,000 psi; hydrostatic b
stressfield of 1,000 psi.
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Figure III.27b. Progressive nFajlure" Development
During the Last Seven Ssteps of
a 20-step "Equivalent Mining"
Unloading Seduence. Uniaxial
compressive strength § = 500 psi;
hydrostatic stressfielg of 1,000

psi.
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Figure I1I.27c.

Progressive "Failure" Development
During a 20-step "Equivalent
Mining" Unloading Sedquence. Uni-
axial Compressive Strength 6 .
250 psi; hydrostatic stressfield
of 1,000 psi.
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as in Figures III.27, lumping together all the
elements in which the properties are modified from
the original ones, is not a very sensitive indi-
cator of the changes asscciated with failure, A
more precise comparison is possible on the besis
of the state of stress, as shown in Figure III.28.
Plotted here are the principal stresses at selected
points around the tunnel, after complete unloading,
for different rock models: A, elastic; B, no
strength drop beyond the peak €C = 250 psi, large
volume increase; C, strength drop and large volume
increase, same properties as for Figure 1I1I.27c,
described in a preceding paragraph; D, same stress-
strain curves as for C, but only a small volume
increase,

It is clear from the results that the volume
increase associated with failure plays a dominant
role in the resulting stress distribution and thus
upon the degree of instability caused by failure.
Whether a large ubiquitous volume increase associated
with failure is a reasonable proposition must be
questioned, because of the resulting extremely strong
stabilizing influence.

It has been pointed out in the discussion on

support stiffness models (section III-3.3) that the

i
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interface elements between ground and support must
be treated rather carefully. An example of this
is illustrated in Figure 111,29, where the influence
of the stiffness of the footings underneath a steel
set on the loading of the set is described. 1In
order to isolate the influence of this element, the
ground model was elastic throughout this calculation.
The blocking point geometry at initial contact
(after unloading step 10 in a 20-step sequence) is
shown in Figure III.26. The range of footing stiff-
ness values illustrated here is the one within which
the results change most rapidly. Even if the
footing is much stiffer than the highest value
(2,5 x 105 1bs/in)5 used here, the resulting blc k-
ing point force distribution will not be greatly
affected. If the footing stiffness is much softer
than 2.5 x 104 lbs/in, the contact forces will be
concentrated even more in the crown, but the overall

picture will not be very different.6

5'I‘his specific number woula obviously be dif=
ferent for ground, steel sets or blocking points
with different stiffnesses, 1In this particular case
the stiffness is about 2@ 5 times lower than the
stiffness of an average double beam wall plate for
the support type used in the calculation, and assuming
that the wall plate rests on an infinitely stiff floor.

6When the footing is very soft a relatively
small load suffices to cause a large contraction in
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Influence of Vvariations in the
Footing Stiffness Upon the Contact
Forces Between a Steel Set and the
Ground and Upon the Bending Moment
Distribution in the Steel Set. The
plotted results are the values after
complete equivalent mining unloading
in 20 steps, with the support
"connected" after unloading step 10,
Tunnel is 20 feet wide, 20 feet high,
8 x 5% WF (17 1lbs/ft) steel sets,

at 5 ft spacing.

Block spacing as in Figure III.Z26,
block stiffness=2,500,000 lbs/in.
The rock is elastic throughout the
calculation, with @ Young's modulus
E = 500,000 psi and a Poisson's
ratio V= 0.2,
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If the supporting capacity of the steel set
is to be fully and efficiently utilized, the foot-
ing stiffness must exceed a minimum value. on the
other hand, little will be gained by increasing
it much beyond the minimum. This minimum value
can be estimated (rather roughly) from the require=-
ment that the contraction of the footing (including
the influence of excessively blasted rock, muck
underneath the wallplate, influence of water on
the floor, etc.) should not exceed the contraction
of the blocked steel, or the footing stiffness
should certainly not be smaller than the combined
stiffness of the (roof) blocks.

The next three figures (111.30a, b, ¢) show
three stages in the load development on a steel
set installed within a failing rock mass. The
properties assigned to the rock are identical to
those used for the calculation of Figures I11.27¢
and III.28c. The influence of all three support
types upon the extent of the failure zone is small,
as this zone is reduced by a few elements only. 2

Ssimilarly, on the scale used in Figure III.28, the

the footing and thus settlement of the steel set,
with a consequent potential loss of contact at
many blocking points.
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Figure III.30a. steel Set Blocking Point Forces
and Bending Moments at Three

Ssteps in a 20-step Equivalent
Mining Unloading Sequence with
the Steel Set connected After
Step Ten.
All conditions as in Figure
111.29, with high footing stiff-
ness, except that ground is
failing as in Figure I1I.28cC.
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1IT1.30b, Steel Set Blocking Point Forces
and Bending Moments at Three Steps

of a 20-Step Equivalent Mining

Unloading Sedquence, with the Steel

Set Connected After Step Ten.

All conditions as in Figure I1I.303,

except for the footing stiffness
to which a large horizontal
component has been added.
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Figure I11I.30c. Ssteel Set Blocking Point Forces
and Bending Moments at Three Steps

of a 20-Step Eduivalent Mining
Unloading Sequence, with the Steel
set Connected After Step Ten.

All conditions as in Figure I11.30a,
with the exceptions that only four
blocking points are used in the
upper steel set section versus

nine in the preceding calculations
and that the steel set spacing is
only three feet.
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change in stresses due to the support action would
be barely visible, if at all.

In all three examples the stress component
due to bending is small compared to the axial force
stress component. Although no detailed comparisons
have been made, the overall picture is qualitatively
not unlike the one that would be obtained from the
proctor and White method. (This is not the case in
the first set on Figure 111.29, where nearly all
blocking points have been inactivated).

The vertical leg of the steel set provides no
support to the sidewallé when there is no horizontal
footing stiffness, but even with a rather high
horizontal stiffness (Figure I1I.30b) whatever
sidewall confinement is provided remains very

localized. 7

7]:n this calculation it is implied that the
horizontal stiffness is due to shear stiffness
petween the steel set and the floor. An alternative
that could be included with a trivial change in
the program would be a spring (allowed to act in
tension, which the blocking point springs are not)
connecting the steel set footing to a point within
the rock mass, thus simulating a point-anchored
rock bolt. An invert strut could obviously be in=
cluded very simply. It would appear that any of
these measures would have only a very localized
effect as regards the confinement pressurée provided
on the flat vertical sidewalls.

oot
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A somewhat surprising result is the very
small force, in all three cases, at the springline,
Also rather unexpected was the fact that the blocking
point springs that were in compression after the
first support contact step remained so during the

entire sequence, and that none of the others was

ever reactivated.

The last example (Figure IIX.31l) is an attempt
at modeling a shotcrete liner. Two extreme models
have been used, one with complete displacement con-
tinuity between ground and support, one with
continuity only in the direction perpendicular to
the contact surfece. For the fully continuous model
(two figures on the left) the support is represented

by beam elements and the nodal points are assigned

the (post support erection) displacements of the
corresponding ground nodal point., At the other
extreme, where no shear stiffness is assumed between
ground and support (which might correspond more
closely to the behavior of a cast-in-place not
backgrouted concrete liner) the support is modeled

with beam elements and with short, stiff springs

(the latter used to preclude mutual penetration of

ground and support). i

The normal contact force distribution is




III-123

1000LB8

2 1000 1bs

Figure III.31. contact Forces Between shotcrete
tLiner and Ground After Equivalernt
Mining Unloading in 20 Steps and
with the Support Activated After
Step 10.

Ground modulus E = 500,000 psi,
Poisson's ratio V = 0.2.

pPre-mining hydrostatic stressfield
of 1,000 psi.

shotcrete modulus E = 500,000 psi,
thickness = 4 inches.

Left: Shotcrete modeled with beam
elements; complete displacement
continuity at the nodal points, i.e.,
infinite normal and shear stiffress
between ground and support; dotted
1ines connect points indicating the
magnitude of the normal force within
the liner.

Middle: Same as above, but with
floor beam,

Right: Same shotcrete model as on
left, but without shear stiffness,
and very high normal stiffness en=
forced with very short, very stiff

springs.
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fairly similar for the two extreme models. But in
the presence of shear stiffness the shear forces

become a significant part of the total contact

forces.8 In both examples of continuous displace=-

ment calculations (with and without floor beam) the
normal forces within the liner are reduced to very
small values at some points around the periphery.
This fact, also fredquently apparent on diagrams of
measured tangential pressures in shotcrete liners
(in the references cited in the footnote, for example)
would tend to indicate that shotcrete liners do

not act as integrated units, but rather as somewhat
isolated segments, This is also indicative of the
very good interaction between ground and support,
as it shows the stabilization mechanism by means of
a very local and immediate stress redistribution
within the rock mass, a mechanism which is, mutatis

mutandis, reminiscent of fully grouted bolt action.

8'I‘his has some obvious implications for the
instrumentation of shotcrete liners, and for the
interpretation of the measurements., When the normal
forces are only one part of the significant contact
forces, and that this is probably fredquently the
case can be seen from the lack of equilibrium in
measured radial pressure diagrams, e.g., Golser,
1973, Figure 3; Rabcewicz, et al., 1972, Figure 14,
then the measurement of only the normal pressures
provides a very incomplete picture of the ground-
support interaction.
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As previously observed for steel sets, very
1ittle confinement is provided on flat surfaces,
whether wall or floor. In this case also the hori-
zontal stiffness, provided here through a floor
beam, has a very localized effect only. Of interest

also is the development of rather high tensile forces

between ground and support at some points.

The preceding examples are only preliminary

approaches to the analysis of some problems in the
mechanics of tunnel supports with finite elements.
! More comprehensive studies, covering ranges of

o

3 properties, as well as detailed comparisons with
field observations are needed to confirm or to

refute any general validity of the results and con=

clusions.
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Chapter 1IV

SUMMARY, CONCLUSIONS AND
POSSIBLE FURTHER DEVELOPMENTS

IV-l. Summary
Two methods have been used to study the

transition from a pre-tunneling to a post-tunneling
equilibrium state., 1In the first part of this
thesis closed-form expressions have been obtained
for the characteristics that describe the inter-
action between ground and support. In the second
part a strain-softening dilatant finite element
continuum was developed to represent the (failing)
rock mass, It was used to analyze the face in-
fluence in a circular tunnel, and it was combined
with a mé&trix structural stiffness model tc study
the interaction between support and rock in a two-
dimensional simulation of excavation and support

loading. 1In both parts an effort was made to

represent the two aspects of the problem, the support

system and the ground, to an approximately similar

degree of realism, with methods of about equal

IV=1
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IV-2

simplicity or complexity. 1
Although the closed-form solutions are based
upon highly idealized and simplified assumptions, .

these were chosen in such a way that the influence

of some of the pasic characteristics of rock failure

upon support loading could be evaluated. This

necessitated the use of a strain-softening model 3

with a dilatant volumetric behavior to characterize
3 the failing rock. Because of the large stress

3 relaxations associated with deeply propagating

. broken or stress-relieved zones it is necessary to

% consider the potential significance of gravity effects.

% The ground-support interaction problem is

statically indeterminate, and can therefore only be

£ solved when the displacements are determined., This é

. requires further assumptions about the pre~tunneling

stress state and about the stress changes induced by

tunneling. It is also at this point that the volu=-

- metric rock behavior during failure must be incorpor- -

ated into the analysis.

The final result of the calculations that

4
o E S e
S Ry S R

represent the rock behavior is the nground reaction

curve" or "ground characteristic.”" A numerical ‘

method is outlined that would permit a relatively 23

of the ground

simple generalization and extension
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reaction calculations, On the other hand, simple
techniques are suggested for including such effects
as variations with time and with size.
The study of the ground behavior is comple-
mented by simple structural analysis methods that

permit accounting for support behavior., A detailed

evaluation of blocked steel set and grouted rock

bolt support action is given, while a more general

AR e T e g T T

descriptive discussion is presented of other common

i e oot o

support methods, together with an outline of the

requirements that should be met by more precise and ﬂ

realistic models.

The first part of this thesis, on the continuum !
analysis of tunnel support loading, is concluded

with a discussion of some potential practical

applications. The need for a large number of material

properties and characteristics severely limits the

% ..,g.g,!_: - i_::.‘.:

? E direct design applicability of such methods. The

;i, difficulties are compounded by the uncertainty

introduced by the potentially very significant if

f not dominating influence exerted by construction "
procedures, It is possible, however, to outline v

some generally desirable properties of support

systems, It nevertheless remains true that refine-

ment and optimization of tunnel supports can only be
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accomplished through detailed observation of in-situ

4 installations, But this, in turn, reduires a real-

istic tool for the interpretation and application

of the measurement results.

5 While the first part of this thesis was.

orienteu towards the development of general results
with broad implications from a highly idealized
situation, the second part was directed towards the
development of & "case study" technique that requires
far less idealizations and simplifications with

respect to geometry, boundarv conditions and material

characterization, It was nevertheless possible,

with this method also, to study some situations that

el gt

can be considered as archetypical for a variety of
real tunneling conditions.
In this second part, a finite element analysis

technique is proposed for the study of strain-

softening dilatant failing rock. The method is

based upon a sequential modification of the elastic

constants, Loading or "unloading," the latter cor-

responding to gradual excavation, progresses step=

e

wise, and after each step the elastic constants are

adjusted in each element in which the limiting

elastic strain has been exceeded. This adjustment

is based upon the largest (compressive) strain and
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smallest (/v confining) stress, and proceeds to
follow a set of input stress-strain data, After
each adjustment iterative problem solutioﬁs are
performed until no more changes occur, and prior to
applying the next change in boundary conditions,

The finite element analysis was used by itself
to study the influence of the face upon tunnel
support loading. The analysis of this strictly
three-dimensional problem was limited to the axi-

svmmetric case, Failure and convergence patterns

near the face were presented, and a simplified
study was made of the consequences for support
loading.

A two=dimensional plane strain model was
developed in which excavation is simulated through
progressive "unloading" of the tunnel periphery.
In this analysis the support action is represented
through a combination of beam and spring elements,
A fairly detailed discussion is presented of the
requirements that must be met by stiffness models
that are to be used for studying the behavior of
common support systems. Because of its relative
simplicity, a blocked steel set is considered in

some more detail.,

A L 4
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Iv-2, Conclusions

T™wo methods have been presented for the
analysis of tunnel support loading caused by rock
failure. For both of them an attempt was made to
model the mechanics of the interaction between ground
and support. Because of this interactive nature of
the problem, emphasis was put on the development of
methods that take into account realistic stiffneéses
for the two interacting elements, as well as a
realistic sequence for the progressive interacéion
between them,

In the closed-form solutions it was found
that the progressive strength reduction of failing
rock has a profound effect upon the requirements
for an ideal or optimum support method., As failure
develops, a stress-relaxed zone propagates into the
rock mass, In the "dynamic" or progressively chang
ing nature of the stress distributions lies a
possibility for fundamentally different support
requirements or ground reaction characteristics.
From a continuum mechanics point of view, one can
conclude that the comsequences of rock failure can
radically change the support requirements that would
be postulated upon the basis of conventional plastic

analysis, From the latter, one can hardly avoid the

|
!
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conclusion that supports should be soft, that large
displacements are desirable, and that delayed in-
stallation of yielding supports should tend to
optimize support loads. This conclusion must be
qualified somewhat when gravity effects assume &
non-negligible role. It was shown that localized
loads are likely to become more predominant when
the tunnel is at rather shallow depth and when the
residual friction of the broken material is very
jow. The more significant the gravity effects are,
the larger the differences should be between roof
and floor support requirements. In difficult ground,
however, where the use of continuum type analyses
has most often been suggested, such differences
tend to be minor compared to the overall support
requirements.

Although the entire derivation and discussion
of the ground reaction was based upon the assumption
that the rock was and remained continuous, the
general conclusion that the required support pres=
sure decreases rapidly during the initial small
convergence but tends to increase once an optimum
displacement has been exceeded is likely to have a
more general validity. Indeed, the essential factor

needed for the development of such a model is a
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particular sequence of equilibrium states or stress
configurations, There is no @ priori reason why an
equivalent sequence of equilibrium states should not
determine support redquirements in real (dis-
continuous) rock masses, and there is much semi-
quantitative information that it does.

The closed-form expressions for the support
stiffness calculations have been used to emphasize
the need to incorporate into such calculations a
realistic rock=-support interface element, as well
as the dearth of information about such interfaces.
It was shown that the support characteristic of a
blocked steel set is likely, in many practical
situations, to be dominated by the stiffness of the
wooden blocks. Similarly, the support action of
grouted rock bolts will be significantly affected
by the effective in-situ action of the "contact"
elements, notably the end forces and the displace-
ment and shear stress distribution along the bolt,

The closed=form solutions presented here in-
volve too many rock and support properties, proper=-
ties too difficult and expensive to determine not
only prior to but even during construction, to be of
much value as "cookbook" type design rules, How=

ever, they do provide guidelines that can be used
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to evaluate the significance of measurements and
observations, to compare the influence of varying
support systems and to assess the effect and value
of narrowing down the range of uncertainty about the
rock and support parameters.

From the axisymmetric finite element analysis
it follows quite clearly that the distance from the
face at which supports are erected can have a
dominant effect upon (at least the short-term) sup-
port loading and support effectiveness. One cannot
give general rules for such effects, unless the
degree of homogeneity of the rock mass as well as
the failure patterns near the face are established.
Indeed, the convergence pattern near the féce will
be basically different depending upon the relative
stiffness of the rock ahead of and behind the face.,
Whether these stiffness changes existed prior to
tunneling or are induced by it might not profoundly
affect the (qualitative) convergence sequence, but
it is nevertheless likely that the amplification of
stiffness differences caused by tunneling will have
a strong bearing upon the type of remedial action

that can or should be taken,

IV-3, Further Development and Research

IV-3.1, Introduction. The subject of tunnel

T
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support joading is a rather broad one, involving

many aspects of mechanics, geology and construction

engineering. As a consedquence, research related to

jt can progress along many paths. 1In the last

decade it has greatly jncreased, and has taken many

directions. Many of these possibilities do not fit
directly or obviously within the framework of this
thesis, and are therefore not discussed.

Two distinct possibilities exist for continu-
ing the work presented here, and ideally they
should progress more Or less simultaneously. On
the one hand, the analysis techniqgues that have bean
presented must be improved, further developed and
corrected or refined. On the other hand, their

validity and practical significance must be estab-

lished.

Analyses, Necessary further developments of the
presented analysis methods include straight forward
extensions and generalizations as well as more
profound changes aimed at the development of funda=
mentally different and more realistic models.

while the latter should be the more profitable and

pasic propositions, they are also the far more
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difficult ones to pinpoint, particularly beyond the

stage of somewhat nebulous and vague declarations

of intent and desirability.

Several "straightforward" type extensions of

the closed-form results have already been suggested

in Part II. Improvements or generalizations in this

area should concern the analysis of both ground and

support characteristics, Incorporation into the

ground characteristic of (some types of) time-and

size~-dependency presents no problems, Similarly,

‘a numerical generalization of the calculations,

thus allowing an inclusion of a wide range of non-

linear effects should not be overly demanding,

A number of potential improvements or refine-

ments of the support characteristic calculations are

similarly obvious, This involves notably the none

linear behavior of (crushing) wooden blocks, the

development of plastic hinges in the steel rings,

. the time and face distance effects of shotcrete

hardening, the calculation of grouted bolt stress

distributions based upon a more comprehensive dise-

placement field calculation, the influence of

strain-hardening upon bolt behavior.

A more inherent shortcoming of the closed-form

solutions, and one not so easily overcome, is the
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assumption of radial symmetry., Indeed, numerous
observations in laboratory experiments [Daemen and
Fairhurst, 1970; Jamet, 1973; Gay, 1973 (the last
two list numerous additional references)] as well
as observations and descriptions of fracture pat-
terns around tunnels (Rabcewicz, 1965, 1969; Sperry
and Heuer, 1972) clearly indicate that fractured
zones do not tend to be axisymmetric. Many con-
vergence and load measurements on tunnel supports
tend to confirm the unlikelihood of axisymmetric
behavior. This, in fact, is not surprising in view
of the frequently non-symmetric appearance of the
final collapse'shape assumed by a cylindrical rock
specimen in triaxial compression, From a general
point of view, whether the non-symmetric behavior
is due to non-perfect loading, or to frictional
end-effects, or to some (minor) variation in rock
properties, or to non-perfect grinding of the speci-
men ends or some similar mechanism is quite im-
material., A relatively minor perturbation seems
to, or at least can have a dominating effect, so
that a stability problem exists, as is confirmed by
the need to reduce the load,

Equivalently, around the opening of a hollow

cylinder in a "homogeneous isotropic" rock (or
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similar artificial brittle material such as hydro-
stone), and, a fortiori, around a tunnel, even
assuming perfectly hydrostatic loading, it is not

unlikely that some local perturbation will have a

dominant effect upon failure initiation, and thus,
propagation being considered as an unstable event,
upon the ultimate broken zone development. %

It is not clear to the writer whether and how
the general support design problem could be approached
from this point of view. It is not unlikely, how=-
ever, that an analysis that accounts for the failure
mechanism and associated energy changes might lead
to some type of stability or ultimate load design
criterion (Fairhurst and Cook, 1966; Cook, 1966).

A number of further extensions and develop-
ments of the stiffness analysis of tunnel support :
loading caused by rock failure as presented in
Chapter III should not pose serious difficulties.,
A first and rather obvious extension would be to

incorporate the failing rock model into a fully

three~-dimensional finite element program, Of
probably more benefit, cost-effectivewise and from
a tunnel support mechanics viewpoint, would be the

inclusion in the analysis of time~dependent decreases

eLbe s SR Vel St SV B Sy e e s

in rock strength and stiffness, This could be
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accomplishe¢ y a step-wise pseudo time-dependent
change of the elastic constants in elements in which
a certain fraction of the rock strength has been
exceeded. The step-wise change could be imposed in
a manner that forces the stress-strain state in the
element towards the post-peak branch. Substantial
laboratory evidence indicates that such a time-
dependent path might be quite realistic (Wawersik,
1972; Peng, 1973; Hudson and Brown, 1972). And
numerous measurements have shown that tunnel sup-
port loading often continues for prolonged periods
of time.

It might be worthwhile to include the possie
bility for entering non-linearized failure descrip=-
tion input into the finite element analysis. This
could probably most efficiently be accomplished by
expressing the stress=-strain-volume relations in
terms of spline functions (Desai and Abel, 1972,

p. 325).

1t would be valuable to incorporate a pro-
gressive mining and support erection sequence into
the axisymmetric finite element model. The support
characteristics in this case necessarily being
radially symmetric, it would be relatively simple

to incorporate the closed-form stiffness results
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obtained in Appendix A (eventually in a more general
nonlinear form) into such an analysis. This would
permit a direct comparison of the behavior and
efficiency of various support systems when failure
near the face precludes a simple linear analysis,

While it might similarly be interesting to
include a mining sequence, i.e., possibility for
element removal, into the two-dimensional plane

strain program, it is less than obvious that this

5 would greatly improve the realistic nature of the i

analysis. Probably of more interest here is the i

development of a truly orthotropic and consistent

| rock failure model. In connection with this, and

although somewhat outside the realm of tunnel sup-

port loading, it is clear that a more comprehensive

body of experimental evidence about rock failure ,

under polyaxial conditions would be most helpful. ' |
A problem in the finite element rock failure

model that certainly remains wide open at this point

- is the one of stability, uniqueness and convergence.

It is very likely that what is desirable in the
solution is some form of instability. But this does
nothing to alleviate the problem of uniqueness and

of convergence, the opposite being more likely.

Besides improvements to the representation of
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rock failure, a number of extensions could be made
: | to refine the support modeling, Starting with the |
simplest case, that of the blocked steel set, it
might be necessary first and foremost to include

some rotational freedom at beam element nodal points /

that correspond to connections between steel set -

segments as well as plastic hinges at sections .
‘t

i where the elastic limit has been exceeded. Crush-
E;f ing and nonlinear time-dependent stiffness changes

of wooden blocks might be included. For concrete j
k.

and shotcrete support modeling, but certainly for

loose or semi-stiff packfill, it would seem appropri-

s

ate to include shear elements besides spring elements

i

to study the influeuce of the interface character-

e

jstics. A detailed analysis of the increasingly
used combination of steel sets, shotcrete and

grouted bolts poses several difficult proilems, ,
The first one is the combination of steel sets and

shotcrete, and the interaction between them., The

second one is the evaluation of the ine~situ shear

stiffness along grouted bolts.

Because of the long running times of the com- -
puter programs, a great deal of work could (and ‘
should) justiziably be spent in improving the pro-

gramming itself, as well as in some otner ways that

2 . y " & o -
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might substantially reduce the computing cost,
Among the latter two possibilities should certainly
be considered. The first one is the use of stiff-
ness coefficients (Crouch, 1970) or, more generally,
of substructural analysis methods (Pzremieniecki,
1968), in order to reduce the number of equations,
The second one is the possibility of using an
alternate equation solver, and it would appear that
some of the more sophisticated iterative schemes
should be considered first.

Most of the emphasis in this section on fur-

ther developments has been upon further development

of the analysis techniques, and the truism that this

is necessary should be obvious. It is nevertheless
worthwhile to explore some other potential avenues
of further study, and at the same time return some-
what closer to the immediate problem of tunnel
support loading.

While admitting the crudity in some approxi-
mations of the presented analyses, they nevertheless
provide a method for a reasonably efficient com-
parative study of some support problems. An example
of this was given in the study of the face influence
upon support loading. An example of a similar

parametric analysis that would be of interest and
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could be performed without difficulties or changes
to the plane program is that of the influence of
blocking upon steel set behavior and loading. Fac=-
tors that could easily be considered are block
spacing, and variations thereof around an average;
block stiffness, and variations thefeof, whether
due to block construction or due to overbreak;
reblocking, i.e., partial removal, replacement or
addition of blocks after some load has come on the
set., Obvious examples for possible parametric
analyses with regard to ground behavior are the
study of lined and unlined openings in rock masses
subjected to a variety of stressfields, and with a
variety of intact and residual strengths‘as well as
with various rates of progressive change from one

to the other.

IVv-3.3, gga;uatign of the Vvalidity and the

Practical Significance of the Presented Analysis

Methods. Any analysis of the types presented here
needs experimental confirmation or evaluation,

While the methods might be rejected upon the basis

of fundamental or theoretical considerations, these
cannot be used to justify their validity. An experi-

mental program should, therefore, be consicdered an
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integral part or at least a logical extension of
the development of the preceding analysis methods,
particularly so as the analysis is relatively
simplistic compared to the real complexities of the
i problem,
; An experimental .rogram of sufficient ampli-
g; tude to evaluate ithe practical validity, shorte
comings and needed improvements of the presented
analysis techniques should not be outside the realm
of present-day engineering and economically justi-
if fiable possibilities, It is indeed a well-recognized
fact (OECD Conference on Tunnelling, Washington, D,C.,
1970) that serious shortcomings exist in the state-
of-the-art of tunnel support design, that the support
cost is frequently a significant factor of the total
tunneling cost, and that the total volume of tunnel-

ing will significantly increase in the foreseeable

future. Moreover, the geology of the area to be

”"% tunneled through is usually only partially known, i
at best, and the knowledge about the mechanical

“f:Q characteristics of the rock mass tends to be as

meage~, or worse, In addition comes a significant

/ uncertainty factor introduced by construction in-
fluences, notably blasting and support erection,

It would appear that this combination of
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factors should lead to a situation where Terzaghi's
(1943, p. 2) "learn as we go" or Peck's (1969)
"Observational Method" would find an ideal field of
application. This has been strongly emphasized by
Rabcewicz (1963, 1965, 1968), who has repeatedly
stressed the need to consider instrumentation pro-
grams as an integral part of tunneling, as it has
become in the "New Austrian Tunneling Method."

Assuming that the methods of support action
analysis presented here can be considered as a
valid "working hypothesis" for tunnel support evalua-
tion, one should, ideally, find testing conditions
where simultaneous benefits would be derived for
owner and experimenter. This would necessitate an
instrumentation and investigation program that is

cost=effective in reducing the total tunneling cost

while allowing an evaluation of the analysis method.
The cost factor evinces the need to consider

each tunneling project on its particular merits, and

the unlikelihood that a universally acceptable

program can or should be devised. There must exist

some correlation between tunneling cost, complexity

of design and analysis methods used as a working

hypothesis and comprehensiveness of field investi-

gations and support instrumentation used to evaluate
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their applicability.

Considering cases of increasing complexity,
one might start, for a tunnel of limited overall

) cost, with the ground reaction as represented in
.Figures II.ll as a working hypothesis. The purpose

- of the (low cost) instrumentation program would then
be to determine whether an optimum support stiff-
ness exists, and what it is. In order to evaluate
the validity of the hypothesis one needs assurance
of a sufficient continuity in geological conditions
along the tunnel, 8O that direct comparisons of
measurements along different sections are meaningful.
By comparing deformations in supports of different
but known stiffnesses, one can locate points on the
ground reaction curve.

A more complete evaluation would incorporate
measurements of stresses, whether in between rock
and support or within the support. Although in
principle deformation measurements on a liner of
known stiffness should be sufficient to allow back-
calculation of the loads, this is a rather problem-
atic procedure, because it requires at the least
some assumptions about the 1oad or contact distri=-
bution. Some redundancy is desirable as well as

some specific information about loads.
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A far more comprehensive investigation would
be required if not only the shape of the ground
reaction is postulated as a working hypothesis, or
the existence of an optimum convergence for the
support equilibrium, but if, moreover, one wishes
to determine the ground reaction curve quantitatively
and fairly accurately. This necessitates a knowledge
of the stress-state and of the mechanical properties
of the rock mass, Deformation and pressure measure=-
ments on supports of variou§ stiffnesses should be
sufficient to allow back-calculations, considering
the support as a large-scale inclusion instrument
implanted in a rock mass with more or less unknown
behavior.

Whether the most elementary closed-form solu=-
tions, structural stiffness analysis, or the com=
bination of the latter with finite element analysis
constitutes the most appropriate interpretation
tool would seem to depend mainly upon economic
factors, When rather expensive comprehensive
instrumentation programs are implemented there seems
little justification for limiting the interpretation
to a simplistic minimum. On the other hand, when
the information gained is a bare minimum, a compre=-

hensive parametric back-analysis by means of finite

5
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element rock mass modeling and stiffness support
modeling would bg a laborious large-scale project,
justifiable only under special circumstances. In
the absence of sufficient information and redundancy,
a good deal of judgment is necessary to avoid the
danger of replacing analysis by curve fitting and

arbitrary parameter adjustments,
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APPENDIX A

DETAILED CALCULATIONS FOR:THE CONTINUUM ANALYSIS
OF ROCK~SUPPORT INTERACTION '

In this appendix a detailed derivation is

given of the results presented in Chapter 1I.

A-o]_.. Stress Dlstra.butlon
The follow:.ng equatlons are used in the
“derivation of the Stress distribution: AT

Equilib;ium (Eq., II-3.4):

dﬁ; )
6'9- G;—I"de_'rW=0 (Aol)

Failure condition in the broken zone:

b \ .
6'6r (1 - sin ¢r) = 62]: (1 + sin ¢r) +

2
. cr cos ¢r (A.2)

a5r<b

Incipient state of failure on the elastic

N T

side of the broken zone limit:

11 - sin @) =s§1 (L+sing) + 2 c cos @

(A.3)
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Stress distribution in elastic region,

3 resulting in:

el el
6 +6, = 2P (A.4)

¢ Boundary conditions v

6,=P, atr=a

a el br
E B 6-r -5r atr=5>

i ; In the above equations

fo 6 tangential and radial stress

3 :r, b_:r: tangential and radial stress in broken
zone

6'2}, Gilz tangential and radial stress in elastic
region

w = specific weight

c, @ cohesion and angle of internal friction
of intact rock

C . ¢r: (residual) cohesion and internal friction

1 of broken rock
%» a, b: tunnel radius and radius of broken zone
| P: hydrostatic stressfield
.k P,: support pressure '
% ; Substituting (A.4) into (A.3), one finds

? o‘il =P(l -—8in@) ~ccos @ at r =b (A.5) g
% ft The radial s+vnss at r = b is determined by

the stressfield P and the intact rock strength

(c, @), and is independent of b.

Substituting (A.2) into (A.l) one obtains a
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. = . il e o A B

A -3 y
o , , br b
o differential equation for'6'r : 3
-
A
br , br .
: Gr (1 + sin ¢r) - 6r (1 - sin ¢r) + 2 c. cos ¢r 4
a | l - sing 4
k| br o 3

aq ae’
> N 4 - ar i wr =0
. br 7
2 sin ¢r 6, ) 2 c_ cos ¢r +w .
r r (1 - sin ¢r)
(A. 6) o

A agbr

l, ; 4— : ¢
7 i 3z l - s8in ¢r

. | Integration of (A.6) results in: E

:; a) when sin ﬁr #1/3 and¢r #0 2 gin ¢r :
3 rw(l < sin @) — 3
3 br _ r lesin @ 3
| 6, ==c c0t 8 T "35m g, S < :
9 5 (A.7a)

i b) when sin ¢r =1/3

i

;§ ; 6':r = =3 cr cos ¢r + rw log r + Mr (A.7b)

c) when ¢r = 0 equation (A.2) reduces to

u £ 2
L 66 6r u cr é
: Substituting in (A.l) gives an equivalent f
P! for the differential equation (A,.6): ¢

“ as :r
A = Z
- . r = 2 cx + w

After integration this gives:

Cbr = 2 c. log r + wr + M (A.7¢c) 4

A ]
x r

” 2; In equations (A.7) M is a constant of inte- :
1 gration, which is determined from the boundary i@
5 4
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condition on the tunnel periphery r = a, where the
radial stress equals the support pressure, b'r =
Pi at r = a, After substituting the thus deter-

mined constant M in equations (A.7) one obtains

2 :
the stress distribution in the broken zone:
a) sin ¢r # 1/3, ,'Zir #0O
br w (1L - sin ﬂr)
L =-crcot¢'r;|_- l-3sin¢r ;
2 sin ¢r Y
- 1'Sin¢r r.l - sin @ :
+ (Pi+cr cot ¢r+awl —3 sinrﬂr )(;) r
(A.8a)
b) sing_ = 1/3 :
45 = 3c cos g +rwl r
6y = r r - o9
+ (Pi + 3 c_ cos ¢r + aw log a) = (A.8Db) .
c) sin ¢r =0
gbr-p + 2 ¢ log-r-+w(r..a) (A.8¢c) 3
r i r a-
By introducing the continuity in radial ' b
~$'
: stresses across the broken zone boundary r = b, ,,
i.e., by equating (A.5) and (A.8), one obtains a ‘ '
relationship between the depth b to which the
P E
. broken zone propagates and the corresponding
|
y support pressure Pi:
1 a) sing_#1/3, B_# 0 |
5 J,i, r r
b L
= i
E
| P t

v i .
I i - 2 oy - - o
g . R - . ; RN

. 4 3 i T . 3 3 e
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l-s:.n¢r

1-331‘.n¢r

P (l-sinﬂ)-ccos¢=crcot¢ribw

G|
2 sin g

l - sin ¢ - |

r bl - sin g

! sin ¢r ;
¢ _ : 23,1 - sin @
:32 Pi = [P(l = gin @) = c cos @ + c. cot ¢r](b) r %
b N 3 sin ¢r-l k.
4 aw (1 - sin @ ) - L
. a,l - sing 4
E SiE, cot ¢r T -3 sin ¢r [1 '(b) r 1 i
i
» (A.9a) 7
; b) sin g =1/3
fﬁ 2 .
Pi = iE (P (1 ~-sing@) -« ccos @ + 3 ¢, cos ¢r]
y a :
twalogp=-3c cosg (A.9b) ;
i 3
s ¢) s8in ¢r =0 5
i \ b 1
, = - - - = o
: Pi P (1 - sin @) ccos @ =2 c. log 5 (b=a)
! (A.9¢) 4
i .
s BEquations (A.9) are given in Chapter II as 8
: equations (II-3.5). 4
Two functions of the stresses are needed in
ﬁ . . . br br ",
the calculation of the displacements, § - 6 - and 3
c o G'br. These can be obtained from (A,2): §
T Sbr+6‘br_ebrl+s‘ln’6r+ °r c05¢r+6br
£ e r 'r 1~ sin ¢r l - sin ¢r r
: 2 ¢ 2c cos @
r r r

= lasin ¢r + l - sin ¢r (A.10a)
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LK,

br .
26r Sln¢r+ZS!COS¢r
l - sin ¢r

6_br br _
e “0r " 1l-sing

(A.1lla)

When sin ¢r = 1/3, this can be written as:

br br br

6'r +6'e --36‘r + 3 c_ cos ¢r (A.10b)
br br br

69 -Gr -6r + 3 c, cos ‘¢r (A.11b)

When sin ¢r = 0,

br br br
69 +6r —2(6r +cr) (A.10c)
o—:r - 5-? =2c_ ' (A.11c)

Substituting equations (A.8) into (A.10) and
(A.11), these functions can be written as:

a) sing #1/3, 8. #0

.ol X r
) _ aw (1 - sin ¢r) r
o [P, + c cot g _+ 1Q
1-sing 1-3sing,
(A.1l2a)
2 sin @
br br S +
> -G'r‘l-sinﬁr[Pi+crc°t¢r+
L (a.13a)

aw 16) &+
1-3sin¢ra —,1-3sin¢r

b) sin ¢r =1/3
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br br
6g *+ 6, =-6¢c cosp +wrlogr
+3X(p, +3c cosg 7 wa log a) (A.12b)
a i r x o9 °
br br = r :
6‘9-r-(Pi+3crcos¢r+waloga)aiwrlogr
(aA.13Db)
c) sin ¢r =0
br br r
Fo +a'r _2(Pi+cr) +4cr logai2w (r-a)
(A.12c)
br br
5‘9 = 6_r = 2 cr (A.13c)

The above sums and differences of principal
stresses have to be integrated from a to b, and it
is convenient to separate the various functions
of r:

a) sin g #1/3, sin g #0

o'gr + s‘;r =K+ Lr+MF (A.15a)
b) sin ¢r = 1/3

a'gr i 6,1::: = K+ Lr log r + Mr (A.14b)
g-zr -o-:r = Lr log r + Mr (A.15b)
c) sin ¢r =0

5-2"’ +6°F =K+ L log r + Mr (A.1ldc)
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In the above expressions K, L and M are the

appropriate coefficients for each particular case,

f The needed integrals are:
b b
br br br br
‘aS' (o'e +6, ) rdr, and ;(69 -6, ) rdr

After substituting (A.14) and (A.15), the

’ results are:

b 2 2 3 .3
,. < = Py

| a) 5’(K + Lr + Mr ) rdr = K 5 =a oD
E a

gxr + 2 ;xr + 2
M ocr ngy) (A.1l6a)

LR
1l - sin ¢r

[ where & + 2 =

i
q
i
.
-
L

b 2 2
b) J‘(K + L r logr + Mr) rdr = K > +
a

? L (b3 logb a3 log a _ b3 - a3 b3 - a3

b 2 2
c) JP(K + L log r + Mr) rdr = K
a

b2 log b

L(

(A.160)

A-2, Displacements

A-2,1. Constant Volume Increase Throughout

the Broken Zone, Prior to failure the volume per

unit tunnel length of rock in the broken zone is

qr(b2 = a2). During failure this volume increases

(A A K_qu._ g

) il Al k'
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to ’n'(bz - az) (1 + K), After failure +the volume
can also be written as M (b = ub)2 - (@ = ua)zl.
where u, and w are the radial displacements at
the tunnel surface, r = a, and at the broken zone
boundary, r = b, respectively., K is the volume
expansion factor. BEduating the two expressions

for the final volume results in:
2 2 2 2
(2 ~ ua) = (b = u.b) - 1+ K (b -a) (A.17)

u, =a - [(1;:...ub)2 - (1 + K) b2 - az)];f (A.18)

A simpler expression for u, can be derived

by rewriting (A,17) as

2 2 2 2
(b -2bu.b+ub) - (a -2aua+ua)=(1+K)
(b - a%)
Iff u, <«a and Uy (<b, this reduces to

2

2
5.‘.1?__:_?_.). (A.19)

_b_ .,
L5 a % 2a

The error introduced by neglecting ual2 -
v.:.b2 increases with increasing K, with increasing
b/a and with increasing u.b/a, as can be seen in
Figure A.l.

The displacement W, is the displacement at
r = b caused by tunneling, or the displacement

induced by the stress change in the elastic region.

ol | rmaiiogldh, sl idhain s oy s
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Relative Error Introduced by Linear=-
izing the "Constant Volume Expansion"
Displacement Calculation, i.e., by

Figure A.l.

2
neglecting u, - ub2

u. = exact u_, according to equation

(A.18)
u, = linearized u_, according to equation
(A.19) :
b, a = radius of broken zone and tunnel
radius
A: ;B = 0,01 B: Su-k?' = 0,0001
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Prior to tunneling 6, = 66 = 6; = P, After tun-

- neling:

- 2
; el b
£ 6, =P~ (P~ 6},r=b) 2
4 2

. el _ b,

! 6g =P+ (P -O'r,r-b) 2

E 1 -

. el _

i 7 6, =F

The tangential strain change over the pre-

Sl Rop i

tunneling value is:

'* g _du_ 4% V' AS +46)
' e r E

s (P-olr,r=b)(l+l))_Qsin¢+ccos¢)g+1)1

b E B E

| (A.20)
where 6;,r=b is substituted from (A.5).

s | A-2,2, Displacements_Caused by Elastic

Relaxation, Driving a tunnel is edquivalent to

removing the central core from a loaded very thick

cylinder, or to depressurization of the central

hole of a hydrostatically loaded thick wall cylinder.

During the depressurization, when the stresses

reach a critical value (on the hole periphery)

failure is initiated., Failure propagates during

further depressurization or "unloading." The entire
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sequence occurs under constant external pressure,
The lower (radial or confining) principal stress
decreases during the process, while the larger
(tangential) principal stress increases up to the g
point of failure and decreases thereafter,

The displacement associated with the propaga-
tion of a broken zone will now be considered as an
elastic relaxation of the (broken) rock caused by

stress relief around the tunnel.

. . ! 2
Considering an annulus with volume M (b -
2
a’) prior to tunneling, its volumetric compression
prior to tunneling can be calculated from
b
5(%2 + E) 29T rdr, where the strains are calcu-
4 dr " r
lated from the hydrostatic stress distribution,
This volumetric compression does not change after

tunneling, if the tunnel remains elastic. When

the rock surrounding the tunrel has failed up to

r = b, the final compression can be calculated

from the same integral, but now using the "broken

zone" stress distribution., The difference between

the two integrals constitutes the "elastic" volume

relaxation.1 Equating the final volume in this

lAlthough it might appear that a more direct
solution could be obtained by expressing the volume
change in differential form as a function of the
stress changes caused by failure, i.e.:
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form to the final volume as a function of the dise-

placements, one finds:

b e e br br
2 2 4 4
ar (b -a)+f(—g-;+‘—;-) 2 fVrdr 'f(:;r + 2
a

2rrar =M - u)? - @-u)"]  (B.21)

whera:

aw® w® 2P -2V)
e + —
dr r E

br br r

dubr ubr (6-9 + Gr)(l'y) _ZVOE
-+ =

dr r E

2 2
Ssubstituting, and neglecting u, =Y one

obtains for the radial displacement:

b
2 2
b, R@=20=a) QDS (¢P5ePT) rar

u=a % ak Ea a

V b
+ %a;-—é/'rgr rdr (A.22)

The results depend upon c'gr, and two assump-

tions for this axial stress will be considered:

i) “"Elastic" plane strain, or 61;r = P(1-2V) +

y (o,l;r + 6 };r). Substituting this into (A.22),

one finds
4w , Qu _ (As'£_+ a6,) (1 -V) - 2V 46,
dr r E

it turns out that the integration of this expression
jeads to far lengthier computations.

RS R

Ak ih i v

SR
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3 b (1 +3) Q=23

u =gu + £ [P (b a)-j(o' +€ ) rdr]
(A.23a)
E This equation is given in Chapter II as
: (11-4.8a)., After substituting integrals (A.16) ¢
; with appropriate coefficients, the radial dise=
placement is given by: .

1
a) sin ¢r # 1/3, sin ¢r #0
(1+ J) (1_21/)

u, aub"' [(P+crcot¢)(b-a)
O N . +c cotd T S i ¢r))
3 3(1-3 sin ¢r) r 1l-3 sin @
E |
i ogr+2 <. +2
1 BRSO S (A.24a)
b) sin ¢r =1/3
4 3.3
= _b (1+y) (1-2V) 2 b -a
u =z u + g [P(b°-a”) - P, =3
2 b b a3 3 b
; -acrcosﬂrb (-5-1)iw(-——3-—-b log;)]
: (A.24b) "

c) sin ¢r =0

b 14)) (1=2 2 2 2 .
u, =z Y% t aE [(P-Pi)(b-a)-zcrb
log l; -_-; Wb = a)3 (2 b+ al] (A.24c)
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i
ii) vplastic" plane strain, or 4
br br br br
br fe i o‘r Feg -~ 5r 4
= - sin g .
6, s 9
Substituting this into (A,22), one finds E
b P(l=2 Vubz-azl 1 -2V L br. br
u, =7u + : - 3% p (g +0, ) rdr 1
ysin g b n
- b b G
——[ (¢g -6 rar (A.23b) !
a i
This equation is given in Chapter II as '
(II-4.8c), After substituting integrals (A,16)
with appropriate coefficients, the radial dis- ;
placement is given by:
a) sin ¢r # 1/3, sin ¢r #0
2 2
b (P + c_ cot ¢r) (1 - 22) (b° - a”) 4
ua = ; u'b it aE 4
. 2 3
(1 - 2V 4+ Vsin ¢r) 2w(b3 _ a‘b -
- aE = 3(1-3 sin ¢r)
b i aw(1-sin 8 ) |
+ = [P, + c_cot g_+ Ly 3
:?r i r r 1l=3 sin ¢r
(A.25,a)
b) sin ¢r = 1/3
o =By 4 Q=22 (plea?) 3 co8 8 (- 2)
a a aE aZE ]
2 V(b2+ab+a2) l-2V+V/9
((1 - 2Y) b° + 3 ] - "
3 _8 3 _3 6
b wa™ = b wa 3 b
[Pi ——r— + w ( 3 = b~ log a)] (A.25b)

SNl
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P

¢) sin ¢r =

aub+l-2‘)[(P-P)(b-a)-2c bzlog-b-
- b a22b
AL l3( o8 ) (A.25¢) )

After substitution of (A,.20), and neglecting
the gravity terms, the equations (A.24) and (A.25)
for the displacements can be written in dimensione

less form, for example (A,25c) as:

___a_ (_p_)z (P s:.ngi+ccos@)(1+1)i+(l 20)
a a E
P-P 2 c 2
i, Db r ,b b
i [——(3) - 1) = 2% ) 1leg 71 (A.260)

! The displacements have been calculated for

two different cases, It is likely that there is a

gradual change from an "elastié" plane strain con-

dition during the initial stages of failure, when

6‘9 is the largest principal stress, to a condition

where 6’z becomes the largest principal stress as :
) o decreases with further propagation of the

broken zone, One would then expect the "plastic" »
plane strain condition to be valid in an annulus

immediately surrounding the tunnel, and the "elastic"

plane strain condition through the remainder of

the broken zone (as well as in the elastic region).
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The difference between the displacements

calculated for the two cases can be calculated from

(A.22), after substitution of the appropriate fgr:

¢ br br

A ! 2V b s +

T el 1 _ r e r

- Ya -u!; ~ aE f[(P’ 2 )(1'2){-)

r a

3 br br

i . 3 o - 6

tsinf 8 L rar (A.27)

The integrand is always positive, or u:l >

uzl (equal iff a = b). The difference will increase

with increasing b, The difference increases with

r increasing Vr up to 1/4, beyond that no general
statement is possible. This can be seen by re-

T writing the difference as:

| £ ) = AV (1-2V) + BV

£ ()

A.and B are positive constants. When ¢r = 0,

A (1-4)) + B

e e

B = 0 and £()) is symmetric around Y= 1/4, and the
difference is then a true maximum at V=1/4. As
B increases with ¢r the maximum difference shifts

to higher Y values with higher ¢r'
The difference will increase with increasing
P for constant support pressure P, (i.e., constant
br br . .
o'e and ﬁ'r ). The difference will decrease for
increasing tunnel size (a) and will increase for

decreasing residual stiffness (Er).

et T aame e s T ST T T Sl e M MU o e
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Cumulative effects of the various parameters
on the relative difference are shown in Figures
A,2 and II1.8,

A-3, Computer Programs for the Calculation of the
Ground Reaction Curve

A-3.1, Introduction. The following programs

calculate the required support pressure and the
corresponding displacements for increasing values
of the broken zone radius b, In both programs the
support pressure is calculated according to
equations (A,25), also given as (II-3.5). In the
first program, GRCSZE, the displacement calcu=-
lation is based upon the assumption that the axial
stress 6; is given by the elastic plane strain
assumption, and equations (A.24) are used. 1In

this program, an entirely independent displacement

calculation according to (A.18) is also included.

In tbe second program, GRCEXPD, the axial stress

Gz is calculated from the plastic plane strain
condition, and equations (A.25) are evaluated, 1In
GRCSZE a set of ground reaction curves is calculated
for various values of the residual strength, always
taken to be constant for each particular curve (for
example, Figures II.8 and 1I.9). In GRCEXPD the

expressions (II-4,16) through (1I1-4,18) are




28
26
24
22

20
18

u - ub'

A -~ 19

- 100

P
C,2C ¢,*9 E=02:E
C,*25psi ¢b,=20° E,=02-E

C,=Opsi ¢,=10° E, =02E

C,=C ¢,=¢p E,=E
Cr=25psi ¢=20° E,=E

Cr=Opsi ¢=10° E,=E

Figure A.2,

Relative Difference Between Radial
Tunnel Wall Displacements u Calcu-
lated for 6. Determined from the
"Elastic" piane strain Assumption (ue )
or from the "Biastic" Plane Strain
Assumption (u” ).
Common data:

P = 500 psi E = 106 psi
V= 0.25 c = 50 psi
g = 30 w = Olbs/im5
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substituted, so that the ground reaction curve can
be calculated for a gradual (exponential) strength
and stiffness decrease, Only one curve is calcu-

lated for an input data card.

A-3.2, Input.

A-3,2,1., Proaram GRCSZE, Input data are
submitted with one data card. F@RMAT (F.10.1,
5F8.,2, 5F6,2) as follows:

Column 1-10: Youngfs modulus E of the rock, in psi.
11-18: Hydrostatic stressfield P, in psi.
19.26: Tunnel radius A, in feet,
27=34: Poisson's ratio V,
35~42: Residual modulus decrement factor

RK (0 ¢ RK < 1).

A first calculation is performed with the residual

modulus Eres equal to the original modulus E, If

RK is different from zero, a series of calculations

is initiated during which the residual is decreased

by RK x E at each step. The series is terminated
when a zero or negative modulus results,

43-.50: Specific weight of the rock, in 1bs/in3

51=56: Cohesion of the rock, in psi.

57-62: Angle of internal friction of the

rock, in degrees,
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63-68: Residual cohesion decrement DELCR,
in psi,

A first calculation is performed with the residual
cohesion equal to the "intact" cohesion, If DELCR
differs from zero, a series of calculations is
initiated such that at each step the residual
cohesion is decreased with the decrement punched
here. The series is terminated when a negative
residual cohesion results.,

69-74: Residual angle of internal friction
decrement DELPHIIR, in degrees, Used in a similar
way as the preceding decrements,

75-80: Constant volume increase increment
DXK., An initial calculation of the displacements
is based upon the assumption that the broken zone
rock undergoes no volume change., Subsequent
calculations are performed after adding an incre-
ment DXK to the volume expansion factor during

each cycle.

A-3,2,2, Program GRCEXPD, Input data are
submitted with one data card, F@RMAT (2E9.4, 7F6.2,
4F5,1), as follows:

Column 1-9: 1Initial Young's modulus E of the rock,

in pSio

il 0 R ek bl
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10-18:

19-24:

25-30:

31-36:

37-42:

43-48:

49.54:

55=60:

61-65:

66=70:

71=75:

76=80:

A-3,3.

A - 22

Minimum residual Young's modulus
gninl in psi,

res
Hydrostatic stressfield P, in psi,
Tunnel radius AF, in feet,

Poisson's ratio V.

Specific weight W, in 1bs/in3.
Cohesion of the rock C, in psi,

Angle of internal friction PHID, in
degrees,

Minimum residual cohesion (c:}in in
(II~-4,16)) CRMIN, in psi.

Minimum residual angle of internal
friction (¢'r“in in (IT=4.17)) PHIRMIN,
in degrees,

Parameter k (II-4,16) determining the
rate of Jdecrease in residual cohesion,
PARK (PARK D 0).

Parameter 1 (II-=-4.17) determining the
rate of decrease in residual internal
friction, PARL,

Parameter m (II-4.18) determining

the rate of decrease in residual

modulus, PARM,

Output. All input data are
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printed on the first output page, as well as some
values calculated directly from the input., This
includes the uniaxial compressive rock strength,
the equivalent tunnel depth calculated from the
(hydrostatic) stress and the rock weight and the

bulk modulus, Also printed is the radial dis-

placement that would result if the rock had
sufficient strength to remain elastic following
tunneling., This value determines the intersection
of the elastic ground reaction curve with the

(horizontal) displacement axis,

A=3,3.1. Program GRCSZE, Values of the
residual cohesion, friction and bulk modulus as
well as the broken zone volume increase (in %)
are printed as a2 heading above the calculated data
giving the ground characteristics, These data are
printed in ten columns. The first one gives the
radius b of the broken zone (in ft), the second
one, the value of b divided by the tunnel radius a,
The next three columns give results when the gravity
forces are neglected (w = 0), namely, the support
pressure, the displacement and the displacement
divided by the tunnel radius. The following columns

give support pressures and displacements at the
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tunnel roof and floor. All displacements are given
in inches, all support pressures in psi,

The last column is entirely independent from
all preceding ones but the first two., It gives the
displacements based upon the assumption of a
constant volume increase throughout the broken zone,
This calculation is altogether independent from the
stress distribution so that the last column from
any page of the printout can be combined with the
third column of any page in order to obtain the
data defining the ground reaction curve for that
particular combination of strength and displacement
properties.

The support pressures and the displacements
are calculated for every combination of the gener-
ated values of the residual modulus, cohesion and
friction, from b/a = 1 in steps of b/a = 0,1 up to
either b/a = 6,6 or the value of b/a where all
support pressure requirements reduce to zero,
whichever is smaller.

When all calculations for the first data card
input are terminated the next data card will be
read, This cycle will continue until &ll data sets
have been processed, following which an error

message will be printed. It is thus possible to

byl

.
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run multiple problems with one program compilation,

A-3.3.2. Program GRCEXPD. The calculated
data determining the ground reaction curve are
printed in twelve columns. The first nine columns
give the same variables as the corresponding columns
of the previous program. The last three columns
give respectively the residual angle of internal
friction (column headed PHIR), the residual co-
hesion (CRES) and the residual Young's modulus
(ERES) used for the corresponding b/a value. A
check on the decline rate of the residual properties

is thus provided.
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PROGRAM GRCSZF (10PUT,0UTFUT)

THIS PHRUGRAM CALGCULATES £ SET OF GHOUND AELCTIONV CURVES FOR VARIQUS
RESINUAL STRENGTH VALUES At ELASTIC RCLAXATION

AXIAL STRESS SIG7 FROM ELASTIC PLANE STHAIN

DIMENSTION U(3)ePS(3)awWlily)

Y 2 ASIN(1e734)

READ l("E'P'AF'V'RKO‘lloCOPHIDOUELCRQUEL"HIR'”XK

FORMAT(Fl0s195FB.2°9F6,2)

1F (DXK) #32447324%33

NXK 3 04001

XK = = UAK

IF(VELCR) 40044014410

DELCR = C

IF(DELPHIR) 42u9sv20943C

NELPHIR = PHI

wF 1728,%wW

VR = 1, ev

vE = vR/E

VP = 1e=2e0V

0K = E/VP/3.

wuil) = 0,

w2y = = w

WU(3) = W

PHI = PHID/ST,2957795131

NEP = Psw/12,

s1 = 1, = SIN(FHI)

PP = PeS])

CC = C#COS(PHI)

PPl = PP = (CC

PPa = P = PPI

SIGC = 2.%CC/S]
PRINT 209PsAF sE 2V 10K ee sPHIDISIOC I o WF sDEP sDELCHINELPHIR o HK

2¢ FORMAT(/# PRE TUNNELING STRESS = ¢ F7,1® PSle Sx# TUNNEL RADIUS =

J#FGe2¢ FEET#//% ROCK PROPEKTIES®//5X% YOUNG®S MODULUS = & Flo.) *
2 PSI#5x® POISSUN+S RATIO = ®f6s3s 5X* ORIGINAL HULK MODULUS 3 *F11
3,1% PS] * //5%® COHESION = ®F7,2% PS1#5x* ANGL
4E OF INTERNAL FRICTION = #F6,1% DEGREES® Sx* UNIAXTIAL COMPRESSIVE
< STRENGTH = ®F8,2% PSIe//5x% SPECIFIC wEIGHT = #F6.3% LBS/CURIC I
6NCH  S%F7.2% LBS/CUBIC FT*5x® CORRESPONDING TUNNEL DEPTH = #F7,.1
7% FEET#//5%® DECREMENT UF RESIDUAL COHESION = oFB,2¢Ps1#7x® DECRE
AMENT OF RESIDUAL ANGLE UF INTEKNAL FRICTION = #F7.2% DEGREES®//5x*®
o FRACTIONAL BULK MOUULUS CHANGE =4F6.¢3//)

A = 12,%AF

UAR = PeyvE

UAO = ASUAW

PRINT 509UA09UAR
FINAL RADIAL DISPLACEMENT IF TrE TUNNEL WERE TO R

50 FORMAT(//%
C s “E10.6% INCHES®/® RELATIvVE TO TUNNEL RADIUS

24 PRINT 25
25 FORMAT(//7% UNIA

1EMAIN ELASTI

2z ©E12.4)
IF(SIGC = 2.%P) 22924424

X1AL COMPHESSIVE STRENGTH IS LAKGER THAN ®aXxIMum ST
1RESS NO FATLURE *//)
GO TO 300

22 CONTINUE

VEP = VE®YP/A
A? = A®A
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Ad = Ag2eA

DELPHIR 3 DFLPHIR/ST . 205/795]3]
CR = C

CONT INUE

PHIR = PnHI

CONTINUE

X B ABS(Y = PW]R)

FK = 1,

PHIRD = PHIR®57,295779%

RKR = FK®0K

XK = xk ¢ DxK

XKX = aK®100,

PRINT 1BU+CRePHIRDIRKRyXRX
VF = VEP/FK

CP = COS(PHIR)

IF(PHIR) 440496604450

SIP 5 1, = SIN(PHIR)

S3R &8 1o = 3e*SIN(PHIR)

ALR 3 Zo*SIN(PHIR) /(1 ,=SIN(PHIR))
ALR]l = ALR = 1,

ALRE = ALR + 2,

CCR = CR/TAN(PHIN)

Al = af/10,

BF 3 AF = al

NC 3 » |

DO 110 Iu = 1457

BF = BF ¢ Al

R = |2,%HF

B2 = Bep

B3 = Bze8

BAZ? = (BeA)®(ReA)

BA3 s (B=A)a(ReB ¢ A#g + Aep)
AB = A/8

BA = B8/A

UB = BevEePPA

UA2 = (B=UB)®82 = (l.exK)epap
IF(UA2) B24B3,83

UAZ s C,

UAK = A = SQRT(UA2)
UAR = UB*BA

0B = Bf

IF(PHIR) 20092G0+210
CONT INUE

PS(]1) = PPl = 2,%CR®*aL0G(BA)

IF(PS(1)) 35043609360

IFINC) 352435442354

PS(2) = PS(1) » we(dep)

U(2) = UAR ¢ VF®((P=PS(2))%3a2 = 2,%CHebZeal06(vA)

1 #(&,0544)/3,)

IF(PS(2)) 111,35643%6

PRINT 358,BF yRAPS(2) 4ylZ) s yaK

FORMAT (FOoe29F10e3937TX9Fl@a39E14,4928X9F14,4)
60 To 110

PS(1) = U,

NC = )

BA = ExP(PPI/2,/CR)

8 = BasA

PS(2) = wo(g=a)

*
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L A e XL

o
i
i
N

B L T

SR e s il R

RF = H/1¢2,
UB = BeVEePPA
U(l) = BASUE ¢ VF®(P® (B=A)#(HsA) = 2 WCHRERMH®ALUG(BA))
ute) s y1) o VFYW® (Beh) @ (Bea) 9 (A42,%3) /3, «VF*PS(P) @ (R=a)® (B}
460 YOA = yil)/a
PRINT GT0RFsHAFS (1) gU(1) s JUAIPS(2) vU(2) syAK
“Tn FORMAY(F9.2oF1'.3.F13.3.&14.6.51n.3.r14.J.E1a.~.zgx.514.a)
BF = O = Al
GO TO 110
360 PS(2) = PS(|) ¢ we(deA)
PS(I) = PSI1) = we(B=p)
1IF(PS(3)) 3703819380
370 PSI(3) = 0,
DO 372 1 = 192
372-U(1) = UAR VE#VP® ( (P=PS(]))*BA2 = WU(T)#(Bea)® (B=a)®(2,%8¢A)/3,
1 @2, #CR*BEL*ALOG (BA) ) 7A/FK
461 UOA = UC(})/a
PRINT 470 BF sFAPS (L) 1) (1) sUNAIPS(2) sU(2)yUAR
GO Y0 110
380 DO 220 1 = 143
220 U{I) = UAR ¢ VE®VP*((P=PS(I))%HA2 = WU(I)®(R=A)® (B=A)®(2,%Ben)/3,
1 2., #CREB*H*ALOG (BA) ) /A/FK
GO To 2640
210 IF(x=0,001) 25092504260
250 GR = WPA®ALOG(HBA)
CCR a 2.%SQRT(2,)*CR
PS(1l) = (PP] ¢ CCR)*ag ~ CCR
IF(PS(1)) 2709280280
279 IF(NC) 27292744274
274 PS(2) = PS{1) ¢ GR
U(2) = UAR ¢ VF®(P#RA2 + 3,9CROCPeY2* (a~d)/a = PS(2)®BA3/A -
1 w#(BA3 = 3,%53%AL0G (HA))/3,)
IF(PS(2)) 111,3564356
2712 Ps(l) = 0,
NC = )
BA = PPI/2./SORT(2e)/CR ¢ 1,
B = BA%*a
AF = B/12,
UB = BeVEWPPA
PS(2) = WeASALOG(BA)
ULL) = UB®BA ¢ VFO(P¥(R=4)%(3eAa) = I,#CRECP*(B-A)*E8%3/n)
U(2) 3 U(1) =yFe(w®((B=A)®(BeReR®AARA) /3, = BeBaBeALOG(BA)) «
1 PS(2) % (H=A) *(H®B+a®a*A®A) /A)
GO Tn 460
280 PS(2) = PS(l) + 6GR
ps(3) = psll) = GR
IF(PS(3)) 239043109310
290 pPs(d) = 0,
NO 292 |1 s 142
292 U(I) = UAR o VF®(P®HA2 = 3,%CR®CP®(3=A)%u®g/A = PS(1)®BA3/A ¢
1 WUl)®(BA3/3, = Bee304 05(BA)))
G TO 461}
310 DO 320 I = 1,3
32% ULI) = UAR ¢ VF®*(P®BA2 = 3.,#CH®CP#(Pd=A)%g*R/A = PS{1)*BA3I/A ¢
1 WU(I)®(BA3/3, = d®*e3RALOG(RA)))
GO To 240
260 PS(l) = (PPI « CCR)#aBewalH - CCH
GR 2 ARW® (AP®*®ALKL = 1,)7(1.=ALR)
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IF(PS(1)) 12041300130
120 JF(NC) 122912%,4]126
1264 PS(2) = Ps(l) + GR
U(2) = UAR ¢ VF®((PeCCRI*RAR ¢ 2,%W®BA3/3,/S3R = (PS(2) ¢ CCR ¢
1 A%WeSIKR/S3R)I®(RE® (ALRe2.) = A®®(ALR®2,))/A®*ALR)
IF(Ps(2)) 114,356,356
122 PS(1) = 0,
NC = |
BA =& (PP]/CCR ¢ 1,4)%%(),/ALR)
B = A%BA
BF = B/s12,
UB 3 HeVE#PPA
PS(2) = A®W®((A/B)®*®ALH] = 1,)7/(}4=ALR)
UG1) 3 Ub®bA & VF®((PCCRI®(P=A) ¢ (BoA) = CCR¥(GO® (ALRe2,) = a®®(aL
1R o 2,) ) /7A%#ALR)
U(2) 3 U(]) & VFR(2,%We(BaA)o(H®E « BO®A o A®A)/3,/S3R = (PS(2) ¢
1 A®WESIR/SIH)® (B9® (AL RZ) = A®® (ALR2))/A%®aALR)
60 10 460
130 PS(2) = pPSl1) + GR
PS(3) = PS(]) = $R
IF(PS(3)) 14041504150
160 DO 142 1 = )2
162 UII) =3 UAR + VF®((PeCCRI®RAZ = 2.,#wU(])®3A3/S3R/3, = (PS(]) e CCR
1 = A®WU(L)®SIR/SIRI®(gaoa| R2 = A®®ALK2) /A##ALR)
GO TO 4ol
150 D0 230 1 = 149
230 U(I) = UAR ¢ VF®((PeCCRI®BAZ = 2.%WU(])1%8A3/53R/3, = (PS(I) ¢ CCR
1 = AWU(])®SIR/S3R)®(geeA| R2 = A#®ALRZ)/A®®ALR)
2640 UoA = ytly/za
PRINT 1004BF 9gHAsPS (1) U (1) oU0AIPS(2)9U(2)9PS(3)4U(3) UAK
100 FORMAT(FO,29F)10e39F13,3%E14449E10039F14039E16,00F14,302E14.4)
110 CONTINUE
111 IF(FX = RK) S0095169500
S00 IF(RK) 50199109°vl
501 FK = FK = RK
IF(FK) 91095109520
510 IF(DELPHIR) leveleCelrl
171 PHIR s PHIR = DELPHIR
IF (ABS(PHIR) o 0,0001) 1724173,173
172 PHIR 3 Qo
173 IF(PHIR) 16Ve704+70
160 IF (DELCR) 17041704161
161 CR = Ck = DELCR
IF(CR) 170900900
170 CONTINUE
180 FORMAT (1H19//7® RESIDUAL COHESION = # F7.,2¢ PSI @ Sx ® RESIDUAL ANG
1LE OF INTERNAL FRICTION me#Fp,2% DEGREES® Sx ® RESIDUAL osULK MODULUY
25 = ofFll,1® PS] #/%  LROKEN ZONE VOLUME INCREASE ® #FR,3®% PER CEN

3T#//% RADIUS B 878 SUPPURT PRESS DISPLACEMENT DISPLMNT ROO
4F SUPPQORT ROOF FLODR SUPPORT FLOOKR CONST VOL INCR
SEASE#/2x® NN GHAVITY NO GKRAVITY OVER RAD nise
6LACEMENT UISPLACEMENT NISPLACEMENT®/)
PRINT ¢

2 FORMAT (1H1)
GO To 3u0
FND




PROGRAM GRCEXPD { INPUT,OUTPUT)
THIS PROGRAM CALCULATES THE GROUND REACTION CURVE FOR A GRADUAL
EXPONENTIAL DECREASE 1IN THE RESIDUAL PROPERTIES
AXIAL STRESS S1GZ ACCORDING TO DRUCKER PRAGER PLANE STRAIN
DIMENSION U(3)sPS(3)eWULI)
Y ® ASIN(1473,)
300 READ 109EEMsPyAF oVoWygCoPHIDICRMINZPHIRMIN (PARK «PARL ¢+PARM
10 FORMAT (2E9.497F6,294F5,1)
430 WF = 1728.%w
VR = l,ev
VE = VR/E
VP = ],e2,%
OK = E/VP/3.
wutl) = o,
WU(2) & « W
wWU(3) = w
PHI = PHID/57,2957795131
DEP s pP/w/12,
sl = 1, « SIN(PHI)
PP = pes)
CC = CoCCS(PHI)
PPl = PP ~ CC
PPA = P ='PP]
SIGC = 2,%CC/S1
PRINT 209PsAFIEosVOKsCoPHIDySIGCoWoWF9DEP ycRMINIPHIRMINGEM
20 FORMAT(/® PRE TUNNELING STRESS = ® F7,1% Pgl® 5x® TJUNNEL RADIUS =
1°F6,2* FEET®*//® ROCK PROPERTIES®//5X® YOUNG®S MODULUS = ® Fl0,1 *
2 PSl1e5x® POISSONsS RATIO = ®Fpe3s SX® ORIGINAL BULK MODULUS = #f]]
3,1* Ps] # /7/5%x® COMESION = oF7,20 PSIeSxe ANGL
4E OF INTERNAL FRICTION = oFp,1® DEGREES® SX® UNIAXIAL COMPRESSIVE
5 STRENGTH = #Fg,2® PTle//SXe SPECIFIC WEIGHT = eFg,3e LpS/cuslc I
6NCH  =®F7,2% L8S/CUBIC FT*5X® CORRESPONDING TUNNEL DEPTH = oF7,]
7% FEET#//5%® MINIRUM RESIDUAL COHESION ® oFg,2% PSIeTX® MINIMUM
BRESIOUAL ANGLE OF INTERNAL FRICTION = eFg,2* DEGREES®//S5X® MINIMUM
9 ELASTIC MODULUS = ® Fll.2e pS] #/)
PRINT 21+PARKyPARL yPARM
21 FORMAT(//% PARAMETERS DETERMINING THE DECREASE IN THE RESIOUAL PRO
1PERTIES®*/5X® COHESION K = ®F10,3+5x®  INTERNAL FRICTION L
2w oer.sl SX®  YOUNGS MODULUS M= #F10,3/7)
PHIRMIN = PHIRMIN/S57,2957795131
A ® 12,%F
UAR = POVE
UAO a A®UAR
PRINT S0+UAOyYAR
50 FORMAT(//# FINAL RADIAL OISPLACEMENT IF THE TUNNEL WERE TO R
1EMAIN ELASTIC = #El0.40 INCHES®/® RELATIVE TO TUNNEL RADIUS
2- .EIZQ‘)
IF(SIGC = 2.%P) 220124,24
24 PRINT 25
28 FORMAT(//® UNIAXIAL COMPRESSIVE STRENGTH 1S LARGER THAN MAXIMUM ST
1RESS NO FAILURE #//)
GO To 300
22 CONTINUE
A2 B AsA
Ad = A2eA
VRES & V
PRINT 180
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Al ® AF/10.
BF = AF = A}
NC @ =)
DO 110 1J ® 1,57
BF = BF ¢ A}
8 = 12,%BF
B2 = BeB
: e 83 s BZ.B
. BA2 s (BeA)#(BeA)
; ] BAJ s (B=A)a(BeB o A#B ¢ A®a)
AB = AyH
i BA s B/A
4 CR = CRMIN ¢ (C=CRMIN)SEAP (=PARK® (BASBA=],))
PHIR = PHIRMIN ¢ (PHI « PHIRMIN)®EXP («PAL®(BASHA = 1))
] X = ABS(YePHIR)
: PHIRD = PHIR®87,295779%
¢ CP = COSIPHIR)
& IF (PHIR) 44004400450
O 4S50 S1R s 1, = SIN(PHIR)
T S3R 8 1. = J«*SINI(PHIR)
A ALR 5 2,*SIN(PHIRIZ(1,=SIN(PHIR))
E ¥ ALRL = ALR = 1,
; ALR2 = ALR ¢ 2,
CCR = CR/TAN(PHIR)
440 ERES = EM o (E=EM) PEXP (=PARMS (BA®BA=1,))
UB = BeVE®PPA
UAR a UB*BA
0B = BF
IF (PHIR) 20092004210
200 CONTINUE
PS(l) = PPl = 2,%CRW®ALOG(BA)
IF(PS(1)) 35093609360
3850 IF(NC) 35293540354
384 PS(2) = PS(1) *» wWelB=pA)
Ul2) = UAR ¢ (1,=2,%VRES)®((P=PS(2))%BA2 = 2,9CR®B2%ALOG(BA) o w®
1 (H=A)*(BeA)®(2,%B*A)/3,) /A/ERES
IF(Ps(2)) 111,35643506
356 PRINT 3584BF ¢8AsPS(2) yy(2) 9 PHIRDICRIERES
3%8 FORMAT(F9.2-F10.3037lorlb.3oEl‘.boZUxorb.zoF7.3oFlool)
GO To 110
382 PS(]) = 0,
NC = )
8A = EXP(PP]/2./CR)
B = BA®A
Ps(2) = we(BeA)
BF = B/12.
- UB = BeVEePPA
U(]) = BA®UB ¢ (1e=2+*VRES)®(P*(B=A)®(BeA) < 2.9CR®BEB*ALOG(BA)) /A
1 /ERES
ui2) s ytl) o (1,2.°VRES) ® (B=A)*((B=A)#(Ae2.%B) #W/3, = PS(2)®
1 (B*A)) /A/ERES
- 460 UOA s V(1) /A
PRINT 61°oBFoBAoPS(1)'0(1)-UOAoPS(Z)oU(Z)'PHIROOCRoERES
470 ronnnt(F9.2oF10.3.{13.3-;1*.6-51o.3oF16.3.516.6-zox.rs.z.rv.a.rlo.

11)
BF = 08 = Al
GO Y0 110
360 PS(2) ® PS(1) + W*(B=A)
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A - 32
4 PS(3) = PS(]) = we(H=a;-
9 IF(PS{3)) 370438us380
3 370 PS(3) = 0,
¥ DO 372 1 = 142
% | 472 UIT) & UAR ¢ (14=2¢%VRES)®((P=PS(1))®BA2 « WU(])®(B=A)®(BeA)e
Z I (2,%B*A) /3. = 2.°CR*3®3%aL0G(BA))/A/ERES
461 UOA = U(l)/A
PRINT «TOsHFsBAsPS(1)yU(1) +UOAIPS(2) 4U (2! 4PHIRDICRIERES 4
GO T0 110

380 DO 220 I = 193
220 U(I) ® UAR & (1,#2,*VRES)®((P=PS(]))®BA2 « WU(l)®(B=A)®(B=A)®
1 (2.%B*A)/3s = 2.%CRe3®B®A_0G(BA))/A/ERES
GO TO 240 .
210 IF(xe0,001) 25092500260
250 GR = WeA®ALOG(BA)
CCR = 2,®SQRT(2.)*CR
PStl) = (PP] + CCR)®AB = CCR
IF(PS(1)) 27042804280
270 IFINC) 2722740276
274 PS(2) = PS(1) ¢ GR
U(2) & UAR ¢ P#(].=2,0VRES)®BA2/A/ERES = 3,%CR¥CP®(BeA)®((l+22,%VR
1ES)®B2 ¢ VRES® (B20A24A%8)/9,) /A2/ERES = (1,(24214/94)®VRES) ®(PS(2
2)#BA3/A *W*(BA3/3,~BInaALO0G(BA)) ) /A/ERES
IF (Ps(2)) 111,356+356
212 Ps(l) = 0,
NC = )
BA = PP]/2./SQRT{24)/CR ¢ 1,
B = BA®A
gF = @rsle,
yB = BeyE®PPA
. PS(2) = weAsALOG(BA)
1 U(1) = UB®BA ¢ P#(1,=2,*VRES)®(B=A)®(BsA)/A/ERES = 3,9CROCP® (B=A)®
1((],a2,*VRES) #B%3 ¢ VRES®(B%8 * A®B ¢ A®A)/9.)/A2/ERES
Ul2) = U(1) = (1.=2,%VRES ¢ VRES/9.)®(PS(2)*(B=a)#(B%B*B%A*A%A)/A
1 ew*((B=A)*(B®Be BSA + A®A)/3, = B®BOBALOG(BA)))/A/ERES

GO TO 460

| 289 PS(2) = PS(l) ¢ GR

; PS(3) = PS(l) = GR

‘ IF(PS(3)) 2973104310

290 PS(I) = 0,
00 292 I = 192

202 U(1) ® UAR + P®(1,22,%VRES) #BA2/A/ERES = 3,%CROCP*(BeA)0((l,e 2.9
JVRES)#52 ¢ VRES®(B24A24A%B)/94) /AR/ERES ~ (1s=2s8VRES ¢ VRES/9.)0
2 (PS(Z)'?A3/A “ WwUll)®(8A3/3, = B3®ALOG(BA)))/A/ERES
GO TO 46

310 DO 320 1 = 193 "
320 U(I) = UAR ¢ P®(1,22,%VRES) ®BA2/A/ERES = 3, YCRECP® (BaA)®( (] o= 2,®

IVRES) #82 ¢ VRES®(B2+4A2¢A%B)/9.) /A/ERES = (1e=2¢®VRES ¢ VRES/9.)®
2 (PS(2)%8A3/A = wU(1)®(BAI/3, = B3%ALOG (8A)) ) /AZERES
GO TO 240
26n PS(]1) s (PPl » CCR)®apge®A R « CCR
GR = a®w®(A*®aLRl = 1,)/(1,=ALR)
IF(PS(1)) 12001304130
120 IFINC) 12211244124

124 PS(2) = PS{1) ¢ GR
U(2) = UAR ¢ (P*CCRI® (1,2, *VRES)*(B=A)®(ReA) /A/ERES = (1,224 *VRES

1 vRES'(SIN(PHIR))'02)°('2.'N'Bl3l3o/53k o (BY®ALR2 = A®®ALR2)
2 ®*(PS{2)+cCR +A®WSSIR/S3R) /A%®ALR) /A/ERES
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IF(PS(2)) 11193569356
122 pS(1) = 0,
NC = )
BA = (PPI/CCR ¢ 1,)9%(1,/ALR)
B = A%BA
8F = grsle,
yB = BeyE®PPA
PS(2) = Aews ((A/B)®#ALR]l = 1)/ (1e=ALR)
uty) = UB®BA+ (P+CCRI® (1 4=2+*VRES)® (BeA)®(BeA) /A/ERES = {1e=2¢9%VRES
1 SVRES® (SIN(PHIR))#e2)# (geeaLR2 = A®®ALR2)SCCR/ERES/A®®ALR/A
U(2) 8 V(1) = (l.=2,*VRES ¢ VRES® (SIN (PHIR) ) 882) ® (e2,0W® (B=A) # (308
1 ¢ BSA®A®A)/3,/S3R ¢ (B#PALR2=AT®ALR2) ®(PS(2) ¢ A®WOSIR/S3R) /ASSALR
2)/A/gRES
GO TO 460
130 PS(2) s PS(1) « GR
pS(3) = PS(]1) « GR
IF(PS(3)) 14091500150
140 DO 142 I = 192
162 U(I) = UAR ¢ (PeCCR)I®(]1,=2,%VRES)#BA2/A/ERES = {1.22,*VRES o VRES®
1 (SIN(PHIR) ) ##2) @ (4u(])#2,9B8A3/3,/S3R ¢ (B*#ALR2 « A®SALR2)®(pS(T)
2 ¢CCR = WU(I)*A®SIR/S3IR) /A®SALR) /A/ERES
GO TO 46l
150 DO 230 I = 193
230 ULI) = UAR ¢ (PeCCR)®(]+22+®VRES) ®BA2/A/ERES = (14=2,®VRES ¢ VRES®
l(SIN(PHIR))0’2)O(lu(l)’zo’8A3/3./S3R o (399ALR2 « A®NALR2)®(PS(])
2 oCCR = WU(1)®A®SIR/S3R) /A®ALR)/A/ERES
2640 UOA = U(1)/A
PRINT IOOoBFoBAvPS(I)oU(l)oUOAoPS(Z)oU(Z)oPS(3)oU(3)oPHIRDoCRoERES
100 FORMAt(F9.2.F10.39(13.30514.boElo.JoFlQ.Jocld.QoFIQ.aoElb.boFe.Z.

1F7e39F1061)
110 CONTINUE

111 CCNTINUE
180 FORMAT(/////% RADIVS B8 B/A SUPPORY PRESS DISPLACEMENT DISPL
IMNT ROOF SUPPORT ROOF FLOOR SUPPORT FLOOR PHIR
2 CRES ERES ® / 20x® NO GRAVITY NO GRAVITY OVER RAD
3 DISPLACEMENT DISPLACEMENT @ /7 )
PRINT 2
2 FORMAT (1M1)
60 T0 300
END
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A-4., Support Stiffness Calculation _{

The support stiffness as defined in II.6 and

as calculated here is equal to the average support
pressure developed on the tunnel walls for a unit
convergence of the support system, It is assumed

that the convergence and the support reaction

pressure are radially symmetric.

A-4.1., Shotcrete Cylinder., The stiffness

f E of a shotcrete liner is assumed to be that of a
hollow cylinder of the thickness t &nd external
& radius a, For a thick wall cylinder in plane

strain the expression for the stiffness is:

5
o

o =k E (2aﬂ9-§ 5 (A.28a)
5% Y3 (14)) a [(1-2Y) a“ + (a-t)“)

e

For a thin wall cylinder (t < 0.04 a) this

VT

can be reduced to:

Et
Kss = ;5 (A.28Db)

L & L
4 o

A-4.2. Blocked Steel Set. Determining the

stiffness of a blocked steel set requires the . ;

A o

determination of the steel set stiffness and of
the stiffness of the wooden block. In a simplified
é :; form the stiffness of the steel set can be assumed g

to consist of the "ring stiffness," or stiffness
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é i under an evenly distributed (external) pressure
F ¥ and of the "bending stiffness," or stiffness under

a number of evenly spaced radial forces (Roark,

1954, p. 158). The stiffness of a wooden blocking

¥ point is assumed to equal that of a linear spring.
y ;% . The resultant steel set stiffness can then be
! é written as:
% g ol S Eg _ Sa2 & Sa4 (e(e+sc) -1) + ZSaeth (A.29)
" es Fi EA EL T, 2 ApFy .
% } where:

f Kss = stiffness of blocked steel set

! a,u, = tunnel radius and radial displacement

1 Pi = support pressure

A,E,I = steel cross-sectional area, elastic

modulus and moment: of inertia
S = steel set spacing
20 = angle between blocking points

n = 1/6 = number of blocking points

? & s = sin e, ¢ = cos ©
EB' tB = elastic modulus and thickness of blocks

Apg = cross=-sectional area of blocks,

in all calculations for Figures IX.12, II.13 and

RESle dha wos

A.3 assumed equal to the square of the steel set

flange width.

Figure A.3 illustrates the effect of block
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Figure A,3.
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1
15 20 25 30 k-] 40 4% 50
Number of Bilocks

Support Stiffness of Light (41 7.7),
Intermediate (6x4 LB 16), and Heavy
(6x6 H 25) Steel Sets at the Indicated
spacings (1 ft, 2 ft, ... 5 ft) in a
16.7 ft Diameter Tunnel. Block thick-
ness is 8 inches, block modulus is
either,1.4 x 106 psi (full lines) or
8 x 10 psi (dotted lines). The
number of (evenly spaced) blocks
corresponding to the maximum recom-
mended block spacing (from Proctor and

white, 1968) is indicated (Bsmax).
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spacing (or number of blocks) upon the support
stiffness of a light, intermediate and heavy steel
set in a 16,7 ft diameter tunnel for stiff and soft
blocks. For stiff blocks the total stiffness will
not increase significantly when the number of
blocking points is increased much beyond the mini-
mum recommended number. For soft blocking points
the total stiffness will continue to increase well

beyond that point,

A-4,3. Rock Bolts. Two types of rock bolts
are considered, 1In point anchored bolts the inter-
action between bolt and rock is limited to rather
short lengths at the ends of the bolt. It will be
assumed that for such cases the bolt action can be
replaced by a force applied on the tunnel surface
(through the bearing plate) and that this force
can be replaced by a pressure distributed evenly
over the rock surface. The anchor force is assumed
to be exerted well within the elastic region, and
the anchor is assumed to be sufficiently stiff and
strong to guarantee that no relative displacement
between bolt end and hole bottom can occur. There
is substantial empirical and experimental evidence

that the latter condition, in most rock types, can
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only be met by bolts grouted err some length,
particularly when the bolts are to be effective
over extended periods of time. The second bolt
type is the one where friction can develop along
the entire bolt length, either because the bolt
was grouted or because it was driven in place.

The stress induced in the rock by bolt action
is determined by the bolt tension generated by the
relative displacement between bolt anchor and bolt
bearing plate (an installation tension does not
affect the stiffness if the yield limit is not
exceeded, although it does correspond to an initial
induced stress). The relative displacement between
the bolt ends can be calculated from the expression
for the radial displacement u. at radius r as a
function of the radial displacement u_ on the tunnel

a

periphery (r = a):
a

This expression is correct in the elastic
domain, but assumes that no volume change occurs
in the broken rock (compare with equation A,19).
When failure does occur, the strain calculated from

A,30 will be an underestimate, and therefore the

bolt stiffness as calculated here will be too 1low.,
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A-4.3.1, Point anchored bolts. The change
in length 41 of a bolt of length 1 induced by a
tunnel wall displacement u, that occurs after bolt

installation is given by:

a 1
a 1 a4 ? a4 @

A B . dao2Pu (3.32)
where A is the bolt cross-~sectional area, Eb is
the elastic modulus of the bolt and db is the bolt
diameter,

Assuming that this force corresponds to a
distributed support pressure Pi and that the bolts
are at distances sp along the tunnel and Sa across
the tunnel, the equality of two expressions of the

boit forces gives:
P.S_ S_ = s——x y (A.33)

The stiffness of the bolt system is then

given by:
2
B e

Kb = —u: 5 Z—S-;E;—(EH) (A.34)
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A-4,3,2, Full friction bolts, The stress
distribution induced by a bolt that can generate
friction along its entire length is not as easily
calculated as that resulting from the preceding
bolt type. For that reason, the stiffness concept
as used here is not directly applicable to this
type of bolt, The interaction between rock and

bolt will depend upon the boundary conditions,

ey S T e e 3 E;
FER e e
s , g 5 -y
ot > S oo i
b o X . =3
i

specifically upon the degree of displacement con-

R R

tinuity between rock and bolt ends (stiffness and

e s

strength of anchor and bearing plate) and between

hole walls and bolt circumference (shear stiffness

e T——

and strength of grout, rock-grout and bolt-grout
contact). Four possible assumptions regarding the
interaction are discussed, representing extreme

cases of boundary conditions., In all these cases

the induced stress distribution will approach that
of point anchored bolts when plastic yield progresses
in the bolt. As long as the bolt remains elastic

the induced stresses can be markedly different,

Basic equations common to all cases are:
a¢
6’+drdr

i, Bquilibrium
Writing the conditions

for equilibrium of a bolt
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segment of length dr results in:

2

e, g

a¢ w -
7 (6+dr-6')-ndbtdr—o

d‘b aa
't=-4—-? (A, 35)

6 is the bolt tension, <t is the shear stress
between bolt and rock.
ii, Relation between bolt stress, strain and
displacement.

du
6 = B, 3 (A.36)

ASSUMPTION A: Complete displacement continuity
From equations (A,30,35,36) one can derive
the boﬁndary conditions required to assure com-
plete displacement continuity between bolt and
rock, Writing the displacement relative to the
bolt anchor (which adds a rigid body displacement

only), the results can be written as:

u = (% 2 (A.37a)

(A.37b)

)
1
o
&
!
]
o
ol
=
)

t=

*l?

S
o
I
=

(A.37c)

The stress distribution along the bolt is
illustrated in Figure A.4a. 1In order to have a

complete displacement continuity a sufficiently
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bolt is plastic.

r = radial distance along bolt (r
. 100" = a, tunnel periphery)
W, ur = pbolt and rock displacement

6 = bolt tension t = shear stress

between bolt and rock

Bolt length = 72 inches, bolt diameter

1 inch

Stresses and Displacements Along a
Fully Grouted Bolt with Complete
Displacement Continuity Between Bolt
and Rock, Full lines: elastic
bolt; dotted lines: one-half of the
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stiff and strong bond has to exist across the bolt

ends (bearing plate and anchor).
ff The resultant forces at the bolt ends (Fa at
- r=a, F at r = a + 1) and the total shear

r force Ft along the bolt are given by:

ik ke

: 2
a, 5,
. Fa Slee—a u (A.38a)
1 2
; Foop = % Ebza u, (A.38b)
3 4(a+l)
g 2
; a+l 'n/ l(2a+1)
Ft = J 4T’db tdr = > 5 u
; a 4 a(a+l)
'g (A.38c)

The direct equivalent of the stiffness calcu-

lation for the point anchored bolt could now be

e R L S

performed by assuming that the bearing plate force
J F. is distributed evenly over the rock. A calcu-
lation entirely parallel to the one producing (A.34)

yields

2
vy B,
K, = Z(at1) Ya (A.34a)

This might be interpreted as a higher stiffness
for the continuous displacement bolt, However, the
entire bolt now acts as an anchor, and forces of
opposite sign are induced all along the bolt, ih

particular, starting directly behind the bearing

plate, Therefore, the stress distribution at some
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depth will not correspond to the one induced by a
point force on the surface, For this reason it is
doubtful that a direct stiffness calculation as
above is very meaningful.

The maximum bolt tension is reached at the
tunnel periphery so that plastic yield will be
initiated at that point and will progress towards
the anchor with increasing tunnel convergence,
When strain hardening is neglected, it follows
from (A.35) that the shear stress along the plastic
bolt section is nullified. The tunnel wall dis-

placement at which a bolt length lp has yielded

results from (A.37b):

2
1
yoeslp _ Gy &ty

a aEb

where f& is the yield stress of the bolt steel.

In a continuous displacement bolt yield is
initiated when:

i _6y°
s A (A.40)

= T,
The entire bolt yields when

2
5y(a+1) _ 6-y(a+l) a+l (A.41)

ua = aE;b Fb a

These results can be compared with the dise

placement at which a point anchored bolt yields:
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6, (a+l)
ul = -Y—-——Eb (A.42)
At this displacement the entire bolt yields,
For a continuous displacement bolt yield will be
initiated for a smaller displacement and will be
complete for a larger displacement,
The stress distribution along the bolt induced
by a displacement that causes yield of half the
bolt (lp = 1/2) is shown in Figure A.,4a, Eduilibrium
is now maintained by the end forces and by the
shear stress block along the anchor half of the
bolt. The required anchor end force increases
with progressing yield. As yield progresses the
stress induced in the rock approaches that of a

(yielding) point anchored bolt.
¢

ASSUMPTION B: No end forces, friction along the bolt,
The actual shear force distribution generated

along the bolt will depend upon the developing rela-

tive displacements between the rock and the bolt,

and in particular, upon the shear stiffness of the

contact area along the bolt, A condition that

must be satisfied is that the resulting shear

force is zero, because the shear stresses are self-

equilibrating, The simplest assumption is that of
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a linear shear stress distribution. Imposing the
condition of zero end forces and of equal rock and
bolt displacements at the point of zero shear

| E stress, the results, obtained by integrating (A5

s

and (A.36) can be written as:

% 2

& _ r
T t=2A 1 -57577) (A.43a)
]
_4A (r - a) (1 +a-1x)
6 = G a+ 1) db (A.43b)
2 3 2
: | _ _4A [5_ 2 r a(a+l) r + a(a+l) (2a+1) ]
. | “p T B d 2 3(2a+1) ~2a+ 1 2 - 12
3 al u, :
- t Ta+1) (2a+l) (A.43c)
} The factor A could be considered as an
i "empirical" factor, dependent upon the properties
f . of the rock-steel interface. However, some CON=
i ditions must necessarily be satisfied in order that
§ the solution be consistent. In particular, it is
; necessary that the relative displacement between

bolt and rock be oriented in a direction conforming

with the direction of the induced shear stresses,

In this solution the bolt half close to the tunnel

(r ¢ a + 1/2) tends to be pulled out by the rock,
§ while the other half (r > a + 1/2) anchors the bolt.
A This argument permits the derivation of some

necessary conditions that have to be imposed upon

the constant A:

B S R D e DA
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dub dur
Gy atr=a+1/2,a;—_?a-;-, or :
48u B4
1l (2 a+1) g
ii, atr=a+1, uy 20, or }
3 a Eb db u,
l (a + 1)

In these conditions w, is the bolt displace=
ment and u_ is the rock displacement, both with
respect to u =0 atr =a + 1., Wwhen 1l £ 2a con-
dition i is more stringent, whereas condition ii

is to be used when 1 > 2a, In the former case the

DT TR 0 T SO P =

constant A can be written as:

%y, B &

A=k 5 (A.44)
17 (2a + 1)

S LS

where 0 ¢ k ¢ 1

Displacements and stresses along the bolt for
this solution are plotted in Figure A.4b. The
maximum bolt tension is generated in the middle of
the bolt., The displacement at which plastic yield
is initiated can be calculated from (A.43b) after

substitution of (A.44). For k =1 this results in

2 .
a 4 Eb a Eb 2a Eb 4a (a+1) J
(A.45) E
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Figure A.4b, Stresses and Displacements Along a
Fully Grouted Bolt Without End Forces .

Same symbols as on Figure A.4a,
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Yield will be initiated for a laryer dis=-

placement than for either a continuous displacement
or a point anchored bolt. To calculate the effects
associated with progressive yield it will be assumed
that yield progresses symmetrically about the middle
of the bolt., This assumption is consistent with

the calculated bolt tension distribution, but not

with the (more fundamental) relative displacements,

Assuming that the bolt has yielded from a + lp up

taga

s

toa+1a« lp, the preceding calculation can be
repeated for those r-values where the bolt remains

elastic, The complete solution can then be written

G e AR gty

ﬁ ‘ as:s

fora+1 ¢r<a+l1l-1:
P - - P

% ub = ur 6 = 6& t=0

? fora<rc¢a+1l:

;’ - = P

% 2 , 2

3 4A (r-a=1 ) r+a+l r +(a+l )r + (a+l))

3 . . P [ B _ P B _

g Eb db 2 3(2 a+ 1}

3 . a_(atl), . (1-7p) 2 Y (A.46a)
- 2 a+ 1 (@+1 ) (a+1) )

for a + 1 = lp Src<a+l

4A (r-a=l1l+l ) r+a+l-l r2+(a+1-1 ) r+(a+l-1 )2
P B P P

bl S S

4 =TE 4 (=3 5 3(2a+1)
al u
a(a+l
- gl , 22 (A.46b)

(a+l)(a+l-lp)
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similar necessary conditions as above can be
imposed to guarantee consistent relative displace~
ments and shear stresses, and, for 1 < 2a, this
results in

(2a+1) B4, au

A=-kTEay 1. @l =)

p P P

From this

au_ (r=a) (a+l=r)

€= = kEb 2 5 (A.48)
(l-lp) lp (a+lmlp)

au_ (2a+l-r)

+= % % 2% (A.49)

4(1-1 1 a+l-1
( p) p( p)

The preceding results are illustrated in
Figure A.4b for the case where half the bolt has
yielded (lp = 1/4), Equilibrium is maintained by
the blocks of shear stress near the ends of the
bolt., As yield progresses the induced stress
distribution approaches that of a point anchored
bolt. The limit displacement that causes yield of
the entire bolt can be deduced from (A.48) and is
identical to that at complete yield of a continuous
displacement bolt (A.41).

ASSUMPTION C: Friction along bolt compensates
anchor end force

With this assumption, the compressive force
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exerted on the rock by the shear stresses along
the bolt is in equilibrium with the ancher force
at the bolt end, while no force is exerted at the
tunnel periphery (no bearing plate). Assuming that
the displacement continuity at the anchor end is
assured by the end force, i.e, u, = Oatr=a+1,
and that therefore T= 0 at r = a + 1, one can
proceed from:
t=2 (r = a = 1) (A.50)
Integrating (A.35) after substitution of

(A.50), and imposing the equilibrium condition

a+l 4Tab

flebaf-tdr=4 G

r a+1

results in:

2A (r = a)(r = a = 21)

%

Integrating (A.36) and imposing w, = 0at r =

b= (A.51)

a 4+ 1 results in:

_ 2A(r=a-1) ((r-ia"‘DLz" 312) (A.52)

JENEN

In order to assure that the relative dis-

placements be consistent with the developed shear
stresses it is necessary that ub < ur. A necessary

condition is that at r = a + 1:




or A=Kk Ebzdb aug
21 (a+l)
with 0 ¢k <1

Stresses and displacements along an elastic
bolt tensioned according to this assumption are
shown in Figure A,4c. The maximum bolt tension
occurs at the bolt anchor, Yield is initiated

there when:

2
. 6 (a + 1)
wrt = X (A.53)

a Eba

This is the same displacement that causes

complete yield of the continuous displacement
bolt (Assumption A), the friction only bolt
(Assumption B) and the bearing plate bolt
(Assumption D),

One can proceed by assuming that the bolt

has yielded from a + lp up to a + 1, and impose

the proper conditions at the elastic-plastic
boundary point and along the elastic and plastic
bolt sections. The results from such a calculation

indicate that the displacement required to propa-

gate yield decreases with increasing length of the
yielded section, pointing out an instability (this

is associated with the equality of bolt and rock
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Figure A.4c, Stresses and Displacements Along a
Fully Grouted Bolt When Friction
N Along the Bolt Compensates an Anchor l
End Force (Elastic Solution Only), ,
Symbols as in Figure A.4a,
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displacements along the plastic bolt section,
Postulating that the effective bolt length is equal
to the true bolt length minus the yielded bolt
length it can be seen that the above conclusion
follows directly from A,52 ,
ASSUMPTION D: Friction along bolt compensates
bearing plate force

This assumption can be regarded as the reversal
of the preceding one., 1t is assumed that the
bearing plate assures displacement continuity
between rock and bolt on the tunnel periphery
(ub =u_ at r = a), Friction along the bolt
anchors the bolt and equilibrates the pull-out
force at the bearing plate. Proceeding as before

one finds:

t=A (r - a) (A.54a)

§_2A(r-a-1)(r-2a+]) (.54b)

%

_2A (r = a)((r = a)z- 3 12)

1
ua
+

3 a+l
Eb db (A.54c)

A necessary condition is that the bolt dis-
placement u, must be larger than the rock displace=-

ment u . and in particular:

d du u
at e lcla ub s r or A € Eb db a
dr dr - 2a 12

N R i

B e g 2 R

o




3 u
at r=a + 1 w >0 orAc¢ Eb db a
- T 4(a+l) 1

1 for 1 > a/2 A=k ——

£
o 3 u
, L3 % Y

4 1< a/2 A 2
; 4(a+l) 1

For the results plotted in Figure A.4d this
necessary condition was not sufficient, and k was
arbitrarily taken equal to 0.9. Plastic yield is

4 initiated at the bearing plate,

- . af

E 3 : Yol _ X

- for 1 » a/2 when uyto= g E_

‘Q : G

1 : i _°y 2 (a + 1)
; for 1 < a/2 when uy o= x E 35

] ‘ In the first case, assuming k = 1, yield is
initiated for the same displacement that initiates
yield in a continuous displacement bolt. When the
bolt is shorter than half the tunnel radigs, yield
is initiated for a smaller displacement. When
yield has progressed along a bolt section of length
lp the bolt displacement in the elastic section

can be written as:

2A(r-a-1_) .
w = 3E, 4 [r + (a+lp) r + (a+1p) - 3a(r+a+1p)
(1-1 ) au
+ 3 2 1%)) 4 B 3 (A.55)

(a+1)(a+lp)
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The stress and displacement results along a
bolt that has yielded up to the middle (lp = 1/2)
are plotted in Figure A.4d. BEquilibrium is main-
tained between the bearing plate force (constant
once yield is initiated) and the shear stress block
near the anchor. As before, the induced stress
will approach that of a point anchored bolt with
progressive yielding. The entire bolt will have
yielded for the same displacement that causes
complete yielding in the preceding cases (A,41 and
A,53).

Because a rock bolt does not exert a net force
on the rock around a tunnel the concept of support
stiffness as defined in II.6 is not directly applice
able to a bolt support. For bolts with the entire
anchor section well within a zone that remains
elastic, this problem is not too serious. In that
case, the assumption of a fairly homogeneous distrie
bution throughout the broken zone of the stresses
induced hy bolt tensioning appears to be a reasone
able one. For bolts that are in intimate contact
with the rock along their entire length forces of
opposite direction can be generated within very
short distances, 1In that case, it is more diffi-

cult to justify the assumption of a homogeneous
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stress distribution in the rock., Therefore, the
applicability of this method of support action
analysis is questionable, certainly during the
initial stages of deformation,

It has been shown in the preceding analysis
that for all assumptions, whether yield progresses

from the bearing plate, from the middle of the

bolt, or from the anchor end, the forces applied

g to the rock by the bolt tend towards a configura-
tion equivalent to that developed by a point

§ anchored bolt., Therefore, the concept of stiffness

5 can be used in a "limit" sense, i.e., with regard

to the maximum support pressure corresponding to
(perfect) plastic yield of the bolts, the character-
istic of a full-friction bolt system will approach
the characteristic of a point anchored bolt system,
Comparing the net-force in one direction2

exerted by bolts on the rock (Figure A.,5) it can

be seen that this force increases more rapidly for
full-friction bolts with bearing plates (Assumptions

A and D) than for point anchored bolts (PA), and

Equal to the bearing plate force for Assump=~
tions A and D and for a point anchored bolt, equal
to the total shear force for Assumption C and to
the positive shear force for Assumption B.
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Figure A,5, Net Force FB in One Direction Applied |
i to the Rock by bolts of Different
§ ; * Types for Increasing Tunnel Converge
: ence (= 2ua).
Tunnel diameter is 16,7 ft, bolt :
- . length 6 ft, bolt diameter 1 inch, 1
] bolt steel modulus 3 x 107 psi |
i ¥ PA: Point Anchored Bolt 1
; A,B,C,D: Fully grouted bolts with £
1 boundary end conditions as in Figures t
A.4a’b’c'd. -,3‘
, uf: tunnel wall displacement at come !
. plete yield of all grouted bolt types. ;
a2 f
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less rapidly for full-friction bolts without bear-
ing plates., For this reason the support character=
istics given in Figure II.14 for various systems
of point anchored bolts can be considered as
reasonable approximations for fully grouted bolts,
provided the latter are equipped with bearing
plates. If no or only very small forces can be
exerted at the tunnel periphery (Assumptions B and
C) the stiffness of friction bolts will be smaller
than that of point anchored bolts. 1In all cases
it would appear that the stiffness and the strength
of the bond between rock and bolt ends are essential
parameters,

The preceding derivations were made to discuss
the bolting support action in terms of support
stiffness, and do not represent a comprehensive
analysis of bolt support action., Even within those
limitations some of the assumptions made are debat-
able, Some specific examples are the assumptions
regarding the shear stress distribution. For
Assumptions B through D it might be justified to
accept a slope of opposite sign for the shear
distribution, or to assume that no jump occurs
across the elastic-plastic boundary., As regards

the generated forces, a comprehensive bolt action
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analysis might have to include the compression on
the bolt induced by closure of the borehole during
tunnel convergence, The shear stress distribution
will undoubtedly be influenced by rugosities in

the borehole wall, irregularities in grout thick-

ness, opening of cracks, etc., An analysis such as

the preceding one should be complemented by field °!
observations., Critical unknowns are the end and
shear stresses, .;nformation about these could be ;
obtained from strain gaged bolts (BEquations A.35 '
and A,36 relate strain gradient to shear stress), A
Pull-out tests can give an indication of the
anchor strength., But the interpretation of such
tests with regard to support efficiency is not a

trivial one, because the relative displacements

between bolt and rock (and therefore, the developed i;
shear stress distribution) are entirely different
in the two coniigurations, The configuration cone

sidered here that comes closest to that of a pullw

e o N YT B o e

out test is theone of Assumption D, where the bolt p

displacement uy is larger than or equal to the rock

displacement along the entire bolt length, 1In a

pull-out test the bolt displacement is larger f

everywhere, and the largest displacement difference “f

occurs at the hole collar,
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APPENDIX B

DETERMINATION OF THE PSEUDO=-ELASTIC CONSTANTS
g IN THE FINITE ELEMENT ROCK FAILURE MODEL

B=1l. Introduction

In this appendix a more detailed derivation

is given of the methods used for the determination

oy
s

of the elastic constants in the finite element

3 F simulation of rock failure. This presentation is

organized according to the various elastic models,

3 B-2, Plane Strain Isotropic Model

For a homogeneous linearly elastic isotropic

material under plane strain conditions the stress-

strain relations can ke written as:

: 2
] | 5, (1=Y) -y A+ 7,
% . gx = = (B.1)
£, 1-Y) —vaw 6,
; € = - (B.2)
2

Dividing (B.l) by (B.2) and solving the
result for V gives the first of expressions (III-2.6)
i and back substitution of V into (B.2) provides the

B-1




B2
second of those expressions used in the plane strain

program,

B-3, Transversely Isotropic Model

While in principle the (physical) attractive-

ness and justification improve as an equivalent

elastic model more closely approximates the three-
dimensional physical aspects of rock failure, the

number of necessary assumptions increases and the

| mathematical derivations become more strenuous.
These factors, added to the lack of available

experimental data, make the character of these more

complex models also more hypothetical. Nevertheless,

given the established inadequacy of the isotropic
model, and the significant amount of information
that is available about rock fracture in triaxial
tests, it seems necessary and possible to establish
some progress towards the development of a more
somprehensive rock failure model,

The transversely isotropic model would appear

to be an appropriate extension of the isotropic

model for the case of a triaxial test, certainly

during the initial stages of failure, i.e., as long

as radial symmetry is maintained and as long as the

radial and tangential directinns are fully equivalent,




The determination of the elastic constants derived
from an (idealized) triaxial test can proceed
directly from the stress-strain relations:

. v 06
2(1 Ul) Uéon _ “ 2 z
Es

Ey
Although this model is derived specifically

for the triaxial test, and although it is less apt
to give a realictic description of rock failure in

a less homogeneous stressfield, it is an appropriate
basis for a more generalized model. 1In order to
derive the sequence of pseudo-elastic constants by
means of equations (B.3) it is necessary that a
continuous record be available of the axial stress

’

Sz, the (asually constant) confining pressure 6;

on

the axial str&hmEz and the lateral vclume expansion
gr + Ee. To reduce the number of unknown material
properties in equations (B.3) from four to two it

will be assumed that the following relations (Crouch,

1970, p. 90) hold:
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E_ and Vo are the initial elastic modulus
and Poisson's ratio of the unfailed (isotropic) rock,
o€ is an as yet undetermined (positive) parameter.
These relations were based upon the postulate that
the stiffness perpendicular to the largest principal
stress decreases with increasing (inelastic) lateral
expansion,

From the second of equations (B.3) one finds:

6. -2V _6
E = 4 2 con (3.5)

2 Ez

Substitution of (B.4) and (B.5) into the first

of equations (B.3) results in a quadratic equation

for VZ:
2 2
40C 6 6 6 46
2
- _E_..).)SSB V5 o+ Y, 2 E°°3 g - E°°“ (1-C= V)
(o} (o] o] [0} o]
26 6

con
SN2y 67 & Rl 2lS S8 (E+Eg)]1 + (1- - 3) —‘E;-.

= 6‘z (gr +£e) = 0 (B.6a)

In order to simplify the manipulations one can

rewrite this equation as:
2
ay2+bV2+c=0 (B.6b)

where a, b and c are the appropriate coefficients

corresponding to the ones in (B,6a).




In order to determine the correct branch of
the solution that should be used, one can consider
the equivalent problem for an isotropic material,
After substitution of the stress-strain relations
(I11-2.3) for an iéotropic model, equation (B,6a)

reduces to:

2
40C ¢ 2 S 03
con y con "2 2 2
ST o+ [2¢£-——-———-V + 4oca‘con-26'z] 1)2
2
- zocccon Gz + 2)Y 6'z =0 (B.7)

. . 2 3
For this equation (b ~4ac) can be written as:

]
2 _ 2z _con 2 22
b” ~ 4ac = (20C Y, -4oco'con_26'z) =
2 G 6, 2
e 2 2 con®z =
(Va - 35) —(26'z+4oco'con-20C——-—-—-—u ) =
o] 2
(';,- ay) (B.8)
when -E- Va >0

42 _ 2 2 6.cons-zl c
-4ac-26'z+4(t6'con-2<£ > -V..ax)

«b = ¥b -dac >

and ))2 = >a )Y (B.9a)

when va--‘j >0

-b+\/b2-4ac_

= Vv (B.9b)

v, =

It will be assumed that the criterion Va -

-f; %0, easily calculated from the coefficients of

the quadratic equation, can be used to determine

Ey
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the appropriate branch of the anisotropic solution, a
Once the )/2 Poisson's ratio has been determined,

the other elastic constants follow from back

AR AR BT e o R T T

substitution into equations (B.4) and (B.5). The

last step in the derivation of the equivalent

e E 33

gl R

anisotropic constants is a check that positive
definiteness is satisfied. With stress-strain

relations (B.3) a necessary and sufficient condition

is that
E 1
1-p =232 50 (B.10) !
1 2 E, a

with Vl’ V2, El and E2 > 0

By extensive numerical checking of the pre~ ;

ceding derivations, i.e., by assuming a wide range

of stress-lateral volume change=-axial strain re-
lations it was found that the determination of the
elastic constants from the above expressions fre-

duently leads to an acceptable result (in that the

positive definiteness is satisfied). However, this

is far from always true, for either of two reasons,

The first problem is that the quadratic equation

(B.6) occasionally has imaginary roots. The second

problem is that positive definiteness is not always

satisfied.l The latter difficulty can always be

lIt should not be surprising that these problems
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circunwented by increasing the value of the up to

now arbitrary parameter ¢, It is not as simple to
eliminate the former difficulty, and it appears
that the best solution at this time is to limit
the input to sets of values where the problem does :

not arise., This necessitates that the combined ;

changes in stiffness and volume should not be too
large, or that a simultaneous very steep post-peak
strength drop and very steep lateral volume increase
cannot be modeled in terms of the preceding aniso-
tropic mcdel., Under all circumstances, a very care=-
ful analysis of the input data, prior to their use
in the finite element calculations is a strict
necessity if unpleasant surprises are to be avoided.
Figures B,l and B.,2 illustrate some results
from (closed~form) calculations according to the
methods outlined above, The solid lines represent
"experimental input" from an iflealized triaxial

"test." The points are calculated values based

o PG W TR e b Sy

do arise, There is indeed no a priori justification
for the assumption that any fairly arbitrarily
selected relation between lateral volume changes

and axial stresses and strains can be fitted within
a framework of transversally anisotropic elasticity.
In fact, limitations similar to the ones for iso-
tropic elasticity discussed in 1II-2.3.3 do exist,
but have not been investigated.,
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Uniaxial Stress=Strain Curve and
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Constants are Calculated According
to Equation (B.6).
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upon substitution of pseudo-elastic constants
calculated from quadratic equation (B.6) with cone
ditions (B,9) and for&-values ranging from (the
minimum value) 1 up to 64, The last point for each
K —value, the plotted point for the largest axial
strain, was the last point for which positive
definiteness was satisfied.2 Figure B.1l shows an
input uniaxial stress~strain curve and backe
calculated corresponding axial stress versus axial
strain values for a plane strain condition in which
the minor principal stress equals zero. Figure
B.2 shows the assumed input lateral strain under
uniaxial conditions (solid line) and the calculated
minor principal strain points for plane strain con-

ditions, For this example, unless & is very large,

and this implies an extremely rapid decrease in »’1
and El (equations B,4), positive definiteness cane
not be satisfied shortly after the peak strength
has been exceeded, Whether results of this type

are qualitatively correct (and results obtained

from problems with smaller volume increase so that

2It might be pointed out that the volume in-
crease, Figure B.2, is very large as can be seen
from a comparison with Figure 1113b illustrating
the limits for an isotropic calculation.
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the positive definiteness problem is eliminated are

qualitatively similar) can only be evaluated from

e

experimental comparisons of triaxial and plane 4

: strain tests, X

An alternate relation between the elastic k-
. constants can be defined so that only linear equa-

tions result for the elastic constants, replacing

(B.4) by:

E Y,

1+o0c (-5}1- - 1) 1 +oc(_5_2_ - 1)
;:, © © (B.11) _‘;-:
and substituting these equations into (B.3) results '
| in: ,

E+EY 6 3

2 3
N £ + 2 (1) 6-con o

2" it

;.:- ( .t e’ 6-con oK & 6 3
}33 2[ E + (-;i_ . 1) con - z] i
| z ° £
€ -2V € {

E, = z __con (B.12) ‘

) g

z :

& These relations imply that Vl / By = )/2 / E,, ; 4

" and that El is smaller than E

2 for positive ¢C and

increasing Vz. The physical or experimental justifica=
tion for (B.l1ll) is thus far less evident than for

(B.4).

When it is assumed that relations (B.ll) exist
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between elastic constants the criterior for positive

definiteness reduces to:

- V
1+m(T)3_1)-V?-2V§>0 (B.13)
r E

This in itself is easily satisfied by adjust.-

B i e e Sl 2t

ing C , but that does not imply that all problems s
are eliminated, It is indeed not impossible that,

i because of the fairly complicated dependency of

| Y, upon &, 6_

. &€ _+ &, etc. situations might
2 r ©

on

arise where unacceptable values for ”E (e.g., l/z <0

or )E >1) or for E, (< 0) are calculated. It re-

B G SE—

mains therefore necessary, in every case where a
particular configuration of stress-strain-volume
changes is to be represented by a transversally
isotropic elastic material, to check the input data
over the entire stress-—strain domain that might
occur in the finite element calculations, in order

to ascertain the internal consistency of the

P

equivalent elastic parameters. As could be expected,
it is frequently difficult to guarantee this

internal consistency, unless the descending slope

of the axial stress-axial strain curve is not too
) steep and the associated inelastic volume increase
is not too large,

Results bdsed upon assumption (B.1ll) and

i e T
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correspondir - to Figures B.l and 2 are shown in
Figures B,3 and B,4., The solid lines are uni-axial

input data, the points are calculated for plane

strain conditions,

-~ S e R B e

As was pointed out in the introduction to
this section, the determination of the multiple

elastic constants invokes many hypotheses, The

following diagrammatic representation illustrates

the relative position of the two previously dis-
cussed assumptions within the more general frame-
work of eight reasonable options that have been

considered during this investigation,

 ?€ One can start from two basic alternatives:
the informaétion ahout the rocl behavior is given
either in the form of plane strain data or in the
form of triaxial data, In the latter case there
is little doubt but that the radial and tangential
directions are equivalent, so that the anisotropy
axis coincides with the axial loading direction,
In the former case, if the (probably fictional)
assumption of anisotropy is to be maintained, one

can assume that the material properties in the

plane strain direction are equal either to those

in the principal loading direction or to those in

the minimur principal stress direction, It is then
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Uniaxial Stress-Strain Curve and
Calculated Plane Strain Points for
Various & -values when the Elastic
Constants are Calculated According
to Equations (B.12),
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Figure B.4, Lateral Volume Change Er + € o Associ-

ated with Uniaxial Stress-Strain Curve

of Figure B.,3 for Calcuvliation of
Elastic Constants from (B.12). Points
(€ ) are corresponding plane strain

results for various & -values.
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necessary to make assumptions about acceptable
relations between various elastic constants,
Finally, when the corstants have been derived from
the triaxial assumption, it still must be decided
what type of anisotropy will be used in the stiff-
ness matrix formulation,

Two of the options have already been discussed
in some detail, A short survey of the options,

their applicability and related problems follows,

Option 1

Plane strain input; plane strain direction
assigned same constants as minimum principal stress
direction, relations (B.4) between elastic constants,

This option leads to a fourth order equation for

V.

X and has not been considered in any more detail,

-

Option 2

Plane strain input; plane strain direction
assigned same concstants as minimum principal stress
directions; relations (B.ll) between elastic con-
stants, This option leads to a quadratic equation

for Vz with long complicated coefficients, and results

in the same condition (B.9,16) as for options 4,5 and 7.

Option 3

Plane strain input; plane strain direction




S o e A b A A o KA S S NN i e Tk ST i S M el b et

B w17

- [PLANE STRAIN INPUT ]

. y vx ynz

4 é . E Relations E

¢ E, = 35_ Between B = 2

- Elastic i )

. m —

| K 1+ {I‘:'l} Constants e (VO 1)
. " ! V,

; = V2 ot .

1 1406 (—=-1) 1+ 0¢ (== 1)
3 Yo %

R R T e M T T o

<
YV x Y Z
. yovx
E § Triaxial Input

Diagrammatic Representation of the Eight Options
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assigned same constants as largest principal stress
direction; relations (B.4).between.e1astic constants,
This option leads to a fourth order equation for

),, and has not been considered in any more detail,

Option 4

Plane strain input; plane strain direction
assigned same constants as largest principal stress
direction; relations (B,li) between elastic con-
stants. This option leads to the following quad-

ratic equation for })2:

2

Y,

)]

oC
(ez' Ex)(6x+ 6,) - VY, [Cx £x +£z (‘x LN a.z

rE, 6"2 -, 6 (1-) =0 (B.14)
In order to define the appropriate branch of
the solution, one can proceed in a similar way as
in the discussion following quadratic equation (B.6).
After substitution of the isotropic plane strain

stress-strain relations equation (B.l4) becomes:

2 2 2 2 oc
v (62262 v, (a-n 652 -0y + 6, F <-»)

2 2
G, -us;()] - V(E,-6)) + Gxo([-v<gc+(1-vwz] =0
(B.15)
The discriminant of this quadratic edquation

can be written as:
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b? - dac = [ () (62-00) - 6 F <1-v) 6~ Vg
2
= (Ya- 3)= (5 -va) (B.16)

When (14+)) (6= 62) = 6.9 ((1-)) 6= V6,1 = Va5 50

When Ya=-55 ¢ 0

-b = V b2-4ac

V= 2a

By continuity it will be assumed that the same
relation between the coefficients of the quadratic
equation for )g can be used to select the correct

branch for the solution of that equation.

Optiors 5, 6, 7 and &

When the input is considered as results from
triaxial tests, the equivalent elastic constants
are calculated from (Béa) for options 5 and 7, and
from (B.12) for options 6 and 8. The determination
of the selected option must then be conpleted by
inserting the desired elastic properties correspord-
ing to the plane strain direction into the stiffness
matrix. This can be done most efficiently directly

in the computer program, by inserting the desired

replacement statements after the computation of the




first elastic constants, The form of the stress-

strain relations used in the computer program is

given in the next section,

The principal advantage of using triaxial
data input is that enough experimental data is
available to make a good estimate of the qualita-
tive behavior of rock under such conditions. 1In
addition, a straightforward evaluation of all
elastic constants is possible, whether assumptions
(B.4) or (B.ll) are used,

The principal advantage of using plane strain
input data is that a direct verification of the
degree of approximation induced by the finite
element calculations is possible. A simple deter-
mination of the elastic constants is not possible

when relations (B.4) are assumed to exist,

B=-4. Orthotropic Rock Failure Model

The three principal stresses will be different
under all but the most simplistic boundary con-
ditions, As a consequence, the likelihood of the
transversally isotropic model being truly equivalent
the deformational characteristic of failed rock is
small., This problem is easily illustrated for the

anistropic derivation presented in the previous
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section, It was necessary there to assume that
the plane strain direction was equivalent, with
regard to change in stiffness, to either the largest
or the smallest principal stress direction., While
no experimental evidence is available, neither of
these two alterations is particularly attractive,

In principle, it would therefore seem reason-
able to generalize the failed rock equivalent to a
fully orthotropic material. The difficulties en-
countered in the derivation of the anisotropic con-
stants give a fair warning of the problems and
hypotheses that will be involved in a similar
derivation for a far more complicated symmetry class,

The orthotropic stress-strain relations, as
used (Lekhnitskii, pp. 20-21) for the formulation

of the plane strain stiffness matrix, are given by:

v V.
e _ Sx 21 ¢ 31

X El E2 Yy E3 2
Vv &
€, =~ 15:12 ‘rx*i—z' E32 6,
Y 1 2 3
Vi3 V3 62 (8.17)
£,=- =26, - == 6, +—=
b4 El X E3 )4 3
J = .E& ¥ = txz X = _.ELZ
X G122 ¥ §i3 Y2 23

Taking the z-direction as plane strain ( 62=0),
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and eliminating 6'2, one finds:

V2 YV, y V4
i (%:_ = E31 6y = ¢ EZl + 3:: 32 ¢
1 3 2 3 Y
Yy V,, V V2
21 31 Y32 1 32 g
= - (== ) 6, + (= - —5)¢
Ey E, E, x " 'E, T Ey y
(B.18
)/ =,_EE¥ ) .
¥ G

These equations suffice to solve the plane
problem and to formulate the plane stiffness matrix,
They are formally identical to the plane strain
relations for an anisotropic material (Crouch, 1970,
p. 82; Green and Zerna, p, 207). Therefore, at
this stage equations (B,18) could be rewritten in
terms of four independent constants, the stiffness
matrix in turn could be formulated in terms of these
constants, and after reducing the number of inde-
pendent constants by assuming some relations between
"elastic" constants the problem could be solved.,
Such a course, although potentially very fruitful,
has not been pursued here,

An assumption that is incorporated in all
numerical calculations in order to eliminate the
shear moduli is that:

1+ V,., 14+ V_
1

G..  E. E.
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4 where i,j = 1,2,3 and i # j
b ¥ It can be shown that these expressions lead
to the correct relations for the shear moduli when

any one of three principal axes is taken as an axis

of symmetry, i.e., when the material is transversely

T iy DR

isotropic. This relation reduces to (I1I-2.8) when

k.

e i L

the z-axis is taken as the axis of isotropy.

ey

1 B-5. Orthotropic Cylinder with Cylindrical Anisotropy

s

This model might be of value for a study of

the triaxial test, but here it was considered

i AL

i | especially for incorporation into the axisymmetric

program that was used to study the influence of the

b | face stiffness on failure development and on the

lﬁ f progressive support loading, 1In principle nine
independent elastic constants are included in the

* model. The shear moduli are eliminated by the same
assumption as before (equation B,19). As can be

a expected from the preceding discussion two basic
alternatives can be considered: the elastic con-
stants are derived either from idealized triaxial

tests or from idealized assumed results corresponding

directly to the geometry and boundary conditions of
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the problem to be solved. A combination of the two
approaches, with heavy emphasis on the second one,

has been used here.

The axi-symmetric finite element with rec- 2

tangular cross-section and sides parallel and
perpendiculaé to the axis of symmetry is an ortho-
tropic cylinder. It is then desired to change the
properties of this cylinder as it is strained into
the failing region, in such a way that the cylinder
softens, i.e,, a larger convergence of the external
boundary is caused by a decreasing external pressure,
and increases in volume, i.e,, @ larger internal

convergence results from a constant external con- i

vergence, The conditions these requirements impose b

upon the sequence of elastic constants can be

derived by considering the analytical solution for

the stress and displacement fields in an orthotropic

cylinder pressurized internally and externally.
Following Lekhnitskii (1963, p. 65) the stress-

strain relations can be written as:

£

r 11 r 12 e 13 b/

it

o]
)
+

]
1%,
+
[+
=)

6 12 r 22 e 23 z (B, 20)
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The stress distribution for the general i

orthotropic case of a cylinder in plane strain with

Qﬁ ] external pressure q and internal pressure p is

given by Lekhnitskii (1963, pp. 249-250). These

’

; expressions can be substituted in the differential
>f . stress-strain relations (Lekhnitskii, pp. 237-239),
- and after integration one nbtains:
o= (B, 6+ f, 6 r Sk
1 i where
4 "313' S fig——?l@ (B.22)
. 33
\% f From (B.2l) it is possible to derive u / u,.
, i the ratio of the external to the internal displace-

g ment., The condition can then be imposed that this

% ratio must increase monotonically for increasing

E external displacement beyond the point of failure

: initiation., In order to facilitate computation of
% ;¥ ) this condition it is advantageous to eliminate the
i ; transcendental factors from the expressions for the
; % . stress distributions. This can be achieved by

; letting: > )

] V

i The determination of the sequence of elastic
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constants will then be completed by imposing, at

. each stress and strain level, a volume increase
beyond the homogeneous isotropic elastic one for
f edqual boundary conditions. This requirement is

| met directly from the ratios'between external and

internal displacements:

u, u
=) = X (=) (B.24)
Y% ortho ub iso

R L .

where X is a proportionality factor, >1.

After independent definition of some elastic
constants, and substitution of assumed relations
between additional ones, this eyuation can be
solved. Independently defined first of all is the
modulus E, in the tangential direction, calculated
as secant from a set of axial spress-axial strain

curves,

In order to eliminate additional unknowns the

following assumptions are introduced:

Ey = E + (E - E,) o
= = 2 a
E) = By V3 = vy, (B.25)
2
A v2 _ yO
8 317 v

1+¥Q- vg%)

where ¢ and ¥ are positive constants,™® < 1,

The qualitative similarity of the assumptions
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(B.25) to (B.3) and (B.ll) is easily recognized,
Substitution of (B.25) into (B.24) leads to a
quadratic equation for »El' The sign of the
selected branch is defined by the assumption of
continuity in the sequence starting from the iso=
tropic case, for which the selection of the sign
is obvious.,

Several implications from these calculations,
used for the generation of the data in Section Ill-
.4.2.2, should be pointed out:

- the equivalent elastic constants are calcu-
lated for the radial and the tangential
directions, not for the principal directions.

- every element is considered to be in plane
strain,

- every (failing) element is assumed to be a
cylinder with rectangular cross section.

- at every confining pressure the modulus E2

in the tangential direction is calculated

as the secant of an axial stress-axial

strain curve.
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Appendix C

COMPUTER PROGRAM TUNSUP FOR THE PLANE STRAIN
ANALYSIS OF TUNNEL SUPPORT LOADING
CAUSED BY ROCK FAILURE

C=1. Introduction

The program included in this appendix has

been used to calculate the results discussed in

section 1II-4.3.3, Options are included for plane

strain or plane stress elastic analysis, with or

without gravity loading, for a variety of imposed

boundary conditions, for isotropic rock failure as

described in B-2, incremental loading or unloading

(equivalent mining), with a support model as dis-

| cussed in III-3.2 and with a ground-support inter=-

action sequence as described in 1I11-4.3,2,

The program is based on & finite element pro-

gram written by Crouch (1970a) who used the first

¢ program published by Wilson (1963) as a starting

point, The program as presented here is not as

fully debugged nor as comprehensive as would be

desirable. This is due, in part, to severe opera-

tional problems at the University of Minnesota

C-1
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C=2

Computer Center during the latter part of 1974, when

this program was completed.1 One example of such a

problem is reflected directly in the following

program, The tape option is incomplete because the

extremely long turn-around times for programs that

used tapes and the frequent changes in tape labeling

requirements made the use of tapes very inefficient,

This is unfcrtunate because the tape use option is
very valuable in several respects, The finite
element equations are solved by successive over
relaxation, and for such an iterative method it is
good practice to reduce the required computation
time by using a good initial displacement approxi=-
mation, For most problems an approximate closed
form solution can easily be programmed, and the
displacements thus calculated can be written on
tape and used as input for the finite element pro-

gram, This procedure was used with very good

results for the axisymmetric calculations discur -ed

in III-4.2, where a large number of problems were

presented with a relatively small number of elements

1The combination of the two main problems,
the instability of the operating system and the

frequent errors in the card reading edquipment resulted

in a situation where, for a long program, not more
than a few runs a week could be made.

»
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with different properties from one problem to the
next one, Such a procedure could not be used for
the plane calculations because of the current diffiw
culties with the tape handling system, A second
very useful feature of data storage on tape is that
it permits easy transfer to various plotting rou=-
tines, after inspection of the output., Finally,

with temporary storage of all data it becomes easy

to interrupt the calculations in order to check
intermediate results, while the calculations can
be restarted with a minimum loss in computer time,
This method was used repeatedly in the axisymmetrjc
problems, fcr example to refine the mesh when it
appeared that the failure zone, and thus the region
of high strain gradients, approached a mesh section
with triangular elements,

An option that can be included rather easily,
by assigning different values to the NFE control
parameter and by including the calculations given

in Appendix B is the use of a variety of failure

models, Minor additions would be sufficient to
include boundary shear stresses (vériable ElT), to
include orthotropic elastic materials (variables
El, E2, E3, V1, V2, V3, Gl) and to include point

anchored rock bolts (by eliminating the check on
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the spring tension now imposed for "blocking point"
spring elements),

Program TUNSUP is written in FORTRAN IV, and
for the version included here 135,000 central
memory words are required on a Control Data Corpora-
tion CYBER 74 computer with KRONOS operating system
and RUN compiler. Running times vary greatly with
problem type, notably with the degree of non-
linearity, with the number of ground-supﬁort
interaction steps, with the over relaxation factor,
with the degree of approximation of the input dis-
placements, and so on, Computing times for the

examples given in III-4 ranged from 2 up to 18

minutes,
C=2, Input

Card 1l: FORMAT (IS)
Cols. 1-5: TAPECOD: Tape selection parameter,
TAPECOD = =~3: Input read from tape 2,
input and output stored
on tape 1.
=1l: Input read from tape 2,
1: Input and output stored
on tape 1,

0: No tape used.

Card 2: FORMAT (8Al0)
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C=5
Cols. 2-80: Identification to be printed with output,
card 3: FORMAT (6I4,2F4.0,F10.4,3I4,F8.0,14)
Cols, 1-4: NUMEL: Number of plate elements, Maximum

310.

5.8: NUMNP: Number of nodal points, maximum

320,

9.12: NCYCM: Maximum number of iterations for

one solution of the finite ele-

ment stiffness equations.
13-16: NUMIN: Number of loading or unloading

(equiva;ent mining) steps.

17-20; INBEG: First of the steps at which an

explicit solution is calculated.
21-24: ICOOR: Coordinate system selection.
ICOOR = 0: Cartesian,
1: Polar, nodal point inter-

polation along circles

centered at origin.

-l: Polar, nodal point inter=-
polation along radii through
the origin,

25-.28: CODPL: Plane strain (=0) or plane stiess
(#0) .
29.32; CHECK: If different from zero all nodal

points will be printed out with
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all adjacent nodal points,

5 33-42: DENS: Specific weight (identical for all

elements).

3 ? 43-46: NUMBEAM: Number of (beam plus spring) .
elements in support model,

maximum 32,

3 47-50: NUMJOI: Number of nodal points in support
model, maximum 32,
51-54: NUMSUP: Step in the unloading seduence

after which the support is

activated,

A

; : 55-62: SETS: Steel set spacing along the tunnel.

B

63=-66: ITSUP: Number of itera*tions between

T

ground and support, as discussed

e —

in section II1I-4.3.2, and as

AT R R

By R

illustrated on Figure III,25,

card 4: FORMAT (4E13.6,4F7.4)

Cols., 1l=13: TOLER: Displacement unbalance tolerance

M e S R i S

% after which iterations on stiff-

ness equations will be terminated

& e

(the unbalance is equal to the

sum of the absolute values of the

displacement changes calculated

in one iteration),

14-26: ER: Young's modulus of material with code o.
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27-39: EP: Young's modulus of material with
code 1,

40-52; BS: Young's modulus of material with
code -1,

53-59: VR: Poisson's ratio of material with
code O,

60-66: VP: Poisson's ratio of material with
code 1,

67-73: VS: Poisson's ratio of material with
code -1,

'74-80: BETA: Successive over relaxation factor.

Element cards: FORMAT (714,Fl12.4)

Cols, l-4: NUME: Element number,
5-8: NPI: Nodal point I.
9.12: NPJ: Nodal point J.
13-16: NPK: Nodal point K,
17-20: NPL: Nodal point L (blank for a tri-
angular element).
21-24: MAT: Material code (0, 1 or =1).
29-40: E2T: Boundary pressure applied per-
pendicular to side IK of a tri-
angulax element, to side JK of a
quadrilateral element.

Element cards can be omitted when the number-

ing of elements and nodal points is such that the
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following interpolation can be used: nodal point
numbers I,J,K and L (for quadrilaterals) will be
incremented by one for each missing element card,
the other element parameters will be assigned equal
to those of the first element in the sequence.

Element nodal point numbering must be counter-
clockwise in a right-handed coordinate system.

Nodal point cards: FORMAT (I4,2F93,2Fl12.3,2Fl2.8,
Fl10.6)

Cols. l=4: NPNUM: Nodal point number,
5-13: R: x or r coordinate,
14-22: Z: y or 6 coordinate,
23-34: FORR: Horizontal or radial force.
35-46: FORZ: Vertical or tangential force.

47-58: U: Horizontal or radial displacement,

59-70: Vertical or tangential displacement.

.

71-80: BDISC: Boundary displacement code deter-
mining restrictions on the dis-

placements.

BDISC = =1: Vertical and horizontal
displacements are imposed.
-2: Vertical displacement is
imposed.
=3: Horizontal displacement is

imposed.
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0 < BDISC < 360: angle (in degrees) with
the x-axis of the line
along which the point

must move,

R R e M RO B SR A Se i il

360 < BDISC < 720: an input displacement

along this line is

imposed and listed in
the input table as X =

DISP, (U).

720 < BDISC: listed displacement is imposed

3 ‘ but the point is free to move

perpendicular to the given

: direction,

Nodal point cards can be omitted when the nodal
point numbering is such that the following inter-
polation can be used: nodal points are equally spaced

along a straight line (or along a circle) and all

variables except the coordinates are identical to

Id

those of the first nodal point in the sequence,

.% j Support element cards: FORMAT (314,4El2.4)

Cols., 1-4: K: Element number,

5-8: NPIB: Nodal point I,
9-~12: NPJB: Nodal point J.
13-24: EB: Elastic modulus,

25-36: AB: Cross-sectional area,
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37-48: XIB:; Modulus of inertia,

PHIB: Shear deformation coefficient,

Support nodal point cards: FORMAT (5F10.5,215)

Cols, 1-10:
11-20:
21-30:
31-40:
41-50:

51-55:

XB:

YB:

UB:

WB:

ROT:

X=coordinate,
y=coordinate,

Horizontal displacement.
Vertical displacement.

Rotation,

NPBFEM: Nodal point of the finite element

mesh associated with the support
nodal point. The component of
this finite element nodal point
displacement that occurs after
support erection is an imposed
displacement for this support

nodal point,

56=-60: NPRE: Conditions imposed on the dis-

placements (applicable only if

NPBFEM = 0).

NPRE = =1l: rotation is imposed.

-2: vertical displacement is
imposed.,
=3: vertical displacement and
rotation are imposed.
1: horizontal displacement is

imposed.

it it (L R ]
; »
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2: horizontal displacement and
rotation are imposed,
3: horizontal and vertical dise

placement are imposed,

F

: all three displacements are
fixed.,
Card with ba&sic rock failure and ground-support

interaction parameters: FORMAT (514,7X,F7.1,E13.6,
18X, 315).

Cols, l=4: NFE: Failure parameter; when blank,
elastic solution only.
5«8: NCON: Number of confining pressure levels
for which stress=strain curves are
A given, maximum 4C,

17-20: NFEMX: Maximum number of iterations

allowed at any loading or un-

loading step for changes in the

elastic constants,

28=35: SIZC: Difference in confining pressure |

between two subsequent levels of i

stress-strain input, '
36~48: SIZE: Minimum strain difference in any

element between two different

subsequent failure states, If the

change in the largest principal

strain between two iterations is
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smaller than this parameter no
change in elastic constants will
be made.

66~70: LOAD: If positive, incremental loading;

if negative, incremental unloading.

71-75: INITUNL: First nodal point at which force
will be reduced (stepwise)
durir.g unloading.

76-80: LASTUNL: Last of the finite element
nodal points at which the force
will be reduced during unloading.

All nodal points from INITUNL up to LASTUNL
will be unloaded. The difference between LASTUNL

and INITUNL should not exceed 32,

Axial stress versus axial strain rock failure model
cards: FORMAT (4El6.9).

Cols, 1l=16: EM: Strain at peak stress,
17-32: ERE: Strain where residual stress is
reached,
33-48: SM: Peak stress.,
49~64: SR: Residual stress,

Lateral strain (volume increase) versus axial strain
failure cards: FORMAT (5El6.9).

Cols., 1-16: EM1l: Axial strain at end of first straight

line section of lateral strain

graph (elastic limit).
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‘ 17.32: ERl: Axial strain at end of second §
4 straight line section of lateral ]

strain graph.

33.48: PHIR: Lateral strain at end of first
straight line section of lateral
strain graph. E

49-64: PHII: Intersection of line for third 3
segment with vertical axis, i.e., q
for axial strain equal to zero.

65-80: PHIM: Lateral strain at end of second £

straight line segment,

C-3. Output

All basic information punched on the first
four cards is printed on the first output page. On
the following pages appears all finite element nodal

point information input, support system element

input, sypport system nodal point input and failed

=

rock description.

e R T T e o

The tables with the element information for

, ¢ the finite element mesh show, in addition to the

% input, the centroid coordinates and the area of each
element. Also printed is the total area covered by
the mesh. This frequently facilitates the detection

of errors in the mesh.

e Sl B I HLE R | S0 SR

sy T
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The step number is printed at each loading or
unloading (equivalent mining) step, The iteration number
is printed for each iteration needed for additional
changes in elastic properties and for each iteration
between ground and support. The total number of
iterations for each solution of the finite element
equations is printed as well as the initial and the

final displacement unbalance.

For each unloading step the displacements and
forces at all support nodal points are printed, as
well as the internal forces, Similarly, for each
finite element nodal point the displacements and
forces are printed, and for each element the principal

stresses, the angle of the largest principal stress

with the horizontal axis and the three Young's

moduli, the three Poisson's ratios and one shear

modulus. The last output information is the strain

energy stored in the finite element mesh,

C~4, Computational Scheme

The flow chart of Figure C,1 illustrates the

basic functions of the main program TUNSUP and of

the  subroutines, FORM, SSMAT, FORMQ, MODST, SOL and

FORMB, The main program performs a significant

fraction of all calculations, controls the overall
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sequence of the calculations and handles the input
as well as most of the output. The principal steps

in the program are:

l. 1Input, generation of interpolated elements

and nodal points,

2, Calculation of nodal point forces due to s

gravity and boundary pressures,

3., Stiffness matrix assembly; element stiff-
ness calculation in FORM and FORMQ, including rota-
tions for inclined boundary conditions, with stress-
strain relation matrix from SSMAT,
4, Initialization of the boundary conditions
for stepwise loading or unloading., Skipped for one-
step problems,
5. Solution of finite element equilibrirm b,
successive over relaxation.
6. If no support will be connected, control
goes to step 12, .
; 7. If the support will be connected in the
5 ; next unloading step, the total tunnel periphery
displacements up to that step are stored.

8. The support stiffness matrix is assembled

"? é + in subroutine SOL during the first support connection,
with beam stiffnesses calculated in FORMB.

9. The tunnel periphery displacements that
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/
occur after support installation are imposed on the
support. The support stiffness equations are solved
in subroutine SOL by Gaussian elimination (for a
very narrowly banded matrix--no nodal point can be
adjacent to more than three nodal points).

10. Tensioned blocking sSprings are eliminated
and step 9 is repeated for the new support geometry.
11, If the maximum number of iterations

between ground and support is not exceeded the
program returns to step 5, with boundary conditions
modified by the support reactions,

12, Stresses and strains are calculated in
each element.

13. Stresses and strains are compared with
the rock failure model input. New element stiff-
nesses, when needed, are calculated in subroutine
MODST, and control returns to step 5, with unchanged
boundary conditions but with a modified stiffness
matrix,

14, When no more changes occur, or when the
imposed maximum number of iterations is exceeded,
an output of nodal point and element results is
prepared.

15. If loading or unloading is not yet

terminated the boundary conditions are incremented
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or decremented for the next step and computations

continue at 5,

X
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PROGRAM TuNSUP (11PUT,QUTPUTPUNCHs TAPE | ¢ TAPE2)
COMMON NPT (31n)oNPJU(3]10) sNPK(310) oR(320) ¢Z(320) 1KOD(320) sNAP (320} »
NP(320411)9S11(3€¢0410)0512(3€0910)+621(320010)+522(320410)
Ci393) otPovPIRTsRUIRKGZ102J9ZKsS(898) ¢MAT(310)9NPL(310) +ES
VSeCODPLIRL*ZLIYRDISC(320)
sNPRE (32)4UB(32) +WH (32) yROT(32) 9 TEM(32+3) sNPIH(32) oNPIB(32) s
KB (32) 4 YH(32) yEW(32) 4aB(32) 4 X18(32) 4PHIB(32) yNUMHEAM
NUMJOT +SNN(690) oNPRFEM(32) g SUPST
DIMENSION EM(40)4ERE(4N) ySM(40) ¢SR(40) JEMY (40) 4ERL (40) sPHIR(40)
PHIT(40)ePHIM(40)
DIMENSION NUME (310) oNPNUM(320) oFORR (320) +FORZ(320) 0U(320) 4w (320),
LM({&4)sR(3e8) 4DIS(B)IEPS(3)
DIMENSION SIGR(310)¢5IG1(310)eSIG2(310)eSIGT(310)¢EPM(310) EPMT (3]
10) oAN(320) 9ELT(II0)9E2T(310)9EIT(310)9G1T(310)9v21T(310)ev3IT(31])
2 sV3I2T(310)4PSIT(310)sE1(310)eE2(310)+EI(310)+61(310)4v21(310)
3 *+v3114310)9V32(310)¢PSI(310)
DIMENSIONFORRE X (32) oFORZEX (32) sUPM(32) ¢WPM (32) +FORRB (32) 9FORZA (32)

NS W

1
1

100 READ 6,TAPECOD

IF(TAPECOD) 10641049106

0T1oT20T39T4sTS,TOTT478

READ JoNUMEL s NUMNPsNCYCMINUMIN G INBEGe1cOUR CODPL ¢+ CHECK s DENS 9 NUMBE A
1Me NUMJOT s NUMSUPoSETSs» I TSUP

IF (NUMEL) 23042304231

READ @2TOLERIERIEPIESeVRIVPIVSIRETA

PRINT 2

PRINT 19T19T2eT3eT4sTS,T6,T7,T8

PRINT 17+ TAPECOUD

PRINT §yNUMEL o NUMNP JBETA s TOLERyNCYCM¢NUMIN o INBEG ¢ NUMBE aM o NUMJUOT o SE
1TSeNUMSUP I TSUIP

PRINT 149gRyVRIEPIVPIESIVSeDENS

PRINT
PRINT
PRINT
N=Q
DO 310 K = 1eNUMEL

N=Nel

READ 109NUME (M) o NPT(N) yNPJIN) 9 NPK(N) o NPL (N) s MAT (N} 9ELT (N) 9E2T (N)
NPC = N = ]

IF (NUMEL=1) 37043704371

NDIF = NUME (N) = NUME (NPC)

NNDIF w NDIF <« 1

7+ICOOR,CODPL
29
2

IFINDIF = 1) 32093300340
L = NUME(N)

NUME (L) = L

NPI(L) = NPI(N)
NPJL) =& NPUIN)
NPK(L) ® NPKI(N)

NPL (L) = NPL(N)
MAT(L) = MATI(N)
ElT(L) = EIT(ND
E2T(L) = E2T(N)

DO 350 KK = l4NNDIF

NUME (N)
NPT (N)
NPJ(N)
NPK (N)

s NUME (NPC)
8 NPT (NPC) o
B NPJINPC) o
& NPK(NPC)

—— e

SEE s T R
SR R T AR A
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5532
AR

)

- IF (NPL(NPC)) 14001509140
i 150 NPL(N) = NPL (NPC)
- 60 To 160
P 1640 NPLIN) = NPL(NPC) » ]
o 160 CONTINUE
: MAT(N) ® MATI(NPC)
EIT(N) = ELTINPC) :
E2T(N) = E2TINPC)
; N s N o
] 3%0 NPC u NPC ¢ ]
330 IF(N « NUMEL) 3109370,32vV
310 CONTINUE
370 M= ]
q READ 11*NPNUM(M) sR(M) 922 (M) 1FORR(M) 1FOR2 (M) sU (M) vw (M) 9BDISCI(M)
4 DO 560 K = 1yNUMNP
g Mae M e ]
i READ 11 9NPNUM (M) sR(M) 42 (M) yFORR (M) yFORZ (M) yU(M) 9w (M) 9BDISC (M)
B MPC a M = ]
: : MDIF ® NPNUM(M) = NPNUM(MPC)
A IF(MDIF = 1) 520,530,540
560 RDIF = R(M) = R({MPC)
I0IF = Z(M) « Z(MPC)
¢ XDIF = MDIF
i DELR ] oo
: B IF(ICOOR) 1310,1310,1320
1310 DELR = RDIF/XDIF
1320 DELZ = ZDIF/XDIF
X i DO 550 KK = 1MDIF
NPNUM (M) ® NPNUM(MPC) « 1
FORR(M) = FQORR(MPC)
FORZ (M) = FORZ(MPC)
U(M) @ uimMPC)
WiM) 8 w(MPC)
- R(M) = DELR ¢ R(MPC)
) Z(M) 8 DELZ ¢ Z(MPC)
: BDISc(M) s gDISC(MPC)
Mo Mol
5§50 MPC = MPC ¢ 1
MeMpl
530 IF (MeNUMNP) 50095609520
] 500 CONTINUE
ki 560 PRINT 13
A PRINT 289 (NPNUM (M) gR (M) 9Z (M) sFORR(M) oFORZ (M) sU (M) oW (M) +BDISC (M) y
1 M s 1 sNUMNP)
g IF(ICOOR) 17541744175 R
; 175 DO 176 M=] sNUMNP
ANGLE = 0,0174532325%2 (M)
w AN(M) = ANGLE
; ANCOS = COS (ANGLE)
] ANSIN = SIN(ANGLE)
& X = R(M)®ANCOS
] Z(M) =B R(M)®ANSIN
: & R(M) a X
3 ¥ UX B U(M)®ANCNS = W (M) ®ANSIN
4 W(M) & U(M)®ANSIN & W(M)®ANCOS
U(M) = Ux
FX ® FORK(M)®ANCOS = FORZ(M)®ANSIN
FORZ(M) 3 FORR(M)®ANSIN ¢ FORZ(M)®aNCOS

o

Sl o
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174

207p

201Y
2024
201

5000
2060
2050
208¢
2109

2030
166
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FORR(M) = rx

CONTINUE

IF (NUMBEAM) 200042080:2070

PRINT 55

DO 2050 N w 1yNUMBEAM

READ 20119KsNPIB(K) ¢NPUB(K) sFB(K) ¢AB (K) 9 XTR(K) +PHIB(K)
FORMAT (3]14,4E12,4)

IF (XIB(K)) 202n4500042020

PRINT 20109KoNPIB(K) sNPJB (K) oEB (K) 9 AB(K) o XTB (K) 9PHIA (K)
FORPMAT (18911H BEAM 111201164E14,5,2F12.51£20.5)

GO TO 2050

PRINT 20609KsNPTIH(K) sNPUB(K) sER (K) 9AR(K)

FORMAT (I8s11KH SPRINGY]12+s116,E14,5,2E12,54£20,5)
CONTINUE

IF (NUMJOI) 2090916642100 |

PRINT 56

DO 2030 N=m]l,NUmJNI

READ 63¢XB (1) sYB (N) yUB(N) ¢WB (N) yROT (N) s NPRFEM (N) o+ NPRE (N)
PRINT 669Ny XBIN) o YB(N) JUB (N) ¢WR (N) yROT (N) ¢NPHFEM (N) «NPRE (N
CONTINUE

READ 60 sNFE 9sNCONoNFEMXsALPHALSTZCySTZE«GAMMA 4 LOAD s INYTUNL o LASTUNL
IF (NCON) 24042604200

A READ 639 (EM(N) JERE (N) ¢SM{N) s SR(N) ¢Nm1 ¢NCOM)

READ 469 (EM] (N) 9ER] (N) yPHIR(N) ¢PHIT (N) 9PHIM(N) 9yNe] +NCON)

PRINT 169NCONsSIZCsSIZEINFEWX

PRINT B834NFE gALPHA ¢ GAMMA

PRINT 46

PRINT 4Se (EM(N) sERE (N) oSM(N) ¢ SP(N) ¢EM] (1) oFR] IN) o PHIR(N) ¢ PHIT (N},
. PHIM (N) o Nm1 o NCO")

GO TO 261

PRINT 15

PRINT 199LOAD INTTUNLLASTUNL

DO 300 N = 1¢NUMEL

EPM(N) =0

EPMTI(N) ® (o

E1l (N)®ER

E2 (N)mgR

E3(N) = ER

Gl (N) s ER/ (240 ()4eVR))

V21(N) = VR

V31(N) = VR

V32(N) = VR

¢ PST(N)=0.0

DO 410 L = 1y4NUMNP
DO 400 M = 1lelp
S1)(LeM)=O,C
S12(LeM)=0,0
§21(LeM)®0,0

S22 (LoM)=m0.0

6 NP(LM)=0

NP(Lsll) = ¢

n NP(L#1) ® L

DO 1650 1 = INITUNLLASTUNL
FORREX(I) = 0. .

FORZEX{1) = 0.

IF(SETS) 17100172091730

SETS 8 1.
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1735

1605
1600

1634

1610

164¢

le20

13+

PRINT 49

CONTINUE

PRINT 2

PRINT 12

ARTOT = 040
ARCHECK = 0,0

DO 700 N = 1 yNUMEL

I = NPT(N)
J = NPJIN)
K & NPK(N)
L = NPLIN)
RI » R(I)
RJ = R(J)
RK 8 R(K)
RL s RI(L)
1 = 2(D)
ZJ = 2]
K = Z(K)
L = Z¢L)

IF(E2T(N)) 1605,1620,1605
IF(L) 160001600+1610

RD s« RK = R]

D = 21 = 2K

HS =(E2T(N)*ZD/2,
VS 8(E2T(N)#RD/2,
FORR(1) = FORR(I)
FORZ(1) = FORZ(I) vV§

FORR(X) = FORR(K) HS

FORZ(K) = FQRZ(K) ¢ VS .
IF(IeLToINITUNLoORs1.GT,LASTUNL) GO TO 1630
FORREX (1) = FORREX(I) ¢ H§

FORZEX (1) ® FORZEX(I) o VS

E1T(N)Y®RD/2,)®SETS
E1T(N)®Zn/2,)#SETS
HS

L I B N N |

IF (KeLTo INITUNLeOReK.GT<LASTUNL) GO TO 1620

FORREX (K) & FORREX(K) ¢ HS
FORZEX(K) & FORZEX(K) + V§

GO T0 1620

RD = Ry = RK

ID = 2k =~ 2J )

VS s(E2T(NI®RD/2, * EITI(N)I®2p/2,)0SETS
HS s(E2T(N)*20D/2, = E1T(N)®RN/2,)%SETS
FORR(J) = FORR(J) o WS

FORZ(J) ® FORZ(J) ¢ VS

FORR(K) = FORR(K) * WS

FORZ(K) ® FORZ(K) ¢ VS .
IF(JeLT«INTTUNL«OReJ«GT4LASTUNL) GO TO 1640
FORREX(J) = FORREX(J) + Hs

FORZEX(J) = FORZEX(J) ¢ VS§

IF (KeLTo INITUNL (OR(K(GT,LASTUNL) GO TO 162a
FORREX (K) & FORREX(K) ¢ HS

FORZEX(K) ® FORZEX(K) ¢ VS

COMTINUE _
AREA s 0eS5®((RU=RI)®(2K=L])=(RK=R])®(2J=21))
AR = AREA

IF (NPL(N)) 12041309120

RC = (PleRJ*RKY /3,

IC = (21¢2J402K) /3,

PRYNT 77 9NUME (N) o NPT (N) sNPJ(N) yNPK (N) oMAT (¥1) sRC97CoAREAEIT (N) o

1 E2T(N)
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CALL FORM(NJARFAVEL1E2+EIo6G1eV210V31eV3I24PST)
ARTOT = aRTQT « AREA
. IF(DENS) 403,403,111
111 WEl = « DENS#AREA/J,*SETS
FORZ(IV' = FORZ (1) ¢ wEl
v FORZ(J) ® FORZ(J) ¢ wEl
FORZ(K) ® FORZ(K) ¢ wgl
G0 TO 403
120 CALL FORMQ(NIAREAYELsE29E39B19V210V31ev32.0SI)
RC = (R(]I) ¢ R(J) ¢ R(K) ¢ R(L))/4,
ZC = (Z2(1) ¢ Z(J) ¢ Z(K) o Z(L))/64,
PRINT 27 oNUME (N) oNPT (N) sNPJ(N) sNPK (N) oNPL (N) oMAT (N) ¢RC*ZCeAREAS
1 ElIT(N)JE2T(N)
ARTOT = ARTOT « AREA
IF(DENS) 4034403,110
110 CONTINUE
WE]l = = DENS®AR/6,%SETS
FORZ(I) = FORZ(]) e+ WE]
FORZ(J) = FORZ (J) « wE!
FORZ(K) = FORZ(K) ¢ wgl
AR » AREA ~ AR
WET 8 « DENS®AR/6.%SETS
FORZ(I) = FORZ (1) ¢ WEI
FORZ(K) ® FORZ (K) ¢ wE!l
FORZ(L) = FORZ (L) ¢ wgl
AR B 0,50 ((R(V=RIINI®(Z(L)e72(1)) o (RIL)=n(I))®(Z(y) « Z(1))) F
WEY ® = DENS®AR/6,*SETS I
FORZ(1) » FURZ (1) ¢ WEI E
FORZ(J) & FORZ(J) ¢ WE! 5
FORZ(L) = FORZ (L) ¢ WE!
AR = AREA = AR
WE] ® « DENS®AR/6.%SETS
FORZ(J) ® FORZ(J) * WE?
FORZ(K) ® FORZ (K) ¢ WE!
FORZ (L) ®= FORZ (L) * WEI
403 IF(AREA) 1300413004620
130n PRINT 21N 4
_ ARCHECK = = 1, :
427 LM(1) = NP1 (N)
LM(2) eNPJ(N)
LM(3) mNPK (N)
MM 8 3
_ IF(NPL(N)) 450,860,450
- 450 LM(4) = NPL(N)
MM = ¢
460 DO 700 L = 19eMM
LX s LM(L)
DO TU0 M = lyMMm
'y - MX = 0
662 MX = Mx ¢ |}
IF (NP (LXoMX)=LM(M))6T0+680y670 K
67¢ IF(NP(LXsMX)) 66096804660 :
681 NP (LAsMX)uLM(M)
_ IF (MX=10) 690969091400
690 ST (LXeMXImS1Y (LXIMX)eS(20 =) g20Mul)BSETS
: S12(LXeMX)ZS12(LXIMX) +S(20_ u)+28M)@SETS
¢ S21 (LXoMX)mS21 (LX9MX) ¢S (20L s 28Ma] ) #SETS
. FS22(LXeMX)BS22 (LXIMK) ¢S (20 9 20M) #SETS

e

e
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PRINT 319ARTOT
IF (ARCHECK) 10041064105
106 IF(TAPECOD) 4228,4229,4227
4227 WRITE(1%)) T19T2¢T39T49TSeTHeTToT8
WRITE()93) WUMEL yNUMNP yNCYCMoNIIMINy TNHEG s 7~O0Ry CODPL o CHECK ¢« DENS
1 . NYMBEAMyNUMJIOT » NUIMSUP 3 SETSe 1TSI1)P
WRITE(194) TOLFR,ERJEP,ES,VR,VP,VS,RETA
WRITE(1210) (NUMFE(N) oNPT{N) oNPJ(N) yNPK (N) oMPL (N) e MAT (N) 9E1T(N) ¢EDT
1 (N) oN3 Y g NUMFL) -
WRITE(1911) (NPNUM(M) 9R(M) 9 Z (M) 9FORR (M) sFAPZ (M) sU (%) gW (M) ¢RDTSE (M)
‘ “ 1 yME] 9 HIUMND)
i ; _ IF (NUMBEAM) 2000,220042210
] 221~ DO 2220 N = 1oNUMBEAM
j 222, WRITE(192011) MyNPIR(N)JNPIB(N) +EB(N)Y saAHIN) e XIH (M) ¢ PHIR(N)
: ] WRITE(1963) (XR(N) 9 YA (W) sUB (N) sWH(N) ¢ROT(N) «NPRFEM(N) ¢NPRE (N) 4
£ ] R N = 19NUMUNT)
§ 2200 WRITE(1940) NFFoNCONGNFEMY s AL PHAWSIZCoSIZF ,GAMMALOAN INITUNL 4LAST
. 1UNL
_ IF(NCON) 4239422994230
4 4237 WRITE(1043) (EMIN) oERE (N) 4 SU (M) ¢SR{N) yNm] ¢nCON)
' 3 WRITE(1e@#) (EMI(N)9ERY (N) ¢ PHIR(N) yPHIT (N) yPHIM(N) oMNml o NCOM)
GO TO 4229
¥ #4220 READ (290)) T1eT2eT34T44T5,T6.T7,78 )
£ ! READ(2+3) NUMEL ¢NUMNP ¢NCYCY4NUMIN INBEG s 1F00R+CODPL ¢ CHECK 4 DENS
] 1 NUMBEAM y HUMJOT o NUMSUP,SETS,, [ T&1P
‘ READ (294) TOLFReERIEPIES)VReVPIVSIRETA
READ(2+10)  (NUME (N) sNPI(N) oNPJ(N) oNPKIC(N) oNPL (N) ¢ MAT (N) sEI T (N) 4EPT
: 1 (N) yN=m 1 gNUMEL)
1 j READ(2+11)  (NPNM(M) 9R (M) o Z (M) yFCRR (M) sFORZ (M) sU{M) oW (M) yRDISA (M)
- : 1 eM3] gNUMNP)
1 IF (NUMBEAM) 2000423004231n
i 2310 DO 2320 N 3 ] +sNUMBEAM
; ‘ 232~ READ(2+2011) K NPIB(N) oNPUB(N) sEBIN) s AB(N) ¢XTB(N) sPHIB (N)
: \ READ(2¢63) (XB(N) o YBIN) 29U (N) s WR (M) +ROT (N) ¢NPBFEMIN) ¢NPRE (M) 4
1 M o= 1,NUMJOT) )
2300 READ(2940) NFEJMCONINFEMX 9 ALPHAISIZCoSTZF GAMMA,LOANY TNTTUNL,LAST
JUN,
] IF (NCON) 423146232+4231 i
: 4237 READ(2+43) (EM(N)9ERE (N) 9SM(n) o+ SR(N) yN=] o NFON)
READ (2949) (EM1(N)9ERL (N) gPHIR (M) 4PHT T (1) o PHIM(N) s N®]19sNCON)
64232 IF(TAPECOD o 2,) 4227,4229,4229 .
4229 IF(CHECK) 40694079406
406 PRINT ¢11
00 4u8 M = 1yNUMNP
- 408 PRINT 409sMy (NP (MeMX) oMXBY911)
3 b 407 DO 720 M = ] 4NyMNP
A MX = 1 ¢
: ] IF(BDISC(M)}) 71071098200
4 : 8200 IF(BUISCIM) = 36n,) B2719710,.8202
‘ k 8202 IF(BOISC(M) = 720,) T10e8201.R201
i ; 8207 ALP = HDISC(M)/57.29577991
! § CA = COS(ALP)
SA = SIN(ALP)
FO » FORR(M)#Ca & FORZ(M)®SP
A v FOPZ(M) = « FORR(M)®#SA « FORZ(M)#CA
E : FORK(M) = FO ‘ R
' ; IF (MeLTo INITUNLoORsMeGToLASTUNL) GO TU T1A
FO = FARREX(M)®CA ¢ FORZEX (M) ®#SA
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FORZEX (M) = = FORREX (M)®#Sa ¢ FORZEX(M)®CaA
FORREX (M) = FO
Tin MXmiXel
IF (NP (MgMX)) T20,720+710
NAP (M) sMX=1
SUPST = U,
FINBEG = INREG
FNUMIN ® NUMIN
DO 8000 INNUM = INBEGyNUMIN
ITFRS = 0
- FINNUM = THNUM
PRINT 2
_ IF(LOAD) 94999504951
957 FAC = FINBEG/FNUMIN
) IF(INNUM = INBEG) 931,910,931
93] FAC = FINNUM/(FINNUM = 1.)
91n DO 940 M B 1eNUMNP
U(m) s FAC®U(M)
W(M) s FAC®w (M)
~ FOPR(M) = FAC®FORR(M)
940 FORZ(M) = FAC*FORZ (M)
PRINT 81 INNUM
GO TO 950
949 IF(NUMIN = 1) 950995099306

72"

=
e L e
R ey o

MRS

936 FAC.® le = le/(FNUMIN = FINNUM ¢ 1)
IF (INNUM = INBEG) 933,933,937

933 FAC ® e = (FINBEG = 1.V 7 (FNUMIN = 1e)

932 po 920 M = INTTUNLeLASTUNL

FORZ (M) = FORZ(M) = FORZEX(Y)
FORR(M) = FORR(M) = FORREX (M)
FORREX (M) = FAC®FORREX(M)
FORZEX (M) = FAC®FORZEX(M)
FORR (M) s FORR (M) o FORREX (M)
9254 FORZ (M) ® FORZ(M) « FORZEX(M)
PRYNT 829 INNUM
_ IF(INNUM = NUMSUP) 9504180041810
1800 D0 1820 NB = 1,NUMJO]
_ DO 1821 M = 143
1821 TEM(NBsM) = 0.
. 1F (NPBFEM (NB)) 1820918201830
18347 NN = NPBFEMINB)
IF(BDISC(NN)) 183191831, 1832
1832 ALP = BDISC(NN) / 57,29577951
CA = COS(ALP)
SA = SIN(ALP)
UPM(NB) ® U(NN)®CA = W(NN)®SA
WPM(NB) = UINN)®GA ¢ WiNN)®CA
60 TO 1833
1837 UPM(NB) ® UINN)
WeM(NB) = w{NN)
1833 FORRBINB) = ..
FORZHB (NB) = 0.
1820 CONTINUE
60 TO 950
1817 DO 184c NB = 14NUMJOI
IF (INPBFEM{(NG)) 1840918409185C
1854 NN s NPBFEM(NR)
1F (BDISC (Nt ) 16851918514+1852
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1852

1851
R
1915
1870
1875

1873
187s
1860

950
960

730

74)
760

170

812

790

800
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ALP u BDISCINN)/8T,29577v8]
CA ® COS(ALP)

SA = SIN(ALP)

UBINB) ® UINNI®CA = w(NN)®SA » )PM(NH)
WRI(NB) ® UINNI®SA o Ww(NNI®CA » WPMINH)

GO 10 18%3

UBINB) ® UINN) = UPMINH)

WBINB) & W(NN) e wPM(NKW)

NPRE (NR) w 3

CONT INUE

CALL SoL

IF(SUPST) 100+¢1915919)15

DO 1860 NK = 1 oNUMJOL

IF (PBFEM(NY)) 18B60+1860,1870

NN = NPOBFEMI(NR)

IF (DISCINN)) 1873,1873,1875

ALP = 8DISC(NN)/57,2057798)

CA = cOS(aLP)

SA = SIN(ALP)

TEMPOR & TEMI(NHs1)®CA o TEM(NBe2)®SA
TEM(NBe@) = = TEM(NYs1)®54 o TEMINBsZ)eCaA
TEM(NBs1) = TEMPOR

FORR (NN} = FORR(NN) = TEM(NBe]l) ¢ FORRA (NR)
FORZ(NN) = FORZ(NN) = TEM(N3,2) ¢ FORZR (NB)
FORRB(NB) = TEM(NBe})

FORZB(NHB) = TEM(NB?®2)

CONTINUE

KOUNY = 0

NCYC = 0

TOTEN = 0,

TOTw = U,

TOTSE = 0,

SUM = 0.0

NCYC = NCYC 1}

DO 860 M = 1 oHUMNP
NUM s NAP (M)

TEMPY 3 FORR (M)
TEMPW s FORZ (»)

IF(BDISC(M)) Tal97904770
IF(BDISCIM) o 2,) 760,770,880
Ou = 0,0

60 To B30

NW 8 040
IF(BDISC(M)Ie3nn,) BlUyRlEyH12

IF(BDISC (M) = T€0,) B60+7604760

DO 800 L = 14*uM

N B NP (MaL)

TEMPUSTEMPU=S11 (MyL)®y(N)a§12 Myl ) *w(N)
TEMP e TEMP 4GP 1 (MyL) (NI mS22(MeL) ®y (N)
DU 8 TEMPU/S]1] (Mel)

DW ® TEMPW/522 (Myl)

60 10 850

00 HB20 L & 1¢NUM

T A i e
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824

840

854
851

86

862
864

1000
1014

189~
191+

188+

8314

8300

103¢
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N & NP (ML)
TEMPUSTEMPU=SIT (Mo ) #(N)aS)? (Mo ) #wiIN)
DU s TEMPU/S11(My)

GO0 TO 850

6 DO 840 L & 19NUM

N = NP (ML)
TEMPWRTEMPW=S2] (Mol ) ®Y(N)aS22 (M| ) ®W (N)
OW = TEMPW/S22(My1)

UluM) Sy (M) *HETA#DU
W(M)BW (M) oHETASDW
SUMaSUMABS (DU «ARS (LW)

CONTINUE

IF(NCYC = 1) Be2.862+864
SUMIN 8 SUM
CONTINUE

IF(SUM=TOLER)1n10e101001000
IF(NCYCM = 1ICYC) 1010410100730

PRINT 189sSUNINGNCYCySUHM

IF (INNUM = JUMSJP) 1HB0,1R9(,149n
IF(ITERS = [TSUP) 1910,1HB0,1880
ITERS = ITERS ¢ 1

PRINT BB ITERS

GO TO 1810

COMTINUE

WRITE(1918) SUMINGNCYC,SUWM
DO 830C M = ] oMUMNP
1F(BDISC(M)) RI0NBINO,BIY0
ALP = 8DISC(M)/57,2957795)
CA = COS(ALP)

SA s SIN(ALP)

UO = YU(M)®CA = W(M)®SA

W(m) = U(M)®SA o WiM)nCA

U(m) s LO
COMTINUE
DO 7u6C N = 1eMUMEL
I = HPII(N)
J = NIJ(N)
K = NPK(N)
R = R(I)
Ry 8 R{Y)
RK = R({K)
21 = 2(1)
ZJ s Z2(J)
ZK = 2(K)

DO 1030 L = 193
00 103C M = 1l4R
S{LeM)=0.0
B(LsM)s0,0
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¥
.!‘,‘”
f
C i
DIS(lisu(]) E
DIS(2) = w(]) )
0IS(3) = U .
DIS(4) = W(J) ¥
NIS(5)=U(K) ;
PISte) zw(K) L
IF INPL(N)) 1031,1032,1031 :
c . E
1032 DEL = (RY=RI1)®(ZK=Z]) = (RK=RI)®(ZJ=21]) :
DELT = DEL {
S(1e)) ® 2J = 2K §
o S(1s3) =2 7K = 21 B
4 S(145) = 21 = 24 |
£ S(2+2) = RK = WY :
S S(294) = Rl = RK
ki ,’. §(296) = Ry = RI :
fé b S(39]) = S(2+2) .
] S(3s2) = S(le}) i
1 S(3+3) = S(2v4)
; S(3ve) = S(193) £
A S(3+5) = S(246) [
. B S(346) = S(195) i
s, ’-'v C ;
. DO 1050 L & 1,3 i
S EPS{L) 2 040 :
S 00 205V M = 1,6
. 1050 EPS(L) = EPS(L) = S{(LyM)®*DIS(M) E
i ¢ .
. 60 TO 1033 ;
S 1031 L = NPL(N) ¥
2L = Z2(L) {
4 UC = (UlDYsul gl eUutKIey(L)) /s, !
; WC 8 (willewlJlew(KIew(L)) /4, -
RC = (RI*RJ*RKeRL) /4, ¢
& 2C 3 (2]102J4¢ZKeZIL) /4, i
. DELY = 0, K
o DEL = (RJ=RI)®(2C=L1) = (RC=R1)®(ZJeZl) |
DELT = DELT ¢ DEL .
i S(lel) = ZJ= 2C R b
& Si193) = 2C = 11 I
5 Sileg) = 21 = 2J
& §(2s2) = RC = RJ 4
= S(2v4) = R] = RC f
E S(246) ® RJ = RI _
. S(39]) = Si2v2) -~
. B §(392) = Stlel)
o S(3e3) = S(244)
. S(394) = S{1e3)
. B S(395) = S(246h) ;
. & S(346) 8 S(1s5)
i B PIsS(s) = uC
i p1Ste! = WC “

Do 1081 ML = 143
EPS(ML) s 0,0
DO 1051 M 3 1486
1051 EPS(ML) ® EPSIML) = S(MLIM) e[S (M)
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DEL 8 (RRaRJ)® (Z2C=lJ) = (RCeRJ)®I2K=Z))
OELY = DELTY + DE!,

§(le]) = 2K = 2C
S(193) = 2C = 2J
- S(les) = 2y = ZK
S({2+2) = RC = RK
S{2¢4) & RJ = RC
S(296) ® RK = RY
S(3s]) ® S(2+?)
S(342) = S(1sl)
- S(3903) B S(2v4)
§(394) = S(143)
S(3¢5) = S(2+6)
S(3s6) = S(145)
Dls(lg s U(J)
DIS(2) = w(J)
DIS(3) = U(K)
DIS(a) = WiX)

DO 4052 ML = 1,3
DO 1052 M = 1,0
1052 EPS(ML) = EFG(ML) = S(MLeM)®DIS (M)
DEL = (RL=RK)®(2C=IK) = (RC=RK)®{Z_wZK)
DELT = DELT + DEL

S(1s]1) = 2L = ZC
S(1¢3) = 2C = 2K
Stles) = 2K = ZL
‘ §(242) = RC = RL
; S(2+4) = RK « RC
. S(2v6) = AL = RK
E | S(3s]) = S(292)
E S(312) = S(1le1)
A S(3¢3) m S(2v4)
] S(394) = S(143)
$({3¢5) s S(246)
4 : S(3v6) = S(1e5)
4 D1S(1) = U(K) .
k: DIS(2) = WiK) 3
DIS(3) s u(L) 3
DIS(4) = wi(L) ;
i DO 2053 ML = 1,3 §
b, DO 1053 M = 1,6 5
[ 1053 EPS(ML) s EPS(ML) e S(MLyM)®DIS (M) £
s DEL = (RI=RL)®(2C=2L) = (RC=RL)®(Z1=2ZL) 1
DELT = DELT * DEL 3
S(lel) = 21 = 2C b
. S(193) = ZC = 2L f
] Stles) = 2L = 21 k
1 §(292) = RC = RI ’
i S(294) = RL « RC R
e f $(216) = RI = RL i
£ . S(3s]) = S(2?) ]
r | $(392) = S(lel) §
4 $(3¢3) = S(2+4) }
3 - S(394) = S(193)
i g S(395) = S(216)
i B S(396) = S(1+5)
DIS(}) = UlL)
DIS(2) = wi(L)
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1084

1033
105%

8851
88%>
8854

885)
885s

8864
8865

To0}

Tgo0%

7010

DIc(3) = U(D)
DIS(4) = w(])
DO 156 ML = 1,3

0O 1054 M = 146

EPS (ML) = EFS(ML) = S(MLiM)#NTS (M)
L = HPLI(N)

DIS(T) = U(L)

DIS(H) = Wi(L)

CONTINUE

Dn 1055 M= 1.3

EPg (4) = EPS (M) /DELT

DELT = DELY/Z.
CALL SSMAT(tisE19E29E396G19v214V31eV324PS])

SIGXX 8 Cl1y1)8EPS(1) ¢C(1,2) wEPS(2)+C(]1+3) #EPS(I)
SIGYY = C(241)8EPS(1)eC(242) ®EPS(2) ¢C(293) #EPS(I)
TAUXY s C(3,1)#EPS(1) + C(392)®EPS(2) ¢ C(3+3)9EPS(I)
TOTSE » TOTSE +DELT®(SIGXX®EPS (1) +SIGYY®ESG(2)+TAUXYSERS(3)) /2,
SIGR(N) ® SIGYY

CC = (SIGXX » sIGYY) /2, )

A = SQRT{((SIGYY = SIGXX)/24)®#2 & TAUXY®&?)
SIRL(N) ® CC * A

SIGZ(N) o cc - A

PAS = 0,

SIGT(N) = V31(N)®SIGXX+V32(N)#SIGYY

IF (CODPL) 8851,885248851

SIGT(N) = 0,

IF (A=.000001) 8855,885548856 )

PAG = « 28,64TRISATAN(2,%TAUXY/ (STBYY=SI8XX))

IF (2.%SIGXX = SIG1(N) « S1G2(N)) 8850+8865,8865
IF (PAS) 8855885548860

PAS = PAS + 90,

GO TO 8865

PAS_® PAS = 90,

COMTINUE

IF (NCON) 2409705897001

ANG = 3¢14159253%PAS/180.

CN2 a COS(AMG)#COS (ANG)

S1> = SIN(ANG)#SIN(ANG)

SIcO ® SIN(ANG)®COS(ANG)

S1F02 = SIC(%*?

EPM(N) = EPS(1)ecn2 ¢ FPS(2)eS12 « SICO®EPS(I)
IF (MAT(N)) T0%Ry700597058

E1T(N)=EL (N)

EPT(N)YmE2(NM)

E3T(N) = E3(N)

GlT(t)agl (M)

VZ21TI(N) = velm

V3ITI(N) & V31(NM)

V32T (N) = V32(N)

PSTT(N)2PST(N)

IF (EPM(N)) 7058470587010 )
IF (EPMIN) = EPMT(N) = SIZf/2,) 7058470157015
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a3 Tvie SIt & sIG2(n)
o 702~ IF(SIT) 702%,7r38,7n35
702 SIT=0
T¢3c SY = S1T/S12C
SCT = INT(S] ¢ 0.5!
€ l  J SCI L4 lc
7205 ST & EPM(N)/S17E
_ STT = INT(ST ¢ 0,5)
721¢ SC = SCI*S12C
. ST = STI®SZE
7030 IF(SIT = (NCON=1)®S1ZC) 7055,7055,7059
T059 PRINT 78BeNeI1+STIT :
I = NCON 4
T05& COMTINUE 19
STRMIN = AMINLI(EM(I)4EMI(T))
IF(STRMIN=STR) TnST,705R,70n5A ;
7057 EPMT(N) = STR E
.. IF(STR = EM(I)) 7100+7100,7108
T10f SZ 3 (E1T(N)®STReV2IT(NI®GCH (] qeV2ITINIII /{1 ,@V2iT(NI)/ (] ,eVP1T(A)
N
60 TO T30
7108 IF(STR«ERE(I)) 711597120971 20
7122 52 = SR(I)
GO TU 7130
18 SZ = SM(I) ¢ (SM(I)=SRIT))®(STHeEM(T))/(EMIT)®ERF(T))
31 IF(STR=EM1(])) 7135971357140
A VL 3 (SC®(1e=V21T(N)) = V21T (N)®SZ)®(1eeV2YT(N))/ELIT(N) :
GOh TO 7160 13
4> JF(STR=ER1(])) T145,715047150 _ -
% VL = PuII(I) # (PHIR(I) = PHIT(I))I®STR/ERY(T)
Gn TO 7160 ) 4
7168 VL = ORIR(I) ¢ (PHIM(]) = PHIR(T)}® (STR=ERT (1)) /(EMI (1Y =ERY(I)) . u;
716° IF(STR = VL = ulL/100,) TOSR,7CSR,T16]
T167 IF (NFE) 950¢ 4716249090 .
7162 V21(11) 8 (STP«SC = VL#82)}/{S2+SCY/(STReVL)
V31 (i¥) = V21 ()
V3o () = V2i (M . .
E1(r) = (1oev21(r))0({1,=v2]1(N)INSZ = v21(N)®SC)/STR
E2¢13) = E1C )
Ea(h) s E1¢)

GN TG 7200
r CALCULATINN NF NON=ISOTROPTC PSEUNO=ELASTIC CONSTANTe
r SEE APPENNIX B
" THIS SECTION IS INCOMPLETE AND NEEDS DERIIRGING

1T 1S NNAT IMPLIED THAT THE ATHFRS NO NOT
997 n CONTINUE

GO 10 241
. 9.ni JF(IFE = S) 9100090164902n
91r° IF (IFE=4) 9530,9110,9000

911. AVAR = (STReyL)#(SC ¢ SZ)
BVAR & = (SreV] + STRe(SCea_PHA/VR = SZ))
CVAR 8 VL #SZ = STR#SC#(}, =~ ALPHA)
OVAR = HVAReBVAR « 4,#AVAR®CVAR
IFIUVAR) 264359210+9210
921" DVA = SQRT(LVAR)
IF (VR®AVAR = CVAR/VR) 022049227.9230
922~ V21(N) 8 (=lVAP = DVa)/2e/AVAR
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9239
925o

9019

T164
71813

716¢
T167

7160
7169

7166

9920
993¢

_ G0 T0 7200

953p
9537

9550
9549

9570
9584

GO Tu W24n
V21(N) = (=VAPR & DVAY/P./4VER

ELIMN) m ()eeV21(M))®(ay?) (N)#SCe(],=V2] (N))®SZ)/STR

E?2(N) = EVIN)/Z(1,sALPHA® (VP (M) VRG] ,))

V31 (N) = V?&(N)/(I.OAL°HA5(VZI(N)/VQ'lo)’

IF(NFE=3) 951n,261,9524

conT INUE

AVAR & = 4 ,nALPHA®SCRSr/ER/VP XY
BVAR & 2,94 PHASSCRSZ/FR/ YR « 4 ,46Co5Co (] =A PHALVR) /ER

1 - 2,#526STR & > wSCavi

CVAR = (1, = A PHA © VYP)®D,0S8COS//ER = SZevl

IF (ALPHA) 242471K347164

IF(SC) 7163,71,3,7165

V21 (M) = = CVAR/RVAR -
GO TU 7169

DVAR = BVARSHVAR = 4,#AVAOWCYAR

IF(DVAR) 243497166,7107

DVA = SQRT (1VAR)

IF (VR®AVAR « CVAR/VR) T166s716A¢T16R

V21 (1) & ( = Rvap o [3VP)/2,/8VAR

El(h) B (S2 = D,8S5C#v21(N))/&TR

E?2 () = ER /(1 +ALPHA® (21 (M) /VR = 1,4))

V31 (1) ® VR/Z(],ealPHa®(V21(N)/VR & 14))

IF(NFE = 6) 951049037 ,082¢

V21 (1) = (=4VAL = (VA)/Pe/AVAR

GO TO 7169

IF(NFE = T) 9N0304901054903n

CONTINUE

V21(11) 3 (VU ®S7?/STR ¢ 2,9 (A PHA=],)#SC) /2, /71VLe®SC/STR o (4L PHA/VA
] = 1¢)85C = SZ)

EY(h) = (SZ = 2,8#V21(N)#SeV/STP

E2 (1) s ELIN)YZ(1,¢ALPHAR (V21 (M) /VR o 1,4))

VITIN) B V21 (NY/Z (leoALPHARIVPLI (M) /VR=],))

IF(NFE = 7) 9810,901r,082n

CONTINVE

E3() = E1(N)

v32 () = vel (Ny

CONTINUE

E3(N) = E2(N)

Vv32(w) s V31 (W

GO TQ 7200

IF (1FE=?) 24190531924} .

AV’R ] S‘R.(Sc’(ALPHA.ALPL‘A’VO/VP-I.)-(‘..ALP"A/VQ).QZ).\yL.(s1.sc.

1 ALPHA®SC/VD) i ]

BUAR ® STR®(SC#2,WALPHA® (14=ALPHA)/VR = (7,=8LPHA)#S7) « VL& (ALPHA .
1 #SZ2/VR = (1,.,=ALPHA)®SC)

CVAR = STP.SC"I.'Z.“QLDNA ¢ ALPHA®ALPYA) o (lo'ﬂLpﬂM'SZOVL

IF (AVAR) 95.,3¢955099540

V21 (i) = = CVAB/RVAR

G0 TO 9240

DVAR % BVAK®HVLP = 4,%0VAD8lvAPR 2
IF(DVAR) 24324968 ,957)

OVa = SORT(LLVAD)

IF (CVAR/VP = AVAR®VR) O8gnePc0”,a59n0

Vo1 () = (=uVADehvA)/p,/70yha

G0 Tu 9249

V21 (1) & (=3VAC=DNVA)/2,/7AYAQ
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] GO TL 924n 8
7207 G1(H) 28 1o/ (1a/EY(NYOY/ED(N)G2,8V21 (V) /F2 (M) 4
TORA PST(N) & (PAS=90,)/57,295773¢8 ]
T06% COMTIMUE
KOUNT = KOUNHT o
- DO 8330 M & lenymnNpP y
. IF(DISC(M)) A33048330,R36c0 i
8347 ALP = WDISC (M) /57,2957795% ]
CA = COS(ALP) i
SA = SIN(ALP) ?
UM 3 J(M)®Cu ¢ w(M)#GA
. W) & = Y(a)®cA ¢ Wiuw)ela
_Utw) = UN b
8337 CONTINUE ]
 IFINCON) T065e15009706%
T06% KDFX =0
PRINT 76 oKOUNT , INNUM
PPINT 2 1
DO 7u95 N=1,NIMEL i
_IF(MAT(N)) T09%5,7070,7493 i
TOT4 IF(V21(N) = V21T (N) = v21T(\h/100n00,) 7076,7075,7080
T07S IF(EQIN) = E2T(N) ¢ F2T(N)I/ZINNAON,) Thdyue7ngSe TNHK
TOR” KNFX s KDEX & ) .
KON (KYEX) = N 3
PRINT 61oKDEXensFY(N) gF1T (M) aE2 (N) o E2T(N) gu?1 (M) 4V21T (%)
IF(Ue92=v21 (N a2,8VI] (M) *yIL (NI RE2 (N)/EL(NM)) T69497NQK 798

¢ FAR DRTHOTROPTIC FAILURE THIS CHECK SHOULND RE REPLACEN HY & MNRE E
¢ GENERAL CHECK ON POSITIVE DFFIMITENFSS 3
7094 KNFX s KUEX = -
7086 El(N) = EL1T (M)
E2(N)SF2T(N)

E3(H) = E3T(N) y
Gl(N) =G1TIN)
V21(H) & V21T(~)
vt = v31T(n) 3
V32 (N) = V32T (wm) 4
Ty95 COMTINUE
. IF(KDEX) 15C09150008010 ) )
801 CALL VODSTM(KDEX4ELvE29F3461eV21aV319VI29RRTISEITIERTHFAT4fBIT, :
) V21TeV31T,v32T,pS1T) 3
IF(KOUNT = NFEMX) 962996041510 j
1504~ PRINT ?
IF (1CONR) 1201,1202+1271 I
- 1207 PRINT 26
D0 1200 M = 1oMUMNP
FOop = i E
FO7 = ¢
NUM = MAP (M)
TOTW = TOTW + FORR(MI®II(M) o FORZ (M) ®w (M) ;
& DO 1135 L = lenym £
N = WP (ML) ,
TOTEN = TOTEN o SLI(Ma)® (M) ®U(N) o SL12(MaL)®UIMI®W(N) ¢ 821 (My)
1 SUINI®WIM) & S22(My| ) #w (1) 8 (N)
FOR = FOR ¢S11(MyL)%U(r)*eS12(Mel) oW (N)
1196 FO7 8 FOZ ¢ S21(MoL)®Y(N) +S22(MyL) ®wW (N) b
IF(BDISC(M)) 8400840040470 3
841 ALP = BDISC(M),57,295779%) 4
CA = COS(ALP) i
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SA = SIN(ALP)
UD m 1{M)SCA = W(M)®SH
WO m U(MI®SA ¢ W(M)eCA
FO & FOR®CA = FOZ%SA
FO7 = FOR®SA ¢ FNZ*CA
PRINT 25+MeUOsw04FOWF D2 4
WRITE (1925) MetJ(M) oW (M) 9FORyFOZ

GO TO 1200
PRINT 25+MeU (M) oW (M) sFORIFO2
WRITE (1925) MelO4WOsFD,FOZ
CONT INUE g
GO TO AO11
PRINT 126
DO 1203 M = ] yNUMNP
TOTW & TOTW ¢ FORR{(M)®U(M) o FORZ(M)®W (M)
FOR = 0,
FO7 = ¢,
NUM_® NAP (M)
Do 1196 L s 1ynuM
N s NP(MsL) ,
TOTEN = TOTEN o S11(MoL)I®UIM)SU() & S12(MyL)®U(MISW(N) o S21 (Mo}
BUIN)SW (M) & S22(M, L)W (M)®W(N)
FOR ® FOR ¢ S11(MeL)®U(N) ¢ S12(MyL)0@W(N)
FO? = FOZ ¢ S21(MeL)I®U(N) « S22(MyL)®W(N)
ANGLE = AN(M)
ANCOS = COS (ANGLE)
ANGIN = SIN(ANGLE) } 2
1F(BDISC(M)) 850093500¢8510 4
ALP = HDISC(M)/57.,29577951

CA = COS(ALP)

SA = SIN(ALP)

U0 8 J(MI®CA = W({M)®Sa
WO & U(M)®SA ¢ W(M)®CA
UR = JO®ANCOS + WO®ANSIN
UT ® WO®ANCOS « UO®ANSIN
FO = FOR®CA = FO2%SA

FOZ = FOR®SA ¢ FOZ®CA
FOR =& FO
RADFOR = FO®ANCOS ¢ FOZ®ANSIN
TANFOR = FOZ®ANCOS = FOR®ANSTN i
PRINT 1259 My U0, WO FORGFOZ ,UR, UT RAUFOR, TANEOR
WRITE (17125) MsUD?WO?FOR?FOZYUR®UTYRADF OR FANFOR
G0 TO 1203
CONT INUVE -
UR s U(MI®ANCOS o W(M)®ANSTIN
UT 8 W(M)®ANCOS = U(M)®ANSIN
RANFOR = FOR®ANCOSeFOZ®ANSIN
TANFOR = FOZ®ANCOS « FOR®ANSIN -
PRINT 125'MYU(M) sW (M) PFORYFDIZPURIUTIRADFOA s TANFOR
WRITE (15125) MyU(M) oW (M) s FOR4FOZsURyUTsRANFORs TANFOR
CONTINUE
conTINVE
CONTINUE
PRINT 2
PRINT 23
PRINT 32 —
0 N = 1N
2A5120é7.295779513'951(N)090.
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_ IF(MAT(N)) 1097e1uousinn,
1057 PRINT 249Ny SIGIIN) 9SIG2IN) s STGRIN) » SIGTIN) 4PAS
WRITE (1424) NySIGY(N) 4STIGP(N)9SIGT(N) ¢PAS
. 60 10 1501
1060 IF(NCON) 1059410611059
1059 PRINT 60sNosSIGL(N) oSIG2IN) 9STGP(N) ¢SIGT(N) yPASIE]L (N) JE2(N)+EI(N)
1. Gl{t1) sV2Y (NI 9V31(N)sVIZ(N)
WRITE (1+60) NeSIGI(N) ¢SIG2(N) oSTGT (N)sPAS,EL (N)yE2(N)9EI(N) #B1 (N}
1 V21 (N)#V31(N),V32(N)
_ 60 710 1501
1061 PRINT 3CoN¢SIGY (N)sSIG2(N)sSTGR(N) ¢SIGT (Ny 4PAS
_ WRITE(1930) NeSIGLIN)eSIG2(N)sSIGT(N)IPAS
1501 CONTINUE
TOTSE = TOVYSE®SETS
TOTEN = TOTEN/2,
TOTw = TOTwW/2,
PRINT 33+ TOTEN,TOTSEsTOTW
_ WRITE(1933) TOTENsTOTSEsTATH
8000 CONTINUE

GO TO 100

c . . =

1400 PRINT 22¢L Xy (NP(LXOM) gMB24MX)
PRINT 2
GO TO 100

1715 PRINT 50
_ GO TO 100
324 PRINT 9¢NeNUME (N) ¢+ NUME (NPC)
. 60 TO 100
260 PRINT 844NCON
_ 60 _T0 100
24) PRINT BSyNFE S
GO Y0 100 >
2642 PRINT B86+ALPHA
GO TO 100
2472 PRINT 879N
G0 TO 100
523 PRINT BsMeNPNUM (M) yNPNUM(MPT)
.. GO TO 100
2000 PRINT 2001
_ G0_TO 100
2098 PRINT 2091
GO TO 100

1 FORMAT(8A10)

2 FORMAT(///77)

3 FORMAT(OT®42F4 0¢F10+493164FB,Co14)

& FORMAT (‘0513.60“7 0‘)

& FORMAT (//722H NUMBER OF ELEVENTS = I5426H NUMBER OF NODAL POINTS
i= 15// 26H OVEReRELAXATION FACTOR & F7,3,5X+35H DISPLACEMFENT UNRA
2LANCE TOLERANCE s E10,3 //_33H MAXIMUM NUMBER OF ITERATIONS = 716
3,5X,27HNUMBER OF LOADING STEPS m 1645Xe37H INITIAL LOADING STFP N
4UMRER ® 16 // 1PH SUPPORT SYSTEM 1Ilys 13H ELEMENTS Téy
S 284 JOINTS SET SPACING = FR,2 _ //67H SUPPORT WILL B
6E ACTIVATED AT UNLOADING STEP 15 o 23H AT EACH UNLNANING STFP
7 169 56H ITERATIONS BETWEEN GROUND AND SUPPORT WILL RE PERFORMED/)

6 FORMATI(IS)
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7 FORMAT (//726H rOORDIMATE SYSTFM CONF = T9,8%Xe34rd CONE = N CARTE
1STAN COORDINATES /36X,75H CINE 8 | POLAR COORNINATFSs INTFPPOI A
2TIAN OF NODaL POINTS ALONA CIRCIFS / 3eXe7aH CODE = «1} pnLaR COD
3RDINATESs INTERPOLATION OF NODAL POINTS ALONG RADIT ///4R4 Pl ANK
4STRESS OR PLANF STRAIN SELECTION CODF ® J4,44M IF = NnePLANF STRATN
8§ ONTHERWISE PLANE STRgSS , )

A FORMAT(//®* ERROR IN NODAL POINTY NUMHERING *s¢311n)

9 FORMAT (//% ERROR IN ELEMENT NUMRERING®¢3170n)

10 FORMAT (6]4,42F12,4)
17 FORMAT (1442F9,392F12,3,2F12.R+F10,6)

12 FORMAT (119K ELEMENT NODAL POINTS MATERTAI CENTY
1ROTID COORDINATES ELEMENT AREA BOUMDARY STRESSES /
213%x+58H] J K L CODE X Y
3 21xr32H PARALLEL PERPENNDICUL AR 7)

13 FORMAT (/1101 NP X « 28D Y = ORD X=F ORCF

1 Y=FORCE X = DISPL Y = DISPL _ BOUND CODE /N

14 FORMAT (// 26H MATERIAL CODE 0 E = F15,3,184 PNISSUNES RATIN
1= F8.3// 26H MATERIAL CODE ) £ = F15,3+18 POISSONSS RATIO
2® F8,3// 26H MATERIAL CHDE =) £ s F15,3,184 POISSONSES RATIN

3= FB8,3/// 21H MATERIAL UENSITY = El2.,6 7 )

16 FORMAT (///23H ELASTIC SOLUTIOM ONLY 7 )

16 FORMAT(//25H POCK FAJLURE DEFINITION // 36H NUMBER OF CONFINING
1PRESSJRE LEVELS s I13432H CONFINING PRESSURE INCREMEMT 8 F9.? //
224 STRAIN INTERVAL SIZE = F10,3410Xe52H MAXIMUM NUMRER OF TTFRAT

“310NS AT EACH LOANING STEP s 13///28H STRFSS«STRAINeVOLUME INPUT/)

17 FORMAT(/13H TAPE CODE = 1596Xe8H IF = =3,27H INPUT FROM TARF 2
10UTPUT ON TAPE 1 7/ 22X4274 IF = =1 INPUT FROM TAPE 2  /22X+28W IF
2= 1 oUTPUT On TAPE 1 )

18 FORMAT(//54H DISPLACEMENT JNBALANCE AFTER FIRST OVEK RELAXATION =
1€13,6 /7 Tn AFTER 15,34+ [TERATIONS THE DISPL. IINBALANCE s £13,6)

19 FORMAT (/174 LOADING CODE = I3+ 61H INGREMENTAL LNANING WHEM PO
1SITIVE, UNLOADING WHEN NEGATIVE ,/56X,22H ALL NP FDRCFS FPOM NP
2 15,74 TO NP 15,37H WILL BE DECREMENTED NRURING UNLOADING 7/ )

21 FORMAT (32H ZERO OR NEGATIVE AREA, ELe NO, »+14)

27 FORMAT( &  MORE THAN 9 NP, ADJACENT TO wnnDAL POINT & 14 /

1 27H ADJACENT NODAL POINT§ ARF 1816 )

23 FORMAT (133W  EL si1G! $162 VERT STRES 2=STRFS
1 ANGLE E) g2 E3 61 V21 v
231 vaz2

24 FORMAT (I4,4gl2, 6.Flo.*)

2% FORMAT (110+4E21,.8)

26 FORMAT(®  nODAL POINT 40RIZ DISPL VERT DISPL
1HOR1Z FORCE VERY FIRCE e//)

27 FORMAT(1894164112,5F16,5)

2R FOPMAT (1447F15,6)

29 FORMAT(//117H BOUNDARY (DISPLACEMENT) CONE IN NOD POINT INPUT TaR
ILE WHEN = =1 VERTICAL AND HORIZONTAL NTSPLACEMENT ARE IMPOSFD /
258%,43HWHEN B «2 VERTICAL JISPLACEMENT 1§ IMPOSED / S8 ,46HWHEN
3= .3 HORIZONTAL DISPLACEMENT IS IMPNSED  /5xe 97H IF POSYTIVF, Y
4HE ANGLE (IN DEGREES) WITH THE X=AX1S OF THE LINFE ALONG wHICH THF
SPOINT MUST MOVE /SXe115M 1FiI LARGER THAN 340 &N INPUT DISPLACFMEN
6T ALONG THIS LINE IS IMPOSE) AnD |ISTED In THE INPUT TABLE AS Xent
78P, (U) /5%9123H4 IF LARGER THAN 720« THE 1 ISTED DISPLACEMFNT 1S I
aMPosso BUT THE POINT IS FREE TO MOVE PERPENDICULAR TO THE GIVEM N7
QRECTION /)

3, FORMAT (1494E12,44F10.%4154 . LI

3] FOPMAT(//144 TOTAL AREA = F15,5//)

32 FOPMAT( 65M (X=Y PLANE) (Xwy PLANE)




R

b iz e SR e s i e e MR e e uaa o

Cw37

1FRNAM X /7

31 FORMAT (//7/7 85k STRATM FNERSY CALCULATED FROM TRANSPNSFD DISP ACF™
JENTS X STIFFMNESS X OISPLACEMFNTS 8 F1S.6//6RH STRAIM FHFRGY FALCH
2LATED FROM STRESS X STPAIN AT FLEMENT CENTFRS = E168,6//334 WNPK N
30ME BY ROUNUARY FORCFS m  Elneby 63M MFAMINGFLUIL ONLY weFEN ND NN
_ON=2ERD DISPLACFMENTS ARE [M20SED //)

67 FORMAT (2I4 BXs1442FT.1,E13,6,F18,3,315) .

43 FORMAT (4E16,9)

44 FORMAT(S5E16.9)

45 FORMAT (9E15,7)

46 FORPMAT (/135K EM ERE PEAK STRESS RESTNUAL
1 STRESS EMY EN pHIR PHTT
3 PHIM /)

49 FORMAT(// 55H [InNPUT SFET SPACING WAS ZERO HAS REEN RFPLACEN RY n
INE  7/)

S( FORMAT(// 3]1H INPUT SET SPACING IS MEGATIVE //)
58 FORMAT(///22H SUPPORY SYSTEM INPUT//1)eH ELEMENT TYPE NOP

JPOINT 1 NOD POINT U E=MODULUS AREA T=MOMENT
2 SHEAR DEF COEFFICIENT /)

56 FORMAT (///134M JOINT X=CNORD Y=¢0ORN X=P160]
1 Y=DISPL ROTATION ASSOFTIATED FEM HP BourD ¢
10DE /7)

60 FORMAT (1494F12,64F10,446E12,643F7,4)

61 FOPMAY (21546E17,8)

62 FORMAT(4F10,1)

63 FORMAT(5F10,54215)

64 FORMAT (1645€15,541254115)

7% FORMAT (///% ITERATION®s 13, AT LOADING STEP®, [&///)

77 FOPMAT(IBe31646Xe11295F16,5)

78 FORMAT(/ 11H IN ELEMENT 14932H THE CONFINING PRESSURE LEVEL = 15,
1y 0H AND THE rONFINING PRESSURE s E15,3,27H PEPLACED BY (NCOMel)
2%S812C /)

8] FORMAT(5Xes14H LOADING STEP 1577)

82 FORMAT (SX916H UNLOADING STEP  15//)

83 FOPMAT(///37TH FAILURE MODEL SELECTION CONE NFE m I8 //94H NFE s
10 1SOTROPIC FAILURE NEGATIVE NFE O0ORTHOTRORIC FATLUR
2E (APPENDIX Bes BeS) //994 POSITIVE NFE TRANSVERSE ISOTROPIC Fal
3LURE NFE CODE CORRESPONDS TO OPTION NUMRFR IN APPENDIX R,3 7/
432y FAILURE PARAMETERS APHA = F8,1e1AH  GAMMA = FR,1 /)

B4 Fonngr(// 8H NCON = 164464 NEGATIVE NUMBER OF CONFINING PRFSSIRE L
1EVEL /7)

8% FORMAT(// 34H THIS FAILURE VODEL OPTIONs NFE = 15,334 IS NOT INCL
1UDFD IN THIS PROGRAM  //) o

86 FORMAT (/// 33H NEGATIVE ALPHA IS NOT PERMITTED //)

87 FORMAT (/// 6TH NEGATIVE SQUARE ROOT TM FATLURE CONSTANTS CALCHLATY
110NSY ELEMENT 15 /77y

B8R FORMAT(//13H  ITERATIOM 13,30H BETWEEN RROUND AND SUPPORT //)

128 FORMAT (110+8E15,6)

126 FOPMAT(® NOD POINT HOKR DISPL VERT DISPL HOR FORCF
1 VERT FORCE RAD DISPL  TaNG DISPL RAD FORCE TaN
26 FORCE */)

409 FORMAT(1210)

41\ FORMAT(/////% NP ADJACENT NODAL POINTS @///)

200) FORMAT(// 35H NEGATIVE NUM3ER OF BEAM ELEMFNTS //)
2091 FORMAT(// 39H NEGATIVE NUM3ER NF JOINTS TN SUPPORT //)
230 CONTINUE

SToP

END
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SUBROUTINE FORM(NsAREA+EL 4E2+EI 98] 9V21,V31,V3I24PST)

COMMON NPT (310) sNPJ(310) sNPK(310)9R(320)+21(320) oxOD(320) oNAP(320)
NP (320011)9511(320,10)9512(320+10)+521(320010)0¢522(320010)
C(3.3)oEPoVPoR].RJ.RK.ZloZJ-ZKostava)oHAY(SIO)oNPLGJIO)oESo
VS 0DPLeRLZL ¢BD1SC (320)
oNPRE (32) +UB (32) +WB (32) sROT (32) ¢ TEM(32¢3) +NP18(32) +NPUB(32) 9 N
X8 (32),YB(32) yEB(32) 9AB(32) 9 X18(32) sPH1IB(32) +NUMBEAM,
NUMJOTySNN(696) oNPRFEM (32) ySUPSY

DIMENSION SS(646)18(646)

RS WN -

CALL SSMAT (N)E1,E24E3,619V21,9VI1,V3I24PSI)

00 620 L = )16

E | DO 620 M = 116

g | S(LiM) = 0,

1 620 B(LoM)=0,.0

i Bllsl) = 29=2K

4 B(le3) = 2K = 21

: B(1¢8)

B(2¢2)

1 B(ZQQ)

3 B(2v6)

B(3r))

B8(Ye2)

! B(3¢d)

4 B(344)

3 B8(3y8)

g B(346)
DO 10 1
00 10 J
SS(1yJ)
00 10 K

10 SS(Ied)

g 00 30 I

a DO 30 J = 1h6
DO 30 K = 143

30 S(Ied) = S(IeJ) ¢ B(KyI)®SS(KeJ)

00 20 1 = 146
DO 40 J s 146

40 S(Ie)) = ston)/s./AnsA
IF (NPL (N} 71241000712

;. 100 I = NPI(N)

4 J ® NPJU(N)

K = NPK(N) X

i IF (BDISC(I)) 11041104120

] 110 IF(BDISC(J)) 13091309120

130 IF(BDISC(K)) 71297124120

120 DO 140 IK ® 196

D0 140 JK lolob
140 B8(IKyJK) = .
1r<aoxs»¢1)) 15041509160

achh 2 L

0 1
160 2LP a BDISC(I)/57 29577951
B(1%1) s COS(ALP)
: B(192) = » SIN(ALP)
; B(21]) = = B(ls2)

S BB NBENBENDS
@
n
-
N

%S(IOJ) ¢ C(IK)®B(KIY)

"

[ BN N N B I BN
—
-
(7]

150
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R(2e2) = KH(1l9))
170 1F(BDISC(J)) 18041804190
1890 B(343) = 1.
Rl4sbs) = 1,
T « GO 10 200
8 190 ALP = BDISC{J)/57,29577995)
: B(3¢3) = COS(ALP)
B(394) = « SIN(ALP)
B B(493) = =« B(3r6)
4 . B(4y4) = B(3y3)
1 200 IF(BDISC(K)) 21042104220
: 210 B(Se5) = le
. B(696) = 1,
LB 60 10 230
L g 220 ALP = BDISC(K) 7/ 57,2957795)
F ¥ B(S+5) = COS(ALP)
8 R(5e6) = = SIN(ALP)
¥ B(695) - B(546)
B(646) B(5+5)
230 DO 240 sz l¢6
D0 240 = 196
SS(I'J) 8 U
D0 240 K = 146
260 SS(I9J) = SS(IvJ) ¢ S(IeK)*B(KeJ)

i

C—unun

DO 260 I = 196

DO 260 J = 196

S(Iey) = 0o

D0 260 K = 146
260 S(IeJ) ® S(IeJ) ¢ B(Ky]1)#SS(KeJ)
712 RETURN

END
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SUBROUT INE SSMAT(NoEloEZoE3oGloVZloVJloVJZoPSl)

COMMON NPT (310)¢NPJ(310) sNPK(310)4R(320)¢Z(320)+x00(320) sNAP (320) s
NP(320011)0511(320010)0512(320010)0521(320010)0522(320010)o
C(343)4EPIVPIRTWRJWRK 421 9ZJeZKeS(848) oMAT(310) oNPL (3101 4ESy
VS9CODPLYRLZLBDISC(320)

+NPRE (32) 1UB(32) yW8 (32) yROT (32) » TEM (324 3) yNPIH (32) ¢NPJUB (32) »
X8 (32) Y8 (32) vgB(32) s AB (32) 9 X183 (32) PHIB (32) INUMBEAM ¢

4 NUMJO] ¢ SNN(696) oNPBFEM(32) 9 SUPSTY

A : DIMENSION E1(310)+E2(310)+E3(310)961(310),sv21(310)9V31(310)0

% ¥ v32(310)+PST(310) 9E1T(310)9E2T(310)4EIT(I10)9GLT (31000

V21T(310)9v31T(310)4v3I2T(310)ePSITI(31IO0)

DIMENSION D(343)4A(3+3)

Cl193) ® Do

C(ZOJ) s 0.

C(3s]) = 0,

Cl(392) = 0o

IF (CODPL) T0480470

80 IF(MAT(N)) 5541045

Sk T

O NE& W N~

N =

C
&S COMM = ES/(IQ0VS,/(l|-Zo.VS)
Cllsl) = COMM®(1l,=VS)
C(192) s COMM#VS
Cl29]1) = C(192)
cl2+2) = ¢llrl)
C(3¢3) = ,5*ES/(1,*VS)
GO T0 15
& COMM B EP/(1+4VP)/(1e=24*VP)
cllel) = cOMM®(1e=VP)
C(192) s COMM #yP
C(211) = C(192)
cl2y2) = C(1r))
C(393) = ,5%EP/(1,9VP)
G0 To 1S
C

10 ALl = 1e/EL(N) = V31IN)®V31(N)/EI(N)
AL2 ® Jo/E2(N) = V32(N)®V32(N)/E3(N)
BE ® V21(N)/E2(N) * V3I1(N)®VI2(N) / E3(N)
COMM = 1,/ (AL1%AL2 = BE®BE)
C(1%1) = AL2*COMM
c(192) = BE®*COMM
Ct2sl) Cile2)
Cc(292) ® ALI®COMM
C(3+3) = G1(N)
G0 TO 90
70 IF(MAT(N)) 155%,1104+105
185 COMM 8 ES/(14=VS)/(1eeVS)
c(l.l) s COMM
C(192) & VS*COMM
Cl2+1) = C(1y2)
Cl292) = C(19))
C(3,3) = ES/(1.0VS)/24
GO0 T0 15
108 COMM = EP/(].‘VP’/(I.'VP)
Cllel) = COMM
C(192) = VP#COMM
C(201) = C(1le2)
C(242) = C(1y1)
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C(3+3) = EP/(1,0vPI V2,

GO T0 15

COMM & 1, = V21(N)®V2] (N)®E]) (N)Z/E2(N)
ctle) €1 (N)/COMM

C(192) v21(N)®C(1le])

C(2y1) C(1y2)

C(292) = E2(N)/COMM

C(3¢3) = G1(N)

TEST = PSI(N)

TEST = SIN(TEST)

IF (ABS(TEST) = 0,0175)15415,20
DO 85 | = 1,3

00 25 U = 1,43

D(19J)=0,0
D(19el)=COS(PSI(N))#w2
D(192)sSIN(PS](N))®e2

D(le3) = =SIN(2,*PSI(N))
D(2e1)=D(102)

D(292)uD(101)

D(2¢3) = « D(1+3)

D(3e1) ® D(293)/2¢

D(3¢2) & =D(3,1)

D(3¢3) 3 D(ly1) = D(1,2)

DO S0 I = 1,3

00 50 J = 143

AlIeg) = 0o

00 S0 x = 1,3

ACI*Y) = A(I9Y) o D(IeK)®CIKYD)
00 60 [ s 1,3

DO 60 g = 1,3

C(lsd) = 0,

DO 60 K = 193

ClIoy) = CUIvJ) ¢ A(I4K)*D(JyK)
RETURN

END
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SURRQUTINE FORMQ(N.AHEAvEloEZot3leoVZloVJloVSZoPSl)

COMMON NP!(310).NPJ(JIO)oNPK(3lO).R(JZO).Z(320)oKOD(320).NAP(J?O).
NP(320011)05111320010)0512(320010)0521(320v10)0522(320c10)o
c(3.3).ep.vp.al.RJ.Rx.ZI.za.zn.s(u.a)-MAT(JIO).NPL1310>.es.
vS s CONPL ¢RLZLyH015C (320)
'NPRE(sz)-ua(az)cuutsa)vnortaz)-TEM(3203)o~Plu(32)opra(az)o
xa(32).va(32).£a(32).a8t32).XIB(SZ).PHIB(az).NUMBEAM. v
NUMJOT + SNN(696) yNPBFEM (32) 9 SUPST

DIMENSION SA(292)955(848) 4SN(10+10)

ARQUAD = 0.

DO 620 L = 1,10

DO 620 M = 110

PUNE W NV

SN(L¢M) = 0,0 e
RI0O s RI

210 = 1]

RJO s RJ

Z2J0 = ZJ

RKO = RK

ZKO = ZK

RLO = RL

ZL0 s ZIL

RK = (RI*RJ*RK¢RL) /4.
K = (ZI°ZJ02K°ZL)/4.
AREA = Uo5% ((RU=R])®(ZK=L]) < (RK=R])®(2J=21))
ARQUAD= ARQUAD ¢ AREA
CALL FORM(N.AREA.EIoEZ.ES.GI.VZIov31ov32oPsl)

DO 10 1 = 1v4é
DO 10 J = 16
SN(IsJ) = S(IeJ)
PO 20 1 = 146
gN(1,9) = S(Is5)

SN(]s10) = S(146)

DO 30 1 = 58

J =1+ 4

SN(Je9) = S(1+5)

SN(Jy10) = S(146)

RI = RJO

71 = 2J0

RJ = RKO

ZJ = Ix0

AREA ® 0¢5%((RY=RI)®(Zk=1]) = (nx-nx)-ch-zx))
CALL FORM(NoAPEAoEloEZoE3oGloV21oV3loV3 WPSI)
ARQUADs ARQUAD ¢ AREA

DO 40 1 lvé
K a]e
D0 40 J 1e4

L=J ¢
60 SNIKyL)
DO 50 1
K =21 ¢
SN (K99) S(Ie5) ¢ SN(K9)
50 SN(Ky10) = S(1+6) ¢ SN(K910)
0060135|6

J B 1 ¢ 4

SN(Je9) ® SNI(Js9) ¢ S(1e5)
60 SN(Jy10) = SN(Js10) ¢ §(146)
Rl = RkO

SN(KyL) ¢ S(Trd)
14

aNBN NN




1 = IKO
RJ = RLO
ZJ % 2L0
AREA 8 0,5%((RJU=R])®(ZK=Z]) » (RK=RI)®(2J=Z1))
ARQUAD® ARQUAD ¢ AREA
CALL FORM(N,AREAJE11E2+E396Glov219v3lev3i2ePST)
DO 70 I = 106
J Bl ¢ 4
DO 70 K 8 146
LSK ¢4
70 SN(JyL) ® SN{JsL) * S(I1sK)
Rl = RLO
21 = 2.0
aJ s RIO
2 s 210
AREA B 0,54 ((RJ=R]1)®(ZK=21) = (RK=RI)®(ZJ=21))
ARQUAD® ARQUAD ¢ AREA
CALL FORM(N,AREAJE19E2,E3,61,v214V314v32,PSI)
DO 8g I = 12

K=z7qe656
00 80 J = 142
LeJeb
80 SNI(KsL) ® SN{KeL) ¢ S(1vJ)
DO 90 1 = 3y4
L:I.Z
00 90 J = 1le2
Ks Jeob
90 SN(LyX) & SN(LK) ¢ S(19J)
00 100 1 = 3%
Ks ] 2
00 100 J = 394
LIJ-Z
100 SN(KgL) 8 SN{KsL) ¢ S(IsVy
00 110 I = 56
K® ] e¢é
D0 110 J = 596
LEe Jeé
110 SN(KyL) = SN(KeL) ¢ S(IleJ)
DO 120 | = 12
K=l e¢6
D0 120 J = 596
Loy ¢4
120 SN(K‘L) = SN(A.L) s S(1ed!
00 120 I s
Lesl -
DO 140 J s 5%
Ks g e¢b
140 SN(LQK) ® SNILSK) * S(10J)
01 = 1010

DO 130 J = 910
130 SN(JyI) ® SN(TeJ)
D = SN(9¢9)®SN(10010) = SN(9e10)®SN(1049)
SA(l,1) = SN(10,10)/0
SA(I.Z) s = SN(1099)/0
SA(2+1) = SA(1+2)
SA(242) ® SN(9+9)/D
DO 200 I = 198
00 200 J = 192
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S(11d) = 0,

DO 200 K = 142

L =K 8

S(I19Jd) = S{IeJ) ¢ SN(IL)®SA(KeJ)
DO €10 T = 148

N0 210 J = 148

SS‘IOJ) s 0,0

NO 210 K = 142

L s K « 8

§S(1ed) ® SS(I9J) ¢ S(TeK)I®GN(LJ)
DO 220 I = 148

DO 220 J = 18

S(Isd) = SN(IsJ) = SS(19J)

"QEA = ARQUAD

t NP (N)

4= NPJIN)

K = NPK(N)

L = NPLIN) :

1F (BDISC (1)) 300,300,310
IF(BDISC(J)) 32003204310
IF(BDISC(K)) 330933049310
IF (BDISC(L)) 712+712+310
DO 340 M = 1,8

00 340 MM = 1,8

SS(MyMM) = 0,

IF(BDISC(I)) 3509350 #2360
§Stlyl) = 1,

SS(Z'Z) L ] l.

GO TO 370

ALP = BDISC(I)/57.2957795)
sStlyl) = cosStaLP)
SS(1,2) = « SIN(ALP)
§S(2?1) = = S5(]192)
§5(242) = SS5(1, 1)
IF(BOISC(J)) 38093809390
§S(3,3) = 1,

SS(4,6) = 1,

GO TO 400

ALP = BDISC(J)/57,2957795)
§S(343) = COS(ALP)

§S(3,4) = « SIN(ALP)

g (493) 3 = SS5(304)

(496) = 55(3,3)
IF(BDISC(K)) 41094109420
§S(5¢5) = 1,

§S(6496) = 1.

GO 10 430

ALP = BDISC(K)/57,2957795]
$5(545) = COS(ALP)

§S(646) = SS(S45)

SS(5,6) = = SIN(ALP)
§5{695) = = SS(506)

IF (BUISC(L)) 44044404450
SS(T.?) = 1’

55(898’ = 1,

GO TO 460

ALP = BDISCI(L)/57.295779%9)
§S(T,7) = COS(ALP)
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SS(748) = =« SIN(ALP)
SS(By7) = = SS(748)

$S(848) = SS(7e7)

DO 430 1 = 148

00 470 J = 198

SN(IvJ) = 0,

D0 470 K = lyA

SN(IoJ) 8 SN(ToJ) ¢ S(11K)*SS(KyJ)

DO 480 I = 198

DO 480 U = 148

S(IeJ) 8 0o

DO 480 K = lyR

S(1eJ) = S(leJ) ¢ SS(Kel) *SN(KeJ)
RETURN

END
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SURROUTINE MONSTM(KDEXGE] oE2+E30G19V219V31eV3I29PSIeEITIERTIEITVGYT

1 oVe1Tev3IT,v3ICTPSIT)
COMMON NPT (310)9NPU(310) 9NPK(310)+R(320)92(320)9k0D(320) +NAP(320)

1 NP (320e1119511(320910)¢512(320+10) ¢521(320410)9522(320010) 0
2 C(303) sEP VPRI yRIGRKIZI9ZJeZKsS(Heg) +MAT(310) oNPL(310) 4ESH
3 VSsCODPL 4RLZLyHDISC (320)
4 sNPRE (32) +UB(32) oWB (32) *ROT(32) s TEM(32+3) sNPIB(32) yNPUB (32} s
5 XB8(32) 4 YB(32) vEN(32) 4yaB(32) yXIB(32) (PHIB (32) yNUMBEAM) g

6 NUMJOT s SNN(696) ¢NPBFEM(32) y SUPSTY

DIMENSION E1(310)+E2(310)4E3(310)961(310) 4v21(316)sv31(310)

1 V32(310) sPST(310)+E1T(310) +E2T(310)+E3T(310)eG1IT(310) £
2 V2IT(310)9V3IT(310)eV32T(310)ePSTT(310) !
DIMENSION LM(4) 9T (848) » §
DO 15 KT = 1eKUDEX §
N = KOD(KT)

1 = NPT (N)

J 8 NPU(N)

K = NPK(N)

Rl s R(I)

RJ = R(J)

RK = R(K)

21 = 2(1)

2J = 2(J)

IK = 2(K)

APEA & 0,5%((RJ=RI)®(2Kul]) = (RKaRI})®(2JeZ1))

LL = NPL (N)

RL = R(LL)

2L = Z(LL)

IF(LL) 30,3040
30 CALL FORM(NyAREAIVELTIERTIEIT GITv21T,v31lT,v32T,PSIT)
60 70 S50
40 CALL FORMQ(N)AREAJELIT,E2ToE3TeG1TyV21T,V3]1ToV32T,PSIT)
So DO 29 L = 148
% DO 20 M = 148
1 20 T(LIM) = S(LaM)
RI = R(I)
5 RJ = R(J)
3 RK = R(K) _
b RL = R(LL) ,
3 21 (1) !
20 s 2(9)
b K 2{xK)
/2 L= Z(Lb)
b IF(LL) 70,70480
& T0 CALL FORM(NsAREASELIE2eEI1G19V210v310v32yps]) .
G0 T0 99
i 80 CALL FORMQ(NYAREAIE] 1E29E396]9V219V319V32,4PSI)

90 LM(]1) = NPI(N)

LM(2) = NPJ(N)
LMi3) = NPK(N) ?
MM = 3
IFINPL(N)) 45004600450

450 LM(4) = NPL(N)
MM = &

460 DO 15 L 3 oMM
LX=LM(L)




F B C-47

¢
NUMSNAP (LX)
DO 1S M 8 1 MM
DO S I & JyNUM
' IFINP(LXoJ)oLM(M)) 591005
S CcONTINUE
SL1(LX,I) ® S11(LXs1)eS(2uL=]1¢20M=1) = T(2eL=]128M=]) i
' slzttx:x) B S12(LXe1) o S(20L=]1920M) =« T(26L=]¢20M) ]
S21(LXe1) = S2V(LX9I) S(2%L12%M=]) = T(28 92%Me]) 4
18 S22(LXs1) 8 S22(LX01) o S(20L920M) = T(20L,20M) E
RETURN
END i
X
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SURROUT INE SOL
COMMON NPT (310) oNPJU(310) sNPK(310)9R(320) 9Z(320) oXOD(320) sNAP (320) s
NP (320411)9511(320410)9512(320+10)+521(320+10)9522(320410)
C(393)sEP VPRI yRIIRK ¢ Z10Z2J9ZK9S(898) 9sMAT (3101 sNPL (310) +ES v
VSsCODPL sRL 9 ZL yHDISC (320)
oNPRE (37) yUB (32) ¢WH (32) +ROT(32) s TEM(32+3) oNPIB (32) yNPJB (32)
XB(32) s Y (32) 4y (32) 9aB (32) ¢ XTIR (I2) (PHIB (I2) yNUMBEAM,
NUMJOT ¢SNN(696) yNPRFEM(32) ySUPST
DIMENSION 1S) (393245)¢852(3¢32,5),853(3+3245)+SPRC(32)
, DIMENSION BS511(32+5)+8512(32+5)98513(32+5) 488521 (32+5)+8522(32+5) s
ol 1 BS23(3295)98$31(3295) *BS32(32°5) v8S33(3295) 'NPB(32°5)
- 2 NAPB (32) oF {3)sDIS(6) sELFOR(6) ¢ TEMO(3203) 4 XYZ(3) 4LM(2)
Y] 2222 FORMAT(//7741)
3 NCYCS = SO
. NCYCS = 9
5 IF(SUPST) 2731,200,2731
200 SLYOT = 0,
: SUPST = 1,
¢ DO 2030 N
4 DO 2031 M
: BS11(NeM)
BS12(NeM)
- B BS13(NeM)
;o BS2l (NyM)
E B8S22 (Ne M)
i BS23 (NeM)
BS31 (NwyM)
BS32 (NoM)
BS33(NeM)
2031 NPB(NeM) = 0
NPB(N+S) = 0
: DO 2030 J = 143
a TEM(NsJ) = O
o TEMO(NyJ) = TEM(NyJ)
- 2030 NPB(Nsl) = N
i B PRINT 2222
o B NCYS = 0
3006 CONTINUE
DO 2050 N = ] ¢ NUMBEAM
SPRC(N) = 1,

NN~

T AT

1,NUMJOT
1+5
0.

il A

LB B B BN BN BN B BN AN BN
(=]
*

L R TR R

1 s NP1IB(N)
J = NPJBI(N) =
RI = Xg(I)
21 = y8(I)
RJ = xB (J)
2J = Y8(J)
SL ® SQRT((ZJ=Z1)%(2J=21) * (RJ=R])*(RJ=R1)) ‘

SLTOT = SLTOT o SL
IF(XIB(N)) 620046300+6200
6300 C = (RY = RI)/SL
S = (Zg-zx)/sL
00 6310 L = l,6
DO 6310 M = 146
6310 SNN(LeM) = 0,
STIF = EH(N)®AB(N)/SL
SNN(1s1) = C*C*STIF
SNN(192) = C#SeSTIF
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SNN(lss) = = SNN(1s]))
SNN(]¢5) = = SNN(1+2)
SNN(2¢1) = SNN(1+2)
SNN(2¢2) = S*SOSTIF
SNN(2+¢4) = SNN(1+5)
SNN(2+5) = =SNN(2y2)
SNN(491) = SNN(]y4)
SNN(492) = SNN(294)
SNN{4s4) = SNN(14])
SNN(445) = SNN(]1.2)
SNN(S5s1) 3 SNN(1+5)
SNN(5¢2) = SNN(2+5)
SNN(S594) & SNN(44S)
SNN(S5¢5) = SNN(2+2)
GO0 Y0 6220
CALL FORMB (N}
MMM & ¢

LM(l) s NPIB(N)

LM(2) = NPUBIN)

DO 2Y50 | = lyMMM

LX = LML)

NO 20%0 M 8 LoMMM

MX ®

MX = MY ¢ ]

IF (NPB(LXeMX) » LM(M)) 2670,268042670
IF (NPB(LX9MX)) 26609268092660
NPB(LXoMX) = LM(M)

IF(MX = 5) 269092400+2400

LL = 3si

Ll = LL =1

L2 »s Ll =1

MM = 3eM

Ml & MM = |

M2 8 MM = 2

BS11(LX*MX) = BSI1(LXoMX) o SNN(L29M2)
BS12(LXsMX) = BS12(LX,MX) ¢ SNN(L29sM))
BS13{LxoMx) 8 BS13(LXyMX) ¢ SNN(L2¢MM)
BS21 (LXeMX) B BS21 (LXgMX) ¢ SNN (L] eM2)
BS22 (LXoMX) = BSCE(LXyMX) * SNN(L1sM])
BS23(LXoMx) = BS23(LXyMX) o SNN(L1yMM)
BS31 (LXeMX) 8 BSII(LAGMX) * SNN(LL9M2)
BS32(LxoMx) = BS32(LXIMX) ¢ SNN(LLIMD)
BS33(LxoMx) = BSII(LXyMX) o SNN(LLyMM)

PRINT 64319SLTOTY
FORMAT (/// 2% TOTAL SUPPORT LENGTH =
D0 2720 M=l NUMJOL

MX 8 )

MX = Mx ¢ 1

1F (NPB (MsMX)) 2720+2720+2710

NAPB(M) s MX = ]

NCYS s 0

DO 300 N = 1iNUMJOI
D0 300 J s 143
TEM(Ny,J) = TEMO(NyJ)
DO 6001 M = ]1,NUMJOT
DO 6001 I = 1,5
BS1(1eMel) 3 RS11(Mel])
B8S1(2eMeI) = BS21(Me])

F10,3 7//)
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BS1(3eMsl) = RS3I1(Me]) 4

BS2(1eMe]) = BS12(My]) ;

BS2(24My1) = BS22(My ) i

855‘30M.l) = RS3I2(My]) :

BSI(1eMeI) = BS13(Me]) ;

BS3(2eMs1) = BS23(MyI) »

6001 BS3(3sMsl) = RS3II(M]) {

8001 DO 6Q04 M = ],NUMJO] j
IF (NPRE (M)) 274642744,2T45%

2746 IF(NPRE (M) + 2) 274012741,2742 A

2740 BS2(29Mel) 3 BS2(2eMe])*],Ee08 > 3

BS3(3sMel) = BS3(IsMy1)®] Ee0B - d

TEM(M®2) = BS2(2'M?1) ewH (M) i

TEM(M93) = B53(3eMe))®ROT (M) 3

GO TO 27«4 '

2761 BS2(24Mel) = RS2(29My])#]1,E*0B %

TEM(Me2) = BS2(2sMr]1)ewB (M)

GO TOo 2744 ,
2742 BS3(3+Myl) = BS3I(3sMy1)®1,Ee08 1

TEM(Me3) = HS3I(34Ms1)#ROT (M)

GO TO 2744 i
2745 BS1(]1eMel) = BS1(1oMe1)®],Eep8 3
TEM(Mel) = BS1(leMel)ouB(M) .

IF (NPRE (M) = 2) 27449274742748
2767 BS3(3+sMel) = RS3I(IsMe])®],EepB
TEM(Ms3) = BSI(39Ms1) #ROT (M)
GO TO 2744 ;
2748 BS2(29M9e]1) = BS2(2eMe})*],EeqB %
TEM(Mes2) = HS?(ZéMol)OWB(ME ;
IF (NPRE (M) = 3) €744,2744,275)
2751 BS3(34Mel) = BSI(IeMel)®] EWp8
TEM(M93) = BS3(3sM91)*ROT (M)

2744 CONTINUE 1
6004 CONTINUE 3
JOI = NUMJOI = 1 3

1031 FORMAT(IS5+10€12,5/)
00 2860 M = 1,J01
NAPM = NAPB (M)
IF(-OOgOOI = RS1(1eMel)) 5330¢5335¢5335
5339 po 9002 J = 2,3
IF(BS1(JeMyl)) 5201+5002+5201
5201 F(J) s BS1(J'M'1)/BS1(1°Ms])
TEM(Mey) = TEM(MsJ) = TEM(Myl)*F (J)
BS2(JsMel) = BS2(JeMs]l) = BS2(1leMel)eF(J)
BS3(§0M01) s BS3(JeMe]) = BS3I(1eMpl)eF ()
DO 5222 N = 2,NAPM
NN & NPB(MyN)
IF (NN = M) 5222522295401
401 BS1(JemaN) = BS1(JeMeN) = B8S1(1oMeN) @F () ‘
BS2(JoMsN) = BSZIJoMIN) = BS2(1aMIN) *F (J)
BS3(JsMeN) = BS3(JoMeN) = BS3I(1yMyN)@F (J)
S222 CONTINUE
5002 CONTINUE
DO 5432 N = 24NAPM
NN = NPB(MIN)
IF(NN « M) 5632,543245403
5403 NAPN = NAPB(NN)
DO 5433 K = 24NAPN

T L T T
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S404
5405

S4ge

Sa08

5409
5421

5426

5427

S422
5402
S43s
5433
5432
5335
5349
5410

5430

5420
541%

5503

5504
5505
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KK = NPB(NNyK)
IF(KK .« M) 5433,560445633

DO S434 ] = 143

IF(BSI(IsNNsK)) 5405¢5436445405

F(I) o BSI(IoNNeK)/BS1(1oMel)

TEM(NN,I) = TEM(NNyI) o TEM(My1)®F(])
BS2(I+NNsK) = BS2(I9NNyK) = BS2(19Me1)eF (1)
333(x.~~.x) = BSI(IINNoK) = gSI(1oMel)eF(])
00 5402 L = 2,NAPM

KM 8 NPB(ML)

IF(KM « M) 5402,5402,5406

DO 5422 || = 14NAPN

LNN & NPB(NNyLL)

IF(LNN = KM) 540905408+5409

BSl1(TonNoLL) = BSLIToNNeLL) = BS1(leMo)®F(])
BS2(IsNNyLL) = BS2(IsNNyLL) e BS2(1eMoL)®F (1)
BS3I{IsNNoLL) = BSI(IoNNoLL) = BSI(1eMsL)®F (1)
GO To 5402

IF(LL « NAPN) 562295421¢56422

NAPNB = NAPB (NN)

IF (NAPNB = NAPN = 1) 5426,5427:15427

NAPB (NN) s NAPB(NN) ¢ 1

KX = NAPB(NN)

NPB(NNyKX) = KM

CONT INUE

BSL{IsNNeKX) ® » BSI(1oMeL)®F(])
BS2{JsNN9KX) = = BS2(1eMeL)OF (])
BSI(IINNIKX) = «BS3{1oMebl)®F (1)

CONT INYE

CONTINUE

CONTINUE

CONTINUE

CONTINUE

IF(«000001 = BS2(2eMs])) 534015345,5368
IF(BS2(3sMel)) 5410954154510

F(l) = BS2(39Me1)/BS2(29My])

BS3(3sMel) = RSI(39Me]l) = BS3I{2eMyl)eF (1)
TEM(Ms3) & TEM(My3) =« TEM(My2) ®F(])

DO 5420 N = 2yNAPM

NN = NPB(MoN)

IF(NN =« M) 542095420,5430

BS1(3sMeN) = BS1(JeMyN) = BS1({2/MyN) @ F (1))
BS2(3sMeN) = RS2(3eMeN) = BS2{2:MIN) * F(])
BS3(3smaN) = BSI(IeMeN) = BSI(ZyMIN) & F(])
CONTINYE

D0 5532 N = 2¢NAPM

NN & NPB (MIN)

IF (NN*M) §553¢,553245503

NAPN g NAPB (NN)

DO 5533 K = 2,NAPN

KK = NPB(NNyK)

IF (KK = M) 553395504,5533

DO 5534 I = 1,3

IF(BS2(1sNNoK)) 5505¢553445505

F(I) » BS2(JoNNeK)/BS2(29Ms])

TEM(NNyI) = TEM(NNsl) = TEM(My2)®F (1)
BS3(JoNNeK) = BSI(IsNNeK) = BS3(2eMe]l) @ F(I)
DO 5502 L = 2yNAPM :




5506

5508

| 5509
. 5521

552¢

5527

5522
5502
i 8534
A $533
5532
5345
538,

5603

5604
5605

5606

5608

EH

5626

5627

5622
5602
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KM = NPB (Mol )
IF(KM « M) 5502,5502,5506
DO 5522 LL = 1 'NAPN
LNN = NPB(NNsLL)
IF(LNN = KM) 5509,5508,5509
BSI(IoNNoLL) = BSI(IsNNoLL) = BS1(2,MeL)
BS2(TsNNsLL) = BS2(IsNNoLL) = BS2(29MyL)
BS3(IsNNsLL) = BSI(IsNNoLL) = BSI(2eMeL)
GO0 10 8502
IF(LL = NAPN) 5522955215522
NAPNB = NAPB (NN)
IF (NAPNB = NAPN = 1) 5526,5527,5527
NAPH {NN) = NAPB (NN) ¢
KX = NAPH(NN)
NPH(NNyKX) = KM
CONT {NUE
BS1(ToNNIKX) = « BS1(2,MoL)OF (1)
BS2(IsNNsKX) = = BS2(24Me) » F(])
BSI(ToNNIKX) = « BSI(2/MoL)®fF (])
CONTINUE
CONT INUE
CONT INUE
CONTINUE
CONT INUE
IF (000001 = BS3(3sMs])) 5351928602869
DO 9632 N = 2,NAPM
NN s NPB(MyN)
IF(NN « M) 5632¢95632+5603
NAPN = NAPB (NN)
00 5633 K = 2,NAPN
KK 3 NPB(NN¢K)
IF(KK = M) 5633,5604,5633
DO 5634 [ = 1,3
IF(BSI(IsNN9K)) 5605¢563495605
F(I) s BSI(TaNNsK)/BSI(IeMe])
TEM(NNol) = TEM(NNoI) = TEM(Me3)O®F (I)
D0 5602 L = 2.NAPM
KM = NPB (MsL)
IF(KM = M) 5602¢560295606
DO S622 LL = ] 'NAPN
LNN = NPB(NNoLL)
IF(LNN = kM) 5609,5608,5609
BS1(IsNNsLL) = BSI(IsNNsLL) = BS1(3IeMy)
BS2(ToNNsLL) = BS2(IeNNsLL) = BS2(39MyL)
BS3(ToNNILL) = BSI(IeNNsLL) = BS3(3eMy)
G0 TOo 5602
IF(LL = NAPN) 562215621¢5602
NAPNB = NAPB (NN)
IF (NAPNB = NAPN « 1) 56206,5627,5627
NAPB (NN) = NAPBI(NN) o 1
KX 3 NAPB(NN)
NPB(NNsKX) = KM
CONTINUE
BS1(IsNNsKX) = = BSL1(3I Mo} ®F(])
BS2(ToNN9KX) = = BS2(3sMeL)®F (])
BS3(ToNNsKX) & = BSI(IyMeL) ® F(])
CONTINYE
CONT INUE

® F(I)
® F(1)
* F(])

o F(I)
* F(I)
& FLD)
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5634 CONTINUE
5633 CONTINUE
5632 CONTINUE
2860 CONTINUE
M = NUMJOT
IF(,00000)1 « BS1(lsMsl)) %208+5350,53%80
S$208 0O %007 1 = 2,3
IF(BSY(1eMel)) 5T1745007+8717
5717 CONTINUE
F(1) = BS1(IoMs))/BS] (10Me])
BS2(7eMel) = BS2(1eMe)) = BS2(1eMel)eF (1)
BS3(JeMel) = BSI(1sMe]) = BSI(LeMyl)0F (1)
TEM(MO]) = TEM(M]) @ TEM(Mo])®F (])
5007 CONTINUE
5350 I1F(,000001 ~ BS2(2sMe1)) 5355,536095360
5358 F(]) = BS2(3eMy1)/BS2(29My1)
B8S3(3eMel) = RSI(3emMe]) = BSI(29Mpl)oF (])
TEM(M93) = TEM(Me3) = TEM(M¢2)#F (1)
$360 IF(BS3(3eMs1)) 5305+530618305
5306 ROT(M) & ROT(M)
60 70 s308
530% CONTINUE
ROT(M) 8 TEM(M93)/BS3(31Me])
5308 CONTINUE
WB(M) = wS(M)
IF(BS2(29Mr])) 53659537015365
5368 WB(M) = (TEM(My2) = BS3(29Me1) ®ROT(M))/BS2(29Mse])
5370 UB(M) = UB(M)
IF(BS1(1oMel)) 5375+5380¢8375

5378 UB(M) = (TEM(Mel) = BSI(1yMy])®ROT(M) & 8S2(1eMel)®Wg(M))/BSL(1oMy

1
5380 DO 5100 K = 1,J01

M & NUMJOL = K

XYZ(1l) = 0,

xvz(2) = 0,

XYZ(3) = 0.

NAPM & NAPH (M)

DO 5110 N = 1,NAPM

NN = NPB (MIN)

IF (MaNN) $115,5110+5110
5115 DO S116 L = 143
5116 XYZ(L)® XYZ(L) ¢ BS1(LoMsNI®UB(NN) o BS2(LoMsN) ®WB(NN) ¢

1 BS3(LyMyN)eROT (NN)
S11n CONTINUE

ROT(M) = ROT (M)

IF(.000001 = BS3(39Ms1)) 53159531695316
$315 CQNTINUE

ROT(M) = (TEM(My3) e XYZ(3))/BS3(34Ms])
5316 watnb = WA (M)

IF (o V00001 = BS2(2yM91)) 5320,5385,5388
5320 WB(M) 8 (TEM(Me2) = XYZ(2) < BSI(29Ms1)®ROT(M))/BS2(29Mr1)
5388 UB(M) s UB(M)

IF (4000001 = BS1(1sMy1)) $5390+5100+5100

5390 UB(M) = (TEM(Me1) = XYZ(1) « BSI(1oMe1)®ROT (M) = BS2(1oMel) ®WB(M))

1 7 BSl(leaMel)
5100 CONTINUE
PRINT )1
11 FORMAT(///% JOINT U v ROTY




2198
2210
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HOR FORCE VERT FORCE MOMENT #//)

DO 2200 M B 1.NUMJOI

FO = 0,0

FOZ 8 Q.0

FNOM ] 000

NUM = NAPB (M)

DO 2195 L = lyNum

N = NPB (ML)

FO = FO ¢ BS11(MoL)®UB(N) ¢BS12(Msi ) ®WB(N)eBS13(MeL)®ROT(N)

FOZ u FOZ ¢ BS21 (ML) OUBIN) ¢ BS22(MIL)®WB(N) ¢ BS23(MsL)®ROT(N)
FMOM s FMOM ¢ BS31(MeL)®UB(N) ¢ BSIZ2(M¢L)SWB(N) ¢ BS3I (ML) ®ROT(N)
1F (NPBFEM(M)) 220092200+2210

TEM(M®1) = FO

TEM(My2) s FOZ

2200 PRINT 2025¢MolJB (M) o WEB (M) sROT (M) 4FOsFOZ4FMOM

202% FORMAT(11096E15,5)
PRINT 12

12 FORMAT (///% ELEMENT JOINT 1

1 JOINT 2 oy @ AXIAL FORCE PERPE
2ND FORCE MOMENT AXIAL FORCE PERPEND FORCE MO
3MENT /)
MODIF = 0

7300

730

NCYS = NCYS ¢ |}

DO 3055 N = 1 ,NUMBEAM

1 = NPIB(N)

J 8 NPJUB(N)

RI = XxB(I)

21 = YB(])

RJ 3 XB(J)

ZJ 8 Y8({J)

pIS(l) = yg(D

DIS(2) = wB(])

DIS(3) = ROT(])

DIS(4) = UB ()

DIS(s) s WB(JY)

DIS(6) = ROT(Y)

XLB 8 SQRT((ZJ=Z1)®(Zy=Z1) ¢ (RJ=RI)®(pJ=R]))
C = (RJ®RI)/XLHB

S = (2J=21)/xLB

DI2 = UB(J)®C ¢ WB(J)®S
DIl = UB(1)*C ¢ WB(l)ws
XLN = xLB ¢ D12 = DIl
IF(XIB(N)) 7200973007200
STIF = EB(N)®AQ(N)/XLB
DO T310 L = 146

DO 7310 M = 146

SNN(LeM) = 0,
SNN(1y1) = C¥CeSTIF
SNN(192) = C®S*STIF
SNN(1e4) = = SNN(19))
SNN(1,5) = = SNN(1,2)
SNN(241) = SNN(1,2)
SNN(%oZ) s s's'sréf
SNN(€s#) = SNN{(1le?)
SNN(Z.S) s =SNN(2,2)
SNN(4s1) = SNN(1+4)
SNN(492) & SNN(294)
SNN(444) = SNN(141)
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T400
T420

7660
Te80

7481

1430
Tééy

7760
7780

i

C=55
SNN(4¢5) = SNN(1e2)
SNN{(Gs1) = SNN(1+5)
SNN{(Se2) = SNN(2¢5)
SNN(Se4) = SNN(4¢5)
SNN{S¢5) = SNN(2+2)

IF(XLN = XLB) 763097220¢7400
IF (SPRC(N)) T220+7422,7420
LM(l) = 1
PRINT 4sN
FORMAT (/*
LM(2) = J
DO 745) L = 192

LX = LML)

00 (451 M = 1,2

MX = 0

M s My ¢ 1

1F (NPB (LXgMX) = LM(M)) 7660,7680,7660

CONTINUVE

LL = 30

Ll = LL =1

2= Ll =1

MM = 3%M

Ml = MM = ]

M2 B MM = 2

BS11(LXyMX) = B8S11(LRyMX) = SNN(LZiM2)
BS12(LXeMX) = BS12(LX,MX) = SNN(LZyM1)
BS13(LXoMxX) = BS13(LXyMX) = SNN(L2/MM)
BS21 (LXeMX) = BS21(LXgMX) = SNN(L1eM2)
BS22(LXeMX) = BSZ2(LXyMX) = SNN(L1oM1)
BS23(LXeMx) = BS2I(LXoMX) = SNN(L]19MM)
BS31 (LXoMX) = BSI1(LXyMX) = SNN(LLIM2)
BS32(LXsMX) = BS32(LXyMX) = SNN(LLM1)
BS33(LxoMx) m BS3I(LXyMX) = SNN(LLoMM)
SPRC(N) = 0.

MODIF = MODIF ¢ !

60 Y0 7220

IF (SPRC(N)) T220+7640,7220

LM(l) s

LM(2) = J

DO 7551 L = 1°*2

LX = LML)

00 /851 M = 1,2

MX = 0

M = Mx ¢ 1}

IF (NPB(LXsMX) = LM(M)) T760+778047760
CONTINUE

LL = 3oL

Ll =L =1

L2 s Ll =1

MM = 30M

Ml 2 um = 1

M2 8 MM =« 2

BS11(LX*MX) = BS11{LXeMX) ¢ SNN(L2+M2)
BS12(LXeMX) = BS12(LXyMX) ¢ SNN(L2/M1)
BS13(LXoeMX) ® HS13(LXyMK) ¢ SNN(L2yMM)
BS21 (LXoMX) = BS21(LXyMX) o SNN(L)oM2)
B8S22 (LX9MX) = BS22(LXgMX) ¢ SNN{L19M])
BS23 (LXoMX) = BS2I(LXeMX) ¢ SNN{L1sMM)
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BS31(LXxeMX) 3 BS31(LXyMX) & SNN(LLIM2)
BS3I2(LXyMX) = BS3I2(LXyMX) ¢ SNN(LLyM])

7551 BS3II(LXesMX) ® BS3II(LXyMX) ¢ SNN(LLIMM)
SPRC(N) = 1,
MODIF &« MODIF o 1
Ta22 DO 7421 L = 196
7421 ELFOR(L) = 0,
PRINT SN
8 FORMAT(/ 105X ®SPRING ® |6 @ 1S ELIMINATED * )
GO To 305%
7230 CALL FORMB (N)
7220 DO 3060 J = 1,6
ELFOR(J) = 0.
00 3060 1 = 1,6
3060 ELFOR(J) = ELFOR(J) ¢ SNN(JI)*DIS(])
XFl = ELFOR(])
XFé = ELFOR(4)
ELFOR(1) = XF1®#C o ELFOR(2)®s
ELFOR(2) = ELFOR(2)%C = XFles
ELFOR(4) = XF4®C o ELFOR(5)»S
ELFOR(S) = ELFOR(S)®C « XFé®S
3055 PRINT 3070,Ny (ELFOR(J) sJ=196) s XLByXLN
3070 FORMAT(1503E15:5¢5X03E15:542F15.7)
IF (MODIF) 7450430017450
7450 PRINT 3sNCYS
3 FORMAT(///® ITERATION & 14///)
IF (NCYCS = NCYS) 7460,2732+2732

T460

PRINT 7

7 FORMAT(//® MAXIMUM NUMBER OF ITERATIONS 1S EXCEEDED

2400
2401
3000
3001

1 JUMPING AROUND *//)

SUPST = = 1,
GO To 3001
PRINT 2401} oN
FORMAT(///15¢0
CONTINUE

D= 0,

RETURN

END

MORE THAN 3 ADUJUACENT NODAL POINTS ®///)

SUPPORT IS
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10
21

60

20

30

SURRQUTINE FORMB (N)

COMMON NPT (310)9NPJ(310) oNPK(3)0)9R(320) ¢2(320) +xOD(320) yNAP(320)¢
NP(320411)9511(320410)9S12(320+1C)9521(320+10)9522(320+10)
ClIvI)4EPIVPIRTyRIWRKOZT9ZJ9ZKoS(B98) sMAT(310) oNPL (310) 4ESH
VSyCODPL9RL9ZL y8BD1SC(320)

oNPRE (32) oUR(32) +WB (32) 9ROT(32) 9 TEM(3293) 7yNPI8(32) 9NPJUB(32) s
XB(32)4YB(32) oEB(32) 1AB(32) 9 X1B(32) yPHIB(32) sNUMBEAM
NUMJO L sSNN({696) yNPBFEM({32) sSUPST

DIMENSION Q(646) 9SB(6,6) 9S1(696)

DO 10 1 = 146

DO 10 J ® 146

Q(leJ) = Qo

§B(lsJ) = 0,

FORMAT (110+4E)8,8/)

XLB & SQRT((ZU=Z])%(Zy=Z1) ¢ (RJ=RT)*(RJ=R]))

SB(lyl) = EQ(N)®AB(N) /XLB

SB(ly4) = «SB(1y91)

SB(4ys) = SB(19])

SB(4y)) = SB(1:4)

SBPR & EB(N)®XIB(N)/XLB/ (1eoPHIR(N))

SB(2¢3) ® 6,%SHPR/XLS

SB(3¢42) = Sy (24])

NS WN =

SB(2,6) = SB(2+3)

SB(6,42) = SB(2+6)

SB(3,5) s =SB(293)

$8(5,3) = Sy (3,9)

SB(S5,6) a SB(1S)

SB(6495) = SH(5y6)

SB(242) = 2,%5B(243)/XLB
SB‘Z.S) s =«SB(2,2)

SB(592) = SH(2+5)

SB(545) = SB(2+2)

SB(3¢93) % '4,+PHIB(N))®SHBPR
SB(646) = SB(3+I)

SB(346) = (2¢ = PHIB(N))®SBPR
SB{6e3) = SB(316) -
Qllel) = (RJY=RI)/XLB

Q(192) = (ZJ=21)/xLB

Qi(29]) = = (1,2)

0(2¢2) = Q(ls])

0(303) = ],

Q(ase) = G(1o1)

Q(595) = Q(lel)

Q(696) = ).

Q(495) = Q(l92)

Q(Sys) = Q(29])

DO 20 1 = 146

00 20 J = 146

SI(]eJ) = 0o

DO 20 K = 146

SItIed) = SI(1eJ) ¢ SB(leK)®Q(KyJ)
DO 30 I = 146

DO 30 U = 146

SNN(IsJ) = 02

DO 30 K = 196

SNN(JosJ) = SNN(IeJ) ¢ Q(K])®SI(KyJ)
RETURN

END
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i ¢ WASH DC 20314
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P need to consider the sequential development of the interaction between

3 these two elements. It 1s assumed that the rock mass behavior during

failure is softening and dilatant. Interface problems between ground and

support that can strongly influence the effective support stiffness are

L discussed.

s The closed-form solutions obtained in the first part are expressed ¥

i in terms of ground and support characteristics. The derivations are

b based upon the assumption that the problem is radially symmetric. Bounds

4 for the ground reaction can be derived by accounting for the intact and the

residual rock strength. Within the thus defined domain the ground behavior W

is determined by the rate of strength loss with increasing strain. The

ground reaction curve can have fundamentally different shapes depending

upon the post-failure rock behavior. Corresponding to failing or yielding

sections of the ground reaction will be the desirability of stiff or soft

supporting methods. The increased trend towards the use of stiffer

supports as well as the emphasis ca the need for early installation mani-

fested by the combined use of reinforced shotcrete, grouted bolts and steel

sets confirms the likelihood that optimum support conditions can be

approached when only limited convergence is allowed. The optimum equilibriuﬁ

state depends on the brittleness or the relative instability of the failing

rock, The optimum displacement will be affected by rock loosening, but

loosening will have a dominant effect only when the tunnel is shallow, the

%esidual ;friction very low and when pronounced differences exist between

support pressures required on the roof and on thé floor. ﬁ
Strength of material formulas are used to calculate the support stiff-

ness or characteristic. The significance of the ground-support interface

is illustrated with examples of the influence of wond blocking on steel

) set characteristics and of the influence of end bonds and longitudinal shear

A bonds on the behavior of grouted bolts. The wide range of theoretically

s possible behavior modes indicates the need for pertinent field evaluation

1 3‘ of the true support action provided by such systems. The sensitivity of

- some support system characteristics to ostensibly secondary structural

elements suggests that practical problems must exist in obtaining a con~

sistent utilization of the full support capacity of such systems. It also

. indicates the serious difficulties likely to be encountered in the design

- and implementation of representative in-situ observation programs.

i In the second part of this thesis the ground behavior 1s modeled by the

finite element method. The elastic parameters that determine the rock

behavior are changed progressively in order to simulate softening and

i volume increase of the failing rock mass.

? This method is used in an axisymmetric analysis of failure patterns Y

near the face and to study the influence of face behavior on support

loading. Initial support loading strongly depends on the stiffness of

the rock ahead of the face relative to the rock stiffness behind the face,

and can depend strongly on the face distance at the time of support erectioni
A simple equivalent mining method is used to simulate progressive

excavation ip a plane strain analysis. The support model consists of beam

and-gpting elements. At least for some support systems the latter must be

chosen with care if the model is to be realistic.

- e

AT SRR

L8

UNCLASSIFIED

2’ SECURITY CLASSIFICATION OF THIS PAGE(When Dota Entered)




