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ABSTRACT

A new technique of sensitivity analysis has been ap-
plied to the Kerber-rFmanuel-Whittier model of a pulse mode
hydrogen fluoride chemical laser, so as to determine which
parameter uncertainties most critically influence the model's
ability to predict laser performance. The particular para-
meters directly considered were thirteen rate constants out of
a set of 68 rate constants in the model, and also the initial
concentration of fluorine atoms that start the chain processes
which lead to population inversion. In an indirect sense, all
68 rate constants have been studied, because of empirical re-
lations between various sets of constants controlling the
formation rates of the excited vibrational states of the hydro-

gen fluoride molecule.

The study covers the time period from 0.1 to 4.0 micro-
seconds following initiation, and presently considers only zero
power operation. Future work will treat the finite power case.
The study demonstrates how the parameter uncertainties influence
the predictions of the model. It shows that only a small sub-
set, four in number, of all the parameters, have uncertainties
which cause significant variance in the predictions. That is
to say, the performance of the system, in the time range
studied, is almost totally independent of the uncertainties in
most of the rate constants. Most prominent at early times
(0.1 usec to 1.0 usec) are the influences of the chain processes
H+F, 2 HF(v) + F and F + HZ(O) z HF(v) + H. Most prominent at

later times (> 1 usec) is the influence of the VT transfer pro-
cess HF(v) + HF(v”) 2z HF(v-1) + HF(v"). The initial concen-
tration of F atoms, as generated by flashlamp discharge, is

also found to be an important parameter of the system, both at

early times (< 1 usec) and again at later times (> 3 usec).




An interesting point arises from specific consideration
of the gain on the HF (v = 4+3) transition, which is found
computationally to be much smaller than the gain on the adja-

cent transitions HF (v = 5+4) and HF (v = 3+2). This gain is
found to have a parameter dependence somewhat different from
the gains between other levels. This different dependence
can be related to the fact that the temperature dependence
for the rate of the process HF(V)+H+F+H2(0) has been taken,
in the model, to be drastically different for the states

v =4, 5, 6 than it is for the states v =1, 2, 3. This sug-
gests that the low gain computed for the HF (v = 4+3) transi-
tion is due to an improperly high value being chosen for the
rate constant of this deactivation process.

It would appear from this study that the HF chemical
laser at zero power can be described adequately by only three
chemical reactions,within the time range 0.1 - 4.0 usec fol-

lowing initiation.
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I. INTRODUCTION
The study and analysis of chemical or other laser
systems, with the purpose of developing improvements in per-
formance, efficiency, and reliability, constitutes an impor-
tant current area of applied research. An aid to and part of

such research is computer simulation modeling of laser opera-

tion. Such modeling is essential for understanding of many

lasers, because their complexity precludes simple analytic
representation. Included among those lasers whose perform-
ance description is complex are chemical lasers. In such
lasers, pumping of upper quantum levels of lasing molecules
occur as a consequence of exothermic chemical reactions.
Under suitable conditions this can lead to population inver-
sion and lasing. At the same time many other chemical pro-
cesses such as vibrational relaxation via VT (vibration trans-
lation) ‘ransfer work so as to degrade population inversion,
and thus tend to prevent lasing. In actual operation, a
laser system operates under a combination of such influences,
and actual performance depends upon the subtle interplay of
many effects. Understanding of laser operation calls for
compnuter simulation study of the simultaneous interaction of
numerous factors. Many sucl studies have been undertaken

during the past several years.

A common feature of all such studies is that laser
operation, and the simulation thereof, is influenced by the
numerical values of many systems parameters. Some of these
parameters are controllable in the sense that they may be
varied ad libitum by the experimenter. Examples of such
would include initial temperature and initial chemical compo-
sition of the reaction mixture (for chemical lasers), concen-
tration of inert diluents, threshold gain, reactant flow rates
(f.r CW chemical lasers), pumping power, system geometry and
system size. Other parameters are not controllable by the




experimenter. Examples of these would be chemical reaction
rates, pumping efficiency, diffusion coefficients (in flow
systems), and transition probabilities of emission and
absorption.

The first group of parameters discussed above differ
from the second in the following respect: The first set con-
sists of parameters which the experimenter is capable of
fixing at a more-or-less precise set of values, but which he
may want to study at a successive set of values which differ
from one experiment to the next. The second set of parameters
are constants, fixed by nature, but ones for which the true
value is only imprecisely known because of limitations in, or

even the complete absence of, appropriate experimental data.

From a mathematical point of view, both éroups of constants

can be thought of as being uncertain in the sense that they
are defined only to within a range of values, for one or the
other of the reasons just stated.

In what may be termed the "siandard" computational
approach, the parameters of the first set can be adjusted to
different specific values and the simulation repeated so as
to study the influence of different values upon- the system.
In the "standard" computational approach, the parameters of
the second set (exact but cnly imprecisely known values) are
set to their most likely value. Insofar as the first set of
parameters is concerned, such an approach is sufficient when
the number of such parameters is small enough so that their
simultaneous influences can be studied with a modest number of
simulations. Insofar as the second set of parameters is con-
cerned, typically only a few individual variations of assumed
value may be studied for their possible influence upon the
system.

In multiparametric systems of large size, such a

stardard approach may not be sufficient, in that it may not




pProperly uncover the possible combined simultaneous influence
of changes in several parameters. What is needed then, as an
adjunct to, or instead of, the standard approach, is an ap-
proach which explores, insofar as it is feasible, all of the

multidimensional parameter uncertainty space of the system.

On the basis of such exploration, suitably interpreted, it
should then be possible to infer the influence of parametric

uncertainties upon systems performance predictability.

A method of such parameter study has been developed in
the past three years at Systems, Science and Software B,
primarily under contract sponsorship of the Defense Advanced
Research Projects Agency (DARPA), as administered 1.y the
Office of Naval Research (ONR). This method has been civen
the acronym SAM, which stands for Sensitivity Analysis Method.
It may briefly be described as an efficient computer technique
for sampling multiparameter space, and for generating a col-
lection of simulations, one for each sample in the multiparame-
ter space. It then uses Fourier techniques to carry out an
analysis of the simulations, which generates statistical mean
values and standard deviations of the simulation predictions;
and most importantly, generates a set of measures of the com-
parative importance of the various parameter uncertainties
as causes of the variance in the simulation prediction.

The consequences and utility of such an aralysis de-
pends upon the outcome of each particular case. Possible
examples include (1) determination of those parameters (of the

second class) whose uncertainties limit prediction reliability

(i.e., increase variance), so that subsequent experimentation

can be directed toward developing more precise values only of

such important parameters, and not of unimportant parameters;

(2) determination of those "control" parameters (of the first

class) which most influence system performance, so that subse-
quent design work may be directed toward optimization of only

such critical parameters and not of noncritical parameters.




The work to be described in this report consists of an
application of the SAM technique to a computer simulation
model of a pulse mode hydrogen fluoride chemical laser. The
work was undertaken with two principal views in mind: (1) To
establish a computational capability for the application of
the SAM technique to chemical lasers, an area of application
of SAM not previously undertaken; (2) with respect to the
hydrogen fluoride chemical laser, to seek to determine the
influence of several parameter uncertainties upon laser opera-
tion, as predicted by a specific model of the laser. The
psrameters of primary interest were the chemical rate con-
stants for some 68 chemical reactions which operate in this
system (most of these reactions are reversible, so that effec-
tively the number of rate constants for the system is nearly
two times 68). Also studied was the influence of the initial
concentration of fluorine atoms, as caused by flashlamp irradi-
ation of the reaction mixture. This last parameter, inte-

restingly enough, can be thought of as being partially of the

first type discussed above and partially of the second type.

This is because the initial concentration of fluorine atoms
is proportional to flashlamp intensity, which is a controllable
parameter, and also because the constant of proportionality is

not precisely known, being uncertain to about a factor of two.

The results of our study, as described below, can be
briefly characterized by the statement that most of the rate
constant uncertainties have little effect upon the predicted
behavior of the system during those regimes of its time evolu-
tion which we studied; but that a few rate constant uncertain-
ties, specifically identified below, are critically important.
The influence of initial fluorine atom concentration also is
important, although not as important as some of the rate con-
stant uncertainties. Many of our conclusions are in agreement
with previous observations, which serves as a mutual reinforce-
ment, and which demonstrates the validity and applicability of
the SAM technique to chemical lasers.
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The work reported herein considers the laser operating
at zero power (the so-called small signal gain case). It was
originally our intent to go beyond this point and deal with
cases of finite laser power generation, even in this first
stuay of chemical lasers with the SAM technique. Programming
difficulties, which we now believe to be resolved, precluded
us from the study of the finite power case for this report.
It is our hope and expectation that we will soon be able to
extend the work reported herein to the more complex mathe-

matical environment ~f finite power operation.

In Section II of this report we provide a brief des-
criptive overview of the SAM procedure. In Section III we
describe the laser model. 1In Section IV we describe the re-
sults of the application of the SAM technique to the model of
Section III. Most of the results are presented graphically,

sO as to provide :them in compact form*.

In Section V we interpret some of the numerical re-
sults presented in Section IV. 1In Section VI we discuss
extension of this work both to the HF chemical laser and to

other lasers, and make some concluding remarks.

*In the interest of conciseness, we have chosen not to pre-
sent all of the results cf the SAM analysis in this report,
but only those which seem to be most useful or interesting.
At the same time, we should indicate that all of the SAM
analysis results have been permanently stored on (two) com-
puter data tapes. Recovery of all of this data, as well as
detailed interpretation thereof, could be supplied to any
interested reader at a nominal processing fee. To indicate
the scope of this data, the SAM method as reported here, has
called for 907 successive calculations of HF chemical laser
performance, for a period of 4 microseconds, with data
storage at 100 nanosecond intervals of real time. Each of
the 907 calculations is for a different set of systems

parameters, and all of these data are now available on mag-
netic tape.

e s




II. THE SAM (SENSITIVITY ANALYSIS METHOD) TECHNIQUE

The underlying key concept of this new method is a
mathematical theorem first proven by Hermann Weyl.[l] This
theorem considers the problem of the evaluation of a multi-

dimensional integral of the form

‘/‘...../'F(kl,k2 e gl kN) W(kl,kz,

dkl dk2 - de '

where W is a statistical weighting function.

It utilizes the concept of a space filling curve, which

is a curve parametrically generated by a set of equations

ki = kio - Gi(sin wis) (i ' T, By vne W) (2.2)

Here kio is the midpoint of the range of ki' and Gi is a cer-
tain transformation function such that kio + Gi(l) is the upper
limit of the range of ki’ and kio ] Gi(—l) is the lower limit
of the range of k,. The set of frgquencies {wi} is incommen-
surate, i.e., such that the sum Einiwi is zero for integer
sets {ni} if and only if all n, equal zero. Weyl demonstrated

that the limit

T
o (b Lim
L = ?’fT"m /f[kl(S)' kz(s)l ] kN(S)] ds
=T

was identically equal to the integral <F> of Equation 2.1 for
a suitable choice of the set of transformation functions {Gi}.

The prescription for finding the set Gi corresponding to a
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(2]

given W is explained by Cukier, et al. Weyl's theorem
thus converts the multidimensional integration problem of
Equation 2.1 into the one-dimensional line integral problem

of Equation 2.3.

The parametric curve defined by the equation set, Equa-
tion 2.2, can be termed the search curve, and the variable s
can be termed the search variable. As s is varied, Equation
2.2 traces out a space filling curve in parameter space. With
truly incommensurate frequencies the curve never closes upon
itself, and vltimately passes arbitrarily close to any given
point in parameter space. As approximated numerically on a
computer, true incommensurability never holds, and the search
curve takes on the appearance of a multi-dimensional Lissajous

curve which ultimately closes on itself. However, a succession

s

of approximations to incommensurate behavior can be defined
which involve successively longer closed curves. Sample para-

meter sets can then be constructed by choosing discrete sample

gy, TR e,

points along the search curve. The integration in Equation 2.3
thus is reduced to a summation over a discrete set of sample
points. From this sample, it is easy to compute a mean value,

such as in Equation 2.1, and also other statistical data, such

s

as the variance of F over the sample, or even a complete histo-
gram of the distribution of F. i

Specifically, the mean value <F> of a function F for a

sample of N members is given by

N
<F> = N"l Z Fy (2.4)

i=1l

where the Fi are the members of the sample set. The variance

02 of the sample is obtained from

02 = <F2> - <1=‘>2 (2.5)




N
<F%> = Nl _5_ Fi ‘ (2.6)
i=1

Other useful quantities include the standard deviation, o,
which is the square root of the variance, and the coefficient

of variation, v, given by

v = 0/<F> . (2=}

The latter quantity is a straightforward measure of the un=-
certainty to be attached to the mean value, and it is the
quantity that will be used to measure uncertainty in this

report.

The issue of sensitivity concerns determining those
directions in parameter space in which F varies most rapidly

on the average. The procedure for doing this was originally

[3]

developed by Cukier, et gl[zl and by Schaibly and Shuler.
They proceeded by viewing F as a function orf s (as it is,
implicitly, via Equation 2.2), and by then computing the
Fourier spectrum of F(s). The qualitative concept is that

if F is sensitive to a particular parameter, kj' then the
Fourier spectrum of F(s) will contain a large component at the
frequency wj at which Equation 2.2 drives the Lissajous oscil-
lations in the kj-direction. References 2 and 3 quantify this
concept. Briefly stated, these papers consider the Fourier
sine coefficients

n

B =1 fF(s) sin w. ds

wy n i
-7




for the Fourier series representation of ', viewed as a func-

tion of s. They associate high (low) sensitivity with respect

to a parameter ki according as B, is large (small) in magni-
g

tude.

A more satisfactory interpretation of the Fourier co-

[4]

efficients was suggested by Levine and Schaibly in a subse-
guent study. It is useful, for purposes of this identifica-

tion to consider also the Fourier cosine coefficients

m

g 1
Q_FfF(S) cos &s ds ,

=%

where the subscript £ now denotes any frequency, whether one
of the fundamental set (of Eguation 2.2), a harmonic thereof,
or a combination frequency. It is similarly useful to con-
sider the Fourier sine coefficients, Bz, (of Equation 2.8) now
for all frequencies and not just the fundamental set. By

[5]

means of Parseval's theorem, the variance of the sample,
Equation 2.5, can be written as a sum-of-squares of Fourier

coefficients:*

2 2
(Al + BZ)

*As written here (sum to infinity) this equation implies an
infinite sample. In practice, with a finite sample, the
integrals of Equations 2.8 and 2.9 are approximated by finite
sums of N terms each; of these only N Fourier coefficients
are linearly independent and uniquely defined, and the sum
in Equation 2.10 then contains only N-1 terms, the last of
which has a coefficient of 1/4 instead of 1/2. It is possible
to show that this numerical Parseval's theorem holds exactly,
in the sense that the numerical estimate of o?, as defined by
Equations 2.4, 2.5 and 2.6 is exactly equal to the finite sum
form of Equation 2.10.




This means that we can consider the ratio (Ai + B%)/Zo2
to constitute the fraction of the variance of the sample which
is due to oscillations at frequency 2. In particular, if 2
coincides with a fundamental of Equation 2.2, or its harmonics,
we can think of this ratio, evaluated for that frequency, as

being the fraction of the variance due to the uncertainty in

value of the corresponding parameter. That is to say, the

ratio (Ai_ % Bf)_)/ZO2 is the fraction of the variance due to
i i

the uncertainty in parameter w,. An even more appropriate
measure is obtained if we consider the sum of such ratios over

the harmonics of each fundamental frequency

1
20

although for some problems, including those studied in this
report, most of the magnitude of the sum, Equation 2.11, occurs
at the fundamental frequency.

In the language of electrical engineering, the squares

of the Fourier coefficient Ai + Bi, are spoken of as the AC-

(6]

power spectrum of an electrical signal. In electrical
engineering, the power of a time varying electrical signal is
decomposed by frequency, the zero frequency f{i.e., steady or
average) term, % Ag being the DC power of the signal. Thus,
the interpretation suggested by Levine and Schaibly[4] is a
natural one, based upon extensive past analysis of signal

propagation problems.

Rather than use the term power spectrum in this report,
which might cause confusion with the output power of the laser,
we shall speak of the expression, Equation 2.11, as the

variance spectrum of any variable we wish to analyze. A

principal objective will be to evaluate and interpret this

variance spectrum for quantities of interest in hydrogen
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fluoride chemical laser simulation models. We finally comment

&p

that although in principal the sum of harmonics indicated in

Equation 2.11 should be formed, we in fact only computed the

fundamental frequency terms (2 = 1) in the work reported here.
We have, however, been able to establish numerically that for
the HF laser problem as studied here, almost all of variance
appears at the fundamental freguencies, so that little error

has been made in ignoring the harmonics.*

¥
l
i . *T+ would not be difficult to recalculate the variance spectra, l
‘. including harmonics, but again, for the specific problem of
ok this report, no useful purpose would be served thereby. i




III. HF CHEMICAL LASER MODEL

The chemical laser model studied for this report was
developed and published by Kerber, Emanuel, and Whittier.[7]
The model deals with a laser operating in pulsed mode. A
similar system, operating CW, has also been studied by Emanuel,

(8]

Cohen and Jacobs. The model, in its pulse mode form, con-
siders a laser cavity containing a spatiall& homogeneous gas
mixture. This spatial homogenity is assumed to be maintained
at all subsequent times. At the initial time (t=0) the cavity
cortains a gaseous mixture of hydrogen, fluorine, and an inert
element, e.g., argon. Initial concentrations and temperature
are specified. By means of a flashlamp discharge, a specified
fraction of the fluorine molecules are assumed to be dissoci-
ated into free fluorine atoms. Chemical reactions then ensue,
which because of high energy release, can lead to population
inversion and lasing.

The laser cavity is assumed to be between two mirrors,
one fully and one partially reflecting. The reflectivities of
the two mirrors and the spacing between them fix the threshold
gain, O which determines whether or not the system lases.

In this model, as studied in References 7 and 8, the
chemical evolution of the system is determined by a set of 68
reversible chemical reactions. The reaction rate constants
were based upon an (unpublished) analysis by Cohen. Subse-
quent to the calculations by Kerber, Emanuel and Whittier, a
more definitive analysis of the rate constants was reported

(9]

by Cohen. The former authors state that the differences

[
between Cohen's later assessment‘gl and his earlier work are

not significant with respect to their HF laser model. Still
later, Suchard, Kerber, Emanuel and Whittierllo] considered a
similar model of a chemical laser, using a somewhat larger scot

of reactions, and adopting Cohen's revised rate conatants.lg]
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They again concluded that the revised rate constants (and
also the added reactions) did not affect the predictions of

the model in a significant way.

In this study, we have adopted the reactions and rate
(71 This

adoption is not final, and it would be of interest to extend

constants used by Kerher, Emanuel, and Whittier.

this work to larger and better reaction sets, as the 3jata
base improves. As indicated by Cohen,[9] this data base is
now in a state of flux, so that the model adopted here is by
no means final. In point of fact, a principal aim in the
application of the SAM method to the HF laser problem is to
help elucidate which reaction rate expressions might be

unsatisfactory.

Table I lists the reactions and rate coefficients used

in this study.

The 2quations of the model are a set of (spatially

homogeneous) kinetic equations of the form

dN (v)

T = Uy (V) + YL (v,T) (v-1,J+1) (3.1)

rad = Yraa
for the concentrations N(v) (units: mole cm_3) of the v-th
vibrational level of the HF molecule. Here wch(v) are chemi-
cal reaction rate terms which adopt the reactions and con-
stants of Table I. The terms wrad(v,J) and wrad(v-l,J+l)
represent kinetic rates of transition into the v,J vibration-
rotation level of HF, and out of this level and into the leel
v-1,J+1. These latter rates arise only during lasing and
correspond to the rates of change in level populations due to
photon-induced P-branch transitions. Emanuel has shown[ll]

that only the P-branch transitions are active for the HF laser.

13
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The model assumes that the rotational levels of HF are,
for each vibrational quantum v, in thermal equilibrium. It also
assumes lasing to occur, for fixed v+v-1, only on the J of

maximum gain.

In addition to Equation 3.1, there is a set of kinetic

(7]

equations for the non-lasing chemical species in the system.

During lasing, adjacent (lasing) vibrational levels of
HF are tied together by the approximate gain condition a=a, ., .

where the gain o is given by

hN
o= =2 0 (v,3)6 (v, DBy, {3 N(v+1,3-1) - N, .

(3.2)

In this equation h is Planck's constant, ¢(v,J) is the line
profile at line center, B(v,J) is the Einstein coefficient
for absorpiion, W is the wavenumber of the transition, NA is
Avogadro's number, and N(v,J) is the population of the v,J
rotation-vibrational level of HF. Thermal equilibrium of the
rotational states implies that N(v,J) satisfies

N(v,J3) = N(v) (23+1)exp(-hcEY/kT) /QY (T) (3.3)

where k is Boltzmann's constant, T is the absolute tempera-
ture (assumed the same for rotation and translation) and Eg
is the rotational energy of the v,J level, i.e., its energy
relative to the v,0 level. In Equation 3.3, QI(T) is the

rotational partition function, i.e.,

i = g
QY(T) = N (23+1) exp (-hcEJ/kT) .
J




R-2684

The effect of the assumption Equation 3.3 upon the
analysis is to reduce the number of variables in the problem "
considerably. Although known not to hold exactly, it is

generally believed to be an excellent approximation.

- For this study the line profile was assumed to be a
Doppler profile. It would appear that this assumption,
instead of that of the mcre general Voigt profile, is satis-

factory.[7]

A computer program for solving the model was developed

by Turner, Emanuel and Wilkins;llz]
(13,14]

ané was later improved by
Emanuel, Adams and Turner. Although the improved pro-
gram was available to us, we decided not to use it, but in-
stead to reformulate the entire program using most of the
methodology of References 13 and 14, but also undertaking some
changes which we hoped would cause the program to operate
faster. This last point has practical merit in SAM studies

because of the necessity of carrying out repetitions of the

simulation in large numbers and without operator intervention
to cure minor program bugs. Thus, we sought to improve f

efficiency and reduce computing costs. i

The principal difference between our program and that
of Emanuel, Adams and Turner, relates to a problem in matrix i
inversion which arises whenever the model is simulating
' lasing. Under those circumstances, it can be shown that a
{ matrix inversion step is needed in order to determine the
time derivatives of the independent vibrational population

levels of HF. Emanuel, et 23[12113114]

carry out this inver-

» sion numerically. We observed while studying their work that
the inversion could actually be done analytically, and we
conjectured that this might lead to a faster program. We
therefore decided to rewrite the program using analytic in-
version, and we have in fact so done. At the present time,

we are not yet sure that our analytic efforts have proved to

e

be worthwhile; we hope to determine this in future work.

16




The HF chemical laser model, as described above, con-
tai. = one independent variable (time) and 16 dependent vari-
ables. The latter set are the temperature, the concentrations
of the nine lowest vibrational levels (v = 0 to v = 8) of HF;
the concentrations cf the three lowest vibrational levels
27 F, and
H. Auxiliary to these are the eight gains between adjacent
vibrational levels of the HF molecule (v = 1+0 to v = 8+7),

(v=0tov=2) of H2; and the concentrations of F

maximum J values for these gains (which latter quantities

vary with time), the radiated power of each transition, the
total power, the total pulse energy, and the time-to-threshold
for the various lasing transitions.

The dependent variables are obtained as functions of
time, by solving a set of 16 time-dependent equations for a
given set of boundary conditions. The specific forms of the
equations vary according to whether the various vibrational
transitions are lasing or not. In the simplest case (no
lasing) the 16 equations are all ordinary differential equa-
tions; in other cases, the system is a mixture of differential
equations and algebraic equations of constraint. The inte-
rested reader can refer to References 12, 13 and 14 for a
detailed discussion of the equations. Again, the primary
difference between our numerical approach and that of Emanuel,

[12,13,14]

et al. is in our use of analytic rather than numeri-

cal matrix inversion.

L7 3
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IV. SENSITIVITY ANALYSIS OF THE HF CHEMICAL LASER: DATA ‘

4.1 INITIAL :ONDITIONS AND UNCERTAINTY RANGES

Of the sixty-eight rate constants listed in Table I,
only thirteen rate constants are independent. This is be-
cause certain sets of rate constants have been assumed to be
proportional to each other. For example, the seven forward
rate constants for reactions 14 through 20 are so related.
The basis for such assumptions are discussed by Cohen,[9]
who also points out their limitations. Thus, the basic

‘ assumption of proportionality itself is only an approxima-

tion; and furthermore, the best values of the constants of
proportionality are uncertain, as a consequence of experi-
mental difficulties and ambiguities, and disagreements between

{

the estimates of various experimenters.

The HF laser could properly be subjected to a SAM
| analysis of the implications of the uncertainties in the pro-

portionality constants, and a worthwhile follow-on to this
study would be such an analysis. As a preliminary, however,
it seemed appropriate to us to treat the rate constants in »;
groups, by assuming the proportionalities specified in Table I
to hold as given. Our idea was that by first isolating the
important reaction groups, we could later focus only on those

{ groups within which alterations in the assumed proportionali-
ties would have an influence. This has the practical
utility of reducing the required amounts of computation by «

large factor.

= It then follows that the thirteen "independent" rate
constants are k;l' k2, k3, k7, k-ll' kl4' k21' k23, k3l' k39,
k47, k54, and k60' the remaining constants being determined

by proportionalities.

€ Each of the reactions in Table I has a reverse, and
therefore also a reverse rate constant. However, for a given

reaction, the reverse rate constant and the forward rate

18 ¥
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congtant are uniquely interrelated via (Che thormodynamicc
equilibrium criterion, so that specifications of either rate
constant fixes the specification of the other constant. The
use of thermodynamic data in this regard is adequately dis-
cussed by Kerber, et gl;,[7] and we followed their prescrip-
tion exactly in our calculations.

In addition to the rate constants, specification of
the system requires us to choose initial (t = 0) values for
the species concentrations and for the temperature. We have
basically followed the "standard case" described by Kerber,
et al., except for the initial concentrations of fluorine
species. For our study, the latter quantity is a parameter,
and therefore is given a range of values. The initial con-
centrations and temperature are as noted in Table II for
species other than for F and Fz. For the excited vibrational
states of H2 the concentrations are those for a Boltzmann
distribution of Hz molecules at 300°K. The upper level
(v > 0) concentrations are so small that they have essentially
no influence upon the time evolution of the system. The zero

value for H is appropriate at the specified initial conditions.

The initial concentrations of the HF levels is a more
interesting matter. Suchard, et gl;[lol have shown experi-
mentally that small amounts of HF can be found in H2 - F2
mixtures subsequent to mixing but prior to flashlamp initia-
tion, and that these amounts increase with time. This indi-
cates that in real experimental situations processes other
than irradiation initiate reaction, and that an improvement
in the modeling scheme would use nonzero HF concentrations at
zero time. Suchard, et al. in fact included nonzero concen-
trations in their calculations.[lO] As we will subsequently
show (see Section V), vibrational deactivation of HF (v) by
VT transfer to HF(v”) is extremely important, so that non-
zero initial concentrations of HF (which would, by the way,
be in thermal equilibrium over the vibrational states) would

19




TABLE II

INITIAL CONDITIONS

Temperature 300°K

Species Concentrations
Ar (inert diluent)

H2 (v = 0)

H2 (v = 1)

H, (v = 2)

2
H 0.
F Variable,

HF (v) (v = 0 to 8) 0.

F2 Variable,




tend to quench lasing, and might play a significant role in
laser performance. This means that it would be better to use
initial corditions including nonzero HF concentrations, as
compared to the choice in Table II. Lack of time has pre-
cluded us from doing this as yet. It would be worthwhile to
extend our work to treat the initial HF concentration as a

parameter, so as to explore exhaustively its possible effect.

In the standard case of Kerber, et al.[7] the initial

. -? -
concentration of F2 was taken to be 9.407 x 10 mole cm 3;

and that of F was taken to be 9.407 x 10~ ° mole cm~'. In
applying the SAM method, with the initial F atom concentra-
tion as a parameter, it is necessary to choose a nominal or
"best" value for the F atom concentration, but then to study
variations about this nominal value. We originally planned

to take the standard value of 9.407 x 10~ ° mole cm~® as our
nominal value, with variations both above and below this value.
Early numerical experimentation indicated to us a tendency

for computing time and cost to be closely linked with the
initial F atom concentration, with computing time an increas-
ing function of the initial F atom concentration. We there-
fore decided, in the interest of economy, . to take the nominal
value of the initial F atcm concentration to be one-half of
the above value, i.e., we chose a nominal value of 4.704 x 10”°
mole cm-a, with variations above and below this value by a
factor of two. Thus, the standard case of Kerber, et gl;[7]
became, with respect to this one parameter, the (high) extreme
case of our study.

The initial F2 concentration was always chosen so that
the sum of the concentrations of F2 and F was equal to
1.975 x 10~ ¢ gm atom/cm?®, which is the same as for the standard
case of Kerber, et il;[7]

In summary, with respect to the initial concentrations
of F and F,+ the total concentration of F (gm-atom/mole) is
identical to that of Kerber, et al.,[7] but our nominal initial




concentration of free F atoms is one-half of that of their

standard case.

The fourteen parameters of our study were the thirteen
"jndependent" rate constants discussed above, plus the initial
concentration of F atoms. For the rate constants, the uncer-
tainties in their values are temperature dependent, as are
the values themselves, depending in each case upon the details
as to the temperatures at which experimental determinations
were made. As a broad statement, the values in Table I are
probably of higher reliability at temperatures near 306°K
than at higher temperatures. In principle it is possible to
examine by the SAM method the separate influences of uncer-
tainties in the temperature dependence (activation energy)
and the pre-exponential ("constant" or temperature independent)
factor in the rate expressions. In this initial study we

have not attempted this, in the interests of simplicity.

At the suggestion of N. Cohen (private communication)
we have estimated the i.dependent rate constants, as expressed
in Table I, to be uncertain to a multiplicative factor of 5,

independent of temperature, and with a uniform probability

of occurrence in this range. That is, for each such constant

k, we can write

log k° - log 5 < log k < log k° + log 5 , (4.1)

where k° is the "nominal value", as expressed in Table I.

It would be a simple matter to use other probability distri-
butions (i.e., non-uniform) or other ranges in the SAM analysis,
but past experience on kinetic problems suggests to us that

our choice of a uniform distribution is adequate.

For the initial concentration of F atoms, [F]O, a
similar choice was made, except that the range of uncertainty

is taken to be only a factor of two (G. Emanuel, private




communication), i.e.,

log [Flo,nom - log 2 < log [F]o <. log [P] + log 2 ,

0,nom
(4.2)

where [Flo,nom is the nominal value of [F]O. This range

reflects the uncertainties associated with the disassociation

efficiency of the flashlamp discharge.

The preceeding part of this section defines in general
terms the parameters and conditions of the laser model for
which @ SAM analysis was performed. Following the prescrip-

(2]

tion of Cukier, et al., it was necessary, with fourteen

*
parameters, to repetitively exercise the laser model 907 times ,

each time with a different set of the fourteen parameters, as
prescribed by Eq. (2.2). The frequency set employed is given
by Cukier, et al. With the choice of uniform distributions,

the transformation functions of Eq. (2.2) can be shown to be

given by

_ 2 .
Gi(xi) =5 Arcsin X (4.3)

where Arcsin is the principle value of the arcsin function.

The necessary 907 calculations were performed, each
with the same initial conditions (excep%t for the fluorine
species, as discussed previously), and each over a real time
interval of 4 microseconds. Threshold gain was chosen for
this report to be large enough to suppress lasing. We hope
to repeat the calculations with smaller values taken for the
threshold gain. For each of the 907 calculations all dependent
variables were stored at 100 nanosecond real time intervals
on (two) computer tapes. (Copies of these tapes can be sup-
plied to any interested reader at a nominal cost.) The data

*Reference 2 states that 1814 repetitions are needed, but
this is in error by a factor of two. Subsequent work (Ref. 4)
uncovered a symmetry in the SAM method which allows a two-
fold reduction in the number of calculations.




on these tapes was subsequently subjected to SAM analysis by
a second computer program designed for this specific purpose.
Following debugging, the entire calculation required approxi-

mately five hours of computer time on a Urivac 1108 computer.

4.2 SUMMARY OF NUMERICAL RESULTS OF SAM ANALYSIS

In this subsection, we will discuss the results of
the SAM analysis by means of sixteen figures which show the
results of principle interest. In particular, we will
show results for the concentrations as functions of time of
the six lowest vibrational states of HF (v=0tov=25); and
for the gains for the five transitions between these six
states (v = 1+0 to v = 5+4). In carrying out the SAM analysis
many other variables were also computed, and these are avail-
able on computer tape. Among the other dependent variables
on the computer tapes are those listed in the previous section.
Lack of time has prevented us from examining these other data
as yet; we also anticipate that most of it is only of very
limited interest. Detailed SAM analyses were performed on the
v = 6, 7 and 8 vibrational states of HF and on the transitions

v 6+5, v = 7+6, and v = g8+7. These analyses are available,

as a computer printout, in a limited supply; additional copies

can be generated from the computer tape for a nominal fee.
However, we have not presented the data for the higher vibra-
tional states and gains in this report because it does not
appear that lasing can occur between these states. It thus
was our feeling that there would be little interest in such

an analysis.

4.2.1 Concentration-Time Data

In Fig. 1 we show the concentrations as functions of
time for the v = 0, v=1, and v = 2 states of HF. 1In Fig. 2,

the same data is shown for the v = 3, v=4, and v = 5 states.
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Figure 1. Concentration versus time for the v = 0, v = 1, and
v = 2 vibrational states of HF. Curves show the time histories
for both the nominal parameter values and for statistical mean
value {average over the parameter uncertainties).
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Figure 2. Concentration versus time for the v = 3, v = 4, and
v = 5 vibrational states of HF. Curves show the time history
for both the nominal parameter values and for the statistical
mean value (average over the parameter uncertainties).




For each vibrational state, two curves are shown. The curve

labeled "Nominal" gives the concentration history correspond-

ing to the nominal parameter set. This set is made up of

the thirteen indenendent rate constants as given in Table I,
plus the "nominal" initial concentration of F atoms. The
curve labeled "Mean" does not correspond to any one set of
parameters. Rather, it is the average value of the concentra-
tion versus time, averaged over the set of 907 sample calcula-
tions. Tie curve labeled "Mean" thus is the expectation value
of the concentration averaged over the (simultaneous) uncer-

tainties of the fourteen parameters.

The Mean curve is a statistically more valid predictor
than is the Nominal curve, because the former accounts for
parameter uncertainties, whereas the latter does not. To the
extent that the two curves disagree at a given time, we ob-
tain a measure of the reliability of any single calculation
of an excited state concentration. A glance at Figs. 1 and 2
indicates discrepancies between the two curves of as much as
a factor of two. At late times there are indications that
the pairs of curves are tending to come together, except for
the v = 0 and v = 1 states. For the latter two states, this
coming together probably commences at times beyond that for
which the calculations were performed.

A tendency for each pair of curves to come together
may be understood if we realize that the chemical) system must
eventually reach a state of equilibrium. In such a state,
the uncertainties in the rate constants will no longer have
an effect, since at equilibrium the chemical composition of
the system becomes independent of the rate constants. On the
other hand, a complete coming together cannot occur, because
of the influence of the initial concentration of F atoms. In
varying this initial concentration, we are also varying the
internal energy cf the system; because the system is a closed

one (constant mass, volume, and energy), the system will attain




a final temperature which is different for different initial
F atom concentrations; but then, since cxcited state popula-
tions are temperature dependent, there must remain some long
term discrepancy between the mean and nominal curves for each
vibrational state. At the 4 usec cutoff time of our calcula-
tion, we have not yet reached the point where the discrepancy

is dominated by the initial F atom concentration.

In Fig. 3, we show the zero power gains for the five
transitions between the six lowest vibrational levels of HF.
Again, a nominal and a mean curve are shown. For each
transition, the difference between the two curves tends to
be rather large; the two curves diverge from each other at
late times, the Mean curves generally falling much more slowly
than the Nominal curves. As ve will see below, a major part
of the difference can be associated with the uncertainty in
the rates of the VT deactivation process HF (v) + HF (V™) =
HF (v-1) + HF(v”), which reduce all gains and are especially

influential at times > 1.0 uwsec following initiation.

4.2.2 Coefficients of Variation

Better measures of the predictive uncertainties in the
model than those afforded by Figs. 1-3 can be obtained. 1In
Fig. 4 we show the coefficients of variation for the popula-=
tions of the first six vibrational levels of HF; in Fig. 5
we show the coefficients of variation for the gains between
these levels. It will be recalled (s2e Section II, Eq. 2.7)
that the coefficient of variation is the ratio of the standard
deviation to the mean value of a (statistically distributed)
dependent variable. High reliability (small variance) cor-
responds to a small coefficient of variation, and vice versa.
Referring to Fig. 4, we see . that "coefficients of variation"
for the-excited state populations lie in the range 0.5 to
1.5. We can make the qualitative statement that the standard
deviation thus is in each case about equal in value to the

variable, i.e., it is not small.

28
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Figure 3. Zero power gains versus time for the lowest five

vibrational transitions of HF. Curves show the time histories

for both the nominal parameter values and for the statistical

mean value (average over the parameter uncertainties). i
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It is interesting to note that the coefficient of
variation of the v = 0 level achieves a maximum at about
t = 1 usec, and subsequently diminishes. This is a conse-
quence of the approach of the system to equilibrium. 1In the
latter state, the distribution of HF molecules among its
vibrational levels will depend on the final temperature,
which in turn depends upon the zero time F atom concentration,
as previously noted. However, at all final temperatures
achievable in our sample set of calculations, most HF molecules
will end up in the v = 0 state, so that the population of this

state, at equilibrium, is highly parameter insensitive. On

the other hand, the excited state populations are very tem-
perature sersitive, a fact which leads to the rising values
of the corresponding coefficients of variation at long times.
The oscillation of the coefficient of variation of the ex-
cited states, best exemplified by the v = 1 curve of Fig. 4
is due to the fact that different rate constants are influen-
tial in setting excited state concentrations at different

times.

It is especially worth noting that the coefficients of

variation of the v = 4 and v = 5 levels lie above those of
other excited states; and even more noteworthy that the v =
curves lie above the v = 5 curve. The implication is that
the v = 4 population is the least accurately predictable of
all of the excited states. We will comment additionaliy on
this below.

In Fig. 5 we show the coefficients of variation for
the gains. The behavior of these curves for the v = 1-0,
v = 2+1, and v = 3»2 transitions reflect the behavior of the
population curves (Fig. 4) for the upper level of each
transition. This is a clear indication that the gains on
these transitions are dominated by the first of the two terms
in the braces in Eq. 3.2.
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3 Again worth particular note is the fact that the

curve for the v = 4+3 transitions lies above all of the other

curves. This fact, taken in conjunction with our previous
observation on the v = 4 curve in Fig. 4, indicates that there [
o is something "peculiar" about the model's predictions of the
| v = 4 level population and the v = 4+3 gain. We will dis-
cuss the peculiarity further below.

4 4.2.3 Variance Spectra

The data in Figs. 1-5 provide a general overview. We
now turn to the variance spectra in order to determine the
"causes" for the coefficients of variations, and for the |q
¥ discrepancies between mean and nominal predicted values, as
indicated in these figures. !

T

4.2,3.1 Variance Spectrum of the HF (v.= 0) Level Population

In Fig. 6 we display the variance spectrum for the con-

centration versus time of the HF (v = O)'level. Of the four-

teen parameters studied in our analysis, ten make negligible

contributions to this variance spectrum over the time range

covered (0.1 pusec to 4.0 usec).* The curves for these ten

parameters are not displayed. The remaining four parameters,

; kyr kig4r kyps and [F], (the initial concentration of F atoms)

i account for nearly all of the variance. The figure shows

( . that the relative importance of these four parameters varies |
with time. Thus, near t = 0.1 usec, the uncertainty in k7
and [F]0 causes most of the variance in the model's predic-
tion of the HF (v = 0) concentration. As time advances, these

' parameters diminish in relative importance, simultaneous with

} an increase in the importance of k3l' and most of all kl4'

As we previously indicated, in the limit of infinite time,

*
: 4 It is possible that at times between zero and 0.1 usec other

parameters might be significant. We hope to carry out a de-
tailed analysis of this time range in a subsequent study.
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Figure 6. Variance spectrum for the population of the v =
vibrational level of HF.




as the system approaches equilibrium, all of the variance
must become due to the uncertainty in [F]o. We note in
Fig. 6 that at t = 4.0 usec, where we cut off our calcula-
tion, the contribution of [F]0 has passed through a minimum
and just begqun to rise.

It is not difficult to rationalize the curves in
Fig. 6 by referring to Table I. We see from this table that
k7 is the rate constant for the processes F + H2(0) Zz HF (v) +
H (v=0, 1, 2, 3), and that k14 is the rate constant for the
processes H + F2 2 HF(v) + F (v=0, ..., 6). At early times,
formation of HF(0) is controlled by the combined influences
of [F]0 and the reaction F + H2(0) + HF(0) + H. Hence the
contributions of [F]0 and k7 are large. At later times, the
system presumably reaches a steady state condition with respect
to the reactions controlled by k7 (in particular, reaction no.
7 of Table I), so that the rate constant uncertainty ir k7 no
longer plays a role. But then reaction no. 14 becomes con-
trolling as a production source for HF(0). To a lesser extent,
reaction no. 31 (and hence k31) supplies HF (0), so that the
~ffect of uncertainty in k31 also becomes important. We will
see below thit when we come to the excited states of HF, the
role of k31 becomes much more important.

4.2.3.2 Variance Spectrum of the HF (v = 1) Level Population

In Fig. 7 we display the variance spectrum for the con-
centration versus time of the HF (v = 1) level. As for the

v = 0 level, only four parameters k7, k14, k31, and [F]0 make

significant contributions to the variance.between 0.1 usec

and 4.0 psec. The curves for k7 and [F]0 again show a dominant
influence for these two parameters at early times. Subse-
quently these curves show a monotonic decline. As previously
indicated, the curve for [F]O ultimately must pass through a
minimum and rise again, but evidently this minimum has not

yet been achieved at 4 usec. When we examine the curves for
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Ficure 7. Variance Spectrum for the Population of the v = 3
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k14 and k3l' \

In Fig. 7, the curve for k14 reaches a maximum near 2.0 usec,

e note some differences relative to Fig. 6.

and subsequently declines rapidly; in Fig. 6, the maximum in
the k14
to equilibrium) has not yet appeared at 4.0 usec. Most sig-

curve (which must occur because of ultimate approach

nificantly, the curve for k31 in Fig. 7 rises to a very high
value near 4.0 usec, and in fact accounts for nearly all of
the variance at this time. This indicates that the VT
transfer process HF(l) + HF (v7) 2 HF(0) + HF (v’) dominates the
uncertainty in the HF (1) concentzation at this time. It is
important to realize, by distinction, that the contribution

of the VT processes of reaction no. 23 [HF (1) + M3 2z HF(0) +
M3] and reaction no. 39 [HF(1l) + M5 z HF(0) + MS] to the
variance is negligibly small. In these latter reactions,

the species M3 is atomic F, and the species M5 is H + Ar +

Hz(v) (v=20,1, 2) +F That is to say, lack of accurate

2.

data for k23 and k39 is not important; lack of accurate data

for k31 is very important. This latter conclusion is dependent
on several specific factores, and in particular the species
concentrations. It is clear, for example, that at higher Ar
concentrations than that of Table LI, k39 could become more

important.

4.2.3.3 Vaiance Spectrum of the HF (v = 2) Level Population

In Fig. 8 we display the variance spectrum for the con-
centration versus time of the HF (v = 2) level. These curves
are very similar to those for the HF (v = 1)level, as shown
in Fig. 7. The comments of Section 4.2.3.2 therefore also
apply to these curves, with an appropriate shift in the reaction
numbers (i.e., reaction no. 8 is replaced by reaction no. 9;
reaction no. 15 is replaced by reaction no. 16; reaction no.

23 is replaced by reaction no. 24; reaction no. 31 is replaced
by reaction no. 32; reaction no. 39 is replaced by reaction
no. 40).
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Figure 8. Variance spectrum for the population of the v =
vibrational level of HF.




4.2.3.4 Variance Spectrum of the HF (v_= 3) Level Population

In Fig. 9 we display the variance spectrum for the
concentration versus time of the HF (v = 3) level. These
curves are very similar to those for the HF (v = 1) and HF
(v = 2) levels, as shown in Figs. 7 and 8. The comments of
Section 4.2.3.2 therefore also apply, with an appropriate
shift in the reaction numbers (reaction no. 8 is replaced by
reaction no. 10; reaction no. 14 is replaced by reaction no.
16; reaction no. 23 is replaced by reaction no. 25; reaction
no. 31 is replaced by react’on no. 33; reaction no. 39 is
replaced by reaction no. 41).

4.2.3.5 Variance Spectrum of the HF (v_= 4) Level Population

When we come to the Hf (v = 4) level, a new effect
appears. The variance spectrum for the population of this
level is shown in Fig. 10. For this level, the rate constant
k_ll for the reaction F + HZ(O) ¥ HF(4) + H makes a signifi-
cant contribution to the variance. The roles of the other

rate constants are similar to those for HF (v = 3) (Fig. 9),
%*

but each is shrunken in magnitude relat:iv - to this previous
figure. From Table I we see that reacti  no. 11 is
chemically of the same form as reaction no. 7 to 10, but

that it has a drastically different temperature dependence

for its rate constant. The reason for this has been discussed

(9]

by Cohen. The reaction of F with H2(0) is energetically in-~

adequate to produce HF(v) for v > 3; the reaction is included
in the modeling scheme, however, because the reverse process
HF(v) + H > P + H2(0) is not energetically prohibited, and it

is envisioned as a possible path for deactivation of HF(v) (v > 3).
*Because the variance spectrum is defined in a normalized form
(Eq. 2.11), the sum of ail contributions at any given time

adds up to one; hence any inc.ease in one contribution appears

at the expense of other contributions. But it should also be
noted that the coefficient of variation in the HF (v = 4) level
population is higher than that for the v = 1,2, or 3 levels, so
that in an absolute sense the reduction in influence of the other
parameters in Fig. 10 is less than a casual glance might indi-
cate.
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The "sudden" appearance of the k_11 curve in Fig. 10, fol-
lowing its absence in Figs. 7, 8, and 9, is a clear indica-
tion that in this model this reverse process is indeed sig-
nificant. We will discuss in Section V the question of the
physical reality of this modeled effect, and in fact will
argue that it is not physically reasonable.

4.2.3.6 Variance Spectrum of the HF (v = 5) Level Population

In Fig. 11 we display the variance spectrum for the
concentration versus time of the HF (v = 5) level. These
curves are very similar tc those for the HF (v = 4) level in
Fig. 10. We can anticipate therefore that conclusions con-
cerning this level will be similar to conclusions drawn for
the HF (v = 4) level. We defer further discussion to Sec-
tion V.

4.2.3.7 Variance Spectrum of the Zero Power Gain on the
Vv = 1-0 Transition of HF

The gain on any transition is functionally dependent
on the populations of the two levels of the transition, and
also on the temperature. We therefore expect the variance
spectrum of the gain to reflect the variance spectrum of the
two populations and the temperature. We have not carried out
a sensitivity analysis of the temperature, although to do
so would be straightforward. Brief inspection of a few of
the 907 simulations done for the SAM analysis indicates that
the temperature-time histories may vary by as much as a
factor of two between different simulations (i.e., different

parameter sets).

Turning to Fig. 12, we see displayed the variance
spectrum of the HF (v = 1-+0) gain as a function of time. As
with the population, only a small subset of the parameters
contribute significantly to the gain. and only the important
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vibrational level of HF.
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parameters are shown in the figure. 1In addition to the four
parameters k7, k14, k31, and [F]0 which appear in Figs. 6 and
7, we also find in Fig. 12 a small contribution due to para-
meter k47, which is the rate constant for the VV transfer
process 2HF(1) z HF(0) + HF(2). The timewise behavior of
the other curves is similar to that seen in Figs. 6 and 7.
In particular, we note that the kl4 curve appears to be a

compounding of the influences seen for the HF (0) level seen

in Fig. 6 (k14 rising at long times) and Fig. 7 (k14 peaking

at intermediate times).

4.2.3.8 Variance Spectrum of the “ero Power Gain on the
v = 2+1 Transition of HF

In Fig. 13 we display the variance spectrum for the
gain on the HF (v = 2-+1) transition. Except for the facts
that the small k47 contribution which appears in Fig. 12 does
not appear in Fig. 13, and the minimum in the k3l curve does
not occur, the curves in Fig. 13 are similar to those in
Fig. 14. The comments of Section 4.2.3.7 thus also apply in
this case, with a shift in reaction numbers (i.e., reaction
no. 8 replaces reaction no. 7; reaction no. 9 replaces re-

action no. 8; etc.).

4.2.3.9 Variance Spectrum of the Zero Power Gain on the
v = 3+2 Transition of HF

In Fig. 14 we display the variance spectrum for the
zero power gain on the HF (v = 3+2) transition. The curves
are similar to those in Fig. 12, so that the comments of
Section 4.2.3.7 also apply here, with a shift in reaction
nurbers (i.e., reaction no. 9 replaces reaction no. 7; re-
action no. 10 replaces reaction no. 8; etc.). It should be
noted that the reverse reaction k—ll makes a contribution to
the variance spectrum shown in this figure. This occurs be-
cause this reaction populates the v = 3 state at the expense
of the v = 4 state, as will become apparent in the next sub-

section.
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Figure 14, Variance spectrum for the zero power gain of the
v = 3 + 2 band of HF.




4.2.3.10 Variance_ Spectrum of the Zero lower Gain on the
vV = 4-3 Transition of HF

In Fig. 15 we display the variance spectrum for the
zero power gain on the HF (v = 4+3) transition. Recalling the
discussion in Section 4.2.3.5, concerning the population of
the HF (v = 4) level, we should expect to see a large contri-
bution to the variance spectrum due to reaction rate constant

%
-11’
indicates that very large coefficient of variation for this

and indeed this is seen in Fig. 15. This immediately

gain (see Fig. 5) is due, in large measure, to uncertainties

in the reverse of reaction no. 11, i.e., HF(4) + H > F ¢+ Hz(O).
As indicated previously, we will discuss this point further

in Section V. It might be noted here, however, that Kerber,

et :l.,[7] in their study also computed that the gain for this

transition wou'd be very small — smaller even than for the

HF (v = 5+4) or HF (v = 6+5) transitions. This was confirmed
in our calculation (see Fig. 3). But the large coefficient of
variation and the unique sensitivity to k-ll suggest that
something is amiss in the model: The HF (v = 4) level popula-
tion does not properly "fit" into a logical scheme. In Sec=

tion 5 we shall discuss the resolution of this "paradox".

4.2.3.11 Variance Spectrum of the Zero Power Gain on the
vV = 5+4 Transition of HF

In Fig. 16 we display the variance spectrum for the
zero power gain on the HF (v = 5+4) transition. Compared to
Fig. 15, the role of k-ll is much reduced. In other respects,
the curves for this transition are similar to those of the
HF (v = 3+2) transition (Fig. 14), except that the smgll k47
contribution does not appear. Thus, the variance spectrum
for this gain shows the k_;4 "anomaly" of Fig. 10, although
reduced in amount; but in other respects it is similar to that

for the other gains discussed above.
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V. DISCUSSION OF RESULTS

In the preceeding section, we gave brief descriptions
of the numerical results of the SAM analysis, as presented
in sixteen figures. 1In this section, we will summarize these
results of the analysis, and the conclusions which can be
drawn therefrom.

The most obvious point is that most of the rate constant
uncertainties have very little influence upon the predictions
of the model. We see that the rate instants k-l’ k2, k3, k21’
k23, k39, k54, and k60 contribute negligibly to the variance
in the model's predictions, despite the factor-of-five in-
accuracy in each of them. We will briefly review the chemical

processes which correspond to this set of reactions.

5.1 UNIMPORTANT REACTIONS

Reaction No. 1l: This is the collisional dissociation
(reverse: recombination) of H2 (v = 0) into H atoms., Clearly
only the reverse (recombination) could be expected to be of
significance, as the forward processes have a non-negligible
rate only at temperatures of several thousand kelvins, well
above the temperatures in the HF laser. But it turns out,
as shown by the analysis, that the recombination process rate
uncertainties do not importantly influence the model in the
time range studied.

Reaction No. 2: This process plays the same role for
F that Reaction No. 1 does for H; the reverse (recombination)

process does not influence the model to any degree.

Reaction No. 3 (also Reactions 4, 5, and 6, because
of the assumed proportionalities of rate constants): As with
Reactions 1 and 2, only the reverse (recombination) can be
significant; but here too the model is highly insensitive to
the uncertainties in this rate constant.
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It is worth noting that the previous paragraphs sug-
gest that the model might not be significantly influenced by
removing these six reactions altogether. Of course, if such
were done, the model, because of the form of the remaining
chemical equations, would not contain a sink for free
radicals, which is not physically realistic. Nonetheless,
once the bulk of the hydrogen and fluorine has reacted to
produce HF (v = 0), it is clearly immaterial whether or not
any residual free radicals (i.e., H and/or F) remain, since

at that point no fuel remains to drive further lasing.

Reaction No. 21 (also No. 22, which is assumed to
have the same rate): It is clear that these reactions can
only be significant in the forward directions (deactivation
of the excited vibrational states of Hz). This reaction could
only influence HF populations and lasing indirectly, via
reactions 65 to 68. But the latter processes are slow be-
and HF,

are

cause of the mismatch in vibrational energies of H2

and also because the excited state populations of H2

always small.

This suggests that the model might not be much affected
if the six reacticns, Nos. 21, 22, 65, 66, 67, and 68 were

removed. It should be noted that Kerber, et al.[7] also noted

the unimportance of these reactions (see Fig. 5 of their

paper).

Reaction No. 23 (also Nos. 24 to 30 by the proportion-
ality relations): These reactions, which deactivate excited
states of HF by VT transfer to F atoms,are quite unimportant
under the conditions considered here, and their rate uncer-
tainties have almost 1o influence on the predictions of the
model. The unimportance had previously been noted by Kerber,
et al. (This statement may not apply at real times less than
0.1 psec after initiation, where we have not carried out an
analysis, and possibly this rate uncertainty impacts on the

system prior to its attaining threshold.)




Reaction No. 39 (also Nos. 40 to 46 by the proportion-

ality relations): The rate constants for these reactions

appear to be too small for them to play an important role in
deactivating the excited vibrational states of HF, despite
the large amount of Ar in the system. It would appear that
the model might well omit these reactions without much effect

upon computational results.

Reaction No. 54 and 60 (also Nos. 55 to 59 and 61 to
64 because of the assumed proportionalities of rate constants) :
The rates for these processes are too small for them to affect

the model, even with the possibility of a five-fold increase

in all of the rates. Kerber, et al.[7] had previously noted

this in their work.

The above paragraphs suggest that the model could be
very much simplified with little effect upon its validity.
As noted, most of the discussed reactions could be removed
from the model. With their removal, the computing time per
model run would be drastically reduced. It is conceivable
that this reduction in computing time might be significant in
the event that an attempt was made to construct a model of an
HF chemical laser in nonsteady flow. For such a model, it is
necessary to couple hydrodynamic equations to the chemical
equations, and computing times become quite large, and strongly
dependent upon the size of the chemicai model. In such a case,
the reduction in the chemical model suggested here could be

valuable.

5.2 IMPORTANT REACTIONS

Only five rate constants, k7, k—ll’ kl4' k3l’ and to a
lesser extent k47, are significant in that their uncertainties
generate corresponding uncertainties in the predictions of the

model. Thus, the corresponding reaction sets constitute the

core of the model. Let us briefly review these reactions.

i alhim e T T
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Reaction No. 7 (also Nos. 8, 9, 10 because of the pro-
portionality relations): These are among the processes which
lead to the formation of vibrationally excited HF, so that
they directly impact on lasing.

Reaction No. 11 (also Nos. 12 and .3 because of the
proportionality relations): Only the reverses (deactivations)
are important here, and by definition these influence only the
v =4, 5, and 6 states of HF.

Reaction No. 14 (also Nos. 15 to 20 because of the pro-
portionality relations): These are among the processes which
lead to the formation of vibraticnally excited HF, so that
they directly impact on lasing.

Reaction No. 31 (also Nos. 32 to 38 because of the pro-
portionality relations): These are the principal reactions
whereby deactivation of excited HF molecules occurs. The
rates for these processes are such that they are the dominant
deactivation mechanism, almost to the exclusion of other de-

activation processes.

Reaction No. 47 (also Nos. 48 to 53 because of the pro-
portionality relations): This process (vibrational exchange
between excited states of HF) has a small contribution to the
variance spectra for the v = 1+0 and v = 3»2 bands of HF, but
otherwise no influence. Because the effect is small, we have
not examined it. The role of these reactions appears difficult
to explain in detail. It, however, might be prudent to retain

these reactions if a simplified model were to be constructed.

At early times the reactions of the "important" sets
which lead to HF (v > 0) formation dominate uncertainties; at
late times those which lead to HF (v > 0) deactivation dominate
uncertainty. Except for the limited appearance of reaction

no. 11, the early time reactions are nos. 7 and 14, the late
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time reaction is only no. 39. Thus as a qualitative summary,
we may state that the HF laser basically is governed by three

chemical reactions:
(1) F + HZ(O) + HF (v) + H

(2) H + FZ + HF(v) + F

(3) HF(V) + HF(v”) -+ HF(v-1l) + HF(v”%)

Clearly also important is the initial concentration of F atoms,
which has two impacts: One on the early time kinetics, and a
second one, on the late time thermal history, since the initial

F atom concentration fixes the internal energy of the system.

Except for the v = 4+3 and v = 5+4 gains, and the popula-
tions of the v = 4 and v = 5 levels of HF, the preceeding para-
graph would appear to completely summarize the conclusions of
the SAM analysis of this system, it being realized that it
then follows that better model predictions will be dependent
upon better rate data for the three important reactions.

The role of Reaction No. 1l is peculiar, and deserves

specific comment.

As noted previously, reactions 11, 12 and 13 are such

that only their reverses effectively uccur; these reverses
serve as an alternate to reactions 31-38 in deactivating HF (v).
At the same time, reactions 3 to 10, functioning in reverse,
deactivate HF(v) for v = 1, 2, and 3. Thus, there are in the
model six deactivation reactions of the form

HP(v) + H = HZ(O) + F

However, the model takes the temperature dependence of these
reverse processes as being quite different. For v = 4, 5, 6
the temperature dependence is that‘ stated in Table I, i.e.,
k-7-v = 1012 T0.67 3 1 -1

cm” mole - sec ~. For v=1, 2, 3, the
rates must be indirectly inferred via the equilibrium relations




k A kn/K

-n 4 n

where is the equilibrium constant. The latter can be

K
obtainedEgégm a thermodynamic analysis of the excited vibra-
tional states of HF, the ground vibrational state of H2 (which
is virtually identical thermodynamically with an equilibrium
distribution of the vibrational states of Hz), and the free
atoms H and F. The results of such an analysis give compli=-
cated expressions for the deactivation rates of reactions 7

to 10, which are roughly of the form

= 2 70-360
=n n

k exp(-Bn/T) '

where An and Bn are approximately temperature independent.
These expressions are completely different both in form and
value (as a function of temperature) from the expression used
for K117 k_ip+ and k_13+ They also display strong dependence
upon the value of v, whereas k-ll' k-12' k_13 are independent
of v.

Physically, we should expect the reaction of HF (v)
with H atoms to vary in a consistent fashion as a function of
V. In using, in effect, two different expressions for the
rates of these processes, the model does not allow for such a
consistent variation. The question then arises: Which of

tne two forms, i.e., the implied reverse of k7, or k_ is

11’
more likely correct?

The answer can be surmised from the analysis of Cohen.[9]
His work clearly shows that the value fok k7, based upon direct
experimental work, is more reliable than that for k_i1¢ which

is only indirectly inferred. He, in fact, suggests a quite

different rate constant expression for k-ll' This latter ex-
pression was used by Suchard, et QLL[lO] in their further

simulation work on the HF laser. Unfortunately, the computer
calculations of Suchard, et al. differ from their experiments,




possibly for reasons such as parasitic oscillations, which

are not included in the model. Thus even the revised rate

expression of Suchard, et al.[lO] is of uncertain validity.

It would be desirable to repeat our analysis using Suchard's
revised rate expression for k-ll’ but we have not yet had an

opportunity to do so.

In any event, we can see from Cohen's analysis that
the rate expression for k-ll' as used in this work, is in-
ferior to the rate expression used for k7. This immediately
explains the anomalously high variance in the gain computed
for the v = 4-+3 transition. We can conclude that this gain
(and to a lesser extent the gain in the v = 5+4 transition),
because of its particular sensitivity to the expression for
k_y1+ and because of incorrectness of the latter, is not
predicted well by the model. As a corollary, we can also
suggest the paradox of low gain on the computed v = 4-+3
transition is an artifact of the model, obtained because of
-11° It is
our conjecture that the gain on the v = 4+3 will be found to

the incorrect rate constant used for reaction k

be much higher than that predicted here, when a better value

becomes available for the rate constant k-ll'
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$ VI. CONCLUSIONS

The analysis of the HF laser presented above is a
first effort at applying the SAM methodology to lasers. It
» clearly indicates which reactions are important and which
are not, as discussed in the previous section. The indica-
tions provided therein are peculiar to *he time range and
zero power conditions under which the analysis was carried
out. It would be worthwhile to extend this analysis to the .
case of finite power to check whether or not different re- E
actions become significant at finite power levels. At the
same time, it would be worthwhile to use Cohen's[9] revised l
expression for k-Tl: and it also would be worth verifying f
whether the large; reaction set used by Suchard, et glL[lol
leads to any new conclusions.

Not yet addressed is the question of the influence
of the importance of the proportionalities assumed between
sets of rate constants, as in Table I. It should be clear
from Sections IV and V that the only proportionalities which
can be important are those for (a) Egs. (7) to (10); (b) for
Egs. (11) to (13); (c) for Egs. (14) to (20);: (d) for Egs.
f (31) to (38). However, these proportionalities are likely
i to be very important, and can be expected to impact drasti- '
cally upon the distribution of power among the transitions j -

P SR ——

when the system operates at nonzero power. A EAM analvysis
of these proportionalities should yield useful information.

The present study does not consider the time prior
to 0.1 usec after initiation, and therefore, does not consider
time~to-threshold. Extension of the SAM analysis to this
short time range would be straightforward, and conceivably
could lead to a modified assessment of the relative importance
of the various reactions. The present study also does not
consider nonzero initial concentrations of HF, which acs noted

earlier, can be expected to have an effect upon both the
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predictions of the model and upon real laser performance.
It would be of particular interest to treat the initial H¥
concentration as a parameter, so as to see how numerical

uncertainties in its value might affect performance.

On a more mathematical level, we previously indicated
that our computer program differs from the program used pre-

viously[7’10]

in that it employs an analytic matrix inversion
scheme rather than numerical inversion. This inversion prob-
lem only arises when the system is lasing, and time has not
yet allowed us to compute the lasing case. Therefore, our
inversion porcess is in reality untested. It is our belief
that analytic inversion may have the advantage of allowing
faster computing, but actual calculations would be needed to
verify this. If true, this analytic method could be favor-
ably employed in laser models other than the HF model. Work

on this analytic inversion method is warranted.

Finally, we should consider the application of the SAM
method to lasers other than the HF laser. Laser models in
general are complex and multiparametric. Tools for under-
standing the models therefore are useful and SAM is one such
tool. As with the model studied here, it could, with other
models, determine the relative importance of the parameter
uncertainties. These uncertainties need not be only those
in the rate constants, but can also include zero time species
concentrations (such as that for F atoms here), geometrical
parame:ers of the systems, diffusion constants in flow sys-

tems, ;umping efficiency, loss mechanisms, and others. Be-

cause of their great practical importance, early study of C02

laser models is warranted. Application of the SAM technique
should be able to provide useful insights as to the important
characteristics of such systems.
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