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HAPS - A TWO-DIMENSIONAL 

HIGH ALTITUDE EMP ENVIRONMENT CODE 

ABSTRACT 

This report discusses the mathematical formulation of the fie ld 

calculations and boundary conditions used in HAPS, the AFWL high­

a_ltitude EMP environment code, The finite difference s..::heme employed 

in the solution of these equations is also described. A final section 

exhibits some results of comparisons that have been made between HAPS 

and other environmental codes. 
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SECTION I: INTRODUCTION 

This report describes a two-dimensional finite difference code, ' 
HAPS, that has been developed to calculate the electromagnetic pulse 
(EMP) generated by the high altitude detonation of a nuclear weapon at 
latitudes in which the earth's magnetic field is nearly vertical~ The source 
presently used for the determination of these fields is a distribution or 
current in the atmosphere arising from Compton collisions of tlJ.: weapo.1 
produced -y-rays with electrons in the air. It is anticipated that x-ray 
sources will be incorporated later. The turning of these Compton elec­
trons by the eai:th's magnetic field is accounted for in an approximate way. 

A previous high altitude code, HEMP, developed at AFWL by 
Capt. John Erkkila (1967) employs the high-frequency approximation of 
Karzas (1964) to reduce the intrinsically three-dimens.ional field calcula­
tion to one involving a single coordinate along the line of sight from the 
weapon to the observer. The original motivation for doing the present 
problem was to obtain-a more exac~ solution from which a determination 
of the accu·racy of this high-frequency approxim..1.tion for later times of 
calculation could be made. Favorable comparisons of the two codes is 
given in Section IV along with comparisons of HAPS and B, the AFWL 
mediu~ altitude code. 

It is well known that an oscillating spherically symmetric current 
distribution will not radiate electromagnetic energy. Fo~ the high altitude 
problem this symmetry is · destroyed by an asymmetry of the weapon, by 



the density gradient of the atmosphere, by the influence of the earth's 
magnetic field on the sources, and at greater distances, by reflections 
from the surface of the earth. In general, these effects will jointly deprive 
the problem of all symmetry. The resulting calculation then involves six 
field components each of which is , . function of three spatial dimensions and 
time. 

To reduce the problem to a more manageable one, its scope has been 
1;1nited in HAPS by the assumption of azimuthal symmetry, which implies 
the limitation on the orientation of the earth's magnetic field mentioned 
above, and in addition requires symmetry in the weapon's output. Although 
the number of field components to be calculated remains the same, the 
differential equations are simplified and the number of required spatial 
variables is reduced to two. This places much less stringent storag<:: and 
calculation time requirements on the computer. 

It has proven most realistic in the past to use weapon-centered coor­
dinate .1ystems in EMP environment calculations because the solution of- an 
EMP problem requires a boundary condition at the out1?r ~df;e of the mesh. 
In addition an inner boundary is often employed to prevent numerical insta­
bilities. These boundary conditions are most conveniently specified along 
lines of constant coordinate. A problem occurs, however, when attempting 
to simulate the surface of the earth for reflection purposes with, for 
example, a spherical bomb-centered coordinate system. Because of these 
considerations, HAPS was written in prolate spheroidal coordinates. By 
approximating the earth's surface with one of the hyperbolas of the prolate 
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spheroidal coorfiinate system, the problem of reflection car. be handled 

adequately. As for the inner boundary condition, a hyperbola above the 

source region has proven successful in actual calculations. Interestingly, 

lines of constant radiu8 from the weapon can also be mapped over the 

prolate spheroidal grid with little difficulty. 

The azimuthal symmetry reduces Maxwell's equations to two sets 

of uncoupled differential equations that determine the transverse electric 

fields ,E., BE' Bt) and the· transverse magnetic fields (B♦, EE, Et' 

respectively. The two sets of fields are indirectly coupled by the depen­

dence of the sources and the conductivity of the air on the total fields. All 

of the field components must therefore be solved concurrently in the finite 

difference code. 

In the limit as the distance, r, from the wea pon becomes large Et 

2 
and B t behave as Coulomb fi~lds (i.e., approach zero as 1 /r ). The 

other field quantities are radiation fields and behave as 1/r. Each set, 

(E;, BE) and (EE' B;) may be separ~ted j_11to incomtn.g and outgoing wave.1. 

A• la.rgt: distances, the incoming waves must vanish. These phenomena 

have been observed to h<.,.1<l very well in the co~ d. 

To make the fields vary more slowly and thus facilitate calculation 

by finite difference methods, they are transformed to new variables which 

behave as the appropriate value, r or r 2 ti~es the original field. Fortu­

nately, this transformation considerably s implifies the differential equations. 

Perhaps some insight into the reason for this may be gained by observing_ 
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that in the TM case the transformation for the electric fields is precisely 

the one that transforms the static field of a charged conducting ellipsoid 
into a uniform fiei . 

The magnitude of tht.. spatial gradients in the problem is further 

drastically reduced by employing the retarded time of the bur st point as 

the independent time-like variable. Indeed, with this trans'rormation, 

grid spacing as larie aa 500 meters by troo meters has been used. This 

spacing is larger than a wavelength for some of the higher frequencies and 

would therefore not be feasible for a real-time code. An additional bene­

fit resulting .. rom. the transformation to retarded time is that regridding 

in time near the wave front is greatly facilitated. 

. I 
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SECTION II: SOLUTION OF THE FIELD EQUATIONS 

1. Transverse Electric J.1 ields 
.. 

In this code the independent time-like variable, T, will be the 

retarded time of the burst point defined by 

(1) 

in which r is the distance from the weapon of the field point under consid­

eration. After making the transformations 

A 

r 8 
V -V - -­c 8 T 

a a ---at 8T 

(2) 

(3) 

and exploiting the azimuthal symmetry of the problem, Maxwell' s curl 

equations in prolate spheroidal coordinates become 

(4) 
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and 

1 r 3Ef.. ~ .. 
+ c r 21 8T _E - a 11 a T t 

(5) 

in which a
11 

and a 21 a
re defined by 

(6) 

For. a description of the coordinate system and notation used see EMP 

Theoretical Note No. 62. Observe that Eqs. (4) and (5) separate into two 

setsinvolvingE♦, BE, Bt' j ♦ and EE' Et' B,, jE, jt" We shall refer to 

these as the transverse electric fields and transverse magnetic fields, 

respectively. The former set will be treated in this section. The differ­

ential equations governing these fields are 

(7) 



t J 2 2 2 2 2 8E ; t - a )( 1 - E )E,. + - J E 
t a (1< 2 2 2 ) o21 aE .. 

( t - ( a )( t - a ) .,, c 8T 

(8) 

It has been assumed that 

- - - -B = µH D = £E (9) 
also put 

1 u=--
\/jii (10) 

then 

(11) 

SBE _ _ 1 8 ( I 2 2 2 ) a21 SE¢> 8T - j 2 2 2 2 ~ v' < ~ - a )(1 - E )E .,_ + - (12) (t - Ea )(1 - E ) ,:, v c 8T 

./, 2 2 2 2 2 BE (t - a )(I - E )E,. - - a 
1 8 (I< 2 2 2 ) all SE; 

(t -Ea Ht -a) .,, c T 
(13) 
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At this point we note that 

a 
a = - - = -a 

11 hE 

Substitute these into Eq. ( 11) through (13) to obtain 

2 .~ 
C 

&Bt 1 8 ( I 2 2 2 ) a 
-8 = j 2 2 2 2 2 81! ./(t -a )(l-E )E"" +-c 

., (t - Ea Ht - a) 1a \ "' 

(14) 

(15) 

(16) 

t2 _ a2 8Ej 

t2 _ ,2a 2 a., 

(17) 

l _ f2. 8Ef 

[2 _ f2a2 8T 

(18) 

In order to cast the field equations in simpler form. we ma.ke the 

transformation 

(19) 
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(20) 

(21) 

where the primed quantities are those used previously. ThP.n Eqs. ( 16) 

through ( 18) become 

(22) 

(23) 

(24) 

MakP. the replacement 

(25) 

The final form of Maxwell's curl equations for the transverse electric fields 

is 

(26) 



8Bt 8E; a 8Ecf, 
-=-+--
8T BE c 8T 

Define integers i, j, k such that at a mesh point 

E = 1 + (1 - i)AE , t = a + (j - 1 )A t , T = kAT 

With this notation, the field equations are approximated by difference 

equations centered at the point (i, j, k-1/2) in the following way, . 

(27) 

(28) 

(29) 

2 2 

B (i j, k l)+B (' • k) B (' j-1, k))+~ l-E [B (' • k) 
- E ' - E 1' J, - E 1, cAT t2 _ E2 a 2 . . t 1

' J, 
1, J 

(30) 
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~ \ BE(i. j. k) • BE(i. j. k·ll I = • 2~ t IE,> (I, j+l, k-1) • E♦ (i, j, k·ll 

+E♦ (i. j, k) ·E+(i, j·l, k)I +c;., \E+(I, j. k)•E;(i, j, k·lll (31) 

~ lBt(i, j, k) - Bt(i, j, k-1) l = 2~~ (E4, (i-1, j, k) - E. (i, j, k) 

+ E; (i. j. k·l) . E♦ (i+l, j, k-1)1 + -;;1T \E, (i, j, k) - E+ (I, j, k·lll (32) 

provided the fields are known at (i, j-1, k), (i-1, j, k), and at all mesh 

points for the preceding time step. Equations (30), (31), and (32) may be 

solved simultaneously for the three field components at the point (i, j, k). 

Thus, from a knowledge of the fields on the bounJaries and at the initial 

time, one can apply these equations successively to obtain the fields 

th~oughout the mesh at later times. 

2. Transverse Magnetic Fields 

The field components (EE' Et" B ~) in this portion of the code satisfy 

the same differential equations as those calculated in the air by the prolate 

spheroidal code for a low-altitude burst. The latter code is discussed in 

an EMP theoretical note (Knight, 1969). The results of that calculation 

will be quoted here for completeness. 

-11-



The derivation btgins by writing Maxwell's curl equations in 

prolate spheroidal coordinates in the retarded tim~ of the bur~t point and 

taking advantage of the azimuthal symmetry. The resulting differential 

, 
equations are then subjected to the transformation 

(33) 

(34) 

ff 2 2 
B = - a )(1 - E ) B' 

; . ; 
(35). 

in which the primed quantities are the original ones. The final form of 

Ma>_CWell's equations for these field components is then 

(36) 

(37) 

~Bf • (' _ a 2 BEE l _ E2 BE t a I _ E2 BE t 1 (' _ a 2 BEE 

BT (' _ (2a2a"f - t2 _ E2a2 sf - C t2 _ E2a2 8T - C t2 _ E2a2 8T 
(38) 

By using the rotation of Eq. (29), Eqs. (36) through (38) can be replaced 

by difference equations centered at (i, j, k-1 /2). Thus, 



1 { ( . k) - E ( .. k-l)l = _a(i, j, k-l/2){E (. • ) ( k-1)) 
~ EE i, J, E 1, J, 2 ( E 1. J, k + EE i, j, 

j E(i, j, k-1/2) u2 . . . . . 

- ( + 
2
At [s; (1, J+l, k-1) - Bel> (1, J, k-1) + B.,_ (·, j, k) 

2 

-B,<1, j-t, k>J- ::i.TIB,u. i, kl - B,<i. i, k-ul 
(39) 

~dEt(i, j, k) - Et(I, j, k-l)l = - a(i, lz:-1/2)1Et(i, j, k) + Et(i, j, k-l)l 

j t(i, j, k-1/2) 2 
( - ;AE [s; (i-.1, j, k) - Bel> (i, j, k) + Bel> (i, j, k-1) 

2 

- B;(i+l, j, k-1)! -:~T IB/i. j, k) - B/i· j, k-l)l 
(40) 

(41) 
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SECTION L.1: BOCNDARY CONDITIONS 

The· azimuthal symmetry of the problem implies that at the z-axis 

the normal field components as well as E(/> and B(/> vanish, i.e.: 

EE - 0 

E; - 0 
as E - l for t> a (43) 

BE - 0 

Bf - 0 

Er - 0 

Ef - 0 
as t - a for ~ \ ~ E ~ l (44) 

Bt - 0 

B; - 0 

The remaining field components have been calculated on the z-axis by the 

code in various ways. Perhaps the simplest of these (and incidentally, 

· the first one used in the code) evaluates the equations 

;T [Et(l• j, k) - Et(l, j, k-1)] = ~ta(l, j, k-1/2) [Et(l• j, k) 

2 
+ Et(l, j, k-1)] - ¼jt(l, j, k-1/2) - ~EB~ (2, j. k-1) (47) 

-1.il-



-;& [EE(i, 1, k) - ·e,(i, 1, k-l)J= - 2~a(i, 1, k-1/2)[EE(i, 1, k) 

2 

+ EE(i, 1, k-1) J- ¼ jE(i, 1, k-1/2) + ~ B (/> (i, 2, k-1) 

on the z-axis. The appropriate field equations are thel~ applied at the 

adjacent mesh point. In each or the four cases, the method yields four 

simultaneous algebraic equations which determine the unknown field at 

tee z-axis as well as the corresponding three field components at the 

adjoining mesh point. 

(48) 

Following is a derivation or the boundary conditions presently used 

in the code for the tangential field components at the z-axis. The first 

one considered is Et at E = 1, t>a (i. e , , the radial electric field on the 

z-axis above the burst point). From Eq. (37) it is evident that to deter­

min_e Et on the z-axis, one must evalu_ate aa,laE in the li_mit E-1. 

Let 11 be a coordinate that is antiparallel to E with the dimension of length. 

For a differentiable function, f( E, t, (/>, T) it r ollows that 

or, putting r = B; 

af ... 
- = -Vf• E = an 

• 

1. aB
9 1. an

9 1m = _ 1m h , 
E-1 aE >1-0 E a,, 

The scale factor, hE, is given by 

- 15-
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(50) 

(51) 



The right-hand side of Eq. (50) can be evaluated with the help of Ampere's 

law which in retarded time is 

!c-, -· ls -, - a ls -, - 1 a ls ... , -
H• dl = j· ds + - D •ds + - - r· H· ds 

S 8-r S C 8T S 

(52) 

Throughout this section primed functions represent th~ real quantities and 

those transformed by Equations (19) through (2 l) or (33) throu ."h '35) are 

unprimed. 

Evaluate Eq. (52) at the small circle, c, of radius rJ shown below. 

z 

ds 

z-a 



Assume ·that 11«r,.z. Also assume that II is small enough that it and EC 
are approximately uniform within the circle. The azimuthal symmetry of 
the problem requires hat B ~ is constant on c. Equation (52) reduces to 

(53) 
The last term in Eq. (52) yields a quantity or higher order in 11 and may be neglected. Write Eq. (53) as 

(54) I , 

Since B; vanishes as 11 -o, we have 

I 

lim 8B; (71, z, -r) 
11- 0 871 

I 

= lim B'i(11,Z,-r) 
11-0 'I 

(55) Using Eq. (54) this becomes 

(56) 

Combining Eqs. (50), (51) and (56) yields: 

I 

lim 8B; ( f, t, -r) = lim 
E-1 Bf E-1 

-17-



The transformed fields are related to the real fields accordings to Eqs. 

(34) and (35). Using these, Eq. (57) can be written in terms of the trans-

formed fields. Thus 

1 

(58) 

or 
• 

lim l8B t EB f 1- lim - !. ( . ~) 
E -1 BE + 

1 
_ E2 - E -1 2 µJ t + µE a., 

Using L'Hospital's rule, one finds that the Hmit of the second term in 

Eq. (59) is just minus twice the limit of the first term. Hence, we have 

= lim !.(:J. + BEt) 
E -1 2 E 8-r 

(59) 

(60) 

According to Maxwell's field equations for the transformed fields in retarded 

time, 

lim u2 BB;= lim 
E -1 BE E -1 

(61) 



Comparing Eqs. (60) and (61) shows that 

8B 
lim 3=o 
E -1 BE 

(62) 

Substituting this into Eq. (37) indicates that the equation to be solved on 

the z-axis at E = 1, is 

8Et jt aEt 
- = ----8t € € 

(63) 

This is the required boundary condition for Et at E = 1, t > a. 

Next, we ~onsider EE at t = a, i.e., the tangential electric field on 

the z axis below the burst. At t -a, Eq. (36) becomes 

(64) 

We wish to determine the behavior of 8Bcl> /8t as t -a. Choose a coordin­

ate, ~. parallel with t with a dimension ,c length, then an equation analo­

gous to Eq. (49) is 

where 

-19-



Evaluate Eq. (52) on a small circle, c, of radius X whose center is at 

t = a. Assume that X << r ~ z and that X is small enough that EE and j E 

are constant in c. Then 

(67) 

I 

Since B; vanishes at X -· 0, we have 

I I 

lim 8Bcp(X, z, T) = lim Be/>(>., z, T) 

x-o 8). >.-0 >. 
(68) 

from Etj. (67) this is seen to be 

I 

! _ 1m Id. • (, ) 14! _ E (, ) 
lim BB:(>., z, T > 1• [ , a , ] 
x - o ax - x - o 2 J E A, z, T + 2 aT E I\, z, T 

(69) 

Combining Eqs. (65), (66), and (69) yields 

I 

lim 8B ! (X, z, .,. ) = lim 

t-a at t-a 

The transformed fields are related to the real fields according to 

Eqs. (33) and (35). Write Eq. (70) for the transformed fields 

t2 _ E2a2 [ijE(E, t, .,.) + 1F;EE(E, t • .,.~ 

t2 - a2 /(t2 - E2a2)(1 - E2) 

(71) 

o ... 



or 

(72) 

Comparing Eq. (36) and Eq. (72) yields 

1• aBf 
1m = 0 t-a at 

(73) 

Thu~ at t = a, the differential equation to be solved is 

(74) 

The BE and Bt components may be treated similarly. Presently, the 

fields at the maximum value of t are being obtained numerically by extrap­

olation of adjacent fields. 
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SECTION IV: COMPARISON OF HAPS W!TH OTHER EMP CODES 

An excellent method of obtaining confidence in theoretical and com­

putational models for simulating EMP is through comparisons of results. 

These comparisons can be accomplished with existing empirical data or 

with other computer codes of high confidence. It is through the code-code 

comparison that the accuracy of the HAPS field code will be illustrated. 

The first code-code comparisons were designed to check the efiec­

tiveness of HAPS in treating spatial gradients of the sources. These are 

caused primarily by the variation of the air density and of the angle between 

the direction of motion of individual electrons and the earth's magnetic field. 

The B code was chosen for the first comparison since it calculates the air 

asymmetry signal for burst altitudes between 2. 5 km and 20 km. As in 

the HAPS code, the B code is able to employ azimuthal symmetry due to 

the assumed uniformity of the weapon outputs. The use of azimuthal sym­

metry in HAPS also requires the assumed verticality of the earth's magnetic 

field. For this initial comparison the Phi current components (and there­

fore the effect of the earth's magnetic field) were not considered. Identical 

analytic sources of radial currents were input into the two codes for a 

10-km burst and time histories of electric fields were compared at points 

of interest. 

Figure 1 illustrates an overlay of HAPS and B results at a coaltitude 

observer outside of the sol:lrce region. The only ·radiated electric field for 

this burst height, E
8

, is compared (in normalized form) with excellent 

.. 
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results. Because the B code has been effective in its code-data compari­

sons in the past, it can be determined from this comparison that HAPS is 

correctly treating the air density spatial gradient. It should be pointed out 

. that the resultant time waveforms at 60 observers compared with this same 

accuracy illustrated. 

While considering the 10-km height of burst region a comparison of 

results was accomplished between HEMP and HAPS. HEMP is a line-of­

sight, high frequency approximation code which is generally used for bursts 

above 30 km. It was felt, however, that if the magnetic turning signal 
• 

alone were examined, a useful comparison could be made at 10 km. To 

remove the spatial gradient caused by the differences in air density, EMP 

sources were calculated for both codes using a constant air density through­

out the source region. A vertical magnetic field was then prescribed in 

HEMP to conform with HAPS. An overlay of the results is illustrated in 

Figure 2 for a position 7 km below the bur st, at a 45 ° angle from the 

vertical. The E; component, which is the largest of the transverse E­

fields caused by the earth's magnetic field, compares adequately. Some 

positions did exhibit waveform differences on the order of 5o/o. but these 

differences were attributed to observer interpolation in the HAPS code and 

the small spatial gradients in HAPS caused by the different angles between 

the original el~ctron trajec.;tories and the local earth I s magnetic field vector. 

The last waveform of interest calculated at a 10-km height of burst 

was a normal run of the HAPS code illustrating the magnetic turning sigr.al 

... 
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and the air asymmetry signal for a coaltitude observer. One may note in 

Figure 3 that the magnetic turning signal is very small, as the E 
9 

turning 

• signal component is much smaller thar. the E¢ component, b, + the E; com­

ponent does not e:vhibit any air asymmetry signal due to the assumed 

azimuthal symmetry. Also this observer is outside of the source region 

where the air asymmetry signal will predominate over the magnetic turning 

signal. 

After completion of these comparisonE, it was evident that HAPS 

could adequately solve the field equations given accurate and stable sources . 

• 
The next step was to compare HAPS with HEMP for a high altitude burst, 

allowing the HAPS code to calculate both the magnetic turning signal and 

. the air asymmetry signal. It was anticipated that some difference would 

be exhibited betwoen the codes at later times of calculation, illustrating 

the accuracy limit ,"'f the high-frequency approximation in HEMP. For a 

50-km height of burst Figure 4 illustrates a spatial contour from the HAPS 

code which consists of iso-contours of peak electric field. The line of 

sight of the HEMP code used for comparative purposes is overlayed on· the 

HAPS contour plot, and one observer position i.s marked for time waveform 

comparison. 

Figure 5 illustrates a normalized time comparison of the Ef/, com­

ponents at observer 1 as shown in Figure 4. There is a slight difference 

in the peak values illustrated which is a function of the interpolation of 

information to an exact observer position in the HAPS code. Th'-! reader 
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should note the exactness of the field values at the eud of the pulse. It 

appears, as one would expect. that each code is calculating the same mag­

netic turning signal. Figure 6 illustrates a comparison of the theta com­

ponent of electric field which in the HAPS code contains the air asymmetry 

signal. The difference seen in the figure is small and presumably this is 

due to the fact that the theta magnetic turning signal h, still dominating over 

the air asymmetry contributions. From these comparisons we can see that 

much later times of calculation are required to illustrate some difference 

between the codes . 
. 

Work is being accomplished to calculate late-time sources in order 

to produce an accurate late-time field calculation and comparison between 

HEMP and HAPS. The result of this comparison will provide insight into 

the necessity of continuing the 2-D effort. and of developing a 3-D code to 

solve the late-time. low frequency EMP problem. Research will continue 

with the 2-D code and a more detailed classHied report will be published 

indicating the magnitudes of the EMP fields calculated and their low 

frequency content. 
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