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Abstract 

We provide a characterization of minimal inequalities for 

bounded mixP.d integer programs, in terms of subadditive functions. 

The cond i tion on the col\Dlll of the integer-constrained variables 

is analogous to that obtained earlier for the group problem, and 

we also determine the condition on the columns of the continuous 

variables. 

Key Words 

1. Integer prograJ11Ding. 

2. Cutting-planes. 

3. Subadditivity. 
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MINIMAL INEQUALITIES 

by R. G. Jeroslow 

The main results of this paper are characterizations of the 

form of minimal inequalities for bounded mixeJ-integer programs 

(Theorems 8 and 9), extending the kind of characterization of 

minimal inequalities found earlier for the group problem {5), (6), 

(9), to the integer program prior to the group relaxation. We 

recover the previous group-theoretic characterization for the 

columns of integer-constrained variables, and determine the proper 

characterizati~n for the columns of the continuous variables. 

The plan of the paper is as follows. 

In Section 1, we present some basic new results in the subadditive 

theory of cutting-rlanes for integer programs prior to relaxation. 

We also obtain a reformulation of our result on the form of valid 

cutting-planes (7), (8), in terms of a new duality theorem 

(Theorem 5). 

It is in Section 2 that we state and prove our characterization 

of minimal inequalities, and we also state the relationship between 

minimal inequalities and the usual polyhedral concept of a supporting 

hyperplane (Corollary 10). As is known from [5), [6), a characterization 

of minimal inequalities yields one for the extreme valid inequalities, 

as the extreme inequalities among those minimal . 

The extension of this subadditive theory from the group problem, 

where it originates, to the integer program prior to relaxation, 
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requires the use of subadditive {unctions on real space. The 

previously discussed subadditive functions on the group are isomorphic 

to that clau of subadditive functions on real space, which have unit 

periods in every co-ordf.nate direc t ion (see e.g. [8 1 Lemma HJ). 

As one would expect from this latter fact, the subadditive 

functions in real space can have many characteristics not exhibited 

by those on the group, and these often translatt into characteristics 

of the cutting- lanes obtained from the functions. For ins~ance, 

negative intercepts in a cut (properties of cuts in (11, (21) are 

not posaible when periodic subadditive functions are used. 

Section 1: Results on Duality and the Form of Valid Cuts 

The startin point for the subadditive approach is the study 

of the value function of a mixed-integer program, as it depends 

apon the right-hand-side. This value function is the function G 

defined by: 

G(v) :: inf r '!'Tata + r: ob rb 
acA bcB 

(MIP) subject to I: m t + I: pbrb = V 

acA a a bcB 

t 0 and integer, a c A 
a 

rb ~ O, b c B. 

Here A and Bare index sets, m
8 

and pb are vectors in a finite-

dimensiona1 real space /, and '!'T and ob are scalars. 
a 

Applications below sometimes require infinite A and B, so we 

permit this in all results which follow, unless mention to the 

contrary occurs. This generality has been frequently used in (61, 
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(9]. For infinite A and B, only finitely many of the t
8

,rb may be 

nonzero, so that all sums written arc finite sums. Many of the 

results below are true with ma , pb from infinite vector spaces 

over the reals, but we shall have no need of this kind of 

generality. 

Before we proceed to subadditive functions, we di~cuss 

their domains. A ~noid M ~ RP is any subset of RP such that 

0 c Mand Mis closed under addition: v,wgM implies v + w1M. 

If M I { 0 }, M is infinite. Note that, if a mono id is closed 

under aubtraction, it ia a group. 

A subadditive function F is a function F: M ~ RU {- • } • 

with Ma monoid, such that for v,w1M we have F (v + w) S F (v) + F(wJ. 

In what follows we also require F(O) :5 O. It is easy to show that, 

if F(O) < O, then Fis identically - • (see, e.g., [7 ]). Our 

conventions on - • are the usual (e.g., r + - • = - •• and 

r • (- .) = - • for r > 0 ), but we also have the convention 

(- •> • 0 = 0 • (- ·> = o. 

In what follows, we shall use the definitions: 

S (v) "' (t,r) 

t = (ta) and r = (rb) are (possibly infinite) 

vectors, only finitely non-zero, and 

non-negative, with t integer, a c A, 
a 

such that 

V = L m t 
A a a 

ac 
+ E 

bcB 



(1) M(A,B) • { v I S(v) ~ • } 

V ( t, r ,TT ,o) = ""' TT t , . a a 
acA 

the latter notation with TT= (TT
8

) and o = (ob) as (possibl~ 

infinite) vectors. Note that M(A1 B) is a monoid. 

C: 

Lenna 1: The value function G of (MIP) is subadditive on M(A,B) • 

.fx.wll: From (MIP), we have 

(2) G(v) = inf { V(t,r, n, a) I (t,r) cS(v) } • 

Therefore , w if we can prove 

(3) S(v + w) ~ S(v) + S(w) , for v, w c M(A,B), 

with vector addition co-ordinatewise, we would have 

C( v + w) ~ inf { V(t + t' ,r + r' ,TT,o ) I (t,r)cS(v), (t' ,r' )cS(w)} , 

• inf { V(t,r,n,o) I (t,r) cS(v) } 

+ inf { V(t' ,r' ,TT,c) I (t' ,r' )cS(w) 1 

= G(v) + G(w) 

and the proof will be complete. 

However, if (t,r) 1S(v) and (t',r') 1S(w), then clearly 

(t + t', r + r') ~ O, t + t' i s integer, and 

r 
acA 

ID (t + t 1
) + 

a a a 
-: V + W 

since all SlDDS are finite, so (t + t', r + r') 1 S(v + w), 

and (3) is eatablished. Q.E.D. 



A concept first introduced by Gomory and Johnson £6), and 

sys t ematically studied by Johnson for its value in cutting-plane 

theory , i s that of the upper directional der ivative (at zero) 

in the direction of v, specifically: 

(4) 

.. 

F(v) = lim sup F( ~ v)/ ~ 
,- -o+ 

For our purpose s , F(v) exists a s long as the limsup is not + ~. 

Gomory and J ohnson have shown that, if F(v) is finite, the lim 

sup of (4) and t'ne ordinary limit co-incide l6]. For (4) to be 

written, F must be defined on ttae entire ray { 6 v 1 6 ? 0 } . 

A function F defined on a cone is conical if Fis subadditive, 

and also F( A v) 5: A F (v), A ~ O. This last condition actually 

forces F( A v) = ). F(v). It is known that the set of all v 

such that (4) exists is a cone, and on this cone Fis a conical 

function (see (8) or (9)). 

Essentially, the directional derivative Fis needed to treat 

the continuous non-basics rb, b c 8. More precisely, the inequality 

F(m t) < F(~ )t follows from the integer nature of ta > __ O, but a a - a a -for continous rb ~ O, the relevant inequality is F(pbrb) ~ F(pb)rb; 

both inequalities are needed in the proofs below. 

A simple heuristic calculation shows why upper derivatives 

must arise for continuous nonbasics. For a continuous). ~ O, 

taking ). •p/q to be rational, subadditivity alone yields 



F(\ v) • F((pv)/q) _ p F(v/q) 

(5) 
• (~) ( F(v/q)/ (l/q)) 

-r.J ). F(v), 

s ince q can be taken very large, so that o = 1/q is very small. 

The rigorous proof i s given in (8) 

Lemu 2: The value function G of (KIP) satisfies all the 

conditions 

(6) G(m) < ff , a c A 
a - a 

G (pb) $ C, b • b C B. 

Moreover, if His any other subadditive function on M(A,B) 

7 

satisfying these conditions, then G(v) ~ H(v) for all Vt M(A,B). 

Proof: Note that, fixing cc A, and setting -
t = l,t = 0 for 

C a 

a I c IA, rb • 0 for b c B, we obtain v • ma on the right-hand-

side in KIP, so G(m ) < l• n • ff , and c c A was arbitrary. 
C - C C 

Similarly, fixing c c B and setting t • O, a c A, r • 6 , 
a C 

rb = 0 for b /. ct B, we obtain v = ~ pc in (KIP), so 

G( & pc ) ~ ,i • c• which implies C(pc) ~ c, c, and cc B was 

arbitrary. 

Next, let H be any other subadditive function satisfying 

these conditions. If (t,r) 1 S(v) , by subadditivity 

H(v) - H ( t tm)+H( r rbpb) 
a a 

acA bcB 

(7) < r t H(m) + E rbH(pb) 
acA 

a a bcB 

r t a "a + t rb ob 
•cA bcl\ 
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By the definition of G, G(v) is the infimum over all sums of 

the type last written, and the above computation shows that H(v) 

is a lower bound for all these sums. Hence, H(v) ~ G(v). Q.E.D. 

Ibe0rem J: Suppose that A and Bare finite, and each m, a1A, 
a 

and pb, b1B, are vectors of rationals. 

Then there is a finite-valued subadditive function meeting 

the conditions (6) if and only if there is no solution to the 

condition• 

(Sa) 
t " 

0 
a a 

(8b) t t m • • 
.. 0 

ta , rb ~ 0, a1A, bcB 

On the other hand, if there is a solution to (8), then any 

solution to the conditions (6) is identically - m • 

Proof: Suppose there is a finite-valued subadditlve function 

meeting (6). Then G defined in MIP also meets (6) and is finlte­

valued. 

If (8) ha• a solution, it has• rational solution, and 

multiplication by a suitably large positive integer gives a 

solution to (8) with t integral, a1A. Then multiplication by 
a 

larger integer• shows that G(O) i• arbitrarily s1111ll, so 

G(O) • - •, a contradiction. Also G(v) :S, G(v) • • • - • for all v. 

For the converse, suppose that no solution to (8) exists. 
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By (10, Theorem 3.9) , K • conv (S(v) ), the convex span of S(v), 

is polyhedral, hence either G(v) = - m, or G(v) is attained at 

an extreme poirat of K. But G(v) = - mis not possible, or (8a) 

holds for a vector (t,r) which is a direction of infinity of K. 

However, directions of infinity of K also solve (8b), and no 

such solution exists. Q.E.D. 

Corollary 4: Let A1 ~ A and &1 ~ B. Then there exists a 

subadditive function F satisfying the conditions 

F (m ) < n , 
a - a 

acA ,A1 

F(m) 
a = "a• acA1 

l9) F(pb) - ob, bcB'-Bl 

F(pb) ., ob, b1B
1 

if and only if the function C defined by HIP satisfies these 

conditions . 

.f.!:22!: Suppose a function F exists satisfying (9). Since 

F(ma) ~ "a' a1A and F(pb) S ob, bcB, by 'ffleorem 2 we have 

G(v) ~ F(v) for all v1H(A,B). But then for all a1A1, by (6), we 

have ff > G(m) F(m) • ff , and hence C(m) • - . Similarly, 
a - a - a a a "a 

G(pb) • ob, bcB1 . The "if'' part of the corollary h i111111ediate. 

Q.E.D. 

Note that, by 'ffleorem 3, if A and Bare finite and any one 

of the quantities "a, acA1, or ob, bcB1 are finite in Corollary 4, 

then a solution exists to (9) if and only if soa finite-valued 

solution exists (since C will be finite valued). 



Theorem 5: 

The (possibly infinite)consistent mixed-integer program in 

equality format 

inf 

(P) 
subject to 

r r.,._ ta + t c,brb 
acA bcB 

r m t + r pbrb 
acA a a bcB 

ta~ 0 and integer, a1A 

rb ~ o, bcB 

and t.he subadditive program 

(D) 

max F(d) 

F(pb) S, ab, b1 B 

F subadditive, F(O) < O, 

F defined on M(A,B), 

- d 

bear the following primal-dual relations to each other: 

1) For any pair of solutions, one to (P) and one to (D), the 

inequality 

(10) TT t a a 

is valid. 

2) The optimal values of (P) and (D) are the same. 

Proof: 

1) By the subadditivity of F, plus the remarks just prior to 

10 
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Lenna 2, and the fact that only finitely many of ta,rb are non­

zero, (10) holds due to a computation similar to ( 7 ). 

2) This part follow s from (10). 

3) Clearly, this part is true if and only if the functiJn G of(MIP) 

has G(d) = the optimum value to (P) = "o (say), since G(d) is the 

maxi111\DD value of F(d) for all F satisfying the se constraints. But 

C(d) • n follows from the definition of C. 
0 

Q.E.D. 

If we view (P) as the program describing how far we may move 

a hyperplane, whose co-efficients are those of the criterion 

function (n,o) of (P), toward the convex span of the feasible 

solutions to the constraints of (P), then (D) and (10) can be 

understood as the general form of a val1.d cut for these constraints. 

This theme is elaborated further in the next result. 

Here we only wish to note that this general foLm (D), (10) 

remains valid when the constraints of (P) are replaced by inequality 

constraints, as in 

(P)' t 
acA 

m t + < 
a a 

ta~ 0 and integer, a1A 

rb 2: 0, bcB, 

d 

provided that we only consider cuts with non-zero coefficients for 

the structural variables (t,r). 
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In fact, defining the value function G to be the optimum with 

inequality constraints (P)', all the previous work goes through with 

the remark that G is monotone non-increasing in the right-hand- sided. 

For if d' ?_ d, then there are more soluti~ns to the constraints of (P)' 

for d' , from which G (d') ~ G (d) follows. 

Since G is monotone non-increasing, we may reason from 

(P)' that 

l: mt) +G( 
A 

a a 
ac 

and from this point the reasoning of (7) can be applied to obtain 

the previous results. 

For the inequality format (P)', a dual program (D)' is still 

valid, provided that it requires F to be monotone non-increasing. 

'nli1 remark, which applies here and again in Theorem 7 below, 

is worth making, because otherwise one would be tempted to use 

inf ! F(d - z) \ z ?. 0 1 
on the right in (10) 1 an unnecessary complication. On the 

other hand, although (10) theoretically allows for all va~.id 

cut• in the structural variables, advantages may still accrue 

to strengthening these cuts by considering negative co-efficients 

for the slacks which are introduced • 

. ,.. ....... -....,......,.., .... ~~-
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It is of interest to note, that only rarely can the optimum 

in the dual (D) of Theorem 5 be attained by a convex function F. 

This is the content of our next result. In this result, K denotes 

the cone generated by M(A,B). The linear programning relaxation of 

Pis obtained when the constraints that t be integer are dropped. a 

Theorem 6: 

Suppose that (P) is consistent and bounded. 

1) The optimum to (D), when only convex subadditive functions Fon K 

are considerP.d, is equal to the optimum to (D) when only linear 

functions are considered, provided that dis in the relative 

interior of K. 

2) Ford in the relative interior to K, the optimllll to (D) is 

attained by a convex function, if and only if the value of 

(P) and of its linear progranming relaxation agree. 

Proof: Note that 1) implies 2), since (D) is the usual linear 

prograaning dual to the relaxation of (P), when Fis a linear function. 

We prove only 1). 

First, note that if Fis convex and subadditive on K, then for 

any v1 K and any 9 > O, we have F(Qv) :S 9 F(v). In fact, if O :S 9 :S 1, 

then F(9v) • F(9v + (1 - 9). O) :S 9 F(v) + (1 - Q)•F(O) :S 9 F(v). 

Then if 9 > 1, let p be so large a positive integer that 9 /p :S 1, and 

note from the previous that F(Q v) • F(p (9 /p) v) :S p F( (9 /p)v) :S 9 F(v). 

From F(Q v) ~ 9 v and (8), we have F(9 v) • 9 F(v) for 9 > O. 

This in turn gives F(v) • F(v). 
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Next, if dis in the relative interior of K, there is a non­

vertical supporting hyperplane to the epigraph of Fat the point 

(d, F(d)), hence a vector X with 

F(v) ~ F(d) +). (v - d) 

for all vcK, Chosing v • Q din the above, and using F(Q d) • QF(d), 

we obtain the inequality 

). d(l - Q) 2:. F(d) (1 - Q) 

which is valid for all Q > O. Picking Q • 1/2, we obtain). d::: F(d), 

and picking Q • 2, we obtain X d~ F(d). This gives Ad., F(d), 

showing that the linear function H(v) =). v, which is subadditive, 

gives the same value H(d) in (P) as does F(d). 

Finally, using Ad• F(d) we obtain F(v) > Xv for all vcK, in 

particular ff > F(m) > X m for all a.A, and also 
a- a - a • 

ob 2:. F(pb) • F(pb) 2:. XPb for all b1B. Since H c H, this shows that 

the linear function H also satisfies the constraints of (D). 

Renee, the optimum to (D) over convex functions is the same 

as over linear functions. 
Q.E.D. 

In a sense, Theorem 6 concerns the irreducibility of the non• 

convexity of integer programning, and states the primary barrier to 

the use of purely convex methods in the resolution of integer programs. 

Of course, such a reault is to be expected. 'nle essentially subadditive, 

non-convex formulations which attempt to close the "duality gap" of (D) 

for convex F, usually involve some implicit or explicit enumeration•· 

this point can be made precise, though we chose not to do so here. 



(11) 

We shall say that one inequality 

+ r fbrb 2: "o 
bcB 

is a weakening of another in primed notation, if we have 

"O _ n0 ' and n
8 _ n_', acA, andfb ~ fb' , bcB . 
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Conversely, wt call the latter inequality a strengthening of the 

former. Clearly, a weakening is implied by its strengthening 

plus the nonnegativity conditions t
8

,rb 2: O, acA, b,B. 

We say that a valid inequality (11) is minimal if it has no 

strict strengthening (i.e., no strengthening other than itself). 
Theorem 7: 

(12) 

Suppose that a vector z1Rp is constrained by the relations 

z•t mt + 
A a a a, 

t > 0 and integer, acA a-

rb ~ O, bcB , 

and also by the requirement 

(13) z c T 

sor some set T. Let us define , for F subadditive on M(A,B) 

(14) ~ • inf { F( z - q) / z c T and z - qcM(A,B)}. 

Then the cut 

(15) 

is valid whenever the indicated derivatives exist, and conversely, 

any valid cut (11) is a weakening of a cut llf the form (15) for 

F subadditive in M(A,B) . 



Proof: The validity of (15) follows from 

< r F(m )t + I: F(pb)rb t 

- a a 
a1A bcB 

the detailed clllllputation paralleling (7). 

For the converse, take Gas defined by (MIP). G is 

subadditive by Theorem 1 and (15), with Gin place of F, has 

16 

-G(m
8

) $ "a' a1A, and G(pb) ~ ab' bcB, by Theorem 2. It remains 

only to show that no S. •. 

However, if n
0 

> ~ , then there exists zcT with z - q1M(A,B), 

such that G( z - q) < "o• Then there exists (t,r) c S (z - q) 

with V(t,r, n, a)< "o• But this last inequality contradicts 

the validity of (11). Q.E.D. 

Theorem 7 is a generalization of our result Theorem 1.7 of 

(7) (which is repeated as Theorem 4 of (8)), on the form of a 

valid cut. Earlier we only treated AU B finite, in which case (12) 

can be viewed as the current Dual Simplex Tableau for a mixed 

integer program, and T will usually be T • { z ~ 0 \ z1 integer, 

1,1
1 

}, where 1
1 

is a subset of I• {1, ••• ,P}• However, the 

earlier proof goes over substantially unchanged; we supply the proof 

here only for the sake of completeness. 

For the group relaxation, which can be obtained by understanding 

all equalities above in the group (i.e. modulo unity), both the 

forward and converse of Theorem 7 was obtained by Johnaon for A• 



the unit interval, modulo unity; and several other results on the 

fom of cuts for the group are in (9). Both the forward and 

converse was obtained even earlier by Gomory and Johnson, 

for the mixed-integer group relaxation of one row (p=l) (6) and 

for the pure-integer group relaxation [5]. 

We shall also call the value function G of (HIP), the 

aubadditiye envelope of the quantities "a' ob, at the points 

ma, pb. Clearly, for any subadditive function F, indexing all the 

points of its domain by a set A 3 B, and putting n = F(m ), and a a 

also ob z F(pb),when the derivatives exist, the value function 

G of (HIP) is F. Briefly put: a subadditive function is its own 

envelope. 

Section 2: Minimal Inegualities 

We shall say that the constraints of (P) are bounded, if there 

exist bounds Ta• acA, and~• bcB, such that (t,r) cS(d) implies 

0 $ta~ Ta, a,A, and O $ rb.$_ Rb, b,B. We now seek a characterization 

of minimal inequalities for (P) bounded. 

Before we state our result on minimal inequalities, it is 

worth re•rking, that a finite-valued minimal inequality need 

not necessarily exist as a weakening of any valid finite-valued 

inequality. For instance, with constraints t
1 

+ r
1 

• 1/2, 

t 1,r1 ~ 0 and t 1 integer, we have t 1 = 0 in all solutions, so 

the coefficient "l of t 1 in any valid cut (11) can always be 



lowered indefinitely, and in any minimal cut "l • - • is 

necesaary. 
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However, one shows very simply that this difficulty is the 

only kind whic~ can exist. After l,.wering to - • any " ,a1 A, 
a 

such that (t,r) 1 S(d) implies t • O, and lowering to - • any 
a 

ob, b1B, such that (t,r) 1 S(d) implies rb = O, we can construct a 

minimal inequality as a strengthening of any valid inequality (11) 

as follows. 

For n ~-•,since there is (t,r) 1 S(d) with t >o, 
a a 

clearly ff cannot be lowered indefinitely. Let n' be the greatest 
a a 

lower bound on " . 'lben by sending ff ~ n' , without changing 
a a a 

other co-efficients in (11), we always have a valid cut; so the 

cut with ff' replacing ff is valid. 'lbe procedure for lowering a 
a a 

ob ~ - • is the same. 'lbe procedure must be repeated for all 

a,A and b1 B; clearly, for AU B uncountable, a transfinite process 

is necessary. The final cut arrived at will depend on the 

sequence of indices a1A and b1 B cho1en, but the final cut will be 

mini.aal. 

It i1 a corollary of the ea1y remarks above, that if there 

i1 (t,r) c S(d) 1uch that t
8 

> 0 for each a1A, and similarly for 

each b1B, then any valid inequality (11) has finite coefficients 

"a '°b , and any valid inequality is the weakening of some finite­

valued minimal inequality. (Note however: S(d) can lie in a 



co-ordinate plane ta• 0 even lf the continuous relaxation of 

(P) doe• not). 

Tbeor• 8: 

Suppose that the constraints of (P) are bounded. 

19 

'lben in order for (11) to be a minimal inequality, it is 

both nece11ary and sufficient that the subadditive envelope G of 

"•J a,A, and ob, bcB, aati1fy the following conditions: 

l) G(ma) • ff•• a1A; G(pb) • ob' bcB; and G(d) • no• 

2) For all c1A, if t • 0 for all (t,r) cS(d), then 
C 

otherwise ff> - •, (d - m )1M(A,B), and 
C C 

{16) 
G(m) + G(d •a)• G(d). 

C C 

3) For all ccB, if r • 0 for all (t,r)cS(d), then 
C 

oc • - •; otherwise oc> - • • d - 6Pc c M(A,B) 

for all a>() 1ufficiently 1Mll, and 

(17) i;(p
0
) • U■ { ( G(d) • G(d • 6p0))/6 / 6_,. o+ 1 • 

Proof: We begin with some easy remarks of a general nature, which 

we will use throughout the proof without mention. 

Fir1t, if we encounter any expre11ion 

with the full expre11ion1 for v,w given by 

v • t m t + t pbrb 
a,A a a bcB 

w • t • t' + t Pb r' b 
acA a a b1B 



• 

aa in (NIP), we My conclude that 

( d • v) 1 M(A,B) 

and 

G(d • V ) < .. t' 
- "' "a a 

a1A 

G(v) < ,: n t 
- a a 

a1A 

20 

Furthermore, auuadng v ls ...,ng { pb I b1B } , lf for , .... 

9 > o, d - evcM(A,B), then for all & in the range OS & s,e, 

(d • av) c M(A,B). In fact, for some wcM(A,B) we have 

w • d - 9v, 

and hence 

(8 - 6 )v + w • d • &v, 

and the left•hand•side is in M(A,B) aince Ce• 8) ~ O, and 

v h a pb. 

Now we show that miniMlity illplies 1), 2), 3). 

As regards 1), with G aa defined in (MIP), we have 

G(m ) < " , G(pb) < "b' G(d) ~ "o• If strictly inequality holds 
a - a -

in any of these relations, then the cut (15) with F replaced by 

G, and J by G(d), ia valid, by the argument for (15), and it is a 

1trict atrenatbening of (11). But (11) is minimal, so equalities 

bold in tbeae relations • 

A• regards 2), our remark• prior to the theorem allow us 

to consider only the case that TT > - • and that there is 
C 

(t,r) 1 S(d) with tc > O. Hence, tc ~ 1, ao there 1• an 



expression m + w • d of the type discussed above, and we conclude 

C 

that ( d - m ) 1 M(A,B}. 
C 

For the equation (16), bv subadditivity G(m) + G(d - m) / 
C C 

G(d), so we need only prove the r~verse inequality next. 

However, if 0' = G(m) + G( d - m) - G(d) , 0, then by 
C C 

lowering only TT to ff - a/T (bounds T, R.. are assumed), 
C C C a -i, 

whenever (t,r)c S(d) and O < t,; ~ Tc' we have, since tc •• 1, 

V(t,r,TT' , a) _ V(t,r, TT,0') - (er /T )T C C 

> C(m) + G(d - m) - a > G(d} = n0 , 
- C C -

where TT ✓ arises from " only by the change in TT • For C 

tc • O, V(t,r,ff✓, o) • V(t,r,n.a> ~ G(d} • no is iuaediate. 

Hence for all (t,r) c S(d} , 

V(t,r,n ✓, c,) ~ no• 

This contradict• the minimality of (11), and so a• O, as 

required for (16). 

We now establish 3). 

As we did for 2), we may restrict our attention to the case 

that 
O 

> - ~ and there exists some (t,r,) c S(d) with r > O. 

C 
C 

Hence we get an expre11ion of the form r p + w • d, so for every 
C C 

6 in the range OS 6 $ r, we have (d - 6 r) 1 M(A,B). 
C 

C 

By subadditivity, for any~ with OS 6 ~ re' 

we have 
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Hence, dividing bye 0 on both aides, we have 

G(pc) _ Umaup { (G(d) - G(d - 6 pc))/t, / 6 ➔ 0 + t . 

We next show t hat 

(18) G(p ) < liminf • (G(d) - G(d -
C -

to establi sh (17). Let us study the function 

(19) H(a) -= - "o + inf f v(t,r,TT,o) I (t ,r)cS(d) and re ~ &} 

for 6 > 0. Clearly R(&) ~ O. We distinguish two cases. 

Case 1: For some 6 O, H(6) = 0 . 

Then there is a sequence of values ~ in the i nterval 
"\ 

n n 
[6, Rb) such that, for each n, there j_:i (t ,r) c S(d) with 

n r .. 6 and 
C n 

n n n 
V(t ,r, fl,~) .S."o + 1/2. 

Now we can assume without loss of generality that this sequence 

• has a limit 2T > 0, and that for all n, 6 > T • Then from the 
vn n -

above, for each n we have 

n n with V(t ,r, n,o) the value of this solution, or, more 

perspicuously, for each n 

T pc + ( ( 6 n - T) pc + w n) = d 

and 

From aubadditivity, since n i• arbitrary, we have 

(20) C(T p) + C( d - T p) • C(d). 
C C 

Moreover, we••• that our above argument would establish (20) 

for any 6 in tb range 0 ~ 6 S. T • 



Rearranging (~0) with G(d - 6 p) on the right, 
C 

dividing both 1ide1 by 6 0 and taking limits we obtain (17). 

Case 2: For every 6 O, H(a) ,. 0 • 

In thi c se , we first wish to establish tha 

(21) lim inf { H( ) / 6 / ➔ 0 +~ "' 0 . 

In fa ct, if (21) failed and the liminf were 2a > O, 

then we replace only c by oc - min (a, H(Q)/ Rc) ac• 

where Q O is sufficiently small so that H( )/6 ~ a for 

all & in the range O < & 5 Q. Then for (t,r) cS(d ) , we have 

) -r min(a, H(Q)/R) 
C C 

23 

{ 

ar C + " O • ar C : no I lf O $ r C ~ Q 

~ 
H(9) + "o - Rcmin(a, H(9)/Rc) ~ "o• if Q 5 re_ Rc , 

since H(a) is increaaing in & . Thi• would contradict the minimality 

of (11), and he ce establishes (21). 

Next, note that the definition (19) of K la equiftlent to 

• - G(d) + G(d - 6P) + &G(p ), 
C C 

Using this and (21) we immediately obtain 

C(pc) • li.n:inf { 

• Uminf { 

(G(d)- G(d - ·ap ))/ 6 
C 

yielding (18), and have (17). 

" + H (&) / 6 I A _,. 0 + 
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For the convers•! , suppose that (11) is a valid cut and that 1), 

2), and 3) hold. We show that (11) is minimal. 

If a strict strengthening of the G-cut (11) were possible, then 

/ the subadcitive envelope G of this strict strengthening would also be 

a strict i.trengthening of (11). Hence G(m
8

) :_ G(ma) for all a € A, 

-, - , 
G(pb) $ G(pb) for all bcB, and G (d) ~ G(d) = "o• But from the 

definition (HIP) of the subadditive envelope G1 of the strict strengthening, 

G'(v) .:$ G(v) for all v c M(A,B), since G, being subadditive, is its own 

envelope and G'satisfies the conditions (6) of Lemna 2. Hence 

G'(d) = G(d) and "O cannot be improved. 

If, for any a c A, we have G'(m) <' G(m) 
a a ' 

then we have from (16) 

G'(m. ) +c•'(d - m) ·, G(m) +G(d - m) 
a a a a 

which contrJdicts subadditivity. Therefore, since we hypothesize a 

strict strengthening, for some b t B, G' (pb) -: G (pb) 

must hold. From (17), for all sufficiently small 6 > O, 

we have 

c·· ( 6Pb)/6 .- ( C(d) - G (d - 6Pb))/6 

which, after multiplication by 6 > O, and transposition of C (d - epb) 

to the left, is a clear contradiction to the subadJitivity of~'. ,, Q.E. n. 
'!'heorem 9: 

Sup~ose that the constraints of (P) are bounded and that 

A UB is finite. 
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Then a nec~ ssary and sufficient condition for (11) to 

be a minimal inequality, is that the subadditive envelope G satisfies 
1), 2) of Theorem 8 plus the condition: 
3)' For all c c 8, if r = 0 for a 11 ( t , r) c S(d), then C 

o c = - .., ; otherwise, oc '· - ..,, d - 6P c M(A,B) C 

for all sufficiently small 6 0 , and also 

(22) G(6pc) + G( d - 1,pc) = G(d) 

for all sufficiently small 6 '· O. 

Moreover, if (11) is minimal, then: 

4 ) For every cc A, if" > - • then there exists (t,r)
1

S(d) C 

with tc ~ 1, such that V(t,r,n,0 ) ~ "o· 
5) For every ccB, if O > - • then there exi1ts (t,r)

1
S(d) with C 

r > O, such that C 

V(t,r,n,c) - TTo • 

Note that 3)' follows from 5); we prove 4) and 5). 

Returning to the proof of (16) in Theorem 8, we see that, 

for any ex • 0, there exists (t,r)cS(d) with t _ 1, such that 
C 

( 
~ V(t,r,n,o):.. "o + rx • Hence , inf V(t,r,n ,o) / (t,r,)cS(d) and tc > 1 

By our hy;:,othesis, the set J (t,r) / (t,r)cS(d) and tc ;. 1 } is 

compact, so the infim1.D11 is attained, and this gives 4). 

To establish 5), we return to the proof of (17) of Theorem 8. 

= ,., o • 
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We note that it 1uffice1 to prove that H(6) • 0 for some 6 > 0 where 

His the function of (19). tben we obtain some T > 0 such that 

inf {v(t,r,,:r,o) / (t,r)1S(d) and re_ T} • "o• and by compactness, 

this infinnn will be attained, giving 5). 

In the proof of tbeorem 8, we noted that, if H(6) > 0 for all 6 > O, 

then (21) holds. Let us suppose, for the sake of contradiction H(6) > 0 

for all & > O. 

tbere are only finitely many t for which there 

(t,r)1S(d), and for each of these t the program 

inf J: TT t + I: ab rb 
A 

a a b1B a, 

subject tor • t + l: pbrb • d 
a a 

(P t) 
& ' 

acA 

r > 6 c-

b1B 

exists r with 

is linear. Hence, for each t, by the results of parametric 

linear progranaing, the criterion value to (P t) is piecewise­
&, 

linear in & > O. tberefore, H(&) is also piecewise-linear in 6 , 

since it derives from the best criterion value in (P t) for all 
6' 

these finitely many t. But a piecewise linear, nonnegative 

function H(&) with H(O) • O, has positive derivative at the origin 

if it is positive for all & > O, contradicting (21). Q.E.D . 
• 
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A few simple remarks, which are clear from the proof of 

Theorem 8, are of some interest. First, the converse direction 

does not require the boundedness hypothesis. Second, if one is 

concerned only whether some one specific n, for c I A, cannot be 
C 

reduced, then the hypothesis of a bound T on t alone is sufficient 
C C 

to make this question equivalent to whether or not (16) holds. A 

similar remark holds regarding (17), if one is concerned whether or 

not one specific O , for c I B, cannot be reduced. 
C 

The inequality (16)was proven for the group relaxation with 

B •~,and A a group, in (5). Extensions of this result for various 

cases and aroups A have been established by Gomory and Johnson (6), 

and by Johnson (9), in the mixed-inteaer group relaxation. 

C. E. Blair [J] ha• extended the characterization of the 

nece11ity conditions of 'ffleorem 9, to the case of AU B finite., when 

all •••Pb are rational vector,. 

It i1 worthwhile if we make a few remarks which relate Gomory's 

concept of "minimal inequality'' to the usual concept of supportina 

hyperplane. 

Clearly, a mini•l inequality mu■t be a supporting hyperplane, 

or no would be increased in (11). On the other band, not every 

1upporting hyperplane give• a min:l■al inequality; e.g., for the group 

relaxation, the facet t
1 
~ 0 ii not a minimal inequality, since it 

can be "improved" to the min:l■al inequality O•t1 ~ O. 
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Corollary 10: 

A11mae that (P) is bounded AU B i1 finite, for every a1A 

there is (t,r) 1 S(d) with t > O, and for every bcB there is 
a 

'ftle inequality (11) is minimal if and only if it is a 

supporting hyperplane to the convex hull Cll of the feasible 

solutions S(d) to (P) at a positive point, i.e., if there exi1ts 

(t,r) 1Cll, (t,r) > O, such t hat V(t,r,,,,c,) • ,,0• 

Proof: Clearly, a 1upporting hyperplane at a po1itive ~int 

(t,r) > O, (t,r) 1CB, 11 minimal, 1ince no "a'a,A, and no ob, b c B, 

can be reduced without reducing V(t,r,n,o) • n0; and aimilarly "O 

ca"\Dot be increaaed. 

Next, 1uppoH (11) is minimal. '11\en by 'ftleorem 9, for every 

a a a a a 
a 

I 
A we find (t , r )1S(d) with ta ~ l and V(t ,r , n.o) • "O' 

b b b 
and for every b I 

B, there is (t ,r )1S(d) with rb > O, such that 

b b V(t ,r ,n,o) • no• It ii then ea1ily checked that the point (t,r) 

given by a a b b 

(t,r) - ( t (t ,r) + t (t ,r ) ) I n, 

a,A bcB 

vbere n is the 1be of AU B, is a 1tdctly poaitive point of CR, 

and V(t,r '"'°) • "O • Q.E.D. 
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