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ABSTRACT

The notion that a good decision strategy is a flexible one has
long been intuitively appreciated by decision makers. Decision analy-
sis, however, has had little to say on the subject of flexibility.

The purpose of this thesis is to place the flexibility concept within
the decision analysis framework.

The analysis begins with an application of decision theory tech-
niques to the problem of choosing between flexible and inflexible deci-
sion strategies. A precise mathematical definition of decision flex-
ibility is proposed whercin the relative flexibility of a decision is
measured by the size of the decision choice set. Further application
of the theory of decision analysis provides a measure of the value of
flexibility.

A strong complementarity between information and flexibility is
observed. The more information is expected during the execution of a
plan, the more valuable is flexibility. Conversely, the more flexi-
bility one has, the greater the value of information gathering. The

cornnepts of the value of information and the value of flexibility are

secen to be inseparable. We define a more fundamental concept of the
value of information given flexibility and point out the applications
of the concept to decision making.

The value of information given flexibility is analyzed for deci-

sion problems with quadratic value functions. The restriction to this

class allows us to isolate the impact of two characteristics that in

a large part determine the economic impact of information and flexi-
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bility. These are (1) the extent of correlation among the state and
information variables and (2) the amount of interaction among the
decision variables.

A portion of the thesis is devoted to a study of the effects
of the information and flexibility quantization necessary for a deci-
sion tree representation of a sequential decision problem. The anal-

ysis indicates that even a very rough system nf quantization tands
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to introduce only small losses into the optimal solution of a
sequential decision problem. Thus, support is given to the method
of solution of sequential problems by decision trees.

Finally, methods are presented for simplifying the calculation
of the value of information given flexibility through the use of

sensitivity analysis.,
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INTRODUCTION AND SUMMARY OF RESULTS

In the course of the scientific development of the theory of
decision-making, it often has been the case that substantial improve-
ments in understanding have resulted from the mathematical refinement
of common terms. Words such as "uncertainty," "risk," and "information"
have everyday meanings that fail to distinguish adequately a problem's
characteristics. Consequently for the purposes of economic analysis,
their definitions have been narrowed, or they have been replaced by new
terms whose meanings are more precise.

The objective of this thesis is to present a mathematically pre-
cise definition of the term "flexibility" appropriate to the discipline
of decision analysis. We believe that an important measure of the ap-
propriateness of a definition should be the worth of the insights
genarated from its use. Consequently, a major portion of our work is
an exploration for useful results that may be derived from the apwlica-

tion of our definition.

Chapter 1

Chapter 1 presents our definition of decision flexibility. We view
the flexibility of a given decision variable to be determined by the
size of the choice set associated with that variable. Roughly speaking,
the larger the choice set--that is, the more alternatives that are
available for a decision--the greater is the decision flexibility.

Since flexibility is a property of the choice set for a variable
rather than a property of the variable itself, the degree of flexibil-
ity possessed by each decision will change during the decision process.
The actions taken early in a decision process often affect the number
of alternatives available later on. The action to acquire a choice set
is a decision that produces flexibility on another variable. Thus,
the decision to keep a large amount of cash in your checking account is
not, by our definition, necessarily a flexible decision. Rather, it is
this decision that increases our subsequent flexibility for the deci-
sion of what we purchase by check. On the other hand, the irreversible

commitment of a decision variable to a specific alternative eliminates

ne
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the flexibility associated with that variable. Prior to zeroing out
one's checking account, the decision to buy either a set of golf clubs
or a new dishwasher is still flexible. However, the minute we hand

over the check in the sporting goods store that decision becomes in-
flexible.

Chapter 2

Chapter 2 is concerned with placing an economic value on maintain-
ing a given amount of decision flexibility. The value of flexibility,
however, is strongly dependent upon the information that might be re-
ceived during the decision process. The more a decision maker expects
to learn in the course of a decision, the more it pays to follow flex-
ible decision strategies. Conversely, the more flexible one's decision
strategy, the greater the value of information-gathering. Thus, the
concepts of value of information and value of flexibility become spe-
cial cases of the more general concept of the value of information
given flexibility.

The value of information given flexibility measures the value to
the decision maker, in economic units, of obtaining a given amount of
information together with a given amount of decision flexibility. An
upper limit to this quantity, the expected valu. »f perfect information
given perfect flexibility (EVPIGPF), may be calculated. The method
deviates only slightly from the standard decision theory calculation of
the expected value of perfect information (EVPI).

The EVPIGPF is similar to, but more complete than, the concept of
EVPI. Whereas EVPI measures the value of perfect information under the
assumption that all decision variables may be adjusted to utilize the
information, the EVPIGPF explicitly states which decision variables may
be adjusted in response to what information. In a real system it may
be costly or impossible to maintain flexibility on all decisions while
awaiting the arrival of some piece of information. By comparing the
costs of maintaining flexibility with the EVPIGPF, the decision maker

has a method for deciding which decisions ought to be kept flexible and

on which it is more profitable to eliminate flexibility.
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Chapter 3

Chapter 3 calculates the EVPIGPF for a particular class of decision
problems that we call quadratic. Quadratic decisions may be thought of
as approximations to a much broader class of problems characterized by
decision and uncertain outcome variables that may take on a continuum
of values. The exploration identifies the influence of a number of
problem parameters on the value of obtaining information with decision
flexibility. One of these parameters is the degree of interaction
among the problem decision variables. Specifically, if v represents
the value of a particular outcome of a decision, the degree of interac-
tion between a decision variable d; and a decision variable d, is
measured by the second partial der’vative %Zv/Edinj . This deriva-
tive gives the degree to which a change in decision variable d. in-
fluences the effect of a change in decision variable di on outcome
value.

An interesting result of Chapter 3 states that to a first order
approximation the value of obtaining information on one uncertain quan-
tity plus the value of obtaining information on another uncertain quan-
tity will equal the value of obtaining information on both quantities
simultaneously, only provided that the information is uncorrelated;
that is, provided that lcarning one quantity does not help us in learn-
ing the other. Similarly, the value of obtaining flexibility on one
decision plus the value of obtaining flexibility on another decision
will, to a first approximation, equal the value of obtaining flexibil-

ity jointly, only provided that the two decisions do not interact.

Chapter 4

One of the most common methods for analyzing decision problems is
the decision tree. In a decision tree information and flexibility are
represented as quantized or discretized approximations by branches ema-
nating from nodes in a tree-like structure. Chapter & is concerned
with the effect of such quantization on the value of information given
flexibility. A method is presented for determining the precise econo-
mic loss to be expected from using a quantized rather than an exact in-
formation reporting system. In addition, the possibility of designing

optimal quantizing systems is demonstrated.
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Once again, an analysis is conducted on the special class of qua-

dratic problems. For the two-variable quadratic problem, which contains

A A e e

a single decision and a single uncertain outcome, the expected economic
loss from information quantization or flexibility discretization is in-

vestigated for several different probability distributions describing

T N T R Lk

the uncertain outcome. Expected loss is found to be relatively insen-
sitive to the particular quantizing or discretizing system chosen.

Invariably, the expected economic loss falls quickly with the number of

TR e, ¥ f ppoees

quantizing or discretizing levels employed: roughly 60% of the value
of information or 60% of the value of flexibility may be obtained using
only two levels, and 80% of the value may be expected using three lev-
els. The implication is that information and flexibility are well rep-
resented in a decision tree by as few as three branches from respective

state or decision nodes.

; Chapter 5

3 Chapter 5 incorporates the flexibility concept into a useful tech-
nique for decision model design and analysis called "sensitivity analy-
sis." One form of sensitivity analysis is proximal analysis. Proximal

analysis assumes that the decision problem is approximately quadratic.

Thus, the thesis results concerning the quadratic decision problem are

directly applicable here. The main results of Chapter 5 provide tech-

niques for more easily estimating the EVPIGPF under the assumptions of

the proximal model.
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CHAPTER 1
THE CONCEPT OF FLEXIBILITY

Nearly everyone is familiar with the story of a plan that went
wrong because it failed to adjust for some unforeseen circumstance.
We might say that such a plan lacked flexibility, that a good decision
strategy is a flexible one. However, what exactly do we mean by deci-

sion flexibility?

1.1 LITERATURE

If one turns to micro-economic literature on the theory of the
firm, one will uncover a number of definitions for decision flexibility.
For most authors flexibility is, roughly speaking, a property of a de-
cision which makes it easily altered. Hart [6] and Theil [14] define
flexible decision rules as dynamic, inflexible decision rules as sta-
tic. From their point of view if a production plant is flexible, it
is possible to diverge from planned values at a date subsequent to their
acceptance. Hence, flexibility refers to the ability to modify plans
over time. Marschak and Nelson [10] are more specific. For them flex-
ibility is a property of an initial decision which makes subsequent ac-
tions less costly or preserves more choices. Stigler [13] and Baumol
[1] refer to flexibility in the context of static decision-making;
for them it means the rate of change of marginal cost. The smaller a
plant's second derivative of total cost, the more flexibility it has.
Tisdell [15] illustrates the importance of distinguishing among the
various definitions of flexibility by demonstrating that they may have
conflicting consequences for decision-making. i i

In each case the meanings authors have ascribed to the term flex-
ibility have been appropriate only within the relatively narrow con-
texts of their particular problems. The objective of Chapter 1 is to
present a mathematically precise definition which is applicable to a

much broader class of problems.

1.2 DECISION ANALYSIS

For our definition and subsequent exploration of flexibility we
shall rely upon the theory of decision analysis [7,9]. Decision

.
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analysis is a practical discipline combining the techniques of decision

theory with the mathematical methods of systems analysis. Decision

theory is a logical means for formulating decision strategies under un-

certainty.

We define a decision action to be a commitment of scarce resources

that is irrevocable in the sense that it cannot be subsequently altered

without incurring a nontrivial penalty. A decision strategy is defined

as a deliberate sclection of a specific decision action from the set of

alternative actions. If this choice of action is made without knowing

the precise consequences of selecting at least one of the alternative

actions, we face a decision under uncertainty.

T R RSN Ctall vl LTTINEE. a W o L T e

1 Both the techniques of decision theory and the concept of fl.xibil-

ity will be made clearer by the analysis of an example. :

Example: The Sofa Sale

A yourg housewife named Linda thought she had found the perfect

sofa for the apartment, and at one-half the usual price. '"Now if

i

3 only Jim likes it," she thought, and she couldn't wait to show it to her

husband. "I'm sorry lady," apologized the salesman, "that model has

4 been selling like hotcakes. We've only got one left. I can't hold it 4

. 'til Saturday for you without a $25 ceposit, sto ° rules.'" "What should E

; I do?" Linda thought. "I'm almost sure Jim will like it, but I cer- f
tainly can't buy a sofa without his seeing it first." Just as she was

pondering her situation she overheard an excited conversation between

two elderly women, "Oh, look at that lovely sofa! Wouldn't that be

just perfect for cur den?" "Why yes, Martha, I believe you're right!"

The only way that Linda can retain flexibility on her decision

N e AL

whether or not to buy the sofa is to make the $25 deposit. Let's ima-
gine that she decides to analyze the problem using some techniques of ;
decision analysis. She observes that there are three possible outcomes :
to her problem. If she makes the deposit, she and her husband could

decide (a) to purchase the sofa, or (b) not to purchase it., If she

does not make the deposit, she reasons, it will certainly be sold be-

fore Saturday. Let us assume that Linda is able to rank preferen-

tially these three possible outcomes and express this ranking in a

-6-
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numerical fashion. In other words, we assume that she defines a util-
ity function over the set of possible outcomes. Figure 1.1 shows the
specific utilities U for this example.

While Linda has control over the decision of whaother or not to
make the deposit, she does not (for the purposes of this example, at
least) have control over whether or not her husband will want to pur-
chase the sofa. The decision whether or not to make the deposit and
the ultimate decision of whether or not to purchase the sofa are con-

trollable and, therefore, designated decision variables. Uncontrol-

lable determinants of outcome (in this case the opinion of Linda's hus-

band) are generally called state variables. While the decision maker

does not know which state will occi , she does know which state is
likely to occur. We assume that she expresses this knowledge in terms
of a probability distribution defined over the possible states. 1In
other words, Linda encodes her estimation as to the likelihood of state
occurrence in a probability function. In the present example we assume
a probability of .8 that the state, "Jim likes sofa," will occur and a

probability of .2 that the state, '"Jim doesn't like scfa," will occur.

STATE VARIABLE OUTCOMES
DECISION
£LTERNATIVES JIM LIKES SOFA JIM DOESN'T LIKE SOFA
Rk E DEPOSIT MADE, DEPOSIT MADE
SOFA BOUGHT SOFA NOT BOUGHT
DEPOSIT Ue3 G = BE
DON'T MAKE DEPOSIT NOT MADE,
DEPOSIT SOFA NST goucm

FIGURE 1 POSSIBELE QUTCOMES AND THEIR UTILITIES FOR THE SOFA SALE EXAMPLE
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This completes the necessary specification in the problem. The
decision maker has specified the alternative actions and uncontrol-
lable states in a mutually exclusive and exhaustive fashion. Subjec-
tive probabilities have been assigned to state occurrences, and each
conceivable outcome--that is, each possible combination of action and
t state--is described with an appropriate utility measurement. The de-
E cision structure is summarized in "tree" form in Fig. 1.2.

Now, according to the fundamental theorem of decision theory,

the best action alternative is the one with the highest expected util-

ity. The expected utility of a given action is defined to be the sum,

over all possible states, of the utilities of the state conditioned

R MR T P Wtoo WePRR | ey o e

outcomes multiplied by the probabilities of the corresponding states.

The expected utility of the "make deposit" alternative is, therefore,

),
b LINDA'S
ALTERNATIVE JIM'S ULTIMATE OUTCOME
ACTIONS REACTION DECISION UTILITIES
BUY SOFA
. 2
i JIM
LIKES
i MAKE DEPOSIT JIM
DOESN'T
LIKE SOFA
DON'T BUY SOFA
DOW'T MAKE DEPOS!T
| STATUS QUO
o 0
i

FIGURE 1.2 LINDA’'S DECISION TREE

B e
pai 4 L B - s o e

o AL B o S SR ARRIC ST
ERRETT AT W L - -

ey




i BN

et S S

E("make deposit") = Prob('Jim likes sofa") % U("buy sofa")
- 4+ Prob("Jim doesn't like sofa')

x U("don't buy sofa')
= 8x 2+ .2x%x (-.5) = 1.5 units . (1.2.1)
] Since this exceeds the expected utility of the "don't make deposit”
alternative (O units), the best alternative given these action alterna-
tives, states, probabilities, and utilities of outcomes 1is to make the

deposit. 1In this case the cost of retaining flexibility on the decision

to buy the sofa is well worth the expected gain.

A BASIC DECISION MODEL

The example of this section illustrated some of the essential fea-

tures of decision analysis. Given an uncertain choice situation, the
decision analyst performs a decomposition of the problem, usually fol-
lowing a procedure symbolized by the flow graph shown in Fig. 1.3. In

a deterministic phase he specifies the alternative actions, states, and

outcomes relevant to the problem and assigns dollar values to the out-

comes. In a probab:.iistic phase he encodes the decision maker's uncer-

tainties on the state variables in a subjective probability distribution
and his feelings iowards risk in a utility function. Finally, an infor-

mational phase may be executed in which calculations of the value of

gathering additional information are made. At this point either an
optimal action alternative is chosen, or the decision is made to gather

further information and the cycle is repeated.

DETERMINISTIC PROBABILISTIC INFORMATIONAL
4= I po—
. PHASE J PHASE . PHASE -
|
INFORMATION ‘ 1
GATHERING 1

FIGURE 1.3 THE DECISION ANALYSIS CYCLE
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A Static Model

If no additional information is anticipated to become available in
the course of the decision process, the chcice of decision action must
be based solely on the decision maker's current state of experience. In
this simplest case there are five essential components of the decision

maker's resource commitment problem. These are:

L, A feasible set D of mutually exclusive and exhaustive decision
acticn vectors d = (dl,...,dm) - One and only one d € D must
be selected.

2. An appropriate set S of mutually exclusive and exhaustive state
vectors s = (sl,...,sn) . One and only one s ¢ S8 will occur.

Je A probability distribution F defined on S which consistently
describes the decision maker's feelings about the likelihood of
various states occurring. Usually F is assumed to be indepen-
dent of the decision d

4. A value function v(:,-) defined on the Cartesian product of the
sets S and D that describes the decision maker's assessment
of the dollar value of each combination of decision alternative
and state. Since each outcome is described by a unique combina-
tion of decision alternative and state, the value function may be
thought of as defining a dollar value for each outcome.

5. A utility U = u(v) defined for each v(s,d), s ¢S ,d €D ,

which expresses the decision maker's feelings toward risk.
P g

These five model components, denoted {D,S,F,v,u} , are specified on
the basis of the decision maker's existing state of experience, which
we explicitly denote by 8 . One special state of experience is the
total knowledge available at the beginning of the problem, the prior
experience. When the level of experience is assumed to be the prior
experience, we shall use the special symbol € .

According to the principles of decision analysis, we can now lo-
cate the decision maker's most preferred action by selecting the
d ¢ D which results in the greatest expected utility; that is, the

analysis requires us to solve for

d¥% = max-l

}' ulv(s,d)] dF . (1.2.2)
deD sesS
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Information Procussing

Without doubt, the major contribution of decision theory is the
recognition of uncertainty and its partial (or complete in the case
of clairvoyance) resolution throuph information. By information we
mean any data which may alter the decision maker's predictions.

If the five facets of the decision model are correctly specified,
the decision maker's outcome uncertainty is confined solely to state
occurrerce. We make this assumption. Stated differently, although
S,D,F,v,and u are all based on the decision maker's prior
level of experience € , we hypothesize that if & changes, the effect
on the model is completely accounted for by a change in F ; that is,
by probability revision. The dependence of the decision maker's
probability distribution on his state of experience will be made ex-
plicit by using the inferential notation [s|8} to denote the prob-
ability density function of 5 . When we wish to denote explicitly
that the expected value of a random vector s is based on the state

of knowledge, we will use in place of

E(s) = 5 dF (1.2.3)

the notation

]

s . (1.2.4)

“s|4-= | sfs
s® S8

If the impact of information is strictly limited to probability
revision, the basis for information analysis is provided by Bayes' rule.
To illustrate, supposc that some information-gathering method or ex-
periment 7 produces information or signal y from some set of pos-
sible signals Y . Knowledge of y changes the decision maker's
distribution on s to f{sly,€] , which is related (o the prior dis-
tribution {s|€} by Bayes' equation,

fyls,el {sle
y's,c S )
fsly,e} = STET— - (1.2.5)

The quantity {y|s,&} 1is the probability of observing a particular

A1l
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y «Y for any value of the state vector and is called the likelihood
fimetion. The quantity fy‘E} is called the preposterior distribu-
tion. Lt is the probability of observing a particular y =Y before
the signal is received and is related to the likelihood function and

pricr by

fyley = | fyls,el {sle} . (1.2.6)
se S

A Dynamic Model

When a decision maker anticipates receiving an information signal
v , it is often possible (and usually desirable) to make some components
of his strategy contingent upon that signal. 1In such cases we shall
assume that his possible decision strategies are confined to some fea-
sible set D of decision functions defined over Y . Each decision
function in D associates a feasible action from D to each possible
signal in Y . The optimal strategy is found by determining from the
feasible set the function d*(-) that maximizes the expected utility.

o n

d*(-) = max Couls,am D {sly,e1 fyley .
d(-)aD yeY s&S
(1.2.7)

An Abstract Representation of the Basic Decision Model

Figure 1.4 is a useful abstract representation of the basic deci-
sion model. Problem variables are divided into those that are under
the control of the decision maker--decision variables--and those not
under his control--state variables. We can visualize the variables as
control knobs, the settings of which determine the reading on a utility
meter. The decision variables knobs are set by the decision maker.

The state variable knobs are set by a disinterested Nature. The objec-
tive of the decision maker is to choose the best possible settings for
his decision econtrol knobs, those settings which will produce the high-
est expected reading on the utility meter. If no additional information
will be received, possible decision variable settings are the elements

of the action set D . However, if a suitable information system exists
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FIGURE 14 AN ABSTRACT REPRESENTATION CF THE BASIC DECISION MODEL

and the decision may be conditioned upon the arrival of information sig-
nals from this system, then the possible decision variable settings are
functions of the signals. 1In this case a set of feasible decision strate-
gies D is determined, and the decision maker must choose a decision

control knob setting (a feasible function of the signal y ) from this
set,

1.3 A MATHEMATICAL DEFINITION OF FLEXIBILITY

We shall now formulate a mathematical definition of flexibility us-
ing the decision analysis framework developed in the last section. The
Sofa Sale example illustrated that flexibility may be interpreted as a
property of the set of decision alternatives (the choice set) associated
with a given decision variable. If the deposit is made, Linda has two
alternatives fur the purchasing decision--buy or don't buy--subsequent
to learning an important piece of information--whether or not her hus-
band likes the sofa. If the deposit is not made, there is only one al-
ternative. Linda will not purchase the sofa. With flexibility, the
decision choice set is larger.

We formalize this definition using the decision model illustrated
in Fig. 1.5. This figure is identical to that of Fig. 1.4 except that

we have illustrated the existence of an information structure

n

which will yield an information signal y . The structure is assumed

o=
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FIGURE 1.5 BASIC DECISION MODEL WITH INFORMATION STRUCTURE

to distribute the signal in such a way that some function of y , de-
noted ij(y) , 1s available for the setting of the decision variable

dj . A common example is the case in which y represents data received
over time and gj(y) is the data received prior to the setting of the
jth decision variable. The set of feasible decision functions D will,
in general, consist of a set of vector functions {(dl,...,dm)} for

(
which the component dj is a function only of the fraction of total ex-

perience (ij(y),G) . Imagine now that all decision variables with the
eXception of dj have been set to specific decision functions d?,...,
o o

dj-l’dj+1""’dg . We define ﬁ? to be the set of possible settings

for the decision variable dj s

a0 (¢} 0 o o =
D(8) {djl(dl,...,dj_l,dj,dj+1,...,dm) eD,S}. (1.3.1)

We shall define flexibility on the jth decision variable as a property

of its decision set Bg

-14-
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DEFINITION 1.3.1: Imagine two decision models M = ID,S,{_S‘&‘,},V,U}
and M' = {D',S,{§lp},v,u} which are identical exceﬁt possibly

for the feasible action sets D and D' . Suppose that there is an
information system 7 and that D and D" are the respective

sets of feasible decision strategies which use the information sys-

tem 7 . Given the state of experience & and respective decision

strategies for models M and M' , we say that decision variable

dj is less flexible than d; if ﬁ? is a proper subset of 53

(denoted ﬁ? - 5?' -

The decision variable dj will be said to be flexible or inflexible de-
pending upon whether or not the set 5? consists of more than a single
(point) element.

Notice that although flexibility is a property of the decision set
for dj » in general, it will depend upon the decision settings for all
other decision variables. This corresponds to the common situation in
which an action taken now is a decision among later choice sets. Per-
haps the action is to acquire a choice set. Perhaps the action is to
narrow down an earlier choice set. The decision on whether or not to
make the deposit in the sofa-purchasing example can be interpreted in
either of these ways. In such cases defining flexibility as the size
of the decision choice set is intuitive.

The definition gives us some clues for increasing the flexibility
of a decision variable. One method is to choose the setting of g-dj
(which we mean to denote those decision variables in d with the excep-
tion of dj ) so as to yield a large choice set for dj . This is what
we did in the sofa-purchasing example. Another is to uncover new al-
ternatives so as to increase the size of the set D of feasible deci-

sion strategies. Both techniques can be used to analyze the effects of

increasing flexibility; the distinction is between an implicit and an

explicit evaluation.

1.4 PLANT FLEXIBILITY

In this section we shall apply our definition of relative flexibil-
ity to a classical problem in micro-economic theory. The problem has to

do with choosing production flexibility in the theory of the firm and is

schematically illustrated in Fig. 1.6. A number of various designs for

-15-
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FIGURE 1.6 PLANT FLEXIBILITY DECISION PROBLEM

a production plant are possible. The particular design chosen will de-
termine the output capacity for the plant. At the time plant output
capacity is chosen, output price and, therefore, optimal output are not
known with precision. However, a probability distribution on output

price is knowm. After the plant has been constructed output price is dis-
closed, and plant output is set so as to maximize expected profit. It

is desired to determine the manner in which varying the plant's output
flexibility affects expected profit.

Baumol {1, p. 93] argues that '"the existence of uncertainty will
lead to the (increased) use of cquipment whose scale of operation is
flexible." We shall explore this conjecture using two simple models.

The first model was devised by Marschak and Nelson [10] and uses Stigler's
[13] measure of plant flexibility, a measure which is incompatible with
our own. For Stigler, flexibility refers to the rate of change of the
plant's marginal cost curve. In the second model, plant flexibility is

measured in a manner consistent with Definition 1.3.1.

MODEL 1

Assume the various plant designs are described by quadratic total

cost curves,

TC = ax2 + bx + axi ; (1.4.1)

where x 1is output quantity. Average cost is then

-16~-




2
X

AC = ax + b + a —=&
X

and
2
dAC(xm) d AC(xm) 2a
AC(xm) = 2axm + b, =g 0, = o (1.4.3)
dx m

Thus, the quantity X~ represents the output with minimum average cost,
and the parameter a measures the curvature of the average cost curve
(Fig. 1.7). The smaller a is, the flatter the curve at its bottom.
Following Marschak and Nelson and Stigler, we shall use 1l/a as a meas-
ure of the plant's flexibility to produce outputs other than that origi-
nally planned. According to Definition 1.3.1, however, all such plants
would be termed equally flexible since, regardless of a , any output
along the positive real axis is feasible.

For price P , profit is given by

T = Px - ax2 - bx - axi ; (l.4.4)

COsTS

{OUTPUT QUANTITY)

FIGURE 1.7 TOTAL AND AVERAGE COST CURVES
FOR PLANT FLEXIBILITY MODEL 1
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Assuming P > b , the profit maximizing output

X% =

5a (1.4.5)

produces an optimal profit

- . 1.4.6)
A ax_ (L.4.6)

0 I . = F 2
Now, suppose price is distributed with mean P and variance o

Expected profit is then given by

E () --L;Tbﬁ ] axri+2—z . (1.4.7)
On obtaining this result, Marschak and Nelson make the observation that
as subjective uncertainty increases (as measured by 02), expected profit
for the more flexible plant (small a ) rises relative to expected pro-
fit for the less flexible plant (large a ). Broadly interpreted, this
supports Baumol's claim.

Yet, we are still left with the question of whether 1l/a 1is a good
measure of production flexibility. One disturbing feature of this meas-
ure is that in the absence of uncertainty (nz = 0) expected profit still
increases as a decreases. If price is known with certainty, should not

the potential for adjusting to different prices have zero value?

MODEL 2

This time we assume the various plant designs are described by total

cost curve of the form

‘ ax2 + bx + aﬁi sy X <X+ A
TC -l & (1.4-8)

® y, X >x+A

The maximum output which can be produced from such plants is X+ A 5
and, therefore, the magnitude of A determines the size of the plant

output choice set. Following Definition 1.3.1, we may take A to be a

-18-
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measure of the plant's output flexibility--the larger A 1is, the
greater the plant's flexibility over its output setting.
Average cost is given by
x2 &
ax+b+a?m, X <x +A

AC = : (1.4.9)

Once again, X0 represents the output with minimum average cost (Fig.
1.8). For outputs less than X + A , profit maximizing output and opti-

mal profit are given by expressions identical to those of Model 1:

P-b

k= B2 (1.4.10)
2
rkk-ig—i-a—bL-axri, b <P <2a(x+A) +b . (1.4.11)

If price exceeds 2a(§ + A) + b , the maximum output x4+ A will be

chosen and profit will be given by

e (- BR4A) - aix+a) - ax:‘ , P >2a(x+A) +b. (1.4.12)

TC
|
AC
(74
=
Yy
o
) |
2axm +b ! | i
i : % = 3
o % X i+ A ’i
m
x ;
{OUTPUT QUANTITY) i

FIGURE 1.8 TOTAL AND AVERAGE COST CURVES
FOR PLANT FLEXIBILITY MODEL 2
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Suppose price P is normally distributed with standard deviation
o and mean P = 2ax + b . (Actually we should have P strictly
greater than b to insure that the optimal output is positive, We as-

sume that the probability of obtaining a P <b with the normel dis-

tribution is small enough to have a negligible effect on the analvsis.)
The quantity x represents the expected plant output,and A is the
amount by which maximum plant capacity exceeds the expected operating
output. Since minimum average cost is 2axm A2 DI it X exceeds X
the plant may be expected to make a profit. Denoting by n(x;m,c) the
normal probability density with dummy variable x , mean m , and stan-

dard deviation o , the expected profit lost by not choosing a completely

flexible plant is

o
0

E(Wi' T\k) = I (% - Tﬁ) n(P;2ax + b,s) dP
2a(X+A)+b’ i

p r” [P-2a(% + A)- b]2

2a(F+A)+b 4a

n(P;2ax + b,s) dP

- 7 - (y - —ziA)z n(y;0,1) dy , (1.4.13)
4a 2aA/ & o

where we have used the change of variable y = (- 2ax-b)/s . As an aid to

evaluation, the integral

1234, [y - 282 0(y:0,1) gy (1.4.14)
g ZaA/o" a

has been plotted in Fig. 1.9. Observe that the difference in expected
profit between the completely flexible plant (A = =) and the plant
with minimum flexibility (A = 0) is 02/8a . Since expected profit
for the completely flexible plant is [(i-b)z]/aa - ax; + 02/4a . we
have

2
E(T) =1 - I%A)] 5 e x2) . (1.4.15)
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Finally, observe that

3E (k)
LA L0 ' (23A
A 5 - 1)) >0, (1.4.16)
I' denoting the derivative of I . Each of the two factors in (1.4.16)
increases with o . Thus, the gain in expected profit achieved through

flexibility is larger, the greater the price uncertainty as measured by
o . If there is no uncertainty (o = 0), there is no advantage in having
flexibility; but, as ¢ increases, expected profit for a more flexible
plant rises relative to expected profit for a less flexible plant. This
model not only supperts Baumol's claim, it also conforms well with ou:
intuitive notions of how the value of flexibility should depend on uncer-

tainty.

CONCLUSIONS

Our definition seems to perform reasonably well when applied to the
problem of determination of plant flexibility. Notably, it leads to re-
sults which conform with our intuitive feelings. However, unlike
Stigler's definition, ours says nothing about the relative costs of vary-
ing a decision variable over a choice set. While this may seem to be a
serious limitation, we shall see that there is an important application
to problems in which we ignore the costs of varying pre-set decision

variables. This topic is the subject of Chapter 2 oi the thesis.
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CHAPTER 2
THE VALUE OF TNFORMATION GIVEN FLEXIBYLITY

Everything else being equal, we would all agree that the more flex-
ible of two plans is the more desirable. Everything else, however, is
usually not equal. A more flexible strategy is typically more inconve-
nient and often more costly to follow. Therefore, an economic measure
of the value of flexible over inflexible plans ought to be quite useful
to the decision maker. 1In this chapter we seek such an economic measure.

The example in the latter part of Chapter 1 has already demonstrated
a simple and fundamental rule concerning the value of flexibility: The
more you expect to learn in the course of a decision (the more uncer-
tainty will be resolved), the more it pays to follow flexible decision
strategies. The value of flexibility is thus dependent upon expected
information. However, we can turn the argument around: The more flex-
ible your decision strategy, the greater the value of information-gather-
ing. In terms of value, the concepts of information and flexibility are
inseparable. If you have no flexibility in your decisions, information
has no value. If you expect to receive no information, there is no value
to having flexible decision rules.

Therefore, what we really seeck is the value of a given amount of in-
formation and flexibility. We are in luck. With just a little ingenuity
we can turn the well-known expected value of information calculation from
decision theory into a calculation that will tell us the economic worth

of any combination of information and flexibility.

2.1 PERFECT INFORMATION GIVEN PERFECT FLEXIBILITY

The simplest case, which we now present, will demonstrate the re-

quired logic for economically evaluating information with flexibility.
Suppose that the decision model is the basic decision model of
Fig. 1.4 and that the time order of the decision process is as illus-
trated in Fig. 2.1. The decision maker must choose the action vector
d so as to obtain a value lottery with the highest utility. The de-

sired value of d , denoted d* , will be the solution to
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MAKER SETS
> G * OUTCOME
SETS d s

FIGURE 2.1 DECISION PROCESS WHEN
NEITHER INFORMATION NOR
f FLEXIBILITY IS AVAILABLE

d* = max-1 r"u\gl_,f'> . (2.1.1)
daed

: Equation (2.1.1) is merely a restatement of Eq. (1.2.2) using the infe-
: rential notation described in Section 1.2. Use of this decision strat-
egy will result in a maximal expected utility which we will denote by

; .
3 ule> :

. <ule> = -uld¥x,e> . (2.1.2)

Now, suppose that a clairvoyant offers us perfect information on the
outcome of state variable 5: but that we are restricted to using such
information only for the setting of decision variable dj . In other
words, at the time the ith state variable is revealed, fiexibility
exists only on the jth decision variable. Schematically, the time order
of the decision process is now as illustrated in Fig. 2.2.

The maximum amount of money the decision maker should be willing
to pay to convert the decision problem in Fig. 2.1 to the decision prob-

lem in Fig. 2.2 we define to be the expected value of perfect information

% on state variable 55 oiven perfect flexibility on decision variable gj

DECISION DECISION DECISION NATURE

MAKER MAKER MAKER SETS
» —> :Q & OUTCOME
SETS d-d, SEES 3, SETS d 5

FIGURE 2.2 DECISION PROCESS WITH PERFECT INFORMATION ON s, GIVEN PERFECT
FLEXIBILITY ON di



The information is said to be perfect because it totally eliminates uncer-
tainty on the ith state variable. The flexibility is said to be perfect
because receipt of the information does not in any way limit the basic
alternatives available for the jth decision. The cxpected value of per-
fect information on s; given perfect flexibility on dj , denoted
<VCsiFdj|8\ » may be obtained from an expected value of perfect infor-

mation calculation in which only the flexible decision variable is ad-

justed to compensate for the given information.

CALCULATION PR(CEDURE

Let information on s; given flexibility on dj be purchased at

a price p . Calculation of /VCSiFdjlex' proceeds as follows:

1. Find the optimal decision strategy for decision variable d,

-1 -
) . - q s e, o 9
dg(sihg dj) max uls,d,p, {slsi,u} . (2.1.3)

i s-s,
8 2

2. Solve for the optimal decision settings for the remaining decision

variables.

(g-d])* = max-1 <Ulst,d§gﬂ'dj,P’8‘ ‘s,

|
d-d. s. L
- i

IR (2.1.4)

3. The utility of the lottery with information on S5 » flexibility

on d. 1is then o 3
j .

<ulCs,Fd,,p,&> = ~uld¥(d-d ) *.p,e> . 2.1.5

lcs, j°P I $(d-d)*.p ( )

4.  The value of p which satisfics '
/UICSiFdj,p,P’-= a8 (2.1.6)

is defined as the evxpected value of perfect information on s.

given perfect flexibility on dj




PERFECT INFORMATION ON A SET OF STATE VARIABLES GIVEN PERFLCT FLEXI-
BILITY ON A SET OF DECISION VARIABLES

Perfect information on a subset of state variables, say all S5
i elc {l,...,n}, given flexibility on some subset of decision vari-

ables Jc {1,...,m} , would be defined as the information

idjfj g et
structure in which the value of each Si s i ¢ 1 was revealed to the
decision maker prior to his setting of the decision variables d. ,

j € J . The value of such information given flexibility would be de-
fined and calculated in an obvious way following steps similar to 1-4
above., If the decision maker is allowed to adjust all decision variables
in response to information, we say that he has information given complete

flexibility. This is the usual assumption for the analysis of informa-

tion in decision theory literature.

CASE OF LINFAR UTILITY

A special case in which the value of information given flexibility
is especially easy to calculate occurs if the utility function is linear
in value. 1In this situation, if CsIFdJ denotes the information struc-
ture with clairvoyance on state variables Si s i ¢ I and flexibility
on decision variables dj » j eJ , then the value of this information-

flexibility structure is given by

- (¥ = o
/'VCSIFdJ F>= <v|Cs Fd ,E> W& (2 e 7))

Equation (2.1.7) is easily proven. Taking the example of Fig. 2.2 and
assuming u=a+bv, b#O,

/uleiFdj,p,€> = <u|8> = a + b(fV‘CsiFdj,6> - p) - a- bale>

- b(<V|CsiFdJ.,8> - wles-p) . (2.1.8)

By definition, when p = <VCs-Fdj15> , the left-hand side of (2.1.8) is
i
zero, implying

) |€> = ~v|Cs Fd_,f> - wvle> . (2.1.9)
Ly

Cs,Fd,
L)
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RELATION OF INFORMATION GIVEN FLEXIBILITY TO DEFINITION 1.3.1

Information given flexibility increases flexibility, as defined in
Chapter 1, by increasing the size of the decision set D . As a result,
the decision set for dj 4 ﬁ} , 1s larger both for the prior state of
experience € and for the posterior state of experience (si,B) c

When the state of experience is € and the model is as illustrated
in Fig. 2.1, the feasible decision set consists of all m-dimensional
vectors lying in some subset D of the Euclidian space E" . Using the

notation of Chapter 1,

D‘j’(e) - {dj |(dc1),...,d?_l,dj,d?+l,...,d:l) ¢ D,E‘;}. (2.1.10)

If the model is as illustrated in Fig. 2.2, the jth decision variable is
more flexible than (or at least as flexible as) the model of Fig. 2.1

since dj may now be a function of s, ¢

o! ) ) ) )
D, (€) = {dj(-)\(dl,...,dj_l,dj(si),dj+1,...,dm) eD

for all si,S} c (2.1.11)

Because the set of functions from the space of s; to E1 includes the
1
real rumbers as a trivial case, D?(e) g,D? &)
Once the information g becomes known, in the case of Fig. 2.1

the feasible decision set for dj consists of a single element,

D‘j’(si,e) -{d?}. (2.1.12)

However, in the case of Fig. 2.2 it consists of all real numbers that

put d in D:

o' il .0 0 o )
Dj (si,e) A{dj|(d ,...,dj_l,dj,dj+1,...,dm) eD,si,E}. (2.1.13)
Hence,

1
D‘j’(si,e)g D‘J? (5;.8) .

i




2.2 APPLICATIONS OF THE EVPIGPF

Just as the expected value of perfect information (EVPI) is a useful
yardstick for evaluating information-gathering systems, the expected
value of perfect information given perfect flexibility (EVPIGPF) is use-
ful for evaluating information distribution systems.

Suppose a decision maker is considering the construction or pur-
chase of some information-gathering and distribution system. The cost
of the proposed system will consist, first of all, of information col-
lection, tabulation, and storage costs. In addition, however, there will
be costs involved in having a particular piece of that information avail-
able at a specific time or available to a specific individual in the
decision process. Different information distribution systems will incur
different costs, just as systems which gather different information have
differing costs. By placing a value on completely resolving specific
uncertainties for specific decisions, the EVPIGPF allows the decision
maker to consider seriously only those information-gathering and distribu-
tion schemes whose costs do not exceed this value. It may thus be used
to evaluate the various information-distribution structures that might be
used in a given resource commitment problem.

We can state this use somewhat differently in terms of evaluating
flexibility rather than information. Although decision analysis method-
ology implicitly assumes decisions to be irrevocable, in many cases deci-
sion variables can be reset at some cost. As stated by Howard [8, p.
507],

An executive viewing the results of a decision analysis

may think: "It couldn't come out that bad because I

would have done something about it." The analysis does

not generally take into account the ability to compen-

sate for ultimate state variable changes through adjust-

ments in decision variables.
Flexibility provides a means, and the EVPIGPF provides a measure of the
value of taking into account the possibility of compensating for ultimate

state variable changes.

EXAMPLE: THE ENTREPRENEUR'S PRICE QUANTITY DECISION g
An entrepreneur must decide upon a price and quantity for his

product. ile is uncertain about the total cost ¢ per item but feels

gs

3
1
|
i
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that it may be represented by the uniform distribution of Fig. 2.3. He
knows that the demand for his product will be a decreasing function of
his price, but for any given price he is uncertain as to the exact

quantity of his product demanded. For this reason he hypothesizes the

following functional form for demand x :

-b-ce, (2.2.1)

where

b
N

demand (in thousands of units),
p = price (in thousands of dollars),
b

= parameters of the demand curve, and

[¢1]
]

a random variable independent of ¢ and uniformly

distributed from zero to onec.

Figure 2.4 shows the probability density for ¢ and the demand curve

x(p) . Further let

4 = quantity produced (in thousands of units) and

v = net profit (in millions of dollars).

We wish to determine our entrepreneur's expected net profit and the
value to him of using numerous perfect information-perfect flexibility

Structures. In other words, we would like to know how much it is worth

0 ¢ = TOTAL COST PER ITEM
} {in thousands of dollars)

c

FIGURE 2.3 PROBABILITY DENSITY FUNCTION
FOR PRODUCTION COST IN THE
ENTREPRENEUR'S DECISION
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FIGURE 24 THE DEMAND CURVE AND THE PROBABILITY DENSITY FUNCTION FOR THE
DEMAND PARAMETER e IN THE ENTREPRENEUR'S DECISION

to the entrepreneur to obtain perfect information on various state vari-
ables if he uses that information when setting various decision vari-
ables. 1In all there are 3x3 = 9 possible information-flexibility
combinations (excluding the null structure).

The computations are performed in Appendix B and summarized in
Table 2.1 for particular parameter values of a = 2.25 and b = .5
Observe first of all that the expected value of the entrepreneurial
venture is half a million dollars and is obtained through an optimal
decision strategy of setting price at $1,000 and quantity at 1,250
units. The entries in the table-- VCF ,» P* , and g% -- respectively
denote the value of the information-flexibility structure and the op-
timal decision strategy appropriate to the structure corresponding to
a given location in the table. For example, the value to the decision
maker of obtaining clairvoyance on the demand parameter e for the
purpose of setting his production quantity q is $128,680 . It may
be possible for our entrepreneur to pick a price, estimate the demand
parameter ¢ through a market survey or trial marketing venture, and
then set his quantity. According to the table, if he does this he
should set price at 1.061 thousand dollars, conduct his estimation of
2 , and then set quantity at 1.621 - e thousands of units. Further,
this action should only be considered if a good estimate of ¢ can be
obtained for under $128,000.
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Knowledge of EVPIGPF's can generate insight that is not provided by

EVPI's alone. For example, observe that the value of clairvoyance on
costs given flexibility on price is zero, but the value of clairvoyance
on costs given flexibility on price and quantity is $139,416. Informa-
tion about costs is useful for setting price but only if that informa-
tion is used for setting quantity as well. Once quantity has been
fixed, price must be set so as to clear the inventory and costs are no
longer a consideration. Insight may also be provided on decision tim-
ing. If information on the demand parameter e is purchased, vir-
tually all the usefulness of the information, $151,639 worth, can be
obtained using it only to set price Delaying production until after

this information becomes available will only be worth an additional i
$285!

2.3 INFOP*.ATION GIVEN PARTIAL FLEXIBILITY

We referred to the above calculations as situations of "perfect
information with perfect flexibility." This is because a clairvoyant
was imagined to have provided us with perfect information on the out-
come of state variables, and we presumed that decision variables could
be set anywhere within the feasible action set. In many cases the ap-
proximation of the clairvoyant is not satisfactory for the evaluation
of an information-gathering scheme; we must consider the purchasing
of an information signal or experiment rather than perfect informa-
tion. This presonts little conceptual difficulty, however, as Bayes'
equaticn allows us to calculate the offect of experimentation on our
prior distribution. Hence, we can evaluate the economic impact on our
profit lottery.

Similarly, the delaying of a decision so that more information may
be gathered may well restrict the range over which that decision vari-
able may be varied. If our entrepreneur were living in our present day
of shortages and potential government legislated price freezes, he
might find that a short delay could seriously restrict his range of
feasible output quantities and prices.

The model appropriate for representing diminished flexibility de-

pends on the nature of the problem being investigated. 1In some cases,

S0
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E flexibility for a particular decision variable is itself a decision

under the control of the decision maker. Contracts may be negotiated

R il b

which spell out in legal terms the latitude available for some action.
A specific example would be the purchase of an "option to buy" so many
units of some commodity. In other situations, the restriction of flex-
1bility is the work of Nature and under little control of the decision

maker.

A MODEL FOR PARTIAL FLEXIBILITY
A fairly general model for evaluating information and flexibility
is the following. Imagine that for a price p , instead of having to

set d prior to learning s , our decision maker takes some action £

E
|
s:
|
|
E
:
f?
g

which is designed to preserve a measure of flexibility on the jth deci-
sion variable dj . The flexibility is preserved until after an infor-
mation system rn can be made to produce a signal y from some set of
possible signals Y ,

The precise flexibility maintained for d. will, in general, de-
pend upon both g-dj and, s . sLet D;(Q-dj,ﬁ) denote the choice set
for dj faced by the decision maker if the flexibility producing ac-
tion is taken. The primary decision problem and the decision problem
with the information system and partial flexibility are illustrated in

Fig. 2.5.

PRIMARY DECISION PROBLEM

NATURE
DECISION SETS
tG + OUTCOME
MAKER SETS s
d

DECISION PROBLEM IF ACTION f IS PURCHASED

0 1

NATURE
l DECISION INFORMATION A CHOICE SET DECISION SETS
~Q > :O — OUTCOME

MAKER SETS SYSTEM YIELDS O} REVEALED MAKER SETS s
d-d, SIGNAL v d, WITHIN D'j

FIGURE 25 PRIMARY DECISION PROBLEM AND iSECISION PROBLEM WITH INFORMATION
SYSTEM AND PARTIAL FLEXIBILITY ON di

PRy Ll r a2




Value of Information Given Partial Flexibility

The value of the information system n with the partial flexibil-
ity on dj is defined as the maximum price p our decisior maker
should be willing to spend to achieve the problem conversion shown in
Fig. 2.5.

Calculation of this value for the general model described above
will, in most cases, be quite difficult, so a number of additional as-
sumptions are likely to be made. We shall illustrate the calculation

under two additional assumptions:

1. The choice set D; is uncertain but indepeni?nt of g-dj

2. Choice set unce?tainty is limited so that Dj must be one of
t?e K sets Dj(k) » k= 1,...,K . The probability that set
Dj(k) results given that the information signal is y i3

P ()

For notational convenience we shall also assume that any information
on s that our decision maker is able to deduce from the outcome
D§(k) has been incorporated into the signal y . (Following the usual
assumption of information analysis we assume that the data y 1is inde-
pendent of the actions d )

To begin the calculation, assume that the choice set is D§(k)
and the signal is y . The optimal feasible action for dj will be

the solution to

QJ'_d“d-’y’Df(k)aPsF‘) = maz: r<U'_<_],§, € (S|y,e} ’ {2.3.1)
J J djeDj(k) 5" H

where the posterior distribution fsly,e} 1is given by Bayes' equation
(1. 1.3). Now, Pr(y) 1is the probability that the choice set will be
Dg(k) given that the signal is y , and fylel is the preposterior
probability that the data y will actually be obtained. Therefore,
the expected utility of the optimal decision strategy, given the in-

formation gathering technique n and partial flexibility on dj pur-

chased at a price p , is

= Syrd




K

f
<u|n,f,p,E> = nax V'-«11'9-djey,Dj(k),p,f‘> p.(¥) fyle} . (2.2.2)

i
il-dj ye¥ k=1

Finally, the value of p that satisfies
aln, f,p,8> = ules (2.3.3)

is the value of the information system 7 with the partial flexibility

on dj produced by action f .
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CHAPTER 3
DECISION MODELS WITH QUADRATIC VALUE FUNCTIONS

In this chapter we shall exploit the special characteristics of a
quadratic function in an ~ffort to gain a better understanding of the
value of obtaining information given flexibility. The analysis will be
built around the basic decision model of Fig. 1.4 for the special case
in which (1) the decision maker's value function is quadratic in both
state and decision variables, and (2) the decision maker's utility
function is linear in wealth.

Almost all of the essential features of the quadratic problem are
present in the case in which there are two state -ariables and two deci-

sion variables. Consequently, we begin the analysis with the following

example.

3.1 EXAMPLE: A FOUR-VARIABLE PRODUCTION PROBLEM

A firm produces two outputs using fixed proportions of two inputs.
Each unit of output one requires a, units of input one, a, units of
input two. Similarly, each unit of output two requires b1 units of
input one and b2 units of input two. The marginal revenue produced
by selling the two outputs smoothly diminishes as the quantity of
either output increases ("diminishing marginal returns"). Specifically,
we assume that the revenue is a quadratic function of the respective

output quantities 3 and X,

g + 29X, %X, + w.x, + w.x. + h . (3.1.1)

2
Ri=-x)-x ) ST M Wops)

Output units have been chosen so as to make the coefficients of the
quadratic terms -1 . The quantity q measures the complementarity
(-q the substitutability) between the two output products.

Let the respective per unit prices of the inputs be

P =™ + 5 and P, = m, + S, > (#3741552)

where m, and m, are mean prices and sy and s, are random

- 36~
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variables with zero expectations. The net profit to the firm will be

(see Fig. 3.1)

2 2
e -Xy) - X, + 2qx1x2 + Wiy + W)X, + h

- xl_(alp1 + a2p2) - Xz(blpl + b2p2) . (3.1.3)

Our objective is to determine the quantities Xy and Xy that
will maximize expected profit. Let us measure these quantities from

the values §1 and X, that would be optimal if the input prices are

2
at their mean values. Since Hzﬂ/Bxf = Bzﬂ/ax% = -2 , Bzﬂ/axlaxz = 2q ,

the concavity condition

5
AT Azn
A% 2 oK, X
e 1 12
——P’x]-z < 0 >’2,_ azﬂ >0 (3'1'4)
X, A .2
1 2 !‘Xz

INPUT 2

QUANTITY QUANTITY A

)
PRICE N OF QUTPUT OF OUTPUT T\ PRICE
INPUT | B4 . 2 o, |} INPUT
L x _gj 2

*1 2

beeep{  MARKET | —————d

REVENUE
R
+

COsT
INPUT 2

COST
INPUT 1

PROFIT

FIGURE 3.1 A FOUR-V/ARIABLE PRODUCTION PROBLEM
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is satisfied for |ql 1 . This assumption insures that for every com-
bination of Py and Py s 7T has a unique maximum. Putting prices at
their mean values, differentiating, and setting the results to zero, we

obtain

Wy - agm -am, + q(w2 - bm, - b,m.)

- L] 22
1 2 .
2(1 - q7)
(3.1.5)
- q(w1 - am - a2m2) + Wy blml - b2m2
X, = > .
2(1 - q7)
Defining dy and d2 as deviations from these values,
X, = d1 +x; and X, = d2 + X (3.1.6)

profit, in terms of the deviations dl and d2 of the output levels

from their deterministic optimums and in terms of the deviations Sy

and S, of the input prices from their mean values, is given by

- 2 2
11@]f52,d1,d2) = -d1 - d2 + 2qd1d2 - dl(als1 + a252) - d2(b1s1 + b252)

- ‘.cl(als1 + 2,8,) - xz(bls1 + bzsz) R (31175
where
T - "(;13;(2;7“1!“12) (3.1.8)

is the maxiawum profit if input prices are set at their mean levels.
Since the last three terms in (3.1.7) do not depend on the decision
variables, for the purposes of optimization we may redefine the profit

origin and take as our value function
V(s slldr dH = -d2 - d2 + 2qd.d, - d.(a,s, + a.s
1°72°71° 72 1 2 172 IR 272

- dy(bys; + b,s,) . (3.1.9)
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Notice that if q were zero the value functicn in (3.1.9) would

be additive, that is, oi ihe form

v s;dl’d2) = vl(§;dl) + v2(§;d2) . (3.1.10)

Thus, q 1is a measure of the interaction between the decision vari-
ables. The quantities within the parentheses in (3.1.9) are the devia-
tions from mean vialues of the per unit output cests for outputs one and
two. The parameters ay a, b1 , and b, measure the interaction

2
in the value function between the various state and decision variables.

We shall assume that s, and s, have the bivariate normal
distribution
SELR2 5.8 S
» 1 1 1 172 2
{5152‘("=——exp[——§-‘_<‘:‘? SR 20 il (T\ .J]}
e 2 Co2(1-,7) M1 12 2
A 31951518
The quantity  is the correlation coefficient and indicates the ex-

tent to which the variables tend, on the average, to move together or

in opposite directions. It is easy to show that

E(SISZ) = 000, (3.1.12)
(s, I i (3.1.13)
}‘1(52 bl) = 9 '11 Sl . 0 O

We shall now proceed to calculate the optimal decision rules and
relative values under cach of the possible perfect information with
perfect flexibility structures. In each case the optimal dacision

rules were obtained by differentiation.

CASE 1: NO INFORMATION (NO FLEXIBILITY)
vl = gaﬁ E[-d, - d, + 2qd1d2 - di(ays) + ays,) - dy(bys, + b252>]
19%2

N, (3.1.14)

d¥ = dfzf =M ()} (3.1.15)
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Because <v|€> = 0 , the value of any information given flexibility

structure, <v|CF,f>- <v!f~ , will simply equal the expected payoff
<v|CF,e> .

CASE 2: COMPLETE INFORMATION - COMPLETE FLEXIBILITY

<vlelstdld2,8> = E[ max v]
919

2 2. 2 2 2. 2
(8)429a,b,4b)) o) + 2[ajajkq(a;byta b))+ b, Jom) o +(aj+2qa,b,+b0) oy

2
4(1 - q7)
(3.1.16)
X a;s; + a,8, + q(bls1 + b252
dipels 7 ’
2(1 - q")
(3.1.17)
S q(als1 + a252) + bls1 + bzs2
2

2(1 - 4%

Defining ¢, = a8, + ay5, » c, = bls1 + b252 to be the deviations of

the per unit output costs from their mean values,

c, + qc qc, + ¢
at = - _J;_____%- and df = - --L————%- . (3.1.18)
2(1 - q7) 2(1l - ¢9)

Observe that if the outputs are complements (q > 0) , [substitutes
(@ < 0)], the optimal output quantity falls as its cost rises and

falls [rises] when the cost of the other output rises. Expressing the

optimal decision rule as

] (a1+qb1)sl+(a2+qb<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>