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Abstract 

This article is designed to give through the study of 

difference eouatron (discrete dynamical systems) a view of and an 

introduction to the general theory of the stability of dynamical 

systems in its most modern aspect. Much of what is presented 

here is known, although not perhaps as well known as it should be, 

and there are some things that are new. Cne of these has to do 

with a connectedness property of the positive limit sets of the 

solutions of difference equations which provides a means through 

the use of Liapunov functions of establishing the existence of 

equilibrium points (fixed points) and oscillations (periodic points). 

Another is the generalization of the usual concept of a vector 

Liapunov function, and this leads to a possible method of designing 

control systems where the measure of the error or the performance 

criterion is a vector rather than a scalar. Applications of the 

theory are illustrated by simple examples. 

The article was written for undergraduate teachers of 

mathematics but it should also serve as a good introduction for 

engineers and scientists to the latest results in the theory of 

the stability of dynamical systems. 
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STABILITY THEORY FOR DIFFERENCE EQUATIONS 

1. Introduction 

Applications in the Soviet Union of Liapunov's direct 

method to nonlinear problems in the design of control systems 

in the late 1940's (see [1,29]) brought about a renewed interest 

in his theory of stability. The original theory dealt with 

systems described by ordinary differential equations. An 

elementary introduction to this theory with some applications is 

given in [ 25 ]. During the past fifteen years there has been 

a rather rapid development of this theory within, and far 

beyond,ordinary differential equations. The purpose of this 

article is to provide an introduction to this theory and to 

these more recent developments. However, even for ordinary 

differential equations, this requires an understanding of some 

of the basic properties of solutions (their existence and 

uniqueness, continuous dependence on initial conditions, 

maximal domains of definition, etc.). None of these 

difficulties with basic properties are encountered for 

difference equations, and it turns cut to be possible to 

present through the study/difference equations almost all of the 

basic features of the general theory,as it stands today, in an 

elementary and concise manner. This is our objective, and we assume 

only a good introduction to algebra and analysis in 

la-dimensionai Euclidean space Rra (finite dimensional vector 

spaces and convergence and continuity with respect to 
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Euclidean distance). See, for instance, the Appendix in (12], 

and [17], Chapters 3 and 5. A good introduction to classical 

Liapunov theory for difference equations is [22], and [20] 

goes beyond classical theory and gives some applications to 

numerical analysis. Wo go beyond the developments to be found 

in tnese two references, and give a number of results that 

are new for difference equations. 

The finite calculus (the calculus of finite differences) 

and difference equations have been studied as long as the 

continuous (infinitesimal) calculus and date back to Brook 

Taylor (1717) and Jacob Stirling (1730). The first treatise 

was written by L. Euler in 1755. The finite calculus has 

always had many important applications and was at one time 

considered to be a prerequisite to infinitesimal calculus. 

Today, outside of numerical analysis (see [33,34]) and engineering 

(system analysis) (see [8,36]), the finite calculus and difference 

equations are seldom studied systematically. Elementary textbooks 

on finite mathematics barely mention the finite calculus and 

finite difference equations. We learn much more about 

derivatives, integrals, and Laplace transforms than we do 

about finite differences, sums, and what engineers call 

z-transforms. Diffeience equations are important and significant 

mathematical models for real phenomena and systems in the 

physical and nonphysical sciences. After all, the observational 

data we have for real systems is often discrete, which is why 

engineers are interested in what they call "sampled-data systems". 

In order to make the presentation more complete and more 

suitable for independent study or an undergraduate seminar, we have 

included a large number cf exercises and references. 
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2. Difference Equations 

Let J denote the set of all integers and J+ the 

set of all nonnegative integers. Rm is real m-dimensional 

Euclidean space; if 

G R 
rn 

(x?+x?+# • #+x2) 
1 * IP 

m 

(the Euclidean length of the vector x). For a sequence of 

vectors x3, x3 y as j « means ||x^-y|| 0 as j 

We will also use x to denote a function on to Rm 

(x: J+ -*• Rm). Thus we allow the usual and convenient ambiguity 

where x may denote either a function or a vector (point). 

The first difference x of a function x is defined 
• 

by x(n) = x(n+l) - x(n). Corresponding to the fundamental 
n 

theorem of calculus, we have £ x(k) = x(n+l) - x(j) and, if 
k^j 

n 
y(n+l) = I x(k), y(n) = x(n). We use x' to denote, the 

k=j 

function defined by x’(n) = x(n+l) so that x' « x + x. 

A function T: Rm R™ is continuous (on Rm) if 

xj - y implies T(x3) -*• T(y). We do not need to do so now but 

later will always assume that T is continuous. If x is a 

vector, T(x) is a vector and is the value of the function at x. 

If x is a function, the product Tx will denote the composition 

of functions — (Tx)(n) * T(x(n)). Thus the difference equation 

x(n+1) « T(x(n) ) 



can be written 

x' = Tx. (2.1) 

The solution to the initial value problem 

x' * Tx, x(0) = x° (2.2) 

is x(n) = Tn(x®), where Tn is the n^^-iterate of T — T^ * I, 

Tl» 1 
the identity function (lx = x), and T = TT . The solution 

is defined on J+. There are no difficult questions about the 

existence and uniqueness of the solutions. Also, it is clear 

that the solutions are continuous with respect to the initial 

condition (state) x^ if T is continuous. Unlike ordinary 

differential equations, the existence and uniqueness is only 

in the forward direction of time (n > 0). Equation (2.2) is 

simply an algorithm defining a function x on J+. 

Let g: Rm R. Then 

u(n+m) = g(u(n),u(n+1),...,u(n+m-1)) (2.3) 

is an rf^-order difference equation. The state u(n+l) of 

the system at time n+1 depends on its state at times 

n, n-1,...,n-m+l — i.e., upon this portion of its past history. 

Note that if we define x1(n) = u(n), x2(n) * x^(n) * u(n+l), 

..., x (n) » x' ,(n) * u(n+m-l), then (2.3) is equivalent to 
m m-i 

the following system of m first-order difference equations: 



xm-l * xm 

xm “ 9Íxi»x2»“*»xm> 

or 

x' = Tx 

wher i 

X1 

xm J 

,rd 

X2 

T (x) 

m 

[g (x)J 

For instance, the 3 -order linear equation 

u"* + 320" + a^' ♦ aQu ■ 0 

is equivalent to 

where 

X* * Ax, 

X, » U, X, » u', X, * u", X 

and 

0 

0 

“a, 

1 

0 

-a. 

0 

1 

-a 

- g(x) 



a 3x3 matrix. The initial conditions u(0) * Uq, 

u'(0) ■ u¿# u"(0) « Uq correspond to 

6 

X (0) 

u0 

ul Xo. 

The solution of this initial value problem is 

x(n) - Anx°. 

We are often interested in obtaining information about the 

asymptotic behavior of solutions; i.e., what happens to 

solutions for large n? For instance/ in the above example/ 

when does An -► 0 as n - (An « (a^ ) and An -► 0 means 

aij -*• 0 for all i,j or, equivalently, Anx -*• 0 for each x). 

3• Positive Limit Sets of Solutions. Invariance. 

We now adopt the following notations: For S a subset 

of Rm, S is the closure of M. If x € Rm and S is a 

closed set of Rm, then p(x,S) - min{||x-y||; y GS}, the 

distance of x from S. Tn(x°) +5 as n + • means that 

pfT^ix^/S) + 0 as n + ». 

Thus, if we can locate a closed set that a solution 

Tn(x®) approaches as n + •, we have obtained asymptotic 

information about the solution. We shall show that Birkhoff's 

positive limit set (u-limit set) of a solution (introduced in 

[6]) is the smallest closed set that T^xS approaches as 

n + «. In this sense, locating a solution's positive limit 

set is the "best” asymptotic information we can hope to obtain. 
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Our objective is to learn that the role of Liapunov functions 

is to help locate positive limit sets of solutions. To that 

end, we proceed to define limit sets and to study their basic 

properties. 

3*1* Definition (Birkhoff). A point y is a positive limit 

point of T X if there is a sequence of integers n. such 

ni 1 
that n^ -► ® and T x y as i -*• ». The positive limit 

set, fi(x) of Tnx is the set of all its positive limit points, 

Exercise. Show that an alternate definition for ß(x) 

is 

ß (x) = H U Tnx. 
j=0 j*n 

3.3. Exercise. Let 

nonincreasing (Sn+1 

closed (nonempty and 

Sn be a sequence of closed (compact) 
00 

C S ) sets in R1”. Show that 0 S is 
j-0 n 

compact). 

3.4. Definition. Relative to (2.1), or to T, a set H C Rm 

is said to be positively (negatively) invariant if 

T(H) C H (H C T(H)). H is aaid to be invariant if T(H) * H; 

i.e., it is both positively and negatively invariant. 

Now to have an interesting theory we must put a smooth¬ 

ness condition on T« All that we need is to assume that T 

is continuous, and we do so from this point on. As a model for 

the real world, at least,we expect continuity. 
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For ordinary differential equations whose solutions are 

continuous curves, one is able to conclude that positive limit 

sets of bounded solutions are connected. Here we cannot expect 

this. The concept of connectedness has to be related to in¬ 

variance. 

3*5* Definition. A closed invariant set H is said to be 

invariantly connected if it is net the union of two nonempty 

disjoint invariant closed sets. 

3,6# Definition. A solution Tnx is said to be periodic 

(or cyclic) if for some k > 0, Tkx « x. The least such k 

is called the period of the solution or the order of the cycle. 

If k ■ 1, x is a fixed point of T or an equilibrium state 

of (2.1). 

Note here that, unlike ordinary differential equations, 

a solution can reach an equilibrium state in finite time. 

Periodic phenomena (oscillations) are of theoretical 

and practical interest, and the next exercise shows a relation¬ 

ship between periodicity and invariant connectedness. 

3.7. Exercise. Show that: A finite set (a finite number 

of points) is invariantly connected if and only it it is a 

periodic motion. (Hint: Any permutation can be written as 

a product of disjoint cycles. See, for instance, ( 7), p. 140, 

Theorem 11.) 
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3.8. Exercice. Show that: 

(a) The closure of a positively invariant set is 

positively invariant. 

(b) The closure of a bounded invariant set is in¬ 

variant. 

As the above exercise suggests, the closure of an unbounded 

invariant set may not be invariant. 

3.9. Definition. Tnx (defined for all n 6 J) is called an 

extension of the- solution Tnx to J if T x = x and 
» 0 

T(Tnx) » Tn+1x for all n G J. 

Note that T^x * T x for all n € and that, if x 

is in an invariant set H, then Tnx has an extension on J, 

which may or may not be unique. 

3.10. Exercise. Show that a set H is invariant if and 

only if each motion starting in H has an extension on J 

that is in H for all n. 

An invariant set H can have an extension on J from 

a point in H that is not in H. However* the above exercise 

says it always has at least one that does not leave H. 

3,11# Exercise. Let E be a set in Rm, and let M be the 

largest (by inclusion) invariant set in E. Show that: 
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(a) M is the union of all extended solutions that 

remain in E for all n. 

(b) X G M if and only if there is an extended solution 

from M in E for all n. 

(c) If E is compact (bounded and closed), M is 

compact. 

At last we are in a position to establish the basic 

properties of positive limit sets. The most interesting case 

is when T^x) is bounded for all n > 0. Such motions are often 

said to be positively stable in the sense of Lagrange. 

3.12. Theorem. Every positive limit set is closed and 

positively invariant. If Tn(x) is bounded for all n G 

then fl(x) is nonempty, compact, invariant, invariantly connected, 

and is the smallest closed set that approaches as n * ». 

Proof. It is easily seen that the complement of ft(x) is open, 

and hence ß(x) is closed (see also Exercises 3.2 and 3.3). 

If q €ß(x), then there is a sequence n. such that n. 

ni ni 
and T X q as i By continuity of T, T(T (x)) ■ 
n.+l 

T (x) T(q), and T(q) € fi(x). Hence T(ft(x)) C fl(x), 

and (2(x) is positively invariant. 

If Tn(x) is bounded, it contains a convergent sub- 
00 

sequence and R(x) is nonempty. Also Q(x) C U T (x), and 
n*0 
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is, therefore, bounded and hence compact. If q €fi(x), we now 

have the existence of a sequence n^ such that n^ 

ni n.-l n.-l 
T X q and T x p as i -► ». Then T(T 1 x) * 

ni 
T (x) -► T(p) « q. Therefore, ß(x) CT(ß(x)), and fi(x) 

is invariant when Tn(x) is bounded. 

We will show next that Tn(x) fl(x) as n ♦ » if 

Tn(x) is bounded. Clearly p(Tn(x),ß(x)) is bounded. If 

p (Tn(x) ,fí(x) ) does not approach 0 as n -► », there is a 

ni 
subsequence n. such that n. -+- », T (x) converges and 

ni 1 
P(T (x),ß(x)) does not converge to 0. Clearly this leads 

n. 
to a contradiction, since the limit of T 1(x) is in fl(x), 

and Tn(x) -+ fi(x) as n •+ ». If Tn(x) ■+ E and E is 

closed, then it is easy to see that ß(x) CE- Hence ß(x) 

is the smallest closed set that Tn(x) approaches. 

It remains to show that if Tn(x) is bounded, then 

ft(x) is invariantly connected. Assume ft(x) is the union 

of two disjoint closed nonempty invariant sets and ß2. 

Since ß(x) is compact, so are ß^ and ß^. There then 

exist disjoint open sets and U2 such that ß^ C 

and ß2 C U2. Also, since T is uniformly continuous on ß^, 

there is an open set such that ß^ C and TÍV^) C U^. 

Since ß(x) is the smallest closed set that Tn(x) approaches 

Tn(x) must intersect both and are infinite number 

of times. But this implies the existence of a convergent sub- 

ni 
sequence T x that is not in either or U2< This contra- 

ni 
diction, since T (x) has a convergent subsequence, shows that 

ß(x) is invariantly connected and completes the proof. 
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13» Exercise. Show thati If K is compact and positively 

invariant, then 0 Tn(K) is nonempty, compact and invariant, 
n*0 

and is obviously the largest invariant set in K. 

(Suggestion: This can be proved, and more is learned, by first 

studying the properties of 

«(H) « O UTn(H). 
j*0 n-j 

Note that y G «(H) if and only if there are sequences 

€ J+ and y^ € H such that T ^y^ y and n^ » as 

j *► •.) 

4. Lipaunov Functions. An Extension of Liapunov's 

Direct Methods 

What we will do here is to so define the concept of a 

Liapunov function that we obtain, exploiting the invariance 

property of positive limit sets, a result which relates 

Liapunov functions to the location of positive limit sets. 

Because cf this, the principal result is called an "invariance 

principle". Our definition is much less restrictive than 

Liapunov's and greatly extends his direct method. (His method 

is called "direct" because it does not depend on a knowledge 

of solutions.) This was first done for autonomous ordinary 

differential equations in [24J (see also (26)), and today has 

been extended to infinite dimensional dynamical systems 

(difference-differential equations, functional differential 
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equations, certain types of partial differential equations and 

evolutionary equations (for example, see 116]). It also has been 

extended, to nonautonomous systems (references are given later)., 

is an elementary result but one with many important applications. 

Let V: Rm R. Relative to (2.1) (or to T) define 

V(x) - V(T(x) ) - V(x) • 

If x(n) is a solution of (2.1), 

V(x(n) ) - V(x(n+1) ) - V(x(n))j 

V(x) <0 means that V is nonincreasing along solutions. 

4.1. Definition. Let G be any set in Rm. We say that V 

is a Liapunov function of (2.1) on G if (i) V is continuous 

on Rm, and (ii) V(x) < 0 for all x € G. 

For V a Liapunov function of (1.1) on G, we define 

E « {xj V(x) « 0, x € G} 

(G is the closure of G). We use M to denote the largest 

invariant set in E (see Exercise 3.11). v"1^) - 

{xi V(x) ■ c, x G Rm}, a level surface. 

4.2. Theorem (Invariance Principle). If (i) V is a Liapunov 

function of (2.1) on G, and (ii) x(n) is a solution of (2.1) 

bounded and in G for all n > 0, then there is a number c 
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such that 

x(n) -►MO V“1(c) 

Proof, The proof now is quite easy. By our assumptions 

V(x(n)) is nondecreasing with n and is bounded from below. 

(Hence, V(x(n)) +0 as n + ». if p efl(x(0)), then there 

is a sequence n¿ such that ni + » and x(ni) + p. By 

continuity of V, VUfn.)) + V(p) « c and £î(x(0)) C v“1^). 

Since ft(x(0)) is invariant, V(Tn(p)) * c and V(p) = 0. 

Therefore, ft(x(0)) C E, and hence in M. This completes the 

proof. 

The difficulty in applications is to find "good" 

Liapunov functions — ones that make M as small as possible. 

For instance, a constant function is always a Liapunov function 

but gives no information. 

Let us look at a simple example which illustrates how 

the result is applied. Consider the 2-dimensional system 

x(n+l) - -2Ü2Í 

1+x (n) 

y (n+1) = 

l+y2(n) 

or 

(4.1) 

i+y 
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Take V(x,y) « x2 ■»■ y2. Then 

V(x,y) — "S 2 ~ 1 
(1+y2) 

x2 + 
ïï^7'1 

2 2 
Case 1. a < 1. b < 1. Now 

i 

V < (b2-l)x2 4 (a2-l)y2, 

and V is a Liapunov function of (4.1) on R2. Here 

M ■ E « {(0,0)}, and since every solution is clearly bounded, 

we have by Theorem 4.2 that every solution approaches the 

origin as n •* » (the origin is a global attractor and later, 

as we shall explain, we can conclude in this case that the 

origin is globally asymptotically stable). This is Liapunov's 

classical case — V(x) and -V(x) are positive definite. 

Case_2. a2 < 1, b2 < 1 and a2 b2 < 2. We may assume that 

2 . 2 
a < 1 and b « 1. V is still a Liapunov function of (4.2) 

on R but -V is not positive definite. In fact, 

• 2 2 
V < (a -l)y , and E is the x-axis (y ■ 0). However, since 

T(x,0) « (0,bx), we see that again M is just the origin. 

The conclusion is the same as in Case 1. 

2 2 
Case 3. a * b » 1. V is still a Liapunov function of (4.2) 

and all solutions are still bounded. Here E =» M is the union 

of the two coordinate axes, and by Theorem 4.2 we know that 

each solution approaches {(c,0), (0,c), (-c,0), (0,-c)}— the 
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2 2 2 
intersection of E with the circle x + y * c . There are 

two subcases. 

(i) ab « 1. Then T(c,0) = (0,bc), T2(c,0) * T(abc,0) 

* (c,0). Since positive limit sets are invariantly connected, 

every solution approaches one of these periodic motions — 

the origin or a periodic motion of period 2 (see Exercise 3.7). 

(ii) ab = -1. Here T(c,0) * (0,bc), T2(c,0) * (abc,0) 

“ (-c,0), T3(c,0) = (0,-bc), and T4(c,0) * (-abc,0) = (c,0). 

If c ^ 0, these are periodic motions of period 4. As in 

(i) above, each solution approaches the origin or one of these 

periodic motions of period 4. 

Case 4. a2 > 1, b2 > 1, Let Bô = {(x,y); x2 + y2 < Ó2}. 

For x € Bß and 6 sufficiently small 

V > x2 ♦ > 0, 

and -V is a Liapunov function of (4.2) on B^ for <5 

sufficiently small, and e = M « {(0,0)}. No solution starting at 

a point in B¿ other than the origin can approach the origin from 

within Bt (its distance from the origin is increasing) and T(x,y) ■ , 
o 

(0,0) implies x - y s 0. Therefore each such solution must leave 

B^ by Theorem 4.2 (instability) and, since no solution can jump 

to the origin in finite time except the trivial solution, there is 

no nontrivial solution that can approach the origin as n + ». 
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Thi. i« «lied strong instability (see Section 5). There is 

not nuch more information that can be obtained from this 

particular Liapunov function. The only cases that could be 

handled by Liapunov's classical direct method are a2 < 1 and 

b < 1, and a2 > 1 and b2 > 1. 

5# Stability and Instability 

The original definition by Liapunov (see (30J) for 

stability was for solutions (motions) and can be viewed as an 

asymptotic continuity with respect to initial conditions. Ne 

will restrict ourselves to stability of equilibrium states or 

positively invariant sets (equilibrium sets). 

5.1. Definition. A set H is said to be stable if given a 

neighborhood U of H (an open set containing ff), there is 

a neighborhood w of u such that T^W) C U for all n e J+ 

(T(W) - {T(x)i X € W}). + 

If H is bounded, a complete neighborhood system of H is 

given by the spheres Be(H) - (x; p(x,H) < e}. 

5.2. Exercise, show that* If H is stable, then IT is 

positively invariant. In particular, if h is a point, it 

is an equilibrium point. 

For H o set in R define H as follows* z E H if 

there is a sequence Xi 6 Rm and a sequence nL € J+ such that 
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- n. 
x¿ y £ H an^ T ^x.) •* z. In topological dynamics, the 

set of all such z for which ni is bounded is called the 

prolongation of H (if H is a point x, H is called a 

prolongation of the solution Tnx). The set of all such z 

for which n^ **• “ is called the prolongation limit set of H. 

Note that H C H. 

3« Lemma, (a) Let H be a compact positively invariant 

set. Then H is stable if and only if H = H. 

(b) Let H be a closed invariant set contained 

in an open and bounded positively invariant set G. Then H 

is invariant. 

Proof. (a) It is clear that, if there is a z 6 H that is not 

in H, then H is not stable. Suppose l¡ is not stable. 

Then for some bounded neighborhood U of H there exists a 

sequence x1 such that x1 -*• y E H as i -► « and each 

motion TV eventually leaves U. Let n. be the smallest 
n. i 1 

integer with the property that T xx is not in U. Since T 

is continuous, T(U) is bounded and so is the sequence T ^x^". 

Ix., therefore, has a convergent subsequence which converges to 
/in 

a point not' U, and hence H not stable implies H ^ H. This 

completes the proof. 

(b) The proof is about the same as the proof of 

invariance in Theorem 3.12. 

The stability concept of greatest practical interest is 

"asymptotic stability". We will see why in Section 9. We now 



19 

define this type of stability. 

5.4. Definition. A set H is an attractor if there is a 

neighborhood U of II such that x £ U implies T x H 

as n •*> “. It is a global attractor if Tnx -*■ H for all 

x 6 Rra. If H is both stable and an atcractor, then H is 

said to be asymptotically stable. If H is stable and is a global 

attractor, H is said to be globally asymptotically stable. Unstable 

means not stable. If H is neither stable nor an attractor, we will 

say that II is strongly unstable. 

5.5. Exercise. Given a set II its inverse image (H) * 

{y; T(y) £ H). A set is said to be inversely invariant if 

t“1(H) = H. Show that.* 

(a) A set H is inversely invariant if and only if 

H is positively invariant and T-1(H) C H. 

(b) A set H is negatively invariant if and only if 

T 1(x) intersects H for each x £ H. 

For ordinary differential equations inverse invariance 

and invariance are identical (there is uniqueness of solutions 

in both directions of time). 

5.6. Exercise. The region of attraction 0(H) of a set H 

is the set of all x such that Tnx H as n ■*> ». The 

boundary of H is denoted by 3H and its complement by 
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SíuOH ■ H fl ÿlî) • Show that: If H is asymptotically stable, 

then 

(a) ¿?(H) is open 

(b) #(H), 3h, and are inversely invariant. 

We now have as an almost immediate consequence of. 

Theorem 4.2 and Lemma 5.3: 

5.7. Theorem. Let G be a bounded open positively invariant 

set. If (i) V is a Liapunov function of (2.1) on G, 

(ii) M C G, then M is an attractor and G C ^P(M). If, in 
/(iii) 

addition, V is constant on M, then M is asymptotically 

stable (globally asymptotically stable relative to G). 

Proof. The first part of the theorem is an immediate consequence 

of Theorem 4.2. E is closed and in ? and hence is compact. 

Therefore, M is compact (Exercise 3.11). Assume now that 

(iii) holds. Then by Lemma 5.3 M not stable implies M ^ M. 

However, it is not difficult to see that V(x) « c for x € M 

and since M is invariant, MCE. This contradicts the 

definition of M, which is the largest invariant set in E 

and completes the proof. 

Note that, if M is a single point, then (iii) is 

automatically satisfied. For example, we can now conclude 

global asymptotic stability of (4.1) if a2 < 1, b2 < 1, and 

2 2 
a + b < 2. This is also true if M is a finite invariantly 

connected set (see Exercise 3.7). Note also that if no solution 
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outside M in G can reach M in finite time (i.e., M is 

also inversely invariant), then condition (iii) can be re¬ 

placed by: (iii)1 M is constant on the boundary of M. 

Another point of interest in applications is that the size of 

G gives information as to the "extent" of asymptotic stability. 

5.8. Exercise. Show that: If (i), (ii), and (iii) above are 

satisfied and M is the largest positively invariant set in 

E, then V(x) > c for each x € G - M, where c is the value 

of V on c (i.e., V(x) - c is positive definite relative 

to M). 

It turns out in applications that the largest positively 

invariant set in E is usually the same as the largest in¬ 

variant set in E (examples to the contrary are quite 

artificial) and "good" Liapunov functions will usually be 

positive definite. However, except for quadratic forms, where 

there are computable criteria (see [21]), positive definiteness 

may be difficult to establish, even when M is a point. 

Theorem 5.7 tells us that it is not necessary to verify that 

V is positive definite with respect to M. Rather, Theorem 5.7 

plus Exercise 5.8 gives a sufficient condition for positive 

definiteness (c » 0) (when M is a single point, this is a 

sufficient condition for the existence of a local minimum of 

V). 

5.9. Exercise. (The analog of Liapunov's first two theorems 

on stability). Let 0 be an equilibrium point of (2.1), and 
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let N be a neighborhood of the origin. V* r" R is said to be 

poeitive definite if V(x) > 0 on N and V(x) - 0 and 

X C N implies x « 0 (the origin is an isolated minimum of V). 

Show that* if (i) V positive definite and (ii) V is a Liapunov 

function of (2.1) on N, then the origin is stable. If, in 

addition, V is negative definite (i.e., -V is positive 

definite), the origin is asymptotically stable. Suggestion. You 

may assume N is bounded. Let 2m0 be the minimum of V on 

the boundary of N. Let G « {x* V(x) < ny x 6 N>. Argue that 

G is positively invariant and apply Theorem 5.7. 

5.10. Exercise. Generalize the result in Exercise 5.9 for the 

stability of compact positively invariant sets. 

We could develop specialized criteria for instability 

but prefer to place emphasis on the use of Theorem 4.2. This 

was illustrated in our discussion of (4.11). We look at another 

example which is a bit more interesting. The technique we will 

use generalizes that given by Cetaev for ordinary differential 

equations. He wanted to show for conservative dynamical systems 

that, if an equilibrium is not a minimum of the potential energy, 

then it is not stable (see [25), p. 56). Lagrange^enunciated 

the converse — at a minimum the equilibrium is stable -- and 

Liapunov proved it. A Liapunov function is a generalized energy 

function. Consider 
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x' = f(x,y) 

y' = g(x,y), £(0,0) = g(0,0) = 0. 
(5.1) 

Let V = -::y. Then V = xy - f (xry)g(x,y). Assume 

that f(x,y)g(xry) > xy for xy > 0. 

2^2 
Let G = {(xfy); xy > 0, x + y“ < Ô }. Note that xy > 0 

is positively invariant and that V is a Liapunov function on 

G. Since V vanishes on x=0,y=0, and no solution 

starting in G can remain in G and approach these axes (V < 0 

in G), no solution starting in G can remain in G 

for all n > 0 (this would contradict Theorem 4.2). Also when 

2 2 2 
a solution leaves G it goes outside x + y < 6 . Hence 

the origin is not stable. Since xy > 0 is positively in¬ 

variant, the origin is not an attractor, and it is strongly 

unstable — 6 is a measure of its instability. 

6. Liapunov Functions 

Everyone who has worked with Liapunov functions knows 

that two Liapunov functions are better than one, and except 

for notational convenience there is very little gained by the 

usual concept of a vector Liapunov function. The term vector 

Liapunov function seems to have been first used by Bellman [ 5]. 

For an application where again the terminology is used and 

other references see [14], We will generalize the usual 

concept of a vector Liapunov function. The idea comes from a 

construction of a Liapunov function by the economist Arrow 

et al in (2 ], and this has been much exploited by economists 
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in studying stability in competitive analysis. They, however, 

seem not yet to be acquainted with the extensions of Liapunov's 

direct method and the use of an invariance principle. For 

applications of stability theory in economics see 12,3,18,191. An 

interesting difference equation model for the control of unemployment 

and inflation is given in [40]. 

For X € R , X > 0 means x^ > 0 and x > 0 means 

> 0, i « 1,...,m. Let v: Rm -► and define 

v(x) = v(T(x)) - v(x). All definitions and result translate 

exactly, and we have the exact analog of Theorem 4.2. Now, of 

course, if v is a vector Liapunov function — in this the usual 

sense — then each v^ is a scalar Liapunov function for 

each i and so is V » ? v.. The set M for v is the 
i«l x 

same as the set M for V, but there may be a difference 

between M n v ^(c) and M n V ^(c). So there may be some 

information gained by the use of the vector Liapunov 

function v but this has not been demonstrated by a significant 

example. In any case what we want to do is to go to something 

more general. 

For a vector function w: Rm ^ R^, define W(x) » 

max wi(x). If w is continuous, then so is W. Define 

w(x) » w(T(x)) - W(x)u, where u¿ » 1 for i = 1,2,...,q 

(x) = wi(T(x)) - W(x)). 
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6 • • Definition, We will say that w is a vector Liapunov 

function of x' = T(x) on G if (i) w is continuous and 

(ii) w(x) < 0 for all x € G. 

We define E = {x; w(x) / 0, x G G}; i.e., x E E if 
— 0 

x E G and w^x) = 0 for some i = 1,...,q. m is the 

largest invariant set in E. Note that 

w(x) = w(x) + w(x) - W(x)u 

0 „ 
so that w(x) < w(x) for all x, and requiring w < 0 is not 

as strong as w < 0. in fact, w can be a vector Liapunov 

function in our sense, and yet it may be that no component of 

w is a scalar Liapunov function. Hov/ever, w(x) * Max w^(x) 

so that, if w is a vector Liapunov function, then W is a 

scalar Liapunov function. This is just another, and a good 

way, for constructing a scalar Liapunov function from a number 

of scalar functions. This idea v’ould seem to have natural 

applications to problems in control where you wish always to 

be sure that at each time you reduce the largest component of 

a vector measure w of the error in control (or performance). 

The use of a vector Liapunov function of this type to design a 

control that does this nay be an idea that is worth exploring. 

We have immediately from Theorem 4.2 

Corollary. If (i) w is a vector Liapunov function of 

(2.1) on G and (ii) a solution x(n) of (2.1) is in G 

and bounded for all n > 0, then, for some c, x(n) -*■ M D w”^(c) 

as n •*• «. 

/ 
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We illustrate the use of this result in the next section. 

For an application to the study of an epidemic model see [ 28 ]. 

7. Linear Difference Equations 

T 
Let A = (aij) be a real m x m matri?;. A = ^aji^» 

the transpose of A. An = AAn"^# A® ** I. If X. »Xj'• • • 

are the eigenvalues of A, c(A) * (X^/Xj#...#Xra} (the 

spectrum of A) and r(A) = Max|Xi| (the spectral radius). 

The general linear difference equation of dimension m 

is 

x' = Ax. (7.1) 

The solution satisfying x(0) = x° is ARx°. The columns of 

A are the principal solutions of (7.1). If v* is an 

eigenvector of A with eigenvalue X^, then is a 

solution of (9.1). If the eigenvalues of A are distinct, 

then the general solution of (7.1) is 

x(n) = c.X^v1 +...+ c XM. 
11 n q 

Thus, if r(A) > 1, there is always a solution that does not 

approach the origin. If r(A) > 1, there are unbounded 

solutions. 

7.1. An algorithm for computing An from its eigenvalues. 

This algorithm is the analog of Putzer*s algorithm in 

[35 ] for computing eÄt. 

We look for a representation of An in the form 
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An * i V (n)Q (7.2) 
3=1 J J 

where 

Qj = Qp = I. (7.3) 

Cm “ 0 by tIle IIamilton-Cayley Theorem (every matrix satisfies 

its characteristic equation). It is just this fact that 

suggests the form of the representation (7.2). 

The initial condition A = I is satisfied by taking 

Wj^O) = 1, w2(0) = ••• * w (0) * 0. We want A Tw (n)Q. , 
m n j-1 

m J 
" (n+1)Qj-i OTt since AQj-i = °j + xjcj-i' 

^ m 
[w.(n)(Q+XQ ) = I w. (n+l)Q .. 

3=1 J -> J j=l 3 3-1 

Thus, (7.2) holds if 

w^n+1) = XjW^n), Wj^iO) = 1 (w^n) = X^) 

(7.4) 

Wj(n+1) = X.w.(n) + wj-1(n), w.(0) » 0, j = 2 ••• m. 

Equations (7.3) and (7.4) are algorithms for computing the Q. 

and the w^(n) in terms of the eigenvalues of A (i.e., for 

computing An if we know or have computed the eigenvalues 

of A). 

By way of illustration let us use the algorithm to 

find the solution of 
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, i • t - 3y" + ^y' - y = 0; y'MO) = y", y'(0) = y', y(0) « yr 

This 3rd-orcter equation is equivalent to x' = Ax where 

X 

y 

y’ 

[y” j 
and A = 

1 

0 

-3 

¢(1) = det(A-Xl) = —(X-l)^ and “ ^2 = ^3 = 

Q0 = ï, Ci = A - î = 

f-1 

0 

1 

1 

-1 

-3 

ol 

0 

c2 = (A-I) 

fl -2 

1 -2 

l1 -2 

Solving (7.4) directly#or by using Exercise 7.3, we obtain 

w^n) = 1, w2(n) = n, w3(x) « jn(n-l). Hence 

An * I + n(A-I) + j n(n-l)(A-I)2 

j(n-l)(n-2) -n(n-2) 

1 n(n-l) 

y(n+l)n -(n+2)n 

n(n-l) 

-(n+1) (n-1) i-(n+l)n 

•(n+2) (n+1) 
) 
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n O 
The solution y(n) is the first component of Ax . This 

gives y(n) = j(n-l) (n-2)y0 - n(n-2)y’ + j nin-DyJ. 

7.2, Exercise. • (a) Show that: If r(A) = r^ < ¡5 then 

|w. (n)| < -j * 1,...,m. 
J " (ß-rQ)3“1 

(b) if a < r(A) establish a lower bound for 

|Wj(n) I. 

Prom Exercise 7.2 .;e see that, if |r(A)| <1, then 

Wj (n) -► 0 as n -► and hence An ^ 0 as n ®. We already 

know when r(A) >1 thk-;t An does not approach 0 as n ®. 

An 0 corresponds to the global asymptotic stability of 

(7.1), and hence we see that (7.1) is globally asymptotically 

stable, if and only r(A) < 1. In this case we will say A 

is stable. For computational criteria that the roots of a 

polynomial lie in the unit circle see [21]. Although we have 

assumed, and continue to do so, that A is real, nothing 

we have done so far uses this assumption. 

7.3. Exercise. Show that 

w1(n) « 

? n-k 
w. (n+1) ‘ I w. .(k), j » 2,...,m. 
J k»0 3 3 A 

7.4. Exercise. If the eigenvalues of A are distinct, show 
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that 

where 

w1 (n) 

Wj (n) 

n 
1 

y c. .xn 
i=l ^ 1 

(W- 

7.5. Exercise (Variation of constants formula). Show that 

the solution of the initial problem (f: J+ -*■ R™) 

x' = Ax + f(n)r x(0) = x° 

is 

x(n+1) = An+1x° + [ An"kf(k). 
k=0 

7.6. Exercise. Show that the solution of 

yfn-^n) + a1y(n+m-l) +...+ a^y (n) = g(n) (7.5) 

satisfying y(0) = y(l) = ... = y(m-l) = 0 is 

n 
y(n+l) = I w(n-k)g(k) 

k=0 

where w is the principal solution of the homogeneous 

equation (g(n) = 0); that is, w is the solution of 

+ amy(n) - 0 y(R+m) + a^y(n+m-1) • • • 
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satisfying 

y(0) » ••• » y(n-2) - 0, y(m-l) - 1. 

Since Ak+1 - Ak « Ak(A-I), we see that 

A - I » (A-1) I Ak. 
k*0 

If An+1 -*■ 0 (r(A) < 1), we obtain 

00 

• (I-A)“1 - I Ak. (7.6) 
k«0 

R(l) * (XI-A) 1 is called the resolvent of A. We see, there¬ 

fore, if |XI > r(A) that 

HIM - (XI-A)-1 - I X*(k+1,Ak. (7.7) 
k®0 

It is also of interest to know when it is true that each 

solution of (7.1) approaches a point —which, of course, must be 

an equilibrium point. Assume that Anx y « f(x) for each x 

(i?(x) « (f (x)}). Since f (x) is linear, f(x) » Bx for some matrix 

B, and the question we are asking is* when does An 

converge? We know, if r(A) < 1, that An 0 as n 

and, if r(A) > 1, the sequence is unbounded. This leaves the 

case r(A) « 1. Assume that An B as n * (i.e., Anx -•* Bx 

for each x). Hence, the point Bx is an equilibrium point of 
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X “ Ax (a fixed point of A) and ABx = B>:. Since B ^ 0, a 

necessary condition for An -•> B when r(A) = 1 is that X - 1 

be an eigenvalue of A end be the only eigenvalue on the unit 

circle. Now An -* B implies An is bounded, and we see from 

equation 7.7 that (X-l)R(X) is bounded for X > 1. Hence X » 1 

is a simple pole of the resolvent (this means that 1 is a simple 

root of the minimal polynomial). The converse of this is true 

(see, for instance, [37], Chapter I), and hence 

7.7. Theorem. An 0 if and only if r(A) < 1. If r(A) > 1, 

An is unbounded and does not converge. If r(A) «= 1, then An 

converges if and only if X * 1 is a simple pole of the re¬ 

solvent of A and is the only eigenvalue of A on the unit circle. 

This can also be seen from the algorithm for An or 

from the Jordan canonical form for A. 

7*8, Exercise. Show that: If An -► B as n -*■ », then 
2 

AB * BA = B and B = B. 

Exercise. When is it true that each solution of (7.1) 

is bounded? 

8. Stability of Linear Systems 

To illustrate further the application of Liapunov's 

direct method and the use of Liapunov functions, we will study 

a bit more the question of the stability of 

X = AX (8.1) 
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We shall say, in place of "the origin for (8.1) is asymptotically 

stable", simply, "(8.1) is asymptotically stable" or A is stable. 

Also, for linear systems asymptotic stability is always global, 

and the adjective is not needed. We know that A is stable if 

and only if r(A) < 1. The next criterion is the analog of the 

one given orginally by Liapunov for the real parts of all the 

eigenvalues of A to be negative (e * -► 0 as t -► w). 

Let V(x) = xtBx where B is positive definite. Then, 

with respect to (8.1), V(x) » xT(ATBA-B)x. Hence, if ATBA - B 

is negative definite, (8.1) is asymptotically stable by 

Exercise 5.9, and A is stable. Conversely, suppose that A 

is stable, and consider the equation 

AXBA - B = -C. (8.2) 

If it has a solution, then 

r /.T.k-.k ..T.n+l^.n+l D 
- ¿ (A ) CA « (A ) BA - B. 
k=0 

Letting n we see that the solution must be 

B = J (AT)kCAk. 
k-0 

It is easily verified that this is a solution and that, if C 

is positive definite, it is positive definite. 

Hence, we have shown 

/ 
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8‘1* Theorem. If there are positive definite matrices B 

and C satisfying (8.2), then A is stable. Conversely, if 

A is stable, then given C, (8.2) has a unique solution B. 

If C is positive definite, B is positive definite. 

This result plays an important role in the theory of 

linear discrete control systems. It is also a converse 

theorem. If (8.1) is asymptotically stable, there is a 

positive definite quadratic Liapunov function V with -V 

positive definite. (An easy proof of the first statement in 

Exercise 8.3 is obtained using this result.) 

Consider the nonlinear difference equation 

x' = Ax + f(n,x). (8.3) 

Assume that f(n,x) is o(x) uniformly with respect to 

n > 0. This means that given e > 0 there is a 6 > 0 such 

that I¡f(n,x)i I < e!¡x|I for all i|x|| < 5 and all n > 0. 

Near the origin f(n,x) should not have much effect on 

stability. To some extent this is true and that is the next 

exercise. 

8.3. Exercise (Stability by the linear approximation). Consider 

the nonlinear difference equation (8.3) where f(n,x) is o(x) 

as described above. Show that: If the linear approximation 

x' ■ As: is asymptotically stable (r(A) < 1), then so is (8.3). 

If r(A) > 1, then (8.3) is unstable. 
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The last statement in the result above is more difficult 

to prove. The critical cases are when r(A) = 1. Then one 

must take into account the nonlinearition. This result on the 

linear approximation is useful in applications. It wasfup until 

1950,the way most control systems were designed. Eut it must be 

kept in mind that it gives no information about the size of the 

region of asymptotic stability. It is purely a local result. 

-he region of asymptotic stability may be so small relative to 

a given application that from a practical point of view the 

origin is unstable. Also the origin of the nonlinear system can 

be unstable but a very small neighborhood of the origin could be 

an attractor and from a practical point of view it could be 

stable. There could be a stable periodic oscillation about the 

orÍ9Ín so small that its effect could be negligible. One of the 

advantages of Liapunov’s direct method versus deciding stability 

on the basis of the linear approximation is that it takes the 

nonlinearities into account and can yield information about the 

extent of the stability or instability. 

Nonnegative matrices, A * (ai;.) are those for which 

aij - 0 <A - 0)* They arise naturally in many applications, and 

have been studied extensively for a long time. (See [4,11]). 

For instance, for the linear difference equation x' * Ax where 

the state variables are naturally nonnegative (populations, 

prices, number of particles, etc.) the matrix A will be nonnegative 

since R+ * {x; x > 0, x E Rm} must be positively invariant. 
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8.4. Exercise. Show that: 

(a) Rm is positively invariant for x' = Ax if and 

only if A > 0 

(b) P™ * {x; x > 0, x € R™} is positively invariant 

for x' = Ax if and only if A > 0 and no row of A is zero. 

A good illustration rf the use of our results is the 

proof of part of the following theoreir. 

8.5. Theorem. If A ^ 0, the following are equivalent: 

(1) !X(A) [ <1 

(2) (A-I)“1 < 0 

(3) There is a c * 0 such that Ac < c. 

(4) (At-I)D + D(A-I) is negative definite for some 

positive definite diagonal matrix D. 

(5) The real parts of the eigenvalues of A-I are 

all negative. 

(6) The principal minors of I - A are all positive. 

Proof. We shall prove the equivalence of the first three 
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st iteironts. (1) ==> (2) follows from Equation (7.6). To 

see that (2) ==> (3) take c = for any b > 0. Then, 

since (I-A) > 0 and is nonsingular, c > 0. Assume (3) 
!xi! 

and let w^(x) = — • We will show that w is a vector 

1 |x I 
Liapunov function. Here W(x) = Max —i— 

i ci 

w^^iTCx)) = 
!(Ax) . ! 
i ' i i X. 

^ aikrk 
k=l 1K K 

k 

k 
< W(x) 

(Ac) 

ci 

< W(x), X / 0. 

0 

Hence, w(x) < 0 for x ^ 0 and w(x) is a vector Liapunov 

function. Since W(x) ® as ( ixj | -*■ every solution is 

bounded and approaches M, which is simply the origin. There¬ 

fore, (3) ==> (1), and we have shown the equivalence of (1), 

(2), and (3). 

It is known that (3), (4) and (5) are equivalent. A 

rather detailed discussion of such equivalences can be found 

in ( 11 ]. What we have seen is that our stability theory 

gives simple proofs of some significant and nontrivial results. 

For applications of results of this type to economics see f 19 ]. 

8.6. Exercise. Define ¡A¡ = (|a..|). With the vector 

Liapunov function v used in the above proof, show that: 

!Al stable implies A is stable, and hence that 

r (A) < r ( IAI ). 
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8.7. Exercise. Show that: 

(a) !Ax| < |A|.|x|, (Ix^ * IxJ) 

(b) If !t(x)I < B|x| for all x and D is stable, 

then Tnx 0 for all x. 

9. Stability Under Perturbations 

The converse theorems of Liapunov theory are important 

theoretically — too important notât least to mention. They 

guarantee the existence of Liapunov functions if there is 

asymptotic stability, as did our earlier result for linear systems 

(Theorem 8.1). The general results are nonconstructive and 

are of no help in finding Liapunov functions, but, as wc shall 

see, they do enable us to answer an important practical question. 

A proof of the following converse theorem can be found 

in [15]. Here we consider again the general difference equation 

x * T(x) , T(0) - 0. (9.1) 

The system has an equilibrium which v.e locate at the origin. 

T is said to be lipschitz continuous near the origin if for 

some L > 0 and r > 0 

!|T(x) - T(y)I ! < L||x-yI| 

for all I|x|I < r and ||y|I < r. 

Theorem. If T is lipschitz continuous near the origin 

and the origin is asymptotically stable, there exists a positive 
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definite V: Rm -»■ R which is lipschitz continuous near the 

origin with $ negative definite. 

Now our definitions of stability and asymptotic stable, 

which are Liapunov's, are in terms of perturbations of initial 

conditions. In the real world, where nothing is known exactly, 

a system is being constantly perturbed and a bci-tcr model for the 

perturbations is . 

x' = T(x) + P(n,x), (9.2) 

where P(n,x) is unknown but hopefully not too large. Now 

simple stability of the origin for the unperturbed system (9.1) 

is too fragile to expect it to imply a stability of the perturbed 

system (9.2). Not so with asymptotic stability,and this 

is why asymptotic stability is cf practical interest. We will 

now describe this stability under pertrubations. It is called 

"strong" because originally (and this was for ordinary differ¬ 

ential equations) only stability under perturbations was proved 

(for instance, this is all that is proved in [ 15 ] for 

difference equations). The stronger result was first obtained 

within the context of topological dynamics (see ( 38]). 

9*2, Definition. Let x*(n,x°) denote the solution of (9.2) 

satisfying x*(0,x°) = x°. The origin is said to be stable under 

perturbations if for some and each c > 0 there exist (c) 

and 52(c) such that ¡ |x| | < ^(e) and | |P(n,y) | ¡ < <32(e) 

for all n > 0 and all ||y|! < e0 imply [¡x*(n,x°)i! < e 

for all n > 0. If, in addition, there is a ¢^, an r^, and 
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an N(e) suchthat ||x|| < 6q and ||P(n,y)|| < 

for all n > 0 and all ||y|| < rQ iiaply ||x*(n,x)|| < e 

for all n > N(c)# the origin is said to be strongly stable 

under perturbations. 

The following theorem can then be proved using the 

above converse theorem (a proof can be found in [28]). 

9.3. Theorem. If T is lipschitz continuous in a neighbor¬ 

hood of the origin, then the origin is strongly stable under 

perturbations if and only if it is asymptotically stable. 

A rather recent and significant development for ordinary 

differential equations is the introduction of skew-product flows 

(see [ 39 ]) and their use to establish invariance properties for 

the positive limit sets of solutions of nonautonomous equations 

(see [9,10,27]). This then gives for a large class of nonautonomous 

ordinary differential equations (^r * f(t,x)) an invariance 

principle and a stability theory much like what we have 

developed here for autonomous systems. The same can be done 

for nonautonomous difference equations x' = T(n,x) (see [28]). 

This is a new tool for the analysis of stability of nonautonomous 

systems that has not yet been exploited. Unfortunately, this 

goes beyond the scope of this article. 

c—* 

Although this theory of difference equations has been 

presented in a concise and sophisticated language, much of it 

can be made easily accessible to undergraduates, particularly, if 

one is willing to study first dimensions 2 and 3. Some of it 
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would make a good introduction to the study of ordinary differ¬ 

ential equations. Linear difference equations also provide a 

nontrivial application within an elementary course on linear 

algebra. 

At this point the author wishes to confess that this has 

been the first time he has looked systematically at the subject 

of difference equations. VThat he has done is to do everything 

by analogy with the more highly developed theory for ordinary 

differential equations and difference-differential equations 

(functional differential equations). It has been surprising to 

him to discover new results and to find at this level so 

interesting a theory and so much of practical significance. He 

is now an advocate for considering difference equations as a pre¬ 

requisite to the study of differential equations, control and 

stability theory, and the theory of systems. Interesting phenomena 

modeled by difference equations are not too difficult to find, 

computations are easy, and it is good introductory applied 

mathematics. 

Little Compton, Rhode Island July 1975 



REFERENCES 

[1] M. A. Aizerman and F. R. Gantmacher, Absolute Stability of 
Regulator Systems, Holden-Day, Inc., San Francisco, 1964. 

[2] K. Arrow, H. D. Block, and L. Hurwicz, On the stability of 
competitive equilibrium II, Econométrica 27(1959), 82-109. 

13) K. J. Arrow and F. H. Hahn, General Competitive Analysis, 
Holden-Day, Inc., San Francisco, 1971. 

[4] R. Bellman, Introduction to Matrix Analysis, McGraw-Hill, 
New York, 1960. 

[5] R. Bellman, Vector Lyapunov functions, J. SIAM Control 
1(1962), 32-34. 

[6] G. D. Birkhoff, "Dynamical Systems", Amer. Math. Soc. Colloq. 
Publ. Vol. 9, Amer. Math. Soc., Providence, R. I., 1927. 

[7] Garrett Birkhoff and S. MacLane, A Survey of Modern Algebra, 
The Macmillan Co., New York, 1947. 

[8] M. Cuénod and A. During, A Discrete-Time Approach for System 
Analysis, Academic Press, New York, 1969. 

[9] C. M. Dafermos, An invariance principle for compact processes, 
J. Diff. Eqs. 9(1971), 239-252. 

[10] C. M. Dafermos, Semiflows associated with compact and uniform 
processes. (to appear) 

[11] M. Fiedler and V. Pták, On matrices with nonpositive off- 
diagonal terms and positive principal minors, Czech. Math. J. 
12(1962), 382-400. 

[12] W. H. Fleming, Functions of Several Variables, Addison-Wesley, 
Reading, Mass., 1965. 

[13] W. H. Gottshalk and G. A. Hedlund, Topological Dynamics, 
American Math. Society, Providence, R. I., 1955. 

[14] Lj. T. Grujid and D. D. Siljak, Asymptotic stability and in¬ 
stability of large scale systems, IEEE Trans. Auto. Control 
AC-18(1973) 636-645. 

[15] A. Halanay, Quelques questions de la theórie de la stabilité 
pour les systèmes aux differences finies, Arch. Rational. Mech. 
Anal. 12(1963), 150-154. 



43 

tl6] J. K. Hale, Dynamical systems and stability, J. Math. Anal. 
Appl. 26(1969), 39-59. 

117] M. W. Hirsch and S. Smale, Differential Equations, Dynami¬ 
cal Systems, and Linear Algebra, Academic Press, New York, 
1974. 

[18] J. R. Hicks, Value and Capital, Oxford Univ. (Clarendon) Press, 
London, 1939. 

[19] G. Horwich and P. A. Samuelson (Editors), Trade, Stability, 
and Macroeconomics, Essays in Honor of Lloyd A. Metzler, 
Academic Press, New York, 1974. 

[201 J. Hurt, Some stability theorems for ordinary difference 
equations, SIAM J. Numerical Analy. 4(1967), 582-596. 

[21Î E. I. Jury, Inners and stability of dynamic systems, John 
Wiley 6 Sons, New York, 1974. 

[223 R. E. Kalman and J. E. Bertram, Control system analysis and 
design via the second method of Lyapounov II Discrete systems, 
Trans. ASME, Series D., J. of Basic Engineering, 82(1960), 
394-400. 

[23] C. Kuratowski, Topology I. Academic Press, New York, 1966. 

[24] J. P. LaSalle, The extent of asymptotic stability, Proc. Nat. 
Acad. Sei., U.S.A. 46(1960), 363-365. 

[25] J. P. LaSalle and S. Lefschetz, Stability by Liapunov's 
Direct Method with Applications, Academic Press, New York,1961. 

[26] j. p. LaSalle, Stability theory for ordinary differential 
equations. J. Differential Equations, 4(1968), 57-65. 

[27] J. P. LaSalle, Stability theory and invariance principles. 
Proc. Int'l. Sym. on Dynamical Systems, Brown Univ., Aug. 1974, 
Academic Press (to appear). 

[28] j. p. LaSalle, Stability of Dynamical Systems, Conference 
Board of the Mathematical Sciences Region Conference Series 
in Mathematics, Mississippi State Univ., Aug. 1975. 
Published by American Mathematical Tociety (to appear). 

[29] S. Lefschetz, Stability of Nonlinear Control Systems, Academic 
Press, New York, 1965. 

[30] A. M. Liapunov, Problème Général de la Stabilité du Mouvement, 
Ann. of Math. Studies, Princeton Univ. Press, Princeton,N.J.1947. 



44 

[31] R. K. Miller and G. R. Sell, Existence, uniqueness and 
continuity of solutions of integral equations, Annali di 
Matemática 80(1968), 135-152. 

[32] R. K. Miller and G. R. Sell, Topological dynamics and its 
relation to integral equations and nonautonomous systems. 
Proc. Int'l. Sym. on Dynamical Systems, Brown Univ., Aug. 
1974, Academic Press, New York. (to appear). 

133) W. E. Milne, Numerical Calculus, Princeton University Press, 
Princeton, N. J., 1949. 

[34] L. M. Milne-Thompson, Calculus of Finite Differences, 
Macmillane and Co., Ltd., London, 1933. 

[35] E. J. Putzer, Avoidinq the Jordan canonical form in the 
discussion of linear systems with constant coefficients 
Ar.er. Math. Monthly 73 (1966), 2-7. 

[36] J. E. Rubio, The Theory of Linear Systems, Academic Press, 
New York, 1971. 

[37] h. H. Schaefer, Banach Lattices and Positive Operators, 
Springer-Verlag. New York, 1974. 

[38] P. Seibert, Stability under perturbations in generalized 
dynamical systems. Nonlinear Differential Equations and 
Nonlinear Mechanics, editors J. P. LaSalle and S. Lefschetz, 
Academic Press, New York, 1963, 463-473. 

[39] G. R. Sell, Nonautonomous differential equations and topo¬ 
logical dynamics, Trans. Amer. Math. Soc. 127(1967), 241-283. 

[40] j. stein. Unemployment, inflation, and monetarism, American 
Economic Review, LXIV (December 1974). 

[41] P. van den Driessche (Editor), Mathematical Problems in 
Biology, Victoria Conference, 1973. Springer-Verlag, New 
York, 1974. 

[42] H. Uzawa, The stability of dynamic processes. Econométrica, 
29(1961), 617-631. 

[43Î T. Yoshizawa, "Stability Theory by Liapunov's Second Method", 
Publication No. 9, The Mathematical Society of Japan, Tokyo, 
1966. 




