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Summary 

Two criteria are set up to judge the relative performance of the least squares estimator 
and the best linear unbiased estimator of ß in the linear model y = Xß + u, where E{u) = 0, 
E{uu') - F. The matrices X and F are found so that the relative performance of least squares 
is worst. Both criteria give the same least favourable situation : when Jit (A') is any one of the 
2* manifolds J((-jq±y,,.yk±y„_fc+1), where =/iyi and/! < ... ¡S/,, are fixed, Jt{. ) 
denoting the subspace spanned by the columns of the relevant matrix. The case where all/£ 
may be chosen in a preassigned interval is also discussed. The practical implications of the 
various results are mentioned. 
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1. Introduction 

This paper is concerned with the relative performances of the least squares estimator, b, 
and best linear unbiased estimator, ß, of ß in the linear model 

y — Xß + u, (M) 

where y, which is n x 1 and X which is n x i; are observed and the n x 1 error vector u has 
E(u) = 0, E(uu') - var (u) = F. It will, except in §5, be assumed that rank (X) = k and 
rank (F) = n. For our purposes we assume n > 2k. Then 

b = (X'Xr'X'y, ß = ( ArT-1 A)-1A ' F-1 y (1-2) 

var (6) = (A'A)“1 ATA( A'A)-1, var(/î) = (AT-1 A)-1, (1-3) 

and 

var (b) - var (ß) is nonnegative-definite. 

There is no loss of generality in supposing that 

A'A 4- 

(1-4) 

(1-5) 

The circumstances in which b = ß are well known; the columns of A must span the same 
subspace as the columns of FA, that is Jt{X) - 1A#(A). For the history, and for results in 
the arbitrary rank case, see Watson (1967,1972). Here 6 is as1 good’as the‘best’/?. How ‘bad’ 
can b be relative to /?? The earliest reference to this problem is Tukey (1948). One needs 
a measure of relative performance; two are suggested below. For any given A and F, the 
measure will then be computed. In practice, A will be known but rarely F. Thus it would be 
of interest to have an attainable lower bound to the measure for A fixed and all F in some 
class. For mathematical reasons, it is also of importance to find lower bounds for F fixed and 
all A subject to (1-5). Finally, various combinations could be considered. 

D D C «* H, I**11» -.. 

<4-oQ> P 7 

! WBOpn 

jf'j| OCT 15 1975 

lUSSHTU 
B 



122 Peter Bloomfield and Geoffrey S. Watson 

The basic criterion is (1-4) but there is no unique way to order nonnegative matrices. 
Thus all criteria are somewhat arbitrary. If generalized variances are used to define the 
‘efficiency’ <? of ò relative to ß, then 

(Mi) 

on using (1-3) and (1-5). Clearly ^ 1. We will give the lower bound under various circum¬ 
stances. Our other criterion arose from trying to express the feeling that b will be bad when 
~#{X) and YJf(X) are dissimilar. When they are identical FX = XA, A nonsingular, so 
that X'FX = X'XA = A and A is symmetric. Hence FXA" is symmetric, so that the 
commutator G = XXT - YXX' is null. Thus we will expect b to be bad when X = tr (C'C) 
is large. 

We will find that the circumstances that make tf a minimum make Ä a maximum. While 
the two criteria are apparently different, there isa connexion, since determinantal manipu¬ 
lations yield the identity |xtx| |xt_ix| = ir+ci/irj. 

The spectral decomposition of F will be defined by 

(i-7) 

(1-8) 

with 0 <f1^ ... f¡/n. We may consider maximizing if-1 and Ä under all combinations of 

X fixed, X variable, subject to X'X - Ik, 

G fixed, G variable, subject to G’G = /„, 

F fixed, F variable, subject to< /,, ...,/„ < /*. 

(1-9 a, b) 

(l-10a,&) 

(Mia,6) 

It will turn out that the essential problems to solve come from the two combinations : 

(1-96), (MOa), (1-11 a), that is X variable, F fixed; (M2) 

(l-9a), (MOa), (Ml 6), that is X fixed, F variable but with fixed eigenvectors. (M3) 

In §§ 2 and 4 we solve (1-12) and §§ 3 and 5 we solve (1-13) for S~l and K, respectively. 
The reductions of the other problems to these are mentioned as they arise. 

In § 6 we discuss the results, especially as they relate to applications. We also consider 
the effect of relaxing the full rank assumptions on X and F. 

In §§ 2 and 4, the method of Lagrangian multipliers is used, and it is convenient to show 
here that it will lead us to the maximum of <^-1 and K on the X manifold specified by 
X X = Ik, Since <f _1 and K are polynomials in the elements of X, they are continuously 
differentiable, so that it is only necessary to show that the manifold is smooth, i.e. that the 
gradients of the lk(k + 1) functions 

n 

MX) = 2(i = 1,...,k) 

are linearly independent. For i ^ j, 
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„ • „ nnnnull triangular matrix A = ((%))» aa = 0 
,o that linear dependence means there is a nonnull g 

> j), such that, for all l and m, 
+S}mxu) = 0, 

th„t i» AX' + A'X’ - 0. rlttdícií ¿ete welh.!“ able to 
is null. Since A is triangular, A is null, wn.cn 
Knd the extremes among the stationary values. 

2. The efficiency lower bound for variable X 

Since ^ = \XTX\ |XT^X| and T = GFG' we set 

Y = G'X, £-'=\Y'FY\\Y'F-'Y\. 

vv X'Ofí'X = / X = GY, there is no difference between the problems 
Because Y Y - X GG X Q riable F fixed; always X X = 4- Thus 
(i) X variable, G fixed, F fixed, and (il) X fixed, vanao 

we speak in terms of the first, i.e. orthog0nal, also achieves the 
Suppose that X maximizes . - e maximizing X and obtain all 

same maximum. Thus we may seek a simple lorm 

others by an orthogonal transformation differentiation (Rao, 1973, 

We maximize log ^ 1 by p^^g^^f^^^nditions^n be written as an upper triangular 
pp. 72, 73). The multipliers for the eauating to the zero matrix the derivative, 
Ztn* A. The »tationary ^ ° Thu. 
with respect to X, of log jX I X| +log Ia 1 

rX(XTX)-i + r-iX(XT-iX)-*-X(A + A') = 0. 

, „ T V' Vi A j. A'l = A + A,I so that (2-l) becomes 
Premultiplying (2-1) by X', we find that 2/,. - X . ( 

rx(XTX)-1+r-hXiXT-hX)-1 = 2X. 1 

If now (2-2) is premultiplied by XT we have 

XTaX(XTX)'L = 2XTX-(XT ’X) 

The right-hand aide of ^ (ZTX)-commate. ThnByr-X^XrX^mmute^mJon ^ ^ 3) ^ 

same fc x fc orthogonal matm. *p!l d ph ot this «ction we may assume then 
XT_1X is also diagonalized. By the secón p g P ^rp_ix are diagonal. Wr ting 
that, for the X matrices making ^ stationary, X PA and X 1 A 

now X = Z*]-we have fc (2.4) 
^-i = n 

■¿=“1 

Equation (2-2) may now be written (t 1,., 

x'iYxi xïY-'-Xi 

(2-5) 



124 Peter Bloomfield and Geoffrey S. Watson 

Premultiplication of (2-5) by F shows that the linear manifold spanned by a;,- and Tx{ is 
closed with respect to F and hence is spanned by at most two eigenvectors of F. Furthermore, 
the corresponding eigenvalues are the roots ai and bi of the quadratic 

(2-6) 

so that 

(2-7) 

Hence the contribution of ^ to the product (2-4) is 

If X,. and Txt are parallel, xt is an eigenvector, (2-6) has a repeated root equal to the eigen¬ 
value and the contribution is unity. 

The k manifolds associated with (xv Faq),..., (¾. FxA.) are mutually orthogonal because 
A" A' and ArTAr are diagonal. All such sets of manifolds may be found by making k selections 
without replacement of one or two eigenvectors at a time. If n > 2k, it is clearly advan¬ 
tageous and possible to take pairs each time. 

then the remaining problem is to choose two disjoint subsets (flq, ...,ak), (i»i, ...,bk) from 
(/i> •••if n)’ where 0 < j\ ^ ... ^ , to maximize 

n (a'+fy3 

I his may be solved by a nontrivial but elementary combinatorial argument. Thus we find 
for all X subject to X'X = lk. 

This lower bound was conjectured by J. Durbin and given a proof incorrect for k > 1 by 
Watson (1955). Further discussion and some unattainable lower bounds for this case were 
given by Watson (1967). Hannan (1970, p. 422) showed that when estimating a linear 
combination c'ß, the inequality 

Yar (C'ß) > 4/l/n 
var(c'6) " (fn+f^ 

holds. This bound also arises as the lower bound to the efficiency when £ = 1. It is easily 
generalized to &' < & linear combinations. 

V\ e see (2 8) also holds for fixed A', A'A" = Ik and all G. It holds in fact for all X of rank k, 
a < provided that A is fixed and /i < ... </n. The relation of these last conditions is 
considered in § 6. 
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3. The efficiency lower bound for variable bounded eigenvalues 

We now search for the minimum of S’, when X and G are fixed but the eigenvalues/;, are 
varied in a closed interval [/*,/*]. Without loss of generality, G = In. We may also drop 
here the convention that /, «S ... < /„ ; in what follows j\ is any eigenvalue of T = F. 

If Ar is partitioned by its first row and the remainder so that X' = [r,, R2\ and F is corre¬ 
spondingly partitioned as diag {j\, F2), then 

= \R2F2R'2\ {1 

provided that R2 F R2 is nonsingular. But this is a consequence of the nonsingularitv of 
X’FX. A similar result holds for so that 

\X’F-iX\ = \R2F2l R¡\ {1 +f11r¡(R2 F2lR'2)-lr1}. 

Thus 

= a(l 4-0^)(1+0/71). (3-1) 

where a, b and c are positive quantities not depending on fv Thus (3-1) shows that S-1 is 
maximized for fixed/¡j.fn by setting^ =/^ or/*. Hence all eigenvalues will be at the 
ends of the interval [/*,/*]. 

If all the/; are set equal to/* or/*, then S-1 can be written 

|/*¿+/*£||/*id+/*-hB|, (3-2) 

where X X = ^ = A+B — Ik. Thus A and B can be simultaneously diagonalized; let 
their eigenvalues be denoted by ct} and ßp respectively (/ = 1,...,/,-), where = 1, with 
<Xj and ßj ^ 0. Thus (3-2) reduces to 

.n (/*«,• +f*ßj) ifActj +/*-1// (3-3) 

which is bounded above by{£(/*+/*)2/(/*/*)}*. This bound will only be attainable if it is 
possible to partition the rows of X into two sets so that as = // = | ( j = This means 
that A = B = \Ik. In general choice of rows so that this happens is impossible. The actual 
lower bound to SJ is the reciprocal of the largest attainable value of (3-3) over all partitions 
of the rows of X. 

If X is also not fixed, it could be chosen so that oq = = | (/ = In this case 
<$ achieves its lower bound, the reciprocal of the upper bound of (3-3). For reference we state 

inf^ Js {4/*/*/(/*+/*)2}*, (3-4) 

where the infimum is over/* ^ fi =$/* (1 = 1,..., w). 
Comparing (3-4) and (2-8), we see that the bound (3-4) is the minimum of the (2-8) 

bound when all the/i lie in (/*,/*). The result for k = 1 may be deduced from an inequality 
derived by Tukey (1948). 
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4. The largest commutator for variable A' 

We now wish to majimite tr(CC'), where C - MT-rXT, over all i such that 
A A - Ik, again assuming that/, < ... ^ f with the fixerl A« in so n.- • ai 

“ I ^ - 4, ^ fixed aid o:tx ma^’tr“oS 

tiens will bL™”1’ S"'0e C " “nch,n8ed- The Lagrangian multipliers for the ji(t+ 1) „¡strie, 
e Will be summarized by an upper triangular matrix, A. Since C =.-0 and 

. tr(C'*) = 2tr{(ATA)*}-2tr(A'HA) 
w'e differentiate 

tr (AT2A) - tr {(ATA)2} - tr (A'AA). 

I he resulting matrix equation is 

r2A - 2PAATA = XS, 

where 8 is the symmetric matrix 8 = J(A +A'). 

Premultiplication of (4-2) first by A' and then by AT~i leads to the two equations 

(4-1) 

(4-2) 

S = AT2A — 2( ATA)2, -ATA = XT~^XS. (4.3, 

Since S’ is symmetric, (4-3) shows that AT-1A and 8 commute and so may be diagonalized 
V the same kxk orthogonal matrix H. By virtue of a remark above, we may assume the 

d,S7bt “ “‘"f a »T“ g6Tle °ther8 by orthoSonal transformation. Un wilting A - [xlt ...,xk], (4-2) premultiplied by P-1 becomes, for i = 1, 

rxi-s{ir-ixi = 2x'irxiXi. (4.4) 

Srr f |4'4), 7 X‘ VerifiC“ that s<< = -<*; r*()/(*; r-hr,), ,0 that (4-4) is identical to (2-5) whose solutions we know. To obtain ' 

tr(CC') = 22^1^-22(^1¾)2 

ive have (2-7) and the deduction from (2-5), 

x’i 1 
¿¡Txi +x';r~%= 2Xi lxi- 

Hence x¡r% - (x'{Fx^ = {(a,-6,)2. 

pairs of eigenvalnp6 Tv ’0' ^ "Tf ^ “ 6.)’. where the sura is over idistinot 

fn 52,iTdS^roT^"1 aimi,“rt0' bUt SimP‘er th“'th» 
Thus, we have shown that, for fixed F, 

^trfCT) = (/,-/^^),. (4-5) 

I“ «'i«e!l2i!');l,he TrmT “ re‘"V OTer a11 ofrank * a'ld »“> 8“d 4. In (2-8) interested m the relationship of each term in the product and unity. But 

(Á±J«-m)2 _ i = (/¡-/„-in)2 
4Zfn~l+l 4/l/n+l+i 

Then (4-5) is a sum of these differences weighted by/,/nH+1. 
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5. The largest commutator for variable eigenvalues 

To maximize K = tr (C C) for fixed X and G by choosing the eigenvalues fit no longer 
ordered, in the closed interval [/*,/*], we may suppose G = Thus we maximize 

K = tr^X'^ZlJ-tri^'i’Z)*}, (5-1) 

[fi> •••>»•„], becomes 

K = (5-2) 

which, if we write X' 

Then 

j*i 

82K 

m 

Since XX Ik, 0 ^ riri < 1, X could be completed to be an orthogonal matrix all of 
whose rows have unit length. Thus any stationary values correspond to minima so that K 
will be a maximum if all the fi are either/* or/*. 

For any allocation of/* and/* to the rows of X, 

X'FX — f*A +f*B, X'F2X =flA +f*2B, 

where A+B = Ik, asin (3-2). From (5-1), andafterdiagonalizing,X = (/*-/*)22a (l-a ). 
Thus 1 

X<P(/*-/*)2, (5-3) 

this upper bound being attained if and only if every a; = |, that is A = B = \Ik. It would be 
attained if X were free. Conversely, comparing (5-3) and (4-5), it is clear that the bound in 
(->•3) is the maximum of the bound (4-5) when the eigenvalues may be freely placed on 
[/#>/*]• 

6. Discussion 

We first discuss the results obtained and then consider their meaning for applications. 
In §§ 2 and 4, had some of the columns of X been eigenvectors, they would have been kept 

fixed while the remaining columns were varied. The results are the same with a decreased k 
and a decreased set of eigenvalues to choose from. 

The restriction n ^ 2k has been assumed because, in practice, n is much larger than k. 
Ifi < n < 2k one is forced to take some simple eigenvectors; the result then has been given 
by Knott (1975). 

The assumptions that Ãr and F are of full rank are more serious. If either fail, the definition 
(1-6) of the efficiency fails. The commutator, however, still makes sense. For we know' that, 
quite generally, the least squares estimator of the estimable part of /?, i.e. that part lying in 
the row-space of X, ^(X), is optimal if I\^(X) c . ^(X). Then if rank (X) = A, so that the 
assumption (1-5) that X'X = Ik may be made, the justification and minimization of 
C = XXT- FXX' remain unchanged. 

If rank (X) = k' < k, let P be the orthogonal projector onto ^(X), and consider the 
commutator C = PF - FP. The optimality condition may be written FP = PA so that 
T ^ = PF = A P. FhusP FP = P PA = PA, while the second equation gives P'FP = A’P. 

5 , B I M 62 
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Thus PA = A'P or C = PF - FP = 0. Thus minimizing the commutator C = PF - FP still 
makes sense. If Z has k' orthonormal columns which span . ^( A'), then P = ZZ'. Hence in 
the general ease the commutator argument holds with k' = k. Thus if 0 ^ /x < ... 4fn and 
rank (X) = k', the least favourable regression subspaces for least scpiares are 

■^(Ti ± T». • • •. Tfc ± 7»-fc+i). (6*1) 
when F is fixed. If X is fixed and 0 is variable, (6-1) can be interpreted as the least favourable 
placement of the eigenvectors relative to X. 

When the eigenvalues are allowed to vary in [/*,/*], F is necessarily nonsingular and we 
have to worry only about the case rank (A) = k' < k. If we use the commutator PF — FP as 
suggested above, the changes in § 5 are as follows. We now have A + B = Z'Z, the ortho¬ 
normal projector onto ,^(X'). Then A and B are Gramians with eigenvalues 0Cj > 0 and 
ßj Ss 0 and Xj +ßj = 1 or 0. Thus (5-3) holds with k replaced by k'. The upper bound will be 
attained if and only if k' of the = | = ßj, the remainder being zero. Then A = B — \Z'Z. 
The last remark of § 5 is true here too. 

This leads us to a discussion of practical applications. The case just mentioned would 
happen if an experiment were done twice, with the same regressors but error covariance 
matrices/*2 and/*£, respectively, where S is a matrix known up to a scalar. 

The most common practical cases are (i) uncorrelated errors with variances /; and 
(ii ) stationary errors for which the/,- are to be interpreted as equally spaced values of 277 times 
the spectral density function and [yj,..., yJ as its discrete Fourier transform. 

In case (i) there are two possibilities. If the/¿ are equal in blocks, then situations similar 
to the replication example just described can arise. If the fj are distinct, the worst case 
occurs only when basis vectors for..//{X) are vectors with elements all zero except for two 
equal entries corresponding to the errors with least and greatest variances, second least and 
second greatest variances, etc. Such matrices of zeros and ones only occur in design models 
so our lower bound is unduly pessimistic. Nevertheless, least squares can be very inefficient 
if/»//i is very large and it is wise to use a robust regression method. 

In case (ii) the worst case occurs when the regressors have power concentrated equally 
at the frequencies where the density is highest and lowest, etc. 

It is often the case that the regressors are largely of low frequency so that it is only possible 
to get good estimates of the power in the error process at higher frequencies. Thus we will 
never know whether there are very high and very low values of the spectral density at the 
low frequencies which will hurt least squares most here. 

This work was partially supported by the Office of Naval Research. 
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