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SUMMARY

Technical Probiem

Network Analysis Corporation’s contr

act with the Advanced Rescarch Proje
the following objectives:

cts agency has

. To determine the most economical

quirements in the ARPANET.

and reliable configurations 1o meet growth re-

®  To study the propertics of packet switched computer communications networks,

- To develop techniques for the anatysis and design of farge scale networks,

®  To determine the cosl/lhroughpul/rcﬁabilily characteristics of |
switched networks for application to Defense Dep
tion requirements.

arge packet-
artment computer communica- :

To apply recent computer advances, such as inte

ractive display devices and distri-
buted computing, 1o the anatysis and design of |

arge scale networks,

General Melhodology

e

The approach 1o the solution of these probleins has been the simultancous,

®  study of fundamental network analysis and design issues,

development of efficient algurithms for farge scale network anatysis and design,

o b e

®  development of an interactive dis

tributed display
deal with large-scale probtems,

and computational system to E

application of the new analysis and de

sign tools to study cost and performance
tradeoffs for large systems.

Technical Results

tn this report, the following major accomplishments are discussed :
®  The third phase of 3 study of terminat orien

was completed. This phase was directed ai
TIP and ANTS like nodes in farge ne

ted network cost and performance

developing techniques for optimizing
tworks.

i
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®  The new large network design technique, based on “cut-saturation”, reported in
Semiannual Report 2 was extended to networks with multiple capacity options,

® A method for determining absolute lower bounds on cost for packet switched net-
works, given traffic and delay requirements, was developed.

®  The second phase of an interactive network data handling system has been com-
pleted for an IMLLAC display editing system for large network graphics.

®  The second phase of a detailed, event oriented simulation model to develop flow
control and routing algorithms was completed for the packet radio system, This
system is now operating on the ARPANET with POP 10 cditing and 360/91 RS
for extensive computations,

®  Major progress was made in the development of labeling and initialization schemes
for the packet radio system,

® A model for the set covering/repeator location problem was developed and tested.

®  An cxtensive study of flow, delay and throughput in packet radio networks was
completed,

Department of Defense Implications

The Department of Defense has vital need for highly reliable and economical communica-
tions. The results described in this reporting period reinforce conclusions of earlier periods
about the validity of packet switching for massive DOD data communications problems, A
major portion of the cost of implementing this technology will occur in providing local ac-
cess to the networks. Hence, the development of local and regional communication tech-
niques must be given high priority.

Implications for Further Research

Further resecarch must continue to develop tools for the study of large network problems.
These tools must be used to investigate tradeoffs between terminal and computer density,
traffic variations, the effects of improved local access scheir cs such as packet radio, the use
of domestic satellites in broadcast mode for backbone networks, and the effect of link and
computer hardware variations in reliability on overall network performance. The potential
of these networks to the DOD establishes a high priority for these studics.
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A CUT SATURATION ALGORITHM FOR TOPOLOGICAL DESIGN OF
PACKET SWITCHED COMMUNICATION NETWORKS
PART 2

I. INTRODUCTION

The cut-saturation (C 8) technique for the topological design
of packet-switching networks was first presented in Semi-annual
Report #2 [ 1] and was shown to be computationally much more
efrfective than other available techniques. The algorithm described
in Ref. [ 1 ] applies to the design of netwnrks in which all communi-
cations circuits have the same preassigned line speed (e.qg. all
50 kb/s line capacities etc.)
] This report extends the C S technique to the topological net-
1 work de@sign with multiple line capacity options.

The topological design problem here addressed can be very
generally formulated as follcws:

i
Ly Given the node locations, the traffic requirements
between such locations and the line capacity options
b= available;

28 Minimize the total lire and modem cost;

3. Such that the average delay and connectivity re-
quirements are satisfied.

3 The use of multiple Capacity options can provide substantial

cost savings in several situations. In particular, it is desirable |

to consider topological implementations which include different
line speeds in the following cases:

AL il
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A, Non-Uniform Requirements

. When different pairs of nodes have different throughput,
; delay and bandwidth requirements, it is often possible to satisfy
‘ such requirements in a cost effective manner, by providing higher

capacity connections between selected node pairs.

B. Large Capacity Gaps

Even if node pair requirements are uniform, a non uniform

Cchannel capacity assignment can be desired when there exist large
gaps between the available capacity options, or when line tariffs
have an irregular cost structure. 1In such cases, for a uniform
capacity implementation one has to choose between two capacity
alternatives, where the higher alternative is typically too ex-
pensive, and the lower is not adequate to satisfy all of the re-
quirements, even if highly connected topologies are considered in

the attempt of improving network performance. A blend of the two

options generally provides the best solution.

@l Large Scale Economies

If the tariif structure offers a volume discount in the
cost per unit bandwidth of leased wide band channels, then substan-
tial line savings can be obtained by using a few channels with speed
higher than average, to accommodate high volume requirements between
different network regions, and lower speed channels to satisfy re-
gional requirements. In the limit, the presence of a strong volume ]
discount and a large network size might justify a hierarchical net-
work implementation, with a different capacity selection for each

hierarchical level.
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D.  Inadequate Reliability 1]

) In the design of communications networks it often happens
%. that topologies which are very satisfactory from throughput and
3

delay point of View, are nevertheless inadequate from the re- :

: liability point of view. One well known technique for the improve-

ment of network reliability consists of increasing network connec-
tivity with the introduction of new links.
the cost-reliability trade o,
introduced.

In order to optimize
links of lower capacity are often

E. Network Growth

During the life of 2 data network it is 1i

kely that at
some point in time,

tariff changes or new communications offerings
will make it desirable to use channel types and speeds different

from the ones selected for the original design. Since it is often

impossible for practical reasons to reoptimize in one shot the

topological confiquration using only the new,

more advantageous
offerings,

a partial reconfiquration is in general performed,
introducing the new services where most beneficial.

design which accounts for multiple capacity options i
required.

A topological
s therefore

Although multiple capacity options can introduy
cost savings, as mentioned in the above cases,
require more sophisg

Ce substantial

they nevertheless

ticated routing and flow control procedures

than the single option case. For example, in the uniform capacity

case the routing program needs to consider

only channel utilizations
(or, equivalently,

channel queue lengths), while a non-uniform

capacity routing program must account for utilization,

transmission
rate,

propagation delay and error Characteristics relative to the
specific capacity option implemented on the channel.

1%
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Another important aspect to be considered is file transfer
bandwidth, i.e., the maximum data rate at which a file can be
transfered through the network. An approximate evaluation of file
transfer bandwidth can be done by assuming that the data travels
along only one source to destination path, and that packets are
sent one after the other like in a "pipeline", without waiting for
RFMM's or buffer allocation confirmations etc. Under such assump-
tions, the uniform capacity network bandwidth is clearly equal to
the value of channel capacity, while in the non-uniform capacity
network implementation the bandwidth along a source to destination

path is equal to the minimum capacity in the path. Recalling that

the average source to destination single packet delay is related
to the average value of capacity along a path, while the maximum
bandwidth is related to the minimum value of capacity, it will be
observed that the file transfer performance is typically superior
in a uniform capacity network than in a non-uniform one, assuming
that average delay performance is the same.

All the above issues must be considered in order to decide
whether to use multiple capacity options, or how many options to
use, for each network design application. During the network plan-
ning phase it is important, therefore, to have available an effi-
cient algorithim that generates low cost, multiple capacity network

topologies. Thus, the practical importance of the algorithm
described in the sequal.

1.4
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BACKGROUND

The C S algorithm for multiple capacity options is an exten-
sion of the C s algorithm fur Fixed capacities. This section
summarizes the general concepts and properties of the C 5 approach;
a more detailed discussion is found in [ 1 ].

A cut is a set of lines whose removal will disconnect the
network. A cut is saturated if the traffic load in every line of
the cut equals line capacity. There are in general a large number
of cuts in a network. When traffic load grows, one of the cut-
approaches saturation. This cut is the bottleneck to any further
throughput increase; therfore, if a higher throughput is desired,
the capacity of the cut must be increased by upgrading some of the
iine capacities in the cut and/or introducing new lines across
the cut.

Conversely, it is intuitively obvious, and has been experi-
mentally confirmed, that the reduction or elimination of low
utilized links within each of the partitions separated by the
saturated cut will in general result in only a marginal reduction
of network throughput if the network is at least 2-connected.

The C S algorithm is based on the above stated concepts. The
algorithm attempts to keep network throughput within specified
bounds while iteratively reducing overall line cost and maintaining
capacity, delay and reliability constraints,

The effectiveness of the algorithm is Closely related to our
ability of solving the three following steps:

A, Determination of the saturated cut set.

B. Optimal increase of cut set capacity (obtained
with appropriate link insertion of upgrading) .

12535
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(08 Reduction or removal of links not in the cut set.

The three above steps are extensively discussed in a later

section.
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III. STATE-OF-THE-ART

The topological design problem for packet switching networks
has not been given in the past the same attention that was given to
other similar problems (e.g. the Telpack problem, centralized net-
work problems etc.) This is in part because the packet-switching i
technology is relatively new, and also because the design of a ?

packet-switching network requires as essential ingredients the ]

solution of complex queueing, routing and reliability problems.

Therefore, the literature is rather scarce on this subject.
Among the few contributions available we mention here the
Branch Exchange Method (BXC) [ 2 ] and the Concave Branch Elimin- %
ation (CBE) [ 3 ].
The BXC method starts from an initial feasible topology and
performs ateach step a simple topological transformation (branch
exchange). If cost-throughput trade off is improved, the trans-
formation is accepted; otherwise it is rejected. The procedure
stops after a large number of local transformations is systemati-
cally explored. The BXC method does not have the capability of
identifying at each step the subset of transformations which are
most likely to produce performance improvements; therefore all
transformations must be systematically explored. BXC is a very

R A T TP

time consuming algorithm and its application is limited to small
or medium size networks.

>ty

The CBE method can be applied whenever the discrete costs
corresponding to the multiple capacity options can be reasonably

approximated by concave curves. The method consists of starting

B L L o MU LNE |

from a fully connected topology, using concave costs and repeatedly
applying a minimum cost routing algorithm [ 3 ] until a local
minimum is reached. Typically, the algorithm eliminates uneconomical :

links, and strongly reduces the topology. Once a locally minimal

topology is reached, the discrete capacity solution can be obtained
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from the continuous solution with an appropriate selection of
capacity options. Since 2-connectivity is required, the algcrithm
is terminated whenever the next link remcval violates this con-
straint; the last 2-connected solution is then assumed to be the
local minimum. 1In order to obtain several logal minima, and there-
fore several different topological solutions, the algorithm is
applied to several randomly chosen initial flows.

The CBE algorithm has a better knowledge of the structure of '
the problem (network topology, cost-capacity volume discount etc.)
than the BXC method and improves network performance at each inter-
ation. It is also less time consuming than BXC, since it explores
only a selected subset of solutions (namely the local minima).
However, it suffers the following limitations: it can only remove
links (i.e., no links are added during the optimization procedure) ,
and it requires smooth cost-capacity curves, without large gaps and
irregularities.

In summary, the presently available methods are either computa-
tionally inefficient, or they are able to handle only very special

line tariff structures. There is therefore the need for algorithms

which are computationally efficient, and that can handle very general

line cost structures. The C S method described in the sequal has

been developed with the intent of meeting the two above objectives.

e e
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IV. THE CS METHOD FOR MULTIPLE CAPACITY OPTIONS

A. Ceneral

The C5 method for multiple capacity options is based
on the same concepts that inspired the development of the original
CS method for fixed capacities. Some changes and some new features
were required in the practical implementation of the algorithm,
due to the presence of multiple capacity levels. The major changes

are relative to:

1. The determination of the saturated cut;

2. The insertion or upgrading of links;

3 The deletion or reduction of links; and

4, The determination of starting topologies.
These issues are discussed in the following sections.

B. Determination of the Saturated Cut

The saturated cut is found using the following procedure.
Network throughput is first increased, using a very efficient
routing algorithm, until the delay constraint is satisfied with
equality. The output of the program consists of the optimal
values of cost, throughput and delay, and the value of the optimal
flows in all links. Next, links are ordered according to their
utilization, which is defined as the ratio of flow to capacity,
and are removed starting from the most utilized one, while the
network becomes disconnected. The minimum disconnecting set of
links is defined as the saturated cut.
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It was already observed in [ } ] that, for an appropriate
% determination of the saturated cut, the chains of nodes that carry

prevalently transit traffic must be "collapsed" into a single

equivalent link, before the above described removal operation is
performed.

The criterium presented in [ 1 ] to determine whether a

chain is collapsable or not, is rather heuristic and not sufficiently

precise for the multiple capacity case, where the links in the same

chain can have different capacity and different utilization values.

Therefore, the following more accurate criterium was developed.

Let us assume that the traffic requirement matrix R = [r,.]

1]
is symmetric and therefore :n each link the flow is the same in both
directions; let f

1 and fn be the terminal flows in the chain shown
sliol ITELETNAE L

AL G D S Gy e v ey o
-5
g

’

FIGURE 1 . COLLAPSABLE CHAIN

Let Q 4 ¥ ) r,s (where I. is the set of nodes in the
iel, eI s

chain) be the traffic originating from the nodes internal in the 3
chain and transmitted to the external nodes (internal tRnaffs cl !

Letting S be the one way transit traffic in the chain, it is L
easily seen that: i
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The chain is collapsed when the transit traffic S is predominant
wlth respect to the internal t:affic. More specifically, the
chain is collapsed if
i if. < . :
i=1l,...m o, - & , where a is an input
parameter experimentally adjusted.
Although the above criterium is not completely fail-safe
(e.g. is possible to construct pathological examples in which
chains with predominantly internal traffic are declared collapsable
by the test), the criterium has been found adequate for most network
design applications.

C. Link Insertion or Upgrading

In order to select the link to be inserted or upgraded,
the following ratio is computed for =ach existing or potential

link connecting any two nodes separated.by the cut set:

Where Ci and Di are capacity and cost of the current option and
Ci and Di are the values corresponding to the next available option.
If the link is new, DEgE= Ci = 0; if the link cannot be expanded any
further, Di = » . Special attention, and slightly more elaborate
expressions are used in the case of chain upgrading.

After having computed all ratios fi's, the link which
minimizes the ratio (i.e. provides the lowest incremental cost per

bancs#idth) is introduced or upgraded to option Ci.
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The minimization of the above ratio represents the basic
criterium for link insertion or upgrading. Such criterium can be
improved and extended to account for the effect of a new link
introduction on reliability (e.g. a link which eliminates pendant
nodes or long chains is a favorite candidate, and to weigh the
capacity increase Ci = Ci across the cut set with the amount of
capacity actually required to achieve the target throughput REMAX.
These and several other versions of the upgrading criterium are
presently being experimented.

D. Link Reduction and Removal

The criterium for link reduction (or removal is based

on the maximization of the following ratio over the existing links:

XA

- I i
By = oD, BACi+Afi at+ (1 a)—?z

where:
Ci and Di capacity and cost of lower option for link i.
ACi = Ci-Ci ¢ capacity reduction on link i.

ADi = Di_Di ¢ Cost saving corresponding to capacity

reduction for link 1i.

f. = current flow in link i

- —C
Af, max (fi Ci,O)

o and B input controlled parameters varying between

0 and 1.
1.12
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Ratio 6 is calculated for all existing links except for
the links in the cut set and the link which maximizes the ratio
is reduced or removed. Parameters a and B are experimentally

adjusted and vary between 0 and 1. If a=1 and R=0 then ei = ADi/Afi
4

and the ratio represents the cost saving per unit of flow that must
be rerouted on other links, after the reduction of link i. By
letting oa=B=1, one eéually penalizes the loss of capacity and the
need to reroute flow on link i. The proper selection of o and R
depends on problem characteristics (cost structure, delay require-
ments etc,) and can be done only experimentally.

In the case of link removal, the additional criterium

that the network must remain 2-connected after “he removal is
applied.

E. Starting Topologies

The determination of good starting topologies to
initialize the C S method is more critical i.: the case of multiple
options than in the single option case. In fact, the multiple
optionalgorithm is "more local" than the single one, in the sense
that it tends to upgrade or reduce (rather than introduce or remove)
links and therefore it does not produce such drastic topological
changes as the fixed capacity option algorithm. Clearly, the locality
can be corrected by properly adjusting the criteria for 1ink Sl
sertion and removal; however, some degree of locality will always
remain. Therefore, it is important to start from potentially
good topologies.

An effective selection of starting topologies is offered
by single option C S method solutions providing throughput and
delay performance close to the designed requirements. The multiple
option CS method applied to such topologies can thus be inter-

preted as a refinement procedure on an initial fixed capacity
solution.
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F. The Algorithm

The CS algorithm generates low cost, 2-connected topologies
with throughput performance ranging between two specified through-
put levels REMIN and REMAX. An iteration of the algorithm consists
of the following fundamental steps:

1. Solution of an optimal routing problem for the

current topology and capacity assignment, and determin-
ation of the saturated cut.

28 Topology and/or capacity modification, in order
to improve network cost-effectiveness and to drive the
solutions to the desired throughput range. 1In partic-
ular the algorithm performs one of the following opera-
tions:

a. Increase only, (i.e. links are upgraded or
added)if the current throughput level RE<REMIN;

b. Reduce only, (i.e. links are reduced or deleted)
if RE>REMAX;

c. Perturbation (i.e. one link reduction (or
deletion) and one link upgrading (or insertion) are
performed simultaneously) if REMIN<RE<REMAX.

3 Acceptance test. If the new solution is dominated
by previous solutions, or it is not cost-effective, or
it is a repeat solution, the algorithm goes back to step
B and selects an alternative modification. Otherwise

it returns to step A. ;

The algorithm is initialized by providing an initial
starting topology, and produces a new network configuration at
each iteration.
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V. AN APPLICATION

As an application of the multiple capacity CS algorithm we
consider the design of a 26 node ARPANET like topology using
3 capacity options (9.6, 19.2 and 50 kb/s), with throughput
requirement ranging between REMIN = 100 kb/s and REMAX = 200 kb/s,
and with delay requirement Thax S +250 sec. Traffic demands are
symmetric and uniform over all node pairs.

The following line and modem costs are assumed for the above
mentioned capacity options:

Cap Fixed cost Line Cost
kb/s $/mo $/mile x mo
2455 493 .42
e, &) 850 2.50
19.2 (using 1500 .84
biplexers)
50 850 5.00

Biplexers are used to implement our 19,2 kb/s circuits from two

9.6 kb/s circuits in parallel, whenever this alternative results

more economical than the standard 19.2 AT&T offering.

Several starting solutions were considered. Among them we
mention an all 50 kb/s configuration shown in Figure 2; and the
same topology as in Figure 2 but with all 9.6 kb/s links. The
50 kb/s solution is not very cost-effective considering our through-
put requirements. The 9.6 kb/s solution is, on the other hand,

inadequate for the .250 sec delay requirement (See Figure 3).

Starting from the above configurations scoveral solutions were
generated. The most representative ones are shown in the

throughput vs. cost curve plotted in Figure 3. a typical solution

is shown in Figure 4: notice that most of the short connections

SIS
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are implemented with 50 kb/s circuits, while the medium and long
links use 9.6 and 19.2 kb/s circuits. This behavior is due to

the particular cost structure considered. Figure 5 and Figure 6
show two CS solutions which have approximately the same cost and
throughput performance but have different connectivity. The first
solution is more attractive from the high bandwidth point of view
since it provides a 50 kb/s route across country; the second is
more attractive for reliability.

Notice that most CS solutions are regularly aligned along a
curve which represents the cost-throughput trend for the 26 node
network using the given capacity options. The same trend is shown
by the lower bound cost solutions obtained by solving the topo-
logical problem using concave instead of discrete costs (See
Figure 7) and relaxing the 2-connectivity constraint. The
solid curve in Figure 3 connects such lower bound solutions.

Finally, the Concave Branch Elimination (CBE) method described

ol

in Section 2 was applied to the problem and two solutions are shown
in Figure 3. Notice that the CBE solutions are well in line with
the CS solutions, although their topology typically shows a higher
degree of connectivity. This fact allows us to conjecture that

both CS and CBE solutions are near optimal.
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FIGURE 3 : THROUGHPUT VS. COST PERFORMANCE
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VI. DIRECTIONS FOR FUTURE RESEARCH

The CS algorithm is an important contribu“ion to the topological

design of packet-switched networks, in that it is computationally
very efficient and applicable to very general cost structures.
However, more research is required in thfs and other areas of net-
work design. In the sequel we report some directions for future
investigation.

Present topological design techniques are based on static per-
formance criteria (e.g. average flow and delay) and do not take
into adequate consideration the impact of topology and channel
selections on some of the important aspects of network operation
(e.g. adaptive routing, flow control, buffer overflow, traffic
congestion etc.) It is impertant therefore to further investigate
the relationship between topological characteristics (such as
connectivity, use of different line capacities, etc.) and dynamic
performance critéria (e.g. network controllability, file transfer
bandwidth, etc.) and to include dynamic performance considerations

in the design phase by using appropriate constraints and design
criteria.

Since the CS algorithm is based on a variety of heuristic steps,

it is clearly possible to improve the algorithm by refining some of

the steps. Therefore, research should be pursued on issues such as:

development of efficient procedures for multiple (rather than single)

insertion, deletion, upgrading and reduction of links at each CS
iteration; development of more efficient techniques to predict the
cost-throughput effectiveness of each topological transformation,
and thus select the most effective transformation; inclusion of
more precise reliability concepts in the design criteria, etc.
While experimenting the CS algorithm with multiple capacity
options we noticed that, although the algorithm is very general and
can deal with any type of line tariffs, nevertheless it was giving

better results with some tariff structures than others. This fact
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suggests that it is possible to improve the performance of the
algorithm by adjusting the heuristics to the particular cost

structure of the problem. Clearly, it is not desirable to have

T gy oy ey MREETS U M s

around several design programs, one for each cost structure. The
designer should identify the steps that are most sensitive to
tariff changes, and should implement the computer program in a
g modularized fashion, so that only a few modules will be modified
; when tariffs change [4].

Another important direction for future research is the design

of large networks, with hundreds or thousands of nodes. Such

networks cannot be directly designed using traditional algorithms,
because of the prohibitive computer time and memory requirement.,

The typical approach consists of partitioning the network into

hierarchical levels and applying traditional design techniques
within each partition. Since a large network will contain several
partitions, each requiring a separate topological design, there

1 is the need for very efficient design algorithms. Therefore, the

: CS algorithm can be considered an important contribution to large
net design. The next important steps are: the development of good
criteria for node partitioning; the implementation of an efficient
data base to store the input parameters and intermediate design

; results; and the evaluation of global network performance. Prelim-

inary results in some of the above areas are already available,

and are reported in the First and Second semi-annual NAC reports
[1]1 and [5]), but more research needs to be done.

Since most design algorithms aré based on heuristics, it is
conceivable that such algorithms can be greatly enhanced with the
aid of interactive graphics. The implementation of analysis and

1 design programs supported by interactive graphics can be useful
1 in two ways:

AL It can assist in the development of better

heuristics, since it allows immediate appraisal of the

1.24 j




Network Analysis Corporation

3 affect of changes in parameter values and design criteria

on algorithm performance;

L 2. It offers to an experienced designer the possibility
of monitoring the network design process iteration by
iteration, and of correcting eventual inefficiencies

of the algorithm.

Considerable research efforts have been dedicated at NAC to

the development of interactive graphics software for network
analysis and design applications. The results are described in
other sections of this report and clearly indicate that the develop-

ment of interactive design programs supported by a graphic terminal

is another very important direction for future rescarch in the area

of network design.
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TERMINAL ORIENTED NETWORK COST AND PERFORMANCE - PART 3
THE ACCESS FACILITY LOCATION PROBLEM

3k G INTRODUCTION

In any network with a large number of widely dispersed "users"
accessing a limited number of "resources", the strategy for access
will play a large part in determining the cost and performance of
the network. The "users" may include not only time-sharing terminals,
but also terminals used for message transfers, remote automatic sensing
devices (such as might be found in an environment monitoring situ-
ation), manned sensing stations, and several others. The "resources"
may be as sophisticated as many heterogeneous computers tied to-
gether in a packet switching high level subnet, such as in the
ARPANET, or as simple as a single computer processing data received
from automatic remote sensing devices. An almost endless number
of "user" and "resource" combinations, both covering and extending
the range described above, appear possible. Effective, economical
"user" access will depend on both the development of hardware to
facilitate access, and the development of network and topology
design techniques to effectively utilize such hardware. This
chapter continues the study of this problem.

There are several ways to provide access, including land lines
(i.e. ordinary telecommunication channels as derived from cable or
LOS microwave transmission systems) and packet radio techniques.

In this chapter, advances in the design techniques for land line
approaches are reported; advances in packet ratio techniques are
reported in other chapters. Cost effective land line access will
depend on an effective line layout élgorithm to connect "users" with
access facilities, development of hardware to serve as access

facilities, and an effective facility location algorithm to deter-
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mine both the number and location of access facilities. The line
layout problem for a given set of access facility locations has

been effectively dealt with in Part 1 in Semiannual Report #1.
Advances in hardware serving as access facilities have been discussed
in Part 2 in Semiannual Report #2. 1In this part the development of
an effective facility location algorithm is reported.

The facility location problem can be formulated in many ways,
and can appear at several different levels within the same network
design problem. For a network such as the ARPANET, the resources
(hosts) are distributed over a large geographical region, and the
users (terminals) may connect to them directly, or access them
through the packet switching subnet by being connected to an access
facility (such as a TIP or ANTS), as shown in Figure 1. If the
resource locations and user locations are fixed, as shown in Figure
2, the problem becomes one of locating the access facilities (TIP
or ANTS) to minimize the cost, subject to capacity, performance,
and reliability constraints. When the locations of these facilities
(TIP or ANTS) are fixed, the problem may appear at the level of using
concentrators or multiplexers as "access facilities" for connecting
the users to these new "resources," (i.e. the fixed TIP or ANTS
locations). Because the facility location problem can be posed for
various levels of the same design problem, with devices performing
different "functions" depending on context, we will pose the problem
in terms of a generic access facility, called a TACOM (TIP, ANTS,
concentrator or multiplexer), and a generic resource to which users
and/or TACOMs are to be connected, called a RESCOP (resource
connection point). We will also use the term "node"” as a generic
replacement for "user". Thus, the general problem is one of locating
TACOMs to most economically allow connection of a given set of
nodes to a given set of RESCOPs.

The most basic formulation of this problem is when there is

only one RESCOP location, and the nodes may be connected directly
to the RESCOP, or through TACOMs, which are in turn connected
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directly to the RESCOP. The recent advances reported here are,
for simplicity, presentcd in the context of this basic formulation.
After presentation of the basic algorithm and discussion of its
performance characteristics, we consider its application to the more
general problem with multiple RESCOP locations.

In Section II a simple description of the problem is developed.
In Section III, related problems and solution-techniques are
described, and in Section IV previous approaches to this problem
are considered. In Section V, a simplified description of our
approach is given, and in Section VI a detailed description of the
algorithm is presented. Results of experiments to determine the
performance of the algorithm are given in Section VII, and extensions

to more general problems are given in Section VIII.

2.3
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f. II. BASIC PROBLEM STATEMENT

The basic problem may be posed as that of a geographically
distributed set of nodes that must be connected to a RESCOP (Re-
9 source connection point). The most primitive topology for such a
? network is shown in Figure 3 (a). Each node is connected directly

to the RESCOP. There is no topological design effort associated with

this network. 1It's cost is easily expressed as
N
COSTgmap = 1 (1) |
i=2
where di (j) is the cost of joining node j to node i, and the RESCOP
has been made node 1.
A more sophisticated design alternate is shown in Figure 3 (b).

In this case, TACOMS (7TIP, ANTS, concentrators, or multiplexers)

. - o e
T T 2 =

have been used to save cost. Here the topological design effort is
directed at selection of number, and location of TACOMs, and
assignment of nodes to the TACOMs, so as to minimize cost. The
TACOMS have a cost, D, and a cost of being connected to the RESCOP
when located at node i, dlc(i), which may be different than the
node connection cost (due to the possibile bandwidth requirements

difference). Consider TACOMs at the two nodes k and %, and let
B

it e L e

ol

.. and B, be the set of nodes which are assigned to k and 2 NEe~

spectively, with A the set of all nodes. The cost of the star-TACOM
network may then be expressed as

- . c
COSTgmrr-Tacom =Ll d) (i) + D + d; (k) 1]

ieB :

k ..“

A G5h (1) + D+ af () ]
ieB2

+ d, (i)

ie(A-Bk-Bg)

2I6
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Let C be the set of TACOM sites, with CCA. The design problem may
then be expressed as:

Select C and Bj’ jeC so as to minimize

_ . c .
COSTgpar-tacom = L [ 14y (1) + D+ a° () ]
jeC iij

+ ) d, (i)
idA-UBj)

jeC

When nodes do not have to be connected directly to the host or
a TACOM, but rather can share a line (such as in a polling situ-
ation), considerable cost savings can result from proper line layout,
as shown in Figure 3(c). 1If there are no constraints on the number
of nodes which can share a line, then the optimal topology is simply
a minimum spanning tree. When constraints are present, the gesign
problem becomes more interesting. This problem was effectively
formulated and dealt with in Part 1 in Semiannual Reporti#il=

A third, more general, and often most effective, design alter-
native is the combined use of multidrop lines and TACOMs, as shown
in Figure 3 (d). 1In this case, the problem is one of total network
design, including both selection of TACOM locations and line layout.
The other design alternatives may be considered as subsets of this
alternative.

It is this general problem that is considered here. There
are many possible formulations of this problem, depending on the
selected constraints and cost functions. We pPresent our basic
results in terms of the simplest of these formulations, and then

in a later section consider the many possible extensions. This
formulation is given below:

2.7
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Given: A - set 0of nodes i = 2,...N
node 1 - RESCOP site
H - set of possible TACOM sites
Woax - line capacity
S 1 - TACOM capacity
di(j) - cost of connecting node j to node i
charge - cost of TACOM
FIND: Low cost network design subject to

the constraints:

A) ©No line may have more than Woax nodes.

B) No TACOM may serve more than cmax nodes.

In this formulation the set of possible TACOM sites, H, is defined
separately from the set of nodes, A. 1In most practical problems the
possible TACOM sites are limited to a subset of the nodes selected
on considerations of maintenance, rental space, access by trained
company personnel, security, etc. However, it is quite feasible

for situations to occur where the possible TACOM sites are in fact
disjoint from the nodes (such as in a commercial time sharing oper-
ation where TACOMs must be at company provided locations but all
terminals are at customer locations), partially overlap with the

set of nodes, are a proper subset of the nodes, are the same as the
nodes, or ihave the nodes as a proper subset. For simplicity, we
have chosen to present the algorithm for the case where the nodes
are the possible TACOM sites, thus dealing with only one set, A. 1In
a later section the algorithm will be also shown to easily handle

the other cases noted above.
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IITI. RELATED PROBLEMS AND SOLUTICN TECHNIQUES

There are many problems that are related to the TACOM location
problem, including warehouse location problems, clustering prohlems,
and partitioning problems. In this section we discuss these
problems, their solution techniques, and the applicability of

these technigues to the TACOM location problem.

A. Warehouse Location Problems

The warehouse location problem may be briefly defined
as the determination of the number, location, and capacity of
source sites in order to minimize the cost of satisfying a set
of shipping requirements under a given cost matrix [6]. Efroymson
and Ray present a BranchBound algorithm solution technique for
this oroblem when it is formulated in a manner analogous to the
TACOM location problem with a pointtopoint connection constraint
[8]. Relative to the general TACOM location problem, this approach
has two drawbacks: it does not easily handle the multidrop line
case, and, for large problems, the computational requirements
are prohibitive.

The computational requirements for obtaining exact
solutions to these problems have given rise to many heuristic
approaches. Among the more successful is the "Add4" algorithm
[21]. 1In this approach a star network with all "customers" directly
connected to a central warehouse is assumed to start with. Each
possible warehouse location is then evaluated by determining
the cost reduction which would be achieved by placing a warehouse
at the location. The location giving the greatest reduction is
then selected for the first placement of a warehouse. With the

new warehouse in place, the process is repeated for the next
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location. When no further cost reduction is achieved, the process
halts. Relative to the TACOM location problem, this approach also
has the drawback of not handling the multidrop line case efficiently;
evaluating each site with a complete line layout would be too
computationally costly. 1In addition, each tiﬁe a site is selected,
it becomes permanent, but there is little reason to think that the
location of the best single TACOM is also one of the best locations
for two TACOMS, etc.

The "Drop" algorithm [10] is basically the reverse of
the "Add" algorithm. Warehouses are initially assumed to be at
all possible locations, and "customers" are assigned to multiple
warehouses. The procedure is to then eliminate the warehouse whose
elimination most reduces the cost. The process is repeated until
no further reduction is possible. The difficulties here are
directly analogous to those of the "Add" algorithm.

Other, less promising, formulations of the warehouse

location problem and related solution techniques are contained in
(26], (131, [9], [14].

B. Clustering Problems

Basic aspects of the TACOM location problem can be posed
in a clustering context. The clustering problem may be thought of
as detecting inherent separations between subsets of a given point
set, where the separations may be in terms of several different
measures. In the TACOM location problem, one might expect some
measure to be available such that nodes clustered under this
measure would most appropriately share a common line, or be
connected to the same TACOM. Many clustering technigues exist
(3], (23], [15], [11, [22]; however, few appear to suggest

measures which may be applicable to the TACOM location problem.
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Among the more promising are those which attempt to cluster points

on a plane [28]), [17). Zzahn, [28] attempts to identify gestalt

clusters (twodimensional point sets naturally perceived as separate

groupings) by connecting the points with a minimum spanning tree,

and deleting relative long branches to form components, or clusters.

Jarvis and Patnik [17] offer a similarity measure based on shared

near neighbors to generate "nonglobular" clusters. This technigue

and that of Zahn have much in common. However, neither of the
approaches appear to offer more than insight to the complexity

of the TACOM location problem.

Partitioning Problems

The TACOM location problem may be viewed as that of
partitioning a set of elements in a way that cptimizes some ob-
jective function defined on the set of all partitions. The par-
titioning may be in terms of nodes sharing a common line, or

in terms of nodes connected to the same TACOM, and the objective
function is simply network cost. There are several formulations
to the partitioning problem, in terms of set theory [12], [24],
and graph theory [19], [20], [18]. Perhaps the most interesting
of these formulations, from the TACOM location perspective, is
the formulation by Roach [24] in which the objective function

is to minimize the maximum within-cluster distance. Although

the solution technique cffered is one of forming reduced subproblems,

and is somewhat improved over integer programming, it is still
far too computationally complex to be of interest in the TACOM

location problem.

Network Analysis Corporation
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IV. PREVIOUS APPROACHES

The TACOM location problem has received considerable attention
in the data communication network literature [7], (2],
(251, [s], [16], [4], [27].

been heuristic in nature,

(18IS

The approaches have almost all

and most have dealt with only the less
general version of the problem where only point-to-point connections

are permitted. For this simpler problem, two attractive approaches

seem to be a direct adaptation of the "Add4" algorithm of the ware-
house location problem, and a "graceful" drop algorithm based

on link removal rather than TACOM removal [2]. The former seems

to be computationally considerably more efficient,

but the latter
to yield, in general, slightly better results,

An apprcach based
on combinatorial optimization over certain selected subsets of

the network has been offered by Greenburg [16], and has the attrac-

tion of partitioning the main problem into subpr

oblems in an
iterative manner,

and reoptimizing the partitions based on global
The original set of node locations is partitioned
by first locating the pair of nodes closest together as a kernal
of a partition element. A point whose distance from the kernal

gives a cost of connection to the kernal greater than the cost of
locating a TACOM at

kernal is then iteratively enlarged by adding the point

considerations.

the point is called an Opposing point. The

closest
to the kernal which is closer to the kernal than to any opposing
point. The heuristic employed here is that such points are more
likely

to be optimally connected to the same TACOM as the
in the kernal than to be conne
points.

points

cted to a TACOM at one of the opposing

When no additional nodes can be added, the enlarged kernal

becomes a partition member and is removed from f

urther consideration in f
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this initial partitioning phase. A new kernal is then selected,

and the process repeated to find a second partition element. The

procedure is continued until no further partitioning is achieved.
The optimal location of TACOMs within each member set of the

i partition is achieved by exhaustive combinatorial enumeration.

i However, optimality over each member set of the partition, does not

necessarily give optimality over the entire set. Hence, an

3 iterative scheme of repartitioning and reoptimizing is next

i_ pursued. Nodes are optimally assigned to the TACOMs originally
found (by assigning each node to its closest TACOM) , thereby
creating a new partition of single TACOM sets. The optimal TACOM
location within each set is then found by exhaustive search.
Pairwise combinations of the sets are then optimized for one, two,
or three TACOMs, again by combinatoric enumeration. TIf different
TACOM locations result in the combined set, a new »ar+itioning

ﬁ is done by optimally assigning nodes to TACOMs. The process is

~i repeated until no pairwise revisions occur.

1 The difficulties here begin with the strateqgy for the par-

' titioning. There is no control over the size of the partition
sets, with a possible result being the original set itself. For
a set of N possible TACOM locations, combinatoric enumeration of
all possible locations takes 2N-1 operations, where N is the
number of locations. Each combination must have the nodes
optimally assigned and its cost evaluated. Clearly, for large
sets in the partition this is computationally prohibitive. The
iterative process of pairwise combination of partition elements
and optimizing TACOM locations over the combined pair is attractive,
but the enumeration form of the optimization is again costly. All
of the above difficulties are compounded considerably when exten-
sion to multidrop lines is considered.

2.14
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The general TACOM location problem has been attacked by Woo
and Tang [27], with an algorithm that approximates the problem
with a simpler point-to-point problem, in which the point-to-point
cost of connecting two nodes is a weighted average of the direct
connection cost and the shared cost of connecting through the
minimum spanning tree. After the problem simplification, the
"Add" algorithm is applied to make site selections. Recall that
in the "Add" algorithm, all candidate sitec are evaluated for
savings, the best selected and, with assigned nodes, removed from
further consideration. The procedure is iterated until no new
site ic found to give positive savings. A vigorous proof of the
following theorem which justifies the termination condition for

the "Add" algorithm has been reported [27].

Theorem

Let L, Ll’ and le be optimal network assignments corresponding

respectively to TACOM sets (jo,]l...,jk), (jo,...,ji,]i+l), and }
(jo,...,ji’ji+l,Ji+2), and let C (L), C (Ll), and C (le) be their }
respective costs. Then C (L) - C (Ll) > C (Ll) - C (le). &

Note that this theorem does not say that the network cost is a
convex function of the number nf TACOMs, but rather that the cost is f

convex over the iterations of adding a new TACOM to an existing

set of TACOMs without reoptimization of the existing TACOM locations.
In fact, counterexamples are easily produced in which the cost is

not convex over the nurber of TACOMs when the given number of TACOMS

are optimally located in each case.

i s ey il T e e

The Average Tree-Direct (ATD) algorithm described above appears
to be the best algorithm for the general TACOM location problem

iR

that is currently in the literature. We will use it as the basis 1

for comparative evaluation of the algorithm we present next.
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V. DESCRIPTION OF GENERAL APPROACH

There are many possible formulations for the TACOM location
problem, and many possible approaches to finding acceptable

solutions. We present here an approach to the following formulation
of the problem:

Given:

. Set of nodes,
* Farticular node which is RESCOP

* Constraint on number of nodes which may
share a line,

* Constraint on number of nodes a TACOM
may serve,

* Cost of connecting nodes,
* Cost of TACOM

Find:

* A low cost feasible design in which
TACOMS may be used.

The object of this formulation is a total network design. The
approach is heuristic, and consequently, no promise is made of
optimality; only feasibility in terms of the given constraints.

The constraints used in this formulation were chosen because they

are often appropriate in reality, and are particularly simple. The
approach is also reasonable for for various other constraints. These
will be discussed later. TACOMS are used only where they appear to
be beneficial, and consequently, for some node arrangements, designs
will result which use no TACOMS.

The general approach is characterized by the following four
steps.




S O R L e o Bl S
kot Sl s s ke S R - e "

el s Sl
R S T e 3
) Ll R —

Network Analysis Corporation

4 1. Simplify the problem to a point-to-point
] problem by replacing clusters of nodes by single "

Center-of-
mass" (COM) nodes.

2. Partition the reduced set of COM ncdes
3 add algorithm,
a TACOM site.

by applying an
resulting in one of the COM nodes selected as

] 3. Select one of the original nodes as a real TACOM site in

each partition by examining the original nodes closest to the
COM node selected in the add algorithm,

and selecting the best.
4. Apply a line-layout algorithm to each partition, with

its selected TACOM Site serving as the central node.
A simplified flow chart for the approach we use isg shown in Figure 4

We will interpret this flow chart in terms of the

four steps given
above.

A, Simplification by Clustering

g s e e i

Simplification is achieved when the problem is reduced

nd converted to a point-to-point formulation.
plish this,

in size a To accom- i
clusters of nodes are replaced by single nodes.

The clusters are intended to reflect natural groupings of nodes

3
that can be most appropriately approximated by single nodes '

at their center of mass. The clusters are limited in size by

the line constraint,

and thus also reflect possible groupings
of nodes to share a line.

The clusters are formed by "rolling snowballs" in

a rather "balanced" fashion. First, the two nodes closest to- 3

gether are selected [2]. 1If these two nodes can be put in

2.17
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:é the same cluster (i.e., their being joined does not violate the
‘ line constraint) [3], they are replaced by a single node at their
center-of-mass [4], called a COM node. The "weight" of the nodes

are simple the number of nodes contained in the cluster they

{ represent, with initially all weights egual to one.

If the two nodes can not be merged, the next clcsest

k- together "vair" will be considered. As "pairs" of nodes are
identified which can not be merged, they are removed from further
consideration in the clustering process [5], although the indi-
vidual nodes may reappear as members of other "pairs". The
clustering process continues until no "pair" of nodes can be

effectively merged [6]. An example of the clustering process

is shown in Figure 5. At this point, the original set of nodes

has been replaced by the set of nodes representing the clusters.

This set is smaller in number by a factor slightly less than the
line constraint, and the relative costs of connecting the nodes
in a cluster to different sites can be approximated by the
point-to-point costs of connecting their representative node.
Thus, the problem is reduced in size and converted to a point-
to-point form. An example of the reduced set, with associated

weights for the nodes, is shown in Figure 6.

1 B. Partitioning

The add algorithm examines the benefit of placing a TACOM
; at each COM node. The benefit is determined by iteratively asso-
3 ciating with each COM node the other COM nodes which give the
greatest cost benefit by being connected to the TACOM instead of
the RESCOP, subject to the TACOM capacity constraint. After
the assignment of COM nodes to the TACOM, a heuristic esti-

mate, explained in detail later, is made of the cost benefit.
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| The estimate incorporates the weights of the nodes, and is dif-
; ferent than the simple cost gain of the COM as a TACOM in a
point-to-point case. The COM which, as a TACOM site, has the

4 greatest heuristic benefit estimate is selected us the best

: [7]. The simple point-to-point cost gain of this COM node is
then checked [8].

| If the cost gain is positive, the selected
g COM node and all those COM nodes assigned to the selected loca-
|

ANy

tion in the add algorithm are partitioned from the remaining
4 nodes to form a separate subproblem [9], as shown in Figure 6.
i If the cost gain is not positive, it is concluded that the best
2 TACOM site is not cost-effective, and all the remaining COM
. nodes are then assigned to the RESCOP [13]. This forms a last

partition element to be treated as a subproblem.

C. Local Optimization

The output of the partition process is a particular sub-

- set of COM nodes identified as deserving a TACOM, and a particular

member of the subset identified as the appropriate site for the

TACOM. However, the COM nodes are representatives of clusters,

1
5

3 and in reality some particular original node site must be se-
P.é

lected for the TACOM. To select this site, each of the k nodes

f Closest to the selected COM node are evaluated, as shown in Fiqure

7, with k = 3,

The same measure is used in the evaluation e¢s is used

in the COM node selection. The node with the greatest heuristic

estimate of benefit is then selected as the actual TACOM site
[10]. This gives a partition of the nodes into a subproblem

complete with an actual node site chosen for the TACOM.

3
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k- K Line Layout

In order to apply a line layout algorithm to the sub-

problem formed above, it is first necessary to replace all the

COM nodes by the actual nodes they represent. This gives a

partition of acttal nodes with an actual node selected as the

TACOM site. A line layout algorithm is then applied to the
partition [11l], giving & result as shown in Figure 8. The

nodes in this partition are then removed from further considera-
tion. If no nodes are left [12], the design is complete [14].
If nodes remain, the process is repeated [15]. The process is
repeated until all nodes are assigned to TACOMS or until no

no additicnal TACOM is estimated to be beneficial [8]. 1In this
latter case, the remaining nodes are assigned to the RESCOP
(13]), and the line layout algorithm is applied [11l] to complete
; the design, as shown in Figure 8.

2.20
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FLOW _CHART OF APPROACH
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(13)
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s
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layout to
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nodes left?

(FIGURE 4 CONTINUED)
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FIGURE 7. LOCAL OPTIMIZATION

Subproblem #1

FIGURE 8 : LINE LAYQUT
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VI. THE CENTER-OF-MASS ALGORITHM

In this section, we give a precise description of the algorithm
outlined above. The algorithm is formally stated at the end of the
section. The first part of the section is devoted to interpretating
the formal statement.

The formal statement begins with a list of the relevant defini-
tons, parameters, constants, constraints, and cost function. Note
that the constraints are of the simple capacity variety, and the
cost function for connecting two nodes is simply the Euclidean
distance between the nodes. It will be clear after examination of
the algorithm that other constraints and cost functions are equally
usable.

In the initialization phase (Step 0), A is formed as the set
of N - 1 nodes of interest, where the RESCOP (node 1) is not included.
The RESCOP is not considered eligible for a TACOM as nodes may
connect to it directly. The set DO is the set of all nearest
neighbor distances. For each node i a list L, is kept of the real
nodes represented by the node. Initially, the list for each node
contains only the node itself. After two nodes merge, the list
for the new node will contain the members of the lists of the two
nodes that merged, thereby keeping track of the represented nodes.
The weight assigned to each node is initially set equal tc one.
Thus, the constraints are simply on the number of nodes per line
and the number of nodes per TACOM. For e¢ach node i, its nearest
neighbor j is represented as n,. The average "nearest neighbor
distance", davg’ is used to set a maximum distance dmax over which
nodes may be merged. The parameter o determines this maximum
distance. The reason for establishing such a maximum distance is
based on the clustering objective and procedure, as discussed
below.
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The clustering objectve is to replace natural groupings of
nodes-by—a—singlenode. The procedure is to iteratively merge the
closest feasible paff‘bf nodes. As this procedure nears completion,
most nodes are representative of near capacity clusters, and con-
sequently, cannot be merged. Thus, the shortest distance between
feasible nodes may become quite large. Merging of these nodes would
not reflect the objective of natural groupings. The maximum distance
is designed to prevent such mergings.

After determining a maximum allowable distance, the set D is
formed as the set of allowable nearest neighbor distances.

The merging of two nodes is accomplished in Step 1 of the al-
gorithm. Prior to entering this step, it is known that all nodes
with their nearest neighbor distance contained in D can be feasibly
merged with their nearest neighbor. When Step 1 is entered after
the initialization process, this is certainly true, or else the
problem is point-to-point in form, and not multipoint. Following

Step 1 is an update procedure designed to ensure that this is true

when the step is reentered.

The first task in the merge process is selection of the minimum
nearest neighbor distance. Then a new node is formed with its loca-
tion at the center-of-mass of the two nodes being merged, where b
the weights used in the center-of-mass calculation are simply the
weights assigned to each node. The list of real nodes represented
by the new node is formed by merging the lists of the two old nodes.
The old nodes are then removed from further consideration by deleting
them from the set A. The new node will be added to the set A later.
The weight of the new node is simply the sum of the weights of the

e e T o el

0ld nodes. Note that with the initial weights all set equal to one,

the weight is simply the number of real nodes represented by the

new node.

PP T M)

After a new node is formed, its nearest neighbor must be found, :
and all nodes which had one of the old nodes as a nearest neighbor

must also have new nearest neighbors found. This is accomplished in

2.26
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the update procedure (Step 2). Dl is the subset of D containing

all the distances for which the nearest neighbors are not one of

the two nodes just merged in the previous step. A2 is the set of
all nodes whose nearest neighbors were one of the two nodes just
merged, plus the new node; i.e., the set of all nodes for which

new nearest neighbors are to be found. The new node is added to

the set A, making it again the set of all nodes which are candidates
for merging. The nearest feasible neighbor distances are then found
for the nodes which need new distances, i.e., the members of A2.
This is the set D2. D3 is the subset of D2 containing distances
less than the maximum allowed distance. For each node i, which has
a new feasible, allowable distance neighbor j, n, is defined as j.
The set D of all allowable nearest neighbor distances is then formed
by combining the unchanged distances, D1, with the new distances D3.
Note that all members of D are defined for pairs of nodes which are
feasible to merge. If D is not empty, then the merging process

is continued. 1If D is empty, no further merging is possible, and
the add process is entered (Step 3).

The first task of the add algorithm is the iterative examin-
ation of each node for the possible benefit of locating a TACOM at
its site. This task is accomplished in Step 3. The savings achieved
by connecting a node j to a TACOM at i versus the RESCOP ( node 1)
is defined as sij' For each node i, nodes are iteratively associ-
ated with the node in order of decreasing savings, with the maximum
savings node associated first. The iterations continue until no
further sevings are possible, or until the capacity constraint
prevents any further associations. When the iterative process is
terminated, the benefit of placing a TACOM at the node site is
evaluated on the basis of the associated nodes. Thus, for each
node, i, the iterative process is initiated by forming A as the set

of candidate nodes for connection to i, and Bi as the list of nodes

actually to be associated (initially empty). T is the running sum

i s § I O & e
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of weights of the associated nodes, used to check the capacity
constraint.

Part A) is the iterative process of association. If all
candidates have been examined, then the evaluation, Part B), is
commenced. If there are still unchecked candidates, select the
one with the greatest savings. If the savings are not positive, no
further savings are possible, and commence the evaluation. Other-
wise, remove the selected node from the candidate set to ensure
that it is not selected a second time, and then determine if the
association is consistent with the constraint. If not, go on to
the next candidate. 1If the association is feasible, add the node
to the association list, and add its weight to the running sum.

If the sum is equal to the capacity, no further associations are
possible, and the evaluation process is commenced. If the sum is

less than the capacity, additional associations may be made, and thus,
return to consider the next candidate.

Part B) is the evaluation process. First, the point-to-point
savings obtained by placing a TACOM at the node are determined.
This is simply the sum of all the individual savings found for the
associated nodes, minus the cost of connecting the TACOM to the
RESCOP and the cost of the TACOM. Then a relative multipoint
benefit is calculated. This is a heuristic measure of the node
as a site for a TACOM considering the multipoint nature of the
problem. The measure is calculated as the sum of the weighted
savings minus an emphasized cost of connecting the TACOM to the
RESCOP. The weights serve to move TACOMS towards the bigger
clusters, and the emphasis parameter, Yy, serves to move TACOMs
towards the RESCOP.

After =svaluating each node as a possible TACOM site, the one
with the greatest heuristic measure of benefit is selected (Step
4). If the point-to-point savings for this site are not positive,
then it is predicted that an additional TACOM will not be cost-
effictive, and the final stage, Step 5, is then entered. This

R W Ry g Yo7 VR PP
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Stopping condition has its foundation in the theorem stated earlier
which characterizes the costs resulting from the intermediate
steps of the "add" algorithm as a convex function of the addition of
new TACOMS. 1If the selected site is found to be cost-effective on a
point-to- point basis, then the process of forming a subproblem is
commenced.

First, the set of center-of-mass nodeg associated with the
selected site are removed from further consideration in the main

problem. Then a partition element, P, is formed as the set of real
nodes represented by all the center-of-mass
the selected TACOM site. Since a real node

nodes associated with
must be selected for

the actual TaACOM site, a local optimization procedure is used to

evaluate possible real node sites. The set K is formed as the k

real nodes closest cto the center-of-mass node selected as the TACOM
site. A heuristic measure, z{ of relative cost for each of these
nodes is then evaluated, and the node with the minimum cost

measure is selected. Thus, a partition element of real nodes and

selected TACOM site has been formed as a subproblem for the line-
layout algorithm. TIf additional center-of-mass nodes remain, the

next iteration of the add algorithm is commenced.
are done.

Otherwise, we

When center-of-mass nodes Still exist in the consideration set,
A,but TACOMS are predicted to not be cost-effective,
ing nodes are associated with the RESCOP site.
the real nodes represented by

then the remain-
The line-layout for

these center-of-mass nodes is the only
remaining problem, and is handled in Ster 5

We note that in Step 2 all nodes which have their nearest

neighbor distance more than the allowed maximum are excluded from

further consideration by deleting their distance from the set D.
In fact, the merging of two nodes may eventually lead to a new

nearest neighbor with acceptable distance, as shown in Figure 9.

However, this appears to be sufficiently rare and inconsequential to

warrant exclusion in favor of reducing the computational burden.

For
completeness, an alternate Step 2,

which includes this case, is shown.

2.29
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COM ALGORITHM

Definitions:
A = Set of nodes.
Li = Set of nodes associated with i € A.
XYy = Coordinates of node i.
di(j) = Cost of connecting j to i.
W = Weight assigned to node 1i.
Parameters:

Y - Used to emphasize proximity of possible TACOM site
to RESCOP.

o - Used to limit distance over which nodes may be merged.

k - Number of real nodes nearest to the merged node which are to be

examined as possible TACOM sites.

Constants:

charge - Cost of TACOM.

Ve - Line capacity.
cm = - TACOM capacity
node 1 - RESCOP

2.30
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Constraints:

A) For a line shared by the nodes i =1, 2, ..., M to be
teasible;

n. M

1 ) Wi Z Yhax

; i=1

1

i B) For a TACOM serving the nodes i =1, 2, ..., M to

? be feasible;

4 M

L w, <

r = 1 - max

1

b Cost Function:

e BoLE Y S ) 2
; 4,00 = 15,311 = Vixg - %%+ ty; - vy)
]
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STEP O: (Initialization)

A={i]i=2,3 ... N}

]
——
joh}

-
o
joh}
-
&
I

min di(l), im—=uZl 3 .nep N
L eA
L#1

for 1 = 2, 3, ..., N

-
I

LaL

for each d,(j) e DO,n; = ]

1 .
davg SEN=1 Eodi(J)

3 max avg

- D = {d,(3) | a;(3) e Do, d;(3) < ..}
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STEP 1: (Merge)

Form a new node k with;

' . T : —_— ot s e e L b R e T o S
i P s et e o g R o R L R A ) dea e e (g Lvnn 3 "




Network Analysis Corporation

STEP 2: (Update)

Dl = D - {4,(n,) | n,

i € {Q,nﬁ}}

A2 = {i | i e A, n, ¢ {Q,np}}kJ{k} f
A=A U {k} ;
{ | ;
D2 = {d. (3) ie A2, d.(j) = min a. ()} 1
- . LeA : §
L#1 s

w.,tw, < w
-0 = "max .
k
-
D3 = {d;(3) | 4,(3) e D2, d, (3) < d .} ;
E
For all i,j such that di(j) e D3, n, = j 4
;
D = D1V D3 ;
If p# g, then go to Step 3. }
5
|
§
1
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STEP 3: (Evaluate Each Site)

S G . R L TN e T TR W TN R e I S ST 1Y TR o PR

Let s.. =d.(1) - 4d.(i
1] J J :

For each 1i;

A) If A = g, then go to B)

Select § such that Syy = max Sy 4
’ jeh J

If s_p 2 0, then go to B)

_:i 1l 3
3 A=A~ {9} é
§ If w, + T > Cmax’ then go to A) §
) |
: 5i = By U {t} i
: i ;
! T =T + wﬂ é
If T = Cmax’ then go to B) 3
Go to A)
!
B) s; = ] S;5 ~ d4y{) - charge g

JeB,

il
r. = 7§ * W, = do (1) « y k

i J€B. 1] i 1

i

:

(il o ke s 7 S
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g STEP 4: (Select Best)
{
r, = max r,

1eA
4
: If 89 < 0, then go to Step 5.
E
A =24~ BQ,
; e jEB\LJ
[
i K = {1n | i €P,n=1,...,k, dﬁ(ln) < dy (i), i £ K}
Z, = min .ZB a. () * w. + dl(i) x Y
E e ick Je 9 1 J
'{ i= 4
s
3 Dc line layout on P with ic = TACOM site.
:

If A # @, then go to Step 3.

ELSE STOP.

3 0 BB} o TR Tk i A




; STEP 5: (Finish)

. P=4aly
‘ ic =1
Do line layout on P with ic
: STOP.

Network Analysis Corporation

RECOP site.

s
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ALTLRNATE STEP 2: (Alternate Update)

A=A U {k}

I1f D = g, then go to Step 3.

Go to Step 1.

Else for each i,3J such that di(j) ¢ D, n, = I

Network Analysis Corporation
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VII. PERFORMANCE RESULTS

The COM Algorithm is a heuristic approach to a rather complex
problem. In order to evaluate its performance, we have implemented
the algorithm and applied it to a number of problems with randomly
positioned nodes. The results of these experiments are reported
below. For all experiments, the implementation was in Fortran,
and the experiments conducted on a CDC 6600 computer. Each of the
oroblems were of the simple type described earlier, with constraints
on the number of nodes per line and ncdes per TACOM, and one preset
RESCOP site to which all nodes must be connected, either through
TACOMs or directly through their multipoint lines. The cost

function was a telpak rate of $.50 per mile and $40 per drop as a

monthly charge. In each experiment, the values chosen for the
program parameters were held fixed for all cases; no attempt was
made at "fine tuning".

In order to have a comparison basis for the evaluation, we
implemented the best other heuristic algorithm for this problem
that we could find in the literature. This was the approach of
converting the problem to a point-to-point problem by forming a
cost matrix based on the average of the cost of connecting two

nodes through the minimum spanning tree and the cost of connecting

them directly, as reported by Woo and Tang [27]. The implementa-

tion of this algorithm (which we call the Average Tree-Direct (ATD)
algorithm), was also in Fortran on a CDC 6600, and used the same 3
line layout procedure used in the COM implementation. In order to :
ensure that our implementation of this algorithm was reasonable for
a comparison base, we applied the algorithm to a problem of four f
hundred nodes distributed in a random manner based on population
densities (the distribution technique will be explained in detail
later). With TACOMs having a cost of $25000 per month and a capacity 3
of 100 nodes, and the RESCOP site located in Atlanta, the resulting ;
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design is shown in Figure 10. We feel the problem is quite comparable
to the example Woo and Tang reported. The running time on the CDC
6600 was approximately 160 seconds, whereas the time they reported
for running on a 360/91 was approximately 60 seconds. However, in
our implementation we used a true combination of weighted tree
distance and direct distance, whereas in their example it appears

the combination was approximated with only a weighted direct
distance. Given also that tieir design resulted in only three
TACOMs, and our's four, thus requiring more time in the add algorithm
phase, and the relative computing power of the two machines for such
problems being slightly more than 2:1 (in favor of the 91), the
implementation appears reasonably comparable 1In the ATD algorithm
the cost of connecting two nodes i and j is approximated as

costij + atij + Bdij

where djj is the direct connection cost, t,. is the tree cost, and

. < < . g
a and B are parameters with 0 - o, B - 1. The tree cost is defined
as follows:

Let {bh} be the set of links (or branches) in the minimal
spanning tree; for every bh define Bj (bh) as the set of nodes
disconnected from j upon removal of bh from the minimal spanning
tree, and let | Bj (bh) | be the number of such nodes. Then

where dk is the cost of link bk’ and Ty is the unique path from
J to i consisting of a sequence of branches bk'
The values for the parameters o and B used in our implementation were
determined by optimizing for a pilot problem, and then held fixed

during all the experiments. Our experience with the pilot problem
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supported the observation by Woo and Tang that the design results
are rather insensitive to variations in the parameters around the

optimum values. We now present descriptions and results of the

T T U G LT 1, TS

evaluation experiments.

L. Uniformly Randomly Distributed Nodes

The first series of experiments were performed on problems

b Yt Ry 1 - L e

where the nodes were uniformly randomly distributed over a 2000 by
3000 mile rectangle. The algorithm was applied to problems of 50,
100, 200, and 400 nodes. The node distributions for these problems
are shown in Figures 11, 12, 13 and 14. The minimum spanning trees
are shown connecting the nodes. Three RESCOP sites were considered,
labeled as 1, 2, and 3 in the figures.

The first experiment used constraints of four nodes per

aliahi 1 Py Caa sk

line and twenty nodes per TACOM; with a TACOM cost of $200 per month.
Problems of 50, 100, and 200 nodes were considered, with the cost
; results shown in Table 1. 1In eight out of the nine comparisons,
the (JM algorithm had the lower cost, with an average improvement of
3.1% ({ATD-DOM)ATD). A typical COM design is shown in Figure 13.

In the second experiment, the same nine problems were
considered, but with a TACOM cost of $1500/month. The results are
shown in Table 2. The COM algorithm produced th= lower cost

L VLI T WP« 7 P SLITL P N . 3 W
L3

designs in the same eight out of nine cases as before, with an
average improvement of 3.8%. A typical COM design for this experi-
ment is shown in Figure 14. The same problem is shown as before;
but note the reduction in number of TACOMS due to the increase in
their cost. |
Tn the third experiment, the constraints were changed to
10 nodes per line and 50 nodes per TACOM. The TACOM cost was fixed
at $1500, and problems of 100, 200, and 400 nodes were considered.

E The results are shown in Table 3. 1In all cases the COM algorithm

. produces the lower cost designs, with an average improvement of

2.42
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7.2%. A typical design is shown in Figure 15. The average costs
of the designs produced by the COM algorithm as a function of the
number of nodes is shown in Figure 18. Note that, as would be

expected, the larger capacity constraints not only yive lower cost

designs,but also a less rapidly growing cost-curve.

e Randomly Distributed Based on Population

In most real problems, the nodes will not be uniformly
distributed over a nice rectangular region. 1In order to pose a
more realistic problem, nodes were located throughout the United
States in a random manner based on population density. A weight of
1000 was divided among the 238 most pPopulated cities (i.e., those
with populations greatur than 50,000) in proportion to their popu-
laion. A rectangular region was determined for each cikt i, e -
collection of cities, to reflect the feasibility of the region to
Support a population segment with access to urban facilities. Thus,
consideration was given to natural geographical boundaries, such as
mountains, lakes and coast lines, to major roads in the area, to
the number of nearby smaller communities, and to the natural pattern
of urbanization between relatively close major population centers.
Using this approach, 123 regions were defined, with varying sizes of

approximately 70 miles square.

Ynce a number of nodes has been allocated to a region in
proportion to population, the geographic positions of the nodes
within the region are uniformly randomly distributed. With a large
number of nodes, it is reasonable to anticipate that some of them
may be located at points with no discernable geographic significance.
Therefore, a fraction of the nodes were located at random in a

large geographic segment; east of Denver, west of Pittsburgh, north
of Austin, and south of Mikwaukee. In the two experiments reported

below, problems of 400 nodes were considered, with 5% distributed
in the large region.

|
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In each experiment, the RESCOP site was A lanta, the TELCOM
cost was $2500 per month, and the line constraint was ten nodes per
line. With a TACOM constraint of 100 nodes per TACOM, the ATD
algorithm produced the design shown in Figure 10, with a cost of
$41, 508.50/month, and the COM algorithm produced the design shown
in Figure 19, with a cost of $39,418.50/month. In this case the
COM algorithm produced a design lower in cost by 5%.

As a final experiment, we applied the algorithms to the
same problems as described above, but with no constraint on the TACOM
capacities. The designs they produced are shown in Figures 20 and
2l. As can be seen from the figures, the designs are very similar.
The COM algorithm produced a lower cost design by only .50%. This
result, coupled with the others, suggests that the COM algorithm is
perhaps more sensitive to TACOM capacity. 1In fact, in the 27
comparison cases examined, the COM algorithm had fewer TACOMS in
18 cases, and the same number in the remaining nine cases. On the
average, it used 21% fewer TACOMS [(NATD_NCOM)/NATD]‘

@& Computation Time

A significant factor for a design algorithm is its
efficiency, i.e., the computer time it requires. In order to
appraise this attribute of the COM algorithm, the execution time
for the algorithm was measured on several problems. The times are
only for the TACOM selection portion of the problem, and not the
line layout portion. For comparison purposes, the execution times
for the ATD algorithm were also measured in the same way. The same
basic strategies for efficiency were used in each implementation.
For the problems with constraints of 10 nodes per line and 50 nodes
per TACOM, &nd TACOM cost of $1500 per month, the average results
are shown in Table 4. Curves portraying these results are shown in
Figure 22. It would appear that the COM algorithm is substantially

more efficient. To gquantify this comparison, the two curves are
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shown on a log-log scale in Figure 23. From these curves, the
execution time of the COM algorithm for these problems may be

4,.2

approximated by the function t = (2x10 ")N°, and the ATD al »>rithm

by the function t = (10_4)N2'5.

The execution time was measured in the same way for the
problems using the population model. With a constraint of 100 nodes
per TACOM, and TACOM cost of $2500 per month, each algorithm used
fewer TACOMs in its design than in the above uniformly distributed
problems, and the execution time dropped accordingly. Thus, for
the COM algorithm, the time was 32.8 seconds, and for the ATD
algorithm the time was 161.8 seconds. With no constraints on the
TACOMs, again fewer TACOMs were found, and again the times were
reduced, to 32.0 for the COM algorithm, and 121.6 for the ATD
algorithm. Note that the decrease in the COM timc is much less
dramatic than for the ATD algorithm. This can easily be inter-
preted as due to the time spent in the add algorithm phase. With
its simplification of the problem to a reduced number of nodes, the
COM algorithm spends much less of its time in the add phase than
aoes the ATD algorithm, which considers all the nodes in this
phase. Thus reduction of this part of the problem with greater
TACOM capacity will have a much more dramatic effect on the ATD
algorithm than on the COM algorithm. Note that this last case with
the add phase used to select only two TACOMs will be one of the

worst comparative cases for the COM algorithm.

The ba:r ic execution time advantage for t! )M algorithm results
from its problem simplification strategy. The merging process can
be implemented with only slightly more complexity than a basic
kruskal minimum spanning tree algorithm. Howerver, the ATD algorithm
involves considerable computation to determine the equivalent tree
cost of connecting each pair of nodes in addition to generation of
a minimum spanning time. Furthermore, as noted above, the results

of the simplification is not only conversion to a point-to-point
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i
.

problem, as is true for both algorithms, but also reduction of the
number of nodes to be used in the "Add" phase for the COM algorithm,
whereas the ATD algorithm has no such reduction.
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FIGURE 11: 50 NODES RANDOMLY DISTRIBUTED ON THEIR MST
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FIGURE 12 : 100 NODES RANDOMLY DISTRIBUTED
AND THEIR MST
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FIGURE 15 : TYPICAL COM DESIGN EXPERIMENT # 1; 100 NODES
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4 nodes/line

i = 20 nodes/TACOM

?_§ $1500/TACOM

i & Cost: $25888/month
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FIGURE 16 : TYPICAL COM DESIGN EXPERIMENT #2; 100 NODES
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10 Node/line :
50 Nodes/TACOM

$1500/TACOM

Design Cost $55406/month

FIGURE 17 : TYPICAL COM DESIGN
EXPERIMENT #3; 400 NODES
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FIGURE 22 : EXECUTION TIME of COM and ATD ALGORITHMS
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EXPCRIMENT i1

4 nodes/line
20 nodes/TACOM

| $200/TACOM
ALGORITH" RESCOP NUMBER OF NODES (COST IN DOLLARS)
______________________________________ QQ__-_--JfUL------_-EEUL__--_--_
coM 12754 20348 34353
! 1
|
ATD 13409 21832 34443
CGM 1337% 20809 37411
L 2
ATD 13215 22745 38011
CoM 12885 21371 36845
3
. ATD 13503 22000 37556
Average %
. Improvement 2.8% 5. 3% 1.24%
TABLE 1: PERFORMANCE OF COM ALGORITHM

i
EXPERIMENT # 1,
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EXPERIMENT 42

4 nodes/line
20 nodes/TACOM

$1500/TACOM
ALGORITHM RESCOP NUMBER OF NODES (COST IN DOLLARS)
N R ol oL S
Com 14005 25846 44275
1
ATD 15385 25955 45794
coM 16136 25888 48005
2
ATD 15757 273¢€6 48160
COM 15485 26601 47337 \
3
i
ATD 17403 27205 47821
Average %
Impruvement ST 3.9% L.55%
TABLE 2° PERFORMANCE OF COM ALGORITHM

EXPERIMENT ¢ 2.
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f EXPERIMENT #3

10 nodes/line

50 nodes/TACOM
$1500/TACOM
ALGORITHM RIESCOIR NUMBER OF NODES (COST 1IN DOLLARS)
____________________________________ oo 200 400
T30y Sa02s T TEgaee T
L
ATD 20881 33258 57438
e smior e
. 2
ATD 21419 33816
con 18706 32184 s696
3
ATD 22148 34046
P e e X o M o T e b
Improvement 13 3% 4.7% B 5%
TABLE 3: PERFORMANCE OF COM ALGORITHM

EXPERIMENT # 3.

2.63
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10 nodes/line
50 nodes/TACOM
TACOM COST: S$1500/Month

ALGORITHM NUMBER OF NODES (EXECUTION TIME-SECONDS)
100 200 400
COM 2.1 8.2 36
ATD 9.4 67.7 275
TABLE 4: AVERAGE EXECUTION TIMES FOR ALGORITHMS.
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VIII. GENERALIZATIONS AND EXTENSIONS

The TACOM location problem has been posed in its most basic
form, and an algorithm, with associated performance results, has
been presented which appears to be an effective approach to the
problem. Several generalizations and extensions of the problem and

algorithm are now considered.

A. Line Constraints

The line constraint used in the basic formulation was
simply a limit on the number of nodes which may share a common line.
This constraint is guite realistirc when the traffic is uniformly
distributed among all the nodes. The appropriate maximum number to
ensure acceptable performance can usually be determined guite easily
by either analytical or simulation techniques. However, when the
traffic level for different terminals varies considerably, a simple
number constraint may not be appropriate. When based on the average
traffic, the constraint may yield cases of unacceptable performance,
and when based on the maximum traffic, it will be inefficient. A
constraint we have found effective for such problems is a welghted
sum of traffic and number of terminals. In this case, let Wy be the
average traffic associated with node i, and m be the number of ter-

minals sharing the same line. The constraint has the form:

kl i wi + k2 - < wmax

The proper values for the constants kl’ kz, and Wecne will depend on
the performance requirements and traffic measure used, and may be

determined by analytical or simulation technigues.

2.65
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To incorporate such a constraint in the COM algorithm
requires only a simple modification; two numbers are kept for each
node instead of one. The first number is the combined traffic, and
the second, the number of original rodes represented by the node.
The feasibility constraint is evaluated on the basis of both these
numbers, in accordance with the above formula. The center-of-mass
is determined only on the basis of the second number, i.e., the
number of original nodes represented by the node. This is the same
procedure as used in the initial statement of the algorithm, and
reflects the intention for the clustering process to identify
natural geographical groupings of nodes.

In general, the nodes may each possess a number of attri-
butes which must be consistent with a set of constraints ~“or feasi-
bility. This can be formulated as each node having an attribute
vector, vy and for feasible merging, a constraint function must be
satisfied.

C (¥, Y, = f1 i can be merged with j
/ [0 i can not be merged with j

This general formulation can be handled in the algorithm in the

same manner as described above.

B. TACOM Constraints

The TACOM constraint used in the initial algorithm state-
ment was a limit on the number of nodes which could be served by
a TACOM. This constraint may be interpreted in terms of a traffic
performance relationship. Acceptable performance on the part of the
TACOM may be directly related to the amount of traffic it must process,
and if the traffic is uniformly distributed among the nodes, then
this translates into a constraint on the number of nodes a TACOM may
serve. However, when traffic is not uniformly distributed, it may
be more appropriate to constrain the amount of traffic rather t.aan
the number of nodes. In fact a waighted sum of traffic and number
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of nodes, as in the line constraint case, is often the most

realistic, as there may be an overhead dependent on number of
nodes, and a processing load dependent on traffic. The algorithm
can easily be modified to handle such a constraint. As in the
line constraint case, two numbers are kept for each node; the
first number is the combined traffic, and the second the number
of original nodes represented by the node. During the "Add4"
phase of the algorithm, the TACOM feasibility constraint is
evaluated on the basis of a weighted running sum of both numbers.
The constraint outlined above appears reasonable in
form. However, tc obtain appropriate constants for this con-
straint mo* be considerably more difficult than obtaining such
constants for a similar line constraint, as the TACOM's performance

may be intimately related to its pParticular hardware and/or soft-

ware characteristics. Consequently, such constraints are usuvally

developed with conservative considerations, and are thus not

necessarily inviolate; that is, acceptable performance can often

be achieved even though the constraint is violated. The impact

of this consideration on the algorithm stems from the tollowing
observation: the algorithm creates subproblems for the line

laynut process by partitioning the nodes into subsets, each of

which satisfies the TACOM constraint. If the line layout process

were applied to the problem as a whole, with the derived TACOM

sites, it may achieve a more economical result than if applied

to each subset independently, simply because it has a larger

domain over which to "optimize." However, unless a line layout

procedure is used that is sensitive to the TACOM constraint, this
may result in cases where the TACOM constraint may be violated.

As noted above, this may be acceptable.
acceptable,

For cases where this is
the algorithm can be easily modified to simply perform the
line layout procedure after all TACOM sites have been selected.
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In some cases, the TACOM is more restricted by its
hardware line-connection limitations than by its traffic capacity.
In this case, a constraint on the number of lines that may be
connected to a TACOM is appropriate. Such a constraint should be
incorporated in both the "Add" phase of the algorithm, by simply
limiting the number of clusters which may be connected to the
TACOM, ard during the line layout phase. This constraint might
reasonably be present along with a traffic constraint.

cs Possible TACOM Sites

In the general formulation of the TACOM location prob-
lem, the set of nodes, A, and the set of possible TACOM sites, H,
may be considered as independently defined. It is quite feasible
for situations to occur where the possible TACOM sites are in fact |
disjoint from the nodes, partially overlap with the nodes, are a
proper subset of the nodes, are the same as the rodes, or have the
nodes as a proper subset. For simplicity, the COM algorithm was
presented in terms of the case where the possible TACOM sites were
the same as the nodes, thus having to deal with only one set, A.
We will now consider the other cases. In particular, three varia-
tions of the algorithm are presented, each of which appears most
appropriate for a particular type of possible TACOM locations set.

A\, Small Number of Possible TACOM Sites

Consider the case where the number of
possible TACOM sites is much smaller than the
number of nodes. The possible TACOM sites may
be disjoint from the nodes, a proper subset
of the nodes, or partially overlap the nodes

2.68
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others are not). The portion of the algorithm
where nodes are merged into single COM nodes
representing clusters should remain the same.
Hc 'ever, during the "add" phase, rather than

evaluating the COM nodes as possible TACOM

i
|
i (1.e. some possible TACOM sites are nodes,
!
;

sites, the actual possible sites (members of
H) should be evaluated. 1In this way the "Add4d"
pPhase will involve a reduced number of nodes,
E and will directly result in an actual TACOM
site selection, thereby, eliminating the
requirement for the local optimization phase.
Thus, this variation capitalizes on the small
1 number of possible TACOM sites to improve
computational efficiency.

2 4 Large Number of Possible TACOM Sites

It is feasible for the number of possible
TACOM sites to be comparable, or even much larger
than the number of nodes. For example, if a
major oil company wanted to extend its corporate
domain into the commercial time-sharing world,

the initial number of its customers may be far

! less than the number of its service stations

that may be considered as possible TACOM sites.
In the general form of this case, the possible
TACOM sites may be disjoint from the nodes,
contain the nodes as a subset, or partially
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| overlap the nodes. The handling of this
case is particularly simple. The only
portion of the COM algorithm to be variea
is the local optimization phase. There,
rather than selecting an actual TZ.OM site
from the k nodes in A closest tc the COM
site selected in the "Add" phase, the
selection is made from the k nocies in H

(the set of possible TACOM sites) closest
1 to the COM site selected in the "Add"

phases.

3a Possible TACOM Sites Subset of Nodes

] In the most common practical problems,
the possible TACOM sites are limited to a
subset of the nodes selected on considera-
tions of maintenance, rental space, access
by trained company personnel, security, etc.
If the subset is sufficiently small, this

) case should be handled as in section one
above. Otherwise, minor modifications of

the COM algo:rithm are appropriate. First,

in the merge phase, COM nodes which represent
at least one real node that is also a possible
TACOM site should be flagged. Then, during
the "Add" phase, only the flagged COM nodes
are considered as possible TACOM sites.
Finally, as in section two above, in the

local optimization phase the k nodes closest
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to the COM node selected in the "Add" phase

e aa_sa e b i . e bl o diiae. o

should be drawn from the set of possible TACOM
sites rather than the set of all nodes. These
modifications result, not only in satisfying
the design constraint of TACOM sites being
selected from the restricted set of nodes,

but also improve efficiency by restricting
attention during the "Add" phase to a reduced
set of COM nodes (i.e. only those representing
nodes which are also possible TACOM sites).

D. Multiple Capacity TACOMS

There may be several different models of TACOMS available
with different capacities and costs. In this case, the total design
problem requires selection of model as well as site and associated

nodes. There are several possible approaches to this problem. We

mention only one that is particularly simple, yet effective.

During the "Add" phase of the algorithm, each model of
TACOM is evaluated at each site. This requires little increase in
computational burden if the smallest capacity model is evaluated
first, as its stopping point can then be used as the starting point
for the next larger capacity model. The best performance result is
then selected, including model. The process continues as usual until
no further savings can be found.

B. Staging |
Staging refers to the interconnection of TACOMS as shown

in Figure 24. A smaller capacity TACOM is connected to a larger
capacity TACOM which is then connected to the RESCOP. There are

2.71
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many possible approaches to this problem. Perhaps the simplest is
to locate the large TACOMS first in the usual manner, and then to

consider these RESCOPS for the problem of locating the small TACOMS.

F. RESCOP Variations

The basic problem formulation had a single RESCOP to which
any number of nodes and-or TACOMS could be connected. There are
many other formulations having different RESCOP characteristics.
Several of these are considered below.

b Constraint on Nodes Connected Directly to RESCOP

A frequent practical problem is the connection
of terminals to a large time-sharing computer.

When the computcr is serving a large user population,
the over-head required for direct connection may
prohibit any direct connections of terminals to

the mainframe. 1In this case, the problem is
formulated in terws of a RESCOP to which no nodes

may be connected.

The COM algorithm is easily modified to
handle such a formulation. The cost of a TACOM
is added to the cost of connecting a node to the
RESCOP, and the termination condition for the
"Add" phase is changed from "no savings achieved"
to "no nodes left."

If the large computer has a front-end processor
to connect to the TACOMS, the processor may also
Sserve as a TACOM. 1In this case, the problem is
formulated as a RESCOP with the first TACOM site
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preselected to be co-located with the RESCOP.
The pre-selected TACOM may have the same or
different node and/or line constraints as the
other TACOMS. This problem is handled as a
RESCOP to which no nodes may be connected,
but with the first TACOM site preselected.

2, Multiple RESCOPS

In many problems there may be multiple
RESCOPS. This may be the case initially,
as in the problem of locating TIPS in the
ARPANET, or as the result of staging TACOMS,
as discussed earlier. To modify the algorithm
for this case, all that is needed is to eval-
uate costs on the basis of connection to the
closest RESCOP.

8r. RESCOP Location

The COM algorithm can also be used as
an approach to the general resource distribution
problem. In this problem, the question is
where to place RESCOPS to provide the most
economical connection of all nodes to a RESCOP.
The problem is different from the TACOM location
problem in that there is no initial facility
against which to trade connection costs.

The approach to this problem is very
similar to the case of RESCOPS which permit no
direct terminal connections. Each node is

assigned an initial RESCOP connection cost,
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which is simply the cost of a RESCOP. Thus,
in the "Add" phase, instead of comparing the
) cost of connecting to a selected site to the

cost of connecting to a RESCOP, the comparison

is made to the cost of having a RESCOP at its

own site.

4. Connectivity Requirements

When the TACOM is intended to provide
access to a packet switching subnet (such
as provided by a TIP in the ARPANET), there
may be requirements placed on its inter-
connection to the subnet. 1In the ARPANET
case, such a requirement for a TIP is at
least two-connectivity, and acceptable
impact on network verformance and reliabil-
ity. To evaluate these constraints for
every site would be too costly. Consecuently,
an approach is taken of determining a list of
| the k most economical arrangements during the
"Add" phase, and then processing the list to
determine the first feasible arrangement. 1If
the TACOM's can be inter-connected (such as
TIP's connected to TIP's), then the selected
TACOM is considered in place for the next
iteration of the "Add" phase.

G. Very Large Networks and Further Time Reductions

The COM algorithm may be viewed as composed of a "Cluster-
ing" phase, followed by an "Add" phase, followed by a "line-layout"
phase. The results reported above were obtained with a rather
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straight-forward implementation of the algorithm in which no
particular effort was made to minimize execution time or s+torage
requirements. However, when working with very large networks
(5,000 - 50,000 nodes), such considerations are imperative. We
give below a brief discussion of two basic techniques that can

l be applied to extend the algorithm for applicability to very
large networks.

A5 Sparsity

In each phase of the COM algorithm, various
interconnections of nodes are considered. 1In
general, such interconnections may be viewed as
branches of a graph. When all interconnections
are considered possible, and are thus examined,
the graph is a complete graph. However, there
are many interconnections which may easily be
discarded from consideration. This corresponds
to limiting consideration to a sparse graph. Thus,
in determining closest nearest neighbors, it is
quite efficient to place a grid over the network,
assign each node to a box, and then for each node
only examine nodes in the same box or adjacent
boxes to determine the nearest neighbor. The
box assignment can be made linear, and the nearest
neighbor search can then be considerably reduced
in complexity. Very distant nodes are naturally
excluded from consideration. Such an approach
can also be used in the "Add" and line-layout
phases. Note that the sparsity does not imply
inconsistency or inaccuracy in the results, i.e,,
true nearest neighbors will indeed be found. How-
ever, even greater efficiency can be obtained by

2:7%




coupling the sparsity with acceptable approxi-
mations, i.e., if no feasible neighbors are
found in adjacent boxes, simply abandon the
search, rather than considering the next ring

of boxes.

2w Local Considerations

In very large networks, it is often quite
reasonable to make decisions on the basis of
local considerations rather than global consid-
erations. Thus, in the "clustering" phase, it
would appear quite reasonable to merge nearest
neighbors on & box-by-box basis rather than
choosing the two closest together nodes ovar

the entire network.

Network Aralysis Corporation
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FIGURE 24: TACOM STAGING
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IX. CONCLUSION

A new algorithm has been presented for the design of multidrop
networks that may incorporate TACOMS (TIP, ANTS, concentrator, or
multiplexer) to economically connect nodes (users) to RESCOPS (re-
sc rce connection points). Experiments with the algorithm indicate
that it is both effective and efficient. Extension of the basic
algorithm to handle more general problems was shown to be easily
accomplished.

Research is continuing on extending the concepts reported
here to the integrated design of large (5,000 - 50,000 nodes),

hierarchical networks with various levels of access facilities.
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A BRANCH AND BOUND APPROACH TO TOPOLOGICAL NETWORK DESTGN

PART 1

5 INTRODUCTION

We are here concerned with the following topological design
problem for a store-and-forward communications networlk. We wish
to design a minimum cost 2-connected network that will accommodate
a given amount of inter-node traffic, while keeping the total average
delay that packets experience in route below - certain specified
amount. It is assumed that all circuits have the same capacity 5.
The precise mathematical formulation of the design problem is now
presented.
Given: Requirement Matrix R

Cost-capacity functions D, = di(E), Vi

Minimize: D(A) = di(E) where A is the set of links

Over A, f TEA which correspond to a given
topology.

- P (a) £ is a multicommodity flow satisfying the reaquirement

matrix R.

(b) £ <C
1 1
(C) Tl = f. [_————]( T
Y igA ELE = £ A" max

(d) The set A must correspond to a 2-connected topology.
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At present, only suboptimal techniques are available for the
solution of the design problem. One such technique is the Branch-
Exchange (BXC) method, which consists of improving a given initial
topology by means of a sequence of topological transformations,
called branch exchanges [l]. BXC terminates when all possible trans-
formations are explored.

A refinement of BXC is the Cut-Saturation (CS) method [2], which
also uses an iterative approach and performs at each step the topo-
logical transformation that is most likely to yield cost-performance
improvement.

A third technique is the Concave Branch Elimination method ES3)
which starts from a fully connected topology and eliminates un-
economical links, until a locally optimal configuration is achieved.

It should be emphasized that the solution obtained by employing
the techniques described above, is conceivably a suboptimal solution
to the originally posed problem. We were able to obtain lower
bounds on the optimal solution, and to show that in most cases, the
suboptimal cost is no more than 10 - 20% higher than the lower

bound. But there is an indication that the suboptimal solutions are
indeed much closer to optimum, say by less than 5%.

It is important therefore that we endeavor to develop a procedure
that would yield the exact solution, in ocder to be able to evaluate
the efficiency of the suboptimal techniques, and to determine whether
it would pay to improve them. If the exact solution proves to be
elusive, we at least hope to determine tighter lower bounds on the
total cost of an optimally designed network. The lower bounds can
be employed along with the upper bounds corresponding to current
heuristic solutions, to effectively trap the optimal solution and
reinforce the conviction that our heuristic solution is in fact a very
good one.

In the sequel we describe a branch and bound algorithm for the
exact solution of the topological problem. The algorithm is parti-
cularly attractive because, in addition to providing at the end the
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optimal solution, it provides also a lower bound which is increasing

(and therefore becoming more precise) at each step of the computation.
The purpose of this section is to describe the algorithm,

show its convergence to the optimum solution, and discuss its possible

applications. The coding of the algorithm is now in progress; experi-

mental results will be available in the near future. Such results

will allow evaluation of the computational efficiency of both exact

method and heuristic techniques.

3.3
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0k,

THE LOWER BOUND

We propose to employ a modified branch and bound technique tc
effectively construct an optimal topological configuration by an
exhaustive display of a proper subset of the set of all possible
topological configurations.

A very important ingredient of every branch and bound algorithm
is the determination of the lower bound. Lower bounds are generally
obtained by solving subproblems which are in a sense more favorable
than th2 original problem, either because some of the constraints
are relaxed, or because the real costs are replaced by lower approxi-
mations.

In our case, the subproblem consists of determining the minimum
cost routing on a partially specified topology. A partially specified
topology contains: a set SA of assigned links, a set SU
links; and a set Sp of excluded links. The union of the three sets
S = SA\) €y~ Sn is the set of all possible links (which are %NN(NN—I)
in a network with NN nodes).

of undefined

The assigned links are links that have been definitively intro-
duced in the network topology and therefore their cost is the real cost
corresponding to leasing a circuit of given capacity between the end
points. Although the value of capacity on the assigned links is fixed,
we can represent the cost of such links as a function of capacity, as
shown in Figure 1. The curve in Figure 1 indicates that the only ad-
missible value of capacity for an assigned link is C, since there is

no saving for C < C, and the cost becomes infinite for C > of¥

The undefined links are links for which it has not yet been
decided whether they should be included or excluded from the topology.

Due to this uncertainty, their cost should be somehow proportional
to the link utilization, and should be zero if the link carries zero
flow. Therefore, the cost of an undefined link is assumed linear with
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respect to link capacity, and is shown in Figure 2. Notice that the
cost of the undefined link equals the real cost for C = C. Therefore,
the undefined link cost is a lower bound to the real cost shown in
Figure 1.

The excluded links are links that have been discarded during
preceding branch and bound steps, and therefore, are no longer con-
sidered at this stage.

For the above mentioned partially specified topology, we are
interested in solving the following subproblem:

Min ] d, (C;)

£,C lESU
TA(E) < Ty S3
Such
That
Tyf) < Tuax

f is a multicommodity flow corresponding to the require-

L ment matrix R.

where:

(1) di(Ci) is the linear cost function for the undefined
link 1.

£.
(2) T,(f) = L -z = is the total delay on the
INVS Y AeS =3
A C—fi
assigned links.

(3) T,,(f) is the total delay on the undefined links.

(4) TA + TU is total delay for the partially specified
network.

M B R SN . A Sy W W TR " ——— R N g
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Let us consider the total cost of the partially specified topology
Dp given by:

p,= ) D+ Y} d.(c) (2)
k 2 Tl &
keSA 1sSu
It is clear that at optimality (i.e., after solving problem (1)), Dp
represents a lower bound to the cost of any final topology derived

from the partially specified one by assigning a subset of undefined
links. In fact, in subproblem (1), the cost of each undefined 1link
is a lower bound to the real cost of the link in the final topoloqgy.
Furthermore, the delay constraint has been relaxed since the total
(instead of < T

MAX -~ “mAx’ -
In order to solve problem (1), we first express the cost of the

delay is required to be < 2T

undefined links DU as a function of the link flows. From [ 4], we

have:

2 .. 1
By = § d;(c,) = ] d.f + . /EIH; /f;f; (3)
1eSU U MAX 1,3eS

This expression relates D, to the link flows in such a way that the

9]

delay constraint TU & TMAX is satisfied.

Since the expression in (3) is concave in f, and we prefer a

convex objective function, we further bound Dy as follows:

Dy, > I df + =— ] LI g, (4)
Y ma 1,JsSU © 1]

It can be easily shown that the r.h.s. of (4) is convex. By replacing
(4) in the original formulation of the subproblem in (1), we obtain

a convex multicommodity flow problem whose solution still p~ovides a
lower bound on the final cost.
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Subproblem (1) can now be rewritten as follows:

|
i
{
1 /did. {
Min z dl g + YT ‘_l flf] i
oo i
£ e, MAX  i,jes; C ‘
(5) '
1 i
T, (f) = = Y — <
& ¥ mem, g, o

f is a multicommodity flow satisfying requirement matrix R.

Since the objective function in (5) is convex and the constraint

set is also convex, there exists only one local minimum,

which is also
the global minimum.

The solution of (5) can be carried out using the method of the

Lagrange multiplexers. To do SO, we rewrite (5) as follows:

4 vd.d.
oL, = ] d;f, + YTl 7 = t.¢,
0 i€s MAX  i,jeS C ]
U U
f.
1 1
¥ . = - Tonyl
- By & MAX (6)
ReSA C fi
s.E. T is a multicommodity flow satisfying requirement matrix R.

The multiplier X > 0 must be chosen in such a way that, for the
optimal flow f*, we have:

*
1 T

A }
ReS, C-f% MAX (7)

3.7
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A possible way to solve (6) is to select an arbitrary X°, min-
imize L(f,X°) over f, then verify if Equation (7) is satisfied. If
(7) is not satisfieé, a different X, say Al, is chosen and L(g,xl)
is minimized, etc. We anticipate that the search on X will not be a
serious computational bottleneck since o(X) = min (over f) L(g,x)
is monotonic. Furthermore, we dorn't need to solve Equation (6) with
great accuracy, but rather can be satisfied with a lower bound to its
optimum solution.

At this point, the topological problem for a partially specified
topology has been reduced to the solution of an unconstrained, strictly
convex, multicommodity flow problem, namely, the minimization of
L(g, X) over g. Such a minimization is readily carried out with the
Flow Deviation Method [ 5], an efficient tool for the solution of
nonlinear flow problems.

We have shown how we can find a lower bound on the cost of all
possible topologies deriving from a partially specified topology. The
next section shows how we can use these results for the search for the
globally optimal topology.

3.8
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FIGURE : __COST-CAPACITY FUNCTION FOR AN ASSIGNED LINK
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FIGURE 2 : COST VS. CAPACITY FOR UNDEFINED LINK
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III. THE BRANCH AND BOUND CONCEPT

First, we describe the branch operation.
partially specified
of links S

Suppose we have a
topology Tn to which are associated, three sets
A SU’ SE defined above. From such a topology, we can

to two new topologies by removing a 1link, say link i,
(selected with some

"branch"

well defined criterion) from SU and reassigning

A ©Or SE' The two new topologies Tn+1 and Tn
pond to the following sets of links:

it to either S +p corres-

Tn+1 (sA + {i}, sU - {i}, SE)
Tn+2 = (sA, By = Ly Sp + {i})

It is clear that if we start from the to

pology To’ in which all
links are undefined (L,

SA = SE = 0), and proceed branching until

all the final topologies have SU = 0, we have generated all the

% NN (NN-1)

2 graphs that can be constructed on NN nodes.

The branch and bound techniques is essentially an intelligent
way of searching the tree of successive derivations and branches,

% NN (NN-1)
without enumerating all the 2 possible solutions. The key
instrument that helps us in this search is the notion of lowe

r bound,
discussed in the previous section.

A typical step of a branch and bound procedure is now described.

Suppose we have generated, by means of successive branch operationsg,
a part of the tree; (see Figure

3) and suppose the incomplete tree
has p "leaves"

(i.e., terminal topologies), namely Tn’Tn+1""’Tn+p—1’

with respective lower bounds LBn’ LBn+1""’LBn+p—1’ computed by solving

3.11
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the associated subproblems (as discussed in Section 2). The next

branch move is performed on topology T such that

n+S
LBn+S < LBi ¥i = n,...,n+p-1.

To show that the procedure converges to the optimum solution,
we first must show that the lower bound for the two topologies gen-
erated by a branch operation (successors) is greater or equal to the
lower bound for the originating topology (predecessor). But, this is
true since the two successor subproblems have more constraints than
the predecessor subproblem, so the minimum for the former is generally
higher than the minimum for the latter.

The branch and bound procedure terminates when the topology which
minimizes the lower bound corresponds to a feasible topology (i.e.,
is such that the set SA can satisfy all the requirements with T < TMAX
and corresponds to a 2-connected topology). Such a topology is optimal
because its lower bound corresponds to the actual cost, and is lower
or equal than the lower bound for any other infeasible topology, and
therefore, (because of the ncndecreasing property of lower bounds) ,
lower or equal to the cost of any other feasible topology.

To summarize, an iteration of the branch and bound procedure con-
tains the following steps:

A. Determine, between all the topoloyies so far generated,
the topology which minimizes the lower bound. If such a top-
ology is feasible, STOP: optimum has been found.

B. Perform a branch operation on such topology.

€. Compute the lower bounds for the two successors and check
for feasibility. Go to A. ‘

|
3.12
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FIGURE 3: BRANCH AND BOUND TREE
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IV. COMPUTATIONAL CONSIDERATIONS

The only way to determine the computational efficiency of a
search algorithm such as the branch and bound method, is that of
performing experiments on a reasonable number of sample problems of
various size and complexity. Since experimental results are not
available yet, we can only make qualitative statements.

It can be anticipated that the computational effort required
to find the optimal solution will be considerably larger (by several
orders of magnitude) than the effort required by suboptimal techniques.
Therefore, it is very unlikely that branch and bound is a suitable
network design tool.

The indication that the method will be very time consuming follows
from the conjecture that there is typically a very large number of
near-optimal solutions. The method will have to search all such
solutions before being able to declare that a particular solution is
optimal. Incidentally, it is of interest to note that the presence
of a large number of near-optimal solutions is detrimental to the
efficiency of exact methods, but is beneficial to the efficiency of
heuristics, and of locally optimal techniques in general.

In favor of branch and bound, we have the following facts:

A. It is much less time consuming than enumeration. 1In fact,
although there are a lot of good topologies, there is a much
larger number of very bad topologies that will never be ex-
plored by branch and bound.

B. There are a variety of features in a branch and bound
algorithm that can be properly taylored, in order to obtain

maximum efficiency. For example, one must properly design

the selection criterion for links to be assigned or excluded,
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based on cost, utilization, connectivity, etc. Also, the
results of the solution of a predecessor subproblem could

be used for the solution of successor subproblems, with
substantial computational savings. In addition, one might
consider other types of search (e.g., the depth first search)

instead of the steepest descent search described in the pre-
vious section.

€. Although the optimal solution is elusive, it is likely
that the bound becomes sufficiently tight much before we
find the optimum. 1In particular, we hope that a reasonable
computational effort will reduce the gap between heuristic

solution and lower bound from 10-20% (as we have now) to less
than 5%.
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V. IMPLICATIONS FOR FUTURE RESEARCH

Beside the determination of globally optimal topologies, the
branch and bound concept can be used for other applications related
to topological design. Two possible applications are here described.

Suppose we want to optimally upgrade an existing network con-
figuration, following an increase of traffic requirements and the
installation of new nodes. Let us assume that we are able to idenfity
a set of candidate links that most likely include as a subset, the set
of links corresponding to the optimum topological reconfiguration. The
branch and bound algorithm can be applied setting SA 4 set of original
links and SU 4 set of candidate links. If the optimal solution ap-
pear to be elusive, we can always use the lower bound information to
control a suboptimal technique such as the Cut-Set Method.

Another area of application of the branch and bound concept is
within a suboptimal procedure. During the application of the Cut-
Saturation Algorithm, for example, [ 2], we are at each step confronted
with the problem of which new links to introduce, or which old links to
eliminate from the current topology. Presently, a choice is made,
without the ability of evaluating the performance of the remaining
alternatives. To avoid this, one might think of solving a partially
defined topological problem, with SU corresponding to the set of links
which are candidate for introduction or removal. The nature of the
solution (e.g., the relative utilization of links, etc.) might offer
valuable insight into the relative cost effectiveness of the links,

and provide guidance in the selection of links to introduce or elimin-
ate.

The branch and bound algorithm here described can be further ex-
tended to the solution of multiple capacity option problem. However,
it is conceivable that the computational complexity will rapidly in-
crease due to the large number of possible combinations.
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In summary, we have shown that branch and bound is a valid
approach to the exact solution of the topological problem; we have
also indicated that it might find applications in the solution of
practical problems, when combined with heuristics or used to develop
bounds. We have to wait now for the first experimental results in
order to better define the area of applicability of this theoretically

very attractive technique.
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A SYSTEM FOR LARGE SCALE NETWORK COMPUTATIONS-PART II

In order to support the many and varied network calculations
desired in other chapters of this report, a software system for
large scale network computations is being developed. Besides the
support function, this system is designed to be portable and
general so that it can be used for almost all network based applica-
tions in a distributed computational environment such as ARPANET.
While the initial applications of the system within NAC have been
to communication networks, discussions are in progress with the
army to apply parts of the system to applications in risk analysis
and circiit analysis. Within NAC the software has been used with:

(1) RELOUT: An interactive program for analyzing the cost
throughput, delay, and reliability of packet switched
data networks. This program is described in the chapter.

Impack Of Interactive Graphics On Network Design.

A simulator of the Packet Radio System: This application
is notable because it is a hybrid batch-interactive
program running on three computers an IBM 360-91, a PDP-10,
and an Imlac PDS-1 Graphic Display Computer. The simulator
is described in the chapter: Simulation of Computer
Communication Networks.

(3) A heuristic algorithm for Set Covering Problems Which
Illustrates another dimension of interactive graprhics
used for network analysis. This is the use of visual
feedback to guide the design of heuristics. The heuristics

and their application to radio repeater location problems

is described in the chapter: Repeater Location Optimiza-
tion.
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The software in the system consists of three parts:

(a) Input, output, and editing functions,
(b) Data structuring and mapping,

(c) Languages for coding network algorithms.

virtually all the work has been done in the first area. The
first version of the network editcr described in the Second Semi-
annual Peport has been implemented: a simple but effective windowing
for the graphics display is 20% implemented: and general purpose
nsarameter selection software has been implemented. It is this
software that has been used in the application programs described
above.

Exploratory work is being carried out in the second area of
data structure and mappina. The immediate goal is to simplify
nobrid interactive-batch calculations on the ARPANET. This is being
done in conjunction with the dynamic modelling group at project NAC,

Probably the best characterization of the software is to show
how it is used. To do this we first repronduce a scenario showing
the use of the TTY version (without graphics) of RELROUT. Following
this are photograrhs of some of the graphics displays. Figure 1(a)
shows the June 1974 ARPANET. Fiqgures 1(b) and 1l(c) show two 2x en-
larged details using the windowing capability. Figures 2(a) and
2(b) are graphic output from the reliakility and routing programs
respectivelv. In 2(b) throughput-delay curves are superimposed for
three different line capacities 19.2, 50, and 230 kilibits per

second.
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FIGURE 1 (A)
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FIGURE 1 (C)
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IMPACT OF INTERACTIVE GRAPHICS

ON NETWORK NDESIGCN

62 INTRODUCTION

Recently NAC has developed an interactive program that analyzes
} packet switching networks for cost, throughput delay, and reliability
performance. Input and output is handled via a graohic terminal,

which displays network topology, allows easy topological reconfiqgura-

tion and shown curves of network performance (delay, reliability, etc.)
versus a variety of network parameters (throughput, failure rates,
ake: ) ;

The details of the algorithms used in the analysis are presented
in (1], [2), and [3]. This chapter is a description of the .nter-
active program and it's use, the program's performance, a short
comparison with an equivalent bath program and implications of

interactive granhics on network design.
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II. FUNCTIONAL SPECIFICATIONS OF THE INTERACTIVE
: WNETWORK ANALYSIS PROGRAM

NAC's interactive network analysis program called RELROUT is
located on the (WAC) directories at USC-ISI and BBW for use by any
network user. It runs on a PLP-10 using the TENEX operations sys=
tem. T'he program can be run from any type of terminal, but will
only support graphics on an IMLAC PDS-10 graphics display unit.

The prog:am analyzes a packet switching network for routing
and reliability performance.

The user must specify:

. A network topology.

. Properties of nodes and links.

. General parameters such as packet size, etc.
The topology can be entered in two ways:

il Create a new network configuration through the
use of network editing commands; or

2, Read an existing configuration from a previously
generated data file.

The second method of inputting a network is very useful when

repeateu evaluation of the same basic topology are required. On

an IMLAC terminal, the user may move the position of the nodes on
the CRT in order to obtain a clearer and more intelligible graphic
representation of the network.

5.2
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The user defines the following node and link properties:

A, Node Properties

il Name (Optional)

¥ Location (longitude and latitude,
in the routing analysis.

for cost calculation

3. Failure probability (for reliability analysis).

4. Symbol type -0.A0.O (for display purposes).

B. Link Properties
Le Capacity or line speed (for routing and cost analysis)
2s Failure probability (for reliability analysis).
3- Link type - solid or dotted (for display purposes) .

After the user has defined the network configuration and

propverties, he can request either a routing or a relia

to be performed. Associated with each
parameters.
For a routing analysis these are:

bility analysis
analysis are various general

1 Average }:acket delay.

2k Average packet length.

3 Overhead

4. Tariff Structure, etc.

R RENEE———
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For the reliability analysis the parameters are:

e Number of samples.
2s Random number seed.
3. Range of variation for the probabilities.

Initially all of these parameters are defaulted to specified
values. However, the user can change any or all of them. The
brogram does error and validity checking on the parameters that
are changed. Also, upon user reaquest, a short description of each
parameter can be provided.

When the user is satisfied with the values 7 the various
parameters, he can ask for the analysis to begin. In most cases,
the processing is done locally in the PDP-10; however, the reliability

analysis can be pverformed remotely, as discussed later in this
chapter.

When the analysis is completed, the user can examine various
outputs. The routing analysis output consists of a list of 1link
flows, lengths, and costs, and values for global throughput, delay
and cost.

There is also a table of network throughput and delay as a
function of relative traffic. Reliability output consists of
tables of Pnc (probability of network disconnected) and = @ (fraction
of node pairs not able to communicate) as a function of component
failure rates. If the user's terminal can support graphics (IMLAC),
the program will plot curves for throughput vs delay and for
Pnc and Fnc of the most recent run along with at most two previous
runs. (See Firures 1,2, and 3).

5.4
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After examining the output of the specific analysis, the
user typically will do one of the following:

i, Perform a sensitivity analysis on the present net-

work configuration by varying the input parameters.

2% Switch to the other analysis (routing reliability
or vice versa).

S Lait the topology (add rodes and/or links) and/or
change node or link property values and proceed with
another routing or reliability analysis.

1 4. Lxit the program.
i

At any time auring the interactive session, the user may save

nis network topclogy on a data file for use at a later time. After
leaving the program, thne user is returnea to the TENEX operating
system.

NAC's interactive program assists the network analyst by:

1 Ll Offering a schematic representation of the current
networkx configuration on a graphic display device;

2, Allowing interactive error checking of topology
and input parameters so thnat the user can correct the
input data immediately;

3 Removing tne necessity of explicitly enterirg all
the data for each run and allowing flexibility in the
order and format of input;
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4, Using a flexible command structure, with numerous

prompts to tutor tne novice user if he requests help;

and with short, quick commands for the experienced user.

95 Providing network performance results with small
enough response time, so that an effective man-machine

interactive design can be carried out.
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III. TURNAROUND DELAY PERFORMANCE OF INTERACTIVE PROGRAMS

[Na General

Turnaround delay is probably the most important performance
Criterion for the evaluation of the effectiveness of an interactive
analysis and design program. In fact, the purpose of an interactive
program implementation is to provide the systems analyst with faster
answers and, therefore, better man-machine interaction than he could
obtain with the batch version of the same program. In this section,
the turnaround time performance of our routing and reliability inter-
active programs is evaluated in a variety of load conditions.

Turnaround time is here defined as the delay between the
time the RUN command (which starts execution) is entered and the time
the output comes back on the screen. In a time sharing environment,
such a delay is approximately proportional to the average number of
tasks (system and user) simultaneously requesting the CPU; in a Tenex
system, such a number is referred to as the Load Average.

B. Routing Program Turnaround Delay

NAC's routing program is based on an iterative algorithm
which attempts to raise network throughput while rnaintaining the
specified delay constraint. Therefore, the CPU time is proportional
to the number of iterations performed. 1In the following experiments,
five iterations were allowed for each run, since at that point, a
sufficient accuracy was generally obtaired.

Several routing runs were performed on three network ex-
amples with 10, 26, and 4: nodes, respectively, using NAC's inter-
active program at USC-ISI. The same network was analyzed at different
times during the day, and with different load averages. The curves
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in Figure 4, 5, and 6 show the clapsed time versus load average for
€each network arplication.

For networks on the order of 10 nodes, the elapsed time is
quite tolerable for any reasonable value of 1load average (Note: the
typical range of load iverages is be:tween 2 and 8). Furthermore,
intermediate throughput and delay results are printed at the terminal
after each routing iteration, to keep the user's attention while
computation is proceeding.

For larger networks (20 nodes or more), load average has a
more critical imvact on elapsed time. 1In the ¢case of high load average,
the user can :voic long delays by reducing the number of iterations
and thus sacrificing accuracy; alternatively, the user can transfer
his files to another site with lower load aver

This is one of the attractive features offered by a resource
sharing network such as ARPANET.

(e Performance of Interactive Reliabhility Analysis

In general, the reliability of a network with a size such
as ARPANET's does not vary drastically with the insertion or deletion

’

of a few links. Furthermore, the reliability criteria, pnc and Fn

will set change at all if only line speeds are varied. The routing
performance, on the other hand, can be substantially affected by the
above modifications, Therefore, network reliability is usually not
evaluated after each topological modification and routing performance
evaluation., The designer might , however, want o examine the network
reliability after several topological changes. Therefore, an inter-
active network design "package" should include a reliability program.
The reliability pProgram currently included in NAC's inter-
active network analysis and design program is essentially a simulation

program [2}. The accuracy of the results e therefore, related to
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the rnumber of samples generated in the simulation. Table 1 shows
the results for several reliability analyses using 1000 samples for
networks of 10, 26, and 42 nodes. The runs were made at ISI at
approximately 8:30 EDT (5:30 PDT) .

TABLE 1
RELIABILITY PROGRAM PERFORMAMNCE

10 Nodes 26 Nodes 42 Nodes
Load Average 1.6 1.5 2:5
Elapsed Time 1 min. 49 sec. 3 min. 58 sec. 9 min. 35 sec.
CPU Time 59 sec. 2 min. 37 sec. 4 min. 18 sec.

As can be seen, the elapsed time for the reliability analysis, even
at very low load averages, tends to reach levels which are intolerable
for interactive analysis.

Because of the extensive amount of computation required for
a reliability analysis, it would be desirable to have the analysis
be done in batch on a big "number crunching" machine, and yet allow
the user the flexibility of interactive editing and validation of data
and grapt.ic display of output. This feature can actually be implementenr
on ARPANET. 1In fact, with the remote job service (RJS) in association
with the 1BM 360/91 at UCLA, the user does have the option of local
Oor remote processing of the reliability analysis. He can direct the
interactive program to perform the analysis locally by entering the

command R(UN). Or, he could request the interactive Program to create

.12
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an RJS data file complete with the job control language (JCL) needed

for execution. The user can then leave the interactive nrogram,
enter the RJS subsystem, and submit the reliability job file. He
can wait for the outpvut or he could return to the interactive pro-
gram and, perhaps, continue with a routing analysis; periodicallv
checking to see if the IB 360/91 has completed the execution of
the reliability analvs.s.,

Once the output is ready, the data file is read into the
interactive program and various reliability curves can be displayed.
Efforts are currently being made to make this RJS feature invisible

to the user. However, even now this feature of parallel processing,

made available by ARPANET resource-

sharing capability, is veryv useful
for any interactive computation,

P p— pa—
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IV. INTERACTIVE VERSUS BATCH NETWORK DESIGN

It is possible that a one-time network evaluation could be
performed faster and more economically in a batch mode than in an
interactive mode. However, what we are concerned with here is a
complete design session in which a network is analyzed and modified
repeatedly using man-computer interaction. In this section, we
compare the overall length of time involved in a design session
using either a batch program or an interactive program. A design
session consists of: analysis of a given network confiquration;
use of results to modify the topology in order to improve network
performance (reduce cost, improve throughput and reliability); re-
evaluation of the new network configuration, etc.

Table 2 shows the steps a designer would take in a "design
session”, evaluating routing performance, using an interactive or
a batch approach.

In Step Il, the user sets up interactively the network con-
figuration and the data base internal to the progyram. In the batch

case, the designer must first draw the configuration and then key-

punch the appropriate cards. The setting up of the routing para-
meters (I2 and B2) requires basically the same amount of time in
both interactive and batch mode; however, the interactive program
displays on the screen a description fcr each input parameter, and
performs validity and error-checking on the input data, thereby
avoiding error and confusion.

In Step I3, the user enters the R(UN) command and execution
of the routing analysis begins. In the batch case, (B3.1 » B3.,5),
the user initiates the job and reccives the output. Even though
the actual batch computation is generally faster than the interactive
computation, (5 sec. for a 42 node network on a CDC 6600 as opposed
to 24 sec. on ¢ PDP 10 Tenex), there is quite a fixed delay before
and after job execution which is independent of CPU time requirements

(read-in deck, job waiting on input and output queue, wait for printer).
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This delay can be on the order of 15 - 20 minutes, sometimes even
longer.

In Step I4 or B4, the desiagner examines the results of the
=nalysis. The time required to examine the data on the screen is
ccmparable to the time required to read the same data on the print
out; however, in the interactive mode, the designer can instantly
compare the present results with those obtained from previous runs
(most notably plots of throughput versus delay). After the topologi=-
cal modifications are made on the configuration displayed on the CRT
(Step I5), the designer is ready to perform another analysis and
returns to Step I3. 1In the batch case, on the other hand, the designer
must redraw his new configuration by hand and then keypunch the appro-
priate cards. He then must return to the card-reader to initiate a
new analysis.

Thus, for the first iteration of the analysis, the effort on
the designer is comparable for both the interactive and batch approaches.
iiowaver, for the subseguent iterations, the effort is considerably less
with the interactive procedure.

5.18 ‘
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BATCH

Bl.
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= IMPACT OF INTERACTIVE GRAPHICS ON NETWORK DESIGN

The most conspicuous effect of interactive graphics on network
design is that of speeding up the overail design process in a very
substantial manner. The amount of time saved and the increase in
productivity clearly depend on many factors (efficiency of the inter-
active grarhic system, programmers experience, load on the computer,
etc.); our experience indicates that the design process is typically
speeded up by 5 to 10 times.

Another important effect of interactive graphics on network
design is the interactive use of analysis programs to develop better
design algorithms. In fact, most network design algorithms are based
on heuristics, and good heuristics are obtained by combining vhysical
intuition, careful observation of several network properties, and
evaluation of several examoles. Therefore, an interactive program is
an extremely valuable tool in the hands of a network designer who is
trying to establish experimentally some general relationshio between
network configuration, topological transformations and network per-
formance.

Besides assisting the network designer in the development of
better heuristics, interactive graphics can also provide a way to
monitor design algorithms which are completely automatized, and in
principle would not require human intervention. Since most network
design algorithms are iterative and typically verform a topological
transformation at each step, it is possible to implement them in
an interactive nmode so that they display the current solution at
each iteration. Tre designer, therefore, can evaluate the cost
effectiveness of each transformation, and can stop, correct and

restart the algorithm, whenever he identifies some inadequacy in the
current solution.

5.20
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The monitoring and verification function of interactive graphics
is very valuable for any heuristic design. 1In fact, it is extremely
rare to find heuristics that perform well on all possible problems.
In general, there are always cases in which the heuristic solution
is very bad. Sometimes the solution is so bad that the designer can
detect and correct the inconsistencies by simple visual inspection.
Thus, the importance of visually monitoring the solutions.

5.21
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VI. EXAMPLE

A practical application of the interactive program arose when
NAC was asked to evaluate the possibility of significantly reducing
the communication costs of ARPANET and the impact of potential cost
reductions on the network's performance. Below is the report sum-
marizing the results.

Requirements used in the study are as follows:

La Average packet delays under 0.2 seconds

throughout the net.

3 2. Capacity for expansion to 64 IMPs without

major hardware or software redesign.

3. Average total throughput capability of
200 - 300 kilobits/second for all Hosts.

die Peak throughput capability of 40 - 80
kilobits/second per pair of IMPs in an otherwise

5 unloaded network.

S High communication subnet reliability

subject to economic constraints.

The time delay and throughput requirements imply that 50 kilobit/
second communication lines are needed within the network. Factors

impacting netwnrk designs have been:

ds Nine month lead times for obtaining lines
from AT&T.
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2% Rapid expansion cf the number of IMPs and
TIPs in the net (averansing one new node per
month) .

8 Rapid increase in traffic in the network.

The traffic growth in the net prompted us to study, within the present
contract year, the problem of increasing the network's traffic
capacity and the associated costs of such increases. Now that the
network traffic has become relatively stable because of the satura-
tion of serving Hosts and the reduction of the rate of addition of

new nodes to the network, the object of the present study was to
reevaluate network costs as a function of the various parameters in
the network.

Several options are available to reduce cost in the network.
These are:

- 34 Rearrangement of lines.

2. Reduction of line capacities in the network

either on a limited basis or throughout the net-
work.

3. Introduction of new technology to reduce
overall line costs.

A constraint imposed on all alternatives is that communication subnet

reliability should not significantly decrease from that of the prcsent

network. This constraint dictates that the network remain two con-

nected and imposes certain other technical conditions upon network
topology.
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Major modifications to the present network cause reduction to
network performance with respect to one or more of the network's
performance parameters. A simple rearrangement of lines to reduce

cost also reduces the network's expansion capability for at least

nine months (since this is the time required to obtain new 50 kilobit/
second circuits from AT&T). Throughput is also somewhat reduced.

Decrease of line capacities substantially reduces total network

throughput, increases time delay, and most significantly, theoretically
increases file transfer time by at least a factor of 2.6 (based on
available AT&T circuit options). The cases where some or all of the
lines are reduced in speed were considered.

If lower speed lines, (in particular, 19.2 kilobit/second lines)
are used, the use of a new device called a biplexer to further re-
duce the cost of some lines 's possible. Although many have not yet
been installei and thoroughly tested, the technical concept is sound
and should a decision to reduce line speeds to 19.2 be made, several
biplexers should be obtained and tested, and, if successful, used
wherever appropriate. The analyses consider networks both with and
without biplexers.

Finally, the casc where line speeds are decreased to 9.6 kilobits/

- second was considered. This results in a network which can only mar-
ginally handle existing network traffic, has no expansion capability,
very high average time delays (over 1 second) and file transfer times
rmore than five times as great as those achievable at present. While
the communication costs of such a network would only be 1/3 of the
present networks cost, its performar.ce would be so poor that this
option was not extensively examined.

Fiqure 7 summarizes the available alternatives and communication
costs. Ovtions that we prefer given that a decision is made to de-
grade ARPANET performance are also indicated as are the disadvantages
of each alternative. An important point to be understood is that

communication costs do not reflect all of the issues that must be
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made in changing the present ARPANET approach. For example, if all of
the network's lines were reduced from 50 kiilobits/second to 19.2
kilobits per second (and the network were reconfigured), communication
line costs would decrease from about $1.1 million per year to either
$736,000 (without biplexers) or $694,000 (with biplexers). However,
file transfer time would increase by a factor of 2.6 and the computer
connect time costs, to transfer these files, could increase by as
much as $72,000 per year. (These calculations are based on availabie
network measurement data).

Using the interactive program, this study took approximately

four hours. Using programs that run in batch, this study could have
taken several days.
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VII. FUTURE RESEARCH

Future research plans in the area of interactive network design

tools include the following items:

1 Implementation of the Cut-Saturation Network

Design Algorithm (4] as an interactive program.

2. Development of moire efficient and less time
consuming reliability analysis algorithms, which
would allow more frequent reliability evaluations

during the design process.
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COMPUTATIONAL COMPLEXITY OF NETWORK
CONNECTIVITY ALGORI1THMS

INTRCDUCTION

A basic property of a graph is its connectivicy structure;
that is, how many connected pieces it divides into. The determina-
tion of this simple property is fundamental to many more complex

calculations. It is eguivalent to determining equivalence classes.

One important application is in network reliability calculations.
Suppose we are given n nodes for a network. There are n(n-1)/2
possitle distinct undirected links (not counting loops) among them.
Suppose we add these links sequentially and in random order. What
is the expected nuuber of links we must add to connect all n nodes?
This value allows one to estimate a bound oa the average running
time for a simulation technique for reliability analysis [23]. 1In
this chapter we describe closed form solutions to this and related
problems for finite n. The method used to consider the process

as Markov processes on the lattice of partitions.

The problem we discusec arises in the evaluation of algorithms
for determiriing spanning trees and/or the connected comoonent
structure of graphs and networks. Some of these algorithms are
given in (9], [13], [14], and [22]. Mathematically, theo problem
has its own history and seems to have appeared (in the form
studied here) for the first time in (6], although forms of it
were studied earlier in [10] and (11].

The problem can be succinctly described as follows: At each
point in "tine" (seqientially) we select a subset of size two (edge)
from a set of n-labelled objects (ncdes, vertices) "at random"., At
random rieans that each edge not previously selected is ecqually likely

to be picked. A graph generated "at random" is called a "random graph".
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What is the probability that the "random graph" is connected after
j-edges have been selected? What is the "mean time" :o0 connectedness?
More generally, aiven a connected component structure 7, what is the
mean time to obtaining a graph with component structure 7. We
obtain "closed form" solutions and relatively simple computing
equations for the problems just posed as well as other combinatorial
functions related to the process of generating random graphs. A
number of these results have been obtained by other methods by the
authors mentioned and others. Our nethods are based on the work

wn [20%,; [21).

The problems described above have a long and interesting history
going back to 1956 and to guestions about trees in the late nine-
teenth century. The problem of determining the probability that
a random craph has a given connected component structure was
apparently first posed in [6]. The question of determining the
number of connected graphs un n-nodes with j edges was posed and
solved in terms of generating functions in [19}, [11}, [1] and
[2] and perhaps elsewhere between 1959 and 1971.

In analyiing the compntational complexity of algorithms for
determining the connected component structure of a graph, it is
useful to know the mean-time to obtaining that structure as well
as the sojourn time in various struccures sequentially obtained.

To our knowledge, these problems have not been discussed in the

literature. In the special case of a connected graph with (n-1)
edades we ask for the number of trees on n-vertices. This question
has its nwn history starting with [4), [5], [3], see especially [15]}.

Some results of these authors are obtained herein as special cases

of our results. b

In [21] the suggestion was offered that a number of probabiliity
guestions are more "naturally" posed and solved by mapping sample

spaces into semilattices (semilattice variables) rather than to the

real line (random variables). In some examples, the distribution
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function of the mapping (called a generating function) can be de-
termined and inverted using the Mobius-Rota inversion therorem
(see e.g. [20]) to obtain the density function (distribution
function in [21])) of the mapping. Indeed this is a useful

method for obtaining the probability that a "random graph" with
j-edges has a given connected component structure. The approach
yields a complicated but closed form formula from which the
generating function is easily obtained. Furthermore, we show
that the process of adding edges at rardom is a Markov process
and hence, that theorv can be uscd to study the generation of
random graphs. It is easy to obtain the probability transition
function for the Markov process, which turns out to he non-stationary.

None of the formulae obtained are useful for computing so we close

the paper with a pair of coupled eguations which can be used for

computing the combi itoria' functions of interest. This is carried

out in Sections III-IV. Notations and basic definitions are
introduced in Section ITI.

The question how "connected" is a grarh has been subjected to
numerous defiritions. The commonly accepted definition i¢ the size
of a minimal cut-set., There are many reacons why this is not a

particularly good definition. Two obvious reasons are:

1) It can not be applied to disconnected graphs, although
obviously some disconnected graphs are more connected than
others.

e

2) Many connected graphs have the same size minimal cut-set

although the complexity of their internal structure is quite
different.

e —
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II. THE LATTICE OF PARTITIONS

A lattice is a partially ordered set where each pair of

elements has a greatest lower bound and least u

pper bound (g.l.b. and
l.u,b.)

We denote the statement that a is less than or equal to b

in the partial ordering by a 2 b. In a lattice as on the real line

or segm_ents. [X,V]r[X,Y)r(Xiy}
espectively the sets of a's for which x < a & frs
X <a<y. It is easy to see that

we have three types of intervals,

which are R<axyy

[x,y] is a sublattice of the original
lattice when endowed with the same orderi

to cover an element a when,

lently when the interval

ng. An element b is said
a<x<b is satisfied by no X, or equiva-
[a,b] contains exactly two elements. A
Hasse diagram is a pictorial depiction of a lattice where the

elements are represented as points and a line is drawn from b to
a when b covers a, . g,

An element of a lattice is minimal (meximal)
(is covered by no elements) .

if it covers no element
A unique minimal (maximal) element is

ralled a zero or least (unit or greatest). When the zero or unit

exist they are denoted by 0 an I respectively. An atom jis an element

is an element

6.5
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: Let V_ be a finite set with n-labelled objects. A partition
n > Bt e

of Vn is a family of disjoint subsets of Vn’ sav pJ’Pz""’PP'

celled parts or blocks of 7, whose union is V.- A natural ordering
on the set L of partitions of Vn ir given by »<7 if every block or
part of © is a subset of some part or block of =. It is not difficult

to verify that the set Hn of partitions of Vn is partially ordered
wvith the ordering just defined. In fact, 7n ls a lattice with that
ordering. Furthermore, the lattice Tn has a zero 0, or least element
given by the partition with n-singleton parts. The lattice by also

has a unit I greatest element given by the partition containing

one block Vn itself. The following result about covers in 'n 1s
cbvious.
Lemma 2A : An element 'Hn covers "»'n if and only if is obtained

by combining any two parts or blocks of .

The lattice ‘n is endowed with a very useful ran® or numerical
ordering as will be evident from an examination of the Hasse diagram
for small n, or from Lemma 2A. A partially crdered set is said to

satisfy the Jordan-Dedekind chain condition if:

h 1. It has a 2ero and umit,
2. All totally ordered subsets having a maximal

number of elements have the same number of elements.

A totally ordered subset of a partially ordered set is called a

chain, a>b*...>w,e.g9.. A chain is maximal if it cannot be en-

larged. When a lattice satisfies the Jordan-Dedekind chain condition |

one can introduce a rank function R (p) on the lattice. The functions

r(p) is defined as the length of a maximal chain in the segment
[o,p] minus one. The rank of zero is zero, the rank of an atom is
one, etc. If the rank of I is n-1 then the rank of a dual atom is |
n-2. It is easy to verify that Fn satisfies the Jordan-Dedekind

chain condition and indeed the rank of a partition mell is n minus

the number of blocks or parts of .
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Ancther fundamental descriptive combinatorial notation for

partitions is the type or class of 7. A partition 71 is of type or
class (kl,k

n
i elements. Obviously,if neﬂn then [ ki=n-r(n) where r(') is the
i=1

re-.,k ) when k. is the number of blocks, or parts with
2 n 1

rank function, and % iki=n. The following structure lemma is
i=1

fundamental for forming recurrences on Hn.

Lemma 2B: Let H be the lattice of partitior of a set with n-elements.

IE well 1s of rank k then the segment or interval [7,I] is isomorphic
to nn-k‘ If 7 is of class of type (kl,k Aaksiepk ) then the interval
[0,7] is isomorphic to the direct product of k lattices isomorphic
to 1, k2 lattices isomorphic to Hz,...,kn lattlces isomorphic to H

Among other applications of lemma 2B it was shown in [20]
that it can be used to compute the Mobius function of H . The Mobius
function was shown by Rota to be an important invariant of lattices
and hence a distinguished member of the incidence algebra over a
partially ordered set.

If P is a partially ordered set, the incidence algebra of P de-
noted by I(P)is the algebra of real valued functions f:PxP +R{3x1y:::>
f(x,y) = 0; addition and scalar multiplication are defined as usual
and the product (convolution) is given by e=f*gq, e,q,fel(p)

elx,y)= 3 f(x,2)g(z,y).
X8ty
It is easy to verify that I(p) is an algetra. The convolution becomes

essentially matrix multiplication when P is finite. Among some dis-
tinguished elements of the incidence algebra are the functions:

zeta function : c(x,y)=1 if X<y and 0 otherwise
delta function: S (x,y)=1 if x=y and 0 otherwise
incidence function: n(x,y):s c(x,y) - §(x,y).

6.7
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Since the delta function is easily verified to be an identify in I (P)

certain elements of I (P) will be invertible in I(P) with respect to §.
The next and last set of definitions can be found in [21]

Let S be an arbitrary finite set and W (-) be a weight function on

St (S can be thought of as a sample space and W (+) a probability

measure). Let Il be a lattice. A mapping X:S-»I is called a semilattice

variable analogous to probability theory and random variables.

Let A () be the algebra of singlevalued functions f:[-R with addition

and scalar multiplication as usual, and e=f*g, f,g,ecA(ll) given
by

el r f(a)g(b),
alb=x

where alb is the g.l.b. of the pair f{a,b}. With this notation,
if the weight function is a probability density on S then there

is a function fe A() which represents the density function of a
semilattice variable X given by

f(m) = IW(t)
t: xX(t)=n

The generating function F (probability distribution function) of
f is given by

Fi@) » & E(m) = I £4n)hy

T<0 melo,0]

and plays the role of a probability distribution function. The
density function and distribution functions can be computed from
each other by the Mobius Rota inversion formula. This approach is
useful in "random graph" theory. For other examples see [21].
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i IIT. STRUCTURL OF RANDOM GRAPHS

Let the set v = {v.,v_,...,v.} denote a set of n-nodes or
n JEALD) n
vertices of a graph. Let ¢ = !{ (e 1®5,0..,2,0n, )| @, 18 a subset of
n =2 (2) ] i

size two from Vn' be the set of sequences or all permutations of the

edges of the complete graph on Vn‘ We define the lattice stochastic

’ ey, £ o = il = c =
process xl,xz,...,X(z), hj. gL by Xj (e) Xj (el,;z,...,e(g))
the partition of Vn determined by the connected components of the

- 2o n - A
] graph (Vn,{el,ez,...,ejt), 2l Fmwsedis (2). Thus for example hl(e)

is always a partition of rank 1 and typer (M=251 10505 3 5. 100 Xz(e)
is always a partition of rank 2 and (n-2) parts but can be of two
possible types (n-3,0,1,0,...,0) or (n-4,2,0,0,...,0). 1In fact

for each e&<n, Xl(e)ixz(e):.--‘Y (e) = I so that the _.rocess

=)
is nonotonic nondecreasing in theznatural orderina on ”n‘ Furthermore,
each pair (Xj (), Xj+1 (*)) has Xj+1(e) = xj(e) or 1is a cover of
Xj(e) so that no wild jumps take place. ]
We assume that each eCrn has the same probability—g- so that

we can define the density function: (2):

no. of ern for which Xj(e) =

¥ f.(r) = P{X, = 7=

(G

and the one step transition function.

Thus if X (e) =7 then X, ,(e) =r if the (3+1)™N edge of e
is a subset of some part cf - , otherwise, Xj+l(e) is a cover of

7 obtained by combining the two parts of 7 which cont.in the points

of ej+1. The next theorem should be fairly obvious.
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Tneorem 3A: The semilattice process xl,xz,... is Markovian.
The state 1 is absorbing and the process is absorbed with probahility

one.

Proof: The state I is absorbing since eventually the granh becomes
connected. To see that the process is Markovian we observe that

the probability of moving to any state depends only on the number

of edges in the graph and the type of the partition. The number

of ways of staying in the same state is computed by selecting edges not

already selected from within the blocks of m, this is independent
of the history. The number of ways of moving to any given cover
depends only on the :.izes of the parts to be combined which is also
independent of the history of the process.

It is easy tO determine the transition functions which arc

incidently, memkers of the incidence algebra I (Hn), and invertible.

Theorem 3B: The transition function is given by,
h (o,n) when © covers o.
n,-(j-1)
(2)
Pj(o,n)= 1 -2h (c,n) when 0=n,fj-l(ﬂ)#0

o<n((g) = (j~l9

1 When n=o,fj-1(v)=0

0 Otherwise; j=l,2,...,(g);

where h (o,m) is the number of edges connecting the pair of blocks

of o which is one part of 7 when 7 covers ¢ and zero otherwise.

6.10
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Proof: The formulae for pj(*,") are obvious since at cach stage

each unselected edge is equaily likely to be chosen.

Theoretically theorem 3A and 3B can he used to answer all
cuestions about the process since we know the initial cond.tions
and the transition functions. We will use these observations in
the next section to compute various combinatorial functions. We
can use the Mobius-Rota Inversion formula to obtain a closed form
solution for the probability of being in any given state at any
given time since the distrihution function is easy to compute.
Tirst, however, it is interesting to obtain a new formula in the

form of the transition functions for the number of trees on n-vertices.

Theorem 3C: (Chapman-Kolmogoroff Fcauations). The following

formulae hold;

£40) = T pp(0,m)pylryamy) sy g 0m)

3

01"1‘"2;...;‘j_1:".

el Frdi2yaaa, (5)n

2
Corollary: If 'I‘n is the number of trees on n vertices then
B wff (DR B (Bmd By (g W) swis o 0T 1)
n 20 it Sl Y SR Y2 I S e e e
n-1
0"14"21 veoin 21

6.11
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Let Fj (7) be the distribution function of Xj; j=l,2...(g)
i.e. Fj(r) = ij(g) or the probability that the partition of

(Y

connected components is a refinement of the partition 1 after

j-edyges are introduced.

E
Theorem 3D; If 7 is of type (kl,kz,...,kn) then
A i
£ k. (59
jug 1 E
= ——i———— H .= n .
Fj(ﬂ) (n) H J) 1021'--r(2)
2
4 0
J
Proof: The j-edges are to be chosen from within the parts of -,

Since Fj(') is known fj(') can he computed by the Mobius-

Rota inversion formula.

Corollary 1:

The probability that the graph is connected after 3

ed'tes have been added is;

n k-1 (”ﬂb)
__n! (-1)  (k-1)1 :E : 3
bl Z k, X K

(2 k=1 (k g b teanr T mi K ORL T
j i l’ool’ n
£k, =k
1

Lik.=n
i
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By Theorem 2A

B(n;kl,...,kn)Fj(«)L(g,I)

where ¢ is of type (kl,...,kn) and B(n;k k2,...kn) is the number

ll
of partitions of type (kl,...kn) with k parts.

It is easy to see that,

B(n;k

PR 1 n.
l""'kn) Tk

So that

n
£,(1) = 2.
k=1

Since u("I)=(-l)k-l(k-l)1 when [5,I] is isomorphic to 1 the

result is proved.
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IV, DESCRIPTIVE COMBINATORIAL QUANTITIES

We will now derive formulae and generating functions for the
interrelated combinatorial quantities of interest in the evaluation
of algorithms. We will count sequences rather than deal with
additional symbols for the associated probabilities. Obviously,
each of the formulae are easily converted to probabilities and
moments can be computed. We will treat n, the number of vertices
as a parameter since it will be helpful in the next section where
we give a relatively simple way of computing mean-time to a given
component structure. The basic functions are:

AV hn (7;3)= the number of edges that can be added
to a graph with j-edges on n-vertices with component

structure 7 sc that the component structure stays
at m.

B, pj( +7)= the number of ways of adding an edge to a
graph G with (j-1) edges and component structure o

to change the component structure to 7.

(G fn(",j) = the number of sequences of j-edges on

n-vertices which determine the connected component
structure 1.

D. Cn(",j) = the number of sequences of j-edges on
n-vertices which "enter" v for the first time

with the addition of the " edge. |
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E. S

n(-v,j,k) = the number of sequences of k-edges

which enter - for the first time on the jth

edge
th
and leaves - on the k

edge. This quantity is

called the conditional sojourn time in 7.

If a partition s covers a partition 7 then the pair of numbers

(i,j), where i and J are the sizes of the p

arts of 7 which are
combined to form -~

» 1s called the cover type pair of (n,0).

Lemma 4A . The quantity pj (0,7) is given by

~

0 if c#- and fn(c,j-l) =0,

1l ifo=» and fn(‘,j~l) = i

FQ
pj (c,7) = { hn (r,3=1) if o=r and fn (r,3~1)>0,
LYk dF  (d.k) 43 Ehe pair cover tvpe
&f (a,%),
0 th L se,
0 otherwise
Proof : The proof is immediate, actually, this is a repeat of

Theorem 3B, restricted for completness.

Lemma 4R, The quantity hn (7,3) is given by
G. n |
! k.G ) - 5 |
=g 1 *
when r is of type (kl'kZ""'kn)‘

!
6.15
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Obvious.

Lemma 4C: The cuantdty (‘q(",ﬁ) is given by,
& 4 : ¥ p— (
”- n ’ / ‘Tn( v J 1’!1‘ ) )o
Preof s Immediate.
Lemma 4D: The aquantity Sn (F3),k) dis gdven by
k=j=-1

ved k) = ; I it ' : 1.0
L. S, ("id./k) ‘)'Cn (r43) fol no(m,3+n)] py (7m,0)
Corollary: Tae number of sequences which spend k-units of time
in 7 denoted by s, (,k) is given bv,

‘ n
(2) k
: = 2 S 130 3%R) 5 =Rl Rp s 45

s S (h,k) jél Sh (ARG, ) k=0,1,2

The proofs of all of the above lemmas follow trom the Markovian
property of the process x],xz,...,x(n . All of the guantities are
computable from the above equations 2 and the "closed form" equation
for fn (7,3) as given in the previous section. However, the calcula-
tions are cumbersome and ~an be done more directly, as we will do
in the next section. We close this section by obtaining the generating

runeticonh for fn (I,]) and hence, for all the quantities given above.

Ee WSSO
1f Fn(y) a Z __2______y] then,

j=1 31

Theorem 4A:

’




-

Where Bi(y)
formula for
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=t = 2 (k=1)!
=3 R TRk ]
k=1  (Kq .00,k ) i
i
Ik, =k
1
Xiki=n

i
(
(1+y) 2), (This formula is related to Faa Di Bruno's

derivatives and the classic Bell polvnomials.)

Proof: From the result of Section 3, _
k. (%

i k=lieyyr  \ b2
£ (I,3) = n! ) E (-1) k J
j! k=1 (R s s k) Ko Vst s c6 g i 1 k k k

LY € i Lgaqy 2...qmy O
tk.=k
i
Zddki=n
3
Thus ij:(:ZL) YJ
n k-1 )
4 k k k
F_(y) =n! Yy (k=11t (-1)! v 21 1(2') 2 (n1) ™
n k=1 (K. ; K ! . !
1,..., n
tk.=k
o 1
Lik.=n
i
3 2olfin e S
e E (1+y)Zki(2) (k=1)! (-1)
5 2 k k k
k=l (kl,...kn) 1 1(2!) 2. (nt) M
Lki=k ! ]
Eiki=n
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and the result follows by expanding

z k k k
130+ kB0 v ek () 3 2 o -
(bey)y - = (L#g) (1+y) oos  (LWg)

V. CALCU.LATIONS :

We can determine pairs of equations from which we can re-

cursively compute fn (I,3) from ch (I,j) and conversely. These

equations can be derived from the Markovian property or from the
r fundamental isomorphic decompusition of I

il

i Theorem 5A: (Basic Recurrence)

If 7 is of type (kl,kz,...,kr\ then

fn (v,3) = E Al(wz,l’w2,2""'w2,k :w3’l,w3’2,...,w3,k

2 37

"‘;wn,l’wn,Z""’wn,k )
n
k2 k3 kn
Il £ I,w ) £ I;w 0. 1l .
j=1 2 (I 2,j) =g 8 (I; 3,T) vnlfn (I’wn,v)
where \| (]’w2,l’w2,2""’w2,k2.’w3,1w3,2""’3'k3;"‘7
wn,l’wn,2""wn,kn) 1s the multinomial coeff;c1ent and
the sum is over all partitions of the integer j into kT parts.

=2
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sequence of j edges
for the kv

’

which have v-vertices.

partitioned in M(j;.

W 1 edges can then
7t

formulation follows

x edges which come from the Tth
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If 7 is a partition of type (kl’kz""’kn) then if a

produces T the sequence must contain places

part of those parts

The set of subscripts {1,2,...,j} can be

.+) such parts. The edges in the part with

be arranged in fv (I,wv,T) ways. The product

from the basic isomorphism theorem.

Corollary 1: If 7 is a dual atom of type (r,n-r) (i.e. one part
with r-elements the other with (n-r) elements) then
]
= 3 J C s
fn (m,9) . (w) fr (I,w) fn-r (I,j-w)
when n>2, r>1, (n-r)>1;
fn (m,3) = fn_l (I;3) when r=1 or n-l=r;
f2 (Ill) 2 ll f2 (IIJ)=0 J>l
Corollary 2: (51, (3], [16].
If T(n) is the number of trees on n-vertices then,

1 n-1 n

T(n) = =17 E (i) T (i) *(n=i)+i+* (n-1i)
i=1

Proof: If we set j=n-2 in Corollary 1 then,

n-2 n-
f (x,n-2) = ¢
n

2
) fr (I,w) fn_r(I,n-Z-w).

6.19
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This expression has ona non-zero term SO,

n-2
fn (n,n-2) =<r_l>fr(1,r-l) . fn-r(I’ r-2 - (r-1)).

Since obviously fr(I,r—l)= T(r) * {(r-1)! we obtain

fn(w,n-E) = (n=-2)!T(r)*T(n-xr).

Since m has two parts we get a tree on n-vertices by a single edge
connecting those parts. Summing over all such partitions then

yields all trees on n-vertices.

Theorem 5B: The quantity Cn (I,j) is given by

C, (B43) = L fn (m,9-1) h (w,I) n>2

T is
a dual atom
Cl (Ir:]) =0 Vj;
C, (T,1) =1 C, (T,3) =@ §>1.

Proof: The proof follows by the Markovian property. If we are
to enter I for the first time on the jth then after (j-1) we must

be in a -‘{ual atom.

Corollary:
n-2 n
G Ul & e W) W T s J=L) s (R=k)
& 2 pagl £ T S ETuSE

+ 0 (n=l)ef (my,  _1:3-1)
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(The notation ™ 5 means 7 is a dual atom of type (d,3).)
’

Proof: Suostitution of the formula of Corollary 1 to Theorem
5A into Theorem 5B.

Theorem 5C: The quantity C, (I,3) can be obtained from £-17
fn_z [ 2 Y using
=2 =l
: L% n y=1 :
Ch(I,3) =35 ¢ () L LV E (T,w)ef __ (I,j=l-w)+re n-r)
n 2 r=2 [ . w r n-r
+n (n-1)°fn_l (I:9+1).

Proof: Combine Theorem SA and 5B
Theorem 5D: The quantity fn (I,j) can be computed from Cn (I,3)
by the equation

£ (I,3) = : Ch (Ik) (D) -k)) ((B)-(k+1) (5) -3

n rJ _ n i 2 2 v 2’3

k=n-1

Proof: This follows from the Markovian property. If we are to
be in state I after J steps then we arrived for the first time on

b the kth step and stayed in I.

Theorems 5C and 5D provide a coupled pair of equations to compute

€, from fn-l and then £, from Chr--. and so forth. Some samplea
calculations are, f2 (I,1) = 1, and f2 (I,j) =0 i
We compute C3 from f2;

1 i
C3 (I,20) = 5 (empty sum) + 3-2-f2 (I;1) = 6. |
C3 (Ilj) = 0 j>2-

6.21 :
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Now we compute f3 from C

3
2
f3(I,2) - i C3(I,k) = C3(T,2) = 6
k=2
3
f3(I,3) = 'E C3(I,k)-(3—k) = C3(I,2)- 1 =6
k=2
f3(I,j) = @, 153
We can compute C4 from f3
&z7.(E,8) = i g (4) g (2) §. (Leag) © € (I,j~-1-w)  r (4-r)
i G 2 ks A e Sl
r=2 w=1
+ 4-3-f3 (T22)
g & 3
=3 wﬁl (w) f2 (I;w) - f2 (I;2-w) 22 + 4-3+6

= 12 [2'f2(I;l) c f2(I,l) + l'f2(1;2)'f2(I,0)] + 72

= 12 [2°1+0]) + 72 = 9¢

3

C,u(I,4) () £ (Iw) - f-p(Ii3=w)+ r-(4-r)

|
N
fl ™80

3
)}

2 w=1

+4'3'f3 {(L;3)

= 12 [3:0 + 3:0) +72 = 72

G, 1T,5) /% BF 128

Similarly, we can compute f4 from C, and obtain £,(1,3) = 96,
f4(I,4) = 360, f4(I,5) = 720 and f4(I;j) = 0, j>5. The coupled
equations themselve can be used to obtain the exponential generating

functions for the sequences fq, and Cn‘ These generating functions

turn out to be exponential convolutions and have been recently
studied [17].
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It is possible to conipute fj (I) from the formula of corollary

1 but the calculation is lengthy. An example follows:

{,(1)

Example (n=4). For n=4 Tn=16, hence the probability of a
tree should be 16 = 4 when j=3,
5

—

0
4 .
Parts (k) Class or Type izzki (;) (% k% (;)
1 (0,0,0,1) Nk e 20
2 (L,0,1,0) 3 i
2 (0,2,0,0) 2 0
3 (2,1,0,0) )| 0
4 (4,0,0,0) 0 0

N
o
(§,1 10N

—‘—.Z_Q.zﬁ. —-—9_6—.=£=
- 20 |1 2 (24) (6) 0
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VvI. A NEW MEASURE O’ CONNECTIVITY

Let G be a connected graph with n nodes and m edges. Let
E(3) ba the set of €. m! permutations of edges, viewad as a sét
of mi-tuples. For each sequence s S({G) define Fc(s) as the index
of the first edge in s for which the graph with the first Cc(s)
edges is connected. The number m—Cc(s) then measure "how long"
the sequence s has been a connected graph. Intuitively, if many
of the sequences in S(G) have large m—CC(s) then the graph G is
more connected. In vparticular we take the average or first moment
of numbers 1m—CC(s)‘ as the definition of the connectivity of G.
We can also take higher moments which would lead to more precise

measures of connectivity.

Definition: The connectivity or "mean connectivity" of a

connected graph G, denoted by C({G), is given by:

2=

Ci{G) = H% Z (m=-C (s))= m -

& ' i C (s)
s5¢.5(G) seS (G)

(S

Alternatively, if CG(k) is the number of sequences in S(G)

for which Cc(s) = ¥k then,
1 m
C(G) = m - = gk Cak)
M k=n-1 ¢

Example: If G is a tree on n nodes then m=n-1 and Cc(s)ﬁn—l

for all seS(G), so that

gl = | (m=ii = R—}—l)—!(n-l) iy b (=l = (=l e Os

6.24
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Thus, all these have connectivity zero.

Example: Consider a triangle:
2

1 3

There are six edge sequences

Sl = b2l 4.50; 18sEY ' C(sl) = 2
s, = (1,2}, {2,3}, {1,3} , Cls,) = 2
S3 = 00D, {2 N 52T ' C(s3) s 2
By * (31, 12,205 (258} Cls,) = 2
S5 = g%y (L33}, {1.3F , C(ss) = 2
86 = {Bael; {lsd)e vl Bk, C(SG) = 3
1 1
C(G) = 3 - z L2 = 3 - € [12] = 3 - 2 = ]
s S (G)
So that the connectivity of the complete graph K3 is C(K3) = 0,

The connectivity of K2 is zero since K2 is a tree.

Problem 1: Determine the seguence C(KZ), C(K3),...; or
its generating function; i.e.,

ZAN G (8 )
€ (2) = i =

il

We now turn our attention to disconnected graphs. Let G be

a disconnected graph and let S(G) be the set of all permutations

6.25
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of edges not in G. For each seS(G) let Cy(s) be the index of the
first edge in the sequenc2 s for which G would become connected

if all the preceeding edges were added to G.

Definition: If G is a disconnected graph with m-edges we

define its connectivity,

C =
C(G) = - 3 e 1 N TN Caisy

seS (G) ((2)—m))! ((2)—m! seS(G)

Example: The empty graph Qz on two nodes, has m=0 so C(s)=1l.
Therefore,

C (f

= = = -l

2)

Example: We compute the connectivity of 13. There are six
sequence in S(G) and C(s)=2.
Therefore,

C (@) = -

Wi

5 3w = %Z = -2
seS (G)

The computation of the sequence {C(Qn)}:=2 or its generating
function is carried out in the next sections.

Example: We compute the connectivity of the graph G depicted
below:
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The graph G is disconnected. The edges not in G are (LB,

2,3}, there are two permutations, and C(s) = 1 for both so that,
C(G) = = y lT = - % (1+41) = - 1
se3(G) -

Mlany questions, problems and conjectures are already apparent,
some of these are:

Problem 2: There seems to be a duality in terms of connectivity
between a graph and its complement. Can the connectivity cof a
graph be obtained in terms of its complement? The answer .s yes

and the appropriate result is given in Section VII.

Problem 3: 1Is the connectivity of a graph related to the re-
liability of its network? The answer is yes and this is discucsed

at an elementary level in Section VIII.

Problem 4: If we are given a graph G, then all sequences
seS(G) have "connectivity weights" C(s). What are the minimal and
maximal values of C{(s) over all s5e¢S(G). In statistical terms

we are asking for the range of C(s) over S(G); i.e. max C(s) - min Cls),
seS(G) seS(G)

Along these same lines given a class G of graphs what are the
minimal and maximal values of the connectivities of the graphs in
G? Characterize the classes of graphs which achieve these values.

This problem is discussed in Section IX.

Problem 5: Can the connectivity of a graph be determined by
the connectivity of various bipartite graphs. What is the connec-

tivity of a bipartite graph consisting of two connected components?
This guestion is discussed in Section X.
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Problem 6: 'There are many descriptive combinatorial functions
dssoiated with a graph, minimal cutset size, girth, diameter,
number of spanning trees, cliques, etc. Jlow are these related
to connectivity? fThe definitions of these guantities are given in

Section X1,

Problem 7: There ar many combinatorial questions associated
with the sequence of graphs determined by a sequence of edges 1in
S(G). Many of these questions concern the number and type of the
connected component structure associated with the sequence of
graphs associated with cach stS(G). Some of the guestions are

tormulated in Section XI.

Problem 8: ‘There should obviously be relationships between
connectivity of a graph and its chromatic polynomial or other such
coloring properties. 1In Scction ¥1 we gi1ve Whitney's derivation of
the chromatic polynomial of a graph. It scems that the Whitney
approach ¢ives a tie in with connhectivity since it deals with
colorings of subgraphs and that seems to be a way of approaching
connectivity.

Problem 9: When is the connectivity of a greph greater than
the connectivity of every subgraph?

Problem 10: TIf two graphs have the same number of edges but
different size cutscts, does it follow that their connectivities

have the same preoperties:

Problem 11: How many "moments" are required to uniquely

determine a graph or isomorphic classes of graphs?

Problem 12: How do we construct "highly" connected graphs, or

build on existing graphs to increase connectivity at low cost?
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VII. A GRAPH AND ITS COMPLEMENT

We investigate Problem 2 and derive a relationship between a

graph and its complement.

Definition: It G is a graph then its complement G' is the graph

on the nodes of G whose edge set is the set of all edges not in G.

Theorem 7A: TIf G is a disconnected graph with m edges on n
nodes then

C(G') - C(G) = (2) -m+ —— (cd(s)-cc(s)

Proof: 1If G is disconnected then G' is connected and G' has

((2)-m) edges. Since S(GC) and S(G') are identical as sets of
((2)-m)-tuples of edges we have by direct calculation;

CEY) = @G = [ET=hl = =bata_ 7 C_(s)

2 ((3)—m)! ses(g') ©
Cd(s)

+ 1 e

$¢S(G) ((5)-m)!

b7 i 1 - 3

_((2) m)+ m [Lcd(S) ZCC(S)-]
‘27 ses(6) scS(G')

-((2) m) + —————( TR i [Cd(s) Cc(s)]-
2 " Y g as G

Corollary 1: For the complete and empty graphs;

C(Kn) + C(Qn) = (5)-

6.29
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Proof: Set G =Qn in Theorem 2.1 and note that Cd(s)

= Cc(s) v seS(Qn).

Corcllary 2: For the generating functions Ck(z) and CQ(z) of

{C(Km)} and {C(Qn)}, respectively we have

z
Z €

Ck(z) + CQ(z) = &

Proof: By direct calculation!

6.30
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VIII. APPLICATION TO RELIABILITY AND OTHER AREAS

The analysis of sequence sets such as S(G) arises in many areas
other than in a "pure" study of graph connectivity. 1In set-merging
algorithms we have a partition of a set of n points which we may
think of as nodes of a graph. Unordered pairs of points are
presented sequentially which we may think of as edges of the graph.
If the two points of an edges are in different parts of the
partition then the two parts are merged (their set theoretic union
is formed). Otherwise, the same analysis is carried out with the
next edge. The obvious questions concern the statistical moments
of the number of edges need to connec* the graph (merge all parts
into one part) or to reach some other "state". Many of these
questions can be restated in terms of the ctatistics of 8(G).:

Another area in which the set S(G) arises is in the use of
"random edges" to generate a spanning tree for a graph or network
with n-nodes. Edges are randomly generated and added to a graph
(beginning perhaps with the empty graph). The question arises in
the analysis of such a process as to how long it will take before
the resulting "random graph" is connected. The answer to this
question if we start with an empty graph on n nodes is C(Qn). It
should also be clear that this question is the same as the set
merging c.uaestion.

A large area of potential application of the notion of connec-
tivity is the study of the reliability of networks. Let G be a
graph and Rp(G) be the probability that the graph G 1s connected if
p is the probability that is branch (independently) is "on" or
"working"” eor "up”., Clearly if G has m edges.

m

R.(G) = I  ApS(l-p)™k
o) k
& k=n-1

where Ak is the number of connected subgraphs of G with n nodes and
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k edges. Alternatively

m . 5

1 _m=a
R (G) =1- I B. 4
5 (@) o S

where bi is the number of disconnected subgraph of G with n nodes
and (m-i) edges. W is the size of a minimal cutset of G.

A simple revision for Rp(G) relates the reliability of graph
or networks to subgraphs. This might be helpful in relating re-
liability to connectivity and to coloring. Let e be a given edge
in G. so that:

Rp(G) P{G is connected | e is open} P{e is open}

+ P{G is connected | e is closed} P{eis closed}

P{G is connected | e is open} + g Rp(g')

where G' is the subgraph of G obtained by removal of e. Let G''
be the graph obtained by identifying the nodes incident to e. Thus

Rp(G) = pRp(G ) + aRp(G )
where
Rp(G")>Rp(G) > Rp(G )

The same type of formula can be obtained by taking a subset of
edges of G which is not a cutset. This would help tie in with
coloring problems.

The Moore-Shannon definition of reliability is similar although
it asks for the probability pij that a given pair »f nodes {i,j}
is connected by some path in G. Clearly:

m
RarlaiEy, " g

k m=k
ij Kk Akp (1-p)

1

6.32
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Where Ak is the number of distinct k edge subgraphs of G which
contain a path between nodes i and j, and m is the number of edges.
Alternatively, if Bk is the number of k edge subset of edges which
when removed leaves nodes i and j disconnected then,
m k m-k
EeR . ¥ 8 B, (1-p) p

1) k=1

It is easy to relate RP(G) to C(G) and it should be easy to
relate Pij to C(G). Let G be a graph on n nodes with m edges.
Let fG(k) be the number of sequences in S(G) for which the first
k edges on the n nodes form a connected graph.

Theorem 8A: Let Ew(p) be the expected value of X! when X is a

binomial rando$ variable b(w;p). Let Ck(p) = Gk' pP_, then

R, (6) = I B . (P) C, (p)

Proof: By definition:

m
B = % k ;
P k=n-1 BkP (1-p)™k
o RN -
Now Ay = ¢5— = ¥ w=n-1 Cg (W) (m-w)(k-w)

where (t)(n) =t (t-1)...(t-k+1l) is the falling factorial.

It follows by substitution that

m k
R (G) = ¥ 1 z C.(w) (m=w) pk(l-p)m-k
P k=n-1 k! w=n-1 . o

Rearranging terms and collecting by CG(w) yields.

m m-k ) .
RL(6) = I Cylk)p® I (m=k) 4 pd (1-p)M~ 17K
P k=n=-1-2 j=0 J

which proves the theorem!
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i Problem 13: Devise an algorithm for computing CG(k). Perhaps

f a Markovian type algorithm as used in [22] for the complete graph
might work.

Problem 14: Study the behavior of the sequence Ck(p) in terms
of the connectivity of connected graphs. In fact it C'k(p) is
the derivative of Ck(p) with respect to p, then obviouscly the
connectivity of G is,

1 m
C(E) = In=g T ki C'y ()l

n-1

Problem 15: Suppose two graphs or networks with the same

number of nodes and edges have different reliability functions.
To what extent can the differences be explained by the "moments"

of connectivity?

Problem 16: Relate statistical connectivity to the Moore-

Shannon definition of reliability.
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IX. GRAPHS WITH MINIMAL AND MAXIMAL CONNECTIVITY

In Problem 4, we asked about graphs with minimal and maximal
connectivity, we shall examine the case of connected graphs with n
nodes and n edges. The connected graphs with (n-1) edges all have
connectivity zero. What is the minimal connectivity of a graph
with n edges? What is the maximal value? Obviously if G has n
nodes and n edges and is connected 0<C(G)i1. More generally if
G has m edges 0<C(G)<m-(n-1). There are no connected graphs with
connectivity zero which have more than (n-1) edges.

The following ilasses of graphs with n nodes and n edges have

connectivity 3 € €3 a
n+l. 2 L

3% 3
There are 3(n-1)! sequences of the n edgcs whose associated graph

becomes connected for the first time on the (n-l)St edge, and (n-3)

(n-1)! sequences which become connected graphs for the first time

with the nth edge. Therefore

C(G)

n
=1 2 kCG(k) = =1
m k=n-1 n!

[ e e

k CG(k)

k=n-1

]

n=1 [(n=1) (n-1)!+3 + n(n-3) (n-1)!]
n!

n-3(n-1) - (n-3) 3 -3(n-1) =
n n

3
n

Another grapa with the same connectivity is,

5 et
e
%
4
nen-l
€4
(=]
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It should be easy to prove the following conjectures.

Conjecture 1: Among the class of connected graphs with n

nodes and n edges the minimum value of the connectivity is 3/n and
is achieved by those graphs which contain a triangle.

More generally.

Conjecture 2: If a connected graph on n nodes with n edges

contains a k-gon then its connectivity is k/n.
Conjecture two applies to the maximum value of the connectivity.
Indeed the cycle graph Cn'

1 n

has connectivity one since the ommission of any edges does not destroy

connectivity. Many other questions are now apparent!

Problem 17: Generalize conjectures 1 and 2 for graphs with
more than n edges.

Problem 18: Are there parallel results for the connectivity
of disconnected graphs.

Problem 19: In what sense are the reliabilities of the above
networks minimal and saaximal.
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X. CONNECTIVITY OF BIPARTITE GRAPHS

Let G be a graph on n nodes with two connected components Cl

and C2 with my, m, edges and Vl, V2 nodes, respectively.

There are (;) possible edges of which (ml + m2) are already in
n

i
!
[ the graph G so that we form sequences from the (2) = (ml + m2) edges
' not in the graph G. Let X be the random variable "time to connectivity"
n
on S(G). There are (Vl-vz) good edges and (2) - (ml $ m2) = (Vl V2)
“bad" edges from which to select at random (form sequences) and add to G
{ one at a time. Let PP = P {X=k}, so that
. V.,V
1 Pl = P{X=1} = nl 2
Ve
L B 5 T e Al I
P, = P(X=2} = (1-P}) (~ )

. (2)- (ml+m2)-l

i n-1 VeV
P, = [0 (1=P,)) (~2—2 )
1 i=1 (5) = (m+my)=(n-1)
Let G(z) = 1 szk be the generating function for the sequence
k=1
1) T Y
n

Theorem 10A: The function G(z) satisfies the differential
equations;

(l=-z) G'(z) + [(l-2) (W+l1l) = (wz)] G(z) + w (z-w-1) = 0,
w

-— -— n -
where w = VlV2 and W = (2) (m1+m2).
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Proof: It is ecasy to see that Pn satisfies the recurrence relation

(W-w-(n-2)

= —_— ) f i
P Ph-1 W=Tn-1) )for n>2 with

n

Pl =

kS

The theorem follows by direct application of the generating
function and a little algebra.

The connectivity of the bipartite graph is given by G'(1).

Perhaps a more detailed analysis of the differential equation will
yield some more information.

It is possible to obtain an upper bound for the connectivity
of a bipartite graph which we conjecture to be exact in the limit.

Let Y be the time to connectivity of the bipartite graph when
the edges are chosen with replacement. Obviously E[Y]>E[X]. The

time to connectivity for the replacement process is easy to com-

pute since the distribution of Y is geometric. 1In fact;

k (1-g) k-lw, W

Ely| = =,
1 w w W

k

™8

so that we have proved.

Theorem 10B: Let G be a bipartite graph on n nodes with

connected components C

1 and C2 with ml,m2 edges and Vl,V2 nodes
respectively, then,

n
() - (m,+m,)

VloV2

C(G)> -

Problem 20: Obtain an asymptotic estimate in Theorem 10B by

suitably restricting the ranges of m, . m,, Vl' \Y

2°




Metwork Analysis Corporation

Problem 21: If we interpret connectivity of a graph in re-
liability terms as edges going out one at a time, selected at
random, what 1s a reasonable definition for the reliability of
a bipartite graph? If terms of Moore-Shannon it might be the
averadge time for two nodes (one in each component) to communicate.

Interpret and calculate "reliability of a bipartite graph" and
relate it to connectivity.

6039 ;




Network Analysis Corporation

XI. DESCRIPTIVE COMBINATORIAL QUANTITIES IN A GRAPH

In the literature of graph theory, there are many combinatorial
type quantities which measure internal structure of a graph. Each
of the quantities should be related to connectivity. We will not

spell out the specific questions since they should be obvious!

Definition: If a graph G has p connected components, n nodes
and m edges then the rank of G denoted by 0(G) = n-p and its
cyclomatic number denoted by v(G) = m-p(G).

Theorem 1l1A: (Known). Let G be a graph and G' be a graph

formed from G by adding a new edge between node i and j (arbitrary)
then,

P(G') = ¢{(G) and v(G') = v(G) if i and j are in the same
component, while p(G') = p(G)+1, and v(G') = v(G) if i and j are
in different components.

Corollary: p(6)>0 and v (G)>0.

Definition: The chromatic number of a graph is the smallest
number of colors needed to color the graph so that no adjacent
vertices have the same color.

Theorem 11B: (KS6nig) A graph is bi-chromatic if and only if it
contains no cycles of odd length.

It is not difficult to verify that the zeta function is inver-
tible. The inverse of the zeta function is called the Mcbius func-

tion and is denoted by u(.,.). These observations of t}« Mobius
Inversion Theorem,
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Theorem 2A: {Mobius-Rota [nversion Theorem)

set P and p so that £(x) = 0 when x“p and,

L fy) then we have,
yix

l

F

{ If £:P»R is a real valued function on a finite partially ordered
l g (x)

£ z g(Y)l-i(YIX)I

o S

where 1.(.,.) is the Mobius function of the partially ordered set P.

Some useful results for computing the Mobius function are given
in [20]: 1In Particular the next formula for the Mobius function

Of bad
“n.

Theorem 2B: The segment [x,y] is said to he of class (Cl’CZ""’Cn)
when the lattice [x,v] is isomorphic to the direct product of Cl

lattices isomorphic to I C2 lattices isomorphic to HZ""’Cn

l’
lattices isomorphic to Hn. If [x,y] is of class (Cl’CZ""’Cn) then

(IS ()P TV I C c4 (]

] N e TR L T

p(x,y) = (-1) 1

U 2= e

Corollary: wu(o,l)
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SIMULATION OF PACKET COMMUNICATION NETWORKS

I, INTRODUCTION

In developing a large scale communication network, one
encounters many problems which cannot be formulated or solved
analytically. Consequently, one resorts to simulation. In this
chapter, we outline the structure of a simulation program for
packet communication networks; specify the problems which can be
resolved by a simulator; give the description of the simulator de-
veloped for the packet radio network; present results obtained by
the simulator; and discuss the future development of the simulator
for the packet radio network.

In general, there are various degrees of simulation depending
on the amount of knowledge (or assumed knowledge) about the system
operation, and the objectives of the simulation, i.e., the problems
to be resolved. We particularly distinguish in this chapter between
a simulation for design and a simulation for development.

A simulator for design (e.g., in a design loop) is developed
when the operation of the system is completely specified, and the
objective of the simulator is to simulate specific parts of the
system which cannot be analytically modeled or whose solution is
computationally infeasible. The efficiency of such a simulator is
of major importance; conseguently, one attempts to avoid simulation
[8] wherever possible, in the simulation program.

The objectives of a simulation for development are much broader.
In this case, one has a set of theoretical (untested) !iypotheses

which state one or several possible ways for system operation.
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These include routing algorithms, protocols, etc. The objectives
are to test (verify) the hypotheses, to complete the specification
of portions of the system, to compare alternative modes of system
operation, to identify system bottlenecks, and finally, to deduce

measures of system efficiency by obtaining estimates of the major
parameters.
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II. OBJECTIVES OF SIMULATOR

We outline specific problems for which a simulation approach
solution is most appropriate.

A, Routing Algorithms

The object is to compare the efficiency of existing and

Yy developed routing algorithms in terms
lay on the one hand, ar<d

newl of throughput and de-

storage and Processing requirements of

the algorithms at the switching nodes on the other hand. The

objective of this comparison is to suggest a small set (two or

three) algorithms for implementation and further t
experimental system. We note that it
single routing algorithm be used in a

the broadcast network that we discuss

esting in an
is not mandatory that a
network. For example, in

later, a simple routing
algorithm is used to load the switchin

g nodes (repeaters) with a
more sophisticated algorithm.

Furtheremore,
possibility of using an alternative routing a
conditions or in different hierarchies of the
hierarchical network i1s investigated.

one may examine the
lgorithm under overload
network, if a

B. Protocols

There may be many protocols in a communication network
considered, depending on the type of communicating devices and
on the type of application.

The following protocols are examples:
terminal-terminal,

terminal—switching node,
switching node-switching node,

host computer-host computer.

terminal-host computer,
switching node-host computer,

Some of the above may contain

more than one protocol depending on the application, and others may be
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needed in a hierarchical network. The objective of the simulation
is to test the efficiency of these protocols in a dynamic environ-

ment, to change them when necessary, and to complete details which
may be missing.

€. Identify System Bottlenecks

One of the advantages of the simulator is that it enables
one to observe and trace the detailed flow of packets in the network.
For example, a specific packet may be traced, such as an information
packet, an acknowledgement packet, or wvarious priority packets,
from the origination ncde to the destination node. This allows
investigation of questions such as, whether the hottleneck is at
the switching nodes or due to the limited capacity of the channel,
given a proposed configuration, and communication protocols. It

may alsc suggest improvements in communication protocols.

D. Flow Control

The simulator is the only tool which allows testing and
improvement of theoretically developed flow control algorithms.

E. Software Transfer

A simulator can be coded so that subroutines or sections
of code are identified with specific software programs of the switching
nodes. This will reduce the effort of software developmen: by
transfering or coding according to the programs in the simulator.
Furthermore, it will allow testing of secticns of the software

of communication devices by comparing these with the corresponding
sections in a simulated device.
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F. Trade-Offs

Among the trade-offs which can be investigated are:
the trade-off between the storage requirements at switching nodes
and the channel cépacity of links, given the topology and the
cffered traffic rates; trade-offs between average delay, maximum

delay, and delay as a function of priority and link and switching
node capacities, f

G. Stand-by Network

The simulator can be useful beyond the stage of develop-
ment. It can be used to study particular problems which may be
encountered in the network, once it becomes operational, and to
test suggestions for improvement.

1
!
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IITI. GENERAL STRUCTURE OF SIMULATOR l

It is important to separate between data structure and manage-
ment functions on the one hand, and the communication and device
functions on the other hand. There are several advantages in doing
so; firstly, one communication device does not have access to in-
formation available in other devices; and secondly, it is easier to
identify and distinguish the communications part of the program
for the purpose of modification or software transfer. We have
developed efficient data structures which can be used for simulation
programs of communication systems. The proposed data structures
are described in Section V, and includes the fourteen /[14) sub-
routines of Section VIII, subsection A.

It is useful to have one main subroutine for each type of
communication device. For example, one subroutine for all switching

nodes of the same type. The differences between the devices (e.q.
switching node) can be recorded in a state vector associated with
each device. The state vector will include information such as,
the switching nodes to which this device has channels and the data
rates of these channels, the state of occupancy of the storage
buffers of the node, the routing algorithm that this node is
currently using, and others. 1In addition there will be buffers
associated with each device in which the content of specific
packets (e.g. packet type, priority) will be stored.

There are distinguisable functions which may be used by more
than one type of device (e.g. a modem), these functions can be
coded in separate subroutines.

7.6
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Az Performance Measures

There should be an extensive measurement program to enable
the resolution of the problems outlined in the objectives. The
Measurements are divided into network performance measurements,

performance of communication devices, and trace information.

B. Network Measurements

. Throughputs

We distinguish between throughput of packets and throughput
of information. Packets which successfully travel from origin
to destination contribute to the packet throughput measure.
Packets which are also acknowledged contribute to the informa-

tion throughput measure. The distinction comes from the fact
that when protocols are not efficient or when delays are very
large, the origination node may reissue another copy of a
previously transmitted packet. When the network delivers both
packets, then the two packets contribute to the packet throughput
measure but in terms of information transfered only one packet
was delivered. Network throughputs are measured as a function
of time. This enables one to determine whether the network
can maintain a steady state throughput when offered a given
traffic rate, to estimate the time needed to obtain steady
state, and to observe the behavior of the network under either
minor or major perturbations.

. The Average Number of Links That A Packet Traverses

This measure when compared with the average number of
links of the input (offered) rate for a given topology, re-
flects on the amount of alternate routing. It may also enable
one to detect looping in the network.

Tz 1l
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Delazs

Many delays should be measured in the network, we outline

of these:

d s Delay to negctiate protocol between a
terminal and a switching node.

2% Delay ‘o negotiate protocol and reserve
storage at destination switching node.

3. Delay of an information packet of a

given priority from origination to destination
node.

4. Delay for receiving an end-to-end acknowledgment
back at the origination node.

p 8 Delay for the delivery of a maximum size
message and receiving an acknowledgment.

6. Delays of special priority packets.

Performance of Communication Devices

-

Utilization of Devices

Fraction of time that the device is transmitting or

receiving.

Number of Packets stored in device as a function of time.

Number of Packets successfully switched and number of

packets discarded due to buffer overflow or other reasons.

Trace Information

This information includes the listing of significant

commurication events. The listing contains a unique identifier of

the packet, its type and priority, its origin and destination, and




Network Analysis Corporation

the time of the event,

These are needed to allow a detailed ob-
servation of flow, to trace of specific packets,

and to follow

specific interactions between source and destination.

Remark: Other Mmeasurements may be needed to evaluate the

efficiency of flow control algorithms.
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IV. PACKET RADIO NETWORK SIMULATOR

The main features which distinguish the broadcast network from

a point-to-point (PTP) packet switching network such as the ARPANET
are:

(i) devices in the network transmit packets by using a random

access scheme, and (ii) devices broadcast so that signals can be

received by several devices simultaneously.

When using a random access scheme, there is a possibility that

several packets are simul taneously received by a receiver due to

independent transmissions of several devices; in the event, none

of these packets are correctly received,

and the corresponding de-
vices must retransmit their packets.

This implies that, unlike PTP
network, the probability of error due to overlapping packets is

much higher than the probability of error due to other causes such

as Gausian or impulse noise. Furthermore, the probability of error

varies widely depending on the amount of traffic on the channel.
The broadcast nature of the network implies that there is correla-

tion between the probabilities of successful transmission in differ-
ent parts of the network.

The communication system simulated contains three types of

devices, terminals, repeaters, and stations. The station is consi-

dered as an interface communication device of the broadcast network

to a higher level network or to a computer installation. Terminals

are considered as traffic sources and traffic sinks, they transmit

Packets to the station and receive response packets from the station;

they may be mobile. The basic function of the repeater is to extend

the effective range of the terminals and the station. The network

simulated contains repeaters and stations which are placed
locations chosen at random.

at fixed

Terminals originate at random times and

are placed in random locations on the plane. A terminal is considered

to depart from the system once it completes its communication. A
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mere detailed descrip’ion of the system simulated can be found in
(4], and [5].

The program was coded in FORTRAN. It includes a total of 33
subroutines, approximately 3,000 statements. The compilation time
on a CDC 6600 takes approximately 20 CP sec. , and the rur-ing time
for meaningful results takes 100-300 CP sec. The storage re-
quirement of the program is 245,0008 60 bit words.

The simulator has already been used for improving communication
protocols, and to answer questions related to the trade-offs be-
tween device range and device interference, and the trade-offs between
a single and a dual data rate system.
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V. DATA STRUCTURES OF THE SIMULATOR

The global information for the Packet Radio Simulation Program

is contained in five (5) data structures:

1) Event Structure;

2) Active Message Structure;
3) Active Packet Structure;

4) Repeater-Station Structure;

5) Data Collection Tables.

The meaning, configuration, and elements of these structures will

be explained in the next five sub-sections. 1In the last sub-section,
the use of these structures in the context of the entire program
will be indicated.

2Ys Event Structure

The simulation program is event - driven. That is, per-

iodically the Event Structure is consulted to determine the time
of occurrence of the next event. The Event Structure also contains
information telljag the program what the event is. Examples of
events are arrivals of messages to terminals, transmission of

= packets, arrival of packets at receivers, and arrival of messages
to the stations. 2s events are executed, they are deleted from
the structure; and, periodically, newly-generated events are
added to the structure. Since there are a large number of events;
many more than the number of exogenous message arrivals, for example,
the process of efficiently determiningy the next event is of vital
importance. To this end the event times are maintained in a "heap."

Corresponding to each event "i" is its time "ti," the device sub-

routine "di" to which it refers (e.g. station, terminal,
repeater), the index "wi" of the device in question (i.e.
which repeater, which station, etc.), a number rep-

resenting the point at which the routine is entered, and,

7.12
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finally, the packet number of the packet in question. In addition,
there is the heap index vector itself. "hj" points to the event
which occupies the jth position in the heap. A heap is a structure

in which thj < Max {thzj,th2j+l}. At all times thl is the smallest t;

over all the events. This structure allows for quite rapid selec-
tion of the minimum t, while using a minimal amount of storage,
(2], (1], [3]. 1In order to efficiently eliminate old events and
to reuse the space created by the elimination, a garbage stack of
unused locations is maintained.

B. Active Message Structure

The external or exogoneous traffic which flows into the

Packet Radio Network ccrsists of messages which arrive at terminals

or stations and represent information that users wish to send to a

location using the net. Messages are to be distinguished from

packets which carry the message information internally in the net.

In general, there may be several packets in the network carrying

copies of the same message or of parts of that message. Messages

are added to the Active lessage Structure when the event corresponding

to their generation occurs. It stays on the list until the last

packet containing the message is dealt with. Associated with each

message "i" is its arrival time "ti;" the current number of packets

representing the message "ni" (When "ni" is reduced to zero (0), the

message is removed from the structure.); its length "li;" "xi" and

"yi", the co-ordinates of the terminal or station originating the

message; and other pieces of data, such as the repeater with which

the terminal communicates, the total number of packets, and arrival

time of message, which may be needed for output statistics. 1In :

order to eliminate old messages and add new ones efficiently, the
|
i

messages are kept in a doubly-linked list structure. There is a

7+13
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list kept for méssages and one for unused message spaces. This
information is kept in two vectors, "f" and "b". Thus, "fi" repre-
sents whatever follows the space in question ("i"), be it message
or empty space; while "bi" represents whatever precedes the space.
The unit being followed or preceded may be an eémpty space or may
contain a message.

Cis Active Packet Structure

The active packets are kept in a list. Associated with
the ith packet is a pointer to its corresponding message and several
words which state the variable part of the packet label for use by
the routing algorithms. a garbage stack similar to the one used for
events keeps track of vacant spaces in the Packet Structure.

D Repeater-Station Structure

The Repeater-Station Structure is basically a list of the
repeaters and stations, their locations, their possible neighbors
(repeaters and stations within range of their transmitters and re-
ceivers), and their state. Associated with the ith station or re-
peater are "xi" and "yi", the co-ordinates of the device; and a
state vector which, among others, specifies items such as whether
the repeater or station is busy, free, turned off, or failed; and
whether the device is a station or a repeater. 1In addition, there
is a list of repeaters and stations adjacent to the ith repeater or
station.

Data Collection Tables

Sufficient statistics for the evalvation of the system
performance measures (see Section VI subsection D) are kept in the
data collection tables.
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B An Outline of the Use of Data Structures

The global simulation structure is based on events of
: packets arriving at devices: statiors, terminrals, and repeaters.
Figure 1 schematically illustrates the program flow. It is quite
simplified, one simplification being especially important and needing
emphasis. The events of retransmissions and acknowledgements re-
sulting from a packet's arriving at a repeater, station, or terminal
are not necessarily generated immediately, but may depend on the

arrival of packets at the device subsequent to the packet which
gives rise to the new events.

R — T IR TR
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THE COMMUNICATION SYSTEM SIMULATED

A, General System Description

. Channel and Access Mode

The communication channel is shared for transmission in
both directions, to the station or from the station to terminals.
The channel access mode is the Non-Persistent Carrier Sense
Multiple Access (CSMA) [7]. That is, when a packet is ready
for transmission, the device senses the channel and transmits
the entire packet if the channel is idle. If the channel is

busy, the device reschedules the packet for some future random

time at which it senses the channel again, and the procedure
repeated.

. CaEture

A zero capture system is simuloted. That is, whenever
the reception of more than one packet overlap in time, rone
of the packets is correctly received.

. Packet Types Simulated
IP - Inforrmation Packet
ETE .= End-to-End Acknowledgement; Short Packet (Assumed

to be 10% of the length of an information packet).

SP - Search Packet, transmitted by Terminal
or Repeater to all devices and aimed to

identify a specific receiver (short packet).

7.17
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RSP - Response to a Search Packet, transmitted by
Repeater or Station which received a SP and
is available for handling packets. This
packet contains the label of the transmitting

device and is addressed to all devices.

B. Routing Algorithms

Three routing algorithms which are implemented in tne
simulator are briefly described in the following paragraphs. A
detailed description of the routing schemes is given in [5].

. Hierarchical Labeling:

The hierarchical labeling routing scheme enables point-
to-point routing between devices along an "efficient path".
It is obtained by assigning to every repeater a label, which
forms, functionally, a hierarchical structure. The label

assigned contains the following information:

1) A specific address of the repeater for

routing purposes. .
2) The minimum number of hops to the nearest

station.

3) The specific address of all repeaters on the

shortest path to the station, and the address of ;
the repeater to which a packet has to be transmitted
when destined to the station.

In the hierarchical labeling algorithm an information packet (IP) '

is addressed to one device. If it is received by a device to

which it is not addressed, then the receiving device 1s closer

S o

to the destination than the device to which the packet was
addressed. If the preassigned path is temporarily blocked,

7.18 |
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the packet may depart from it. It then uses the most efficient
path from its new location. The departure from the preassigned
path is obtained by a search procedure.

The Response to Search Packet (RSP) is transmitted by
repeaters after a random waiting time. This time randomiza-
tion is essential in a no-capture system. Otherwise, if
more than one receiver wish to respond to the SP, the trans-
missions will overlap at the searching device. The station,
on the other hand, transmits the KSP immediately after re-
ceiving the SP (Note that if we assume zero processing time
then the channel is idle at this time since otherwise the
SP would not have been correctly received). The above enables
searching devices within range of an idle station to communicate
directly with the station.

A repeater makes one attempt to transmit a RSP and
if the channel is busy it discards it, rather than store
the RSP for future transmissions. This allows control of
the level of terminal blocking by specifying the number
of transmissions of the SP by a terminal. Thus, when the
system is conjested in the geographical neighborhood of
the terminal it will not be able to "enter" the system.

This feature also makes repeaters more available for handling
information packets.

Directed Routing (One Level Labels)

Directed routing is a simplified version of the hierar-
chical labeling algorithm in which the only information preserved
is the direction TO or FROM station. Repeaters are assigned
labels that indicate the hierarchy level, or the number

of hops to the nearest station. When a device transmits
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a packet, the packet is addressed to all repeaters (stations)

i that are closer to the destination than the transmitting device.
Many devices can receive the same packet and it may arrive at
more than one station. The acknowledgement schemes, the

station-station protocol, and the station-terminal protocol
must then resolve this problem.

. Flooding Algorithm (Plus Repeater Memory)

In this algorithm, there is no directionality of trans-
mission. A packet is addressed to all devices that can hear
it. ‘To control the problems of cycling and looping, repeaters
are assigned storage for unique identifiers of packets that
they recently repeated. When a packet is received by a re-
peater, it compares its identifier with those stored and

discards the packet if a match occurs. A maximum handover

number (MHN) in the packet will prevent it from being propagated
for very long distances. This feature is also used in the

other routing algorithms.

& Acknowledgement Schemes

The acknowledgement scheme has particular significance
in this system because of the broadcast feature and the limited

capability of the repeater for processing and storage. The following
acknowledgements are used:

. End-to-end acknowledgement (ETE Ack) between
station and terminal to ensure message integrity.
The frequency and precise meaning of the Ack depends

on the particular protocol used, and is part of the protocol.

7.20
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A hop-by-~hop passive echo acknowledgement

(HBH Echo Ack) along the path. When device i trans-
mits a packet, it waits a sufficient time to allow
devices that receive the packet to repeat it. When
any of these repeats the pPacket and the packet is

received by device i, it considers it as an Ack.

In a Fuint-to-point network, such as the ARPANET, the channels
are fixed so that when node J receives a packet on channel k it
knows the device, say i, which has transmitted the packet to v,
and thus can transmit a specific HBH Ack to device i. In the
Packet Radio System, however, this information is not available.
Therefore, the HBH Ack must be independent of the path *hat the

packet travels on. The HBH Echo Ack test used included the
following:

1) identification of the packet

2) tests that the MHN of the Echo received is
smaller than the MHN of the packet stored. This
insures that the packet has advanced along the
path, rather than being a retransmission from
devices that had the Packet previously.

The HBH Echo Ack has several advantages over a specific HBH Ack:

1) it simplifies the repeater (hardware and soft-
ware) so that it need not constract and manage
acknowledgement packets.

2) it reduces the traffic overhead of transmitting
specific acknowledgements. This is most significant
in a broaicast network.
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3) it enables acknowledgement of several devices at
a time; in particular, all devices which store the
packet with a MHN larger than that received are
acknowledged.

4) It enables shortening the transmission path, as
described below.

Since the RSP's by repeaters are randomized in time, a terminal
fregquently does not identify the repeater nearest tc the station
within range of the terminal. In fact, if two repeaters are labelled
on the same path to the station and both are within range of the
terminal, there is a higher probability that the terminal will identify
the repeater farther away from the station since, on the average, the
latter handles less traffic. Suppose a single data rate channel
is used throughout the transmission path between terminal and
station, the terminal identifies a packet transmitted to it by
its specific terminal ID, and the station can recognize any packet
destined for it. Then a communication path as shown in Figure 2
may be established. 1In Figure 2, the terminal is within an effective
range to R4, R5, and R6; and the station within an effective range
to Rl, and R2. The terminal shown identified R6 as the repeater
to which it transmits. The path from termianl to station will
usually be : T+R6+*R5+R4~R3+R2+S; and from the station to the terminal
S+R2+R3+R4->T. The end devices, terminal and station, transmit the

Echo Ack immediately after receiving the packet, and transmit it with

MHN=0; thus they acknowledge all devices which still store the
packet. In particular, when R4 transmits a packet towards the
terminal it is addressed to R5, however, the terminal may receive

this packet and acknowledge both R4 and RS simultaneously. Similarly,
when R2 transmits towards the station it addresses the packets to

Rl, when the packet is received by the station i+ acknowledges

both Rl and R2 simultaneously.
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D. Performance Measures

. Throughgut

Considering the set of stations and the set of terminals
as the end devices, the system throughput (in packets) is de-
fined as the rate of information packets (IP's) that originated
at stations and arrived at terminals, plus the rate of IP's

that originated at terminals and arrived at stations.

. Delazs

Tt following delays are measured:
1) Terminal delay to identify specific repeater.

2) Terminal delay to establish communication with
station and to negotiate protocols.

3) End-to-end delay for an IP.

4) Terminal interaction delay as a function of the
number of IP's transmitted and received. The interaction
delay is defined as the time elapsed from terminal
origination to departure.

. Blocking and Loss

When a terminal does not successfully identify a repeater
(or station) after transmitting an SP for the maximum number
of times specified, it is considered blocked. 1In addition,
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under certain conditions, terminals wil. depart from the

system without completing communication. This will contribute
to additional system loss.

The blocking and loss are measured

separately since the former indicates the difficulty 1in

entering the system, whereas the latter reflects on the
inefficiency of the routing.

Device Performance

1) Probability that the station is busy. The station
is sampled during the similatior and is assumed busy

if it is actively receiving or transmitting; otherwise,
it is assumed idle. This measure is an indication of
the channel traffic at the station.

2) Successful cciupletions by repeaters. The number
of packets that each repeater has successfully switched
are counted. This indicates the distribution of load

in the network and reflects on the power duty cycle
of repeaters.

Other Measures

1) The number of terminals in the system, the total
number of packets stored in the system, the number of
events to be processed; all as a function of time.

2) The complete output includes a detailed description
of the flow of significant communication events.
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TYPICAL COMMUNICATIONS PATH

FIGURE 2: The solid lines indicate the labelled path

between the repeaters and station. The dashed lines in-

dicate the effective connectivity of terminal and station

to repeaters. The arrows indicate the practical trans-

mission path for the particular terminal, to and from the
station.
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VII. LOGICAL OPERATION OF DEVICES

A. States of Devices

Each device is characterized by a state vector. Some of
the state variables will be needed in the physical devices, for ex-
ample, the label, a parameter indicating the maximum number of trans-
missions, the maximum handover number to be assigned by repeater and
station, the state of occupancy of its storage, etc. Other variables

are particular to the simulation. The following are examples:

Operational State of Device

PR - Passive Receive State: The device is in receive state

and does not sense any carrier.
AR - Acrive Receive State.
AT - Active Transmit State.
ART- Active Receive and Transmit.

When a device is in state AR or ART, it can be receiving
several overlapping packets simultaneously. 1In the program, we use
a common channel configuration (half duplex). Thus, since carrier

sense is used for channel access, the device can change to AT only
from PR and to ART only from AT.
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Number of Overlapping Packets

This number is incremented by one whenever the device is
in state AR of ART and a new packet begins to arrive; and
decremented when a packet transmission ends. The number of
overlapping packets indicates the number of times an end of

packet trarnsmission has to occur before the device changes its
state to PR,

= End of Busy Period

This time is recorded for the nurpose of saving CPU time.
The transmission time of a packet is set to the End of Busy
Period plus a random time; otherwise the devide may be called

to transmit a packet several times during its busy period. 4

B. Terminal

When a terminal originates a message, it begins to transmit ]
and cretransmit a SP to identify a specific receiver. If it does not
identify a specific receiver after a specified number of transmissions, |
it departs from the system. We say that such a terminal is blocked. ]
When a terminal identifies a specific receiver, it substitutes the '
label and MHN sent by the receiver itno its IP and begins to trznsmit
its IP. The IP is retransmitted after short waiting periods of time
until a HBH Echo Ack is received. At that time, the terminal stores
the IP ifor a longer period of waiting afrer which the IP is reactivated

if an ETE Ack 1s not received.* The terminal is expecting several IP's

* We use the term retransmission when a device waits a relatively short

period of time (less then 2 IP slots) and is awaiting a HBH acknowledge-
ment. We say that a packet is reactivated when an end device stores

the packet, awaiting an ETE Ack. ‘/hen a packet is reactivated, it goes

through the whole process of retransmissions.
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from the station, which are ETE acknowledged by the terminal. When
all IP's from the station are received and ETE acknowledged, the

terminal departs from the system.

€3 Repeater

A repeater does not distinguish between IP's or ETE Acks,
except for their transmisison time. When an IP (or ETE Ack) is re-
crived by a repeater (addressed to it) and the repeater has available
storage, it stores the packet, decrements the MHN, modifies the packet
label according to the routing, and begins to transmit and retransmit
the packet, awaiting the Echo Ack. When an Echo Ack is received, the
repeater discards the packet.. When a repeater is not successful in
transmitting along the "shortest" path, it begins to search for an
alternate receiver by transmitting SP's. when one is found, it trans-
mits the entire packet to it; otherwise, it discards the packet. When
a repeater receives an SP, it checks whether it has availahle storage,
if it does, it makes one attempt to transmit a RSP and then discards
it. When a repeater receives a RSP, it tests whether it needs one, if
it does, it used the label, otherwise it discards it. The repeater
currently simulated has buffer storage for two packets: one exclu-
sively used for packets directed towards the station, and the second
for packets toward the terminal. In addition, the repeater can in-
spect all packets that is receives, which are stored in common arrays
in the simulation program. Thus, from a practical viewpoint, bhuffer
storage for three packets per repeater are provided in the simulation
program,

;
i
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D% Station
. The storage organization in the simulated station is shown

in Figure 3.* There are two queues for active packets. Packets in
these queues are active in the sense that they are retranswitted after
short random periods of waiting until an Echo Ack is received. The
active queue for long packets contains IP's from the station to ter-
minals. Once an IP is¢ Echo acknowledged, it is stored in the passive
queue for a longer period, after which it is reactivated if an ETE
Ack from the terminal is not received. The active queue for short
packets contains ETE Acknowldegement packets to terminals, and these
have priority over the long active apckets. The ETE Ack packets are,
obviously, discarded once an Echo Ack is received. The point-to-point
(PTP) network queue simulates the interaction of the packet radio net-

work with a PTP network. When a new IP is received from a terminal,

it is stored in the PTP network queue fir a random time, after which

a4 response message containing several response IP's to that terminal
are generated and placed into the active queue for long packets. The
station responds immediately to SP's, and ignores RSP's.

B Flow Diarrams of Devices

Figures 1, 5, and 6 show the flow diagrams of the devices
used in the simulator. These diagrams are simplified to the extent
that they show "what to do" but not sufficiently detailed to show

"How to do it." The latter depends on the particular system simulated,
i.e., the routing, the channel configuration, etc.
A device is called from the subroutine EVENT; the calling !

sequence includes, among others, an interrupt number which indicates

to the device, the task that is has to perform. The only event which

* Figure 3 shows only the storage of IP's and ETE Acks for transmission
to terminals r the packet radio network.
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is external to a device is that with an interrupt = 1. All other
entries to a device are due to events

generated by the device itself.
Thus, the number

of exogeneous events is very small compared to the

number of events generated by devices; in particular, when the offered

data rate to the system is high.

It is clear
high, there will
puting time,

that when the offered traffic rate to the system is

be many collisions of packets. Thus, to save com-

eacn device was coded so that it does not examine the

content of the packet or whether the packet is addressed to it, at the

beginning of Packet reception (see diagrams).

This is done at the end
of packet reception,

providing there was no interference.
There are parts of the subroutines of Repeat

er, Station, and
Terminal which are identical and thus,

coded into subroutines. These

der content, and the channel

Some of these can be associated with the modem of the
pPhysical devices.

relate to the identification of the hea
access mode.

The parts which differ involve mainly the proces-
sing needed once the packet has been identified,

€.9., queueing at the
station, ETE Ack by end devices, etc.
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SUBROUTINES OF THE SIMULATOR

Data Structure and Management Subroutines

Takes the next event out of the Event Data Structure for

execution.

Adds an event to the heap in the Event Data Structure.
Allows the introduction of special messages such as ack-
nowledgements, control messages and the like into the

Message Data Structure.

Reads the input parameters and determines the placing of

repeaters and stations.

Is called by device routines to release a message as soon

as all packets representing the message are deleted.

Generates next exogenous message and adds to the Message
Data Structure.

Adds a new packet to the Packet Data Structure.

Adds a new event to the Event Data Structure.

Prints out intermediate data for debugging.

Takes the index of the next event time from the heap.

The driver routine. (main program)
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Collects data on system performance.

Counts the number of packets associated with each terminal
which are stored in the system.

Communication and Device Subroutines

Main subroutine of repeater.
Main subroutine of station.
Main subrouti.e of terminal.

Reads parameters which devine the particular communication

system, labels, and flow control parameters.
states of devices.

Initializes

Maintains states of devices related to the RF channel (e.gq.,
number of overlapping packets).

Same as above at the end of packet reception.
Records that a device is receiving an echo acknowledgement.

Called when a non-overlapping packet is received for testing
packet type and label.

Called after repeater receives an RTS, checks whether

repeater needs one, and has not used one before.

Transmits packet and generates an event for the end of
packet transmission.

7.45
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Determines which packet of a repeater is to be transmitted
next.

Stores correct IP's received by terminal and gener-ates

event for transmission of an ETE Ack.

Called by station after receiving an Echo Ack. Identifies
and maintains the queue in which the acknowledged packet is
stored. If it is in IP, then it transfers the packet to

another queue where it waits for an ETE Ack or for reacti-
vation.

Shifts packets in the various queues of the station.

Called by station after correctly receiving a packet. 1If

the packet is an ETE Ack, then subroutine drops the packets
acknowledged, maintains proper queues and the message counts.
If it is an IP, subroutine verifies that same packet has not
been received before, and if so, it generates packet and an
event for transmission of an ETE Ack, and also generates a
random time and an event for the arrival of the response
message from the PTP network.

Called by station, sets all response packets to a terminal

into the active queue and generates events for transmitting
them.

Used by station to transmit an Echo Ack for the last hop.

Determines the most efficient repeater to which station !

should address packet when transmitting to a terminal.

7.46
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TRANSMT Called by a device which transmits a packet. Puts packet
in list structure; determines all the devices that should

receive the packet, the exact time for beginning to receive

ok T i aanlil o il s S i i

it; and generates the events to devices.
cC. Summary of Acronyms
Ack - Acknowledgement
AR = Active Receive
ART -~ Active Receive and Transmit
AT - Active Transmit
ETE - End-to-end
HBH - Hop-by-hop
IP - Information packet
Label- An address assigned to a device for routine purnoses
MHN - Maximum handover number
MNT - Maximum number of transmissions
RP - Passive Receive
PTP - Point-to-point
RSP - Response to search packet
sp - Search packet
7.47
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IX. OBSERVATION OF TRAFFIC FLOW IN THE PACKET RADIO NETWORK

The first system simulated was a Common Channel Single Data Rate

system, in which *he station is routing traffic as a repeater (

Station). We denote the system as CCSDR (NS).

Waive

The system defined

has a single data signalling rate for communication between terminal

and repeater (or station) and in the repeater-station network; the

channel is used in a half duplex mode.

When the station is routing
traffic as a repeater,

it cannot receive packets not specifically
addressed to it.

In all experiments reported here, the labels of repeaters and
staiton were preassigned. The hierarchical (directed) labelling
scheme of the system in this experiment are shown in Figure 7. Fig-
ure 8 shows the connectivity of the repeaters and station. That 1is,

when a device transmits, all the devices connected to it by line are

within an effective range and "hear" the transmission.
The objective of the first series of experiments was to observe
the detailed operation of devices and the efficiency of the system,

The following observations were made :

s The "critical hop" in the system is that between the
first level repeaters and the station. This was concluded
by observing the frequency at which repeaters begin to szarch

and at which they discarded packets, and from the obser-

vation that there is no significant difference in the delay

when the number of rhops from the station that a packet travels
1S increased.
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2. There is a higher probability of end-to-end successful
completion when routing from the station to a terminal than
when routing from a terminal to the station. F.actically,
there is almost "no" difference in time delay between the
delay of an information packet from the terminal arriving at
the station and the time that the terminal receives an ETE
Ack from the station.

3 Many packets associated with terminals that have de-
parted from the system are routed in the network.

The effect of improving the routing capaciblities of the station
can be readily observed. 1In Particular, one can see in Figures 7 and
8 that while the connectivity station is 7, there are only 4 repeaters
labelled from the station. Consequently, the station is busy of the
time with non-useful traffic. This situation can be improved by
changing the routing of the station so that: (1) it receives any
packet that it can hear and which is (eventually) addressed to it;
and (2) it transmits response packets to the repeater nearest to the
terminal along the routing path that it can reach. This change was
implemented for all system studies subsequent to the initial experi-
ments. Apart from the change implemented, the observation suggests
that particular attention should be given to the design of the re-
peater network in the neighborhood of the stations. It is also noted
that these repeaters have a higher power duty cycle since they handle
all p. ckets collected from other parts - 1@ network. The routing
change made at the station enables the allocation of many more re-
peaters in the neighborhoos of the station, than are functionally
needed, without resulting an increase in the artivicial traffic gen-
erated. The exact labelling of these repeaters is also not Critical.
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One of the reasons leading to observation 2 is that the station has
a higher probability then the first level repeaters of successful
transmission over the critical hop, because it is the largest user
and does not interfere with its own transmissions. Theoretically,
one may expect a similar conclusion when considering transmission
in a section of the netwo}k in which two repeaters, one of which
"homes" on the other, compete. This, however . may not be realized
in the system simulated because of the limited storage available in
repeaters,

Observations 2 and 3 Suggest a change in the Terminal-Station
protocol. The basic question is whether a terminal should release
itself from the system or whether it should be released by the station.
The former was initially simulated. It was observed that in many
cases, a terminal departed from the system after receiving an Echo
to the ETE Ack for the last IP without this ETE Ack arriving at the
station. This resulted in the reactivation if IP's bv the station
for this terminal, the routing of these packets in the net, and then
the maximum number of transmissions and search by the repeater nearest
to the terminal. The protocol simulated in the systems discussed
later is such that the last packet must always be from the station to
the terminal. This transmission may be considered as a terminal re-
lease packet. Another change in protocol implemented is that when-
ever possible, the terminal acknowlzdges a sequence of packets rather

than individual ones, to reduce the overhead in the direction towards
the station.
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FIGURE 7

HIERARCHIAL LABELLING SCHEME
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X. THE TRADEOFF BETWEEN TRANSMISSION RANGE OF DEVICES
AND NETWORK INTERFERENCE

For the experiments discussec in the previous section, it was
assumed that Repeater-Repeater range 1s the same as Terminal-Repeater
range. This, however, is not always a realistic assumption since
repeaters can te placed on elevated areas and can have more power
then terminals, (especially hand held terminais). Thus, if re-

peaters are allocated for area coverage of terminals, the repeater

range will be higher than terminal range and higher network con-
nectivity or device interference will result,

The problem which then arrises is to determine the impact of
this interference on system performance. Alternatively, one may
seek to reduce repeater transmission power when transmitting in
the repeater-station network. To study this issue, two CCSDR systems
were simulated, one with high interference CCSDR (HI), and the other
with Low Interference CCSDR (LI). The routing labels of the two
systmes were the same and are shown in Figure 7. The interference
of the CCSDR (LI) system is shown in Figure 8 and the interference
of the CCSDR (HI) system in Figure 9. Figure 9 shows only the
connectivity of two devices in the network.

The results are shown in Figure 10 and Table 1. Figure 10
shows the throughput of the two systems as a function of time
wvhile Table 1 summarizes all other measures of performance. The
third row of Table 1 summarizes performance of the high interference
system under an improved set of repeater labels. This experiment
is discussed in detail in the next section. It is clear that the
high interference system is much better than the low interference
system. The only measure of the low interference system which is
better is terminal blocking which is a direct result of the low
interference feature. In fact, CCSDR (LI) is saturated at the
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of fered traffic rate. This can be seen from the fact that the
throughput is decreasing as a function of time; the relatively
high total loss; and the low station response*. The CCSDR (HI)
with improved labels compared in Table 1, is better than the
other two systems. This demonstrates the importance of proper
labelling. The experiments of this section demonstrate that it
is preferable to use high transmitter power to obtain long re-

veater range, despite the network interference that it results.

* The average number station response packets assumed for these
studies is 2.0.
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FIGURE 9

INTERFERENCE OF CCSDR (HI) SYSTEM
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XI. SINGLE VERSUS DUAL DATA SIGNALLING RATES NETWORKS

The results cf the previous section demonstrate that a better
performance system is obtained when repeaters and station use high
power to obtain long range despite the interference that results.
We now examine the problem of whether repeaters and station should
use their fixed power budgets tc obtain a long range with a low
deata rate channel or have a short range with a high data rate

channel. The following systems were studies.

. A CCSDR (HI) of the previous section with improved
labels, which we denote by CCSDR. That is, we take
advantage of the high range to improve the routing labels
of repeaters and obtain fewer hierarchy levels. The
routing labels used are shown in Figure 11, and the

connectivity is shown in Figure 9.

. A Common Channel Two Data Pate (CCTDR) system with the

routing labels as in Figure 7 and connectivity as in Figure 8.

In the CCTDR system, the terminal has a low data rate channel,
the same rate as in the single data rate system, for communicaticn
with a repeater or station. Repeaters and station have two data
rates. The hich data rate is used for communication in the
repeater-station network. The two data rates use the same cuarrier
frequency so that only one can be used at a time.

The two systems are tested with offered rates of 13% and ?5:.*
The throughput as a function of time for the two runs are shown in
Figures 12 and 13, respectively; and the summary of other measures

is given in Table 2. The comparison demonstrates that the CCTRD

* In the simulation runs we used the inverse square low for the re-
lation between data rate and distance, rather than the result in
[9];:;this however, favors CCSDR.
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system is superior to the CCSDR system, in terms of throughput,
delay, and other measures. One can see that the CCSDR svstem is
saturated at an offered rate of about 13%.

. Effect on Blocking Level

In Table 2, one can see that one reason for the relatively
low throughput of the CCSDR system at an offered rate of 25%
is due to blocking. Furthermore, the fraction of time that
the station is busy has decreased. This may suggest that the
stat‘on may be able to handle more terminals providing they
are able to enter the system. To examine this point, we ran
the CCSDR system with offered rate of 25%, and relaxed the
constraint for entering the system. Rather than resulting in
better performance, this step resulted in reduction in blocking
and increase in delay. The throughput increased to 12.63%,
the blocking decreased to 18.35% and the total loss decreased
to 30.73%. On the other hand, the delay increases to 57.82,
the fraction of time the station is busy increased to ST,
ana the rate of station response decreased to 1.32.

To conclude, when we enabled more terminals to enter the
system, the throughput increased insignificantly, from 12.20%
to 12.63%; or. the other hand, the average packet delay .ncreased
significantly, from 34.97 to 57.82 terminal slots. This

suggests that one of the important design problems in the
packet radio system is the blocking level of terminals.
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FIGURE 11
CCSDR (HI) SYSTEM WITH IMPROVED LABELLING
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XII. PRELIMINARY RESULTS OF MAXIMUM THROUGHPUT, LOSS, AND DELAY
OF CCSDR AND CCTDR SYSTEMS

In the packet radio system there is an absolute maximum through-
put (independent of loss and delay) because of the interference
characteristics. Similar to curves of throughput versus channel
traffic, when the relation is known analytically [7], we draw the
curves of system throughput vs. offered rate for estimating the
maximum throughput.Figure 14 shows the throughput versus offered
rate for CCSDR and CCTDR systems. The curves are linear for low
offered rates and saturate when the offered rate increases.

For the CCSDR system one can see that the throughput is
practically the same when the offered rate is increased from 13% to
25%. This and the other measures (see Table 2), (for example, the
rate of station response) show that the system is overloaded at a
25% offered rate. On the other hand, the system seams to operate
at steady state at an offered rate of 13% (rate of station response
2.06). A rough estimate of maximum throughput for this system
would be ketween 12% and 15%. Similar observations of the per-
formance measures lead to an "estimate" of between 27% and 30% for
the maximum throughput of the CCTDR system.

The average delay of the first Information Packet from terminal
to station, and the Total Loss, as a function of offered rate are

shown in Figure 15 and Figure 16, respectively.

Remark: There are many parameters in the simulation program
which we have not experimented with (or tried to
optimize) and which affect the quantities
discussed ahove. One parameter which is signif-

icant in determining the maximum throughput
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is the average number of response packets from

station to terminal. The affect of this parameter

has been analyzed in [10] for a slotted ALOHA random
access mode. It has been shown that the maximum through-
Put is increased in the Common Channel system when the
rate of response increases, and the maximum throughput
tends to 100% of the data rate when the rate of response
tends to infinity. we expect that this parameter has a
similar effect for the mode of access simulated, In

the results reported here the rate of response is 2.0
which is small Compared to usual estimates for terminals
interacting with computers. Furthermore, the relatively
short terminal interaction increases the traffic over-
head of the search Procedure, per information packet.

7.65




e W, R Ter TR AR

ALYY da¥3440 *sa LOdEDNOYHL WALSXS
[8] davd aayaado VT 340514

0T

<

: -3 0V 0€ 0z o
3 gy

3 2 + $ "
| 3
w 3
1 3
k -
s £

g 2

3 S

: &

! ~x

< <

3 QD

8

4 )

=
i

| dds20
:

ddLOO

[ 02

. - Sl - e
B e B LBt e, L bk o m b i e b | e

0€

7.66

Y




A Y W T o

we

N
Q
=
+
S
b3
3
S
@
o
1
>
S
<
"
S
§
=

Tani g cated

LY d3¥IIJ0 °SA AVIHA NOIIVIS-TUYNIWY-L

ST MINSIA
[¢] 3avd azuzado
(1} 7 o€ 0z 0T
“ r | J | J m
Q
— )
=
m + 0T
T =]
d4azoo 3
&
-
M - 0z
=
wn
o)
[
[s
(=)
¥asodd &y ﬁom
5
A
+=0p

aceanlatode s B2

7.67




Network Analysis Corporation

oF

JILVY dI¥3Ad0 °“SA ONIMNDOTId dT
9T FT™UNOIJ

[2] 3IvY QI¥3430

0g 0¢

-
L]

ddL3D

H€ds500

PERCENTAGE OF IP BLOCKED OR LOSSED

0T

0c

0¢

137

7.68

" e e
o it otk

s

e a b anhed Lt s bt v aadd b i Bids

s ol

PPN AR AT




!
|
E,
i

" o oo | e EobA e e crpaadh ML L T SuFl b tas el sl Db ik Tt oo Lk g

Network Analysis Corporation

XIII.FUTURE DEVELOPMENT OF THE PACKET RADIO SIMULATOR

We outline several of the future developments for the

simulator; some of these are in the implementation stage.

. Initialization and Labelling of Repeaters

Preliminary experiments have shown that the Hierarchical
Labelling algorithm is much more efficient than the other two
algorithms of Section VI, subsection B. Consequently,it is
recommended for implementation in the Packet Radio System.

In many cases however, the connectivity between devices in the
network will not be known apriori. For example, in a military
application one may wish to establish a network by distributing
repeaters at random locations, and one may not have physical
access to the repeaters. Furthermore, there may be changes in
the "topology" of the network due to variations in transmission
power of devices, or when some devices cease to operate. Thus,
it is necessary to assign and reassign labels to repeaters in
an operating network.

The approach that we adopted is to use the flooding
routing algorithm to load repeaters with hierarchical labels.
The flooding algorithm was selected because it does not require
any knowledge of the topology of the network. A process for
repeater initialization and labelling which has been detailed
in [6] is currently under implementation. Initially, it is
assumed that the station contains a set of fixed identifiers
of repeaters which may possibly be connected into a network;
three stages are then followed. In stage 1 the station trans-
mits special control packets to the above repeaters, and re-

peaters respond with control packets from which a connectivity
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matrix between repeaters is established. The hierarchical
labels are determined in stage 2 from the connectivity matrix.
In stage 3 the station transmits the labels to repeaters and
tests each path in both directions, from station to repeater

and from repeater to station.

. Flow Control

Control packets for changing the operating parameters
of devices, and algorithms for using these will be implemented.
For example, turning repeaters "on" and "off", changing the

parameter for the maximum number of transmissions, etc.

. Access Modes

In [7] it has been shown that one of the important
parameters which affects the performance of the carrier sense
access modes is the ratio of the propagation time between
devices to the packet transmission time. Specifically, that the
performance (relative) deteriorates when the above ratio
increases; which is the case when the data signalling rate
is increased and the number of bits in an information packet
is kept constant. Thus for some operating parameters the
carrier sense access modes may not show a much better per-
formance than the more simple nonslotted ALOHA [l11] random
access scheme. These problems will be studied in a network
environment by simulating the latter, for comparison, and by
studying the carrier sense performance as a function of the
data signalling rate.
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Directional Antenna at the Station

Analysis has shown [12] that directional antennas at the
station may increase the system capacity.

This can possibly
be verified and quantified by simulating su

ch an antenna.

CaEture

Currently the non-capture system is simulated.
models which reflect the practical performance of har
are under development and will be simulated.

Caputre
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PACKET RADIO SYSTEM CONSIDERATIONS -

NETWORK CAPACITY TRADEOFFS

I. INTRODUCTION

Packet Switching over radio channels with random access schemes
is of current interest for local distribution systems and for satellite
channels. This mode of operation is useful when the communicating de-
vices are mobile and when the ratio of the peak to average data rate
requirement of each device is high. Such systems have been analyzed
for the case in which all communicating devices are within an effec-
tive transmission range of each other; either directly or through the
satellite. These analyses were originally done for the ALOHA system
[1] and for a satellite channel [4]. The models used do not suffi-
ciently describe the Packet Radio System. The reason being that in

the packet radio system there is a network of repeaters which separate
an originating device from a destination device (terminals and stations).
In this chapter, we address broadcast networks in which orginating
devices cannot directly reach the destination receiver. Thus, repeaters
are introduced which receive these packets and repeat them to the des-
tination. The capacity (maximum throughput) of such systems is deter-
mined, and design problems related to the number of repeating devices
and the usefulness of directional antennas are resolved.
The model used in this chapter can describe systems other than
the packet radio system and we discuss it in the more general context.
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One way to categorize channel allocation schemes for data trans-
mission is the following:

1. Fixed assignment (FDM, TDMA)

2. Dynamic assignment with centralized control (polling
schemes, reservation upon request)
3. Dynamic assignment with distributed control (loop

networks, random reservation sChemes)
4, No ass.ignment (random access schemes)

It hos been recognized that a fixed allocation of channel capacity
is extremely wasteful when the traffic of users is of a bursty nature;
that is, when the traffic requirements of the users can be character-
ized as having a high peak to average data rate. Users can be so
characterized in an inquiry response application. 1In fact, if one
characterizes a set of users by the number and by the ratio of the
peak to average data rate requirements of each user, one can conjecture
that when the above number and ratio are increasing, one obtains a
higher channel utilization when proceeding (along the categorization)
from the fixed assignment to the no assignment allocation schemes.

For example, when the time delay to make a reservation or the average
time between two consequtive pollings of a user is large compared to
the fraction of time that the user wishes to use the channel, then the
dynamic assignment with centralized control, becomes inefficient (apart
from the need for a system for polling or making reservations).

Roberts [7] has demonstrated the cost advantages of a random re-
servation scheme and a random access scheme over fixed assignment,

when the number of users increases and the average traffic requirement
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per user is kept constant. A somewhat more formal justification for
sharing a channel was given by Kleinrock and Lam [4], we quote:
"Rather than provide channels on a user-pair basis, we much prefer

to provide a single high-speed channel to a large number of users

) which can be shared in some fashion; this when allows us to take

? advantage of the powerful 'large number laws' which state that with
very high probability, the demand at any instant will be approximately
equal to the sum of the average demands of that population." Gitman,
Van Slyke, and Frank [3), have addressed the problem of splitting a
channel between two classes of users. It was shown that in almost

all cases, sharing the channel results in a higher utilization of the
total channel capacity.

In this chapter, we consider a packet switching network in which a
single radio channel is shared by all communicating devices. Devices ;f
access the channel using the so called "slotted ALOHA" random access
scheme. When a random access scheme is used, there is a possibility
that more than one packet ijg simultaneously received by a receiver
due to independent transmissions of several devices. In that event, 4
it is assumed that none of the packets are correctly received, and the ;;
corresponding devices have to retransmit their packets. One can see ?f
that the number of packets transmitted is larger than the number of .
originating packets. That is, part of the channel capacity is used
up by the wasteful collisions and are not considered as effective
channel utilization since it does not contribute to the throughput.
For example, if each packet is transmitted two times, on the average,
before it is successfully received, then the maximum effective util-
ization of the channel (or the effective channel capacity) is one-
half of the given capacity, the other one-half is used up by the non- _
successful transmissions. The first problem that one faces is to [

determine the maximum effective utilization (or system capacity) that
can be obtained. This is one of the problems addressed in the chapter.
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If the channel is offered a higher rate of traffic than its
effective capacity, the system becomes unstable in the sense that
the number of transmissions increases with time and the throughput
decreases with time until zero throughput is obtained. This implies
another problem in random access schemes and that is, the control
of the offered rate and retransmission strategies so as to obtain
the highest possible channel utilization [5}, [8]. It is clear how-
ever, that retransmissions have to be randomized in time since other-
wise once a collision between two devices occurred, it will persist.

The first packet radio channel system where devices use a randcm
access scheme, known to us, was analyzed and implemented at the Uni-
versity of Hawaii [l]. The random access scheme used is the so called
"pure" or "unslotted" ALOHA. In this scheme, every terminal transmits
its packets independent of any other terminal or any specific time.
That is, the terminal transmits the whole packet at a random point in
time; the terminal then times out for receiving an acknowledgement.
If an acknowledgement is not received, it is assumed that a collision
occurred and the packet is retransmitted after an additional random
waiting time. Abramson [l] obtained that the capacity (effective) of
the channel is 1/2e of the given capacity when the number of terminals
is very large and when the point process of the beginning of packet
transmission onto the channel is Poisson.

It was realized that a gain in capacity can be obtained if the
channel was slotted into segments of time whose duration is equal to
the packet transmission time, and when terminals are required to begin
the transmission at the beginning of a time slot. The access scheme
is random in the sense that terminals transmit into a random slot in
time and retransmit after waiting a random number of slots. This
scheme is called "slotted ALOHA." Roberts [6] has shown that the cap-

acity of this scheme is 1/e of the given capacity, using the same
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assumptions as Abramson. The slotted ALOHA random access scheme was

further analyzed in (2], [3), [4), and [5] for the case of a small

number of terminals and when there is a mixture of traffic from a

small number of "big" users and a large number of "small" users.
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ITI. PROBLEM DESCRIPTION

In a network context, the analyses of all the references address
a "single hop network." That is, when considering a terrestrial sys-
tem, it is implicitly assumed that all devices are within an effective
distance of each other; the same is true when considering a satellite
channel, since the satellite echoes the packets to the destination
station. Such a network can be described as one in which there is a
single receiver and many transmitters, all of which are within an
effective transmission range to the receiver, and to each other.

In cases in which the transmission range of terminals is not suf-
ficient to reach the destination receiver, it is necessary to intro-
duce another device which will receive the packets from the terminals
and veveat them to the final destination. Such a network can be used
for local distribution and collection of traffic, in which case the
staticn is a gateway to a point-to-point network. We particularly
consider a 2-Hop network model in which there is a large number of
terminals in the neighborhood of each repeater and that the trans-
mission range of terminals is short so that a terminal can reach only
one repeater, as shown in Figure 1. Our model can be useful as a
distribution model for a suburban area, where instead of supplying
each terminal with a powerful transmitter, we allocate repeaters
which collect the traffic from terminals.

In a military application, one can think of a large unit which
uses such a 2-Hop network, where each subunit (the terminals of which
are relatively close to each other and may be mobile} has its own re-
peater, and the station is at the Headquarters. 1In fact, the network
can be operative when the whole unit is moving, providing each sununit

carries its repeater or station along with it, e.g., a fleet of saips.
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This network can also model a satellite case as shown in Figure 2,
In the analyses of a satellite channel reported,
each terminal is a ground station which originate
is connected to a point-to-point netwcrk.
clusters of (possibly mobile) terminals,

are relatively close o each other,

it was assumed that

s its traffic or which
However, suppose there are

where in each cluster, they

and wish to communicate with a re-

mote central computer installation. Then, one can devise a Ground

the terminals and the ground sta-
tion repeater may use a satellite channel to transmit (second hop) to
the computer installation.

Station Repeater to communicate with

R R L T e
2 T i i e L o
- e

Before we specify the problems to be addressed
operation of the repeater.

mits its packet after a time
ment,

¢+ We comment on the
We have indicated that a terminal retrans-

out if it does not receive an acknowledge-
The repeater can operate in a very simple man

reépeats only once a packet that it correctly receives. In this case,
the terminal has to time out for a longer period of time
an acknowledtement from the station (end-to-end ack) .

ner in which it

to wait for

Alternatively,
the repeater can be made responsible for the successful

transmission
on the second hop,

by acknowledging the terminal,
and transmitting it until it receives an acknowledgement from the sta-

tion (hop-by-hop acknowledgement). This Problem has been considered
in [9] where it was shown that a hop-by-
is more efficient. Thus,

storing the packet,

hop acknowledgement operation
we will assume a repeater of that type.

The first problem that we address is to determine the ne
capacity as a function of the number of re
between repeaters.

twork ﬁ
peaters and the interference

Another problem of interest,
capacity bottleneck (critical hop );
neck is on the hop from terminals to
peaters to station.

is to determine the
i.e., whether the capacity bottle-

repeaters or on the hop from re-

The system is assumed to have two channels;

one channel is used for transmission from terminals via repeaters to

N o O
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the station and the second channel for transmission from the station
via repeaters to the terminals. The traffic of acknowledgement packets
is not considered; which implicitly assumes that there is a separate
channel for acknowledgements. The two channels are analyzed separately
and design questions such as the following are considered: Is it use-
ful to have directional antennas at repeaters when transmitting to the
station ? This question is relevant in the terrestrial system, since
in the satellite system, the ground station repeaters will presumably
be out of range from each other, and use directional antennas. Sim-
ilarly, in a terrestrial system, one may ask about the usefulness of
using a directional antenna at the station when transmitting to re-
peaters. Other questions relate to the possibility of using several
transmitters and antennas at the station when transmitting to repeaters.

8.8
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III. TRANSMISSION FROM TERMINALS TO STATION

Consider a system where m repeaters receive packets from
terminals and repeat the packets to a single station, as shown
in Figure 3. We donote by G and S the rate of packet transmission
per slot and the rate of successful packet transmission per slot,
respectively. Specifically, let Gli and Sli be the rates of trans-
mission from terminals to repeater i, and G2i and S, the rates from
repeater i to the station. We wish to obtain the probability that
a repeater is idle.

A single hop network is the case in which a set of terminals
transmit to a repeater and the repeater is the final destination
and does not repeat the packets. Thus, the probability that a
transmission from a terminal to the repeater is successful is the
probability that no other terminal transmits into that same slot.
That is, if we assume that a packet is transmitted into the first
slot after it becomes ready for transmission then the probability of
success is the probability that no new packet has arrived and that
no other packet has been scheduled for retransmission in the interval
of time of the preceeding slot. In the network case however, a
transmission from a terminal to a repeater will not be successful
also in the case when the repeater uses the same slot for transmitting
to the station, or if another repeater, within an effective trans-
mission range of the first and which uses an omnidirectional antenna,
uses the same slot for transmission to the station.

Throughout the chapter, we use the following assumptions. The
combined point process of packet origination and packets scheduled
for retransmission, from each set of terminals to a repeater, is
Poisson. Thus, the probability of no arrival during a slot time T

=Gyt

is e ;i we use 1zl. The probabilities of transmission by a re-
peater into different slots are independent. The probability of

BRI
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FIGURE 3
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transmission by two or more repeaters into a randomly chosen slot
are mutually independent; and the probability of transmission into
a random slot by a terminal and by a repeater are independent. The
assumption of a Poisson distribution for the process of packet
origination plus retransmission has been questioned in previous
publications. The validity of this assumption is important when
one considers packet delays, since if one assumes a Poisson point
process for packet originations, then the assumption that the
combined process, of origination plus retransmissions, is Poisson
is valid only when one allows very large packet delays. In this
chapter, we do not require finite delays and our interest is in the
ultimate system capacity.

Finally, let Qi denote the set of repeaters which have an
effective transmission range to repeater i; Qi includes repeater 1i.
Under these assumptions we can write:

-G

Pr[repeater i is idle] = e L I

J

Similarly, the probability that the station is idle can be
written as:

m
P_ [station is idle] = 'Hl (l—sz) (2)

r j=

We now make a few assumptions which simplity the computation
but enable us to answer the questions of interest. Specifically,
we assume that Gli = Gl' Sli = Sl/m for all i, that repeaters share
equally the load so that Gy; = Gy/m and S2i = Sz/m for all i, and
that all repeaters have the same number of interfering repeaters,
n (Qi) = I for all i. We refer to I as the interference level.
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We can now write the throughput equations for hop 1 and hop 2:

m G, I -G G, I -G
. 5 s 25 1
S, = % Gy (1 ﬁ—) e = mG; (1 ﬁ_) e (3)
i m ‘G2 (1_Eg)m-l = G, (1_53) I
2_§m— m m (4)

Note that when m=1 all transmissions from the repeater to the
station are successful since it does not interfere with its own
transmissions.

If a repeater were a traffic source and a traffic sink, then
Gl and G2 could have been considered as independent variables. In
our case, however, the intensity of the processe: on the two hops
are related. 1In particular, we consider traffic rates in which the
system can operate at steady state. That is, if one observes the
system for a long period of time, then all the packets which success-
fully arrive to repeaters also successfully arrive to the statiomn.

Thus we can use the conservation law at repeaters, namely Sl =85

2"
This results in the relation:
! G2 I+i-m -Gl
G, = mG; (1- m—) e (5)

One can now study the system performance as a function of parameters
m and I, with one independent variable.

A. Complete Interference System, I =m

This case is applicable to terrestrial networks in which
repeaters are either placed relatively close to each other or use
powerful transmitters; either of which results in the interference

among all repeaters. For this case we obtain:

G, = = (6)

8.14
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5 and

é 1 =TT (7)

E (1+Gl e )

The capacity of this system is given by the maximum of Sl'

_ ~G ~G
GUST] S R (1-G,) [l1-(m-1) G, e 1] = ¢ (8)
4 = 1 1l

; d G -Gl m+1

- 1 (4G e 1)

By examining (8), ane finds that there is one stationary point, a

maximum at G1 = 1, when m<4. When m>4 there are three station-

ary points; a minimum at G1 = 1, and two maximum points of the

same value at G which satisfies 1- (m-i) G e-G = 0,

Substitu-
ting these values into (7), one obtains the capacity of this (com-
pPlete interference) network as a function of m:

A (1+l_)m m<4
e
Network Capacity = Sl* = (9)
1 . 1 Y
1 b (1_%_)m 1 m24

Notice that the network capacity is lower than the capacity of a
single hop network, 1/e, when m=1; it is higher than 1l/e for m>1,
and tends to 1/e in the limit when m+eo,

Figure 4 shows the network throughput S

1 @S @ function of
the rate of transmission from terminals to a sing

le repeater.

It is interesting to observe the rate of change of S with respect
1 to G. For example, when M is large (e.g. m=8) then the system
q becomes more sensitive to variations in the value of G. On the

other hand, there are values of m, for example, m = 2 or 3 in the

complete interference case, for which the maximum throughput re-
gion is quite flat.

8.15
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B. The Critical Hop

To determine the critical hop, one has to obtain the
capacity of the two hops of the network. The capacity of the
hop from repeaters to the station is independent of Gl and I
(see Eq. (4) ), and is given uy (l-l/m)m_l. The capacity of
the hop from terminals to repeaters, on the other hand, depends
on G2 and I. Note that Ostsm; G2>m is not realizable since we
assume that a repeater has one transmitter and cannot transmit

more than one packet per slot. For any G, in the above range,

the capacity of hop 1 (see Eqg. (3) ) incrzases with m.

Thus, there exists an mJ for which the capacity 1is
higher than that on the hop from repeaters to station, and the
latter becomes the critical hop. Furthermore, mg depends on I,
and for Izzll,
is that from repeaters to station, and for m_<_mO the critical hop

mJ (12)_>_mO (Il). Thus, for m>m the critical hop

is from terminals to repeaters. For example, for I=m (see Eqg. (9))
mO = 4, and for I = m-1, mO =G

Perhaps a more direct way to answer the question of the
critical hop is to obtain the system capacity as a function of m
and I. Then, whenever the capacity is smaller than (l-l/m)m_l
the critical hop is that from terminals to repeaters and when the
capacity equals this expression, the critical hop is from repeat-
ers to station. However, it is difficult to obtain a closed form

solution in the general case.

Gfs Number of Repeaters and Directional Antennas at Repeaters

The considerations of directional antennas at repeaters
apply only to the terrestrial system. In the satellite system,
ground station repeaters will use directional antennas when trans-
mitting to the satellite and omnidirectional antennas when communi-

cating with terminals.

P L g S i sz ot Mk s o Sliias S Bt (3 M i,
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The effect of directional antennas at repeaters in the
terrestrial system is that the transmission from repeaters to the
station is directed tovards the station and does not interfere
with the transmission of terminals to other repeaters.

Thus, it
is the special case with I=1.

We notice, however, that direc-
tional antennas do not increase the capacity of the hop from re-

peaters to station because éll antennas are directed towards the

same physical location where the station is placed and where the
conflicts may occur.

Figure 5 shows the capacity of the system as a function

of m, for I=m and I=1, which is equivalent to omnidirectional and

directional antennas (or satellite system) respectively. One can

see that there is a gain in capacity when using directional an-

tennas only when m=2, and a small gain for m=3. For m>4 the ca-

pacity does not increase because the critical hop is between the
repeaters and the station, so that it does not matter how much
one can get through from terminals to repeaters.

As far as the number of repeaters is concerned, one can

see from Figure 5 that the maximum system capacity is obtained

when m=2 in the non-interference case and when m=3 in the complete

interference case. Thus 2 or 3 repeaters would be

any additional repeaters that may be added because
siderations (such as &

a good design;
of other con-

rea coverage) will result in a reduction in
the system capacity.
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IV. TRANSMISSION FROM STATION TO TERMINALS

4
:
]
4
3
é
)
3
:
a
]
;
-
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In this section, we consider the second channel which is used
for transmission from the station to terminals via repeaters. In
the terrestrial system, it is assumed that the effective transmission

range of the station is such that it interferes with the trans-

i et ler g p __kariiaitedubte Dubl it AR

mission from repeaters to terminals, as shown in Figure 6. However,
we assume that terminals cannot directly receive from the station
or from the satellite (otherwise, it becomes a single hop network
and the capacity is 1). We use the notation shown in Figure 6,
where the first hop is that from the station to repeaters and the
second hop is from repeaters to terminals.

] We use similar assumptions to the ones made in the previous
section. Specifically, we assume that the probabilities of trans-

mission by a repeater into different time slots are independent,

that the probability of transmission of two or more repeaters into
a randomly chosen slot are mutually independent, and that the pro-
bability of transmission by the station and by repeaters into a
random slot are mutually independent. Finally, we simplify by
assuming that repeaters share equally the load; by which we mean
that S2i = Sz/m and G2i
relate the rate of transmission to the rate of successful trans-

= G2/m, for all i. The equations which

mission on the two hops can now be written:

m G G G
_ 2 4 2 TN 1 _ o 2T =
s, = % == | G Gl) (1 -—m) =G, (1 -6 (1 ==) (10)
’ G
3 _ G (11)
; sl = Gl (1 ﬁ—)

I is the interference level as in the previous section.

For consistency with the interference model of the previous f

section, we remark the following. Egs. (10) and (11) are for the

PP

case in which the same energy-per-bit-to-noise-density is required
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for detection with equal error rates, by the repeater and by the
terminal; and when the repeater used a higher transmitter power. 1In
the more general case, one has to replace I in (10) by IT which will
designate the number of sets of terminals with which a transmission
from a repeater may interfere; and replace I in (11) by IR which will
indicate the number cf repeaters with which a transmission from a
repeater may interfere.

We assume again steady state system operation and use the con-
servation law at repeaters, i.e., S, = Sye This results in

G, = i (12)

m-1
1l - G1

One can now substitute (12) into (10) and (11) to obtain the through-
put as a function of one independent variable. For Sl' one obtains:
1-6 Y
S1 = Gl (13)

m-1
1 - G1

To obtain the capacity one can maximize either Sl or SZ' Equating
dsl/dG1 to zero, we obtain that there are three stationary points.

A minimum at Gi = 1 and two maximum values at

n2lald (2m+1-1) ¢ Vanz+ (z - 1)
- 2 (m - 1)

(14)

We now examine the constraints. For the system to be realizable,

0<G; <1;0<6,<m;1<I<m (15)

2

From Equation (14), one can see that the plus sign results in
Gl > 1, since

2m+I-1+‘/4mI+(I-1)2>2m+2(I-1)>2(m-1)
(16)
Furthermore, from Equation (12), one can see that when O <G

1 SO,
then 0 <G

o 2 m. Thus, the only realizable maximum is given by
Equation (13) with G1 as in Equation (14) when taking the minus

sign of the square root.
8.22
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Figure 7 shows the system throughput as a function of G2
for m = 6 and I as a paramet2r. One can see that there is a
high degradation in system performance when the interference level
I increases. Figure 8 shows the capacity of the system as a func-
tion of the number of repeaters m for the non-interference (I = 1)
and the complete interference (I = m) cases. When 1 < I < m, the
curve will be between the two shown. It can be seen that there

is a large difference in system capacity between the non-inter-
ference and the complete interference systems, and that this dif-
ference increases with the number of repeaters m. For I = 1, the
capacity of the system is (m (Vm - 1)2)/(m - 1)? which tends to

1l when m tends to infinity.

In the terrestrial system, the interference level depends on
the transmission power of the repeaters when transmitting to
terminals. Thus, it would be advantageous to use as low trans-
mission power as possible sufficient to reach the terminals, or
possibly an adaptive power mechanism.

Directional Antennas and Multiple Transmitters at the Station

This section is addressed only to a terrestrial system.

When the station uses a directional antenna, then its trans-

ez i g K T e

mission to repeater Ri does not interfere with Rj’ j #1i. Con-

g T

sequently, the average rate of transmission per slot to a single
repeater is Gl/m (assuming equal share of load). The only change
that would result in Equations (10) and (11) is the replacement

of Gl in Equation (10) by Gl/m. Doing so¢ and equating Sl and 52
results in G, = G, and:
1 2
3
e (L o et <1;1 < :
G, $
il = pwlag A5 \ §
S, = G, (1 R AR AIO B Gosm ;i 1 <I<m (18)

R R T el Ui o ey b L chee oty o s 0 i




The capacity of the system is given by

i oot

Figure 9 shows the capacity of the system as a function

of m for I =1 and I = m. The same curves for an omni-direc-

R L el

tional antenna are shown as a reference. It can be seen that

the capacity of the system with a directional antenna is sub-
stantially higher; in particular, when the interference level
is low.

We now address the question of multiple transmitters
and antennas at the station. Consider the capacity of the
system with a directional antenna at the station, Equation
(19). The maximum given by (19a) is a stationary point
whereas that given by (19b) is a boundary point at Gl =i 1y,
Also note that

1 I

L )

0T

>0 -, form<1+1 (20)
I +1 o]’

Thus, if one increases the domain of Gl' it would resnult

in an increase in system capacity, which will then be given
by Equation (19a). This is exactly what happens when adding
additional transmitters and antennas to the station. It
enables the station to transnit more than one packet into
the same "slot in time" and direct the packets to different
repeaters. In practice, if the station has several trans-
mitters and directional antennas which enables it to trans-
mit simultaneously in different directions, then one can

Network Analysis Corporation

m 1 I
1 - Pm< T+l 19
4 . TormeTe | T+T Lt} S (19a)
s, =
3 1
1-HT im>141 (19b)
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devise an algorithm at the station, which will properly
select the directions to which packets are simultaneously
transmitted, so as to further reduce the interference
level I (manage its transmissions).

Figure 10 shows the system throughput as a function
of the rate of transmission from station to repeaters (or
from repeaters to terminals, note Gl = G2). One <an see
that for I = 1 and I = 3, the maximum system capacity
cannot be obtained with a single transmitter and the value
obtained is at the boundary point at Gl = 1 and given by
(19b). Notice that when the number of repeaters is large
and the interference level is low, then there is a large
difference between the maximum capacity and the constrained
maximum capacity.

We now determine the minimum number of transmitters
and directional antennas needed at the station. If the
interference level I is constant then the unconstrained
capacity of Equation (19a) is increasing with the number
of repeaters m. Moreover, the capacity increases also in
the case that I is a linear function of m. For let I = km,

1/m < k <1, then the unconstrained capacity is given by

= m - 1l km
ST O mED L2
and
ds* km 1 km - 1

= (1 - ——x) > 0; for k > 0 (22)
dm e 1)2 km + 1 - -~

Since the capacity is increasing as a function of m, one
can obtain a capacity greater than 1 (see for example Figure

10, I =1). The minimum number of transmitters that can

L it
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i b Vs ) e e bt Lk v el st e e b Wogs 2




R T P g o S T

e TS —— L e e

i il T e R

Network Analysis Corporation

realize the unconstrained capacity is given by the rate
of transmission from the station to repeaters at which
the maximum utilization is obtained. That is:

r "
m

=
km + 1 = I

=
Minimum Number of Transmitters = T T (23)
where r-x k is the smallest integer greater than x. Equa-
tion (23) also implies that multiple transmitters will not
result in an increase in system capacity when the inter-
ference level is high, i.e., m < km + 1. It is easy to
verify that when the constraint on G1 is satisfied, the
constraint on G, is also satisfied.

By associating a cost value with a repeater and with
each additional transmitter at the station, one can formulate
a design optimization problem in which the system cost is
traded against the increase in capacity which it resul:s.

The results of this section demonstrate that a single

slotted ALOHA channel can be used (and reused) spatially to
obtain channel utilization higher than 100%.
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CONCLUSIONS

Our conslusions from the analysis are outlined.

A.

Transmission to Station

1, When the number of repeaters is small (the exact
number depends on the interference level), then the
critical hop in the network (the capacity bottleneck)
is from terminals to repeaters,

2. When the number of repeaters is large, the critical
hop is from repeaters to station.

& The 2-Hop network design which maximizes the sys-
tem capacity has 2 repeaters when the interference is
minimum, and 3 repeaters when the interference is max-
imum., Additional repeaters reduce system capacity.

4, The capacity of a 2-Hop network is higher than
that of a l-Hop network when the number of repeaters
is 2 or more, and is lower than the capacity of a
l1-Hop network when there is one repeater.

5. Directional antennas at repcaters increase system
capacity when the critical hop is from terminals to
repeaters. The increase is significant only in the
case when there are 2 repeaters, which do otherwise
interfere with each other. 1In other cases, the in-

crease in capacity is either insignificant or does
not exist.

8.31
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Transmission from Station

1. The interference of the station with the trans-
mission of repeaters to terminals reduces significantly
the system capacity. Thus, if possible, it is important

to enable terminals to receive such transmissions.

2. The system capacity reduces substantially when
the interference level between repeaters is increased.
Note that this is not the case when transmitting to
the station; compare Figures 5 and 8. Consequently,
in a terrestrial system, it is important to reduce
the interference factor by a mechanism such as adap-

tive power.

3. A directional antenna at the station in a terres-
trial system increases significantly, the system cap-
acity when the interference level between repeaters

is low to moderate. This is not the case when the
interference level is high, since the throughput on
the hop from repeaters to terminals is limited due to
this interference.

4, When the station has directional antennas, then
multiple transmitters and antennas may further increase,
significantly, system capacity. Note that in this

case, one can obtain a capacity greater than 1.

5. An equation for the number of transmitters needed
at the station is given. This number increases when

the interference level decreases. When the interference

level is high, then none of the devices in conslusions
B.3, B.4, B.5, are desirable, since the capacity is

limited by the throughput from repeaters to terminals.

8.32
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REMARKS :

Conclusions A.5 and B.3 which relate to directional antennas,
imply that directional antennas are generally not useful when devices
which use them direct transmissions to a single location in space;
because the interference at this location is not avoided. On the

other hand, directional antennas are very useful when oriented to

different azimuths, because one can take advantage of the spatial dis-
tricution of receivers.

8.33
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PACKET RADIO SYSTEM CONSIDERATIONS - CHANNEL CONFIGURATION

I. INTRODUCTION

Consider a communication channel which is shared by two in-
dependent sources of traffic in a broadcast mode. Source 1 is

generated by an infinite number of terminals, each with an infin-
itesimal traffic rate,

source. Source 2 is generated by a finite number of terminals

each with a finite traffic- rate. The terminals transmit fixed

size packets and access the channel using the so called "slotted

ALOHA" random access scheme. A terminal can transmit to any other

terminal in the system.

This model can describe the ALOHA system at the University of

Hawaii [1] or the Packet "adio System [6]. In the Packet Radio

System there is a large nurbar of terminals which communicate
Yy

with a small number of statiors. fThe terminals can be modelled

by the terminals of Source 1 and the stations by the terminals
of Source 2. The model is suitable for a Packet Radio System

in an urban area where a terminal can directly transmi*
station and where any t+vansm

to a

feres with all other devices.

Roberts [5] has shown that if all the traffic is contributed
by Source 1, then the maximum throughput which can be obtained

is 1/e of the channel capacity. Abramson [2] and Kleinrock and Lam

(3] have shown that the maximum throughput can be increased when

the traffic is composed of contributions from both Source 1 and
Source 2.

We approach the problem from a synthesis viewpoint. That is,

given Source 1 and Source 2, the question is whether one should

split the channel so that one part is used by Source 1 and the

other part by Source 2; or alternatively, should one use the total

Capacity in common. The criteria for decision are maximum through-

9.1
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put and average delay. We consider a channel split in which the
slots are partitioned between transmissions from Source 1 and
Source 2, however, all terminals receive on all time slots. It
is shown that the choice of channel configuration depends on the
number of terminals in Source 2, n, and on the ratio of packet
rate of Source 2 to Source 1, designated by a. Further, given n,
there is an interval of o for which a higher maximum throughput
can be obtained by splitting the channel.

The problem considered in this chapter was addressed in [7]

for n=1 but for several random access schemes; specifically, for
the nonslotted and slotted ALOHA and for the carrier sence [8]
random access schemes. The qualitative conclusions of [7] are

the same as in this chapter.
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II. PRELIMINARY ANALYSIS

A, The Slotted ALOHA Channel

In the slotted ALOHA random access mode, a channel is

partitioned into segments of time (slots) equal to a packet

transmission time. Terminals transmit their packets into random

slots in time. That is, there is no coordination among the

terminals as far as the choice of the slot is concerned; however,

there is a universal clock which enables each terminal to start

the transmission of its packet at the beginning of a slot. If

two or more packets are transmitted in the same slot, it is assumed

that none of the packets are correctly received and each of the

terminals will retransmit its packet at some randomly chosen future
slot.

Cne can see that the number of packets transmitted (the

channel traffic) is larger than the number of packets offered to

the system due to the retransmissions of packets which collide.

Let S denote the rate of packet originations per slot offered to

the channel, and G the rate per slot of packets plus retransmissions.

Assume that the two origination Processes are Poisson. Further
assume that the probability that a packet is blocked, given the

packet is new, equals the probability that a packet is blocked
given it is a retransmission e

B. The Single Source Case

If all the traffic is contributed from Source 1, Roberts

[5] has shown that the relation between Sl and Gy is given by:

1© (1)

Abramson [2] considered the case where all the traffic is contri-

9.3
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buted from Source 2 of n identical terminals and has shown that

G

- 2 S Nl
S, =G, (1 n) (2)

One can see that Eq. (2) takes the form of Eq. (1) when n > = ,
The maximum values of Sl and 82 are given by:

S, =318, = (1-3) (3)

The operation of the slotted ALOHA channel may become unstable [4].
In this paper we consider the steady state case, in which the offered

rate is also the throughput per slot or the utilization of the
channel.

C. Mixed Sources on a Common Channel

The performance of a channel which is shared by terminals
from Sources 1 and 2 has been analyzed by Abramson [2], and Klein-

rock and Lam [3]. The offered packet rate to the channnel is

Sl + 82, and the channel traffic Gl + G2. The following equations
hold:
G -G
= __2\n 1
Sl = Gl (1 _H) e (4)
G -G
2, n-1 1
= Nl >
SZ G2 \l n) e (5)
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III. MAXIMUM UTILIZATION OF THE SPLIT AND COMMON CHANNELS

Given Source 1 and Source 2, the question is whether one
should split the channel so that one part is used by Source 1
and the other part by Source 2; or alternatively, should one use
the total capacity in common. In this section we compare the channel
configurations in terms of maximum utilization. To obtain an
absolute comparison, we intrnduce the parameter of the ratio of
packet rates of Source 2 to Source 1:

S,

Q = e

S, (6)

We shall use the subscripts ¢ and s to denote a common
channel and a split channel, respectively; and the superscript *

to denote the optimum or maximum values. The total given capacity

will be assumed as one unit and (Cl, C2), Cl + C2 = 1, will denote a
channel split where the fraction Cl is assigned to Source 1 and
the fraction C, to Source 2. Given an arbitrary split (Cl, C2),
the maximum utilization of the configuration is given by:
B S* ©
Cl(l+a)Sl FRCLIE <SR i 2 (7a)
S*= Sl Cl
1, > s> c
C2(l+§)S2 ol i 2 (7b)
S

Corresponding to Cl and C2 being saturated respectively.

If o is known one can split the channel optimally to obtain the ¢
highest maximum utilization of {he total capacity. It can be %

shown that the optimum split (C¥, CE) satisfies the following
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equation:

ch s
[}
2 = U5
* * (8)
<) S,

Corresponding to both channels saturating simultaneously.
If the channel is optimally split, then the maximum utiliza-
tion of the total capacity is given by:

l1,n-1
* P * % (1+a) (1-3) ( 9)
SEU=BCIES Gy 8 = I
s i =3 202 l,n-1
e(l-=) + o
n
* 1
Note from Egq. (9) that when o - O, Sg 2l and when o - o,
* =
SR
s n

The total utilization of the common channel configuration is
given by the summation of Egs. (4) and (5).

=G G G

L 1L 2t e =" 2
S.=e (1 n) [G2+Gl (1 n)] (10)

To obtain the maximum of Sc' cne has to maximize Eqg. (10) subject

to the constraint SZ/Sl = a. Alternatively, we can use the condition

of the channel traffic at the maximum utilization obtained by
Abramson [2]. Doing so, we obtain:

% -G G* GARGE
A¥ 2 1(1__%)n 1L 1n 2, (11)
where,
* _n + a(n+l) —‘V [n+a(n+l)]2-4a2n
G, = (12)
2 20
and,
*—l_G*
Syl 2 (=)

2 b
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Figure 1 shows the comparison between the maximum utilizations
* *
of the two configuraticns SC and SS. It is shown as a function

of o with n as a parameter. The values of n used are 1, 3, and o,

and the split Cl = C2 = 3.

From Figure 1, one can see that for a given n, there is an
. . , : . L ;
interval of o such that within this interval SS = Sc' and outside
* *
of the interval SS < Sc‘ Furthermore, the interval discussed

decrcases when n increases and constitutes a single point when
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IV. DELAY CONSIDERATIONS

It is clear that when a is within the interval discussed in

the previous section, the split configuration is better than the

common configuration in terms of maximum throughput and average

delay, since an infinite delay is obtained in the common configura-

tion before it reaches the maximum utilization of the split con-

figuration. The average delay of a packet from Source 1 will usually

be different from that of a packet from Source 2. 1In varticular,

in the split configuration when the maximum utilization is obtained,
one channel is saturated (infinite delay) and the other is not;

except for the optimum splitting o for which both channels saturate
simultaneously.

The average delay in this system is composed of the delay when

the first transmission is successful plus the average number of re-
transmissions times the average delay per retransmission. A
terminal in Source 2 also encounters queueing delay.

We show curves of delay vs. throughput for several parameters

We consider a terrestrial system in which propagation delay
is ignored,

a&

and use all the assumptions given in Section 1. The

average delay equations in units of slot times used are the

following: G.-S

D, = 1.5 +(—=—1y % (14)
1 5
1
G G G.-S
¢ ) 2 278,
D, = 1+.5 (1 —-—n)+2(l_G2/n)+( Sz)k (15)

where k is the average waiting per retransmission. The value .5

is added to represent that when a packet is ready for transmission,

the terminal will wait one half slot, on the av<¢rage, until the

beginning of a slot. The third term in Eq.
queueing delay at terminals of Source 2.

(15) represents the

When writing the gueuing
delay we assume that packets arrive accerding to a Poisson distri-
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bution and require constant service time equal to the packet trans-
mission time (an M/D/l queueing system). Note that when n
then Eq. (15) takes the same form as Eq. (14).

The delay equations hold for the split as well us the common
channel configurations. However, if one assumes the same packet
length in each case and the slot time on the common channel is one
unit, then the slot time on the split channel will be l/Cl and
l/C2 for the respective channels. This has been taken into account
when showing the delay curves.

Figures 2, 3, and 4, show the delay as a function of throughput

for « = .5, o = 2.5, oo = 10., and for n = 1, 3, and «, Other
parameters are Cl = C2 and % and k = 4. From Figure 1, one can see
* *
that o = .5 and o =10. corresponds to the case where Sc > Ss; on
* *
the other hand a = 2.5 corresponds to the case where Sc < SS. The

throughput shown is the sum of both sources and the delay is an

average of Dl and D2 weighted by the throughputs of the sources.

* *
One can see that when Sc > SS the common channel configuration
results in lower average delay for all values of throughput (for

* *
the same value n). On the other hand, if SS > SC (Figure 3), there

are operating points, for example when the throughput is .55, where

the split channel configuration is better both in throughput and :
delay. However, even in this case, when the system operates at E

low throughputs, the common channel confiquration results in lower

values of delay. This is due to the differences in the slot times.

okl mllle -
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V. CONCLUSIONS

We relate the results obtained to the Packet Radio System.

If one assumes that a packet which originates from a terminal will
always be directed towards a station then o has the practical
meaning of the average number of response packets from station to
terminal for every packet which is successfully transmitted from

a terminal to a station.

It is demonstrated that if this ratio a is known, then one
can split the channel into two to obtain a higher maximum utili-
zation of the total channel capacity. It is also shown how to
split the channel. However, if the channel is split and ithe system
operates at low values of throughput, then the average delay is
higher than would result from operating in a common channel confi-
guration. Another conclusion is that if a is not known, or if it
varies, then the common channel configuration will be better in
terms of throughput and delay.

Finally, we note that the system analyzed models the Packet
Radio System when there is no coordination among the stations in
choosing the slot, so that packets from two stations can cnllide
on the same slot. In practice, hovever, one may consider having
signalling channels among the stations to obtain the above coordin-
ation dynamically. 1In this case, the set of stations has to be

considered as a single source; that is, n = 1.

9.14
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AREA COVERAGE BY LINE-OF-SIGHT RADIO

I. PROBLEM FORMULATION

We are concerned with line-of-sight coverage of an area where
mobile terminals or fixed terminals are transmitting by radio from un-
specified locations. The problem is to locate repeaters so that
any such terminal will be in line-of-sight ¢f repeaters and that
there be reliable connections between every pair of terminals
(and repeaters). More precisely we wish to minimize the in-
stallation cost and maintenance cost of the repeaters subject to
a constraint on the reliability of service.

In general, determining if line-of-sight micro-wave transmission
between two points is possible, involves taking into account many
factors including wave-length (Fresnel zones), weather conditions
(effective earth radius), antenna design, height, topography, etc..
Nevertheless, we shall assume that there are known functions L(r,t)
and L(rl,rz) that are 1 if a repeater at location r can communicate
with a terminal at location t and if a repeater at location r
can communicate with a repeater at location r, respectively and
are 0 otherwise.

From purely topographical considerations it is obvious that
the "flat terrain" problem and the "hilly terrain" problem should
be handled seperately. For "flat terrain" the problem is homogeneous,
i.e. installation costs, maintenance costs can be assumed equal at
all locations and the transmission properties are identical at all
points. The "flat terrain" problem is discussed in Section 3;

a model is suggested for which we compute an optimal solution.

The primary concern in the ensuing paragraphs is with the

"hilly terrain” p:oblem. By that one should understand hilly

10.
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topographies as well as flat topographies that cannot be viewed as
homogeneous from a cost or transmission viewpoint.

In "hilly terrain" it is impractical to consider all possible
locations of repeaters and terminals, which theoretically are
infinite in number. We shall limit ourselves to a finite set R
of possible repeaters locations and a finite set T of'possible
terminal locations. How the set R and T are chosen will be of
great computational importance and will probably be chosen adaptively.
But for the time being, we assume R and T known and fixed.

The principal and inmediate interest is in an appropraite
mathematical model of the situation and some indications on how
to solve the problem. The first problem is the proper choice of
reliability measure or grade of service. We assume that the radio
network is for local distribution-collection of terminal traffic
with rates small compared to the channel capacity so that through-
put capacity is not a constraint. That is, if any path through the
network exists for a given pair of terminals we assume there is
sufficient capacity for traffic between them. Possible measure
of network reliability that have proved useful in the analysis
of communication networks [13] are the probability that all terminal
pairs can communicate and the average fraction of terminal pairs
which can communicate. However, for network synthesis as distin-
guished from analysis these approaches appear too difficult both
from computational and data collection points of view. This sug-
gests the "deterministic" recuirement that there exist k node dis-
joint paths between every terminal pair. This guarantees that at
least k repeaters or line of sight links must fail before any
terminal pair is disconnected. Let the cost of a repeater at
location r € R be c(r) and c(R°) = & {c(r)|reR°} where R°CR. Then
we can formulate:

Problem I: Find R*CR minimizing c(R*) subject to the corn-
straint that for all t T and r & there exist k ncde disjoint

10.2
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paths from t to r in the network N (t;R*) where
N EmR &)= [R*U{t},{(rl,rz)|L(rl,r2)=l}u{(r,t)!2(r,t)=l}]

One might demand only that there be k node disjoint paths
between every pair of terminals instead of between each terminal-
repeater pair, but we are assumming that communication always
takes place through a "station" which could be any of the repeaters.
The analysis of the terminal to terminal model is similar in any
case.

The following two propositions motivate a new Problem II,

Proposition 1: [{x|o(r,t) = 1}NR*|>k.

Proposition 2: For all r ¢ R*,|{r,|L(r,r))=1}]|>k-1.

If for each r ¢ R there exists t ¢ T such that 1(r,t)=0 then
l{rlIL(r,rl)=l}lik.

Problem II: Choose R* C R to minimize
C(R*) subject to:
1. For all t € T,|{r|2(xr,t)=1}"R*|2k
(the k-fold set covering problem).
2. For all r.,r

LY T
paths connecting ry to r,.

eR*,rl # Ty there exist k node disjoint
(the minimum cost redundant network problem).

The virtue of IT - as compared to I is that II is an amalgam
of two well studied network problems, the set covering problem
[7] and a problem closely related to the minimum cost redundant
network problem [l11]. We can then attack the problem using pre-
viously developed techniques.

Problem I and II are related by:

Proposition 3: Any R* satisfying the constraints of II

also satisfies the constraints of I.

10.3
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Proof: Suppose R* satisfies the constraints of Problem 2 and
violates those of Problem I. Then there exists a terminal t0 and
a repeater r such that there are not k node disjoint paths connect-
ing them in N(tO;R*). According to the Menger Graph Theorem (8],
there are k-1 repeaters LyreeesXy g not including r, such that when
these repeaters are removed from R* there is no path from t to rye
But this leads to a contridiction. Removing k-1 repeaters cannot
disconnect t0 from the net by 1 of Problem II. Thus, there is an
arc (to,r') with (r',t°) = 1. Similarly, k-1 repeaters cannot dis-

connectA et o r by 2. Thus, there is a path from t, to r.

0
The converse 1is not necessarily true; that is, there may be
feasible solutions to I which are not feasible to II. Figure 1

depicts a counter-example to a possible converse for k=2.

FIGURE 1

However, by Proposition 3, solving II is fail-safe in the sense
that the solution obtained will always be feasible for Problem 1.
Feasible solutions to I which are not feasible in II will be
quite rare. In order for this to happen, there would have to be
two repeaters r; and r, in R* (where R* is an assumed solution to
I) for which there are not k node disjoint paths joining them yet
for which all terminals in the vicinity of r, can communicate by k

node disjoint paths with r, and conversely. This does not happen

unless there are very few terminals and many repeaters near r, and

r, which from the physical nature of the problem is highly unlikely.

On the other hand, as pointed out above, artificial counter-examples

to a possible converse of Proposition 3 can easily be constructed.
10.4
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IT. COMPUTATIONAL TECHNIQUES

The following problem will be referred to as a k-cover problem.

Let N be a bipartitie graph with edges E and nodes (R,T). The edges
E connect nodes of R to nodes of T. Then the following is a k-cover
problem:

Find R*CR such that valence of each T-node in N* is at least k
and such that the cardinality of R* is minimum (number of elements

of R¥), where N* is the subgraph obtained by deleting all nodes

R\R* (where \ indicates set difference) and all edges connected to
these nodes. This is also known as the «-width problem [4], [10].

The 1-Cover Problem is the classical set covering problem. Ex~

tensive research has been and is being done on the l-cover problem,
see e.g., [7] and references mentioned therein, se= also (1] (A

special case of the l-cover problem is the simple covering problem

where each R-node is connected to exactly 2 T-nodes. For this pro-
blem algorithms are known that are "efficient" i.e., with known poly-
nomial bounds on the number of operations [7]. So far, practice

does not seem to have singled out a "best" algorithm to solve the
general l-cover problem. But in any case, those available seem to

be much more efficient than solving the problem as a straight integer

programming problem.

a. Every k-cover problem is equivalent to a l-cover problem.

To establish the assertion let us consider the case
when k=2. The generalization to arbitrary is
important but it is easier to see the proof for

the case k=2.

10.5
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Let us consider a bipartite graph constructed

I O e SR oa—

in the following manner: Start with a 2-covering
problem. Let L be the number of elements in R.

Take L copies of the T-nodes. Connect node r, to

: ali copies of node tj (if L.y tj) E of thihZ—cover
: problem, except for the copy of tj in the i copy
QLT (See Figure 2.)

T lst copy

SRR - v (L . W o g T T
=

[ ]
| J
. 3
3 [ J b
C') |
: = :
i ° W jth copy !
®
® I':
[ ] E
. : o |
3 L ° 3 T, sopy ]
i - ot ’:
, FIGURE 2 ;
J; We call this problem the l-cover problem generated
1 by the 2-cover problem.

Proposition: Every solution to the 2-cover problem yields a

solution to the generated l-cover problem and conversely.

In particular, the optimal solution of the 2-cover problem

yields an optimal solution to the generated l-cover problem and
conversely.

10.6
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Proof: The first part (a 2-cover solution yields a solu-
tion to the generated l-cover) is trivial. 1In the other direction,
suppose the nth copy of t. is "covered" by node r. the r.e optimal
l-cover of the generated i—cover problem, but in the ith copy, t.
must be "covered" by another node in R. So every node is "covered"
by at least 2-elements of R. The optimality statements follows
readily.

For k-covers (k>2) a similar proposition can be found but then
the number of copies of T needed (L in these case) go up exponen-
tially. (We suspect that this type of transformation is similar
to reducing general integer variables in integer programs to 0-1

variables.)

Important remarks: If the problem is formulated as a k-cover

problem, one should realize that by the above results one might
suspect that the k-cover problem is much more complicated than the
l-cover problem. This is corrobarated by the experience with in-
teger programming algorithms. The only class of proklems which
can be solved with any form of computational success are those

involving only 0 and 1's.

b. The Covering Problem as an Integer Program. Let A be a

(T,R) matrix (where the rows correspond to terminals and the
columns to repeaters). The size of A is |T|x|R|. We have that
aij = 1 or 0 depending on whether terminal 1 is "visible" or
not to repeater j . In terms of the bipartite graph N, the
entry aij = 1 if there is an edge between nodes r, and tj’

the entry aij = 0 otherwise. We can then formulate the k-cover

problem as follows:

Min ij
(I.P) such that £ a,. x. >k i=1,...,[T|

with

e Caad s iR s e il Dt deoi an B SGECE S Ml el e i Ll s

oo s e ot o
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This i. an integer program (sometimes called a program in
boolean variables). A number of algorithms to solve integer
programs are known. See [7] for a sur’ey. These algorithms offer
little hope in solving the location problem arising in the Packet

Radio project in that |R| and |T|, i.e., the number of variables

RO S S Sl

and the number of constraints respectively, are much too large
i for existing methods for k-cover problems.

C. Approximate to the k-cover Method by Linear Programming:

The integer programming problem formulated above can be
replaced by a linear program

Minimize ;x.
J
(L.P.) such that I ajy x5 2k i = Tt b gy 11 E |l
J
0_'_<_xj_<_l

Where the constraint xj = 0 or 1 has been replaced by the
constraint 0 2 Xj <1l. The difference is obvious, the solution to
(L.P.) will contain fractional values, bu: we note that if a
variable is "profitable", it will usually be made as large as
possible. The constraints ; aij X jik do not generate upper
bounds on the xj's. Thus ore might expect many 0 and 1's in
the optimal solution of the L.P. problem.

An upper bound for the optimal solution to the (I.P.) integer
program can be obtained by "pushing" all the fractional x.'s
appearing in the optimal solution to 1. Obviously, that yields
an upper bound on Min ij. The optimal solution of (L.P.) yields
a lower bound.

There are many ways to improve the above solution. (without

actually going all the way to integer programming). Let us
suggest two.

10.8
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Scheme 1. Let xOPt be the optimal solution of the (L.P.)
problem. Set xf = 1 if xOPt - 1 and xf = 0 otherwise.
J ]
Let k*i = Max {O,k—Zaij xg}. Construct A* as follows: Remove
from A all columns J such that x*, = 1 and remove all rows with
k*. = 0. Set k* = {kflkf # 0}. You have now a reduced problem.
i i

It is again an integer program.
Min Zx.
J
(I.P.S.1) s.t A% x > k*

X. = 0 or 1
J

The problem ig substantially reduced in size. We can now

use an integer programming algorithm.

Scheme 2. Once the solution to the L.P. is obtained. A
branch-and-bound algorithm can be developed to be continued until
a sufficiently small difference exists between the best solution
and the smallest upper bound obtained so far. Note that by the
remarks preceeding Scheme 1 it is always very easy to obtain
upper and lower bounds.

There is also the possibility to use "integer cuts", see
[7]. This is integer programming. However, there is a possibility
that for k-cover problem, good cuts can actually be constructed
and recognized. That is one direction of research (that might be-
come imperative) but which has not been pursued. Success in char-
acterizing cuts has been achieved in the past for highly structured
problems, see [2] and [5].

d. A Network Flow Problem with Concave Cost! For the

sake of completeness we record one other formulation. The
problem is to find a feasible flow (in the network to be
described below) at minimum cost. One possible advantage is

the potential use of algorithms specifically developed for
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fixed charge problems or branch-and-bound methods on nets, see e.g.,
[9] and [14]. We consider the bipartitie graph N as described in
the beginning of this section (2), Figure 3 to which we add a source

s and a link S. Let f (x,y) be the blow between nodes x and y, we

have the following constraints:

£ (x,y) >0 for all x,y

£ (s,y) < c(s,y) for all y € R

£ (x,8) > p(x,8) For all x ¢ T
and f (x,y) integer

The upper bound ¢ (s,y) is set equal to the valence of y ¢ R
minus 1 and for all x ¢ T,p(x,S) = k. The cost aif eyl =0Nfor

all arcs except for arcs (s,y), y € R where.

alf(s,y)]
alf(s,y)]

if f(s,y) = 0

otherwise.

FIGURE 3

BIPARTITE GRAPH WITH SOURCE AND LINK

10.10
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e. A Heuristic Approach to the k-cover Problem. Given the

limited success of integer programming algorithms in solving

Pl Dome Bl o L B Ll b L bl ool el ? =

large scale problems, we have been led to consider heuristic
methods to find yood solutions to the k-cover (of terminals

by repeaters) problem which is typically large scale. It is
intuitively appealing to consider a terminal as particularly
critical if it is adjacent to few repeaters. (In the extreme

Cuses, if a terminal has fewer than k adjacent repeaters, the

B PR PRI - - Ty e v L AN L L —

problem is infeasible and if it has exactly k adjacent repeaters,
all of them must be chosen for any feasible solution.) Similarly,
a repeater is desirable if it is adjacent to a large number of

i terminals, especially if the terminals are highly critical.

; The heuristic algorithms described below systemizes these in~

tuitive notions in the search of a "good" solution.

e A A RS i

; Again, consider the problem in matrix form, but this time

: we imbed the problem in a more general class where we can require
a different cover multiple for each terminal.
problem is:

The more general

I.P.H.) Min I_x.
( ) §¥57

T 153 18 )%
1Y) S
with xj =0 o

such that Zj a

H
[

where ki represents the cover multiple required for terminal 18 3
If ki < 0, then no repeater is needed to cover terminal i,

One iteration of the heuristic method consists in passing
from a problem of the type (I.P.H.) to an "equivalent" problem

by fixing one of the variables, say Xo s as its upper bound 1,

and putting the index s in an index set J. This implies the

selection of the corresponding repeat.c. The new problem,

TORpTE
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denoted by (I.P.H.)n is obtained from (I.P.H.) by adjusting

3 the matrix A = [aij] and the cover requirement vector k = [ki]
; as follows: the column A® = [aiS] is deleted from A and the
adjusted vector k is given by Ei = ki - agg- The variable

Xg no longer appears in (I.P.H.)n. The algorithm terminates
if at any iteration it is recognized that for the adjusted A
and k, for some i, Zj aij
or as soon as all the adjusted ki, i=1,...,T, become non-

< k;, the problem is then infeasible;

positive. In the latter case, the problem is feasible, the

adjusted problem is optimized by setting all remaining xj =0,
(for § £ J). A feasible solution x to the original is obtained
by setting §j =0 if j ¢ J and ij = G MU T eV ee EOEL %

is called the heuristic solution.

The equivalence of the new problem (I.P.H.)n and the earlier
version (I.P.H.) depends naturally on the choice of the variable
Mg If X is 1 in an optimal solution to (I.P.H.), then the two

problems are equivalent in the sense that;
Min of (I.P.H.) = [Min of (I.P.H.)n] + 1

Equivalence of the set of optimal solutions is guaranteed

only if = l in every optimal solution of (I.P.H.) (we must

ignore Hg when considering optimal solutions to (I.P.H.)).

The selection criterion to choose a variable at each
iteration X (or equivalently the index s) to be fixed at
value 1 can be viewed ¢s a function, called o, of the adjusted

matrix A and vector k with values in the index set {j}, i.e., )

c: (Ak) s , s e {j}.

10.12
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There obviously exists a function o - a selection criterion
which will guarantee the equivalence of (I.P.H.)n and (I.P.H.)
at each iteration and consequently, the optimality of the re-
sulting heuristic solution. However, applying this
function o to ([A,k] might involve no less than solving (I.P.H.)
We use a heuristic motivated by the considerations mentioned
at the beginning of this section. The adjusted A and k are
used to compute the "probability" that a given xj belongs to
the optimal solution, by this we mean that to each column of

the adjusted matrix A we associated a nonnegative number wj
such that;

Pj = wj.(Z wjlj £ J)—l

represents very loosely speaking - the probability that xj be-
longs to the optimal solution. We select Xgr S £ J if PS EARE
for j £ J or equivalently if w2 wj for 3 £ U. The selection
criterion o will be completely determined if we specify a
method to compute the wj,

In the selection of these weights wj, we must take into
consideration the effort involved in the computation as well

as the reliability of the resultant selection. We have used
four such weights:

We first define; %

i |1 02 [|ki| + k] :

Observe that k; =0 if ki 0 and ki = ki otherwise.

We set:
k*
o) (a,x) = L, (— % —5 ) A
J 1 1]
L, a,, - k.
2 i 1

10.13
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*
k.
(2) il .
W A,k) = ), (——) a.. J
xj()il(xa)l] 7
¢ 1%
(3 a,x) =T, L -) a sl Al
] LN e 1]
< 1. 1
(4) 1
Ak) = ). g J
3 ( ) g T a ) i3 ]
o0 gLt
The entries between parentheses ( ) in the definition of weights
*
.., measures how critical terminal i is. If ki = 0, the terminal
* *
does not need covering then ki/(ijCJ aij - ki) = 0 (for our purposes
OV =R=R 0} O ikt c N e hand, if zj aij = ki, namely there are

exactly enough repeaters to cover the terminal then the weight is

infinite. A repeater will be preferred to another one if it covers

more critical terminals.

Computational Experience: The size of test problems solved

varies from problems with as few as 5 repeaters and 5 terminals to

problems with as many as 400 repeaters and 400 terminals. Roughly

speaking, the computation time was directly proportional to the

size of the adjacency matrix A and the cover multiple required. The

computer used was a PDP-10 (time sharing). The larger problems

(400 repeaters, 400 terminals, 2 - cover) were solved in 70 sec. or

less. The time, as may be expected, 1is dependent on the density

of 1's in the incidence matrix A. Thus, the maximum time recorded

arose from terminals - repeaters configuration where each repeater

covers many repeaters. The running time is of the order of{TIx]Rl2

where |T|and |R| and the number of terminals and repeaters respectively.
We ran a number of problems with the heuristic code and for

comparison with the Ophelie mixed integer programming code running
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on a CDC 6600 computer.
method.

The Ophelie code uses the branch-and-bound

In the case of very simple problems (8 repeaters, 9 ter-

minals, 2 - cover) there was essentially no difference in running

time (presumably most of the time, less than .5 sec,
setting up the problem).
problem described in the

between the Ophelie time

was spent in
Running experience with the Steiner triples'
next section, yields a ratio of 500 to 1
and the heuristic code time when solving
the smaller problem A27 (117 terminals, 30 repeaters, 1 - cover),
and no comparison is available for the larger problem A45 (330 ter-
minals, 45 repeaters) since for example the MPSX code failed to
reach a solution in more than one half hour on a IBM 360-91. *
Comparison in running time is naturally not completely valid,
since most of the computation time in the Ophelie code can be spent
just chiecking if a given solution is optimal. The heuristic method

does not try to check the optimality of its solution.
general .

However, in
results with the heuristic code have been eXtremely good

When the heuristic solution deviated from the optimal solution, the
problem usually involved numerous ties for the maximum w§2)2=l 2,3,4
such as in the Steiner triples' problems.
cenerated to resemble

In all problems that were
the packet radio terminal - repeater problem,
the heuristic algorithm reached the optimal soluticn (in those problems
for which we are able to determine the optimal solution).

The running time was unaffected by the choice of any of the
selection criteria but for "hard" problems,

we obtained consistently
better solutions when using w;l) and w§2)

rather than w§3) and w;4)

The Steiner Triples' Problem: Fulkerson, Nemhauser and Trotter

[6] report on two covering problems which they characterize as com-
putationally difficult.

In each problem, the ma*rix A is the inci-

dence matrix of a Steiner triple system. The first problem, labelled

A27 is a l-cover problem with 117 terminals and 30 repeaters.

* Private Communication, R. Fulkerson, June, 1974.
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The second problem, labelled A45, has 330 terminals and 45 repeaters
and is also a l-cover problem. Data for both problems can be

found on pages 9 and 10 of [6]. The problems are considered to bLe
difficult because the large number of verifications (branching in
branch-and-bound, cuts in cutting methods) recguired to establish

that a given solution is in fact optimal.

_a ol - mde o abs A o _adiBes ol Lp B e ao Rt Doiianiad o bh i i i Bk DR R

In our runs, the variable to be fixed at 1 (the selected repeater)

at each iteration was selected by using the criterion resulting from

(2)

2 using weights wj - In the case of ties for the maximum weight w.,

RO e Rl

the variable with smallest index was chosen. Due to the inherent

symmetries present in these problems, numerous ties did occur. For

R R Ty

example, all weights are ecual in the first iteration. Thus, the
tie breaking rule plays a relatively important role in the selection
of a solution. We solved both problems 100 times breaking ties by
random selection among all tied variables.

Th= freguency of the values generated by the heuristic solutions

is recnrded in the table below. In all cases the heuristic obtained

the optimum solution for the smaller problem A27.

Heuristic
Minima 30 31 32 34
o]
A45 3 44 29 24

The total running for 100 solutions for A27 (including the generation

of random numbers to break ties) required less than 1/5 of the time

required to solve A27 by branch-and-bound (even giving the optimal

solution as a starting solution as recorded in [6]. Approximately

5 sec. were necessary to obtain a heuristic solution to the larger

10.16
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problem A45. (The branch-~and-bound algorithm failed to produce

a solution to A45. H. Ryser has conjectured that the optimal

solution to A45 has 30 repeaters [10].

R S ot i i e
S b S o s

How Accurate is the Heuristir Method: Unfortunately, we can
not obtain significant bounds on the error for the heuristic method

using any of the weights wép’P l,...,4(that determine the selection
criterion.) We give here an example,

developed in collaboration with
Professor Robert Bixby which shows that the error can be arbitrarily

large. The example is a 1 - cover problem. Let T or*++T be dis-

joint sets of indices with the cordinality of IT | =2, set T =

iJTi. Terminals are all pairs of indices (e aL), and (t, 2) with

t € T. There are n + 3 repeaters. Repeaters R A= O e
connected to all terminals with indices (1= ¢ 10) and (ER2) W st e T

Repeaters Rn ' and Rn + p are connected to terminals with Jndlces

{(t, 1)t e 7} and {(t, 2) |t € T}/ respectively. For n = 3, the
matrix A appears on the next page.
Observe that each row contains exactly 2 nonzero entries, thus

Zj T 2 for all i. It is easy to verify that

g il !
= 2|7 = o j =

j aij (2 — l) - 0'...'n

and

& n+1
‘e 1T e 2 T Ly Ay =] T =2 Rl
=0
Selecting the variable (index) with maximal weight implies that

the choice will be repeater R . Eliminating X, and the correspond-

ing column as well as the rows corresponding to terminals covered
by R + we obtain a new problem of exactly the same type as the orj- i
glnal problem. The previous argument is independent of the value

10.17




VBT AT Y T S ey,

N

Q

S
\ +
W, S
: &
; Q [
; Q ;
! & ;
O 1
i ) E
: 2
4 = B
3 g 3
] S I
; < 3

- — g
: Q
F w3 3
,. 3 _ :
* T T E
: ja g f 74 4 4 4 A4 A A4 A4 A A ] A4} ~ ;
L R4 —{— 1 S o I R B ) B e A ;

r-p-

llllllll—llllllll

N 4 < ~ g g i

10.18

— —

MATRIX A

RQ Rl,R R3
s
1

1)

(T
(Ty,1)
)
(T3, 1)
(T5,2)
(Tl,2)

1

E o . " o R I . e s P e A " o i By BT e e el
Y T T it Tl W U S gy SUNT T T 177 e M B R e e v " et




E.
r
g
;

B R MR e VR o e et Ll S D it s e e

Network Analysis Corporation

of n, which implies that repeater Rn LS will be selected next,

and so on. The heuristic solution is thus given by

RS A LSl Thea i SR B R R =120

xn = Xn $ ] T eeeess = xO = 0 and xn A ) S xn e 1| B 1

The value of the optimal solution is 2 whereas the value of the
heuristic solution is n + 1. (The same arguments apply for all the
(2)

weights wj 2=1,...,4, which we use to determine the selection cri-
teria).

The example shows that there are problems for which this heur-
istic method fails to produce an optimal. By itself, that is not
surprising, since it is a heuristic method with no guarantee to
generate the optimal solution. But more interesting is the fact
that it is possible to find problems for which the error is arbi-
trarily large.

Typically, however, the example is not in the category of pro-
blems that one expects to encounter in the location of repeaters
for a packet radio system. There are no ties, at any iteration,

but near-ties. At each step we almost choose R and R

n+1 jol. op 'Y
in the sense that for all n, Rn + ] and Rn + 2 would be the second

choice.

9 The PaAl Example. One of the test problems used to
compare various techniques to solve the k - covering problem, is
the PaAl problem. This problem was generated by using real data
obtained from a topographical map for the region of Palo Alto.

This part of the U.S. was selected because it contained many inter-
esting topographical attributes: a flat terrain (salt flats, the

10.19
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region surrounding the Bayshore Freeway), an urban center (Palo
Alto and neighboring communities) on slightly sloping terrain

and finally a hilly region (with valleys, small plateaus, etc.).
Moreover, at this time, it appears that a reduced scale experiment
of a packet radio network will be installed in the Palo Alto area.
The purpose of this section is to give a description of the design
of this model.

Location: We decided to limit the investigation to the area
covered by the topographical map known as the Palo Alto Quadrangle,
California, 7.5 minute series (topographic), U.S. Department of
the Interior, Geological Survey or eqguivalently to the area lying
between meridians 37° 22' 30" N. and 37° 30' N. and longitudes
E228 N TSMWaRAnd 1222007 L &5,088 Welic o'e Figure 6.

Terminals and Repeaters: The map was divided in 180 cells

(squares) obtained by dividing the meridian direction (height) in
15 equal parts and the longitudinal direction (width) in 12 equal
parts, see the map rep.oduced below. Each rectangular subregion
measures .9356 km in height and .9356 km in width which yields a
total surface area of .87533 km2 (or approximately .35 milesz).

Forty two (42) locations were singled out as potential loca-

= ik ey o el as JERSC

tions for repeaters. 1In the hilly part of the map, the Southwest
region, the high-points were selected, such as top of hills, loca-

tion of water towers, smaller but prominent points overlooking

valleys, etc. 1In the city, a number of high rise constructions
were singled out as potential location such as radio towers, high

rise apartment or office buildings, etc.

Connections Between Terminals and Repeaters: By definition,

a cell i was declared to be covered by repeater j if a terminal

located at the worst possible location in that cell i was in line

10.20
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of sight (LOS) of the repeater j.

that a repeater located in a given cell k covers cels iy NIbuiEl
repeater located in cell J did not cover cell k) .
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LOS Computation:
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(In some cases, it turned out

To determine if a terminal at location j

can be seen from a repeater at location k,
It was assumed,

WPRLC A THROR P W Y T o T ke
e i

water tower,

that if no particular hich construction (

we proceeded as follows.

building,

it would be installed at 30 feet above the ground level (
use of a tree, telephone pole, EEEn M

etc.) was available to install the repeater's antenna,

making
The terminals were assumed

to be 5 feet above ground level.

Lt s

The points were said to be in

3 these two points was free of any obstacle.

Fresnel Zone =

5 ft. terminal

LOS if the first Fresnel Zone associated with transmission between

30 ft. repeater

FIGURE 4

———

To compute the Fresnel Zones,

repeater are assumad to be 5 km apart.

page, we give the radius for certain cross-
Zones (A = .2m).

) kil

0 2 oyt damemiog g 2o M u G i
e it L i TR
B s e gl Rkl

we sssumed that transmission would
occur at 1500 MHz corresponding to a wave length A

We give here an example of such a Fresnel Zone,

=R2mi (287 n e )
transmitter and

In the figure on the next

sections of the Fresnel
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Transmission radius is supposed to he less than 20 km (not
an upper bound here since the greatest distance between any two

points in this region is less than 18 km). 1In the urban area

the maximum transmission radius was assumed to be 7 km,

Cover Multiple: 1In view of the fact that the region selected

was a subregion of the area to be covered eventually by the packet

radio network, we made some arbitrary decisions as to the boundary

cells. Since they will probably also be covered by repeaters lo-

cated outside the Palo Alto Quadrangle, we are recguiring that these

i

boundary cells be l-covered rather than 2-covered as the other cells.

Computational Results: The PaAl problem, descrihed above was ]

solved by the heuristic algorithm, given the code name SETCOV, and ;
by OPHELIE. (A rapid analysis of the terminal-repeater adjacency ;
matrix shows that none of the optimal solutions would have been
generated if one had used the more simplistic approach of sele~ting ?
the repeater with highest adjacency degree. Such a selection yields |
quite different answers requiring a larger number of repeaters). ;
For the PaAl problem, the optimal solution recuires the install- .
ation of 14 repeaters (different runs with SETCOV showed that there

were in fact a number of optimal solutions with 14 repeaters). The 4

total running time for OPHELIE was approximately 12 CPU sec. excluding ,
set up time. The SETCOV required 3 sec. to produce a solution. :
The relative success of the OPHELIE code must, at least in part, be
attributed to the fact that the linear programming solution (which

is used to initiate the branch-and-bound part of the code) is actually
the optimal solution. (If this is just an isolated phenomena to be
associated with this particular problem or is actually a characteristic
of this whole class of problems is not known). One optimal allocation
of repeaters consists in selecting sites: 4, 5, 7, 11, 15, 17, 18,
gkl Edn 20 n |58 #ip e <k

o s
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We also solved a variant of the model described above. The
presence of (small) ridges in cells 8, 23, and 54 combined with
our model design rule - a cell is covered hy a repeater if the worst
location is that cell (subregion) car communicate with that repeater -
renders these three cells "critical" in the sense that there are ex-
actly one (for cell 8) and two (for cells 23 and 54) repeaters cover-
g ing these cells. This results in the automatic selection of certain
3 repeaters. To avoid this somewhat peculiar situation, we formulated

a variant of the PaAl problem requiring no lower bound on the number

of covers for cells 8, 23, and 54. This problem was also solved by
OPHELIE and SETCOV. Running times were of the same order than before.
The optimal solution »only requires 12 repeaters this time. Both codes
produced the optimal solution, with OPHELIE obtaining again the optimal

solution in the LP part of the problem and the SETCOV using weights
((g))
X . . .
als W il 0 n S B 2 VR | B TG ST AL e [QEliEalE SIS (1Y) « A

depicted in Figure 7.

. One optimal allocation of repeaters consists in selecting sites:

g. The Generalized k-covering Problem. It is not always plau-

sible to assume that the installation and maintenance costs associated
with various repeaters at ditferent locations is the same. This

shortcoming of the previous model is overcomed by associating differ-
ent cost to repeaters in the objective (of (I.H.P.)). An obvious ;
adaptation of the heuristic method described in Section 3 replaces
the weights mgl) (i) =1, ..., 4 used in before by mgi)/cj where cj

is the cost (> 0) associated with repeater j. i

i - i e b i
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III. THE "FLAT TERRAIN" MODEL. A PROPOSED SOLUTION

a. Problem Formulation.

It is assumed that:

(1) The terrain is nearly flat

(ii) The installation (and maintenance) expenses tor repeaters
are independent of location.

(iii) Transmission characteristics are invariant with location.
A repeater communicates with a terminal if and only if they

are less than a fixed distance dt apart. The maximum distance
for communication between repeaters is assumed to be dr (In
practice dr is substantially larger than dt because repeater
antennas are higher than terminal antennas). The area coverage
by L.0.S. radio can again be separated into two parts, a
covering problem and a connectedness problem (see Section 1
Problem II). Let P be the Z-dimensional plane.

Covering Problem. Find a minimal covering of P by discs of

radius dt such that every point of P is covered at least k times.

Connectedness Problem. Let G = (N,E) be the graph obtained as
follows: The nodes N are the centers of the discs used in the
minimal covering of P. The edges E of G are obtained by connecting
two nodes if their distance is less or equal to dr' The graph G
is to be g-connected (reliability).

Since we zre considering an infinite plane one can no longer

define minimality of a cover in terms of its cardinality. fThere

are various proceedures to define minimality, for example, the

cover with the smallest percentage of area wasted or if limr+m
il

—5 éc (r) is minimized over the space of all covers C of P that
r

10.27
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satisfy the covering and connectedness constraints, where 6C (r)
is the number of discs of C whose interior intersect a circle of

radius r centered at the origin (an arkitary but fixed point of P).

b. Solutions, A conjecture. An optimal solution to the auove

problem is known for k =1, g < 6 and d_/d, > /3 (that is the

maximum distance for transmission between repeaters is at
least 73.3% larger than that between terminals and repeaters).
The problem is then the standard covering of the plane by
discs of fixed radius and with least overlap. In [12], it

is shown that the optimal solution is given by arrange-

ment found below, which consists in placing a circle

of radius dt at each vertex of a regqular triangular tessala-
tion whose grid points (vertices) are dt V3 apart. Since

dr > dt Y3 it follows that the resulting graph G contains as
subgraph the regular triangular tesselation whose grid points
(vertices) are dt V3 apart which is 6-connected. 1In Figure 8

the area of the discs :overed twice is shaded.

o

FIGURE 8

We do not consider any other cases for k = 1 since g < 6

and dr > dt V3 will always be satisfied in practice.

For k = 2, the optimal solution is not known (whatever be

q and dr/dt)‘ However, due to the inherent symmetry of the
problem, we are ready to conjecture that the centers of the
optimal solution produces & regular grid of points in P.

Making this conjecture our working hypothesis, there ar. only

10.28
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three cases to consider, the three regular tesselations: (i)
the tesselaticn of P by eguilateral triangles, (ii) by squares,
(iii) by hexagons [2].

(SIS

1

fIGURE 9 THE REGULAR TESSELATIONS

Each vertex of the tesselation corresponds to a repeater and
if every point in P is to be covered twice, then the distance between
two adjacent repeaters should not exceed d Assuming that d is
the distance between two adjacent vertices of the tesselatlons, then
in the triangular tesselation one finds 6 repeaters at distance d

6 repeaters at distance /-dt, 6 repeaters at distance 24, ... from

any given repeaters. In thne square tesselation one finds 4 repeaters
at distance dt, 4 repeaters at distance /fdt, 4 repeaters at dis-
tance 2d ... from any given repeaters. Finally, for the hexagonal
tesselatlon, there are 3 repeaters at distance d 6 repeaters at

distance /_dt, 3 repeaters at distance 2dt’ 58 ¢ from any :epeater.

With each tesselation one can associate a repeater density. It is
easy to see that there is 1 node:

ek Syt B o e S8 S

!
k
:
v




Remark. The "flat terrain" results yield obvious lower bounds
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per v3/2 dé units of area in case (i)

per di units of area in case (ii)

4
A

—_ .2 . .
DEEET dt units of are» ir case (iii)
4

Assuming that 3/3 di is 1 unit of area it follows that the
4

repeater density is

1.5 for triangular tesselations

1.293 for square tesselations

and 1 for hexagonal tesselations

In other words, design (i) requires 50% more eguipment than
(i11) and (ii) require 30% more equipment than (iii). Obviously,
if a regular grid yields the optimal solution then the one created

by the hexagonal tesselation (iii) is the optimal solution. If

8] 130 Elel dt S dr then the corresponding graph G contains the sub-
graph given by the tesselation (iii) which is obviously 3-connected.
Jtie dr i dt and g < 6 again the connectedness constraint is
satisfir,

One should observe some inefficiencies in this covering. 1In
particular some areas are covered by threec separate repeaters
rather than 2 (as would ideally be the case). If we define the
thickness of a cover as being the average "thickness" of the layer
of discs covering the plane, then the optimal solution for k=1 has
thickness 1.209 whereas the thickness of the conjectured optimal
solution for k=2 is 2.418. Thus, in both cases, we have a 21%
"waste". In Figure 10,a solution is shown with the area covered
three times shaded. The question for k>2 is open.

for the "hilly terrain" problem.

10.30
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FIGURE 10 §

SOLUTION TO TESSELTATION OF P RBRY HEXAGONS

=
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