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SUMMARY 

' Technical Problem 

^ MIO^'^;:S0ra,i0,VS COmraCt Wilh lhe Ad-c^ ^search P.oiccts agency has 

'      quir« in0 tt ATANET"11"' and rdl"h,C ^^^ ^ ™ ^^ - 

- To study the properties of packet switched computer communications networks. 

■ To develop techniques for the analysis and design of large scale networks. 

■ To   det,rmirui   the   cost/throughput/reliability   characteristics of  larse  nacke, 

r^ir:;"for dpplicatiün ,u D^ D~ compi^LTnt. 

- To apply recent computer advances, such as interactive display devices and distri 
^ted comput.ng, to the analysis and design of large scale networks 

General Methodology 

The approach to the solution of these problems has been the simultaneous, 

■       study of fundamental network analysis and design issues, 

•       development of efficient algorithms lor large scale network analysis and design. 

rr^g^^ m to 

" SrL;:: :;;;rlysis jn"Jrais *to ^ - ^ ^ « 
Technical Results 

In chls report, the following major accomplishments arc discussed: 
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Netuork Analysis Corpovatton 

• The new large network design technique, hased on "cm-saturation", reported in 
Semiannual Report 2 was extended to networks with multiple capacity options. 

• A method for determining absolute lower bounds on cost for packet switched net- 
works, given traffic and delay requirements, was developed. 

• The second phase of an interactive network data handling system has been com- 
pleted for an IMLAC display ediUng system for large network graphics. 

■ The second phase of a detailed, event oriented simulation model to develop How 
control and routing algorithms was completed for the packet radio system This 
system is now operating on the ARPANET with POP 10 editing and 360/91 RIS 
(or extensive computations. ' 

• Major progress was made in the development of labeling and initialization schemes 
lor the packet radio system. 

• A model for the set covering/repeator location problem was developed and tested. 

- An extensive study of flow, delay and throughput in packet radio networks was 
completed. 

Department of Defense Implications 

The Department of Defense has vital need (or highly reliable and economical communica- 
tions. The results described in this reporting period reinforce conclusions of earlier periods 
about the validity of packet switching for massive DOD data communications problems A 
maior portion of the cost of implementing this technology will occur in providing local ac- 
cess to the networks. Hence, the development of local and regional communication tech- 
niques must be given high priority. 

Implications for Further Research 

Further research must continue to develop tools for the study of large network problems 
These tools must be used to investigate tradeoffs between terminal and computer density' 
traff.c variations the effects of improved local access scheir es such as packet radio, the use 
of domestic satellites in broadcast mode for backbone networks, and the effect of link and 
computer hardware variations in reliability on overall network performance. The potential 
of these networks to the DOD establishes a high priority for these studies 

■     ■ 
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A  CUT  SATURATION  ALGORITHM  FOR  TOPOLOGICAL  DESIGN OF 

PACKET   SWITCHED  COMMUNICATION  NETWORKS 

PART   2 

I. INTRODUCTION 

The cut-saturation (C S) technique for the topological design 

of packet-switching networks was first presented in Semi-annual 

Report #2 [ 1] and was shown to be computationally much more 

effective than other available techniques.  The algorithm described 

in Ref. [ i ] applies to the design of networks in which all communi- 

cations circuits have the same preassigned line speed (e.g. all 
50 kb/s line capacities etc.) 

This report extends the C S technique to the topological net- 
work design with multiple line capacity options. 

The topological design problem here addressed can be very 
generally formulated as follows: 

I 

I 

1. Given the node locations, the traffic requirements 

between such locations and the line capacity options 
available; 

2. Minimize the total line and modem cost; 

3. Such that the average delay and connectivity re- 
quirements are satisfied. 

The use of multiple capacity options can provide substantial 

cost savings in several situations.  In particular, it is desirable 

to consider topological implementations which include different 
line speeds in the following cases: 

1.1 
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A. Non-Uniform Requirements 

When different pairs of nodes have different throughput, 

delay and bandwidth requirements, it is often possible to satisfy 

such requirements in a cost effective manner, by providing higher 

capacity connections between selected node pairs. 

B. Large Capacity Gaps 

Even if node pair requirements are uniform, a non uniform 

channel capacity assignment can be desired when there exist  large 

gaps between the availaole capacity options, or when line tariffs 

have an irregular cost structure.  In such cases, for a uniform 

capacity implementation one has to choose between two capacity 

alternatives, where the higher alternative is typically too ex- 

pensive, and the lower is not adequate to satisfy all of the re- 

quirements, even if highly connected topologies are considered in 

the attempt of improving network performance.  A blend of the two 

options generally provides the best solution. 

C   Large Scale Economies 

If the tariif structure offers a volume discount in the 

cost per unit bandwidth of leased wide band channels, then substan- 

tial line savings can be obtained by using a few channels with speed 

higher than average, to accommodate high volume requirements between 

different network regions, and lower speed channels to satisfy re- 

gional requirements.  In the limit, the presence of a strong volume 

discount and a large network size might justify a hierarchical net- 

work implementation, with a different capacity selection for each 

hierarchical level. 

1.2 
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D. Inadequate Reliability 

In the design of communications networks it often happpns 
.hat topologies which are very satisfactory from throughput and 

delay point of view, are nevertheless inadequate from the re- 

Uabxlity point of view.  One well known technique for the improve- 

ment of network reliability consists of increasing network connec- 

txvxty with the introduction of new links.  m order to optimize 

the cost-reliability trade off, links of lower capacity are often 
introduced. 

E'   Network Growth 

During the life of a data network it is likely that at 

so»e point in time, tariff changes or new conununications offerings 

wxll make xt desirable to use channel types and speeds different 

fro. the ones selected for the original design, since it is often 

xmpossrble for practical reasons to reopti.ize in one shot the   

topological configuration using only the new, more advantageous 

offerrngs, a partial reconfiguration is in general performed, 

rntroducrng the new services where most beneficial. A topological 

desrgn wh.ch accounts for multiple capacity options is therefLe 
required. 

Although multiple capacity options can introduce substantial 

cost savrngs, as mentioned in the above cases, they nevertheless 

regurre more sophisticated routing and flow control procedures 

than the srngle option case.  For example, in the uniform capacity 

case the routing program needs to consider only channel utilizations 

(or, equxvalently, channel queue lengths), while a non-uniform 

capacrty routing program must account for utilization, transmission 

rate propagation delay and error characteristics relative to the 
specific capacity option implemented on the channel. 
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Another important aspect to be considered is file transfer 

bandwidth, i.e., the maximum data rate at which a file can be 

transfered through the network.  An approximate evaluation of file 

transfer bandwidth can be done by assuming that the data travels 

along only one source to destination path, and that packets are 

sent one after the other like in a "pipeline", without waiting for 

RFMM's or buffer allocation confirmations etc.  Under such assump- 

tions, the uniform capacity network bandwidth is clearly equal to 

the value of channel capacity, while in the non-uniform capacity 

network implementation the bandwidth along a source to destination 

path is equal to the minimum capacity in the path.  Recalling that 

the average source to destination single packet delay is related 

to the average value of capacity along a path, while the maximum 

bandwidth is related to the minimum value of capacity, it will be 

observed that the file transfer performance is typically superior 

in a uniform capacity network than in a non-uniform one, assuming 

that average delay performance is the same. 

All the above issues must be considered in order to decide 

whether to use multiple capacity options, or how many options to 

use, for each network design application.  During the network plan- 

ning phase it is important, therefore, to have available an effi- 

cient algorithim that generates low cost, multiple capacity network 

topologies.  Thus, the practical importance of the algorithm 

described in the sequal. 
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II.  BACKGROUND 

The C S algorithm for multiple capacity cptions is an exten- 

sion o( the C s algorithm for fixed capacities.  Thls section   

summarizes the general concepts and properties of the c 3 approach, 
a more detailed discussion is found in I 1 ]. 

A cut is a set of lines whose removal „ill disconnect the 

net„or*.  A cut is saturated if the traffic load in every line of 

the cut equals line capacity.  There are in genera! a large number 

of cuts rn a network,  „hen traffic load grows, one of the cut- 

approaches saturation.  This cut is the bottleneck to any further 

throughput increase; therfore. if a higher throughput is desired, 

the capac.ty of the cut must be increased by upgrading some of the 

Une capacities in the cut and/or introducing new lines across 
the cut. 

Conversely, it is intuitively obvious, and has been experi- 

mentally confirmed, that the reduction or elimination of low 

utxlrzed links within each of the partitions separated by the 
saturated cut „ill in general resuat in only a ^.^ 

of network throughput if the network is at least 2-connected. 

The c s algorithm is based on the above stated concepts.  The 
algorrthm attempts to keep network throughput „ithin specified 

::: st:hideVterTveiy reducing overai1 iine ^ ™* -*—-* capacity, delay and reliability constraints 

abilitrof"^tiVeneSS ^ ^ ^^^^ iS ClOS^ related to — abiUty of solvxng the three following steps: 

A. Determination of the saturated cut set, 

B.   Optimal increase of cut set capacity (obtained 

with appropriate link insertion of upgrading). 

1.5 

^tfllm-r'mtvVr- ■Yf     - i   -Vt'-   Al „■itofiMlUtftlil   T li ^•^■■■:^-  -"-■■^ ■~.,^^-..,.-^,^-/!i.^li^t,^.^L.. ^^J,.^.^-....L,.-:^-.-.-.^|,iUf||-nii|ri„t|jf it*X^ ■ '— —.--.-.o^-. -■  ^ |   |      |    tmim 



|!pf^ji^piU»li«IUJI,!JVMj.iiTOii»^^ .UU-HWäUIW» •wv-v^fi.*w*vm>miM>*nwM.mwK.v*w^ßmn™w(^^-rw-''- ■ «■"■■JIP..IIII,!J J, , ..ii-f,»!. 

Network Analysis Corporation 

C.   Reduction or removal of links not in the cut set. 

The three above steps are extensively discussed in a later 

section. 

1.6 
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III. STATE-OF-THE-ART 

The topological design problem for packet switching networks 

has not been given in the past the same attention that was given to 

other similar problems (e.g. the Telpack problem, centralized net- 

work problems etc.)  This is in part because the packet-switching 

technology is relatively new, and also because the design of a 

packet-switching network requires as essential ingredients the 

solution of complex queueing, routing and reliability problems. 

Therefore, the literature is rather scarce on this subject. 

Among the few contributions available we mention here the 

Branch Exchange Method (BXC) [ 2 ] and the Concave Branch Elimin- 
ation (CBEj [ 3 ]. 

The BXC method starts from an initial feasible topology and 

performs at each step a simple topological transformation (branch 

exchange).  If cost-throughput trade off is improved, the trans- 

formation is accepted; otherwise it is rejected.  The procedure 

stops after a large number of local transformations is systemati- 

cally explored.  The BXC method does not have the capability of 

identifying at each step the subset of transformations which are 

most likely to produce performance improvements; therefore all 

transformations must be systematically explored.  BXC is a very 

time consuming algorithm and its application is limited to small 
or medium size networks. 

The CBE method can be applied whenever the discrete costs 

corresponding to the multiple capacity options can be reasonably 

approximated by concave curves.  The method consists of starting 

from a fully connected topology, using concave costs and repeatedly 

applying a minimum cost routing algorithm [ 3 ] until a local 

minimum is reached.  Typically, the algorithm eliminates uneconomical 

links, and strongly reduces the topology.  Once a locally minimal 

topology is reached, the discrete capacity solution can be obtained 
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from  the continuous solution with an appropriate selection of 

capacity options.  Since 2-connectivity is required, the algorithm 

is terminated whenever the next link removal violates this con- 

straint; the last 2-connected solution is then assumed to be the 

local minimum.  In order to obtain several local minima, and there- 

fore several different topological solutions, the algorithm is 

applied to several randomly chosen initial flows. 

The CBE algorithm has a better knowledge of the structure of 

the problem (network topology, cost-capacity volume discount etc.) 

than the BXC method and improves network performance at each inter- 

ation.  It is also less time consuming than BXC, since it explores 

only a selected subset of solutions (namely the local minima). 

However, it suffers the following limitations: it can only remove 

links (i.e., no links are added during the optimization procedure), 

and it requires smooth cost-capacity curves, without large gaps and 
irregularities. 

In summary, the presently available methods are either computa- 

tionally inefficient, or they are able to handle only very special 

line tariff structures.  There is therefore the need for algorithms 

which are computationally efficient, and that can handle very general 

line cost structures.  The C S method described in the sequal has 

been developed with the intent of meeting the two above objectives. 
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IV.      THE   CS   METHOD  FOR  MULTIPLE   CAPACITY  OPTIONS 

General 

The CS method for multiple capacity options is based 

on the same concepts that inspired the development of the original 

CS method for fixed capacities.  Some changes and some new features 

were required in the practical implementation of the algorithm, 

due to the presence of multiple capacity levels.  The major changes 
are relative to: 

1. The determination of the saturated cut; 

2. The insertion or upgrading of links; 

3. The deletion or reduction of links; and 

4. The determination of starting topologies. 

These issues are discussed in the following sections. 

B.   Determination of the Saturated Cut 

The saturated cut is found using the following procedure. 

Network throughput is first increased, using a very efficient 

routing algorithm, until the delay constraint is satisfied with 

equality.  The output of the program consists of the optimal 

values of cost, throughput and delay, and the value of the optimal 

flows in all links.  Next, links are ordered according to their 

utilization, which is defined as the ratio of flow to capacity, 

and are removed starting from the most utilized one, while the 

network becomes disconnected.  The minimum disconnecting set of 
links is defined as the saturated cut. 
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It was already observed in [ I ] that, for an appropriate 

determination of the saturated cut, the chains of nodes that carry 

prevalently transit traffic must be "collapsed" into a single 

equivalent link, before the above described removal operation is 
performed. 

The criterium presented in [ 1 ] to determine whether a 

chain is collapsable or not, is rather heuristic and not sufficiently 

precise for the multiple capacity case, where the links in the same 

chain can have different capacity and different utilization values. 

Therefore, the following more accurate criterium was developed. 

Let us assume that the traffic requirement matrix R = [r  ] 

is symmetric and therefore in each link the flow is the same in both 

dxrectxons; let ^ and fn be the terminal flows in the chain shown 
in Figure 1. 

1 

Let Q 4 ^      £ 
i£l   j^fl 

FIGURE 1 . COLLAPSABLE CHAIN 

^j  (where lc is the set of nodes in the 
c   ^-c 

chain) be the traffic originating from the nodes internal in the 

chain and transmitted to the external nodes (internal traffic). 

Letting S be the one way transit traffic in the chain, it is 
easily seen that: 
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The  chain   is   collapsad when   the   transit  traffic  S   is  predominant 
with  respect   to  the   internal   tiaffic.     More   specifically,   the 
chain   is   collapsed   if 

max 
f.   -   S 
JL  

f . 
1 ,m\  1 /'  a   '   where ex is an input 

parameter experimentally adjusted. 

Although the above criterium is not completely fail-safe 

(e.g. is possible to construct pathological examples in which 

chains with predominantly internal traffic are declared collapsable 

by the test), the criterium has been found adequate for most network 
design applications. 

c-   Link Insertion or Upgrading 

In order to select the link to be inserted or upgraded, 

the following ratio is computed for each existing or potential 

link connecting any two nodes separated.by the cut set: 

D! - D. 
_ _i i 

Pi   C! - C. 
i    i 

Where C^ and Di are capacity and cost of the current option and 

C! and Dl_ are the values corresponding to the next available option. 

If the link is new, D. = C. ^ 0; if the link cannot be expanded any 

further, D! = » .  Special attention, and slightly more elaborate 

expressions are used in the case of chain upgrading. 

After having computed all ratios f.'s, the link which 

minimizes the ratio (i.e. provides the lowest incremental cost per 

banc'^idth) is introduced or upgraded to option C!. 
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The minimization of the above ratio represents the basic 

criterium for link insertion or upgrading.  Such criterium can be 

improved and extended to account for the effect of a new link 

introduction on reliability (e.g. a link which eliminates pendant 

nodes or long chains is a favorite candidate, and to weigh the 

capacity increase C^ - C.. across the cut set with the amount of 

capacity actually required to achieve the target throughput REMAX. 

These and several other versions of the upgrading criterium are 
presently being experimented. 

D.   Link Reduction and Removal 

The criterium for link reduction (or removal is based 

on the maximization of the following ratio over the existing links: 

-1 
)• = AD. 
i     i 3ACi+Afi(a+(l-a)-fi 

where 

Cj and D^ capacity and cost of lower option for link i, 

Aci = ci~ci : capacity reduction on link i. 

ADi = Di"Di : cost saving corresponding to capacity 

reduction for link i. 

fi = current flow in link i 

Af. = max (f. -c^0) 

a and  ß  input controlled parameters varying between 

0  and  1. 
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Ratio 6 is calculated for all existing links except for 

the links in the cut set and the link which maximizes the ratio 

is reduced or removed.  Parameters a and ß are experimentally 

adjusted and vary between 0 and 1.  If a=l and ß=0 then 6. = AD./Af 

and the ratio represents the cost saving per unit of flow that must 

be rerouted on other links, after the reduction of link i.  By 

letting a=ß=l, one equally penalizes the loss of capacity and the 

need to reroute ^low on link i.  The proper selection of a and ß 

depends on problem characteristics (cost structure, delay require- 
ments etc.) and can be done only experimentally. 

In the case of link removal, the additional criterium 

that the network must remain 2-connected after ;:he removal is 
applied. 

E.   Starting Topologies 

The determination of good starting topologies to 

initialize the C S method is more critical i;i the case of multiple 

options than in the single option case.  In fact, the multiple 

option algorithm is "more local" than the single one, in the sense 

that it tends to upgrade or reduce (rather than introduce or remove) 

links and therefore it does not produce such drastic topological 

changes as the fixed capacity option algorithm.  Clearly, the locality 

can be corrected by properly adjusting the criteria for link in- 

sertion and removal; however, some degree of locality will always 

remain.  Therefore, it is important to start from potentially 
good topologies. 

An effective selection of starting topologies is offered 

by single option C S method solutions providing throughput and 

delay performance close to the designed requirements.  The multiple 

option CS method applied to such topologies can thus be inter- 

preted as a refinement procedure on an initial fixed capacity 
solution. 
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F.  The Algorithm 

The CS algorithm generates low cost, 2-connected topologies 

with throughput performance ranging between two specified through- 

put levels REMIN and REMAX.  An iteration of the algorithm consists 
of the following fundamental steps: 

1. Solution of an optimal routing problem for the 

current topology and capacity assignment, and determin- 

ation of the saturated cut. 

2. Topology and/or capacity modification, in order 

to improve network cost-effectiveness and to drive the 

solutions to the desired throughput range.  In partic- 

ular the algorithm performs one of the following opera- 
tions : 

a.   Increase only, (i.e. links are upgraded or 

added)if the current throughput level RE<REMIN; 

b-   Reduce only, (i.e. links are reduced or deleted) 
if RE>REMAX; 

c.   Perturbation (i.e. one link reduction (or 

deletion) and one link upgrading (or insertion) are 

performed simultaneously) if REMIN<RE<REMAX. 

3. Acceptance test.  If the new solution is dominated 

by previous solutions, or it is not cost-effective, or 

it is a repeat solution, the algorithm goes back to step 

B and selects an alternative modification.  Otherwise 
it returns to step A. 

The algorithm is initialized by providing an initial 

starting topology, and produces a new network configuration at 
each iteration. 
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V.   AN APPLICATION 

As an application of the multiple capacity CS algorithm we 

consider the design of a 26 node ARPANET like topology using 

3 capacity options (9.6, 19.2 and 50 kb/s), with throughput 

requirement ranging between REMIN = 100 kb/s and REMAX = 200 kb/s 

and with delay requirement T^ < .250 sec.  Traffic demands are ' 
symmetric and uniform over all node pairs. 

The following line and modem costs are assumed for the above 
mentioned capacity options: 

Cap Fixed cobt Line Cost 
kb/s $/mo $/mile x mo 

9.6 493 .42 
19.2 850 2.50 
19.2 (using 1500 .84 
biplexers) 

50 850 5.00 

Biplexers are used to implement our 19.2 kb/s circuits from two 

9.6 kb/s circuits in parallel, whenever this alternative results 
more economical than the standard 19.2 AT&T offering. 

Several starting solutions were considered.  Among them we 

mention an all 50 kb/s configuration shown in Figure 2; and the 

same topology as in Figure 2 but with all 9.6 kb/s links.  The 

50 kb/s solution is not very cost-effective considering our through- 
put requirements. The 9.6 kb/s solution is, on the other hand, 

inadequate for the .250 sec delay requirement (See Figure 3) 

Starting from the above configurations several solutions were 
generated.  The most representative ones are shown in the 

throughput vs. cost curve plotted in Figure 3.  A typical solution 

is shown in Figure 4:  notice that most of the short connections 
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are implemented with 50 kb/s circuits, while the medium and long 

links use 9.6 and 19.2 kb/s circuits.  This behavior is due to 

the particular cost structure considered.  Figure 5 and Figure 6 

show two CS solutions which have approximately the same cost and 

throughput performance but have different connectivity.  The first 

solution is more attractive from the high bandwidth point of view 

since it provides a 50 kb/s route across country; the second is 

more attractive for reliability. 

Notice that most CS solutions are regularly aligned along a 

curve which represents the cost-throughput trend for the 26 node 

network using the given capacity options.  The same trend is shown 

by the lower bound cost solutions obtained by solving the topo- 

logical problem using concave instead of discrete costs (See 

Figure    7) and relaxing the 2-connectivity constraint.  The 

solid curve in Figure 3 connects such lower bound solutions. 

Finally, the Concave Branch Elimination (CBE) method described 

in Section 2 was applied to the problem and two solutions are shown 

in Figure 3.  Notice that the CBE solutions are well in line with 

the CS solutions, although their topology typically shows a higher 

degree of connectivity.  This fact allows us to conjecture that 

both CS and CBE solutions are near optimal. 
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VI. DIRECTIONS FOR FUTURE RESEARCH 

The CS algorithm is an important contribution to the topological 

design of packet-switched networks, in that it is computationally 

very efficient and applicable to very general cost structures. 

However, more research is required in this and other areas of net- 

work design.  In the sequel we report some directions for future 
investigation. 

Present topological design techniques are based on static per- 

formance criteria (e.g. average flow and delay) and do not take 

into adequate consideration the impact of topology and channel 

selections on some of the important aspects of network operation 

(e.g. adaptive routing, flow control, buffer overflow, traffic 

congestion etc.)  It is important therefore to further investigate 

the relationship between topological characteristics (such as 

connectivity, use of different line capacities, etc.) and dynamic 

performance criteria (e.g. network controllability, file transfer 

bandwidth, etc.) and to include dynamic performance considerations 

in the design phase by using appropriate constraints and design 
criteria. 

Since the CS algorithm is based on a variety of heuristic steps, 

it is clearly possible to improve the algorithm by refining some of 

the steps.  Therefore, research should be pursued on issues such as: 

development of efficient procedures for multiple (rather than single) 

insertion, deletion, upgrading and reduction of links at each CS 

iteration; development of more efficient techniques to predict the 

cost-throughput effectiveness of each topological transformation, 

and thus select the most effective transformation; inclusion of 
more precise reliability concepts in the design criteria, etc. 

While experimenting the CS algorithm with multiple capacity 

options we noticed that, although the algorithm is very general and 

can deal with any type of line tariffs, nevertheless it was giving 

better results with some tariff structures than others.  This fact 
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suggests that it is possible to improve the performance of the 

algorithm by adjusting the heuristics to the particular cost 

structure of the problem.  Clearly, it is not desirable to have 

around several design programs, one for each cost structure.  The 

designer should identify the steps that are most sensitive to 

tariff changes, and should implement the computer program in a 

modularized fashion, so that only a few modules will be modified 
when tariffs change [4]. 

Another important direction for future research is the design 

of large networks, with hundreds or thousands of nodes.  Such 

networks cannot be directly designed using traditional algorithms, 

because of the prohibitive computer time and memory requirement. 

The typical approach consists of partitioning the network into 

hierarchical levels and applying traditional design techniques 

within each partition.  Since a large network will contain several 

partitions, each requiring a separate topological design, there 

is the need for very efficient design algorithms.  Therefore, the 

CS algorithm can be considered an important contribution to large 

net design.  The next important steps are: the development of good 

criteria for node partitioning; the implementation of an efficient 

data base to store the input parameters and intermediate design 

results; and the evaluation of global network performance.  Prelim- 

inary results in some of the above areas are already available, 

and are reported in the First and Second semi-annual NAC reports 

[1] and [5]), but more research needs to be done. 

Since most design algorithms are based on heuristics, it is 

conceivable that such algorithms can be greatly enhanced with the 

aid of interactive graphics.  The implementation of analysis and 

design programs supported by interactive graphics can be useful 
in two ways: 

1.   It can assist in the development of better 

heuristics, since it allows immediate appraisal of the 
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affect of changes in parameter values and design criteria 

on algorithm performance; 

2.   It offers to an experienced designer the possibility 

of monitoring the network design process iteration by 

iteration, and of correcting eventual inefficiencies 

of the algorithm. 

Considerable research efforts have been dedicated at NAC to 

the development of interactive graphics software for network 

analysis and design applications.  The results are described in 

other sections of this report and clearly indicate that the develop- 

ment of interactive design programs supported by a graphic terminal 

is another very important direction for future research in the area 

of network design. 
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TERMINAL ORIENTED NETWORK COST AND PERFORMANCE - PART 3 

THE ACCESS FACILITY LOCATION PROBLEM 

I.   INTRODUCTION 

In any network with a large number of widely dispersed "users" 

accessing a limited number of "resources", the strategy for access 

will play a large part in determining the cost and performance of 

the network.  The "users" may include not only time-sharing terminals, 

but also terminals used for message transfers, remote automatic sensing 

devices (such as might be found in an environment monitoring situ- 

ation) , manned sensing stations, and several others.  The "resources" 

may be as sophisticated as many heterogeneous computers tied to- 

gether in a packet switching high level subnet, such as in the 

ARPANET, or as simple as a single computer processing data received 

from automatic remote sensing devices.  An almost endless number 

of "user" and "resource" combinations, both covering and extending 

the range described above, appear possible.  Effective, economical 

"user" access will depend on both the development of hardware to 

facilitate access, and the development of network and topology 

design techniques to effectively utilize such hardware.  This 

chapter continues the study of this problem. 

There are several ways to provide access, including land lines 

(i.e. ordinary telecommunication channels as derived from cable or 

LOS microwave transmission systems) and packet radio techniques. 

In this chapter, advances in the design techniques for land line 

approaches are reported; advances in packet ratio techniques are 

reported in other chapters.  Cost effective land line access will 

depend on an effective line layout algorithm to connect "users" with 

access facilities, development of hardware to serve as access 

facilities, and an effective facility location algorithm to deter- 
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mine both the number and location of access facilities.  The line 

layout problem for a given set of access facility locations has 

been effectively dealt with in Part 1 in Semiannual Report #1. 

Advances in hardware serving as access facilities have been discussed 

in Part 2 in Semiannual Report #2.  In this part the development of 

an effective facility location algorithm is reported. 

The facility location problem can be formulated in many ways, 

and can appear at several different levels within the same network 

design problem.  For a network such as the ARPANET, the resources 

(hosts) are distributed over a large geographical region, and the 

users (terminals) may connect to them directly, or access them 

through the packet switching subnet by being connected to an access 

facility (such as a TIP or ANTS), as shown in Figure 1.  If the 

resource locations and user locations are fixed, as shown in Figure 

2, the problem becomes one of locating the access facilities (TIP 

or ANTS) to minimize the cost, subject to capacity, performance, 

and reliability constraints.  When the locations of these facilities 

(TIP or ANTS) are fixed, the problem may appear at the level of using 

concentrators or multiplexers as "access facilities" for connecting 

the users to these new "resources," (i.e. the fixed TIP or ANTS 

locations).  Because the facility location problem can be posed for 

various levels of the same design problem, with devices performing 

different "functions" depending on context, we will pose the problem 

in terms of a generic access facility, called a TACOM (TIP, ANTS, 

concentrator or multiplexer), and a generic resource to which users 

and/or TACOHs are to be connected, called a RESCOP (resource 

connection point).  We will also use the term "node" as a generic 

replacement for "user".  Thus, the general problem is one of locating 

TACOMs to most economically allow connection of a given set of 

nodes to a given set of RESCOPs. 

The most basic formulation of this problem is when there is 

only one RESCOP location, and the nodes may be connected directly 

to the RESCOP, or through TACOMs, Which are in turn connected 
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directly to the RESCOP.  The recent advances reported here are, 

for simplicity, presented in the context of this basic formulation. 

After presentation of the basic algorithm and discussion of its 

performance characteristics, we consider its application to the more 

general problem with multiple RESCOP locations. 

In Section II a simple description of the problem is developed. 

In Section III, related problems and solution-techniques are 

described, and in Section IV previous approaches to this problem 

are considered.  In Section V, a simplified description of our 

approach is given, and in Section VI a detailed description of the 

algorithm is presented.  Results of experiments to determine the 

performance of the algorithm are given in Section VII, and extensions 

to more general problems are given in Section VIII. 
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FIGURE   1 .  ACCESS  ALTERNATIVES   FOR  ARPANET 
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FIGURE 2: GENERAL PROBLEM FORMULATION 
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II.  BASIC PROBLEM STATEMENT 

The basic problem may be posed as that of a geographically 

distributed set of nodes that must be connected to a RESCOP (Re- 

source connection point).  The most primitive topology for such a 

network is shown in Figure 3 (a).  Each node is connected directly 

to the RESCOP.  There is no topological design effort associated with 

this network.  It's cost is easily expressed as 

N 

C0STSTAR "I      dl(i) 
i=2 

where di (j) is the cost of joining node j to node i, and the RESCOP 

has been made node 1. 

A more sophisticated design alternate is shown in Figure 3 (b). 

In this case, TACOMS (TIP, ANTS, concentrators, or multiplexers) 

have been used to save cost.  Here the topological design effort is 

directed at selection of number, and location of TACOMs, and 

assignment of nodes to the TACOMs, so as to minimize cost.  The 

TACOMS have a cost, D, and a cost of being connected to the RESCOP 

when located at node i, d^i), which may be different than the 

node connection cost (due to the possibile bandwidth requirements 

difference).  Consider TACOMs at the two nodes k and I,   and let 
Bk and Bz be the set of nodes which are assigned to k and I,   re- 

spectively, with A the set of all nodes.  The cost of the star-TACOM 

network may then be expressed as 

COST 
STAR-TACOM =[l   dk ^ + D + ^ U) ] 

k 

+ [I d£ (i) + D + dj U) ] 
ieBn 

+ I   ^ (i) 
U(A"Bk-V 
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\ 

Let C be the set of TACOM sites, with CCA.  The design problem may 
then be expressed as: 

Select C and B , jeC so as to minimize 

COST STAR-TACOM = I t I ^ (i) + D + d^  (j) ] 
jeC ieB. 

+ I   d1 (i) 
- ü 

jcC 

ie( A - ü B.) 
3 

When nodes do not have to be connected directly to the host or 

a TACOM, but rather can share a line (such as in a polling situ- 

ation) , considerable cost savings can result from proper line layout, 

as shown in Figure 3(c).  If there are no constraints on the number 

of nodes which can share a line, then the optimal topology is simply 

a minimum spanning tree.  When constraints are present, the design 

problem becomes more interesting.  This problem was effectively 

formulated and dealt with in Part 1 in Semiannual Report #1. 

A third, more general, and often most effective, design alter- 

native is the combined use of multidrop lines and TACOMs, as shown 

in Figure 3 (d).  m this case, the problem is one of total network 

design, including both selection of TACOM locations and line layout. 

The other design alternatives may be considered as subsets of this 
alternative. 

It is this general problem that is considered here.  There 

are many possible formulations of this problem, depending on the 

selected constraints and cost functions.  We present our basic 

results in terms of the simplest of these formulations, and then 

in a later section consider the many possible extensions.  This 
formulation is given below: ■ 
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Given; A 

node 1 

11 

w max 

max 

di(j) 

charge 

- set of nodes i = 2,...N 

- RESCOP site 

- set of possible TACOM sites 

- line capacity 

- TACOM capacity 

- cost of connecting node j to node i 

- cost of TACOM 

FIND:     Low cost network design subject to 

the constraints: 

A) No line may have more than w   nodes. 
max 

B) No TACOM may serve more than c   nodes. 
max 

In this formulation the set of possible TACOM sites, H, is defined 

separately from the set of nodes, A.  In most practical problems the 

possible TACOM sites are limited to a subset of the nodes selected 

on considerations of maintenance, rental space, access by trained 

company personnel, security, etc.  However, it is quite feasible 

for situations to occur where the possible TACOM sites are in fact 

disjoint from the nodes (such as in a commercial time sharing oper- 

ation where TACOMs must be at company provided locations but all 

terminals are at customer locations), partially overlap with the 

set of nodes, are a proper subset of the nodes, are the same as the 

nodes, or have the nodes as a proper subset.  For simplicity, we 

have chosen to present the algorithm for the case where the nodes 

are the possible TACOM sites, thus dealing with only one set, A.  In 

a later section the algorithm will be also shown to easily handle 

the other cases noted above. 
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(c) (dl 

FIGURE 3 : BASIC NETWORK TOPOLOGY PROBLEM 
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HI. RELATED PROBLEMS AND SOLUTION TECHNIQUES 

There are many problems that are related to the TACOM location 

problem, including warehouse location problems, clustering problems, 

and partitioning problems.  In this section we discuss these 

problems, their solution techniques, and the applicability of 

these techniques to the TACOM location problem. 

A.   Warehouse Location Problems 

The warehouse location problem may be briefly defined 

as the determination of the number, location, and capacity of 

source sites in order to minimize the cost of satisfying a set 

of shipping requirements under a given cost matrix [6].  Efroymson 

and Ray present a BranchBound algorithm solution technique for 

this nroblem when it is formulated in a manner analogous to the 

TACOM location problem with a pointtopoint connection constraint 

[8]. Relative to the general TACOM location problem, this approach 

has two drawbacks: it does not easily handle the multidrop line 

case, and, for large problems, the computational requirements 

are prohibitive. 

The computational requirements for obtaining exact 

solutions to these problems have given rise to many heuristic 

approaches. Among the more successful is the "Add" algorithm 

[21].  In this approach a star network with all "customers" directly 

connected to a central warehouse is assumed to start with.  Each 

possible warehouse location is then evaluated by determining 

the cost reduction which would be achieved by placing a warehouse 

at the location. The location giving the greatest reduction is 

then selected for the first placement of a warehouse.  With the 

new warehouse in place, the process is repeated for the next 

2.10 

—^" ■ ^   — — ■ —  ..:»-^.-^.. 



Network Analysis Corporation 

location.  When no further cost reduction is achieved, the process 

halts.  Relative to the TACOM location problem, this approach also 

has the drawback of not handling the multidrop line case efficiently; 

evaluating each site with a complete line layout would be too 

computationally costly.  In addition, each time a site is selected, 

it becomes permanent, but there is little reason to think that the 

location of the best single TACOM is also one of the best locations 
for two TACOMS, etc. 

The "Drop" algorithm [10] is basically the reverse of 

the "Add" algorithm.  Warehouses are initially assumed to be at 

all possible locations, and "customers" are assigned to multiple 

warehouses.  The procedure is to then eliminate the warehouse whose 

elimination most reduces the cost.  The process is repeated until 

no further reduction is possible.  The difficulties here are 

directly analogous to those of the "Add" algorithm. 

Other, less promising, formulations of the warehouse 

location problem and related solution techniques are contained in 

[26], [13], [9], [14]. 

B.   Clustering Problems 

Basic aspects of the TACOM location problem can be posed 

in a clustering context.  The clustering problem may be thought of 

as detecting inherent separations between subsets of a given point 

set, where the separations may be in terms of several different 

measures.  In the TACOM location problem, one might expect some 

measure to be available such that nodes clustered under this 

measure would most appropriately share a common line, or be 

connected to the same TACOM.  Many clustering techniques exist 

[3], [23], [15], [1], [22]; however, few appear to suggest 

measures which may be applicable to the TACOM location problem. 
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Among the more promising are those which attempt to cluster points 

on a plane [28], [17].  Zahn, [28] attempts to identify gestalt 

clusters (twodimensional point sets naturally perceived as separate 

groupings) by connecting the points with a minimum spanning tree, 

and deleting relative long branches to form components, or clusters. 

Jarvis and Patnik [17] offer a similarity measure based on shared 

near neighbors to generate "nonglobular" clusters.  This technique 

and that of Zahn have much in common.  However, neither of the 

approaches appear to offer more than insight to the complexity 

of the TACOM location problem. 

C.   Partitioning Problems 

The TACOM location problem may be viewed as that of 

partitioning a set of elements in a way that optimizes some ob- 

jective function defined on the set of all partitions.  The par- 

titioning may be in terms of nodes sharing a common line, or 

in terms of nodes connected to the same TACOM, and the objective 

function is simply network cost.  There are several formulations 

to the partitioning problem, in terms of set theory [12], [24], 

and graph theory [19], [20], [18].  Perhaps the most interesting 

of these formulations, from the TACOM location perspective, is 

the formulation by Roach [24] in which the objective function 

is to minimize the maximum within-cluster distance.  Although 

the solution technique offered is one of forming reduced subproblems, 

and is somewhat improved over integer programming, it is still 

far too computationally complex to be of interest in the TACOM 

location problem. 
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IV.  PREVIOUSAPPROACHES 

The TACOM iocaticn problem has received considerable attention 
in the data communication network literature [7], [21, [11) 

[251, [51, [16), [4), (271.  The approaches have almost all' 

been heuristic in nature, and most have dealt with only the less 

9eneral version of the problem „here only point-to-point connections 

are permxtted. For this simpler problem, two attractive approaches 

seem to bS a direct adaptation of the "Add" algorithm of the „are- 

house location problem, and a "graceful" drop algorithm based   

on Unk removal rather than TACOH removal (2).  The former seems 

to be computationally considerably more efficient, but the latter 

to yreld. In general, slightly better results.  An approach based 

on combrnatorial optimization over certain selected subsets of ' 

the net„ork has been offered by Greenburg [16), and has the attrac- 

tion of partitioning the main problem into subproblems in an 

iterative manner, and reoptimizing the partitions based on global 

considerations.  The original set of node locations is partitioned 

by first locating the pair of nodes closest together as a kernel 

of a partition element. A point „hose distance from the kernel 

gives a cost of connection to the kernal greater than the cost of 

locating a TACOM at the point is called an cpposrng point.  The 

«rnal is then iteratively enlarged by adding the point closest 

to the kernal „hich is closer to the kernal than to any opposing 

point.  The heuristic employed here is that such points are more 

likely to be optimally connected to the same TACOM as the points 

in the kernal than to be connected to a TACOH at one of the opposing 

points.  When no additional nodes can be added, the enlarged kernal 

becomes a partition member and is removed from further consideration in 

I 
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this initial partitioning phase.  A new kernal is then selected, 

and the process repeated to find a second partition element.  The 

procedure is continued until no further partitioning is achieved. 

The optimal location of TACOMs within each member set of the 

partition is achieved by exhaustive combinatorial enumeration. 

However, optimality over each member set of the partition, does not 

necessarily give optimality over the entire set.  Hence, an 

iterative scheme of repartitioning and reoptimizing is next 

pursued.  Nodes are optimally assigned to the TACOMs originally 

found (by assigning each node to its closest TACOM) , thereby 

creating a new partition of single TACOM sets.  The optimal TACOM 

location within each set is then found by exhaustive search. 

Pairwise combinations of the sets are then optimized for one, two, 

or three TACOMs, again by combinatoric enumeration.  If different 

TACOM locations result in the combined set, a new partitioning 

is done by optimally assigning nodes to TACOMs.  The process is 

repeated until no pairwise revisions occur. 

The difficulties here begin with the strategy for the par- 

titioning.  There is no control over the size of the partition 

sets, with a possible result being the original set itself.  For 

a set of N possible TACOM locations, combinatoric enumeration of 

all possible locations takes 2N-1 operations, where N is the 

number of locations.  Each combination must have the nodes 

optimally assigned and its cost evaluated.  Clearly, for large 

sets in the partition this is computationally prohibitive.  The 

iterative process of pairwise combination of partition elements 

and optimizing TACOM locations over the combined pair is attractive, 

but the enumeration form of the optimization is again costly.  All 

of the above difficulties are compounded considerably when exten- 
sion to multidrop lines is considered. 
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The general TACOM location problem has been attacked by Woo 

and Tang [27], with an algorithm that approximates the problem 

with a simpler point-to-point problem, in which the point-to-point 

cost of connecting two nodes is a weighted average of the direct 

connection cost and the shared cost of connecting through the 

minimum spanning tree.  After the problem simplification, the 

"Add" algorithm is applied to make site selections.  Recall that 

in the "Add" algorithm, all candidate site;; are evaluated for 

savings, the best selected and, with assigned nodes, removed from 

further consideration.  The procedure is iterated until no new 

site is found to give positive savings,  A vigorous proof of the 

following theorem which justifies the termination condition for 

the "Add" algorithm has been reported [27]. 

Theorem 

Let L, L^, and L,^ be optimal network assignments corresponding 

) , and respectively to TACOM sets (j ,j 'V' (jo' :i'Di+l' (V '^i,^i+l'Ji+2)' and let C (L)' c (Li^' and c (Li2) be their 

respective costs.  Then C (L) - C (L,) > C (L,) - C (L,„), 

Note that this theorem does not say that the network cost is a 

convex function of the number of TACOMs, but rather that the cost is 

convex over the iterations of adding a new TACOM to an existing 

set of TACOMs without reoptimization of the existing TACOM locations. 

In fact, counterexamples are easily produced in which the cost is 

not convex over the number of TACOMs when the given number of TACOMS 

are optimally located in each case. 

The Average Tree-Direct (ATD) algorithm described above appears 

to be the best algorithm for the general TACOM location problem 

that is currently in the literature.  We will use it as the basis 

for comparative evaluation of the algorithm we present next. 
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V. DESCRIPTION OF GENERAL APPROACH 

There are many possible formulationr-, for the TACOM location 

problem, and many possible approaches to finding acceptable 

solutions.  We present here an approach to the following formulation 

of the problem: 

uiven; 

Set of nodes. 

Particular node which is RESCOP 

Constraint on number of nodes which may 
share a line. 

Constraint on number of nodes a TACOM 
may serve, 

Cost of connecting nodes, 

Cost of TACOM 

Find: 

A low cost feasible design in which 
TACOMS may be used. 

The object of this formulation is a total network design.  The 

approach is heuristic, and consequently, no promise is made of 

optimality; only feasibility in terms of the given constraints. 

The constraints used in this formulation were chosen because they 

are often appropriate in reality, and are particularly simple.  The 

approach is also reasonable for for various other constraints.  These 

will be discussed later.  TACOMS are used only where they appear to 

be beneficial, and consequently, for some node arrangements, designs 

will result which use no TACOMS. 

The general approach is characterized by the following four 
steps. 
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1.        Simplify  the problem to a  point-to-point 
problem by  replacing  clusters  of  nodes  by  single 
mass"    (COM)   nodes. 

"center-of- 

Partition the reduced set of COM nodes by applying an 
add algorithm, resulti 

a TACOM site. 
ng in one of the COM nodes selected as 

3. Select one of the original nodes as a real TACOM site in 

each partition by examining the original nodes closest to the 

COM node selected in the add algorithm, and selecting the best. 

4-   Apply a line-layout algorithm to each partition, with 
its selected TACOM site serving as the central node. 

A simplified flow chart for the approach we use is shown in Figure 4 

We wxll mterpret this flow chart in terms of the four steps given 
above. r  y 

A-   Simplification by Clustering 

Simplification is achieved when the problem is reduced 

xn s12e and converted to a point-to-point formulation.  To accom- 
plish this, clusters of nodes are replaced by single nodes 

The clusters are intended to reflect natural groupings of nodes 

that can be most appropriately approximated by single nodes 

at thexr center of mass.  The clusters are limited in size by 

the Ixne constraint, and thus also reflect possible groupings 
of nodes to share a line. 

The clusters are formed by "rolling snowballs" in 

a rather "balanced" fashion.  First, the two nodes closest to- 

gether are selected [2].  if these two nodes can be put in 
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the same cluster (i.e., their being joined does not violate the 

line constraint) [3], they are replaced by a single node at their 

center-of-mass [4], called a COM node.  The "weight" of the nodes 

are simple the number of nodes contained in the cluster they 

represent, with initially all weights equal to one. 

If the two nodes can not be merged, the next closest 

together "pair" will be considered.  As "pairs" of nodes are 

identified which can not be merged, they are removed from further 

consideration in the clustering process [5], although the indi- 

vidual nodes may reappear as members of other "pairs".  The 

clustering process continues until no "pair" of nodes can be 

effectively merged [6].  An example of the clustering process 

is shown in Figure 5.  At this point, the original set of nodes 

has been replaced by the set of nodes representing the clusters. 

This set is smaller in number by a factor slightly less than the 

line constraint, and the relative costs of connecting the nodes 

in a cluster to different sites can be approximated by the 

point-to-point costs of connecting their representative node. 

Thus, the problem is reduced in size and converted to a point- 

to-point form.  An example of the reduced set, with associated 

weights for the nodes, is shown in Figure 6. 

B.   Partitioning 

The add algorithm examines the benefit of placing a TACOM 

at each COM node.  The benefit is determined by iteratively asso- 

ciating with each COM node the other COM nodes which give the 

greatest cost benefit by being connected to the TACOM instead of 

the RESCOP, subject to the TACOM capacity constraint.  After 

the assignment of COM nodes to the TACOM, a heuristic esti- 

mate, explained in detail later, is made of the cost benefit. 
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I 

The estimate incorporates the weights of the nodes, and is dif- 

ferent than the simple cost gain of the COM as a TACOM in a 

point-to-point case.  The COM which, as a TACOM site, has the 

greatest heuristic benefit estimate is selected us the best 

[7].  The simple point-to-point cost gain of this COM node is 

then checked [8].  If the cost gain is positive, the selected 

COM node and all those COM nodes assigned to the selected loca- 

tion in the add algorithm are partitioned from the remaining 

nodes to form a separate subproblem [9], as shown in Figure 6. 

If the cost gain is not positive, it is concluded that the best 

TACOM site is not cost-effective, and all the remaining COM 

nodes are then assigned to the RESCOP [13].  This forms a last 

oartition element to be treated as a subproblem. 

C.   Local Optimization 

The output of the partition process is a particular sub- 

set of COM nodes identified as deserving a TACOM, and a particular 

member of the subset identified as the appropriate site for the 

TACOM.  However, the COM nodes are representatives of clusters, 

and in reality some particular original node site must be se- 

lected for the TACOM.  To select this site, each of the k nodes 

closest to the selected COM node are evaluated, as shown in Figure 
7, with k = 3. 

The same measure is used in the evaluation es  is used 
in the COM node selection.  The node with the greatest heuristic 

estimate of benefit is then selected as the actual TACOM site 

[10].  This gives a partition of the nodes into a subproblem 

complete with an actual node site chosen for the TACOM. 
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D.        Line   Layout 

In order to apply a line layout algorithm to the sub- 

problem formed above, it is first necessary to replace all the 

COM nodes by the actual nodes they represent.  This gives a 

partition of actual nodes with an actual node selected as the 

TACOM site.  A line layout algorithm is then applied to the 

partition [11], giving a result as shown in Figure 8.  The 

nodes in this partition are then removed from further considera- 

tion.  If no nodes are left [12], the design is complete [14]. 

If nodes remain, the process is repeated [15].  The process is 

repeated until all nodes are assigned to TACOMS or until no 

no additional TACOM is estimated to be beneficial [8].  In this 

latter case, the remaining nodes are assigned to the RESCOP 

[13], and the line layout algorithm is applied [11] to complete 

the design, as shown in Figure 8. 
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FIGURE 4;   FLOW CHART OF APPROACH 
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(FIGURE   4   CONTINUED) 
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FIGURE    5 :      SIMPLIFICATION   BY  CLUSTERING 

First  Partition 

FIGURE    6  : PARTITION   BY  ADD   ALGORITHM 
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FIGURE 7 •   LOCAL OPTIMIZATION 

FIGURE 8 :  LINE LAYOUT 
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VI.  THE CENTER-OF-MASS ALGORITHM 

In this section, we give a precise description of the algorithm 

outlined above.  The algorithm is formally stated at the end of the 

section.  The first part of the section is devoted to interpretating 

the formal statement. 

The formal statement begins with a list of the relevant defini- 

tons, parameters, constants, constraints, and cost function.  Note 

that the constraints are of the simple capacity variety, and the 

cost function for connecting two nodes is simply the Euclidean 

distance between the nodes.  It will be clear after examination of 

the algorithm that other constraints and cost functions are equally 
usable. 

In the initialization phase (Step 0), A is formed as the set 

of N - 1 nodes of interest, where the RESCOP (node 1) is not included. 

The RESCOP is not considered eligible for a TACOM as nodes may 

connect to it directly.  The set DO is the set of all nearest 

neighbor distances.  For each node i a list L. is kept of the real 

nodes represented by the node.  Initially, the list for each node 

contains only the node itself.  After two nodes merge, the list 

for the new node will contain the members of the lists of the two 

nodes that merged, thereby keeping track of the represented nodes. 

The weight assigned to each node is initially  set equal to one. 

Thus, the constraints are simply on the number of nodes per line 

and the number of nodes per TACOM.  For each node i, its nearest 

neighbor j is represented as n^  The average "nearest neighbor 

distance", d   , is used to set a maximum distance d   over which avy max 
nodes may be merged.  The parameter a determines this maximum 

distance. The reason for establishing such a maximum distance is 

based on the clustering objective and procedure, as discussed 
below. 
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The clustering objectve is to replace natural groupings of 

nodes.^-ky a single-node.  The procedure is to iteratively merge the 

closest feasible pair of nodes.  As this procedure nears completion, 

most nodes are representative of near capacity clusters, and con- 

sequently, cannot be merged.  Thus, the shortest distance between 

feasible nodes may become quite large.  Merging of these nodes would 

not reflect the objective of natural groupings.  The maximum distance 

is designed to prevent such mergings. 

After determining a maximum allowable distance, the set D is 

formed as the set of allowable nearest neighbor distances. 

The merging of two nodes is accomplished in Step 1 of the al- 

gorithm.  Prior to entering this step, it is known that all nodes 

with their nearest neighbor distance contained in D can be feasibly 

merged with their nearest neighbor.  When Step 1 is entered after 

the initialization process, this is certainly true, or else the 

problem is point-to-point in form, and not multipoint.  Following 

Step 1 is an update procedure designed to ensure that this is true 
when the step is reentered. 

The first task in the merge process is selection of the minimum 

nearest neighbor distance.  Then a new node is formed with its loca- 

tion at the center-of-mass of the two nodes being merged, where 

the weights used in the center-of-mass calculation are simply the 

weights assigned to each node.  The list of real nodes represented 

by the new node is formed by merging the lists of the two old nodes. 

The old nodes are then removed from further consideration by deleting 

them from the set A.  The new node will be added to the set A later. 

The weight of the new node is simply the sum of the weights of the 

old nodes.  Note that with the initial weights all set equal to one, 

the weight is simply the number of real nodes represented by the 

new node. 

After a new node is formed, its nearest neighbor must be found, 

and all nodes which had one of the old nodes as a nearest neighbor 

must also have new nearest neighbors found.  This is accomplished in 
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the update procedure (Step 2). Dl is the subset of D containing 

all the distances for which the nearest neighbors are not one of 

the two nodes just merged in the previous step.  A2 is the set of 

all nodes whose nearest neighbors were one of the two nodes just 

merged, plus the new node; i.e., the set of all nodes for which 

new nearest neighbors are to be found.  The new node is added to 

the set A, making it again the set of all nodes which are candidates 

for merging.  The nearest feasible neighbor distances are then found 

for the nodes which need new distances, i.e., the members of A2. 

This is the set D2.  D3 is the subset of D2 containing distances 

less than the maximum allowed distance.  For each node i, which has 

a new feasible, allowable distance neighbor j, n. is defined as j. 

The set D of all allowable nearest neighbor distances is then formed 

by combining the unchanged distances, Dl, with the new distances D3. 

Note that all members of D are defined for pairs of nodes which are 

feasible to merge.  If D is not empty, then the merging process 

is continued.  If D is empty, no further merging is possible, and 
the add process is entered (Step 3). 

The first task of the add algorithm is the iterative examin- 

ation of each node for the possible benefit of locating a TACOM at 

its site.  This task is accomplished in Step 3.  The savings achieved 

by connecting a node j to a TACOM at i versus the RESCOP ( node 1) 

is defined as sij.  For each node i, nodes are iteratively associ- 

ated with the node in order of decreasing savings, with the maximum 

savings node associated first.  The iterations continue until no 

further savings are possible, or until the capacity constraint 

prevents any further associations.  When the iterative process is 

terminated, the benefit of placing a TACOM at the node site is 

evaluated on the basis of the associated nodes.  Thus, for each 

node, i, the iterative process is initiated by forming A as the set 

of candidate nodes for connection to i, and Bi as the list of nodes 

actually to be associated (initially empty).  T is the running sum 
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of weights of the associated nodes, used to check the capacity 

constraint. 

Part A) is the iterative process of association.  If all 

candidates have been examined, then the evaluation, Part B), is 

commenced.  If there are still unchecked candidates, select the 

one with the greatest savings.  If the savings are not positive, no 

further savings are possible, and commence the evaluation. Other- 

wise, remove the selected node from the candidate set to ensure 

that it is not selected a second time, and then determine if the 

association is consistent with the constraint.  If not, go on to 

the next candidate.  If the association is feasible, add the node 

to the association list, and add its weight to the running sum. 

If the sum is equal to the capacity, no further associations are 

possible, and the evaluation process is commenced.  If the sum is 

less than the capacity, additional associations may be made, and thus, 

return to consider the next candidate. 

Part B) is the evaluation process.  First, the point-to-point 

savings obtained by placing a TACOM at the node are determined. 

This is simply the sum of all the individual savings found for the 

associated nodes, minus the cost of connecting the TACOM to the 

RESCOP and the cost of the TACOM.  Then a relative multipoint 

benefit is calculated.  This is a heuristic measure of the node 

as a site for a TACOM considering the multipoint nature of the 

problem.  The measure is calculated as the sum of the weighted 

savings minus an emphasized cost of connecting the TACOM to the 

RESCOP.  The weights serve to move TACOMS towards the bigger 

clusters, and the emphasis parameter, y,   serves to move TACOMs 

towards the RESCOP. 

After evaluating each node as a possible TACOM site, the one 

with the greatest heuristic measure of benefit is selected (Step 

4).  if the point-to-point savings for this site are not positive, 

then it is predicted that an additional TACOM will not be cost- 

effictive, and the final stage, Step 5, is then entered.  This 
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stoppxng condition has its foundation in the theorem stated earlier 

whxch characterizes the costs resulting from the intermediate 

steps of the "Add" algorithm as a convex function of the addition of 

new TACOMS.  if the selected site is found to be cost-effective on a 

poxnt-to-point basis, then the process of forming a subproblem is 
commenced. 

First, the set of center-of-mass nodes associated with the 

selected site are removed from further consideration in the main 

problem.  Then a partition element, P, is formed as the set of real 

nodes represented by all the center-of-mass nodes associated with 

the selected TACOM site.  Since a real node must be selected for 

the actual TACOM site, a local optimization procedure is used to 

evaluate possible real node sites.  The set K is formed as the k 

real nodes closest co the center-of-mass node selected as the TACOM 

site.  A heuristic measure, z£ of relative cost for each of these 

nodes is then evaluated, and the node with the minimum cost 

measure is selected.  Thus, a partition element of real nodes and 

selected TACOM site has been formed as a subproblem for the line- 

layout algorithm.  if additional center-of-mass nodes remain, the 

next iteration of the add algorithm is commenced.  Otherwise, we 
are done. 

When ce„ter-of-mass nodes still exist in the consideration set, 

A,but TACOMS are predicted to not be cost-effective, then the regain- 

ing nodes are associated with the RESCOP site.  The line-layout for 
the real nodes represented by these rpni-^r- ^  « = ~ ^ cnese center-of-mass nodes is the only 
remaining problem, and is handled in Step 5. 

We note that in Step 2 all nodes which have their nearest 

neighbor distance more than the allowed maximum are excluded from 

further consideration by deleting their distance from the set D 

in fact, the merging of two nodes may eventually lead to a new 

nearest neighbor with acceptable distance, as shown in Figure 9 

However, this appears to be sufficiently rare and inconsequential to 

warrant exclusion in favor of reducing the computational burden. For 

completeness, an alternate Step 2, which includes this case, is shown. 
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COM   ALGORITHM 

Definitions 

=  Set  of   nodes. 

L.    = Set of nodes associated with i e A, 
i 

x. ,Y-   = Coordinates of node i. 

d.(j) = Cost of connecting j to i, 

w.    = Weight assigned to node i, 

Parameters: 

Y - Used to emphasize proximity of possible TACOM site 

to RESCOP. 

a - Used to limit distance over which nodes may be merged. 

k - Number of real nodes nearest to the merged node which are to be 

examined as possible TACOM sites. 

Constants: 

charge - Cost of TACOM. 

w     - Line capacity, max r 

c -    TACOM capacity max c 

node 1 - RESCOP 
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Constraints; 

A)        For  a   line   shared  by  the  nodes   i 
feasible; 

= 1, 2, ..., M to be 

M 

i=l 
w. ^ w i — max 

B)   For a TACOM serving the nodes i=l, 2, ...,Mto 

be feasible; 

M 
)  w. < c 

■ L -.      i — max 
i=l 

Cost Function: 

di(j) = | |i / j| | = /(xi - x.)2 + (yi - y.,) 
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STEP  0:      (Initialization) 

A  =   {i   I    i   =   2,    3,    .. . ,   N} 

D0   =   {d.{j)    |d.(j)= min    d.{l),   i  =  2,   3,   . 
1 :L ich 

for   i  =   2,   3,   .. . ,   N 

,   N) 

L.    =   {i} 
l 

W,    =   1 
1 

for  each d^j)   e  D0,ni =  j 

dmax =  a  *  davg 

D  =   {d.{j)    |   d.Cj)   £  DO,   d.(j)   <   d^^^} 
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STEP   1:    (Merge) 

d .    (nJ   =  min     d. (n.) 
D ■L      1 

Form a  new  node  k with; 

(w0    *   X0    +   W *   X      ) 

w'   +   w       "    " 
x. n „ 

(w    *  y5   + w^     *  y„   ) I       11 n£       'n£ 

w.   +  w 
£ n, 

Lk   =   L£ U  Ln, 

A     =  A   -   U,n^} 

Wk  =  W£   +  wn 
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STEP   2;      (Update) 

Dl  = D  -   {d.(n.) 
i     i 

n.    E   [I,n„] ] 

A2  =   {i   :    i   c  A,   n.   c   {ü,n   }}U {k} 
1 ~ 

A  =  A    U   (k) 

D2   =   {di(j) i   E  A2,   d,(j)   -  min 
1 ItA 

d. (£) ] 

w.+w.   <  w 
i■    I —    max 

D3   =   {di(j)    I   d.(j)    e   D2,   di(j)    <   dmax} 

For  all   i,j   such   that  d   (j)    E   D3,   n.   =   j 

D   =   Dl U D3 

If    D?  $,   then  go   to   Step   3, 

2.34 
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STEP   ■*'•      (Evaluate  Each  Site) 

Let  s 
i: = V13 " dj(i) 

For   each   i; 

A   =  A 

T  =   0 

A)   If A = 0i   then go to B) 

Select i   such that s i£ = max g. 
jcA   J 

If s £« 1 0/ then go to B) 

A = A - {9.} 

If W£ + T > Cmax' then go to A) 

B.  = Bi U {£} 

T  = T + w £ 

If T ~ Cmax' then 5° to B) 

Go to A) 

B) ''i   "      I       sii ~ di (i) " charge 
J     i 

ri " .1  s. . * w  - d (i) 
icB.     -^J     i    1 
J  1 

* Y 
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STEP 4;  (Select Best) 

r„ = max  r. 
i       ...  i 

If S  £ 0, then go to Step 5, 

A = A  -   B, 

DEB.   3 

Network Analysis Corporation 

K = a n I ^ ^ P' n = 1  k' d£(in
) 1 d^iJ'   im ^ K} 

Z„ = min 
ick J-B d,(j) * w. + d,(i) * Y 

-L J       ± 

1  = £ c 

Do line layout on P with i  = TACOM site, 

If A ^ 0, then go to Step 3, 

ELSE STOP. 
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STEP   5;    (Finish) 

P   =    .U.   L. 

i     =   1 c 

Do line layout on P with i  = RECOP site 

STOP. 
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ALTERNATE   STEP   2:    (Alternate  Update) 

A   =   A   U  {k} 

Dl   =   {d. (j)        i   e  A,   d. (j)   =  min     d. (£) ,   w.   +  w     <  w, 

D = {d.(j) | d.(j) c Dl, d.(j) < dmax] 

If D = 0, then go to Step 3. 

max 

Else for eac h i,j such that d.(j) E D, n. = j 

Go to Step 1. 
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New 
nearest 
neighbor 

FIGURE 9-. NEW NEAREST NEIGHBOR 
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VII. PERFORMANCE RESULTS 

The COM Algorithm is a heuristic approach to a rather complex 

problem.  In order to evaluate its performance, we have implemented 

the algorithm and applied it to a number of problems with randomly 

positioned nodes.  The results of these experiments are reported 

below.  For all experiments, the implementation was in Fortran, 

and the experiments conducted on a CDC 6600 computer.  Each of the 

problems were of the simple type described earlier, with constraints 

on the number of nodes per line and nodes per TACOM, and one preset 

RESCOP site to which all nodes must be connected, either through 

TACOMs or directly through their multipoint lines.  The cost 

function was a telpak rate of $.50 per mile and $40 per drop as a 

monthly charge.  In each experiment, the values chosen for the 

program parameters were held fixed for all cases; no attempt was 

made at "fine tuning". 
In order to have a comparison basis for the evaluation, we 

implemented the best other heuristic algorithm for this problem 

that we could find in the literature.  This was the approach of 

converting the problem to a point-to-point problem by forming a 

cost matrix based on'"the average of the cost of connecting two 

nodes through the minimum spanning tree and the cost of connecting 

them directly, as reported by Woo and Tang [27].  The implementa- 

tion of this algorithm (which we call the Average Tree-Direct (ATD) 

algorithm), was also in Fortran on a CDC 6600, and used the same 

line layout procedure used in the COM implementation.  In order to 

ensure that our implementation of this algorithm was reasonable for 

a comparison base, we applied the algorithm to a problem of four 

hundred nodes d:^tributed in a random manner based on population 

densities (the distribution technique will be explained in detail 

later).  With TACOMs having a cost of $25000 per month and a capacity 

of 100 nodes, and the RESCOP site located in Atlanta, the resulting 
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i: I-; design is shown in Figure 10.  We feel the problem is quite comparable 

to the example Woo and Tang reported.  The running time on the CDC 

6600 was approximately 160 seconds, whereas the time they reported 

for running on a 360/91 was approximately 60 seconds.  However, in 

our implementation we used a true combination of weighted tree 

distance and direct distance, whereas in their example it appears 

the combination was approximated with only a weighted direct 

distance.  Given also that their design resulted in only three 

TACOMs, and our's four, thus requiring more time in the add algorithm 

phase, and the relative computing power of the two machines for such 

problems being slightly more than 2:1 (in favor of the 91), the 

implementation appears reasonably comparable  In the ATD algorithm 

the cost of connecting two nodes i and j is approximated as 

cost. . + at. . + ßd. . 
13     ID     ID 

where d^ . is the direct connection cost, t.. is the tree cost, and 

a  and ß are parameters with 0 - a, ß - 1.  The tree cost is defined 

as follows: 

Let {bh} be the set of links (or branches) in the minimal 

spanning tree; for every b, define B. (b, ) as the set of nodes 
n        ]   n 

disconnected from j upon removal of b, from the minimal spanning 

tree, and let | B. (bh) | be the number of such nodes.  Then 

d, 

ID b, £71 . 
K   1 

-BTTTJ 

where dk is the cost of link b., and TK is the unique path from 

j to i consisting of a sequence of branches b,. 
K. 

The values for the parameters a and ß used in our implementation were 

determined by optimizing for a pilot problem, and then held fixed 

during all the experiments.  Our experience with the pilot problem 
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supported the observation by Woo and Tang that the design results 

are rather insensitive to variations in the parameters around the 

optimum values.  We now present descriptions and results of the 

evaluation experiments. 

A.   Uniformly Randomly Distributed Nodes 

The first series of experiments were performed on problems 

where the nodes were uniformly randomly distributed over a 2000 by 

3000 mile rectangle.  The algorithm was applied to problems of 50, 

100, 200, and 400 nodes.  The node distributions for these problems 

are shown in Figures 11, 12, 13 and 14.  The minimum spanning trees 

are shown connecting the nodes.  Three RESCOP sites were considered, 

labeled as 1, 2, and 3 in the figures. 

The first experiment used constraints of four nodes per 

line and twenty nodes per TACOM; with a TACOM cost of $200 per month. 

Problems of 50, 100, and 200 nodes were considered, with the cost 

results shown in Table 1.  In eight out of the nine comparisons, 

the COM algorithm had the lower cost, with an average improvement of 

3.1% (;ATD-DOM)ATD).  A typical COM design is shown in Figure 13. 

In the second experiment, the same nine problems were 

considered, but with a TACOM cost of $1500/month.  The results are 

shown in Table 2.  The COM algorithm produced the lower cost 

designs in the same eight out of nine cases as before, with an 

average improvement of 3.8%.  A typical COM design for this experi- 

ment is shown in Figure 14.  The same problem is shown as before; 

but note the reduction in number of TACOMS due to the increase in 

their cost. 

In the third experiment, the constraints were changed to 

10 nodes per line and 50 nodes per TACOM.  The TACOM cost was fixed 

at $1500, and problems of 100, 200, and 400 nodes were considered. 

The results are shown in Table 3.  In all cases the COM algorithm 

produces the lower cost designs, with an average improvement of 
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1.2%.     A typical design is shown in Figure 15.  The average costs 

of the designs produced by the COM algorithm as a function of the 

number of nodes is shown in Figure 18.  Note that, as would be 

expected, the larger capacity constraints not only give lower cost 

designs,but also a less rapidly growing cost-curve. 

B Randomly Distributed Based on Population 

In most real problems, the nodes will not be uniformly 

distributed over a nice rectangular region.  In order to pose a 

more realistic problem, nodes were located throughout the United 

States in a random manner based on population density.  A weight of 

1000 was divided among the 238 most populated cities (i.e., those 

with populations greater than 50,000) in proportion to their popu- 

lation.  A rectangular region was determined for each city, or 

collection of cities, to reflect the feasibility of the region co 

support a population segment with access to urban facilities.  Thus, 

consideration was given to natural geographical boundaries, such as' 

mountains, lakes and coast lines, to major roads in the area, to 

the number of nearby smaller communities, and to the natural pattern 

of urbanization between relatively close major population centers. 

Using this approach, 123 regions were defined, with varying sizes of 
approximately 70 miles square. 

Once a number of nodes has been allocated to a region in 

proportion to population, the geographic positions of the nodes 

within the region are uniformly randomly distributed.  With a large 

number of nodes, it is reasonable to anticipate that some of them 

may be located at points with no discernable geographic significance. 

Therefore, a fraction of the nodes were located at random in a 

large geographic segment; east of Denver, west of Pittsburgh, north 

of Austin, and south of Mikwaukee.  In the two experiments reported 

below, problems of 400 nodes were considered, with 5% distributed 
in the large region. 
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In each experiment, the RESCOP site was A lanta, the TELCOM 

cost was $2500 per month, and the line constraint was ten nodes per 

line.  With a TACOM constraint of 100 nodes per TACOM, the ATD 

algorithm produced the design shown in Figure 10, with a cost of 

$41, 508.50/month, and the COM algorithm produced the design shown 

in Figure 19, with a cost of $39,418.50/month.  In this case the 
COM algorithm produced a design lower in cost by 5%. 

As a final experiment, we applied the algorithms to the 

same problems as described above, but with no constraint on the TACOM 

capacities.  The designs they produced are shown in Figures 20 and 

21.  As can be seen from the figures, the designs are very similar. 

The COM algorithm produced a lower cost design by only .50%.  This 

result, coupled with the others, suggests that the COM algorithm is 

perhaps more sensitive to TACOM capacity.  In fact, in the 27 

comparison cases examined, the COM algorithm had fewer TACOMS in 

18 cases, and the same number in the remaining nine cases.  On the 

average, it used 21% fewer TACOMS f (N   -N   )/N   1 
ATD  COM;/wATDJ * 

Computation Time 

A significant factor for a design algorithm is its 

efficiency, i.e., the computer time it requires.  In order to 

appraise this attribute of the COM algorithm, the execution time 

for the algorithm was measured on several problems.  The times are 

only for the TACOM selection portion of the problem, and not the 

line layout portion.  For comparison purposes, the execution times 

for the ATD algorithm were also measured in the same way.  The same 

basic strategies for efficiency were used in each implementation. 

For the problems with constraints of 10 nodes per line and 50 nodes 

per TACOM, önd TACOM cost of $1500 per month, the average results 

are shown in Table 4.  Curves portraying these results are shown in 

Figure 22.  It would appear that the COM algorithm is substantially 

more efficient.  To quantify this comparison, the two curves are 
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shown on a log-log scale in Figure 23.  From these curves, the 

execution time of the COM algorithm for these problems may be 

approximated by the function t - (2xlO~4)N2/ and the ATD al srithm 

by the function t = (10~4)N2'5, 

The execution time was measured in the same way for the 

problems using the population model.  With a constraint of 100 nodes 

per TACOM, and TACOM cost of $2500 per month, each algorithm used 

fewer TACOMs in its design than in the above uniformly distributed 

problems, and the execution time dropped accordingly.  Thus, for 

the COM algorithm, the time was 32.8 seconds, and for the ATD 

algorithm the time was 161.8 seconds.  With no constraints on the 

TACOMs, again fewer TACOMs were found, and again the times were 

reduced, to 32.0 for the COM algorithm, and 121.6 for the ATD 

algorithm.  Note that the decrease in the COM time is much less 

dramatic than for the ATD algorithm.  This can easily be inter- 

preted as due to the time spent in the add algorithm phase.  With 

its simplification of the problem to a reduced number of nodes, the 

COM algorithm spends much less of its time in the add phase than 

aoes the ATD algorithm, which considers all the nodes in this 

phase.  Thus reduction of this part of the problem with greater 

TACOM capacity will have a much more dramatic effect on the ATD 

algorithm than on the COM algorithm.  Note that this last case with 

the add phase used to select only two TACOMs will be one of the 

worst comparative cases for the COM algorithm. 

The ba; ic execution time advantage for t1   )M algorithm results 

from its problem simplification strategy.  The merging process can 

be implemented with only slightly more complexity than a basic 

kruskal minimum spanning tree algorithm.  Howerver, the ATD algorithm 

involves considerable computation to determine the equivalent tree 

cost of connecting each pair of nodes in addition to generation of 

a minimum spanning time.  Furthermore, as noted above, the results 

of the simplification is not only conversion to a point-to-point 
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problem, as is true for both algorithms, but also reduction of the 

number of nodes to be used in the "Add" phase for the COM algorithm, 

whereas the ATD algorithm has no such reduction. 
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FIGURE   11;   50  MODES   RANDOMLY  DISTRIBUTED  ON   THEIR MST 
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FIGURE   12   ;    100   NÜDES   RANDOMLY  DISTRIBUTED 

AND     THEIR     MST 
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FIGURE 13 ; 200 NODES RANDOMLY DISTRIBUTED ON THEIR MST 
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FIGURE   14   ;    400  NODES   RANDOMLY   DISTRIBUTED  AND  THEIR  MST 
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4 nodes   / line 
20 nodes /  TACOM 

$200/TACOM 
COST $28909/month 

FIGURE   15 ;    TYPICAL  COM  DESIGN   EXPERIMENT   #   1;   100  NODES 
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4 nodes/line 
20 nodcs/TACOM 
$1500/TACOM 
Cost: $25888/month 

| 

FIGURE 16 ;  TYPICAL COM DESIGN EXPERIMENT #2; 100 NODES 
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2.55 

J 



Network Analystf: Corpomtion 

2 
O 
M 

< 

3 
ft 
O 
Pi 

o 

Q 
W 

u < 
a 
o 

o 
o 

O 

Q 
rj 
M 

a- 
a < 
< 

2 
S H ■ 
EH a 
M u 

o b 
Q a 
iJ H 
< a 

EH 
C w 
C M 
u a 

u 
S 
p 5 

2.56 



Network Analysis Corporation 

2.SI 

a 
u 
EH 
s c 

DC 
EH 
w 

O 
C H 

(A 
U 
Q 
G 

o 
o 

C 

Q < 
ü C2 

u 
2 

a 
o o 
< 

c 
u 

o 

D 
Ü 

EH w 
z 
c 
0 
o 
2 

< B 

2 H 
H 2 

ii———     ■■MMMMM 



r~ 
Network Aruil^sis Corporation 

a 
u 
h 
CQ 
M 
Of p 
(A 

tfl 
u 
D 
O 
2 

o 
o 
t 

< 

o □ 
< 

fN 

u 
5 
9 
U 

h 
M 
s 
Q 
2 
< 

2 
O 

< 
D 

o S 
2 
5 

O    Q 

to 
Q    < 

o 
Q 
2 

h   2 
<     M 

2     O 

2.58 



II I LI IMHIVI f^^m^^^mt^mm^^^Kw^^1 

Network Analysis Corporation 

300 

EXECUTION TIME 

vs 

NUMBER OF NODES 

150    200    250 

NUMBER OF NODES 

FIGURE 22 : EXECUTION TIME of COM and ATP ALGORTTHM.c; 

-n0    350     400 
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50 

EjCECUTION   TIME 

vs 

NUMBER OF NODES 

IOC     200 

NUMBER OF NODES 

-I  

1000 

FIGURE 23;EXECUTION TIMES of the COM and ATD ALGORITHMS 
(LOG-LOG SCAI.R.q^ 
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EXPERIMENT   )] 

4   nodos/line 
20   nodes/TACOM 

$200/TACOM 

ALG0PITin RESC0P *™*B*   OF   N-ODEs    (COST   IN   DOLLARS) 

 50, _i_n_o 200 
pf-v«« ~— —■— — —— — — — — —— — — — — — — __ . 

1 12754 20348 34353 

1 

— i-rP. 13405     21332       3444 3 

C0-V 13373     20809       37411 ' 

2 

.™2S 13215 _22745       38011 
C0M 12885     21371       36845 

3 

— rJ-D_ i.3.5.0.3.    22000       37556 

Average 
Improvement j#t,      ^31 iu% 

TABLE 1: PERFORMANCE OF COM ALGORITHM 
EXPERIMENT # 1, 
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EXPERIMENT #2 

4 nodes/lino 
20 nodes/TACOM 

$1SOO/TACOM 

ALGORITHM RESCOP       NUMBER OF NODES (COST IN DOLLARS) 

^_[3_0___     10_0 __      200 

COM 14005     25846       44275 

_AJ_D_ 15385     25955       45794 

COM 16136     25888       48005 

2 

'VTD 15757     27366       48160 

COM 15485     26601       47337 

3 

ATD 17403     27205       47821 

Average I 
Improvement 5.9^      3.9%      1.55? 

TABLE 2"   PERFORMANCE OF COM ALGORITHM 
EXPERIMENT # 2. 
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EXPERIMENT *3 

10 nodes/line 
5 0 nodcs/TACOM 

$1500/'TACO.V 

ALGORITHM RESCOP       NUMBER OF MODES (COST IN DOLLARS 

  __ _1_0_0       2_00 400 

COM 18 39 3     32023       55406 

ATD 20881     33258       57438 

COM 187G5     32107       58520 

:\ TD 21419     33816 

COM 18706     32184        5696 

ATD 22148     34046 

Average % 
Improvement 13,31     4.7?        3.5C 

TABLE 3.   PERFORMANCE OF COM ALGORITHM 
EXPERIMENT # 3. 
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10  nodes/line 
50   nodes/TACOM 

TACOM COST:   $1500/Month 

ALGORITHM NUMBER OF NODES (EXECUTION TIME-SECONDS) 

100 200   400 

COM 

ATD 

2.1     8.2    36 

9.4     67.7   275 

TABLE 4:    AVERAGE EXECUTION TIMES FOR ALGORITHMS 
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VIII GENERALIZATIONS AND EXTENSIONS 

The TACOM location problem has boon nosed in its most basic 

form, and an algorithm, with associated performance results, has 

been presented which appears to be an effective approach to the 

problem.  Several generalizations and extensions of the problem and 

algorithm are now considered. 

A. Line Constraints 

The line constraint used in the basic formulation was 

simply a limit on the number of nodes which may share a common line. 

This constraint is quite realistic when the* traffic is uniformly 

distributed among all the nodes.  The appropriate maximum number to 

ensure acceptable performance can usually be determined quite easily 

by either analytical or simulation techniqaes.  However, when the 

traffic level for different terminals varies considerably, a simple 

number constraint may not be appropriate.  When based on the average 

traffic, the constraint may yield cases of unacceptable performance, 

and when based on the maximum traffic, it will be inefficient.  A 

constraint wo have found effective for such problems is a weighted 

sum of traffic and number of terminals.  In this case, let w. be the 

average traffic associated with node i, and m be the number of ter- 

minals sharing the same line.  The constraint has the form: 

k,  /  w. + k_ m •' w i^i    2   — max 

The proper values for the constants k,, k-, and w   will depend on 
i   2. max       r 

the performance requirements and traffic measure used, and may be 

determined by analytical or simulation techniaues. 

2.65 
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To incorporate such a constraint in the COM algorithm 

requires only a simple modifdcation;  two numbers are kept for each 

node instead of one.  The first number is the combined traffic, and 

the second, the number of original nodes represented by the node. 

The feasibility constraint is evaluated on the basis of both these 

numbers, in accordance with the above formula. The center-of-mass 

is determined only on the basis of the second number, i.e., the 

number of original nodes represented by the node.  This is the same 

procedure as used in the initial statement of the algorithm, and 

reflects the intention for the clustering process to identify 

natural geographical groupings of nodes. 

In general, the nodes may each possess a number of attri- 

butes which must be consistent with a set of constraints ::or feasi- 

bility.  This can be formulated as each node having an attribute 

vector, vlt   and for feasible merging, a constraint function must be 
satisfied. 

C   {v.     y       = ^ l  ^ can t,e merged with j 
/ 0  i can not be merged with j 

This general formulation can be handled in the algorithm in the 
same manner as described above. 

B. TACOM Constraints 

The TACOM constraint used in the initial algorithm state- 

ment was a limit on the number of nodes which could be served by 

a TACOM.  This constraint may be interpreted in terms of a traffic 

performance relationship.  Acceptable performance on the part of the 

TACOM may be directly related to the amount of traffic it must process, 

and if the traffic is uniformly distributed among the nodes, then 

this translates into a constraint on the number of nodes a TACOM may 

serve.  However, when traffic is not uniformly distributed, it may 

be more appropriate to constrain the amount of traffic rather tian 

the number of nodes.  In fact a weighted sum of traffic and number 

2.66 
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of nodes, as in the line constraint: case, is often the most 

realistic, as there may be an overhead dependent on number of 

nodes, and a processing load dependent on traffic.  The algorithm 

can easily be modified to handle such a constraint.  As in the 

line constraint case, two numbers are kept for each node; the 

first number is the combined traffic, and the second the number 

of original nodes represented by the node.  During the "Add" 

phase of the algorithm, the TACOM feasibility constraint is 

evaluated on the basis of a weighted running sum of both numbers. 

The constraint outlined above appears reasonable in 

form.  However, to obtain appropriate constants for this con- 

straint mo- be considerably more difficult than obtaining such 

constants for a similar line constraint, as the TACOM's performance 

may be intimately related to its particular hardware and/or soft- 

ware characteristics.  Consequently, c;ach constraints are usually 

developed with conservative considerations, and are thus not 

necessarily inviolate; that is, acceptable performance can often 

be achieved even though the constraint is violated.  The impact 

of this consideration on the algorithm stems from the tollowing 

observation:  the algorithm crec-.tes subproblems for the line 

layout process by partitioning the nodes into subsets, each of 

which satisfies the TACOM constraint.  If the line layout pro-ess 

were applied to the problem as a whole, with the derived TACOM 

sites, it may achieve a more economical result than if applied 

to each subset independently, simply because it has a larger 

domain over which to "optimize."  However, unless a line layout 

procedure is used that is sensitive to the TACOM constraint, this 

may result in cases where the TACOM constraint may be violated. 

As noted above, this may be acceptable.  For cases where this is 

acceptable, the algorithm can be easily modified to simply perform the 

line layout procedure after all TACOM sites have been selected. 

2.67 
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In some cases, the TACOM is more restricted by its 

hardware line-connection limitations than by its traffic capacity. 

In this case, a constraint on the number of lines that may be 

connected to a TACOM is appropriate.  Such a constraint should be 

incorporated in both the "Add" phase of the algorithm, by simply 

limiting the number of clusters which may be connected to the 

TACOM, and during the line layout phase.  This constraint might 

reasonably be present along with a traffic constraint. 

C.  Possible TACOM Sites 

In the general formulation of the TACOM location prob- 

lem, the set of nodes. A, and the set of possible TACOM sites, H, 

may be considered as independently defined.  It is quite feasible 

for situations to occur where the possible TACOM sites are in fact 

disjoint from the nodes, partially overlap with the nodes, are a 

proper subset of the nodes, are the same as the nodes, or have the 

nodes as a proper subset.  For simplicity, the COM algorithm was 

presented in terms of the case where the possible TACOM sites were 

the same as the nodes, thus having to deal with onlv one set, A. 

We will now consider the other cases.  In particular, three varia- 

tions of the algorithm are presented, each of which appears most 

appropriate for a particular type of possible TACOM locations set. 

1.   Small Number of Possible TACOM Sites 

Consider the rase where the number of 

possible TACOM sites is much smaller than the 

number of nodes.  The possible TACOM sites may 

be disjoint from the nodes, a proper subset 

of the nodes, or partially overlap the nodes 

2.68 
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(i.e. some possible TACOM sites are nodes, 

others are not).  The portion of the algorithm 

v.here nodes are merged into single COM nodes 

representing clusters should remain the same. 

He -ever, during the "Add" phase, rather than 

evaluating the COM nodes as possible TACOM 

sites, the actual possible sites (members of 

H) should be evaluated.  In this way the "Add" 

phase will involve a reduced number of nodes, 

and will directly result in an actual TACOM 

site selection, thereby, eliminating the 

requirement for the local optimization phase. 

Thus, this variation capitalizes on the small 

number of possible TACOM sites to improve 

computational efficiency. 

2.   Large Number of Possible TACOM Sites 

It is feasible for the number of possible 

TACOM sites to be comparable, or even much larger 

than the number of nodes.  For example, if a 

major oil company wanted to extend its corporate 

domain into the commercial time-sharing world, 

tht initial number of its customers may be far 

less than the number of its service stations 

that may be considered as possible TACOM sites. 

In the general form of this case, the possible 

TACOM sites may be disjoint from the nodes, 

contain the nodes as a subset, or partially 

2.69 
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overlap the nodes.  The handling of this 

case is particularly simple.  The only 

portion of the COM algorithm to be varied 

is the local optimization phase.  There, 

rather than selecting an actual T7.J0M site 

from the k nodes in A closest tc :he COM 

site selected in the "Add" phase, the 

selection is made from the k nocies in H 

(the set of possible TACOM sites) closest 

to the COM site selected in the "Add" 

phases. 

3.   Possible TACOM Sites Subset of Nodes 

In the most common practical problems, 

the possible TACOM sites are limited to a 

subset of the nodes selected on considera- 

tions of maintenance, rental space, access 

by trained company personnel, security, etc. 

If the subset is sufficiently small, this 

case should be handled as in section one 

above.  Otherwise, minor modifications of 

the COM algorithm are appropriate.  First, 

in the merge phase, COM nodes which represent 

at least one real node that is also a possible 

TACOM site should be flagged.  Then, during 

the "Add" phase, only the flagged COM nodes 

are considered as possible TACOM sites. 

Finally, as in section two above, in the 

local optimization phase the k nodes closest 
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to the COM node selected in the "Add" phase 

should be drawn from the set of possible TACOM 

sites rather than the set of all nodes.  These 

modifications result, not only in satisfying 

the design constraint of TACOM sites being 

selected from the restricted set of nodes, 

but also improve efficiency by restricting 

attention during the "Add" pnase to a reduced 

set of COM nodes (i.e. only those representing 

nodes which are alr.o possible TACOM sites). 

D. Multiple Capacity TACOMS 

Th^re may be several different models of TACOMS available 

with different capacities and costs.  In this case, the total design 

problem requires selection of model as well as site and associated 

nodes.  There are several possible approaches to this problem.  We 

mention only one that is particularly simple, yet effective. 

During the "Add" phase of the algorithm, each model of 

TACOM is evaluated at each site.  This requires little increase in 

computational burden if the smallest capacity model is evaluated 

first, as its stopping point can thei be used as the starting point 

for the next larger capacity model.  The best performance result is 

then selected, including model.  The process continues as usual until 
no further savings can be found. 

E. Staging 

Staging refers to the interconnection of TACOMS as shown 

in Figure 24.  A smaller capacity TACOM is connected to a larger 

capacity TACOM which is then connected to the RESCOP.  There are 

2.71 
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many possible approaches to this problem.  Perhaps the simplest is 

to locate the larye TACOMS first in the usual manner, and then to 

consider these RESCOPS for the problem of locating the small TACOMS. 

F.   RESCOP Variations 

The basic problem formulation had a single RESCOP to which 

any number of nodes and-or TACOMS could be connected.  There are 

many other formulations having different RESCOP characteristics. 

Several of these are considered below. 

*>•   Constraint on Nodes Connected Directly to RESCOP 

A frequent practical problem is the connection 

of terminals to a large time-sharing computer. 

When the computer is serving a large user population, 

the over-head required for direct connection may 

prohibit any direct connections of terminals to 

the mainframe.  In this case, the problem Is 

formulated in terms of a RESCOP to which no nodes 

may be connected. 

The COM algorithm is easily modified to 

handle such a formulation.  The cost of a TACOM 

is added to the cost of connecting a node to the 

RESCOP, and the termination condition for the 

"Add" phase is changed from "no savings achieved" 

to "no nodes left." 

If the large computer has a front-end processor 

to connect to the TACOMS, the processor may also 

serve as a TACOM.  In this case, the problem is 

formulated as a RESCOP with the first TACOM site 
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preselected to be co-located with the RESCOP. 

The pre-selected TACOM may have the same or 

different node and/or line constraints as the 

other TAJOMS.  This problem is handled as a 

RESCOP to which no nodes may be connected, 

but with the first TACOM site preselected. 

2. Multiple RESCOPS 

In many problems there may be multiple 

RESCOPS.  This may be the case initially, 

as in the problem of locating TIPS in the 

ARPANET, or as the result of staging TACOMS, 

as discussed earlier.  To modify the algorithm 

for this case, all that is needed is to eval- 

uate costs on the basis of connection to the 

closest RESCOP. 

3. RESCOP Location 

The COM algorithm can also be used as 

an approach to the general resource distribution 

problem.  In this problem, the question is 

where to place RESCOPS to provide the most 

economical connection of all nodes to a RESCOP. 

The problem is different from the  TACOM location 

problem in that there is no initial facility 

against which to trade connection costs. 

The approach to this problem is very 

similar to the case of RESCOPS which permit no 

direct terminal connections.  Each node is 

assigned an initial RESCOP connection cost, 

2.73 

■ 



Network Analysis Corporation 

which is simply the cost of a RLSCOP.  Thus, 

in the "Add" phase, instead of comparing the 

cost of connecting to a selected site to the 

cost of connecting to a RLSCOP, the comparison 

is made to the cost of having a RESCOP at its 

own site. 

4.   Connectivitv Reauirements 

When the TACOH is intended to provide 

access to a packet switching subnet (such 

as provided by a TIP in the ARPANET), there 

may be requirements placed on its inter- 

connection to the subnet.  In the ARPANET 

case, such a requirement for a TIP is at 

least two-connectivity, and acceptable 

impact on network performance and reliabil- 

ity.  To evaluate these constraints for 

every site would be too costly.  Consequently, 

an approach is taken of determining a lii.t of 

the k most economical arrangements during the 

"Add" phase, and then processing the list to 

determine the first feasible arrangement.  If 

the TACOM's can be inter-connected (such as 

TIP's connected to TIP's), then the selected 

TACOM is considered in place for the next 

iteration of the "Add" phase. 

G.   Very Large Networks and Further Time Reductions 

The COM algorithm may be viewed as composed of a "Cluster- 

ing" phase, followed by an "Add" phase, followed by a "line-layout" 

phase.  The results reported above were obtained with a rather 
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straight-fonvard implementation of the algorithm in which no 

particular effort was made to minimize execution time or storage 

requirements.  However, when working with very large networks 

(5,000 - 50,000 nodes), such considerations are imperative.  We 

give below a brief discussion of two basic techniques that can 

be applied to extend the algorithm for applicability to very 
large networks. 

1.   Sparsity 

• 

In each phase of the COM algorithm, various 

interconnections of nodes are considered.  In 

general, such interconnections may be viewed as 

branches of a graph.  When all interconnections 

are considered possible, and are thus examined, 

the graph is a complete graph.  However, there 

are many interconnections which may easily be 

discarded from consideration.  This corresponds 

to limiting consideration to a sparse graph. Thus, 

in determining closest nearest neighbors, it is 

quite efficient to place a grid over the network, 

assign each node to a box, and then for each node 

only examine nodes in the same box or adjacent 

boxes to determine the nearest neighbor.  The 

box assignment can be made linear, and the nearest 

neighbor search can then be considerably reduced 

in complexity.  Very distant nodes are naturally 

excluded from consideration.  Such an approach 

can also be used in the "Add" and line-layout 

phases.  Note that the sparsity does not imply 

inconsistency or inaccuracy in the results, i.e., 

true nearest neighbors will indeed be found.  How- 

ever, even greater efficiency can be obtained by 
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coupling the sparsity with acceptable approxi- 

mations, i.e., if no feasible neighbors are 

found in adjacent boxes, simply abandon the 

search, rather than considering the next ring 

of boxes. 

2.   Local Considerations 

In very large networks, it is often quite 

reasonable to make decisions on the basis of 

local considerations rather than global consid- 

erations.  Thus, in the "clustering" phase, it 

would appear quite reasonable to merge nearest 

neighbors on t box-by-box basis rather than 

choosing the two closest together nodes ovar 

the entire network. 
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FIGURE   24:        TACOM  STAGING 
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IX.  CONCLUSION 

A new algorithm has been presented for the design of multidrop 

networks that ma/ incorporate TACOMS (TIP, ANTS, concentrator, or 

multiplexer) to economically connect nodes (users) to RESCOPS (re- 

so rce connection points).  Experiments with the algorithm indicate 

that it is both effective and efficient.  Extension of the basic 

algorithm to handle more general problems was shown to be easily 

accomplished. 
Research is continuing on extending the concepts reported 

here to the integrated design of large (5,000 - 50,000 nodes), 

hierarchical networks with various levels of access facilities. 

2.78 
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A  BRANCH   AND   BOUND  APPROACH  TO  TOPOLOGICAL  NETWORK   DESIGN 

PART   1 

I.   INTRODUCTION 

We are here concerned with the following topological design 

problem for a store-and-forward comnumications network.  We wish 

to design a minimum cost 2-connected network that will accommodate 

a given amount of inter-node traffic, while keeping the total average 

delay that packets experience in route below -> certain specified 

amount.  It is assumed that all circuits hava the same capacity C. 

The precise mathematical formulation of the design problem is now 
presented. 

Given:    Requirement Matrix R 

Cost-capacity functions D. = d.(C), Vi 

Minimize:      D(A)  =  [ d.(C)   where A is the set of links 
i r.A 

Over A, f which correspond to a given 

topology. 

••t.l     (a) f is a multicommodity flow satisfying the requirement 
matrix R. 

(b)  f 1 C 

(c)   T = i  i  f.  r 1 1< T r iGA  1 Lc  - fJ- max 

i 

(d)  The set A must correspond to a 2-connected topology. 

) 
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At present, only suboptimal techniques are available for the 

solution of the design problem.  One such technique is the Branch- 

Exchange (BXC) method, which consists of improving a given initial 

topology by means of a sequence of topological transformations, 

called branch exchanges [1].  BXC terminates when all possible trans- 

formations are explored. 
A refinement of BXC is the Cut-Saturation (CS) method [2], which 

also uses an iterative approach and performs at each step the topo- 

logical transformation that is most likely to yield cost-performance 

improvement. 
A third technique is the Concave Branch Elimination method [3] , 

which starts from a fully connected topology and eliminates un- 

economical links, until a locally optimal configuration is achieved. 

It should be emphasized that the solution obtained by employing 

the techniques described above, is conceivably a suboptimal solution 

to the originally posed problem.  We were able to obtain lower 

bounds on the optimal solution, and to show that in most cases, the 

suboptimal cost is no more than 10 - 20% higher than the lower 

bound.  But there is an indication that the suboptimal solutions are 

indeed much closer to optimum, say by less than 5%. 

It is important therefore that we endeavor to develop a procedure 

that would yield the exact solution, in order to be able to evaluate 

the efficiency of the suboptimal techniques, and to determine whether 

it would pay to improve them.  If the exact solution proves to be 

elusive, we at least hope to determine tighter lower bounds on the 

total cost of an optimally designed network.  The lower bounds can 

be employed along with the upper bounds corresponding to current 

heuristic solutions, to effectively trap the optimal solution and 

reinforce the conviction that our heuristic solution is in fact a very 

good one. 

In the sequel we describe a branch and bound algorithm for the 

exact solution of the topological problem. The algorithm is parti- 

cularly attractive because, in addition to providing at the end the 

3.2 
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optimal solution, it provides also a lower bound „hioh is inoreasing 

,and therefore becoming more precise, at each step of the computation. 

The purpose of this section is to describe the algorithm, 

show its convergence to the optimum solution, and discuss its possible 

applr-atrons.  The coding of the algorithm is now in progress,- experi- 

mental results will be available in the near future.  Such results 

«111 allow evaluation of the computational efficiency of both exact 
method and heuristic technigues. 

3.3 
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II THE LOWER BOUND 

We propose to employ a modified branch and bound technique to 

effectively construct an optimal topological configuration by an 

exhaustive display of a proper subset of the set of all possible 

topological configurations. 

A very important ingredient of every branch and bound algorithm 

is the determination of the lower bound.  Lower bounds are generally 

obtained by solving subproblems which are in a sense more favorable 

than the original problem, either because some of the constraints 

are relaxed, or because the real costs are replaced by lower approxi- 

mations . 

In our case, the subproblem consists of determining the minimum 

cost routing on a partially specified topology.  A partially specified 

topology contains:  a set S of assigned links, a set Sn of undefined 

links; and a set a- of excluded links.  The union of the three sets E 1 
S = SA U Sy U s^ is the set of all possible links (which are |NN(NN-1) 

in a network with NN nodes). 

The assigned links are links that have been definitively intro- 

duced in the network topology and therefore their cost is the real cost 

corresponding to leasing a circuit of given capacity between the end 

points.  Although the value of capacity on the assigned links is fixed, 

we can represent the cost of such links as a function of capacity, as 

shown in Figure 1.  The curve in Figure  1  indicates that the only ad- 

missible value of capacity for an assigned link is C, since there is 

no saving for C  <  C,   and the cost becomes infinite for C > C. 

The undefined links are links for which it has not yet been 

decided whether they should be included or excluded from the topology. 

Due to this uncertainty, their cost should be somehow proportional 

to the link utilization, and should be zero if the link carries zero 

flow.  Therefore, the cost of an undefined link is assumed linear with 

3.4 
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respect to link capacity, and is shown in Figure  2.   Notice that the 

cost of the undefined link equals the real cost for C = C.  Therefore, 

the undefined link cost is a lower bound to the real cost shown in 

Figure 1. 

The excluded links are links that have been discarded during 

preceding branch and bound steps, and therefore, are no longer con- 

sidered at this stage. 

For the above mentioned partially specified topology, we are 

interested in solving the following subproblem: 

Min   I     d.    (C) 
J „  11 

f,c leSu 

Such 
That 

T (f) < T *hXZl   -     MAX 

T (f) < T 
IT: - MAX 

(1) 

f is a multiconunodity flow corresponding to the require- 

ment matrix R. 

where: 

( 

link i. 

(1)  d.(C.) is the linear cost function for the undefined 

(2)  TA(f) " 7 ils A  C-f 
is the total delay on the 

assigned links. 

(3) Trj(f) is the total delay on the undefined links. 

(4) T
A 

+ Tu is total delay for the partially specified 

network. 
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Let  us consider  the  total  cost of   the  partially  specified  topology 
Dp  given  by: 

Dp-       I D     +       I       d   (C^ (2) 

It is clear that at optimality (i.e., after solving problem (1)), Dp 
represents a lower bound to the cost of any final topology derived 

from the partially specified one by assigning a subset of undefined 

links.  In fact, in subproblem (1), the cost of each undefined link 

is a lower bound to the real cost of thv.   link in the final topology. 

Furthermore, the delay constraint has been relaxed since the total 

delay is required to be <_  2T   (instead of <_  TM^V'• 
In order to solve problem (1), we first express the cost of the 

undefined links D as a function of the link flows.  From [ 4 ], we 

have: 

D   =    i     d (c^ =    i    d f   +-^     I    /d-r:/TT-   o) 
U    icSy   1  *     ieSu  * *   YiMAX  i^eSy ^   J       x   ■> 

This expression relates D to the link flows in such a way that the 

delay constraint Tt, < T.,-., is satisfied. J U —  MAX 
Since tne expression in (3) is concave in f, and we prefer a 

convex objective function, we further bound D  as follows: 

Du I .1     difi + Tr^T .1 "V Vj        (4) 
icS ' MA   i,]cS     C      J 

It  can be easily shown that the r.h.s. of (4) is convex.  By replacing 

(4) in the original formulation of the subproblem in (1), we obtain 

a convex multicommodity flow problem whose solution still f • ovides a 

lower bound on the final cost. 
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Subproblem   (1)   can now be rewritten  as  follows 

/d~d" 
Min I d.f.   + I -^-    f.f 

icSu        !    '        YTMAX        i,JESu       C *   3 

TA(f) 1 
Y 

(5) 

I 
RcS 

s. t. 
A     C-h 

<   T 
-     MAX 

f is a nrnlticommodity flow satisfying requirement matrix R. 

Since the objective function in (5) is convex and the constraint 

set is also convex, there exists only one local minimum, which is also 
the global minimum. 

The solution of (5) can be carried out using the method of the 

Lagrange multiplexers.  To do so, we rewrite (5) as follows: 

^  L(f,A) = I 
ieS U 

d.f. + — 
ll   YT 

MAX 
I 

i/jeS 

/d.d. 1 3 

u 
f.f. 

^ I 
ReS, 

f. 
 i_ 

C-f 
- T   } 

MAX; (6) 

s.t. f is a multicommodity flow satisfying requirement matri X R. 

The multiplier X > o must be chosen in such a way that, for the 
optimal flow f*, we  have: 

Y   ' 

f* 
1 

RES.  C-f* A     i 
" TMAX} " 0 

(7) 
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A possible way to solve (6) is to select an arbitrary A0, min- 

imize L(f/A°) over f, then verify if Equation (7) is satisfied.  If 

(7) is not satisfied, a different A, say A1, is chosen end L(f,A1) 

is minimized, etc.  We anticipate that the search on A will not be a 

serious computational bottleneck since o(A) = min (over f) L(f,A) 

is monotonic.  Furthermore, we dor.'t need to solve Equation (6) with 

great accuracy, but rather can be satisfied with a lower bound to its 
optimum solution. 

At this point, the topological problem for a partially specified 

topology has been reduced to the solution of an unconstrained, strictly 

convex, multicommodity flow problem, namely, the minimization of 

Lit,   A) over f.  Such a minimization is readily carried out with the 

Flow Deviation Method [5], an efficient tool lor  the solution of 
nonlinear flow problems. 

We have shown how we can find a lower bound on the cost of all 

possible topologies deriving from a partially specified topology.  The 

next section shows how we can use these results for the search for the 
globally optimal topology. 

3.8 
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FIGURE   2 COST VS. CAPACITY FOR UNDEFINED LINK 
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111 • THE BRANCH AND BOUND CONCEPT 

First, we describe the branch operation.  Suppose we have a 

part.ally specified topology Tn to which are associated, three sets 

of links SA, Bol sE defined above.  From such a topology, we can 

"branch" to two new topologies by removing a link, say link i 

(selected with some well defined criterion) from Su and reassigning 

It to exther SA or SE.  The two new topologies T  . and T  , corres- 
pond to the following sets of links: 

Vl = (S
A 

+ {i}' Su - (i>i SE) 

Tn+2 " (SA' SU " (i}' S
E 

+ {i}) 

It is clear that if we start from the topology T . in which all 

links are undefined (i.e., ^ = SE = 0), and proceed branching until 

all the final topologies have S^j = 0, we have generated all the 

S NN(NN-l) 
2 graphs that can be constructed on NN nodes. 

The branch and bound techniques is essentially an intelligent 

way of searching the tree of successive derivations and branches, 

Ö NN(NN-l) 
without enumerating all the 2 ^OO^KT,.   I ^• 

^      ^ * possible solutions.  The key 
instrument that helps us in this searrh la ti*. r.^- ^       I:nis searcn is the notion of lower bound, 
discussed in the previous section. 

A typical step of a branch and bound procedure is now described 

Suppose we have generated, by means of successive branch operatione 

a part of the tree; (see  Figure  3) and suppose the incomplete tree 

has p "leaves" (i.e., terminal topologies), namely T ,T       T 
y  n^n+l'-'-'Vp-l' 

with respective lower bounds LB  LB       ra . ^ , 
n'   n+l'**-'LBn+p-l' computed by solving 

3.11 
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the associated subproblems (as discussed in Section 2).  The next 

branch move is performed on topology T   such that 

Lßn+S - LBi Vi = n,...,n+p-l. 

To show that the procedure converges to the optimum solution, 

we first must show that the lower bound for the two topologies gen- 

erated by a branch operation (successors) is greater or equal to the 

lower bound for the originating topology (predecessor).  But, this is 

true since the two successor subproblems have more constraints than 

the predecessor subproblem, so the minimum for the former is generally 
higher than the minimum for the latter. 

The branch and bound procedure terminates when the topology which 

minimizes the lower bound corresponds to a feasible topology (i.e., 

is such that the set SA can satisfy all the requirements with T < T 

and corresponds to a 2-connected topology).  Such a topology is optical 

because its lower bound corresponds to the actual cost, and is lower 

or equal than the lower bound for any other infeasible topology, and 

therefore, (because of the ncndecreasing property of lower bounds), 

lower or equal to the cost of any other feasible topology. 

To summarize, an iteration of the branch and bound procedure con- 
tains the following steps: 

A. Determine, between all the topologies so far generated, 

the topology which minimizes the lower bound.  If such a top- 

ology is feasible, STOP: optimum has been found. 

B. Perform a branch operation on such topology. 

C. Compute the lower bounds for the two successors and check 
for feasibility.  Go to A. 

3.12 
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LB LB 
n+t-2 n+p-1 

FIGURE   3:      BRANCH  AND  BOUND   TREE 
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IV.  COMPUTATIONAL CONSIDERATIONS 

The only way to determine the computational efficiency of a 

search algorithm such as the branch and bound method, is that of 

performing experiments on a reasonable number of sample problems of 

various size and complexity.  Since experimental results are not 

available yet, we can only make qualitative statements. 

It can be anticipated that the computational effort required 

to find the optimal solution will be considerably larger (by several 

orders of magnitude) than the effort required by suboptimal techniques. 

Therefore, it is very unlikely that branch and bound is a suitable 
network design tool. 

The indication that the method will be very time consuming follows 

from the conjecture that there is typically a very large number of 

near-optimal solutions.  The method will have to search all such 

solutions before being able to declare that a particular solution is 

optimal.  Incidentally, it is of interest to note that the presence 

of a large number of near-optimal solutions is detrimental to the 

efficiency of exact methods, but is beneficial to the efficiency of 

heuristics, and of locally optimal techniques in general. 

In favor of branch and bound, we have the following facts: 

A. It is much less time consuming than enumeration.  In fact, 

although there are a lot of good topologies, there is a much 

larger number of very bad topologies that will never be ex- 
plored by branch and bound. 

B. There are a variety of features in a branch and bound 

algorithm that can be properly taylored, in order to obtain 

maximum efficiency.  For example, one must properly design 

the selection criterion for links to be assigned or excluded, 
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based on cost, utilization, connectivity, etc.  Also, the 

results of the solution of a predecessor subproblem could 

be used for the solution of successor subproblems, with 

substantial computational savings.  In addition, one might 

consider other types of search (e.g., the depth first search) 

instead of the steepest descent search described in the pre- 
vious section. 

I  I 
C.   Although the optimal solution is elusive, it is likely 

that the bound becomes sufficiently tight much before we 

find the optimum.  In particular, we hope that a reasonable 

computational effort will reduce the gap between heuristic 

solution and lower bound from 10-20% (as we have now) to less 
than 5%. 
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V, IMPLICATIONS FOR FUTURE RESEARCH 

Beside the determination of globally optimal topologies, the 

branch and bound concept can be used for other applications related 

to topological design.  Two possible applications are here described. 

Suppose we want to optimally upgrade an existing network con- 

figuration, following an increase of traffic requirements and the 

installation of new nodes.  Let us assume that we are able to idenfity 

a set of candidate links that most likely include as a subset, the set 

of links corresponding to the optimum topological reconfiguration.  The 

branch and bound algorithm can be applied setting S  ■ set of original 
links and S = set of candidate links.  If the optimal solution ap- 

pear to be elusive, we can always use the lower bound information to 

control a suboptimal technique such as the Cut-Set Method. 

Another area of application of the branch and bound concept is 

within a suboptimal procedure.  During the application of the Cut- 

Saturation Algorithm, for example, [ 2],  we are at each step confronted 

with the problem of which new links to introduce, or which old links to 

eliminate from the current topology.  Presently, a choice is made, 

without the ability of evaluating the performance of the remaining 

altern-itives.  To avoid this, one might think of solving a partially 

defined topological problem, with S corresponding to the set of links 

which are candidate for introduction or removal.  The nature of the 

solution (e.g., the relative utilization of links, etc.) might offer 

valuable insight into the relative cost effectiveness of the links, 

and provide guidance la the selection of links to introduce or elimin- 
ate. 

The branch and bound algorithm here described can be further ex- 

tended to the solution of multiple capacity option problem.  However, 

it is conceivable that the computational complexity will rapidly in- 

crease due to the large number of possible combinations. 
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In summary, we have shown that branch and bound is a valid 

approach to the exact solution of the topological problem; we have 

also indicated that it might find applications in the solution of 

practical problems, when combined with heuristics or used to develop 

bounds.  We have to wait now for the first experimental results in 

order to better define the area of applicability of this theoretically 
very attractive technique. 
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A SYSTEM FOR LARGE SCALE NETWORK COMPUTATIONS-PART II 

In order to support the many and varied network calculations 

desired in other chapters of this report, a software system for 

large scale network computations is being developed.  Besides the 

support function, this system is designed to be portable and 

general so that it can be used for almost all network based applica- 

tions in a distributed computational environment such as ARPANET. 

While the initial applications of the system within NAC have been 

to communication networks, discussions are in progress with the 

army to apply parts of the system to applications in risk analysis 

and circ lit analysis.  Within NAC the software has been used with: 

(1) RELOUT:  An interactive program for analyzing the cost 

throughput, delay, and reliability of packet switched 

data networks.  This program is described in the chapter. 

Impack Of Interactive Graphics On Network Design. 

(2) A simulator of the Packet Radio System:  This application 

is notable because it is a hybrid batch-interactive 

program running on three computers an IBM 360-91, a PDP-10, 

and an Imlac PDS-1 Graphic Display Computer.  The simulator 

is described in the chapter: Simulation of Computer 

Communication Networks. 

(3) A heuristic algorithm for Set Covering Problems Which 

Illustrates another dimension of interactive graphics 

used for network analysis.  This is the use o^ visual 

feedback to guide the design of heuristics.  The heuristics 

and their application to radio repeater location problems 

is described in the chapter:  Repeater Location Optimiza- 

tion. 
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The software in the system consists of throe parts: 

(a) Input, output, and editing functions, 

(b) Data structuring and mappinq, 

(c) Languages for coding network, algorithms. 

Virtually all the work has been done in the first area.  The 

first version of the network editor described in the Second Semi- 

annual Report has been imrlemented: J simple but effective windowing 

for the graphics display is CO'.* implemented: and general purpose 

:,arameter selection software has been implemented.  It is this 

software that has been used in the application programs described 

above. 

Exploratory work is being carried out in the second area of 

data structure and ma;win".  The immediate goal is to simplif" 

hybrid interactive-batch calculations on the ARPANET.  This is being 

done in conjunction with the dynamic modelling group at project NAC. 

Probably the best characterization of the software is to show 

how it is used.  To do this we first reproduce a scenario showing 

the use of the TTY version (without graphics) of RELROUT.  Following 

this are photographs of some of the graphics displays.  Figure 1(a) 

shows the June 1974 ARPANET.  Figures 1(b) and 1(c) show two 2x en- 

larged details using the windowing capability.  Figures 2(a) and 

2(b) are graphic output from the reliability and routing programs 

respectively.  In 2(b) throughput-delay curves are superimposed for 

three different line capacities 19.2, 50, and 230 kilibits per 

second. 
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FIGURE   1    (A) 
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FIGURE   1    (B) 
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FIGURE   1    (C) 
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»3»   -- 
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THROUU^UT   (P*ITS/$EC) 
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FIGURE 2 (B) ;  THROUGHPUT - DELAY CURVE 
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TV  NSCfl  7      : 

;       *wi   fiSCENARIO«M       MOW  SO-HftV-?*!  9 Sflfl PRGE   i 

NETUORt   WIW-YSIS  CORPQRflTIDW 

MET'jJQRf"   RELIABILITY RfWLYZER 

RND 

NETWOW   ROUTIM5 PROGRAM 

MAY     151   i974 

THII PROSRAfl CREATES   fl  NETWORf"   DATR  BASE  WHICH 
•IRf^  FE  FILED EW  DIS>   FOR  FUTURE  REFEREfCE  OR SUWITTED 
in  fl  NET'iKlRI' PELIABILITV   flMALYZER W fl  NETWORK   ROUTING 
PROGRAM. 

TERMINATE  ALL   INPUT  'IITH fl CARRIAGE  RETURN• 
■If7   VC'J  HAVE  fl   SPECIALLY   SUPPLIED   IMLAC '» 
DO  YOU  WANT   IMLAC   GRAPHICS?   'V  DP  N^MNIIF  YOU  HAVE   IMLAC  WITH LVH  ANB   - 
•♦PECIAL   IMLAC   MONITOR   TYPE  Y  ftNB  SET  GRAPHICS 
ENTER  SYSTEM COMMANB OR   7     ?*ME  WISH  Tn   "EE  OPTIONS  NEXT LEVEL  BOWN   IN  C 
•♦OMMANB  HIERARCHY 

ONE DF   THE   FOLLOWINGl 
E EDIT  TOPOLOGY? 
I INPUT  NETWORK 5 
F FILE NETWORK    J 
Q QUIT PROGRAM   ? 

P TYPE OUT  RNB  iET PROP 
PEL     RELIABILITY  ANALYSIS 
ROUT  ROUTING ANALYSIS 
D BISPLAY NETWORK 

VALUE* 

I;ME NEED fl NETWORK 
: JME :EE I.IHHT IS RVPILPBLE 

ENTER SYSTEM COMMANB UP   • 
ENTER INPUT FILE NAME OP 
3NE HP THE FOLLOWING« 
HPPft     PGP ARPANET DEMO NET 
ESC!    FDP DEFAULT NETWORK 
'IP  'IP   TD NOT FILE NETWORK 

NIL:      FDP fl NULL NETWORK 
5 CHAR. FILE NAME FOR .BAT FILE 
ENTER INPUT FILE NAME OP ? <ARPAiWE UTE ARPANET D 
PEFID NETWORK FROM ARPA .BAT T 'V DP N>? Or 

EMD 

FILE : ARPA .BAT FOUNB. . .OPENEB . . .REABINS NETUOP!«: . . .REABY. 
NETMDPK OF   4£ NOBES HND   -'7 LINKS NGM IN MEMORY 
ENTER I'll TEN COMMANB OP ?  PJIF ME HAD AN INLflC UE 'IDULD DPflM NET 
ENTER PROPERTY 'IDNNflND UP  7  <t 
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ONE  n 

TN 
SAN 
SN 
FSM 
ENTEP   C 

MD DE 
i   ETR' 
I   NBS 

TL 
SftL 

c- I 

anfiAMD DR 
CD 

•HE FOLLOUINSi 
TYP!   ALL  NnrE:-LINKS- 
iVPE  SPECIFIC  («DES<LIMK$> 

S«ie VALUES   TD RLL NO»E$<| IHKS 
v'^LUE-   TO  SPECIFIC  NOTES C LI MKS 

LlJPlHi , £D  S£T  np  PPDPERTY  VALUES 

SEt 
:ET 

9 
i 0 
11 
i£' 
i 3 
i4 
15 
16 
17 
IS 
19 
20 
21 

24 
25 

29 
30 
31 

;   HEEP 
RUTS 
HARV 
HC'" 
EE!H 
CCR 
MI 72 
MITI 
LINC 
RAOC 
rR"E 
CMU 
Bei i,,i 

niTPE 
ARRÄ 
PML 
ISX 
pflNIl 
UCSD 
UCL.R 
SBC 
use 
KIC1 
swe 
MPflPB 

£3 iLLi 
UTAH 
LiL 
■ i i 

SRI 
XEROX 
vmsH 
FHWC 
UCSB 
ST AN 

39   flMES 
♦0 nnPF 
41 BENT 
42 RMET 

34 

■2} i 

i. o ci o o i j ci o 
i . 0 0 0 0 0 Ci 0 
1 . Ci 0 Ci CI 0 0 0 
1.000M000 
1.00 00 000 
1 . 0 0 0 0 0 0 0 
i . 0 0 0 0 0 0 0 
1 . i J 0 0 0 0 0 n 
i. o o o o o o o 
1 . 0 0 0 0 0 0 Ci 
i. o o o o o o o 
1 .00 0 0 0 0 0 
i .ooo o o o o 
i. o o o o o o o 
1 . 0 0 0 0 0 0 0 
1 . 0 0 0 0 0 0 0 
1 .0000000 
1 . 0 0 0 0 0 0 0 
1 . 00 00 0 0 0 
1 . 0 00 0 0 o0 
1.00 o fi o0 o 
1.00 00 0 00 
1.0000000 
1 . 0 0 0 0 0 o 0 
1 .0000000 
1 .0000000 
1 . 0 0 0 0 o o 0 
1 .0000000 
1 .0 000 0 00 
1 .0000000 
1 .00 0 0000 
1.0000000 
i .0000000 
i .0000000 
1.00 0 0 0 0 0 
1 .0000000 
1 .0000000 
1.0000000 
1.0000000 
i.00 0 0 0 00 
1.00 0 0 0 o0 
1.0000000 

42 
42 
42, 

■42, 
42, 

■42. 
42. 
43. 
41. 

39 

TRW?WE  LOOK !=n 

77.0 cm        '■;*, 
77.160 
77.000 
74.45 0 
71.25 0 
71.25 0 
71.25 0 
71 . 33 0 
71.20 0 
71.200 
71.33 0 
75.420 
31.75 0 
79.SSO 

.':      77.00 0 
77. 1 •£■ 0 
77.0 0 0 
77.000 
30.570 

113.530 
119.890 
117.160 
113.520 
113.550 
113.350 
1 05 . 0 0 0 
96.0 00 
3-4.200 
33.500 

111.330 
122.230 
121.750 
122.160 
122.170 
121.900 
121.920 
119.75 0 
J22.170 
122.03 0 
122.030 

71 .250 
122.030 

NODE   PROPERTIES   DP   RPPflMET 

39.930 
39.13 0 
39.000 
+0.430 

, 5 0 0 
50 0 
5 0 0 
500 
500 
500 
530 
250 
500 

4 0.500 
39.03 0 

39.92 0 
0 0 0 
0 0 0 

23.250 
3 4.000 
33.920 
32.66 0 
3-4, 
3-4, 
3-4 , 
39. 
41 . 

070 
020 
000 
500 
0 0 0 

.750 
■4 0.030 
4 0.66 0 
37.930 
37.630 
37.36 0 
37.300 
37.330 
36.500 
34.500 
37.300 
37.230 
37.230 
42 .500 
-' I .CO 1.1 
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E.TEF   MWWTV   COM»«   K   ■      «  «T^JJIJ««™«  T.  ..VE  UP   THE 

gSg ä!?S.ecÄ»t»%<<«L  IS Ml« m B Ntl. «KS c^TPV LW 
LIN»    MlTED: 15     PELV                 SO      IS1 
Q4TE!Ü criITIM^ CDMWBtlB OP ? 

enitl    . . J. -   ' '    -^ ♦♦f^LVSIi'-lHEPE   DHLY   LIMKS   FFliL   S 
^^' -:E- J^LL ^nriE FAXLUKE PHOWHIt- 
♦♦■  in ZERO 

cMTc.;. prapCRTV  COWWW»  OR   •     T«i :ME  CMEO   TD  SE«   IF   11   '.inP^EED 

NODE PP                ^^           ,-fl!. 
i   c - ^.- ri. o n r10 0 0 0 77 * 01J 0 3 9 .9 3 0 
»  ^p - n , o 0 00 000 77.16 0 39 . i 3|-1 

3 RBE P o. 0 0 0 0 0 00 7 7 . o o n 3 •?. 0 0 0 
4 P U T '3 0 . 0 0 01"10 0 0 7 4.4 5 0 4 0 .4 9 0 
tr Lj ct p •„■ Q, ij ri n ri o oo 7 i . i' J 0 4 £ . 5 0 0 
g ff-1- n . o 0 0 0 0 00 71 «25 0 42 . S 0 0 
7 j; j; *-\ 0 . 0 0 0 0 0 00 7 i . £ 5 0 42 • 5 0 0 
o r r ci n . 0 0 00 0 00 71.33 0 4£ .5 0 0 
9 ri IT 2 0 . 0 0 0 0 0 0 0 71.2 0 0 4 2 .5 0 0 

I n  fil TI 0 .0000000 71.200 42.500 
t j   LINC l-, ■ 0 0 0 0 0 0 ''i 71 .3 3 0 4 J: . 59 0 
1 £ P R D C 0 . 0 0 0 0 0 00 75.42 0 4 3 . ^' 5 0 
13 C ft i E 0 . 0 0 0 0 0 0 0 '51.75 0 41 .5 0 0 
i 4   CMU 0 . 0 0 0 0 0 0 0 79.9 3 0 4 ij . 5 0 0 
15 IE LV 0 . 00 0 0 00 0 77.0 0 0 39.03 0 
16 -DftC 0.0 0 0 0 000 77.1S0 39.92 0 
if HITRE 0 . 0000000 77.000 39.000 
19 HP P R 0 . 0 00000 0 77.0 0 0 39.00 0 
19   PML 0 . 00 00 000 3 0 .570 23.25 0 
2 ri   i -1 o. 0 ij 0 0 0 0 0 119.5 9 0 3 4 . 0 0 0 
21 P 9 N I1 0 . 0 0 0 0 0 0 0 113 .5 3 0 3 3.920 
22 ! 'C S I' 0 . 0 0 0 0 ri 00 117*16 0 32 .66 0 
93 iiCL9 0.0000000 i 13.520 34.070 
24 -D C 0 . 0 0 0 0 0 00 113 .55 0 3 4.020 
oc;   Ti -.: o . 0 0 0 0 0 0 0 113 .35 0 34 .000 
26 DOCB 0.0 0 0 00 0 0 105.000 39.5 0 0 
27 •-',!': 0 .0 0 0 0 0 0 n 96. 0 00 41. 0 0 0 
2<g M p H F B 0 . 0 0 0 0 0 0 0 3 4.2 0 0 3 9.750 
29 ILLI 0.0000000 33.500 40.030 
5Q ijjI^H 0 . 0 0 00 0 00 111.330 40 .660 
-; i i_ £; [_ ij . 0 0 0 0 0 0 0 122.2 3 0 3 7 .3 3 0 
:-:2 LLL 0.0 0 0 0 0 0 0 121 .75 0 37 .63 0 
33   - p j ij. 01J 0 0 0 0 0 122.16 0 3 7 .3 -• 0 
34 ; :EPn!' 0.0ooo 0oo 122.170 37.300 
35   T V M S H 0 . 0 0 0 0 0 00 121.9 0 0 3 7.33 0 
j j,   pfWC 0 . 0 0 0 0 0 00 121.92 0 36 .5 0 0 
37   üCSf 0.0000000 119.750 34.500 

□MM 

TV 9 
D ME 
ITIE 
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P^5E   S : 3 

35 :TRN 

4n »OFF 
4; BENT 
42 RMET 

0 . 0000000 ]£•£■. . rn 
ü . 00000 00 i ii' 
0.0000000 i£.'£' 
0 . 0 01J i J 0 0 0 7 i 
0*0000000 li.'^' 

. 11 i.i 3. . 3 0 0 

.030 37.290 

.030 37.3S0 

.250 43.500 
^s   n-i^ i          u . u I.I MI inn n     |22   030 ■:,",   -0I"I 

ENTER PPDPEPTV  CDIWnm)  » ^ <TL 15 20^  MUST   INP'JT  PPOPEPTIES  DP  NEM  LI 

MnriE PAIR                  rp CÄp         pLOy       ,:n:T 

.E;E L v     rl-1 i -I      I:I • ■' I:I n" 0l"10 l-1 • o o          c. o n         ri n n 
ENTER PPGPEPTV CDHHB!<B DP 

ENTER PRORERTY CONfWNB OP 

!L 15 20 PP-i . CAR<50IUE TRY HLTEC'fiST^ Dc, I 
•♦NITERS 

TT 

ENTER SYSTEM CDNNNND QR •  p 
ENTER PROPERTY CONNflNH OR :  TL V 20 no 

NODE PR IP        FP     CRR    Fl DU   rn-r 
i S PCI • •    - n  - - -          . - J "      .J.l 
i-' BE^V  20 i.i   1.0000000   50.00    0 00    n rm 

ENTER ^'POPEPTT CONMANS DP " • 
EN^EP SYSTEM CONNANB OP ? PELJMDM ME 50 TD TH^ Pfi tmti TTV nBrnMii 
ENTER RELIRtlLITY CONNRND OR ■  "          P5LIfWIUT\ PROSRAN 
ONE DF THE POLLOUINSi 

9 P*JN RELIABILITY!  LP  LIST PARAMETERS 
CR     CHANGE PARAHETERI  DP  DEFAULT PARAMETERS 

| _    PABULAR OUTPUTI   S   SRARHIC OUTPUT 
PJ2     MPIiE PJI FILE FOR rrN'9i 

ENTER cnnnFiND np <CR> 
LP 

RELIABILITY PARAMETERS APE: 
^^NP irifi NUMBER DP SAMRLES 
-KB n f^ANOOM NUNBER SEES 
MAXP        i.ooo 0000 PROBABILITY FACTOR 
ENTER RELIABILITY COMMANB D5' » <CR 
Er^TEP  KCYUORB,VALUE  DP ? <NSAMR lOitiE REDUCE NUMBER DF SAMRLES IN "I 

VALUE GF NSAMR CHANSEB FPC.       ^J^ ^ ^ C"7TIR "« 
ENTER  KEYyQRBfVALUE  nP"--        i-- u to 
ENTER KEYWORB DP <CR> 

ENTER RELIABILITY COMMANB DP ? PJME NOU PUN THE RELIABILITY AMALYSIS 

COMRUTATIOf^ PPnCEEÜING 
ENTEP RELIABILITY COMMAND DP " 
ENTER OUTPUT CDflMFiND DP " . •? 
ONE OF THE EDLLDWING: 

TTV:     TD TELETYPE 5   P 
: CP.:: CP.: TD CANCEI 

ENTER OUTPUT cnrifiRfsri np - « TTV 
TL 

TIASK FDP TREULRP OUTPUT 

TD DISK FILE 
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PFl^E   S 

NflC RELIABILITY P?JNi 
NUMBER DF NQBES« *2 
SEED« 0 
MfiX.PTOB.'"        i .00000 
HIT     CR     TD CDNTIHUEJ 

M'J^BEF'   DF   EPRMTHE"- 
NUMBER  DF   SflMPLES* 
PROB. INCR.«       0 . i)?000 
N     in   STOP   : 

i 0 

EXPECTED  FRMCTIDM DF  NODE  PR IF:   NOT  C0fWJNIC*TI!t3 

FACTOR 
0. o 0 

EXPECTATION 
0.OOOOOOOE^OO 

0.05 0.298490IE-01 
0. i 0 0.i429733E^O0 
0.15 0.2430394E'^00 
0.20 0.4i 04530E«00 
0.25 0 .630545%«00 
0.3 0 
0.35 

0.7034343E«-00 
0.7773519E*00 

0 . 4 0 0.d554007E^OO 
0.45 
0.5 0 
0.55 
ü. $ fi 

ft. $5 

0.9049942E^OO 
0.9272938E'«>00 
0.934^1 09E<*'00 
0 .949361 ^«00 
0 .'r":.! 09i3E'»00 

o. r o 
0.75 

0.9699137E'^00 
0.97f4229E«'O0 

0.5 0 
0.35 

0 .9330430E^OO 
0 .9932695E«00 

i.i. 9 o 0 .99i9d6iS«00 
0.95 

HIT     CR      '\ 
0.9962S34E«00 

"G CONTINUE)     N     TO TOP 

VftRIANCE 
0.OOOOOOOE^OO 
0.4946934E^O0 
0«2440847E^OI 
0.4S4927iE«01 
0 • 46634 i9E«'01 
O.ili599SE^0l 
0 »350756OE^00 
0.603207OE^00 
0.2932462E<*,00 
O.i l5f5i9E«00 
0.37031 07E-fii 
0.3396324Eo01 
0.3179136E-01 
0.2711332C'-01 
0.1457462E-01 
0. i 06170SC'*01 
0.7367396E-02 
0.3424797E-02 
0.2309914E-02 
0.4602207E-03 

STANDARD  DEV 
0 . 0000000E* 00 
0.6961992E* 00 
0.1563321E«'01 
0.20611 33E^01 
0 .2159495E-»0 i 
0. i 096409E<*01 
0 .9223644E4 00 
0.7766640E«00 
0.5419221E* 00 
0.3400763E^OO 
0>1924346E^O0 
0.1971376E«'O0 
0.1792733E'»00 
L'I. 1646623E^O0 
0.1207294E«00 
0 . i 030399E^O 0 
0.8933639E-01 
0.9992176E-01 
0.4906093E-01 
0.2149279E-01 

FACTOR EXPECTATION 
0. 0 I"! 0. OOOOOOOE^OO 
0.05 0 •2000000E^OO 
0. i 0 0«7000000E^OO 
0.15 0.7000000E^OO 
0.2 0 0. i OOOOOOE^Ol 
0,25 0.iOOOOOOE^Ol 
0. 3 0 0.1OOOOOOE^Ol 
0.35 0.i OOOOOOE^Ol 
0.4 0 0.iOOOOOOE^Ol 
0.45 0.i OOOOOOE^Ol 
0.5 0 0.i OOOOOOE^Ol 
0.95 ij. i 00000OE^01 
0.60 0.iOOOOOOE^Ol 
0.65 0.i OOOOOOE^Ol 
0.7 0 0.i00000OE«01 
0.79 0.i 00000OE«01 
0.9 0 ü.i OOOOOOE^Ol 
0.89 0.1OOOOOOE^Ol 
0.9 0 0.i OOOOOOE^Ol 
0.95 d. lOOOOOOEt'Ol 

PROBABILITY DP NET DXSCOMCCTEB 

VARIANCE 
0.OOOOOOOE^OO 
0.16OO0OOE-01 
0.21OOOOOE-Ol 
0.210000OE-01 
0 . iJOiKiniKiE^CiCi 
0.OOOOOOOE^OO 
0.OOOOOOOC^OO 
0.OOOOOOOE^OO 
0.OOOOOOOE^OO 
0.OOOOOOOE^OO 
0. iJCifiririfiOE+OO 
ij. OOOOOOOE^OO 
O.OOOOOOOE^OO 
ij. OOOOOOOE^OO 
iJ.OOCifirifiCiE+oci 
O.OOOOOOOE^OO 
0.OOOOOOOC^OO 
O.iJOOOOOOE^OO 
o.oooooooc^oo 
O.CiOOOiJOOEt-OO 

4.12 

STANDARD  DEV 
ij. iJijijnnrifiE-Mj ij 
0 .126491 IE4-0 ij 
0.1449138E«00 
0.1449138E^O0 
ij .OiJiJiJijiJiJE-njij 
ij. OOOOOOOE^OO 
0.000000OE^OO 
0.000000OE^O0 
0 . OOOOOO OE^O 0 
ij .iJiJCnJiJOOEf O fi 
0 .OCiCiCioriciE4-fi n 
Ct.ijiJijnoiJOE4-(j o 
O.OOOOOOOE^OO 
0 .0Ci0riCiriijE4-i:ifi 
O.OOOOOOOE^O 0 
0.Ci00Ci00iJE4-0 o 
O.OOOOOOQE^OO 
IJ.0CICICICI0 0E4-CICI 

O.OOOOOOOE^O0 
O.OOOOOOOE^OO 
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DONE. 
ENTER PELIRPILITY conmws DP ? < 
ENTEP   SYSTOI   COifimiO  DP   ?     PnUUMOM   ME   DO   S   POUTING   WMLYSIS   FCP   THE   SW 

•♦E  NET 
ENTER ROUTING  COHHWtB  DP  ?  <? 
ONE  DF  THE  FOLLOUINSl 
P    -  PUN ROUTING WtflLYSIS 
'-P -  LIST ROUTING PARHWETERS 
TP   -   THRNGE  PDUTIfHG   PFPflflETEPt 

ENTER ROUTING  CDflflflND  DP  7     LP 

ROUTING  RRRRHETERS  HPE : 
KSYtlORI) CURRENT VflU IE 

I i NRX 
PKLEN 
DELÜV 
PROVR 
RUOVR 
NBRRS 
UM I PC 
PRRGfl 
THRCC 
TIRCC 
NCRR 
C RP i 
FIXi 
RRTI 

FIX2 
RRT2 

5 
0 .500 0 0 0 
0 . £' 0 0 0 0 o 
0.350000 
0.07 0 0 00 
0 . 0 01 0 0 0 
i . 0 0 0 0 0 0 
0.000 0 OS 
0 . 0 0 0 i 0 0 
0 . 0 0 0 i 0 0 

5 0.000 
■350.0 00 

5 . 0 0 0 
230.00 0 

i 300.0 0 0 
3 0 . 0 0 O 

DF  -  DEFHULT  ROUTING PRRWNETERS 
J."1  -  OUIT  ROUTING  SECTION 
TP   -   CHANGE   TP9PP.   PEQUIPEMEMTS 

3   -   -EE   OUTPUT D   -   DPHM   METMDP*' 

DESCRIPTION 

DESIRES NUMBER DF   ITERRTIONS 
RVG.   PACKET  LENGTH  •KBIT^/ 
RVG.   PACKET  DELAY   ■SEC' 
PPDTDCDL DVEPHEFlD • FPf=lCTiaN ' 
ROUTING DVEPHERD 'FPflCTIDfT' 
HDDHL PROCESSING TI ME".; SEC •• 
UHIFDPfl TPflFFIC PEQUIPEMEMT '.KB-:";.. 
LI HE PPDPDSRTIDH DELAY CSEC>HILE> 
THROUGHPUT ACCURACY <.':'/ 
TIHE DELAY ACCURACY t'SEO 
NUNBER DF DIFFEPEHT CAPACITIY OPTION: 
CAPACITY<KB/'S> DF CAP DPTIDH " | 
SUM DF ALL FIXED COSTS FDP CAP DPT. ' 
PATE MILE FDP CAPACITY DPTIDH 'i   1 
CAPACITY'KF.'C' DF CAP DPTIDH a 2 
SUN DF ALL FIXED COSTS FDP CAP DPT. i 
PATE MILE FDP CAPACITY DPTIDH " S 

FDP HELP ON THECE PARAMETERS. ENTER THE ROUTING CONMANB <CP> 
ENTER ROUTING CDHHAHD DP ? <CP -^nnnnn  ... 
ENTER   KEVMDPD«VALUE 
DTIE DF THE FDLLDWIHsT 
KEYUDPD • "VALUE: 

DP ?  HELPJME UAHT HDPE IHFDPHATIDH 

LIST 
HELP <KCYUORB> 
HELP ALL 

ENTER  KEYUORBiVALUE 

TD CHAHGE VALUES 
TD TEPHIHATE 
LISTS KEYMDPDS AHD VALUES 
DESCPIBES <KEYUORB> 
DESCPIBES ALL KEYWORBS 
DP ? < 

HELP ITHAX 
ITNAXi MAX NUNBER DF ROUTING ITERATIONS DCSIRCBi 

mm DP ITMM CHnran FMW    im*m*m J"fE iT!1sx " »« TIHE 
EHTEP   KEYWDPD»VALUE   CP ? < 
EHiEP KEYUDPD DP <CR> 
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NftC   NSCEHftRIQ.M       WOW 20-WflY-7^  8i35flW PH5E 2:2 

EWTER ROUTING COWWWWP DP ? 9 
COWPUTWTICWS PRQCfcEDIWS 

ST ITERWTIOW  i« THRUPUT« 290.993 Kf/S 
RT ITERRTIOW 2f THPUP'JT- 329.997 Kf/S 

DELRV-  0,19997 SEC. 
DELSV-  0.19992 SET. 

DESIRES WD. GF ITEMTIOWS  PERCHED 

THP'JP^  329.897 yi"- WHICH   IS  19.159 '. OF THE MSE RCQUXRCWiMT 
DELHY- 0.i9,?,?c:  SEC   TOTHL COST«  103319. * MO 
ELRP-ED TIME i  0 MIN.« £'1 SEC.        CPU TIME '•      0 MIN.» i ij SEC. 
COWTIWUE ROUTIWS WITH MDPE ITEPHTIDMC 7  EMTEP V DP N 

EHTER ROUTIWS 'innHHriD np ? DSME LDDK HT OUTPUT 
EWTER OUTPUT COWWftWD OP ? <? 

OT^E OF THE FOLLOMIMG: 
LF   - LOOK RT LINK FLOM:" RMD COSTS OF MOST RECEWT RUW 
7    - LOOf RT THPOUCIHPUT-DELRY TRELE 0. MOST PECEMT RUW 
■3   - DPR'.i THROUGHPUT-DELAY CURVES 
,-,   _ nijij OUTPUT 

EWTER OUTPUT COWWflWO OP -'-  <T 
SPECIFY OUTPUT DEVICE OP ?<? 
Or<E OF THE FOLLOUIWG '■ 

F - OUTPUT TO DI SK FILE TTY  - OUTPUT TO TELETYPE 
7    _ ppQDUCES THIS LIST       Q - C'UIT THIS SPECIFIC OUTPUT 
HC - OUTPUT TO HRPDCOPi' DEVICE 'IF SLAVE IS RVRILRELE ' 
SPECIFY OUTPUT DEVISE OP ?<F 

EWTER 5 CHRPRCTEP FILE WfWE^'ROUTO 

FILE  POUTO.DRT  OPENED ON DISK UNIT " 21 
SPECIFY OUTPUT DEVICE OP ?< 
SPECIFY OUTPUT DEVICE OP ? 

ENTER OUTPUT COMMRMD OP ? < 

ENTER OUTPUT CONHHNND OP ? 

ENTER ROUTING CONNNND OP ? < 
EMTEP P0UTIM5 COnflRMD OP ? 
ENTER SYSTEM CONNNND OP ? ; 

RF'E YOU RLL DOWE? Y OP W? : V 

CPU TIME: 45.10 ELRPSED TIME-' 
rC EXECUTION EPPOPS DETECTED 

35ii4|.ib 

EX i i . 
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IMPACT OF INTER/CTIVE GRAPHICS 

ON NETWORK DESIGN 

I.   INTRODUCTION 

Recently NAC has developed an interactive program that analyzes 

packet switching networks for cost, throughput delay, and reliability 

performance.  Input and output is handled via a graohic terminal, 

which displays neuwork topology, allows easy topological reconfigura- 

tion and shown curves of network performance (delay, reliability, etc.) 

versus a variety of network parameters (throughput, failure rates, 
etc.). 

The details of the algorithms used in the analysis are presented 

in HI, [2], and [3].  This chapter is a description of the ..nter- 

active program and it's use, the program's performance, a short 

comparison with an equivalent bath program and implications of 

interactive graphics on network design. 

5.1 
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11.  nJNCTIONAL SPECIFICATIONS OF TllL INTERACTIVE 

NETWORK ANALYSIS PROGRAf-1 

IN-AC'S interactive network analysis program called RELROUT is 

located on the (MAC] directories at USC-ISI and BBN for use by any 

network user.  It runs on a PDP-IO using the TENEX operations sys- 

tem.  Tne program can be run from any type of terminal, but will 

only support g-aphics on an IMLAC PDS-in graphics display unit. 

The prog:am analyzes a packet switching network for routing 

and reliability performance. 

The user must specify: 

A network topology. 

Properties of nodes and links. 

General parameters such as packet size, etc. 

The topology can be entereu in two ways: 

1. Create a new network configuration through the 

use of network editing commands; or 

2. Read an existing configuration from a previously 

generated data file. 

The seconu methoa of inputting a network is very useful when 

repeateu evaluation of the same basic topology are required.  On 

an IMLAC terminal, tne user may move the position of the nodes on 

the CRT in order to obtain a clearer and more intelligible graphic 

representation of tne network. 
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The user defines the foil owing node and link properties 

A-   Node P roperties 

1. Name (Optional) 

2. Location (longitude and latitude, for cost calculation 
in the routing analysis. 

3. Failure probability (for reliability analysis). 

4. Symbol type -Q^OO (for display p 

B.   Link Properties 

purposes). 

1. Capacity or line speed (for routing and cost analysis) 

2. Failure probability (for reliability analysis). 

3. Link type - solid or dotted (for display purposes). 

After the user has defined the network configuration and 

Properties, he can revest either a routing or a reliability analvsis 

to be performed  Associated with each analysis are various general 
parameters. 

For a routing analysis these are: 

1.   Average jacket delay. 

2.   Ave rage packet length, 

3.   Overhead 

4.   Tariff Structure, etc. 

5.3 



mm^^~* im  in   ii  

Network Analysis Corporation 

For   the  reliability  analysis  the  parameters  are: 

1. Number of samples. 

2. Random number seed. 

3. Range of variation for rhe probabilities. 

Initially all of these parameters are defaulted to specified 
values.  However, the user can change any or all of them.  The 

program does error and validity checking on the parameters that 

are changed.  Also, upon user request, a short description of each 
parameter can be provided. 

"hen the user is satisfied with the values rf the various 

parameters, he can ask for the analysis to begzn.  In most oases, 

the prooess.n, I. done looally in the PDP-10; however, the reliabiiity 
analysis can be performed remotely, as discussed later in this 
chapter. 

When the analysis is completed, the user can examine various 

outputs.  The routing analysis output consists of a list of link 

flows, lengths, and costs, and values for global throughput, delay 
and cost. 

There is also a table of network throughput and delav as a 

function of relative traffic.  Reliability output consists ot 

tables of Pnc (probability of network disconnected) and ?   (fraction 

of node pairs not able to communicate) as a function of exponent  

failure rates.  if the user's terminal can support graphics' (IMLAC) 

the program will plot curves for throughput vs delay and for 
Pnc and Fnc of the most recent run along with at most two previous 
runs.  (See Firrures 1,2, and 3). 
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After examining the output of the specific analysis, the 
user typically will do one of the following: 

1. Perform a sensitivity analysis on the present net- 

work configuration by varying the input parameters. 

2. Switch to tne other analysis (routing reliability 
or vict vei.sa) . 

3. Edit the topology (add nodes and/or links) and/or 

change node or link property values and proceed with 

another routing or reliability analysis. 

4. Lxit the program. 

At any time auring tne interactive session, the user may save 
nis network topology on a data file for use at a later time.  ,.fter 
leaving the program, tne user is returnee to tne TENEX operating 
system. 

NAC's interactive program assists the network analyst by: 

i.   Offering a schematic representation of the current 

network configuration on a graphic display device; 

2. Allowing interactive error checking of topology 

and input parameters so that the user can correct the 
input data immediately; 

3. Removing tne necessity of explicitly enterirg all 

the data for each run and allowing flexibility in the 
order and format of input; 
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4.   Using a flexible command structure, with numerous 

prompts to tutor tne novice user if he requests help; 

and with short, quick commands for the experienced user, 

j.   Providing network performance results with small 

enough response time, so that an effective man-machine 

interactive design can be carried out. 
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FIGURE 1: 
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\M   T 
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FIGURE   2: 

42   NODE  ARPANET  COHFIGURATION   100,   500,   1000   BIT   PACKETS 
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FIGURE 3: 

100 SAMPLE RELIABILITY RUN.c;.oNLY mDEFi   g^ 0NLY 

FAIi.,   BOTH NODES AND LINKS FATT. 

5.9 

^i^^_^_- 



Network Analysis Corporation 

111' TURNAROUND DELAY PERFORMANCE OF INTERACTIVE PROGRAMS 

A.   General 

Turnaround delay is probably the most important performance 

criterion for the evaluation of the effectiveness of an interactive 

analysis and design program.  m fact, the purpose of an interactive 

program implementation is to provide the systems analyst with faster 

answers and, therefore, better man-machine interaction than he could 

obtain with the batch version of the same program.  In this section, 

the turnaround time performance of our routing and reliability inter- 

active programs is evaluated in a variety of load conditions. 

Turnaround time is here defined as the utiay between the 

time the RUN command (which starts execution) is entered and the time 

the output comes back on the screen.  In a time sharxng environment, 

such a delay is approximately proportional to the average number of 

tasks (system and user) simultaneously requesting the CPU; in a Tenex 
system, such a number is referred to as the Load Average 

B. Routing Program Turnaround Delay 

NAC's routing program is based on an iterative algorithm 
which attempts to raise network throughput while Maintaining the 

specified delay constraint.  Therefore, the CPU time is proportional 

to the number of iterations performed.  In the following experiments, 

five iterations were allowed for each run, since at that point, a 
sufficient accuracy was generally obtained. 

Several routing runs were performed on three network ex- 

amples with 10, 26, and 4k nodes, respectively, using NAC's inter- 

active program at USC-ISI.  The same network was analyzed at different 

times during the day, and with different load averages.  The curves 
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the number of samples generated in the simulation.  Table 1 shows 

the results for several reliability analyses using 1000 samoles for 

networks of 10, 26, and 42 nodes.  The runs were made at ISI at 

approximately 8:30 EDT (5:30 PDT). 

TABLE 1 

RELIABILITY PROGRAM PERFORMANCE 

Load Average 

Elapsed Time 

CPU Time 

10 Nodes 

1.6 

1 min. 49 sec, 

59 sec. 

26 Nodes 

1.5 

3 min. 58 sec, 

42 Nodes 

2.5 

9 min. 35 sec. 

2 min. 37 sec.    4 min. 18 sec. 

As can be seen, the elapsed time for the reliability analysis, even 

at very low load averages, tends to reach levels which are intolerable 
for interactive analysis. 

Because of the extensive amount of computation reauired for 

a reliability analysis, it would be desirable to have the analvsis 

be done in batch on a big "number crunching" machine, and yet lllow 

the user the flexibility of interactive editing and validation of data 

and graplic d.splay of output.  This feature can actually be imolemente^ 

on ARPANET.  In fact, with the remote job service (RJS) in association 

with the IBM 360/91 at UCLA, the user does have the option of local 

or remote processing of the reliability analysis.  He can direct the 

interactive program to perform the analysis locally by entering the 

command R(UN).  Or, he could request the interactive program to create 

5.12 
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an RJS data file complete with the Dob control lanquaqe (JCL) nooded 

for execution.  The user can then leave the interactive nroqram, 

enter the RJS subsystem, and submit the reliability job file.  He 

can wait for the output or he could return to the interactive pro- 

gram and, perhaps, continue with a routing analvsis; periodicals 

checkmq to see if the tBM 360/91 has completed the execution of 
the reliability analyses. 

Once the output is ready, the data file is read into the 

interactive proqram and various reliability curves can be displayed. 

Effort! are currently bemq made to make this RJS feature invisible 

to the user.  However, even now this feature of parallel processing, 

made available by ARPANET resource-sharing capability, is very useful 
for any interactive comoutation. 
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Elapsed    25^ 
Tine 

FIGURE   4'. 

10-NODE  NETWORK  CPU  TIME   3   SEC. 
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7    .. 
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FIGURE 5: 

26-NODE NETWORK CPU TIME - 11 SEC. 
5.15 



NeWork Analysis Corporation 

Elapsed 
Time 
(min. ) 

7   .. 

6   .. 

'•  J. 

3 .. 

2 .. 

1 .. 

H h 

Load Average 

H 1 1— 

8 

4- 

9 
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42-NODE  NETWORK   CPU   TIME   ;>4   SEC, 
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IV.  INTERACTIVE VERSUS BATCH NETWORK DESIGN 

It is possible that a one-time network evaluation could be 

performed faster and more economically m a batch mode than in an 

interactive node.  However, what we are concerned with here is a 

complete des:.gn session in which a network is analyzed and modified 

repeatedly using man-computer interaction.  In this section, we 

compare the overall length of time involved in a design session 

using either a batch program or an interactive program.  A design 

session consists of:  analysis of a given network configuration; 

use of results to modify the topology in order to improve network 

performance (reduce cost, improve throughput and reliability); re- 

evaluation of the new network configuration, etc. 

Table 2 shows the steps a designer would take in a "design 

session", evaluating routing performance, using an interactive cr 

a batch approach. 

In Step II, the user sets up interactively the network con- 

figuration and the data base internal to the program.  In the batch 

case, the designer must first draw the configuration and then key- 

punch the appropriate cards.  The setting up of the routing para- 

meters (12 and B2) requires basically the same amount of time in 

both interactive and batch mode; however, the interactive program 

displays on the screen a description for each input parameter, and 

performs validity and error-checking on the input data, thereby 

avoiding error and confusion. 

In Step 13, the user enters the R(UN) command and execution 

of the routing analysis begins.  In the batch case, (B3.1 ♦ B3.5), 
the user initiates the job and receives the output.  Even though 

the actual batch computation is generally faster than the interactive 

computation, (5 sec. for a 42 node network on a CDC 6600 as opposed 

to 24 sec. on i   PDP 10 Tenex), there is quite a fixed delay before 

and after job execution which is independent of CPU time requirements 

(read-in deck, job waiting on input and output queue, wait for printer) 

5.17 
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This dolay can be on the order of 15 - 20 minutes, sometimes even 

lonqor. 

Tn Stop 14 or B4, the designer examines the results of the 

nalysis.  The time required to examine the data on the screen is 

comparable to the tine required to read the same data on the print 

out; however, in the interactive mode, the designer can instantly 

compare the present results with those obtained from previous runs 

(most notably plots of throughput versus delay).  After the topologi- 

cal modifications are made on the configuration displayed on the CRT 

(Step 15), the designer is ready to perform another analysis and 

returns to Step 13.  In the batch case, on the other hand, the designer 

must redraw his new configuration by hand and then keypunch the aporo- 

priate cards.  He then must return to the card-reader to initiate a 

new analysis. 

Thus, for the first iteration of the analysis, the effort on 

the designer is comparable for both the interactive and batch approaches, 

However, for the subsequent iterations, the effort is considerably less 

with the interactive orocedure. 

5.18 
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BATCH 

INTERACTIVE Draw Map Manually 
Bl.l Treate Topolog, 

On Graphics 

Terminal 

11 i 
B1.2 Keypunch topology 

Cards 

., 
i 

B2 Keypunch Routing 

Parameter Cards Set   Up 

Routing 

Parameters 

12 i 
B3.1 

Read in Deck M 

\ f 

A 
B3.2 Job Waits On Input 

Queue 

Enter R (un) 

Command, Job 

Executes 

13 

1 
^ 

B3.3 Job Executes 

i 
B3.4 Job Waits On Output 

Queue 

i 
B3.5 Printer Prints Out 

Results 
i f 1 

Designer Look« 

At Results 

On Terminal 

14 
B4 Designer Looks 

At Results 1 
B5.1 Make Modifications 

On Map 
V I 

Makes Modifi- 
cations of 

Topology on 
Display Unit 

15 

B5.; Charges Topology 

Data Cards 
■ 

TABLE 2 
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V. IMPACT OF INTERACTIVE GRAPHICS ON NETWORK DESIGN 

The most consp.cuous effect of interactive graphic, on network 

dMign .s that of soeecUn, up the overall design process in a very 

substantial manner.  The amount of t.me .aved and the increase in 

productivity clearly depend on many factors (efficiency of the inter- 

active qrarhic system, programmers experience, load on the comnuter 

etc.); our experience indicates that the design process is typically 
speeded up by 5 to 10 times. ^  -  Y 

Another important effect of interactive graphics on network 

resign is the interactive use of analysis programs to develop better 

-Sign algorithms.  In fact, most network design algorithms are based 

on heuristics, and good heuristics are obtained by combining ohysical 

intuition, careful observation of several network orooe^ties/and 

evaluation of several examples.  Therefore, an interactive orogran is 

an extremely valuable tool in the hands of a network designer who is 

trying to establish experimentally some general relationshin between 

network configuration, topological transformations and network ner- 
^ormance. " - 

Besides assisting the network designer in the develoenent of 

better heuristics, interactive graphics can also provide a way to 

nonitor design algorithm which are compieteiy automatized, and in 

principle would not require hunan intervention.  since most network 

design algorithms are iterative and typically perform a tonological 

transformation at each step, it is possible to imnlement them in 

an interactive mode so that they display the current solution at 

each iteration.  Tie designer, therefore, can evaluate the cost 

effectiveness o, each transformation, and can stop, correct and 

restart the algorithm, whenever he identifies some l.w ijciitiiies some inadeauacv in the 
current solution. 

5.20 

- 



Netuork Analysis Corporation 

The monitoring and verification function of interactive graphics 

is very valuable for any heuristic design.  In fact, it is extremely 

rare to find heuristics that perform well on all possible problems. 

In general, there are always cases in which the heuristic solution 

is very bad.  Sometimes the solution is so bad that the desianer can 

detect and correct the inconsistencies by simple visual inspection. 

Thus, the importance of visually monitoring the solutions. 
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VI.      EXAMPLE 

A practical application of the interactive program arose when 

NAC was asked to evaluate the possibility of significantly reducing 

the communication costs of ARPANET and the impact of potential cost 

reductions on the network's performance.  Below is the report sum- 

marizing the results. 

Requirements used in the study are as follows: 

1. Average packet delays under 0.2 seconds 

throughout the net. 

2. Capacity for expansion to 64 IM.Ps without 

major hardware or software redesign. 

3. Average total throughput capability of 

200 - 300 ki'.obits/second for all Hosts. 

4. Peak throughput capability of 40 - 80 

kilobits/second per pair of IMPs in an otherwise 

unloaded network. 

5. High communication subnet reliability 

subject to economic constraints. 

The time delay and throughput requirements imply that 50 kilobit/ 

second communication lines are needed within the network.  Factors 

impacting network designs have been: 

1.   Nine month lead times for obtaining lines 

from AT&T. 
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2. Rapid expansion of the number of IMPs and 

TIPs in the net (averaging one new node per 

month) . 

3. Rapid increase in traffic in the network. 

The traffic growth in the net prompted us to study, within the present 

contract year, the problem of increasing the network's traffic 

capacity and the associated costs of such increases.  Now that the 

network traffic has become relatively stable because of the satura- 

tion of serving Hosts and the reduction of the rate of addition of 

new nodes to the network, the object of the present study was to 

reevaluate network costs as a function of the various parameters in 
the network. 

Several options are available to reduce cost in the network. 
These are: 

1. Rearrangement of lines. 

2. Reduction of line capacities in the network 

either on a limited basis or throughout the net- 

work. 

3. Introduction of new technology to reduce 

overall line costs. 

A constraint imposed on all alternatives is that communication subnet 

reliability should not significantly decrease from that of the present 

network.  This constraint dictates that the network remain two con- 

nected and imposes certain other technical conditions upon network 
topology. 
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Major modifications to the present network cause reduction to 

network performance with respect to one or more of the network's 

performance parameters.  A simple rearrangement of lines to reduce 

cost also reduces the network's expansion cipability for at least 

nine months (since this is the time required to obtain new 50 kilobit/ 

second circuits from AT&T).  Throughput is also somewhat reduced. 

Decrease of line capacities substantially reduces total network 

throughput, increases time delay, and most significantly, theoretically 

increases file transfer time by at least a factor of 2.6 (based on 

available AT&T circuit options).  The cases where some or all of the 

lines are reduced in speed were considered. 

If lower speed lines, (in particular, 19.2 kilobit/second lines) 

are used, the use of a new device called a biplexer to further re- 

duce the cost of some lines  s possible.  Although many have not yet 

been installed and thoroughly tested, the technical concept is sound 

and should a decision to reduce line speeds to 19.2 be made, several 

biplexers shoald be obtained and tested, and, if successful, used 

wherever appropriate.  The analyses consider networks both with and 

without biplexers. 

Finally, the case where line speeds are decreased to 9.6 kilobits/ 

second was considered.  This results in a network which can only mar- 

ginally handle existing network traffic, has no expansion capability, 

very high average time delays (over 1 second; and file transfer times 

more than five times as great as those achievable at present.  While 

the communication costs of such a network would only be 1/3 of the 

present networks cost, its performance would be so poor that this 

option was not extensively examined. 

Figure 7 summarizes the available alternatives and communication 

costs.  Options that we prefer given that a decision is made to de- 

grade ARPANET performance are also indicated as are the disadvantages 

of each alternative.  An important point to be understood is that 

communication costs do not reflect all of the issues that must be 
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made in changing the present ARPANET approach.  For example, if all of 

the network's lines were reduced from 50 kilobits/second to 19.2 

kilobits per second (and the network were reconfigured), communication 

lino costs would decrease from about $1.1 million per year to either 

$736,000 (without biplexers) or $694,000 (with biplexers).  However, 

file transfer time would increase by a factor of 2.6 and the computer 

connect time costs, to transfer these files, could increase by as 

much as $72,000 per year.  (These calculations are based on available 

network measurement data). 

Using the interactive program, this study took approximately 

four hours.  Using programs that run in batch, unis study could have 

taken several days. 
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VII. FUTURE RESEARCH 

tuture research plans in the area of interactive network design 

tools include the following items: 

1. Implementation of the Cut-Saturation Network 

Design Algorithm [4] as an interactive program. 

2. Development of more efficient and less time 

consuming reliability analysis algorithms, which 

would allow more frequent reliability evaluations 

during the design process. 

f 
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COMPUTATIONAL COMPLEXITY OF NETWORK 

CONNECTIVITY ALGQIaTHMS 

I.   INTRODUCTION 

A basic property of a graph is its connectivity structure; 

that is, how many connected pieces it divides into.  The determina- 

tion of this simple property is fundamental to many more complex 

calculations.  It is equivalent to determining equivalence classes. 

One imnortant application is in network reliability calculations. 

Suppose we are given n nodes for a network.  There are n(n-l)/2 

possible distinct undirected links (not counting loops) among them. 

Suppose we add these links sequentially and in random order.  What 

is the expected number of links we must add to connect all n nodes? 

This value allows one to estimate a bound on the average runninq 

time for a simulation technique for reliability analysis [23].  In 

this chapter wc describe closed form solutions to this and related 

problems for finite n.  The method used to consider the process 

as Markov processes on the lattice of partitions. 

The problem we discusr arises in the evaluation of algorithms 

for determining spanning trees and/or the connected component 

structure of graphs and networks.  Some of these algorithms are 

given in [9], [13], [14], and [22].  Mathematically, th- problem 

has its own history and seems to have appeared (in the form 

studied here) for the first time m [6], although forms of it 

were studied earlier in [10] and [11]. 

The problem can be succinctly described as follows:  At each 

point in '•time" (sequentially) we select a subset of size two (edge) 

from a set of n-labelled objects (nodes, vertices) "at random".  At 

random means that each edge not previously selected ia eoually likelv 

to be picked.  A graph generated "at random" is called a "random graph" 

6.1 



Hetvork Analywit Co/'puration 

What is the probability that the "random graph" is connected after 

]-edqes have been selected?  What is the "mean time" :o connectedness? 

More qenerally, ciiven a connected component structure ■, what is the 

mean time to Obtaining a graph with component structure  .  We 

obtain "closed form" solutions and relatively simple computing 

equations for the problems just posed as well as ot.her combinatorial 

functions related to the process of qenerating random graphs.  A 

number of these results have been obtained by other methods by the 

authors mentioned and others.  Our nethods are based on the work 

in [20] , [21] . 

The problems described above have a long and interesting history 

going back to 1956 and to questions about trees in the late nine- 

teenth century.  The problem of determining the probability that 

a random rjraph has a given connected component structure was 

apparently first posed in [6].  The question of determining the 

number of connected graphs on n-nodes with j edges was posed and 

solved in terms of generating functions in I 19], [11], [1] and 

[2] and perhaps elsewhere between 1959 and 1971. 

In analy:ing the computational complexity of algorithms for 

determining the connected component structure of a graph, it is 

useful to know the mean-time to obtaining that structure as well 

as the sojourn time in various struccures sequentially obtained. 

To our knowledqe, these problems have not been discussed in the 

literature.  In the special ca^e of a connected graph with (n-1) 

edges we ask for the number of trees on n-vertices.  This question 

has its own history starting with [4], [5], [3], see especially [15]. 

Some results of these authors are obtained herein as special cases 

of our results. 

In [21] the suggestion was offered that a number of probability 

questions are more "naturally" posed and solved by mappinq sample 

spaces into semilattices (semilattice variables) rather than to the 

real line (random variables).  In some examples, the distribution 
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function of the maopinq (called a qencratinq function) can be de- 

termined and inverted using the Mobius-Rota inversion therorem 

(see e.g. [20]) to obtain the density function (distribution 

function in [21]) of the mapping.  Indeed this is a useful 

method for obtaining the probability that a "random graph" with 

j-edges has Q given connected component structure.  The approach 

yields a complicated but closed form formula from which the 

generating function is easily obtained.  Furthermore, we show 

that the process of adding edges at random is a Markov process 

and hence, that theory can be usod to study the generation of 

random graphs.  It is easy to obtain the probability transition 

function for the Markov process, which turns out to be non-stationarv. 

None of the formulae obtained are useful for computing so we close 

the paper with a pair of coupled equations which can be used for 

computing the combi itona1 functions of interest.  This is :arried 

out in Sections III-IV.  dotations and basic definitions are 

introduced in Section II. 

The question how "connected" ig a graph has been subjected to 

numerous definitions.  The commonly accepted definition it    the size 

of a minimal cut-set.  T^cre are many reasons why this is not a 

particularly good definition.  Two obvious reasons are: 

1) It can not be applied to disconnected graphs, although 

obviously some disconnected graphs are more connected than 
others. 

2) Many connected graphs have the same size minimal cut-set 

although the complexity of their internal structure is quite 
different. 
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A definition of "connectivity" which would differentUt« be- 

tween connected graphs by measurim, their mternui structure and 

also differentiates between disconnected yrauhs would seem to have 

many obvious merits and applications.  We propose and dlscusi such 
a measure in Sections VI-XI. 
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II. THE LATTICE OF PARTIT IONS 

A lattice is a partially ordered set where each pair of 

elements has a greatest lower bound and least upper bound (g.l.b. and 
l.u.b.)  we denote the statement that a is less than or ecual to b 

in   the part.al ordering by a ^ b.  In a lattice as on the 'real Une 

we have three types of intervals, or segments. [x,v],(x^v),(x,v] 

Which are respectively the sets of a's for which « < .  y, X < • < y, 

*  a 1 y.  It is e.sy to see that [x^y] is a sublattice of the original 
lattice when endowed with the same ordering.  An element b is said 

to cover an element a when, a-x<b is satisfied by no x, or equiva- 

lent^ when the interval (a,b] contains exactly two elements.  A 

Hasse diagram is a pictorial depiction of a lattice where the 

elements are represented as points and a line is drawn from b to 
a when b covers a, e.g. 

An element of a lattice is minimal imnj^l)   if in covers no element 

(is covered by no elements),  A unique minimal (maximal) element is 

called a zero or least  (unit or greatest).  When the zero or unit 

exxst they are denoted by 0 an I respectively.  An atom is an element 

which covers a minimal element while a dual atom is an element 
covered by a maximal element. 

6.5 



Network Analyeie C .",   putiot* 

Let V  be a finite set with n-labelled objects.  A partition 

Of V  is a family of disjoint subsets of V , sa^ \\,l\,...,[>   , 

colled parts or blocks of ■, whose union is V .  A natural orderinq 

on the set rr  of partitions of V iu  qiven by Ki if every block or 

l^-lA.  ()f ' ■i-s a subset of some? part or block of ti.  It is not difficult 

to verify that the set H  of partitions of V  is partially ordered 

With the ordering just defined.  In fact, D  is a lattice with that 

orderinq.  Furthermore, the lattice :  has a zero 0, or least element 

given by the partition with n-sinqleton oarts.  The lattice    also 
n 

has a unit I qreatest element given by the partition containing 

one block V  itself.  The following result about covers in :  is n 
obvious, 

n 

Lemma 2A ; An element  ell  covers • ■ .  if and only if   is obtained 

by combining any two parts or blocks of 

The lattice H  is endowed with a very useful ran1- or numerical 

orderinq as will be evident from an examination of the Masse diagram 

for small n, or from Lemma 2A.   A partialIv ordered set is said to 

satisfy the Jordan-Dedekind chain condition if: 

1. It has a zero and unit. 

2. All totally ordered subsets havinq a maximal 

number of elements have the same number of elements. 

A totally ordered subset of a partially ordered set is railed a 

chain, a>b>... w,e.q..  A chain is maximal if it cannot be en- 

larged.  When a lattice satisfies the Jordan-Dedekind chain condition 

one can introduce a rank function R (p) on the lattice. The functions 

r(p) is defined as the lenqth of a maximal chain in the seqment 

[o,p] minus one.  The rank of zero is zero, the rank of an atom is 

one, etc.  If the rank of I is n-1 then the rank of a dual atom is 

n-2.  It is easy to verify that R  satisfies the Jordan-Dedekind 

chain condition and indeed the rank of a partition rrefl  is n minus 

the number of blocks or parts of ir, 
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Another fundamental descriptive combinatorial notation for 

partitions is the t^e  or  class of TT.  A partition v  is of type or 

class (k1,k2 kn) when k. is the number of block-, or parts with 

i elements.  Obviously,if .rl^ then Z_ k.^n-r^) where rC) is the 

rank function, and ^ik-n.  The following structure lemma is 

fundamental for forming recurrences on  n 
n* 

is isonorphic to the direct product of k, lattices isomorphic 
•i , K_ lattices isomorphic to n     v ■\ **-*■< ^^e.     „ i   j t^üx^ uu ji2,...,Kn lattices isomorphic to 11 

n 

I-nm^iB:   Let ^  be the lattice of partitior  of a set with n-elements 
If "r-nnls of rank k then the segment or interval [»,!] is isomorphic 

to ..n_k.  if „ is of class of type (k k  k) then the interval 
[0,-1  • -  : -■ ■  K :...., . l   " 

to   , k, 

Among other applications of lei^ma 2B it was shown in [2oT 

that It can be used to compute the Mobius function of R .  The Mobius 

function was shown by Rota to be an important invariant^ lattices 

and hence a distinguished member of the incidence algebra over a 
partially ordered set. 

If P is a partially ordered set, the incidence algebra of P de- 

noted by UP) is  the algebra of real valued functions f:PxP -.Rp^-^ 

f(x,y) - 0; addition and scalar multiplication are defined as usual" 
and the product (convolution) is given by e=f*g, e,g,fel(p) 

e(x,y)= ^;f(x,z)g(z,y). 

It is easy to verify that I(p) is an algebra.  The convolution becomes 

essentially matrix multiplication when P is finite.  Among some dis- 

tinguished elements of the incidence algebra are the functions: 

zeta function i    C{x,y)=l if x<y and 0 otherwise 

delta function:      6 (x,y)=l if x=y and ü otherwise 

incidence function:    n(x,y).= Ux,y) - 6(x,y). 
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Since the delta function is easily verified to be an identify in I (P) 

certain elements of I(P) will be invertible In I(P) with respect to 6, 

The next and last set of definitions can be found in [21] 

Let S be an arbitrary finite set and W (•) be a weight function on 

S.   (S can be thought of as a sample space and W (•) a probability 

measure).  Let n be a lattice.  A mapping XlS-Hl is called a semilattice 

variable analogous to probability theory and random variables. 

Let A (11) be the algebra of singlevalued functions filWl with addition 

and scalar multiplication as usual, and e=f*g/ f,g,eeA(n) given 

by 

ef J =  E  f (a)g(b) , 
aAb=x 

where aAb is the g.l.b. of the pair fa,b}.  With this notation, 

if the weight function is a probability density on S then there 

is a function fc AC) which represents the density function of a 

semilattice variable X given by 

f (TT) = EW(t) 
t: x(t)=TT 

The generating function F (probability distribution function) of 

f is given by 

F(a) = Z f (TT) =  Z f (7) ; 

TT<O      wc [o,a] 

and plays the role of a probability distribution function.  The 

density function and distribution functions can be computed from 

each other by the Mobius Rota inversion formula.  This approach is 

useful in "random graph" theory.  For other examples see [21]. 
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III.  STRUCTURE Oh' RANDOM GRAPHS 

..'■ bjot'k Anulyeie Cajyomtion 

LGZ   the set Vn = (Vj»Vj,.,.,V )  denote a set of n-nodes or 

vertices of a graph.  Let  n = ■ ^,e2,...,e^)I e. la a   subset of 

size two fron Vn• be the sot of sequences or all pernutations of the 

edges of the complete graph on Vn.  We define the lattice stochastic 

process X^Xj *{*),   X j l -^^ by X. (e) ■ Xj (e^.^ .(,y- 

the partition of V^  determined by the connected components of the 

graph (Vn , { e1 ,e2 ,. . . ,e . >) ; j = l, 2, , (J) ,  Thus for example X-^e) 

is always a partition of rank 1 and type (n-2,1,0,0 , ...,0); X (e) 

is always a partition of rank 2 and (n-2) parts but can be of two 

possible types (n-3,0,1,0 ,0) or (n-4,2,0,0,. . .,0).  In fact 

for tach e^J    X, (o) X-fe) ■ . . .■ X „ n   1   - 2   -  - (n) 

is nonotonic nondecreasing in the natural ordering on H .  Furthermore, 

each pair (X^ (•), X,^ (•)) has >;j + 1(e) ■ X.ic)   or is a cover of 

>:_ (o) so that no wild jumps take place. 

(e) = I so that th^ ,-rocess 

1 We assume that each eC  has the same probebilitV-^- '- r'^it 

we can define the density function; {")l 

f ■ (") - P{X, ■ 
J        1 

no. of eO  for which X.(o) ■ 
n -i 

in2)l 

and the one step transition function. 

V ■ ' " "lxi' '>i-i 

Thus if X^ (e) =" then X th 
, -:j + l(e) "^  if the O + l)   edge of e 

is a subset of some part of   , otherwise, X.+1(e) is a cover of 

n obtained by combining the two parts of n which contain the points 

of e.. + 1.  The next theorem should be fairly obvious. 

6.9 
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Theorem 3A!  The semi lattice process X],X2,... is Markovian. 

The state 1 is absorbinq and the process is absorbed with probability 
one. 

Proof The state I is absorbing since eventually the granh becomes 

connected.  To see that the process is Markovian we observe that 

the probability of moving to any state depends only on the number 

of edges in the graph and the type of the partition.  The number 

of ways of staying in the ^ame state is computed by selecting edges not 

already selected from within the blocks of *, this is independent 

of the history.  The number of ways of moving to any given cover 

depends only on the . izes of the parts to be combined which is also 

independent of the history of the process. 

It is easy to determine the transition functions which aic 

incidently, members of the incidence algebra I (11 ) . and invertible 
n 

Theorem 3B;   The transition function is given by, 

h (J,*) when n covers a. 

Pj(0,TT) = 

^-o-l) 

1 - L' h (o/n)  when acn, f .-1 (TT) ^0 

,) -  tj-J ^"(^ -   ij-I) 

1 When 7i=a,f . , (^)=0 j-1 

0  otherwise; j = l, 2,...,(£) ; 

where h (O,TT) is the number of edges connecting the pair of blocks 

of o  which is one part of n when rr covers a  and zero otherwise. 

6.10 
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Proofx The formulae for p.( ■,-) are obvious since at each Stage 

each unselected edge is equally likely to be chosen. 

Theoretically theoren 3A and 3n can be used to answer all 

questions about the process since we know the initial cond.'txons 

and the transition functions.  Wo will use these observations in 

the next section to compute various combinatorial functions.  We 

can use the Mobius-Rota Inversion formula to obtain a closed form 

solution for the probability of beinq in any qiven state at any 

given time since the distribution function is easy to compute, 

first, however, it is interestinq to obtain a new formula in the 

form of thn transition functions for the number of trees on n-vertices. 

Theorem 3C; 

formulae hold; 

(Chapman-Kolr.ogoroff Kauations).  The followinq 

tA-n)   - I  PI(0'-1'P2
(
"1''

,
2
) fV-.-i'^ 

I  2-'*'- j-1- * 

tfelT | j ^ 1,2 ,. . . f ( ) 
p 

Corollar-. If T  is the number of trees on n vertices then n 

T / n > „ -|(2) j- P1(0,1T1 (,) \7.  p, (o, r,) p2 ( VV-"pn-l(7rn-2,IK 

o- , • ■ ■ ... ■ I 1  2—   - n— 
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Let   F.    (••)   be   the  distribution   function  of  x.;   j = l,2...(n) 

F\(-)   -   Ifj(o|     or   the  probability   that   the  partition  of i.e. 

connected components is a refinement of the partition   after 

j-edyos are introduced. 

Theorem 3D:     If n is of type (k.,^,...^ ) then 
* 4     n 

F.(7i)   =   -^ \ L_  .  4.1 2     rn1 J An A      '  3-^»^, . . . , (2). 
(2, 

j 

Uroof:    The j-edges are to be chosen from within the paics of 

Since F.(-) is known f.(-; can be computed by the Mobius- 

Rota inversion formula. 

Corollary 1:   The probability that the graph is connected after j 

ed'tes have been added is; 

n      k-1 

V I) -_0J. v    {'l)      ^-^H     Vs \  i / 
(in2)\L* l^i      "T—-2—^—Y  
\\)^x Kx kn) » <2!) '...Call ^Ujl...^! 

:;k.=k 
i 

Lik.=n 
i 
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Proof: By  Theorem  2A 

t. (I) 
k=l     r(-)=n-k 

Pj(0j ,.( T,X) 

"   £ X] B(n;k1,...,kn)F   (^) „( -,1) 
*•!     (k.,...k   ) 

i n 
Zk.=k 

Zik .=n 

where I is of type (kj ^J and B (n;k1,k2,...kn) is the number 

of partitions of type (k^,...^)  with k parts.  It is easy to see that, 

&(n;kl V =k -k '!.. 
nl 

n  i 1(2:) 2...(n:) n 

So   that 

k=l (k,,..,k   ) 
i         ' n 

:ki   =k 

£ikj*i) 

., (.•.'/') 
;.{-,!) 

k,    k-      k  /.n \ 
k^'k^...^:! 1(2:) 2...(n:) n rA 

Since .-(■>I)=(-l)k-1(k-l): when [-,1] is isomorphic to nv the 

result is proved. 
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I V.  DESCRIPTIVE COMB 1 NATO tU AL ÜLIANTITIES 

UV: will now derive formulae and qeneratinq functions for the 

interrelated combinatorial cpiantities of interest in the evaluation 

of algorithms.  M« will count sequences rather than deal with 

additional symbols for the associated probabilities.  Obviously, 

each of the formulae are easily converted to probabilities and 

moments can be computed.  We will treat n, the number of vertices 

as a parameter since it will bo helpful in the next section where 

wo qive a relatively simple way of computing mean-time to a given 

component structure.  The basic functions are: 

^.   hn (•;))= the number of edges that can be added 

to a graph with j-edges on n-vertices with component 

structure   so that the component structure stays 
at TT. 

B. Pj ( , ) = the number of ways of adding an edge to a 

granh G with (j-1) edges and component structure o 

to change the component structure to »« 

c-   fn( '^ ~  the number of sequences of j-edges on 

n-vertices which determine the connected component 

structure n. 

c
n
( 'D -  the number of sequences of j-edges on 

n-vertices which "enter" R lor the first time 

with the addition of the jth edge. 
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s
n("»j/k) = the number of 

which enter - for the first ti 
sequences of k-edqes 

me on the jth edge 
and leaves - on the kth edge.  Thxs quantUv is 

called the conditional sojourn time in TT. 

If a partition i 
covers a partition n then the pair of numbers 

(io), where . and , are the s.zes of the parts of B which ar 
combined to form •, is called 

the cover type pair of (-,o). 

Lemma 4A i Ü    The quantity p. (o,^ is given by 

F. 

Pj f<J» IT) 

0 if &*  and fn(T,j-l) = o, 

1 if- = - and fB(o,j-l) = o, 

hn (",j-l) if :=•• and fn (ir^j-l)^, 

i,k if  (i,k) is th 

of (',"), 
e pair cover type 

0  otherwise. 

Proof 
S22£'   The proof is Mediate, aotuaUy, this ,. a repeat o, 
Theorem 3R, restricted for completness. 

Lemma 4E' The quantity hn (n,j3 is given by 

G. 

when , is of type  (k^kj ^J 

6.15 
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Proof] Obvloui 

Lcnuna 4C; Phe q lantity C   (ir#j)   is given by, 

11.  cn( ,i) ■ ■ !ni , i-Di ,( , ). 

Proof:    Immediate. 

Lemma 4r); The quantity S  (^ij,k) is given by, 

"k-j-l 
I.    Sn  (TT|j,k)  - ,cn ,.,,, n 

n-3 
nn(-,-i + -) Pk (',•) 

Corollary;    The number of sequences which spend k-units of time 

in n   denoted by ■  ( ,k) is given by. 

J. n ,k) 

(2)"k 

E 
1 = 1 

Sn ( ;],;i + k) ; k-(),l,2, 

'he proofs of all of the above lemmas follow from the Markovian 

property of the process >',>;_, 2 ' • • 2 ' • • • ' • ■ , n All of the quantities ar( 

computable from the above equations *   and the "closed form" equation 

for f  ( ,j) as given In the previous section.  However, the calcula- 

tions are cumbersome and can be done more directly, as we will do 

in the next section.  Me close this section by obtaining the qenerating 

function for f  (',j) and hence, for all the quantities given above. 

Theorem 4A> If F (yj n ' 
I 

j-1 

fn (T'^ j 

j! 

then, 

6.16 
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K-       Fn(y)      =   -   nl      y 

k=l        {k1,...,kn) 

Zk.=k 
i 

);iki=n 

(k-1) : 
I'       ' If       ' lc       ' 
12 n 

f-B- (y)i   i 

Where Bi(y) = (1+y) 2 (  (This formula is related to Faa Di Bruno's 

formula for derivatives and the classic Bell polynomials.) 

Proof;   From the result of Section 3, 

n 
fn(I,i) ■   n! 1 I 

)1 k=l vK-. • • • ^^ 

Zki=k 

Zik.=n 

(-1) 
^a-iv. r^»1 

K-i.K—...,,K!      K,     K — 

i  (2!)  ... (n! 

Thus 

n k-1 
F (y) =n!   I      (k-1)! (-1)! 

£ki(i)  y^ 

n k=l 
i     n 

Zk.=k 
i 

.viki=n 

j>l  1
kl_iv

k2 1  (2!) "...(n!) n 

n 
= n!   Z     I 

k=l (k,,,..^J i    n 
Zki=k 

Zik.=n 

a*v)lkiV 
k       k 

1 ■L(2!) * (n!) n 

(k-1)! (-1) k-1 

ß. 17 
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and  the   result   follows  by  oxpandinq 

(Wy) hfy + k21^ + ••♦*„<? 
d+y) (l + y)   ' d+y) 

k 
(n     n 

V.        CALCULATIONS: 

We   can  determine   pairs  of  equations   from which we  can   re- 
cursively  compute   fn   (I,j)   from cn    {I,J)      and   conversely.      These 

equations  can  be  derived   from  the  Markovian  property  or  from  the 
fundamental   isomorphic decomposition  of 

n 

Theorem 5A; (Basic Recurrence) 

If n   is of type (k^k^,,... ,kr) then 

^ ^^   = ZM(W2,1'W2,2 W2,k 'W3,1'W3,2 ^,k,, 

. ;w  . ,w 
n,1  n,2    ' n,k 

U'2   {I'W^) ;.lf3 <I;W3.!
, •••  ^.'n "•%,.'• 

where M (j,w. 2,l'w2,2 w2,k , w , , w 
2; 3,1 3,2' ' 3 , k ^ ; . , . ; 

l'n,X'Wn,2',*,wn  k   J   1S   the  '»Ultinomiaj   coefficient  and 
'   n n 

the  sum   is  over   al]   partitions   of   the   inteqer   j   into     I     k     parts. 
T=2     T 

6.18 
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Proof:    If ^ is a partition of type (J^ ,k2,...,kn) then if a 

sequence of j edges produces TT the sequence must contain places 

for the kv>T edges which come from the 7th part of those parts 

which have v-vertices.  The set of subscripts (1,2 j} can be 

partitioned in M(j;...) such parts.  The edges in the part with 
wv,r edc*es can then be arranged in f^ (1,*^) ways.  The product 

formulation follows from the basic isomorphism theorem. 

Corollary 1;   If - is a dual atom of type {r,n-r) (i.e. one part 

with r-elements the other with (n-r) elements) then 

j 

fn r».^ . 
w=l W   fr (I'W>- fn-r (I^-W) 

when n>2/ r>l, (n-r)>1; 

f
n (»»j) = fn_1 (I;j)  when  r=l or n-l=r; 

f2 (1,1) ■ 1, f2 (l/j)=0 j>l 

Corollary 2 [5], [3], [16]. 

If T(n) is the number of trees on n-vertices then, 

T(n) = 
n-1 .n, 

JltZTT     ,£   (i) T (i) * (n-i)-i-(n-i) 

Proof:    If we set j=n-2 in Corollary 1 then, 

n-2  /n-2\ 
fn(Tr,n-2) -El   1 f  (I,w) f   (I,n-2-w). 

w=l  \ w / n r 

6.19 
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This   expression  has  one  non-zero   term  so. 

fn (7T,n-2) = Clha'r- 1) fn-r(I' r"2 " ^-i^ 

Since obviously f (I,r-lJ* T(r) • (r-1)! we obtain 

fn(Tr,n-2} = (n-2) !T(r) •T(n-r) . 

Since TT has two parts we get a tree on n-vertices by a single edge 

connecting those parts.  Summing over all such partitions then 

yields all trees on n-vertices. 

Theorem 5B: Thvi quantity C  (I,j) is given by 

Cn (I,j) - I f„ {TT,J-1) h (TT,!) n>2 

TT iS 
a dual atom 

Cj (I,j) =0 Vj; 

C2 (1,1) ml      C- (I,j) =0 j>l 

Proof: The proof follows by the Markovian property. If we are 

to enter I for the first time on the j then after (j-1) we must 
be in a 'iual atom. 

Corollary: 

C (I,j) = 1 
n       2 

n-2 

rl2   (r) fn (V'n_rn-l)-r-(n-r) 

♦ n (n-l).fn (TT.^.^-j-l) 

6.20 
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(The  notation  TT.^.  means  TT   is  a dual  atom of  type   (i,j).) 

Proof 

5A into Theorem 5B. 
Substitution of the formula of Corollary 1 to Theorem 

Theorem 5C;    The 

n-2 ' '•• using 
quantity C  (l,j) can be obtained from f 

n-1' 

cn(i,j) 
j-l 1 n~2       - ^ 

" T     (")   w=l (i>#fr (I'w),fn-r (I'J-l-w)-r.(n-r) r=2 

+n (n-xWfn_i (ijj-i) 

Proof:   Combine Theorem 5A and 5B 

Theorem 5D; 

by  the  equation 
The  quantity  fn   (I,j)   can be  computed  from Cn   tl,jj 

fn(I^ " J., ^n *'*   ((S)-M) ((^-(k+l))... ((J)-,) 
Proof This follows from the Markovian propertv. if We are to 

be instate I after j steps then we arrived for the first time on 
the k  step and stayed in I. 

Theorems 5C and 5D provide a coupled pair of equations to comoute 
Cn troin fn-l and then fn from Cn,... and so forth.  Some samol. 
calculations are, f., (1,1) = 1, and f2 tl,j) = 0  j>l 

We  compute C3 from f • 

C3 (1,1) = 0 

c3 (I'2) - ^ (empty sum) + 3-2'f2 till) 

C3 (I,j) = 0  j>2. 

= 6 

6.21 
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Now  we  compute   f     from C, 

2 
f, (I#2)  - C,(I,k)  • C,(I,2)  • 6 

k-2       3 

f3 (1,3)  -       C      C- (I,kJ»(3-k)  •   C, (1,2)«  1 ■ € 
J k=2       J 3 

^3 ll»j3   ■   0,   j>3. 

We can compute C. from f^ 

1  2   4    2   2 
C4(I,3) = 2 l      ^2)        l      0   fr (i;w) • fn r d^-l-V) * r (4-r) 

r=2      w=l n~r 

+ 4-3-f3 (I;2) 

6  2   2 
= y  ^  („) C, (I;w) • f. (l;2-w) '2-2   + 4-3-6 

^ w=l  W   ^ 2 

■ 12 [2-f2(I;l) • f2(I,l) + l.f2(I;2)-f2(I,0)] ♦ 72 

■ 12 [2-1+0] + 72 - 96 

1  2   4   3   3 
C (1,4) = 2  Z  (2)  Z  C) fr(I'w) * fn ,(I;3-w)- r.(4-r) 

^ r=2  z  w=l  w  r        n"r 

+4-3-f3 (1,3) 

- 12 [3-0 ♦ 3-0] +72 - 72 

C4(I,j) - 0; j>5. 

Similarly, we can compute f4 from C4 and obtain f4(I,3) = 96, 

f4(I,4) - 360, f4(I,5) - 720 and f4(I;j) = 0, j>5.  The coupled 

equations themselve can be used to obtain the exponential generating 

functions for the sequences f , and C .  These generating functions 

turn out to be exponential convolutions and have been recently 

studied [17]. 

6.22 
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It is possible to compute f. (I) from the formula of corollary 

1 but the calculation is lengthy.  An example follows: 

CxamPle (n=4)-  Fc- "=4 Tn=16, hence the probability of a 
tree should be 16_ = 4 when j = 3. 

20   5 

Parts (k) - Class or Type : 
Z  k. 

. = 2 1 
* (■ 

'i   (i) 
j                     i 

(0,0,0,1) 6 20 
(1,0,1,0) 3 1 
(0,2,0,0) 2 0 
(2,1,0,0) 1 0 
(4,0,0,0) 0 0 

_ 24  20 
= 

24 
20 

96 16 
20 

4 
5 20  4! (24) (6) 

6.23 
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VI.  A NF.W MEASURE OF CONNECTIVITY 

Let G be a connected graph with n nodes and tn edges.  Let 

S(G) be the set of ti. ml permutations of edges, viewed as a sot 

of ml-tuplea.  For each sequence s S(G) define C (s) as the index 

of the first, edge in s for which the graph with the first C (s) 

edges is connected.  The number m-c:.(s) then measure "how long" 

the sequence s has been a connected graph.  Intuitively, if many 

of the sequences in S(G] have large m-C (s) then the graph G is 

more connected.  In particular we take the average or first moment 

of numbers (m-C (sP as the definition of the connectivity of G. 
c 

We can also take higher moments which would lead to more precise 

measures of connectivity. 

Definition;  The connectivity or "mean connectivity" of a 

connected graph G, denoted by C(G), is given by: 

C(G) - -i-   I (m-C (■))- in--,        C (8) 
•  seS(G)     C se.S(G)  c- 

Alternatively, if C-(k) is the number of sequences in S(G) 

for which C (s) - k then, 

ceo - « - IT    ?   k cG(k) 
k=n-l 

Example:  rf G is a tree on n nodes then m-n-1 and C {l)=n-l 

for all st S(G) , so that 

C(G) ■ (n-l Tn-1) ! -(n-l) (n-l) [n-D - (n-l 0. 
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Thus,   all   those  have  connectivity   zor y zoro, 

Example;  Consider a triangle: 

2 

There are six edge sequences 

Si ■ (1,2}, {1,3}, '2,2': 

52 - (1,2}, (2,3}, ^1,3) 

53 ■ (1,3}, '2,2'-, (1,2) 

54 ■ (1,3), {1,2}, (2,3) 

s5 = (2,3), {1,3}, (1,2- 

S6 -   :2,2:, {1,2}, {1,3}, 

C(s1) = 2 

C(s2) - 2 

C(s3) ■ 2 

C(s4) 

C(s5) 

2 

2 

C(s6) = 2 

C(G) = 3 " I " - 3 " T [12) =3-2 = 1 
■CS(G) 

So that the connectivity of the complete graph K  is C(K ) = l 

The connectivity of K., is zero since K2 is a tree. 

Problem 1;  Determine the sequence C(K ), c(K ),...; or 
its generating function; i.e.. 

Ck(z) - 
■  C (K.) 

1 

i = 2 

We now turn our attention to disconnected graphs.  Let G be 

a disconnected graph and let S(G) be the set of all permutations 

6.25 
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of edges not in G.  For each seS(G; let Cr,(s) be the index of the 

first edge in the sequenco s for which G would become connected 

if all the proceeding edges were added to G. 

Definition;  If G is a disconnected graph with m-edges we 

define its connectivity, 

C(G) = - E    -f|iH  - - -i  E    cd(3) 
seS(G)  ((^-m))!     ((^-m! seS(G) 

Example:  The empty graph ft- on two nodes, has m=0 so C(s)=l, 
Therefore, 

c (02J ■ - —-i   = -i 

Example;  We compute the connectivity of ß-.  There are six 

sequence in S(G) and C(S)E2. 

Therefore, 

C 10.) • - i   I     2     =     - tß.     =  -2 
J   seS(G)     6 

The computation of the sequence {C(ft HÜ -, or its generating n  n=2       ■       ■ 
function is carried out in the next sections. 

Example;  We compute the connectivity of the graph G depicted 
below; 

6.26 
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The graph G is disconnected.  The edges not in G are '1,3}, 

2,3'l
/ there are two permutations, and C(s) ■ 1 for both so that. 

CiC) 
s c 3 (G) 

1 
3 i 

1 (1+1) ■ - 1 

Many questions, problems and conjectures are already apparent, 

some of these are: 

Problem 2;  There seems to be a duality in terms of connectivity 

between a graph and its complement.  Can the connectivity cf a 

graph be obtained in terms of its complement?  The answer ^s yes 

and the appropriate result is given in Section VII. 

Problem 3:  Is the connectivity of a graph related to the re- 

liability of its network? The answer is yes and this is discussed 

at an elementary level in Section VIII. 

Problem 4:  If wo are given a graph G, then all sequences 

scS(G) have "connectivity weights*1 C(s). What are the nunimal and 

maximal values of  C(s) over all seS(G).  In statistical terms 

we are asking for the range of C(s) over S(G); i.e. max C(s) - min C(s), 
seS(G)  SES(G) 

Along these same lines given a class G of graphs what are the 

minimal and maximal values of thfl connectivities of the graphs in 

G?  Characterize the classes of graphs which achieve these values. 

This problem is discussed in Section IX. 

Problem 5:  Can the connectivity of a graph be determined by 

the connectivity of various bipartite graphs.  What is the connec- 

tivity of a bipartite graph consisting of two connected components? 

This Question is discussed in Section X. 

6.27 
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Probl— 61 Ther« are nany descriptive combinatorial function; 

associated with i graph, minimal cutset sise, girth, diameter, 

number of spanning trees, cliques, etc.  now arc those related 

to connectivity? The definition! ol these quantities arc given in 
• '•  't ion XI. 

Problem 7i  There are many combinatoria] questions associated 

with the sequence of grapha determined by a sequence of adgea in 

8(G).  Many of these questions concern the number and type of the 

connected oomponent structure associated with the sequence of 

graphs associated with each s^sfr;).  some of the questions are 

formulated in Section XI. 

Problem 8>  There should obviously be relationships between 

connectivity of a graph and its chromatic polynomial or other such 

coloring properties,  in Section XI we give Whitney's der^ .vation of 
the chromatic polynomial of a graph.  It seems that the Whitney 

approach give! a tie in with connectivity since it deals with 

colorings of subgraphs and that seems to be a 

connectivity. 
way of approaching 

Problom 9:  When l« the connectivity of a graph greater than 
the connectivity of every subgraph? 

Problem 10; Jf   two graph! have the same number of edges but 

different size cutsets, does it follow that their connectivities 

have the same properties? 

Problemll:  How many "moments" are required to uniquely 

determine a graph or isomorphic classes of graphs? 

Problem 12|  How do we construct "highly" connected graph«, or 

build on existing graphs to increase connectivity at low cost? 

6.28 
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VII. A GRAPH AND ITS COMPLEMENT 

He mvcstiqatc Problem 2 ana derive a relationship between a 

graph and its complement. 

Definition:  It G is a graph then its complement G* is the graph 

on the nodes of G whose edge set is the set of all edges not in G. 

Theorem 7A:  If G is a disconnected graph with m edges on n 

nodes then 

C^' ) - C(G) - [yl   -  m 1 
,n> _ 
2'   m     s-S(G) 

(Cd(s)-Cc(s; 

Proof:  If G is disconnected then G' is connected and G1 has 
ili. ((2)-m) edges.  Since S(G) and 8(0*) are identical as sets of 

( (2) "n1) "tuples of edges wo have by direct calculation; 

1 C(G' )   -  C(G) - ((")-m) - 
2       , .n 

+  Z 
cd{s: 

((2)-m)!  sr.S(G, 
Cc(s) 

SLS(G) (Q-m)! 

2      , ,n [ZCd(s)  - ZCc(s) .] 
{ f )-ml I 1 21      ' •   s- S(G)    it S(G, ) 

((S>-ra>+ 7^ 
((-)-m) ! mt_ .„. 

2      s f, S (G) 

[Cd(s) - Cc(s) 

Corollary 1:  For the complete and empty graphs; 

c{Kn) ♦ c(Qrj) ■ r2
4) 

6.29 
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Proof;   Set G «fl     in Theorem  2.1  and  note  that C,(s) 

= C_(s)   V  seSitl) 
m n 

Corcllary 2;  For the generating functions C. (z) and C (z) of 
K u 

C(K )} and (C (H )}, respectively we have 

2 Z 

Ck(z) ♦ CQ(1J = i^t- 

Proof:  By direct calculation! 

6.30 
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VIII. APPLICATION TO RELIABILITY AND OTHER AREAS 

The analysis of sequence sets such as 8(0) arises in many areas 

other than in a "pure" study of graph connectivity.  in set-merging 

algorithms we have a partition of a set of n points which we may 

think of as nodes of a graph.  Unordered pairs of points are 

presented sequentially which we may think of as edges of the graph. 

If the two points of an edges are in different parts of the 

partition then the two parts are merged aheir set theoretic union 

is formed).  Otherwise, the same analysis is carried out with the 

next edge.  The obvious questions concern the statistical moments 

of the number of edges need to connect the graph (merge all parts 

into one part) or to reach some other "state".  Many of these 

questions can be restated in terms of the statistics of S(G). 

Another area in which the set S(G) arises is in the use of 

"random edges" ro generate a spanning tree for a qraph or network 

with n-nodes.  Edges are randomly generated and added to a graph 

(beginning perhaps with the empty graph).  The question arises in 

the analysis of such a process as to how long it will take before 

the resulting "random graph" is connected.  The answer to this 

question if we start with an empty graph on n nodes is C(Q ).  it 

should also be clear that this question is the same as the^et 
merging v lestion. 

A large area of potential application of the notion of connec- 

tivity is the study of the reliability of networks.  Let G be a 

graph and Rp(G) he the probability that the graph G is connected if 

p is the probability that is branch (independently) is "on" or 

"working" or "up".  Clearly if G has m edges. 

m 
RDCG) =  E   Akp

k(l-D)m-k 

k-n-1  K 

where Ak is the number of connected subgraphs of G with n nodes and 
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k  edges.     Alternatively 

W. 
R    (G)    =   1   -      I        B.q1?111"1' 

i=w        ' 

where fc^ is the number of disconnected subgraph of G with n nodes 

and (m-i) edges.  W is the size of a minimal cutset of G. 

A simple revision for R (G) relates the reliability of graph 

or networks to subgraphs.  This might be helpful in relating re- 

liability to connectivity and to coloring.  Let e be a given edge 
in G. so that: 

R (G) = P{G is connected | e is open} P{e is open} 

+ P{G is connected | e is closed} Pfeis closed) 

= PfG is connected | e is open) + q R (g1) 

where G" is the subgraph of G obtained by removal of e.  Let G'' 

be the graph obtained by identifying the nodes incident to e.  Thus 

Rn(G) = pR^G' ') + aR (G') 
ir r P 

where 

RD(G
,,)>R_(G) > R-^G') 

wT Mr W 

The same type of formula can be obtained by taking a subset of 

edges of G which is not a cutset. This would help tie in with 

coloring problems. 

The Moore-Shannon definition of reliability is similar although 

it asks for the probability p^. that a given pair of nodes (lrj) 

is connected by some path in G.  Clearly: 

m 
Pii =  Z Akp*(l-p)

m-k 1J  k=l K 

6.32 
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Where h^   is the number of distinct k edge subgraphs of G which 

contain a path between nodes i and j, and m is the number of edges. 

Alternatively, if Bk is the number of k edge subset of edges which 

when removed leaves nodes i and j disconnected then, 

m 
1-P 

k m-k 

ij 
I     Bk(l-p) p 

k=l  K 

It is easy to relate R (0) to C(G) and it should be easy to 

relate P^. to C(G).  Let G be a graph on n nodes with m edges. 

Let fG(k) be the number of sequences in S(G) for which the first 

k edges on the n nodos form a connected graph. 

Theorem 8A;  Let E (p) be the expected value of X! when X is a 

binomial random variable b(w;p).  Let C, (p) ■ CG(k)pk, then 
■ k! 

RP(G) = k=z0 Vk1^ «Tc^ 

Proof:  By definition; 

m 
Z R (G) - 

k=n-l AkP (l-p)m-k 

fr(k) 
Now  A. =  J$— 

k   k! 

k 

I  win-1 CG(W) (m-w)(k-w) 

where (t) (n) = t (t-1)... (t-k+1) is the falling factorial, 

It follows by substitution that 

k,.,  ,m-k 
m 

VG) •  S   1   I  Cr(w)(m-w).,  Np
Kfl-p): P     k=n-l k!  w=n-l G       (k-w) 

Rearranging terms and collecting by Cr (w) yields. 

m m-k 
R (G) =  Z   C (k)pk  Z  (m-k) ... p^(l-p)m-3-k 

'   ' fr-   j = 0      ^ k=n-l- 

which proves the theorem! 

6.33 
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Problem 13:  Devise an algorithm for computing C0(k).  Perhaps 

a Markovian type algorithm as used in [22] for the complete graph 

might work. 

Problem 14;  Study the behavior of the sequence C. (p) in terms 

of the connectivity of connected graphs.  In fact ii C'^p) is 

the derivative of C, (p) with respect to p, then obvioaLly the 

connectivity of G is, 

,  m 
C(G) = [*-£  E k! C' (p)] 

m k=n-l  K   p~1' 

Problem 15;  Suppose two graphs or networks with the same 

number of nodes and edges have different reliability functions. 

To what extent can the differences be explained by the "moments" 

of connectivity? 

Problem 16;  Relate statistical connectivity to the Moore- 

Shannon definition of reliability. 
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IX.  GRAPHS WITH MINIMAL AND MAXIMAL CONNECTIVITY 

In Problem 4, we asked about graphs with minimal and maximal 

connectivity, we shall examine the case of connected graphs with n 

nodes and n edges.  The connected graphs with (n-1) edges all have 

connectivity zero.  what is the minimal connectivity of a graph 

with n edges?  What is the maximal value?  Obviously if G has n 

nodes and n edges and is connected 0<C(GJ<1.  More generally if 

G has m edges O-'C (G) <m-(n-1) .  There are no connected graphs with 

connectivity zero which have more than (n-1) edges. 

The following classes of graphs with n nodes and n edges have 

connectivity  3 
n+ r/lbsL 'n. 

'n '2  3 4  5 
There are 3(n-1)! sequences of the n edges whose associated graph 

becomes connected for the first time on the (n-l)st edge, and (n-3) 

(n-1)! sequences which become connected graphs for the first time 

with the nth 

C(G) ■ m-1 
m 

edge.  Therefore 

n 
I       kCr(k) = n-1 

k=n-l  G       nl 

n 
I 

k=n-l 
k CG(k) 

n-1 [ (n-1) (n-1)!.3 + n(n-3) (n-1)!] 
n! 

= n-3 (n-1) - (n-3) = 3 - 3(n-1) ■ 3 
n n n 

Another grapn with the same connectivity is. 

e  2 

1  e n-1   n 

6,35 
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It should be easy to prove the following conjectures. 

Conjecture 1;  Among the class of connected graphs with n 

nodes and n edges the minimum value of the connectivity is 3/n and 

is achieved by those graphs which contain a triangle. 

More generally. 

Conjecture 2:  If a connected graph on n nodes with n edgec 

contains a k-gon then its connectivity is k/n. 

Conjecture two applies to the maximum value of the connectivity. 
Indeed the cycle graph C . 

has connectivity one since the ommission of any edges does not destroy 

connectivity.  Many other questions are now apparent! 

Problem 1?; Generalize conjectures 1 and 2 for graphs with 
more than n edges. 

Problem 18;  Are there parallel results for the connectivity 
of disconnected graphs. 

Problem 19;  In what sense are the reliabilities of the above 
networks minimal and-raaximal. 
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X.   CONNECTIVITY OF BIPARTITE GRAPHS 

Let G be a graph on n nodes with two connected components C, 

and C2 with BU, m2 edges and V,, V- nodes, respectively. 

There are (i) possible edges of which (m, + m„) are already in 

the graph G so that we form sequences from the {") - (m-, + m-) edges 

not in the graph G.  Let X be the random variable "time to connectivity" 

on S(G).  There are (Vj^Vj) good edges and (J) - (m, + m-) - (V1'V2) 

"bad" edges from which to select at random (form sequences) and add to G 

one at a time.  Let P. ■ P iX=k}, so that 

,   ,   V1,V2 P, - P{X«1) ■ ——= 
U) - (m,+m.,) 

V,-V 
P0 = P{X>2} = (l-P, ) (  ^ J.  ,n 

(2)- (m1+m2)-l 

V » V n-1 
[ n (i-p.)]  ( 
i = l (2) - (mj^+m )-(n-l) 

Let G(z) = I     Pj^Z v be the generating function for the sequence 
k=l ;v- 

Theorem 10A:  The function G(z) satisfies the differential 

equations; 

(1-z) G'(z) + 1(1-1) (W+l) = (wz)] G(z) + w (z-w-1) ■ 0, 
w 

where w = V^ and W = (?) - (m +m ) 
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Proof:     it  is  easy  to  see  that  Pn  satisfies   the  recurrence  relati 

Pn = Pn-l  (V";n-ir)f0r"-2^th 

1   W. 

on 

The theorem follows by direct application of the generating 
function and a little algebra. 

The connectivity of the bipartite graph is given by G'(l). 

Perhaps a more detailed analysis of the differential equation will 
yield some more information. 

It is possible to obtain an upper bound for the connectivity 

of a bipartite graph which we conjecture to be exact in the limit. 

Let Y be the time to connectivity of the bipartite graph when 

the edges are chosen with replacement.  Obviously E[Y]>E[X].  The 

time to connectivity for the replacement process is easy to com- 

pute since the distribution of y is geometric.  In fact; 

00 

BCy) - I    k (1-Ä) k-1(^) = w 
k=i    w   V  w 

so that we have proved. 

Saga« 1081  Let G be a bipartite graph on n nodes with 

connected components C1 and C., with «^m. edges and V.,V, nodes 
respectively, then, 

c(G)> - (2 -J'VV. 
v1.v2 

Pr0blem 20:  0btain an asymptotic estimate in Theorem 10B by 
suitably restricting the ranges of n^, m2, V , V . 

6.38 
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Problem 21;  If we interpret connectivity of a graph in re- 

liability terms as edges qoing out one at a time, selected at 

random,  what is a reasonable definition for the reliability of 

a bipartite graph?  If terms of Moore-Shannon  it might be the 

average time for two nodes (one in each component) to communicate, 

Intororet and calculate "reliability of a bipartite graph" and 

relate it to connectivity. 
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XI. DESCRIPTIVE COMBINATORIAL QUANTITIES IN A GRAPH 

In the literature  of graph theory, there are many combinatorial 

type quantities which measure internal structure of a graph.  Each 

of the quantities should be related to connectivity.  We will not 

spell out the specific questions since they should be obvious! 

Definition;  If a graph G has p connected components, n nodes 

and m edges then the rank of G denoted by o{G) = n-p and its 

cyclomatic number denoted by v(G) = m-p(G). 

Theorem 11A;  (Known).  Let G be a graph and G' be a graph 

formed from G by adding a new edge between node i and j (arbitrary) 
then, 

DfG') ■ p(G) and v^') ■ v(G) if i and j are in the same 

component, while 0(0 = o(G.i+lr and vfG") = v(G) if i and j a-e 

in different components. 

Corollary:  p(G)>0 and v(G)_>0. 

Definition:  The chromatic number of a graph is the smallest 

number of colors needed to color the graph so that no adjacent 

vertices have the same color. 

Theorem 11B:  (König)  A graph is bi-chromatic if and only if it 

contains no cycles of odd length. 

It is not difficult to verify that the zeta function is inver- 

tible.  The inverse of the zeta function is called the Mcbius func- 

tion and is denoted by p (. ,.) .  These observations of tl• Mobius 

Inversion Theorem. 

6.40 
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Theorem  2A:      (Mobius-Rota   Inversion  Theorem) 

If   f:P-R   is  a  real   valued   function  on  a   finite  partially  ordered 

set   P  and       p  so   that   f(x)   ■   0  when   x-p and, 

q(x)   ■     E     f(y) then we have, 
y^x 

f (x)   =     E     g (y) i. (y ,x) , 
y^x 

where ..{.,.) is the Mobius function of the partially ordered set P. 

Some useful results for computing the Mobius function are given 

in [20]:  In Particular the next formula for the Mobius function 

of ;:n. 

Theorem 2B:  The segment [x,y] is said to be of class (C,,C-,...,C ) 

when the lattice fx,y] is isomorphic to the direct product of C, 

lattices isomorphic to I:,, C- lattices isomorphic to n„,...,C 

lattices isomorphic to H .  If [x,y] is of class (c,,c_,...,c ) then 

c, +c_+. . .c -n   c-,   c. c 
;j(x,y) • (-1)    -     n  (2!) J{3!) ^...((n-l)i) 

Corollary:  ;.(o,l) = (-1) n"1 ( (n-1) ! 
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SIMULATION OF PACKET COMMUNICATION NETWORKS 

I.   INTRODUCTION 

In developing a large scale communicaticn network, one 

encounters many problems which cannot be formulated or solved 

analytically.  Consequently, one resorts to simulation.  In this 

chapter, we outline the structure of a simulation program for 

packet communication networks; specify the problems which can be 

resolved by a simulator; give the description of the simulator de- 

veloped for the packet radio network; present results obtained by 

the simulator; and discuss the future development of the simulator 

for the packet radio network. 

In general, there are various degrees of simulation depending 

on the amount of knowledge (or assumed knowledge) about the system 

operation, and the objectives of the simulation, i.e., the problems 

to be resolved.  We particularly distinguish in this chapter between 

a simulation for design and a simulation for development. 

A simulator for design (e.g., in a design loop) is developed 

when the operation of the system is completely specified, and the 

objective of the simulator is to simulate specific parts of the 

system which cannot be analytically modeled or whose solution is 

computationally infeasible.  The efficiency of such a simulator is 

of major importance; consequently, one attempts to avoid simulation 

[8] wherever possible, in the simulation program. 

The objectives of a simulation for development are much broader. 

In this case, one has a set of theoretical (untested) hypotheses 

which state one or several possible ways for system operation. 

7.1 
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These include routing algorithms, protocols, etc. Tha objectives 

are to test (verify) the hypotheses, to complete the specification 

of portions of the system, to compare alternative modes of system 

operation, to identify system bottlenecks, and finally, to deduce 

measures of system efficiency by obtaining estimates of the major 
parameters. 

7.2 
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11•      OBJECTIVES OF SIMULATOR 

soluJ' OUtline SPeCifiC Pr0blemS '^ WhiCh a si-^tion approach solution is most appropriate. 

A.   Routing Algorithms '• 

now,  .  !he 0bJeCt 1S t0 C°mPare the •«"«i«»Oy of existing and 
newiy developed routing aigorithms in terms of throughput and de- 

lay on the one hand, and storage and prooessing requirements of 

the algorithms at the switohing nodes on the other hand.  The 

objective of this comparison is to suggest a small set <two or 

three) algorithms for implementation and further testing in an 

experimental system.  „e note that It is not mandatory that a 

-ngle routing algorithm be used in a netwcrK.  For example, in 

the broadcast network that we discuss later, a simple routing 

algorrtto, is used to load the switching nodes (repeaters) with a 

more sophisticated algorithm.  FUrtheremore. one may examine the 

possrb.Uty of using an alternative routing algorithm under overload 
condrtrons or l„ different hierarchies of the network, 1« a 
hierarchical network is investigated. 

B.   Protocols 

There may be many protocols in a communication netw,rk 
considered, depending on the type of co^unicating devices and 

on the type of application.  The following protocols are examples- 

termrnal-terminal, ter.inal-swrtching node, term.inal-host computer 
wrtchrng node-switching node, switching node-host computer 

host computer-host computer.  Some of the above may contain 

more than one protocol depending on the application, and others may be 
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needed in a hierarchical network. The objective of the simulation 

is to test the efficiency of these protocols in a dynamic environ- 

ment, to change them when necessary, and to complete details which 
may be missing. 

C   Identify System Bottlenecks 

One of the advantages of the simulator is that it enables 

one to observe and trace the detailed flow of packets in the network. 

For example, a specific packet may be traced, such as an information 

packet, an acknowledgement packet, or various priority packets, 

from the origination node to the destination node.  This allows 

investigation of questions such as, whether the bottleneck is at 

the switching nodes or due to the limited capacity of the channel, 

given a proposed configuration, and communication protocols.  It 

may also suggest improvements in communication protocols. 

D.  Flow Control 

The simulator is the only tool which allows testing and 

improvement of theoretically developed flow control algorithms. 

E«   Software Transfer 

A siirulator can be coded so that subroutines or sections 

of code are identified with specific software programs of the switching 

nodes.  This will reduce the effort of software development by 

transfering or coding according to the programs in the simulator. 

Furthermore, it will allow testing of sections of the software 

of communication devices by comparing these with the corresponding 
sections in a simulated device. 
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F-       Trade-Offs 

Among the trade-off= „hich can be investigated are- 

aÜ I"'6:"" betWeen the St0ra9e re^ir—ts ,t switohing nodes 
and the channe! oapaoity of links, given the topology and the 

d  aT an? rateS; trade"0ffS betWeen aVera9e del^' -i-'" delay  and delay as , funct.on of ^^^^ and ^^ ^ 

node capacities. y 

G.   Stand-by Network 

ment  Tt The 1™^°* ^ **  "'eful b^°^ the stage of develop- 
ment,  it can be used to study particular problems which mav be 

encountered in the network, once it becomes operational, an^ to 
test suggestions for improvement. 
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III. GENERAL STRUCTURE OF SIMULATOR 

It is important to separate between data structure and manage- 

ment functions on the one hand, and the communication and device 

functions on the other hand.  There are several advantages in doing 

so; firstly, one communication device does not have access to in- 

formation available in other devices; and secondly, it is easier to 

identify and distinguish the communications part of the program 

for the purpose of modification or software transfer.  We have 

developed efficient data structures which can be used for simulation 

programs of communication systems.  The proposed data structures 

are described in Section V, and includes the fourteen (14) sub- 

routines of Section VIII, subsection A. 

It is useful to have one main subroutine for each type of 

communication device.  For example, one subroutine for all switching 

nodes of the same type.  The differences between the devices (e.g. 

switching node)  can be recorded in a state vector associated with 

each device.  The state vector will include information such as, 

the switching nodes to which this device has channels and the data 

rates of these channels, the state of occupancy of the storage 

buffers of the node, the routing algorithm that this node is 

currently using, and others.  In addition there will be buffers 

associated with each device in which the content of specific 

packets (e.g. packet type, priority) will be stored. 

There are distinguisable functions which may be used by more 

than one type of device (e.g. a modem), these functions can be 

coded in separate subroutines. 

7.6 



Network Analysis Corporation 

h'       Performance Measures 

There should be an extensive measurement program to enable 
the resolution of the problems outlined in the objectives  The 

measurements are divided into network performance measurements, 

performance of communication devices, and trace information. 

B.   Network Measurements 

Throughputs 

We distinguish between throughput of packets and throughput 

of information.  Packets which successfully travel from origin 

to destination contribute to the packet throughput measure. 

Packets which are also acknowledged contribute to the informa- 

tion throughput measure.  The distinction comes from the fact 

that when protocols are not efficient or when delays are very 

large, the origination node may reissue another copy of a 

previously transmitted packet.  When the network delivers both 

packets, then the two packets contribute to the packet throughput 

measure but in terms of information transfer^ only one packet 

was delivered.  Network throughputs are measured as a function 

of time.  This enables one to determine whether the network 

can maintain a steady state throughput when offered a given 

traffic rate, to estimate the time needed to obtain steady 

state, and to observe the behavior of the network under either 
minor or major perturbations. 

The Average Number nf Links That A Packet Trave rses 

This measure when compared with the average number of 

links of the input (offered) rate for a given topology, re- 

flects on the amount of alternate routing.  it may also enable 
one to detect looping in the network. 

7.7 



Netnork Analysis  Corporation 

Delays 

Many delays should be .measured in the network, we outline 

some of these: 

1. Delay to negotiate protocol between a 
terminal and a switching node. 

2. Delay to negotiate protocol and reserve 
storage at destination switching node. 

3. Delay of an information packet of a 
given priority from origination to destination 
node. 

4. Delay for receiving an end-to-end acknowledgment 
back at the origination node. 

5. Delay for the delivery of a maximum size 
message and receiving an acknowledgment. 

6. Delays of special priority packets. 

C. Performance of Communication Devices 

Utilization of Devices 

Fraction of time that the device is transmitting or 

receiving. 

Number of Packets stored in device as a function of time. 

Number of Packets successfully switched and number of 

packets discarded due to buffer overflow or other reasons. 

D. Trace Information 

This information includes the listing of significant 

communication events.  The listing contains a unique identifier of 

the packet, its type and priority, its origin and destination, and 
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stvatoVo^t  eVent-     ^^  are  ^^   t0 a110" a -t*™  <*- 
pec     "" l0::   t0  ^^ 0f  ^-"^ ^k"s,   ana  to  foU«, 

specxf.c:  «teracticns between  source  and  destination. 

Re^art:    other measurements may be needed  to e.aluate  the 
•meluoy of  flow control  algorithms. 
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IV-  PACKET RADIO NETWORK SIMULATOR 

The main features which distinguish the broadcast network from 

a point-to-point (PTP) packet switching network such as the ARPANET 

are:  (i) devices in the network transmit packets by using a random 

access scheme, and (ii) devices broadcast so that signals can be 
received by several devices simultaneously. 

When using a random access scheme, there is a possibility that 

several packets are simultaneously received by a receiver due to 

independent transmissions of several devices; in the event, none 

of these packets are correctly received, and the corresponding de- 

vices must retransmit their packets.  This implies that, unlike PTP 

network, the probability of error due to overlapping packets is 

much higher than the probability of error due to other causes such 

as Gausian or impulse noise.  Furthermore, the probability of error 

varies widely depending on the amount of traffic on the channel. 

The broadcast nature of the network implies that there is correla- 

tion between the probabilities of successful transmission in differ- 
ent parts of the network. 

The communication system simulated contains three types of 

devices, terminals, repeaters, and stations.  The station  is consi- 

dered as an interface communication device of the broadcast network 

to a higher level network or to a computer installation.  Terminals 

are considered as traffic sources and traffic sinks, they transmit 

packets to the station and receive response packets from the station- 

they may be mobile.  The basic function of the repeater is to extend 

the effective range of the terminals and the station.  The network 

simulated contains repeaters and stations which are placed at fixed 

locations chosen at random.  Terminals originate at random times and 

are placed in random locations on the plane.  A terminal is considered 

to depart from the system once it completes its communication.  A 

7.10 
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mere detailed description of the system simulated can be found in 
[4], and [5] . 

The program was coded in FORTRAN.  it includes a total of 33 

subroutines, approximately 3,000 statements.  The compilation time 

on a CDC 6600 takes approximately 20 CP sec. , and the rur-.ing time 

for meaningful results takes 100-300 CP sec.  The storage re- 
quirement of the program is 245,000g 60 bit words. 

The simulator has already been used for improving communication 

protocols, and to answer questions related to the trade-offs be- 

tween device range and device interference, and the trade-offs between 
a single and a dual data rate system. 
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V.        DATA   STRUCTURES   OF  THE   SIMULATOR 

The  global  information  for  the  Packet  Radio Simulation  Program 
is contained  in   five   (5)   data  structures: 

1) Event Structure; 

2) Active Message Structure; 

3) Active Packet Structure; 

4) Repeater-Station Structure; 

5) Data Collection Tables. 

The meaning, configuration, and elements of these structures will 

be explained in the next five sub-sections.  In the last sub-section, 

the use of these structures in the context of the entire program 

will be indicated. 

A. Event Structure 

The simulation program is event - driven.  That is, per- 

iodically the Event Structure is consulted to determine the time 

of occurrence of the next event.  The Event Structure also contains 

information telling the program what the event is. Examples of 

events are arrivals of messages to terminals, transmission of 

packets, arrival of packets at receivers, and arrival of messages 

to the stations.  /s events are executed, they are deleted from 

the structure; and, periodically, newly-generated events are 

added to the structure.  Since there are a large number of events; 

many more than the number of exogenous message arrivals, for example, 

the process of efficiently determining the next event is of vital 

importance.  To this end the event times are maintained in a "heap." 

Corresponding to each event "i" is its time "t.," the device sub- 

routine  "d^1  to which  it  refers  (e.g.  station,  terminal, 

repeater),  the  index  "wi"  of  the device  in question  (i.e. 

which repeater,  which  station,  etc.),  a  number rep- 

resenting the point at which the routine  is entered,  and. 
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finally, the packet number of the packet in question.  In addition, 

there is the heap index vector itself.  "h." points to the event 

which occupies the j  position in the heap.  A heap is a structure 

in which t . <, Max (t  ^t    }.  At all times t.  is the smallest t. n]        n^D  h2j+1 h1 i 

over all the events.  This structure allows for quite rapid selec- 

tion of the minimum tj while using a minimal amount of storage, 

[2ji [1], [3].  In order to efficiently eliminate old events and 

to reuse the space created by the elimination, a garbage stack of 
unused locations is maintained. 

B.   Active Message Structure 

The external or exogoneous traffic which flows into the 

Packet Radio Network cc sists of messages which arrive at terminals 

or stations and represent information that users wish to send to a 

location using the net.  Messages are to be distinguished from 

packets which carry the message information internally in the net. 

In general, there may be several packets in the network carrying 

copies of the same message or of parts of that message.  Messages 

are added to the Active Message Structure when the event corresponding 

to their generation occurs.  It stays on the list until the last 

packet containing the message is dealt with.  Associated with each 

message "i" is its arrival time "t^" the current number of packets 

representing the message "n^' (When "ni" is reduced to zero (0), the 

message is removed from the structure.); its length "1,;" "x." and 

"y^*, the co-ordinates of the terminal or station originating the 

message; and other pieces of data, such as the repeater with which 

the terminal communicates, the total number of packets, and arrival 

time of message, which may be needed for output statistics.  In 

order to eliminate old messages and add new ones efficiently, the 

messages are kept in a doubly-linked list structure.  There is a 
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list kept for messages and one for unused message spaces.  This 

information is kept in two vectors, •£- and "b".  Thus, "f." repre- 

sents whatever foilows the space in question ("i"), be lt iessage 

or empty space; while "b," represents whatever precedes the space. 

The un.t being followed or preceded may be an empty space or may 
contain a message. 

C-   Active Packet StructurP 

th The active packets are kept in a list.  Associated with 

V .   " 1S a P°inter t0 ltS co"e=P°nding message and several 
words which state the variable part of the packet label for use by 

the routing algorithms. A garbage stack similar to the one used for 

events keeps track of vacant spaces in the Packet structure 

D. Repeater-Station Structure 

The Repeater-Station Structure is basically a list of the 
repeaters and stations, their locations, their possible neighbors 

(repeaters and stations within range of their transmitters and re- 

ceivers) , and their state. Associated with the ith station or re- 

peater are "x^ and "y.", the co-ordinates of the device; and a 

state vector which, among others, specifies items such as whether 

the repeater or station is busy, free, turned off, or failed; and 

whether the device is a .tatio. or a repeater,  m addition, there 

is a Ust of repeaters and stations adjacent to the ith repeater or 
station. 

E. Data Collection Tables 

Sufficient statistics for the evaluation of the system 

performance measures (see Section VI subsection D) are kept in the 
data collection tables. 
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F.   An Outline of the Use of Data Structures 

The global simulation structure is based on events of 

packets arriving at devices:  stations, terminals, and repeaters. 

Figure 1 schematically illustrates the program flow.  It is quite 

simplified, one simplification being especially important and needing 

emphasis.  The events of retransmissions and acknowledgements re- 

sulting from a packet's arriving at a repeater, station, or terminal 

are not necessarily generated immediately, but may depend on the 

arrival of packets at the device subsequent to the packet which 
gives rise to the new events. 
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A-   General System Descripti on 

Channel and Access Mode 

The communication channel is shared for transmission in 

both directions, to the station or from the station to terminals, 

The channel access mode is the Non-Persistent Carrier Sense 

Multiple Access (CSMA) [7].  That is, when a packet is ready 

for transmission, the device senses the channel and transmits 

the entire packet if the channel is idl«.  If the channel is 

busy, the device reschedules the packet for some future randcn 

time at which it senses the channel again, and the procedure 
repeated. 

Capture 

A zero capture system is simulated. That is, whenever 

the reception of more than one packet overlap in time, none 
of the packets is correctly received. 

Packet Types Simulated 

IP Information Packet 

ETE  - End-to-End Acknowledgement; Short Packet (Assumed 

to be 10% of the length of an information packet), 

SP Search Packet., transmitted by Terminal 

or Repeater to all devices and aimed to 

identify a specific receiver (short packet). 
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RSP  -   Response to a Search Packet, transmitted by 

Repeater or Station which received a SP and 

is available for handling packets.  This 

packet contains the label of the transmitting 

device and is addressed to all devices. 

B.   Routing Algorithms 

Three routing algorithms which are implemented in the 

simulator are briefly described in the following paraa^aphs. A 

detailed description of the routing schemes is given in [5]. 

Hierarchical Labeling: 

The hierarchical labeling routing scheme enables point- 

to-point routing between devices along an "efficient path". 

It is obtained by assigning to every repeater a label, which 

forms, functionally, a hierarchical structure.  The label 

assigned contains the following information: 

1) A specific address of the repeater for 
routing purposes. 

2) The minimum number of hops to the nearest 
station. 

3) The specific address of all repeaters on the 
shortest path to the station, and the address of 
the repeater to which a packet has to be transmitted 
when destined to the station. 

In the hierarchical labeling algorithm an information packet (IP) 

is addressed to one device.  If it is received by a device to 

which it is not addressed, then the receiving device is closer 

to the destination than the device to which the packet was 

addressed.  If the preassigned path is temporarily blocked, 
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Directed routing is a simplified version of the hierar- 

chical labeling algorithm in which the only information preserved 

is the direction TO or FROM station.  Repeaters are assigned 

labels that indicate the hierarchy level, or the number 

of hops to the nearest station.  When a device transmits 

7.19 

the packet may depart from it. It then uses the most efficient 

path from its new location. The departure from the preassigned 

path is obtained by a search procedure. 

The Response to Search Packet (RSP) is transmitted by 

repeaters after a random waiting time.  This time randomiza- 

tion is essential in a no-capture system.  Otherwise, if 

more than one receiver wish to respond to the SP, the trans- 

missions will overlap at the searching device.  The station, 

on the other hand, transmits the RSP immediately after re- 

ceiving the SP (Note that if we assume zero processing time 

then the channel is idle at this time since otherwise the 

SP would not have been correctly received). The above enables 

searching devices within range of an idle station to communicate 
directly with the station. 

A repeater makes one attempt to transmit a RSP and 

if the channel is busy it discards it, rather than store 

the RSP for future transmissions.  This allows control of 

the level of terminal blocking by specifying the number 

of transmissions of the SP by a terminal.  Thus, when the 

system is conjested in the geographical neighborhood of 

the terminal it will not be able to "enter" the system. 

This feature also makes repeaters more available for handling 
information packets. 

Directed Routing (One Level Labels) 
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a packet, the packet is addressed to all repeaters (stations) 

that are closer to the destination than the transmitting device. 

Many devices can receive We  same packet and it may arrive at 

more than one station.  The acknowledgement schemes, the 

station-station protocol, and the station-terminal protocol 
must then resolve this problem. 

Flooding Algorithm (Plus Repeater Memory) 

In this algorithm, there is no directionality of trans- 

mission.  A packet is addressed to all devices that can hear 

it.  To control the problems of cycling and looping, repeaters 

are assigned storage for unique identifiers of packets that 

they recently repeated.  When a packet is received by a re- 

peater, it compares its identifier with those stored and 

discards the packet if a match occurs.  A maximum handover 

number (MHN) in the packet will prevent it from being propagated 

for very long distances.  This feature is also used in the 

other routing algorithms. 

C.   Acknowledgement Schemes 

The acknowledgement scheme has particular significance 

in this system because of the broadcast feature and the limited 

capability of the repeater for processing and storage.  The following 

acknowledgements are used: 

End-to-end acknowledgement (ETE Ack) between 

station and terminal to ensure message integrity. 

The frequency and precise meaning of the Ack depends 

on the particular protocol used, and is part of the protocol. 
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A hop-by-hop passive echo acknowledgement 

(HBH Echo Ack) along the path.  When device i trans- 

mits a packet, it waits a sufficient time to allow 

devxces that receive the packet to repeat it.  When 

any of these repeats the packet and the packet is 

received by device i, it considers it as an Ack. 

In a Foint-to-poxnt network, such as the ARPANET, the channels 
are f.xed so that when node J recexves a packet on channel k it 

knows the device, say i, whxch has transmitted the packet to it 

and thus can transmit a specific HBH Ack to device i.  m the 

Packet Radio System, however, this information is not available 

Therefore, the HBH Ack must be independent of g» p^H thjt the' 

2^e^travels_on.     The HBH Echo Ack test used included"^  
following: 

1) identification of the packet 

2)   tests that the MHN of the Echo received la 

SSiif SS S£ MHVf .the packet ^crläe\^s ™Vt lu       tre Packet has advanced along the 
path, rather than being a retransmission from 
devices that had the packet previously. 

The HBH Echo *nk has several advantages over a specific 

iire/L3^1^63 Si* rePeater (hardware and soft- 
Trl       f° ^'^ lt need not constract and manaqe acknowledge.nent packets. ""»neige 

HBH Ack 

2) it reduces the traffic overhead of transmittina 
specxfxc acknowledgements. This is most significan? 
in a broadcast network. »-Lynxx.i cant 
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3)   it enables acknowledgement of several devices at 
a time; in particular, all devices which store the 
packet with a MHN larger than that received are 
acknowledged. 

4)   It enables shortening the transmission path, as 
described below. 

Since the RSP's by repeaters are randomized in time, a terminal 

frequently does not identify the repeater nearest to the station 

within range of the terminal.  In fact, if two repeaters are labelled 

on the same path to the station and both are within range of the 

terminal, there is a higher probability that the terminal will identify 

the repeater farther away from the station since, on the average, the 

latter handles less traffic.  Suppose a single data rate channel 

is used throughout the transmission path between terminal and 

station, the terminal identifies a packet transmitted to it by 

its specific terminal ID, and the station can recognize any packet 

destined for it.  Then a communication path as shown in Figure 2 

may be established.  In Figure 2, the terminal is within an effective 

range to R4, R5, and R6;  and the station within an effective range 

to Rl, and R2.  The terminal shown identified R6 as the repeater 

to which it transmits.  The path from termianl to station will 

usually be , T-R6->R5->R^R3 *R2 *S;  and from the station to the terminal 

S.R2-*R3+R4-*T.  The end devices, terminal and station, transmit the 

Echo Ack iimediately after receiving the packet, and transmit it with 

MHNfO;  thus they acknowledge all devices which still store the 

packet.  In particular, when R4 transmits a packet towards the 

terminal it is addressed to R5, however, the terminal may receive 

this packet and acknowledge both R4 and R5 simultaneously.  Similarly, 

when R2 transmits towards the station it addresses the packets to 

Rl, when the packet is received by the station It acknowledges 

both Rl and R2 simultaneously. 

7.22 



'■' •'  ■um            ■■■■ ■P1'1 'rm- 

Nctuork Analysis Corporation 

D.   Performance Measures 

Throughput 

Considering the set of stations and the set of terminals 

as the end devices, the system throughput (in packets) is de- 

fined as the rate of information packets (IP's) that originated 

at stations and arrived at terminals, plus the rate of IP's 

that originated at terminals and arrived at stations. 

Delays 

Thd following delays are measured: 

1)   Terminal delay to identify specific repeater. 

2)   Termina] delay to establish communication with 
station and to negotiate protocols. 

3) End-to-end  delay   for  an  IP. 

4)       Terminal   interaction delay  as   a  function  of  the 
number of   IP's   transmitted  and  received.     The  interaction 
delay  is defined  as  the  time elapsed  from  terminal 
origination  to departure. 

Blocking  and  Loss 

When a terminal  aoes  not  successfully  identify  a  repeater 
(or  station)   after  transmitting  an S^   for  the maximum number 
of  times  specified,   it  is  considered blocked.     In  addition, 
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under certain conditions, terminals wil. depart from the 

system without completing communication.  This will contribute 

to additional system loss.  The blocking and loss are measured 

separately since the former indicates the difficulty m 

entering the system, whereas the latter reflects on the 

inefficiency of the routing. 

Device Performance 

1) Probability that the station is busy.  The station 

is sampled during the simulation and is assumed busy 

if it is actively receiving or transmitting;  otherwise, 

it is assumed idle.  This measure is an indication of 

the channel traffic at the station. 

2) Successful completions by repeaters.  The number 

of packets that each ren-ater has successfully switched 

are counted.  This indicates the distribution of load 

in the network and reflects on the power duty cycle 
of repeaters. 

Other Measures 

1) The number of terminals in the system, the total 

number of packets stored in the system, the number of 

events to be processed; all as a function of time. 

2) The complete output includes a detailed description 

of the flow of significant communication events. 
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TYPICAL COMMUNICATIONS PATH 

FIGURE 2:  The solid lines indicate the labelled path 

between the repeaters and station.  The dashed lines in- 

dicate the effective connectivity of terminal and station 

to repeaters.  The arrows indicate the practical trans- 

mission patn for the particular terminal, to and from the 
station. 
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VII. LOGICAL OPERATION OF DEVICES 

A.   States of Devices 

Each device is characterized by a state vector.  Some of 

the state variables will be needed in the physical devices, for ex- 

ample, the label, a parameter indicating the maximum number of trans- 

luissions, the maximum handover number to be assigned by repeater and 

station, the state of occupancy of its storage, etc.  Other variables 

are particular to the simulation.  The following are examples: 

Operational State of Device 

PR - Passive Receive State:  The device is in receive state 

and does not sense any carrier. 

AR - Acrive Receive State. 

AT - Active Transmit State. 

ART- Active Receive and Transmit. 

When a device is in state AR or ART, it can be receiving 

several overlapping packets simultaneously.  In the program, we use 

a common channel configuration (half duplex).  Thus, since carrier 

sense is used for channel access, the device can change to AT only 

from PR and to ART only from AT. 
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Number of Overlapping Packets 

This number is incremented by one whenever the device is 

in state AR of ART and a new packet begins to arrive; and 

decremented when a packet transmission ends.  The number of 

overlapping packets indicates the number of times an end of 

packet transmission has to occur before the device changes its 

state to PR. 

End of Busy Period 

This time is recorded for the purpose of saving CPU time. 

The transmission time of a packet is set to the End of Busy 

Period plus a random tire; otherwise the devide may be called 

to transmit a packet several times during its busy period. 

B.   Terminal 

When a terminal originates a message, it begins to transmit 

and retransmit a SP to identify a specific receiver.  If it does not 

identify a specific receiver after a specified number of transmissions, 

it departs from the system.  We say that such a terminal is locked. 

When a terminal identifies a specific receiver, it substitutes the 

label and MHu' sent by the receiver itno its IP and begins to transmit 

its IP.  The IP is retransmitted after short waiting periods of time 

until a HBH Echo Ack is received.  At that time, the terminal stores 

the IP iior a longer period of waiting afr.er which the IP is reactivated 

if an ETE Ack is not received.*  The terminal is expecting several IP's 

* We use the term retransmission when a device waits a relatively short 
period of time (less then 2 IP slots) and is awaiting a HBH acKnowledge- 
ment.  We say that a packet is reactivated when an end device stores 
the packet, awaiting an ETE Ack.  ;:hen a packet is reactivated, it goes 
through the whole process of retransmissions. 
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from the station, which are ETE acknowledged by the terminal.  When 

all IP's from the station are received and ETE acknowledged, the 

terminal departs from the system. 

C.   Repeater 

A repeater does not distinguish between IP's or ETE Acks, 

except for their transmisison time.  When an IP (or ETE Ack) is re- 

crived by a repeater (addressed to it) and the repeater has available 

storage, it stores the packet, decrements the MHN, modifies the packet 

label according to the routing, and begins to transmit and retransmit 

the packet, awaiting the Echo Ack.  When an Echo Ack is received, the 

repeater discards the packet.  When a repeater is not successful in 

transmitting along the "shortest" path, it begins to search for an 

alternate receiver by transmitting SP's.  When one is found, it trans- 

mits the entire packet to it; otherwise, it discards the oacket.  When 

a repeater receives an SP, it checks whether it nas  available storage, 

if it does, it makes one attempt to transmit a RSP and then discards 

it.  When a repeater receives a RSP, it tests whether it needs one, if 

it does, it used the label, otherwise it discards it.  The repeater 

currently simulated has buffer storage for two packets r ->ne exclu- 

sively used for packets directed towards the station, and the second 

for packets toward the terminal.  In addition, the repeater can in- 

spect all packets that is receives, which are stored in common arrays 

in the simulation program.  Thus, from a practical viewpoint, buffer 

storage for three packets per repeater are provided in the simulation 

program. 

7.28 



Netuovk Analysis Corporation 

>UV 
1  ) X □ E- 

H U 
B 

H o ■ < 
O a. 
X 
M 

"^s 

t 

K 
M         M 
O        D 
a        | 
O        O 
f 

I H 

2 

en 

a- 
H 

Ü 

I 
O 
E-" 
CO 

ro 

7.29 

^^^a^MaaBa J 



n^ h     mm in-     .1 »i- 

Network Analysis Corporation 

D Station 

The storage organization in the simulated station is shown 

in Figure 3.*  There are two queues for active packets.  Packets in 

these queues are active in the sense that they are retransmitted after 

short random periods of waiting until an Echo Ack is received.  The 

active queue for long packets contains IP's from the station to ter- 

minals.  Once an IP is Echo acknowledged, it is stored in the passive 

queue for a longer period, after which it is reactivated if an ETE 

Ack from the terminal is not received.  The active queue for short 

packets contains ETE Acknowldegement packets to terminals, and these 

have priority over the long active apckets.  The ETE Ack packets are, 

obviously, discarded once an Echo Ack is received.  The point-to-point 

(PTP) network queue simulates the interaction of the packet radio net- 

work with a PTP network.  When a new IP is received from a terminal, 

it is stored in the PTP network queue fir a random time, after which 

a response message containing several response IP's to that terminal 

are generated and placed into the active queue for long packets.  The 

station responds immediately to SP's, and ignores RSP's. 

E.   Flow Dia Trams of Devices 

Figures 4, 5, and 6 show the flow diagrams of the devices 

used in the simulator.  These diagrams are simplified to the extent 

that they show "what to do" but not sufficiently detailed to show 

"How to do it."  The latter depends on the particular system simulated, 

i.e., the routing, the channel configuration, etc. 

A device is called from the subroutine EVENT; the calling 

sequence includes, among others, an interrupt number which indicates 

to the device, the task that is has to perform.  The only event which 

L'iSSf«!!!11?!?«.!-^ ^ storac?e of ip,s W* ETE Acks for transmission to terminals «« the packet radio network. 
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is external to a device Is that with an interrupt . 1. All other 

ThuTetSHt0 a f"" are dUe t0 eVentS generated ^ tte ^i« its-"- 
Thus, the number of exogeneous events is very small compared to the 

number of events generated by devices.- in particular, „hen the offered 
data rate to the system is high. 

hioh VS  CXS"  that When ^ """^ tra£flC "te t0 tte astern is 
h    there wUl be many collisions of packets.  Thus, to save com- 

con ntT^"01 eVi0e WaS "^ SO that " d0eS "<* —^ ^e content of the packet or whether the packet is addressed to it, at the 

oT::::::of pTet reception (see diagram=,•This is ^"the -d 
of packet reception, providing there was no interference 

There are parts of the subroutines of Repeater, station, and 
Termrnal wh^h are identical and thus, coded into subroutines. These 
relate to the identification of the header content, and the channe 

access mode.  Some of these can be associated with the modem of the 

Physrcal devices. The parts which differ involve mainly the proces- 

IZ™    LT. T T"  haS been identi£ied' e-9- **-**  « ^e station, ETE Ack by end devices, etc. 
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VIII SUBROUTINES OF THE SIMULATOR 

A.   Data Structure and Management Subroutines 

EVENT    Takes the next event out of the Event Data Structure for 

execution. 

INHEAP   Adds an event to the heap in the Event Data Structure. 

INMESS   Allows the introduction of special messages such as ack- 

nowledgements, control messages and the like into the 

Message Data Structure. 

INPUT    Reads the input parameters and determines the placing of 

repeaters and stations. 

MESSP.EL   Is called by device routines to release a message as soon 

as all packets representing the message are deleted. 

NEWMESS  Generates next exogenous message and adds to the Message 

Data Structure. 

NEWPACK  Adds a new packet to the Packet Data Structure. 

NXTEVNT  Adds a new event to the Event Data Structure. 

OUT Prints out intermediate data for debugging. 

OUTHEAP  Takes the index of the next event time from the heap. 

PRSIM The driver routine.  (main program) 
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MEASURE  Collects data on system performance. 

MCOUNT   counts the number of packets associated with each terminal 
which are stored in the system. 

B. Communication and Device Subroutines 

REPEAT Main subroutine of repeater. 

STATION Main subroutine of station. 

TERMINAL Main subroutine of terminal. 

DEVINIT  Reads parameters which devine the particular communication 

system, labels, and flow control parameters.  Initializes 
states of devices. 

BGNPCV   Maintains states of devices related to the RF channel (e.g., 
number of overlapping packets). 

ENDRCV   Same as above at the end of packet reception. 

ECHO 

SRER 

Records that a device is receiving an echo acknowledgement. 

Called when a non-overlapping packet is received for testing 
packet type and label. 

ALTROUT  Called after repeater receives an RTS, checks whether 

repeater needs one, and has not used one before. 

SRTTRT   Transmits packet and generates an event for the end of 
packet transmission. 
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REPNEXT  Determines which packet of a repeater is to be transmitted 

next. 

TERSTOR  Stores correct IP's received by terminal and qene.-ates 

event for transmission of an ETE Ack. 

SNREEKO  Called by station after receiving an Echo Ack.  Identifies 

and maintains the queue in which the acknowledged packet is 

stored.  If it is in IP, then it transfers the packet to 

another aueue where it waits for an ETE Ack or for reacti- 

vation. 

SHIFTQ   Shifts packets in the various queues of the station. 

SNREPAK  Called by station after correctly receiving a packet.  If 

the packet is an ETE Ack, then subroutine drops the packets 

acknowledged, maintains proper queues and the message counts, 

If it is an IP, subroutine verifies that same packet has not 

been received before, and if so, it generates packet and an 

event for transmission of an ETE Ack, and also generates a 

random time and an event for the arrival of the response 

message from the PTP network. 

RESPONS  Called by station, sets all response packets to a terminal 

into the active queue and generates events for transmitting 

them. 

SEKOTRT Used by station to transmit an Echo Ack for the last hoo, 

CONNECT  Determines the most efficient repeater to which station 

should address packet when transmitting to a terminal. 
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TRANSMT  Called by a device which transmits a packet.  Puts packet        ] 

in list structure; determines all the devices that should 

receive the packet, ^he exact time for beginning to receive 
it; and generates the events to devices. 

C. Summary of Acronyms 

Ack  - Acknowledgement 

AR   - Active Receive 

ART - Active Receive and Transmit 

AT  - Activ-i Transmit 

ETE  - End-to-end 

HBH  - Hop-by-hop 

IP  ~ Information packet 

Label- An address assigned to a device for routine purnoses 

MHN  - Maximum handover number 

MNT - Maximum number of transmissions 

Rp  - Passive Receive 

PTP  - Point-to-point 

RSP - Response to search packet 

SP  - Search packet 
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IX-  OBSERVATION OF TRAFFIC FLOW IN THE PACKET RADIO NETWORK 

The first system simulated was a Common Channel Single Data Rate 

system, in which -He station is routing traffic as a repeater (Waive 

Station).  We denote the system as CCSDR (NS).  The system defined 

has a single data signalling rate for communication between terminal 

and repeater (or station) and in the repeater-station network; the 

channel is used in a half duplex mode.  When the station is routing 

traffic as a repeater, it cannot receive packets not specifically 
addressed to it. 

In all experiments r^orted here, the labels of repeaters and 

staiton were preassigned.  The hierarchical (directed) labelling 

scheme of the system in uhis experiment are shown in Figure 7.  Fig- 

ure 8 shows the connectivity of the repeaters and station.  That is, 

when a device transmits, all the devices connected to it by line are 

within an effective range and "hear" the transmission. 

The objective of the first series of experiments was to observe 

the detailed operation of devices and the efficiency of the system. 

The following observations were made: 

1.  The "critical hop" in the system is that between the 

first level repeaters and the station.  This was concluded 

by observing the frequency at which repeaters begin to search 

and at which they discarded packets, and from the obser- 

vation that there is no significant difference in the delay 

when the number of hops from the station that a packet travels 
is increased. 
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2. There is a higher probability of end-to-end successful 
completion when routing fron, the station to a terminal than 
when routing from a terminal to the station.  F.actically, 
there is almost "no" difference in time delay between the 

delay of an information packet '.rom the terminal arriving at 
the station and the time that the terminal receives an ETE 
Aok from the station. 

3. Many packets associated with terminals that have de- 
parted from the system are routed in the network. 

can HThe Üfr* ^ imprOVi^  the routi"9 capaciblities of the station 
8 that "^^ °b5erVed-  In P^ticular, one can see in Figures 7 and 
aben Tf «—«"»"» station is  , there are only 4 repeaters 
labelled from the station. Consequently, the station is busy of the 
tim  with non-useful traffic. This situation can be improved by 
changing the routing of the station so that: (1) it receives any 

packet that it can hear and wh .ch is (eventually) addressed to it• 

and 21 it transmits response packets to the repeater nearest to the 
termxnal along the routing path that it can reach. This change was 

implemented for all system studies subsequent to the initial experi- 

ments.  Apart from the change implemented, the observation suggests 
that particular attention should be given to the design of the re- 

peater network in the neighborhood of the stations,  it is also noted 
that these repeaters have a higher power duty cycle since they handle 
all p. ckets collected from other parts    .e network. The routing 
change rr.de at the station enables the allocation of many more re- 

peaters in the neighborhoos of the station, than are functionally 

needed, without resulting an increase in the artivioial traffic gen- 
erated. The exact labelling of these repeaters is also not critical 
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One of the reasons leading to observation 2 is that the station has 

a hlqhor probability then the first level repeaters of successful 

transmission over the critical hop, because it is the largest user 

and does not interfere with its own transmissions.  Theoreticallv 

one may expect a similar conclusion when considering transmission' 

In a section of the network in which two repeaters, one of which 

"homes" on the other, compete.  This, however  may not be realized 

In the system simulated because of the limited storage available in 
repeaters. 

Observations 2 and 3 suggest a change in the Terminal-Station 

protocol.  The basic question is whether a terminal should release 

itself from the system or whether it should be released by the .tatior 

The former was initially simulated.  it was observed that in many 

cases, a terminal departed from the system after receiving an Echo 

to the ETE Ack for the last IP without this ETE Ack arriving at the 

station.  This resulted in the reactivation if IP's bv the station 

for this terminal, the routing of these packets in the net, and then 

the maximum number of transmissions and search by the repeater nearest 

to the terminal.  The protocol simulated m the systems discussed 

later is such that the last packet must always be from the station to 

the terminal.  This transmission may be considered as a terminal re- 

lease packet.  Another change in protocol implemented is that when- 

ever possible, the terminal acknowledges a sequence of packets rather 

than individual ones, to reduce the overhead in the direction towards 
the station. 
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F::GURE 7 

HIERARCHIAL LABELLING SCHEME 
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FIGURE   8 

CONNECTIVITY   OF   REPEATERS   &   STATIONS 
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X.   THE TRADEOFF BETWEEN TRANSMISSION RANGE OF DEVICES 
AND NETWORK INTERFERENCE 

For the experiments discusseo in the previous section, it was 

assumed that Repeater-Repeater range is the same as Terminal-Repeater 

range.  This, however, is not always a realistic assumption since 

repeater.- can he placed on elevated areas and can have more power 

then terminals, {especially hand held terminals).  Thus, if re- 

peaters are allocated for area coverage of terminals,  the repeater 

range will be higher than terminal range and higher network con- 

nectivity or device interference will result. 

The problem which then arrises is to determine the impact of 

this interference on system performance. Alternatively, one may 

seek to reduce repeater transmission power when transmitting in 

the repeater-station network.  To study this issue, two CCSDR systems 

were simulated, one with high interference CCSDR (HI), and the other 

with Low Interference CCSDR (LI).  The routing labels of the two 

systmes were the same and are shown in Figure 7.  Tha interference 

of the CCSDR (LI) system is shown in Figure 8 and the interference 

of the CCSDR (HI) system in Figure 9.  Figure 9 shows only the 
connectivity of two devices in the network. 

The results are shown in Figure 10 and Table 1.  Figure 10 

shows the throughput of the two systems as a function of time 

vhile Table 1 summarizes all other measures of performance.  The 

third row of Table 1 summarizes performance of the high interference 

system under an improved set of repeater labels.  This experiment 

is discussed in detail in the next section.  It is clear that the 

high interference system is much better than the low interference 

system.  The only measure of the low interference system which is 

better is terminal blocking which is a direct result of the low 

interference feature.  In fact, CCSDR (LI) is saturated at the 
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offered traffic rate. This  can be seon from the fact that the 

throuqhput is decreasinq as a function of time;  the relatively 

hiqh total loss; and the low station response*.  The CC.TDR (HI) 

with improved labels compared in Table 1, is better than the 

other two systems.  This demonstrates the importance of proper 

labollinq.  The experiments of this section demonstrate that it 

is preferable to use hiuh transmitter power to obtain long re- 

peater ranqe,  despite the network interference that it results. 

*  The average number station response packets assumed for these 
studios is 2.0. 
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$ 

FIGURE   9 

INTERFERENCE.  OF  CCSDR   (HI)   SYSTEM 
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XI.  SINGLE VERSUS DUAL DATA SIGNALLING RATES NETWORKS 

The results cf the previous section demonstrate that a better 

performance system is obtained when repeaters and station use hiqh 

power to obtain long range despite the interference that results. 

We nov; examine the problem of whether repeaters and station should 

use their fixed power budgets to obtain a long range with a low 

data rate channel or have a short range with a high data rate 

channel.  The following systems were studies. 

A CCSDR (HI) of the previous section with improved 

labels, which we denote by CCSDR.  That is, we take 

advantage of the high range to improve the routing labels 

of repeaters and obtain fewer hierarchy levels.  The 

routing labels used are shown in Figure 11, and the 

connectivity is shown in Figure 9. 

A Common Channel Two Data Pate (CCTDR) system with the 

routing labels as in Figure 7 and connectivity as in Figure 8. 

In the CCTDR system, the terminal has a low data rate channel, 

the same rate as in the single data rate system, for communication 

with a repeater or station.  Repeaters and station have two data 

rates.  The high data rate is used for communication in the 

repeater-station network.  The two data rates use the same carrier 

frequency so that only one can be used at a time. 

The two systems are tested with offered rates of 13-o and ''Si..* 

The throughput as a function of time for the two runs are shown in 

Figures 12 and 13, respectively; and the summary of other measures 

is given in Table 2.  The comparison demonstrates that the CCTRD 

*  In the simulation runs we used the inverse square low for the re- 
lation between data rate and distance, rather than the result in 
[9];this however, favors CCSDR. 
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system is superior to the CCSDR system, in terms of throughput, 

delay, and other measures.  One can see that the CCSDR system is 

saturated at an offered rate of about 13%. 

Effect on Blocking Level 

In Table 2, one can see that one reason for the relatively 

low throughput of the CCSDR system at an offered rate o^ 25% 

is due to blocking.  Furthermore, the fraction of time that 

the station is busy has decreased.  This may suggest that the 

stat-on may bo able to handle more terminals providing they 

are able to enter the system.  To examine this point, we ran 

the CCSDR system with offered rate of 25%, and relaxed the 

constraint for entering the system.  Rather than resulting in 

better performance, this step resulted in reduction in blocking 

and increase in delay.  The throughput increased to 12.6 3%, 

the blocking decreased to 18.35% and the total loss decreased 

to 30.73%.  On the other hand, the delay increases to 57.82, 

the fraction of time the station is busy increased to ,57, 

ana the rate of station response decreased to 1.32. 

To conclude, when we enabled more terminals to enter the 

system, the throughput increased insignificantly, from 12.20% 

to 12,6 3%; or. the other hand, the average packet delay j ncreased 

significantly, from 34,97 to 57.82 terminal slots.  This 

suggests that one of the important design problems in the 

packet radio system  is the blocking level of terminals. 
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FIGURE  11 

CCSDR   (HI)   SYSTEM WITH   IMPROVED  LABELLING 
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XII. PRELIMINARY RESULTS OF MAXIMUM THROUGHPUT, LOSS, AND DELAY 

OF CCSDR AND CCTDR SYSTEMS 

In the packet radio system there is an absolute maximum through- 

put (independent, of loss and delay) because of the interference 

characteristics.  Similar to curves of throughput versus channel 

traffic, when the relation is known analytically [7], we draw the 

curves of system throughput vs. offered rate for estimating the 

maximum throughput.Figure 14 shows the throughput versus offered 

rate for CCSDR and CCTDR systems.  The curves are linear for low 

offered rates and saturate when the offered rate increases. 

For the CCSDR system one can see that the throughput is 

practically the same when the offered rate is increased from 13% to 

25%.  This and the other measures (see Table 2), (for example, the 

rate of station response) show that the system is overloaded at a 

25% offered rate.  On the other hand, the system seems to operate 

at steady state at an offered rate of 13% (rate of station response 

2.06).  A rough estimate of maximum throughput for this system 

would be between 12% and 15%.  Similar observations of the per- 

formance measures lead to an "estimate" of between 27% and 30% for 

the maximum throughput of the CCTDR system. 

The average delay of the first Information Packet from terminal 

to station, and the Total Loss, as a function of offered rate are 

shown in Figure 15 and Figure 16, respectively. 

Remark:   There are many parameters in the simulation program 

which we have not experimented with (or tried to 

optimize) and which affect the quantities 

discussed above.  One parameter which is signif- 

icant in determining the maximum throughput 
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is the average number of response packets from 

station to terminal.  The affect of this parameter 

has been analysed in [10] for a slotted ALOHA random 

access mode,  it has been shown that the maximum through- 

put is increased in the Common Channel system when the 

rate of response increases, and the maximum throughput 

tends to 100% of the data rate when the rate of response 

tends to infinity. We expect that this parameter has a 

similar effect for the mode of access simulated.  m 

the results reported here the rate of response is 2 0 

whxch is small compared to usual estimates for terminals 

interacting with computers.  Furthermore, the relatively 

short terminal interaction increases the traffic over- 

head of the search procedure, per information packet 
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XIII.FUTURE DEVELOPMENT OF THE PACKET RADIO SIMULATOR 

We outline several of the future developments for the 

simulator; some of these are in the implementation stage. 

Initialization and Labelling of Repeaters 

Preliminary experiments have shown that the Hierarchical 

Labelling algorithm is much more efficient than the other two 

algorithms of Section VI, subsection B.  Consequently,it is 

recommended for implementation in the Packet Radio System. 

In many cases however, the connectivity between devices in the 

network will not be known apriori.  For example, in a military 

application one may wish to establish a network by distributing 

repeaters at random locations, and one may not have physical 

access to the repeaters.  Furthermore, there may be changes in 

the "topology" of the network due to variations in transmission 

power of devices, or when some devices cease to operate.  Thus, 

it is necessary to assign and reassign labels to repeaters in 
an operating network. 

The approach that we adopted is to use the flooding 

routing algorithm to load repeaters with hierarchical labels. 

The flooding algorithm was selected because it does not require 

any knowledge of the topology of the network.  A process for 

repeater initialization and labelling which has been detailed 

in [6] is currently under implementation.  Initially, it is 

assumed that the station contains a set of fixed identifiers 

of repeaters which may possibly be connected into a network; 

three stages are then followed.  In stage 1 the station trans- 

mits special control packets to the above repeaters, and re- 

peaters respond with control packets from which a connectivity 
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matrix between repeaters is established.  The hierarchical 

labels are determined in staae 2 from the connectivity matrix. 

In stage 3 the station transmits the labels to repeaters and 

tests each path in both directions, from station to repeater 

and from repeater to station. 

Flow Control 

Control packets for changing the operating parameters 

of devices, and algorithms for using these will be implemented. 

For example, turning repeaters "on" and "off", changing the 

parameter for the maximum number of transmissions, etc. 

Access Modes 

In [7] it has been shown that one of the important 

parameters which affects the performance of the carrier sense 

access modes is the ratio of the propagation time between 

devices to the packet transmission time.  Specifically,that the 

performance (relative) deteriorates when the above ratio 

increases;  which is the case when the data signalling rate 

is increased and the number of bits in an information packet 

is kept constant.  Thus for some operating parameters the 

carrier sense access modes may not show a much better per- 

formance than the more simple nonslotted ALOHA [11] random 

access scheme.  These problems will be studied in a network 

environment by simulating the latter, for comparison, and by 

studying the carrier sense performance as a function of the 

data signalling rate. 
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Directional Antenna at the Station 

Analysis has shown [12] that directional antennas at the 

station may increase the system capacity.  This can possibly 

be verified and quantified by simulating such an antenna. 

Capture 

Currently the non-capture system is simulated.  Caputre 

models which reflect the practical performance of hardware 
are under development and will be simulated. 
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PACKET  RADIO   SYSTEM CONSIDERATIONS   - 

NETWORK  CAPACITY  TRADEOFFS 

I. INTRODUCTION 

Packet Switching over radio channels with random access schemes 

is of current interest for local distribution systems and for satellite 

channels.  This mode of operation is useful when the communicating de- 

vices are mobile and when the ratio of the peak to average data rate 

requirement of each device is high.  Such systems have been analyzed 

for the case in which all communicating devices are within an effec- 

tive transmission range of each other; either directly or through the 

satellite.  These analyses were originally done for the ALOHA system 

[1] and for a satellite channel [4].  The models used do not suffi- 

ciently describe the Packet Radio System.  The reason being that in 

the packet radio system there is a network of repeaters which separate 

an originating device from a destination device (terminals and stations). 

In this chapter, we address broadcast networks in which orginating 

devices cannot directly reach the destination receiver.  Thus, repeaters 

are introduced which receive these packets and repeat them to the des- 

tination.  The capacity (maximum throughput) of such systems is deter- 

mined, and design problems related to the number of repeating devices 

and the usefulness of directional antennas are resolved. 

The model used in this chapter can describe systems other than 

the packet radio system and we discuss it in the more general context. 
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One way to categorize channel allocation schemes for data trans- 
mission is the following: 

1. Fixed assignment (FDM, TDMA) 

2. Dynamic assignment with centralized control (polling 

schemes, reservation upon request) 

3. Dynamic assignment with distributed control (loop 

networks, random reservation schemes) 

4. No assignment (random access schemes) 

It hos been recognized that a fixed allocation of channel capacity 

is extremely wasteful when the traffic of users is of a bursty nature; 

that is, when the traffic requirements of the users can be character- 

ized as having a high peak to average data rate.  Users can be so 

characterized in an inquiry response application.  In fact, if one 

characterizes a set of users by the number and by the ratio of the 

peak to average data rate requirements of each user, one can conjecture 

that when the above number and ratio are increasing, one obtains a 

higher channel utilization when proceeding (along the categorization) 

from the fixed assignment to the no assignment allocation schemes. 

For example, when the time delay to make a reservation or the average 

time between two consequtive pollings of a user is large compared to 

the fraction of time that the user wishes to use the channel, then the 

dynamic assignment with centralized control, becomes inefficient (apart 

from the need for a system for polling or making reservations). 

Roberts [7] has demonstrated the cost advantages of a random re- 

servation scheme and a random access scheme over fixed assignment, 

when the number of users increases and the average traffic requirement 
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I? 

per user is kept constant.  A somewhat more formal justification for 

sharing a channel was given by Kleinrock and Lam [4], we quote: 

"Rather than provide channels on a user-pair basis, we much prefer 

to provide a single high-speed channel to a large number of users 

which can be shared in some fashion; this when allows us to take 

advantage of the powerful 'large number laws' which state that with 

very high probability, the demand at any instant will be approximately 

equal to the sum of the average demands of that population." Gitman, 

Van Slyke, and Frank [3], have addressed the problem of splitting a 

channel between two classes of users.  It was shown that in almost 

all cases, sharing the channel results in a higher utilization of the 
total channel capacity. 

In this chapter, we consider a packet switching network in which a 

single radio channel is shared by all communicating devices.  Devices 

access the channel using the so called "slotted ALOHA" random access 

scheme.  When a random access scheme is used, there is a possibility 

that more than one packet is simultaneously received by a receiver 

due to independent transmissions of several devices.  In that event, 

it is assumed that none of the packets are correctly received, and the 

corresponding devices have to retransmit their packets.  One can see 

that the number of packets transmitted is larger than the number of 

originating packets.  That is, part of the channel capacity is used 

up by the wasteful collisions and are not considered as effective 

channel utilization since it does not contribute to the throughput. 

For example, if each packet is transmitted two times, on the average, 

before it is successfully received, then the maximum effective util- 

ization of the channel (or the effective channel capacity) is one- 

half of the given capacity, the other one-half is used up by the non- 

successful transmissions.  The first problem that one faces is to 

determine the maximum effective utilization (or system capacity) that 

can be obtained.  This is one of the problems addressed in the chapter. 
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If the channel is offered a higher rate of traffic than its 

effective capacity, the system becomes unstable in the sense that 

the number of transmissions increases with time and the throughput 

decreases with time until zero throughput is obtained.  This implies 

another problem in random access schemes and that is, the control 

of the offered rate and retransmission strategies so as to obtain 

the highest possible channel utilization [5], [8].  It is clear how- 

ever, that retransmissions have to be randomized in time since other- 

wise once a collision between two devices occurred, it will persist. 

The first packet radio channel system where devices use a random 

access scheme, known to us, was analyzed and implemented at the Uni- 

versity of Hawaii [1].  The random access scheme used is the so called 

"pure" or "unslotted" ALOHA.  In this scheme, every terminal transmits 

its packets independent of any other terminal or any specific time. 

That is, the terminal transmits the whole packet at a random point in 

time; the terminal then times out for receiving  an acknowledgement. 

If an acknowledgement is not received, it is assumed that a collision 

occurred and the packet is retransmitted after an additional random 

waiting time.  Abramson [1] obtained that the capacity (effective) of 

the channel is l/2e of the given capacity when the number of terminals 

is very large and when the point process of the beginning of packet 

transmission onto the channel is Poisson. 

It was realized that a gain in capacity can be obtained if the 

channel was slotted into segments of time whose duration is equal to 

the packet transmission time, and when terminals are required to begin 

the transmission at the beginning of a time slot.  The access scheme 

is random in the sense that terminals transmit into a random slot in 

time and retransmit after waiting a random number of slots.  This 

scheme is called "slotted ALOHA."  Roberts [6] has shown that the cap- 

acity of this scheme is 1/e of the given capacity, using the same 

8.4 

u ..'. i iit^mnlhiV^t^Wfr^tt^ tu*\-i> a ^■■■.■^^■^^t-^iAto^il--^.^->.i-..J.rr>--—^^t 



Ü 

Network Analysis Corporation 

assumptions as Abramson.  The slotted ALOHA random access scheme was 

further analyzed in [2], [3], [4], and [5] for the case of a small 

number of terminals and when there is a mixture of traffic from a 

small number of "big" users and a large number of "small" users. 

H 
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II.  PROBLEM DESCRIPTION 

In a network context, the analyses of all the references address 

a "single hop network."  That is, when considering a terrestrial sys- 

tem, it is implicitly assumed that all devices are within an effective 

distance of each other; the same is true when considering a satellite 

channel, since the satellite echoes the packets to the destination 

station.  Such a network can be described as one in which there is a 

single receiver and many transmitters, all of which are within an 

effective transmission range to the receiver, and to each other. 

In cases in which the transmission range of terminals is not suf- 

ficient to reach the destination receiver, it is necessary to intro- 

duce another device which will receive the packets from the terminals 

and repeat them to the final destination.  Such a network can be used 

for local distribution and collection of traffic, in which case the 

station is a gateway to a point-to-point network.  We particularly 

consider a 2-Hop network model in which there is a large number of 

terminals in the neighborhood of each repeater and that the trans- 

mission range of terminals is short so that a terminal can reach only 

one repeater, as shown in Figure 1.  Our model can be useful as a 

distribution model for a suburban area, where instead of supplying 

each terminal with a powerful transmitter*, we allocate repeaters 

which collect the traffic from terminals. 

In a military application, one can think of a large unit which 

uses such a 2-Hop network, where each subunit (the terminals of which 

are relatively close to each other and may be mobile) has its own re- 

peater, and the station is at the Headquarters.  In fact, the network 

can be operative when the whole unit is moving, providing each sununit 

carries its repeater or station along with it, e.g., a fleet of ships. 
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ThlS "etwort ="" -Iso "ode! a satellite case as shown in Figure 2. 
in the analyses of a satellite channel reported, it was assumed that 

eacn tennrnal is a ground station which originates its traffic or which 
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0
 

arnt-to-point networt- — —-—« clusters of posslbly .chile, terminals, where in each cluster, they 

are relatrvely dose to  each other, and wish to conununicate with a re- 
-t central co.puter installation.  Then, one can devise a cround 

on leaT"" ^ COnmUni0ate With the '---Is and the ground sta- 
tion repeater may use a satellite channel to transmit (second hop) to 
the computer installation. *" ^ 

operatLfnrofW^SPeCi£y the P':°blemS  " ^ addreSSed' "e C°—' - 'he operation of the repeater. We have indicated that a terminal retrans- 

1    ITT  f1 a "" OUt " " d0eS n0t reCei- a" —wledge- 
repelts ll       0an OPerate ^ * ^ Simple ■"ann« in ""^ " repeats only once a packet that it correctly receives,  in this case, 
the terminal has to time out for a longer period of time to „ait for 
an ack  ledtement from ^ ^^ (end.to_end ^^ _  Alte 

the repeater can he made responsible for the successful transmissiol 
on the second hop, by acknowledging the terminal, storing the packet 

on ZT?9 " Until " reCeiVeS an -"-ledgement from L st - 
in [9 lire :P ^^^^ ■     ^is problem has been considered 
in [9 where it was shown that a hoP-by-hop acknowledgement operation 
is more e ficient. Thus, we „ill assume a repeater of that type. 

The first problem that we address is to determine the network 
capacity as a function of the number of repeaters and the interLrence 
between repeaters. Another problem of interest, is to determine the 

capacity bottleneck .critical hop ,, i.e., whether the capacity bet le- 

neck is on tne hop from terminals to repeaters or en the hop from re- 
peaters to station.   The system is assumed to have two channels, 

one channel is used for transmission from terminals via repeaters to 
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the station and the second channel for transmission from the station 

via repeaters to the terminals.  The traffic of acknowledgement packets 

is not considered; which implicitly assumes that there is a separate 

channel for acknowledgements.  The two channels are analyzed separately 

and design questions such as the following are considered:  Is it use- 

ful to have directional antennas at repeaters when transmitting to the 

station ?  Thia question is relevant in the terrestrial system, since 

in the satellite system, the ground station repeaters will presumably 

be out of range from each other, and use directional antennas.  Sim- 

ilarly, in a terrestrial system, one may ask about the usefulness of 

using a directional antenna at the station when transmitting to re- 

peaters.  Other questions relate to the possibility of using several 

transmitters and antennas at the station when transmitting to repeaters. 
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FIGURE   1;     A  TERRESTRIAL  SYSTEM 
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III. TRANSMISSION FROM TERMINALS TO STATION 

Consider a system where m repeaters receive packets from 

terminals and repeat the packets to a single station, as shown 

in Figure 3.  We denote by G and S the rate of packet transmission 

per slot and the rate of successful packet transmission per slot, 

respectively.  Specifically, let G,. and S, . be the rates of trans- 

mission from terminals to repeater i, and G*.   and S2. the rates from 

repeater i to the station.  We wish to obtain the probability that 

a repeater is idle. 

A single hop network is the case in which a set of terminals 

transmit to a repeater and the repeater is the final destination 

and does not repeat the packets.  Thus, the probability that a 

transmission from a terminal to the repeater is successful is the 

probability that no other terminal transmits into that same slot. 

That is, if we assume that a packet is transmitted into the first 

slot after it becomes ready for transmission then the probability of 

success is the probability that no new packet has arrived and that 

no other packet has been scheduled for retransmission in the interval 

of time of the proceeding slot.  In the network case however, a 

transmission from a terminal to a repeater will not be successful 

also in the case when the repeater uses the same slot for transmitting 

to the station, or if another repeater, within an effective trans- 

mission range of the first and which uses an omnidirectional antenna, 

uses the same slot for transmission to the station. 

Throughout the chapter, we use the following assumptions.  The 

combined point process of packet origination and packets scheduled 

for retransmission, from each set of terminals to a repeater, is 

Poisson.  Thus, the probability of no arrival during a slot time x 

"GliT 
is e     ; we use T51.  The probabilities of transmission by a re- 

peater into different slots are independent.  The probability of 
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transmission by two or more repeaters into a randomly chosen slot 

are mutually independent; and the probability of transmission into 

a random slot by a terminal and by a repeater are independent.  The 

assumption of a Poisson distribution for the process of packet 

origination plus retransmission has been questioned in previous 

publications.  The validity of this assumption is important when 

one considers packet delays, since if one assumes a Poisson point 

process for packet originations, then the assumption that the 

combined process, of origination plus retransmissions, is Poisson 

is valid only when one allows very large packet delays.  In this 

chapter, we do not require finite delays and our interest is in the 

ultimate system capacity. 

Finally, let Qi denote the set of repeaters which have an 

effective transmission range to repeater i; Q. includes repeater i. 

Under these assumptions we can write: 

P [repeater i is idle] = e 
-G 
ü  n (1-G2j) (1) 

Similarly, the probability that the station is idle can be 

written as: 

m 
P  [station is idle] = .n  (1-G,.) (2) 

We now make a few assumptions which simplity the computation 

but enable us to answer the questions of interest. Specifically, 

we assume that G^ = G^ S^ = S^m for all i, that repeaters share 

equally the load so that G2i = G2/m and S2i = S2/m for all i, and 

that all repeaters have the same number of interfering repeaters, 

n (Qi) = I for all i. We refer to I as the interference level. 
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We can now write  the  throughput equations  for hop  1 and hop  2 

m 
Sl  = 

G2   I 

Gi ^-ET)   e 
-G, G9   I      -G, 

(3) 

_ G0  m-1 G0     m-1 

2        v     ni (4) 

Note that when m=l all transmissions from the repeater to the 

station are successful since it does not interfere with its own 

transmissions. 

If a repeater were a traffic source and a traffic sink, then 

G, and G~  could have been considered as independent variables.  In 

our case, however, the intensity of the processe1, on the two hops 

are related.  In particular, we consider traffic rates in which the 

system can operate at steady state.  That is, if one observes the 

system for a long period of time, then all the packets which success- 

fully arrive to repeaters also successfully arrive to the station. 

Thus we can use the conservation law at repeaters, namely S, = S». 

This results in the relation: 

G2 I+l-m 
G2 = mG1 (1- _) 

-G. 
(5) 

One can now study the system performance as a function of parameters 

m and I, with one independent variable. 

A.   Complete Interference System, I = m 

This case is applicable to terrestrial networks in which 

repeaters are either placed relatively close to each other or use 

powerful transmitters; either of which results in the interference 

among all repeaters.  For this case we obtain: 

G2 = 

-G. 
m G, e 

1+G^ "Gl 
(6) 
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si = 
m G. e 

-G. m 
(1+G1 e ■L) 

(7) 

. 

The capacity of this system is given by the maximum of S 

d S 

d G, 
A = rc g 

-G. 

-GT  m+1 
(1+Gj^ e ■L) 

(l-G^ [l-(m-l) G1 e 
1]  = 0 (8) 

By examining (8), one finds that there is one stationary point, a 

maximum at G1 = 1, when m<4. When m>4 there are three station- 

ary points; a minimum at G1 = 1, and two maximum points of the 

same value at G which satisfies 1- (m-1) G e"G = 0.  Substitu- 

ting these values into (7) , one obtains the capacity of this (com- 

plete interference) network as a function of m: 
m  

m<4 

Network Capacity = S * = 

e a+±-)m 
e ' 

m 

(9) 

m>4 

Notice that the network capacity is lower than the capacity of a 

single hop network, 1/e, when m=l; it is higher than 1/e for m>l, 
and tends to 1/e in the limit when m-^°o. 

Figure 4 shows the network throughput S as a function of 
the rate of transmission from terminals to a single repeater. 

It is interesting to observe the rate of change of S with respect 

to G.  For example, when M is large (e.g. m=8) then the system 

becomes more sensitive to variations in the value of G.  On the 

other hand, there are values of m, for example, m = 2 or 3 in the 

complete interference case, for which the maximum throughput re- 
gion is quite flat. 

8.15 

-  -■- <■'     •■    .:.-...-■■,..■.-. .^■- .■--■:-■.-..   r       ■    .      .     :, ,.,- .1 ..J.-Jt....^...^.-V-.^l.-^..l-.—-..^:.a..i,.^.-.^.^»...U..l.i...<....._■    .,  .. ■,.^:. . ,. . : , J... . :. . j.,,^. ,.- , .t: .. ■.^...,. . ..„  .^w.„. i^ ■-^--■ ■- ' I-.--' ...H-i-. ll J-«J.v-^..   



p*— mmmmmmmmmmm'mmmmnmi wHui.ii«mmmm^nifm' IHH«»«.IW   I -^..UIJJMiM.ll.il-l.lll.JU. .U.I«MM( 

Network Analysis Corporation 

B.   The Critical Hop 

To determine the critical hop, one has to obtain the 

capacity of the two hops of the network.  The capacity of the 

hop from repeaters to the station is independent of G, and I 

(see Eq. (4) ), and is given Ly (1-1/m) ~ .  The capacity of 

the hop from terminals to repeaters, on the other hand, depends 

on G„ and I.  Note that 0<.G2^m; G2>m is not realizable since we 

assume that a repeater has one transmitter and cannot transmit 

more than one packet per slot.  For any G2 in the above range, 

the capacity of hop 1 (see Eq. (3) ) increases with m. 

Thus, there exists an m for which the capacity is o 
higher than that on the hop from repeaters to station, and the 

latter becomes the critical hop.  Furthermore, m depends on I, 

and for I >I, , m  (I-)>m  (I,).  Thus, for m>in the critical hop 2  1  o   2   o   i o 
is that from repeaters to station, and for in<m the critical hop 

is from terminals to repeaters.  For example, for I=m (see Eq.(9)) 

m =4, and for I = m-1, m =3. o o 
Perhaps a more direct way to answer the question of the 

critical hop is to obtain the system capacity as a function of m 

and I. Then, whenever the capacity is smaller than (1-1/m) 

the critical hop is that from terminals to repeaters and when the 

capacity equals this expression, the critical hop is from repeat- 

ers to station. However, it is difficult to obtain a closed form 

solution in the general case. 

C.   Number of Repeaters and Directional Antennas at Repeaters 

The considerations of directional antennas at repeaters 

apply only to the terrestrial system.  In the satellite system, 

ground station repeaters will use directional antennas when trans- 

mitting to the satellite and omnidirectional antennas when communi- 

cating with terminals. 
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The effect of directional antennas at repeaters in the 

terrestrial system is that the transmission from repeaters to the 

station is directed towards the station and does not interfere 

with the transmission of terminals to other repeaters.  Thus, it 

is the special case with 1=1.  We notice, however, that direc- 

tional antennas do not increase the capacity of the hop from re- 

peaters to station because all antennas are directed towards the 

same physical location where the station is placed and where the 
conflicts may occur. 

Figure 5 shows the capacity of the system as a function 

of m, for I=m and 1=1, which is equivalent to omnidirectional and 

directional antennas (or satellite system) respectively.  One can 

see that there is a gain in capacity when using directional an- 

tennas only when m=2, and a small gain for m=3.  For m>4 the ca- 

pacity does not increase because the critical hop is between the 

repeaters and the station, so that it does not matter how much 

one can get through from terminals to repeaters. 

As far as the number of repeaters is concerned, one can 

see from Figure 5 that the maximum system capacity is obtained 

when m=2 in the non-interference case and when m=3 in the complete 

interference case. Thus 2 or 3 repeaters would be a good design; 

any additional repeaters that may be added because of other con- 

siderations (such as area coverage) will result in a reduction in 
the system capacity. 
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IV.  TRANSMISSION FROM STATION TO TERMINALS 

In this section, we consider the second channel which is used 

for transmission from the station to terminals via repeaters.  In 

the terrestrial system, it is assumed that the effective transmission 

range of the station is such that it interferes with the trans- 

mission from repeaters to terminals, as shown in Figure 6.  However, 

we assume that terminals cannot directly receive from the station 

or from the satellite (otherwise, it becomes a single hop network 

and the capacity is 1).  We use the notation shown in Figure 6, 

where the first hop is that from the station to repeaters and the 

second hop is from repeaters to terminals. 

We use similar assumptions to the ones made in the previous 

section.  Specifically, we assume that the probabilities of trans- 

mission by a repeater into different time slots are independent, 

that the probability of transmission of two or more repeaters into 

a randomly chosen slot are mutually independent, and that the pro- 

bability of transmission by the station and by repeaters into a 

random slot are mutually independent.  Finally, we simplify by 

assuming that repeaters share equally the load; by which we mean 

that S2i = S2/m and G . = G2/m, for all i.  The equations which 

relate the rate of transmission to the rate of successful trans- 

mission on the two hops can now be written: 

m G_ G,    . G_ T  . 
s2 = {  sr   (1 - V ^ - -^        = G2 (1 - V (1 - sr* (10) 

S  = G  (1 - ^i)1 (ID 
i    i     m 

I is the interference level as in the previous section. 

For consistency with the interference model of the previous 

section, we remark the following.  Eqs. (10) and (11) are for the 

case in which the same energy-per-bit-to-noise-density is required 
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for detection with equal error rates, by the repeater and by the 

terminal; and when the repeater used a higher transmitter power.  In 

the more general case, one has to replace I in (10) by !„ which will 

designate the number of sets of terminals with which a transmission 

from a repeater may interfere; and replace I in (11) by I_ which will 

indicate the number of repeaters with which a transmission from a 

repeater may interfere. 

We assume again steady state system operation and use the con- 

servation law at repeaters, i.e., S1 = S2.  This results in 

G2 = 
1 - G m - 1 

L m 

(12) 

One can now substitute (12) into (10) and (11) to obtain the through- 

put as a function of one independent variable.  For S., one obtains: 

v    1 m ' 

(13) 

To obtain the  capacity one can maximize either S..   or S^.     Equating 

dS-VdO,   to  zero,  we obtain that there  are three  stationary points. 
.   . 1 A minimum at G,   =  1 and two maximum values at 

V .2,3 =   (2m +  I  -  1)   ^   f 4ml 4-   (I  -  1) 
1 2   (m -  1) 

(14) 

We now examine the constraints. For the system to be realizable. 

0lGll1 '* 0 <_ G2  < m ;   1 _< I _< m (15) 

From Equation (14), one can see that the plus sign results in 

G, > 1, since 

2m + I - 1 + V4ml + (I - I)2 > 2m + 2(1 - 1) > 2(m - i; 

(16) 

Furthermore, from Equation (12), one can see that when 0 f G ±1, 

then 0 < G2  <_ m.     Thus, the only realizable maximum is given by 

Equation (13) with G^  as in Equation (14) when taking the minus 

sign of the square root. 
8.22 
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Figure 7 shows the system throughput as a function of G 

for m = 6 and I as a parameter.  One can see that there is a 

high degradation in system performance when the interference level 

I increases.  Figure 8 shows the capacity of the system as a func- 

tion of the number of repeaters m for the non-interference (1=1) 

and the complete interference (I = m) cases.  When 1 < I < m, the 

curve will be between the two shown.  It can be seen that there 

is a large difference in system capacity between the non-inter- 

ference and the complete interference systems, and that this dif- 

ference increases with the number of repeaters m.  For I = 1, the 

capacity of the system is (m (/JT- 1)2)/(m - i)2 which tends to 
1 when m tends to infinity. 

In the terrestrial system, the interference level depends on 

the transmission power of the repeaters when transmitting to 

terminals.  Thus, it would be advantageous to use as low trans- 

mission power as possible sufficient to reach the terminals, or 
possibly an adaptive power mechanism. 

Directional Antennas and Multiple Transmitters at the Station 

This section is addressed only to a terrestrial system. 

When the station uses a directional antenna, then its trans- 

mission to repeater i^ does not interfere with R., j jt  i.  con- 

sequently, the average rate of transmission per slot to a single 

repeater is G^m   (assuming equal share of load) .  The only change 

that would result in Equations (10) and (11) is the replacement 

of G1  in Equation (10) by G^m.  Doing so and equating S and S 
results in G1 = G and: 2 

Gl I 51 = Gl(1 ■ ST0  ;  0 < G1 < 1 ; 1 < i < m (17) 

G2 I 52 ~ G2(1 " i~)  '*  0 1 G2 < m ; 1 < I < m (18) 

8.23 
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The capacity of the  system is given by 

-2»       (i _ _1     )*   . 

(1 - i)1  ;  m >  I + 1 

m <  I + 1 (19a) 

(19b) 

Figure 9 shows the capacity of the system as a function 

of m for 1=1 and I = m. The same curves for an omni-direc- 

tional antenna are shown as a reference. It can be seen that 

the capacity of the system with a directional antenna is sub- 

stantially higher; in particular, when the interference level 

is low. 

We now address the question of multiple transmitters 

and antennas at the station.  Consider the capacity of the 

system with a directional antenna at the station, Equation 

(19).  The maximum given by (19a) is a stationary point 

whereas that given by (19b) is a boundary point at G1 = 1. 

Also note that 

m 

I + 1 
(1 - 

I + 1 
•J1 i (1 " i*1' for m < I + 1 (20) 

Thus, if one increases the domain of G, , it would result 

in an increase in system capacity, which will then be given 

by Equation (19a).  This is exactly what happens when adding 

additional transmitters and antennas to the station.  It 

enables the station to transmit more than one packet into 

the same "slot in time" and direct the packets to different 

repeaters.  In practice, if the station has several trans- 

mitters and directional antennas which enables it to trans- 

mit simultaneously in different directions, then one can 
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devise an algorithm at the station, which will properly 

select the directions to which packets are simultaneously 

transmitted, so as to further reduce the interference 

level I (manage its transmissions). 

Figure 10 shows the system throughput as a function 

of the rate of transmission from station to repeaters (or 

from repeaters to terminals, note G1 = G2).  One -an see 

that for 1=1 and 1=3, the maximum system capacity 

cannot be obtained with a single transmitter and the value 

obtained is at the boundary point at G1 = 1 and given by 

(19b).  Notice that when the number of repeaters is large 

and the interference level is low, then there is a large 

difference between the maximum capacity and the constrained 
maximum capacity. 

We now determine the minimum number of transmitters 

and directional antennas needed at the station.  If the 

interference level I is constant then the unconstrained 

capacity of Equation (19a) is increasing with the number 

of repeaters m.  Moreover, the capacity increases also in 

the case that I is a linear function of m.  For let I = km, 

1/m £ k £ 1, then the unconstrained capacity is given by 

S* = m 
km + 1 (1 -  i__l km 

km + 1; (21) 

and 

ds* 
dm 

km 

(km + 1) 
(1 - km + 1 )

km " 1 > 0; for k > 0 (22) 

Since the capacity is increasing as a function of m, one 

can obtain a capacity greater than 1 (see for example Figure 

10, 1=1).  The minimum number of transmitters that can 
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realize  the unconstrained capacity is given by the rate 
of transmission from the  station  to repeaters at which 
the maximum utilization is obtained.     That is: 

r -i      r        T 

Minimum Number of Transmitters = .    , = ?—T~-T       (23) 

r  T 
where  x  is the smallest integer greater than x.  Equa- 

tion (23) also implies that multiple transmitters will not 

result in an increase in system capacity when the inter- 

ference level is high, i.e., m £ km + 1.  It is easy to 

verify that when the constraint on G, is satisfied, the 

constraint on G» is also satisfied. 

By associating a cost value with a repeater and with 

each additional transmitter at the station, one can formulate 

a design optimization problem in which the system cost is 

traded against the increase in capacity which it results. 

The results of this section demonstrate that a single 

slotted ALOHA channel can be used (and reused) spatially to 

obtain channel utilization higher than 100%. 
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V. CONCLUSIONS 

Our conslusions from the analysis are outlined. 

A-  Transmission to Station 

1. When the number of repeaters is small (the exact 

number depends on the interference level), then the 

critical hop in the network (the capacity bottleneck) 
is from terminals to repeaters. 

2. When the number of repeaters is large, the critical 
hop is from repeaters to station. 

3. The 2-Hop network design which maximizes the sys- 

tem capacity has 2 repeaters when the interference is 

minimum, and 3 repeaters when the interference is max- 

imum. Additional repeaters reduce system capacity. 

4. The capacity of a 2-Hop network is higher than 

that of a 1-Hop network when the number of repeaters 

is 2 or more, and is lower than the capacity of a 

1-Hop network when there is one repeater. 

5. Directional antennas at repeaters increase system 

capacity when the critical hop is from terminals to 

repeaters. The increase is significant only in the 

case when there are 2 repeaters, which do otherwise 

interfere with each other. In other cases, the in- 

crease in capacity is either insignificant or does 
not exist. 
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B. Transmission from Station 

1. The interference of the station with the trans- 

mission of repeaters to terminals reduces significantly 

the system capacity.  Thus, if possible, it is important 

to enable terminals to receive such transmissions. 

2. The system capacity reduces substantially when 

the interference level between repeaters is increased. 

Note that this is not the case when transmitting to 

the station; compare Figures 5 and 8.  Consequently, 

in a terrestrial system, it is important to reduce 

the interference factor by a mechanism such as adap- 

tive power. 

3. A directional antenna at the station in a terres- 

trial system increases significantly, the system cap- 

acity when the interference level between repeaters 

is low to moderate.  This is not the case when the 

interference level is high, since the throughput on 

the hop from repeaters to terminals is limited due to 

this interference. 

4. When the station has directional antennas, then 

multiple transmitters and antennas may further increase, 

significantly, system capacity.  Note that in this 

case, one can obtain a capacity greater than 1. 

5. An equation for the number of transmitters needed 

at the station is given.  This number increases when 

the interference level decreases.  When the interference 

level is high, then none of the devices in conslusions 

B.3, B.4, B.5, are desirable, since the capacity is 

limited by the throughput from repeaters to terminals. 
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REMARKS: 

Conclusions A,5 and B.3 which relate to directional antennas, 

imply that directional antennas are generally not useful when devices 

which use them direct transmissions to a single location in space; 

because the interference at this location is not avoided.  On the 

other hand, directional antennas are very useful when oriented to 

different azimuths, because one can take advantage of the spatial dis- 
tricution of receivers. 
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PACKET RADIO SYSTEM CONSIDERATIONS - CHANNEL CONFIGURATION 

I.   INTRODUCTION 

Consider a communication channel which is shared by two in- 

dependent sources of traffic in a broadcast mode.  Source 1 is 

generated by an infinite number of terminals, each with an infin- 

itesimal traffic rate, and which collectively form a finite Poisson 

source.  Source 2 is generated by a finite number of terminals 

each with a finite traffic rate.  The terminals transmit fixed 

size packets and access the channel using the so called "slotted 

ALOHA" random access scheme.  A terminal can transmit to any other 
terminal in the system. 

This model can describe the ALOHA system at the University of 

Hawaii [1] or the Packet Radio System [6].  In the Packet Radio 

System there is a large number of terminals which communicate 

with a small number of stations.  The terminals can be modelled 

by the terminals of Source 1 and the stations by the terminals 

of Source 2.  The model is suitable for a Packet Radio System 

in an urban area where a terminal can directly transmit to a 

station and where any t-ansmission from a terminal or station inter- 
feres with all other devices. 

Roberts [5] has shown that if all the traffic is contributed 

by Source 1, then the maximum throughput which can be obtained 

is 1/e of the channel capacity.  Abramson [2] and Kleinrock and Lam 

[3] have shown that the maximum throughput can be increased when 

the traffic is composed of contributions from both Source 1 and 
Source 2. 

We approach the problem from a synthesis viewpoint.  That is, 

given Source 1 and Source 2, the question is whether one should 

split the channel so that one part is used by Source 1 and the 

other part by Source 2; or alternatively, should one use the total 

capacity in common.  The criteria for decision are maximum through- 

9.1 
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put and average delay.  We consider a channel split in which the 

slots are partitioned between transmissions from Source 1 and 

Source 2, however, all terminals receive on all time slots.  It 

is shown that the choice of channel configuration depends on the 

number of terminals in Source 2, n, and on hhe ratio of packet 

rate of Source 2 to Source 1, designated by a.  Further, given n, 

there is an interval of a for which a higher maximum throughput 

can be obtained by splitting the channel. 

The problem considered in this chapter was addressed in [7] 

for n=l but for several random access schemes; specifically, for 

the nonslotted and slotted ALOHA and for the carrier sence [8] 

random access schemes.  The qualitative conclusions of [7] are 

the same as in this chapter. 
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II.  PRELIMINARY ANALYSIS 

A.   The Slotted ALOHA Channel 

In the slotted ALOHA random access mode, a channel is 

partitioned into segments of time (slots) equal to a packet 

transmission time.  Terminals transmit their packets into random 

slots in time.  That is, there is no coordination among the 

terminals as far as the choice of the slot is concerned; however, 

there is a universal clock which enables each terminal to start 

the transmission of its packet at the beginning of a slot.  If 

two or more packets are transmitted in the same slot, it is assumed 

that none of the packets are correctly received and each of the 

terminals will retransmit its packet at some randomly chosen future 
slot. 

One can see that the number of packets transmitted (the 

channel traffic) is larger than the number of packets offered to 

the system due to the retransmissions of packets which collide. 

Let S denote the rate of packet originations per slot offered to 

the channel, and G the rate per slot of packets plus retransmissions 

Assume that the two origination processes are Poisson.  Further 

assume that the probability that a packet is blocked, given the 

packet is new, equals the probability that a packet is blocked 
given it is a retransmission [3]. 

B-   The Single Source Case 

If all the traffic is contributed from Source 1, Roberts 
[5] has shown that the relation between S1 and G1 is given by: 

S1 = G^ 
-G. 

(1) 

Abramson [2] considered the case where all the traffic is contri- 
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buted  from Source  2  of  n  identical  terminals and has  shown  that 

G9       n    1 
S2  = G2   (1-^ (2) 

One can see that Eq. (2) takes the form of Eq. (1) when n + °° . 

The maximum values of S, and S  are given by: 

*   ]    * (l-i) n-l 
n (3) 

The operation of the slotted ALOHA channel may become unstable [4]. 

In this paper we consider the steady state case, in which the offered 

rate is also the throughput per slot or the utilization of the 
channel. 

C   Mixed Sources on a Common Channel 

The performance of a channel which is shared by terminals 

from Sources 1 and 2 has been analyzed by Abramson [2], and Klein- 

rock  and Lam [3].  The offered packet rate to the channnel is 

S1 + S2, and the channel traffic G1 + G2.  The following equations 
hold: 

S1 = Gi (1-1) n e  1 (4) 

c  - r> i ■\     2. n-l   1 
(5) 
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III. MAXIMUM UTILIZATION OF THE SPLIT AND COMMON CHANNELS 

Given Source 1 and Source 2,   the question is whether one 

should split the channel so that one part is used by Source 1 

and the other part by Source 2; or alternatively, should one use 

the total capacity in common.  In this section we compare the channel 

configurations in terms of maximum utilization.  To obtain an 

absolute comparison, we introduce the parameter of the ratio of 

packet rates of Source 2 to Source 1: 

a = 
(6) 

. We shall use the subscripts c and s to denote a common 

channel and a split channel, respectively; and the superscript * 

to denote the optimum or maximum values.  The total given capacity 

will be assumed as one unit and (C^ «V' ci + C2 = 1, will denote a 

channel split where the fraction C1   is assigned to Source 1 and 

the fraction C2 to Source 2.  Given an arbitrary split (C,, C ), 

the maximum utilization of the configuration is given by: 

* 
S = s 

C1(l+a)S1 

C2(1^S2 

* 

;a < S2 C2 
~ "TC  

s1 c1 

* 

;a > S2 C2 

Sl Cl 

(7a) 

(7b) 

Corresponding to C1  and C2 being saturated respectively. 

If a is known one can split the channel optimally to obtain the 

highest maximum utilization of the total capacity.  It can be 

shown that the optimum split (C*, C*) satisfies the following 

9.5 
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'Ä * 
aS- 

( 8) 

Corresponding to both channels saturating simultaneously. 

If the channel is optimally split, then the maximum utiliza- 

tion of the total capacity is given by: 

*    *  *    *  * 
Ss = Cl Sl + C2 S2 

(l+ct) (l-i)n 1 

 n  
_,, lvn-1 ."' e(l--)    + a 

( 9) 

*   1 
Note from Eq. (9) that when a -► 0, S ->  -,   and when a -> », 

s      n' 

The total utilization of the common channel configuration is 

given by the summation of Eqs. (4) and (5). 

"Gl    G9 n i Go 
sc = e     ^-^    tG2+Gi ^-i" (10) 

To obtain the maximum of Sc, one has to maximize Eq. (10) subject 

to the constraint S2/S1 = a.  Alternatively, we can use the condition 

of the channel traffic at the maximum utilization obtained by 

Abramson [2].  Doing so, we obtain: 

where. 

and, 

"Gl       G2   n-1       Gl  G2 

G*  =  n +  a(n+l)   - y_  [n+a (n+1) ] 2-4a2n 
2 2 a 

* * 
G1   =   1   -   G2 

(11) 

(12) 

( 13) 
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Figure   1  shows  the  comparison  between  the maximum utilizations 
* * 

of the two configurations S and S .  It is shown as a function c     s 
of a with n as a parameter.  The values of n used are 1, 3, and ^, 

and the split C, = C- = ■=. 

From Figure 1, one can see that for a given n, there is an 
* >  * 

interval of a such that within this interval S  - S , and outside 
*   * s   c 

of the interval S  < S .  Furthermore, the interval discussed so 
decreases when n increases and constitutes a sxngle point when 

n = «>• 
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Iv-  DELAY CONSIDERATIONS 

It is clear that when a is within the interval discussed in 

the previous section, the split configuration is better than the 

common configuration in terms of maximum throughput and average 

delay, since an infinite delay is obtained in the common configura- 

tion before it reaches the maximum utilization of the split con- 

figuration.  The average delay of a packet from Source 1 will usually 

be different from that of a packet from Source 2.  in particular, 

in the split configuration when the maximum utilization is obtained, 

one channel is saturated (infinite delay) and the other is not; 

except for the optimum splitting a for which both channels saturate 
simultaneously. 

The average delay in this system is composed of the delay when 

the first transmission is successful plus the average number of re- 

transmissions times the average delay per retransmission.  A 

terminal in Source 2 also encounters queueing delay. 

We show carves of delay vs. throughput for several parameters 

a.  We consider a terrestrial system in which propagation delay 

is ignored, and use all the assumptions given in Section 1.  The 

average delay equations in units of slot times used are the 
following: 

G —S 
D1 = 1.5 +(-ll) k (14) 

D. 
G   G /n 

1+.5 (1—^)+, 'f' 
n'   2{l-G„/n) 

G2-S2 - 
(15) 

where k is the average waiting per retransmission.  The value .5 

is added to represent that when a packet is ready for transmission, 

the terminal will wait one half slot, on the average, until the 

beginning of a slot.  The third term in Eg. (15) represents the 

queueing delay at terminals of Source 2.  When writing the queuing 

delay we assume that packets arrive according to a Poisson distri- 
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bution and require constant service time equal to the packet trans- 

mission time (an M/D/l queueing system).  Note that when n 

then Eq. (15) takes the same form as Eq. (14). 

The delay equations hold for the split as well as the common 

channel configurations.  However, if one assumes the same packet 

length in each case and the slot time on the common channel is one 

unit, then the slot time on the split channel will be 1/C, and 

l/C- for the respective channels.  This has been taken into account 

when showing the delay curves. 

Figures 2, 3, and 4, show the delay as a function of throughput 

for a = .5, a = 2.5, a = 10., and for n = 1, 3, and <».  Other 

parameters are C-, = C„ and ■=• and k = 4.  From Figure 1, one can see 
1    ^    ^ *    * 

that a = .5 and a =10.  corresponds to the case where S  > S ; on 
*    * 

the other hand a = 2.5 corresponds to the case where S  < S .  The c    s 
throughput shown is the sum of both sources and the delay is an 

average of D, and D„ weighted by the throughputs of the sources. 

One can see that when S  > S  the common channel configuration c    s ^ 
results in lower average delay for all values of throughput (for 

*   * 
the same value n).  On the other hand, if S  > S  (Figure 3), there 

are operating points, for example when the throughput is .55, where 

the split channel configuration is better both in throughput and 

delay.  However, even in this case, when the system operates at 

low throughputs, the common channel configuration results in lower 

values of delay.  This is due to the differences in the slot times. 
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V. CONCLUSIONS 

We relate the results obtained to the Packet Radio System. 

If one assumes that a packet which originates from a terminal will 

always be directed towards a station then a has the practical 

meaning of the average number of response packets from station to 

terminal for every packet which is successfully transmitted from 

a terminal to a station. 

It is demonstrated that if this ratio a is known, then one 

can split the channel into two to obtain a higher maximum utili- 

zation of the total channel capacity.  It is also shown how to 

split the channel.  However, if the channel is split and \.he system 

operates at low values of throughput, then the average delay is 

higher than would result from operating in a common channel confi- 

guration.  Another conclusion is that if a is not known, or if it 

varies, then the common channel configuration vail be better in 

terms of throughput and delay. 

Finally, we note that the system analyzed models the Packet 

Radio System when there is no coordination among the stations in 

choosing the slot, so that packets from two stations can collide 

on the same slot. In practice, hovever, one may consider having 

signalling channels among the stations to obtain the above coordin- 

ation dynamically. In this case, the set of stations has to be 

considered as a single source; that is, n = 1. 
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AREA COVERAGE BY LINE-OF-SIGHT RADIO 

I.  PROBLEM FORMULATION 

We are concerned with line-of-sight coverage of an area where 

mobile terminals or fixed terminals are transmitting by radio from un- 

specified locations.  The problem is to locate repeaters so that 

any such terminal will be in line-of-sight of repeaters and that 

there be reliable connections between every pair of terminals 

(and repeaters).  More precisely we wish to minimize the in- 

stallation cost and maintenance cost of the repeaters subject to 

a constraint on the reliability of service. 

In general, determining if line-of-sight micro-wave transmission 

between two points is possible, involves taking into account many 

factors including wave-length (Fresnel zones), weather conditions 

(effective earth radius), antenna design, height, topography, etc.. 

Nevertheless, we shall assume that there are known functions  Ä(r,t) 

and L(r1,r2) that are 1 if a repeater at location r can communicate 

with a terminal at location t and if a repeater at location r, 

can communicate with a repeater at location r- respectively and 
are 0 otherwise. 

From purely topographical considerations it is obvious that 

the "flat terrain" problem and the "hilly terrain" problem should 

be handled seperately.  For "flat terrain" the problem is homogeneous, 

i.e. installation costs, maintenance costs can be assumed equal at 

all locations and the transmission properties are identical at all 

points.  The "flat terrain" problem is discussed in Section 3; 

a model is suggested for which we compute an optimal solution. 

The primary concern in the ensuing paragraphs is with the 

"hilly terrain" problem.  By that one should understand hilly 
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topographies as well as flat topographies that cannot be viewed as 

homogeneous from a cost or transmission viewpoint. 

In "hilly terrain" it is impractical to consider all possible 

locations of repeaters and terminals, which theoretically are 

infinite in number.  We shall limit ourselves to a finite set R 

of possible repeaters locations and a finite set T of possible 

terminal locations.  How the set R and T are chosen will be of 

great computational importance and will probably be chosen adaptively, 

But for the time being, we assume R and T known and fixed. 

The principal and iiimediate interest is in an appropraite 

mathematical model of the situation and some indications on how 

to solve the problem.  The first problem is the proper choice of 

reliability measure or grade of service.  We assume that the radio 

network is for local distribution-collection of terminal traffic 

with rates small compared to the channel capacity so that through- 

put capacity is not a constraint.  That is, if any path through the 

network exists for a given pair of terminals we assume there is 

sufficient capacity for traffic between them.  Possible measure 

of network reliability that have proved useful in the analysis 

of communication networks [13] are the probability that all terminal 

pairs can communicate and the average fraction of terminal pairs 

which can communicate.  However, for network synthesis as distin- 

guished from analysis these approaches appear too difficult both 

from computational and data collection points of view.  This sug- 

gests the "deterministic" requirement that there exist k node dis- 

joint paths between every terminal pair.  This guarantees that at 

least k repeaters or line of sight links must fail before any 

terminal pair is disconnected.  Let the cost of a repeater at 

location r e R be c(r) and c(R0) = S {c(r)|re;R0} where R0CR.  Then 

we  can formulate: 

Problem I Find R*CR minimizing c(R*) subject to the con 

straint that for all t T and r R there exist k node disjoint 
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paths   from t to r  in  the  network N   (t;R*)   where 

N (t;R*)   =   [R*u{t},{(r1,r2)|L(r1,r2)=l}u{(r,t)|£(r,t)=l}] 

One might demand only that there be k node disjoint paths 

between every pair of terminals instead of between each terminal- 

repeater pair, but we are assumming that communication always 

takes place through a "station" which could be any of the repeaters, 

The analysis of the terminal to terminal model is similar in any 

case. 
The following two propositions motivate a new Problem II, 

Proposition 1:     |{r|Mr,t) = l}nR*|^k. 

Proposition 2;    For all r e R*, | {r^^JL(r,r1)=l} | >k-l. 

If for each r E R there exists t c T such that l(r,t)=0 then 

|{r1|L(r,r1)=l}|>k. 

Problem II Choose R* C R to minimize 

C(R*) subject to: 

1. For all t E T, | {r| Ur,t)=l}nR*| >k 

(the k-fold set covering problem). 

2. For all r^r^R*,^ ^ r2, there exist k node disjoint 

paths connecting r, to r». 

(the minimum cost redundant network problem). 

The virtue of II - as compared to I is that II is an amalgam 

of two well studied network problems, the set covering problem 

[7] and a problem closely related to the minimum cost redundant 

network problem [11].  We can then attack the problem using pre- 

viously developed techniques. 

Problem I and II are related by: 

Proposition 3:    Any R* satisfying the constraints of II 

also satisfies the constraints of I. 
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Proof Suppose R* satisfies the constraints of Problem 2 and 

violates those of Problem I.  Then there exists a terminal tn and 

a repeater r such that there are not k node disjoint paths connect- 

ing them in N(t ;R*).  According to the Menger Graph Theorem [8], 

there are k-1 repeaters r, ,...,r._1 not including r» such -"-hat when 

these repeaters are removed from R* there is no path from t to r». 

But this leads to a contridiction.  Removing k-1 repeaters cannot 

disconnect tn from the net by 1 of Problem II.  Thus, there is an 

arc (t-^r1) with  (r^t0) = 1.  Similarly, k-1 repeaters cannot dis- 

connect r' from r  by 2.  Thus, there is a path from t. to r. 

The converse is not necessarily true; that is, there may be 

feasible solutions to I which are not feasible to II.  Figure 1 

depicts a counter-example to a possible converse for k=2. 

FIGURE 1 

However, by Proposition 3, solving II is fail-safe in the sense 

that the solution obtained will always be feasible for Problem 1. 

Feasible solutions to I which are not feasible in II will be 

quite rare.  In order for this to happen, there would have to be 

two repeaters r, and r- in R* (where R* is an assumed solution to 

I) for which there are not k node disjoint paths joining them yet 

for which all terminals in the vicinity of r, can communicate by k 

node disjoint paths with r_ and conversely.  This does not happen 

unless there are very few terminals and many repeaters near r, and 

r- which from the physical nature of the problem is highly unlikely. 

On the other hand, as pointed out above, artificial counter-examples 

to a possible converse of Proposition 3 can easily be constructed. 
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II.  COMPUTATIONAL TECHNIQUES 

The following problem will be referred to as a k-cover problem. 

Let N be a bipartitie graph with edges E and nodes (R,T). The edges 

E connect nodes of R to nodes of T. Then the following is a k-cover 
problem: 

Find R*CR such that valence of each T-node in N* is at least k 

and such that the cardinality of R* is minimum (number of elements 

of R*), where N* is the subgraph obtained by deleting all nodes 

R\R* (where \ indicates set difference) and all edges connected to 

these nodes.  This is also known as the «-width problem [4], [10]. 

The 1-Cover Problem is the classical set covering problem.  Ex- 

tensive research has been and is being done on the 1-cover problem, 

see e.g., [7] and references mentioned therein, see also [1] (A 

special case of the 1-cover problem is the simple covering problem 

where each R-node is connected to exactly 2 T-nodes.  For this pro- 

blem algorithms are known that are "efficient" i.e., with known poly- 

nomial bounds on the number of operations [7].  So far, practice 

does not seem to have singled out a "best" algorithm to solve the 

general 1-cover problem.  But in any case, those available seem to 

be much more efficient than solving the problem as a straight integer 
programming problem. 

a. Every k-cover problem is equivalent to a 1-cover problem. 

To establish the assertion let us consider the case 

when k=2.  The generalization to arbitrary is 

important but it is easier to see the proof for 

the case k=2. 
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Let us consider a bipartite graph constructed 

in the following manner:  Start with a 2-covering 

problem.  Let L be the number of elements in R. 

Take L copies of the T-nodes.  Connect node r, to 

all copies of node t. (if r., t.)   E of the 2-cover 

problem, except for the copy of t. in the i  copy 

of T.  (See Figure 2.) 

O 

9 
6 

i st T   1   copy 

o 
o 

T . th i   copy 

T   I.Lh .:o,,y 

o, 
FIGURE 2 

We call this problem the 1-cover problem generated 

by the 2-cover problem. 

Proposition;  Every solution to the 2-cover problem yields a 

solution to the generated 1-cover problem and conversely. 

In particular, the optimal solution of the 2-cover problem 

yields an optimal solution to the generated 1-cover problem and 

conversely. 
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Proof: The   first  part   (a   2-cover   solution  yields   a  solu- 
tion   to   the  generated   1-cover)   is   trivial.      In   the  other  direction, 

■f- Vi 

suppose the n   copy of t. is "covered" by node r. the r.c optimal 
^    th1 1-cover of the generated 1-cover problem, but in the i   copy, t. 

must be "covered" by another node in R.  So every node is "covered" 

by at least 2-elements of R.  The optimality statements follows 

readily. 

For k-covers (k>2) a similar proposition can be found but then 

the number of copies of T needed (L in these case) go up exponen- 

tially.  (We suspect that this type of transformation is similar 

to reducing general integer variables in integer programs to 0-1 

variables.) 

Important remarks: If the problem is formulated as a k-cover 

problem, one should realize that by the above results one might 

suspect that the k-cover problem is much more complicated than the 

1-cover problem.  This is corrobarated by the experience with in- 

teger programming algorithms.  The only class of problems which 

can be solved with any form of computational success are those 

involving only 0 and 1's. 

b.   The Covering Problem as an Integer Program.  Let A be a 

(T,R) matrix (where the rows correspond to terminals and the 

columns to repeaters).  The size of A is |T|X|R|.  We have that 

a.. = 1 or 0 depending on whether terminal  i is "visible" or 

not to repeater j .  In terms of the bipartite graph N, the 

entry a.. = 1 if there is an edge between nodes r. and t., 

the entry a.. = 0 otherwise.  We can then formulate the k-cover 

problem as follows: 

Min Ex . 
1 

(I.P) such that Za..x.^k  i=l,...,|T| 
] 

with     x. = 1 or 0 
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This i. an integer program (sometimes called a program in 

boolean variables).  A number oi: algorithms to solve integer 

programs are known.  See [7] for a survey.  These algorithms offer 

little hope in solving the location problem arising in the Packet 

Radio project in that |R|  and |T|, i.e., the number of variables 

and the number of constraints respectively, are much too large 

for existing methods for k-cover problems. 

c.   Approximate to the k-cover Method by Linear Programming: 

The integer programming problem formulated above can be 
replaced by a linear program 

Minimize Zx . 
j 3 

(L.P.) such that E a.. x. >k  i = 1,...,|T|. 
j   J     J 

0<x .<! 
- D- 

Where the constraint x. = 0 or 1 has been replaced by the 

constraint 0  <  x.   <1.     The difference is obvious, the solution to 

(L.P.) will contain fractional values, but we note that if a 

variable is "profitable", it will usually be made as large as 

possible.  The constraints Z a^. x .>k do not generate upper 

bounds on the x.'s.  Thus orle might expect many 0 and i's in 

the optimal solution of the L.P. problem. 

An upper bound for the optimal solution to the (I.P.) integer 

program can be obtained by "pushing" all the fractional x.'s 

appearing in the optimal solution to 1.  Obviously, that yields 

an upper bound on Min Zx..  The optimal solution of (L.P.) yields 
a lower bound. 

There are many ways to improve the above solution.  (without 

actually going all the way to integer programming).  Let us 
suggest two. 
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Scheme_l. Let  x0^  be   the  optimal   solution  of  the   (L.P.) 
problem.      Set  x*  =   1   if   v

0Pt       i set  x 1  if  x =  1  and x*  =  0  otherwise. 
] 

Let k*. = Max (O^-Za.. x^}.  Construct A* as follows:  Remove 

from A all columns j such that x*. = 1 and remove all rows with 

k'i - 0.  Set k* = {k*|k* ji  0}.  You have now a reduced problem. 
i  i 

It is again an integer program. 

Min 2x. 
3 

(I. P.S.I) s.t A* x _> k* 

x. = 0 or 1 

The problem is substantially reduced in size.  We can now 

use an integer programming algorithm. 

SCheme 2-    0nce the solution to the L.P. is obtained.  A 

branch-and-bound algorithm can be developed to be continued until 

a sufficiently small difference exists between the best solution 

and the smallest upper bound obtained so far.  Note that by the 

remarks preceeding Scheme 1 it is always very easy to obtain 
upper and lower bounds. 

There is also the possibility to use "integer cuts", see 

[7].  This is integer programming.  However, there is a possibility 

that for k-cover problem, good cuts can actually be constructed 

and recognized.  That is one direction of research (that might be- 

come imperative) but which has not been pursued.  Success in char- 

acterizing cuts has been achieved in the past for highly structured 
problems, see [2] and [5]. 

d-   A Network Flow Problem with Concave Co^f?  For the 

sake of completeness we record one other formulation.  The 

problem is to find a feasible flow (in the network to be 

described below) at minimum cost.  One possible advantage is 

the potential use of algorithms specifically developed for 
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fixed charge problems or branch-and-bound methods on nets, see e.g., 

[9] and [14].  We consider the bipartitie graph N as described in 

the beginning of this section (2), Figure 3 to which we add a source 

s and a link S.  Let f (x,y) be the blow between nodes x and y, we 

have the following constraints: 

and 

f (x,y) > 0 

f (s,y) < c(s,y) 

f (x,S) > p(x,S) 

f (x,y) integer 

for all x,y 

for all y E R 

For all x e T 

The upper bound c (s,y) is set equal to the valence of y e R 

minus 1 and for all x c T,p(x,S) - k. The cost a[f(x,y)] = 0 for 

all arcs except for arcs (s,y), y e R where. 

a[f (s,y) ] = 0 

a[f(s,y)] = 1 

if f(s,y) = 0 

otherwise. 

FIGURE 3 

BIPARTITE GRAPH WITH SOURCE AND LINK 
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e-   A Heuristic Approach to the k-cover Problem.  Given the 

limited success of integer programming algorithms in solving 

large scale problems, we have been led to consider heuristic 

methods to find good solutions to the k-cover (of terminals 

by repeaters) problem which is typically large scale.  It is 

intuitively appealing to consider a terminal as particularly 

critical if it is adjacent to few repeaters.  (In the extreme 

c^ses, if a terminal has fewer than k adjacent repeaters, the 

problem is infeasible and if it has exactly k adjacent repeaters, 

all of them must be chosen for any feasible solution.)  Similarly, 

a repeater is desirable if it is adjacent to a large number of 

terminals, especially if the terminals are highly critical. 

The heuristic algorithms described below systemizes these in- 

tuitive notions in the search of a "good" solution. 

Again, consider the problem in matrix form, but this time 

we imbed the problem in a more general class where we can require 

a different cover multiple for each terminal.  The more general 
problem is: 

(I.P.H.)  Min Z .x. , 
3 : 

such that Z.a..x. >k.#i=l    ITI 

with x. = 0 or 1, 

where k. represents the cover multiple required for terminal i, 

If ki < 0, then no repeater is needed to cover terminal i. 

One iteration of the heuristic method consists in passing 

from a problem of the type (I.P.H.) to an "equivalent" problem 

by fixing one of the variables, say xs, as its upper bound 1, 

and putting the index s in an index set J.  This implies the 

selection of the corresponding repeater.  The new problem, 
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denoted  by   (I.P.H.)      is  obtained   from   (I.P.H.)   by  adjusting 

the  matrix A =   [a..]   and   the  cover  requirement  vector  k   =   [k.] 
11 i s as   follows:     the  column  A     =   fa.    i   is  deleted   from A  and   the 

is 
adjusted vector k is given by k. = k. a. .  The variable 

is 
x^ no longer appears in (I.P.H.) .  The algorithm terminates 

if at any iteration it is recognized that for the adjusted A 

and k, for some i, E. a.. < k., the problem is then infeasible; '  j  13    i'     ^   
or as soon as all the adjusted k., i = 1,...,T, become non- 

positive.  In the latter case, the problem is feasible, the 

adjusted problem is optimized by setting all remaining x. = 0, 

(for j / J).  A feasible solution x to the original is obtained 

by setting x. = 0 if j / J and x. = 1 if j E J.  The vector x 

is called the heuristic solution. 

The equivalence of the new problem (I.P.H.)  and the earlier 

version (I.P.H.) depends naturally on the choice of the variable 

x .  If x  is 1 in an optimal solution to (I.P.H.), then the two s      s * 
problems are equivalent in the sense that; 

Min of (I.P.H.) [Min of (I.P.H.) ] + 1 n 

Equivalence of the set of optimal solutions is guaranteed 

only if x = 1 in every optimal solution of (I.P.H.) (we must 

ignore x when considering optimal solutions to (I.P.H.)). 

The selection criterion to choose a variable at each 

iteration x  (or equivalently the index s) to be fixed at 

value 1 can be viewed cs a function, called a, of the adjusted 

matrix A and vector k with values in the index set (j), i.e.. 

a: (A,k) !-> s , s E {j}. 
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There obviously exists a function o - a selection criterion 

which will guarantee the equivalence of (I.P.H.)  and (I.P.H.) 

at each iteration and consequently, the optimality of the re- 

sulting heuristic solution.   However,  applying  this 

function o to  [A,k] might involve no less than solving (I.P.H.) 

We use a heuristic motivated by the considerations mentioned 

at the beginning of this section.  The adjusted A and k are 

used to compute the "probability" that a given x. belongs to 

the optimal solution, by this we mean that to each column of 

the adjusted matrix A we associated a nonnegative number w. 
such that; ^ 

Pj = Uy(Z    Uj |j t   J) -1 

represents very loosely speaking - the probability that x. be- 

longs to the optimal solution. We select x,s/Jifp >P, 

for j / J or equivalently if cos > CüJ for j / J. The selection 

criterion a will be completely determined if we specify a 
method to compute the co. , 

D 
In the selection of these weights co. , we must take into 

consideration the effort involved in the computation as well 

as the reliability of the resultant selection.  We have used 
four such weights: 

We first define; 

k* = 1/2 [|k.| + k.] 

Observe  that k*  =  0   if  k.        0  and  k*  = k.   otherwi 
We   set: 

se. 

OJ]15    (A^)   = Zi<- 

k* 
i 

^ „   a. i     i£ 
 *-)   a- • 
-  k ^ 

j   / J 
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* 
k. 

(2)    (A,kl   =  J.    (^_)   a^ 

^;.    i;.        i 

^4)    (A,k)   =  I.    (—i-)   a.. 

ID 

j   /  J 

j   /-  J 

j   /  J 

^ai^ 

The entries between parentheses ( ) in the definition of weights 

■v., measures how critical terminal i is.  If^k* = 0, the terminal 

does not need covering then k*/(IjeJ a.. - k*) = 0 (for our purposes 

0/co =0).  On the other hand, if l-   a^   = k., namely there are 

exactly enough repeaters to cover the terminal then the weight is 

infinite.  A repeater will be preferred to another one if it covers 

more critical terminals. 

Computational Experience:  The size of test problems solved 

varies from problems with as few as 5 repeaters and 5 terminals to 

problems with as many as 400 repeaters and 400 terminals.  Roughly 

speaking, the computation time was directly proportional to the 

size of the adjacency matrix A and the cover multiple required.  The 

computer used was a PDP-10 (time sharing).  The larger problems 

(400 repeaters, 400 terminals, 2 - cover) were solved in 70 sec. or 

less.  The time, as may be expected, is dependent on the density 

of I's in the incidence matrix A.  Thus, the maximum time recorded 

arose from terminals - repeaters configuration where each repeater 

covers many repeaters.  The running time is of the order of|Tlx|R| 

where jT|and |R| and the number of terminals and repeaters respectively 

We ran a number of problems with the heuristic code and for 

comparison with the Ophelie mixed integer programming code running 
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on a CDC 6600 computer.  The Ophelie code uses the branch-and-bound 

method.  m the case of very .simple problems (8 repeaters, 9 ter- 

minals, 2 - cover) there was essentially no difference in running 

time (presumably most of the time, less than .5 sec, was spent in 

setting up the problem).  Running experience with the Steiner triples' 

problem described in the next section, yields a ratio of 500 to 1 

between the Ophelie time and the heuristic code time when solving 

the smaller problem A27 (117 terminals, 30 repeaters, 1 - cover), 

and no comparison is available for the larger problem A   (330 ter- 

minals, 45 repeaters) since for example the MPSX code failed to 

reach a solution in more than one half hour on a IBM 360-91. * 

Comparison in running time is naturally not completely valid, 

since most of the computation time in the Ophelie code can be spent 

just checking if a given solution is optimal.  The heuristic method 

does not try to check the optimality of its solution.  However, in 

general, results with the heuristic code have been extremely good 

When the heuristic solution deviated from the optimal solution, the 

problem usually involved numerous ties for the maximum OJ f£) £=1,2 ,3 ,4, 

such as in the Steiner triples' problems.  In all problems that were' 

generated to resemble  the packet radio terminal - repeater problem, 

the heuristic algorithm reached the optimal solution (in those problems 
for which we are able to determine the optimal solution). 

The running time was unaffected by the choice of any of the 

selection criteria but for "hard" problems, we obtained consistently 

j       ^ 3 j 

better solutions when using a)]15 and J2) rather than J35 and ai(4) 

The Steiner Triples' Problem;  Fulkerson, Nemhauser and Trotter 

[6] report on two covering problems which they characterize as com- 

putationally difficult.  In each problem, the matrix A is the inci- 

dence matrix of a Steiner triple system.  The first problem, labelled 

A27 is a 1-cover problem with 117 terminals and 30 repeaters. 

* Private Communication, R. Fulkerson, June,, 1974 
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The second problem, labelled A45, has 330 terminals and 45 repeaters 

and is also a 1-cover problem.  Data for both problems can be 

found on pages 9 and 10 of [6].  The problems are considered to be 

difficult because the large number of verifications (branching in 

branch-and-bound, cuts in cutting methods) required to establish 

that a given solution is in fact optimal. 

In our runs, the variable to be fixed at 1 (the selected repeater) 

at each iteration was selected by using the criterion resulting from 
(2) 

using weights üJI  .  In the case of ties for the maximum weight w. , 

the variable with smallest index was chosen.  Due to the inherent 

symmetries present in these problems, numerous ties did occur.  For 

example, all weights are equal in the first iteration.  Thus, the 

tie  breaking rule plays a relatively important role in the selection 

of a solution.  We solved both problems 100 times breaking ties by 

random selection among all tied variables. 

The frequency of the values  generated by the heuristic solutions 

is recorded in the table  below.  In all cases the heuristic obtained 

the optimum solution for the smaller problem A27. 

Heuristic 
Minima 

l45 

30 32 

29 

34 

24 

The total running for 100 solutions for A^   (including the generation 

of random numbers to break ties) required less than 1/5 of the time 

required to solve A27 by branch-and-bound (even giving the optimal 

solution as a starting solution as recorded in [6].  Approximately 

5 sec. were necessary to obtain a heuristic solution to the larger 
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problem A 

a solution to A 
45.  (The branch-and-bound algorithm failed to produce 

45.  H. Ryser has conjectured that the optimal 
solution to A45 has 30 repeaters [10]. 

How Accurate is the Heuristic Method:  Unfortunately, we can 

not obtain significant bounds on the error for the heuristic method 

using any of the weights J9'h=l 4(that determine the selection 

criterion.) We give here an example, developed in collaboration with 

Professor Robert Bixby which shows that the error can be arbitrarily 

large.  The example is a 1 - cover problem.  LetTo T  be dis- 
joint sets of indices with the cordinality  of |T.° = 2i.n Set T = 

T..  Terminals are all pairs of indices (t, 1) and (t, 2) with 
t e T. There are n + 3 repeaters, Repeaters R., i=0,l,...,n are 
connected to all terminals with indices (t,l) and (t,2) with t e T,. 

Repeaters Rn + ;L and Rn + 2 are connected to terminals with indices 

Ut, l)|t E T} and {(t, 2) |t e  T},/ respectively.  For n = 3, the 
matrix A appears on the next page. 

Observe that each row contains exactly 2 nonzero entries, thus 
Zj ^j = 2 for all i.  it is easy to verify that 

3 
(1) 

^j aij (r^-r) - 2 1T. = 2j + ! j = 0,.. . ,n 

and 

(1) 
= „.(i: 

n 
%"+ 1 = ^n^ 2 = ^j ^i^) = I 

J   J    j = 0 
^Tjl = 2n + ! - 1. 

Selecting the variable (index) with maximal weight implies that 

the choice will be repeater Rn.  Eliminating xn and the correspond- 

ing column as well as the rows corresponding to terminals covered 

by Rn, we obtain a new problem of exactly the same type as the ori- 

ginal problem.  The previous argument is independent of the value 
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1 IQ Rl R2 R2 R4 R5 
(T0,l) 1 1 

(T^l) 
1 
1 

l 
JL 

(T2,l) 

1 

1 

1 

1 

1 

1 

1 

1 

(T3,l) 

■— — 

1 

1 

1 

1 

1 

1 

1 

1_ 

1 

1 

1 

1 

1 

1 

1 

1 

- — 

1 

1 

1 

1 

1 

1 

1 

_1_ 

(T3,2) 

1 

1 

1 

1 

1 

1 

1 

1 

(T0,2) 

1 

1 

1 

1 

1 

1 

1 

1 

(T1,2) 1 
1 

1 
1 

(Tn,2) _!_ l_ 

=  A 

MATRIX  A 
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of n, which implies that repeater Rn _ j^ will be selected next, 

and so on.  The heuristic solution is thus given by 

x  = J: 
n   n - 1 = xo = 1 and xn + 1 = xn + 2 = 0 

It is, however, easy to see that the optimal solution is 

x  = x n   n + 1 = x  = 0 and x  , , = x   „ = 1 o n + 1   n + 2 

The value of the optimal solution is 2 whereas the value of the 

heuristic solution is n + 1.  (The same arguments apply for all the 

weights üK  i=l,...f4, which we use to determine the selection cri- 
teria) . 

The example shows that there are problems for which this heur- 

istic method fails to produce an optimal.  By itself, that is not 

surprising, since it is a heuristic method with no guarantee to 

generate the optimal solution.  But more interesting is the fact 

that it is possible to find problems for which the error is arbi- 
trarily large. 

Typically, however, the example is not in the category of pro- 

blems that one expects to encounter in the location of repeaters 

for a packet radio system.  There are no ties, at an^ iteration, 

but near-ties.  At each step we almost choose R     and R 

in the sense that for all n, Rn + ., and Rn + 2 would be the second 
choice. 

f'   The PaAl Example.  One of the test problems used to 

compare various techniques to solve the k - covering problem, is 

the PaAl problem.  This problem was generated by using real data 

obtained from a topographical map for the region of Palo Alto. 

This part of the U.S. was selected because it contained many inter- 

esting topographical attributes:  a flat terrain (salt flats, the 
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region surrounding the Bayshore Freeway), an urban center (Palo 

Alto and neighboring communities) on slightly sloping terrain 

and finally a hilly region (with valleys, small plateaus, etc.). 

Moreover, at this time, it appear:; that a reduced scale experiment 

of a packet radio network will be installed in the Palo Alto area. 

The purpose of this section is to give a description of the design 
of this model. 

Location:  We decided to limit the investigation to the area 

covered by the topographical map known as the Palo Alto Quadrangle, 

California, 7.5 minute series (topographic), U.S. Department of 

the Interior, Geological Survey or equivalently to the area lying 

between meridians 37° 22' 30" N. and 37° 30' N. and longitudes 

122° 15' W. and 122° 07' J0" W, see Figure 6. 

Terminals and Repeaters;  The map was divided in 180 cells 

(squares) obtained by dividing the meridian direction (height) in 

15 equal parts and the longitudinal direction (width) in 12 equal 

parts, see the map reproduced below.  Each rectangular subregion 

measures .9356 km in height and .9356 km in width which yields a 

total surface area of .87533 km  (or approximately .35 miles2). 

Forty two (42) locations were singled out as potential loca- 

tions for repeaters.  In the hilly part of the map, the Southwest 

region, the high-points were selected, such as top of hills, loca- 

tion of water towers, smaller but prominent points overlooking 

valleys, etc.  In the city, a number of high rise constructions 

were singled out as potential location such as radio towers, high 

rise apartment or office buildings, etc. 

Connections Between Terminals and Repeaters;  By definition, 

a cell i was declared to be covered by repeater j if a terminal 

located at the worst possible location in that cell i was in line 
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of sight (LOS) of the reopai-PT- -i   /T« repeater 3-  (In some cases, it turned out 
that a repeater located in a given cell k covers cell j but a 

repeater located in cell j did not cover cell k) 

LOS Computation:  To determine if a terminal at location j 

can be seen from a repeater at location k, we proceeded as follows. 

It was assumed, that if no particular high construction (building 

water tower, etc.) was available to install the repeater's antenna, 

it would be installed at 3 0 feet above the ground level (making 

use ot a tree, telephone pole, etc.).  The terminals were assumed 

to be 5 feet above ground level.  The points were said to be in 

LOS xf the first Fresnel_Zone associated with transmission between 
these two points was free of any obstacle. 

Fresnel Zone 30 ft. repeater 

5 ft. termina 

FIGURE 4 

To compute the Fresnel Zones, we sssumed that transmission would 

occur at 1500 MHz corresponding to a wave length A = .2m (7.87in ) 

We g.ve here an example of such a Fresnel Zone, transmitter and ' 

repeater are assumed to be 5 km apart.  In the figure on the next 

page, we give the radius for certain cross-sections of the Fresnel 
Zones (A = .2m). 
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5 km 

i 

I 

FIGURE 5 

FRESNEL ZONE CROSS SECTIONS 
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Transmission radius is supposed to be less than 20 km (not 

an upper bound here since the greatest distance between any two 

points in this region is less than 18 km).  In the urban area 

the maximum transmission rad,us was assumed to be 7 km. 

| 

Cover Multiple;  In view of the fact that the region selected 

was a subregion of the area to be covered eventually by the packet 

radio network, we made some arbitrary decisions as to the boundary 

cells.  Since they will probably also be covered by repeaters lo- 

cated outside the Palo Alto Quadrangle, we are requiring that these 

boundary cells be 1-covered rather than 2-covered as the other cells. 

Computational Results:  The PaAl problem, described above was 

solved by the heuristic algorithm, given the code name SETCOV, and 

by OPHELIE.  (A rapid analysis of the terminal-repeater adjacency 

matrix shows tnat none of the optimal solutions would have been 

generated if one had used the more simplistic approach of selecting 

the repeater with highest adjacency degree.  Such a selection yields 

quite different answers requiring a larger number of repeaters). 

For the PaAl problem, the optimal solution reauires the install- 

ation of 14 repeaters (different runs with SETCOV showed that there 

were in fact a number of optimal solutions with 14 repeaters).  The 

total running time for OPHELIE was approximately 12 CPU sec. excluding 

set up time.  The SETCOV required 3 sec. to produce a solution. 

The relative success of the OPHELIE code must, at least in part, be 

attributed to the fact that the linear programming solution (which 

is used to initiate the branch-and-bound part of the code) is actually 

the optimal solution.  (If this is just an isolated phenomena to be 

associated with this particular problem or is actually a characteristic 

of this whole class of problems is not known).  One optimal allocation 

of repeaters consists in selecting sites:  4, 5, 7, 11, 16, 17, 18, 

27, 28, 30, 34, 36, 37, and 42. 
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We also solved a variant of the model described above.  The 

presence of (small) ridges in cells 8, 23, and 54 combined with 

our model design rule - a cell is covered by a repeater if the worst 

location is that cell (subregion) car. communicate with that repeater - 

renders these three cells "critical" in the sense that there are ex- 

actly one (for cell 8) and two (for cells 23 and 54) repeaters cover- 

ing these cells.  This results in the automatic selection of certain 

repeaters.  To avoid this somewhat peculiar situation, we formulated 

a variant of the PaAl problem requiring no lower bound on the number 

of covers for cells 8, 23, and 54.  This problem was also solved by 

OPHELIE and SETCOV.  Running times were of the same order than before. 

The optimal solution only requires 12 repeaters this time.  Both codes 

produced the optimal solution, with OPHELIE obtaining again the optimal 

solution in the LP part of the problem and the SETCOV using weights 
(3 ) .    . U).  .  One optimal ollocation of repeaters consists in selecting sites: 

4, 7, 11, 17, 18, 26, 28, ': 0, 31, 36, 37, 42. An Ophelie solution is 

depicted in Figure 7. 

g.   The Generalized k-covering Problem.  It is not always plau- 

sible to assume that the installation and maintenance costs associated 

with various repeaters at different locations is the same.  This 

shortcoming of the previous model is overcomed by associating differ- 

ent cost to repeaters in the objective (of (I.H.P.)).  An obvious 

adaptation of the heuristic method described in Section 3 replaces 

the weights w.   (i) =1, ..., 4 used in before by LO : /c. where c. 

is the cost (> 0) associated with repeater j. 
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lil-   THE "FLAT TERRAIN" MODEL.  A PROPOSED SOLUTION 

a.   Problem Formulation. 

It is assumed that: 

(i)  The terrain is nearly flat 

(ii) The installation (and maintenance) expenses tor repeaters 

are independent of location. 

(iii) Transmission characteristics are invariant with location. 

A repeater communicates with a terminal if and only if they 

are less than a fixed distance dt apart.  The maximum distance 

for communication between repeaters is assumed to be d  (In 

practice dr is substantially larger than d  because repeater 

antennas are higher than terminal antennas).  The area coverage 

by L.O.S. radio can again be separated into two parts, a 

covering problem and a connectedness problem (see Section 1 

Problem II).  Let P be the 2-dimensional plane. 

Covering Problem. Find a minimal covering of P by discs of 

radius dt such that every point of P is covered at least k times. 

Connectedness Problem.  Let G = (N^) be the graph obtained as 

follows:  The nodes N are the centers of the discs used in the 

minimal covering of P.  The edges E of G are obtained by connecting 

two nodes if their distance is less or equal to d .  The graph G 

is to be q-connected (reliability). 

Since we are considering an infinite plane one can no longer 

define minimality of a cover in terms of its cardinality.  There 

are various proceedures to define minimality, for example, the 

cover with the smallest percentage of area wasted or if lim 
1 

-7j- 6  (r) is minimized over the space of all covers C of P that 

10.27 



i    i mmmrmm mm mmmmmmmmmmmm^mmm "■*—"■' 

Network AmlyiH:; Corporation 

satisfy the covering and connectedness constraints, where 6 (r) 

is the number of discs of C whose interior intersect a circle of 

radius r centered at the origin (an arbitary but fixed point of P). 

b.   Solutions. A conjecture. An optimal solution to the above 

problem is known for k = 1, q ^ 6 and d /d  _> /"I (that is the 

maximum distance for transmission between repeaters is at 

least 73.3% larger than that between terminals and repeaters). 

The problem is then the standard covering of the plane by 

discs of fixed radius and with least overlap.  In [12], it 

is shown that the optimal solution is given by arrange- 

ment found below, which consists in placing a circle 

of radius d  at each vertex of a regular triangular tessala- 

tion whose grid points (vertices) are d  /3 apart.  Since 

d 2 d, /3 it follows that the resulting graph G contains as 

subgraph the regular triangular tesselation whose grid points 

(vertices) are d  /3 apart which is 6-connected.  In Figure 8 

the area of the discs .'overe^ twice is shaded. 

FIGURE 8 

We do not consider any other cases for k = 1 since q   <   6 

and d >_  d. /3 will always be satisfied in practice. 

For k = 2, the optimal solution is not known (whatever be 

q and dr/
d
t)•  However, due to the inherent symmetry of the 

problem, we are ready to conjecture that the centers of the 

optimal solution produces a regular grid of points in P. 

Making this conjecture our working hypothesis,  there ar. only 
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three  cases   to  consider,   the   three   regular   tesselations:      (i) 

the  tesselation cf  P  by  equilateral   triangles,    (ii)   by  squares, 
(iii)   by  hexagons   [2]. 

(iii; 

i 11 j 

i i > ( 

i i > ( 

>■ > i 

FIGURE 9  THE REGULAR TESSELATIONS 

Each vertex of the tesselation corresponds to a repeater and 

if every point in P is to be covered twice, then the distance between 

two adjacent repeaters should not exceed d..  Assuminq that d  is 
t t 

the distance between two adjacent vertices of the tesselations, then 

in the triangular tesselation one finds 6 repeaters at distance d , 

6 repeaters at distance /3dt, 6 repeaters at distance 2dt ... from 

any given repeaters.  In the square tesselation one finds 4 repeaters 

at distance dt, 4 repeaters at distance /2dt, 4 repeaters at dis- 

tance 2dt ... from any given repeaters.  Finally, for the hexagonal 

tesselation, there are 3 repeaters at distance dt, 6 repeaters at 

distance /3dt, 3 repeaters at distance 2dt, ... from any ..apeater. 

With each tesselation one can associate a repeater density.  It is 
easy to see that there is 1 node: 
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2 per   /3/2  dt  units  of  area   in  case   (i) 

2 
per  d     units   of  area   in   case   (ii) 

_     2 
per   3i/3  d     units  of   are.-1   in   case   (iii) 

Assuming   that   3/3  d     is   1   unit  of  area   it   follows   that  the 
4   z   

repeater density is 

1.5  for triangular tesselations 

1.293 for square tesselations 

and  1   for hexagonal tesselations 

In other words, design (i) requires 50% more equipment than 

(iii) and (ii) require ^30% more equipment than (iii).  Obviously, 

if a regular grid yields the optimal solution then the one created 

by the hexagonal tesselation (iii) is the optimal solution.  If 

q :! 3 and dt 1 
d
r then the corresponding graph G contains the sub- 

graph given by the tesselation (iii) which is obviously 3-connected, 

If d^ > ,'3 dt and q <_ 6 again the connectedness constraint is 
satisfi. rj. 

One should observe some inefficiencies in this covering.  In 

particular some areas are covered by three separate repeaters 

rather than 2 (as would ideally be the case).  If we define the 

thickness of a cover as being the average "thickness" of the layer 

Of discs covering the plane, then the optimal solution for k=l has 

thickness 1.209 whereas the thickness of the conjectured optimal 

solution for k=2 is 2.418.  Thus, in both cases, we have a 21% 

"waste".  In Figure 10, a solution is shown with the area covered 

three times shaded.  The question for k>2 is open. 

Remark.   The "flat terrain" results yield obvious lower bounds 

for the "hilly terrain" problem. 
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FIGURE   10 

SOLUTION   TO   TESSELTATION  OF   P  BY   HEXAGONS 
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