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ABSTRACT 

A mechanical testing program in which the biaxial compressive 

strength of WESGO AL-995, high strength alumina was measured has 

shown that the biaxial compressive strength of such material is only 

slightly affected by the value of the intermediate principal compres¬ 

sive stress. The average value of the compressive strengths measured 

in all stress states, excluding the equi-biaxial compression stress 

state, was 528 ksi. The standard deviation of the individual measured 

strengths was only a few percent of the average values which is con¬ 

sistent with the predictions of flaw statistics theories. The tensile 

strengths measured for the material indicate the ratio of compressive 

strength to tensile strength is approximately 18. The design and 

operation of the various testing devices employed is described. Prob¬ 

lems were encountered in the equi-biaxial compression stress state 

tests. These problems and the general problem of performing valid 

compressive strength measurements are discussed. 

It is suggested that the compressive strength of a material is 

limited by the amount of crack damage which may be sustained in the 

material without structural collapse occurring. This crack damage is 

created in the body by cracks extending stably from an increasing 

number of flaws as the imposed compressive loads are increased. The 

nature of this crack damage, has been characterized for the alumina 

test specimens by use of a replicating technique which permitted 

quantitative evaluation of the spalling phenomenon that occurs on the 

inside surface of the test section. These studies revealed that crack 

V 



extension from flaws begins to occur at compressive stress levels 

approximately one quarter of those required to cause compressive failure. 

The characteristics of this crack damage were evaluated as a function of 

the applied stress levels up to failure. The particular kind of crack 

damage produced in the specimen under the stressing conditions imposed 

is described and related to a structural collapse mechanism. 

The general aspects of compressive failure are presented which 

include a description of the micromechanical mechanisms of crack 

initiation and extension that can operate in a body subjected to purely 

compressive loading. Three types of flaws are identified which can 

initiate cracks. The problem of describing crack initiation and exten¬ 

sion in three dimensions is addressed. The results of experimental 

studies of crack extension from three-dimensional, penny-shaped flaws 

introduced into blocks of polymethylmethacrylate plastic are presented. 

These studies indicate crack extension from three-dimensional flaws is 

more complex than current two-dimensional theories indicate. It is 

shown that establishing the three-dimensional character of the crack 

damage produced in a body is necessary to adequately describe compres¬ 

sive failure. 

A general theory of compressive failure is presented in terms of 

functional relationships. Compressive strength criteria must be 

expressed in terms of a ’’critical damage figure” produced in the mate¬ 

rial which results in structural collapse. Theories describing crack 

initiation at flaws were found to provide only a first step in defining 

the multiple processes which operate in a compressively loaded body 

before structural collapse. It became apparent that an understanding 

of the densities, extended lengths and orientations of cracks produced 

in the would be critical to a determination of the extent of the damage. 

vi 
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CHAPTER I 

INTRODUCTION 

There is increasing interest in the accurate determination of the 

strength of brittle ceramics under compressive stresses, both to enable 

theoreticians to construct a realistic theory of strength and to provide 

design information for the optimum use of these materials as load bear¬ 

ing elements. The scope of application of high density, high strength 

brittle materials as structural elements is increasing rapidly. 

Materials such as alumina, silicon carbide and silicon nitride are 

being used in applications where their corrosion resistance, strength 

at high temperature, light weight, and very high compressive strength 

can be used to advantage. Potential design applications include 

biaxially prestressed hypersonic airfoils, ’ tiled domed structures 

beneath the sea, and ceramic turbine engine components.^ 

In many applications of these materials as structural, load carry¬ 

ing elements the stress state encountered is more complex than simple 

uniaxial loading. This situation may arise though intent, as in the 

biaxial compressive preloading of panels which are to be put into bend- 

ing, or because specification of even the minimum, unavoidable, dimen¬ 

sional tolerances in the design of a structure can still produce 

eccentricities or non-uniformities in loading that result in a stress 

state more complex than the uniaxial one intended. A biaxial stress 

state is the common one attained in the structural applications of 

these materials, especially in high temperature applications where 

thermal stresses are induced. Often failure is from "thermal shock," 

that is the failure which occurs when the stresses caused by thermal 

1 



gradients exceed the material's strength* Numerical analysis is 

improving so that the stress distribution can be computed with increas¬ 

ing accuracy, but seldom is the strength known to a corresponding 

accuracy. The critical thermal stresses are often biaxial and little 

data exists for the biaxial strength of brittle materials. 

Even at temperatures of 600-800°C no plastic flow occurs in brit¬ 

tle materials such as alumina to relieve local stress concentrations; 

consequently, mechanical testing of these materials or design with them 

is very difficult. Inadvertent, localized high stresses cannot be 

relieved by plastic flow, and such stresses can cause fracture and 

failure of the material at values of the gross section stress consider¬ 

ably lower than the actual strength of the material. The extremely 

high stresses required to break materials like alumina in compression 

(greater than 500,000 psi) create considerable problems in the design 

of testing devices and specimens to insure failure of the material in 

the desired compression stress state. The design of such devices can 

become quite complex. For these reasons, and because only recently 

has there been interest in high strength, high performance ceramics, 

there exists a lack of reliable data on compressive strength for such 

brittle materials. 

Relatively few measurements of compressive strengths have been 

made. Some of these data are suspect because the unusual difficulty 

of designing the specimen and loading device to attain the desired 

stress state may not have been recognized. Failure strengths in the 

tension-tension and tension-compression quadrants of biaxial stress 

space have been studied more extensively for various brittle materials,6 

2 



and theories of strength10 13 have been advanced to explain the 

observed strengths. The predictions of these theories are successful 

within their regions of application. The compression-compression 

biaxial stress quadrant has not been as thoroughly investigated. Since 

many engineering applications of these materials involve biaxial com¬ 

pressive stress states, there is a need for the accurate determination 

of the failure envelope for high strength brittle materials in this 

stress quadrant. 

Testing brittle materials is difficult because an inadvertent, 

localized high stress can cause fracture of the test specimen, thereby 

giving a false, low value for the strength. Some sources of inadver¬ 

tent stresses for an axially, compressively loaded specimen are the dis¬ 

parities on the surfaces of the specimenfs ends which contact the 

loading block of the testing machine, and stress concentrations at the 

transition from the butt section either from too small a radius or lack 

of smoothness at the point of tangency. 

Also care must be taken that bending stresses are not inadvertently 

14 
introduced. When the loading blocks are rigidly guided to prevent 

rotation, their surfaces must be parallel and the ends of the specimens 

equally so. A very small deviation from being parallel can cause 

bending so that premature failure is caused by the added compressive 

stress or the bending can easily be great enough to cause a net tensile 

stress and premature failure from it. 

One method used to prevent the application of bending moments is 

to abandon the precisely guided parallel surfaces and use a flexible 

load train. This can be accomplished by a spherical joint; however, 
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such a joint is usually made completely ineffective by friction 

between the mating surfaces. Therefore, the surfaces must be separated 

by a pressurized fluid layer.15 An air bearing has been developed and 

successfully used,16 but it is a rather complicated device. Another 

approach that removes many of the complications is to use a long load 

train and to replace the bearing by knife edges.17 The knife edges 

could be replaced by flexure plates in order to increase the capacity 

and still retain the benefits of the flexible load train. 

Although the load train may be completely flexible, a moment can 

be applied to the test section if the line of load is not concentric 

with the axis of the test section. A surprisingly small eccentricity 

can cause significant bending stress. Concentricity can be assured by 

careful gaging. Fortunately, electric resistance strain gages can be 

used to measure the stresses and until one is convinced that the appa¬ 

ratus and techniques successfully eliminate bending, each specimen 

should have a minimum of three equally spaced, longitudinally oriented, 

strain gages measuring the stress in the test section. 

Most of the difficulties posed by the uniaxial loading of a 

brittle specimen with a reduced cross-section are avoided by the ten- 

sile ring and compressive ring tests developed by Sedlacek.l0“19 For 

the compressive test a uniform fluid pressure is applied to the exter¬ 

nal surface of a ring by a rubber bladder. The problems of sealing the 

ends and eliminating the longitudinal stress have been solved. In the 

ring tensile test, the fluid pressure is applied to the internal sur¬ 

face through a rubber bladder. Some of the advantages are - no intense 

localized stresses from the hard steel contacting disparities on the 

4 



specimen, no stress concentrations at fillets between the test section 

and loading area, and no possibility of eccentric loading or applied 

moments. 

In the present study of biaxial compressive strength the specimen 

tested was a right, circular, cylindrical tube. The localized high 

stresses were avoided by loading in the radial direction by fluid pres¬ 

sure and in the axial direction by having the wall thickness at the 

ends three times thicker than at the test section. All mating surfaces 

were lapped together to eliminate disparities and to insure uniform 

loading over the circumference. The axiality of the loading was ensured 

by the radial tolerances on the specimens and in the end devices. 

Ihe specimen material was a high density, high purity, moderately 

fine-grained alumina designated by the manufacturer, Western Gold and 

Platinum Comp., as AL-995. This material was chosen because it has 

been tested extensively and is a candidate for several future applica¬ 

tions. Its compressive strength behavior under polyaxial stresses 

should be similar to other high performance ceramics such as silicon 

nitride and silicon carbidtu 

The objectives of the mechanical testing program were to determine 

the compressive strength of the alumina material and to establish 

whether the magnitude of the intermediate principal compression affected 

the compressive strength measured in compressive biaxial stress states. 

During the program, strength measurements were made in the following 

stress states: 1:1, 1:0.8, 1:0.5, 1:0.1, 1:0.01 compression-compression 

and 1:0 uniaxial tension (the stress state is designated as anûïG for 
00 zz 

cylindrical test specimen coordinates, where and are principal 
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stresscvs). Since one of the major goals of the program was to estab- 

iish whether the biaxial compressive strength is greater than the uni- p 

axial compressive strength, the testing of identical specimens in each 

stress state was imperative. This was accomplished by using the same 

specimen geometry for every stress state and fabricating all specimens v 

from the same lot of material. Thus, direct comparison of strengths 

in different stress states can be made without the possibility of an 

influence of specimen geometry, size, or processing history. A prelim¬ 

inary testing program was executed on a batch of six specimens with 1 

inch test sections. All other tests were performed on one batch of 

specimens which had a 1/2 inch long test section. 

The philosophy of the approach to compressive strength measurement 

was to determine the strength in each stress state by performing very 

careful tests on a small number of specimens. This is in contrast to 

the common approach used in testing brittle materials where large 

numbers of specimens are tested, perhaps not so carefully, and the data 

are then statistically analyzed to establish some average strength ,y 

value. It was reasoned chat statistical analysis of data from improp¬ 

erly executed tests would be less meaningful. The large standard 

deviations in the measured strengths which are obtained when brittle 

are tested in tension is attributable, in part, to imperfect 

testing techniques and, in part, to the sensitivity of the tensile 

strength of each specimen to minor variations in the distribution of 

worst flaws in the particular body of material. As will be discussed, 

in compressive strength tests of high quality ceramic the distribution 

of most severe flaws has little or no effect on the compressive strength. 

6 
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This is so because a large portion of the flaws in the body are 

involved with crack initiation and extension before failure occurs. 

The shape of the entire flaw distribution curve is important, not just 

the worst flaws. Strength theories based on the statistics of flaws 

indicate that such a condition should result in only small strength 

variations between individual specimens. The nature of the total flaw 

distribution curve probably does not vary much in specimens fabricated 

from one lot of material; hence, it was considered that any but a small 

amount of scatter in the measured strengths would be attributable to 

improper testing techniques and not to variations in the compressive 

strength of individual specimens. 

A satisfactory theory of compressive strength has not yet been 

proposed. Geologists studying the compressive failure of rock materials 

have determined that extensive crack damage is produced in such mate¬ 

rials as the compressive load approaches that necessary to cause struc¬ 

tural collapse of the body. This crack damage reduces the ability of 

the body to sustain additional increases in load. At some load, struc¬ 

tural collapse of the weakened body occurs. A study was undertaken to 

determine whether such crack damage was produced in the high density 

alumina material tested in this study and how this damage might control 

the strength. The nature of the damage found to occur was characterized 

and its relationship to structural collapse of the specimen was identi¬ 

fied. 

The damage produced in the specimen is the result of crack propa¬ 

gation from flaws contained in the body under the action of the applied 

compressive stresses. Crack propagation from flaws contained in a 

7 



body subjected to compression is not well understood. Both theoretical 

and experimental studies were undertaken to obtain some idea of the 

nature of this phenoraenon. 

Combining the observations of this study with the experimental and 

theoretical results of other investigators, a coherent picture of the 

process of compressive failure was revealed. Large gaps exist in the 

understanding of individual mechanisms which comprise this process of 

failure but a qualitative description of the process is possible. This 

is presented as a general theory of compressive failure. It is dis¬ 

cussed in terms of functional relationships some of which will require 

considerably better characterization in terms of specific materials 

before quantitative prediction of compressive strengths are possible. 

A Road Map 

Chapter II describes the testing concepts and design of the 

mechanical devices used to measure the biaxial compressive strength. 

Chapter III outlines the testing procedures and presents the results 

of the strength determinations. The general problems of compression 

testing are also addressed. Chapter IV describes the experimental 

investigation undertaken to characterize the nature of the damage 

produced in the specimen by compressive loads. The findings of this 

investigation indicated that crack propagation was occuring in the 

test specimen at loads less than failure. Such crack propagation was 

thought to originate at inherent flaws in the material. This led to a 

theoretical study of the kinds of flaws which may exist in a fabricated 

ceramic body and the mechanisms by which such flaws can extend cracks. 

Chapter V outlines the observations and conclusions of the study. 

8 



This chapter also presents the results of an experimental investigation 

into the nature of crack extension in a material containing flaws of 

controlled shape and size. This work contributes some experimental 

data in support of the theoretical ideas presented but also raises new 

questions about flaw behavior. Chapter VI brings together the theore¬ 

tical concepts and experimental findings of the entire study and 

focuses them on the specific problem of explaining the process of fail¬ 

ure in the test specimen. Lastly, this chapter introduces a theoretical 

approach to the general problem of describing the compressive failure 

of brittle materials. 

I 
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Many of the problems encountered when trying to compressively load 

brittle materials with mechanical rams can be overcome by using fluid 

pressure to apply the load to the test specimen. The problems of load 

tiain alignment and parallelism of opposed loading surfaces are elimi¬ 

nated since fluid pressure always applies a uniformly distributed force 

normal to the surface on which it acts. The external pressurization of 

a hollow, closed-end cylinder can create very high stresses in a test 

material with a substantial volume of highly stressed material without 

requiring the application of excessively high forces. To attain com¬ 

pressive stresses of 600 ksi one needs only 65,000 psi fluid pressure 

acting externally cn: a 2 inch inside diameter tube with a 1/8 inch wall 

thickness. For these reasons the basic approach to compressively load¬ 

ing the test material was to pressurize externally a closed-end, hollow 

tube. 

In all cests the maximum principal compressive stress was in the 

hoop or circumferential direction (a00) and arose from the action of 

the fluid pressure on the tube. The radial principal stress (a ) was 
rr 

the same proportion of the applied fluid pressure In all compression 

tests, varying from a maximum (equal to the fluid pressure) at the 

outside diameter to zero at the inside diameter. The axial principal 

stress zz) was varied by two methods to produce the various ratios 

of biaxial compressive stresses in which the specimen was tested. A 

cartoon, showing in simplified form the loading schemes and the stress 

states produced in each test for the test specimen used, is shown in 

•y • - 

y 

f fß 
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Figure 1. A brief, conceptual description of hov; the various stress 

states were produced is given below. 

i. Description of test devices / 

The simplest test in concept is the 1:0.5 biaxial compression test 

in which a closed-end, hollow tube is subjected to external pressure, 

(See ligure 1(a).) The stress distribution developed in the test 

section of the specimen may be determined from the equations of elastic¬ 

ity for a thick-walled pressure vessel, assuming elastic behavior of the 

material to failure. These equations are as follows: 

circumferential stress: a (1) 

G00 “ ~ (4.758)p(1-r 2) 

at inner surface: (max) = - p (2) 

Ö00(max) = - (9.516)p 

2 

axial stress: a p constant through wall 

(3) 

a 
zz 

(4.758)p 

radial stress: G 
rr (4) 

Grr ’ ” (*-758)pa-r“2) 

at outer surface: arr(max) “ - p .. * (5) 

12 



MIM 
fe. 

M M I 

T—1-1-ï-1-1-1 1 cg 

J_I_I-1-1-1-L— § 

< 

2 2 
< O 
Z 00 
D Z 

LU 
Q) L„ 

Ul 

5¾ 
UJ 

D £ 

II 
r- O 
±1 00 

d 
2 ^ 

Uul 

cc 
o Q. 
^ S 

s 8 

o 

d C/5 
V3 

- 5 

58 

8 
LU 

S * O Q. 

- 5 

s 8 

c/î 
LU 

> o 

S? 

q? 

LU O 

CC ^ u- 
H < O S 

<g25 

êliis 
zSüfe 
ce X Z LU 
a. H H h- 

13 

ä$eta!!&Ääi 

2 s 

*3,«SÇÂÿ&fSSi>KâSjÂfei 



where: p = applied external pressure (positive) 

r = 1.125 inches = outside radius of test section 
o 

r^ = 1.000 inches = inside radius of test section 

r = radial position within the wall 

(1.000 < r < 1.125) 

and calling compressive stresses negative. Under this condition of 

loading the hoop stress (Uqq) is the maximum principal stress and 

attains its maximum value at the inside diameter, decreasing to a value 

90% of its maximum on the outside diameter in an approximately linear 

fashion. The intermediate principal stress (o ) has a value one half 
z z 

that of and has a constant magnitude through the wall thickness. 

The minor* principal stress (CIrr) is a maximum at the outside diameter 

where its magnitude is equal to the applied fluid pressure. This radial 

stress decreases to zero at the inside diameter in an approximately 

linear fashion. 

The stress state in the 1:0,.5 compression test specimen (and for 

all other compression stress state tests) is triaxial compression for 

all radii except the inside diameter. The largest amount of triaxial 

compression occurs on the outside diameter where the stress state 

r\ r\ maX ft c max -¾ max ... T » 
(ir,* = 0.9 Oqq ; Gzz = 0.5 Gqq ; cr^ = 0.1 prevails. It is 00 00 

believed that fracture initiates on the inside diameter where a = 0 
rr 

and anA is at its maximum. Strength values are reported as the maximum 

on 

09 

stress present in the specimen at failure. 

The 1:0.1 biaxial compression stress state is developed in the 

specimen by a modification of the 1:0.5 test. (See Figure 1(b).) A 

center post is placed In the specimen equal to the length of the specimen 

r. i ñtíi ¡.»aw-*' -w ¿ r* **.**»■ -y»*-»« 
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and an annular pressure seal is made between the specimen ends and the 

center post. The axial load produced by the fluid pressure acting on 

the specimen ends is carried by both the center post and specimen wall. 

The end diameter of the center post and the end, inside diameter of the 

specimen establish the proportions of the axial load carried by the 

center post and the specimen. The load carried through the center post 

decreases the axial, end load which must be carried by the specimen. 

By careful sizing of the seal area and its position, the majority of 

the axial load is carried by the center post and a stress state is 

obtained where Qzz - A«1 aQg* The failure stress was calculated for 

by Equation (2) and was determined from the constant proportion 

established by the geometry. 

By increasing the inside diameter of the specimen tube at the ends 

hy bevelling as shown and utilizing a seal arrangement similar to the 

1:0.1 biaxial compression test, the stress state in the specimen test 

section could be varied between 1:0.1 biaxial compression and one of 

compression with a slight tension (i.e. 1:0.1 compression : tension). 

Because of the interest in stress states near uniaxial compression, the 

diameters and seal area were sized to give a stress state of 1:0.01 

biaxial compression. (See Figure 1(c).) The determination of the 

stress state at failure is the same as that used for the 1:0,1 test. 

To achieve the stress states of 1:0.8 and 1:1 biaxial compression, 

the stresses developed by an axial compressive load were superimposed 

upon those caused by a surrounding, external fluid pressure. The axial 

force was produced by tightening the nuts on a threaded holt which 

passes through the specimen. (See Figure 1(d).) After sufficient axial 

15 



preload was applied, the specimen was subjected to a surrounding fluid 

pressure with the ends of the threaded bolt protected from the fluid 

pressure. By selecting the amount of axial preload introduced, stress 

states between 1:0.5 and 1:1 can be produced at failure in the specimen. 

The a0O •streRf! at failure is calculated from Equation (2). The axial 

stress (azz) is a summation of the produced by the fluid pressure, 

U, U , a09 
which is — , plus the azz developed by the axial preload. The axial 

preload force is diminished under pressurization because of the dis¬ 

placements produced in the specimen by the fluid pressure. The develop¬ 

ment of the equations describing this are given in Appendix A. 

The uniaxial tensile stress state is produced in the specimen by 

allowing internal fluid pressure to act against the inside bore surface 

of the specimen. (See Figure 1(e).) The axial extension of the specimen 

produced under the internal pressure is unconstrained so g = 0. The 
zz 

hoop and radial stresses may be obtained from the equations of elastic¬ 

ity for a thick-walled pressure vessel. They are as follows: 

circumferential stress: 

at inside surface: 

radial stress: 

aee p 

2/ 2X r (r +r ) 
1 o__ 

1,1 2. 
r (ro-ri) 

a90 = 3.765p 

Ogg(max) = 8.531p 

2, 2 2. 
r., (r -r ) 

+1) 

P - 3.765P(i|“ 
rr r 2/ 2 

r (Vri) 

(6) 

(7) 

.(8) 

at inside surface: (max) = P . 
(9) 

where the symbols are defined as those for Equations (1) to (5). 
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It is seen that the maximum principal stress is and that it reaches 

its maximum on the inside diameter surface. The radial stress is com¬ 

pressive and is at a maximum on this surface at a value of approximately 

one tenth and decreases to zero at the outside diameter surface, 

ii. Specimen design 

The shape and dimensions of the specimen tested are shown in 

Figure 2. The specimen (A) is 2 inches inside diameter by 4 inches 

long with a 1/2 inch long test section of 1/8 inch wall thickness. The 

thickness increases smoothly with a 4 inch radius to a thickness of 3/8 

inch on the ends of the tube. I/hen the specimen was tested in a stress 

state which required axial loads to be applied to the ends by the direct 

bearing of steel parts against the specimen tube (see the sections on 

1:0.5, 1:0.8 and 1:1 testing devices), the compliance tubes (B) were 

used between the steel parts and the specimen tube. These compliance 

tubes allow the disturbing end effects, which arise from the frictional 

constraint of the ceramic tubefs radial expansion by the steel loading 

parts, to vanish in regions well outside the test section. The effect 

of such compliance tubes in creating a uniform stress state in the test 

20 
section was demonstrated by Filon and Coker using a pbotoelastic model. 

The selection of the specimen tube geometry with an externally curved 

surface and 12° conical ends was based on a study made of different uni- 

21 
axial compression test specimen geometries by Lambert and Manjoine. 

A specimen of geometry similar to the one used in this study was used 

to test zirconia in tension, compression, and tension-compression by 

22 
Babel and Sines in which very little scatter in the measured strength 

values was observed. 
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Figure 2. Alumina Test Specimen Dimensions. 
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Wien making compressive strength measurements on a hollow tubular 

specimen which is loaded by external fluid pressure, it must he veri¬ 

fied that the specimen is failing in direct compression. Elastic 

instability can result in circumferential or "out of round" buckling 

that causes failure of the specimen at a stress below the compressive 

strength. The required axial load for longitudinal buckling of the 

specimen is on the order of ten times the stresses reached at failure; 

hence, this mode of elastic instability is not critical. A good theo¬ 

retical analysis of circumferential buckling from external fluid pres¬ 

sure of a right, circular, hollow cylinder of varying wall thickness 

is not available. Southwell's analysis23 of elastic stability is the 

only quantitative treatment of such buckling which includes some consid¬ 

eration of a superimposed end load. The difficulty in applying such 

treatments to the analysis of the specimen, which has a gradually reduc¬ 

ing wall thickness ending in a minimum wall thickness in the test 

section, lies in choosing a length (£) for the idealized cylindrical 

model which represents the point at which the diameter is constrained 

to be perfectly circular by the increased wall thickness. The calcula¬ 

tions of Appendix B show the specimen tube should not buckle at the 

pressures necessary to produce direct compressive failure of the 

specimen. Experimental evidence will be cited below to substantiate 

the above prediction. 

The compliance tubes were not used for the 1:0.1 and 1:0.01 

compression tests or the uniaxial tension tests. The uniaxial tension 

test used only the specimen tube as shown in Figure 2. The ends of the 

specimen tube were modified for the 1:0.1 and 1:0.01 tests as shown in 



Figure 3. All other dimersions of the specimen were the same as in 

Figure 2. A 1 inch test section specimen was also tested in the 1:0.5 

compression stress state with compliance tubes. This specimen had 

dimensions identical with Figure 2 except the test section was 1 inch 

long and each compliance tube was 0.250 inches shorter than shown. 

B. Design of Test Devices 

1• 1:0.5 biaxial compression test device 

The 1:0.5 biaxial compressive stress state is produced in the 

specimen by externally pressurizing an assembly of the specimen and 

compliance tubes. (See Figure 4,) The ends of the compliance tubes 

are sealed by two, hardened, tool steel end caps. The assembly is held 

aligned by screwing the end caps onto the soft brass tie rod. A.steel 

bar (specimen mandrel) Is placed in the bore of the specimen which pre¬ 

vents the end caps from moving inward a distance large enough to com¬ 

pletely destroy the test section after it fractures. A layer of plas¬ 

ticine is inserted between the bar and the end caps to further absorb 

energy. The annular space between the bar and the inside diameter of 

the specimen is also filled with plasticine, but a controlled vacant 

space is provided to prevent internal pressure arising when the inner 

volume is reduced during testing. The plasticine reduces the amount of 

volume change and redistribution necessary in the pressurizing fluid as 

the specimen fractures* This results in a remarkable degree of pre¬ 

servation of the failed specimen. A polyethylene heat-shrunk plastic 

sheath is applied to the outside of the assembly to prevent the pressur¬ 

izing fluid from contacting the specimen. This sheath is sealed on the 

ends with polyvinyl adhesive tape. A neoprene rubber girdle is also 

20 



ENDS 
SQUARE 
TO AXIS 
OF TUBE 

(a) 1:0.1 COMPRESSION TEST SPECIMEN MODIFICATION 

(b) 1:0.01 COMPRESSION TEST SPECIMEN MODIFICATION 

Figure 3. Modification of Test Specimens Ends for 1:0.1 and 1:0.01 

Compression Tests. 
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Figure 4. 1:0.5 Biaxial Compression Test Device. 



installed around the test section to prevent alumina particles of the 

fractured test section from entering the pressurization hydraulics, 

ii. 1:0,1 biaxial compression test device 

The 1:0.1 compression test is performed by sealing the squared ends 

of the specimen tube with a metal-backed rubber seal (see Figure 5) and 

subjecting the assembly to surrounding fluid pressure. A center post 

through the specimen provides internal support for the seal element 

and carries the majority of the axial load from the fluid pressure act¬ 

ing on the end diameter area of the specimen tube. The annular ring, 

steel seal element is designed to yield at a fluid pressure less than 

* that necessary to cause failure in the specimen; thus, it can be assumed 

that the load across the seal gap will be equally shared between the 

center post and the specimen. By appropriately locating the center of 

* action of the seal gap force, the axial stress produced in the specimen 

was made to be a value of 0.10 Yielding of the steel seal element 

occurred in every test, thereby insuring the equal distribution of load. 

* The largest principal stress is and is calculated from the 

thick—wall pressure vessel equations. The intermediate principal stress 

(a ) arises from the fluid pressure acting on the ends of the specimen 
z z 

* and part of the seal area. This force is carried by the area of the 

test section and is balanced by an equal force on the opposite end of 

the specimen resulting in cr always being 10^ of The stresses in 

* the specimen tube and center post produce axial displacements in both. 

The axial compliance of the center post was designed such that the axial 

displacement produced in the center post matched the axial displacement 

* of the specimen. Thus, during application of the fluid pressure a step 

23 
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Figur* 5. 1:0.1 Biaxial Compreuion Tart Davie*. 
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did not form between the specimen end and center post end which would 

have prevented attaining a high pressure seal between the two. The 

length of each specimen tested was the same as the center post length 

to within ± 0.0002 inches. 

On assembly, the retainer plate and seal elements are aligned to 

the specimen tube by use of an alignment ring. The retainer screw in 

turn aligns the center post to the retainer plate. To set the initial 

seal and hold the device components aligned, the retainer screws are 

tightened. The 1/4 inch thick rubber washer distributes the seal 

setting force uniformly around the seal element surfaces as the retainer 

screws are tightened. Pressure acts directly on the center post through 

the weep holes. As in the 1:0.5 test, the internal free volume of the 

specimen is filled with plasticine to prevent large amounts of fluid 

redistribution during specimen failure. A controlled free space is 

left tn prevent internal pressure from arising from the volume contrac¬ 

tion which occurs on pressurization. 

iii* 1:0.01 compression test device 

By increasing the Inside diameter of the specimen tube on the ends 

and utilizing a seal arrangement similar to the 1:0.1 biaxial compres¬ 

sion test device, the stress state in the test section can be varied 

between 1:0.1 biaxial compression and one of compression with a small 

axial principal stress which is tensile. It was decided that the task 

of achieving a pure uniaxial compressive stress state in the test 

specimen (one free from any unwanted tensile stresses which can arise 

from misalignment of parts and eccentricity or lack of concentricity of 

diameters) would require extremely accurate tolerances of the machining 
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and assembly alignment of the test device parts. This was judged to be 

too difficult a task to be certain of attaining the desired stress 

state. Small eccentricities would easily produce bending moments which 

would create tensile components in the test section and cause it to 

fail prematurely in compression-tension. Also, if the end diameters 

were not sized sufficiently accurately the stress state in the specimen 

might possibly be compression-tension (with too large an end diameter). 

This would result in the measured uniaxial compressive strength being 

below its actual value. Consequently, the design objective was to 

produce a 1:0,01 biaxial compression stress state in the test section. 

The 1:0.01 compression test device is shown in Figure 6. The end 

diameter of the specimen bore was over-cut with a 30° chamfer and the 

steel seal element No. 2 was used to establish the area over which the 

fluid pressure acted to apply the axial load to the specimen tube. The 

inside radius of this seal element (r^ ^ ) was sized to produce a slight 

biaxial compression stress state, 1:0.01. A worst case calculation was 

made which assumed maximum eccentricity of device parts and maximum 

possible misalignment that could occur during assembly. This calcula¬ 

tion verified that under the worst conditions of eccentricity and mis¬ 

alignment no tensile stress components would be produced in the test 

section, i.e. the stress state in the test section could vary only 

between 1:0.02 and 1:0.00. 

Alignment of the center post axis with the axis of the specimen 

tube is extremely critical in this device. This was accomplished by 

very accurate machining and careful inspection of all parts. The center 

post is aligned to the specimen axis by the following method. The 
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alignment bosses on the ends of the center post index the center post 

to the retainer plate. The retainer plate is in turn indexed to the 

largest O.D. of the specimen tube via an alignment sleeve which slides 

over the O.D. of the retainer plate and specimen. With the device 

assembled and the alignment sleeve in place, the retainer screws are 

tightened to set the initial seal and hold the assembly aligned. 

Surrounding fluid pressure is applied which acts directly on the 

center post through the weep holes. The steel and rubber seal elements 

No. 1 create a seal between the center post and specimen. As before, 

the steel seal element No. 1 is designed to yield thus assuring that 

the axial pressure force is distributed uniformly between the specimen 

tube and the center post across the seal gap. Steel seal element No. 2 

was designed not to yield since this element established the center line 

of the seal gap and, hence, the stress state. 

The problem of matching the axial displacements under pressuriza¬ 

tion in the specimen tube and center post to prevent a step from forming 

at the seal is quite complex in this device. Calculations show that the 

specimen tube becomes slightly longer (+ e^) whereas the center post 

becomes slightly shorter (- e^). The difference in the displacements 

between the two is approximately 0.005 inches at the failure pressure. 

The second effect to be considered is that which arises from the rubber 

seal element No. 2. The low modulus of this material results In a much 

greater axial displacement than for an equivalent thickness of steel. 

A further complication is that the rubber seal element, being in the 

form of a thin film, has a higher "effective" modulus under the compres¬ 

sive axial load. A straightforward calculation of the axial compliance 
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of the specimen side of the seal components was not possible. Instead 

several trial pressurizations were made with the device using different 

thicknesses of the No. 2 rubber seal element until a thickness was 

obtained which matched the displacements of the specimen side and center 

post side of the seal gap. This was revealed by careful measurement of 

the permanent deformation produced in the steel seal element No. 1. 

iv. 1:1 biaxial compression test device 

The 1:1 and 1:0.8 biaxial compressive stress states are achieved 

in the specimen by superimposing the stresses from an axial load onto 

those caused by external fluid pressure. A drawing of the 1:1 loading 

device which was used for both tests Is shown in Figure 7. A large 

bolt (C) passes through the assembly of loading washer (J), specimen and 

compliance tubes (A) and (B), loading ring (I), loading sleeve (H), and 

thrust washer (X). There is a large 12-point wrenching nut (D) on each 

end. Integral with one end of the bolt is a spline (E). The spline end 

of the bolt is enclosed by the prestress pressure case (G) which seals 

to the loading washer (I) by means of the "O" ring (U). This seal is 

set by prestressing the "0" ring with machine screws (P). The opposite 

end of the bolt is protected from fluid pressure by pressure cap (K) 

which seals to the loading washer (J). Weep hole (R) allows the 

surrounding fluid pressure to act directly on the specimen. Parts (0) 

are lead blocks positioned at each end of the bolt to absorb any impact 

on collapse of the specimen. A safety sleeve (L) along with extrusion 

washers (N) and lead washers (M) perform protection and energy dissipat¬ 

ing functions in the design. The keys (F) permit the sleeve to slide 

i 
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longitudinally on the bolt but prevent rotation. Sleeves and rings, (W), 

(S) and (T) are for alignment. 

The specimen is axially preloaded by placing the device, without 

the prestress pressure case and pressure cap, in a large lathe. The 

spline is grasped in the chuck of the lathe by a special wrench and the 

opposite end is allowed to slide freely in a modified tail stock of the 

lathe. A wrench is fixed over the spline-end nut and its force is 

reacted through a column to the ground. The lathe is hand-turned by a 

3 ft. crank attached to the motor and the lowest gear is used. The 

lathe turns the entire assembly and the wrench holds the spline-end nut 

stationary. The keys (F) prevent the bolt or loading sleeve from being 

elastically wound up in torsion and possibly transmitting torsional 

stresses to the specimen. The torque applied to the spline is reacted 

a short distance away at the nut. When a sufficient preload has been 

applied to the specimen, the device is removed from the lathe and the 

prestress pressure case (G) and the pressure cap (K) are installed. 

The device is put into the pressure vessel and fluid pressure is applied 

until the specimen breaks. 

The fluid pressure acts over the cylindrical surface of the 

specimen through weep hole (R) and axially through the pressure cap and 

loading washer. The prestress pressure case (G) prevents the fluid 

pressure from being applied to the spline end of the bolt; otherwise, 

most of the axial load from the fluid pressure would be assumed by the 

bolt and not by the specimen. The resultant stress state in the specimen 

is twice the hoop compressive stress to the axial compressive stress 

(a0e = 2azz from the external pressurization) plus the additional axial 

Î 
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compressive stress from the preload tension of the bolt. As the 

pressure is applied, some of the axial compressive prestress in the 

specimen, produced by the tension in the holt, is lost because of the 

longitudinal elastic shortening of the specimen. The bolt and loading 

sleeve are designed to be elastically soft as compared to the specimen 

in order to minimize this reduction in preload on pressurization. 

2 A 
Calculations, show that this relaxation is 11.5%, i.e., 11.5% of the 

preload is lost on pressurization to the level expected to cause failure 

in the 1:1 stress state. Depending on the amount of axial preload 

introduced, any biaxial compressive stress state from 1:0.5 to 1:1 can 

be obtained. 

Because of the great strength of the alumina material in compres¬ 

sive stress states, very careful design was required to make the fixture 

work. The axial load necessary to fail the specimen in a 1:1 compres¬ 

sive stress state was near 500,000 lbs. Over half this load must be 

carried by the prestressing bolt. Due to the space considerations in 

the bore of the pressure vessel, the wall of the prestress pressure case 

can only be one inch thick, yet it must support 60 ksi fluid pressure 

without collapse. In light of these design criteria, 18% Ni maraging 

steel was chosen as the material from which to fabricate the device. 

This steel can be heat treated to a tensile yield strength of 270,000 

psi and exhibits exceptional ductility at this strength level. 

Large amounts of energy are stored in the elastically strained 

parts of the device during the test. When the specimen fractures, this 

energy is released as kinetic energy in the bolt, accelerating it into 

the surrounding casing. Tensile waves are also created which can 
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propagate through the device destroying parts and even the pressure 

vessel. Considerable effort was spent designing a fixture which would 

absorb this energy and damp out the shock waves. The concept employed 

was that of squashing rings of lead to absorb the energy. When the 

specimen breaks, the end load from the pressure on the end cap plus the 

stored elastic energy in the bolt does not drive the bolt into the end 

of the prestress case, but the load is taken up by the safety sleeve (L) 

and the lead and steel washers (M) and (N). The deformation of the lead 

washers absorbs large amounts of energy and reduces the magnitude of the 

tensile-compressive shock waves produced. 

The two lead washers (M) are in parallel in the load train with the 

specimen; any load they carry must be subtracted from the preload on the 

specimen. Because of this, the washers had to be accurately sized such 

that they subtracted only a small amount of the axial preload from the 

specimen as they were squeezing down during the preloading operation. 

On the other hand, the washers also had to be geometrically proportioned 

to allow them to absorb the large quantities of energy released and 

have great resistance to deformation when the specimen broke during the 

test under full load. This was accomplished by designing the washers 

to deform in a "thin film" condition where the loads required to 

decrease the washer thickness increases exponentially as the washer 

becomes thinner. The width to thickness proportion of the washers was 

chosen such that the initial deformation necessary in the washers to 

permit the application of the preload to the specimen required only a 

small percent of the preload. Under the conditions of specimen fracture, 

the loads required to further deform the washers increase 100 fold. 

I 
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Since the lead washers are in parallel with the specimen in the 

load train; an experiment was conducted to establish exactly how much 

load the washers’ deformation would subtract from the preload being 

applied to the specimen. The lead washers, steel washers and safety 

sleeve assembly were placed in an MTS testing machine in the configura¬ 

tion they are using in the 1:1 stress state device. The entire assembly 

required 20,000 lbs. to compress down 0.075" (twice the required deforma¬ 

tion for preloading) in ten minutes. The crosshead was moving at a 

linear rate. The displacement was then held fixed and the decrease in 

load was monitored to ascertain the creep characteristics of the lead 

washers. In 60 minutes, the load had decreased to 9,000 lbs. This 

information indicated that during the 1:1 biaxial compressive strength 

test the lead washers would be assuming approximately 2-1/2% of the 

axial preload and pressure load so long as the loading Is sufficiently 

slow to allow the lead to creep, 

A design problem encountered during initial tests with the device 

was that of a stick-slip friction between the rotating loading sleeve 

(H) and the spline end nut (D). Various "relieved" configurations of 

the nut bearing face were attempted but none were successful. The 

stick-slip friction problems continued to give large variations in the 

torque required to wind the nut and popping would send acoustic shock 

waves through the specimen, which could cause premature specimen failure. 

The problem was finally solved by adding a thrust washer (X) between 

the nut and loading sleeve. It had a thickness contour which compensated 

for the elastic displacement of the nut face under load. First the 

washer was machined accurately with a constant thickness. The two faces 
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of the thrust washer were flat and parallel to ± 0.0002 inch, then one 

face was contoured. 

Six-hundred p,rit lapped surfaces were used for the surfaces that 

rotate against each other under high load. Polished surfaces were 

initially used but this did not allow the lubricant to imbed into the 

surface to ensure a constant supply as the surfaces rotated. The 

rationale behind the thrust washer approach was (i) because of the 

relief contour, the stresses would be uniformly distributed over the 

bearing area as the load increased and (ii) two sliding surfaces were 

present instead of one; thus the test could proceed even if the friction 

increased on one of the two surfaces. This approach worked well. The 

thrust washer actually contoured itself by slight galling during use. 

By lightly repolishing the surfaces after each test, the surface contour 

improved with use and the torque required to apply the preload decreased 

over the series of tests from the drop in friction between the rotating 

surfaces. 

The level of axial preload stress is determined by monitoring 

longitudinal strain gages mounted on the outside diameter of the test 

section. As for the other tests, the stresses arising from the external 

fluid pressure are calculated by using the thick wall pressure vessel 

equations. When calculating the axial stresses from the pressure load 

the loss of preload from the elastic shortening of the specimen must be 

considered. A derivation of the equations for determining the stress 

state in the specimen at failure is given in Appendix B. 
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V. Uniaxial tension test device 

The uniaxial tension test is designed to stress the material in a 

state of hoop tension where is the maximum principal stress. This 

is important since a valid comparison of the tensile and compressive 

strengths of this material can only be made when the possibility of 

measuring differences in strengths due to anisotropic specimen proper¬ 

ties is eliminated. 

The hoop tension stress state was produced by expanding a bladder 

with fluid pressure against the inside bore of the test specimen. The 

design of the device to accomplish this is shown in Figure 8. A hand- 

operated pump was used to deliver hydraulic fluid through a surge valve 

to the internal side of the rubber bladder. The bladder was bonded to 

the mandrel on its ends with rubber cement to set the initial seal. 

The specimen tube was slid over the bladder-mandrel assembly with an 

interference fit slightly compressing the rubber bladder. The pump was 

operated until fluid exited from the bleed plug hole then the bleed plug 

was tightened. The protection shield was installed and pumping continued 

until the specimen failed. The fluid pressure seated the rubber bladder 

against the mandrel and specimen bore creating the high pressure seal. 

The accumulator was a large I.D. tube filled with air which compressed 

as the fluid pressure was raised creating a cushion which facilitated 

control by allowing small changes in pressure to be made smoothly. A 

ball-seating surge valve was placed in the pressure line just ahead of 

the mandrel to prevent all but a tiny amount of fluid from releasing 

energy into the specimen during fracture. The hoop stress at failure 

was measured by circumferential strain gages mounted on the O.D. of the 
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Figure 8. Tension Test Device. 

37 



test section. For the test section geometry, the maximum hoop stress 

at failure, which occurs on the inside diameter of the test section, is 

related to the circumferential strain measured on the outside diameter 

by the following equation: 

cr0e(max) = (1.133) E = (6.0725 x 107) ... (10) 

is a maximum on the inside diameter and decreases to zero on the 

outside diameter as shown in Equation (8). Since the axial extension 

of the specimen is not constrained a is zero. 



CHAPTER III 

MECHANICAL TESTING 

A. Test Facility 

The external fluid pressure was applied to the test devices inside 

a pressure vessel which was a converted isostatic press capable of 

pressurizing a 5 inch diameter by 60 inches long volume to a pressure 

of 100,000 psi. The vessel was constructed from an 8 inch naval gun 

made in 1945 by the Crucible Steel Company which had been cut, sleeved 

down to 5 inches diameter, and plugged to make a chamber 60 inches long. 

The pumping system was of conventional design utilizing electric and 

pneumatic pumps to supply the high pressure intensifier with pressuriz¬ 

ing fluid. Control of the high pressure was accomplished by means of 

a by-pass throttle valve which controlled the primary pressure drive 

of the intensifier. The vessel was instrumented for precision pressure 

measurement by a recording Foxboro bulk modulus cell, a Heise precision 
! 

Bourdon tube gage, and an electric resistance strain gage installed in 

the circumferential direction on the exterior of the cylindrical ves¬ 

sel. These three independent pressure measurements were monitored 

continuously during the tests and all gave the same pressure indications 

within their range of accuracy. The vessel was operated remotely from 

a bunker constructed of sand bags, steel I-beams and thick hardwood 

sheets. All automatic controls were replaced by manual ones for higher 

reliability. 

The pressurizing fluid was a mixture of water and water soluble 

oil. Because of the fine particles of abrasive alumina which were 

released into the pressurizing fluid when the specimen failed, fresh 
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fluid was used for each test. Calculations of the stored energy in 

the fluid under pressure indicated that for safer operation and to 

minimize the damage done to test devices during fluid redistribution 

at specimen failure, the volume of fluid under pressure had to be mini¬ 

mized. This was accomplished by filling all unused portions of the 

pressurized volume with steel blocks; the total volume of pressure 

fluid was always less than one quart. Specimen collapse could be 

detected by the moderately loud zipping sound produced and the drop in 

fluid pressure. No high pressure accidents occurred during the testing 

program and neither the pressure vessel nor any test devices were ever 

damaged. A photograph of the pressure vessel facility appears in 

Figure 9. Additional details of the pressure vessel modification and 

reconditioning is contained in reference (25). 

B. Specimens 

The material tested was a high density, high purity commercial 

alumina manufactured by Western Gold and Platinum (WESGO) of Belmont, 

California which is designated by them as AL-995. This material was 

isostatically pressed then sintered in rough form. Machining to final 

dimensions was done by diamond grinding. Straight walled tubes of the 

sintered material were diamond ground to the final specimen dimensions. 

The finish was made with a grinding wheel containing //200 grit diamond 

and the final cut was less than 0.002 inches. Sedlacek studied 

the finishing of alumina and found that no improvement in surface 

finish or increase in the measured tensile strength is obtained from 

the use of finer grit and that limiting the cut to 0.002 inches prevents 

the introduction of machining damage. A photograph of the test 
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specimen and compliance tubes appears in Figure 10, The properties of 

WESGO AL-995 alumina as reported by Sedlacek19 appear in Table I; the 

material used in this study was produced to the same specifications as 

the material Sedlacek evaluated. 

TABLE I 

Properties of "WESGO” AL-995 Alumina 

Young*s Modulus 
(tensile & compressive) 

Initial Poisson’s Ratio 
(compression) 

Tensile Strength (@ stress 
rate of 3000 psi/sec) 

Flexural Strength (@ stress 
rate of 3000 psi/sec) 

Uniaxial compressive Strength 

Density 

Average Grain Size 

53.6 X 10^ psi 
± 0.3 X 106 pai 

0.24 

31.6 X io*^ psi 
± 1.1 X iq3 psi 

36.9 X 103 psi 
± 3.0 X 103 psi 

448 X IQ3 psi 
± 36 X IQ3 psi 

3.850 gm/cc 

approximately 20 microns 

* y 
1 psi = 7.03 X io kgm/mm 

Two batches of specimens were produced for this study. The first 

batch had a one inch test section and was tested only in 1:0.5 biaxial 

compression. The second batch was made with a 1/2 inch test section 

and these were tested in all stress states investigated in the study. 

All specimens for each batch were fabricated at the same time from the 

same lot of material. In addition all machining was done by the same 

machinist. Since the same geometry was used for every stress state, 

this meant a direct comparison of strengths measured in different stress 
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States could be made without the possibility of an influence of 

specimen geometry, size, or processing history. 

Small amounts of ellipticity (out of roundness) in the specimen 

diameters or a lack of concentricity of the inside and outside diameters 

can induce large bending moments in the loaded test specimen. These 

bending moments will cause failure from the tensile stress they induce 

before the actual compressive strength of the material is reached. The 

machining tolerances specified for concentricity and ellipticity of 

diameters was 0.0005 inches. These tolerances were verified for each 

specimen tested by a thorough dimensional inspection of all important 

dimensions and tolerances. Eccentricity or ellipticity of the specimen 

diameters never exceeded 0.0003 inches. The inside and outside diame¬ 

ters of the test section did not vary from the dimensions shown on 

Figure 2, by more than ± 0.0005 inches. 

c* Testing Procedures and Results 

i* 1:0.5 biaxial compression tests 

Before assembly of the 1:0.5 test device the critical mating 

surfaces of the specimen tube, compliance tubes and the end caps were 

carefully lapped together to assure that no disparities were present 

between the contacting surfaces which could cause localized concentra¬ 

tions of stress. First, the hardened steel end caps were lapped smooth 

on a machinist's lapping flat with //600 silicon carbide powder. Next, 

the ceramic compliance tube surface which mates with the end cap was 

lapped to the cap using medium grade, levigated alumina powder. 

Finally, the contacting conical surfaces between the compliance tubes 

and the specimen were hand lapped together using a series of diamond 
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lapping compounds beginning with 15 micron diamond size and progres¬ 

sively reducing the particle size through 6 micron, 3 micron, and 

finally one micron. Some attempts were made to final lap with 0.25 

micron diamond compound to attain an optical quality finish but this 

resulted in an uneven figure of the surface finish. Some areas would 

be optically smooth and others would have a matte appearance. Uneven 

distribution of the lapping compound on the conical angle was the 

cause. Since no increase in the measured strength was observed with 

the 0.25 micron lapped specimens, the laborious task of lapping with 

the fine compound was not used. Also it was suspected that an uneven 

surface finish might lead to variations in the coefficient of friction 

between the faces which could result in stress concentrations develop¬ 

ing. Final lapping with the 1 micron compound yielded a very uniform, 

fine matte finish. During this lapping, the tubes and specimen were 

placed on a 2 inch diameter steel mandrel, and rotated against each 

other so that the conical surfaces would remain conical and concentric 

with the test section. The amount of contact between the two mating 

surfaces in each of these steps was determined by applying radial lines 

with a 6H hard lead pencil to each of the surfaces before lapping; then 

observing how the lines disappeared as the lapping proceeded. Lapping 

was continued with each grade of compound until the lines drawn on both 

surfaces were removed uniformly. Unsuccessful initial tests indicated 

the quality of figure of the contacting surfaces was extremely critical 

for successful testing. 

After lapping, all device parts were carefully cleaned and the 

device was assembled. A heat-shrunk polyethylene tube was applied to 
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the outside of the specimen to eliminate the possibility of pressur¬ 

izing fluid contacting the specimen. The edges of the plastic tube 

were feathered to the specimen surface smoothly and adhesive backed 

polyvinyl tape was used to seal them. There was no evidence of pres¬ 

surizing fluid contacting the specimen during any of the tests. 

Alignment of the end caps, compliance tubes and specimen tube was 

done manually. Because of the accurate machining, simply by running a 

fingernail back and forth across the part line of the two mating sur¬ 

faces around their circumference, a misalignment of only ±0.0005 inch 

could be detected. As the end cap was tightened on the threaded tie 

rod, the alignment at all four critical interfaces of the assembly was 

checked. When the end cap was finally tightened sufficiently to hold 

the three ceramic tubes in place, the alignment was checked once more. 

Then the plastic sleeve was heat-shrunk into place using a heat gun. 

Lastly, a neoprene girdle was taped around the test section of the 

specimen to prevent alumina particles of the fractured specimen from 

escaping. 

The specimen assembly was inserted into the chamber of the pres¬ 

sure vessel and the pressure was raised over a 10 to 15 minute period 

until fracture occurred. The pressure increases were made in steps of 

5 or 10 ksi with cross calibration checks on pressure measuring instru¬ 

ments made between each increase. The pressure increases were made at 

a rate of approximately 200-500 psi/sec. Fracture was indicated by a 

small sharp noise and by a sudden drop in measured pressure. Preser¬ 

vation of the failed specimen was quite good owing primarily to the 

center mandrel and plasticine in the specimen bore. A series of photos 
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showing a typical failed specimen appear in Figure 11. The compliance 

tubes were usually intact except for a few longitudinal-radial cracks 

through the wall thickness and/or circumferential cracks. In the 

region of the test section pulverization of the alumina occurred only 

in the immediate area where structural collapse originated. 

Four successful tests were performed with one inch test section 

specimens and with half-inch test section specimens in this stress 

state. The strengths measured for these specimens are given in Table 

II and Table III. The two specimen types were fabricated from two 

different batches of material. 

TABLE II 

1:0.5 Biaxial Compression Test Results with One Inch Test Sections 

Test Fluid Pressure Calculated Failure 
at Failure (ksi) Stress 0QQ (ksi) 

1 61.8 585 

2 59.9 567 

3 60.3 572 

4 59.5 566 

Average Failure Stress = 572 ksi 

Standard Deviation S = 8.7 ksi 

A comparison of the test results in Table III obtained from 

specimens containing a 1/2 inch test section with the results of the 

tests performed on specimens with a 1 inch test section in Table II is 

strong experimental evidence that the 1 inch test section specimens 

did not fail by buckling. The 1 inch test section specimens failed at 

consistently greater loads than the 1/2 inch test section specimens. 
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Figure 1.1. Failed 1:0.G Biaxial Compression Specimen. 
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TABLE III 

1:0.5 Biaxial Compression Test Results with One-Half Inch Test Section 

Test Fluid Pressure Calculated Failure 
at Failure (ksi) Stress aôQ (ksi) 

1 

2 

3 

4 

55.5 

55.0 

55.2 

50.0 

Average Failure Stress aQÛ = 
Ou 

Standard Deviation S = 

529 

524 

526 

477 

514 ksi 

22 ksi 

If failure by buckling was occuring in the 1 inch test section speci¬ 

mens, the shorter 1/2 inch test section specimens would have higher 

failure loads since buckling would be more difficult in these specimens 

(i.e., require greater loads). The shorter test section would result 

in a greater wall thickness in the area where buckling would occur and 

this increased wall thickness would give greater resistance to nout of 

the round" deformation. The average strength of the 1 inch test sec¬ 

tion specimens was 11% greater than the 1/2 inch test section specimens; 

thus, failure by buckling did not occur. The lower strength measured 

for the 1/2 inch test section specimens was most likely due to batch 

variation in the alumina material. 

ii» 1:0.1 biaxial compression tests 

Before assembly of the test device the squared ends of the speci¬ 

men were lapped on an internal diameter mandrel with 15 micron diamond 

lapping compound to assure flatness of the seal surface and to create 
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circumferential scratches on the surface to prevent extrusion of the 

rubber seal element out of the seal area at high pressures. The steel 

seal elements were also roughened with circumferential scratches on 

their surfaces which interfaced with the rubber seal elements. Problems 

were encountered in effecting both the initial low pressure seal and 

the high pressure seal with this device. The above treatment solved 

the high pressure seal problem. The low pressure seal problem was 

solved by applying a bead of RTV-116 silicone rubber around the seal 

area after the device was assembled. After assembly of the device the 

specimen was wrapped with polyvinyl adhesive tape to prevent pressuriz¬ 

ing fluid contact. However, there was evidence this technique did not 

prevent pressurized fluid from contacting the specimen in the overlap 

area of the tape. The pressurization procedure was as described for 

the 1:0.5 tests. The measures strengths of the four half-inch test 

section specimens tested is presented in Table IV. 

TABLE IV 

1:0.1 Biaxial Compression Test Results 

Test Fluid Pressure 

at Failure (ksi) 
Circumferential 

Stress at Failure 

1 56.2 536 

2 55.7 531 

3 58.0 553 

4 58.2 555 

Average Failure Stress aQÛ 

Standard Deviation S 12.2 ksi 

543 ksi 
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iii. 1:0.01 compression tests 

Specimen preparation, device assembly, and pressurization proce¬ 

dures used in the 1:0.01 compression tests were similar to those 

described above for the 1:0.1 compression tests. Again, initial seal 

problems were encountered but were solved by accurate sizing and sur¬ 

face preparation of the seal elements. 

1:0.01 compression tests were performed on four 1/2 inch gage 

length specimens. The measured strengths are reported in Table V. 

Tests //1 and //2 were performed on specimens which were damaged during 

preliminary tests in which attempts were made to produce a 1:0 uniaxial 

compression stress state at failure, since there were no specimens 

remaining for additional tests. The damage produced in these two spec¬ 

imens during the attempted 1:0 test is shown in Figure 12. Two cir¬ 

cumferential cracks were produced near each end at some stress level 

during the 1:0 compression test attempts. These cracks extended com¬ 

pletely around the circumference and penetrated completely through the 

wall thickness. Each jet of two cracks had identical longitudinal 

spacings on each end and were coplaner with the tube diameters. On 

the inside diameter these cracks had an onion peel appearance and on 

the outside diameter the normal to their plane was parallel to the 

specimen axis. Further discussion of the origins of this crack damage 

appears in Chapter V. 

On retesting in the 1:0.01 compression stress state, heat- 

shrinkable polyethylene tubing sealed at the ends with RTV-116 silicone 

rubber was used to prevent fluid from entering the cracks and filling 

the inside bore of the specimen with fluid pressure. Specimen //3 and 



Fiflure 12. Specimen Damage During Attempted 1:0 Uniaxial Compression Test. 
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H were tested without the formation of these cracks. All four speci¬ 

mens failed in the test section with macroscopic failure characteris¬ 

tics very similar to the 1:0.5 tests. The presence of the cracks did 

not appear to significantly affect the strength or to change the mode 

of specimen collapse. 

TABLE V 

1:0.01 Compression Test Results 

Test Fluid Pressure Failure Stress 
at Failure (ksi) (ksi) 

1 

2 

3 

4 

48.6 

52.5 

53.3 

52.7 

Average Failure Stress aÛQ = 
ou 

Standard Deviation S = 

463 

500 

508 

502 

493 ksi 

20.5 ksi 

iv. 1:1 and 1;0.8 biaxial compression tests 

Preparation of the mating surfaces of specimens and compliance 

tubes tested in the 1:1 and 1:0.8 stress states was the same as that 

used in the 1:0.5 tests. The square ends of the compliance tubes were 

lapped to the loading washer (J) and loading ring (I) (see Figure 7). 

Because strain gages were mounted on the external surface of the spec¬ 

imen to measure the preload, the specimen could not be protected 

effectively from contact with the fluid pressure. The specimen surface 

was wet in some areas by the pressurizing fluid. The pressurization 

of this device was accomplished more slowly to allow the lead safety 



rings to creep under load, minimizing the amount of axial load they 

assumed. Pauses of at least eight minutes were used between incremental 

increases in pressure. Near the failure pressure the increments of 

pressure increase were reduced to only a few ksi. 

During the preloading operation of the 1:1 test device in the 

lathe, the manual cranking was stopped every five turns to allow the 

keyways to straighten and the keys to slide. Readings of the three 

circumferential strain gages and the nut wrench load cell were made 

every 50 turns. (Between 300 and 400 turns of the lathe were required 

to preload specimens in the 1:1 and 1:0.8 tests.) The uniformity of 

the özz stress around the test section was constantly verified by 

comparing these readings. The non-uniformity never exceeded 2% and 

was always less than 1% at the preload stress level. The torque of 

the nut wrench used to hold the nut stationary as the device was wound 

up, was reacted on a 3000 lbs. load cell positioned 24 inches from the 

centerline of the bolt. In this manner, the torque applied by the 

lathe to turn the nut on the bolt was measured. Maximum torques 

required to apply the preload varied from 5,000 to 5,500 ft. - lbs. 

Strain readings were made with the various strain gages mounted on the 

specimen with a BLH SR-4 strain indicator using a strain gage switching 

box with multiple contacts. Readings were taken by manually balancing 

the half bridge circuit. This was more time consuming than an auto¬ 

matic recorder but was felt to be less prone to errors. Additional 

details of the problems encountered with the testing device and the 

procedures used during testing are presented in References 31 and 32. 
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A difficultly was encountered in the 1:1 compression tests; during 

the application of the axial preload, the ceramic compliance tubes 

cracked at a value of approximately 90% of the desired preload. A 

32 
study was made of this cracking problem, and it was concluded that 

the cracking was probably induced by the tensile hoop stresses caused 

by slippage of the conical faying surface of the compliance tube over 

the specimen tube as the axial load was increased. The ceramic coni“- 

pliance tubes were replaced by hardened steel ones, but this resulted 

in splitting of the specimen as shown in Figure 13. Nevertheless, the 

tests using the split specimen tubes were completed and, in spite of 

the splitting, had an average biaxial strength of 465 ksi. (See 

Table VI). All tests were performed on the one-half inch test section 

specimens. 

TABLE VI 

1:1 Biaxial Compression Test Results 

Calculated Calculated Hoop 
Preload Failure Axial Failure Failure Stress 

Test Force (lbs) Pressure (ksi) Stress a (ksi) öAA (ksi) O /o^ 
__ zz 60 zz 00 

1 234,000 44.8 472 427 1/0.90 

2 223,000 50.1 482 477 1/0.99 

3 218,000 42.0 440 400 1/0.91 

One of these measured strengths was within the scatter-band of 

the 1:0.5 tests. It is thought that if a smaller conical angle had 

been used with the ceramic compliance tubes the splitting would have 

been avoided but not enough specimens remained to duplicate the test. 

By reducing the preload stress level in the 1:1 test device to 

yield a stress state at failure of 1:0.8, the compliance tube cracking 
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problem was eliminated. Four successful 1:0.8 biaxial compressive 

tests were performed with the 1:1 stress state device on 1/2 inch test 

section specimens using the ceramic compliance tubes. The data from 

these tests are presented in Table VII. There was no damage produced 

in the specimens or the compliance tubes during the preloading. A 

sample calculation of the data reduction for this test is given in 

Appendix A. 

TABLE VII 

1:0.8 Biaxial Compression Test Results 

Preload 
Test Force (lbs) 

1 145,000 

2 147,000 

3 148,000 

4 149,000 

Calculated Calculated Hoop 
Failure Axial Failure Failure Stress 

Pressure (ksi) Stress O (ksi) çr (ksi) 
zz Q 0 

56.3 423 536 

56.8 427 541 

53.2 412 507 

55.2 422 526 

Average Axial Stress at Failure 0 = 421 ksi 
zz 

Average Hoop Stress at Failure onn = 528 ksi 
UÜ 

Standard Deviation S = 13.5 ksi 

When tests are made with the 1:1 stress state device, the internal 

cavity of the specimens cannot be filled with plasticine as in the 

1:0.5 tests; consequently, the damage done to the specimen on fracture 

is considerably greater (See Figure 14). 

v. Uniaxial tension tests 

No special preparation was required for the specimens tested in 

this stress state. A photo of the testing apparatus is shown in 
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Figure 15. The hoop stress at failure and its uniformity were 

determined by strain gages mounted on the specimen which were monitored 

continuously during the pressurization. Three circumferential strain 

gages were mounted on the outside diameter of the gage section 120° 

apart. The three strain readings obtained always remained in agreement 

within the accuracy of measurement of the strain gages. The fluid 

pressure was measured with an ASHCROFT Bourdon tube pressure gage which 

allowed a crude check on the stress as calculated by the thick wall 

pressure vessel equation. The measured strengths of the four half-inch 

test section specimens tested, as calculated from the strain measure¬ 

ments at fracture, are reported in Table VIII. A photograph of a 

failed specimen is shown in Figure 16. The fracture in this specimen 

seems to have originated in the area of one of the strain gages but 

this was not typical of the other failures. 

TABLE VIII 

Uniaxial Tension Test Results 

Strain at 
Failure 
o .d. 

Test (p-in/in) (Failure) 

1 477 29.0 

2 425 25.8 

3 425 25.8 

4 505 30.7 

Average Failure Stress aQA = 27.8 ksi 
üb 

Standard Deviation S = 2.4 ksi 
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Figure 16. Failed Tensile Test Specimen. 
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The rate of application of the stress during these tests was 

approximately 3-5 psi/sec. The pressure increases were made in incre¬ 

ments and the strain gages were read during the pause between increases 

except near fialure when the gages were monitored continuously. 

Part of scatter in measured values is probably attributable to the 

variation in "time at high stress" between different tests due to the 

discontinuous nature of the incremental stress increases. Undoubtedly, 

static fatigue is occurring at stress levels near failure in the slow, 

discontinuous loading rate test. The pressurizing fluid did not appear 

to be penetrating the rubber bladder and wetting the specimen, but the 
% 

tests were run in ambient air with a relative humidity of 30-50%. 

One specimen was instrumented with two circumferential and two 

longitudinal strain gages in order to determine Poissonfs ratio in 

tension. Poisson's ratio at 30% of the failure stress was 0.22 and 

decreased monotonically to 0.20 at a stress 90¾ of failure. Since 

only one specimen was measured, it is uncertain whether any significance 

I 
may be attached to this observed decrease. Perhaps stable crack exten¬ 

sion, perpendicular to direction at stresses less than failure, 

increases the strain without affecting the strain. 

i 
D* The Experimentally Determined Failure Envelope in Biaxial Stress 

Space 

i. Failure envelope in the compression-compression stress 
,n 

quadrant 

A summary of the strengths measured in the various stress states 

investigated in this study appear in Table IX. Figure 17 is a plot of 

the average strength values in biaxial stress space. A solid line is 
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1:0 TENSION AVE 

Figure 17. Biaxial Compressive Strength Data. 
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drawn through the data representing the failure envelope. Load paths 

are shown which indicate the stress states developed in the specimen 

test section as the load was increased. 

The most striking aspect of the data is that the measured values 

plot almost horizontally across the biaxial compression quadrant. 

Varying the magnitude of the second principal compressive stress has 

only a very slight effect on the strength. This is in contrast to 

33 3A 35 
experimental data on concrete, mortar, granite rock, to experi- 

36 37—38 
mental data on alumina, and recently proposed theories. All of 

the above show or predict the 1:0.01 or 1:0 compressive strength to be 

much less than the 1:0.5 compressive strength. The present data shows 

that the 1:0.1 strength is almost equal to, being slightly greater 

than, the 1:0.5 strength. The point in this quadrant where the failure 

curve makes an abrupt upturn, i.e., where the compressive strength 

begins to decrease, is in the vicinity of the intersection of the 

failure curve with the uniaxial compression axis as shown by the solid 

line in Figure 17. 

The average strength in the 1:0.01 stress state of 493 ksi is 7% 

lower than the best fit horizontal straight line through the 1:0.8, 

1:0.5, and 1:0.1 average values which shows a strength of 528 ksi with 

a standard deviation of the mean values of 14.5 ksi. However, any 

eccentricity or misalignment in the test specimen producing a tensile 

bending stress of only 2 ksi would lower the observed 1:0.01 compressive 

strength to the 493 ksi value from the 528 ksi horizontal line strength. 

It is possible that an inadvertent tensile stress of such magnitude 

could have been produced during the 1:0.01 tests. Careful design, 
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TABLE IX 

Test Results for AL-995 Alumiiu 

TES1 RESULTS ON BATCH //2 (1/2 inch long test section) 

Test 
No. of Average 

Specimens Strength (ksi) 

Standard 

Deviation 

(ksi) 

Compression 1:1 3 

Compression 1:0.8 4 

Compression 1:0.5 4 

Compression 1:0.1 4 

Compression 1:0.01 4 

Tension 1:0 4 

* 
465 22 

528 13.5 (on load 

path) 
514 22 

543 12.2 

493 20.5 

27.8 2.4 

À 

cracked in preloading but test continued. 

TES1 RESULIS ON BATCH //1 (1-inch long test section) 

Compression 1:0.5 4 572 

* 0 
1 ksi = 0.703 kgm/mm 

fabrication and assembly procedures were used to avoid these inadvertent 

stresses, but the exactitude with which such tests must be performed 

leaves some doubt. It Is also possible that some reduction in compres¬ 

sive strength does occur very near the uniaxial compression axis. A 

theoretical discussion of such a possibility will be presented in 

Chapter VI. The testing techniques employed in this study are not 

capable of resolving this question. 
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The ratio of the measured compressive strength to the measured 

uniaxial tensile strength is seen to be approximately 18. The signi¬ 

ficance of this value and its interpretation in terms of failure mech¬ 

anisms will be discussed in Chapters V and VI. 

Ü- Comparison of measured strength values 

Broutman and Cornish and Sedlacek^^ have measured the uniaxial 

compressive strength of WESGO AL-995 alumina. Broutman and Cornish 

measured an average value of 215 ksi with a standard deviation of 33 

ksi on straight-walled tubes with dimensions similar to the present 

study. This value is approximately one half the strength measured on 

the 1:0.01 test specimens. Sedlacek measured the uniaxial compressive 

strength on rings subjected to external fluid pressure with dimensions 

i.d. = 2.000 inches, height = 0.450 inches, and wall thickness = 0.075 

inches. His average value of measured strength on twelve specimens 

was 448 ksi with a standard deviation of 36 ksi. Broutman and Cornish36 

also measured the 1:0.5 biaxial compressive strength of this alumina 

to be 591 ksi with a standard deviation for five specimens of 49 ksi. 

Imperfect testing techniques always yield lower values of measured 

compressive strength as will be discussed in the following section. 

The measured value of compressive strength must always be considered 

as the lower bounds of the true strength. There is no way to demon¬ 

strate unequivacally that the measured value is, in fact, the true 

strength of the material tested. There does appear to be a variation 

in compressive strength between different batches of the AL-995 alumina 

which may account for some of the discrepancy in the various measured 
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values. The 1:0.5 biaxial compression tests on two separate batches of 

material tested in this study showed a difference of 11% in the average 

measured strengths. 

Sedlacek measured the tensile strength of Ab-995 alumina under 

several different stressing rates. He observed that the strength 

decreased with decreasing loading rate. This is consistent with the 

known static fatigue behavior of this material. The loading rate used 

in this study was — of the slowest stress rate (100 psi/sec) employed 

by Sedlacek in which he measured a tensile strength of 28.7 ksi. Our 

measured value of 27.8 ksi is in reasonable agreement with Sedlacek*s 

measurements considering the ,,tirae at stress” dependency for tensile 

failure in these materials. Our data also supports Sedlacek's findings 

that the strength decreases with decreasing loading rate, since our 

3-5 psi/sec measured strength was lower than his 100 psi/sec strength 

measurements. 

iii. Testing problems 

It can be seen from the general shape of the failure envelope in 

Figure 17 that in the tension-compression quadrant the compressive 

stress required for failure is very sensitive to the amount of trans¬ 

verse tension. In any mechanical test where the property of high com¬ 

pressive strength is to be measured, the stress state imposed must be 

free of any tensile stresses since small amounts of tension will 

greatly decrease the observed compressive stress at failure. This is 

particularly true for a brittle, high strength, material such as AL-995 

alumina where the compressive strength is 18 times the tensile strength. 

Uniaxial compression tests are very difficult to perform. Small 



amounts of transverse tension, arising from ellipticity of diameters, 

lack of concentricity of diameters, lack of squareness on loaded ends, 

or misalignment of the loading fixture, will produce a tension- 

compression stress state in which the applied compression necessary for 

failure is considerably less than the uniaxial compressive strength:,* 

In compressive biaxial or triaxial stress states the minor applied 

compressive stresses can cancel the inadvertent tensile stresses devel¬ 

oped and the specimen will fail in a wholly compressive stress state. 

Another source of stresses in compression testing which can cause 

premature failure is the mismatch of transverse compliance between the 

specimen and the test device parts which apply the compressive load to 

the specimen. The problem of the hardened steel compliance tubes split¬ 

ting the alumina test specimen tube under axial load in the 1:1 biaxial 

compression test is an example of a general design problem which will be 

encountered when trying to measure or use the compressive strength of 

brittle ceramics. When the steel device element which applies the com¬ 

pressive load to the brittle ceramic has a lateral stiffness different 

from the ceramic element, high local stresses can be produced because 

of the mismatch in the lateral displacements under load. The static 

coefficient of friction between alumina and steel under high normal 

forces is quite large because the much harder alumina surface will tend 

to imbed in the steel and produce mechanical Interlocking of the surfaces. 

For this reason the alumina and steel will tend to attain the same dis¬ 

placements at their interface. If the transverse stiffnesses of the two 

elements a're not matched, the steel will put the alumina into tension or 

compression in the vicinity of the interface, depending on whether the 
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stiffness of the steel part is less than or greater than the alumina 

part, respectively. A simple model was used to develop the equation of 

the transverse stresses which can occur from the differences in YoungTs 

modulus and Poisson’s ratio when the two elements have the same cross- 

sectional areas and are long (See Figure 18). The equation is developed 

as follows: 

assuming: 

(s) _ (c) 

where £ 

XX 

(s) 

XX 

(s) (c) 
£ = £ i.e. no sliding between surfaces 
yy yy 

(c) 
strain in steel element, / = strain in ceramic element 

(s) (c) 
then from e = e we get 

XX XX 

(s) 
XX 

V V 
s yy g zz 
E ~ E 
S 8 

cr(c) V a(c) V c(c) 
XX c yy c zz 
E * E E 
c c c 

(11) 

observing that: 

a(s) - a(c) - a 
ZZ zz zz 

for equilibrium of a free body cut across the interface: 

(s) . (a) 
- o(c) - - o(c) 

XX yy XX yy 

substituting the identities from above into Equation (11) and simplifying 

(c) _ „(c) 
XX 

where 

yy 

E 

- a 
E V 
c s 

E V 
s c 

zzE -EV + E - Ev 
C C s s SC 

(12) 

E 
s 

V 

a 
zz 

modulus of cermiC 

modulus of steel 

Poisson’s ratio for ceramic 

Poisson’s ratio for steel 

normal stress across interface 
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Even though the magnitude of these and transverse tensile 
XX yy 

stresses in the 1:1 compression test were only 1/3 to 1/2 the tensile 

strength of A£-995, the specimen tube cracked. A second phenomenon 

which induced this cracking was probably ^occurring. Because of the 

geometry and stress condition, rotations were being produced in the 

alumina caused by the displacements necessary to match the steel tube 

displacements. This rotation produced high concentrations of stress in 

the alumina in the regions indicated in Figure 18. Cracks were produced 

in the alumina tube in the orientations shown in Figure 13. 

A mismatch in the transverse stiffness between a brittle ceramic 

element and the element which loads it can produce high local stresses 

in the ceramic. This is so because of the necessity to accomodate dis¬ 

placements in the ceramic and because of possible rotations occurring 

in the ceramic element which produce very high, local concentrations of 

stress. In general, a stiffness mismatch which is the result of the 

steel loading element being either more stiff than the ceramic element 

or less stiff can produce concentrations of stress (Figure 19). The 

1:1 compression strength measurements may be low because of cracks caused 

in this manner in the preloading, and several other reported values of 

compressive strengths for brittle ceramics may be too low for similar 

reasons. The use of finite element analysis in the design of the load¬ 

ing elements could be employed to avoid such situations. 

If a transverse compression is applied parallel to the interface 

between the loading element and the ceramic element, as in the 1:0.5 

test where external fluid pressure creates compressive o and 
rr 00 

stresses, the mismatch in transverse stiffness is not nearly so severe 
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Figure 19. Rotations Produced by Mismatch in Transverse Stiffness of Loading Elements. 
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a problem because the magnitudes of the transverse displacements in the 

two elements are much less. Under most loading conditions where a 

surrounding external pressure is present, all three principal stresses 

in both elements will remain compressive. The magnitude of the trans¬ 

verse displacements, which induce the rotations, will be smaller and 

the £xx and eyy strains wil1 approach zero or become negative. This is 

undoubtedly one of the reasons why the highest compressive strength 

values are measured in test utilizing external pressure acting on a 

closed-end tube. One of the major causes of lower strength values 

measured in uniaxial compression, as compared to biaxial compression, 

is that the uniaxial compression strengths were measured by applying an 

axial load with no provision for eliminating the loading platten-specimen 

stiffness mismatch. 

The sequence of application of the loads to a biaxial compression 

test specimen (the load path) may have some effect on the measured 

strength. As will be discussed in detail in subsequent chapters, com¬ 

pressive failure is the result of the accumulation of crack damage 

produced in the specimen under increasing loads. The nature of this 

crack damage is dependent on the magnitudes of the principal stress and 

the ratios of their magnitudes. Two specimens which have been brought 

to the same failure stress state via different load paths may contain 

different geometries of crack extension. This would result in each 

having a different resistance to structural collapse. 

) 
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CHAPTER IV 

INVESTIGATION OF SPECIMEN DAMAGE UNDER COMPRESSIVE LOADS 

A. Spalling Studies • 

During the disassembly of some tests in which the specimen had 

been subjected to stress levels insufficient to cause failure, it was 

observed that spalling (chipping off of small pieces of alumina) had 

occurred on the inside diameter of the test section. Redlacek had 

also noticed this phenomenon in the course of his testing program19 

in which he measured the compressive strength of AL-995 alumina with 

thin walled tubes. A literature study revealed that such spalling had 

been observed by F. Adams39 while testing thick walled tubes of rock 

in compressive stress states in 1913. Mr. Adams made a general specula¬ 

tion that such phenomenon might be related to the mechanism of failure. 

A study was carried out to establish the nature of the alumina spalling 

and its relationship to the applied stresses, 

i* Experimental techniques 

The 1:0.5 biaxial compression test was used to study the spalling 

because of its ease of repetition on the same specimen and its low cost. 

The technique was to: 

(1) Pressurize the specimen to a predetermined stress level. 

(2) Remove the load and disassemble the test device. 

(3) Observe the spalling 

(4) Reassemble the test device and repressurize the specimen to 

a higher stress level. 

This procedure was continued until the specimen failed which was after 

12 cycles. Once the Intended stress level was reached for each 



pressurization cycle, the pressure was decreased very slowly to prevent 

the creation of any damage in the specimen from dynamic effects which 

can occur during rapid pressure decreases. The rise time of the pres¬ 

sure was approximately equal to the decrease time being very short at 

low stress levels and approaching three minutes at the highest stress 

levels . 

The technique devised to observe the spalling was by surface 

replication of the inside bore of the specimen, utilizing centrifugally 

cast polyvinyl chloride (PVC) material as the replication medium. 

Several materials were investigated before the PVC material was found. 

The replicating material had to make an accurate, detailed impression 

of the surface and exhibit some adhesion to the alumina without develop¬ 

ing excessive adhesion. The inside bore area to be replicated was quite 

large which eliminated the standard techniques for replication such as 

those using cellulose acetate-acetone solvent system employed by elec¬ 

tron microscopits. Cellulose acetate does not work well over large 

areas because of the formation of bubbles. Also, cellulose acetate 

becomes brittle when hardened and shows no tendency to adhere to alumina. 

Several varieties of rubber which cure at room temperature were tried. 

These were very successful in all respects except they would either bond 

with high adhesion to the alumina or not at all. No intermediate bond 

strengths could be obtained. Either no adhesive bond was formed or the 

strength of the adhesive bond would be greater than the cohesive strength 

of the material and it could not be removed without tearing. 

The PVC material which ultimately gave success was supplied by 

Hastings Plastic Company, Santa Monica, CA which was designated by them 



as MOLDKOTE SEALER #1906. This material is applied as an organic 

solvent solution of low molecular weight vinyl chloride polymer. On 

evaporation of the solvent vehicle, the vinyl chloride polymerizes out 

of solution as a solid sheet of polyvinyl chloride. The material was 

obtained in a clear, unpigmented form and in a form with a dark green 

pigment which rendered the material opaque. An important property of 

the clear, unpigmented material was that it polymerized into a glassy 

molecular structure which resulted in it being inactive in polarized 

light. The polymerized PVC was stiff, yet flexible enough for easy 

handling. It exhibited very little tendency to take on permanent set 

if slightly stretched during handling. This dimensional stability 

allowed accurate position and dimension measurements to be made on the 

replica. 

The centrifugal casting of the PVC into the bore of the specimen 

was accomplished by holding the specimen in the chuck of a lathe and 

applying the PVC to the inside bore Of the specimen with a hypodermic 

sringe. A suction chamber was installed around the specimen to 

accelerate removal of the vapors of the organic vehicle. With the 

specimen rotating at 600 rpm, 15 ml of vinyl chloride solution was 

applied LC the bore. The rotation speed was then increased to 1600 rpm 

and the suction chamber was installed. After 2 1/2 hours the specimen 

was removed and allowed to cure in ambient for a minimum of 6 hours 

before removal of the replica. The fully cured PVC replica had a thick¬ 

ness of 0.004 inches. The centrifugal force helped push the vinyl 

chloride solution into intimate contact with the details of the alumina 

surface. 
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The replicating ability of the PVC was exceptional, being equal to 

that obtained with the cellulose acetate technique. The adhesive bond 

strength of the cured PVC to the alumina was such that it took approxi¬ 

mately 40 oz. of force to peel a one inch wide strip off at an angle of 

90° to the surface. This was considered a sufficient bond strength to 

remove spalled particles from the surface. After several replication 

cycles a small deposit of residual material (probably plasticizer) was 

left on the surface. This could be removed by rinsing in solvent. 

Attempts to replicate areas using the PVC without centrifugal casting 

were unsuccessful. 

To study the outside surface of the specimen, a clear, cellulose 

acetate backed adhesive tape (SCOTCH ELECTRICAL ADHESIVE TAPE (/7) was 

applied. The tape was simply pressed into place at room temperature. 

Its acrylic adhesive bonded very well to the alumina surface. (90° 

peel force for the one inch wide tape was ~3-5 lbs.). This tape could 

remove spalled particles but did rot replicate the surface. 

Two kinds of PVC replicas were made. Clear replicas were in place 

during the pressurization cycle. After depressurization the clear 

replica was removed; it contained the spalled particles on its surface 

which were tightly attached thereby preserving their positions and 

orientations. A second green replica was made to record the new surface 

features created under the stress. This process was repeated for 12 

progressively higher pressurization cycles on a single 1:0.5 test 

specimen from zero stress to the stress at which it failed. Table X 

shows the stress levels to which the specimen was subjected and the 

replicas which were made at each stress level. 
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TABLE X 

Stress Levels Studied in the 1:0.5 Compression Test 

Pressur¬ 

ization 

Cycle 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

Maximum 

Pressure 

Applied to 

Specimen 

(ksi) 

0 

7.8 

13.5 

18.9 

27.3 

35.1 

43.7 

46.1 

48.8 

50.8 

51.5 

52.5 

52.3 

Maximum 

Stress in 

Specimen 

aee(ksi) 

0 

74.0 

129.0 

180.0 

260.0 

334.0 

416.0 

439.0 

465.0 

484.0 

491.0 

500.0 

498.0 

Percent of 

Failure 

Stress 

'09 X 100 

0 

15 

26 

36 

52 

67 

83 

88 

93 

97 

98 

100 

Actual 

Failure 

Designation of 

Replica Sets Taken 

Clear 

(during 

pressur¬ 

ization) 

Green 

(after 

pressur¬ 

ization) 

w 

Before each replica was taken, a grid of fiducial marks was applied 

to the inside bore of the test specimen with a 6H lead pencil. The 

appearance of the grid is shown in Figure 20. The grid was applied by 

sliding a stencil template tube, containing a rectangular grid pattern 

of dots as 0.040 inch holes drilled through its wall, into the specimen 
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Figure 20. Orientation of Replicas. 
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bore. The template was aligned each time to a permanent fiducial mark 

on the specimen. By marking through the template a precise pattern of 

identically positioned dots could be obtained each time. When the 

replica was removed, the graphite transferred to the PVC creating a 

grid which could be used to locate identical positions on replicas taken 

at different stress levels. This enabled the recording and comparison 

of the progressive damage occurring to the specimen in any microscopic 

area of the surface over the entire range of stress levels. 

The replica was removed from the specimen by sectioning the film 

into eight 2 cm. wide strips with a razor knife blade and carefully 

peeling off each strip. A very light cutting force was used to prevent 

knife blade damage to the alumina. The replicas were only handled on 

the ends which were subsequently cut off and not used for the study. 

The orientations of the sections and the dimensions of the replica 

strips used for the study are shown in Figure 20. The replicas were 

placed on glass slides for ease of handling and numbered as to stress 

level and position on the specimen surface. 

ii. Examination and analysis of replicas 

Measurements were made on the replicas to establish the nature and 

amount of damage produced on the inside diameter of the specimen at 

successively higher stress levels. The percent area spalled off at 

each stress level and histograms of the sizes of the spalled particles 

were determined. This was done by scanning the replicas with a Leitz- 

Ortholux microscope using special illumination techniques. The X-Y 

stage of the Leitz microscope was fitted with a slow speed synchronous 

motor drive which moved the stage at a constant 10 microns/sec. A 20x 
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dry objective in combination with a lOx cross-hair eyepiece was used 

to view the 200x magnified field. The stage was set at the starting 

position of the scan and the motor drive was started. As the alumina 

particles on the replica passed under the cross hairs a push button was 

depressed which applied a voltage to offset the pen on a Sanborn 299 

recorder. As the particle passed from under the cross hairs, the push 

button was again depressed which removed the recorder pen voltage. The 

recorder paper was driven at 5 mm/sec. and the pen offsets recorded 

particle size and information on spacing between particles. By record¬ 

ing the length of time spent traversing particles and comparing this to 

the total scan time, a "percent area covered by spalled particles" value 

could be obtained. A schematic of the instrumentation for making these 

measurements is shown in Figure 21. 

The time consuming manual search over the replicas was used because 

distinguishing alumina particles from the detailed replica background 

would have been extremely difficult for an automatic, electronic sensor. 

Automatic techniques are available for more precise analysis of particle 

distributions but none were capable of meeting the total requirements of 

the investigation. It is felt the simple techniques employed yielded 

information with sufficient statistical accuracy to demonstrate the 

general trends. 

The alumina crystal (a-alumina) is optically uniaxial.79 This 

permitted the identification of most particles by viewing them under 

crossed polars. Some particles, however, would have their optic axes 

oriented so that they would not appear bright in crossed polars and 

would be unobservable. To assure that these particles were counted, a 
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SHADED PARTICLES MEASURED 

TOTAL SCAN TIME 
CLOCK 

Figure 21. Particle Distribution Measurement Apparatus. 
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low level reflected Illumination was used in conjunction with the 
k 

polarized, transmitted illumination. The direction, intensity and angle 

of polarization of both illuminators was constantly varied by the 

operator to inspect each piece of the replica as it traversed the field 

of view. With these techniques all alumina particles could be identified. 
j 

Large enough pieces of the replicated test specimen survived the 

fracture process to permit the determination of the major fracture path. 

The major longitudinal fracture path occurred in the vicinity of the 

15-16 replicas; hence, these 15-16 replicas were chosen for the spalled 

particle analysis. Six scans were made on each of the ten clear replicas 

which had been on the specimen during the pressurization cycles at 

stress levels between 15% and 100% of the failure stress. The scans 

were each 1 cm. long and were made in the grid pattern shown in Fig. 22. 

Three scans were made in the 0 direction of the specimen and three in 

A. 

the Z direction. The results of these scans are shown in Table XI and 

Figures 23, 24, and 25. 

Before replica set A was made the alumina specimen was thoroughly 

cleaned with detergent and solvents in an ultrasonic cleaner. Careful 

inspection of the A replica set revealed that no particles of alumina 

were removed by these replicas. Nor were any particles found on the B 

replicas which were in place during the 15% stress level pressuriza¬ 

tion. Examination of the D replicas, in place during the 26% pressur¬ 

ization cycle (pressurization to a stress level 26% of the stress which 
;¡ 

caused failure), showed that alumina particles were beginning to spall 

off at this stress level; however, the percent of the test section area 
. ; j 

'••i ' 
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Figure 22. Replica Scan Pattern. 
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TABLE XI 

Percent Area Spalled During Pressurization Cycles 

Percent of Test Section, Inside Bore Area 
Spalled in Pressurization Cycle 

Maximum Percent 
Stress in Area Std. Dev. 

Replica Specimen Spalled 0 Scan 
Scanned as % af 0 Scans Values 

A 

B 

D 

F 

H 

J 

L 

N 

P 

R 

T 

V 

0 

15% 

26 

36 

52 

67 

83 

88 

93 

97 

98 

100 

0.0% 

0.0 

0.7 

1.5 

4.4 

8.1 

8.8 

9.4 

16.5 

15.6 

21.5 

0.0% 

0.0 

0.3 

0.5 

1.2 

0.3 

1.7 

3.77 

1.4 

3.0 

3.2 

Percent 
Area Std. Dev. 
Spalled z Scan 
z Scans Values 

0.0% 0.0% 

0.0 0.0 

0.3 0.1 

2.7 0.5 

4.1 0.6 

7.1 0.3 

8.6 1.3 

12.7 1.4 

12.6 2.8 

16.8 1.5 

31.5 11.2 

Percent 
Area Std. Dev 

.A A 

Spalled 0 and z 
0 and z Scan 
Scans Values 

0.0% 0.0% 

0.0 0.0 

0.5 0.3 

2.1 0.8 

4.3 0.8 

7.6 0.6 

8.7 1.4 

11.1 3.1 

14.6 2.9 

16.2 2.2 

26.5 9.2 

covered with spalled particles was much less than 1%. Only one or two 

2 
particles per cm were present. 

The percent of total area covered by spalled particles was deter¬ 

mined from the clock which recorded the time the cross hair was over 

particles. The percent of the linear scan line which overlay particles 

is equal to the percent area covered by particles. Table XI shows the 
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Figure 23. Percent Area Spalled During Each Pressurization Cycle. 
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results of the measurements as average values of the percent area 

spalled off during the indicated stress level pressurization cycle. 

The average values for the three 0-direction scans, the three 

Z-direction scans, and an overall value averaging all six scans together 

is given along with the standard deviations for each average. The over¬ 

all average values are plotted in Figure 23 as a function of the applied 

stress, which is normalized to the failure stress. The rapid increase 

in the amount of spalling at stress levels near failure is very apparent. 

This figure shows the percent area spalled during each pressurization 

cycle. Figure 24 plots the cumulative percent area spalled up to any 

specified stress level. This again is plotted as a function of the 

stress level normalized to the failure stress. This figure gives an 

indication of the cumulative damage which has occurred on the specimenfs 

surface. It should be noted; however, that the construction of this 

curve Ignores the fact that some spalling at higher stress levels occurs 

in the same location on the inside surface of the specimen during sub¬ 

sequent pressurization cycles. The spalling extends more deeply into 

the wall thickness as higher stress levels are attained. Spalling 

occurs from the same inside surface area more than once before structural 

collapse of the specimen. This phenomenon is believed to be part of the 

mechanism of structural collapse in the specimen. 

Histograms of the particle size distributions were made from the 

X-Y recorder data for each replica surveyed. The length of the scan 

path which was superimposed over a particle was considered to be the 

size of that particle. This yielded a histogram of "scanned particle 

sizes" which is an approximation to the real distribution of particle 
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sizes. Tt should be noted that the histogram of scanned particle sizes 

approaches the real particle size distribution only when the distribu- 

80 
tion of particle shapes and orientations meet certain requirements 

It is felt that these requirements were sufficiently satisfied to allow 

general observations to be made about the behavior of the particle size 

distribution. The histograms appear in Figure 25, as number of particles 

2 
per cm. (or cm ) per size range (note scale factor changes on these 

graphs). 

Some general trends in the behavior of the spalled particle size 

distributions with increasing stress level are apparent. The particles 

which spall off at the lowest stresses are small. As the stress level 

increases both the density of each particle size and the maximum size 

of particles increases. The 0-20 micron particle density exhibits a 

curious behavior between the L replica at 0.82 Of and the N replica at 

0.88 Of. This small particle density increases to a maximum at 0.82 

then decreases considerably and remains fairly constant up to failure. 

It is possible that the 0.88 stress level is the point at which 

interaction between flaws and extended cracks begins to occur. Such 

interaction would tend to decrease the number of small particles spalled 

and increase the number of larger ones because cracks branching between 

flaws would tend to produce larger spalled particles. Beyond the 0.88 

af stress level the densities of larger particles and the maximum size 

of the particles continues to increase until failure. Examination of 

the particle size distribution on replica V made at a stress level 

within 0.5% of the failure stress, shows that the largest spalled 

particles are approaching millimeter dimensions. Some particles on the 
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V replicas are l-lirn. In diameter. Photos of the replicas made In the 

last four stress states studied (0.93 of, 0.97 of, 0.98 of and 1.00 c,f) 

appear in Figure 26. 

Some portions of the replica which was in place on the specimen 

during the failure pressurization cycle were found intact during dis¬ 

assembly of the test device. They were of insufficient quality to 

permit measurement of the area spalled, but they did show that very 

large pieces of alumina had been spalled off (see Figure 27). The loca¬ 

tions of these replicas were not in the area where structural collapse 

originated, but one was near it. The sizes of the largest alumina 

particles on these replicas are larger than the particles on the V 

replica. 

In an attempt to determine whether spalling was localized in 

certain areas of the specimen (perhaps just in the area where failure 

would originate at higher stresses) a photographic study was carried out 

on the entire set of replicas made at each stress level. A Bausch and 

Lomb macrocamera was used with a magnification of 4X. A flat black 

background with oblique light illumination from both sides was used to 

eliminate shadowing an increase particle-background contrast. This 

technique allowed the identification of particles down to 50 microns 

in size. Visual comparison between replicas taken in any area of the 

test section at a given stress level showed that the percent area 

spalled and the spalled particle size distributions were very similar 

in all areas of the test section. This uniformity of spalled particle 

distribution was as consistent on the V replica taken at -1.00 af as 

the ones at lower stresses. 
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(a) REPLICA V (1.00 af) (b) REPLICA T (0.98 f)f) 

(c) REPLICA R (0.97 of) (cl) REPLICA P (0.93/;f) 

Fiijun.* 26. 1:0.6 Compression Test Replicas Made at Stress Levels Near Failure. 

(Horizontal Spacing Between Dots 1 cm) 
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f\irtid<;s on Portion of Replicti from Ftulocl Spocimnn. (Mannification dX) 
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The three-dimensional nature of the spalling phenomenon is of 

importance to a determination of the structural collapse mechanism of 

the specimen. To examine this aspect, photos made of the replicas taken 

from the region of the test section where failure originated were 

printed on film as 8X enlargements. The spalled particles appeared 

dark and the background clear. By overlaying the negatives made of the 

failure region replicas at each stress level, the relationship between 

the positions of spalling at successively higher stress levels could be 

studied. Some interesting aspects of the relative locations of the 

spalling activity at different stress levels were revealed. At lower 

stress levels (a < 0.9 0^) the spalled particle positions concentrated 

to some extent around grinding marks left on the surface from the final 

surface finishing operation. Some tendency for spalled particles to 

come from the same or immediately adjacent positions was observed; 

however, the small size of the particles made the distinction between 

superimposed or adjacent particle positions difficult. One property of 

two superimposed replica photos taken at different stress levels was 

the formation of patterns similar to Moire* patterns if the fiducial 

marks on each negative were not exactly superimposed. To obtain such 

patterns, a relationship between the particle positions on each replica 

would be required. This relationship between the arrays of spalled 

particle positions is believed to be the result of such particles being 

spalled from the same or adjacent positions on the specimen*s surface. 

Although some concentration of the spalling activity was observed at 

the lines of surface damage produced by final grinding, the reminder of 
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the particle positions appeared to be randomly distributed at stress 

levels less than 0.9 

The particle patterns for stress levels above 0.9 cf showed less 

tendency for the larger particles to concentrate at the lines of machin¬ 

ing damage. Moire-like patterns could still be seen developing for the 

smaller particles. A very obvious property of these high stress patterns 

was the clustering of large particle spalling at successively higher 

stress levels. Large particles on each replica showed a strong tendency 

to occur in positions where large particles had previously spalled. In 

some instances the positions were superimposed; in others they were 

adjacent. The positions of the clusters of large particle spalling 

appeared to have a random distribution over the replica. To summarize, 

the spalling of large particles at stress levels above 0.9 occurs in 

clusters which appear to be randomly distributed on the surface of the 

specimen. 

To complete a description of the spalling, the shapes of the spalled 

particles must be characterized. The planar shape of the particles can 

be seen from the photos (See Figure 26.). They are equant, i.e.f they 

are not predominantly elongated in one principal direction of the speci¬ 

men [the horizontal and vertical directions on the photographs (Figures 

AS A 

26 and 27) were the and principal stress directions, respec¬ 

tively], The thicknesses of the particles were measured with an optical 

microscope. The thickness of the smaller particles ranged from 10 to 50 

microns and the larger particles ranged in thickness from 50 to 200 

microns. The smallest particles (0-50 micron planar dimensions) were 

chunky being composed of one to a few grains or crystallites. For the 
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larger particles the ratio of thickness to planar dimension was quite 

constant, being approximately 1:10 to 1:30. The larger particles could 

be described as thin plates, one to a few grains thick, and containing 

many grains in their planar areas. The large particles on the portions 

of the replica recovered after specimen failure also had values of the 

same ratio of ~1:20. 

The adhesive tape placed around the outside diameter surface of the 

test section showed that no alumina particles spalled off at any stress 

level except that slightly less than the failure stress. Considerably 

less than 1% of the surface had spalled chips at this stress level. 

The particles found were small (Í0-50 microns) and resembled closely 

those seen on replicas of the inside surface made at the 0.26 a stress 

level. 

Spalled particles are created when cracks extend from inherent 

flaws in the material under the action of the applied stresses. A study 

was made to characterize the flaws and the behavior of the cracks which 

extended from them. The first particles to spall off are associated 

with the most severe flaws. These particles were small, being composed 

of one or at most a few grains. The causes of spalling of the first 

particles were found to be foreign material in grain boundaries and 

large grain cleavage (larger than 50 micron diameter) which was asso¬ 

ciated with large (^5 micron) voids adjacent to the grain. The reason 

for the spalling of other particles at low stress levels was not obvious 

and was attributed to preexisting cracks introduced during machining. 

It was not possible to identify the cause of spalling of larger particles 

consisting of tens of grains. The appearance of the fracture surface 
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of such particles is shown in Figure 28. Cracks may have originated 

from flaws at more than one location and intersected to create some of 

these particles. The fracture paths observed were a mixture of trans¬ 

granular and intergranular fracture. The path of transgranular cracking 

was affected by the small (1-3 micron) spherical porosity within the 

grains. The fracture path would bend from the cleavage plane of the 

grain to intersect the pores (see Figure 29). 

iii. Conclusions of replica study 

The relationship between the distributions of spalled particles and 

the amount of internal damage through the wall thickness of the specimen 

will be discussed in Chapter VI. It can be seen from Figure 1(a) that 

the maximum value of the largest principal stress (ae0) occurs on the 

inside diameter of the specimen and, further, that the radial stress 

(arr) is zero at this position. As will be discussed in Chapter V, the 

smallest principal stress (arr) inhibits crack extension from flaws in 

triaxial compressive stress states“. It is clear that the most highly 

stressed material is that adjacent to the inside surface which is in a 

state of biaxial compression. One would expect the maximum damage 

created by the applied stresses to occur here. Thus, the replica 

studies are a measure of the most highly damaged regions in the specimen 

at any stress level. Structural collapse of the specimen originates 

here by a mechanism to be described in Chapter VI. 

Several conclusions concerning the failure process may be drawn 

from the replica study: 

1) Only small particles spall off at low stresses. As the stress 

level is increased a larger number of particles of each size 
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F i y uru 28. Interior Surface of Large Spalled Particles. 
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Figure 29. Fracture Path Through a Grain Containing Pores. {Magnification 500X) 
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spall off, and the maximum size of the spalled particles 

increases. 

Particles which spall off at low stress levels relate, at 

least in part, to machining damage because the pattern of 

spalled particles is related to the cuts of the diamond 

grinding wheel. 

At higher stress levels the spalling of larger particles 

does not seem to have a direct relationship to the machining 

damage. 

The density of spalling is very uniform over the entire test 

section for any given stress level. 

The positions of large spalled particles have a direct 

relationship to the positions of previously spalled large 

particles. Large particle spalling appears to be clustered 

with a random distribution of the cluster positions on the 

test section surface. 

The density of spalled particles decreases very rapidly as 

one moves away from the test section area. This is in agree¬ 

ment with the percent area spalled studies which shows this 

percent to be a very sensitive function of the stress level. 

The amount of spalling increases tremendously as the failure 

stress is approached. 

The particle size distribution displays a peculiar maximum for 

small particles at the 0.82 af stress level which may be 

evidence of the onset of crack-crack interaction. 



9) The spalling phenomenon results from the action of the applied 

stresses causing cracks to extend from inherent flaws in the 

material which separate small particles of the material from 

the body. The most severe flaws extend cracks first; hence, 

a careful analysis of the flaws which cause the first spalled 

particles would reveal the nature of the worst flaws near the 

surface of the body. In applied stress states containing 

tensile stresses these worst surface flaws will limit the 

strength. Such a study can reveal the nature of the worst 

flaws which limit the strength in tensile stress states; how¬ 

ever, the most severe flaws in compression are not necessarily 

the most severe flaws in tension, 

10) A cursory examination of the first spalls and the areas where 

they occurred revealed the worst flaws to be foreign matter in 

the grain boundaries and large grains (> 50 microns) which 

cleaved close to large 5 micron) voids between grains. 

11) Examination of the fracture paths on the spalled particles 

indicated that both transgranular and intergranular fracture 

was occurring. The fracture path through a grain was affected 

by the small porosity (1-3 micron dia.) contained within the 

grains. This effect was to bend the path of fracture from its 

cleavage plane to intersect the pore. 

12) The first particles spalled off at a stress level of 0.25 af 

i.e., at a compressive stress between 4 and 5 times the magni¬ 

tude of the measured tensile strength. 
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B. Additional Observations of Damage Produced in the Specimens 

The macroscopic appearance of a failed 1:0.5 biaxial compression 

specimen is shown in Figure 11. The characteristics of this failed 

specimen are typical of all specimens failed in the 1:0.5, 1:0.1, and 

1:0.01 stress states. The central, axial fracture line in the first 

view (0° view) is the only region of the specimen in which the alumina 

material was extensively powdered. This line was formed in each speci¬ 

men. The circular segment which imploded towards the center of the 

specimen was formed with virtually identical shape and size in all 

stress state tests. This segment was laced with cracks and would 

usually crumble into small pieces when the specimen was removed from the 

test device. The opposite side of the specimen (180° view) always con¬ 

tained a single circumferential fracture line. The remaining volume of 

the specimen was fairly well intact. Because energy absorbing tech¬ 

niques could not. be used in the 1:0.8 and 1:1 biaxial compression tests, 

these specimens were badly shattered on failure. (See Figure 14.) Not 

much information could be obtained from the pieces. Examination of the 

undisturbed pieces, before the test device was disassembled, indicated 

the characteristics of structural collapse remained similar to the 1:0.5 

specimens. The remarkable similarity and reproducibility of the frac¬ 

ture appearance of all specimens tested in compression is evidence that 

the same mechanism of structural collapse was operating in each stress 

state. 

The axial line fracture is believed to be the origin of structural 

collapse in all stress states. The sequence of events of microscopic 

crack extension which result in the formation of this fracture feature 
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are discussed in Chapter VI. A more detailed view of this fracture 

line may be seen in Figure 30(a) and (b) which was made from the surviv¬ 

ing test section of a failed 1:0.01 test specimen. Figure 30(a) shows 

a view looking at the inside surface of the test section in the region 

of the line. Figure 30(b) shows the alumina material which came from 

this area and was imbedded in the center post during the fracture 

process. The portion of the area where the line originated can be seen 

as a squarish, wider area of the alumina imbedded in the center post. 

Between the various pressurization cycles of the replica study the 

inside bore of the specimen was examined, with a stereomicroscope using 

an arrangement of mirrors and illuminators. The faces of imbedded 

cracks near the surface of the specimen would scatter light rendering 

them darker than the surrounding material. Examination of the inside 

bore by this technique revealed the subsurface, extending cracks which 

were forming the spalled particles. The resolving ability of the opti¬ 

cal system was not. sufficient to allow observation of crack interactions; 

however, the density and size of subsurface cracks were observed to be 

similar to the spalled particles. No very large cracks (greater than 

~lmm) were detected in the test section at any stress level. Also, no 

cracks were observed to form near the outside surface of the specimen. 

Because the technique of optical examination used on the intact 

specimen could not reveal cracks which were more than a few grains below 

the surface, portions of failed specimens were mounted and carefully 

polished to determine the amount of crack damage through the entire wall 

thickness of the specimen. These pieces were gently lapped for extended 

periods of time in an automatic lapping device to obtain sections of 
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(a) INSIDE DIAMETER SURFACE OF TEST SECTION 

(MAGNIFICATION 3X) 

VA - 
* 

< \ 
V 

(h) CENTER POSI (MAGNIFICATION 3X) 

Fiyure 30. Axial Fracturu Lim» on Failed 1:0.01 Test Specimen. 
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Figure 30. (continued) 
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relatively undisturbed material. Optical examination of these pieces 

revealed that no extensive or dense crack network was formed throughout 

the wall thickness of the test section. Several orientations of sections 

were made and all indicated that only the material near the inside sur¬ 

face had developed a dense network of cracks. 

The Origins of the Specimen Damage in the Attempted 

Uniaxial Compression Tests 

The nature of the cracks produced in the attempted 1:0 compression 

tests as described in Chapter 3, Section Ciii is shown in Figure 12. 

These cracks resulted from an inadvertent tensile stress which was 

produced during the test. The sizing of the specimen tube end diameters 

was incorrect; the diameters were slightly too large. This meant the 

application of the pressure load on the specimen ends was external to 

the inside diameter of the test section. (See Figure 31.) This pro¬ 

duced an unbalanced force from the pressure on the outside surface of 

the specimen that created an axial tensile stress in the region where 

the crack started. The tensile stresses developed in this way are 

localized to an area near the outside surface of the specimen. As the 

propagating crack moved from the outside surface toward the inside 

surface it encountered the axial compressive stress and turned to become 

parallel to the direction of the compressive stress. 

As will be discussed in the next chapter, cracks extending in a 

tensile stress field do so in a manner such that the crack plane is 

perpendicular to the direction of the tensile stress. Cracks extending 

in a compressive stress field tend to align themselves with the direc¬ 

tion of the compression. Kxaraination of these crack surfaces after 
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Figur. 31. Formation of Cracks During Attempted Uniaxial Compression Test. 



specimen failure revealed the transition of the crack plane from being 

normal to the specimen axis to that of being parallel was a smooth 

continuous curve down to virtually the scale of the grain size. This 

is direct evidence that the direction of macroscopic, extending cracks 

responds to the local stress state in a manner similar to the model 

studies which will be discussed in Chapter V. 
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CHAPTER V 

CRACK EXTENSION FROM FLAWS IN COMPRESSIVE STRESS STATES 

A* The Nature of Two-Dimensional Flaws which May Extend Cracks 

A categorization of the types of flaws which niay extend cracks and 

the mechanisms by which the cracks extend under compressive stress 

fields is given here. The models, by necessity, are idealized to sim¬ 

plify the analysis. The expressions for stresses around the flaws are 

based on the flaws being contained in a homogeneous, isotropic, elastic 

medium. Anisotropic elastic constants and the fact that high strength 

ceramics are composed of a bonded aggregate of crystallites certainly 

will have some influence on these considerations. It is suggested; 

however, that these effects will only be significant on a scale of 

single crystallites. If the cracks extend over tens of grains, then 

the continuum elastic predictions should be quite accurate. Whether the 

cracking occurs in the grain boundaries or through the grains should 

have little influence on the results of this discussion other than to 

establish the stress level at which these events occur. 

The categorization of flaws which can extend cracks are divided 

into three types to facilitate discussion of the cracking mechanisms. 

A fourth type of flaw can be envisioned. It is that of an inclusion 

which has elastic properties different from the matrix in which is 

imbedded. A consideration of this type of flaw would be important in 

dealing with multiphase materials. Koide40 has presented an analysis 

of crack initiation from heterogeneous inclusions which have elastic 

properties that differ from the matrix. In general, the greater the 

difference in elastic properties between the inclusion and the matrix. 



the larger is the intensification of stresses around the inclusion. The 

stress intensification around inclusions is analogous to that around a 

crack or pore of equivalent geometry but the stresses around the inclu¬ 

sion are less. Since we are considering only high strength, high purity, 

single phase materials, the behavior of this type flaw will not be per¬ 

tinent to the discussion. 

The quantities of each flaw type occur in various proportions and 

densities in different materials. It is probable that the types of 

flaws which predominate in any given material will have an influence on 

the nature of the crack damage created in the material subjected to 

stresses less than those required to cause structural failure. This 

will in turn influence the mechanism of final structural collapse and 

the measured strength. This is not to say the inherent flaw densities 

do not have an effect but rather the type and density of flaws present 

are two primary factors influencing the material strength. The effects 

of the flaw density and density of extended cracks will be discussed in 

Section C of this chapter. 

Crack initiation and extension at flaws subjected to compressive 

stress states is more complex and varied than that observed when tensile 

stresses are present. Several mechanisms of crack initiation and exten¬ 

sion are possible in compression. Crack extension in three dimensions 

and/or under triaxial stress states is more difficult to treat and will 

be touched upon in Sections B and C. For the present, two-dimensional 

flaws subjected to biaxial compressive stresses which act in the plane 

of the flaws and extend a crack only in the two-dimensional plane of the 

these stresses, will be considered. This model of flaws utilizes only 
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two-dimensional elastic theory to obtain solutions for the stresses 

around the flaw. As a matter of definition, a flaw is any microscopic 

area or feature in a stressed body which concentrates the stresses in 

the body above their nominal values. Flaws can include cleaved grains, 

unbonded or weakly bonded grain boundaries, pores, inclusions, and a 

host of other microstructural features inherent in the body as fabricated. 

Cracks (fractures in the continuous material surrounding the flaw) 

extend from flaws in the body under the action of applied stresses which 

are intensified at the flaws. It will be shown that inherent flaws, the 

ones that exist in the body after fabrication and before any load is 

applied, may not be the only flaws acting to extend cracks at high 

levels of stress. There are several possible mechanisms for increasing 

the density of flaws which can extend cracks. 

i. Type I - open flaws 

These are the kind of flaws first proposed as being responsible for 

the reduction of the measured strengths of brittle bodies from their 

theoretical or intrinsic strengths of 1 * 10^ to 10 x 10^ psi to observed 

11 41 
values to Jqqq as large. Griffith in 1920 proposed this flaw type 

as being responsible for the reduction in the strength of glass. Solu¬ 

tions for the stress fields around various geometries of open flaws and 

arrays of open flaws are available. Since a large variety of these 

kinds of flaws have been extensively treated in the literature, only 

the fundamental ideas will be presented here. 

The two-dimensional. Type I flaw can be considered in one extreme 

as a circular hole and the other extreme as an infinitely sharp crack. 

The ellipse formed by the perimeter of the flaw has semi-major axis (c) 

, • v~. 
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and semi-minor axis (a). (See Figure 32(a).) The condition for defining 

this type of flaw is that the flaw remains open under all stresses 

imposed. The faces of open flaws never come into contact to allow 

42 transmittal of normal or shear stresses across the faces. Inglis 

first obtained the stress distribution in the vicinity of such flaws. 

If the open flaw is modeled as an ellipse, the ratio of semi-major to 

semi-minor axis (c/a) determines the severity of the stress concentration 

near the free surface of the flaw. The severity of the stress concentra¬ 

tion increases as the c/a ratio increases. (See Figure 32(b).) For 

very large ratios of c/a, i.e.^, as flaws approach infinite sharpness, a 

more convenient parameter is the radius of curvature at the tip (p) and 

crack length (c). (See Figure 32(c).) Inglis showed that the maximum 

tensile stress (a^) occurs near the flaw tip and could be described by: 

o *= o 
max (1 + a). (13) 

where: a = traction applied to an Infinite body containing the flaw in 

a direction perpendicular to major axis of flaw. 

2 
For an elliptical shaped flaw: p « — 

c 

and : 

a - a 
max MJ-vi (14) 

for: c » p 

This open. Type I flaw model may be used to analyze the maximum stresses 

around any complex shape of two-dimensional, open flaws quite accu- 

43 
rately. (See Figure 32(d).) 

Much use has been made of these models in the discipline of fracture 

mechanics where the concentrated stresses in the vicinity of the flaw 
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(a) OPEN FLAWS (b) STRESS CONCENTRATION 
AROUND OPEN FLAWS 

max 

3^ 
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2c 

0 
(c> TENSILE STRESS CONCENTRATION (d) MODELLING OF REAL OPEN FLAW 

AROUND SHARP, OPEN FLAW. WITH MATHEMATICAL ELLIPSE. 

Figure 32. The Modelling of Open Flaws in a Material. 
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cause local plastic deformation in materials which exhibit ductility. 

The plastic flow mechanisms control the stress level at which a crack 

nucleates at the flaw and the manner in which it extends. For perfectly 

brittle materials (ones which exhibit linearly elastic behavior to 

failure even in microscopic areas around the crack tip) crack initiation 

and extension is controlled by the magnitude of the concentrated tensile 

stress in the vicinity of the flaw tips. When the concentrated tensile 

stress equals the intrinsic or theoretical strength of the flaw free 

material, a crack is initiated. 

The expression for the tensile stresses in the vicinity of the 

surface of an elliptical hole, subjected to applied stresses in the 

plane of the flaw as derived by Inglis, may be used to calculate the 

applied load necessary to create tensile stresses at the tips of a flaw 

which are equal to the intrinsic material strength. Using this approach, 

44 
Griffith proposed a maximum stress criterion for crack extension from 

infinitely sharp, open, elliptical flaws in 1924. He calculated the 

concentrated stresses in the vicinity of the flaw which arise from 

applied biaxial tractions by superimposing the stress fields created by 

the action of the normal and shear stresses acting on the plane of the 

flaw. Babel and Sines generalized this criterion to treat crack 

extension from flaws of any c/a ratio. Their results are particularly 

applicable to materials such as porous zirconia which is known to con¬ 

tain a high density of open flaws. Both the Griffith theory and its 

generalization by Babel and Sines have been successful in explaining 

strength values measured in tension-tension and tension-compression 

stress states. The Griffith theory has also been somewhat less 



successful at explaining strengths of rock measured in triaxial compres¬ 

sion stress states* 

The generalized, two-dimensional, Griffith stress criterion for the 

initiation of cracks at open flaws subjected to biaxial stresses has 

been plotted by Kobayashi. (See Figure 33.) These curves show the 

necessary values of the variables and Ç for crack initiation or 

failure, where and CT^ are the major and minor applied stresses 

respectively and where (Ç) is the angle between the flaw plane and the 

direction of G^. These computations were made for a flaw of aspect 

ratio c/a = 10,000, which is a realistically sharp flaw; e.g. 10A grain 

boundary separation over a length of 10 microns. The applied stress 

(a1) is normalized to the uniaxial tensile strength (at). The theory 

predicts a ratio of uniaxial compressive strength to uniaxial tensile 

strength of 8. In compression-compression stress states the strength of 

the body (a^) increases with increasing minor compression G^. This 

stress state is analogous to stress states developed in the triaxial 

compression tests used by geologists (g^ > a2 = = - p; where p is 

the confining pressure). The parabolic increase in the strength with 

is observed in such tests. 

An interesting aspect of the behavior of open flaws subjected to 

purely compressive stresses is apparent from the curves of Figure 33. 

If compressive stresses much greater than 8 times the tensile strength 

are imposed before the body fails in compression, then all flaws in such 

a material will initiate cracks whose orientations are included in a 

large angular range (AÇ). In a material such as AL-995 alumina where 

the compressive strength a » 18 a , some of the first flaws which 
w 
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Figure 33. Griffith Crittrfton for Crack Initiation at Open Flaws. 
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initiate cracks will be subjected to applied stresses of more than twice 

the applied stress at which they first initiated the cracks before 

structural collapse of the material occurs. As the applied load 

increases beyond 8 by this model, the angular range (AO of flaws 

which initiate cracks increases. Applying a second principal compression 

does not totally inhibit crack initiation from flaws but does increase 

the value of maximum principal compression necessary to initiate them 

and also reduces the angular range (AO of flaws which will extend 

cracks. 

The number of flaws in a body which initiate cracks increases with 

increasing applied load for two reasons. First, the higher the load, 

the smaller the flaw (one which creates a lesser stress concentration) 

which can attain the critical tensile stress concentration at its tip. 

Secondly, as the applied load increases, AÇ increases for any given size 

flaw. The increase in the density of flaws which have initiated cracks 

as a function of AÇ may be determined from Figure 33. The increase in 

the density as a function of size c depends on the flaw size distribu¬ 

tion in the material. Knowing these two parameters, a function could be 

described giving the density of flaws which have initiated cracks vs. 

applied load. This relationship will be developed in Chapter VI. 

It is important to emphasize that the theory being presented here 

is for a two-dimensional model. The actions of stresses on the behavior 

of flaws in the third dimension are not being considered. For some con¬ 

ditions of triaxial loading (e.g. geologist’s confining pressure test) 

this two-dimensional model may be representative of the three-dimensional 



behavior but this ia only a special case of a more complex, three- 

dimensional behavior. 

By the Griffith theory, flaws will concentrate applied stresses on 

a body in regions near their tips. When this concentrated tensile 

stress equals the cohesive strength of the material a crack extends 

from the flaw. If one of the principal stresses in the region of the 

flaw is tensile, crack initiation and unstable crack extension coincide 

or almost coincide. This results in structural failure of the body 

brought about by unstable crack extension completely through the body 

from one of the first flaws to initiate a crack. Another way of describ¬ 

ing this event, using the language of fracture mechanics,47 is to say 

the stress intensity factor (K) for the flaw reached the critical stress 

intensity (Kc) for the material under the stresses imposed. K is 

defined in general as K = a a function of applied stress (a), flaw 

length (c) and flaw geometry (a). As the crack extends under applied 

tension, the K for the flaw-extending crack configuration increases 

while Kc is a material constant. If K remains greater than Kc, the 

crack extension will be unstable; the load applied when K - Kc continues 

to be more than sufficient to maintain extension of the crack. 

The nature of crack extension is very different when the principal 

stresses are all compressive. Various experimental studies have shown 

that cracks whidb extend from flaws in purely compressive stress states 

do so stably. A stably extending crack is one whose length (i) is at 

all times a function of"the applied stresses. Further, these extending 

cracks tend to align themselves with a principal stress direction such 

that the normal to the crack plane c is perpendicular to the direction 
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of principal compression similar to that shown in Figure 34(a), This 

behavior has been experimentally observed in such materials as poly¬ 

methylmethacrylate (PMMA) plastic, glass, rocks, and cement. The stress 

dependence of crack initiation for an open, two-dimensional slit is well 

understood and analytical expressions are successful in predicting the 

applied stress at initiation. Analytic expressions for the stresses in 

the vicinity of the extended crack tip or the dependence of the extended 

crack length (9,) on the applied stresses have not been formulated. 

There is a great difficulty in modeling the flaw-crack configuration. 

Since large numbers of cracks extend in brittle materials subjected to 

compressive stress states before structural collapse occurs, an analyti¬ 

cal understanding of the nature of this crack extension is quite impor¬ 

tant to theories of strength. 

Qualitatively speaking, when a compressive stress is applied to a 

body containing a flaw, the greatest concentrated tensile stress (a^ax) 

occurs near the tip in the area shown. (See Figure 34(b).) Its direc¬ 

tion is tangent to the free surface of the flaw. When a^ax exceeds the 

cohesive strength of the material a crack extends from the flaw in a 

direction perpendicular to the direction of maximum tension. As the 

stress is increased, the extending crack curves toward the direction of 

principal compression because the least work is required to extend a 

crack in this direction. The stored energy associated with cracks 

parallel to the compression is at a minimum. It should be noted that 

there is also a maximum concentration of compressive stress near each 

tip. When the extended crack length becomes a sizable fraction of c, 

the conditions for further extension are not clear. If the extended 
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APPLIED COMPRESSION a 

(b) CONCENTRATED STRESSES AROUND OPEN FLAW 
UNDER COMPRESSION. 

Figure 34. The Behavior of Cracks Extending From Two-Dimensional 

Flaws in Compression. 
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crack tip is a large distance from the flaw where the crack plane has 

become parallel to the applied compression, the tensile stress at the 

tip is equal in magnitude to the applied compression. (See Appendix C.) 

In a material such as w^ere applied compression can exceed 

500 ksi, the tensile stress at the tip of an aligned crack is still con¬ 

siderable. This phenomenon of the further extension of cracks aligned 

parallel to the compressive stress by loads which are sufficient to 

produce a tensile stress equal to the tensile strength of the material 

has been observed by the author in PMMA plastic plates. Unstable crack 

extension was observed to occur from a long crack, aligned with the 

applied compressive stress, when the applied compression on the plate 

equaled the tensile strength of the PMMA material. (See Chapter V, 

Section B(ii).) 

Stable crack extension from a flaw subjected to compressive stress 

may be discussed in terms of K, the stress intensity factor. When a 

crack initiates at a flaw, K = Kc; but, as the crack extends, K decreases 

because of the changing geometry of the flaw-crack configuration. If 

the applied stress is not increased, further crack extension does not 

occur since K < K . If the stress is increased again such that K « K , 
c c 

the crack will extend until K becomes less than K . Over at least a 
c 

limited range of crack extension, the geometric parameter in the K 

factor is decreasing with further extension. This means an increase in 

the applied stress (o) is necessary to maintain the relationship K ■ K^, 

the criterion for extension. At higher levels of applied stress and 

for cracks which have extended to a considerable length, other mechanisms 

of extension may operate, nullifying the above behavior. 
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ii. Type II - closed flaws with sliding faces 

If an open flaw closes when subjected to the action of applied 

stresses, the nature of the Intensification of applied stresses in the 

vicinity of the closed flaw differs from that of an open flaw. The 

definition of a closed flaw is that the stress acting normal to the 

plane of the flaw is transmitted across the flaw faces and thus is not 

concentrated at the tips of the flaw. The major concentrated stresses 

at the tips of a closed flaw arise from the shear stress acting in the 

flaw plane. For an open flaw both the normal and shear stresses on the 

flaw plane are concentrated at the tips of the flaw. (See Figure 35.) 

Using elliptical coordinates a, ß for an open, elliptical shaped flaw 

where, on the free surface: 

cxo = (p/c)1/2 

£ = ao cot e 

a is related to the sharpness of the flaw and ß describes a point on the 

42 
the flaw edge in terms of the slope of the edge at that point. Inglis 

gave an expression for the local normal stress (agg) along the surface 

of a narrow flaw which can be approximated for a relatively sharp flaw 

as : 

2a 

ßß 
a2+ß 
o 

for an applied stress a normal 

to the flaw. 

(15) 

„ T 2ß 

“ a2+ß2 
o 

for an applied shear stress T parallel 

to the flaw. 

(16) 

The concentrated local stress (o^) at the surface of an open flaw may 

be found for any combination of applied biaxial stresses by summing the 
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values of produced by the normal and shear stresses acting on the 

flaw plane. After the flaw closes, any additional normal stress applied 

to the flaw plane is not concentrated by the flaw. Consequently, the 

value of the concentrated stress (a^g), with further increase of the 

applied stresses beyond the point of flaw closure, is augmented only by 

the shear stress (t) acting on the plane of the flaw. After flaw 

closure, the magnitude of the shear stress T is diminished by the fric¬ 

tional resistance to sliding of the flaw faces. 

A two-dimensional model for an open flaw that closes under a stress 

(Oç) normal to its faces, which subsequently slide under an increasing 

applied load with a constant coefficient of friction (y), was proposed 

48 
by McClintock and Walsh. A theory of strength was developed, based on 

this model, to explain the tension-compression and triaxial compressive 

strength of rock materials that are believed to contain such flaws. The 

theory has been applied primarily to such material, where the strengths 

were measured using confining pressure (triaxial compression). The 

theory calculates the value of the maximum local tensile stress 0oo in 
pp 

the vicinity of the flaw by superposition of the stress states developed 

by the simple loadings O , a , T , a and Of. (See Figure 36.) Only 
XX zz xz n ir 

the loadings a and T . are important in determining üßQ. By setting 
XX y,z pp 

cri t 
the stress which causes failure under simple tension loading equal 

to the expression for crggX under biaxial loading, a failure envelope for 

triaxial compressive stresses is obtained with the stress axes normal¬ 

ized to the tensile strength. 

The applied stresses on the body containing the flaw are cr^ and 

where |Oj| > |o^|. (See Figure 36.) Ç is the angle between the plane 
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Figure 36. Loading and Stress Components of Closed Cracks Under 
Biaxial Applied Stresses. 
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of the flaw and the direction of a~. The normal stress (a ) and shear 
XX 

stress (Txz) on the flaw plane may be obtained by using Mohr’s circle. 

The normal stress on the flaw’s free surface (o^) is a function only of 

the applied stress normal to the flaw plane (g ) i.e. 

aN = 0 for 

a 
N 

a - a 
XX c 

XX 1 

for 

< a 

a I > la 
XX1 1 c (17) 

^611 axx “ °c9 the faces of the flaw close. The magnitude of compressive 

stress required to close the flaw (o^) will depend on the geometry of 

the flaw and the elastic constants of the material. Flaws nay be closed 

under no applied stress (o^0)9 may close partially at stresses up to 

those necessary to cause structural collapse of the body, or may com¬ 

pletely close. The normal stress (o ) is intensified in the vicinity 

of the open flaw and, under applied compressive stresses, tends to 

diminish the tensile magnitude of arising from the action of the 

shear (t ) on the flaw plane. When o « g and the flaw closes, any 

additional increase in a_ above a is not intensified by the closed 
XX c 

flaw since the additional stress (0^) is being carried across the faces 

of the closed flaw. 

As the flaw closes, a shear traction (if) arises on the flaw faces 

from the frictional resistance to the displacement of the faces past 

each other under the action of the T shear stress. The maximum fric- 
xz 

tlonal resistance to flaw face displacement is defined to be: 

Tf - ^°N (18) 

where y is a constant coefficient of friction between the flaw faces. 

The shear stress Tx2 is not intensified by the flaw unless the frictional 
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resistance to sliding (x^) is overcome i.e. a displacement of the crack 

faces in opposite directions is required to produce an intensification 

of the T stress. 

In summary, the intensified stresses at the tip of the flaw (a ) 

arise from (i.) an intensification of the shear stress on the plane of 

I 

» 

I 

» 

» 

the flaw which is diminished by the frictional shear resistance (x -x ) 
xz f' 

and (ii) from an intensification of the normal stress on the plane of 

the flaw up to the value of the closure stress (a ). ooa is found then 
c pb 

from a superposition of the Inglis solution for the two simple loadings 

shown in Figure 37. Before the flaw closes, the intensified stress cr00 
pp 

is calculated from the two simple loadings O and x . Flaws which 
XX xz 

close under applied stresses may exhibit various kinds of behavior some 

of which are briefly discussed below: 

(1) If the flaw closes under a very small applied stress a ^ 0 
c 

and y * 0, the applied stress criterion for crack initiation 

depends solely on a critical value of x . (oon arises only 
xz pp j 

from the action of ^xz») This type of closed, two-dimensional 

flaw will initiate cracks at lower applied stresses than its 

open flaw counterpart. 

(2) If ac « 0 but y is large i.e. > 1, crack initiation will be 

controlled by the (Txz~Tf) term and crack initiation will 

occur at applied stresses greater than those to cause crack 

initiation with the open flaw. 

(3) If the closure stress (üc) is sufficiently large that closure 

does not occur, the flaws will behave as open flaws. 

1 
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WHERE: oN = O FOR loXX«locl OPEN FLAW 

AND: aN = axx - ac FOR bxx^l(7cl CLOSED FLAW 

(tXZ ' Tf> 

nßß ~ <rxz ■ rf) + /32 

WHERE: Tf = 0 FOR loxx|<|acl OPEN FLAW 

AND: Tf =-íion FOR |oxx|>|acl AND rXZ>rf CLOSED SLIDING FLAW 

Figure 37. Calculation of Streuai Around Simply Loaded Open or Closed Flaws. 
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(4) If the cracks close only partially at applied stress levels 

sufficient to cause crack initiation, it is not entirely clear 

how to describe aß0 nor is it clear what criterion should be 
pp 

used. Qualitatively, if a flaw is partially closed the open 

portion can behave quite like an open flaw. The normal stress 

(axx) will be concentrated only at the ends of the open por¬ 

tions and the ’’effective" flaw size (2cT) intensifying this 

stress will be only the open portion. (See Figure 38.) The 

shear stress T creates a tensile öOQ which occurs at the 
xz Pp 

tips of the open portion of the flaw (position A) when T 
2ÍZ JL 

and it is concentrated by the open flaw length (2cf). When 

T ^ Tf> t^ie closed portions of the faces may slide and the 
xz r 

tensile a00 from the shear T , diminished by the frictional 

shear is then concentrated by the flaw length (2c) and 

occurs at the tips in position B. Crack initiation may occur 

at either location', A or B, depending on the flaw geometry 

and the magnitudes of the various quantities. This phenomenon 

of cracking in the central portions of flaws has been experi- 

J 49 
mentally observed by Hoek and Bieniawski in glass plates 

i 

with "closed cracks." 

It is not entirely clear whether a flaw will close from the center 

out or from the tips in. For convenience of illustration the flaw in 

Figure 38 is shown as closing from the tips inward. The geometry of 

real flaws will control the closing. Flaws which have very large c/a 

ratios will close down uniformly in the center portion first leaving 

open segments at each end. 
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Figure 38. Stresses Around a Partially Closed Flaw. 
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By setting the expression for the maximum tensile stress developed 
/ 

at the tip of the closed flaw under biaxial stresses equal to the 

expression for the critical stress at the tip of the same flaw which 

extends the first crack under an applied uniaxial tension, the condition 

for crack initiation may be obtained in terms of the tensile strength 

(ot), the applied compressions and 0^, the coefficient of friction 

(p), the flaw orientation (£)» and the stress required to close the 

crack (a ). This condition for crack initiation is as follows: 
c 

I õ 
y(a,+0-20 )+(0--0^)(sin 2Ç+ycos 2Ç) = 4o \ 1 -- 
JlciJ t y <7 (19) 

45 3 
Kobayashi has plotted this equation for o = 0 as Ç versus — for 

c at 
various y and a^/^t values. (See Figure 39.) Examination of this form 

of the criterion for crack initiation at completely closed flaws shows 

that the effects of and Ç on the maximum compressive stress 0^ neces¬ 

sary to initiate a crack are similar to that found for the open flaw 

case. There are differences, however, and the kinds of possible behavior 

are considerably increased due to the larger number of variables. As 0^ 

is increased, the angle of most critical crack orientation (Ç J ) 
crit 

remains constant while for open flaws it becomes greater. The most 

critical flaw orientation in the closed flaw model is only a function of 

the coefficient of friction, being: 

^crit " I taTrl(t) <20> 

As the coefficient of friction across the crack faces increases, the 

range of flaw orientations (AÇ) which can extend cracks at any given 

stress level is greatly reduced. Also as y increases, the effect of^0^ 

on inhibiting crack initiation is much stronger. 
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Figure 30. Fracture Initiation Criterion for a Closed Flaw. 

136 

■. , Él . 



The above discussion of closed flaw behavior was concerned only 

with crack initiation at the flaw tip. The nature and amount of crack 

extension which occurs from such flaws is not understood. As in the 

open flaw case, a relationship between the extended crack length (£) 

and the applied stress is desired. As before, the difficulty in obtain¬ 

ing the relationship £ = f(a applied)’ is involved with modeling the 

flaw-crack configuration, only in this case the situation is further 

complicated with additional parameters. Crack extension from closed, 

sliding flaws will also be stable for the same reasons cited in the open 

flaw case. As the closed flaw extends a crack, the intensified stresses 

around the flaw are reduced because of the change in geometry of the 

free surfaces as the crack extends. As K for the flaw approaches 

the crack initiates and Kflaw_craclt becomes less than Kc. A further 

increase in applied stress is needed to satisfy the criterion for addi¬ 

tional crack extension i.e. 

^flaw-crack c ^c' (^1) 

Qualitatively, the extension of a crack from a two-dimensional, 

Type II flaw may be represented as in Figure 40. The flaw may be seen 

as two blocks (upper and lower) sliding past each other under the action 

of a shear stress (t). No stress concentration exists at the tips until 

the flaw faces slide. As the faces slide, they pry open a crack. The 

displacement of the faces, parallel to the plane of the faces, controls 

the crack opening displacement (C.O.D.) and the level of the stresses 

tending to open the crack. The extended length of the crack must be 

related to the relative displacements of the crack faces. It can be 
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Figura 40. Crack Extending from Closed, Sliding Flaw. 
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seen that the displacement of the faces and resultant opening of the 

crack requires material to be compressed at the other end of the face. 

This steady compression of material under increasing load results in 

stable crack extension and £ - f(a applied). 

iii. Type III - closed flaws which are locked 

Type III flaws are flaws which have closed faces that transmit 

normal stress across them and whose faces are locked into a fixed posi¬ 

tion with respect to each other. The faces are either mechanically 

interlocked or weakly bonded together. (See Figure 41(a).) A shear 

stress iu must be created on the flaw plane to break the flaw faces free 

to slide. Once the flaw faces begin to slide the intensified stresses 

around the flaw may be calculated in a fashion similar to that used for 

Type II flaws with a characteristic dynamic coefficient of friction 

Type II flaws may become Type III flaws by locking during the slid¬ 

ing displacements of their faces under increasing applied loads. The 

segments of the flaw between locking points can act as short Type I or 

Type II flaws and will have stress concentrations at the ends of the 

segments which can initiate cracks before t = (See Figure 41(b).) 

This is another possible explanation of the cracking observed in the 

central portions of flaws by Hoek and Bieniawski.*9 

The magnitude of the concentrated stresses at the tips of the ,,open' 

or ’closed and sliding11 portions of pinned flaws can become great enough 

to break in direct shear the material at the pinning points. In 

materials in which the measured compressive strength is on the order of 

one tenth of the theoretical material strength (106psi), unflawed 

material at the pinning points can be sheared apart. Areas in the 
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T<TU T>Tù °ßß = ^ 2ß/2al + ß2' Tf =“ Vn 

(a) TYPE III FLAW INITIATING CRACKS BY UNLOCKING 

(b) TYPE III FLAW INITIATING CRACKS BEFORE UNLOCKING. 

Figura 41. Conceptual Diagram of Type III Flaw Behavior. 
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material particularly susceptible to this are pinned srain boundaries 

associated with pores positioned critically at grain triple-points which 

would allow large unrestricted face displacements. In high strength 

materials that have low flaw densities, the shear stresses may become 

great enough to cause weaker, continuous areas of the material to fail. 

This would produce a crack in unflawed material which could then func¬ 

tion as a flaw to extend a crack in a direction similar to Type II flaws. 

The twinning mechanism of crack formation proposed by Rice50 would be 

this form of Type Til flaw. 

The stress concentrations around a bonded Type III flaw are near to 

zero until the bond is sheared apart. The stress concentrations around 

a mechanically-locked, Type III flaw can be quite complex until the flaw 

faces break free and slide. When T s Tu and the faces begin to slide, 

the solution to the stress intensification at the tips is analogous to a 

Type II flaw; however, as the flavr faces break free, a dynamic effect 

will occur resulting in a higher level of concentrated stresses at the 

flaw tips. A first approximation to the dynamic effect shows that the 

magnitude of the initial stress impulse will be twice the magnitude of 

stress created by slow loading. Also a dynamic coefficient of friction 

(I'd) would have to be used. The relationship between the critical shear 

stress on the flaw plane necessary to overcome the lock (t ) and the 
u 

critical shear stress necessary to initiate a crack (Tcrlt) is 

imrestricted-T may be less than, equal to or greater than T , 
crit 

Because of the dynamic manner in which the local intensified 

stresses are created and in light of the various possible relationships 
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between and Tcritf Type III flaws may exhibit various kinds of crack 

initiation and extension behavior. 

(1) If << Tcr;£t> then crack initiation will occuir stably and 

In a fashion very similar to Type T.I flaws. 

(2) If Tu < Tcr^tf stable crack initiation can occur at lower 

stresses than those required for the equivalent Type II flaw. 

The McClintock-Walsh theory predicts that Type II flaws which 

have a coefficient of friction between the faces near to zero 

can initiate cracks when the applied compressive stress is 

four times the magnitude of the applied tension required for 

crack initiation. If a Type III flaw unlocks (r = T^) under 

an applied compressive stress which is twice the magnitude of 

the tensile stress required for crack initiation, the dynamic 

effect will raise the shear stress on the flaw plane to he 

equivalent to the shear stress developed by a static compres¬ 

sive loading four times the tensile stress required for crack 

initiation. The condition T >T _ will be satisfied and 
crit 

these Type III flaws will initiate cracks at applied compres¬ 

sive stress levels of only twice the magnitude of the tensile 

strength. 

(3) If T ^ Tcrit, crack initiation will occur at similar stress 

levels to Type II flaws. Since at the moment of Type III 

flaw face sliding the dynamic value of t is at least doubled, 

the propagation of the initiated crack from this type flaw 

will initially be unstable since T > T .- The initiated 
crit 
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crack at this flaw will extend some distance before stopping 

greater than that under the previously discussed conditions. 

(4) If tu > Tcrit but less than the maximum seen at structural 

collapse of the body, the applied stress level for crack ini¬ 

tiation will be controlled solely by and crack initiation 

will occur only at stresses greater than for Type II flaws. 

Since at crack initiation (face sliding) T ■ T > T ^ , a 
u crit 

condition of unstable crack propagation will prevail. The 

dynamic effects will be very large and the extended crack 

lengths will be considerably longer at the applied stress 

level for crack initiation than for the previous cases. 

Bonded Type III flaws and some mechanically well-interlocked 

flaws are examples of those which may behave in this manner. 

Flaws which have an orientation Ç to the applied stresses that 

results in a large normal compressive stress on the flaw plane will have 

a greater tendency to behave as Type III flaws. Large values of the 

normal stress on the flaw plane would encourage Type III flaw behavior. 

For a uniaxial applied compression large values of Ç would promote such 

behavior. In biaxial and triaxial stress states the value of the normal 

stress would have to be examined for all flaw orientations to determine 

which would promote such behavior. 

As noted in the above discussion, crack propagation from Type III 

flaws can be unstable at the moment of crack initiation. In the language 

of fracture mechanics, the K for the flaw at the stress level for unlock¬ 

ing may be much larger than Kc the critical stress intensity necessary 

to extend a crack from the flaw. Dynamic crack propagation considerations 
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must be used and K will represent a dynamic stress intensity factor. 

As the crack propagates away from the flaw, the K for the flaw-crack 

configuration will decrease as seen before. Eventually K will become 

less than Kc for any constant applied stress level and crack propagation 

will cease. The dependence of the length of the extended crack on the 

applied stresses will thereafter be identical to a Type II flaw, so long 

as the faces do not lock again. The initial length of the unstably 

propagated crack may, however, be considerably larger than the total 

extended crack length possible from Type II flaws at any stress level 

less than that to cause structural collapse of the body. 

iv. Flaw positions within the body 

Type I, II, or III flaws may occur at any position with respect to 

a free surface of the body. At one extreme the flaw is positioned well 

away from any free surface of the body. These are the kind of flaws 

considered in the preceding discussions of flaw models. At the other 

extreme the flaw may intersect a free surface. The stresses around an 

identical flaw situated in the two extreme position are different. The 

intensified stresses around a flaw change as the position of the flaw 

approaches a free surface because the presence of the free surface 

affects the boundary conditions imposed on the differential equations 

for equilibrium of the stresses. In general, surface flaws intensify 

applied stresses to a greater extent than imbedded flaws. 

Modes of Flaw Face Displacements 

It is useful at this point to invoke a concept developed in 

fracture mechanics - that of dividing the stress fields near flaw tips 



into three basic types, each of which is associated with a local mode of 

43 
deformation or displacement. (See Figure 42(a).) 

In Mode I, the opening mode, the flaw faces move directly apart in 

a direction parallel to the y-axis, i.e. perpendicular to the faces of 

the flaw. The displacements are symmetric with respect to the x-z and 

x-y planes. In Mode II, the edge sliding mode, the flaw faces slide 

past one another in a direction parallel to the x-axis. The displace¬ 

ments produced by this mode of flaw opening are symmetric with respect 

to the x-y plane and skew-symmetric with respect to the x-z plane. In 

Mode III the flaw faces slide past each other in a direction parallel 

to the z-axis, i.e. the leading edge of the flaw. Displacements in this 

mode are skew-symmetric'with respect to both the x-y and x-z planes. 

Kassir and Sih^ state that the most general case of flaw tip deforma¬ 

tion and stress fields may be described by superposition of these three 

displacement modes. 

The stress and displacement fields associated with each mode were 

31 52 
described by Irwin who used the Westergaard method. Using the 

coordinates of Figure 42(b) the stresses associated with each mode are 

as follows: 
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Ib) COORDINATES USED TO DESCRIBE STRESS 
COMPONENTS IN CRACK TIP REGION. 

Figure 42. Modes of Crack Face Displacement. 
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where : K = stress intensity factor for Mode I loading 

Kjj = stress intensity factor for Mode II loading 

KIII ^ stress intensity factor for Mode III loading 

V E Poisson’s ratio 

f(0) = various functions of the 9 coordinate 

These equations are approximations which are good for r small compared 

to the flaw length but large compared to the tip radius (p). The stress 

intensity factors (K^) describe the intensity of the stress fields and 

contain the magnitude of the applied stresses, the stressed body config¬ 

uration, and the crack or flaw configuration. For simple loadings, the 

magnitudes of the stress intensity factors may be compared to ascertain 

the relative values of the intensified stresses with respect to different 

flaw positions within the body. The local stress intensification around 

the flaw for different crack displacement inodes cannot be compared by 

the Kjfs> f°r comparison between modes, the stresses around the 

free surfaces of flaws must be calculated and compared directly. 
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The following observations may be made concerning two-dimensional 

flaws: The Mode I stress intensity factors for edge and imbedded flaws 

of length 2c are as follows: (See Figure A3(a) and (b).) 

Kj = a(ïïc)1^2 imbedded flaw (23) 

1 (ttc) 1/2 edge flaw (24) 

The stress around an edge crack in Mode I loading is 58% greater than 

for an imbedded one. The Mode III stress intensity factors for edge 

and imbedded flaws of length 2c are as follows: (See Figure 43(c),(d).) 

KIII = T(7rc^1^2 imbedded flaw (25) 

Kjjj. * 1.41t(7Tc)1/2 ecjge fiaw ¢26) 

The stress around the Mode III edge flaw are 41% greater than the 

Imbedded one. The stress intensity factor for a Mode II imbedded flaw 

are: (See Figure 43(e).) 

KII " Tíirc)1^2 imbedded flaw (27) 

The solution for the stress intensity factor for the Mode II edge flaw 

is not available. 

The crack extension "mode" of Type I, II and III flaws Is not 

entirely clear. The situation becomes even more complex when three- 

t dimensional flaws are considered. In general, it may be seen that the 

K factors for edge flaws are greater than for imbedded ones. A K factor 

criterion (K^ ■ Kc) for crack initiation is not synonymous with a criti¬ 

cal tensile stress criterion (cr^ - acrit) for flaws subjected to com¬ 

pressive stresses. Once initiation has occurred, a valid criterion for 

continued propagation is iaw_crac]c = where for complex geometries 

and stresses this is generalized to: 

f(KI' KII’ KIII^ - iKcrit)- (28> 
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(a) AN INFINITE SHEET CONTAINING 
FLAW WITH UNIFORM NORMAL 
STRESS AT INFINITY. 

© © © r 

(b) EDGE FLAW IN SEMI-INFINITE 
SHEET WITH UNIFORM NORMAL 
STRESS AT INFINITE. 

© © © r 

<c) INFINITE BODY WITH “TUNNEL 
FLAW" SUBJECTED TO OUT OF 
PLANE SHEAR (r| AT INFINITY 

(d) EDGE FLAW IN SEMI-INFINITE 
BODY SUBJECTED TO OUT OF 
PLANE SHEAR (r) AT INFINITY. 

(•) INFINITE BODY WITH "TUNNEL 
FLAW" SUBJECTED TO UNI FORM 
IN PLANE SHEAR <r) AT INFINITY. 

Figur« 43. Loading of Flaws at Various Positions Within Infinite Bodi«s, 

149 

, , J—_______ 



.• ; ■ ■.■¡itfx.K-i;.-.?,-:’,: r-u-;. ..... .. 

] 

r: 

With this in mind it is seen that flaws intersecting the free edge will 

behave differently than imbedded flaws. 

Persimmon Seed Model 

If two open flaws intersect the free edge of a body and are 

oriented as shown in Figure 44(a), both flaws will have concentrated 

tensile stresses at their tips (tfgg) and these concentrated stress 

fields will overlap if the flaws are in sufficient proximity. Cracks 

extending from each flaw will tend to link up between the flaws. This 

can be thought of as a compressive stress "squeezing out" the particle 

of material between them. Because of the superposition of the two 

concentrated tensile stress fields of the two flaws and since the stress 

concentrations are greater for edge flaws, a crack will extend between 

them and produce a free chip before imbedded flaws in the body extend 

cracks. If the open flaw faces close and slide with a stick-slip action, 

the two flaws will extend cracks Independently of each other, behaving 

/ as single, isolated Type III flaws. Single iedge flaws will also extend 

cracks stably in a direction to intersect the free edge producing a free 

chip. This occurs because cracks extending near a free surface will 

tend to intersect the surface to lower the stored elastic strain energy 

around the crack. Cracks extending from edge flaws curve to become 

parallel to the applied compression but if a free surface is near they 

also extend to intersect the free surface since this results In a 

greater reduction in stored energy. A mathematical analysis of these 

two competing trends is not yet available. (See Figure 44(b).) If a 

single edge flaw has closed and locked, then when sufficient shear stress 

is present to overcome the lock, a crack will initiate and extend 
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(a) PERSIMMON SEED CHIP FORMATION 

FROM TYPE I FLAWS (o,^). 

|b) STABLE CRACK EXTENSION FROM TYPE II SURFACE FLAW <01<02<a3). 
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(c) UNSTABLE CRACK EXTENSION FROM 

TYPE III SURFACE FLAW 

Figur« 44. Th« Natur« of Crack Extension from Edg« Flaws. 
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unstably to the free edge, instantly producing a chip. (See Figure 

44 (c).) 

Flaw-Crack Interactions 

In materials which contain high densities of inherent flaws and in 

materials which contain high densities of extended cracks at stress 

levels near structural collapse, interaction between the stress fields 

of flaws and cracks may become prevalent throughout the body. These 

interactions will not be considered here other than to suggest that at 

the point of extensive interaction, structural collapse of the body is 

imminent. 

MFlea-on-a-flea Flaws" 

Very small flaws in the vicinity of large flaws may extend cracks 

at applied stress levels comparable to that at which the larger flaw 

extends cracks. This can occur even though the ability of the small 

flaw to concentrate the applied stresses is less than that of the larger 

flaw. The ’’effective applied stress” on the small flaw can, under 

certain geometries, be almost the full magnitude of the intensified 

stress around the larger flaw. An example of this would be a small 

Type II flaw at the tip of a large open flaw which is located in the 

area of maximum intensified compressive stress. (See Figure 45.) The 

applied stress level on the body containing these flaws is a. The inten¬ 

sified compressive stress near the surface of the large flaw is cOQ 
pp 

which is calculated by the Inglis equations for the applied stresses 

acting on the large flaw. The direction of is tangent to the surface 

of the large flaw and the magnitude of decreases as the inverse root 

of the distance from the large flaw surface. This is effectively 
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Figure 45. Flea-orva-flea Flaw Crack Extension. 
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the "applied stress" on the small flaw. A calculation of the intensi¬ 

fied stress at the tip of the small flaw (a^) is accomplished by apply¬ 

ing the Inglis equations to the small flaw and assuming oOD to he the 
pp 

applied stress. Such a small flaw in the intensified stress regions of 

the large flaw can initiate and extend cracks because of the intensified 

tension ^ its tip. Such extended cracks will be of shorter length 

than the cracks extended from the large flaw. This kind of crack 

extension has been observed to occur from very small flaws at the tips 

of machined, three-dimensional slits introduced into blocks of poly¬ 

methylmethacrylate plastic and loaded in compression. The small flaws 

were the result of machining damage created by the saw at the tip of 

the penny-shaped slits. If the small flaw was located in the intensi¬ 

fied tensile stress region of the large flaw, it would serve to "sharpen" 

the large flaw tip but its behavior would not be distinguishable from 

the event of crack extension from the large flaw. 

B* Experimental Studies of Crack Extension from Flaws 

^• Recent experiments on crack extension from flaws in compression 

53 
Brace and Bombolakis first demonstrated that the growth of cracks 

from flaws subjected to uniaxial compression proceeded on a curved path 

which becomes parallel with the direction of compression. They observed, 

when the extending crack is aligned with the direction of applied com¬ 

pression, growth stops and further extension does not occur unless the 

applied compression is increased considerably. These studies were made 

on slits introduced into plates of glass and photo-elastic material. 

Slow stable crack growth was observed to occur under increasing compres¬ 

sive loads. They also examined the behavior of en echelon crack arrays 
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to see if interaction between the stress fields of cracks occurred to 

produce crack linking and/or lowering of the stress required to initiate 

cracks. They found the cracks behaved independently as single, isolated 

cracks except perhaps for very special orientations of the array. 

49 
Hoek and Bieniawski studied crack initiation and propagation 

behavior from two-dimensional flaws in glass plates subjected to biaxial 

compression. An important conclusion of the study was that the Griffith 

theory reliably predicted the applied stress required to initiate crack 

extension for the open flaws introduced into the plates. They also 

determined that the length of stably propagated cracks was related to 

the magnitudes and ratio of the applied principal stresses. The length 

of a stably propagated crack in uniaxial compression was found to be 

linear with the applied stress. Under biaxial compression the stably 

extended length of the crack decreased greatly when the transverse 

applied compression was only a small fraction of the longitudinal com¬ 

pression. Under applied biaxial compressive stresses with = 0.05cj^ 

the total extended length of the crack was limited to less than 0.2 of 

the originating flaw size, A small amount of transverse compression on 

a flaw significantly raises the stress to initiate cracks and limits 

the extended crack length to a fraction of the originating flaw size. 

They also briefly investigated crack propagation from closed flaws 

and found that the crack tip plays a minor role in initiating the first 

cracks at such flaws. The factor responsible for crack initiation was 

the relative movement of the flaw faces. Irregular crack surfaces 

resulted in an uneven stress distribution along the faces and crack 

extension was found to initiate in regions where the tensile stresses 
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54 
were high. Bieniawski did further work on crack extension from closed 

flaws in plass and showed that large cracks do extend from the tips of 

such flaws when the stress is great enough to slide the entire flaw face. 

He demonstrated that the behavior of closed flaws in glass agrees with 

the predictions of the McClintock-Walsh theory (Type II flaws) if a 

coefficient of friction of y = 0.7 is assumed to exist between the crack 

faces. 

45 
Kobayashi recently conducted more compressive experiments on the 

propagation of cracks from two-dimensional flaws introduced into a 

variety of brittle materials. Plates were loaded on their edged in 

biaxial compression and the flaw types studied were open, closed and 

inclusions. Some of the results of Kobayashi*s open flaw study done in 

polymethylmethacrylate may be particularly important to the behavior of 

flaws in alumina. At flaw orientation angles of Ç « 30-70° to the 

maximum applied compression the slits closed in the center at low loads 

and did not close on the ends until crack extension began. For flaw 

orientations with Ç small, little change occurred in the stresses around 

the flaw at crack Initiation. But when Ç was large, the stress field 

around the flaw changed abruptly at the onset of crack extension, 

decreasing suddenly as the crack extended. The increase in crack length 

was observed to be roughly proportional to the applied load but exten¬ 

sion was intermittent, not continuous. Crack initiation at the open 

flaws which closed under the applied compression was found to agree with 

the McClintock-Walsh theory. The lengths of the extended cracks were 

found to be limited under both uniaxial and biaxial compression. Cracks 

extended the furthest under uniaxial compression and almost no extension 
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was observed under biaxial compression if the minor applied compression 

was greater than 4% of the larger applied compression. The flaw orienta¬ 

tion (O also affected the extended length. The lengths of stably pro¬ 

pagated cracks was found to be limited to less than two times the length 

of the originating flaw. 

The experimental work described above showed that crack extension 

from flaws in compression is stable and of limited length at least for 

applied stresses less than several times the stress required to initiate 

the cracks. The theories concerning crack initiation at open and at 

closed flaws are fairly successful at predicting the stress levels for 

initiation. The extended crack length in uniaxial compression appears 

to be roughly proportional to the applied stress and is limited to two 

times the originating flaw size. Under biaxial stresses in the plane 

of the plate, crack initiation and the extended crack length are greatly 

inhibited by a small magnitude of the second compression. It is unfortu¬ 

nate that the effects of a biaxial stress state with the second compres¬ 

sion in the other orthogonal, transverse direction was not investigated. 

The behavior of flaws subjected to this biaxial stress state is of 

importance when dealing with failure in biaxial compression. It should 

be emphasized that in the studies described above, all flaws studied 

were through-plate slits. It Is to be shown that the behavior of cracks 

originating at three-dimensional flaws is similar in general, but more 

complex. 

157 

. . - -r. v.r 

' ' V 1 *'• ■' • • v;'Y. V , ' Y V / 
- / 

v;r 
¡gps 



1» 
li 

’T*'’;" 
’ ' • ‘ ; • .*' • ..- '•, " ' \ -, ' 

ii• Experimental study on the nature of cracks extending 

from flaws in compression 

A comprehensive mathematical description of the extension of cracks 

from flaws in compression has not yet been formulated. In an effort to 

obtain some understanding of the relationship between the applied com¬ 

pressive stress and the extended crack length for two-and three- 

dimensional flaws this study was carried out. The study involved 

machining slits into plates or blocks of polymethylmethacrylate plastic 

(PMMA) and loading them in compression to produce crack extension from 

the introduced '’flaws**. 

The plates used for the two-dimensional study were 3 ^ x ^ * Y 

inches with 3/4 inch long by 0.010 thick, through-cut slits introduced 

with a jeweler’s saw. (See Figure 46.) The three-dimensional studies 

1 
were performed on blocks 3 x 2 x 1 inch thick. (See Figure 47.) 

Circular Mpenny-8haped,, flaws were machined into the blocks using a 3/4" 

diameter by 0.006 inch thick circular saw. A 0.200 inch radius relief 

cut had to be made with an end mill to allow the circular saw to move a 

sufficient distance into the block such that a semicircular slit could 

be produced. By welding two blocks together containing 3/8 radius, 

0.006 thick semicircular slits a full 3/4 inch diameter, penny-shaped 

flaw could be produced. These were loaded in uniaxial and biaxial com¬ 

pression as shown in Figure 47. 

A 100,000 lbs. capacity Riehle beam machine with self aligning 

loading platents was used to apply the uniaxial compressive loads. The 

biaxial compression test was performed by using a machinists vise to 

constraint the transverse displacement of the specimen. A focused light 
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Figure 47. Penny-shaped Flaw in PMMA Plastic Test Block. 
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source was positioned to project the outline of the flaw and extending 

crack onto tracing paper mounted on the hack of the specimen. By this 

technique the crack extension during various incremental stress increases 

was recorded by tracing the perimeter of the extended crack shadow. 

PMMA is a viscoelastic material and will approximate the behavior of a 

brittle material if loaded very rapidly then quickly unloaded. The 

specimens were loaded to a predetermined stress level at a rate of 2 kips 

(two thousand pounds) per second then immediately unloaded when the 

desired maximum load was reached. Crack extension was recorded and the 

specimen was reloaded to a higher stress. 

The results of the two-dimensional studies are shown in Figure 48. 

The numbers shown on the figures indicate the load in kips applied to 

the plate to form a crack of the extended length indicated. In agree¬ 

ment with the predictions and experiments of other investigators with 

closed flaws, the stress required for crack initiation at imbedded flaws 

is at a minimum in the neighborhood of Ç * 45° and increases as Ç 

approaches 0° or 90°. Crack initiation stresses at edge flaws exhibited 

a similar behavior. The crack initiation stress for edge flaws did not 

appear to be significantly different than that for imbedded flaws. 

There was a difference in the extended length vs. stress. Edge flaws 

generally extended longer cracks at a given stress level and these cracks 

did not become parallel to the applied load but propagated to the edge 

of the plate forming a detached chip. 

The behavior of crack extension from the slit-flaws used in this 

study is complicated by the fact that the slit faces close and lock 

under load. Crack extension does not always vary directly with the 
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applied stress. If the crack faces close but slide, slov; stable 

extension of the crack is observed. If the faces of the flaw lock as 

they close, no crack extension is observed until the faces break free 

and slide, then crack extension is rapid over some length after which 

the crack again stops. Either one type of behavior or the other smooth, 

stable extension or no extension followed by rapid extension, can be 

observed at any time during loading of the plate. As an extreme example 

of the stick-slip sliding phenomenon occurring between the flaw faces, 

the plate containing the Ç ■ 70° imbedded flaw was loaded to 26 kips with 

practically no crack extension. When reloaded again from zero, the 

large extension shown in Figure 48(c) was observed to occur instanta¬ 

neously at 14 kips. No further extension occurred until the load 

reached 25 kips at which point the second extension occurred. The 

nucléation point of the large extension at 14 kips during the second 

loading was at a different position on the slit than the very small 

extension observed during the first loading. The crack extension at 25 

kips appears to initiate from the 14 kip extended crack as though the 

14 kip extended crack were behaving as an originating flaw In the mate¬ 

rial. (See Figure 49.) Perhaps the machined slit locked after the 14 

kips extension and never unlocked leaving the 14 kip extension of the 

crack to function as the only "flaw" in the material. The stick-slip 

behavior of the flaw faces with the accompanying rapid crack propagation 

was particularly prevalent for flaws which were oriented with Ç large. 

This is reasonable since for these flaws the normal stress closing the 

faces is large; this would facilitate locking. The Ç - 70° edge flaw 
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(a) IMBEDDED FLAW 

{ = 45° 
(b) IMBEDDED FLAW 

Í = 20° 
(c) IMBEDDED FLAW 

£ = 70° 

•NUMBERS INDICATE VALUE OF APPLIED LOAD (KIPSI AT 
LIMIT OF CRACK EXTENSION INDICATED. 

•FLAW LENGTH IS 3/4 INCH EXCEPT FOR (h) AND (i) WHERE 
IT IS 1/2 INCH 

Figure 48. Two - Dimensional Crack Extension from Thin Slits in PMMA Plastic. 
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(d) EDGE FLAW 
{ = 30° 

is) EDGE FLAW 
Í = 45° 

£ 

Û 
(f) EDGE FLAW 

£ = 60° 

(g) EDGE FLAW 
£ = 70° 

(h) EDGE FLAW 
£ » 45° 

(i) DOUBLE EDGE FLAW 
£ = 45° 

•NUMBERS INDICATE VALUE OF APPLIED LOAD (KIPS) AT 
LIMIT OF CRACK EXTENSION INDICATED. 

•Lj - LOAD AT WHICH CRACK INITIATED IN POSITION INDICATED 

Figure 48. Two - Dimensional Crack Extension from Thin Slits in PMMA Plastic. (Continued) 

* V. '5 . • . v 

164 



Figure 49. Two Step Cr.ick Extension from Í; - 70° Two Dimensional 

Flaw Under Uniaxial Compression. 
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is the most extreme example of this, where it may he assumed that the 

faces never unlocked and no crack was initiated at loads up to 26 kips 

during the first loading. 

The surface roughness of the machined flaw faces is undoubtedly 

important to the stick-slip behavior. The surface roughness of the two- 

dimensional slits was greater than that for the three-dimensional slits 

being approximately 5000 micro-inches RMS versus 32 micro-inches RMS, 

respectively. Even so, some reduced level of stick-slip behavior was 

observed during the loading of some three-dimensional slits. In all 

cases the sliding of the flaw faces just prior to the point of crack 

extension was accompanied by loud noises. 

The Ç = 45°, double edge-flaw (see Figure 48(i)) did not extend a 

between the two slits. Cracks extended from the upper and lower 

slits independently. This was attributed to each slit intermittently 

locking and extending cracks. Double slit tests in which Ç was less 

than 45° did extend a crack between the two slits. 

At an applied load of approximately 25 kips, the cracks which had 

extended from all orientations of flaws suddenly extended to a position 

near the ends of the test plate in a direction parallel to the applied 

compression. This phenomenon appeared to be independent of the extended 

length of the crack at the onset of this rapid extension and independent 

of the initiating flaw orientation. At applied loads above 25 kips the 

extended lengths of such cracks were no longer a function of the applied 

stress level, the extended crack orientation or the initiating flaw 

orientation. An explanation of this phenomenon is presented in Appendix 

C. 
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Figure 50 and 51 show the crack extension behavior of three- 

dimensional slits under uniaxial and biaxial compressive loads. Figure 

50 shows the front face, projected limits of the extended cracks observed 

under increasing loads. These tracings show the extent of the primary 

cracks which initiate at the tips of the flaws closest to the applied 

compressions. Comparing the crack initiation loads for the fully 

imbedded flaw at 9 kips with the half imbedded flaw at 14 kips (Figure 

50(a) and (b)), one can see that the inverse square root of flaw size 

dependence of the initiating stress agrees with the experiment where 

1 
Cfuii £2.av “ I* chaif fiaw * J' CoTnParinß tîie crack initiation stresses 

for the half imbedded flaw with the half surface flaw (Figure 50(b) and 

(d)), it is apparent the initiating stress does not differ by much. The 

extended crack length for the half surface flaw is about 50% larger than 

that of the imbedded half-flaw at any load above that to initiate crack¬ 

ing. The extending crack from the half surface flaw intersects the 

surface to form a free chip. (See Figure 50(d).) 

A comparison of the behavior of the fully imbedded flaw with the 

imbedded flaw which intersects the surface at one tip shows the behavior 

of the latter is more complex. The flaw intersecting the surface ini¬ 

tiated cracks on its perimeter at slightly lower stresses than the fully 

imbedded flaw. These cracks initiated near the free surface. (See 

Figure 50(c).) The extent of cracking at the opposite tip of the 

surface-intersecting flaw is comparable to that of the fully imbedded 

flaw; although, higher stress levels are needed for equivalent extension. 

Comparing the behavior of the crack extension for the fully imbedded 

flaw under uniaxial and biaxial compression (Figure 50(a) and (e)), it 
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(a) IMBEDDED FLAW 
{ = 45° c = 3/4 INCH 

SURFACE 

FLAW 

EllB-Lj (kipsl 

(0 IMBEDDED FLAW 
INTERSECTING SURFACE 
{ - 46° c * 3/4 INCH 

(b) ONE HALF FLAW IMBEDDED 
É * 45° c = 3/8 INCH 

SURFACE 

(d) ONE HALF FLAW 
INTERSECTING SURFACE 
$ * 45° c = 3/8 INCH 

"NUMBERS INDICATE VALUE OF APPLIED LOAD (KIPS) AT LIMIT OF 
CRACK EXTENSION INDICATED. 

•Lj - LOAD AT WHICH FIRST CRACK INITIATED IN POSITION INDICATED 

Figur« SO. Crack Extension from ThrM • Dimensional Flaws. 
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(e) IMBEDDED FLAW 
Í = 45° c = 3/4 INCH 
BIAXIAL COMPRESSION 

Figure 50. Crack Extension from Three-Dimensional Flaws. (Continued) 
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APPLIED COMPRESSION DIRECTION 

1 

n ? 

Figure 50f. Three-dimensional Sketch of Kinds of Cracks 

Which Extend from Penny Shaped Flaw. 
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SIDE FRONT 

(a) FULL IMBEDDED FLAW 

Figure 51. Photos of Three Dimensional Flaws with Extended Cracks. 
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SIDE FRONT 

(b) ONE HALF IMBEDDED FLAW 

Figure 51. (Continued) 
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(c) IMBEDDED FLAW INTERSECTING FRONT SURFACE 

Figure 51. (Continued) 
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BACK SIDE 

(cl) ONE HALF FLAW INTERSECTING SURFACE 

Figure 51. (Continued) 
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is seen that the uniaxially loaded flaw initiates cracks at lower 

stresses than the biaxially loaded one. The length of the extended 

crack in the direction of the uniaxial compression is comparable for 

each at any given stress level. The most important distinction between 

the two is the formation of "wings*' on the extended crack in the direc¬ 

tion of the second compression for the biaxially loaded flaw. These 

"wings" are formed because crack extension is occurring not only under 

the action of the uniaxial compression but also from the action of the 

second applied compression. 

Figure 51 shows photographs taken of the various three-dimensional 

flaws and the cracks which have extended from them under the maximum 

loads to which they were subjected. These photos show several interest¬ 

ing aspects of the three-dimensional nature of crack extension from 

penny-shaped flaws in compression. Under the orientation of loading in 

this study the primary cracks initiate at the tips of the flaws nearest 

the applied compression. With increasing load, the cracks extend away 

from the tip of the flaw in a smooth curve to become parallel to the 

direction of the applied compression and simultaneously extend around 

the perimeter of the flaw. This general behavior is observed whether 

the flaw is imbedded or intersects the surface. (If a flaw which inter¬ 

sects the surface has its internal tip sufficiently close to the surface, 

e.g. half surface flaw, crack extension will not be parallel to the 

applied compression but will tend to intersect the surface.) The 

extended length of the crack in the direction of the applied compression 

for any position on the flaw perimeter varies approximately as the 

"length" of the flaw at that perimeter position where the "length" is 
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measured in the cross-sectional plane containing the perimeter position, 

flaw normal and the direction of applied compression. The maximum 

extended length occurs at the perimeter position in the center of the 

flaw. At the side of the flaw no extension occurs. 

The primary cracks are not the only cracks which extend from penny¬ 

shaped flaws in compression. The maximum extended length occurs at the 

perimeter position in the center of the flaw. At the side of the flaw 

no extension occurs. 

The primary cracks are not the only cracks which extend from penny- 

shaped flaws in compression. The photos of Figure 51 show examples of 

the other kinds of cracks which initiate and grow from various positions 

on the flaw. These secondary cracks initiate at higher stress levels 

than that required for primary crack initiation. Similar to the primary 

cracks, the secondary cracks align themselves with the direction of 

applied compression as they extend. 

Two kinds of secondary cracks have been observed to form. They are 

called "petal" cracks and "fish fin" cracks. The petal cracks form on 

the perimeter of the penny-shaped flaws as shown in Figure 50(f). They 

are believed to be initiated near the flaw tip by the "flea-on-a-flea" 

flaw mechanism. (See Chapter V, Section A iv.) These petal cracks are 

formed at the flaw perimeter near the sides of most primary cracks and 

their extended lengths usually remain a fraction of the extended lengths 

of the primary cracks. The fish fin cracks form near the center of the 

flat surface of the penny-shaped flaw. (See Figure 50(f).) These cracks 

may extend to lengths greater than the length of the primary extended 

crack. (See Figure 51(c).) The condition for the initiation of fish 
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fin cracks is somewhat vague because the complete solution to the local 

stresses around the flaw-extended crack defect is not known. There 

exists a local tensile stress perpendicular to the plane of the fish 

fin crack which is described in Appendix C but it is not clear whether 

such stresses can account for the formation of these cracks. 

Under increasing applied stress the primary cracks initiate and 

extend until they are aligned with the direction of applied compression. 

After alignment, their extension is arrested because of the reduction 

in the local tensile stress at the crack tip. As the applied stress 

level is increased, previously initiated secondary cracks may extend 

further, even though the primary crack is arrested. By this process a 

single flaw can create considerably more crack damage than would be 

predicted by sole consideration of the extension of primary cracks and 

their arrest. 

Conclusions from experimental study on crack extension 

Several observations and conclusions may be made from the study on 

crack extension which bear upon an understanding of the creation of 

crack damage in a brittle specimen under compressive loadings. 

(1) The general trend in the stress to initiate cracks with the 

orientation (Ç) of two-dimensional flaws is found to agree 

with theoretical predictions for the PîfftA plates. However, 

this may be complicated by slit-flaws which close and lock, 

thereby requiring higher stresses to break the flaw faces free 

and initiate cracks. 
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(2) Three-dimensional, penny-shaped flaws with maximum dimension 
> 

equal to that of two-dimensional slits require higher stresses 

to initiate cracks. 

(3) Three-dimensional flaws can initiate secondary cracks in 

addition to the primary cracks extending from their tips. 

These secondary cracks may grow to sizable dimensions. 

Current theories of crack initiation treat only the formation 

of the primary cracks; yet secondary crack formation may 

result in considerably more crack damage being produced by a 

single flaw than that which would be predicted by considering 

only primary crack extension. 

(4) The extension of cracks in two or three dimensions occurs in 

a direction so as to align the crack plane with the direction 

of the applied compressive stress. 

(5) Under the action of biaxial stresses cracks tend to extend in 

the direction of both compressive stresses. 

(6) The dependence of the extended crack length on the magnitude 

of the applied compression may be quite complicated. Cracks 
! 

( . extend stably or unstably due to the stick-slip phenomenon 

occurring at the originating flaw faces. Extending cracks may 

continue to extend in a smooth fashion or act as originating 

flaws initiating new cracks from their tips. 
► 

(7) The length of single, extended cracks subjected to compressive 

stress of a magnitude less than the intrinsic tensile strength 

of the material appears to be limited to dimensions on the 

order of the originating flaw size. This is no longer true 
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when the magnitude of the applied compression is equal to the 

intrinsic tensile strength. At this applied stress the local 

tensile stress at the tip of a crack, which is aligned with 

the direction of principal applied stress, equals the intrinsic 

tensile strength of the flaw free material, (See Appendix C.) 

At this stress level unstable extension of the aligned crack 

may occur. This unstable extension was observed to occur from 

aligned cracks in the PMMA material when the applied compres— 

sive stress was ~18 ksi. 

(8) Slit or penny—shaped flaws which intersect a free surface 

extend cracks which intersect the surface. In this way free 

chips are created. 

(9) The action of double-flaws extending a crack between them and 

forming a free chip depends on whether the flaws are sliding 

free or intermittently locked and acting independently. 

The Extension of Cracks from Flaws in Three Dimensions 

Real materials are three-dimensional; hence, to adequately describe 

the failure of real materials, the three-dimensional nature of crack 

extension must be understood. If one of the principal stresses in a 

body is tensile, the extending cracks which cause failure always propa¬ 

gate in a direction normal to the principal tensile stress and such 

extension, once initiated, is generally unstable under the constant 

applied tension. This aspect of crack behavior in tensile stress states 

allows two-dimensional theories to predict real material strengths 

successfully. The behavior of three-dimensional cracks extending in 

purely compressive stress fields is not well understood but appears to 
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be considerably more complex than the behavior of cracks under tension. 

A continuum mechanics model is available for the three-dimensional flaw; 

it is that of a penny-shaped void in an isotropic, elastic continuum. 

Solutions for the stresses around such a flaw geometry are only avail- 

55-58 
able for the open flaw (Type I). Extension of these solutions to 

the Type II or Type III flaws introduces formidable mathematical complex¬ 

ity. 

59 
Sack has shown that for open flaws, Griffith's two-dimensional 

theory of rupture may be extended into three dimensions (for interior 

oblate spheroids of the same principal length) in the tension and 

tension-compression stress quadrants and that the results differ from 

Griffith's by a factor of 1.57 to 1.81 which depends on the Poisson's 

40 
ratio of the material. Koide has recently extended the Griffith 

criterion into three dimensions for purely compressive stress states. 

This section will present and extend some of the current ideas and 

observations on crack initiation and extension from three-dimensional 

flaws. 

1 * Ibe Initiation of cracks at three-dimensional flaws 

Crack initiation at the tips of a three-dimensional flaw may be 

treated in a manner analogous to that used in two dimensions. Koide 40 

has obtained solutions for the values of the normal (o ) and total shear 

stress (t) acting across the equatorial plane of an oblate spheroidal 

shaped flaw, which are necessary for crack initiation, in terms of the 

theoretical tensile strength (a*) of the material. His approach to the 

problem is identical with the methods of solution used in the two- 

dimensional case where the local maximum tensile value of cr00 is set 
ßß 
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equal to a critical value, a*, and an and t are determined from this 

equality. For a very thin, open, penny-shaped flaw he obtains the 

equation: 

T - (2-v)ïïP* f As \ 
4s y (29) 

where V - Poisson's ratio 

S = shape ratio of oblate spheroidal flaw, i.e. ratio of major 

axis to minor axis length 

Combining terms and rearranging: 

~ + Ba = a* 
Aa n 

where : 

TT 

(30) 

If this equation is stated as an inequality, it then represents the 

criterion for crack initiation at a flaw of geometry (S) imbedded in a 

material with Poisson’s ratio (v) expressed in terms of a and T. 

T ^ * 
—r + Ba > a 
Aa* n 

(31) 

For any orientation of flaw plane the values of and T may be obtained 

by resolution of the principal applied stresses onto the flaw plane. 

Those flaw orientations which satisfy the criterion of equation (31) 

will initiatef or will have initiated, cracks under the applied stress 

level considered. 
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The equation derived by Koide, Equation (29), may be expressed in 

terms of the principal stresses. If the three principal stresses in the 

body are a^f and a^, the normal stress on a plane with the direction 

cosines a , a , a is 
X y ’ z 

an - al ax + °2 ay + a3 *1 (32) 

where: 

X = 1 

/\ A 

y = 2 

z = 3 

The shear stress on this plane is defined by: 

T " (CTra2)axay + (02-a3)ayaz + <a3-al)aZax (33) 

By substituting these expressions into Equation (31) we obtain the 

criterion for crack initiation in terms of the applied stress state and 

the flaw orientation: 

(0rg2)2Vv + <V03>Vz2 + <V0i>2Vx 

Aa 
+ B(a,a2+o0a2+a-a2 ) > o* 

lx 2 y 3 z 
(34) 

A graphical solution to this equation is readily obtained by 

utilizing the method of Mohr’s stress circles.The Mohr’s circle 

method is a conformal mapping of the three-dimensional stress state 

which permits graphical solution of any equation stating a crack initia¬ 

tion criterion when the criterion is expressed in terms of the normal 

and total shear stresses on the flaw plane. If the stress state is 

represented on T axes by Mohr’s method and the curve of the particu¬ 

lar crack initiation criterion under consideration is plotted on these 

axes, each point within the shaded portion of the area 0^, 03, O3 (see 
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Figure 53) represents the orientation of the normal to a flaw plane 

which will initiate a crack. (The flaw plane orientation is obtained 

in terms of the Eulerian angles ^ and see Figure 52.) This is 

true, since all points lying in the shaded area represent planes on 

which the normal and total shear stress equal or exceed that necessary 

to satisfy the crack initiation criterion. Plotting the parabola of 

Equation (34) for a given size of Type I flaw on the Mohr axes will 

determine what orientations of flaw planes have initiated cracks as 

shown in Figure 53(a) for the stress state ■= 10 02; = 0. The 

McClintock-Walsh criterion for Type IT flaws will yield a straight line 

curve on the 0n, x coordinates (see Figure 53(h)) with slope equal to 

the coefficient of friction (p), where y = 0.5 is used in the example 

arbitrarily. The Type III flaw criterion for crack initiation can also 

be represented on such coordinates where tu is the value of the shear 

necessary to unlock the flaw and pD is the dynamic coefficient of fric¬ 

tion. The graphical solution to this criterion yields the orientations 

of flaws which initiate cracks as influenced by the additional require¬ 

ment that T - tu. (See Figure 53(c).) 

Another method of describing crack initiation at three-dimensional 

flaws is that used in the approach of fracture mechanics introduced in 

Section A of this Chapter. Kassir and Sih^'*' have extended the approach 

of fracture mechanics to a three-dimensional, flat, ellipsoidal flaw. 

They have derived the expressions for the Mode I, II and III stress 

intensity factors around the perimeter of such a flaw for a stress 

normal to the flaw plane and for all orientations of shear stress on 

the flaw plane. The results of their calculations are presented as the 
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Figure 53. Flaw Orientations which Initiate Cracks Under Biaxial Compressive Stress 1:0.1. 
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Kj, KII and Km stress intensity factors around the tip perimeter of 

the flaw. Their predicted variation of the stress intensity factor Kn 

around the perimeter of a flaw loaded in shear agrees very nicely with 

the observed positions of crack initiation around the perimeter of the 

three-dimensional slits investigated in this study. As the compressive 

stress on the slits was increased, the position of crack initiation 

around the perimeter was adequately described by their K variation. 

A general description of crack initiation at three-dimensional 

flaws subjected to polyaxial stresses becomes exceedingly complex when 

the criterion is expressed in terms of stress intensity factors. It is 

not clear which modes become critical for crack initiation in compres¬ 

sion. Under a general compressive stress state, Mode I displacements 

produce only high concentrations of compressive stress. Modes II and 

III produce local tensile stress maxima around the flaw at different 

positions. A general expression for the "critical stress intensity" 

criterion for crack initiation ät a flaw would have to be stated in 

terms of the relationship. 

f(Kr Kjj., Kin) = fcrlt (35) 

The critical combination of modes may have to be determined. This 

appears to be a considerably more complex approach than that of deter¬ 

mining when the local tensile stress at the flaw tip equals the intrinsic 

material strength. This "critical tensile stress" criterion will he 

used to formulate the general theory of compressive failure because of 

its ease of physical interpretation. 
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ii. The description of initiating flaw orientations and the 

direction of crack extension in three dimensions 

To discuss flaws and extended cracks in three dimensions a coordi¬ 

nate system and scheme of notation are needed to describe the orienta¬ 

tions of the planes. Any convenient orthogonal coordinate system 1, 2, 

3 may be used where Î is identified with the direction of the minor 

principal compressive stress, 2 with the intermediate principal compres¬ 

sion direction, and 3 with the major or maximum principal compression 

direction. Since the test specimen was a tube, the cylindrical coordi- 

/'S 

nates R, 0 and Z are employed which correspond to the directions of the 

principal stresses a^, and azz, respectively. The notation for 

describing sets of flaw and crack planes will be similar to that used 

by crystallographers to describe crystal planes. The orientations of 

flaw planes and crack planes will be designated by the directions of the 

/\ y\ 
normals to such planes, f and c, respectively. The set of flaw planes 

or crack planes, whose normals are perpendicular to a given direction 

will be designated as a zone of flaw or crack planes. The three zones 

of planes corresponding to the principal stress directions are designated 

as follows: (See Figure 54(a).) 

/s 

R - zone planes = all planes whose normals are perpendicular to the 

R direction. 

/'S 

0 - zone planes = all planes whose normals are perpendicular to the 

A 

9 direction. 
A 

Z - zone planes = all planes whose normals are perpendicular to the 
A 

Z direction. 
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(a) ZONES OF PLANES FOR PRINCIPAL STRESS DIRECTIONS 
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(b) DEFINITION OF ANGLE $ 

Figure 54. Planes of Principal Stress Direction Zones. 
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From the discussion and experiments of the preceding sections we 

can make some summary statements about the behavior of flaws on these 

zones of planes and the orientations of cracks extending from them. 

(1) The principal stresses which affect the magnitude and distrib- 

ution of the local intensified stresses around R - zone flaws 

are Qqq and a^; around 0 - zone flaws are a_and a_; around 

" • ■ ■ ■ ■ 

:.v . 

zz rr zz 

zone flaws are a and a. The third principal stress, 
rr — 60 * 

the one acting in the plane of the flaw or crack, is not con¬ 

centrated by the defect. It thus does not influence the local, 

intensified stress field. 

(2) The angular orientation of the plane (Ç) is given by the angle 

between the flaw plane normal (f) or crack plane normal (c) 

and the direction of the lasgest compressive stress which is 

A. 

concentrated by the defect, (e.g. for 7. - zone planes Ç is 

A A 

measured between G and the flaw plane normal f, see Figure 

54(b).) This definition is different from that used in Sec¬ 

tion A for two-dimensional flaws by a factor of 90° - Ç. The 

redefinition is made at this point because it is easier to 

deal with the angular relationships of planes in three dimen¬ 

sions by working with their normals. The range of Ç is 

0 < Ç <90°. 

(3) It has been shown that the direction of crack extension from 

two-dimensional flaws tends to align the crack parallel to the 

principal compressive stress direction. This concept may be 

readily generalized to three dimensions if one considers only 

cracks extending from flaws Included in the three principal 
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stress zones of planes. If a crack can be initiated at the 

tip of one of these flaws, its direction of extension will 

curve to align the extending crack plane with the plane con¬ 

taining the direction of maximum principal compression con¬ 

centrated by the originating flaw and the zonal principal 

stress direction. For example, consider crack extension from 

a Z - zone flaw where |a | > |c^J > |a„J . The two principal 
zz rr 

stresses concentrated at the flaw are ae0 and o . The plane 

A ^ 

of the extended crack will become parallel to the 0-Z plane. 

(See Figure 55.) Another useful way of looking at this is to 

say the crack plane normal c becomes parallel to the R direc¬ 

tion. 

The foregoing discussion has considered only flaws or cracks on 

planes whose normals are perpendicular to a principal stress direction. 

As a first approximation to the description of crack initiation and 

extension in three dimensions this should be realistic. The stresses 

which affect the initiation and subsequent extension of cracks from a 

flaw are the normal (a ) and shear (x) stresses acting on the flaw and 

crack planes. The extremes of such normal and shear stresses occur in 

the stressed body on planes included in the three zones of planes con¬ 

sidered above. 

To have a more complete description of the nature of crack exten¬ 

sion from all planes in three dimensions, a more generalized approach 

must be taken. First, the criteria for crack initiation at all types 

of flaws spawning cracks in the material (Types I, II, and III) must be 

expressed in terms of a and t acting on the flaw plane, a and x will 
n n 
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Figure 55. Direction of Crack Extension. 
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be a function of the applied stresses and the orientation of the flaw 

plane. (The flaw plane orientation may be defined by Ç2 (see Figure 

52) for graphical solution by Mohr’s method or by the direction cosines 

V V az °f the Plane for analytic solution.) This function will be 

different for each flaw type and may include additional parameters, e.g. 

(p), the coefficient of friction for Type II flaws. If the critical 

relationship between and T is expressed in terms of the direction 

cosines of the flaw plane normal, for a given ratio of applied stresses 

(i.e. given stress state), the orientations of flaws planes which will 

initiate cracks can be determined in terms of the applied stress level 

by iterative solutions of the equation. 

The orientations of flaws which will initiate cracks may be dis¬ 

played on a stereographic projection, using the Eulerian angles ^ and 

» to give the ’’figure" of the orientations of flaws which initiate 

cracks at any given stress level. This "initiated flaw orientation 

figure" will differ at identical stress levels for the various mechanisms 

of crack initiation, as can be seen from Figure 53. The flaws which 

have the orientations (f) that satisfy the relationship f(an,T) = d* 

will form the boundary of the initiated flaw orientation figure. Flaws 

for which f(an>T) > a* will be inside the boundary lines and flaws for 

which f(an,r) < a* will be outside. 

As an example, consider a body containing only sharp, Type I flaws 

which is loaded in uniaxial compression in the 0 direction. This case 

Is simple to treat since the initiating flaw orientations are a function 

of only the stress. The flaws are sharp and open so we may use the 

criterion of Equation (34) which gives: 
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(36) 

2 2f 2 2v 
aQa (a +a ) 
3 z y X 

Aa 
Ba^a2 > a* 

J z 

The values of a^, a^, az which satisfy this equation represent the flaw 

plane orientations which initiate cracks under the applied 

stress level = for the assumed constant values of A, B and a . 

When a00 = Q the first flaw orientation initiates a crack. This orienta¬ 

tion is = 30° and is invariant with Ç2# Figure 56 shows this ini¬ 

tiated flaw orientation figure. If the stress level is increased to 

a0Q = 1*25 Q, increases and the initiated flaw figure is as shown 

in Figure 56. Further increases in aQ9 result in larger values of A^. 

Consider now a case of biaxial compression in which a =0.1 C^: 
zz 00’ 

arr * 0 where the applied stress levels are the same as for the uniaxial 

case, i.e. = 0 and a00 = 1.25 Q. By iterative solutions of Equation 

(34) we may obtain the values of E>2 and the initiated flaw orienta¬ 

tion figures will be approximately as shown in Figure 57. Comparing the 

uniaxial and biaxial cases we see that the first flaw to initiate is of 

the same orientation (£j) in both cases. A smaller range of orientation 

of flaws initiate cracks at a given stress level in the biaxial case. 

The second applied compression inhibits crack initiation for flaws over 

a large range of orientations. 

In biaxial compression stress states where the magnitude of crzz 

approaches a00 the range of initiated flaw orientations increases again. 

When tfZ2 “ CÍ00 the initiated flaw orientation figure is Identical in 

shape to that for uniaxial compression but is centered on the stereo¬ 

graphic projection about the 1 direction. 
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o0Q = 1.25 Q ; azz = 0.125Q;orr = 0 

Figure 57. Orientations of Flaws Which Initiate Cracks at Different Stress Levels in Biaxial Compression. 
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As the stress increases above that necessary to initiate a crack at 

the flaw, extension of the cracks will occur in directions tending; to 

/s 

alip,n the crack normal (c) perpendicular to either one or two principal 

stress directions. In uniaxial compression c will become perpendicular 

/\ 
to the direction of principal compression (a^), In triaxial stress 

states where \o^\ > \a^\ 2^ |o^| crack extension also will be in a direc- 

A* 1 
tion such that c becomes perpendicular to the direction of the maximum 

principal compression O^). for other stress states, \o^\ \o^\ > 

which includes the biaxial case when = 0, crack extension will tend 

to make c perpendicular to the plane formed by the directions of the two 

largest principal compressive stresses acting on the flaw. The orienta¬ 

tions which the extending cracks assume, and the final aligned orienta¬ 

tions of the cracks, may be displayed on a stereographic projection by 

rotating the orientation of the principal stresses from that used above. 

Figure 58 shows examples of the crack orientations for the uniaxial case 

and biaxial case where * 10 o^. In case equi-triaxial compres¬ 

sion, = a2 ~ ^3* crack initiation or extension is not possible by the 

mechanisms discussed in this paper. 

The two examples given above are representative of the two kinds 

of crack extension behavior which will be observed in any stress state. 

The aligned orientations of all extended cracks will either form the 

/V 

zone of planes about the maximum principal compression direction, a^-zone 

planes, or V7ill all become parallel to the plane formed by the two 

largest principal compressive stress directions. As the magnitudes of 

the intermediate (a^) and minor (cr^) principal stresses approach that of 

the major principal stress (^3)» the greater will be the reduction in 
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OMITTED FOR CLARITY 

(a) UNIAXIAL CRACK EXTENSION DIRECTIONS 

A 

e 

INITIATING FLAVÿ PLANE 
ORIENTATIONS (f) 

ORIENTATION OF ALIGNED 
CRACK PLANES (c) 

APPROXIMATE ORIENTATIONS 
OF CRACK EXTENDING TO 
BECOME ALIGNED 

ORIENTATIONS OF ORIGINAL 
INITIATED CRACKS (e) 

(b) BIAXIAL CRACK EXTENSION DIRECTIONS <oM - 0.1 aee) 

Figura 58. Crack Extension Directions. 
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the range of flaw orientations which may initiate cracks at any given 

stress level. The orientation of the extended crack normals (c) to the 

direction in the biaxial compression case is the cause of the onion 
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peel" spalling observed in the test specimen where is identified with 
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the R direction. 
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CHAPTER VI 

THE MECHANISM OF FAILURE IN COMPRESSIVE STRESS STATES 

To understand how structural collapse occurs in a body subjected 

to compressive loads, one must understand the nature of the damage 

created In the body by stably propagating cracks as the compressive 

loads are increased. The manner in which three-dimensional crack arrays 

reduce the ability of the body to withstand further increases in load is 

of importance. At some point, the load carrying capability of the body 

is reduced to the applied load and structural collapse occurs. (See 

Figure 59.) 

The magnitude of such crack damage has been investigated with 

various techniques by several experimenters studying the properties of 

rocks and concretes under compressive loads. Such damage, however, has 

not previously been studied in high quality, high-strength, ceramic 

material. The flaw distributions which occur in high-strength ceramic 

materials differ greatly from those occurring in relatively low strength 

rock or concrete. The most common method employed to study the crack 

damage in low strength materials^2 65 is measuring the departure from 

linearity of the volumetric (AV/V) or linear (e) strains under increasing 

applied stresses. A theoretical relationship between the crack and/or 

66,67 
pore density and the measured strains has been developed by Walsh. 

68 
Peng and Johnson characterized the orientations and lengths of cracks 

propagated in uniaxially compressed cylinders of Chelmsford granite by 

sectioning cylinders subjected to various loads and optically observing 

the large cracks. Some of the most interesting results are those of 

69 
Scholz who studied acoustic emission as a function of applied 
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</str(3) = STRENGTH FOR COLLAPSE BY 
MECHANISM M 

üstr(2) h STRENGTH FOR COLLAPSE 
BY MECHANISM M. 

astr(1> = APPLIED NOMINAL STRESS LEVEL 
REQUIRED TO INDUCE STRUCTURAL 
COLLAPSE BY MECHANISM M 

APPLIED LOAD 

Figure 59. Load Required to Induce Structural Collapse of Body, 
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compressive stress for several rock materials. The study presumed that 

the individual acoustic emission events corresponded to micro-cracking 

events. The relationship between the accumulated frequency of acoustic 

events and the applied stress, expressed as a fraction of the failure 

stress, is similar to the accumulated spalling versus applied stress 

relationship obtained in this study. (See Figure 24.) 

The strength reduction with increasing applied load depends on 

several factors including: material microstructure, the characteristics 

and distributions of inherent flaws, geometry of the body, and the 

stress states imposed. The mechanism of final structural collapse will 

depend on all the above factors. Some structural collapse mechanisms 

are: 

(1) Catastrophic, sequential buckling of microplates or of columns 

in a localized region. 

(2) General reduction of load carrying cross section of material 

to the point of gross, macroscopic elastic instability (e.g. 

circumferential buckling of "thinned down" wall of externally 

pressurized tube). 

(3) Development of a network of cracks with sufficient density 

to permit direct shear failure through lack of cohesive 

strength between crystallites in the body. 

The mechanism which requires the lowest load to operate will be 

strength-limiting. (See Figure 59.) 

It is possible that two compressive strength measurements which 

used different specimen geometries and loading conditions, could measure 

different strengths for a material due to different mechanisms of 
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structural collapse occurring, even though the damage levels in the 

material for each test were the same at identical stress levels. Below 

will be presented an analysis of the damage developed in the test 

specimen used in this study and a description of the mechanism of struc¬ 

tural collapse. 

A. Failure of the Test Specimen 

i* The nature of the crack damage in the specimen 

To discuss the nature of the crack damage produced by the applied 

loads, one must have in mind the stress state in the test section. 

This is shown in Figure 1 for each stress state test. The hoop stress 

(^09) is the largest principal stress. It is at a maximum on the inside 

surface and decreases to 0.9 a^x at the outside surface. The axial 

stress 0 is constant through the wall thickness and is a fixed frac- zz •# 

tion of ^QQ- The radial stress is a maximum on the outside surface 

(being equal to the applied pressure which is ^0.1 aOQ) and decreases 

to zero on the inside surface; thus, the inside surface is the only 

region having a biaxial stress state. 

The results of petrographic sections made on portions of failed 

specimens (Chapter IV, Section B) indicate that the inside surface is 

the only region where extensive crack damage occurs before structural 

collapse. Several conditions favor this kind of behavior. First, the 

density of extending cracks is extremely sensitive to the applied 

stress level near failure. Referring to Figure 23, an increase of 3% 

in the applied stress level from 97% to 100% af produces a twofold 

increase in the spalled particle density. This 3% decrease in the oAÛ 
00 

stress occurs at a position 30% through the wall thickness. Secondly, 



mtä 

surface and near-surface flaws have higher stress concentrations around 

them and will extend cracks at lower applied stresses than imbedded 

flaws. Thirdly, two-dimensional crack studies (See Chapter V, Section A.) 

show that the effect of through the wall thickness is to raise the 

required stress level for crack initiation and to limit the length to 

which the cracks may extend. This effect on initiation stress for open 

(Type I) and closed (Type II) flaws may be seen in Figures 33 and 39 

respectively. The effect on crack extension is discussed in Chapter V, 

Section B. Thus, for the geometry of the test specimen and loading 

conditions used in this study, we need only to consider the crack damage 

in the region near the inside surface to describe the failure mechanism. 

The Griffith theory predicts crack initiation in uniaxial compres¬ 

sion to begin at open flaws when the compressive stress is eight times 

the magnitude of the uniaxial tensile strength. From the spalling 

studies (See Figure 25) it can be seen that crack initiation and exten¬ 

sion begin in the alumina test specimens at a compressive stress 4—5 

times the tensile strength. This is not unreasonable, however, when one 

considers the behavior of Type II flaws and surface flaws. An alterna¬ 

tive explanation of this discrepancy, which involves a consideration of 

residual, thermal stresses in the material, is discussed in Appendix D. 

The value of eight in the Griffith theory has no real significance since 

this value only predicts when the worst, sharp, open flaw initiates a 

crack. Compressive failure in polycrystalline materials is typically 

the result of very large numbers (10^-106) of flaws of decreasing 

severity extending cracks. As the stresses are increased, this phenome¬ 

non produces increasing amounts of structural damage in the material. 
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The evidence of the crack damage produced in the specimen by the 

applied loads is the spalling. The increase in the density of this 

damage with increasing applied stresses is seen in curves showing the 

percent of the area spalled. An exponential curve fitted to the data 

of Figure 24 shows that up to the 0,9 af stress level the function % 

Area Spalled = exp fits the data and above 0.9 a{ the function 

eXP (öl) 1S 3 8°0d fÍt' increase in coefficient of the stress 

exponent may be evidence of the operation of additional mechanisms of 

crack extension at stress levels near failure. 

The shape of the spalled particles indicates that extension from 

flaws is restricted to very specific directions as discussed in Chapter 

V. Referring to Figure 60, all cracks extend from flaws, when oQÛ and 

azz are the 8reatest compressive stresses, in a manner such that the 

crack plane becomes parallel to the R plane. This causes the spalled 

particles to come off as thin, "onion peel" plates. The stereographic 

projection of the poles of flaw planes which are within ¿^(crit) and 

AC2(crit) is similar to that shown in Figure 53. As the stress is 

raised the range of flaw orientations which may extend cracks increases. 

Regardless of the orientation of the originating flaw, the plane of the 

extending crack becomes parallel to the inside surface of the specimen 

or intersects it. By this action of extending cracks, the material 

adjacent to the inside surface of the specimen is carved into small, 

thin plates held fixed to the alumina by their edges which remain 

attached to the body. The sizes of the plates and their planar shapes 

will depend on the extended crack length and the amount of flaw-crack 

interaction. The damage created in the specimen by the extended cracks 
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(a) CRACKS EXTENDING FROM SURFACE AND NEAR 
SURFACE FLAWS 

z 

(b) FORMATION OF MICROPLATE 

Figure 60. Near Surface Crack Extension in the Specimen. 
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may vary from slender columns to square plates. From the discussion in 

Chapter V, Section Cii it is seen that in stress states where ann and 
00 

°zz are lar8er than 0^, the formation of rectangular plates rather 

than columns is favored because the crack extension directions are 

parallel to the R plane. 

An explanation of the formation of larger spalled particles with 

increasing applied stress requires an understanding of the nature of 

crack extension from inherent flaws. The length of a crack extending 

from a flaw is a function of the stress state and stress level; how¬ 

ever, no theory is available to explain this relationship. Further, 

there exists no good experimental data to indicate what this relation¬ 

ship may be for glass or ceramic materials. The present study on crack 

extension from flaws in PMMA plastic was limited to investigating the 

extended crack length for compressive stresses which were less than 

three times the stress at crack initiation because of the low tensile 

strength of the plastic. These studies did indicate that extended 

cracks may act as originating flaws to extend secondary cracks from 

them which can result in a large total length of extended crack. 

Other potential mechanisms for the formation of large plates at 

stress levels near failure are the unstable extension of cracks from 

Type III flaws and the creation of a sufficient density of extended 

cracks to allow link-up of the extending cracks. Since the most severe 

Type I or II flaws initiate cracks at 1/4 af, Type III flaws which 

"break free" and operate at stress levels near failure may suddenly be 

subjected to applied stresses four times those required to induce stable 

crack extension if the flaw had not been locked. Because of the dynamic 
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nature of the loading, the effective stress levels may reach eight times 

that required for stable extension. The length of cracks initiated in 

this manner may be many times the flaw length. 

Above the 0.9 of stress level, the stress fields around flaws and 

extended cracks in regions near to the free surface may no longer be 

independent of one another. From Inglis1 equation it can be seen that 

the critical flaw size (c) for crack initiation decreases as the inverse 

square of the applied stress, from Equation (14): 

if: 

0 Œ a -.j j max applied 

^max - ^crit tensile stress for crack initiation 

(a constant) 

p = constant tip radius 

c = critical flaw size 

Then: 

c « 
crit 

applied applied 
(37) 

This assumes a constant tip radius for all flaws which is a reasonable 

assumption if one is considering atomically sharp flaws. The most 

severe flaws in the alumina test speciment initiate cracks at 1/4 of 

the compressive strength as shown by the first spalling. If the size 

of such flaws is assumed to be equal to the largest grains in the body, 

i.e. 50 microns, the above relation suggests that, near failure stress, 

flaws 1/16 this size will become critical and initiate cracks. Flaws 

with dimensions of 4 microns will be extending cracks. This flaw size 

is 1/5 of the average grain size. At stress levels near failure the 

density of flaws which initiate cracks should increase greatly. This 
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can result in overlapping of the intensified stress fields around such 

flaws, causing crack extension between flaws. This linking-up of the 

extending cracks will result in the formation of larger spalled particles. 

If the surfaces of the spalled particles r.re extremely flat, one 

would suspect unstable crack extension from Type III flaws. If the 

plate surfaces were highly stepped, this would support a crack linking 

mechanism. Both kinds of surfaces are observed on the spalled particles; 

although, there is a predominance of very flat particle surfaces, 

ii* Structural collapse mechanism of the specimen 

The majority of the larger particle spalling at the higher stress 

levels may be brought about by the elastic buckling of the thin plates 

or columns carved into the body by the extending, interacting cracks as 

can be seen by the following: 

As cracks extend and interact with increasing applied loads, 

increasingly larger plates are created which have greater length (L) or 

width (W) to thickness (t) ratios. When the t/L or t/W ratio becomes 

sufficiently small, the plates become elastically unstable under the 

applied normal stresses on the ends of the plate, üÛQ and a , which 
ou zz 

results in the plate buckling. The radial stress has no effect on an 

inside surface plate but Inhibits the buckling of outside surface plates. 

Several details of the nature of the plates are difficult to char¬ 

acterize. Because the plates are small areas which have been partially 

separated from a polycrystalline body by crack extension, the manner in 

which the edges of the plate are supported is unclear; it probably varies 

between "built-in edges" and "simply supported edges." (See Figure 60 

(b).) The plate thickness varies somewhat, at least on the order of the 
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grain size. Since the plate may be only a few grains thick, the elastic 

constants for the bulk material may not accurately describe the plate 

behavior. Finally, the shapes of the plates are irregular as well as 

having cracks extending into them. 

With the above limitations in mind, the buckling of the plates 

will be analyzed by continuum mechanics. The model is that of a thin 

plate, subjected to various edge constraints, and loaded in plane on 

its ends by two compressive stresses, S1 > S2. The expressions for the 

critical buckling stresses for plates of various geometry with various 

edge constraints is developed in Appendix E. The results of these cal¬ 

culations show that plates with t/L ratios of less than approximately 

1/15 will buckle under the magnitude of the stresses applied at failure 

of the specimen. This is in agreement with the observed dimensions of 

the spalled particles. For a constant (t/L) ratio there is a minimum 

in the magnitude of the stresses required to buckle the plate as W 

approaches L, i.e. as the planar shape of the plate approaches that of 

a square. Plates buckle more easily under biaxial stresses than uni¬ 

axial; the lowest buckling stresses are found for a plate subjected to 

equi-biaxial compression - the highest stresses for a plate loaded in 

uniaxial compression. Finally, plates with built-in edges are more 

difficult to buckle than plates with free edges. 

The instability which is created may be understood by following 

the sequence of events which happen in an area where multiple spalling 

occurs. As the first chip buckles off (see Figure 61), the stresses 

are redistributed through the remaining test section. The principal 

stresses, and tfZ2> will increase in magnitude in all areas of the 
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Figure 61. Streit Rediitribution from Microplate Spalling. 



damaged section because the position of the inside free surface has 

changed and because the net load-carrying cross section has been reduced. 

Ihe minor principal stress (¢7^) is reduced in areas near the new inside 

free surface and remains constant on the outside surface. Since 0 and 
00 

° are greater in the remaining wall material and O is reduced in the rr 

material adjacent to the inside surface, new cracks will extend from 

flaws near the spalled area of the inside surface. When these new cracks 

extend and perhaps interact they will form another microplate which will 

buckle when t/L = (t/L)^^. The entire process will be repeated as the 

applied stresses are increased. The stress level in the spalled area 

will become increasingly greater than the nominal stress level with 

each spall. At some applied stress level the increase in the local 

stress will be sufficient to cause the process to occur continuously 

with no further increase in applied stress and rapid collapse of the 

specimen will result. 

The spalling studies indicate the number of stable spalls which 

occur in a given area before catastrophic spalling sets in is about five. 

Examination of the failed specimen showed that the depth of spalling at 

the onset of structural collapse was about 15% through the wall thick- 

2 
ness in an area of about 0.5 cm . Figure 62 is a photo of the portion 

♦ 

of a test section where the spall sequence which initiated structural 

collapse is thought to have occurred. In the photograph this spalled 

area is on the extreme right of the inside surface of the test section 

shown. Other, smaller areas where intensive spalling occurred can be 

seen on the surface. 
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Figure 62. Catastrophic Spalling Area on Failed 1:0.5 Specimen Test Section. 



iii. Dependence of strength on state of stress 
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The biaxial compressive strength of the alumina was found not to 

depend on the magnitude of the intermediate compressive stress in the 

range of stress states between 1:0.1 and 1:0.8. Ir stress states near 

1:1 the strength may decrease slightly with increasing intermediate 

stress. Some insight into the influence of the intermediate stress on 

the strength can be obtained from its influence on crack growth. 

It is thought that the appearance of large spalled particles and 

the change in shape of the spalling-stress curve, Figures 23 and 24, 

observed when the stress exceeds 0.9 of the strength, signals the onset 

of extensive crack interaction and/or a large increase in the number of 

Type III flaws extending long cracks. When the intermediate stress is 

also more than 0.9 of the strength, it might strongly influence the 

cracking and the combined effects lower the strength. Thus the failure 

envelope in 1:1 biaxial compression may be slightly rounded. The data 

plotted in Figure 17 are consistent with this but the number of tests 

are insufficient and the cracking under the preload makes them question¬ 

able. 

Compressive strengths in stress states near 1:0 may decrease 

because in these stress states not only will a greater number of flaws 

initiate cracks but also the cracks may grow in a larger variety of 

directions; therefore, the body may sustain greater crack damage at a 

given stress level than the biaxially compressed body. As previously 

discussed, the directions of crack extension are limited by small trans¬ 

verse compressive stresses; thus, a decrease in compressive strength 

> 

—__ ______ 
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1 
would occur only in biaxial stress states which are very near uniaxial 

compression. The data show that a decrease may occur in stress states 

where is less than 1/10 but the decrease is less than 10%. 

B. Towards an Analytic Description of General Compressive Failure 

A theory which satisfactorily predicts the compressive strength 

of brittle materials has not been formulated yet. Theories such as the 

44 
original Griffith theory and its modification by McClintock and 

48 
Walsh only attempt to treat the initiation of cracks at flaws; but, 

a criterion for crack initiation at flaws is not synonymous with a 

failure criterion. Attempts have been made to describe the criterion 

for compressive failure by assuming failure will occur when a critical 

quantity of stored elastic energy is present. Such a theory has been 

38 
proposed by Wiebols and Cook. Their criterion is based on the addi¬ 

tional strain energy around Griffith flaws due to the sliding of the 

flaw faces over each other. They predict that the intermediate principal 

stress should have a "pronounced and predictable effect” on the compres¬ 

sive strength; however, the present study has determined that the inter¬ 

mediate principal compressive stress has only a very slight effect on 

37 
the compressive strength. A theory proposed by Priddy predicts a 

similar large dependence of the compressive strength on the magnitude 

of the intermediate principal stress. This theory is an extension of 

70 
the Tsai-Wu theory which is not based on a physical model. 

Any satisfactory theory of compressive strength must consider the 

array of cracks which grow stably from the flaws. At present there is 

only a crude understanding of the nature of crack extension in compres¬ 

sion and almost no quantitative information on the stress fields of the 
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extended cracks. Bienowski63 and Brace et al.62 have shown that change 

even in gross elastic properties are appreciable near failure which 

casts doubt on whether linear elastic stress analysis can be used. 

A general description of compressive failure must include a consid 

eration of the following items: 

(1) The distributions of shape, size, and orientation of flaws 

within the body. 

(2) The equations describing the stress dependence of crack 

initiation for the types of flaws present. 

(3) The dimensions, shapes and orientations that cracks will have 

as a function of stress level and stress state. 

(4) The interaction behavior of flaws and extended cracks. 

(5) The structural collapse mechanism of the body. 

i» General theory of compressive failure 

An attempt to construct a framework which synthesizes the above 

elements into a complete description of the failure process in compres¬ 

sion will be presented. Very few of the functional relationships are 

understood in detail. It is hoped that such a discussion will give an 

overall view of the processes of compressive failure and an appreciation 

of the important parameters and relationships. A semi-quantitative 

treatment of crack initiation and some qualitative statements on crack 

extension will be presented. It will be shown how statistical consider¬ 

ations of the flaw distribution and crack extension may be used to 

predict failure. 

The tensile stress concentrated near the tip of a sharp flaw is 

proportional to imes the shear stress resolved on the plane of the 

» 
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flaw, where (c) is the major flaw dimension and (p) is the radius of 

curvature at the tip. In compressive stress states this is reduced by 

the compressive stress resolved on the flaw plane which is also concen¬ 

trated proportional to \j- . For a given flaw orientation and a given 

stress state the maximum tensile stress near the tip is, therefore, pro¬ 

portional to ^pwhich is a measure of the flaw severity. Crack initia¬ 

tion occurs when this maximum tensile stress (a ) equals the cohesive 
max 

strength of the material. Assuming the flaw to be oriented to the direc¬ 

tion of an applied, uniaxial compressive stress such that the tensile 

stress at the tip is at the maximum (Çq), the expression for the applied 

stress necessary for crack initiation is: 

a =a,=aG\/~ 
max coh a V P 

where: a , 
coh 

cr E applied compressive stress 

(38) 

Qcoh = cohesive strength of material 

a = geometric constant 

Defining the flaw severity to be: 

5oVïï (40) 

Equation (38) may be written as: 

o 
coh 

(41) a c 

A linear equation is obtained relating the applied stress required for 

crack initiation to the severity (C)% of flaws oriented such that the 
maximum tensile stress is produced. The general nature of this depen¬ 

dence is shown in Figure 63. 
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Figure 63. Stress Dependence for Crack Initiation at Flaws of Most 
Critical Orientation. 
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If we assume the stressed body contains a distribution of flaws 

with size-sharpness severity (C) as shown in Figure 64, it can be seen 

that at any given applied stress level (o ) all flaws with C > C , 
o o 

where Cq is determined from Equation (41), will initiate cracks if all 

flaws have the most critical orientation to the applied compression. 

The magnitude of the applied stress necessary for crack initiation 

is a function of not only C but also of the orientation to the applied 

stress. This variation is shown in Figure 33 and 39 for the Griffith 

and McClintock-Walsh theories of crack initiation, respectively. Assum¬ 

ing the body contains only the flaws considered by Griffith (very sharp, 

Type I flaws), the orientation dependence is as shown in Figure 65 for 

an applied uniaxial compression. The angular range of flaw orientations 

which have initiated cracks (AÇ) at a given applied stress level (Gq) 

may be determined from this relationship for a given flaw severity 

If we now assume the distribution of flaw orientations is continuous 

and isotropic, i.e. there is an equal number of flaws occurring in each 

orientation, the fraction of the total number of flaws of severity 

which have initiated cracks at a given applied stress level may be 

determined. Since the range of possible orientations is 0 to ïï/2, by 

dividing AÇ by ïï/2 the fraction of initiating flaws F^, is obtained: 

If Fç is plotted as a function of the applied stress level (cO for all 

values of C between (the most severe flaw in the body) and CQ (the 

least severe flaw which initiates a crack at an applied stress level cO , 

the set of curves shown in Figure 66 is obtained. 
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Figure 66. Fraction of Flaw Density Which Initiates Cracks. 
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If tlie applied stress is O , the proportion of the density of each 

flaw severity C, which has initiated cracks is given by F^, . By summing 

the product of x for each increment (¢^) of the flaw density curve 

(Figure 64), the total density of flaws which have initiated cracks 

(Dj) may be obtained. 

C =C 
i m 

Di = £ Dc Fc (43) 

C =C i i 
i o 

A plot of the elements of the summation gives the curve describing the 

density of flaws which have initiated cracks (D^) as shown in Figure 67. 

The integral of this curve, D^., gives the total density of initiated 

flaws (IDx) at stress 0 . 
i o 

Since the flaw severity factor C is linearly related to the applied 

stress by Equation (41), the summation of Equation (43) may easily be 

written in terms of the applied stress state parameter J using the 

identity: 

i (a ). a . 
a i coh 

(44) 

The summation would then be written as; 

i m 

Di 'Ä ^ 
(45) 

where is obtained from the relationship Dq versus C in Figure 64 by 

expressing as a function of and is obtained from the relation¬ 

ship versus in Figure 66 by expressing F^ as a function of d . 

Equation (45) gives the total density of flaws (i.e. number/cm ) which 

have initiated cracks at the applied stress level (a^) in terms of the 
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Figure 67. Deniity of Initiated Flawt Curve. 
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stress State parameter j¿ . As °0 is increased,^ will increase as 

shown in Figure 68. As the applied stress level is increased, less ^ 

severe flaws initiate cracks and a larger proportion of the more 'severe 

flaws initiate cracks. 

If flaws are initiating cracks by mechanisms other than that ^ 

proposed by Griffith (e.g. Type II and III flaw mechanisms are operating, 

see Chapter V, Section A), the relationships between versus Ç (Figure 

65) and Yç versus (Figure 66) will change. The flaw distribution * 

curve (Figure 64) for Type III flaws will be a function of the applied 

stress. If more than one crack initiation mechanism is operating, 

Equation (45) must include a summation over the contribution of each 

mechanism to]D-j-. 

The foregoing development was in terms of a uniaxial applied com¬ 

pressive stress acting on a two-dimensional flaw. This development may 

be generalized to three-dimensional flaws and polyaxial compressive 

stress states by redefinition of the terms in some equations. Under 

three-dimensional, polyaxial stresses, the relationship in Equation (41) 

can be rewritten from the definition of Equation (44) as: 

com- 

k 

coh 
(41a) 

where is the stress state parameter composed of a function containing 

the principal stresses on the body and C may be a more elaborate func¬ 

tion of flaw geometry, size and other characteristics: 

C = f (flaw, geometry, size, etc.) 

As an example, C would contain the parameter (S), the shape ratio param¬ 

eter used by Koide, when treating open, oblate spheroidal flaws. (See 
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Chapter V, Section C.) The functions describing and C, which will 

contain the elastic constants of the material and the flaw character¬ 

istics, can be determined for any flaw type by an analysis similar to 

that of Chapter V where the maximum local tension is determined for the 

given ratio of applied compressions and compared to the critical tension 

required for crack initiation. 

The relationship of F^, versus would be expressed in terms of 

versus -e£ If the normals to the flaw planes (f), oriented in three 

dimensions, are identified as points of intersection on a spherical 

surface surrounding the flawed body, the proportion of flaw orientations 

which have initiated cracks can be expressed in terms of the proportion 

of spherical surface area intersected by these normals: 

F _ Spherical Surface Area Intersected (Steradians) 

4tt 

Figure 65 would be replaced by the stereographic projection of 

sphere, examples of which are shown in Figures 56 and 57 where 

and are the principal stresses in the body. The construction of such 

an ’’initiated flaw orientation figure" has been described in Chapter V, 

Section C. The shapes of these figures will, of course, change with 

different crack initiation mechanisms. The relationship of Figure 64, 

giving versus C» may be quite complex for three-dimensional flaws in 

real materials. The nature of this relationship is not at all obvious 

at the present time. Perhaps by very careful analysis of the flaws 

which initiate cracks in a material at various stress levels such a 

(42a) 

this 

relationship could be obtained. 



Assuming the functions €> dt D^, and are known, F.quation (45) 

may be used to calculate the total number of flaws per unit volume which 

have initiated cracks. Simultaneous operation of more than one crack 

initiation mechanism would be treated as before by summing over the con¬ 

tribution of each mechanism. 

To describe the total crack damage produced in a body at any given 

applied stress level, the term "damage figure" (tJO is introduced. This 

damage figure will be a function of the density of flaws which initiate 

cracks (Dj.), the severity of the initiating flaws (C), and the dimen¬ 

sions U ) and orientations (Ç ) of the extending cracks. 
J 

>p = f (46) 

It has been shown how D^. - f(d) may be calculated from an assumed 

mechanism of crack initiation. The definition of C and the distribution 

of flaw severity (D^) depend, of course, on the flaw types present in 

the stressed body. The experiments described in Chapter V, Section B 

indicate that much additional experimental work and elastic stress 

analysis must be done before the functions = f(^) and Çj = f(^i) are 

adequately understood. 

To successfully describe compressive failure and predict compres¬ 

sive strength, the relationship between the damage figure and the struc¬ 

tural collapse mechanism must be known. Structural collapse of the body 

occurs when the damage figure reaches a critical value ip* which allows 

a specific collapse mechanism, to operate. This failure criterion 

may be stated as: 

1 
(47) 
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As discussed at the beginning of this chapter, there are several poten¬ 

tial structural collapse mechanisms (M.)• The one which operates to 

cause structural collapse of the body is the one requiring the minimum 

value of i);. 

Any one or any combination of the parameters in the expression for 

ip may be the primary factor or factors determining when ip becomes criti¬ 

cal. If IDj. becomes large at very small loads, this would be interpreted 

physically as the body developing a high density of short cracks and the 

structural collapse mechanism of the body would be similar to that of a 

soil mass with low cohesion. The other terms in the ip expression could 

be neglected and 

« 

i i * i * 
r “ where M- was direct shear 

JUl ^ • i 

IDj was small but the extended crack length was large, the struc¬ 

tural collapse mechanism might be identified with catastrophic, sequen¬ 

tial buckling of plates or columns carved into the material by the 

extended cracks. The failure of rock, when tested as a solid cylinder 

in uniaxial compression, occurs, in part, by this mechanism. (See 

68 
Peng. ) It can be seen that the orientation parameter (£^) will also 

be important in such a collapse mechanism. 

The value of ip may be used to establish at what stress level inter¬ 

action between the intensified stress fields surrounding flaws and 

cracks begins to occur. If an interaction volume is associated with 

each flaw-extended crack configuration and \p is expressed in terms of 

this volume, a comparison of ip with the total volume of the body would 

enable statistical formulations to be made predicting the magnitude of 
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the interaction (I). Structural collapse may be brought on by this 

interaction parameter becoming critical, 

* 
1010 = I ; operates (48) 

The interaction parameter probably contributes to structural collapse 

in rocks and in the alumina tested in this program; however, this has 

not been unequivocally demonstrated. 

ii. Some implications of the theory 

The alumina tested in this study fails when the maximum principal 

compressive stress reaches a critical value for stress states between 

1:0.1 and 1:0.8. It is theorized that the material behaves in this 

manner because of the nature of the flaw density curve. (See Figure 64.) 

Large numbers of flaws of decreasing severity are involved with crack 

extension as the compressive stresses approach failure. Thus a knowledge 

of the complete shape of this curve is critical to an understanding of 

compressive strength. Some information concerning the nature of the 

flaw density curve may be obtained from the results of the spalling 

study. Only at applied stresses above 0.9 did a large amount of 

spalling occur. This may he interpreted to mean the flaw density curve 

has a long, shallow tail in the region of high flaw severity. (See 

Figure 69(a).) At low stress levels there is but a small density of 

flaws sufficiently severe to initiate cracks. Only for stress levels in 

excess of 90¾ is there a significantly large density of flaws severe 

enough to initiate cracks and produce extensive damage in the material. 

Any principal stress which is less than 90% will not influence the 

damage level 
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The abrupt rise of the flaw density curve shown in Figure 69(a) 

may be attributed to the attainment of a critical shear stress for ' 

unlocking large numbers of Type III flaws. One kind of Type III flaw 

which may unlock in alumina at such stress levels is the twinning of 

single grains proposed by Rice.50 That a peak should occur for Type I 

or Type II flaws is not obvious but the possibility should not be 

excluded. 

If the above is an accurate description of the distribution of flaw 

severity in alumina, then the considerations of the process of failure 

discussed in the previous section become important only at stress levels 

above 90% of, and any variation in biaxial compressive strength with the 

intermediate compressive stress will be restricted to stresses within 

90% af. The minimum possible value of the uniaxial compressive strength 

would be within 10% of the biaxial strength. Materials which have low 

densities of flaws of high severity and a local maximum density of flaws 

of intermediate severity will behave in this fashion. This category 

should include the high density, high purity ceramics such as silicon 

carbide, silicon nitride and alumina. 

In contrast to the high strength materials discussed above, low 

strength materials may have a flaw density curve as shown in Figure 

69(b). Significant densities of flaws would initiate cracks at applied 

stresses much less than 0.9 af and the effects discussed in Section Bi 

of this Chapter may produce larger variations in the biaxial strength 

with variations in the magnitude of the intermediate compressive stress. 

Unfortunately, there is a lack of good biaxial compressive strength data 

for low strength, brittle materials. The available data33"35 indicates 

that such materials do show a greater influence of the intermediate 



principal stress on the biaxial compressive strength than that measured 

for the alumina in this study. 

In the bending and direct tensile failure of brittle materials, 

generally the worst flaw (as determined by size, environment and orienta¬ 

tion to the applied stress) propagates to failure on application of the 

critical stress. Only a few of the less severe flaws extend before the 

most severe crack has propagated from the worst flaw completely through 

the material. Crack extension in ceramics in uniform tensile stress 

fields is unstable; that is, once a crack begins to extend from a flaw, 

it soon reaches a critical size and further extension of the crack is 

energetically favorable. 

In compressive stress fields, the situation is quite different. 

First, cracks which extend in compression do not tend to propagate to 

cause failure of the part but rather tend to curve into the direction 

of the maximum principal compression stress at which point the tensile 

stress concentration at their tip is greatly reduced. For all hut 

perhaps the final stage of compressive failure, crack extension is stable 

and of limited length. When a crack has extended from the worst flaw 

and stopped, the second worst flaw extends a crack which stops and so 

forth. This crack extension begins at a compressive stress approximately 

five times the measured tensile strength for the alumina tested. 

One of the important implications of an understanding of this 

fracture process is that very reproducible strength values, with only 

a small scatter, should be obtainable with brittle materials such as 

alumina, in compressive stress states. The worst flaw or tenth worst 

flaw does not extend to failure. Instead, the 105 or 106 worst flaw 
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extends before failure occurs. The small scatter may be explained by 

using a "weakest link failure statistics" plot (see Figure 70), which 

shows the number of flaws which have extended cracks as a function of 

the applied stress. Projecting the intercepts of the "critical crack 

density" onto the stress axis for the cases of tensile and compressive 

failure the reduced scatter in compressive strength due to the increased 

slope of the curve is apparent. In tensile tests the very worst flaws 

cause failure and the region of considerable probability of failure is 

spread out over a large stress increment in the tail of the "weakest 

link curve." Thus, a small variation In the distribution of most severe 

flaws has a profound effect on the measured strength. In compression, 

the very large numbers of flaws which are extending cracks at stress 

levels near failure means that the measured strength is quite insensitive 

to minor variations in the distribution of inherent flaws. Consistent 

with this hypothesis, the strengths measured in biaxial compression show 

very little scatter; the standard deviations of the strength values are 

only a few percent of the average values. 

Note added after final oral examination 

The stereographic projections of the "initiated flaw orientation 

figures" (see Chapter V, Section Cii and Figures 56 and 57) are not 

constant-area projections of the spherical surface intersected by the 

normals of the flaws which have initiated cracks. Thus, these figures 

may not be used directly to determine for the three-dimensional prob¬ 

lem. It was suggested by professor J.L. Rosenfeld that a constant-area, 
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polar mapping of the stereographic projection, developed by the UCLA 

Ceology Department, might he used to obtain the F,, value. This would 

eliminate the necessity of using computer integration in spherical 

coordinates. 
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PRECSDIfC PAGE BLAI'K-NOT PILMüD 

CHAPTER VII 

CONCLUSIONS 

Measurement of the compressive strength of brittle materials 

requires very careful testing techniques because poor techniques may 

introduce inadvertent stresses which lower the measured strength. 

Good tests had to be developed which gave data with sufficient accuracy 

to warrant theoretical consideration before a theory of strength could 

be proposed. Several mechanical testing techniques were developed 

which should be applicable to the determination of the compressive 

strengths of most brittle materials in any biaxial compression stress 

state. The design of the test devices and the testing procedures 

developed have been shown to be adequate for materials with high 

strengths. The approach used in this study was to test carefully a 

small number of specimens in each stress state. With this approach, 

the scatter in the measured strengths was minimized and the reported 

values, hopefully, are near to the true compressive strengths of the 

material. This study, which determined the biaxial compressive strength 

of high density alumina, showed that in stress states between 1:0.1 and 

1:0.8 the magnitude of the lesser principal stress has little affect on 

the compressive strength. The average value of the measured compres¬ 

sive strength was 528 ksi; the scatter was only a few percent of this 

value. 

For materials such as this alumina in which the biaxial compres¬ 

sive strength is insensitive to the magnitude of the intermediate com¬ 

pression, a single test may be used to establish the failure envelope in 

the compression-compression stress quadrant. The problems associated with 
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uniaxial compression testing indicate that it should not be used to 

determine the compressive strength. It is recommended that the 1:0.5 

biaxial compression test be used. 

Compressive failure has been shown to be the result of damage 

produced in the body by cracks propagating from flaws. The number of 

extending cracks in a body of alumina subjected to compressive loads 

6 3 
was found to be verv large, being of the order of 10 per cm at loads 

near failure. This high density of extending cracks at stresses near 

failure indicates that compressive strength values should be very 

reproducible and independent of minor variations in the density of 

flaws in the material. 

The spalling studies revealed the nature of crack damage produced 

in high strength, polycrystalline ceramics. The three-dimensional 

aspects of this crack damage were characterized. Analysis of the 

spalling damage showed the nature of the "critical damage figure" and 

indicated a mechanism of structural collapse which probably caused 

compressive failure of the test specimen. 

Neither the classical Griffith theory of strength nor the modifi¬ 

cation of it by McClintock and Walsh predicts a ratio of compressive 

to tensile strength as high as 18, the ratio obtained when the measured 

compressive strengths are compared to the 1:0 tensile strength of 

WESGO AL-995 alumina. These theories, however, do not necessarily 

predict catastrophic failure but predict only when the first crack 

extension occurs. Micro-spalling on the inside surface of the speci¬ 

mens over the stress range from 25% to 100% of the failure stress 
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indicates that an explanation of the compressive failure envelope must 

involve a description of the micr©mechanical mechanisms of crack exten¬ 

sion occurring during the process of failure and the statistics of 

crack extension from inherent flaws, 

A complete description of compressive failure must be based on 

a three-dimensional model. The mechanisms of crack initiation and 

extension from three-dimensional flaws are not well understood. Three- 

dimensional flaws may initiate multiple cracks and extending cracks 

may function to initiate new cracks. The present studies have shown 

that such extension is quite complex and that it is not treated com¬ 

pletely by present theory. 

It is proposed that the kinds of flaws which occur in high-purity, 

high-strength ceramics may be classified into three types. The 

behavior of each of these three classifications of flaws has been 

discussed. A general theory of compressive failure has been presented 

in functional form which requires knowledge of the distribution of flaw 

severities for each flaw type present in the material. The key to an 

understanding of compressive strength is the identification of the 

critical array of cracks (damage figure, ÿ) which induces structural 

collapse of the body. The damage figure produced in a body at any 

given stress level depends on the nature of the total distribution of 

flaws present in the body and the mechanisms by which the flaws extend 

cracks. Materials which contain different types of flaws and/or 

different distributions of flaw severity may exhibit different dependen¬ 

cies of the biaxial compressive strength on the ratio of the major to 

intermediate principal stresses. Unfortunately, the nature of the 
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total distribution of flaws has not yet been identified for any 

material. To predict the compressive strength of a material from its 

intrinsic properties one must know, quantitatively, the nature of the 

relationships which are, at present, only qualitatively explained. 
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appendix a 

CALCULATION OF STRESSES PRODUCED AT FAILURE IN THE 1:1 TEST DEVICE 

As external fluid pressure is applied to the 1:1 test device after 

preloading the specimen, the pressure acts on the circumference and the 

ends of the specimen shortening it as though the specimen were an 

externally pressurized, closed-end, cylindrical pressure vessel. 

Because of the design of the 1:1 test device, fluid pressure does not 

act on the bolt or sleeve; they are unstressed by the pressure. Since 

the holt and sleeve are applying a compressive load to the specimen at 

all times during the small displacements seen in the specimen, they will 

maintain contact with each other and with the specimen. The change in 

length of the holt plus the sleeve during pressurization equals the 

change in length of the specimen. 

The equation for the change In length is: 

specimen bolt sleeve (1A) 

CF 

AE compliance 

where: 6 

C 

F = force 

Change in length of the specimen on pressurization: 

^specimen = AFbolt Cbolt + AFsleeve Csleeve (2A) 

For static equilibrium 

AF, .. « AF AF (3A) bolt ^sleeve “'preload 

Since the bolt and sleeve are in series in the load train their com- 

pliances may be combined: 

235 

I 

1 

m 

•< • . Í. .•. «*»-• * S. •> ' A 



î: 

V -. 

I 

c' = r + c 
bolt sleeve 

and 

6 , = AF 1 , C1 
specimen preload 

The loss in axial preload in the specimen due to the shortening of the 

specimen under the action of external fluid pressure may be calculated 

from this equation: 

AF - sPeciinen 
preload C* (4A) 

Ihe value of Cf = 59.0 x 10 in/lb.; this calculation was presented 
-8 

in Reference 24. The expression for 6pf the axial displacement of the 

specimen under the fluid pressure is developed as follows: 

The change in length of specimen resulting from pressurization of 

the 1:1 test device is: 

Í 
£ 

6 = I e dZ 
P Jq ZZ 

(5A) 

where: e 
zz 

ZZ V 
- ünA; is assumed negligible e uee 

°zz an^ a00 ar^se the fluid pressure are calculated as follows: 

PA. 
a = —- 
ZZ \7 

(6A) 

v;here: = end area of specimen 

= cross sectional area of wall at any point 
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/d \Z dZ 

= (r) --f’ 

A = d_ Tit 
vf m 

Êi 
ZZ t d TT 

ÎTI 

P d! 

ZZ 4 t d m 
minus sign because compressive stress 

Using the thicV wall pressure vessel equation71 we obtain: 

90 

2 b2(po-Pl) 1 Pl a2"P0b2 

1 V?- 2 2 + , 2 2 b - a r b - a 

where: r = r (mean radius) 
m 

P = P external fluid pressure (positive) 

b = -—* 

then: 

00 
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and further substitution: 

°90 _ 
M 

p d; 

°0e - 
d^ - d^/Ur2 

+ 1 (10A) 

arr is assumed to be neglible and: 

r = ZZ V rr 

zz E ~ K ee (HA) 

Substituting for and from Equation (7A) and (10A) : 
90 

zz 
d2 - d2; u2 
o i/ \ m 

4* 1 (12A) 

Since the specimen is symmetric about its-midplane, the change in length 

of specimen is given by: 

£ 1/2 

f 
£ dZ = 2 
zz 

o -o l 
E d£ 
zz (13A) 

The above integral can be approximated by the following summation 

technique : 

A£ (14A) 

A£ 

n=x 

6 - A 
P E [-<»)» + «<c)n <«„]«„ 
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where : A 

R 

2P 
E 

C 

D 

By making measurements on 

of the specimen and using 

equation was obtained: 

an enlarged scale drawing of the 

19 elements in the summation the 

cross section 

following 

<5p = f (4.9011) (15A) 

When steel compliance tubes are used Instead of alumina, some of the 

terms In the summation must be changed since E , 4 E Tt 
alumina steel' s 

obvious that 

ßtotal = ^(alumina specimen tube) .(steel compliance tube), 
p p ^ °p UoA) 

changing the proper elements and making the summation we find: 

total 2P 

^alumina 
2.7865 + 

2P 

“steel 
(2.0146) 

or: 

6total = 2p (1<215 x 

(17A) 

(18A) 

A sample calculation of the failure stresses in a 1:0.8 biaxial 

compression specimen from the test data follows. 
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(i) Preload axial strains measured in test section by three 

longitudinal strain gages: 

3320 y-in/in i nn/c 

JJ:>U e„„ = —^— = 3348 u-ln/in 
+3375 zz 3 
10045 

(Ü) Measured pressure at failure was 55,200 psl. 

(ill) Change in specimen length due to fluid pressure (p) 

from liquation (15A) is: 

_ (2)(5.52 X 10 ) 

(5.36 X IQ7) 
(4.801) 

<5 = 9.91 X 10-3 in. 

(iv) Decrease in axial preload during pressurization from Equation (4A): 

6 , _3 
at? __ specimen 9.91 x ]o 
preload " --^ = 16.800 lbs. 

5.90 X 10 7 

(v) The. initial bolt preload was 

1 preload azz(Agage) = EzzE(Agage) 

^preload = (3-348 x 10"3)(5.36 x 107)(O.S32) 

"preload = 149«300 lbs 

(vi) Preload at failure was: 

"preload = 149>300 " 16,800 - 132,500 lbs. 

(vii ) atotal = preload pressure 
ZZ ^ zz zz 

where: aP*-essure £roTT1 j?qUation (7^) 

F H 
CTtotal = preload + P _o 
ZZ 

gage 

i2 

4 td 
m 
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APPENDIX B 

A THEOP.ETICAL CALCULATION OF THE 

BUCKLING TENDENCIES IN THE SPECIMEN 

The circumferential buckling characteristics of the test specimen 

subjected to external fluid pressure are dependent upon its geometry and 

the elastic constants of the alumina ceramic. The basic dimensions of 

the one inch test section specimen are shown in Figure 71. As will be 

seen below, this one inch test section specimen will buckle at lower 

pressures than the one half inch test section specimen because it con¬ 

tains a greater length of minimum wall thickness section. The elastic 

constants of the alumina specimen material as reported by Sedlacek appear 

in Table I. 

For a cylinder of the dimensions shown in Figure 71 little informa- 

tion concerning the circumferential buckling behavior is available in 

recent literature. Most of the studies are concerned with cylinders 

where the value of the diameter-thickness ratio D/t % 100 i.e. for very 

thin wall pressure vessels. It is necessary to go back to the work of 

Southwell, von Mises, Flüegge and Timoshenko which are fundamental to 

the more recent studies. Most of these early results can be found in 

the Handbook of Elastic Stability.72 

Most recent investigations are extensions of the work of von Mises73 

which is closely approximated by the more intricate and later results of 

•• 74 
Fluegge. Their expressions for critical (at the onset of buckling) 

uniform lateral pressure, with no axial stress, have been discussed by 

Timoshenko.75 The successful use of the expressions depends on a correct 

determination of the buckling mode, i.e. the number of lobes formed 
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TEST SPECIMEN 

IDEALIZED MODEL 

Figure 71. Model lor Specimen Buckling. 
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during buckling deformation. The von Mises results are considered to be 

invalid for ratios of £/D less than 14, which includes the idealized 

model of our specimen where £/D 1.9, Southwell23 describes the external 

critical buckling pressure in terms of the number of circumferential 

lobes which are formed prior to failure and assumes a perfectly round 

end constraint of the tube. 

Southwell's equation for the critical external buckling pressure 

<Pc> for a tube with uniform radial load and no axial load, constrained 

at the ends to remain perfectly circular, is: 

P = 2E 
c 

where : 

k4(K2-l) 
4 m 

(m2-l) 
(k2-l) a 

Pc = external hydrostatic pressure 

2t = wall thickness 

m - 

mean radius 

1 1 
0.28 

3.57 

(IB) 

k = number of lobes or nodes in the buckling mode 
distortion 

q = — where l =» length of tube 

E = Young’s modulus - 53.6 x 106 psi 

The difficulty in applying this equation to the analysis of the tapered 

specimen, which has a gradually reducing wall thickness ending in a 

minimum wall thickness in the test section, lies in choosing a length 

(&) for the idealized cylindrical model which represents, in the real 

specimen, the point at which the diameter is constrained to be perfectly 

circular by the increased wall thickness. To demonstrate the effect of 
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the choice of (£) on the critical buckling pressure (Pc) we plot Pc 

versus £ for the above equation, always choosing k to be the value which 

yields the lowest Pc (see Figure 72), 

If we choose an idealized specimen length of 3.0 inches, the criti¬ 

cal buckling pressure is seen to be 80,000 psi. This length in the 

specimen represents the point at which the wall thickness is twice that 

in the gage section (i.e. 0.250 inches as compared to 0.125 inches). At 

this wall thickness the moment of inertia (I) of the wall increases 8 

times over the (I) in the test section and consequently this portion of 

the tube is 8 times more resistant to any lateral deformation causing it 

to go out of round. (See Figure 72.) Probably the force required to 

constrain the specimen to be round is rather small. The value of 8 

times the resistance to out-of-round deformation at the specimen length 

of 3.0 inches is felt to be a conservative estimate. In addition the 

idealized model does not include the additional resistance to such 

deformation arising from the fact that outside the test section the wall 

thickness is constantly increasing from 0.125 to the value of 0.250 

inches at a length of 3.0 inches. It is felt that this value of £ = 3.0 

Inches is a good approximation to perfect end constraint and demonstrates 

that the specimen did not buckle since all failure pressures were less 

than 62,000 psi. 

The very accurate machining of these specimens and the excellent 

surface finish, permits ¿he application of this theoretical analysis to 

the specimens without a "knock-down” factor for geometrical imperfection. 

The above discussion has not considered the critical pressure 

required for buckling under the condition of axial load combined with 
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Figure 72. Buckling Preisure versus Effective Specimen Length. 
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circumferential pressure around the tube. Southwell stated the general 

relationship between the critical circumferential pressure (Pc) required 

for buckling and the compressive, axial end load (L) is as follows: 

r]pc* <2B> 
•jf 

Where Pc and Lc are the values of the external surrounding pressure 

and end load, respectively, each of which would produce collapse of the 

specimen into the assumed type of buckling distortion if acting alone. 

Lc is on the order of 4.0 x 10^ psi for the specimen tube modelled as 

containing a 1/8 inch wall over its entire length. The worst case for 

axial load assisted buckling would occur in the 1:1 biaxial compression 

test where L ss5.0 x 10^ psi. Remembering that P* % 8.0 x 10^ ksi we 

may substitute into Equation (2B) the values: 

“ ■ !■ ■ míi ■ ■•'] 
1*1 4 

P = 7.0 x KT psi 
c 

It is seen that the critical buckling pressure is reduced 12% to 

70,000 psi in the worst case of biaxial loading, the 1:1 test. This 

means the specimen should not buckle even under the worst conditions of 

combined axial and circumferential pressure loads. 
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APPENDIX C 

FURTHER EXTENSION OF A CRACK 

ALIGNED WITH THE DIRECTION OF APPLIED STRESS 

• The expression for the stress at the surface of an open, elliptical 

crack which is tangent to the surface of the crack (see Figure 73(a)) is 

given by Timoshenko and Goddier76 for elliptical coordinates £, n as: 

cos 2(3-ri) 
(1C) (Vm„ ■s 

sinh 2£q + cos 26 - e 

cosh 2£ - cos 2r) 

If the major axis of the crack is aligned with the direction of applied 

stress S (see Figure 73(b)) then 3*0 and the above expression reduces 

to: 

2£ 
sinh 2£ 4- 1 - e o cos(-2ri) 

cosh 2£q - cos 2ti 
(2C) 

At the end of the major axis cosh T) » 1 and the value of (a ) here is: 

'Vw, 
6=0 

n=o 

2Çn- 
sinh 2£ + 1 - e 

o 

cosh 2£ - 1 
o 

(3C) 

From the equation of an ellipse it can be seen that: 

2ab 
sinh 2£ 

o 2 
c 

cosh 2Ç 
.2,-2 
a +b 

2?. 
(a+b ) £ 

2 

Substituting these into expression (3c) one obtains: 
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(a) DESCRIPTION OF ELLIPTICAL CRACK 

S 

Figure 73. Streu at Tip of Elliptical Crack. 
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s 
(4C) °r\ = 

reducing 

. -j (a~>~b ) 

r2 2 c c 

2XV2 a +b 
- 1 

G = S n 
2 ,2 2 

-a -b -fe 

a2-Lt,2 2 a +b -c 
= - S (5C) 

For any semi-major and semi-minor axis, a and b, of the ellipse the 

stress at the tip of the aligned ellipse is equal to the applied 

stress S and of opposite sign. As the ratio of a/b becomes very large 

the extend of the region over which -S acts at the crack tip becomes 

infinitesimally small. 

Regardless of the length or tip radius of a crack or flaw which is 

aligned with the direction of an applied uniaxial compression, a tensile 

stress equal in magnitude to the applied compression is present at the 

tip. In the alumina tested in this study such tensile stresses reached 

magnitudes in excess of 500 ksi. This Value is only one tenth the 

theoretical tensile strength of the alumina. The very localized nature 

of the aligned crack tip tensile stress prohibits the concentration of 

such a stress by any flaws except those in very close proximity to the 

crack tip. Interaction with such a close by flaw would only extend the 

aligned crack a short distance. For unstable crack propagation to occur 

the applied compression would have to equal the theoretical tensile 

strength; at that level of applied load the crack would continue to 

extend without the necessity for interaction with any other flaws. 

Under biaxial or triaxial compressive loading the transverse compressions 
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which would be concentrated by the aligned crack would easily cancel 

the tension developed for most orientations of the crack. This would 

not be the case for an extended crack near the inside surface of the 

A A 

test specimen which was aligned to the plane formed by the 0 - Z princi' 

pal stress directions. 
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APPENDIX D 

THE RATIO OF COMPRESSIVE STRENGTH 

TO TENSILE STRENGTH FOR VERY STRONG BRITTLE MATERIALS 

The Griffith theory predicts a ratio of compressive to tensile 

strength of eight for brittle materials in which the strength control¬ 

ling mechanism is catastrophic crack propagation from open flaws. The 

McClintock-Walsh theory predicts a ratio of between four and about ten 

for closed flaws which have sliding faces. The observed ratios of com¬ 

pressive to tensile strength for high density, high purity brittle 

materials such as alumina, silicon nitride or silicon carbide range 

between eight and 18, The data of this study for alumina give a ratio 

Vat ^ There is great difficulty in determining this ratio exactly 

since the value of tensile strength is much smaller than the compressive 

strength and there are many experimental problems in precisely establish¬ 

ing this value. Difficulties in obtaining a pure, uniform stress state 

in the tension test, static fatigue, and sensitivity to surface damage 

are some of the factors which complicate tensile strength measurements. 

It appears that the tensile strength is also sensitive to the method of 

fabrication of the body which affects the grain size and the residual 

stresses that are present in the fabricated material. 

The value of the residual tensile stresses in the material, if 

considered to act on a macroscopic scale, will have little effect on the 

measured compressive strength but can greatly affect the measured tensile 

strength. Alumina is a trigonal crystal which has a linear thermal 

77 
expansion coefficient in the plane perpendicular to the c—axis 
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°a “ 8<22 x 10 6 1 which is smaller than in the direction parallel to 

the, c-axis = 9.08 x 10 C . Wachtman^ has given results describ¬ 

ing the residual stresses which develop around a grain of alumina on 

cooling from the sintering temperature to room temperature because of 

the differences in the thermal expansion coefficients. He modeled the 

grains surrounding the grain under consideration as an isotropic matrix 

which possesses an average value of thermal expansion with the grain 

itself considered to be a spherical center of dilation. This model pre¬ 

dicts that grains near the surface will develop five times the residual 

stress of grains deep within the interior. For the alumina considered, 

surface grains will develop residual tensile stresses of at least 20 to 

30 ksi. 

Assuming that the residual tensile stresses in the grains of 

fabricated alumina are 30 ksi, the measured tensile strength will be 

less than the residual stress free material strength by this amount. 

If the true tensile strength is 60 ksi which gives a o /a 2¾ 9, then 
c t < 

the measured tensile strength with the residual stresses present will be: 

at(measured) » ct(free of residual stresses) -aR(residual stress) 

- 60 ksi - 30 ksi « 30 ksi 

If the residual stress free compressive strength is 560 ksi, the 

measured compressive strength in a triaxial stress state where |cr3| is 

greater than 1| and [c^l with residual stress present will be: 

ac(measured) = 560 ksi - 30 ksi = 530 ksi 

The values of the measured strengths given in the example are approxi¬ 

mately those measured in this study where was found to be approxi¬ 

mately 18. If the residual stresses were removed from the material 

» 
274 



perhaps the ü/c^ ratio would reduce to 9. It can now be appreciated 

that the statement of when cracks begin to extend from flaws in alumina 

must be made carefully. The present study shows that crack extension 

begins in alumina, under compression, at a stress: 

de (crack extension) äs 4 (measured) 

The above discussion has concerned itself only with a macroscopic • 

continuum approach to a consideration of the effect of residual stresses. 

This approach has treated the residual stresses as though they produced 

a hydrostatic tension in the body. On a level of single grain cracking 

where the stress intensification around flaws of the order of the grain 

size is being considered, the action of the localized, directed, residual 

tensile stress in assisting crack initiation and extension is not entire 

entirely clear. 

A residual tensile stress acting in the localized region around a 

flaw and normal to the flaw plane will be intensified by the flaw. This 

intensified stress will be additive to the local tension produced by the 

applied compressive stress acting on the flaw. (See Figure 74.) In 

this small microscopic region of the flaw the residual stress will act 

as an applied tension on the flaw, greatly reducing the applied compres¬ 

sion necessary for crack initiation. However, when the crack extends 

out of the local residual tensile stress region, the local intensified 

tension at its tip will result only from the applied compression and 

this will be insufficient to continue extension of the crack. If the 

applied stress is tensile, the short, initial, residual stress assisted 

extension of the crack may be sufficient to raise the stre*, concentra¬ 

tion factor of the flaw-extended crack configuration sufficiently to 
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Figure 74. Residual Stress Assisted Crack Extension. 
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allow the applied tension to cause further unstable extension resulting 

in failure. Individual flavr-grain configurations must be considered 

when modeling this process and the anisotropy of the elastic constants 

of the crystal will be important to such an analysis. 

Microscopic residual tensile stresses may result in a direct 

lowering of the applied tensile stress necessary to unstably extend a 

crack from a flaw or may produce stable extended cracks in the body if 

the extended crack length is insufficient to become unstable under the 

applied tension. Even under this latter condition the body will contain 

larger flaws which would result in a statistically lower strength. 

Under applied compressions the relationship is not as simple. The micro¬ 

scopic residual tensile stresses will cause a greater number of flaws to 

extend cracks since the local tensile stresses will be higher around 

» 
smaller flaws and flaws of less severe orientation. This crack exten¬ 

sion will only be on the order of the grain size. Much greater applied 

compressions would be needed for further extension. Thus, in compres¬ 

sion, residual tensile stresses would result in a greater amount of 

damage being produced in the body at any applied stress level. The 

nature of the relationship of this damage level to the stress level 

required for structural collapse of the body is complex. 
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APPENDIX E 

THE BUCKLINR OF THIN PLATES 

Timoshenko75 has treated the buckling of thin plates under the 

action of several kinds of applied tractions and for several edge con¬ 

straint conditions. Since the nature and properties of the micro-plate 

which buckles out of the specimen is variable and can only be approxi¬ 

mately defined, a discussion is given here which outlines the range of 

behavior of plate buckling that includes the types of plates occurring 

in the specimen. The critical buckling stresses (S^) are calculated 

for thin isotropic, elastic plate models. Uniaxial and biaxial applied 

compressions are considered on plates with simply supported and clamped 

edges. Plates with simply supported edges are the easiest to buckle and 

represent the lower limits of S^. Piates with clamped edges are the 

most difficult to buckle and represent the upper limits of S . The 

buckling behavior of the plates is examined with respect to the thickness 

to length ratio (t/L) and the length to width ratio (L/W). The plate 

being considered is described in Figure 75. Uniform compressions Sj and 

S2 are applied to opposite edges of the plate where S1 is identified 

with ügg in the body of the specimen and S_ with a . 
¿ zz 

Çase_l: Simply supported rectangular rectangular plate subjected to 

uniaxial compression, Sj = S and S2 = 0. 

The expression for the critical stress (S^) to produce elastic 

instability of the plate is: 

s = I2 n , 1 *L' crit tiMv^v (IK) 
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Where: 

Flexural Rigidity 

F, = Young’s modules «= 53.6 x 10^ for TOSCO AL-995 Alumina 

V = Poisson’s ratio = 0.26 for TOSCO AL-995 (average 
value in compression) 

m = Number of half-waves into which the plate buckles 

along the § direction 

The first factor in Equation (IE) is the critical Euler column stress 

for a unit width strip of length (L) while the second factor indicates 

the proportionately greater stability of a continuous plate over the 

isolated strip. Because the body of the specimen prevents any displace¬ 

ment of the plate into the wall thickness (i.e. - 6r displacements of 

the plate faces are prohibited), only + <5r displacements are possible 

and m must equal one. The plate can only buckle in the one-half wave 

or first mode. The expression for the critical stress with m « 1 is 

given by Timoshenko as: 

» 

S (2E) crit 

From this expression it may be seen that S .. is at the minimum when 
crit 

the plate is square, L = W. For other proportions of the plate this 

expression may be generalized as: 

in which K is a numerical factor depending on the L/W ratio. A plot of 

the critical K values for Equation (3E) is given in Figure 76, Since m 

can only equal one, it is seen that as the proportions of the plate 
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change from that of a square, K and hence Scrlt increase. The two 

parameters which effect the value of Scrlt are (L/W) and (L/t); when 

L/W approaches one and/or L/t becomes larger the value of S decreases 
crit 

The magnitude of the effect of these factors may be seen by inspection 

of Figures 76 and 77, respectively. Figure 77 is a plot of S , versus 
crit 

t/L for a square plate using the elastic constants for bulk alumina: 

k2 

Scrit = W = » I»” (0 where: L = V7 (4F) 

The combined effect of the two factors may be seen by expressing S 

as a function of both: 

2 > ,2 

crit 

crit 1.89 « 10« (¿) - 4.73 x 107k(|J (5E) 

W 

where K is obtained from Figure 76. A general rule for the buckling 

mode of a plate is that it subdivides approximately into squares; how¬ 

ever, this behavior is not possible in our case for plates with L/W much 

different than one since m must equal one. 

Case_2: Simply supported rectangular plate compressed in two perpendicu¬ 

lar directions. 

The critical values of the two in-plane compression stresses neces¬ 

sary to cause buckling of the simply supported plate are given by the 

expression: 

Q 2 2 1/ 
S, m + S0 n — ¿ 1 

w2 
(6E) 

283 

: '1 

At ■tvr..¡ 



S
C

R
IT
 B

U
C

K
L

IN
G
 

(K
SI

) 

284 

0 

I 

• -- ■> \ :‘ .V - - «• *:'fí Æ-,.---, ; ; 



where 

s = ïï2 R 
b0 ~ _2 

L t 

_ A 

ni = number of half-waves ln 6 direction, 

n = number of half-waves in z direction. 

As for Case 1, m and n can only equal one because of geometric restric¬ 

tion and Equation (6E) reduces to: 

Si + S2 a = Sq (1+a) (7E) 

where: 

a 

rearranging: 

s2= (■ è) si + s 2 y ay 1 o a (8E) 

This is the equation of a straight line with slope ( — J and y—intercept 

(1+a)2] 
I So a r For any of the test 9tress states employed in this study 

^1 ” anc^ t^ie rat^° S-iS« was à constant at any stress level during 

the test. Solutions for the critical buckling stress scrit = in any 

stress state may be found by solving Equation (8E) for the appropriate 

values of S1 and S2. If Equation (8E) is plotted on S2 coordinates 

with units of Sq9 the intersection of constant S^S,, lines with the 

equation lines yield the curves of Figure 78, Figure 78 plots 

” aJ versus £l/wJ from which may be found for a given 

S1:S2 and L^W by multiplication of the ordinate (A) of the point by So. 

The expression for S ... is then: 
crlt 

4.72 (if A Scrit ■ V frf » (9E) 
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scr:j_t dependence on the shape of the plate (L/W) for various stress 

states may be seen from Figure 79. In uniaxial compression (1:0) it 

becomes very difficult to buckle a plate as the plate shape departs from 

square. It becomes increasingly easier to buckle rectangular plates of 

any (L/W) as the second applied compression approaches the magnitude 

of Sr For a constant (t/L) plates with a much larger range of (L/W) 

will buckle in biaxial compression as compared to uniaxial for a given 

magnitude of applied stress. 

Case 3: A rectangular plate with clamped edges subjected to compression 

in two perpendicular directions. 

This solution is only approximate and is most accurate when the 

plate shape is square and the two applied stresses and S2 are equal. 

This model is a good representation of a plate formed by a totally 

internal crack surface which does not extend to the free inside specimen 

surface. The critical values of the applied compressive stresses may be 

calculated from: 

_ 2 
s + s 1 - A /1-+3-+ 2 
1 w2 Hrlt 3 • lV 

(10E) 

Because of the approximate nature of this expression, a detailed analysis 

of plate shape is not warranted; we will look at the effect of (t/L) and 

various ratios of stress. If L = W and = S2 the equation reduces to. 

S = 5 33 li-£ 
crit ^ 

2.52 X in 
8 

L t 
(HE) 

For L e W but ^ 82 equation can be reduced to: 

(S1 + S2>crlt 
10.67TT D 

L2t 
5.05 X 10 

(0 
(12E) 

287 

I 

if 
m 
m . 

, ■: A-' + «.•».■ ,*«.*:«**»■ ..... •:.- ” 

* 

-- —.,— 



■vV-1. -' : '».-.^¿'r- -r‘*‘'':/r-^-^ ..... .. 

Figure 79. The Buciikling Behaviur of Various Plates. 
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The envelope of curves for S 
crit 

between S1 = S0 and S.. = S JA.z 
12 1 crit’ 

$2 = 0 as a function of (t/L) is plotted in Figure 79. The interesting 

aspect of this envelope of curves is the small dispersion produced in 

the critical (t/L) dimension with a change in stress state from uniaxial 

compression 1;0 to equibiaxial compression 1:1. 

A comparison of scrit for the three cases considered assuming 

L = W shows: 

Case 1: S, = S; S0 = 0; simply supported edges: = 4S 
^ crit o 

Case 2: 8- = 8- = S; simply supported edges: = 2S 
¿ crit o 

o 

Figure 77 summarizes the Scrlt versus t/L behavior for the various 

plates discussed with the parameters L/W and stress state considered. 

This shows that plates will buckle out when their t/L ratios are less 

than about 1/15. Plates buckle easiest under equi-biaxial compression. 

Buckling requires higher stresses as S2 becomes a smaller proportion of 

S1 and also as the L/W ratio becomes greater or less than unity. A 

plate with "built-in" edges requires almost three times as large a 

buckling stress as a free edge plate. 
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