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minar failure and the other predicts the matrix failure within an individual
composite ply. No suitable experimental results are presently available to

) check out the first model but the second model is found suitable for explaining
5 experimental results dealing with a nonlinear response of certain cylindrical
models loaded to failure by internal pressure. These results, obtained from

! experiments performed at the Ballistic Research Laboratories, show that pro-
nounced nonlinear structural response occurs at a fraction of failure load

i which suggests that an appreciable degradation of material occurs at relatively
: low stress levels. It is shown that this phenomenon can be explained by a model
! that assumes that the shear modulus in the plane of the fibers is reduced by .
matrix material failure parallel to the fibers ¢
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I INTRODUCTION

During the first part of this investigation two finite-element models
were developedl,2 for the purpose of analysis of laminar, orthotropic struc-
tures in the form of bodies of revolution. The models allow for orthotropic
axes to be arbitrarily oriented with respect to the cylindrical coordinates.
Because of this, the mcdels allow for three compcnents of displacements in-
cluding the two components in the meridian plane and the circumferential com-
ponent. As a result, the models can be used to analyze unbalanced laminar
configurations and interlaminar stresses can be predicted. The two models
which have been developed differ in the busic finite-element shape which
was used. The shape is defined by the cross-section of the elements in the
meridian plane.

In the first modell, a nine degree-of-freedom, straight sided, tri-
angular element was used. In this element, the three components of dis-
placement are defined at each comner of the triangle and a linear displace-
ment variation is assumed inside the element. In the second modell, a
higher order, isoparametric element was used with guadratic displacment
variations for two of the meridian displacements and a linear variation
for the circumferential component. Thesr elements are trianguler with
curved sides and mid-side nodes in addition to the corner nodes. Each
of these elements possesses fifteen degrees-of-freedom.

A number of numerical examples were analyzed with both of these

models to check-out the methods and the associated computer progrsas. One
of these examples was analyzed by both models and was intended to compare
the relative accuracy of each method. It was found that, for 2n equivalent
number of _total degrees-of-freedom, the results given by both methods were
very close?. Although the total number of degrees-of-freedom in both models
was the same, fewer of the isoparametric elements had to be used. The con-
clusion from this study was that each of these models was equally accurate
and either one could be used for any given problem.

The various examples which were analyzedl'2 during check-out contained
relatively few degrees of freedom. However, both computer programs were
designed to handle much larger problems and consequently it was desired
to check-out this capability. Since both of these programs are similar
in their soiution of the global matrix equations, it was decided to apply
only one of %u»se programs to a large problem. For this, the model with
the straight sided elements! was chosen since it permitted a large number
of element: to be used for a given total number of degrees-of-freedom.

This fact was advantageous in the problem to be analyzed since it permitted
more flexibility in modelling the orthotrcpic plies of the structure. The
problem analyzed correspunds to a recoilless rifle configuration made up
from a large number of orthotropic. fiberglass plies. The analysis of

IA. R. Zak, "Second Quarterly Report," U.S. Army Contract No. DAADQ5-73-C-
0197, .

ZA. R. Zak, "Final Roport," U. §. Army Contract No. DAADOS-?S-C-OIQ?,

January, 1974,
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this structure and the numerical results will be discussed in the first
part of this report.

The second line of investigation was concerned with the failure analysis
of laminated structures. Two possible modes of failure were postulated and
numerical methods necessary to e:amine them were developed. These meihods
are related to the linear finite-element method discussed previously.® The
first mode of failure to be examined consists of interlaminar cracking.

In this model an ultimate shear stress is assigned to the region between
the composite plies and the plies are allowed to slip rciative to each
other when this stress is exceeded. In the second model the failure is
assumed to occur inside the matrix of an individual ply. This failure

is gradual since the matrix strerses are not uniform and, consequently,
higher stressed regions would fail first. The consequence of such failure
is a reduction in the effective transverse material properties of the
total composite ply.

Each of these failure modes was considered a possible explanation
of certain experimental results,which were obtained at the Ballistic

Research Laboratories3. In these experiments a strong nonlineaxr response
was observed when certain laminated cylindrical specimens wers loaded

up to the failure level. The cylinders were loaded by time dependant
internal pressure and produced a nonlinear strain-pressure history.

Both the longitudinal and the circumferential strains were measured

and the response was found to be nonlinear ¢ven at locads only a fraction
of the ultimate value. This suggests that a measurable degradation of
tl.e metorial properties occurs, and the objective was to determine if
either one of the failure models could explain this behavior, This

study is described in the second part of the repo-t.

IT LINEAR STRESS ANALYSIS OF RECOILLESS RIFLE

Finite-Element Model

The cross-section of the recoilless rifle is shown in three parts
in Figures 1 to 3. It can be seen that the rifle is composed of two
scctions of fiber-reinforced composite material joined tegether ty an
adhesive layer. The composite material is arranged in helical and hoop
plies. The helical plies are arranged in pairs with equal and opposite
wrap angle. There are two distance scales used in the radial direction
in Figures] to 3. One scale is used for the internal surface and another
scale, 3.58 times larger, is used for distances inside the zross-section.
Consequently, the model looks 3.58 times as thick as the real structure.
However, in tne finite-element stress analysis, the correct dimensions
are used,

3J. N. Majerus, W, F, Donovan and R. W. Greene, "Hot Gas Test Fixture
with Minimized End Restraints for Rapidly Pressuring Anisotropic Tube Type
Structures," Bzllistic Research Laboratores, Memorandum Report No. 2459,
March 1975. (AD #B003671L)
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In the finite-element model, the structure is divided into 1368
elements and the element toundaries are chosen so as to correspond to %
the boundaries of the composite material plies. A set of elements was ;
also chosen to correspond to the adhesive layer. The finite-element
grid can first be illustrated in the I-J coordinates which is shown in
Figures 4 to 6. In this coordinate system, each eiement is represented
by a square. This representation of the finite-element grid is useful
in establishing the information for the generation of the actual finite-
element model as well as other necessary input data. In Figures 4 to
6, the solid lines illustrate the material block cards and the dotted
lines are the elements inside each block. Altogether therz were 123 !
material blocks used. One of these blocks was used to define the ad- 4
hesive layer and the remaining blocks contained composite, orthotropic 4
material. The computer progranl allows for the orthotropic axes to :
differ from block to block. In each block the axes of orthotropy
in the meridan plane is constant and the helical orientation of the
axes can either be constant or vary by a factor of plus or minus-.
Ih Figures 4 to 6, the I-J coordinates are shown for selected ncdes in
order to illustrate the size of the grid. The actual finite-element grid
generated in the program and used in the stress analysis is shown in
Figure 7. This grid was generated in the computer and as in the case
of Figures 1 to 3, two different plotting scales were used in the radial
directicn in order to illustrate cross-sectional detail.

The elastic orthotropic properties for the composite materizl which
were used in the analysis are given in Table I below:

Table I

Elastic Orthotropic Material Properties for the Composite Material }

E:l = 58.6 GPa
E = 13.79 GPa
E = 13,79 GPa

v = .25, Gus = 4,82 GPa
v = .25, Gnt = 4,82 GPa

v = .45, Gst = 1.379 GPa

The nomenclature in Table I corresponds to the definitions given in
Reference 1. The direction n is chosen along the fibers, s is perpendicular
to the tibers and in the plane Of the laminar, and t is the remaining ortho-
tropic axis in the transverse direction. The mechanical properties for the
sdhesive layer were assumed to be isotropic and the Young's modulus and
Poisson's ratio used was E = 3,44 GPa and Vv = 0.35,
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The load applied to the structure wac assumed to be composed of an

! internal pressure acting on the inside surface of the structure. In the
chamber section the pressure was assumed to be uniform and equal to

! 6.895 x 107 Pa. 1In the barrel section, where the radius is constant,
i the pressure was continued at the same constant value. In the nozzle
? throat the pressurs was assumed to mcke a step jump and a uniform pres-
‘ sure of 1,385 x 10/ Pa was used on the diverging section of the nozzle.
; This value was chosen as to balance the total load acting on the struc-
: ture, The pressure load just described is illustrated in Figure 8. It g
' may be noted that although the pressure distribution at the nozzle and :

*i E barrel sections is somewhat arbitrary, this wiil nc* be a critical factor

since the largest stresses are produced in the chamber section and these ;
are mainly a function of the chamber pressure, If the chamber pressure -
should not be equal to 6.895 x 107 Pa as used in this analysis, the -
corresponding stresses can be obtained from tnis analysis by linear

scaling, -

r

Numerical Results

w-gnrrw,,r.m, i

Because of the large number of degrees-of-freedom involved in this
analysis, a great deal of stress and strain data was generated by the
solution. At each nodal point the solution generates three components
of displacement and for each element two sets of stresses and strains
are calculated, One set is in the c¢ylindrical coordinates and the other
is along the axes of orthotropy. Censequently, it is practical to present
here only a small amount of this data. In choosing the data for presenta-
1 : tion, it was observed that the largest stresses occur in the hoop direc-
tion and that they are in the chamber region of the structure. Figures 9
to 11 show the radial hoop stress distribution at three different axial
stations defined approximately by z = 139.7 mm, 223.5 mm and 322.5 mm
respectively. Also shown in these diagrams are the stresses in the
direction of the glass fibers. The hoop stresses are given by the dstted
curves and the stresses in the fiber direction are given by the solid
curves. In the case of the hoop plies, the two curves obviously coincide
and only the solid curve is seen. Figures 12 to 14 show similar results
for the shear stresses in the plane of the orthotropic plies at the same
values of z. It can be observed from these figures that there are large i
variations of the stresses through the thickness and this variation is i
most pronounced when going from a helical to a hoop ply. As expected, '
the largest fiber stresses occur in the hoop plies as can be seen from
Figures 9 and 10. In Figure 9 two hoop plies exist through the thickness
and these produce “he two peaks shown. In Figure 10 we also encounter
two hoop layers leading to two peaks, ¢nd furthermore, there is a pro.
aounced dip in the curves as the adhesive layer is crossed. The results
in Figure 11 show stresses through helical plies only, but there is still
a large variation due to change in helical angle through the thickness. '
'] The largest transverse shear stresses occur in the helical plies and

o these stresses are also discontinuous from one ply to another.

M e

- O<her interesting results are the stresses in the adhesive layer.
In Figure 15 a plot is given showing the variation of the maximum shear
stress, the hoop stress, and the longitudinal stress as a function of

10
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the corrdinate z. The failure of the adhesive layer would be governed
by the maximum shear stress which can be seen from Figure 15 to be
about 6.2 x 107 Pa. Further results are shown in Figure 16 where an
axial distribution is shown of the maximum fiber stress and the maxi-
mum transverse shear stress through the thickness of the cross-section.
It can be seen that a large variation of these stresses exists in both
the nozzle and the chamber sections,

In conclusion, it is interesting to ‘iote the maximum fiber stress
and its location. The maximum fiber s<ress occurred in element number
927 and its magnitude was 168.7 x 107 Fa. This element is .n the hoop
ply region and its approximate posi*ion is identified in Figure 3. The
average coordinates for this element are r = 58.6 mm and z = 202.8 mm.

IIT NONLINEAR MATERIAL RESPCHSEC

Experimental Results

Figures 17 and 18 show one set of typical results of an experimental
investigation conducted at the Ballistic Research Laboratories”. 1In
this study a set of cylindrical fiber reinforced models was subjected to
time dependent inte.mal pressure loads which eventually led to total
structural failure. The specimens were made from S glass fibers with
six plies as shown in Figure 19. The four internal plies were con-
structed with a 54 degree helix angle and the two outside plies with
an 83 degree angle, These angles were alternated in each successive
ply in ovder to produce a balanced structure. The length of each
cylinder was 388.62 mm, the inside diameter was 67.56 mm and the piy
thicknesses are given in Figure 19.

The cylinders were loaded by burning about 0.09 kg of propellent
which produced 2 time dependent pressure-time curve. The ends of
each cylinder were sealed by plugs as shown in Figure 20. These plugs
did not apply an appreciable axial load to the cylinder, and as the
cylinder expanded some amount of gas was released between the cylinder
and the plugs. A detailed description of the experimental apparatus
can be found in Reference 3.

The results shown in Figures 17 and 18 contazin the strain measure-
ments obtainable from strain gages situated on the external surface
of the cylinder. The strains are given as a function of the internal
pressure. The strain gages were mounted to measure both the circum-
ferential and longitudinal strains as a function of time, and then
these strains were correlated with the recorded pressures. These
strains were measured at three different points in the cylinder, two
of these being at 12.7 mm from the cylindsr ends and tte third at the
center. All thiee readings are shown in Figures 17 aad i8, and it
can be seen that there is a measurable experimental difference between
the readings. Some of this difference may be attributed to end effects,

11
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However, only a small amount could be explain.1 by this, since
as the subsequent numerical calculations showed, the end effects
die down quite rapidly.

The results for both the longitudinal, Figure 17, and the circum-
ferential strains, Figure 18, show a pronounced nonlinear response.
Furti.ermore, the nonlinear effects are more pronounced in the longi-
tudinal strainz. This can be illustrated by considering the slope of
the response curve: for both directions. Because of the variation be-
tween the different parts of the cylinder, it is necessary to speak
of some average response. This is indicated by the solid lines drawn
in Figures 17 and 18, which are approximately the average values of
the three strain gage readings. Tn order to illustrate the relative
nonlinearity in the two directicns, the slopes of these curves werc
normalized relative to their initial slope at low pressure Joadings,
and the results of this are illustrated in Figure 2, The relative
amount of nonlinearity can be measured by the deviation of this nor-
malized slope from the value of 1.0, and it can be seen that this
effect is most pronounced in the longitudinal direction.

Linear Stiess Analysis

As the first step in the nonlinear investigation, a linear stress
analysis was performed on the model corresponding to the experimental
configuraiion shown in Figure 19. This was done by using the previously
described” finite-element program. Because of a symmetry about the cen-
ter line only one half of the cross-section had to be modelled by the
finite-elements. 7This was done by using 20 nodes over half of the
cylinder and 25 nodes in the thickness direction. Each ply was rep-
resented by four elements through the thickness. The size of the
clements in the longitudinal direction was varied by using smaller
elements near the ends of the cylinder. This was done by using two
clements 3.17 mm in length followed Ly two elements 6.34 mm in length.
The remairing sixteen elements wore divided equally. ‘This grid per-
witted a good resoiution of the end stresses and rFigure 22 shows the
axial variation of the maximum shear stress 0__. It can be seen that
these stresses arc limited to only a very smaIf Jistance of the ends
of the cylinder. The results of this analyses show that the stress
conditions are essentially constant over the length of the cylinder.
This i> cxpected since the thickness of the cylinder relutive to the
radius is very small as seen in Figure 19.

Initially there was no guarantee tnat the orthotropic mcterial pro-
pertics uscd in the finite-element analysis would correspond exactly
tc the oxperimental model. Consequently, initially a reasonable set
of values was chosen and the calculated response was compared to the
measurvd response at low pressure levels. The results of this initial
calculation showed insignificant variation of stresses and strains
through the thickness of each ply as illustrated in Figure 23 where the
fiver 0,, is plotted over the thickness of the cylinder. Therefore, in

12
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the subsequent calculations each ply was represented by one elument in s
the thickness direction. This permitted a small grid size and, con- i
sequently, much faster execution time., After the initial linear cal- g
culation ine material properties were adjusted as to agree with the
experimental data, and these values are given in Table II below:

B
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Table 11

TR

Elastic Orthotropic Material Properties for the Test Cylinder

E = 38.2 GPa

) E = 9,37 GPa

o}
tn

E = 3ﬂ37 GPa

e i

t
] Vg = 0.25, 6, = 3.3GPa
: Ve = 0.25,6, = 3.3Cha
R Vo = 0.45, G, = .896 Ga

The properties in Table II have the same meaning as in Table I,

In the linear calculation, the actual value of the puessure is not
important since the load and the stresses are linearly scaled. Table III
below contains some of the results obtained by using s pressure of
6.895 x 106 Pc uniformly d’.stributed over the length of the cylinder.

The results given are the stresses in the local orthotropic coordinates
for each material ply. The plies are numbered starting on the inside
of the cylindricai surface. Only four stresses are shown since the
remaining two stresses were found to be negligible.

Tuile III

Calculated Linear Stresses in the Test Cylinder (¢ 106 Pa)

(]

. Ply Number n i,_ f.!. f_,_,_s_
g 1 100.8 4.9 -6.6 -25.47

. 2 99.7 5.0 -6.0 25.3
3 99.0 4.9 -5.5 -25.2

4 97.9 5.0 -4.9 25.2

S 191.7 -13.5 -3.5 - 6,3

6 189.6 -12.7 -1.0 6.3
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It can be seen from Table III that, as expected, the largest stresses
are the normal stresses oy along the fibers. The highest fiber stresses
occur in the two outside plies which have the helical angle of 83 degrees.
The next largest stress:s are the shear stresses o, and they are more
predominant in the four inside plies., The remaining two stresses, ©
and g, are appreciably smaller. These results suggest that the maximum
stress existing in the matrix material are shear stresses resulting from

Ons.

Methods of Analysis

A. Interlaminar Slip

One possible failure mode in a laminated, composite structure is
the separation of individual plies when interlaminar shear stress exceeds
a critical value. If this phenomena would occur in any given strucutre,
it would lead to 2 nonlinear response. In order to analyze this response
it woulid be necessary to usc an iterative, numerical approach. The ohbjcc-

tive was to develop such a method cf analysis by using previously developed1

finite-element computer program as the basis. The results of this study
are presented in this section,

The approach which has been developed can be illustrated by considering
the four adjacent elements to 2 node which liss on the interface hatween
material layers as skown in Figure 24a, The first step in the analysis
is to checx if a prescribed interlaminar shoar stress is exceeded at
this point in the material. Since the stresses are calculated in the
elements, rather than the nodes, the failure at the node shown in
Figure 24a is defincd in terms of the resultant shear stresses in the
four adjacent elements. The resultant shear stressecs arec calculated
in cach laminar paralle] to the interlaminar plane. The average of
this resultant stress over the adjacent elements is then compared
against a prescribed failure criterion.

Referring to Figure 24a the elements above the interlaminar plane
are called the upper elements and below they are the lower elements.
If the shear stress exceeds the failure criterion at a particular node
then there will be a relative motion of the upper and lower elements
as illustrated in Figure 24b This motion will be characterized by
the physical condition that the net forces on the upper and lower elements
at the given node which has failed will be zero parallel to the inter-
laminar plane. The slip displacements are characterized by two components
for the upper and two for the lower elements. These components can be
transformed into the cylindrical coordinates by the relations

6%y = (1] (Y%}
Y - [ Y (1)

14
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where {8} is the displacement vector in cylindrical coordinates due

to nodal si1ip, [T] is the transformation matrix, and {A} the two

slip components. The superscripts U and L refer to the upper and

lower elements. Before the slip has occurred the nodal displacements
for each element are known and therefore these known displacehients

are added to the displacements due to the slip as given by Equations (1).
Consequently, the net force components on the upper and lower elements
can be expressed in the following form

Yy = Y. Y

' {FL} ey & [Z]{AL} (2)

where F represents total force and f is the force due to known displace-
ments. The matrices [Y] and [Z] are known and are related to the stiff-
ness matrices. The forces in Equations (2) are originally in cylindrical
coordinates and by suitable transformation it is possible to obtain the
two force components in the interlaminar plane. These components can

be expressed in the form

i3]

{ph}

|
i

(Y + Y109}

@k s plyal (3)

,.I—!—<77

| The condition for failure at a given node is now specified by the
i requirement of zero inplane forces

(%) &

3 i (L] =

]
(=

!
o

(4)

Equations (3) and (4) represeit a set of four algebraic equations in
the unknown slip components {AU} and {al},

In tne present method tne above analysis is systematically applied
to each node. First,cach node at which interluminar failure caon occur
is identified and checked for failure. 1f failure criterion is exceaded
then slip components are calculated as indicated above.

! . One calculation at each node is, however, not suftficient. It cun

be easiliv seen that if failure occurs at two or more adjacent nodes the
calculation of zero forces s not independent at each node. For example,
if the condition of zero forces is satisfied ut the first node, then

when the similar conditions are specified at the adjacent node, the forces
at the original node will be changed since they share some of the adjacent
elements. Consequently, this calculation for each node is performed more
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than once in an iterative fashion. In order to perform these calcula-
tions, the finite-element computer program from Reference 1 was used
and modified by adding subroutines SET and ITERAT. A partial flow
chart showing the relative positions of these two subroutines is given
in Figure 25, For convenience this flow chart shovs only some of the
main subroutines which are pertinent to our discussion., The subroutine
SET sets some of the data necessary to define the direction and the
areas of possible interlaminar cracking. The iteration for satisfying
zero interlaminar forces are performed in the subroutine ITERAT and
this calculation is repeated a number of times in the loop DO 900

IS = 1, NSLIP. The parameter NSLIP is an inputed variable. As will
be illustrated in 2 numerical example, this iteration does converge
rather quickiy. At each iteration additional slip components are

calculated and added to the original displacments. In order to achieve

a smooth convergence it was found desirable to modify the calculation
slightly by only adding half of the slip displacements to the original
displacements in each calculation cycle. The reason for this modifica-
tion is that adjacent nodes share some of the elements and therefore
these elements have their nodel displacements modified twice during
each calculation cycle. Once the zero forces are obtained at each
node, the overall equilibrium of the structure is disturbed and the
total equilibrium has to be racomputed. This is done in the loop

DO 900 INP = 1, NEQL, where again NEQL is an inputed variable. It
can be seen that for each calculation of equilibrium the node check
for failure and calculation of slip components is performed NSLIP
times.

In the modified computer program the input cards are similar to
those used in the original linear version! except three additional
input cards were added. All the input parameters are described in
Appendix A. The three additional cards are '"Crack Iteration Card",
"Crack Direction Card'" and "Failure Block Definition Card.' The
listing of the wodified computer program is given in Appendix B,

In order to check out the convergence of this method a simple
numerical example was chosen. The example consists of a hollow cir-
cular cylinder as shown in Figure 26a. One end of the cylinder is
clamped and the other is subject to a shear load of 6.895 x 107 Pa
over part of the boundary. The cylinder is composed of four ortho-
tropic iayers oriented in the axial direction. The finite-element
grid used in the analysis is shown in Figure 26b. In the radial
direction the ¢lements are chosen to correspond to the orthotropic
layers. In the computer program it is possible to specify shear fail-
ure at any arbitrary interlaminar region and in this example the fai~-
ure was spocified to be possible in the center interlaminar plane.
More specifically, failure was allowed at nodal points 8, 13, and
18 shown in Figure 26b.

Ihe actual failure, and resultant nodal slip will depend on the
nagnituda of the failure stress. At first the failure stress was
chosen at a low value of 5.5 x 105 Pa. This caused failure at the
nodal points 13 and 18 where the original resultant interlaminar shear
stresses were 6.2 x 10° Pa and 2.1 x 107 Pa respectively. This means
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that at the nodal point 18 the ratio of the resultant stress to the failure
stress was nearly 4. First the convergence of the nodel equilibrium iteration
was examined. This iteration is governed by parameter IS. The measure of how
fast this iteration converges are the nodal forces in the plane of failure.

In this example it is possible to examine the axial force at node 18 on the
upper elements of Figure 23a as a function of IS. This force is given in

Table IV as a function of IS together with the initial value.

Table IV

Convergence of the Nodal Equilibrium Iteration

Iteration Nodal Force
Number IS (Newton's)
0 3.86 x 10°
1 0.128 x 103
2 0.0004 x 103

It can be seen from Table IV thut this iteration step is rapidly convergent.

Consider now the convergence of the iteration on the total equilibrium
of the structure. This iteration is governed by the parameter INP. Again
it is possible to measure this convergence by the nodal axial force at the
node 18. In order to obtain a berter feeling for this counvergence, the
example was also repeated for failure stress of 17,2 x 106 pa, Consequently,
at the node 18 the resultant stress exceeds the failure stress by a factor
of approximately 1.25. Table V shows the value of nodal force for both
values of the failure stress as a function of the iteration parameter INP.

Table V

Nodal Force (Newton's)

Iteration Failure Stress Failure Stress
Number_ine 5.5 x 10°Fa 7,52 x 107 Pa_
1 3.87 x 10° 3.87  x 10°
2 1.61 x 103 1.06 x 103
3 .38 x 103 0.30 x 103
4 .347 x 103 0.0084 x 10°

It can be seen from Table V that when the failure stress is closer to
the actual stress, then the convergence is faster as cxpected. liowever,

even when the failure stress has been exceeded by a factor of 4, as
in the case of 5.5 x 100 Pa failure level, the convergence to 10 per-

cent of the original force is achieved in four cycles.
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B. Matrix Material Failure

The results presented in Figure 22 show that the interlaminar stresses
in the cylindrical model used in the experimertal investigation are very
small compared to the other stresses and arc confined to a small region
near the ends of the cylinder. Consequently, it is not possible that the
experimentally observed nonlinear effects could be explained in this case
by the interlaminar failure model described in the previous sectioms.
This suggests that another failure mode is occurring inside the
orthotropic plies. Since the nonlinear effects were observed at fiber
stresses equal to a fraction of the ultimate values, this suggests that
fiber failure can be ruled out as the cause and macrix material failure
must be considered .

In order to develop a failure model for the matrix, it is recognized
that the transverse shear stress is transferred between the fibers and
the matrix, ard this stress will depend on the position inside the com-
posite material. This can be illustrated by considering a scnematic
representation of a composite material as shown in Figure 27. In this
diagram, a rectangular cube of the material is shown subjected to
shear stress o, and the fibers are assumed to be randomly packed.

In certain region of the material, labelled A, the fibers may bc
close together and in other region, labelled B, the fibers will be
relatively far apart. If the fiber material is assumed to be much
more rigid than the matrix, as is the case for the glass reinforced
materials, it can be shown that the shear stress in region A will

be appreciably larger than in the region B. For idealiced materials
with regular fiber arrangement, this variation has been calculated
analyti::!ly4~5 and numerica11y6a7 by other investigators, but in the
case of real raterials with random packing this is not possible.
Therefore, we proceed with an empirical relationship which states that
the local matrix shear stress (Onq)y is proportional to the overall
shear strain in the composite material L and it can be exprsassed

in the form

(©,sln = KY (5)

ns

4J. A. Kies, '"Maximun Strains in the Resin of Fiberglass Composites,"
NRL Report 5752, March 1962.
5

Wound Structure," Presented at the 18th Annual Meeting of the Reinforced
Plastics Conference, SPI, February 1963.

D. F. Adams and D. R. Doner, "Transverse Normal Loading of a Unidirec-

tional Composite,”’ J. Composite Materials, Vol. 1, No. 2, 1967, p. 152.

7. R. Adams and S. W. Tsai, "The Influence of Random Filament Packing
on the Transverse Stiffness of Unidirectional Composites,'" J. Composite
Materials, Vol, 3, July 1969, p. 368.
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where K is a proportionality parameter and varies throughout the composite
material, Some idea of how K can vary can be obtained from the previous
studies on ideslized materials, :2d it has been found to be dependent

on the fibers end the matrix.4:5:6,7

Consider now the problem of matrix failure. Since the various regions of
the matrix are subjected to different levels of shear stress, the failure
of the material will proceed gradually through the material with the regions
most highly stressed failing first. Consequently, for a given shear strain
Yns & certain amount of matrix will fail which in turn will lead to the
reduction of the shear modulus’G .. We can express this by the relation

~

Gns o Gnso £ (Yns) (6)

where Gpgo is the original value of the modulus, and the function P(Yns)
contains the modulus reduction factor which depends on the applied shear
strain Y,g, the elastic properties of the components, and the fiber geom-
etry. Once the geometry of the composite material and the ultimate stress
are determined we can regard Equation (6) as a function of y,, only. In
view of the fact that the random fiber configuraticn in real materials
prevents deterministic soluticn, we must regard Equation (6) as an
empirical relation to be established experimentally. The objective

here is to do this using the experimental results described in the
previous section.

As the first step in determining the relation expressed by Equation
(6), it is assumed that the shear failure will only occur in thke four
inner plies where the maximum shear stress occurs as seen in Table III.
In the next step a specific value of the function P(y,g) in Equation (6)
is chosen. The first choice can be denoted by P1 and therefore the
shear modulus is given by

Gns - Gnso p1 (7

At this point it is not known what internal pressure level p will produce
the particular amount of failure corresponding to Pl' Consequently,
the pressure is chosen in the form

P = °p, (8)

where p_ is a convenient known level of pressure, which in our case we
used 6.395 x 105 Pa and c is an unknown factor. Stress analysis is now
performed using the pressurc p,. From this analysis we can use either
the results for the circumfsrential or the longitudinal strains to com-
pare to the results obtained by initial calculation for the undamaged

material using G,., Wodulus. In this snalysis the longitudinal strains
were compared. For this comparison a ratio ez/ezo is calculated where

-
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€, and €, are the strains corresponding to the moduli and Gyq,
respectively, Using the solid line in Figure 17 it is possible to
calculate the experimertal value for the ratio €,/€;, as a function
of the pressure. At this stage the calculated and the experimental
values are compared and this determines the actual pressure which
corresponds to the chosen value of P; and also, from Equation (8),

the constant ¢ is determined. Kaowing this constant, the shear strain
corresponding to P; is known. By repeating this process for different
values of the function P{y,s) given by Py, P3 etc., a continuous
relation can be established defining this function. In the present
calculations four values of P(y,g) were used which varied frem 1/2

up to 1/32. This last value was found to correspond to the experi-
mental data ncar the failure regiorn, and it was reasonable not to
reduce the modulus any furthe>. Figure 27 shows variation of the
function P(Y,;) with the shear strain. Using function P(ypg) the
circumferential straia was calculated and compared to the experi-
mental results in Figure 18. It cau be seen that a good agreement

is obtained with the experimental data. The calculated longitudinal
response will agree with the solid curve in Figure 17 since this

data was used to define P(y, /).

In the calculations which lead to the results shown in Figure 28,
the shear failure was allowed only in the four inner plies. The
failure could also occur, to a much smaller extent, in the two outer
plies with the helix angle of 83 degrees. Consequently, the results
in Figure 28 can be considered as a first approximation. In urder
to establish the effect of the failure in the outer plies, the func-
tion P(Y,g) from Figure 28 was used for both plies and stress analysis
calculations were repeated allowing both inner and outer plies to
fail. The results were only slightly different from those in which
only the inner plies failed.

Once the model, which predicts the nonlinear response of this par-
ticular cylindrical configuration, has been established, it is possible
to use it to exumine the effect on the stress levels. One inter-
esting result is the difference in the normal stresses in the fiber
direction in the linear and the nonlinear analyses. For example,
it is interes‘ing to compare these stresses in the outer plies which
carry the highest stresses. Using a pressure value of 27,58 x 108
Pa, which is closc to the failure load, the ratio of the fiber stresses
from the nonlinear to the linear analysis was found to be approximately
1.1. This means that the actual fiber stresses are about 10 percent
higher than those predicted by the linear analysis. By the same token
it may be mertioned that the fiber stresses in the inner plies are
reduced by the nonlinear effects. These results are illustrated in
Table VI where the fiber stresses are shown for the undamaged and
the damaged situation for the six plies. Two different sets of dam-
aged data are presenteld and these correspond to allowing matrix
damage in the inner plias only, and then allowing bothinner and outer
plies to fail.
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Table IV |

Comparison of Fiber Stress 0, (+ 106 Pa) for
' Undamaged’and Da@ggg&’ﬂhtrix Situations

- Undamaged Inner Plies Inner § Outer
Ply Number Stress Damaged Only Plies Damaged
1 100.6 97.3 97.2
2 99.7 95.8 95.6
3 99.0 94.9 94.9
4 97.9 93.4 93.3
S 191.7 216.3 216.9 ¢
6 189.6 214.0 214.7

It can be seen from Table IV that the damage in the outer plies produces
little additional changes in the stresses.

IV CONCLUSIONS

From the analysis of the recoilless rifle confi ration we can
conclude that the finite-element computer programs-*“ which have been
developed are capable of detailed stress analysis of rather complex
structures. Since the analysis allows for the modelling of each ply

as a separate material the interlaminar stresses,as well as individual
ply stresses,are generated by these programs. These programs should
be a valuable tool in future engineering analyses of composite material
structures.

Two different models for describing failure of composite materials
have been developed. One of these models analyzes interlaminar failure =
and a computer program has been developed for this model. The computer 1
program uses a finite-element method and an iteration scheme for deter-
mining where and when failure occurs. Every time failure occurs at
any point in the structure, the total equilibrium of the structure is
reevaluated. The second failure model is based on matrix failure in- |
side individual plies by transverse shear stresses. In this model
the effect of failure is to reduce the transverse shear modulus of
the ply. Using this model, the stress calculation can he performed
by linear finite-element model by varying the material properties.
The results of this model are compared with nonlinear experimental
data for cylindrical six ply models, It is found that this model
does predict the correct longitudinal and circumferential response.
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‘ Figure 9. Radial distribution of fiber and hoop stress
at axial location z = 139.7 mm.
”.’4
]




SIS AT e TR R TR

P W T A TR

g 24 ks )

R the g o o

L

ok b e g e s iyt s oy o i
e e N s g SRR g, XY

S50 P I_.
40 | ; .
Helical Hoop Helica Hoop |Helical
e Plies —l e o e~
Plies!| plies Plies |Plies
o
Q.
t~
Qo
-y 30 -
ale
N
0
[}
o \l‘\ -
" / i
/
/
\ /
20 Ve %
\r/
\—"’_ 7
'
R / ’
°T </
Adhesive Stress in fiber direction
Layer \\ =~ = Hoop stress
4
] d '] . i
54 5S¢ S8 60 62
Radial Distance mm
Figure 10. Radial distribution of fiber and hoop stresses
at axial location z = 223.5 mm.
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Figure 11. Radial distribution of fiber and hoop stresses
at axial location g = 322.5 mm
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Figure 12. Radial distribution of the magnitude of the shear
stress On, at axial location z = 139.7 mm,
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Figure 13.
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Radial distribution of the magnitude of the shear
stress g, at axial leeaticn z = 223.5 ma.
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'Pimo 14. Radial distribution of the magnitude of the
shear stress Ong 8 axial location z = 322.5 mm.
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