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SUMMARY

The computer program ZMODE computes the eigenfunctions and dispersion
relations for internal wave oscillations in a density-stratified ocea..
thermocline. The computation is rapid and reliable, owing to a
procedure which obtains very accurate trial eigenvalues by exploiting
certain analytic properties of the differential eigenfunction equation.

This document describes in detail the analytic procedures and program
structure, and provides complete operating instructions.
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1. Introduction

The computer code ZMODE calculates the normal mode functions and
dispersion relations that characterize the vertical oscillations of a
density-stratified ocean thermocline. For an arbitrary input profile
of stability frequency, N(z), it solves the eigenvalue equation

2 2
.d__t.q.kz Mﬂ-] f 0’

dz wmz

oszszy »  flo) = f(z) =0,
by direct integration to provide the eigenfrequencies
(1-2)

and associated mode functions f for up to twenty modes and up to fifty-one
equally spaced values of wavenumber k,

o<k < k :
per mode.

The dispersion data are computed and tabulated in the form of inverse
phase speeds

(1-3)
and their derivatives

dym/dk .

gy ST T ST T




Because the derivatives are obtained analytically, via properties of
equation (1), rather than numerically, the two tables can be used to
construct highly accurate interpolated dispersion data.
relative interpolation accuracies better than 10'6 have been obtained

along dispersion curves represented by thirty points.

For example,

A particularly efficient and reliable procedure is used for the
eigenvalue search, in which the derivatives dym/dk are used to extrapolate
successive trial values along each eigenlocus. Converged eigenvalues are
consequently obtained in just over two iterations on the average, and
the computation time per eigenvalue is (COC 76C0)

(egn (1) integration steps/100) x 0.5 x 102 sec.

ZMODE consists of two modules: TCLINE, which converts input
temperature-versus-depth data to the stability profile N2(z), and ZMODES,
which performs the eigenfunction calculations. The dummy module UTIL is
included for the convenience of the user, who can repiace it with sub-
routines performing various calculations on the quantities provided.

Each module provides its own input and output functions, and operates
essentially as an independent program. Input, output and operating parameter
specifications are communicated directly to the module named on the control
card. While this level of organization may seem a little elaborate, it
has been imposed with the idea that ZMODE will ultimately be the nucleus
of much larger internal wave codes. It therefore seemed desirable to
establish a modular organization and uniform control procedure so that new
program modules can be added and used as simply as possible. For this
reason also the various kinds of numerical and graphical output are optional
and must be specifically requested by appropriate control cards.




2. Sample Calculation

The types of numerical and graphical output available from ZMODE
are illustrated in the pages following by reproductions from a test
calculation. The shallow-water geometry and thermal scale of this
particular case are characteristic of the NUC to.er site near
San Diego, while the particular double thermocline profile used
is a fictitious one designed to exhipnit intermode resonances, as
will be seen.

Figure 1 shows the numerical output of the interpolated tempera-
ture and stability profiles, and Figures 2 and 3 show the graphical
counterparts.

The dispersion calculations for this case encompassed modes
1-5, each on a wavenumber range of 0 to 280 cycles/km in 41 increments.
Execution time on the CDC 7600 was 1.25 seconcs for the dispersion
calculations themselves and 1.7 seconds overall. The detailed
dispersion -printout includes frequency, phase speed and group
speed for each mode. as shown in Figure 4.

Graphical display of the dispersion curves is available as in
Figure 5. Note the "Eckert Resonance" between modes 2 and 3 at
145 cycles/km, where nearly independent oscillations on the two
stable Tayers become strongly coupled because of ar accidental
coincidence in frequency. The relative frequency difference at
closest approach is 0.013, which is not resolvable on the printer
plot.

Printer plots of the eigenfunction profiles, as shown in
Figures 6-8, are useful in interpreting thermocline behavior.

The six curves shown for each mode correspond to six equally-spaced

wavenumbers from zero on the left to maximum on the right.




Note how at high wavenumber the oscillations are confined principally

to one of the two stable layers. MNote also the sudden exchange
occurring in principal Tayers between modes 2 and 3 at the resonance.
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xax THERMOCLINE PROFILE xwe

DEPTH, M TEMP, € N(2), CY/MR

«),00 20,00 0,00

- 40 20,01 nN,00

| "80 20'0‘ 5.60
| »1,20 19,99 6,99
wi,60 19,96 8411

w2, 00 19,91 9,60

w2, 40 19,86 9,91

v2,80 19,81 10,15

.3'20 19.75 1‘.37

»3,60 19,67 13,34

«y,00 19,50 19,59

0w, a0 19,41 17,24

i, 80 19,24 18,32

'5'20 19.05 19.25

'5.60 18.82 21'90

06,00 18,50 25,081

.b'ao 18.07 27.58

wb, 8V 17,65 25,08

w?,20 17,31 22,07

o7,60 17,03 20,23

©8400 16,79 18,48

'8.“0 16.60 16.23

'8'80 16.“5 13.23

.9'20 16.36 9'70

9,60 16,32 6432

«10,00 16,30 3,08

w{0,40 16,30 1,72

' 10,80 16,29 3,65
' w{i,20 16,286 by1d
{ .11.60 16,24 8'71
F | “12,00 16,17 11,28
.12,40 16,07 13.59

wi2,80 15,92 15,20

«13,20 15,75 16,351

»13,00 15,95 16,90

«14,00 15,34 16,76

'10.“0 15.!5 15'93

wi4,80 14,97 14,53

.‘Sgao 1“.63 12'99

=15,60 14,71 11,27

016,00 14,63 9,28

©16,40 14,58 7451

I “16,80 14,54 6,46

i .17.20 1“.5‘ LI
.17'°° ‘0.07 7017

k| *18,00 14,43 7,68
| “18,40 14,138 7,99
»18,80 14,33 8,13

Figure 1

Numerical Thermocline Profile
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Ky CY/KM

0,00000
7,00000
14,00000
21,00000
28,00000
35,00000
42,00000
49,00000
56,00000
63,00000
70,00000
77,00000
84,00000
91,00000
98,00000
105,00000
112,00000
119,00000
126,00000
133,00000
140,00000
147,00000
154,00000
161,00000
168,00000
175,00400
182,00000
189,00000
196,00000
203,00000
210,00000
217,00000
224,00000
231,00000
238,00000
245,00009
252,00000
259,00000
266,00000
273,00000
280,00000

MOOE

Figure 4.

W, CY/HR

0,00000

h,12816

7.59419
10,19583
12,08173
13,47359
14,54258
15,39788
16,10555
16,70603
17,22531
17,68097
18,08556
1a,04831
18,77626
19,07u8B4
19,34837
19,60027
19,85335
20,04991
20,25187
20,44n82
20,61815
20,78502
20,94245
21,09130
21.,23236
21,36629
21,49369
21,61508
21,73094
21,84168
21,94769
22,04929
22,14679
22,20047
22,33058
22,U173%
22,50097
22,5810%
22,65955

Co

{1 DISPERSIUN RELATIONS aax

M/SEC

16912
16782
015066
013487
e11986
10593
096148
«08729
07989
07366
06835
«06378
0« 05981
05631
e 09322

,05006 °

,04799
, 04575
04372
,04188
,04018
. 03863
,03719
,0358¢
L05063
,03348
,05241
,03140
(03046
,02958
,02874
,02796
02722
,02651
02585
02522
02461
,02404
02350
02298
,02248

Numerical Dispersion Relations

CG, M/SEC

(16912
(15375
12014
,08753
06368
,04792
03763
02575
,02208
,01925
,01700
, 01517
, 01366
NETES
,01040
, 00961
,00891
,00829
(00775
,00726
00682
,00643
,00607
,00575
,00545
,00518
00493
00470
,00449
,00430
,00412
,00395
,00379
,00365
, 00351
00338
00326
,00315
000304
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Part 1.

OPERATOR'S INFORMATION
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3. Operating Instructions

A11 program functions are governed by control cards in a standard format
of three ten-character hollerith instruction words (left-justified) followed
by up to five ten-character numerical parameters:

INPUT
SET TCLINE :
(Option { <5 }
<— < 5 parameters ——————~
EXEC ZMODES { descriptor)
PRINT UtIL
GRAPH

The first word des:ribes the function to be performed and the second describes
the module to which the instruction is addressed. The instructions are self-
explanatory; the distinction between INPUT and SET is that INPUT refers to
tabular data and SET refers to adjustable prog}am parameters. Cards
refering to different modules can be intermired, the only constraints being
the obvious ones that INPUT and SET must precede the first EXEC for a

given module, and PRINT and GRAPH must follow. EXEC TCLINE must precede
EXEC ZMODES. Any number of control cards can be used. For example,
repeated calculations with varying thermocline data, wavenumber increments,
or wavenumber range can be requested, and duplicate output for a given
calculation can be obtained with multiple output cards.

Cards with arbitrary alphanumeric content placed before the first
control card will be duplicated on the output title page and otherwise
ignored; these can be used as desired for descriptive titles. txecution
is terminated by a card with a left-justified STOP. The various control
parameters are described below.




INPUT TCLINE: (NDATA)
Format ( 110 )

This instruction is followed by cards containing the temperature-
versus-depth data in order of increasing depth,

i=1,2, ..., NDATA units: Meters,Celcius
in the format (2F10. ). Zy must be zero. Z(NDATA) must be greater than

or equal to the parameter ZA, described in the following. NDATA must be
in the range (3,100).

SET TCLINE: (zA, 7B, N )
Format (2F10._, 110)

ZA is the deptn (M) of the themocline bottom, below which it is assumed
that density stratification vanishes; ZA must be less than or equal to
the depth of the last input data point. ZB (M) is the depth of the ocean
bottom, greater than or equal to ZA. The parameter N defines the number
of integration steps between zero and ZA used in t“e mode calculations
and is specified here so that the interpolated stability-frequency table
created by TCLINE will have the right-sized increments. A useful rule
of thumb is that N should exceed ten times the highest mode order to be
calculated; maximum permissible value is 200.

EXEC TCLINE: (No parameters)
PRINT TCLINE: (ISKIP)
Format ( 110 )

Up to 399 values (i.e., 2N-1) of interpolated temperature and stability
frequency can be printed. For shortened printout, only every ISKIPth
value is printed. When ISKIP is blank the default value 4 is used. See
Figure 1, p.5.
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| GRAPH TCLINE: (T1, T2, WSCALE)
! Format ( 3Fl0._ )

This produces a printer plot of T in the interval (T2, T1) versus Z in the

| interval (0,ZA), and a plot of N(Z) in the interval (0, WSCALE) versus Z. i
Units are meters, C, and cy/hr. See the example in Figures 2 and 3, pp. 6&7.
If the proper value of WSCALE is not known, a rough value can be estimated
and several values tried at once with repeated GRAPH TCLINE cards.

_._-._._—_._-_._ —_—

INPUT ZMODES: (Not Used)
SET ZMODES: (KMAX, NK, ERR)
Format (F10._, 110, £10.0)

This prepares ZMODES to find eigenfunctions and eigenvalues at NK (<51)
equally-spaced values of wavenumber k in the interval 0 < k < KMAX. :
The units of KMAX are cycles/km, converted internally to radians/m. r
ERR specifies the minimum relative precision to which the iterated

eigenvalue search must converge. The default value is 10'8, but up to

10']3 is usable on a 60 bit machine.
EXEC ZMODES: (M1, M2, 71, 72) i ]
Format (2110, 2F10. )

( The above instructs ZMODES to find eigenfunctions and e.genvalues for
'~i modes M1 through M2 < 20. As calculations are completed for each mode I

| a short line of diagnostic output is produced listing the required computation
l time and average number of search iterations per eigenvalue. See Figure 9.
Two depths, Z1 and Z2, can be specified in the interval (0,ZA), at which
eigenfunction values and Z-derivatives will be tabulated along with dis-
persion data during execution of ZMODES.




xxx EIGENVL COMPUTATION TIMES a#xx

* RESCOLUTICON 43 VALUES/MODE =

MOCE AvVG ITERATIONS TIME

2,71 2350
2,83 ,24B0
3,20 2760
2,66 , 2340
3,12 ,2690

Figure 9
Execution Diagnostics
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PRINT ZHODES: (M1, M2)
Format ( 2110 )

Prevides printed tabular output, versus wavenumber, of frequency, phase
speed, and group speed, for modes M1 through M2. See Figure4, p.8.

M1, M2, WSCALE, KSFALE ?
FUNCTIONS| M1, M2, MULT, FSCALE, ZSCALE|

GRAPH ZMODES

Format ( {2} 110, 2F10. )

With the blank option this instruction plots the frequency versus wave-
number dispersion curves for modes M1 through M2 as shown in Figure 5,
P.9. Plot ranges are (0, KSCALE) cy/km in wavenumber and (0, WSCALE)
cy/hr in frequency.

The FUNCTIONS option plots the eigenfunctions themselves side by side
for MULT (> 2) equally spaced waverumbers between 0 and KMAX, one mode

per figure for modes M1 through M2. Figures 6-8, PP.10-12, show examples
for modes 1-3 with MULT=6.

The functions a.e automatically normalized for plotting and the dimension-
less number FSCALE is available for further scaling. A fair rule of
thumb for FSCALE is

FSCALE ~ MULT X M2

but this can vary with thermocline character.




4., Operatinc Tips

Stable eigenvalue searches along the eigenioci require that the
extrapolated eigenvalue predictions be accurate reletive to the inter-
mode eigenvalue spacing. At large wavenumbers this stability can be
jenpardized by twc effects: 7long expunential scales in the eigenfunction
integration introduce numerical noise into the calculation of eigenlocus
slope and degrade the extrapolation accuracy; so-called "Eckart resonances"
betwaen isolated stable layers become severe and intermode eigenvalue
spacing can become exponentially small. In this context wavenumbers are
"larg:" or "small" in the comparison

> 1000
W

<

8

Convergence precision (ERR) of 107 1078 wi1n probably be adequate for

small wavenumbers, and 10']0 for the larger wavenumbers of practical

interest. In Timited tests and ERR setting of 10°13 reroved al evidence
of numerical noise out to KMAX * ZA = 10,000.

Since the error in the quadratic eigenvalue extrapolation scale: as
NK'3, the ability c* the extrapolation to get through an Eckart resonance
can be improved sharply by an increase in NK.

An accidental vonvergence to the wrong mode will result in program
termination with the error message "EIGENVL failed to converge at
mode » wavenumber .

The average number of iterations per eigenvalue necessary to converge
to ERR, printed for each mode during ZMODES execution, is an indication
of the quality of :trapolations being obtained; less accurate trial
eigenvalues require more iterations. The number should be just above
two for small KMAX, large NK, and ERR ~ 10'8. Values around three are

to be expected for ERR < 10"10. Since total execution time is proportional
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to NK times the average number of iterations, the smallest NK and largest
ERR consistent with reliable computation should be aimed for when
computing expense is a factor.



Utility Subroutine

Various quantities calculated by ZMODE are available to the user in
the dummy subroutine UTIL:

| Quantity Symbol FORTRAN

i Wavenumber k TK (IK)

| Inverse phase speed ym(k) TGAMMA (IK, MODE)

{ Associated derivative dym/dk TDGAMMA (IK, MODE)
Mode amplitude ¢m(zj, k) FI {IK, MODE, JZ)
Associated derivative 3¢m/az F1Z (IK, MODE, JZ)
Mode sample depths zj, j=1,2 1, 22
Table lengths (IK = 1, NK) NK

From the first three tables one can obtain a cubic interpolation of
ez for any k. Related dispersion quantities can then be computed via

3 Cn = Yn (phase speed)
_ -1
W, = kym (frequency)
Cgm ® dmm/dk

¥ Q- Wy dym/dk) (group speed);

the units are (meters, seconds, radians).
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The mode amplitude and derivative data are retained at only two depths,
Z1 and 72, as specified cn the EXEC ZMODES card. These are intended fov
use in constructing two-point Green's functions needed in studies of
E | internal wave generation. Another possible appiication is the pre-

d diction of surface current components Un (0, k) associated with measured
isotherm displacements T (z]) at a given depth zy:

L d¢p,(0)
E o= Il e () d': } 5. (2p). (5-1)

i,




Part II.

USER'S INFOPMATION
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6. Methods of Calculation

The thermocline is numerically represented by a table of stability
frequency N2(z) for 2n-1 equally-spaced depths spanning the interval
(-za, 0); outside this interval, that is, in the remaining interval
(-zb, 'Za) to the ozean bottom, Nz(z) is assumed to vanish. The numbers
Zys Zy and n are input parameters. The table is obtained from an input
table of temperature data, T(zi), by a third-order spline interpolation
and differentiation, via the formula

No(z) = - a(T) o 3L ©(6-1)

in which a(T) is a linear representation of the coefficient of thermal
expansion of seawater at 35% salinity. The use of the third-order spline
yields a smooth stability profile with a continuous derivative.

The eigenvalue equation

df 2.2 2
7 (Y N¢ - KkS) f=0, (6-2)
z

here written in terms of wavenumber k and inverse phase speed y as
parameters, has solutions that satisfy the boundary conditions

f(-z,) = £(0) = 0 (6-3)

on an infinite number of real loci ym(k). At each k, the eigensolutions
obey the orthogonality rule

E g = =

———




The numerical search for the eigenfunctions fm’ eigenvalues T2 and

normalizing factors My proceeds as follows. For a given value of k
and a trial value of y assumed close to *he mEﬂ eigenlocus, the trial
function

f = f(ZsYs k): f(‘Za) £ 0

is numerically integrated in n steps from -z, to 0, the appropriate

starting values of fm(-za) and f&(-za) having been found from the
known analytic solution

f = const. x sinh k(z + zb)

in the region (-Zb, -Za) where N2 = 0. The value of f at z = 0,

w(y, k) = (0, v, k) (6-6)

is, in general, not zero and vanishes only wheny = Ym(k). The quantity w
is a continuous, differentiable function of y and k, and its properties
are key to the eigenvalue search procedure. If we define

9(2, v, k) = 2z, v, k) (6-7)

ay

and formally differentiate the eigenvalue equation with respect to Y2,

we see that g satisfies the inhomogeneous equation




This companion equation is simultaneously integrated with (6-2), yielding

1 9
'27’5%= g(O,Y,k),

which can be used immediately to generate an improved estimate of v,

v (@
oY '

A few such iterations drive w quickly to zero, within the limit

of computational precision. The numerical integration of the similar
equations (6-2, 6-8) uses constant step size and identical algorithms.
Since the resulting finite difference equation for g is, in fact, the
formal derivative of the finite difference equation for f, the con-

vergence is very smooth, and the correction in (6-10) will approach
within a few bits of zero.

The value of 3w/3y has, upon convergence to the eigenvalue, the
following significance. Multiplying (6-2) by 92 (6-8) by f.» and
subtracting , we have

d m

df gm)_ 2
&z i TSN

(2
foos
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integrating this expression and remembering that fm vanishes at -Za
and 0, while g vanishes at =2y, We find

Ol 9 o
N fm d2=-um. (6-11)

?%_ <%¥> fml(o) ) 2/.

m -Zb

Thus, the calculated quantity ow/3y furnishes the normalization constant

Moo An analogous argument shows that
1 3w / _ \
2k (5?) fm(o) “ (6=}
where Vi is the simple norm
° 2
i (6-13)

Upon completion of each iteration, this last quantity‘is calculated by
direct integration of the squared eigenfunction. The slope of the eigen-
locus, dym/dk, defined by

3w W L -
By de + T dk = 0,

is then obtained as

kv

de . _ow/3k  __m ) (6-14)

]
dk aw/ qu i

Formally, the identity above is a differential equation for the entire mgh
eigenlocus. Numerically, it is used to extrapolate accurate trial eigen-

values at successive points along the locus,
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. Y 3y
| Yy (k+ak) = y (k) + % e (k) ;— et (k-Kk)| ok
5 3
. Starting trial eigenvalues for all the loci at k=0 are provided by the
| WKB approximation to (6-2).
v (0) f° N(Z)dZi(m-])H' (6-16)
m 2 .
. -Za
the first extrapolation from k=0 is modified from (6~14) to use the
second derivative
dy (0 vy
dk® YmHm :
,l obtained from (6-13) by L'Hopital's rule. L
i

g ol S

;
X
|
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Program Structure and Nomenclature

The subroutine calling sequence and data flow are depicted in
Figure 10. The output data tables comprising COMMON/FLD/ have already

been described in section 5.

Description

Integration step size
Number of steps

Stability profile

Trial eigenfunction

Associated function

Wavenumber

Increment

Trial phase slowness

Temperature profile

Mode number

Symbo1

dz

n

N (z2)

2n-1

f(z,v, k)
(af/3z)-dz
9(z, v, k)/dz
(3g/22)/dz

k

2

Ak

Other variables and working files are:

FORTRAN

DZ
N
QN(1), I=1, N2

N2
F(I)

I=1, N
FZ(I)
G(I)

I=1, N
GZ(I)
K (real)
DK
GAMMA
TDATA(I)

I=1, NDATA

ZDATA(I)
MODE




24n10n43S weaboudd Q1 d4nbL4

(1 <Fz)"s

(1 F% |

/04
/NOWHWO0D

W/ 4p

NINI9I3 IANIDI3 o)

(z),6 “(2)6

: L /N3913
(2).3 *(2)3 /MOWWOD

INI S Huwmz

SINI'I4S INITIL (z)1

SINILNOYENS S3INA0W S3114




8. Description of Routines

a. ZMODE
ZMODE s the driver, whose only function is to pass contral-card images
to the module designated: TCLINE, ZMODES, or UTIL.

TCLINE

TCLINE reads the temperature-versus-depth data, calls SPLINES to compute
the cubic spline coefficents, then uses SPLINE (ENTRY SPLINE2) to obtain
interpolated values of dT/dz at 2n-1 equally-spaced points between -z,
and 0. The stability profile is computed and tabulated as

dT
-g(c]+c2T) d—Z- (8“])

in which c]+c2T is a linear fit to the coefficent of thermal expansicn of
water at 35% salinity. TCLINE also computes the quantity.

0
HN =/ N(z)dz (8-2)

~-Z
d

for later use by ZMODES in obtaining starting eigenvalues via the WKB
approximation (see egn. 6-16),

ZMODES

ZMODES computes the dispersion tables ym(k) and dym/dk for all modes in
in the interval (M1, M2) designated on the execution card.

For each mode, ZMODES computes a starting trial eigenvalue for k = 0 via
the WKB approximation, calls EIGENVL to compute Y and dym/dk to the
specified precision, and thereafter repeatedly increments k, calls EIGENVL,




and taoulates A dym/dk up to the specified wavenumber limit. Successive
trial eigenvalues are computed according to the scheme described in section
6 and passed to EIGENVL with each call. ZMODE will terminate execution
with an error message if the diagnostic integers IERR and MERR returned by
EIGENVL are not both zero (sec below).

For the printer plot of the dispersion curves wm(k) an auxiliary
200-point table is computed in convenient cy/hr units from cubic inter-
polations of ym(k) provided by FINT. For the printer plots of the un-
normalized eigenfunctions a scale factor derived from

Ny 2
vm = ffm dz

is passed to the plotting subroutine CRAPH.

EIGENVL

This subroutine provides the iteration logic for the convergent eigenvalue

search at a given mode and wavenumber, and computes the eigenfunction norm

parameters used by ZMODES for trial eigenvalue extrapolation. The argument
list is

GAMMA Inverse phase speed v;
trial value on input,
converged value on return
Wavenumber k
Norm v

Weighted norm u

Desired mode number

!
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Mode error flag

Iteration failure flag

IT Number of iterations required

EIGENVL repeatedly calls EIGENFN to perform integrations of the eigenvalue
equation with the current value of y, each time improving y by Newton's
method

dw -1

Y—7 - b8y, A&y = (H?) W

until w is sufficiently close to zero that
| sy/y] < ERR.

Accidental convergence to an adjacent mode ié prevented by a check of the
sign of dw/dy, which alternates as a function of mode number. If the sign
is wrong, or if for some reason convergence has not been obtained after
ten iterations, IERR is changed from 0 to 1.

The number of zero crossings, M, occuring in f(z) (excepting z-0) is
counted and the number

MERR = M - MODE + 1

formed; if either IERR#0 or MERR#0 further computation is bypassed.

After normal convergence EIGEMVL makes a Tinear correction to the eigenfunction
vsing the last computed value of Ay,

f(z)— f(z) - 2yavyg(z). (8-3)




234

The reason for this correction is that a small relative error in

eigenvalue, Ay/y, can be exponentially amplified by the eigenvalue

equation in regions where wm2 > N2(z), leading to errors in fm of
order

8f . Ay kza,
f Y

so that, for example, at kza ~ 30 the error can grow to order unity

even for Ay/y = 10_]3. Fortunately, the error is predictable and

removable by (8.3), to order

sf (g_y_)zekza (8-4)
f Y

The norm quantity M is then computed via

and the quantity Vi by integration,

0

analytically in the region (-zb, -za), and rumerically according to the

end-corrected trapezoidal rule in the region (-za,o), with a small predicted
error of order

4
) (dz)

e. EIGENFN

EIGENFN integrates f and the associated function g on the interval
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(-za,o), using a fourth - order algorithm furnished by G. Peebles of RDA:

- = ]_ i l 2n
Yiey T Yy T 7 805 T g b2y,

Yiny =Y

i

1 2 ol "
Yieg T Yiey * 2487 (Yiay - ¥5)

Yieg =Y (Vi)

= 1 ]_ 2 " "
Yigp T ¥t o2yy g oz (vi t 2y

Ying 7Y (Yia)
yl =y‘+lAZ y||+4|| +yu
1TV E AT (Y A Yy

A constant step size Az is used to allow convenient non-dimersionalization,
with the consequent savings in arithmetic.

The arguments

W= -7(0)

WG = -g(0)

are set prior to return.

th {




f. FINT

The function subroutine FINT performs a cubic interpnlation of a tabulated

function with the aid of corresponding tabulated derivative. The arguments

are
Interpolation point
Array containing values of independent variable Z
Array containing values of tabulated function
Array containing values of tabulated derivative
Dimension of arrays
Pointer index
The subroutine logic finds I such that ZT(I) < Z < ZT(I+1) prior to
interpolation, and the value of I can be held for subsequent calls to
minimize table searches.

g. SPLINES

SPLINES computes third-order spline coefficients for use by the interpolating
subroutine SPLINE. The arguments are

Number of data (<100)
Array containing values of independent variable

Array containing values of dependent variable

Array containing computed spline coefficients




The spline coefficients are equal to one-sixth the second derivative

and are calculated by an efficient method due to L. Solomon of Planning

Systems, Inc. A(1) and A(N) are assumed to be zero.

h. SPLINE

Spline provides cubic interpolation on the basis of tabulated values of
a function and accompanying spline coefficients. The arguments are

Interpolation point

Interpolated function value

Interpolated derivative value

Arrays containing values of the

independent variable,

dependent variable, and spline coefficients

Number of points

Pointer index

The pointer index is used as in FINT. The calculation of the derivative
is ordinarily bypassed to save tin. it is implemented via ENTRY SPLINEZ.
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i. GRAPH

This printer-plot subroutine depends on word size and bit-manipulating
| subroutines specific to the CDC 6600 and 7600, and will have to be replaced
for different machines. The argument list is straightforward -

iy W Arrays containing values to be plotted

1 X0, YO0 Minimum values, lower left

XSCALE,YSCALE Axis ranges

N Number of points to be plotted
MODE See below

SYMBOL Hollerith character used for plot
LABEL Ten-character hollerith label

MODE = 1 Plots and prints the function Y(X)

MODE = 2 Is used for accumulating functions when plots
of more than one function are desired
- R
MODL = 3 Is used for the last accumulated function to oz
print the entire set 4
MODE = O Plots and labels the grid only, and should be used

prior to the first MODE = 2 call
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PROGRAM ZMODF (INPUT,NYTPUT)

COMPUTES THE NNRMALWMONE INTERNALOWAVE OSCILLATINNS AND
DISPERSION RELATIONS OF THF UPPEReDCEAN THERMQOCLINE,

REAL A(B),NOQUN(BR)
DATA NOAUN/GHTCIL IME,6HZMODES, 4RUTTIL/
3 PRINT 99
99 FORMAT({MI/////30X,U4H*xx RDA PRNGRAM ZMNDE, VERSION JULY 1973 wawe
w///17)
{ READ 100,(8(Y),1I=1,8)
100 FORMAT(84A10)

0O 2 I=4¢,3}

TFCAC2) EQONOUNCTY) BO TN (10,20,30),1
CONTINUE

IF(A(L)EQ,2HGN) GN TO 3
IF(A(1Y,PQ,UHSTOP) S8TOP

PRINT 98,(A(1),Imt,B)

FPORMAT(32X,2Hn ,AA10)

GO TO 1§

CALL TCLINE(A)
GO 1A 1

CALL ZMODES(A)
GO TN {

B o e e
L

CALL UTIL(A)
GO 10 1
END

g, e g gt 2a
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SURRNUTINE TCLINE(A)
COMMNN/ETGEN/N, D7, D20, ZA, 2R, ANCU00),F(200),F2(200),6(200),6Z(200),
. HN,ERR

DIMENSION A(A),VERR(S),ZZ(U0N), TT(U00),TA(200),TNATA(200),

¢ ZDATAC200),CYN(400)

DATA YERR,PL,GRAV,CT1,CT2/SHINPUT, IHSET, UHEXEC, SHPRINT, SHGRAPH,

* 3,101592653,9,82,%,hE=d,,15Fnl/

PO {1 I=21,5%

TF(AC1),EQ,VERACI)Y 6O TN ¢10,20,30,60,50),1

CONTINUE

PRINT 99, A(Y)

FORMAT(20X,3{HILLEGAL INSTRUCTION, TCLINF # ,A{0,2H )
RETURN

INPUT TEMPFRATURF PRNOFILF

DECODE(10,100,A(4)) NDATA

FORMAT(I10)

READ 101, (7DATA(T), TDATACT),Ta1,NDATA)
FORMAT(RFIN,N)

RETURN

SET THERMOCLINF AND INTEGRATIUN PARAMETERS

DECODE(30,200,A(4)) ZA,Z8,N
FORMAT(2Fi1n,0,110)
D227A/(Ne))

DZRaENZ*a?2

NZm2#Ne|

RETURN

COMPUTE INTERPNLATED STARILITY PRUFILE

CALL SPLINFS(NDATA,Z2DATA,TNATA,TA)

Jei

DO 3% T=af,Ne

28DZ# ,Sx(le})

TRAMAXI(Z,2DATA(CY1))

CALL SPLINE2(2,7,07,Z0ATA,TOATA,TA,NDATA,J)
22(1)s=?

TTC(I)sT

ON{NP+ 1ol )2allRAVH(CTH4ETPAT)aDT

CONTINUE

Syman,

NO 36 lag,N2

ANIBSQRT (AMAXL(ON(T),0,4))
CYN(N2+lw])mANT121B800,/PI]
SUMaSUMeONY

HNZ SaNZ48IIM

RETURN
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PRINT TEMPERATHRE AND STABTYLITY PRNFILES

PECODEL10,100,A(40)) TSKIP

IF(ISKIP,ER,0) ISKIPEY

KOUNTEe

PO 4S Im1,N2,I8K1P

KOUNTEIKDIUUNT ¢

1F(MNDCKOUNT,S0),EN,0) PRINT do|
FORMAT(1H]//30X,2THa%s THERMNCLINE PROFILE x#n////
» 25X,8HDEPTH, M,AX,THTEMD, C,UuX,{1HN(L), CY/HR/)
PRINT 402,Z2¢1),TT(I),CYN(T)

FORMAT(1T7X,3F15,”)

CONTINUE

RETURN

GRAPH PROFILES

DECODE(30,S00,A(u)) T§,7P,WSCALE

FORMAT(3F10,0)

TSCALE=T1eT?

MDs |

SYMa{HNT

LBLSYTHPROFTILE

CALL GRAPM(TT,Z2,72,»2A,TSCALE,ZA,N2,MD,8YM,LBL)
SYMs KN )

CALL GRAFH(CVNUZZIO.l"A,NSC‘LE'ZA;N?’MD'SYM'LBL)
RETURN

END
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SURRNUTINE ZMONES(A)
NIMENSION A(R),VERRBR(S),X(200)Y,Y(20N0)
COMMNN/FLD/TH(51), TGAMMACS ] ,20), TDRAMMA(S],20),FT1(%1,20,2),
o FIZ2051,20,2%,21,22,NK
COMMON/EIGEN/N,DZ,NZN, 74, 2R, ANCUO0Y,F(200),F2(200),G6t200),62(200),
. HN,ERR
REAL K,XMAXY,NORM,KCY
DATA VERB,FUN,P]/SHINPUT, SHSFT,4HEXEL,SHPRINT,SHGRAPH, OHFUNCTIONS,
e 3,1615926534/

PO 1 124,85

1FCACL) ,FQ,VERR(T)) GO TN (10,20,30,40,50),1

CONTINUE

PRINT 1008,A(1)

FORMAT(L1OX,30HILLEGAL INSTRUCTIUM, ZIMUNES wa,A1Q,2Haw)
RETURN

CONTTINUE
RETURN

SET WAVENUMBFR SCALE AND RFSOLUTTON

DECODE(30,200,A(4)) KMAX,NK,FRR
FORMAT(F10,0,110,E10,0)
IF(ERR,ER,0,) FRRa{,Fef

KMAX®  002¢P]4#KMAY
PKEKMAY/(NKm{)

D0 21 IKkej,NX

TK{IK)sDKa(IKm)

RETUAN
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MAIN COMPUTATINN UF MONE FUNRTTONS AND ETGENVALUESB

DECODE (40,300,4(4)) MYy ,M2,71,22
FORMAT(2110,2F10,0)
NF13N4,5«21/n7
. NF2aNe ,Se22/Dn7
PRINT 301,NK
301 FORMAY ({M1////728X,33Heaw FIGENVL COMPUTATION TIMES e, //
* 30X,12H* RESOLUTINN, I3, 144 VALUFS/MNDP w////
* 31X,26HMQNE  AVG TTFRATTIOQONS TIME, /)

PO 3% MODEsSM{,M2
STIME=8ECON0§x)
GAMMAZ (MONEw )Y 4P]/HN
NGapDG=0,

AVITa0,

NO 34 TK=2{,NX
KeTK(IK)
GANHA:GAMHA¢DKt(DGo.S*DOG)
GAMMAQDSRGAMMA
NG1aDG
CALL E!GENVLtGAMMA,x,NnRM,nNQRM,Mone.nﬂnn,Igpn,17)
IF(MERR,EQ,0,AND,IERR,FQ,0) GO TN 3%
KCYaS00,*K/P1
PRINT 302,MODE.KCY,MERR, TERR
302 FORMAT(//4NX,29HEIGENVL FATILFD TO CONVERGE AT,/
* USX,SHMNDE ,12,/45X, 1 1HWAVENUMBER ,F R, 2/
* 43X, THMERR 3 ,12/45X,THIERR & ,72)
$TOP

33 RaNQRM/QONQORM
DGUK#R/GAMMA
NPDGaDGeDG]
IPCIK,EQ, 1) DDGaNKaR/GAMMA
TGAMMACIK,MODEYaGAMMA
TOGAMML(IK,MNDE) 206
RNNRMESQRT (ONORM)
FICIK,MONE,{)aF (NF1)/RNORM
FICIK,MODE,2Y2F (NF2)/RANORM
FIZ(IK,MODE,1)BFY(NF1)/(NZ*RNORM)
FIZ(IK,MODE,2)8FT(NFP)/(DZ2aRNQAM)
AVITRAVITe!T
CONTINUE

TIMESSECOANN(X)=STIME
AVITEAV]IT/NK

PRINT Y03,M0ONE,AVIT, TIME
’ORM‘T(SZXII?OFI’DelFllnu)
COMTINUE

RETURN

L]
L} ¢
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PRINT DISPERSION RELATIOMS

40 DECOUDE(20,300,A(u)IMI,M2
NO 4S MQDEaMi,M2
®RINT 400,MONE

4OoO0 PORMAT(IMY//%0X,9He%x MODE ,12,25H DISPERSION RELATIONS wan////
* 20X,8MK, CY/KM,Uux,BHw, {/8EC ,4X,AHW, CY/HR,U4X,BNC, M/8EC,3X,
¢ 9HCGK, M/8FC,/)

PO 4d TK=],NK

KsTK(¢IK)
Cal,/TGAMMA(IK,MNDF)
wal«K
CG=C#(],eCaK*TOGAMMA(IX,MODE))
KCYS500,*K/P?

WHReY ,6%CwKCY

PRINT 401, KCY,w,wHR,C,CG
FOPMAT(16X,5712,%)
CONTINVUE

CONTINUE

RETURN

GRAPH DISPFRSINN CURVES

DECUDEC10,500,A(3)) TYPE

FORMAT(A10)

IFCTYPE,EQ,FUNY GO TN 60
LBLa{OHDISPERSION

DECOPE (40,801 ,A(U)) My ,M2,WSCALE,SXALE
FORMAT(2110,2F10,0)

SCALE® 002wPTA8KALE

MO=0

CALL GRAPH(X,Y,0,,0,s8XALE,WSCALE,200,MD,8YM,BL)
MD®2

DKKSKMAX/199,




DO 5SS MODEsM{,Mp
MODE1BMOD(MODE, 10)
ENCODE(1,502,8YM) MONEY
FORMAT(I1)

YF(MODE ,EQ ,M2) MD=3

14.¢ 3

D0 S2 Jat,200

KaDKK+(Jul)

X(J)mK

Y(J)S{B00,2K/(GAMMARP])

CALL GRAPH(X,Y,0,00,s3CALE,WSCALE,200,MD,8YM,(RL)
CONTINUVE

RETURN

GRAPH NORMA|L MNDE FUNCTINNS

DECODE(S0,600,A(U)) MU, M3, MULT,PSCALF,YSCALE
FORMATC(3T10,2F10,0)

DO 6% MODE=M{,M2

SCALE=Y,

FOs0,

708e28CALE

SYMa{Hw

ENCODE(10,801,L8L) MNOE

FORMAT (SHMDDE , 12)

NELKEKMAX/ (ML Te)

NO 61 Jei,N

Y(J)uDZa(Jmi)uZA

MDm(Q

CALL GRAPH(F,Y,FN,20,8CA1LE,ZSCALE,N,MD,8YM,LAL)
MDm=2

IKmy§

DO 6% Tsy,MULT

KeDELX% (le})#,99)

SAMMARF INT(K,TK, TGAMMA(],MNDE ), TNGAMMA( {,MODE) ,NK, 1K)
SCALENFSCALE®SNRT(NNAM/2A)
FOSaS8CALE#(,25¢,50 (o)) /(MULTel))

IF(T,EQ,MULTY MD=3 .

CALL GRAPHM(F,Y,FN,70,8CAIE,ZSCALE,N, ™D, 8YM,LRL)
CONTINUE .

RETURN

END

ds

.
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SURROUT INE EIGFNVL(GAMMA;K;NHRM,HNHRH,MUDE'MERR,IERR,IT)
COMMON/ETGEN/N,DZ,NZ0,2A, 2R, ANCU0O0Y, 7 (200),F7(200),6(200),562€200),
, HN,ERR

REAL K, NQORM

MERRs30
1ERR=a0
DGMAXS, b/HN
SGN=t,

I1TERATE TO ETGENVALUE

PO 10 T=1,10 )

CALL EIGENPN(IGAMMA, K, v, uG)

IF( SGNawG,LE,0,) GO TN 11}

DGAMMAGW/ (2 ,#GAMMANKG)

1FCABS(OGAMMA) GT , NDGMAX) DGAMMARSIGN(DOGMAX,DGAHMA)
GAMMARGAMMA«NGAMMA

IF(ABRS(DGAMMA/GAMMAY LE,FRR) GN YO 12

CONTINUE

TERR=Y
WRONSKTIAN SLOPE HAS WRNANGR SIAGN

CHECK FOR CORRECT MQONE NUMRER

2 Mad
TTa]
EPSsNINnW/WG
FI(NYaFZ(NYeEPS2GZ (N)
DO 20 1s2,N
F(1)SF(])aFPRaG(T)
FZLIY2FZ(1)YeEPRAGT(])
CONTTINUE
N{aNe|
D0 2% 1a2,N{ .
IFC(R (Tl )oF (1), LT,0,) 0RP(T),ER,N,) MaMel
CONTINUE
MERR sMeMQNE
IF(MERR ,NE,0,NR,TERR ,EN 1} RFTURN
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COMPUTE NQRMALTZATION FACTNR

NONORMBeWGRFZ(N)/DZ

SyMEQ,

DO 30 Ta2,N

SUMERSUMSF (T)an2

NORMEDZ (StiMe ,SaF (1) ax24F (1)8D7/6,)
1F(28,EQ,ZA) RETURN

1F(K,EN,0,) GO TN %0
X3aKa(ZBw2A)
1F(X,67,100,) GO TO 40
EXIEXP(X) :
SINMAR(EXwY ,/EX)a#24,25 |
EXSEX#wa2
3 l NORMENORMe (,125# (EXel,/FX) /Ko ,Sa(7B=ZA))aF (1)an2/8]NHR
RETURN J
40 NORMENORM4 ,SaF({Ine2/K |
| C
) RETURN t
c |
S0 NORMaNORMeF (1)an22(2Re2AV/Y, l
RETURN |
END i
<
& ;
g ?
. i

:
§
:
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SURRNUTINE ETGENFNIGAMMA,K,w,w5)

CD"MON/EIGEN/N.DZ.DZQ.ZA-ZRoQN(UOO)o'(ZOO):FZ(200):G(200)aGl(200)p

s HM,ERR
REAL X,K0

DATA C6,CRU/ ,1h6b66hKb0LELAGA) ,0ULlbbLELLMORES/

PQIXIRGAMMA( "X oKD
GAMMAQRD7QwGAMMAGRD
KQsDZQaKnw2

TFIK.EG,0,) 60 TO 2
EXEEXP(-Z.QK&(ZB.Z‘)’
TANRa (1 ,=EX)/(1,4EY)
FC1)aTANH/X

60 TN 3

F(1)nZBaZA

Fzt1)snz
f(1)8G2(Y)=0,
FZ2imwF(1)#PR(NNI]))
GZZimeF (1)*QN(Y)

NO 100 l=2,N

Jaze?s2

FioF({lel)

FliaPI(lw})

Gi1aG(l=i)

GZ12G2(I~1)
FooF1e,S*FZ1e,12%94F22}
G28G1e,5%G71+,125%622
PQ2aPQR(UN(J))
F23F2«C2Ux(FYZ21eF2%PN2)
G2uG2eC2Uv(G721+G24PN2+FD4NNL])Y)
P2228nF24pPN2
G2228eG24PR2eFPwNN(J)
FI3aF{4FZ10CON(FZ7142,4F222)
GIBGI+GZI+COE(RZ22142,%62722)
POISPQION(J+ 1))

F2Z13mefF31+pPN3
GI23aeGixPRAIuF12AN(Je])

F(I)sF3

GC(I)aGy
FZCI)BFZ14CO@(FZ7 144, %F2224F223%)
GZ(I)=BGZ14Co# (622144, ,xG2724G72Y)
FZZisF223

627136223

CONTINUE

WaeF (N)
WGEeG(N) 402G
RETURN

END

!L¢
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FUNCTION FTNT(Z;?T;FT.VTZ,N.T)
DIMENSION ZT(1),FT(1),FTZ(1)

IFCZ,LT,2T7(1)) GN 70O 1
IF(Z,GT,ZT(I+1)) GN TO 2

DZ3ZT(le1)wZT(1)

Us(ZeZT(1))/N7

Ve { .'U

. FINTSURFT(Iet)sVRFT(T)oUavVe((UsY)IN(FT(T)ePT(T41))eDZa(UrFTZ(1¢t)
| * »VAFTZ(1))Y)

RETURN

2 T=xlqet
IFC(I,LT ,N) GN TO0 4
1§ LB
RETURN

{ Ialey
TF(I,GT,1) GN YO 3
[Ba}
RETURN
END
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SUBROUTINE SPLINES(N,Z,C,A)

SUSROUTINE SPLINES CALCULATES THE CUBICc SPLINE COEFFICIENTS,
CALLING ARGUMENTS

NUMBER OF POINTS, NOT TC EXCEED 100

VECTOR OF INPUT DATA FOR INDEPENDENT VARIABLE

VECTOR OF INPUT DATA FOR DEPENDENT VARIABLE

COEFFICIENTS OF SPLINE

>0 2Z

DIMENSION Z(1),CC1),A(C1),Y(100),0C(100),0Z(¢100)
A(1)=0,
A(N)=0,
Ni{zNw}

SET UP DIFFERENCES,

00 12 1=3y,Nt
0ZC1)=2Z(I+1)=2(1)
0C(I)=(C(I+1)=C(I))/C2(I)
CONTINUE

Y(1)=30,

IF(NL,LT,2) GO TO 17

SOLVE TRIDIAGONAL SYSTEM,

00 {5 I=2,N{
PIV22,00(D2(Inmi)4DZ(1))w0Z(Iw1)nyY(1=])
Y(I)=DZ(1)/P1Y
A(I)S(DC(1)mDC(Iw1)=DZ(Iwl)xA(In]))/PYY
DO 16 IB=g2,Nt

IsN¢iw]B

ACL)SA(I)eY(T)RA(IY)

RETURN

* o

L —
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SURROUTINE SPLINF(Z,FiFZ,2T9FT,A,N, 1)
DIMENSION ZT(1),FT(1),A(Y)

Ma0
IFCZ,LT,2T7C1Y) GO YO |
1F(Z,6T7,2T(1+1)) GO O 2

DZ3ZT(1e1)wZT(1)

Us(Z«ZT(1))/D2Z

Vel , =l

FRUAFT(I¢{)¢VeFT(1)uDZoadaliaVatA(IIn(f{,eV)+sA(]e1Inl],4U))
IF(M,EN,0) RETURN

PZ3(FT(1e1)eFT(1))/02¢D2e(A(T)e(1ym3 aVan)ab(Iol)ea(l w) alynn2))
RETURN

Ialey

IFCILLT,N) GO T0 4
Taw]

RETURN

1alet

TF(I,GE,1) GN YO 3
13wy

RETURN

ENTRY SPLINE?
Mei

G0 10 Y

END
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SUBRNOYTINE GDA?H(XpYaXnoVO;xSCALE'VSC‘LEoNoHUDE,SY“BULnL‘BEL)
LOGICAL XQOUT,YNUY

DIMENSTION X (1), Y(1Y,A(11,31) ,XLABL(A),MASK(10)

DATA GQID"R‘HE,ENDS,BL‘NK/!OH ¢, |0Hewsacnwey,
*{0H o0 1OH /

IF(MNDE,GT,4) GO 1O 2

INITIALIZE AND PLOT GRID

DO 3 lay, S

PO 3 kay, {1

A(K,1)mBLANK

PO ¢4 Ka2, i

A(K,1)aFRAME

A(K,S{)YaFRAME

DO S [=2,50

A(1,I)mENDS

A(11,]1)YeENDS

00 6 1.11101'10

DO 6 K32,

A(¥,1)aGRID

DO 7 Kmy,s

XLABL(K)BXNe0 ,2aXSCALE* (Kwt)
YL ABL BYN$O ,PeYSCALE* (Kmt)
LINEabim| Owk
pORHlT(FQ.Sn!Ht)
ENCODECIN,SO0,AC 1, LINEF)YYLARL
MASK(10)=6%

DO 8 Kmy,9
MASK(10wK)S N TTA A SHIFT(MASK({] wK),p6)
IF(MODE ,FQ,0YRETIURN
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SyM8nL PLOT

2 SYMBOLaSHIFT(SYMROL,=S4),A,778
SYMzsSYMBNL
PO 9 Kuy,9 _

9 SYMISYMBOL ,0, (SHIFT(SYM, k) A, ,N,7TR)
SYMBOLwuSYM
DO 10 Imi,N

. LINE®SO ,# (1 ,«(Y(T)eYN)/YSCALF)4+},5
KOLUMB1 00 , 2 (X(T)=XN)/XSCALF#+10,5
YOUTSLINF, LT, t,0R,LINE,GT,S]
XOUTSKOLUM,LT,10,0R,K0LUM,AT, 110
IF(XOUT,NR,YNUT) GN TO {0
KWNORDR (KN UMY /10
KHARaKQLUMw{ A aXWNRD
KWORNEKWORD+

. WORDSA(KWORD,LINE) A, N ,MASK(KHAR)

' A(KWNORD,LINEYSWORD, 0, (SYM, A MASK(KHAR))

10 CONTINUE
IF(NODE ,EQ,2) RETURN

c PRINT ACCUMULATEN GRAPMS

PRINT 1000,LABEL, ((ACKsL) ,K2f,11),0L21,81)
1000 FORMAT(IMY///15%,A10/(5X,11A10))

PRINT 2000, (X ABL(X)sK21,8)
2000 FORMAT(/6X,6(F13,4,7%)).

RETURN

END

— i
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SURROUTINE UTIL(A)
COMMON/FLD/TX(S1), TGAMMA(S],20), TOGAMMA(SY,20;,F1(%1,20,2),
o F12051,20,2),71,22,NK
DIMENSION A(R)
| RETUPN
| END




