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SUMMARY 

The computer program ZMODE computes the eigenfunctions and dispersion 

relations for internal wave oscillations in a density-stratified ocea,, 

thermocline. The computation is rapid and reliable, owing to a 

procedure which obtains very accurate trial eigenvalues by exploiting 

certain analytic properties of the differential eigenfunction equation. 

This document describes in detail the analytic procedures and program 

structure, and provides complete operating instructions. 
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1. Introduction 

The computer code ZMODE calculates the normal mode functions and 

dispersion relations that characterize the vertical oscillations of a 

density-stratified ocean thermocline. For an arbitrary input profile 

of stability frequency, N(z), it solves the eigenvalue equation 

0lzlz
b •  '(O) ■ f(2b) = 0, 

by direct integration to provide the eigenfrequencies 

u = uj(k) , m=l,2... (1-2) 

and associated mode functions f for up to twenty modes and up to fifty-one 

equally spaced values of wavenumber k, 

0^ i kmax • 

per mode. 

The dispersion data are computed and tabulated in the form of inverse 

phase speeds 

Ym <ki) " V^m (V • ki " iAk (1-3) 

and their derivatives 

Vdk • (1-4) 
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Because the derivatives are obtained analytically, via properties of 

equation (1), rather than numerically, the two tables can be used to 

construct highly accurate interpolated dispersion data. For example, 

relative interpolation accuracies better than lO"6 have been obtained 

along dispersion curves represented by thirty points. 

A particularly efficient and reliable procedure is used for the 

eigenvalue search, in which the derivatives dydk are used to extrapolate 

successive trial values along each eigenlocus . Converged eigenvalues are 

consequently obtained in just over two derations on the average, and 

the computation time per eigenvalue is (CDC 76C0) 

(eqn (1) integration steps/100) x 0.5 x 10"2 sec. 

ZMODE consists of two modules: TCLINE, which converts input 

temperature-versus-depth data to the stability profile N2(z), and ZMODES, 

which performs the eigenfunction calculations. The dummy module UTIL is 

included for the convenience of the user, who can replace it with sub- 

routines performing various calculations on the quantities provided. 

Each module provides its own input and output functions, and operates 

essentially as an independent program. Input, output and operating parameter 

specifications are communicated directly to the module named on the control 

card. While this level of organization may seem a little elaborate, it 

has been imposed with the idea that ZMODE will ultimately be the nucleus 

of much larger internal wave codes. It therefore seemed desirable to 

establish a modular organization and uniform control procedure so that new 

program modules can be added and used as simply as possible. For this 

reason also the various kinds of numerical and graphical output are optional, 

and must be specifically requested by appropriate control cards. 
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2. Sample Calculation 

The types of numerical and graphical output available from ZMODE 

are illustrated in the pages following by reproductions from a test 

calculation. The shallow-water geometry and thermal scale of this 

particular case are characteristic of the NUC tower site near 

San Diego, while the particular double thermocline profile used 

is a fictitious one designed to exhioit intermode resonances, as 

will be seen. 

Figure 1 shows the numerical output of the interpolated tempera- 

ture and stability profiles, and Figures 2 and 3 show the graphical 

counterparts. 

The dispersion calculations for this case encompassed modes 

1-5, each on a wavenumber range of 0 to 280 cycles/km in 41 increments, 

Execution time on the CDC 7600 was 1.25 seconds for the dispersion 

calculations themselves and 1.7 seconds overall. The detailed 

dispersion printout includes frequency, phase speed and group 

speed for each mode, as shown in Figure 4. 

Graphical display of the dispersion curves is available as in 

Figure 5. Note the "Eckert Resonance" between modes 2 and 3 at 

145 cycles/km, where nearly independent oscillations on the two 

stable layers become strongly coupled because of ar accidental 

coincidence in frequency. The relative frequency difference at 

closest approach is 0.013, which is not resolvable on the printer 

plot. 

Printer plots of the eigenfunction profiles, as shown in 

Figures 6-8, are useful in interpreting thermocline behavior. 

The six curves shown for each mode correspond to six equally-spaced 

wavenumbers from zero on the left to maximum on the right. 
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Note how at high wavenumber the oscillations are confined principally 

to one of the two stable layers. Note also the sudden exchange 

occurring in principal layers between modes 2 and 3 at the resonance. 

I 
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*A*   THERMOCLINt   PHOFILt   *** 

DEPTH,   M TEMP,   C 

-0,00 20,00 
■ v40 20,01 
• ,60 20,01 

•1,20 19tgv 
•1,60 19,96 
• 2,00 19,91 
•2,ao 19,86 
• 2,60 19,81 
• 3,20 19.75 
• 3,60 19,67 
• a,oo 19.SÖ 
• 4,*0 19,ül 
• 4,60 19.?4 
• 5,20 19,05 
• 5,60 18.82 
• 6,00 18.50 
•6,a0 18.07 
• 6,60 17,65 
• 7,20 17.51 
• 7,60 17,05 
• 6,00 16,79 
• 6,40 16,60 
• 6,60 16.a5 
• 9,20 16.36 
• 9,b0 16,32 

• to,00 16,30 
•10,ao 16,30 
•10,60 16,29 
•11,20 16,26 
•11,60 16,24 
•12,00 16.17 
•12,«0 16,07 
-12,60 15,92 
•13,20 15,75 
-13,60 15,55 
•14,00 15,34 
•14,40 15,15 
•14,60 14,97 
-15,20 14.85 
•15,60 14,71 
•16,00 14,65 
•16,40 14,58 
•16,60 14,54 
•17,20 14,^1 
-17,60 14,47 
•16,00 14,43 
•18.40 14,38 
•18,80 14,33 

N(Z),   CY/HR 

0.00 
n.oo 
3,80 
6.99 
6,M 
9,60 
9,91 

10,15 
11,37 
15.34 
15.59 
17.24 
18,52 
19,28 
21,90 
25,81 
27,58 
25.08 
22.07 
20.23 
18,48 
16,25 
13,25 
9,74 
6,32 
3.08 
l|72 
3,65 
6,14 
8,71 

11,28 
13.59 
15,20 
16,31 
16,90 
16,76 
15.93 
14,53 
12,99 
11,27 
9,28 
7,51 
6,46 
6,46 
7,17 
7,68 
7,99 
6,13 

Figure 1 

Numerical Thermocline Profile 
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*«* MODe  1 DlSPfcRSIUN RtUATIUNS *** 

Ki CY/KM *,    l/SEC 

o. 00000 0,00000 
7, 00000 ,00721 

I«, 00000 .01325 
21. 00000 ,01780 
28, 000O0 .02109 
35, 00000 .02352 
«2, 00000 .02538 
a», 000OP ,02687 
56, 00000 .02811 
63. 00000 ,02916 
70, orooo ,03006 
77. ocooo .03086 
8a, 00000 ,03157 

»I, ,00000 .03220 
98, ,00000 .03277 
105, ,00000 .03329 
112, ,00000 .03377 

n». ,00000 .03421 
126. ,00000 .03462 
133 ,00000 .03499 
140 ,00000 .03535 
l«7 ,00000 ,03568 
154 ,00000 .03599 
161 ,00000 ,03629 
168 ,00000 .03655 
175 ,00000 .03681 
182 ,00000 ,03706 
189 ,00000 ,03729 
196 ,00000 .03751 
203 ,00000 .03773 
210 ,00000 .03795 
217 ,00000 ,03812 
22« ,00000 ,03631 
?31 ,00000 ,03848 
238 ,00000 ,03865 
245 ,00000 .03H82 
252 ,00000 ,03897 
259 ,00000 .03913 
266 ,00000 .03927 
273 ,00000 .03941 
280 ,00000 ,03955 

ID, CY/MH 

O.OJOOO 
4.12816 
7.59419 
10.19583 
12.08173 
13.47359 
14.54258 
15,3976« 
16.10555 
U,70603 
17.22531 
W,6d097 
18,08556 
18,44831 
18,77626 
19,07484 
19,34837 
19,60027 
19.85335 
20.04Q91 
20.25187 
20,44082 
20.61815 
20.78502 
20.94245 
21,09130 
21.23236 
21,36629 
21,49369 
21,61508 
21.73094 
21.84168 
21.94769 
22.04929 
22.14679 
22.2'4047 
22,33058 
22.41735 
22.50097 
22.58105 
22.65955 

C,   M/StC        CG,   H/SEC 

,16912 ,16912 
.16382 .'.5375 
,15066 ,12014 
,13487 ,08753 
,1 1966 ,06368 
.10- ) 5 ,04792 
,09618 ,03763 
,08729 ,03068 
,07989 ,02575 
.07366 ,02208 
,06835 ,01925 
,06378 ,01700 
,05981 ,01517 
,05631 ,01366 
,05322 ,0'240 
,05046 ' ,f 1133 
,04799 ,01040 
,04575 ,00961 
,04372 ,00891 
,04188 ,00829 
,04018 ,00775 
,03863 ,00726 
,03719 ,00682 
,0558C ,00643 
,03463 ,00607 
,03348 ,00575 
,03241 ,00545 
,03140 ,00518 
,03046 ,00493 
,02958 ,00470 
f02fl74 ,00449 
,02796 ,00430 
.02722 ,00412 
,02651 ,00395 
.02565 ,00379 
,02522 ,00365 
,02461 ,00351 
,02404 ,00358 
.02350 ,00326 
,02298 ,00315 
,02246 ,00304 

' 

I - 
Figure 4.    Numerical Dispersion Relations 
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3-   Operating Instructions 

All program functions are governed by control cards in a standard format 
of three ten-character hollerith instruction words (left-justified) followed 
by up to five ten-character numerical parameters: 

INPUT . 

SET TCLINE 

EXEC ZMODES 

PRINT uriL 
GRAPH 1 

I (Option 
descriptor) {- < 5 parameters •} 

The first word describes the function to be performed and the second describes 

the module to which the instruction is addressed. The instructions are self- 

explanatory; the distinction between INPUT and SET is that INPUT refers to 

tabular data and SET refers to adjustable program parameters. Cards 

refering to different modules can be intermixed, the only constraints being 

the obvious ones that INPUT and SET must precede the first EXEC for a 

given module, and PRINT and GRAPH must follow. EXEC TCLINE must precede 

EXEC ZMODES. Any number of control cards can be used. For example, 

repeated calculations with varying thermocline data, wavenumbor increments, 

or wavenumber range can be requested, and duplicate output for a given 

calculation can be obtained with multiple output cards. 

Cards with arbitrary alphanumeric content placed before the first 

control card will be duplicated on the output title page and otherwise 

ignored; these can be used as desired for descriptive titles. Execution 

is terminated by a card with a left-justified STOP. The various control 

parameters are described below. 

J.- _^_ 
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INPUT TCLINE: 

Format 

(NDATA) 

( no ) 

This instruction is followed by cards containing the temperature- 

versus-depth data in order of increasing depth, 

Z., T., i = 1, 2, ..., NDATA    units: Meters, Celci us 

In the format {2F10._). Z1 must be zero. Z(NDATA) must be greater than 

or equal to the parameter ZA, described in the following. NDATA must be 

in the range (3,100). 

SET TCLINE; 

Format 

(ZA, ZB, N ) 

(2F10. , 110) 

ZA is the depth (M) of the themocline bottom, below which it is assumed 

that density stratification vanishes; ZA must be less than or equal to 

the depth of the last input data point. ZB (M) is the depth of the ocean 

bottom, greater than or equal to ZA. The parameter M defines the number 

of integration steps between zero and ZA used in the mode calculations 

and is specified here so that the interpolated stability-frequency table 

created by TCLINE will have the right-sized increments. A useful rule 

of thumb is that N should exceed ten times the highest mode order to be 

calculated; maximum permissible value is 200. 

EXEC TCLINE: 

PRINT TCLINE: 

Format 

(No parameters) 

(ISKIP) 

( no ) 

Up to 399 values (i.e., 2N-1) of interpolated temperature and stability 

frequency can be printed. For shortened printout, only every ISKIPth 

value is printed. When ISKIP is blank the default value 4 is used. See 

Figure 1 . p.5. 
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GRAPH TCLINE: 

Format 

(Tl, T2, WSCALE) 

( 3 F10.    ) 

This produces a printer plot of T in the interval (T2, Tl) versus Z in the 

interval (0,ZA), and a plot of N(Z) in the interval (0, WSCALE) versus Z. 

Units are meters, C, and cy/hr. See the example in Figures 2 and 3, pp. 6&7. 

If the proper value of WSCALE is not known, a rough value can be estimated 

and several values tried at once with repeated GRAPH TCLINE cards. 

INPUT ZMODES: 

SET ZMODES: 

Format 

(Not Used) 

(KMAX,  NK,  ERR) 

(F10._,  110,  E10.0) 

This prepares ZMODES to find eigenfunctions and eigenvalues at NK (<51) 

equally-spaced values of wavenumber k in the interval 0 ^ k <_ KMAX. 

The units of KMAX are cycles/km, converted internally to radians/m. 

ERR specifies the minimum relative precision to which the iterated 

eigenvalue search must converge.    The default value is 10"8, but up to 
-13 

10       is usable on a 60 bit machine. 

EXEC ZMODES; 

Format 

(Ml, M2, ZI, Z2) 

(2110, 2F10._) 

The above instructs ZMODES to find eigenfunctions and e.genvalues for 

modes Ml through M2 < 20. As calculations are completed for each mode 

a short line of diagnostic output is produced listing the required computation 

time and average number of search iterations per eigenvalue. See Figure 9. 

Two depths, Zl and Z2, can be specified in the interval (0,ZA), at which 

eigenfunction values and Z-derivatives will be tabulated along with dis- 

persion data during execution of ZMODES. 
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• 

»** tlüENVL COMPUTATION TIMES *** 

» HESQLUTICN HI   VALUES/MODt * 

MOCE  AVG ITERATIONS  TIME 

2.71 .2350 
2.B1 ,2^80 
3,20 ,2760 
«J,66 ,2340 
3,12 ,2690 

I 

Figure 9 

Execution Diagnostics 

-^■- - 
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(Ml, M2) 

(  2110  ) 

Provides printed tabular output, versus wavenumber, of frequency, phase 

speed, and group speed, for modes Ml  through M2.    See Figure 4,  p.8. 

GRAPH ZMODES   I j      Ml, M2. WSCALE,  KS^ALE I 
b    y    mWa   IFUNCTIONSJ     )M1, M2, MULT, FSCALE,  ZSCALE ^ 

Format (   {3} 110, 2F10.J 

With the blank option this instruction plots the frequency versus wave- 

number dispersion curves for modes Ml   through M2 as shown in Figure 5, 

P. 9.      Plot ranges are (0,  KSCALE) cy/km in wavenumber and  (0, WSCALE) 

cy/hr in frequency. 

The FUNCTIONS option plots the eigenfunctioni themselves side by side 

for MULT  (>_ 2) equally spaced waver.dmbers between 0 and KMAX,  one mode 

per figure for modes Ml  through M2.     Figures 6-8, PP.10-12, show examples 

for modes  1-3 with MULT=6. 

■ 

The functions a,e automatically normalized for plotting and the dimension- 

less number FSCALE is available for further scaling. A fair rule of 

thumb for FSCALE is 

FSCALE \   MULT X M2 

but this can vary with thermocline character. 

: 

■^^-.i.—^■,. ,^^..,.^ ^.^ ..,-,. .^^.^  .-^.J^L^ 
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Stable eigenvalue searches along the eigemoci require that the 

extrapolated eigenvalue predictions be accurate relative to the inter- 

mode eigenvalue spacing. At large wavenumbers this stability can be 

jeopardized by twc effects: long exponential scales in the eigenfunction 

integration introduce numerical noise into the calculation of eigenlocus 

slope and degrade the extrapolation accuracy; so-called "Eckart resonances" 

between isolated stable layers become severe and intermode eigenvalue 

spacing can become exponentially small. In this context wavenumbers are 

"larg^i" or "small" in the comparison 

KMAX > 1000 
< "ZÄ~ 

fi   ft 
Convergence precision (ERR) of 10  -10  will probably be adequate for 

small wavenumbers, and 10  for the larger wavenumbers of practical 

interest. In limited tests and ERR setting of 10'13 removed all evidence 

of numerical noise out to KMAX ' ZA = 10,000. 

Since the error in the quadratic eigenvalue extrapolation scale: as 
_3 

NK , the ability c*  the extrapolation to get through an Eckart resonance 
can be improved sharply by an increase in NK. 

An accidental convergence to the wrong mode will result in program 

termination with the error message "EIGENVL failed to converge at 

mode , wavenumber ." 

The average number of iterations per eigenvalue necessary to converge 

to ERR, printed for each mode during ZM0DES execution, is an indication 

of the quality of :trapolations being obtained; less accurate trial 

eigenvalues require more iterations. The number should be just above 

two for small KMAX, large NK, and ERR %  10" . Values around three are 

to be expected for ERR < 10 •10 Since total execution time is proportional 

srr-r^ ••:.: _____ - — 
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to NK times the average number of iterations, the smallest NK and largest 

ERR consistent with reliable computation should be aimed for when 

computing expense is a factor. 

iMifr n^iMi-iiiiii'iiiiaiiMfr'ittiMf^irrfci-i ^^ 
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5.  Utility Subroutine 

Various quantities calculated by ZMODE are available to the user in 

the dummy subroutine UTIL: 

Quantity 

Wavenumber 

Symbol FORTRAN 

k TK (IK) 

Inverse phase speed ^k) 
TGAMMA  (IK, MODE) 

Associated derivative dVdk TDGAMMA  (IK, MODE) 

Mode amplitude ♦„(Zj.  k) FI   (IK, MODE, JZ) 

Associated derivative 3V3Z FIZ  (IK, MODE, JZ) 

Mode sample depths ZH = 1'2 ZI,  Z2 

Table lengths (IK = 1, UK) NK 

From the first three tables one can obtain a cubic interpolation of 

y for any k. Related dispersion quantities can then be computed via 

cm ■ Y-  (phase speed) m  'm 

^m = kYm  (frecluency) 

c„m ■ dum/dk gm   m 

= cm (1 - ^ dYm/dk) (group speed); 

the units are (meters, seconds, radians). 

_____ 
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The mode amplitude and derivative data are retained at only two depths, 

Zl and 12,  as specified en the EXEC ZMODES card. These are intended fo* 

use in constructing two-point Green's functions needed in studies of 

internal wave generation. Another possible application is the pre- 

diction of surface current components u (0, k) associated with measured 

isotherm displacements 5_ (z,) at a given depth z,: 

um = Yni *m ^l) -^T- ^zl) (5-1) 

Iv, 

V' 
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Part II 

USER'S INFORMATION 
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Methods of Calculation 

The thermocline is numerically represented by a table of stability 

frequency N (z) for 2n-l equally-spaced depths spanning the interval 

(-z,, 0); outside this interval, that is, in the remaining interval 
2 

(-z. , -z ) to the o:ean bottom, N (z) is assumed to vanish. The numbers 

z , z. and n are input parameters. The table is obtained from an input 

table of temperature data, T(z.), by a third-order spline interpolation 

and differentiation, via the formula 

N2(z) = - a(T) g £ (6-1) 

in which a(T) is a linear representation of the coefficient of thermal 

expansion of seawater at 35% salinity.    The use of the third-order spline 

yields a smooth stability profile with a continuous derivative. 

The eigenvalue equation 

^4   + (Y2 N2 - k2)  f - 0 , 
dz^ 

here written in terms of wavenumber k and inverse phase speed y as 

parameters, has solutions that satisfy the boundary conditions 

(6-2) 

f(-zb) = f(0) = 0 (6-3) 

on an infinite number of real loci Ym(k). At each k, the eigensolutions 

obey the orthogonality rule 

^ 
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N 
m f dz = u 6 . n     m mn (6-4) 

The numerical search for the eigenfunctions f , eigenvalues y ,  and 
m 'm 

normalizing factors ym proceeds as follows. For a given value of k 

and a trial value of y assumed close to the n>^- eigen!ocus, the trial 

function 

f = f(z,Y. k), f(-2j = 0 a 

is numerically integrated in n steps from -za   to 0, the appropriate 

starting values of frn(-za) and f^-Zg) having been found from the 
known analytic solution 

f = const,  x sinh k{z + z   ) (6-5) 

in the region (-^, -2) where N2 = 0.    The value of f at z = 0, 

W(Y, k) = f(0, Y, k) (6-6) 

is, in general, not zero and vanishes only whenY= Y (k). The quantity w 

is a continuous, differentiable function of y  and k, and its properties 

are key to the eigenvalue search procedure. If we define 

g(z,Y, k) =  ^5-{2.Y, k) (6-7) 
9Y^ 

and formally differentiate the eigenvalue equation with respect to Y  , 

we see that g satisfies the inhomogeneous equation 

I^AU^^^^^^ ^^^^^^^Ä^^g^,    .  _. ..-^A^-.iMj^^MfcMMMiJ^ 
,   „:.^k.-.._._ 
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2 „2 ^4+ (Y' N^ - k^)g N'f. (6-8) 

g(-za) = g'(-za) = 0. 

This cofiipanion equation is   simultaneously integrated with  (6-2), yielding 

2Y    8Y 
g(0,7 , k)  , (6-9) 

which can be used immediately to generate an improved estimate of Y, 

Y -^ Y- 
_3W\ 
■by I 

w (6-10) 

A few such iterations drive w quickly to zero, within the limit 

of computational precision. The numerical integration of the similar 

equations (6-2, 6-8) uses constant step size and identical algorithms. 

Since the resulting finite difference equation for g is, in fact, the 

formal derivative of the finite difference equation for f, the con- 

vergence is very smooth, and the correction in (6-10) will approach 

within a few bits of zero. 

The value of 3W/3Y has, upon convergence to the eigenvalue, the 

following significance. Multiplying (6-2) by g , 

subtracting  , we have 

(6-8) by fm. and 

d 
31 

df, 
'm cIT 

m 
- f, m HF -N2f2 

m (6-11) 

I 

     — 
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integrating this expression and remembering that f vanishes at -z 

and 0, while g vanishes at -z. , we find 

_L /M f' 
ZYj^ UY/  m (0) = -/ 

J -z. 
N2 f2 dz = -p 

m     m (6-11) 

Thus, the calculated quantity 3W/3Y furnishes the normalization constant 

u . An analogous argument shows that 

2k Uk/  m^u; m (5-12) 

whe>"e v    is the simple norm m 

r /        f2 dz 
J i       m 

b 

(6-13) 

Upon completion of each iteration, this last quantity j's calculated by 

direct integration of the squared eigenfunction.    The slope of the eigen- 

locus, dy /dk, defined by 

I*    dY 5W 
+ ^-dk = 0, 

3Y       m      3k 

is then obtained as 

dY m 
dk 

3w/3k 
3W/37 

kv 

m YmVJm 
(6-14) 

Formally, the identity above is a differential equation for the entire m 

eigerlocus. Numerically, it is used to extrapolate accurate trial eigen 

values at successive points along the locus. 

th 
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Y, (k+Ak) ■ yjk) * 3  m /. ^  1  ■ m /1 . i \ 

? w- (k) - 2 ir (k-Ak) Ak 

+ OCAk)' (6-15) 

Starting trial eigenvalues for all the loci at k=0 are provided by the 

WKB approximation to (6-2). 

ym  (0) J0   N (z) jz ^ |m - [) n j 
-z. 

(6-16) 

the first extrapolation from k=0 is modified from (6-14) to use the 

second derivative 

d2 Ym(0)    .    vm 
dk2 Vm 

obtained from (6-13) by L'Hopital's rule. 
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7.  Program Structure and Nomenclature 

The subroutine calling sequence and data flow are depicted in 

Figure 10. The output data tables comprising C0MM0N/FLD/ have already 

been described in section 5. Other variables and working files are: 

Description 

Integration step size 

Number of steps 

Stability profile 

Trial eigenfunction 

Associated function 

Wavenumber 

Increment 

Trial phase slowness 

Temperature profile 

Mode number 

Symbol FORTRAN 

dz DZ 

n N 

N2(z) QN(1),  1=1, N2 

2n-l N2 

f(x,Y, k) 

(3f/3z)-dz 

F(I) 
1=1, N 

FZ(I) 

g(z. Y. k)/dz2 

(9g/3z)/dz 

8(1) 

mi) 
1=1, N 

k K (real) 

Ak DK 

Y GAMMA 

T(z) TDATA(I) 

ZDATA(I) 
1=1, NDATA 

m MODE 

iJ. 
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OO 
LU 
*r 00 
H-1 uu X 
h- z Q. 
=3 
O —1 3 
□C E C3 
CQ to l/l 
=3 
(•) 

I 

x : -)      v_ 

O   ►-< 
(_)  LU 

51 
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S' Description of Routines 

a. ZMODE 

ZMODE is the driver, whose only function is to pass contrTl-card images 

to the module designated: TCLINE, ZMODES, or UTIL. 

KLINE 

TCLINE reads the temperature-versus-depth data, calls SPLINES to compute 

the cubic spline coefficents, then uses SPLINE (ENTRY SPLINE2) to obtain 

interpolated values of dT/dz at 2n-l equally-spaced points between -z 
a 

and 0. The stability profile is computed and tabulated as 

\2{z) -  -g(c1+c2T) g (8-1) 

in which C1+C2T is a linear fit to the coefficent of thermal expansion of 

water at 35^ salinity. TCLINE also computes the quantity. 

HN N(z)dz (8-2) 

for later use by ZMODES in obtaining starting eigenvalues via the WKB 

approximation (see egn. 5-16). 

ZMODES 

ZMODES computes the dispersion tables v (k) and dv /dk for all modes in m      m 
in the interval (Ml, M2) designated on the execution card. 

For each mode, ZMODES computes a starting trial eigenvalue for k = 0 via 

the WKB approximation, calls EIGENVL to compute y^ and dv /dk to the mm 
specified precision, and thereafter repeatedly increments k, calls EIGENVL, 
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and taoulates v . dy /dk up to the specified wavenumber limit. Successive m  m 
trial eigenvalues are computed according to the scheme described in section 

6 and passed to EIGENVL with each call. ZMODE will terminate execution 

with an error message if the diagnostic integers IERR and MERR returned by 

EIGENVL are not both zero (sto below). 

For the printer plot of the dispersion curves w (k) an auxiliary 

200-point table is computed in convenient cy/hr units from cubic inter- 

polations of Y (k) provided by PINT. For the printer plots of the un- 

normal i zed eigenfunctions a scale factor derived from 

v = ff2dz 
m j   m 

is passed to the plotting subroutine GRAPH. 

d. EIGENVL 

This subroutine provides the iteration logic for the convergent eigenvalue 

search at a given mode and wavenumber, and computes the eigenfunction norm 

parameters used by ZMODES for trial eigenvalue extrapolation. The argument 

list is 

GAMMA Inverse phase speed y, 

trial value on input, 

converged value on return 

K Wavenumber k 

NORM 

ONORM 

MODE 

Norm v 

Weighted norm y 

Desired mode number 



m*m 
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MERR 

IERR 

IT 
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Mode error flag 

Iteration failure flag 

Number of iterations required 

EIGENVL repeatedly calls EIGENEN to perform integrations of the eigenvalue 

equation with the current value of y» each time improving y  by Newton's 

method 

Y— Y - AY,      AY = I j-j   W 
dw ■1 

* 

-4 

until w is sufficiently close to zero that 

UY/YI     <    ERR. 

Accidental convergence to an adjacent mode is prevented by a check of the 

sign of dw/dY, which alternates as a function of mode number. If the sign 

is wrong, or if for some reason convergence has not been obtained after 

ten iterations, IERR is changed from 0 to 1. 

The number of zero crossings, M, occuring in f(z) (excepting z-o) is 

counted and the number 

MERR ■ M - MODE + 1 

formed; if either IERR/0 or MERR^O further computation is bypassed. 

After normal convergence EIGENVL makes a linear correction to the eige^function 

L;sing the last computed value of AY, 

f(z)-W(z) - 2YAYg(z), (3-3) 
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The reason for this correction is that a small relative error in 

eigenvalue, Ay/y,  can be exponentially amplified by the eigenvalue 
2   2 

equation in regions where u  > N (z), leading to errors in f of 
m 3 m 

order 

if AY „k2a __ x   —L e d 

T      Y 

so that, for example, at kz % 30 the error can grow to order unity 
-13 

even for Ay/y ■ 10  . Fortunately, the error is predictable and 

removable by (8.3), to order 

of   /AY\2 kz m (8-4) 

The norm quantity u is then computed via 

m 7l     I" f,m (0)' 
^m 3Ym  m 

and the quantity v by integration. 

-■/ 
fm  dZ' m 

analytically in the region (-z. , -z^), and numerically according to the 

end-corrected t 

error of order 

end-corrected trapezoidal rule in the region (-z .o), with a small predicted 
a 

2   (4) 4 
za(n    (dz) 

e.    EIGENFN 

EIGENFN integrates f and the associated function g on the interval 
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(-za,o), using a fourth - order algorithm furnished by G. Peebles of RDA: 

yi+l5 - y1 + ^ Azy: + i Az2yv 

i+4 (^1^) 

*i+H + r4Az2 (^^i) 

y-+h - y" (yi^) 

y1+1 'yi + Azy: + i AZ2 (yj + 2y;+Ji) 

yi+i = y" (yi+i) 

A constant step size AZ is used to allow convenient non-dimensionalization, 

with the consequent savings in arithmetic. 

The arguments 

W = -f(0) 

WG - -g(0) 

are set prior to return. 

i ml 11    it—JMiniiiii^nmi Jilim 
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f.    PINT 

The function subroutine PINT performs a cubic interpolation of a tabulated 

function with the aid of corresponding tabulated derivative.    The arguments 

are 

Z 

ZT 

FT 

FTZ 

Interpolation point 

Array containing values of independent variable Z 

Array containing values of tabulated function 

Array containing values of tabulated derivative 

Dimension of arrays 

I Pointer index 

The subroutine logic finds  I such that ZT(I) ^Z < ZT(I+1) prior to 

interpolation, and the value of I can be held for subsequent calls to 

minimize table searches, 

g.    SPLINES 

SPLINES computes third-order spline coefficients for use by the interpolating 

subroutine SPLINE.    The arguments are 

N Number of data  (<100) 

Z 

C 

Array containing values of independent variable 

Array containing values of dependent variable 

Array containing computed spline coefficients 
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The spline coefficients are equal to one-sixth the second derivative 

and are calculated by an efficient method due to L.  Solomon of Planning 

Systems,  Inc.    A(l) and A{N) are assumed to be zero. 

h.    SPLINE 

Spline provides cubic interpolation on the basis of tabulated values of 

a function and accompanying spline coefficients.    The arguments are 

Z Interpolation point 

F 

FZ 

FT 

A 

N 

I 

Interpolated function value 

Interpolated derivative value 

Arrays containing values of the 

independent variable, 

dependent variable, and spline coefficients 

Number of points 

Pointer index 

The pointer index is used as in FINT. The calculation of the derivative 

is ordinarily bypassed to save tin* it is implemented via ENTRY SPLINE2, 

I 

-■•-- ■-— -■■- -  ~-*^*~-*^**j~t. MMMk tMHuum 
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i. GRAPH 

This printer-plot subroutine depends on word size and bit-manipulating 

subroutines specific to the CDC 6600 and 7600, and will have to be replaced 

for different machines. The argument list is straightforward - 

X, Y Arrays containing values to be plotted 

X0, YO Minimum values, lower left 

XSCALE,YSCALE Axis ranges 

Number of points to be plotted 

MODE See below 

SYMBOL      Hollerith character used for plot 

LABEL       Ten-character hollerith label 

MODE = 1     Plots and prints the function Y(X) 

MODE =2     Is used for accumulating functions when plots 

of more than one function are desired 

MODE = 3 Is used for the last accumulated function to 

print the entire set 

MODE ■ 0 Plots and labels the grid only, and should be used 

prior to the first MODE = 2 call 

-—--- ,... .v.1....--- .:, . , 



■ tiiMijMti^JMiiiiMiiia^^ —-■ 



^^v 

-40- 

C 
C 
c 
c 

PROGPAH   7MnOP(lNPüT#nüTP|lT1 

c 

c 

c 

COMPUTES THE NOPMAL-MOHE INJ TpH^AI.«w A VE ÜSCILLATJONS AND 
OISPfRSION HFLATIUNS OF THF UPPEP-OCFAN THERMQCLINF, 

PEAL   IC«)»*<0UN(8) 
DATA   Nnu^/feHTCLI^EifeHZMOnE^aHlJTTL/ 

5   PRINT   9g 
99   rORMATUHl/////30X,uaH***    PDA   PROGBAM    ZMODP,    VfRSlDN   JULY    1973   *** 

1 READ   lftO.(A(!),I«l.ai 
100   rORMAT(8AlO) 

00 2 I«l,3 
TFfA(2).Eü.NDUNtT)) BQ TP flO,?0,30),I 

2 CONTTNUE 
IF(A(l)(EQ,2Mcn) GD TO 3 
IF(A(n,PUtUHSTOP) STOP 
PRINT 98,(A(n,I»l»8) 

9« FORMAT(32X,2H* »AAJOI 
60 TO 1 

10 CALL TCLlNF(A) 
CO TH 1 

20 CALL ZMOnE9(A) 
60 TO I 

30 CALL UTIL(A) 
GO TO 1 
END 

■H^^HBBa^HM^H^HH^^nHMM 
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C 
c 
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c 
c 
c 

c 
c 
c 
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SüRRnuTIME TfLlNFM) 
CÜHMnN/ETGEN/^,D7•^»zralZA,Z«,'JNfaOO),F(^00),FZ(200),C(^00),ÖZf200), 

, HN,ERP 
DIMENSION A(«)iVFRP(,?),Z?(ü0n),TT(ü00),TA(200),TnATA(2n05# 

♦ ZOATAf800»»CYN(ftO«)) 
DATA vERfl,PI,GBAV,CT1,CT?/5HINPUT,^HSET#üHfXfC»5HPRIWJ,5MCRAPH, 

* 3ilÜl5926?5,9,8?,»l^E-U,,1SP-«/ 

00 1 I«l,5 
TFtAd) ,E0,VERP(in    80   TO   f I ft , 20 . in , 00 , 50 ) . I 

1   CONTINUE 
PRINT   <?9,   A(1) 

99   FOPMATt20)(,31HH.LEr,AL   iNSTRUCflQN,   TCLlNF      *   ,k\Ü,t*   *5 
RETURN 

INPUT   TEHPFRATURF   PROFILF 

10   DCCOOE(10,100, A(«))    NDATA 
100 FORH*TtIt05 

«EAD   10l,(Z0*TA(n#TDATAfn,T)il#N0ATA) 
101 FORMAT(2FlO,ft) 

RETURN 

SET   THERMQCLINF   AND   iNTEfiRATTUN   PARAMETERS 

20   0£CüOE(30#200, A(«n   7A,ZP,N 
200   FURMATt2Plft,fl»Ilft) 

OZ«ZA/(N-l) 
DZO«nZ**2 
N2»2*N-l 
RETURN 

COMPUTE   INTERPOLATED   STAPH ITY   PROFILE 

30   CALL   SPLTNFSfNDATA.ZOATA,TDATA,TA) 
J«l 
DO   35   Tal,N2 
Z«DZ*t5*(I-n 
Z»AMAX1(Z,7DATA(i)1 
CALL   SPLINE2(Z,T,OT,70ATA,TOATA#TA#NDATA,J) 
7Z(n»-z 
TTfI)»T 
QNrN2*l«n«-r,RAv*(CT1*CT2*T)«DT 

35 CONTINUE 

SUMafl, 
DO   36   |aUM| 
DNl»SQRTfAMAVlfaM(I),0,)) 
CYN(N2*l-ni'3N1*16f>0./PI 

36 SUMaSUM*ONl 
MNat,5*DZ*9ilM 
RETURN 

IL. ^.-,J-....^-._■-. ^.   ^..^— J-.-- .^ 
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PRINT   TEMPPWAT'lRf   AND   STAPTLTTV   PROFTl^S 

«0   B|COOItl0|t00#»(«)J   KKIP 
IF(I9KIPtEO,0)    I8KTPBÜ 
KOUNT«»! 
HO   «5   I»l,N2,ISKTP 
KOUMiKOUNTH 
TF(MnD(KOUNT,50).tQ.O)   PRINT   üftl 
FüOMAT(lHl//30K.?7M*** THtRMOCLI^E PPQFILE ***//// 

» 25X#8HDFPTH# H#AX,7WTFMP, C»««»IIHNfZ)* CY/MR/) 
PRINT «02,ZZ(n,TT(niCYN(T) 

CONTINUE 
RETURN 

GRAPH PRPFILFS 

50 OECOnEf30,500,A(ü)) Tj,T?,W8CALI 
500 FORMATCJFIO.O) 

T8CAL6»Tt"T2 

SYMalMT 
LBL«7HPRnFTLE 
CALL CRAPMtTTfZZ.T^.-ZA.TSCALE.ZA^.MlV^YM.LBU 
SYM»?HN 
CALL CRAPHfCVN.ZZ,0,,«7A;wSCALE,ZAlN?,M0#8VM,LBL^ 
RETURN 
END 

-•• j- ■ *'■  ■'~—' -^■■--- ■ 
...-A-.. ^.v.^...^. ^.■J-^..   - 
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oiMtNsioM A(«)#vERfl('!;),xf2noi»Y(?oft) 
COMMON/FLO/TKC^l^TGAMMArS! »f 0 ) • T0ffA**HA (91 f 20) *FT (Si »10» I) • 

,   FIZ(il«20«2)rZl*Z?»XK 
COMMnN/EIGfrN/hj,07,nzO,7A,ZR.1NU0 0)»'rC?00),F7(20ft)iGf2ft0),(5Zf200), 

,    HN,ERR 
REAL   K«KMAir,NüRM,KCY 
DATA VERB,FUM,PI/5WIMPUT, JHSFT.^HEXEC^HPRIM^HGRAPH^HFUNCTIONS, 

,   3.1ülSR?fe53^/ 

C 
c 

c 
c 
c 

no   l   IM.5 
TF(Af n,FQtVPM«(T)) GO TO f I 0 , ?0 , 3(1, ao .5fl ) i 1 

I CONTTNUE 
PRINT 100,AM) 

100 FQPMATdOX.SOHlLLEGAL TNSTOUCTTO^, ZMfJOES **iAlO#2H**) 
RETURN 

10 CONTINUE 
RETURN 

SET WAVENUMBFR SCALE A^O RFSOLt'TTU^ 

20 OECOOE(50,200,A(an KMAX,NK,FRP 
200 FORMAT(F10,0.I10,E10,0) 

IFfERR.EO.O.) r»«»«l,f»i 
KMAX»,002*pl*KMAy 
nK»«HAy/fNK-1) 
no 21 IK«1#NK 

21 TX(IK)«DK*(IK-1) 
RETURN 

, 
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C 
c 
c 
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MAIN COM^UTATinN UP M0"E FUNCTIONS AND FTGFMVALUfS 

JO OECQOE («0t)OO«A(an *\i*l,Z\,1i 
100 ^O»H*T(2Ii0»?F!0,05 

MFl»N4,5«Zl/n2 
MF?«N*,5«Z?/nz 
PHI NT 301»NK 

301 FOPH4TfiMl/////2«x,33H*** FlfltNVL CDMpliTATTON TJMES **•.// 
* 30X,l?H* »ESOlUTinN, 13,1üH VALUPS/MOOE *//// 
* 31X,2<iHMQnE  Ayr, ITFHATTO^S M*E,/) 

DO 3? M00E»^t»M2 
8TIMEB8EC0N0(X) 
GAMMASfMPnF.t5)*Pi/MN 
OöaOOGsO, 
AVlToO, 

DO 3« IK»l,^K 
KBTKMK) 

CAHMA«GAMMA*DK»(r)G«,S*nOf;) 
OAMMAO»CAMMA 
notaOC 
CALL   EIGPNVLfGAMMA,K,NJnRM#nNn«M,MOPE,MfRP,lERR, TT) 
IF(MERP,EQ,0.A«JO,IERR,FU,01   80   TH   3J 
»<CV»500,*K/PT 
PRINT   302,MOOE,KCV,MPRR,TE»R 

302   FOPMAT(//«n)(#2<}HEIGf^VL   FATLFO   TO   CONVERGE   AT,/ 
* ü5X#5HMODE   ,I?#/ÜS*,11HWAVEMUMI3FH   ,F   «,?/ 
• aSXjTHMfRR   a    ,I?/a5X#7HTE»H   ■    ,12) 

STOP 

33 R«NORM/ONOPM 
OG«K*R/CAHMA 
DO6«D0*OOl 
IFtIKtEO,l)    r)DC«r)K*R/GAMMA 

TCAMMAf IK,Mü,-)£)8r,AMMA 
TDOAMHi.(lK,HnDf )»0C 
RNORMsSOPTfONOPM) 
FI(IK,MOOE,l)aF(WFl)/RNOOM 
FniK,MünE,2)sF(MF2)/RNOOM 
FIZ(lK,MnOF,\)mrt{*r\ )/(nz*RNOOM) 
FI?(lK,MnDE,2)aFZ(MP?)/(DZ*BNO'»,M 
AVlT"AVIT*rT 

ja CONTINUE 

TIME»SEcnNr)(y).8TIME 
*VlT»AVIT/NK 
PRINT 303,MQDE./VIT#TIME 

303 FOPMAT(3?X,I?,Fl?,?,rn,ü) 
35 CONTINUE 

RETURN 

i I 
j 

_ ^-.^^U*L-*-:*- i^--:-.-.^^-^ ..-.-■. .^f^, f,., gj^j. ijiriMiiifc^y 
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C 
C 
C 

C 
C 
c 

PRINT OISPfRÄlDNI WL^TIOMS 

40 

üon 

Ii0\ 

a? 

50 
500 

501 

f)£CanE(20,500, A(ü))MI ,M2 
no 45 MQOEBMI,M2 
ORINT U00,MonE 
POBMATfIHIZ/^OX^H*** MUHE ,T2»2SH OI9PEB8ION RELATIONS ***//// 

* 20X,8HK, CY/KM#ax,8H*, 1/ftEC ,UX,»HW, CY/HR,«X,8HC# M/8EC»3X» 
* RWCfi, M/3PC#/) 

HO   4«    IK«l»NK 
KoTKfIK) 
Ca\ ./TGAMHAdK.MnOE) 

CG»0(l ,-C*K*TnGAMMA(IK,MOOE) ) 
KCVsS00,*K/Pt 
WHR«3,fc*C«KCV 
PRINT 401, KCY,W,WMH#C,CG 
Fü0MAT(UX,5Pl?,5) 
CQWTTNUE 
CONTINUE 
RETURN 

GRAPH OISPPRSIPN CURVES 

nECüDE(l0,500, A^n TYPE 
FORMATfA10) 
IPfTYPE.EQ.FUN) GU TO ftC 
L9L«IOHDT8PEP8TOW 
0EConE{4n,501 ,A(4)) MI,M?,W9CALE,S»<ALE 
PURMAT(2I10.2P10.0) 
SCALE»,002*PI*8KALf 
M0«0 
CALL   6RAPH(X,Y,0,,0,,SKALE»WSCALE,?0 0#MO,SYM,LBL) 
M0»2 
nKK»KMAX/lR9, 

mm^mmmmmmmamm^ 
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/- 

502 

52 

55 

C 
C 
C 

60 
600 

601 

61 

00 55 MOOEBMI,M2 
MoriEi»Mon(MQnE# im 
PNCOOEf 1,502,SVH)   MüDEI 

TFrMnOE.EO.M?)   MnaJ 
IK«l 
00   52    J»1,200 

ßAMM4«FIMfK,TK,Tr,AMM4(i>MnÜE) . TDG4MM * ( j # MODE ) , NK , I K ) 
V(J)"l«00,*K/(nAMMA*PI1 

CALL Gf?APH(X,Y|0.,Ot,SCALE,wÄCALE,?00,MO,3YM(LRL) 
CONTINUE 
RETURN 

GRAPH NORMAL MnOE FU^'C^lnNS 

HHOE 

OECOOE(50,60n,A(«)) 
FORMAT(3I10,2no.O) 
00 65 MüOEBMI,M2 
SCALE«!, 
FO»0. 
70«-Z8CALE 
flYM«lH* 
ENCOnE(10,60t,L8L) 
r0RMAT(5MMöüF ,1?) 
OELK«KMAy/fMilLT-) ) 
00   61    JB1,N 
Y(J)«OZ*(J-n-ZA 
MD«0 
CALL   GRAPHS,Y,Fn,70.8CA 
M0«2 

MI,M?#MUI T^SCiLr,73CALE 

E,Z.5CALE,N,M0,3YM#LHL) 

65 

00   65   I«1,MULT 
K-OELK*   (I.n*,9RJ 
3AMMA«PlNTfK,TK,TGAMMA(l,MnDE),TOC4 MMAfI,MODE),NK,IK5 
CALL   ElGENVLfGAMMA,K,NnRM#nNnRM,ManE,MFRR#I ERR,IT) 
SCALE«FSCALE*SORT(N)n»M/ZA) 
F0«-8CALE*f ,?5«, 5* (!•!)/fMiJLT-1 ) ) 
IFfI.EO.MULn   MOB3 

CALL   GRAPM^F^^n.ro.SCAi E,ZSCALE, N,M0,3YM.LBL) 
CONTINUE 
RETURN 
ENO 
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SUB«nUTIME    EIGFNVL(GAk1MA»KiNnRM#nNn9M,MCinE#MERR,IERR, IT) 

CQ"MnN/EIGEN/N(#OZ#^Z^ZA,Z«»flN(aft(n ,r',(?0fl)»F7(200) #0(2005, RZ(2flO) i 
,   HW,fRR 

REAL   K,    NQRM 

C 
c 
c 

10 

MERRaO 
TERHBO 

nGMAy»,6/HM 
86NB1, 
TF(HOD(MODFi?).EQ.O)   SGN*-lt 

ITERATE   TO   EIGENVALUE 

no in  i«i, to 
CALL   EIGFNPNfGAMMA.K, N.^rO 
IF(   9GN*wG,L6,0,)   SO   TO   11 
nGAMMA«i^/(?,*CAMMA*»;G) 
IF(AB3(0GAMMA),GT,0GMAX) üCAMMAaSir,N(OGMAX,OGAMMA) 
CAMMA«GAMMA«nGAMMA 
IMAflStDGAMMA/GAMMA) .LE.ERR) GO TO 1? 
CONTINUE 

^ 

C 
c 
c 
c 

11 IIM«1 
WRONSKIAN SLOPE WAS WRHNr, SIGN 

CHECK FOP CORRECT «OHE NMMRE« 

12 w«i 
TT"I 

FZ(N)«FZ(N^-EPS*r,2(Nl 
no  2fl   I«2#N 
FCDBFf n«EPS*G(n 
Fztn^FZf n-EPfl*GZ(n 

20 CONTINUE 
N1IN«1 
OO 25 I«?«Nl 
IF((F(I-n*FtI),LT.0.).OR,P{T),EO,0,) MaH^l 

2? CONTINUE 
MERR «M-MOPE 
IF(MERR,NE.0.OP,TERR.tn,l; RETURN 

■- '- --' L --" 
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C 
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CQMPUTE   Wü»MALTZATIO^   PACin« 

o^nRM».wc*FZfN)/nz 
8UM»0, 
00  30   T«2»^ 

30   ÄUM«8ÜM*F(n **? 
wOBMBDZÄfSDH*,?*^^)**2+F(t)*07/fe,l 
IF(ZB,tQ,ZA)   «ETIIRM 

.    TFfK.EO.O,)   GO   TO  90 
X3K*(ZB*ZA) 
IF(X,GT,10ft,)   GO   TO   «0 
ExaEXP(X) 
81NH^«{EX»1t/EX)**2*.25 
EX«EX**2 
WORM-NORH*    C,i?5*(EX-l,/rx5/K..5*(7B-ZAn*F(n**2/SINMO 

»ETURN 
(JO   NORH»NORM>,5*F(n**2/K 

RETURN 

50 MORMiNORM*F (1 j**^ ZR-ZAI/^, 
RETURN 
END 

i 

- i 

ttit^uuu^matmtm ttab.  -etmm.  mm 
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SURRHUTIMf   eT6CMFN(04MMA(K«M|N6) 

CüMMnN/E!GPN/N.OZ,f)Z(3,2A,Z«,':NfaO0i,',(20f>),FZ(?00),Cf200),(3Zf2O0), i   H N i F H R 
PEAL   K,KO 
OATA ChtCZU/t\hbhhhbhbbhhbh,.OHIbbbbbbbbbb*/ 
PQ(X)>OAHMAg*X»KQ 
QAMHAQB07Q*CAMMA«*? 

K8«0ZQ«K**| 

IFfK.EQ.O.l SG TO ? 
?XBEXPf«2(AK*(?8»Z4)1 
TAWHa(l,-EX)/(1.♦EV) 
F(l )iTAMH/)< 
r.u TO 5 

2 F(l)aZS«ZA 
5 FZfl)»nz 

r,(i)BGZ(n»ot 
FZZl»"F(1 |*l*Q(QNf 1 )) 
5ZZ1«»F(1}*ON(] ) 

^0 ino I«2fN 
Jo?»?.? 

Fl8F(I-n 
FZl«FZ(I-n 
OlaGf >l) 
8Zla8Z(l*l) 
F2BFU,5*FZU,12'?*FZZ1 
G2«Gt*,5*C7U,12S*r,zzi 
PQ2BPQ(UN(J)) 

F2»F2«C2üt(FZZ1♦F2»PT2) 
C2«02»C2U*(G7Zl*G2*PQ2»F2*nNfJ)) 
FZZ2«»F2*P02 
GZZ2«»C2*Pr32-P?*r)N(J) 
F5«FUFZ1*C6*(FZ7U2,*FZ721 
C3«CUGZl*C6*(r,ZZl*2,*GZZ21 
Pü5BPQ(Qig(j*i ) ) 
FZZJ«-F3*P03 
GZZ3«»G3*P03-FT*raKi(J*l) 

G(I)BG3 

FZ(n«FZUC6«(»rZ71*U.*FZ72*FZZ5) 
GZ(n«CZt*C6*(r,Z7l*«.*GZ72*G7Zl) 
FZZ1BFZZ5 
0ZZl«GZZ3 

100 CONTINUE 

«■•FfN} 
WG«-G(N)*OZO 
OETUPN 
FNO 

^lllijimMmm 
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^UNCTION FINT(Z,7T,FT,FT7#W,T) 
DIMENSION ZTrn»',T(n»FT7(1 ) 

3 IFCZ.LT.ZTfin GO TO I 
a IF(Z,CT,ZT(I*n) cn TO 2 

oz»zTci*n-zT(T) 
u«(Z-ZTCT))/nz 
V«1,-U 
riNT«U*FT(Nt)*V*FT(T)«U*V*CfU«V)*fFT(T)-pT(I*l))*OZ»(U*rTZ(I*l) 

RETURN 

IFfl.tT.N) on TO U 
I»-l 
RETURN 

1 I»I-l 
IFd.CT.U GO TO 3 
I"-l 
RETURN 
RND 

; 

ki nMiiiiiimiiriimi ^g,,,,^. 
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c 
c 
c 

c 
c 
c 
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12 

15 

16 
17 
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SUBROUTINE SPL iNtS(N,Z#C,A) 

SU3R0UTINE SPLINES CALCULATES THE CUBIC SPLINE COEFFICIENTS, 
CALLING ARGUMENTS 
N  NUMBER CF POINTS^ NOT TC EXCEED 100 
Z  VECTOR OF INPUT DATA FOR INDEPENDENT VARIABLE 
C  VECTOR OF INPUT DATA FOR OEPENOtNT VARIABLE 
A  COEFFICIENTS OF SPLINE 

DIMENSION Z(l)#C(l),A(n,Y(100),OC(lOO),OZ(lOO) 
A(n=0, 
A(N)xOl 
NlaN»! 

SET UP DIFFERENCES, 

DO 12 lal^Nl 
oz(n»z(i*iw(i) 
OC(I)»(C(I*l)-C(I))/DZ(I) 
CONTINUE 
Y(n'0, 
IF(NltLT,2) GO TO 17 

SOLVE TRinlAGONAL SYSTEM, 

DO 15 Ia2fNl 
PlVs2,0*(OZ(I-l)*OZ(I))-DZ(I-l)*Y(I-l) 
Y(I)»DZ(I)/PtV 
A(I)»CDC(I)-DC(I^l)-DZ(I«n*A(I-n)/Plv 
DO 16 IB«2|N1 
IsN*l»IB 
A(I)»A(n.Y(I)*A(lM) 
RETURN 

1 

< 

- t 

 -'- •— ■•  - -■--•—!— 
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SU^RnUTIWE   8PlTNF(Z,P#PZfZT,FTiA»N,n 
DIMENSION   ZT(t)»FT(l)|A(1) 

MaO 
5   IFfZ.LT.ZTf in   GO   TQ   I 
H   IF(Z.GT,ZT(I*in   GO   TO   2 

ßZaZT(I*l)-ZT(I) 
u=cz-ZT(i))/nz 
VB1,-U 
F-U*FT(l*lWV*FT(n-nZ**?*H«V*f A(n*( 1,4V) ♦*( 1*15*fl,*U)) 
IFfM.EO.O)   RETDRM 
FZ»(FT(I*n*^TfI))/OZ*OZ*(*(I)*(l»-3.*V**2)-4(I*l)*(l,-J.*U**2)) 
»ETURN 

2   IilM 
IFdAT.N)   GO   TO   « 

RETURN 

I    Tal«i 
TFd.CE.l)   GO   TO   3 
Ta-l 
RETURN 

PNTRV   SPLINE? 

00   TO   3 
ENO 
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C 
C 
C 

SU9»nuTIwE GPAPHU,Y,xn,vnjxSCALE,vSCALE,N»MODE,SYMBOL•LABEL) 
LOGICAL XOUT^YOUT 
HIMEW8I0W 
DATA 

• 10H 

TFfHDOE.GT.n 

XCl).Yfn,*(ll,51 ) 
GPin,ERAMF,PNr)S,8LANK/lCH 

,,10W / 
GO   TO   ? 

,XLABL(M ,MASK{10) 
♦,10H«"» • ♦i 

INITIALIZE AWO PLOT BRIO 

1 no 3 I«l#51 
DO 3 K«l,n 

3 A(K,I)8BLAMK 
HO « Ko2#l 1 
A(K#naFRAME 

Ü A(K,5lJi^RAME 
no 5 i»2»5n 
A(l,n«ENDS 

5 A(ll,n«ENOS 
no 6 l«ii»ai,in 
CO 6 «»2,11 

h   A(K,I)BCPIO 
00 7 K«l,6 

XLA8L(K)«XO*0,2*YSCALE*(*<,n 
YLABL        ■YO*0,?*VSCALE*(«-1) 
LINEB61»10*K 

50   ?OPMAT(FP,5,1MO 

7 ENCOnE(in»50, A( l,LTNP)5Yl_A«L 
HASKf10)a65 
00   8   K«J ,9 

8 MA8K(lO-K)lt»Jt77^,A,5HlFT(MASKfn-K),6) 
IFfMODE.FQ.OIRETDRN 

1^ 

"A 

i 

u\ 
-w......'.; .;,..;J...,-», A   .    -.^n.,.,,.,,, 
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C 
c 
c 

10 

c 
c 
c 

I 000 

000 
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«YMBHL PLOT 

8YM80L»SHIFTfSVMRüL.-5ü).A.778 
SYMBSYMBOU 

00 9 Kii.q 
SYHiSYMSnL.O, (SHIFKSYM,^,) .A,,MtT7fl) 
8YMB0l,»SYM 
00   10   !■! »^ 
LI^E»50t*(l,-(V(T)-Yn)/YSCALF)*J.5 
KOLUM«100,*(y(T)-xn)/x8CALF*10.5 
VOUTHXMf.LT, 1,0»,LINE,6T,^1 
yOUT«KOLUM,LT,10.ü^,KOLUM,r,T.no 
iFCXnuT.DR.YnijT)    CO   TO   If) 
KwnR0"(KnLUM-l)/10 
KHARaKOLUM-llUKWOHO 
KwHRnaKwORD*! 
WOS0«A(KWOR0,LTNf),A,,^,M4SK(KHAR) 
A(i(WOR0fLXNE)aMO*0,0,(iyH,A,MA8KrKHAi()) 
CONTINUE 
IF{MO0E,E0,2) RETURN 

I 

PRINT ACCUMULATEn GRAPHS 

* * . i i A « m ^ 
PRINT lOOO.LABFLi(CAfK,L),Kal,11 
FORMATMHl///lSX#A10/(5X, 11 A|0>) 
PRINT 2000i (^A8UK),K«l,«0 
FORMAT(/6X,6^13,a,7X)) 
RETURN 
ENO 

-t. 
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SUPROUTINE UTIL(A) 

,   FTZf51,20i2U7l,Z?.^X 
OIMEwsiQW   AC«) 
BETUPN 
END 

-i 
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