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SUMMARY

This program encompasses investigation of turbulent mixing 
and combustion processes required for advanced propulsion 
systems. Theoretical and experimental studies of homogeneous 
and heterogeneous turbulent mixing processes have been investi­

gated. These studies resulted in the following: An eddy 
vlscositv noioi wnr levelonrd f'or ax1 symmetric turbulent Jets.

me vi rat’ ;e c;t : ;able :n the core, transi­

tion and Similarity regioi.s data covering a broad range of
flow conditions. A detailed survey was made of axisymmetric Jet 
mixing data reported in the open literature. The extension of 
universal Jet width growth and universal decay laws to variable 
density flows was demonstrated to be Inadequate for characteriza­

tion of this class of flow. The recirculation, which occurrs 
in the separation region behind sudden expansions typical of 
modern combustors was investigated using a laser-Doppler velocl- 
meter. Detailed measurements of the mean, axial and radial 
velocities were made, as well as some measurements of turbulence 
intensity and shear stress. A set of partial differential equa­

tions were derived and simultaneously solved. Predictions made 
using these equations were brought into good agreement with data 
taken from the recirculating flows by computer optimization of 
appropriate "constants” in the models.

This Investlgatior also contributes to the understanding 
needed for effective utilization of powdered fuels by Investigating 
different aspects of the problem. These studies: established 
feasibility of shock-tube techniques for measuring ignition delay 
of boron particles; found that, slip of small particles to reduce 
diffusion limitations yields only small reductions in burning 
time; analyzed the effect of cross flow on penetration of injected 
particles; analyzed simultaneous heat, mass, and momentum addition 
from fuel Jets injected in the upstream direction to provide more 
residence time for fuel particles; determined penetration correla­

tions for light and heavy gases and gas-particle mixtures injected 
into a cross flow; assessed interaction of two gas-particle Jets; 
and contributed to reviews of wave propagation and general flow 
properties in gas-particle mixtures.
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ABSTRACT 

The behavior of recirculating flows typical of advanced air- 

breathing and rocket injectors, as well as high energy chemical 

lasers, have been experimentally investigated. The configuration 

used consisted of a circular duct having a sudden increase of its 

diameter. Step size and flow velocity were chosen to be of a 

magnitude representative of "sudden-dump" combustion chambers. 

The recirculation, which occurred in the separation region behind 

the sudden expansion, was investigated using a laser-Doppler 

velocimeter. Detailed measurements of the mean, axial, and radial 

velocities were made, as well as some measurements of turbulence 

intensity and shear stress. A set of partial differential equa¬ 

tions - including continuity, axial and transverse momentum, 

turbulence energy, and turbulence dissipation - were derived and 

simultaneously solved using both integral and finite differencing 

techniques. Predictions made using these equations were brought 

into good agreement with the data taken from the recirculating 

flows under investigation by computer optimization of appropriate 

"constants" in the models. 
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NOMENCLATURE 

b Boundary laver width 

B Step height 

D Internal diameter of larger tube 

f Doppler frequency 

0 See Equation (51) 

h Radial distance from centerline to surface separating 

the forward and back flows 

k Turbulence kinetic energy 

Axial distance from step to vortex center 

£,2 Axial distance from vortex center to reattachment point 

m Velocity ratio 

P Probability or pressure 

R Internal radius of larger tube 

u Local velocity 

U Time averaged velocity 

V Velocity 

X Axial distance from step 

y Distance from the wall 

a Angle between velocity vector and axis of duct (see 

Figure 3) 

D Similarity parameter 

9 Angle between beams of laser-Doppler system (see Figure 2 

X Wavelength of laser light 

a Standard deviation 

iv 
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4> Angle between optical axis of laser-Doppler system and 

normal to the axis of duct 

p Density 

u Viscosity 

Effective viscosity 

See Equation (50) 

Turbulence dissipation 

eff 

: 

Ü 

u 
0 
0 
Ü 

Ü 

D 
D 
D 
0 

Subscripts and Superscripts 

a Axial direction 

b ’’Blue” laser-Doppler system 

g "Green" laser-Doppler system 

1 Tensor index 

J Tensor index 

n Two-dimensional parameters used in potential flow analysis 

r Radial direction 

' Prime, denotes fluctuations 

~ Bar, mean value 
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I. SUMMARY 

Calculation of turbulent flow fields involves modeling of 

the turbulence properties in the form of turbulent kinetic 

energy, an eddy viscosity, or some other model^ » Such 

models are derived on the basis of a hypothesis, such as Prandtl's 

"mixing length," but ultimately, experimental data for mean 

velocity and turbulence parameters are needed to develop or test 

a model. Many experimental studies are available for flows of 

the boundary-layer type in which the mean flow has a predominant 

direction, but a great need still exists for experimental data 

on more complicated flows, particularly, flows with recirculation 

regions. Recirculation occurs in the separation region behind 

sudden, or sufficiently rapid, expansion of the flow. Such 

flows are utilized, for example, for flame holding and mixing 
( 3 4 5 ) 

in combustion chambers or chemical lasers * * 

Aim of the present experimental study is to contribute to 

the knowledge about recirculating flows. The configuration used 

consists of a circular duct having a sudden increase of its 

diameter. Step size and flow velocity were chosen to be of a 

magnitude representative of "sudden-dump" combustion chambers. 

Experimental observations were made in a transparent test 

section. Initially, an estimate of the extent of the recircula¬ 

tion zone was obtained by a simple flow visualization technique. 

Measurements of mean velocity and of some turbulence fluctuations 

were made with a laser-Doppler velocimeter along several traverses 

across the duct in the region of interest. It should be noted 

that the flow reversals which occur in the recirculation zone 

and the large turbulence fluctuations in a region of near-zero 

velocity preclude the use of hot-wire techniques. Even the laser 

Doppler method requires a frequency shift in one beam to provide 

an unambiguous relationship between velocity and Doppler frequency 

shift. 

1 
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These experiments located both the dividing streamline 

which separates the main flow from the recirculation region and 

the location of flow reversal within the recirculation region. 

Two analytical models for these features also were developed. 

The experimental setup and results are discussed in the 

following sections. 
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II. experimental setup 

A schematic drawing of the test section is shown in Pig. 1* 

Two Incite tubes with a connecting plug form a duct in which the 

inside diameter suddenly increases from 2.75 in. (70 mm) to 

11.00 in. (102 mm). This plug is cemented to the smaller tube 

and can slide inside the larger one. Thus, the test region 

behind the step can be kept within the length covered by the 

optical windows described below. The narrow tube is about 18 

diameters long and is provided with a flaired inlet. The larger 

tube has about the same length-to-diameter ratio and is connected 

by a flexible hose to a vacuum pump. The flow can be adjusted 

by a variable by-pass. A pitot-static tube is mounted at the 

center of the smaller tube and is used for adjustment of the 

flow to the desired velocity. The laser-Doppler system requires 

fine particles in the flow which are injected into the small 

tube some distance upstream from the step. Equally good results 

were obtained by injecting the particles into the air near the 

inlet to the smaller tube. The entire tube assembly is supported 

by a 4 in. aluminum channel which is mounted on the bed of a 

milling machine. This arrangement allows the entire test section 

to be precisely moved in three dimensions relative to the optical 

system which is mounted on a rigid table. 

The particles required for the laser-Doppler measurements 

are produced by a conventional LaMer-Sinclalr generator as 

described by Liu, Whitby and Yu<6). It produces a spray of 

dibutyl-phtalate droplets having diameters of a fraction of one 

micrometre. A slot of about 10 mm width and 130 mm length is 

cut in opposite sides of the test section to allow mounting of 

optically flat windows for the laser-Doppler system (see inset 

of Fig. 1). For this slot width, the cylindrical wall shape of 

the duct is practically undisturbed. 

3 
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III. LASSR-DOPPLER TECHNIQUE 

( 7 ) 
The well-known principle of the laser-Doppler technique 

is shown in Pig. 2. A primary laser beam is split Into two 

beams by the beam splitter S. These beams are focused on the 

test point T by means of the two mirrors M-, and Mp and lens L,. 

At T, the component V of the flow velocity at right angles to the 

axis of the optical system and in the plane of the two laser 

beams produces a Doppler frequency shift f in the light scattered 

from a tracer particle at the test point. The velocity of this 

particle then is related to the wavelength of the laser light X 

and the geometry of the system by 

Xf 
2ÏÏTHTÏÏ72T (1) 

where 0, the angle between the focused beams, was 9*7 in all 

experiments. The scattered light can be picked up in any 

direction, but its intensity is particularly strong near the 

axis of the system. It is focused by the lens on the pin 

hole H, which reduces extraneous light and is finally received 

by a photomultiplier. 

Because of the finite dimensions of the laser beams, the 

test point T represents a finite volume which however is much 

smaller than 1 mm^. As tracer particles pass through this 

volume, they produce Doppler signals which are amplified, 

monitored on an oscilloscope and recorded by a spectrum analyzer. 

To obtain an adequate Doppler signal, the laser had to be 

operated at a power level of about 150 mW. In spite of anti¬ 

reflection coating of the windows and frequent cleaning from 

deposited oil droplets, measurements could not be made closer 

than about 2 mm from the wall because of excessive scattered 

light. The light scattered from the laser beams inside the 

glass could be seen through laser safety goggles. With the help 

of a magnifier, it was thus possible to locate the intersection 
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of the two laser beams on the wall with an accuracy of at least 

0.1 mm. Traverses across the duct always were measured from the 

wall. 

The flow velocity reverses in a recirculation zone and also 

in a turbulent flow with near-zero mean velocity. In such regions, 

Eq. (1) would yield erroneous results, because the Doppler fre¬ 

quency shift does not depend on the flow direction. This problem 

is overcome by shifting the frequency of one of the laser beams 

by a constant amount. The shift is accomplished by inserting 

a Bragg cell B, driven by a high-frequency oscillator, as shown 

in Fig. 2. The Doppler frequency shift in Eq. (1) then must be 

interpreted as f-f, where fg is the frequency shift produced by 

the Bragg cell. All experiments were performed with fs - MHz. 

Thus, Doppler frequencies greater than 40 MHz indicate a positive 

velocity, while frequencies below 40 MHz indicate a negative 

velocity. 

The major components used for these experiments are: 

Laser: Spectra Physics Argon Laser, Type 165 

Amplifier: Hewlett-Packard, Type HF8447A 

Photomultiplier: RCA, Type 8645 

Bragg Cell: Zenith Light Modulator, Type M-40 

Spectrum Analyzer: Hewlett-Packard, Type 141T-85528-8553B 

The injected particles are small enough to follow turbulent 

velocity fluctuations. After a sampling time of several seconds, 

the screen of the spectrum analyzer shows the velocity (frequency) 

distribution of the particles which have passed through the test 

volume. Their mean velocity V can be read from the screen image 

with an accuracy of about 0.5 MHz by carefully estimating the 

frequency which divides the distribution into two equal areas. 

Turbulent fluctuations V' are indicated by the spread of 

the distribution curve. Let the velocity of a particle that 

passes through the test volume be given by V - V+V', and let the 

5 
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probability that a fluctuation lies between V' and V'+dV' be 

given by P(V')dV'. This probability is related to the standard 

deviation a of the distribution by 

(2) 

If the fluctuations followed a Gaussian distribution^ 

the probability distribution would be given by 

(3) 

The value of P(V') for which V' = a then follows from 

Thus, the standard deviation of a Gaussian distribution can be 

found as the value of V' for which the distribution curve has 

60% of its maximum value. The "half-width" of the distribution, 

where P(V')/P(0) = 0.5, yields a value of V' that is only 17¾ 

larger than a. 

The distribution of V" in a turbulent flow often is not 

Gaussianv ', and the half-width, determined from the spectrum 

analyzer, was used as a reasonable value for the root-mean 

square value of the turbulence fluctuations. A more refined 

method would have to be based on direct evaluation of the integral 

in Eq. (2) from photographs of the frequency spectrum, which 

would have been prohibitive for the many measurements required, 

or with the aid of automatic electronic counting and computing 

equipment, which was not available for the required frequency 

range. 

One laser-Doppler system can measure only one velocity 

component. In the present experimental setup, it readily can 

sense the mean of the axial velocity VQ and its fluctuations 

Va. Because of the cylindrical walls and the narrow width of 

the windows, it is not possible to measure radial velocities 

6 
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directly. An attempt was made to measure the radial velocities 

V and Y’" and the covariance V'V^ by using simultaneously two 

laser-Doppler systems as indicated in Fig. 1. Two different 

wavelengths were used to distinguish between the scattered light 

from each system: a green line with X = 51^-5 nm and a blue line 

with X = 488 nm. Interference filters were used to prevent the 

light from one system to reach the photomultiplier of the other. 

For the elements used in these systems, velocities were 

obtained from 

V = 3.04 f for the "green" system 

V = 2.89 f for the "blue" system (5) 
b 

These equations yield the velocity in m/s if the appropriate 

Doppler frequency is given in MHz. 

Since the optical axes of the two laser systems are not at 

right angles to the axis of the flow, the "green" and "blue" 

velocities V and are of no direct interest. The axial and 

radial velocity components Va and Vr must be determined from Vg 

and Vb by considering the geometric relationships as indicated 

in Fig. 3. Assume that the flow velocity V forms the angle a 

with the axis of the flow, and let the angles between the axis 

of the green and blue beams with the normal to the flow axis 

be denoted by $ and The velocity components measured by 

the laser-Doppler systems, Vg and Vb, also form the angles <t>g 

and <t>. with the flow axis, and the following relationships are 
b 

evident 

V = Veos(<j> -a) = V(cosó cosa + sin<|> sina) 
g g g & 

V = Vcos(<|h+a) * V(cos<J> cosa - sin<|> sina) (6) 
b b g & 

If V * Vcosa and V = Vsina are substituted into Eqs. (6), one 

obtains two equations for the unknown Va and Vr with the solution 

7 
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V 
a 

V^cos^b - Vbcos4>K 

sin(ïg + <t>b) 

(7) 

V 
r 

In the present setup, the angles <j>g and <J>b were equal and 

<j)g = «»b = <t> = 15.7^°. Then, Eqs. (7) simplify to 

a 2cos<|> 

V - (8) 
V. r sin<f> 

where Vg and Vb must be obtained from Eqs. (5). 

Equations (5) and (6) apply both to the instantaneous 

velocities and to their mean values. Thus, V and ? are 
’a r> 

directly obtainable, but the fluctuations require further 

analysis because only Vg2 and V¿2 are directly measured by 

spectrum analyzer. From the definition of the quantities 

Involved, it follows that 

or J 

(9) 

and similarly 

If Eqs. (9) and (10) are squared and a time average is taken 

over a sufficiently long time, all linear terms become equal to 

zero, and one obtains 

R 
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r^2 
a —^-5- (v:2 + vr2 + 2 v;v:) 

4cos2^ g b g b 
(11) 

V .2 _i_ + Ãr7 - 2 rrr) 
4sin2<J> g b S b 

Clearly, Eqs. (11) are not yet sufficient to compute the 
r-2 r.2 

fluctuation quantities V' and V' since the covariance V'V' 
H a V g b 

is not known. This problem was solved by exploring the flow 

field not only with the two-color system as described but also 

with a one-color system with its optical axis aligned at right 
__ 2 

angles to the flow axis to measure V' and V' directly. If the 
d. cl 

value of V' is substituted into the first of Eqs. (11), the 
cl 

equation can be solved for VgV¿ which together with the second 

equation yields V'2 in the form 

v;‘ 1 Y~ + ^ ■ 2cos2iJ> v;c) 
iisin (|) g 

(12) 

The covariance V;V' is obtained in a similar manner from 
a r 

(V +V")(V +V") 
v a a r r' ., , 4-r(7 +V"+7.+V')(V +V'-V.-V") 

»IsiniiicosiJ) g g b b g g b b 

After subtracting the equation for the mean values alone 

V V 
a r 

__l_ (V2 - V2) 
4sin<|>cos<J> ^ g b; 

and time averaging the remaining terms, one finally obtains 

- 
a r 

— (V _ y" ) 
2. ^ g Vb ; (13) 

2sin <() 

The spectrum on the screen of the frequency analyzer is 

not well defined, and the accuracy of the.measured fluctuations 

thus is not high. Therefore, only rough qualitative results 
r.2 

should be expected for and V^V', since calculation of these 

terms involves the difference between other fluctuation terms. 
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According to the foregoing, the axial mean velocity Va was 

measured both with the one-color and the two-color system. 

Comparison of the results thus provided a check of the measure¬ 

ments and increased confidence in the data. The majority of the 

measurements were performed with the one-color system. 

10 
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IV. EXPERIMENTAL RESULTS 

A number of traverses across the test section are needed to 

explore the flow field in the recirculation region. Since the 

extent of the latter was not known beforehand and the available 

funds allowed only a few traverses to be made, preliminary experi¬ 

ments were performed to establish the approximate extent of the 

region of Interest. A fine ]et of particles - the same as those 

used subsequently for the laser-Doppler experiments - was directed 

from a capillary tube against the inside wall of the test section. 

The tip of the capillary tube was about one-half of the step 

height away from the wall. The jet was Illuminated through the 

wall of the test section by a small He-Ne laser. As it was moved 

through the recirculation zone, one could observe if it was 

deflected in the upstream or in the downstream direction. These 

experiments indicated that the location of flow reversal is 

practically Independent of the flow velocity over the range from 

about 40 to 90 m/s in the smaller tube. The region of interest 

extended from the step to about 1.5 duct diameters downstream. 

These data, in addition to data taken from Refs. 9, 10, and 11, 

are included in Fig. 4. This figure shows the variation of re¬ 

attachment length with Reynolds number for flows in suddenly 

expanding circular ducts. Results from this Investigation are 

for higher Reynolds numbers than have previously been reported, 

however, these results, as well as those reported in Refs. 9, 10, 

and 11, all show the reattachment length for turbulent flows to 

be between six and nine step heights. 

The laser-Doppler systems were set up and several traverses 

made between the axis of the duct and the wall at different 

distances x from the step of the test section. The center yeloc y 

in the smaller tube at the entrance to the larger one was 64 8 

m/s (210 ft/s) for all experiments. This velocity corresponds 

to a Reynolds number based on the small tube diameter of about 

2.8 X 105 and assures fully developed turbulent pipe flow in the 

1 
' 
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smaller tube. As described in the preceding section, both the 

one-color and the two-color systems were used for the measurements. 

The mean axial velocity V at x/D = 0.75 (D is the internal 
a, 

diameter of the larger tube) is shown in Fig. 5 as a function of 

the nondimensional distance from the wall, y/D, as obtained by 

both LDV systems. The rather good agreement between these data 

strengthens the confidence in the results. For this traverse, 

the point where the axial flow reverses (Va = 0) is located at 

y/D = 0.09. 

Results for the mean axial velocity at several distances 

from the step are collected in Fig. 6. These were obtained with 

the one-color system. It can be seen that there is no flow 

reversal for x/D greater than about 1.25. It also may be noted 

that the velocity in the center of the tube decreases only slov:ly 

with increasing distance from the step. The flow from the 

smaller tube into the larger one thus acts at first as if it were 

a free jet. At x/D = 3, the center velocity has fallen to 38 m/s, 

and the velocity distribution approaches the shape of a fully 

developed turbulent flow. The total flow rate through the duct 

was determined by integration of one of the profiles, and the 

corresponding profile of the fully developed turbulent flow was 

computed^12^. It is entered in Fig. 6 as the broken line. The 

gradual decrease of the center velocity is shown also in Fig. 7 

from which one may estimate that a fully developed turbulent flow 

is re-established at a distance of about four duct diameters from 

the step. 

The points where the axial flow velocity reverses = 0) 

can be found directly from Fig. 6, and the locus of these points 

is indicated in Fig. 8 by the triangles. It is of interest also 

to find the dividing streamline which separates the recirculation 

zone from the main flow. It can be found by considering that 

there is no net flow through the region between the wall and the 

dividing streamline. The net flow between the wall and a circle 

12 
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„ f^Tr v"')dv'’ where R is the radius 
of radius R-y is given by 2tt Va(R-y ) V > 

4- V\ This integration was performed numerically for a 
Of the tube Thl nte*e recirculatlon zone, and the value of y 

traverses made with lntegral vanished. The resultant 
„as determined for which the Integ 8 by 

points of the dividing streamline are indicated 

circles. . 0 
u vo t-viP dividing streamline reaches 

The stagnation ln this manner, 

the wall of the tu e, sufficiently close to the 

because ^^er, it could he found hy the 
wall (see preced g of water was poured 
following Simple experiment. A sma small droplets 

into the duct. It "aS d =Pe"all and drlven by the flow in either 

which were deposited on stagnation ooint, 
the upstream or downstream dire^^ - -- a few 

„here they remained at re , ^ ^ ls shown ln Fig. 8 

miHlmeters. This poin ^ ;xperlmental data. The dividing 

and is consistent w parallel to the wall and approaches 
streamline at first runs nearly Paral t_ The shape of 

it only in the vicinity of the s agn of the different 

this curve appears exaggerated in Pig. » 

scales used for the abscissa and ordinate. 

a 4. at four distances from the 
Axial turbulence intensit directly with the 

step are shown in Fig. 9- These *e^ ° constant reference 

one-color system and are " center velocity at 

velocity, a*—«d ref ^ The turbUlence level near the 

the entrance to — ^ 8 over 10j. It Increases sharply 

center of the tube is traverses, is located near 

to a maximum over H0Í which, or „„-o-imately to the step 
/n - 0 13 This distance corresponds approximately 

y/ 8) As the wall is approached further, 

height (see Fig- ' aualitatively, this is the behavior 

intensity decreases aga re0lrculation region. The fact 

that one should expect downstream of this region 
that the same behavior is observed a 

13 
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indicates a slow decay of the high turbulence levels. Correspond¬ 

ingly, the maxima of the curves in Fig. 9 also decrease with 

increasing values of y/D. The decrease of the intensity to zero 

at the wall must be quite precipitous, because the intensity is ■ 

still between 20 and 30$ at y/D - 0.025 (about 2.5 mm). The local 

turbulence intensity, that is, V'2 divided by the local value of 

V is much higher than the values given by Fig. 9 because of the 
a. 

decrease of V as the wall is approached. It is in the neighbor- 
cl 

hood of 80$ in the region of the turbulence maxima in Fig. 8 and 

goes well above 100$ closer to the wall. 

As discussed in the preceding section, the covariance, 

V'-’V, is obtained ' using the two-color LDV system, while the 
Q r» * 

radial intensity, V' , requires the additional use of the one- 

color system. Furthermore, these quantities involve differences 

of experimental data which themselves cannot be measured with 

great accuracy. The numerical results obtained for scattered 

too much to be of direct value but indicate the expected behavior; 

they are small near the axis of symmetry, have a maximum at or 

near the location of the maximum of V'2 of comparable magnitude 
d. 

and decrease again as the wall is approached. 

The covariance is proportional to the Reynolds shear stress 

(T = _p v^v', where p is the gas density) and is negative in a 

turbulent pipe flow. The best measured data are shown in Fig. 10, 

where the dimensionless values V V /V2 f are plotted against 
a r ref 

distan.J from the step. As required, the covariance is zero at 

the center of the flow. It reaches negative values as in a pipe 

flow but, after reaching a minimum, increases again and becomes 

positive near the wall as necessary for recirculating flow. 
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V. THEORY 

V.1 Integral Approach 

Figure 11 shows a cross-sectional view of the duct in the 

region of the sudden expansion. The radius of the larger duct 

is R and the step height is B. A rectangular Cartesian coordinate 

system is selected such that the origin, 0, is located at the 

edge of the step, with the x-axis parallel to the duct centerline 

and the y-axis pointing inward through the duct axis. The center 

of the vortex, which is denoted by the numeral 4 in Fig. 11, is 

located in the plane MM' at a distance x = The locus of the 

inner surface of the boundary layer is Oil' and the outer surface 

is 02. The locus of zero axial velocity is the surface O^N, and 

the dividing stream surface between the returning flow, and the 

continuing flow is 03N. N is the reattachment ring, at a distance 

A2 from the plane MM'. ZZ' is any intermediate plane between 

the step plane KK' and the plane MM'. The undisturbed duct 

velocity, which is assumed to have a flat profile, is denoted by 

u ; the back flow velocity in the annulus between the boundary 

layer outer surface and the duct wall is u^, and the velocity in 

the boundary layer is u. The duct wall boundary layer is not 

included in the analysis. 

Following Abramovich's analysis of turbulent^two-dimensional 

step flow and axisymmetric flow over bluff bodies'' J , the pressure 

across any plane ZZ' is assumed to be constant, and the momentum 

balance for the zone KK'Z'Z may be written as 

u^(R-B)2 = u2(R-B-y1)2 + 2 u2(R-B-y)dy + u2[R2-(R-B-y2) ] (1*0 

Assuming the following form for the boundary layer velocity 

profile 

u^ - u 

U1 " U2 
f(n) (i-n1-5) 

15 
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y ‘ y2 / N 
where n * —g-, b being the boundary layer width (yx - y^)» 

and writing b * b/B, R" * R/B and R" = (R-B)/B, Eq. (1¾) 

becomes 

(gi) - 2R" (^) 

+ 2b i l-(l-m)(l-ri1,5) J (R" - ~ nb)dn 

+ m^(l + g^-) (R'+RR“*^ - g—, (15) 

where m = u^/\Xy 

After integration, Eq. (15) is 

(|i) _ 2R"" (^) 

+ b(R" - g^-) [2-!.8( 1-m) + 0.6312(l-m)2] 

- (b)2[l-0.5l42(l-m) + 0.1336(l-m)2] 

+ (1 + |^)(R'+R" - pOm2 (16) 

The continuity equation for zone KK'Z'Z may be expressed 

as 
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2 2 f 1 
u^(R-B) » u^(R-B-y^) + ^ I u(R-B-y)dy 

y? 

+ u2[R2-(R-B-y2)2] (17) 

Transformed to dimensionless coordinates, Eq. (17) becomes 

yl yi 
(gi) - 2R" (gi) 

2b |1[l-(l-m)(l-n1,5)2](R" - 
B 

- nb)dn 

y? yP 
+ m( 1 + g£)(R'+RR" - g£) » 0 (18) 

Carrying out the integration, the resulting continuity 

equation becomes 

(^) - 2R" (|i) 

y2 
+ b(R" - ^-)(1.10+0.90m) 

- (b)2(0.7^28+0.2572m) 
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For continuity within the circulation zone, we have 

y3 r o pi 
u(R-B-y)dy + u2[r -(R-B-y2) J = 0 

y2 

which can be written in the non-dimensional form as 

(20) 

2b nb)dn 

+ (1 + ^)(R'+R" - (21) 

After integration, Eq. (21) becomes 

2b(R" - ^)[n3-(n3-0.80ri3*5+0.2503)(1-110] 

-m)] - (F) !^n3-(n3-i.i4n3,5+0.i*0n3)(i 

y0 yp 
+ (1 + g^)(R'+RR" - g^)ni (22) 

y 3 y 2.— 
where n3 * (g-b~ b' 

The ordinate of the zero axial velocity surface may be 

determined from the condition 

u l-(l-m)(l-n^5) 

with 

y4 y2 - 
(r - r)/b 

If! 
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Solving for y^/B, yields 

y4 
B“ 

2 . - 
+ b (23) 

If we assume that the increase in boundary layer thickness 

is the same as for a free jet then 

0.22x (24) 

Equations (16), (19), (22), (23), and (24) are sufficient 

for the determination of y1, y2, y^, y^, and u2 as functions of 

R, B, X, and u1 in the region KK'M'M. 

Making the assumption that the energy of the forward flow 

is equal to the energy of the back flow in the circulation zone 

at the plane MM', leads to the equation 

ry3 
f ^u3(R-B-y)dy + J ViR-B-y)dy + [ R2-(R-B-y2)2J = 0 

y4 y2 (25) 

,3 

Combining the integrals and transforming to dimensionless 

form gives 

2b 
1 S 2 3 

l-(l-m)(l-n V (R" - g— nb)dn 

, y0 y0 
+ m3(l + giMR'+RR" - p2) (26) 

1 
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Solving the integral results in the equation 

y p s 
2ÏÏ(R" - 5"~) 

B~;L '3 

n2’5 
- 3(l-m)(n2 “ 

2.5 ^ 
2 ho 

+ 3(l-m)¿(n3 - 2 j-y + ip 

2.5 o.1* _5.5 
3n- 

- (l-m) J(n3>3 -py + nr " 575 

r 2 
,2h3 n? . ..^3 n3 

3.5 

- 2(F)¿[^ - 3(1-111)(22 - 375-) 

2 0.3-5 5 
. ,n _\2/2¿ 2n3 + % + 3(1-1^) (g- - 3 e; + q / 

3,’ll 

3.5 
On3*5 n6’5 3V + 1 ^ 

- <l-”0 (5-3fr T 5 "3 

+ m3(l + |i)(R'+RR" Y2 B ) 

F75“ 

0 (27) 

The X location at which this equation is satisfied is the location 

of the vortex center plane MM'. 

The location of the reattachment point for two-dimensional 

step flow and for axisymmetric flow over bluff bodies has been 

determined by Abramovich(13) by a potential flow analysis. In 

the two-dimensional analysis, Abramovich assumes that a mass of 

fluid moving through the circulation zone in the same direction 

as the unperturbed stream passes through the segment 3A (Fig. 

12). A plane AF is drawn through A parallel to the plane of 

symmetry at a distance h from it, and terminates at a section 

Oy, which is a distance xn from A. A new orthogonal coordinate 

system is defined such that the x-axis lies along the axis of 

symmetry and y axis passes through the point F. The results of 

Abramovich’s analysis how that, over a wide R/hn range, 

hn * 0.46B (28) 

20 
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For the present geometry under consideration R/B * 3-20, 
jD 

therefore R/hn = 6.96, which is within the range 3 i — 1 10 

analyzed by Abramovich. 

Equation (28) shows that the cross-sectional area of the 

back flow at the point x=0 is 46Ï of the total cross section 

of the circulation zone at the plane KK*. Assuming that this 

same area relationship holds for the axisymmetric case, the 

axisymmetric form of Eq. (28) is 

R2-(R-h )2 r 
0.46[r2-(R-B)2] (29) 

where h^ is the axisymmetric equivalent of hn* Thus, 

R -/R2-0.il6(2RB-B2) (30) 

For the plane flow case, Abramovich shows that the ordinate 

of the separating streamline at x=0 is 

1.75h 
n 

n 
(3D 

Satisfying the same ratio of cross sections for the 

axisymmetric case gives 

R2-(R-y0)2 = 1.75[R2-(R-hr)2] 
3' 

(32) 

or 

R -/R2-1.75(2Rh -h2) 
r r 

(33) 

Eliminating h^ in Eq. (33) by use of Eq. (30) gives 

= R -/r2-0.805(2RB-B2) ( 3*0 

21 
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Denoting the reattachment point N as x = in the new 
n 

coordinate system, the total area of the zero velocity surface 

Xt, 

I 2ir(R-y/j)dx (35) 

But the equation for the zero velocity line is 

3 

10 

lR 

y4 
1 - (vT1) (36) 

Substituting for y^ from Eq. (36) into Eq. (35) and 

integrating yields 

A0 - 2™r(R - I hr> (37) 

The ratio of A to the cross-sectional area of the back 
o 

stream at x»0 is 

it[R -(R-hrr] 

2xr(R - jj- hr) 

(2Rh -h2) 
r r 

(38) 

For the plane flow problem (13) 

.J 

A X-. 
-° = (^) 
hn h n 

(39) 

Assuming that the ratio of corresponding flow sections is 

the same for the axisymmetric and plane flow cases, Eqs. (38) 

and (39) give 

2*r(R “ hj.) 

(2Rhr - h^) 

XR XR 
(_«) » 0.46 (g£) 

n n 
(40) 

,1 
22 
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The following equation was developed by Abramovich for the 

ratio of attachment distance to step height for the two-dimen¬ 

sional case 

= - 1-6 § 1og(1 - 0.92 |) (^1) 

Equations (30), (40), and (4l) give 

- 0.368(2R-B)Rlog(l-0.92B/R) 
(42) 

The distance xn given in Ref. 10 is assumed to be the same in 

the axisymmetric case, i.e.. 

0.92 + I log (1-0. 0. (43) X 
n 

The length (Fi.g* 11) is given by 

A computer program was written for the solution of the equations 

presented in this analysis. 

( ) 
Abbott' presents a theoretical and experimental analysis 

for the case of two-dimensional turbulent step flow. Figure 13, 

which was taken from Ref. 14, shows the non-dimensional reattach- 

ment distance as a function of the step and channel heights. It 

is seen that his theoretical results do not match the experimental 

data for step heights greater than l/5th of the initial channel 

height. He suggests that the two-dimensional free jet boundary 

defined by Tollmien may be used as an asymptate to extrapolate 

the analysis to large step/channel height ratios. 

23 
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In applying the integral approach to two-dimensional step 

flows, Abramovich^^ suggests that the boundary layer thickness 

should be expressed as b = 0.3x. This value was used to compute 

the non-dimensional reattachment distance for two-dimensional 

steps, and the results of the analysis are compared with Abbot's 

experimental data in Fig. 13. It is seen that the theory accurately 

predicts the reattachment distance over the entire range of the 

experimental data. 

In order for the integral theory to predict the reattachment 

distances for both the two-dimensional and axisymmetric step flows, 

it was necessary to assume that annular jet spreading rate is 27£ 

less than that of the two-dimensional Jet. This change in jet 
( 15) 

spreading rate is confirmed by the results of Launder , who 

found that his "standard" turbulence model predicts the rate of 

spread of a round jet 30% too high. 

. 
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V.2 Differential Approach 

The integral approach discussed in the last section is of 

value where quick estimates of global type parameters a^e of 

interest, e.g., reattachment length, and/or separation streamline. 

However, where more detailed information is of interest, such as 

detailed velocity or shear stress profiles, a more complete 

mathematical form governing equations must be solved. The success¬ 

ful prediction of steady, axisymmetric, turbulent, and recirculating 

flows requires a knowledge of the physical laws governing the 

transport, creation, and destruction of turbulence. This knowledge 

must be cast in mathematical form and a scheme for solving the 

resultant differential equations must be written into a computer 

program. 

Recirculating flows are characterized by the following 

properties: 1) There is no single predominant direction of motion, 

e.g., backflow can be and is usually present in the chosen co¬ 

ordinates, 2) Turbulent diffusive transport is important in all 

coordinate directions. Recirculating flows are thus governed by 

the elliptic differential Navier-Stokes equations. No 

practical numerical treatment can span all the time and length 

scales of turbulence, and the time averaged equations, containing 

unknown convective correlations, must be solved. A solution of 

these nonlinear equations is only possible where a turbulence 

model can be formulated which prescribes how these correlations 

are to be found. The accuracy with which turbulence parameters 

can be predicted is largely dependent upon the accuracy of these 

models. In other words, the equations do not give the entire 

story and models based on simple physical concepts and experiment 

must be developed to bridge the gap between the equations and the 

actual flows. 

In turbulent flows and, in particular, recirculating flows, 

the local turbulence structure depends strongly on events else¬ 

where in the flow. The turbulence model must account for this 

"transported” nature of turbulence. In recent years attempts 

?') 
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have been made to account for this "transported" nature by com¬ 

puting the development of the local turbulent kinetic energy and 

dissipation per unit mass as the flow develops and relating the 

local unknown correlation (Reynolds stress) to these quantities. 

The steady state time-smoothed equations, including the (two- 

equation) energy-dissipation effective-viscosity model for deter¬ 

mining the turbulent fluxes, can be written in the following formi 

Continuity 

Í15) 

w¡ ‘»V " 0 w; 

Momentum 

a a 3U _ 

(puiV - dq- (^- pu<u<} + — 
3P 

*i“r ■ 9xi 
(46) 

Turbulence Energy 

n7(pkUj, -%(¥%)’,,tG + CE ' 0 

Turbulence Dissipation 

3 ( ne-Ti ^ _3_ hi u 
axj (pEUj) “ 3xj ( ae ax^ " k y 

Auxiliary 

- P^Uj 

tG + C2 ÏT 

9U, 9U. 
u (—=- + —“-) 
yt ^9xj gx^^^ 

(47) 

0 (48) 

(49) 

y. = C 
y e yeff - y 

(50) 

9U. 9U. 9U. 

dXj dXi dXj 
(51) 

26 
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These equations in two dimensions have been written^in finite- 

difference form using the method described by Spalding an<Qg 

Runchal(17^ and solved using a modified version of the SIMPLE * 

computer program. Details concerning the solution procedure 

are given in the cited references and will not be discussed further. 

The turbulence model given by Equations 47, 48, and 50 contain 

five empirical coefficients. The following table gives the values 

of these coefficients recommended by Launder^0^ based on computa¬ 

tions of free shear flows. 

Table 1 

Values of Constants in Turbulence Model 

Computer optimization of these constants for the data obtained 

using this investigation showed that a value of 1.7 instead of 

1.9 for C2 resulted in better agreement between theory and 

experiment. 
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VI. COMPARISON OF THEORY AND EXPERIMENT 

Results of the integral analysis to the configuration are 

presented in Fig. 14. The dividing streamline, locus of flow 

reversal, and location of reattachment point are shown. It is 

seen that the agreement between theoretical and experimental 

results are quite good considering the simplified nature of the 

integral analysis. 

In order to get numerical solutions of the elliptical 

differential equation set, boundary conditions must be prescribed 

around the entire solution domain. These conditions were known 

or measured at all boundaries except at the jet entrance. At 

the Jet inlet only, the centerline mean velocity was measured. 

By numerically integrating the velocity profiles measured down¬ 

stream of the step, the total mass flow was determined. Knowing 

the centerline velocity, the total mass flow, and that the 

entrance tube length was sufficient to assure fully developed 

pipe flow, a power law profile was determined and used as the 

mean velocity boundary condition at the jet inlet. The turbulent 

energy and dissipation profiles were taken from Klebanoff's 

measurements as reported by Hinze^ 1 ^ for the Reynolds number 

nearest that calculated for the jet inlet. 

Results of the differential analysis are shown in Figs. 14, 

15, and 16. The predicted locus of flow reversal downstream of 

the sudden expansion is compared with measured data in Fig. i4. 

It is apparent that the predicted recirculation zone is initially 

thinner and the reattachment point further downstream than is 

experimentally observed. By changing the turbulence production 

and dissipation rates (C^ and C2 in the turbulence model), the 

reattachment length could be easily varied; however, when these 

quantities were changed such that the reattachment point was 

exactly predicted, the recirculation zone thickness and center- 

line velocity decay were Incorrectly predicted. Use of the 

modeling constants discussed previously is a compromise whereby 

all quantities of interest are predicted with similar accuracy. 

28 
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Figure 15 is a comparison of the predicted and measured 

centerline velocity decay. The predicted decay rate compares 

very well with the measured rate being exactly correct in the 

initial region and slightly slower downstream of the recirculation 

zone. This slower decay rate leads to fully developed flow con¬ 

ditions being predicted further downstream than would be experi¬ 

mentally observed. The comparison of a predicted and measured 

velocity profile within the recirculation zone (x/D = 0.75) is 

shown in Fig. 16. This figure shows the predicted rate of 

spread of the round jet to be too high. The source of this problem 

is a limitation of the present turbulent model. The model does 

not account for the time lapse between extra turbulent energy 

being supplied and the effect being felt in the dissipating 

motions . 

29 
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Window Detail 

Figurei. Schematic of Test Section 
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Figure 2. Schematic of Laser Doppler Velocimeter 
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Figure 3. Coordinate System used for Velocity Measurements 
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Figure 6. Velocity Profiles Measured at Six Locations Downstream of the Step 
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Figure 7. Axial Velocity on Centerline 
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Figure 8. Expcrimently Determined Recirculation Zone 
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Normalized Shear Stress 

Nondimensional Height, y/D 

Figure 10. Normaüzed Shear Stress Profile (Line is Curve Fit of Data) 
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Figure 11. Theoretically Defined Recirculation Zone 
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Figure 12. Coordinate System used in Integral Analysis 
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Figure 15. Comparison of Measured Centerline Velocity with Prediction 
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