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FOREWORD 

The Symposium dealt with recent research results concerning the understanding and 
prediction of two-dimensional and three-dimensional laminar and turbulent separation 
phenomena in subsonic, transonic, and supersonic flows.  Numerical, analytical, theoretical, 
and experimental results were discussed. 

The Symposium consisted of three Sessions, each of which started with an invited 
survey paper.  The Symposium concluded with a Round Table Discussion, initiated by 
invited experts, which assessed and evaluated the Meeting papers and suggested directions 
for future research effort. 

The Symposium was held at the Stadthalle, Göttingen, at the invitation of the German 
National Delegates to AGARD. 
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OPENING REMARKS 

by 

D.KüclKmann 

The Fluid Dynamics Panel held its lasl Symposium in the eCernal city of Rome     now we have come together 
in the city of Göttingen, known as a city for just a little over one thousand years, with a University which is only 
some two hundred years old.   Yet there is something about this place, which I think is relevant to what we are going 
to do, and which I should like to recall.   My remarks will be partly personal, - after all, I was born here and I grew 
up acre - but I seriously believe that the spirit of this place Göttingen goes beyond personal feelings and concerns 
us all. 

It has been called the "(iöttingen spirit", der Göttinger Geist, and I shall try to explain what it means to me 
and what it can do to people. 

On the one hand, the Göttingen spirit means that human endeavours and scientific enquiries to find out about 
and to understand nature around us and also human nature require and deserve our most strenuous, vigorous, and 
persevering efforts: we must learn to think clearly and to reason     we must know, and we shall know!   On the other 
hand, it me ns that our work and thinking, however hard we exert ourselves, cannot be done in exclusive and 
splendid isolation and be justified as being an end in itself and done for its own sake:   whatever we do, we itiust have 
some aim in mind, which might benefit the human society in which we live, and we must go far enough in our work 
to convince ourselves that the outcome of our endeavours can be applied usefully in some way.   Many very great 
men and women have lived and worked here at (iöttingen and acted according to these tenets.   They taught and set 
an example to many others, and it is a remarkable characteristic of this Göttingen spirit that quite ordinary people 
with only modest talents, like myself, could so greatly benefit from it.  That is why I take the liberty to use this 
occasion to speak about it and. at the same time, to offer my own personal tribute t<  the spirit to which I owe so 
much. 

It may be in order to remind ourselves briefly of some historical facts.   The University Georgia Augusta was 
founded in I 737 by George II. Iwng of l.ngland and Elector of Hanover, and the influence of George's adopted 
country can be fell quite strongly*here,   tven the Dukes and Princes of Hanover, who used to live in the houses 
along the Prin/enstrasse. gave their titles in l.nglish rather than in German.   What concerns us is that Göttingen was 
one of the tirst modern Universities, as we know them today, designed by the enlightened Baron Münchhausen (of 
the same lower-Saxon family as the famous traveller), who from the beginning gathered here some of the most 
eminent and outstanding teachers and researchers and immediately founded a "Royal Society of Science" according 
to a pattern already set before in London.   One of the many bright people then at Göttingen was Lichtenberg who 
maintained thai "knowledge does not mean all the things we happen to know but only those we have thought about 
enough to know how they hang together and how they can be applied usefully".   This proposition describes the 
(iöttingen spirit very clearly and is still worth thinking about.   It sets two aims before us:   first. Improving Natural 
Knowledge, and here I would quote Kant in a passage which Hubert chose as an epitaph for Gauss:   "All human 
knowledge begins with intuition, then passes to concepts, and ends with ideas".   Second. Finding an Application 
which can be useful to society.   I would hope that we can all agree on these two aims, and that we can demonstrate 
that at this Symposium:   that we have found out something and that we can m^ke ourselves useful, realising that 
nobody owes us a living. 

Lichtenberg's proposition differs in a subtle way but nevertheless radically from the demands that are now made 
on many of us.   Nowadays, we are expected to demonstrate the socio-political relevancy (die gesellschaftspolitische 
Relevanz) of our work before we even start it.   Before we obtain any results, we are expected to demonstrate that 
they will lead to cost-effective products which can be sold in the ma.ket place at a profit.   This makes no sense to 
me. and we can but hope that the Göttingen spirit of Lichtenberg will prevail in the end.  On the other hand. I am 
confident that we shall be able to demonstrate at this Symposium that there are people with intuition working in 
fluid dynamics: that we can come up with new concepts and ideas: and that we can think of useful applications. 
Our subject already provides an excellent example:   how improving our knowledge of flow separations in three 
dimensions led us to realise the constructive role that flow separation can play in the aerodynamic design of aircraft, 
which in turn led to the evolution of the design concept of slender wings.  This is how we do our work. 

To me. the Göttingen spirit means something which came from people who worked here in the 1920s and 30s, 
such as Felix Klein who brought David Hubert here exactly one hundred years after Gauss and who inspired the 
marvellous growth of applied sciences here; Albert Betz, Max Born, Constantin Caratheodory, Richard Couiant, 
Kurt Friedrichs, Werner Heisenberg, Gustav Herglotz, Erich von Hoist, Pascual Jordan, Walther Nernst, Emmy 
Noether, Ludwig Prandtl, Carl Runge, Hermann Weyl.  These people worked in the spirit and spread it generously. 
It proved to be a blessing for life to many who had the fortune to be here in those glorious days.  They are deeply 
in debt to Göttingen and can never repay it.  This spirit benefitted even those who only went to school here:   Hie 
Headmaster of one of your schools was Walther Lietzmann who, as a student, led a successful delegation to dissuade 
Hilbert from leaving Göttingen for Berlin, and who later transformed the teaching of mathematics in schools; and 
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one of the science masters was Frkdrieh Seytarth. the last personal assistant to Felix Klein.   This spirit drew bright 
young men from all over tht world to Göttingen, some of whom Hubert called his Wunderkinder, and these include 
Patrick Ulackelt. Sidney Goldstein, l-'rederic Lanchester and Herbert Squire    This spirit went further than just 
mathematics and physics:   people like Born or Heisenberg would sit down and play tlu piano part of Brahms's cello 
sonata by sight; and Runge's daughter. Nina Courant, was one of the first to revive an interest in learning to play 
the viola da gamba and thus encouraged others to du the same.   If you want to know more about this, then read 
the book "Hubert" by Constance Reid (Springer. 1970).   There, on page 238, you will find a photograph taken on 
Hubert's sixtieth birthday in January 1922. and you will see in the party Richard and Nina Courant. Peter Debye, 
James I ranck. Edmund Landau, Leonard Nelson, Carl Runge, and also Theodore von Kaiman and Ludwig Prandtl. 

In Ludwig Prandtl the Göttingen spirit abounded.   He was one of the engineers invited by Felix Klein to come 
here to foster the applied sciences.   Typically, when he thought out the concept of boundary layers, he immediately 
went on to consider how this could be applied usefully, and concerned himself with the practical probli-m of flow 
separations.   We shall hear more about him from Professor Schlichting and more about How separations during our 
Symposium. 

What does all this mean to us today and what can we do about it.'  Wc know that the Göttingen spirit was 
assaulted here in 1933 in the most brutal and destructive manner, yet it is not dead.   It proved to be much stronger 
than the forces of destruction.  These failed completely and ended in disaster: they are dead.   But the spirit lives. 
We can still let ourselves be »uidcu by it.   We can apply ourselves as hard as we can in the search for knowledge in 
our beautiful field of fluid dynamics and then think about our findings enough to know how they hang together, 
and how they can be applied usefully.   In the course of this, we must communicate what we find out to others, and 
this is what we are going to do this week.   In this regard, I would again refer to Hubert:   it has been said that he 
could produce the most beautiful prose, "the style in the literary sense being the accurate image of the way of 
thinking".   We cannot hope to reach the level of Hilbert or Prandtl in our work and in our communications, but we 
can at least aspire to reach a decent level so that we can earn our living honestly.   Men like Prandtl have set us a 
standard to go by. and we can at least try to understand it and not rest content too far but to live up to it.   I should 
also like to think that Von Kdrman injected a good dose of the (iottinpen spirit into A(iARI) and that this is still 
alive and will become apparent this week. 

Thus I am optimistic, after all. and so our motto should be the words which are engraved on a stone over 
Hilbert's grave here at Göttingen: 

Wir müssen wissen 
Wir werden wissen 
We must know.   We shall know. 
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AN ACCOUNT CF THE SCIENTIFIC LIFE OF LUDWIG PRANDTL 

by H. SCHLIC HTING *) 

Deutsche Forschungs- vnd Versuchsansta l t ftir Luft - und Raumfahrt e. V. 
- Aerodynamische Versuchsansta l t GOttingen -

SUMMARY 

This Lec tu re i s presented on the occasion of the hundredth anniversary of LUDWIG PRANDTL's bir th . 
It cons is t s of the following three par t s : 

I) Highlights of PRANDTL's scient if ic work 
II) PRANDTL as a universi ty p r o f e s s o r 

III) PRANDTL as the head of a l a rge r e s e a r c h insti tute. 

Af te r an introduction on PRANDTL s profess ional c a r e e r the following subjects accompanied by p ic tures 
showing some quantitative resu l t s will be dealt with in P a r t I: boundary layer theory, wing theory at 
subsonic and supersonic speeds, theory of stabil i ty of l aminar flow. F u r t h e r m o r e , in this section the 
following problems will be touched on briefly: Fully developed turbulent flow with application to boundary 
l aye r s , pipe flow and meteorology. PRANDTL's contributions to development of wind-tunnel techniques 
will also be mentioned. 
In P a r t II some r e m a r k s will be made on the l a rge number (about 80) of doctoral theses which have been 
supervised by PRANDTL in his capacity as P r o f e s s o r of Applied Mechanics at Goettingen University. 
In P a r t III some r e m a r k s will be given on PRANDTL's work as Di rec to r of the Aerodynamische V e r -
suchsanstal t GOttingen (AVA) founded in 1907 and of the Kaiser-Wilhelm-Inst i tu t fUr Stramungsforschung 
(now Max-Planck-Institut), founded in 1925. 
At the end we give a few concluding r e m a r k s concerning the things that we all should l ea rn f r o m PRANDTL 
and t ransmi t to future generat ions of r e s e a r c h worke r s in the field of applied mechanics , and, par t icular ly 
of fluid mechanics . 

F i S- LUDWIG PRANDTL' S PICTURE TAKEN AT THE AGE OF ABOUT 60 

*) P r o f e s s o r , Technical University Braunschweig and Direc tor . Aerodynamische Versuchsansta l t Goettingen. 
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1) INTRODUCTION 

Mr.  Chairman, Ladies and Gentlemen, 

About one year ago, the Chairman of the Fluid Dynamics Panel asked me to deliver a survey lecture 
on PRANDTL' a work during this year' s AGARD Conference on FLOW SEPARATION.   The conference 
has been organized here in Goettingen,  Ludwig PRANDTL' S work arena for many years on the occasion 
of the hundredth anniversary of his birth. I accepted this invitation very gladly and for a variety of 
reasons: In the first place, I feel myself personally very close to PRANDTL because since my student 
days,  that is for almost fifty years, I have worked almost exclusively in the field of the new mechanics 
of fluids whose foundation was errected by him.  Secondly, I believe that I have made some contributions 
to PRANDTL' s heritage in that I have been directing for the last eighteen years the Aerodynamische 
Versuchsanstalt (AVA) errected by him in the year 1907 in Goettingen. Today this constitutes one of the 
five research establishments of the German Research Institute for Flight and Space Travel (Deutsche 
Forschungs- und Versuchsanstalt für Luft- und Raumfahrt, or DFVLR). Last, but not least, I should 
like to mention that of all members of the AGARD Fluid Dynamics Panel I am the only one, except   for 
our Chairman, Dr. D. KÜCHEMANN, who worked directly under PRANDTL.  This I did from 1928 
until 1935. 

I have organized my lecture under the following headings: After a few introductory remarks concerning 
the situation of the physics of fluid flow at the time when PRANDTL appeared on the scientific horizon 
that is at the beginning of this century, I shall present you with reports on 

1. Some highlights of PRANDTL' s scientific work 
2. On PRANDTL' s influence as a university professor, and, 

finally, 
3. On PRANDTL' s influence as the director of a large research 

establishment. 

At the end, I shall make several remarks on the lessons, which we can learn from PRANDTL' s endeavor. 
I shall illustrate my remarks w'th many pictures; these will, principally,  relate to the first part which 
deals with PRANDTL' s scientific work. 

Figure 1 shows a picture of PRANDTL when he was about sixty years old. 

Figure 2 reviews the most important dates in PRANDTL' s long life.  PRANDTL was bom on the 4ih of 
February 1875 in the town of Freising in Bavaria; he died on the 15th of August 1953 in Goettingen at the 
age of 79 years. 
He came to Goettingen in the year 1904.  Thus he spent almost 50 years of this life (1904-1953) in this 
city.  In the year 1900, when PRANDTL was 25 years old, he was awarded his doctorate (Dr. Phil) at the 
University of Munich after having completed his studies at the Technical University of Munich under 
AUGUST FÖPPL; the latter earned him his engineer' s degree (Dipl. -Ing.) in machine design. PRANDTL' s 
thesis (1900) contained the solution of a problem of elasticity theory whose absence was then acutely felt 
in industry. This was the problem of buckling, that is of the lateral instability of a rod subjected to com- 
pressions. At first, PRANDTL' s subsequent scientific papers were devoted to studies in the theory of 
elasticity. In the year 1901, after he had worked in industry at M. A. N. in Nuernberg for one year, that 
is at the age of 26 years, he was invited to join the Faculty of the Technical University at HANOVER 
as professor of Mechanics. He remained there until 1904. During that time he published the results of 
his studies on the stress distribution in a bar subjected to torsion; on this occasion he discovered the 
so-called soap-bubble analogy, 

4 Febr. 1875; Born in FREISING, Bavaria 

1900: Oocforate (Dr. Phil) at the University of MUNICH 

1900 -1901 Engineer at MAN in NUERNBERG 

1901 -1904 Professor ui kchical University in HANOVER 

1904 -1947: Professor at University of GOEIIINGEN 

1907-1937:   Oirector, AERODYNAMISCHE VERSUCHSANSIALT (AVA) Fig. 2: PRANDTL's PROFESSIONAL 

1914: Elected to the Academy of Sciences in GOETTINGEN CAREER  1875 - 1953 

1925 -1947 :  Director. Kaiser-Wilhelm-lnstifut für Stroemungsforschung 
(Kaiser-Wilhelm-lnstitute for Fluid Mechanics) 

1947: Emeritus Professor at GOETTINGEN 

15Augl953:   Died in GOETTINGEN 
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2) HIGHLIGHTS OF PRANDTL' S SCIENTIFIC WORK 

I now propose to give you a quick review of some of the moat important investigatione performed by 
PRANDTL. In doing so, I wish to restrict myself exclusively to a consideration of PRANDTL's papers 
in the field of fluid mechanics, regardless of the fact that he made fundamental contributions to the other 
branches of mechanics (elasticity theory, plasticity). PRANDTL's work in the field of fluid mechanics 
will be reviewed under the following headings: 

1) Boundary Layer Theory 

2) Turbulent Flow 

3) Origin of Turbulence (Stability Theory) 

4) Boundary Layer Control 

5) Wind Tunnels 

6) Airfoil Theory 

7) Compressible Flow 

8) Meteorological Problems. 

In discussing this vast area, I shall endeavor to be brief. 

2.1 Boundary Layer Theory 

Let me begin with PRANDTL' s boundary layer theory mentioned earlier. This is the discipline in which 
he earned his early fame in the professional, scientific circles [3,4] . At the beginning of this century 
the view prevaüed that it was hopeless to try to solve the NAVIER-STOKES equations for a viscous 
fluid, especially, as far as the problem of external flow about a body was concerned. For this reason 
PRANDTL searched for approximate solutions concerning the low-viscosity fluids,  such as air and water, 
which are important in engineering applications. In the case of the two-dimensional steady flow problem 
involving incompressible flow about a body (Fig. 4), it is necessary to consider the following system of 
three partial, nonlinear differential equations for the components   u  and  v  of the velocity and for the 
pressure  p : 

öx        dy (1) 

Uäx    vay      9 ax    v[p     by2j (2) 

(3) 

The boundary conditions are: 

y = 0:u = v=0    (absence of slip at wall) 

y = oo : u » U 
CO 

•U(x) 
(4) 

u 00 

Fig. 4:   REDUCTION OF THE NAVIER-STOKES 
EQUATIONS TO OBTAIN THE BOUN- 
DARY LAYER EQUATIONS, PRANDTL 

1904 
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This is a system of three nonlinenr partial differential equations for the unknown functions u, v and p 
of the position coordinates   x  and  y .  Since this system of equations proved to be insoluble even for 
simple body shapes owing to the attendant mathematical difficulties, PRANDTL sought a., approximate 
solution, which exploited the physical simplifications resulting from the small viscosity.  These reduced 
the mathematical difficulties to such an extent that the simplified system of equations could be solved 
with the aid of the then existing methods. Thus he was led to the so-called boundary layer equations in 
which in equation (2) the indicated term was stricken and equation (3) was dropped altogether. From a 
physical point of view, the simplification consists in the following: PRANDTL divided the complete flow 
field into two regions; first he considered the thin boundary layer developed very close to the solid wall 
in which the frictional forces are as important as the inertia forces; secondly, he introduced the exter- 
nal region in which the flow is practically frictionless. 
Mathematically speaking, this leads to the following: 

The continuity equation (1) remains unaltered. In the equation for momentum conservation in the x-direc- 
tion, only the larger of the two viscous terms is retained,  whereas equation (3) of conservation of 
y-momentum is completely disregarded.  The latter is equivalent to the statement that the fluid particles 
have zero mass as far as their motion in the direction normal to the wall in concerned. Since the number 
of equations is reduced from three to two,  it is necessary similarly to reduce the number of unknown 
functions. 
This is achieved in that        in the reduced system of equations, the pressure |j(x,y)  ceases to be un- 
known.  Even more, the pressure distribution can be,  so to say, determined beforehand from the friction- 
less external flow U(x); it plays the part of a known force   p(x) , which is 'impressed" on the boundary 
layer. It is clear that the preceding simplifications (omissions) are "onerous", as far as the equations 
of motion are concerned.  The fact that such "mutilated" equations can, in spite of all this,  lead to results 
which are useful in practice, must be ascribed to PRANDTL' s intuitive genius and ability to grasp the 
essence of physical reality. 
What has just been said constitutes the foundation of PRANDTL's boundary layer theory of 1904.  For 
this reason I may be permitted to develop it in a little more detail on the example of a flat plate at zero 
incidence (Fig.   5).  The equations for the flat plate assume the form: 

dx       dy 

*      ay      ay2 

y = 0 : u = v = 0 

y = oo : u = U 
J CO 

> 
(5) 

Fig.  5: LAMINAR BOUNDARY LAYER ON FLAT 
~   " PLATE 

PRANDTL 1904 - BLASIUS 1908 

The first hint on how to solve these equations was given by PRANDTL himself in his original paper [3] 
of 1904; the explicit solution was successfully achieved in the 1907 thesis of H. BLASIUS [s] . 
Here are the most Important results: 

It is easy to show that the boundary layer thickness, 6 , depends on the dimensional variables via the 
group: 

1    oo 
(6) 

By  applying the similarity transformation   r; ~ y/Ä , or 

Pü—v 

v ' y Vrf (7) 



1-6 

It becomes possible to reduce the solution of both partial differential equations to the solution of 
a  single ordinary  differential equation for the stream function 

<.{x,y)'^r7TP. f(fj) . (8) 

In this manner we are led to BLASIUS' s differential equation 

f . f" + 2 f" = 0 (9) 

which is of the third order and which has to satisfy the boundary conditions 

fl«0;f»f'-0;rj-oo:f'-l       . (10) 

As the most important result we can now calculate the shearing stress at the wall at position x . We 
obtain 

V5"'"® s0'r'{0)*v<»1üJ^ 

with   f"(0) = 0.322 . 

This leads to the expression for the local skin friction coefficient 

9</2   f  Y^T 
and for the skin friction coefficient of whole plate 

V...A6S1- (11) 

1   ^2ft 
' c   '   ' (BLASIUS, 1907) (11a) 

with  Re    = U   x/u and   Re, - U   l/p and  F   being the wetted surface of the plate, x       oo i       oo 

Figure 6 compares the former result with measurements; agreement is excellent in the Reynolds-number 
range  Re   » 6 • 104 to 6 •   10   over which the boundary layer remains laminar. 

Finally Figure 7 compares the theoretical result for the velocity u/U     ■ f' (»))  with measurements. 
These very carefully executed measurements of the velocity distribution in the laminar boundary layer 
on a flat plate were performed by J. NIKURADSE [6]   as late as in the mid-thirties.    They confirm 
in exquisite fashion, first, the existence of similarity of velocity profiles at various distances, x . 
along the plate demanded by the theory In that they all collapse into a single curve. Beyond that, the 
actual form of the velocity distribution shows complete agreement between theory and experiment. 
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After the achievement of this brilliant confirmation of theory by experiment, it was possible to accept 
the complete validity of boundary layer theory for laminar flows.  The application of boundary layer 
theory to turbulent flows will be discussed later in this lecture. 

Fit _7: LAMINAR BOUNDARY LAYER ON FLAT 
PLATE: VELOCITY PROFILES 

2. 2 Turbulent flows 

Sphere:It was known since Reynolds's time [7]   that there existed two fundamentally different flow regimes 
In pipes4aminar and turbulent. The existence of these two flow regimes in boundary layers was discovered 
by PRANDTL when EIFFEL [8]  published in 1912 his measurements on the drag of spheres which showed 
large and unexplained mutual deviations. As soon as this became known, PRANDTL charged C. WIESELS- 
BERGER [9a] with the task of remeasurlng the drag of spheres in the new wind-tunnel constructed In 
Goettingen a couple of years earlier. The results of such measurements are represented in Figure 8 . 
v/iiich shows the flow pattern made visible with the aid of smoke as well as the plot of drag against the 
Reynolds number. PRANDTL discovered that the large differences observed in the drag coefficient of 
spheres can be explained, if it is recognized that the flow In the boundary layer can be either laminar or 
turbulent. When the flow is laminar, the line of separation places itself far upstream and produces a wide 
wake thus causing the drag to become large. When the flow becomes turbulent, the separation line moves 
far downstream. 
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subcnticol supercritical 

Boundary Layer 
laminar 

e    0.6 

Boundary Layer 
turbulent 

Tripping Wire 

Fig. 8: DRAG COEFFICIENT OF SPHERES AGAINST 
REYNOLDS NUMBER; PRANDTL 1914 

Re, crit 3xl05 

10* 2    ^ 6 iflS 2    4 6 IQ« 

Re=^ 

This results in a much narrower wake and a drag which is smaller than that associated with laminar 
flow. It is in this connection that PRANDTL discovered experimentally the existence of a critical 
Reynolds number for the boundary layer. The crucial experiment for the clarification of the early results 
on spheres and for the discovery of the two flow regimes involved the use of a tripping wire. This put 
on the scientific map the problem of turbulence which occupied Ludwig PRANDTL during the whole of 
his life. But many years were to pass before a satisfactory theory for it could be created In PRANDTL' a 
institute. 

Smooth pipe: Several years later, after the First World War, that is about 1920, PRANDTL reverted 
to the problem of developed turbulent flows in connection with his s'udy of pipe flow. An analysis of the 
measurements known at that time led him to the conclusion that the empirical law for turbulent flow in 
a pipe employed at that time needed to be corrected at high Reynolds numbers. This law asserted that 
the coefficient of resistance is: 

(BLASIUS,   1913) (12) 

where  Re * ud/y , so that the pressure drop was proportional to the 7/4th power of the mean velocity 
[10], In the course of this investigation he found that the resistance approaches the quadratic law more 
and more closely as the Reynolds number is increased. Starting with the very careful measurements of 
his co-worker J, NIKURADSE [12] and aided by some theoretical considerations, PRANDTL [ll] 
succeeded in deriving the so-called asymptotic resistance law 

4-  •' 2,0 log (Re ^T) 0,8       (PRANDTL.   1933) (13) 

for smooth pipes. Figure 9   compares the two laws one with the other and with the measurements of many 
authors; the agreement with PRANDTL' s law is excellent. Ii. the course of performing these now classical 
investigations it was possible to discover the relation between the law of friction and the velocity distri- 
bution. BLASIUS* s law in equation (12) implies a 1/7 th power in the velocity distribution of the form 

- = (*) U     VR' 

1/7 
(PRANDTL,  1921) (14) 
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Flg. 9: UNIVERSAL LAW OF DRAG FOR A 
SMOOTH PIPE IN TURBULENT FLOW; 
PRANDTL 1932 
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where u denotes the local and U the maxirrium velocity, while y is the distance from the wall and 
R the pipe radius. The diagram In Fig. 10 represents this law of velocity distribution as well as the 
universal law 

u yv* 
—   =   5,75 log      +   5,5 (PRANDTL.   1933) (15) 

where  v, = "^T  Z^' is the friction velocity, based on the shearing stress,   T    . at the wall. The so-called 
laminar sublayer played an important role In the derivation which led to this equation. This is the very 
thin velocity layer adjacent to the wall which always remains laminar, even though the layer may become 
turliulent at a larger distance. In this layer we have ^ = TJ with  t) = y v#/»;   and tp ■ u/v  , 
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Fig. 10: UNIVERSAL LAW OF VELOCITY DISTRIBUTION IN A SMOOTH PIPE ; PRANDTL 1932 
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Rough pipe: A knowledge of the resistance of rough pipes Is even more important in engineering applica- 
tions than that of smooth pipes. Recognizing that it Is very difficult geometrically to characterize the 
roughnesses that occur in practice,  1'RANDTL introduced the concept of a "normal roughness", that is 
the roughness which is produced by sand of equal grain size, k- , and closest packing in the pipe, 
J. NIKURADSE [13] succeeded in obtaining very clear experiments for this case. The diagram in 
Fig.  11 displays the resistance law for rough pipes obtained in this way. In this case the reslstanct 
coefficient,   X  , depends on the relative roughness, k /R , in addition to the normal dependence on the 
Reynolds number. Re ■ ud/f . From the point of view of practical application it is important to deter- 
mine the limiting or "admissible1 value, k    ., of roughness which produces no increase in resistance 
compared with that of a smooth pipe, This satisfies   the relation 

'k    .U zul 100 (16) 

When this is the case the roughness element is completely immersed in the laminar sublayer whose 
thickness is of the order i//v* .  These results, obtained by PRANDTL and his co-workers in the thir- 
ties, can be regarded as in a sense definitive for the understanding of the problem of flow in a pipe which 
is so immensely important in engineering. 

X>^ = ^   ®x = $^   (Dj^-=2.0log(ReYJCl-Oe 

10 

7 

103 ,    , 2   4 6^2   46 
104 105 106 

ResM 

Fig.  11: LOSS COEFFICIENTS FOR ROUGH 
PIPES; NIKURADSE 1933 

Flat Plate: An understanding of the akin friction of a flat plat e at zero incidence (determined theoretically 
for laminar flow by BLASIUS in 1907. see equation (11a) and Figure 7) and at very large values of the 
Reynolds number which occur in turbulent flow, is of paramount importance for the calculation of the drag 
of ships, wings and airplane fuselages. As early as 1921, PRANDTL indicated a method, based on the use 
of the momentum integral theorem, which allowed him to extend the results obtained for pipes to the^case 
of the plate [14] . In the case of a flat plate at moderately large Reynolds numbers. Re 
obtained the equation 

106 to 107. he 

0,074 Re< 10 (PRANDTL,  1921) (17) 

with  Re ■ Vl/y, for the corresponding skin friction of a flat plate. This law is represented in Fig. 12. 
The extension from the pipe to the plate was successful in this case on the assumption that the velocity 
profiles along the plate were similar, and on the supposition that the pipe radius corresponded to the 
boundary layer thickness, the external velocity of the boundary layer being analogous to that in the center 
of the pipe. In the case of very large Reynolds numbers, that is in the case when the universal resistance 
law of equation (13) and the universal velocity distribution law from equation (15) become valid, the 
transposition   from pipe to plate becomes considerably more tedious. 
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The derivation leads to the universal akin friction law for a flat plate [ 14]. 

0.455 
-J     _      _  .2,58 (log Re) 

.     Re>10     (PRANDTL, SCHLICHTING.  1932) (18) 

which is alao plotted in Pig.  12. 

Fig.  12:SKIN FRICTION ON SMOOTH PIATES 
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9 10 The validity of this universal skin friction law extends to Reynolds numbers Re = 10   to 10    , that is 
into the range which is encountered nowadays in the design of ships.  The resistance law for rough pipes 
could also be extended to include rough plates [is] ; the latter is seen plotted in Fig. 13.  The "relative 
roughness" is now measured by the ratio  k /I, that is the ratio of roughness element height to plate 
length. The limiting, or admissible, height of roughness element satisfies the same equation (16) as 
does that for a pipe. 

Fig. 13: SKIN FRICTION ON ROUGH PLATES; 
PRANDTL-SCHLICHTING 1932 
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Free turbulence:   Already REYNOLDS was aware of the fact that the velocity fluctuations u'   and  v' , 
which are superimposed on the mean velocity components  u , v , give rise to large mixing motions and, 
consequently, to considerable "apparent stresses". 
The expression 

Tturb--9U'V' (REYNOLDS) (19) 
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for the "apparent" or Reynolds strees was first indicated by REYNOLDS himself. It is to PRANDTL' s 
credit that he was the first one to make it possible, to calculate developed turbulent flows in that he 
formulated his "mixing length" theory [16].  The occurrence of strikingly large "apparent stresses" 
of turbulent flow which are produced inside the fluid as a result of the exchange of momentum bet- een 
neighbouring regions of different velocities is explained by him intuitively through the introduction of a 
"mixing length", measured at right angles to the flow, and characterizing the turbulent mixing motion 
\Fig.  14).Assuming the existence of fluid lumps whose mean velocity is   u, PRANDTL assumes that the 
mean velocity fluctuation in the longitudinal direction is 

I — 
dy 

(20) 

Fig.  14: THEORY OF MIXING LENGTH; 
PRANDTL 1926 

7777777777; 

It follows frcn this representation that the velocity fluctuation in the transverse direction must also be 
given by 

= t dy (21) 

With this assumption the shearing stress from equation (19) becomes 

,2 .du. 
rturb "tl    ^  ' (PRANDTL,  1926) (22) 

In subsequent times PRANDTL's students and many other authors solved a large number of spacial 
cases of practical importance on the basis of this fundamentally new representation. In the case of the 
pipe flow, PRANDTL himself made the simple assumption 

I = Ky (23) 

for the mixing length. Here  y  denotes the distance fro/n the wall, and   C= 0,4   according to experiment. 
This hypotheses led to the derivation of the universal logarithmic velocity - distribution for pipes as 
given in equation (15). Introducing other hypotheses/jr the mixing length, W. TOLLMIEN [17]   solved 
the problem of the spreading of a jet, whereas H.  SCHLICHTING [18]   solved the problem of a two-dimen- 
sional wake behind a body in an external stream. Good agreement with experiments was achieved. 
I may be interesting to mention that PRANDTL presented his semi-empirical theory of the mixing length 
at the Second International Congress of Applied Mechanics in Zurich in 1926. Now,  half a century later, 
none of the many "theories of turbulence", conceived by other authors, especially the statistical theory 
of turbulence, succeeded in replacing it by something substantially superior with regard to the calculation 
of turbulent flows. 
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2. 3 Origin of Turbulence (Stability Theory) 

In addition to his excessive theoretical and experimental studies on the problems of developed turbulence, 
PRANDTL occupied himself uninterruptedly in the twenties with the problem of the origin of turbulence. 
This problem had earlier, that is in the eighties of the preceding century, troubled REYNOLDS, after he 
had obtained his fundamental experimental results. The hypothesis that the appearance of turbulence is 
the result of an instability developed by the laminar motion can be traced to REYNOLDS (REYNOLDS' s 
hypothesis ). Nevertheless, almost half a century was needed to demonstrate theoretically the truth of 
this hypothesis   and a further twenty years or so elapsed before an expertmental verification for this 
theory was produced. In the course of their theoretical investigations following the formulation of 
REYNOLDS' s hypothesis   the mathematicians active in this field during the first decade of this century 
derived the ORR SOMMERFELD equation [ 19, 20]   in the framework of a linear theory. They tried to 
demonstrate the existence of unstable laminar flows by seeking solutions of this equation (Fig.  15). 
The equation has the form 

(U-c) (o' .et2«») -U p- - 
aRe (V>" - 2aV + a ^) (ORR-SOMMERFELD 1908)   (24) 

where Re = U    tip m ' 

Fig.   15: STABILITY THEORY OF LAMINAR 
FLOW 
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The boundary conditions for a boundary layer of thickness  6   are 

y = 0:^) = ^'   =0;   y = fl:^ <P (24a) 

In this homogeneous differential equation U(y) denotes the base flow whose stability is being investigated, 
V>(y) is the amplitude of the disturbance superimposed on it; it is described by the stream function 

i) (x. y, t) = ^(y) e 
Kax- /St) 

and represents a wave propagated in the x-dlrection. The parameter o  is a real number, and  X ■ 2 ir/a 
is the wavelength of the disturbance, whereas  ß = ß   +10.   represents the circular frequency (real 
part -ß ) and the amplification or attenuation factor  (imaginary part -  ß). 

Whether the motion is amplified or damped depends on the sign,   A > 0   signifying amplification, that 
is instability. I 

*)The dash denotes differentiation with respect to y/0 
layer, y " fl. 

U    is the velocity at the edge of the boundary 
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The stability analysis of a laminar flow with the aid of equations (24) and (24a) constitutes a very diffi- 
cult eigenvalue problem for this differential equation. It must be understood that the wavelength, a , 
and the Reynolds number. Re , are given quantities and that the eigenvalue ß - ß   + ß.   is the unknown. 
The efforts of the mathematicians to solve this equation were unsuccessful for a long time. In other words, 
nobody succeeded to discover unstable disturbances for a given flow   U(y)   and so to calculate a critical 
Reynolds number. 

When PRANDTL started to work on the problem of transition to turbulence in 1920,  he at first showed a 
certain amount of skepticism with respect to the contemporary considerations of the mathematicians. 
He started to perform experiments in a six meters long open Chanel of rectangular cross section and ob- 
tained in it informative pictures illustrating the emergence of vortices.  However,  these,  by themselves, 
brought no decisive clarification. Thus he induced his students to attack the problem of "instability in 
boundary layers" with the aid of his own mathematical methods. In doing so he thought that he could take 
into account his own observations when he provided interpretations for the results of mathematical deri- 
vations.  At first he discovered that the shape of the velocity p-ofile,   U(y) , formed on a wall exerts a 
great influence on the stability of the corresponding laminar boundary layer.  However, a theory developed 
by O.  TIETJENS [ 22] proved to be inadequate for the calculation of a critical Reynolds number to charac- 
terize the instability of the boundary layer on a flat plate. It was left to PRANDTL' s collaborator 
W.  TOLLMIEN [23]  to discover the Hucisive breakthrough that led to the solution of this problem in the 
year 1929.  TOLLMIEN was able,  for the first time, to calculate theoretically a critical Reynolds number 
for the boundary layer on a flat plate at zero incidence.  In the years to follow, H.  SCHLICHTING exten- 
ded the theory in several papers [24, 25]  and proved that the critical Reynolds number depended strongly, 
among others,  on the pressure gradient along the wall.  In spite of the fact that Ludwig PRANDTL sub- 
scribed to the opinion that this problem had now found its complete clarification, it is strange tu report 
that these theoretical results were not for a long time completely accepted by the specialists working 
outside Germany.   Moreover, fourteen years were to elapse until the careful measurements performed 
by H. L,  DRYDEN and his colleagues at the US National Bureau of Standards fully confirmed this theory 
in the year 1943.  The diagram in Fig.   16 presents a comparison between TOLLMIEN' s theory and the 
measurements performed by SCHUBAUER and SCRAMSTAD [26] . All points which represent measured 
neutral oscillations in a boundary layer on a flat plate position themselves very closely to the theoretical 
instability curve. 

Both,  PRANDTL and his collaborators had lost doubts about the theory a long time before.  During the 
Second World War, that is before the time when DRYDEN' s confirmation of the theory became known in 
Germany, the theory, in the form of SCHLICHTING'8 applications to flows with arbitrary pressure dis- 
tributions, led to important insights concerning the influence of pressure gradients on the stability of 
laminar boundary laysrs and on transition from laminar to turbulent flow.  Finally in the forties, this 
theory was responsible for the success in the development of laminar airfoils. 
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Fig.  16:   STABILITY OF LAMINAR BOUNDARY 
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'"'< Reynolds Number, Re = -^- 

2. 4 Boundary-layer control 

It is remarkable that the flow in a  boundary  layer   can be very r-asily influenced in a desired direc- 
tion by external actions. This can be done,  for example, by the blowing of small quantities of fluid at 
the wetced wall or through the imposition of a suitable pressure distribution.  The first experimental 
resul*. concerning this class of problems was given by PRANDTL in his first paper on boundary layers 
published in 1904.  This illustrated the elimination of sepuration by suction in the wake of a cylinder. 
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m m l r r i J 8 d e v e l o p e d a r l c h l i t e r a t u r e concerning this set of p rob lems . A comprehensive 
^ s e endeavors was given in 1961 by G. V. LACHMANN [27] . a f o r m e r student of 

I n t b i s l e c t u r e 1 w i s h t o mention only two resu l t s which a r e i l lus t ra ted with the aid of 
I ^ E r e n . The pictures in the left half of this f igure i l lus t ra te the effect c rea ted by suction through 
suction L ! l Without suction the flow sepa ra t e s completely f rom both walls. When 
walls in the ma ° " V ^ 8 ' , 1 8 " ° s e P a r a t i o n a t a U : moreover , the fluid adheres to the two walls in the manner of a f r ic t ionless potential flow. 

a) Suction ® Laminarization 
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Fig. 17: BOUNDARY LAYER CONTROL 

h n l r i g h t
t " h r d S i du ° f , t h e S 3 m e f i g U r e n i u s t ^ 1 ^ 8 the effect of s t reaml in ing (i. e. p roper ly shapine) a 

l aminar aiSrfoUg
a
 t h e t h r e e . c y l i n d " c a l bodies, namely the c i r cu l a r cylinder, the normal a i r fo i l and the 

l amina r a i r foi l a r e drawn in such re la t ive s i zes that they develop the s ame drag in s t r e a m s of eouai 
n o r m ^ a - H o - 6 h * ™ 6 " t h e C y l i n d e r w i t h i ts completely separa ted b o ^ a r y T a ' e r a n T ^ e 
no mal a i r foi l which develops no separat ion i s very l a rge as i s well known; equaUy remarkab le is the 
DlainprTh ,"Jh f 6 ° . b t a m e d b y a l a m i n a r a i r f o i l ^ comparison with the normal a i r foi l . The l a t t e r i s ex-
p ined by the laminar izat ion of the boundary l aye r . According to stabil i ty theory this effect is achieved 
a f r f o n P t h C l k g p r e s s u r e minimum in the downstream direction as a resul t of displacing the maximum b?ra^rv^s:.direction- -nd***. th^jL^ssr 
f a

S nL r t e h! h l K e , e n d r ? m a r k 8 a b o u ' PRANDTL'S work on boundary l aye r s and turbulent flows I 
tPH Th • r 1 1 t h 8 n 3 c o m P a r a t i v e l y long t ime for his ideas to become general ly acce D c l r c _ u mstance was aptly underlined in 1954 by H. L. DRYDEN on the occasion of the fiftieth 
anniversary of boundary l ayer theory by his s ta tement : 
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The development of BOUNDARY LAYER THEORY during 
its first fifty years is a fascinating illustration of 

- 1) the birth of a new concept, 

- 2) its slow growth for many years in the hands of 
its creator and his associates, 

•    3) its belated acceptance by others, 

- 4) and the later almost exponential rise in the 
number of contributors to its further development. 

In the last twenty years boundary layer theory continued to grow extensively.  1 haci tb« privilege to 
report on this subject to the Heat Transfer and Fluid Mechanics Institute in 1970 [Zd] , as well as in 
the WRIGHT BROTHERS MEMORIAL LECTURE of 1973 [29] . 

2. 5 Experimental technique (wind-tunnels) 

A short time after his arrival in Goettingen, namely towards the end of the year 1906, PRANDTL' s 
thoughts turned in a completely new direction.  This development was to prove as important for his 
scientific cttainments as his efforts on behalf of flows with separation and turbulence.  This was the dawn 
of the new era of aeronautics. OTTO LILIENTHAL executed in 1896 the first gliding flight. In the United 
States the brothers WRIGHT achieved the first powered flight in the year 1903. At the beginning of the 
20th century German engineers were working on the development of the airship. This task was supported 
by the MOTOR LUFTSCHIFF STUDIENGESELLSCHAFT (Society for the Study of Research of Airships). 
Ludwig PRANDTL participated in this development - again with FELIX KLEIN's encouragement - in 
that he designed an installation for the testing of models in a wind tunnel. This made it possible to deter- 
mine wind forces acting on a model placed in a wind, the model being at rest with respect to the earth. 
This wind tunnel was built in 1907 and commissioned in 1908; it operated in competition with another type 
of wind tunnel constructed simultaneously by G. EIFFEL in Paris and became so successful that other 
wind tunnels were modelled after it in many countries. 

Fig.  18 gives an impression of PRANDTL's first wind-tunnel of 1908; its essential characteristic is that 
air circulates in a closed duct. The most important characteristics were: 

Working section: 

maximum speed: 

power installed: 

2 x 2 m 

10 m/s = 36 km/h 

30 hp. 

Working Section 2K2m2 

max Spitd:       10m/s 
Power mstoUed   30 HP 

Fig. 18: THE FIRST GOETTINGEN WIND 
TUNNEL,  PRANDTL 1908 

This first Goettingen wind tunnel had a closed working section of a relatively large cross section, but the 
wind velocity was small. The second wind tunnel, built in 1917 was already equipped with a nozzle of large 
contraction ratio; it also had a closed circuit for the movement of the air, but its working section was 
open and consisted of a free jet (Fig. 19). The open working section is considerably more convenient for 
measurements than a closed section owing to the accessibility of the model. The mofet important characte- 
ristics of the second Goettingen tunnel were 

Working section: 

maximum speed: 

power installed: 

4 m   (D = 2, 25 m) 

50 m/s = 180 km/h 

400 hp. 
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Propeller 
35m \_ 

_19:THE SECOND GOETTINGEN WIND TUNNEL 
PRANDTL-BETZ, 1917 

Motor Model 

Jt EE 
Working Section: 4m2 (D = 2.25 m) 

max. Speed: 50m/s 

Power installed: 400 HP 

This type Of wind tunnel (the so-cal led Goettingen type ), conceived by PRANDTL, soon became one of 
flow T h i l T f e x P " l m e n t a l a i d s for the pe r fo rmance of all manner of exper iments on bodies in 
n i m i r J V , h

 e x e , r t e
f

d l n a 1 1 c o u n t r i e s a l a rge influence on the development of the science of aerody-
namics and on the a r t of aeronaut ical engineering. During the init ial y e a r s of the commiss ion inr of the 
i r s t wind tunnel in 1908, the bulk of the work was pe r fo rmed on a i r sh ip models . F ig 20 shows the 

which m w h ^ i n
1

V * 8 t i « a t e d b ? G - FUIIRMANN. Close by there i s a c i rcTufrdTsk of a magnitude 
which produces an identical drag when exposed to a s t r e a m at right angles to its plane as does the aTrshm 
TnH m T f » S ° ° n t h C W i n d t U n n e l W 3 S b 6 i n g U B e d f o r e *Per iments on p rope l l e r s as well as on flat 
and curved pla tes on a i r fo i l s and on l if t ing su r faces . These exper iments delineated the field of endeavor 
of the new model-testing establ ishment (Aerodynamische Versuchsanstal t ) , which proved to be essent ia l ly 
fruitful from the scientif ic point of view. In the field of engineering this new e s t a b l i s h m l t becameThe 
sec t ion! 0 " ° " 3 8 6 ° f n y i " g C ° U W b e b a 8 e d ' 1 8 h a 1 1 h a V e m 0 r e t o s a y o n t h i s t o P ^ ^ the next 

In this connection I wish to mention that PRANDTL succeeded in persuading ALBERT BETZ to become 
1 9 " - B E T Z 3 — development of the 

Fig. 20: AIRSHIP MODEL AND DISK OF 
EQUAL DRAG, FUHRMANN 1910 

2. 6 Wing theory 

c e 8 n t l r r ^ 0 N D T L W f ° o ^ d n h ! h e r ° f ^ a e r ° d * n a m i c s ° f undertaken during the f i r s t decade of this 
ury h'KANDTL found himself in competition with F . W. LANCHESTER of FnalanH Rr»th J 

at f i r s t independently of each other , to de termine the effect of f ^ i ^ span of a on its a e r o ! Z Z i c ' 
prope r t i e s . In close relation with this problem, they attempted to explain the so-cal led i n d u c e d ^ r a a 
c rea ted around the edges of the wing. CARL RUNGE, the other important mathematician of Goettingen 
an rLANCHES e TER e n fo r e d i t b r ° U g h t t 0 g e t h e r i n G o e t t i n g e n ^ e two aerodynamicis ts - PRANDTL 

d LANCHESTER - for a scientif ic discussion. It was also on RUNGE's init iat ive that LANCHFSTFR' = 
" " » « « • * « • °< W — t rans la t . i l t r m u , . E n g l i , , I n " >h. [ ? 0 ] . 
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The continuous efforts expended by PRANDTL to understand the observed characteristics  of flows, to 
describe them, as far as possible, theoretically and numerically, and to explore them by the scientific 
method, characterized all publications which appeared during these pioneering times. In the years 1918 
and 1919 PRANDTL submitted two papers to the Goettingen Academy of Sciences [3l]   on the discoveries 
concerning wing theory which he made until there. This publication contained PRANDTL' s theory of 
the lifting line for a wing of finite span, the theory of the multiplane, the theory of the wing of minimum 
induced drag, as well as many other contributions. This is an achievement of the same rank as his 
boundary layer theory of 1904, I shall now report on a few of the znout important - from the practical 
point of view - results of his work; In order to describe the distribution of lift along the finite span of 
a wing,  PRANDTL established the following integro-differential equation (Fig. 21): 

, , 2r(y) ^     1      f+8 

Leo y =-s 

dT    dy' 
dy' y-y' (PRANDTL,  1918) (25) 

Fife 21: LIFTING LINE INTEGRAL EQUA- 
TION, PRANDTL 1918 

Here, l(y)  denotes the prescribed local wing chord, a (y)   is the given distribution of the geometrical 
angle of incidence, and r(y) is the distribution of circmation along the span which is to be determined. 
Further   cl       denotes the lift slope of a wing of infinite span.  The preceding integro-differential equa- 
tion discovered by PRANDTL forms the basis of all of wing theory. PRANDTL indicated a method to 
solve this, linear in r(y) , integral equation. As the first important result, equation (25) leads to the 
following simple expression for the lift slope in terms of the aspect ratio A • b2/F ■ b/l  : 

da      da  'a>  A + 2 
8        £ 

'Loo   A+2 (26) 

The subscript   ao   refers to the value for the two-dimensional problem, that is for the aspect ratio A = oo. 

As a second important consequence of this wing theory, PRANDTL derived an expression for the lift and 
drag as functions of the aspect ratio for arbitrary wings subject to the condition that  A  is large; these 
are 
a) for the lift coefficient, c,, in terms of the geometrical angle of incidence, a  , he found that 

IJ g 

et 

(27) 

whereas 

b) for the drag coefficient, c   , in terms of the lift coefficient, cT, he could prove that 
U 2 L 

c. 

*D2 'CDI+ f Q2' J~) (28) 
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The experimental verification of this theory is depicted in Fig. 22 which represents a plot of the lift 
coefficient against the angle of incidence, and in Fig.  23 which plots the same quantity against the drag 
coefficient.  The values measured at five aspect ratios plot directly as five separate curves.  However, 
when they are reduced by calculation to an aspect ratio A 
brilliantly confirmed PRANDTL' s wing theory. 

5 they trace a single curve. Thus, experiment 

Fig.   22: WING OF FINITE SPAN: PRANDTL- 
BETZ 1921 - LIFT COEFFICIENT 
AGAINST ANGLE OF ATTACK FOR 
DIFFERENT ASPECT RATIOS 

A.I to 7 convtrttd to A«5 

Angle of Attack 
12° «c 

£L M    M (K - -r- -   Aspect   Ratio 

The preceding results belong nowadays in the indispensable bag of tools of every aeronautical engineer. 
In the years following its discovery,   PRANDTL' s wing theory was extended in many directions [32-35], 
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Fig.   23: WING OF FINITE SPAN: PRANDTL- 
BETZ 1921  ; POLAR CURVES FOR 
DIFFERENT ASPECT RATIOS 
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2, 7 Compressible flows 

Now I wish briefly to touch upon yet another aspect of physics of fluid flow which PRANDTL tackled very 
early in his career and which also has become very important in modern aerodynamics.  Very soon after 
his arrival in Goettingen,  PRANDTL devoted much of his time to the writing of his contribution "On the 
Flow oi Gases and Vapors" to the "Encyclopedia of the Mathematical Sciences" whose publication was 
taken in hand by FELIX KLEIN in Goettingen at the turn of the century.  His contribution became the fore- 
runner of PRANDTL' s well-known book "Essentials of Fluid Dynamics" [2] . In this connection he star- 
ted work on the scientifically novel problem of the flow of compressible gases. In the course of this work 
he discovered the exact solution of the supersonic flow around a corner (Fig.  24), which entered the 
literature of the subject under the name ol the "PRANDTL-MEYER expansion" [36, 37]. 
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Fig. 24: PRANDTL-MEYER EXPANSION 1908; 
*"      HODOGRAPH FOR SUPERSONIC FLOW 

_JL tf-p+f-i 

Hodogroph = Epicycloid« 

}i ■ Mach Angle 

This solution , too, was confirmed by experiments. Later it turned out ihat this solution was also very 
impoitant for a large number of cases of supersonic flow. The flow pattern under consideration is shown 
in Fig. 24 in the form of a hodograph. Here the velocity vectors along a streamline have been drawn from 
a single origin, their end-point tracing the hodograph which is an epicycloid. 

In a manner similar to the boundary layer paper of 1904 and to the 1918/1919 paper of wing theory, the 
PRANDTL-MEYER paper daiing from the year 1907 also became of fundamental importance, this time 
for the treatment of compressible flows which acquired a practical importance only many years later. 
Quite early, around 1905,  PRANDTL became interested in flow through convergent-divergent,  or LAVAL, 
nozzles and in the theory of compression shock waves. At that time all these problems were of practical 
importance only insofar as they applied to steam turbines; at a later time their scope was much extended 
in cooperation with A. BUSEMANN [38] .  BUSEMANN discovered an approximate graphical method for 
the calculation of two-dimensional supersonic flows. He was able to prove that a two-dimensional steady, 
potential supersonic flow can be determined approximately with the aid of a system of cross-crossing, 
stationäre acoustic waves.  His method has been widely applied to the calculation of flow through super- 
sonic nozzles. In developing the method BUSEMANN succeeded so to determine the nozzle profile as to 
produce a faultless, homogeneous parallel stream at the exit.  His solution has proved indispensible in 
the design of supersonic wind tunnels. 

Another very simple solution became one of utmost importance for flows around bodies at high Mach 
numbers in the subsonic range in that it associated a simple but related incompressible flow pattern with 
it. The formula is known in the literature as the PRANDTL-GLAUERT rule [39] . When applied to the 
lift of a wing at a subsonic Mach number (Ma <r 1), it assumes the form 

do  Ado/ 
1 

Ma=0 "yi-Ma2' 
(PRANDTL-GLAUERT,  1922) (29) 

Fig. 25 illustrates this relation as well as its experimental verification for symmetric airfoils of different 
thickness ratios; the agreement between theory and experiment is very good until a so-called critical 
value of the Mach number is attained.   The discrepancy beyond that value is caused by the appearance of 
local shock waves which cause separation.  The PRANDTL-GLAUERT rule proved to be of extraordinary 
importance in the thirties for the development of aircraft capable of flying at increasingly high speeds. 
PRANDTL' s activities in this field were crowned in 1936 with the formulation of a new theory of lifting 
surfaces.  This constituted an extension [40] of his earlier theory to include wings of large wi Jth (small 
aspect ratio). By introducing the "acceleration potential" PRANDTL succeeded in extending the earlier 
theory in a very complete way. This created a basis for the calculation of lift distributions on lifting 
lurfaces of finite span at supersonic speeds, too [4l] . 

2. 8 Meteorological problems 

The progress achieved with the solution of problems of developed turbulent flows in pipes and along 
plates induced LUDWIG PRANDTL quite early to include the investigations of meteorological problems 
with the aid of his discoveries. As early as 1924 he employed his new hypothesis for the shearing stress 
at a rough wall in ordc r to calculate the velocity distribution in a wind over the ground including the effect 
of a pressure gradiet; and of Corlolis forces. The calculation was performed for various (0,1 to 100 m) - 
arbitrary postulated - heights of roughness elements [42] . 
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Fig. 25 PRANDTL-GLAUERT RULE FOR LIFT 
^     " SLOPE AT HIGH SUBSONIC SPEED (1922) 
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His first publication on meteorological applications of the physics of fluids was followed by numerous 
others which endeavored "to describe in numerical terms,  and hence better to understand" the general 
circulation in the atmosphere, as • e himself neatly expressed it.  In this field,  too,  success crowned 
his own and his student s endeavors in that they discovered new solutions to the differential equations 
which govern these complicated phenomena and were able to show that many of the observations which 
were made purely phenomenologically in meteorology proved to be necessary consequences of the laws 
of mechanics.   Needless to say, in this field too,  PRANDTL did not restrict himself to theoretical 
assumptions and derivations but invented special experiments in support of his hypotheses.   Thus there 
was born a ROTATING LABORATORY in which he could study the effect of Coriolis forces [43] . Among 
others this installation was employed to render visible by means of a model experiment,  the  combined 
effect of terrestical rotation and wind action over the earth [44] , 

Further problems which he investigated concerned the flow in stratified heavy liquids.  And so he treated 
the effect of the density differences in two contiguous air masses, each of which is homogeneous by it- 
self, the one being denser than the other.  This is a configuration which occurs when a cold air mass 
stagnates at a mountain and penetrates into warm mountain valleys on the other side.  Such a confluence 
of air masses can give rise to a heavy storm in the valley at a time when the sky Is otherwise cloudless 
[45]. 
The shape of the front of a cold mass of air which breaks into warm air at rest also stimulated his 
phantasy and prompted him to engage in theoretical considerations on the subject. Afterwards he 
induced one of his students to check and to confirm these ideas with the aid of experiments with dyed salt 
solution which moved over the bottom over a water container from one side forward [46] . 

Further and beyond he was interested in the motion of all manner of waves in stably stratified media in 
which density varies continuously with height. The special case of waves created in the lee of the crest 
of a mountain belongs in this category. Such waves were first observed in very high mountains; they 
become very important for the flight of gliders [47] .  In interaction with the ground, it is discovered 
that the variation of the density in a horizontal direction, and not only that in the vertical direction, 
plays a very important part. This is due to the fact that the configuration gives rise to horizontal pressure 
differences and velocity components. Studies of this kind led, for example, to considerations of and state- 
ments about the ground winds that occur when a warm front slides over a cold front. Finally, I wish to 
mention that PRANDTL succeeded in clarifying the fundamental problem of the existence of a general 
circulation of air above the earth by the use of fluid mechanics. He was able to identify the important 
forces acting in this connection and to make it possible to perform approximate calculations ii such flow 
processes. He presented a paper "On the Calculation of Weather Pattern'  [48]   to the Academy of 
Sciences in Goettingen in his 71st year which can be regarded as a crowning contribution to this series 
of researches.  In it he developed the main outline of a numerical method to calculate the pressure and 
velocity field in the atmosphere as well as its further evolution when the density distribution is given 
at a certain instant. 

Finally, it is necessary to mention that this Investigation was followed by contributions to the theory of 
jet-streams in the troposphere and in the lower layers of the stratosphere. These were discovered in 
the forties and fifties, when new meteorological observation methods were introduced, and acquired 
considerable importance for weather forcasting and air transportation. These jetstreams which blow 
from west to east with velocities of over 100 m/s, precede extended zones of bad weather (regions of low 
pressure); they diverge at their eastern end and produce extended zones of precipitation at their right- 
hand edge, their wind velocity decreasing to the value of the drift velocity of the depression.   LUDWIG 
PRANDTL was able to provide a dynamically justified explanation for these completely new phenomena 
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which were only discovered In the fortiet [49] . He was able to do this on the baals of hia earlier con- 
tributions in meteorology.  — 

At this point I wish to terminate my account of PRANDTL' a scientific works. In doing so, I feel com- 
pelled once again to stress that much of importance had to be left out of account. To conclude this section 
I give a list which contains a summary review of PRANDTL's Publications including those of the doctoral 
candidates who worked under him. His own publications, including his books and contribution to hand- 
books, have attained the conaiderable total of ISO; the number of doctorates reached 83. 

FIELD OF RESEARCH 
PRANDTL 

Publications 
THESES TOTAL 

Viscous Flow: 
Boundary Layers, Turbulence 

Airfoil Theory 

Compressible Flow 

Wind Tunnels 

Meteorology 

Elasticity, Plasticity 

Miscellaneous Problems 

Books, Contribution to 
Handbooks 

33 

25 

12 

15 

12 

14 

40 

17 

31 

lü 

5 

2 

8 

12 

10 

64 

40 

17 

17 

20 

26 

50 

17 

Total: 168| 83 251 

In the succeeding sections I will briefly describe PRANDTL' s endeavor as a university professor and 
as the director of a large research establishment. 

3) PRANDTL AS A UNIVERSITY PROFESSOR 

PRANDTL' s career as an active university profeesor extended over a period of time of more than 45 
years, because he was appointed at the young age of 26 years to an ordinary professorship of mechanics 
at the Technical University of Hanover in 1901. In 1947 he retired from the professorship at Goettingen 
at the age of 72. During the whole of this long period of time, PRANDTL applied himself to his lectures 
with great devotion. At FELIX KLEIN' s behest, PRANDTL accepted the invitation extended to him by 
the University of Goettingen to occupy the newly created chair of applied mechanics. He remained faith- 
ful to Goettingen to the end of hi«« life. PRANDTL repeatedly strrased the fact that the link between the 
pure and the applied science was for him important as well as indispensable and that the cultivation of this 
spirit was a unique feature of life at Goettingen University. 

During the years between the wars PRANDTL followe Ü a foir semester cycle of lectures covering 
"Mechanics of Rigid Bodies", "Graphical Statics",  "Aerodynamics" and "Thermodynamics". He lectured 
for four hours each week and conducted tutorials for two additional hours. 

A large number of young students was introduced to the science of mechanics, and, in particular, of fluid 
mechanics by these lectures.  Many of them were induced to continue as doctoral candidates and to work 
under PRANDTL in one of the institutes directed by him. The fruitful interaction between study and 
research was achieved under PRANDTL in an ideal fashion. In the year 1909 THEODORE von KARMAN 
[50] obtained his doctor' s degree under PRANDTL in Goettingen; he should be regarded as PRANDTL' e 
most prominent postgraduate student. For this reason I should like to quote von KARMAN' s opinion 
about PRANDTL's lectures as he expressed it in 1925 on the occasion of the latter's fiftieth birthday [5l]: 

"The fact that the science of aeronautics has now so far progressed 
in its development that it has become a fit subject for examinations 
will forever and inseparably be linked with PRANDTL's name", 
and: ...  "I consider that PRANDTL is one of those men from whom 
one can learn the most, even though one cannot, after all, apply 
to him the designation" brilliant teacher". His lectures lack external 
lustre; for this reason his lectures are less suitable for beginners, 
regardless of the fact that he does not assume much prior knowledge. 
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But he assumes the most difficult thing:   a pleasure derived from 
the process of thinking and an eagerness to follow a trend of thought, 
particularly one flowing from intuition; for this reooon mostly those 
learn from him who have already spent a longer time in his company 
and who have come to know his mode of thinking". 

I believe that those among us who had the advantage of personally attending his lectures will completely 
agree with VON KARMAN' s judgement. 

The fact that PRANDTL' s Goettingen lectures fell on fertile ground is confirmed by the large number 
of doctoral candidates who worked under him, I have already mentioned in the previous section that 
their number reached 83, 

W.   TOLLMIEN [52]   aptly characterized PRANDTL' s peculiar talent to inspire his postgraduate students 
and co-workers in the Institute and to work fruitfully when he wrote his Introduction to PRANDTL' s 
"Collected-Works",  He said: 

"PRANDTL's achievement could not have become so brilliant 
and successful if he did not draw his strength from his own 
scientific genius, his ability to inspire a large number of students 
and co-workers to a similar selfdenial and devotion to research, 
PRANDTL' s goal was not so much to achieve a flash of recognition 
as to be able to systematically illuminate a whole complex of 
questions which, precisely,  could be achieved only through the 
creation of a school,  Goettingen was just the place which made 
all HUB possible for him.   As the institutes in Goettingen developed 
with the passage of years,  many co-workers arrived and augmented 
the numbers of candidates who earned their doctorates there.  They 
all experienced his inspiration through personal contacts with him", 

1 firmly believe that all those who were lucky enough to have worked for some time in one of PRANDTL' s 
institutes will unhesitatingly agree with this description of PRANDTL's pedagogical influence, 

4) PRANDTL AS THL HEAD OF A LARGE RESEARCH INSTITUTE 

During his more than forty years of active service in Goettingen PRANDTL directed three institutes in 
addition to his university Chair of Applied Mechanics, 

These were- 

a) The Institute of Applied Mechanics of Goettingen University,   1904 - 1946, 

b) The Aerodynamics Research Institute (AVA or Aerodynamische Versuchsanstalt),  1907 to 1937 

c) The Kaiser Wilhelm Institute for Fluid Mechanics Research,   1925 - 1946 *) 

*) The Institute of Applied Mechanics was not revived after the Second World War, The Kaiser Wilhelm 
Institute for Fluid Mechanics Research has been in operation since 1947 under a changed name as 
the Max-Planck-Institute for Fluid Mechanics.  After tiie Second World War.  the Aerodynamics 

Research Establishment was first discontinued and its research installations were dismantled. 
It was not until 1953,  that it was resurrected under its old name and reconstructed. In 1969 the 
AVA was transferred to the German Research Institute for Flight and Space Travel (Deutsche 
Forschungs- und Versuchsanstalt für Luft- und Raumfahrt, or DFVLR) as its Goettingen Center, 
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Thus for a t ime, i . e . during the y e a r s 1925 to 1937 P B A M n n , , 
As the establishment grew considerably he ceded in 1937 t h ? , T ta8titutes simultaneously, 
his faithful co-worker of long y e a r s He did I direction of the AVA to ALBERT BETZ, 
the AVA until the end of World War II. r e m a i n - however, a member of the Supervisory board of 

d i rec tor . In w U l ^ n f i n e ' ^ ^ y s r i ? ^ ^ c i p a U y ^ o I T " * 8 P R A N D T L ' 8 w o r k 3 8 institute 
AVA. b . „ u « l h a l h r | M i P u i r M 

<•»• * . . . . b«r„ „ 
Flight (Motor-Luftschiff-Studiengesellschaft) The AVA trrew T f . t & > c l e t y f o r t h e a u d y of Powered 
(in the year 1907). The new testing tecta ique w J c h w a e d e v e W H « ^ e 8 t a b l i 8 h m e n ' q»"e quickly 
aeroplanes , succeeded under PRANDTL thanks amone other* t th a l r s h i P models and l a t e r for 
•oettingen type (Fig. 18 and Fig. 19). Figure 26 shows th^ f ' l nvention of wind tunnels of the 

Goettingen wind tunnel f rom 1908 to 1919 Towards the end nfth a " c l e n t J > u U d i n g which housed the f i rs t 
the AVA completed the second Goettingen wind t ^ n e l onTh I WoHd n a m e 1 ^ i n 1917, 
BETZ; its f r ee s t r eam had a d iameter of 2 25 m- it had 8 1 8 d e s i 8 n s Prepared by PRANDTL and 
400 hp; see Fig. 19. ° f Z> 2 5 m ' U h a d a maximum speed of 50 m / s and a motor of 

£ 

. i T I 

W ttVi' 1 
' -

F l ? ' 2 6 : BUILDING FOR THE FIRST GOETTINGEN 
WIND-TUNNEL, 1908 - 1918 

on'the day the president of t h ^ K a i s e ^ W U ^ T h e P i c t u r e w a 8 taken in 1930 
the AVA. Fortunately, PRANDTL succeeded in maintainina th^A^A occasion a Zeppelin visited 
through the difficult yea r s , which followed the t'V?* W i n d ' 1 ^ • 
Wilhelm-Society. Later , towards the end of the twenties when t 'h lV W 3 S d b y t h e K a i s e r " 
again, very many tes ts on models were per formed for the r 0 German a "~craf t industry blossomed 
wind tunnel". The companies DORNIER JUNKERS HEI^KTT^MPCQrDo? industry in this "c lass ica l 
among others , were continuously visiting the AVA h E I N K E L ' MESSERSCHMITT and FOCKE WULF 
close cooperation between the AVA r.„d the Ger-nan Ai rc ra f t H™, ^ ^ t U n n e l t e s t i n g - This very 
f ru i t fu l for both s ides. It i s no exaggeration " F T ? S t i m u l a t i " g - d exceedingly 
completed between the two World Wars passed through this Go >t fnoen , f S l g n f o f G e r r n a n aeroplanes 
did not get commissioned at the AVA until the middle of the th i r t ies t u n n e l - Additional wind tunnels 
of developing higher speeds). th i r t ies ( larger tunnels, and tunnels capable 

F i S- 2 7 : BUILDING FOR THE SECOND WIND 
TUNNEL OF THE AVA WITH AIRSHIP 

1930 
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Numb* 

Fig. 28: PERSONNEL OF THE AVA, 
1907-1973 
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Fig. 28 illustrates the growth of the personnel of the AVA from 1907 until 1973. Starting as a two man 
operation in 1907. it became a large research establishment at the end of the Second World War, employing 
something like a total of 750 workers; it comprised six institutes. 

PRANDTL transferred the directorship of the AVA to ALBERT BETZ in the year 1937. A. BETZ gave 
a detailed account [53] of the development of this institute (during the time preceding the start of the 
Second World War), which was founded by PRANDTL and which earned world-wide recognition. 

For the sake of completeness I wish to put on record the following further details: After it was closed 
down in 1947 and after its extensive research installations were dismantled, there begun in 1953 a period 
of slow regeneration. The growth of the personnel of the Institute is illustrated in Fig. 29. Starting with 
about 20 people in 1953, it grew to include about 280 at the end of 1973.  The re-created AVA also con- 
siders that close cooperation with industry, as Initiated by its previous directors PRANDTL and BETZ, 
constitutes a very essential part of its work. The anniversary Volume "AVA 1945-1969" contains a 
detailed account of its scientific accomplishments during the period after the Second World War [54] . 

To conclude, may I be permitted to show two pictures which bring back personal memories and to cite 
one scientific result taken from the glorious history of the, by PRANDTL and BETZ so successfully 
directed, AVA. Fig. 30 shows a group photo of the total personnel of the AVA at the end of the First 
World War in November 1918. In the middle you can see PRANDTL, and in the left up comer I wish 
to point to BETZ and W1ESELSBERGER among others; in the last row you can see K. POHLHAUSEN 
(in uniform). 

Fig.  29: PERSONNEL OF THE AVA, 
1958 - 1973 

f959      1961      1963      1965      1967     1969     1971 1973 
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Flg. 31 contains a group picture of the personnel of the AVA taken in 1925. This picture shows all 
people from the office, including PRANDTL, BETZ, ACKERET and SEIFERTH. and in the front of the 
row at the left and ahead. Miss HILDE KREIBOHM. who faithfully served to the AVA as a secretary 
for a total of 50 years. To this picture there belongs another showing the workshop personnel - exactly 
10 people. The AVA consisted at that time, that is in 1925, of the round number of 30 persons, and one 
cannot help but admire the abundance of results achieved by this small group! Owing to the pressure 
of time I must stop myself from commenting in greater detail on the differences between now and then; 
I believe, however, that one should pounder these changes [55] . 

As my last picture I wish to describe a historic scientific event which dates back to the time shortly 
before the Second World War. Fig.  32   contains polar diagrams of a swept and an unswept wing in 
the high-MACH-number subsonic regime (Ma = 0. 7 and 0. 9). The corresponding measurements were 
performed by H. LUDWIEG and O. WALCHNER [56]   under the direction of A.BETZ in 1939 in a very 
small high-speed tunnel of the AVA (measuring section 10 x 10 cm). These measurements provided, 
for the first time, an experimental confirmation of the superiority of swept wings in the high subsonic flow 
regime. BUSEMANN [57] pointed out as early as 1935 that adopting a swept wing would lead to an im- 
provement in the aerodynamic properties of wings in the supersonic regime. 
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^ig.  32:   SWEPT WING AT HIGH SUBSONIC 
SPEEDS; POLAR DIAGRAMS; 
BETZ-LUDWIEG 1939 

However, the fact that a considerable improvement occurs also at high subsonic MACHnumbers was 
shown precisely by these AVA measurements of 1939. 

To-day, swept wings provide the technical foundation on which we have erre^ed our intercontinental 
air line network. 
It is remarkable that this great and important discovery remained unknown outside Germany until the end 
of the Second World War. It created a sensation among the members of the first American "Study 
Commission" which arrived in Goettingen and Braunschweig in the spring of 1943 under the leadership 
of THEODORE VON KARMAN. GEORGE SCHAIRER, the chief "designer of BOEING, who was on the 
team, cabled SEATTLE saying [58] : 

"Stop the bomber design,  we have found a new wing planform". 

And this then led to the first giant aircraft with swept wings in the United States - the BOEING B 47, 

And so I wish to put it on record that in the Institute which was then led by BETZ, and which remained 
under the general supervision by PRANDTL, a perfectly fundamental contribution to the modern aero- 
nautics was made in the form of the discovery of the swept wing for the ti-ansonic velocity range. 

Allow me. Ladies and Gentlemen, to conclude these remarks on PRANDTL's effectiveness as a leader 
of a large research establishment by reading to you a quotation from PRANDTL' s essay entitled "My 
road to hydrodynamic theories" [59] . 

This dated back to a speach which he delivered in 1947 on the occasion of his election to Honorary Mem- 
bership of the German Physical Society. This quotation which, according to my mind, is characteristic 
of PRANDTL's personal and human attitude,  reads as follows: 

"In his friendly remarks addressed in my direction, Mr. HEISENBERG stated, among other things, 
that I had the ability to glean from equations, without calculation, what solution they may 
possess.    I feel compelled to answer that even though I do not possess such an ability, I always 
try to form in my mind I clear  conception, and as detailed as I can make it, about the things, 
which lie at the basis of my problems, as well to understand the corresponding processes. The 
equations  do not intervene until later, when I believe that I understand the phenomenon; en the 
one hand they serve to arrive at quantitative statements which, evidently, cannot be obtained by 
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intuition alone; on the other hand the equation! constitute a good tool, with the aid of which 
it becomea possible to produce proofs of my concluaiona that other  people,  too,   would 
be  inclined to   recognize". 

5) CONCLUDING REMARKS 

Ladies and Gentlemen I 

I believe that the preceding account clearly proves that the science of mechanics, particularly the 
science of the mechanics of fluids, progressed enormously through LUDWIG PRANDTL. 
This, so to say, placed our science in a new epoch. For us, who continue to work in this field, thus 
arises the question: What were PRANDTL' s most essential characteristics, which led him to such 
stunrlng success and what conclusions would we draw from all this for our own work? 
I am of the opinion that these reduce, essentially, to the following three   points: 

a) Real progress in the field of fluid mechanics demands the existence of a very close relationship 
between experiment and theory; furthermore, theoretical solutions must always be carried to a point 
where detailed numerical calculations become possible. 

b) To secure good progress in science it is necessary continually to introduce able young cadres to the 
art of conducting important research. In this connection, success is often achieved when the director 
of a large research institute also assumes teaching duties at a university, 

c) In order to safeguard the successful administration of a large research institute it is absolutely 
necessary to place the top management in the hands of a scientist who has proved himself in his 
field. The administration of a research institute should always be subordinate to its scientific 
leadership. 

That these principles are right has been convincingly demonstrated by PRANDTL. We, who have adopted 
as our goal to continue PRANDTL' s life' s endeavor, ought to take these lessons to heart. 

ACKNOWLEDGEMENT: 

I   express  my thanks to my co-worker Dr. F. W. RIEGELS, the Director of the Institute of Fluid 
Mechanics of the AVA in Goettingen, for the help he gave me during the preparation of this manuscript. 

I thank Professor J. KESTIN of Brown University in Providence, Rhode Island,  USA, for the English 
translation of this text. 

7) REFERENCES 

[l] iudwig PRANDTL 

[2] Ludwig PRANDTL 

[3] Ludwig PRANDTL 

[4] H. SCHLICHTING 

[5] H. BLASIUS 

[6] J. NIKURADSE 

[7] O. REYNOLDS 

[8] G. EIFFEL 

Gesammelte Abhandlungen zur angewandten Mechanik, Hydro- und 
Aerodynamik.    3 Vols., Springer Verlag Berlin, Göttingeii, Heidelberg, 
(1961) 

Fthrer durch die Strömungslehre. Braunschweig 1942, 1st. ed. (1965) 
(6th ed.). English Translation: Essentials of Fluid Dynamics. London 
and Glasgow (1952) 

Ueber Flüssigkeitsbewegung bei sehr kleiner Reibung. Proceedings 
III. Internat.  Math. Congr., Heidelberg (1904),  484-491, see also [l] 
Vol. II. pp.   575-584 

Grenzschichttheorie. 1st. ed. Karlsruhe (1951); 5th ed.  (1965). 
English translation "Boundary "Layer Theory" by J. KESTIN 6th ed., 
New York (1968) 

Grenzschichten in Flüssigkelten mit kleiner Reibung, Thesis Goettingen 
(1907),  Z.   Math. Phys.  56 ,  S.  1-37    (1908) 

Laminare Reibungsschichten an der längsangeströmten Platte. Mono- 
graphie Zentrale für wiss. Berichtswesen, Berlin 1942 

An experimental investigation of the circumstances which determine 
whether the motion of water shall be direct or sinuous, and of the law 
of resistance in parallel channels. Phil.  Trans. Roy. Soc. 174,  935-982 
(1883), see also Scientific papers 2, (1951) 

Sur la resistance des spheres dans I'air en mouvement. 
Comptes Rendus 155, 1597 (1912) 



■ i'II nur I mmmm 

1-28 

[9] Ludwig I'RANDTL 

[9a] C.  WIESELSBERGER 

[ 10] H.  BLASIUS 

[ll] L.  PRANDTL 

[12] J.  NIKURADSE 

[13] J.  NirURADSE 

[14] L.  PRANDTL 

[15]       L.  PRANDTL, 
H. SCHLICHTING 

[16]       L.  PRANDTL 

[17]       VV.  TOLLMIEN 

19] W. M, F.  ORR: 

[20] A.   SOMMERFELD 

[21] L.  PRANDTL 

[22] O.   TIETJENS 

[23] W.  TOLLMIEN 

[23a] W.  TOLLMIEN 

[24] H.  SCHLICHTING 

[25] H.  SCHLICHTING 

Der Luftwiderstand von Kugeln. Nachr. Ges. Wiss, Goettingen, Math, 
Phys. Klasse 1914, 177-190, see also "Gesammelte Abhandlungen" 
(Collected Works) II.  597-608 

Der Luftwiderstand von Kugeln.  ZFM5{1914),  S.   140-  144 

Das Achnlichkeitsgesetz bei Reibungsvorgängen In Flüssigkeiten. 
Forsch.Abt.Ing.-Wesen. Heft 131, Berlin (1913) 

Neuere Ergebnisse der Turbulenzforschung.   Z. VDI 77,  105-114 (1933) 

Gesetzmäßigkeit der turbulenten Strömung in glatten Rohren. 
Forsch. Arb.Ing.-Wes.  Heft 356(1932) 

Strömungsgese'ze in rauhen Rohren. Forsch. Arb. Ing,-Wes, Heft 361 
(1933) 

Ueber den Reibungswiderstand strömender Luft. Reports AVA Goettingen. 
III.   Series (1927) and: Zur turbulenten Strömung in Rohren und längs 
Platten.  Reports AVA Goettingen IV.  Series (1932); First mention in 
I.  Series 136(1921),  see also "Gesammelte Abhandlungen" (Collected 
Works) !]_,  620-626 and 632-647 

Das Widerstandsgesetz rauher Platten.  Werft, Reederei,  Hafen 1-4 
(1934); see also "Gesammelte Abhandlungen" (Collected Works) II , 
648-662 

Ueber die ausgebildete Turbulenz, ZAMM 5,   136-139 (1926) and 
Proceedings II. Intern. Congr. Appl.  Mech.   Zürich (1926).  62-75; 
see also "Gesammelte Abhandlungen" (Collected Works) IL 874-888 

Berechnung turbulenter Ausbreitungsvorgänpe. ZAMM 6, 468-478 
(1926); NACA TM 1085 (1945) 

Ueber das ebene Windschattenproblem.  Thesis Goettingen 1930, 
Ing. Archiv 1,  533-571 (1930) 

The stability or instability of the steady motions of a perfect liquid and 
of a viscous liquid.  Part I: A perfect liquid; Part II; A viscous liquid. 
Prov. Roy.  Irish Acad.  27, 9-68 and 69-138 (1907) 

Ein Beitrag zur hydrodynamischen Erklärung der turbulenten Flüssig- 
keitsbewegungen.  Proceedings 4th Intern.  Congr.  Math. Vol. III, 
116-124,  Rome 1908 

Bemerkungen über die Entstehung der Turbulenz.  ZAMM 1, 431-436 
(1921) and Phys.  Z.  23,  19-25 (1922) see also "Gesammelte Abhandlungen" 
(Collected Works) II ,  687-696 

Beiträge zur Entstehung der Turbulenz.  Thesis Goettingen   1922   and 
ZAMM 5,  200-217 (1925) 

Ueber die Entstehung der Turbulenz. 1. Series. Nachr. Ges. Wiss. 
Goettingen, Math. Phys. Klasse 21-44 (1929); Engl. translation in 
NACA TM 609 (1931) 

Ein allgemeines Kriterium der Instabilität laminarer Geschwindigkeits- 
verteilungen, Nachr. Ges. Wiss. Goettingen, Math. Phys. Klasse, Fach- 
gruppe I. 1,  79-114 (1935). Engl. translation in NACA TM 792 (1936) 

Zur Entstehung der Turbulenz bei der Plattenströmung. Nachr. Ges. 
Goettingen.  Math. Phys,  Klasse 182-208 (1933); see also: ZAMM l^, 
171-174 (1933) 

Amplitudenverteilung und Energiebilanz der kleinen Störungen bei der 
Plattenströmung. Nachr. Ges. Wiss. Goettingen. Math. Phys. Klasse. 
Fachgruppe 1,1, 47-78 (1935) 



1-29 

[26] 

[27] 

[28] 

[29] 

[30] 

[31] 

[32] 

[33] 

[34] 

[35] 

[36] 

[37] 

[38] 

[39] 

[40] 

[41] 

[42] 

[43] 

[44] 

[«] 

[46] 

[47] 

G.B.  SCHUBAUER, 
H.K.  SKRAMSTAD 

Laminar boundary layer oaclUationa and atability of laminar flow. 
National Bureau of Standards Research Paper 1772. Reprint of a confi- 
dential NACA Report dated April 1943 (later released as NACA War-time 
Report W-8) and JAS 14. 69-78 (1947): see also NACA Rep. 909 

G. V. LACHMANN (Ed.) Boundary Layer and flow control. VolsI and U: Pergamon Press. 
L ndon 1961 

H. SCHUCHTING 

H. SCHUCHTING 

F.W. LANCHESTER 

Ludwig PRANDTL 

H. BLENK 

E. TRUCKENBRODT 

K. GERSTEN 

D. HUMMEL 

Ludwig PRANDTL 

TH. MEYER 

Ludwig PRANDTL. 
A. BUSEMANN 

Ludwig PRANDTL 

Ludwig PRANDTL 

H. SCHLICHTING 

Ludwig PRANDTL 
(mit W.  ToUmien) 

H. FETTE 

Ludwig PRANDTL 

Ludwig PRANDTL 

V.M. GATAGHE 

G. LYRA 

A survey on some recent research investigations on boundary layers 
and heat transfer. JouruAppl. Mech. Transaction of the ASME, 
Vol. 38. Series E^ No. 2. June 1971, pp. 289-300 

Recent Progress in Boundary Layer Research.  37th Wright Brothers 
Memorial Lecture,  1973; AlAA-Journal 12 ,  427-440(1974) 

Aerodynamik. Ein Gesamt werk über das Fliegen (Transl. into German 
by C. and A. Runge, 2 Binde Leipzig und Berlin 1909/1911 

Tragflügeltheorie I und II. Mitteilung. Nachr. der Kgl. Ges. Wise. 
Goettingen Math. Phys. Klasse (1918) p. 451-477; (1919) p.  107-137 

Der Eindecker als tragende Wirbelfläche.   Itiesis Goettingen 1923 
ZAMM 5 (1925) p.  290-297 

Tragflächentheorie bei inkompressibler Strömung. - Jahrbuch 1953 
WGL. p.  40-65 

Nichtlineare Tragflttchentheorie. insbesondere für Flügel mit kleinem 
Seitenverhältnis. Ing.Arch.  30 (1961 )p. 431-452 

Nichtlineare Tragflügeltheorie in Bodennähe. Thesis for the acquisition 
of the title of "Dozent". Technical University.      Braunschweig 1973. 
Zeitschr. Flugwiss.  21 (1973). p. 425-442 

Neue Untersuchungen über die strömende Bewegung der Gase und Dämpfe. 
Phys. Z. Bd. 8 (1907). p. 23-30 

Ueber zweidimensionale Bewegungsvorgange in einem Gas, das mit 
Ueberschallgeschwindigkeit strömt. Thesis Goettingen 1907. VDI- 
Forschungsheft No. 62 (1908^ 

NSierungsverfahren zur zeichnerischen Ermittlung von ebenen Strö- 
mungen mit Ueberschallgeschwindigkeit. Stodola Anniversary Volume 
Z*ich 1929: p. 499 

Ueber Strömungen, deren Geschwindigkeit mit der Schallgeschwindigkeit 
vergleichbar ist. J. Aeron. Res. Inst. Tokyo Imp. Univ. No 65 (1930). S. 14 

Theorie des Flugzeugtragflügels im zusammendruckbaren Medium. 
Luftf. Forschung 13 (1936), p.  313-319 

Tragflügeltheorie bei Ueberschallgeschwindigkeit. Luftf. Forschung 13 
(1936), p.  320-335 

Die Windverteilung über dem Erdboden, errechnet aus oen Gesetzen der 
Rohrströmung. Z. Geophys. I. Jahrg.  (1924). p.  47-55 

Strömungsversuche im rotierenden Laboratorium. Thesis Goettingen 1934. 
Z. techn. Phys. 14th Series (1933). p. 257 

Betrachtungen zur Mechanik der freien Atmosphäre. Abhandig. Ges. 
Wiss. Goettingen. Math.-Phys. Klasse. III. Series. No. 18 (1937), p. 75-84 

Neuere Erkenntnisse der meteorologischen Strömungslehre. Schrieen 
der deutschen Akademie der Luftfahrtforschung Vol. 8 (1944). p. 15i  179 

Modellversuche über die gegenseitige Bewegung von Luftmassen ver- 
schiedener Temperaturen. Thesis Goettingen 1936 

Theorie der stationären Leewellenströmung in freier Atmosphäre. 
ZAMM 23(1943). p.  1-28 



r 
1-30 

[48 

[49 

[50 

[51 

[52 

[53 

[54 

[55 

[56 

[57 

Ludwig PRANDTL 

Ludwig PRANDTL 

TH.  VON KAR MAN 

TH,  VON KARMAN 

W,  TOLLMIEN 

A.   BETZ 

H.   BLENK 

H.   LUDWIEG 
H,   STRASSL 

A.   BUSEMANN 

[58]       TH. VON KARMAN 

[59]       Ludwig PRANDTL 

Zur Berechnung det Wetterauflaufs. Nachr. Akad. Wius. Goettingen, 
Math-phys. Klasse (1'»46).  p.  102-105 

Dynamische Erklärung dee Jetstream-Phänomens.  Berichte d. deut- 
schen Wetterdienstes US-Zouc No.  12(1950), p.  198-200 

Collected V, rks,  4 Vols.,  London 1954 

Ludwig PRANDTL.  Zeitschr. Flugtechnik u.  Motorluftschiffahrt 
(1925), p.  37 

Zum Geleit. Foreword in "LUDWIG PRANDTL Gesammelte Abhandlungen" 
(Collected Works).  3 Vols. .  Springer Verlag Berlin (1961) 

Die Aerodynamische Versuchsanstalt Goettingen. Beiträge zur Geschichte 
der deutschen Luftfahrtwissenschaft- und technik. Vol. I - Published 
by the "Deutsche Akademie der Luftfahrtforschung",  Berlin (1941), 
p.  1-166 

Die Aerodynamische Versuchsanstalt Göttingen von 1945-1969 
Published by the AVA,  1969,   145 pages. 

Erinnerungen an LUDWIG PRANDTL. Lecture delivered during the 
3rd Congress of Bearers of the Prandtl-Ring with young scientists and 
engineers.  9 May 1972,  Bad Godesberg 

Verringerung des Widerstandes von Tragflügeln bei hohen Geschwindig- 
keiten durch Pfeilform. AVA-Report 39 H 18 (1939) see also 
H.  LUDWIEG: Pfeilflügel bei hohen Geschwindigkeiten.  Lilienthal-Bericht 
No,  127 (1940) 

Aerodynamischer Auftrieb bei Ueberschallgeschwindigkeit. 
VOLTA Congress, Rome (1935), p.  328-360; see also Luftf.-Forschung 
,12(1935), p.   210-220 

Aerodynamics; Selected Topics in the Light of their Historical Develop- 
ment, Ithaca, New York 1954 

Mein Weg zu hydrodynamischen Theorien. Phys. Blätter, Vol. 4 (1948), 
p. 89-92 



1A' '""/••• •*, • " . 

GROUP PHOTO OF THE PERSONNEL OF THE AVA, NOVEMBER 1918 



Fig. 31: GROUP PHOTO OF THE PERSONNEL OF THE AVA TAKEN ABOUT 1925 

— -- - -



3-1 

LAMINAR SEPARATION AT A TRAILING EDGE 

by JMCtntm GUIRAUD* «id Ran« SCHMITT 

OlflM NMioml (TEtiidM tt d* Hmimthm MnMpMialw (ONERA) 
•2320 CHATILLON (Franet) 

Suiomary 

Ulis work is concerred with a model of 
incipient separation at the trailing edge of a thin 
wing in incompressible very h.gh Reynolds number flow. 
Let    £   be the wedge semi-anglt at the trailing edge 
and R be the Reynolds Number.  Riley & Stewartson 
(J.F.M.Jjit, 2   ,  31*7,  1970)  showed that, under    E« 1 
and R ^ 1, separation occurs right at the trailing 
edge if £    R'H,        »0    (1). We show that,  under 

g'4 R'^ «     i, a model of separated flow, with 
a (small)  recirculation zone, of streamwise length 

0[£   (j'4R'*',J»J     may be built, which is consis- 
tent with a matched asymptotic expansion scheme of 
solution of the Navier-Stokes equations in the vici- 
nity of the trailing edge.  The structure of the flow 
involves a triple deck of Sytchev's type  (Mekh Zhidk 
Oaz  1972 n03, p.  '*7)  very close to separation, embed- 
ded in another triple deck, of Stewartsons'  type, 
which  is relevant to the overall separated flow. 
Angle of attack effects may be allowed provided the 
angle of attack   o(    is   4iB*.  Ignoring angle of 
attack effects, the flow depends on two constants; 
the value of vorticity in the recirculation zone 
and the precise position of separation, which is 
known already as  far as order of magnitude is 
concerned   (o[CV,(g" K'*') *])• A solution of 
the Sytchev's canonical triple deck problem will 
provide one relation between these two constants. 
A preliminary step towards such a solution is 
made through a thorough study of its asymptotic 
structure both  far upstream from separation and 
far downstream from it. 

DECOLLEMENT IAMINAIRE AU SORD DE FUITE 

RgsuaS 

Ce travail a pour but de proposer un module 
de Z* aaissance de la separation au bord de fuite 
d'un» idle mince dans un e'.ouleaent incompressible ä 
tres gnutd noabre de Reynolds. Soit   £   le dead-angle 
du diddre au boi-i tte  fi Ite et   R    le nombre de 
Reynold«. RUsy c  Scawnrtscn (J.f.M.  U», 2, 3l»7,1970) 
ct 7-^ntrS que, swysjinaiit   f *'■     1 (vt    R ^  1, la 
efjf.ratjC/n 'vjien jiute > u 'oorcE de I'uir.e si 

6  . P^*      "0(i'.. Nou« uor.trons que, pour 
g^.R"*1 «K     1.  M moa?le d'tcoulement d€co;i« 

avec une (petite)  zoncjie reel reflation, d'Stendue 
longitudinale 0[f**(i   R'^J**] , peut ^tre 

t Also : Universit« Paris VI - 
Laboratoirc d« Micaniqu« Thtoriqu« 
assocK au CNRS 
Tour 66 - Place Jussieu 
75230 PARIS CEOEX 05 

construit,  qui est compatible avec un.' representation 
de la solution des equations de Navier-Stokes obtenue, 
par la methode des d^veloppements asymptotiques rac- 
cordes, au voisinage du bord de fuite.   La structure 
de l'ecouleinent cooprend une triple couche de type 
Sytchev (Mekh. Zhidk.  Gaz  1972, n" 3, p.1*7) trSs prSs 
de la separation, emboitee dans une autre triple 
couche, de type Stewartson, qui s'applique ä l'Scoule- 
ment entierement separe.  Les effets de 1'angle d'atta- 
que peuvent etre pris en compte pourvu que 1'angle 
d'attaque   «(    soit   4i£*.  En ignorant les effets 
d'incidence,  1'ecoulement depend de deux constantes   : 
la valeur du tourbillon dans la zone de recirculation 
et  la position precise de la separation,  laquelle 
est connue du mpinj efiL..Qf-.iui concerne son ordre de 
grandeur (Of £{e   R    J Jh U"6 solution du probleme 
canonique de la triple couche du type Sytchev donnera 
une  relation entre c .'S deux constantes.  Une Stape 
pr^liminaire ä l'etablissement d'une teile solution 
est effectuee ä travers I'ltude complete de sa struc- 
ture asymptotique aussi bien loin en amont que loin en 
aval du point  de separation. 

1  -  Introduction 

We consider a thin wing, at a small 
angle of attack in a high Reynolds number,  steady, 
incompressible, laminar flow.  We set   8«    1    for 
the thickness ratio and   «( «   1 for the angle of 
attack. From inviscid linearized theory and 
standard boundary layer theory we can compute 
(numerically) an approximation for velocity and 
pressure, up to 0(1) and 0(€), which is  valid 
except in a three dimensional neighbourhood of the 
edge of the wing. That this approximation is not 
uniformly valid is known from the works of 
StewartsorL   U'°i Messiter C3j   Van de Vooren and 
DijkatraDl dealing with the flat plate at zero 
angle of attack and those of Riley and Stewartsorr* 
Brown and StewartsonW     for more general trailing 
•dg* flows.  Our purpose is to extend Riley     and 
Stewartson's work for flows in a vicinity of a 
trailing edge inclosing a small region of  separated 
flow.  Riley and   Stewartson have shown that,  for 
a wedge like trailing edge, separation starts at the 
trailing edge when   t. (ARH)  , where R is the 
overall Reynold«  number, while Brown and Stevartson 
have shown that this occurs under pure angle of 
attack effect when    ^  ■   ^C* !rj      .Guiraudl2] u4- 

deal» with the case when   6' R'%« 1,«tf^U  R   ) 
^Kow« that a small sept ration bubble occurs, of 
exi-Mit   tV*(f*lC¥'P* .  'r "i bubble is slightly 
unsyi    trical due to angle o'' attack effect which 
acts 01. lero angle of attack failing fdge flow at, 
a small v'rturbation of order tiB'^fe' fC™JV For 
pure two dimensional flow or for^three-dimensional 
flow, provided    R'* 4C Z  * R"*4*      the flow in 
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the separated region consists in two counter -.     ,.„ _ . .,   . 
rotating vortices which are locally two dimensional ^ upi>er "^rrfr" ■t0^he

1
UPPtr

tl-
er^ ^^^ 

in planes nomal to the trailing edge, with constant •ireaaUne  ;   8&R1     " the local thickness of the 
vortieitv (upper or lower) vortex while I 8  /*'wT is the vortieitjr. 

Here we extend this work by looking at 
the process of separation, which was just shown to 
rule the whole trailing edge flow, whithout consi- 
dering it in any detail. We show that the process 
of separation is formally identical with the one 
considered by SytchevM       for bluff bodies. 

corresponding value of the constant voririty. 

2 - The overall triple deck structure 

We use dimensionless coordinates X, 
near the  (planar) trailing edge T , such that tj.i 

,4« 
s 

length along   1     while    X«   and    ^   are cartesian 
coordinates in the plane normal to   V , oriented in 
such a way that   i, ■ 0    coincides with the skeleton 
of the wing,  this last one having, locally, the 
equation      }* * * £[*« ""(V) + 0W)J   .  We assume 
that   J4>0  is leeward, that the speed at infinity 
is unity and that its projection on the planfom 
of the wing makes an angle *f  with the normal to I 
(see figure  l). For the dimensionless components of 
velocity we use   U^ V, ,  "^      and,  for the dimension- 
less pressure, we use    p s  pM 4- ^4       .  The flow 
near the trailing edge has a triple deck structure 
with an embedded recirculation zone. Within »he outer 
deck we have : 

u,=c*a»f (i + e«i^a)+gK,("j)mlt-(j)+ e ^w A,* - 

(i) 

p4=£wt +i(A'tw| + ..- 

+ ep.wAy4pl = P0+8p,+.(A1V 
where   Ue , U.; ,)/». 00"  »i   are known functions of 

H   (from a lifting surface theory numerical compu- 
tation).  On the other hand we have : 

(2) Pi   . •♦ U. CosH'sO 

Fig. 2 

We  refer to   l*J   for some  details  concer- 
ning this   flow and we merely quote here a  few 
lesults.   First we observe that ädfts B + t'^Jl^so 
that  the  term in     •< A *       is  a small perturbation 
due to angle of attack effect  superposed on the 
symmetrical pattern.  Second, when    O*iu3"»0     , 
the shape of IKL and JKL is  given by 

t,   -V hi 

0 mcotV ^      "I        i „ 

When     Co        and     U)      are not  zero the shapes  are 
changed but the positions of the three points 
UK are  not.  The  function B(y)   is  to be computed 
from the   linedrized,  inviscid,   distribution of 
lift  on the win«.   Note the  asymmetry  associated 
with  the  angle of attack.   Our third point  is 
that,   close to separation,   from upstream, we have 
a square  root singularity  in the pressure,  namely : 

We observe that the coefficient of the 
singularity is of a definite sign, corresponding 
to a pressure rise, as is shown by the following 
formula  : 

**4 

(b) 

*,<■ 

where  i   is holomorphic within the domain exterior 
to AIKJB (see figure 2). All along AIKL and BJKL 
the slip condition holds, while alon« the  free 
streamlines IK and JK we have 

^ 

where J = cos X • Note that K is the same * * 
for the 1eeward and windward sides because ofa»*H«»" 
which is required for continuity of pressure accross 
OK. 

We refer to L2J   for the flow within IKJOI 
and we deal now with the main deck which is a conti- 
nuation of the slightly perturbed filasiue    boundary 
layer.   We have: 

with 

(8) 

FiB.1 

(5> 
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where   U*())     and    V, ( ^)      may be obtained  from 
the Biasius  solution and where Ae and Ai  are 
arbitrary  functions.   We point out that  (8)   refers 
to the  leeward side. 

Within the  lower layer   we get ; 

p4 = P0 + £ p, + »< A ■* p^      with   Sr A^ tl£ 

and,  consequently we find ; 

(9) 

(IT) U. 

with 

and we have; 

;iow 

Ily+w1|-l!i . 0(A) 

We observe that    pt      and    pi     are known 
from the  solution of the  outer deck.  Consider the 
symmetrical  protleir. o( = 0      ,  near separation ue 
have : 

11) 
-   /-      -V& 

F.'Pi»-^^»-^"""/    U,e=gj'A^f 

and may  find,   near separation,  a Goldstein  type of 
expansion : 

,1?) 

with 

F;-nlF:+i(7F;-Fj^=o,F;(o)_-^o)so 

Near    '1-ao     we  get  ; 

(U)    VA^^I   +«<*7 +«<,■► o^   j 

and, consequently,  we   find a second (outer)  type of 
Goldstein's expansion   for    ^ —*  0       • X    fixed. 

(1 8)     F^lFi-l^i-Fj-i^o^  li(ojsf-'(oM 

Near 7« "O we obtain : 

and,  consequently we get the outer type of Goldstein's 
expansion  for^-PO,    X,      fixed : 

(.o, I = K^/[...]+/^VAH^ 
+ Const". %      t comb, S   + • • • J 

3 - Separation 

From no    on we assume that the angle  of 
attack  is  zero.  The expansions  2(U)  and 2('15)  break 
down when   \   * M   $       and    Al*       are of t^e 

—     rder.  This  occurs when is 0(D,) ,![ = 0(D») with same order.  Th 

(1) 

from which we argue that,  if separation occurs 
deck, this one must have lengt.. 

AD, =R"V«       and thicknesses iDjR'^R'?   R'1* and 
through  a triple  deck, this one must have length 

-R"*'l       and thicknesses iDjR'^R'7   R'1* 
R"*lr    respectively.  We observe that these are 

precisely  the length scales which  occur in the  self 
induced  separation model  of Neiland  [5j   and 
Etewartson and Wi 11 iam: [pjas well  as  in other  free- 
interaction üchemes ai.   ,   for example in the model 
of separation by  a free  interaction process  as 
demonstrated by Sytchev   [lOj   and Messiter and Enlow ( ). 
We point   out that  the main  deck  of our embedded 
triple  deck contains,  indeed,  two  layers which  are 
respectively    the continuations  of the lower and 
main  decks  for the overall  triple deck.  Within  the 
upper layer of tne main  deck we   find, with the 
notations   of ?(f); 

f ~ 

(2) 

wa-£VD;\«rA,[(x-3tJ/aDj.U.(?)4... 

(15) U.= Kj+jL [i^K  Ü5ej *HtK^5 +...J 

For the angle of attack effect we have: 

l6)       Pi = Pi, ? % (-*-*) *+ ^MC-«--*) * • 

where   A,   and    b«   are numerical  constants which^ 
are  introduced for  further convenience,  while   UK(Ü 
are arbitrary  functions.   The  function A(X)  is  to 
be determined when solving the  free-interaction 
problem.   The functions    ll),(?)   should be deter- 
mined  from Hatching with the main deck of the 
overall   triple deck. 

Within the lower layer of the main  deck 
we have,  with the notations  of 2  (9); 

(3) t +>H(Mj) + K^A[{x-xJAß|+--- 

w = ->*D;\ a/ A'[(£ -ZJADJ. Ki +... 
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where    U,4    ,    U4,      and      U.^   are arbitrary func- 
tions of   \    which are to be  determined from 
matching with the lower deck of the c^rall triple 
deck.  The function A is the  sane in  (2) and (3)' 

Within the.lower deck  (of the embedded 
triple deck) we  find 

■a<=A5,*a4AUX ,  ^. eAFM>4SDtR
V*2 

(10  .[a^c.gD.U   ,     p4 = P,+ep.*£UVid4P 

(13)' 

v. 
where 

w^eSD^Li +gAf^+(SD>Q1)R\li<V duy o" 

and 

(5) (>x     ?z   3x   iz' 

provided : 

(6) *,*cX   , d4 .c4*   ,    c4=Kl.4 

within the  upper deck we  have : 

(7) {   u.cll,+£11^ BD4
y*i 

w4 s £F£ U4 +£A^ V, 4 g^i 

" it ' b + cosl; a = o 

u-iW = ^»♦'j) 

and 

(8) 

So that,  through matching with  the  upper layer 
of the main  deck,  we set : 

(9)       P(x)-iA'(x)xF(x+io) 

provided 

;io) aj, »b.coaf 
The relations (fc) and (10) fully determin.' 

the constants ai, b^ C], d^ Matching the pressure 
with 2(11) we find ; 

(11) x-*-«: P(x)^-A(-x)4/1 ^S.^J; 

The behaviour of  U     and  W    for    X   -♦ - •    is 
found through a Goldstein's  type of expansion, 
according to Sytchev   [lOj ,namely : 

(i2) LU2^    ,W=-2V 

TJe have made a small change  from 2(5), r    now 
stands  for the equation of the upper surface of 
the wing. 

}^i'!'^^i(^^/•h■,, - W'<'>" 

.IN.:   J.W.f.W.0 

Tt.e behaviour of the fK    fnr large ^   is 

(15), 

(16) 

i^4^+^^+o(^j 

consequence,   for    X—♦—«o   ,  Z.—* ^   in 
away that    ZT/f-X)      *• ao     ue ßet 

U82 ♦iA^Z^ + ^Lo^Z* 

+b^Z ^Z ♦ Z ^A S^M^^+M') 

A comparison of (16) with (3)  shows,  first,  that, 
when     Y —► 0        •  we have 

(17)        )     Uj./v-C,,^ 

while,  for X —*- » : 

(1 8)    A(xJ - ^A (-xf-tfLo^f.^^^^^. 

Near   A s-f «O , an asymptotic solution of (3) 
with three layers  (see figure 3) like the one of 
Sytchev   [lOJ   is under current study and will be 
reported later.   It appears that  : 

(i9)      P(x)-/ K.X',4+Tl4X'*fTtiX'\.. 
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with   JW    probably zero.  The outer layer is a 
mixing layer between the continuation of the main 
deck and the recirculation zone  ;  within this 
mixing layer we have   : 

(20) 

with 

X=f  , ZSG(SM*J,VS§V>- 

C   and     Q,  are two numerical  constants which are 
determined through numerical  integration. The value 
of   fl,  depends on the choice    {j»(0) ■   0 which 
states that  Z = GOO-f olX^J    is  asymptotically 
the equation of the dividing streamline issued 
from the point of separation. 

Within the recirculation zone we  find  : 

(22) 

with  : 

x.s ,z-%\. ^r/.a). 

The solutioii  is easily  found and matching with 
the mixing laye.- is effected along   ^=0,    such 
that  :       J,(6.)  -   ],{6) = O    . 

Near      7*0       i we  find  : 

with 

b c - ^{Z&f 
and it  is seen that the no slip condition at the 
wall does not holds, which shows the necessity 
of a viscous sublayer.  Within this  laminar sublayer 
we find  : 

(2M *-.$ ,z=*%h, y*i*k.[*h- 
with  : 

(25) % 

We have demonstrated that the problem of inci- 
pient sepnration at a trailing edge is  formally 
identical with the one for separation in the flow 
around a bluff body as was  formulated by Sytchev 
[lO] , namely  : 

fuiü+wiy+eiP-Vy^aLUaw.o 
^x      ?z  dx  ^z*      -ax   rz. 

P-iA' = f(X + iO) 

We observe  that the definition of  (26)  contains 
one  undetermined  constant   n    which enters  into 
the  problem through  (11).   If one tries  to  find a 
solution for small   o   through  linearisation one 
finds none.  There does not exist a continuum of 
solutions which  tend to   U = Z    ,    W= 0   when 

A = O     .  We  do not know whether there exists 
any  solution  to  (?6)  but we may conjecture  that 
there  is a smaller value of    A   for which there 
exists  a solution.  Either the spectrum of values 
of   A  is discrete or it is a continuum.   If the 
first situation holds then this allows to determine 
the position of separation through the determina- 
tion of   5),   by  (11) and then of a through 2 Ml) 
and 2 (6).  The  research of a numerical solution of 
(26)  is a formidable problem which has not been 
explored as yet. 
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SUMMARY 

A theoretical model Is proposed for the description of two-dimensional, steady, incompressible, 
laminar boundary-layer flow near a separation point.   It is assumed that the pressure just downstream 
of separation is approximately constant, and asymptotic solutions are then sought for large Reynolds 
number and small distance.    The first two terms of the complex perturbation velocity in the external flow 
are shown to imply a pressure gradient upstream which is generally favorable, and adverse only for a 
short distance.    This representation is no longer valid in a small neighborhood of the separation point 
where an interaction of the boundary layer with the external flow must be taken into account.   Solutions 
are obtained for the boundary layer jujt upstream and, with an additional assumption, for the region of 
backflow just downstream of this region.    These results represent a composite of the solutions derived 
in two earlier studies.    A brief review and extension are also given for an asymptotic model of the com- 
plete wake behind a circular cylinder, with the assumption of nonzero drag at Infinite Reynolds number. 

1.    INTRODUCTION 

The primary difficulty in the development of a theory for steady separated flews at high Reynolds 
number is that the external potential flow, the flow in the boundary layers and separated shear layers, 
and the recirculating wake flow must be determined simultaneously. In particular, for incompressible 
flow past a bluff body such as a circular cylinder, it should be expected that even the flow details close 
to a separation point can be studied only in terms of an interaction of the boundary layer with the local 
external flo v It would seem to follow that at least some general information about the wake is needed 
before a description of separation can be undertaken. 

For a prescribed adverse pressure gradient, numerical solutions of the boundary-layer equations 
have implied the presence of a singularity at separation.    Goldstein' studied the boundary-layer flow 
approaching a separation point, assuming a nearly constant local adverse pressur« gradient, and showed 
that the streamline slope may increase as the inverse square root of the distance from separation.    His 
solution was expressed by asymptotic expansions of coordinate type, one in terms of a similarity variable 
for a thin sublayer and one in terms of the usual boundary-layer coordinate for the remainder of the layer. 
He also showed that there exists no solution downstream of separation which is consistent with these 
results for the solution upstream.    Goldstein's analysis was later extended by Stewartson^ and its impli- 
cations were studied in detail by Kaplun. ^   Stewartson1* also considered the possibility of a local boundary- 
layer interaction with the external flow and showed that no local Interaction solution exists which is con- 
sistent with the Goldstein singularity. 

Of the various models proposed for the wake behind a bluff body placed in a uniform stream, those 
which seem to be quoted most frequently are related in sonne way to free-streamline theory, with the 
pressure taken equal to its undisturbed value all along the separation streamlines.    For a circular cylinder 
a family of solutions is available, with differing locations for the separation points (e.g. , Thwaites').    The 
wont reasonable choice is usually considered to be the one solution having continuous streamline curvature 
at separation, for which the separation points are located at about 56    from the forward stagnation point. 
Eirlier separation is precluded because the predicted separation streamline would then lie partly inside 
the body.   Separation further downstream would lead tc an infinite adverse pressure gradient at separation, 
and the boundary laver would be expected to separate before that point is reached. 

An objection to the free-streamline theory is that measured base pressures at Reynolds numbers 
of 104or 10s, such that the boundary layers are laminar at separation, are considerably lower than the 
undisturbed pressures.    Roshko" and Woods    have attempted to improve the agreement with experiment 
by introducing modifications permitting variable pressure behind the cylinder.   Roshko8 has also pointed 
out that unsteadiness in the wake will lower the base pressure, and suggests that a complete theory should 
take this intr account for prediction of the pressures actually observed at these Reynolds numbers. 

Another possible objection to the free-streamline theory la that the distance between the separation 
streamlines grows parabolically as the distance from the body becomes large, and so the wake is not 
closed.    This feature seems unacceptable because a small backflow at infinity would bo required to supply 
the mass required for entrainment in the separated shear layers and because a steady-state closed wake 
is known to exist at lower Reynolds numbers.   One expects initead that the wake length should increase 
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continuouily •■ the Reynold! number increases (ponibly to a finite limiting value as suggested by 
Batchelor') and ilitt at large distance the flow velocity should approach the undisturbed value.    Thus the 
free-streamline theory taken alone does not seem to provide the correct asymptotic solution of the Navier- 
Stokes equations for steady flow past a bluff body in the limit as the Reynolds number tends to infinity. 

Roshko'O and Sychev      have outlined a possible asymptotic solution for which the wake length 
grows linearly with Reynolds number.    The basic assumption is that the drag of the body is nonzero in 
the limit, with the wake pressure taken to be approximately constant and equal to the undisturbed pressure. 
At a distance downstream of the order of the typical body dimension, the separation streamlines are as 
predicted by free-streamline theory.    The velocity just outside these streamlines is approximately the 
free-stream value, and the fluid between them has much smaller velocity.    The viscous shear layers 
separating these regions will grow in thickness with increasing distance downstream, and will eventually 
come together at a large distance such that the shear layer thickness calculated according to boundary- 
layer theory is of the same order as the body thickness.    For a proper choice of the wake length, the 
fluid which continues downstream then has a momentum deficit equal to the body drag.    The distance be- 
tween the separation streamlines is proportional to the square root of the Reynolds number, for matching 
with the free-streamline solution near the body. 

The wake models related to free-streamline theory show a generally favorable pressure gradient 
upstream of separation,  implying that the adverse pressure gradient required for separation might occur 
only over a distance which decreases to zero as the Reynolds number tends to infinity.    If this is true, 
the velocity profile approaching separation is linear near the wall,  rather than quadratic as in the Gold- 
stein theory.   A local interaction with the external f.'ow then has the same form as given in other applications 
by Stewartson and Williams,       Stewartson,       Messite-,       and others.    In the limit as the Reynolds number 
becomes arbitrarily large, viscous forces are important ^.'imarily in a thin sublayer adjacent to the wall, 
and the increase in displacement thickness of this sublayer leai's to an outward displacement of the stream- 
lines in the remainder of the boundary layer.    The pressure chaiges associated with the resulting stream- 
line deflections in the external flow must be the same as the prei sure changes in the sublayer,  since the 
interaction occurs over a distance somewhat larger than the bouidary-layer thickness and the streamline 
curvature remains small. 

The possibility of studying the flow near separation by combining a local-interaction description 
with the leading terms of a free-streamline solution has been shown by Sychev'^ and by Messiter and 
Enlow. The idea is that for a circular cylinder the separation point is displaced downstream from the 
56° point by an amount which decreases as the Reynolds number increases.    There is then a singularity 
in pressure gradient which decreases in strength as the Reynolds number tends to infinity.    A term in 
the external-flov solution which implies constant pressure downstream and is consistent with the inter- 
action formulation was proposed by Sychev, and its implications were studied in detail both upstream and 
downstream of separation.    The term in the external-flow solution corresponding to smooth separation 
was studied by Messiter and Enlow, especially with reference to the upstream boundary-layer flow, by 
expansions analogous to those of Goldstein's theory.    These results have been reviewed by Lagerstrom 
and by Stewartson. ' 

The results to be presented here are primarily a review of work already published, but an attempt 
has been made to unify the results and to develop a few extensions of earlier work which are needed for 
this purpose.    The next b^ction summarizes the solutions given by Svchev and by Messiter and Enlow, in 
a combined form.    For the assumed pressure gradient it is shown thai the velocity profile near the surface 
must have a specified form for compatibility with the wall boundary conditions.    The formulation of a local 
interaction problem is then reviewed in the present context.      A solution for the backflow is derived for the 
assumption that the mass in the backflow is exactly equal to the mass required for entrainment in the 
separated shear layer.    It is to be emphasized that the assumption of constant pressure just downstream 
is a local one and does not necessarily imply a free-streamline model for the wake.    In the last section 
the wake model proposed by Roshko and by Sychev is discussed, and the possibility of an infinite sequence 
of vortices below the separation streamline is considered. 

2.    THE FLOW MODEL NEAR SEPARATION 

The local external flow 

It is convenient to begin by considering the family of free-streamline solutions for flow past a 
circular cylinder.    The separation streamline has continuous curvature only if separation occurs at a 
specific angle 8   , equal to about 56°,  from the forward stagnation point.    For separation at any other 
point,  this streamline has infinite curvature at the separation point.    If separation were to occur further 
upstream, the streamline would cut into the body, but if the flow separates further downstream the stream- 
line curves outward from the body.    We will assume that separation actually takes place at a small distance 
downstream from the 56    point, at an angle 0S = 90 + O(c), where e is a function of the Reynolds number 
Re which tends toward zero as Re -> ao .    The pressure gradient is adverse just ahead of separation and is 
weakly singular at separation, in the sense that the function which becomes large is multiplied by the 
small parameter c. 

Nondimensional variables will be defined in terms of the free-stream velocity U and the cylinder 
radius a.    Thus the Reynolds number is Re = Ua/v , where v is the kinematic viscosity.    The pressure 
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•nd velocity at ••{»ration «r« ps and U,, whor« ps/pw ■ 1 + 0(c) and Ua/U ■ 1 + O(e). to that pg and U, 
arc approximataly but not exactly «qual to the pressure p,,, and velocity U at large distances from the 
body.   We define nondimensional coordinates x and y with origin at the separation point, measured down- 
stream along the surface and outward along a normal to the surface, respectively.   The corresponding 
nondimensional velocity components are u and v.   The local static pressure is p, and the nondimensional 
perturbation pressure is p = (p - <ps)/(pU*).   The Bernoulli equation then shows that the largest term of 
the perturbation in the nondimensional complex velocity is  -(p + iv). 

The local behavior of the free-streamline solution near separation gives 

p + iv~i€c0«,A + ic, E,A (1) 

for Re -►oo and a = x + iy —0.    We take c0, c, > 0.   As arg a —O, p — 0 and v ~< ^x1'1 + ^x''1; as 
arg a — ir, y — 0 and p^» -f c0 jxl1^  + cilxC'* .   Thus along y = 0 the perturbation pressure is aero down- 
stream «nd the streamline slope is zero upstream; a term i A a, where A > 0, could also be added to (1) 
to account for body curvature.    It is seen that p > 0 for x < -c c0/ct and p < 0 for -c cQ/cl < x < 0; 
dp/dx < 0 for x < - •!■ f Cq/c| and dp/dx > 0 for - -J- f c0/ci < x < 0, with dp/dx — oo as x — 0; and the mini- 
mum value of p is p *< - ^- (e c0)3'*/(3 ci)1'1.    More terms can be added to (1) to account for higher-order 
terms in the free-streamline solution and to correct for terms omitted from the approximate Bernoulli 
equation. 

If, as suggested above, a free-streamline solution is assumed, then pa = p^ and the value of C| 
is determined.   A relation between (88 - 0o)/e  and c0 is also obtained.    Then one additional condition is 
needed, and presumably can be found from a suitable boundary-layer solution.   Eq.  (1), however, is only 
a local approximation and so does not really require that the pressure remain constant all along the 
separation streamline.    Furthermore it is not essential to assume ps "»Pop and 9S ^ 90.   Thus there may 
be as many as six unknown constants:   the first two terms in the expansions of p8 - p^, and of 9g - eo, 
plus Co and cl.   Again all but one of the needed conditions are presumably to be supplied by a wake solution, 
with the one remaining condition obtained from a local boundary-layer solution. 

The boundary layer iust upstream 

Since dp/dx < 0 just upstream of separation except at small values of -x, the boundary-layer 
velocity profile remains linear near the wall except at small values of -x.    The velocity near separation 
then is described by a basic profile plus superimposed small changes corresponding to the pressure 
gradient obtained from (1).    The stream function is defined by 

i; =u •   8^= -v {Z) 

We define a boundary-layer y-coordinate and stream function by 

r=Rel^y , ^=Re,/l+ (3) 

Then u-»• BiT/ay and v~ -Re'^'o^/dx.    The basic profile is given by u ~ ^ (y), where \tfQ ~aiy as y — 0. 

For small values of -x, we anticipate that If can be expressed by a series expansion with terms 
given by powers of x (and perhaps logarithms) multiplied by functions of y. For example, the form of 
the pressure gradient might seem to suggest the series 

~~ 4-0 (y) + (-x)1^ ^i (7) + (-x)s/z >My) + • • • 

However, by substituting this series in the boundary-layer momentum equation, and taking the limit for 
€ — 0 and -x — 0, one easily finds that i)/| and 4>2 satisfy first-order equations and that consequently the 
no-slip condition cannot be satisfied.    If we compare the orders of magnitude of the terms uu^ and uww, 
recalling that u = 0(y) as y —0, we find that viscous forces should be expected to become important 
when7= Odxl1'3).    Thus near the wall we anticipate a series solution in terms of powers of -x multiplied 
by functions of a similarity variable  y7(-x)n, where in this case n = 1/3.    This is a form of solution intro- 
duced by Goldstein, used by him in Ref. 1, as well as elsewhere, and also by many others.   Each of the 
terms in this expansion satisfies the tangency and no-slip conditions at y/f-x)1'3 - 0 and a matching con- 
dition as y/(-x)''3 -> oo .   Each term in a solution for the main part of the boundary layer satisfies a 
matching condition as y — 0. 

Combining the results of Sychev and of Messiter and Enlow, we have for the inner solution 

^7*17*+ (-x)j/kfs/j(t)+ ■•• + e (-x^g.i/zd) + ■■• (4) 

where t £ yH-x)^1; the notation for a general term is (-x)<l+k,/3 fk, €(-x)(j+k)/3gk.    For the outer solution 

7 -* 4*0 (7) + (-x) >W (7) + (-x)T/t +T/t (y) + (-x)3^ +3/2 (y) + • ■ • 

* e foW + el-x^SiAW + cf-x)1/2 0lA(7)+ ••• (5) 



Sych«v't derivation was carried out in vonMiae* variable«, with ^ replacing yf aa an independent variable. 
His results have been rewritten here in rectangular coordinates, and correspond to the terms in (4) and 
(5) which contain a factor r .    The remaining terms in (4) and (5) were obtained by Messiter and Enlow. 
The functions f|/i(t) and g-i/kft) aatisfy 

8.1/1 - 7*it  g-i/i •» 2''^ 8-1/!8   ■ J*»«-»/«  = Ico <7' 

The boundary conditions require that f,^ , fjb , g.^   and gli/i be zero at ( = 0.   It is also required that 
there be no exponentially large solutions as t — oe .   The solutions can be expressed in terms of confluent 
hypergeometric functions, and as t —■ «o it is found that 

g.i/i ft)-| blA t3/l +MI  - -^  ^ 

The functions in (5) which satisfy appropriate differential equations and match asymptotically as y —0 
with the terms in (4) expanded for ( — oo in (8) are found to be 

, • ry ^  AI 
0     vo 

«.A = B,/6 *; 

.   f7/ 1 1    \.~    co^ 

(9) 

^ = co^/o(^-i7V)d7-17 
o ^o 

aTT 
where Affa = K/ai and B^ = M/ai .    Also 

as 7-0, for matching with the solution of (7), and from (7) it is found that b,^ = (9/a,)1^ c0 r(l/6)/r{-1/3). 
Messiter and Enlow studied additional terms and in particular showed that for the assumed pressure 
gradient the form of the basic velocity profile ^'0 (y) which is compatible with the boundary conditions at 
the wall is 

^ (7) -a, 7 + aT/l r
k + a4r + a» 7* + a,^ 7^ + »7 77 + • • • (10) 

where aT^ - - (c|/7) a,1'2 r(-5/6)/r(-1/3); 84 and a7 are arbitrary; and a6 ,  a,w2 could be obtained by 
numerical integrations. 

The local interaction problem 

At points very close to separation it is expected that an interaction with the external flow must be 
taken into account.    The pressure then cannot be prescribed but instead must be obtained as part of the 
solution.    Although the local pressure gradient maybe large, the interaction occurs over a short distance, 
such that the magnitude of the local pressure changes is small.    The velocity profile is therefore undis- 
turbed throughout most of the boundary layer.    In particular !]>•>» il'o (y); and u •» a,y as y — 0.    Perturbations 
in the viscous forces are therefore small, and so the increased pressure gradient is balanced primarily by 
an increase in the magnitude of the acceleration, or in this case a deceleration.    In a sublayer close to the 
wall, viscous forces must also be important in order that the no-slip condition may be satisfied. 

Thus near separation we postulate a representation of the flow as Re — oo in the form given, e.g. , 
in Refs.   12,  13, and 14.    For a short interaction distance, we require in a sublayer very close to the wall 
that mass be conserved; that viscous,  pressure, and inertia forces be of the same order of magnitude; 
that u = O(y); and that the streamline slope v/u be of the same order of magnitude as the nondimensional 
pressure perturbation p.    The last condition followr from the result, which we will anticipate, that not 
only can 8p/8y be neglected but also that the largest term in v/u is independent of 7 except in the sub- 
layer.   Since v/u and p are of the same order in the external flow outside the boundary layer, they are 
also of the same order in the sublayer. 

These conditions are sufficient to show that the interaction occurs over a distance Ax = 0(Re~3'>); 
the sublayer is characterized by y = Re"1'1 7= 0(Re'5A); and the perturbations p, 7<u-ai7)i an<l v/« are 
all of the same order.   If we require further that the relative changes in u are not small, as must be true 
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in the present caie, the orders of magnitude of the perturbations are determined. It is found that p, v/u, 
and (u - «iT)1 »r« ^ll 0- order Re'1'4. Finally, to complete the formulation the form of the pressure up- 
stream must be introduced.    We have 

p~-€c0l.x)1/*        as 7i"*0, Re-V» "*  " (n) 

Rewritten in "inner" variables this becomes p ^» - c c   Re"1',*{-Re1'* x)1'2 , and for matching with a term of 
order Re'1'4 in the interaction solution it becomes necessary that e = OfRe'1'16); we choose 

€ 5 Re*1/" (12) 

Thus in the sublayer x = 0(e6) and y = OCe*). 

The sublayer problem, for c —' 0 with x/e6 and y/c2 fixed, is formulated in the manner described, 
for example, in Refs.   12,  13, and 14: 

7(x.y:£)~644'*(x*,y*)+  ••■ (13) 

p (x,y:£)~€4p*(x*) +  ... (14) 

where 

and 

*      x * 
x* = -T y* 

€" £ 

8|£     8*^* 84;*   82f* dp*       8^* 
By* 8x'8y'   " it1  S/1" ^   '   djF +  By*' 

■h (is) 

(16) 

^(x*^)  = {^r (x*.0) = 0 (17) 
By 

^(x*^*)* a.y* x*--» (18) 

l1^ (x*,y*)~a,y**alC(x*) y* -« (19) 

G'(x*. + H(x*,c0x-^ = - i Z06   P^jHidifEj^   de (20, 
-oo x    - 5 

where H(x*) is the step funcrion defined by H(x*) = 0 for x* < 0 and H(x  ) = 1 for x* > 1, and 

P*(x*)~ - c   (-x*)'/2     ,       x*--oo ! G,(X*)~-cnx*,/2       , x*-+« (211 

o -o 

Presumably a velocity profile for the backflow as x* -> oo is also needed as an initial condition to supple- 
ment the initial condition (18).    A possible choice for this condition will be discussed below.   Assuming 
that some such condition can be chosen, we expect that the solution to the interaction problem will provide 
some kind of information which helps toward the determination of a proper choice for the external-flow 
parameters.    The constant c0 in (21) is the only free parameter appearing in the problem formulation, and 
should probably be regarded as unknown.    Although no proof can be given,  one might conjecture that 3 
solution to the interaction problem may exist for only a single value of c   , and that the solution therefore 
provides a condition which determines c0 . 

A numerical solution of the system given by (16) through (21), with the supplemental initial condition 
for the backflow, might perhaps be started by guessing a plausible form for the pressure perturbation 
p*(x*).    If an initial velocity profile for the backflow is specified at a large positive value of x*, it should 
be possible to determine the flow below the line along which u = 841 /8y    = 0 by integrating in the direction 
of the backflow, for decreasing values of x*.    The form of the line u = 0 would be found from this calcula- 
tion, and the calculated values of 41* along u - 0 would provide an assumed boundary condition for the 
forward-moving flow above this line.    One might then integrate in the forward direction from a large 
negative value of x* and thus obtain an estimate for the function G(x*).    Eq.   (20) can then be inverted to 
give a new function p*(x*), which is to be compared with the assumed p*(x*),  so that an Improved estimate 
can be made. 

The backflow 

Downstream of separation the form of the free streamline is obtained by integrating the streamline 
slope v obtained from (1) for arg z-» 0.    One finds y •«»— £ CJJX1* + |- CiX5'2 .    For Re = 00 , or e = 0, this is 
the equation of a vortex sheet across which the velocity is discontinuous.    For Re < » and £ > 0, the 
vorticity is large but not infinite, and the change in velocity occurs across a free shear layer of small 
but nonzero thickness.    The separation streamline 4; = 0 will be defined by y = Y (x ;£), where 

Y(xj£)~-|£c0x
l/2+ I c^2 (22) 
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for € — 0, x — 0, and x* — oo .    To describe the flow in the free »hear layer, we define 

y = Re'/* (y - Y) 

■uch that t|/ = 0 at y = 0.    For most of the laye: the velocity of each fluid element is nearly unchanged, so 
that T "■"I'o (V ' • with u^aiyas y — 0. 

As for the flow upstream of separation, viscous forces cannot be neglected very close to »JJ = 0. 
Therefore we expect that a solution of the boundary-layer equations is required in a thin sublayer for 
small values of y, satisfying the condition u «»aty as the sublayer coordinate becomes large.   We take 

T-'x2''F(T,)       . Ti=y/x,/s (23) 

where F(T|) satisfies 

pi» . i F F" + j F'« = o (24) 

F(0) = 0,        F"M = al,       F'f-») = 0 (25) 

The condition for ti — - oo assumes that in the limit the flow below the free shear layer has velocity which 
approaches zero faster than x1'3. 

Since Re"1'* x1'' « Y(x jc) for x » Re"     , the thickness of this viscous sublayer is much smaller 
than the distance from the wall to the separation streamline.   It follows, as can be shown by a more care- 
ful asymptotic formulation, that most of the separated flow is described approximately by inviscid-flow 
equations.    The backflow below t|< = 0 must supply at least enough mass for entrainment in the separated 
shear layer, which is equal to Re"1'2 x2',|F(-oo)|. Sychev'' assumed that the backflow supplies exactly 
this amount of mass, and explored the consequences of this assumption in detail.    Messiter and Enlow'" 
briefly suggested the same possibility; thi ! a «sumption, has been used in other separation problems by 
Stewartson and Williams  ' and by Klemp and Acrivos.*"     Sychev's results for p + iv^ic c0 i      are 
summarized below and extended to include the effect of the term i C| z3'2 in p -f i v. 

If 'V(x) has the form given in (22), a solution for the backflow which provides exactly the mass re- 
quired for entrainment is 

u^Re-,/2x2/3F(-«) {f €c0x
3/2+ | c, x»^'1 (26) 

The Bernoulli equation gives the corresponding pressure: 

p ~ - j Re"1 x^3 F2 (-«) (| € c0 x3/2 + | c, xs/2l- 2 (27) 

This provides a very small accelerating pressure gradient for the backflow, and for the forward-moving 
fluid in the separated shear layer the pressure gradient remains adverse.    The viscous forces acting on 
the fluid very close to 4< = 0 give an acceleration in the positive x-direction to a small amount of mass 
which must be supplied from below.    A weak pressure field is set up which provides the needed backflow. 
For x/c —oo and x — 0, (27) gives p = 0(Re"1 x'11/3), implying terms of order Re'1 at a distance x = O(l). 
For x/e -• 0, (27) becomes p « 0(Re"1'* x   "5^,), and this represents the first term of an expansion of the 
solution (14) as x   — oo . 

The solution given by (26) does not satisfy the no-slip condition at y = 0, and so a "backward 
boundary layer" is also required.    The "external-flow" velocity seen by this boundary layer is given by 
(26).    The thickness of the layer varies from 0(Re",/4) when x = 0(1) to 0(Re_5^) vhen x = 0(Re"3^). 
Finally, the perturbations in the shear-layer flow above the sublayer about y = 0 can be obtained in a form 
similar to the solutions given by (5) and (9) for the flow upstream of separation.   Again the first effect to 
appear is a displacement effect due to acceleration of fluid in the sublayer. 

3.    DISCUSSION 

In the preceding section it is assumed that for steady two-dimensional laminar flow past a bluff 
body at high Reynolds number a correct local solution near separation can be obtained if the pressure is 
taken to be approximately constant just downstream of separation.   A sketch summarizing some general 
features of the asymptotic flow model is shown in Fig.  1.    Certain aspects of the proposed model seem 
quite promising, but the model is clearly far from complete.    The results do appear to be self-consistent, 
in the sense that formal asymptotic matching appears possible among the various parts of the solution. 
The pressure distribution has the correct general form, in that separation follows after a small pressure 
rise which occurs over a small distance.    Furthermore, the possibility that various quantities may change 
very slowly with Reynolds number seems to be in agreement with existing experimental and numerical 
results.   On the other hand, the existence of a solution to the interaction problem as posed has not yet 
been demonstrated, and some other uncertainties arise due to lack of knowledge of the flow in the wake. 
Several constants are undetermined, and the observed low value of base pressure has not been explained. 
Finally, the assumption about the nature of the backflow has not been properly justified. 
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In order to proceed further, it appears necessary to study the complete wake.    For a bluff body 
such as a circular cylinder at a Reynolds number of about 10* or 10* , the boundary layer at the body 
surface is laminar at separation.    The separated thin shear layer is unstable and the flow becomes un- 
steady somewhat downstream of separation.   A realistic attempt at predicting the flow close to the body 
must take this unsteadiness into account.   However, it also seems important to study the flow which would 
exist at very large Reynolds number in the absence of instability, both for a better general understanding 
of solutions to the Navier-Stokes equations and as a step toward understanding the actual nonsteady flow. 

We will assume that the steady-state solution to the Navier-Stokes equations for flow past a circular 
cylinder gives a nonzero value for the drag coefficient CQ in the limit as the Reynolds number tends to 
infinity.    Certain consequences then seem to follow rather directly.    The assumption that CQ — 0 is based 
on the belief that in the limit the pressures on the back of the cylinder are not likely to be large enough to 
cancel the pressures on the front part of the cylinder so as to give CQ = 0.    The drag can also be expressed 
in terms of a momentum deficit in the wake at large distances from the body.    If we tentatively assume a 
constant-pressure wake, each of the free shear layers is described by a similarity solution, with the non- 
dimensional thickness of each layer growing as (x/Re)'^.   The momentum loss of the fluid entrained from 
the external potential flow is of order one when x = O(Re); this order of magnitude would remain the same 
even if the pressure were allowed to vary throughout the wake.    Roshko'" and Sychev      therefore postulated 
a closed wake of length proportional to Reynolds number.   A free-streamline solution is presumed to des- 
cribe the flow for x « Re, with the distance between the free streamlines taken to grow as x1'2 for 
1 « x « Re.   A matching of solutions for x = O(l) and x = O(Re) then implies a maximum wake thickness 
of order Re1'2.   The two shear layers therefore merge at a large dis ance behind the body.   The fluid in 
the inner parts of the layers is turned back toward the body, and the fluid outside the separation stream- 
lines continues downstream in a layer having thickness of order one.    The nondimensional momentum 
deficit in this layer extending downstream along the center line remains constant and equals the drag co- 
efficient of the body. 

It is at this stage that the consequences of the assumptions become quite difficult to understand. 
The fluid which is turned back near the wake stagnation point is acted upon primarily by pressure forces, 
in a region having dimensions of order one, so that locally the Bernoulli equation can be applied for each 
fluid element.   Since the significant pressure gradients are confined to this region, it follows that the 
magnitude of the velocity for each element just after the turning is equal to the value just before fie turning. 
This statement can be written more formally as an asymptotic matching condition which provides an initial 
condition for the backflow within a distance of order one from the center line.    In particular, if the pressure 
is assumed constant everywhere in the wake except near the wake stagnation point, the fluid velocity is 
small except in the shear layers and near the center line, and the similarity solution for the shear layers 
gives the velocity at ^ = 0 as u = 0.587. 

If we continue tentatively to assume a constant-pressure wake, we have a jet-like backflow along 
the center line, with the neighboring fluid at rest.    The momentum flux remains constant as the fluid moves 
from the wake stagnation point toward the body.    The mass flux increases and the velocity decreases, but 
the velocity remains of order one in an asymptotic sense, although it may be numerically small.    This 
fluid must again be turned, in the neighborhood of the body, primarily by pressure forceo.    The pressure 
coefficient Cp = (p - poe)/( i pU2) along the back part of the body would remain of order one and positive, 
although numerically small.    For example, if the velocity were to decrease by Stflt between the wake 
stagnation point and the body, its value might be about 0. 3, corresponding to a pressure coefficient of 
about 0. 1 as compared with a pressure coefficient 1. 0 at the forward stagnation point on the body. 

It does not seem that this conclusion is necessarily inconsistent with experimental and numerical 
results,  since these results are not available for really high Reynolds number.    For example, Roshko^ 
gave one set of data which clearly showed that measured pressures were strongly influenced by wake 
unsteadiness, and therefore do not at all correspond to a steady-state flow.    For a circular cylinder with 
2 Re = 2 Ua/v   s 14,000 the pressure coefficients on the back of the body with and without a splitter plate 
were,  respectively, about -0.5 and -1.0. 

After the backward-moving fluid in the jet-like layer along the center line is turned so as to move 
again in the forward direction, it still has velocity of order one and occupies a layer having thickness of 
order one, adjacent to the assumed thin shear layer along the separation streamline.    Thus for the initial 
development of the free shear layers there appears to be a small but nonzero velocity in the adjacent wake 
fluid,  so that the tentatively assumed similarity solution is not exactly correct. 

These considerations of course carry implications for the flow clofe to the separation point.    The 
fluid moving along the back of the cylinder provides more mass than is needed for entrainment in the thin 
shear layers, and must encounter an increasing pressure if it is to be turned so as to move again in the 
forward direction.    The boundary layer at the cylinder surface then has an adverse pressure gradient and 
is expected to separate long before reaching the separation point assumed for the boundary layer on the 
front of the cylinder.    The assumption of nearly constant pressure used in the preceding section can still 
be correct,  provided only that the leading term of the complex velocity is given by (1) for e -• 0 and z -* 0. 
We require only that the perturbation pressure p be of smaller order of magnitude than the streamline 
slope,  so that |p| « £ c    x"2 + ci x3'2 .    The assumption that the backflow provides exactly enough mass 
leads to the very small downstream pressure given by (27),    The actual p could be considerably larger in 
magnitude and still be consistent with (1). 
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Several hints can be found in the literature aa to what kind of modification might be considered for 
the flow just downstream of separation.   Stewartson^ suggested a form of solution containing an essential 
singularity and noted that infinitely many such solutions might exist.    For low Reynolds number, Moffatt^' 
obtained solutions to the Stokes equations for flow near an interior corner which showed an Infinite sequence 
of vortices.   Secondary eddies also appeared in the numerical solutions obtained by Burggraf. 22 

A possibility here is to add an infinite series of terms to the complex velocity in the external flow, 
with qualitative properties which might correspond to an infinite sequence of vortices in the flow below the 
separation streamline.   These terms should decay in some reasonable way as arg z increases from zero, 
and should satisfy the condition v -> 0 as arg z~n.   A function which has the desired properties is 

,   v -Iwp   ß    -lv/zl/2 

w(z) = ae      'z   e (28) 

Iß(e-ir)   0    -Yr-'^sln^/Z) = or c re 

X icos (yr'1^ cos |) - 1 sin (vr"*^ cos | )| (29) 

„'/i 
where r = |z|,  9 = arg zj o, ß, y are real; and Y > 0.    For 9 = 0, w = oe"ip,r xP e' Y'x A wave length 
Ax is found by setting Y/X'^2 - Y/(x +Ax)1'* = 2IT; It follows that Ax ~ (4W/Y)X3'2,    If 9 Increases from 0 to IT 

for a fixed value of r, the exponential factor decreases monotonically, and is very small for r « 1 and 
Vr « 9 < ir.    For 8 = ir, w Is real and so satisfies the condition v = 0. 

The oscillating form of w(z) for 6 — 0 implies a periodicity in the backflow, with eddies having 
length (4ir/Y)x1".   If we consider first e6 «x «c, then the separation streamline is given by 
Y(x)~ie c0 x

1/*.    The height and length of the eddies would be of the same order if y = 0(e"1).    The 
stream function for any one of the eddies would be described by Polsson's equation it^g + i|jyy = "Mi 
where u s vorticitv and possibly would be assumed constant for any particular eddy; the eddy presumably 
would have  irregular    shape.    The corresponding pressure might be represented in terms of Fourier 
series, implying also an infinite series of terms in the complex velocity for the local external flow.    Thus 
infinitely many terms of the form ,28) might be considered. 

For £* « x « t, |w(z)( remains small compared with €|z|    , the largest term In (Ifc provided that 
o|z|P «fjzl1'2.   Since p - CXoxP) for arg z -0, the velocity in the eddies is CX«1/* x^2 ).   Since 
y = 0(c x3'2), the vortlcity is Ote'^f "' x*P" 3''2.   If the vortlcity were assumed, for example, to be of 
the same order of magnitude in all of the eddies, we would take ß = 3.    For a = O(l), the pressure p = 0(x3) 
would remain very small in comparison with c x1'2 for e6 « x « e.    The same form for w(z) might also 
be assumed for e « x « 1, or perhaps different forms should be anticipated for the two ranges of values 
of x.    In any case, the scale and velocity are such that a local Reynolds number for each individual eddy 
is large, and so each eddy Is described by inviscld-flow equations, except at its boundaries where thin 
shear layers would have to be taken into account.   All of these conjectures, of course, refer to possible 
forms for the limiting steady-state solution.    For an actual flow at a Reynolds number of 104 or 109, it 
might instead be necessary to study a nonsteady vortex shedding.   If, however, the pressure were still to 
remain nearly constant just downstream of separation, the complex velocity given by (1) would again 
provide a correct description of the mean flow, with the unsteadiness affecting some of the unknown con- 
stants rather than the form of the solution. 

The main purpose of the speculation of this section was to suggest that the general form of the 
local flow description proposed near separation does not seem to imply any specific model for the complete 
wake.    It Is only necessary that the pressure be nearly constant. In a suitable asymptotic sense, immedi- 
ately downstream of separation. 

REFERENCES 

1. Goldstein, S. , On Laminar Boundary-Layer Flow Near a Position of Separation, Quart.   J. Mech. 
Appl. Math. J^ (1948),  43-69. 

2. Stewartson, K.( On Goldstein's Theory of Laminar Separation, Quart.  J.  Mech. Appl.  Math.  11 
(1958), 399-410. 

3. Kaplun, S. ,  Fluid Mechanics and Singular Perturbations, P.A.  Lagerstrom,  L.N. Howard, and 
C.S.  Liu, eds., Academic Press, New York,  1967. 

4. Stewartson, K., Is the Singularity at Separation Removable? , J.  Fluid Mech. _44 (1970),  347-364. 

5. Thwaites,  B. (ed.).   Incompressible Aerodynamics, Oxford Univ.  Press,  I960. 

6. Roshko, A., A New Hodograph for Free-Streamline Theory, NACA Tech. Note 3168,  1954. 

7. Woods, L. C., Two-Dlmeneional Flow of a Compressible Fluid Past Given Curved Obstacles with 
Infinite Wakes, Proc. Roy. Soc. A 227 (19  5), 367-386. 



4-9 

8. Roihko, A. , On the Drag and Shedding Frequency of Two-Dimemional Bluff Bodies, NACA Tech. 
Note 3169,  1954. 

9. Batchelor, G.K., A Proposal Concerning Laminar Wakes Behind Bluff Bodies at Large Reynolds 
Number, J.  Fluid Mech.  l_ (1956),  388-398. 

10. Roshkc, A. , A Review of Concepts in Separated Flow, Canadian Congress of Applied Mechanics, 
Quebec, Canada,  1967. 

11. Sychev, V.V. , On Steady Laminar   Flow of a Fluid Around a Bluff Body at Large Reynolds Numbers, 
Symposium on Fluid Mechanics, Tarda,  Poland,  1969. 

12. Stewartson, K. and Williams,  P.C., Self-Induced Separation, Proc. Roy. Soc.  AJU. (1969),  181- 
206. 

13. Stewartson, K. , On the Flow near the Trailing Edge of a Flat Plate.    II,  Mathematika 1_6 (1969), 
106-121. 

14. Messiter, A. F., Boundary-Layer Flow near the Trailing Edge of a Flat Plate, SIAM J.   Appl. 
Math.   UJ (1970), 241-257. 

15. Sychev, V.V., On Laminar Separation, Mekh.  Zhid. i Gaza 2 (1972),  47-59. 

16. Messiter, A.F. and Enlow, R.E. ,  A Model for Laminar Boundary-Layer Flow near a Separation 
Point, SIAM J. Appl. Math.  Zb (1973),  655-670. 

17. Lagerstrom,  P.A., Solutions of the Navier-Stokes Equation at Large Reynolds Number,  International 
Symposium in Honor of Sydney Goldstein,  Haifa,  Israel,  197 4. 

18. Stewartson, K., Multi-Structured Boundary Layers on Flat Plates and Related Bodies, Advances in 
Applied Mechanics _^4, Academic Press,  New York,  1974. 

19. Stewartson, K. and Williams,  P.G., On Self-Induced Separation II, Mathematika 20 (197 3) , 98-108. 

20. Klemp, J.B.  and Acrivos, A. , High Reynolds Number Steady Separated Flow past a Wedge of 
Negative Angle, J.  Fluid Mech.  S6 (1972),  577-590. 

21. Moffatt,  H.K., Viscous and Resistive Eddies near a Sharp Corner,  J.  Fluid Mech.   18 (1964),  1-18. 

22. Burggraf, O.R. , Analytical and Numerical Studies of the Structure of Steady Separated Flows, 
J.   Fluid Mech.  24(1966),   113-151. 

This work was supported by the U.S.  Army Research Office - Durham under Contract DAHC 
04 68 C0033. 



4-10 

i~-Re-,/"c-i|x|'/'+ c,M,/! 

0(Re■l/,) 

 i  
■   IliffFlllliyfflPI»» 

p~ Re  ,/4 p*(Rej/,x) 

3 Ke cox       + c cix 

CKRe-'S 

OrRe-'^14) 

Figure 1.    Perturbation pressure and regions of validity for ■olutionn near separation 



I 5-1 

DEPENDENCE OF LAMINAR SEPARATION ON HIGHER ORDER 
BOUNDARY LAYER EFFECTS DUE TO TRANSVERSE CURVATURE, 
DISPLACEMENT, VELOCITY SLIP AND TEMPERATURE JUMP 

A. Wehrum 
Institut für Thermo- und Fluiddynamik 

Ruhr-Universität Bochum, FRG 

SUMMARY 

The  laminar compressible higher order boundary layer along a circular cylinder in 
axial parallel  supersonic flow is studied according to the method of matched asymptotic 
expansions.  A weak constant mass flow is  injected into the boundary layer  through the 
surface of the cylinder. The  injected fluid is the same as in the outer  supersonic flow. 
As a consequence of the homogeneous mass  injection the first order boundary layer solu- 
tion already leads to separation of the boundary layer within a finite distance from 
the  leading edge,   first determined by Catherall,  Stewartson and Williams   (1965)   for the 
semiinfinite  flat plate. 

In a  second order theory the Influence of higher order boundary  layer effects,   such 
as transverse curvature, displacement,  velocity slip and temperature jump» on the wall 
shear stress and the location of the separation point is studied.  For determining the 
nonviscous second order solution of  the  outer  flow the operator method of Ward   (1955) 
has been used. 

As numerical results show,   transverse curvature and low density effects due to velo- 
city slip and  temperature jump at the wall  Increase the wall shear  stress and therefore 
lead to a downstream shifting of the separation point. Dic^lacement effect Increases 
the wall  shear  stress near the leading edge.  But further downstream there will be a de- 
crease of wall  shear stress due to the displacement effect,  which  leads to an upstream 
shifting of  the separation point. 

Within these  three different effects   influencing the location of  separation,   the dis- 
placement effect  is the largest one,  while the:  Influence of  low density effect may be 
neglected  in comparison with the other  two effects. 

NOMENCLATURE 

C Chapman-Rubesin 
parameter defined by Eq.(7) 

cf coefficient of  the wall  shear  stress 
1 defined  by Eq.   (8) 

c specific heat capacity 
I,   K    modified   Bessel  functions,   Eq.(A12) 
m injected mass flow Eq.(6) 
p nondimensional static pressure 
Pr =   um c /<„,  Prandtl number 
r cylinder  radius 
Re Reynolds number 

defined by Eq.(4) 
T nondimensional temperature 

based on T 
00 

T    body temperature 

T^   free stream temperature 
U^   axial free stream velocity 
u    nondimensional velocity component 

parallel to the wall based on U^ 

v    nondimensional velocity component 
normal to the wall based on \:m 

W    function defined by Eq.(A12) 
x    nondimensional axial coordinate 

based on the cylinder radius 
y    nondimensional coordinate normal 

to the wall based on the cylinder 
radius 

a, 6 coefficients in Eq. (A8) and (A9) 

K 

ratio of heat capacities 
perturbation parameter defined 
by Eq.(4) 
nondimensional coordinates defined 
by Eq.(5) 
variable in Eq.(A12) 
nondimensional viscosity based on 
the free stream value 
kinematic viscosity of  the free 
stream 
nondimensional density based on the 
free stream value 
wall shear stress 

potential function Eq. (A10) 
nondimensional heat conductivity 
based on the free stream value 

Subscripts 

<"    undisturbed free stream 

w    fluid quantities at the wall 

1 
2 

first order 
second order 

s separation 

b body 

Superscripts 
o outer flows 

* dimensional quantities 

INTRODUCTION 

In the following a laminar boundary layer with Injection will be investigated. The 
location of separation is defined as the point of zero skin friction (T  = 0). There 
are two different possibilities to cause separation, one due to adverse pressure 
gradient and the other one due to Injection Into a constant main stream. It Is 
well known that in classical boundary layer theory a singularity occurs at the 
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separation point,   but  the mathematical character  of this  singularity Is completely 
different  In the   two cases. Goldstein   (1948)   first studied the bahavlour of boundary 
layer  separation due to an adverse pressure gradient.   He  found the following asymptotic 
formula for  the wall  shear stress close to separation 

-1II 
T     ^ x  ' (due to pressure gradient) (1) 

where x  is  the upstream distance from the  separation point. 

As a  typical example for  flow separation caused  by  injection,  Catherall,  Stewartson 
and Willians (1965)   Investigated the  boundary  layer  flow along a flat plate with constant 
mass  injection.   For  the asymptotic behaviour of   the wall  shear stress they found  the 
following   formula 

2 
T     1-   (——) (due  to  Injection) (2) 

w In x 

From this eguatlon  it  follows  immediately that the wall  shear stress gradient with 
respect  to x at   the separation point   is zero  in contrast  to the first case,   where  this 
gradient   is   Infinite. 

It  Is well  known  that  the  location of  separation  is  Independent of the Reynolds number 
within the  framework of  classical Prandtl's boundary layer theory.  But  this  is only an 
approximation.   The classical boundary  layer  theory gives only the first  term of  an 
asymptotic expansion of  the full solution of  the  Navier-Stokes equations for  large 
Reynolds  numbers. 

By using  the method of matched asymptotic expansions,   higher order  terms can be cal- 
culated which will  yield corrections  of  the boundary layer solutions  for  lower  Reynolds 
numbers.  Within  the analysis to obtain asymptotic  solutions of the Navier-Stokes 
equations  for high Reynolds numbers  the classical  boundary layer theory can be considered 
as  the  first order  theory.  The so-called  second  order boundary layer  theory will  take 
into account  the  next  terms of the asymptotic expansion of the solution.  From second 
order boundary  layer  theory the second order effects can be determined. 

As  a  consequence  of   the  expansion,   the differential  equations  for  the  second  order 
terms are all  linear.   This means that  the different second order effects can be  separated. 
Important  second  order  effects are due to displacement,  due to surface curvature and due 
to  low density effects  such as velocity slip and   temperature jump at  the wall.   Further 
second order  effects due  to entropy  and enthalpy  gradients  in the outer  flow will   not 
be considered here. 

ANALYSIS 

The purpose of  this paper  is the investigation of   the separation by the second order 
boundary  layer  theory with the aim  to determine  the dependence of the  location of 
separation  on  the  second  order effects. 

With respect to  surface curvature,  only the  case  of  pure  transverse curvature was of 
interest.   Therefore  the  supersonic flow along a  semi-infinite circular cylinder with 
homogeneous mass   injection has been considered   (see  fig.   1).  Only the  flow outside 
the  cylinder   is  discussed. 

Boundary  layer calculations are singular perturbation problems.  This  leads  to a divi- 
sion of  the  solution  into two parts,   an  inner part  - the boundary layer or  inner  solution 
and  an outer part or outer solution.   For both solutions all flow variables are expanded 
in  the  same manner  as   for  example  the  axial  velocity component u: 

u  =  u1   +  E  u2  + 0(e   ) (3) 

with  the perturbation  parameter -yn 
U    r 

t  =  Re"1/2 =   ( "    0) (ro = cylinder radius) (4) 

These expressions  for  the dependent variables are  subistituted  into the Navier-Stokes 
equations and  then terms of the same powersof  e   are collected.  This  leads to the 
differential  equations  for the first  and second order  terms of the asymptotic  solution 
of  the Navier-Stokes equations. Within the  first  and second order solution the outer 
flow is  inviscid  and  irrotational.  The  first order outer  solution is  just the constant 
main flow.   The  second order outer flow is the solution of  the linearized potential 
equation,  which has been solved by using the operator method described by Ward   [6] 
(see A2) .   From this  solution only the pressure,   velocity and temperature distribution 
along  the  surface are needed for the  second order  boundary layer calculation as 
boundary conditions at  the outer edge of t>ie boundary  layer. Now only the solution of 
the second order  boundary layer will  be discussed   in detail because  it contains  the 
information about  the second order wall  shear stress and hence about the  location of 
separation. 

For calculations  of compressible boundary  layer  it  is convenient to use the Howarth 
transformation which transforms the first order  compressible boundary  layer equation 
for  the flat plate  into an Incompressible  form.   The axial coordinate x can also be 
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transformed Into a mora appropriate one.  The following transformation formulas have 
been used« 

(5) i,JT I IF4 °." 
where m.     is  the Injection parameter, defined by 

e 

m. 
"1w 

C  - 

£   ^«        E 

PW   ^W 

0      V Kw    w 

«. 
(6) 

(7) 

is the so-called Chapman-Rubes In parameter. Because of constant mass flow injection 
no self-similar solution will exist and therefore thci systems of partial differential 
equations have to be solved numerically even for the first order boundary layer 
equations.   (For the analysis see appendix Aj 

The wall shear stress is now expanded and written in a nondlmensional form: 

Vo 
-y - cf(C)  - c.     (5)   [c.   (C)   + £Cf   (C)   + 0(e')] 
IT        r r10 I1 c2 

(8) 

where c,      is the wall shear stress of a flat plate without mass transfer: 
■10 

•10 ]/f£' t   «0,3321 ft 

1w 

(9) 

:f    Is the first order wall shear stress  for constant mass injection,  normalized by cf 
10 

(5) 

3u, 
C'w 
du. 

( -) • l3n    «n^-O 

(10) 

This function has been determined by Catherall,   Stewarteon and Williams  [i]. 

c.    contains  the influence of the second order  effects.  Because of the expansion of the 
12 viscosity and  the velocity u In the defining equation for the shear stress, c,    consists 

of  two terms,   one is related to the second order velocity u, and the other to the second 
order viscosity M, which is expressed by the temperature Tj. Therefore cf    yields 

^w * fj^  {W 

3n 'm1w-0 

(11) 

The first term in the brackets contains all second order effects, which are considered, 
while the second vanishes if the temperature jump is neglected, because T,    is the diffe- 
rence between the gas temperature at the wall and the body temperature VT- - T1W 
Due to the linearity of the differential equations of the second order boundary layer 
(see A3) c.  can be split up into a sum of terms representing the Individual second order 

effects, i.e. displacement effect (index D), curvature effect (index C) and low density 
effect (index L), where velocity slip and temperature jump at the wall are combined. The 
coordinate C- of the location of vanishing wall shear stress is determined by the con- 
dition     8 

(5_) + e [c- (E ) + cf  (E ) + cf  UJ] 1       t2D  '    £2C  8    £2L " 
(12) 

As the analysis shows   (A2),  an Interaction term of displacement and transverse curvature 
occurs, which vanishes if one of both goes to zero.  Here this term was included  into the 
curvature term.  This means always that c.      gives the displacement effect of the flat 
plate and that the term c. represents the difference between the flow along the circu- 
lar cylinder and the flow along the flat plate. The significance of each effect can also 
be demonstrated by its contribution AC, to the second order location of the separation. 

To show the contribution of each second order effect to the location of the second order 
separation point,  5   (1+2j»  ^he solution of Eq.(12),  is split up in the following manner: 
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(,      + A42n       is the snlution of Eq.{12) without curvature and low density 3 effects, i.e. the solution for the flat plate due to displace- 
ment only, (f, , is the coordinate of the first order separation 
point.)     s1 

C , + AC-jr, *  ÄCor, is the solution of Eq.(12) for the cylinder without low density 
effects. 

Si + ^2D + Af'2C + Af-2L = 4s(1+2) 
(13) 

is  the  solution  of  Eq.(12)   containing all   second  order effects,  which are 
considered. 

NUMERICAL  RESULTS 

For the numerical  calculations the following values  for  the characteristic parameters 
of  the  flow problem  have been choosen: 

Prandtl  number:     Pr = 0.72 

ratio of   specific heats:   y  =   1.4 

ratio of body temperature 
to   free  stream temperature:     0.1 

Mach  number:     /I Ma 

<   ^ - T 

injection parameter:     0.5   <^ m,     <   2 1w - 

To illustrate  the behaviour of the boundary layer near  separation some shear stress 
profiles  across  the  boundary  layer are  shown  from the   first order solution close  to 
the separation point   (Fig.   2).  The curves  show  that  the  region of dominating shear 
stress  is drifting  away from the wall without  thickening  itself.  For comparison the 
dotted   line  is drawn,   which  represents  the  shear  stress distribution  in a  free  shear 
layer between a parallel   free stream and  fluid  at rest.   The resulting velocity and 
shearstress profils   in the  interface ha\«been determined  by Lock  [k].   It  is very likely 
that in  the separated  free  shear  layer downstream of   the  separation point  the  same 
shear  stress  profile  as  Lock  has calculated will  occur   (fig.   3).  This profile   is  almost 
fully developed  already a  bit upstream of  the  separation point as the comparison of 
the dotted  line  with  the  curve   (5)   in  figure  2   shows. 

The results  for   the   «second  order  boundary   layer  calculations  start with Fig.(4).   Here 
the second order  pressure distribution along  the  surface,   induced by the  first  order 
boundary  layer displacement,   is  shown.   The  pressure   is  multiplied by the  square  root 
of x because of  the   singularity at the  leading  edge.   For  the  flat plate without mass 
transfer   (self-similar   solution)   the  induced pressure   at  the wall  is given by 

1  =  0,97i.S Yi (Ma„   =   ,1 

This formula   is  a  horizontal   line  in the diagram.   The  deviation  from this  line   is due 
to curvature  as well   as due  to mass transfer at  the wall. 

The combined solution of first and second order wall shea 
for several values of the perturbation parameter c. The c 
as well as for the flat plate to show the influence of tr 
fluence of the low density effect is so small that It cannot 
A comparison with the dotted line, which corresponds to t 
determined by Catherall, Stewartson and Williams, shows a 
stress near the leading edge and decrease in the neighbou 
ture of the line for the combined first and second order 
vicinity of separation also another sign as that of the 1 
shear stress. The tendency of the line curvature is the s 
caused by an adverse pressure gradient  in the first order 

r  stress  is given  in Fig.(5) 
urves are drawn for the cylinder 
ansverse curvature.  The  in- 
be   distinguished  in the diagram, 
he first order wall  shear stress 
n increase of the wall   shear 
rhood of separation.   The curva- 
wall shear stress has   in the 
ine for the first order wall 
amc as  in the case of  separation 
main flow. 

The contribution of  the  individual second order  effects  to the location of  the  separation 
point according  to Eq.(13)   is  listed in the  following   table. 

Ma» =   /?   ;     T5
 =   1 

a)   m 1w 

c 
^81 ^2D ^2C ^2L Ss(1+2) 

io-3 0,863 -  0,162 0,007 0,7   •    IQ-4 0,708 

io-2 0,863 -  0,270 0,023 10   •    IO-4 0,616 



b) m1w - 0.5 

55 

!      C «.1 A«2D A«2C &«2L e»(1+2)       | 

io-3 0,863 - 0,137 0,014 0,4   •   IQ-4 0,740        j 

10-2 0,863 - 0,236 0,039 5   •   IQ-4 0,666        1 

This showst    a)     displacement has the largest Influence, 
upstream shifting 

b) curvature Influence Is rather small, 
downstream shifting 

c) low density effects can be neglected 

The Increase of the curvature effect for decreasing  Injection parameter m.     (table b)   Is 
due to the following facts. The physical coordinate x  .  of the first order separation 
point is shifted downstream for decreasing injection parameter   (x .  - const/m!   ,  see 
also Eq.(5)). Moreover the entire mass injected from the leading    edge down to the 
separation point decreases for increasing injection parameter..The increase of the 
boundary layer due  to mass injection is weaker for  Increasing m,    and therefore the 
transverse curvature effect    on the wall shear stress decreases. 

In Fig.   6 and 7 the ratio of the distances from the leading edge of second order and 
first order separation point la drawn as a function of the Reynolds number. The upstream 
shifting is  Increased for decreasing Reynolds number,   increasing wall temperature and 
decreasing Mach number. 

The last two diagrams  (Fig.  8 and 9)   Illustrate the influence of transverse curvature 
on the location of  separation. Due to transverse curvature the separation point is 
shifted downstream.  This shifting is increased    for decreasing Reynolds number, 
decreasing Mach number and increasing body temperature. 

The Increase of the curvature effect for decreasing Mach number can be explained by 
the fact,  that the curvature term includes the interaction term of curvature and 
displacement,  and  this term increases for decreasing Mach number. 
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APPENDIX 
A1.   Basic equations   (see also Fig.   1) 

x is the coordinate along the surface and y the coordinate perpendicular to the wall. 
Both are nondlmenslonllzed with the constant radius r   . o 
The dlmenslonless basic equations written in cylindrical coordinates are: 
(The reference values of the variables are their corresponding free-stream values except 
the pressure, which is refered to p,,, U^. i.e. p ■ (p*- p^l/p«, U^ ); r » y + 1 

equation of continuity: 

|^ (r pu) + |^ (rpv) - 0 (Al) 

equation of motion: 

X!  p Dt "  3$ + R5 {2 3^ (M ^ + ? 3y (r M ^ + F 57 (r ^ ^ 
2 3  r  ,3u ^ 3v  . v. ,, ,.., 

" 3 3lf [,J (H + 57 + F)]} (A2) 

Dv    3D  1 I-2 3  ,    3v.   2u    3  ,  3u     3v. 
y   P 51 - " I? + Ri {F 57 (r " ^ " ^ v + ?x (lJ 77 + P ^ 

2 3  r ,3u . 3v . v.T, ,.,, 
" 157 [lJ (51? + 57 + ?)]} (A3) 

equation of energy: 
DT       ,     .... 2   ,     3p   .        3p.    .   1     ,1     r3     ,     3T. p £ -   (Y-l)   Ma.,   (u ^f + v ^)   + ^ (pp [H  (K H) 

+ r 57  (r K l7)] +   (Y"1)  ***- " *} (A4) 

where the dissipation function $ Is given by 

2       2      2 2 2 
•> r/3"»  ^ (3v,  > /Vv ,. r3v . 3u n    2 r3u . 3v . v, ,,,. 

* " 2 [ W + V  + ^ ]+ [57 + 57 ] ' 3 [53? + 57 + ?] (A5) 

equation of state 

1 + Y Ma2 p = p T (A6) 

and a linear function for viscosity and heat conductivity 

y - K ■ C T  . (A7) 

The pareuneters are: 

Reynolds number Re 

Prandtl number Pr 

00 

K 

constant specific 
heat capacity CP 
ratio of heat c 
capacities Y = -E 

cv 

Chapman-Rubesin P u ^wMw 
n      n parameter C 

The boundary conditions are: 

at the wall  y «« 0:     u = u 

(P v)  = constant 

T = Tw 

in the undisturbed free stream 

x < 0:     u = 1  ; T = 1 

v » 0  ; p - 0 
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For velocity slip and temperature jump uw and Tw are given by [5]; 
Ma 

u„-   1.255  ß  /Yg^   (|fjw (A8) w 

Tb . , c. 2 - o Y /7    Ma-     <aT 

a    and  0 are accomodation coefficients,  depending on the surface properties of the 
material. They are put equal to one here [5]. 

The equations have to be solved approximately for large Reynolds numbers due to the 
singular perturbation method of matched asymptotic expansion.  The perturbation parameter 
is e - Re"1/2. 

The Navier-Stokes equations and the dependent variables are expanded in powers series of 
e   (see Eq.(1)).  These expressions are put into the equations   (A1)-(A9)   and then collected 
in powers of c. 

A2. Outer solution 

Assuming that since the disturbance of the free stream by the boundary layer displacement 
is weak and therefore no shock wave at the leading edge exists,the linearized supersonic 
potential equation has been applied for the outer flow.  This yields the first order solu- 
tion after matching with the free stream: 

U° -   1    .     V°     -  0   ,      T° =  1   ,      P° = 0     . 

The second order equations are composed in a potential equation, defined by IZ- * u? and 
9V    O 
3?= v2 s 

- (Ma2 - 1)vxx +Vyy +TJ—Vy =0 (A10) 

This equation has to be solved to get the unknown pressure distribution of the second 
order outer solution.  Using Ward's operator method to solve equation  (AIO), the pressure 
at the wall is given by: 

0)   ds  } (All) 

In this equation the velocity v^x.y = 0) is given by the first order boundary solution. 
The function W(z) is given by Ward [6] as: 

wui - I -2 S-j—2  T    z - 0 (A12) 
/ 

K. (A)   and  l.{\)   are modified Bessel functions. For 0 ^ z  <  2   (that means  X  >> 1)   a Taylor 
expansion for W is possible,  and  in this paper a something modified power  series of  sixth 
order  for W has been used.  This polynomial represents the  function W with  sufficient 
accuracy even for z > 2. 

W(z)   =j-|z+|6z2-|^z3+2liz4- 0,015454  z5  + 0,003511   z6 (A13) 

A3.  Inner  solution 

The following coordinates were used: 
y 

^-"iw/i '• ^ --rW "i dy 
o 

(see also page 5-3,  eq.(5)). 

First order solution; 
The first order equations are. 
(equation of motion in x-direction combined with continuity eq.) 

3 u1 ,   ^ 3Ui       i 3U, >2U i r s ""i    i        ""i 
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energy equation: 

1    3 Ti . , i r a   ,r    ,       . , 3Ti    i r     
3Ti +  {  jjir   (4   u,)   an -  f,   }  ^ - i i a, 

o 

2     3u1   2 

-   (Y-D   Ma^   (j^-) (Al 5) 

together with the boundary conditions: 
T. 

t   > 0,     n  = 0:        u1   =  0   ,     T1   =  T1w = ^ =  const 

n u1   =  u*(f,,   0)   =   1    ,       T1   =  T*(£,   0)   =   1 

Second order solution: 
Concerning  the second order equations,  a detailed analysis  shows that for numerical 
calculation   It is  necessary  to  solve  the equations  In  terms  of  ü,   =  u2/p.   ,   T ■ "^/Ppw 
etc., due  to difficulties  in numerical stability. 

One gets  for  second order  equation of motion,   combined with  first and second  order 
continuity  equation:   (f  =  p.   C/m.        and     f   =  df/dU 

32_ 

3 

u2       i 'J- a 3u2 i      f • "J   - i     1 3u9        3ui 
/+ 'i^lr (c V dn - v äTr^+<^ hl u2^ + 2^lw-dn) JT 

1 3u2        -     3U1 1 f     - 
■ 2 ^ (ui ar + u2 jr)+ 2 (1 - ^ r' u2 * ui 

. i  (1 . c f.,   Ti _ ^ ^ |_ (Ui _!, dn + ^^ (Ui .1,  dn } ^ + 

3u, 

P2 3u1        T^   3V^       !^1 3      A, 
2 ^  P1   ul   ^ T1   3n2     "  3n     3n    T,' 

3/2        2 n   . 3u 

-rr-   h^ +/v1 d'l} äTT m, o 
1w 

(Al 6) 

energy equation: 

P? 71" + {2 / H  
(s ui' dr' " ?} äTT ■ 2 c ui äT + P? 3^ (;r äTT'  + 

CJ n o 

+ {i (1 -c ji) Ui + ^ Ui !!i + „.D „a2 ^ .(^i)2} 52 _ 

1 1  S ^2 f   1 T, 3T - 

if' {| fe (ui ff' ^ + r / (ui T;» 
dr,} air = i (^1) Ma:   (1   "  C  f-)   u,   T1 

2   3u2     bul 1 - 2 3T1 -   2   (Y-D   Ma^    _L + ^C   (U2  +  ,Ma2   Ui)   -l 

1 f  dU2 f    f   _ 2   f   dU1 2   f ■    f dl1 
2 f- {i ar dri + ri u2 ^ + Y 

Ma« / ar dn + ^ Ma» ri ui dn} ärr 

c3/2       2 ^ _ aT 

•2 f Pr     1      J      1 3n 
(A17) 

m, 1w o 

Boundary  condition 
The  boundary  conditions at   the  wall  are 

5   10,^=0:        ü2   =   :2w   ,       T2   =  f2w        . 

Without velocity slip and temperature jump there is 

u_ = T,  =0 2w   2w 

whereas  in  the other case,   u2    and T2    are given by 

Ma au1 Ma,,,       3T1 
u2w = ai c f T1W 'ar'w and f2w = a2 C-TT; 'är'w 
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where «1    and a2 are defined by eq. (A8),   (A9) . The second order blowing velocity v2w« 
occurlng In the integrated continuity equation, has been determined by the assumption 
of constant Injected mass flow. 

6-1  "w-^w* £ Ä2w '••  " p1wv1w + e(p1w v2w+ ^w^-"  -con"t 

It yields 
p2w p2«   • 

v2w--^-'lw--Xm1« (A18) 
1W p1w 

At the outer edge of the boundary layer, the conditions are obtained from matching with 
the outer solution: 

t > 0 ,   n * «:  ü2(t, n - -) - UjCC, 0)/ P2wU) - - 1 

T2(C, n - «) - T"(C, 0)/p2w(5) - (Y-1) Ma^ 

The wall shear stress is given by £q.(8)   -   (11). 

Numerical procedure 
The discretisation of the differential equations for the inner solution has been carried 
out according to the Crank-Nicolson difference-scheme. For solution of the systems of 
algebraic equations Gaussian algorithm has been used and the nonlinear first order equa- 
tion of motion was solved by n-diroensional Newton iteration.  The meshlengths of the grid 
were AC ■ 0.02 and An - 0.2.  The  iterative process was stopped, when a relative accuracy 
of   10"    was reached. 

The computing time on the cr ..puter Telefunken TR 440 of the Ruhr-University Bochum was 
less than 10 min. for one c jmplete solution. 

The values of  the parameters which have been kept constant are:  Pr = 0,72;  Y =  1,4; 
C »  1. The accomodation coefficients of the slip velocity and temperature jump are 
ß =   1,  a =   1    (see Eq. (A8) ,   (A9)) .   The range of the remaining parameters is 
0.1   <  T./T     <   4;   /I <  Ma     <   4;     0.5   <  m,     <   2, 
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EVALUATION OF SEVERAL APPROXIMATE MODELS FOR LAMINAR INCOMPRESSIBLE 

SEPARATION BY COMPARISON WITH COMPLETE NAVIER-STOKES SOLUTIONS* 

by 

K.N.  Ghla, U.  Ghla 
University of Cincinnati,  Cincinnati,  Ohio,  U.S.A. 

and W.A.  Teach 
General Electric Company,  Evendale,  Ohio,  U.S.A. 

SUMMARY 

Several approximate mathematical models have been analyzed for studying laminar 
separation for incompressible flow, for which the Navier-Stokes equations comprise an 
exact mathematical model. Two model flow configurations have been used.  The first con- 
figuration considered consists of the flow in the boundary layer on a two-dimensional 
semi-infinite slab with a vertical leading face and shoulders, with varying degree of 
bluntness, forming an external comer on the body. The second flow configuration repre- 
sents a class of two-dimensional bodies with an internal corner and a more pronounced 
separation region; this configuration is used for only one approximate model so far. 

Results obtained with the various approximate models are evaluated by comparison 
with the corresponding Navier-Stokes solutions. All the models considered lead to im- 
proved results as the Reynolds number is increased. Of particular significance is one 
model which yields excellent agreement with Navier-Stokes solutions for separated flow 
as well as for low Reynolds number flows.  The inclusion of displacement effects has been 
found to be most significant for the proper representation of the separated flow fields. 

1.  INTRODUCTION 

An important characteristic of viscous flow past a solid body is the separation 
phenomenon.  Inspite of considerable success in dealing with laminar flow phenomena, , 
studies of separation for incompressible flows have been limited [Brown and Stewartson ]. 
With the advent of high-speed computers, Navier-Stokes solutions for flows with separa- 
tion have now become feasible [Briley2 and Leal^]. However, these solutions generally 
require large computer time even for flat plate geometries. On the other hand, it has 
been sufficiently demonstrated that, if inviscid-viscid interaction is permitted, it 
should be possible to remove the Goldstein square-root singularity^ at the separation 
point and integrate the boundary-layer equations for separated flow.  The present study 
serves to further confirm this concept by verifying it with respect to some model pro- 
blems with surface curvature.  Inclusion of some second-order curvature terms is found 
necessary when the surface curvature becomes large. 

Recently, U. Ghla and Davis have determined the full Navier-Stokes solutions for 
the first model problem used In the present study. Their study also provided solutions 
using a simplified mathematical model which neglected the elliptic terms from the 
vorticity equation but retained the complete elliptic stream function equation. This 
simplified model correctly calculates the elliptic external inviscid flow, i.e., accounts 
for the displacement effects and thereby yields results that agree remarkably well with 
the Navier-Stokes solutions for cases with small separation bubbles Imbedded in the 
viscous region. This study gave further evidence that it should be possible to obtain 
solutions using boundary-layer-type equations for a mildly separated flow if viscous- 
inviscid interaction is considered. Werle and Bernstein6 considered a further simplifi- 
cation of this approximate model by neglecting, from the parabolized vorticity equation, 
all terms arising due to the second-order curvature effects while maintaining the 
tangential pressure gradient term to vary with normal distance. Briley and McDonald' 
considered the interaction for laminar, transitional and turbulent, mildly separated flow 
by calculating the displacement flow using a source-sink distribution approach.  Dancey 
and PletcherS have recently suggested the inclusion of interaction effects by using the 
complete Bernoulli equation in the inviscid flow region. 

All of these studies constitute approaches wherein the displacement thickness inter- 
action is included by retaining the appropriate terms in the governing differential 
equations. An alternative approach consists of Including this interaction through 
suitable modification of the boundary conditions. This Involves the specification of the 
boundary values for a flow quantity that Is most sensitive to the separation phenomenon, 
e.g., displacement thickness or surface vorticity. 

g 
Catherall and Mangier were the first to overcome the difficulty in the boundary- 

layer equations at the separation singularity by prescribing the displacement thickness 
instead of the Inviscid pressure, and calculating the latter quantity as a part of the 
solution. Kllneberg and Stegerl" could remove the separation singularity by using a 
model In which the inviscid-viscid interaction was accounted for by prescribing the wall 

* This research is supported by the National Science Foundation under Grant No. GK-35514. 
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•haar. Later, Cartar  axtanalvaly atudiad both thaaa approaehaa and concludad that, of 
tha two, tha prob lam with praacribad diaplacanant thicknaaa la a battar approach for 
conaldarlng tha naeaaaary intaraetlon. Cartar arrlvad at thia concluaion bacauaa tha 
nuaarical acharae with which ha modalad tha problam with praacribad wall ahaar raaultad 
in a diacontinuity in tha outar-adga valocity for tha post-aaparation ragion. It 
appaara, howavar, that thia may not nacaaaarily ba a diract conaaquanca of uaing pra- 
acribad wall ahaar, but rather tha affect of tha numerical acheme employed.  It ia ahown, 
in the preaent work, that careful handling of the numerical procedure can eliminate 
this discontinuity. 

The goal of the preaent atudy ia to appropriately rapreaent and compute the aepar- 
atad flow field which can occur in flow configurationa with large curvature of the body 
aurface, aa the Reynold! number ia incraaaed. The Naviar-Stokaa equationa, of courae, 
comprise an exact mathamatical modal for theae flow problama with separation. But tha 
praaantation here diacutaea aeveral approximate modela that can be derived from the full 
Naviar-Stokea equationa. If an approximate model ia auch that it doea not take into 
account the viacoua-inviacid interaction in the flow fiald, then it ia obviously not 
suitable for a aeparated flow calculation. The viacoua-inviacid interaction may be 
taken into conalderatlon either by retaining in the approximate model those terms that 
aignificantly account for thia Interaction or through suitable modification of the 
boundary condltiona for the problem. Both of theae approachea have been ir.veatlgated 
in the preaent work. 

The firat problem conaidered conaiata of the flow past a claaa of two-dimenaional 
semi-infinite bodies with a vertical leading face and shoulders with varying degree of 
bluntness [Fig. 1]. In the limit of zero shoulder bluntness, the body reduces to a 
semi-infinite rectangular alab of apeclfled thickneaa. For certain values of the pro- 
blem parameters, the flow encounters a finite region of separation which occura ahortly 
after the flow negotiate« the turn around the body ahoulder. Four different approximate 
modela are evaluated and diacuaaed with reapect to theae aeparated flow configurationa. 
Thia model problem also makea it poaaible to atudy the limltatlona on the boundary-layer 
aolutiona due to the sharp shoulder that developa on the thick slab of vaniahing 
ahoulder bluntneaa. 

The aecond configuration atudled ia ahown in Fig. 2 and repreaenta the flow ovei a 
claaa of bodlea with a cylindrically ahaped atagnation surface followed by a concave 
corner, of varying roundedneaa, merging into a parabolic surface.  Solutions are presented 
for this flow configuration ualng the complete Navier-Stokes equationa. An approximate 
model that performa remarkably well for the firat flow configuration la ahown to, again, 
almoat reproduce the Navier-Stokea aolutiona for thia new configuration. Aa a limiting 
caae, thia aecond configuration can correapond to the flow paat a circular cylinder; 
some results are preaented for thia caae alao. 

2.  ANALYSIS 

The Navier-Stokea equationa conatltute an exact mathematical model for the aeparated 
flow problems of present interest. Therefore, theae equationa are developed first. 
The development here is similar to the earlier work of U. Ghia and Davis5. 

The nondimensional Navier-Stokea equationa in terms of vorticlty and stream function 
for two-dimenaional flow are 

«t + V* " W " wxx + wyy a) 

and *xx + ♦yy " " u  ' <2) 

Here,  the following nondimensionalization haa been used. 
* * * * 

Ut,/v ■ • 

P - P. * 
p" —rr-   '    x - ^r    '    y" ^ü-    '    t - -zi     • (3) 

p U " ' • v/U 

For the problama conaidered, it ia more advantageous to formulate theae equationa 
in a coordinate ayatam U,n) obtained from the Cartesian coordinates by conformal trana- 
formations. In the new coordinatea, the body aurface lies along one of the coordinate 
aurfaces, thua facilitating the specification of boundary conditions. 

For a conformal tranaformatlon of the type 

z - F(c)  , (4) 

where z - x + iy and c •■ £ + in , the acale factors f^ and R2 are given as 

Hi - E2 - Ijfl • (5) 
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■ 

It im found root« convenient to work with a scale factor function H as defined 
below,  rather than with the scale factors themselves, such that 

H - i- - i-      . (6) 
h1      fi2 

Therefore, Eqs.   (1)  and  (2)  can be written in terns of the conformal coordinates 
(C.n)  as 

nn      Ja + hun " %WC " ^ '"t 

and ♦nn + n« - - Jl u      ' (8) 

Similarity forms are now introduced for the stream function and the vortlcity. 
Based on the corresponding inviscid flow in te5,ns of the  U,n)   coordinates,   the suitable 
form for the stream function of the viscous solution is taken to be 

I 
♦ -  E  fU,n)     . (9) 

Substitution of Eq. (9) into the stream function Eq. (8) leads to the following defini- 
tion for the new vorticity function g(C»n)  as 

u - - t H2 gU.n)   • (10) 

Using Eq. (10) in the vorticity Eq. (7) yields, after some algebra, the transformed 
vorticity equation as 

H. „ Hr     H
2 + H?   H   + H,.,      H. 

9nn 
+ I4 FT + f + « V*n + ^ IT + 2{J^-L + ^ H "> + 2 ^(f + c f,) 

H H 
" ^ *  n ^)U +   H ^ -   i   fc]ge + g^ + I g^ - ^ gt   . (11) 

The stream function Eq. (8) can now be written as 

fnn + fa + K - g  ' (12) 

In terms of th<i new stream function    fU,n)>  the velocity components u and v along 
the  C and n directions,  respectively,  are obtained as 

u - CH  fn and v - - HlCf    + f]     . (13) 

Equations (11) and (12) comprise Lae Navier-Stokes in terms of the new variables. 
The boundary conditions needed for a unique solution of these equations are presented 
next. At the surface of the solid body, the condition of zero slip requires that 

fU,nw) - 0       and      fn
(«'''w

) " 0  • (14' 

At  large normal distances from the body surface, the flow asymptotically approaches 
the external inviscid flow so that the outer boundary conditions are expressed as 

fn(e,-)   - 1 and gU,-) - 0      . (15) 

The flow is assumed to be symmetric about the line C " 0; use of this condition in 
the Navier-Stokes Eqs. (11) and (12) leads to two equations for f and g valid at this 
symmetry line. 

Finally, as i ■* m,  the Navier-Stokes Eqs. (11) and (12) have been shown to reduce 
to 

g" + fg' - f'll + ^  (2? ^Ig - 0 , (16) 

and      f" - g (I7) 

where the primes denote differentation with respect to n. Solution of Eqs. (16) and (17) 
provides the correct downstream boundary condition for the general Navier-Stokes 
equations (11) and (12). 

In the present study, several approximate flow models have also been studied. The 
governing differential equations for these approximate models will be written first; the 
boundary conditions given earlier will be stated once, for completeness, only after all 
the models have been presented. 
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Mathematical Modale For Incompre»»ibl« Separation 

The hierarchy of approximation! considered for separated Incompressible boundary 
layers leads to the following mathematical modelst 

a. Navler-Stokes Model 
b. Parabollzed-Vortlclty Model 
c. Parabolic Approximation Model 
d. Parabollzed-Vortlclty Model without Curvature Effects 
e. Boundary-Layer Model 

Equations (11) and (12) comprise the Navler-Stokes model which is considered to 
represent the separated flow problem in an exact manner. The approximate models listed 
above are derived from these equations. 

b. Parabollzed-Vortlclty Model 

In this flow model, the stream function equation (12) is retained completely, but 
the vorticlty equation (11) is parabollzed by dropping the terms 9rr+ - 9e • Hence, 
the governing differential equations become ^ £  ( 

H , Hr     H, + H
2   H   + Hrr      H 

9r,n + I4 iT + f + <V9n *  tit*  2(-V^ + ^H "> + 2 iT (f + eV 

- fn (1 + 2c^)]g+ 14^- Cfjg^ - ij g, (18) 

and      fnn + fU + f fC " 9  • <19) 

c. Parabolic Approximation Model 

Both the vorticlty and the stream function equations are parabollzed by dropping the 
2 2 terms g,. + 7- gr  and f.. + j {.    from Eqs. (11) and (12), respectively.  The reduced 

vorticlty equation retains in it the terms corresponding to curvature effects.  Thus, 
the parabolic approximation model is comprised of the following equations: 

H . H.     H2 + H2   H   + Hrl.      H 

n 

- fn (1 + 2C Ji)]g+ (4^- tf£)gt-^ (20) 

and      f . = 9   • (21) no 

d. Parabolized-Vorticity Model Without Curvature Effects 

If the curvature terms are neglected in the parabollzed vorticlty equation (18), 
while retaining the full stream function equation (19), the following mathematical 
model is obtained: 

9nn + [f + 5fClg. " fn[1 + 2< ^ '  «V? 0 ^ (22) 

and      f „ + f.f + I f. « g  . (23) 

As will be  seen shortly, Eq.   (22)   has the form of boundary-layer equations;  however, 
the present dependent and independent variables and the scale factor function H are not 
boundary-layer  type variables.    Also,  the inviscid pressure gradient term   [containing 

H, 
C jT^-l   is not evaluated at the body surface,  as in a conventional boundary-layer analysis. 

e. Boundary-Layer Model 

The nondimensionalization used in Eq. (3) is not suitable for a boundary-layer 
analysis. For instance, the viscous length v/U. is not an appropriate reference length 
for nondimensionallzing the boundary-layer equations. Instead, if some length L is used 
as the reference length, then the new nondlmensional variables, denoted by (~) over them, 
will be related to the present nondlmensional variables as follows: 

1(1 - Re *  ,  (1) = u/Re  ,U"U   ,V-v   ,P*P   ,H-   H   , 
/Re 
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« - « R«   ,  C • /Ri t  , n • ^5 n  ,  t - Re t  where Re - U.L/v  .    (24) 

The corresponding boundary-layer variable! denoted by (~) over them, are obtained from 
these new dlmenaionless variables through the following relational 

♦ - «♦  ,  w - ü/e  , H(C,nw) -H  ,  t-C  . n-nw+en (25) 

where    c ■ 1//Re 

The boundary-layer assumptions can now be used In the full Navler-Stokes equations 
written using the new nondlmenslonal variablen given In Eq. (24). This will lead to the 
following boundary-layer vortlclty and stream function equations In similarity-type 
variables in general conformal coordinatesi 

inn + If + lh]*n  " fn11 + 2« f^  " ^n «C " F (26) 

and      ?:: - i  • (27) nn 
This form of the boundary-layer equations contains much more information than is 

first apparent.  For instance, substituting Eq. (27) into Eq. (26) leads to an equation 
that can be analytically integrated once with respect to n. The arbitrary function of 
integration will be a function of C only and can be determined by evaluating the result 

- HE in the outer invlscid flow region. This reveals that the quantity  [1 + e ^-l  is 
related to the invlscid pressure gradient. Further, if terms containing (-derivatives 
are Ignored, the equation reduces to the Falkner-Skan equation in similarity variables. 
It is for this reason that the present formulation leads to a self-similar solution 
along the stagnation line C » 0 and as £ * •« where 1-s  and g-  are known to vanish. 

Boundary Conditions For Approximate Models b through d; 

At the surface of the body, the no-slip condition states that, 

at      n - nw  :  f - 0  ,  f
n " 0  • <2B) 

Asymptotically far from the body surface, the external invlscid flow prevails and, 
hence, 
as      n -* "  s  f * 1  ,  g-0  . (29) n 

The symmetry of the flow about the line    t  «  0    is used to provide the limiting 
equations for vorticity and stream function valid at the symmetry line.     In addition, 
models b and d require a downstream boundary condition for the stream function variable) 
this is provided by the solution of the limiting  form of the stream function equation: 

as e -» •     :     f      - g (30) 

where the primes denote differentiation with respect to n. Model c does not require this 
downstream boundary condition because it consists of totally parabolic equations only. 

Boundary Conditions for Boundary-Layer Model e; 

At the surface of the body, the no-slip condition states that 

at       n - 0  :  ? - 0  ,  1- - 0   . (31) n 
At the outer edge of the boundary layer where the vorticity function approaches  zero, 
the following condition holds i 

as n •♦ fL     :       ?- -► 1      ,       g " 0       . (32) e n 
The symmetry of the flow about the line t - 0 is used to provide self-similar 

equations for vorticity and stream function at the symmetry line: 

g— + ? g- - f- g - 0      and    f— - g  . (33) 'nn    'n   n nn  ^ 

3.     NUMERICAL ANALYSIS 

The numerical method used to solve the flow equations for the various approximate 
models depends on  the nature of the equations in the respective approximate model.     Thus, 
the alternating direction implicit  (ADD  method is used if the equation is of the elliptic 
type in  (c,n)   coordinates and a simple implicit scheme, with a backward difference  for the 
streamwise convective term,  is used if the equation is of the parabolic type in   (C,n) 
coordinates.    The ADI method used in the present work is essentially as formulated by 
Davis*2 and has been discussed elsewhere   [Refs.   5 and 12,  among others].    Therefore,  only 
some Important points are mentioned here)   the variations needed in the method for use 
with the present work are described thereafter. 
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Since tha inviscld flow conditions have to be matched at n * «•# or, even for the_ 
boundary-layer type model where the outer boundary condition is imposed at n ■ ne and ne 
is a large number, the accuracy of the calculations can be improved by using the follow- 
ing dependent variable for the stream function 

h-f-n       or    K-?-n    . (34) 

Now, as n ^ - , the stream function f -» n but the new stream function h approaches 
a finite value. 

Further, the analysis presented so far is for two-dimensional semi-infinite bodies 
with an axis of symmetry.  The region of computation for such bodies is the entire upper 
half-plane. However, the choice of the orthogonal confozmal coordinates U,n) is such 
that the surface of the body lies along n " constant and, in the U,n) coordinates, 
the computational domain is reduced to a quarter infinite plane. For the actual numeri- 
cal calculations, the quarter infinite plane will require a large number of grid points 
for any meaningful resolution. Hence, based on the asymptotic behavior of the flow 
variables for large c and n, the following transformation is used for the coordinates: 

S - 1 - A ln(1 + i,       and   N . c +
n
(" y^ (35) 

where the constants A and C are chosen such that the flow variables are regularly behaved 
with respect to the S and N directions.  In terms of the (S,N) variables, the computa- 
tional region is reduced to a unit square. 

Finally, it is seen that there are three n-boundary conditions for f and only one 
n-boundary condition for g, even though a second-order differential equation in n is to 
be solved for g also.  A unique solution is therefore obtained using a superposition 
technique by suitably combining the 'homogeneous' and 'particular' solutions of these 
linear finite-difference equations. 

The above discussion in this section pertains to obtaining numerical solutions for 
unseparated flow.  Certain modifications become necessary when calculations are to be 
made for separated flow.  For Instance, in the region of reversed flow, the implicit 
marching method for pHrabolic equations needs to be modified in order to properly take 
into consideration the direction of the flow, thereby requiring a field-sweep iterative 
procedure.  In this procedure, the standard Implicit marching technique was used in the 
region from the stagnation line at c » 0 up to that location of £ (denoted as Cs) where 
the coefficient of the streamwise convectlve term first undergoes a change in its sign. 
The marching technique iterates upon the calculations performed at a given C-line until 
the solution at that C-line is completely converged; only thereafter do the calculations 
proceed to the next (-line.  In the region between the C-line denoted as t,e  and the line 
at f, ■* *    where the Blasius self-similar flow prevails, only one iteration is performed 
at each station, till all the stations are computed.  The calculations then return to C 
and the process is repeated in this sub-field, until a required convergence criterion 
is satisfied. Also, in order to enhance computational stability in the reversed flow 
region, the solution of the governing equations was obtained after including a time 
derivative term in the vorticlty equation. Thus, the required converged results were 
obtained as the asymptotic solution, for large time, using the time-dependent equation. 

A final comment about the modifications needed for separated flow computations 
concerns the case when the viscous-lnviscid interaction is considered through specifica- 
tion of proper surface vorticlty. For this case, the boundary value problem for g 
becomes simplified and the superposition technique needed earlier Is no longer required. 
The problem for the stream function becomes an Initial value problem with both conditions 
available at the body surface. 

The mathematical analysis and the numerical procedures presented above have been 
applied to compute solutions for separated flow past some two-dimensional bodies; the 
results obtained are discussed in the following section. 

4.  DISCUSSION OF RESULTS FOR FLOW PAST A CLASS OF BODIES WITH A SHOULDER 

The presentation so far has been quite general and is useful for a wide class of 
two-dimensional flow problems. As an application, the model problem corresponding to 
flow past a class of bodies with a shoulder, shown in Fig. 1, is selected. For this 
geometry, the new plane of coordinates (C,n) using the conformal Schwarz-Christoffel 
transformation is defined such that 

ll - (Re - r] where   Re - £ —  . (36) 

This relation is used to provide the transformation  function H for all the approxi- 
mate models considered except for the boundary-layer model for which the corresponding 
relation is 

dz "2  1/2 

=1 -   U -   rl • (37) 
d; 

Integration of Eq.   (36)   yields 
z - y led -  c2)1/2 + Re sin"1(c//5e)]     , (38) 
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whil« the integration of Eq. (37) leadt to 

« - j ltd - C )   + tin 1 cJ   . (39) 

Thus, nv and 9m comprlsa tha two paramatara of the problem for all the approximate 
models except the boundary-layer model for which the only parameter is 

nw *  "t/1"* 

Finally, the scale factor function H can be defined using Eq.   (5)   for this geometry as 

H4 - —5 9 i—T y      . (40) 
(r + n    - Re)' + 4 Re n 

For the boundary-layer model, this becomes 

S4 - -T ry1 2 *?      • (41) 

First, results were obtained for a non-separated case for which the exact Naviar- 
Stokas solutions were given by U. Ghia and Davis5.  The parameters for this case are 

i 
Re - 161.5    ,     nw - 10      so that nw - 0.786,  and correspond to a blunted body at moderate 
Reynolds number.    Figure 3 shows the surface vorticity function gw as well as the outer- 
edge stream function  (f - n)« for the Kavier-Stokea as well as the approximate models. 
The parabolized-vorticity model almost reproduces the Navier-Stokes solution for this 
caae.    The boundary-layer model leads to a solution that corresponds to the Hlemenz 
solution at the stagnation point and monotlcally approaches the flat plite Blasius value 
at downstream Infinity,  as It should.    Inclusion of the curvature effaces Is seen to 
improve the results in the stagnation region;  this is seen clearly from the results 
observed for gw with the parabolic approximation.    Thus,  the analysis leads to reasonable 
results for the. non-separated cases;  its application to the separated flow cases Is 
discussed next. 

The Navier-Stokes model and the parabollzed-vorticity model  (with or without 
curvature effects)  require no special treatment in the presence of separation because 
the equations for these models directly include the viscous-inviscld interaction due to 
displacement thickness effects.    This interaction is not included in the equations for 
the parabolic-approximation modal and the boundary-layer model.    For these two models, 
the displacement thickness interaction is accounted for by proper re-deflnition of the 
boundary conditions   tEqs.   (28-29)  or Egs.   (31-32M.    Without this interaction,  the 
solution encounters a singularity at the separation point and fails to converge there- 
after.    This is clearly seen in Fig.   4 where the curves resulting from the parabolic- 
approximation model and the boundary-layer model are not continued beyond    C//Re - 1.0 
for both cases presented. 

It must first be recalled that.   In the conventional boundary-layer approach,   the 
vorticity-stream function formulation involves prescribing    fD - 1    at the outer edge of 
the boundary layer where the vorticity function    g - 0    at all ( locations.    Mathema- 
tically,  this states that 

*• " * ne       ' £n * 1        ' 9 - 0      . (42) 

For the separated flow calculations,   the boundary condition    f    * 1 as    n -*- rie    Is 
not accurate.    Even for mildly separated flow,  the inviscld-viscou8ninteractlon must be 
accounted for by proper inclusion of displacement effect.     It has been observed  (Refs.   1, 
3,  10)   that including this interaction by employing the Interacted values of the inviscld 
pressure gradient does not serve to remove the separation singularity from the boundary- 
layer equations.    To confirm this for the present formulation,  the boundary condition 
that    f    -> 1 as n * n«    was modified to use f      prescribed from the results of the 
Navier-Stokes calculations.    The results showed that, with such use of the interacted f 
values,  the separation singularity persists in the flow field and exhibits itself in      T,e 

the form of algebraic decay of vorticity and stream function at various  i locations In 
and aft of the separation region.    This Is because prescribing the interacted f      is 

ne 
equivalent to specifying the Interacted pressure gradient in the inviscld flow,  so that 
both the parabolic approximation and the boundary layer models lead to a singularity at 
separation with this approach. 

Instead of prescribing the outer edge velocity,   it is equally possible to specify 
the Interacted stream function (f - n)e which includes the displacement interaction 
more effectively.    This  leads to a computational procedure which will be referred to as 
the inverse problem of prescribed stream function as described next. 

The formulation that follows will pertain to the parabolic-approximation model.    It 
is equally valid for the boundary-layer model, when referred to the appropriate differ- 
ential equations and boundary conditions, with the proper boundary-layer variables. 

Prescribed Interacted Stream Function   (f - tOe; 

The governing differential equations remain unchanged, but the boundary conditions 
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are now as  follows! 

At      n " 1«     :     f ■ 0     ,     f-  " 0     '     n * n
e     !     ^f "  n'e  ■Peci'ie<i     »9*0     • (<3) 

For the separated flow configurations,  results are obtained with the boundary- 
layer model as well as the parabolic approximation model,  using  (f - n)e from the 
corresponding Navier-Stokes  solutions.    The resulting distribution of the wall shear 
function is showr  in Fig.   5  for three typical blunted-shoulder configurations with 
separation.    For all  three cases,   the parabolized-vorticity model yields results that 
are undistinguishable  from the Navier-Stokes results.    When curvature effects are dropped 
from the parabolized-vorticity model,  the resulting model  tends to under-predict the 
extent as well as the severity of the separation region.    However,   since curvature 
effects become  less significant with increasing Reynolds number,   the results obtained 
with this model  lead to some  improved agreement as the Reynolds number becomes large. 
Thus,  for Re =  161.5    with     nw ■  0*5     (Fig.   5a)   this model  shows  significant deviation 
in the stagnation region and up to the shoulder region and indicates that the flow 
experiences no  separation anywhere even though the Navier-Stokes solution shows a separated 
flow region.    As the Reynolds number is increased through 262  to 2000, the results 
obtained with model d show better agreement in the region upstream of the shoulder; 
some amount of negative wall  shear function  is predicted for  the case with    Re » 2000. 
For the parabolic approximation model, which contains curvature effects in it,  including 
displacement interaction through prescribing the proper   (f -  n)e does lead to regularly 
behaved solutions near separation and reattachment, with no sign of the separation 
singularity.    As seen In Figures  5a-c,  the parabolic approximation yields results that 
are generally in better agreement with the Navier-Stokes solutions  in the region up- 
stream of the shoulder,   confirming that curvature effects are most important in this 
region.    Also,   the parabolic approximation is seen to over-predict the extent of separa- 
tion but,   again,   as  the Reynolds number is increased,   the results of model c show better 
agreement with the Navier-Stokes  solutions.    Finally,  model e  is seen to be unable to 
yield results  for the  large curvature configurations of Fig.   5a and b  (flw ■ 0.039 and 
0.093)  but performs reasonably well for    nw ■ 0.223. 

Thus,   these results demonstrate that the behavior of the approximate models can be 
made regular if the inviscid-viscous interaction is treated appropriately.    This is 
also generally true  for  another  inverse problem  formulated by prescribing the inter- 
acted value of the surface vorticity function g   . 

Prescribed Interacted Vorticity Function gw; 

In  this  formulation,   the governing equations are again unchanged, but the boundary 
conditions are now given as  follows: 

At      n =  n,f       :       f =  0       ,     f    =  0       ,    g,   - specified       ;     n •+ n_     :    g =  0     .        (44) 

These boundary conditions given in Eq.   (44)   clearly show that the boundary value 
problem for the vorticity function is simplified and the superposition technique needed 
earlier  is no  longer required.     The problem for  the stream function now becomes an 
initial value problem with both conditions prescribed at    ^  ~  n

v  • 

The  results obtained by prescribing the interacted gw for the separated flow con- 
figurations are shown  in Figs  6a-c.    From the comparison  shown  for  the outer-edge values 
of  the stream  function,   it  is clear that prescribing  the interacted wall shear does 
serve to remove the  separation singularity from the calculations.     As Figs.   6a-c show, 
the results for   (f -  n)e obtained with the parabolic approximation agree well with the 
Navier-Stokes  solutions,   the agreement becoming better as the Reynolds number increases 
from 161.5,   through 262,   to  2000.     Using the boundary-layer model,   the cases with extreme 
shoulder-curvature yielded meaningful solutions only in the region upstream of the 
shoulder.    However,  when n    is increased to 0.223,  the boundary-layer results for   (f -  n)e 
agree well with the Navier-Stokes solutions everywhere,   including  the separation region. 
Since the parabolized-vorticity models, with or without curvature  effects   (i.e.,  models 
b and d) ,   account for displacement interaction directly through  the equations,   the results 
for these models should not be associated with whether gw or   (•   -   n)e is prescribed. 
Whereas the parabolized-vorticity model yields results that  are almost identical  to the 
Navier-Stokes  solutions,   neglecting the curvature effects  from this model  leads to 
(f - ri)e values that differ  significantly from the Navier-Stokes results,  even  for the 
largest Reynolds number considered here.    The hump in the curves  for  (f - n)e corresponds 
to the growth of the displacement thickness in the separated  flow region,  since   (f - n)e 
is related to displacement  thickness. 

Before concluding the discussion on this inverse problem for  separated flow calcu- 
lations,   it must be pointed out that the use of upwind differencing,  for the cases 
with gw prescribed,  was  first seen to cause a discontinuity in outer-edge values of f 
and  (f - n).     Similar observations have also been reported by Carter1^ for separated 
boundary-layer calculations  for a  flat plate with adverse pressure gradient.     However, 
it was believed,   in  the present work,  that this difficulty has its origin in the numerical 
procedure,  at least for the case of    Re = 2000    which is well within the realm of 
boundary-layer theory.     Indeed,  careful choice of the time steps and the solution pro- 
cedure did eliminate  this discontinuity for  the high Re cases.    The results presented 
here have been obtained using upwind differencing. 
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Results for fn   ,  Surfao« Prsssure pw and straamlinea s 

The behavior of the velocity function fn    at the edge of the viscous region is 
shown in Pigs. 7a-c.    It may appear, at first? that the fn    results do not agree with 
the Navier-Stokes solutions as well as the gw or the  (f - n)a result did.    But this is 
not quite true if one recognises that the scale used for fn    is several times larger 
than that used for gw or  (f - n)« in rigs.  5a-c or 6a-c.        As seen in Pigs.  7a-c» 
the function fn    remains nearly constant, at its stagnation point value, until the 
shoulder region where it experiences a small decrease,  followed by a rather rapid in- 
crease in the region where the flow separates.    Thereafter,  f„    decreases smoothly to 
approach its asymptotic value of unity.    This is in accordance    with what should be 
expected physically when the flow negotiates the turn around the convex shoulder.    Fur- 
ther, the pressure drop In the separation region must be accompanied by some increase in 
fn  .    These changes in f-    become more significant as the Reynolds number increases, 
and are most obvious in Pig.  7c where Re - 2000.    Again,  the paraboliied-vorticity model 
almost reproduces the Navier-Stokes solutions.    The parabolic approximation tends to 
predict more prominent variations in f.    in the shoulder region and the separation 
region, whereas model d predicts rather    subdued variations in f«    as compared to the 
Navier-Stokes results.    All the models perform better at the high   Reynolds number of 
2000.    In fact, the boundary-layer model which fails in the presence of extreme curva- 
tures  (nw - 0.039)   actually shows reasonable results for the separated flow case with 
riy - 0.223.    However,  for nw ■ 0.093, the boundary-layer model yields fair results 
when gv is prescribed although it breaks down in the region downstream of the shoulder 
when  (f - n)- is prescribed.    Also, it is observed that the flow in the separation 
region and the post-separation region is better represented by gw - prescribed boundary 
condition than by the   (f - n)e - prescribed boundary condition. 

Figure 8 shows the pressure distribution on the surface of the blunt-shouldered 
bodies under consideration.    The surface pressure was determined by integrating the 
tangential component of the momentum.equation along the surface    n » nw.    Por the cases 
with sharper shoulders  (i.e.,  small nw), it was also necessary to employ the normal 
component of the momentum equation along the stagnation line    £ ■ 0.    Por all three 
separated flow cases discussed, the pressure experiences a severe drop in the region of 
the shoulder  U ■ •'TSe).    Thereafter, the pressure rises,  causing separation of the 
boundary layer.    As the pressure approaches the free stream value further downstream, 
the boundary layer reattaches to the body surface,  resulting in a finite separation 
bubble.    All the models considered appear to yield good agreement with the Navier- 
Stokes pressure results, except the boundary-layer model for the extreme curvature cases. 

A good pictorial representation of the physical flow field is obtainable from the 
streamline contours shown in Pigs. 9a-c.    A larger scale has been used along the 
vertical axis than along the horizontal y-axis.    This allows the vertical coordinate 
x to be stretched in order to make the vertical extent of the separation region more 
easily visible.    It is seen that, the magnitude of the minimum value of $ occurring Inside 
the separation bubble is larger for n^-0.039 than for nv-0.093.    Also, as the Reynolds 
number Increases,  the separation bubble tends to get conveeted along the body surface, 
so that its vertical extent diminishes while the bubble is elongated along the stream- 
wise direction. 

5.     FURTHER EVALUATION OF PARABOLIZED-VORTICITY MODEL FOR LOW REYNOLDS NUMBER PLOWS 

The parabollzed-vortlclty model of U. Ghia and Davis     (represented as model b in 
the present work)   is seen to almost exactly reproduce the Navier-Stokes solutions for 
the flow configurations considered thus far.    This is recognized as being due to proper 
inclusion of the displacement thickness effects in the flow.    However, one may be also 
inclined to partially attribute the success of this model to the high (and moderate) 
Reynolds number flows discussed in the preceding sections.    On the other hand, certain 
geometrical configurations can lead to the occurrence of flow separation even at fairly 
low Reynolds numbers;   a familiar example is the flow past a circular cylinder.    There- 
fore, the parabollzed-vortlclty model was further tested with respect to the class of 
bodies with a shoulder  (Fig.  1)  at low Reynolds number.    These results serve to ascertain 
the role of the flow Reynolds number* in the success of this model which takes due 
account of displacement effects. 

Figure 10 shows a comparison of some typical results for the surface vortlclty 
function as determined from the Navier-Stokes solutions and the parabollzed-vortlclty 
model.    The cases presented Include body configurations with sharp shoulders  (nw ■ 0.5) 
as well as rounded shoulders  (ny ■ 10.0).    It is found that, even for these low Reynolds 
numbers, the parabollzed vortlclty model leads to excellent agreement with the Navier- 
Stokes results. 

For the values of n» shown, the stagnation point vortlclty function, determined 
from the two solutions, differs by a maximum of 3.5 percent for a range of Reynolds 
numbers between 2,22 and 2000.0.    This has the very significant implication that it is 
not necessary to solve the complete Navier-Stokes equations in these studies;  it is 
possible to use a considerably simplified form, of the boundary-layer type,  for the 
vortlclty equation.     It is Important to emphasise, however, that the success of the 
simplified model depends greatly on the use of proper variables and suitable coordinates 
for formulating the model.    The parabollzed-vortlclty equation model is given some further 
consideration in the next section by testing it with respect to a flow configuration 
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that can encounter separation at fairly low Reynolds number and exhibits rather 
severe separation for increasing value of the Reynolds number. 

6.     FLOW PAST A CLASS  OF  SEMI-INFINITE BODIES WITH  CYLINDRICAL-SHAPED LEADING SURFACE 

Next,  the class of two-dimensional bodies shown typically by the curves of con- 
stant n in Fig.   2 are considered.     In the limit of    nw =  0,  the body consists of a 
cylinder with a semi-infinite  flat plate at the rear.    A sequence of simple conformal 
transformations is used to provide  the final form of the conformal transformation which 
transforms tha corresponding inviscid flow problem to the stagnation flow problem.    Thus, 
the complete Navier-Stokes equations are solved using the  transformed coordinate system 
(C,n)  defined by the equation 

z > 7   ^- -  2Re)   +   C(f- -   2Re)        ] (45) 

where Re is the Reynolds number based on the radius of surface curvature at the nose of 
the corresponding body with  riw ■ 0.  For the coordinate transformation given by 
Eq. (45), the scale factor function H, defined in Eqs. (5-6), can be determined as 

H2 .   4(oV)    (46) 

U +n )(p +q ) + T 

2  2 2  2 
where    p2 - ^(^-p- - 2Re) + |[ l^-j1-  - 

o    T r2  2 ,22 
q2 = . l(i^I_. 2RC) +lni^!_ 

and      T = U2+n2) Up+nq) - 4ReUp-T1q) + jU2+n2)2 - 2Re(52-n2) + 4Re2  .    (47) 

The transformation maps the body surface onto a coordinate surface, denoted as nw 
in the transformed plane.  Also, the semi-infinihe region in the Cartesian plane maps 
to a quarter-infinite region in the (C.n) plane.  In these new coordinates, it becomes 
possible to accurately formulate all the boundary conditions for this flow problem, 
including the condition at downstream infinity.  The asymptotic solution at  5 -» » is, 
again, the Blasius solution.  The problem is characterized by two parameters - the 
Reynolds number Re and the quantity riw which is related to the bluntness of the corntr 
on the body.  The flow past the thin flat plate (Pe »0, TIW = 0) , the parabolic 
cylinders (Re = 0, nw ^ 0) and the vertical wall (n» -> *)   can be obtained as special 
cases of this flow problem; these were used as check cases for ascertaining the accuracy 
of the formulation and the numerical calculations. 

Figure 11 shows the surface vorticity function distribution gU,nw) for some 
typical cases of this class of bodies.  In Fig. 11a, the case with  nw = 5, Re = 100 
shows that the flow remains attached to the body surface everywhere.  But as nw is 
reduced to 1, i.e., the corner in the body is made considerably sharper, the flow 
separates in the vicinity of the corner and exhibits a finite region of reversed flow 
even for a Reynolds number of 50,  The parabolized-vorticity equation model is seen 
to reproduce the Navier-Stokes results for both cases of the new configuration also. 
This flow configuration experiences a more enhanced separation as compared to the body 
configuration with a shoulder, described earlier in the paper; the shouldered configura- 
tion had experienced no separation at these low Reynolds numbers even for nw = 0.  The 
use of fine resolution in certain critical regions of the flow field is appearing to be a 
significant factor in obtaining numerical solutions for these severely separated flows. 

The behavior of gU,nw)  for typical configurations with a sharp corner (nw = 0) 
is shown in Fig. lib.  The parabolized-vorticity model appears to experience no 
difficulty due to the presence of the sharp corner located at c = 2/5Re along nw = 0 
in the present coordinates. 

Flow Past Cylinders 

Finally, it is recognized that, in the limit of nw = 0, the body shapes represented 
in Fig. 2, for Re ^ 0, consist of a cylinder with a semi-infinite flat plate emanating 
from the rear-stagnation point on the cylinder.  The downstream asymptotic boundary 
condition for the Navier-Stokes equations corresponds, therefore, to the Blasius solution 
for the flat plate flow.  Clearly, removing the entire plate from the rear of the cylinder, 
and appropriately modifying the downstream asymptotic boundary condition to now correspond 
to the wake flow solution, yields the problem of symmetric flow past a cylinder.  Thus, 
the symmetric flow past a cylinder can be obtained in the present (C,n) coordinates 
(Eq. (45)] by considering the geometries with nw = 0, Re »< 0, and setting to zero the 
vorticity function along the line of symmetry at the rear of the cylinder, i.e., 

g(C,0) »0        for   t > 2/2Re  . (48) 

This is an important flow problem that has been studied by  a number of investigators 
[for example,  Refs.   13 and 14]   using different approaches.     It  is believed that applica- 
tion of the present general  formulation of the analysis,   the alternating direction 
implicit numerical method and the parabolized-vorticity model  for this  flow problem 
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provide« a good test of the present techniques for separated flows with wakes. Some j 
preliminary results have been obtained and appear quite promising. Figure 12a shows a 
computer-generated contour plot of the streamlines for the flow past a cylinder at Re « 3. 
No separation is observed at this value of the Reynolds number. This result is in general 
agreement with that obtained in Ref. 13, that, for flow past a cylinder, separation 
first occurs at about Re ■ 2.875. Therefore, at Re •> 3, even if separation has occurred, 
it is confined to an extremely small region near the rear of the cylinder and is being 
missed in the finite difference calculations.  It would be necessary to use a further 
refined grid in the region near the rear of the cylinder in order to obtain finer reso- 
lution of the numerical results. Figure 12b shows the corresponding streamline pattern, 
at Re "  3, when the plate is re-inserted at the rear of the cylinder and the dovnstream 
asymptotic boundary condition is restored to correspond to the Blasius solution. As 
expected in unseparated flow, the streamlines at the rear of the cylinder are now dis- 
placed outward, owing to the displacement thickness effects of the flat plate in the 
viscous flow. Also, no separation is observed for this case because the presence of 
the plate will tend to suppress the degree of separation. 

7.  CONCLUSION 

It seems clear, from the results obtained, that boundary-layer-type models can 
successfully predict separated flows if they take account of the interaction between 
the boundary layer and the external inviscid flow. The displacement thickness effects 
appear to be of greatest significance in treating the separation singularity. In the 
several models studied, this interaction has been taken into consideration either 
directly through the differential equations or indirectly by appropriate modification 
of the boundary conditions for the viscous solutions. 

Another useful direct approach to the problem would consist of simultaneous solution 
of the boundary-layer flow and the inviscid flow, with suitable matching of the two 
flow solutions. This would avoid solving the viscous flow equations in the outer 
flow region. That such a procedure is possible is indicated by the success of the 
parabolized-vorticity model with or without curvature effects. Efforts are presently 
being made to pursue this concept further. 
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NUMERICAL INVESTIGATION OF REGULAR LAMINAR 

BOUNDARY LAYER SEPARATION 
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Queen Mary College, University of London, Mile End Road, London El 4NS. 

SUWARY 

u 
ue 

An accurate nuaerlcal procedure of the differential-difference type for the solution of the 
IncoMpresslble laminar boundary layer equations Is presented.     The procedure is applicable to both direct 
probleas, in which the pressure distribution is prescribed, and Inverse problems of the type in which the 
wall shear is prescribed. 

So« examples computed by this procedure show that, by prescribing the wall shear to be regular in 
the vicinity of separation, the usual singularity at separation is avoided.     Results are also presented 
in which downstream marching with prescribed wall shear has been continued to considerable distances 
beyond separation, including an example in which both regular separation and re-attachment occur.     In 
other cases no solution to the inverse problem can be found beyond a short distance after separation, but 
by smoothly Joining a prescribed pressure distribution to that calculated in the Inverse problem upstream, 
it has been found possible to continue the computation as a direct problem.     Questions of stability and 
uniqueness of the solutions are discussed. 

The accuracy of the approximate integral method of Lees and Reeves is assessed on the basis of 
comparisons with results computed by the present method. 

PRINCIPAL NOTATION 

f        • non-dimensional stream function (Eq.4) x,y > Cartesian co-ordinates along and normal to 

H        - «Ve. shape parameter the "^ surface 

L        - characteristic length B " PressuPe 9rad1ent »,arM,eter ^ 
R#       - u L/v. characteristic Reynolds number «* " «splK^nt thickness (Eq.A4) 

S        - {»*f/»n'L . wall shear parameter " " scaled non,al ord1nate ^•3) 

- characteristic velocity 9 " 'a*ntm th1ckness ^'^ 
- velocity at outer edge of boundary l^yer v " kin«"«t1c viscosity 
. velocity co^onents along x,y « " sca1ed »treawise ordlnate (Eq.3) 

T      ■ shear stress 
Subscripts and Superscripts 

w conditions at the wall 
1 differentiation with respect to n 

1. INTRODUCTION 
1  2 It is well known *   that solutions of the equations governing the laminar, incompressible flow in 

a two-dimensional boundary layer exhibit singular behaviour at the point of separation, where the wall 
shear stress TW vanishes, when the problem is posed In the conventional way, such that streamwise 
distribution of pressure is prescribed (the 'direct problem1).     The singularity is such that TW varies as 
(xs - x)t near separation, where x is distance along the surface and suffix '$' denotes conditions at 
separation.     The resulting infinity in diw/dx Is accompanied by an infinity in the slope d<Vdx of the 
displacement surface.     It has been found impossible to Integrate the boundary layer equations through, 
and downstream of, such a singular separation point. 

Catherall and Mangier   showed numerically that regular separation, with no singularity, occurs 
when the displacement thickness is prescribed to be a regular function of x, and It was furthermore shown 
that the solution could be continued beyond separation by the usual downstream marching procedure. 
However, in the reversed flow region there was evidence of non-uniqueness of the solution, although it 
appeared that all possible solutions lay within quite small numerical limits of each other.     It was 
suggested that this non-uniqueness arose because the region of reversed flow should strictly be Integrated 
in the negative x-direction, with boundary conditions provided from downstream. 

The problem solved by Catherall and Mangier Is an example of what may be termed an 'Inverse 
problem', in which the distribution of some quantity other than the pressure Is prescribed, whilst the 
pressure distribution is treated as unknown.     If the prescribed quantity is one which would become 
singular at separation in a direct problem, then it may be expected that K regular distribution of this 
quantity In an inverse problem may result in regular behaviour of all other quantities. 

In addition to their fundamental interest, accurate solutions of inverse problems involving 
separation are of ii^ortance in providing a basis for comparison with approximate methods of solution of 
separated flow problems.     Also, it may be possible to use an Inverse procedure locally near separation 
when solving complete problems involving interaction between a boundary layer with limited separation and 
an outer potential flow. 

♦   Lecturer 



This paper Is concerned mainly with obtaining accurate solutions of Inverse problems In which the 
wall shear Is the prescribed quantity.     This type of 1n> rse problem Is of particular convenience since 
the points of separation and re-attachnent are fixed .)y the chosen distribution of TW.     Problems of this 
type have been previously considered by Keller and Cebecl*, whose solutions did not, however, extend 
beyond the point of separation, and by the present author5. 

It will be assumed that the boundary layer equations provide a valid description of separated 
flows of boundary layer type. In which the thickness of the viscous layer remains of 0(Re~i), where Re Is 
a characteristic Reynolds number. 

Section 2 describes an accurate numerical method, of the differential-difference type, for solving 
the Incompressible boundary layer equations, applicable to both direct and Inverse problems for attached 
and separated flow.     (This method was briefly described, and some early results presented. In Ref.5.) 

Section 3 presents and discusses results computed by this method for a variety of examples 
involving regular separation.      These include cases with prescribed wall shear, some of which have been 
continued Into the separated region, and a case in which, after passing through regular separation with 
prescribed wall shear, the calculation was continued with prescribed pressure gradient.     Additionally, a 
more detailed study of separation is made for one case. 

For comparison, results have been calculated for some of the examples by the approximate Integral 
method of Lees and Reeves'», as modified by Klineberg and Lees'.     The required re-formulation of this 
method Is given in the Appendix. 

2. ANALYSIS 

2.1       Governing Equations 

The equations to be solved are the usual  laminar boundary layer equations, namely 

"S-f   =   ^-0   , (la) 

IM?   '   0- ^ 
The boundary conditions for flow over a fixed, inpemeable surface are:- 

u   =   v    =   0     when y    = 0    ; 

u   -»   u as     y    > »    . * ' 

The equations are now put into a form more suitable for numerical solution, by the application of 
the Görtier0 transfomation.      This has the advantages that the scaled boundary layer thickness is 
generally almost constant, that the leading-edge singularity is suppressed, and that accurate series 
solutions are available for comparative purposes. 

New independent variables (t,n) are introduced, defined by 

1   rx Up y 
I u (x')dx'    .    n =-£ r   • <3) 
_   e (2vu0Lc)} 

where u0 and L are respectively a reference velocity and length. 

Additionally a non-dimensional stream function f is introduced, defined by 

'U.n)    =    ♦(x,y)/(2vuoLOJ   . (4) 
where 4, is the usual stream function, such that 

u = 3<i/3y   ,   v = -a*/ax. 

Equations  (la) and (lb) now become:- 

^♦f-^y «(C)[_l -  (-^   - ZC^^-^^J  , (5) 
with boundary conditions 

fU.O)  =|i (CO)  = 0    ;    |1 (e.-) *1  . (6) 

Here e is the pressure gradient parameter defined by 

du tu L du 

e e 

and the velocity components u and v are given by 

U 3f V I       V       \i    Tf   .    Or^f   J,.   ,,    3f  1 
^-^ - ^ = - (?U^T)  L    CH + (ß-1)r^J • 

When the right side of Eq.(5) vanishes, either at the boundary layer origin t = 0 or when f is 
independent of t, this equation reduces to the well-known Falkner-Skan9 equation for the 'similar 
solutions'. 

(8) 
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In direct problems, ß(6) Is given while the scaled wall shear stress S(c) = i2f/ir\2U,0) Is one 
of the Important results of the calculation.     On the other hand In Inverse problems for which S(() Is 
given, the pressure gradient parameter B(C) IS an unknown function whose value Is determined to satisfy 
the boundary conditions given by Eq.(6), together w'th 

0 («.0)   -   S({) . (9) 
These four boundary conditions correctly determine the third-order equation, Eq.(5), when e(t) is treated 
as unknown. 

2.2       Accurate flurerical Solution by the Differential-Difference Method 

The method used here to obtain numerical solutions to Eq.(S) is of the differential-difference 
type originally devised by Hartree10, and subsequently modified by Smith and Clutter11.     The present 
method Is closely related to that of the latter authors, but an improved shooting procedure Is used, and 
the extension to the treatment of inverse problems is made. 

The range of integration with respect to c is divided into a suitable number of Intervals, and 
derivatives with respect to c at each (-station are replaced by backward difference formulae.     Then at 
each station, marching downstream, the resulting third-order non-linear ordinary differential equation is 
solved subject to the appropriate boundary conditions. 

2.2.1 The Difference Scheme 

The first derivatives, with respect to C, of f and 3f/3n appearing   n Eq.(5) are approximated by 
either 3- or 4-point Lagrange backward difference formulae.     For example, taking a constant spacing «t 
between successive t-stations, the derivative of a function g at the streamwise position ?„. ■ n.«t may be 
approximated in terms of gUJ, g(tri., ) etc. by the 3-point formula 

|f(0  =  3g(u) -^(u-o+gtu-,! + 0(„2)- (10) 

(More general 3- and 4-point formulae for variable step length, used in the present program, may be found 
in standard works.) 

Making replacements of this type for both af/at and ä/ac{3f/3n) in Eq.(5) leads to the third-order 
ordinary equation for f^ :- 

Vf„ OlUl-f "V %[ f,i ' C| fn -2fn.,    + i f«-» )  -  ^{| f.,-2fä.)  4
f-* )]    ■  0 . (H) 

where primes denote differentiation with respect to n. 

Putting E = Hl    ,    D = 1 + 2E, 

♦l - fe f-2^-'  + 7f"-^ > • »2 = «C (2f"-'   ' 7 *'"-*) ' 
then Eq. (11) becomes 

f"'* Dff"+ ß(l-f,2) - 2Ef'2 + Z^f" + 2*2f' = 0 , (11a) 

the suffix 'n* being henceforth omitted. 

Finally, for solution by the fourth-order Runge-Kutta method, Eq.(lla) is re-written as a system 
of 3 first-order equations, viz. 

(12) 

Eqs.(12) are solved at each successive (-station, using the values of ♦, and ♦    obtained from the solutions 
at previous stations. z 

At the origin c ■ 0, the terms depending upon c vanish and the equation for similar solutions 
remains.      For a sharp leading-edge, the calculation is started with e = 0 (giving the Blasius solution). 
If the origin is a stagnation point, the calculation Is started with 6 ■ 1  (giving the Hiemenz solution). 

The first (-step is made using a 2-point difference scheme in place of the 3-point scheme, which is 
then used for subsequent steps.      Alternatively, the 4-point scheme may be used for the third and 
subsequent steps. 

2.2.2 Numerical Solution of Eqs.(12) - Direct Problems 

When e(() is given, Eqs.(12) have to be solved at each £-station subject to the boundary conditions. 

Inner:    f(0)    • U(0)    « 0     ; 

Outer:    U -► 1    as    n   -»   -    . 

A shooting method is used, in which integration is carried out starting at n * 0 with an estimated 
value for V(0)  = s.     The integration is then repeated iteratively until the outer boundary condition is 
satisfied to suitable accuracy, using successively improved values for S obtained as follows. 

.. f, s "• 
(fiH.)u;  - v, 
(f    =) V     =    -D.fV - B(l-U2) + 2EU2 ■2V ■ 2»2U . 
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Let S{ be the 1     Iterate, and let suffix '>' denote values at a suitably large value of n, say n.. 
Then, to first order, 3U 

We require UL(S^i) ■ 1, so 

SU1 ' S1 + Wj^ji • 

To find sU^/SS, a set of equations, obtained by differentiating Eqs.(12) with respect to S, is 
solved simultaneously with Eqs.(12). 

Putting F1 - »f/»S . U1 • sU/aS. V, • 3V/9S, we get 

F, • U 
i 1      ul  • 

Uj - V, . (13) 

V| - - D(fV1+ F^) ♦ 2(6 + 2E)UU1  -  2^ V, - 2*2 U, . 

The relevant Initial conditions are 

F^O) - 0,(0) - 0   ;    V^O) « 1    . (13a) 

2.2.3 Numerical Solution of Eqs.(12) - Inverse Problems 

When S(c) Is given, Eq$.(12) have to be solved at each (-station subject to the over-determined 
boundary conditions 

Inner:    f(0)    ■   U(0)    -   0 , V(0)    -   S ; 

Outer:   U   ♦   1   as   n   -»   " . 

Again, a shooting method Is used. Integration being started at n ■ 0 with an estimated value for 6, 
In this case, ß is Improved Iteratively until a solution satisfying the outer boundary condition Is found. 
Proceeding In a similar manner to that above, we find 

i-u.^) 
BU1 ' ß1 + TWTäßT,  • 

Putting F. = if/3 e. U2 = 3U/36 , V2 = 3V/3e . we have 

F2 ■ U2 • 
u; = v2 , (i4) 
V2 = - D(fV2 ♦ F2V) + 2(6 ♦ 2E)UU2 - 2^ - 2*2U2 -(1 - U*)  . 

with F2(0) • U2(0) = V2(0) = 0  . (Ma) 

2.2.4 Further Remarks on the Numerical Procedure 

The Newton Iteration procedure described In the previous sections was originally used by Reshotko 
and Beckwlth^, and later by K1ineberg13, to obtain similar solutions of the boundary layer equations.   In 
the present application it is found that Eqs.(12) are Inherently unstable when solved as an Initial value 
problem starting at n * 0. in the sense that a small change in either S or 6 causes a very large change 
in the value of U,,.     This instability becomes stronger as the length of the c-step Is reduced, and at 
some stage it becones necessary to use double-precision arithmetic in order to obtain the required solution. 
For values of it, < c/25, it becomes impossible to obtain the required solution, as also found by Smith & 
Clutter"'. 

The asymptotic outer boundary condition U   -♦ 1 as n -♦ "   Is approximated by the conditions that 
11 - U.I < 10""   and   U^ < lO"3-5 .     For attached flow, a value of n. » 6 is generally sufficiently 

large to ensure that both these conditions can be satisfied.     For separated flow, n   is Increased If 
necessary. 

The Fortran computer program used to obtain the solutions was based on the program developed by 
Klineberg13 for the calculation of similar solutions. 

3. COMPUTED EXAMPLES INVOLVING REGULAR SEPARATION 

This section presents a selection of results computed by the present differential-difference 
method.     The integration step in the n-direction was 0.2 In all cases, the discretisation error in u/u, 
resulting from these Integrations then being of order 10" .     The (-Intervals used are Indicated on the 
figures, the corresponding discretisation errors being more difficult to establish, although applications 
of h2-extrapo1ation. in addition to compürlsons of results i^lng both 3-point and 4-polnt difference 
schemes. Indicate that such errors are generally less than 10' . 

Calculations by the approximate method of Lees. Reeves and Klineberg * (LRK method) as 
re-formulated for application to problems with prescribed pressure or wall shear In the Appendix, are also 
presented for most of the examples, for comparative purposes. 

8 In addition, the series solution of Gortler , which Is easily Inverted for application to problems 
with prescribed wall shear, has been computed for some of the cases.     This provides a check on the 



Case I S 
Case II S 
Case III   : S 
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accuracy of the difference calculations, In the Initial part of the boundary layer, but because the series 
Is truncated at the fifth power of {, and because It has a finite radius of convergence, the series 
solution generally diverges away from the difference method solution   at some distance from the origin. 

The distributions of wall shear have been chosen so that separation occurs at c ■ 1 (i.e. S « 0 
at e ■ 1), except for Case III in which separation Is approached asymptotically as ( -» >.     Also the value 
of wall shear at t • 0 has been taken to be such that e ■ 0 there In all cases. 

3.1 Boundary Lttyers Approaching a Regular Separation Point 

The three examples In this category as defined by 

sB.(l - c) ; 

SB.exp(-c)  , 

where S3 « 0.4696, the value of the scaled wall shear S for constant pressure (Blaslus) flow. 
4 

Case I, with linearly-decreasing wall shear, has already been computed by Keller and Cebecl   by a 
finite-difference nethod, these results having already been compared with those of the present method In a 
previous paper^.     As shown In Fig.la, there Is Initially good agreement between the distributions of e 
computed using the present nethod, the LRK method and the series solution, but there Is quite rapid 
divergence of the latter as separation Is approached.     The distribution of shape parameter H computed by 
the LRK method Is however In good agreement with the present method, as shown In Fig.lb. 

Similar remarks apply to the results for Case II, also shown In Figs, la and lb, which has 
incipient separation at c > 1, and for Case III. shown In Figs. 2a and 2b, which tends exponentially 
towards separation as e -► -.     The fiörtler series gives poor results near separation In the latter case, 
as might be expected since c tends to Infinity there. 

One feature cannon to these cases and all other cases with regular separation so far computed Is 
that de/dc > 0 at separation according to the present method, so that separation occurs In a weakening 
adverse pressure gradient.     This condition implies that d u-/dx   > 0, which has been given by PrandtT 
(quoted by Smith and Clutter1!) as a requirement for the avoidance of the singularity at separation. 
Although this appears to be a necessary condition for regular separation, we shall later show that it is 
not sufficient. ~ 

3.2 Cases Continued Beyond Separation with Prescribed Hall Shear 

It was not originally expected that calculations by the present method could be continued beyond 
the separation point, even in inverse problems with regular separation, and it was indeed found that Case I 
could not be so continued. 

However, some calculations with prescribed distributions of S in which the rate of decrease of S 
beyond separation is smaller than in Case I, and in which S does not take large negative values, have been 
continued well beyond the separation point.     Three examples are presented here:- 

Case IV 

Cases V and VI 
:    S . SB(1 - 00  -  .526490; 
:    S - SB.[l -(1 - e-kt)/(l - e_k 

with k = 1.98256 for Case V ; 

k = 1.73976 for Case VI. 

)]. 

The parabolic distribution of S prescribed in Case IV has zeros at c > 1 and c => 1.9, corresponding to 
separation and re-attachment respectively, with a minimum value of S = -.05 at c - 1.45, as shown in Mg.Sa. 
This figure also shows the distribution of B computed by the present method, the LRK method and the Görtier 
series.     The calculated distributions of H are shown in Fig.3b, and a comparison is made in Fig.3. of the 
computed variation of S with B, compared with that for the Falkner-Skan similar solutions.     The 
computation by the present method passed smoothly through both points of zero wall shear.     The Görtier 
series agrees very well with the present method up to separation, but thereafter diverges rapidly, whilst 
the LRK method predicts both H and 6 quite satisfactorily.      The degree of departure from local similarity 
is clearly shown In Fig.3c. 

Cases V and VI have prescribed distributions of S which tend exponentially to S « - .075 and 
- 0.100 respectively for large c.     The boundary layers thus tend to the similar solutions corresponding to 
these values of S, as f. > •.     Now, as shown in Fig.3c, there are a pair of values of ß for each such value 
of S, suggestlnq that the solution to the non-similar problem may also not be unique.     This lack of 
uniqueness is not apparent in the results for Case V, shown in Figs. 4a and 4b, and there is good agreement 
between the present and LRK methods.     The solution tends to the similar solution with 6 * - .189, with a 
shallow reversed flow region (H »5). 

However, in Case VI the lack of uniqueness becomes evident.     The calculation by the present method 
tends apparently towards the similar solution with ß = -.043, with a deep reversed flow region,although the 
calculation was terminated well before this asymptotic condition was reached.     On the other hand, the LRK 
results diverge rapidly away from those of the present nethod for c > 1.5, tending towards the other 
similar solution with B = -.178, with a shallow reversed flow region, as shown in Figs. 5a and 5b. 

It Is shown in the Appendix that the LRK method has a singular point at H - 8.8 when used, as here, 
to solve inverse problems, and therefore it would not be possible with that method to compute a case in 
which H rises above this value, as it would have to in order to follow a solution of the type given by the 
present method.      Thus, in inverse problems the LRK method appears to be limited to cases with fairly 
shallow reversed flow regions. 
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Th« solution obtained by the present method Is smooth and apparently free fro« singularities. 
However, It was found that at c ■ 1.7, the Iteration process failed unless a good Initial estimate for 0 
was provided.     At the same time. It was found that at this position the variation in velocity ratio at 
the boundary 1«yer edge caused by unit change In the value of 0, '.e. Wja, suddenly changed sign fron 
that at the previous station, whilst the magnitude was very large In both cases.     This suggests the 
existence of either a zero or an infinity In WJib in this vicinity.     The implication of this Is not 
clear, although the existence of a branch point may be indicated. 

3.3      Continuation beyond Separation with Prescribed Pressure 

In some cases no solution to the inverse problem can be found beyond a short distance after 
separation.     By smoothly Joining a prescribed distribution of B to that calculated upstream. It has been 
found possible to continue the computation as a direct problem. 

As an example, results are presented in Fig.6 for a case defined by :- 

Case VII    :   S • SB.(1 - 0.(1 - 0.4O   for e < 1.16, 
with 0 prescribed numerically for c > 1.16 as shown in Fig.6b. 

(0 - -0.1 for c > 2.0) 
There was no evidence of instability in this case, and it appears that, if continued sufficiently far, the 
solution would tend towards the similar solution for 0 ■ -0.1.     However, another example became 
numerically unstable for large i, and the question of stability requires investigation. 

3.4     Detailed Stu^y of Separation 

The question is now examined of whether a distribution of 0 which has been calculated to correspond 
to a regular prescribed distribution of S leads to singular behaviour at separation, if it is then used as 
the prescribed 0 distribution in a direct problem. 

The distribution of 0 calculated in an Inverse problem. Case IV above, was used as input (to 5 
significant figures) In a direct calculation.     The result, as shown as Curve B of Fig.7a, was a 
distribution of S which was Identical to the original input. Curve A, up to the last (-station before 
separation, but which then followed an entirely different, attached-flow path.     Other calculations with 
changes in the 5th significant figure in the input value of 0 at e - 1 produced entirely different results 
thereafter.     But If 0 was treated as unknown at the separation point only, with S put to zero there, one 
of two branches was subsequently followed depending upon the sign of the original estimate for S at { « 1. 
The lower branch follows the original input. Curve A, whilst the upper branch. Curve C, corresponds to 
attached flow.     These two branches are directly analogous to the upper and lower branches of the similar 
solutions;   however, the upper branch has a discontinuity In the slope of the displacement surface at 
C « 1, as shown In Fig. 7b. 

The separation point thus appears to be a critical, branch point in these circumstances.      It 
appears that the separation singularity will always occur, even if weakly, for cases with prescribed 
pressure, and it Is evident that the previously-mentioned condition that d2ue/dx2 > 0 for regular 
separation is not sufficient. 

4. CONCLUSIONS 

The above computations by the differential-difference method show clearly that a regular prescribed 
distribution of wall shear leads to regular behaviour of all other variables, the usual singularity at 
separation being suppressed. 

The possibility of continuation of the integration beyond regular separation by downstream marching 
has been demonstrated, using either prescribed wall shear or prescribed pressure.     However, questions of 
uniqueness and existence of the solutions require further Investigation, particularly in view of the use of 
a downstream marching procedure in a region containing reversed flow. 

The Integral method of Lees, Reeves and Klineberg   has been shown to predict the integral properties 
of the boundary layer to good accuracy, for attached flow and moderately-separated flow.     However, the 
occurrence of a singularity in the LRK method with prescribed wall shear has prevented evaluation of the 
method for well-separated flow. 
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APPENDIX 

Approximate Solution by the Integral Method of Lees-Rees-Klineberg 

This Integral method for the approximate solution of the boundary layer equations, for both 
attached and separated flow, was originally used by Lees and Reeves^ for the solution of shock wave/ 
boundary layer interactions in adiabatlc flow.      In that case, the momentum integral and momnt-of- 
momentum Integral equations were solved together with a coupling equation linking the external, invlscid 
flow with the boundary layer growth.     This coupling equation is not required here, and instead either the 
pressure gradient or the wall shear is specified.     Since the method was applied in the transformed, 
incompressible plane, the basic relations are directly applicable to incompressible problems. 

A.l 

Here, we show how the method may be applied in Görtier co-ordinates. 

Integral Equations 

The momentum Integral and noment-of-momentum Integral equations are obtained by multiplying Eq.(5) 
by unity and f'(= u/ue) respectively, and then integrating with respect to n from n = 0 to a suitably 
large value, n   say.     This leads to 

,. do 

dff 
M 

where A* 

f" 

+ e ♦ B(e + a*) 

+ e* + 2ße 

(l-f'jdn.   e = 

'   I, 

o 
u/u. •s'(f w 

f'(l-f')dn,    3* = [ "f'd-f'^dn, 
f1-    ..  2° 

=2]    (f    )2 dn. 

(Al) 

(A2) 

(A3) 

Now we may relate these quantities to those used in the method of Lees and Reeves, viz. 

where «* 

P = 5 

Jo ». 

• Hi -"' ■■ 

e      e 

where e* 
e       e 

(A4) 

these functions being polynomial curve-fits calculated from similar solutions of the boundary layer 
equations.      We use here the revised polynomials calculated by Klineberg13«' for adiabatlc flow.     Eqns. 
(Al) and (A2) now become:- 

2e(fi* ^ + J ^) + t + 26 ]ja*       ■ R/A*   . 

w1th« = <C(a),   J»J(a),   P = P(a)   and R = R(a), 

A.2        Solution of Direc'. Problems by the Integral Method 

(A5) 

(A6) 

(A7) 

When eU) is given, Eqs.(A5) and (A6) may be re-arranged for step-by-step integration by, for 
example, the Runge-Kutta method, to give:- 

FHT 
dt*_(

pS-R) A*"2-B[(1^»-2J] 
Ziß^- 0) 

da, 60(1-»)- {PJ-«^ A* 

(A8) 

(A9) 

A series expansion is used to start the downstream integration from ( > 0. 

Note that (ffdJ/dft-J) vanishes at the separation point (a * 0).     This leads to singular behaviour 
at separation when ß(t) is prescribed. 
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A.3        Solution of Inverse Problems by the Integral Method 

When S(0 Is given, the solution may be obtained by eliminating e between Eqs.(A5) and (A6), to 
give 

25 ^[ZJ - {!+«) Jj] ♦ 2J(lf-1) Jr jf ■ [2PJ - (!♦«)«] a*'2 - J(«-l) • (A10) 

This equation Is then Integrated In conjunction with the relation between P,&* and the given wall shear 
distribution, Eq.(A4). viz. 

P    -   A*S . (All) 

The most convenient method of solution Is to firstly differentiate Eq.(All) with respect to c, and to then 
solve the resulting differential equation simultaneously with Eq.(AlO).     The equations to be solved are 
then:- 

da     2J^M)CJ|4*+P[{2PJ - (1+«)R)A*'2 - J((t- 

^'2[J(IM)S+P{2J- (1*«)S}]S 
i . (A12) 

hw" [{2PJ" ^^^ A*'2" J*']) *2e nf ■ ^{2J ■ ^^ ft] • -jTry   • (A13) 

As before, a series expansion Is used to Initiate the Integration from 6=0. 

The distribution of e(0 may be obtained from the calculated distributions of a and A* using 
either Eq.(A8) or Eq.(A9). 

Eqs.(A12) and (A13) do not exhibit singular behaviour at the separation point, so the Integration 
can be continued through separation.     However the denominator of Eq.(A12), which is a function of 'a' 
alone, vanishes in the separated renion when a = 0.327, corresponding to a value of H(»«*/e) = 8.8. 
Hence, for prescribed S{c), a singularity occurs when H rises to this value, effectively terminating the 
solution. 

It may also be shown that, as a result of the vanishing of pMJ/d<f- J) at separation, the value 
of the local pressure gradient parameter \ has the unique value of -0.068 at a point of regular separation, 

v   dx 
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FINITE DIFFERENCE SOLUTIONS FOR 

SUPERSONIC SEPARATED FLOWS 

by 

N.J. Werle, A.  Polak,  V.N.  Vatsa,   S.D. BertJce 
Department of Aerospace Engineering 

University of Cincinnati 
Cincinnati, Ohio    U.S.A.     45221 

SUMMARY 

Laminar and turbulent separation bubbles are addressed for a wide range of geome- 
tries using an implicit finite difference technique to solve the interacting boundary 
layer equations.  Solutions are presented for laminar compression ramps at M - 4 and 6, 
wall temperature ranges, T/T of 0.2 to 1.0 and angles of sweep (yaw) relative to the 

mainstream of up to 60*. In addition, solutions for laminar flow over wavy walls with 
multiple separation bubbles are given here for M. ■ 3.  Application of the approach to 
turbulent separated flows ahead of a compression ramp at M - 3 is also considered. 

SYMBOLS 

A 
Cx 

F 

G 

K1'K2 
1 
L 
M 
n 

P 
Qw 

^w 
ro 
Re. 

Re 

8 
t 
T 
u 

1,2 

eddy viscosity damping factor 
skin friction coefficient 

modified skin friction coeffi- 
cient 
specific heat 

scale length for transition 
process 
normalized longitudinal velocity 
in cross plane 
normalized spanwise velocity 
component 
time term multiplication factor 
eddy viscosity constants 
normalized viscosity coefficient 
reference  length 
Mach number 
distance normal to surface 
stretched normal distance 
pressure 
surface heat transfer 

normalized surface heat transfer 

transverse radius of curvature 

Reynolds number based on free 
stream viscosity 
Reynolds number based on refer- 
ence viscosity 
surface distance in cross plane 
time 
static temperature 
viscous longitudinal velocity in 
cross plane 
inviscid longitudinal velocity 
in cross plane 
transformed normal velocity 
viscous spanwise velocity 
inviscid spanwise velocity 
dissipation coefficients of energy 
equation 

inc 

pressure gradient parameter 
ratio of specific heats 
transverse intermittency function 
longitudinal intermittency function 
viscosity 
displacement thickness 
incompressible displacement 
thickness 
eddy viscosity 
momentum equation eddy viscosity 
function 
energy equation eddy viscosity 
function 
transformed normal coordinate 
static temperature ratio 
angle of deflection of inviscid 
streamlines 
slope of surface 

ramp angle 

sweep (yaw) angle 
transformed longitudinal co- 
ordinate in cross plane 
density 
Prandtl number 
turbulent Prandtl number 

Subscripts 

e inviscid edge values 
«• free stream values 
o previous time values 
w wall values 
ref reference values 

Superscripts 

time level t 
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1.  INTRODUCTION 

The problem studied h^re is that of a laminar or turbulent supersonic boundary 
layer separating and reattaching along an aerodynamic surface. In the cases studied, 
separation is induced by the surface geometry itself when the boundary layer is forced 
to negotiate a region of severe adverse pressure gradient, a situation typified by the 
flow over a simple compression corner.  In such a case the boundary layer strongly 
interacts with the local mainstream to esvablish a surface pressure level significantly 
different than that predicted from inviscic' considerations alone. Thus, to obtain 
meaningful solutions to this problem requires that one consider simultaneous solution 
of the viscous and inviscid flow equations taking account of their coupling through a 
representation of the interaction effect of one on the other. 
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Th>! approach taken here employs the interacting boundary layer concept. The 
governing equations for the viscoua region are taken to be the classical boundary layer 
equations except that the local invlscid properties driving these equations are deter- 
mined through the deflection of invlscid streamlines passing over the displacement 
body. This approach is not new, and in one form or another, has been employed by a 
large number of investigators (see Ref. 1 for a review of the history of this problem) 
and has been reasonably successful in providing quantitative estimates to the influence 
of separation on the local surface properties.  Recent asymptotic studies of the 
laminar supersonic problem by Stewartson and Williams (Ref. 2) and Jenson, Burggraf and 
Rizzetta (Ref. 3) has put this approach on a firmer analytical basis so that it now 
appears that the "interacting boundary layer model" can be considered exact, at least 
in the sense that for large Reynolds number it retains all the principle contributors 
from the compressible counterpart of the Navier Stokes equations. 

It only remains then to seek an equally exact (but efficient) numerical method of 
solving these governing equations and to demonstrate the applicability of such.  The 
ground work for such an effort has been laid by many previous investigators (see Refs. 4 
through 8) who employed finite difference techniques for solving these types of problems 
and the present paper reports on continued progress in this area. In the work presented 
here, the numerical approach laid down by Werle and Vatsa (Ref. 9) and Bertke, S.D., 
Werle, M.J. and Polak, A. (Ref. 10) is applied to a broad range of separated flow situa- 
tions to demonstrate the applicability of the solution technique. 

The main feature of the numerical technique is its treatment of boundary conditions, 
more specifically the downstream compatibility condition.  Heretofore, the requirement 
that the surface pressure level asymptotically approach the invlscid downstream pressure 
level was satisfied through iteration on the flow state at the upstream extent of the 
interaction region.  In the new algorithm, the downstream conditions are imposed directly 
and solutions obtained using an implicit alternating direction finite difference scheme, 
leading to rapid accurate solutions of the separation problem. 

In the present work, this numerical algorithm has been applied to both the laminar 
and turbulent cases for supersonic flow (Nach numbers of 3-6) over the ramp geometry 
given in Figure 1 for a wide range of wall temperature levels.  Solution to the laminar 
quasi-three dimensional case obtained by sweeping (yawing) the ramp geometry relative 
to the mainstream direction is also presented.  In addition, solutions for the case of 
laminar flow over a wavy wall with multiple separation bubbles are also shown here. 

2.  GOVERNING EQUATIONS 

2.1 General 

In the present approach, the flow field is divided into two distinct regions.  The 
viscous region is taken to be governed by the boundary layer equations as driven by the 
properties of the invlscid flow as it passes over the displacement body (the original 
surface thickened by the displacement thickness).  The invlscid properties can be 
determined in any convenient and appropriate manner and for present purposes approximate 
methods were found to be sufficient.  Since such approximate invlscid models necessarily 
depend on the geometry involved, it is difficult to present them in any generalized 
statement.  For this reason only the viscous equations are presented in detail in this 
section and the presentation of the invlscid model is only discussed in general, the 
details being deferred to that section dealing with application of the present study 
to a particular goemetry. 

2.2 Viscous Equations 

To anticipate application to laminar or turbulent compressible flow over two dimen- 
sional, axisymmetric, or swept (yawed) configurations, the boundary layer equations 
are presented here in a somewhat generalized form.  Once the governing equations have 
been nondimensionalized using a characteristic length, L, the free stream velocity, 
U^, the free stream density, p^, and a reference temperature, T f = U^/C , they are 

scaled to remove the explicit Reynolds number dependence by stretching the velocity and 
distance normal to the surface using 

Re-l/2 . \^el 
1/2 

(1) 

The principle dependent variables are then normalized according to the scheme 

F = u/Ue  ,   6 - T/Te  ,   G *  w/We  ,   t - PW/Pg^e (2) 

where the subscript e refers to the invlscid flow values at the current location on the 
surface and u represents the velocity along the surface in the normal plane depicted in 
Figure 1, T is the static temperature, w is the velocity component normal to the cross 
plane of Figure 1 and is non-zero only for swept (yawed) configurations, p is the density, 
and u is the viscosity coefficient here calculated from Sutherlands law. 
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The Indapandant varlablaa us«d in th« cross plan« ar« L«vy-La«s typ«  (••« R«f.  11) 
•nd «r« givsn as 

1 P«M« • o 'o2J'- (3) 

' 

and 
/IT 

N 
/ p dN 
o 

where N is th« stretched coordinate given «a 

N - n /R« (4) 

and a and n are th« longitudinal and normal aurface coordlnatea reapectively. Note that 
the auperacript j ia non z«r<-> here only for axiaynraetrlc flows where j - 1 recovera th« 
correct relationa. With the?c tranaformationa th« governing equations become 

Continuity; 

Vn + F + 25 Ft 

Normal Plane Momentum Equation; 

(et  P)      -  VFn  +  6(6 F  )   -  2C  FF    -  0 

(4a) 

(4b) 

Energy Equation; 

{7r e*K - Ven + »l l~Fl * »J tGn - 2« F 9. 

where o is th« Prandtl number 

Yaw Plane Momentum Equation; 

0 

(4c) 

VGn   -   2«  FG£ (4d) 

Note that the.turbulent effects are completely contained  in the eddy viscosity coeffi- 
cients 7 and e which are  included here only in the normal plane equations because these 
effects will only be considered for the two dimensional  ca~e  (zero yaw)   in the present 
study. 

The additional inviscid parameters appearing in these relations are given as 

,. dU 
6  - U.      <* 

ö^ur (5a) 

e    e 

w>e 
2 a,   tan    x 

(5b) 

(5c) 

Following the now rather standard approach (see Ref. 12) the turbulent eddy 
viscosity parameters are defined here as 

and 

[1 + (^) r) 

[1 + 2_ (£) r) 

(6a) 

(6b) 

where o is the turbulent Prandtl number here taken as 0.9, r is the longitudinal inter- 

mittency function used to model the transition process, and (£) is the eddy viscosity 

term. The longitudinal intermittency is taken as a function of surface distance only 
and serves to describe the probability of turbulence at a given distance, s, assuming a 
value of 0 for laminar flow and 1 for fully turbulent flow. For 0 < r < 1, the flow is 
transitional and r has the form 

where 

-2. 
r - 1 - exp(- 0.412 J ) 

5 - (s - 8ti)/d 

(7a) 

(7b) 

with s., taken as the position where transition begins and d provides the length scale 
for the transition process as 
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d " <8)r.3/4 " (B)r.i/4 (7c) 

In practice the value of d is determined such that r = 0.995 at s = s. , , the end 
of the transition zone. 

The eddy viscosity, i,   was modeled using the now standard two layer description 
wherein an inner region is described in which 

u u       in 

where    e - K n[l - exp(- ^) 1 (8b) 

with K = 0.4 and the damping constant A is given as 

A .  " M^ (iH, }-
I/2 (8c) 

Re1/2 0  p   3n w 

In the outer region, the eddy viscosity is taken as 

(9a) (-)   =  K, u             2 ue 

y   sinc 

OB 

5 .         =   / inc       o 
(1-H_) dn where    5.   = / (1 - n-) dn (9b) 

lnc  „     u« o      e 

and T is  the  transverse  intenrlttency function given as 

^  =  2 f1  -  erfI5(n/ne  -   0.78)]1 (9c) 

and n    is defined as that position where F = u/U_ = 0.995. e e 
Although the application of this eddy viscosity in regions of severe pressure 

gradient still  causes some controversy  (see Kef.   13  for example) ,   space will not be 
taken here to address this point.     Rather,   this point will be considered in detail in 
the  later section where direct application of the method is considered. 

The boundary conditions  to be applied to this governing  set of equations  are 

(a) the no slip condition 

F(c,0)   = G(c,0)   =  0 (10a) 

(b) the wall temperature condition,  either a specified temperature 

9(C,0)   = ew = T/Tg (10b) 

or the adiabatic condition 

39(^0)   =  0 (10c) 

(c) the zero injection condition 

VU,0) - 0 (10d) 

and the edge conditions 

F - 1 

6 •»• 1   as n ■♦ " (lOe) 

G ■* 1 

Finally, the only remaining points of concern are the boundary layer properties 
themselves.  These are given as 

(a) the displacement thickness (in the normal plane) 

« - / (1 - -^-il-)dn - tJMf-   !   (e - F)dn (11a) 
0  U       o  u 

o      e e     Me e o 

(b) the skin friction coefficient  (in the normal plane) 

c, /Ri~ - C, /Re /Re ■= o.vßjej  ».A /•^O' (lib) r        ,»        f        ■ eeeown " w 
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(c) UM surfte« heat transfar 

(lie) 

2.3 Invlacld-Vlacou» Infraction Equation» 

As diacussed above, the influence of the viscous flow on the inviscid flow properties 
will be accounted for here through the displacement body concept.  In all cases considered, 
the inviscid fluid will be assumed to be flowing past that surface formed by adding the 
displacement thickness to the original body contour. 

For estimating the Inviscid flow properties over an arbitrary body shape in supersonic 
flow, simple and well tested approximate methods seem appropriate. For two dimensional 
flows, such models as linear theory, tangent wedge, or the unified tangent wedge laws 
(see Ref. 14) all provide reasonable estimates of surface pressures on a body in the form 
p ■ £(e_) where e_ is the slope of the displacement body at a given station given as 

(12) 
T *£- 

The :9mainder of the edge flow properties along this displacement body streamline can be 
reasonably estimated frc isentroplc flow theory. The more significant point is that the 
local pressure gradient, dp /da, is given as 

dp. 

35" - f 
deT 

(13a) 

which influences the governing viscous flow equations through the parameter B according 
to the relation 

^ii- 
dpe 

pe ^"e ro 

(13b) 

For the case of yawed (swept) bodies, the extension of linear theory or unified 
tangent wedge theory is straightforward (see Ref. 15) and again leads to a relation of 
the same form as that given in Eq. (13). 

2.4 Upstream and Downstream Boundary Conditions 

It is important to realize the nature of the problem at hand since it involves the 
coupled solution of the viscous and inviscid equations.  Based on the work of Neiland 
(as discussed in Ref. 17), Garvine (Ref. 18), and Werle et al (Ref. 19) it is now clear 
that the interaction problem (even without separation) is ill posed as an initial value 
problem and should be addressed directly as a boundary value problem in the surface 
coordinate direction.  This calls for the direct specification of flow conditions at 
both the upstream boundary and the downstream extent of the interaction zone. 

Conditions at the upstream boundary cause no problems and are conceptually quite 
straightforward for the problems of Interest hera, all of which involve a flat surface 
of significant length, ahead of the Interaction zone.  Thus it appears that all the 
flow properties can be specified in detail at the initial station. This only remains 
true so long as there is no region of strong interaction because as shown by Neiland 
(Ref. 17), Garvine (Ref. 18), Werle et al (Ref. 19) and Hankey et al (Ref 20) such a 
region has an impact to some degree on the solution at all stations preceeding it.  It 
is this property that is usually invoked (perhaps only tacitly) by most investigators to 
initialize supersonic strong Interaction solutions, for by slightly perturbing the 
boundary layer equations off of the weak Interaction solution, they are then found to 
automatically proceed into a strong interaction type behavior (referred to as the branch- 
ing behavior of the boundary layer equations). Closure on this approach is achieved by 
Iteration on the initial perturb? .ion until a downstream compatibility condition is 
achieved, this usually being a statement that at some point reasonably far aft of the 
strong interaction zone, the weak interaction solution be recovered. 

There is however a weakness in such an initial value approach. Garvine (Ref. 18 ) 
followed by Werle and Vatsa (Ref. 21) clearly showed that the Interaction equations are 
ill posed as initial value problems in the sense that any error encountered at the 
initial station - no matter how small - will grow exponentially in the s direction (i.e. 
will cause a branch) and thus produce a solution unrelated to the correct initial 
conditions. 

To overcome this weakness, it is necessary to specify diructly the downstream 
condition in terms of some constraint on the displacement thickness distributions. 
This is most easily handled by specifying that the downstream pressure return to its 
weak interaction level at some point. To do this however requires that some condition 
be given-up at the upstream extent of the strong interaction zone. The most reasonable 
approach is to free the second derivative of displacement thickness at the initial 
station and letting this be determined from the solution itself. Rigorously, this 
approach requires that the initial station solutions be obtained by invoking the family 
of branching solutions identified by Werle et al (Ref. 19) and Hankey et al (Ref. 20} by 
relating them to an unspecified constant that in turn is determined by imposition of the 
new downstream boundary condition. The complexity of this approach seems unwarranted at 
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this time and it is  replaced her« by an approach that follows the concept of this require- 
ment  if not the exact detail.     At the initial station,  the profile quantities are com- 
pletely specified from the weak  interaction solution.    However,   for the purpose of 
determining the downstream interaction effect on the displacement thickness distribution, 
the weak interaction condition  is used only to specify the value of  the 
displacement thickness at the  initial point. 

3.      NUMERICAL METHOD 

The numerical method invoked here is essentially that presented by Werle and Vatsa 
(Ref.   9)  with some modifications recently introduced for computational efficiency 
purposes.    Due to space limitations,  only the general approach will be outlined here. 
For more details the reader will be referred to those publications that consider the 
particular geometries as they  are presented in the later sections. 

The essence of the present appro&ch can be delineated quite clearly by first re- 
writing the governing momentum equation using the pressure gradient equations   (12)   and 
(13)   to explicitly display  the  influence of the displacement thickness.     This  leads  to 
a relation of the form 

F nn   + B1(C,n)«u  -  B2U,n) (14) 

Numerical .solution of this equation is accomplished using alternating direction 
implicit concepts and proceeds in artificial time from level tn to t* = tn + fit/2 
with the relation 

c+ ^K ■ ^1"B*. (15a) 
and then from time t* to  tn+1 « t + fit/2 with the relations 

In the first step, the viscous properties are determined, while the second step 
serves to update the displacement thickness contribution to the inviscid pressure 
gradient parameter.  This time like march is allowed to proceed until a steady state 
is achieved and the time like terms of Equations (15a) and (15b) thus becomes negligible. 

Note that the first step involves solution of a boundary layer like equation and 
can proceed in a marching fashion from the initial station using an implicit finite 
difference scheme similar to that endorsed by Blottner (Ref. 11). Boundary conditions 
at the edge and wall are imposed at each station according to Equations (10a) through (lOe). 

The second sweep equations only involve the displacement thickness as an unknown 
and must satisfy imposed initial and final conditions. At the initial station, the 
displacement thickness is held fixed at its self similar level.  At the downstream 
boundary, the displacement thickness derivative is taken so as to assure that the weak 
interaction solution is recovered.  This second sweep equation is quite easily solved 
using central differences leading to a trldiagonal set of difference equations easily 
inverted using the Thomas algorithm. 

There are two general areas of concern that should be discussed in some detail at 
this point.  The first of these involves computation in regions of reverse flow where 
a numerical stability analysis would Indicate that an instability should be encountered 
when a marching technique is applied here. This problem is quite easily handled in the 
present time like approach using the concept of upwind derivatives on the convective 
terms of Equation (4). 

An alternate approach employs the concept cf "artificial convection" introduced by 
Reyhner and Flugge-Lotz (Ref. 7) to gain numerical stability in the reverse flow 
direction. The basis for this approach is found in the usual low levels of longitudinal 
velocity, F, in reverse flow regions such that this convection term ie consistently 
quite small. With this in mind, it has been found useful to simply reverse the sign of 
the convection term and weight it to some convenient degree to achieve numerical sta- 
bility.  While such an approach seems less palatable than the upwind differencing scheme, 
it requires considerably less computer storage and has not yet proven to be a problem 
quantitatively. Both approaches have been used by the present authors in several studies 
(Refs. 9 and 10 for example) and only minor differences have been observed. It appears 
to be more a matter of convenience than rigor that produces a final decision on this 
matter. 

The second area of concern that should be discussed in detail here is that of the 
solution behavior at the separation point. While it is now generally understood that 
the interacting boundary layer equations have a regular behavior at separation (see 
Ref. 2, for more discussion), the now classical Goldstein singularity can still plague 
the numerical solution unless care is taken to assure its absence.  Recall that if one 
attempts to pass through the zero skin friction point with the pressure gradient 
specified, a singularity results and the solution necessarily must terminate. Allowing 
interaction of the viscous and inviscid flow through this term [see Equations (12) and 
(13)1 does not allow the singular solution to emerge. However, it must be realized 
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that the present approach will experience difficulty in this regard.     To see thia 
attention is directed to the first  »weep equation  (ISa)  wherein the solution algorithm 
proceeds to march along the surface with the displacement thickness derivative« contri- 
bution to the pressure gradient term specified at its earlier time value.    Since this 
very term is the one that removes the separation singularity,   lagging this term in time 
is tantamount to specifying the total pressure gradient value.     It is not surprising 
then to reencounter the separation singularity using this form of the algorithm and 
action must be taken to cure the problem. 

As noted in Ref.   (9),  the procedure used to remove this singularity is not at all 
obvious or unique.    The present author's initial attempts involved a modification of 
the artificial time like terms of Equation  (15(  to remove the singularity.    That 
approach was successful and has been given in detail in  Ref.   (9)   so that it need not be 
presented here.     It was employed to obtain all the laminar solutions presented in the 
later sections of this paper and can be recommended as one successful means of avoiding 
the occurrence of an unnecessary singularity in  the difference equations. 

For some of the turbulent boundary  layer solutions presented later,  an alternate 
approach was used to remove  the artificial singularity.    The approach being now used in 
these high Reynolds number cases is based on the concept that the singular behavior 
being observed in the numerical  solutions is completely seated  in the nonlinear nature 
of  the convective term.     If this term were absent or linear,  no singularity should 
occur.     Arguments supporting  this contention can be easily made by simply differentiating 
the momentum equations twice with respect to the normal coordinate  n  and evaluating 
the resultiro equation at the wall,   n  » 0.    Without the nonlinearity in the cenvective 
term,   these results  indicate  that  no  singular behavior  in the  skin  friction should be 
anticipated.    This approach has proven quite useful  in the study of turbulent flows and 
should be considered  in any  future  studies of separation effects. 

4.      RESULTS AND DISCUSSION 

Attention will be directed  in th.s section to the application of the above algorithm 
to a wide class of geometries in order to demonstrate  its flexibility.    No attempt will 
be made here to perform a thorough parameter study of any particular problem, although 
the  related reference works do address this issue and the reader  is referred to those 
works  for such detail. 

4.1 Two Dimensional Ramps - Laminar 

The most straightforward example of supersonic separated  flow is that encountered 
ahead of a two dimensional compression corner - here modeled with the smooth ramp 
geometry of Figure 2.    The  inviscid pressure distribution for this geometry was obtained 
here from the unified supersonic-hypersonic tangent wedge law   (see Ref.   14 for example). 
The geometrical constant for the ramp was set at    C » 0.05    producing the resulting 
inviscid pressure distribution of Figure 3a.    Comparison of this distribution with the 
oblique shock theory distribution shows that the present pressure law reasonably well 
handles the geometry of interest. 

Use of this geometry to study the influence of the wall temperature ratio on 
separation at    M    - 6    is shown in Figures  (3a)-(3c).    Comparison of the cold wall 
experimental surface pressure distribution of Lewis et al   (Ref. 22)   shows excellent 
comparison while the increase  in wall  temperature is seen to cause a  large increase in 
the extent of the interaction zone.     This is better reflected in the  skin friction dis- 
tributions of Figure   (3b)   showing a rather rapid drop from the weak  interaction zone 
as the separation point creeps forward with increasing wall temperature,    simultaneously, 
the reattachment point moves aft causing a delay in return to  the necessary weak inter- 
action zone on the ramp  face. 

4.2 Swept  (Yawed)   Ramps - Laminar 

The most obvious extension of this method to the study of three dimensional effects 
on separation characteristics is to apply it to the swept  (yawed)   ramp configuration. 
Holding all flow and geometry details fixed,  the sweep  (yaw)   angle of the ramp shown 
in Figure 2 was increased systematically in 20s  increments and the resulting surface 
pressure distribution determined from a swept leading edge version of the unified 
supersonic hypersonic tangent wedge  law.    This is determined by first considering sweep 
effects on the hypersonic small disturbance theory to obtain the tangent wedge law  (see 
Ref.   15 for discussion of this approach)  and then adjusting the final relation such that 
it recovers the supersonic linear theory  (with sweep)   relation as    M^ > 1  .    The 
resulting equation is 

P/P. - -^7 + ^ eT cos2x 1 i/(l+i)2 e*(Mf cos2 x-i) 
(16) 

and application of such to the present ramp geometry produced the inviscid pressure 
distributions of Figure 4a. 
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Rssults of application of the pr«a«nt method to aolution of thia problem for an 
adiabatio wall condition ia ahown in Figurea (4b) and (4c). It was moat aurpriaing to 
find that aa tha aweep (yaw) increaaed the aeparation bubble extent increaaed very 
rapidly apparantly due to the combined effect of a reduction in the normal flow Nach 
number and effactive normal flow Reynolda number. 

An equally intereating caae for atudy ia that of a cold awept (yawed) ramp - here 
one area of concern being the influence of croaa flow on peak heating levela. The in- 
viscid preaaure diatributiona of Figure (4a) still hold for theae caaea and the resulting 
separation pressure distributions are given in Figure (4d). The resulting skin friction 
distributions of Figure (4e) again ahow a rapid increaae in the aize of the aeparation 
region aa A increases. 

4; 3 Two Dimensional Wavy Wall Flow -' Laminar 

The purpose of this study was to test the generality of the present method to cases 
with multiple separation bubbles.  The geometry chosen for this effort is depicted in 
Figure (Sa) and consists of a train of aine wave shaped protuberances located on a flat 
plate in a supersonic stream. No theoretical studies of this kind have been made in the 
past although solutions for attached boundary-layer flow over a wave shaped wall by an 
inverse method were obtained before by rannelop and Flugge-Lotz (Ref. 23) using the 
implicit finite difference procedure of Blottner and Flugge-Lotz (Ref. 6). 

Although a variety of flow conditions were studied here, a base case was identified 
for extenaive parametric studies.  The flow conditions for thia study are given as 
M^ - 3,  Re^ - 2 x 105, fy/fo '  0.45,  and T,  390,R. The interaction of the boundary 

layer with the isentropic inviscid flow waa modeled using a Prandtl-Meyer relation here 
approximated to second order in terms of e . 

The effect of wave amplitude on the separation characteristics is shown in Figures 
(5b) end (5c). For small single bumps with height h < 0.09/n  it is seen that no 
separation occurs, and for h - 0.12/* a very disruptive separation bubble appears both 
fore and aft of the protuberance.  It is interesting to note that the peak heating and 
maximum skin friction do not increaae after separation has occured. 

The effect of th« number of waves on surface shear and pressure is shown in Figures 
(5d) and (5e) for h • 0.06/* and standard flow conditions. No separation occurs over 
the single wave (curve 1). Adding a second wave of the aame amplitude and wavelength 
behind the first wave is seen to produce separation between the two waves (curve 2). 
When additional waves, one ahead of the first one and one behind «-he second one are 
added two more separation bubbles appear with the middle one increasing in extent. 

Figure (5e) shows the pressure and displacement thickness solutions produced by the 
train of four waves shown in Figure (5d) .  Over the first wave, where the boundary- 
layer is still attached, the pressure variation resembles a sinusoidal curve and the 
averr.ged displacement thickness grows as the displacement thickness over the flat 
plate. However, after separation has occured (as observed from the C. distributions of 
Figure 5) both the surface pressure and the displacement thickness are  significantly 
distorted.  The distortion of the displacement thickness serves to fill the valleys of 
the protuberances and the preaaure levels reflect this in a smoothing of the extremes 
of pressure observed. 

More extensive studies of this geometry have been conducted and the reader is 
referred to Ref. (24) for detailed results. 

4.4  Two Dimensional Ramps - Turbulent 

The two dimensional turbulent flow over the ramp geometry depicted in Figure 2 has 
also been studied with the present approach.  Initial efforts aimed at testing the use 
of the present algorithm for such a case centered on the base line test conditions of 
M- = 3'  Tv/To " 0•5'  Re- * lo5 and T. = 100oF, using simple linear theory to model 

the inviscid pressure law. More recent studies have used the tangent wedge law but the 
earlier results still serve to demonstrate the results.  These initial turbulent studies 
were conducted using the same method of removing the singularity at separation in the 
difference equations as that employed in the laminar cases discussed above. 

Results of application of the present algorithm to the case of a 15s compression 
ramp are depicted in Figures (6a) and (6b) .  Note that sharp discontinuous behavior 
was observed in the numerical results around the ramp juncture point (s - 1.30) when 
the pressure gradient parameter of Equation (13) was not handled carefully. The 
appearance of these discontinuities was traced to manner in which the derivatives in 
Equation (13) were written.  It can easily be shown that if finite differences are used 
to represent the derivatives of 4 while a differential representation of 9g is used, 
large truncation should occur in regions of rapid change in surface curvature, as in the 
ramp juncture region. These can very effectively be removed by writing both terms of 6T 
using a finite difference representation of both terms.  Subsequent calculations per- 
formed with this approach have completely removed this discontinuous behavior and the 
use of the same can be recommended for all future studies. 
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Returnino to Figures   (6a)   and   (6b)   it  is seen  that  the position of  the transition 
zone  from laminar to turbulent  flow has  a marked influence on all   surface properties. 
Early  transition delays separation. 

Figure   (6c)   and   (6d)   give  the surface properties  for early  transition occuring ahead 
of  a   30°  ramp   (with  its effective corner at  s - 1.55)   showing an extremely short separa- 
tion bubble accompanied by rapid variations  in pressure and skii.-friction   (see Ref.   10 
for more details of  this  study) .     Viewing  these results,   it  is difficult  to see how any 
of  the earlier shooting  techniques  for solving these equations could have been successful 
on  flows with such  laroe excursions of  the  flow variables. 

Consideration of  higher  Reynolds   turbulent  flows  has  proceeded  and   found  need  to make 
use  of   the  second method described  earlier  to remove  the  difference  equation  singularity. 
In  addition,   the  tangent wedge  pressure   law was  incorporated  into   the  solutions  and  a   30° 
compression  ramp aaain  considered.     Here  interest was   in  assessing   the  applicability  of 
the  rather  standard eddy viscosity  laws  to such severe adverse pressure gradient regions. 
Comparison of the present  results with the experimental  data of  Pate   (Ref.   25)   is shown 
in  Fioure   (6e)   to be  unsatisfactory.     Efforts  to  improve  the  eddy  viscosity model  are 
now underway with  initial   interest   being  in  the relaxation  approach  successfully employed 
by  Shang  and Hankey   (Ref.   13).     Hopefully  such an  approach will  produce better correla- 
tion with data and  allow meaningful   study  of  turbulent  separated   flows  with  the present 
approach. 

5. CONCLUSIONS 

It seems clear nov that proper modeling of separated flow should be done by directly 
accountino for the downstream boundary condition. This approach has given the finite 
diifcrence technique significant flexibility and allowed attack of separation problems 
that would have been otherwise out of reach. Even the approximi.te integral methods 
should benefit from this concept and should not have to be concerned with overcoming 
saddle point like singularities to proceed with interaction solutions. 

Further study of separated flows should be concerned with achieving higher levels of 
numerical efficiency, better modeling of turbulence, removal of sharp corner singulari- 
ties, and true three dimensional effects. 
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BULBE DE DECOLLEMENT  PRODUIT PAR UNE FAIBLE DEPRESSION DE  PAROI 
EN ECOULEMENT  UMINAIRE  SUPERSONIQUE 
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DIEP 

RESUME 
En Icoulement supersonlque, un creux de fälble amplitude am^nagi t la surface d'une plaque plant 

est, en giniral, la source d'un bulbe de dicollement au sein de la couche Umlte. Le travail porte essen- 
tlellement sur la provision du d^colleroent et du recollenent lamlnalres en presence de transferts de cha- 
leur &  la parol. 

L'analyse thiorlque des ph£nom6nes est  falte ft partlr de la mithode Integrale de Dorodnltsyn en 
adoptant   le concept  d'Interaction  Ilbre et,   pour  la repartition des vltesses et  des  temperatures dan»  la 
couche   Uralte,   les expressions propos^es  par  Nielsen.   Cette mithode permet  de  poursulvre  le calcul cU   ■) 
toute  la zone dtcollie Jusqu'au recollement.   Dans la zone de detente de  l'^coulement  oü cette  thiorle ne 
peut  s'appllquer,   le calcul est effectu£ par  differences  flnles.  Les caracteristlques des champs dynamlque 
et   thermlque  de   I'^coulernent   sent  alnsl  calculies tout   le  long de  la surface conslderee. 

ParallMenent,  des experiences  ont  ete effectufies en soufflerle.   Une  exploration dR   la couche  11- 
mlte a pemls d'obtenlr les proflls de vltesse et de temperature pour plusleurs configurations de parol, 
chauffees ou non,   et  d'en  dedulre   les evolutions des coefficients ce presdlon  et  de  transfert  de chaleur 
i  la  surface. 

La comparalson des resultats experlmentaux et   theorlques ne  lalsse apparattre  que de  trfes  fal- 
bles ecarts.   Cecl  a perals d'enoncer des   lols  de comportement du bulbe en fonctlon des  paramfetres physi- 
ques  du  creux et   de  1'ecoulement  principal. 

SUMMARY 
In supersonic flow, a shallow deformation on a flat plate Induces a small separated bubble In the 

boundary layer. In order to predict this laminar separation and reattachment process Including heat trans- 
fer phenomena at the wall, a theoretical study was built up, using Dorodnltsyn integral's method as well 
as expressions suggested by Nielsen for the velocity and temperature profiles. 

Thereby the calculation can be carried out up to the reattachment point. Simultaneously experi- 
ments were made In a wind tunnel. Experimental and predicted results are In good agreement. 

NOTATIONS 

a 

Kf,Kp 

amplitude 
fonctlons de %  Intervenant dans les proflls 
de vltesse et de temperature "exterieurs" 
coefficients locaux de frottement- et de 
presslon % la parol 
longueur de reference 
nombre de Mach 
nombre de Nusselt 
nombre de Prandtl 
presslon generatrlce 
nombre de Reynolds 

r/r  -i t    te temperature totale locale 

i 
M 
Nu 
Pr 

ll 
S   - 
Tt 
u 
ü  " u/u 

"n   "   "o o o 
x,y coordonnees  dans  le plan reel 
x absclsse  du debut du creux  sinusoidal s 
x__r,x^F , abscisses de decollement et de recolle- 

ment 
X,Y coordonnees  dans  le plan  de Stewartson 

composante horizontale de la vltesse 

? 
S.-n 

INDICES 

e 
G 
o 
P 
S 

valeur de du ot) ä   la parol 
angle en degres permettant  de rep^rer un point 
sur la slnusotde.p ■ (x- 
epalsseur de deplacement 
longueur d'onde 
vlscoslte clnenatlque du   flulde 
coordonnees dans  le plan de Dorodnltsyn 

-x  )  360/X s 

valeur & l'exterleur de  la couche  llmlte 
valeur i la  frontl&re des deux domalnes 
valeur au depart  du  calcul 
valeur ä la  parol 
valeur  sur  la  frontlferevO(x) 
valeur i  I'lnflnl  amont 

INTRODUCTION 

La presence de petltes deformations  locales sur  les parols de vehlcules aerlens peut avoir des 
effets  tmportants  sur  les comportements  dynamlque et  thermlque de ces apparells. Les  paramätres  qul gou- 
vernent ces effets sont nombreux et leurs Interactions souvent complexes, ce qul rend Indispensable l'ana- 
lyse  fine  de configurations aussl  simples  que  possible   /!'. 

Sur une plaque plane presentant,  ä une absclsse donnee, une fälble deformation slnusotdale,  11 
peut  se produlre un decollement sulvl d'un recollement  lamlnalres.  Une etude preilmlnalre /2/ avalt permls 
de deceler la presence de tels decollements en ecoulement subsonique incompressible,   eile pourralt d'all- 
leurs Ctre utllement compietee et preclsee malntenant h partlr des travaux tout recents de Inger  /3/. 
Cette premiere  serle de resultats nous a amenes k poursulvre nos recherches et  & envisager le cas d'un 
ecoulement  supersonlque.  Une seule deformation en creux a ete retenue  ;   dans ces conditions,   le phenomine 
complet  peut Stre prevu i 1'alde d'un calcul reposant  sur la methode de Dorodnltsyn  /4/.  L'adoptlon du 
concept  d'Interaction Ubre et,  pour la repartition des vltesses et des temperatures dans la couche Umlte, 
des expressions de Nielsen /5,6/ permet  de poursulvre  le calcul dans toute la  zone decoliee Jusqu'au recol- 
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Iraent 111.   Cette ntfthode a ttt  propo«<e par Nielsen pour le caa d'icoulement« en compreaalon, le nombre 
de Prandd <tant suppose «gal i 1'unit« ; aon emplol lei a donn« I'occaalon d'en prtfclaer certalna passa- 
ge» et de l'ätendnaicas d'lcouleaenta dont 1« nombre de Prandtl eat quelconque. 

Dana la zone de d<tente que conatltue le d<but du creux, 1c traltenent dea Equations de la couche 
Unite par differences flnles fournlt les caract<rlstlques de 1'«coulement et, par li, lea profile de Vi- 
tesse et de temperature pour le depart de la mithode de Nielsen. 

L'appllcatlon num«rlque de cea m<thodea a aboutl k  des r^sultats trfes volalna de ceux obtenua k 
partlr dea meaurea qul ont pu ttre r<alls«ea en aoufflerle. 

1 - ETUDE DYNAMIQUE ET THERMIQUE 

1. 1 Equatlona g<n<rales 

L'«coulement le long d'une plaque plane llsse prisentant, k  une certalne distance du bord d'atta- 
que, un rreux alnuaotdal de fälble amplitude peut (tre consider«, en premiere approximation, come un «cou- 
lement plan atatlonnalre, la couche Holte v«rlflant lea equations de Navier-Stokes. 

Les amplitudes des deformations prevues aont aufflsamsent falbles pour que le rayon de courbure 
de la parol demeure assez grand. Cecl permet de supposer que, pour une abaclsae donnee, la presslon statl- 
que reate conatante dans toute la couche Uralte. 

De plua, dans le cas d'une plaque chauffee, IT n'eat envisage que dea elevations de temperature 
moderees, 1'ecart entre la temperature de l'ecoulement et celle de la parol permettant de faire l'hypo- 
thfese que le nombre de Prandtl (Pr) et la chaleur apoclflque k  presslon conatante du flulde aont cons- 
tants dans tout l'ecoulement. Enfln, l'ecoulement llbre est suppose Isentropique. 

Le traltement du probl&me complet, zone decoliee comprise, amine k  dlstlnguer dans l'ecoulement 
deux donalnes (I et II) dans lesquels les equations de la couche Umlte sont resolues de manlfere dlffe- 
rente : 

- dans le domalne I, constltue par la p.irtle de l'ecoulement sltuee au-deasus de la partle plane 
et du debut du creux de la plaque, les equations 4e la couche Umlte sont resolues par differences flnles. 
Cecl fournlt plus partlcullirement les prof 11s de vltesse et de temperature qul sont Indispensables pour 
comoencer, k  1'absclsse x_, le calcul dans le donulne II ; 

- dans le domalne 11, la nethode de Nielsen permet d'obtenlr les champs dynamlque et thermlque 
dans la zone proche du decollement et dans toute la zone decoliee. 

1.2 Calcul dans le domalne I 

La transformation de Stewart son 161  ram6ne les equations generates de la couche Uralte, pour un 
ecouleinent compressible, k  la forme de celles obtenues pour un ecoulement Incompressible. 

Le traltement de ces «quntlons par differences flnles permet de calculer de proche en prcche la 
solution. II sufflt pour cela de connattre dans le plan de Stewartaon : 

- 1'expression de l'ecoulement potentlel le long de la parol ; eile est fournle par la theorle 
des petltes perturbations pour une surface slnuaotdale /9/l 

- les repartitions des vltesses et des temperatures dans la couche Umlte k  deux abscisses dls- 
tantes de AX precedant le debut du calcul (f 1.5). 

Le couplage entre les deux equations de la quantlt« de mouvement et de l'^nergle se fair, par Ite- 
rations de la solution k  chaque pas de calcul. 

Dans les cas retenus, 11 est possible d'ameilorer le resultat en procedant k  une "correction de 
couche Halte" qul aura pour effet de placer le decollement en un point plus avanc« et, par Id, plus pro- 
che de celul trouve par 1'experience. En effet, k  l'approche Imnedlate de ce decollement une forte aug- 
mentation de l'epalsseur de la couche Hmlte se produit, par suite l'epaiaaeur de deplacement 4. crott 
rapidement. Cette correction est fondee sur I'hypothfese sulvante : l'ecoulement reel ft l'ext4rleur de la 
couche Hmlte se comporte comae celul qul se produlralt sur la surface correapondant i la frontlire de fi. 
evaluee k  partlr du premier calcul sans correction. La lol de la detente de Prandtl-Heyer eat k  nouveau 
appllquee pour obtenlr Involution de l'ecoulement le long de crrte surface. 

1.3 Calcul dans le domalne II. Methode de Nlelaen 

Dans le domalne II, les caracterlstlques de l'ecoulement sont cbtenues en utlllaant la methode de 
Nielsen. Les expressions servant k  determiner les proflls de vltesse et de temperature avant le decolle- 
ment aont reapectlvement : 

äü      (l-ü) /B+c^  , -        , 
(1) ^ ' c1+c20-fc30^. .. et        S(ü) - (l-üXSp+Ej/^-Ej/S+c^+Ejü+Ejö +E4nJ+.J 

Appllquant la methode de Dorodnltayn, Nlelaen ramine lea equations de la couche Hmlte, obtenues 
aprfea la transformation de Stewartaon, ft deux relations integro-differentielles en Introdulaant dea fonc- 
tluns de ponderatlon de la forme f(tl) ■ (1-Q)n ou f(0) • ün(l-n). Ces relations fournlasent enauite, avec 
celle de 1'interaction llbre M/, lea equations du ayattee dlfferentlel permettant de calculer paa k pas 
lea valeura des fonctlons c. et E. k chaque absclaae. Le decollement et le recollement a'obtlennent lors- 
que c,   a'annul«. 

Apria le decollement, un ecoulement de retour appara'c, Nlelaen distingue alora dana la couche 
Hmlte deux regions a^partea par la Ugne>9(x) oö la compoaante horizontale de la vlteaae eat nulle. 
Dana la region "Interieure1} comprise entre la parol et /4(x), un polynOme de degr« quelconque en t) eat 
retenu pour cheque profll,  Dana la region "ext^rleure" par contre,  lea cxpreaalons adoptees avant le decol- 
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1.4    P«H«K« du dowalne I IU donulne II 

La atfthode de calcul aci chanpi dynamlque et  thermlque dans le domain« II  alnul adoptie,   11 ne 
rest« qu'i diflnlr  lea valeurt des fonctlons    c      et    E.     sur  la frontUre (G)  de depart de cette region. 
Ces dernltres  sont calcuKet k partlr des proflis de vltesse et de temperature obtenus k la  fin du calcul 
par differences flnles dans le domalne I,  c'est-i-dlre It  l'absclsse    x . 

- j'une part,   les valeurs des c.   sont  d«terroln<es 4 partlr du dernier prof 11 de vltesse calculi 
dans le domalne I,   En cholslssant quatre vtleurs pcrtlcullires    T).   de r\, ce profll  fournit   les valeurs des 
vltesses ü.  et  Hes pentes ( äü/ii)).  en ces points.   Ces quantltCs sont reportles dans  1'expression donnant 
le profll he vltesse  (1) et 11 teste ä risoudre un r>vstfeme de quatre Equations aux quatre Inconnues c,,  c. 
cj « c4. 

La solution de ce systfene non Unfaire s'obtlent  facllement si l'une des Equations retenue cor- 
respond i  la  valeur  ^-0,   ce qul pemet  d'allleurs  de  garder   la mtoe valeur du  frottement  Ä   la  parol.   En 
effet,  dana ce cas,   1'Equation correapondante  se sl'jpllfle et  11 vlent  : 

(2) iu 

Dans  ces conditions,  on aboutlt  ä une  Equation  Impllclte en c.   qul  se riaoud par Iterations.   Les 
coefficients C-,  c^  et  c,   s'obtlennent  ensulte dlrectement. 

- D'autre part,   la coincidence  des proflis  de  temperature exlge notamment   l'egallte  des tempera- 
tures pour 1 valeurs partlcullires de 11  ;   le calcul des valeurs des E.  s'effectue par  la resolution d'un 
syst&me  llnealre forme ä partlr des relations dedultes dlrectement de (1)   : 

(3) (rr4- /s-fr43 Kj + a^j 4 -„^3 + *IEU - -^ - sp   (i -1»43 

A la parol, la valeur du flux de chaleu. dolt aussl 6tre la mime,  qu'elle solt obtenue &  partlr 
du calcul par differences flnles ou i partlr de la methode de Nielsen ; par consequent, une des relations 
precedentes peut Stre remplacie par cette egallte. 

(4) 

D'apris  le changement  de variables  de Dorodnltsyn,   nous avons   : 

^S      iS  iY . Uol    f^Ds 
iT, " 57 JT) "  Ue      Juol  JY 

L'expresslon  deis/oi^    est obtenue dlrectement  4  partlr de  (1),   11  en  risulte  que,   le  passage 
d'un domalne i  1'autre  sera assure correctenent  si   : 

(5) Foh 2K SP 

Alnsl,   les valeurs des fonctlons E,  deflnlssant  le premier profll de temperature dans le calcul 
par la methode de Nielsen,  sont obtenues en resolvent  le systime d'equatlons  llnealres constltue par  la 
relation (5)  et autant  d'equatlons (3)  qu'll est necessalre  sulvant le nombre des E.   retenu    dans le de- 
veloppement  de S. 

Un tel procede permet d'obtenlr,  dans  le cas  general, un tr^s bon recnuvrement des proflis. 

Cas oQ  seul Ej   est non nul 

Dans  le cas oü seul le coefficient (E.)  est retenu dans le developpement de S,   la marche ä sulvre 
dolt fitre dlfferente.   En effet,  la relation (1; conduit h une valeur de Ei  qul correspond b un profll de 
temperature assez eiolgne du profll d'orlglne,  et  la poursulte du calcul dans tout  le domalne II  lalsse 
apparattre de grosses  fluctuations dans  les temperatures.   Ces fluctuations entratnent ft leur  tour de for- 
tes Instabllltes. 

Le procede sulvant a flnalement ete retenu.   II conslste i reprendre^comne dans le cas general, 
les deux relations exprlmant & la frontlfcre des deux domalnes  l'egallte ä la parol du  frottement  (2)  et 
celle du flux de chaleur ((5) dans laquelle E2"0).  A ces deux relations,  11 faut ajouter celle  fournie par 
la valeur S. de S en un point d'ordonnie quelconque TU.   Ces trols equations permettent de calculer c.,  c, 
et E,.   Pour evaluer c, et c-, 11 sufflt d'ecrlre l'egallte des pentes des proflis de vltesse en deux points 

Ura arblfralres de  la couche Halte. 

La position respective des trols points retenus dans  la couche Uralte est  flxee de manl&re i ob- 
tenlr le mellleur recouvrement possible pour  les proflis de vltesse et de temperature.   II  faut  toutefols 
remarquer que,  avec un seul paramitre (E.),  les deux profile de temperature ne se superposent pas ble.i, 

1.5    Profils de vlteaae et de temperature Inltlaux 

Apris  1'expose des methodes adoptees,  pour  le calcil dans les deux regions de  l'ecoulement    et  le 
passage de l'une i l'autre, 11 rests encore k priclser  1       jnlire dont sont obtenus  les profile de depart. 

Ces profll«, nCcessalres k la resolution des f    itlons par differences  flnles,  auralent pu fitre 
fournls,  comae tout profll sur plaque plane,  ft partlr d'une quelconque methode classlque,  celle de Chapman 
et Rubesln par exemple  /10/.  Pour l'unlte du calcul,   11 a ete Juge preferable de retenlr ceux obtenus h 
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ptrtlr  dei expraiiloni de Nielsen.  U manure dont  tont calculi*  lei proflls de vlteiie a ttt expoatfe en 
dCtalla par Hielten  /if.   Pour lei tenpCratures,  el   le norabre de Prandtl du flulde dam !'<coulcnent cat 
«gal &  I'unlt*.   lea profile  ae d<dulient  lani<dlatement de ceux dee vltenei par la relation d« Crocco  : 
S - Sp(l-ü).   Par contre,  dana le cai oö le nombre de Prandtl eat  dlfftrent de I'unlt*,  la relation de 
Crocco uodlfKe (1) conduit k des coefficients E°    t°, E°,  E°  qui  aont fonctlon du nombre de Prandtl et du 
nombre de Mach ft I'lnflnl anont.  En outre,  pour un nombre de Prandtl et un nombre de Nach donnts,  cea coef- 
ficients aont  dei  fonctloni  Unfaires de la temperature de parol   /7/. 

En effet,   la relation de similitude pour  lea proflls de vlteiie permet de ilmpllfier  le syst&ne 
dlff*rentlcl     et  la recherche de la solution ae ramfene au calcul  d'un simple systtane  Unfaire. 

1.6   Temperature de  frottement 

Dans  le cadre de  I'etude d'une couche llmlte avec  «change de chaleur,   la temperature que prend  la 
parol  lorsqu'elle eat  soumlae aux seuls echauffements aerodynamlques,  constltue une grandeur de reference 
pour  1'evaluation du coefficient de transfert de chaleur.   La valeur de cette temperature de  frottement, 
pour  laquellc  le flux de chaleur h la parol est nul,   s'obtlent  de  la manure sulvante. 

- Dans  le  domalne  I,   suppos.mt  connus    en  deux points  de   la plaque dlstants  de iiX,   d'une  part, 
les  deux valeurs des  temperatures de frottement  et  d'autre  part,   les proflls de Vitesse et  de  temperature 
au drolt de ces points,  on determine par Iteration  sur  la valeur  de la temperature de parol,  celle qui 
donne,   i  1'absclsse  sulvante,   un flux nul.   Ce  precede  est   alors  employe de proche en proche  It  long de 
toute  la  surface correspondante. 

- Dans  le  domalne  II,  un calcul  sans  Iteration peut  Stre  effectu«. 

Pour  la zone oü  1'ecoulement n'est pas decolie,   les temperatures dans la couche  llmlte sont cal- 
cuiees ä partlr de  la relation deflnlssant S.   La condition "flux nul i la parol" entratne   : 

(6) Sf ' SP ' 

Pour   la  zone decoliee   : 

- si la temperature dans 1'ecoulement "Interieur" est suppose« constante et egale ä T , la de- 
finition de S dans 1'ecoulement "exterleur" demeure la mSme qu'avant le decollement et S, devra verifier 
la relation cl-dessus, 

- si   la  repartition des temperatures de   1'ecoulement   "Interieur" est une   fonctlon  llnealre  de 
■r\,   11  vlent   : 

(7) S =  Sp - 

ce qui conduit encore ä la mSme relation. 

ci+ ^sfu 

Dans  ces conditions,   pour  le calcul  de  Involution  de  la  temperature de  frottement   le  long de  la 
plaque,  quelle que  soit  la region envisagee, la seule equation  (6)  vlent s'ajouter ft celles du Systeme dif- 
ferentiel  general. 

Cas particuller  de   la  plaque  plane 

Dans  le cas d'une plaque plane,   les relations llnealrei  (S  1.3) qui ont  servi  dans  le cas d'une 
plaque chauffee ou refroldle peuvent 8tre reprises pour «valuer  la temperature de frottement,   seule  la 
condition de   flux nul  ft  la  parol  est ft ajouter.   Cette condition  se  tradulsant par  la  relation  (6)   qui  est 
aussi   llnealre,   la  valeur  de   >, ainsi obtenue n'est  blen  fonctlon  que du nombre de  Prandtl  et  du nombre  de 
Mach de   1'ecoulement.   Cette  vileur depend «videnment   du nombre  de  coefficients retenus  dans   le  developpe- 
ment  de  I'expression  de  S. 

2  -  EXPERIENCES,   CALCULS,   COMFARAISON DES RESULTATS 

2.1    Disposltlfs experimentaux 

Les mesures  ont  6t6  effectufes dans   la  soufflerie  supersonlque du  laboratoire  d'Aerothermlque   ; 
le nombre de Mach  (M^J  y  est   fix« ft  1,92 ou  2,41,   les  nombres  de Reynolds  (Re)  «tant  respectivement  «gaux 
ft   13.106 ou  9,7.10°  par mfetre.   Les maquettes  sont  des  plaques  planes  sur  la surface  desquelles a  ete ara«- 
nag« un creux  sinusoidal  (amplitude a = 0,3 ou 0,4 mm,   longueur  d'onde V * 30 ou 40 nn)   sltue ft x    ~  20 ou 
30 mm du  bord  d'attaque.   Elles  sont munles,   soit  de  plusieurs prises de pression  statlque pour mesurer 
revolution  de  la  pression  statlque  sur  la plaque,   soit  d'un  dispositif eiectrique de chauffage. 

La   fälble  epaisseur   de cnuche  llmlte  dont  nous  dlsposlons  imposait  1'emploi  d'une  technique  exp«- 
rimentale mlnutieuse  et  par   suite  la realisation de  disposltlfs  de mesure  specialement  eiabores.   La  couche 
llmlte  a «te  explore«  au moyen  de sondes doubles miniaturlsees  comprenant une prise  de  pression  totale et 
un thermocouple.   Les  fits du thermocouple sont  tendus de part et  d'autre de la soudure perpendlculalrement 
ft  1'ecoulement  pour   redulre  au maximum les pertes  par  conduction.   Ils  sont  fixes ft  1'extremlte  d'un  support 
en plastique  pour  eviter   les  pertes de chaleur  dans   le  si 1 läge.   Cecl  permet  d'obtenlr une bonne  estimation 
de  la  temperature  locale.   Placees dans 1'ecoulement   libre,   ces  sondes donnent une temperature qui ne  a'6- 
carte  pas de  plus  de   1,5'C  de  la valeur reelle,  ce  qui correspond  ft un  facteur de recuperation de 0,99. 

L'ecoulement   peut  «galement Stre visualise  soit  au  nlveau  de  la surface de  la  plaque par   le  de- 
pot  d'un  film  de petrole,   soit  dans son    ensemble ft  1'aide  d'un  banc  strioscoplque.   Ces deux procedes 
fournissent  une  valeur  approchee de  1'absclsse  de  decollement. 

La   taible  dimension  des maquettes  imposait   I'eraplol  de methodes  indlrectes  pour  evaluer   les   flux 



9-5 

da chaleur 1 la parol.   La procfdf ratanu conalata ft calcular la flux k partlr daa pantaa daa proflla da 
taaptfratura.  Cacl axpllqua l'attantlon qul a (tt apport<a k la maaura da ces proflla. 

2.2    Mroulaaant  daa calcula 

L'itude th<orlqua dont lea grandaa lignaa ont ttt expostet cl-deiiut,  axlga la recouri k un ordl- 
nataur de granda pulasanca pour ■« resolution num<rlque. 

La programe g<n<ral du calcul comprand environ 2500 ft 3000 ordres Fortran,  la place oecuptfe an 
afoolre «tant  de  l'ordre de 300 K-octets  ;   11 penaet d'obtenlr  lea caracttrltClquaa d'un bulbe da dtcolle- 
ment  se produlsant dana un creux de forme alnuaotdale  situ* aur une plaque plane.  Lea donn<et  aont   : 

a) k l'lnflnl amont,  le nombre de Mach,   la preaalon et  la tenp'ratura, 
b) sur  la ph |ue,   l'absclsse du d<but du creux alnuaotdal,  l'aaplltude et la longueur d'onde de 

ce creu>., 
c) la temperature de la parol,  dans le cas oü  l'on envlaage une couche  Umlte avec Cchange de 

chaleur,  cette temperature povvant (tre uniforme ou non. 

Le calcul pourralt Ctre alsAnent adapt* ft des configurations dlff*rentes, 11 sufflralt pour cela 
de modifier  1'equation de  la parol et  l'expresslon de  l'ecoulement potentlel. 

Ayant  precis*  les donn*et du problfeme,   la solution est  rccherch*e de la manure aulvante  :   l'abs- 
clsse de d*collement  s'obtlent en appllquant unlquement   la m*thode par differences flnlea.   Enaulte,   la 
valeur de x    est  ajustie par evaluations succesalves pour faire aboutlr le calcul dans  le domalne II  ft 
une absclsse de d*collement egale i celle trouv*e pr*c*demment.  Un autre ajustage portant  sur les T|.   est 
*galement   fait pour obtenlr un bon recouvrement  des proflla au paasage d'un domalne ft  1'autre. 

Le calcul peut ensutte se poursulvre dans toute la zone d*coliee Jusqu'au recollement. Dana tout 
ce domalne, aont alnsl *valu*e8, ft chaque absclsse, les valeura de c., c,, c., c,, U , tu, a et, dana le 
cas oö l'on tlent compte de l'echan^e thermlque au sein de la couche Umlte, celles Se E.,  El,  E. et E,. 

Remarque 

De nonbreuses dlfflcultea ont *t* rencontr*es dans 1'application de ces calcula,  notanment des 
lnstablllt*s qul  apparalasent souvent dans  1'application de  la m*thode de Nielsen.  Elles  se produlsent 
prlnclpalement au debut  du domalne II et au debut de  la zone d*coll*e. 

2.3    Comparalaon des r*8ultat8 

De noabreuses experiences ont *t* r*alls*e8 et   les rtsultats auxquels elles ont aboutl ont et* 
compares ft ceux obtenus par  le calcul effectu* pour lea mtmes conditions d'*coulement et  de temperature de 
parol 

2.3.1    Abscisses de d*collenent et de recollement 

II r*8ulte de la comparalaon que la nethode par differences flnles, aprfta correction de couche 11- 
alte, pr*volt une absclsse de decollement tr£s volslne de celle ävaluCe par 1'experience.   Lea falblea *carts 
trouv*s peuvent  a'expllquer par le falt que  l'epalsseur du uord d'attaque, aussl fln solt-11,  Introdult 
une onde de choc  dans  l'ecoulement, onde qul,  par  la perturbation qu'elle apporte,  Influence  le declenchc- 
ment du decollement. 

La prlse en compte ou non des echanges de chaleur qul  se produlsent au sein de  la couche Umlte, 
dana  le cas d'une plaque non chauffee, modlfle peu  les r*8ultat8 relatlfs ft l'absclsse de decollement.   De 
mime,   1'Influence de la valeur du nombre de Prandtl du  flulde est negllgeable du molns entre  1 et 0,72. 
Pour  la plaque P2  (xg •  30 um,  • • 0,4 um,   X - 40 mm)  par exemple,  places dans l'ecoulement Ec2  (M    ■ 2,41, 
Re/m - 9,7.106)  sa temperature a'equlUbre aux environs de 289''K  (Tp/T^ • 0,96) et le calcul donne dana 
ces conditions  : 

"DEC 
"DEC 
"DEC 

43 5 mm solt en - 
43 18 nsn BOlt 

'< 43 25 mm solt 

121,5° en  falsant  I'hypothftae 
- 118,6°  pour Pr •  1 
- 119,2° pour Pr - 0,72 

couche Unite Isenthalplque 

(I'experience fournlssalt une valeur de x... volslne de 42,5 um). 

Par contre,  loraque la surface de la plaque eat chauffee,   le calcul montre que  l'epalsseur de  la 
couche Unite augmente at  11 prevolt un d*collement plus rapproch*.   Dans ce cas,   les mesures ont et* faltes 
avec une temperature de plaque egale ft environ 3580K CT  /T      -  1,16)  ;  le calcul aboutlt,   toujoura aprfta 
correction de couche Umlte,  ft  - 

"DEC ' 42'70 m,^   B0lt  Pn ' m>40  P0"' Pr "  1> 
Xp^ • 42,73 mm,   solt ^ • 114,6°  pour Pr - 0, 

Ces resultats conflrment ce que revftle 1'experience  :   la valeur de l'absclsse de decollement  est 
peu Influencee par  les variations de temperature de parol.   Un *cart d'une centalne de degrds ne provoque 
pas un changement  de cette absclsse mesurable exp*rlmentalement.   Les differences,  en effet,   sont lnf*rieu- 
res au.t marges de pr*clslon qul nous sont lmpos*e8 pour  son evaluation. 

L'*coulernent alnsl d*coll* ae poursult au-dessua du creux.   II vlent ensulte se recoller,  vers  la 
fin de la deformation,  ft une absclsse x.-- (ou P_).   D'une manlftre general«,  les resultats montrent que plus 
lo decollement se produit  tOt sur la surface,  plus  la i 
tendance ft recoller loin. 

zone decoll*e est importante et plus  l'*coulement a 

2.3.2    Configuration dynamlque et thermlque de  1'*coulement. 

Lea maaurea da praaaion statlque ft la paroi conduisent ft une evolution du coefficient de presslon 
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(K  )  en  fonctlon de   la  distance an bord d'attaque,  tria volslne de celle trouv<e par  1c calcul  (fig.1). 
P 

0,5-1 

-0,5- 

M. 
Hm/m 

a 

L.„ 

2 ,^l 

9, l.\0* 

0, 40 mm 

4C ,0 mm 
._ ,4#c^ N 

eXPGRrCNCE 

t  I   »   I. I  I  I eft ' ' ' 'd 

^QEC 

I  I  I  I, I  I I  I. 2^ 

X o X o 
rv 

1 ' ' 'e I   I   lei 1   I   I   I 
65    X(mm) 

^TV^ 
Avsvwvs^'vr' 

Fig.   1 - Evolution  du coefficient  de presslon 

Le trds liger dicalaee qul apparatt, s'expllque toujours par 1'onde dp choc produlle par le bord d'attaque. 
I.es dlffirentes courbes obtenues par le calcul montrent qu'un chflotfage moiiiri de la parol ne perturbe que 
tr6s peu   les  r£sultats. 

Les profits  de vltesse inesurls et calculus  se  recouvrent igalement blen (fig. 2)   ;   par  suite,   le 
coefficient te  frottement  trouvi numirlquement  est consider*  coime correct. 

En ce  qul  concerne  la  temperature,   sur  la partie plane de la plaque,   le profll  s'obtlent,   pour 
un nombre de  Prandtl   different  de  1'unlti,    I  partir  He   la  solution du  syst&me d'^quatlons 6voqu6 au para- 
graphe  1.5.   Ce  profll  est  d'autant  plus proche de celul  de Chapman-Rubesln que le nombre de coefficients 
retenu  dans  la  relation  gin^rale de Nielsen entre  la  temperature et  la  vltesse    est plus grand. 

Le calcul  complet a 6t( effectui en ne retenant  que  deux coefficients  :  E.   et E..   Nianmolns,   les 
proflls  de  temperature mesuris  et  calculus  sont  tres proches  comme le montre  la figure 3.   Dis  lors,   les 
valeurs  des  flux de  chaleur ä  la parol  fournles par  le  calcul   8ont,elles aussl,  constjerfies comme  trfes cor- 
rectes. 

Le programme  de calcul  permettant  d'envlsager  aussl  une variation de  la temperature de parol, 
I'evolution de  la  temperature de  frottement  peut  Stre obtenue  et,  par  suite,  celle du  facteur  thermlque 
parietal.   Ce dernier,   caracterlstlque du regime  de  I'ecoulement,   demeure  senslblement constant. 

L'evolutlon du nombre de Nusselt (Nu) se dedult de celle de la temperature de frottement et du 
flux de chaleur ä la parol pour dlfferentes valeurs de T- (fig.4). En outre, les courbes relatives ä un 
r.omtrf;  de  Prandtl  egal  ä  I  ou ä 0,72  se trouvent  Stre  tres peu  eiolgnets. 

3  - APPLICATION  DU  CALCUL A  DES  CAS  PLUS CENERAUX 

La bonne correspondance entre  Us resultats  des experiences et  du calcul a permls  flnalement 
d'etendre  I'application de ce dernier & des cas  dlfferents. 

Alnsl,   pour une m6me distance du debut  du creux au bord d'attaque, des lols de comportement  du 
bulbe peuvent  8tre proposees sous  la forme suivante  : 

1)  I'ecoulement  etant   fixe  : 

- pour une  longueur d'onde donnee,   l'absclsse  de aecollement  rapportee ä  la  longueur  d'onde  est 
d'autant  plus  grande  que  1'amplitude du creux est  plus   fälble   (flg. 5), 

- pour chaque  valeur de  la  longueur d'onde,   11  exlste une valeur de  l'amplltude en-dessous  de 
laquelle  le calcul  ne  prevoit  plus de decollement.   Cette valeur  est elle-mSme d'autant  plus importante  que 
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Fig.   2 - D<tailr des pufila de vltease sur  la plaque P2 
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Fig.   3 - DÄtalla de» profile da tanpCrature aur la plaque P2 
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Fig. A - Evolution di; nombre de Nusselt local 
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Fig.   S - Variation det>  abscisses de dicollement et de recollement en fonctlon de a et X 
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la longueur d'ond« tit plus grand«, 

- pour una a«plltuda donnda. plus la longueur d'onda «at granda, plus I'absclss« da ddcollament 
rapportd« I catt« d rnlkre aat dlolgnda du ddbut du craux. 

2) La configuration da parol dtant fix*« : 

- pour una tawpdratura da parol doimda,  1'abscissa da d^collamant passa par un mlninua lorsque 1« 
noabr« d« Reynolds da I'dcoulanent varl« d'una valaur fälble k una valaur tris granda, 

- pour das conditions de l'<coula»ant fljwnt donndas.  l'dvolutlon du noabre de Nutselt conserve 
In atae allure gdnirale,  sa valcur dtant d'autant plus inportante k une nine abaci sse quc la prrol eat 
plus frolde (fig.  4). 

CONCLUSION 

L'dtude prdsentde lei nous pernet de conclure que,  dana un dcouleaent supersonlque,  la presence, 
sur une plaque plene,  d'une ddfonaatlon en creux, de profll sinusoidal,  provoque en gdndral, ntme pour de 
falbles rapports "amplitude/longueur d'onde", un dfcolleaent   : un bulbe (*• fälble dpalsseur mal» allongC 
se feme dans le creux    et  l'dcoulenent vlent enaultc recoller k la parol avant  la fin da ce dernier. 

L'appllcatlon d'une mdthodc par differences flnles dans la cone de ditente que constltue le dd- 
but du creux, puls de la mdthode de Nielsen conduit k une prdvlslon des champ* dynamlque et thermlque de 
1'dcoulement en bon accord avac ceux qul existent effectlvement en soufflerle. 

Le Uger dcart  trouvd dana  la repartition du coefficient  local de preaslon,  s'expllque par  la 
prdsence d'un bord d'attaque rdel qul ne peut ttre parfalt,  cosne  le suppose la thdorle.  Ce bord d'atta- 
que, aussl fin solt-11,  a pour effet d'augpenter falblement  I'dpalaaaur de la couche Umlte.  SI ce phdno- 
nfene tend k svancer  Idgferement   le ddcollement,  le» mdthodes appllqudaa Icl condulsent ndanoolns ft une 
bonne estimation de  1'dcoulement,  tant au point de vue dynamlque que thcrmlque.   Par suite,  le calcul four- 
nlt des valeurs du coefficient  local  de frottement et du flux de chaleur t la parol qul peuvent ttre con- 
slddrdes comae correctes. 

Alnsl a ttt raise en dvldence  la fälble Influence de la tempdrature de parol sur Is configuration 
dynamlque de la tone ddcollde,  du molns pour des hearts de tempdrature moddrds.   Par alllcurs,   les rdsul- 
tats du calcul montrent  que,  pour des nonbres de P:andtl igaux a 1 ou 0,72,  l'dvolutlon du nombre de Nus- 
belt  le long de la ddformatlon de parol rests senslblement  Is mtae,  y comprls dana la sone ddcollde. 

Diverses amdlioratlons peuvent (tre envissgdes  : 

- la mdthode utlllsde Icl dans 1« zone ddcollde peut (tre perfectlonnde en prenant,  pour profile 
de vltesse et de tempdrature,   des ddveluppements d'ordre plus dlevd,  mals le calcul ndcesalteralt autant 
d'dquatlons suppldmentalres que de paramitres nouveaux, 

- le progransne de calcul peut ttre adaptd au cas de deformations de parol autres que slnusotdales, 

- le calcul peut dgalement  Ctre poursulvl pour obtenlr  les caractdrlstlques de 1'dcoulement aprta 
le recollenent. 
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SUMMARY 

Laminar boundary layer separation and reattaohment is here considered for adlabatic flow over a 
conpreasion ramp with supersonic mainstream.    For large ramp angle, calculations based on the Stewartson- 
Wllliams "triple  ieck" theory show that the regions o*' separation and reattachment become distinct, with 
an intervening (plateau)  region of nearly constant pressure.    The mathematical description of each of these 
distinct regions is given,  and  simple formulas derived for a number of quantities of interest, including 
the plateau pressure,  conditions at separation and reattachment, and the gecmetry of the separated region. 
Detailed ccmparlsonB of the theoretical results with available experimental data show favorable agreement, 
suggesting that the theory can provide a useful tool for engineering analysis. 

1. INTRODUCTION 

The boundary-layer concept  has often been useful as a basis for calculating separated flows in 
supersonic main streams.    V/hen combined with a viscous Interaction condition coupling the pressure to the 
displacement thickness,  the boundary-layer equations appear to be an accurate model for certain types of 
separated flows at moderate Reynolds numbers of practlo.il interest.    Examples of the success of these 
methods are giver, by the work of Lees and Keeves1 and of Uiel»eri,y    At high Reynolds number R, the boundary 
layer with viscous  interaction has been shown to develop a substructure/'"'5 which Stewartson has named the 
triple-deck.    Computations have been carried out on the basis of triple-deck theory by Jenson, Burggraf 
and Rizzetta,-'   for the case of a compression ramp with supersonic mainstream.    These results show that 
separation first occrurs when the ramp angle ct is of order R"1/4.    As rr increases above those values reported 
In Ref.  •'. (but still of order R"1"1),  a prominent pressure plateau develops between  the distinct regions 
of separation and reattachment  (se« Fig. 1).    Each of these regions has a distinct mathematical description 
for   r large and relatively simple formulas have been derived for a number of quantities of interest.     The 
purpose of this paper in  to describe the mathematical structure of the separation, plateau,  and reattach- 
ment regions and to compare the theoretical  results with available experimental data, as outlined below. 

2. SEPARATIO: Af-T)  t-LATEAl' REGIONS 

The mathematical structure of the separation region has been given by Gtewartson and Williams.' 
Briefly, the boundary layer in disturbed by seme downstream obstacle,  in this  case a ramp.    For large 
enough disturbance, the boundary layer will separate in a distance of order R"':,/B ahead of the obstacle. 
Because of the short  streamwise distance, viscout effects are restricted to a sublayer with thickness of 
order R"r"'' , while  the main portion of the flow in the boundary layer continues as an inviscid rotational 
flow on the H" '■''' length scale.    Outside the boundary layer,  the pressure disturbance is felt over a dis- 
tance of order R" /''  in both transverse and longitudinal directions.     If the separation point is far enough 
In front of the obstacle,  as for the ramp of Fig. 1, the pressure asymptotes the plateau pressure down- 
stream.    This constant pressure region corresponds to an equivalent wedge surface running from separation 
point S to reattachment point R   (see Fig. 2). 

The asymptotic structure of the flow leaving the separation region has been described by Nelland4  as 
a separated shear layer  (centered on the equivalent wedge surface),  an  Inviscid reversed flow which      eds 
the fluid entrained by the shear layer, and a reversed-flow boundary layer.     The latter two flows decay 
with increasing x and are of no  further concern to us.    However,  the velocity in the free shear layer 
grows with x. 

For definiteness, let x,  y, u, v,  p, rj be the physical coordinates, velocity, pressure, and ramp 
angle, and let X,   '.,  ",  7,  P,   7 be the corresponding nondimenslonal quantities in the sublayer.    Following 
Stewartson and Williams,^  these are related as 

,    y -  c-'hZ 

(1) 

Here c = R^1"", where R is the Reynolds number, and the asterisk subscript refers to a convenient reference 
state of the external flow in the Interaction region.    XQ is a convenient reference length measured to 
some point in the interaction region, and PQ is the pressure at the beginning of interaction.    The param- 
eters are defined as 

x ^ XQ + < 'aX v ■- c-'bZ 

p = p0 + r1,cP(X) 1 =- f'(b/o)S 

u =   r(d/b)U(X,Z) v - r)(d/a)V{X,Z) 

a = x0C^"X-^(M<
;'-l)-J/'-(Tw/Tj^ 

(2) 
b= xoCV«r3/4(V,-i)-1/',(Tw/

TJa 

c = p^c'/'V/ W-i)-'/" 
d - XoiW^A'V1/ '(H.-'-D-V-tTw/Tj^ 

♦The research reported here was sponsored by the Office of Naval Research, United States Navy, under 
Contract rio. H0001U-07-A-O232-OO14 



u = x1/afö{n) + x-i/3fc (l) + 

p = p0 + p^x-?/3 + ••• 

n = [Z - A(X)]A
1/3 
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X tak«s the faalllar value 0.332 when the undisturbed boundary layer la of the conpreastble Blaalut type. 
C la the Chapnan-Rubetln ccnatant and the other variables have their usual meaning. 

the flow in the sublayer is governed to first order by the classical inconpressible boundary layer 
equations 

Ujt + Vz = 0 (Ua) 

UUx + VUZ - -Px + UZZ (Itb) 

subject to the usual no-slip condition on the wall streamline.    However, the outer boundary condition is 
unconventional; it is an expression of the viscous Interaction condition obtained by matching to the dis- 
turbed main boundary-layer flow, as described by Stewartson and Williams ^ 

F(X) =  -A'W    ,    A(X) =   Llm (U-Z) (5) 

and A(X) approaches tero as X -. - » . 

Jenson, Burggraf, and Rizzetta0 have presented numerical solutions of the inner layer problem for the 
compression ramp, shoving that separation first occurs for 5« 1.65.    Ihe first Indications of a pressure 
plateau appear for ci « 2.5, and a fully developed plateau exists for 3 = 3.5 as shown by Fig. 1.    The 
length of the plateau grows rapidly with increasing 5, and for large 7! the separation region appears to be 
pushed far ahead of the comer (on the R~3/" interaction scale).    Hence the asymptotic structure described 
by Nelland is appropriate to the plateau shear layer when 3 Is large. 

The shear layer leaving the separation region is described by Neiland,4 and more fully by Stewartson 
and WiUlams,7 in the form of an asymptotic series: 

(6a) 

(6b) 
where 

(6c) 

The functions f0 and fi? satisfy the usual type of third-order ordinary differential equation.    It suffices 
here to note that 

tö = 0.9lkl    ,  fg = -0.2711   when   fo •= f;. = 0. (7) 

The plateau pressure P0 has been evaluated by Williams7 by numerically solving the full inner-layer equa- 
tions of the triple-deck, requiring that the reversed flow downL'tream of separation have the asymptotic 
form given by Nelland.    P0 was found to have the value 1.800, which is seen to agree very well with the 
plateau pressure of Fig. 1.    This suggests that 3.5 la a sufficiently large value of 5 for the asymptotic 
theory to apply. 

Figure 3 is a ccnparlson of the separation-region pressure predicted by the triple-deck theory with 
experimental data of Chapnan, Kuehn and Larsen" for a forward-facing step.    The reference state has ueen 
taken as conditions at the separation point (X-0).    The theory is seen to anticipate the initial pressure 
rise, but the egreonent is quite good following separation.   Another case is shown in Figure k, corres- 
ponding to a curved ramp whose foot is tangent to the upstream plate.    T*o choices of reference state are 
shown here:     (1) the solid symbols are for M, equal initial freestream conditions, R» equal to sepaiation 
conditions, as was chosen in Ref. 5:     (2) the open circles are for M», R» both equal to separation point 
conditions.    The latter choice makes the agreement better, although not of the quality of Fig. 3-    This 
dependence on reference state is am effect of finite Reynolds number since the distance between the points 
is of order R-3'8 and the pressure rise of order R"1/4 according to the theory. 

3.     REATTACHMENT REGION 

The flow in this region is fed by the separated shear layer, which is described by Heiland's asymp- 
totic expression given above.    Hence it is possible to estimate the orders of magnitude of the various 
terms in the "Javier-Stokes equations for the reattachment region from the shear-layer scaling. 

From Eis.   (6) and (1), the flow in the shear layer entering the reattachment region scales as follows: 

u ~ I^'3    , y ~ l^'H-^ 

where Lp is the length of the pressure plateau.    Thus the inertia terms in the equations of motion scale 
as 

-1 ~ i-r/LR 

where Lp is the length socle of the reattachment region.    The viscous tem scales as 

R-l   |!"  ~  L-l/3 

and from linear theory for supersonic flow £$ ~ a ao that the pressure tem scales as 

t~afh* 
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From continuity, 

•nd requiring v ~ cxu yields 

v ~ I^'V{LRR1/2) 

LR ~ Lj^/CaR1^) 

We now make the assumption that for large 5 the pressure rise In reattachment Is of the order of the 
dynamic pressure of the flow entering the reattachment region; I.e. 

Hence 

LR ~ (W2^1 ls 

Summarizing, ve find In the x-roomentum equation 

Inertia Terms: u ^ ~ o3'^1'2 

Viscous Term: - X-£ ~ O"1 

R &p 

Pressure Gradient:       || ~ cr3'^1^ 

A similar treatment of the y-manentum equation yields 

Inertia Terms: ug-o^R1^ 

Viscous Term: H-1^-^ 

Pressure Gradient:       gp ~ ot1'^1'3 

(8) 

(9a) 

(9b) 

(9c) 

(9d) 

(9e) 

(9f) 

For a ~ R*1/4   (ä -■ 1) as in the inner layer scaling of Eq.  (1), all three terms in the x-manentum equation 
are of the same order, while the y-momentum equation reduces to 

I* = 0 (10) 
dy 

so that the conventional boundary-layer equations apply, as in Eq.   (U).    This scaling corresponds to 5 
less than about 3 (according to Ref. 6) where separation and reattachment both take place on the same 
length scale and the pressure plateau has not fully developed. 

Alternatively if we require ex - R-1'4 but regard a large, the viscous term (9b) becomes negligible in 
the x-moraentum equation, while the pressure gradient (9f) still deninates the y-manentum equation.    Hence 
for large 7i, the reattachment process is inviscid, confirming Chapnan's" early ideas. 

It is also instructive to consider a ~ R"n with n < l/U.    The results are as follows:    (1) for 
n = l/U,  the reattachment process is viscous;  (ii) for 0 < n < l/l* but not of order one, the reattachment 
process is inviscid and the pressure gradient äp/5y transverse to the wall vanishes;  (ill) for n = 0 
(a ~ 1),  the reattachment process is inviscid and äp/öy Is important. 

For case  (i) the complete separated flow region is contained within the triple-deck and a well-developed 
plateau appears only in the limit a R1/4  -» <a , which overlaps case (11).    Case  (ill) Includes case (ii) 
and was treated earlier by Burggraf."'    Numerical results for this case were presented based on Chapnan's 
similarity solution for the free shear layer entering the reattachment zone, corresponding to a long 
plateau between separation and reattachment.    For a short plateau, the appropriate profile is that of 
Nelland given above, corresponding to case  (ii). 

We now formulate a calculation procedure for the reattachment zone following a short plateau.    For 
convenience, we assume a - R"1/4, but regard a as large so_that case  (11) applies.   We introduce new vari- 
ables for the reattachment zone, indicated by a tilde, as X.    The initial conditions entering the reattach- 
ment zone are provided by Eq.   (6), and these together with the scaling of Eq.   (8) imply the following 
relationships between new and old variables: 

G=ÜL^/3    ,    z-zE^/3    ,   X=(X-XR)L^3 (11) 

Hore Cp is the nondinensional form of Lp,  scaled as in Eq.  (1), and XR is an arbitrary origin within the 
reattachment zone, selected below.    In addition, the stream function and vortlcity are defined as 

T =    / ÜdZ 
az (12) 

The subscript d refers to__the dividing streamline; i.e., that which ultimately reattacbes to the wall, 
upstream on the X scale, fi is given by Neiland's shear layer as ^"(Z-Z^). 

Far 

With these definitions, the principles of conservation of vortlcity and total pressure yield 
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V 
'? = 2    /fid?    ,    P = i (Ü/ - 0 :?) (13) 

im 

where ?„, Is the minimum value for ? at the local X station.   Since a ~ R"1/4, the outer matching condition 
(3) applies, and the X location is determined frcm the pressure: 

X = f ^-^ (Ik) 
■   Pf -, P 

The origin of X is obtained by extrapolating the dividing streamline of the free shear layer linearly to 
the wall, thus defining XR above. 

Equation (lU) defines a unique relation for the pressure distribution in the reattachment zone.    This 
relation is shown by the curve in Fig.  5.    The plotted points shown for comparison are experimental data 
for a 10° compression ramp taken from Fig.  20a of Ref.  2.    Since the experimental reattachment point was 
not defined, it was arbitrarily chosen to match the theoretical pressure at X = 0.     The comparison shown 
is reasonably good, and might be improved by accounting for the evolution of the shear layer-velocity pro- 
file over the finite plateau length. 

Now consider the case of a long plateau. According to E'.j. (8), Lp of order one corresponds to a of 
orde' one, and thence Lp of order R"1'''. More explicitly, the scaling of Eq. (11) for the short plateau 
suggests that when Lp ~ 1, the physical length scale in the reattachment zone is 

x - xR = xoCLpAO-1'^1'^"5'^^-!)-1'^^/^)^;1'^ (15) 

where Eqs.  (1) and (2) have been invoked.    The appearance of the X and x0 factors  Indicate the history of 
the upstream Blasius boundary layer; these would be expected to disappear for a truly long plateau.    The 
Mach number and Reynolds number scaling here are exactly those deduced in Ref.  9 on the basis of physical 
arguments.    The curves shown in Fig. 6, reproduced from Ref. 9» were calculated for inviscld reattachment 
of a Chapman shear layer (Ref. 11), corresponding to a long plateau with vanishingly short upstream 
boundary layer.    Even though plotted in the Mach number scaling of Eq.   (15),  a residual Mach number de- 
pendence is evident.    One reason is that Eq.   (15) is base- on Neiland's shear layer in which the velocity 
is small and the flow is essentially incompressible.    For the long plateau with Chapman's shear layer, the 
flow is compressible.    In addition, the flow turning angle in the latter case is large enough for non- 
linear effects to be important in the pressure-angle flow relation. 

Also shown in Fig. C are experimental data for a 25' compression ramp taken frcm Fig. lUa of Ref. 8. 
In this case, the origin was estimated by extrapolating the free shear layer visible in the schlieren 
photograph, an uncertain procedure. If an origin shift is allowed the comparison with theory is not bad. 
In general, the effect of the upstream boundary-layer history on the shear layer initiating the reattach- 
ment zone should be accounted for. This may be accomplished by calculating the shear layer at. it develops 
downstream from fleiland's pi ~file ove^ ■tv,'. 1—i^u. of the pressure plateau, as demonstrated by Denison and 
Baum.10 

h.     GEOMETRY OF THE SEPARATED FLOW REGION 

According to Heiland1^ asymptotic structure for the separation region, the plateau region exhibits 
only small fluid motion, except for the free shear layer which may be calculated independently.    The 
length of this region can be estimated from Chapman's11  hypothesis of the reattachment pressure rise:    the 
total pressure on the dividing streamline entering the reattachment zone equals the final pressure re- 
covered when the external flow has been turned parallel to the wt.ll.    Using the velocity and thickness 
scalings given by Neiland's asymptotic shear layer as an estimate for conditions entering the reattachment 
zone, we have shown already that Chapman's  hypotheri^  implies the length of the free shear layer in the 
plateau region to be of order op'i    More explicitly, utilizing the linear pressure-angle relation for the 
external flow and Chapman's hypothesis, we have on the dividing streamline 

P + lf/2 = 3 

For the short plateau, the left side can be evaluated from Eq,_(6).    Truncating the series at the first 
order term in X  (which we now interpret as the plateau length Lp) we find 

Lp -  [Zlä - P0 - f0' (0)f.,'(0)]/ffo' {0)]s]3/s (16a) 

Substituting the numerical values given earlier yields 

Lp ~ 3M{ä - 1.55)^ (16b) 

Since this is an asymptotic formula, it is valid only lor ft» 1.55.   While we have no numerical solutions 
of the type shown in Fig. 1 for such large 3,  it is possible to compare with experimental data for at least 
one of the cases in nef. 8, the 25"  ramp.    Converting the_ramp angle to the nondimensional form gives 
5 = 6.89 for that case.   According to the above formula, Lp = k2.7, while an approximate value of about 
kj is found by measuring the length of the free shear on tne photograph (Fig. lüa of Ref. 8).    This agree- 
ment lends credence that the above asymptotic formula is useful for practical application,  although addi- 
tional comparison with experiment is essential. 

The complete geometry of the separated region is now available.    From Williams'   solution,' the 
plateau shear layer is inclined at an angle a relative to the wall: 

^i =  Pr, =  1.800 

Hence from Fig. 2 and the law of sines, the distance between the ramp leading edge and the teparation 
point is 

xc (i-irK (^ 
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A conplete pressure distribution for a 10* ramp has been calculated fron the above theory and is 
shown In Fig. 7.    Ihe conditioos correspond to those of Fig. 20a of Ref. 2, already referenced in Fig. 5. 
In making these calculations, it was necessary to account Tor an Inconsistency between Eqs.  (16) and the 
reattactament calculation outlined in Eqs.  (11) through (lU).   Equation (16) is based on two terms of the 
asymptotic expansion for Neiland's shear layer, whereas the reattacbment solution shown in Fig. 5 was 
baaed on only the leading term.    The analysis was made ccnsistent by dropping »ne tern f2' (0) in (l6a), 
or equlvalently, replacing the value 1.55 in (16b) by P0 ■ 1.80, and requirlr^ she final pressure at the 
end of the reattacbment cone to agree with the inviscid wedge pressure.    The agreement with the experi- 
mental data in Fig. 7 is fairly good, and could fcs Improved If the freedom of t >e origin shift in the 
asymptotic formulas is exploited to shift the theoretical reattacbment tone a short distance downstream. 

To compare the accuracy available with Integral methods, Fig. 8 is taken from Fig. 21 of Nielsen, 
et al.2   In their method, the interaction is started at a particular point which Is usually chosen to make 
the resulting solution agree well with experiment.    In Fig. 8 the four Integral curves correspond to 
initial points of 0.0525 to 0.0700 feet from the leading edge.    If the experimental data were not avail- 
able, there would be no reason to prefer any of the four integral curves.   Comparing Figs. 7 and 8, we 
conclude that the accuracy of the asymptotic theory is of the same order as that of the integral method. 

5. OOHCLUSIOKS 

The evidence presented above supports the view that the asymptotic theory of laminar separation and 
reattacbment 1 J an acceptable formulation for practical purposes.    By combining the results of the struc- 
ture of the three regions (separation, plateau, and reattachment) the complete structure of the flow 
field can be predicted independent of experimental inputs, although there is some room for adjustment in 
the theory through optiaan choice of reference conditions and origin shifts In the asymptotic expanslonc. 
Further development of the Stewartson-Willlams free-interaction theory is underway, with promising results 
both from higher-order analyses and from Inclusion of hypersonic effects.    Similar Improvements in the 
reattachment theory are also necessary.    Nevertheless, even in its present state, the theory can serve as 
a useful tool for engineering analysis. 

• 
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Figure 1.    Wall pressure distribution for a = 3,5, plotted in Inner layer variables.    Meah sice: AX = 0.6, 
AY = 0.8. 
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Figure 2.   Geometry of the reparated flo» for a = 0(l). 
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Figure 3. Freiaure distribution la separation region for a forward-facing 
step; M# = MB = 2.21, R# = »^Xg/vb, = 92,CXX), t^/X,,  = 1,90. 
Asymptotic Theory: ; experimental data fron Ref. 8, Fig. 11a: 

0On O  ^DO 
C 

10 20 

Figure k.   Pressure distribution in separation region f ■ a curved raaqp. Aiymptotic 
theory:   . Experimental data from Sef. 8, Fig. 17a: M# * MQ • 2,7,#; 
M« = MB = 2.56, O . E# = tw^s/v« ° 39(000 and 1^/1^, ■ 2.4 for both cases. 
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Figure 3,    Preuure distribution in reattactament region with a short plateau.    Theoryt 
experimental data ft-on Ref. 2, Fig. 20a! O » a = 1°°» M» = 2.55, R# = 206,000, 
Tw/X, - 2.11. 

x(u0i/v,lLp),/2(M,f
2-l),/2(K¥MeJr2 

Figure 6.    Pressure distribution in reattachment region with a long plateau.    Theory fron Ref. 9: 
 , Me, ■ X,k; , M^ = 3; , M,   = 7.   Experiaental data from Ref. 8, 
Fig. 14a: #   , a - 25°, M# = 2.7, R# = 33,000, Tw/^ = 2.24. 
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ON THE CALCULmOM OF UMIMAK SEPARATION BUBBLES IM TWO-DIMENSIONAL INCOMPRESSIBLE FLOW 

J.L. van Ingan 

DapartMCC of Aaronautical Enginttri.ig, Delft University of Technology, Kluyverweg 1, Delft, The Natherland* 

SUtMART. 

The following topic* ere diecueeed in the paper. 
- A new laainar boundary layer calculation aethod it presented which coabinea the ainplicity of Thwaitea* 
■ethod for the prediction of the MOMntun loat thickneat 6 with the accuracy of Stratford'« two-layer method 
for the prediction of the poaition of laainar aeparation. 
- Calculated boundary layer charactariatica for arbitrarily preacribed preiture diatributiona in general 
•how a aingular behaviour at aeparation. It is shown that a real aeparating flow tends to adjuat itself in 
such a way that the reaulting pressure distribution prevents a aingular behaviour of the boundary layer to 

occur. It appears that ■ ^ " v 2» ****"  • Msiwn value at aeparation. 
- A »iaple calculation Method for the laainar part of the separation bubble ia presented. The pressure 
distribution is not prescribed but it is determined froa the calculation such that the separation streamline 
assuaas a prescribed shape. 
- An earlier aethod for the prediction of tranaition in attached boundary layers, based on linear stability 
theory, is extended to the caae of separated flows. 
- Two methods are discussed which night be used to predict whether reattachaent of the turbulent shear layer 
will occur, thus leading to a closed separation bubble. 
- Finally soae results will be discussed of windtunnel experiments on two different models. The first model 
is the FX 66-S-196-V1 Wortmann airfoil; the second model consist* of a circular cylinder with a tapered tail. 

DOTATION 

constant in Eq. (2) 

constant in Eq. (2) 

constant in Eq. (16) 

reference length, equal to chord for airfoil; 
equal to radiua for cylinder 

profile parameter for velocity profiles with 
reversed flow, Eq. (12) 

«"/e 
Too . /8(u/Uh 

21 ♦ 2m(2+H) 
i2  u/U , e2 du , 

TU' { l'o 

u 

"ref 
Ü 

AU 

x 

X 

Ax 

y 

z 

3(y/e) 
static pressure 
A2 8»ep AU 
v  Sx 

m/m 
sep 

"ref <= 

iJ 
v 
velocity component in boundary layer parallel 
to wall 

velocity component at edge of boundary layer 

reference speed 

U/Üref 
change in edge-velocity ovei length of 
aeparation bubble; Fig. 1 

distance along the wall 
x 
c 
length oi separation bubble, Fig. 1 

distance normal to wall 

-a.  spatial amplification rate, Eq. (23) 

6   Falkner-Skan pressure gradient parameter, 
Eq. (13) 

Y    angle at which the separation streamline 
leaves the wall; Fig. 1 

M       'Vr        U 
6 X (1 - |j)dy displacement thickness 

'V, 
e  / ü(i - ü 

o U   U)dy momentum loss thickness 

>p   angular distance around circular cylinder, 
measured from leading edge 

i|i streamfunction 

o amplification factor, Eq. (23) 

v coefficient of kinematic viscosity 

T0 wall shear stress 

w disturbance frequency, Eq. (22) 

Subscript* 

Bit 

r 

sep 

tr 

0 

Blaaius value 

reattachaent 

aeparation 

transition 

at surface 

gam sep 

1.  INTRODUCTION 

Although quite a number of important references is available on the subject of the laminar separation bubble 

in two-dimensional incompressible flow (see for instance refs. 1 through 6) a fully satisfactory engineering 

method for the prediction of the characteriatics of these bubbles does not yet exist. The present paper 

tries to fill some of the gaps in our knowledge; it appears that a complete prediction oi  the bubble in now 

within our reach. Some of the problems in this field are illustrated by the well known picture of the 
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(M) pressure diitribucion       In Che separation region (Fig.  1).  First we have to determine the separation point 

S; downstream of S we usually find experimentally a flattening of the pressure distribution. This part of 

the pressure distribution ia not known a priori but  it should follow from the calculation. Host of the 

existing calculation methods assume a constant wall pressure within the bubble but this  is only a good 

approximation at  low Reynoldsnumbers. The next problem is to predict  the position of transition T in the 

separated shear layer.  Downstream of T we may find a rather steep pressure recovery curve,  leading to re- 

attachment at R. Often R ia assumed to lie on the dotted pressure distribution curve which would occur with- 

out the presence of  the bubble.  Sometimes reatttchment does not occur;  the bubble "bursts" and of course 

a calculation method should be able also to predict this bursting. 

In the following chapters  the different problems, mentioned above will be discussed in turn. 

2.    PREDICTION OF THE SEPARATION POINT USING ENGINEERING METHODS. 

A wi 11 known engineering method for the calculation of the  laminar boundary layer is  that due to Thwaites 

(ret.  7).  The accuracy of  the method is quite good for the prediction of the momentum loss thickness 6;  it 

is 1< ss accurate for the prediction of the separation position. The  idea behind this method is to use the 

von Kirmln momentum integral  relation and the first compatibility condition of the boundary layer in the form: 

«L Ä . KlMm . i Pnd „,. - e! *u . / "/" >   . m dx  \>  ' U u Pia n v    dx      i 2;o u; 

3(y/9) 

Thwaites assumed that I and H and hence L are unique functions of m which allows us to calculate i, m,  H,  L 

and 6 as functions of x.  The  required functions idn),  H(m)  and L(m) were deduced by Thwaites from a number 

of exact solutions of  the  laminar boundary layer equations which were available to him at that  time.  The 

momentum integral equation can be  integrated easily between two points x.  and x,  if a linear relation 

L •  a + bm (2) 

is assumed between L and m (Thwaites took a-0.45;  b"6).  The result  is 

,ube2,    .uV.     .x2 „b-i . „, ( )    - ( )    • a /  U   dx (3) V X"X„     v  x-x,     _ 
Z II 

As soon as 8(x> is known, m(x), k.(x) and H(x) follow from the compatibility condition and the relations 

Km) and H(m). This allows us to find the sepaiation point and an approximation to the boundary layer 

velocity profile. As was remarked already the predicted values of 6 are sufficiently accurate for engineer- 

ing use. For the tavourable pressure gradient case (ui<0) also the velocity profile is rather accurate. For 

adverse pressure gradient!» (m>0) the profile is less accurate and hence the separation position is not 

predicted accurately enough for the present purpose. This is due to the fact th.it Thwaites' method belongs 

to the class where a fixed relation exists between t  and m so that separation (i-O) is found at a fixed 

value of m. 

An improved method has been obtained in which Um),  H(m) and hence L(m) are allowed to depend on an extra 
a2 du 

,.„.,„„.,.., .,..„ „..,..„„,„., , .„ „„.,„„„ .„„ ,..  , ....,., ,„.,..,.. „. „     --r— at separation. r sep v dx     r 

To introduce this improved method we refer to figs. 2 through 4 wnere H(m), H(m) and L(m) have been plotted 

in the same way as Thwiites did for some special accurate solutions of the boundary layer equations. The 

selected solutions have m common that for zero pressure gradient (m-O) they all reduce to the Blasius flat 

plate boundary layer. The separation values for H and L fal  neatly on curves which coincide with the 

curves representing the separation points in Head's two-parameter method (ref. 8). 

For the range oi values of m   which is of practical interest (m  >.068) it follows that a good 
sep r sep 0 

approximation for L   is: rmnl 
8ep   L   - .14026+10 m   and hence H   - 3 ♦ (4) 

sep sep sep     m 
sep 

It follows that t,  H and L can be very nearly made unique functions of r=Wm   when properly scaled (see 

fig. S). It; what follows Hartree's similar solutions of the Falkner-Skan equation have been used to define 

these functions. 

Introducing m   as an extra parameter, to be determined later, the new method may nov. be defined as follows. 

For favourable pressure gradients (m<0) use i (m), H(ra) and ll(ci) as for the Hartree flows for which m  -.06815. 
sep 

For adverse pressure gradients   (m>0) use the scaled functions 

(x)   In  the present paper we will  by  "pressure distribution" not only  denote p(x)  but  also U(x). 
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1 " t(r)  ! t...-.4U0i " L (r) » |t.,_-i.i9U • HV) (5) 
••p ••!> 

•■ d«t«rain«d fro« tha rasulti (or th* Hartr«« flowa. Tha aoaantun intagral aquation can Chan ba Intagratad 

onca a ttarting value (or B ia a\'ailabla. Aa in Ttwaitaa' «athod tha Intagration can ba perfonaed In tha 

(on (3) whan uaing tha Unaar approximation (2). Of couraa b now depandc on tha pari 

it (ollowa that (or ■     >.066: aap 

tar ■itp; with (4) 

b - 10 .30079 

tap aap 
.30079 
10-b (6) 

for (avourabla praaaura gradianta wa uaa b-5.16, corraaponding to tha atralght line connecting the atagnation 

point and tha llaaiua point in (ig. 4; (or all values of b wa have a-.44105. For each value of b (or ■      ) 
a Thwaitaa type method ia obtained. For large valuea of b the method gives late separation, for small values 

of b early separation la obtained. 

Of course some additional  information Is needed to determine b. When analysing experimental results b may 

be chosen such that the experimentally determined separation point is reproduced.  In cases where the separat- 

ion point is not known a priori we uaa Stratford'a two-layer method  (ref. 9) in the version of Curie and 

Skan (ref.  10) to provide the aeparatlon poaltion. Lack of space doaa not permit to give a more detailed 

account of tha preaent method; details will be given in a forthcoming report by the present author (ref.  11). 

A few results to Illustrate the method may be found in figs.  6 through 8. Fig. 6 gives some results for the 

potential (low pressure distribution around a circular cylinder where S-sin x; a comparison has been made 

with tha accurate numerical reaults due to Terrill  (ref.  12).  Fig.  7 gives some results for the measured 

pressure distribution on a Wortmann airfoil  (aee section 8). 

The fret-stream spred fur this particular case was such that a closed laminar separation bubble occured. 

Using the surface oil film technique the separation point was found at a distance of 48Z of the chord down- 

stream of the leading-edge      .  It ahould be noted that the curve of 0 va.x becomes rather flat downstream 

of the separation point leading to a point of inflexion ahortly upstream of the separation point. This 

appcara to be chiracterlatlc for all measured pressure distributions in the vicinity of separation. 

It follows from fig. 7 that tha preaent method does not predict separation for b>7.23; in fact the calculat- 

ion tanda to the flat plate boundary layer far downstream. For b<7.23 we do find separation while I tends 

to sero like ItSUx     -x.  This Is the type of singularity discussed by Goldstein (ref.  13) which always 

seems to occur when boundary layer calculations are performed for arbitrarily prescribed pressure distribut- 

ions. For ba7.23 separation la predicted at xa47.2Z with a finite value of -r=- at separation. Apparently the 

real flow adjusts itself such that the Goldstein singularity can be prevented. It should be remarked that 

the behaviour for b>7.23 la very similar to what Schubauer found when applying Pohlhausen's method to the 

measured pressure distribution for an elliptic cylinder with observed laminar separation.  Later, Hartree 

(ref.  14) using an accurate numerical method could only find separation when slightly modifying the observed 

pressure distribution.  It Is still an open question whether Indeed a small experimental error in Schubauer's 

experimental reaulta ia reaponalble for the failure to predict separation or that small errors inherent in 

the boundary layer approximation and the neglect of the longitudinal surface curvature are responsible for it. 

It is instructive to Invert the present calculation method to find out to what extent th.   pressure distribut- 

ion should be modified to produce a noticeable shift in the_separatlon position. The full curves in fig. 8 

give the values of I (for b'7.23) and the values of Ü and -7= in the neighbourhood of t,»e separation point 

for the same caae as was shown in fig. 7. The dotted curve for I represents an arbitrarily modified shear 

stress distribution for x>451 producing separation at 46Z. The dotted curves for U and -jm- indicate the 

modifications which have to be made to the pressure distribution to produce the changed wall shear stress. 

These modifications are certainly within experimental error. Hence an important conclusion must be that the 

accuracy to be obtained In the prediction of laminar separation may depend more on the accuracy of the pres- 

sure distribution data than on the level of sophistication of the calculation method. 

3.    SOME OBSERVATIONS ON THE CHARACTERISTICS OF THE SEPARATING LAMINAR BOUNDARY LAYER. 

Laminar boundary layer calculations for arbitrarily prescribed pressure distributions In general show a 

singular behaviour at separation, such that T0 and I tend to zero as the square root of the distance to 

separation (Goldstein, ref.  13).  It wss shown in section 2 that this singular behaviour is reproduced by the 

present method.  It was also observed that for a measured pressure distribution the singularity may be pre- 

(«) note that x is measured along the surface*, hence at  the trailing edge we have x>100Z c. 
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vented by a proper choice of b. Therefore it eeeai possible that the boundary layer equations »ay remain 

applicable through separation if only the proper pressure distribution is used. It should be reaeabered how- 

ever that very «mail deviations fro* this pressure distribution will restore the singular behaviour. There- 

for« we swat refrain fro» prescribing the pressure distribution in the separation region. But we should 

prescribe a regular behaviour of tone other quantity like T , I  or the displacement thickness. A recent 

example of such a method is given by Carter in ref. 15. It is of course very easy to invert the present 

method and prescribe a quantity other than the pressure. In fact fig. B gave a first example of this proce- 

dure where t(x) was prescribed rather arbitrarily. 

In order to be able to proceed in this direction we should first gather more information about the exact 

behaviour of the viscous flow near separation. Therefore it is useful to recall here an analytical solution 

of the Navier-Stokes equations which is valid in a small neighbourhood of the separation point where the 

inertial forces can be neglected. (See Legendre, ref. 16; Oswatitsch, ref. 17; Batchelor, ref. IB, page 

226). It follows that the separation streamline leaves the wall at an angle Y (fig. D which is determined 

*'■ dx  o 

tan (Y) . - 3 &Mp (7) 

hi 
The streamlines can easily be calculated once y  is known; they follow from: 

2 
y (x tan (Y)~y) " constant (8) 

where x is the distance downstream of separation. For points at which the u-component of the velocity is 
y .2 zero we find *• ■ f tan (Y) and hence 

The pressure gradient vector is at an angle -r Y with the wall and hence for shallow bubbles where y  is small 

the pressure gradient normal to the wall is small so that the boundary layer equations might still give a 

reasonsble result. 

If we start from the boundary layer equations and assume small values of u and v we can also arrive at the 

results (7) and (9). Here it is assumed a priori that ■J'- is independent of y. The result (9) also follows 
from the expression for the velocity profile in the form: 

^ - i f M " (f2 do) 

which is valid for a sufficiently small neighbourhood of the wall,  not necessarily near the separation point. 

From (10)  it follows that: 

and hence 
yi()-0      -31     yu-0      -2i     yu-0      2 .... 

6      "    m    '    9      " IT 5 y^ " 3 (12) 

An analogouc behaviour is shown for solutions with reversed flow of the Falkner-Skan equation 

F'" ♦ FF" + S (1-F ) - 0 (13) 

This aquation describes the similar solutions corresponding to the pressure distribution 

Ü ■ u, xm| (1A) 

where u   and m    are constants. 

In (13) F is  the non-dimensional streamfunction, primes denote differentiation w.r.t. non-dimensional y; 

6 is the pr&rsure gradient parameter related to m   by 
2 mi 

For 8>0 equation (13) only allows solutions with positive skin friction; for O<0<-.198838 solutions with 

positive and negative skin friction are possible; ß—0.198838 represents the separation solution. 

Extensive tables of solutions with positive skin friction nay be found in ref. 19. Some of the reversed flow 

solutions have been calculated first by Steuartson (ref. 2u)< Table I gives some of the author's own improved 

results. 
yuH0 y^B0    32. It follows from this table that with a good approximation  ■ 2/3 and g ■ -*— ■ as for the velocity y.  _. o m 

profile (10).  It should be noted that at the end of the       *" table, corresponding to velocity profiles which 

are found far downstream in a separation bubble, extremely large values of the shape factor H occur. This 

is due to the strong increase  in 6   which in turn follows from the thick region with reversed flow. Because 
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the valocitUi in tht ••p«rat«d region rnuin vary «mall it may ba axpactad that Eq. (8) ramaina valid with- 

in a aaparation bubbla at appraciabla diitancaa downatraaa of aaparation. Tbia ia illuatrated by fig. 9 

in which a aaoke pictura of a aaparation bubbla ia compared to raaulta of a calculation uaing Eq. (8). It 

ahould ba notad that tha atraaalinaa can only ba calculated when y  ia known. In thia caae the value of Y 

was taken fro» the aaoke picture. 
I 

In raf.  21 it waa ahown fro* an extenaiva aapirical  investigation that for a wide variety of aeparated 

[flowa it waa poaaible to repreaent Y by the following simple empirical relation: 

tan (Y) - -jjg5  (16) 

^aep 

where B aaaumad valuaa between IS and 20. Later, Wortmann uaad the relation: 

B - 64  |P| (17) 

where P ia Gaatcra praaaura gradient parameter for aaparation bubblea.  It ahould be mentioned here already 

that our own new aeriea of meaaurementt to be diacuaae    in aection 8 ia in agreement with (16) for B-15 ro 

20 but it doea not confirm Wortmann's relation (17).        refore,  in the present paper, we will stick to  (16) 

awaiting clarification of the diacrepancy. 

■ 

Conparing the theoretical reault  (7) and tha empirical reault  (16)  it follows that aeparating flows 

apparently adjust itself such that at separation the following relation ia aatisfied 

dx 
" 3 (A 

tan (Y) - -55=— -       *    d'    "P (18) (—) (I?) v'sep NJraep 

Assuming -JJ*- " 0 and uaing Bernoulli'a law and the definitions of t and m it follows that 

sep 

We have aeen already that alight modifications of the pressure distribution near separation may correspond 

to rather draatic changea of the boundary layer characteristics. Henre boundary layer calculations, even 

when baaed on a measured preaaure distribution, may easily fail  to reproduce Eq.  (19). However,  the calcu- 

lation method described in aection 2 may ba inverted to find a corrected preaaure distribution which does 

reproduce Eq.   (19). For further detaila on thia method the reader should be referred to ref.  11. 

5.    CALCULATION OF THE LAMINAR PAKT OF THE SEPARATED FLOW. 

In reference 21 an approximate method for the calculation of the laminar part of the separated How was 

introduced. Eaaential in thia method  is that the shape of the aaparation streamline is prescribed instead 

of the presaure distribution.The pressure distribution then follows from the calculation.In the earlier version 

of the method m       vat, conatant and equal to the Hartree value.  In order to maintain compatibility with the 

present method for attached flowa, described in aection 2, we ahould make m       variabel for the separated 

flow as well. 

To introduce this calculation method for aeparated flow, reference ia made to fig. 10 where I and L have 

been plotted va. n for the attached aa well aa the reversed flow solutions of the Falkner-Skan equation. If 

it is assumed that th* curves in fig. 10 would also apply to a non-similar boundary layer developing from 

a stagnation point (m"-,08547, L"0) via the presaure minimum (m-0, L".44105) and separation (m».06815, 

I'O)  downstream into the aeparated region toward the situation where mpO, 1-0, L-O, then it follows that 

■ • " rr" T" shows a maximum at separation. Since at separation L is still positive, it follows from the 
2 dU momentum integral equation that 6 ia still increasing at eparation so that - -r- ahould be decreising 

dx 
through separation. Thia leads to an inflexion point in the U vs.x curve alightly upstream of separation. 

Aa soon as it ia known that there is separation, it -'s possible to find the aeparation poaition by looking 

for a maximum of m. It can eaaily be shown from Eqns. (1) and (4) that the condition tuet m has a maximum 

at separation leada to: , 

Ti d " u "^  .14026+10 m 

:ao~ m <"» 
(j-)      »ep 

Now, the right hand aide of Eq. (20) ia only slowly varying with m   and aasumes values between 11 and 12 

for the valuaa of b and mgep which are of practical intereat (6<b<8; .075^maep<.15). Hence the separation 



pcaitiwn can be found from U(x)  by  looking for the value of x where Che  left hand side of Eq.   (20) 

assumes values between  11 and  12.  For a number of experiments this gave a very good  indication of  the 

separation point.  A calculation method feir the reversed  flow region, which  is comparable to that for 

attached flow described in section 2,  could now be developed if also for reversed flows the characteristic 

parameters L,  i and H would be given  functions of m/niggp.  Since, except  for the Stewartson profiles, no 

exact results for separate,; flows were available to the author these functions have been "guessed" as 

follows.  For I it was assumed that  £  is a universal function of m/m        ^iven by the Stewartson profiles, 

where m        follov's from the calculation up to the separation point.  For L(m)  a curve was assumed which is 

very similar to that  for the Stewartson flows namely:  tangent  to l.-a+bm at  separation,  tangant  to the verti- 

cal  axis at m-O,  L-0  (fig.   10)  and  • uper-elliptir  in between.  This   leads  to; 
\ I ra      -m    n 

•■ep 
m 

\     sep    / 
+   (ilbni)" . i  or  L - bm+r {|-(1- 5—)"}" (21) 

a m 
sep 

where  the exponent  n was  taken equal   to  the value  1.65 which was   found  to  give  a good  representation of  Che 

Stewartson results.   If  necessary  H  can be  found  from o,   l,  I and  the definition of  L. 

Since    in    the separated region the  shape of  the separation streamline will be prescribed it appears that 

the  proper velocity profile  shape  parameter  is g ■ -|—.   Using  the  approximation g • -3J./m (Eq.   12)   and 
D 

observing  chat  I  is assumed  to be  a  universal   function of m/m it  follows   that we  should use  z*g x m 
sep "        sep 

where m/m        is  a  universal  functic.   of  z. sep 
The  shape  of  the  separation streaml.-j  can be  prescribed  in a number of different ways.   In many applications 

we  used  a straight  separation streamline,   leaving the wall  at  an angle y given by  Eq.   (16) with B"15 to 20. 

Since  in most cases  the separation streamline  is slig'.itly curved upwards  in the  laminar region  (see for 

instance fig.  9)  a better approximation may be obtained by assuming a  linear variation of g with x downstream 

of  separation.   Since  6  is still   increasing  in  the bubble   it  follows  that  this   leads,   together with the 

linear variation of g,  to a separation streamline which is slightly curved  upwards.   In general  the results 

do not differ much for both cases.   It  should be remarked  that any shape of  the separation streamline could 

be prescribed without difficulty.   Summarising,  the separated flow can be calculated as  follows once m 

and proper starting values for 6 and U are given (for instance at separation). 

1. Find g from 6 ..nd the prescribed  shape of  the separation streamline. 

2. Find m/m       from the universal  relation between z-gwn        and m/m 
dU      P Sep      dU      sep      2 3. Find -r- from the first compatibility condition in the form -— .« - mv/9 
<jx    e2 

4.  Find — (—) from the momentum integral relation. 
dx    v 

3.  Advance a step in x-direction  and  find new starting values for U and 6,  etc. 

Full details of the method will be presented in ref.  11;  some examples will be given in section 8. 

6.     PREDICTION OF  THE LOCATION OF TRANSITION  IN THE SEPARATED FLOW. 

For attached flows the position of  transition can be predicted by means of  a semi-empirical method which is 

based on Che calculation of the amplification of small disturbances in the laminar boundary layer.  This method 

was developed independently by Smith and Gamberoni  (ref.  22) and the present author   (ref. 23 and 24).  In 

ref.  24  it was shown that the method  is also applicable to boundary layers with suction. The idea behind 

the method is that the calculated amplification ratio of the most critical disturbance at the measured 

transition position attains nearly always the same value. 

At present we are investigating whether this method is also valid for separated flows.  This investigation is 

based on the stability diagrams for some of the Stewartson velocity profiles with reversed flow which have 

been published recentlv by Taghavi and Wazzan  (ref.  25). 

Since  these calculations h'/e been restricted to rather low values of R.  the results have been supplemented 

by calculating the limiting stability characteristics for R. -► "^ using the  inviscid stability equation 

(Rayleigh    equation).  These calculations have been performed on one of the hybrid computers of the Delft 

University Computing Centre. 

Both Wazzan's and our own computations wer« made for the linear stability theory in the spatial mode.  This 

means  that in the expression for the  streamtunction of the disturbance 

■Kx.y t) -   fCy) ei(ax-ut) (22) 

a is complex ■ a +i a. and üi is real.  This leads to a factor e    i    in the amplitude of the disturbance. 

Hence the logarithm of the total amplification of a disturbance follows  from: 
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o   - in  - / -a. dx (23) 
neutral 

Application of the aemi-empirical method for the prediction of transition require! the evaluation of Eq. 

(23) for a range of reduced frequencies —r   t- select the most dangerous frequencies. The available time 

for the preparation of the present paper did not permit to perform these detailed amplification calculations 

for the experimentally determined pressure distributions. However, we developed a short-cut method which 

Is thought to provide a reasonably accurate first estimate of the transition position in the separated flow 

at rather low values of the Reynoldsnumber, where no appreciable amplification occurs prior to separation. 

This short-cut method will b« described in the remainder of the present section.  Some examples will be 

discussed in section 8. 

It may be assumed with reasonable accuracy that in the laminar part of  the separation bubble 6, U and R. 

are constant and equal to their values at separation.  Then constant values of 
ue 

~2     TjS also mean constant values jf -jr. 

v" 
Furthermore it may be assumed that downstream of separation g is proportional to x-x   with: 

^iz-n  (x-x. ) tan (Y)   (*-*„)   . 

Hence Eq. (23) may be written as: 

o, - , „ 8ep / (-0.6) d(g » m)  - - ° "P / (-o.e)dI (25) a  B m        i        sep   B m        i sep sep 

so that the integration with respect to x has been replaced by an integration w.r.t. g. Similarly we can 

over a short interval upstream of separation, assuming I  to be proportional to x  -x, perform the integrat- 

ion w.r.t. I  instead of x. Now we make the further assumption that the Reynoldsnumber is so high that the 

stability characteristics are given with sufficient accuracy by the limiting values determined from the 
(iifl 

inviiicid stability equation. Then -a.6 only depends on the value of -rr- and the profile parameter 6 or z. 

Henc'i the integration w.r.t. z in Eq. (25) can be performed once fov all independently of (R.)   or the 

pressure distribution for different values of n-, A similar result holds for the integration w.r.t. I 

upstream of separation. 

The inviscid instability for different values of 6 is shown in figs. 11a and lib. Values of 10 /(-a.6)dz 

are shown in fig. 12 for different values of jr-  together with the envelope giving the maximum value 1 of 

the integral as a function of z. Hence the maximum amplification factor a follows from (25) in the form: 

., iVse^ 
o ■ 10 M B.m (26) 
s        sep 

Values of z and I for reversed flows may also be found in table 2. According to previous experience with 

the transition prediction method it may be expected that transition will occur in practice as soon as the 

c&lculated value of a   exceeds u critical value which is of the order of 10. Assuming a critical value of 

a (see the last lines of section 8) the transition position may be found as follows. From the known values 

of (Ra).eD> 
m.eD> 

B ond th* critical value of o we find from Eq. (26) the value of I at which transition 

will occur. Then table 2 gives the corresponding value cf «»a « m  ; then Eq. (24) determines the distance 
sep 

between the separation and transition points. A further simplification results when l(z) is replaced by the 

approximation (see fig. 13): lm ^^ (27) 

Eq. (27) completely neglects the amplification upstream of separation but is rather accurate for large values 

of s. Combining Eqs. (26), (27) and (24) it follows that the position of transition x  follows from: 

x -x „  a 2 108 B ai    237 a 2 B m ."pffi. •  ME-    • !5E (28) 
"sep    650^ (R9)gep    ^Vsep 

Using as mean values B-17.5; m  -0.10 and o -14.4 (see section 8) w« find: sep        a 

sep     ö sep 

Equation (29) should only be used instead of (26) for rough calculations; it should be noted that the 

approximation (27) leads to the unrealistic result that according to Eq. (29) the bubble will only disappear 

at infinite Reynolds numbers. 
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7. POSSIBLE METHODS  TO PREDICT BURSTING OF THE BUBBLE. 

A nuaber of methods may be used to predict whether reattachment ox the shear layer will occur downstream of 

transition. A few of these methods will be briefly citscribed in this section; some experimental checks will 

be given in section 8. 

In ref. 6 Crabtree observed that there seems tr be a maximum limit to the pressure riso which a reattaching 

turbulent shear layer may overcome.  From a number of experiments he deduced  that the pressure coefficient 

o - 1 -  (^-)2 (30) 
sep 

is nearly constant for short bubbles about to burst; the constant value he suggested was 0.35. Since it 

seems better to correlate different  experimental results on the pressure rise between transition and re- 

attachment we will use a slightly different coefficient a      defined by: 

acr. 1- (JL-)2 " (31) 
tr 

If Eq.   (30) or (31)  is to be used to predict whether reattachment will occur,  the value of U    at the 

possible reattachment point has to be known.   In a first approximation this may be taken from the pressure 

distribution which would occur without  the bubble being present at the position x    ,   (the "inviscid 

pressure distribution"). 

In ref.  26 Horton gave a method to predict whether and where reattachment may occur.  This method is based 
a     JIT 

on the simple criterion that  (■; J-)     " constant ■ -.0082  for all reattaching turbulent shear layers. 

A simple criterion for bursting was found to be provided by Stratford's zero skin friction limiting pressure 

distribution, (ref. 27). This is the adverse pressure distribution which a turbulent boundary layer can just 

negotiate without separation. This limiting pressure distribution curve, starting at the measured transition 

point T (fig. 1) can at low Reynoldsnumber fail to cross the "inviscid pressure distribution curve". This 

means that the requested pressure rise is more than the Stratford pressure recovery can provide and hence 

bursting occurs. For our experimental results on the Wortmann airfoil (section 8) this gave a very good pre- 

diction of  the bursting Reynoldsnumber. 

8. SOME EXPERIMENTAL RESULTS. 

Two series of experiments were performed.  The first one was on the FX 66-S-196-VI Wortmann airfoil at an 

angle of attack of 1 degree in a small  400 x U00 mm windtunnel. The chordlength of the airfoil was 360 mm. 

The second investigation concerned a 400 mi dia.  circular cylinder with a tail  (to suppress a fluctuating 

wake)  in the large 1810 x 1250 mm low turbulence windtunnel  (model configuration c,  ref.  21). 

Fig.   1A shows some of the pressure distributions for the airfoil at different  Reynoldsnumbers, bursting 

occurs between R -.118 and  .099 u 10  .  An extensive series of flow pictures,   similar  to that shown in fig.  9, 

was made using the special camera described in ref. 21. Fig.   15 shows a plot of tan(Y)vs.(R )       ;  the region 

of  (Rg)        at which bursting occurs  is  indicated in the figure.  It follows Chat before and after bursting 

B lies always between 15 and 20. 

Caster's pressure gradient parameter P is shown in the lower half of fig.  16  for the closed bubbles. 

Extrapolation of this curve to the first value of (Rfl)        measured after bursting would give a point beyond 

Casters bursting line.  It follows that -.185<P<-. 120 so that Worlmann's relation (Eq.  17) would give 

7.7<B<11.8 which is not in agreement with fig.   15. 

The upper half of fig.   16 shows the pressure recovery coefficient between transition and reattachment.  It 

follows that the maximum value of a      which is obtained just prior to bursting  (0.36)  is in good agreement 

with Crabtree's suggested maximum of 0.35. 

Figs.   17 and 18 show the pressure distributions  in the region of the bubble for the highest and lowest 

Reynoldsnumber at which a closed bubble was observed. The curve labelled B«15  is  the result of a calculation 

using the method discussed in section 5 with a straight separation streamline.   Results for a linear variation 

of g and/or B-20 are only slightly different.  It is seen that  the best fit  is obtained at the highest 

Reynoldsnumber; results for 6 intermediate values of R    shou a gradual change  from the results shown in fig. 

17  to those of fig.   18.  The curves  labelled "Horton" indicate the locus of possible reattachment points ac- 

cording to Horton's method. Where this  curve crosses the "inviscid pressure distribution" indicated by a 

dotted curve, a closed bubble is obtained.  It follows that Horton's method indicated bursting already in 

fig.   18.  Results for the intermediate Reynoldsnumbers show that bursting is  indicated too early by this 

method.  It is possible that a modification of the constants in Horton's method would lead to a better result; 

ihis has not been attempted however.  The curves  labelled Stratford indicate Stratfords limiting pressure 
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distribution starting from the measured transition point.  It follows from fig.   18 that according to this 

method the bubble is about to burst at R -.118 % 10 ;  this is in agreement with experimental observation. 

The  length of the laminar part of the bubble is shown in fig.  19 as a function of R . The broken curve 

indicates the predicted length for a -12.5 and B-1S using the method of section 6 where I(z) is taken from 

table 2. 

Results similar to those for the Wortmann airfoil have been obtained for the cylindrical model.  In this case 

only closed bubbles have been measured on the cylindrical part. Pig.  20 shows the  length of the laminar part 

of the bubble;  included in Che figure are calculated curves for B-15 and 20, using the value a -12.5 which 

was found to correlate well the measurements for the airfoil at B-15.  It follows that in general the bubble 

is longer on the cylinder than on the airfoil. From some further calculations, the results of which are not 

shown in the figures,  it follows that for a mean value B-17.5 the value of 0    is about 11.7 for the airfoil 

and 14.4 for the cylinder. 

Figure 21 shows a comparison of both series of results in the form of -s— vs.   (R„)        where Ax is the length 
v ü sep 

of  the laminar part of the bubble and C - 6      .  Besides the measured points some calculated curves are 
s<»p r 

shown together with an empirical correlation curve which was given by Vincent de Paul in ref. 28. It follows 

that  the different measurements do not correlate very well so that some other parameter should be of impor- 

tance. An important difference between our own two series of measurements  is that they have been obtained  in 

two different windtunnels. The airfoil was  tested in a small tunnel where the noise level,  the amount of 

vibration and possibly the free stream turbulence intensity are much higher than in the large low turbulence 

tunnel.  The large tunnel was very quiet at the low speeds used, while at these low speeds the turbulence 

level  is of the order of  .02Z.  To check whether the noise in the small tunnel could have caused earlier 

transition, the noise at different speeds was recorded on a tape recorder and reproduced in front of an open 

window in the test section of  the  large tunnel. This had a marked effect on transition; the length of the 

separated region decreased by about  1 degree at high speeds and by about 3 degrees at the lowest speed. The 
Ax corresponding decrease in —^ ranged from 35 to 30; the value of a    which correlates  the measurements at 
0 a 

B-17.5 decreased from 14.4 for the quiet situation to 13.1 with the noise, (see also fig. 21). 

In a further experiment the cylindrical model was subjected to tones recorded from an electronic organ; it 

proved possible to obtain the same reductions of the distance to transition if only at each speed the proper 

frequency was used. These frequencies correlated rather well with the dangerous frequencies which can be 

obtained from fig. 12. Of course there may be other variables like longitudinal surface curvature, mechanical 

vibrations, free stream turbulence level, etc. which have to be taken into account. 

For the time being it is suggested that transition in the bubble can be calculated for "quiet" flows using 

Eq. (26) and table 2 (section 6) with mean values B-17.5; a -14.4; m  -0.10. a sep 
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TABLES 

ß I m H L 
yu-0 

8  9 
- li 
m 

-.198838 0 .06815 4.029 .8218 .667 0 0 
-.18 -.0545 .05601 5.529 .7343 .667 2.917 2.920 
-.10 -.0545 .01503 12.625 .3308 .678 10.665 10.000 
-.05 -.0258 .00283 28.096 .1190 .698 25.748 27.350 
-.025 -.0106 .00051 59.821 .0418 .721 56.478 62.353 

Table 1: Some results for reversed flow solutions of Eq. (13) 

6 '■«"Vp I 

-.198838 0 127 
-.198 .042 145 
-.197 .061 154 
-.195 .088 167 
-.190 .134 190 
-.180 .199 225 
-.160 .307 285 
-.150 .360 315 
-.140 .420 348 
-.120 .556 422 
-.100 .682 483 
-.075 1.107 659 
-.050 1.864 883 
-.025 4.249 1331 

Table 2; z and I as a function 
B for reversed flows. 
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Fig.  2:  t,(m)  for some special exact solutions 
of  the boundary   1 lyer equations. 

Fig.   1:   Schematic diagram of flow field and 
pressure distribution in a laminar 
separation bubble. 

Fig.   3:  H(m)  for  some  special   exact 
solutions  of  the boundary 
layer equations. 
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Fig.  4:  L(m)   for »oat special exact solution« 
of the boundary layer equations. 

1.00 

Fig. 5; Urn), Him)  and L(m) in normalised form 
for some special exact solutions of the 
boundary layer equations (m>0). 
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Fig. 6; Some results of the present method for 
the potential flow pressure distribut- 
ion for a circulsr cylinder U'sin (x) 
compared to the results according to 
Terrill (ref. 12) and Curle/Skan 
(ref. 10). 

«fig. 7: U (uppercurve) and t,  (lower curves) for 
the Wortmann airfoil; Rc-.638 x 10

6, 
a-10. 
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change in l(x). Wortmann airfoil: b»7 23- ana Stewartson s solutions of the 
RC-.638 M 106; a-l°; for x<45J same u" ' Falkner-Skan equation. 
and £ as in fig. 7. 

One of the smoke pictures obtained for the Wort-iann airfnii ^ 
comparison with Eq. (8). airfoil and 
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Fig. 14: Some of the measured pressure distribut- 
ions for ihe Wortmann airfoil (for 
R ^ .099 x 106 the bubble bursts). 
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Fig. 19: Length of the laminar part of the sepa- 
tion bubble on the Wrrrmann airfoil. 
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Fig.   20:  Length of the laminar part 
of the separation bubble 
on the circular cylinder 
with  tail. 
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bidlanslaoMls, 1M trois problteei fondMratauz 
qul qppaniMMt Ion d« I'taulyM tspMaratal* 
Utaillte d'uM MM dteaU4a i dfoollMmt, 
rMdllMMt, cMflmg» aant suooesaivMWt abordtfa 
da MDlkra k Mttra «n ^rldanoa 1M prlndpauz 
tmctimm d'influaoc« qui rigLaemt oeo phAioaAnaa 
•t ddpandaat da la natura mibaoniqua, tranaaonlqua 
on aiqwnMnlqua da I'dooolaaMt. 

Vtm xvrrua raplda dM a^thodM da pr^rlaloc aotval- 
loant diapooihlas taralne oat axpoa^. 

TOHBraarp TW-MJESSIOHAL SEPIRATION 

- ABSTRACT - 

Tha «natal features of Mparated turbulent flow 
raglona ara daflrad and In particular a diaouaaion 
1« aada on tha physical reality of strictly two- 
dlaanaional turbulent flowa. 

The thrM fundaaantal problems which occur in the 
detailed «xperiaental analysis of a separated zone, 
i.a I aaparation, raattaofanent and coupling, are 
oonaiderad auooMslvaly and tha aain factors of 
influenoa «hioh rule these phenomena accürdicg to 
tha subeonio-tranaonio-aupersoolc nature of the 
flow are prearatad» 

tMtly, a rapid review of the methods of prediction 
currently available la aada. 

■OTiTIOm. 

b i dpaiaaeur du bulbe da d<colleoent. 

Cf i ooaffiolant da frottwant parietal. 

C/t i " praaaion. 

Cf i ■ d<bit g<n<rali84. 

Fc i fonotion oorreotrloe de parol. 

J i        * da correlation pour le 
dtaolleaent libre. 

h i hauteur d'une esoroiaaanoe da paroi. 

H t rapport d'tfpaiaaaura (H - S*/2'*). 

HIM I paraaktre da foraa inoonpraaaible. 

hi I    -   i/HiM 

4, i quantitd da aouveaent injaottfe. 

L i longueur de diveloppeaant du anlange et 
dohelle oaraettfriatiqua du dtaollaaent. 

I I longueur de adlange et <tendue du domain« 
d* interaction. 

M t noabre de Naoh. 

M^i t " k la paroi. 

f t preaaion. 

<f>      i Talaur effioaoe de la fluctuation da 
preaaion. 
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preaaion au dioollaaent. 

preaaion au racollement. 

noabre da praaaion da Buaaaann. 

d<bit Msalqua inject« dans I'eau aorta 
at praaaion dynaaique. 

diatanca k 1'az« an tfooulraent de 
rivolution at rayon da courbure d'une ligne 
de courant. 

nombra da Reynolds. 

tavperatur« da paroi. 

temperatura de frottoment. 

" reference. 

coapoaanta longitudinale da la vitease 
aoyenn«. 

fluctuation de viteaae. 

Titaaaa k la frontikro de la aous-oouoha 
Halt«. 

Titeasa k la frontikre de la «one 
diaaipativa. 

: aodulo du vecteur vitease. 

i abaciaa«. 

i abaciaaa de l'origine fictive du melange 

: " "de 1'interaction. 

i longueur du bulbe de-jolie. 

i ordonnee. 

t inclinaison de lb paroi. 

i angle da la ramp«. 

t epaiaaeur da la couche diasipative. 

: " deplacement. 

t " quantite de mouvement. 

t " la sous couche llmite. 

» valeura ie Si 5*   et J* * k l'origine 
da 1'interaction. 

i fonction de dissipation. 

i allongeaent du bulbe decollf?. 

i frottement turbulent apparent. 

s masse specifique. 

i paramfetre de melange turbulent. 

i angle de rtoollenent. 

: direction du vecteur Vitesse. 

- INTHOmiCTlOH - 

L'interit qui est porte su d4oollement d'une couche 
limlte turbulente peut gtre motive soit par des 
considerations utilitalres liees k la reduction des 
perfomanoas que oette oirconstance peut entrainer, 
soit encore, d'un point de vue plus fondamental 
par la recherche dM phenomknas qui caracterisent 
1M eooulements s^parea. 
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0*8 deux points de TUB S« rejolgnent d'aiUours 
lorsque le conatruotour prond conscience qua pour 
Doitrlaer lee problJsns» de döoolleoont, il Mt 
n^oeosedre d'entreprendre dee experiences de bail« 
pemettant de pröciser oes pht-nombnes et de ddfinlr 
lea faoteurs qui conditlonnent 1'apparition et le 
d^veloppement des zones döoolltas. 

Cent dans cette parspeotlve quo noua noua 
efforoerons da plaoer oat «zpoa^ en aettimt 
1'accent non aeulennnt sur lea r^aultata de oea 
reoherchea nals (Sgalement sur lea diffioultäs de 
nature ezperlnentale renoont^f«. 

L'lntärftt dea experiences de qua3.itd ne noua parait 
pas ooaproola mala renforoä par le d^relopptnent 
recent et trie rapide dea Q^thodea da oaloul 
nia^rlquaa. L'avinement d'ordlnateura puiaaanta, 
aasurant une reduction considerable dea tempa da 
calcul eat k l'origlne da oe deraloppoaent, la 
resolution daa equations oonvenablement modeilaees 
du oouvesient turbulent etant actuellement 4 notro 
portee dans la cas bldlnanslonnal« Cette ddmarohe 
ne peut ftre menäe & blec qua par une cooperation 
^troite entre le calcul at l'esperlenoe le role de 
cette dernifere etant de fourntr, par une analyse 
fine, des Doyens de contrOlä :rhs detalliea an 
rtae temps qua les Informatlota neoasaalres k la 
niso en oeuvre du calcul, notament an oe qui 
ccnoarne la structure da la turbulanoa et aa 
model laatlon. 

1 - CüRAC7ER£S OENERAUX DBS ZONES ISOQLLE'BS 

TURBULENTES PSEDDO-BIDIKCNSICNIJEUES - 

1,1 - Eooulementa bidlmensionnela t real it e ou 

fiction ? 

L'exlatenoe physique da tels eooulementa eat loin 
d'itre confirmees dans da nombrausas oiroonstancas, 
auaal blen par 1'analyse da la structure intime 
dea phenos&nea disslpatlfs qua par l'exaun des 
effets reaultarts de la neoeasaira limitation 
tracsTersale de 1' eooulement en soufflerle, 

Dana le cas d'un montage interessant toute la 
largeur de la veins d'essai   et soumis aans 
precautions particulieres k 1'influence des couches 
limitea se ddveloppant sur les parols lateralea 
de cette vclne, des effets tridimensionnels marques 
apptraiasent conme le montrent les excmplcs 
suivants i 

Le premier emprunte h Green conceme 1'etude de 
1'interaction couche limite - onde de choc [l]. 

La vliualisation parietole met en evidence, dans 
le cas de decollements etendus, une structure 
tridlmensionnelle complexe dont 1' interpretation 
extroite de [l] est donnoe figure 1, On observe 
une ligne de recollemcnt  tres incurvee associde 
h. deux tuurblllons adpards par uno distance dgsle 
aux 2/3 environ de l'envergure du montage. 

Una observation analogue eat presentee par Rad* et 
Murphy [2], qui ont da surorolt montre qua I'appa^ 
rltion at le d^raloppemant Initial d'una zona 
deoollt^e, sous I'effet d'un choc Incident d'inten- 
site orolsaante, eat un phdnomfene da nature typl- 
queoant tridlmensionnelle, malgre la preaanoa d'un 
eooulement raisonnablemant uniforme en aoont da la 
reflexion tant en oe qui conceme l'öpniaseur qi'a 
le profll da vltesae moyenne da la couche limite. 
Cas oftnea auteura, ont tsnte da mlnlnlser oaa 
effets par une diminution importonte de l'epalsseur 
das couches 11mltes lateralea, an amenageant uns 
fausse paroi, mlnoe, ddgagde da la couche limite 
naturelle, dont le bord etait si tue & une distance 
faible du dooaine dtudie mala süffisante pour quo 
soient etablles das couches limites turbulentes* 

Les rösultats obtonus ont 6t6 deoavants, lea 
effets tridlnenalonnels demeurant extrtnement 
loportants [3]. 

La second exemple cholai concer.je le recoil ement 
turbulent d'un eooulement incompressible en oral 
d'une marche descendante [4], Dana oe cas, la 
ligne de separation eat geoäetriquemnnt flxee at 
1*eooulement eat bidimenslonnel k I'extdrieur das 
couches limites laterales. 

Le recollement se produit sur une paroi d'incllnal- 
son 4  variable, en presence d'un eooulement 
gendral aoceiere ( i>-0) ou ralenti ( * <0). 

On observe une variatioc aensible en envergure da 
1'etendue longitudinale Xa du bulba decolle, 
apdcialement pour lea valours negatives de <*   , 
lorsque 1' allongement   Xr b/Xnede oe bulbe 
diminue (fig. 2). 

I'gr». (J. dpcol lernen t 

Fig.   1       Interaction couche limite 
Visualisation pariitale ICreen). 

onde de choc 

Fig. 2 - Iniluenct de I'allongement sur I'uniformiti transversal» 
du recollement 

L'dcart aaaciaiJ AX(J/XRO enregistre peut atteindre 
30 5« pour un allangemant    A de l'ordre da 3 at 
dans la cas la plus defavorable ( oc > - 7°). 

Blen qua 1' incurvation da la ligne da recollement 
ddcroisse rapidement lorsque X davient trta faible, 
cette olroonatanoe ne oonstltua plus un critfere 
süffisant da valldlte. Lea rdsultats obtemus dans 
ca cas sent trfeo diffdronta da oeux qui aont enra- 
gistres lorsque    X   est important, speolalement en 
ce qui conoeme 1'evolution longitudlnala des 
presslons dans 1'axe da montage t l'interdt de 
realiaer des configurations de zones ddcolieea da 
grand allongement apparalt id de facon trfes olaira. 

Cea diffdrents exeoiples n'ont pas etd donnes dans 
1'intention da nler l'exlatenoe de zones deeolieas 
k caractfere essentiell ement bldlmenslonnal mals 
d'attlrer I'attention sur la ndetasltd d'un exanan 
trfes approfondl des conditions d'essals. 

Parmi les remfedes proposes pour diminuer les effete 
dus k la limitp.cion transversale de 1'eooulement, 
nous slgnalerons le oontrAle dea couches limites 
latdrales, en partlculier par aspiration, qui 
conduit k des rdsultats apectaoulairea [31J. 

Toutefois la mdthodo probablement la plus satisfal- 
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•art« «at o«U« <j«l ooMlat« k «(tudltr dM ooBfl#i- 
nttlona «dfdU'iqv— pour IwquollM It diatnot 
k l'a» ft  Mt trtt gnoim imrmt 1'ip^Mmr 

i"   4M OOUOlMa MMUtiM. 

C'Mt Mtt« voi« qul • 4t4 notiMwnt «ploHt par 
BMU» [5 - 6], Bogdonoff [?] «t ROM [6]. 

L'naljrM dftalllfe da tallM oonfifuntlana M 
fait PM apparaitra d'affata trldlMnaiocmala 
Kirqvüb malogiiM k oaux qua noua mam prdawtde, 
I'taifomitd tranavanala tont biao iMpaotda. 
OapMdnt, allMa daoa 1M OM 1M plva favorablM, 
U a'M daar-ra PM aoiaa, d'un point da vua trta 
rnmlMantal. qua dM affata trldiMnaloanala plua 
aubtila aziatMt dana 1M «onM dteolldM. 

C'Mt M qua MBtra par «xaapla la TlaualiMtlon 
parUtalf au Toiaiaaca d'uM ligo» majmm da 
rtonllMit affaetu4a par BMU» [6], vlanallMtlan 
qui Mt an ^ridonoe (fig. 3) «a atiuotur« fine at 
p^rlodiqu* da natura tridimnaionnalla. 

Fig. 3 - ViMlimion ptrHtth d»nt un rtcolhrnent 
turbuhnt txitymitriqu*. 

Sana pour autant mnettra an oauN ? '«dstenoe d'un 
aohfaa bidioMisionnel moym, una Hia..jraa d^tailKa 
da OM pbdnoatoM tant aur la plan thteriqua 
qu'expdrÜMntal parait souhaitabla. 

1.2 - OgwgtteM iaatfctionnairM propiaa aux 
«OMa d4ooll<aB - 

La aaoond point qua noua abordaroM naintanant 
oonoana 1M aapacta InatatlonnairM lida k la 
fonatlon da IOBM turbulantM dtfooUtea« loua 
azoluaroM toutafola 1M prohltooo apdoiflquM du 
ddeolltMnt inatatioBuilra* 

Oanx affata paurant an groe Itre dtftaotda t 

a) d'una part oaur qui ddooulant da la natura 
turbulMta dM oouehM dlaaipatlTM | 

b) d'autra part oouz qui paurant ttre attrlbuAi am 
inatabilitda axlstant au niraau du döodUeaent et 
du reoollMant at au oouplaga qu'allM entralnant 
par auita da l'^troita ddpendanM da oes deui 

Ham la OM oh I'doouleawpt Mt aubaonique 
l'analyM affaotu<a par Mabajr [9J panet da iMfinlr 
l'laportanM da OM affata k partir d'un arMan 
dAallld dM fluotuatlona dM preMionB paridtalM« 

Sna tow IM OM tralt^a qui ooufrent UM granda 
läriiti da oonfigurationa, l'^rolutlon longitudi- 
nal» ja niraau dM fluotuatlona <f>^ prdaante UM 

al^üra triangulalra oaraottfriatlqua dont la aooMt 
äd4 altud aanaib] tat au niraau du raoollaant 
(««. 4). 

Catta intanait< Mxtaala tfvolua «wo la oonfigura» 
tion itndida | alia M sit-ia an noTaana antra 0,04 
at 0,06 at attaint UM valaui aoxiMla trke ixpor- 
taata da l'ordra da 0,1 dans la OM du dteollaMnt 

Fig. 4 - Fkietutthm d* pnulon dmt un dtcolktment 
mibtoniqu» (Usbtyl. 

an aaant d'una aarcha. 0s raMvquara qua Mtta 
ooofiguration Mt partloulier* dna la naeura oü 
alia ooaporta un oonplaM da daw bulbM da dfool- 
laMnt ToialM (fi«. 13) K •?>/<» !••*   4tant aitutf 

tt la naturallaoant au raialnaga du raooll< 
plua atral* 

L'analyaa du apaotro au raialnege du reoollaaost 
präaanta l'allura Indiqu^e figure 5 arao un narlii 
faiblaaant aarqutf at UM bände aaoas large« oa 
■aruaoa oorraapondant k l'affat da oouplag» aouli^ii 

b) 

Flg. 5 - Sptctn dm fluctuitiom d» pmtion tu 
ncollumnt IhUbty). 

Lau r^eultata prdMntda daaa [9] Mttant ^galooert 
an IrldenM UM tnfluauM trka fälble du nonbra da 
Naob. 

D«M la OM d'un ddoollaMnt da eulot. IM 
pbdneatoaa obaarrfa aont oaraotdriade par un 
niraau da fluctuation dlertf, aupirieur aus pr^oö- 
dentSf et par l'axistenoa d'una frdquanM privild- 
gi<e 114a ä la fonation da groaaea atiuoturaa 
turbulantea BMOOKM i l'lnatablllt< du aillaga. 

La natura fondaaentaleaont inatationnaire da oaa 
oonf iguratiow Mt alora un dM aapaota aasantiala 
du döeollonant, Klle oondnlt notMMot k dM Talaura 
ooyennM da la preaalon da oulot trka diffirantaa 
dana la OM d'un obataole aysrftriqM, loraqua oaa 
inatabillt^a ont M aupprladaa an ■atdrialiaant 
la plan de syn^trie per UM plaqua (flg. 6). 

Loraaua l'<ooulaMnt Mt auneraooldua la rlauallaa- 
tion aptique ooMtltue un noyan tr*a puiaaant 
d'analcraa et da oontrflla da la atabillt< dea dtfool- 
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Fig. 6 -  Tratn4t dt culot «n tubsonique - 
InfluttKt du conditions dt ncolkment. 

leneata, an partlouller l'enreglstrennt cindmato- 
«raphique. Lee obeerrationa en temps ttkc bref 
(flg. 7c) wttent elairement en bvideoce la structure 
tourblllonnalr« et le oaraet&re instationaaire des 
couches dlssipatlves turbulentes dont on perjoit les 
röperousslons par 1* analyse des preaalons inotanta- 
nöea [lO - 1l]. 

0 - lor#rffrogromm» 

b . SinoKopw continue 11 • 0.02 s I 

m 

Btroiteaent asscrKa h. oea fluctuations et lea 
sntretenant se produlsent des d^plaoeotents dea 
lignes moyennee de separation et de recolleoent 
qui ont iti onalyste notonent par Holden [lO] 
& partir de meswes du frottenent paridtal. Oea 
d^plaoenenta peuvont atteindre des amplitudes de 
l'ordre da S'/i . 

En reranohe, la description de l'^eoulensnt qu'offre 
l'obeervation pendant un tenpa plus Ion« (0,02r-;) 
est oelle d'un phdnombne permanent en noyerinw dans 
la plupart des cas et reproductible (fig« 7* •* b)« 
Ce double caract^re est signJfioatif de deux type« 
de ddmarche qui doivent 8tre ötroitement aaaoei^es 
sur le plan expörimental i d'une park l'analyse 
dötoill^e de la structure du eh; -.p moyen, d'autre 
part celle de la turbulence et de ses effets. 

1.3 - Piff brents types de d^collement - 

L'exaaen dea aspects instationnaires nous a pennis 
de distinguer parmi les zones d^collöes i 

- oellos qui sont organisäes sous la forme d'un 
bulbe aocole & une poroi sur laquelle se situe 
le point de döcolloment et de reoollement, 

- oelles qui a'ötabllssent h l'eztränit^ d'un 
corps et sont formöes par la confluence de deux 
nappes de courant dlstinctes qui aprfes avoir quit- 
tö la paroi le long d'une ligne de separation se 
rejoignent en avul du bord de fuite. 

Salon une conception quelque peu idäalis^e, le 
bulbe apparait coane un domaine fermd, au sein 
duquel I'^coulement moyen s'organlse autour d'un 
tourbillon principal, loa points de separation et 
de reoollement qui le liaitent 6iaiit fiiia ou libres 
conme le montrent les ezemples de la figure  9 • 

(a) 0 

(b) 

DetR Fixes 

0   Fixe 

R 'libre' 

$>!»&%■■ 

c . Stnoicop»  «loir   i r . 1 (is i 
( comrrwtniu» par 11 DONALDSON I 

Fig. 7 -  Visualisations du recollement turbulent en 
aval d'une march». 

Le niveau moyen des fluctuations observ4es est de 
l'ordre de<-p>/9 ^ 0,-fOdans la region de recolle- 

ment coane le montre la figure 8 extraite de [to]. 

(c) DefR'libres" 

Fig. 9 - Exemples de dicollement turbulent. 

«Ico 

ion« u» r«cotl«mtnr 

0.1 
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0,01 - ^/lont d» d»colltm«nl 

0 001 • Co«^)       " Hold»" 
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Fig. 8 - Intensity des fluctuations de pression dans 
une /one dicollie supersonique (Holden). 

Fig.  10 - Schimatisation de la confluence en aval d'un culot. 
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Far oontr«, 1« oonfliMnoa da dauz tfooulManta an 
giaini difffeanta ne paut ttre imagiafa an rtfgiaa 
■uppoai etatlonnalr» qua aalon la aohtea z«pr4aant< 
figura 10. Deux fooaa tourbllloanairaa da raoirou- 
latlon appanlaaant, oontribuant k I'itabliaaaaent 
d'un prooaaaua paxaanant d'fehanoa turbulant antra 
las daux faoulaaanta. Toutafoia, ocm» noun I'arana 
TU, la atabillM d'un tal aohdu aat hautoaant 
iiaprobabla at axpllqua la ntfoaaalttf daa fluotuatlooa 
da oa bulba d<ooll<, 

D'aatra part, noua dlatlaguarooa afao Bradahaw [12] 
3 typas de parturbatlona induitaa par la dtfoolleaant, 
aalon qua la bulba I 

a) aat noji au sain da la couoha llmlta t o'ast la 
oaa par aza^la d'una axerolasanoa da parol dont 
la hautaur h    aat trka patlta danrant ^  | oat 
aapaet partloullar na aara paa anriss^ dans 
notra expoatf ; 

b) poasMa una axtansion longltudinala da qualquas 
jpalsaauia f  , 

o) attaint das dlaansiona grandaa davant S     , 

A oatta daaslficat^n oorraapondant daa affata du 
noabre da Baynolds Hf trka diff^renta. Lnortanta 
pour daa oonflcurationa tallaa qua a) at b), oas 
affets painant ttre aanalblaaant r^duits dans la 
eaa c), la dtoloppaaant k la frontier» du dteolla- 
■ant d'una oouoha da aAanga sur una tftandua L/S »1 
(ftant pratiquaaant indtfpandant da ft j   . 

Caa prpprl<t<Ss sont TalaUas qualla qua aoit la 
configuratioB du dtfoollaaant. Loraqua laa points 

P    at   R    oa sont pas tix4e (fig. 90), oaa 
la plus frtfquMnant ranoontr^, la solution d'un 
probltea da dieoHatant ntfoaasite laur looalisation, 
oaci nous oonduira tout naturalleaent k axaminar 
an praaiar lieu sur la plan da la connaiaaanoa 
aetuslla daa phänoafcnas phyaiques, laa 3 probliaea 
fondaasntaux qui sont assooi^a k oatta ddmarchai 

- foxaation du (MooUanant, 

- conditions da raoolloaant, 

t at probliaaa da oouplaga d^ooll 
raodlaant. 

Aprte quoi noua tantarons da draaaar la bilan daa 
progrka rfalis^a dans la doaaina daa a^thodas da 
provision* 

Kalaau prtfalabla. «rant da olora oatta zwrua gtfnö- 
rala, noua allons prootfdar k una Valuation rapida 
taut daa aoyana dont noua dispoaona aetuallaaant 
pour I'tftuda aiptfrloantala daa sonaa d<oolI<aet 
qua daa diffloolt^a specifiquaa da oaa probltaaa. 

1.4 - inalyaa a«p<rlaantala daa wnaa d<ooll<aa - 

Una analyaa ditallltfa da la atructura daa sonaa 
d<ooll<aa aat randua partioullkraoant dlffioila 
par I'axtrtaa suaoaptibilit< da oa type d'Asoula- 
aant via fc viM daa obataolaa qua oonatituaot laa 
aondea d'azploration aatMallaa. 

UM alteration aanalbla da la fozaa at da I'ftandua 
d'un dtfoollaaant paut Itra onraglatr<a, au ooura 
du diplaoaatnt tranavaraal d'un pitot par «xaqpla, 
oondulsant k um *roä.ution oontinua daa aaauraa, 
aals k una daaorlptlon arrootfa daa phfaoakiaa. 
Kn aaoond llau, la prdaanoa d'un oouraat da ratour 
ntaaaaita una adaptation daa aondas usuallaa k daa 
Tariatlona uli'lfcainmt iaportantas at npidaa da 
1'lnolinalsoB du Taotaur vltaaaa aoyanna V   . 

Enfln, I'axlatanoa da fluotuatlona da vltaaaa du 
■tea ordra da grandaur qua V local paut ttra una 
aouroa d'amura iaportantas pour la fil oljaud 
not Mm ait. 

Toutaa oaa raisona aipllquant qua las aspdrlanoaa 
oooportant una aaalyaa flaa da la structure da tola 
doaainaa aont ralatiwaunt pau noabrauaaa at parfois 
aujattaa k oaution. 

Pour auiaootar an partla oaa difficult<a on aat 
conduit k una ainiaturiaatlon daa iastruaenta da 
aaaura qui na panaet paa toutafoia da dlalnuar 
I'enooabraaant local au-daasous d'un certain aauil 
dont I'ordra da grandeur aat   ^ 'v 1 aa pour laa 
sondaa k fil ohaud at una tfpalaaaur d'anvlron 
0,15 aa pour laa aondea Pitot aplatiea. 

Una auslysa precise at dtftalllöa daa couches 
diaaipattraa ntfoaaaita daa diaensions transrersalaa 
da oaa oouohaa slgnlficatiTeaant grandee davant oas 
ralaura, oa qui axdut pratiquaaant daa aesais 
effeotuÄs k trop fälble tfohalla. 

Haurauaaaant, la rAooiaatria laaar outre una voia 
d'analysa noüfalla partioulikraaant bian adaptäa 
k oatta oat^orla da probliaae, oar alia peraat 
d'affaotuar l«s aaaures da ritaaaa, en grandaur at 
direction, saai parturbar la phrfnoakna et da dtffinir, 
an outre, laa ; irlxtcipalae oaracttfriatiquea da la 
turbulenoa. 

Laa raoharohea aotualleaent an ooura [13 - 14 - 
15 - 16] oonduiaant k daa r&ultats sztrteeaant 
proaettaura oooaa le aontra par axa^pla la figure 11. 

MzO 

77 777777 ' 

Fig.  11 - Antlym d» Heouhmtnl Inconvrmibh dtru 
um ctvitt ptr »nimomttrh lamr. 

Faxai laa aoyana da aaaura axen^ts d'intaraotion da 
Support, il faut Agalaaent ■antioonar I'inteifdro- 
aötria dont 1'utiliaation paut a'artfrer tr&s pr4- 
ciausa pour 1'ftuds das dtfoolleasnts bidlasnsionnala 
an transsonlqua at siqiersonlqua* 

Relativaaant pau «tiliafe Jusqu'k prtaent, en 
raiaon da eon ooftt at de eaa difficult da d'exploi- 
tation, oette tacbnlqua a fait I'objat dapuie p«u 
d'un regain d'lntArtt, ooaaa la aontrent laa traraux 
r^oanta amquala alia fut aasoaiia [17 - 16 ]. 

Vn daa anrantagaa da I'lnterf^roarftrie eat da pouvoir 
figar, an ua aaul olieM at au altoe instant, I'an- 
eaable daa infozaationa paxaattaat d'analyser la 
atruotura d'un dtfooUaaent at d'aaaociar son 
«rolution k oalla da l'<eoulaaant ezt<riaur. Bi 
oomtre partia oatta tacbniqua da aaaure qui na 
pemet paa d'aooMar direotaaant auz Titaaaea na 
paut noteanant Itra utlliarfa pour laa faiblaa 
raleura da oalla oi« 

2 » PRQBLENBS SPBCIPHPBS KI XEOOUAEHir - 

2*1 - Apparition da d<o>Jlewaiit an <ooul<aept 

aubaonlqua - 

2.1.1 - Rous axaatnerons oa probliaa dana la oaa 
ffo^ral oü la dtfoollaaant aat provoqurf par un 
gradient da praaaion poaitif l^ortnt qui 
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entralne un« dwtabilisation pXua ou molna rapid« 
d* la oouotw liaite et la formation d'un courant 
de retour, «^pparaissant lorsque le frotteoent 
parietal s'annule. 

Coaae nous I'avons ddji indiqu^, le prooassua da 
d^collement, r&r&i par un trop petit nombre d'ex- 
pörlencea detaillöes, preaente un oaroct&re inata- 
tionnalre sis en Evidence notansent par Kline [20j 
et Sandborn [2t], 

Ces etudes ont montrö qu'll existe une region dont 
I'^tendue est de l'ordre de (T   , assuront la 
transition entre un >5tat de couchc liaite non a6- 
parde et oelui de decollenent etabli. L'origine 
de la separation oscille largement en fonction du 
tempa daim ce domaine conmo le montre la figure 12 
extraite de L2']« si ^  repreaente la fraction du 
teoipa d'obaenration  T   correspor.dant h un dücol- 
lement etabli, la position moyenne du decollement 
eat ici döfinie par la condition que Z/T soit 
dgnl & 50 J'J. En general, la localisation experi- 
mentale du point moyen de separation pourra 
dependre largement de la nu'thode utilinee (sesure 
du frottement, visualisation parietale, Bondages, 
etc«».)« 

.   *.. 0,65 
o   'f - 0.50 
■        -0,17 
«            0 
•         + 0,17 Y 

00 

0,01 0.02 003 

riy.   U - Fluctuation de ta frontiire du courant 
de retour en incompressible. 

Un second aspect important de ce problemc est la 
graule diversito des situations qui apparaissent 
au TOisinaga du decollenent (D) et se traduisent 
notansent par des variations sensibles de la forme 
du prof 11 da Vitesse en D. 

Cast ainsi que le paramitre de forma H = &*/£' 
ivolue entre 1,8 et plus de 3 tandis que le coupor- 
temant da 1' dooulement au voisinage da la paroi tend 
k a'Scarter das lois usuelles. 

Pans ces conditions, le concept de couche limit« 
d'^quilibre au voisinage du döcolloment ne peut 
Stre en general envisage. En fait l'etat da la 
couoba dissipative en D rerolte d« son hlstoira 
antdrieure et des influences diverses qu'elle a 
subies, panai lesquelles cells du gradient de 
pression eat la plus marquee. 

Pourtant on ne saurait minimiser d'autres factcurs 
dont I'actlon sur les circonstances du decollement 
a une grande importance et qui n'ont regu que 
dopuis peu I'attention qu'lls aerltent. 

£n premier lieu nous Signale rons les effete de 
courbure, soit de la paroi, soit plus gdneralement 
des lignes de courant moyennes de 1'eooulement 
dlasipatif au voisinage du döcollement. 

k titro d'exemple, la visualisation du decollement 
turbulent obtonue au tunnel hydrodyncmique de 
I'OMiA, k I'aids d'un ressaut est instructive 
(fig. 15). 

Fig.  13 -  Visualisation du decollement incompressible 

provoqui par une marche. 

Cette configuration particuliere met en evidence 
deux ddoollements successifs, le premier situe en 
amont du rescaut, le neoonr) se iöveloppant sur la 
paroi supt-rieure de le marche, innddiatemont en 
aval de I'arSte. 

Le cliche (l3a) pr-sente une vi:;ualisation par 
bulle d'aiT du dücollement leminairc obtonu k 
faible Reynolds, frdsijit apparaltre une influence 
amont tres marquee et une evolution reguliere et 
progressive de la frontifere du domcine de recircu- 
lation. 

Dans le cas oü la couche limite est turbulente 
(lib), l'dtendue de la zone decolleo est beaucoup 
plus rcduite, ce qiii entralne une forte courbure 
des lignes de courant moyennes, au voisinage de 
la süparation (ü), imagte sur le cliche (13c) per 
une Injection parietale pratiquee imaediatement en 
amont de D, 

Cette evolution, spccialement brutale dans le cas 
considere, existe toutefois dons la plupart des 
configurations dc decollement ötendu et s'accompagne 
de forts gradients de pression transversnux« 

Le second effet speciflque des factcurs de courbure 
concerne 1* Evolution de la structure turbulente des 
couches dlssipatlves qui y sout soumises (Bradshaw 
[22], Mathleu [23], Michel [24]). 

A titre d'exemple, nous avons represente figure 14 
un resultat de Michel et al • [24], concemant 
Involution des couches liaiteo a l'approche du 
decolleuent dans le cas des essais effectues par 
Schubauer et KLebancff [25], qui met clairement en 
evidence 1'importance de la prise en compte des 
faoteurs de courbure« 
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Fig.  14 - Prise en compte des facteun de courbure. 

Dans la muthode utiliae« par Michel, le frottement 
turbulent apparent 'St est erprimd, h. l'aide du 
concept de longueur de melange, selon im expression 
aodifioe pour tenir compte de cea facteura s 

Zt "(If)' 
rt  dtant une fonotion correctrice enpirique 

döner'iant du pcraiiietre JtAS., ou   R   est le rayon 

le courbure i'ur.i ligne de courant de refurence 
(paroi en,-T?.ii;Eue de l'effet de döplacement) et 
M. la vityj-e locale dais la couche limite. 

La turbiuence de l'ücoulonent extarieur. agit 
i'ffalecont de faoon significative  cur la position 
du decollcnent, comae 1c nontre I'ezenple suivant  : 

- la figure 15 donne I1 evolution en fonction de la 
distance lon^ituulnale » , dec grandeurs C^ et H , 
mesuroec au cours d'experiences effectuees par 
.'üchel et al. i.26], pour deux rdveaux de la 
turbulence exterioure ■Sti-'' '/-"• = 0,3 /j    (configu- 

ration Bf) et ^*i" /■*■  =  5 i- (confieuration Bt), 

sur une plaque plane souoioe a. un mSme gradient 
de pression positif intense. 

Grtll* tf, turbutenc* 
ChOffibf* d »xptrwtc* 
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Fig.  15a - £ffet de turbulence extirieure 
Conditions d'esai. 

Alors que dans le premier cas { Bi , turbulence 
faible) la couche liaite & l'extrümitd du domaine 
de mesure ( ^ = 450 an) est dans une situation 
voisine du d^collement ( Cr trfes faible, pexametre 
de fonnc de l'ordre de 2,2), dans le second ( Bt , 
intensity de turbulence elev^e)   H   deneure prati- 
quement constant (   H f  1,6) ; l'^volutiou du Cr 
n'est que lentement döeroissante, la valeur obtenue 
en    x:   = 450 ran etant de l'ordre de 1,2.10-? 
e'est-fa-dire loin des conditions de separation. 

H    2.5 

1,5 

lO'Cf    2 

"^ 
•-^. 

f 

—.          • Ba 

1 

Bi 

— 

x 
0 

0 

200 300 400 500 

Fig.  ISb - Effet de turbulence extirieure - Mwltett 

Des nlveaux de turbulence extirieure aussi impor- 
tants sont loin d'etre irr^allstes ; ils se ren- 
contrent par exemple dans lea roues de turbomachines 
mais egalement lors de 1'eooulement autour d'une 
alle a volets multiples, lorsque I'un d'euk. est 
soumis & l'effet du sillage de 1'Element dispose en 
ajnont. 

2.1.2 - Prevision du ddcollenent par les methodes 

dassiquea - 

Avant d'aborder le probj-ene du calcul complet d'une 
zone decollee il est interessant d'examinor dans 
quelle mecure les müthodes de calcul classiques des 
couches limites permettent de localiser le decolle- 
oent, 1'evolution des pressionr. sur le contour do 
1'obstacle etant supposee connue, a partir de 
1*experience par exemple. 

D'une fagon gensrale nous inclueruns dons ces 
methodes les criteres de decolloment plus ou moins 
empiriques ce qui pormet de les classer en deux 
catdgorios t 

- d'une part celles qui requierent une solution 
detaillde des equations de la ccaohe limite 
obtenue soit par resolution numerique (methodes 
de differences finies) soit ä l'aide de techniques 
integrales ; 

- d'autre part des methodes plus simples basoes sur 
1'exiatenoe d'une relation caract&ristique du 
decollement, les grandeurs intcrrenant dans cette 
relation ne ndcessitant pas en general un calcul 
complet de couche limite. Un exemple typique est 
le critfere de Stratford [27, 28] qui, pour un 
dcoulement incompressible est düfini par la 
relation suivante : 

Cf(*   ^.f [10-* Ü *)*'=<>,,> 

ou 3C est la distance comptee a. partir du maximum 
de vitense. Rn fait, il ne necessite pour Ätre 
appliqud que la cormaissance de la loi C ^ ( »J 
et peut 6tre etendu au cas d'dcoulements corapres- 
sibles [29]. 

One etude critique assez complete des performances 
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de ees diverses möthodea a dtö effectuee par 
Ceböci et ai. [28] an öcoulement inoompreaslbld. 

2© röferant h des experiences existantes oü la 
distribution de pression ainci que In position du 
point de dicollement h ^talent connues, le calcul 
de D a öte effectu^ an utiliaant trois ndthodae 
typiques, asaez repräsentatives des moyens da 
Provision courants, sans dtre ceperdant   les plus 
raffine«'- t 

- la methode de Cebeci et Smith (ßlfferences finies) 

- la methods de Heod (methode intigrale) 

- le cxltfere de Stratford. 

Sur les examples trait&a qui ccnprennent une grande 
varidtä de configurations (profiln d'alles, cylindre 
circulaire, cylindre elliptique), cea trois mdthodes 
conduisent & un recoupement asaez satiofalsant avec 
1'experience, le oeilleur resultat ätant foumi par 
IG methode de Cebdcl et Smith. 

A titre inJicatlf la figure 16 exlraite de [19] 
represente une statistique effeotuee par ces demicrs 
suteurs portont sur £7 configurations, oomparant la 
prevision et 1*experience, l'erreur mpyenne sur la 
position du d^collement etant egale ä 7,16 fi. 

100 ^^ 10'* ( «pinmwrfol i 
V 

Fig.   IS - Priviuon du dicollement incompressible 

(Cebeci et Smith). 

Une si fälble dispersion pourralt a priori paraltre 
etonnanto compte tenu des Incertitudes inevitables 
llees h la localisation expcrimentale du point de 
separation comae k In mlse en place precise de la 
transition lominaire turbulent. 

Elle est l'indice tout d'abord de la flability 
remarquable de la methode de calcul, mais auaai 
d'une Interpretation Intelligente des distributions 
de vitesse au voisinage du point de separation dans 
les cas difflciles. 

Une analyse de mSme nature, etendus au cas d'öoou- 
leoents subsoniques compressibles a ete effeotuee 
par Cerhart et al. [30]. 

Huit mtSthodes de calcul ont 6t6 teatöes en prcnant 
ccnme röfdrence les resultats expdrimentauz obtenus 
par Alber et al. [31 ] ; par consequent oette 
comparaison porte sur un nombre d'essais limites 
appartenant k une aSae configuration expcrimentale» 

Un exanen superficiel des rosultats conduit & des 
conclusions assez deoevontes, aucuns des methodes de 
calcul de oouche lioite ne peroettant une prdviaion 
reells du decollcment. Far contre le critere de 
Stratford döfinit an point de separation assez 
proche de 1'experience. 

Toutefois, une Interpretation roisotmee des resul- 
tats de calculs de oouche linlte pennet d'etablir 
une estimation qui dans certains oas, ooone le 
montre la figure 17 peut 8tre considered conne 
satisfoisante, la mdthode proposee par Bradshaw 
et Ferris fournissant le meilleur resultat d'ensem- 
ble. 

2Xp 
ClOJai) 

. Sh-otford 

.  Brcjdshow tt Ferris 
« oulres methodes 

l*» ■ 
/ 

Q7 X 
■ /   11 

Qö 
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•         / 

Q5 /' 

K 

H 

0,4 . 

2Xp 
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(CHpäranc.) 
0,3 Q« QS 06 07 

Fig.  17 - Frivision du dicollement en subsonique compressible. 

Ces dem exenples ont ete donnea k dessein pour 
illustrer deux tendances plutdt contradictoires 
qui refletent la situation actuelle. 

Si la prevision du deoollement dans la plupart des 
cas "classiquea" est correctement effectuöe par 
les methodes de calcul de oouche linlte les plus 
elaborces, 11 n'en deneure pas mcins certelns oas 
rebelies qui neoessitent soit une Interpretation 
"raisonnable" des rCsultats ou des donneea, soit 
la prise en compte des factours d'influence evoquCs 
precedemment (courbure, turbulprice exterleuro ...)• 

II convient egalement de noter qu'une prevision 
convenable de la position du decollement n'entraine 
pas ndcessairement un calcul precis d'autres eiäaents 
tels que fact eure de forme,  epaisseurs caracterlstl- 
ques etc.. 

Cette carence est specialement ressentie lorsqu'une 
evolution realists des presslons autour de 1'obstacle 
ne peut 8tre obtenue k partir d'un calcul de fluide 
parfait, sans tenir compte du couplage entre le 
developpeoent des couches dissipatives et celui de 
l'ecoulement eitcriour. 

2.2 - Formation du decollement en ecouleinent 

supersonique - 

2.2.1 - Phenomfenes generaux - 

Nous n'examinerons ici que lea configurations de 
decollement se produisant sur une paroi continue. 
Un des caracteres essentiell de telles configura- 
tions reside dans le passage eztrdaenect brutal sur 
une etendue dont l'ordre de grandeur est comparable 
k l'epaisseur ^ de la oouche limite amont, d'une 
situation definie par un profil de vitesse du type 
plaque plane per exenple k celle d'un eeoulement 
deoolle avec courant de retour, ce phenomfene brutal 
s'acoompagnant d'une onde de choc intense prenant 
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nalssance au sain de la couch« diaalpative lorsque 
le noabre de Nach est Important et se propageant 
dans I'^coulement eiterieur. 

L'analyse exptirinentale dötnilli^e de ce processue 
faite notaansnt par Delery et al. [>4j et Rose [J5] 
net en Evidence qu'au coiira de cette compression 
brusque le r&e joud per la viacoaitS et la tension 
de Reynoldo devient nägligeable dans la majeure 
Partie de la couche limitfe, confirmont ainai de 
noaibrcuaes conctatations ant^rieures ooncenuait les 
phönomenes d'intaractiöh rapide [6 - 32 - 33]« Les 
principdes observations effectuces su couro de ces 
analyses sont donnees sur les figures 18 h 21 
eitraites de [%]• 

Dans l'expäfierice priSsent^e ioi, I'^coulemont amont 
non perturb^ eai. plan et uniforme, de nombre de 
Mach  Meo= 1,92. 

Les neaures ont comportd un releve soißne de la 
pression parietnle ainsi que des explorations 
d^taillees de la couche dioEipative. l>e cnlcul 
de l'ecoulement suppose non vxaiueux dans la 
zone suporsoniquo a etc effcotud par la mdthode 
des caracteriatiquea rotationnollea. Ce calcul part 
d'une distribution initiale ddduite d'un sondere 
de la coucrie liaite en amont de 1'interaction. La 
progression se fait^ensuite vers I1aval en affiohant 
sur la frontiers    S      (courbe iso-JIach ä H = 1,05) 
la repartition dec presr.i(.ii: mesurees ä la paroi 
corrigde ai becoin eat d'un effet ds non uniformitd 
r'-;siduel dsms la sous-couche    'V^-J. Conne le 
montr« la figure IG, ce calcul prüdit aveo ime trfes 
bonne precision la position de l'iso-ilach K a 1,05 
experimentnle, sur une distance depassiait  5 fois 
l'dpaisseur initiale de la couche linito. 

g^M d^/ptom'ion 

1   ^.--"^ isomoch 

ö SOJS couche 

30 40 50 oO 70 

Fig.   18 - Concept ue double couche - Structure du champ superso- 
mifue iupposi non v/iqueux Irisultati ONERA). 

Z'.IT la figure 19 sont tracoos les repartitions 
transversales de pression statique qui font appa- 
raltre une forte variation de -^»('jf) jusqu'a In 
station   ^c  = 45 nun, voisine du ddcolloaont. 

L1 Evolution eziierinentale des profile de Vitesse 
moyenne est repr'nentec fipires 20 et 21, tile 
met en evidence tout d'abord la oonne prevision 
du cnanp superconique de;; couches dlsoipativos par 
lis equations d'Euler (fig« 20) et ronaeigne 
ensuito sur le comportcment de I'deoulement entre 
la frontifere   'S   et lt. paroi (fig. 21). 

La Vitesse M. constantc sur   f   a dte utilisee pour 
nonnaliaer cette evolution sous fönte de profils 
reduits   JU/JL i $(y/f)* Or. observe une tres 

rapide destauilisation de ces profils bien reprü- 
aentes par une loi en puissance  ui/Ji = l^/f)^* 

I'exposant   fv    ten^cnt vers 1 eu decolloment. 

Fig.   19 - Concept de double couche - Ripartitions transver- 

sales de pression dans un dicollement ä M    — 1,92. 
"0 

10 

M... 1.92 

Ist     SGr,-.^-* M'.105  I1,5"" 
t  '   l^1 >■ ''       '—i-* ''■ ..Mi" 

rrwfhodr dii anxlrrtttiqjei rotahonn*ll*» 
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Fig. 20 - Concept de double couche - Profils de vitesse 

dans un dicollement lONFRAj. 

0      q5 

Fig. 21 - Concept de double couche 
souscouche Irisultats ONERA). 

0 

Profils de vitesse dans 
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Noiu; feronu 2 reanrii.ias I 

- le oholx de la frontiäre J* a (He impoae ici 
par la o«5thocLc d« calcul retonue (ra^thoüe dos 
caracterlstiques). La aeulo signification physi- 
que apparedasant a posteriori est quo J"  suparo 
grosso BCO la couche dissipatlve en deux regions 
dans lesquellea l'i^roliition .p^)est diffdrente» 
'p(y) etant senaiblaoont constant pour ^^-S 

et övoluant par oontre forteoent lorsque y ? S" i 

- J n'assure done pas neoesaaireaent la separa- 
tion entre un daaciiie extcrieur oü 1'Evolution 
des pressions et dos vltesses est rdgie par un 
conportenant essentiellenient non visqueuz et un 
doiaaine procite de la porol ou sont concentres lee 
effets liäs & la viscosity et & la turbulence. 

l>e möcanisme du döcollemont turbulent supcrsoniqiie 
appu-alt au vu de ces ezpi.:riencee coome le r^sultat 
du oouplage qui s'etablit entro ces deux dooainea. 
L'op^dssisseniont rapide de la couche visqueuse 
voisine de la paroi entralne une deviation jjnportun- 
te de l'fccouleoent rotationnel exterieur de nature 
assent loll ement cupersor.ique, indulsont ainsi des 
gradients de prea-ior. inportanta qui ont pour effet 
d'entretenir la destabilisation de la couche 
poridtale. Les perturbations airu::'. crüöea sont 
troneniaes h I'fScoulement exterieur, h. traven; la 
couche rotationnelle sous fome d'onden convergenteo 
focalisant rapidement pour civer une ende de choc. 

Cette procoiure d'auto-induction evidente k I'ezonen 
de la figui« 22 permet d'expliquer un certain nombre 
de reeultats et notanacnt le concept d'interaction 
libra proposif par Chapman [37] dans le cas de ddcol- 
leaents etendue. 

- I'indice 1 oaractdrise l'origine de 1'interaction, 

- M  reprdsento le nombre de Mach qui existerait 
k 1'abscisse "x , en 1'absence de ddcollonent, 

- P est le nombre de pression local de Busenann, 
IT 

- J   est une fonction oiapirlque universelle ne 
ddpendant que de l'abocisse rdduite(»-»«V/, 

t dtant l'dtendue du domaine d'interaction 
Jusqu'au point de sdparatian. 

La ddtenainatlon d»   J   a dtd faite par le regrou- 
pement d*experiences diversen, couvrant un assez 
large domaine de nombre de 1-Iach conne le montre 
la figure 25, mais correspondant en general k des 
valours moddrces de Ö?j . 
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fig. 22 - RHIexion d'un choc - Evolution des pressions dam It 
domaine d'interaction. 

2.2.2 - Correlation des preaoions dans le domaine 

da ddcollenent ; critercs de decollement - 

C'eat k portir de ce concept, bien vdrifid par 
1'ezpdrience, qu'a dtd tentde 11 y a pres de 20 aas, 
la promifepo ddnarche aboutlssant k la formulation 
d'un critere da decollement dans le oas d'un dcou- 
lement uBifonae en amont du domaine d'interaction 
(Chapman - 37). Ces iddes ont dtd reprisea tout 
d'abord par 3rdos et Pallone [38] puis par Carrifere 
[39 - 40] qui les a gendralisdes et dtendues nu caa 
ou le ddcollement se produit dans un dcoulement 
nan uniforme. 

Cette formulation conduit k reprdsenter la loi 
d'dvolution de prescions dans le domaine d'interac- 
tion par 1* expression suivante t 

(1)     ±Z - -P*       Hi) - P(H)   .   f  I oc-x«) 
9. Cr, \~J—j 

dans laquelle > 

march» 
nttroction choc coucf« hmMv 

1 2 3 

Fig. 23 - Definition exptrimentale de la fonction   9". 

Pour cette gcjsme de valeurs nS » lea dcarcs sur 
C r t sont malgrd tout suffisaanent importants 
pour justifiei' une ddpendance de l'dvolution des 
pressions via-A-vla du nombre de Reynolds. 

A partir de la fonction J  , il est possible de 
ddfinir la prescion au point de ddcollement qui 
oorrecpond k une valeur de ^"   = 4,22 et la 
pression dite de plateau qui est spdeifique d'un 
decolleiaent dtendu et Isobare. Cette condition 
n'est pas toujours assurde, ce qui justifle une 
dispersion plus grt-Jide des points expdrinentaux 
en aval du point de separation. 

On remarquera : 

- tout d'abord que cetie cor. Nation qui regroupe 
des resultats d'originos trös diverses (decolle- 
ment devant une marche ou un coin, interaction 
choc couche limite, ddcolleaent dons une tuyere 
au point fixe etc..) est une Justification 
dvidente du concept d'interaction libre dont la 
valldite eat asnurde Jusqu'au decollement. 

- quo la relation (l) fait npparaltre un effet du 
nombre de Reynolds ßf0 de la couche limite en 
Xi, par I'intermediaire du coefficient de frot- 
tementCf, . 

Une remise en cause de ce dernier rdsultat   est 
apparue lorsque des easoia effectuds k des valeurs 
de R St   beaucoup plus importantos ont dtd disponi- 
bles ( Hi,~#- 106). Pour cet ensemble de mesures 
on observe une quasi inddpendance vis-a-vis du 
nombre de Reynolds du saut de pression caractdrl- 
sant, soit le ddcollement ["(^»-^j/ftj, soit le 

plateau dans le cas de ddcolleisenta dtendus et 
isobares [(^s^-^),;/^J . Lorsque 1'dcoulement est 
uniforme en amont de 1'interaction, ce qui eet le 
cas de la plupart des rdsultats disponibles, le 
seul paranetre rdglssant l'dvolution de ces gran- 
deurs est alors le nombre de Mach M^, Ifa exemple 
typique (extrait de[5]) des variatione te (?,-&]/■$, 
en fonction de M] est donnd figur« 24. 
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Sur cell«-cl sont regroup^ta IM aesures faitea 
par Roshko [5] aur um configuration au typ« raupe 
•t l«a oourbas ffloysnnea d^flniea k partir d'eipo- 
rianoes eolltctöas par Zulantaki [42] et World [Ai] 
mir la ddooll«aant derant une oaroti«, la recoup*- 
ment de 1'ensemble dtont aasez satlsfoiaant. 

WERLE 

2UK05KI 

K 

Fig. 24 - evolution awe le nombn de Mach du saut de 

"ressjon au plateau. 

Cos reaultata ne remettent yea en cause un certain 
caraotfere d'universalitB et d'inddpendance vis-A- 
vis du nonbre de Mach qua presento l'dvolution 
das presslons et qui apparait, conme l'a fflontrif 
Zukowski [42], par le cholz des variables rdduites 
suivantes 1 

f--Pl /(^f7J 
qui n'eat autpe qu'une certeine normalisation de 
la fonetion T    % en effet 1 

?>-&     f. 
Four concilier oea dt   : series de rdsultats 
contradictoirea on doit admettre qu'aui falbles 
valours do R f4 , l'övolution des pressions dans 
le dooaine 1'interaction peut ^tre reprdeentöe 
par la relation (l) oe qui entraine loraque {% Si 
augBsnte une dderoisaanoe fälble de la pression de 
plateau, par eiempl^ qui cease das que aont attein- 
tes las rileurs correapondact aujc rdaultats de la 
figure 24. 

Los limitations que l'on peut trouver ä la validite 
des cri*feres de ddcollement ne concement pas 
seulooenf 1'Influence du nonbre de Reynolds, mais 
surtout le domaine d'application envinageable. 
Ce doaalne est restraint; tout d'ab^rrt iu cas de 
ddoollementa dte.idus et isobares coridirlsant & une 
pression de plateau bien deftnie, Cnsuite, la 
plupart des rdsultats disponibles    ont dtd obtenus 
dans le cas d'dcoulements amont udformea ou modd- 
r&sant accdldrd-, ja teile sorte qie le profil des 
Titaases de la -ouche lifflite h l'oiiglne de 
1'interaction tat toujours   rös v:l: in d'une 
configuration du type plaque plann. 

LoTsqu'il n'en eat plus ainai, par ezemple dans la 
cas d'une compression continue suffisannent impor- 
tnnte, rn peut s'attendre coopte tenu du mdcanisme 
de fertnation du ddcollement, h un effet sensible 
de la forme du profil de? vitesses en amont de 
1'interaction, susceptible de remettre en cause la 
gendrolitd des lots presentees. 

2,2.3 - froblfemaa spdcifiques du ddcollement en 

^coulement hypersonique, effets 

tiiermlquea - 

Nous ezaminerons maintenant brlevoadnt 1'incidence 
aur le ddcollement dea effets thermiquea, opeciole- 
ment importants dans le domaine hypersonique oii 
l'dtude des phönomfenes de forte interaction 

visqueuae pour une coucho limits turbulente a fait 
l'objet de röoentes contributions [44 - 45 - 46 - 
47]. 

Pour de tels dooulements on observe deux particula- 
ritds typiques 1 

- tout d'abord la pdndtration profonde du choc,lid 
au deoollement, au sein da la couche rotationnelle, 
[ 44 ]       qui ast une conedquence naturelle d'un 
nombre de Mach extdrleur dlevd, 

- ensuite 1'importance accrue des effets vioqueux 
au Toiainage de la paroi. 

En oe qui oonoeme 1'Evolution des pressions au 
voisinage du decollemcnt, une large variation du 
rapport TV/TV" de la temperature do paroi & la 
temperature da frottement n'entraine que des effets 
negligeables coone le montre la figure 25 extraite 
de [43] 

M_.9.?3 

»-TrT%*G- 

0.<9 

P 

5i   -6 -5 .« .3 2 .1 

Fig. 25 - Fffet de la (empirature de paroi sur revolution 

des pressions au dicollement. 

Flu« <l»chol»ur(t.cl») 
Flu» dr cholKr(P.O) 

^i      -12 

Fig. 26 - Distribution du flux de chaleur dans un dicollement. 
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Fig, 27 - Correlation entre les plateaux de flux de chaleur 
et de pression. 
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L'örolution doa flux da chal«ur dans une zoiw 
d^oollö« turbulente präsente un aspect oaraot^rls- 
tlque tr*o different d« oslui qui est obaerve dana 
le cos lamlnftire et qui no traduit par un eccrols- 
saoent du flut dana Xe doaaln« d1 interaction voisin 
du iltScaUenont auivl d'un plateau trfes tnarquö dana 
la zone döoollöe (fig. 26). 

Diverses oorralationa aasociant pression plateau 
•t flux de cbaleur oorraspondont ont 6t6 propos^os. 
A titrs d'oxeaple noua donnoua figure 27 oelle de 
Holden [44]. 

3 - OCHPmONS DB REOCIASMtOT - 

3.1 - Structure du reoolleaent - 

Qua l'toouleaent soit aubsonique ou supersonique, la 
plupart dea r^sultats utliiate pour caractäriaer 
lea conditions de recolleoent provieanent d'ötudea 
effectueea sur une configuration da marohe deacen- 
iante. L'organisation ganäralo de l'dcouleoant 
ffloyen fait apparaltre des caraettaes connuns dana 
lee deux cas. 

L1example de nature aupersoniquo presentö figure 28, 
oü le nomore da Nach aaont est voisin de 2, a 
fait 1'ob Jet d'une analyse expdrimentale trha 
d^talllde par Taguiror. 

Noua nous int^resserona easentiellenent dans oe 
qui cuit aux donainea in, IV, et V qui sont plus 
ap^oifiques das conditions de reoollenent. Tout 
d'abord l^tat Initial du doaalns III est d&Tini 
notaiment par un profil de vitosas dont la fonse 
eat pratiquaoent ind^pendante de celle de la 
couche linite initiale turbulente, loraque   5« 
est faible derant l'dtendue da la zone döooll^o. 

5 

1 

o.e 

0,6 

o.< 

0,2 

0 

""■'" tr"-*  

0     Q2     0.4      0.6     0.6       1 

Fig. 29 - firofilt dt vium darn It rtcompmtion en tmont 
du point dt rtcolltmtnt. 

h qs 

~{-Oj- 

m ^L 

v- 

I/l) 

f 
Fig. 28 - Htcolltment turbulent tn aval d'une marche 
Drfttnnts domtintt de l'icoulement. 

Loraque 1' ^coulement est subooniqu^ lea rösultats 
sont analogues exoept^es les circonatences du 
d<£oolIeaent    (la forte deviation initiale appa- 
raiasant en supersonique par suite de la dätente de 
1'ecoulement extärieur diaparait en aubsonique). 

Nous nous soianea volontaireoent places dans le caa 
d'une couche llmite minoe en D , condition neceaoai- 
re cooBo noua le -varrons pour definir des propri^t^s 
tr&a gi?nörale3 concernant le ph&iomfene du reoollenent 
turbulent. 

Cosmo le Dontro la figure 28, 1'öooulement dissi- 
patif pout 6tre älriei en 5 rdgions. La premifere 
aituöe au voialnage de D correspond au d&sollenent 
de la couche limite. 

Bn aval se döreloppe une zone de n^lango quasi- 
iaobare (ll) qui est suivie Jui)qu'au point de 
reoollefflent R (ill) par la lere partie d'une 
recoopressios continue se poursuivant et s'aehsvant 
en aval de R (v). Parallelenent a'opfero une restruc- 
turation de la couche limite Jusqu'ä un nouvel 
dtat d'dquilibre. 

Au sein de la zone döcollee, dölimitee par I, II, 
III, nous avona distingue le domain« de recircula- 
tion IV ät 1'Interieur duquel reflus le oourant 
alimentant la couche de melange, l'oxistonco d'un 
tourbillon secondairo contrarotatif situd au pied 
de la marche, ne jouant pas un rOle inportort dana 
1'evolution du oourant de retour. 

0     0.2    0.«    0.6     o.e      1     Tf 

Fig. 30 - Correlation dtt profils de vitatm dorn le domaine 
de ncirculttion. 

Dana oe cas, on constate qus les profils de Titesse 
dana les dooainea III, IV, V obdissent a dea 
propridtda de similitude que l'on peut ddfinir 
de la manifere suivante : 

- quasi invariance dea profils rdduits dana le 
domaine III et la partie du domaine IV adjaoente, 
coane le montrent les figures 29 et 30, la couche 
pariettle du oourant de retour ätant de faible 
dpaisseur, 

- «volution typique dans le domaine V (fig. 31), 
faisant apparaltre une restruoturation de la 
couche limite, oaraetdriade par une diminution 
du parametre de forme HMK.  loraque % crolt, 
qui trrduit l'aecdldration progressive de 
1'öcoulement au voisinage de la paroi. 
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Fit- 3t - Profils de vitette dans la ncompression 
in aval du point dt ncollement. 

Des lois aimplea permettert de repröaenter aveo une 
eioellente approximation 1'ensemble de ces proflie 
de Titesse ; en particulier DsSlery et Mirande [36] 
ont d<5fini une faaille & un paramfetre principal 
assurant ooome le oontre la figure 32 une trfes bonne 
representation de 1'experience. Nous renvoyons 
k la rdforence [36] pour l'expreasion dötaill^e de 
cos profils dont la fornulation en aval du recolle- 
□eni. est tres proche de cello de Coles. 

On romnrquera h l'examon de la figure :'i2 que ajtte 
representation n'est valablc que nur l'^tendup 
des domaines III et V et ne saurait convener dans 
le dooalne II et dans la partie de 17 qul lui eet 
adjaoente. 

«0 200 

Fig. 32 - Profils da viieste dans un racollament incompressible 
turbulent. 

Cettc transformation rapide des profils de Titea.'s 
dans le dooalne de reoollement, assooiä« ä la 
presence de gradients da pression longitudinaux 
intsnses a pour oons^quence deux effets importants t 

On constate > 

- tout d'aboM 1'existence de gradients da pression 
normauz signiflcatifo qul sont li^s k la forte 
oourbure des lignes da oourant et entralnant dans 
le cas supersonique In formation d'un choc 

pünötrant plus ou molns, selon le nombre da Kaoh 
extdrieur, au sein dee couches dissipatives | 

- snsuite, ooome I'ont notansent observe Tanl [46] 
et Bradshaw [12], la structure da la turbulence 
Interne subit de profondes modifications entre 
deux ^tato distlncta dont I'un est ddfini par le 
prooessus de o(51ange et l'autre par une configu- 
ration de couche limite pari£tele d'^quilibre 
atteinto loin en aval, ooome le montre la figure 
33. 
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Fig. 33 - Evolution de l'intensiti maximale de turbulence dans 
une zone dtcollte. 

La prise en coopte da oas affets est n&assalra 
lore de 1 ■ Etablissement d'une mäthode da caloul 
precise et les informations dtStaillöes qua nous 
poss&lons sur ces ph^nom&nes notanment an 4ooule- 
ment supersonique sont rares. 

3.2 - Facteurs d'influence du reoollement - 

3,2.1 - Les facteurs suseeptibles d'agir sur les 
conditions de recolleaent ont ete discutes par da 
nonbreux auteurs (on tromrera une revue da oea 
travaux dans [36] at [50]). Dspeuvent Stra olaoods 
en deux categories t 

a) das facteurs intrinseques interrenant au niveau 
du prooessus de nuilange turbulent et modifiant 
la structure de l'dcouleoent qui aborde le 
domains III ; 

b) das facteurs exterieurs agissant sur 1'Etat da 
l'dcouleoent non vlsqueux & la frontiers das 
couches dissipatlves, et notaoment sur la 
relation existant entre la direction locale 
du vecieur Vitesse et la pression. 

3.2.2 - Facteurs intrinafeques - 

Dans cette oatdgorie, interviennent esseotiella- 
ment les effets lids & la ccapressibilitE (Nanbra 
da Knch, temperature et flux thamiqua ate...), 
oe«r qua provoquent un soufflage ou une aspiration 
ä faJhle ddbit et vltesse dans le ddcollensnt at 
enfin la couche limite initiale. 

Tont qua ces effets demeurent moddräs, la forma 
du profil des vltesses au döbut da III eet 
pratiquament inchang^a. 

Hoyennant cette hypothfese, on peut montrer [5l] 
qua I'dtat da I'dooulement sur la ligne da 
courant aboutissant en  ft   (fig. 28) peut Atre 
däfini b I'alda d'un seul parao&tre caraetöristique s 

(2) La s X 

dans cette expression interviennent i 

t£ 
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- l'dpalssmir da quantite de ooutenant tii   k 
I'origimi da la cone Isobara, 

- la d^bit   9    inj«ct<5 dans I'eau mort«, 

- la quantity de nouvacant *■   Introdulte par catte 
Isjeotlon, 

- una tehelle oaractöriatique du döoolleoent L  , 

- l'ötat    C« , -u«   da 1"«Seoulement k l'eitörieur 
du dooalDe II. 

En pai-ticulier la reoonproasion juanu'au point da 
recollenent eat ötroitoment döpendante de Ca   , 
Gn l'absanoe de soufflage (2) s'&rlt i 

oil X* repräsente l'ötendue de la zone döooll^e 
et x, un döcalago de l'oricine di mdlonge d^flni 
dans le cadre du concept d'origine flctlve [50] 
par une relation da la forme t 

c7= 

3C. KSi 

K   itant une fonction du parametre da forms de 
la couebe llnite Initiale [36]. 

Une analyse exp&<iaentale dätaillde effectuee k 
I'OKEKA en ecou].emcnt incompressible plan [49] 
a peiois d'^tablir la loi eopxrlque reliant la 
recoopresslon obtenue en   R    t 

au paramfetre Cf   en I'absenoe d'effets d'injection 
de Baoee dans I'eau morte. 
Cette loi eat represents figure 34. Elle regroupe 
des experiences realiseea pour dee conditions de 
recollenent eztrftsenent diversifides, en prdsence 
li'&oulenents extdrieurs ralentis ou accelörds et 
de couches liaitea initiales d'dpaiaseur variable. 

modification profonde de la structure de l'dcou- 
lenent dlsslpatif k l'eztrdnitö du donaine II de 
la figure 28 (cf, § 1.3). Da oe fait, l'övolution 
ultdrleur» des profile de Titesse n'obdit plus 
aux lois de oonportement simples, ddfinies §3.1 
(fig. 32). En partioulier la valeur de  H    au 
point de recollenent varie fortement (fig. 35) 
de oiat qua les relations de däpendance entre lea 
divers paranitrea de forme. 
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Fig. 35 - Profils de vitetse au recollement - Influence de 
It rouche limite initiale (C L II. 
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Fig. 34 - Saut de pressten au recollement en incompressible. 

On constate que le niveau de recompreasion obtenu 
ne correspond pas k 1'hypothfese gdndralement ^dmise 
d'une reooapression quasi isentropique sur ( ^   ), 
les dcarts dtant dfls aux affets dissipatifs ren- 
oontrds lore du procassus de recompreasion. 

Une loi coaparable n'a pas 6t6 dtablie k notre 
connaissance dans le oas supersonique. Toutefoia 
1'exploitation de quelques expdrienoes effectudea 
a I'ONERi a permis da montrer qua dans le domalne 

M>f , las effete dissipatifs restent faibles 
devant les niveaux de reooapression obtenus, de 
teile sorts qu'ils peuvent fttre ndgügds en premiere 
approximation. 

Loraque la couohe limite epaissit fortement, on 
enregiatre non seulenent une diminution sensible 
de la reooapression en   8    , aais dgal ment une 

3.2.3 - Facteura extdrieura - 

L'influence des facteura extdrieurs (non unifornitd 
de l'dcoulenent, courbure de pare is) en 1* absence 
de discontlnuitds marqud»? telles que des ondes de 
choc, intervient essentiellement au niveau du 
couploge entre le ddveloppament des couches dissi- 
potisreo et celui de l'dcoulemont non visqueux, 
Cette action prdponddrante en oe qui conceme 
l'dvolution des pressionc, n'altfere cependant pas 
la structure des profil's de Vitesse au voisinage du 
recollement, du moins tant que la couche limite 
initiale est mince et tant qua les facteura 
axtdrieurs demeurent noddrds. C'est ee qu'a 
lotanment montrd I'dtude axpdrimentale du reool- 
.Loraent subsonique en prdsence d'un dcoulement 
oxtdrieur acodlere ou ralenti, effectuee par 
lürande [49] 

tin problemo particulier eat celui rencontrd dans 
3e cas du recollement supersonique lorsqua sont 
siaes en Jeu de fortes perturbations en aval du 
lacollement. Ce problfame sera examind § 5. 

3.3 - Lois eapiriquea de recollement en 

suparsonique - 

La plupart des lois de recolloment utilisdea en 
dcoulement supersonique en vue de prddire 
noteonent la pression de culot ont etd dtabliea 
k partir de crltferes eapiriquea plus ou moins 
iiispirds de 1'experience et dont les plus connus 
sent oeux da Chapman - Korst et de Nash ['30], 
Tr&s diffdrente est la ddmarche ddveloppöe k X'OW&K 
depuis 1960 [52], qui eat fondde sur 1'utilisation 
direct« da donndea expdrimentales et repose sur le 
concept da oritfere angulaire de recollement. Celui- 
ci retiont ooome idde de base que ce phcnom&ne 
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•at >nti>WOTt diterminö par l'tJtat ia la oouohe 
dlMlpatlva an fla de la son« ZI (fig„ 28), ftat 
qul peut ttr» oaxaatiriai par IM fi&nenta aulventa i 

- la dlraotlon V da l'tfooulensnt «zt^rlaur non 
Tlaquauz relativ»nent k la parol, 

• 1« Boabre da Nach artörleur Mt, 

- la lol da dlatrlbutlon dM vitaaaM at denaitäa 
dass la couche dlaaipatlva. 

Dans OM oouditlonB at oourpte tenu da M qui a 6t6 
axpMÖ pr^e^daniaant §3.1 at 3*2, la loi angulaira 
raoharehda dolt nacaasaireoent Itre da la fome i 

V =   V{Mi, C,) 
qui a'terltiCf  pouvant gänöraleoent 8tre oonaldlrtS 

un patit paraB&tre : 

y*  y(Mi)   ♦   C< dV («<; 
On aat alnsl aoen^ ä döterminar 2 fonotions t 

y f Mi)    at   &y. (rt^). 

A oat affat, la procedure ouivante a eti adopt^a I 

la fonctlon Vf^va 6t6 d^duite d'un oertain 
r.ombro d'erp^rioncec systematiquea, pour iMquallaa 
lea conditions d'essais ont 6t6 choiäiaa auasi 
v^lsines qua poaaible du caa 1 läol  Cq * O   , oh la 
couche limite initiale eat n^-ligeable, lea oorreo- 
tions dues ma Co residuela ayait toutefois 6t6 
GlTectuees. 

La fonction iV/iC^ est colculde selon la aöthoda 

ddorite en (52) et (36). Los fonctiona V(^i) et 
dy/dCijlrti) ainsi obtenues aont representöes 

figure 36, 

fig. 36 - Critif» tngultin dt ncolltirmnt      Fonctions XU 

0t ^— duit It as dt rtir ( ^z. 1.41 
I    w tn dtgrtt mxtgitimtux). 

On effort da generalisation et d*extension de 
oatta loi pour traitar dee configurations d'obstaolea 
präsentant uns ajwötrle axiale a 6t6 egalenent 
entraprl» [54]. 

La correlation propose« (flg. 37) exprüne dans 1« 
CM ideal non parturbe, l'ecart sur lee angles de 
reoolleoent 

en fonctlon &i paraa^tre   F  definl flgjre 37, qui 
oaracterlsa 1'evolution du ooaffioient la oeianga 

(T" avec la geonetrl« da la frontiöra liobaie. 
COOM la Dontre cette figure, la dispersion rösi- 
duella dM donneas experlaentalM da  V   est 
inferiaura Ji 1°, oe qul correspond dans un dBMdna 
de nofflbre de Mach oompris entre 1,6 «t 6 k un« 
•rrour aaximale sur la prasslon jp* da 1' ordra da 
5*. 

(f.f, 
8 

6 

* 

2 

0 

-2 
Q4 Q6 OjB 1 1.2 

Fig. 37 - Loi tngultin dt rtcolltmenl ginirtlitie. 

Farmi IM methodes derivees du concept de loi 
angul&lre de reoollenent, nous aignalerons oelle 
de Page et al. [53] qui conduit k dM resultats 
voislna. 

3.4 - Flux thermiqusB au voisinage du recollanent - 

L'interÄt que rev#t la prevision des flux de 
chaleur Importanla qui apparaiasent dans la HnnifrW 
de reoollenent d'un eoouleotent superaoniqua deoolie 
se manifeste dans des domaines d'application trka 
divers (tuyferes propulsives k faible debit seoon- 
daire, gouvemes en hypereonique etc.). 

D'une taijaa generale on observe que 1'evolution des 
coaffioients de flux de chaleur suit en gros oelle 
des oourbM de preasion, en particulier dans la do- 
maine hypersonique [44]. Toutefois k das nombres da 
Mach plus modere et dans le caa du deoollement 
et endue, le IMTIMHII de flux de chaleur ae situo 
prfes du reoollemsnt et legkreosnt an oval [55]. La 
correlation propose« par Holden [44] entre IM 
maxima de flux de chaleur et de preasion Mt 
reprösente« figure 38. Elle regroupe un ncnbr» 
important da resultats obtenua dais un large domain« 
de nombre da Mach ooopris entre 2,5 et 13. 

H8me lorsqu'ils sent eieve« ces flux n'ont qu'un« 
faible incidence sur xa distribution des preasions 
dans 1« deaalne da reoollement. 

r*flmion ätthoc 

Fig. 38 - Correlation dti mtximt dt flux dt chtltur tt dt prtttion. 

3.5 - Generalisation dg la notion de reoollement - 

ProblkmM d« ooafluano« - 

LM exeoples analysee Jusqu'k present ooncement 
1« problko« du raoollenent turbulent sur un« 
paroi Bolide. La parente etroite qui reli« M 
phenomkne k oalui de la confluence d« deux ecoule- 
menta ayoetriques a ete obaervee depuls longtemps | 
IM axemplM presentes figure 39 montrent qua la 
preasion d« culot n'eat pM affeote« de fagon 
aenalbl« par la preeenoe d'une plaque materialisant 
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1« plan ä» «ynÄtrie qu'il y alt ou non injaotioo da 
■aase k faibla Titeasa. 
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0 0.02 

b.MMis ON.E.RA 
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lid« it la limitation troiisversale de 1' öcoulement. 
11 o'a^it des azpdrlanoei effeotu^ea par Roahko et 
al. [6], aur une oonfi^uiatlon aatlsymc'triqua dont 
la distance & I'aze eat gronde devant I'dpaioaeur 
da la oouohe limlte (fig. 40) ( d-/is le domains de 
nODbre de Reynolds et de Kaoh sulvant t 

105   < Rs. <   10° 

1,96 <   «<    ^  4,93 

A titre Indloatlf, lea di rtributions des pressions 
mosur^es k la paroi pour dlfförentea valours de ß , 

Mf   et ÄJ"« 6tmt respectlTemunt ägaux k 3,96 
et 30.10", sont prdsenttSeo figure 41« 

A<C107 
R 

Fig- 39 - Rtcolhment air ptroi et recollement air une 
ntpp* fluide. 

Cea rdsultats ont conduit k utlliaer lea lots de 
recollement aur paroi pour traitor lea probl&aaa 
de confluence oAne dona le oaa d'^eoulementa iasua 
de conditions generatrices dlff&entes (fig. 10). 

On reaarquera quc par suite de la ventilation 
naturelle aui s1 organise alr^-s, 1' öcoulement 
erterieur (l) se trouve sur oet ezemple, dans une 
situation de recollement avec aspiration d'un döbit 

9» alore qua l'öcoulament Interne (II) k 1'inverse 
aubira   les effets d'une injection de masse de mftae 
Mbit, 

4 - PHENOHHMES JE 00UPUCE EE00LLEHarr-REC0LLEHEt)T 

EN mAMSSOMiiUi ET SUPERÜONIQOE - 

4.1 - En dfSplt de nombreuses experiences aocumuldes 
depuis 20 ans, dont beaucoup molheureusement 
n'offrent pea toutes les garantiea de pureti dösi- 
rablea pour lea raloona evoqudea § 1.1, lea 
mhaaiMma fondaaentaux qui r^glaaent 1* apparition 
et le döveloppement initial d'une zone dioolli» 
sous 1'lnfluer.ce d'une perturbation d'intensitö 
croissante sont encore inauffiaaament oonnua. En 
particuller lea informations recuellliea sur lea 
effete de trfcs largos variations du noobre de 
Beynolda, prteentent des aapecta oontradletoires, 
qui ne peuvent pas toujours Itre expliquös d'une 
■anlira ratlonnelle. 

Hous analyaeroca douz examples qui nous poroissent 
assez algnlficatifs dee preoccupations actuelleai 

• tout d'obord le problime de la rwqw en 
siflperaonique pour lequel on dispose de noobreux 
rtailtata, 

- ensuite celul da I'interaotlon oouohe llnlte 
turbulente - onde de choc en transaonique. 

4.2 - Problkie de la rampe - 

4.2.1 - Aapecta ginireux - 

Nous noua refererono k dee easals oil I'on na peut 
suapeoter a priori I'exlatenoe d'effeta parasites 

R 

Fig. 40 - Monttge expär'rnent»! iRothko). 

P 
P, 

M,, 3,96      R,,. 30 W* 

• • • • 0-= 25 

, • . 22 

e e • 20 
• • • 19 

ß'^o 

35 

•    • • •   • 
/-- 
/- 

a     a       a    a a • •*•*•*•■"       • -, 
-   '  "        i"V-  *l 1111 1 r       '3 

/  '  .'4' 

10      8        64A2t246t10 

Fig.  41 - Evolution des itreoiont i la ptroi. 

Blies aettent en Evidence troi.s types d'^volution 
bien caraetärlses : 

- le premier correspond k une compression brutale 
et monotone ; 

- le second est marque par la presence d'une triple 
inflexion (de la courbe des presslons) qui est 
I'lndlce d'un decollement A&]k dtabli ; 

enfin le dernier eat specifI'ue d'un decollement 
etendu «ivoc un plateau bien iiefini (dans ce cos 
d'allleuro, l'orlglne du deocllement est situe 
en dehors du domaine analyse). 
On remarquera que la pressior au point d* inflexion 
median  5    , no tend que lentement vere la presslon 
du plateau. Oelle-oi n'eat rcellement attelnte 
que loreque l'orlglne du decoUement est situde 
trfes en amont de la rampe. 
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L'irolution an fonotlon a» ■&   to la. longueur 
d'lnteraction /« ddfini» figure 41 et nonaliate 
par I'^polsseur Si im la oouoha llnite Initiale 
eat donnä« figure 42. 

100 

10 

ai 

fc 

M,.W Rx,.3O10* 

10 20 30 40 

Fig. 42 - Emhition avtc Ji dn ktngutun d'inttnction. 

La forme exponentielle de cette övolutii n ezpllque 
que loraque  J3    attelnt des voleurs elevöes, de 
petlteti Tariations &£ entrainent un accroissenent 
Important de tj$,. 

L'influence du noabre de Reynolds aur 1'dtendue 
du d&olleoent (/,/j;japparait figure 43 ; cette 

grandeur döcroit d'unn maniere d'autsnt plus 
marquee que le noabre de Mach H-«  et 1' angle yd 
sont plus grands« 

0,12 

qoe 

OK 

H^\<* 

22 

20 
19 

6      8    10 20 40        60 
-(R«, 

6      8    10 40        60 

Fig. 43 - Cfftt du nombf» d* RtynokH tut I» tonguiur 
cfinunctkui. 

Cat ensenbie da rfeultata eat parfaltownt oohdnmt 
at explicable h partly dae connalsaanoea aoqulaea 
aur las phfaortnea da däooUeaent at da reoollaoent 
itadliß laolteant. 

Dana le caa da dteoUeaant dtendua \U/ii ■& i) 

et de noabre da Reynolds (a A    aaaez grands, 
1'utlllaatlon daa lola da döcollement at da reool- 
leaent (§ 2 at 3) pennet de justifler lea traits 
asoentlela obaarr^a at notinnant i 

- lea fortes variations que aubit £«/(£ loraque^ 
tend Tore une valeur critique qul eat la liaite 
daa conditions da reoollement roguliireo*. 

- la d^orolaaanoe pluo ou noins rapii.'   da d /ft 
lorsque Of x, au^nenta. 

Lore da l*exploitation da caa essaia, au coura da 
la recherche d'une forme de pröaentation conaode 
pour 1'utllisateur, Roahko et al. ont   obaerrä la 
particularity suivante qui n'eat aasortia d'aucuna 
justification t pour uns yaleur de -6   fiz^e, lea 
longueurs ruduitea d'interaction(fAT« azprloaea an 
fonotlon du coefficient de frotteoent parietal C/*« 
k I'orlglne da 1 • interaction ae regroupent aur un« 
courbe unique independante de M1  (fig. 44). 

V CJ5 1 V» 

Fig. 44 - Influtnct amont - Corrilttion di Rothko. 

Interpretes da cette manifere lea resultats obtenus 
dana d'autren series d'experiencea [7 - 56] na 
conduisant pas k un reooupeaent entikrenent satis- 
falsant. 

D'une fagon generals, lea tendances observes dana 
los easais da Roahko et el. sont aanaiblenant 
v&rifides tant que le nombre de Mach raate aod^r^ 
{ Hi <.5) et pour des valours de RX » aupArleuraa 
k 105. 

Par centre dea resultats aaaez dlff&ranta en oe 
qul concerns I'^volution da A/^Van fonction da 

K x«appjuralasent seit en hyperaonique pour daa 
valeuravij« aaaez elevdes, soit pour oartalna 
easais supersoniquea, notament oeuz de Euahn at 
al., pour lesquels lee valeuis de Sifi ^talent 
comprises entre 10^ et 103. 

La particularity essentielle da caa r&ultata est 
l'inversion de l'effet du Reynolds,f./^croissant 

lorsque  W»« au^aenta. 

Cat effet se manifeste da fason apedaleoect marqu^a 
lorsque h/fi *> 1 et plus partiouliferement au 

voiainage daa conditions d'apparition du dioollement 

» si f   oat I'angLe da dfeollenant (inddpendent 
da A a pour cas valaun_ViJf) la condition 
edamdtrlqua Jds '•H+ V   difinit une valeur 
liaite du reoollement regulier. 

ce,.10, 
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4.2.2 - Dteollemont naleaant - 

U correspond au can llmlte d'una configuration 
aasooiant decolloment et recollement loraque 
l'ötondueL de la zone deeollde tend rere 0, 
e'eat done une des plus oonpliquoes qul soient 
tant du point de vue de la prörision que de la 
definition experiaentale. Oelle-ci est pour le 
ooins trka delicate et depend fortcment de la 
mothode oxperimentalo utilis^e oomrae le nontre 
la figure45  extraite de [57]. 

o *   3   inn»Hion% don» pu) 
b •   Pkii.ou don» ptl0i 
c .Mm liquid» 
d —*  d»doubl*rn*nr du choc 
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20 

1 KUEHN   loi 

1                 \  ROSHKO (b) 

!                        \ 

«.92 _---_- 
3.93- "-' 

1 '\  v " ■3 2,95  

V-4.   2,5 
2 

■**»«■ 

1.95  

hrfrfW' 

_^ ,6. 
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Fig. 45 - Detection du däcollement naissant. 

Leo techniques de detection döreloppöes sont 
eitrönonent variöes i 

- visualisation parictcle par film liquide, 
observations strioscopiques des couches dlssi- 
pativea, dedoublement du choc provoque par la 
ranpe, analyse fine des courbes de preaslon, 
perturbntlon locale (orifice dam), mesure du 
frottement parietal. Chacune d'entrc elles 
conporte pa propre part d'incertitude et dans 
certains cas d'erreur - (film parietal). 

H n'en deoeure pas moins que, malgre cette 
dispersion et mis a part certains resultats 
"douteuz" obtenus ä partir de la technique du 
film liquide, une tendance genörale ae manifeste 
qui oorrobore I'effet d'inversion Signale pröc^- 
derment. 

On observe en effet   (fig. 46), que le nombre 
de Hach H. 4tant fixe, loraque le nombre de Reynolds 
ft Si vane, le döcollement apparalt pour une valeur 
/3 de 1'angle de la rtunpe, qui ddcroit d'abord auz 
f aibles valeurs de Ul Si et croit ensuite lorsque 
ft f f augmente, la limite du domaine d'inversion 

variant de faeon assez sensible avec M1. 

älfstrom a propose une explication de ce phenomfene 
(s*accordant parfaitement avec les considerations 
developpees § 2.2.l) h partir de lanuelle il a pu 
developper une methode de provision du döoollement 
naissant. Jelle-ci est basee sur le concept de 
structure ä doublo couohe de l'ecoulement dissipa- 
tif, une representation tpprochee de cette structure 
etont foumie par la loi de Coles ätondue au eas 

compressible. A partir de cette representation il 
oct aisö d'extrapoler h la parol une vltesse limite 
fictivo et par suite un nombre de Mach Mf • 

Le critere du döcollement naissant est tix6 pour une 
valeur de  yQ   donn<Se par la condition d1 apparition 
d'une solution de dioc fort. 

Come le montrent la figure 46, 1'allure 
dea courbes oaloul^es dans le cas d'^coulements 
adiabatiques et de parole refroidies traduit 
bien 1'Evolution experiaentale et expllque notamment 
les variations en fonction de M1 et deTp/Trdu nombre 

de Reynolds ui JV d&finiasant la frontiiro de I'effet 
d'inversion. 

ECOULEMENT ADIABATIQUE 

ECOULEMENT NON ADIABATIQUE 

10* 105 W* 107 

Fig. 46 - Privision du dicollement naissant par EHstrom. 

4.5 - Interaction couche limite onde de choc en 

trannsonlque - 

4.3.3 - Structure de l'ecoulement - 

Plus generaleoent les phcnom&nes que nous 4tudie- 
rons apparaissent lorsqu'une compression brutale 
aasurant le passage d'un ecoxdement supersonique & 
un öcoulement subsonique, se prodult en presence de 
la couche limite turbulente stabile sur une paroi. 
Cette situation se rencontre sur le profil d'aile 
en ecoulement transsonique mais ögalemect dans les 
grilles d'aubes de turbomachines, les prises d'air, 
les tuyeres etc.... 

La configuration de base, que I'on imagine la plus 
simple est celle do 1'onde choc droite qui a ^te 
analysde en premier lieu par Seddon [5Bj et plus 
receoment par Le Blanc et Goethols [59]. Le petit 
nombre d'experiences detaillees concemant cette 
configuration s*expllque par la trfes grande 
difficulte de rdaliser des ecoulements stables et 
bldimsnsionnels• 

La figure 47 definit les caractferes specifiques 
de ce type d'interaction fournls par I'expdrience 
[58]. 
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Fig. 48 - Infraction choc ■ couch* limit» m tcoul*m*nt 
tnmnniqut ftati$ ONERA). 

Fig. 47 - Inttncrhn couch» limit» 
quni norrmk (d'ipiH Station). 

ond» d» choc M  s 0,7 

e i- 0,07 c 

L« premier et le plua qpparent est la nature 
•ssentiellenant superaoniqus du dtfoolleoent, dont 
le m^canlsme de formation eat en tout point sen- 
blable h celui qui a etc döcrit § 2.2. XL se 
caracterise par la presence d'une onde de choc 
oblique provoquant un accroissement de pression 
ertrSmenent brutal jus-iu'au point de separation ; 
la recoopression se poursuit en aval d'une manifere 
beauooup plus mod^rde, monotone, d'abord jusqu'au 
point de recollemcnt et onsuite au-dalä sur une 
ötendue inportantn, superieure h 50 «5^   , I'ecoule- 
nent etant alors entieremont subsonique. 

Bntie lee points de separation et de recollcment, 
la structure de 1'öcoulemcnt h l'exterieur des 
couches dissipatives präsente un caract&re 
eomplexe qui est lie- k la prusence, tout d'abord 
d'une configuration de choc en X resultant de la 
rencontre du choc oblique de decollemsnt avec le 
choc principal ezt^rleur, ensuite, d'un ctroit 
dooaine faibleoont suporeonique s'etendant Jusqu'au 
point de reoollement. 

Dans le cas du profil d'aile, les phinoabnes observes 
sent de aSme nature, coma? le montre I'exennlc pre- 
sents figure 48 et eztrait de [60]. L' interferogramme 
pris en teinte plate, net bien en Evidence la 
structure dee chocs et la deviation brutale que 
subit l'öcoulement lors du docollement. 
Dana ce cas partioulier l'öcoulement est entierenent 
subsonique h l'oval de la 2hme bronche du X   . 

Un autre aspect caractdristique de oette forme 
d'interaction choc couche lioltc est I'ezlztonce 
d'effete instationnaires marques au voisina^e du 
reoollement qui sent mis en evidence figure   49 par 
une visualisation onbroscopique k faibln tomps 
d'exposition (lyus). Ces effets se repercutent 
directenent sur la zone döcollce, mais aussi peuvent 
affecter la structure des chocs principauz. 

Fig. 49 - Inunction choc ■ couch» limit» *n icoulement 
tnnaonique : »suit ONERA. Visualisttion par strioscopm 
ticliirt It* 1 fi^sl. 

4.3.2 - Influence de la non unifornitd de 

l'öcoulement extörieur et du nonbre de 

Reynolds - Apparition du dfeollement - 

Une discussion trfec complete des phönomfenss lies 
notannent k la presence de gradients de pression 
adverses qui peuvont Itre importants en aval de la 
confieuration de choc a öte effectuöe par Pearoey 
[ 61 ]. On lui doit en particulier use analyse das 
phenomenes d'interf ärenoe entre le ddcollement oeii 
par 1'interaction couche limite onde de etaoo et 
celui qui pout se produire au volsinoge du bord de 
fulte d'une alle sous l'effet de oes gradients. 
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Un excnple typique de oes offets eztrait d'une 
etude de Stanemty [62] ©at pröson ö figure 30. 
11 montre 1'evolution avec le nombre de Mach 
de la position de l'onde de choc et de l'dttjndu« 
des zones döcollJes sur un profll d'aile en 
öcoulomont tranasonique. Lorsque le nombre de 
>ir.oh Hm eugaente, le dcveloppoment rapide des 
d.ji zones decolliSes existent I'une derriore 
l'onde de choc, I'autre au voiainage du bord de 
fuite conduit k la creation d'un dooollemcnt uni :ue 
et etendu, entrainant paasagferemont unc inversion 
du ddplaceoent du choc en fonction de  M •• . 
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Fig.  50 - Exemple d'ivolution du däcollement sur un 
profil d'aile en transsonique. 

Les effets specifiques du noabre de ;'.eynold3 
defini p;ir l'öchclle du profil sont de m&ne niture 
quo oeui rerxontrec en supersoniauo, la diminution 
de l'dpaiaoeur relative de la couohc limite entrai- 
nant lorsque fönest suffisaancnt Oleve une diainu- 
tion de l'eter.üue longitudinale du ddcollement. 

Dans l'dtat actuel des choses nous ne disposonc pas 
de moyons simples pemettant de definir 1'apparition 
du deoollement en fonction des ciroonstances de 
1'eooulonent et de l'dtat de la couche limite 
ianediatefflcnt en amont de 1* interaction, lea procres 
dans ce donalne et ant lids au dcvoloppement de 
methodes de calcul de 1'interaction couche limite 
onde de choc en transsonique« 

5 - HETHODBS DE CiLCUL ISS EC0ULOENTS SEPARES 

ET APPLIQATIOKS - 

5.1 - Qdneralitea - 

ilous terminerons cet expose essentielleiaent consacre 
h. 1'analyse ezperioentale de la structure des 
dcoulcmor.tf; turbulents decolies par une br^ve revue 
des moyens de prevision dont nous disposons, en 
essayant de preciser dans quelle nssure 1'experien- 
ce peut aider a leur ddveloppeoent. 

Les progres rapides enregistrds ces demlöres 
anndes dans Id calcul des phenomfenea de forte 
interaction visqueus? en dcoulement laoinalre 
se aont rdpercutes d'une manifere trts directs 
aur le devoloppenent de ndthodec similairea pour 
troiter le cas turbulent. 

Ilous classerons les moyens de provision en trois 
grandea catdgorlcs qui correspondent h. trois 
ddmarches dif fdrentes sur le plan de la connaissan- 
ce des phdnomenes I 

- les mdthodea globales, 

- les mdthodes ddrivdes des techrdques intdgrales 
de calcul dea couches limites, 

- enfin lea methodes purcsient nundriques utilisant 
dee approchea *i Lype diffdrence finie ou dld- 
nents   finis pour rdsoudre lea equations plus ou 
ooina sioplifides du mouvement moyen ; 

5.2 - Mdthodes globales - 

Ces mdthodes trfeo rapides do mise er oeuvre, sont 
essenticllcment bascot sur 1'applict'ion & un 
nodl'lc de fluids parfait reprdrentan; sohdmatlque- 
ment les fronti&res d'une zone ddcollde et indd- 
temind a priori, des crit&rea de cv'sollement et 
de recollomcnt poraettant de lever cette inddtei^ 
mination. 

Les application.- les plus connues oonoernent les 
calculr, de pre8:;ion de oulot et plua gdndralement 
les problfemes de confluence dcoulemonts inteme- 
exteme traitds d^ns le cadre d'une optiiiiisation 
dea syctemos propulsifo. La qualitd des resultats 
obtenus depend bien entondu largement de la 
validitd des loir ou critbre retenus, le domaine 
d'application dtant en principe restreint au cas 
des couches limites initiales d'dpaisseur moddrde 
(§ 3). Ainsi que le montre la rdf, i%] qui prdsente 
une revue de cec adthodos de tres bons rdsultats 
pemrent 8tre enreciatres, notaament lorsqu'll s'agit 
d'efl'octucr une analyse paroniitrique dans le voiai- 
na^.-e d'un cas eKpdrlnen^il connu. Le faible coflt en 
tempe de calcul cst un deö >-ldme;:ta easentiela du 
cuccen do tel" progrrinaeo. 

On peut dgalemcnt inclui-e dans la mfime categorie 
de nethoucc, celleo qui ont dtd ddveloppdes en 
dcoulcmor.t incompressible pour prdvoir I'effet 
d'un ddoollcDont de bord de fuite sur la portanee 
d'un profil, en ainulaivt le ddcolloment par un 
Ocoulcnent de sources aatisfaisant ä dea conditions 
perticuliere!: ;;ajt points de separation et de conflu- 
ence [6;]. 

L'amelioration de ces diverses mdthodes se poursuit 
dars l'enpoir de traiter avec plus de prdcision un 
nonure de configuration plus etendu, Toutefois les 
: rocres que 1'on peut envlsager \ terme demeurent 
foibles. 

5.; - Mdthodea Integrales - 

5.5.1 - Kcoulement gt^^gw supersonlgue - 

Le principe de base defini dfes 1952 par Crooco et 
Lees repose sur la description de la zone dissipa- 
tive ddcollde au moyen des equations de Frandtl 
rerolues par une technique integrale. La loi de 
pres.ion ou de Vitesse imposde & la frontifere 
n'est plus une donnce mais rdsulte du oouplage 
entre le champ externe et la couche visqueuse. 

Dans le cas d'un dcoulement extdrieur supersonique 
cette loi peut 8tre ddtemineo au fur et & neaure 
de la progression du calcul,  dfes que la condition 
de couplage eat fixde. 

Dans les mdthodes lea plus rdcentes ddveloppdes 
depuis 1967 [64] les 2 equations retenues pour 
ddcrlre lea couches diasipatives sont celles de 
Kanaan et de l'dnergie einet ique du mouvement 
moyen. Leur mise en oeuvre ndeesaite i 

- tout d'abord le choix d'une famille de profila 
de viteaae k un paramfetre principal 'Hi k 
partir duquel aont exprimda les diffdrents 
paramfetres de forme intervenant dans cea dqua- 
tions, 

- eusuite une expression de frottement turbulent 
apparent. Celle-ci intervient essectiellement 
pour ddfinir 1'integrale de dissipation supposde 
fonction universelle de 1>ii» 

Une discussion trös complete des variations 
auxquelles condui^ent les choix elfectuds par 
diffdrents auteui-s eat presentde dans [^36]. 
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Lea oottolualona «oot lea suirantM t 

En o* qul oonoeme I'azpreaslon das diveia 
paraaktras da fun» laa diff<rantaa eolutlona 
propoafea oondulsent k daa r^aultata pratiquamant 
Idantiquea bian nooapia par I'azp&lanoe ooaae la 
■ontra I'axample da la tigitn 51* 

Par contra daa hearts inportants apparaioaant au 
nlvaau da la relation 4>(H*)(fig. 52), aelon 
la ■od&iaatlon da la turbulence adoptde. 

1,5 

l*<mm 

Mtmmm, HMOTA « Lin 

/ 
*      ALM*   ( «aM* ääfmMx, ) 1/ 

Q2 0.4 96 0,8 

La aecond probltaa poad par la mise en oaurra daa 
möthodea intägralea oonoeme 1* integration du 
ayattaa diffdrentiel (l) tovici par lea 2 aquations 
da la couche lioite auquel cm adjoint la relation 
da oovqyla^e. 

Una premiere difficult6 apparait lore da I'iaiti»- 
liaatlon du oalcul. Lorsque le nombre da Mach 
n'eat pan trfes faible l'int^ration du ayatbna 
(l) conduit fc une Evolution däeroissante de la 
preasion iaconpatible avec la fomation d'un 
däoollenent. Cette situation resulte de l'etat 
"ouperoritiqua" de I'&oulement en anont de la 
eon* dfoollie. Pour obtenir une solution de döcol- 
lenent 11 eat alors n^oessaire d'avoir reoours k 
I'artifloe du saut supercritique - subcritique 
dont I'effet sur la distribution des pressiona 
est analogue k oelui d'un choc [36]. 

S'autre part, la solution de (A) est en gönöral 
astreinte & passer par un point critique   K      du 
type col, impost par la n^oessit^ d'un retour h 
l'ötat supercritique qui no conduise pas & une 
drolutlon irr^aliste des presslone et du param^tre 
de forme. C'est ectte condition critique qui 
determine la solution du probltee. 

La r^alitd physique du point   K   a 6t4 1'ob Jet de 
nonbreuses oontroverses. lies d^tracteurs font 
renarquer que les valours oritlquea ainsi obtenues 
(position en  X.   , nonbre da Mach local, paramitra 
de forme etc..) varient de fa^on sensible aelon 
la loi da oouplage retenue. Les tenants par centre 
se refferent k 1*experience qui dänontre 1'existence 
en aval du point de reoollenent d'un point parti- 
culler poss&tant l'essentiel des propri^t^a ds 

K   [36], 

fig. SI - Fonction tuxilmin /,. % 
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Lea premieres tent stives d'application daa oäthodes 
integrales ont ötd effectuäes en wie de prAiire la 
preasion de culot [liber 1967]. 

P 

0,5 
M,.1,56 (HASTINGS) 
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10 15 

Fig. 62 - Fonction d» diwpition «n toouhmmt incompnwbh 
Comptninn tnmc ftxpiritnet. 

Fig. S3 - Exemples d'tpplkation de It thiorit d'Albtr. 

On reaarquera qua l'azlstenoe de telles relations 
n'est Juatlfiie oonna nous 1'avons vu § 3 qua 
lorsqus la oouohe limite en anont du d^oollemant 
est d'^palsaeur nodäräa derant l'ötendue ds la 
zoo» dfoollle. 

La oonparaison aveo 1'experience presentee figure 
53 et extraite da [64] est sssez sstisfaisante 
dans des cas toutefols oil I'epalsaeur de la oouohe 
lioite Initiale est grande. Una oooparaiaon effeo- 
tuee sur une configuration eonportant une couche 
limite Initiale negllgeable (fig. 34} est beauooup 
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Bolus bonne. 3ur oette figure sont egalemect 
pnisent&B deux oalouls effectues selon la 
mtee technique male en utllisant un modöle de 
turbulence baa^ sur le concept de longueur de 
millange propoaö par Michel, pour deux lols da 
couplage differentea t tout d'abord celle proposee 
par Alber oil le oouplage est effectuö h la fron- 
tiere ^ de la couch« limite, enauite la loi de 
d^placemant daasique   dS'/dx^s ta 6 , plus 

exaete comne I'a montre Hankey [73J. 
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Fig. 54 - Exemple d'upplication - Couche limite initiale 
nigligeable. Me =3.19. 

On constate que les resultats varient d'une faijon 
trha iuqjortante selon le choix efectu^. II faut 
se garder toutefois de tirer des conclu;;iona 
döfinitlTes d*experiences numüriques destlnees k 
mettre en evidence la sensibility de la methode a 
deux quantites dont la connaissonce est aal etablie 
k savoir le frotteaent turbulent et l'^paisseur 
physique   S"   de la couche dissipative. 

Panni les extensions de cette methode successivement 
realisdes on notera t 

- le traitement du problems de la rampe par 
Hunter et Reeves en 1971 [62], 

- celui de la confluence de deux ecoulcments avec 
decollement de bord de fuite par Klineberg 
Kubota et Lees en 1972. 

L'exemple prösentö figure 55 (probleme de la 
rampe), bien recoups par l'erpörience excepte au 
decollement, met en evidence les principaux 
carccterea de la solution theorlque : saut super- 
critique - eubcritique, point critique etc... 

La configuration dlte rampe infinie correspond a 
des conditions de recollement rc'gulieros, le point 

K    se trouvant en amont du bord de fuite      . 

* Bi 

' ■ -  A    ■ 
Want criliquf K /   ,i 

I 
l 

Exp»ri«K«. |C2 )           / 

7/ 
5o(y ton rornpe'mfin*'           o /       / 

.<: <*• 
T* 

'     /     . Solution romf» 
/   /              •courte- 

,    — ^ A 

1 

-50 ■ 25 25 50 

Fig. 55 - Decollement turbulent dans un diMre - Influence 
de la longueur de rampe -   Theorie de Hunter et Reeves. 

Insuffisanoes des miithodos integrles claaaiques 

Outre son inadaptetion au traitement des zones 
dcoollees peu ctendues aifpialee precedemment, un 
des points le plus dlscutaule des methodes inte- 
grales est certuinement I'hypothese d'une pression 
con^tuito selon   W    decoulant des hypotheses de 
Prandtl. 

Un certidn nombrc de tentatives ont ^te fai'es afin 
d'introduiro If a c^: diente de pression norma' T 

notamnent pu- Shanroth et Mac Donald [69], Hoi. 9«, 
Myring [70] ces demiers autours ayant montre que 
la solution devient subcritiqus lorsque I'on tient 
compte d'une variation de la pression selon /u, . 

Une amelioration important des mdthodes intogrd.es 
spccialement cbns le cas de döcollements peu etendus, 
est celle proposes notamnent par Hose [55], en 
introduisant le concept de "double couche" dont 
nous avons d^jk disoute le bien fonde § 2. 

Cette technique permet tout d'abord de prendre en 
compte d'une mauifere rigoureuse les nffets de 
gradients de pression normauz et d'oltenir en 
prineipe une meilleuro description det. phenomfenes 
dissipatifs. 

Far centre la solution "rampe courte" est relative 
a. use configuration singulifere qui eat perturbee 
par la prdsenee d'une dötente de I'eoouleBent au 
point F en amont du point critique   K    entralnant 
une modification profonde des conditions de recol- 
lement. 

Le calcul d'une teile configuration est men4 h bien, 
en imposant quo les döriv^es  do*,    dMe (   dXi , 

dx        doc        dx 
tendant simultandoent vers I'inflnl en   F   . 

D'une fafon g^n^rale, la presence de fortes 
perturbations dans le domains de recollement 
examinee notannent dans [36] et [78] pose un 
problfeme qui n'a etd resolu par lea methodes 
int<SgrJ.es que pour les detentes centrees. 
Le cas de l'onde de choc n'a pas 6t6 traite. 

Farmi les ameliorations possibles de ces cathodes 
nous sign&lerons egalement 1'extension au cas 
turbulent des travaux actuellement entrepris par 
Crocco en leminaire. 

5.3.2 - Beoulement extdrieur suosonique ou 

transsoniquo - 

Dans ce cas, le caractere elliptique ou mixte des 
equations rögissant 1* beoulement erteriour impose 
le recours a une procedure iterative pour satisfaire 
les conditions de couplage, consistant a oalculer 
successivement les effets de deplacement de la 
couche limite pour un gradient de pression connu 
et l'ecoulement ertörieur en tenant compte de ces 
effets ; la proeddure est par exemple initiee k 
partir de la solution de fluide parfait dventuel- 
lenent amenagee. 
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Uue teile ouithode devloiit impraticahlo dhn qu'un 
d^collemont ^tendu ae produit par suite da diffl- 
cultee numerlques liees h l'existenoe d» slzigularlttfs 
au voisinage du d^coUenent  ; oos dlffioultöa na 
peurent 6tre aurnont^ec qu'b l'alde d'artificea, 
et lea «rreurs alnal coomioes aont oourent 
loport antes« 

Un dee progrta aarquanta enregiatres röcemmont a 
6ti do raontrer que lea difficult^ rcneontr^ea aont 
inhärentes k la contrainte non realist« d'un grar- 
dient de prea-ion arbitraireaent tix6 k l'approche 
du dccollonent et disparaiseent loraque l«a donnäea 
necoasaires au oalcul da couch« Itmite aont soit la 
distribution de frottement poriötal, soit l'Ärolu- 
tion de l'epaisaeur de döplacament. On obtient alors 
une procedure de oalcul da couches diasipatires dlta 
"inverae" dans laquelle -f> T«)üerient le rösultat 
de oalcul et qui peraet de traitor lea zones decol- 
löes aans difficult^ nvmerique. Da oa fait, ces 
methodcs sont susoeptibles de beneficier de toutes 
les ameliorations prorenant d'une aodeliaation plus 
raffinee da la turbulence et de aea effets. 

Les prinelpauz travaux effectuös dans cetta roie 
sont ceuz da Klineberg et 3teger [74] at da Kuehn 
et Welsen [75]. 

L'application da oes procedures au calcul d'^oou- 
lementa tranasoniques presante un inter6t indis- 
cutable. 

5.4 - 'nkhodes cumeriquaa - 

C'eat linaleoent dons ce dmiwlne que las r&ultats 
les plus apectaculairos ont 6t6 obtenus. Ca succbs 
eat ii k la conjonction de trois cffats fanrorablea I 

a) la diminution tres importonte da la duree das 
celculs liee auz progrfes technologiques das 
ordinateurs, 

b) le d^reloppement de nouvcllea techniques 
numäriquea aceroiasant Is. stability et la 
convergence da ces ealculs, 

c) enfin les progrfes accomplis danc la modelisation 
de la turbulence. 

Nous na rous 6tendrons pas sur les techniques da 
calcul deveioppeea qui seront abondanrsent eoomentdes 
au oours de oatte session nous contertant de fair« 
qualquee reoarquas t 

En ca qui conceme a), la progression rdalisee 
depuis une decade laiaae penaer quo lea ealculs 
beaia sur la rdaolution numerique des equations 
completes du mouvement ooyen pourront 0tre «Stendus 
dans un futur relatirement proche k des configura- 
tions tridiaensionnellea. 

Una reduction substantielle des temps de calcul 
peut ögalaaant Itre attendue da b) grflce k la 
aiee en oauvra da ach&aa plus elaboria et plus 
parfonunts. 

Cast ainai que lea r^aultats renarquablea publics 
notanoent par Baldwin et Doiwert [76] ont 4t4 
obtenus fa l'aide du aohdma axplioita da MacCormack 
qui s'est r&rel£ partieullörement bien ad^ite au 
traitemant d'^coulementa visqueux, compressibles, 
cooportant des ondas de choc. L'utillsation da 
acWmas implicites, actuelleoent en cours d'ötude, 
davrait entrainer un accroissement sensible 
des pas da temps et par suite une plus grande 
rapidity das ealculs. 

Mais I'dlteent determinant qui condltionna larga- 
ment la quality des rösultats demure la nodSLisa- 
tion de la turbulence (o), ooomo le montre I'exem- 
ple donnö figure 56 et extrait de [77]. 

II oonoerna la d&ollenent se produisant an 
^oouloaeat inooopressible au niveau da I'fl.argl*- 
aenent brusque d'una conduit« cylindrique. Cetta 
configuration a fait 1'ob Jet d'una tftude ezpdri- 
mentale et thteriqua trke dätallläs k I'Institut 
de MÄJanique dea fluidaa da Toulouse. 

Sur la figure 56a ast präaent^a une comparaison, 
portant sur les ritessea noyennas at la frottement 
apparent turbulent, entre les assures et des 
resultats fournia par deux typea da calcul. La 
premier eat basä sur une modelisation ne n^cessi- 
tant qu'une seule Equation da transport, oella 
de l'energie cinötiquo turbulente, 1*Schalle 
spatiale caractdrlotique da la Turbulence ftant 
foumie pai- une relation algibriqua ajustde aur 
1'experience. 

moiMIt  d 1 «quolrao 
*   2«quotion. 

Fit- 56* - Ecoulement incompmuLle txitymdtriqu» in ml 
d'un dicmchement de ptroi h/R=0,S. 

Le second plus dlabcrd cooporte deux Equations da 
transport relatives & 1'Energie cinätique turbu- 
lente et k la dissipation. Cas deux modfalea 
retiennent le concept da viscosity turbulente* 

On constate que le second conduit fa das resultats 
beauooup plus prodhes das mesures sp4cialement 
en co qui conoerne I'etendue da la zone d^colKe 
at la provision du frottement apparent turbulent. 

La distribution das pressions axiales (fig. 56b) 
eat assez correctemeat pr^vue par la second calcul, 
alors que des hearts important a anreo 1'experience 
apparaissent dans las r&ultats issus du premier. 
Cependant le modfele le plus Aabortf, n'est pas en 
mesure de foumir une Evolution precise dee vitesses 
et du frottement au sein das couches dlssipatives 
dans le domaine de restructuration en sval du point 
de recollement ooyen oil sa produisent coooe nous 
I'avons vu (§ 3) db fortes variations loogitudinales 
des carocteristiquea da la turbulence. 
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Cet «xemplc qui oonoem« le cas reletiveoent slopl« 
d'un icoulement incompressible enrac point de 
separation fix6 net an dvldenoe, pour une modäli- 
sation da la turbulenoe iiik Aaboröa, das tfoarts 
modirie mais non n^gllgeablas entre le coloul at 
las naaurea, dons oertoins donaines da l'öcoulenent, 

II nous paralt instruotif dans la mesure ou 11 
■ontre i 

- qu'une critique experioentale trho iiiaiUfa da 
configurations da cAlcul-tast ast näoessaire, 

- qu'une nod^lisation da la turbulenoe trfes 
raffinik peut neule penaettre d'obtenir une 
representation ezaote dea phenootaes physiques. 
Catte condition eat imperative lorsqu'il est 
deoandd au calcul de simuler certains effets 
tels que ceuz du nombre de Reynolds par exemple. 

Four obtonlr oes rdsultats dea experiences h. 
caractere trhs fondaoentol sur des configurations 
da decolloment, cooportent notaament une analyse 
trfes complete de la structure de la turbulence sent 
indispensables aussi bien dans le cas incompressible 
que dans le cas compiesGlble oü les informations da 
cette nature sont rares« 

L*association ötroite entre thdorie et experience 
necessite en particulier la connaissance prdcise 
des conditions initiales du calcul ce qui requiert 
un nombre de donnües experlaentales d'autant plus 
grand que le modele de turbulence est plus clabord. 

OONduSKM - 

Sur la plan thdorlqua, I'absanoe Jusqu'k oea 
daznikraa ann4aa d'un support süffisant a iti 
duransnt raesantle au nivaau da 1* exploit at ion at 
da l'lnterprdtation das expdrienoes et a lon^taqa 
Haiti las pOBslbllltäs da calcul k quelquoa 
configurations susoeptibles d'una ech&atisation 
relatlfement simple, imposant malgrd tout un largs 
raoours k I'eopirlBme (fooulenent da culot an 
svqMrsonlqua par axw^ila}. Las progrks r^slisds 
rdoaaaant dans la doaala» tMoriqua an laainalxa 
ont pu Itre rapidament tftandua au oas turbulent 
(triee k 1* Evolution enregistrde dans la noddlisation 
da la turbulence. En particulier, la mise an oeuvra 
de mdthodea siadrlques suaoeptlble da rdsoudre dea 
Equations cooplfetes du nouvamect oonstitue un 
toumant dans la maltrlsa das dooulements d^oollds. 

La solution da la plupart das problkaas da ddeolle- 
aent turbulent bidinenaionnels peut Itre envlsagde k 
condition d'entreprsndra une action oooportant la 
ddveloppement conjoint da recherohas conoamsnt i 

- l'dlaboration de schdmas numeriques performants 
adaptes k des conditions aux limites varides, 
pemettant d'assurer un« description fine das 
phdnomenes dissipatifs male aussi d'obtenir une 
reduction des temps da calcul i 

. 1'analyse expdrimantale d6taill6e dans un large 
domeine da nombre da Reynolds et sur des confi- 
gurations da base particulierement pures, du 
champ iiioyen et de la structure da la turbulence 
dans les zones d&solldes, en particulier des 
facteurs agissant sur sa production et son 
ddveloppement• 

Pour conclure cette revue dee problemes posds par 
l'dtude des dcoulements ddcollss bldimensioniiels 
et turbulente, apres avoir resumd la situation 
präsente teile qu'elle a ite ddcrite, nous indi- 
querons les orientations de recherches qui nous 
paraissent souhaitables. 

Sur le plan axpörlmental, l'ötat des connaissances 
actuelles ast le fruit de recherches patlentes dont 
les progres bien qua lents ont pennis tout d'abord 
d'obtenir une rue assez complete des aspects 
phdnoafenologiques, assuite de däfinir les principaux 
facteurs d* influence rdgissant la fomation et le 
ddveloppeoent das zones ddcolloes. Toutefois par 
suite de difficultde importar.tes specifiques des 
mesures dans da telles cones, l'analyse de la 
structure Intime des pWnomenea turbulente dans 
ces donaiaes ainsi que cells des effets instation- 
naires associes n'a pas progress^ de fafon tree 
marqud«. 

Cette action pour laquelle I'utlllsation ds 
techniqi'.es nouvelles telles que I'andmometrie 
laser peut se reveler decisive oomportere. un 
double caractere i aboutir en premier lieu k 
une modelisation raffinde des phdnombnes turbulente, 
fournir enauite das dldments de oontröle precis 
pour les etudes numdriques. 

Pami les aspects fondamentaux lids k l'analyse 
des structures turbulentes et ndcessitant une 
dtude approfondia, 11 sonvlent de signaler les 
probl&mes conoemant i 

- les ondes de choc (an particulier dans 1« domains 
transsoniqus) at leur r01e sur la fonw.tion et 
la ddveloppement da cas structures, 

- la confluence, notaanent en dcoulement subsonique, 
et les instabllitds de sillage aaaooides. 
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SUMMARY 

Two different types of pressure distribution resulting in separation were Induced In the flow over 
a flat plate at zero Incidence.     Measurements were made of velocity distributions, skin friction (Preston 
tubes and Clauser plots), turbulence components and shear stress distributions at various stations both 
prior to and just after separation.     The results have been compared with the predictions of various 
theories.     Of these only those of Bradshaw and of Kuhn and Nielsen showed good agreement for integral 
quantities with the measurements right up to the separation point, the predictions of the remaining 
methods tended to depart radically from the measurements some little distance ahead of separation. 
Significant differences were found, however, between the measured shear stress distributions near 
separation and the predictions of Bradshaw's method, these differences indicate where improvements to the 
method may be made.     With certain Important provisos the methods of Stratford and Townsend for predicting 
the separation position are shown to be fairly reliable. 
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The main objects of the investigation were to provide detailed experimental data on two 
dimensional turbulent boundary layers in the process of separation and to compare the data with the 
predictions of various available theories. 

Two different types of pressure distribution leading to separation were Induced towards the rear 
of a flat plate at zero incidence.     For the first (called Series I) an initial region of favourable 
(negative) pressure gradient was followed by a region of strongly unfavourable (positive) pressure 
gradient provoking separation in a relatively short distance aft of the peak suction position.     For the 
second (called Series II) a less intense and practically nonotonic unfavourable pressure gradient was 
imposed and the approach to the separation condition was therefore more gradual. 

The measurements included pressure distributions, velocity profiles, Preston tube readings, 
turbulent velocity components and shear stress distributions.     The available theories with which some of 
the salient results were compared were those due to Stratford', Townsend3, Bradshaw4, Ng and Spalding5, 
Head and Patel^, Horten7, Kuhn and Nielsen^. 

2. SOME EXPERIMENTAL DETAILS 

The plate was about 2J m long, j m wide and 2.5 cm thick, and it had a rounded nose and a flap at 
the trailing edge to ensure that the front stagnation point was located on the nose without the formation 
of a separation bubble and the subsequent basic pressure distribution was nearly uniform.     The plate had 
closely spaced pressure tappings (1} cm apart over the main region of interest) staggered close to the 
centre-line, and 4 parallel rows of tappings (spaced 2J cm apart) at about 15 cm and 30 cm from the centre 
line and on either side of it in the region where significantly non-zero pressure gradients were Induced. 
A transition trip was fixed 5 cm aft of the nose position.     For convenience chordwise stations are 
labelled by the number of inches aft of the trip (X).     The plate was set at zero Incidence in the working 
section of a wind tunnel between false walls.     The wind speed used for the tests was about 20 m/s giving 
a Reynolds number in terms of the plate length of about 3 x 106. 

The method used to induce the Series I pressure distribution is illustrated in Fig.l.     For these 
tests a cylinder of diameter about 7.5 cm with a porous surface was fixed with its axis parallel to the 
plate at about 11 cm from it and normal to the wind stream direction at about 1.7 m (X • 65) behind the 
trip wire. 

Air was sucked through the porous surface of the cylinder by means of a suction pump connected to 
both ends of the cylinder.     A small Thwaites flap was fitted to the rear of the cylinder and 'y adjusting 
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Its position and the suction a strong and steady circulation could be induced about the cylinder with the 
tunnel running and with only a very thin wake behind the cylinder.     In consequence a pressure 
distribution that was initially favourable and then unfavourable was produced on the flat plate.     The 
Intensity of the pressure gradients could be controlled by varying the position of the Thwaites flap as 
well as the distance between the cylinder and the plate.     This arrangement had been previously used for 
experiments on laminar separation bubbles', but was found equally effective in producing turbulent 
boundary layer separation by inducing a sufficiently strong adverse pressure gradient.     Porous panels 
Mere also fitted to the side-walls through which the porous cylinder passed, suction through these panels 
eliminated any tendency for the wall boundary layers to separate due to the pressure field of the cylinder 
and also helped to ensure a high degree of spanwise uniformity.     The streamwise pressure distribution on 
the plate tested is illustrated In Fig.2.      For the Series II tests a spoiler flap of chord 10 cm was 
fixed near the rear of the plate at X « 75 (i.e. 75 in. behind the transition trip) at an angle of 90° to 
the plane of the plate.      This produced the pressure distribution shown in Fig.3.     The slight Initial 
favourable pressure gradient ahead of X = 40 is probably due to the circulation round the plate induced 
by the spoiler. 

The two dimensionality of the flow was investigated by observing the degree of spanwise uniformity 
of the pressure distributions and by visualising the separation front across the span of the plate as 
revealed by a thin film of suitably coloured oil that was painted on to the plate.     In both Series of 
tests the pressure distributions showed an acceptable degree of uniformity over the part of the span to 
which they refer (i.e. the central 2/3 of the span).      In the Series I arrangement the flow visualisation 
showed the separation line to be remarkably straight over the whole span, for the Series II tests there 
was some curvature of the separation line near the walls associated with an Inflow into the wall boundary 
layers there.      It was concluded that the flow upstream of separation could be tentatively assumed to be 
two dimensional over the central part of the span in which the measurements were made.      Downstream of 
separation the flow visualisation tests revealed no significant flow patterns and the surface pressures 
remained acceptably uniform, but there can be no doubt that the flow if relatively slow moving was complex 
and not two-dimensional  in any detailed sense of the term although overall there was no well-defined 
spanwise variation. 

The mean velocity profiles at various stations were mainly derived from measurements made with 
flattened pltot tubes (0.2 mm x 0.75 mm) but some measurements ahead of and at separation were alio made 
with hot wires.     Hear separation and aft of it the poor accuracy of the hot wire for determining small 
mean velocities in the presence of large turbulent velocity components as well as its lack of 
directionality left Its reliability there in strong doubt, and the hot wire was not used aft of separation. 
The main measurements of mean velocity were therefore made with a double headed pitot tube, i.e. one with 
two pltot tubes facing opposite directions.     Such a device after calibration can give both the mean 
velocity magnitude and direction sense, although it too lacks sensitivity where the mean velocity is small 
and there are relatively large fluctuating velocities, and there are always doubts about the interpretation 
of pitot tube measurements in a highly turbulent flow.      The Preston tube measurements were made with 
round tubes, 0.7 mm In diameter. 

The neasurenents of the turbulent velocity components, as well as of the shear stress distributions, 
were made with single and crossed hot wires. 

3. THE MAIN RESULTS 

3.1 Overall Data 

The Integral quantities. I.e. displacement and momentum thicknesses, as well as the skin friction 
coefficients given by the Preston tube measurements and Clauser plots and the Reynolds number based on the 
momentum thickness and the local free stream velocity U^   (Re) for the various stations X are given in 
Table I for the Series I tests and Table II for the Series    II tests.     In addition these Tables show the 

corresponding values of the non-dimensional pressure gradient parameter A ■ ~^-r, ■£ . 
PU^   ax 

It will be seen that tne skin friction distributions are consistent with separation at about X » 69.5 for 
the Series I tests and at about X = 67.5 for the Series  II tests.     These positions are also those 
indicated by the mean velocity profiles as measured by pitot tubes. 

3.2 Velocity Profiles 

Some representative mean velocity profiles are shown in Fig.4(a) and (b) for the Series  I tests 
and In Fig.5 for the Series II tests.     Where measurements were made with hot wires as well as pitot tubes, 
both sets of measurements are Indicated.      It will be seen that in general agreement between the two 
different methods of measurement Is good except in the immediate region of the separation point particularly 
close to the surface.     For the reasons already referred to the pitot tube measurementr were regarded as 
the more reliable in that region, although their accuracy there cannot be regarded as high.     The kinks in 
the shape of the velocity distributions aft of separation near the zero velocity point can be plausibly 
explained as arising fron the poor accuracy of the pitot probe in regions where the velocity is low and 
relatively large fluctuations in velocity are present due to turbulence and local flow unsteadiness. 

3.3 Skin friction measurements 

As already noted, in addition to inferring the skin friction distributions from Preston tube 
measurements, they were also determined from Clauser type plots of the velocity distribution.      For the 
former the calibration of Patel9 was used, and the pitot tube diameter d was chosen so that uTd/v was less 
than about 40 where uT is the friction velocity (TW/P).      This ensured that as long as the profile 
exhibited an Identifiable 'log law' region the tube centre was located in and near the lower boundary of 
that region.      For the Clauser type plots the process of identifying the 'log law' portion which 
determined the skin friction presented no difficulty in regions of small to moderate pressure gradients 
but they did present some difficulty In the regions of large pressure gradients.     This 1s illustrated in 
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Flg. 6 and 7 for the Series I and II results, respectively, In the regions neer separation.     In Fig.6 It 
will be seen that the profile changed rapidly from that of station 66 which eihlblted the characteristic 
convexity above the sub layer region, due to the preceding large favourable pressure gradient, to that of 
station 69, Just prior to separation, showing above the sub layer region the concavity characteristic of 
a strongly unfavourable pressure gradient.     The arrows mark the position y • d where d Is the diameter of 
the Preston tube and It will be seen that the arrows lie near the lower bound of regions which can be 
plausibly. If not conclusively, Identified as regions where the plots of u/U] against log y U^/v are most 
nearly straight.     The values of cf have therefore been Inferred from the slopes of the tangents to the 
plots In the region of the arrows.     For the Series II results as Illustrated in Fig.7 the straight line 
portions of the plots were somewhat easier to Identify but the arrows again provided a useful guide as to 
where to measure the slope. 

The resulting distributions of the skin friction coefficient are shown In Fig.8 and 9 for the 
Series I and II tests respectively.     It will be seen that In general the two methods agree fairly well; 
surprisingly enough the largest differences (about 8X) occur In the upstream region for the Series II 
experiments where the pressure gradients are very small, elsewhere the differences are less than 5%. 

The two methods are not entirely Independent since both depend on the existence of a 'log law1 

region, and the method used for determining the appropriate slope from the Clauser plots makes the link 
between the two methods somewhat stronger.     Nevertheless, the agreement between the two sets of results 
encourages a degree of confidence In the results shown In Fig. 8 and 9 and In general in the use of the 
Preston tube method even close to separation. 

The corresponding Law of the Hall plot:  (I.e. u/uT against log (yuT/v) are shown In Fig.  10 and 11 
for the Series I and II tests respectively.     The overall consistency and agreement over the straight 
portions with the generally accepted relation 

yu 
U-= 5.5 log10^i+ 5.45 

T 

provide additional support for the skin friction distributions of Fig. 8 and 9. 

3.4 Turbulence Measurements 

He denote the turbulent velocity components by (u'.v^w1).      Lines o,' constant /u^/Ui are shown 
in Fig.12 (Series I) and Fig.13 (Series II).      In the former case the reduction in the boundary layer 
thickness as well as in the overall intensity of turbulence In the region of favourable pressure gradient 
(X » 55 to X » 65)  is very marked as is the subsequent rapid growth of the thickness and turbulence 
intensity in the region of adverse pressure gradient.      It will be seen that at separation the maximum 
turbulence intensity is of the order of 255;.      For the Series II tests the changes are on the whole more 
gradual, as might be expected, and the maximum turbulence intensity is considerably less than for Series I 
being of the order of 13%.      The plots for v' and w' are sinilar to those of u' and are not therefore 
separately shown. 

In general  the Series II separated flow was much steadier than that of Series I, presumably 
because of the constraint imposed by the spoiler flap since reattachment had to occur at the flap tip. 
The unsteadiness of the Series I flow was mainly of a low frequency associated with small oscillatory 
movements of the separation position and a related oscillation of the separated shear layer.     This was 
reflected in pressure transducer measurements made at the plate surface in the separated region. 

In both Series of tests the measurements were taken down into the outer region of the viscous sub- 
layer at each station as conventionally described by yuT/v * 10.      It was noted however that a hign level 
of turbulence was present in that region and the associated mean velocity gr;dient was not such as to lead 
to a viscous stress consistent with the local skin friction coefficient.     Tiis implied that the thickness 
of the viscous sub-layer Is significantly smaller than Is suggested by yu /v = 10. 

3.5 Turbulent eddy shear stress distributions 

Some representative turbulent shear stress distributions for the Series I and II tests are 
illustrated in Fig.  14 and 15 respectively.     The effect of the Initial favourable pressure gradient in 
the Series I tests in reducing the strength of the shear stress is evident and is consistent with the 
reduction in turbulence intensity noted above.     Further downstream where the pressure gradient Is 
unfavourable the shear stress strength grows rapidly over the outer part of the boundary layer but the 
position of the maximum shear stress moves characteristically away from the surface.      In the region of 
separation we note that the shear stress does not reduce to zero at the outer edge of the boundary layer. 
No clear cut explanation can be offered for this except to recall the degree of relatively low frequency 
unsteadiness In velocity magnitude and direction that was present in the region of separation In the 
Series I tests, this was evident in the flow outside the boundary layer and may have given rise to an 
effective u'v" correlation there as measured by the crossed hot wires. 

For the Series II tests we observe in Fig.15 the steady change of the shear stress distributions 
from the initial characteristic form for a near-zero pressure gradient at X = 24 with the maximum stress 
practically at the surface to the separated flow shape beyond X = 67.5 We see that the maximum stress 
position moves monotonically away from the surface with distance downstream as the effect of the adverse 
pressure gradient grows. 

He note that for the Series II tests the shear stress tends to zero at the boundary layer edge 
even where the flow was separated.     There the flow was markedly steadier In the region of separation than 
for the Series I tests, and this supports the above suggestion that the unsteadiness of the separated flow 
in the latter tests contributed to the apparent non-zero shear stress measured outside the boundary layer. 

In both Series of tests the measured shear stress distributions close to the surface in the region 
of separation are unreliable for the reasons already stated. 
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COMPARISONS WITH THEORY 

4.1     Separation position theories 

Stratford   developed a theory based on his two layer concept of the boundary layer for predicting 
the position of separation.      His theory results In the following formula to be satisfied at separation:- 

d C   4 _c       i/io 
V-ffr^   • H io"6 K > 

Here x is the distance from a virtual origin of the boundary layer derived for an equivalent uniform flow 
preceding the adverse pressure gradient region and resulting in the same value of the momentum thickness 
at the beginning of that region as the actual one.      Thus, for the Series I tests the velocity of the 
equivalent uniform flow was equal to that at the maxirnun suction point, for the Series II tests it was the 
same as the undisturbed stream velocity.     The pressure coefficient Cpjs measured relative to the static 
pressure of the equivalent uniform flow and is in terms of the dynamic pressure of that flow, Rx is a 
Reynolds number based on x and the velocity of the equivalent uniform flow. 

K is an empirical constant which was subject to a change from 0.39 to 0.35 in the course of the 
development of the theory.      With the latter value of K and the measured pressure distribution, the 
separation point for the Series I tests was predicted to occur at X = 69.3 which is very close to the 
measured value of 69.5.     The earlier value of K of 0.39 leads to X = 69.25 for separation.      However, the 
likely problem in practice would be one in which the theoretical inviscid flow pressure distribution is 
known and not the actual one which could be very different.      Stratford's derivation suggests the value of 
0.5 for K if the theoretical  inviscid flow pressure distribution is used and this produced a predicted 
separation position of 68.9. 

For the Series II tests x was taken as the distance from the plate leading edge and the predicted 
separation positions when the measured pressure distribution was used were 67.8 with K = 0.35 and 67.4 
with K = 0.39 as compared with the measured value of 67.6. 

3 
Townsend's nethod   which can be regarded as a development of Stratford's method results in a 

formula for the pressure coefficient at separation which involves the skin friction coefficient at the 
beginning of the region of adverse pressure gradient.     The latter is required with a high degree of 
accuracy as the resulting value of Cp at separation and hence the separation positions are very sensitive 
to the value of the skin friction coefficient.      With the experimental pressure and skin friction values 
the predicted positions of separation were 68.9 for the Series I tests and 67.5 for the Series II tests. 

It seems that both methods can be regarded as fairly reliable in predicting the separation position 
provided one has a good knowledge of the actual pressure distribution.     For Stratford's method one must 
be able to make a reasonable assessment of the effective origin of the boundary layer in cases where the 
adverse pressure gradient region is preceded by a favourable pressure gradient region culminating in a 
maximum suction position.      For Townsend's method one must similarly be able to determine the skin 
friction fairly accurately at the beginning of the region of adverse pressure gradient. 

4.2     Detailed development of the turbulent boundary layer 

The predictions of the methods of a number of workers were compared with the results of the 
present experiments, namely, the methods of Bradshaw et al4, Ng and Spalding5, Head and Patel^, Morton^, 
Kuhn and Nielsen8.      The last three are Integral methods in which some allowance is made for non- 
equilibrium effects;    the first two are differential methods in which these effects are more directly 
taken into account. 

The predicted values of the integral quantities Cf, RG and H for the Series I tests are compared 
with the values derived from the Preston tube and pitot tube measurements in Fig. 16, 17 and 18, whilst in 
Fig.19, 20 and 21 the corresponding comparisons are made for the Series II tests. 

It will be seen that all the methods lead to results in acceptable agreement with the measured 
values of Cf for the regions of small to moderate pressure gradient.     However, for the Series I  tests 
only Bradshaw's method and that of Kuhn and Nielsen give results In acceptable agreement right up to 
separation (although the latter method shows a significant departure from the measurements In the region 
of maximum suction).      None of the other methods predicts separation in the sense of leading to a point of 
zero Cf.     Again, in the Series 11 tests, Bradshaw's method and Kuhn and Nielsen's method show very good 
agreement with the measurements right up to separation with the ottipr methods tending to fail in the 
region of strong adverse pressure gradient.     Here the methods of Horton and Head and Patel show up rather 
worse than for the Series I measurements.     The same general picture of the marked superiority of Bradshaw's 
method and Kuhn and Nielsen's method over the other methods considered in the region approaching 
separation is evident in the Re and H distributions shown in Fig. 17, 18, 20 and 21.     Kuhn and Nielsen's 
method can be used beyond separation and although it shows results In good agreement with the measurements 
there for R6 and H In the Series I tests, the rapid reduction In Ro after separation measured in the 
Series II tests is not reflected in their prediction.     However, the accuracy of the measurements there 
and their interpretation are subject to some doubt. 

In view of the generally consistent good agreement between Bradshaw's method and the measured 
results for integral quantities up to separation it was thought of interest to compare the predictions of 
this method for the shear stress distributions in detail with those measured.     Some comparisons are shown 
in Fig. 22 and 23 for Series I and these reflect the fact that over much of the streamwise development of 
the boundary layer the agreement is reasonable.     Although the predicted shear stress near the surface is 
generally a little higher than the measured value there is good agreement at the wall itself.     However, 
near the separation point the predicted values are significantly less than the measured values in the 
outer half of the boundary layer in contrast to what happens near the surface.     Similar comparisons for 
the Series II measurements are shown In Fig. 24 and 25.     Hero the differences between the predicted and 
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measured distributions In the region of separation are even nore marked, but again the differences change 
siqn at a little more than half the boundary layer thickness from the surface with the predicted values 
being considerably greater than the measured values near the surface.     One nay Infer from this that the 
assumption of the Bradshaw method that the shear stress and the turbulence kinetic energy are linearly 
related is a reasonable overall assumption for the prediction of Integral quantities but in detail it 
appears to lead to errors of one sign near the surface and of the opposite sign In the r    er part of the 
boundary layer, and these errors can become large In regions of strong adverse pressure gradient. 

The observed degree of overall agreement between the measurements and the predictions of the 
various methods considered, differing as the methods do In their assumptions and structure, lends 
additional support to the initial  inference drawn from the experimental evidence referred to in 5? that 
the flows tested could be regarded as two dimensional.      Checks of the overall consistency of the results 
in satisfying the two dimensional momentum Integral equation were equally encouraging, but It must be 
noted that this is not a very precise test where the pressure gradients are large. 

5. CONCLUSIONS 

It is concluded that 

(a) Subject to care being taken in interpreting the effective origin of the boundary layer where the 
pressure gradient is not monotonic, the Stratford method is reasonably reliable for predicting separation 
positions if the measured pressure distribution is used. 

(b) The Townsend method Is also reliable if the measured pressure distribution is used and if the skin 
friction at the beginning of the region of adverse pressure gradient can be accurately determined. 

(c) Of the various methods examined for predicting the development of turbulent boundary layers, only 
the Bradshaw and Kuhn and Nielsen methods give acceptable agreement with measurements of integral 
quantities (e.g.  c^, Re and H) in the region of separation.      All the methods showed more or less reasonable 
agreement elsewhere in regions of snail to moderate pressure gradient.     Surprisingly enough, it seems that 
the Series II conditions (monotonic adverse pressure gradient) provided a somewhat more severe test than 
the Series I conditions  (initially favourable pressure gradient followed by an adverse pressure gradient). 

(d) Comparison of the predictions of turbulent shear stress distribution by the Bradshaw method with 
the measured distributions indicate significant differences near separation, with the predicted values 
being larger than the measured values near the surface, but they are smaller than the measured values away 
from the surface.     This suggests that the assumption of linearity between the turbulent shear stress and 
the turbulence kinetic energy can in detail lead to errors of one sign in the lower half of the boundary 
layer and of the opposite sign in the upper half and these errors can be of significant magnitude in 
regions of strong adverse pressure gradient. 
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TABLE  I      Series  I TABLE II   Series II 

X i* e cfxl03   c-xlO3 

Preston Clauser 
axlO^ Re X 6* 0 cfxl03 cfxl03 axlO2 

Re 
(cm) (cm) (cm) (cm) Preston Clauser 

tube plot tube plot 

24 0.213 0.152 3.75 3.70 . 1911 24 0.170 0.124 3.03 4.00 . 1562 
26 0.225 0.160 3.70 3.63 - 2008 28 0.194 0.142 3.70 3.88 - 1797 
28 0.239 0.171 3.65 3.50 - 2146 32 0.217 0.159 3.5b 3.78 - 2028 
30 0.25Z 0.179 3.59 3.35 - 2268 36 0.241 0.178 3.42 3.65 - 2253 
32 0.261 0.186 3.53 3.45 - 2363 40 0.264 0.184 3.30 3.50 - 2463 
36 0.282 0.203 3.43 3.40 - 2589 46 0.323 0.231 3.20 3.25 - 2939 
40 0.301 0.217 3.33 3.33 - 2779 50 0.352 0.252 3.10 3.20 - 3194 
44 0.318 0.229 3.30 3.25 - 2982 55 0.413 0.292 2.91 3.00 0.30 3614 
50 0.334 0.244 3.30 3.25 - 3227 58 0.471 0.319 2.70 2.78 0.65 3860 
54 0.322 0.237 3,43 3.37 - 3219 60 0.521 0.356 2.80 2.50 0.95 4205 
58 0.272 0.208 3.65 3.83 -0.88 3070 62 0.616 0.408 2.09 2.21 2.07 4658 
60 0.214 0.167 4.10 4.25 -1.21 2613 64 0.836 0.506 1.50 1.60 5.24 5467 
61 0.181 0.145 4.50 4.50 -1.45 2396 65 1.002 0.570 1.18 1.15 10.00 5952 
62 0.144 0.116 4.90 4.90 -1.47 2058 66 1.29 0.653 0.76 0.65 16.4 6623 
63 0.111 0.090 5.10 5.22 -1.30 1750 67 1.72 0.741 0.25 0.25 57.0 7321 
64 - . - - -1.11 . 67.5 2.07 0.776 0.02 0.02 - 7541 
64.5 0.075 0.059 5.28 5.50 -0.84 - 68 2.43 0.779 - - - 7567 
65 - - - - -0.54 1347 68.5 2.79 0.800 - - - 7688 
65.5 0.072 0.057 5.23 5.40 0.00 1364 69 3.37 0.684 - - - 6570 
66 0.079 0.063 5.00 5.00 0.73 1533 69.5 3.97 0.620 - - - 5970 
66.F 0.092 0.0/2 4.85 4.50 1.68 1692 70.5 5.49 0.313 - - - 2992 
67 0.116 

0.146 
0.089 
0.106 

4.00 
3.20 

3.95 
3.18 

2.40 
4.02 

1981 
2223 67.5 

68 0.210 0.138 2.45 1.90 8.62 2690 
68.5 0.334 0.190 1.50 0.95 22.00 3414 
69 0.520 0.245 0.35 0.40 45.6 4147 
69.5 0.699 0.292 0 0 0 4896 
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CHARACTERISTICS OF A SEPARATING INCOMPRESSIBLE TURBULENT BOUNDARY LAYER 

by 

Roger L.  Simpson 
Associate Professor, Department of Civil and Mechanical Engineering 

Southern Methodist University 
Dallas. Texas 75275 

ABSTRACT 

Laser and hot-fil» anemometer measurements upstream and downstream of the separation tone are pre- 
sented for a nominally two-dimensional Incompressible turbulent boundary layer for an airfoil type flow. 
The dlrectlonally sensitive laser anemometer measurements Indicate that the location of Intermittent sepa- 
ration as defined by Sandbom Is the proper location of where the flow first deflects from the wall to re- 
lieve  the Imposed pressure gradient.    Upstream of separation the correlations of Perry and Schofleld (1973) 
for mean velocity profiles are supported within the uncertainty of thi> data.    The separated flow field 
shows some profile similarity for all measured quantities.    Ihe low velocity backflow In the region next 
to the wall apparently just serves to satisfy continuity requirements. 

The normal stress terms in the momentum and  turbulence energy equations are shown to be Important 
near separation and cannot be neglected for the close prediction of  the separation location.    The boundary 
layer  prediction method of Bradshsw,  et al.   (1974)  is modified to Include these normal stress effects. 
Preliminary results show conulderable Improvement  in predictions of Cf/2 and H near separation and the 
location of separation. 

NOMENCLATURE 

5   -uv/q2 

constant In eqn.   (19) 

defined by eqn.   (3) 

defined in eqns. (3) and (1) 

ratio of total turbulence energy production 
to shear production, eqn. (15) 

Bradshaw large eddy diffusion function 

constant In eqn. (3) 

; ä*/e shape factor 

distance from wall of shear maximum 

dissipation length, eqn. (16) 

distance from wall of ÜP maximum 

= ü2 + v2 + w2 

streanwlse mean velocity 

: (-^V) 
max 

max pseudo-shear stress, defined by eqn. (8) 

defined by eqn. (1) and f;(0) • 1 

»1 

Cl 

Cf/2 

e 

F 

G 

h 

H 

L 

L 
i 

M 

q: 

u 

u2 

V      entrainment velocity 

x      streanwlse distance 

y      distance normal to the wall 

yc     defined in eqn. (7) 

y*     yUT/v 

Greek Symbols 

a      angle of real characteristic with 
x-axis 

Y-     fraction of time the flow moves 
downstream 

Mp 

ü. V 
ü. free-stream velocity 

U+ u/uT 
ü2. v^.w2 mean square streamwi 

velocity fluctuations 

kinematic Reynolds shear stress 

6 y where U - 0.99U« 

40.995 y where U - 0.995U, 

6* displacement thickness 

A length defined by eqn. (2) 

nj,n2 defined by eqns. (3) and (1) 

e momentum thickness 

V kinematic viscosity 

p density 

"a defined in eqn. (24) 

(8) 

\ shear stress 

* defined in eqn. (24) 

Subscr Ipts 

max denotes maximum value 

0 denotes wall value 

1.     INTRODUCTION 

The results from experiments described in this psper are concerned with a nominally two-dimensional 
Incompressible turbulent boundary layer on a flat surface which separates due to an adverse pressure 
gradient.    Many experimental Investigations have been made of this classical problem,  but nor.e have em- 
ployed a dlrectlonally sensitive laser anemometer  to determine quantitatively the flow structure down- 
stream of separation-    It is well recognized that  this separated flow strongly influences the free-stream 
potential flow, whl        n turn Influences the upstream flow behavior.    The primary objective of this re- 
search program is ti       wide needed experimental  information about  this type flow. 

In addition to laser anemometer mea-urements, hot-film anemometer measurements were also obtained 
in regions where the flow did not change clrectlon.    Many different types of measurements have been made, 
including:    skin friction, mean velocity profiles,   turbulent shearing stress and intensities, downstream- 
upstream flow intermlttency, dissipation rate,  and separation zone location,  which are all discussed here; 
and spectra, wall bursting frequencies and spanwise structure, turbulent-non-turbulent  interface inter- 
mlttency and frequency, eddy celerities, and downstream-upstream flow reversal frequency.    All of these 
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measurements are discussed at more length by Simpson, et al. (1974). 

One of the most important results deduced from these experiments is that the normal stress terms of 

the momentum and turbulence energy equations play a significant role in the flow behavior in the vicinity 
of separation.  A model that accounts for these terms is presented, which when Incorporated into the Brad- 
shaw, et al. (1967, 1974) turbulent boundary layer prediction program shows close agreement with the ex- 

perimental results presented here. 

2.  EXPERIMENTAL EQUIPMENT 

Figure 1 Is a side view schematic of the 16 foot long, three foot wide test section of the blown 

wind tunnel.  The detailed features of this tunnel as used in the current experiments are given by Strick- 
land and Simpson (1973). The test boundary layer on the wind tunnel floor was an airfoil type with first 
flow acceleration and then deceleration as shown in figure 2. To eliminate preferential separation of the 

curved top wall boundary layer, this layer was removed prior to the last eight feet of test section.  To 
provide the necessary backpressure to blow out this flow, a perforated metal plate was located at the exit. 
Under these conditions, this tunnel produced a  free-stream flow uniform within 0.05Z In the spanwlse di- 
rection and within II in the vertical direction with a turbulence intensity level of 0.1Z at 60 fps. 

Figure 1.  Sidevlew schematic of the test section.  Major divisions on scales:  10 Inches.  Note baffle 
plate upstream of blunt leading edge on bottom test wall, upper wall boundary layer scoop, and 
perforated metal exit plate. 

Just upstream of the blunt leading edge of the test wall, 33 smoke ports are located spanwlse across 

the wind tunnel contraction.  A baffle plate deflects the smoke In the free-stream direction and tends to 
produce a uniform spanwlse distribution of smoke.  The room temperature smoke used for laser anemometer 
measurements is dioctal phthalate atomized by the shearing action of compressed air jets to approximately 

1 micron particles. 

The laser anemometer system used a backscatlering fringe-type arrangement and is dl 

detail by Simpson, et al. (1974) and Simpson and Karr (1974a). The argon-ion laser beam 
through an ultrasonic Bragg cell. The horizontal first-order diffracted beam, which was 

and the unshifted beam were focused to form real moving fringes In a volume 0.0125 Inches 
0.140 Indies long. Signals greater Chan 23 MHz were obtained from flow moving downstream 
less than 25 MHz were obtained from flow moving upstream. Received signals from this vo 

onto the plane of a variable aperture diaphragm and passed through a narrow window ('5A0) 
filter to the face of a photomultiplier tube. All the optics were mounted on a single mo 
allowed movement along the wind tunnel test section and provided for adjustment in all th 

scussed In some 
(4880A)passed 
shifted 25 MHz, 

di -'.neter and 
while signals 
lume were focused 

interference 
bile cart which 
ree directions. 

Sampling spectrum analysis of the s 

countered in this flow with the low parti 

frequency shifting one Incident beam. Mo 
dltlons. The basic principles ot this si 

given by Simpson and Barr (ly74b). The s 
spectrum analyzer. For each sweep of the 
voltige distribution proportional to the 

voltage is linearly proportional to the s 
marks the frequency of the passing partic 
neous value of the horizontal sweep volta 

ignals was used because of the high signal drop-out level en- 
de seeding level and the high signal frequencies produced by 

st frequency trackers cannot handle either of these signal con- 
gnal processing method are explained here while more details are 

ignal from the photomultiplier tube is Input to a swept filter 

analyzer when a particle is in the focal volume, a vertical 
filter output Is displayed.  The simultaneous horizontal sweeping 

ignal frequency.  The peak of the vertical voltage distribution 
la signal and is used as a gating signal to allow the instanta- 
ge to be sampled. 

Prior to gating the horizontal sweep voltage the vertical voltage distribution Is fed into a pulse- 
shaping circuit which produces a pulse simultaneously with the occurrence of the peak value.  This output 

pulse is used to trigger a sample-and-hold circuit, into which the horizontal sweep voltage has been input. 
The sampled sweep voltage is held by the sample-and-hold circuit until a new signal from another particle 
Is detected.  The output of the sample-and-hold circuit Is input to a SA1C0R model 41 digital probability 
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•nalyzar to obtain a aoMwhat jauaalan-llka hlatograa of output voltagaa which ara ralatad to partlcl« 
valocltlaa.    Fro« a hlatograa obtalnad for a givan location In the flow, the aaan atraaawlaa velocity U, 
the aaan square atraaawlaa fluctuation velocity ü7,  and the fraction of tiae that the flow aoves down- 
atreaa Tp (downatreaa flow intenlttency) were obtained fro« the relation« 

u-nz/lV uu. VH^; * ^10 
IP Alp 

where (AA/A)| la the fraction of the total histogram area for a given probability analyser bin correspond- 
ing to velocity U  and the subscript p denotas positive velocity quantities. 

Standard Thermo-Systens, Inc. constant temperature anemometers, lineariiers, signal conditioners, 
and correlator were used in the measurements reported here. Standard Thermo-Systema, Inc. 0.001 Inches 
diameter platinum-coated quarts rod hot-film sensors were used in the normal sensor, the 45° slanted 
sensor, and the dual cross-film probes used here. The flush surface mounted hot-film aenaora uacd for 
wall shear stress measurements were fabricated at SMU and are described in detail by Strickland and 
Simpson (1973).  A double hot-film sensor was constructed for measuring the fraction of time the flow was 
downstream.  The probe consists of two 0.02 diameter platinum hot-film sensing spots 180s apart on the 
side of a 2 nn diameter quarts rod near one end.  The probe was inserted through the test wall with one 
sensor facing upstream and one downstream. The sensing spots were approximately 0.75 inches from the wall. 

3.  DESCRIPTION OF THE TEST FLOW 

The test boundary layer flow on the wind tunnel floor was an airfoil type with firat flow accelera- 
tion and then deceleration. All experimental data were obtained with the temperature and stagnation 
pressure being maintained essentially constant at 770F and 1.310 inches of  water. 

In the bottom wall boundary layer the static pressure at the wall is essentially equal to that at 
the boundary layer edge except at the last station measured (IS1 '■). However, in the center portion of 
the boundary layer the static pressure tends to be less than the at the wall or freestream.  Spangenberg, 
et al. (1967) also noted such a phenomenon In their separating flow. This can first be noticed in the 
present flow at station 103.8, although the variation is only on the order of .003 inches of water with 
the uncertainty being about 0.002 inches of water. At station 157.1 the variation is approximately .020 
inches of water.  Rotta (1962) shows by use of the y momentum equation that the static preseure in the 
boundary layer is less by an amount equal to pvz from that of the freestream. This appears to account for 
the variation for stations up through station 139.1.  At stations 157.1 and 183.6 the factor pv7 accounts 
for only about 1/3 to 1/2 of the variation. The existence of a significant pressure gradient normal to 
the wall near station 183.6 is produced by exit screen effects and is responsible for the lack of agree- 
ment at that station as discussed by Strickland and Simpson (1973). 

Figure 2 shows the free-stream velocity distributions along the tunnel center line obtained using 
the stagnation pressure and these several static pressure measurements. The agreement of theae results 
indicate a rather uniform pressur across the freestream.  Near the exit, the velocity calculated from the 
wall tap data is seen to be about SX higher than that obtained using free-stream static pressures. This 
is due to the wall static pressure bel.tg lower than that in the freestream.  This effect is primarily pro- 
duced by the curvature of the free-stream flow toward the bottom wall as the perforated sheet metal exit 
cover with its associated high pressure drop is approached. 

Figure 3 shows the pressure gradient measured along the centerline of the bottom wall.  Just down- 
stream of the location of the upper wall scoop (96 inches), the slope of the static pressure gradient 
changes sign.  Near station 128 Inches the pressure gradient abruptly drops to an approximately constant 
value downstream. 
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Figure 2.  Freestream velocity diKtribution 
O From bottom wall static taps 
Q From bottom B.L. probe (pitot) 
^7 From top B.L. probe (pitot) 

Figure 3.  Pressure gradient along bottom wall 

Three-dimensionality of the mean flow is often thought to dominate separating boundary layers. Con- 
sequently, several types of measurements and observations were made to assess this condition.  Boundary 
layer velocity profiles using impact probes were obtained to examine the upper wall and bottom wall flow 
behavior (Strickland and Simpson, 1973). Mean streamwise velocity profiles taken across the center 12 
inches of the bottom wall Ind'cate that the flow was two-dimensional within .ibout 1 fps. Wall static 
pressures measured in the same region are within IX  of the dynamic pressure of being uniform across the 
flow.  Mass flow balance considerations indicate that the effective convergence of the flow due to side 

 ■■- - --iirir  i nariimi mMmmamiimimätlltttmmttM 
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wall boundary layer growth Introduces SOD« small three-dlmenatonality.    The maxlouo value of this conver- 
gence occurs near station 120 inches and is approximately 0.07 inches/Inch of flow length.    Prediction of 
this flow up to separation by the Bradshaw et al.   (1967) method, with and without the measured convergence 
effect,   Indicates that there was a negligible effect of convergence. 

Data obtained with the sensor slanted with AS0  angle to the stem was also used to obtain an estimate 
of  the crossflow velocity along the   .unnel centerline.     By obtaining mean voltage signals at different stem 
orientations,   the W and U components  could be deduced at  a  given spatial  location.    Results obtained  up- 
stream of station 124.8 inches indie ite negligible crossflow within the small uncertainty of aligning the 
probe with the  tunnel centerline.    Downstream the peak values of W appear  In regions near the wall where 
the mean velocity U   is  small.    The value of U indicated  In  these  regions  is  less  than  1.5  fps or about  3Z 
of  the  free-stream velocity.    However,  as discussed below,   incipient  flow separation and backflow occur  in 
these regions  so  these  latter results from the diructionally  insensitive hot-film sensor are  suspicii   i. 

Some asbestos  particles were  introduced at  the downstream portion of  the separation  zone and migrated 
upstream until  a dune,   straight within about  2  Inches,  was  formed perpendicular  to  the  streamwlse  direction 
across  the  tunnel  flour.     Thus, within the uncertainty of  the  Instrumentation and  techniques employed,   the 
apparent mean  three-dimensionality uncovered by all  of  these measurements appears  to be minimal  upstream 
of  station  124.8   inches and small  downstream. 

4.     EXPERIMENTAL  RESULTS 

4.1    Mean velocity and downstream flow Intermlttency 

u„ 

Figures 4 and 5 present laser 
anemometer results for the mean ve- 
locity along with downstream flow 

results from the normal hot-film 
and impact probes.  Table 1 presents 

characterizing parameters for this 
flow.  The laser anemometer results 
were obtained from two different 

optical setups at different times. 
Turbulence intensity measurements 

from the earlier work (Simpson, et 

al. 1973) were known to be in error 
due to dispersion bandwidth limi- 
tations of the spectrum analyzer 
used at that time.  The signal pro- 
cessing technique described above 
and by Simpson, et al. (1974) 
seems to have alleviated that prob- 
lem.  Good agrtement between these 

two sets of results Is observed. 
Simpson, et al.(1973) have noted 
good agreement between the impact 

probe and hot-film mean velocity 
profiles fur the downsLteam flow, 
accounting for turbulence Intensity 

effects. 

Klgure 6 shows Tp measured 

0.010 Inches from the test wall 
while figure 7 shows i  at the 

several streamwlse locations.  Fur 
ip • 0.8, we can see from figure 4 
that the normal hot-film data a- 

gree with the laser anemometer 
results, even though some signal 
rtctifIcation effect is present. 

As mentioned in section 2 
above, the double hot-film sensor 

was constructed for measuring <„ 
and the frequency of flow reversal. 

The original intent was to sub- 
tract the signals from the two 
sensors, thus producing a positive 

signal when the flow was In one dl-    Figure 4. 
rectlon.  However, thermal coupling 
and uther problems (Strickland and 
Simpson, 197j; prevented this.  In- 
stead, mean voltage signals from 
each sensing spot were obtained 

with each spot oriented both up- 
stream and downstream.  Using the 
non-linear rcjollng relationship 

for film sensors. It was determined (Strickland and Simpson, 1973) that ip ■ 1/2 when the mean voltage 
signals from a sensor facing upstream and downstream were equal.  This condition was satisfied at station 
132, in agreement with the laser anemometer result shown on figure 6. 

Mean i/eloclty profiles:  + Impact probe, O normal hot 

film, £±  laser anemometer (Simpson, et al. 1973), Q 
present laser anemometer.  Solid lines:  stations 60 and 
88.6, predictions of Bradshaw, et al. method; stations 

103.8 and 124.3, correlation of Perry and Schofield; 
stations 139.1 and 157.1, visual aid only.  Dashed line: 

equation (11). — •— : predictions with normal stress 
effects. 
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Figure S.  Mean velocity profiles near the wall In 
the separation region: + 124.6, x 132.2, 
Q 139.1, 0 1^6.0, • 16S.8. 

Figure 6. Fraction of time that the flow 0.010 
Inches from the wall la In the down- 
stream direction.  Solid line for 
visual aid only. 

Station 
(inches) 

R% 
(fps) 

dO.      1 
dx     W; (£| x ioV 

40.99 
(Inches) 

H 

28.2 2240 71.6 8.1 2.06a 0.69 1.29 
60.0 3520 85.0 0.60 1.73 0.82 1.33 
88.6 6020 78.0 -5.2 1.30 1.25 1.39 

103.8 9220 70.8 -6.15 0.83 1.82 
2.1? 
2.89b 

1.63 
108.8 10100 67.6 -6.6 0.74 - 
117.8 13600 62.8 -6.9 0.20 - 
124.3 17700 58.9 -5.9 0.113 3.71 

3.90^ 
5.34b 

2.62 
126.8 18400 57.6 -4.6 0.08 - 
136.0 21100 56.0 -2.0 -0.06 - 
139.1 21400 55.5 -1.75 -0.06 6.54 4.63 
148.0 22600 54.2 -1.5 -0.3 7.3b - 
157.1 24000 53.3 -1.0 -0.1 9.38 5.36 
165.8 25700 52.7 -1.0 -0.14 10.2b - 
175.7 30000 51.6 -1.1 -0.14 11.4b - 
184.5 38000 50.7 -1.2 -0.15 12.23 - 

(a) solid line, figure 10.  (b)  interpolated value, 
surface film results (Slmp&on, et al. 1973). 

(c)  interpolated value from hot 

Table 1.  Values of parameters along the flow. 1.68 x  10"4  ft2/sec. 
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Figure 7.  Fraction of time Yp that the flow la In the downstream direction. Note abscissa 
scale change and displaced ordlnate. Legend sane as figure 5. Lines for visual aid only. 
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4.2 Turbulence 

The effects examined were transit-time broadening, velocity- 
Simpson, et al. (1974) reported good agreement of 

data presented here (Simpson, et al., 1974) 
gradient broadening, and low velocity particle biasing 
these dsta with u* obtained from the cross-film probe 
talned using the normal hot-film Indicated a doubled-peaked^dlstrlbutlon for Yp < 0.9S, which evidently 
indicates some rectification effect. 
laser anemometer value. 

for YD > 0.95. Velocity probability diagrams ob- 

For Yp < 1, the hot-film measured u2 was drastically lower than the 

Figure 8 shows ü7/"7-.. v*- y/H {or  the downstream separated flow stations, where u^x and M are 

each 
he 

Che maximum mean square  fluctuation and its location for that profile.    The observed similarity Is  fairly 
good for y/M <   1 even at  station 124.6 where Yp i 0.8.    At all other stations shown in that figure,  simi- 
larity throughout  tin profiles  is shown.     It is Interesting to note Yp appears to approach unity for eac 
profile In the vicinity of  the maximum observed u7 value.    A plot of    u7/!]2 vs.  x for 0.010 Inches off t 
wall shows that the maximum value occurs near station 132, which  Is consistent with the location of Yp ■ 
0.5 shown in figure 5,   the location of zero mean wall shearing stress shown in figure 10,  and the maximum 
surface hot-film fluctuation signals presented by Simpson,  et al.   (1973). 

Hot-film measurements of u7, w7, and -uv were also reported by Simpson, et al.   (1974)  for Yp * 0.8. 
Figure 9 presenta -uv/U„2  results for the several stations for Yp  > 0.95 obtained by cross-film and slant- 
film probes.    Agreement between measurements made at  the same station by both probes is within 20Z while 
the uncertainty of each measurement was estimated to be about  HZ. 

Spectral data for u7 were obtained for Yp ' 1 using the normal hot-film probe and were used togeth- 
er with the -5/3 law of  the  inertial subrange to determine the turbulence energy dissipation rate.     The 
dissipation rate was also estimated using the assumptions of  local  Isotropy and Taylor's hypothesis for 
convection velocities.     Agreement of results between these  two methods was within 201 at stations upstream 
of  103.8 inches but was somewhat poorer at the downstream stations near separation.    Details about  these 
measurements and the results are presented by Simpson,  et al.   (1974). 
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Figure 8. Streamwlse  normal   stress  in the 
separated  region normalized on 
Che maximum stress and  the distance 
from the wall   to  the maximum. 

1.0 2J0 
y/M 

location M/« (^/"-^MAX (u/iuM/6 

+     124.6 0.40 17.6 x  lO"3 0.47 

O      139.6 0.58 27       x  lO"3 0.52 

O     157.1 0.65 36      x  10"3 0.52 

X      183.6 0.66 58      x  10"3 0.59 

4.3     Wall   shearing  stress   results 

Four different  ways  of  deducing the mean wall  shearing  stress distribution were  used and   the  results 
reported  In  some detail  by  Simpson,  et al.   (1973):     the velocity  profile  crossplot  used  by Coles  and Hirst 
(1968),   the  Preston  tube  technique,   flush  surface mounted  hot-film  sensors,  and  the  Ludwieg and Tillmann 
skin  friction correlation.     The  flush surface-mounted hot-film sensors were also  used  to deduce  shearing 
stress  fluctuations.     The  crossplot,  Preston  tube,   and  Ludwieg and  Tillmann methods  require the existence 
of  a  universal   logarithmic   law-of-the-wall.     All velocity  profiles  obtained upstream of about  station 
124.3  inches   indicated  similar  logarithmic  regions. 

The agreement  of   the mean wall shearing stress values obtained by  the several methods  is  reasonably 
good.     Estimated  uncertainties  for each  type of  result were  computed with  the largest  uncertainties  occur- 
ring at  station  124.3  Inches.     The Coles crossplot  and  Ludwieg-Tillmann methods using hot-film velocity 
profile data,   the  flush  hot   film,  and  the Preston  tube produce  results within  •   16X at   this  station.     Con- 
sidering the  small  value  of  Cf/2 being measured,   this agreement   is  gratifying.    These  results are  shown   in 
figure  10.     The data obtained by  the flush-mounted hot-film sensors  are not dependent  on  the notion of  a 
logarithmic wall  region.     This would  tend  to suggest  that   the  law-of-the-wall holds until  near where   >   •   1 
first  at  the wall,   since  there appears  to be  reasonable agreement  between  flush-mounted  hot-film data and 
the methods which  utilize  the  law of  the wall. 
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The fact that only abao- 
lute shearing straaaaa are 
detected explains In part why a 
mean value of shearing atreaa 
equal to tero was never observed 

from the fluah-nounted hot-flla 
data In the region of separation. 
Since tlae-avcragad backflow waa 

observed downstream of station 132 
by laser anenoneter measurements 
near the wall, those shearing 

strasaea ars preaented aa negative 
valuaa. No attempts to correct 
the mean ahearlng stresses In the 

separation region for the rectifi- 
cation effect were made. 

The apparent mean wall 
friction coefficient was alao 

evaluated from the laser anemome- 
ter data using the relation 
Cf/2 - (\)/U.2)(AU/Ay). where 

Ay • 0.010 Inches and AU the ve- 
locity at 0.010 inches.  This 
method gave values of Cf/2 about 
lOOt too high as compared with the 
estimates given by the surface 

hot-film results.  However, these 
results did Indicate that the mean 
wall shear changed sign at about 

132 inches position where in -0.5. 

5.  DISCUSSION 

The Bradshaw, et al. (.1971») 
computer program was used to pre- 

dict the behavior of this boundary 
layer. Velocity and shear stress 
profiles at station 28 inches were 

input.  The side wall boundary 
layer effects on the convergence 
were accounted for, but there was 

much less than IX  difference when 
this effect was Ignored.  The sur- 
face shear stress distribution 
shown in figure 10 indicates good 
agreement up to about station 108 

with the flush surface sensor re- 
sults while the mean velocity 
profiles were In good agreement 

only up to about station 70.  Be- 
cause of this good agreement up 
to this streaowlse location, the 
discussion here will be limited 
to the downstream region. 

Figure 9.  -uv/U,.- distributions: O cross film, 0 slant hot-film. 
Solid lines:  pseudo-shearing stress distributions; 
dashed line:  prediction of Sradshaw, et al. method, no 
normal stresses; —• — : current prediction with normal 
stress effects.  Note displaced ordinates. 

Perry and Schofleld (1973)have recently proposed a correlation for unseparated flow mean velocity 

profiles in the presence of strong adverse pressure gradients, based upon 145 mean velocity profiles from 
flows on flat or slightly curved surfaces taken from Coles and Hirst (1968) and Including both equilibrium 
and non-equlllbrlum profiles.  This correlation only applies when the maximum shearing stress U^ ■ (-uv)_. 
exceeds 3/211,', where L'T is the wall shear velocity. 
124.3 meet this requirement. 

In the present results, only stations 103.8 and 

They proposed that the outer flow be described by 

U. - U 

U 
f2(n2) y/i (1) 

where 12(^2)  ls • universal function,  t-^O) ■ 1 defines the velocity scale Ugl and A is determined through 
the displacement  thickness S* integral 

A ■ 2.86    i*ZZ (2) 

Near the wall 

-T-h - f^nj),  n1 

LU  2 

-2-     e . _4_ (3) 
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Figure 11 
ship near 
103.8: x 
point B - 
y+ • 32. 
meter; A • 
6.4 slope; 

IJO 

Half-power Man velocity profile relatlon- 
the wall upatreaa of separation. Station 
hot-film; O laser anenoaeter; A • 2.96; 
predicted point of tangency yc; point C - 
Station 124.3: *  hot-film; £ laser aneao- 
8.56; point D - y+ • 10.  Solid Unas - 
dashed line - 8.05 slope. 
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Figure  10.     Friction  factor  distributions:    O 
flush hot  film, ^  Preston tub«, ^ crossplot of 
hot-film data,  ^ from  Ludwleg and Tillmann rela- 
tion  (Simpson,  et al.   1973).     Solid  line - visual 
aid only;  dashed  line  -  prediction of  Bradshaw, 
et  al.   (1967)  method;  —•—  :   current  prediction 
with normal  stress effects.     Experimental  F and 
H.   0- 

where h  is  a constant  and  L  is  the lUstance from 
the wall  to  the maximum  in  the  local  shear stress 
profile.     The proposed  relation  for e was empiri- 
cally determined.    The  exiatence of  an overlap 
region between  fj  ?nd  f,   requires  that   1-  that 
region 

and  that 

where  the constants were  empirically determined. 

Ilwiimp m9» 

„L- 
U       04 

H'Km, 

Figure 12.  H vs. '•Mo.995. A present datk:  sta- 
tions 88.2. 103.8, 124.3, 139.1 and 157.1, respective- 
ly, for increasing H.  Shaded areas - data for inter- 
mittent and fully-developed separation (Sandborn and 
Kline, 1961).  Path predicted from Perry and Schofield 
velocity profiles —.  Solid line   Intermittent 
separation; —•— fully developed separation (Sand- 
born); —. •— data of Sandborn and Liu (1968). 

f(n1) - 6.4^ 
1/2 

•M 
1/2 

(*) 

(5) 

Within the inner flow nearest the wall equation (3) takes the usual logarithmic form for y* > 30 

U+ - —i— ln|y+| + 5.0 
0.41 

(6) 

and U • y  in the viscous sublayer.  The point of tangency between equations (3) and (6) occurs at 

y    • 0.58e      or yc/A • 37.1 U ^/Vj (7) 

.1/2 For  the data presented  here  Us/U^ was determined  from a  U/U„ vs.   (y/6)*'* plot with  the  slope of 
the half-power  region extrapolated to the wall,  as suggested by Perry and Schofield.    Thin and other para- 
meters are  shown  In Table  2.     In  terms of U/U„ vs.   y/4,   the center of   the band of data presented  in  figure 
6(a;  by Perry and  Schofield  for  fjCr^)   is plotted on  figure 4.     For  station  103.8  there  Is very good agree- 
ment with the measurements and  the scatter is well within the scatter of the'r correlation.    For station 
124.3,   there  Is more deviation but  the present  results  fall  alonr,  the edge of  the scatter  in  their corre- 
lation. 
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Nearer the wall there la some acatter In the present results, as shown In figure 11, but equations 
(3) and (4) seem to be roughly satisfied. At btatlon 103.8 the slope of equation (4) seems to be satis- 
fied by the laser results while the hot-film results require about a 8.05 slope. The predicted point of 
tangency yc is substantially further out in the boundary layer than the inner edge of the logarithmic 
region. At station 124.3 the predicted point of tangency occurs in the sublayer, so supposedly no loga- 
rithmic region remains.  However, it should be recalled from section 4.3 that good agreement between wall 
shear stress measurements that do and do not require the assumption of a logarithmic law of the wall seems 

to support the existence of some logarithmic region at this station.  Plots of U* vs. y+ (Simpson, et al., 
1973) also support equation (6) near the wall at these two locations.  Figure 5 shows a logarithmic-like 
region for station 124.3 for y/i  < 0.01. When U > 0, h + 0 and equations (3) and (4) should become inde- 

pendent of UT.  Evidently this condition is being approached at station 124.3 

The experimentally determined values of U8/UM and A/L 
fall within the scatter of the plot from which Perry and 

Schofield obtained equation (5).  However, better agreement 
with equation (3) Is obtained if the "pseudo-shearing stress" 
is used 

Mp 
-uv + 

■Ku7 h. 
3x 

dy (6) 

for the maximum shear, (x-dlrection derivatives were estimated 
using the (u^ - v*) profile similarity along the flow.  For 
more details see Simpson, et al. (1974).) Curves showing 

LW'/LV are given in figure 9.  The reason for using this Is 

that Perry and Schofield neglected the normal stresses term in 

the differential momentum equation (Rotta, 1962) 

103.8 124.3 

I'g/U. 0.7 0.96 

VUM 17.64 17.38 

Us/UMP 
16.7 15.74 

yj* 0.0606 0.00453 

A/« 1.01 1.29 

L/6 0.25 0.45 

IM + v 
iv   D     dx   ,)y    I  p 

j(u2 

JX 
^1 dy (9) 

Table 2. Perry and Schofield 
correlation parameters from 

the present experimental 

data. 

when they produced shear stress profiles from mean velocity profiles and this equation.  Consequently, 

they were effectively calculating Uu 
2. np 

The data analysis  of   Perry and  Schofield did not  support   the mixing length theories   (Townsend,   1962; 
McDonald,     1969)  which predict  a  significant  departure  from equation   (6)   under strong adverse pressure 
gradlonts.     The  present   resul  s  do not  support   those  theories either.     These  theories are  predicated on  a 
linear  shearing stress  distribution near  the wall  being a  function  of  pressure gradient while ignoring  the 
normal   stress  terms.     For   station  124.3,   the present data suggest   that  at  y/6  =  0.05 

i(-uv/U/) 

'(y/O 

-,       ,n-3       ...        6 3 (u7 -  v^)   .   ,       ..-4 ~  2  x  10        while  i <- -   5 x 10 

so that near sepaiation near the wall, normal stress terms are quite significant in the momentum equation 
as compared to  the shear term.  Also note that while the -uv measurements near the wall are relatively un- 
certain, t seems tu be fairly constant and agrees with the wall value, an observation consistent with other 
measured -uv data (Newman, 1951). 

Ttu description of turbulent boundary layer separation is not clear cut as in a steady laminar flow, 
where separation is presumed to occur at a location along the flow where  the wall shear vanishes. Turbu- 

lent separation, or intermittent separation according to Sandborn and Kline (1961), occurs at the upstream 

point at the wall where backflow begins on an Intermittent basis.  This point is the intermittent sepa- 
ration point or the turbulent separation point.  Downstream of this location Yn decreases along the wal1 

in the intermittent separation legion where flow moves both upstream and downstream on an intermittent 
basis.  The so-called fully-developed separation point or time-averaged separation point is where the 
average wall shear stress is zero. 

It is clear from figure 6 that Intermittent separation begins somewhere downstream of station 120. 

At station 124, <„      0.8 near the wall, which as pointed out in section 4.1, appears to be about the 
lowest value of tp for which the hot-film mean velocity values are not appreciably affected by signal 
rectification.    This would appear to be a good criterion for the beginning of intermittent separation, 
considering also Che uncertainty in measuring yp as noted in figure 6.  Figures 2 and 3 indicate that the 

pressure gradient drops off rapidly after intermittent separation. 

Figure 12 presents the separation criteria of Sandborn as discussed by Sandborn and Kline (1961), 

which are based on examination of many laminar and turbulent separation velocity proflice.  For inter- 
mitcent separation the followin,; relation was proposed 

H - 1 + (1 - 4*/So.S95) 
-1 

(1C0 

while  the  laminar velocity  profile at  zero wall  shear was proposed   to predict  the H vs 6*/6Q.995 at which 
fully-developed  separation  was  located.     The present data are  in  good agreement  with these criteria.     Al- 
though no velocity profile  data were  taken at  station 132,   interpolating between the  124.3 and the 139.1 
data points on  figure  12   places  1J2 somewhere near  the  fully-developed  separation curve.     The data of 
Sandborn and  Liu  (1968),   which agree with  these criteria,   indicated  that  Yn1 "• ' near  the wall at inter- 
mittent  separation,  somewhat  agreeing with  the above proposal  that  Yr>  :   C.8 at  intermittent separation. 
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Use of  Che Perry and Schofield correlation Implies Chat  there Is only one H vs.  i*/6o.99; l>ath  that 

a  flow can  follow to separation.    This  Is  Implied  through equation (1),  which can be manipulated using 
their f2^n2^  correlation plot to piaduce the curve shown on figure 12 for this path.    If  one allows Ug-» U, 
which Implies that  the half-power rehuion approaches the wall,  then UT   * 0 and separation is predicted 
at H • 2.28.    Which separation?    Judging from all  these data and figure 12 it can only be  the intermittent 
separation,  although this prediction is only fair.    The data used by Perry and Schofield were obtained 
from flows over low-curvature faired surftces such as  the data presented here.    The data of  Sandborn and 
Liu was obtained after a moderately large    nange  in curvature.    The H vs.  &*/6o.99S Path  'or those data 
was at considerably lower i*/io.99S than the ',ata presented here or the Perry and Schofield path.    Evidently 
the curvature effect  is  Important In determining this path,  and the Sandborn criteria for  separation are 
thus more  general. 

Downstream of  separation  the outer mean velocity profiles behave    slm51arly to •*   two-dimensional 
mixing  layer.     For  U/U.  > 0.3 the eo.  'ion presented by Strickland and  Simpson   (1973) 

U - U0 

U - Un H—ra! (ID 

was found to fit the mean velocity profiles, where 6' • 35, UQ/U„ • 0.2, y' Is measured from U/U„ - 0.6 
near the maximum shear locations, and x' is measured from 88 Inches.  As shown on figure 4 this relation 

j does not fit the data at 124.3 very well.  The value of 5' is about twice the value obtained for mixing 
layers with zero pressure gradient and with UQ/U^  0.2 (Halleen, 1964). 

Rather flat mean velocity profiles are observed for y/5 < 0.13 downstream of the beginning of inter- 
mittent separation.  This low velocity region evidently Just serves the function of providing Just the 
small amount of net backflow required to satisfy the continuity requirement after the energetic flow near 
the freestream has deflected away from the wall upon separation.  In the same region Yp> U, and the average 
positive velocity also remain fairly flat, as seen in figures 5 and 7, also Indicating that the average 
negative velocity is also about constant. 

Figure 8 strongly suggests that there is some flow field similarity downstream of separation, with 
the maximum streamwise rms fluctuation u „..v and the distance M from the wall to the location of this maxi- max 
mum bei, < the velocity and length scales, respectively.  Figure 4 Indicates that the location of ma/1mum 
u^ occurs at U/Un s 0.5 for stations 139.1 and 157.1 while the mean velocity changes direction at y/M > 0.25. 
The velocity profile similarity equation (11) also indicates mean velocity profile similarity, at least in 
the outer region.  Yp also provides further evidence of similarity. 

The data shown on figure 7 were replotted to test the proposed similarity relation 

P   P 

1  " Y 
g(y/M) (i/) 

po 

where Yp  is the near wall value shown In figure 6.  For stations downstream of intermittent separation, 
0 

equation (12) was satisfied within about *0.05 at a given y/M.  An empirical curve fit, accounting for the 
linear portion and the tail near y/M • 1, produces 

g(y/M) - 1.58  Jj - 0.08   - 0.453 exp [-27.1(1 - y/M)2l 

0.1 < y/M <_ 1 

Thus the separated  flow field similarity is supported by all  the data presented here. 

The  turbulence structure seems representative of previous adverse pressure gradient work, although 
the  effects  of  the  normal stress  terms have not  previously been emphasized  (Simpson,  et  al.,   1974).     The 
parameter  -uv/q2 - aj, whic'i is fairly constant across the middle of a boundary  layer,  represents the fact 
that  in most  flows the tutoulence energy is a direct result of shear production.     Bradshaw  (1967) obtained 
values of a]  atound 0.15 for two equilibrium type adverse pressure gradient flows, with values as low as 
0.1 for stall values of y/6.    Upstream at stations 88.2 and 103.8, ai  has a value of about 0.13 near the 
outer boundary layer    edge and smaller values closer  to the wall,  in fair agreement with Bradshaw's result. 
At station 124.3 aj   is substantially smaller near the wall.  Indicating either too low -uv measurements or 
some other source of  turbulence production. 

The normal stress production term is not negligible in the turbulence energy equation 

^     V    a q7] 3     f iv ^ 1 -j-l —SU       ,-T     -j\   3U ,... 
2    "TTJ   + 57   [   P       2 ^J     + ^ " -"V ^ -  (^ - ^) ^ (I«) 

where the terms are advection, diffusion, dissipation, shear production, and normal stress production, 
respectively.  Figure 13 shows estimates of the ratio of normal stress to shear production for the several 
stations, along with the results of Schubauer und Klebanoff (1951) near separation.  If we multiply aj by 
the factor 

F . ! _ g^Q au/ax (15) 
-uv 3U/3y 



Figure  13.     Ratio of normal stress production to shear stress pro- 
duction at  the several  streaowise locations:  O 103.8, 
A   124.3,  O 139.1, x    157.1.    Solid  line shows results 
of  Schubauer and Klebanoff  flow near  separation,  24.5 
feet. 
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which la the ratio of total pro- 
duction to «haar production, then 
»\t  should represent the ratio of 
of th« total turbulence production 
mechanism to the turbulence energy 
produced. As separation Is ap- 
proached F takes on values of the 
order of 1.5 or 2, although uncer- 
tainties In estimating 3U/3x make 
the values In figure 13 also un- 
certain, especially at high and 
low y/6. Clearly though, the 
large value of F near the wall at 
station 124.3 Is needed to at 
least partially account for the 
small aj observed.  In general 
ajF takes on values closer to 0.15 
than aj. This suggests that 
ajF ; 0.15 Is the more general 
correlation.  The curvature turbu- 
lence production term -uv 3V/3x 
(Bradshaw, 1973) has been neglected 
from t'^e right side of equation 
(14), since In this flow the 
largest value of (9V/ax)/(dU/3y) 
Is crudely estimated to  be less 
than 0.03.  Thus the effect of 
curvature attributable production 
is negligibly small as compared 
to shear production. 

Figure 30 of Simpson, et a' . (1974) shows that the dissipation length L defined with -uv is also 
quite a bit lower than Bradshaw'j (1967) distribution.  It should be noted that the data seem to depart 
from the Lt/i '  0.4(y/i5) relaticu in the vicinity of the predicted yc/6 of the Perry and Schofleld corre- 
lation at y/' « 0.06 at station 103.8.  Again, -Uv F should be used lo represent the amount of energy 
available for dissipation since we have found that ajF ; 0.13, I.e., It seems we should use 

(-u-v-)3/2 F3/2 
(16) 

with Bradshaw's L /t vs. y/6 distribution for the left side. As shown In figure 30 of Simpson, et al. 
(197*), the level'of Lt/(.  using -uv F at station 124.3 is about double the result using only -UV, but is 
still quite a bit lower than Bradshaw's distribution.  At station 103.8 the result is about 30Z higher 
over that obtained not using F.  For y/6 > 0.4, the L(/5 results using -07 F at these latter two stations 
agree with the results at station 88.2, where F is close to unity. 

The entral;>roent velocity V , which is proportional to the diffusion of turbulence energy at the 
outer edge of the flow, was computed using the relation 

d 
dx [ ",(«0.995 - «*)] (17) 

Bradshaw,   «t  al.   (1967)   found that  Ve could be correlated by the maximum Reynolds shearing stress  inten- 
sity in equilibrium as well as non-equilibrium boundary layers and the high velocity edge of n.lxlng layers: 

-^ - 10 f —Jssi) 

V W 
(18) 

Results using equation (18) were in general about 15Z higher than those computed from equation (17) 
(Simpson, et al., 1974).  The deviations are within the scatter of data originally used to obtain equation 
(18). Apparently the normal stress production of turbulence energy does not appreciably affect the en- 
tralnment process. 

6.  PREDICTION MODEL FOR NORMAL STRESS EFFECTS 

From our discussion In section 5 above, it Is clear that normal stress effects are Important in 
both the momentum equation (9) and the turbulence energy equation (14), Here a simple model Is presented 
for inclusion of these effectj. This model was inserted into the Pmdshaw, et al. (1974) computer pre- 
diction method, which utilizes equations (9) and (14) and forms a hyperbolic set of differential equations 
since large-eddy diffusion is used. 

The normal stress effects in the turbulence energy equation are easily modeled using the approxi- 
mation that F Is constant across the boundary layer, which Is about true for the mid-region of the 
boundary layer for the data shown in figure 13.  Thus the total turbulence production term becomes 
F(-uv3U/3y).  One way to specify (u7 - v7) for the normal stresses in the momentum and F equations la to 
relate (u* - v7) to q7 (q7" tt* + v7 + w7) or to -üv.  For example let us use the model equation 
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u7 - v7 • Ciq7 (19, 

whcra Cj Is a constant, which It approalaattly true near th« region of aaximiB noraa] ■tresses In «tro and 
adverse pressure gradient boundary layers. A brief survey of available data Indicates the following valuea 
for C] In the region of aaxlwia noraal atresses: lero preaaure gradient, 0.32 (Klebanoff, 1954); U. - x~0'ls 

and \}m-*~0,2i  equlUbrlua flows, 0.28 and 0.23, respectively (Bradshaw, 1967); present data: atatlon 88, 
0.33; atatlon 103.8, 0.42; station 124.3, 0.38. 

With equation (19) Inserted Into equation (IS), It Is advantageous to use the relation 

q7 • r(->iv)/a|, a, - 0.15 (20) 

suggested In section 5 above for the center portion of the boundary layer. Thus, equation (15) can be re- 
arranged into 

F •  ?  (21) 

i + - m± 
mi   äuTäy 

Since F has already been assuaed constant across the boundary layer, equation (21) need only be evaluated 
at one location In the region of maximum  normal stresses, say at the location of the naxluiua shearing 
stress, where one alao haa a finite non-iero value for (äU/9x)/(9U/9y). 

Since the Bradahaw, et «1. program expresses all turbulence quantities In terns of -uv, It Is slso 
advantageous to use equation (20) In equation (19) to produce 

(jr . „T) .  'v (22) 
•l 

for use In the momentua equation (9). For the results presented here, C] was selected at 0.30, which la 
fairly representative of the experimental values presented above. An added benefit of eqiation (22) is 
that Just as (u7 - v7) approaches zero near the outer edge of the boundary layer, -uv approaches zero, in 
agreement with experimental results. 

The Inclusion of normal stress effects Into equations (9) and (14) requires a rederlvatlon of the 
governing differential equations along the three real characteristics of the hyperbolic set of momentum, 
continuity, and turbulence energy equations (Simpson and Collins, 1975). The angle between a character- 
istic and the x-axls,i, Is given by the three values 

V + JU  (ß) 
tan a • -,  '■  (23) 

where 

a    M 
(B) 

1/2 CpF2 

<n) + fr1*1 (v + aiclJM) + (Gl,u)? + ^ I      and    * - -rr <2*) IT   Uai      ' M'   '""(T   pai r   a^ ^] 
By substituting the continuity equation into the momentum equation, the equation along the vertical 
characteristic is 

.U ^V + V dJJ . u dU^ + ll (25) 
dy dy    - dx   dy '"' 

The equations  along  the   inclined characteristics are 

tFdU H^-il-^^-^-IVvsHi^-s-j}   - 
When Cj is set equal to zero, equations (24-26) reduce to those derived bv Bradshaw, et al. (1967). 

Figure 10 shows predictions using the Bradshaw, et al. program with and without normal stress 
effects. Upstream of the vicinity of separation, there Is no detectable effect of normal stresses on C,/2 
and II predictions, although F is slowly increasing.  Downstream of about station 108, the Inclusion of 
normal stresses more closely predicts C</2 and U.  Note that the predicted F factors agree with the ex- 
perimentally determined values from figure 13 evaluated at the maximum shear location.  Separation Is pre- 
dicted at about station 127.5 which is about midway between the locations of Intermittent and fully- 
developed separation.  No separation is predicted when normal stresses are not Included. The mean velocity 
profile predictions are not particularly improved with Inclusion of normal stress effects although figure 
9 shows some Improvement In the shearing stress in the mid-region of the boundary layer. 

This model Is currently being refined and tested against the strong adverse pressure gradient flows 
presented by Coles ^nd Hirst (1968). One refinement is the use of the Perry and Schofleld wall similarity 
relations discussed above Instead of the McDonald (1969) type law of the wall used by Bradshaw, et al. The 
results presented here show the small but significant effect normal stresses can have on a turbulent 
boundary layer near separation. 
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;. COMCUSIOMS 

Th« following aajor conclusion* may  b« drawn fro« tha prasant aiparlaant>: 

(a) Laaar anaawaatar Baaauraaanti of u7, U, and tha fraction of tlaa tha flow aovaa downatraaa Y. ob- 
tained using a dlractlonally aanaltlva systaai ara praaantad for an airfoil typ* flow In th* 
vicinity of saparat<on. 

(b) Tha correlations of Perry end Schoflald (1973) for aean velocity profile* *ubj*ct*d to advara* 
preasure gradlenta are supported within the uncertainty of the data. 

Ik 

(c) The separation criteria of Sandborn are aupported, with Intermittent separation apparently beginning 
when Y    s  0.8 and the free-st.reaa presaure gradient dropa rapidly. 

■ 

(d) Near separation the neglect of the noraal atreaa terms In the aoacntua and turbulence energy 
equations Is not Justified. As much as one-third of turbulence energy production la attributable 
to theae atreaaes. The corrtlation factor F, given by aquation (IS) can be uaad to account for 
theae normal stress effects on  -üv/q7 and L . There la no apparent effect on the entraiiusent rate. 

(a) T* c separated flow field shows some similarity In u^, U, and T-, with tha maximum fluctuation u7 

and M, the diatancc from th* wall to the maximum fluctuation, being the velocity and length acalaa. 
The low velocity backflow apparently Just serves to satlafy continuity requirements. The Inclusion 
of normal atreaa effects in the Bradahaw, at al. (1974) prediction method Indicate a significant 1m- 
pi-ovement In C</2 and H predictions, good prediction of P, and slightly Improved shearing atreaa 
distributions In the vicinity of separation. 
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SUMMARY 
Two   methods 
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boundary   layer   In  ad 
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prevent   the  separation  o 
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plane walla the shear atresa at each limit be 
wall jeta. It was extended by Kind for curve 
layer upstream of the blowlnq slot haa a defi 
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wake. The second method la an extenalon of t 
Launder and their associates which uses four 
streaaea and one equation for the rate of tur 
syateaatically accounting for the presence of 
gradient, correlations and also for slight cu 

These two methods are compared with m 
wall jets In still surroundings and two conve 
differential method la «ore accurate partlcul 
aa uaed, this method required more Input data 
to run. The Integral method la therefore atl 
curvature. 

Gill   University   for   ealc 
f   the   two-dimensional   In 

The   first   waa   a   atrip 
Ing   baaed   on   measurement 
d  walla   and   for   caaes   In 
cit   of   momentum  which  Is 
oping  wall   jet   contains 
he  dlfferentlal   muthoda 
model   equatlona   fox   the 
bulence  dissipation.     Th 

the  wall   In   certain  pre 
rvature   of   the   wall, 
easurementa   of  blown  bou 
ntlonal   boundary   layers, 
arly  •••hen   the  outer  wake 

and waa   about   three  tlm 
11  useful   and   la  not  11m 

ulatlng   the   jet 
compressible   turbulent 
Integral  method   for 
a   In   self-preserving 
which   the  boundary 
not   small   compared 

a   significant   outer 
pioneered   by   Spaldlng, 
individual   Reynolda 
e  extenalon   consists   of 
ssure,   veloclty- 

ndary   layers,   curved 
In  general,   the 

Is   large.     However, 
es  more   expensive 
ited   to   low 

NOTATION 

b 
c 
Cl,    Cj, 

D_ 
Dt 

fourth-order   tensor   occurring   in   the  expression   for 
the  pressure,   velocity-gradient   correlations   (aqn   (ID) 
blowing   slot  width 
reference   length,   often   aerofoil   chord 
constants   in   the  model   equations   of  the  differential   method 
(eqns.) t¥ 
local   skin   friction   coefficient  ■  r-w 

c 

blowing  momentum  coefficient   • 

excess-momentum  coefficient 

hpc'c 
J     J     es 

)b 

Hou *; 

substantial   derivative   for   the  mean   flow 

shape   factor of   the   upstrea.-   boundary   layer   at   the   alot 

kinetic   energy  of   the   turbulence   per  unit  maas 
Kind's  curvature   factors,    (eqn   (!>)) 

k^2 

c 

1/2 u1ui 

dissipation length acale 

exponent for the shape of the inner boundary layer in the 
integral method 
fluctuating atatic pressure anywhere in the flow 
time-average static pressure at th« wall 
longitudinal radlua of curvature of the surface 

(U 
eddy viscosity Reynolds number 

value of R  when C ■ 0 
I 

•VjWV 
El 

t 
u,v,w 

time 
velocity fluctuationa in the x,y and a directions 

velocity fluctuation In the x. direction 

mean velocity in the x direction 
mean velocity in the x. direction 

local mean velocity in the free stream 

value of U  at the slot. 
e 

jet velocity at the slot 

value of U at tha velocity maximum 

. 



iv: 

V 

valu«   of   V  at   th«   velocity  ■inlmun 

value   of   U   at   y   •   6 

skin   friction   velocity M 
reference   velocity,   often   the   velocity   far   upstream 

mean  velocity   in   the   y  direction 

wall   correction   to   the   •■cpression   for   pressure,   velocity- 
gradient,    correlation    (eqns    (12)) 
coordinates   along   and   normal   to   thy   surface   respectively 
coordinates   in   cartesian   tensor   form   Ki"   X,   XJ-   V,   XI"   z 

'm/2 

value   of   y   dt   U 

value   of   y   it   U 

U 

(U   *U.)   where   T—   is   negative    (see   fig.    1) 
mo Jv 

third   orthogonal   coordinate   perpendicular   to   x   and   y 

(4C2-U0) 
11 

ij 

c 

El 

>  2 

0 

'1 

'2 

T 
, m 

w 

SUUSCftlPTS 

-    (20r; ) 
11 

value   of   y   at   U   ■   L.',    (fig.    1    ) 
boundary-layer   displacement   thickness 

Kronecker   delta 
value   of   y   where   I)    first   equaln   U      (fig.    1) 
rate   of   dissipation   of   turbu1ence   energy   per   unit   mass 
eddy   viscosity   in   the   outer   half-jet 
eddy   viscosity   at   y    •    1/2   y 

'm 
(50C •4) 

55 
boundary-1ayer   momentum   thickness 
kinematic   viscosity 
density 

'm/2 
y 
y 

Hy. 
= y. 

»n V 
^x R 
iu (I 
'y R*y 

shear stress at 

shear stress at 

shear stress at 
skin friction 

QOCj + h) 
55 

rate of strain ratio 

i , j , f. , m  cartesian tensor subscripts; summation convention is used, 

p denotes a plane wall, R * " 
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1 , INTRODUCTION 

Streamwise   blowing   along   a 
of   a   turbulent   boundary   layer   in 
used   to   improve   the   efficiency   of 
of   an   aerofoil.      The   momentum   of 

of   slot   and   is   usually   expressed 

boundary   is   an   effective   way   of   delaying   the   separation 
an   adverse   pressure   gradient.      In   practice   it   has   been 

a   wide-angle  diffuser   and   to   increase   the   maximum   lift 
the   jet   in   two-dimensional    flow   is     pu'b     per   unit   length 

DUj'b J 

non-dimensiona 1 ly   as     C      =    ■      for   an   aerofoil   of 
.^U 

chord c in flow with velocity U&, 
lift^'.  Pull scale applications 

Reynolds number, and such work has been cc-related In terms of 

Values of C  as low as 0.05 have doubled the maximum 
are usually designed from model tests at sufficvont1v hi^h 

or more precisely 

terms of the excess momentum coefficient  C, 
(30,(0.-0  )b 

J  J  es 

•SPO 'c 
where U    is the strsamlng 

es 

flow velocity at the slot  . 

Analytical methods have al 
increasingly useful.  The method 
momentum deficit of the boundary 

so been developed for two-dimensional flow and are becoming 
of Gartshore and Newman3- was limited to cases in which the 
layer which forms upstream of the blowing slot is small 
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I 

coaparcd with th» aoacntua of th« j 
of th« «tot.  In practical appllcat 
paralata aa a algnlflcant waka In t 
coapllcatad.  Kind*- haa aKtandad t 
thla complication and alao tha affa 
direction.  It la probably tha aoat 
tha work of Carriara, llchalbrannar 
tha daqraa of aaplrlclaa nacaaaary 
fora dlffarantlal aathoda baaad on 
Spaldlng and Patankar*', bacona att 
tlapla »ixlnq-lanflth thaor/ or soda 
diialpatlon and turbulence energy, 
tation of the turbulence energy ii 
Reynold» atrean teneor9•<10-(Manjel 
haa recently modified thla latter • 
velocity-gradient correlatlona , and 

The purpoae of tha praaent 
differential method of Irwin for tw 
have been compared with experlmenta 
»everal blown boundary layera on pi 
relative merits of the two methods 

at Itnair ao that a almple wall 
lone however tha upatrea« bound 
ha outer part of tha wall jat a 
ha GartaiMire- Newman method empl 
ct of having a boundary wall wh 
aophlaticatad of tha Integral 
and rolason Quinten9*, Thomaa6 

to calculate auch a coapllcatad 
economical numerical procedures 
tactlva. Early attempts modell 
Had tha downstream variation o 
In the moat aophiaricatad of t 

replaced by model equations for 
i£  and Launderi Launder, Reece 
ethod to account for the effect 
alao for slight longitudinal c 

paper la to compare the Integra 
o-dimenslonal plane, Incompreaa 
1 data for curved wall jeta wit 
ana walla and two-conventional 
is discussed. 

jet la formed downatream 
ary layer frequently 
nd tha flow la more 
rically to deal with 
Ich la curved In the flow 
methods which began with 
■ and NcOahan7'.  However 
flow la high and thara- 

, such aa thoaa of 
ad tha turbulence uaing 
f turbulence energy 
heae methods t>i» repreaen- 
each component of the 

and Rodl) .  Irwln^1• .12. 
of tha wall on preaaure, 

urvatura of the wall. 
1^ method of Kind and the 
Ible, flow.  The methods 
h still surroundings, 
boundary layera.  Tha 

2.  THEORY 

2.1 Integral Method 

Kim'a extenalon of the Gartshot«-Newman mnthod Is capable of handling a blown 
boundary layer in which an outer wake persists, and moreover can treat flow over a 
longitudinally curved surface for which the radius of curvature Is not particularly large 
compared with the width of the flow. 

For the purpoae of aetting up four integral aquatlona, aultabla mean velocity 
profiles are assumed for the various portions of the flow.  Referring to figure 1 

Pit I MMM valMify 

In blawn 

hmmämry  layer 

IN/3 

Por y i y , 
in 

"r.  " fc) (1) 

U-U. 
For y  « y 

m  o 

/       \2 

(2) 

where 
yiii/2"ym 

is taken to be 2.3. 

For  4 < y the profile shape, represented by a power law, is the same as that of 
the outer part of the upstream boundary layer at the alot. 

The total preaaure la assume« to be constant along the streamlines in this region 
and hence the volume flux for y < A is constant unless all the boundary-layer wake becomes 
entrained by the jet. 

Integral angular momentum equations are used with the following limits (see fig. 1) 

1) y " 0, y - l/2y i  half the inner boundary layer 

2) y - 0, y » y :  the whole of the inner boundary layer 

3) y ■ y.  y - y.-,:  half the outer jet m        m/ * 

4) V • y , y - Ä;  the whole of the outer jet m 

The pressure across the flow is calculated in mean streamline coordinates and for convenience 
an average pressure is assumed between adjacent limits. 

The various shearing stresses at e, ch limit must be knowni 
assumed : 

•sou ' i) At   v   -   0 -      0.0257 

the   following   forma   are 

(3) 
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11) 

whare   U,   is   the   velocity   at   y   -   6,   the   momentum   thickneas   of   the   Inner   boundary 

•Vy. (l-U/U   )d(y/y   ) m n m \    u/u 
J. 

g-Tillm 
>lane   wall    jets   in   still   surroundinqs'•. 
ronsidared   to   be   small      •   and   is   neqlect 

Cn+l) (n+1) 

This   is   the   l,udw1eg-T 11 Imann   law   with   conatants   adjusted   to   conform   to   data   for 
plane   wall    ieta   in   still   surround inqs ^ .      The   effect,   of   curvature   on   T.    is 

ed, 

At 
ed 

y     .     y The   shearing   stress   there,   Tj,    is   calculated   assuming   a   constant 
ddy   constant   ti    for   the   half   jet   which   Is  determined   using  Townsend's   large 
ddy-equi1ibrium   hypothesis   '.      Kind's   theory   takes   account  of   the   effect   of 

flow   curvature   on   the   turbulence   structure   by   1ncorporatln<|   results   for   curved 
wall   jets   in   still    surroundings.      The   hypothes1s, whlch   also   uses   experimental 
seif-preservinq   wall    jets   in   streaming   flow,   ultimately   gives   the   eddy   viscosity 
Reynolds   number 

To \ 
29^^.-20,000^ 

r. is defined as 

rate of shear s 

To 

the ratio of the rate uf lateral strain 

)'• 
r   r   <   0.086 (4) 

train     s—   - 
3y 

u 
R+y 

3u 
?x I - the 

where R is the radius of the surface. 

il i) 

iv) 

- 3'/K! (0.677 + 0. i69K,- Ü.046K, ) 

y. 
where  K i 

To 

Ki(1 ♦ 0.15 (5) 

K). 3 

where is the shearing stress for a plane wall, 
•P 

y   ,   although   r^   is   zero   here,   measurements   indicate   that   the   shearing d y 
At   y 

stress   T      Is   non-rero   and   of   opposite   sign   to   T      because   of   the   relative 
m w 

dominance   of   the   outer   turbulence,   particularly   <»hen   y      is   not   so   inhibited 
by   the   presence   of   the   wall.      ti    is   a   good   meas'jre   of   the   outer   turbulence   level 
and   once   again   an   empirical   expression   based   on   measurements   in   se If-preserving 
wall   jets,    is   adopted. 

0.15 + 
/      ^m \J 

0.301  2  
\ym/2-y«/ 

2.43K]I 1 + 0.55 111 
)-'• 43 

(6) 

At   y   ^   l/2y   ,1-12.      A   constant   eddy   viscosity   is   again   assumed   for   the   outer 
part   of   the   inner   boundary   layer   because   such   an   assumption   has   beer 
established   as   appropriate   for   conventional   boundary   layers.     Thus   for   plane 
walls 

where 
U    '• m 

£2 
15   +   J5   exp 

'"in) 
r'm (7) 

and 
IP 

LL 

If V /-i~y  becomes very small downstream, the method reverts to the calculation 
m/2  m U ^« 

of a conventional boundary layer, U  - U  and  —   Is set equal to 50. me E . 
To   correct   equation    (7)    for   curvature,    the   curvature   effect   is   assumed   to 
decrease   linearly   to   zero   within   the   boundary layer   as   the   wall   is   approached. 
Thus 

mp 

where 
ym/2 

is   the   value   of mp 

0   and   Ki 

2p 2 

T     for   a   plane   wall   obtained   by  putting 

(8) 

Note that ther« is no curvature correction If the flow 

becomes a conventional boundary layer and this Is known to be incorrect 
(e.g. Bradshaw14-) .  The exponential part of the expression for Ej is an 
empirical representation of the effect of outer turbulence on the eddy 

T 

viscosity, and  —*- 

turbu lence .      w 
is chosen as a suitable non-dimensional measure of this 

v)  For y > { the shearing stress (and gradient of stress) Is taken as zero so that 

the velocity U along mean flow streamlines is related to the pressure b/ 
Bernoulli's equation.  This assumption Is similar to that made by Jones vhan 

determining the drag of aerofoils from near traverses of the wake15-.  The 

four integral equations are sufficient to determine the four primary unknowns 
U 

'111/2' 
and   n.      The   calculations   are   usually   started   at   the   blowing   slot 

and   the   flow   of   figure   1   is   assumed   to   occur   at   the   end   of   the  potential   core 
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2.2 

about 10 »lot width« fro* th« «lot.  Thus the p«ak velocity In the initial 
wall-jet profile is th« alot velocity in the potential core.  Excena Boaentua 
la aiauaed to be conaerved during thia proceaa and akin friction la neglected. 

The ataqnation preaaure ia aaauaad conatant for atreaalinea outaide the wall 

jet.  The initial value of n la taken aa 1/11 and 1w/
,lm/i  "  0-25, but the 

the method la relatively Inaenaitive to theae particular choicaa4-. 

The prediction of U. la unreliable when U^ become» »mall compared with U^ 

because the neglected ahear atraaa In the outer flow woul ] tend to increaae U^ . 
However the assumed shape for the outer part of the wake (* piece of power law) 

is Inaccurate in a aense which tends to give too high a value of U^•  The two 

errora therefore oppoae each other. 

Separation ia assumed to occur when n becomes > 1/2. 

Differential Method 

The mean momentum equation la written 

Dt 
i ol _ atrprr 
0 dx    3X2 

(9) 

where  P 
omitted. 

Is the pressure at the wall.  The normal stresses and viscous terms have been 
In cartesian tensors the Reynolds-stress equations can be written 

3 u u 
I j n  — J 

I      3xn 

3U, 30. 

o J Sx    3x  I  pi 3x     3x 
(10) 

In  order   to   express   the   third   order   correlations   in   terms   of   the   Reynolds   atresses 
and   mean  velocity   the   turbulence   model   of  launder,   Reece   and   Rod!   ^0-, with  modifications   by 
I rwin 12. is used.  The turbulence model uses the approximations given below. 

P 

whore 
miij 

u u , 
m i 

Ä , u.u, + 6,, u u. 
mj  i t    it  m j 

C ■ 

^ . . C1 _ | 1 j . -  lj | * ä^r -m.tj + Wij 

v hi ] M2 
2 '• 'xf   SxJ " 

(11) 

* 6 . .   u u.l* C}6   .   u.u. 
ij  m tl     ml  t j 

dissipation rate, 

k - -5 UJUJ 

a - (4C2 ■»• 10)/11, 

ß - -(2 + 3Cj)/ll, 

n - -(50C2 ♦ 4)/55, 

U   -   (20C2   ♦   6)/55, 

and Ci   and Ci   ara  constants. 

The   tera     W is   the   correction  in   the  presence   of   a  wall.     The   fluctuating 

preaaure   ia  related   to  the   velocity  everywhere   in  the   flow  by   a   Poiaaon  equation»   the 
solution,   using  a   simple  Green'a   function,   the   reciprocal   of  distance,   enables  an  exact 

p   3ui 

expression  for     ^ j——       to   be   obtained   containing  a  volume   and   a   surface  integral 

.16- 
j 

(Choui•,").     The   form  of  equation   (11)    ia,   in   fact,   baaed   on   this   expression.      Irwin12, 

eliminated  the   surface   Integral   by   a   suitable   choice  of   Green's   functio.. which   can  be 
interpreted  as   adding   the   effect   of   the   image   in  the  wall   of   the   complete  turbulent-flow 
field.     For  boundary-layer   flows   this   led  him  to  propose 
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1 1 
2    „        r      rUJi 
ncw x7 u,u' 517 

22 
JUi 

rrcw ^7ui1" 3,2 
(12) 

33 
— C      —   uiuj 
11      w   x j 

:)Ui 

12 
W21    -    (8    u,' UJ 

c     l 
-6k      TT-^   r^ 

11   x ?    ^x? 
3/2 

where      ! The   values   of    the   empirical   constants      C]    and   Cj    in   equation    (11)    are 

obtained   directly   frBm   experimental   data   for   homogeneous   shear    flow   and     dnictropic    grid 
turbulence   yielding       '   f'i    -    1.5   and   C?    •   0.4.      A   value   of   C      which   gives   good    results    in 

computations   of   both   wall    jets   and   boundary   layers    is   0.09ei ".      Very   near   to   the   wall   the 
HE 

turbulence  model   becomes   inaccurate   and   unrealistic   computed   values   of     —     are   possible. 

For   this   reason   the   iitio     —    in   cqu.itionsdZlhas   a   prescribed   upper   limit   of    3.8   as   the 

wall    is   approached,   which   is   consistent   with   established   values   in   the   wall-law   region. 

s   assumed   to   be   negligible   and Following   Launder   et    al    pu . / 
^ 3 P 

u.u.u.  is expressed 
k i 3 

u.u.u. 
k i 3 

-C 
. /  3u.u. 
k /     3 k 
— I u.u.  •  
t | i e rtxe Ve 

^u, u . 
k i 

+ uku£ 

5u . u . 
■J J (13) 

where  C   is a constant.  This expression can be considered a* a generalization of the s 
gi ad i ent-d i f f us i on hypot h-,'j i s as applied to diffusion of the Peynoldn stresses. C is 

10. S 

set equal to 0.11, or ginally on the basis computer optimization   , but a value neai to 
this is also suggested b;   a direct comparison of equation (13) with mea surenents of the 

triple velocity products  UjUJu^   in a wall jet by irwin ^■.  The term    t i j is often 
'^i-j 

3x. 
fairly small compared with others in equation (10) and thus C  is a relativaly uncritical 
parameter. - 

vK^J. , u
Jr-J.) is fi rst simplified using the assumption of local 

it then becomes simply -rt. where e is the rate of dissipation of 

The v i scous term 

i sot ropy.  For  i " j 

turbulence energy defined earlier, and for i ^ j it becomes zero.  The dissipation rate is 
a difficult quantity to model because even though an exact transport equation for it can be 
derived only the advective terms are at all amenable to measurement.  The following 
approximate form of the equation, due to Hanjalic and Launder'- and resembling in some 
respects that of Daly ind Hvi I'.w^'- , is therefore one of the least certain elements of the 
turbulence model 

1 k 
'I   tx, ix. 

£i + c J^  u^ T77) 
k      E ^x. x */ 

(14) 

where in the present work  C   " 1.5, C   - 1.9 jnd  C 
r j r 2 f 

from the observed decay of kinetic energy in grid turbulence 
reduces to a simple expression which relates  C  to  C   and 

^      F EC, 
fixed by computer optimization and then 
turbulence. 

0.15. 

10. 

C 

The value of C   is derived 
E 1 

In   near   wall    turbulence    (14) 
Thus   only     C        need   be r 2 ' t 1 

C follows    from   the   known   properties   of   near-wall 
E 

utu1uj 

No   correction    is   made    to 

t.iis   Is   because   in   many   flows 

ucuiuj 
9u„u,u . 

»X. 

for the presence of a wall.  In the caae of 

Is relatively small compared to other 

terms in (10). In the case of E it Is because viscous dissipation occurs only in the 
very small eddies which it seems reasonable to assume are unaffected by the wall except 
within the viscous sublayer. 

For flows on flat surfaces this completes the set of equations used in the 
computations.  For curved surfaces a similar set of equations can be derived which contain 
extra terms due to curvature.  For small curvature it is possible to neglect all except 
first order curvature terms and the resulting simplified equations, which for brevity are 
not repeated here, are given by Irwin and Arnot Smith 19. The   mean   momentum  equation   is 
the   same   as   that   for   flat   surfaces   but   the   equations   for   the   Reynolds   stresses   and 

dissipation   rate   contain  extra   terwn   ln"olvlm     —^. 

To   solve   the   above   set   of   equations   the   finite   difference   scheme   of  Spalding   and 
Patankar9-    is   used.      Since   the   turbulence   model   is   not   applicable   to   the   viscous   sublayer 
the   boundary   conditions   are   applied   in   the   form   of   slip   values.      The   slip   values   used   were 

—r —r       3    —T h\i\% 
5.2 (J, , "J  " 0.6 UT  and  U3  - 2.9 u * where  u  =1—I . The slip UlUJ 

•T    -       '• T    -    -■ "T             "'  "T 

value  of     Ui      is  obtained  by  matching  the  velocity   to   the   logarithmic   law  of   the  wall   (with 
the   constants   of   Patel       ) at  .a   point   outside   the   viscous   sublayer,   and   that   of   c   by   equating 
production  and  dissipation  of   turbulence   energy   near   to   the  wall.     At   the   free   stream 
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boundary the conditions follow directly from the 
turbulence properties of the external flow. In t 
usually started fron measured profiles of mean ve 
However, the program contains an option whereby t 
frc-T integral parameters if these are all that ar 
a porfpr la» velocity profile for the upstream bou 
by a thin iiti<ing layer for which a cosine velocit 
layer withir the slot is neglected and the width 
mixing layer is assumed to be 0.6 t. In the oute 
t5.e   basis   of   an   eddy-v i s-os i ty   Reynolds   number   ba 

the   thr^e   normal   stresses   are   taken   to   be   equal   t 

except   that   an   eddy   viscosity   R 

160    is   assumed 

11sslpatlon   is      * 

procedure   is   used 

of   m i x i ng   layer) 

".03   M     r.n.s.   anrt 

production. 

At each ou 
and dissipation ra 
the integral param 
profiles have been 
is   assumed   to  occu 

The   turbulenc 

hid 
y 

ed) mean velocity and 
the computations were 

ulance properties, 
files can be estimated 
or such cases it assumes 
ch is merged into the jet 
opted.  The Inner boundary 
onal region below the 
r  uv  is calculated on 
ment thickness of 60 and 

he mixing layer the same 
(Uj.Ui) 

number of   *- x (thickness 

the irrotational region of jet is 

Elsewhere dissipation is set equal to 

tput station the complete profiles of mean velocity, Reynolds stresses 
te are printed but, for the purposes of the present comparison, on I 
eters are presented.  Complete comparisons of computed and experimi ital 
given by Irwin^   .  The skin friction is also computed and separation 
if falls below about 0.0003. 

3 . DISCUSSION OF THE TWO METHODS OF PREDICTION AND 
COMPARISON WITH EXPERIMENT 

The flows being considere 
out'r wake on flat or longitudina 
developed to handle these flows a 
not valid in other situations. I 
layers for which it assumes a pow 
Reynolds number to obtain the she 
more general method of computing 
to be less rtstrictive. It has t 
limited to particular forms of ve 
in the representation of the turb 
shown to have moderately wide val 
(IiwinandArnot Smith12'19) but th 
such as plane jets and wakes with 
limitation of the differential me 
longitudinal curvature, it assume 
therefore neglects the variation 

Although the integral met 
calculation the two methods are c 
Klebanoff*^- for conventional bou 
In the latter case the surface wa 
differential method but is left o 
layer calculation. The overall 1 
similar except that C tends to b 
ing the simplicity of the assumpt 
good . 

d here are two-dimensional wal 
lly-curved surfaces. The inte 
nd contains some ad hoc assump 
t can however be used to compu 
er-law velocity profile and us 
ar stress at y » 6/'. The dif 
turbulent shear flows and the 
he property common to differen 
locity profile so that most of 
ulence itself. The present tu 
idity by tests on a large numb 
ere are some situations where 
small excess or deficit in ve 

thod in its present state is t 
s the curvature Is small. Unli 
of pressure across the flow. 

hod is not specifically design 
ompared with the data of Newma 
ndary layers approaching separ 
s slightly curved which is tak 
ut of the integral method when 
evel of agreement with experim 
e high for the integral method 
ions in the integral method it 

ithout an 
specifically 
probably 
boundary 
dy-viscosity 
is a much 

tions tend 
not being 
is contained 
as been 
shear flows 
ly inaccurate 
tional 
ng for 
method, it 

ed for boundary-layer 
n20'and of Schubauer and 
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The next c««e, ahown in figure 4, is the «elf-preserving wall jet of Irwin1 " 
flowing into a positive presaure gradient on a flat wall, the upstream boundary layer 
being negligible.  ^Ji.eeu.->nt with experiment is good for both methods.  In the case of 
the integral method this is largely to be expected since it draws extensively on other 
self-preserving wail jet data In its empirical assumptions. 

UM/U« 

^T-n-^p-^ni fet 

SO 100 ISO 300 ISO 

e Data . Int*f ral   method 
& Data  OIHarentlal   mavked 

rifl 4    Sall-tosarvlna «Mall  Jet Irwinlo) 100 ISO       300        2S0 

The  next   four   cases,   figures   5,6,7   and   8  are  uncurved   wall   jets  with  outer  wake3•1■*• 
in   pressure  gradients   similar   to  those   en  blown   flaps.     A   thick   upstream  boundary   layer   was 
artificially  generated   by   placing  a   rod  of   rectangular   cross-section   near   to  the   surface 
upstream  of  the   slot.     The  differential  method  was   started   just  downstream  of   the   slot 
using   measured   profiles   of  mean  velocity  and   turbulence   properties.      The   first   of   these 
cases,   shown   in   figure   5,   had   a   relatively  small  outer   wake  which  was   completely  absorbed 
by   the  wall   jet  within   about   200   slot  widths.     It   is  evident   that Ui is not well predicted 
by Lhe integral method but this is attributed to the initial velocity profile being 
different to that assumed by the method.  Tbe wake from the rectangular bar had not fully 
merged with the upstream boundary layer at the slot. 

Using th'j empirical starting procedure with profiles generated from integral 
parameters gives results which are generally closer to the integral method. 

In the case in figure 6 the outer wake is larger and the jet momentum lesn than in 

figure 5.  It can be seen »-hat experimentally the value of  —  decreased to a value less 

that 0.5 towards the end of the working section.  The initial velocity profile was 
considerably closer to that assumed by the integral method than for the case of figure 5 
but the upstream boundary layer had still not quite evolved into the conventional shape. 
The differential method is in generally better agreement with experiment.  Its prediction 

of reverse flow in the wake at  —= 190  does "Ot agreu with the data but, in view of the 
b 

very low velocities reached in the region of velocity minimum, this may well be due either 
to experimental inaccuracy or to failure of the boundary layer assumption.  For  x/b * 200 
the outer edge of the wake was obstructed by the roof of the working section:  thus data 
points beyond  x/b ■ 200 have been given a prime to indicate ''nreliability.  Similar primes 
are used in figures 7 and 8. 

In figure 7 the jet momentum is larger than in figure 6, the upstream boundary 
layer is virtually identical and the pressure gradient is greater.  The value of U /U 

me 
remained above 1.0.  Two sets of computed curves are shown for the differential method in 
order to show the effect of making a correction tor flow convergence and divergence. 
Because of the high pressure gradient which caused rapid growth of side-wall boundary layers 
It was difficult to maintain two-dimensional conditions in the experiments.  Slots in side- 
walls we.-e used to bleed away the boundary layers but there still remained a residue of 
lateral rlow convergence or divergence depending on whether too little or too much was 
being bled.  Figure 9 shows the difference between the measured rate of growth of overall 
momentum thickness and that calculated from the two-dimensional momentum-integral 
equation for the flows of figures 6, 7 and 8.  It seems highly likely that, because of the 
low velocity in the outer wake compared to that In the jet, the wake suffered much more 
from lateral convergence than did the jet in the same pressure gradient.  Thus, in applying 
the convergence correction it was assumed, somewhat crudely, that the jet region was 
unaffected and that in the wake vhe local convergence angle was Independent of height  y. 
The correction had little effect on computations of the flow in figure 6 but it is evident 

that in figure 7 it does have an effect, tending to improve agreement of —     and 
b 

^72 

with   the  data.     Thus,   in   figure   7   it   seems   probable   that   for   both   methods   a   significant   part 
of   the  difference   from   experiment   i&   due   to   lateral   convergence   or   divergence. 
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The next two cases in figures 10 and 11 are similar to the flow over a slotted flap 
in that the total pressure in the flow from the slot is equal to that of the free stream. 
The data is that of English22- and the surface was flat.  Figure 10 shows results for zero 
pressure gradient whereas figure 11 is for a positive pressure gradient.  The maximum value 
of  x/b  in these experiments was only about 30, covering the typical range of interest 
for slotted flaps.  Since the empirical assumptions of the integral method are essentially 
for  x/b  greater than about 10 it cannot be expected to be very accurate in this situation 
and thus it is evident that in figures 10 and 11 the differential method is superior. 

Finally, in figure 12, a comparison is shown with experimental data for wall jets 
in still air on logarithmic spirals for which the radius  R  of longitudinal curvature is 
proportional to distance  x  along the surface.  For a spiral of given  x/R  it is expected 
and found that  dv ../dx  is sensibly constant.  Thus, in figure 13, which has  y   /R  as dWdx 

'm/2' 
abscissa, each point represents a complete set of data for a particular wall jet.  ""he 
Integral method is in good agreement with the data,particularly Guitton's for which the flow 
was more accurately two-dimen«iona1 .  However it should be noted that the method was built 
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on ■Imllar meaauraaanti of wall jcta on circular cyllndara.  Tha diffarantlal aathod, glvaa 
a reaaonabla variation of  dy_ ,,/dx  at ■mall  y.,,/«  but tanda to diverq« fro» tha data 

outalde   tha .01 .05.      Aa  described   In  aactlon   2.3,   tha   diffarantlal ranqe 

method  aaaumr<   aaall   curvature   In   Ita   present   form,   neqlectlnq   anongst  other   thlnga   the 
preaaure   gradient   normal   to  tha   surface.      Thua,   the  poor  agreement   for   high   curvature   la 
not   altogether     surprising.     However,   In   contrast   to   the   Integral  method   the  differential 
method   contalna   no   empirical   Conatanta   especially   Introduced   to   account   for   curvature. 

From   the   foregoing   comparisons   some   general   conclusions   can  be  drawn.     Both 
methods   are   capable  of  predicting   the  main   featurea  of  blown  boundary   layers,   the 
differential   method   emerging  aa   generally   tha  more   accurate  particularly   for   cases   In 
which   the   mean   velocity profilea  are   eignl fIcantly   „Ufferent   from  those  assumed   In   the 
integral   method.      However,   the   atartlng   condltlona   for   tha  differential   method  were 
considerably  more  detailed   than   those   for   the   integral  method  and  part   of   Its   advantage 
in   accuracy  may  well  be   lost   In   practic»   because   such   information   la   often   unavailable. 

It   is   difficult  to  compare   the   cost   of   running   the  methods   because   It   depends  on 
chosen   step   sise.      Irwin,   case   (b) ,   was   therefore   run with  various   step  sices,   using 
synthetic   starting   for  the  differential   method,   the   results   indicated   that   the  minimum 
acceptable   atep   sice  was  approximately  one   slot   width   for   the   Integral   method,   and 
approximately   0.05   A     for   the  differential   method.     The  time   for  both   compiling  and 
running   the   integral   method   on   an   IBM   360/75   computer   was   20   seconds   which   is   1/3   to   1/4 
of   that   for   the   differential  method.      It   might   also  be  remembered   that   the   Integral 
method   can   be   applied   to  more   highly   curved   flows   than   the  differential   method. 

It   is   interesting  to   note   that   in   shear   flows   of   ths  complexity  of  blown   layers   the 
integral   approach   begins   to  become   somewhat   cumbersome  and  possibly   Involves   as  much 
development   work   aa  does   the  differential   approach.     Extension  of   the   Integral   method 
to   even  more   corplicated  velocity  profiles,   such   aa   ocjur  on  multi-slotted   aerofoils, 
would   therefore   be   inadvisable.     Mora   complicated   velocity  profiles   can  be   handled   by  tha 
differential   method   as   it   stands.     However,    for   such   flows   it   is   likely   that   modifications 
will   be   necessary   in  order   to   account   for   significant  pressure  variations   across   the   flow 
when   its  width   is   not   small   compared   with   the   radius  of  curvature. 

4. CONCLUSIONS 

i) Both   the   integral   and   differential   methods   are   capable   of   predicting   the   growth 
of   two-dimensional   blown   boundary   layers   to   useful   accuracy.      Indeed   the 
accuracy  of  prediction  may  be   better   than  that  of   a   corresponding   experiment 
if   spurious,   three-dimensional,   effects   are  not   sufficiently   eliminated   from 
the   experiment. 

ii)        When   the  methods   are   started   using   integral   parameters   their   accuracy   is   similar. 
If   however   detailed   mean   flow   and   turbulence  data   is   used   to   start   the 
differential   method   it   is   generally   more   accurate. 

iii)       The   differential   method   is   about   three   times   as   expensive   to   compile   &..J   run. 

iv) The   Integral   method   is   not   well   suited   to   situations   where   the   starting   profiles 
differ   significantly   from   the   flow   sketched   in   figure   1. 

v) Starting   procedures   using   integral   parameters   are   important   and   might   usefully 
be   improved   in   both   methods. 

vi)        The   integral  method   incorporates   a  good   deal   of   empiricism   particularly   for 
curvature  efiects,   and   it   would   probably  be  unwise   to   try   to  extend   it   to  more 
complicated   situations   (e.g.   multi-slotted   flaps).      The   differential   method, 
on   the   other  hand,   is   versatile   and   capable  of   further  development. 

vii)      When   either  method   must   be   cycled   many   times   to   determine   the   minimum   amount   of 
blowing   required   to   suppress   separation   in   a   given   situation,   the   cost   may  he   un- 
acceptable.     There   is   therefore   need   for   an  approximate  method   corresponding 
to,   say,   Stratford's   method   for   turbulent   boundary   layers,   which   can   give   quick, 
if   somewhat   less  accurate,   predictions,   preferably without   the   aid  of  a   large 
computer . 
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SUMMARY 

Tins paper presents a method of computing flow fields characterized by the presence of viscous, separated regions interacting 
strongly with a surrounding inviscid flow. The procedure is to divide the flow field into several regions, each dominated by a particular 
type of Huid physics lie., boundary layer flow, separated flow, and outer inviscid flow), and to analyze each region by using the 
numerical solution technique that is computationally optimum for the dominant type of flow. Th? paper srvcifically addresses the 
problem of matching a numerical solution of the Navier-Stokes equations for a region containing separated flow with anotuer numerical 
solution appropriate lor an adjacent region of inviscid flow. A key feature of the method presented is the placement of the matching 
boundary in space occupied by purely inviscid flow and remote from local areas of strong viscous/inviscid interactions. A detailed study 
and numerical substantiation of Die method arc presented for axisymmelric flow over an ellipsoid of revolution with laminar separation. 

INTRODUCTION 

In the past, complex flow fields with regions of separated flow interacting strongly with the surrounding inviscid flow have been 
difficult to treat analyti .ally. The classical approach to the problem of describing the complete How field about bodies exhibiting a 
variety of flow phenomena has been to divide the flow field into regions of inviscid flow, boundary layer flow, and viscous separated 
flow, and to employ numerical methods that arc computationally optimum to solve the type of flow in each region. The problem of 
matching the various types of numerical solution procedures across common boundaries in tie flow has been the subject of many 
investigations. These studies have centered about the use of displacement thickness concepts in the formulation of a boundary value 
problem describing the inviscid parts of the flow Iref. I). 

Matching has usually been applied »t the edge ol the viscous layer. In cases where a strong interaction exists between the viscous 
and inviscid regions, however, the commonly used teration schemes and displacement thickness shapes frequently have failed to 
converge to a matched solution. 

The central Idea of the present work is to position the m /thing br.irdary some distance into the inviscid field, remote from the 
edge of the viscous region where strong interactions occur. A numerical method that solves the Navier-Stokes equations is used to 
calculate the flow interior to this boundary, and a purely inviscid method is used for the exterior flow. By this means, the powerful 
Navier-Stokes method deals with the strong local interactions at the edse of the viscous region but the interactions along the dividing 
boundaries of Itu flow regions arc sufficiently weak so that rapid convergence to matched solutions across these boundaries can be 
achieved. 

An alternative approach to predict flow fields with regions of separated flow is described in reference 2. The procedure avoids 
matching altogether, but it has been applied only to problems wherein the entire flow field is amenable to an integro-differcn'ial 
formulation, as in the case of laminar, incompressible flow. 

An approach in which the Navier-Stokes equations are solved in the entire flow field has been employed for the study of viscous 
transonic flow past airfoils (ref. 3). However, the procedure is unnecessarily powerful a.id its use computationally expensive in regions 
of inviscid flow and in regions where the flow can be described adequately by attached boundary layer methods. 

A NUMERICAL MATCHING PROCEDURE 

Consider first a conceptual division of the flow field about an arbitrary body into two regions, as shown in figure I. The dividing 
surface is termed the matching boundary. The spatial position of the matching boundary is arbitrary, except that all viscous phenomena 
anticipated to occur must be enveloped. The region between the matching boundary and the body surface and encompassing all viscous 
phenomena is referred to as the inner region. The flow in the outer region is entirely inviscid. All flow properties are continuous across 
the matching boundary. 

Now let the matching boundary be identified as a surface that truly divides the inner and outer flows. This can be done by 
imposing a set of boundary conditions along the inner and outer surfaces of the matching boundary, properly posed so as to define 
separate and unique boundary value problems describing 'he flows in the inner and outer regions. The inner and outer flows thus 
become amenable to analysis by separate computational means; however, the two flows are related by the boundary conditions and 
resulting flow properties along the matching boundary. 

•This research was supported in part by the Flight Dynamics Laboratory/FXM, United States Air Force, Wright Patterson Air Force 
Base, Ohio, under contract F33615-73-C-3037, The results of the contractual work were published in Technical Report 
AFFDL-TR-73-153. February 1974. 
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Figure I    Matchimi Bonmljry Dividing the Flow Field 

Tliere cvists. in ttcneral. a partiiiilar M-I ol boundar) amJilions along Ihc miilching bounrlary lor WIIKII all vrlotily cumponents 
will turn oul to be cuntmuous aemss Uli' boundary i'\iry wliorc alung Ihc boundary When Uli'*" boundary conditions are determined, 
the outer How becomes an a'.aly In cofllinuation uf the inner How. and Ihc two Hows exae'i'. mutch. I he ibjeclive is llius In determine 
that particular set of boundary conditions alontl Ihc matching boundary that provides an e act nialching ol the two Hows 

Separate outer and uinei boundary value problems are depicted in figures '(al and Jlhl. respectively. Neumann boundary 
conditions along the matching boundary. logethet with the onset How at infinity, govern the outer How The equations governing I lie 
outer How are I uler's equations, since the llnw in this region is assumed to In- entirely inviscid 

v   spt" ifu'd Mjtchuig tKiundary Fi^e vlip condition on v. 

tv      siwcitied lo be continuous 
with outer flow 

0 :rn borty surface 

■ I Boundary Value Problem lor Outer Flow bl Boundary Value Problem for Inner Flow 

Figure 2 -Decomposition of Flow Field into Inner jnd Outer Flow Problems 

The governing equations tor the inner llnw are taken to tie the Navier-Slokes equations in anticipation < I the appearance ol regions 
of separated How The following boundary conditions govern the inner How Along the impermeable body surface the normal and 
tangential velocity cumponents vn and n. respectively are /eio (no slipl Along the matching boundary, the normal velocity 
component is specified to be continuous with Mial of the outer How. and the tangenual velocity component is subjected to the free-slip 
condition in anticipation of the inviscid character of Hie Hov adjacent to the matching boundary 

The inner and outer Hows are dependenl on the specified distribution of the normal velocity component vn along the matching 
boundary Matching ol the two Hows is achieved when a dislrihution of vM is found that results in continuity of vt, the tangential 
velocity component, across the boundary at every point. 

I igure 3 illustrates the physical characteristics of a mismatched How field that results from specification of an incorrect 
distribution of the normal velocity component along the matching boundary Mismatch appears as a discontinuity in Hie tangential 
velocity component Physically, this represents a How that contains a Hun free-shear layer oi vortex sheet along the matching boundary, 
and that supports a pressure di'ferential The Hows are perfectly matched only when the strength ol this tree-shear layer Is zero. 

Free shear layer 

Continuous v 
Discontinuous v 

Figure 3 -Physical Characteristics of Mismatched Inner and Outer Flows 

The question now is how to determine the distribution of vn along the matching boundary that will correspond to a matched How 
condition. The computation is started with some assumed distribution of vn. and the perfectly matched solullun is arrived at by 
iteration of the vn boundary condition. An incremental value of vn is computed Junru each cycle of the iteration, leading the 
procedure closer to a matched solution The objective of the iteration is to update the specified distribution of normal velocity along 
the matching boundary by the increment needed lo erase the free vortex sheet and obtain a perfect match of the compuled tangential 
velocities across the boundary. This incremental upi!ate can ^e computed directly as the normal velocity component induced by an 
incremental free vortex sheet positioned along the Matching bounuary and of a strength equal in magnitude and opposite in sign lo the 
existing velocity discontinuity. In effect, a free vortex sheet that cancels the existing one is added to the inviscid How. and the 
subsequent change in the normal velocity through the matching boundary is computed. In practice, this procedure has been 
accompanied by an inviscid displacement body representation for the inner fl« w. Jcsvnbed later in this paper for a particular example. 

Figure 4 illustrates the entire solution process. A spatial position of the matching boundary is selected and an initial guess 
established for the norma! velocity boundary condiliot. along the matching boundary. The initial guess can be obtained conveniently 
from an inviscid How solution about the configuratici, which also provides Hie first cycle solution for the outer How. The inner How is 
compuled and examined for any viscous regions of nigh shear extending to the matching boundary. If necessary, the boundary position 
is changed and the process restarted; if not, the tangential velocity discontinuity across the matching boundary is computed as the 
difference in velocities provided by the inner and outer solutions. This compuled tangential velocity dis.ontinuily is a measure of the 
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miMiuUli between inner aiul outer (lows I ho ditiuntinuily is ciimpared wiili un ussignc-il loletunce, If it is loss than the tolerance, ilic 
itenitiun has converged and the solution is complete: il it is more, the computational (low returns along a loop in which the incremental 
ilungr lo hv applied to the vn houndury condition is computed I In- mam computational How is then reentered with a recompulation 

of tht' inner and outer Hows hased on llu' updated »R dundary conditions 
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Figure 4. -Solution Flow Chart 

APPLK ATIONTO AXISYMMI TKK SIPARATHD FLOW 

The problem of predicting laminar How with separation about a prolate ellipsoid was used to explore and demonstrate the 
matching procedure ii si discussed. The shape ol the prolate ellipsoid was obtained by rotating an ellipse (a/b = 4| about its major axis 
a All calculations were performed for incompressible lltiw and a Reynolds number of 10-^ based on maximum body diameter (d = 2b». 
The undisturbed trecstream was assumed to be parallel to the major axis of the ellipsoid. In addition, the assumption was made that the 
separation phenomenon produces an entirely steady and axisymmelric flow field at the chosen Reynolds number. 

Tlie flow field about the ellipsoid was subdivided into three different flow regions comprising an upstream boundary layer, an 
inner re.rion enveloping the region of anticipated separation, and an outer region of potential flow. The boundaries of the inner 
region which contains part of the boundary layer, viscous separated flow, and some inviscid flow in the vicinity of the matching 
boundary' are shown in figure 5. The matching boundary is a circular cylinder of radius y/L ^ 0.225 extending from x/L = 0.5 to 
x/L= 1.26 rn the axial direction. Physically, the viscous wak" extends far downstream. Computationally, the wake downstream of the 
aft end ot the matching boundary was modeled as a displ.u ement body in the inviscid outer flow. 

^-\ ■ Matching boundary 

Figure 5. -Computational Flow Regions of Ellipsoid 

The flows in the various reyons are governed by separate and well-known differential equations. The methods employed for their 

solution are presented first; then the subject of matching is discussed. 
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Boundwy Liyer 

Liminar boundary layer growth upslreain of the inner region was predicted by an implicit finite difTerence method of the 
Crank-Nicholson type (ref. 4). The melhoJ solves tue axisymmetric lorm ol the boundary layer equations (ref. S), in which the effect 
of transvene curvature Is not accounted for, subject to the no-slip boundary condition at the body surface and a known tangential 
velocity at the outer edge of the boundary layer. 

Inner Region 

The flow in the inner region was determined by solving the lifm'-d'-p,"ndi- I Nuvier-Stokes equations (ref. f>). lor this purpose, the 
inner region is divided into a network of rectangular or (artesian computational cells. Cells at the surface of the ellipsoid are partly 
bounded by the surface contour, as shown in figure 5, I lie velocity field is discretized so that the axial velocity component u resides at 
midpoints of x cell faces and the normal velocity cumponent v is defined al midpoints of the y cell faces. This selection is based on the 
notion thai the divergence of these discrete velocities satisfies mass conservation exactly for each computational cell. All scalar How 
variables, such as static pressure, are defined at the center of a computational cell, flu- momentum equations are formed by centered 
finite difference expressions for the convective, viscous, and pressure gradient terms. A Poisson equation is formulated for the pressure 
terms, which provides a simultaneous solution between mass and momrnlum difference equations. The convective and viscous terms are 
written implicitly, and an iteration procedure is used during a lime cycle to compute a nearly time-centered solution of the discrete 
equations. 

Velority prolile 

s- Normal velocity v 
LLUJJJ^ v    ^ p 

"        |    ^-Anechocc j 

I 

i -v I r—M-*.» 012?. 

V. u - v • 0 

•I Spacifrad Boundary Conditi' m bl Computational Cdlt 

Figure 6. - Inner Flow Calculation 

Curved wall boundaries are accounted for in the algorithm by conservative first-order difference expressions. Al the surface of the 
ellipsoid, the no-slip condition was satisfn.d. Along the matching boundary, the normal velocity component vn was required to be 
continuous with thai of the outer How, ard the axial velocity component u was provided by ap",icalion of the reflection principle or 
free-slip condition. At the inlet plane of the inner region (x/L = 0.5). the normal velocity component and the axial velocity component 
were specified. A special algorithm (i.e., an anechoic boundary condition) was needed al the exit plane of the inner region (x/L = 1.26) 
lo prevent disturbances al that boundary from traveling upstream. Numerical experiments revealed that this umld be achieved by 
satisfying conservation of mass while using only a first-order approximation to the momentum equatic.:. The principal assumption in 
the approximation lo the conservation of momenlum involves the convection terms in which the gradient in the x direction of the 
v velocity componeii: is neglected. 

Potential Flow 

An influence avlTicient method was used that employs vorticily of linearly varying strength along piecewise conical segments 
representing the body surface and matching boundary. The particular theoretical model employed a displacement body interior to the 
matching boundary, as shown in figure 7. (This was done primarily to provide a convenient means for extrapolating the downstream 
wake.) In the upstream boundary layer region (0 < x/l < 0.5). the displacement thickness was computed with the familiar definition 
for two-dimensional flow (ref. S). and added to the surface of the ellipsoid. In the inner region (0.5 5 x/L £ 1.26). displacement 
thickness was defined by 

del. 
(u_-u)y dy    (L= I) 

/J del.     /• 
upydy    =     / 

where y^ denotes the surface of the ellipsoid (y^ £ 0 in the wake) and yu denotes the location of the matching boundary. The radius 
of the displacement body in the inner region is Vij + *' The symbol Up denotes the axial velocity component of the potential flow 
about the ellipsoid, whereas u is the axial velocity component furnished b ' the solution of the Navier-S(ok :s equations in the inner 
region. The shape of the displacement body downstream of the inner region ' x/L > 1.26) was specified by extrapolation. 

Figure 7. -Potential Flow Calculation 
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InterCace of How Regions 

The polrntiul flow vrlocily components Up, Vp were computed at the midpoints of the x cell faces along the matching boundary. 
I hi- normal velocity served directly as the boundary condition for the inner region. The axial component u of the Inner flow along the 
matching boundary was calculated using the free-slip condition. The strength 1 of the vortex sheet (Indication of mismatch) at the 
comer points of the computational cells along the matching boundary was computed as the difference between the Inner flow 
velocity u and the potential How velocity up 

At the upstream boundary of the Inner flow region, both velocity components, u and v. were specified to be continuous across 
that boundary. With the addition of an auxiliary column of computational cells, the flow field could be discretlzed in a manner 
.onsistenl with the algorithm of the NavlerStokes equation solver. 

Matching Procedure 

The general course of the matching procedure was outlined earlier. The numerical explorations reported here were conducted using 
the Iteration sequence shown In figure K. The numbers correspond to the following steps of the matching procedure: 

Step I An initial guess for the normal velocity component along ih.- matching boundary and for the Invlscid part of the velocity 
protile at the inlet plane of the inner region was furnished by calculating the potential How about the bare ellipsoid. 

Step .' A boundary layer analysis, with the surface velocity from step I as input data, provided 6* and the viscous part of the velocity 
profile at the Inlet plane of the inner region. 

Step ' The Navier-Stokos equations wi-re solved in the inner region subject to the boundary conditions obtained from steps I and 2. 
Initial values of the time-dependent solution procedure were taken to he those ol a uniform stream. 

.S'/c/i •/ The shape of a displacement body was determined as explained earlier under "Potential F'low." The strength TJ of a vortex 
sheet along the matching boundary was calculated as the difference of the axial velocities across the matching boundary between the 
potential flow solution of step I and the Navler-Slokes solution of step 3. The potential flow about the displacement body was then 
computed in the presence of a vortex sheet of strength -7] along the matching boundary. The result was a complete and updated flow 
solution of the outer region and a new set of boundary conditions for the inner region. 

POT 

® BL 

POT   -   Potential Mow cilculalion 
BL Boundary layer calculation 
NS     -   Solution ol Naviar Stokes equaliom 

® Ci) ^ 

Figure 8. -Picture Flow Chart of Matching Procedure 

The next cycle of the iteration procedure was entered at step 3. Tile properties of the upstream boundary layer were not updated, 
however, because the subsequent changes in the upstream flow were negligible. Steps 3 and 4 represent J complete cycle of the iteration 
and were repeated as follows: 

Step .1 rcpvatcJ I he Navier-Slokes equations were solved in the inner region subject to the boundar) conditions obtained from step 1 
and the previous step 4. Initial values of the lime-dependent solution procedure were provided by the last steady-state How solution of 
the inne  region. 

Stvp 4 npialiJ The shape of the displacement body was updated The strength 7j of an incremental vortex sheet along the matching 
boundary was computed using the most recent solutions of inner and outer flow from steps } and 4 I he potential How about the new 

displacement body was computed with a vortex sheet of strength -■)'|-7->- .-Tj along the matching boundary during the l-th 
iteration cycle. 

The computation was terminated when y: was less than a certain prescribed tolerance and when the shape of the displacement 
body had converged. 

Convergence Characteristics 

During the iteration, several How parameters were monitored to determine the convergence characteristics. The strength7i of each 
incremental vortex sheet along the matching boundary Is plotted in figure 9. It Is shown thai the initial mismatch in axial velocities 
across the matching boundary, of up to T/i of the freestream value, had practically disappeared after the first cycle. The velocity 
mismatch increased after the second cycle and then decreased in subsequent cycles until, after live iterations, it was everywhere within 
1/2'-; of the freestream speed. It was not possible to erase the vortex sheet completely in a sixth iteration cycle; the Iteration procedure 
slowly oscillated about a solution. 
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Figure 9. -Strength of Vortex Sheet During Iteration 
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Figure 10 illustrates how the shape of the displacement body changed. A converged solution was obtained after four iteration 
cycles. Only minor variations of the displacement shape took place in the upstream part of the inner region, results that seem to justify, 
a posteriori, the freezing of 6* in the boundary layer region after the first cycle. 
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Figure 10. -Shape of Displacement Body During Iteration 

The accumulated strength of the vortex sheet along the matching boundary is shown in figure 11. The sum of Tj decreased during 
the iteration, but a strong vortex sheet remained, indica'.ing that a simple displacement body is inadequate to simulate the true 
influence of the viscous, separated region on the outer flow. 
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Figure 11. -Accumulated Strength of Vortex Sheet During Iteration 
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I'lyure 12 show. Ihc vunuiion of 111«" nornuil veliKily ulung the matchins houndary lor cadi iteration. Again, five tycles were 
rvquirrd lo uhlain ,i solution lliat essentlally had converged. As expected, (here was almost no change in Ihc velocity al the inlet plane 
of Ihc inner region during the iteration 

Ihc surface pressure distribution is shown in figure 13, lor clarity, only the results of the first two cycles and the final solution 
alter six iteration cycles are shown The results display a distribution typical of a separated How. 

Iteration 
numlwt        SymlHjl 

j—Potential 
flow solution 

Figure 12.   Behavior of Normal Velocity Along Matching Boundary 
During Iteration 

Figure 13. - Surface Pressure of Ellipsoid 

The final solution lor the dislnhulum ol axial velocity is shown in figure 14, Illustrating once more thai a virtually continuous 
velocity field across the matching boundary has been obtained, Ihc recirculating flow in the inner flow region can be better visualized 
with the aid of streamline plots, shown in figure 15 Both figures indicate that separation lakes place relatively far downstream, 
estimated al about \ I = 0 l»4. lor purposes of comparison, note thai the boundary layer analysis with Ihc zero skin friction criterion 
predicted separation further upstream, i.e.. al x'l = O.K.' iising Ihe potential flow pressures, and al \/L - 0.85 using the final solution of 
figure 1.1 as input data. 

•x/L 

t"1'*^ 

Figure 14.   Matched Ax,al Velocities Figure 15.-Streamlines in Inner legion 

The drag of the elli isoid was calculated from the final solution by two different methods. The momentum detail method, using 
Ihc computed wake veh city profile al \ I = \ 2. yielded a total drag coefficient of 0.37. referred lo maximum cross-sectional area. 
( ompiilal.i)!. ol friction Oi ig by the boundary layer program lor X.v; of ihe body longlh and pressure drag from figure 13 resulted in 
friction drag and pressure drag coefficients ol 0.-N and ()ül>. respectively. The sum of both coefficients is Ihe same as Ihe total drag 
coefticienl calculated llirough the momentum defiut method. The author, were not able to find measured drag coefficients, but 
comparing Ihc calculated drag coefficient with Ihe measured drag coeffici'.nl. C'p = 0.50. of a sphere at the same Reynolds number 
Iref. 5) adds credibility lo the result 

Practical Aspects of the Method 

All programs were coded for the (IK-MOO digital computer. The boundary layer and potential How codes occupied dOK of 
central memory each and required approximately 20 seconds ol central processor time per iteration. The Navier-Slokes equation solver 
required 140K of central memorv for Ihe cases run with 5''0 computational cells and used 3 input/output units. Us execution lime was 
approximately 4 seconds per lime step. An excessive number of lime steps was run lo ensure a steady-state solution of the 
Navier-Slokes equations during each iteration cycle of ihe matching procedure. It is estimated that the final converged solution can be 
computed with a total of 600 time steps, requiring approximately 40 minutes ol' execution time. It should be noted that the 
Navier-Slokes code was not optimized and could be improved lo further reduce execution time and core requirement. 

A lew visual aids were employed, of which the strcamhie plot of tigur'' 5 is an example. The development ol Ihe How In Ihe 

inner region was observed on film, where each picture represented an automatically plotted pattern of particle positions at a fixed 
instant of lime. The fluid particles were continuously IVJ into computational cells located along Ihe upstream boundary and in the 
wake region. 
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CONCLUSIONS 

A mrihod has been presented tor computing flow fields with regions of viscous, separated flow by numerical matching. An 
apparently new technique has been outlined to match a numerical solution of the complete Navier-Stokes equations with another 
numerical solution appropriate for an adjacent region of dominant inviscid flow. The method has been successfully applied to a model 
problem of axisymmetric incompressible flow with laminar separation. The iteration procedure hovered about convergence, and 
modifications of the described basic procedure such as scaling the strength of the incremental vortex sheet and scaling the changes in 
the shape of the displacement body (i i.. improvements typically added to Newton-type iteration schemes) might be desi.able to 
hasten convergence. 

The matching technique presented ultimately can be expected to lead to an economical solution procedure for many problems 
of interest in fluid dynamics, such as viscous transonic flow, turbulent jets spreading in the vicjiity of lifting surfaces, and the 
problem of predicting the drag of upswept afterbodies. 
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fTUDE EXP^RIMENTALE ET TH60RIQUE DU RECOLLEMENT BIOIMENSIONNEL TURBULENT INCOMPRESSIBLE 

par J«on-Cloud* L« Bolltur tt Jton Mirand* 

Offlct National d'Etudtt t« dt Rtcharcha« AtfotpatiaUs (ONER») 
92320 Chatillon (Fronet) 

Une tftud« exp4rimentale approfondie du 
recollement turbulent en aval  d'une mirche a 
6ti conduite en öcoulement incümpreasible 
bldimenalonnel plan,  le champ potential au 
voislnage du recollement ötant ä volontc 
ralentl ou acc^l^r^. L'analyse d4taillle dee 
distributions ds pression et de Vitesse dans 
cette zone a permis de degager des lois 
emplriques gininlea en cas de coucne limite 
initiale mince au d^collenent. 

Le calcul est realise en tant qu'interaction 
auto-induite d'un-; cojct.o Ji38ip»tive 
pari^tale et d'ur. esouleiaent externe de fluide 
parfalt irrotationr.cl.  Except^ dans les regions 
oü 1'interaction est faible,  on adopte un mode 
da calcul inverse aui evite les singular!tta, 
salon la technique de Klineberg pour les 
profils transsoniques.  La pression parietale 
deviant ainsi le resultnt d'une methode 
integrale da couche limite,  dort  l'insuffisan- 
ce dans los zones fortement deeol'.^es peut 
Itr« facilement surmontee par  la substitution 
d'une loi de pression empirique. 

BXPEHIKENTAL ASD TH20RETICAL STUDY OF TWO- 
DIMENSIOMAU  TUHBULEKT,  INCOf'PHSSSIBLE 
HEATTACHKENT. 

SÜMMAST i 

Turbulent raattaching flow downstream of 
a backward facing step has been experimented 
using a two-dimensional plane incompressible 
configuration, with possibility to induce 
favourable or adverse pressure gradients in 
the potential flow near reaitachcent. 
Detailed pressure and velocity ceasure^onts 
In this region makes it possible  to suggest 
general empirical rules whose efficiency 
relies on a thin initial separating 
boundary layer. 

A whole calculation has been performed by 
ootaiitng « self-induced interaction in 
■atching a wall dissipative  layer with an 
inviseid and irrotational external flow. 
Except for weak VISCJUS interaction regions, 
an Invarsa calculation process  is urerf   to 
avoid singularities following tne Klin^rfc^r--' 
method for transonic asrofcilr.   vail rre f ;r' 
distribution then results of 'jr. ir.to.-r"- 
boundary layer calculation,   «hose f'.iKrc? fr: 
strongly separated regions  is  easily owsr"'!r.' 
by substitution of an erriricil  p-orrur-   In. 

NOTATIONS. 

81       :  incidence du plancher de recollement par 
rapport h la paroi en aaont du 
d^collement. 

i       : ^paisseur de la couche dissipative. 

Snan : ^paisseur d^finie par I'ordonn^edu point 
'        oü la perte de pression totale • 0,02 q^ 
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^paisseur de d^placements    /   (l-JL)dy 

dpnisseur dt quantity de oouvementr 

/' ü_(1-iL)dy 

epaisseur d'insrgie cin^tiquer 

fonction de dissipation. 

envergure de la marche (largeur de 
la veine). 

n-.uteur du canal amont. 

fonction d'entralnement. 

r.-iii ?jr  Jo  la marche. 

:ri   ie forme _  6" 

8" 
couffi?. 'n".   ;■■  ^r^ja:or. 

coefficient   ;c  pr-n   nr. 

pression statiquo 

pression  totale 

9. 
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pression dyr.asique z     P» - P s   -!—. v' 

composante moyenne de l'i vites;» 
parallele k la piroi. 

Vitesse "exterißure" de lü ooucho 
disnipitive calcul^e avec la  pression 
atati-jue nesur^e ä  la  p^roi 
(hypothsse     "P - 0   ) 

vite3;;e do fluctuntlon. 

valour effio-ice de  l'i vitss.T?  iv 
fluctj'it;cr. z </^ 
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y ! ordonnee normals it la parol de 
recollement. 

INDICES. 

1 

« 

condition & l'— 

au point de dacollement. 

ext̂ rieur & la couche visqueuse 
(en y r 6 ). 

i : debut de la recompression. 

j : sur la ligne de jet. 

R : au point de recollement. 

i - INTRODUCTION. 

Cette etude a eu pour obje; l'analyse de 
configurations d'ecoulement decolle presentant 
un point de separation fixe par un decrochement 
de paroi. De cette maniere l'effort a pu 8tre 
concentre sur les phenomenes lies au recollement 
turbulent, restreints dans une premiere etape 
au casd'un ecoulement incompressible bidimen-
sionnel plan. 

L'essential cles recherches consacrees a ce 
su;et 5-9-11-1Jj se rapporte a des configu-
rations pour lesquelles le recollement se 
produit sur une paroi parallele k la direction 
de la Vitesse anont. II a paru nece3saire de 
generaliser ces tr*ivaux et de les etendre & des 
cas o;; une modification du champ potentiel se 
produit au voisir.age et en aval du recollement, 
induisar.t des gradients de pression Dositifs 
ou nepatifs dont les effets peuvent se 
superposer a ceux qui sont specifiques du 
phenomer.e de recollement. 

Le- prir.cipnux ele-ent3 acauis ont et<5 resumes 
en deux parties : 

La premiere expose l'esoer.tiel des resultats 
experiner-taux obtenus par l'analyse detaillee 
du champ de pression et de Vitesse au sein du 
domame decolle et de son voisinage. Des 
lois empiriques de portee assez generale ont 
pu Stre degagees. 

A partir de ces resultats, une methode pratique 
de calcul d'ecoulements presentant des zones 
decoll<5es (Stendues a ete etablie. Elle est 
examinee dans la seconde portie. Le calcul 

prend en compte les effets de couplage entre 
couches diasipativea et ecoulement ext<Srieur, 
et met en oeuvre une technique prochq de cell* 
developp̂ e par Klineberg et Steger pour les 
£coulements transsoniques. 

2 - ETUDE EXPERIHENTALE. 

2.1 - Conditions d'essai : Le montage 
bidimensionnel plan utilisf! a et(5 am<5nag<s 
dans une petite soufflerie subsonique de 
type Eiffel (fig. la). II est conatitu<5 d'amont 
en aval (fig. lb) par un canal de section 
constants d̂ bouchant en D sur un decrochement de 
paroi de hauteur h variable suivi d'un plancher 
de recollement R d'inclinaiaon a r<5glable. 

En coura d'essai, la Vitesse Vo de r4f6rence 
me3uree en amont de D (fig. lb) a <5t<5 maintenue 
& une valeur sensiblement conatante (50m/s), 
le niveau gendra1 de la turbulence de 
l'£coulement hors couche limite <5tant 
caractdriad dans ce domaine par un taux 

r̂ dui t de l'ordre de 0,4;5. 

En 1'absence de dacollement (h = 0,O s 0) 
la couche limite est turbulente en D et 
possfede les caractdristiques suivantea : 

•A 

5,« 14 mm S, at 1,4 mm H,« 1,34 

ces grandeurs ne subissant que de trfea faiblea 
variations sous l'effet du gradient de pression 
induit par le ddcollement lorsqu'il se produit 
(h * 0). 

in agissant sur les paramfetres ĝ ometriqnes 
ttet h ("7 < 0 < 10;6 < h £ 31.5) 

il a done ez4 possible d'etudier de fajon 
systematique les circonstances du recollement 
en pre3er.ee d'un Ecoulement gendral accdlerd 
a > ° ) ou ralenti ( a < 0) et d'une couche 

limite initiale d'epaisseur reifcive A4/K 
variable. 1 

Les mesures ont porte en nremier lieu sur la 
determination des pressions parietales au moyen 
de prises disposees sur la paroi inf<5rieure 

1) suivant l'axe du montage, 4 rangees 
transversales placdes en aval de D permettant 
un contrfile de la bidimensionnalit̂  de 
1'ecoulement. 

Sec t ion 155 • 325 d;ob»-"» 20m20mm 

1575 

«vUl»ro filrr* 

'o 'ronnticn 
( 1 «•*"») Ptonc*»e 49 f c o l o m e m 

1? • <h<31,5 
5 0 0 

d e rilirjnc* 

<a<io 

Fig. 1 . Montage experimental. 
a) Vue d'ensemble de ( ' instal lat ion 
b) Schemo du disposit i f d'etude. 
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LM prof 11S dt vites«« Boyann« dana laa 
couchaa dlaalpatlvaa ont iti obtanua k partir 
d'exploration« da praaaion atatlqua at d'arrlt 
au aoyan da aondaa adapUaa k l'<tuda d'un 
dooulaaant coaportart un courant da ratour [l], 
Caa aaauraa out Hi coapKUaa par una «nalyaa 
au fll chaud dt» fluctuatlona da vitasaa at 
par la localisation daa llgnaa da racollaaant, 
la visualisation parietala mettant an Jau una 
tachnlqua exposes ^galamant an [l]. 

Pour toutaa  les configurations axp^rlaant^aa 
la caractkra bldimanaionnal da 1'tfcoul'mant 
a it4 control^ k I'alda daa dlstributlona 
tranavaraalea da praaaion aais aurtout par 
I'obaerratlon da la ligne da racollament. 

Comae la montre la fig. 2, una variation 
aanaibla an anvargura da I'^tandua longitudi- 
nale    Xg du bulbe da d^collenant apparalt, 
sp^cialeoent pour laa valaura n^gativaa da 8 
(tfcoulament g<n<5ral ralenti),  loraqua 

I'allonganant Xa .L.    da ea bulba diminua. 

L'^cart maiimua enregistr^     "   W   paut 
, XR 

attaindra 30% pour una valeur voisina da 3. 

Fig. 2- Influence de rallongement lur  l'unifofmit« du    ecolltm«nf 
en envergure. 

On observe «galement,  ce qui  paut sembler 
paradoxal,  qua pour dea allongemanta plus 
faiblaa (   X<3) la tendance s'lnverae,   les 
hearts A XR    s'attenuint,  bien que 1'importance 
relative dea couches  Unites lat^ralaa augmente. 

Pciute de pouvoir assurer en toute circonstonce 
dea conditions d'essais absoluaent purea,  11 a 
^t^ convenu h la suite d'une ^tude critique de 
la coherence des r^aultats de n'utiliser que 
lea mesurea affactu^aa dana le plan da oyi.:trie 
du aontage et de ne retenir qua des confiffura- 
tiona pour leaquellea        AXR       ^tait infrfrioir 
k 15^. XR 

2.2 - Analyaa des pressiona parl^talea. 

Lea fig.  3 fournissent quelquea exeoples de 
-^partitions de preaaion obtenuea pour das 
conditiona da recollenant varlies correapondant 
k un Icoulamant tcciliri (fig.  3a), unifonne 
(fig. 3b) ou ralenti (fig. 3c). 

La position   XR  du point da recollemant aat 
tfgalamant port«« sur c«a diagramaea. On obaerve 

qua 1'^tendue    —B.     da la zone dtfcolltfa augnente 
n 

aenalb lament loraque la paroi da recolleaiant 
deviant dlvargant« (fig. 3c), catta litandue 4tant 
pratiquement indlpendanta da I'^paiaaaur 
relative   ^L    da la couche limlte Initiale 

pour dea paroia convergentes ou trfes faiblamant 
divergentes (fig. 3a et 3b). 

L'ensemble da ces rtfpartitiona present« antr« 
lea points d« d^eollamant at da recollemant una 
similitude devolution caract(<ris<a par una 

region Initiale quaal laobara auivls d'une 
reoonpraaalon rapide juaqu'au point da raeolla- 
ment   ft   , Par contra en aval da    R . 1« form« 
des dlatributiona depend da I'incllnaiaon 8 
du plancher. 

K,.^ 

. i/.     P.A 
O.i "--  ,. |O=.0,6| 

^0.201 
^0                                         b) 

0.2 

^^ 
 o.iij 

i^ 
"                        ffW 
"^^                                        0.076 

01  _ .   .                                     Jin<i 

n / 
h 

£20lj'          10 20                    30                    40 

0,1 W h 

0.3 

02 

01 

«..'-« °' 
0,201 

^0,27      „ 
' 0.07« 

1051 

/ 
|a.-J.7| 

X 
h 

IMI M     io 20                    30 40 

—^0,051 
• potrtt d* rvcoUvmvnl 0 -0,1 

Fig. 3 • Evolution d«> prottioni pari«tale$ tn oval du decollement 
(influence do Io houtour do morcho). 

o) oi-    7,>    b) o-  -0,6«    c) a=  -3,7* 

Roshko,  le premier [3]l  tirant parti da catta 
propri^tl, a propoa^ une normalisation da 
Involution daa pressiona dana le dtfcollamant 
aous forme d'une lol empirlque 

P-Pt -f (JL) 
P, «tant la praaaion da culot at <|1 la 

pression dynamlqua corraspondanta 

Dana catta representation, il aubaiata une 
dispersion aaaas important« notammant au 
voisinage du point d« r«collement, coaduiaant 
4 das hearts maximauz BUT I'ensemble da noa 
aaaaia pouvant «tteindre|Ä(£Sl3 )I s 0,15 

Cea dearta peuvent Itre int«rpr4tda da la alae 
manure qu'an öcoulament aupersonique [2] [4] 
an tenant compte daa effeta da la couche 
Halte initiale k 1'origin« du dieollament 
sur 1« d^veloppement de la couche da anlange 
stabile k  la frontikra azt^rieure du bulbe 
de d^collement. 

L"etude th<orlqua slmpllfiee de es phtaomkne 
[4-5-6] montre an affet que la ligne da 
courant lln)t« (l) aboutisaant au point da 

I 
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recollement et fixant le niveau de preaaion 
par une condition d'arrSt eat definie par le 
paramfctre Cq - Oi y 

" *«•*. 

ou X. represente une origine fiotive du 
melange I5-61 donnee par une relation de la 
forme X»=K 5, , K etant egal i 81 pour un 
ecoulement incompressible [5], 

: r r en f°ncti°n de ^ Evolution dU saut de pression au recollement PR -Pi 

or. obtient alors une relation "universelle" 
propre a l'effet de couche limite initiale et 
independante de la configuration etudide, cotsme 
le montre la fig. 4. 

j. "0 ̂  ^ . 

(X0=8H;*) 
Pr#**!?Ln d ' o r r i t » u r lQ l.yn* de jrl 

( milong* isobar* j 

F i g . 4 - Sou. de p ress ion au reco l lement f i n f l u e n c e de la couche 
l i m i t e i n i t i a t e ) . 

^e resul ta t appelle 2 remirques ; 

Tout d'abord cette evolution est differente de 
a lal"e-ie cor.duirait l'hyDothese d'une 

recompression isentropique de 1'ecouler.ent sur 
4tabli! 166 " Un Pr0fil d9 m® l a ne e pleinement 

definit ainui une r&gle d*interpolation des 
rl'U]^at8 de la fig- 5b' ̂ liminant le parametre 
geometrique a au benefice d'un paramfetre 
mieux adapts au traitement de configurations de 
recollement varices. 

C.S 

a- p-3 
-P. 

a) 
a ..06 

(i|:QS6 

f C L initiate H 0 - 13 ; 14 r 

k 
h 

1.15 • 
085 
070 • 
060 • 
0<5 o 

X 
X R 

1.5 

b) 

u = P - P i 

r l , = 1,3 

r.nsuite le concept d'origir.e f i c t i ve n ' e s t 
par .a i te ient j u s t i f i e que lor3que l 'etendue 
etant su . f i s an te , le p ro f i l des vi tesses dans 
la coucne de melange e3t Droche de l ' e t a t 
asymptotique. cet te s i tuat ion etant rSalisee 
pour des valeurs de Cq i n f i r i e u r a C,7.10-2 
qui correspondent a .21. ^ 1/& 

*R 
Disnosant d'une relation penetrant de calculer 
le saut de pression au recollement nous avons 
ete tout naturellement conduits a rechercher 
une normalisation des repartitions de pression 
dans la zone decoll̂ e plus raffinee que celle 
proposee par Hoshko. 

Une loi devolution de la forme P-P. 
pernet d'eiiminer les effets de c5?chl lioit? 
initiale comme le montre l'execple presente 
11 g. 5a dans le cas n ~_0,6. 

Par contre# la longueur relative ** de la 

partie isobare du decollement evolue de facon 
sensible avec a comae le montre In fig 5b. 

Une representation coanode de cette evolution 
sous une forme plus g<5nerale a ete rechercMe. 
alle est obtenue, en portant _*i. en 

fonction de 1'angle local 0 R *Rde la frontier-
de deplacement au niveau du point de recollement 

5c» 

Ce choix qui assure un bon recoupement de 
1 ensemble de nos experiences permet de 
rattacher la loi 0 ( X j & une propriety locale 
de 1'Ecoulement au poirfl de recollement. On 

c) -2i 
X R 

Frontier* de I ecoulernpr.i 
pofenhe! 

0 R 

.10 - 6 . 2 

a7 

0 5 

Q3 

F i g . 5 - N o r m a l i s a t i o n des p ress ions pa r i e t a l es . 
a) 1 -0,6° 
b) In f l uence de I ' ang le j. 

c) L o i d e v o l u t i o n de I ' e tendue du d o m a i n , i sobore . 

2,3 ~ Analyse des couches dissipativea. 

L'analyse detainee de ces couches a ete 
effectuee sur 4 configurations geometrioues 
( « = 4,3. -C^, -3.7, -6,7«>) ot pour ' 
2 valeurs de (c,9 et 0.6). Dans tous les 

est ln lon«ueur *R 1u decollement 
est suf.isante pour que le concept d'origine 
f.ctive soit applicable (couches limites 
mitiales minces w ^ 1/6) 

L'observation des profils de Vitesse moyenne 
pour 3 configurations typiques (fir. 6) net 
en evidence une analogie devolution que nous 
analyserons en sepnrant les docaines situes en 
amont et en aval du point de recollement. 
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ii 

100 MO MO     X! 

200 

Fig. 6 ■ Evolution de» profilt d* vil»»se «n oval du d«coll»m»nl 

a) a    *,y    b) i= -O.ö'    c) i - -6,7' 

2.3.1  - Profils ues vitesaea : 

Coaae  i.« auggkre 1'analyse des repartitions 
pariÄUTes in pression nous distinguerons 
2 r^giont. i".* la sons däcollfo. 

a) la region initiale Isobare (0 < x<  xi   ) 
oaract<ris<e essentiellement par le d^veloppe- 
■ent d'un processus de anlange le long de la 
frontiire du bulbe de recirculation. 

b) la recoapression proprement dite \\   < " < XR ) 

Dans  la }romifere region la deformation dee 
profiIs de Vitesse oeaur^s k diff^rentes 
abscissas (fig. 7) illustre la propagation 
transversale du melange qui absorbs 

Oi 

.a» 

Couch« Um*» inhok H,i1,34   ^zU«.    A^I.Sm« 

0<X<X. 

^-'v-' 

progresiivement la couche linite initiale et 
attelnt    l'taoulenent extörieur non disaipatif 

lorsque *    sft. 

La vltesse naxim(>l'.  du courant de retour 
(fig. 6),  situ^e au voisinage de la paroi, 
croit avec     X      pour atteindre en fin de tone 
Isobare uns valeur aigniflcati-e    ÜEsr-OJS 

Dune fa;on plus gta^rale lea profile de 
Vitesse dane cette region sont marques par uns 
double influence, celle de la couche 11mlte 
initiale, et celle du courant de retour. De ce 
falt leur structure complexe ne penaet paa 
d'envlsagar une representation simplo de leura 
propriet<s aiaea globales (paramitrea de forme, 
Ipaieseurs earaeteriatlquea etc.). 

Dana la tone de recompreaalon,  lea profile de 
viteeae eont fortement influences par l'approche 
du recolleaent,  le courant de retour diminuant 
en Intensite et etendue transversale lorsque X 
tend vers XR   . Involution de la vltesss 
■azimale de retour est souolse h des effete 
visqueux importanta.  C'eat alnsl qu'une detente 
isentroplque de l'^coulsment de reclroulation 
depuls le point de recollement condulrait k une 
vltesse environ 2 fols sup^rieure k celle qui 
est meauree (flg. 6). 

I" Ih 
.'.J7'20 
. -0,« « 
■ -0.« 2< 
• 1  0|11.S 

J 
1 

Ur U 

0.2 0.< a« 
V    q. Ui 

Fig. 8 • Evolution d« la vitoti« maximal* da ratour dorn 
la ion« da racirculotion. 

Comae le montre la flg.9 une normaUmaticii des 
profils de vltesse entre   Xi et   XR    peut Itre 
realisee sous la forme d'une loi deficitaire : 

(0 

Fig. 7 - Profil« de vitttt« don» la ion* iiobare. 
Fig. 9 ■ Narmalitation dai profilt de viteite dant lo iont 

da racompraatioa. 
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Blon  qas   le  recoupemant iiuquol  ostta  representa- 
tion conduit seit Imparfait.  11 set toutefuis 
1'lndlca qui dans ex lomHine les proflls de 
Vitesse  peuvent Itre repr^sentos  par une famllle 
a 1   piiramfetrn      p      dont uno representation 
deduite de  (l) est de la forme 

^=P*(1-P.f(f. 
Cette  propriety rappelone  le n'ost valable que 
dans  le cadre de  l'hypoth^se de couches llmites 
Initialefc minces. 

En aval du point da rscollement ( X >Xp{)domaine 
que  nous  appellerons  r.one da rstructuratlon,   on 
observe uns crolssanca des vlteases  longitudina- 
les au voisinage de  la parol  (fig.  6),  plus 
ou molns rapide aelon aue le champ exterleur ast 
acceirfri ou ralenti  (O>01  a< OJ. 

x >x. 

EüU 
y 

../ 

Un exemple d'tSvolutlon avec  l'absclsse des 
dlff^rentea ripaiaseurs caracterlstlquea 6,5, 
6"6',"Yl ihn3  ln  Züne d^coliee et en aval 
eat denntfe fig. II pour lea 3 configurations 
typiqutia prdcedemnunt oxarain^os ( ft « -6,7, 
-0,6. 4,3). 

On notera l'(5paiasissenient  Important qua 
aubit  la couche dissinative dans  le cas oü 
I'dcoulement eit^rieur oat ralanti   (ftr-6,70). 

L'eiiatence d'une  faiLille de profile de Vitesse 
dana  le domains proche du recollemsnt en anont 
et en aval de celui-ci,   indöpendante de la 
configuration geomötrique etudi^e qui  avalt it6 
augg<5ree par I'analyae  locale (fig.  9 et 10)  est 
lei  confirmöe au niveau des grandeurs caracteris- 
tiquea globalea.  Une relation fonctionnelle 
unique entre les divers  paranetree da  formes 
d^finia par le rapport de deux epaisseurs 
caraetöristiquea quelconques en est  notamment 
la preuve. Une tells relation est parfaltement 
verifi^e en ce qui  concerne Involution H (  H) 
par exemple (fig.   12)(   eile cease  dfes  que I'on 
ponetre dana le domaine  Isobare du decollenent 
pour  les raiaona indiqußes an 2.3.1. 

Vr" 

J' R»ioll»nn#rvi 

Couch»   limit* 
dnrobiiive« 

06 

6 7 

. C L dettabiliMa    Iref?! 

0 2 04 06 0« 1     u. 

F 19.  )0 - Exemple de profits de viteise dans la zone de restructuration.       ^ 

Toutofois,   comma  le montre  la  fig.   10,   les 
prof i la  de  vi tease  obtenua  pour ui.e mime 
valeur  (H = 2,2)  du parametre de forme H 
possfedent  qual qua soit   S     une structure 
tr^s voisina analogue a celle d'une couche 
limita destabiliaee  proche du döcollement. 

2.3.2 - Epaiaaeura caract^'riatiquaa at 
parametres de forme. 

h rlbww fl ; _ 6, 7 

h;2<n'™   a';.0 6 

Fig. 11 • Evolution des epaisseurs caracteristiques en oval du 
decol lernen I. 

I« 
. V 

0* h„. 
.0 31.5 
-0.6 24, 

-37 70 
-67 16 
.0,6 16 

■^-^.»*-», * 

1 2 R 
reilructjrotron 

5        10 
decompression 

20 50 
mölonge 

H. 

20 

11 

Fig. 12 - Correlation exoerimentale 'A (H). 

Un regroupement mains satisfaisant est obtenu 
fig.  13 dans la representation H (H),   la 
disperaion des r^sultats et lea ecarta  par 
rapport aoz meaures de Head en particulier 
pouvant Stre en grande partie imputes k 
I1imprecision intervenant neceasairement dans 
la definition de l'^paisseur    8    • 

• t 

GREEN [ref9) 

a" hm. 
♦ <.3 3t5   • 
-0.6 2«      0 

-37 20      . 
-6.7 16      • 
-0.6 16      . 

HEAD   Couche hmile destaMisee ['irl 6 
T 

1 2       R       5 10 20 
resTvxturotton      recompression melange 

50 

Fig. II . Correlation experimentale H (H). 

2.3.3 - Functions caracteristiauos do  I'^coule- 
ment dissipatlf. 

Para life foment fe  l'examen  d^tailie  des  relations 
exiatan    entre lea divers paranetrea  do forme, 
une etude experimentale dea fonctions  oaracte- 



17-7 

rlstlquu lnt«rv«n«nt dtnt 1« calcul in couch«« 
dl«»lp«tiv«« par d«« aethod«« integral«« a 4ti 
•ff«ctu4«. 

L'<volutlon av«c H d« la fonction d'antratnaant 
[8 - to] iitini» par la ralatlon t 

at didulta    da no« a«»ur«« «at donntfa fig. 14. 

0.1 

c*J a* 
f 

• 
• 
• 

5 

6,1 

« 
.06 
.XT\ 
46 

r»»lrueturalwn 
R 

4- r*connpr*»iMn 

Fig. M • Fonction d'ontroinwntn). 

Ceo r^sultata »«ttent «n ^vldanca I'impoaalbl- 
llt< d« ratanlr I'hypothis« d'un« relation 
universelle reliant f «t il dana l«a domainaa 
d« rscompraaaion et da restructuration; dea 
effete aarqutfa li^s k I'laportanca da la couch« 
liulta Initial«  (paraafetr«  Cq  ) et k la 
configuration g^om^trique ( 01 ) «ntratnant une 
dispersion important« dan« 1« plan   F, H . 

En ce qul coricam« la fonction da dissipation 

#=TO/T  A   dy      ' C*1CU1<' P" la 
relation (Sc  )  § 3.2. une tell« hypothfeee 
(^ a 0 ( H )) sembl« oieui aasls«,  bier. 
qu'lmparfaltanant r^rifi^e,  lea hearts par 
rapport k una courba aoyenne daaaurant 
mod^r^a (fig.  15). 

0.01 

c,V «• 
• 5 *J 
• . .Q6 
« , .67 
• 6.3 Ai\ 

RMIOCL   (rtflOj 

2 3 
rvtlrucluralion recompr»«(on 

Fig. 15 - Fonction do dissipation. 

^.3.4 - R«iiK:.-quea diverse«. 

a) Evolution da la turbulence  ; 
Dans le cadra de l'analyse d^taill^a daa couchaa 
diaaipativaa,  1« tauz da fluctuation da la 
vitesse longitudinals ^u^/^ au^/Uei 6t6 meaur«' 
pour la configuration     tt * -0,6 at deux valeurs 

d« I'^paiaaeur relative 6«/h da la coucha limite 

initial« (Af/hz 0,6 at 1,7) un« exploration aaaea 

complfet« n'ayant iti affectue« qua pour&/h* 1,7. 

L'^volutlon transversale deu^f/Ut present« un 

■axlaua au ««in da la couch« diaaipatly« 
<trolt«m«nt 114 k o«lul qui apparalt pour 1« 
profll da claalllaaant turbuUnt [12]. 

■ u%f . 
La fig. 16 aontra l'^rolutlon da | ~ 1,^*° 

fonction d« rabaci««« r4dulte X/ A obtanua 

au ooura da eaa «ip^rleneas, Evolution qul a iti 
coapari« k cell« obtanua par Taal dana la cas 

da valaura 4, /h plus falb lee. 

Dan« toua c«a axenplea on conatat« qua I '  I 

pr<s«nt« una Evolution croiaaanta Juecjiau point 
da racollaaant at d<oroit anaulta prograeaive- 
M«nt dana la «one da raatructuratlon, I'axtraaua 
alnai obtanu dependant for tenant da 6t /h . 

La partia croiaaanta da la courba aat quaai 
univaraalla pour un« couch« liaita initiale 
donn<a at rapHaanta la tranaltlon antra l'<tat 
da turbulene« propr« k cett« coucha liaita at 
oalul qul corraapond k un procaaaua da atflanga 
aayaptotiqua, calui-cl aat obtanu loraqua 
l'^paiaaaur J« la coucha liaita Initial« aat 
falbla davant Wtandua da la aona d^colltf« 

(Tani, it.0,27). 
n 

Fig. 16 ■ Evolution do lo (luctuotion inoximal« do viteis« en 

aval du decolloment. 

Ces experiences confiraent qu'un <tat d'^qul- 
libre eat attaint pour lea profile da vlteaae 
dans un« coucha da anlange Men avant qua cat 
^quillbre ne soit Stabil pour la turbulence 
interne. 

b) Effet d'une couche liaita tfpaiaaa (Cq>0,7.1(-2)i 

Tant qua la couche limite initiale eat mince, 
le couche dissipativa abordant la zon« da 
.ecolleaant poaakd« un profll da vlteaae 
aenaiblaaant flg^ dana aa forme, staa si  la 
structure de la turbulence na prtaant« paa la 
atme aituatlon. Dans cee conditions on a pu 
aettre en Evidence dea propridt^a assez  gta^ialaa 
concernant revolution das vltaaaea aoyannaa 
at la reconpreaalon Jusqu'au point da 
reeollement. 

Par contra lorsque   6i deviant digniflcatlf 
davant I'^tendua d« la cone dÄcoll^e,  cea 
proprKtta ne sont plus conaarv^ea,  1« fluide 
conservant au-dala da     X{     la m^aoir« du 
profll de vitesse k 1'origin« du d^colleaant. 

Ola se traduit comma la montrent lea fig.  17 
par une difference laportante    sur la form« des 
proflla de viteases,  en particulier au point da 
reeollement (fig.  17a at 17b). qui antratna la 
aodificatlon da la relation fonetlonnell« 
H'(H)  (fig. t7c). 

Par centre Involution du saut dea preaaion au 
reeollement reata aonotone (fig. 4) at la loi 
d'4volution dea preaaiona aat peu Infiuancla <ki 
moina tant qua   Cq   n'exckde paa 10~2. 
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Fiq. 17 • Influence de la couche limite  initiale. 

a) Profil de vite«se au recolltment 

b) Parar'»tre de forme H aj recollement 

c) CorrelO' on H (H). 

Sl^nalons enfin que  ians  le caa d'une oju-rh« 
limite in.tiale deatabi liaee (H   > ),i^  IQJ 
propriet^a relatives am co'iches limites ml^^ea 
ötabliea  pour H    <   1,4  aont conserv^ea. 

c) Influence dea gradients de preaalon normaux  : 

Un ezamen de cea effete eat presents en annexe. 

3 - CALCUL DK L'ECO'JLEKEKt. 

3.1  - La conrmissance de  la solution de flulde 
parfait glissant aur la  paroi sufflt g^n^rale- 
ment pour estiraer en  preni^re approximation 
l'^pnisseur de a^placement    6      de la couohe 
limite & 1'aide dea equations de Prandtl.  Un 
second calcul de fluide  parfait aur cette 
frontifere de d<5plac9ment determine alors la 
pression,   toute ndjonction d'iterations surft 
n'apjiortant en princlpe que des retouches 
n^Rligeablea.  Getto procedure qui est relative 

h une couche  Unite asymptotlqur r^ffulikre [M] 
se n'vM« inadequate dfes qu'apparatt une forte 
interaction entre couche diaslpatlve at 
ecoulement ext^rleur,  comma on le constate 
dans  dee   regions de ddcollement,   de  recollement, 
cu de couches  limites rapldement destabillarfea. 

bien  souvent  n^anmoins,   1'observation  dea 
pli^Tiomtnoa  indique que  lea effats dlaaipatlfa 
deneurent confines dans une couche voiaine da 
la  paroi   tandia que la plus grande partle de 
l'^coulamant  conserve un  comporvement  oasentlel- 
lement  non vlnqueux.  Une solution pratique  peut 
dans ces conditions Stre  l^gitiracment  demand^e 
k une analyse de type couche  Unite,  moyennar1 

la definition d'une atructur»  aeynptotique 
«ppropriöe.  Quelques elements degag^a da 
1'etude experimentale pemottent da panaar 
que,  ai   la couche limite initiale eat mince, 
la structure ordinaire "fluide parfait 
irrotationnel - couche  Unite de Prandtl"  peut 
constituer une premiere approche raisonnabla 
pour  le calcul du recollement en aval  d'une 
mi.rche • 

Le;   grandeurs etant adimenaioiinaliseea  par 
une vitesse et une longueur convenablea, 
u(x,y)et v(3c,y)  designant lea conpoaantea 
de  la  vitesse  de  1'ecoulement  potentiel 
Ü{7C,Y) et V(X,7)  celles de la couche  Unite, 
on   idn-et  la validlte dans  la najeure partie du 
douatne d*interaction des developpenanta 
habltuela  par rapport k I'epaisseur nomalisee 
6 de  la couche limite  : 

ui».Y) sQt{TC,Y} *   8 .   u, ( x^)  ♦    • 
y(x,y ) « v#(x^y) ♦ fi . v, (z.y ) ♦ .. 
u(»^y) • ü,{x,y)   ♦ 6 .   Ü, ( x.f) ♦    . . 
5«X,y)    m ♦  8   .    V#( X,^ )   ♦   .. • 

Un effet visqueux plus intense qu'une  perturba- 
tion d'ordre     6     pejt 6tre obtenue an 
envlsageant des solutions d'auto-'nduction oü 
ueoouloment de base cat indetemine it  I'ordreQ 

L'indeteraination est levee par un appal k 
I'ordre suivant qui conduit k une definition 
implicite de   6*  fu «u»], [»a *, ♦ 8 «^l. 

Pour une  paroi     y    = 0  i 

(1) &m        { Ü (x^y ) j a  u (x,0) 

(2) d6'    ^       8' dulat^a)    _vf«,o) 
dx u{x,o) dx "(«,•» 

La resolution de ce problina,  Introduita par 
Crorco et Lees [19] a ete abondaonent utilisee 
en jupersonique [20] [21 ]  [22] et plus 
n'.-pmsient en transsonique par Klineberg et 
Steger  [23].  Nous utiliserons toutefoia  (2) 
sous  la  foriEe equivalente  : 

(3)    A*L:}!£Äi      u|«#«').ujx.0) 
dx   u(x^rr 

de preference ä la forme utilises par lea 
precedents auteurs  : 

M    da*    _   8-6'      du(x,a)_ v(x8) 
dx      ' u(x, 8)    " dx    " u (x,8) 

u (x,8)au(x/0) 

pour dea  raisons diotees pnr 1'ezperienca 
'Annexe    ).  Dans le cas present,  la recherche 
de la solution sera grandement facilitee par la 
connaissance d'une loi empirique conatituant 
une apprczimation süffisante de u   ( x   0  ) dans 
la zone decollie,  et conduisant k la procedure 
que noua aliens maintsnant examiner. 
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5.2 - Calcul d« U couohe di»«lp»tlT». 

La ckraotkr« n^caasalrencot itintit d« U 
resolution nuotfriqu« du problka« iapllcita 
iifini par (l) at (2), at la aoucl da conatrulra 
un moyan da calcul aaaac ranlda ont aaan^ k 
a^lactionnnr laa a^thodaa laa plua »Implaa 
poaaiblaa. 

Hers du bulba da d^collamant,  la« couches 
disalpativaa aaront d<critas pa: una m^thoda 
IntAgrala. 

Dana la rigion d<ScollÄe,  1'azlatanca pour la 
praaalon paritftala d'una lo^. d^. correlation 
aaplriqua k un paraa 

d'una lol da correlation 

aflr da conotruira u !*/"), conatitua un aoyan 
at da deflnlr avac precision I'epalaseur da 
deplacaaant apria calcul du champ potential. 
L'uaaga da catta lol  da correlation, etablia 
dans daa »arinblea noraaliaeas, neeaasita la 
connaiaaanca da la longueur   X^   du bulba 
ainai qua du nlvaau da roconpreosion ifilTi 

antra lo culot at la point da racollamant. Una 
aaconda loi experimentale sera introdulta pour 
rellar ca nivaau ä l'etat da la couche limlte 
Initiale (fig. 4)  tandla qua   Xg   aara 
determine par le calcul lul-ntma. 

La aethode integrale eat conatruite en faiannt 
rhyoothfese qua lea grandeurs caracteriatiques 
da la coucha llmita (epaiaaeura, paraafetrea da 
forme, etc....) ne dependent qua daa deux 
inconnuea princlpales,  vitaaae V(oclet 
epaiaaaur da deplacemant    filac) , at d'un aaul 
j. iranfctre auxilialre qul eat la paramfetra da 
forme usual   H{X) .  Lea donnees experimentalea 
ont montre qua cette hypothfese convient k deux 
conditions  : 

a)-  la couche  limlte avant decollement doit Itre 
mince. Lea profile de vitease moyanna dans la 
region da calcul forment alors une fami lie de 
profile k un paramfeu-e aanaiblament confondue 
avec eella des couches limites lentement 
destabilisees et on dispose des relations 
permettant de definir tout paramfetre de forme 
en fonction de l'un d'eux. 

b)- 11 faut retsnir pour equation aaziliaire 
eelle de l'energi« clnetique du mi/ivement moyan 
pcur lea raisons indiqueas § 2.3.3- 

AJoutons que  lü loi de Ludwlg-Ti'ellman eat 
adoptee pour le frottament parietal,  son 
influence aur 1'ecoulement dans la region da 
recollement etant d'ailleura minims. 

So: t  6 (X) la direction de l'ecoulement 
potential au nivaau da la frontiere de deplace- 
mant.  La probleoe conaista k determiner les 
quatrea inconnuea   Ä'(jt»| V(x^e(x). M (») 

On dispose des trola equations differentiellea 
globale* da continulte, da quantite da mouve- 
■ant at d'energie clnetique : 

=PW/ 
T.du     fonction da dlaalp»- 

tion 

(S) 

6? £-=''•  «- 

On dispose en outre daa relations ampirlquaa 
auxilairaa  t 

A   zHiH) 

Cf .r 10 . :iHH 

La syateua eat rerme par une relatic 
fonctlonnellejS (v(xf;6(«9exprlmant 

(6) 

.<     151*(H.H) dLQgy        1    dH .   M     Cf 
F    dx d» H   dx "  0*   2 

H(H-I; dksiv.. jl £L; iL (H£L. a*) (c) 
d»     JH^dx   y     2 

avec lea definitions  : As H 6 

relation 
que V   atG 

aont affectlvament le'module et la direction 
de la vitease dans I'ecoulement potential 
le long de la llgne de courant    fiMx)    • 

Le caractere elliptique de^lV^G )lfflpo8a una 
solution iterative conaiatant an une auccaasion 
da calcula potantiela et de calcula da couche 
limlte,   1'inconnue principale de  SI       pouvant 
• tre aoit    V(x)aoit  8(x) . 

Dans  le  premier caa,  V (x) etant suppose connu 
par ,£ ,  lea inconnuea principalea da (3) Jont 
alors 6*    H,   6 . L'axamen de ce aysttaa, une 
foia les tenses en    dLQflV     nlacee au second 

membra montre qu'une singularite apparatt 
dR    _ 

loraque  J j - 0   . Cette clrconatanca se produit 
au voislnaga Immediat du point de racollemer.t., 

Ha 9 i at nous remarquerons qua 1'equation 
(5c) se reduit alora   k : 

(5d)   r A'  dLQflV 1    .[    -2 0H    1   puisqueCF«© 
I dx    JR     I     H(H-1) In 

relation nimple entre  6))    et [^ i   "j  d>s que 

les valours de   ♦, H    et    H      sont connues. 
Klineberg et Steger [23] [24] ont montre qua 
cetta difficulte n'est pas intrinsique au pro- 
blfeme couple, mais eat artificiellement intro- 
duite par 1'adoption d'un calcul de couche 
limlte k vitease    V ( x) imposes.  Ca mode de 
calcul,   qualifie de direct ne doit done Atra 
conaidere comae le precede adequat que lorsque 
1'interaction viSTueuse est faiblo. 

Par centre,  dans les regions oü 1'interaction 
visqueusa est forte,   --  "»"'♦lira pcur inconnues 
princlpales de (5)    6* y H , V       ,  i'ovolution 
0(x)etant cette foia detr.iniGe h   Jf     .  On «.   t 
alors ramene au Systeme suivant  : 

i5L= »9 6   (o) 
dx 

6'äH fi*H(H42»siS2sy.-Müoe-H.£L)  ib) 
d» dx ^ 2 

6k|H. d^__6'fl(H.i)dLaV.H,2#_HaL, (e) 

qui n'est singuliar que si 6 a 0 , situation 
exelua peur las regions considerees. Cette 
procedure, qualifiea d'Inverse, präsente da 
plus I'avantaga d'autoriaer la substitution 
d'una lol empirlque da vitease V(X)au 
sysUme integral (6), toutea lea feis que e'est 
necassaira ou commode. Catta facilite sera 
axpleltea dans la region du bulba da decollament 
qui na peut Itre traltee dann as tetalite par 
lea equations (6) (fig. 16). 

ö'^H»' •Ipaisseur d'energie 
clnetique 

On notora enfin que le ayatbme Inverse (b) 
calcula Logv(X)k partir de 9 (X) par una 
Integration tandla que le systfeme direct (   5 
detarminait   0 ( X  ) d'npris Log V   ( X ) au 
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■oyan d'un« derivation.  L« enlcul d« I'^coul«- 
ment pottnt»«! attrlbuant uu role sya^trlque 
aui  fonotions Log V   «t   8    •   1* nod» Inverse 
Introdult un effet d*  lissag« Interessant aur 
la plan nuaerlqu« dont  la oontre-partl« «at un 
•ffat dt dlrlv« rir.quant da compromattra aon 
utilisation aur daa r^glona etenduea, spiclale- 
nant al  1'Interaction viaquauaa eat fälble. 

Tout**. i.n.«. ordtnor.     * 
'o'W MBTQittQ* ■ *qv*i%» 

Fi^. 18 - Domain«! de calcul du recollerrwnt, 

5.3 - Calcul da l'öcoulement  potentiel. 

L'ecoulement Don vlaqueuz,  plan,  inconpreasible 
«t Irrotationnel admet une Vitesse cocpleie dont 
le lo^arithme   U    » Log|Vl-L 6      fat une 
fonction analytique da    (*♦•>)'    )  sur un domal- 
ne borrn? inf^rieurenent par la frontiere de 
d^placement,  et  limits eventuellenent par une 
paroi  superleure quelionque, 

Substituant a  la variable physique {x*i)f     ) 
le potentiel oompleie  (. 4 *i V   ),  on se ramfene 
k un domaine simple  ; 0 < V < Clfe . Une trana- 
foroation confcmne applique enfin cette bände 
u-ir un demi-plan oü  la fonction analytique U 
est etudl^e. 

L1 adoption d'un proceasus de couplaga en mode 
tantflt direct,  tantfit  inverse  (fig.  18) conduit 
pour    U       a an proble-e & donn^es mixtes sur 
la frontiers,   tantSt   0    tantftt    V   ,  de type 
Volterra. Se. resolution dans le demi-plan,  pour 
laquelle or. renvolt a [25]  sa ramftne h celle 
d'un probleme de Dlrichlet pour liquation de 
Laplace    at par suite k des quadratures. 

3.4 - Hise en oeuvre de  la solution complete. 

L'utilisatlon dans la region du bulbe d'une lol 
da preasion empirique normalio^e nnr une 
Schelle longitudinala    Xp   inconnue k priori 
conduit k aatisfaire  la condition de couplage 
en deux Stapes. 

Dans une premiere etape, Xp eat arbitralrement 
fixe.  La solution couplee eat alora obtenue au 
terme d'un algorithme numerlque adapts au 
d4coupaga renr^sente aur la fig.  18.  D^signant 
par Vi.   et    0;      lea valeurs discr^tisees des 
fonotions inconnuea   V(x) et     0    (x) , on 
itkre aur le vecteur composite    r        ; 

(^-9L dana les regions de calcul direct 

*i=Vi inverse 

Le problhme est ^crit sous la forme impliciie : 

oü 7^ designe 1'Operateur qul conslate k 
appllquer suacasaivement un calcul potentiel et 
un calcul de la coucha dlasipatlve.  La schema 
It^ratif habitual  : 

se riv-He Inauffiaant. La convergence est obtenue 
en Introduinantuna aoua relaxation aasez importan- 
ce s  -n*i C.c.u [riin)-Kn] 

La dlffioulU d'analyaa da 1'Operateur 7 
amkna k choiair pour    U    une conatanta 
aoalalra riella 0 < U   <   I  suacaptlbl^ da 
aatiafaira aus conditions da ccnvarganca  : 

|l-u(l-Xk)|<i 

oü lea X K    aont las valeura propres de la 
matrioa Jacoblenna (^A_) 

la valaur da    U    detsrmin<a par titonnemant» 
aat da  1'ordra da 0,15. 
L'lHupe finale conslstera k determiner 
I'^chelle      Xf)      qul convlent. 

Au total,   l'organlaation du calcul complat eat 
schematiaea aur la fig.  19.  L'initialisation du 
vecteur    (      est n^ceasaire pour amorcar 
I'algorithme precedent. En ce qul concernaV(ae), 
le choiz de la longueur   XR   et du paranktra 6R 
assure sa definition k l'interieur du bulbe. 
A I'exterieur,   Involution V(X )    est approchea 
par une  lol d'aire s'il s'agit d'un canal,  par 
une Vitesse conatanta al  l'ecoulement est 
llllmlte.  La loi     0 (x )  eat estimee k partir 
de la direction  de la paroi elle-mlme. 

INITIALISATION j 
V (x) ■ loi dacarralotioo 

♦ loi d'aire 
6IX) .paroi 

3£ Cho.K<J»l'»ehalla 
du  bulbaXw 

I,    i 

ECOULEMENT POTENTIEL 

Calcul mixla direcl.invarta 
Zone ffl 6"x)—V(x) 
ZOOM (Sat®      Vfx;_»67x) 

Zoran <f irtfaroclion 
foibl* 
z 

COUCHE VISOUf USE 

® Coucha limir» 
malhoda 

inlägrola diracta 
V(x)^.57x) 

©Bubadicolä 
corräMicnt 
ampiriqua« 

XB_V[x| 

•Couch» iniita 
mälhoda 

tort» 
3: 

ö(x)_V(x) 

Fig. 19 • Organigromm« tchematique du calcul du tecoliement. 

Au coura de la boucle d'iteration Interne qui 
correspond k 1'etapa intemedialra ou la longueur 
XK est arbltraire, le calcul visqueux eat 

interrompu dans le domalne II, ce qui impose 
pour reprendre 1'application de la methode 
integrale en aval de R  la definition de 
condltlms Initiales jsn ce point. La connala- 
aanca de Hp et de  [■~P«V l  fixe Sfjen vertu 

du syatkma differentiel (5)._ Choisiasant Hp = 3, 
r>n obtlent explicitement t'm 
(5d) qui a'ecrit alora : 

de la relation 

A; r^av ] = r-»tH i 
[ dx JR L R(H-1I JH.S 

»0,018 

Au terme de cette boucle d'iterations, on 
dispose done, pour une valeur da XR arbitral- 
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raaant fiirf«,  de deuz  lols 9(X) / V(x) 
•atitfaleant dos conditions de eouplage strict«, 
oiiis    ne correspondsnt pas n^cessalrecent au 
dtaroehensnt de paroi  Impost.  En effet,  11 eat 
possible ds ddfinlr la frontiers de d^placeosnt 
dans le plan physique par Integration de 6(X), 
et da oettre en place une paroi  fictive de 
calcul par In conr.alasance de   5B 

L'iSchelle  Xp sera done  flnalement ajuat^e afln 
de su.'erposer cette paroi  fictive et  la paroi 
veritable. 

3.5 - Resultats. 

La dur^e d'un calcul couplet reste moden'e. 
L'ordre de grandeur est 7 minutes sur CIl/lHIS 80 
pour une discretisation aaaez  raffin^e conprenant 
100 points de calcul  dent 20 dana le bulhe. 

La comparalson calcul-ezperience eat satiafal- 
aacte pour dea couches Jimitos  initiales 
modörement äpaissea   f.^.^11     .  La fig. 2Ca 
presente deux resul*-^'^« rooollenent dans un 
canal dont les pa ois son.   presque paralleles. 

-0,1 

6mm 

301 

20 

10 

0 

a) 

30 

,.-»._                                o   •    E«p»r.»nc» 

20 "••,                 ^^   Colcul 

10 

"^^    B   TB 5  

0 
100 200 300 Xr, 

b) 

•--'•-CN o « Exp*ri*nc» o o • txp»ri< 
X-l ^J Colcul V 

"•v- 

- x 

 Colcul 

100 200 300Xn 

Fig. 30 - Comporoitons calcul-tip«fitne«. 
o) Prediction de l'effet dt couch« limit« initiol« 

b) Pr«diction d« t*inflü«nc« d« !'•coul«m«nt potentiel 

c) Cos d'une couch« limit« initial« «poist«. 

La couche limite Initiale   6      eat sensiblement 
In mime et  la hauteur de la marche a varie de 
501.  La provision de l'effet de la couche limite 
initiale,  caraetörisee par le paranfctre S/hest 
correct«  tant en ce qul concerne la longueur du 
bulbe que le nlveau de pression. 

La flg.  20b illustre 1'Influence d'une modifica- 
tion sensible du champ potentiel provoqu^ par un 
changement de la geomptrie du canal.  Les dem 
configurations sent cholaiea pour que les effete 
visqueux soient similaires, c'eat-&-dire que 
les  longueurs de bulbe ainsi que les niveaux 
de recompression entre le cubt et  le point de 
recollement soient tris peu differents. Cn 
observe une prediction correcte de Involution 
de la  pression de culot. Enfin on notera que 
dans  tous  lea cas une definition satisfaisante 
de l'epaisseur de deplacenent et du pararsetre 
de forme da la couche limite est obtT.ue. 

La flg. ^Oc montre  le rösultat d'une application 
abusive de la methode h uns configuration de 
couche  limite initiale epaisse  i.    «1,7.  Sans 
ce cas en effet,  1'universal!te fles fonetions 
empiriques utiliseJS est miss en defaut, en 
particulier pour los lolsH(H)  et  #(H),  et 
la prediction de  la pression de culot devient 
grosaifere. 

4 - CO.'JCLimoN. 

Une etude experimentale detaillde du recollement 
turbulent incompressible s iti conduits sur un 
mcdfele bidimenaionnel simple,  comportant 
e; sentiellement une marche descendante de 
hauteur variable suivie d'une paroi de recolle- 
ment rectiÜKne d'inclinaison reglable. 

En cas de couche limite initiale mince, c'est-a- 
dlre donnant naissance k une couche de melange 
atteignant effectivement son ete    asymptotiqua 
avant  le recollement,  des lois empiriques '.yant 
un caraetfere de generalite interessant on. ete 
degagees  pour la couche d^ssipative en cresence 
d'un ecoulement exterieur globalement accelöre 
ou ralenti   : 

- profils de vitease noyenne conatituant une 
famille k un paracetre confondue avec celle 
des  couches  d'equilibre  (loi   H  (H)   ). 
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- definition d« Involution #(Hld« la fonctlon 
d« dlaaipatlon global« oaraettfrlatiqua du 
phdnoakna da raatructuratlon at dlatinota da 
oalla gouvarnant lea oouchaa d'rfqullibrt. 

- rtfoartltlona da praaaion pari^tala dana la 
bulba d4colltf ob^iaaant h una lol k un 
paraaktra. 

- lol da correlation reliant  le nlveau da 
recoapraaalon antre le culotot le point de 
reeolleaent avec 1'dtst da la coueha linite 
initial«. 

La partia th^oriqua enviaaga le reeolleaent 
comae une Interaction auto-induite entre une 
couche limit« d« Prandtl at un tfcoulement 
extörleur da fluide r.irfait  tant que la rouche 
linita initiale eat minsa.   Le caa oil la couche 
Umlte initiale eat epaiaa«, ntfceaaltant la pri- 
a« en consideration d'una region rotationnelle 
n'est pas envisagee ici. 

La resolution du probleoe eat dana son prlnclpe 
analogue k la möthode propoaee par Klineberg «t 
Steuer [23] pour le calcul dea profile tranaso- 
nlquea.  Szcepte dans  lea  region» ou  I'interao- 
tion eat faibla, on adopte on mode de calcul 
inverse,  la preaaion davam n. une inconnue du 
calcul du couche limite.  On   '.ite alnsi 
1'introduction artlficlelle das singular!tes 
qul apparaissant au decollement et au reeolle- 
aent dans la resolution des equations de 
Prandtl 4 pression impoaee. Cette procedure 
inverse permet en outre d'introduire la loi 
empirique devolution dea prassions dans la 
region deceive. 

La conpariiaon cilcul-experience eat satiafai- 
sonte tant en ce qui concarne In prediction des 
distributions de pression k la paroi,  et notam- 
ment de la pression de culot,  que des epaisseurs 
caracteristiquea dea couches dissipativaa, pourvu 
que la couche limite au decollement soit 
mod^rement epaisac     [6      ^ ll • 

I h     %  J 
AKSSXB 

ISFLUSNCE 323 GSADISKTS D3 PRESSION Ü0HMAUX. 

L'existence de gradients de pression nornauz 
dans le domilne de decollement recollement 
est illuatree fig. 21  par une comparaiaon entre 
1'evolution longitudinale da la pression a la 
paroi et k 1'ordonnee    6     de la couche dissipa- 
tive,  pour trois configurations  typlquea. 
Cea gradients, aenaiblemant da mtma aigna at 
da alma intenaite qua dana I'tfcoulamant 
potential azterlaur, aulvant 1'evolution de la 
courbure des lignes de courant volsine da    (   . 

Abandonnant las approximations de la couche 
Holte, oais ne retenant que \9a tarmes prepon- 
derants, 1'equation da quantity da mouvanant 
longitudinale pour la couche c issipative peut 
a'ecrire sous l'une dea forme«  integrales a/ b/ 
c/ de la figure 22, salon lea termea negliges. 
La vitess«    Uf    est cells deduite d« la 
pression k la frontiers      6     . L'integration 
de ces equations differentiellea pour dea 
repartitionaU^Xl H(K|,/'[p|K).pt|K)] dy , 
dedultes da I'experience conduit aux resultats 
present^s figure 22 ou la condition initial« 
est fizee au point d« reeolleaent    It    . On 
constate que lea valaura ezperimantalaa sont 
correctement prevues par lea equations 
retenant lea termea de gradient da praaaion 
normal    (b/ et c/), et que le frottement 
parietal peut Itre neglige (b/). Cea 
conclusions ne sont pas altertfea al I'on 
transfire la condition initiale k I'abaciaaa Xj 
par eiemple. 

03 K^ 

0.2 
Ca.5i0, 

0,1 a> 
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01 -^-^ Xmm 
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Fig. ^1 - Gradientt d* prtiiion normou« en aval du dccollenwnt. 
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Fig. 23 - Effet du gradient de pression i.armal >ur le calcul de b" 

(reference de vitesse Up). 

En revanche,  la priae en compte du terme de 
gradient de pression normal ne s'impose plus, 
senble-t-il.pour calcular ces couches dissipa- 
tivaa si,  conservant la formulation habituelle 
de It couche limite, on definit la vitesae 
axterieura   Up(K)h partir de la rnreaalon 
parieta'1».  Cette pronriete a ete verifiee aur 
1'equation de Karman pour trois configurations 
d'ecoulement ralenti (   tt<0), uniforme 
(tt -   0),  ou acceiere (a >0) (figure 23). 

Par ailieurs,   le calcul du fluide parfait 
montre que si  la ligne de courant frontiira 
admet la mime repartition da preaaion p (* ) 
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qu-fc la parol, elle coincide senaiblement avec 
la frontier# da diplacement eip̂ rimentale tT(x ). 
Cette seconde propria, aJoutcSe 4 la pr<c«$dente, 
valide un calcul coupld dea deux regions fluidea 
salon la concept habitual da l'effet da 
d̂ placement. 
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TUnEE ÜIMENSIONAL DISTURBANCES 
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Blacksburg, Virginia     24061.  USA 

SUKMARY 

Two possible causes of the pronounced periodic spanwise disturbances that have been observed in 
noMlnally two-diMnsional or axl-synaetric reattachlng laminar and turbulent separated flows are studied 
theoretically.    Approximate analytical coapressible small disturbance flow rodels for both a local vortex 
instability mechanism and the effect of a row of incoming streaawise vortices are set up. solved and 
compared with available experimental data on surface disturbance pattern, pressure and heat transfer. 
The results on all counts confirm the predictions of the vortex instability model.    It is also shown 
that Reynolds analogy does not apply to the disturbance skin friction and heat transfer. 

LIST OF SYMBOLS 

a Local speed of sound 

Stagnation velocity gradient,  (du/dx) 

Similarity solution stream function 

Total enthalpy ratic H/H 

Static and total enthalpy 

Mach number 

Static pressure and pressure pevturbation 

Heat transfer rate 

Absolute static temperature 

B 

f 

8 

h.H 

M 

P.P" 

T 

u.v.w 

x.y.z 

v* 

a 

a 

Streaawise, normal and sidewash velocity 
components 

Streaawise coords, measured from reattach- 
ment line, distance normal to surface 
and spanwise distance. 

V'o 
Inverse wavelength parameter  (2w/X) 

Y Specific heat ratio 

6 Boundary layer thickness 

c Small  perturbation parameter 

n Similarity coordinate 

\ Spanwise wavelength of disturbance pattern 

u Coefficient of viscosity (laminar) 

u Eddy viscosity coefficient  (turbulent) 

v Kinematic viscosity  (v/p) 

p Density 

T Shear stress 

Subscripts 

e Edge of boundary layer 

1 Perturbation valuer; 

o Basic two-dimensional flow 

s.R Stagnation line conditions 

w Nail  surface 

1.     INTRODUCTION 

The study of separated flows and their reattachaent continues to be of basic importance in a wide 
variety of fluid mechanics and heat transfer problems, especially in the presence of three dimensional 
effects.    A particularly important type of three-dimensionality is that associated with the presence of 
vortices in the flow.    In recent years, an appreciable body of evidence has accumulated showing that 
significant vortex-like lateral-periodic variations in shear, pressure and heat transfer occur in 
nominally two-dimensional reattachlng separated laminar and turbulent flows under both low and high 
speed flow conditions [Ref.  1-9].    For example. Pig.  1 illustrates a typical such reattachaent pattern 
downstream of a rearward-facing step in supersonic flow as observed by Ginoux4 using a sublimating sur- 
face film technique, while Fig.  2 shows the corresponding periodic lateral total pressure variations 
measured in this flow. 

The following major properties of these three dimensional disturbances have been observed over a 
wide range of Nach and Reynolds numbers in both two-diaensional and axi-sywaetric reattachlng flows 
regardless of the particular upstreaa cause of separation (backward facing steps, co^ression raap. etc.). 
(a) The disturbances are laterally-pariodic with a wavelength comparable to the Taylor-Gflrtler value of 
2 to 4 boundary layer thicknesses,    (b) They have a nefinite vortex-like structure consisting of a layer 
of alternating vortex pairs located roughly at the edge of the boundary layer with a aaxiaia sidewash 
around the center of the layer and rapid damping near the wall surface,    (c) Pronounced lateral peaks 
(10-251 of mean) in the pitot pressure, skin friction and heat transfer occur which are strongly 
correlated with each other and with the spanwise location of the vortices and which increase markedly with 
Nach number,    (d) Provided that there is yoae kind of upstream streaawise vorticity disturbance, however 
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weak and irregular, the three-dimensional disturbances amplify and assume a characteristic well- 
organized form only following the occurance of reattachment. 

These observations suggest two possible physical mechanisms as the cause of such disturbances.    (Ij 
The birth of vortices during reattachment due to a local disturbance mode unique to this type of flow 
(e.g.  the Taylor-GOrtler instability associated with the concave streamlines*).     In this case the faint 
random incoming disturbances merely act as an initial "trigger" and have no significant effect on the 
final  steady state behavior, thus giving rise to an eigenvalue problem.     (2)  Possible amplification 
di.ring reattachment of streaawise vorticity already present  in the incoming separated flow.    Here, the 
incoming vorticity  (which can be due to a variety of upstream histories such as convex streamlines in 
the separation region'" or streaarwrse vorticity-format ion  from srall  surface shape distortions as 
described by Tolak")  is the primary forcing function of the prob'em. 

The present paper describes the results of a theoretical  investigation of three dimensional dis- 
turbances in reattaching flows and a comparison with experimental observations.    Our approach is to 
formulate an approximate analytical  flow model of reattachment and to consider within it the behavior 
of each of the two aforementioned vortex-like small disturbance mechanisms that might cause the 
observed ihree-dimensional effects.    Solutions are obtained for each,  including the effects of com- 
pressibility and heat transfer and the derivation of useful engineering expressions  for the three- 
dimensional pressure, heat transfer and skin friction disturbances at  reattachment.    Typical numerical 
results are given and then compared with available experimental data,  thereby  identifying one of the 
theoretical models as the likely explanation of the disturbances.    Finally,  we conclude with a brief dis- 
cussion of some recommended improvements and extensions of the present work. 

2.     FORMULATION OF THEORETICAL APPROACH 

2.1 Assumptions 

The detailed analysis of even a two-dimensional reattaching high  speed  flow  is  in itself a difficult 
problem  (Fig.   3).    Consequently,  as a first step toward developing a general  theory of three-dimensional 
effects  in such flows an approximate analysis  is formulated by introducing some simplifying assumptions, 
as  follows.     (1) The flow is composed of a basic two-dimensional  incoming flow UQ,  v0, p0, p0, H0 plus 
small   linearized three-dimensional  steady state perturbations u', w',  p', p', H'.    Note, however, that 
the "parallel  shear flow" model  of the basic flow common to many small  disturbance theories is not used 
since the streanwise change (äUo/äx)   is very important in the present problem.'2    (2) We confine our 
attention to a neighborhood of the reattachment  line  (Region A, Fig.   3)  which  is small compared to both 
the incoming flow width and the overall  scale of the reattachment region; consequently,  in the leading 
approximation we may idealize the incoming basic flow outside the boundary layer as an infinite uniform 
inviscid flow undergoing a stagnation-like reattachment normal to the surface as shown in Fig. 4.    We 
thus neglect the adverse pressure gradient effect of the overall  compressive shock-boundary layer 
interaction on the local  three-dimensional disturbance field,  and the vorticity and  finite width effects 
of the incoming shear flow.    Based on contemporary studies of such high speed reattaching flows'^, these 
approximations are judged acceptable within a region x <  !06  (which is more than ample size for the 
present purposes] provided the flow is not hypersonic.    (3) Under the presumed high Reynolds number flow 
conditions of interest the viscous and heat conduction effects, wherever important, are treated on the 
basis of boundary layer-type approximations.     This  Is accurate unless veiy small disturbance wavelengths 
or fine scale features of the flow are of interest.    (4)    The laminar density-viscosity product is 
constant and equal to its basic flow value  (PU  = p0u0 = Pwo^wo^ vlt^ a unit  frandtl number.     (5)  In the 
case of turbulent  flow, the correlations between the disturbance field and the turbulent  fluctuations 
are assumed negligible,  thereby permitting the turbulent case to be treated as a quasi-laminar mean flow 
with an appropriate eddy-viscosit;   v0 t.    Moreover, by virtue of simplification  (2)  we can further 
neglect  the contribution of any incoming flow turbulence to uo,t since Bearman1'' has  shown that the 
larger turbulent scales that might  so contribute attenuate strongly during  stagnation, while Traci and 
Wilcox1-" have also indicated that the  influence of such turbulence on  the  incoming flow can be neglected. 

2.2 General Disturbance Flow Equations 

Confining our attention to the  immediate vicinity of the reattachment   (stagnation)  point and 
introducing the compressibility-transformed similarity variables n = Y/B/PWIJW,  dY = P0dy,  the basic non- 
adiabatic two-dimensional  flow is thus self-similar and described by the relations u© ■ Bxfö(n), P0v0 » 
-»/BpwiJwt0(n), H0 = H0sg0(n) with p0 = p      -   (posB2x2/2) where B = du0 e/dx)s  is  the stagnation velocity 
gradient.    The velocity and enthalpy distribution function are given 6y the solutioi to the well-known 
momentum and energy equations 

w + f;' •(f^2 - 8o w 

f0g;+ g" = o (2) 

subject to the boundary conditions fö(~)  = iA")  =  1 and f (U)  =  föCf1)*1 .gow" hw/Hos - Tw/To    in the 

absence of mass transfer through the surface of given wall temperature Tw. 

Using the aforementioned sipnliiying assumptions in the compressible Navier-Stokes equations, 
arbitrary steady state small three-dimensional  disturbances u^x.y.z)  =  U-UQ.  v'(x,y,z)  ■ v-v0, w = 
"'(x.y,!), p'tx.X.z) " P-Po» H'(x,y,2}  • ll-ll0, o'(x,y,z) = p-p0 are found to be governed by the set of 
linear equations 

*The local maximum concave radii  of curvature in the observed reattaching flows are ten to a hundred 
tines   larger than the minimuir, critical  value defined by the Taylor-GCtrt ler theory. 
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(3) 

(4) 

•"ow^o« ly [(1 * 2_^1)5r'J 

uo ST * povo aT * po  aT "  "ow^ow w [V1 * X~)T'ri 

W  ^ iH< ,,  9Ho 

P     V ow ow 

(6) 

.         .       H'-u u' ,      _, 
El . £l ♦  2 £l ♦ Tl (7) 

Po     po     H-iu2     po     To o    2    o 

which represent disturbance field continuity,  streanwise and spanwise and spanwise momentum conservation, 
energy and ideal gas equation of state, respectively.    These equations generalize an earlier theory of 
three-diaensional disturbances16 to the case of non-parallel  shear flow.*    The pressure disturbance is 
governed by the following equation derived from combining the normal momentum equation with the others: 

T  /!oyl^i. iii .T . M2 (x y)l ai: . M/Ma^. 
I       \ao/   J3y2        3x2        I o l   y; I    3x2        o^aoyaxay 

(8) 
2 

2 where M   • u /a   and a0    « YRT    » YP0/P  ■    E<1-   (8)  is a generalization to nonparal'el  flows of the well- 
known pressure perturbation equation for parallel-type shear flows.^    It indicates that sizeable normal 
pressure gradients may occur in the present problem (as indeed will be seen below).    The right hand 
side further shows that the pressure disturbance field is strongly coupled to the  lateral velocity 
perturbations by the axial pressure gradient  effect in the basic reattaching flow.     Finally, note that 
the tern v02/a0*  (the Mach number squared of the flow normal  to the surface]   is always very small com- 
pared to unity and can hereafter be neglected. 

2.3    Vortex-Instability Mechanism 

As previously discussed we here imagine that a purely local instability has lead to a steady state, 
laterally-periodic disturbance field.     In view of the stagnation-like character of the basic teattaching 
flow, we are thus lead to postulate the following functional  forms for this field in the neighborhood 
of the reattachnent line  (neglecting terms of order x2 compared to unity): 

"'(XiX.z) = Bxu. (r)  cos az 

v'(x,y,z) = -/Bv     v. (r)  cos az 

w'(x,y,z) = au^Wjh)  sin az                                                                                (9) 

p'(x,y.z) ■ P„,BV c
p,(n) cos az 

OS     OS   1 

H'(x,y,z)  = Hosg1(ri) cos ar 

where a • 2w/X and X is the characteristic wavelength of the laterally-periodic disturbance field.    Then 
under the aforementioned assumptions and taking into account the basic flow relations the perturbation 
distribution functions uj, Vj, etc.   for a non-adiabatic compressible flow are found to be governed by 

Since Uo,t ' xau0/ay - x2 near reattachment,  this term (which represents the downstream growth of boundary 
layer turbulence following reattachnent) may be hereafter neglected in the present approximation. 
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the  following ordinary differential  equations: 

(W °Vi gofo 1 
-2 
*\ 

(10) 

a,   -   (Vj/g^  ♦i^ ■ -f^»!^)' 

f u; 0   1 zf;«, ♦ (vj/g^f- »uj- ; -gj^ 

en) 

(12) 

o  1        1        Borl 

f0gj  *i['  *i'0[i\/i0)  -  Wo)] 

(U) 

(14) 

where pi/PöS «iW a'   =  a \ ^vos/B and a prime here denotes differentiation with respect  to r\.    To this 
order of aj5proxiniatioi, only  the x-conponent of disturbance vorticity c'   =   (aw'/äy)   -  (äv'/äz) 
äB[g3l (dWi/dn)   - Vj] sin az  is significant;  hence the disturbance field is  connected with vortices 
parallel to the wall tl.at develop in the turning reattachaent flow.     Eqs.   (11)-(13}  resemble those pre- 
viously derived for the vortex-disturbance problem  in  incompressible  stagnation point  flowl^; the present 
fomulation,  however, extends the theory to high speed lyainar or turbulent  flow by  including the com- 
pressibility and heat transfer effects plus an explicit equation for the corresponding prrsure changes. 
Note that the pressure and sidewash  velocity perturbations are intimately coupled, but are  independent 
of the other disturbances. 

The appropriate wall boundary  conditions on these equations require zero slip, no mass transfer and 
a fixed surface temperature and hence that  uj = vj  = wj = gj = dPj/dn « 0 as y -► 0.    On the other hand, 
when the disturbances are presumed to originate during the act of reattachment process  itself they must 
all   vanish far from the body,  giving a set  of outer boundary conditions which are also homogeneous: 
ui (~)   " vif")   » wj (»)  = gj ("0  « Pi ("0   "  0.     Thus we get an eigenvalue problem where non-trivial dis- 
turbance solutions exist only for certain values of a, as discussed below.    Once these solutions are 
found, their gradients can be used to evaluate the streaowise and lateral wall shear stresses, respec- 
tively, as  follows: 

w.x - \t 

[w,Z  =^0   (If)     =    oBO-l(0)   Sinaz 
w\   '    /w s      s 

(ISA) 

(1SB) 

while the corresponding first order  approximation  to the surface heat transfer at  reattachment  is 

q    =  p     XIM    B Mw os>  os 
Hs   fgo'tO) ♦ g;(0)   cos az] 

o«- J 
(16) 

2.4     Forced Disturbance Model 

The alteration of incoming vorticity  in a stagnation-like reattachment  flow has been studied pre- 
viously for the case where the vortex filaments are parallel to the x axis,  i.e., parallel  to the basic 
flow streamlines near the boundaryI7 and also when the filaments are perpendicular to the plane of the 
basic flowlS.    However, no consideration has apparently yet been given to the presence of streamwise 
vorticity  in the incoming flow, although  in fact  this case is often encountered  in practice^ and may 
be an alternative source of three-dimensional  reattachment disturbances. 

As a representative model of such incoming streamwise disturbances, we consider the case of a row 
of discrete counter-rotating vortex pairs  lying in the y-z plane,  their (small)  amplitude E and spacing 
being regarded as known.    Far from the reattachment surface, these vortices  induce a two-dimensional 
adiabatic velocity disturbance field given by the  Diot-Savart  law+ as 

u'(x,y   ► i»,z)  ■ e G(x,2)  cosh az sin az 

v'(x,y * ",1) = 0 

w'(x,y •♦ <»,z)  =  -  E  G(x,z)  sinh ax cos az 

(17) 

(19) 

Although this point is often ignored in studies of vortices outside boundary layersl9,   it  is important 
that the assumed mathematical disturbance form satisfy Biot-Savart  if it truly pertains to actual 
vortices  (rather than simply being "vortex-1 ike"). 



:8-5 

whore Cfx.z) ■ (cosh2 ax - co»   az)'       The functional character of these relations and soae pre- 
llalnary study tnan lead us to postulate the following expressions for the resulting disturbance field 
near the surface: 

u'(x,y,0  "  s Ujtn) G(x.y)  cosh ax sin ax (20) 

v'tx.y.r) ■ t 0Vvos/B Vl(n) slnh ax (cosh2 a)< * cos2 '»I)G2(X.I) sin ai (21) 

"'(x.y.O  ■  - t ^(n) G(x,y)  slnh ax cos az (22) 

p'{«.y.») * c P0 Bx^jCl) csc <»» (23^ 

H'(x.y,i)  * t Hs xH^n)  slnh ax (cosh2 ox ♦ cos2 az) G2(x,z)  sin az (24) 

Substituting these relationships into the saall disturbance equations and using the previously-discussed 
basic flow relations and siaplifying assuaptions yields the following perturbation distribution function 
equations: 

dPj/dn • 0 (25) 

ui' wi ^W'"0 (26) 

f
oui - f;ui ^i''«opi (27) 

foW - f-Wj ♦ KJ- . g^j (20) 

foHi - ^"i+ "i" - (g;/go)a vi/B (2^ 

Evidently the induced velocity field of these vortices causes no normal pressure gradient, at least to 
first order. 

As in the previous disturbance model, the wall boundary conditions are hoaogeneous:    11.(0) • V. (0) • 
w. (0)  * MjCO)  * 0.    However, when streaawise vortices are   present  in the  incoalng flow,  the outer 
boundary conditions far from the surface are non-homogeneous; taking into account Eqs.   (17)-(19), they 
are Ui(»)  * Wi(») « 1, Vj(-)  • Hi(-)  » 0 and Pii»)  • -I.    Solutions of Eqs.   (25)-(29) are thus possible 
for ail values of a. 

3.     ANALYTICAL RESULTS 

3.1      Vortex Instability Model 

To assist their nunerical solution a detailed analytical study of Eqs.   (10)-(14) was made to deter- 
mine the inviscid asymptotic solution behavior outside the viscous boundary layer  (n > 4-S) where f  * g * 
1.    This analysis, which is described in Reference 22,  indicates that the disturbance vorticity and normal 
velocity decay algebraically like f"1  -(n-k)"1  leading to an (Ti-k)-2 decay of both the pressure and 
sidewash, whereas the corresponding streanwise velocity uj and energy disturbance gj are exponentially 
sna.l.    Using these results  in conjunction with a standard Runge-Kutta integration routine, numerical 
solutions of the two point eigenvalue problem were obtained by a straightforward "guess-and-shoot" method. 
From the investigations of Kestin and Wood^O and of Weiss21, we expect that our underlying assumption of 
effectively-infinite width for the  incoming reattaching flow will result  in solutions throughout a finite 
band of a between zero and a value on the order of unity rather than for a single a eigenvalue.    This was 
indeed found to be the case:    a continuum of '.igensolutions was found to exist only for    0 < a < aBax> 
where äBax  Is unity for adiabatic walls and increases slightly with increasing wall cooling (Tw/Tso < 1) 
as shown in Fig.  S. 

A representative set of disturbance field profiles across the reattachnent region Is shown in Fig. 6 
for a typical value of a = 2/3 on a cooled wall.    Additional results for other a,  gw combinations can be 
found in Appendix B of Ref.   22.    It  is seen that  the spanwise disturbance velocity vanishes and changes 
sign around n  " 3.4 (which is slightly outside the basic reattachment flow boundary layer),  indicating 
the presence of the vortex core at  this level.    The effects of viscosity and heat  conduction on the 
disturbance field become important  about half-way into the basic boundary  layer thickness   (y i l/240)  and 
serve to damp out the perturbations.    A significant  lateral pressure drop occurs owing to the suction 
associated with the vortices, most of this developing in the "inviscid disturbance" region. 

From such results, the detailed disturbance flow structure can be constructed and it  is seen to 
involve pairs of counter-rotating vortices which develop along the basic two-dimensional   flow streamlines 
as they turn and become parallel to the surface during reattachment   (see Fig.  7).    The cores of these 
vortices ultimately stand parallel  to tho surface outside the basic flow boundary layer as mentioned above. 
The corresponding spanwise disturbance fJow streamline pattern very near the surface is also sketched in 
Fig.   7 and  is seen to inline similar to t:ie  alternating node-saddle point pattern suggested In Ref.  23. 

Practical engineering relations  for the prediction of important physical quantities such as pressure, 
shear :i.fuSS and heat transfer at  the wall  are directly forthcoming from the equations of the present 
analysis and the tabulated values of PjCO), w{(0), etc.    From Eq. 9,  for example,  the spanwise pressure 
variation along the reattachment  line is 

(äz^iÄ^) Pw(zJ  " Pos P1(0)cos\5zVB/VoJ (30) 

i 
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whert v«l(Mt of Pi(0) an tabulated In Table 1.    This pressure fluctuation has a wavelength on the 
order of the basic boundary layer thickness t0 since 60 -   y«/B.    At i ■ 0 the negative PjCO) given by 
this solution indicates that the suction associated with the local vortex pair decreases the total 
stagnation pressure slightly.    The relative heat transfer disturbance for a fixed wall teaperature can 
be expressed fro« Eq. (16) by 

—2— • -i  cos ( äz yB/vn   ) (31) 

"o "0 
(«V^T) 

and can be quite significant in practice since gj(0)/go'(0) a .2-.4 for highly cooled walls (see Table 1). 
Since gj'(O), pj(0) and «,'(0) are ell negative, the   heat transt'or and wall pressure perturbations are 
in phase with each other but 90° out of phase with the leteral shear stress disturbance (Eq.  IS) which 
aaxinizes at the spanwise positions of the vortices as illustrated in Fig. 8.    Reynolds analogy is 
clearly not applicable between these three diaensional heat transfer and skin friction disturbances. 

Several additional features of the wall cooling effect on the vortex disturbance field are worth 
nothing.    First, since a - A'l Fig.  S shows that cooling slightly decreases the spanwise wavelength of 
the pattern.    Second, it can be seen fro* Table  1  that  cooling also slightly increases and decreases the 
wall pressure and spanwise shear stress perturbations,  respectively, while strongly enhancing both the 
heat transfer and streaawise shear disturbances.    Third,  an exaaination or the various disturbance pro- 
file results (as sinaarized in Table 2)  shows that the aaxiauM sidewash height  in the boundary layer 
(i for w'»ax3 stoves inward toward the wall as a result of cooling, although with little corresponding 
change in the sidewash magnitude itself. 

3.2 Forced Disturbance Model 

Owing to its siapler natheaatical character,  several  important features of this solution can be dis- 
cerned by direct exaaination of Eqs.   (2Sj-(29).     First, because of the constant pressure (Eq.  25), 
Eqs.   (27)  and (28)  plus the boundary conditions  iMiediately show that Uj(ri)  ■ Wj(n).    Consequently,  it 
is  found fron Eq.   (26) that VjCn)  is zero everywhere.    Physically, this aeans that throughout the flow 
at reattachaent  the inconing vortices are simply carried straight inward toward the surface, suffering 
only a change in aaplitude due to the coabined effects of the basic flow conpressibility and viscosity. 
The fluid Mechanics of the problea thus reduces  to the solution of the relatively siaple uncoupled two- 
point boundary value problen associated with either Eq.   (27) or (28).    Without carrying this out  in 
detail, however, one can estinate the qualitative character of the disturbance flow pattern near the 
surface which is associated with this aodel; the result  is  illustrated schenatically in Fig.  9.    It is 
obviously quite different fron that associated with the vortex instability nodel, having a "cats-eye" 
appearance. 

Another inportant feature of thi» uisturbance node that is readily discerned is its themodynanic 
behavior.    Since Vj(n) vanishes and both the inner and outer boundary valus of Hj are zero,  energy 
Eq.   (29)  yields the solution 

Hjh) « 0 (32) 

Hence in the linearized disturbance approxination the compressibility and heat transfer effects of the 
basic flow on the forced vortex perturbation field are zero in the absence of any normal  velocity dis- 
turbances;  consequently these inconing vortices  cause no spanwise heat transfer perturbations along 
the reattachaent line. 

3.3 Coaparison with Experiment 

Figure 10 shows a picture of the disturbance flow pattern observed in the reattachaent region follow- 
ing a rearward-facing step using a surface oil coating aethod.5    It is seen that this experimental pattern 
clearly exhibits a distinct lateral periodicity of an alternating "node - saddle point" character, very 
similar to what  is predicted by the eigenvalue vortex disturbance theory (coopare Figs.   7 and 10) but 
completely different to the theoretical pattern associated with the non-vanishing incoaing streaawise 
vorticity model   (Fig. 9).    Of the two, the foraer mode would thus appear to be the likely cause of the 
observed disturbances. 

This conclusion is further strengthened by an exaaination of the heat transfer perturbations. 
Figure 11 coapares the present theory with measurements aade by Ginoux4  in the reattachaent region 
following a two-diaensional rearward-facing step on a pre-coded model with Tw/T0 >  .30.     In aarked con- 
trast with the negligible heat transfer associated with the "forced disturbance" vortex solution, the 
predictions of the vortex instability theory (Eq.   31) are in excellent agreeaent with the experimental 
data.    These Uterally-periodic heat transfer variations are seen tc be very pronounced indeed, having 
an aaplitude of  Uaost 40* about the mean in this example. 

Another aspect of the theory that can be checked against experiment  is the spanwise wavelength of the 
disturbance vortex pattern.    The present theory and previous studies*?»!5»?0 suggest that the most 
unstable  (highly amplified) disturbance corresponds to an eigenvalue around 5  »  1,    Then working back 
through the compressibility transformation to calculate the boundary thickness, we obtain the following 
theoretical estimate for A/60 that depends only on the wall temperature ratio:    x/60 ' 2*/(1.8 * .8g0 ). 
This result agrees with experiment on two counts.     First, the prediction that  X/60 is essentially HacR 
and Reynolds number-independent is confirmed by experiments over a wide range of flow conditions.    Second, 
the theoretical values of \/60 range from 2.4 on an adiabatic wall to 3.5 on a v<>ry cold wall  (goy * 0) 
and these are in excellent agreeaent with the spread of values 2 s A/60 < 4 quote.' as being observed in 
all the reported experimental studies.1'9 
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Another feature of interest  is  the velocity disturbance field.    Confining attention to the 
iiDBediate vicinity of the reattachacnt  line where u'   ■  x and u0     x both vanish,  the flow field con- 
sists of nornal  and spanwise perturbations v',  w'   on the incoming basic flow nomal to the surface v0. 
from the  foregoing vortex instability theory relations for these quantities, we thus obtain the following 
expressions  for  relative magnitudes of the velocity perturbations: 

Wjln) 

o      «oln}   fo(n) 

vj 
V 

8o        v.Cn) w 1 
g0(nr   f0(nj 

(33) 

64 and these agree roughly with the value  range   .2-4  for the span- 

The  implications  of l.qs.   f33)  also show a two-fold agreement with experiment,  as  follows,     (a)  bxamination 
of the disturbance profile solutions  for ü ■   1  shows that the average  location of the maximum v]  and wj 
is  njjg,       1.9.     According to hot wire «tudies  in adiabatic flows^*, the maximum velocity perturbations 
occur around y/t   -   .5 which corresponds here to an  n  :   1.6 and which roughly agrees with the aforemen- 
tioned nma«.     (b)  Corresponding to nmax our numerical  solutions and Eq.   (33) yield the adiabatic wall 
estimates  Tw7v0|

2  -   .12,   |v'/v0|
2 

wise variations  in mean square hot wire signals measured by Ginoux''' at y/6 

Finally,   it   is possi'ule to approximately check the pressure disturbance solution of the vortex 
instability model.     Based cr  the analysis  of f attachment  described in the Appendix  it   is  shown that the 
mean reattachment pressure is approximately proportional  to the kinetic energy of the  incoming stagnation 
like-flow v0 at  the edge of the boundary  layer:     PR  '  Kps    v0^(_i)/2, where K is  a constant of propor- 
tionality.     Using this and the boundary  layer expression  for v0,  the relative static pressure perturba- 
tion near  the wall  at reattachment   is found from Eq.   (30)  to be 

28c 
Eliil =  ..-__" cos   (2,,/^ (34) 

>K Kfo
2(V 

In the case of M =  2.25 flow past  an adiabatic  rear-facing step, application of data given  in Ref.  24 
yields the estimate K  : 9.3  (see Appendix). Using the previously-discussed disturbance solution pro- 
perties,   the resulting prediction  for the  spanwise pressure variation  is shown   in Fig.   12 along with 
experimental  data obtained from a static pressure probe survey near the reattachment   line of this  flow, 
fhe theory  is   in  fairly good agreement,  overestimating slightly the disturbance amplitude.     It   is note- 
worthy here that  the relative pressure disturbances are nearly an order of magnitude  smaller than the 
corresponding spanwise heat  transfer perturbations   (compare with Fig.   11). 

P.CO) 

24 

4.     CONCLUDING DISCUSSION 

The encouraging results of the present  study warrant  further improvement  and extension of the 
theoretical  approach  in several  respects.     (1)  The vortex  instability analysis  should be modified to 
incorporate an  incoming flow of finite width,  thereby  leading to a single unique eigensolution.     (2) 
Although  a single row of incoming vortices   in the  forced disturbance model   is  felt to be the most  likely 
configuration encountered in practice,  a double  row configuration might also be worth  studying from the 
scientific  standpoint.^    (3)  To extend  it  to hypersonic  flow, the present  two-dimensional  reattachment 
flow model  should bo improved by  including the effects of incoming flow vorticity and the adverse pres- 
sure gradient  induced by viscous-inviscid  interaction.    The right  side of Eq.   8 suggests  that  the  latter 
may have a significant  influence on the slzo of the three-dimensional disturbances.     In this connection, 
there is  a definite need for additional experimental  data at hypersonic speeds   (M^ =4-10)  to establish 
the effect  of high Mach number on the magnitude and wavelength of spanwise heat  transfer and pressure 
disturbances at  reattachment.     (4)  Finally,  since  it   is the heat conduction within the  surface which 
ultimately determines  its temperature response to spanwise heat transfer perturbations  such as  shown in 
Fig.   10,  a theoretical study of the  three-dimensional  suiface material  response aspect   (temperature and 
even possible ablation]  analogous  to the work on cross-hatchingl6,27 would be useful. 
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APPENDIX 

APPROXIMATE ANALYSIS OF REATTACHMENT PRESSURE 
FOR BASIC FLOW 

We consider a separated two-dimensional  shear flow reattaching to a flat surface as 
illustrated in the accompanying sketch.    The incoming flow along the dividing streamline 
pressive turning associated with reattachaent  is denoted by 
the subscript "d",  while the corresponding local  inviscid 
conditions outside the shear layer are indicated by sub- 
script "i".    This  inviscid flow is in tum imagined to have 
been produced by isentropic expansion of some known 
reference flow M., p.. 

Along the dividing streamline we follow Chapman and 
approximate the pressure rise by an isentropic compression 
from p,] > pj to come pressure pr and low speed velocity 
v0(4)   (normal to the surface)  just outside the boundary 
layer.    Thus if Ptotal ** tiie  (constant)  total pressure 
along this streamline, we have 

schematically 
before the com- 

(«) 
^total " P, (C-l) 

Then introducing the reasonable assumption that the actual 
pressure increase pr - p. during reattachment is some frac- 
tion t  of the maximum possible pressure rise Ptotal - Pj. 
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Eq.   (C-l) yitld» th« following aquation governing pR: 

^•p.-^)' |
£v0

2(6) (C-2) 

The paraaeter 6 can be estiaated as follows.    Fro» thJ aforeaentioned assmption that pr - p, 
/^ (Ptotal  ' Pi)  *n(' t^e  isentropic relationship Netween Ptotal  •n<' Pi    we thus get 

^([■•Wf.)"' (C-J) 

Now following Chang25 (p. 576, 597) we introduce the reattachaent pressure ratio paraaeter N ■ (pr-Pi)/ 
(P.-Pi) »n«1 the Mach nuaber ratio * • Md/Mj, and so obtain fro» (C-3) that 

•"(HiH^r-f 
where M    is related to M   by the isentropic relation 

1 oo « 

''•M&fi-w-] (C-S) 

with Pj/p«, being a known function of H» (interpreted as base pressure) as given in Ref.  24 (page 577). 
Generally speaking,  it   is found that the first tern on the RHS of (C-2)  is very saall  (1/20    to 1/30) 
coapared to the second,  and so can be neglected giving 

Ab      2 
Pr~-*-~ vo

J(d) (C-5) 

where K 5  (1 ß)/6 

Example:    for an H» « 2.25 flow, we have fro» p.   577, Ref.   25 that Pbase/P» = Pi/P    =    W while 
p.576, Ret.   2," yitlds ♦  =   .67.    Substituting into Hq.   (C-4)  we  find a value of B =  .097 so K a 9.32;   thus 
froa C-2, 

fia       2 pr «  .3 p.* 9.32 ~f vo\i) 

and indeed the second ten» is predoainant, justifying approximation C-5. 

Table 2 

Heat Trans fei  Effect on Maximum Sidewash 

'.i = 2/3) 

«w r,  ? max Wj 
1 ,max 

.15 1.40 -0.94 

.50 1.25 -1.02 
1.00 1.15 -1.06 
2.00 0.90 -1.00 
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AN  EXPERIMENTAL  INVESTIGATION OF THE  COMPRESSIBLE 
TURBULENT BOUNDARY-LAYER SEPARATION INDUCED 

BY A CONTINUOUS   PLOW COMPRESSION 

Robert L.  P.   Voislnat 
Naval Surface Weapons Cjnter 

White Oak Laboratory 
Silver Spring«  Maryland    20910 

SUMMARY 

Flow-field measurenenta of a compressible turbulent boundary-layer separation are 
presented.    The boundary  layer chosen for Investigation was formed on the nozzle wall 
of the Naval Surface Weapons Center   (NSWC)  Boundary Layer Channel.    A continuous 
compression of the nozzle flew was Imposed on the  thick nozzle-wall boundary layer to 
produce a streamwise pressure rise of sufficient strength  to cause separation.     This 
manner of separating the boundary layer produced a  separated flow field which was   free 
of incident shock waves,  wall discontinuities,  and wall curvature. 

Tests were conducted at an adiabatic-wall condition,   for a nominal initial Mach 
number of 4.9,  and Reynolds numbers based on  initial boundary-layer thickness  from 
1.4 x 109  to 1.4  x  10  .    Comprehensive flow-field measurements included wall  static- 
pressure distributions,  boundary-layer surveys of  static pressure, Pitot pressure and 
stagnation temperature, wall shear-stress distributions and wall heat-transfer measurements 
throughout the entire region of interaction. 

The effects of Reynolds number on the separation phenomena are presented.     For 
Reynolds numbers below 8.   x 10' the separation length was  found to Increase with increasing 
Reynolds number,   whereas  for Reynolds numbers  above 8.  x  105  the reverse trend was 
observed.    This reversal  in the separation length versus  Reynolds number trend was 
consistent with the reversal observed for incipient separation versus Reynolds number 
correlations. 

NOTATION 

Cf 
d 

h 

Re , 

t 

T 

u 

UT 

U* 

y 

i 

skin-friction coefficient 

diameter of skin-friction balance 
sensing element 

- heat-transfer coefficient 
q/(T -T  ) H'' w aw' 

M     - Mach number 

P     - pressure 

r-    - recovery factor 

Re/ft - unit Reynolds number per 
foot - Peue/ue 

Reynolds number based on 6 

thickness of skin-friction 
balance sensing element 

temperature 

velocity 

shear velocity ■  /T /p 

Van Driest transformed velocity 
(Eqn.   1) 

- distance along  test plate  from 
nozzle throat 

- distance normal  to test plat« 

- boundary-layer thickness 

- displacement thickness 

0 

p 

v 

P 

T 

momentum thickness 

dynamic viscosity 

kinematic viscosity 

density 

shear stress 

Subscripts 

aw - adiabatic-wall conditions 

e - boundary-layer edge conditions 

I - conditions at start of interaction 

inc - incipient separation conditions 

o - tunnel supply conditions 

oil - determined from oil  flow 

PK - peak pressure-rise conditions 

PP - determined by Preston probe 

R - reattachment conditions 

S - separation conditions 

t - stagnation conditions 

w - wall conditions 

Superscripts 
' -    "ideal" properties calculated fiom 

P,   Pt,   Tt 
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1. INTRODUCTION 

Compressible  turbulent boundary-layer separation is a phenomenon of such complexity 
that its analysis has been primarily empirical in nature.     The need for experimental data 
has been great and continues to grow with each new theory and numerical technique which 
is introduced.    However,   the requirement is not only for more data but for more 
comprehensive data.    With  this objective in mind,  an experimental  investigation was 
conducted for the purpose of obtaining more comprehensive measi-rements of a separated 
flow field with particular attention given to the evaluation of the boundary-layer  flow 
structure and its interaction with the external flow field.    A thick nozzle-wall boundary 
layer was chosen  for  investigation in order that detailed measurements could be obtained 
for a large-scale  interaction. 

Tests were conducted at an adiabatic-wall condition for a nominal Mach number of 4.9. 
The Reynolds number,   the only parameter systematically varied in the tests,  ranged from 
1.4 x 10 s to 1.4  x 10*.     Data in this Reynolds number range are of particular Interest 
because they  lie between the comprehensive low Reynolds number data of Kuehn'  and high 
Reynolds number data of Thomke and Roshko.2 

The boundary-layer separation was accomplished by imposing a continuous compression 
of  the nozzle flow onto the boundary  layer so as to produce a continuous streamwise 
pressure rise of  sufficient magnitude to cause separation.    This technique of separating 
the boundary layer differs  from shock-induced separations   in that the incident compression 
is  isentropic and occurs over a  finite distance.    Curved  ramp models produce similar 
isentropic compressions;   however,   longitudinal curvature effects  are present in these 
configurations.     The present test provided for a separated  flow field which was free of 
incident shock waves,   wall  discontinuities and wall curvature.     Presumably,  the analytical 
modeling of such a  flow would be  simplified because of the elimination of these factors. 

2. EXPERIMENTAL  SETUP  AND TEST CONDITIONP 

The experiment was performed  in the NSWC Boundary Layer Channel'  shown in Figure  1. 
The  two-dimensional  supersonic half nozzle,   the main component of the facility,  has for 
one wall a flat test plate,  eight  feet long and twelve inches wide,  along which the 
boundary-layer measurements were made.    The test plate boundary  layer developed naturally 
along  the smooth   flat nozzle wall  to a thicknesu of between two and three inches.     This 
boundary-layer flow has been investigated extensively  in  the past and is well documented 
for a range of Reynolds number,   heat-transfer,  and pressure-gradient conditions.'",'* 
The opposite nozzle wall,   a  flexible contoured plate,  was  adjusted to produce a 
strong adverse-pressure-gradient   flow along the flat  test plate downstream of the initial 
flow expansion.     The  ini.'l-'.ence of  the flexible nozzle wall  contour on the opposite wall 
pressure distribution  is  illustrated In Figure 2.     The nozzle contour provided for an 
initial expansion of  the  flow to Mach 4.9 as  in conventional supersonic nozzles,   followed 
by a  region of zero pressure gradient.     The nozzle  flow then underwent a continuous  flow 
compression of sufficient  strength to cause separation of  the flat test plate boundary 
layer.    This was followed by a flow expansion to meet nozzle exit conditions.    The nozzle 
contour was designed  using a method-of-characteristics computer program together with 
a  correction for  the boundary-layer displacement thickness.     Provision was made for a 
smooth transition between  the various pressure-gradient regimes with no shock-wave 
interference.    The nozzle configuration was not changed during the test.    Therefore,  the 
strength of the compression imposed on the boundary layer  remained the same for all test 
conditions.     Figure  3  illustrates how the boundary layer  responded to this incident 
compression. 

Tests were conducted at tunnel  supply pressures between 10 and  150 psia.     The tunnel 
supply temperature was  595SR and  the wall temperature was  ambient   (5350R)  except  for 
the region of the nozzle throat where the nozzle wall was heated to the local adiabntic- 
wall  temperature.     These conditions provided a range of Reynolds number per foot Ixum 
5.6  x 10^  to 8.5 x 10*  at  a wall-to-adiabatic-wall  temperature ratio very near 1.0. 
Boundary-layer profiles ahead of  the interaction,  wall-pressure distributions,  and 
separation lengths were measured  for the range of Reynolds  numbers  investigated.     However, 
the comprehensive boundary-layer and flow-field measurements and the wall shear-stress 
and heat-transfer measurements through the interaction were only obtained at an 
intermediate Reynolds  number of  Re.. = 7.7 x  ID5. 

3. TRAVERSING TEST  PLATE  MODEL 

With the realization that flow measurements were to be made at many Incremental 
streamwise locations  throughout the separation region,  a special  traversing plate model 
was designed and fabricated.    The model, pictured in Figure 4,   consisted of a flat test 
plate replacement for the existing nozzle wall of the  facility.     The model was fitted 
with aerodynanic  fences which were necessary for the elimination of the cross flow emanating 
from the thick sidewall boundary  layers   (see discussion later).     One distinctive feature 
of the model was »-he eiaht-inch wide central strlo of the test olate which could be 
traversed 8.5 Inches  in the streamwise direction.     The leading edge of this strip slid 
under a 0.0 30-inch~thick stainless steel sheet.    Appropriate sealing was provided on all 
surfaces to eliminate  leakage from the tunnel plenum chamber to the flow surface.    With 
this model,   the need  for duplication of instrumentation was minimised and the streamwise 
measuring resolution was greatly increased.    For example,   continuous wall static-pressure 
distributions were obtained by monitoring only four static-pressure orifices along the 
test plate during a traverse.    Access ports along  the traversing test plate provided for 
the  installation of a variety of  instrumentation. 
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4. INSTRUMENTATION 

Continuous distribution! of wall shear «tress and neat transfer ware obtained by 
direct measurement using akin-friction balances and a heat-transfer gage Installed in 
the traversing test plate instrumentation ports.    Figure 5 pictures the balances used 
in this investigation.     The large NSWC designed balance7 and the small balance of DRL 
design* provided redundancy in measuring instrument.    In addition«   the effect of senslncr 
element site was tested by masking off portions of the sensing area and substituting 
smaller sensing elements. 

Heat-transfer measurements were made using a thermopile gage mounted on the surface of 
an instrumentation port insert.    The thermopile consisted of ':wo thermocouples connected 
in series and located on opposite sides of a thin thermal barrier.    The heat flux 
measured wai proportional to the temperature across the thermal barrier.    Since the test 
conditions were near adiabatic,  a heater button was mounted to the back of the gage to 
produce selected heat flux conditions.    This allowed for the measurement of the heat- 
transfer coefficient in addition to the measurement of the adiabatic-wall temperature 
and recovery factor. 

A Preston probe was  traversed through the interaction region to establish the 
location of the separation and reattachment points.    A 0.040-inch-diameter probe was 
mounted in both a forward and rearward facing mode.    The points of flow reversal were 
determined when the pressure differential between the probe and wall  static pressure 
became zero.    An oil  flow technique was also used to determine these points.    A 
small amount of oil was allowed to flow from a static pressure orifice in the test plate. 
The separation and reattachment points were determined by traversing the test plate and 
orifice beneath the interaction ?nd observing when the direction of oil flow changed 
from the streamwise to rearward direction. 

In addition to the measurements of wall properties,   surveys of t.->e boundary layer 
and external flow field were made by using a boundary-lpyer traverse and probes which 
were inserted through the test plate instrumentation ports.    Generally, boundary-layer 
surveys were obtained at  one-inch increment« in the streamwise direction in the region 
of  interaction.    Surveys of Pitot pressure,  static pressure,   and tot&l temperature were 
obtained using a variety of  instrumentation as shown in Figure 6.    Typically, Pitot- 
pressure probes were of the  £lattened-tip configuration with a 0.003 x 0.100-inch 
rectangular opening.    The static-pressure probe consisted of a 0.750-inch-diameter 
flat-surfaced disc with a sharp,  10-degree bevel on its edge and a static orifice 
at its center.    The total  temperature through the boundary layer was measured using 
the  fine-wire probe desion of Yanta'  with a 0.002-inch diameter x 0.127-inch-long 
sensing wire exposed to the flow.    Probe supports were of varying design with extensions 
provided for the probes when sting support interference was suspected. 

All boundary-layer traverses were made from the  free stream toward the plate with a 
maximum movement of 4.5  inches.    Data were recorded with the probes at rest and only when 
the probe pressures and/or temperatures were observed to have reached equilibrium 
conditions.    The data acquisition system simultaneously recorded eight channels of data 
on digital voltmeters and converted the information directly to a computer card output. 

5. DATA REDUCTION 

The data-reduction schemes used in this test were very nearly identical to those 
reported earlier by the author;"'s'*  therefore, only a brief description will be given 
here.    The introduction of the static-pressure variation normal to the test plate into 
profile and integral parameter definitions was of utmost necessity  for this flow field. 
The procedure used was to define  "ideal"  flow properties which are calculated from the 
local  static pressure,   total pressure and stagnation temperature using isentropic 
relations.    These properties represent the "inviscid" flow field which would exist if the 
boundary layer was not present.    The boundary-layer thickness was defined as the distance 
from the wall where M/M'  » 0.995,  i.e.  the point where the viscous and inviscid distribu- 
tions differed by half a percentage.     The primed  (')   quantities refer to the "ideal"  flow 
parameters. 

6.     TWO-DIMENSIONALITY 

Measurements of boundary-layer flows in a two-dimensional  facility of this type 
are usually questioned as to the two-dimensionality of the flow.    This question is 
always intensified when any mention of separation is made.10     Two investigations into 
identifying the two-dimensionality of the present flow were conducted.    The first was 
by observation of surface oil  flow patterns.    Figure 7 shows oil flow patterns on the 
test plate in the region of interaction for test configurations with and without 
aerodynamic "fences."    As can be seen,  fences were found to be a necessity in eliminating 
the cross flows which were emanating from the thick sidewall boundary layers and feeding 
the separation process.    With the introduction of the    fences    the flow field became 
more nearly two-dimensional.    The incoming flow did not exhibit cross-flow tendencies 
and the separation and reattachment lines were well defined and straight across a good 
portion of the test plate. (It should be noted that these photographs were obtained in 
preliminary shakedown tests.     The detached flow at the leading edge of the    fences    was 
eliminated in the final tests by an improved    fence    design.)     It should be further noted 
that the boundary layer would not separate when the fences were installed until the 
strength of the pressure rise imposed on the boundary layer was increaaed. 
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The second evaluation of two-dimensionality was made  by comparing the wall static- 
pressure distributions on and two inches off centerline of the test plate as shown in 
Figure 8.     Differences between the on and off cunterline  distributions were  slight  for 
both configurations,   indicating how insensitive the  lateral distribution of wall pressure 
is  to cross-flows and three-dimensional effects.     However,   the streamwise  position of 
the interaction and the overall degree of  separation did differ significantly between the 
configurations with and without     fe'nea    indicating  the  strong  influence ol  cross-flows 
on  separation  lengths and  incipient separation criteria.     These  findings are consistent 
with the studies of Reda   ind Murphy'0»1'  on shock-induced  separations. 

7.     FLOW-FIELD DEFINITION 

The complex flow field encountered in  this test  is  illustrated  in Figure 9 through 
schlieren photographs and an isobar mapping of the  interaction region.    The  isobar mapping 
was compiled from many static-pressure surveys through the  flow field.    Strong static- 
pressure gradients were observed through the  interaction except  for  the region of the 
subsonic  separation bubble where  the static pressure normal  to the wall appeared to be 
constant.     The schlieren photographs showed  the separation  shock emanating  from deep within 
the boundary layer. 

Boundary-layer velocity profiles ahead of the  interaction are  shorn in Figure  10  for 
the range of Reynolds  numbers tested.    The profiles are  presented  in law-of-the-wr11 
coordinates using  the Van  Driest12   transformed velocity,   u*,   in the  form 

(i) 

T 2 , „   „     aw 
where: A = ^/s^ rf 0.2 M and B =   T 

The  shear velocity,   uT,  was determined from a best  fit of the transformed  profile data 
in the logarithmic  region of the boundary layer to the relation 

Sr—R) — (2) 

All  the profiles exhibited  the usual  turbulent boundary-layer characteristics of a  laminar 
sublayer,   a  logarithmic region,  and a wake  region.     A summary of  «-he boundary-layer 
parameters  is given in Table 1  for  the range of Reynolds numbers tested.     For Reynolds 
numbers per  foot below 4.5 x 105,   the flow was below the  turbulent  flow limit of the 
facility. 

8,     WALL-PRESSURE  DISTRIBUTIONS 

The wall-pressure distributions  through the  interaction region are shown in Figure  11. 
Shown for comparison is  a best approximation of the  "inviscid" pressure field which 
was  imposed on the boundary layer.     This  "inviscid" distribution was computed using a 
method-of-characteristics  solution  from measured streamwise static-pressure distributions 
outside the boundary  layer and ahead of the  interaction.     An overall   "inviscid"  pressure 
rise of between  8  and 10 was  imposed on the boundary  layer  from the  incident compression. 
The   "inviscid" pressure drop which  followed the compression was caused by the subsequent 
expansion of the nozzle  flow.     For  this reason,   the actual pressure rise through the 
interaction only reached about half the peak  "inviscid"  value. 

Of particular  interest  in Figure 11 is  the effect of  the Reynolds number on the 
wall-pressure distribution.     For Reynolds numbers per  foot above  3.4 x 10*,   the upstream 
propagation decreased with  increasing Reynolds number,  whereas for  Reynolds  numbers 
per  foot below 3.4  x  10',   the opposite trend was observed.     This trend reversal becomes more 
vivid in Figures  3 2  and  13,  where the location of the  separation and reattachment points 
an^   ehe non-dimensional  separation distance are plotted  respectively versus  Reynolds 
number.    This reverse phenomenon can best be explained with the use of Figure 14 which 
shows incipient  separation pressure-rise data for different Mach numbers and Reynolds 
numbers.    Shown on the  figure are  the data of Kuehn,1   Thorake and Roshko2  and Sterrett 
and Emery11   together with  the correlation of Elfstrom.'^     Consider  the test conditions 
of this study in terms of  the reversal trend in the incipient separation pressure 
rise-Reynolds number correlation.     As the Reynolds number  is  increased for a  constant 
P/PT  = 9 and M| = 4.9,   the  state of the boundary layer transforms  from being unseparated 
to being incipiently separated and  strongly separated;   then  it reverts back  to being 
incipiently separated and unseparated.    Over  the limited  Reynolds  number range of the 
present study the  flow acted as predicted with the degree of  separation increasing and 
then decreasing with increasing Reynolds number.     Although  it has been argued that the 
geometry of  the experiment and the choice of a criterion  for detection of incipient 
separation could account  for the  reversal  trend seen  in Figure 14,   the present tests 
tend to discount these arguments because of the single test configuration and measurement 
technique.     The reversal  trend appears genuine. 
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The free-interaction concept as proposed by Chapman,  Kuehn and Lareon" states that 
certain characteristics of the separated flow should not depend on the object shape or 
mode of inducing separation.     This concept requires the fulfillment of two criteria. 
The ratio of the separation-point pressure to the initial pressure must remain invarient 
and the shape of the distribution of pressure up to the separation point must be the 
same.     Figures IS and 16 show that the first criterion was  fulfilled for the Reynolds 
numberstested with Pg/Pj «  2.18.    Similarly a type of free interaction appeared in the 
reattachment region with Pp/Ppv " 0.67.    These pressure values were based on the separation 
and reattachment points determined from Preston probe measurements.    Oil  flow measurements 
of the separation and reattachment point locations were also obtained   (see Figure 12) , 
but they were not considered correct based on the low Ps/Pi value   (1.2  to 1.5)   whichlt 
was indicated.    This discrepancy in the oil flow results was also noted by Driftmyer 
for a similar test configuration. 

The second free-interaction criterion,  the  invariance  in  the shape of the pressure 
distribution up to the separation point,  was not  fulfilled according to the guidelines 
of Ref.   15.    Although the pressure distributions were similar  in shape,   a scaling  factor 
appeared necessary in the  length parameter.     Zukoski17  proposed that the length 
coordinate be non-dimensionalized to the boundary-layer thickness providing for a 
ratio   (Xg-XJ/ij which  is constant and equal to a value of 2.5.     Values of  (Xg-X,)/«!-  for 
this  investigation varied from 1.15 to 1.73 for decreasing Reji over the Reynolds 
number range tested.     Because  the parameters Xg and Xj are difficult to measure and 
subject to varying interpretation,   the maximum presjure gradient in the  free interaction 
appeared to be an easier and more  consistent parameter  to evaluate.     It would seem 
logical  that the larger the pressure gradient the snaller the  free-interaction length, 
Xg-Xi.     Figure 17 shows pressure-gradient data compiled from a number of experiments 
plotted versus Reynolds number for several Mach numbers.     Although there was a 
sizeable scatter  in the data,   the maximum pressure gradient  in  the interaction region 
showed a consistent trend of  increasing with increasing Reynolds number  for a given 
Mach number.     This pressure gradient appeared to be independent of the overall pressure 
rise after the  free interaction,2'1'   the heat-transfer condition,1''  and  the mode of 
separation.    The concept of a  free-interaction region appears  valid;  however,  proper 
scaling of the length parameter must be  found to correlate the variation with Mach 
number and Reynolds number. 

9. WALL HEAT-TRANSFER AND  SHEAR-STRESS 

The recovery-factor and heat-transfer coefficient distributions through the separation 
region art presented in Figure  18.     The value of the  local recovery  factor was observed tc 
increase sharply at separation,   remain somewhat constant through the separation region, 
and relax back to its original value after reattachment.     The value of  the heat-transfer 
coefficient also showeda sharp increase at separation;   however,   the value thereafter 
decreased to a lower value at the center of the separation region before increasing again 
through the reattachment. 

Wall  shear-stress measurements are presented in Figure  19.     The data were obtained 
by direct measurement using  skin-friction balances.     Large corrections  to the data were 
needed to compensate  for pressure-gradient effects on the shear balances;  consequently, 
results can only be considered in qualitative terms.     The pressure-gradient effects 
resulted primarily from the  integral pressure  force acting on  the edge of the measuring 
element.     This pressure  force was proportional  to the local pressure gradient and thickness 
of the measuring element;   therefore,   the greatest errors  occurred in the separation and 
reattachment regions where  the pressure gradients were strongest.     Since  the wall  shear 
stress was small  in these  same  regions,   it is questionable whether skin-friction balances 
can be considered as valid and accurate  <-ools to the evaluation of separation criteria. 

10. CONCLUSIONS 

An experimental investigation of a compressible turbulent boundary-layer separation 
was conducted with emphasis placed on  the collection of a comprehensive  set of  flow- 
field measurements.    A continuous compression of a nozzle flow provided a separated 
flow field which was free of incident shock waves, wall discontinuities and wall 
curvature.    The compression-induced-separation data could be correlated with data 
obtained for other test configurations and models.  A traversing plate model was shown to 
be of great advantage in minimizing instrumentation duplication and increasing streamwise 
measuring resolution.    Aerodynamic fences were found to be a necessity for the 
elimination of cross-flows emanating  from large  sldewall boundary layers. 

The important conclusions reached in this  study are: 

1.    The separation length,   (XR-XS)/6I, was  found to increase with  increasing 
Reynolds number for Re^j <   8.   x 10 s,  whereas the opposite trend was  found for 
Re^j  >  8.  x 10s.    This reversal in the separation length versus Reynolds number trend 
is consistent with the reversals observed for incipient separation versus Reynolds 
number correlations. 

2.    The pressure rise to separation was found to be invarient with Reynolds 
number    for a given Mach number.    The free-interaction length,   (Xs-Xi)/6i, and the 
maximum pressure gradient in the free-interaction region,   Id(P/Pi)]/[d(X/6i)], were 
found to be a function of Reynolds number and Mach number.    No reversals were observed 
in the interaction length versus Reynolds number trend;   (Xs-Xi)/6i decreased for 
increasing Re^j. 



ACKNOWLEDGEMENTS 

The author Is grateful  for the  support and encouragement of  the members of the 
Boundary Layer Group,   Dr.   Roland  E.   Lee,  Chief,  and Drs.  William J.   Yanta and David F. 
Gates.    The  assistance of Messrs.   F.  W.  Brown and F.   C.   Kemerer  is  also gratefully 
acknowledged  for their efficient  operation of  the facility and preparation of 
instrumentation. 

This research was performed  under the sponsorship of the Naval  Air Systems Coinnand, 
Washington,   D.  C,   U.   S.   A.,   Task  No.   A  32   320/292/69/R009-02-030. 

REFERENCES 

1. Kuehn, D. M., "Experimental Investigation of the Pressure Rise Required for the 
Incipient Separation of Turbulent Boundary layers in Two-Dimensional Supersonic 
Flow,"   NAM Memo  1-21-59A,   Feb   1959 

2. Thomke,   G.   J.   and  Roshko,   A.,    "Incipient  Separation of a  Turbulent Boundary Layer 
at High  Reynolds Number  in TVo-Dimensional Supersonic  Flow Over a Compression 
Corner,"   NASA  CR-7 3 308,   1969 

3. Lee, R. E., Yanta, W. J., Leonas, A. C. and Carner, J., "The NOL Boundary Layer 
Channel,"  NOLTR  66-185,   Nov   1966 

4. Voisiinet,   R.   L.   P.   and  Lee,   R.   E.,   "Measurements  of  a  Mach  4.9   Zero-Pressure-Gradient 
Turbulent Boandary  Layer with   Heat Transfer -  Part   1,   Data  Compilation,"  NOLTR  72-232, 
Sep  1972 

5. Voisinet,   R.  L.   P.  and  Lee,   R.   E.,   "Measurements of a  Supersonic Favorable-Pressure- 
Gradient Turbulent Boundary  Layer with  Heat Transfer -  Part  1,   Data Compilation," 
NOLTR   73-223,   Dec   1973 

6. Voisinet, R. L. P., Lee, R. E. and Yanta, W. J., "An Experimental Study of the 
Compressible Turbulent Boundary Layer with an Adverse Pressure Gradient," Paper 
No.   9,   Turbulent  Shear  Flows,   AGARD CP-93-71,   Sep  1971 

7. Bruno,   J.   R.,   Yanta,   W.   J.   and   Risher,   D.   B.,   "Balance   for Measuring  Skin Friction 
in  the  Presence  of  Heat Transfer,"  NOLTR  69-56,   Jun  1969 

8. Fenter,   F.  W.,   "The  Turbulent   Boundary  Layer on  Uniformly Rough   Surfaces  at 
Supersonic  Speeds,"   DP.L Report  437,   CM  941,  Jan   1960 

9. Yanta,   W.   J.,   "A Fine-Wire  Stagnation  Temperature  Probe,"  NOLTR  70-81,   Jun 1970 

10. Reda,   D.   C.  and  Murphy,   J.   D. ,   "Shock  Wave-Turbulent  Boundary   Layer  Interactions 
in Rectangular  Channels,"  AIAA Paper  72-715,  Jun  1972 

11. Reda,   D.   C.  and  Murphy,   J.   D.,   "Shock  Wave-Turbulent  Boundary   Layer  Interactions 
in Rectangular  Channels - Part   II,  The  Influence of Sidewall  Boundary Layers on 
Incipient  Separation  and  Scale  of  the   Interaction,"  AIAA Paper   73-234,   Jan  1973 

12. Van  Driest,   E.   R.,   "Turbulent  Boundary   Layer in  Compressible   Fluids,"  JAS, 
Vol.   18,   No.   3,   Mar   1951 

13. Sterrett,  J.  P..   and  Emery,   J.   C,   "Experimental  Separation Studies  for Two-Dimensional 
Wedges   and Curved  Surfaces  at  Mach Numbers of  4.8  to  6.2,"  NASA TN D-1014,   1962 

14. Elfstrom,   G.  M.,   "Turbulent   Separation   in  Hypersonic  Flow,"   I.e.   Aero  Report 71-16, 
Sep  1961 

15. Chapman,   D.   R.,   Kuehn,   D.   M.   and  Larson,   H.   K.,   "Investigation  of Separated Flows 
in Supersonic and Subsonic Streams with  Fmphasis on the Effect of Transition," 
NACA  Report  1356,   1958 

16. Driftmyer, R. T., "A Forward Facing Step Study - The Step Height Less Than The 
Boundiry-Layer  Thickness,"  NOLTR  73-98,   May 1973 

17. Zukoski,   E.  E.,   "Turbulent Boundary-Layer Separation  in  Front   of  a Forward-Facing 
Step,"  AIAA Journal,   Vol.   5,   No.   10,   Oct   1967 



T 
19-7 

paia 

Re/ft 

xlO'6 
6 

inches Inches 
V 

Inches ^-5 •xlO ' 
Cf 3 xioJ 

ISO. 8.5 2.0 0.68 0.058 14.16 0.636 

105. 6.0 2.1 0.73 0.062 10.5 0.665 

75. 4.2 2.2 0.79 0.066 7.7 0.703 

60. 3.4 2.26 0.83 0.070 6.4 0.733 

45. 2.5 2.36 0.88 0.074 4.92 0.786 

30. 1.7 2.5 0.94 0.078 3.54 0.835 

25. 1.4 2.57 0.98 0.081 3.00 0.804 

20. 1.12 2.65 1.02 0.086 2.47 (0.860) 

15. 0.85 2.75 1.09 0.090 1.95 0.895 

12. 0.67 (2.85) (1.15) (0.094) (1.59) (0.980) 

10. 0.56 2.95 1.19 0.098 1.38 1.07 

(  ) Interpolated Values 

TABLE 1 

BOUNDARY LAYER PROPERTIES AHEAD OF THE  INTERACTION, 
X -  67  INCHES 
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Laminar and Turbulent Boundary-Layer Separation 

at Suparsonlc and Hyparaonlc Spaads 
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Aerodynamics Division, 
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Cranfleld. Bedford MKU3 OAL, Lngland 

SUMMARY 

The paper discusses a number of theoretical and experimental investigations of shock-boundary 
layer interaction.      Both laminar and turbulent  layers are considered, growing over two-dimensional 
and axi-symmetric bodies. 

For laminar flow a simplified version of the well-known Lees-Reeves momentum integral method has 
been developed by Georgeff and used to predict  incipient separation.      A number of comparisons between 
experiment and theory for attached,  incipient and well separated flows are Included. 

For turbulent flow the 'three layer1  model proposed by Elfstrom is shown to give good quantitative 
estimates of incipient separation and to explain the Reynolds number trend found experimentally.      Since 
the turbulent boundary layer is more resistant to shock  Interference a very simple attached flow theory 
Is derived, which gives good predictions of both pressure and heat transfer at hypersonic speeds. 

LIS r OF SYMBOLS 

C constant In temperature-viscosity law. & boundary layer thickness. 

Cf skin friction coefficient. 6* displacement thickness. 

fl. 2,3 function of. 6 streamline slope. 

h enthalpy. U viscosity. 

k constant. P dimslty. 

L value of x at corner. X viscous interaction parameter 

H Mach number. SUFFICES 

P pressure. e edge of boundary layer. 

P P/P.- 1 incipient. 

4 heat transfer rate. L comer. 

Re( ) Reynolds number, PJim(.   )/vm r recovery. 

St Stanton number. s strong. 

T temperature. w weak or wall. 

u velocity o total 

x.y distance along and normal to 
stream. 

free w freestream 

a Incidence. - average value. 



1.       INTRODUCTION 

At supersonic and hypersonic speeds separation is usually caused by shock-boundary layer 
interference.       Indeed the problem is one of strong viscous  interaction.      This paper brings 
together the results of a number of theoretical and experimental studies using two-dimensional wedge 
compression corntr and axisymmetric cylinder-flare models to Investigate Incipient separation and 
the subsequent separated flow. 

2.      THEORY 

The basic problem is to solve the viscous flow around a given shape in an interdependent, and 
hence initially unknown, pressure distribution.  If the boundary layer approximation is acceptable 
then the problem reduces to the simultaneous solution of three equations: 

«* = f1(P) (1) 

P = f2(* ) (2) e 

Y  = f,(«*) (3) e   J 

The first equation expresses the boundary layer displacement thickness growth 6*(x), in teitns of the 
pressure gradient, P{x), which in turn depends on the effective shape of the body Ye(x).  The viscous 
flow equations dictating the growth of 5* and the inviscid equations governing the pressure distribution, 
are coupled by equation (3) which relates the effective shape to the geometric shape.  A number of 
different approximations, covering a wide range of accuracy and complexity, are possible for each of 
the three equations so that the total number of methods of solving the complete problem are legion. 

3.  LAMINAR FLOW 

One of the most widely used methods for laminar flow is Klineberg's1 or Holden's extension of the 
Lees-Reeves' momentum integral technique in which the momentum, moment of momentum and energy equations 
are solved using the Cohen-Reshotko catalogue of similarity solutions to provide profile data.  For a 
time the utility of the method was obscured by fruitless discussion of details which were subsequently 
shown to have no physical significance (see, e.g., Stollery and Hankey1*).  More recently Georgeff5 has 
made a detailed study of the method.  He found that it was important in cold wall flows to uncouple 
the velocity and enthalpy parameters by solving the energy integral equation in addition to the momentum 
and moment of momentum equations.  However, Georgeff also showed that the moment of momentum equation 
could be replaced by the much simpler momentum equation at the wall, thereby 'hooking' the pressure 
gradient to local values of the dependent variables, with no loss of accuracy.  Neither was the choice 
of profile quantities too sensitive and he was able to generalise the Cohen-Reshotko profiles to cover 
any wall temperature ratio. 

The result is that with integral boundary layer equations representing relation (1), shock-expansion 
theory for equation (2) and the correct coupling equation 

d6* d 'ln(peUe) 
~   -   {&  •  6*)  :     = tan (6  - a ) (H) dx dx e   w 

a method exists for predicting laminar attached, incipient and fully separated flows. Agreement with 
experiment at supersonic speeds is extremely good. At hypersonic speeds some predictions of Georgeff 
are compared with the experimental data of Bloy6  in Fig.   1. 

3.1    Laminar  Incipient  Separation 

Both the mathematical formulation of the problem and dimensional reasoning suggest that the  import- 
ant parameters   are     M^a2,  x and Tw/T0.      The simple analysis of Cheng7 shows that when incidence and 
displacement effects are present it is the ratio M£a2/x which is  important.      For laminar flow 
X 5  Mi/cA'Rgjj    so that we might expect the incipient separation angle to be given by 

•Kf H.^ = k ij or a. = ^ ^:r> (5) 

The results of experiments using compression corner aal incident shock flows are compared with Gtjorgeff's 
predictions of incipient separation in Fig. 2. Both experiment and prediction do support an approximate 
relation of the type 

H a. = k x, « i    *L 
i 
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Other experiments and calculations indlcal« that cooling the wall has a small but beneficial effect in 
increasing the incipient separation angle. 

l».  TURBULENT FLOW 

In principle the moment urn-integral approach can also be applied to turbulent flow but progress is 
hampered by lack of knowledge of turbulent boundary layer profiles for a wide range of pressure gradients. 
Todisco and Reeves8 developed the method for adiabatic turbulent flow but were forced to use empirical 
profile data for attached and incipient conditions together with laminar similarity solutions for the 
reversed flow since little else was available at that time.  Subsequently Reeves9 pr^osed a two-layer 
model in which an analytical solution for the inner part, based on a compressible 1.  uf the wall, is 
matched with a moment integral method in the outer layer.  The paucity of detailed profile data encouraged 
semi-empirical methods and correlations of experimental measurements at the wall.  A recent collection of 
incipient separation data is shown in rig. 3.  One interesting feature is immediately obvious, the trend 
reversal of a^ with Re;, at high values of Reynolds number.  Until recently the evidence for this trend 
reversal was primarily from Roshko and ThomKe's10 rieasurements on a wedge placed on the floor of a super- 
sonic tunnel.  Law1' has now confirmed this trend with tests on a flat-plate-plus-wedge model mounted 
centrally in the ARL high Reynolds number supersonic tunnel. 

Following a siggestion by Green, Elfstrom12 has given an explanation of this trend reversal and has 
obtained quantitative estimates of the incipient separation angle.  It is obvious from schlieren pictures 
(Fig. H)  that the oblique shock wave penetrates well into the turbulent boundary layer and it is 
reasonable to divide the layer into an outer primarily inviscid but rotational zone and a thin inner 
viscous layer, the dividing line being drawn through the 'corner' of the velocity profile e.s in Fig. 5. 
Roshko and Thorake used a similar model to explain their measured pressure distributions.  Co far as 
separation is concerned we assume that the inner region is the important one and that 4 relevant Mach 
number (My) can be obtained by extrapolating the inviscid outer profile to the wall as shown in Fig. 5. 
The further dssanption that separation occurs when a normal shock is formed in the corner region (i.e., 
the inviscid shock detachment condition appropriate to My) gives the wedge angle a^.  If the profile 
shape remained constant then a single value of aj, independent of Reynolds number, would be obtained. 
However, the various parts of a fully developed turbulent profile grow at different rates so that the 
Mach number Mw increases slightly with Reynolds number.  Thus the expected trend from this argument 
is one of slowly increasing oj with RejL, precisely the one found by Roshko and Thomke and now by Law. 
The reason for the decreasing u^ with Res^ at low values of Rei^  is due to tho slow development of the 
wake component of the turbulent velocity profile.  This wake component development is particularly slow 
at high Mach numbers and very high values of Rej. are needed before a fully developed profile is 
obtained.  Elfstrom has used the Coles13 incompressible profile with the wake function recommended by 
Alber and Coa:s1'' then transformed to the real non-adiabatic compressible flow profile using the method 
of Van Driest15 jna the Crocco linear temperature-velocity relation. With these profiles and the 
assumptions describeil earlier, the predictions of aj shown in Fig. 6 have been made.  The agreement 
with experiment is very good considering tl.e simplicity of the model.  The predicted Mach number 
profile can also be used to calculate the pressure distribution by splitting the profile into a number 
of layers as shown in Fig. 7a.  Each layer is assumed to turn throught the wedge angle via an oblique 
shock of the appropriate strength.  The predictions and mesurements are compared in Fig. 7b.  Of 
course these simple techniques are only valuable up to incipient separation but fortunately this occurs 
at quite high angles, particularly at high Mach nunbers. 

The heat transfer rate measurements complementary to Elfstrom's pressure distributions have been 
made by Colemanlfc.  They show a striking resemblance even in the well separated regions.  This increase 
in heat transfer in turbulent separated flow regions is now well established and is one of the most 
significant differences between laminar and turbulent flow. Fig. 8. 

A simple relation between pressure and heat transfer rate has been obtained by Stollery and Bates1 

following similar arguments to those  used for laminar viscous interaction by Hayes and Probstein18. 

Starting from the assumption that the Stanton number St can be expressed in terms of a Reynolds 
number based on average boundary layer properties then. 

St i   '< >  . (6) 

If T/T^ " M^ and v/v^ -  C^T/T^ then the final expression is 

M3St - {M9C /Ra )l/V/5 (7) 
CO   OO CD OD      J^ 

where P is the pressure ratio p(x)/poi and (M'C /Re ) -  x   >  the weak viscoun interaction parameter for 
the turbulent flow.       A more rigorous analysis in the same paper suggests that 

M3St    s  0,20*        rpV5 (8) 

(1 + 2.5T /T  )3/5    W 
w    o 
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The connect ion between Stm    and the pressure distribution it obvious.  Figure 9 compares equation 
(8) with some of Colenan's two-dimensional compression corner data.  The agreement is reasonable 
except in the well separated case (a -  38°) when there is no reason to think that the analysis would 
be valid 

H.l Turbulent Incipient Separation 

It Is easy to show that the strong viscous interaction parameter for turbulent flow is 

X8 ^r 
Similar reasoning to that used for laminar flow would suggest that 

instead of 

as for laminar flow. 

"i0! "  <»£c/ReL)2/7 (9) 

a,   "  (M2C/Re  )1/7 (10) 
i -       L 

a    "   (M^C/Re^1^ (ID 

Reference to the compilation of experimental data  (fig.   3) shows that the true picture is far more 
complex but the data do show a,   increasing with M^. 

n.2    Turbulent Axi-syimnctric Flow 

Completely two-dimensional experimental data are impossible to achieve because of end-effects and 
non-uniformities in the model and test stream.      They are often unfairly criticized on this score and 
in fact many quasi two-dimensional data are perfectly reliable guides  to the ideal situation.      Neverthe- 
less one way of avoiding end effects is to test  the equivalent axi-symmetric model,      Coleman and Stollery19 

have tested a hollow cylinder-flare model under identical conditions to those used for the wedge 
compression corner measurements.      They found that the pressure distributions in the neighbourhood of the 
corner were very similar (Fig.  10) and that the incipient separation angles differed by only 1° (in about 
30°) being slightly higher for the axi-symmetric tests.    Kuehn20  found a similar but more marked trend 
as shown in Fig.   11. 

Coleman21  made further tests using cone-cylinder-flare and hemisphere-cylinder-flare models.       Despite 
the very different nose sections and hence a marked change in flow conditions approaching the flare,  the 
incipient separation angle remained much the same (approx.  30° at M    =9).      Assuming the flow is quasi 
two-dimensional which is reasonable until well past the cylinder flare  junction then equation (8)  is 
relevant.      The neasured pressure and heat transfer rate distributions for all three axi-symmetric bodies 
are compared with tiie prediction of equation (8)  in Fi^.  12. 

5.       CONCLUSIONS 

For laminar two-dimensional  flow  the momentum  integral method  has been effectively developed and 
tested against experiment  so that it can now be used to predict attached,  incipient and well separated 
flows.      The method has,  so far, been Itss successful for turbulent  flow because the velocity profile 
development is far more complex and insufficient  information either experimental or theoretical,  is 
available to guide development.       In the meantime some simple but  sensible ideas such as those given by 
Elfstrom enable the incipient separation condition to be predicted over a very wide range of Mach number 
and Reynolds number.       Th<; pressure distribution for unseparated  flow can also be calculated and a 
simple connection can be established between heat transfer and pressure.      There are sufficient measure- 
ments to support  these relationships for both two-dimensional and axi-symmetric flow at hypersonic Mach 
numbers though there are conflicting data at supersonic speeds. 
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Figure 3. In ;ipient separation at a wedge compression corner. 
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Fipure  12.       Ttie pressure and heat  transfer measurerrents of Coleman on a series  of axi-svrtr.etric  flared 
bodies conpared with a simple prediction method. 

M     =   9.22,   ReL   =   26  x  1Q6,  Tw/T0  =  0,28. 
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SUMMARY 

The  paper   describes   an   experimental  study   of  the   separation   of  a  turbulent 
boundary   layer  developed  on   nozzle   vails   induced  by   a   coopreasion   corner  at   Mach   numbers 
of   3.5  and  5 ■ ■*  over  a   range   of  Reynolds  numbers  based  on  boundary   layer thickness   of 
10s-106.   Careful   application   of   liquid   line   and   schlieren   flow   visualisation  techniques 
were   used  to  detect   separated   lengths   down  to  one   tenth  of  the  boundary  layer  thickness. 
In   this  way   separation   was   detected   at   lover   flap   angles   than   has   been  previously   found 
at   these  conditions.   The   related   finding  of  lov   incipient   separation   angle,  a.,   implies 
that   flov  reversal   may   occur   initially   only   in   the   laminar   sublayer,   and  this   is 
confirmed  by   the   successful   prediction   of  a.   by   applying   simple   laminar  correlations 
to   this   layer.   This   measured   value   of  a.   is   found   to  be   little   dependent  on  Mach   number 
and   it   is   concluded  that   the   large   dependence   of  a.   vith   this   parameter   found  earlier 
by   researchers   is   explained   by   each   experiment   detecting   a   different   degree  of onset 
of   separation.   The   measured   variation   of  a.   vith   Reynolds   number  appears  to   follow   the 
trrnd  of  development   of   the   vake   component   in  the   undisturbed   boundary   layer. 

IJECOLLEMENT   IMINEHT  D'UNE   CÜUCHE   LIMITE 

TURBULENTE   COMPRESSIBLE 

RESUME 

Cette   communication   decrit   une  etude  experiment axe   du   decollement   d'une  couche 
limite   turbulente   se   dlveloppant   aux   parois   d'une   tuyere,   a   des   nombres   de  Mach   de   3.5 
et   de   5,k   et   des   nombres   de   Reynolds   bases   sur   l'epsisseur   de   couche   limite  variant 
entre   10s  et   106.   Une   utilisation   tres   soignee   des   techniques   de   visualisations   de 
1'ecouleraent   per   strioscopie   et   par   film   liquide   a   conduit   ä   la   detection   des   longueurs 
de   decollement   aussi   petites   qu'un   dixieme  de   l'epaisseur   de   la   couche   limite.   C'est 
ainsi   qu'il   a  ete   possible   de   detecter   le   decollement   ä   des   angles   de   rampe   plus   faibles 
que   precedemment   dans   de   telles   conditions.   Le   fait   que   le   decollement   se  produise   ä   de 
faibles   angles   a.    implique   que   la   recirculstion   de   1'Icoulement   se   produit   dans   la   sous- 
cojche   laminaire   uniquement.   Ce   point   de  vue  est   confirm^   par   le   fait   qu'il  est   possible 
de   calculer   l'angle   i.    d'une   rraniere   satisfaisante   en   appliquant   une   correlation   laminai- 
re   simple   ä   cette   scus-couche.    Cn   a   trouv6   que   la   valeur   mesuree   de   a-   dlpendait   tres 
peu   du  noir.bre   de   üach .    La   tres   grande   dependance   du  nombre   de   Mach   pour  a.,   observfe 
anterieureir.ent   par   les   chercheurs   est   expliqufe   par   le   fait   que   dans   chaque   experience 
preccder.te,   on   detectait   le   decollement   ä   des   etats   differents.   La   variation   de   u^ 
m--j-.'i-    en   fonction   du   nomtre   de   Peynolds  apparait   suivre   la   tendance   de     dfveloppement 
de   la   coT.posante   de   l'onde   dans   une   couche   limite   non   perturbee. 

NOr-'U.CLATUHK 

Cr skin   friction   coefficient 

C pressure   coefficient 
P 

k von   Kariran   constant 

L distance   between   the   separation   point   and   the   hinge   line 

K Mach   number 

n power-law   velocity   profile   exponent 

I pressure 

P radius   of   curvature   of   ax i - syniret r i c   models 

H.e., Peynolds   number   based   on   quantity   (    ) 

he unit   Reynolds   number m 

T temperature 

T recovery   temperature 

U velocity   component   parallel   to   surface 



2\ 2 

friction vtlocitjr J-*1 

y distance   noratl   to   the   «urface 

a coBpr«*iion  eorntr  anglt 

8 m*^! 
6 boundary   layer  thicknes» 

w kine«»tic  viscosity 

p ■•••   density 

T local   shear  strtss 

Subscripts 

0 free   streaa  conditions 

e conditions  at  the  edge  of  the  boundary   layer 

i incipient  separation   conditions 

L conditions  at  the  edge  of  the   sublayer 

t total   conditions 

w conditions  at  the wall 

IHTRODUCTIOH 

The   separation  of  compressible   turbulent  boundary   layers   has   been   studied  in 
some   detail   during the  last   15  years.   Since  the  onset   of  separation   entirely   changes 
the   flow   field,   an   important   parameter  of  interest   is  one  defining   incipient   separation. 
The   first  extensive  investigation   in   this   field  was  that  of  Kuehn   (Ref.1,   1959)   who 
used   the   appearance  of  a  kink   in   the   wall   pressure   distribution   to   detect   incipient 
separation.   Since  then,   several   detection   methods  have  been   developed   and  the   amount 
of  experimental   data  has   strongly   increased;   however,  with   it,   the   disagreement   between 
results   has   become   larger.   The   following   influences  on   compression   corner  angle   at 
incipient   separation,  a.,   are   considered   in   this  paper   :   the   effect   of  Mach   and  Reynolds 
number,   the   state  of the   turbulent   boundary   layer   (flat   plate  or   noztle  wall   boundary 
layer,   fully   developed  or  near-transitional  boundary  layer)   and  the  method  used  to 
detect   incipient  separation.   A  brief   survey   of  the   literature   is   presented   in   a   later 
di scussion. 

The   primary  aim of  the  present   investigation was   to  make  very   careful   measurements 
of  a.   using   techniques  that   could  detect   very   small  separation  regions.   This   enabled 
a   statement   by   Kuehn   (Ref.1)   to   be  examined,   that    when   incipient   separation   conditions 
according  to   his  detection  method  were   reached,   iome  evidence   for   the   existence  of  small 
separation  bubbles  was   found.   He  mentioned  that  these   small   separated   regions   were 
"primarily   of  academic   interest",   since  they   did not  perceptibly   affect   the  wall  pressure 
distribution.   Although  this   seems   to  be   correct   for  the  thin   boundary   layers   prevalent 
in   ground   facilities,   it   is   possible   that   on   full   scale   models   (e.g.   re-entry   vehicles) 
with   very   thick  boundary   layers   these   relatively  small  separated   regions   can  become  so 
large,   that   their  effects   can  no   longer  be   ignored.   Furthermore,   the   understanding of 
the  existence   of these   regions   is   of   importance   for any  theoretical   approach   to  the 
problem.   Such   a  study   has   led  to   an   explanation   for  the   lack  of  agreement   between 
several   experimental   investigations   on   incipient   separation   and  a  better   understanding 
of  the   phenomenon. 

EXPERIMEHTAL   PROCEDURE 
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the  nossle wall   at   the  exit 
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h  number  of   5.5   can  be  operated 
the  tests   reported  herein were 

g  a  range   of  unit   Reynolds 
at   the  wall   was   somewhat 

5  and  6.105.   A   list   of the  free 

£i5ot_£re8jure_traver8es were made only through the undisturbed tunnel wall 
boundary layer at the position of the corner for all relevant teat conditions in both 
tunnels. The wall static and pitot pressures were measured using very sensitive 
Ultradyne (Type It 1 Sit-10-ID) and Validyne (Type DP 15TL) transducers respectively, and 
the pitot pressure profile was directly recorded on an X-Y plotter through the use of 
a linear transducer. Different pitot probes were used in the two tunnels : a circular 
probe  with  an   external  diameter  of  0.75mm  for  the M ■   S.k  tunnel   and  a   flat   probe with 
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•   height   of   ü.6mm  for  M  ■   3.5   tunnel.    Both  probet  were   calibrated   against   large 
circular   versions   in   the  free   stream. 

urationa   uaed   consisted   of wedges  of   different   angles   (a) 
ition   on   the   tunnel   wall;   i.e.,   at   the  nottle   exit   in   the 
wnstream   of  the   noztle   exit   in  the   Hach   3.5   tunnel.   The   test 
is   shown   in   Kig.l.   The   leading  edge   thickness   of   the  wedge   was 
pt   to   eliminate   steps   at   the  hinge  lines   which   could   cause   small 
avoid   an   interaction  between   the   flow   over   the  wedge   and  the 
tunnel   side   walls,   the   span   of  the  wedge  was   smaller   than   the 
on.   The   ratio   of   the   span   of the   wedge  to   the   undisturbed 
s  was   Ik   for   the   supersonic   tests.   However,   this   ratio   was   only 
tests   so   that   it   was   impossible   in   this   case   to   study   large 
could  be   classed   as   two-dimensional   because  of   three-dimensional 

The  model   config 
mounted   at   the   same   pos 
Mach   5 ■ ■*   tunnel,   and  do 
set-up   in   both   tunnels 
small    in   order   to  attem 
separation   bubbles.   To 
boundary   layers   on   the 
width   of   the   test   secti 
boundary   layer   thicknes 
6.5   for   the   hypersonic 
separated   regions  which 
effects   due   to   outflow. 

Oil   flow   visualisation   was   one   method   used   to   detect   the   separation   line. 
A   liquid,   consisting  of   oil,   dye   and   oleic   acid,   was   smeared   on   the   wall   or   the   wedge 
before   the   test.   During   the   test,   pictures   of   the   resulting   oil   pattern   were   recorded. 
For   large   separated  regions   the   oil   film   is   expected  to   have   a  negligible   interference 
on   the   separation   behaviour   and   therefore   oil   was   put   on   the   hinge   line   and   upstream   of 
the   separated   region.   A   typical   oil   pattern   seen   during   a  test   is   shown    in   Fig.2.    It   is 
possible   to   see   the   complete   separation   line   coincident   with   the   accumulation   of   oil. 
This    is   the   so-called   "liquid   line"   method   of   detecting   the   separation   line. 

T.-.e   main   arguments   that   have   been   stated   against   the   use   of   liquid   line   methods 
in   th"   .>ast   are   ;   the   unsteady   character   of   the   separated   region,   the   interaction 
between   the   liquid   and   the   separation   bubble   due   to   their   comparable   thicknesses   and 
finally   the   "buoyancy"   effect   (Ref.3).    High   speed   schlieren   pictures   (5000   frames   per 
second)   of   a   small   separated   region   taken   during   the   present   study    (reported   more   fully 
in   Ref.I»)   illustrated   that   the   effect   of   the   first   factor   is   negligible.   During  the 
test,    the   aeparaticn   length   appeared   to   remain   constant   and   the   shape   of   the   separation 
shock   hardly   changed.   The   two   latter   factors   can   be   expected   to   be   of   importance   only 
in   small   separated   regions.   To   avoid   interaction   between   the   liquid   and   the   separation 
bubble,   observations   of   the   separated   length   were   rade   before   the   oil   accumulated,   so 
that   the   effect   of  the   strong   adverse   pressure   gradient   on   the   oil    (i.e.    buoyancy)   was 
negligible.    In   that   case   the   driving   force   of   the   oil   is   the   wall   shear   stress   and 
not   drag   forces   or   pressure   gradients.    A   few   tests   with   ruch   longer   running   times   and 
strong   accumulation   of  oil   were   carried   out   and   they   showed   that   after   a   while,   at 
spanwise   positions   where   the   oil   accumul o. ion   was   greatest,   ent.ainment   of   the   oil   into 
the   separated   region   occurred   and   the   Sfparation   bubble   was   filled   up   with   oil.   This 
demonstrates   the   existence   of   a   close      ontact   between   the   separation   region   and   the 
oil   accumulation   line   and   so,   even   ir    this   case,   the   accumulation    is   the   result   of   a 
reversed   flow   and   not   of   the   balanc-   between   wind   and   buoyancy   forces, 
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Another   method   "^ed   to   detect   the   separation   line  was   through   the   use   of  a 
single_pas8_8chlieren_s^stem  with   a   horizontal   knife   edge.   The   position   of   the   separated 
line   was   determined  by   extrapolating   the   separation   shock   to   the   wall.   The   error  on   this 
extrapolation   is   relatively   small   as   the   shock   is   formed  well   within   the   boundary   layer, 
very   close   to   the  wall   (see   Fig.U). 

RESULTS   AND   DISCUSSION 

Undisturbed  boundary   layer 

Figs   5   and  C  show   for   both   tunnels   the   Mach   number  profiles   at   two   typical 
Reynolds   numbers.   The   velocity   profiles   were   obtained   using   the   quadratic   law 

(^)2   -   ^'^ VU   ' T»     "   T 
e le v 
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which is often u«t 
tht linear Croceo 
6. Ex»min«tion of 
n   in the relation 
Van Driest transfo 
to coapare the« wi 
chosen since, aceo 
region. As the ski 
not be aeasured, i 
profiles were coup 
logerithaic law : 

d   in   connection   with   tunnel   vail  boundary   layers   as  an   alternative  to 
law.   The  results   from   these   calculations  are  also   given   in   Figs   $   and 
the   fullness  of  these   profiles   revsals   that  the  power   law exponent 
U/U    ■   (y/ip/n   is   increasing  with   increasing  Reynolds   number.   A 
raafion   (Ref.5)   was  applied   to  these   coapressible  profiles   in  order 
th  generalised   incoapressible   profiles.   This  particular  nethod  was 
rding to  Ref.6   it   gives   the   best   correlation   for  the   law-of-the-wall 
n   friction  coefficient,   required   for  these  transformations,   could 
t   was  calculated  using  Spalding  and  Chi   (Ref.7).   The   transformed 
ared   in  Fig.T  with  Coles   lav-of-the-wall   (Ref.8)   and  with  the   following 

U ■ v 
t 

The  deviation   fro«   these  two  lavs   in  the  outer  part   of  the boundary   layer   shows   that   in 
all  the  profiles   a  strong developed  wake  component  exists,  which  is   in   agreement  with 
other  tunnel   wall   data.   The   low  values   of  U/U   ,   close  to  the  wall   in   the   Mach   3.5 
profiles   are   due   to   probe-wall   interference;   {his   effect   is  of no   importance   in   the 
M  •   5.U  profiles  because  in  that  ease  the  probe  size   is   relatively  much   smaller,   as   is 
shown   in   Figs   5  and   6. 

The   variation   of separation   length  with   wedge   angle 

The  wedge  angle   for  incipient   separation,   the  behaviour  of which   is   discussed  in 
the  next   section,   was   found by  extrapolating   the   separation  length   for   different   wedge 
angles   to   tero.   The   development  of  the  oil   flow  technique  to  detect   very   «nail   bubbles 
described earlier  allowed a reduction   in   the   error   involved  in  the   extrapolation.   The 
most  well-defined   separated  length   available   from  the  visualisation   techniques   selected 
was  the   distance   from  the  separation   line   to   the   corner.   This   length   is   called   Lg   in 
this   study. 

For   typical   values  of Reynolds   number,   the   values   of  L8   at  Mach  numbers   of   3.5 
and  5•^   using  these   techniques   are  plotted  against  wedge   angle  a   in   Figs   8  and  9-   It   is 
noted  that   the   greater  uncertainty   in   locating   the   separation   line   from  the   schlieren 
photographs   is   illustrated  by  the   error   bars   placed  on  the  appropriate   data  point.   These 
results   show   clearly   the existence   of  small   separation  bubbles   at  very   low  wedge   angles 
and  the   considerable   change   in  the   rate   of  growth  when  the  length  of  the   separated  region 
increases.   The   shape   of the  L3  "*.  a   curve   can   be  explained physically  as   follows.   As   the 
wedge   angle   is   increased  from  zero   and  the   adverse  pressure  gradient  generated  becomes 
of the   same   value   as   the  wall   shear  stress,   initially  only  the   inner   (low  velocity)   part 
of  the   boundary   layer  near  the  corner  will   be   decelerated  and  then   reversed.   The   very 
small   separated  reg  on  generated  this   way   is   then  only  expected to  be  controlled  by   the 
conditions   in   the   lover portion  of  the   boundary   l.'.yer.   By  further   increasing  the  wedge 
angle,   a   larger  proportion  of the  boundary  becomes   so   influenced  and the   separated  region 
grows.   As   this   region   is  controlled by   a   larger  proportion of the boundary   layer,   the 
rate  of  growth  will   change  until   the  wedge  angle   (and  hence  the  pressure   gradient)   is 
large   enough   to   influence  the  whole  boundary   layer.   Further  increase   in   a  will   cause  the 
separation   bubble   to   grow,  but   the   rate   of  growth   will   remain   unchanged. 

Definition   of   incipient   separation 

When   using   flow  visuslisation  methods   the   angl 
by   extrapolating  the   separation   length,   as   a   function 
the  change   in  the   rate  of growth  of  LB,   extrapolation 
dependent   on   the  available  number   of  data  points   and 
points   were   found.   To   illustrate   this,   two   different 
the  Figs   6   and  9,   one   in  which  all  the   experimental   r 
which   the   results   below a certain   value   of a   were   neg 
that   the   remaining  curve has  approximately   the   same   f 
investigators,   whose  measuring techniques  had  not   ade 
smaller   separated   regions.   The  difference  between  the 
Figs   8  and   9   where   the  arrow  indicates   what   value  of 
when,   according  to   the   second  extrapolation,   incipien 
Figs   10  and   11,   in  which  curves   faired   through   all   th 
have  been  plotted,   show that   for  the  same  Mach  number 
behaviour   is   the  same   for all  Reynolds   number   cases 
determined   from  the   two extrapolations   of  these   curve 
number  based   on  boundary   layer  thickness   and   compared 
obtained  by  other   investigators  that  was   available   fo 
summarized   in  Table   2  (Refs   1,9-20).   For  completeness 
ations   are   given   in  Table  2  (Refs   21-23)   and  plotted 
dimensional   counterparts  at  similar  conditions. 

The   most   striking  feature   seen   in   these   two   figures  is  a  lack  of  agreement   in  the 
magnitude  of  a.   even   at  similar  conditions.   This   lack  of agreement  has   been   ascribed to 
differences   in  boundary  layer properties   (e.g.   boundary   layers   on  nostle  valla,   boundary 
layers   on   flat   plates,  boundary   layers   at   different   stages of  development,  etc.)   and to 
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As   a   conclusion,   one   can   say   that   the   incipient   separation   angles   indicated   in 
Fig.12   in   most   cases,   do  not   represent   incipient   separation   conditions,   but   the   conditions 
at   which   a   certain   extent   of  separation   occurs.   This   "certain  extent"   is   a   function   of 
the   detection   method   used.   This   explains   why   agreement   between   the   data   can   be   found  when 
the   same   or   similar  methods   are   used.   As   an   example,   the   results   obtained  by   detecting 
a   kink   in   the  pressure   distribution   are   in   rather  good  agreement  except   for   some  disagree- 
ments   caused   probably   by   a  lack   of   densely   spaced   instrumentation. 

The   effect   of  Reynolds   number  on   incipient   separation 

Figs    12   and   13   show  that   the   angle   of   incipient   separation   changes   with   Reynolds 
number.   At    first   glance   no  obvious   trend   is   apparent.   Until   recently,   experiments   indic- 
ated   that   a.   decreased  with   increasing   Reynolds   number  except   at   very   high   Reynolds 
numbers   where   Roshko   and  Thomke   found   an   opposite   trend.   Recent   experiments   (Refs   17   and 
19)   showed   that   for   similar   free   stream   conditions   completely   different   trends   are   found. 
These   differences   can   again  be   explained   using   arguments   concerning   the   disturbance 
occurring   at   different   stages   of  development   of  the   turbulent   boundary   layers   and  the 
method  of   detecting   incipient   separation. 
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Figs   12  and   13,   there   appear  to be no  aiceptiona   to  Elfstroa't   itataaent.   Indeed   eoapar- 
iaon  of  the   preaent   data  on  tunnel  valla  with  «hat   of  Ref. Ik  on   flat  platea   but   at 
•iailar   freeatreaa  condition     ihova the  expected  opposite  trend  of a.   with   Re..   It   should 
be  noted  that   the   flat   plate  data of  Law   (Ref.l?)   appears   contrary  to  this   argUBent, 
but  since the ■odel  is  placed well  into the nostle,  the boundary  layer growth   ia   expected 
to  be  the   aaae   aa   on  nostle  walls. 

The  effect   of  the Talue   of wall-to-recovery  temperature   ratio  ia  neglected   in 
this   study,   because  previous   investigations   indicated  that   it   is   small  and  most   of  the 
experimental  data  conaidered are  at  approximately   adiabatic  conditions. 

Empirical  prediction of incipient  separation 

Several   of  the  correlation  methods   for   incipient   separation  conditions  have  been 
outlined  in  Ref.9  and  some of these   (e.g.   that  of  Roshko  and Thomke,  Ref.lfl,   shown   in 
Fig. lit)   gave  rather  good  agreement   for  most   of  the  experimental  results.   However,   this 
figure  also   shows   that   the  vary  low  incipient   separation  conditions  detected  in   the 
present   study,   cannot   be  correlated  in  the   aamc   way.   In  order  to   account   for  these  very 
small   separated   regions,  new methods  have  to  be   developed.   As  discussed  earlier,   these 
small   separation  bubbles   are  probably   a  result   of  the   flow  reversal  occurring   initially 
only   in  the   laminar  sublayer,  hence parameters  based  on  this   sublayer  should be   consider- 
ed.   In  order  to   prove  that  this   is  the  correct   approach  to  the  problem,   a very   aiaple 
method  for  predicting  these   low values  of  a.   was   developed.   The  laminar  sublayer  was 
considered  to  have  the   separation  characteristics   of  a  laminar boundary   layer,   aasuming 
that  the   conditions   at  the edge of the   sublayer  are  the  free   stream conditions   for  this 
equivalent   laminar boundary  layer;   hence,   the   influence  of the  outer part  of  the 
boundary   layer   ia   neglected.   This  assumption  can  be  made  at  a  first  approximation   since 
as  the   wedge  angle   is   increased  from a  low   angle,   the   separation  will  be  restricted  to 
a  very   small  region   (at  the  hinge  line)   deep   in   the  turbulent  boundary   layer.   A   predic- 
tion  method   for   laminar  separated  flows  was   then   used  to  calculate   incipient   separation 
in  that   boundary   layer. 

The   edge   of the   laminar  sublayer was   defined  as  being the  position  at  which, 
in  the  transformed  velocity  profile   : 

-^ -   15        (or   :   J- -   11.5). 
T 

The appropriate skin friction coefficient to be applied to this method was calculated 
from the actual skin friction coefficient assuming constant static pressure through 
the laminar sublayer, hence : 

C„    M 2 

o2 " 

For predicting laminar separation the correlation of Häkkinen et al. (Ref.25) vat 

CfL   M0
2 

used 

where the index • denotes free stream conditiona which are, for this application, the 
conditions (L) at the edge of the laminar sublayer. 

The method was applied to the undisturbed boundary layer profile data of the 
present study and of the investigation of Spaid and Frishett. The latter was the only 
work found that contained enough information to apply the method. The results are compared 
with the experimental data in Fig.12 and the degree of agreement is shown to be highly 
dependent on the Reynolds number. This could be connected with the thickness of the 
sublayer 6,   relative to the overall boundary layer thickness 4. As indicated in Ref.26, 
the sublayer is much thinner at higher Reynolds numbers and a factor of 10 difference 
was found for ij^/i  between low Reynolds number experiments of Spaid and Friahett (Ref.19) 
and the high Reynolds number data of the present study. The poor prediction at high 
Reynolds numbers of the experimental values of o. using the liquid line technique, are 
hence ascribed in part to the very crude prediction method, in which the interaction 
between the laminar sublayer and the rest of the turbulent boundary layer is neglected. 
Another reason may come from lack of resolution in measuring separation lengths, even 



21-7 

using  careful   •ppliotion   of oil   flow  ttehniquas,   at   inall   wedge  angle«   at   high 
Reynold«   number«.   Thi«  would  reault   in   difficulty   in   obtaining  accurate  meaaureBent« 
of a.   from  extrapolation   of  the  data.   The  good   agreement   achieved  at   low  Reynold« 
number«,   when   «ignificantly   the   resolution   of  the   technique   for  measuring  «eparation 
length   i«  of   the   order  of  the,  now   larger,   «ublayer   thickne««,  give«   good  confidence 
in  thi«   empirical   prediction  method. 

It   i«   further  encouraging  to  note  that   in   the   present   «tudy  the  Mach  number  trend 
of a.   i«   the   same   for the   experiment«  and  the  prediction  method,  however,   thi«   trend   i« 
so   «iall   that   one   can  only   conclude  that  the  Mach  number  dependence  of  a.,   when   taking 
into   account   the   very   small   separated   region«,   i«   almost   negligible. 

COMCLUSIONS 

The   present   «tudy   «how«   that,   with   care,   i^thods   using  oil   flow  vi«ualieation   are 
reliable   for   aiding  the   detection  of   incipient   separation.   The  two   .'icualitation   method« 
(oil   flow  and   schlieren)   gave  very  similar   value«   of  the   separation   Hne  of  turbulent 
separated   regions   for  each   condition   examined.   For   all  teet  condition«  the   results   of 
the  tests   indicate   that   very   small   separated  region«   exist   at   low deflection  angle« 
and  that   when   the   wedge   angle   is   increased,   initially   a  change   in  the   rate   of  growth   of 
the   separation   bubble occurs   until  the   full   boundary   layer   is   influenced  and  large 
separated   regions   are   formed.   The  disagreement   between  the  present   results   and   those 
obtained   using  other  detection  techniques   (e.g.   a   kink  in   the  pressure   distribution)   at 
similar   conditions   appears   to   arise   from  each   method   detecting  a  different   degree   of 
onset   of   separation.   The   general   change   in   angle   of   incipient   separation  with   Reynold« 
Dumber  fellows   closely  the  trend of the  development   of the  wake  component   in  the   undistur 
bed  boundary   layer   (as   suggested  by   Elfstrom).   The   results   of  an   approximate   correlation 
method,   consisting   of  a   laminar   incipient   separation   criterion  applied  to   the   laminar 
sublayer   in   the   turbulent   boundary   layer,   are   in   good  agreement  with   liquid  line   data 
at   relatively   low   Reynolds   number.   Both  the   experiments   and  the   correlation  method   seem 
to   indicate,   when   taking   into   account   a.   as   determined  in   the  case  of   small  separated 
regions  that   the   Mach  number  dependence of  the   incipient   separation  angle   is  very  weak. 
This   would  mean   that  the   strong  trends   found  using   other   detection  methods,   appear  to 
represent   the   Mach   number   dependence   of  the  growth   of  the   small   separated  regions. 

REFERENCES 

1. Kuehn   D.M.    :    " 
incipient s 
flow", NASA 

2. Korkegi R.H. 
March 1963. 

3. Chapman D . R. , 
sonic and s 
Tech.Report 

It. Appels C. : "I 
VKI TN 99, 

5. Van Driest E.R 
Vol.18, N03 

6. Keener E.R. , H 
adiabatic f 

7. Spalding L.B. , 
a smooth fl 
pp.117-lUU, 

8. Coles D. : "Me 
flow. Part 
Propulsion 

9. Appels C. : "T 
1973. 

10. Batham J.P. : 
at a high M 

11. Coleman G.T. , 
flow", I.C. 

12. Drougge G,   " 
pressure gr 
Report U7, 

13. Elfstrom J.M. 
September ^ 

lit. Holden M.S. : 
flow", AIAA 

15. Holden M.S. : 
VKI Lecture 

16. Kessler W.C. , 
layer   inter 
Douglas   Rep 

17. Law   H.C.    :    "Su 
numbers   of 

Experimental   investigation  of   the   pressure   rise   required   for   the 
eparation   of turbulent  boundary   layers   in   two-dimensional   supersonic 

Memo   1-21-59A,   February   1959. 
"The   intermittent   hypersonic   wind   tunnel   H-1",   TCEA(VKI)   TM   15, 

Kueh 
ubso 

135 
ncip 
Apri 

PP 
opki 
lat 

Chi 
at   p 

Jan 
asur 
I   : 
Lab. 
urbu 

n D. 
nie 
6, 1 
ient 
1 19 
"Tur 
.11t5 
ns E 
plat 

S.W 
late 
uary 
emen 
the 
, Ca 
lent 

, Larson H.K. 
reams with erap 
8. 
eparation   of  a 

:   "Investigation   of  separated  flows   in   super- 
hasis   on   the  effect   of  transition",   NACA, 

compressible   turbulent   boundary   layer", 

lent   boundary   layer   in   compressible   fluids",   IAS  Journal, 
60,   216,   March   1951 . 

"Turbulent   boundary   layer   velocity   profiles  on   a  non- 
at   Mach   number   6.5",   NASA  TN   D-6907,   August   1972. 
:   "Thi    drag  of   a  compressible   turbulent   boundary   layer   on 
ith   and  without   heat   transfer",   J.F.M.,   Vol.18,   part   I, 
961.. 

in  the   boundary   layer   on   a   smooth   flat  plate   in   supersonic 
oblem  of   a  turbulent   bounder   layer".   Report   20-69,   Jet 
fornia   Institute  of  Technology,   June   1953. 
oundary   layer   separation   at   Mach   12",   VKI   TN   90,   September 

An ex 
ach nu 
Stolle 

Aero 
An  exp 
adient 
1953. 
:   "Tur 
971. 
"Shock 
Paper 

"Exper 
Serie 

Reilly 
action 
ort, M 
person 

perimental   study   of  turbule 
mber",   J.F.M.,   Vol.52,   Part 
ry  J.L.    :   "Heat   transfer   in 
Report   72-05,   March   1972. 
erimental   investigation   of 
s   on   turbulent   boundary   lay 

nt   separating  and  re-attaching   flows 
3,  pp.li25-lt37,   April   1972. 
hypersonic  turbulent   separated 

the  influence of  «trong  adverse 
ers  at   supersonic   speeds",   FFA 

bulent  separation   in  hypersonic   flow",   I.C.   Aero  Report   71-16, 

layer   interaction   in  hypersonic 

ve  boundary   layer   interaction". 

wave   -   turbulent   boundary 
72-7lt,  January   1972. 

imental  studies  of  shock  wa 
s   LS  62,   January   197'» 
J.F.,   Mockapetri«   L.J.    :    " 
with   an   expansion   ramp   and 

DC   EC   26lt,   1970. 
ic turbulent boundary layer 

Supersonic turbulent boundary 
compression corner", McDonnell 

separation measurement« at Reynold« 
ID7 to 108. AIAA Paper, N0 73-665, July 1973. 



:i-8 

18. Ro«hko A., Thoake G.J. : "Supersonic turbulent boundary layer interaction with . i7£:::r0nc%?*mt. ?%ryhigh Reynoid' ™ 
flow", A.R.L. p p . i o " ^ ! * " ^ " " * p h' n 0" e n a in ••P*w«»ie »nd hyp.r.onic 

19. Spaid F.V., Friahett J.L. : "Incipient aeparation of a supersonic turbulent 

PP e f f e c t a o f h* a t ' — i . 
2°' S t * « d « , J : r ; , - E ' , P J J - C : : "E»P««"»tal .epar.tion atudiea for two-dia.naional 

Coleman G.T Stol'er^J L°"" "T " — n^'•be^• °r.U*8 t o 6-2". »*SA T« D-IOIli, 1962. • • to 11ery J.L. Incipient separation of txitllv ivaictrir hvn*i>> 
bound*ry iay*r'"- A I A A ,ourn*1-

K u e ^ lero i n d u c e d b y o n c y l i n d -
S a e t i V f l ^ W " C h i l d S K - E - : " I n " P i « * s e p a r a t i o n p r e . a u r e r i . e f o r a 
May 1973. boundary l a y e r " . AIAA J o u r n a l , V o l . 1 1 , N" 5 . p p . 7 6 1 - 7 6 4 , 

J ° h R e y n o l d s number"'wall"cooling°Vand^MaChen°Cht'r ? r° f i l e " p o n e n t '•"•tiona with 
NASA TN D-5753, April 197J! number in a turbulent boundary layer, 

H 1 i H ~ i*2h ŝ,J-r Ŝ5.of an 
26" KemSac;Hn̂ b°:" b°Und'ry lay"S " 

21. 

22. 

23. 

2U. 

25. 

ACKNOWLEDGEMENTS 

eer, Mr.'j? Borrj" ElectroSics°EngineerP"r°nj C "[obet • ' Technical Engin" 
their helpers who assisted in * v, * Lobet, Photographic Technician and 
the typing? One of the authors ?c ^ L" " i g a u X W h o " " i e d 

( Inst ituat ter Aannoediging van het WetenLha* s uPP o r t e d ** th« I.W.O.N.L. 8 8 "n h e t Wete"schappelijk Onderioek in Nijverheid en Lanbouw), 

TABLF 1 : SU«MARY OF TEST CONDITIONS 

t 
V.* 

T /T Re_ 

/m 

6 

mm 

Cf„ 

e 
11 
1 u 

17 

13 

20 

33 

27 s 

273 

278 

276 

278 
27e 
i.70 

1*70 

no 

3 . U6 

3. 1*6 

3.U6 

3.U6 

3.1»6 

3.U6 

5.U5 

5.U5 
5.1.5 

1 .0 

1 .0 

1 .0 

1 .0 

1 .0 

1 .0 

.72 

.72 

.72 

1.23 107 

3 .20 

5.13 

7.05 

8.97 
IO.80 

1 .16 

2.1 f. 
3 .*6 

7.3 
6.5 

6.3 
6.2 

6.0 

5.9 
19.8 

18.3 
18.2 

1 .6lt 10" 
1 .fco 
1.30 

1.22 

1.18 
1 .1 U 

1 .Oil 

.96 

.88 

TABLE 2 : REVIEW OF INCIPIENT SEPARATION DETECTION METHODS 

INVESTIGATOR 

1. Appels 
Ref.9 

2. Batham 
Ref.10 

METHOD OF DETECTION OF INCIPIENT 
SEPARATION 

Disappearance of the overshoot 
in the wall preasure distribu-
tion 

Distance between separation and 
reattachment shocka measured 
on schlieren pictures 
Appearance or a kink in the 
wall preasure distribution 

TEST CONFIGURATION 

Flat plate - wedge 
i " 6.5mm 

Flat plate - wedge 
6 " It.8 - 6.5am 
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3. Coleaan 
Ftf.1 1 

it.   Drougge 
R«f.1? 

5. Elfitrom 
Ref. 13 

6. Holden 
Ref« lit-15 

7. Kessler et al. 
Kef. 16 

6. Kuehn 
Ref. 1 

9. Lav 
Ref.17 

10.   Roshko   t   Thomke 
Ref.18 

11.   Spaid   &   Frishett 
Ref.19 

12.   Sterrett   k   Emery 
Ref.20 

13.   T>resent   study 
Uso   Ref.U) 

lU. Coleoan 
Ref.21 

1;. Kuehn 
Ref.22 

Distance between separation and 
re-attachment shocks measured 
on schlieren pictures. Linear 
extrapolation of Lt to »ero. 

Appearance of a kink in the 
wall pressure distribution 
Change in angle of shock-wave, 
due to the formation of a 
double shock system 

Disappearance of the overshoot 
in the wall pressure distribu- 
tion 
Distance between separation 
and re-attachment shocks 
measured on schlieren pic- 
tures. Linear extrapolation 
of L( to sero. 
Inflection in the variation of 
pressure near the corner with 
a . 

Separation length measured on 
schlieren pictures 
Detection of flow reversal 
using skin friction balances 

Ho information available 

Appearance of a kink in the 
wall pressure distribution 

Appearance of a kink in the 
wall pressure distribution 
Inflection in the variation 
of pressure in front of the 
corner with a 
First appearance of the 
deflection of the boundary 
layer measured on schliere?! 
pictures 
Oil   flow method 

Inflection   in  the  variation 
of  pressure  near  the  corner 
with  a 
Detection  of  separation   and 
re-attachment  using  orifice 
dams 

Oil flow method 
Powder deposition technique 
Extrapolation .on schlieren 
pictures of the separation 
shock to the wall 
Change in shock wave angle, 
due to the formation of a 
double shock system 
Inflection in the variation 
of pressure in front of the 
corner with a. 

Appearance  of  a  kink   in   the 
wall  preswure  distribution 

Oil   flow method 
Extrapolation,   on   schlieren 
pictures,   of the  separation 
shock,  to  the wall 

Similar techniques   as 
Elfstrom's  and  Coleman'a 
two-dimrnsional  tests,   see 
N03  and  5 

Appearance  of  a  kink   in   the 
wall  pressure  distribution 

Flat  plave  -  wedge 
6   •   7.6  -   8.2mm 

Flat plate -  wedge 
at   low  Reynolds 
numbers 
Tunnel wall - wedge 
at high Reynolds 
numbers 

Flat plate - wedge 
i  ■ 8mm 

Flat plate - wedge 

Flat plate - wedge 
Use of boundary 
layer trip 
4 ■ 2 - i»mm 

Flat plate - wedge 
Leading edge of flat 
plate far upstream 
of noszle exit, hence 
large favourable 
pressure gradient. 
6   » Itmm 

Tunnel wall - wedge 
4 ■ 75 " ll»0mm 

Tunnel wall - wedge 
6 * 8mm 

Flat plate - wedge 
with and without 
roughness trips 
« - I* - 8mm 

Tunnel wall 
6 ■ 6 I 20ms 

wedge 

Hollow cylin<ier-flare 
i   *  Itmm R/i   »   6 

Cone-cylinder-flare 
«  »  It.Sum R/6   •  3.65 
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T a b l e 2 ( C o n t ' d ) 

16 . R o s e e t a l . 
R e f . 2 3 

Injection of oil in the 
separated region (liquid line 
method) 
Detection of separation and 
re-attachment using orifice 
dams 
Appearance of a kink in the 
wall pressure distribution 
Appearance of a kink in the 
surface pitot pressure distri-
bution 

Axi-symmetric tunnel 
vail 
Shock induced separ-
at ion 
6 • 5mm R/6 * 5 

fig. la Compression corner on the wall 
of the M*3.5 tunnel 

Fig. 1b : Compression corner on the wall 
of the M«5.^ tunnel 

Fig. 2 Oil flow pattern for large 
separated regions 

Fig. 3 : Oil flow pattern for small 
separated regions 

«r • a,.- C 

Fig. U S c h l i e r e n p i c t u r e o f a 
s e p a r a t e d f l o w 
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Fig. 5  : Mach nuate; and velocity 
profiles for the turbulent 
bounder/ layer on the M"3.5 
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Fif .   6     :   Mach  nuaber and velocity 
profile!   for  the turbulent 
boundary  layer  on the  M"5.1i 
tunnel vail 
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Fig.   7     :   Coapreieibility  trantforn- 
ation  of Van   Driest   applied  to 
the  boundary  layer velocity 
profiles 

Fig.   8 
I0COI 

Separation  length as  function 
of the  vedge  anale,   M"3.5, 
Re.  ■   2.07   «   10* 

Fig.   9     :   Separation  length as   function 
of  the vedge   ancle,   M'S.U, 
Re. 6.67 

anal 
10» 
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10 : Detection of incipient Separ- 
ation by extrapolating the 
separation length M"3.5 

Fig Detection  of  incipient   separ- 
ation   by  extrapolating the 
separation   length   M»5.1» 

MUMSCM      ptrt% 
»trtnmm TO     MOS 
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Fig. 12 : Incipient separation angles 
for tvo-dioensional configur- 
ations 
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Fig.    13   :   Coaparison  of  incipient   separ- 
ation   angles  between   two-dimen- 
sional   and  axisymnatric  configur- 
ations 

Fig. lb : Correlation nethod for the 
presaure rise to incipient 
separation 
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ON THE CALCULATION OF SUPERSONIC SEPARATING AND REATTACHING FLOWS 

By John D. Murphy, Leroy L. Presley, and William C. Rose 
Ames Research Center, NASA 

Moffett Field. California, 94035 

SUMMARY 

A method Is developed for solving the laminar and turbulent compressible boundary-layer equations for 
separating and reattachlng flows.    Results of this method are compared with experimental data for two lami- 
nar and three turbulent boundary-layer, shock-wave Interactions.    Several Navler-Stokes solutions are 
obtclned for each of the laminar boundary-layer, shock-wave Interactions considered.   Comparison of these 
solutions Indicates a first-order sensitivity In   Cf   to the computational mesh selected In both the 
viscous and Invlscld portions of the flow. 

Three turbulent boundary-layer, shock-wave Interactions were considered:   one unseparated Interaction 
at   M « 3 and two separated Interactions at   M « 1.47 and 3.   Boundary-layer theory appeared to be adequate 
to describe the first two of these Interacting flows; however, for the separated Interaction at   M • 3, 
boundary-layer theory failed. 

CompaHien of the present boundary-layer solutions with the Navler-Stokes solutions and with data for 
a given *.f.a, "uwüer indicates that as long as the separation bubble Is small, the boundary-layer approxima- 
tion yltiüs   oktions whose accuracy is comparable to the Navler-Stokes solutions. 

NOMENCLATURE 

C 
Cf 
DC 

DM 

DP 

E 
F 
f 
H 
h 
I 
Mo 
M 
N 
n 
Pr 
PrT 

P 
R 
r 
S 
T 
U 
u 
v 

Chapman-Rubes In constant 
skin-friction coefficient. Cf = TW/(l/2)pgu0

2 

difference coefficient multiplying quantities 
at   x 

difference coefficient multiplying quantities 
at    x - ix 

difference coefficient multiplying quantities 
at   x + AX 

Eckert number, ue2/2He 

defined in Eq.  (12) 
dimensionless stream function 
total enthalpy   h ♦ (u2/2) 
static enthalpy 
mixing length 
initial Mach ■ jmber 
number of nodes in 
number of nodes in 
Iteration number 
Prandtl number 
turbulent Prandtl  number 
pressure 
gas constant 
body radius 
entropy 
temperature 
defined in Eq.  (12) 
velocity component 
velocity component 
streamwise variable 

direction 
direction 

Y 
6 
6* 

c 
r. 

n 
u 
f. 

P 

a 
i 

cross stream variable 
weighting factor In type dependent differencing 
boundary-layer pressure gradient parameter « 

Uc/u-Hdue/dO 
ratio of specific heats 
boundary-layer thickness or stream angle 
displacement thickness 
residual error 
yu/yi 
transformed   y   variable 
viscosity or Mach angle [u • sin'Ml/M)] 
transformed   x    variable 
density 
defined In Eq. (18) 
shear stress 
turbulent shear stress 

in 
in 

direction 
direction 

( )' differentiation with respect to   n 

Subscripts 

e evaluated at boundary-layer edge 
f evaluated at final conditions downstream of 

interaction 
i evaluated at    1th    x-point 
j evaluated at   jth   y-point 
t lower boundary 
o evaluated on initial  line 
t evaluated at stagnation conditions 
u upper boundary 
w evaluated at wall conditions 

INTRODUCTION 

It is generally agreed that the problem of separating and reattachlng flows is one of the more 
challenging and technologically relevant problems in computationa' fluid mechanics.  'In recent years, the 
computational attack has taken place on two fronts - the engineering approach by way of boundary-layer 
theory and the pure numerical approach by way of the Navler-Stokes equations.    Reasonably complete summa- 
tions of the status of these two approaches up to about 1970 are contained in References 1 through 3. 
During the past two or three years, substantial additional progress has been made in the boundary-layer 
theory approach by Klineberg and Steger (Ref. 4) and Carter (Ref. 5), and In the Navler-Stokes equation 
approach (Refs. 6 through 11).    The basic position taken by each of these schools of thought can be summa- 
rized as follows:    the Navler-Stokes equations are undoubtedly the correct equations for describing the 
flow fields In question and, since we can solve them it is unnecessary to settle for approximations.    The 
boundary-layer contingent would concur with the above but they would add that the cost of Navler-Stokes 
solutions both now and in the near future is far too high to permit their use as design tools. 

The present study examines these positions in some detail.    In particular, we are concerned with 
establishing, at least qualitatively, the limits of applicability of the boundary-layer approximation for 
both laminar and turbulent separating and reattachlng flows.    Secondly, we are concerned with the develop- 
ment of an economical and reasonably accurate engineering calculation scheme for such flows. 



ANALYSIS 

Viscous-flow calculations 

The procedure used to solve the viscous-flow portion of the calculation Is a generalized Galerkln 
method (Refs.  12 and 13) applied to the boundary-layer equations.    The equations considered are 

3x 3y (i; 

3U   . 3U   ,        dP  ^    9    /     äU 
PU   — ♦ iiv ---  ■ ±        ' 

3H 4 PU  - ♦  PV   - 

dP   .    3   /     3U   . \ 
ax    - ay    ■ di"+ ^y Yv * P,T; 

3H .   3   [^ aH  .   ^ /,       1 \ äu2l *   ä   I     f  '    3H/3y  .  ,   /.        ]  W\ 
iy ' ay L^ 37 ' t V1 " Pr) 17]+ i"y T [^ ^y + u V ■ P7T7j| 

P - pRT 

PIT ' ef »y 

(2) 

(3) 

(4) 

(5) 

Only adlabatk flows with   Pr « PrT = 1    are treated here; hence, Eq.  (3) is replaced by   h + (u;'/2) s const. 
To suppress the streamwlse growth of the boundary layer and to facilitate initialization, Eqs.  (1) and (2) 
are combined under the Levy-Lees-Dorodnltsyn transformation {x,y) ♦ U,n) where 

p-u,.^   ry 
,.■(   „».^dx,     .-^-r   *;* 

'•* 
I     PU dy , f 

which results in 

(CD- +fr + e(^-fJ)+K1pI.2r.(f' ^-r||).o (6) 

where    K; • •/2'Ji.er^   and the primes Indicate differentiation with respect to    n-    The following analysis 
closely parallels that of Kendall and Bartlett (Ref.  13).    The present method extends that of Reference 13 
to treat separated flow and is restricted to calorically and thermally perfect gases. 

./- ieien-ient iifferewinp.    To apply the generalized Galerkln method, the approximations for the stream 
function, velocity, and shear between adjacent nodes are chosen as 

r" fin inJ 

fj+1 - fj + fjA. ♦ fj T- + fj     y- + fj+I if 

fj*.' fj+ fj^ + fj   T- + U» i 

f"      =  f"  ♦  f"'   'i!l?_ + f"' Mi 
V'      fj        J        2        Tj+I    2 

(7) 

(8) 

(9) 

These relations are obtained by a Taylor series expansion to terms Including fIV and substitution of 
f|v = (f^[ - fj")/fir). Equations (7) through (9) are substituted in Eq. (6) and the results Integrated 

with respect to a unit square-wave weighting function from nj to nj^ [ to yield: 

Cf" 
ij+i 

♦ ff V,-(^2^E)E^ * 2TTn 
+ K.f i 

k«i 
^'-^'^IT-   dn + 2cfj+1f"^dn ■■ 0 

(10) 

where 

and 

5 ^ fkXPK =  f^XPl  ♦ f,'XP2 ♦ f!"XP3 ♦ fl!!xP4 = /f,? dn 
- i J J J J J      ' 

XP1   -  An^fj  ^j   y + fj      T- + Vl  H) 
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XP3 . ^ (fj . fj ^. + fr 66^1 + f.;;  5^) 

The two terms remaining to be Integrated are discussed under   x-Dependent Differencing.    This procedure 
yields a consistent differencing method that Is fourth-order accurate In    n   and Eqs.  (7) through (9) 
ensure that the stream function, velocity, and shear are defined everywhere (not only at nodal points) and 
are continuous everywhere.    Equations (7) through (10) provide a sequence of   4(N-1) equations in   4N 
unknowns, where   N   Is the number of nodes normal to the wall.    Note that   3(N-1) of these equations are 
linear algebraic equations while (N-l) equations are nonl'near ordinary differential equations.    The remain- 
ing four equations are Imposed as boundary conditions: 

f'f'-O       atn'O 

f  • 1,        f" « 0       at    n • - 

We note In passing that while the differential equation Is only third order, the high-order differencing 
method requires an additional boundary condition.    The complete system Issolved by use of a Newton-Raohson 
Iteration scheme by differentiating with respect to    fj .   f,+l, .  .  ., fj"^ ^ujl for separated flows    f" 
Is specified and we differentiate with respect to   6.    This yields 

j(f)Af;. -Cj
k 

where   J(f) Is the (4N « 4N) Jacoblan, t    Is the residual error, and   Af.    Is the incremental change In the 
solution parameters per Iteration. J 

To speed up the Iteration process, the equations are ordered so that the   3(N-1) linear algebraic 
equations plus the boundary condition    f'(0)»0   occupy the first   3N-2   matrix rows.    The matrix has the 
partitioned form (see Ref.  14): 

[NL,      NLJI^NJ      [CNJ 

The submatrlx Lj is a function of the nodal configuration only and can be Inverted just once and used in 
all subsequent calculations. Formal manipulation and back substitution yield 

fifNL .[NL? - NL^'LJ-1^ + NL,LI1CL] 

4fL ' "^'[EL ♦ L2ifNL] 

The matrix [NL^ - NL^j] must be inverted every Iteration, but it Is only of order (N+2). 

x-dependtnt differenHng.    The streamwlse differencing Is carried out In a manner similar to that of 
Reference 4.    The term 

-2, ^        f   - dn | 

Is decomposed and Integrated by parts as 

Tj+1 ''H,, * DCf; ♦ OMfj.Jdn • -[OPE^LJX« * DC^f^XPK* DH^f1;.^ .XPK] 

"J 
where, for attached flow, 

OP ■ 0 .       DC • 2/Ui c^t^j  .       DM • -DC 

and for separated flow 

DP • (1 - a)/in «i+1/5i  ;       a - 1      for   f > 0.01 

DM • -(1 +(i)/tn f.\l(.U\   '       a • "Wf1   ,       -0.01 i f i 0.01 
; 

DC • -(OP ♦DM) ;       a • -1  ,       f  < -0.01 

This procedure Incorporates backward differencing when the flow Is In the mainstream direction, forward 
differencing when the flow Is reversed, and a central difference on the zero velocity streamline.   The 
remaining term Is decomposed as above. Integrated by parts, and expanded In Taylor series to yield: 



■■B^BTT"—~- 

:2A 

"j 

'rlfdn-ocf^; 
nJ*>, OMf. .'l ♦DCEfuXPKi+DPEfijXPKi+1

+0MEf!jxp,(i.1 

where,   for attached flow, excluding the points of separation and reattachment yields 

DC ■ 2/tn 'i/^.. OP ■ 0 DM -DC 

and for separated flow, 

DC = 0 , DP • 2/tn 'i+,/'1. DM ■ -DP 

As shown, a straightforward marching routine Is used In the attached flow while, for separated flow, the 
entire separation region must be relaxed simultaneously. 

The present method requires no under relaxation and a typical wel1-separated flow with 20 n    points 
and 10 f    points can be relaxed to a maximum residual    0(10"^)  In about 22 Iterations compared to 800 for 
the method of Reference 4 and 100 to 200 Iterations for the method of Reference 5.    Although the present 
method may require more operations per Ueration,  it is at least competitive with other methods cited. 
Typical  computing time required for the solution of the above is 150 sec on the IBM 360 or 10 sec on the 
CDC 7600. 

Inviscld-flow equations and coupling schemes 

In  this section, the technique used to solve for the Inviscid flow field and to obtain the effects due 
to the boundary layer on that flow is described.    A technique for obtaining fully coupled Interactive solu- 
tions of the Inviscid and viscous flows  is being developed, but is not sufficiently advanced to discuss 
here in detail.    Rather, at this point, boundary-layer solutions for a pressure and skin-friction distribu- 
tion, appropriate to the data of Reference 13, have been obtained and various schemes  for matching this 
solution with the Inviscid flow have then been  Investigated.    The inviscid flow is for supersonic flow 
between a shock-wave generator and some matching line givn by the boundary-layer solution. 

:>::•.J 'i i-:"--v • yuj''" ''.■■.    The basic equation used in the inv'scid flow-field analysis is similar to that of 
Reference  15.    The key features, however, are described here for completeness.     In a Cartesian coordinate 
system,  the steady,  inviscid,  two-dimensional  fluid dynamic equations  (continuity, x and y   momentum) are 
written  in conservative form as 

(11) Ux + Fy = 0 

The three components of the vectors    U and F, which represent the conservative variables,  are defined as 

U ■= IM) <• . u   1   .        F ru i kp + tu 

L     uv    J 
ouv 

_kp  +  i V'^ 

(12) 

where k = (, - l)/2,. The units of these equations were normalized by dividing both pressure and density 
by their respective stagnation conditions, while the velocities were divided by the maximum adiabatic veloc- 
ity. With this normalization and the further restriction that the flow be adiabatic, the energy equation 
can be written: 

+   V    = (13) 

To calculate two-dimensional flow between two nonparallel walls, in this case the shock-wave generator 
and the lower coupling boundary, it is most convenient to normalize the coordinate system so that the upper 
and lower boundaries become parallel.    The transformed coordinates are 

x = x 
y - y; 

(14) 

yu-y. 

where y = y (x) and y = y (x). Applying this transformation to Eg. (11) results in 

Ux * Fc = 0 (15) 

where    U =    U and F = F + U[y'{f, - 1) - y 1.    (In this section, the primes denote differentiation with 
respect  to    x.) 

The above differential equation is Integrated using MacCormack's second-order-accurate differencing 
scheme (see Ref.   15).    For flow-field points,  that is, points on neither the upper nor lower boundary, the 
predictor and corrector equations are 

"f • ur (0) hV FJ)   ^^ (16) 

Subscript    j    identifies particular points on a data line as follows:    1,  lower body point; 2, 3,  .   .  ., 
N      , flow-field points; and   Nf, upper body point.    The data lines are identified by the superscripts   n 
arid n+1.    The bars indicate a predicted value. 

r=* h ♦ ^r - infir ■ ft\)] <—*" (17) 

The above equations are applied to the three vector components of U. 
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The step size In the   x   direction Is found by determining the maximum slope of the characteristic 
surface.  Inclined at the local Mach angle   u    relative to the local stream angle    A, for each point as 
follows: 

oJlO |tan(tw ♦ ä)j| (18) 

where the   •   denote positive and negative directions of the Mach angle from each point.    The entire data 
line    n    Is  surveyed to determine  I'"M*) Imax' 
is found from ^ 

or 

axH 

AX(-) 

Depending on the sign associated with the maximum slope. Ax 

n+i n+i 

litLl___Jil_. 
^u     J 

n*i n+i .   n+ 
cJ-ic y 

"j'-'max 

(19) 

(20) 

where    K    Is a constant that controls the step size.    If   K ■ 1, the CFL condition is satisfied Identically. 

Application of the finite-difference Eqs.  (16) and (17) yields predicted and corrected values of the 
three components of the conservative-variable vector   U   on the new data line.    These must be decoded after 
the predictor step and corrector step in turn.    This decoding into physical variables Is accomplished by 
solving the following: 

uiln+1 

Uplj 

tU) 

* M - 4U?k(l - k)(l - v2) 
21MI - k)    —— 

'j 

p - (, (1  - u2 - v2) 

n+i 

.n+i 

J 

(21) 

Constructing a technique that will give a physically realistic solution of the conditions on a solid 
boundary is difficult in a predictor-corrector sequence since strict application requires an Imaginary 
ooint inside the body.   Abbett (Ref.  16) developed a technique that satisfies the surface tangency condi- 
tion and relies on information provided by the finite-difference equations.    For the upper and lower sur- 
faces,  respectively, the predictor equations are written as 

,n+i 

(f!)(VFv') (22) 

and 

U 
n+i 

U 
AX 

AC 
;F5 - F?) (23) 

Modir'ied corrector equations that maintain second-order accuracy at the upper and lower surfaces, 
respectively, are given by 

,n+i 

and 

-  1    iin    * iin+1      ■"■* /rn+l       Fn+1  \     Ax /rn        9Fn       + Fn      \l 

,,n+i k ♦ U 
n+i (FnVl   -F?+T)-ff{Fr2F5-F?)] 

(24) 

(25) 

After the corrector equations are decoded at the boundaries, the flow variables will not necessarily 
satisfy the boundary conditions at the wall.    The technique for satisfying the lower boundary conditions 
depends on a scheme for matching the boundary-layer solution. 

The coordinates of the upper boundary are determined from 

y    » y      ♦ x tan 6. (26) 

where    fu    Is the deflection angle of the upper wall.    When matching to the output of the boundary-layer 
solution, the lower boundary is specified by a table of coordinates.   These coordinates are used to fit a 
parabola of the form 

y ■ ax2 ♦ bx ♦ c (27) 

between ei>r.h set of three consecutive Input boundary points.    The three points used to determine the coeffi- 
cients In the above equation were chosen so that two of these points should have    x > x"*1.    The slope of 
the boundary is found from the derivative of Eq.  (27). 



Matohing »oheme.    Two techniques for matching the Invlscld and viscous solutions were Investigated: 
(1) requiring tangency along a chosen matching contour, and (2) forcing the Invlscld solution to agree with 
the   u and v   velocity components from the viscous solutions along a matching line.    In the first matching 
scheme, two matching contours were considered.    The first was the contour defined by the displacement thick- 
ness    A*   and the second contour was a streamline along which the flow remained supersonic throughout and 
was taken from the viscous flow solution.    The slope of the matching line was used to specify the relation- 
ship between   u and v    In the Invlscld solution as follows: 

* ■ t""1 I 
The second matching scheme forced the Invlscld solution to match values of   u and v    given by the 

viscous solution along the boundary layer edge.    This  technique doe^ not Impose the tangency condition 
along the matching boundary, but rather allows for mass exchange from the invlscld to viscous portli, .s of 
the flow, a physically realistic situation. 

i 
Although some difficulty was encountered In the vicinity of the shock impingement point, the above 

methods yield comparable results for those flows for which the boundary-layer approximation is appropriate. 

The above cited difficulties and the restriction to flows for which the boundary-layer equations are 
appropriate are discussed in a subsequent section. 

Navier-Stokes solutions 

Solutions to the Navier-Stokes equations presented here were obtained from several  sources.    Solutions 
of MacCormack  (Ref.   3), MacConnack and Baldwin  (Ref.   11), Messina (private conmunicatlon), and Skoglund and 
Gay (Ref.  6) were obtained from the sources cited, while additional solutions were obtained in the present 
study using the computer codes of MacCormack and Baldwin  (Ref.  11) and Carter (Ref.   10). 

Space does not permit a detailed description of the differences and similarities of the several codes 
considered.    There are, however, some striking differences and similarities in the several  solutions pre- 
sented which warrant discussion in some detail.    Figure 1  shows the envelope of four Navier-Stokes solu- 
tions obtained from Reference 3 and References  10 through 12,  together with the data of Häkkinen, et al. 
(Ref.   17),  for an unseparated,  laminar-boundary-layer, shock-wave interaction at   M = 2. 

Two points immediately come to mind:    first,  the large discrepancy in skin friction and the relatively 
small  discrepancy in surface pressure.    At first glance,  this implies a low sensitivity of the pressure 
distribution to the skin-friction distribution and a lack of uniqueness  in the Navier-Stokes solutions. 
However, a sequence of solutions obtained here using MacCormack and Baldwin's (Ref.   11) code, with succes- 

I sive mesh refinement  in the outer inviscid flow,  shows differences in    Cf   of the same order as  those shown 
in Fig.   1.    Tbis arises from the fact that for the coarsest mesh considered, the externally generated shock 
wave takes on a thickness that, when projected onto the boundary layer,  is of the same order as the length 

, of interaction.    The viscous flow is then responding to a continuous compression rather than an  imposed 
shock wave.    As the nodal  structure was refined,  the skin-friction distribution approached a single curve. 

Figure 2 shows a similar envelope of Navier-Stokes solutions obtained from References 6, 8,  10, and 11, 
together with experimental data for a wel1-separated,  laminar-boundary-layer, shock-wave interaction 
(Ref.   17).    The results here are similar to those discussed above and the same conclusions can be drawn. 

The point of the foregoing presentation is not to show how poorly Navier-Stokes solutions perform but 
rather to  induce the user to Navier-Stokes codes to examine his results critically and,  in particular, to 
examine the computational mesh dimensions  in the light of the smallest relevant physical  scale in the 
problem under consideration. 

In subsequent sections, the boundary-layer calculation scheme developed is compared to the Navier- 
Stokes solutions of MacCormack (Ref.  3). 

RESULTS 

The results of the inverse boundary-layer method are compared with Navier-Stokes solutions and with 
experimental  data.    The flows considered all occur on a flat plate and the pressure rise is caused by an 
externally generated shock wave.    The specific flow parameters and experiments considered are listed below. 

Reference        MQ  Re        Pf'Pp        Remarks 

17* 2 1.84.10s 1.2 Laminar 
17* 2 1.96'10s 1.4 Laminar 
18 1.47 4.10f7ft 2.25 Turbulent 
19 2.93 5.7-10v/m 2.5 Turbulent 
19* 2.93 5.7.107/m 5.0 Turbulent 

•Navier-Stokes solutions available 

Finally, we will  describe the progress made, to date,  in coupling the inverse boundary-layer method to the 
inviscid calculation scheme to provide a complete flow-field prediction method. 

Lamlnar-boundary-1 ayer, shock-wave interaction 

Two laminar-boundary-layer, shock-wave interactions are considered:    an unseparated Interaction at 
M = 2.0 having an overall pressure rise    Pf/P.    of 1.2 and a well-separated Interaction at   M ' 2.0 having 
an overall pressure rise   Pf/p0   of 1.4.    These two Interactions correspond to the experiments of Häkkinen, 
et al., as reported in Reference 17 where they are shown as Figures 6a and 6b, respectively.    For conven- 
ience, these two interactions are subsequently referred to here as Häkkinen (6a) and Häkkinen (6b). 



I 

Note that (n this and all subsequent comparisons with Na vier-Stokes solutions, the skin-friction 
distribution obtained from the Navier-Stokes solution was input to the Inverse boundary-layer method.    This 
procedure ensures that a comparison of other parameters,  that  Is, velocity and pressure distributions, pro- 
vides a true measure of the validity of the boundary-layer assumption, without the peripheral considerations 
of downstream boundary conditions or matchlnq conditions between viscous and inviscid flow.    However, some 
differences can arise even in this case because of the order of the difference approximation used.    The 
present  Inverse method is third-order accurate in wall  shear as opposed to first-order accuracy Imposed by 
assuming a linear variation of velocity with distance away from the wall  in the Navier-Stokes solutions. 
An examination of the differences attributable to this assumption indicates that    Cf   can vary -10 percent 
for the same velocity profile, depending on the order of curve fit used to deduce the derivative at the 

- 
.. .«vity distributions at the   x    location corresponding to the minimum value of   Cf (Fig.  3) are compared. 
The differences between the present method and MacCormack's solution are not large and are principally 
attributable to differences In transport properties;  that is,  Pr - 1 and n/u    • T/T0    in the present method 
and    Pr = 0.72 and .     from the Sutherland law in MacCormack's code. 

Figure 5 shows  the streamwise pressure distribution for Häkkinen (6a) for   y = 0,  'V?,  a, as computed 
by MacCormack  (Ref.   3).    These curves are essentially indistinguishable and hence, within the boundary 
layer,   •?/■/      0.    This,  in turn,  implies a trivial  solution to the   y   momentum equation which,  from the 
usual  boundary order-of-magnitude arguments. Indicates that the boundary-layer equations are adequate for 
this flow. 

Figure 6 compares the pressure distribution obtained from the present method with that of MacCormack's 
solution for Häkkinen  (6b).    For this case, a slight difference in surface pressure distribution is obtained 
near    x/L   =  0.15.     Figure 7 compares  the velocity profiles obtained from the present method and  from 
MacCormack's method  for Häkkinen (6b).    Differences  between  the profiles are explicable  in terms of differ- 
ences  in  transport  properties discussed previously.     Figure 8 shows the streamwise pressure distributions 
for Häkkinen  (6b),  as  computed by MacCormack  (Ref.   3).     This  figure shows the normal  pressu'-e gradient 
developing  in about  the same region noted in Fig.   6  (x/L  =  0.15 corresponds  to    x/'x •  20).    This normal 
pressure gradient appears to be an  inertial effect associated with strong streamline curvature in  the outer 
portion of  the boundary  layer where    M(y)   • Me.     For this case,  the boundary-layer method predicts a rela- 
tively large value of      ve/ue    (not shown), which  indicates  the beginning of a breakdown of the boundary- 
layer approximation. 

It should be pointed out that the boundary-layer equations will also fail  based on viscous flow param- 
eters for 'arge separation bubbles.    Oswatitsch  (Ref.  20) has shown that tne Navier-Stokes equation requires 
that 

!£j    = -  V" =  I tan ••   '? 
»ylw äX 3 iX 

where is the angle at which the dividing streamline leaves the wall.    It is clear from this analysis 
that the boundary-layer equations are never valid  in an exact mathematical  sense for separating flows; how- 
ever, as  long as the separation bubble is not too  large,  »    will  remain small and    ip/*y <<   -ip/ax    so that 
the boundary-layer equations will  provide an adequate approximation.    It appears that for supersonic laminar 
flows that the inertially induced breakdown will  occur before the viscous breakdown of the boundary-layer 
approximation. 

Turbu 1 ent boundary-layer, shock-wave Interactjon 

The question of the utility of boundary-layer thoery in turbulent boundary-layer, shock-wave Interac- 
tions  is somewhat less clear than for the laminar case.    This  is true for three reasons.    First,  few Navier- 
Stokes solutions with simple turbulence models are available for comparison.    Second, the current turbulence 
models are demonstrably inadequate for flows with rapidly changing boundary conditions and, third, only a 
few experiments are available in supersonic turbulent flow which are sufficiently detailed to pennit a use- 
ful comparison.    Because of these facts, only a cursory comparison of results of the present method with 
both Navier-Stokes  solutions and experimental  data can be made. 

Figure 9 compares the present method with the data of Seddon (Ref.  18), for a normal  shock-wave, 
turbulent-boundary-layer interaction with an initial  Mach number of 1.47.    For this case,  the experimentally 
determined value of    Cf(x) was input to the inverse boundary-layer method in the attached-flow regime.    For 
the reversed-flow region, where no data were available, three estimates of   Cf   were made (defined by the 
so.id, dashed, and dot-dashed lines  in the upper half of Fig.  9).    The corresponding pressure distributions 
are shown  in the lower half of F'g.  9.    Two conclusions can be drawn from this figure;    first, the boundary- 
layer equations are capable of reproducing the observed behavior and, second, the pressure distribution is 
sufficiently sensitive to variations  in   Cf    to permit a coupled solution to distinguish between similar 
distributions of skin-friction coefficient. 

Figure 10 shows a comparison of a direct calculation using the present method with the data of Refer- 
ence 19.    The experimental skin-friction distribution shown was deduced from the measured mean velocity 
profiles using the method of Reference 21.    These data were taken at a free-stream Mach number of 2.93 and 
a unit Reynolds number of 5.7«107 nr1.    The pressure rise was effected by a shock generator set at 7° 
Incidence to the o    oming flow.    As noted above, the predicted results were obtained for this case by cal- 
culation In the direct mode, that Is. P(x) was specified and    Cf   computed.    The two predicted skin-friction 
distributions shown In the upper portion of Fig.  10 result from two turbulence models used for this calcu- 
lation.    The equilibrium model is that described above while the exponential lag model  is that suggested by 
Rose and Johnson (Ref. 22) and similar to the one used with some success in the Navier-Stokes calculations 
of References 23 and 24.    One may conclude then that, given the appropriate turbulence model, the boundary- 
layer equations are adequate to describe flows of this type. 
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The last case considered was also taken from References 19 and 21.   The Initial flow properties were 
the same as those discussed In Fig. 10 but the shock generator angle was set at 13° to the oncoming flow. 
As shown In tbe upper portion of Fig. 11, the flow has an extensive region of separation: 
(Xreatt * xsepJ ■ **•    ror this case, the inverse boundary-layer method failed.   The predicted pressure 
distribution shown in Fig. 11 indicated nearly twice the pressure rise observed experimentally.   Direct 
solutions employing the experimentally observed pressure distribution failed to predict any separation. 
This might be attributed to three-dimensional effects in the experiment except that the Navier-Stokes solu- 
tions of Baltoln and Rose (see Ref. 24), using a similar turbulence model, did a plausible Job of predict- 
ing the flow.   An examination of this solution shows extensive regions of significant normal pressure 
gradient together with no significant contributions from the elliptic terms or the shear terms In the   y 
momentum equation except in the immediate vicinity of the shock wave. 

This implies that the primary cause of failure of the boundary-layer approximation is the invlscidly 
driven normal pressure gradient.   In turn this implies that if one were to use a system of equations con- 
sisting of continuity, boundary-layer  x momentum, and inviscid   y   momentum equations, the utility of 
spatially parabolic equations could he substantially extended (see section entitled Truncated Navier-Stokes 
Equations). 

Coupled solutions 

Some of the results obtained from the inviscid-visccus coupling techniques are shown in Fig. 12.    The 
surface pressure distributions (one with tangency specified and one with   u and v   specified) resulting 
from the two matching schemes for the Häkkinen (6b) case are compared with that given by the Navier-Stokes 
program of Reference 3.    Both techniques demonstrate overall qualitative agreement with the solution of the 
Navier-Stokes equations, except in the region of the shock Impingement point.    This disagreement arises from 
the tendency of the inviscid technique used to smear the shock waves over several grid points and to over- 
shoot the pressure rise through a shock wave reflection.    It is anticipated that at least part of this dif- 
ficulty may be removed by incorporating a discrete shock calculation into the inviscid calculation scheme. 

Truncated Navier-Stokes equations 
l 

To circumvent the difficulties encountered in coupling viscous and Inviscid flows, an alternative pro- 
cedure was considered.    Rather than solve coupled viscous and inviscid equations in an iterative mode, we 
proposed to solve the following system of equations: 

l£ + l£U + i£V . 0 
at      ax       ay 

^ + 0U IM + pv 3M + i£ . ilü/ 
I it      ü    3x     p    3y      3x        ay 

i^ ♦ pu 3v ay 4 afi , 0 
I at ax     '    ay     ay 
I 
l together with an equation of state and a consistent energy conservation relation.    This was accomplished by 

simply removing the appropriate terms from the computer code of NacCormack and Baldwin (Ref. 11).    These 
equations converged everywhere within I percent of full Navier-Stokes solution for the Häkkinen cases  (6a) 
and (6b) using the same mesh configuration (results not shown).    The above method is slightly more effi- 
cient than the solution of the full Navier-Stokes equations because fewer operations need to be performed 
in the computer code. 

One may deduce from the above that this truncated system can be solved, and that with this system no 
coupling problems exist.    Further, since the equations are parabolic in the streamwise variable, the steady- 
state equations should be solvable, for attached flow, by a streamwise marching procedure and in the sepa- 
rated region by a relaxation procedure.    This latter procedure would allow a first-order Improvement In 
computational efficiency.    Unfortunately, these conclusions were reached very late in the present study, 

< and time did not permit significant exploitation of the properties of these equations. 

CONCLUDING REMARKS 

We have demonstrated the validity of the boundary-layer equations applied to certain shock-wave, 
boundary-layer interactions.    As has been suggested (e.g., Ref. 2), solutions to the boundary-layer equa- 
tions begin to depart significantly from those of the Navier-Stokes equations under the same conditions for 
which nontrivial normal pressure gradients fire first observed in the Navier-Stokes solutions.    Based on the 
physical argument that high-velocity flow, turning through a large angle, requires the action of a large 
force over a short distance, one may deduce that the normal pressure gradient arises primarily from the 
inviscid characteristics of the flow field.    From this,one may conclude that when some parameter involving 
both Nach number and turning angle, for example, Melvp/Ugl, exceeds a critical value, boundary-layer theory 
will fail. 

Despite the fact that boundary-layer theory can be shown to fail at high supersonic Mach numbers when 
extensive separations occur, it would appear that, for many technological problems, boundary-layer theory 
is quite satisfactory.    This should be particularly true in the design of transonic airfoils and for engine 
inlets to be used on transonic and low supersonic flight vehicles. 

Although the present coupled solutions do not as yet provide a practical predictive capability. It is 
the belief of the authors that the difficulties encountered are in no way fundamental and that with some 
additional development can provide a useful design tool applicable to many real technological problems. 

The truncated Navier-Stokes equations considered above, appear to offer substantial potential advantage 
for the treatment of Interacting flow fields at higher Mach numbers than the boundary-layer equations can 
cope with. 
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! 
SUMMARY 

A aodlfled  eddy viscosity model   Is  Incorporated  Into  the compressible Navler-Stokes  equations and 
nuserlcal  solutions obtained  for separated  flows.     The Bonification attempts to reproduce  the  response  of 
a turbulent boundary  layer to a severe pressure gradient  by Introducing a simple rate equation  to account 
for  the  relaxation phenomenon.    The system of equations  Is solved by MacCormack's  time-splitting explicit 
numerical  scheme  for a  series of compression corner configurations.     Computations are performed  for  ramp 
angle varying from IS  to  25 degrees at  a Mach number of   2.96 and  Reynolds number of  10'.     An  Incident 
oblique shock  Impingement  case  Is also computed  at  these  same conditions and  Included  for comparison with 
a  ramp  Induced  separation  case.    Calculations utilizing  the modified eddy viscosity for  the  Interacting 
turbulent   flow compare  very well with experimental measurements   for the compression ramps,  particularly, 
in the prediction of  the upstream pressure propagation and location of the separation and reattachment 
points.     Good agreement   is also attained  between  the measured and  the calculated density  profiles  in  the 
vlscous-inviscid  Interaction region. 

LIST OF  SYMBOLS 

Cf skin-friction coefficient 2i 

U 2 
e 

D Van Driest Damping factor, «quatlon lit. 

e Specific energy 

e specific internal energy, c T 

F,G Vector fluxes in mean flow equations 

h maximum vertical dimension of the computational domain 

L length of the leading plate, 1ft 

P static pressure 

P molecular Praadtl number r 
Pr turbulent Prandtl  number 

q   = u cos a + v sin a 

5 distance along the  surface 

t lime 

T temperature 

u,v velocity  components  in the Cartesian coordinates 

U maximum velocity  in  the shock layer 
max 
U vector of  conserved  properties  in mean flow equations 

x,y Cartesian coordinates 

a transformation variable defined by equation 1. 

6 boundary-layer  thickness 

c eddy viscosity coefficient 

0i the deflection angle of  impinging shock wave  tenerator 

0 wedge angle 
U) 

u molecular viscosity coefficient 

X relaxation length scale 

C,n skewed coordinates defined by equation 1. 

0 density 

T shear strers along this contour 

SUBSCRIPT 

1 denotes initial condition 
j index of  computational mesh points 
<■> denotes  the  free  stream condition 



1.      INTRODUCTION 

Flow separation  around  compression ramps  and shock  Impingement  on boundary  layers has  long been 
identified  to  be  an   Invlscld-vlscous  Interaction  problem.     Interacting boundary  layer solutions over  two- 
dimensional  corners  have been  employed for laminar flowsl»^»-'.     More  recently,  an asymptotic   solution on 
the  identical  subject   also has  been accomplished^.     For all   these  solving schemes,   either an   Iterative or 
a matching procedure  must  he   Implemented  to accomodate  simultaneously  the high shear stress  region  and  the 
associated  invisiid  stream.     On  the other hand,   numerical   solutions  of  the time dependent Navler-Stokes 
equations  have  also  been  reported'•"•'•".     This  direct  approach  automatically accomplishes  the  invlscld- 
vli-cous   Interaction.     Crocco'   indicates  that  the  time  dependency of   the governing equations allows   the 
soluilun  to progress   naturally  from an  initial   guess  to an asymptotic  steady state.     MacCormack developed a 
two-step  difference method  for  solving the  time-dependent  Navler-Stokes equations and  successfully   investi- 
gated  the   interaction  of  a shock wave with a  laminar  boundary   layer''.     Recently,   Baldwin and  MacCormack^ 
generalized  the  numerical  scheme  by  including a  turbulence model   to  analyze  the  turbulent  interaction  flow 
field  in  the hypersonic   regime.      ihe  flow field  structure of   the  shock  impingement  problem bears a  close 
analogy  to  the   flow over a compression corner.     Carter'  used   the  Brallovskaya finite difference  scheme  to 
study successfully,   the   laminar   flow separation  over a  compression corner.    The first  documented  solution 
of  turbulent  flows on   the compression ramp  Is  probably due  to Wllcox   .     He adopted  an  expllcir   time- 
marching  first   order   finite difference scheme   (AFTON  2pt  code)  with  Saffman's turbulent model^O to 
investigate two-dimensional   separated turbulent   flows.     Comparisons  of  his numerical  solutions  and 
experimental data  for   the compression corner reveals  substantial  disparity.    Wllcox offers  tvo possible 
explanations for  the  discrepancy;   first,  the uncertainty of  the  two-dimensionality of  the experimental 
data;  and  secondly,   the  eddy viscosity concept  may be   inappropriate,   primarily due  to  the mean-flow 
streamline curvature.     Nevertheless, one perceives that  only a  further refinement of  the turbulence model 
is necessary to   Improve  the accuracy of numerical  solutions. 

The  present   authors  recently   implemented a  simple  but  effective  relaxation eddy viscosity model   to 
evaluate  the turbulent   flow over  a series of compression  ramps^   .     This  relaxation model of eddy viscosity 
in essence  is a  particular solution of  the  rate  equation similar  to  that  suggested  by  Bradshaw^   for  his 
correction factor.     7 ic  local  effective eddy viscosity coefficient   is a combination of  the local equilib- 
rium value and   the u' perturbed  upstream value with an  exponential  decay.     The numerical  result"?  when 
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for all   the ramp  configurations  considered.     Furthermore,   the  predictions of  the detailed  flow field  also 
agrees very well  with   the direct  experimental  measurements. 

compared with  the experimental   data  indicate a  significant   improvement   over  the  local  equilibrium ed 
model Particularly,   the relaxation model  predicts  correctly,   the  extent of upstream pressure  pre 

The  present   analysis  utilizes   the two-dimensional   time-dependent   Navler-Stokes  equations  as 
developed  by MacCormack with an  explicit  finite differencing  scheme''   (alternating direction explicit). 
The  concept  of   splitting  reduces   the  set  of   two-dimensloual   equations   into  two  sets  of  one-dimensional 
equations  while  retaining  second  order accuracy.     Cebeci-Smith's'^ eddy viscosity model  provides  the 
closure of   the  system of  equations.    The ciependent  variables   thus  degenerate  Into  time-average  properties 
of  this  fluid motion.      It   is well-known that   this  composite algebraic   ^tldy viscosity model  is  derived   from 
the  concept  of  an  "equilibrium"   turbulent  boundary  layer.     The  simple diffusive eddy viscosity model   in 
its'   original  form  is   incapable  of  explicitly,  conveying any   information about  the  "history"  of  this   flow 
field.     The present   investigation  intends  to  improve on  this  char, cterlstic  In order  to  produce a 
relatively  simple  engineering  tool.     A simple but   effective means   is   to modify  the  eddy viscosity model   to 
allow  for  a   l?g   in   the   response  of   the  turbulenre   to  a   sudden   application of a  severe  adverse   pressure 
gradient.      In  essence,   the  present   analysis  attempts   to  model   a   relaxation  phenomenon  within   Ihe   above 
mentioned   frame work. 

Two  obvious   objectives  of   the  present   effort   can   be   summarized.      The  primary  aspiration   is   to  develop 
an engineering method  capable of  predicting turbulent   flov separation near a compression  ramp  and  the  flow 
separation  due   to   the   shock wave-turbulent   boundary   layer   interaction.     The  shock   Impingement   problem   is 
included   to clarify  the   uncertainty   regarding  the departure   from  two-dimensionality of  experimental   efforts 
observed  by Green14.     Substantiation of this approach  and   its'   range  of  validity is acquired  through  com- 
parison with experimental   data.      Further understanding  of   this   complicated  turbulent   flow phenomenon   is 
also  planned,  and  Hopefully  the  additional  understanding may  aid  In  the  future development  of   turbulence 
mode ling. 

Governing  Equations 

The  governing equations  of   the  present   analysis  are   the   unsteady   compressible  Navler-Stokes  equations 
in  terms  of mass-averaged  variables.     The adoption of   the  eddy  viscosity coefficient  and  the  turbulent 
Prandtl number  reduces   the conservation equations  to  the  nearly  identical  form for  l-.mlnar flows   .     In 
order  to avoid  extensive   interpolation of  boundary  conditions  on  the  compression ramp,  a  skewed  coordinate 
system is  used.     The  relationship between the skewed and  the  Cartesian  coordinate  system  is given hy 
Carter^ as: 

', " x sec  n (1-a) 

n ■ y-x tan (i (1-b) 

where a •    10 x<xc 

)0 x>xr 

The corresponding spatial   derivatives of  the coordinate  system  can  be  easily obtained as  follows': 

L -sec" k -tan" 'L (2-fl) 
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One  observes  that   the  above  equations are valid   for both   the  straight   segments  of   this  compresolon   ramp 

(2-b) 
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configuration.     Carter'   reveals  that  the derivative with respect  to  ?  'equlreR special  treatment   In  order tt 
maintain  second-order  accuracy  In the corner region.     Applying  this  spatial coordinate  transformation,   the 
two-dimensional mean  flow governing equations  acquire  the  following  form: 

-r7 + sec   a — + —  (c;  -  tan u F)  -  0 (3) 
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Where the apparent  stress components are glvi-n by 
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The  mean  specific   total   energy   is  defined by   the  mass-averaged  specific   Internal   energy  e;   as: 

e- ej +  (u2 + v2)   /2 ao) 

Owing  to  the particular  eddy  viscosity model  we  selected,   an  additional  approximation was  required. 
Namely,   the  specific   turbulent  energy  in   equation 10  was  omitted   (ref.   6). 

Auxiliary   relationships   included   in  the  system of   equations  are  the equation  of   state,   perfect   gas 
assumption,  and  Sutherland's  viscosity  equation.     Upon   the   specification of  the  eddy  viscosity model, 
me lecular  Prandtl  number   (0./'2)   and  turbulent   Prandtl   number   (0.90)   the  system of  equations   Is  completed. 

1.     The   Initial   and   Boundary  Conditions   for  the  Compression   Ramp 

The  associated   initial  and  boundary  conditions  are  prescribed  as  follows:     the   initial   conditions  and 
upstream  boundary  conditions  are  prescribed  for  all   the  dependent   variables. 

A detailed  description  of   the  upstream boundary  condition will  be  deferred  to a   latter  section  of   the 
discussion.     At   the  downstream  boundary,   gradients of   all   properties  are  assumed   to vanish•',   . 

~r '  0  ',■■'!. (Predictor) (11-a) 
if corner 

The  outer  boundary   conditions  for  the  present  analysis   consists  of  two  regions,   upstream and   down- 
stream of   the  coalescing waves.     The  former  Is   satisfied  by   permitting  the  flow  to  approach  Its' 
unperturbed  freestream  value. 

U(t, ', ,   h)   -  U^ (11-b) 

The region downstrean- of the coalescing shock system i.s fulfilled by the Rankine-Hugonlot relations. 

U(t, f, , h) - U (M ,  ) (U-c) 

The  boundary  condition  on  the  solid  contour  Is  gi^en  as: 

u(  t,   r.   ,  0)   -0  ,   v(t,  K   ,  0)  -0 (I'-d) 

T(t,   C   , 0)  - T     (constant) (U-e) 

and  a derived  condition   for  pressure,   i.e.,  ^^O,  or 
•hi 

p(t,   f,   .   fi   ,)   -   p(t,   f,.   -Ar) (11-f) 
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2. The Initial and Boundary Condltlona for Shock Iaplngeaent 

Flrsc of all, Che slaple geoaetry for Che ahock Iaplngeaent problaa reduces the maerlcal procedure 
significantly. The coordinate transformation is no longer needed. In the computational process* the 
paraaeter J la aet equal to *ero. The upatreaa and downstreaa boundary condition la Identical to that of 
the coapresalon raap. The outer boundary condition of the Incident oblique ahock lr aerely the freeatreaa 
value, 

U (t, C h) (12-a) 

while the region downstreaa of the Incident, oblique chock wave is prescribed by the Ranklne-Huconlot 
relations 

U(t, £ ,h) • U (M̂ , 0) (12-b) 

The boundary conditions on the solid contour is given as 

U(t. C ,0) -0 . V(t, £ , 0)-0 (12-c) 

T(t, £ , 0) - T^ (constant) (12-d) 

and the derived pressure relationship is 

°'xy 
3£ 

f , ' If + */> h ^ d2-e) 
The Diffusive Eddy Viscosity Model 

From the view point of engineering calculations, the compression ramp encounters severe difficulty 
mainly arising from the lack of knowledge concerning the fundamental representation of turbulence. In the 
corner region, the flow not only experiences a strong adverse pressure gradient, but also must negotiate a 
sharp corner. Bradshaw In his work on the effects of streamline curvature on turbulent flows thoroughly 
discussed and sunoarlzed the various effects which could substantially alter the structure of turbulence. 
He also suggested several correction schemes to be used in the calculation methods. Uncertainty remains 
regarding the applicability of these corrections to the present problem. 

t 8 
Wilcox's numerical solutions of separated turbulent flows resolves some of the unknowns. In short, 

he successfully demonstrates that the Interacting turbulent flow inclusive of the separation phenoaenon 
can be predicted by numerical analysis. His rate equation for turbulence in principle should be aore 
suitable for Interacting flows than the simple eddy viscosity model. The latter possesses no means of 
explicitly carrying any Information about the history of the flow field. For the sole purpose of compar-
ison, a 25 degree compression ramp solution by the Cebecl-Smith's eddy viscosity model is presented in 
Figure 1, together with the Wilcox's solution and the experimental data of Law'*. It tecoaes obvious 
that neither turbulence model can produce an acceptable engineering solution, at least for the pressure 
distribution on the contour. The comparison is particularly poor in the initial phase of the Intense 
interaction region. It should also be pointed out that this is the worst comparison of the 6 cases that 
Wilcox presented.The pronounced discrepancy in the leading portion of the pressure distribution seeas to 
suggest a dramatic response of turbulence to the sudden adverse pressure gradient. Ferhapa it reveals as 
Bradshaw asserted that at supersonic Mach numbers, the effects of compression dominate over the effects 
of surface curvature. 

Recently, several research efforts Indicate that the Reynolds shear stress nearly remains froren at 
its initial value and is convected along streamlines in hizhly accelerated (or decelerated) flowslG.l?. 
The measurements also Indicate the Reynolds stress approaches a new equilibrium state exponentially. A 
reasonable explanation of this phenomenon has been given by Bradshaw'̂ . He also suggests an empirical 
ordinary differential equation for a correction factor. Without more data on the relaxation phenomenon, 
one realizes It would be unrealistic to allow a complex correction. In the present analysis, the "history" 
effects are given by this following simple equation. 

" f equil * E (13> 
The length scale X Is a measure of the memory of the stress-containing eddies. Bradshaw estimates the 
time scale" by the ratio of the turbulent energy to the rate of production of turbulent energy. He 
concludes that for a turbulent boundary layer X a 10'. and >x2s for a free mixing layer. 

If the E equilibrium in equation 13 retains a constant value, a particular solution of the rate 
equation is readily given as 

£—£ — e ) p 
equil upstream equil7 \ (14) 

Equation 14 Is identical to the expression proposed by Rose and Johnsonl8 for the mixing length. 
This simple relaxation eddy viscous mc lei was adopted by the present authors to investigate turbulent flow 
over a series of compression ramps. The numerical results exhibit an encouraging lmproveaent over the 
local equilibrium viscosity model, and in some aspects, even yields better agreement with data than the 
numerical results with a rate equation for turbulence®. In our early effort,this relaxation eddy 
viscosity model is technically assumed to have an Identical characteristic relaxation tlae scale for the 
entire turbulent shear layer. This specific conjecture was Incorporated mainly for convenience in Che 
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coaputatlonal procedure.     In reality, perhapa the algnlflcant relaxation phenoaenon would be Identifiable 
only in the outer portion of  the turbulent ahear layer where the large acale eddies dominate, e.g., 
Bradahaw'^ suggeati  that  the inner region be considered near equllibriua.     In this sense, only the 
relaxation of the outer portiona of  the turbulent sheat layer will be treated.    The coapoalte eddy vlacoa- 
ity we have adopted,   la perfectly suitable for this procedure.     In the present analysis,  the rate 
equation  (13)  is applied only to the outer region of the turbulent shear layer and matched to the local 
equilibrium inner eddy viacoslty.    The presei.e procedure offers a more realisltc representation of the 
relaxation phenomenon of  turbulence due to a sudden pressure disturbance and also explicitly   considers 
the rate of  change of  the  local equilibrium eddy viacoslty. 

The two-layer mixing  length model of Cebecl and Smith la adopted in the following fashion;  In the 
Inner region,   the original   form of  the Cebecl-Smith model is retained with the Van Driest's modification 
for the sublayer 

L  2    2     3q    . 
El"Pkl    y      ^D2 (15) 

Where k is the von Karman's constant (O.A) and D la the Van Driest's damping factor 

D- 1 - exp (-y JuT /Zbv^  ) (16) 

In the  law of  the wake   for  the outer region,   the modified Clauakr's defect  law la employed. 

,  - 0.0168    PU      i * (17) o max       1 

In  the outer  region,   the  basic  scaling ^*  is the kinematic  displacement  thickness 

Ä*1   "       i (1-U/U.«)    ^ (18) 

The outer  region  eddy  viscosity  coefficient  is calculated by  equation  17 and satisfied  the rate 
equation,   13.     Then  the  rest'lt   Is matched  into the  Inner equllibriua value by a comparative process.     A 
modification on Ceberl-Smlth's eddy viscosity model  is also  required on the normalizing velocity   (u       ) 
in equation 17  to prevent  a  possible numerical anomaly in the transient phaae of the computations,    nore 
Importantly,  one must  appreciate that   the outer edge of an  Intensely  Interacting boundary layer cannot be 
clef.rly defined.     For  this   same  reason,   the  intermlttency correction  in  the  law of  the wake  is also 
omitted.     Technically,   the  Cebeci-Srith'a eddy viscosity model   is  generalized  from a boundary  layer 
application  to   the Navler-Stol<e8  flow  regime. 

Numerical   Procedure 

The present  analysis  adopts HacCormack's alternating-directlon-explicft  numerical scheme  .     In  the 
present version '^,   it   contains  two  special  procedures  specially designed  to eliminate seversl  types  of 
nonlinear  instabilities.     One  Is  the  averaging process,   the other   Is  the rather novel  fourth-order 
product  damping  term  in  the  predictor  and corrector.     The  later  is  essential  for the analysis  of  flow 
fields with severe pressure   gradients. 

For the compression  ramp configuration,  the contour geometry  Is plecewlse continuous.    At present,  no 
special  treatment  has  been  provided  at   the  interface between  the  plate and  the wedge.    According  to 
Carter',  an  Interpolation  process  is   required  to maintain a  second-order accurate solution.     An improve- 
ment  In numerical  resolution   is made  possible by overlapping  the  computational domains.     However,   the 
over-lapping capability  also  serves  the  purpose of providing an   Identical  upstream boundary condition 
for all  the subsequent   Invlscld-vlscous  Interacting cases.     The  leading segment of the calculation domain 
Is defined  by  a  rectangle  with  the  dimensions of  12 x 0.72  inches.     The height of  the computational  plane 
is  roughly  six  times   the  boundary-layer  thickness.    A  flat  plate  solution  Is allowed to develop on  the 
leading plate with  the  unperturbed  freestream as  the  Initial  condition.     Solutions  in  this region  com- 
pare very well with calculations by  an   implicit  turbulent  boundary-layer program developed prevlc U8ly20. 
The difference between  the   two  solutions  Is within a  few percent  of  both  the  skin-frictlon coeff .cient 
and velocity  profile.     All   the necessary  information  Is  then  stored  at a given streamwlse location  to be 
used as the  upstream  boundary  condition  for the  following comer  region.     On  the compression  ramp  the 
computational  region   is  defined  by a  trapezoid with  the  lover  lurface parallel  to the wedge surface. 

In the calculation,   a   64  x  22  computational mesh  Is employed.     Grid  spacing In the  C direction  Is 
uniformly distributed   for  each computational domain.     However,  a  different  Increment  in  i has  been  used 
for  the flat  plate 'eglon   (AC"  0.01695  ft.)  and downstream of   the  overlapping location   (AC"  .00565  ft.). 
The grid system consists  of   an exponentially varying  inner  region   (16 points)  and an equal-spaced outer 
region    .     The  flne.,1   step  size  In  n  Is assigned  to  the viscous  sublayer with a dimension of  10      ft. 

The calculation  is  performed on  a CDC 6600 digital  computer.     The rate of data processing  Is  0.028 
seconds per grid  point   for  each  time  step.    The evolution of  the dependent  variables  Is monitored until 
consecutive calculations   Indicate no  significant  change   (<,1X),   then  the result  is considered  to be  the 
asymptotic  solution.     A  typical calculation requires about  300 time  cycles   (1   1/2 hours)  to achieve 
convergence. 

Discussion of   Results 

Numerical  results are presented  In  three groups.     The  first  portion examines the feasibility of 
employing  the eddy vlscoslt t  model with an empirical  relaxation  correction  for predicting  Interactlrg 
turbulent  flows with  separation.    The  second portion of  the  presentation  Is devoted tc  the verification 
of  this concept   through  a  comparison with experimental  data.     Finally,  corresponding compression ramps 
and shock  impingement  cases  are compared  In an attempt  to delineate  some of  the Important  features  of 
"free  Interacting" flows.     Before we  proceed further  In this discussion,clarification of  the terminology 
is  needed.     In  this present   analysis,   the "equilibrium"  flow solution  Is defined as the calculation by 
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•una of the Cebecl-Saltn's eddy viscosity aodcl. "Froien" flow then Is designated as the result obtained 
by holding the eddy viscosity profile conatant at the undlaturbed upatreaa value. He have selected the 
location to be 0.929 ft froa the leading edge of the flat plate for all casea coaputed. In principle, a 
sophisticated criterion can be utilised by treeling the eddy viscosity along a atre Aline aa a function 
of the gradient. However, to deaonatrate the cauae and effect of relaxing the eddy vlacoslty, a aore 
complicated aodcl la not warranted at the preeent tlae. The relaxation solution Is described to be the 
calculation with the eddy vlacoslty aodel given by equation 18 or equation 1*. He eaphaalze that thla 
eddy vlacoalty aodel la a simplified version originated by Bradahaw" «nd Roae et al". They both propose 
a length acale adjustaent on the eddy viscosity coefficient of ebout ten boundary-layer thlckneaaea. The 
preaent correction only atteapta to repreaent the flow "hlatory" effect due to a strong coatresalon, with 
no additional correction for the effects of streamline curvature, etc. incorporated. 

In Figure 2, the atatlc pressure aeasureaents of Law15 along with three different nuaerlcal reaulta 
are preaented for the 25° coapresslon rasp. The free stresa Mach nuaber la 2.96 aad the Reynolda nuaber 
baaed upon the leading plate length is 107. The equlllbrlua calculation falla coapletely In predicting 
the preasure variation In the corner region, in that It underpredlcta the extent of the upatreaa propaga-
tion and produces s very short pressure plsteau. In addition, the preaaure approachea the lnvlacld 
asyaptote at a aore rapid rate than the experlaental data lndlcatea. The froten solution on the other 
hand produces too large a separation region. The correct solution apparently Is soaewhere between these 
t*"> "*treaes. * relaxation aodel eaploylng equation 14 producea a aolutlon with Barked laproveaent over 
the two aforeaentloned calculations. Significant discrepancy between the data and the preaent calculation 
only appears In the preasure plstesu, near the corner. 

The calculated skln-frlctlon coefficient distributions are present In Figure 3. The striking feature 
of this presentation is the drastic difference in the shear stress distributions for the three calcula-
tions. The difference Is perhaps anticipated in view of the three substantially different aurface 
pressui variations. Interestingly enough, the unusual "dual-alnlaua" skin friction distribution Is also 
encountered for laminar flows • 1th extensive separation regions1*2'3*4. Unfortunately, no experlaentsl 
skln-frlctlon data are available for this case, however, oil flow aeasureaents Indicated the separation 
and reattachsMnt points of the flow. 

Excellent agreement in the location of separation and reattachaent la observed in that the discrepancy 
between the data and the relaxation calculation Is within a fraction of the boundary-layer thickness. 
However, the equlllbrlua and the frozen calculations significantly under and over predict these locations 
respectively. In short, the present relaxation scheae seeas able to adequately predict the laportant 
engineering features of the ramp problem. Therefore it appears logical to seek further verification of 
the present assertions in the predlclton of the detailed flow field properties. 

In Figure 4, we present a comparison between the measured and calculated density profiles at two 
streamwlse locations. The experimental data are alrect measurements from an interferogrem by means of 
evaluating the fringe shlfts-l. The affinity between data and the relaxation calculation upstream an<< in 
the separated flow region Is obvious. 

Up to this point, we have only presented the numerical results associated with the algebraic 
relaxation eddy viscosity model, equation 14. It has been mentioned previously that the algebraic 
expression is a special solution of the empirical rate equation (equation 13). The relaxation eddy 
viscosity rate equation model possesses two aesthetically pleasing features over the algebraic aodel: 
First, the general solution Includes the rate of change of the local equilibrium value and secondly 
applies only to the outer portions of the turbulent boundary layer. The latter Implies the inner region 
of the turbulent boundary layer remains In the state of local equlllbrlua, as has been experimentally 
observed . In the present numerical procedure, the rate equation model requires an additional data 
storage to process the accumulation rate of change for the local equilibrium eddy viscosity coefficient. 
However, the rate of data processing is comparable to the simple algebraic model. A specific comparison 
of the two relaxation eddy viscosity models Is susaiarlzed in the next two figures. 

The streamwlse pressure dlstrlbution.over a 25° compression ramp are presented in Figure 5 for the 
two relaxation models computed under identical conditions. Minor differences are apparent only near the 
forward portion of the interaction. In Figure 6, the skin friction coefficient distributions are 
presented. Again, the discrepancy between the two relaxation models is comparable to the experimental 
data scatter. 

In view of the fact that the present analysis claims to be no more than an engineering predlciton 
scheme and the small numerical difference between the relaxation eddy viscosity models does not indicate 
an obvious preference to be reco»ended, therefore, the remainder of the presentation will be restricted 
to the results provided by only the algebraic relaxation eddy viscosity model. 

„ 1??C°u™ged by t h" e Primary results, a series of calculations were performed in an attempt to 
establish the range of validity of the relaxation eddy viscosity model. The investigated ramp angles span 
a range from 15 to 25 degrees at an interval of 2 degrees apart. The coaputed surface pressure distri-
butions together with the corresponding experimental datal5 are given in Figure 7. In general, the 
difference between the data and numerical results Is small. Excellent prediction of the pressure pro-
pagation upstream of the corner has been achieved. Significant discrepancies between the data and 
calculations appear only in the corner region for the high ramp angle (Figure 2). 

r,~.»T^ej8l^in»frlCtlon coefflclent distributions for the compression raap at six different ramp angles are 
presented in Figure 8. Experimental data15'21 of this separation location (ualng several techniques) for 

It A F P 3 1 o n n r n u l A**A i n » k l n p . _ i i r J . . . 
, ** o c p a i a n u u ^ u t a i i u u i u s i n g s e v e r a l c e c n m o u e s ) t o r 

l r 5 , ! ? ! " f
a r e also provided in this graph. For the 15 degree ramp, the calculations indicate 

a very aaall region of separation with a dimension less than 2/3 of the boundary-layer thickness. The 
corresponding experimental observation reveals even a smaller region of the separated flow. In general, 
the calculations predict accurately the point of separation. For all the Investigated cases, the predic-
tions are well within the data scatter band of the different experlaental techniques. In this graph, one 
observes a systeaatlc evolution of the skln-frlctlon coefficient froa a single-minimum distribution into 
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a dual-nliilma  behavior as   the  separation  domain  Increases  substantially.     This  trend  has also  been 
observed   for  separated  laminar   flows'•2.3.V 

In  Figure  f,   the  complete   Interacting  flow  field   Including  the  separation  region  Is presented. 
Lpstream of  the corner a  clearly  defined   iuter edge of  the  turbulent  boundary  layer  can be discerned.     The 
normal velocity component   in the  boundary  layer first  reveals significant  adjustment  in magnitude,   then 
exhibits a rapid pressure  rise   In  the wall   region as the corner  is  approached.     Adjacent  to the separation 
point,   the coalesence  of   rompression  waves   is  evident.     The  penetration  of   the  separation  Induced  shock 
wave  reaches  the  shear  stress  dominated   inner  region.     Extensive  separation exists  around the  corner;  the 
boundary  layer growth  increases   rapidly  but   still  reveals a  clearly   identifiable    outer edge.     Further 
downstream of   the  corner,   a  second  coalescing shock wave  at    nvit [.u limt'nt   .ilso  becomes  detectable.     The 
second shock eventually   intersects  the   leading separation shock froduclng an obvious c'ange  In the  slope 
of  the wave front.     Downstream of   this  intersection point,  nc. distinctive  outer edge of the boundary layer 
can be e'early defined.     Instead  a  rotational  field produces a streamwlse velocity gradient.     The numerical 
result  essentially duplicates  the  experimental  observations   (Figure  10).     The experimental data are 
obtained chiefly   from  the  optical   and  oil-flow studies  of   the  25°  degree   ramp  configurations  by Havener, 
ana  Radley       and  Law'"". 

The comparison of  the density  profiles at  several  streamwlse  locations  between  the data an;* calcu- 
lation  is presented   In Figure   11.     The data are directly evaluoted   from  the  fringe shifts*^'  " observed 
in Figure  10,   therefore,   this outer limit  of  the data either  represents   the encc ..terlng of a shock wave 
or a uniform flow region.     All   the data and calculated density profiles are presented in the coordinate 
perpendicular  to the surface.     Interpolation of the computed  results downstream of  the comer  Is required 
to present  the  Informal'on  in  this  format.     In general,   the numerical  results predict  the measured  density 
profiles within few percent. 

In Figure  12,  we present  several  streamwlse velocity profiles   In  the  body orientated coordinates. 
One observes a sequence of  turbulent  boundary  layer through  this  interaction region which separates, 
reattaches and  finally exits as  a  confined  shear  layer.     Havener,  et  al,   also deduced several  velocity 
profiles from their optical measurements^'•'2.    They obtained  the velocity data through the Crocco 
relationship and by linearly  interpolating the pressure across the boundary  layer.     The comparison be- 
tween the data and  the calculation  reveals good conformity  throughout.     Conclusions on the agreement with 
the experiment should be baaed  on   the density distribution   (Figure  11)  where a direct  comparison may be 
performed. 

The two-dimensional  flow over a compression  ramp and  the oblique  shock  Impingement on a turbulent 
boundary layer have been  Identified as       "free  Interaction" p.oblems.     The present  understanding of  the 
detailed flow structures  Is not  complete.     However, Green'^ has correctly pointed out  that the wave 
system produced  by an  Incident  oblique  shock may be considtred  to be  a  variant  of  the  compression  ramp 
configuration       He  concludes   that   a  comprersion  corner with  a  stream deflection  of   2' j  and an  Incident 
shock of a stieam deflection of     j  will produce virtually  the  same overall  pressure rise.    The experimen- 
tal   data however  indicate  a   large  discrepancy  between  the  scales  of   the  flow separation  region'*.     The 
source of  the discrepancy between  tests has been attributed  to the departure  from two dimensionality of 
the  two-dimensional  experimental   arrangements.     The present  analysis  perhaps would contribute some under- 
standing  to  the  uncertainty   In  this  area.     At   least,   the  present  analysis  will   provide a  two-dimensional 
numerical  solution  of  the  shock   impingement   problem. 

In  Figure   13,   the  surface  pressure   JistrlbutIons of  a  25°  compression   ramp  and  tlie  Incident  oblique 
shock generating  by  a   'eflection   angle  of   12.5 degree are  presented   together.     Both  computations  are 
carried out with  the  identical  unperturbed  upstream conditions.    The abscissa,  S/L"1.0, denotes the  comer 
location of  the  compression   ramp   configuration.     For the  shock  impingement   problem,   this  location  is 
designated as  the   Intersection  of   the  extended   Incident   shock  and   the   flat   plate.     Referred  to  the  comnon 
origin,   the surface pressure distribution of  the shock Impingement  case  shifted upstream at the compression 
ramp value by  roughly  the boundary  layer  thickness  (.17 Inch).     More  importantly,   the overall pressure 
rise  between  the  two  Investigated   cases differs by on'y one percent.     The  corresponding skin  friction 
coefficient distributions are presented  In  Figure  14 and  also show an upstream shift. 

Concluding Remarks 

For some time now  It  has been  possible  to obtain excellent  agreement  between experimental data and 
numerical  calculation.-   for  turbulent   flows with zero pressure gradient.     However these turbulence models 
(elgher the eddy  viscosity model'^'^O or the more sophisticated model  equations'")  have failed  to 
predict  turbulent  flows with strong adverse pressure gradients.     In  the present analysis, a simple 
relaxation of the turbulence has  been  Incorporated Into an eddy viwcoslty model.     The relaxation eddy 
viscosity model  is combined with  the Navler-St^Ves equations  to  form a closed  system of equations.     The 
results demonstrate that the  turbulence model   adequately predicts  tne  inviscid-viscous  Interacting turbu- 
lent  flow.  Including the separation  phenomenon. 

Two versions of  the relaxation model  have been examined under  Identical  conditions and only small 
differences observed.     The comparisons with experimental data at Msch  3 of  Law'5,  Havener and Radley20»2' 
for  compression  ramps   ''und   shock   Impingement)   Indicate  that   the  present  method  accurately  predicts  the 
upstream pressure propagation and   location of the separation and the  reattLchment points.    Good agreement 
Is also obtained between the measured and calculated density profiles  throughc.t  the vlscous-lnviscid 
flow field. 
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AN EXPERIMENTAL AND NUMERICAL  INVESTIGATION OF SHOCK-WAVE INDUCED 

TURBULENT BOUNDARY-LAYER SEPARATION AT HYPERSONIC SPEEDS 

J. G. Marvin,* C. C. Horstman,** 
M. W. Rubesln/ T. J.  Coakley.tt M. I. Kussoy^ 

Ames Research Center, NASA 
Moffett Field, California 94035. USA 

SUMMARY 

This paper describes a thoroughly documented experiment that was specifically designed to test and 
guide computations of the Interaction of an Impinging shock wave with a turbulent boundary layer.    Detailed 
mean flow-field and surface data are presented for two shock strengths which resulted in attached and 
separated flows, respectively.    Numerical computations, employing the complete time-averaged Navier Stokes 
equations along with algebraic eddy viscosity and turbulent Prandtl number models to describe shear stress 
and heat flux, are used to Illustrate the dependence of the computations on the particulars of the turbu- 
lence models.    Models appropriate for zero-pressure-gradient flows predicted the overall  features of the 
flow fields, but were deficient in predicting many of the details of the Interaction regions.    Improvements 
to the turbulence model parameters were sought through a combination of detailed data analysis and computer 
simulations which tested the sensitivity of the solutions to model parameter changes.    Computer simulations 
using these improvements are presented and discussed. 

Sc 

NOTATION 

A, A     van Driest damping parameter, Eqs. (5) and (6)   y 

c          specific heat at constant pressure a 

cv         specific heat at constant volume 6 

Cr        local  skin friction coefficient, 6. 

Cj, local  Stanton number, q^P^u c (Tt - T ) 

e total  specific energy per unit volume, 
P[CVT + {v2 + u2)/2] 

F,G,H mass-averaged fluxes, Eqs.   (1) and (2) 

I Intermittency factor, Eq.   (9) 

k thermal  conductivity 

i mixing  length, Eqs.  (4) and (20) 

p time-averaged pressure 

Pr molecular Prandtl  number,  ucJk 

Prt turbulent Prandtl  number 

qx axial  heat flux,  -c (u/Pr + pe/Prt)3T/3x 

qr, i    radial  heat flux, -c (y/Pr + pc/Pr^aT/ar 

r radial  coordinate, distance from model 
centerline 

t time 

T temperature 

u mass-averaged velocity component in axial 
direction 

U mass-averaged concervation variables, 
Eqs.   (1) and (2) 

v mass-averaged velocity component in radial 
direction 

x axial  coordinate, distance from leading edge 
of shock-wave generator 

xr 

distance normal to model surface 

shock-wave generator leading-edge angle 

boundary-layer thickness 

boundary-layer thickness at the upstream 
location of the first measured profile 
station 

kinematic displacement thickness, Eq.   (8) 

compressible displacement thickness, Eq.   (11) 

eddy viscosity, Eqs.  (4) and (20) 

von Karman constant, Eq.  (5) 

viscosity 

time-averaged density 

radial normal stress, p - Zuj gf + 7 iJj 

\r     3r     3x/ 

axial normal stress, p - 2uj äT + T ^T 

fv + iv + 3u\ 
Vr     3r      3x/ 

azimutlial  normal  stress, p • 

fv + |v + |u\ 
\r      3r      3x/ 

total shear stress, Eq.  (3) 

2lJT F + I ^T 

Subscripts 

f final axial grid location 

initial axial grid location 

maximum 

1 

max 

o location of Incident shock impingement on 
cylinder surface in the absence of a 
boundary-layer 

*Ch1ef, Experimental  Fluid Dynamics Branch 
**Ass't Chief, Experimental Fluid Dynamics Branch 
tSr. Staff Scientist 

ttResearch Scientist 
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r radial direction x axial direction 

t stagnation conditions w wall 

T total » local free sfeam ahead of Interaction 

1. INTRODUCTION 

The availability of larger, faster computers, the need to reduce wind-tunnel testing, which Is time 
consuming and costly, and to provide alternate simulation capability for test conditions beyond the reach 
of practical wind-tunnel design have resulted In increased emphasis on computational fluid mechanics.    Com- 
putations that were not feasible several years ago are now being performed routinely.    For example: 
inviscid three-dimensional coirputations for speeds ranging from transonic to hypersonic are possible 
(refs. 1 and 2); even flows where dominant viscous interactions occur, such as the interaction of a shock 
with a boundary layer, are being computed (refs. 3 and 4).    These interacting flows present the greatest 
challenge, however, because most of the practical applications occur at high Reynolds numbers where the 
flow is turbulent and little is known about turbulence modeling. 

Until recently, n.ost of the techniques for predicting the flow behavior in the vicinity of shock 
boundary-layer interactions were based on experimental correlations or approximate solutions to the 
boundary-layer equations.    But advances In numerical methods and increased computer speed and capacity have 
resulted in successful attempts to obtain steady-state solutions of the complete time-dependent Navier 
Stokes equations.    Computations of laminar interactions have been used to illustrate the utility and accu- 
racy of these techniques (refs.  3 and 4).    Very recent examples for turbulent flows (refs.  5-7) illustrate 
that such computations using the time-dependent, time-averaged* Navier Stokes equations are also feasible 
and that they describe the qualitative features of the flow interactions.    In these examples, closure of 
the conservation equations was accomplished by describing the turbulent shear stress and heat flux by eddy- 
viscosity models and turbulent Prandtl numbers.    However, a lack of sufficient detailed experimental data 
precluded verification of these models and efforts to modify them so that the quantitative flow features 
could be more aptly described. 

The present study was undertaken to provide a formidable first step toward understanding the mechan- 
isms that must be modeled before successful numerical calculations of these complicated flows can be made. 
It combines experimental and nunerical methods to guide and verify turbulence modeling for two shock 
boundary-layer interaction flows, one with and one without separation.    An axlsymnetrlc experimental 
arrangement was chosen to assure purely two-dimensional flow (ref. 8).    Shocks of two different strengths 
were Impinged on an established turbulent boundary layer to set up both unseparated and separated flows In 
the interaction zone.    Detailed measurements, consisting of surface-pressure, skin-friction, heat-transfer, 
and boundary-layer profiles of velocity, static pressure, and temperature were obtained at finely spaced 
intervals along the surface.    Analysis of these data was undertaken to define the detailed behavior of the 
turbulence parameters used to describe the shear stresses throughout the interaction regions.    Computations 
were made using the time-dependent, time-averaged Navier Stokes equations employing the exact experimental 
boundary conditions and algebraic eddy-viscosity descriptions for the turbulent shear stress.    The authors 
reported preliminary progress on the separated case in ref.  9. 

2. APPARATUS AND PROCEDURES 

2.1 Facility 

The experiment was conducted in the NASA Ames Research Center 3.5-Foot Hypersonic Wind Tunnel.    This 
facility operates in a blowdown mode and utilizes contoured axlsymnetrlc nozzles to achieve a uniform Mach 
number, and an open-jet type test core approximately 0.7 m in diameter and 4 m In length.    The present 
tests were all performed at a nominal free-stream Mach number of 7.2 and with nominal values of total tem- 
perature and pressure of 695° K and 34 atmospheres, respectively.    The corresponding nominal value of free- 
stream unit Reynolds number was 10.9xl06 m"1 and the useful  test time was about 3 min. 

2.2 Model 

A cone-ogive cylinder, 330 cm in length and 20.3 cm in diameter was used as the test surface (see 
fig. 1).    An annular Shockwave generator, 51 cm in diameter, mounted concentric with the cylinder axis was 
used to generate shock waves of two different strengths by beveling the sharp leading edge at either 7.5° 
or 15°.    The generator could be translated in a direction paralle1 to the cylinder axis so that the entire 
interaction region could be passed nver selected survey stations. 

Interchangeable instrumentation ports, 12 cm in diameter and specifically contoured to match the 
cylindrical surface, were located at 25 cm Intervals along the cylinder in a single line, and every 50 cm 
In another line 180° around the body.   One port was instrunented with a floating element skin-friction 
balance.    Another was used to accoimodate either pitot and static pressure probes or total temperature 
probes.    The probes were positioned by a mechanism contained inside the cylinder and automatically actuated 
from outside the tunnel test section.   The remaining ports were instrumented with thermocouples spot- 
welded to the inner surface every 1.25 cm and with static pressure taps.    Static pressure taps were also 
located every 5 cm along the entire cylinder between ports. 

2.3   Test procedure 

Data were collected from a series of tests with the tunnel operating at the nominal conditions 
described above.    In separate tests without the generator it was determined that a fully developed turbulent 

^Tirne averaging in these equations is over periods long compared to turbulence time scales, but short 
compared to the time variations of the flow field as a whole. 
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Fig. 1    Test model. 

boundary layer with negligible axial pressure gra- 
dient was established over the cylinder surface 
between 100 and 300 cm from the model tip (ref. 10). 
With the generator In place, the nominal measured 
boundary-layer parameters ahead of the interaction 
for the 7.5° anJ 15° generator angles, respectively, 
were:    edge Mach number, 6.7 and 6.9; boundary- 
layer thickness, 3.2 cm and 2.7 cm; and Reynolds 
number based on boundary-layer thickness, 0.23xl06 

and 0.2xl06.    The model wall temperature was 
essentially consUnt at a value of 300° K. 

Surface pressure, skin friction, and heat 
transfer were obtained at small  Intervals by mov- 
ing the shock-wave generator in an axial direction 
during the tests.    The boundary-layer thickness 
increased about 10t over the distance of 25 cm 
which corresponded to the difference between the 
farthest upstream and downstream positions of the 
generator.    The difference in boundary-layer thick- 
ness had little influence on the results, provided 
they were compared at equivalent distances from the 
leading edge of the generator. 

Skin friction was measured with a contoured floating-element balance whose sensible element was 
0.95 cm in diameter.    Calibrations of the gage before and after each test run were repeatable to within 
51.    The skin-f-iction data were corrected for buoyancy effects resulting from the axial pressure gradient. 
Corrections were less than 10% of thp measured values, except in the regions of minimum skin friction for 
the 7.5° generator tests and near separation and reattachment for the 15° generator tests, where they were 
AS high as 50% of the measured upstream zero pressure gradient values.    The heat-transfer rate was measured 
ising the thin-wall  transient technique.    Longitudinal conduction errors were computed and found to be less 
:han 5% of the measured rates and so no corrections were applied to these data. 

Velocity, density, and pressure profiles were obtained from pitot and static pressure and total  tem- 
perature surveys.    Each survey was taken during a single test run, and its axial location was established 
prior to the run by prepositioning the shock generator.     In the interaction region, surveys were obtained 
every 2 cm for the 7.5° generator tests and every 2.5 cm for the 15° generator tests.    Downstream of the 
interaction the corresponding distances between survey stations were Increased to 4 cm and 5 cm, respec- 
tively, for the two generator angles.    In the reversed flow region established with the 15° generator, 
pitot neasurements were obtained In upstream and downstream directions to help establish the extent of 
separation.    When traversing the boundary layer, the probes were stopped at each location for a few seconds 
to avoid time lags in the measurements, and static pressures at the model surface were monitored continu- 
ously to verify interference-free data. 

To verify that the model was aligned with the free-stream flow direction, surface-pressure measure- 
ments at selected axial positions were obtained at 90° intervals around the model, and skin-friction 
measurements at selected axial positions 180° apart.    Comparisons of these data around the model showed 
variations that were within the experimental accuracy of the measurements.    For the 15° generator tests, 
separation and reattachment lines around the model were also measured using a surface oil  film technique. 
The results verified an axisynmetric separation zone. 

A more complete description of the test procedure and data accuracy along with tabulations of all the 
test data are given in  ref.  11. 

3.    GOVERNING EQUATIONS AND NIMRICAL PROCEDURES 

The equations and numerical  procedures were first presented by the authors in ref. 
ness, sornN of that information is presented again  in this section. 

9.    For complete- 

3.1    Equations and boundary conditions 

The mass-averaged Navier Stokes equations for compressible flow, expressed in cylindrical coordinates 
with axial  symmetry assumed, were used to predict the flow throughout the interaction region.    The equa- 
tions and the concept of mass averaging are discussed in ref.  12.    The turbulent Reynolds stress ana heat- 
flux terms in these equations are related to the mean flow gradients of velocity and temperature by eddy- 
transport coefficients  that are added to the molecular-transport coefficients.    Additional  restrictions on 
the equation s>stem Include the perfect gas assumption, constant specific heats, the Sutherland viscosity 
law, and zero bulk viscosity.    The resulting equations are 

3U     3F.  aG 
3t      3x      3r (1) 

F = r 

pu 
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SHOCK 

Fig. 2   Flow-field sketch and 
computational domain. 

Figure 2 shows the computational domain.    The conditions on the upstream boundary were prescribed by a 
combination of an Invlscld, method of characteristics program (ref.  13), and a boundary-layer program 
(ref. 14) modified for turbulent flows by Marvin and Sheaffer.    At the upstream boundary position, the 

experimental and computed Incident shock waves were 
aligned and the boundary-layer program was run for 
an   x   distance that ensured a match of experimen- 
tally and numerically determined displacement thick- 
nesses.    Along the cylinder surface, r = r^   or 
y ■ 0, the boundary conditions used were the vis- 
cous, no-slip conditions, u » v • 3p/3r « 0, T ■ Tw, 
while along the outer boundary they were the Invls- 
cld, free-slip conditions, v ■ ap/ar ■ 3u/3r 
• 3T/3r = 0.    At the downstream boundary the simple 
extrapolation relation, i.e., 3{u)/3x ■ 0, was 
used.    The Initial conditions within the computa- 
tion domain used to start the solutions were 
obtained by setting the values of all variables 
equal to their Inflow boundary values at the same 

vertical station. I.e., f(x, r, o) = fU^, r, o), x< s x < xf.    To restart solutions or make modifications 
to turbulence parameters, initial values of the variables were set equal to their computed values obtained 
during the last time-step of the previous solution. 

3.2   Numerical procedures 

The finite difference scheme used to solve eq.  (1) is the same as that developed originally by 
MacCormack (ref. 3) and applied more recently to two-dimensional turbulent shock boundary-layer interac- 
tions by Baldwin and MacCormack (ref.  15).    The numerical  techniques employed In the present study, along 
with all  the pertinent difference equations, and some special procedures, are reported in ref. 9.    The 
computational domain was subdivided Into four subgrlds with each subgrid divided into a number of uniform 
grid cells with spacing   fiy.    Finer spacing was employed near the wall.    A total of 78 cells In the   y 
direction was used; uniformly spaced grid with 48 cells in the  x   direction was used with spacing 
ix = 0.80 or 0.635 cm for the 7.5 and 15° cases, respectively.    Some of the solutions presented later cover 
axial distances greater than those obtained with the 48 cells in the    x   direction.    Those solutions were 
achieved by redefining the upstream boundary to coincide with a position about 3 cm ahead of the downstream 
boundary from converged solutions and then continuing the solutions on downstream for another 48   x   cell 
points. 

The solutions were advanced in time following the procedure described in ref. 9.    Steady-state conver- 
gence was assuiied when solutions from at least 20 successive time steos showed little or no change.    Compu- 
tation times to achieve these fully converged solutions on a CDC 7600 were 3-4 hrs for the 15° generator 
cases and about 1 hr for the 7.5° cases. 

4.    RESULTS AND DISCUSSION 

4.1    Experimentally detennined flow-field features 

Figure 2 depicts the major features of the shock-wave, boundary-layer interaction zone.    The sketch 
is based on boundary-layer survey measurements and shadowgraphs taken during the experiments using both the 
7.5° and 15° shock-wave generators.    The incident shock wave, wejkened and curved somewhat by the excension 
fan emanating from the corner formed by the leading edge and the body of the shock-wave generator,  impinges 
on the Incoming boundary layer.    The subsequent Increases 1n surface pressure cause the boundary layer to 
thicken, or even separate in the case of the strongest incident shock wave, and induce a shock i-.'ave. 
Thereafter rapid flow turning and boundary-layer thinning occur and a recompression shock is formed. 

Figure 3 shows the surface measurements obtained for the two shock-wave generator angles.    Surface- 
pressure, skin-friction, and heat-transfer coefficients are shown as functions of a normalized interaction 
distance centered about   x0, the location of the intersection of the Invlscld incident shock wave with the 
body surface in the absence of a boundary layer.    With the 7.5° generator, the pressure rises continually 
through the interaction, the skin friction decreases initially in the presence of the adverse pressure 
gradient, and rises thereafter in the recompression region where the boundary layer thins.    The heat trans- 
fer follows a behavior similar to that of the pressure.    No separation was observed in this case, either 
from the skin-friction measurements or from oil-flow patterns that were established and photographed during 
some special tests.    In contrast, with fie 15° generator the initial  increase in pressure levels off in a 
plateau, and negative values of skin fr.ction were measured, both characteristics typically associated with 
separation.    Rapid Increases in pressure and skin friction occur downstream of reattachment.    The heat 
transfer rises continually through the Interaction until the surface pressure decreases.    For both gener- 
ator angles, the decay in pressure, skin friction, and heat transfer downstream of the Interaction Is a 
direct resul, of the expansion fan emanating from the corner of the generator. 

Figures 4 and 5 p. esent constant static pressure and velocity contours and Illustrate further the 
details of the two interaction cases under investigation.    The contours were constructed from the profiles 
of velocity and static pressure across the boundary layer obtained from pitot and static pressure and total 
temperature measurements taken at small    Ax   and   Ay    Intervals.    Complete tabulations of these profile 
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data can be found In ref. 11.    Locations of the Inci- 
dent, Induced, and recompresslon shocks are easily 
recognized In the pressure contours.    Note that for 
the 15° generator the pressures are higher than the 
wall-peak pressure In the compression region down- 
stream of the Intersection of the Incident and 
induced shocks.    The velocity contours Illustrate 
more dramatically the differences between the two 
flow cases.    For the larger generator angle the 
flow velocity near the wall  In the vicinity of the 
Interaction Is highly retarded and achieves nega- 
tive values associated with the reversed flow In 
the separated zone. 

A precise determination of separation and 
reattachment polncs for the separated case was 
made difficult because of the unsteady nature of 
the separated flow and the relatively large diam- 
eter of the skin friction element.    A detailed 
discussion of this unsteady phenomenon Is given In 
ref. 9.    A best estimate of the extent of the time- 
averaged separation region was obtained from data 
obtained with forward and backward facing pltot 
tubes.    These data, obtained at fixed values of 
y   with   x   varied by moving the shock generator, 
Indicated a separated region extending from 
(x - x0)/60 ■ -3.15 to -1.68.    This region Is 
somewhat larger than the skin-friction measure- 
ments Indicated.    Locations of the separation and 
reattachment points from the pltot measurements 
are shown on the abscissa of the skin-friction plot. 

SR   . 

Fig. 3   Measurements along the 
model surface. 
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Fig. 4   Static pressure contours obtained 
from flow-field measurements. 

Fig. 5    Velocity contours obtained from 
flow-field measurements. 

4.2   Numerically simulated flow-field features 

As previously mentioned, the turbulent Reynolds stress and heat-flux terms In eq.  (2) were assumed to 
be related to the mean flow gradients of velocity and temperature by algebraic eddy-transport coefficients 
that were simply added to the molecular transport coefficients.    Mainly, this choice was dictated by con- 
siderations of economy In the computer program.    Although such a model may be restrictive In Its applica- 
tion to other new flow situations. It suits our current objectives of (1) defining the eddy viscosity field 
that results when a shock Impinges on a turbulent boundary layer, and (2) determining whether Improvements 
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In the eddy viscosity description used In the numerical simulations can oe made by a close examination of 
the experimental data. 

4.2.1   Results using a baseline turbulence model.   The first numerical simulations were obtained with 
a modified, two-layer. Cebecl-Smlth (ref. 16) eddy viscosity model.   Modifications suggested by Cebecl to 
account for pressure gradient effects were not used.    The shear was expressed as: 

T..Txr.(^pe)(|!Ug) (3) 

In the Inner layer the following mixing length description for the eddy viscosity was used: 

E . tl . t2/|u + |vft (4) E1nner \*r     ix\J v  ' 

where 

i • Jl - exp/^l (5) 

A - A* —*- (6) 
W/^w 

.+ 
with the von Karman constant   * • 0.4 and the van Driest constant   A   « 26.    In the outer layer, the eddy 
viscosity was given, following Clauser, by: 

£ - W " 0-^8 ^ (7) 

where 

•o       \       max/      w 

I - T S.skY (9) 

^ 

15J 

« - 1.735 fi* (10) 

Jrymax/ \ ru + y 

o       \      VM 'max/      w 

The above definitions of the displacement thicknesses differ somewhat from the conventional ones.    The 
present choice was dictated by the fact that, 1n the first stages of developing the Navler Stokes code for 
the shock Interaction problem, overshoots In the velocity profiles during early time-steps made It diffi- 
cult to select the edge of the viscous layer.    Therefore, the value of   yMx   was simply taken as the 
boundary-layer thickness ahead of the Interaction, and   Umax   «"d (pu)max    were taken as the local maximum 
values between the wall and   ymax-    The boundary between the two layers was determined by the value of   y 
where   e1nner - Eouter- 

The heat flux was expressed In terms of the eddy viscosity by: 

i-^h» 
where   Pr   » 0.9. 

Results of the computations using this baseline turbulence model are compared with the experimental 
data In figs. 6, 7, and 8.    Overall, the computations predict the qualitative features of the two flows 
remarkably well considering the simplicity of the turbulence model, but a closer examination of the com- 
parisons points out the major limitations of the computations. 

The overall surface pressure rise for the flow with the 7.5° shock-wave generator (fig. 6a), Is pre- 
dicted reasonably well, except for the location of the Initial rise In pressure.    The corresponding pre- 
dicted rises in both skin friction and heat transfer  lag the data In the Interaction region, reflecting 
the inability of the slmp'e turbulence model to predict any upstream influence, but the final predicted 
levels downstream agree reasonably welT with the data.    The skin friction prediction shows separation at 
the surface b'jt the measurements do not.    The pressure contour comparisons (fig. 7a), show that tne compu- 
tation predicts only the Incident and reflected shocks whereas the experimental data show the presence of 
an induced shock.   The comparison of the streamline contours (fig. 8a), shows the prediction of a zero 
velocity line just off the surface accompanied by a small realon of reversed flow which is not present In 
the experimental data. 
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F1g.  6    Compar   „ons of computations and measurements along the model  surface. 

Similar conclusions can be made from comparisons of the numerical computations and the data for the 
flow with the 15° shock-wave generator (figs. 6b, 7b, and 8b).    With the baseline turbulence model, no 
upstream influence Is predicted and in this separated flow case no plateau pressure is predicted.    The 
Induced shock wave caused by the large separation In the experiment Is not predicted because the computa- 
tion predicts such a small  separation height.    For this separated flow case, the baseline turbulence model 
results In good prediction of the overall pressure and skin friction rises and their subsequent dcray; but 
the heat transfer is substantially underpredlcted (see fig. 6b). 

4.2.2 Baseline model modlflca 
combining data analysis and trlaTa 
changes could have been guided enti 
been available. But, since attempt 
so far produced unsatisfactory resu 
of uncertainty is introduced In thl 
balance, especially in the outer po 
solutions to the code itself to gul 
attention was not confined to physl 

tlons.    Attempts were made to guide changes in the turbulence model by 
nd error solutions in the actual Navler Stokes ode.    Ideally, these 
rely from data If absolutely reliable shear-stress measurements had 
s to directly measure the shear stress through these interactions have 
Us, the boundary-layer profile data were used.   A significant degree 
s procedure, however, because the l.iertlal  forces dominate the momentum 
rtlons of the flow.    Conversely, relying solely on trial and error 
L'e modeling changes would be time consuming and perhaps unsuccessful  if 
ally meaningful changes. 

The shear-stress and heat-flux distributions through the boundary layer were evaluated by the use of 
experimental profile data to solve the following equations based on the boundary-layer approximation: 

1 
v w 71 r T    + w w 3X   J    l 

r    + 
w y)(p + pu2)dy 

u 37 J (rw + y'pu ** (13) 

and 

-UT = TF-WT [VW + cpTt £ j[y(rw+ y)pu ** 

a* I (l y)pucpT tdyj (14) 

By performing Integration with respect to   y   before differentiation with respect to   x   and by employing 
the conservative form of the variables, e.g. (p + pu2). It was expected that errors in the momentum and 
energy balances could be minimized.    Despite these precautions, not all the shear profiles approached zero 
at large distances from the wall where they should have.    In some of these cases it was possible to 
adjust the Inertlal balance across the boundary layer so that zero shear was achieved at the edge of the 
thermal boundary layer.    These adjustments were usually small for the 7.5° shock wave generator profiles, 
but somewhat larger for the 15° generator profiles. 
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F1g. 7   Comparisons of static pressure contours from computations and experiment. 

Figure 9 shows the shear profiles resulting from these momentum and energy balances for axial loca- 
tions ahead, within, and downstream of the two Interaction regions.    For the flow with the 7.5° generator 
the maximum shear stress within the boundary layer builds up rapidly within the Interaction region as the 
adverse pressure gradient Increases; after peak pressure Is reached this maximum shear relaxes toward Its 
Initial level but at a very slow rate.    At the farthest downstream location where the pressure gradient Is 
favorable the shear near the wall decreases anJ subsequently Increases, Indicating that the shear In the 
outer extremes of the boundary layer Is adjusting to the local flow gradients more slowly than the shear 
near the wall.    Similar conclusions can be reached for the separated case using the 15° generator.    In this 
case, data were available for a larger downstream Interaction distance, and the shear appears to have 
adjusted to the local flow gradients.    Also, for this separated case, the maximum shear In the boundary 
layer continues to Increase downstream of reattachment and slightly beyond the location of peak pressure. 

A maximum mixing length was determined at each of the profile survey stations by dividing the experi- 
mentally deduced shear distributions by the measured velocity gradients, plotting the results, and choos- 
ing the maximum value of mixing length.    For those cases where the mixing length continuously Increased 
with distance from the wall, the value of maximum mixing length was chosen at the point where the first 
significant departure from a linear mix!.13 'enoth distribution occurred.    These maximum values are shown 
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Fig. 8   Comparisons of velocity contours from computations and experiment. 

in fig.  10 as a function of the Interaction length parameter.    The extremes on the bars represent the 
uncertainty Introduced by using shear profiles evaluated either directly from the momentum balances or 
from momentum balances modified by adjusting the Inertial terms to Insure zero shear at the edge of the 
thermal boundary layer.    The uncertainty was largest In the region downstream of reattachment for the 15° 
generator case.    In both cases the maximum mixing lengths tend to decrease In regions of adverse pressure 
gradient where the boundary layer thickens, and to Increase In regions of favorable pressure gradient. 

Near the surface where the Importance of the Inertia and convection terms In the momentum and energy 
balances diminished, attempts were made to evaluate   K   and   AJ.    The shear profiles at each survey station 
were analyzed by Integrating the following system of equations to obtain values of velocity and temperature 
as a function of   y   out to distances where the estimated errors In the Inertlal balance became significant 
compared to the magnitude of the local shear (usually this consisted of about 9 measured points away from 
the wall): 

(- * "'i) 3U 
ay (15) 
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Be't fits to the velocity and temperature profile data near the wall were achieved by repeated Integration 
of these equations until the sum of the root mean square of the differences between the predicted and mea- 
sured velocities and temperatures were minimized.    The procedure was automated for solution on a CDC 7600 
and Initiated by Inputting shear and temperature profiles from the momentum and energy balances along with 
the measured values of wall shear.    An optimization routine^ was Initiated and values of    <  and  AjJ 
and   qw   were sought to satisfy the minimization criteria.    The root mean square of the residuals never 
exceeded 5? and in most cases was less.    Exceptions to this residual band occurred for the 15° generator 
case In the separated region.    However,  It was still possible to achieve this band at these profile sta- 
tions, provided the input wall shear was also considered part of the optimization routine along with the 
other parameters.    This was not surprising, however, since accurate skin-friction measurements were diffi- 
cult to make 1n this separated region.    An example of the best fits to the velocity and temperature data 
near the upstream edge of the separated region are shown as the solid lines In fig.  11.    Two Important 
aspects of this example are noteworthy.    First, as this station, the wall shear needed to achieve a best 
fit was -5.28 N/m2 whereas the direct measurement was 12.1 N/m2.    Considering that the station Is near the 
separation point where experimental accuracy Is poor and that the separation point Is unsteady, this 
disparity Is not unreasonable.    Second, at this station, values of   <   and    Aj   are significantly '  wer 
than their corresponding undisturbed values, 0.4 and 26. 

Figure 12 presents the values of    *■    and    A*   required to achieve these best fit velocity and tempera- 
ture profiles for both of the Interaction cases being studied.    The error bands on the symbols again repre- 
sent the uncertainty Introduced by using shear profiles evaluated either directly from the momentum 
balances or from momentum balances modified by adjusting the inertlal terms to Insure zero shear at the 
edge of the thermal boundary layer.    The results for the 7.5° generator show that   A£   decreases In the 
vicinity of the Interaction while   <    Increases.    These results are Interpreted as Indicating a higher 
eddy-viscosity throughout the region than that predicted by the baseline turbulence model.    This could 
explain why the numerical bimulations using the baseline turbulence model predicted separation.    For the 
15° generator case where separation was present, similar trends in   K   and   Aj   are apparent.    However, 
the uncertainties within the separated region precluded any precise determination of the parameters. 
Apparently, both   K   and   AyJ   decrease ahead of and in the upstream portions of the separated region.    At 
the downstream edge of the separated region near reattachment   •:    has Increased considerably and   Aj   is 
also increasing.    The physical Interpretation of these results suggests that ahead of separation the 

t^The optimization routine, described in ref.  16, was developed by Garret Vanderplaats of NASA Ames 
Research Center.    His assistance in helping to Implement it for this application Is appreciated. 
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F1g. 11 Comparison of experimental and best fit 
velocity and temperature profiles employing a 
modified Inner eddy-viscosity model. Fig.  12   Axial  variation of   A     and    K. 

sublayer or Inner region has a somewhat higher eddy-viscosity than the baseline model would predict, but 
1n the logarithmic region the viscosity Is somewhat lower than the baseline model would predict.    In the 
separated region, an Interpretation Is more difficult to arrive at, but apparently, et least near the 
reattachment point, the eddy viscosity is higher across the sublayer and logarithmic regions than would be 
predicted by the baseline model. 

The turbulence model mixing length formulation suggested by the foregoing data analysis was Intro- 
duced Into the Navler Stokes computer code In the following way. 

xr      v 

E -  J' 

In the Inner region 

,/3u .  3v\ 

[(r(C 
c(x) 

Aw(x) ^ 
t     P w1 w 

In the outer region 

Wx) 

(19) 

(20) 

(21) 

(22) 

(23) 

Employing tmx 1n this model formulation eliminated the need for arbitrarily defining compressible and 
incompressible displacement thickness as was the case with the baseline model. The boundary between the 
two regions Is determined by the value of y where i = i^^. The heat flux equation remained the same 
as for the baseline model  (see eq.  12). 

Computer simulations were next obtained using the experimental data analysis as a guide for evaluating 
the parameters    tmaxW« K(X), and A^(x).    First, values directly from the data analysis were used. 
Examination of the resulting computer simulations made It apparent that adjustments to the parameters would 
be needed before the simulations would predict the experimentally determined features of the flow fields 
In the Interaction region.    Therefore, a trial and error procedure was Initiated to arrive at more appro- 
priate dlstilDutlons of the turbulence parameters.    The procedure Is still underway at this time.    Before 
discussing the results of this procedure to date, some Interesting observations can be pointed out.    The 
simulations were all more sensitive to modifications of the inner region model  parameters than the outer 
maximum mixing length parameter.    In the Inner region Itself, Ay5(x) modifications tended to affect the 
solutions more than those for   ic(x), especially In the separated case.    However, best results have been 
achieved with modification to both   A^(x) and    «:(,'). 

4.2.3   Results using a modified turbulence model.    The turbulence parameter variations used 1n the 
latest computer }imulat,ons empToyTmTthe complete Navler Stokes equations are shown as the solid and dashed 
'Ines In figs.  10 and 12.    The maximum mixing length variation (fig. 10), employed In all simulations 
corresponded to the mean variation exhibited by the data analysis.    In the Inner layer region (fig. 12), 
values of   A^   and   K   had to be a1tered to obtain better predictions of the experimental surface and 
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flow-field data.    For the 7.5° generator case these variations 1n   AjJ   and   x   follow the trends exhibited 
by the data analysis.    The largest disparity between the values used In the simulations and those deduced 
from data analysis is In   Aj   at the beginning of the interaction region.    As noted before, decreasing   Aj 
and Increasing   «:    both result in a larger eddy viscosity in the inner layer region.    For the 15° generator 
case the variations in the inner layer turbulence parameters follow the same trends as the data analysis 
except near reattachment.    Part of the reason for this disparity is that the data analysis in this region 
was completed only recently and there was insufficient time to obtain converged simulations before prepar- 
ing this manuscript. 

The results of the computer simulations using the turbulence parameter variations described above are 
presented in figs. 6, 7, and 8.    For the 7.5° generator case there is obvious improvement over the baseline 
predictions of skin friction and heat transfer in the interaction region (see fig.  6a).    Separation is not 
predicted and the upstream influence of the interaction coincides with that observed from the data.    Down- 
stream of the peak pressure location the heat-transfer prediction is not as good as the baseline model 
predictions, but this could be explained Ly an Incorrect choice of a constant turbulent Prandtl number. 
At this stage of model development this disparity in heating prediction is not considered crucial because 
the solutions of the momentum and energy equations are loosely coupled.    The turbulence model changes had 
little effect on the surface pressure prediction.    Tne pressure and velocity contours (figs.  7 and 8) are 
not changed significantly from those for the baseline model, except that no reversed flow region is pre- 
dicted with the modified model.    The reflected shock observed in the data is still not predicted.    The main 
reason for this is that the numerical simulations fall to show a significant thickening of the boundary 
layer at the start of the Interaction region. 

Results using the turbulence model modifications for the 15° generator case are also shown in 
figs.  6, 7, and 8.    The predicted separation bubble size Increased considerably with a corresponding pre- 
diction of upstream influence and a plateau in the surface pressure.    The pressure contours show the 
presence of an induced shock wave similar to that observed in the experimert.    Obviously, substantial 
deficiencies still exist In the prediction using the modified model.    The separated bubble size is still 
smaller in height than the experiment indicates; the plateau pressure is only about half the measured 
value; and all  three surface quantities show substantial differences with the measurements in the inter- 
action region.    It is felt, however, that a significant Improvement in the surface predictions can be made 
by Including the latest data analysis values of   A+   and   K   near reattachment.    This should shorten the 
extern of predicted separation and shift thj rise in skin-friction and heat-transfer upstream. 

5.     CONCLUDING REMARKS 

A detailed experimental investigation of the mean flow throughout two shock-wave boundary-layer 'nter- 
actio.'i regions, one with separation and one without, has been presented.    Although the Interactions were 
very complex, the mean data were of sufficient detail and quality to assess the validity of numerical 
simulations and fo guide turbulence model changes. 

Numerical solutions, employing the full  time-averaged Navier Stokes equations along with algebraic 
eddy viscosity models appropriate for zero-pressure-gradient flows, predicted the overall features of the 
flow fields, but they were seriously deficient in predicting the details of the interaction regions. 
Through a combination of data analysis and trial and error computer simulations, which tested the sensi- 
tivity of the solutions to turbulence model parameter changes, the agreement between numerical predictions 
and experiment was Improved. 

Although the improvements fell  short of identifying an optimum model,  several  Important trends regard- 
ing the two-layer, algebraic eddy-viscosity model  can be noted.    The inner layer model   parameters had 
substantially more influence on the numerical   simulations than the outer layer parameter.    Where the 
boundary layer was unseparated, the eddy-viscosity in the inner layer region had to be increased substan- 
tially over that predicted by a zero-pressure-gradient,  two-layer model, otherwise separation was pre- 
dicted.    Therefore the simple zero-pressure gradient model cannot be used to predict  locations of 
separation.    Where separation did occur, the results were less clear, but the eddy viscosity in the sub- 
layer region had to be increased while in the  logarithmic region it had to be reduced  somewhat, otherwise 
the separation bubble size was substantially underpredicted. 
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PREDICTION  OF  TURBULENT  SEPARATED FLOW AT  SUBSONIC AND 
TRWSONIC   SPEEDS   INCLUDING  UNSTEADY  EFFECTS 

by Gary  D.   Kuhn,   Research Engineer 
and Jack N.   Nielsen,   President 

Nielsen   Engineering &   Research,   Inc. 
510 Clyde Avenue,   Mountain View,   CA   94043 

SUMMARV 

An   integral boundary-layer method   is  extended  to calculation  of  separated   turbulent 
boundary   layers   in  steady  flow and   to  unsteady   turbulent boundary   layers.     Separated bo'in- 
dary   layers   are  calculated by  treating  the  pressure  as  a  dependent   variable  and  prescribing 
the  wall   shear   variation.     The boundary-layer  method  and  a  suitable  potential   flow method 
are   used   in  an   iterative  procedure   to  produce   a  method   fcr predicting  the  characteristics 
of   separated   flows.     The  interaction between  the  boundary  layer  and   the   inviscid   flow is 
accounted   for  by  augmenting   the  physical   surface  by  the boundary-layer  displacement  thick- 
ness.     Good comparisons are  shown between the  theory and data  for  a  separated  turbulent 
boundary   layer   on the wall   of  a  transonic  wind   tunnel.     Modifications   are  derived  by 
which   the displacement   thickness   can be  prescribed  and  an  improved   iteration developed. 
Analytical   solutions  developed   from   a   small   perturbation  analysis   indicate  the   method  is 
valid   for  unsteady  flow over  a  certain   range  of   frequencies.     Good   comparisons  were ob- 
tained  between   the  linearized   theory  and   results   produced by   a   finite-difference   solution 
of   the   complete   nonlinear  unsteady  boundary-layer  equations.   Examination   of  the   nature 
of   the   integral   equations   in   the   vicinity  of  a   point  of  zero  wall   shear   stress   indicates 
that   the   shear   stress  gradient  decreases   approaching  the  point  of  zero   shear  in   agreement 
with   the   results   of other  researchers. 

13     13 

A. 

A 

RX    R^ Bi,Bi 

D 

f 

k 

L 

P 

P 

Q 

Ri 

r 

S 

T^ 

U,V 

Uo 

U 

U. 

u, V 

coefficients   in Eqs.   (26) ,    (27) , 
and    (31) 

coefficients   in Eqs.    (39)   and 
(39) 

amplitude  of  time-dependent   part 
of      ',   Eq.    (55) 

amplitude  of  time-dependent  part 
of     U.J,   Eq.    (52) 

coefficients   in  Eqs.    (38)    and 
(39) 

quantity defined by  Eq,    (49) 

weighting  junction,   Eq.    (21); 
also   unsteady  part   of     UT, 
Eqs.    (41)   and   (45) 

unsteady part of f , Eqs. (42) 
and    (46) 

constant denoting whether flow 
is two-dimensional or axisym- 
metric,   Eqs.    (1),(2),   and   (3) 

reference   length 

quantity defined by   Eq.    (47) 

pressure 

quantity defined by Eq. (48) 

terms in Eqs. (38) and (39) 

radius 

enthalpy parameter  Tt/rt 
_1 

total temperature 

transverse curvature factor, 
Eq. (14) 

velocity components in incom- 
pressible plane 

arbitrary wall velocity 

wake parameter, Eq. (22) 

friction velocity, Eq. (23) 

velocity components in physical 
coordinate system 

SYMBOLS 

X,Y 

x,y 

Y + 

a 

M 

v 

l 

e 
i 

transformed  coordinates   in 
incompressible  p1ane 

physical  coordinates,   x     is 
measured  along  the surface, 
y    is  normal  to  the surface 
with    y =   0     at  the  surface 

coordinates   in transformed 
axisymmetric  system 

|UT|Y/v 

angle between the body axis 
and a longitudinal tangent 
to the body  at     x 

phase  angle  of     6,   Eq.    (56) 

phase   an.jle  of     UT,   Eq,    (53) 

eddy  viscosity  parameter, 
1  +  s/M 

boundary-layer  thickness 

|UT|6/v 

displacement  thickness. 

I 1 -U/Ue)dY 

axisymmetric  displacement 
thickness,   Eq.    (28) 

axisymmetric  momentum thickness, 
Eq.    (29) 

eddy viscosity -(j (u'v') / (rm/äy) ; 
also amplitude of unsteady flow, 
Eqs.    (40)   and   (50) 

molecular viscosity 

kinematic viscosity 

density 

tan"i;ve/Ue) 

shear  stress 

frequency 
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SUBSCRIPTS AND  SUPERSCRIPTS 

e edge of boundary layer w refers to variable evaluated at 
surface 

o refers  to reference atation or (   ) referB t0 a derivative with 

initial value x respect to    x   (also    y  and t) 

s refers  to steady-state solution (   )' denotes turbulent fluctuations 

INTRODUCTION 

During  the   last several years an  integral method for predicting the two-dimensional 
or axisymmetric  flow field through turbulent  separation and reattachment at transonic or 
subsonic speeds has been under development.     During that  time a number of significant 
advances have been achieved.    The development of a method  for calculating a boundary 
layer smoothly  through  a  separation point  led to the first successful calculation of the 
complete velocity  field   for a separating and  reattaching  turbulent boundary  layer at 
transonic speeds,   excluding base flows.     In  addition,  application of the integral method 
to unsteady turbulent separation has  indicated that the method can produce  results for 
small   time-dependent disturbances   in good agreement with   the results  of other  researchers. 

In this paper,  the  application of the   integral boundary-layer method to steady, 
turbulent,   viscous-inviscid flow interactions taking account of the elliptical nature of 
the problem and  to time-dependent boundary  layers  under prescribed  free-stream conditions 
is described.     For steady viscous-inviscid   flow  interactions,  the technique combines the 
integral boundary-layer  method developed by   the  authors   (ref.   1)   and  a  finite-difference 
potential   flow method described in reference  2.     The boundary-layer characteristics and 
the  inviscid  flow  field  are calculated by an  iteration procedure  in which  the boundary 
layer and  inviscid  flow are calculated alternately by separate calculative programs, 
in attached  flow  regions,   the pressure calculated  from the inviscid flow is prescribed 
for  the boundary-layer  calculation,   and  the   displacement   thickness of  the boundary  layer 
is used to  augment  the  surface coordinate  to pro/ide a boundary condition  for  the   inviscid 
flow.     In the  separated   region,   the pressure cannot be prescribed  in the boundary-layer 
calculations.     Instead,   the wall shear stress or the displacement thickness   is prescribed 
and  the corresponding pressure distribution   is  calculated   from the boundary-layer method. 
Tile  iterative process   is  continued until the  pressure distributions produced by  the 
viscous  solution  and  the   inviscid  solution  agree. 

For time-dependent boundary  layerß,   the  same   integral boundary-layer method   is  used 
with   the addition of  time-dependent  terms which  are omitted  for steady  flows.  Analytical 
solutions  are  derived   from a small  perturbation analysis   described  in  reference   3  to 
study  the  frequency range  of validity  of the  equations.     The nature of the  equations  in 
the  vicinity of  a point  of zero wall  shear   stress   is  also  examined. 

GOVERNING  EQUATIONS  FOR   STEADY   FLOWS 

The governing equations  for  the  steady   ,'.'ow of a compressible  turbulent boundary 
layer  for both  two-dimensional and  axisymmetric  configurations  in terms of  curvilinear 
cylindrical  coordinates   tangential  and  normal  to  the body  surface are 

(rkpu)v +   (rkpv)      -  0 (1) 

puux +  pvuy -  -Px  + -fc   (r Meuy)y (2) 

puSx + pvSy -  -^   (rknßSy)y (3) 

wherein    k •  0     for two-dimensional   flows  and    k  »   1     for axisymmetric  flows,   both 
laminar and   turbulent  Prandtl  numbers  are  assumed   to be  unity,   and  the  term     pv     is 
a time-averaged  quantity defined by 

pv - pv  + p 'v' (4) 

The  quantity     S     is  the  enthalpy parameter,   defined as 

Tt 
S - 5^ -  1 (5) 

Tte 

Transformation  of Axisymmetric Boundary-Layer Equations 
to Almost Two-Dimensional Form 

The Probstein-^lliott  transformation   (ref.   4)   is 

dx - i ~V-       dx (6) W 
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dy -   rixT
lY^   dy (7) 

where     rw(x)      is   the   radius  of  the  body,   measured  perpendicular  to  the  axis  of   the body 
and     r(xly)      is  given  by 

c{xty)   =   r   (x)   + y cos a (8) 

where      i     is   the  angle  between   the body  axis   and  a  longitudinal   tangent  to  the body at 
x,   with     y  =   0     at   the  body  surface.     The   transformed   continuity  equation  has   the   form 

(, u)~  +    {, v)~  =   0 (9) 

where u  =   u (10) 

r> ^ 

and ~        rL L       'Y / i n \ v =  — v   -    -r^ u 11) 
? ?      'X r r 
w w 

Applying   the   transformation  to  the  momentum and   energy  nqs.   (2)   and   (3)   yields   the 
transformed   equations 

, uu~  +   . vu-  =   -p~   +      {1   +   kty)upu~  ~ (12) 1       x       '      y x I .i' i-K  yjy 

, SSj  +  .^  -    [d   +   kt5)|ißSj]~ (3 3) 

where     t      is;   the   transverse  curvature   factor 

'   -   2L  cos    l (14) 
r w 

rw             cos 
i. y +   2L 

i 
- Y and Y  =   — Y   +      2L      Y <15, 

For   flows   in which   tho  transverse  curvature   terms   are  negligible,   letting     k   =  0 
in   Eqs.    (12)   and   (13)    produces   the  equations   of   i.  two-dimensional  boundary   layjr. 

Transformation   of   the  Compressible  Boundary-Layer 
Equations 

The   St'  vartson   transformation   (ref.   5)    along  with   the  assumption   that   the  viscosity 
varies   linearly  with   the   temperature   and   laminar  and   turbulent  Prandtl   numbers   are 
unity,   reduces   the  equations of  a  compressible  boundary   layer to  those  of   an   incompres- 
sible boundary   layer 

Ux   +   UY  =   0 (16) 

UUV   +  vn    =   (S   +   1)U,(UJY   +   v-    [(1   +  kty)!m,L (17) 
X Y   _ 'U2,U2'X 

usx + vsY = veo[(l  + kty)pSy]Y (18) 

Tl'.c  coordinate     y     is   not  transformed   in   the   transverse  curvature   terms because   numerical 
integration  of   tho   equations  across   the  boundary   layer   is   anticipated   and   only  corre- 
sponding   values   are  needed   in  those   terms. 

In   the   remainder   of  this   report,   the   solution   of   the   energy  Eq.    (18)   will  be 
approximated  by   the Crocco  relation 

S   =   SwC1   "  C) (:9) 

Thus,   the  velocity  profiles   found  to be  valid   for   incompressible  two-dimensional 
turbulent   boundary  layers  can be  used  by   simply   transforming  the   input  ouantities   to 
the   incompressible  plane,   performing   the  calculation   for  an equivalent   i-  compressible 
boundary   layer,   and   then  transforming  the   results  back   to  the compressible   plane,   and 
for   an  axisymmetric   flow,   back   to  the  axisymmetric  coordinates. 

INTEGRAL  BOUNDARY-LAY ER  HETHOD   FOR   INCOMPRESSIBLE  FLOW 

Integral   Equatioas 

Because   it  was   anticipated  that,    for  predicting   turbulent  separated boundary-layer 
characteristics,   an   iterative  scheme  would  be  developed   requiring multiple   calculations 
and  because  questions   of  existence  and  convergence  of   solutions  arise,   it  was  desired 
to  use  the   simplest  possible  theories   for  the  boundary-layer  flow  and   the   inv.scid 
flow which   still   retain   the  essential   physical   features   of  the  flow.     The  method   chosen 
to  calculate  the  boundary  layer   is  an   integral   method   similar to  that   presented  by  Nash 
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and Hicks   (ref.   6) .     Different velocity profiles  and  eddy  viscosity models are used   in 
this work.     The metnod used herein was  described  in detail  in reference  7. 

Families of  integral  equations are derived by  eliminating   V   between the momentum 
and continuity equations   and then taking weighted   integrals of thn  resulting equation 
across  the boundary  layer. 

j \uvx - Uy J   V'l "  (s  + 1)ue(ue)x " v(ßuY)Jf(Y)dY - 0 
ol 

In the present case the functions 

(20) 

f ~ Yn; n - 0,1 (21) 

produce the momentum and moment of momentum integral equations, respectively. 

Velocity Profiles 

(22) 

The    Y     dependence of  the  inte7ral  equations   is  eliminated by substituting an 
appropriate parametric  formalation  for  the velocity  profiles.     The  function used  for 
the present  theory   is a modification of Coles'family   (ref.   8)   with a  laminar  sublayer 
added  and the wake   function approximated by a cosine. 

U -  UT[2.5  ln(l   + Y+)   +   5.1  -   (3.39 Y+  +  5.1)e"0-37Y   1 + ^ Uß  1  - COS^TT |) 

The parameter    UT     is  the  usual  friction velocity,   modified  to accommodate separated 
flows, 

UT"   (VITwl)(lTwl/P)1/:i (23, 

Tha other parameters   in Eq.   (22)   are    6,   the boundary-layer  thickness  and    U
Q     a wake 

velocity.    The  exponential  terms and the additional   unit  in the logarithmic term    provide 
a smooth  transition   from  the turbulent   flow to  the wall  through a laminar  sublayer. 

Eddy Viscosity 

The eddy viscosity model used  in this work  is  an extension of the two-layer model 
used by Kuhn   (ref.   9)   including an  intermittency  function  for the outer  layer  and  a 
modification  of the  outer   layer for adverse pressure  gradients and  separated   flows.      In 
the  inner layer of  attached  flows,   the  eddy  viscosity parameter,  3,   is  represented by 
an exponential  expression based on the   law of  the wall.     In  the outer layer Clauser's 
expression,   modified  for  adverse pressure gradients,   is used along with an intermittency 
function giving 

e   -[0.013   +  0.0033  exp(-6*px/15Tw)]ue6*/[l   +   5.5(Y/6)e] (24) 

For  favorable  pressure gradients,   the exponential  term  in  Eq.   (24)   is taken to be  unity. 

For  separated   flows,   the eddy viscosity  across   the entire  layer  is   represented  by 
a  relation based  on  the velocity profile  above  the     U «  0     line. 

0.0l3[l + 5.5(V/6)6]-^/     (l-^) dY (25) 

Y 
u-o 

Equations  Solved 

Substitution  of  Eq.   (22)   into the  two equations  produced by Eqs.   (20)   and   (21) 
produces  two  ordinary differential  equations   for the  variation of the variables    UT, 
Ua,   6  and Ue     with     x.    A  third equation produced by evaluating Eq.   (22)   at    Y - * 
allows  the elimination of     Ua     from the  equations,   leaving  a set of  two equations 

Aii(UT)x  + A12Ax + A1,(Ue)x -   -Ua|UT|/Ue6 (26) 

6 
Aai(UT)x + A2?6x + A23(Ue)x ^   f   ÖUydy (27) 

V     o 
Anticipating  the development of a viscous-inviacid   interaction,  we consider the velocrty, 
Ue     to be a dependent variable.     The coefficients    Aij     are  functions  of the variables 
UT,   6 and Ue.     The usual procedure  for  solving Eqs.    (2G)   and   (27)   for attached boundary 
layers  is to prescribe the  pressure distribution,   or  the  free-stream velocity distribu- 
tion,  Ue.    However,   if separation occurs,   the pressure distribution cannot be  prescrJbed 
arbitrarily in the  separated region.     If an adverse  pressure gradient  is  prescribed   for 
an attached boundary  layer,   the value of    liT    can approach zero.    When    UT    vanishes. 
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the coefficients    A^   and A12     in Eqs,   (26)   and   (27)   also vanish,   producing &  singularity. 
The  singularity can be  r^-rcved by rearranging  the  equation  so that    UT    can be prescribed 
and    Ue   (or    p)   calculated  as a dependent  variable.     The precise manner  in which    UT 
must be  prescribed   is determined using  an  iterative  procedure  in which the boundary   layer 
and  the   inviscid  flow are  calcula ed  alternately until  the  pressure distribution calcu- 
lated   for the  boundary  layer,  here »fter called  the   "viscous  pressure,"  agrees  with  that 
calculated  for  the   inviscid  flow.     The   iterative procedure becomes predictive by  the 
introduction of a  model   for  the  interaction between  the viscous and   inviscid   flows. 
That  model will   be   described  subsequently. 

VERIFICATION   OF   THE  BOUNDARY-LAYER   THEORY 

Before   the  boundary-layer  theory was  used   to  develop  a  viscous-inviscid   interaction 
model,   it was   desirable   to  verify  that   the  theory  provides   an  adequate  description   of  a 
real  boundary   layer.     This   verification was   accomplished  by  applying   the  boundary-layer 
theory  to  two   sets   of  experimental  boundary-layer  measurements.     Either  the  experimental 
velocity  distribution,   Ue,   or  the   friction distribution   represented by     UT    were  pre- 
scribed; and the  other  appropriate boundary-layer  quantities   such  as   the  displacement   and 
and  momentum  thickness  distributions   and   velocity  profiles   were calculated  and   compared 
with  the  experimental   data.     If  the  calculated  boundary-layer quantities   agree  wall   with 
the  experimental   values,   the boundary-layer   theory   is  considered  to be  verified. 

The   two  cases   used   for  comparison between  the   theory   and  experimental  data  are   the 
data  of   Fernholtz   and  Gibson   (ref.   10)    for  an   incompressible,   axisymmetric   flov;  on   a 
cylinder  and   those   of Alber,   et  al.,    (ref.   11)    for   a bump  on  the wall  ot   a  transonic 
wind   tunnel. 

Comparison with Axisymmetric   Incompressible  Flow 

The   configuration  of   reference   10   is   shown  schematically  in  figure   1.     The  boundary 
layer   is   formed   on   a   piexiglass  cylinder   in  the   annulus  between  that  cylinder   and   a 
porous   outer  cylinder.     An   adverse  pressure  gradient   is  produced by  an  adjustable   end 
plate,   with   localized   control  of  the  pressure  gradient   accomplished  by  adjusting   the 
distribution   of   the   porosity  of  the  outer  cylinder.     For   the  case  considered  here,   & 
separated   flow   region was   indicated  by   negative  wall   shear  as  observed   from  sublayer 
fences.     The   separated   region was  observed  to  be  axi./minetrie by  the   agreement  of 
measurements   at   different   circumferential   locations.     As   shown   in  figure   1,   the   theo- 
retical   boundary-layer  thickness  exceeds   the  height   of   the   annulus  near  the  end  of   the 
test   region.      Since   the   theory does   not   account   for   the   upper boundary,   it  cannot  cal- 
culate   the  boundary-layer   quantities   accurately where   the  boundary  layer   nearly   fills 
the   annulus. 

In   figure   2   ara   shown   the  velocity   at  the   ' .'^e   of  the  boundary   layer  and   the 
measured   and   calculated   skin-friction  coefficie it,   Cf.     In   the  calculations   for   these 
data,   a   smooth   curve  was   fitted  to   Khe  expenmei tal     Ue     distribution  and   the   fitted 
data  were  provided   as   input   into  the  computer   prcgram.     Ahead  of  the   separation  point, 
Ue     was   prescribed   and     UT     was  calculated.     Slightly before    U-i     reached   zero,   the 
procedure  was   reversed   and   an extrapolation  of     UT     was  prescribed  while     Ue     was   cal- 
culated.     A  short   distance   downstream  of   the   separaten  point,   the  procedure  was   again 
reversed,   the   calculated     Ue     distribution was   then   taired   smoothly   into  the  given   curve 
and  the     Uj     distribution  was calculated   in the  sane  i,anner  as  ahead of  separation.     A 
series   of   trial-and-error  calculations  was  necessary   t(    find   the best  extrapolation   of 
U-t-     The   results,   shown   in   figure   2,   agree   very well   With   the  experimental   separation 
point   location  and   with   the  measured  values  of     Cf.     Experimental  values   of     Cf     in   the 
region  of   reversed   flow were not given   in   reference   10   since   the  sublayer   fences  were 
not  calibrated   for   reversed   flow. 

After  separation  the   calculations   show   that   there   is   a   region  of   reversed   flow 
followed  by  a   return   to  a   flow with  essentially  zero  wall   shear.     This   is   also   in   good 
agreement with   the   measured  wall  shear. 

The   results   for   the   axisymmetric  displacement   and  momentum  thicknesses 

o 

o 

are  shown  in   figure   3.     The  comparison  is  good   for     öa     but  poor for    6^.     The  deviation 
of  the  theoretical   results   from the experimental values of     61     is explained  in part by 
the  fact mentioned  previously that  the  experimental  boundary-layer growth   is  affected 
by  the proximity of  the  outer cylinder which   is  not   accounted  for  in  the  theory.     That 
effect   is  smaller on  the  momentum thickness,   ö2,   since  that  quantity  is  more  dependent 
on the velocities  pear  the wall than on  those  at  the  outer  edge of the boundary  layer. 



Compariaon with Two-Dimensional  Transonic Flow 

The configuration used  in  reference  11  is  shown  in   figure  4.     A bump of circular-arc 
shape was placed on  the   floor of  a transonic wind tunnel  with the  ends of the bump 
s.tioothly  faired  into the   floor by cosine-shaped   fairings.     The ceiling in the wind tunnel 
was contoured  to approximate  a  streamline of the  flow.     Boundary-layer characteristics 
corresponding to the  experimental   surface pressure distribution were calculated  and 
compared with  measured boundary-layer characteristics.     The case  chosen for comparison 
correspondec'  to    M» ~  0,7325    with the  separation  indicated downstrea-n of a shock wave 
due to an  adverse pressure  gradient.    Ahead  of  the  shock  wave  occurring slightly down- 
stream of the peak  of the bump,   the measured pressure distribut'.on was prescribed  for 
the calculations.     Since   the  shock-wave,  boundary-layer  inte-action was not a part of 
this  investigation,   the boundary-layer calculations were  stopped  at the beginning of 
the shock pressure   rise  and  restarted slightly downstream using  the measured boundary- 
layer quantities at  the  downstream point.     From  this  point  downstream,   the  friction 
velocity    UT    was  specified.     The  distribution  of    U       along  the  surface was altered 
through  several   trials  until  the   ^resulting  viscous  pressure  distribution matched  the 
experimental  pressure distribution. 

The calculated  boundary-layer quantities  are presented   in  figures 5 to 8,     Figure  5 
shows  the pressure  distributions   as  prescribed  upstream of  the  shock wave and  as calcu- 
lated downstream of  the   shock wave.     In  figure  6  is   shown  the  skin-friction coefficient 
correspondiiig  to the prescribed     UT    distribution compared with   the values given by 
reference  11.     It  should  be  notea  that    Cf     from  reference   11   is  quasi-experimental 
having been obtained   from  fitted  velocity profiles  not   from direct measurement.     The 
agreement  is  very good  except  at   a point near the end  of  the  test  section,   after reattach- 
ment.    As  shown  in   figure  7,   the   specified    UT     distribution  allows a smooth variation 
of the displacement   thickness  through both  separation and   reattachment.    The calculated 
1 *    values  are   in very good  agreement with  the  values  as  presented by reference  11, 
Also shown   in   figure  7   for   illustration are  the     U «  0     line,   ehe  dividing streamline 
and  several  other  streamlines  aj  well  as the boundary-layer  thickness,   t. 

Velocity  profiles  at   several  points of  the flow  are  compared   in  figure  8,     The 
initial  values  of     U-  and   '     were chosen so  the velocity  profile  at  station zero was 
matched.     The  comparison between   the calculated and  measured profiles at stations  10 
and   14.5   is  good. 

The  generally  good   results   of the comparisons between  the present  theory and the 
data  of  references   10  and   11   is   verification  that  the  present boundary-layer theory   is 
an adequate  approximation   for  real boundary  layers   in both   incompressible and 
compressible   flows, 

PREDICTIVE   i^ETHOD  FOR  TURBULENT   SEPARATION 

Viscous-Inviscid  Interaction Model 

A  significant   question bearing  on  the   interaction  model   is  whether  the  displacement 
thickness  of  the boundary   layer  will  account   for  the   effect  ol  the   interaction between 
the  inner  and   outer   flows   through   its effect on  the pressure distribution^     In  figure  9 
is   sh^w.i  the  experimental   pressure  distribution  on  tho  model   of   reference   11   compared 
with  two  pressure  distributions   predicted   from  the   theory   of   reference  2.     The  pressure 
distribution  shown by  the   solid   line corresponds  to  the bare bump.     The dashed   line 
corcöspond»  to   the   pressure   for   a   surface  defined  by   t'ne  bare  bump  augmented by   the 
experimental   displacement   thickness.     The  displacement   thickness   causes  a  substantial 
forward  movement  of   the   normal   shock  along with   a  decrease   in  the   peak  pressure  behind 
the  shock.     The   inviscid   theory   including  the  affect   of   the  displacement  thickness  gives 
results   in  much  better  agreement  with  experiment   than  the   theory  neglecting   it.     On   the 
whole,   the     ; *     model   accounts   adequately   for   the  observed   difference between  experiment 
and  theory to  the  accuracy  of the  discontinuous   normal   shock produced by the  theory  of 
reference   2.   Since   it has   been  demonstrated  previously  that   the  boundary-layer   theory 
can provide a  good   approximation   'o th? .-neasured   displacement  thickness  for a case  such 
as   that   of   figuie   9,   the  boundary-layer theory  can  now be   coupled  with  the   inviscid 
flow  theory   to  produce   a   predictive  method.     It   should be   noted   that  the  method  of Tai 
(ref.   12)   developed   subsequent   to   this work,   includes   the   shock-wave,   boundary-layer 
interaction  and  produces   a  continuous  pressure  distribution   for   the  entire  model. 

Iterative   Procedure 

Becaise   the  viscous   and   inviscid   flow   fields  of   subsonic  and   transonic   flovs  are 
coupled   in  an  elliptical   fashion,   the   interaction between  them   is  conveniently handled 
by  iteration.     In  this   section  an   iteration will be  described  in which  the boundary- 
layer method   described  previously   and  an   inviscid   flow   theory  requiring  the  surface 
slope as  a boundary  condition  can be used  alternately  to  calculate  the  two  flow  fields. 

The   iteration   procedure   used   in  the prediction  of   turbulent   flows begins with  the 
calculation  of   the   inviscid   flow  on  the  surface   under  consideration with  no boundary 
layer.     The  next  step  is   to calculate the boundary  layer  on  the  surface.     The displace- 
ment  thickness   is   than   added   to   the  surface  and   a  new   inviscid   flow  solution   is   calcu- 
lated based   Dn   the   augmented   surface.     This  procedure   is   continued   until  convergence 
is  a-hieved.      If  the   flow  contains  no  significant  adverse   pressure  gradient   regions, 
the boundary   layer  will   always be attached; and convergence   in   terms   of decreasing  diff- 
erences  between   successive   iterations  usually  requires   only   four  or   five  iterations. 
Such  a  flow  is  usually  described   as   a weak   interaction. 
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The presence  of  a region of significant adverse pressure gradients may lead  to 
separation of  thu boundary  layer,   implying a strong  interaction.     In auch a case,   the 
pressure distribution due to the bare surface calculated in  the  first step of the 
iteration will   usually cauue  the calculated boundary   layer  to separate.     That  is,   with 
the  pressure prescribed,   a  singularity will be  encountered  in the flow where    UT ■ 0. 
Subsequent boundary-layer calculations are made   in two parts.     The pressure distribution 
is prescribed   in  the weak   interaction regions  and    UT     is prescribed in the  strong  inter- 
action rrjion.     Convergence   is achieved in the weak   interaction regions as  described 
previously.     In  the   strong  interaction region  convergence  is  achieved when  the pressure 
distribv ;ions  calculated by  the inviscid  theory  and   the boundary-layer theory agree 
within a  desired  tolerance.. 

CALCULATIVE  EXAMPLE  FOR  TRANSONIC   FLOW  OS  A  BUMP 

A predictive  calculation of the boundary layer  on the bump of reference 11 was 
performed   for  the  transonic   flow described previously.     In calculating the  theoretical 
flow,   the  only experimental   information used was  the   velocity profile at the beginning 
of the  test section  and an  approximate variation of     6*    through  the shock wave.     The 
theory of  reference   2 was  used  for the inviscid  flow  field.     Thf.L theory is based  on 
transonic   small-disturbance  theory using a  line  relaxation method to solve  the   finite- 
difference  equations. 

The  experimental  data  of  reference  11   indicate  that  the  velocity profiles  are dis- 
torted by  the  shock   so that  Eq.   (22)   is  not  a good  representation of the profiles   in 
the  vicinity of  the   shock.     The profiles  return  to  the   form of Eq.   (22)   immediately 
after  the  shock with  values  of    UT and {     smaller than existed  ahead of the  shock.  Since 
precise  theory  of  the   local   shock-wave,  boundary-layer  interaction in the  immediate 
neighborhood  of  the   shock was  not a part ot  the   research effort,   it was decided  to use 
the experimental   results  to provide approx. mate  values  of    t   and UT    to start the  cal- 
culation  downstream  of  the  shock.    A smooth  fairing   for    6*     across the  shock was  used 
to provide  a smooth  boundary condition  for  the   inviscid  flow calculation. 

For  the predictive calculation,   the  location of  the beginning of the strong  inter- 
action  solution was   chosen as  a point  immediately after the  shock wave.     During  early 
iterations,   where  the   shock-wave  location  changed  for  each  iteration,   the  location of 
the beginning of  the   strong  interaction solution  thus   also changed. 

In  figure   10  are   shown  the  results  for a  "converged"  solution.    The viscous   and 
inviscid  solutions  agree within one percent.     For comparison,   the experimental     6* 
and pressure distribution are  also shown  in figure  10.     The predicted pressure  is  seen 
to be  slightly higher  than  the experimental  data  in  the  same  manner as observed   in 
figure  9.     This   is  attributed  to discrepancies between  the wind-tunnel ceiling contour 
and that  of an  actual   free  streamline as  required by  the theory.     The predicted     i*     is 
in excellent agreement with   the data upstream of  the   shock wave while it  is  slightly 
lower  than  the     ' *     ..iata downstream of the  ^hock  probably due  to slight uncertainty in 
specifying  the   initial  boundary-layer conditions   for   starting  the calculations down- 
stream of the  shock.     As mentioned previously,   a more   recent  analysis by Tai   (ref.   12) 
includes  the  local   shock-wave,   boundary-layer  interaction.     That is an important  devel- 
opment  since  such  a  capability  is necessary  to   improve  this  aspect of the calculation 
and  to handle  the case  of separation right  at  the  shock wa^e. 

IMPROVEMENT  OF   ITERATION   PROCEDURE 

This  study provides  several  insights   into the vif .-ous-inviscid interaction problem 
which  suggest methods   of  improving the prediction met .od.     I'.ie  physical   insight   into 
the  iterative method  would be   improved  if  the problem were   formulated so that    6*    would 
be specified  instead     of    UT.     Examination  of the  relation between the viscous  and 
inviscid  solutions   indicates   that a convergent   iteration scheme could be developed with 
such a  formulation.     For  intermediate  iterations,   when  the  inviscid solution corresponds 
to a    6*    distribution which   is  above the  converged     t*    distribution,   the resulting 
viscous pressure distribution   is above  the  inviscid pressure distribution.     Conversely, 
subsequent   calculations where  the    6*    distribution was below  the converged     6*     distri- 
bution were characterized by  the viscous pressure curve being below the  inviscid  curve. 
Thus,   it  should be  possible  to develop a more  rapidly  convergent viscous-inviscid   inter- 
action procedure 'Sased  on    4*. 

Recent work by  other researchers   (refs.   12  and   13)   indicates that the  integral 
continuity equation 
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/v dy -   -Uetan  6 (30) 
b 

V 
where tan 6 ■ — 

e 

provides an additional   relation by which the  singularity present when    Vj    is  treated 
as a dependent  variable  in Eqs,   (26)   and   (27)   can be  removed by prescribing  the variation 
of    tan 6.     Encouraging  results have been demonstrated by Tai   (ref.   12)   using that 
approach coupled with  an  integral method  for calculating the   inviscid flow.     However,   it 
should be noted  that   the singularity at    UT " 0     is  not  removed by the simple addition 
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of  Eq.   (30)   to the  set   if  the   resulting equation  is  expressed   in  the  same  form ?is 
Eqs.   (26)   and   (27) .     The   resulting equation  in  that  case   is 

A31 (UT)x  + A3J,6x  + A33(Ue)x  -   -Uetan   0 (31) 

where A3i are functions of UT, 6 and Ue, and A31 vanishes when UT - 0. Thus, the 
set of Eqs. (26), (27), and (31) are singular, and the expedient of prescribing tan 6 
will not remove the singularity. Tai (ref. 12) has developed a procedure in which the 
singularity is avoided by calculating the solution up to the point where UT vanishes 
and then finding a value of UT to restart the calculation downstream of the separation 
point by iteration. Apparently, the effect of prescribing the tan 9 is to keep the 
slopes of     L   and Ue     finite,   even though   (UT)X    can become  infinite. 

Another method of avoiding the singularity at U., » 0 is now suggested. If the 
displacement thickness, ö*, is expressed in terms of UT, 6 and Ue and the result is 
differentiated with  respect   to    x,   a   fourth equation  is  developed. 

Ni '"T'X  
+ A3S'x  + A,3

(Ue'x   + Vx  -   0 (32) 

where  the    A;^     are  the   same   as   in  Eq.    (31).    it can bo   shown  that    A1,/A31   aid Aa1/A31 
are both  finite when    UT  -  0.     This   allows the  four  Eqs.    (26),   (27),    (31),   and   (32)   to 
bo   reduced  to  three  ordinary   differential  equations   in  the   three  dependent  variables, 
' *,   6   and Ue.     The   resulting   equations   are: 

n t     f*ii \ /Aii \ U
TI

U
TI 

TTVMäT:*- -^O'X 
+feA33 -Ai0 (ue'x--ij^ (33) 

^7 V:  ^C^T A-"   - A-0 ''x   ^ (fe A-   - A-) (Ue)x  =  ^ / tlUydY (34) 

o 

\j  t* +   (/*-■) (ILJ     -  U tan  '•' (35) ex =  ä e 

Although the  nature of  these   three  equations has  not bean  investigated completely, 
calculation  of  the   determinant   of  coefficients   for   a wide   range  of   values  of    UT 
indicates  that   they  are   not   singular  at    UT "  0     nor  at  other   values  of    UT.     Thus, 
the   singularity  can be   avoided   since     UT    can be  obtained  directly by  solving   the 
nonlinear relation 

{* =   f (UT)(
,
;,Ue) (36) 

Prescribing   the  distribution  of       *     in Eqs.    (33)   and   (34)   and   obtaining    UT     from 
Eq.    (36)   is  equivalent   to  prescribing     U1     ab  described  previously.     Thus,   the  problem 
is   now formulated   so that  viscous-inviscid  interactions  can be  calculated  in a more 
direct  manner   than when     U1     was  prescribed.     It   shoul'i  be  possible   to  use  this   formu- 
lation  in  a  calculative   method   such   as  that  of  Tai.     Jc   should   also be  possible  to 
develop an  automated   iterative   calculation by  using  the   inviscid   flow method  of  refer- 
ence   2  to calculate     tan    •     along a   line corresponding  to    Y  ■=   i     in  the  inviscid  flow 
with       *    being  used  as  described  previously  to  augment   the   surface   shape. 

INTEGRAL   METHOD   FOR  TIME-DEPENDENT,   TURBULENT, 
INCOMPRESSIBLE  30UNDARY   LAYERS 

For  the   study  of   time-dependent  boundary layers,   the   governing  equations  were   taken 
to be  Eqs.   (16)   and   (17)   with   the  addition of the   time   derivative  of   the  velocity  to 
Eq.    (17)   and  the  assumption  that    Sw     is  zero so that  Eq.    (18)    is   not  necessary.     Thus, 
the  momentum equation   is 

ut + uux + vuy =  (ue)t + ue(ue)x + ^ (37) 

Since   the  emphasis   in  this   study was  on  the  nature  of  the   integral   equations,   it 
was   not  necessary  to choose  a   specific  turbulence model.     Various  approaches have been 
taken by  other   researchers   including   use  of  an  unsteady  eddy   viscosity model   (refs.   14 
and   15)   and direct  calculation  of  the  turbulent  shear  stress  by   introduction of an 
additional  equation  for  the   turbulence kinetic energy   (refs.   16,   17,   and  18).     In  the 
present  analysis,   tha   shear   stress   is   simply  included   in  the   equations  under  study  as 
a   function with  certain   assumed  properties. 

The  velocity  profiles   are   assumed  to be   represented by  Eq.    (22)   as   for  the  steady 
flows  discussed  previously.      It   is   recognized  that   such   profiles   are  based  on  equili- 
brium  concepts   and   therefore  will  be   unable  to  calculate   flows  which  deviate  signifi- 
cantly  from equilibrium.     Nevertheless,   their use  can allow  some   insight  to be gained 
into  the nature of  the   integral  equations  for unsteady   flows   and  some of the  limitations 
on   their applicability   to  such   flows. 

The   integral   equations   are  derived  in the   same  manner  as   discussed  previously, 
producing  two  partial   differential   equations   in    UT)   t ,   and  Ue     of  the   form 

AIJ    (U^t   + A^26t  +  A^ (UT)x   + A^öx  -  ßf (Ue)t   +  B^(Ue)x   +   R, (33) 
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A t   /.,   ,      .   ,t   .       .   ,x   ,„  ,      ,   »x   , „t,„   .       ,   „x 
i «Vt + A«öt  + A^ «Vx + A2*6x " B2(Ue)t  + B"(Ue)x  + R2 (39) 

where the coefficients     AJU  and 3^    and the  terms     R^     are  functions of    UT,   6,   and Ue 
defined in reference  3. 

ANALYTICAL  STUDIES OF  UNSTEADY  BOUNDARY LAYERS 

Response to Time-Dependent,  Free-Stream Conditions 

The  response  of  the   integral boundary-layer equations  to an oscillatory disturbance 
of the free-stream velocity is examined.     It is assumed that the  free stream consists 
of a steady flow plus  a   small  amplitude disturbance 

Ue - Ue   (x)   +  €  sin cut (40) 

It  is  further assumed  that the  solutions  for    U    and &     can be  exprebsea  in the  same 
way as a steady part  plus   an unsteady part.     Thus, 

UT - UTg(x)   +  f(x,t) (41) 

6  - 6s(x)   + g(x,t) (42) 

where UT (x) and i3(x) are the ateady-state solutions of UT and 6 in response to the 
imposed distribution Ue (x) , and the functions f and g are unknown functions to be 
calculated. s 

The steady solution is assumed to be far from separation so that f is assumed to 
be small compared to UT .  Similarly, because of the small perturbation assumption, g 
is small compared to 6g.  With these assumptions, it is possible to approximate the 
coefficients of Eqs. (38) and (39) by their steady-state values.  When these quantities 
are substituted into Eqs. (38) and (39) and the oquations for the steady-state solution 
are subtracted from the results, Eqs. (38) and (39) become, to first order 

AiVt + <ifx + A^t + Ai^x " -2|uTs|f + Biüj€ c03 "* (43) 

21 t     ?1  X     23yt     22yX     2 
Ao,f* + A^, f  + A^a,. + A^ a - B^ u)€ ^os cut - -   /i'dy (44) 

McDonald and Shararoth (ref. 19) noted that an equilibrium model of the turbulence 
would be a valid approximation and the time rate of change of turbulent intensity would 
be negligible for typical frequencies. It is assumed that frequencies of interest here 
satisfy the condition 

U 
co«f 

For such cases,   according  to McDonald and Shamroth,   the  unsteady  shear stress  integral 
in Eq.   (44)   can be neglected. 

In reference 3   it was   shown by order-of-magnitude  analysis  that  the    x    derivatives 
in Eqs.   (43)   and   (44)   can   also be  neglected.     The  solutions  of the  resulting equations 
are then found to be 

2 
sin cut (45) 

oT   +   P2 
f.(f.      Q^     )e-pt + -fifiü- cos a*  + -^ 

\0       v3   +   P2' a2  +  P2 a)2   + 

S B2     .        Asl Qm2     A ..        A2i QPUJ g " ( —r— €   - —r lc=  | sin cut - —z "  cos cut 
VAL A22  ^  +  PV A^  a.2   +  P2 

*    V0      ^ + P2/ 0      AL    0 
k

22 '"        '      ' --22 

2|U, 
where P - —~- (47) 

(Bi  - Ai8
BX2) (48) 

A*     - A1 A1 

D . 
A^      ^ (49) 

AC 

22 
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The sign of the quantity 
tiona is decaying or growing, 
of the quantity    D,   Eq.   (49), 

P    determines whether the transient part of ■»•hese solu- 
From Eq.   (47)   the sign of    P    clearly depends on the  sign 

In  reference  3  the value of     D     is calculated  using  the  results of Singleton and 
Nash   (ref„   17)   for a flat plate  with oscillating free-stream velocity of the  form 

»   1 +  e  sin ut (50) 

where    Ue       is constant.     For a disturbance amplitude   (e)   of 0.125,   the  resulting value 
of    D     is    0.156.     Thus,   for this  case  the quantity    P     is  positive.     Eqs.   (45)   and   (46) 
thus  show that the boundary-layer  thickness and  friction velocity  undergo an initial 
transient period when the  free-stream oscillations  are   imposed   impulsively on the  flow, 
but after a sufficient  time  the   solutions  take on  the  forms 

UT - UT    + ATsin(ujt  + aT) 

AT  «  QW/(ci)    +  P  ) .PV/- 

(31) 

(52) 

and 

ciT  ••  tan      (P/ai) 

6   -   68   +  A^sin (ait  +  ou) 

(53) 

(54) 

where 
B0   eiu PS) 

A1   Qa. 
22 

t 
2 1 
t 

1/2 

-Öü 
2 P cu      +   P 

(55) 

and tan 
^ 

-t 
A        UJ    - 

2 1 

+    P' 
Qo) 

(56) 

Since     P    is positive,   the  phase  angle,   a-,,   of    UT   (Eq.   (51))   is   leading.     It 
varies between    IT/2     for zero    u,    and  0  for    UJ — K.    According  to  the  results of 
Singleton and Nash   (ref.   17),   the  phase  angle of    TW    is  nearly  constant  over a wide 
range  of  frequencies  and does  not  increase  significantly as    CJJ -► 0.     This  contradiction 
is probably due  to the  assumptions  used  to derive  the present  theory and may be useful 
in defining  the  range  of applicability  of  this  theory.     The  phase   angle  of     6    may be 
either  leading or  lagging depending on the  frequency. 

The  variation of     TW and  6*     over  a period of os< 
disturbance were calculated   for   several   frequencies   in order  to compare with the  results 
of Singleton and Nash.     The  resultd  are  shown  in  figures  11  and   12,     The  steady-state 
boundary-layer conditions  used were  those at  tha  trailing edge  of  the   flat plate as 
described  previously. 

In  figure  11(a),   the wall   shear  stress,   TW,   calculated by  the present theory  is 
compared with the  results  of Singleton  and Nash  for    tu =   1.57.     The  varietion of the 
free-stream  velocity,   Ue,   is   also   shown   for  reference.     The   two   theories   exhibit   fair 
agreement.     The  agreement   for  the  displacement  thickness   shown   in   figure   11(b)   is   poor. 

For a higher  frequency,   the   agreement becwean  the  present  theory and  that of 
Singleton and Nash   is  much better.     In  figure   12  is  shown comparisons between the  two 
theories  for     u =   15.7.     The  agreement  for    TW    shown  in  figure   12(a)   is  excellent 
while   the  agreement  for    4*     shown  in  figure  12(b)   is good   in terms of  thi magnitude 
of  the   quantity,   but  poor   in  tenns  of   the  phase  angle. 

Clearer comparison of  the  phase  angles  of  the  two  theories   is presented  in  figure  13 
where  the phase  angles   for     T^  and b*     for  the  two theories  are  plotted  as  a  function of 

The present theory predicts   that  the phase  angles of both     6*  and  tw    are always 
leading  and  that  they both   increase   for  small and approach  zero  for   large The 
theory  of Singleton and Nash,   on  the other hand predicts  that   the  phase  angle of     TW    is 
nearly constant over the  frequency  range considered,  while  their   results   for the phase 
angle  of    6*    indicate  a trend  similar to that of  the present  theory,   but with a negative 
asymptote  for large    tu. 

It will be  recalled  that  the  present  theory was considered   to be  valid  in a  fre- 
quency  range    Ue/L « LU <^   Ug/ft.     For  the case presented   in   figures  12  and   13,   this 
becomes  approximately     1 « cu «   44.     Thus,   the calculations which  agree best with  the 
nonlinear  theory,   figure  12,   correspond  to a  frequency well within the  range of 
validity  of  the  theory. 

The  results presented here  are encouraging even though  the  amplitude of the distur- 
bance  was  rather  large  and   the   steady-state components  of    U     and  6     are  not much  larger 
than the disturbances     f and g     for all  times  as assumed.     The  comparisons  suggest  that 
the velocity profile  formulation   should bs accurate-  for  a certain   range  of  frequencies. 
Comparison with experimental  data  is  necessary to verify  thic  conclusion,   however. 
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The discrepancies  noted between the present theory and  that of reference 17 are 
probably due to two  factors.     First,   the  velocity profiles used  in  the present method 
are  restricted to having the  shape prescribed by Eq.   (22)   while no  such  restrictions 
are  imposed by the  finite-difference method of reference  17.     Second,  no explicit  shear 
stress model was  used  in the present method while  in reference  17,   the turbulent shear 
stresses were calculated by generalizing the shear stress transport equations used  in 
steady  flows  to include  the  unsteady convective terms.     It  should  also be  noted that 
both of the methods  consitutute  numerical  experiments and can be   validated only by 
comparisons with experimental  data.     The  recent work of  reference   15  indicates  similar- 
agreement with the present method   and that of reference   17 using  an eddy  viscosity 
model  generalized  for unsteady flow. 

Solutions   in the Vicinity of Vanishing Wall Shear 

Of major concern  in calculations of boundary-layer characteristics   in unsteady as 
well  as  steady flows  is  the question of the nature of the equations  in the vicinity of 
a  point  of  vanishing wall  shear  stress.     When the  tree-stream  velocity,   Ue,   is prescribed, 
the  steady equations are known to  exhibit  a  singular behavior  in which the  slope of the 
wall  shear stress   (Tw)x   inCiTeases  without bound as the point of zero    T       is approached. 
The  free-stream velocity cannot be  prescribed  arbitrarily  in  such  a  region.     On the 
other hand,  Nash   (ref.   18)  has  recently shown that  in unsteady  flows,  the gradient   (TW)X 

may decrease as  the point of zero     Tw    is  approached,   thus  suggesting removal  of the 
singularity.     This   in turn suggests  that  the distribution of    lie     with    x     can be pre- 
scribed  arbitrarily  in an unsteady  flow even  including the point where    TW    is zero. 
The  exact  reason  for this   is   not   completely understood at  this  time. 

The work described previously  indicated  that  the singularity   in the  steady boundary- 
layer equations could \ •  removed   if  the  free-streaii velocity   is  not  arbitrarily pre- 
scribed but  is  treated a     a  dependent variable.     The  success  of that method for steady 
turbulent  flows  is  encouraging   for  the application of integral  methods to unsteady flows. 
Even though  the validity of Coles'   formulation of the velocity profiles at  a separation 
point has been questioned   (ref.   11) ,   the   formulation has been  found  to be quite adequate 
for representing the velocity  profiles  at  other locations both  upstream and downstream 
of  the  separation point.     In  unsteady flows,   according to  the work  of Sears  and Telionid 
(ref.   20),   a point  of zero wall   shear  stress  can occur without   separation of the flow 
from the boundary.     Such   results  were also obtained by Kuhn and Nielsen   (ref.   21) 
studying the unsteady flow of  two-dimensional  estuaries where  reversal of the shear at 
the bottom of a channel  occurred  out of phase with  the reversal  of   the surface   (corre- 
sponding to the boundary-layer  edge)   flow,   with no indication  of a   singularity at the 
point  of  zero wall  shear. 

With  these considerations   the   equations will  now be  examined   for  vanishing    UT. 
It will be assumed  that     Uj     is  so  small  that not only is    U    <<  1,   but also    6+ <<  1. 
The  coefficients of  Eqs.    (39)   and   (39)   must  then be  evaluated by writing the velocity 
profiles   for sTiall     6   .     The  details  of this  evaluation are presented  in  reference 3, 
When the  velocity profiles are expanded for  small    6 + ,   the Eqs.   (33)   and   (39)   can be 
expressed  after some  algebraic  manipulation  in terms  of powers  of     UT.    Collecting terms 
of  the  same order yields  the   following results: 

2aroth-order terms 

I   (Ue   -  U0)6t   -[i U*   . i Uo (üe   -  | uj] 6x » i 6(Ue)t  +(| Ue  -  J U0) 6(Ue)x (57) 

K7 "   0 '"e  " V"t  +[(^ -  Ä>e  -  "0)?   - >e   -  VU0 0   "  7)] 

i(i -;P-)*
p(Vt +[i(1 -7)^ ^K1 +^)uof 'Vx - J^y (58' 

where    U0     is  an arbitrary wall  velocity. 

First-order terms 

|UT|(UT)X -  0 (59) 

Eqs.    (57)   and   (53)   show  that  at     UT «   0     there  is  a unique   relationship between 
the boundary-layer thickness gradient and   the  free-stream velocity gradient  for steady 
flow with  zero wall  velocity.     The   equations  reduce to 

iUe6x  f T Wx-  0 (61) 
6 

(7 " A)"^   -  K1   ' ^^'"e'x "   " / T ^ ^ 
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These equations  show that  the   free-stream velocity gradient cannot be prescribed 
arbitrarily  at    U, ■ 0.    The gradients of    Ue and 6    must  satisfy both of these 
equations. 

Eq.   (50)   says that  the  singularity occurring in    UT    is  integrable  for  steady or 
unsteady flows.    Assuming  that 

UT  -  xn 

then lJTfUT,x '  ^n'1 

and lim   ndJ,.)     -  0 if        n > ■^ 
x —0 'T("T'x v '^ "  "   2 

In  references  1  and 7,   physical   considerations were used to determine how    UT    would be 
varied across  the separation point.      In order  to obtain a  smooth  variation  of the dis- 
placement  thickness  it  is  necessary  to avoid  the development of  very  large  slopes.     This 
is  accomplished by letting    UT     vary  linearly with    x     across  the  separation point 
(n «   1).    With Eq.   (59),   Eq.   (60)   suggests  that similar circumstances exist  for the 
unsteady case,   since 

|U   I(U   )      -   0 (63) 1     1 '        T   t 

The  meaning  of  this condition  appears  to be  that  at a  fixed  location,   the  time variation 
of  the  solution also has  an  integrable  singularity.     Evidence  that  such a  condition may 
exist  is  found  in references  17  and   18 where  the displacement thickness  is   shown to 
increase significantly when the  wall   shear  stress approaches zero.     This  suggests that 
the   singularity  found   in steady  flows when    Ue(x)     is prescribed may be present  in 
unsteady  flows when    Ue(t)      is  prescribed. 

A variation of    UT    with   constant   (UT)X at    UT -  0    has  the   following  results for 
the wall  shear stress.     From Eq.    (23) 

— -  U   I"   I (64) Ti     f; 

(T..), 
so  that —**-*■ -   21 U   I (U  ) (65) 

p '     T T   X 

'Vxx u 
  -   2 M(lVxx + 'T^lK'x] (66) 

Thus,   the  gradient     (iv)x     1S   ne9ative on both  sides of the point  of  zero  shear while 
the   second  derivative  changes  sign.     This  makes  the point of zero  shear stress  a point 
of   inflection.     Of course,   the   limitation that  this analysis only applies   for    UT    so 
small   that     6+ «   1    makes   it  applicable  to  a  very small  neighborhood of the zero shear 
stress  point.     Nevertheless,   these   results   are  consistent with   the   results   observed by 
other  researchers using finite-difference calculation methods  for unsteady boundary-layer 
flows.     Nash   (ref.   18)   and Sears   (ref.   20)   and others have  found  that   in unsteady  flows 
the   solution   is  not singular at   the  point  of  zero shear and  the  shear  stress  tends  to 
approach zero with decreasing  slope. 

CONCLUDING   RHWARKS 

AT   a priori  turbulent  bourdary-layer   separation  prediction has  been  achieved by 
coupling an   integral boundary-layer  method  and  a  finite-difference  inviscid   flow method 
through  an   iterative  interaction model.     The   interaction model was  developed  through 
examination   of  the  relationship between  experimental  boandary-layer   quantities  and 
calculated   inviscid  flow quantities.     Those  studies  indicated that  the change of the 
inviscid  flow created by the boundary  layer could be well  approximated by  the  audition 
of  the boundary-layer displacement  thickness  to the physical  surface.     Calculations  in 
a  transonic   flow produced  results   in  good  agreement with experiment.     Insights  gained 
from  this  study suggest  a method   in which the  separation singularity can be  removed and 
a  completely  automated  calculation method developed by combining  a modified  version of 
the   present  boundary-layer method  with  an  appropriate   inviscid   flow  method. 

The  integral boundary-layer method was  also examined briefly  for  its applicability 
to  unsteady   turbulent  flows.     A   small   perturbation analysis  produced  good comparison 
with   results  of  the nonlinear  finite-difference  methoo  of reference   17   for  frequencies 
within the   range of validity of  the   linearized  theory even  for  fairly  large  amplitude 
perturbations.     The results   indicate  that the  integral boundary-layer method  using an 
analytical   formulation based  oa equilibrium velocity profiles can be  extended  to unsteady 
flows.     It may be possible  to extend   the  range  of  frequencies over which the method  is 
valid by including a time-dependent  turbulent  shear stress model   and by solving the 
complete  nonlinear  boundary-layer  equations. 

Another  aspect of  the problem of  calculating unsteady boundary  layers  that was 
examined  is   the  nature  of the  solution   in the  vicinity of vanishing wall  shear.     It 
was  demonstrated   in  reference   1   that   the  singularity occurring at  a point where    UT - 0 
in  steady  flow  is   integrable  and  can be  removed.     In unsteady  flow,   the  same kind of 
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situation was   found  to exist   for  the  time-dependent  solution.     The conditions   found to 
apply at  a point of zero wall   shear  stress was  found  to be  consistent with  a decreasing 
shear stress gradient approaching  the point  in agreement with the  results  of other 
researchers. 
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Figure   b.-  Skin-friction  coefficient 
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INTERACTION VISQUEUSE AVEC DECOLLEMENT EN ECOULEMENT TRANSSONIQUE 
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RESUME ROTATIONS. 

Lea ecoulements transsonicjues autour dea profila 
portant8 «nnt le sifege d' interactions viaqueuaea 
forte? qui entralnent un 4paississement important 
de la couche limite avec, frequemment, lvappari-
tion d'une zone d£coll£e. Dana cea conditions, le 
calcul de l'̂ coulement doit faire appel au* 
theories d'interaction rapide dont 1*application 
en trenssonique et dana le caa d'une couche licitr 
turbulente eat examinee en liaiaon avec 1'analyse 
experimentale. Cette derni&re a et£ conduite dans 
une soufflerie continue dont la veine bidimension-
nelle a 120 cm2 de section. Le dispositif d'essai 
consists en un demi-profil place sur la paroi 
inf£rieure de la soufflerie. Les mesures ont 
consists en une analyae d̂ taill̂ e de l'̂ coulecent 
en utilisant l'interf£rometrie, moyen d'investi-
gation puissant qui £vite toute perturbation de 
l'̂ coulement. Parall&lement & cette experimenta-
tion on cherche a developper une m̂ thode de calcul 
inspires de l'approche de Klineberg. Le principe 
de la thiorie consists & divi3er l'ecoulement en 
deux donaine3 : une zone d'interaction faible, 
la ou le gradient de pression est soit n̂ gatif, 
soit moder̂ ment positif, et une zone d*inter-
action rapide dans les regions ou un d̂ collenient 
est susceptible de se produire. 

VICCUS INTERACTION WITH SEPARATION IN A TRANSONIC FLOW 

Symboles 

t ; largeur de veine. 

3 : constants de la loi de Gladstone-Dale 
(ici 3 = 0,227510-3 n3/kg). 

Cf s coefficient de frottement parietal. 

Cfi : 
incompressible. 

D : point de d^collecent. 

€ : £paisseur du profil. 

Hi : paramfetre de forme incompressible. 

KfL : coefficient de pression. 

L : corde du profil. 

M : nombre de Kach. 

* s numero d'une frange sur le cliche h 
1'arrSt. 

N : numero d'une frange sur le clich£ en 
marche. 

SUKXARY 

Strong viscous interactions which are present in 
transonic flows past airfoils give rise to an 
important thickening of the boundary layer with, 
the frequent formation of a separated region. 
Under such conditions, the calculation of the 
flow must call upon rapid interaction theories 
whose application for the case of a turbulent 
boundary layer is examinated in conjunction with 
experimental analysis. The experiments have been 
conducted in a continuous wind tunnel equiped 
with a two-dimensional nozzle having a 120 cm2 
section. The experimental installation is made 
of a half profile mounted on the lower wall of 
the transonic channel. A detained analysis of 
the flow field has been made by using interfero-
metry, a measuring technique which avoids any 
disturbance of the flow. At the same time one's 
tries to develop a method of calculation similar 
to Klineberg*s approach. The principle of this 
theory is to divide the flow into two domains : 
a "weak" interaction region where the pressure 
gradient is negative or positive but moderate, 
and a "rapid" interaction region if separation 
is likely to occur. 

Jl : pression. 

f 
r 

r 
JL 

V 

JL* 

X 

y 
oc 

nombre de pression de Busemann. 

pression dynamique 

facteur de recuperation parietal 
( 0,9 en turbulent). 

nombre de Reynolds calcule avec / . 

temperature absolue. 

composantes du vecteur Vitesse selon 
Ox et Op respectivement. 

Vitesse critique. 

Vitesse de frottement : ( — % > 

coordonn̂ es cart̂ siennes. 

parar.etre de forme (c( » 

angle de divergence ou ie convergence 
de la veine. 
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: rapport des chaleurs specifiques k 
pres3ion et & volume constant* 

s epaisseur physique de la couche limite. 

s " de deplacement. 

• " de quantity ae mouvement. 

• " d*£nergie cinetique. 

• " de d̂ placeraent incompressible. 

i " de quantity de mouvement 
incompressible. 

• ordonnde r̂ duite (?• 

: deflexion induite par la couche limite. 

: longueur d'onde de la radiation lunineuse 
utilise (ici A = 0,546^* ). 

V : viscosity cinematique et indice de 
refraction. 

p : masse specifique. 

t : frottement. 

: angle de la parol. 

<p J integrale de dissipation. 

Indicea. 

I : designe les conditions generatrices. 

' ! " & la frontifere 
de la couche limite. 

0 : designe les conditions & l'origine 
d'une interaction. 

«• : de3igne les conditions de reference. 

INTERACTION VISQ'JBUSE AVEC DECOLLEJ'ENT EN 
ECOCLEKENT THANSSOHIQUE. 

1 - INTRODUCTION. 

Au cours des dernieres anr.ees, plusieurs nithodes 
ont 6te propoŝ ep pour calculer l'«5coulement de 
fluide parfait autour d'un profil en transsonique. 
Les methodes en principe les plus exactes sont 
bashes sur la resolution nuĉ rique des equations 
d Euler ir.stationnaires [1-2-3]. El les presentent 
toutefoi3 1'inconvenient de n<5ces3iter des teaps 
de calcul tres longs, ce qui Unite fortenent 
leurs possibilites d'application pratique. Les 
autres techniques nuâ riques utilisent l'eouation 
du potential, soit conpl&te [4], soit 3ous la 

forne linearis*# correspondent & 1'hypothese des 
petites perturbations transsoniques [5-6], Les 
resultsts fournis par ces diffdrentea methodes 
presentent dejk des sources de disaccord, en c. 
sens que lea schemes numeriques adootes permet-
tent une resolution plus ou ooins exacte des 
equations. La confrontation avec 1*experience 
est encore moins bonne. La cause preni&re du 
disaccord reside dans l'hypothfese consistent & 
negliger complfetexent la viscosite. On sait 
qu'en rfegle generale la detercination precise 
de l'ecouleoent autour d'un obstacle doit 
tenir compte de l'effet de deplacement produit 
par la couche licite. Aux vitesses subsoniques 
ou supersoniques, la correction sur les pressions 
parietales qui en resulte est le plus souvent 
faible, hormis les cas ou un decollenent exist*. 
En transsonique, par contre, la solution depend 
oeaucoup plus fortement de la forme effective 
de 1"obstacle, cette influence se faisant 
surtout sentir, en supercritique, sur la position 
de l'onde de choc* 

L'importance des effets visoueux en transsonique 
est illustre* par la figure 1 ou troia nethodes 
de calcul sont comparees a 11experience. 
L'exemple choisi est celui d'un deni-profil 
circulaire, d'epaisseur relative 12:1, monte sur 
une des parois d'un canal bidimensionnel. On note 
un tres grand ecart entre la theorie et 1'expe-
rience sur la partie aval du profil oil la recom-
pression entralne un epaississement rapide de la 
couche limite. 

L'interaction entre la zone dissipative et 
l'ecoulement exterieur, consider* comme non 
visqueux, joue un rBle essentiel dans les cas ou 
un decollement se forme. La figure 2 montre quels 
sont alors, d'apres Pearcey L7], les differents 
schemas d'ecoulement cui peuvent s'etablir sur 
la partie aval du profil. En a, un bulbe de 
decollement prend naissance au pied de l'onde 
de choc; en b un deuxieme decollement apparalt 

a . Decollement au pied du choc 

M>1 

05L 

1 M.=:ae5 b . Deux decollement* 

Tig 1 CALCULS DE L'ECOULEMENT 
AUTOUR D'UN PROFIL TRANSSONIQUE 

; c . Decollement generalise 

Fig. 2 . INTERACTIONS VISOUEUSES 
EN TRANSSONIQUE ( d'apres PEARCEY) 
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au eours de la recorpression plus prof-r«3sive 
qui suit l'onde de choc. 2nfin, en c, le3 deux 
reelons decoll,;es se sont rejointes Dour forr.er 
un bulbe 4tendu. 

Dans ces conditions, la determination de la 
repartition de pression sur le profil necessite 
le calcul conjoint de l'̂ cculenent extt̂ rieur non 
visqueuz et de la couche iissinative. Pour les 
interactions sans dtcollerent,'les aathodes de 
coupluge classiques peuver.t Stre appliquees. En 
revanche, si un d̂ colleaer.t est 3uscestible de se 
produire, le3 Equations de la couche Unite sous 
la 1 orme ou alias sont habituellenent int<?gr<5ea 
deviennent singuliires. Cette circonstanca oblige 
a mo-ifier la procedure par 1'adoption de codes 
de calcul inverses [8-9] qui seront diacut4a plus 
loin. 

Dans tous les cas, l'acelioration de3 methodea cfe 
calcul des ecoulemer.ts transsoniques pa3se par 
ur.e conr.aissar.ce apprcfondie des effets visqueux. 
in particulier, il est es3entiel de pouvoir 
predire le comporte-ent de la couche li-ite & 
la traverses de l'onde de choc et d'Stre en 
nesure de ddcrire la structure des zones 
i®collees. 

Sur ie plan fcndanental, les phenonenes en 
question or.t fait l'objet de quelques Etudes 
exrcrinentales, certaines deja ar.ciennes [lOj, 
i'autres plus re'eentes [ll-12], Les renseigr.e-
rents tir<5s des sendages ddtaille's des couches 
di3sipatives 3ont tres ir.structifs, bier, que de 
port̂ e encore limine. Afin d'dtendre ces 
r ; i | " - t a t S ' une e*tu:ie ae base a 6t4 entreprise a 
1 0.,̂ RA. Son originality reside dar.s l'enploi de 
1 mterferoxetrie come moyen d*investigation. 

La prenirre partie de cette communication 
presenters ur.e analyse experimental de I'ecou-
lement autour d'u.n demi-profi1 avec forte inter-
action visqueuse. La deuxiene partie sera 
consacree a un exaner. des cathodes de calcul 
developpees pour traiter ce ger.re de problfene. 

2 - ETUD3 2XPS3I;.:S:.TAL2. 

2.« - Xontage d'essai et techniques de mesure. 

Les experiences or.t ote effectuees dans une veine 
trar.ssor.ique bidimer.sionr.elle dont la lareeur =->t 
de I2C cm et la hauteur, a 1'er.tree du canal, de 
ICC mm. La soufflerie fonctionne en contir.u, les 
cor.d. tior.s r̂ n̂ ratriceo eta.nt voisine3 de 
1' anbiante, 3oit : 

- pression s 1 bar, 

- temperature £ = 290 K. 

Le schema de 1'installation est donni* figure 3. 
Le deci-Drofil 4tudid est fixe sur la parol 
ir.ftrieure de la veir.e. Cette disposition a ete 

adoptde afin que, dans la zone de nesure, la 
couche liaite soit pleinernent turbulente et 
•ssez epaisse pour se pretar k ur.e analyse 
detaillee de sa structure (inmediateoient en amont 
du bord d'attaque du profil l'epaisseur physique 
0 est voisine de 5 mm). 

La paroi superieura du canal est constitute d'ure 
plaque plane tres rigide qui peut Stre pleine ou 
perforce. Le champ aerodynamique autour d'un 
profil de forne dorrnee peut 8tra regulfS en 
agissant 3ur les trois paramfetrea suivants : 

- angle /3 de convergence ou de divergence de 
la paroi suptrieure, 

- heuteur du deuxî me col, 

- intensity et repartition de l'aspiration au 
travera de la plaque permeable. 

Soulignons que les essais, dont les r<5sultats 
vont 8tre pr<5sent<5s, onttous eti effectuta avec 
une paroi supfSrieure pleine.Les dimensions 
geom*triques des profils essayts sont donn̂ es 
figure 4. Le premier profil est syottrique, de 
forne circulaire; sa corde est (Sgale & 100 nm 
et son Spaisseur a 7 on. Le deuxi&me nrofil a 
un contour aaycttrique. La moiti<5 amont est une 
courbe de degre 6 qui assure la continuity de la 
pente et de la courbure au raccordenent avec le 
plar.cheranont rectiligne. U partie aval est ae 
forne circulaire. Cheque profil est ̂ quip̂  de 
prises de pression statique disposees longitudi-
nalenent dans le plan de symetrie. 

L'analyse des phenomenes d'interaction visqueure 
en transsonique fait le plus lergemant appel & 
l'intorferomHrie quantitative, technique de 
mesure qui pr̂ sente le double ava.itage de fournir 
un tres grand ncmbre de renseignements sur la 
structure du chanp aerodynamique et d'tviter 
Ijintroduction de sondes au sein de l'tcoulement 

Sappelons le principe de la mesure de la masse 

o . Prof i l s y m c t r i q u * 

c i rcu lo i r * r . 182,07 mm 

^rrr" 

. 7mm 

r r r f r ( 

L . 100mm 

Otmi.proJil 

b . Prof i l asym* l r i qu * 

r Y . « , < 8 [ X ( 1 . X ) ] 3 

circulaire r . 182.07mm 

• . 7 m m 

L.100 mm J 
Co*»i «n mm 

Fig. 3 .MONTAGE EXPERIMENTAL Fig. 4 .DEFINITION DES PROFILS 
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specifique au sein d'un ecoulement par interfe-
ron̂  trie. L'appareil utilise est du type Mach 
Zehnder. II peut fitre regie, soit en "teinte 
plate", soit en nfranges serines". Dans le 
premier mode de fonctionnement, les variations 
d'eclairement sur 1'interfProgramme pris en 
marche correspondent directemer.t aux variations 
de la ua.se specifique p . La methode permettant 
alors de calculer p est r̂ sunee figure 5. 

Le r̂ glage en teinte plate donne une representa-
tion de la structure du champ aerodynamique 
puisque, dans ce cas, les franges sont des 
courbes iso - p , done egalement des iso-Kach 
dans les regions ou 1'ecoulement est isentropi-
que. Cenendant, comme en pratique, seuls les 

La m«sse specifique en A est donn̂ e par s 

-p- = ~~ 
?l0 I O t,0 ** 

Le repdrage trks precis du milieu des franges 
(blanches et noires) est obtenu par analyse des 
cliches sur un microdensitomfetre Joyce-Loebl. 
Pour chaque configuration etudiee, les inter-
fProgrammes pris a l'arrfit, puis en marche, sont 
explores selon un certain nombre de directions 
perpendiculaires h. la corde XX du prof 11 • 

a . cliche a larref 

V . 1 * Bp ( Loi de GLADSTONE.DALE ) 

T T ' T~H ( . N. ) + Rt 
R. b B R. R. 

X . 0,5461 j im ( longueur d'onde ) 

b . 0,12 m ( largeur de veine ) 

B . 0,2275 1CT m'/kq ( pour 0,5461 nm ) 

b . cl iche en m a r c h e 

* [ N . - n A _ ( N R _ n R ) ] + A 
b B p 

Fig. 5 PRINCIPE DU DEPOUILLEMENT 

REGLAGE EN TEINTE PLATE 

milieux des franges peuvent §tre rep4rea avec 
precision, ce mode de r4glage ne permet pas de 
deceler des variations de p correspondent a 
mcir.s d'une demi-frange, ce qui restreint le 
;.w.~ore des points de mesure dar.s les regions ou 
la masse specifique va-ie peu. Aussi, afin 
d'ameliorer la precision, en multipliant les 
pointes, on adopte plutfit le r̂ glage en franges 
serr̂ es qui consiste a introduire une difference 
de marche variable d'un point a 1'autre du 
champ par rotation d'une lame separatrice ou 
d'un miroir autour d'une droite de son plan. Le 
phenomene a4rodyr.amique superpose alors en 
chaque point la difference de marche qui lui 
est propre a celle qui provient du reglage 
initial. 

Le calcul de la messe specifique h. partir d'un 
interferogramme en franges serrees s'effectue de 
la fagon suivante (voir figure 6). II e3t d'atord 
procedP au numerotage des franges sur le cliche 
pris h. l'arrfit. Celles-ci sor.t ensuite numerot̂ es 
3ur le cliche pris en marche. Designons par R un 
point du champ ou la masse specifique p̂  est 
connue, par et les numdros de frange 
en R en marche et k 1'arrSt resrectivement. 
Soit un point A ou les numeros sont NQ et 

Fig 6 PRINCIPE DU DEPOUILLEMENT 

REGLAGE EN FRANGES SERREES 

Dans los regions o?i l'ecoulocent est isentropi-
que, la conr.aissance de la mosse specifique 
suffit pour determiner les &utres rrandeurs 
aerodynamiques, telles le nombre de Kach, la 
preŝ ion ou enccre le module de la vitesse. 3n 
revanche, dans les zones iissipatives le 
calcul de la vitesre ndcessite soit une mesure 
supplementaire, soit l'adontion d'une hypoth&se 
permettant ie reiier U et p Pour ies 
d̂ pouillements presentes ici, nous avons utilise 
la loi de Crocco modifiee. 

Designa.nt par : 

7ji la temperature de paroi, 

If " " frottement, 
Te 

cette relation s'ecrit : 
a l'i frontiere 

Tt T, Tt -Ue
 1 T, ' 1 4., ' 

En regime permanent T^.Tf 
frottement dtant donn̂ e par 

la temperature ie 

JL rt 
U r /-1 Me (r. 0,3 en furdufenf ) 
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Si la couche limit® eat transversalement isobare: 

T, e 
Cette hypothfese n'est pas toujours verifies 
dans le cas present ou les couches limites ont 
une epaisseur non n<$gli6?able devant la corde du 
profil et ou les accelerations longitudinales 
sont inportantea, sp<5cialement lors de Is detente 
sur la partie amont du profil. Dans ces 
conditions : 

\ 

La mosure tie la pre3sion statique s'av̂ rant 
malaisde et peu sQre dans un ̂ couiecent rapide-
cent variable, il a 6tt jug4 preferable de 
determiner S(>J en extrapoiant Involution 
ext̂ rieure de £ jusqu'a la paroi (voir 
figure 7) ^ et f £tant relives par la 
relation de detente isentropique : 

t / e )' 
T * I T ' 

1 i ; 
>w — X 

evolution txffneyr* 
•xrrapol** 

4 
4 
4 
4 t 

X.3^8mm t 
I 
i f 

>1 "r 
;i r\ 

/ ' • iL 
Q«5 0.70 Q75 

Fig. 7 GRADIENTS NORMAUX 
DANS LA COUCHE LIMITE. PROFIL ASYM^TRIQUE 

t5 

Une telle fajon de proceder est justifies par 
le fait que la pressior. deduite de la valeur 
"paroi" est en bon accord avec les 
mesures pari£tales. 

2.2 — it̂ sultats obtenus. 

Les repartitions de nombre de Kach, deduiies 
des mesures de pres3icn effectudes sur les psrois 
sup£rieures et inf̂ rieures du canal, sont donnees 
figures ba et 8b pour le profil syn̂ trique et °a 
et 9b pour le profil asymdtrique. Lorsque la veine 
preser.te une divergence importante ( /3 voisin 
de 1°), I'̂ coulement deraeure entierement 
subsonique. La diminution progressive de fi 
er.tratne une ddterte de plus en plus grande de 
l'<5coulersent. II ae forme er. premier lieu une 
poche supersonique terr.inee par un choc, d'aboru 
tr&s faib?e (configuration 2). Le nombre de Hach 
maximal augmentant, le choc devient plus intense 
alors que la distribution de pression sur le 
profil, en amor.t, est pratiquenent figee. Sr. aval 
de l'onde de choc, Involution M(*) est lar,~emer.t 
commanded par le coir.porte.nent de la couche limite. 
A partir des configurations 4 , l'allure des 
courfces reflete un processus de decollement -
recollenent caract<5rise par 1'existence d'un quasi-
plateau suivi d'une recompression tres progressive. 
Dans les deux cas, l'<5tendue de la zone d(?colli5e 
est maximale pour la configuration 4. Le decolle-
ment s'etend alors du pied du choc jusqu'au voi-
sinage aval du bord de fuite. La longueur du bulte 
decolle diminue ensuite progressivecer.t au fur et 
a niesure que l'onde de choc recule. Pour la 
configuration 7, dans le cas du profil syn<«trique, 
elle est quasi nulle. II est a noter que, lorsqu'il 
y a d̂ collement, le rapport des nombres 
de Kach apres et avant decollement est compris 
er.tre 0,75 et 0,77, valeu- en bon accord avec le 
critfere simplified souvent utilise en turbulent. 
Au cours de d̂ ccllements de ce type, mcoulement 
non visqueux, contigu h la zone dissipative, 
demeure supersonique apres separation, comme on 

Y yL^rrTm///////)//////77TTr^. 1 

• = » 

r?TT7n̂ _ 
0 100 150 Xfnm 

Fig. a b REPARTITIONS DE PRESSION SUR LA PAROI SUP^RIEURE 
PROFIL SYM£TRIQUE 

-50 0 100 150 X™, 
Fig8o REPARTITIONS DE PRESSION SUR LA PAROI INFEiRIEURE 

PROFIL SYMtTRIQUE 
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Q5 

M 

f \ \ V^r. ^Fig 9 b 

afc=s=l=..f / j ^ 

150 X™ 

REPARTITIONS DE PRESSION SUR LA PAROI SUPERIEURE 
PROFIL ASYM£TRiaUE 

-50 150 X 

Fig. 9a REPARTITIONS DE PRESSION SUR LA PAROI INF£RIEURE 
PROFIL ASYMgTRIQUE 

peat le constater figures 8a et 9a. En consequence, 
le processus sembje pouvoir 8tre iecrit par le 
aodele d*interaction libre initialeaent propose 
par Chapmar. [15] puis generalise au cas des' 
dcouleuents non unifornes par Carriere et al [161. 
La figure 10 montre le3 valeurs de la fonction 
de correlation f evaludes pcur les diffdrentes 
configurations decollees. Rappelor.s que est 
definie par la relation : 

T: f" f-o 
9. 

P. P 
ct 

ou q est la pression dynanique 

P M le nombre de pression 

^ " " a la m$me 
abscisse, s*il n*y avait pas d̂ colleier.t 

Cf est le coefficient de frottement. 

L'indice 0 designe les conditions b 
l'origine de 1'interaction. 

(Le coefficient de frottement CL a et£ estime 
a partir de diff̂ rents calculs de couche linite; 
la valeur r.oyenne Cf0 - C,C04 h 6t6 retenue). 
On constate, figure 10, un trhs bon regroupement 
de 9" autour de la courbe de correlation 
universelle, ce qui met en evidence le caract̂ re 
essentiellement supersonique du d̂ collement qui 
intervient au cours d'un processus interaction 
choc-couche limite en transsonique. 

Les figures 11 & 14 montrent des interf̂ rogram-
mes de l'̂ coulement relatifs aux configurations 
2, 3, 5 et 7 pour le profil sym̂ trique. lis 
correspondent a des cas jug£s coriae les plus* 
typiques. Les figures comportent egalement la 
repartition de pression associ4e a chaque visua-
lisation, On remarquera la cassure des frange3 
qui marque la frontiere 6 de la couche limite 
sur la partie amont du profil, 

A peine perceptible pour la configuration 2 
(figure 11), le choc devient trfes apparent sur 
le deuxifcme interfdrogramme (figure 12). Dans le 
troisieme cas (configuration 5, figure 13), il 
se Droduit un ph£nomfene de choc en lambda : un 

premier choc oblique prer.d naissance prfes du 
bord de fuite du profil; la zone faibiement 
supersonique qui lui 3uccede est limitee par un 
choc droit tros peu intense. Snfin, le dernier 
interferorramme montre un choc oblique situ4 
pratiquement au bord de fuite. On constate que, 
dans ce cas, l'̂ paississement de la couche 
dissipative est nettement moins important que 
dans les exemples 3 et 5 precedents. 

Nous allons maintenant examiner les r̂ sultats 
de 1*exploitation des repartitions de masse 
specifique au travers de la couche limite pour 
le profil symetriquO de forme circulaire. 

Dans le premier cas analyst (configuration 3), 
un choc quasi-normal se forme a environ 70j£ de 
la corde, l'̂ coulement dans le canal n*etant pis 
bloque. Les figures 15a et 15b montrent, a titre 
d'exemple, quelques unes des repartitions de 
vitesse mesur̂ es dans la couche limite, d'abord 
en amont de l'onde de choc (figure ISa), puis 
en aval de celle-ci (figure 15b). En amont du 
choc, les profils de vitesse sont fortement 
deformes sous l'effet du gradient de pression 
n̂ gatif intense. Cette alteration se traduit par 
un remplissage des distributions au voisinage de 
la paroi, sans que l'epaisseur $ de la couche 
dissipative diminue sensibler.ent. Ainsi, 
est voisin de 0,9 a une hauteur relative J/f 
egale a 0,05. Ce phenomene a deja ete observe 
par Alber et al. [12] dans des experiences 
effectuees sur un montage analogue au nfttre. 
3n aval du choc, les profils sont sensiblement 
modifies par la recompression rapide. Les 
regions a basse vitesse voient leur importance 
relative augmenter considerablerr.ent. On notera 
surtout, apres une variation rapide pres de la 
paroi, une tendance trfes progressive de 
vers 1, ce qui donne lieu & une quasi-cas3ure 
dans la forme des distributions de vitesrre. Les 
strioscopies h. court temps d'exposition de la 
figure 16 aor.trent quelle est l*origine de ce 
phenomene : on y observe la formation d'une 
zone tourbillonnaire en aval de l'onde de 
choc. L'apparition de ces tourbillons est 
probablement due k une oscillation de l'onde de 
choc h. frequence eievee. II en resulte un 
epaississement trhs important de la couche 
dissipative et, dans les Bondages, il est 
difficile de fp.irela part entre la couche limite 
proprement dite et la region tourbillonnaire 
adjacente. 
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Fig. 11    INTERFEROGRAMME DE L'ECOULEMENT 
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Fig. 15a PROFILS DE VITESSE DANS LA COUCHE LIMITE 
PROFIL SYM^TRIQUE . CONFIGURATION 3 
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b - en aval de 
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a . couteaux horizontaux 

b . couteaux ver t icaux 

Fig. 16 VISUALISATIONS DE L'ECOULEMENT 
PAR STRIOSCOPIE ECLAIR ( f - 1 ) 

La figure 17 montre les evolutions des epaisseurs 
caracteristiques or et Si ainsi que du 
paranetre de forr.e incompressible % (Hiest 
î fini a partir des epaisseurs "incoopres3ibles" : 

4; mJft. ±)J? , *. «)dy r*.£i ) 
La tres forte detente en amont de l'onde de ohoo 
entrafne une d̂ oroissanoe importante de c5, et 

, ainsi que de Hi qui tend vers des 
valeurs proohos de l'unit4 ( Hi a; 1,07). 

0 0 0 05 1 
pl9 15 b PROFILS DE VITESSE DANS LA COUCHE LIMITE 

PROFIL SYMSTRIQUE - CONFIGURATION 3 

Sn aval du choc, l'existence des tourbillons dont 
il a dte question plus haut conduit h vne augmen-
tation considerable de St et S2 t sans que Hi 
croisse dans des proportions aussi grandes. La 
valeur de Hi en aval du choc, proche de 1,5, 
indique que la couche limite ne decolle pas. En 
revanche, au bord de fuite du profil, on observe 
une croissance rapide de <T, , St et Hi causee 
par la discontinuity de pente qui provoque, 
vraisecblablenent, un decollement localise. 

La figure 18 presents les resultats relatifs & 
la configuration 5 ou l'interaction se fait par 
choc oblique avec decollement de la couche limite. 
On note une augmentation plus moddr̂ e de S, et & 
a la traversee de l'onde de choc puis une forte 
croissance de ces quantity correlative au 
decollement. Le paraofetre de forme Hi atteint 
une valeur proche de 2 derriere le choc, il 
tend ensuite a decroltre en aval du profil. II 
est a noter que si l'on evalue, grossierement, 
li discontinuity de pente au niveau du choc en 
derivant 8, (x) , on trouve une deflexion proche 
de 7° qui est rapprocher de la valeur 8° 
determinee par les relations de choc oblique h 
partir des nombres de Mach Ko et XI de part et 
d'autre du choc. Compte tenu de l'imprecision 
dans l'estimation de d!'/jx. , on peut 
considerer que l'accord est satisfaisant. 

Dans le cas de la configuration 7 (voir 
figure 19), l'interaction a lieu sans decollement 
perceptible de la couche limite. En outre, quand 
l'ecoulement exterieur demeure entikrement 
supersonique au cours du processus, on n'observe 
pas les instabilites affectant la configuration 3. 
Pour ces deux raisons, la croissance de S, et Hi 
est sensiblement moins forte que dans les exemples 
precedents. 



27-9 
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dl ,62 (mm) 

Choc 
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X^ 

50 100 

Hi 
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.A. v 
>■**<«»*♦* 

X(, mm) 

H. 
Choc 

\. a. ̂.^ _»-•-• 

A 
X(mm) 

50 100 50 100 

Fig. 17    GRANDEURS CARACT^RISTIpUES       Fig. 19    GRANDEURS CARACTtRISTIQUES 
DE  LA COUCHE LIMITE DE   LA COUCHE LIMITE 

PROFIL SYM^TRIQUE . CONFIGURATION  3    PROFIL  SYM^TRIQUE . CONFIGURATION    7 

3 - 3ISCJS3ICN Dr;s  P'dChl^r. D?: :ALC:'JL. 

Fig. 18    GRANDEURS CARACT^RISTIQUES 
DE LA   COUCHE LIMITE 

PROFIL   SYMflTRIQUE . CONFIGURATION    5      une m^thode inverse,   la'resolution des Equations 
de la  couohe liniite donne alors    ffe (XJ   • ^n 

3.1   - Principe general  d'une cathode perir.ettant 
la  prine on cor.pte  des  effets visqueux. 

Les  experiences  präsentes ont eti?  effectuees  de 
mrmiore ä servir de  guide  pour  le developpenent 
d'une m^thode de calcul des  ecoulerr.ents transso- 
niques avec  forte  interaction visqueuse,  inspir^e 
du modele  propose  par Klineberg [b].  En gros, 
cette  technique conciste h coupler le calcul du 
champ exterieur consid^re comae non visqueux et 
celui  de  la  zone dissipative dor.t  l'övolution est 
decrite  p^r  les i^qurtiona  de  la  coucKa lir.ite. 
Dir.a   led  m^thodes usuelles qui  tiennent coxpte 
de  l'effet de dpplace.T.ent,   le  calcul  de fluide 
parfait fournit la repartition    /fg (x)       'k 

I imposer sur la frontiere de  la couche lir.ite 
pour d^duire     £f(3c)    dont  la connaissance permet 
de corriger la condition de  pente ä afficher sur 
le profil,  aoit  : 

6    ^tant  la deflexion causee  par  les effets 
visqueux. 

Une  teile  fa^on de  proceder devient inapplicable 
lorsqu'an decollement se produit car, alors,  le 
caloul  de couche  linite  diverge k  l'approche du 
point  de separation.   Pour ^viter cette singularity, 

)   l'ecoulement autour du  profil  est divise en deux 
zones   :  sur ia partie amont,   1'interaction vis- 
queuse est consldör^e comrae  faible et on proefede 
de la mani^re habitualle,  la distribution   Ht(x.) 
^tant donn^e par le calcul de  fluide parfait. 
Dans  la region aval  ou  1'interaction est suo^ep- 
tible de conduire i un decollement,  c'est  f%*6 
qui est demandc au champ non visqueux. Utilisant 
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nouvesu calcul de l'4couler.ent ext4rieur est 
effectŝ  en imposant eor_ne conditions aux limites 

fy*9 dans la zone d'interiction faible, ouis 
nt (Z) dans In region d'interaction forte. II en 

rtsulte deux nouvelles repartitions. Ht(x)w. aront 
et 8(t) en aval qui percettent d'entaaer un nouveau 
cycle. Le processus est ripeti Jusqu'a convergence 
sur 9(x) , par exemple. 

Afin d'appliquer ce aodele theorique au problems 
d'un profil place dans un canal transsonique, 
deux cethcdes ont et4 developpees pour calculer 
le chaap non visqueux d'une part, la couche 
limite d'autre part. 

3.2 - Calcul de I'̂ ceulenent de fluide pnrfait. 

Cn utilise la sethode de relaxation pour les 
conrosar.tes de la vitesse en tWorie transsonique 
"es petites perturbations. Le choix de ces 
variables est er. effet console oour le traiter.ent 
lea probleaes aux limites. 

Afi m - itt • La condition a ' ^c r i r a par exenple 

A, « . 
I 

On dira que le calcul est effectuE en node 
inverse. Sur la pnroi superieure, nous suppose-
rona que l'ecoulenont est toujours subsonique et 
que les gradients de vites3e sont modiSres. Nous 
y appliquerons une condition de glisrement. 

Dans le ens d'un canal psrallole & grande 
distance et de sections d'entree et de sortie 
4gules, on apnliquera k 1'ar.ont et & l'aval des 
conditions de retour a l'4coulenent uniforme non 
p?rturb4, soit : 

* , *• 0 Jr JC ' t ± m 

Dans les autres cas, on choisit de raccorder la 
solution avec une solution asymptotique possible 
des equations correspondent k un canal divergent: 

Soient z et u les variables indecendantes du 
plan de I'ecoufenent. L'axe Ox est choisi 
parallfele et orient# dans la direction de l'ecou-
le-ent non perturbe , M et v sont respective-
aent les co-posantes longitudi.aale et transversale 
de la vitesse de perturbation, la vitesse de 
reference Um ainsi que le r.oabre de Kach Hm 
e.&r.t cr.oisis pour l'ecoulenent non perturbe. 

Le syste-e d'equations aux derivees partielles du 
preaier ordre auquel doivent satisfaire Me XV 
s ecrit alors de la fagon clas3ique : 

ix Cu 

dff du. 
dz * ~dy~ 

<r, <r(u)m (i. H* . nlu )U 

les Equations couplees sont non lineaires par 
l*intera4diaire du terae <T et du type mixte 
i.orsque 41 < U le systfeae est du tyDe ellioti-
que et hyperbolique si u > U* 

La ligne parabolique (ligne sonique) correspond 
a M. . JL* ou 

M* 
(t*i) Mi. 

Kou3 considercns ici de3 ecoulements transsoniques 
autour de deni-profils months sur la peroi inf£-

g r a n d ^ d i s t m c e ^ l e ^ " e m e n t diver-

aux liaites^ont^ossibles"* ̂  * C°nditi0"8 

- la pente locale du profil ou de la oaroi est 
donnee. La condition de glissement iin4aris4e 
pour la paroi inf̂ rieure s'̂ crit : 

f(xJ est liquation de la Daroi) 

On dira que dans ce cas le calcul est effects en 
mode direct. 

- la pression locale est donnee. On connait alors 
• ; en effet, la th£orie montre que le 

coefficient de pression est relî  h u. par 

{ r * V (X) « at * fix 

* * * (y) • - fy * / 
* / P, f sont des co.nstantes. 

La Kethode de relaxation generalises de Steger 
et Lonax [4] permet de resoudre des systenes 
d'oquations aux ddrivees partielles du premier 
ordre. Cette n̂ thode consiste k evaluer les 
derivees A x au aoyen d'un schema ioplicite 

decentre & trois points, alternativecent vers le 
haut et vers le bas. Les inconnues colonnes sont 
alors solution d'un syst&ne dont la catrice est 
tridiagonale, a diagonale doninante et dont 
1'inversion par une cwthode directe est rapide 
et stable. Bailey et Steger [18] ont etendu 
cette a4thode aux ecoulenents transsoniques 
tridicen3ionnels en node direct. Steger et 
Klineberg [ 19] ont effectue des calculs inverses 
bidinensionnels qui leur ont pernis d'aborder 
le probler.e du couplage fluide-parfait - fluide 
visq jeux en subsonique et trar.ssonique. C'est 
cette npiroche que nous avons choisi. Les 
3ch4mas utilises ici ont 4te rendus entiereirent 
conservatifs par l'introduction d'un "point choc" 
pour 1'Evaluation des derivees A , conme 

<3E 
l'indique Kuraan [2C] et par une modification du 
schema de discretisation des derivees 2 . 

La figure 20 montre l'application de cette 
aiethode sur un cas module. La repartition de 
vitesse M.a(x) sur un profil bi-convexe dans 
un canal parall&le est obtenue en mode direct. A 
partir de ce n«3ultat, on effectue un calcul en 
mode mixte : mode inverse pour 0,5 4X4 1,1, 
mode direct pour le reste du profil. L'int<5gra-
tion de la singularity au bord de fuite fait 
apparattre un leger d̂ calage en V • 

3.3 - Calcul de la couche dissipative. 

Dans le but d'analyser les phenomfenes d'interac-
tion visqueuse en transsonique une nouvelle 
mi thode int<?grale pour le calcul de la couche 
limite a <5t<5 developed. La premiere relation 
utili84e est l'equation de Von Karman qui 
s'̂ crit : 

01 

I.a deuxifeme re la t ion est l i q u a t i o n inti5grale 
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• I v calculi 

F19. 20 . CALCUL DE I'CCOULEMENT DE FLUIDE PARFAIT 
M^THOOE DE RELAXATION G£N£RALIS£E 

f = Q0« M..Q7 

de I '^nergie cinetique : 

"I 1 

ou Si est l ' ^paisseur d'^nergie cinetique 

J, ?<*' ^ 
et f 1*integrals de dissipation 

Les profils de Vitesse turbulents adopt̂ a sont 
inspires de la fasille propoŝ e par Coles [20], 
En incompressible, ils sont representee par : 

(3) JL. c 1 + C, Ufp . Ct f(y) vec p. J. 

Ct - — C t t t,U (<- C, ) 
WMt ' 

{(<}) «3t un polynSme de degre 1C an if qui est 
une forne anelior̂ e de la composante sillage de 
la loi de Coles [22]. Rappelons que -Uf e3t la 
Vitesse de frottement definie par : 

J 3. 
d'oti 

5 -fw< 
Le "paramfctre de forne" aI est ici identify au 
rapport : 

_ f'i 

oil S,^ es t l 'dpaisseur de displacement 
"incompressible" : 

k 

Raisonnant toujours er. incompressible, le 
coefficient de frotter.ent Cfi est calculi? en 
function de cC et a, h partir de la 
relation donn̂ e par Coles : 

"'s-zdi1'*?") 

Se pla?ant en I f . f (4) donne 

'• f'lw'•>(*> £)•>] 
* 2.2* (AL - u* ) 

' a 0.<tf JLM. / 

d'ou '"'-t-fcl-gtec***) 
>>--&] "1 

Pour 4 . -^±_ et donnas, (p) constitue 

une Equation implicite permettar.t de calculer 
**/*, » dont on d<?duit immediatenent Cf-

Dans le cas compressible, si le nocbre de Kach 
Ht est modere ( rft < 2 ) , l'experience aontre 

que 1 on peut encore representor les profils de 
Vitesse par la relation (3), C, et Ct etant 
calcules k partir de CfL . SJuant au coeffi-
cient de frottement compressible, on le calcule 
par la forcule : 

ct 1 
Cfi ' 

qui, en l'absence de flux de chaleur, est en 
trfes bon accord avec d'autres evaluations. 

L'integrale de dissipation ^ , supoos4e 
independante du nocbre de Kach h, et du nombre 
de Reynolds, est calculee a partir des resultats 
tĥ oriques d'Alber [23]. L'indepsndance de ^ & 
1 egard de f f t est evidemment une approxima-
tion qui n'est verifiee que pour les nocbres de 
Mach rft moderes ( f f t < 2). 2n outre l'evolution 

f (<) adopt|e n'est valable que si <sf/ est de 
l'ordre de 10' co qui correspond sen3iblement aux 
conditions des presents essais. 

Si la couche limits decolle, les orofils (3) sont 
remplaoes par des profils de sillage d'equation : 

(() -2- = 1 
*< . AM AL / s ' 

qui peuvent cocporter une zone de re tour prfea 
de la paroi. Les distributions ddfinies par (6) 
ont une Vitesse non nulls k la paroi, neanmoins 
1'experience montre, qu'en turbulent, ces 
profils sont trfes proches de la ri?alit<5. De plus, 
il est suppose que dans ces regions le frottement 
parietal est nul. 

Pour traiter les problfenes d'interact!on visqueuse 
forte, on adjoint aux Equations (1-2) une relation 
de couplage qui est obtenue en integrant selon V , 
entre 0 et / , 1'equation locale de continuit 
D'ou 1P relation : 

(?) ~dx~ ~ ̂  ~h i 9 



27-12 

oil 0 est l'angle par rapport i la parol du 
vecteur Vitesse h la frontilre i de la couche 
Unite. Une forme simplifiee de (7) souvent 
utilises s'̂ crit : 

(3) dS, it 0 
dx J 

Afir. de contrSler In validity de oette methode, 
un calcul a ete effectue a pirtir de3 r<*sultats 
experimental relatifs & la configuration 3 
L'ecoulenent aur le profil e--t divise en deux 
zones : en aaont de l'onde de choc, 1'interaction 
visqueuse etant consideree conne faible, lr-
distribution est celle fournie p.-r 
l'exp̂ rience. La resolution du systecie (l-2) 
permet de determiner toutes les grandeurs 
caracteristiques de la couche liaite. Le culeul 
en node inverse est der.urre un peu en amont <iu 
choc. On iapose alors, comme donn̂ e, la deflexion 

9(z) deduite des aesures de couche limite. La 
pente totale * 0(z)est traĉ e figure 21a. Elle 
se caract̂ rise par une quasi-discontinuite au 
niveau du choc. R6solvant alors le systfene 
(1-2-8), ou les inconnues sont une epaisseur, le 
paraaetre de forne et le nontre de Kach, on en 
ddduit la repartition Ht (x) dans la zone 
d'interaction forte. Le r<5sultat porte figure 21b 
est en bon accord avec Involution Ht(x) mesur4e, 
coT.pte tenu de 1' icprdcision assez grande dans 
1*estimation de la deflexion $ h partir der 
experiences. Le calcul de couche limite pr̂ voit 
1'existence d'une region decollee (D3) au 
voisinage du bord de fuite du profil. 

Un tel re3ultat e3t trfes encourageant pour la 
nise au point d'une xethode de couplage 
puiaqu'll montre que le comportement de la 
couche Unite peut 8tre convenablement pr̂ vu 
k la traverŝ e de l'onde de choc, a condition 
d'adopter une procedure de calcul inverse. 

txzzzZZZZZZiSZL '• '•rrrrm-r. 

-icr 

M, 

odcul couch# limite 
inv«cs# 

Fig. 21 CALCUL DE LA COUCHE LIMITE 
EN MODE INVERSE 

4 - ccncLvsio::. 

L'ecoulenent autour d'un profilf er. transsonioue, 
est lar/?enent influence par le developpenent de 
la couche limite, 3D<?cinle-.ent dan3 le cas oi; la 
pr̂ sencc; d'une onde de choc engendre une inter-
action visqueuse notable. Afjn d'approfondir la 
connaissnnce de ces pĥ nonfenes, une etude 
exp̂ rinentale de base est effectu£e en 4couler.ent 
plan. Le montage consiste en un demi-crofil aonte 
a la ptroi inNrieure de la veine d'essai. Dans le 
hut d'eviter toute perturbation p-jr 1'introduction 
de so.ade3, il est largeaent fait appel a 
l'interferometrie quantitative. Le3 re3ultats 
ofcter.ua ju3qu'a prlsent ont mis en evidence les 
points suivar.ts : 

~ forte acceleration qui precede l'onde de choc 
provoque une importnr.te d^fomation des profils 
de Vitesse (le phrasetre de forme incompressible 
Hi devient voi3in de 1'ur.ite), 

- 1'interaction avec lo choc entralne un epaissie-
secant notable de la couche limite et une 
deformation sensible des distributions de 
Vitesse. Ces deux effets se traduisent per une 
quasi discontinuity des optisseurs de deplaceaent 
et de quantity de rouvement. II senble que, lans 
certains cas, l'(fpais3isser.ent de la region 
dissipative soit anplifie par des phenomfcnes 
ins tationnaires, 

- l'apparition d'un bulbe d'ecoulener.t decolie 
est fonction de 1'intensity du choc et de la 
forne du profil. Lorsque le processus est 
entiferement supersonique il obc?it aux regies 
de similitude de la correlation de Chapaan. 

Parallelenent & cette experimentation, et 
s'appuyant 3ur elle, on s'efforce de develcpper 
une methode de calcul ir.spiree de l'approche de 
Klineberg. Le principe de cette theorie consiste 
a diviser l'ecoulenent en deux zones : dans le3 
regions ou le gradient de pression est soit 
negatif, soit modereaent po3itif, on adopte le 
procede de couplage classique entre le champ 
non visqueux et la couche limite. Dans les regions 
de conpression notable, ou un decollenent est 
susceptible de se produire, une procedure inverse 
est utilisee ; la deflexion du vecteur Vitesse & 
la frontiere ! est donn4e par l'ecoulenent 
non vi3queux et iaposee dans le calcul de couche 
liaite qui fournit alors ft f t ) . Afin de nettre 
en oeuvre cette theorie, deux aethodeeont ete 
developpees, l'une pour la couche dissipative, 
l'autre pour l'ecoulement non visqueux. La 
premiere est une technique integrale qui utilise 
une famille de profils de Vitesse proche de la 
loi de Coles. La seconde resoud les equations de 
l'ecoulenent transsonique dans l'hypothe3e des 
petites perturbations. 211e permet d'afficher 
coc.T.e condition aux limites sur l'obstacle et 
en aval, soit l'angle, soit le module de la 
Vitesse. Le couplage entre les deux zones 
converge et donne de bons resultats dans les 
cas subcritiques, en revanche sa aise au point 
n'est pa3 encore achevee lorsqu'il y a apparition 
d'une onde de choc. 
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ON PROFILES IN TRANSONIC FLOW 
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Germany 

SUMMARY 

Many unsteady flows are characterized by the interaction of shock waves with separated boundary 
layers.   In particular shock oscillations occur on thick airfoils at high angles of attack and transonic 
free stream Mach numbers. Measurements were carried out in an intermittent ^draft tunnel to study 
shock oscillations on various two dimensional wings. Several optical methods (Schlieren-,  shadow-, 
interferogram,   streak interferogram) were used together with single-spark,   multi-sparks and high-speed 
films for flow visualisation and measurements.  The frequency of oscillation was determined with a Laser- 
Schlieren technique.   Unsteady pressure measurements were obtained with transistor probes,  and meas- 
urements of velocity-and temperature fluctuations with hot films. Alternating separation and attachment 
at the leading edge is the observed severest type of the unsteady flow conditions.   For this case multi- 
spark interferograms show periodical oscillations of the circulation of the wing,  accompanied by the 
same oscillation of the circulation in the opposite sense in the wake.  Large periodical disturbances 
exist throughout the entire flow field with defined phase shifts. The primary source of the observed in- 
stability is the shock induced separation of the boundary layer on the profile. 

I.    INTRODUCTION 

i 
Many unsteady flow phenomena are initiated by the interaction of shock waves with separated bound- 

ary layers.   For example the flow over airfoils with a trailing edge flap (Refs.   1,2, 3 and 4),   In supersonic 
intakes (Refs.   5,6,7,8 and 9), over the aft portion of rockets in transonic flows (Refs.   10 and 11),   over 
a wing with extended flap at high angles of attack at hypersonic flows (Refs.   12 and 13).   The associated 
shock oscillations are particularly intense on thick airfoils at large angles of attack at high subsonic 
free-stream Mach numbers.  The physical mechanism of the shock oscillations is not yet fully understood, 
although a number of investigations dealing with this subject has been carried out during the past thirty 
y^rs. 

Ferri (Ref.   14) first observed unsteady flow effects on profiles in the transonic regime. According 
to Liepmann (Ref.   15),   the reason for the shock oscillations,   generally visible in transonic wind tunnel 
flows,   is to be sought in the velocity fluctuations   of  the tunnel,  especially when the tunnel does not 
operate with a choking devise downstream from the model.   First systematic investigations of shock 
oscillations were carried out experimentally at the NPL (Refs.   ',6 and 17).  Upstream running waves 
which disturbed the local supersonic flow were observed outside of the supersonic region.   Tamaki 
(Ref.   18) attributed to these waves the high-frequency shock oscillations on thin airfoils at small angles 
of attack.  Shock-wave osci nations on thick airfoi Is at large angles of attack were reported in Refs.   19 
and 20.  Also Naumann (Refs.  21 and 22) investigated the unsteady interaction mechanism between a shock 
wave and the boundary layer on profiles experimentally with various techniques. He was able to find out 
that shock oscillations with large amplitudes were caused by a separated boundary layer.   In addition to 
these investigations at the Aerodynamische Institut the interaction between unsteady shock waves and a 
vortex street were studied in transonic flows past circular cylinders (Refs.   23,  24).   The Influence of 
the Reynolds number,   air humidity and different tunnel walls (closed walls,   semiopen tunnel,  slotted walls) 
on transonic attachment at the leading edge was investigated in Ref.  25,  where an attempt was made to 
explain unsteady' alternating flow separation and attachment at the leading edge as an unbalanced mechanism. 

Shock induced separation of turbulent boundary layers,alternating with the flow attachment at the 
leading edge,   was considered experimentally by Dyment and Gryson (Ref.  26). Meyer and Hiller (Refs. 27 
and 55) observed shock oscillations in an especially perforated transonic wind tunnel without a model. The 
shock oscillations could be damped out by boundary  layer suction on the tunnel walls. 

Wind tunnel noise and turbulence also may cause unsteady effects in transonic flows (Refs.   28,   29 
and 30).   Schmidt (Ref.   31) on the other hand explained the shock oscillations he observed on biconvex 
circular-arc airfoils with tunnel choking effects.  Only fe     theoretical investigations deal with unsteady 
interaction between shock wave and boundary layer.   Dore i.'ef.   32) and Schneider (Ref.   33) made the 
first attempt to investigate the upstream influence of an unsteady shock wave in an attached supersonic 
boundary layer.   Trilling (Ref.  34),  Dvorak (Refs.   35 and 36) and Karashima (Ref.   37) using simplifying 
assumptions for the upstream influence,   treated the unsteady interaction between shock wave and locally 
separated boundary layer as a stability problem. 
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I n t h i s p a p e r e x p e r i m e n t a l i n v e s t i g a t i o n s o f u n s t e a d y s h o c k w a v e b o u n d a r y l a y e r i n t e r a c t i o n o n 
v a r i o u s a i r f o i l s i n t r a n s o n i c f l o w s w i l l b e d e s c r i b e d . T h e r e s u l t s p r e s e n t e d h e r e i n a r e p a r t o f a r e s e a r c h 
p r o g r a m m e c a r r i e d o u t at t h e A e r o d y n a m i s c h e I n s t i t u t o n u n s t e a d y f l o w p h e n o m e n a a b o u t a i r f o i l s e c t i o n s 
i n t r a n s o n i c f l o w s . S e v e r a l e x p e r i m e n t a l t e c h n i q u e s a r e b e i n g u s e d a n d a l t h o u g h a d e f i n i t e a n d f i n a l 
d e s c r i p t i o n c a n n o t b e g i v e n , s e v e r a l p h y s i c a l l y p o s s i b l e m e c h a n i s m s w i l , b e d i s c u s s e d i n d e t a i l . T h i s 
r e s e a r c h p r o g r a m m e w a s i n i t i a t e d b y P r o f . N a u m a n n w h o m t h e a u t h o r i s i n d e b t e d f o r s u g g e s t i n g t h i s t o p i c 
to h i m . H e a l s o p r o v i d e d m a n y s t i m u l a t i n g d i s c u s s i o n s . 

2 . E X P E R I M E N T A L S E T U P A N D D I S C U S S I O N O F R E S U L T S 

T h e m e a s u r e m e n t s w e r e c a r r i e d o u t i n a n i n t e r m i t t e n t i n d r a f t t u n n e l w i t h a c l o s e d t e s t s e c t i o n o f 
4 0 0 X 7 5 m m 2 , o p e r a t i n g w i t h a c h o k e d d i f f u s o r d o w n s t r e a m f r o m t h e m o d e l . C o n d e n s a t i o n e f f e c t s w e r e 
a v o i d e d by d r y i n g t h e a i r b e f o r e e n t e r i n g t h e t u n n e l w i t h a l a r g e s i l i c a g e l f i l t e r . T h e R e y n o l d s n u m b e r 
p e r m e t e r a t a M a c h n u m b e r 0 . 7 5 w a s 1. 3 x 10?. S i n c e t he f l o w a t t h i s R e - n u m b e r i s p r e d o m i n a n t l y 
l a m i n a r , t r a n s i t i o n to t u r b u l e n t f l o w w a s e n f o r c e d a r t i f i c i a l l y b y b o u n d a r y - l a y e r t r i p s . A s y m m e t r i c 
N A C A 6 3 , - 0 1 2 , a q u a s i - e l l i p t i c a l N L R - p r o f i l e a n d a b i c o n v e x c i r c u l a r - a r c s e c t i o n , w i t h d i f f e r e n t c h o r d 
l e n g t h s , w e r e i n v e s t i g a t e d a t M a c h n u m b e r s r a n g i n g f r o m 0 . 6 5 to 0 . 7 5 a n d a n g l e s o f a t t a c k f r o m 0 ° t o 1 0 ° . 
T h e s h o c k o s c i l l a t i o n s w e r e s t u d i e d w i t h s e v e r a l o p t i c a l m e t h o d s , s c h l i e r e n - , s h a d o w - , i n t e r f e r o g r a m 
s t r e a k i n t e r f e r o g r a m i n f o r m o f s i n g l e - s p a r k , m u l t i - s p a r k s a n d h i g h - s p e e d f i l m s . T h e f r e q u e n c y o f t h e 
o s c i l l a t i o n w a s d e t e r m i n e d w i t h a L a s e r - s c h l i e r e n t e c h n i q u e . U n s t e a d y p r e s s u r e m e a s u r e m e n t s w e r e 
c a r r i e d o u t w i t h t r a n s i s t o r p r o b e s , a n d m e a s u r e m e n t s o f v e l o c i t y - a n d t e m p e r a t u r e - f l u c t u a t i o n s w i t h 

T h e s i n g l e - s p a r k s c h l i e r e n p i c t u r e s o f F i g . 1 
s h o w t h e d i f f e r e n c e b e t w e e n t h e s t e a d y i n t e r a c t i o n 
o f a n o r m a l s h o c k w a v e w i t h a l a m i n a r b o u n d a r y 
l a y e r a n d a t r i p p e d t u r b u l e n t b o u n d a r y l a y e r . It c a n 
b e s e e n t h a t t h e l e n g t h o f t h e t u r b u l e n t i n t e r a c t i o n 
r e g i o n i s m u c h s m a l l e r . T h e r e a s o n f o r t h i s 
b e h a v i o u r i s t o b e s o u g h t i n t h e a b i l i t y o f t h e t u r b u -
l e n t b o u n d a r y l a y e r to w i t h s t a n d t h e l a r g e r a d v e r s e 
p r e s s u r e g r a d i e n t s c a u s e d by t h e s h o c k w a v e i n 
c o m p a r i s o n to t h e l a m i n a r b o u n d a r y l a y e r . T h e p o s i -
t i o n s o f t h e s h o c k w a v e o n t h e p r o f i l e a r e d i f f e r e n t 
f o r t he t w o c a s e s a t t h e s a m e a n g l e o f a t t a c k , s t r o n g l y 
e f f e c t e d by t h e s c a l i n g ( R e f s . 3 8 a n d 3 9 ) . T h e w e a k 
o b l i q u e s h o c k w a v e w h i c h c a n b e s e e n a t x / c = 0 . 0 3 
i n F i g . l b i s c a u s e d b y t h e b o u n d a r y l a y e r t r i p m e n -
t i o n e d e a r l i e r . T h e r e s u l t s f o r l a m i n a r i n t e r a c t i o n 
w e r e o b t a i n e d i n t h e f o l l o w i n g w a y : F i r s t t h e u n -
s t e a d y f l o w w a s r e c o r d e d b y F a s t a x - m o v i e s . T h e 
e v a l u a t i o n o f t h e f l o w p i c t u r e s r e c o r d e d o n t h e f i l m 
y i e l d e d t h e r e s u l t s d e p i c t e d i n t h e f o l l o w i n g f i v e 
F i g s . 2 , 3 , 4 , 5 , 6 f o r t h e N A C A 6 3 ( - 0 1 2 s e c t i o n . 
F i g s . 2 a n d 3 s h o w t h e m e a n s h o c k - w a v e p o s i t i o n 
a n d t h e a n g l e o f a t t a c k v e r s u s M a c h n u m b e r , f o r 
w h i c h l e a d i n g e d g e s e p a r a t i o n , a l t e r n a t i n g f l o w s e p a -
r a t i o n a n d a t t a c h m e n t , a n d s h o c k i n d u c e d s e p a r a t i o n 
o c c u r . T h e m a x i m u m o f t h e m e a n p o s i t i o n o f t h e s h o c k 
i n d i c a t e s t h e b e g i n n i n g o f s h o c k - i n d u c e d s e p a r a t i o n . 
T h e t h e o r e t i c a l b u f f e t b o u n d a r y i n F i g . 3 a f t e r G A D D 
( R e f - ^ 0 ) f a l l s t o g e t h e r w i t h t h e b e g i n n i n g o f s h o c k -
i n d u c e d s e p a r a t i o n . A l t e r n a t i n g f l o w s e p a r a t i o n a n d 
a t t a c h m e n t a t t h e l e a d i n g e d g e i s t h e s e v e r e s t c a s e 
o f t h e u n s t e a d y f l o w b e h a v i o u r ( F i g . 3 ) . In F i g s . 4 
a n d 5 t h e a m p l i t u d e s a n d t h e r e d u c e d f r e q u e n c i e s o f 
t h e s h o c k o s c i l l a t i o n s a r e p l o t t e d v e r s u s a n g l e o f 
a t t a c k w i t h t he f r e e s t r e a m M a c h n u m b e r a s p a r a m e -
t e r . T h e f r e q u e n c i e s e x h i b i t a m i n i m u m f o r a c e r t a i n 

a n g l e o f a t t a c k . A t t h e m i n i m u m the o s c i l l a t i o n s - , - e p e r i o d i c . F i g . 6 s h o w s l i n e s o f c o n s t a n t s h o c k - w a v e 
a m p i t u d e s a s a m e a s u r e f o r t h e i n t e r a c t i o n b e t w e e n t h e u n s t e a d y s h o c k a n d t h e b o u n d a r y l a y e r 

T h e l o c a l v e l o c i t y f l u c t u a t i o n s d o w n s t r e a m o f t h e u n s t e a d y s h o c k w e r e d e t e c t e d w i t h h o t f i l m s F i q 7 
s h o w s a n u n f i l t e r e d a n d a f i l t e r e d o s c i l l o g r a m . T h e l o c a t i o n o f t h e g a u g e h a s b e e n c h o o s e d i n s u c h a w a y 
t h a t t h e m e a n p o s i t i o n o f t h e s h o c k w a v e r e a c h e s t h e e d g e o f t h e s e p a r a t e d b o u n d a r y l a y e r . T h e ho t f i l m 

T a V J e X T , e d ' ° t h e b o u n d a r y - ' ^ e r ' h e o u t e r i n v i s c i d f l o w , t h e f o r m e r c a u s e s t h e 
l a r g e n o i s e , n t he u n f i l t e r e d o s c i l l o g r a m . T h e s h o c k o s c i l l a t i o n w a s a l s o i n v e s t i g a t e d b y a L a s e r - s c h l i e 
r e n t e c h n i q u e : A L_aser b e a m w a s f o c u s e d o n t h e m e a n s h o c k w a v e p o s i t i o n . S i n c e t he a c f u a w i 
IS n o t a n e x a c t d i s c o n t i n u i t y , t h e d i f f r a c t i o n o f t h e L a s e r b e a m c a u s e d b y t h e s h o c k o s c i l l a t i o n c o u l d b e 

b ) t u r b u l e n t ( < ^ = 3 ° 

F i 9 1 L a m i n a r a n d t u r b u l e n t i n t e r a c t i o n 
N A C A 63 j - 0 1 2 , c = 100 m m , 

0 . 7 1 , R e = 1 . 2 5 • 1 0 7 m " l 
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LEADING EOGE SEPARATION 

ALTERNATING FLOW 
SEPARATION ANO 
ATTACHMENT 

\ | SHOCK INOOCEO SEPARATION 

B U F F E T ^ 
BOuNOARr 
IGAOOl \ 
(Atf iOl 

CRITICAL 
MACH NUMBER 

F i g . 2 Mean shock-wave pos i t i on F i g . 3 T ranson i c f .ow reg ions F i g . 6 L i n e s of constant shock -

wave ampl i tude 

5 NACA 6 3 , - 0 1 2 

LAMINAR 
c > 1 X i m 

r — 

\ \ 
[ Mao = 0LW 

j//A 
/ / / \ 

/ \ / 06*1 

o§ 

*ACA 63,-012 

\ \ 
LAMINAR 

-•XJOmm 

V 
v M-\ 06^ 068 07g 

i : ! | 

F ig . 4 Shock -wave ampl i tude 
F i g . 5 Reduced f requency 

F i g . 7 H o t - f i l m osc i l l og rams 
NACA 6 3 , - 0 1 2 , c - 100 mm 
MJJ" 0 .66, oy. 7°, 
Re - 1. 2x10 m"', I cm - 5 ms 

F i g . 8 L a s e r - s c h l i e r e n measurement 
N L R 0. 1025-0. 6750-1. 300, c= 80 mm 
M„= 0.71 , oi = 5°> 

Re = 1. 25x10^ m ' , 1 cm = 5 ms 

,h is me,hod can be used ,o d e ~ * « -

NACA 6 3 , - 0 1 2 

LAMINAR 
c « 100 mm 



W i t h t h e 8 - s p a r k s c a m e r a ( R e f . 41) 
o f t h e A e r o d y n a m i s c h e I n s t i t u t w h i c h 
m a k e s u s e o f t h e C r a n z - S c h a r d i n p r i n -
z i p l e , t h e t i m e d e p e n d e n t d e v e l o p m e n t 
o f t h e s h o c k o s c i l l a t i o n s c o u l d b e s t u -
d i e d i n d e t a i l . T h e M a c h - Z e h n d e r i n t e r -
f e r o g r a m s i n F i g . 9 s h o w a b o u t o n e f u l l 
p e r i o d o f o s c i l l a t i o n . T h e p i c t u r e s w i t h 
l i n e s o f c o n s t a n t d e n s i t y a r e d e p i c t e d i n 
i n t e r v a l s o f 7 0 0 m i c r o s e c o n d s . T h i s a l -
t e r n a t i n g s e p a r a t i o n i s c h a r a c t e r i z e d by 
a p e r i o d i c a l c h a n g e o f t h e f l o w s e p a r a t i -
o n a t t h e l e a d i n g e d g e a n d a t t h e u p s t r e a m 
f o o t o f t h e l a m b d a s h o c k . T h e s e p a r a t i -
o n p o i n t f o l l o w s t h e s h o c k m o v e m e n t ; t h e 
s e p a r a t i o n r e g i o n e x t e n d s f r o m the i n -
s t a n t a n e o u s p o s i t i o n o f t h e s h o c k w a v e 
to t h e t r a i l i n g e d g e . In p i c t u r e 3 t h e 
s h o c k w a s p o s i t i o n e d a t 4 0 p e r c e n t c h o r d , 
i n p i c t u r e 5 t h e s h o c k d e g e n e r a t e s t o a 
M a c h w a v e a n d l e a d i n g - e d g e s e p a r a t i o n 
a l o n e d e t e r m i n e s t h e f l o w . F r o m t h e m u l -
t i - s p a r k i n t e r f e r o g r a m s t h e t i m e d e p e n -
d e n t l o c a l M a c h n u m b e r s w e r e d e t e r m i -
n e d w i t h t he a s s u m p t i o n o f i s e n t r o p i c f l o w 
i n t h e e n t i r e f l o w f i e l d . F i g s . 10, 1 1 a n d 
12 s h o w t y p i c a l r e s u l t s f o r t h e l o w e r s i -
d e ( y / c - - 0 . 4 ) , t h e g e o m e t r i c a l s t a g n a -
t i o n l i n e ( y / c = 0) a n d t he u p p e r s i d e o f 
t h e p r o f i l e ( y / c = + 0 . 4) , w i t h t h e t i m e 
a s p a r a m e t e r . T h e p o s i t i o n o f a p o i n t i n 
! he f l o w f i e l d i s g i v e n b y t h e c o - o r d i n a -
t e s x a n d y , m e a s u r e d f r o m t h e l e a d i n g 
e d g e o f t h e p r o f i l e , i n a n d n o r m a l to i h e 
d i r e c t i o n o f t h e c h o r d . O n t h e l o w e r s i d e 
t h e f l o w i s p r e d o m i n a n t l y s u b s o n i c ( F i g . 10) . 

I n F i g . 12 d o w n s t r e a m o f t h e s h o c k 
w a v e e x p a n s i o n r e g i o n s a r e v i s i b l e , a l -
r e a d y o b s e r v e d by A c k e r e t ( R e f . 49 ) a t 
p r e s s u r e m e a s u r e m e n t s , a n d a n a l y s e d 
t h e o r e t i c a l l y by Z i e r e p ( R e f . 50 ) f o r i n -
v i s c i d f l o w s . N e a r t h e t r a i l i n g e d g e o n 
t h e l o w e r s i d e t he m a x i m u m M a c h n u m b e r 
i s r e a c h e d w h e n t he s h o c k w a v e o n t he 
u p p e r s i d e i s i n i t s f u r t h e s t p o s i t i o n . 
L a r g e M a c h n u m b e r f l u c t u a t i o n s c a n b e 
n o t i c e d i n t h e e n t i r e f l o w f i e l d . F i g s . 13 
a n d 14 s h o w t h e p e r i o d i c a l c h a r a c t e r o f 
t h e f l o w f o r y / c = - 0 . 4 a n d y / c = + 0 . 4 . 
In p a r t i c u l a r p h a s e s h i f t s o f t h e w a v e s 
c a n b e r e c o g n i s e d . T h e e x t r e m p o s i t i o n s 
o f t h e s h o c k w a v e a t t he u p p e r s i d e a r e 
a l s o i n d i c a t e d f o r t h e o r i e n t a t i o n . A p p a -
r e n t l y p r e s s u r e w a v e s p r o p a g a t e c l o c k -
w i s e a r o u n d t h e p r o f i l e , o u t s i d e t h e s e -
p a r a t e d b o u n d a r y l a y e r . W i t h i n t h e s e -
p a r a t e d b o u n d a r y l a y e r a n d n e a r t he l e a -
d i n g e d g e t he m o t i o n o f t h e w a v e s c a n n o t 
c l e a r l y r e c o g n i s e d . T h e p r e s s u r e m e a -
s u r e m e n t s o n t h e w i n g s u r f a c e c a r r i e d 
o u t i n t he s e p a r a t e d r e g i o n b y S o r e n s o n 
( R e f . 54) , c o n f i r m t he c l o c k w i s e p r o p a -
g a t i o n o f l a r g e d i s t u r b a n c e s . 
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F i g . 12 L o c a l Mach numbers 
N L R 0. 1025-0. 6750-1. 300 
c - 80 mm , 0. 71 
« = 5 ° , y / c - + 0 . 4 

F i g . 13 L o c a l Mach numbers 
N L R 0. 1025-0. 6750-1. 300 
c = 80 mm , 0 .71 
<*- 5 ° , y / c = - 0 . 4 

F i g . 11 L o c a l Mach numbers 
N L R 0. 1025-0. 6750-1. 300 
c » 80 mm , M - 0. 71 
<* = 5° , y / c - 0 

1400 2800 4200 ps 

F i g . 14 L o c a l Mach numbers 
N L R 0. 1 025-0 . 6750-1. 300 
c - 80 mm , 0 .71 
<*- 5 ° , y / c » + 0 . 4 

-0.4 
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F i g . 15 S t r e a k i n t e r f e r o g r a m , N L R 0 . 1 0 2 5 - 0 . 6 7 5 0 - 1 . 3 o o , c 
M c o * ° - 7 1 • ° " 5 ° » R e = * • 2 5 x 1 0 7 m ~ 1 , y / c - - 0 . 3 0 

0 3375 -0 3375 

I t TXT.. 
02 

- 2 

my 
cm —\ 

F i g . 16 

• ' • t 'y—f; 

10 3375 - 0 33751 r 105 

I my 
cm 

P r e s s u r e m e a s u r e m e n t s 
N L R 0 . 1 0 2 5 - 0 . 6 7 5 0 - 1 . 3 0 0 , c 
v o. 71 , <* = 5° , Re - 1. 25x10 
x / c = 0 . 3 3 7 5 u p p e r s i d e 
x / c = - 0 . 3 3 7 5 l o w e r s i d e 

80 mm 
7 ~ -1 

F i g . 15 s h o w s a d e t a i l o f a 
t y p i c a l s t r e a k i n t e r f e r o g r a m , t a -
k e n w i t h t h e s l i t a t y / c = - 0 . 3 . 
T h e p r e s s u r e w a v e p r o p a g a t i n g 
u p s t r e a m c a n c l e a r l y b e r e c o g n i -
z e d . T h e p e r i o d i c a l c h a r a c t e r o f 
t he f l o w c a n b e s e e n i n t h e e n t i r e 
s t r e a k i n t e r f e r o g r a m . M e a s u r e -
m e n t s o f t h e u n s t e a d y p r e s s u r e o n 
t h e a i r f o i l s u r f a c e ( F i g . 16) a l s o 
s h o w t h e v e r y r e g u l a r b e h a v i o u r 
o f f l u c t u a t i o n s o n t h e u p p e r s i d e , 
t h e l o w e r s i d e a n d t h e g e o m e t r i -
c a l s t a g n a t i o n p o i n t , w i t h c l e a r l y 
r e c o g n i s a b l e p h a s e s h i f t s . T h e s e 
m e a s u r e m e n t s a l s o c o n f i r m t h e u p -
s t r e a m m o t i o n o f t h e w a v e s o n t h e 
l o w e r s i d e . 

F i g . 17 d e m o n s t r a t e s t h e u n s t e a d y t r a n s o n i c f l o w o v e r a 2 0 p e r c e n t t h i c k b i c o n v e x c i r c u l a r - a r c a i r -
f o i l a t z e r o a n g l e o f a t t a c k . T h e a l t e r n a t i n g u p s t r e a m m o t i o n o f t h e l a m b d a s h o c k s o n t h e u p p e r a n d o n 
t h e l o w e r s i d e o f t h e p r o f i l e i s o f p a r t i c u l a r i n t e r e s t . N e a r t h e l e a d i n g e d g e t h e s h o c k w a v e s d e g e n e r a t e 
i n s o u n d w a v e s w i t h o u t f u r t h e r b o u n d a r y l a y e r s e p a r a t i o n . T h e s o u n d w a v e s l e a v e t h e a i r f o i l a n d p r o p a -
g a t e u p s t r e a m . T h e f l o w i s f u l l y p e r i o d i c a l a n d t h e i n t e r f e r o g r a m s i n d i c a t e t h e p e r i o d i c a l c h a n g e o f t h e 
e x p a n s i o n r e g i o n s o n t h e u p p e r a n d l o w e r s i d e . F a s t a x f i l m s a l s o s h o w t h e p e r i o d i c a l c h a r a c t e r o f t h e 
f l o w n e a r t h e s t a g n a t i o n p o i n t , a n d t h e r e s u l t s i n d i c a t e t h a t t h e r e a r e s o m e a n a l o g i e s t o t h e t r a n s o n i c 
f l o w p a s t c i r c u l a r c y l i n d e r s a s s h o w n i n F i g . 18 ( s e e a l s o R e f . 2 3 ) . T h e o b s e r v a t i o n i s c o n f i r m e d b y t h e 
a p p e a r a n c e o f a v o r t e x s t r e e t d o w n s t r e a m o f t h e w i n g ( F i g . 19 ) . T h e e n t i r e w a k e e x h i b i t s c r o s s w i s e o s -
c i l l a t i o n s w i t h t h e f r e q u e n c y o f t h e s h o c k w a v e m o t i o n . T h e w a k e f l o w o f t h e N L R - a i r f o i l s e c t i o n a l s o 
s h o w s p e r i o d i c a l c h a r a c t e r ( F i g . 2 0 ) . B u s e m a n n ( R e f . 53) p r e d i c t e d t h a t v o r t e x - s t r e e t f o r m a t i o n w o u l d 
o c c u r i n t r a n s o n i c a i r f o i l f l o w a w a y f r o m t h e d e s i g n p o i n t . 

F i g . 17 B i c o n v e x c i r c u l a r - a r c 
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Fig. iö     Circular cylinder    ,     d = 40 mm 

Fig. 19   Vortex street 

Biconvex circular-arc 

c - 50 mm,   M    =  0. 71,o<= 0C 

Fig. 20   Vortex street 

NLR 0. I 025-0. 6750- 1 . 300 

c = 80 mm,  M    = 0. 71, ot= 5° 

Fig. 21    Chok ing condi tion 

Circular arc,<x= 0° 

c =  1 50 mm,M„ 0. 7 

In order  to detect the influence of possible blockade or choking effects in the tunnel on the shock 

oscillations,   the chord lenght of the NLR-profile (c  = ^0,   80,    160 mm) and of the biconvex circular-arc 

airfoi I (c = 25,   50,    100,    1 50 mm)  was varied for constant  freestr earn condi tions.   For  the circular-arc 

A i th I 50 mm chord the shock waves were essential ly steady (Fig.   21).   The choking Mach number,   calcu- 

lated from the one-dimensional   theory without separation (Ref.   42),   is M    = 0.695.   The shock wave was 
oo 

not completely steady for   the largest NLR-section (c  =   160 mm)  at five degrees angle of attack and 

M   «0.71,   because chok :nq between the lower  side of the profi le and the  lower  tunnel wal I could not be oo ' J ^ 
reached.   In all other cases regular shock oscillations occured with the same reduced frequency refe- 

renced to the chord lenght,   for a definite airfoil.   It can therefore be concluded that the frequency of the 

shock oscillation depend on the chord lenght,   and is not caused by  the tunnel effects.   For  the biconvex 

circular-arc airfoi I  at zero angle of cittack the theoretical ly deter minedchol.ing Mach numbers for c = 

25,   50,   100 mm are M^ =  0. 877,   0. 827,   0. 755,   so that it  is safe to assume thai the flow in the test sec- 

tion at M^ 0. 7 1  was not c hoked (see also Ref.   43).   Thi s conclusion is confirmed by the Interferograms. 

Only at the largest profiles (c =   160,   respectively c •   150 mm) did the sonic  lines reach the tunnel  walls. 

3.      UNSTEADY FLOW MECHANISMS 

The following four possible unsteady flow mechanisms can i^e Identified in flows with shock oscilla- 

tions. 

If a small pressure disturbance appears during the interaction,   it propagates upstream in the sub- 

sonic part of  the toundary  layer (Ref.  36).   This disturbance will result in flow changes in the 

boundary layer,   and in an upstream shift of the separation point.   For  laminar shock-boundary 

layer  interaction   (A-shock pattern),   the upstream propagated disturbances will cause changes  in 

the outer supersonic flow and thereby a change in the strength of the first shock-wa^e and a down- 

stream propagated pressure disturbance.   It is the latter which gives rise to the unsteady oscilla- 

tion of the interacting inviscid and viscous flow.   Dvorak (ReT.   36) made an attempt to solve the un- 

steady  interaction problem as a stability problem of the small disturbance propagation.   The compa- 

rison (Fig.   22) between experiment and this theory shows that for small angles of attack the trend 

of the reduced frequency is in principle predicted for high-frequency oscillations.   The diagram, 

however,   also shows  that another mechanism becomes predominant at higher angles of attack. 
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II.       After Tamaki (Ref.   18)  the shock-wave os- 
cillations may be corriidered as the repe- 
tition of the following process: The upstream 
traveling disturbances tend to accumulate 
at a certain point ( Busemann,   Refs.45 and 
46 ) ,   but their pressure rise can be Irans- 
fered upstream through the subsonic region 
outside ( confirmjd by Fig. 23 ,   see also 
Ref.  48 ),  where upstream motion of ihe 
disturbances is possible.   Then the flow 
returns to the initial state and repeats the 
same process. 
With the models I and II  the high-frequency 
oscillations with small amplitudes at small 
angles of attack (Fig.   5) can in principle 
be explained. 

Fig.22     Reduced frequency,   Re-  1.25x10' 

• . .:{/     fa..  ■ • N 

4^ mm 
,i, . 

1fcfe*M   ■' 

Fig. 23   Shadow-pictures,   NI_R 0. 1025-0.6750-1.300 ,  c » 80 mm , 
Re - 1.25x107 m"'   , At   - 60 ^s 

M 0. 71 5° 

III The following mechanisms are believed lo describe the small-frequency-shock-wave oscillations 
with large amplitudes at  large angles of attack.   For these cases the separation of the boundary 
layer extends from the instantaneous position of the shock wave to the trailing edge.  Disturbances 
now also travel upstream in the subsonic region at the lower side of the profile and preisure rea- 
dings on the lower side clearly confirm periodical pressure fluctuations with definite phase shifts 
(Fig.   16).  The pressure waves on the lower side made visible with the multi-spark technique 
(Fig.   24),   are visible around the whole airfoil.   The "divergence" of the trailing edge pressure, 
as defined by Pearcey (Ref.   38),   may give the first triggering impuls for the upstream moverrent 
of the disturbances on the lower side. Arround the airfoil periodical oscillations of the circulation 
exist,  connected with unsteady flow near the trailing edge so that the Kutta condition can be satis- 
fied,  "■'he oscillation of the circulation cause oscillations of the circulation in the wake but with 
the opposite sign. 

IV. Inspection of Fastax-high-speed films indicate that the separated boundary layer carried out 
crosswise oscillations,   which are synchronous with the shock wave movement,   in analogy to the 
transonic aileron buzz (Ref.   44).   The mechanism can be explained as follows: If the boundary layer 
at the rear portion of the wing separates,  unsteady pressure disturbances are produced in the ou- 
ter subsonic flow which propagate downstream and upstream.   The upstream propagating disturban- 
ces meet the shock and force it to move upstream.  The shock wave travels in regions of smaller 
Mach numbers; the angle between the edge of the separated boundary layer and the free stream di- 
rection is reduced; negative pressure disturbances in the outer flow downstream of the shock wave 
are produced and the shock wave is forced to move downstream again. The crosswise oscillation of 
the wake is particularly intense at the biconvex circular-arc airfoil. 
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Fig. 24 5hadow-pic lures NLR 0, 102 5-0. 6750-1 , 300 ,   c = 80 mm ,   M    = 0. 71 
Re =  1 . 25x107 m"'   , At =  10Ü ps 

4.     COMMENTS ON EXISTING THEORIES 

Because of the strong coupling belween the boundary   layer and the  inviscid flow thecretical analysis 
is d'fficull,   in particular  in the case of separated boundary  layers.   In the present problem unsteady 
effects are essential.   In the  interest of the problem investigated here,   unsteady methods as for example 
the one proposed by Yoshihara (Ref.   47) would be most useful for  the prediction of unsteady  inviscid and 
viscous transonic flows. Appl ication of the Navier-Stokes equations may be a successful way to describe 
the flow about the airfoil as were for example done successfully for  low Reynolds number flows In Refs. 
51  and 52 .   There are simi lar i ties  to the starting process of an airfoi I,   which may result from the same 
mechanism as the periodical behaviour of the wake flow downstream from the profile. 

CLOSING REMARKS 

Measurements of the unsteady   shock wave-boundary  layer   interaction on various airfoils were car- 
ried out at transonic Mach numbers.   The shock oscillations  induced by boundary  layer separation cha- 
racterise the flow;  the separation extends from the instantaneous position of the shock wave to the trai- 
l.ng edge.   Small-frequency  shock  oscillations with large amplitudes at   large angles of attack show  large 
periodic oscillations of the circulation on 'he profile,   compensated apparently by  the circulation of the 
vortices in the wake but  in the opposite sence. 

An analogy seems exist   to the  transon.c  flow over circular cylinders with a vortex street  in the wake. 
The  influence of possible choking effects  in the wind tunnel were eliminated.   It was shown that  the fre- 
quency of the shock oscillation varies  inversely proportional   to the chord length and is not caused by 
tunnel effects.   The influence of the wind tunnel walls is presently being studied by  means of a finite- 
difference solution for   the exact potential equation. 
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SHOCK  INDUCED FLOW OSCILLATIONS 

by 

G.E.A,  Meier 
iVi ax-Planck-Institut für Strömungsforschung 
D ""i.Göttingen. Böttingerstr. 4-8. Germany 

SUMMARY 

The phybical system consisting of a shock wave and the downstream separated flow causes oscillatory 
instabilities in three cases described here:    transonic flow in a curved channel;   flow over a symmetric 
profile at angle of attack,   and flow in a Laval nozzle.  The shock-boundary layer interaction creates or 
displaces a separation bubble, thereby changing the flow field downstream of the shock root.  This pro- 
cess usually strengthens the shock wave by increasing the back pressure.  The shock wave then becomes 
unsteady, moving the separation point with it in an upstream direction, so that a self-preserving insta- 
bility occurs, thus reducing the flow velocity in the whole transonic field. By means of the later reattach- 
ment of the boundary layer, the entire flow is accelerated and tends to return to the initial condition, 
i.e. .  the process is cyclic. The length of the oscillation periods can be estimated.  Using a one-dimen- 
sional model for the Laval nozzle flow,  it can actually be calculated. Consideration of the gasdynamics 
of the process leads to limits in terms of pressure or Mach number for the existence oi oscillations, 
these limits being in good agreement with experimental results. 

INTRODUCTION 

•Several years ago we observed nonsteady behavior of transonic flows in a curved tunnel when shocks with 
a certain minimum strength of pressure jump occurred at the end of a supersonic  region embedded in a 
subsonic flow (11.  The great similarity to phenomena connected with buffeting [2j on wings suggested a 
parallel invesiigation of both types of flow with regard to the detection of an oscillation mechanism. 

In an attempt to find a simple model for the complex phenomena observed in the two-dimensional nonsteady 
flows, we found we could predict, based on considerations of the mechanisms, that supersonic Laval- 
nozzle flows must also show this behavior for a certain pressure ratio and certain geometrical forms. 
Experiments with a nozzle of this type have confirmed the prediction, and moreover provided an expla- 
nation for the nonsteady behavior of flows occasionally observed in supersonic tunnels and valves. The 
reduction of the problem to nonsteady behavior of nozzle makes it possible to treat the mechanism of os- 
cillation theoretically in a one-dimensional model by a modified current tube theory. 

The most important result of the inve-tigation is that the oscillation is generated by a local instability 
which is based on an interaction of the boundary layer and shock wave. In the acceleration phase, a shock 
wave forms at the end of the supersonic flow.   The pressure jump in the shock wave is capable of detaching 
the boundary layer or displacing the point of detachment.  The effect is a local increase of pressure behind 
the shock wave, which causes the latter to move upstream.  In this process the shock wave moves the se- 
paration point away with it, so that a self-preserving instability occurs, which may result in canceling 
the whole supersonic flow. The shock wave leaves the region in which the oscillation is generated in many 
cases as an acoustic bang wave through the subsonic flow. In the acceleration phase the boundary layer 
reaitaches to the wall. 

The process described here should not be confused with another type of shock boundary layer interaction, 
which was described by L. Trilling (3|.  This instability is restricted to the case of   X - type shock waves 
separating laminar boundary layers.  The influenced area where the distortions propagate is very small 
and the oscillation frequencies are therefore much higher than in the case treated in this paper. 

INSTRUMENTATION 

The different channels are connected with a vacuum chamber and fed with dried atmospheric air.  The 
flow volume is controlled by a variable supersonic nozzle. 

The central flow field is observed with a Mach-Zehnder-Interferometer. With air at atmospheric pressure 
inside the duci, the interferometer is adjusted to infinite width the interference fringes.  Thus the fringes 
will be lines of constant density in the photographs of the flow field. As long as no entropy changes occur, 
all other variables of state and magnitude of flow velocity will be constant on interference fringes. 

The unsteady flow phenomena ave recorded by high speed phoiMgraphy. A single photograph has an   x- 
posure time   t = 10     s. Ihe interframe time  A t   is given in the corresponding subscript. 

Pressure measurements were made by mercury columns for the stationary component of static pressure. 
The unstationary component was measured by piezoelectric transducers with resonance frequencies 
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fr = 80 kHz.   Signals are recorded on film from an eight trace oscilloscope and fjr further evaluation 
on magnetic tape. 

OSCILLATIONS IN A CURVED CHANNEL 

Two examples of interlerograms of an oscillation cycle in a curved channel are shown in Fig.   1 and 
Fig.   2 (in these tests suction was applied at the convex boundary; for more details see (I| and [3J). 

Fig.   1      Interferograms of an oscillation cycle 
of transonic flow with intermediate 
separation in a channel of   h = 40 mm 
depth and  d = 45 mm distance between 
top and bottom walls at the smallest 
cross section.  Highest Mach number at 
the smallest cross section at the lower 
wall     "^niax = '•^-  Suction velocity at 
the convex contour  vg 

r 3 m/s.  Inter- 
frame time   At = 0.3 ms.   Flow direction 
from left to right. 

Fig. 2    Interferograms of an oscillation cycle of 
transonic flow with intermediate separation 
in a channel of 40 r in, x 45 mm smallest 
cross section.  Mai h number at the zenith 

f the boundary     M n .x - 1.4,  Suction ve- 
locity at the convex contour  vs  = 3 m/s. 
Interframe time   At  = 0.6 ms.   Flow di- 
rection from left to right. 

Fig.   1 represents the most common case,  that of a shock wave being established during frames 1-3 at the 
end of a growing supersonic flow regime,  creating a separation bubble in frame 3.   The main flow around 
the newly-created separation bubble is similar to that around a convex contour (see frames 4 and 5), with 
highest density and pressure values just behind the shock wave.   This pressure can be additionally ampli- 
fied by acoustic waves resonating in the duct (4|.   The density or pressure behind the shock wave there- 
for«; becomes too high for a stationary shock and it moves upstream (frames 4-7).   The boundary layer 
separation po r the beginning of the separation bubble i;, moved with the shock root. Thus the high 
density or pre- field just behind the shock persists during the main part of the motion.  Therefore we 
call this a phase of self-preserving instability.  The durat.on of the deceleration phase is essentially de- 
termined by the acceleration of the secondary flow inside the separation oubble and the propagation velo- 
city of the shock wave against the main flow.  When the shock wave becomes too weak to maintain separation 
(see frame 7) the boundary layer is reattached very quickly with the velocity of downstream convected 
turbulence elements. The following acceleration phase is extended over the whole flow field as an expan- 
sion wave starting from the area of reattachment (see frames 7-1) 

Fig.  2 shows that a very similar oscillation cycle can occur without complete separation of the boundary 
layer.   The turbulent layer after the shock wave is considerably thickened after the shock has reached a 
certain strength in the acceleration phase (see frames 4 and 5). The thickened boundary layer also creates 
a pressure wave running upstream and driving the shock wave at the end of the supersonic flow regime to 
a more upo'.ream position (see frames 5-7). As can be seen from other measurements [4) the magnitude 
of the pressure wave is amplified by acoustic resonance in parts of the duct.  The amplitude of the oscil- 
lation depends on this and thus cannot be easily predicted. 

The evaluation oi interference pictures shown in Fig. 2 leads to the density curves shown in Fig.  3 and 
Fig.  4.  It can easily be seen from Fig.  3, traces 18 and 22, how the shock wave suddenly inc -eases the 
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Fig. 3 Time dependence of density and shock 
position. Plot of density at cer ta in points 
marked in the sketch of the channel and on 
the individual cu rves . Plot of shock position 
in dimensionless distance downstream of 
smal les t c r o s s section measured on the 
convex boundary. 

Fig. 4 Time sequences of density and density 
changes in the connection line of the 
shown scanning points. High density in 
the changes is marked by dashed l ines . 

I v j - 10 m / s . Small values 
corresponding 

fn = h ? ?r1 ~ j passing the corresponding points in the flow field. But a lso the density changes 
th subsonic flow, for instance t race 1 or 52, show changes of Ap/50 ~ 0 .05 . Corresponding p r e s s u r e 

or for n r o T r " T 0 \ d f r °l m a g " " ^ e and there fore have great capability for immediate destruct ion or for producing ma te r i a l fatigue. 

Est imation of the shock velocity f rom the lower par t of Fig. 3 leads to values |v I 2 10 m 
like this occur only in cases of smal l p r e s s u r e waves and fluctuations. More u su l l values 
to oscil lat ions like those shown in Fig. 1, a r e shock velocit ies lvgl= 30 m / s . 

Looking at the maxima of the density curves a phase shif t becomes obvious. This indicates that density or 
p r e s s u r e inc rease s t a r t s in the a rea just behind the shock wave when the flow velocity in the supersonic 
flow tends to reach its maximum. The reasons for this p r e s s u r e drop a r e the increas ing s t r e n r t h ofThe 
lefThand nart f Th ^ b O U n d a r y c o n t o u r the growing separat ion bubble. Fig. 4 shows in the 
left-hand par t of the diagram time sequences of the density distr ibution in the flow along the shown scanning 

h i ' D e v e l ° P m e n t o f t h e s h o c * ^ v e at the end of the supersonic flow can c lear ly be seen here The 
right-hand curves of density d i f ferences show how the densi t ies above average a r e propagated f rom the 
a rea just behind the shock wave into the whole flow field. From this diagram it can also ! e seen thai a c c e -
era t ion , i . e dec rease of density values, s t a r t s in approximately the same a r e a . The reason for this 

, »h HCt boundary layer f i r s t rea t taches in this a r e a . The velocity of expansion waves 
values a rT | v j V 5 0 m / T " 8 6 6 0 1 8 ' ° h i g h 6 r ^ S h ° C k ^ v e l o c i t i e s i n t h e "Pstrearr. d i rect ion. Typical 

OSCILLATIONS ON A PROFILE 

Transonic flows around prof i les can show s imi l a r unsteady behavior if the flow tends toward separa t ion . 
Fig . 5 p re sen t s one cycle of oscillation for a symmet r i c prof i le with (X = 8° angle of at tack. In the case' 
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of this prof i le , oscil lat ions occur only in an a rea of 
angles of 6° « « e 10°. These limiting angles c o r -
respond to permanent attachment and permanent 
detachment of boundary layer , respect ively. In the 
case of more rounded prof i les the oscillation r e -
gime will be g rea t e r . 

A typical difficulty for measurements like this is 
the proper match of wall impedance of the transonic 
tunnel simulating the rea l f r ee field conditions. If 
for instance the flow in the tunnel is more like a 
je t , separat ion will not occur at smal l angles of 
attack: oscil lat ions will then be prohibited. If on 
the other hand walls a r e too hard, separat ion occurs 
in nearly any case with p r e s s u r e inc rease , and o s -
cillations thus occur in a too-extensive regime of 
p a r a m e t e r s . To overcome this difficulty without 
changing the tunnel it may be helpful to make m o -
dels as smal l as possible by requi rements of Rey-
nolds number . 

In the case of Fig. 5 the model thickness was 
approximately 4 % of the duct width of w - 350 mm. 
It can be seen that on this profi le the flow switches 
f rom complete attachment of a flow with high Mach 
numbers in the supersonic par t of the field 
( f rame 1; M = 1.3) to completely separated flow 
with only a very smal l supersonic flow regime at 
the shoulder of the prof i le , where separation s t a r t s 
( f rame 6). 

' - "• . grr — \ 
- - ' / r 0}(V-

' I s 1 

/V • ,*• "*• 
V • * ' l i ' >>yj" 

In te r fe rograms of an oscillation cycle of 
transonic flow around a symmet r i c profi le 
(NLR 0 .1 - 0 . 6 7 5 - 1 . 6 ) of I = 126.5 mm 
chord length with a = 8° angle of at tack. 
Highest Mach number at the profi le 
M m a x * 1 • 3 - In t e r f r ame time At= I m s . 
F'ow direction f rom left to right. 

The separat ion bubble grows in two direct ions (see Fig. 5 
f r a m e s 2-5) f rom the position of the s trong shock 
wave in f r a m e 1. On the one hand it is established 
downstream with the velocity of turbulent e lements , 
i . e . , near ly flow velocity ( |v t | = 100 m / s ) . On the 
other hand it is penetrat ing below the supersonic 
flow regime with the velocity of the inclined part of 
the shock wave (|v sl S 20 m / s ) . This value is then 
comparable with the upstream flow velocity in the secondary flow regime of the separat ion bubble which 
certainly balances static p r e s s u r e perpendicular to the mixing layer al l the t ime. Therefore it is obvious 
hv3 h i f C ° n d a r y ' l o w i s accelera ted strongly in the f i r s t moment when the separat ion bubble is formed 
by the p r e s s u r e gradient of the shock wave (see f r a m e s 2 and 3). 

behha!,VnrU
n
afti,°hn °I 3 l ° " g e r P ° r t i ° n ° f t h e f U m s ; ° W n i n F i S" 6 demons t ra tes a more s ta t is t ica l 

b havior of this type of oscil lation. Time scale and amplitudes show this behavior. The reason for this is 
the miss ing synchronizing efiect of a cavity resonance like that in the case of the curved channel As can 
be seen from the shock and separat ion point movement plotted in the lower part of the diagram the sepa 
of s h o c k i n g H " 7 i r r e g U l 3 r " P 3 " 8 ' 0 " W U h ^ " i S a l S ° to notice that thT'velocities 
of shock and boundary layer separation point, taken from the slopes of these curves , have mostly the 

"»• "» — <r°m stabiliiing effects to'cerw. 

The density t race corresponding to point 48 on the high p re s su re side of the profi le shows antiphase o s -
ha„ hiah ^ ° " l p a r e d " l t h t h

f
e o t

1
h e r T h i s indicates low velocities here when the low p r e s s u r e side 

has h i g h average values of velocity and vice ve r sa . So one simply can conclude that large circulation f luc-
tuations a r e connected with the oscillations of the flow field. 

Time sequences of density and density changes in Fig. 7 show behavior very s imi la r to the case at the 
curved channel Two dif ferences should be noted and can be seen from the dashed density difference curves-
f i r s t , the accelerat ion in this case s t a r t s f rom the shoulder of the wing, which is in agreement with the 
observation that reat tachment of the boundary layer s t a r t s here; second, the density in the trai l ing edge 
regime is lower although the whole flow field shows higher densi t ies in the decelerat ion phase. The reason 
or this can be the more constant mass flow in the duct here compared to the previous and the following 

OSCILLATIONS IN A LAVAL NOZZLE 

As stated before , consideration of the mechanism of oscillations led to exper iments with Laval nozzle flow. 
g. 8 shows in te r fe rograms of the observed oscillation at a p r e s su re rat io of p, / p„ = 0.76. The p r e s s u r e s 

P j and pQ a r e the r e s t p r e s s u r e s in the rece iver and supply r e s e r v o i r s , respect ively. 
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/interference fringe No I 

Fig. 6 Time dependence of density and shock 
position for unsteady profi le flow. Plot of 
density at cer ta in points of the flow field 
marked in the sketch of the prof i le . Plot of 
shock position and separation point in di -
mensionless distance downstream of p r o -
file nose. Angle of attack o< = 8°. 

Fig. 7 Time sequences of density and density 
changes for the line of scanning points 
shown. High density in the changes is 
marked by dashed l ines. 

F rame 1 in Fig. 8 shows a shock wave just at the position of the smal les t c ro s s section, which is marked 
by a vert ical line in these p ic tures . This shock la ter penetra ts the subsonic intake flow, leaving the intake 
of the duct as a bang wave. F rame 2 shows complete subsonic flow in the nozzle. 

Separation is permanent in this type of nozzle flow corresponding to the applied p r e s s u r e rat io p , / p 0 . In 
the case of subsonic flow, separat ion is maintained by very smal l p r e s s u r e or density gradients (see 
f r ame 2). The boundary layer is separated only at one boundary of the duct. This is due to another type of 
instability, which in the case of two separat ion bubbles causes the higher one to grow by centr i fugal p r e s -
sure d i f ferences in a curved flow. So at the beginning of any experiment it i s decided on which boundary 
separation will take place. 

*u + 
*U ltstanct between points 
• asQII a 12.65 mm 

- t i ! 
-T " chord length I * 126.5 nun 

By means of the applied p r e s s u r e ra t io the flow is accelera ted in the f r a m e s 3-5 . In this accelerat ion 
phase the boundary layer is fur ther stabilized and the shock wave is not concentrated in a cer ta in position 
(see f r ame 5). If the shock is formed (see f r ame 7), the separat ion point switches to the position of the 
shock root. Thus the shock gets additional back p r e s s u r e and the separat ion bubble s t a r t s growing (see 
f r a m e s 7-9) . The shock wave then penetrats the whole supersonic flow, t ransforming it to subsonic flow 
(see f r a m e s 8-10 and I). So the cycle is completed. 

The density fluctuations, shown in Fig. 9, look very s imi la r to the fluctuation in the curved channel Fig 3 
The very great changes in t race 2 of A? /$„ ? 0. 35 a r e due to the fact that the flow Mach number changes ' 
f rom M 1.2 in the supersonic flow phase to M = 0 .7 in the subsonic flow phase. This indicates the 
more one-dimensional behavior of this duct flow with no fu r ther possibi l i t ies of radiation or equalisation of 
t ime-dependant distort ions other than in the axial dimension. In other words: although the behavior of the 
flow is a reaction to a separation at only one of four boundaries the reaction influences a single c r o s s s e c -
tion nearly uniformly. This is the main assumption for the gasdynamic considerat ions on the mechanism. 



29-6 

m /interference fringe No / 

p l /po=C-76- Po=750,9mmQS.T =295 °K. F= 20% 

Fig. 8 In te r fe rograms of an oscillation cycle 
for transonic flow with permanent sepa-
ration in a Laval nozzle of d = 50 mm 
wall distance at the smal les t c r o s s 
sect ion. Depth of channel h = 100 m m . 
P r e s s u r e ra t io P j /Pg = 0 .76. In te r -
f r a m e time A t = 0. 5 m s . Flow d i r ec -
tion left to r ight . 

5 10 

I te/wxl 'van'ionLt^twtd 

li Until 

6 \llmsl 

—separation 
y-R i 

Time dependence of the density a t cer ta in 
points and of the density before and a f t e r 
shock or separat ion point respect ively . 
Posit ion of shock wave and separat ion point 
in dimensionless distance f rom zenith. 

p a r t ^ M F i T turner J T a n d b e h i n d t h e s h ° < * wave and separation point is shown in the centra l 
H?ffl 1 g 'w D l f f e r e n " s between these values become great at the end of the accelera t ion phase The 
hlh H V s ^ e c ° m e s m a l l e r d u r l " g t h e decelerat ion phase. It is in terest ing to note that the density ' i tself 
behind the shock wave is sti l l growing during decelerat ion. This is due to an amplification of the driving 
a calr" l 6 , w a v e ; ? l n C l u d e d i n t h e l a t e r considerat ions on the mechanism but can be included fn a calculation of a one-dimensional model flow. a l n 

The lowest par t of Fig. 9 is a plot of position of shock and boundary layer separat ion point versus t ime It 
is obvious that the downstream velocity of the separat ion point in the accelera t ion time is fa i r ly high Ty 
pxcal values of velocity | V p | ~ 3 0 m / s a r e observed. This values correspond to velocit ies in the lower 
boundary layer . The outer shape of the separat ion bubble is changed with much higher velocity This cor 
f r o m T n t e r f e r o g r a m V e ' ° C " y t u r b u l 6 n c e e l e m e n t s a n d »f |vpl = 100 m / s a r e observed " 

° t l 0 n ° ! t h e . s h ° ^ k " a v e ' a l s o P l o t t e d ^ ^ lowest par t of Fig. 9, is coupled to the motion of the se 
pa ration point in the decelerat ion phase up to a cer ta in position downstream of the smal les t c r o s s section 
separat ion^oin,*t r e m a r k a b l e <> u l «; k n e " . This sudden splitting is associated with the tendency of the 
rh» I , 1 , m a m ° r e d o w n s t r e a m position where the duct geometry and boundary layer 
cha rac te r i s t i c s a r e more favorable to separa t ion , i . e . , the coupling between the shock wave and the s e -
paration point becomes too weak to c a r r y the separat ion fu r the r ups t ream. Af te r the splitting the shock 

The time sequences of density and density changes of the nozzle flow a re plotted in Fie 10 The motion of 
the shock wave and the supersonic flow regime as a whole can clear ly be recognized f r i m the W t hand 
shock ® e 2 u e n . c e - I n t h e "gh t -hand sequence one can see that the density increase s t a r t s just behind the 
shock wave and is propagated up- and downstream (note that densi t ies g rea te r than the t ime a- erage a r e 
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indicated by dashed l ines) . The acce le ra t ion s t a r t s in the s a m e a r e a of the duct and is p ropagated in the 
ups t r eam di rec t ion with somewhat h igher velocity than in the downs t ream di rec t ion; dece le ra t ion shows 
the opposite behav ior . All of these phase veloci t ies a r e in the in te rva l 40 m / s - Iv I « 100 m / s . 
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Fig. 11 P r e s s u r e osc i l l a t ions in the Laval nozzle 
flow in t ime . The drawing shows the p o s i -
tion of the p r e s s u r e t r a n s d u c e r s . 

F ig . 10 Time sequences of densi ty and densi ty 
changes at the cen t e r line of Laval nozzle . 
High densi ty in the changes is m a r k e d 
by dashed l ines . 

F ig . l i d e m o n s t r a t e s , if compared with F'ig. 9, the c lose re la t ion of densi ty and p r e s s u r e f luc tua t ions . 
At ce r ta in points on the side walls p r e s s u r e t r a n s d u c e r s were mounted f lush to the wall . The s ignal t r a c e 7 
in the upper d i ag ram shows init ial ly i nc r ea s ing p r e s s u r e . This is in a g r e e m e n t with the observa t ion f r o m 
densi ty t r a c e s . The penet ra t ion of the shock wave can be studied f rom t r a c e s 5, 3 and 1. The t r a c e s 7, 9, 
11, and 13 show that the p r e s s u r e i n c r e a s e s t a r t s l a t e r , downs t ream of the " c e n t e r of osc i l l a t ion" between 
point 7 and 5. These t r a c e s have a l so d e c r e a s i n g ampl i tudes like the u p s t r e a m t r a c e s 3 and 1. T r a c e D 
indicates that inside of the r e c e i v e r r e s e r v o i r only s m a l l p r e s s u r e f luctuat ions o c c u r . 

The lower p a r t of F ig. 11 shows the p r e s s u r e f luctuat ions over a longer per iod of t ime . The ove ra l l b e -
havior is quite r egu l a r although some changes in ampli tude and cycle length occu r . These changes a r e ty -
p ica l for re laxat ion osc i l la t ions like those d i scussed h e r e . Smal l changes of p a r a m e t e r s , for ins tance by 
in te rac t ion with turbulence or sound waves , can influence the single osci l la t ion cycle in a nonpredic table 
m a n n e r . 

CONSIDERATIONS OF MECHANISM AND TREATMENT 

One can get some f u r t h e r ideas about the osci l la t ion mechan i sm f rom a one -d imens iona l model of the Laval 
nozzle flow. F ig . 12 shows a 3ketch of the duct in the upper p a r t and the co r r e spond ing p r e s s u r e values fo r 
s teady flow in the lower p a r t . The dashed l ines give the p r e s s u r e d is t r ibu t ion for nozzle flow without s e p a -
ra t ion . We can get addit ional in format ion by introducing some knowledge of the boundary l aye r separa t ion 
and p r e s s u r e condit ions to this d i a g r a m . Curve A shows a p r e s s u r e d is t r ibu t ion in the duct co r r e spond ing 
to f r a m e 2 in F ig . 9 with subsonic flow and sepa ra t ion at the marked point. If we now t r ea t the osc i l la t ion 
mechan i sm in a quas i s ta t i c model , we see that one can reach d i s t r ibu t ions like B and C without much 
change in the inlet and outlet p r e s s u r e . It i s impor tan t that shock waves B and C lead only to a c e r t a in 
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back pressure given by 

p2        2/  Mj2 - (/- 1) 
7 

7-1 

(/-I) Mj f 2 

This pressure is plotted as a dotted line for different 
front Mach numbers   Mj.  They are simple functions 
of the dimensionless length   l/d or cross section  F/F* 
in the diagram: 

,+ 1    2(>'-1) ,-1       2    2(''-1) F 
F» 1 1 

The value of    /- 1.4   for air leads to a maximum of 
the back pressure curve at   M 1.48. 

We see from the diagram that there is a mismatch be - 
tween the back pressure of the shock waves and the 
pressure distribution of the separation bubble, which 
can be overcome by a very steep increase of pressure 
along the corresponding dashed curve. This steep 
increase after the pressure jump of the shock wave 
will not be tolerated by a normal boundary layer in a 
divergent duct.  Thus the separation point jumps to 
the shock root.  This has two consequences with 
respect to pressure distribution.   The pressure gra- 
dient on the separated flow is increased; so this back 
flow is accelerated and the bubble is growing. The 
pressure jump in the shock wave becomes too high for 
a stationary shock and it moves upstram, taking sepa- 
ration point and therefore its instability with it. This 
situation is indicated in Fig.   12  by extension of the 
shock wave to the point just above the doited line. 
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Fig.   12 Gasdynatnic pressure distributions 
in the Laval nozzle flow plotted ver- 
sus dimensionless length or cross 
section. 

From these considerations we also obtain some information 
about the instability regime of transonic flows for oscillations described here. If we take for instance a 
receiver pressure   p.    leading to a pressure distribution like curve   D, no instability will occur. Being 
below the maximum   pe   of the back pressure curve an additional pressure increase, to reach the common 
pressure distribution of separated flow, is not needed.  Therefore  the shock position is stable in this case. 
In other words:   if the  shock wave is moved upstrearu, pressure increase in the separated flow tends to 
zero and the backflow decreases. 

Another limit for oscillations is obviously the critical pressure   p^.  The nozzle flow can reach supersonic 
velocity,  which is essential for the mechanism, only with discharge pressure below   p^. In fact this limit 
is shifted down to a certain value   pa   ' p^ by pressure loss in the separation, which depends on the appa- 
ratus. 

The oscillation regime in terms of discharge pressure therefore is   Pn^/P0     0, fc>7 - Pi,/p0 - P^/PQ' Pk/Po 
or in terms of Mach number in front of the shock wave   1 ^ Mj ' 1.48.  Both the limits are in excellent 
agreement with experimental results tor the Laval nozzle flow.  Last penetration of shock waves in the sub- 
sonic intake flow was found for   pj /p0 = 0. 66.  The disappearance of oscillations was found for p. /p   =0,8 6, 
which in this case is the value for   pa/p0.   The value for   P^/p,-,     0.925  for thic nozzle is essentially 
greater:   the difference is due to the pressure loss by separation. 

In principle these considerations are not restricted to the case of Laval nozzle flow.  They are also appli- 
cable to the two-dimensional flow fields in the curved duct or arount' profiles. If X -shocks occur the con- 
siderations are also similar. 

The amplitudes of oscillations can be calculated exactly only in fie quasi one-dimensional case of the 
Laval nozzle flow.  In the case of two-dimensional flow fields, with the possibility of free propagation of 
pressure waves in two dimensions,  the calculation appears to oe more difficult. 

We have treated the one-dimensional case with the nonlinear gasdynatnic equations, with simple conditions 
for the coupling of pressure and boundary layer separation. In a first approximation it is assumed that the 
receiver pressure pj is coupled to shock position by means of the coupling of shock wave and separation 
point in the deceleration phase. The result, an exact ^ohuion of the equations, shows good agreement with 
experiment. We wi'l report on this and more sophisticated solutions in another paper. 

The frequency of the oscillations can also be calculated for the one-dimensional case from these solutions. 
A more practical method,  which is also valid for the o.her cases,  was also tried with fairly good results. 
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The oscillation period was estimated by adding all phase durations of interest: 

t ;    2.   ^    ■  I /v    [s),  which leads to frequencies   f = 1/t |Hz|.    The length   I    is a typical length of the 
a= 1 

structure, for instance the length of the supersonic flow regime,  separation bubble, profile, or inlet of 
the duct.  The velocity   v    is the corresponding phase velocity of the phenomenon, for instance the shock 
velocity, backflow velocity, flow velocity, or velocity of sound.  The factor   g   includes constants of pro- 
portionality for the values of   la and  va  respectively and a weighting factor (or time overlapping of the 
phases.  The application of this method needs a substantial knowledge of the oscillation process: if this is 
available the influence of different parameters on the oscillation frequency can be estimated. 

In addition to the flow configurations treated in this paper there are other often more complicated configu- 
rations where oscillations of the same mechanism occur. Some of the cases already treated, for instance 
supersonic diffusor intake few |5|, or flow through the sudden enlargement of a duct   (6),  seem to be close- 
ly related.  We hope that we can get further results on shock separation interaction in the future. 
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SUMMARY 

An experiment is described in which a normal shock interacts with a two-dimensional turbulent boundary 
layer in an unif rm flow with a Mach number of 1,1». The Reynolds number based on, shock position was 20 x 
10 and based on the momentum thickness at the start of the interaction 2.2 x 10 . The wall pressure distri- 
bution in the interaction region was measured and detailed pitot and static pressure surveys were made. 
The flow field was analysed and no supersonic tongue was found downstream of the shock. The velocity profiles 
were integrated to obtain the integral properties whereas the skin friction was derived from Clauser plots. 
From the distribution of skin friction and the behaviour of the integral properties it has been concluded 
that the boundary layer separated at the fot of the shock and reattached ^.5 undisturbed boundary layer 
thickness downstream of the separation point. The velocity profiles at the start of the interaction and down- 
stream ci'  the reattaclunent point correlate well with the logarithmic velocity distribution in the wall region. 
The velocity profile at separation is similar to Stratford's separation profile. The boundary layer at 30 
undisturbed boundary layer thickness downstream of the start of the interaction has a skin-friction coeffi- 
cier.t , which is still 30 percent less than the equivalent flat plate value. 

LIST OF SYMBOLS 

C       local skin-friction coefficient 

C       static pressure coefficient, t(p-p )/p U_ 
p ' '  v r 'oo" 00 CD 

F       compresjibi lily factor on skin friction.Eq. (5) 

11 shape factor, h*/0 

k von (Carman's constant, k * 0.1*1 

M Mach number 

n exponent of power-law profile, U/U    =  (y/J) 

P static pressure 

p tunnel  settling chamber   i,otal pressure 

P pitot pressure 

Re Reynolds number based on  shock position 

Re Reynolds  number based  on  x x J 

T total  temperature  in deg.   Kelvin 

mean velocity  in  x-direction 

Urf friction velocity, U    » l^w/o 

x distance from the  leading edge, see  figure  1 

x non-dimensional  distance  from start of interaction,  x =  (x-x  )/Ä 
u       u 

y distance normal  to  the plate,  see figure  1 

y non-dimensional  distance  normal  to the plate, y = y/b 

ß empirical  constant  in Stratford's separation criterion, Eq.   (2) 

h boundary layer thickness 

h boundary iayer  thickness  at  x 5 0,  fi    = 6.6 mm u J       J > u 

f> displacement thickness, Eq. (8) 

w momentum thickness, Eq. ('') 

y Kinematic viscosity 

0 density 

rr wall  shear  stress 
'■w 

(o Prondtl-Meyer  function 

Subscripts 

e conditions at  outer edge of viscous layer 

i ideal  properties  calculated  from p,(p.)   ,   (T  ) 

u undisturbed conditions at  start of interaction 

w wall  conditions 

oo free-stream conditions 

Supercript 

i equivalent  incompressible values 
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1 INTRODUCTION 

For a number of years  it  was  thought   that the  transonic  flow with shocks  over a win»; of a model  was 
adequately simulated, compared with full-scale conditions, as  long as  the boundary layer was turbulent  at 
the  beginning of the  interaction  region.   However, with the  introduction  of the modern highly-loaded,  transon- 
ic  airjoils,  transition upstream of the  shock turned out  to be not  sufficient.  The caua^-    of this must  be 
found  in the borndary  layer development  at  and downstream of the shock.   In  order to extrapolate the wind 
tunnel results  to the flight  Reynolds number the boundary-layer characteristics downstreajn of the interaction 
must  be quantitatively similar.   This  can be achieved by the use of wind tunnels with Reynolds numbers, much 
higher than those of present-day  wind tunnels.  Another  future possibility  to extrapolate to high Reynolds 
numbers may be the use of calculation methods.  For the development  of these  calculation methods  it is neces- 
sary to have a good  insight  in  shock-wave  boundary-layer  interaction.   This   insight will  also be of use to 
establish a minimum Reynolds number  for new high Reynolds number wind  tunnels. 

In the past experimental   investigations of the interaction of a boundary  layer and a normal  shock have 
been performed  by Ackeret  (Ref.   1),  Seddon  (Ref.  ■?),  Oadd  (Ref.   i)   and Vidal   (Ref.   U).  Ackeret  investigated 
the  transonic  flow with a shock  over a curved plate.  He  found that  at   low Reynolds numbers the boundary layer 
was  laminar and there was  an extensive  separation at the  foot of the  shock.   The  shock  bifurcated and a so- 
called "lambda''  foot was  formed.   When  the  Reynolds number was  increased  so that  the transition from lajninar 
to  turbulent  boundary layer took  place  in   front of the  shock the  lambda foot   disappeared and the turbulent 
layer remained attached.  The  highest Mach  number in  front  of the shock  for the  turbulent  interaction  in 
Ackeret's experiment was  1.3.   In  Seddon's  experiment  a fat plate was  used,  while the Mach number of the 
uniform flow  in front  of the  shock was  l.W.  The boundary  layer was  again turbulent.  The pressure rise as- 
sociated with  the normal  shock  was  strong enough to separate the boundary  layer.  The shock wave was bifur- 
cated.  Surprisingly enough Seddon  found behind the shock wave a region of supersonic flow which compressed 
isentropically to subsonic speed.   Separation at a much  lower Mach number  (1.2)   was observed by Gadd.   In 
his   investigation a normal  shock  was  created  in a tube.   The  shock  interacted  with the turbulent boundary 
layer on the tube wall.  Gadd was unable to observe the shock so that  no conclusion could be drawn whether 
the  shock was  bifurcated or not.   Recently Vidal published the results  of his   investigation.  A pressure dis- 
tribution of a supercritical  airfoil was  siniJated on a flat plate with the use of the transonic nozzle of 
a  Ludwig tube.   The normal  shock   in  this  experiment   interacted with  a turbulent  boundary layer.  The Mach    /- 
number  in front.of the shock was  l.h.   Results were obtained at two different  Reynolds numbers   (Re    = 9x10 
and Re    • 36x10  ).   At  both Reynolds numbers  the boundary  layer was  separated.   The  length of the separation 
bubble was the  smallest  at  the  highest  Reynolds number. 

In the above four investigations wall  pressure distributions and boundary layer velocity profiles were 
measured.  Although some of these  investigations are quite detailed,  they do not  provide enough data to study 
the  influence of all parameters which  are  believed to play an  important  role   in  shock-wave boundary-layer 
interaction.  These parameters  are:   Mach number in front of the shock, Reynolds  number and imposed pressure 
gradient downstream of the  shock.   When  a research program was  initiated at  NLR with the final  aim to develop 
a calculation method for the  interaction  region  in a two-dimensional  flow,   it  was considered necessary to 
start  with an experimental  investigation  to provide additional information of the influence of the above 
mentioned parameters and to  improve  the physical  insight  in the interaction. 

The model  used  in  the present  experimental  investigation was quite  similar  to that of Seddon  (Ref.  2). 
The  exclusion of wall curvature which  is  believed to have an  important   influence on the  interaction,  leads 
to  a model of this  type.  The Mach number  in  front of the  shock  in the  present  experiment was I.I4O.  This Mach 
number was chosen equal to that  of the experiment of Vidal  (Ref.   1*).   This was  done to enable the  influence 
of  the Reynolds number at  a constant Mach  number to be,studied.  The Reynolds  number based on  shock position 
in the present experiment was  20x10',  compared to 9x10    and 36x10    in Vidal's  experiment.  The influence of 
the Mach number on the interaction will be  discussed with the use of the results of Ackeret  (Ref.   1), Seddon 
(Ref.   2)  and Gadd  (Ref.   3). 

2 EXPERIMENT 

2.1 Wind tunnel  and test  conditions 
The tests were performed  in  the  sup:rsonic wind tunnel CSST of NLR.   At  low supersonic speeds this  tunnel 

was  operated as  an intermittent  blow-down  facility.  The tunnel  is equipped with  a variable nozzle and has a 
teat  section of 27x27 cm  .  A transonic  insert with slotted upper and  lower walls was placed between the test 
section and the    diffuser.   More details  of  the wind tunnel  are given  in reference  5. 

The Mach number  in front  of the  shock  was l.ltQ with maximum variations  of + 0.002 between different runs. 
The  settling chamber total pressure was  2.9 kg cm"  .  The mean tunnel  total temperature was 278    K and varied 
a few degrees Kelvin during the  course of the experiment due to changes  in the  ambient conditions.  The maxi- 
mum running time  for these conditions was   10 minutes.   The unit Reynolds  number was  ^5x10 ' per meter. 

2.2 Model 
The model consisted of two flat plates mounted in the transonic insert as shown schematically in figure 1. 

The lower plate was a 72 cm long steel plate spanning the tunnel and supported by two side plates which were 
fixed to the lower wall of the transonic insert. Air leakage between the tunnel ..idi- wall and the side plate 
was prevented by 0-ring seals. To generate and locate a normal shock a second flat plate, the shock generator, 
was mounted 8 cm above the ether one. The leading edge of the shock generator was 1*5 cm downstream of the 
leading edge of the lower plate. The shock generator was fixed to the upper wall of the transonic insert by 
means of two side plates. A wedge was mounted at the trailing edge of the lower plate. This wedge could be 
moved in upstream and downstream direction by means of an electric driving unit. In this way the height at 
the exit of the channel formed by the two plates could be reduced until the flow became choked and a normal 
shock was formed at the entrance of the channel. 

During preliminary tests it was found that in the test section disturbances were present created by 
the transition of the solid upper wall to the slotted wall. As these disturbances were unacceptably large, 
the slotted upper wall had been partly cnvreii with a solid plate such that the alrtted wall ätorted at the 
leading edge of the shock generator. 

To measure the wall pressure in the interaction region the lower plate was equipped with 69 pressure 
holes arranged around the centerline with a minimum spacing of 2.5 mm. The diameter of the pressure holes 
were 0.3 mm. A number of pressure holes had the same streamwise location but different distances to the 
centerl;ne to verify the absence of three-dimensional effects. On the centerline there were 13 ports with a 
diameter of 8 mm and a streamwise spacing of 15 mm. These ports were used to pass the stem of the probes 



for the boundary layer measurements. The traversing mechanism to which the probes were attached consisted 
of a micrometer, a gearbox and a stepping motor. Probes of different lengths could easily be plugged into 
the traversing mechanism. Up to a distance of y * 10 mm the probe pressure was recorded at intervals of 
0.1 mm after a delay time of approximately 0.5 s. At larger y's the steps were 1 mm. Probe wall contact was 
sensed electrically. 

The position of boundary layer transition on the lower flat plate was fixed using a roughness band 
which consisted of carborumdum grains. The roughness band was located U0 mm downstream of the leading edge 
of the lower plate. 

2.3 Probes 
To be able to make boundary layer surveys at streamwise intervals of 5 mm, 3 flattened pitot probes 

with the same head geometry but with different lengths have been used. The probes had a tip opening of 
0.16x0.1*9 mm and a wall thickness of approximately 0.07 mm. The distance from stem centerline to probe tip 
was 20.0 mm, 25.0 mm and 30.0 mm respectively. 

To measure the static pressure, the pitot probes were replaced by static pressure probes. For these 
probes a design had been selected that was previously used in transonic wake experiments (Ref. 6). The 
static pressure probes, which had a 1.5 mm outside diameter and were equipped with h static holes disposed 
around the circumference at equal intervals. Two static pressure probes have been used with distances from 
the stem centerline to the static pressure ho]es of 25.5 mm and 3̂ .6 mm. These probes had a hemispherical 
nose. A third probe with a conical nose was used when the tip of the probe protruded into the supersonic 
flow in front of the shock. The distance from the stem centerline to the static pressure holes for this 
third probe was 25.5 mm. The static pressure measurements of the short probes were slightly influenced by 
the stem. All measurements with the short probes have been corrected for this error. 

2.U Test procedure and data reduction 
In the first test run the position of the wedge was varied until a stable shock position was obtained. 

The shock position was monitored using the tunnel schlieren system. The shock position was so stable that 
no change in wedge position was needed for all subsequent tests. 

After a supersonic flow was established in the test section, the probe was lowered until contact was 
made with the wall. Then the probe was moved one step of 0.1 mm away from the wall and the pressure was re-
corded. In a number of cases the pitot pressure recording was used to check the accuracy of this procedure 
of probe positioning. This has been done in the following way. As long as the probe was in contact with the 
wall the pressure was constant but as soon as the probe started to move into the boundary layer the recorded 
pressure increased. The agreement between both methods was excellent. Probe displacement and data acquisition 
were controlled automatically by the data acquisition system. Wall static pressure distributions and pitot 
pressure profiles in the boundary layer were measured simultaneously. The corresponding static pressure 
profile was measured in a separate test run because the traversing gear could accomodate only one probe at 
the time. The settling chamber total pressure was measured simultaneously to account for small changes in 
settling chamber total pressure. 

The Mach number distribution in the boundary layer was calculated from the measured pitot and local 
static pressure. The distance to the wall of the first data point depended on the dimensions of the probe 
and in general static pressures were not measured at the same y position as total pressures. In these cases 
the static pressure was interpolated linearly. Besides, an interpolation in streamwise direction was neces-
sary because at a number of stations no static survey was made. These measurements were not required because 
static pressures varied only gradually and a simple linear interpolation technique was adequate. The velocity 
profiles were calculated using the assumption that the total temperature across the local boundary layer was 
constant. In reference 7 it was concluded that integral properties calculated with this assumption give the 
best agreement with those calculated from measured temperature distributions. 

The two dimensionality of the flow was investigated using oil dots applied to the flat plate. From the 
oil traces it was estimated that the flow is two-dimensional over at least half of the model span. The Mach 
number variation in spanwise direction was in agreement with the results of the flow visualization. This varia-
tion was less than _• .006 over half the model span. 

3 ANALYSIS OF THE RESULTS 

3.1 Description of the flow field 
A schlieren picture of the bifurcated shock system is shown in figure 2. In figure 3 a schematic draw-

ing of the flow field is given. The flow direction in both figures is from left to right. Just downstream 
of the start of the interaction (station 16, Fig. 3) a dip in the boundary layer thickness is found. This 
was observed in schlieren pictures and measured in boundary layer velocity profiles. The flow inside and 
outside the boundary layer, starting at station 18 is compressed. It is likely that this compression in the 
supersonic part of the flow takes place in the form of Prandtl-Meyer compression waves. Outside the boun-
dary layer the compression waves coalesce and the forward oblique shock is formed. The oblique shock joins 
a rear shock to form the upper shock at about U ft above the plate. This point will be called "bifurcation 
point". The shock above the bifurcation point is slightly curved; the curvature decreases with increasing 
distance to the plate. The upper shock is of the strong type i.e. the flow downstream of the shock is sub-
sonic. The rear shock of the bifurcated system is also of the strong type. This is necessary because the 
pressure of the Tlow passing through the upper shock just above the bifurcation point must be equal to the 
pressure of the flow passing through both the oblique and the subsequent rear shock just below the bifur-
cation point. This can only be achieved by a K V shock of the strong type. The combined pitot pressure 
losses through the oblique shock and the rear shock are significantly less than the pitot pressure Tosses 
through the single upper shock. The regions of different pitot pressure losses are separated by a vortex 
sheet. 

Behind the forward oblique shock the boundary layer grows rapidly and passes over a separation bubble, 
which has been found to be relatively thin. The boundary layer reattaches some H.5 6 downstream of the 
separation point. 

3.2 Wall pressure distribution 
The ratio of measured wall pressure to settling chamber total pressure has been plotted in figure U. 

The dimensionless streamwise co-ordinate x is defined as the distance downstream of the start of the inter-
action divided by the thickness of the boundary layer at the start of the interaction. In figure 3 the loca-
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tion of the  start of the  interaction with regard to the shock position  is  sketched.   It  is clear from figure 
1* that  the  steepest  slope is observed  at the  start of the  interaction.  The  separation point which is deter- 
mined with help of the  skin-friction  distribution,  is located at the end of this nearly linear pressure in- 
crease  (x ■ 2.h).  The ratio of the wall pressure  at the separation point  to the wall pressure at x « 0 is 
equal  to I.U5.  This  correlates well with the values measured at  the same Mach  number by Vidal (Ref.   It), 
and by  Little  (Ref.   8)  in his transonic diffuser experiment.  The pressure  rise  up to the shock is the result 
of a rapid  increase of the boundary  layer displacement thickness due to pressure  signals of the shock pro- 
pagating upstream in  the subsonic region of  the boundary layer.  At  the edge  of the boundary layer, the  stream- 
lines  turn away from the wall  and the  supersonic  flow in front  of the shock   is  compressed.  This compression 
is - at   least at the edge of the boundary layer -  isentropic.  This  is called  the  "free  interaction".   In many 
calculation methods  for the  supersonic  interaction this "free  interaction" principle  is used to calculate 
the  pressure rise up to the shock  impingement  point.   FYee  interaction can mathematically be expressed in the 
following  formula: 

^- - tan   U  (Mu)  - « (MJ) (l) 

In Eq.   (1) IL> (M)  is  the Prandtl-Meyer  function  and the subscript u refers  to the undisturbed initial condi- 
tions.   Using the measured  fi    distribution,  the  pressure distribution has been  calculated from Eq.   (l)  and 
the results have been plotted  in figure  I*.  The  agreement with the measured pressure distribution is very 
good.   At  x =  3.8 the  calculated pressure decreases rapidly,  but  it  is precisely  at  this position that the 
rear limb of the bifurcated  shock wave   impinges  on the boundary  layer.  The maximum Prandtl-Meyer angle 
turning obtained in the present experiment  is  T.9   , which  is the  same as  in Seddon's  experiment.  Figure  I* 
also presents the pressure distributions measured  by Vidal   (Ref.   't)  at  the  Reynolds nu'.oers based on shock 
position,    Rec, of 9x10    and  36x10   .   From this  graph it can be seen that  increasing fie Re    results  in an 
increase  of the slope of the pressure  distribution at the start of the  interaction.   It  is note worthly 
that   in neither experiment  the normal  shock recovery  is obtained at  the wall  far downstream of the inter- 
action  region.  A possible  reason for  this  is  the  increase of the boundary  layer downstream of the  interaction 
resulting for the  inviscid  flow in  a converging channel.  Another factor  is  that  the  shock  is not a simple 
normal  shock but curved and bifurcated which  implies a lower downstream pressure. 

For  incompressible  flow, Stratford  (Ref.   9)  has derived a formula to calculate the  separation point 
on  the  basis  of the measured pressure  distribution only.  Vidal   (Ref.   k]  has  shown that  this  formula for 
incompressible flow can also be used  to predict  the separation point  in transonic  shock-wave boundary-layer 
interaction.   3* rat ford assumed  'hat   the   initial   boundary-layer profile  can be  approximated by a power-law 
profile  and  '.is separation  criterion   in   its  general  form is; 

i   . ^, D,D_ a/iü n-2 dC        /     0\ n-2    /    . \T-      ?.l6lß(Re   ) 

where  1/n  is  the exponent of the power-law profile and ß is a constant  jqual  to 0.66.  The undisturbed pro- 
file  is best  fitted with n equal to  8.3.   Separation can be expected when the  left  hand  side  (LHS)  exceeds 
the value of the right  hand  side  (RHS).   The value of the RHS  for the prestnt  experiment   is  almost  constant  and 
equal  to 0.32.  The LHS of Eq.   (2)   is  plotted  in  figure 5 together with the measured pressure coefficient C  . 
The point  of zero skin friction lies  0.8 h    downstream of the theoretical  separation point. 

3.3    Static pressure distribution 
In  figure 6 the  static pressure  proliles  at  the stations  18  (x = 0.8),   27   (x =  3.0), 29  (x =  3.8)  and 

52  (x ■  12-y)  has been plotted as a  function c" the non-dimensional normal  distance y.   Downstream of the 
start  of the  interaction the wall  pressure  increases, while the  static pressure  of the  inviscid flow in 
front  of the bifurcated shock  is constant and  equal  to the undisturbed value.   This means that the static 
pressure varies through the boundary  layer  (station  18).  Just downstream of  the rear  shock  (station 29)  the 
wall  pressure  is much  lower tnan the  pressure  obtained behind the bifurcated  shock  and again there  is a 
pressure  gradient but not of opposite   sign.  This pressure gradient   is not  confined to the boundary  layer. 
Also  indicated  in figure 6  is the wall  pressure measured in the absence of the  static  pressure probes.  The 
difference between the two is  less  than 0.3    /o of the measured  static pressure.  Another check on the accu- 
racy of the measurements  is  the reading of the  static probe  in the undisturbed  flow.  The agreement between 
the  static pressure of the uniform,  undisturbed    flow measured along the  flat  plate and the reading of the 
static  pressure probe outside the boundary  layer  (station  18)  is excellent.   At  station  18 and y = 6.5  a 
weak  disturbance in the oncoming flow   is present  originating from the  leading edge of the lower plate. 

In  figure 7 the  static pressure  distribution  at constant y  is given  an  a  function of x.  The results 
are  plotted  for values  of y of 0.0,  2.3,   3.8,   5.3 arid 6.8.   An examination  of  figure  7  shows that the pres- 
sure  jump for a normal  shock  is not  reached.  As  discussed  in  section  3.1  schlieren pictures  indicate  that 
the  upper shock  is curved;  the curvature decreases with increasing y.  At y  =  5.3 the measured pressure 
corresponds  to a pressure rise through  an oblique  shock with a shock  angle  of 76    and  at y + 6.8 this  angle 
is equal  to 80 . The angles measured  from the  schlieren pictures are  in good  agreement with these values. 

i.h    Total   pressure  distribution  in   the   inviscid   flow 
Pitot  profiles  have been plotted   in  figure  8.   Upstream of th" shock  an   increase  in recorded pressure 

means  a decrease in Mach number in  front of the pitot prohe.  The  upstream profile  is  taken at station 25 
(x ■ 2.3).   From this profile  it  can  be  concluded that close to the boundary   layer a region exists with a 
local  Mach number smaller than the undisturbed  value.  The observed region with the  lower Mach number corres- 
ponds  with the flow downstream of the  forward  oblique shock of the bifurcated  shock  system.  The angle be- 
tween  the  flow direction and the  front   leg of the bifurcated system measured  from schlieren pictures  is 
about  53  .  The iLcaa Mach number downstream of a shock of this  strength  is  1.2  and the  flow deflection  angle o o . is  about   5   .   A deflection  angle of  5     corresponds well with  the  calculated  Prandtl-Meyer  angle  change  up  to 
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« ^ohl0Cai Mach,nu"ber calculated with help of Raleigh's pitot formula is 1.2 and is in agree-
with the Mach number calculated from the oblique shock relations. 

re»arkeble feature of the pitot pressure distribution downstream of the shock is the very low pitot 
™ r t h e r e V h 0 C ! : °f the M f u r c a t e d shoc* V.t«. This is the resu!t! L i^ic^ed in 

5 0 the m't.nt r,r tSSXOn through the obll9ue shock and the subsequent rear shock. At y greater than 
th? ! Ppressure losses are close to the theory for normal shocks. A small difference exists between 
the measured values upstream and downstream of the shock. This difference is partly due tc the fact that 
nrohl, ̂  " UPPer ShOCk WaS sUehtiy curved and partly due to the use of two different pitot 
ft and* is Dresent*in all °riglna*ing thc' bifurcation point has an almost constant thickness of about 0.5 
UBT lVh«v t all measured profiles. The pitot pressure profiles measured by Gadd (Ref. 3) and Ackeret 
iheMaeh n,^ 611 ln fiSUrC 8 10 U l U 8 t r a t e a possible relation between separat gn and b^rcaUon 
Revnn?f' . -B "f e x r ' e r i n e n t °f ̂ add was 1.25 and the effective Reynolds number 12xl08. S L effective 
Reynolds number lS calculated from the free-stream conditions and a length equal to the length o? I tlT - -•••" --—»• «- — 
KS? IPTP'»-7* vsarasci srss srsjasrs. 
Gadd (Ref 3) bLSpoirL™ou°'that° dld blfurcate 811(5 the boundary layer remained attached, 
at whiV- wily f P "r hat ual1 curvature, as in Ackerets experiment, will increase the Mach number 
wV otS ~ r ° n r ; u r s £-8t: The Pit0t pressure dist"bution of Ackeret does not show a region o H e ™ 

open auestior uĥ th ' • " f d o u b t l y related to the •*««« of shock bifurcation. It reLins L open question whether separation and shock bifurcation are directly related to each other. 

3.5 Boundary layer profiles 

number'distributior̂ at'̂ tation0 '̂?8?! fffll F 6 8"®* t h e ^ nunber.~y be calculated. The resulting Mach sisr/ r ^ [ o ~ M i8 
x V L E ^ t e o r&FZ TsiZTn fi^rentera £ £ STSS C K g f f i ^ 
-f ̂ ""3™ ^ SSOTS • — i c« -
of ^ W r U . r " U ! ? , S t statl0n 16 (x = 0 ) has not been influenced by the shock and the characteristics 
dary layer This profit* haVe.therefo^? been compared with the empirical relations for the flate plate boun-
fi?T ^ f P ^ ls Slven ln figure 10. The skin-friction coefficient of the measured velocity pro-
file is calculated with help of a Clauser plot. The law of the wall of Winter and Gaudet ̂ ef. !o) is usê I 

r yu1 

U - 6.05 log - y • U.05 (3) 

with 

UT = iCf"' /2) U2 " («.) 
To find the equivalent incompressible skin friction coefficient a compressibility factor is defined by 

with 

Cf1 = F.Cf 

F = (1 + 0.2 M2)1^2 
e (5) 

2 r*-
of 0.00?92 is obtained °" the stream'ise position. For station 16 a skin-friction coefficient 

Method cf G(mm) ti(mm) 

Winter arid Gaudet flat plate correlation 

from measured velocity profiles 

boundary layer thickness according to Eq.(6) 

0.00192 

0.0019 
• «9 

• h9 6.6 
6.lt 

Table 1: Characteristics of boundary layer profile at station 16 (x = 0) 

s:: r„rr,s °f ,h* p~-
he boundary layer thickness has been calculated with the formula given by Winter and Gaudet: 

*'999 * 3T3 (Cf ^2) 1 ~ " 2/37 8 (1 + -056 M 2 ) (6) 
(1 • M e 

^Valuated using the experimental values C \ H and 0. The experimental boundary layer 

sureys8it £"£ P ^ ^ . T r i r ^ r a ^ 
tween ^ ^ Th6 t6" 

citv ̂ et^1hn,mL^°fllea' ° e a ^ e d in the interaction region and made dimensionless with the local velo-
bo^d^v r ^ er I plotted in figure 11. The velocity distribution outside the 
undary- layer is given in figure 12. Semi-logarithmic plots of the boundary layer velocity profiles (Fie 

dui to th eX1StanCe 0f a logarithmic region upstream of the shock. Ŵ en the bounty !^er L re dded 
due to the press'ire rise m the interaction region the extend of this region decreases W e ^ d of thif^™ 
Fi« n l T 1 0 ? the

1
proflles at the nations 25 (x • 2.3), 27 (5 = 3.0) (not shown) and'29 (x = 2.8) (see 

Fig. 11) develop close to the wall a form similar to Stratford's separation profile: 
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U ^  **] l/2   yU2 (7) 

I Pk 

where k  is von Kaman's constant.  The  factor at the RHS of Eq.   (7) is evaluated from the measured vail pres- 
sure. The best agreement between Eq.   (7)  and the measured velocity profile is obtained for stations 25 and 
27  (see Fig.  Ik). A well-defined area of reversed flow which is characteristic  for local flow separation 
can not be distinguished.  It  is, however, believed that the boundary layer is  separated from station 29 
(x » 3.8) to k2 (x » 7.6).  Very close to the wall the pitot pressure is still  1    /o higher than the wall 
pressure.  A similar result has been found by Vidal (Ref. '*).  He argued that this is caused by the fact that 
the pitot probe does not only measure the mean velocity but also the time-average of the fluctuating compo- 
nents.  With vanishing mean velocities  the contribution of the fluctuating velocity components becomes more 
important and can result in a too high pitot pressure reading.  A second effect leading to a reduction of 
the velocity at a given distance to the wall is obviously the probe-wall interference.  A reliable method 
for separated flows to correct for the  fluctuating velocity components and probe-wall interference does not 
exist and no attempt has t?en made to account  for this. A third factor which can explain the absence of a 
well-defined region of reversed flow in  the experimental data may well be the dimensions of the pitot probe 
in comparison with the height of a bubble.  The height of the bubble can be estimated from the measured velo- 
cities which are considered reliable.   The thus found bubble height is about  3 times the thickness of the 
probe.  Note that, in Seddon's experiment  where a well-defined reversed flow region exirted the bubble height 
was  10 times the probe height. 

Do'mstream of station k2 (x = 7-6)   the boundary layer profile exhibits again a logarithmic part. The 
height of this region increases with streamwise distance. At  station 6k (x ■ 26.5) the velocity distribution 
is  still  not  in agreement with a fully  developed  flat plate boundary layer.   This  agrees with the result 
found by Seddon.   In his  experiment the  velocity profile resembles again a normal flat plate profile down- 
stream of x » 50. 

3.6    Integral properties 
The  skin-friction coefficient was  calculated with the aid of Clauser plots.  The logarithmic law of the 

wall with the compressibility transformation of Winter and Gaudet  (Ref.  10)  was  chosen   (see Eq.   (3)  and Eq. 
(5)).  From station 21  (x ■ 1.5) to station 25 (x ■ 2.3) the determination of the skin-friction was not pos- 
sible because of the absence of a region with a logarithmic velocity distribution.  In these cases a formal 
value for C. vxs aetcrzined on the basis  of the data point closest the wall.  The skin-friction distribution 
found in this way is shown in fi(jure 15.  To find the location of the separation point the skin-friction dis- 
tribution was extrapolated to zero.  The  separation point was  found to lie between station 25  (x ■ 2.3)  and 
station  27  (x " 3.0).  As discussed in  section  3.5 the velocity profiles measured at thetc  stations agreed 
very well with Stratford's separation  profile.   Closely related to this is the  fact that St;'.tford's  separa- 
tion  criterion predicted also separation  at  this  location. 

During flow visualization tests  it  was observed that oil dots between station 29  (x » 3.8)  and station 
k2 (x * T.^)  did not move after the shock  system was formed.  Upstream of station 29 oil was accumulated 
along a straight line normal to the model centerline and a regular ttreamwise    oil trace pattern was formed 
downstream of station k2. 

The  end of the separated region was  also found by extrapolating the skin-friction distribution to zero 
This resulted in a reattachement  point  close to station liO (x ■ 6.8).  The length of the separated region is 

approximately I*. 5 &   •   Downstream of the  separated region the  skin friction  increases gradually but even at 
station 63 the   /alue  is  still  some 30     /o  lower than the normal  flat plate value  at  the  corresponding free- 
stream Mach number and Reynolds number. 

In the case of a static pressure variation through the boundary layer the  conventional definitions of 
the integral properties have to be modified.  Myring (Bef.   11)  has proposed modified definitions having the 
advantage  that  von Karman's momentum integral equation is not  altered.  According to reference 12 the modi- 
fied definitions can be  conveniently expressed  in the conventional definitions   and an additional correction 
term.  This  correction term is calculated  from the  so-called  "ideal" flow properties.  The ideal flow proper- 
ties  are  computed from the measured local  static pressure inside the boundary  layer, the nitot pressure at 
the edge of the boundary  layer and the  total  temperature at  the edge of the boundary layer.  The modified 
definitions are: 
displacement thickness: 

o iw iw o IW iw o iw iw 

momentum thickness: 

"/ fr- i'-if)*- / °nr'l-5H*       '" p.  u. u.        - /       p 
IW   IW IW O IW   IW IW 

The  subscript  "i" indicates the ideal  flow properties. 
T' > boundary layer integral properties  h   , 0 and H are plotted in figore  16.  The momentum thickness Ö 

and th    displacement thickness h    were  made dimensionlcss with the thickness  of the undisturbed boundary 
layer at  station 16 (x ■ 0).  The displacement thickness increases mainly at the  start of the interaction. 
The maximum value is reached close to  the  reattachment point.  Downstream of this  point the displacement 
thickness  decreases gradually until at  the most downstream station the decrease  levels off.   In general this 
behaviour  agrees with Seddon's results.   In Seddon's experiment the maximum h     in the separated region was 
5.8 times  the undisturbed value whereas   in the present experiment  this maximum  is  I4.6 times the undisturbed 
value.   It   is  interesting to note that  the  contribution of the correction term  in  the definition of h    is at 
maximum 5    /o of the total value.  This maximum contribution is  found at statior   18 (x ■ 0.8).  Further down- 
stream the magnitude of the correction  t^rm falls off rapidly.  The correction  term for the momentum thickness 
is much higher:   e.g.  at  station 18 (x =  C.8)  the  contribution of the correction  term is  18    /o and in the 
separated region it is still  10    /o.  The  momentum thickness  increases continuously with  increasing x. 

The  shepe factor H  is plotted  in  figure  16.   It  is generally assumed that  the boundary layer is  separat- 
ed when the shape factor exceeds a certain value;  in reference 2 and reference   13 this value is about 2.6. 
In  figure  16 the value of 2.6  is exceeded between station 25 and station 27.   This  is in  agreement with the 
results of other separation criteria as  discussed before.  At the reattachement  point the value of H is some- 
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SUMMAKY 

Recent   work  which  aims   to  explain   the  nature  of   three-dimensional   separation,   to  predict   its 
occurrence  and   to     epresent   the  behaviour  of   separated   flow   is   reviewed.     Despite  the  diversity of  problems 
and  methods,   an  attempt   is  made  to  present   a   unified   view which  leads  from a  consideration   of   the  structure 
of   the  problem  and   the   role of  modelling,   through   the   partial   solutions  which  have  been  found,   to  some 
illustrations   of   the   application of   three-dimensional   flow  separation  in  aircraft  design. 

Much  of   the work   reported   is  only  partially   three-dimensional,   in  the  sense   that  boundary  layers  are 
calculated   for   flows   over  cones  or   infinite  sheared  wings  and   that   slender-body  theory   is   used  to  calculate 
the  separated   flow.     These  treatments   reveal   the   limitations  of   some   two-dimensional   concepts   like 
re-attachmenl   and  present   an  exciting   range  of   problems  and   possibilities.     Such glimpses   as  we have  of   the 
fully   three-dimensional   situation  suggest   a  still   richer   field,   but  also warn  us  against   relying on  proper- 
ties which  are   limited   to  quasi-two-dimensional   situations. 

Behind the presentation is the view that separation is an essential feature of the aerodynamics of 
lift and propulsion, that it is nearly always three-dimensional, and that there are benefits to be found 
in  encouraging   its   three-dimensional ity , 

1 INTRODUCTION 

Ihe   simplest   way   to  categorize   flow  separations   is   in   terms  of   their  causes,   and   in   the  aeronautical 
field   these  are  mainly 

(1) obstacles   protruding  from a wall, 
(2) blowing  normal   to  a  wall, 
( t)       shock waves , 
(A)       adverse  external   flows  over   imooth walls, 
(b)       sal iem   edges . 

Important   examples   of    the   first   of   these   are   the   separation   of   the   fuselage   boundary   layer   caused  by   the 
wing  and   the   separations   provoked  by  excrescences  on   the  otherwise  smooth  surface  of   the  aircraft.     The 
effects   of   large  protuberances were  discussed   in  some  detail   in  a  review by  Peake,   Rainbird   and Atraghi 
and   the   effeits   of   small   excrescences  were  discussed   in  a   recent  AGARD  paper  by Caude'   and   Winter'.      In 
principle   the   larger   scale  separations  of   t'iis   type   can be   regarded  as  special   cases   of   types  M  and   5  and 
I   shall   ni't   discuss   them   specifically. 

Blowing   nurnal   to   a  wall   presents   itself   in   two   extreme   forms:   the  penetration  of  a   transverse   jet 
into   tin   main   stream   for   purposes  ol   lifting,   control   or  mixing;   and   the  smoothly distributed   injection of 
tluid,   which   is   a   favourite  protilein   in   two-dimensional   boundary   layer   theory  and describes   some  cooling 
schemes.     The   major  difficulties   in  modelling   the  overall   behaviour  of  a  jet   emerging  normal   to a wall 
'see,   e.g.   Ket.t)   have   discouraged   attempts   to   examine   !ts   effect  on  the wall   boundary   layer.     The  presence 
of   turbulent   shear   stress  normal   to   the  wall   and  of   entrainment   into  the  jet   must  clearly   affect  the   struc- 
ture  ot   those   regions   both  upstream and  downstream  of   the  jet,   in which separation would  be   found   if   the 
jet   were   a   si'lid  obstacle,     Tlic  surface  oil-flow  patterns  of   McMahon  and  his   colleagues   •      offer  a  challenge 
which   does   nt't   seem   to   have  been   taken   up.     Nor   has  much  been  done about   the  effects   of  distributed  blowing 
on   three-dimensional   separation. 

I lie   interactions   between shock  waves  and   boundary   layers  have  been  extensively   studied,   including  the 
central   problems  of  whether   the  shock  separates   the  boundary   layer  and,   if   it   does,   what   form  the  separation 
takes.     Green"   reviewed  work   in   this   field   in   1970.     Work  on   situations   involving  three-dimensional   interac- 
tions   has   continued   fairly   intensively   since   then,   particulkrly   in  the  specialist  a-eas  of   wing design  for 
high  subsonic   flight   and  of   the  off-design  performance  of   supersonic   intakes.     As would  be   expected,   the 
presence   or   potential   presence  of   shock   waves   does   nothing   to   simplify   the  problems.      As  would  also   be 
expected   the   types  of   separation which   a.ise'   are  not   different   in kind  from   those   familiar   e'sewhere  and 
extensions  of   two-dimensional   correlatioif   toi    incipient   separation are  possible".      1   shall   not  attempt   to 
up-date   Green's   extensive   survey. 

Most   of    the   specific   examples   tc    which   I   shall   refer   later  are  either  of   separation   induced  on  a 
smooth   body  by   a   smoothly  varying  external   flow or   else  of   separation produced  at   a   salient   edge  of   a  body. 
Typical   examples  of   the   former  arc-   the   flow  over  bodies  of   revolution at   incidence,   the   flow  over   the 
upper   surfaces   of   swept   wings,   the  outboard   flow over   the  upper  surface  of  a  delta  wing beneath  the  primary 
vortex,   and   the   flow  past   upswept   rear   fuselages.     With  the   exception  of   the   flow over   the   rear  of   fuselages, 
which  was   reviewed   recently  by  I'eake,   Kairbird   and  Atraghi',   these  examples  will  be  discussed   later.     Both 
laminar   and   turbulent   separations  are  of   practical   inteiest.     Separations  at   salient   edges   occur  at   trailing 
edges  where   boundary   layers  are  thick   and   turbulent   and  pressure gradients  are  usually  adverse,  at   sharp 
leading  edges   where  boundary   layers  are   thin  and  sometimes   laminar  and  pressure  gradients   are   favourable, 
and  at   the   lips  of   cavities.     In  flows   over   smooth   surfaces   the  emphasis   is  on  predicting where  separation 
will   occur.      In   flows   over   salient   edges   the   emphasis   is  on modelling  the  separated   flow.     Although  more 
work   is   needed   on  both  of   these  aspects,   the   next   important   task  is  to  bring   them  together,   so  that   a  model 
of   the   separated   flow   is   incorporated   in   the  method  which predicts where  separation  will   occur. 

We  also   need   to  consider   the  relevance  of  our   studies   to  the desig-  of   aircraft.     It    is  perhaps  worth 
pointing  out    that   the   flight  of  heavici—than—air  craft   only  became  possible   through   the  exploitation  of 



Separation  from  the   sharp  trailing edges  of  wings  and  propeller  blades.     For  a  long  time   the  application 
of  flow  separation   in  design   stopped  there  and  advances   in   the  efficiency of  flight  came  about   as   the 
aerodynamicist   applied  his  art   to  •he  elimination  of   separation  foiward of   the  trailing edge.     Intentional 
separations  were  confined  to   spoilers,  dive-brakes   and  vortex  generators,   the  role  of   the   last   being  to 
prevent   larger-scale   separation. 

The  task  of  avoiding  separation became   harder  as   the  demands  made  on  lifting  surfaces  became  more 
extreme,   in   terms  of   the  ranges  of  speed  and   angle   of    incidence  over which they had   to work.     Military 
aircraft   are   now designed  to  manoeuvre with  extensive  regions  of  separated  flow^  and  civil   aircraft   like 
Concorde  take  off  and   land with  large-scale   flow separations'*^.     Slender missiles  and   flare-stabilised 
re-entry vehicles  encounter   flow separations  which   lead   to  guidance   and  heating problems.     Unfortunately 
our  ability   to model   the  phenomena of  separated  flow  and   to   incorporate  its  features   in  rational   design 
procedures  has   not   kept  pace  with  its  occurrence   in  practice. 

This  review  begins with   an attempt   to  define   the  problems   involved  and  the  relations  between   them, 
and  a  discussion  of   the  role  of   flow modelling.     Some  of   the  differences  between  separated   flow   in   two  and 
in  three dimensions   are  described.     The main   part  of   the   review deals  successively with  the  nature,   the 
prediction  and   the  modelling  of   flow separation   in   three  dimensions.     In  conclusion,   some  applications  of 
separated  flow   in   the   aerodynamic design of  aircraft   are  briefly  discussed. 

2 FROBLtM   DEFINITION 

We  can   now  attempt   to  define  areas  of   interest.     First   there   is   the  large  area   in vhich  separation   is 
unwanted  and,   we  believe,   avoidable.     Kither  we  know   it   is   positively  harmful,   perhaps   increasing  drag  or 
reducing   lift,   or   i;    is  a nuisance,   introducing  such  complexities   as   forebody vortices   into  a  simpler  design 
concept.     This   is   the   area  of   classical   aircraft  design,   in  which   separation  takes  place  at   sharp   trailing 
edges   only.     UV   need   to  know  what   the  causes   of   separation   are,   how   to  avoid   them and   how   to  minimize   the 
effects  of  unavoidable   separation.     The  sort   of  mathematical   models   that   help us   are  models  of   inviscid 
flows   over  spei itied   boundaries,  models  of  wakes   shed   from  sharp   trailing  edges  and models  of  b-.undary-layer 
flows.      The  boundary-1ayer  calculation method  must   be   capable  of   predicting separation,   at   least   in   the   sense 
that   it   only   breaks   down when   separation   is   imminent   and   that   it   does  not  proceed  past   separation   lines  with- 
out   indicating   their   presence.     This  area   is   fairly  well   understood,   in  the  sense   that   the   remaining  problems 
can  be   isolated,   not    that   they   are  necessarily  close   to  solution.     Advances  are  being made   and  will   continue 
to  be  made  by  working   separately  on  the  computation  of   the   inviscid   flow and  of   the  boundary   layer,   and   then 
putting   the  methods   together   f.ir   design  applications. 

As   soon   as   this   ana   nl    essentially   attached   flow   is    left   behind,   models   of   the   separated   flow  are 
needed.      However,   it    is   useful    to  distinguish   an   area   of   some   importance   in which   it    is   sufficient   to  have 
a  mode!   of   the   separated   flow,   without   the   need   to   predict   where   separation  occurs.      If   the   separation   takes 
place   from a   salient   edge,   its   occurrence   is   independent   of   the  boundary   layer   strcture,   at   least   for   high 
Reynolds  number.     A   shear   layer   forms  at   the   salient   edge   and,   again   for  high  Reynolds  number,   this   can  be 
modelled   by   a   vortex   sheet.      The   role  of   viscosity   is   to   produce   the   separation:   its   location   is   determined 
geometrically.      Invisc id  models   can   then  be   constructed. 

A   typica'    flow   cif   this   kind   is   found   on   wings   with   highly-swept,   sharp   leading   edges,   when   the   shear 
layers   shed   from   the    leading   edges   rol'   up   into  vortices  with   a   spiral   structure.      Simple   flows   of   this 
kind   arc-   fairly  well    understood,   but   the   presence   of   free   boundaries   makes  computation  difficult,   and   there 
are   still   some   conceptual   difficulties,   in  particular   in   relation   to   the   fc>rtna:ion   of   multiple   centres   of 
rotation. 

The  n"Xt   stage   in  comp'exity  is   reached  when  we   have   a  model   of   the  separated   flow but   the   origin  of 
the  separation   is  not   fixed  by   the  shape  of   the  body.     A  simple  example  is   the  slender  circular   cone  at 
incidence.     Separat i<jn   gives   rise  to  «hear   layers,   which  we   can model   by  vortex  sheets   rolling  up   into 
spiral   vorti'-s.      ii    is   fairly  certain  that,   if   the   separation   lines   are  specified,   the  resulting   inviscid 
problem with   the  embedded  vortex  sheets will   have  a   sensible   solution.     The  position  of   'he   separation   line 
should   emerge   from a   boundary-layer  calculation  carried   out   for  an   external   flow   in  which   the   separated 
flow   is   represented.      An   iteration  process  should   then   lead   eventually   to a  consistent   representation   in 
which  boundary-layer   separation   is  predicted   along  a   line   from which   a  vortex  sheet   originates. 

The   final   category  of   problems   is   the   one   in  which we   have   no   adequate model   of   the   separated   flow. 
Hfcisely which  problems we  place   in  this  category   is   a  matter   for   individual   judgement,  but   we   should  all 
agree   that   there  are   some  separations  for which  no  adequate  model   exists.     Two   lines  of  approach  are   then 
needed:   detailed  and   careful   experimental   studies  and   sound   thinking  about   the  physical  mechanisms   involved. 
Kxperiments   in   separated   flow  are difficult,   because   the   flow  field  must  be   invest'gated   in  depth,   in  spite 
of   its   sensitivity   to   im   'ference  from measuring probes.     Optical   methods,  so useful   in  two-dimensional 
flow,   become  much more  c 'X   in  three-dimensional   flows'1.     The  unsteadiness  of  many  separated   flows  at 
frequencies   lower   than   th     -■   characteristic  of   turbulence   is   a  basic   difficulty  affecting  both  experimental 
technique  and   the  construction  of  helpful  mental   concepts. 

The classification of   problems which  I   have  been  attempting   is   summarized   in  Fig.I.     The   representa- 
ticjn   is   entirely  topological   and  the  sizes  of   the  regions   are  not   meant   to  indicate  their   importance  or   the 
extent   of   our   knowledge. 

3 LtVKLS   OF  MODELLING 

It   is  necessary   at   this   point   to defend   an  extended  discussion  of  models.      It   is   possible   to  maintain 
that   the  only  model   we   need   to  consider   is  the  set   of  Navier-Stokes  equations  governing  the motion  of   a 
viscous,   compressible,   heat-conducting  fluid.     Progress with   special   sub-models   for  particular   forms  of 
separated  flow   is  slow  and  essentially   limited;  many   separated   flows  of  practical   concern  arc  extremely 
complex;   progress   in   computer   hardware  and   in  numerical   methods   for   solving differential   equations   is  very 
rapid. 
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For   instance,   calc 
the Navier-Stokes  equati 
spherical   nose   followed 
region   between   this   body 
stationary condition   is 
Reynolds  number  of   10   , 
the  body  and   shock,   cone 
and windward  meridians. 
The  published   results   al 
vanishing of   the  azimuth 
the  vanishing  of   the   Ion 

illations of laminar, three-dimensional separated flow by the numerical solution of 
ons have already been reported by Li'^. He considers a body consisting of a hei..i- 
by  a   circular  cylinder  and   terminated  by  a  conical   flare with  a  flat   base.      For   the 

and   the bow shock wave  he marches   in   the   time  direction  until   an  essentially 
reached.     Typically,   for  an  angle  of   incidence  of  20°,  a  Mach  number  of   3  and  a 
he  describes  the  flow  by  9000   interior  points.     20 points   lie  on  each   line  between 
entrated  near  the  body,   and   there  are   18  azimuthal   stations  between   the   leeward 
About   2000   time   steps   are   needed   and   the   process   takes   100  hours   on   an   IBM   ibO-?1). 

1   relate  to  the  body  surface,   but   they  show,   as   indications  of   separation,   the 
al   component  of  skin  friction  on  the   cylinder   just  aft  of   the  spherical   nose,   and 
gitudinal   component   of   skin   friction  on   the   cylinder   just   ahead  of   the   flare. 

Other   large-scale   computations  of   this   kind  have  made 
equations   lor   steady   flow.     Lin  and  Rubin'^  at   Brooklyn and 
studied   the   laminar   tlow  past   a  cone at   incidence  at   high Ma 
downstream of   a   region   near   the   apex   in  which   the   shock  wjve 
region,   and   it   is   this   downstream  flow,   in which  a  boundary 
A  spherical   polar  system of   coordinates   is   then  natural.     If 
apex  Ok   the   cone,   then   the   essential   simplification   is   to   nf 
This   leads   to   a   system   oi   equations which   is   parabolic   in     r 
Diffusion   in   the  c i reuraierentia 1   direction   is   retained,   in  a 
normal   to   the   surface,   as   in   the   usual   boundary-layer   model. 
the  computed   region   are   required.     These   can  be   taken   from  a 
or  a  solution   for   the   flow  over   a  blunt   nose. 

use  of   some  simplification  uf   the  Navier-Stokes 
Lubard   and   Helliwell'^1   in  California  have 

h   number.      In   this   flow,   separation   is   found 
and  boundary   layer  merge   in  a   single   viscous 

layer   is   distinguishable,   that   they  consider. 
r     is   the  radial   distance  measured   from  the 

gleet   viscous  diffusion   in   the      r     direction. 
,   so   that   a  marching   technique   can   be   used, 

dditioi   to   the  representation  of   diffusion 
Initial   conditions  at   the  upstream  end  of 

solution   for   the  merged   layer   on   a   sharp   cone 

Lin and Rubin assume 
thin layer and that the flow 
measurements. Within the vis 
The flow attaches in the plan 
lines on the leeward side. T 
smaller angles oi incidence t 
can be regarded as a separat i 
'separation lint', owing tu t 
is good, with various calcula 
band of about 1u" width. The 
ing Mach   number   delays   separa 

The same authors have i 
of IO"4 revolutions per minute 
displacing them bv no more th 
this   case   the   flow   is   unstead 

14 
Lubard   and   Helliwell 

cone  and   the  bow  shock   as  a   s 
reported   work   they   ose   at;  art 
they   need   to   take   steps   in   th 
obtain   stability.      The   result 
azimuth   ahead   ■'I    its   observed 

at   high   Reynolds   numbers,   viscous   effects   are   conl ined   to  a 
aver   is   conical.     The   external   pressure   field   is   taken   from 
nd   vortex   structures   when   the   incidence   is  moderately   large, 
he  windward   side   and   then   leaves   the   surface   along   separation 
ttachnent   ii.   the   plane   ol   symmetry  on   the   leeward   side.     At 
surface   in   the   plane   of   symmetry  on   the   leeward   side.     This 

ivial   one,   since   no   vorticity   is   being   shed   from   the 
flow.     Agreement   with   experimentally   observed   separation 

alues   of   the   azimuthal   angle  of   separation   lying  within   a 
ation   is   appacently   unaffected  by  heat   transfer,   hut    increas- 
he   extent   of   the   vortex   structures. 

ecently  extended   their   method   to   treat   a   spinning  (tine      .     An   angular   velocity 
has   remarkably   lit'le   effect   on   the   symmetry  of   the   lee-side   vortices, 

an  a  degree  ur   two   in  a   typical   case   (M  -   8,  Re  ■=   1ÜJ,    i   =   12",   •■   -   lüu).     In 
y   and   the   identification   of   tlie   separation   line  presents  difficulties. 

i n add i t ion t) at 
eXt ernal to tl l s 1 
ecu s layer they 1 i 
e c f symmetry on t 
here is a seco nd .i 

he flow leaves tl e 
on but it is a I r 
he symmetry of tl e 
tec and measured V 

1" sit ion of separ 
t ion and redui es t 

solve  a  similar   set   of   equations,   hut   treat   the whole   flow   field   between   the 
ingle  viscous   region,   so   no   interaction  with  an  external   flow  arises.      In   their 
ificial   starting   procedure,   but   this   is   not   an  essential   feature.      They   find 
e   marching  direction which   are   larger   than   a  certain minimum   size,   in   order   to 
s   found  agree  well   with   experiment,   separation  being  predicted   about   6     of 
position   in  a   typical   case   (M   «    U,   Re   -   8.3   '    10\    .   -   8°,   '.'   -   i.b"). 

In   spile   ol    the   demonstrated  achievements   of   these   integrated   approaches   to   the   prediction   of 
separated   flow,   two   arguments   persuade me   that   the  continued   consideration of   local   or   sub-models   is  worth- 
while.      The   first   argument   is   technical,   the   second   philosophical.     The   technical   argument    is   just    that   the 
representation  ol   turbulemi,   at   least   upstream  of   separation,   is  vitally   important   in  many   practical 
problems.     Represent ing   turbulence  directly   through   the   t ime-def .'nden t   Navier-Stokes   equations   makes   such 
enormous  demands   cm   the  capacity  and  power  uf   computers   that   it   is   difficult   to   imagine   its   effective 
implementation.      Some   closure   hypothesis   then  becomes   necessary   and   we   are   led   away   from   the   conceptual 
simplicity  of    the   Navier-Stokes   equations   and   back   to   sub-models. 

The  philoaophica I   argument   naturally  concerns   ends   rather   than  means.     If  our  aim   is   to   reproduce 
our  bit   of   the   real   world   in   a   computer,   then   the  solution  ol    the  Navier-Stokes  equations   is   a   possible 
approach,   at   least   fi.r   laminar   flows.     We  may  hope  to  obtain  more precise   information,  more  quickly  and 
more  cheaply   than  by   making measurements   in  real   fluids,   and   this   is  well  worth  doing.     However,   as 
scientists we  wish   to   understand   things,   and  as   engineers  we  wish   to  alter  things.     In  both   of   these 
processes   the  acquisition  of   data  needs   to  be  accompanied  by   the  growth  of  conceptual   frameworks  which  can 
account   for   the  data  we  already  have  and   show  us  where  more   is   needed.      It   is  such conceptual   frameworks 
which  enable  us   to   formulate   intelligent  ways  of  modifying  and   controlling our   bit   of   the  "niverse.     They 
are  built   of  models,   some  far-reaching and  all-embracing,   but   some  quite  special.     I   do  not   see   the   need 
for  special  models  disappearing   in our  field.      In particular,   I   expect   the distinction  between   the   external 
inviscid   flow  and   the   boundary   layer,  on which   the  science  of   aerodynamics  has  been  built,   to  continue, 
supplemented   locally   by  special   models  of   separation   phenomena. 

'RE-ATTACHMENT'   AND   'SEPAKATED  REGIONS' 

The  kind  of   local  model   needs  to be  rather  different   in   three-dimensional   flow  from  those   familiar   in 
steady   two-dimensional   flow.      If   a boundary   layer   in  a  plane   flow  separates  from  the  body,   either   it 
re-attajhes  to   th'.'  body  downstream or   it  gives   rise   to  a wake   flow.      In  either  case we  can   label   a   region 
of   the   flow as   'separated'   and  discuss   its  properties.     This   is  not   generally  so with   three-dimensional 
separations.     Those   fluid particles which  leave   the  surface  of   the body along a separation  line only  return 
to  the  body   in  exceptional   circumstances. 

Since  it   is  almost   impossible  to draw  fully  three-dimensional   flow  fields,   I  have  chosen   in  Fig.2   to 
represent   the conical   flow past  a  thin,  slender,  sharp-edged  delta wing at   incidence.     The picture   is 
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familiar,   but   it   is  worth   remembering what   the  lines  on   it   represent        .      If  you  can  imagine  all   the  stream- 
lines  of   the  flow  being   projected   from  the  apex of   the  wing  on   to   this  plane,   then  these   lines  are   just 
those  projections.    Alternatively, if you consider  all   those   stream  surfaces which pass   through  conical   rays, 
then  these   lines  are  the   intersections of  those  stream  surfaces  with  the  plane.     What   the  picture  does   is 
to present   how  the   fluid   particles  progress   from one  conical   ray   to  another,   ignoring how   they   travel   along 
each ray.     Consequently,   the  free   scream appears  as  an   inward   flow.     The  particles   leaving   the   leading  edge 
are  special,   since   they   carry vorticity.     They  do  not   return   to   the wing,   but  end  up   in   the   leading-edge 
vortex,  as  do all   the  particles   between  the  streamlines   ending   at     A,     and    AT   •     There   is  a   temptation   to 
describe  the  conical   ray   through     A.     as  a  re-attachment   line,   by  analogy  with  two-dimensional   flow.      In 
fact   the  fluid  approaching   the  body  near   this   line   comes   from   the   free   stream,   just  as   it  does   in   the  case 
of  the  attachment   line   through    AT   .     In particular,   new,   initially   laminar, boundary   layers  develop on   the 
two  sides  of    A|    ,   although  the   free  shear   layer  becomes   turbulent   soon  after  it   is  shed   from  the   leading 
edge.     The  boundary   layer   flowing  outboard  from    A]     is  distinct   from  the  free  shear  layer  above   it  and, 
in  fact,   separates  again   to  form  a   secondary vortex.     This   secondary  separation may  be   laminar  or   turbulent. 
Note  that   we  cannot   point   to a  closed  region of   separated   flow:   the  upstream flow penetrates  everywhere. 

This   is,  of   course,   an  extreme  case  chosen   to  bring  out   the  unexpected  features  of   three-dimensional 
separation.      It   is   easy   to   imagine   how,  at   a  smaller  angle  of   sweep-back  and  a  smaller  angle  of   incidence, 
the  scale  of   the   separation  becomes  much  smaller,   in particular   in  relation  to  the  thicknesses   of   the   free 
shear   layer  and   the  wing  boundary   layer.     The  free  shear   layer  on   its  return  towards   the  leading  edge   then 
merges with   the   boundary   layer  on   the wing  and  the   flow   reaching   the wing   inboard  of   the  vortex   is 
contaminated  by   the   turbulence   in   the  free  sheer   layer,   as   indicated   in  Kig.i.     When   this   happens  we  have 
a  region of   turbulent   rotating  flow  near  the   leading edge,  with  a   turbulent  boundary   layer  downstream  of 
it.     In  the   figure,   the   mean  streamlines  are  again   to  be   regarded  as  conical   streamlines,   although   I   am 
not   suggesting  that   conical   conditions will   be  found   in   subsonic   flow  at   these  smaller  angles  of   sweep- 
back.     If   the  flow were   conical,   the  turbulent   region would  be   growing   in   size,   roughly   in  proportion   Co 
the distance  downstream   from the   apex.     What   is more  frequently   realized   in  experiments   is   an  approximation 
to  the  flow  past   an   infinite  sheared wing,   in which   the   flow,   although   three-dimensional,   is   independent 
of   spanwise  position.     This  corresponds  to a conical   flow  in which  the  vertex has  receded   to   infinity. 
The  region  of   turbulent   flow would   then become  of   constant   size   and  could  well   be described  as   a   bubble. 

At   Queen Mary   College   in   London,   i'rol .   Young   and   his   students   have  made  a  number   of   explorations   of 
bubble   flows,   starting   with  unswept   bubbles.     Their   first   study   of   a   swept   bubble,   by   Morton'",   was 
reported  briefly   to   the   last  AGAKU meeting  on  separated   flows   in   1966.     His  bubble was  generated  on  a   flat 
plate  by   a   lifting   cylinder   placed   above   it,   the  whole   configuration  being   swept   through   Jb.b   .      Recently 
Delpak''   Iras  completed   a   study  of   the  effects  of   increasing  the   sweep  to  ^'i  .     With  the  same  external 
pressure   field   imposed,   he   finds   a   'separated   region'   whose   size   depends   on  Reynolds   number.     At   high  wind- 
speeds,   a   separated   region   resembling a  short   bubble   is   found,   with  constant   length  across   the   span.     At   a 
lower   speed,   the   flow   at    the   upstream  end   remains   much   the   same,   but   the   size  of   the  bubble   increases   across 
the   span   and   the   larger   separation   outboard   is   associated   with   a   reduced   suction  peak.     At   a   lower   speed 
still,   the   larger   separation   is   found  across  the   span  and   uniform  conditions  are  not   obtainable.      Strong 
outboard   f   ows   are   found   in   the   separated   region,   analogous   to   the   high   axial   velocities   in   the   cores   of 
leading-ed^e   vortices.      Much of   what   takes   place   can   be   interpreted   in   terms  of  modifications   of   two- 
dimensional   flow  patterns,   but   a   considerable  residue   seems   to   need  a  model  which   is   three-dimensional 
from  the  start. 

i ATTACHMENT 

Having  used   a   picture  of   conical   flow   to   illustrate   the   difference   between   two-   and   three-dimensional 
separation,   I   ought   to   draw  attention   to  .in  over-simplification  which   can   arise   1 rom   reliance   on   conical 
and   sheared-wing   flow   patterns.      Ihis   concerns   not   separation,   but   attachment.     Flow  attachment   takes   place 
at   upstream  stagnation   points,   but   when  a   I low has   a  plane  ot    symmetry   there   is   usually  an  attachment    line 
in   it.     This   line   has   a   number   of    properties; 

(I) it    is   a  streamline  ol   the  exlerna!   flow, 
(..') it    is   a   limiting   streamline1   ( sk i n-f r i c t i on   line), 
M) there   is   no   pressure   gradient   normal    to   it, 
l^*) both   sets   ot    surface   streamlines   diverge   from   it, 
(S) the   boundary    layers   which  develop  on   either   side   i 
'b) it    is   a  geodesic   on  the   sort.tie. 

t    it   are   independent,   and 

There   is   not   time   to  discuss   t lie   various   interdependencies   between   these   properties.      1   want   to  point   out 
that   lines   with   the   same   properl les   arise   away   (rom planes   ol    symmetrv   in   conical   (lows   and   in   sheared-wing 
flows.     However,    in  more   general    three-dimensional    tlows   it   does   not   seem   that   all   'he   properties   occur 
together,   except    in   planes   ol   symmetry. 

If   we   consider,   tor   instance,   a   swept   wing   at    incidence,    then   there  will   be  a   limiting   streamline 
which   runs   roughly   parallel   to   the   leading  edge  and  divides   those   limiting  streamlines  which   pass   above   the 
wing   from   those   which   pass   below   it.     We  might   call   this   limiting   streamline  an  attachment    line   ot    the 
surface   flow.     Similarly,   in   the   I 1 ow  external   to   the   boundary    layer,   there  will   be  a   streamline,   also 
roughly   parallel    to   the    leading   edge,   which  divider,   the   external    flow   passing  above   the  wing   t rom   that 
passing  below   it,   and   we   might   call   this   streamline   an   attachment    line   ot    the  external   1 1 ow.      However, 
there   is   no   reason   why   either   of    these   attachment    lines   should   he   geodesies  on   the   surface,   nor   why   the 
pressure-   gradient   normal    to  either   of   them  should   vanish.      It    the   boundary-layer  model    is   entirely   consist- 
ent   there-   should   be   a   stream  surface  ol   the   re-al   t I ow  which  passes   through  both of   them,   but   this   will   not 
be  normal   to  the   surface   ot   the   body.     The   two  attachment   lines  will   be  displaced   laterally.     There  will   be- 
an  attachment   region   in   the  boundary   layer  along   the   leading  edge  ol   the wing which will   affect   the   Mow 
over   both   the   upper   and    lower   surfaces,   and   this   attaclunent   region will   contain   the   attachment    lines   ol    t he 
surface   flow  and   of   the   external    flow. 
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6 NATURE  OK   SKPARAT10N 

When we  come   tu  separatiun  lines  we  find  a  rather  curiuus   situation.     Most  people are  quite  confident 
that  separation   lines  can  be   recognized   in patterns  of   limiting  streamlines,   whether  these  are  obtained 
experimentally  by oil-flow   techniques  or numerically  from flow calculations.     On  the other  hand,   the actual 
definition  of  a  separation   line  gives   rise  to a   lot  of  discuss'on,   much of   it   stemming  from  ideas   put   for- 
ward by Maskel1'°i''.     Two  approaches  can be distinguished:   a   local   approach,  which  is  needed   in order  to 
recognize  separation  as   it   happens;   and  a global   approach,  which   is   needed   to  establish  the  consistency  of 
postulated   flow  patterns. 

The   local   approach  seeks   to   identify   the  separation  line   in   terms  of   the  behaviour  of   the   lirait'ng 
streamlines  near   it.     Maskell"'  described   it  as  an  envelope  and  cusp   locus  of   the  limiting  streamlines. 

...... 90 
The mathematical   expression   of   this  definition gives   it   a  precision  which   invites  controversy'1'-'.     To  pursue 
the  controversy   it   is   necessary   to  be  clear about  whether   it   is   solutions  of   the   laminar  boundary-layer 
equations  or  of   the  Navier-Stokes  equations   that   are  relevant   and   which definition of  envelope   is   to  be 
adopted   (see,   e.g.  Kef.21),      It   seems   to me  that   'envelope'   is  a  good  descriptive word  fcr what   is  observed 
and  has  not   been   improved   upon.     In   the  context   of   the   laminar  boundary-layer  equations,   the  behaviour  of 
the  shear  stress  near   the   separation   line  is  relevant   to  the  controversy as  well  as  being of   intrinsic 
interest.      Is   there  a   singular   behaviour  or  not?     The  work   first  of   Brown       and  then of   Buckmaster       shows 
that   a  singular   behaviour   is   possible,   just   as Goldstein  found   in   two-dimensional   flow.     It   is   still 
possible   to  argue  about   whether   it   occurs. 

I 8 
The  global   approach   starts with  a   recognition       that   two  different   sets  of   limiti.ig  streamlines  come 

together  at   a   separation   line.     Stewartson-1-* made   this  more   precise   by  distinguishing points  on  the   surface 
which are  accessible   from  the  upstream  attachment   point   from  those   which are  not,  giving a  definition  which 
includes   the   two-dimensional   behaviour.     In   the  case  of   a  slender   body  at  moderate   incidence,   however, 
separation   lines   form which   are  fed   on  both  sides  by  fluid  from  the   upstream  stagnation  point.     One   scheme 
of   limiting  streamlines   in   such  a   flow   is  shown   in  Fig.4,   taken  from  I.egendre^   .     BD    is  a  separation   line, 
fed  un both  sides  by   fluid   from  the  upstream stagnation  point     A   .      Kichelbrenner'-" gives  essentially   the 
same  definition  of   a   separation   line  as  Stewartson.     In  addition  he   distinguishes  between  separation   proper 
and  a   'clash'   of  boundary   layers.     Ii   seems  he would  regard   the  situation  shown  in Kig.4  as  a  clash.     We 
certainly  need   to  consider   such   flows.     Lighthill       defines   a   separation   line  as  a   line  which   issues   from 
both   sidu-s   of   a   saddle   point   of    separation  and,   after   embracing   the   body,   disappears   into  a   nodal   point   of 
separation.     In   Legendre's   scheme,     B     is   such  a  saddle   point   of   separation  and  one  streamline   through   it, 
Bl)   ,   (its  Lighthill's   definition.     However,   in  the  other  direction   it   ends   in  the  spiral   point     C   .     Whether 
B<'     is   itself   a   separation   line  or  whether   separation  only  occurs   from  the  point     C     is  discussed  briefly 
by  l.egendre   in  a   later   paper*-".     The   streamline  patterns   in   the  vicinity  of   these  various  types  of   singular 
points  have   been   drawn   by  Oswat 11 sch-'. 

I M 
Maskell        also   showed   separation  originating  on  a   slender   body   from a   separation   line which   starts   at 

an  ordinary   point   of   the   surface.     This   removes   the  complication  of    the   saddle  point   and  spiral   point   from 
Fig.w.     Wang'u  has  revived   this   idea   recently  in  the  course  of   a   lively discussion of  possible  separation 
pattern,.     In  physical   terms,   with   separation envisaged   as  arising   from  the  close approach of   the   limiting 
streamlines,   the   scheme   is   attractive.      It   is  particularly easy   to   imagine  a   trivial   separation  of   this 
kind  developing   in  a   pi "le   uf    symmetrv,   with   streamlines   converging   on   both   sides,   and  with  no   definite 
point   at   wtiih   the   separation   tould   be   said   to  start.      It   is   less   easy   to   imagine  when   the  cross-flow   is 
non-zero  and   the   separation   results   in   the   shedding  of   vorticity.      The   details   of   how   the   separation   line 
starts  are   in  any   iase   unimportant   compared  with  the  realisation   that   the  separation  line  need   not   cross 
the  plane  of   svnrutry,   so   that    the   separation  is  entirely  fed   from   the  upstream  stagnation  point   of 
attachment. 

I.Ven  when   the   separation   line   dees   .toss   the   plane   ol   symmetry,   as   in   Fig."),   so   that   a   downstream 
pi.int   ol   attaihraent   has   to   be    introduced,   it   does   not   follow   that   the   separation   forms  a   closed   bubble. 
It   is  possible   (or  a   vortex-sheet   separati in   in   the  form o(   a   horse-shoe or   a   hairpin  to   form,   fed  on  both 
sides  with   air   from   the   free   stream.      A   * losed   separation   line   does   not   necessarily  give   rise   to  a   closed 
separation   surface,   and   it    is   the   (orm   of   the   separation   surface  which   is   the  more   significant. 

7 I'HFDll TIUS   (Jl   SH'AKAI 1 OS 

It   might   have  been   hoped   that   t hi'   calculation  o(    the   three-dimensional   boundary   layer,   apart   from 
difficulties   with   starting   in   an   attachment   region  and  with   recognizing   sepaiation  as   it   occurs,   would 
prove  to  be  a   straightforward   numerical   problem.     I'nf or t unate I y,   even  with   laminar  flows  numerical   difficul- 
ties  arise  near   separation,   and   conceptual   uncertainties   in  the  modelling  ol    turbulence  become  more   impor- 
tant   near   separation.      This   is   not   t lie   place   to attempt   a   review  of   boundary-1 aye-   calculation  methods   and 
I   shall   only   pick   out   a   ( ew   examples   relevant   to   the   prediction   of    separation. 

Several   years  ago,   Cooke       calculated   the   laminar   boundary   layer   on  a  circular  cone  at   incidence, 
using  a  conical   external   flow.      Separation  can   then  only   occur   along   a   conical   ray.     His   solution   starts 
from   the  windward   generator   and   marches   round   the   cone.      He   found   that,   as   separation  was   approached,    it 
was   necessary   to   reduce   the   step   size   in   the  marching   process   so  much   that   effective  progress   became 
impossible.     However,   he  was   able   to   use   the  analytical   form  derived   by   Brown"   for   the  solution  near 
separation  to  extrapolate  convincingly   for   the position  of   the   separation   line.     Separation   is  predicted 
to occur  earlier   than   it   was   observed   by  Kainbird,  Crabbe  and  Jurewirz     ,   typically  by   15   to  20°   in  azi- 
muthal   angle when   the   incidence   and   semi-angle  jf   the  cone  are   both   7.5".     Calculations   reported   by  Jaffe 
and   Smith''  agree  with   those   of   Cooke,   a I t hougl   they  were   not   carried   si  close   to  separation.     Cooke 
suggested   that   the  discrepancy   in  his   predicti.in of   separation  might   have  arisen  either   from  the  use   of 
slender-body   theory  for   the   external   flow  fieid or   from  the  absence  of   any  representation of  separation   in 
the   external   flow.     The   latter   seems   more   likely,   since   calculations   by   Tsen   and  Arnaudon"   for   cones   at 
incidence   in  supersonic   flow   used  exact   external   flow solutions   and   still   found  discrepancies   in  separation 
position  ot   about   the   same   size.     They   treat   the  compressible   laminar   boundary   layer  by  an   integral   method 
and   introduce   the  cross-flow   through  an   iterative  procedure.     Their   results  show an appreciable  effect  of 
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heat   transffr  on   the magnitude   of   the  cross-flow,   but   very   little  effect  on  the   location of   separation,   in 
agreement  with Cooke's   finding       and  with   the work  of  Lin  and  Rubin      . 

Cuoke's method   is   equally  applicable   to  the  flow over   infinite   sheared  wings  and  has   been  programned 
tor   this  case  by   Beasley^"  for   incompressible  flow and  by  Hirschel-*'   for  compressible  flow.     Cooke  also 
extended  his method  to   treat   laminar  boundary  layers   in   'quasi-conical'   external   flows,  defined  by   the 
properly  that   the  direction  of   the  external   velocity  is  constant   along  each  ray,   although  its magnitude 
varies  along  the   r.iv.     This   extension^  enabled  him  to obtain  good  agreement   with measurements  by  Hunmel^' 
of   the  boundary   layer  on   the   upper  surface  of  a delta wing,   including   the  secondary  separation of   the   flow 
swept   outboard   under   the   primary   vortex. 

40 41 42 
For   fully   three-dimensional   laminar  Loundary  layers,   the   pioneering work   of  Raetz     ,   Der       and   Hall 

is   now hearing  fruit.     Three   numerical   procedures  have  recently  been   reported,   by  Blottner  and  Ellis*',   by 
Wang"*''  and  by Ceissler^   .     The  calculations  of   Blottner  and Ellis  have  not   been  carried  far  enough  to 
encounter   separation.     Wang  has   presented  detailed  results'1"   for   the   incompressible  flow over a  prolate 
ellipsoid  of   axis   ratio   1:4   at    30°  incidence,  and,   subsequently     ,   at   45°  incidence.     His  calculation 
extends as   tar  as   the   line  on   the  body  along which  the  circumferential   component   of  skin  friction vanishes. 
Away  trora  the  extremities  of   the  ellipsoid,   this   line   is  almost   a meridian,   so   its  position   is  probably  a 
good   indication  of   the  position  of   the   separation   line.     Unfortunately   he  shows   no  comparison with observa- 
tions,   such as  those  of   1'eake,   Kainbird  and Atraghi'. 

,     45 .. . 44 
Oeissier       uses   a   coordinate   system   based  on   the   external   streamlines,   in   contrast   to  Wang   s   use        of 

,i   system  related   to   the   geometry   of   the   body.     He  calculates   incompressible  flow  over   three  prolate  ellip- 
soids  and  a  combination  of   an   elliotic   forebody with  a  cylindrical   afterbody.     He   finds  the   limiting  stream- 
lines   running   together   to   fonn   separation   lines   like   those  of   Wang,   but   the absence  of  a  <onmon   test   case 
precludes  quantitative  comparisons.     The  displacement   thickness   grows   rapidly  near  the upstream origin  of 
the   separation   line.     As   the   Si?parition   line   is  approached,   the  numerical   method   becomes  unstable,   a   feature 
which ileissler  claims   is   characteristic   of   separation when   the  calculation   is   effected   in  streamline 
coordinates.     It   is  of   some   interest   that   he  finds  the  separation   line   on  his   cylindrical  afterbody  in 
about   the  sane  c ircumferentia 1   position  as   Schönauer*'   found   the   separation  point   in  the  two-dimensional 
1 1ow  past   a   cylinder. 

When   the  boundary   layer   is   turbulent   it   is  again  easiest,   both   conceptually  and  computationally,   to 
start   with   problems   in   which   there   are   essentially  only   two   independent   variables.     For   the   turbulent 
boundary   layer  on  a  rone,   this   requires   a   further  assumption  about   the   growth  of   the  boundary   layer  along 
a  generator.     Mcwlem and   Smith       describe   an   integral   method  based  on   such  an  assumption,  but   their 
calculations  of   1 1ow  on   a   cone   do   not   extend   to   separation. 

I l.c   slightly   artificial   case   of   t tie   infinite   sheared  wing  does   not   require   such  an  assumption  and 
[irovides  .i   problem   in   two   independent   variables  which  exhibits   features   of   fully   three-dimensional   flow. 
Y> r   tc>t   tases  we   have    the-   piont-ering  experiments  of   tumpsty  and   Head        and   the  more  recent   measurements 

den   Kerg  .uui   1 I sciiaar ^ J.      t'alcul at ions  have  been  published   by   Hiadshaw'   ,   Wesseling  and  Lindhout     , 
Kanneltp  and   Humphreys'*,   Krause"  and  (ebec i '   .     We  hope   to  hear  more  from NLR  at   this 

meeting.      [hese   methods   generally   show   good   agreement   with   experiment   well   upstream of   separation.     Closer 
!   i   separation,   calculation   seems   to  diverge   from experiment,   though   it    seems   there   are  usually   variations 
in   the  methods   wh i i h   can   be   exploited   to   improve   the   agreeement .      Kradshaw  calculated   the measured   flow   of 
' umpsty   and   Head   and   found   a   very   pronounced   effect   I rom  a   term   he   irt'oduced   to   account   for   the   effect   of 
trie   longitudinal   curvature   of   the  w.ill.     Ulien   this   term was   introduced,   separation  moved  upstream  from 
x   '   11,17   lo   I/,hi),   passing   through   its   measured   position   at      x   •   (l.hh   .      He   also   showed   significant   differ- 
em es   between   the   predictions     it    his   own   di I f erent ial   method   and   Head's   integral   method,   separation   being 
par t i. u 1 .ir 1 v   sens i t i ve . 

r.h.   Smith       applied   his   integral   method,   based  on   Head's   entrainmenl   concept,   tu  the  measurements  of 
van  den   Herg  and   KI scna.ir '",   in   wh'ch   surface  curvature  effects   were   avoided.     He  calculates   separat.on   to 
".or   between   stations   1   and   H   using .lohnstun  profiles   for   the   cross-flow  and   between  stations  9  and   10 
using  H.i>;i r   profiles.      Separation   a.lu.illy   occurred   between   stations   H   and   9.      The   need   to  choose   a  profile 
family   is   avoided   by   the   use   ot    a   clilterenti.il   method,   but    some   closure   assumption   is   still   needed. 

Kanneljp  and   Humphreys        use   an  eddy  viscosity   formulation,   recommending  a   reduced  eddy  viscosity   for 
the   .ross-flow.     With   the   mi'a sored   pressure   distribution   of   van   den   Berg   an!   Flsenaar,   they   fail   to  predict 
separation.     However,   they  noticed   that   the measured  external-flow direction was  not   consistent  with  the 
measured  pressure-  distribution,   assuming   the   flow was   really  part   of   an   inl i ni t e-sheartd-wing  flow.     Using 

i   ir    lilie-cl   pressure   distribution   derived   t rom   the  measured   external-f I ow   direction,   they  calculate   separa- 
tion   slightly   upstream  of    its   observed   position. 

Krause       has   recently   applied  bis   method       lor   calculating   fully   three-dimensional  boundary   layers   to 
the   same-  experimental   situation.     His  object  was  to  test   three  different   eddy  viscosity  formulations,   all 
isotr ipi. ,   in   the   sense   that   the   same   r     a'ions   are   used   for   both   ceimponents   of   the   Reynolds   stress.     Changes 
m   the  eddy  viscosity   formulation   lead   to  significant   variations   in   the   predicted   skin  friction but   varia- 
t ions   of   about   the   same   size   arise   from   changing  the  difference   scheme   used   in   the   calculations   from  a 
sec ond-cirder   formula   to   a   four''h-order   formula.     Neither  change   has  much  effect   on   the  cross-flow.     Agree- 
ment   with  experiment   deteriorates   as   the  measured  separation   line   is   approached,   and,   as   in   the  original 
. a 1 cid at ion  of   Kannellp   and  Humphreys'   ,   separation   is  not   predicted.      Krause  attributes  this  failure  to 
the   inadequacy  of   the  closure   assumptions,   in  particular   to   their   Isotropie  nature.     In  this   connection   it 
is   appropriate-   to   refer   to  an   analysis  by  East^** of   his  own  data  and   that   of  other  workers.     He  concludes 
that   the  shear  stress   in  a   three-dimensional   turbulent   boundary   layer   is   not   parallel   to  the  velocity 
gradient,   but   does   not   propose   a   better   representation. 

Since   so many   problems   arise   in  sheared-wing boundary   layers,   it   may  seem  absurd   to proceed   to 
examine   fully  three-dimensional    turbulent   flows.     However,   there   is  a   successful   prediction  of  separation 
to   report.     P.D.   Smith   ^  has   applied  his   integral  method   to   the   turbulent   boundary   layer on   the  upper 
surface  of   a  delta  wing,   as  measured  by   Kasl',°.     Although   the  cross-flow  angles   are  exaggerated  by   the 

•   Acc.ii.lini' In j liiici paper, (his *ji the icsult ul an CMOI. and scparattun is nut predicted with the modified pressure distnbutiitn 
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calculation and  the  amount   of   the  exaggeration depends  on  the  profile   family  used,   the position  of   the 
secondary separation   is  predicted   to within 2.531 of  the   local   semi-span of   the wing.     The  success  of   the 
calculation  is  related   to   the   fact   that  the  flow,  and consequently   the  regions  of  influence,  are broadly 
aligned with   the  generators   of   the  almost   conical   external   field;   whereas   for   the   infinite  shearea  wing 
the   flow crosses   the   generators,  which  are   the   lines  of  constant   percentage   chord. 

From  this  cursory examination  of   a  complex  field,   I   conclude   that,   for   laminar  flow  in  three  dimen- 
sions,   existing  boundary-layer  methods   are  proh^bly  adequate   to carry  out   the   task of  predicting  separation. 
This  places   the  emphasis   on   the   formulation of  adequate  models   of   the   separated   flow and  of  schemes   for 
including  these   in   calculations  which   embody   the   interaction  between   the  boundary   layer  and   the  external, 
separated   flow.     For   turbulent   flow much more   is  needed.      If   integral   methods   are   to become  reliable,   better 
ways   to represent   the   cross-flow must   be   sought.     Current  methods   of   representing  turbulent   processes   in 
differential   methods   seem  to   become   inadequate  as   three-dimensional   separation   is  approached;   so   that, 
although differential   methods   offer   the  better   long-term prospect,   at   present   they  provide no  advantage 
over   integral  methods. 

8 MODELS  OF  SEHARATEL)   FLÜW 

The  only   thrre-diraensiona 1   separated flows   to  have  been modelled   extensively  are   those which  arise 
from  highly-swept   separation   lines,   giving rise   to  rollcd-up  shear   layers.      Before dealing with   these   it 
is   convenient   to mention   two   extensions   to three  dimensions   of   techniques   for   treating  separation   in   two- 
d itnens ional   t low. 

The  first   concerns   the   basic   problem or   how  the   laminar   boundary   layer   approaching  the  trailing  edge 
changes   into   the  wake   behind   it.      In   two  dimensions,   Stewartson   and   others   have   shown   that   the   flow  has   a 
triple-derk   structure,   with   outer   regions  which  ;ire  asymptotically   thicker   than   the  boundary   layer. 
Recently Guiraud^'   has   provided   an   extension  of   this  work   to   three-dimensional   flow,   treating  the   flow near 
the   trailing  edge   of   a   swept   plate  with  a   small   edge  angle  at   zero   incidence. 

rhe   seiond  of   these   extensions   concerns   the   separation   ahead   of   a   ramp   in   supersonic   flow.     Werle, 
Vatsa  and   Biitkt™   consider   an   infinite,   swept   ramp,  with  a  uniform   flow along   the  ramp and  a   supersonic 
flow  normal   to   it.      Their   solution  depends   on  a  double   iteration.      In   the   inner   loop   the  external   flow  and 
the  boundarv-layi-r   parameters   are matched   locally  at   each  point.     The   outer   loop determines   the   pressure  at 
separation,   by   requiring   thai    the   pressure downstream of   reattachment   returns   to   its   inviscid  value.      It   is 
not   ol^ar   from  tin ir   account   how   this   fits   in with   the   upstream   flow.      They   find   that   the  extent   of   the 
separated   region   increases   as   the   angle  of   sweep   increases,   in   spite   of   the   reduction   in  the Mach  number 
of   the   flow  normal    to   the   ramp. 

Coming  now   t i   separation   1 rom  highly-swept   separation   lines,    I   want   to   start  with   the  simple  case   in 
which   the  position   of   the   separat iiin   line   is   lixed,   through   the   presence  of   a   salient   edge.     It   is   reason- 
able,   fir   large   enough   Reynolds   number,   to model   the   shear   laver   springing   from   the  edge  hy  a  vortex   sheet. 
Sine   the   rolled-up   sl.eel    is   infinite   in  extent,   a   simplified   representation   of   the   inner  part   of   it    is 
needed.     Several   isymptotii    solutions   for   the   inner   part   exist    (see,   e.g.   Küchemann  and  Weber"'   and 
referent es   thenm)   hut    they   have  not   so   far  been   included   in  calculations  of   the whole  flow field. 
Instead,   slender-body   theor>   approximations   arc   introduced   and   tin    inner   part   of   the  rolled-up  sheet    is 
replaced by   .i   iine   v-rtex.      1 he   resulting model   is   illustrated   (Fig.b)   for   the   flat-plate delta  wing  at 
incidence.      It    is   su.tuienl    to   consider   a   cross-section  of   the   flow,   perpendicular   to   the   centre-line   of 
the  wing.      In   this   plane,   a   slit    represents   the  wing,   there   are   finite   lengths   of   vortex   sheet,   and 
isolated  vort ic es   arc    joined   to   the    tree   ends   of   the    sheets  bv   cuts.      The  vortex  and   the  cut   together 
represent   the    i mi r    part   of    the   spiral    sheet.     The  component   ul    the   free   stream  provides   a   flow  at    infinity. 
A   solution   of   Laplace's   equaticin   in   tins   plane   is   to   be   found   in  which   the  wing   slit   is   a   streamline,    the 
velocity  at   I he   leading   edges   is   finite,   the  pressure   is   continuous   across   the   vortex  sheet   and   the  vortex 
sheet   forms   {.irr   if   a   three-dimensional    stream  surface,      A  pressure   difference   inevitably  arises   across   the 
c ul   and   t In s   is  balanced   bv   a   f circe   .u t i ng cm the isolated vortex, to provide a mode I which  is force-free over- 
all.      Ihe   longer   The   outer   part    of    the   sheet,   the   less   circulation   remains   in   the   isolated   vortex  and   the 
smaller  are   the   local   forces  which  arise.      this   is   the  basic    representation  whose  properlies were   invest- 
igated   by  Mangier   and  myself  '* »        several   years 

This  ucrK 
We i''",   to  de 1 t ,i  w 
wi ngs  with   t hi c ki 
lones^i"1*    tsee   f 

i c 'n i c a 1 ,   provided 
wise  camber  and  > 
wing with  st raign 
a   f l xed   im lien 
1 ng   cent 1 nuciiis 1 
t o   i nc orporat >■ 
f ramework   '. 

This   is   an   impressive   co 1 ' ec t inn   of   applications   of   a  model   and   goes   some   way   towards   the   provision 
of   an aerofoil   theory   tor   slender   wmgb   with   leading-edge   separation.      However,   it   must   be  remembered   first 
of   all   that   the   theory   is   nonlinear,   so   that   the  various   effect«   cannot   be   superposed;   and   secondly   that    the 
use   of   si endet-body   theory  means   that    important   effects   have   been   omitted,   rather   as   they  are   in   two- 
dimensional   aerofoil    theory.     This   leaves   a  great   deal   of   work   to  be   done.     Some   studies   in which   the 
limitations  of   slender-body   theory  are   avoided  will   be mentioned   later. 

In  all   the  examples   which   have   been   listed,   separation   takes   place  at   a   salient   edge  at   which  a 
Kutta-Joukowski   condition   is   imposed.      It   emerges   that,   for   the   basic   example  of   the   flat-plate  delta  wing 
at    incidence,   solutions  of   this   kind   ran  only he  obtained   for  angles   of   incidence which  are  not   too  small. 
Barsby'^  has   shown   that,   for   very   small   values  of   the   incidence   parameter   (i/y   <   U.U4     i   -  angle  of 
incidence,     (   ■   semi-angle   of   wing apex)   a   solution can  be   found   in  which  separation   takes  place   from   the 
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flat   surface of   the wing,   a   short   distance   inboard  of   the   leading e'ge.     At   the   leading  edge   itself,  where 
the  Kutta condition   is  applied,   the   flow attaches   smoothly   instead  of   separating.      It   appears  that,   in   the 
calculation,   the  effect   of   enforcing   the  Kutta  condition   is   to  fix   the   position of   the   separation   line on 
the  upper   surface  of   the  wing.     Since   there   is  no  reason   to  expect  attached   flow at   the   leading edge,   it   is 
likely   that   the physically  appropriate   solution   involves  separation both  at   the   leading  edge and  elcewhere 
on   the wing,  with  the  position  of   the   inboard   separation  line being  fixed  by   the boundary   layer  flow.     Since 
the  angles  of   incidence  at  which   the   anomalous  behaviour  arises  are  so  small,   the  behaviour of   the   solution 
is  only  a scientific curiosity.     The   practically  significant  feature   is   tl.at   Barsby  encountered no special 
difficulty   in calculating   the   properties  of   a  vortex  sheet   springing   tangentially  from a  smooth surface. 

When   the vortex sheet   leaves   a   salient   edge,  we know  something  of   its   local  behaviour.     For   trailing- 
edge  separation  in  incompressible  flow, Mangier and  1'^ wrote down  the  conditions  under which the vortex 
sheet   is  tangential   to  the upper  or   lower  surface  of  the wing and  Legendre       generalised our results  to 
unsteady   flow.     Recently  Clapworthy   and Mangier  ° have given a much more  detailed  account   for   the  case  of 
leading-edge  separation,   assuming  conical   flow  and  using  slender-body   theory. 

The  outstanding difficulty   in  modelling  flows  with  separation  at   a   sharp   leading  edge by  vortex  sheets 
lies   in  knowing where   to   introduce   additional   spiral   centres.     For   instance,   on a  double-delta wing  at   small 
angles   of   incidence,   there  are   separate   spiral   sheets   from  the   two  parts  of   the   leading  edge,   since   the 
vortex   formed  at   the  apex does   not   follow  the   change   in  the   sweep  of   the   leading  edge,   but   tears  off   and 
streams   back  over   the wing,   while   a   new core  originates  near   the   kink   in   the   leading  edge.     At  a   larger 
angle   of   incidence  a  single  vortex  will   form along  the whole   leading   edge.      It   is  not   clear  how calculation 
could   predict   the  angle  of   incidence   at   which   the  change occurs.      If   the   kink   in   the   leading edge   is   smoothed 
out,   there   is  a  further  difficulty   in   knowing where  along   the   leading   edge   the   second   spiral   forms.     Clark" 
encounters  a  similar  difficulty   in   calculating   the   flow over  a wing with   lengthwise   camber  at  an  attitude 
fur  which   the   local   incidence   passes   through   zero  somewhere  along   the   length   of   the  wing.     His  existing 
calculation method  breaks  down  just   as   a   second  vortex,  with   the  opposite   sense  of   rotation,   seems   fo be 
developing on  the   lower   surface  of   the  wing.     A  similar  difficulty  arises   in  modelling   the   rolling-up  of 
the wake  bchinti  a wing with  deflected   part-span   flaps. 

In   spite of   the  number   of   problems   tackled   successfully by   various   authors,   there   is  no doubt   that 
representing vortex  sheets   in   numerical   calculations  does   still   present   initial   difficulties  and  many  people 
have   preferred   to  use  assemblages  of   line  vortices.     For   instance,   Sacks,   Lundberg  and  Hanson''   introduce 
up   to   46  vortices   springing   from   the   leading  edge  of   a  slender wing  of   general   planform,   calculating   their 
paths   by  a downstream  integration  of   a   set   of   ordinary differential   equations.     This   sort   of  calculation 
leads   to  stability proulems,   which   they  overcome'*'  by   imposing  a   particular   spiral   form on  the  line  joining 
the   vortices.     In   this   context   the   recent   work  of  Moore^  and  of   Fink   and   SohSO   is  worthy  of  attention. 
Moore   treats   the  two-dimensional   time-dependent   problem of   the   rolling-up  of   an   initially  plane vortex 
sheet,   with  an elliptic   distribution   of   circulation,   representing   it   by   an   array of   line vortices.     He 
succeeds   in  calculating   the   tlow  accurately   and   consistently  up   to   large   times   and   removes much of   the 
mystery   that   has  grown  up  around   the   problem.     Fink  and   Soh  exploit   the   essentially   simple   idea of   spacing 
the  vortices  evenly  along   the   sheet   at   the   start   of   the  calculation  and   then,   after   every  step  forward   in 
time,   redistributing   the  circulation   among   the   vortices  so   that   they   are  once   again   equally  spaced  along 
the   sheet.     This   increases   the   accuracy  of   the   calculation  and   at   the   same   time   reduces   the growth  of 
extraneous  disturbances. 

The  use  of   isolated   vortices   to  model   the   shed  vorticily  also  makes   it   possible   to  calculate   the   fully 
three-dimensional   incompressible   (low   pust   wines with distorted   vortex   sheets   shed   from  their  salient   edges. 

ft I H? The   rolling-up of   trailing  vortues   has  been   treated  by   Belot serkovsk i i0' ,   Clements   and Maull     ,   Butter   and 
Hancock''',   Labrujere"^,   Maskew",   Rehbach"°,   and   Rom,   Porlnoy  and   Zorea**',   among others.     The  proximity  of 
the  wing makes   the   leading-edge  problem more   awkward;   but   Rehbach°8  has   produced  an   ingenious method   in 
which   he   starts   from his   previous   solution       for  a   side-edge   separation  on   a   rectangular  wing and   progresses 
through  a   succession of   trapezoidal   wings   in which   the   length of   the   unswept   part   of   the   leading  edge   is 
gradually   reduced   to  zero  and   the  wing  becomes   a  delta.     The   starting   solution   fnr   each wing   is   the  con- 
verged   tolutiun  for   the   previous   one.     He  obtains   results   for   lift   and   pitching moment  which  are  quite  close 
to measured  values,   using   10   line   vortices   shed   from each   leading  edge.     The   representation of   the  vortex 
sheet   by   these   10  vortices   in   the   plane  of   the   trailing edge   looks  very   reasonable,   but   there must   be  some 
doubt   about   the adequacy  of   the   representation   further  forward  with   fewer  vortices.     A   similar model   of   the 
flow   has   been used  by Mook  and   his   col laborators"^»^',  but   then   calculated   configurations  of  vortices   show 
an apparent   reluctance   to  roll   up. 

There  are of   course   intrinsic   difficulties   in  using vortex   lines  which   are either  kinked or   curved, 
because  of   the   infinite   self-induced   velocities   to which  they  give  rise.     The   correct   treatment   follows 
from  a   consideration of  what   it   is   that   the   line  vortex   is   representing.      If    it   is   part   of  a  sheet,   then 
the   local   self-induced  velocity   is   zero,   to   first   order.      If,   on   the  other   hand,   it   represents  the  core  of 
a  vortex,   its   self-induced  velocity   depends   on   the   structure  of   the  core which   it   represents   (see,   e.g. 
Uidnall   and   Bliss   M   and   is,   in  general,   non-zero,   but  still   finite. 

Many other methods   have   been   used   to  predict   the  forces  and moments  on   wings  with   leading-edge   separa- 
tion,   but   few of   them can  be   regarded   as modelling  the  separation   in  a   fluid  mechanical   sense.     In  particulai, 
for   supersonic   flow,  when   leading-edge  separation  still   occurs   if   the  Mach  number  normal   to   the  edge   is   less 
than  about  0.7,  no model  which   is  entirely  satisfactory seems  to  exist.     If   all   the  shed  vorticity  is 
collapsed  on   to   the  plane  of   the  wing  a   simple model,   proposed  by  KUchemann1"   in  the   context  of   slender-body 
theory,   is obtained.    This  has  been  extended  by  Squire^ and by Carafoli"   to  supersonic  conical   flow.     If 
all   the  shed vorticity  is  collapsed   into  a  single   line vortex another   simple model   is  obtained, which was 
treated  by  Brown and Michael"    within  slender-body  theory.     An attempt   to  extend  this  to  supersonic  conical 
flow  has  been made  by Nenni   and  Tung^'. 

We  turn now to the modelling of   separation  from highly  swept  separation  lines which  lie on smooth 
surfaces.    Most  prediction methods   for  flows  of  this  kind use  the  cropt-flow  analogy   (see,  e.g. Marshall   and 
Uef f enbaugh"), which cannot   be  regarded  as  providing a model  of  a  three-dimensional   flow.    The work of 
barsby'4  referred  to earlier,   in which a vortex  sheet was calculated  springing from a  separation  line 
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a small-scale,  well-controlled,   highly  three-dimensional   separation is  used   to prevent a  large-scale 
uncontrolled  separation,  frequently almost   two-dimensional  in character. 

To  illustrate the themes of avoiding,   controlling and using separation,   it   is  convenient  to consider 
slender-wing  aircraft.    The first requirement  is to control  the primary separation  from the  leading edge. 
This  means making  the  leading edge effectively sharp,   so  that  the separation  line   is  fixed along  the leading 
edge,   and choosing  the planform and  the camber and  twist distribution so  that  circulation  is  shed smoothly 
and  continuously along the  length of  the  leading edge.    The  ideal  is  to have a single vortex on each side of 
wing which  follows  the  leading edge  throughout  the  range of  flight conditions  encountered.     To achieve  this, 
rapid  changes   in  the  local  angle of  sweep  back should  be avoided,  and  the camber and  twist  should be chosen 
so  that  there   is  an angle of  incidence  at  which the  flow attaches along  the whole of  the leading edge. 

Many  distributions of  camber and  twist   satisfy  this requirement,  which  is  simply for  the  leading edge 
to  be  drooped  until   it points  into  the  local   flow direction.     Some droop of  this  kind  is advantageous from 
the  viewpoint  of  aerodynamic  efficiency'"»"-'^.    The  question then arises,  whether,   with flow attachment 
along  the  leading edge,  subsequent  separation ahead  of   the  trailing edge can be avoided.    Maskell  and Weber"^ 
showed  that   this  could be done,  at   least  at   supersonic  speeds.     By considering  the  possible configurations of 
the  surface  streamlines in  the external   flow  and relating the configurations of  limiting streamlines  to  these, 
they  were able  to  show that   separation  cannot  occur   if   the  longitudinal  pressure gradient  is  favourable  in the 
streamwise direction and  the  lateral   pressure gradient   is  favourable  in  the  inboard  direction.     They went on 
to  provide  examples of wings on which   the  calculated  pressure distribution was doubly favourable  in this  sense 
over   the whole wing.     Such a design  is,   of  course,   conservative,  since appreciable  unfavourable pressure 
gradients can  be withstood  by  turbulent  boundary  layers,  and,   indeed,   such pressure  gradients  cannot be 
avoided   in  subsonic   flow. 

Given  the  possibility  of  achieving a  wholly attached  flow by sufficient   leading-edge droop,   the ques- 
tion""""™ which arises  is  how much droop   should  the designer choose.     In practice   the requirements of 
var'ous off-oesign conditions affect   this,   but we can  isolate a specific  problem.     If we have a given plan- 
form and  thickness distribution,   and we consider a  particular  type of camber  and  twist  capable of producing 
attached  flow,   how much of   the camber  and  twist  should be applied  in order  to  produce  the  lowest  drag at a 
particular operating  litt  coefficient?     Enough to produce attached  flow,  more  than  enough,  none at all,  a 
negative  amount?    Empirical   evidence  suggests   that  sufficient droop  should  be   incorporated  to  produce 
attached  flow at  about  half   the  operating   lift  coefficient.    The  results  of  some  calculations  by  Barsby 
are   shown  in  Fi^.9.    The configuration   is  a   thin,  conically-cambered delta wing, whose  cross-section  is a 
circular arc.     The curves  show  (he   lift-dependent drag  factor  for various  fixed  lift  coefficients.    At  the 
smaller   lift   coefficients  the drag has  a clear minimum when  the camber  is  rather  less  than  that  needed  to 
produce  attached  flow,  that   is when  there   is   a  small   leading-edge vortex  above  the  drooped  part  oi  the wing. 

Turning   from  the  use  of   separated   flow   to  reduce  drag   to  the  use  of   separated   flow  to  obtain high  lift, 
wc   come   to   ine  ' »ggen,  whose  design  ha-   been  described  by Röed'03.     This   close-coupled  canard  configuration 
is   arranged   so  as   tu maximize  the   interference  between  the  separated  flows  over   its   lifting  surfaces at high 
angles  of   incidence.     For   the  canard   tr   be   effective   it   is  necessary   to  postpone   to  very high  angles of 
incidence   the   breakdown uf   the  vortices  which   form  from  its   leading edges.     This   is   achieved   by exploiting 
the   favourable   effect  of   the   low  pressure   above  the  main wing.     At   the  same   time,   the main wing vortices 
deflect   the   fore-plane vortices  downwards   and   outwards,   clear of   the  fin.     So   far,   a   solution   like   this  can 
only  be  found  by wind  tunnel  experimentation,   but   theoretical  calculations'"'   have  provided  a  partial 
explanation   for   the   success   of   the  concept. 

The  lift    -f  a  slendei   wing  at  given   incidence  can be  increased by blowing  in  a   thin jet   from the 
leading  edge  of   l'.'.e wing.     This  both  strengthens  the   leading-edge vortices  and moves   them outboard.    The 
flow   fields   produced  have   recently been   investigated   by  Spillman and Goodridgc ""*.      Parsby's   calculations'^ 
for  blowing   in  the  plane of  a  flat  delta wing   in conical   flow show  that   the greatest   lift  increment  comes 
from blowing  normal   to  the   leading  edge.     The   rate of   increase of   lift with blowing momentum  falls  off  some- 
what   at   the   higher   rates of  blow.     Comparison with experiment  shows   that   the  extra   lift  produced  by blowing 
is   reduced   by   the   failure of   the   slenderness   approximation   in  the  same  proportion  aa   the basic   lift  at   the 
same   incidence.     Further  calculations   by  Barsby  of   the   effect  of  downward  blowing   from a cambered wing 
should   soon   become  available. 

Blow, ig   is  a  powerful   tool   for  preventing and  controlling separation,     blowing  from the  leading edge 
oi   a  delta wing   removes   the   secondary   separation  from   the  upper  surface  of   the wing'"'.     Blowing  along the 
axis   of  a  leading-edge vortex postpones   the  occurrence of  vortex breakdowr''".     Werl^  and Gallon        have 
recently  shown   that   the bubble  separation occurring  at   the  leading edge of  a  thin unswept wing can be 
coverted   into  a  steady  separation  of  vortex   type by  blowing  in  the spanwise direction.     This  directs  the 
low-energy air v'iich   .ends  to accumulate  in   the bubble outboard  towards  tho  tip of   the wing.     From there ;'t 
can  escape downstream  in a  steady   fashion,   rather  than  escaping  intermittently  from   the rear  of   the bubble. 
Roy''^   has   prov-ded  a  simple   theoretical   model   of   the   process.     Lateral   blowing not   only  improves   the 
quality  if   the   flew but   ilso   increases   ehe   lift''-". 

Another   way   to   introduce a desirable   three-dimrnsionality   into  a   leading-edge  bubble on  a   two- 
d  raensional   aerofoil   is  to  serrate  the   leading edge.     Schwind sna Allen''*  found  high  frequency pressure 
fluctuations   in  a   leading-edge  bubble,   which   they  interpreted   in  terms  of   self-induced  oscillation,  affect- 
ing  the  size  and  position of   the bujble.     A   small  serrated comb protruding  from the   leading edge near  the 
stagnation  line  reduced  the  unsteadiness  by  up  to AOZ.     Beneficial  effects,   particularly reductions  in base 
drag,   car. be   produced by  introduci.ig swept   reparation   lines  into base flows.     The work of Tanner   (e.g. 
Kef   IIS)  on  rectangular wings with  blunt  bases  has shown  that  the pressure drag  can  be  reduced   to about  a 
third  of   its  original  value by breaking  up  the   two-dimensionality of  the base  flow with variously-shaped 
ir.dentat ions. 

A more  obviously  important,  but   little   understood,   example of  the use of  separated  flow  in design  is 
the   stiake  of   low aspect   ratio  fitted   ahead   of   a wing  of moderate  sweep and  aspect   ratio.     Such  strakes  are 
already   in evidence on  the YFI6 and   17.     They   seem to  offer a number of  advantages,   of which  the most 
significant   is  probably  the  extension  of   the  manoeuvre  envelope,  particularly at   Uigh  subsonic  speeds''D>'''. 
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In  these  conditions,   the  flow separating at  the   leading edge of   the strake forms  a vortex which  tears  off at 
the  junction with  the main wing and   .treams back  along  the side of  the fuselage.     The flow over  the main wing 
is  attached,  with a  rear  shock wa'«-.     KUchemann''° has  bjggested  that  the vortex avoids  the necessity  for the 
formation of  the  usual   forward branch of   the shock pattern by providing a  'soft'   boundary for  the flow  turn- 
ing  inboard  over  the  leading edge,  instead of the   'stiff  boundary provided by the side of the  fuselage. 

Finally,  we may  indulge  in a  little  speculation about  the  role of three-dimensional  separation  in  the 
design of aircraft   for   low noise levels.    Most  uhviously,   the action of many of   the silencers  fitted  to 
engine nozzles may  be  regarded as  the  introduction of  properly   three-dimensional   elements  into  an axi- 
syiTietric  flow pattern.     Once noise has been prudjced,   it  is desirable to direct   it away  from  the ground, 
particularly on  take-off.     Here  the  refractive effects  of vortices can be significant   (see.e.g.   Broadbent''') 
and  benefits  can  come by   suitably disposing  noise   sources   in relation  to  the  separation   lines   from which 
vortices  form.     Another  significant  problem  is  the  production of  vibrations  in the aircraft  structure  and of 
noise within  the   aircraft   from unsteadiness   in  the  external  flow.     Legendre'^ has  recently discussed  how  the 
flow in  the wing-body   junction cuntributet.  to this  and  has drawn attention to the role of vortex generators 
in bringing under control   the fluctuating patterns  of  separation which arise  there.    As  progress  is made with 
engine silencing  and nuse  shielding,  a significant  part  of  the  noise perceived  on the  ground,   particularly 
on   the approach   to   the  airfield,  derives   from the   aerodynamic  noise of  the  airframe  itself.     At   a high  angle 
of   incidence,  with hign-lift devices deployed,  substantial  areas  of separated flow are   likely,   on  the  flaps 
and   the aft  fuselage,  and   these are  likely  to be   important  sources of noise.    Two promising general   lines of 
approach  to  this  problem are  to fix  the origins  of  separation at   sharp edges,  so  reducing the  scope for 
unsteadiness,  and   to  render  the separations  as  three-dimensional   as possible,  since a three-dimensional 
separation   is  more   likely   to  be  steady   than  a  two-dimensional  one. 
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Fig.;     Classificotion of problems in three-dimensional 
flow separation 

Fig.2 Conical streamlines - slender delta wing 

Fig.3 Attachment line contaminated  by turbulence 
of free shear  layer 
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Fig. 4  Limiting    streamlines   on  a   forebody, 
after Legendre25 

Fig.5  Side view of an open  separation surface springing from a 
closed   separation   line 

«u 
Fig.6 Model of flow separated from leading edges of delta wing 
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Con«  with   strak««;   Lcvtntky t W«l (l«««) Conical   canbcr:   Bariby (l»7j) 

Thickn«»«:   Smith (l«7l) 

^> 

Yaw:   Pullin (itTa), Jones (l»75) 

: 

Fir   7    Some  conical flow  fields  Involving   leading-edge   separation 

o- 

Delta   wlnq  rolling   at  z«ro  Incidence     Jon«» (l»74) 

Fig. 8   Some    non-conico'i   flow   field»   involving 
leading-edge   separation 

Delta  wing   In   plunging  otclllatlon:     Cooper 

Fig.9   Lift-dcpcndcnt drag factor of conlcally-cambered 
delta wings, for lift coefficients corresponding 

to A-72-50, ofttr Barsby49 
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An alternate approach,  and the one presented  In thla paper,  la to use a single system of three- 
dimensional parabolic equations  (8).    These equations are obtained fron the steady Navler-Stokes equations 
and are valid fro« the body to the bow shock.    They Include the circumferential shear stress terms and 
thus are capable of predicting the flow within the separation zone on the  leeward side.     In addition, 
since the equations contain the full Invlscld equations aa a subset,  they are capable of predicting the 
pressure distribution on the body and also  the viscous-invlscld effects. 

Figure 1.    Oil Flow Photograph of  the Leeward 
Separation on a 30Z Blunt  5.6° Cone at   10° 

Angle-of-AttacI. In a Mach  14 Alratream 

Figure 2.     Coordinate System Used 
on the Cone 

In Reference 8,   these equations  are  used   to  compute  the flowflelu on sharp cones  at  high angles of 
attack.     Lin and Rubin   [9]  have also analyzed   the sharp cone case by using  a system of modified boundary 
layer equations, which  include  the circumferential  viscous shear stress  terms.     The  Initial data plane 
which  ij necessary  for  their  approach  IF   provided by a merged  layer solution  for  the sharp  tip  region   (10). 
Their  formulation requires  the static pressure distribution on  the cone  to be known and.   In  fact,   the 
pressure  Is  assumed conical  In  the solutions  obtained by Lin and Rubin.     Thla approach  is  difficult  to 
extend  to  the blunted cone case. 

To obtain a solution  for  the blunted  cone  using the single  layer system of  equations,  one must  first 
compute  a  fully-viscous  three-dimensional   liiflal plane of data.     Two different  methods are used  to obtain 
the  data based on  the nose Reynolds  number.     For small nose Reynolds  numbers   (sharp),  an axisymmetric 
merged  layer solution around  a sphere   [11]   Is  rotated  to provide  a  three-dimensional  Initial  plane of data. 
For  large nose Reynolds numbers,   initial   conditions at  the sphere cone  tangcncy  plane are obtained by an 
invlscld  solution added  to a viscous-boundary  layer.    The  invlscld solution  Is  calculated by using a 
three-dimensional time-dependent approach   [12].     Both of these approaches are baaed on the experimental 
observation  [1]  that the nose region In unseparated and therefore not a atrong Interaction region. 

The  ccmputeJ  flowfield  Including  the   leeward  separation region  is  described  and compared with data  for 
two  cases.     The  first case  Is a "sharp"   (0.003-Inch nose radius)   7°  half-angle  cone at  10*  angle of attack. 
The  freestream Mach number  is  16 and  the   freestream Reynolds number  is  10° based  on  cone  length.    The 
second caae  is  a  15° half-angle cone with  a  1-lnch nose  radius at  15°  angle of  attack.    The  freestream 
Mach number  Is  10.6 and  the  freestream Reynolds  number  Is  2.1 x  10^.     Good  agreement with  the available 
data  in both cases  is obtained. 

2.      ANALYSIS 

As   Indicated  in  the  Introduction,   the method   fur predicting  flowflelds  on blunted cones  at high angles 
of   attack  Is  bused on an approximate system of  equation?  obtained  from the  steady  Navier-Stokes equations. 
This  system assumes  the viscous,   streamwlse derivative terms are small  in  comparison with   the viscous 
normal and  circumferential derivatives.      In  a body-oriented coordinate  system  (Figure 2),   these equations 
become 
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All  the  quantities appearing  In  F.q1».   (1-5)  have been non-dlmenslonallzed with  the appropriate  free- 
stream quantities.    Details on the derivation and solution of these equations are Included In Reference 1A. 
The  complete   Invlsrld equations appear on   the  left-hand side of  these equations.     In  addition to the 
differential  equations,  other  equations   are  necessary  to complete  the system,   namely   an  equatlon-of-state 
that   relates   the  density   to  the pressure  and  enthalpy,   and  equations   that   relate   the   viscosities  and 
specific heat   to  the enthalpy. 

These equations have  previously   (81   predicted   the   flowfleld   for  sharp  cones   at   h-gh  angles  of  attack. 
Including  the  circumferential   separation  vortices  which develop on  the  leeward  side.     Based  on experiment 
(1,151   and   analysis   [10],   these  vortices   are  known   to  form downstream  of   the  nose  region   In both   the  sharp 
and  blunted  cone  (uses.     This  dlst.ince will   be a  function of nose bluntness,  Mach  number,   cone angle,   etc. 

The approximate parabolic svsten» of equations requires a Stirling solution at (or downstream of) the 
nose-cone langencv plane which is appropriate to the blunt nose region. This ini'lal data plane must be 
given   I rom   the  body  to  the  how  shock  and   t rom  the  wlndw.'rd  to  the   leeward  side. 

For  sr.,ill   Reynolds  numbers   based   on  none   radius   0£in'),   the   following  approximate  procedure   is  used. 
A  merged   laver,   Kern angle of   attack   solution  for  a  sphere  is  computed  using  the   time-dependent   technique 
tor   solving   the   Navier-S t ukes   equations    levcloped   i        • ference   11.      This   solution   is   computed   to  an  angle 
around  the sphere of  (qO'-'i-H).    The   tlowfi.id  I rom this calculation   for angles   from   (90°-'-0   to  (9ü°-f'+i) 
around   the   sphere   is   then   rotated   and   converted   at   the   ? phere  tone   tangencv   pol'"*    into   the   cone   coordinate 
svsten  using   the  equations  given   in  Appendix  A of   Keference  |h.     This   approach   provides  an  exact   solution 
.it   the  tangencv  point  on  tlu   windward  side  hut  only  an approximation   to  the   flow  lor   other circumferential 
stations.     The   results  of   Keference   H   indicate  that  effects  of  errors  at   the   tangencv   plane will  die out 
with.n  a  few  nose  radii. 

For   large  Reynolds  numbers  based  on  nose  radius   (.JloM,   the  flowfleld  on  the  nose   can be  specified by 
using  an   Inviscid  solution  combined  with   a   viscous  boundary   layer.      In   the  present   study,   the   inviscid 
flow   is  deter'.Ined  bv   i   three-dimensional,    time-dependent,   lilunt-bodv   technique   developed  by Morretti   (121 
and   a  Method   of  Characteristics   (MdC)   code   developed  by  Raklch   (171.     This   inviscid   solution   Is  used  to 
compute  the   Inviscid  streamlines  and   surface  quantities  along  these  streamlines   using   the method  outlined 
in   Reference   1H.     Non-similar  axlsvmmetric   boundary   layer       lutlons  are  then  calculated   1131   along  these 
invis.id  streamlines   from  the  stagnation   point   to  the  nose-cone  tangencv   plane.     The   inviscid  solution   is 
then   added   to   the  viscous   solution,   and   the   resultant   profiles  are   transformed   into   the  cone  surface 
norr.al   coordinate   system   (Figure   2). 

Phis  procedure  for obtaining   the   initial   conditions   is  .ippinximate   In   two ways.     The   first   approximation 
is   in   splitting   the  I low  into  a  visions   and   an  invisi id   region  and  neglecting  any   interaction  between  them. 
This   is   felt   to  be  a  good  approximation  at    the higher  Reynolds  numbers which  are   the  major  concern here. 
The    second  approximation   is   in   using   an  ax isvrametrtc   boundary   layer  code   and  calculating  the  viscous   flow 
along   the   inviscid  streamlines.      This  approximation   is  adequate   (see  Section   3)   for   the  spherical   nose 
case;   however,    it   m.iv   he   poor   for  other  nose   geometries.     A   t hi ce-d imens ional   boundary   laver  solution 
[19,20]   lould  eliminate  this difficulty. 

3.     NTMERTCAr,  RESITTS 

In   this   section,   calculated   results   for   two   rases   .ire  presented.      The   first   Is   for   a   "sharp"   (RN  " 
0.003   iiul.i   7°   half-angle  cone  at   10°,   5°   and   1°   angle  of  attack  and  a  Mach  number  of   16.1.     The   free- 
stream conditions  and other  necessary   inputs   used   in   the  calculations   for  this  example  arc  given  In 
Table   1.     The   conditions  and  geometrv   for   this  case  have  been  chosen   to  correspond   close'y   to  the 
experiments   performed  in  Tunnel   F .if   AKPC   [21], 

Table   1. irameters   1'sed   in   the  Calculations   for Tunnel   F  Case 
r      ■              -                            -   ■ 

CONE ANT;IF 7° 
N-ISF  RADIUS 0.00 3   INCHES 
MACH NVMBrlR 16.1 
1KNCTH 1.19   FEET 
REYNOLDS  NCMRER 0.83  x   10ft/FT 
WAI.L/FREESTRKAM TEMPERATURE 540°R/H2"R 
PRANirn,  NUMBER,   CONSTANT 0.72 
FEST  CAS NITROGEN 
RATIO OF  SPECIFIC HEATS l.i 
ANCLE OF  ATTACK,    i 10°,   5°,   1° 
VISCOSITY  CALCULATED  US INC 

SUTHERLAND   LAW 
PERFECT   CAS   EQUATION  OF  STATE 

Initial   conditions  for   this  case were  obtained  by   using an  axisymmetric  merged   layer  solution*   for  a 
sphere  and   transforming  it   as  described   in   Section   2.     This  provides  a   three-dimensional   plane of  data 
at   the   sphere  cone  tangencv  plane.     The  approximate  parabolic  Navier-Stokes   equations   (F.qs.   1-5)   are  then 
used   to  continue   the solution downstream.     The  computed   results at   i =   10°   for  surface   pressure distribu- 
tion   as   a  function  of  distance  downstream   is    -hown   in   Figure   i  for  various   circumferential   stations.     The 
Initi il   sharp   f u re.isc  in  pressure   is  due  to   the  parabolic  equations  adjusting  the   approximate   initial 
condiiions.     The  computations   indicate   that   a   circumferential   separation  zone   first   appears  on  the   leeward 
side   at   300  nose   radii   downstream. 

*   These  computations were  nerformed   bv   Dr.   George Widhot'f   of   the Aerosoace  Cornorat i on. 



32-4 

For this case, only integrated coefficient experimental force data are available for cooparlson with 
the computations.  Figure 4 gives the comparison between the computed and measured coefficients. The 
differences are all within the reported [21] experimental uncertainty. A breakdown of the various 

contributors to the total Integrated force coefficients Is given in Table 2. 

0.001 
0.1 

IN/kit 
100       1000     10.000 

Figure 3.  Streaawlae Pressure Variations for 
Tunnel F Case - 10° 

In addition to the results available for the conditions indicated In Table 1, the method of computa- 
tion automatically outputs the force and moment coefficients at small r (length) Reynolds numbers. 
However, since the cone has a slight bluntness (0.003 inches), there is a corresponding Increase In 
bluntness ratio at the smaller Reynolds numbers.  Figure 5 gives the center of pressure as a function of 
Reynolds number with the bluntness ratio indicated.  This figure clearly indicates the significant Increase 
in center of force/axial length as the Reynolds number decreases (and bluntness Increases). 

Table 2.  Breakdown of Integrated Force Coefficients for Tunnel F Case 

ANGLE OF ATTACK 10° 5° 1° 
RESOLUTION (100,19) (50,19) (50,10) 
CMC -0.2318 -0.1132 -0.02318 
CN 0.3406 0.1657 0.03384 

-cSo/CN 
0.0989 0.0772 0.06695 
0.6805 0.6823 0.6849 

CM0  (pressure) -0.226? -0.1096 -0.02234 
c:N (pressure) 0.3338 0.1614 0.03288 
-CM0  (pressure/ 0.6779 0.6790 0.6793 

CN   (pressure) 
CM0  (circumferential  shear) -0.0055 -0.0036 -0.00084 
CN  (clrcumfereni;ial  shear) 0.0092 0.0059 0.00138 
CN  (axial shear) -0.0024 -0.0016 -0.00041 
CA    (pressure) 
CAp  (axial  shear) 

0.0606 0.0424 0.03544 
0.0383 0.0348 0.03151 

figure 6 gives the distribution of flow vectors In a plane perpendicular to the cone at its base for 
a " 10°.  The separation zone on the leeward side is clearly indicated.  This leeward separation first 
appears in the calculations at approximately a tenth of the way down the cone (approximately 300 nose 
radii).  Additional flowfield results for this cse are given in Figures 7-12 and include profiles of 
the flow variables n. mal to the body for a - 10° at various circumferential stations on the leeward side 

at a streamwlse station 0.3 normalized to the reference length.  Figure 12 gives the shock standoff 
distance for this same station. 

The results of computations for the second case are presented in the following paragraphs.  This case 

Is a 15° half-angle cone with a 1-Inch nose radius at Mach number of 10.6.  The freestream conditions, 
and  other inputs used in the calculations for this case are listed in Table 3. The angle of attack is 
equal to the cone half angle so that a leeward separation zone forms as the solution proceeds downstream. 
This case was jhosen to correspond with experiments performed by C]?ary [15,22,23] so that comparisons 

with data could oe obtained. These data included both surface heat transfer and surface pressure measure- 
ments on the cone and also pitot and static pressure profile surveys at two streamwlse stations. 
Comparisons with calculated surface pressures provided by Raklch [24] and obtained using a three-dimensional 
MOC code are also presented. 

Table 3.  Parameters Used in the Calculations for Cleary's Case 

CONE HALF ANGLE 15° 
NOSE RADIUS 1  INCH 
ANGLE OF ATTACK 15° 
MACH NUMBER 10.6 
REYNOLDS  NUMBER 1.2*106 PER FOOT 
WALL TEMPERATURE 530°  R 
TOTAL TEMPERATURE 2000°  R 
PRANDTL NO.;   CONSTANT 0.72 
RATIO OF SPECIFIC  HEAT;   CONSTANT 1.4 
PERFECT GAS  EQUATION OF STATE 
SUTHERLAND VISCOSITY LAW 
REFERENCE LENGTH,   SLANT LENGTH 1.932 FEET 
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Figure A,    Calculated Aerodynamics   for a Sharp 7    Half-Angle Cone 
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For this case,   the Reynolds number based on nose radius  Is large  («1(P);  therefore,   Initial conditions 
at the tangency plaae are obtained by adding the inviscid computations  to the viscous boundary layer 
predictions* as described in Section 2.     Further details  on  these combined initial profiles are given in 
Reference 25.    These combinp''  ptoflles are used as initial conditions for Eqs.   (1-5).     These profiles dc 
not satisfy tha differential equations exactly,   and therefore the first few streamwlse steps are made very 
small  to allow for flowfleld adjustments.    An indication of  these adjustments is an oscillation of  the 
surface pressure near the tangency plai.e  (Figure 13).    These oscillations disappear after the first  few 
steps,   and  the remainder of the  integration is  straightforward. 

10° ANGLE OF ATTACK 

0.3 

0.2 

_,    0.1 

Figure 6.    Cross Plane Vector Distribution 

Figure  13 shows  a  comparison between  the calculated and measured  surface pressure  distributions  on 
the cone.     The calculated results were obtained  using the wall temperature indicated  in Table 3.     The 
experimental pressure data were obtained using an uncooled model which had a considerably higher surface 
temperature  than that  used in  the calculations.     Even with  this difference,  the  agreement  for all  cir- 
cumferential stations  is within  the experimental  accuracy  except for  the surface  pressure near the  sphere- 
cone  tangency point.     These pressure differences  are probably due to  the approximations  used in obtaining 
the initial profiles.     Figure  13  also shows  the HOC results  for the same case   [24],     The  agreement  on the 
windward  side is very good; however,   as  expected,   the Inviscid  calculations show disagreement with  the data 
and the present results on the leeward side. 

Figure 14 shows  a  comparison between  the measured and  calculated heat  transfer distributions  along the 
cone.     The  agreement  for all  the  circumferential  stations  is within  the experimental  accuracy except  for 
the heat  transfer near the base on the leeward side.    This disagreement in heat transfer is very likely 
due  to  transition occurring in  the experiment.     The experimental error quoted by Cleary  for the heat 
transfer data is +20% for the lowest heating rates. 

Comparisons between the measured and calculated pressure surveys  are showr  in Figures   15 and  16  for 
the two stations where data were obtained.    In  these figures,  CPS and GPP represent  the pressure coefficient 
using the static and pitot pressures respectively.    The calculated pitot predsii'-e is obtained using the 
total velocity.    The general agreement between the calculations and data is again excellent for all the 
circumferential stations.    The calculations indicate a shock location which is slightly greater than the 
measurements at the station closer to the nose  (XN/RN - 3.4).    This disagreement is  felt  to be due  to the 
initial vlscous-invlscid profiles used at  the tangency point.    The inviscid solution was  simply added to 
the viscous solution;  thus, the calculated initlnl shock standoff distance is larger than its actual value. 
This effect almost disappeared by the second station (XN/RN - 14,8).     The differences between the  cal- 
culated GPP and data at ♦ - 60°  and 90°  for XN/RN " 14.8 probably result from flow angle effects  in the 
measurements. 

The calculations  indicate that the circumferential separation zone for this case  first appears  on the 
leeward side at an XN/RN of approximately 8.    This separated flow is  clearly indicated  In Figure 17, which 
gives   the  cross plane vector distribution on the  leeward side  at XN/RN ■ 14.8.     The vortex which  forms at 
a circumferential station of approximately 155°  can be discerned.    The leeward heating and pressure 
distributions are compared with the data for various streamwlse stations in Figures 18 and 19.    The 
increased pressure and heating at $ ~ 180° at the larger XN/RN due to the vlscous-invlscid interaction 
should be noted.    Profiles of streamwlse and circumferential velocity,  enthalpy and entropy, and shock 
standoff distance at XN/RN ■ 14,8 are given in Figures 20 to 24,    Avldltional profile results are 
included  in Reference 25, 

♦These computations were performed by John Rakich of the NASA Ames Research Center, 

imniMirii iiiiinüil 
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Figure 9.     Circumferential Velocity Profiles on 
the Leeward Side 
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Figure 11.     Enthalpy Profiles on the Leeward Side 
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The Implicit  numerical method used   to integrate the  equations  In both these cases has been described 
in detail in Reference 26.    Computations  for both cases were run on a CDC 7600 computer.    Because of the 
very small  nose  radius  (0.003  Inch)  in  the Tunnel F case,   the initial step size  in the marching direction 
must  also be very small.    Consequently,   for the a ■ 10°   case,   130 steps in the axial direction were required 
to  reach a distance  of 1/10  the  length  of  the  cone.    This  phase of  the run required approximately  1/2 hour 
of coinpur.!ng on a CDC  7600.     The regaining part of the  run  (from 1/10 to 1 cone  length)   took an  additional 
60 steps  and  also  required about  1/2 hour of CDC  7600 computer time.     Approximately 100 unequally spaced 
points normal  to  the  cone and   19 equally spaced  circumferential stations were uped in this case. 

The computations for deary's case required 20 minutes to run 80 steps in the strearawlse direction 
to XN/RN ■ 17. Fifty unequally spaced j.cMnts normal to the cone and 19 equally spaced circumferential 
stations were  used   to  obtain   the  solution. 
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Figure  13.    Comparison Between Calculated and 
Measured Surface Pressure Distributions 

Figure  14.     Comparison Between Calculated and 
Measured Heat Vransfer Distributions 

4.     DISCUSSIONS AND  CONCLUSIONS 

In conclusion,   a new method   for calculating  the entire  flowfield  on a blunted cone at high angles of 
attack and high Reynolds numbers  is described  in  this paper.    The method has demonstrated the ability to 
predict the development and growth of the circumferential  separation  zone on the  leeward side.     Both cases 
with small nose Reynolds number  and large nose Reynolds  number have been considered.     The effects  of 
viscous-inviscid  Interaction and entropy  gradients due  to both the curved bow shock and angle of  attack 
are automatically  included.    Calculated  results are compared with surface pressure, heat  transfer,   pressure 
profile and  integrated  force  coefficient data,   and show very good agreement. 

At present,  only   the case  of spherically blunted circular cone has been solved.    However,   for  large 
nose Reynolds numbers,   the concept of using a  time-dependent inviscid solution combined with a boundary 
layer solution  to solve the unseparated  nose region and provide initial conditions  for  the "parabolic" 
steady Navier-Stokes  equations   is applicable to other nose  tip geometries.    For  low nose Reynolds  numbers, 
three-dimensional merged layer  time-dependent  solutions  of  the Navier-Stokes equations  are in the  process 
of being computed   [27]   for more  complicated geometries,   and  the output will be used directly.     In  addition, 
work  Is now  in progress to solve the flowfield  on more arbitrary geometries at  angle of attack using the 
same approximate parabolic system of equations. 

_MaMHl 
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SUMMARY 

A numerical method is presented to calculate the three-dimensional laminar 
incompressible boundary layer over bodies of revolution at incidence. The inviscid 
flow velocities used for the boundary condition at the outer edge of the boundary 
layer are determined numerically by a singularity method.   The boundary  layer 
calculation is carried out in a streamline coordinate system. The coordinates are 
fixed to the streamlines and equipotential lines of the inviscid flow. 

The boundary layer equations are integrated by an implicit finite difference 
method. 

As a result of the numerical calculation process the velocity profiles in di- 
rections of streamlines and equipotential lines are known for each mesh poiu   of 
the coordinate system.   It is shown that this method can be used to determine the 
separation lines on the body surface. The results of the boundary layer calculation 
and the  determination  of flow  separation are  Ln very  good  agreement  with nu- 
merical and analytical results of other investigators. 

LIST OF SYMBOLS 

5,t). C                   System of rectangular coordinates,  oriented with regard to the potential flow,   (Fig. 1) 

? in direction of streamlines 

T) in direction of equipotential lines 

^ coordinate normal to body surface 

x, r, 0                   cylindrical coordinates (Fig. 1) 

L 'otal le igth of body 

ds length element in streamline direction 

dy length element in equipotential line direction 

u, v, w                   velocity components in the boundary layer (in  f'.rj. ^-directions respectively) 

U velocity of potential flow 

U meridional component of U 
m 

U circumferential component of  U 
0 

U velocity of undisturbed flow 
oo J 

Q velocity potential 

a angle of incidence of the body 

p density 

u kinematic viscosity 

ß dynamic viscosity 

p static pressure 



1        2 
q dynamic pressure of undisturbed flow,   q     = - pU 

oo ' oo      2 03 

Re Reynoldsnumber,    Re = U      L/v 

T wall shearing stress 
2T0 

c, local skin friction coefficient  c, • 5- 
f '     P "So 

c , component of c    in streaniline direction (Fig. 7) 

c component of c    in potential line direction (Fig. 7) 

1.   INTRODUCTION 

The exact prediction of the position of boundary layer separation for bodies at angle of attack is a 
problem of great practical importance in aircraft design. Methods to calculate boundary layers which are 
based on one of the common simplifications such as similarity, small crossflow, small perturbation are 
not very suitable to determine the position of boundary layer separation. Some methods even fail near the 
separation point or line. 

We have developed a method at DFVLR - AVA in Göttingen where no simplifications or limitations 
are introduced: The complete three-dimensional laminar boundary layer equations are solved numerically 
by an implicit finite difference technique.  The boundary layer calculation is carried out in a streamline 
coordinate system. The advantage of such coordinates with the physical significant separation into primary 
and secondary flow within the boundary layer has already been pointed out by L  Prandtl [1] in 1945. Later 
on E. A. Eichelbrenner and A, Oudart [2]  have been the first who used streamline coordinates for the 
bounc iry layer calculation on ellipsoids of revolution at incidence. This method is a quasi two-dimensional 
integral method. 

Recently,  F.G. Blottner and M. A. Ellis [3J andK. C. Wang [4]  have  presented methods which are 
based on finite difference concepts.  A discussion of separation patterns over inclined bodies of revolution 
was given by K. C. Wang [5].   Both authors use coordinate systems which are fixed to the body geometry. 
This concept is very simple with respect to the determination of the coordinate lines themselves.   But 
complications in the flow calculation process occur both near the front  stagnation point, which is in 
general no special point of that geometrical coordinate system, and in regions, where the direction of the 
potential flow is reversed and finally near separation. 

The application of the two methods mentioned above is limited to simple bodies of revolution like 
prolate spheroids or elliptic paraboloids. Tht se are the very few cases where the inviscid flow data can 
be determined uy an analytical formula. 

In the present method the coordinates are represented by the streamlines and potential lines of the 
outer inviscid flow. Using streamline coordinates the extension of the numerical boundary layer calculation 
over the entire body surface beginning near the front, stagnation point and generally ending at the separation 
line or point is a straightforward process.   No transformation from one into another coordinate system is 
necessaiy.  Using the finite difference scheme which has been investigated by M. G. Hall [6] it is possible 
to include the lines of symmetry of the flow into the calculation process.  This is a great simplification as 
compared with Blottner's and Wang's methods who bo»h have to specify initial data along the  lines of 
symmetry by a separate numerical calculation process.  In the present method the outer inviscid flow 
data, serving as a boundary condition are calculated by a singularity method which has been developed by 
the author [7|.  This method is applicable to bodies of revolution with arbitrary cross-sections even for 
inlets ami cowls. 

2.   GOVERNING EQUATIONS 

Fig. 1 gives the notation of the streamline coordinate system: the rectilinear coordinate system 
?,r;, C   is oriented in the direction of streamlines,  equipotential lines and normal to the surface res- 
pectively.  The correspondLig velocity components in these directions are   u, v, w,   whereas   U   is the 
velocity of the outer inviscid flow,    U     is the undisturbed mainflow aiid   a  the angle of attack. 

If all Length are ,nade dimensionless with the total body length   L ,   all velocities with   U^  and 
pressures with  p U^   where  0   is the dt-nsity and if the quantities   C   and   w   are multiplied in addition 
by   Re 1/2  the boundary layer equations for steady three-dimensional laminar incompressible flow are: 

Equation of continuity 

3u               3v        .  9w      ,, ., _ , +  ; —  + -r   -   K.   U   -   K„   V   =   0      . (1) h  -a?      h„- 3»7       aC 1 2 v  ' 



Equation of momentum in C-direction 

9U 9U , 3U        „ ^ vr 2 

"•h^.-äc + v-h-3^ + W,5C ' K2UV + Ki-V   " ' VM T ac2 
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% + 4     • (2) 
Equation of momentum in r>-direction 

„2 
3v       , 3v        , av      ,. ^ ^        2 dp 3 V ... 

uh-ic + v-h-^ + w-5c-Kru-V + K2-U =-V3^ + ^2   • (3) 

(3a) 

The boundary conditions are: 

u = v = w = 0 at    Z - 0 

u»U, v^w^O    at    C-»QO    . 

The local curvature parameters   K. ,  K     are defined as follows: 

1        ^2 1        8hl 
Kl   = '  h^"   3?      '        K2  = ' hj-^    dn     ■ (4) 

The terms of equations (2) and (3) containing  K.   and   K?   are centrifugal and coriolis forces caused by 
the curvature of the coordinate system. 

In Eqs. (1) to (4)   n,   and   t^   are the metric coefficients such that   hj-df - ds   is the actual diffe- 
rential length along s reamlines and   h.-dr; = dy   is the actual differential length along equipotential lines. 

3.  CALCULATION PROCESS 

The differential equations (1) to (3) represent a mixed initial value and boundary value problem. 
Before the actual numerical boundary layer calculation can start, initial boundary layer profiles near the 
front stagnation point as well as potential flow data at the outer edge of the boundary layer have to be 
specified. 

So the calculation process must be carried out in the following four steps: 

1. Numerical calculation of the inviscid flow data by a singularity method. 

2. Numerical calculation of a net formed by streamlines and equipotential lines. 

3. Determination of initial boundary layer profiles along potential lines in the vicinity of the front 
stagnation point. Here the method developed by L. Howarth [8] is used. 

4. Numerical boundary layer calculation by a finite difference method. 

Steps 1 and 3 are described elsewhere (see [7], [8]). The following two chapters are concerned with steps 
2 and 4. 

4.   STREAMLINE COORDINATES 

The surface streamline equation can be expressed in the form: 

U 
(5) <p r.Aip 

u m ds m 

where   Urn   is the inviscid velocity component in meridional direction and   ILj   the component in circum- 
ferential direction (see Fig. 1).  Furthermore,   r  is the radius of the body at station x, ^)  is the circum- 
ference angle and  dBm   is the arc length along meridians. Eq. (5) is integrated numerically by the Runge- 
Kutta method. Equipotential lines are determined by the condition  * = const (♦ — velocity potential) on 
different streamlines.  $ is defined by 

* =    /   Uhj-df (6) 

'o 
with integration along streamlines. 

With Eqs. (5) and (6) a complete set of streamlines and equipotential lines can be calculated. But with 
respect to the finite difference method the mesh sizes of the coordinate system may not be arbitrary. Two 
conditions have to be fulfilled: 

1.  The mesh sizes must be small in order to limit the truncation error of the difference method. 



2. The ratio of mesh size»   (As/Ay)   where  As  is the arrlength in streamline and Ay  the arclength in 
equipotential line direction respectively, must be unity or slightly smaller than one with respect to 
the numerical stability conüition of the finite difference method (see next chapter). 

Fig. 2 shows a coordinate net with such controlled mesh sizes for an ellipsoid of revolution (axis ratio 
a/b = 6 )   at  o = 10°   angle of attack. 

5.   FINITE DIFFERENCE METHOD 

For the numerical solution of the boundary layer equations (1) to (3) all differential quotients must be 
replaced by appropriate finite difference quotients. In the present method central differences of the type 
investigated by M. G. Hall 'o) are used.  Hall described a method which is implicit in the direction normal 
to the body surface but explicit in the two directions in the surface. 

The three boundary layer equations are solved by an iteration process. For each step of this iteration 
the boundary layer equations are solved by a system of linear equations with tridiagonal coefficient 
matrices.  During each iteration step the coefficients are supposed to be constant. 

A three-dimensional finite difference method even if implicit is not unconditionally numerical staole. 
A stability condition (Courant-Friedrich-Levy condition) must be satisfied,  which takes the form 

v   As 
u   Ay 

1      . (7) 

This condition is based on the concept of the zone of dependence. One can read from Eq. (7) that the ratio 
of mesh sizes   (As/Ay)   plays an important part:  if  As/Ay   is already equal to or even smaller than one, 
the ratio  v/u   (secondary velocity component over primary component) within the boundary layer has to 
be greater than one before condition (7) is violated.  Experiences with this finite difference technique have 
shown, that large secondary velocity components compared with the primary component occur in the 
vicinity of flow separation.  Using btreamline coordinates the condition (7)  can serve as a criterion to 
determine boundary layer separation.  This is investigfsted r.iore in detail in the following chapter. 

6.   RESULTS 

The discussion of results starts with an ellipsoid of '-evolution (axis ratio a/b =6) at o = 10 angle 
of attack as a first example. 

Fig. 3 to 5  show the development of the boundary layer profiles in primary and secondary flow di- 
rection respectively.  Fig. 3 gives the profiles in some netpoints along a potential Line in the vicinity of 
the front stagnation point.  The primary profiles are of Blasius type.  The secondary components are small 
and in positive direction (directed from the windward to the leeside symmetry line). Fig. 4 shows tne flow 
conditions further downstream.  There is a netpoint close to the upper symmetry line where negative 
secondary velocities within the boundary layer occur for the first time.  These negative components grow 
very rapidly as one marches in streamwise direction.  In Fig. 5 a position is reached where the negative 
secondary components exceed the positive components on the windward side of the body.  The corres- 
ponding primary profile has a point of inflection:  It is well known from two-dimensional theory that this 
type of boundary layer profiles occurs near flow separation 

In Fig. 6 the boundary layer displacement thickness öj is plotted versus the circumference angle <p 
of different equipotential tines. Going downstream an increasing 6j-maximum is formed ending in a small 
peak along the equipotential line of Fig. 5. 

One step  As  downstream of the last equipotential line of Fig. 6 just behind the 6^-peak the numerical 
stability condition,  Eq. (7), is violated for the first time. 

In order to clear the flow situation around this first point of numerical instability. Fig. 7 shows the 
vectors of the wall shearing stress in a simplified quadratic net.  Point   i   gives the location of the first 
instability point.  The wallstreamlines or limiting streamlines as calculated by numerical integration of 
the vector field of the wall shearing stresses are indicated in Fig. 7. It is pos sible to continue the boundary 
layer calculation downstream of point i.   One starts the calculation at the windward symmetry line and 
marches along equipotential lines until numerical instability occurs.  Fig. 7  shows very clearly  that the 
wallstreamlines coalesce in the vicinity of the instability points forming an envelope.  The boundary layer 
thickness is growing very rapidly near this envelope. This flow phenomenon can be interpreted as one 
type of three-dimensional boundary layer separation which has already been described by E.G. Maskell 
[9].  Fig. 8 shows two examples of Maskoll's qualitative investigation of separation in three dimensions. 
The first type of separation,  Fig. 8a, is the bubble type where a flowfield is completely separated from 
the surrounding mainflow and the second type of three-dimensional separation, Fig. 8b,  is the free vortex 
layer which can occur for example on the surface of a swept wing.   This  latter type of boundary layer 
separation can also occur on the entire surface of a blunt body at incidence.   The free vortex layer is 
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characterized by coalescing wallstreamlines combined with a steep Increase of the boundary layer thick- 
ness.  The thickened boundary layer has the tendency to roll up and create a pair of body vortices which 
have been measured by numerous investigators (see for Instance (10|).  It must be emphasized that the 
coincidence of the location of numerical Instability with the separation line must be referred to the 
application of a streamline coordinate system in connection with controlled meshsize ratios (As/Ay) over 
the whole body surface. 

Fig. 9  shows the complete separation lines In topview and sideview respectively. The separation lines 
run into a point on the windward symmetry line where a quasi two-dimensional type of separation occurs. 

Simular results have been obtained with other geometrical configurations and angles of incidence. 

Fig. 10 shows the streamline net and the separation line for the ellipsoid of revolution with axis 
ratio a/b = 4 at o = 15° angle of attack and Fig. 11 gives the same results for the thick ellipsoid of 
axis ratio   a/b = 2   at   o = 20°   angle of attack. 

Fig. 12  shows the coordinate net and the corresponding separation  lines for a  half ellipsoid (axis 
ratio   a/b = 6) with cylindrical afterbody at   10°   angle of attack.  The afterbody is assumed to be very 
long.   The separation lines run Into parallels of the body axis within the cylindrical part. The circum- 
ferential locations of these parallels come out to be nearly identical In different investigated Incidence 
cases  (o = 5°, 10°, 15°) as is demanded by the theory for infinite cylinders in crossflow. This last result 
confirms the usefulness and effectiveness of the numerical stability condition as a separation criterion. 

7.  CONCLUSIONS 

A method has been described to calculate the three-dimensional laminar boundary layer over bodies 
of revolution at incidence by means of an iniplicit finite difference technique.   The  Inviscid flow data 
serving as a boundary condition at the outer edge of the boundary layer as well as initial velocity profiles 
near the front stagnation point are calculated separately by numerical methods.  The boundary  layer 
calculation is carried out in a streamline coordinate system.  The mesh sizes formed by the streamlines 
and equlpotentia'. lines are controlled in such a way that all mesh size ratios are favourable with respect 
to the numerical stability condition of the finite difference vechiaque. Results have shown that in this case 
the numerical instability condition serves as a useful criterion to determine three-dimensional separation. 
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Streamlines 

Equipotential Lines 
 L . 

Fig. 1    Streamline coordinates 

S = stagnation point of potential flow 

? = coordinate in streamline direction 

T) — coordinate in potential line direction 

C — coordinate normal to body surface 

U = velocity of potential flow 

U = 7u2   + Ü7 

m        (p 

P-      New Orientation 

l \ '-A \ \ \ \ \ •■ ■, -,;' 

EQuipotential Lines Sreainlines 

a/b = 6 ;    « =10c 

Fig. 2:  Streamline net for ellipsoid of revolution (a/b = 6 ,   o - 10  ) 
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0.6 1.0   0 0.02     nou 

Fig. 3:   Boundary layer profiles for ellipsoid of revolution 

(a/b = 6,   Q= 10°)   Xj = 0,034   (at  <f>x = 0°) 

0.6 1.0   0 0.02 O.Oi.       0.06 

Fig.  4:   Boundary layer profiles for ellipsoid of revolution 

(a/h = 6 ,   o =  10°)   Xj = 0, 159   (at  ip^  = 0°) 

!_ 
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0.2        0.6     .„ 1.0 cm     o vllLooc 

Fig. 5:   Boundary layer profiles for ellipsoid of revolution 

(a/b = 6 , o = 10°)   Xj = 0, 311   (at «pj = 0°) 

v 0.03C 0,016 
o 0.087 0.059 
a 0.160 0.123 
O 0,^5« 0.212 
* 0.311 0.263 

Fig. 6:   Displacement thickness   6.   (a/b =6,  o = 10  ) 
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25r 

20 

I 
^    15 

I 
10 

5 
Z=4 

^ = 0,277 

= 0.075 

(p. = 129 

limiting Streamlines 

10 20 25 30^ 
Number of Streamline       ¥>= n 

Fig. 7:   Vectors of the local skin friction coefficient   c.  and 
f 

limiting streamlines   (a/b = 6,  a = 10 

Wallstreomlines 

Separation bubble Reattachement 

Separatian streamline 

Separation bubble 

Wallstreomlines 

Separation line 

Free vortex layer on a swept wing 

Fig. 8:  Separation in three dimensions after Maskell [9] 

L ■ .. ^^...,..... ^ j 
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lop View 

Side View 

Reversed Flow 

Fig. 9:  Separation lines   (a/b = 6 ,  o = 10  ) 

Separation Line 

7 New Orientation 

a/b = 4; a =15° 

Fig. 10:  Streamline net with separation line (a/b =4,   a = 15   ) 

■■■ —^ 
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tNew Orientation 

Reversed flow 

o/6 = 2; a = 20c 

Fig. 11: Streamline net witii separation line   (a/b = 2 ,   a - 20  ) 

5. Hew Orientation 

a = icr 

Fig. 12:  Halfellipsoid with cylindrical afterbody   (a/b = 6,  o = 10  ) 
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velocity magnitude at boundary layer edge 

velocity  components in wing co-ordinate  system 

streamwise and crosswise velocity components  in external streamline co-ordinate system 

= TT /p    friction velocity 
w 

= V(—)'   +  (--)'", magnitude of velocity gradient vector 
"öy oy 

fluctuating velocity components  in local  streamline  co-ordinate  system 

turbulence  intensities 

turbulent  shear  stresses 

vertical  velocity component 

vertical velocity component  at boundary  layer edge 

entrainment  velocity 

y-derivative of transverse velocity in   local   streamline  co-ordinate system 

co-ordinates  in wing co-ordinate  system 

y distance  to  the  wall 

a flow  angle at  boundary layer edge, relative to tunnel   axi^ 

ß flow angle  in tue boundary layer,  relative to  velocity  at boundary layer edge 

[i wall  shear stress angle 

)■ hot-wire angle 

b boundary  lay^r  thickness 

u 
e 

i; ,u 
x   y •Uz 

u ,u 
s    c 

u. 
dU 
dy 

u,v,w 
-5 — 
U   ,v" 

-5 

(17,110 TO 
V 

V
h 

Ve,.t 
JW 

w 
x,y,z 

T„ 

'I 

I     —- dy,  crosswise displacement  thickness 

■/ 

o e 

f, U 
8 =1      (1"7P )  Jy> chordwise displacement thickness 

0 x ^ edge 

1 kinematic viscosity 

D density 

  g   J 
hi p\ (uv)  + (wv) , magnitude of shear stres? vector 

7 wall shear stress w 

T ,T shear stress components in chordwise and spanwise direction 

maximmn shear stress inside the boundary layer 

b U       U 

U       U 
=   /      (I-—J —    ay,  streamwise momentum  thickness 

=  [i +  atan  (w/uv), direction of  shear  stress  relative  to velocity at  boundary layer  edge 
=  P  +   atan  (r-/"^),  direction  of velocity  gradient  vector  relative  to velocity  at  boundary 

&raj yy tfy 
layer edge 

v roll  angle of hot-wire probe 

co-ordinate  systems 
- wing co-ordinate  system:   the boundary layer equations  are written  in  this co-ordinate  system;  the  x-axis 

is  taken  in  chordwise direction  (perpendicular  to the  leading edge),   tnc z-axis  in  spanwise direction 
(parallel  to  the  loading edge)  and the y-axis perpendicular  to the  wall; the velocity  components  along 
the three axes are  U   ,  U    and I!  . 

x      y z 
- local  streamline  co-ordinate  system (Fig.   k):   the velocity  components  arc- related to the  local  flow 

direction inside  the  bounaary  layer; U is taken in the direction of  the local velocity, but parallel to 
the wall and makes  an  angle  ß with the velocity at the boundary  layer edge; the mean  transverse velocity 
component    W is  zero by definition, but the derivative "DW/oy  is generally not equal  to zero;  the vertical 
velocity  is perpendicular to  the wall and positive away from the wall;  U, V and W with their  fluctuating 
comnonents u,  v and w form a right-handed  co-ordinate  system;  the results of the turbulence measurements 
are presented  in this co-ordinate system. 

- external streamline  co-ordinate system:  the components  of the mecji  velocity in a plane parallel   to the 
wall are taken  in  the  direction of the velocity at the boundary layer edge (streamwise component,     U   ) 
and perpendicular to the velocity at the boundary layer edge  (crosswise component,      U  ); these 
velocity components  ore used  for the evaluation of the  integral parameters 0    and S?. 

1.     INTRODUCTION 

The prediction of the development of a turbulent boundary  layer  on a swept wing i1!  an essential  step 
before  tne calculation  of the real flow over  such a wing,  including the  interactions between the viscous 
and potential  flow field,  can  be made. The boundary layer on  a  swept  wing is three-dimensional and at 
present  only a few calculation methods can deal with this kind of flow  (Ref.  1 to 9). 
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The uH imate test of such a calculation method  is the prediction cf separation of the turbulent 
boundary lajer.  The definition of separation in three-dimensional flows is more complicated than in two 
dimensions aid involves a kn^-ledge of the pattern of the skin-friction lines.  In the case of an infinite 
swept wing, however,  the sepaiation line can be defined as  the skin-friction line vith a direction parallel 
to the  leading edge   (fief.  10). 

Boundary layer  calculation methods still rely on empirical information. Momentum integral methods use 
empirical velocity profile families and if they are extended to three-dimensional flows, assumptions must 
be made with regard to the cross flow families  (e.g.  Ref.   3).  The attraction of a generalisation of a fi»-ld 
method such as the turbulent energy method of reference 11  is that this can be done without much prior 
knowledge on  three-dimensional flows although measurements  are needed to prove the validity of the generali- 
sation. 

Parallel to the development of the three-dimensional calculation method by Wesseling and Lindhout (Ref. 
2) based on the turbulent energy approach,a research program has been conducted at NLR to investigate experi- 
mentally the three-dimensional boundary layer under infinite t'wept wing conditions.  Measurenents of the mean 
flow properties and  the wall  shear stress are reported  in reference  12.  Thesf   results have teen compared 
with the calculation method of Wesseling and Lindhout  (Ref.   13) and other methods (Refs.  3,  h, 8 and lM • 
It turns out  that the  separation position is  not well predicted by most of these methods anci that  cross flow 
angles  are generally underestimated. 

For the verification of the turbulence model as  used  in  some of the calculation methodu measurements 
of the Reynolds stress tensor  tire very much wanted.   They might give  some answer to the question how the 
direction of the shear stress must be determined and to what extent  the three-dimensionality of the  flow 
affects  the two-dimensional  empirical relations.  Only a few measurements of this type  are reported  in the 
literature  (Refs.   15,  16 and  17). 

Therefore measurements  of the Reynolds  stress tensor were carried out on the same model as used for 
the mean velocity measurements.  These measurements  are reported in reference 18.  ""he present paper gives 
an assessment  of the  results  of these measurements especially with respect to the development of a calcu- 
lation method  and the preaiction of separation. 

2.     EXPERIMENT 

2.1. Description of model 
The experimental model was designed with three  considerations  in mind.  First there is  a considerable 

advantage in  simulating the  flow over an infinite swept wing.   From a physical point of view the boundary 
layer  on an infinite  swept wing ia not different from a general three-dimensional boundary  layer.   But since 
ideally the flow properties  are constant  in spanwise direction, it  is  sufficient to measure the boundary 
layer development  in one section only.  Also this flow is mathematically much easier to handle and th ^ s will 
facilitate the  comparison with theory.  Secondly a pressure variation  is required such that  the boundary 
layer is almost two-dimensional at the beginning, followed by a region of an adverse pressure gradient 
causing increased cross-flow with a three-dimensional separation close to the trailing edge.   In this way 
the initial boundary  layer profile is well defined and the  full development of a three-dimensional  boundary 
layer,   including separation,   is covered.  The  third condition  is that  the boundary layer must develop on a 
flat plate to eliminate unknown effects of surface curvature  on the turbulent structure. 

On the basis of these conditions a model was designed   (Fig.   1)  made up of a smooth plate and an airfoil- 
like body mounted near the plate. Plate and body spar led the  3x2 meter cross section of the wind tunnel and 
were fixed to the tunnel side walls under a sweep an ;le of  35 degrees.   In this way a diverging channel was 
obtained between plate  and body.  Appropriate  flow bl )ckage  at the end of the channel and curved guiding 
vanes  at the two sides of the  diverging channel were    ised to obtain the desired pressure distribution and 
to eliminate  side wall effects.  The free stream veloci.y was  about  35 m/sec giving a Reynolds number per 
m.;ter of 2.1*xl0  . 

A large number  of static  pressure holes were located  in the testplate for accurate measurements of the 
pressure distribution.   Boundary layer probes  could be brought into the flow in one section  ;the measurement 
plane)   at ten measuring stations  (stations 1  till 10),  alU ough additional measurements  could be made at 
both sides in  spanwise direction of the first measuring station  (Fig.   l).  The boundary  layer probes  could 
be positioned  inside  the boundary layer by means of a traversing mechanism mounted on the back side  of the 
flat, plate to avoid   interference. 

For a more detailed description of the experimental set-up and the mean velocity measurements  can te 
referred to reference  12.  Details of the mt-fisurements  of the  Reynolds  stress tensor are given in reference  16. 

2.2. External  flow  field 
The static pressure coefficient (relative to the static presBure and dynamic head at the first measure- 

ment statior) in the raeasuren-ont plane and at the plate surface is shown in figure 2. In the same figure 
the prespure coefficient, derived from the measured flow velocity at the edge of the boundary layer by means 
of a j.itot-static preijsure tube, is indicated. Good agreement is obtained, but after station ö small differ- 
ences are noticeable. They are due to a slight static pressure variation (of the order of ". or 2 /o) across 
the boundary  layer. 

Calculations of the flow anc;le at the boundary  layer edge using  the measured static pressure variation 
and assuming quasi  two-dimensional  flow showed good  agreement with  the flow angles measured by meons of a 
cylindrical yaw tube.   Only alter station 7 differences of at most 1 degree could be detected,  indicating 
the accuracy of th^-  experimental approximation of a quasi  two-dimensional flow. 

2.5.    Mean velocity profiles 
Mean velocity profiles were obtained with  a small rotatable hot-wire probe  (Fig.   3).  Since the probe 

dimensions are very small,  interference with the boundary layer flow can almost be neglected.  Measurements 
are taken as  close to the wall  as 0.2 JIB.  The  diiection of the flow  is found by rotation of the probe at 
constant distance from the wall and the subsequent determination of the symmetry line.  When  the wire  is 
perpendicular to the  local flow direction the velocity can be deduced  from the hot-wire calibration. 

Magnitude  and direction  of the velocity vector are shown  in the  figures 5 and 6.   Chordwise velocity 
profiles are  shown  in  figure  7-   Close to station 9 the y-derivative  of the chordwise velocity component 
vanishes and consequently three-dimensional separation  can be •■xpected to occur in this region. 

Velocity profiles measured  left and right  in spanwise di  ection  of the first measuring  station did not 
reveal ary significant  spanwise variation of the initial boundary layer profiles. 

: 
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At each station 8 bOLindary layer traveraea were made with the roll angle <!> varying from 0 till 360 in 
steps of 1*5 • In this way each component is measured twice and the average value of the two is given as 
the final result. 

It  is well known that,   large errors can occur in this type of meas'irements.  The procedure outlined 
above reduces at least part of the error caused by differences between the  angles  {y    and »'   ) of the two 
wires.  A more detailed discussion of this can be found in  reference 18. The measurements are corrected for 
temperature drift,  but no other corrections  (as for finite wire  lenfc-th, non-linearity, frequency limitations) 
are applied.   Care has been taken of the effects caused by upwash  inside the boundary layer.   In some  cases 
the vertical velocity  inside the boundary layer can be as  large  as  10    /o of the nean velocity.  The upwash 
was measured by the X-wire  itself and the wire angles were  corrected accordingly. The final results are 
given in the   local  streamline co-ordinate system (Fig.  k), 

The ao uracy of the measurements  is fatimated at  10    /o.  One  must realize that an error of this order 
of magr.itu« e might be present  in the data. 

The r .x components of the Reynolds stress tensor have been measured at  station 1 and Dtation  h till  10. 
However,  cue to the  configuration of the X-wire probe the measurements are taken 25 mm in front of the 
positiors where the mean velocity and wall shear stress were measured.  The  closest reading was taken at  2.5 
ram away from the uall. 

The turbulent  shear  stresses  aud turbulence intensities  have been made dimensionless with the  friction 
velocity u, defined by uT   =  \T /p !-nd measured independently with  the wallQpitot as discussed previously. 
As a result  of this  -iJv/uT  i/iust  approach a value of 1 at the wall  and 'üv/u^ a value of 0.  It  can be seen 
from figure  13  and  Ik that  this  is  the case.  Some examples  of the  turbulence intensity are shown  in the 
figures 15,  It)  and  I'f. 

3.     ANALYSIS  OF THE  FLOW  FIELD 

'"■'■!'■ IW 
where hi    is the shear  stress magnitude and I—I  the magnitude of the velocity gradient vector defined by: 

mu =   ,^1)2  +   (2W.2 
'dyl (

3y
; SyJ 

The mixing length f ,  made  dimensionless with the local boundary layer thickness fi has been calculated from 
the measured  shear stress  and mean velocity profiles.  The result  is  shown in figure 18 for the stations  1, 
5, 71 9 and  JO.   In the wall region of the flow all data reduce to the usual relation/» 0.1*l.y.  This is  in 
agreement with  a logarithmic velocity distribution when T   is  approximately constant in the wall region.   In 
the outer region of the boundary  layer,  however,  a remarkable decrease in the mixing length  is found between 
station 1  (where ^/fi^-0.08,  which  is  a normal value  for a two-dimensional  zero pressure gradient boundary 
layer; Kef.   II),  arid  station  T  (with     f /h^O.O'j).  At  and after separation this value remains almost constant 
or increases  slightly.  The  measurements indicate that the value of the mixing length in the outer region of 
the flow might  be  influenced  significantly by three-dimensional effects. 

3.1.     qeparated  region 
If three-dimensional   separation on an infinite  swept  wing is  defined by a vanishing component of the 

wall  shear stress  in  a direction perpendicular to the  leading edge   (Ref.   10)  separation occurs close to 
station  9  as  one  can   infer   from the   figures  9 and  10. 

The skin-friction line£  after  the separation line are  almost  parallel to the trailing edge.  The flow 
at  the surface  after the  separation  line is not initiated at the  leading edge, but at the upstream guiding 
vane (Fig.   1).   At the  reparation  line the skin-Triction lines that  started  from the leading edge coalesce 
and the shear stress  reaches  r. very  distinct minimum  (Fig.   9)-  The wall shear stress does not fall to zero, 
as  is the case  in  two-dimensional  separation:  only the chordwise  component  vanishes.  The rapid increase  after 
the separation  line  indicates an acceleration of the  flow in the wall region also noticeable in the mean 
elocity profiles  (Fig.   5).   Throughout  the flow development  at and  after separation the well-known loga- 

rithmic velocity distribution  is maintained  (Fig.  8). 
Very remarkalle  changes  can te  observed in some of the  components of the Reynolds stress tensor after 

the separation  line.   In  front  of this  line the value of -uv  increases when moving away from the wall while 
a maximum value  is  reached  about  half way the boundary  layer thickness.  Further outwards the  shear stress 
decreases  a^ai;. til;   a value of zero  is reached near  the boundary   layer edge.  This is the usual pattern  in 
a boundary  layer with  an  adverse pressure gradient  (Ref.   20).  After the separation line, at  station 10,  a 
very pronour.ced   lip  in -uv  is encountered in the wall region, followed by an increase till a maximum value 
ft about two third  of the  boundary  layer thickness and a subsequent  fall-off at the boundary layer edge 
(Fig.  13)-   li.e distribution  cf -üv  close to the wall  is very similar to the  shear stress distribution inside 
a zero pressure  gradient  boundary  layer,  although the  co-incidence with the  shear stress distribution  at 
station 1   is  fortuitous.   A  similar dip can be found  in the  distribution of the longitudinal turbuleree 

intensity u    at   static.*!  10  (Fig.   17).   Probably the  increased  wall  shear is  linked to the intensified turbu- 
lence production close to  the wall.  These results suggest  two distinct layers after the separation  line: 
a thin "fresh."  boundary  layer, mainly  in spanwise direction with  an  increased turbulence production and  a 
snear stress distribution  resembling a two-dimensional   zero pressure gradient boundary layer,  and on top of 
this a second  layer with  a  shear stress distribution  similar to th .  upstream shear stress profiles.  These 
two layers merge very gradually   into each other.      —^ 

An other remarkable  effect  is  the  increase  in w    intensity wuen moving downstream    till  it almost 

equals the u     intensity   (Figs.   16  find  IT). 

i.i.    Magnitude of sr.ear  stress 
For a calculation method  the  flow development  ahead of the  separation  line is of great practical impor- 

tance.  The question   is  if  the  turbulence model as presently used  in  calculation methods needs to be modified 
to pi edict  adequately  three-dimensional  separation.   Since the tiiree-dimensional boundary layer program that 
is used at.  l.'LF   is based  or.   Bradshaw's turbulent energy method  (Ref.   11) we will restrict ourselves to those 
parameters that  are  of relevance  in  the present context. 

The  .asic problem of  any turbulent  field method  is to describe the turbulent shear stress, both in magni- 
tude and d. •ec-tion.   The magnitude of the turbulent shear stress can be inferred from a mixing length approach. 
The relevant  i--lation  is: 
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3.3.    Direction of shear  stress 
In the literature  is  some discussion on the direction of the shes- stress  in three-dimensional turbu- 

lent boundary layers.  The most  simple assumption in calculation methods and  in accordance with laminar three- 
dimensional boundary layers  is  to take the shear stress  in the direction of the velocity gradient  (Ref.   9). 
A refinement is  introduced in the  turbulent kinetic energy method of Bradshaw  (Ref.  1) and Wesseling and 
Lindhout  (Ref.  2) where  small departures  from the direction of the velocity gradient are possible by the 
effects of convection and diffusion  as will be discussed in section  l»,l.  Measurements of Johnston  (Ref.   15) 
and Bradshaw (Ref.   16) do  indicate differences between the two directions.  More recent calculations by 
Vermeulen  (Ref.  Zl)  and East   (fief.   22)   suggest that the shear  stress  is  in between the direction of the 
velocity gradient  and the mean  i"low velocity.  They calculated the  shear  stress direction from the momentum 
balance using measured velocity  profiles. 

The present experiment  seems to confirm these findings as  can be  seen  from the figures 19• 20 and 21. 
Also it is noticeable from these  figures that the difference between the two directions decreases when 
moving downstream.   This  is even more  pronounced in the wall region.  At  station 10 the two directions almost 
coincide. 

Both Vermeulen  and East  use  a factor N    to express the direction of the  shear stress.  N    represents the 
ratio of the eddy viscosity component  normal to the local  flow direction and the component in the local 
flow direction.  This  can be written as: 

— /-^        tan  («V-P) 

e ° •DW.t/Ü    " tan  (w       j-ß) 
—/— grad 

Vermeulen and East  found an almost  constant value across the boundary layer of 0.5 and 0.1* respectively. 
In  this experiment  N    varies  from 0.5  at  station h till  0.7 near  separation.   After separation larger values 
up to 1.0 are found  (Fig.   22).   One may conclude that  there  is a strong experimental evidence that  in general 
appreciable differences between  the velocity gradient  and  shear  stress direction exist. The present experi- 
ment does not  support a ronstant  value of N   . 

e 

3.k.    Entrainment 
The proces of entrainment  of non-turbulent  fluid  inside the boundary  layer is explicitely represented 

in  some boundary layer calculation methods.The entrainment velocity V    ^   is defined by: 
ent 

v    .Ma 
ent      p dx 

w. ere Q is equal to the mass  flow per unit  span  Inside the boundary  layer.   In  the turbulent kinetic energy 
method the entrainment  is  controled by the value of the diffusion term  (see Section k.l)  at the boundary 
layer edge.  In two-dimensional   boundary  layers Bradshaw  (Ref.   11)  proposes  the relation: 

with. U    the velocity at  the boundary  layer edge and  r        the maximum value  of  the shear stress inside the e *       * <J max 
bo'mdary layer.   In this experiment  the entrainment velocity has been  calculated from: 

4 K    (ft-vJ ent        ,„,    , 
edge 

wh'-re the velocity U and  the  chordwise displacement thickness  h    are evaluated in a direction perpen- 
edge 

dicular to the  leading        edge.   The  calculation shows  that  the entrainment  velocity in this example of a 
three-dimensiona]  boundary  layer  is  almost  constant and    ot  significantly different for the stations 1 to 7 
from the empirical relation  in  two-dimensional boundary 1 iyer  flows   (Fig.   23).   Only at and after separation 
(station 8,  9  and  10)   r       /pU  ^   increases  at  an almost  constant  value  of V       Aj   . max      e ent    e 

JO.    Turbulent kinetic energy 
In two-dimensional  turbulent  boundary layer flows  an almost  constant  ratio is often found between the 

shear  stress  and  the  turbulent   kinetic  energy,  expressed  as: 

a LiLZe Ldifi 
1    7X°V% 2 (U   +V   +W   J q 

In  this experiment  a decrease  of  a    can be noticed in downstream direct.'Dn   (Fig.   2lt).  At station 1 a value 
of a    = 0.15  is found in accordance with other data (Ref.   11)  but  close to  separation a value of 0.12  is 
observed. 

I4.     COMPARISON  WITH  CALCULATIONS 

U.l.     Description of the  calculation method 
At NLR a calculation method  has been developed based on a generalisation  of Bradshaw's turbulent kmcoic 

energy method (Ref. 11).  The method  is discussed in great detail  in the references 2 and 23.  The set of equa- 
tionS  is: THJ.,     DU..      ^U 
continuity: 

"öx        -jy        "Dz 
DU 

~2Tv  X ov   ,    "  x 
x-momentum:        or— = - —^ +   

Dt 75X      7>V 

z-momentum:        p rr-^ = - ~- +. 
DU_ -^ 

Dt T) z   ' 7)y 

the empirical shear stress equations  are: 
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,    DT 7)1)        / ir      i\i/2    ^ , |T|vl/2    T 

2a1 Dt Dy      \     P     /       uy '   xJ     \ p ' L 

ä^ sr" 'T' -Ty- - rT-)    ^7(G'z1 - (—)    r 

(1) (2) (3) (l4) 

In the last two equations a    is a constant  (taken es 0.15)  and G and  L are prescribed functions of ^/ö  (Ref. 
11).  The dominant terms  are the production term (2)  and the dissipation term  (1*).  When the other terms  re- 
presenting convection  (1)  and diffusion  (3)  are negltici-ed the nixing  length relation is recovered: 

(du/2 

with 

frl .o.l?. 

V ?uxA)Y 

rz ^y 

Jy' 

This  last expression shown that  in this  special case the shear  stress  acts  in the direction of the velocity 
gruiient. However, when the diffusion and convection terras are no longer neglected, small deviations from 
the direction of the velocity gradient will be found. 

The 5 partial differential  equations  are hyperbolic as a consequence of the formulation of the diffusion 
terms.  The external pressure distribution  is supposed to be known.   The equations are solved numerically b; 
means of a simple,  linear,  explicit finite difference scheme based on  a generalisation of the two-dimensional 
Courant-I.saacson-Rees scheme. 

The empirical  shear stress  equations  are not valiil close to the  wall since the viscous shear  stresses 
are neglected.  Also the velocity gradients are very ste-p there and therefore  it  is very attractive to use 
an analytical expression in that  region.  The first mesh-point,  at some distance  away from the wall,  can then 
be coupled with the boundary  condition at  the waH.  In two dimensions  the familiar "law of the wall''  is often 
used.   Recently van den  Berg  (Ref.   2li)  derived a three-dimensional   "law of the wall" by taking into account 
in em approximate way the effect  of pressure gradient  as well as  inertial effects. 

In the case of a quasi two-dimensional  flow the z-derivatives  (in  spanwise direction)  can be  ignored 
and the calculations are greatly simplified. Assuming such a flow the  calculations, presented next, have been 
made using the measured  pressure  distribution and the mean velocity profile at  station 1 as input data. 

U.Z.    Comparison with original  calculation method 
A very sensitive parameter  ^or comparison with theory is  the  angle  of the wall shear stress  ß    as  shown 

in figure 25.  The agreement is good up to  station 5, but becomes  increasingly worse further downstream. 
After stt-tion 7 the shear  stress  angle decreases again and  separation  is not predicted at all.  The same 
applies  for the  comparison of the  calculated integral parameters  like  8      and  hn  (Fig.  26).  Again good agree- 
ment is obtained only up to station 5-  After this station the cross  flow angles^are underestimated and this 
influences to a large extent  the  downstream development of the boundary layer.   A more detailed discussion 
of this can be found  in reference  13. 

'.'.3.    Modifications to original  calculation method 
From this result it  is clear that  the shear stress equations as  formulated in section k.X are not 

accurate enough to describe three-dimensional boundary  layers with large  cross-flows.  They fail to predict 
separation adequately.   The  turbulence measurements are of great  help to modify the empirical shear stress 
equations.  The difference between  the direction of the velocity gradient  and the shear stress and the down- 
stream reduction of the mixing length both  act  to increase the  cross  flow angles  inside the boundary layer. 
Three tentative modifications  ore proposed.  Since they ore based on one experiment only they can not be more 
than on erapir'cal modification  foi   this special case.  More  comparisons  with different experiments are needed 
to pro"e their validity  in a general way. 

First the direction of the  shear stress has been taken more  in accordance with the experimental results. 
This  is done by the  introduction of a factor C, representing the difference between the velocity gradient 
angle <i>       , and the shear  stress  angle '.'r  in the absence of the effects  of diffusion and convection: gra-i 

C = tan  ( %.  - w      A) T       grad 
Combination of the two shear stress equations of section ^.1 yields the scalar equation for the turbulent 
energy as used  in the two-dimensional ir-^hod: 

idU MW^^'-a1'^ 
One would like to retain this property  in  the modified shear stress equations.   It then follows that the 
dissipation term in the equation for T   must be written as; 

.1/2 llftS f Cr  + cr ) 

and in the equation for T    as: 

(ITI^2    l   , . —      • r rr  - cr ) 
\ p / L      z x 

It must be noted here that there  is no physical model underlying the proposed modifications of the dissipa- 
tion terms. They only act to give the shear stress equations the required properties. The value of C still 
has to be determined and  as a first  trial C  is related to the eddy viscosity ratio N    as defined by East 
and Vermeulen.  C can thc-n be expressed as: 

C  = 

Me tan2( Vad-ß) 
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; 
In this relation •i.-ß represents the difference in direction between the shear stress "^ and the meun velo- 
city 0. N is taken constant across the boundary layer and equal to 0.5 as an average value for the data of 
Vermeulen, East and the present experiment. 

The seond modification is related to the reduction of mixing length as observed in the experiment.  The 
turbulent energy equation represents  a balance between production and dissipation of turbulent energy.  This 
balance is linked to the turbulence  structure.  Bradshaw (Ref.  25) noticed that small extra rates of strain 
cay have a large effect on the turbulence structure. Townsend (Ref.   26) more specifically stressed the 
importance of the lateral strain TV/^y and more recently Morel and Torda (Ref.  27) use a similar parameter 
for empirical changes in L and a    for jet  and wake flows.   In the empirical   shear stress equations the nature 
of this balance can be affected if the dissipation length L is related to the extra rate of strain 3V/t)y. 
In two-dimensional boundary layers   (if not to close to separation)  and in moderately three-dimensional boun- 
dary layers "OV/ay is very small.  However, when the cross flow increases,the vertical velocity inside the 
boundary layer will increase as well by the effect of streamline convergence.  Therefore a modification of 
the dissipation length is prooosed related to the non-dimensional lateral  strain,  approximated by: 

7)UA>y        U /» 

V. and U are the vertical and horizontal velocity at the boundary layer edge respectively. The dissipation 
length L in the shear stress  equation,   will now be described by: 

L » K.y 

and if    y  > -^ L = L        = 0.08U. Ml-5.3V./U  ) K max 8    e 

The constant 0.081* is in acco-dance with a two-dimensional constant pressure boundary layer and the additional 
constant 5.3 is determined from a correlation with the measured shear stress distribution.  Tb«. measured 
mixing length could not be used in this respect since mixing length and dissipation length are different 
outside the wall region due to the effects of convection and diffusion. 

The validity of this correction can only be assessed if a great number  of two- and three-dimensional 
boundary layers are re-calculated  and  compared with experiments.   In the context of this paper the correction 
can be viewed as an empirical modification to obtain good agreement with the measured shear stress distri- 
butions. 

When  it  is assumed that  the lateral strain'DV/Dy has an effect on the turbulence structure, the varia- 
tion of a1   as observed in the experiment,  can be represented accordingly.  Therefore a    is written as: 

a1 • 0.15 (1-3.5^-) 
e 

This modification is not of great  importance.  The effect on the calculations  is very small. 
Renewed calculations were performed with the modifications as outlined above.  The result is  shown  in 

figure 25 for the variation of the wall shear stress angle and in figure 26  for the momentum and 
displacement thickness.  Good agreement  is now obtained till station 7 but,  surprisingly,  separation is not 
yet predicted. 

U.U.   Influence of pressure distribution 
In an attempt to investigate the  cause of the difference between the experimental results and the modi- 

fied calculations the pressure gradient at the most rearward stations was  slightly increased.  In fact,  the 
static pressure, measured at the boundary layer edge instead of the value  at the plate surface (Fig.  2) was 
used as an input for the calculations.  This amounts to an increase in pressure coefficient of 0.005 at 
station 8 and 0.01 at station 9.  The result  of this calculation  is also shown in figure 25.  Separation  is 
now predicted between station 7 and 8.1 The exercise shows that a small variation in the pressure distribution 
caunes  a large shift in the predicted separation position. 

This particular phenomenon close to separation as shown in figure 25  suggests a singular behaviour at 
separation. Moreover in the calculation with separation the vertical velocity V as calculated in the finite 
difference scheme, rises very rapidly near the separation point.  Very similar phenomena are known to occur 
in two-dimensional laminar boundary  layer flows near separation   (see  the  classical  article of Goldstein; (Ref. 
28).   Golstein proved that when separation  is approached T   —"■ 0 while V—»»•.  More recently Tsahalis and 
Telionis (Ref.  29)  showed a similar  singularity to exist  in two-dimensional  turbulent  flows.  The singularity 
only exists if the pressure distribution is  specified as an independent boundary condition.  The singularity 
can be removed if the wall shear stress or the displacement thickness is prescribed and the boundary layer 
equations are then solved for the pressure distribution (Ref.  ?0  and 31). 

In the case of a laminar \,hree-dimensional separation on ai.  infinite swept wing the boundary layer  equa- 
tions in chordrfise direction can be  solved independently of the tpanwise flow (the "independence print   ^le"). 
Therefore the same singularity will occur at +hp thrt »-dimensional laminar separationline on an infinite 
swept wing.  When the flow is turbulent this  independence principle does not hold anymore since the shear 
stresses are coupled by the  additional equations for the shear stresses.   It  is possible that the singularity 
is not affected by this. 

To investigate this point further, calculations have been made with an interaction model for the pressure 
and the boundary layer development.   Since the experimental configuration is basically a duct flow the inter- 
action between the boic.dary layer flow and the potential core can easily be taken into account. The pressure 
gradient in the duct is a function of the variation of channel height and the displacement thickness of the 
boundary layer.  Conversely the displacement thickness is an, apparently sti ^ng,  function of the pressure 
gradient.  In the finite difference calculations the potential flow equation can be coupled with the boun- 
dary layer equations such that at each st.p in the numerical scheme t' e pressure gradient is determined by 
the channel height and the displacement thickness.  At each step a few iterations are needed to ensure con- 
vergence. This process failed to converge close to the separation point, but as indicated in figure 27 the 
solution follows closely the experimental curve. The so calculated pressure gradient is shown in figure 28 
and compared with the experimental pressure gradient at the wall and at the boundary layer edge. The differ- 
ences are very small indeed,  illustrating the sensitivity of the calculations for the pressure distribution. 

It is of interest to know where the separatior. would have been predicted with the original boundary 
layer equations as formulated in section k.l. The result of this calculation is also shown in figure 27. 





I 

34-10 

17. Pierce, F.J. 
Duerson, P.H. 

16. Elaenaar, A. 
Boelsma, S.K. 

19. Clauser, F.H. 

20. Bradshaw, P. 

21. Vermeulen, A.J. 

22. East, L.F. 

23. Lindhout, J.P.F. 

2I4. Berg, B. van den 

25. Bradshaw, P. 

26. Townsend, A.A. 

27. Morel, T. 
Torda, T.P. 

28. Golstein, S. 

29- Trahalis, D.Th. 
Telionis, D.P. 

30.   Gatherall, D. 
Mangier, K.W. 

31. Cebeci, T. 
Mosinskis, G.J. 
Smith, A.M.O. 

Measurements of the Reynolds Stress Tensor in a three-dimensional turbulent 
boundary layer. Virginia Polytechnic Inst. VPI-E-7'*-U (1971»). 

Measurements of the Reynolds stress tensor in a three-dimensional turbulent 
boundary layer under infinite swept wing conditions. NLR TR 71t095 U (1975). 

Turbulent boundary layers in adverse pressure gradients. J. Aero.E^i. 21 (WS1») 
p.91. 

The turbulence structure of equilibrium boundary layers. 
J. Fluid Mech. Vol. 29, part 1» (196' ) p.625. 

Measurements of three-dimensional öurbulent boundary layers. 
Ph. D. Thesis, Dept. of Eng. Cambridge (1971). 

Measurements of the three-dimensional incompressible turbulent boundary layer 
induced on the surface of a slender delta wing by the leading edge vortex. 
RAE, TR 731|4l (1971*). 

An ALGOL program for incompressible three-dirensional turbulent boundary layers. 
BLR report (to be published). 

The law of the wall in two- and three-dimensional turbulent boundary layers. 
NLR TR 72111 U, (1972). 

The strategy of calculation methods for complex turbulent flows. 
Imperial College, London, I.C. Aero. Report 73-05 (1973). 

The structure of turbulent shear flow. University Press, Cambridge (1956), 
p.238. 

Calculation of free turbulent mixing by the interaction approach. 
AIAA Journal, Vol. 21, No. It (1971») p.533. 

On laminar boundary layer flow near a position of separation. 
Quart. J. Mech. Appl. Math. 1, (19W), p.l»3 

On the behaviour of turbulent boundary layers near the point of zero wall 
shear. Virginia Polytechnic Institute, VPI-E--7U-20 (197I*). 

The integration of the two-dimensional laminar boundary layer equation past 
the point of vanishing skin friction. J. Fluid. Mech. Vol. 26 part 1 (1966) 
p.163. 

Calculation of separation points in incompressible turbulent flows. 
Journal of Aircraft, Vol. 9, No. 9 (1972) p.6l8. 







34-13 

l'ipirc  111;   ncfinllion of x-wirc position 

-J.0 

n/JT 

-2.0 

-1.0 

I 
1 

i 
1          _^/\ 
1           n^r'^      A 

i 

d*i*p\J\ r     \ 

V^ \v 110 MEASURING 
\          STATION 

» « 60       ydrni; «0 

lipirc   Id:  'lurlmlrmr inlcnsilics 

20 M 
r(""") 

Kipirc   l): iTv   [irofilcs üi ihc  mi-asunng .xtation.s 
« «0        /(um) M 

lipiic   17:   I urliulcncc inlPiisilips 

— v 
v/ 

M [ASURIN J STATION   1 rx ̂
s 

^ «ffl^ ̂ l—' [-^ A1 
^ 

-i^ *- 
TT-^^fa»! r^ -^K- A 

^Tn 

/ 
1 

I 

\    i 

/ 1  i t 

'ipiri'   II:   »v-profilcs ul  ll»   mcusuririf.' slatintis 

O.S i/t IJ 

I'ipjri'  18:  MiuMinil ttiixinp lengtli  lii.slriijution 

30 

(mm) 

20 

10 

1 

STATION 5 

GRAMT f v 
\ 

Vj 
\ 

Qbo— 
20 - 10 10 * 20 

ANGLE (0) 

I'ipil-c   I1':  llinrliiiii  of Vflocilv . volcitil)   (iriiilicnl   and 
slli'ai'  slri's> 



34-14 

v 
(nvn) 

IT 

< 
< 
i 

r- "   ^ 

  

i 
S   STATION 1 

j I 

J. y 
X'oRAD ^«r \ v 

j 1 Jfczs^ ^X-l 
■» -10 ao .x .« 

»NC.1; C) 

ifniri' _():  Din-itior, of velocity, vclority fffadicnl and 

•ipin- 21:   Dirci lion ol   VOIIH ily , veloe ilv  gradient  and 

shi'ur sirrss 

0.01 

0.001 0.002 0.005   Tin,,     o.Ol 

PU2 

I'ipirc 2.'i: Knlrainmwit relation 

? 1   1   1 
UEASUIIINC STATIOHI^i  "v 

O^ 

.      4 ,      \ 

ev p^ '—" 
«aftsc 

O P /^ 
^ ̂  

Cv, S^j 
0.11 

0JI 

0 

9*5? 

4 y Y 
v y L \ ' ) 

. \ 
i 

0.5 r/| I 

■ipirc 2t:  Halio of shear stress and  turbulcnl energy 

«o 
1 CALCULATION METHOD 

D 

>IENT 

i H<J.JJlKy 

^ 
O     ORIGINAL 

A     MODIFIED 

9     MODIFIED 
^ 

r   i 

- - 
1              WITH MCRCASE 

I              PRESSURE CRAI 

1 MEASUREMENTS " ̂  
r 

i 

^ f 
^ r 

 ' ̂  
1>]45t7lfM 

POSITION 

I'ipin' 25:  Comparison of measured  wall  .shear stress 

angles  with ralculalions 

% 
-". 9 I Vo 

MEASUI IHO ST> TION-p. 

V 
^ 

1 
6 \A Js 0 £2. »A, -6 

'       / 
i 

i 
ft 
I? *& 

r H A 

1.   "■ 

\ k 
/ 
/ * ^j 

> 

s o.i r/> I-« 

I'ipire 22:   Halio of eomponents of eddy viscosity 1'igure 2f):  Comparison of measured integral  parameters 

with calculations 



34-15 

M 
CAtCUUTIOH 

 MtAMMEMENTS 
A  MICINAL CALC. METHOD 
O  MODIFIED CALC. METHOD 

I'ipjrc 27: (lalrulution  with inleraclion model 

0.« 

MEASURED : 
    PLATE  SURFACE 
 BOUNDARY LAYER EDGE 

CALCULATED FROM INTERACTION MODEL 
O MODEFIED CALC. METHOD 

A ORIGINAL    CALC. METHOD 

9 10 
POSITION 

I'igure 28:  Measuns'd and < alculatcd pro.s.surc gradients 



34-16 

DISCUSSION ON PAPER 34 

by 

Roger L.Simpson 
Institute of Technology 

Southern Methodist University 
Dallas, Texas, 75275 

The purpose of this discussion is to point out the importance of additional turbulence energy production terms 
in this separating three-dimensional turbulent boundary layer and to point out the several similarities of the modified 
calculation method presented here to the normal stress modified model presented in paper 14.   The production terms 
of the turbulence energy equation for three dimensions are 
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where the first four are shear production and the last two are normal stress production (Bradshaw, 1973, paper 14). 
The first two are normally the only two retained: however, the remaining terms play a more important role as 
separation is approached.   1 he accompanying figure shows the ratio of the last four terms to the first two terms for 
stations 7, 8, aiui 9, i.e., F-l where   F   is the ratio of total production to shear production from the traditional first 
two terms.   These estimates were calculated in the local streamline co-ordinate system using the tabulated experimental 
results from Reference 18.   The fifth term is the main additional production term with the fourth term being very 
small and the third and sixth terms nearly cancelling each other. 

Irom these results, it is clear that the additional production terms account for about 10 percent of the turbulence 
energy produced.   Then   a, I    should represent the ratio of the total turbulence production to the turbulence energy 
produced and I quation (16) of paper 14 should be used for the dissipation length.   If one uses these modified para- 
meters, one will obtain approximately the same numerical values for   a,   and the dissipation length as Klsenaar, et al. 
report in this paper.   In other words, near separation, with the relations 

0.15 L       0.084 
         and        — -  ———- 

I- 6 r1' 

and   1*1.15.   a,   is about 0.1 3 and   L/6   is about 0.068 while with a   V6/Ue  of about 0.05 (1-lsenaar, private 
discussion)   a,   is about 0.1 24 and   L/6   is about 0.062 from the equations in the l-lsenaar, et al. paper.   Thu^, 
as in the two-dimensional case described in paper 14. the additional turbulence energy production terms can account 
for the modification of the structure parameters   a,   and   L .   Since the parameter  F  arises naturally from turbu- 
lence energy considerations, it would seem to be a preferable explanation of why   a,   and   L   decrease near separa- 
tion. 

In both the results of paper 14 and the three-dimensional results presented here, improved predictions near 
separation are achieved bv accounting for reduced   a!    and   L   values. 
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THREE DIMENSIONAL BOUNDARY LAYER SEPARATION 
IN SUPERSONIC FLOW 

by 
William D. Bachalo, Poet Doctoral Fellow* 

and 
Maurice Holt, Professor 
University of California 

Berkeley, California 94720 U.S.A. 

SUMMARY 

An account is given of a detailed experimental Investigation of three dimensional boundary layer 
separation In supersonic flow- The experiments were performed In the 15.2 cm x 15.2 cm Supersonic Wind 
Tunnel of the Fluid Mechanics Laboratory at the University of California at Berkeley. Prior to the cur- 
rent work, supersonic separation in two dlmanslonal flow was Investigated in the same wind tunnel by 
Sfeir using a plane compression corner as a model.  In investigating three dimensional effects on super- 
sonic separation, models were chosen which exhibited departures from two dimensional flow in the simplest 
way. The plane compression corner (formed by two iite'secting planr plates) was replaced by a plate 
attached to a swept back wedge formed by two obliquely intersecting planes. Maintaining a constant 
tunnel Mach number of 2.5, surface pressure measurements were made on these models at static orifices 
spaced along the centerllne and ilong three parallel lines. The flow parameters in the boundary layer 
and separated regions adjacent to the model surface were measured by traversing hot wire and pitot 
probes.  The traverses were taken across the boundary layer and reversed flow regions in a direction 
normal to the body surface; they were made in several vertical planes, including the plane of symmetry. 

SOMMAIRE 
i 

Les £tudet. experlmentales  concernant  le decollement d'une  couche  limite  tridimensionnelle dans un 
ecoulement supersonlque  sont  presentees.    Les mesures ont eta  effectuees dans la soufflerie supersonique 
(15,2 cm X 15,2 cm)  du Laboratoire de Mecanique des Fluides de  l'Unlversite de Californie a Berkeley.     les 
etudes experlmentales d'ecoulement de couche  limite bldimensionnelle avalent prealablement ete effectuees 
dans  la meme soufflerie  par  Sfeir.   qui avait utilise  un coin de  compression plan comme maquette.    Pour  exam- 
iner  les effets  tridimenslonnels  sur  le decollement  supersonique,   on a cholsi des maquettes  qui ont expose 
les differences entre  les  ecoulements bi-et  tridimenslonnels de   fa^on la plus simple.    Le  coin de compression 
plan  (forme de deux plaques  planes  secantes)   fut  remplace par une  plaque attachee a un diedre  en fleche   forme 
de deux plane  se crolsant  obllquement.    En gardant  le  nombre de Mach de  1'ecoulement ä une valeur constante 
de 2,5,  les mesures des pressions sur la surface de ces maquettes  ont ete effectuees par des orifices de 
prise de pression statique  qui sont sltuees aussl bien  le  long  de   l'axe cental que  le  long de  trois  llgnes 
paralleles  L l'axe  central   sur  la surface des maquettes.    Les mesures des  parametres d'ecoulement,  aussl 
bien dans  la couche  limite  que dans  les  zones de  separation adjacentes  ä  la surface de  la maquette,  ont  ete 
effectuees en deplajant  un  tube de pitot et un  fil chaud a  travers  ces  zones.    La direction de  leur deplace- 
ment Slant  normale a  la  surface de  la maquette dans plusieurs  plans vertlcaux,  y compris  le plan de symetrle, 

1.       INTRODUCTION 

Separation of laminar boundary layers in supersonic flow has been Investigated extensively in two 
dimensions,  both experimentally and theoretically.    By contrast,   corresponding flows In three dimensions 
have received comparatively little attention.     In the present paper experimental measurements of the 
characteristics of three dimensional laminar boundary layers near simple bodies are investigated in 
detail, with particular attention given to separated regions. 

In two dimensional  flow separation of a laminar boundary layer on a smooth body is associated with 
the vanishing of skin friction coefficient and a change in sign  In  the velocity gradient at the wall. 
In three dimensions, on the other hand,  the velocity component within the boundary layer parallel to the 
wall has variable direction.    Separation occurs when only one component of this tangential velocity 
changes sign and this condition will not in general coincide with  that of zero wall shearing stress. 

We shall consider  flow of a uniform supersonic stream parallel  to a flat plate with a swept back 
wedge attached.    In this case the separated region can be defined  In the sense used by Eichelbrenner,1 

namely, as a region inaccessible to fluid particles originating far upstream of the wedge.    In the present 
problem the particles within this region are confined to a recirculating zone and are unable to penetrate 
regions either far upstream or far downstream. 

The present experiments were carried out in the Berkeley Supersonic Wind Tunnel.    They were preceded 
by an investigation In the same tunnel by Sfeir,2 dealing with supersonic separation in two dimensions, 
using a plane concave corner to induce the compression.    Sfeir demonstrated that this type of separation 
Is dominated by a free Interaction process, namely that once the pressure outside the boundary layer 
begins to Increase the subsequent boundary layer growth and pressure distribution are Independent of the 
angle in the compression corner.    On the other hand,  the position of the beginning of interaction is 
Influenced by downstream geometry  (in particular by the location of  the compression comer).    The condi- 
tion fixing this position is that of smooth reattachment, more precisely,  that the pressure approaches 
uniform conditions downstream of reattachment.    Sfeir also verified another result of free interaction 
theory, namely,  that the pressure normal to the separated layer  is constant and, at any station, corres- 
ponds to the pressure In  Invlscid supersonic flow past an effective body thickened by the displacement 
thickness. 

Now NRC Associate,  NASA Ames Research Laboratory, Moffett Field,   California 94035. 
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Flg.   1.     Typical model configuration and pressure  tap distribution 

In seeking to extend the Investigation of these properties to three dimensions. It was desirable to 
depart  from two dimensional conditions in the simplest way and also to study experimental configurations 
which could be investigated theoretically without Introducing unnecessary geometrical complications. 
After considering a number of three dimensional forms the basic model chosen for the present experiment 
was the swept back wedge forve.ü by making two oblique,  symmetric cuts in a plane compression comer. 
This is shown in Fig.  1.    With this model, the undisturbed stream approaches a compression comer in each 
vertical plana, but since  the height of the wedge varies on either side of the central plane of synmetry 
the effective compression angle varies also.    Separation is two dimensional only in the plane of symmetry 
and is increasingly dominated by cross flow effects as we move to stations avay from this plane.    The 
separation region is increased in extent and the transverse flow becomes stronger at successive spanwise 
stations away from the plan» of symmetry. 

The characteristics of the flow past models of this type, when introduced into the tunnel working 
section maintained at a uniform frte stream Mach number of 2.5, were measured in as much detail as pos- 
sible.    Use was made of static pressure measurements at orifices distributed over the model and of hot 
wire measurements obtained from a traversing probe which could scan the disturbed flow region in three 
orthogonal directions. 

It  is Intended to compare  flow characteristics derived from these observations with calculated char- 
acteristics for the same configurations and flow conditions.    The calculations are based on an integral 
technique developed by Hodarress    which has already been applied successfully to a series of three dimen- 
sional  boundary layer flows. 

There has not been i.'uch previous experimental work on three dimensional separation, probably because 
the probing techniques needed have only been developed very recently.     The closest investigation to that 
described here is by Avduyevskil and Gretsov," who investigated supersonic flow past half cone-plate com- 
binations, with varying semi cone angles and angles of inclination to the free stream.    Location of the 
lines of turbulent boundary layer separation and resttachment and  the effects on the inviscld flow were 
Inferred from flow visualization techniques and pressure measurements.    Avduyevskil and Gretsov claim 
that separation in the case of flow around semi cones with ape> angle < 35* may be considered two dimen- 
sional in planes normal to the line of separation.    This appears to have been concluded from the fact 
that a pressure curve exists along this normal  that Is quantitatively similar to that of separation of 
the turbulent boundary layer in the plane case.    The angle of the separated flow zone in a plane normal 
to the separation  (arctan dS/dn)    was found to be practically coincident with its value for plane two 
dimensional separation. 

Attention  is directed  in our experiment  to  the  relationship between the extent of  the displacement 
on the  inviscld flow and the degree of the cross flow.    The cross  flow also affects the extent of separated 
region as noted by Dwyer    and Mager.6    It can be argued that the diversion of streamwise momentum to trans- 
verse momentum in the boundary layer would delay reattachment.    Furthermore,  if the reattachment lines 
slope downstream with respect  to the Inviscld flow direction then the separated fluid turning upstream 
initially has a positive streamwise velocity component.    For this  reason the viscous shear stress would 
not be as significant in dragging the fluid downstream as it is in  two dimensional separation wherein the 
flow is reversed directly in  the separation region. 

This, and other significant differences between two and three dimensional behavior are given careful 
consideration in this investigation. 

2.       EXPERIMENTAL APPARATUS 

2.1    Wind Tunnel 

An overall view of  the  experimental  equipment used is shown in Fig.   2.    The three dimensional 
boundary  layer  flows  examined  In  this experiment were producec; in  the  15.2  cm x 15,2  cm closed  circuit 
continuous  flow  supersonic wind   tunnel of  the Fluid Mechanics Laboratory at  the University of  California, 
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TO HOT WIRE 
ELECTRONICS 

3.80 cm 

Fig.   3.    Hot wire probe support 

The tranclator-translstor logic  (TTL) electronics circuit was designed to allow movement to pre- 
cise preset positions at an exact rate.    Speeds In the Individual directions could be set to produce 
notion In » desired resultant linear direction. 

2.5    Data Acquisition 

An electronics circuit was designed to control the acquisition and recording of data.    A model 
33 Teletype with send/receive capability and paper tape punch was  the main data recording device.    The 
Teletype was also linked to the Berkeley CDC 6400 computer and could be switched from a data monitoring 
mode to a remote terminal mode for data reduction and testing results. 

A 7004B X-Y plotter was used to display the analog voltage outputs.    The function of the recorder 
was to observe the qualitative aspects of the boundary  layer profile.    The recorder was an Invaluable in- 
strument for the determination of data density requirements,  the direction of the flow (whether forward or 
reversed),  and the location of the lines of separation and reattachment.     Starting and stopping of the 
recorder was effected automatically,  synchronizing with the traverse control  logic circuit. 

3.       EXPERIMENTAL TECHNIQUES 

2.1    Flow Eatabllshment 

In order to explore the details of the three dimensional separated region it is essential to 
establish fully developed two dimensional boundary layer flow of  the Blasius  type upstream of the inter- 
action region.    Observations must  therefore begin at s distance sufficiently far from the leading edge to 
permit the damping out of longitudinal disturbances in the boundary layer generated by leading edge 
effects. 

The tunnel boundary layer can separnte in the working section as a result of flow blockage below 
the model.    To minimize disturbances  from this cause the tunnel nozzle was diverted under the model.    Ab a 
consequence,  supersonic flow was maintained in this region and undesirable separation effects were elim- 
inated. 

3.2 Two Dimensional Flow 

Side plates were used to Isolate the plate boundary layer from the disturbed flow beneath and 
at the sides of the plate. To cancel out the compression waves generated by the leading edges of the 
side plates and displacement effect of the corresponding boundary layer the plates were mounted ulth a 
divergent angle of 0.1 mm in 2 cm.  The joints between the side plates and model were made airtight to 
prevent blowing from the higher pressure region beneath the model. 

3.3 Laminar Flow 

To make sure that the boundary layer was laminar throughout the region of interest, boundary 
layer profiles were plotted.    The Influence on the profile of relative curvatures at the free stream end 
and of the gradienta near the wall was noted.    Chapman's7 designations of purely laminar, transitional, 
and turbulent separation were adhered to.    For purely laminar conditions the separation must be truly 
unaffected by transition.    That  la,  transition must not occur in the separated region nor In the near 
vicinity of the reattachment lines.    Purely laminar separation was achieved with a total temperature of 
18.30C and a total pressure of 20.7 kPa, which resulted in a Reynolds number of 1.8 x IC'/m. 

3.A    Turbulent Flow 

At Reynolds numbers above 5.0 x lO'/m the boundary layer became turbulent upstream of the separ- 
ation with the 20"/5° wedge.    The existence of turbulence was confirmed by observing the radical downstream 
shift of the separation line and the increase in velocity gradients near the wall. 
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3.S    Hot Wire Anemometry 

A constant temperature hot wire anemometer was used to determine velocity magnitude and direc- 
tion, temperature and Mach number of the f7ow field. The hot wire anemometer was suitable for this pur- 
pose because of the relatively small size tit ehe probe and its directional sensitivity characteristics. 
Because the hot wire responds to mass flow rate, with the low density required to maintain laminar flow, 
the hot wire data reduction scheme became quantitatively inaccurate in the inner region of the boundary 
layer. However, the qualitative shape characteristics of the boundary layer profiles indicating regions 
of reversed flow and cross flow were believed to be accurate. 

The hot wire anemometer measures the local masu flux of a flowing fluid by determining the rate 
of heat transfer from a heated wire  (10.2 pm diameter).    Heat transfer Is detenined by measuring the 
electrical resistance of  the wire and voltage drop across it. 

The theoretical analysis of heat transfer from circular cylinders need not be considered here. 
Extensive empirical data dealing with the heat transfer rates from infinitely long circular cylinders in 
terms of Nusselt number have been published.  We have 

Num 
V 

(Tw    - TeJK m mo 

where   Nu,,,    is the measured Nusselt number,    qm    is the heat dissipated from the wire per unit area,    d 
is the diameter of the wire,    KQ    is the thermal conductivity of the surroundings at stagnation condi- 
tions,    Ten    is the equilibrium (adlabatic recovery)  temperature of the wire and    T\ia   Is the heated wire 
temperature.    The data have been related as a function of the non-dimensional  flow parameters; Mach number 
and Reynolds number.    The data were reduced by Dewey' to a set of universal correlation curves.    The curves 
were used to determine the Mach and Reynolds numbers  (based on wire diameter)   from the measured heat 
transfer relations corrected for ihe effects of finite wire length. 

For a finite length of wire there is heat loss to the wire supports In addition to the convective 
and radiated heat loss.    The conduction end losses resulted in a symmetric but nonunlform temperature dis- 
tribution along the wire.    The end losses also affect the adlabatic recovery temperature of the wire, 
which in turn affects the heat transfer rate of the finite wire as compared to the Infinite wire length 
case.    Therefore corrections to the adlabatic recovery temperature of the wire were made.    The end loss 
effects of the finite length of wire were quantitatively important  (end conduction heat loss could be as 
large as 50 percent of the total heat  loss for wires with aspect ratios of  100).    Because of this fact a 
careful theoretical analysis of the end loss was oarried out. 

The details of the hot wire anemometer reduction procedure are given in a report by Klopfer.* 
This WAS written in collaboration with the present authors for use In the current experiment. 

Local flow direction was determined using the fact that heat loss is primarily dependent on the 
flow normal to the axis of the wire.    Two measurements with different wire orientations in the plane of 
the model surface were taken at each point.    The Mach number components at the two different wire orienta- 
tions were used as follows. 

The resultant local flow direction relative to the free stream direction of the wind tunnel was 
determined by 

6 - tan" 
Mj sin 82 - Mj sin Bj^ 

M^ cos 9, - M- cos 6, 

The resultant Mach number is (fit-  A) 

M - M1/cos ( y - ei + 6) 

- M2/cos ( y - 62 + 6) 

Two profiles were measured separately at each position on the model with one-wire angle probes, 
one at each angle. Such a procedure was possible with the accurate probe positioning system. The two- 
wire crossed probe technique was not used because of its inherent flow disturbance and the neceasity of 
having the wires at the same level above the model. 

In the near proximity of the model the hot wire loses heat to the model as well as to the fluid. 
With the model at the adlabatic recovery temperature (» 550F) and the wire at approximately 250*F a sub- 
stantial heat loss via molecular conduction may occur in the presence of the model. 

Tests were made of this phenomenon with no flow thus isolating the wall heat loss from the loss 
due to forced convection. When heat loss versus distance from the wall was plotted a logarithmic profile 
was found. The no-flow distance from the wall where the effect became negligible was of the order of 
0.25 mm. 

To reduce the effect of heat loss to the model a wire temperature as low as possible was used. 
For regions of two-dimensional flow observations of the analog plots of the boundary layer profile showed 
the effect to be confined to 0.13 mm of the model. Therefore, no corrections were made for this effect. 
A discussion of possible correction schemes may be round in Wills.1 
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3.6 Visual Data 

The flow pattern adjacent to the surface was made visible by applying discrete dotd of a mixture 
of titanium dioxide, olelc acid, and oil to the model surface.    A grid was then established to determine 
where boundary layer traverses would he mad«. 

3.7 Pressure Measurements 

Each model has four rows of static pressure taps disTlbuted over the model; rows falling along 
the centerllne, and at 1.27 cm, 2.54 cm and at 3.81 cm from the centerllne. The pressure lines were con- 
nected via manifolds to a Dlbutylphthalate mlcromanometer. Repeated measurements showed good agreement. 
The averaged pressures were plotted to form a pressure plane for the model. 

3.8 Hot Wire Traverses 

A low power microscope was Initially used to position the hot wire axis parallel to the model 
surface. The microscope was alao used to establish how close to the wall the probe could reach (SO ym 
from the wall was possible). On the wedge the traverses were taken normal to the model. Data points 
were recorded at a spacing of 8.45 um. 

A complete set of profiles was recorded and then repeated. The data sets were then combined; 
each set at one hot wire angle was combined with all sets at the other hot wire angle. In this manner 
the primary source of error, the Inaccuracy of the position in the boundary layer at which the measure- 
ment was recorded, was reduced. 

Concerning accuracy, repeated measurements established that the experimental errors in velocity 
and preasure were less than 2Z and 12, respectively. The velocity direction was believed to be accurate 
to within 5Z accuracy except at very low speed regions. 

4.   RESULTS AND DISCUSSION 

The principal measurements made during the investigation were static pressure distributions on the 
model and velocity profiles across the boundary layer at a sufficient number of stations to cover the 
whole interaction region, extending from upstream of separation to downstream of reattachment. In addi- 
tion, maps of skin friction lines (equivalent to the wall streamlines referred to by Eichelbrenner) were 
obtained from surface oil traces. 

Most of the results given here correspond to laminar separation and reattachment In the 10* (incidence) 
7.5* (cross slope) wedge, dominated by strong cross flow. A few results for the weak laminar cross flow 
case are Included (a ■ 10*, ß - 5*) and velocity profiles are shown for the turbulent case a ■ 20°, 
ß - 5*. 

4.1 Pressure Distributions 

Static preosure distributions tor the tO*/7.5° wedge are shown in Figs. 4 and 5. Figure 4 shown 
the variation in the main stream direction  (X increasing) at constant spanwlse stations (Y - constant). 
Figure 5 shows distributions in planes normal to the main stream, giving the pressure variations In the 
spanwlse direction at stations X - constant.  In the streamwlse direction the pressure rises continuously 
in all vertical planes and the plateau observed in two dimensions is not attained in any plane, although 
the distributions away from the plane of symmetry show a region of very gradual Increase in the neighbor- 
hood of the wedge corner.  In the heart of the separated zone the spanwlse pressure falls rapidly near the 
plane of symmetry and this effect is responsible for the strong cross flow on the 10*/7.5* wedge. Beyond 
reattachment the spanwlse pressure Increases at first with distance Y and then falls rapidly after 
reaching a maximum. This behavior is connected with the geometry of the displacement thickness surface 
in the reattachment region. Figure 6 gives the spanwlse pressure distributions in the 10*/5° case and it 
Is evident that the spanwlse gradients are much smaller than In the 10*/7.5* case, leading to a more 
gentle cross flow. The streamwlse distributions In this case show little change from plane to plane; also 
the two dimensional plateau behavior Is completely absent. 

4.2 Surface Geometry In the Separated Regions 

Figure 7 shows, for the 10*/7.5* wedge, sections of two important surfaces in the separated 
region, firstly that traced out by the effective boundary between the viscous and inviscid regions, and 
secondly, the outer boundary of the reversed flow region (where the axial velocity component changes 
sign).  Traces of a third surface are also shown, representing the boundary of a secondary transverse 
flow very near the wedge leading edge; the experimental evidence for the existence of this is quite strong. 
Two special features of the inviscid boundary should be noted. Firstly, the height of the region reaches 
a pronounced maximum above the wedge leading edge, near the center of tho separated zone. Secondly, while 
this maximum height Increases significantly in the spanwlse direction, the height of the region in a span- 
wise plane downstream of reattachment is almost constant. This is in conformity with the changes In span- 
wise pressure distributions shown in Fig. 5.  The corresponding boundary traces in the 10,/5* case sre 
shown in Fig. 8. Here the changes in behavior with span are much less pronounced, as would be expected, 

4.3 Velocity Profiles 

The development of measured velocity profiles for the 10*/7.5* wedge is shown In two views in 
Figs.  9 and 10.    Figure 9 shows profiles of the    u    velocity component in four planes parallel to the 
plane of symmetry.    All the profiles are laminar in character with Inflection points characteristic of 
retarded  flow regions.    Reversal of sign of the    u    component is confined mainly to the neighborhood of 
the plane of symmetry,  in sharp contrast to the situation In two dimensional flow.    Figure 10 shows the 
profiles of the transverse    v    component in three spanwlse planes and emphasizes the importance of cross 

-      ■■■ -• 
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flow In Che separated region. Figure 11 combines the Information In Figs. 9 and 10 and shows the velocity 
profiles In three dimensional form over the whole separated region near the wedge. 

4.4 Separation and Heattachment 

To resolve the flow behavior In the separation region a flow visualization technique was used. 
Since the skin friction Is minimal In the laminar cases, particularly where the boundary layer Is Inflected 
near the wall in regions of pre-separation and In regions where separation has occurred, a very low vis- 
cosity mixture was required. A mixture of light machine oil, titanium dioxide and oleic acid was used. 
The oleic acid serves to break up the particles of titanium dioxide. The mixture was applied in discrete 
dots to the surface of the model with an excess near the leading edge. Although start-up transients car- 
ried some of the mixture away, a sufficient quantity of the trace material remained to be rearranged into 
the mapping of the directions of the skin friction lines of the steady state flow, after a sufficient 
amount of time had elapsed. 

Separation was found to stand upstream of the forward tip of tlie wedge-plate Intersection line 
approximately 1.5 cm on the plane of symmetry in the case of the 10o/7.5° wedge but extended forward with 
respect to the wedge-plate intersection line with distance from the plane of symmetry. This resulted 
from the shock strength increasing with distance from the plane of symmetry. Displacement of the invlscid 
flow was relatively small on the plane of symmetry, as was the slope to separation (Fig. 7). The separa- 
tion line was swept back with distance from the centerline (Fig. 12), forming a blunt hyperbolic curve 
with asymptotes that appeared to be parallel to the wedge-plate intersection (this could not be confirmed 
because of the aspect ratio limitations). The separation line in the case of the 10*/S* wedge formed a 
more flattened curve about the plane of symmetry. 

Accumulation of the trace material occurred on the separation line at the model plane of symoetry. 
This point is a singular point of flow where 

3u 
3Z z-0 

3v 

z-0 

A very slow lateral  flow existed along the separation line at stations away  from the centerline.    The 
pressure plot  (Fig.  A)  Indicates a relatively small lateral pressure gradient  forward of the wedge-plate 
Intersection line that is driving this  flow. 

Skin friction lines originating at nodes of attachment upstream of the separation began turning 
at distances as great as 1 cm upstream of the separation line and approached it asyitptotically.    Skin 
friction lines approaching the separation line from downstream originated at  the reattachment line begin- 
ning from a direction tangent to the reattachment line; a direction with a positive    u    component.    These 
traces formed large arcs turning into a direction approximately upstream and then back to merge asymp- 
totically with the separation line.     The separation line is thus the line of demarcation dividing the sur- 
face  into a region accessible to skin friction lines attaching at nodal points upstream and those attach- 
ing at nodal points downstream and eventually turning upstream. 

In the neighborhood of the wedge-plate Intersection line, a small embedded flow region was dis- 
covered wherein the flow direction was  found to follow the wedge-plate intersection line.    The reversed 
flow approaching this region appeared  to depart from the wall and move over the region, reattaching again 
upstream. 

Hot wire measurements Indicated that the boundary layer was infleced near the model surface 
well upstream of separation.    This  large extent of upstream Influence is an Inherent result of the self- 
sustaining interaction between the boundary layer and the supersonic stream outside.    Stewartson and 
Williams      used a theory developed by Lighthill12•'' to demonstrate that the propagation upstream could 
occur anywhere in the boundary layer provided the main stream was supersonic and had a pressure rise down- 
stream of the free interaction zone. 

Within the separation bubble, hot wire measurements confirmed the existence of a very slow moving 
two dimensional separation vortex on the plane of symmetry.    However,  the vortex developed a spiral com- 
ponent with distance from the plane of synnetry.    The rate of Increase of the transverse velocity in the 
neighborhood of the separation line near the plane of symmetry was very small.    Although the    u    component 
of velocity reversed dlrect^cn,  the velocity vector within the separated region at stations displaced from 
the plane of symmetry did not become zero.     Instead, the velocity vector shoved a contlnuois rotation Into 
the free-stream direction as the boundary layer was traversed.    The extent and growth behavior of the 
region of the reversed component of velocity can be seen in Fig.  7.    As the wedge was approached, the cross 
flow component became progressively greater in magnitude and extent, while the reversed    u    component was 
diminished.    It can be seen In Fig.   11 that as reattachment la attained the cross flow velocity profile 
progressively approaches and attaches  to the model and then decreases uniformly In normal extent.    In 
general,  the magnitude of the reversed velocity component within the separation bubble is very small. 

Reattachment was subject  to severe three dimensional effects.    In response to the strong trans- 
verse pressure gradient on the wedges  (Figs.  4 and 7), relatively large cross flow components existed 
(Fig.   11).    Evidence of any increase in the dlsplaceiMsnt of the Invlscid flow as a result of the lateral 
migration of low momentum fluid could not be confirmed here because the effect of cross flow could not be 
isolated from the effect of the increase of the shock strength with lateral distance.    In fact,  the week 
cross flow model (10*/5*) wedge demonstrated a greater reattachment boundary layer displacement increase 
with distance from the plane of symmetry.    Although the displacement of the invlscid flow over the separ- 
ated region was similar in extent for the lO'/S* wedge and the 10<>/7.5* models,  the reattached boundary 
layer was much thinner in the case of the 10°/7.5° model.    Results for the lO'/S* case are discussed more 
fully in Bachalo.1'' 
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The r«attachMint Hoc In the CM« of the 10V7.5* aodel aovad down«cr««B with dlatance fro« the 
sod«! mywmmtry line (Fig. 12) and appeared to becoae aayaptotlc to a Una parallel to the wedge-plate 
Interaectlon line.    (Once again, thla cannot be confined here becauae of the llaltatlona on the nodel 
aapect ratio.)    Rapid growth of the boundary layer dleplaceaent and the extent of the separation tone 
occurred with distance froa the aodel center line.    Thla way be aeen In Plga.  7 and 8.    Thla la, aa afore- 
aentloned, a result of the Increasing shock strength vith distance froa the plan« of syeawtry.    However, 
Che transverse pressure gradient would approach a constant value at large dlatancea froa the aodel plane 
of eyaaetry.    Therefore It aay be postulated that the aeparatlon and reattachaent llnea would. In fact, 
becoae parallel to the wedge-plate Intersection llnea. 

Since the transverse pressure gradient on the wedge la zero on the plane of ayaaetry and large 
In the neighborhood, an accelerated croaa flow velocity with reapect to lateral dlsplaceaent,    3v/3y, 
aay be expected there.    Title la evident In Fig. 11 wherein a relatively large croas flov velocity exists 
at a station slightly displaced (2.S ■■)  froa the plane of syoaetry. 

4.5    Turbulent Case 

Figure 13 shows a sample of three dlacnelonal turbulent aeen velocity profile«.    Only the   u 
coaponent haa been shown at atreaawlae stations In the neighborhood of separation.    In thla case (20*/5* 
wedge)  the separation la essentially confined to the foot of the shock at the wedge-plate Intersection 
line.    The separation haa been delayed as crmpared to the laminar caae aa a result of the Increaaed dif- 
fusion of aoaentua.    Retardation of the flow In the Inner region of t^e boundary layer occurred far 
upstream of the coapreaslon corner but dlalnlahed with distance downstream due to Increasing turbulence 
Intensity.    The separation and reattachaent llnea were approximately parallel to the wedge-plate Inter- 
section at 0.5 ca upstream and 0.4 ca downstream of the Intersection, respectively. 

A strong cross flow existed within the separated region.    The akin friction llnea formed a 
well-defined saddle point of separation about the forward stagnation point and a nodal point of reattach- 
aent about the plai.« of symmetry. 

The separation in this caae resulted    in a minimal disturbance to the Invlscid flow field. 
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Flg.   12.     Sketch cf   the skin  friction lines  for 

laminar separation on 10°/7.5° wedge 
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PHt^JUiib Klon TO  JiiP-iHATlON  IN   CYLIKJitlCALLY 3TO»lLTRIC 
iHtCK .(AVli - TURDULhNT LC'JKDAHY  LAYtU INTtH.kCTION 

BY 
Ur U F KYriING 

Liepartment of I'.echanica]   i.ngineering 
Univ<?rGity of  Jalford 

.ialford M5 4V.'T 

JUI-J-.AiiY 
Integral  equations  governing tlie  three-diTienslonal  flow in a cylindrically  symirctric 
shock   .ave -   turbulent boundary layer  interaction are wr'.tt^n  in the form of momentum 
equations for airections normal to and  aligned with the line of the  shock,   plus an 
entraimrent  equation.    By neglecting the  contributions of surface  friction and i"ass 
en^raimnent,   direct  dependence on   spatial derivatives  is reir.wved and  solutions  are 
obtained using the i-.ager cross flow profiles  and power-law profiles for the  streamwise 
flow,     iiesults are   prxHuced for angles  of sweep greater than 1^5° which show good 
agreerrent with experimental measurer.ients of  pressure  rise to separation.     For   S'na? ler 
angles  of sweep the  theory suggests that  the  skin friction becomes vani shingly   s-^all 
at  separation,   which  in turn suggests the need   for a Modified  separation criterion. 

JYkLJLS 
Cfi component of surface   friction coefficient  in x direction 

Cfo component of surface   friction coefficient  in y direction 

0 pressure coefficient at separation 
ps ^ r 

E pressure gradient coefficient  (equations 23 and  1,14) 

F entrainrr.ent coefficient 

F. ratios        "/&„ >      /&II >      '/&»     respectively 

f,P.f^-,f22,f-        functiono of H^   (equations  1.15 to  1.16) 

fHif2i ''1 

A- 
H1 shape parareter   J* d^d-*./'&, 
i 
1 

I total pressure  lo'fTc  integral   (equation 39) 
pt 

J. ratio 

M kach number just external   to boundary layer 

!>• component of I-',  in the x direction 

P static pressure 

P total pressure 

t tar.Ji    for I-.ager profiles 

[l_ boundary layer velocity component   in direction of external   scream 

u. boundary layer velocity component   in direction of x axis 

IT boundary layer velocity component   in direction of y axis 

x,y,z rectangular cartesian axes,   z normal to body surface,   x normal to 
shock front 

oc angle of external  streamline  relative to x axis 

p angle between skin friction  line and external  streamline 

j value of z at edfe of boundary layer 

»11 i^^^4x 

ffk^^ ©1. streamwise ino'nentup  thickness 

d tanoC -tan /S 

X angle  between x and y axes 

oUBoCHIFTo 

20 two-dimensional  flow 

3iJ three-diriensional flow 

e edge of boundary layer 

o beginning of pressure  rise  to separation 

s separation 
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IM'HUDUCriOM 
jhock wave  -  boundary layer  interaction   is a  phenomenon Vihich ran  have an  Important 
bearing on  several  aspects of aeronautical design.     The role played by  this  interaction 
in influencing the performance of  items such as wings and engine Intakes in supersonic 
flows has long been  recognised and has  formed  the basis of a great  deal   of study, 

Broad features of the  interaction of a  shock wave with a boundary layer are well 
understood to the extent that in certain cases working theoretical models of  the flows 
have been constructed which can adequately predict measured characteristics.     Of 
particular interest  is the prediction of the   pressure rise to separation in cases where 
the shock wave in strong enough to produce a  region of reverse flow in the boundary 
layer.     Under these conditions it  is well known that  substantial departures from the 
flow patterns predicted by inviscid flow theory take  place.    The pressure rise to 
separation is one of the salient  features identified by various investigators and is 
important since the pressure at separation is only just lower than the almost  constant 
pressure in the 'plateau' region of the reverse flow,  which can have such a profound 
effect on features such as wing pitching moment and control surface effectiveness. 

However,  the major uart of the investigation  has dealt with nominally two-dimensional 
flows,  whereas in practice many flows possess a strong element of three-dimensionality; 
flow over a  swept wing is a prime example.    As a result, present knowledge and 
understanding of three-dimensional  interactions cannot be said to equal  that  of two- 
dimensional  flows,     iihilst the general   physical mechanisms are undoubtedly  similar 
important details such as the definition and effects of separation differ considerably. 
To match the  level   of understanding of  two-dimensional flows much more  experimental and 
theoretical work is needed. 

In general three-dimensional flows a boundary  layer  separation line is defined    as a 
skin-friction line joining a separation saddle-point to a separation node.    In certain 
cases where  the flow exhibits some   forrn  of symmetry   it  is possible  to  identify  the 
orientation  of the   separation line  simply from consideration of the  symmetry.     For 
instance,   if a cylindrically symmetric  flow  is postulated then the  separation node and 
saddle-point lie at plus and minus infinity referred to an axis aligned with  isobars, 
and the  separation  line will  in fact coincide  with one member of  the family of  isobars 
which will be straight, parallel lines.     Under these  conditions separation is therefore 
deemed to occur when skin friction lines have been turned through an angle sufficient 
to  urlng their, parallel with an isobar. 

In determining separation position  experimentally  it   is usual to rely on  some  form of 
surface flow visualisation such as pignented oil-flow techniques2.    Unfortunately of the 
few published results of three-dimensional interaction experiments only  in certain cases 
is skin-friction line visualisation included.    atanbrook3 examined the  interaction 
produced by a swept normal shock and the side-wall boundary layer of a wind-tunnel  in 
the Mach number range M « 1.5 - 2.0;  from oil-flow results and surface  pressure 
measurements he was able to determine the pressure rise to separation,    McCabe's't work 
was quite similar in technique though in this  case  tests at a higher Mach number of 
Kä:3 were carried out.    The experiments of Stalkei^ on the other hand did not   include 
detailed measurements of separation position   but rather concentrated on  the 
determination of pressure rise to  reattachment and upstream influence, 

Uf the  three   investigations mentioned above only that of KcCabe  included a theoretical 
attempt to look in detail at the flow inside  the boundary layer.    By considering the 
effects of the vorticity convected by the boundary layer through the interaction 
region kcGabe was able to derive an approximate relationship between external flow 
deflection and skin-friction line deflection and hence effectively determined  the 
separation pressure  rise.    Some  rather  bold assumptions were necessary   in order to 
complete the  derivation but  in many respects  the comparisons with experimental  results 
appeared to  indicate a definite match. 

In the following sections existing knowledge  of three-dimensional boundary layer flows 
is applied to the prediction of pressure rise to separation in the  simplest case of 
three-dimensional shock interaction with a turbulent boundary layer; that is a flow 
with cylindrical symmetry in which conditions along the plane of the shock wave are 
invariant.     Comparison with the  few available  experimental measurements mentioned above 
shows an encouraging confirmation of the predictions. 

The basis for the theory is an integral method^ for the prediction of three-dimensional 
turbulent boundary layer growth.     In the general form the method was derived  in terms 
of non-orthogonal curvilinear co-ordinates and was designed for use with either the 
Mager? or Johnsonß  cross flow models.    The entralnment method combined with power-law 
velocity profiles for the external streamwise flow were adapted for use  in the general 
coordinate system  lx,y,z).    In essence  the integral parameters in the x and y directions 
(z was taken normal  to the surface) were related to those in the external streamwise 
direction in terms of the assumed velocity profile families.    The basic method was 
applied to compressible flows by iJmlth9 who made the usual modifications to account for 
density changes across the boundary layer.    Because of their generality the governing 
integral equations as derived in ref 6 provide a most convenient basis for the 
analysis which follows. 

In some previous treatments of shock-boundary layer interactions,^,5 especially for 
nominally two-dimensional turbulent flows,  the governing equations have been  simplified 
on the assumption that surface shear stress and mass entralnment terms can be regarded 
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negligibly amall.     Hence the three governing equations,U11,  (4) and (6)), may be 
approxlmaced by 

^(eX^MA-u*   -o, (7) 

j|lL 1,  P, W-e . c^tt,, (ß) 
and K K't 

LÜt*»   -5- • ««fc-, (9) 
where the streamwiae momentujn thickness in L6) haa been written in terms of JM | p\ 
using the relationship given by (2), arcl W21 in {.1+) has been replaced by ®i 1 ■ ■— 
using U) and 15). " 

Reparation in the  case of cylindrically symmetric  flows is  identified by the condition 
that at  separation  the skin friction lines are parallel to,   in this case,  the y-axis. 
It follows quite readily  that if    0   is defined as 

^  .    -htAOC •   -ftuv /? (10) 

then at  separation,  denoted by subscript s, 

^ .   / (11) 

Further,   if  it  is assumed that at the start of the pressure rise there is no cross flow 
in the  boundary  layer (collateral flow)   then 

J4  =   O (12) 

where  subscript o  refers  to conditions at  the beginning of the pressure rise. 

In appendix Al   it   is showr that for Ivager profiles 

Hi   . Sic-«. ÜL± £ ?9    .     . M3) 

where f^» ^21 and ^22 are a^ functions of H^ only and are derived in ref 6. The shape 
parameter Hi is defined as        /•£ e(X 

There is soine evidence, both experfnental and theoretical, to sug'est that values of 
Hi and Hi are related in a substantially unique way and here the power law relationship 

H ?: ^ (1S) 

will be assumed. 

If the parameter 6,  defined as 

0'   ®„ ^Ue  -S'cc* (16) 
is  introduced  t'.en  by  applying (9)   t-etween  the   ^tart  of  the  pressure r^ise and 
separation   It follov;n that 

%   - 
H1ot1   -  r.A*-  £V^ *  £Wj (17) 

where 

§-      6'A (18) 
It  is  therefore   clear that for a given value of  H^0,        &s      is uniquely related  to the 
value  of Hig.     The  relationship between ©fand    His is  shown in fig 2 for a value  of 
Hio of  1.286  (l/7th pov.or law). 

Jimilarly by taking the expression for F21/F11   as derived in Appendix Al   and applying 
(ö)   between the   atart  of the presoure rise and  separation it may be shown that 

©,   -     1   " f21s ~ f12G *  f223 ^ (19) 
1-f123 +   tf21S  "  f22P

)   cot2ot» 

By eliminating    Qt between equationü  (17)   and  (19)   it readily follows that 

tan ^ =     H10 
tf21s - f22s> (20) 

H1s + f2s+  H1o  U,12R-1)       ' 

from which it may be seen that for a given value of H^0  (and hence Hi0), the 
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external flow angle     ffCg is a function of Hi0 only.    The relationship between    ^■a and 
Hi8 is aho'.vn in fig 3 for Hi0 - 1.206.    The upper limiting value for    «a of 90° 
corresponds to the limit  in which shock sweep tends to 90° and     ^s tends to zero.    At 
this limit  it will be seen that a lower limiting value for His of 1,40 arises (for Hi0 - 
1.286).    For values of Hia in the region of 2.1   - 2.2,  where typically separation in 
two-dimensional  flows may  be  expected,      CC s lies  in  the  range 60° - 50°.     At these  high 
values of Hi8 the various assu/ned relationships between shape parameters and also the 
cross flow profiles  become of dubious validity.     Consequently a value of 2.1   for Hi8 
will be taken as an upper working limit.    Hence the theory as laid down may be expected 
to apply to interactions in which    «^s lies in  the range 60o - 900. 

Heference to fig 2  then enables limits of 4.40 to approximately 4.32 to be put  on the 
value of    §3.     Thus  if a meajn value of       £5 3 of 4.36 is taken then over the range of 
application of the theory       ©a varies by less than +.1^..     In what follows therefore a 
constant value for    Sa of 4.36 will be taken. 

In terms  of the  compound variable   (9 equation  (7)  may  be written 

^O*.)   -   C-^-*)©^     -o (21) 
where the  relationship 

has been  invoked,     writing 
AlCoiM. 

> 

(22) 

(23) 

the assumption  that  n  remains substantially constant  over the pressure rise to 
separation enables equation  (21)  to be approximated by 

ot(/^ {eu*  ]) =0 (24) 
or 

©Ut =   const. (25) 

Justification  for taking £-  to be aoproximately  constant may be derived from appendix  Al 
kliere  it   is  shown that  the value of E  :Ls set by  the  three parameters H^,    jzJ   and M 
whose  influences  tend  to cancel each other.    The value  of L  tends to be  increased by an 
ir.crvase   in H*   as  separation  is approached but  tends to decrease as Mach number falls; 
increasing values of    ^    tend to incresise 2 near the  start  of the pressure rise but  have 
an opposite effect near separation.    The combined effect depends in detail on the values 
of KQ and  H^s but   in  broad  terms t tends to change by only a  small amount, 

rtt  the  start of  the  pressure rise  it  is shown  in appendix Al   that 

1   H   E. = Ho +  1   » 2.286(1   + 0,2Ko
2), (26) 

bo that by applying (25) between stations o and s it is clear that 

Here the value of  ©a determined previously has been substituted, 

(2) tXTcRNAL FLOW 
In cases of swept shock interaction the appropriate model for the external flow is not 
readily apparent.  If, as may be the case, the generated shock is embedded in the 
boundary layer, then the external flew will be non-isentropic. If the increase in 
entropy through the shock is large then equation (1) is not valid since it would in 
these circumstances lack a term involving the x-wise gradient of total pressure. 
However, for shocks of moderate strength the increase in entropy is also moderate and 
the absence of total pressure gradient terms in (1) may be justified within the limits 
of the approximations already made. 

If a separation pressure rise coefficient is defined as 

c*'%&$r (28) 
then because the component of external velocity  in the  direction of the y axis remains 
constant,   e-j^ation  (28)  may be expressed as       ^ jr 

in isentropic flow,  where 

^0    "    M*   '«'S^o (30) 
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Using the binomial theorem (29) may be expanded to give 

Under conditions in which the change of total pressure  in the external stream may be 
assumed to be small  it may be expected that a good approximation to (31)  can be obtained 
by neglecting all but the first two terms giving 

Cps   ^    C**7**[>-    j£j (32) 

To the same order of approximation this may be written 

C*. *c^[,_ £J. (33) 
which takes the  form of the familiar small perturbation approximatio.i.    It Is 
interesting to note that (33)   is exactly the expression which would be obtained on the 
assumption that the  increase  in pressure PS-PQ is effected by a single normal shock wave 
aligned with the y-axis.    Thus even for flows in which substantial changes in total 
pressure occur and for which clearly the approximation of (32)   is not valid,  equation  (33) 
may be expected to remain within adequate limits of accuracy. 

Hence from the combination of (33) and (25)_fit follows that 

For given boundary conditions of "'b and   M0 therefore   (34)  provides a prediction of the 
pressure rife coefficient CpS. 

The condition that the component of external velocity  in the y direction remains constant 
leads quite readily  to the relationship 

■/u*. «><i - -f-<vv.*0   (^ueTy (35) 

Thus using (25)   the value  of   o^g may be calculated and hence H^g may be obtained  from 
fig 3. 

GÜkPnitliäüK WITH EXPhKIküI.'TAL HLSULT3 
There are few experimental  investigations of three-dimensional flows which have been 
reported in detail sufficient to permit values of GpS to be determined.    Here the 
results of tvcOabe^ and otanbrook^ will be compared with the predictions. 

Both investigators generated a swept nornal shock using a wedge spanning a wind tunnel 
working section.    From the recorded value of wedge face incidence just sufficient to turn 
skin friction lines to run parallel with the plane cf  the shock,   it is possible to 
deduce the value of  CpS and  the shock  Incidence   »Co.     Kence the group Cf^ Ace-t^K-o       ^ay 
be plotted against thfe working section kach number Mo and the trends compared with those 
predicted by  (34).     Fig 4 shows this comparison;   oven  though with the few available  poirtF 
fjnr. conclusions are  difficult to draw,   it can he  said that broadly the l<;vel of 
agreement  is quite  good,   there being some   indication   that the  predicted trends with 
changes in free-stream Kach number are valid.    Results at the two lower I-ach numbers from 
otanbrcok's work are   in fact border-line cases for the  present  theory since values of     oCg 
are below  the limit  of  Sß0-^0.    Overall therefore the   agreement shown by fig 4  is very 
encouraging. 

H comparison with results obtained for nominally two-dimensional  flows  (uefs  11,12,13,14, 
15)  is presented in fig 5 '-'here it will  be seen that the theoretical trend of '-3320 with 
Kach number derived   in  ref  16 clcnely resenbles the  trend of ^5 ji/a.c«7«<o d. rivea here, 
oince the predicted values of CpS2D agree well with the measured values shov.n,   it may  be 
argued that the  relationship 

[>a*L. - *c~*°iSwH. (36) 
Iff» 

is valid provided always that     *CQ ic greater than the  lov.'er limit of between 58° and   60° 
for the three-dimensional flows.    Subscript Ki0 h-re  indicates that the upstream Kach 
number  is   identical   in the  flows being compared. 

At a Inwer limit of  60° for    «<.s the variation  in  shock  sweep     *0 with free-stream 
Kach number M-   is shown in fig 6 where  it will be seen that  in the superponjc range   ^Q 
is always greater than 45°.     It is therefore possible  to conclude from  (36)   that Cp5 
for a swept shock interaction  is always less than the value appropriate to a two- 
dimensioral flow at  the  ^me Kach number. 

iJlöOUoJIOI) 
In setting up the  theoretical model it was assumed that cylindrical symmetry existed. 
In the fcxperimenta from which results were taken as a comparison there was some  evidence 
that the interaction region was spreading with distance along the shock-v/ave,  and thus 
strict cylindrical   symmetry  could not be assumed.    However for the small rate of  spread 
which was evident,   terms  in  the equations  representing gradients in the y-direction can 
be said to be negligible,  making the assumption of cylindrical  symmetry an acceptable 
approximation.    Tlie  possibility of total  pressure losses in the flow just external to 
the boundary  layer  has already been noted.     However,   if substantial losses  in total 
presbure P^. occur,   equation  (21)  should have an extra term and should appear In the form 

■   ■- 



36-7 

on  integration this gives 

(371 

where  the total pressure   integral wil]   be negative.     Hence  writing 

4      YMl       -    LPt 
we have 

oinciä changes  in total  pressure will  not affect  the value  of    ö s  it may be  inferred 
that    Uo/Ut«  will  be   overestimated by equation   (25)   if the  flow  just external  to  the 
boundary layer  is not   isentropic.     Hence,  because equation   (33)   renains a ^ood 
approximation even  when  large changes of total  pressure occur  it   is to be  expected that 
under these circuiTistances  C_5 will be underestiiviated;   an  improved  prediction should be 
possible  by evaluating Ip*   given by  (39).    --'rom an estimate  of Ipt dt rived from normal 
shock- ave relationships   it may  be  shown that  provided   M^o   is Welow 1.70 then errors 
in CpS caused by the assumption  of  isentropic flow for the momentum equation should be 
less  than  %, 

It  has been arjjuned  that   there  is  zero cr^ss  flow at  the  start of  the pressure rise  to 
separation.    .<ith an  initial cross flow in the sense of that produced by the  interaction 
it  follows from  the  analysis  that  the  pressure rise to  separation would be  smaller than 
that predicted here and vice-Vf.rsa.     However,   in  the  latter  case  a  profile family which 
embraced    the cross-over  profile  would be needed  rendering  both the Kager and Johnston 
families  inappropriate. 

By eliminating the  direct  deperd>_ nee of the  governing equations on  soatial  derivatives 
certain singular behaviour of the  equations has been avoided.    For  two-dimensional 
adiabatic flows singular  behaviour upstream  of separation  can be  inferred16 to result 
theoretically from  the neglection  of changes  in  static  pressure across the boundary 
layer,    similar problems arise   in  three-dimensional flows  but  it may be inferred  just 
as  in two-din,ensional  flows,   '   that  provided the   integral  parameters are defined as 
integrals along  isobars  in  the   (x,z)   plane 'her. the form of  the governing equations  is 
unchanged and pressure changes along a surface normal   (z  axis)  are  automatically 
accommodated.    Thus on condition  that the velocity profile  families assumed here are 
representative of  those arising along isobars,   the analysis  can be   said,  by a change of 
interpretation,   to account  for changes in static  pressure  across the boundary layer. 

It has been siiown that the analysis  cannot be  expected  to apply  to  interactions  in 
which shock-..ave  sweep is  less than  the lower limits  shown   in fig 6 as a function of 
undisturbed free-stream Kach number KQ.    Belov; these  liruits  the predicted valua of H^« 
exceeds the range of values in which surface friction  falls to zero  in two-dimensional 
flows,    H cO'omon assumption   in three-dimensional  turbulent   flows  is  that the streamwise 
component of  surface  friction can  be derived from two-dimensional  data;    by  inference 
therefore values of Hia above approximately 2.1   imply  that   surface  friction  is virtually 
zero in three-dimensional   flows also.    Thus in the range  of   sweeps Oo to ^5° the flow 
at  separation apparently  exhibits  features of both two-dimensional  separation,   in which 
the surface friction  is always zero,  and three-dimensional   separation in which except 
at  saddle-points or nodes   surface friction is generally non-zero. 

Prediction methods for this lower range of sweep therefore  require modifications to 
either the velocity profiles or the effective definition  of  separation. 

The result given by  (3^)   can be  shown to support  the  inference made by Stalker? to the 
effect that the  influence  of sweep on peak pressure ratio may be expressed simply  in 
terms of free-stream Kach number component non.ial to t he line of sweep.    Here the 
pressure ratio at  separation  is considered.     From  (28) 

—  -    ,-f    x r/v, 

so that on substitution for Cpa from (3/*) 

Thus if sweep is changed  in a flow at a given Mach number M0f  then the pressure ratio 
at separation depends only on    MHO .    However,  two flows with the  same value of   MHa 
but different values of MQ will clearly produce different pressure ratios at separation. 
Furthermore,  although  certain similarities with two-dimensional results have been noted 
equation (41) will not of course embrace these results since the region of sweep 0 - 45° 
is excluded. 

CON aus IONS 
The problem of predicting  the pressure rise to separation  in a cylindrically symmetric 
shock wave - turbulent  boundary  layer interaction  has been  analysed using a momentum 
integral method.     By neglecting surface friction and mass entrainment a simple expression 
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for the pressure coefficlp.it at separation has been derived,  valid In the range of 
sweeps from approximately 45° upwards.    At smaller angles of sweep conditions at 
separation exhibit featurta which suggest vanlshingly small values of surface friction 
aa in two-dimensional flows.    Prediction of separation  in the range of sweeps from 
45° downwards therefore demands a modified separation criterion which may be beyond 
the scope of the velocity profile families utilised here. 

Comparison with experimental results shows an encouraging agreement,  although more 
measurements are needed to  support firmer comment.    Within the limits of the theory it 
has been shown that in flows at the same undisturbed free-stream Mach number,  increasing 
sweep leads to smaller pressure rises to separation, maximum values being obtained for 
two-dijTiensional flows. 
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APPENDIX Al 
INTbGHAL PARAI-iKTER COEFFICIENTS 

From appendix Ü of ref 1   the coefficienta Fn,  F21 and Ji may be extracted as 

T,- f H.i^CA.-') ^^^i(X -^)t]A^X 1'3 
where   "X   is the angle between the x and y axes and for Mager profiles t ■ tan^tf   . 

By putting \- %t    d • tanct  tan ^   these equations become 

J-        ■   COS, 

Thus 

and 

^» J*vi et. 

The term E is defined as 

1.7 

1.Ö 

and this may be written 

E      -     li •  €:' fs«    «       fl  C*S* 1.10 
Ö,,     (ft F,, 

where F,  may be taken from ref 6 as 

F1     - H cos ot  -    -^i 5«^ol t 

- cos «<   [ W - ia. «^ }                                                                                                  Ml 

Hence 

E      .        ^- 3^     >  1  12 

How by asouming that total temperature remains constant across the boundary layer it 
may  be  shown  that 

H       -   U.  +   1)   (1   ♦  0.2M2)   -   1 1.13 

where  % is defined by (3)        and M is the Mach number just external to the 
boundary layer. 

Therefore on substitution for H from 1.13, 1.12 becomes 

uxpressions for  fi2, f211 ^22 an^ ^2 mair be sllown t0 ^ identical to those derived in 
ref 6 except that nj replaces H for compressible flows.    Thus 

fi2.   ,...\v,*y\w<.. J. Ms 

f2i "    THT^TTM^IT- 1-16 

f22 -   nic^fe^ ^^ 

The effect of variations in HijM and ^ on E can therefore be found numerically. 

For zero cross-flow   dm 0 and 1.14 becomes 

E      -   (^ +  1)   (1   + 0.2M2)  -   1 1.19 

■   ^-■-'--  —- 
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Therefore at  the beginning of the pressure  r ise to  separation,  a value of Hio =  1 .286 
gives 

1   +  E -  Ho +  1   -  2.286 (1   + 0.2Mo
2) 1.20 

.~< 
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TllH  STRUCTURt OF  THREt-ÜIMENSIONAL SEPARATED  FLOWS   IN OBSTACLF.,   BOUNDARY-LAYFR  INTERACTIONS 

RAYMOND SEDNF.Y 
CLARENCE  W.   KITCHENS,   JR. 

Ballistic    Research  Laboratories 
Aberdeen  Proving  Ground,  MD    21005 

SUMMARY 

The subject is studied using some flow visualization techniques; the turbulent boundary layer on the 
wall of a continuous supersonic wind tunnel is used. Sizeable separated flow regions can be studied since 
the wall width is 38CIII and the boundary layer is typically 2.5cm thick. The large scale of the experiment 
is required to resolve the fine details of the flow structure. The flow visualization techniques are dis- 
cussed. The variation of primary separation distance is presented as a function of M, R, and obstacle 
dimensions. Some scaling laws that have been proposed are not supported by our results. The structure of 
the separated flow upstream of the obstacle changes with relatively small changes in R; the number of vor- 
tices varies from 6 to 4 to 2 as R changes. Data are presented for large and small protuberances, but the 
latter are emphasized. 

INTRODUCTION 

Although  the history of the st'idy of boundary-layer or shear flows over obstacles  is a  long one,  the 
recorded history extending back to  Leonardo da Vinci,   several  aspects of such  flows  remain elusive.    The 
main qualitative  feature,  the horseshoe vortex system,   is well  documented.    The twin tornado-like vortices 
that rise up  from the near wake and become  the trailing vortex system have been studied for small obsta- 
cles.    The  third universal  feature of the  flow is  the downstream persistence of these two vortex systems. 
A survey of the effects of small protuberances on boundary-layer flows1  shows  that the above  tiiree  fea- 
tures are common  to a wide range of conditions:     laminar and turbulent boundary layers  for all  speeds up 
to hypersonic.     However,  more detailed examination of the flow structure  is  lacking except  for laminar, 
low speed  flow.     One purpose of the present paper is  to describe the flow structure  for turbulent,  super- 
sonic boundary-layer flows over protuberances.    Most  of our experiments  concern small obstacles;   i.e., 
k  < 6,  where k  is the obstacle height and 6  is the 99% boundary-layer thickness.     However,  data for large 
and intermediate obstacles are shown and their relationships with small  obstacle data are discussed. 

Since the  flow structure, mainly the number and positions of vortices,  is complex,  the paucity of in- 
formation on  it  is not surprising.     The  flow structure  is needed not only to achieve an intuitive under- 
standing of the  flow but also to understand the pressure, heat  transfer and shear distributions near and 
on the protuberance.    TTiese distributions  and this  understanding are needed fur the well known applica- 
tions  in aerodynamics,  ballistics and hydraulics;  there are also applications  in meterology and geology. 
Recently,  some  features of the flow structure were used to interpret erosion patterns on Mars2.     Data on 
pressure and/or heat transfer are available in many references,  mostly for large protuberances.     Most of 
these are discussed in either Ref,   1,  the -urvey by  Korkegi3,  or the report of Kaufman et al1*.     The very 
high values of pressure,  pressure  gradient,  and heat  transfer measured on and in the vicinity of large 
protuberances  in supersonic flow are a most remarkable aspect of this separated flow.     Such high values 
are not found in the relatively few experiments on small protuberances.     The unusual,  and practically 
important,   feature of this case is  the fact that the disturbance caused by the small protuberance can per- 
sist for hundreds of protuberance heights downstream1. 

Understanding the  flow structure and correlating the vast  amount of data available is made difficult 
by the number of parameters that must be considered.     The dimensions  (three lengths),  shape and orienta- 
tion  (sweep)  of the obstacle are important.     The undisturbed velocity profiles   (laminar or turbulent,  2-D 
or 3-D)  and 6  must be considered as well  as Mach number, M, and the Reynolds numbers that can be formed 
with the various  lengths.    Ue undisturbed velocity,   u, ,  at the height k off the surface has been  found 

important  in  low speed flows.    Heat and mass  transfer and turbulent shear should be considered.     (We are 
unaware of any experiments which systematically vary  these.)    This plethora of parameters  is  relieved 
somewhat for large protuberances;   if k ~ 25  then the height no longer influences the flow interactions. 
But the number of parameters is still  large and unwieldy.    Tlierefore, any success at correlating important 
flow features  with the various non-dimensional combinations of parameters is important. 

Such a correlation was given by Westkaemper5 using a large collection of data on primary separation 
distance,  S.     This is defined as the distance from the  leading edge of the obstacle to the most upstream 
location of separation.    However,  different definitions of separation were used in the data he collected. 
All  the protuberances were cylinders of diameter D,  with k > 6;  the boundary layer was  supersonic and tur- 
bulent.    His conclusions were:    S/D = 2.65  for k/D >   1.13 and S/D = 2.42   (k/D)0,7 for k/D <  1.13;  he pro- 
poses this correlation for 2 < M < 20 and for all  Reynolds numbers provided the boundary layer is turbu- 
lent.    A critique of this is given  later.     Unfortunately,  as more data become available,  the deviation of 
the data from this correlation increases.    However,  this work indicates that S/D is essentially independent 
of k,  D,  and Reynolds number; the variation with M is  significant but not strong.    Thus  for large cylindri- 
cal protuberances the possibilities  for correlation are favorable but this is not so for small protuber- 
ances, even  if restricted to cylinders.    Our data show that for constant Mach and Reynolds numbers,  S does 
not even scale with D.     The number of models tested  is not sufficient for us to arrive at definitive corre- 
lations. 

The main point of this work is to determine as much as possible of the flow structure.     For this pur- 
pose flow visualization was use-l.    The optical-surface indicator technique6'7 was employed to visualize 
the flow patterns on the surface over which the boundary layer flows.    More conventional techniques were 
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used on the surface of the protuberance.    The optical-surface  indicator technique is particularly suited 
to this application and yields a vast amount of detail.     For visualization off the surface,  the vapor  screen 
method was used since  it is  the only tracer method that will  work in supersonic,  turbulent  flows.     Altnough 
it provided some useful data,   it cannot approach the smoke  method,  so useful  in  low speed,   laminar flow,  in 
the amount of detail  observed.     It could not,   for example,   resolve the multiple vortex pattern upstream of 
the obstacles  revealed by the optical-surface indicator visualization. 

For a given protuberance and M we find 2,  4,  or 6 vortices between the protuberance and primary sepa- 
ration,  depending on  Reynolds number.    On physical  grounds  there is no reason why several  vortices  cannot 
exist  there,  but  in  the experiments on turbulent boundary  layer - obstacle interactions,  at either high or 
low speeds,  two are almost always observed.     The only exception known to us  is  the work of Winkelman8;  he 
used a surface-indicator method in a high speed,  turbulent boundary layer.    The interpretation of our sur- 
face  flow patterns was aided by the results  of Norman9,  who used the smoke technique  in a low speed,   lami- 
nar boundary layer and obtained remarkably detailed information on the streamlines and vortices  in  the 
separated region.     The structure in the separated flow upstream of the obstacle is  fairly clear now but 
there are some  features that  must be clarified.    The sensitivity of the number of vortices to changes  in 
unit Reynolds number,   R/£,   is  an interesting fact  for which we have no explanation at present. 

Although we  concentrate here on the upstream separated  flow, many other features  are revealed in our 
visualizations.     Further work  is required to gain sufficient   insight  into, e.g.,  the  fascinating near wake 
flow.    Obtaining this  insight and making progress on the items discussed at the end of the previous para- 
graph would be much  easier if a model of this  complex flow existed.    On the other hand,  the model  can only 
be  formulated after sufficient  flow visualization is accomplished.    This paper represents one stage  in 
this  iteration process. 

FLOW VISUALIZATION TECHNIQUliS 

In our experiments we visualize the  flow in the following ways:     (1)  the optical-surface indicator 
method giving plan  view shadowgraphs that show surface flow patterns  and shock  fronts;   (2)  the conventional 
surface indicator method providing the  flow pattern on the protuberance;   (3)  conventional,  side-view shadow- 
graph and schlieren  methods  showing the trace of the shock  surfaces and an indication of the edge of the 
boundary  layer;   (4)   the vapor screen method giving shock  surfaces,  a boundary-layer edge and,  to some ex- 
tent,  vortices.     Because of the constraints of the wind tunnel  facility and for reasons of time and economy, 
we could not  fully exploit all  of these techniques.    Most  of our data was obtained with   (1),  considerably 
less with  (3)  and   (4) ,  and the   least with  (2).     A more effective tracer method than the vapor screen  tech- 
nique  is needed. 

The tests were  conducted in one of the continuous,  supersonic wind tunnels at B.R.L.    The interactions 
were studied by placing the protuberances  in  the wall boundary  layer,  having a typical   thickness  of 2.5 cm. 
Ttie essence of the optical-surface indicator method requires  mounting the obstacle on  a tunnel window which 
is  in the sidewall.     Obtaining the side-view shadowgraph and  schlieren pictures  requires placing the obsta- 
cle on the floor (or ceiling)  of the tunnel.    To determine the properties of and compare these boundary 
layers,  pitot pressure surveys were made with no protuberance  in the  flow.    TTie data were taken at  the point 
where the center of the protuberance would be.     Figure  1  shows  one set  of the results;   a separate report 
will  contain all  of them.    The 99% velocity thickness,  6,   is  given as a function of unit  Reynolds number, 
R/£,  and Mach number,  M,   for the sidewall and floor boundary  layers.    TTie only significant difference between 
these occurs at M =   3.50 for the  lowest value of R/£.    We suspect the same trend exists  at M = 4.50 but  the 
results at small  R/£ are not available  for the sidewall bound iry  layer.    Similar comparative results  and 
trends  are shown  for displacement and momentum thickness.     Thus   for most test conditions  a valid quantita- 
tive comparison can  be made between results   for the protuberance  in the two locations. 

The optical-surface indicator method will  be described briefly;   for more details  see Refs.   6 and 7. 
The obstacle  is mounted on a test section window which  is  in  a vertical plane.     Figure 2  shows a schematic 
view of the experimental  set-up and a sketch of some  features  of the  flow over a small  protuberance.     A 
small  amount of lightweight,   transparent oil  is placed on the window before and/or after the flow is started. 
After the surface  flow pattern  is established,   typically  in   1  minute,  a shadowgraph or schlieren picture is 
taken;  we refer to these as plan-view pictures.    They show  the  surface  (window)   flow pattern and parts  of 
the shock surfaces.     An example is shown in  Figure  3.    The  relation between the streaks  and flow near the 
surface  is discussed  in Ref.   10. 

The window used  for these tests  is one that has several  pits and scratches  from long use but  is  other- 
wise a "schlieren quality" window.    The window defects will  be evident on the shadowgraphs to be  shown. 
The model   is bolted  to the window.    Schlieren pictures are  taken by  flashing a BH-6 tube.    The schlieren 
light  source and one parabolic mirror are used  for continuous  viewing on a frosty mylar screen.    Shadow- 
graphs  are taken with a spark  light source of 1  us duration. 

Several  methods  of introducing oil  onto the window are used.     In the first method a  light machine oil 
is sprayed on the window in a  fine mist,  usually upstream of the region where the primary separation of 
the boundary  layer occurs.    A second technique  is  to place  regularly spaced dots on the window,   usually 
near the model.     A third method of introducing oil  made use of a static pressure tap  located 40 cm    up- 
stream of the model.     TVo or more drops of light  machine oil   are  aspirated into the tunnel  wall  boundary 
layer.     Some of the  oil   flowed along the wall  and window and  some atomized into the  flow off the wall.     The 
mist  formed in this  manner was  carried  in the  flow to the region  immediately upstream of the protuberance. 
Some  impinged on  the window,   thus drawing the surface streamlines,  and some was deposited on the protuber- 
ance.     This was  the  only way  that an attachment   line,   labeled  A below,   could be  consistently visualized. 

The clearest definition of the surface  flow pattern  is  obtained when the oi! drops are drawn out  into 
streaks of height 0.1  mm or  less.    The  intensity of the  image of the streak is then -bout 50% of the undis- 
turbed intensity;   it  appears gray.    If the cross-section of the streak  is such that its  image  is almost 
opaque,   the spacing must be considerably greater to obtain a  clear pattern, which decreases the resolution. 

■ — 
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TTie observed variation  in  intensity can be predicted approximately by geometrical optics calculations7. 

In  Figure  3    most of the streaks are gray.    Several    prominent features are  labeled.    The attachment 
line A is difficult to see  in a reproduction unless the region  is enlarged,  see Refs.   1 and 7 for examples 
of that.     If oil  is placed near and upstream of the model before  flow is started,  it is mostly wiped away 
by the time a shadowgraph is taken.    If oil is  introduced through the pressure tap,  a clear image of A is 
obtained for a few minutes.     TTiis is the region of highest shear and,  from the results of other investiga- 
tors,  e.g.,   Ref.   8,  highest heat transfer.    Further discussion of this is given in a later section.     As  in 
all  shadowgraphs,  a shock wave surface will produce a shadow only  if there are  light rays at nearly grazing 
incidenci; to the surface.     Since the    cylinder in Figure 3 is a  large protuberance,  the shock pattern  is 
not  like the side view  sketched in Figure 2.     It consists of a bow shock which  intersects a separation 
shock,  well below the top of the cylinder,  resulting in a Mach stem plus other complex structure.     A visu- 
alization of this will  be  shown in Figure 5.     For the conditions  of Figure 3,  the bow shock  is steady and 
hence has a distinct shadow;  the Mach stem is unsteady which explains its irregular shadow.    This unsteadi- 
ness  is  shown  in our side-view shadowgraphs and has been found by other investigators.     The dominant  fre- 
quency of the oscillation,   from other kinds of shock  intersection studies,  is probably on the order of 
1000 Hi,     The shear at  the wall, which  forms the surface flow pattern,  has a dominant  frequency which  is 
presumed to be much  less      At any rate a surface  indicator method can only give an indication of an average 
flow pjttem. 

Hie usual  surface    indicator method of coating    the model  with a pigmented oil was    used to observe  the 
flow pattern on the protuberance.    A variation of this, which  incorporates the idea of taking a shadowgraph 
of transparent oil  streaks,  was also used.    The model was wrapped with a transparent plastic sheet and oil 
was  introduced through  the upstream pressure tap with flow in  the  tunnel,  as explained above.    At the end 
of the run  the wrapping was  removed and a shadowgraph of it was  taken.    Obviously this method is only con- 
venient  if the surface of the protuberance  is developable.    Surface  flow patterns on the front half of a 
large and a small  cylindrical protuberance are shown  in Figure  4.     Somewhat different patterns are obtained 
for a large cylindrical  protuberance depending on k/6,   0/6,  M,   and R/f,  see, e.g.,  Refs.   8 and 11.     The 
pattern shown  in Figure 4A is  like that of Ref.   11  except for the i pper portion.     In that reference k/6 was 
large enough so that the  circumferential,  2-D flow,  was approached.    We are unaware of other work that  shows 
the surface  flow patterns on a small protuberance.     A distinguishing feature of the p?ttem shown in  Figure 
4B is  the attachment point on the central generator at  the top of the cylinder.    There is an intimate rela- 
tion between    the separation  lin^ near the bottom of each cylinder and the attachment  line A mentioned 
above;  this will be discussed later. 

There  is no need to discuss  the side-view    shadowgraph and  schlieren    visualizations except    to say 
that a sampling of the unsteady behavior of the Mach stem and some weak waves from the separated shear 
layer was obtained by taking a sequence of shadowgraphs using the  1  ps  light source. 

The vapor screen  method is the only tracer method available  for the flow under consideration,   leaving 
aside the use of tufts.     K  is described fully by McGregor in Ref.   10.    Our version of the method is dif- 
ferent  from the standard practice only in the way the  light sheet  is generated.    "Hiis is done in a simple 
fashion12 using a low power OH laser (e.g.,   IS mW),  a cylindrical   lens  (a glass  rod is  adequate),  and a 
small  slit  to cut off some undesirable side bands of light.    Some  further details of this are given in Ref. 
7.    The small  diameter bea« is diverged by the  lens  into a sheet of thickness equal  to the beam diameter. 
The sheet  is rotated by  rotating the lens and is easily translated because the apparatus weighs  little. 

In the vapor screen method one observes the  light scattered by the  liquid or solid particles which are 
usually water.    Shock waves and vortices are easily detected.     An example is shown in Figure 5.    The  illumi- 
nation is determined by the density of scattering centers and this  is changed by mechanical  and thermody- 
naraic effects.    Near the window heat transfer effects also enter.     These heat transfer effects,  together 
with the  fact  that some of the vortices we wish to see are small   and closely spaced, have prevented us  from 
resolving some of the more interesting flow patterns.     Finally,   care must be taken if quantitative results 
are desired since the condensation process alters the  flow properties. 

MODELS AND TEST CONDITIONS 

The tests were conducted in one of the continuous,  supersonic wind tunnels at B.R.L.    The test  section 
is  33 x 38 cm in cross-section and the protuberances were mounted on the 38 cm wall.    Data were taken  at 
M =  1.5,  2.5,   3.5,  4.0,   and 4.5,  but mostly at M =  2.5 and 3.5.     "Hie unit Reynolds number was varied over 
the allowable  limits which are shown by the values   in Figure  1.     The stagnation temperature is nominally 
90oF.    The experiments were performed using obstacles of simple  geometrical  shape:    circular cylinder, 
hemisphere,  parallelepiped,   truncated cone,  and bar.    The last was used in a study of side plate design so 
that the  flow over a projectile rotating band could be simulated;  that work will be reported separately. 
For the  first  four obstacles we also added a small perturbation  to the basic shape but  space limitations 
preclude discussion of the  results.    For the same  reason we give no details for the flow patterns about  the 
hemisphere,  parallelepiped,   and truncated cone.    Table  !  gives  the dimensions of the models,  the notation 
used in referring to them  (e.g.,  2C),  and the symbols used when plotting results  for several models  on  the 
same figure. 

PRIMARY SEPARATION 

One of the quantities of main interest in obstacle-boundary  layer interaction is the extent of the 
separated flow.    This boundary is called the primary separation  line.    This would be required to estimate 
the  loads on the surface.     If the obstacle is a large cylinder or fin,  so that there is a plane of symmstry 
in the flow,   the distance  from the  leading edge of the obstacle  to primary separation,  S,  can be used, 
together with some empirical  correlations,   to estimate the position of the triple shock  intersection and 
the maximum pressure on  the  leading edge.    This was done b;' Westkaemper5;  the estimate of pressure was  20% 
high in one case.    We shall  only present data  for S  in this section.    The primary separation line is easily 
determined from our plan-view shadowgraphs but  it is only practical  to discuss the behavior of S.     Because 
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twe simultaneously visualize the bow shock, correlation of it with the primary separation line is straight- 
forward. Ihis "ill not be presented here; we only remark that the measured bow shock detachment distances 
for models ID and 2D agree with those in the literature for 2-D flow over cylinders to within S\. 

. 
A question arises as to how separation is defined from experimental measurements.    In the kinds of 

flows considered here it has been defined using pressure or heat transfer distributions, side-view schlieren 
or shadowgraph photographs,  and surface indicator techniques.    The fact that these give different results 
has been discussed in the  literature (especiaUy for 2-D flows); we will not elaborate on this.    Note that 
Price and Stallings13 make a distinction between the disturbed flow region, as determined by pressure mea- 
surements  for example,  and the separated flow region,  as determined by surface indicators.    General    use of 
such a convention would obviate confusion.    Unsteady effects, which certainly exist in the flow, will affect 
the experimental definition of separation in different ways  for the various measurement techniques.     Suffice 
it to say that the surface  indicator technique, with its extremely slow response time,  gives an indication 
of an average surface flow pattern that is clear and repeatable.     Unsteadiness in flows of the type con- 
sidered here is discussed  in  Ref.   4 with respect to static pressure measurements;  the conclusion is reached 
that the pressure distributions are not repeatable. 

The accuracy of the measured values of S is,  in most cases,  ±  1%.    At the lowest stagnation pressures 
(i.e.,  R/t)  at each Mach number this becomes  4  3%.    These error bounds include effects from both repeata- 
bility of the pattern and reading accuracy.    Additionally,  there  is  a slight amount of geometrical magnifi- 
cation in the images on the shadowgraph because we use the diverging light from the spark source.    This 
systematic error is easily accounted for.    Most often this correction is negligible, but in some cases  it 
amounts to St in the ratio S/D. 

The primary separation distance,   for cylinders say,  is a function of the following variables:    D,  k, 
«,  free stream velocity,   U.    (for small protuberances),  kinematic viscosity,  sound velocity,  density,  and a 

measure of the turbulent shear. We have no measure of the turbulent shear and we find that U. is not sig- 

nificant as an independent  variable,  so these are  left out of the dimensional analysis.    This yields 

S/D =  f(k/D,  D/S,  RD,  M); 

where R    is  Reynolds number based on D and free stream velocity.     Of course this can be written in other, 
equivalent  forms,  so that,   e.g.,  k/6 and R,   appear as two of the  four non-dimensional parameters.     It is 

often convenient to use the three ratios of lengths even though they are not independent. Likewise, three 
Reynolds numbers could be defined. We do not have enough points in parameter space to tell which of these 
is most meaningful. The variation of S/D with any of these Reynolds numbers is weak compared to the other 
three non-Jimensional parameters. 

Curves of S/D vs.  k/S  are given  in Figure 6 to show the approach to an "infinite length" cylinder. 
For each of the curves  three of the  four possible dimensionless parameters are constant, viz.,  D/ä,  R-,  and 

M.    Froir the data in the literature,  and as expected,  S/D approaches a constant as k/fi increases.     If a 
large protuberance is defined on that basis,  then clearly models   ID and 2D, with k/6 = 4.5,  are large. 
Other definitions are possible,  e.g.,  requiring 2-D flow on some portion of the cylinder.    On that basis 
these models are not  large,   see the cylinder surface flow sketched  in Figure 4; a much larger V./S would be 
needed.    We shall  adopt the definition based on S/D.    These results  in Figure 6 show that the rate of 
approach to the asymptote depends on D/6. 

TTie same conclusions  are  reached if the data for M =  3.S are plotted in the same way.     Instead this 
data is presented in Figure  7 with the roles of k/6 and D/6 interchanged.    Again,  models  ID and 2D with 
k/6 =  3.69 are  large protuberances;  the variation of S/D with D/6   is only slightly  larger than the esti- 
mated error in S/D.    Tnus  these two data points are consistent with  the results of many other investigators, 
viz.,  that S/D is independent of D for a large cylindrical protuberance.    Contrast this with the conclusion 
for the small protuberance,  e.g., S/D changes by i.:ore than a factor of 2 for k/6 = 0.37.    The simple and 
satisfying scaling law valid  for large protuberances  is not valid  for small ones. 

Another conclusion reached in some other studies of separation caused by large,  cylindrical obstacles 
is that S/D is weakly dependent on M.    This dependence,  for the  large cylinders,  ID and 20,   is shown in 
Figure 8.    The variation  in  S/D is more than 50%; whether or not  this is a weak dependence is a matter of 
interpretation since the term is not a precise one.    The data points are connected with straight  lines as a 
reading aid.     For the small  protuberances a variation of S/D with M is established only for model 2B;  but 
the trend of increasing S/D with H is clear for all n.odels.    Note  that, even though R/l is constant,  6 
varies because M changes.     Thus the change of S/D with M ajid k/D,   shown in Figure 8,  is effected by other 
parameters. 

TTie following two figures are presented to give a partial evaluation of the correlation for large pro- 
tuberances proposed by Westkaemper5 and to see to what extent our small protuberance data agrees with it. 
In Figures 9 and  10 data for S/D vs.   k/D are shown together with  the  correlation of Ref.  5,  already dis- 
cussed in the  Introduction.     Since R/£ and M are fixed in each case,   6  is constant.     Points  for constant 
k/6 or D/6 can be connected with the help of Table  1.    At M = 2.5 our two points for large k/6 are well 
below the correlation,  as are  the two from Ref.   4    and the  five points  from Ref.   14;  the latter are  for an 
"infinite effective height"  but unspecified k/D.    TTie data from these two references are for the same M but 
for a larger R/i;  they were determined using surface  indicator methods.    The small k/6 points bear little 
relationship to the correlation as might be expected;    Westkaemper5 cautions against using the correlation 
for cylinders    "that do not extend to the outer edge of the boundary  layer."    From our previous discussion 
(Figure 6)   the condition would be more restrictive than that.    Thus  at M = 2.5 the correlation is not very 
successful.    The situation  is a little better at M =  3.5.    Cur points are closer to the correlation but the 
two points  from Ref.  4 are not.    The latter are for M =  3.0 and 4.0.    Our data,  for M =  1.5,  4.0,  4.5,  are 
consistent with the trend shown in Figures 9 and  10.    The data points  for the large protuberances agree 
with the correlation for M =  4.0 and  lie above  it  for M ■ 4.5.    The data,   from various sources,  used in 
establishing the correlation extend over the range 2 < M < 20, but  separation was determined in several ways 
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in the different  sources.     In several of these,   separation was determined by noting the  first change,   in a 
pressure or heat  transfer gauge  reading,   from the undisturbed,  upstream reading.    That method will  give a 
separation distance  larger than  the surface indicator method.    The  tatter was used by Westkaemper5 to ob- 
tain his own data points that went  into the correlation.     TTie surface  flow pattern was visualized in his 
experiments by injecting a  liquid through an orifice upstream of primary separation.    From a photograph of 
the pattern it  is seen that  a horseshoe vortex from the injection orifice interacts with primary separation; 
this has been noted by others,   see,  e.g.,  Ref.   7.    This  interaction will  introduce an error in S of unknown 
amount.     If the  interference of the orifice vortex and wake  flows with  primary separation acts to increase 
S,   then some unclear points  about  the correlation could be understood. 

Regardless of the agreement  of the data with this particular correlation,  it  is evident that  the spread 
in the data  for small protuberances  is reduced most by plotting S/D vs.   k/D.    One tentative possibility  for 
correlation,   including small   and   large cylinders, would be  to consider S/D as a function of k/D for  fixed M, 
but variable Reynolds number;  e.g., by fairing a curve through the points of Figure 9.    A wider range of the 
other parameters,   Ü/6,  etc.,   is needed to arrive at a more  firm conclusion.    Tlie result  that S/D is  almost 
independent  of Ll but depends on M for large cylindrical protuberances   is reasonable if the inviscid pressure 
field is  considered.     There  is  then only a bow shock and its  detachment  distance.  A,  scales with Ü.     The 
pressure change across  this nearly 2-D shock  is  independent of D but  depends on M.    Thus  the pressure grad- 
ient  imposed on the boundary  layer has the same dependence.     For the  small  cylindrical protuberances,  the 
inviscid flow bow  shock position depends on k'D and M and  the pressure  change across  it depends on M.     There- 
fore,   it  is  reasonable that,   for this case,  k/I) and M have a significant effect on S/D.    That  is what our 
data show. 

Variations of S/D with  a Reynolds number will  not be  shown.     To obtain a significant  change  in,   say, 
R   by changing D and also keeping the other dimensionless parameters  approximately constant, would require 

many more models  than we have  used.     Because of limitations  of the wind  tunnel  and small   changes   in  6 with 
R/f,  even a factor of two change  in R   would be difficult to achieve.     The efore,  changes  in k/l must be 

utilized.     Examples  of S/D vs.   R/i are  included in  the  figures  discussed  in  the next  section.     For all  of 
our models  the conclusions  are  that:     (1)   for fixed D and k,   S/D changes  by 50% at most  for the maximum 
allowable variation  in R/l, with most of that  change taking place at the  lower end of the range of R/t; 
(2)  S/D sometimes decreases while  for other models  it  increases  as  R/l increases;   for several models  S/D is 
a non-monotonic  function of R/t.     This variety in  the behavior of S/D is  related to the changes  in the  flow 
structure    as R/i is varied. 

FLOW STKUCTDRF 

iietecting the magnitude  and kinds of changes of S/D with  R/l just  mentioned by means of pressure or 
heat  transfer measurements  on  the  surface would be    extremely di/ficult  and impossible using side-view 
shadowgraphs.     With  conventional   surface  indicator techniques   it   is  more   likely,  but  this has not been done. 
The optical-surface  indicator technique can detect this behavirr without  much difficulty when used with a 
little care;    it visualizes many other features of the  flow,  many of which are discussed here. 

Upstream For convenience we  shall divide  the  flow  into  the  regions  upstream and downstream of the  cen- 
ter of the cylinder.     It  is best  to start the description of the upstream flow in the plane of symmetry and 
its neighborhood.     Separation  and attachment  lines have a special  appearance in that plane.    The  3-D vor- 
tices  implied by these  lines have helix-like streamlines and the pitch  of the helix goes  to zero as  the sym- 
metry plane  is approached.     Because of symmetry,  there  is no  flow across  this plane but there is  flow out  of 
or into it so that streamlines can appear to end in a side view of this plane, being tangent to it.    We shall 
use the same symbol,  e.g.,  S    for primary separation,  to represent a point in the plane of symmetry,   its  dis- 
tance  from the  leading edge of the cylinder,  and  its continuation as  separation or attachment  lines.     These 
lines show that there must be vortices off the surface and it  is convenient to describe the flow structure 
in terms of the number of these  vortices.    Ihere would be additional  vortices  further off the surface which 

leave no trace;   the complete  flow off the surface is discussed  later. 

An example of two vortices   is  shown in Figure 3;  there is one separation point,  S, and one attachment 
point. A,  in the plane of symmetry.    The two-vortex pattern is most often found in turbulent boundary layer- 
obstacle intenctions.    The streamwise extent of the  large vortex is  about  25 times that of the small one. 

For a given small or large cylinder, at  fixed M, the number of vortices changes with R/t.    Our results 
show as many as 6 of them.    The separation and attachment  line?   for 0 are shown in Figure  11a;  the change 
to 4 and then to 2  is  sketched in  Figures  lib and lie.      Note that  S and A are always prese*''',  but  the 
structure between them changes.     A plan view shadowgraph obtained by  ehe optical-surface indicator tech- 
nique is shown in Figure 12,  as  an example of 6 vortices.    Die sequence  in Figure Ila, b and c illustrates 
the number of vortices dec-easing as R/l cnanges.    These sketches  are not  to scale, but the sequence  is 
that  shown in Figure  13 as  R/l increases.    We shall  refer later to a 4-inneT vortex configuration.    This 
denotes the situation of lib wherein A2 and S2 are not present.     If Al  and SI have disappeared, but A2 and 
S2 remain, this is called a 4-outer vortex configuration. 

The distances  from the cylinder leading edge to these points,  normalized with D,  are shown in Figures 
13,   14,  and  15.   The  abscissa is the stagnation pressure P  , which,   for fixed M, is proportional to R/l;  a 

value of which  is noted to facilitate conversion to R/l.     In particular the variation of S/D with R/l, dis- 
cussed in the  last  section,  is given.    The scatter in S/D for the  low values of P  , mentioned before,  Is 

also illustrated.    The most difficult position to determine is A2.    The main problem is to introduce the 
oil  in such a way that  there    is  some in the neighborhood of A2 after flow is established.     If oil  is aspi- 
rated  into the tunnel,  after flow  is established,  some will   reach S2 but  a clear pattern at A2 is not  ob- 
tained.     In Figures  13 -   15 straight  lines connect the points or their average,  for ease in following the 
trends.    In additior,  dashed lines  are used to extend the trend.    The paths followed by the various points 
will be described for Figure  13.     At the lowest P    there are 3 attachments and 3 separations,  therefore 6 
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vortices. Point A stays fixed; it is associated with S and is always present. The distance S decreases 
suddenly between 35 and 50 cm Hg and thereafter changes little. This decrease appears to be related to 
the disappearance of A2 and S2 which takes place for P between 35 and 40 cm Hg. Point Al does not change 

much but SI approaches it and then they disappear. This is the sequence of events depicted in Figure 11. 
The sequence is different iu Figure 14, which shows the same type of data for the same small protuberance 
but for M ■ 3.50. For P < 150 the 4 inner vortex structure exists, but disappears for P > 150. The 4- 

outer vortex structure appears for some P < 150. For P » 150 we have 6 vortices. As P increases the rr o o o 
number of vorticej goes from 4 to 6 to 4 to 2. That such phenomena also take place for large protuberances 
is shown by Figure 15 which is for M ■ 3.50. The paths of the points are very much like those in Figure 14. 
There is no data in the small range of P between the 4-inner and 4-outer structures, so we cannot defi- 

o 
nitely say that 6 vortices exist.    For the three cases illustrated and the others where we have enough data 
to draw conclusions, the relatively rapid decrease in S/D for a small  increase in P   is associated with the 
disappearance of A2 and S2. 

The details of the process by which an attachment and a separation line merge and then disappear, in 
or near the symetry plane, have been observed.    From these visualizations the sketches shown in Figure 16 
were drawn, for a 4-inner vortex structure.    Parts a and b illustrate the motion of Al and SI towards each 
other.    When they meet, part c,  an unusual pattern is obtained;  it is like one-half of the pattern that 
would be obtained at a nodal point of attachment juxtaposed with the separation line; Ref.  7 for an example. 
Upstream of S, the pattern is like that shown in Figure 4b.    Finally, SI bifurcates so that near the plane 
of symmetry the separation line has disappeared and there is flow through the center of SI.    The two 
branches of 51 are still separation lines; they are similar to the open type separation lines that have 
been found in the flow over inclined bodies of revolution, see for example Ref.  15. 

We have not yet detected any regularity in these changes in flow structure.    They occur for rather 
small variations in Reynolds number.    This suggests there may be a delicate balance in the flow which is 
upset by changing K/t so that one structure easily changes to another.    Note that the results of Figures 
13 - 15 are repeatable from test to test and can be obtained either by starting tunnel flow at a certain 
P   or varying it continuously during a test.    Therefore, it would not seem proper to call these changes 

an unstable behavior. Similar flow structure changes have been observed in low speed, laminar flow over 
small protuberances; e.g., in Ref. 9. Norman states that "We have seen one, three, five, and even seven 
steady vortices forming in front of upright cylinders and fences of varying widths as k/ä and/or U^ 

increased."   He observed the changes in the number of vortices to occur in "discrete jumps."   The odd num- 
ber   of vortices observed by    Norman is    consistent with our even number.    He did not observe the small 
vortex at the base of the protuberance, or the attachment point A; the size of this vortex makes such 
observation difficult. 

We shall now discuss the flow off the surface but still in the neighborhood of the plane of symmetry. 
This involves some conjecture since we mostly have surface data; the vapor screen technique could not 
resolve the multiple vortex structure just discussed.    Elementary fluid dynamic reasoning allows possible 
vortex structures to be determined.     An attempt at this was made in Ref.  6, with insufflrient surface data 
to support the conjecture.    We use the work of Norman9 to aid our conjecturing and give it a more firm 
basis.    His careful use of the smoke technique gave him some beautiful views of streamline patterns.    Some 
of these are shown and discussed by Morkovln16.    From the visualization in the neighborhood of the plane 
of symmetry, two possible models    of the vortex structure were determined, called the "jet-maze" and 
"stairstep" models; the former was preferred.    We have adapted and modified his rendition of the jet-maze 
model, with 6 vortices,  in Figure 17a.    The modifications are:     (1) we have no attachment point on the 
protuberance, since the surface flow on small cylinders showed none, see Figure 4b;  (2) we have separation 
near the base at point P  for the same reason;   (3) we have an attachment point. A,  already discussed.    The 
sketches are not to scale and the streamwlse dimensions are magnified compared to cross-stream dimensions 
for clarity.    For the same reason the shock surfaces  are omitted.     Figures  17b,  c, and d show the 4-outer, 
4-inner, and 2 vortex structures assuming the jet-maze model applies to all of then.    The distances from 
the junction of the plane and cylinder to points A and S are approximately equal.    But A and S cannot be 
connected by a streamline to have a closed vortex, by conservation of mass.    The flow near A comes from 
high energy flow near the edge of the boundary layer, which is probably why the high shear exists there, 
as discussed before.     In Winkelmaii's experiments8, A is in the center of the highest heat transfer region 
on the surface.    Norman9 did see a smoke line following the tortuous path leading to A2 In 17a, which is 
not present In the stairstep model.     In our experiments, when oil  is Introduced through the pressure tap, 
some is deposited near SI, Al, 82,  and, to a lesser extent, near A2.    Since we have no quantitative measure 
of the distribution    of droplets thi-ough the boundary layer, this  information does not allow a deduction in 
favor of either the jet-maze or stairstep model.    To appreciate Figure 17 It is well to refer back to Fig- 
ures II  -  15.    The delicate balance of the vortex structure, mentioned above, may be associated with the 
existence of the free stream stagnation points shown in Figure 17. 

If we now briefly consider the flow away from the symmetry plane, the primary separation line, S, 
remains distinct over the field of view.    But  for some of the smaller models,  for which more of the flow 
field is visible, this  line becomes  very hard to distinguish.    The attachment at A continues as a fairly 
distinct attachment line to at least behind the model, see Figure 3.    The other attachment lines, when they 
exist, become less distinct more quickly.    This is also true for S2, but usually not for SI, which may mean 
that S2 lifts off the surface but SI remains near it.    A vapor screen photograph, with the light sheet per- 
pendicular to the cylinder axis,  clearly shows one horseshoe-shaped dark region indicating that the horse- 
shoe vortex remains intact to at least 3 diameters downstream.    Some painstaking work gave Norman a visual- 
ization of his flow around the side of the obstacle and some sketches of the vortex structure.    These could 
help us Interpret our surface patterns but this will not be done here. 

Downstream This part of the flow contains a number of fascinating features, some of which will be 
briefly discussed.    More detail will be givea in a separate paper.    Outside the wake there is still at least 
one vortex, meaning one leg of the horseshoe vortex.    A secondary separation line exists even if there is 
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none immediately upstream of the model.     Tlie horseshoe vortex,   in  fact,  persists  for hundreds of protuber- 
ance heights downstream1.    The near wake patterns of all of our small protuberances listed in Table 1 are 
the same,  topologically.     From this  statement  it can be seen that model   1C should not be called small    as 
it was  in our definition;  actually,   it  is  perilously close to being large,   see  I'igure 6.    A sketch of one 
of these patterns  is shown  in  Figure  18.     An attachment   line  is shown  as  a dashed  line;  this  is  almost 
certainly the impingement of the  flow  that separates  from the top and/or the  sidts of the protuberance. 
Flow  from this attachment  line,   in addition to other parts of the  flow  field as  shown,   feed into the two 
large dots  in a swirling manner.     In  the shadowgraphs we see two oil  accumulation dots,  as  in Figure 3; 
this  shows a large protuberance  flow pattern but  the phenomenon  is  the same.     The small protuberance near 
wake surface pattern  illustrates Morkovin's base  flow-through module10  for high speed turbulent   :low.    Some 
further discussion of this  can be  found  in  Ref.   1.     Suffice  it  to say  that   these dots appear for all  of our 
small-obstacle near wake  flows.     They  are the surface traces of the two tornado-like vertices discovered by 
llregory and Walker17;  they  rise up from the surface, bend over into the  free stream direction,  and continue 
as  the trailing vortex pair.     For different orientations of the  light sheet,   the vapor screen shows only a 
dark  region in  the new wake;   apparently  it  cannot resolve this complex structure,   at  least not near a wall. 
When  the sheet of light was  placed normal   to the surface   (and free stream)  at  distances between  1.5 and 4.0 
diameters downstream of the cylinder  leading edge,  contrasting  light and dark  regions were observed.    Spe- 
cifically,  a dark region of oval  shape was  seen;  the width to height  ratio was  typically 3.0.    The  long 
axis was parallel  to the surface and the bottom was  roughly  (0.1)  k off the  surface.    The position of the 
two ends, along the major axis of the oval,  correlates with attachment  lines  in the oil  flow surface pat- 
tern.     If the trailing vortices  remained stable we would expect  to see two distinct, dark  regions  indicat- 
ing their cross-sections.     We suppose  there are two such  regions which are not  resolved;  this requires more 
investigation.     The surface pattern,   as  seen  in Figure  18,   is consistent with  the conjectured interpreta- 
tion.     If the direction of rotation observed in the vortices normal  to the  surface  (the dots)   is continued 
downstream,  as  in the trailing vortices,   then the center) ine of the wake would be a separation  line and 
there should be two,  symmetrically  located attachment  lines.    This  is what we observe, as  in Figure  18,   for 
all  small protuberances.     Since our shadowgraphs  for all   small  protuberances   show the two dots  and separa- 
tion along the wake center line,  we are  fairly certain  that  the above conjecture is correct,  at  least in an 
average sense,   for the  first   few diameters downstream.    As the vapor screen   is  translated downstream the 
dark  region changes shape and gradually  rises off the surface.    The changes  in  the near wake as  P/£ is var- 
ied are minor.     The effect of M is more noticeable;   the change  from M =   1.5  to 2.5 being greate- than  that 
from M = 2.5 to 4.5.    These are not qualitative changes,  as mentioned at the beginning of this subsection. 

In contrast,   for large protuberances  there are qualitatively different near wake patterns as R/£ and M 
vary;  compare the shadowgraph  in  Figure  3 with the sketch of the near wake presented in Figure  19.     For 
instance the dot-swirl  feature is shown  in the former but not in the  latter.     Sometimes we see oil accumu- 
lation dots attached to the cylinder,   fed  in the manner shown  in  Figure  li'.     The dots are generally on the 
model  for low values of R/t and move downstream monotonically as  R/£ increases,  at a fixed M.     (Figures 3 
and 19 are for different values  of M.)    That no attachment  line  is observed,   such as the one normal  to the 
centerline in  Figure  18,   is  understandable.    One feature  is common to all  of our large protuberance cases, 
now including model   1C.    That   is,   the centerline of the  far wake  is  always  an attachment  line.     Contrast 
this with the  small  protuberance  finding.     The  far wake,   as  visualized by  the  vapor screen,   is  considerably 
more complex for large protuberances,   compared to the small  protuberance case.     More analysis of our vapor 
screen  results  remains  to be done.     An example of one view of the wake,   in  a plane three diameters down- 
stream of the  leading edge of a  large  cylinder,   is shown  in  Fig.   20.   Some of the  intricate detail,   at a 
distance k off the surface,   is   lost  in  the reproduction.    Near the surface,   instead of the dark region being 
oval-like,  as  for the small  protuberance,   it  is shaped more  like a triangle with  curved sides and rounded 
vertices, with  the bottom "side" parallel   to the surface.    To explain  the  flow pattern of Figure  19 there 
must be two vortices  in the bottom part  of the triangle,  with circulation such  as  to produce the attachment 
line.     Understanding such  a  3-D wake  requires more visualization of the   flow  structure. 
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The   chief   results   of  these  studies   are   presented   in  a   16mni color  motion   picture   film.      Excellent 
qualitative   descriptions of various  supersonic,   separated  flow  fields have  been obtained  by  viewing  these 
high   speed   motion  pictures  on  a   reduced   time   scale   or  on  a   frane-by-frame  basis.     These   films   assist   re- 
searchers   in   obtaining   the physical   understanding  of   separated   flow fields  essential   for   making   theoretical 
analyses   of   these  complex   regions. 

1,0     INTRODUCTION 

The   intellectual   curiosity of  humans  has   resulted   in  observations  of  air  and water   flows   which   have 
L^een   recorded   over   the   ages.     Air   is   invisible   and   water   transparent.     Hence,   the earliest   observations 
■vere  of   the   paths  of   debris   transported   by   the  motion   of   these   fluids.     Thus   our atmosphere   and   rivers 
served  as   prime  opportunities   for observations  of   flow patterns  using natural   flow  visualization   tech- 
niques.      Fron   such  observations   conclusions   were  drawn  about   flow path   lines   and  streamlines.      From   this 
early   start    'such  as   described  by   Leonardo  da   Vinci')    flow   visualization   ha',   progressed   from  an   art   to a 
science.     Outstandini;   nrofiress   in   flow   visualization   has   been   made  during   the   past   decade.'" 

Many   flow   visualization  techniques   have   been   used   in   the   study of separated   flows.     These   include 
surface   treatments  which  optically  alter   the   interaction   between  a wall    (surface)   in   a   fluid   as   well   as 
those   that   optically   alter a  surface   between   a   liquid   and  a   gas.'"      The   flow   visualization   of   separated 
flows   has   also   included   internal   treatments  which   include  methods   that  optically  alter   the   flow   itself 
such  as   by   the   introduction of   smoke,   dyes,   neutral   density   beads,   etc. 

Although   earlier   investigators  were   convinced   that   they   could "see"   the   flow of  optically   transparent 
fluids   (such   as   air   and   water)   through   the   introduction  of   foreign  particles,   many  experimenters   soon 
recognized   that   the   foreign  particles   may  not   be  behaving   in   precisely   the  same  manner   as   the   fluid   itself. 
Early   investigators   also   recognized   that   a  probe   inserted   in   the   flow  for  measurement   purposes   had  an   in- 
fluence  on   the  motion   of   the  fluid.     The  discovery  and  development  of methods   by which  an  optical   system 
could   be  used   to visualize  transparent   flows   through   direct   observation of  the  optical   properties  of   the 
flowing   fluid    (without   the necessity   for   instrumentation  probes  and  the   introduction   of   foreign   particles) 
was a  major   step  forward   in  flow visuaIization.''>' ■      Such methods  provide a  technique   for  photographically 
recording all   the   information observed   by  the  optical   system.-    >''•    The  results   reported   in   this  paper  re- 
lied  primarily   on   the   application  of   such  optical   techniques. 

2.0 FLOW VISUALIZATION   TECHNIQUES 

A  number   of   flf'-i   visualization   techniques   have   been   utilized effectively   for  separated   flow  studies 
at   Rufgers  Univers! The optical   techniques   of  Schlieren,   shadowgraph,  and   interferometry  have  played 
a  major   role   as   expi.       ,ental   diagnostic   tools.     Many   past   investigations  with  optical   methods   have   in- 
volved   the  use  of   image  photography  to obtain  a photograph of   instantaneous  flow phenomena.     A good ex- 
ample   is   the   steady  flow wave  pattern  about  a  model    in  a  supersonic wind  tunnel.     In   such  a  case,   single 
photographs  were  sufficient   for obtaining   the   desired   information.     However,   the  need   for  optical   methods 
which  can   record  time  varying phenomena  has developed.     The  combustion  of  fuel   droplets,   the  motion  of 
waves   in   reactive  gases,   the  flow patterns about  an  accelerating  body,  and  the  oscillations  of  various 
flow patterns  are all   examples of  time-dependent  phenomena which are best  studied with   image   recording on 
film.'".!'.'7 

Transient   flow phenomena   involving   separated   flow   regions   have  been   studied  at   Rutgers   utilizing 
high-speed  motion  picture  cameras.     Preliminary   research1''   indicated  that   direct   motion   picture   photography 
of optical   images was  possible and practical  at   high   framing   rates.     The cinematographic  studies  used  the 
optical   techniques of  conventional   Schlieren,   color  Schlieren,   and shadowgraph. 

2.1 Conventional   Schlieren 

A  conventional   Schlieren  system of   the standard   Toepler   typ;   is  shown   in   Figure   I.     The   light   from a 
source   is   focused  by a  mirror   into a parallel   beam which passes   through  the  glass wall   of   the   test   sect'' 
of  the wind  tunnel.     If   there are no density gradients  normal   to the  light  axis   in  the wind   tunnel   test 
section   (for  example,  when  the  tunnel   is   turned  off)   the   light  emerges  from the   test   section   in  an  un- 
disturbed,   parallel  beam.     It   is  then  forcused   into an   image  of  the source at   the  focal   plane  of  the  second 

ion 
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parabolic mirror.  Generally, the knife edge Is Inserted at this focal plane In such a way that It Inter- 
cepts about one-half of the source Image.  The Image of the object In the test section is brought to focus 
at the film plane of the camera by an auxiliary lens. 
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The  Rutgers  color  Schlieren  system15»20   is  simply  a   black and  white system with a knife edge   replaced 
by a  tri-color  filter.     Figure 3 shows how the  tri-color   filter   is  used to produce color   Images.     The un- 
disturbed   light   rays  of  the   top sketch all   pass   through   the narrow  blue slit  and  result   In  a  uniform blue 
illumination of  film.     When  a density gradient   is  present  which  causes  refraction of  some  of  the   light 
rays  a different   color appears on  the  film   image.     The  center sketch of Figure  3  shows   light   rays   refracted 
so that  they  pass   through  the yellow filter.     The  bottom  sketch  shows  light  rays  refracted   In  the opposite 
direction  so  that   the  refracted  rays  now pass  through  the   red  filter,  thus causing  a  red   image  on   the  top 
half of  the   film.     This  color  Schlieren  system,   like the   black and  white system,   Is  only  sensitive  to 
density  gradients   having  a  component  normal   to the  axis  of  the  blue   filter. 

2.3     Shadowgraph 

The direct-shadow method of flow visualization (shadowgraph) utilizes an optical system identical to 
that shown in Figure I, except that there is no knife edge or color filter present. Therefore, the 
illumination of the image is no longer sensitive to density gradients having a component normal to a par- 
ticular axis. In fact. It can be shown, that the change of illumination at the film plane becomes propor- 
tional to the rate of change of the density gradient In the test section. Because of its simplicity, the 
shadowgraph technique is Ideal for visualizing phenomena Involving large changes In the second derivative 
of  the  density   (such  as  shock waves). 

2 .b     Part i de Addi t ion 

The motion  pictjre  films of non-steady  separated  flow  regions   utilizing  color  Schlieren  and  shadow- 
graph   images  provide  a great  deal  of   information  about   the  flow  fields.    The   location of  shock  waves and 
expansion   fans which  vary with time may be   readily  determined.     However,   In addition  to determining  the 
overall   flow fields  of separated regions   in  this manner,   the flow within the separated  region was visual- 
ized  by the   introduction of  particles.     Particles were  selected which would  follow  the  recIrculation  flow 
paths.     Because of  the  large range of velocities   in a separated   region bounded by supersonic  flow.   It was 
impossible  to select a particle size and density  such that  the particles would at all   times  follow all 
mean  streamlines   in  the separated region.     A number of different   particle materials  and sizes were tested. 
Talc part Ides  proved  to be  convenient  to handle,   non-toxic,  and  of  the proper  size  distributions,   shape 
and density   in order to follow the mean streamlines   in  a   recirculating region.     Because of  their   Irregular 
shape,   talc particles have a higher drag coefficient  than  spherical   particles.    The  talc  particles utilized 
had an average effective diameter of O.OSmm with a distribution of   larger and smaller size particles.     Of 
course,  the  resolution of  the optical  system was  not  sufflcitnt   to  Identify  Individual  particles of such 
a small  diameter.     Nevertheless, groups of particles which  followed mean streamlines could be easily  Iden- 
tified.    The optical   superpositioning of the paths of thest particle groups on the cinematographic   Images 
greatly enhanced   the visualization of the separated  flow  regions. 

2.5     Image  Recording 

A I6im Hycam camera   (Red Lake Model)  was used  to obtain high  speed motion pictures of  the optical 
Images generated  by the above flow visualization  techniques.    The camera, which utilized a  rotating prism 
for optical   compensation,   had a capacity of 30.^S m   [100  feet]  of  film.    The frame   rate was adjustable 
from  150 to 8000   frames  per second. 

An auxiliary lens was used to focus the optical Image In the plane of the film. The exposure was 
controlled by regulating the size of the light source. Since the light source size had to be adjusted 
for each  t   ame  rate,  an empirical correlation of   light   Intensity  versus frame  rate was developed. 

In most   Instances,   standard movie color film   (GAF-Anscochrome)  with an ASA rating of 200 was used. 
A timing  light,  which placed small  blips of  light  on the edge of  the film, was used to determine  the pre- 
cise  frame  rate.     The timing  light was usually operated  at   1000 cycles per second. 

3.0 EXPERIMENTAL  FACILITIES 

3.1 Emil   Buehler  Wind Tunnel 

Two different  supersonic wind tunnels at Rutgers were utilized   In these cinematographic studies. 
Table  I  summarizes  the essential  features  of these facilities.     The first series of separated  flow regions 
were associated with models   In the Emil   Buehler Wind Tunnel   (EBWT).    This facility   Is a blowdown,  super- 
sonic wind tunnel, with an approximate maximum run time of two minutes.    A schematic of the tunnel   Is 
shown   In Figure *». 
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The asymmetric,   fixed geometry, variable Mach number nozzle was designed by the method of character- 
istics.    The nominal   test   section cross-section   Is   10.16 cm x  ll.^B cm  Ct.O  inches x 't.S   Inches).     The 
test  section Mach  number can be varied continuously between   1.3  to k.0.    The flow angle deviation   Is   less 
than  i  0.5*. 

The   17.2 x   lO1*  N/m2   (250 psig) air supply system consists of two non-lubricated compressors   In series, 
aftercoolers,  moisture separator, air dryer and storage   tanks.    The   latter were   located outside of  the 
laboratory area,   and,   therefore,  the stagnation  temperature   is essentially equal   to the atmospheric tem- 
perature.     The air dryer provided air with a dew point of  -73.30C   (-l00oF) at 8.6 x  lO1*  N/m2   (125 psig), 
which   Is equivalent   to 0.25 parts per million of moisture on a weight basis.    The effective elimination of 
moisture and oil   resulted   In a very adequate supply of compressed air for optical   studies of supersonic 
flow phenomena. 

The stagnation pressure  for the EBWT   is  controlled  by a single-seat globe valve   In conjunction with 
an electro-pneumatic control   system.     This   system maintains  a constant  pressure within  t^t of  the  stag- 
nation  pressure  set   point. 

The test section is enclosed by two optical quality windows which are located parallel to each other 
and perpendicular to the light path of the Schlieren system. The test models were mounted with stings on 
the tunnel support system, which was attached to the roof of the constant area section following the test 
section.     The angle  of attack of each model  was  adjustable  by controls outside of  the  tunnel. 

3.2     Rutgers  Axisymmetric  Near-Wake Tunnel 

The second facility utilized in this study was the Rutgers Axisymmetric Near-Wake Tunnel (RANT). It 
is a blowdown supersonic wind tunnel with an average run time of 20 seconds. It uses dry, oil-free, com- 
pressed air from the same air supply system described above as the working fluid. RANT Is shown schemat- 
ically   in  Figure   5.     A detailed description  of  RANT  has   been  reported  by Pr?i rembel.2' 

The  annular   nozzle was  designed by  the method  of  characteristics  and produces  a  uniform flow  field  at 
a nominal  Mach  number of 'f.     The centerbody and  test models  are   integral  parts of  the nozzle configuration 
and  have constant   outside  diameters of 7.62  cm   (3.00   Inches).     This  design eliminates model   support   inter- 
ference effects  on   the  near wake.     The centerbody   is  hollow,   thus  allowing pressure  and  temperature   leads 
to pass  from the   test  mode i s   to , -"asuring   instruments   located outside of the  tunnel. 

The stagnation  pressure   for the  tunnel   is  controiled   by a  single-seat  globe valve.     The  control   sys- 
tem for  the  valve   is  primarily  pneumatic;   lowever,   electrical   timers  and  solenoid  valves  are  used   for 
automatic  start-up  and shut   down.     The  stagnation   pressure  was  maintained within  <3.'*  x   lO'  N/m2   (0.5  psia) 
during each   test   run.     The  timer  for  the  high  speed motion  picture  ca.nera was  also wired   into  the   tunnel 
control   system. 

The test  section is equipped with  rectarjular windows   to allow  for visualization  studies of  the wake 
flow.     The  transition between   the  flat windows  and   the  circular walls was designed  to keep  the  main  tunnel 
flow attached  to     the windows  and  to avoid  detrimental   shock  formation  caused  by  the  nozzle  test   section 
Junct ion. 

The experiments  were  conducted at  a  stagnation  pressure of   1.05  x  iO''  N/m2   (152.5  psia),   a   free  stream 
Mach  number of  3.88  and a  corresponding Reynolds  number of  ^.9 x   10*   per m  (1.6 x  I07  per  foot).     The model 
boundary   layer approaching  the  base was  turbulent.     The  boundary   layer was  characterized  by   the   following 
parameters: 

Thickness   (')     -  B.Tt mm   (0.3^   inches) 
Displacement  thickness   (6*)  •  3.56 mm   (O.ftO  inches) 

Momentum thickness   (6)     " 0.'»3't mm   (0.017  inches) 

Detailed  pressure measurements on  the  model   and   in   the  near-wake  have been  reported  by  Siellng, 
Przirembel   and  Page.22     Of particular  importance  to  this   flow visualization study  Is  the   location  of the 
rear stagnation point.     By comparing the centerline pitot   and static pressures,  the average position of 
this  point  was  0.8A  model   diameters  from the  base. 

«t.O     DISCUSSION OF   RESULTS 

The essence  of   this  study   Is a  16 mm high  speed motion  picture   film23, which depicts   various   subsonic 
and  supersonic  separated  flow  fields.     A summary of   the  various  film sequences   is  shown   in  Table   II.     Some 
comments  about   the   content  of each  sequence  and  some  conclusions  which can  be drawn   from  the  film  by a 
frame-by-frame  analysis  are  given  below, 

't.l     Cone-Flow Transients 

During   the  subsonic portion of  the  flow,   the  wake,   as   made  visible by density  gradients   in   the   free 
shear   layer,   is  open  and  reasonably steady.     As a   result   of  the  asymmetric  tunnel  nozzle,   the upper   portion 
of  the  wind   tunnel   test  section  reaches  supersonic   conditions   first.     The starting normal   shock   system 
generates  some  very   interesting Shockwave-boundary   layer   interactions  on  the nozzle wail.     The model   wake 
closes  after  the   starting  shock has passed  through   the  test   rection.     The wake  remains   reasonably  steady 
after  that. 

'4.2    Cone-Aeroelast ic Transients 

The starting  process  for  the wind tunnel   at  M -  3.3   is  significantly different   from that  at  M ■   1.9. 
There   is no   longer  a  distinct   normal   shock.     Due  to  the elastic properties of  the  sting and   the  asymmetric 
starting shock,  severe oscillations of the model  occur during the start-up.    Of particular   Interest  are 
the dynamic changes   of  the wake  region as  the model   changes   Its angle of attack, 



li.1    Axlsymmetric Cavity-Steady Flow 

The  supersonic  free stream approaching the model   Is steady with time.    This can be easily verified by 
observing  the conical   shock formed around the  leading cone.     The free shear  layer formed behind this model 
does not  close,   but  Jumps across  the gap to reattach on  the second model.    Since the reattachment  surface 
Is not a smooth wall   aligned with the free stream,   the  reattachment   region  Is very unsteady.     The recom- 
presslon  shock  system moves about erratically. 

it.^    Front  Spike-Steady  Flow 

In this case, the free stream Is as steady, as for the flow field of Section '(.3. However, the free 
shear layer associated with the forward separated flow region docs not have a suitable place tr reattach. 
Hence, this separated region Is very unsteady. The flow disturbances propagate downstream, and influence 
the model base region. Both the free shear layer and the recompresslor shocks display significant oscil- 
latIons. 

k.S    Sphere-Transient   Flow 

As observed   In   the  cone  flow,   the subsonic wake appears   to  be open,  and wake  closure only occurs   after 
the supersonic  flow has  been established.    The entire  flow field   in  the vicinity of the model   Is  steady. 

^.6    Blunt   Base-Transient/Steady 

Since  the  support   system and 
field  to observe  nor   to   Influence  the wake  flow  region.     Duriny  the  subsonic portion of  the   flow-time  his- 

Slnce  the  support   system and model  are an   intrinsic  part   of  the  nozzle,   thsjre   is no  forebody  flow 
iicid  to observe  nor   to   Influence  the wake  flow  region.     Duriny  the  subsonic portion of  the   flow-time  hu- 
tory,   the  wake   is  extremely  turbulent.     An open  ./dke   Is  observed  as   the  tunnel  starting  shock  system moves 
along  the  model.     As   this  tunnel   shock  reaches  the corner of   the  blunt   base,   the  free  shear   layer   is   par- 
allel   to  the model.     As   the  starting  shock passes   through  the  wake,   the  near wake  closes  and  a  distinct 
recompressIon  shock  system   Is  established.     No visual   evidence  of  a   lip  shock was observed.     This  qual- 
itative observation was  verified  quantitatively  by  pltot   tube  pressure  measurements  reported  by  Prz1rembel.2' 
After  the  main   »low  has   been established,  some  unsteadiness  of   the  near  and  far wake was  observed. 

I*.7    Blunt   Base-Trans ient/Steady-Partlcle   Injection 

In  order  to obtain   some   indication of  time-averaged  streamlines  and  to enhance  the  visual   quality of 
the  flow  field,   talc  particles  were   Injected   Into  the  base  region.     During  the subsonic   free  stream  flow 
conditions,   there was   some   indication of  three-dimensional   vortices   in  the wake.     However,   their  behavior 
was  not  periodic  by  any  means.     Prior  to the passing of   the   tunnel   starting  shock  system,   the  particles 
seemed,   at   times,   to move   in  the  upstream direction.     As   the   startinc  shock  reached  the  base,   the   free 
shear   layer,  which  formed  an  envelope  for  the   Injected  particles,  was   again parallel   to  the model   and 
aligned with  the   free   stream.     As  the  free  shear   layer  entrained   fluid   from the base  region,   an  Inter- 
mittent   red rcu lat Ion   pattern  could  be observed.     After  the  near wake  closure,  a mean  reel rculat Ion   flow 
pattern was established.     Although  the  resolution  of  the optical   system was  not  adequate   to study  the  path 
of  single  particles,   it  was  possible  to trace an  aggregate of   talc  particles.     The  resulting  path   lines 
are  shown   In  Figure  6.      It  was  observed  that  all   particles  are  contained within an  hour  glass-shaped   region 
outlined  by  the  dashed   lines. 

5.0    CONCLUDING   REMARKS 

Excellent   qualitative  descriptions of  separated  flow  fields  have  been obtained by  viewing  motion   pic- 
ture  films  of  Schlieren   Images.     Color  Schlieren   images,   in  which   the  density gradient's  algebraic  sign   Is 
dlscrltrinated  by  means  of  color  changes,  are easily obtained  and  clarify   the visual   interpretation  of   the 
Senileren   field.     The  cinematographic photography  of   the  motion  of  talc  particle clusters   in   the  recircu- 
lation  region was  also  productive of good  results. 

Viewing of   these   films on  a  reduced  time  scale,  or   f rvne-by-f rame,  enables  researchers  to obtain  a 
good physical   understanding of  both  transient  and  steady  flows.     These   techniques  are  useful   In  establish- 
ing accurate descriptions  of  the   flow field.     At   Rutgers,   the   information  from the  cinematographic  studies 
has  been extremely  helpful   in   the development of  theoretical   models  of  separated  flow  fields. 

The   film  referred   to   in  this  paper and entitled,   "Cinematographic   Study of Separated  Flow  Reg'ons" 
Is available on  a   loan   basis   from the authors. 
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Name 

TABLE   I 

Rutgers   Supersonic Wind  Tunnels   Used   for   Cinematographic  Studies 

EBWT 

Emll   Buehler  Wind  Tunnel 

Test  section  geometry 

Test  section  size 

Mach  No.   range 

Stagnation  Temperature 

Stagnation  Pressure 

Two-Dlmens Jona I 

10. 16  cm x   II,^cm 
Ct   Inch  x  I*.5   Inch) 

1.2  to 't.O 

Atmospheric 

Automatic, control up to 10 atn 

RANT 

Rutgers  Axlsymmetric 
Near-Wake  Tunnel 

Axlsymmet rIc 

20.32  cm  d iam. 
(8   inch d I ameter ) 

3.0 and  3.88 

Atmospheric 

Automatic  control   up   to 
14 atm. 

Compressed Air Moisture 
Content 

I  part  per ml 1 I ion 1  pa r t  pe r m I 1 I i on 

Mode of  Ope rat ion 

Control   System 

Intermittent with constant 
stagnation  pressure control 

Electro-pneumat ic 

Intermittent  with  constant 
stagnation  pressure  control 

Electro-pneumat ic 



EBWT RANT 

Test lime Duration Programmable by event timer 
(30 seconds common) 

Programmable by event timer 
(20 seconds common) 

Model Support 

View Ports 

Conventional   sting mount  with 
variable angle of  attack 

Optical  Glass 
It}.18 cm x  12.06 cm 
(17  inch x it.75  inch) 

Special  design with com- 
plete  support  by  upstream 
sting,  which   Is an   In- 
tegral   part of the nozzle 

Optical  Glass 
22.86 cm x   10.16 cm 
(9  inch x A   inch) 

TABLE   I I 

Summary of  Film Scenes 

FlIm Sequence Exp. 
Faci 1 ity 

1.     Cone-Flow EBWT 
M -   1.90 

Model  Schematic 
Flow 

VIsualizatIon 
Techniques 

Flow Field Frame 
Kais 

3 Color Schlieren        Transient 2500 

2.     Cone-Flow EBWT 
M -  3.30 

3 Color Schlieren        Transient 
(AeroelastIc) 

2500 

3.     Axisymmetric EBWT 
Cavity M -  3.25 3= 3    Color  Schlieren Steady 7000 

k.     Front   Spike EBWT 
M  -   3.10 

~h Colo'r  Schlieren Steady 7000 

5.    Sphere EBWT 
M -  3-10 a 3 Color  Schlieren        Transient 3000 

6.     Blunt   Base RANT 
M  -   3-88 

r 
Color  Schlieren        Transient 5500 

7.     Blunt   Base 
RANT 

M - 3.88 
Color  Schlieren Steady 5500 

8.     Blunt   Base RANT 
M  -  3.88 

Color  Schlieren Transient 5500 
Talc   Particles 

9.      Blunt   Base RANT 
M  -   3.88 

Shadowgraph 
Talc  Particles 

Transient 5500 

10.     Blunt   Base RANT 
M  -  3.88 

Shadowgraph Steady 
Talc  Particles 

5500 

I I.     Blunt   Base RANT 
M  -  3.88 c Shadowgraph Transient 5500 

Talc  Particles 
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ducolJeaent (ou da rsoollenant) s'y rattaohent (ou m'ma 
dtftachtnt) ä peu pris nonaaleiaent. 

des visualisations qui pröoisent en outre I1 organi- 
sation at lee oaructferss des zones döcolJ jas ont pemls 
da degsger le schäna physique daa prinelpauz types de 
decolleoent observes en courant plan t 

- decolieBent g6a4relis6 sur paroi incurvöa (flg.4a) 
que caraoterisent una ömiosicn pdriodiuue de tour- 
oilloos empörtes par le courent et una turbulenoe 
aval ; 

- däcoUanant localise davant un ressaut da poroi» 
zone de recirculatlon qui est le siege de tourbUlans 
stationnairea* (fig.4b). 

dam les conditions das essais r4alis4as au tunnel, 
la surface de separation, frontiers de ces zones d&sol- 
I69B, se d^taoha touJours sous un angle fälble ou nul. 

Le oas d'un d^cdlleaent fixd par une singularity 
geom^trloue du aodfele teile qua le bord d'un deoroche- 
mcnt de paroi est soheaatise sur les vues 4d (zone de 
recirculation entiferement laminaii« derrifere un dJcro- 
chement da faible hauteur) et 4a (aau aorte laminalre 
cöte amont et cone turbulente ofltd aval derriere un 
grand dscrocheoent). La structure da ces zones d^collees 
finies präsente tine grande analogie avec celle das 
bulbas d^colles qui se foiaent au bord d'attaque d'un 
profil porthnt [13, P5]» Dans toutes les experiences 
avec recoilement de I'icoulement non impost par la 
presence d'une paroi normale foisant obstacle, le rat- 
tachement de la surface da separation sur la paroi 
aval s'affactue sous un angle ralativement fälble ou 
nul. 

ünfln, 11 safflble utile de revenir sur le cas d'un 
montage "oourar." plan" si souvent utilise an souffleria 
pour insister sur les effats tridimansionnals dus auz 
parois latärales et qui tendent k se developper parti— 
culiteeoant lorsque I'tfoouleaent decolle sur le module 1 

- dans le mellleur des cas, cela se traduit par una 
legbre incurvation vers 1'aval, da la ligne de decol- 
leaent de part et d'autre du plan de symetrie (par ox« 
fig.2a) ; 

- dans d'autres cas, auxquels 11 convient da faire trfes 
attention si 1'on ne veut pas aboutlr k das conetlu^ 
slons erronees, I'ioportance des deoolleaents parasi- 
tes sur lea cdtes est teile qu'elle provoque la 
formation d'un col et entralne un recul non reallste 
du point de decoUeaent dans la zone medlane (fonna- 
tion d'un point da partage recuie) [ij. 

Seide la ligne de decollement qui ceinture un corps 
I'useie de revolution sans incidence (fig.3i, i et k) 
est exeopte de point de partage t le tube decolie ainai 
forme prolonge le module dent 11 constitue le slllage 1 
mais 11 peut aussi en venant se rattacher autour d'un 
parallele, enf ener un bulbts annulaire antierement 
laminalre ou mixte et & recollenent turbulent. 

auUgTEigjATIOK MS DEOQUiBHEOTS TttlMHeJlSICBMia^S 

PAR RtJPOig AÜX JBOOLLaEMTS PHECaSBBraS 

Les fig.4o at 4f sobematieent pour les deux types 
d'exemples analyses ci-dessus, les modifications 
fondanentalas qui se produisent dans I'ecoulement sous 
I'effet d'une composante transversale. Ainsi se forme- 
t-il devant un ressaut de paroi d'envergure lioitee 
(fig.4c) des tourbillons-puits aliment es par une mince 
couche de courant et s'echappant de part et d'autre de 
1'obstacle. Devant un cylindre fixe it la paroi (fig.5a 
et b), ces tourbillons sont incurves en "fer k cheval" 

comae la ligne da dooollemerit nul les precede et qui 
cc developpo de part et d'eutre d'un point da pcrtage 
avenob (voir flg.6d) du type "col" [5J. 

üerrierp un deorochement da paroi, I'effet d'une 
conpossute transversale importante n'ast p. s moindre 
(fig.4f), qu'elle s'dtaolis&e neturellement en ralson 
de la geömetrie du modfele, par example dans 1* oas d'un 
decrochanent en chevron (flg.5h, i et j) ou artifidelle- 
ment, teile que la provoque un jet trcusversal [14, F6]. 
Ces courants transvorseux, dent 1'importance a ete 
soulignee k plusieurs reprises [6, 15], ont pour effet äa 
provoquar I'enroulament da la nappe, qui se detach« au 
bord du deorochement, autour d'un tourbillon-puits 
(fi^.4f). Se tourblllon est ulloentb par une couche de 
fluide dont la frontiire vient sa rattacher sur la paroi 
aval sous un angle volsln de 90°. 

äur l'ertrados d'une alle delta minco avec incidence, 
on retrouve une orgenisatior. Identiqus des tourbillons 
issus da l'apax et qui resultent da I'enroulcaont en 
"comet" des nappes qui se detachent des bords d'attaque 
(fig.Sk I«. 0) [,6, 77] > le schema correspondent est cles- 
slque (configuration tourbillons separen), 11 rests 
valable mftae en suporsoniquc [16]. 

Quand aucune singularite geometrique du aodele (poin- 
te, ardte, bord, etc.) ne fixe la ligne de decollement 
sur la surfese du modele, les decollementa tridimenslon- 
nels presentcnt une structure plus complexe et des 
differences notables suivant la fome, 1'eiancement ou 
1'attitude du module. 

Ainsi peut^)n distinguer sur 1'extrados d'une ogive 
[17, 9, P6j ou d'uno alle dolts tpaisse [6, i'l]  t 

- un decolloment unique issu d'un point de partu^e 
axial avance (col) et siige d'un tourblllon en "fer 
h cheval" dont les deux branches s'ineurvent vers 
I'avol (fig. 3c, 6a et 7h) j 

- 2 plages decolldes separöes par un couloir axial 
sain non ddcolle (flg.5d, 6b et 71, J, k), chaque 
ligne de decollement issue d'un point de partage 
avance comportant en outre un foyer (fig.6d), point 
de convergence spirele d'ou s'eifeve un tourbillon- 
trombe [5, 16] } 

- une plage unique, mais resultant ds la Jonction, 
k incidence eicvee, d'un decollement localise k 
l'avant (bulbe) et d'un decollement generalise 
arribre, par example sur une o?ive k nez relativament 
plat (flg.Se) ou sur une alle   annulaire [17, 19]« 

Snfin, la cas das decoliements arrifere tola qu'ils 
se produisent k incidenoa faible ou nulle, notamment 
sur des modules finis et sans arltes coome par example 
des ellipsoXdes (fig.Sf et g) a ete examine dans des 
publications precedentes [4}, qui, les premieres, ont 
revele 1'aspect caracteristique da la ligne de decolle- 
ment tridiuwnsionnelle, asymptote (prstiquement assimi- 
iee k une enveloppe) das lignes de courant parietales 
(fig.6d), ainsi qua I'axiatence de cols (points de 
nartsge) et de noeuds (points da convergence non 
spirala) 1 voir par axempla flg. 5f et g, 

Le leoteur attentif saura distinguer sur les fig.5 
et 7 lea dlfferentes singularites passees en revue 
ci-dessus et que 1'on retrouve aussi bien k la surface 
da parois avec obstacles at da voilures que sur das 
corps fuseies. 

De 1'ensemble des observations faltes au cours de 
ces essais reaaortent les resultats fondamentaux 
suivants applloablas aux eooulements permanente en 
moyanne 1 

- de mftne qu'en ecoulament bidioansionnel (bulbe de 
bord d'attaque, bulbe annulaire), les decoliements 
tridioensionnels peuvent, dans quelquas cas ralati- 
vement rares, 8tre femes (bulbe d'envergure limltee, 
par example au nez d'une ogive inauffisanment profi- 
les ou au bord d'attaque d'une alia annulaire) t 



WA 

olors qv'en courant plan ot qu'en ecoulen^nt de re- 
volution los zones decoll^es misoo en Evidence sont 
toujours fernüea yers l'unont, les structures trl- 
dimenaionn^lles peuvcnt s'ouvrir en des points et 
llgn.-c! ointiiliferco (point de partage, lif^ie de 
däcollcnent, point de convergence aplrcle qul donne 
naiseance k un tourblllon tronce) pour capter une 
couche de fluiüe et aliüienter les tourbilions 
concentres autour denquels s'enroulent les n&ppea 
dnises le Ion.' des li -nea de decollonent* 

Oens ce cos, ces structures trldimenaionnellos ront ne- 
coB?airamt ouvertes vors l'aval pour evacuer le debit 
ainsl introduit, debit que l'on retrouve dans le sil- 
lage et plus particuli«>rp:ient duns leo noyauz des 
tourbilions. 

Par centre, lea structures ouvertes vers l'aval 
aois Evacuation de debit captu (pexce que fennees vers 
l'aoont) finissent toujours par se refermer au sein 
du fliide en des points ou li^nes slnguli&res dont la 
position depend surtout du gradient de preasion anta- 
goniate* 

SIMGÜUrtlJES AU SSIN 'Ji FLUIDE 

Cette etude des ecoulements decollös ne serait pas 
complete si eile ne conportait pas une evocatifn, ne 
serait-ce  tue sonmaire, des p wnomenes de cor.fluence 
ou d'öclatement se prO'Uisaut au sein du fluj.de. 

Sous l'effet d'un gradient favorable, tel qu'il 
peut 8tre realise ptr l'artifice i'une prjr.e d'air 
aval k debit d'entree eieve (fig.6a et b), le deeol- 
lement qui se produit fu culot d'un obstacle bidimen- 
sionnel, plan ou ajtisynetrique, peut 8tre reduit k 
une rone de recirculation fermee, dont l'extremitc, 
point de confluence des courant s ext^rieurs, est 
pointue (voir aur.ai fie.3h). Par sontre, dans le cao 
d'un decollement tridinensionnel, coane il ae produit 
derriöre un oylindrn er. derapage (iig.8d, e et f), la 
confluence des courants ertcrieurs, teile nue la 
rovele une coupo trjjisversals (fic.öf), a'effectue 
nomaleoent au plua de synetrie et nn un point qui 
prend l'upparence d'un point de partage. Oette 
confluence est due au courant trunavercal qui a'et-volit 
n.'iturelleiner.t lorsque le der.- page du oylinörc est 
süffisant. La atme organisation de l'ecoulement peut 
Stre obsorvee au-dessus d'une alle delta tux incidences 
elevöes I en effet,  .a configuration "tourbilions 
rejoints" (.16, ¥$] esc caraetärisee par le. rencontre 
au sein du fluids des couchen qui diosntent lea 
tourbilions d'extr dos de choque c8te de l'aile ; 
vue en coupe, eile s'effectue en un point de partoge 
du pseudo-ücoulement transversal. 

C'est au contreire devant un gradient döfavoraole, 
toi qu'il rösulte d'un effet d'obstaole, que se produit 
l'edatement d'un sillage de couche liilto au nein du 
fluide (fir.Bg). 

En eooulement tridimensionnel, le oSme precede a 
permis de provoquer l'eclatoment artificiel d'un 
tourbillon do voilure (fig.8i, j et k) L21, P1l], 
pher.om^ne qui se produit nnturellenent sur jne aile 
delta aux incidence (-'levfSes [21, F9]. Jomae pour les 
dfSoollements, il existe diff'rtntn types d* 'clntem^nt, 
aussi bien dos poches fermöes ot quasi-atationnuircs 
(par ex. fig.Sh) que des eclatements k atruoture 
ouverte et trha instationnaire (pur exsraple fipetk). 

^etto revue phönonanologlque des decollemonts dans le 
cadre restraint do ce raöraolre rertora forc'iment incomple- 
te par suit'^ riu nombre eievo et de la oonplexitf' des 
ces existnnta. Sn instationr.alfe, eile se linitera H 
quelquos roanrques PU -sujot den djcollonont; et sillages 
k caractere periodi^u« ou ooacntanc'iiunt instationrai'-e. 

Sn courant plan, l'exemplc de ce type le plus connu 
est celui des tourbilions altsrnes de 3','nard - Karman 
(fig.3g) qui caracterlse In plupart du tomps le sillage 
d'un obstacle fixe. 

En eooulement de revolution, le sillage instationnaire 
oorrespondant est oaraue par une emission periodique de 
tourbilions toriques (fig.3.). Souvent ce phinomene ne 
debuta qu'en aval d'une zono d'eau aorte laainaire dont 
1' importance crolt avee les oimensions du culot 
(fig.&c) | nnie ce qui carueterise la formation de ces 
tourbilions, c'est l'ouverture perloaiouc de la struc- 
ture decollee vers l'amont, altematlvenent ce chique 
cöte du modfele plan, ou sur toute la Peripherie en 
^coulement axisymetrioue. 

Ainsi contreirement aux observations faites en re- 
gime permanent, les atrueturee decolleee bidimensionnel- 
les peuvent s'cuvrir von; l'aoont en instationnaire. 

II en est ainsi a fortiori dans le cas de maquettes 
en mouvament. 

En courant plan, l'exeople claasique eat celui d'un 
profil anime d'occillatlons hanaoniques en tangage 
autour d'une Incidence voisine de 1'angle de decroche- 
ment [22, Pll] ; le döoolleaent instationnaire que l'on 
enregistre au cours de choque cycle coraporte les phases 
suivantea t 

- apparition et developpement au bord d'attaque d'un 
bulbe, aifege d'un tourblllon-pults ; 

- deplaceoent du bulbe vers l'aval et echappement dans 
le sillage. 

Cette structure k volume variable s'ouvre done altema- 
tivenent vers l'amont (formation) et vers l'aval 
(echappement) : eile "respire" seion la terminologie 
utillsee par R. Legondre. 

Le cas a^inetrique ou axisynötri'^ue du tourbillon- 
puits qui se forme au courf d'un mouveaent de domarrsge, 
par exemple derrlere une plaque disposes noraalerannt k 
la direction de la vitesr.e Vo (fig,3m) [20, FlOJ.est 
encore un exemple de structure oidimensionnplle momen- 
taneaent ouverte vers l'amont, comme seul en inrtation- 
naire oela peut se produire. II restc H övoauer 1c ces 
des structures instationnaires trirtimensionnHlles. 

Les exemples de aillegen tridimenaionnels k caractere 
inatationnaire aoeentue et issua de moi oles fixes sent 
nomDreux et il auf fit tie oiter celui du sillriee d'une 
structure soumise au vent  (imneucle-tour, cherainöe, 
etc) 1_20, F10] et de remanuer que bien souvent des 
effeto tridimenaionnels apparaiasent m&me en bidimen- 
sionnel (en dehors des parois ou supports de montage), 
par r,uite de dechirures de la nappe qui s'enroule 
nutour des tourbilions, sur la Peripherie ou le long de 
l'enver//ure, par exemple aur un cylindre [23]. 

iunni aux exoinplos relatifs k dea modfelee en mouve- 
ment, on peut raentionner ceux d'une aile cn flfeche 
anlmse d'un nouvement d'osciliationa harnonioues en 
tar>frHf;e ou tie translations altemeep normales « la 
viteane Vo (mouvement de pilonnement) [20, P1ÜJ. uer. 
structures rieerileer, udsea en övidonce pour une inci- 
dence noyenne non nulle sont, conmie en alationneim, 
coracterisees par la fomation de touroillons concen- 
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Hü. 4 - SCHEMAS  D'ECOULEMENTS  LE  LONG OUNE  PAROI 

12     3     4      5 

• paroi incurvto 

1. lignm da courant (ecoulemem laminairel, 

2. frontiira da la zone (ttcollte, stable cöt* amont, 
fluctuanta cöt* aval; 

3. transition; 0 point de d*collement; 

4. tourbillons amport*s par le courant; 

''. zone d*coll*« turbulente. 

^7777/7777777777777777/        b 

b paroi plane aver ■essaut (marche > 0) 

1. lignes de courant; 

2. fronti*re da la zone d*coll*e devant le ressaut, 

3. tourbillon principal; 

4. tourbillon sacondaire; 

5. (rentiere da la zone d*coll*e sur le ressaut 

D   point de d*collement. 

R   point de racoliemant. 

c  paroi plane avec ressaut d'envergure limitte 

(teoulement tridlmensionnel) 

1. surface de s*paration aboutissant le long de la 
ligna rie recollement R; 

2. tourbillon-puits principal l*chappemunt transversal) 
autour duquel s'enroule la surface de s*paration 
issue le long da la ligne de d*collement D; 

3. tourbillon-puits et surface de s*paration sacon- 
daires. 

Vo 

fe^ W//////?/?//??*'//////////// 

d  paroi plane avec petit dtoochement 

1. lignas da ccurant; 

2. fronti*re de la zone d*coll*e ferm*e. 

R   zone de recollement laminaire. 

1*-^ 
./- 

V777V77W777^7777fPV7777 

e  paroi plane avec grand döerochement 

1. lignes de courant; 

2. couche limite; 

3. frontiere de la zone d*coll*e, stable cöt* amont, 
fluctuante cöt* aval; 

4. fronti*re de la zone turbulente; 

5. tourbillons emport*s par le courant. 

T   transition. 

R   point de recollement turbulent. 

'777771 
f     7^^^77777777777777777^ 

f   paroi plane avec grand dterochement 

(teoulement tridimensionnel) 

1. lignes da courant; 

2. surface de s*paration aboutissant le long de la 
ligne da recollement R; 

3. tourbillon-puits principal (*chappement transversal) 
autour duqual s'enroule la surface de s*paration 
qui sa d*tacha au bord du d*crochement; 

4. tourbillon-puits et surface de s*paration secon- 
daires. 
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FIG. 6 - SCHEMAS  DE   L'ECOULEMENT SUR  LEXTRAOOS DUNE  AILE   LELTA. 

a 

sara incidence 

ä Incidence moyenne 

AILE  DELTA MOVENNEMENT tPAISSE 

1. ligne de dtcollcmant; 

2. point dt partage de I'tcoulement pariAtal: 

3. tourbillon de bord de fuite; 

4. point de t invergence «pirale; 

5. tourbillon d'extradoi iwu de 4. 

AILE   DELTA MINCE  AVEC INCIDENCE 

1. nappe en «cornet» formant le .jurbillon principal 
d'extrado«; 

2. nappe en «cornet» formant le tourbillon lecondaire: 

3. zone mMiane non tourbillonnaire; 

4. zone balayto par le tourbillon principal: 

5. ligne» d'accumulation de bullet d'air iituiei entre 4 et 6; 

6. zone balayte par la tourbillon tecondaire. 

M frontiere entre le« zone« 3 et 4. 

N  frontiire entre la zone 6 et la zone «ituie prt« du 
bord (fattaque et «oumite ä l'elfet de la nappe 1. 

Ligne da d*collem«nt 
(asymptote ai quasi anveloppe 
da* lign« da courant parittil« 

Point da convergence 
non •pirale (i<aud) 

Point de 
convergence 
spiral* (foyer) 
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THE THREE-DIMENSIONAL SEPARATION OF A TURBULENT BOUNDARY  LAYER  BY A SKEWED 
SHOCK WAVE;  AND  ITS  CONTROL BY THE USE OF TANGENTIAL AIR INJECTION 

by 

David J.  Peake 
National Aeronautical Establishment, Ottawa,   Canada 

and 

William J.  Rainbird 
Carleton University,  Ottawa, Canada 

SUMMARY 

The three-dimensional interaction of a skewed shock wave with a turbulent boundary 
layer,  that is generated by a variable-anglo wedge standing normal to a  flat test wall, 
has  been systematically investigated  at  nominal mainstream Mach number?  of 2 and  4,   up 
to and beyond shock strengths  sufficient  to cause incipient   th- ee-dimensional  separation. 
The Reynolds number based on the  undisturbed test boundary-layer thickness of 0.2-inch, 
growing along the nozzle  sidewall of the NAE 5 " 5-inch blowdown wind tunnel,  was ^2xl05. 
The  experimental measurements,   made under essentially  zero  heat   transfer  conditions,   in- 
cluded extensive mapping of the   test  surface static  pressures,   selected  pitot pressure and 
stagnation temperature profiles  obtained with a servo-controlled   3-tube  yawmeter;   Preston 
tube   impact pressures,  and  oil  dot  surface flow visualization.     Some limited Schlieren in- 
vestigations were made to  verify  shock  angles. 

In the Mach number 2  flowfield,  with wedge deflection  angles of 8  and 11.5°,  blowing 
air at  Mach 3  (also at ambient   stagnation  temperature) was   Introduced  upstream of the 
interaction and tangential  to the wall,   through a rearward-facing step.     The objective 
was  to  control and remove  the  three-dimensional  separation.     The  Jet excess momentum for 
this  control situation was  slightly more  than the momentum deficit of the undisturbed 
boundary  layer.     In addition to the control of the magnitude of  the blowing momentum,   the 
direction of the wall Jet  could  also be  changed by rotating the  line of the Jet efflux. 
The  optimum direction of blowing was  found  to be along, a  line  somewhere  between the  de- 
flected surface of the wedge and  the  line of the obxlque  shock wave (or the 3D separation). 

NOTATION 

ß 

eCL 

Cp 

ds 
6 

6? 

«S 

h 

H 

*i 
M 

KJ 
M(P/P0) 

M(P/PIT) 

P 

Pß 

Pi 

P2 

Angle between local  resultant  velocity vector in  the  viscous   flow and external 
stream resultant  velocity vector at the outer edge of the boundary layer 

Angle between resultant velocity vector in the viscous  flow and tunnel  centre- 
line 

Local skin  friction coefficient 

Diameter of static pressure orifice 

Boundary-layer thickness 

Boundary-layer thickness where   local resultant velocity  is  0.995 of velocity at 
boundary-layer edge 

Streamwise displacement  thickness = / E /^ - „pu   \ dh 
Jo     V pEuE/ 

Crossflow displacement  thickness = -/ E    pv    dh 'o    pEuE 

Reference  undisturbed boundary-layer thickness  in  empty wind  tunnel 

Deflection angle  of wedge shock generator measured with respect  to tunnel 
centre-line 

Height above test  surface 

Shape factor of streamwise boundary-layer profile,  =  6i/9ii 

Mass flux of blc  Jet 

Local mean Mach number 

Local Mach number at exit of  supersonic  Jet  blowing nozzle for  blc 

Mach number calculated from ratio of static to stagnation pressure 

Mach number calculated  from Rayleir;h pitot relation 

Static pressure 

Pressure measured in static  hole Immediately upstream of obstacle block 

Static pressure at reference measuring station 1 

Calculated static  pressure,  downstream of swept  shock,   according to  'Oblique 
Shock Tables' 

PQ,   PO        Stagnation pressure of undisturbed mainstream flow 
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PP 

Re n 

TpW,   TAW 

T' 

To 

Tpc 

TPCE 
TW 

0J 

6u 

^E 
u,] 
v 

x,   X 

XT 

XWLE 

XSWINV 

Stagnation pressure of blc Jet blowing air 
Pltot pressure 
Reynolds number based on boundary-layer thickness,  60,  and local mainstream 
conditions 
Reynolds number based on streamwlse momentum thickness of boundary  layer and 
local  mdlnstream conditions 
Mean density within boundary  layer 
Mean density at outer edge of boundary  layer 
Adl&batlc wall temperature 
Intermediate temperature 

Stagnation temperature measured In settling chamber of wind tunnel 
Corrected total temperature  at  cobra  probe thermocouple 
Corrected total tempeiature at outer edge of boundary layer 
Wall  temperature 
Rotation of blc Jet blowing nozzle unit with respect to perpendicular to 
tunnel centre-line  In   (x,y)-plane 

fhE    P"    d _ iL\ 
;o     PEUE  \        "E-J 

dh momentum thickness of streamwlse   flow 

Component of mean velocity within boundary layer parallel to direction of 
external streamline at  outer edge of boundary layer - called streamwlse flow 

Resultant mean velocity  within boundary layer,   (In 2D flow,   ug  = u) 

Mean velocity at outer  edge of boundary layer 

Mean velocity of blc Jet  blowing air at Jet nozzle exit 

Component of mean velocity within boundary layer normal  to direction of 
external streamline at  outer edge of boundary layer - called crossflow 

Axial distance from centre of rotation of turntable Jet  blowing nozzle on 
tunnel centre-line 

Location of traverse station of cobra probe or circular  pltot  tube  orifices 
along x-axls 

Axial  location of  leading-edge of movable wedge  shock generator 

Axial  location of calculated  shock wave from deflected  wedge,   assuming 
Invlscld flow on either  side of shock 

Lateral distance  In plane of  tunnel   floor from centre of  rotation of  turntable 
Jet  blowing nozzle.     Positive  Is  In  direction away  from deflection test surface 
of wedge shock generator 

ABBREVIATIONS 

boundary-layer control 

two-dimensional 

three-dimensional 

blc 

2D 

3D 

1.0 

SUBSCRIPTS 

E  outer edge of boundary layer 

J Jet 

wall 

INTRODUCTION 

The three-dimensional  interaction between a turbulent  boundary  layer developing along 
a surface and  a perpendicular,  glancing oblique  shock wave   (sometimes  called a   'skewed' 
shock  wave)   -  see Figure  1 -  is a  phenomenon  of considerable  importance   in the  design of 
swept  wings,   wing/body and tall/body Junctions,  and quasi  2D Intakes.     Despite   several 
previous Investigations W'*, Green noted5 that  there was little quantitative understanding 
of interactions between swept shock waves and turbulent boundary  layers,  although Stalker1 

and Stanbrook2   Introduced some qualitative  features in their  early work,  while   later 
investigations by McCabe3 and I owrie14  provided  some insight  into  the crossflows  developing 
in the  interaction.    Much of the  existing analysis has been developed  for so-called 
'infinite'   swept flows,  and so is of a quasi  two-dimensional nature; while most experi- 
ments  have been conducted using the nozzle boundary layers  in relatively  small   supersonic 
wind  tunnels       At a given mainstream Mach number,  the flow deflection angle for  so-called 
'incipient  separation'  has  usually been determined as when the limiting  streamlines be- 
came parallel to the projection of the shock wave (in the external  stream) on  to the wall, 
and Korkegie  has made a simple correlation of  Incipient separation data from References 3 
and  1. 

In an attempt to remedy some of the deficiencies of the earlier investigations, a 
systematic  series of experiments was planned and executed,  utilizing the NAE 5 x 5-inch 
blowdown (pilot) wind tunnel.    In these experiments, the mean flow features Including 
wall  static  pressure, surface impact pressure and limiting streamline direction,  and pltot 
and stagnation temperature profiles, were gathered through swept   Interactions at main- 
stream Mach  numbers of 2 and 4,   up to and beyond flov deflection angles  through the shock 
wave that produced three-dimensional separation.    The Reynolds number based upon the main- 
stream conditions and the undisturbed boundary-layer thickness, 6o, of 0.2-lnch, was^xio5. 



40-3 

Subsequently,  for the Mach 2 flow, a small convergent/divergent tangential wall Jet 
nozzle was  Installed in the test wall  (Figure  2) 'ipstream of the  Interaction region, to 
Investigate whether a strong three-dimensional shock-Induced separation could be con- 
trolled or destroyed by a Mach number  3 supersonic wall Jet.     (The planning of the 3D 
experiment  followed the criteria established by Peake7 for supersonic  blowing boundary- 
layer control in a two-dimensional shock/boundary-layer interaction).     The direction of 
the Jet efflux could be orientated at  various angles with respect  to the line of sepa- 
ration,  as we  see on the diagrammatic   sketch of Figure 1. 

This experiment was planned as one of several at NAE,   to ascertain the  fluid mecha- 
nics of three-dimensJonal separations  in low and high-speed flows.    A  full compilation 
of the  3D shock/boundefy-layer  Interaction results is presented  In Reference   8,  while a 
review of other NAE work Is published  In Reference 9. 

2.0     EXPERIMENT 

Figure   2  illustrates  the outlet  of the   5 * 5-inch Mach number  2  supersonic  nozzle that 
comprises one of the test  sections of  the pilot wind tunnel.     It   is composed  of flat top 
and bottom plates (the usual nozzle sidewalls)  that are separated by the two contoured 
nozzle blocks.     Nozzle block pairs  providing  nominal mainstream Mach numbers   of 2 and 'J 
were   used  In  the tests.     One of  each pair of nozzle blocks  has two slots to accept  the 
support struts of the vertical,   plane/triangular-sectioned wedge  shock generator.    The 
generator' can  translate parallel  to  the tunnel axis and can be pitched  about   Its leading- 
edge. 

The test  boundary  layer with  free  transition,  developed along the  bottom plate of the 
wind   tunnel.     The nominal  two-dimensional boundary  layer in the  empty  tunnel   (about 
0.2-lnch thick) was traversed with a   0.0164-inch dia.   pltot  tube  which was also used as a 
Preston tube  at the wall.     The  three-dimensional boundary  layer was  investigated with a 
'cobra'  probe  comprising a  flattened  three-tube measuring head  (Figure  3) where the two 
outer  tubes  are each chamfered back at  il5-degrees to  form a yawmeter,   while  the centre 
tube   (0.028-Inch wide  «  0.012-lnch high)   is  a rectangular pltot.     As  the probe  is 
traversed out  through the viscous  flow,   from an initial position  at the wall   to a maximum 
extension of  about  0.8-inch,  a yaw  servo-system turns the  probe  head  to  align  It with the 
oncoming flow dlrecticn.     Local   flow angles   in a plane parallel  with the test   floor,  and 
pltot  pressures,  can hence be measured at  the wall and through a  skewed boundary layer. 
Probe  height   above the surface  accurate to better than ±0.001-Inch and  yaw angle to±0.2°, 
are measured  by geared multi-turn potentiometers.    The pltot pressure  was recorded by a 
close-coupled  50 psia pressure  transducer.     The probe extension rate  can be  pre-selected: 
a  traverse  height of 0.5-inch was  usually  sampled in about   15*30  seconds. 

: 

Figure 4 shows the assembly of the cobra probe and its appearance above a test wall. 
f j 

To measure the variation of stagnation  temperature through  the viscous  flow, an 
unshielded  Iron-constantan  thermocouple,  of  bead diameter  0.002-lnch,   was mounted above 
the   pltot  orifice - see  Figure   3  -  so  perm!' ting pneumatic  and  temperature measurements 
to be  taken  simultaneously.     The  temperature  probe design was similar to the   stagnation 
line  probe   Introduced by Bradfleld et   al10  and Harris11,  the installation of  which was 
particularly   suitable  for adapting to  the cobra probe.    Upon calibration of  the thermo- 
couple  in the  tunnel mainstream  flow,   at various Mach numbers downstream of the shock 
wave   from the  variable-angle wedge,   the recovery factors were found to be 0.960 ±0.003, 
being  slightly  less than the factors   found  in Reference 10. 

The local near adiabatic wall  temperature was measured using flush-mounted thin 
plate elements to which thermocouples were attached on the  side away  from the  flow. 

A rectangular cut-out  was machined in the  test floor,   to accept alternative and 
removcble inserts that are  fitted with instrumentation and equipment  for the  Interaction 
phase  (wall  static pressure orifices,  yawmeter traverse and wall temperature  stations) 
and   for the   control phase:     the  blowing nozzle,  as seen on  Figure  2.     The throat dimension 
of the blowing nozzle could be  changed  in order to provide  a variable  Mach number of the 
injection air,   of between  1.5 and 4.5.     (Only Jet Mach numbers of  3 were used,   however). 
The Jet slot  height of 0.1-inch was half of the undisturbed boundary-layer thickness, 
while Jet stagnation pressures  could be varied up to 20 atmospheres at ambient stagnation 
temperature. 

The maximum values of  stagnation pressure used in the mainstream  flow at  Mach numbers 
2  and  4  (limited by the  strength of the wedge  strut supports) were 2.4  and 12  atmospheres 
respectively. 

3. 0     RESULTS 

3.1     Empty  Tunnel Flow 

Some  Initial tests  in the  empty wind tunnel were conducted  to determine  the two- 
dimensionality of the undisturbed test boundary layer on the tunnel floor at  nominal Mach 
numbers of 2 and 4.    The uniformity of the flow was assessed by reviewing wall static 
pressures,   surface oil flow visualization,  mean velocity profiles at  several   lateral 
positions and at two axial  stations  in the working section,  and  local  surface  skin 
friction.     For brevity, we shall only comment upon the Mach 2 flow. 
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Figure 5 shows surface pressure and oil dot  flow visualization results at Mach 2, 
with a stagnation pressure In the mainstream flow of ^ psla    (corresponding with a 
Reynolds number based on the undisturbed boundary-layer thickness,  6o"0.2-lnch,   equal 
to 150,000).    This value of blowing pressure was used for all of the Mach 2 traverse 
measurements through the swept  Interaction to be discussed later.    The surface pressures 
were made non-dlmenslonal by reference to the static pressure at a station labelled 1 In 
the  upstream part  of the working-section.     The  surface pressures and oil flow visual- 
ization in Figure  5 indicate reasonable uniformity across the width of the test section. 
The  lines of 0.015-inch diameter static pressure orifices,  labelled Y,   Z,  £, A, B,   D and 
E on the test floor, and the two axial stations  numbered k and 18 where circular pltot 
traverses were taken, may be identified on Figure  5.    We should note that the origin of 
the  X-absclssa is arbitrarily  set at the position of the turntable centre-line of the 
blowing experiment  (see Figure 2) -  this  is for convenience in referencing the later 
data with blowing.    Such origin is situax-ed 8.625-lnches upstream of the exit of the 
tunnel working section, and 11.l^-lnches  downstream of the throat  of  the Mach 2 nozzle. 

Figure 6 displays mean velocity profiles at Mach 2 as deduced from the traverse 
measurements with  the circular pltot  tube  at  the  axial stations  numbered  ^  and 18.     The 
velocity profiles  were computed assuming,   through the boundary  layer,   constant  static 
pressure equal  to  the local wall condition in the  absence of the pltot  tube;  and  constant 
stagnation temperature equal to the  tunnel  settling chamber temperature.     The boundary- 
layer thickness,   6995,  is that  where  the   local mean velocity reaches  99.5  percent  of the 
local boundary-layer  'edge'  or mainstream velocity,  and the displacement  correction  for 
the   circular tube  corresponds with that  of Reference 12, 

We  see on Figure 6,  that  the uniformity  is  acceptable at  both stations   1 and   IS. 
The   locations C  and X are 1.25-inches or  6üo on  either side of the tunnel  centre-line. 
At   station  18,   the  nominal two-dimensional profiles are described better by a  l/7th than 
a l/9th power law,   although towards  the edge of  the boundary  layer,   the profiles   indicate 
more  fullness than either power  law would predict.     A contributing factor might be  the 
presumed  high mainstream turbulence  level  resulting from Intense pressure  fluctuations 
generated at  the   tunnel control valve and measured  in the tunnel working  section13 

(APrms/po ^ 0,''r Pörcent at Mach 2),  producing,  In conjunction with the rapid acceleration 
of  the boundary   layer from tunnel throat  to Mach  2 conditions and associated non-equilib- 
rium situation,   an increase in width of the  zone of interml ttency 1',.     Other profiles 
obtained with the  cobra probe  compared  satisfactorily with  ehe  circular tube results8. 

Boundary-layer integral parameters and  local   surface skin  friction results  for the 
empty tunnel Mach  2  flow,  as deduced  from the circular pltot and cobra probes,  are 
plotted on Figure  7.    We see only a very  small  Increase in boundary-layer thickness,   dis- 
placement  thickness and momentum thickness,  along more than  B-inches  of  the  test  region 
(equivalent  to about  150 momentum thicknesses).        The results  from the  circular pltot 
seem  to provide  thicknessj?  slightly   less  than  from the cobra probe:     neither changes in 
the  rectangular  flattened tube displacement  correction used  for the  cobra probe15   (which 
is  debatable),  nor Inserting T0 = constant  across  the boundary  layer.   Instead of using 
the   cobra measured  total temperature distribution,  made substantial  effect  upon this 
comparison. 

Pltot  pressures at the wall expressed  in terms of the corresponding local skin fric- 
tion coefficients according to the correlation of Lradshaw and Unswortlv6,  are also shown 
on Figure  7.    The  surface pltot measurements  from the cobra probe provide  us with a  local 
skin  friction coefficient consistently  less than  that given by  the circular tube  by 
ACp  m 0.00035.     Although the measurements  of skin  friction by Quarmby  and  Das17 with 
rectangular pltot   tubes in incompressible   flow demonstrated  Insignificant  differences 
from the  circular  tube calibration of Patel18   (where the height  of the probe was  used in 
correspondence with the outer diameter of the circular tube)  we  Interpret  the cobra probe 
geometry with Its  chamfered flattened side  tubes,   to require a calibration  in a high 
Reynolds number  pipe flow.     It   is worthy  of note   that a chamfered three-tube  surface yaw 
probe,  but  with three circular  tubes affixed together,  was used  in conjunction with Patel's 
calibration18  in  Reference  19,   when  the  surface  direction of the  flow  was  initially unknown. 
We  further note  on Figure 7,   that the circular  tube result  from Bradshaw's  and Unsworth's 
correlation16 is  less by ACp ■  0.0004 than the adiabatic wall,  Spaldlng/Chi20 result at the 
corresponding momentum thickness Reynolds  number.     The discrepancy is   in all  likelihood 
bound up with the recovery of the test boundary  layer from its large degree of three- 
dimensionality in the expanding nozzle flow to one with a very small  residual convergence 
(toward the centre-line)  in the working section. 

3.2    Surface Pressure Distributions and Flow Visualization at Mach 2 
In the Presence of the Wedge ~ ~~        

The  static  prersure distributions along the  test surface and a selection of photo- 
graphs of oil dot  streak patterns obtained with the vertical-standing wedge in the  test 
section,  are shown on Figure 8.    On each pressure distribution, we observe the theoretical 
shock pressure rise in invlscid  flow corresponding with the mainstream Mach number,   while 
the   origin of the  abscissa is  the calculated  shock wave position where  It  intersects the 
given line of pressure holes.     The abscissa scale  is normalized with respect to the 
nominal undisturbed boundary-layer thickness,  60,  of 0.2-lnch.    Each pressure distribution 
is  in the direction of the undisturbed stream parallel to the tunnel centre-line at dif- 
ferent y-values or lateral distances from the wedge apex, and for clarity,   only those 
measurements from  lines Z through B have  usually  been plotted.     The flow  is  from  left-to- 
right,  and the triangular cross-section of the wedge has been outlined in ink.    The wedge 
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Lt  8° to  the centre-line).    Constant reference  to Figure 11 will assist the reader with 
the ensuing discussion. 

The measurements  from the cobra probe  (prior to their manipulation into velocity 
profiles)  are shown on Figures 12 and 13 as simultaneously gathered pltot pressures,  total 
temperatures and yaw angles (with respect to trte tunnel centre-line direction)  plotted 
against  vertical distance from the test  surface,  h-inches.    The relative dispositions  of 
the changes in the profile shapes are clear on Figure  12. 

The profiles exhibited on Figure 13 are those taken along the tunnel centre-line 
only, where, as on the static pressure plots,   the calculated shook wave location is the 
origin for the abscissa.    The flow  is from left-to-right. 

The  scale  for the pitot pressure profiles as related to the settling chamber stag- 
nation pressure is given at the top of Figure  13, and  the local wall static pressures are 
written beneath the abscissa.    The  upstream profiles display the characteristics of the 
nominal two-dimensional flow existing there.     At 260 upstream of the calculated shock 
position,   we observe  a  substantial  outward movement  of  the sonic  line,  coupled  with a 
rapid decrease  in pltot pressure signal as the  local mainstream is approached.     This 
pltot pressure deficit would be consistent with passage through a densely packed fan of 
compression waves that  commences ahead of the  location of the calculated  shock  front. 
This outer gradient of pltot pressure disappears suddenly at the calculated shock 
position,   indicating a sudden Increase in local Mach number as h*0.5-lnch.    With further 
distance downstream,   the tonic line slopes back  towards the wall.    We note that  espe- 
cially through the interaction, near the  calculated shock position,   the pitot pressure 
adjusts  very slowly  towards the level In  the  local mainstream flow. 

The  centre  graphical display  of Figure  13  shows  the measured total  temperature pro- 
files,  referenced to  the stagnation  temperature  in the  tunnel aettling chamber:     1 percent 
of T0 is roughly 50R.     The total temperature rises rapidly in the laminar sublayer imme- 
diately adjacent to the wall, before assuming some constancy in the wall  law region. 
Thereafter,  it  continues to increase and to overshoot  the mainstream flow  level  by typi- 
cally one  half  of one  percent of T0.    The presence of  the overshoot   in the  temperature 
distributions   (which moves further  from the wall with progression through  the  interaction) 
means that the  total  enthalpy defect In the layer 

should be small,  tending to zero for a boundary  layer on a thermally Insulated surface. 

If the  total temperature distributions are  expressed In terms of the quotient 

„ _   TPC ~  TW 
T -   T 
^PCE W 

they can be compared against the Crocco relationship21  put into a 3D formulation, 

F . -5 
UE 

where un is  the  resultant velocity   in the  viscous  flow.    We noted that when plotting  the 
ratio or temperature  differences as  ordinate versus ug/ug as abscissa, the  results were 
situated well  above  the  line of 100 percent correlation on the graph. The parabolic 
relation of Walz22, 

12 

F m 
provided  even worse  comparison.    Neither  of these frequently assumed  2D  type temperature 
distributions  appear  to exist,  therefore,   in the  swept  interaction presently  under dis- 
cussion. 

The  yaw angle distributions corresponding with the pltot and total  temperature plots 
Just discussed,   are  shown on the  lowest  of the   three  sets of profiles on  Figure   13.     The 
skew at  the wall,   in  a direction that turns away from  the deflected wedge  surface,  begins 
to  increase  from Its  nominal 2D value,  at  least   3So upstream of the  calculated   shock wave 
location.     As  we move  downstream  (but still upstream of the shock)   the extent  of the  yawed 
flow region normal to  the wall,  and  the maximum yaw angle grow progressively;   while at  the 
prescribed boundary-layer edge,  the  yaw  angle  has not  returned to the nominal mainstream 
flow direction  parallel to the tunnel centre-line.     The yaw angle continues to  reduce  up 
to  260 away  from the   surface  (see  profile no.   8,   for  instance).     Immediately upstream  of 
the  shock,  at  profile no.  11, we note the  opposite behavior -  see Figure   12 -  above  the 
boundary-layer  edge,   the yaw angle   Increases  slowly,   this trend carrying over  into the 
recovering flow downstream of the   calculated  shock location. 

We recollect that our diagnosis of the oil  flow visualization records on Figure  8 
contended  that  no  3D  separation existed  at  6w = 8°.    The raw profile  information that  we 
have Just  examined would seem to support   this  view,   for we shall  see  in Section  3.6,   that 
the stagnation temperature profiles appear to be  sensitive Indicators of three-dimensional 
separated flow regions.    In contrast, the Mach 2,  6w " 8° temperature profiles on Figure 13 
display no sudden variation In characteristics. 
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2-^    Crossflow and Streamwlse Flow 

Let us now examine selected profiles on Figure I1* obtained with the cobra probe at 
the three  lines of traverse stations   (see Figure  11).     Where profiles at nominally the 
same distances upstream or downstream of the calculated  shock position along each of the 
lateral traverse  lines  (y/60 ■ constant) have been gathered, they will be overplotted, 
and a mean line drawn through them. 

Taking the  measured values of total  temperature and pltot pressure,   coupled with the 
assumption of  constant   static pressure across  the  viscous  flow equal  to the   local  wall 
value,  the distribution of resultant mean velocity can be calculated.    We might  Interject 
that  since at any given Mach number In the  flow,   the resultant velocity, UB»  depends only 
upon the half power of the local absolute  stagnation temperature,  whether we use a con- 
stant stagnation temperature through the boundary  layer equal to T0,  or whether we use 
that measured locally In the flow,  causes  Insignificant  change in the calculated result 
for Uß.    Of greater significance,  is  the a; sumption of constant static pressure across 
the boundary  layer.    We can see  from Figures  8,   9  and  10  for example,   that  upstream of 
the  calculated  shock wave location,   the wall pressure  Is  potentially greater than In the 
mainstream,  whereas downstream,   It  Is  potentially   less.   If the distribution of pressure 
rise  in the mainstream follows the pattern  of the  inviscid flow calculation.     In 
Reference   23,  at  a nominal Mach number of   3,  we   saw that  a linear reduction  in  static 
pressure of 16  percent  from the wall  to the mainstream,   made about a  2  percent  difference 
in both normalized density and velocity ratios when compared with using a constant  static 
pressure across  the  flow.    These differences tended to be  self-compensating.     Hence,   the 
overall effect  was  for only a 2 percent reduction  in displacement  thickness.     On  the other 
hand,   there was  a masrlve Increase  in  local momentum thickness of about  80  percent   (due  to 
the  lower  values  of velocity ratio)   thereby reducing the  local shape  factor.     If  indeed, 
the  static  pressures  are monotonically  increasing or decreasing substantially across the 
3D viscous  flow,  we would not expect  to view major variations in the resultant  normalized 
velocity  profiles,  but  momenturr thickness  parameters might be In doubt. 

Knowing the  local  flow direction and mean velocity  at the boundary  layer edge,  Uß 
can be resolved   into  streamwlse  flow and crossflow components, u and v,  where  u * ujr and 
v»0 at h » 6.     Representative boundary-layer u  and v profiles of the Mach 2,   6^ " 8°  flow, 
are  shown  on Figure  14.     The traverse  height perpendicular to the wall and  the  velocities 
have  been  normalized by  local values  of 6995 and  ug respectively. 

The wall  static  pressure ratio  increases  in  the downstream direction when proceeding 
'dow istalrs',   to  the  left  for the  crossflow,  and   to the  right for the  corresponding 
strfamwlse  flow.     The  symbol code at   the top  leTt-hand  corner dlstiriguishes  the   traverse 
locations  and  Figure   11  should be  sought,  to   Identify  the  traverse positions  relative to 
the  calculated  shock wave  location. 

The difficulties  of  finding adequate  representation  for the crossflow profiles  is 
illustrated on  the  left-hand side of  Figure  14,   where  the  experimental measurements at 
the  calculated   shock location are compared against  the  parabolic  form  suggested  by 
Mager2"1,  which  is 

V 

Ur, 

The angle, 
the project 
This profil 
but is more 
maximum val 
downstream 
sively with 
Johnston's2 

the present 

ß, on 
ion on 
e repr 
full 

ue of 
of the 
repre 
5,26,27 

flow8, 

the test surface, Is between the loc 
to the surface of the inviscid stre 

esentatlon clearly forces agreement 
throughout the boundary layer than 1 
crossflow velocity ratio and flow an 
calculated shock position. The the 
senting chosen velocity profiles in 
triangular model for crossflow. Su 

al limiting streamline direction and 
amllne at the boundary-layer edge. 
immediately adjacent to the surface*, 
ts exper^meii'al counterpart.  The 
gle, tends almost to a constant value 
sis of Lowrle1* dealt almost exclu- 
a swept interaction region by 
ch a representation does not work for 

It remains to be seen whether the family of hodograph crossflow models suggested by 
Shanebrook and Hatch28 and discussed in terms of the compressible, 3D turbulent boundary 
layer in Reference 29, would yield any satisfactory degree of comparison in a non-equilib- 
rium boundary layer, such as in the swept interaction.  Comparisons between selected 
members of the hodograph family of Shanebrook and Hatch28 and the nozzle wall crossflow 
profile data of Hall and Dickens21* were good.  But to find analytical profiles, the method 
of least squares must be used to fit the experimental hodographs with the crossflow models 
from the theoretical subfamilies29.  Such a technique is not too helpful when attempting 
to calculate a flowfleld before experimental results are taken. For reasons such as 
these, the use of a three-dimensional boundary-layer calculation method such as that due 
to Nash that is based upon the turbulent kinetic energy equation30 would appear a more 
worthwhile pursuit, in which no assumptions about crossflow profile shapes have to be 
made. In fact, the Nash programme31 In which the experimental 6y( ■ 8° pressure distri- 
bution and the upstream 2D boundary-layer properties were boundary conditions, was used 
to calculate the flowfleld and the calculated profiles were in good qualitative agreement 

•There is a discrepancy, however, between the flow near the surface from the cobra probe 
traverse and that on the parabolic distribution.  This is due to the fact that the loca- 
wall shear stress direction from the oil flow visualization has been inserted for S, 
rather than the cobra probe determined yaw angle closest to thj wall. 
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with the  cobra probe measurements8. 

In  contradistinction  with the crossflow  profiles,   the stroamwiae  flow on  Figure   14 
demonstrates  an almost  self-preserving character once  into and through the region of 
strong  interaction,   but with a profile much less  full  than that given by  the   2D,   l/7th 
power  law. 

3.5     Integral   Parameters,   Local Skin  Friction  and  Wall  Conditions 
at  Mach 2 with  S^^t6 

Figurss   15,   16  and  17   illustrate  the  growth of  the boundary layer through  the   6^ " 8°, 
Mach 2  jwept  Interaction region.    All of  the profile data are plotted,   taken along both 
the  tunnel centre   and off/centre-line stations   (at  y/60* 0.1^ and 0.75).     The  three   lines 
of results are   identified  with different   symbols.     The  shaded  symbols are  at  those  two 
traverse  stations  along the  projected  inviscid  streamline,   downstream of  the  calculated 
shock wave position.     We  note that the qualitative   interpretation of the  results  is  the 
same,  whether we   stay on  one  lino of traverse  measurements,   or whether we  follow the 
inviscid   streamline  path. 

In  the  axial  direction,  there  is a  lag in the  growth of the streamwise and crossflow 
thickness parameters,  until  about  160 downstream  from the  commencement of  the  pressure 
rise,  where  the  local  static  pressure gradient   is  at   its maximum.     (We note on figure  17, 
however,   that  the  deflection,   g,  of the   limiting streamlines responds immediately  to  the 
application of the   pressure  rise).    During the   following 2£0 of downstream distance,   the 
component  displacement and  momentum thickness  parameters  show rapid growth until the 
calculated shock position   is  reached,  after which  the  pressure gradient  begins  to reduce 
significantly.     Nevertheless,   in the  streamwise  flow  sense  at   least,  changes   In density 
are more-or-less  compensated by  the  local  changes  In velocity:     for the  streamwise   shape 
factor,   H  (=   6*/91 i),  on  Figure  15,   shows  only  a small overall reduction through the 
Interaction region.     This   is what we would expect   from the  appearance of the   streamwise 
flow profiles  on  Figure   1^. 

In  addition,   on Figure   16 we detect  a thickening of the  viscous  flow with  Increase 
of lateral distance  from  the wedge apex,   so that  In  the range of measurement,   the  flow 
appears  more  quasi-conical   than quasi-cylindrical,   as we discussed  in Reference  32. 

On  Figure  16,   we show  the thickness  parameters  along the  tunnel  centre-line,   cal- 
culated  by the  comnresslble   3D turbulent  boundary-layer method of Nash30>31,   for this 
Mach 2,   Sy= 8°   flow  case.     The calculated  results  off;r a near invarlancy  of boundary- 
layer thickness,   and  only  a  small  increase  in   the  growth of  the true displacement 
surface3 3>3', with distance  downstream through  the  swept  interaction,   in contrast with the 
rapid growth of the measured  Individual  streamwise  and crossflow components.     The plot 
of displacement  thickness  on Figure  16,   illustrates,   perhaps,   that the viewing of the 
components  in  the   streamwise and cross!?ow directions does  not necessarily provide   the 
correct  physical   impression of the true displacement  effect.     In a qualitative  sense,   the 
true displacement   thickness differs  from  the  streamwise flow value because the boundary 
layer  causes   some   flow at   right angles  ti  the  direction of the  external  streamlines3**. 

The measured  distribution of surface  pressure   shown on Figure 15 is not   unlike  that 
found  in  an  unseparated,   two-dlmenslunal  flow35,  while  the  slightly elevated  temperature 
of the  test  wall   indicates   less change  'u temperature  gradient  along the  wall  than  the 
corresponding adlabatic  wall  temperature  distribution. 

The distribution of  the  local  skin  friction coefficient  Cp  (Figure  17)  obtained 
using the  streamwise momentum deficit,  thickness  in  the  intermediate temperature  formulation 
of Sommer and Short36,  also possesses the  same  qualitative  form as in 2D  flow:     a rapid 
fall  in Cp as  the   shock  Induced pressure  ratio  increases  to   its maximum pressure gradient 
condition,   followed  by a more gentle  reduction where  the pressure gradient  is virtually 
constant,   to  a  near  exponential return to equilibrium  further downstream.     The  Nash  cal- 
culation method utilizing a  law of the wall  formula  to give  Cp provides  satisfactory 
agreement with this  particular correlation of  the  velocity  profile data accc   ding  to  the 
Sommer/Short  Cp method36. 

On Figure  17,   we have plotted,  as reference datums,   the empty tunnel Cp values  for 
the  circular  pitot   tube  and the cobra probe calculated according to the  correlation  of 
Eradshaw  and   Unsworth16,   and  the offset  between  them  that  we discussed  in Section   3-1. 
Data points  from the  cov)ra profiles  in the undisturbed boundary layer upstream of the 
Interaction   (3ommer/Sho-t)   are  in good agreement  with the empty tunnel results  of  the 
circular  Preston  tube maasurements  at  the  wall   (Braashaw/Unswo.'th). 

In  the  region  of  the   static pressure  rise   (Figure  15)   -^  <   (XT-XSWINV)/60 S  -2, 
whore  the Initial  pressure gradient  is  largest   and  virtually  constant,  the  local stream- 
wlse  flow Cp values  indicate a smaller reduction with downstream distance  than the 
corresponding resultant  Cp measured by  the cohra probe at  the  wall.     (For the   latter 
results,   the  correlation of Bradshaw and  Unsworth'6  using local adlabatic wall temperature 
and Mach number computed   from the local wall  pressure  to upstream stagnation  pressure 
ratio,   compare  relatively  well with the correlation  of Hopkins and Keener37 using the 
intermediate  temperature   hypothesis and   local  Mach  number  from static to  pitot  pressure 
ratio).     The   limiting streamline deflection  Increases progressively  in the region,   so 
that  the  crossflow   shear  stress at  the wall must be  increasing at a rate   faster than the 
shear  stress   in  t':ie   streamwise  flow direction  is decreasing.     On this basis,   we would 
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expect that the magnitude of the resultant surface shear stress should fall less rapidly 
than the streamwlse component alone, when the opposite appears to occur.    Tentatively, 
these differences might perhaps be reconciled from   mr earlier discussion where we indi- 
cated that if there were a substantial static pressure gradient normal to the wall.  In 
which the pressure reduces  towards the mainstream,  an enhanced streamwlse momentum 
deficit thickness would result, leading to an overall reduction In the streamwlse Cp 
component. 

The  lower graph on Figure 17 displays the rapid initial growth In the divergence of 
the local limiting streamline direction with respect  to the undisturbed flow,   followed by 
a virtually constant value of 8CL 

and a subsequent region of alow decay.    We note that 
the limiting streamline direction through the  interaction region as measured from the oil 
flow visualization,  always  leads the nearest value of yaw angle to the wail that is ob- 
tained from the cobra probe; but that in the relaxing region downstream of the calculated 
shock position,  the measurements recover to one of good comparison.    Since good agreement 
was previously obtained between cobra probe and oil  flow directions at the wall  In 3D 
boundary-layer experiments on right-circular cones38,  where a substantial region of col- 
llnear flow existed adjacent to the wall,  we  infer from the present discrepancy  In  BcL 
through the Interaction region, that yaw conditions near the wall, between the wall and 
the  first  data point measurable with the  cobra probe,   are still  changing rapidly,   and 
that  regions  of collinear  flow are very small. 

In the 3D boundary-layer calculation of Nash,  the method Is formulated to deal with 
swept  flows with side stream surfaces parallel  to the oncoming flow.    Hence,   the forced 
omission of the deflected  wedge surface as a boundary  constraint  in the  calculation, 
causes the computed   skew angle at the wall downstream of the  shock to be  less  than  that 
measured,  by an amount roughly equal to the deflection angle of the wedge. 

3.6    In a Three-Dimensional Separated Flow at  Mach  4 

What  features  different and distinct   from  the  Mach 2,   6w ■ 8°  flow would we  expect  in 
the presence  of a   3D separation?    To answer the  question,  we  look at a flow example  at 
Mach  ^.     Incipient   separation at Mach  h would  appear  to occur at a flow deflection angle, 
5y,  close  to  6°  - see    jference 8 - so that  increasing the wedge angle by  a  further  10°, 
produces  a strong  three-dimensional separation region  that  is  shown on Figure  18.     The 
upper photographs  demonstrate limiting streamline motion beneath the calculated and 
experimental  shock wave positions,  toward a separation envelope situated at about  56o up- 
stream of the  shock wave,  along the tunnel centre-line.     (The nominal undisturbed boundary 
layer thickness  is  about   the same at Mach  ^  as  at  Mach 2,   for  the tunnel run conditions 
used).     The  leading expansion wave from the wedge  tralllng-edge is now relatively much 
closer  to  the  calculated  shock location,   and  attenuates  the  pressure rise  sharply at  66o 
aft of the calculated  shock  Intersection point  with  the  tunnel centre-line.     The view of 
the wedge  surface  at  the  bottom of Figure   18  shows  a  divergent  limiting streamline 
pattern on the  wedge  face  close to the corner   (this  may also be observed more  clearly 
towards  the top of  the wedge).    The attachment  surface continues across  to the wedge 
tralllng-edge,   and  on to  the  tunnel  floor as we  see  by  the divergent  limiting streamline 
pattern Just  ahead  of the  projection of the tralllng-edge expansion. 

The  sldewall   limiting  streamline pattern demonstrates  a cellular structure not  un- 
like that  found on  2D aerofoils In transonic   flow39,   and  in no way may this be  considered 
as a quasl-2D  separation! 

Figures  20 and   21  illustrate the cobra probe pltot,   total temperature and yaw pro- 
files along the  tunnel  centre-line through  this Mach  4,   SylS0  separated  flow.     A map of 
the  seven stations   relative  to the calculated  shock  wave  location Is given on Figure  19. 
These centre-line  stations  were chosen to provide  profile measurements  from upstream of 
the three-dimensional  separation line to a position  downstream of the calculated shock 
wave  location. 

The pltou pressure profiles on the  top graph of Figure  21 are sufficiently  close  in 
spacing through the   interaction to allow a construction of the  forward oblique  leg of  the 
shock bifurcation at  the  foot of the wedge  shock.     The position of the oblique  shock  leg 
Is given by the noticeable and sudden deficit  in pltot pressure observable on the plotted 
distributions,   and  as we might expect,   the  3D separation  line  is situated near  to the 
intersection  of this  oblique  shock wave  and  the  test   surface.     Downstream of the  3D 
separation line,   the  presence of shear  layers  with heat  transfer Is  indicated  by rapid 
changes  and troughs   in the  pltot distributions  that  are matched closely  in position by 
troughs  on the  temperature  plots. 

From these distributions,  we may postulate  that  the deficit troughs  correspond with 
the  core  flow  of a   flattened vortex  structure  of the  rolled-up  shear layer from the   3D 
separation line,  much  like  the flow model proposed  by  Cooper and Hankey  in Reference  ÜQ. 
The axis of the vertex would appear Just ahead of the  line of the calculated  shock wave 
(the origin of which is  the wedge apex)  where  the   'overshoot'   towards  0°  on the  yaw pro- 
file  is  at  its maximum.     Along a traverse.   In  the  region of the flattened vortex core 
structure, we would expect  the yaw angle to increase initially from the surface due to 
the outboard movement  of  the underside of the vortex.     But  this  is not measured. 

From these measurements,  therefore,   the   significant  changes in the total  temperature 
distributions are a good indicator of a three-dimensional separated flowfleld. 
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Its construction, while the rearward facing steps situated between the extremities of the 
Jet nozzle and the tunnel endwalls introduce regions of disturbed flow bordering the Jet. 

The surface oil streaks on Figure 23 indicate negligible change in direction of the 
Jet flow about its redirected centre-line along the test  floor.    The Jet stagnation 
pressure of 167 psla yields a calculated static pressure in the Mach 3 Jet flow about 
equal to the Mach 2 mainstream static pressure.    The abrupt change In slope of i»0 between 
the Jet nozzle wall and the tunnel floor in the plane of the Jet exit generates a shock 
wave and consequent  increase in local static pressure,  which Is almost Immediately can- 
celled by the reflection of the shock wave within the Jet,  as an expansion from the free 
Jet boundary - see Figure 23.    At  10 Jet slot heights  (5*0) downstream of the Jet exit, 
the wall static pressure has returned to the nominal mainstream value within the  limits 
of ±10 percent of the reference undisturbed static pressure, pj. 

What of the uniformity of the Jet flow across the width of the Jet nozzle exit? 
Because of the  large number of static pressure orifices in the wind tunnel floor,  and the 
obstruction of the supply pipe to the blowing nozzle   (see Figure 2)  It was not possible 
to Install either the cobra probe or the circular pltot probe traversing gear.     Instead, 
as well as relying on local static pressure distributions we chose to use the obstacle 
block Indirect  skin friction measuring devices that Nituch'*2 had  Investigated  (following 
the suggestion of Ralnblrd)  in a  low speed tunnel  flow.     The optimum dimensions and 
geometry that Nituch found for the obstacle block are shown on Figure 2^, where the 
height, width and length of the block are typically  3,  1.5 and 9 times the diameter of 
the static hole against which the block Is to be abutted.     A seml-clrcular cut-out, 
positioned at the centre of the forward facing side of the block,  along with a drill bit 
in the static hole,  facilitates the accurate and positive  location of the block with 
respect to the  inside of the static hole.    As with the geometrically similar Preston tube 
devices,  the disturbance  to the local flow produced by a congruent  family of obstacle 
blocks, provided they are  Immersed within the law of the  wall region of a turbulent 
boundary  layer,  will be governed  only by wall variables and a characteristic  size of  the 
obstacle (the height).     The blocks can be calibrated  In a pipe flow and Vlnh1*3 has 
demonstrated that under high Reynolds number conditions,   the calibration for the geometry 
of block described Is similar to that of Patel's calibration19 for the Preston tube. 

Figure 2'* shows  the  stitlc and obstacle block pressures across the wind tunnel at 
17.5  slot heights or almost  9*0 downstream of the Jet  exit,  with the Mach 3 wall Jet  on 
and off.    (For a qualitative determination of the variation of local wall shear stress, 
i.e can clearly observe the disturbance pressure due to the obstacle block and compare it 
against the undisturbed static pressure, pj, at the reference station 1). 

We see on Figure  21  that the static pressure distribution across the tunnel is 
unaltered by the addition of the Jet flow at this station downstream of the Jet slot.     In 
contrast, the block pressure ratios display a non-uniform distribution reminiscent of a 
preferential cellular type flow;  that the tunnel flow itself was not responsible for the 
unevenness is shown by the Jet-off block pressure ratios measured with the same blocks, 
which Indicate relatively good spanwlse uniformity of surface shear stress.    Hence the 
Jet flow provided a high mean level of local wall shear stress, modulated by a periodicity 
across the span of the Jet.    As the local skin friction coefficient is very roughly 
proportional to  (pg/p! - 1),  all other parameters being equal, we can see that the Jet flow 
has Introduced a wail  shear stress about 5 times that existing in the empty wind tunnel, 
with a typical amplitude  of modulation of about  0.7 times  the level of the wall shear 
stress In the undisturbed flow. 

Sections 3.2 and  3.3 have Included a discussion of the flow in the swept interaction 
region at Mach 2, generated by an 8° wedge deflection.    We recollect that in spite of 
substantial skewing of the boundary  layer,  3D separation had not yet begun.    This flow 
regime, therefore,  provides an initial datum against which to check the effects of adding 
the Mach 3 Jet. 

Figure 25 is comprised of a series of Illustrations   (oil-dot  flow visualizations and 
pressure distributions)  depicting the Jet efflux  issuing beneath and at various angles to 
the direction of the undisturbed boundary-layer flow,   of between -20° and +30°, where the 
mixing distance between the Jet exit and the shock front varies from about 2 to 20 60, 
depending on Oj. 

We might think that blowing at sa.' Oj ■ 30° would offer the most benefit for con- 
trolling the 3D separated  flows,  for in so doing,  the direction of the jet surface shear 
must be turned through more than 60°  for It to follow the  line of a typical 3D separation 
at Mach 2,  generated by a wedge standing normal to the floor.    In other words,  the 
penetration ability of the Jet should be sufficient to erase the separation.    With the 
geometrical constraints of the experimental configuration,  however, the wedge obstruction 
acts as a bluff protuberance to produce a near normal shock to the oncoming Jet  flow,  and 
a consequent massive  3D separation that we view on the lowest photograph of Figure 25- 

If we now rotate the  Jet efflux such that it  is parallel with the undisturbed 
boundary layer at the Jet  slot, we still perceive a 3D separation.    We now have a flow 
with substantial separation with the Jet on as compared with the  swept interaction at 
6w"80 with no Jet, where no separation existed!     Incipient separation of the new boundary 
layer growing beneath the wall Jet peak will occur at  6w corresponding with the local Jet 
peak Mach number,  provided  the latter Is greater than the Mach number of the mainstream. 
We remember from Sections  3.2 and 3«6 that 6^ for incipient separation decreases as the 
local oncoming Mach number to the wedge Increases.    Clearly,  with Mj ■ 3, the wedge angle 
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for Incipient  separation  Is   less than 8°.    Under these  circumstances,   the enhanced 
surfac.   shear stress provided by the Jst  Is  Insufficient   to  remove  the  3D separation at 
the given  'initial*  mixing distance  of about  ^ÖQ between  the   Jet exit and the wedge 
leading-edge. 

If we follow the progression of photographs  from the  centre of Figure 25 to the  top 
of the page,  we observe  that   by aligning the Jet efflux  somewhere between the wedge 
deflection angle of  8°  and  the shock wave deflection angle  of  37°   (at  Mach 2),   the  3D 
separation line  is  caused  to  disappear. 

On the  left-hand side  of  Figure  25,   some representative  wall  static pressure distri- 
butions along the  centre-line  and   line A  for 9j • +30°  and -20°  are  plotted.    We  see  that 
one aspect of the  controlling mechanism,   for  Instance,   with   Bj   at  -20°  is the reduction 
In overall shock pressure rise  generated by the  Jet   flow  expanding  locally around  the 
wedge  leading-edge,   to a  value  less  than the calculated  shock  pressure rise.     In addition, 
the Jet  is now blowing in a  direction along which,   from  the  wedge apex,  there exists a 
favourable pressure  gradient   (in the absence of the  Jet)   due   to the relaxation along the 
shock direction,  of maximum  pressure  rise with  distance  from  the wr.dge  leading-edge. 

For these reasons, coupled with the substantial wall shear stress Introduced by the 
Jet flow, the 3D separation would also appear to be erased at 9j =-25° and 6^=11.5°, as 
we  see on Figure 26. 

We have measured no mean  flow  profiles  in  the   3D Jet/boundary-layer combination,  and 
consequently we  can  only  rely  on our  2D results7 as  a qualitative guide.     In the  limited 
number of experiments with Mowing  that we have managed   In  the present  constrained 
geometrical conditions,   it   Is  not   ?lear,   for example,  whether   the  advised direction of 
blowing herein would  carry  over to  controlling a  3D shock-induced  separation on  say  a 
swept wing or body  flow with   Internal  shock waves38. 

More work  clearly  needs   to be  done on a  flow model  producing a  3D separation without 
the  constraint  of a  solid  vertical  wall  In proximity  to  the  Jet. 

4.0     CONCLUSIONS 

Based on measurements  of  the near-zero heat  transfer  turbulent  boundary  layer on a 
flat wall in a swept  interaction region at Mach  2 and  4,   generated  by a wedge standing 
normal  to the  test  wall,   and  at a Reynolds number  of ^2 « 105   based  on the  undisturbed 
boundary-layer  thickness,   60,   of 0.2  Inch,  we  conclude  that: 

1. The  development  of  the   viscous   flow  In the   swept  Interaction region  leading even- 
tually to   3D separation  with  increasing deflection  angle  of the wedge,   is  a gradual, 
progressive,   relatively   steady,   and essentially  quasi-conical  process  near  the  wedge, 
in which  the  flow  leaves   the   3D  separation   line  as  a   shear  layer  that rolls  up   into 
a  flattened vortex  within  the  depth  of the  original   undisturbed  boundary   layer. 
There appears  to be  no  sudden    eruption   of  viscous  vortical  fluid  from the  test 
surface.     In  fact,   the   precise  wedge angle  at   which   incipient   separation occurs  is 
particularly elusive,   unless  the  observation of parallelism of  the  limiting stream- 
lines with the  calculated   (or  visualized)   shock wave   is   adopted  as  the incipient 
separation criterion. 

2. The optimum direction  of  a Mach   3  supersonic  wall  Jet  to  control  the  shock-induced 
separation  (caused  by  the aforementioned wedge  in a   flow  at Mach  2)   is along a   line 
between the wedge deflection angle and its  shock wave  angle  (or  the  3D separation 
line). 
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AN EXPLORATORY STUDY OF A THRF.F.-PIMKNSIONAL 
SHOCK WAVE BOUNDARY  LAYER  INTERACTION AT MACH 3 

by 

B. Oskam, I. F. Vas and S. M. Bogdonoff 
Princeton University 

Princeton, New Jersey 08540, U.S.A. 

SUMMARY 

An exploratory experimental  investigation has been carried out on the three dimensional  flow fields 
caused by the interaction of oblique shock waves and a planar turbulent boundary  layer.    The study was 
performed at a free strsam Mach number of 2.95,  a Reynolds number per inch of 1.6 x   .O6 and near adiabatic 
wall conditions.    The interaction was  studied on  two experimental configurations having different  initial 
boundary  layer thicknesses  (6 = 0.13 and 0.55  inches).     Both surface measurements  as well  as complete flow 
field surveys were performed. 

The main contributions of the present  investigation are two experimentally derived flow field models 
for shock generator angles of 4    and  10  .     Based upon both static pressure and surface  flow pattemb, as 
well  as heat transfer data, the interaction region can be characterized as quasi-two-dimensional  along the 
shock direction in the region studied. 

A critical examination of the occurance of "ordinary" flow separation and its  character,  as  applied 
to the present problem, was carried out.     It was  concluded that McCabe's  criterion,  as used by the pre- 
vious investigators,   is not a sufficient  condition to determine the onset of flow separation. 

LIST OF SYMBOLS 

local speed of sound 

specific heat  at constant 
pressure 

Cf "  1           2 
2P1U1 

local skin friction coeffi- 
cient 

c          qc 
local heat transfer coeffi- 
cient ^   ViVVW 

J i   2 
M .    u +v Mach number 

P static pressure 

"c convective heat transfer 

P.u  6 
Re. « -i-i- i       u1 

Reynolds number based on   f> 

t time 

T temperature 

Taw adiabatic wall temperature 

u.v.w velocity components in X,  Y 

ainc 

i    "I— T      IP.. 

and Z directions 

u-velocity transformed by 
van Driest transformation 
of Ref. 8 

skin friction velocity 

a = a ret an (-) 

max 

B = arctan (-) 

6 

AX 

e 

ti 

p 

T 

coordinate parallel to tun- Subscripts 
nel axis measured from leading 
edge of shock generator 1 

coordinate parallel to X- 
axis measured from calculated     2 
shock position 

coordinate normal to X-axis in 
plane of the test surface measured 
f^om leading edge of shock generator 

coordinate normal to X- and Y-axis 
measured from test surface 

yaw angle 

angle between oil  line and X-axis 

maximum of a0 for fixed shock 
generator angle 

effective shock generator angle 
measured with respect to X-axis 

pitch angle 

boundary layer thickness at 
(Xs = -' AX) for fixed Y 

average 6. (as defined in Section 
4.3)    l 

displacement thickness 

upstream extent of interaction 

momentum defect thickness 

viscosity 

density 

surface shearing stress 

kinematic viscosity 

as in free stream ahead of inter- 
action 

uniform conditions behind shock 
wave as calculated from oblique 
shock theory 
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Subscripts   (Cont'd) 

vD 

1.     INTRODUCTION 

Superscripted variables 

wall conditions 

van Driest 
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Since the early studies of supersonic flow,  there has been continued research on the problems of the 
interaction of shock waves and turbulent boundary  layers.    These studies have been concerned with geo- 
metries where  the pressuic eradients were imposed in  the streamwise direction,  resulting in planar,   two- 
dimensional  flows.     In most ca?es of practical   importance,  there are probably significant  three-dimensional 
effects.     In nominally two-dimensional  flows  this three-dimensionality is associated with end or corner 
restraints  and involves gradients  in flow properties   in all  three directions.    However,  there  is a  large 
class of three-dimensional  flows which contain one particular direction along which  flow properties vary 
only slowly.     In this  class of shock wave/boundary  layer interactions, one might expect a quasi-two- 
dimensional  character and therefore a simplification  over the full three-dimensional problem. 

The study presented herein deals with such a quasi-two-dimensional  interaction between an oblique 
shock wave and the turbulent boundary  layer on a surface parallel  to the stream but perpendicular to the 
plane cf the  shock.     Interactions of this kind are found,  for example, on the sidewalls of rectangular 
supersonic air  intakes  or oblique shock diffusers.    The geometry produces both streamwise  as well   as 
transverse pressure gradients resulting  in significant  cross  flows in the boundary  layer.     These complex 
three-dimensional  flows have been the subject  of only  a few studies, primarily because of the experimental 
difficulty  involved in the full  resolution of the flow phenomena.    McCabe'  and Lowrie2 have  studied the 
problem both experimentally and theoretically.    McCabe presented an approximate  inviscid theory,  based on 
vorticity arguments,  which relates the  limiting surface streamline angle to the shock  conditions.     This 
theory  incorporates  some fairly sweeping assumptions,  which result  in an oversimplification  of the physi- 
cal situation and therefore severely  limits the understanding  that  can be gained fro.r. it.     A more compli- 
cated and also more realistic treatment has been given by Lowrie.    His analysis  is primarily based on the 
argument  that   the pressure gradient  term in the momentum equation is much  larger than the shear stress 
term and,  consequently,  the problem is  treated as  inviscid rotational  fluid flow.    The development  of 
cross  flows within the boundary layer can be predicted  in this way, but only in an  initial   region of the 
interaction where the pressure gradient  is  indeed the dominant  effect.    It  should be noted that  Lowrie 
assumed constant static pressure in the direction normal  to the wall  in both his theory and his experi- 
ments.    He  reported that boundary layer profiles that  showed a static pressure variation of more than 5% 
were discarded. 

T 4 
Token    and Neumann    have concentrated on  surface heat transfer as  it  is most  important  for direct 

practical  applications.    Although McCabe,  Lowrie and Token provide a large amount of information about the 
three-dimensional  interaction of an oblique shock wave with a turbulent boundary  layer each  of these 
studies  leaves a significant part of the phenomenon  unresolved. 

The present study  involves the same general problem as  examined by the previous  investigators but 
with a somewhat different objective;  to examine,  in a well-defined experimental  set-up,  the complete flow 
field of the  inter-iction and to directly connect  this  flow field with the surface phenomena.     The goal   is 
to provide a better understanding of the phenomena by  considering many different aspects of the complete 
interaction anc  to form a framework for future experimental  and theoretical  studies. 

Variable strength shock waves, at  a Mach number of 2.95,   interacting with a high Reynolds number 
turbulent boundary layer were the general   framework of the experimental program.    The shock  interaction 
studied was  at  some distance from the shock generator to try to determine the characteristics of the  inter- 
action  in a region not directly influenced by  the streamwise comer formed by the shock generator and the 
test surface.     Major concentration was on the study of the interaction using one relatively  thick  turbu- 
lent boundary  layer  (Model  1), but the scope of the study was  extendea to a much thinner turbulent boun- 
dary layer  (Model 2) to examine scaling effects. 

Special  attention was paid to the phenomenon of flow separation in three dimensions.     It should be 
noted that a unique characteristic of three-dimensional  flow  is  that it can separate  from the surface 
without the mean surface shear stress becoming  zero.     This type of flow separation, known as  ordinary 
separation,  has  to be distinguished from singular separation whose principal  characteristic  is  that  the 
mean wall shear stress is zero at the separation point  (e.g.,  the separation in planar, two-dimensional 
flows is singular).    Previous investigators of the present problem have indicated the occurance of ordi- 
nary separation along a line defined on the basis of surface oil  flow patterns.    The present investigation 
examines this ordinary separation on the basis of both surface phenomena as well as flow field measurements. 

2.    EXPERIMENTAL PROGRAM 

2.1      Geometrical Arrangements 

A schematic of the experimental configuration,  showing the region of detailed measurement,  is pre- 
sented in Fig.   1.    The oblique shock was generated by a variable angle shock generator which spanned the 
'unnel between top and bottom wall.    As noted,  the region of study extends upstream of the interaction to 
establish the incoming boundary layer characteristics.    The test region does not extend to the shock gen- 
erator,  and is  limited in extent by the expansion from the trailing edge of the shock generator and the 
reflection of the shock from the wall opposite to the shock generator.    In any such experimental set-up, 
extraneous interference effects from the boundaries of the region of study can be expected  and great effort 
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was made to evaluate these effects.   The length of the shock generator was made long enough so that the 
expansion from the trailing edge did not interfere with the region of study and a detailed examination was 
made of the region of influence of the reflection of the shock wave from the opposite wall. 

One of the key parameters of the study is the effect of shock strength which was varied by changing 
the deflection angle of the shock generator.    TWo configurations of this general format  (Fig.   2) were 
studied in detail; their main difference was the thickness of the boundary layer coming into the inter- 
action region.    Most of the studies were carried out on Model  1, because the relatively thick turbulent 
boundary layer allowed high resolution measurements to be made throughout the interaction region.    The 
configuration of Model 2 incorporates a much smaller incoming boundary layer thickness and thus covers a 
larger region of the interaition in terms of boundary layer thickness than Model  1.    A more detailed des- 
cription of the experimental geometries is given in Ref.  5. 

2.2     Wind Tunnel 

The experimental study was carried out in the Princeton University blowdown wird tunnel.    The test 
section has a cross area of 8 inches by 8 inches.    The test conditions for the present tests were a Mach 
number of 2.95, a stagnation pressure of 100 psia, an rverage stagnation temperature of 4720R and a tunnel 
wall temperature of 10 to 20% above the adiabatic wall  temperature.    These test conditions resulted in a 
Reynolds number per inch of 1.6 x ID6 and a maximum tist time of 6 minutes.    Details of the basic facility 
are given in Ref.  6. 

Previous measurements had indicated that the boundary layer flow over the bottom and top walls were 
equivalent and planar,  two-dimensional.    The bottom wall boundary layer was used as the test  layer for the 
Model 1 study.    Windows positioned in the top and bottom walls were used either as observation or instru- 
mentition ports.     In general, pressure distribution studies were carried out with instrumentation mounted 
in tie bottom window.    The top vindow was used as an observation port for photography of oil  flow patterns. 

2.3     Surface Measurements 

Oil flow studies:    A technique developed for the present test conditions used a fluorescent oil 
applied upstream of the region or study before the tunnel was started.    Approximately 10 seconds after the 
tunnel was operating, photographs were taken of the oil pattern.    The particular mixture used consisted of 
clear motor oil  and green fluorescent dye thinned with kerosene.    The oil patterns were illuminated by a 
high intensity ultra violet  light source.    This particular combination of ultra violet excitation and 
green fluorescence made it possible to filter out the ultra violet reflections coming from the metal test 
surface.    Good results were obtained under all  test  cc.iditions. 

Surface static pressure:    Measurements were made on Model  1 using an instrumented plate which fitted 
into the bot ton. window port.    A large number of static pressure taps was necessary to map the full flow 
field involving the interaction and to account for the change in shock location when the shock generator 
angle was varied.    During a test, a fixed shock generator position was held while a scanivalve measured 
the static pressure distribution.    The basic static pressure window port could not be used for Model  2,  so 
the test surface itself was instrumented with an arrangement of '.catic pressure orifices. 

Heat transfer:    Several techniques were investigated to measure the heat transfer rate over the test 
area.    The method finally chosen was a quasi-transient method v sing a slug calorimeter since It matched 
best to the tunnel operating procedures, gave reasonable spatial resolution and is rather simple to manu- 
facture.    Figure 3 shows a photograph of the heat transfer plug and the insert which provides the hot air. 
A line drawing of the slug calorimeter arrangement is given in : ig. 4. 

To determine the heat transfer rate from the wall  to the gas at uniform wall temperature conditions 
it is necessary that the test piece (slug) be heated to a temperature higher than the surrounding wall 
temperature.    This heating was provided by impinging a tiny jet of hot air to the inside of each slug 
calorimeter.    After the hot air heating is stopped,  the slug would attempt to reach the wall recovery 
temperature as time progresses.    At an intermediate time, t0  , while the slug temperature is dropping it 
equals to the wall  temperature.    From an exponential  curve fitted to the measured slug temperature-time 
data points,  the temperature-time gradient was evaluated at    t0  .    The convective heat transfer follows 
from this temperature-time derivative ind the calorimeter properties.    Heat conduction from the slug to 
the surrounding wall was minimized by separating the slugs  from the aluminum plug by nylon  insulation.     It 
was determined that no correction due to insulation losses were necessary. 

Skin friction:    The Preston tube was used to get some indication of the skin friction.    As the pre- 
sent problem involves both pressure gradients and cross flows,  there will be uncertainties in the results, 
particularly for the case of large cross flows.    The Preston probe was first aligned with the surface oil 
flow direction,  then rotated 10° in both directions.    Although the Preston tube reading was relatively 
insensitive to such rotation, the largest measured value was used to evaluate the skin friction.    The cali- 
bration    scheme proposed by Bradshaw7 was used to evaluate the skin friction.    He extended the subsonic 
calibration equation to compressible flow in an alternate way.     Instead of using calibration factors to 
transform to the subsonic calibration coordinates, he added a compressibility correction function to the 
subsonic calibration equation.    This new function has variables which are based upon wall conditions only. 

2.4     Flow Field Measurements 

To carry out detailed flow field measurements in the interaction region, a probe drive system with 
two degrees of freedom was used.    It moved the probes normal  to the wall and yawed them.    The probes them- 
selves were supported by a streamlined section which extended from the top wall down towards the bottom 
wall boundary layer where the measurements were taken. 

Pi tot-yaw surveys:    To determine the flow angles  in the X-Y plane throughout the flow field, a cobra 
probe has been employed.    The cobra probe was traversed and yawed in such a way that the two side pressures 
remained equal so that the flow yaw angle and pitot pressure could be determined at the same time. 
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Static pressure surveys:    Since It was clear that significant variations in the static pressure would 
take place within the interaction region, it was necessary to determine the local static pressure in order 
to evaluate the local  flow velocities and density.    To obtain a measure of the local values, a small cone- 
cylinder probe was designed to be used in conjunction with the probe drive mechanism noted previously. 
The static pressure orifices were located 11 diameters downstream of the tip.    The probe rotated in the 
X-Y plane about the orifice location and was kept aligned with the known flow direction.    A calibration 
of the angle sensitivity of the probe in uniform flow was performed and it was found that over ♦_ 4°,  the 
static pressure varied less than 21 from the correct value. 

Total temperature surveys:    To complete tue measurements  from which the local velocities can be ob- 
tained, measurements were made of the total temperature throughout the interaction region.    Although the 
wall temperature was approximately 1S% above its adiabatic value, the measurement of small variations  of 
total temperature provide for increased accuracy of the deduced flow field data.   The probe used was a 
fine wire probe which had a thermocouple junction in the middle of the wire.    This thermocouple consisted 
of the junction between alumel and chromel wires which had a thickness of 0.002 inches diameter. 

A more detailed description of the experimental techniques used is given in Ref.  S. 

3.    INCOMING BOUNDARY  LAYER CHARACTERISTICS 

The boundary layers that interacted with the shock wave were surveyed extensively and were shown to 
be two dimensional across  the width of the wind tunnel.     It should be noted, however, that the upstream 
boundary of the interaction region, as determined from the start of the wall static pressure increase,  is 
a swept line which is approximately parallel to the shock wave.    This results in a variation in thickness 
of the boundaiy  layer coming into the interaction region since the boundary layer is growing in the stream- 
wise direction.    The boundary layer that interacted with the shock wave in the Model  1 configuration ori- 
ginated from the tunnel  nozzle and increased in thickness from 0.52 to 0.58 inches along a typical inter- 
action region for a 10 degree shock generator angle.    The boundary layer for Model 2 was generated on a 
flat test plate which spanned the tunnel and was located 2 inches above the tunnel bottom wall.    The cor- 
responding increase in  thickness  of this thinner Model 2 boundary layer was much larger because of its 
shorter running  length and amounted to a variation of 0.11 to 0.16 inches.    These increases of the incoming 
boundary layer thickness  along the shock wave have to be taken into account when the scale of the inter- 
action length is evaluated in terms of a local boundary layer thickness. 

Boundary layer parameters derived from the measurements are tabulated for two typical initial pro- 
files for Model  1 and 2,   respectively: 

6(inches) 6* (inches) 6(inches) Cf Reinch 

Model 1 0.540 0.162 0.052 0.00119 1.6 x 106 

Model 2 0.132 0.040 0.008 0.00150 1.6 x 106 

The corresponding velocity profiles were transformed to the incompressible law of the wall variables by 
using the van Driest transformation as given in Ref,  8.    These profiles are then compared with the incom- 
pressible wall-wake law as given by 

u. inc yu 
i en  (—) + C + r W & k '■v    ' k      M'1 (1) 

where W(^)  =  1  -  COS(T! ^), C = 5.0, k 
O 0 

0.41,  n = 0.52 

The comparison  (see Fig.   S) shows  that the test boundary  layers can be described as fully developed, 
"equilibrium", turbulent boundary  layers. 

The overall size of the region of study for both Model  1 and 2 in terras of boundary layer thickness 
is represented in Fig.  6 and compared with those of previous studies by McCabe, Lowrie and Token.    Model  1 
provides results  in an area which is also covered by McCabe and Lowrie, but outside the region studied by 
Token.    Model 2 covers a  larger range not heretofore explored. 

The general coordinate system used in obtaining and presenting the data is also shown in Fig.  6. 
The shock location, calculated from the oblique shock theory,  is used as the origin for the X    coordinate. 

4.    ANALYSIS OF RESULTS AND DISCUSSION 

4.1     Three-Dimensional  Separation 

The notion of flow separation on planar surfaces in both two-dimensional as well as three-dimensional 
t.ow is that a boundary   layer,  flowing tangentially alongside a solid surface, breaks away from this sur- 
face due to an adverse pressure gradient.    In planar, two-dimensional  flows the customary definition of 
Reparation requires that  the mean wall shear stress vanishes at  the separation point.    This definition  is 
quite satisfactory for such cases as it implies the start of flow reversal.    In three-dimensional flow, 
however, the situation is more complicated,  illustrated by the fact that three-dimensional separation has 
a two-fold mechanism (see Lighthill,  Ref. 9).    This irechanism is explained by using the concept of limiting 
surface streamlines  (or skin friction lines).    If ore considers  a streamline at a small distance from the 
surface,  then it  follows   from the continuity equation that this streamline has to depart from the surface 
not only in case of vanishing wall  shear-stress, but also in a case where the topography of the limiting 
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surface streullnes is such that they converge.    They can coalesce and form a line of ordinary separation. 
Although the notion of flow separation as applied to two- or three-dimensional flow is the same, the main 
nechanisa through which flow separation takes place can be different; for exaaple, three-dimensional flow 
can separate from the wall along a separation line without the mean surface shear stress becoming zero. 
This type of flow separation is known as ordinary separation (see Maskell, Ref. 10) and has to be dis- 
tinguished from singular separation whose main characteristic is that the mean wall shear stress vanishes 
at the separation point. 

In applying these ideas of flow separation to the present problem, previous investigators have pro- 
posed several ways in which the onset of flow separation, over any region of significant size, can be 
determined from surface flow patterns.    The main characteristic of a line of ordinary separation is the 
tangential convergence of the surface streamlines into one single line.    Maskell proposed that the order 
of magnitude of the rate of this convergence be the same on each side of the separation line.    Rogers and 
Hall1' have relaxed this criterian for separation, by suggesting that for the condition of incipient sepa- 
ration the limiting surface streamlines converge toward the separation line only in the upstream region, 
immediately downstream they are parallel to it and further downstream they turn progressively away from it. 

Although these criteria of ordinary flow separation are based upon limiting surface streamlines,  and 
thus have to be verified by actual  flow field measurements, they are believed to be physically correct. 
Care, however, must be taken in applying the^e criteria especially in turbulent boundary layers where the 
equivalence between  limiting surface streamlines  (skin friction  lines) and oil flow lines is not an obvious 
matter.    In the following sections, there are several discussions  specifically aimed at trying to clarify 
questions about this ordinary flow separation.    Finally, objections will be raised against McCabe's cri- 
terion for separation as used in other investigations  (Refs.   1-4)  of the present problem. 

4.2     Surface Flow Patterns 

■• 

Some results obtained during the oil flow studies are presented in Figs.  7 through 10 with   ag « 4 
and 10 degrees for both Model 1 and 2.    The oil lines for    OLQ * 4° downstream of the calculated shock 
location are deflected to a maximum angle of about 10°, which is about twice the shock generator angle 
but remains well below the shock wave angle.    For   up = 10° the oil  lines turn to angles which are sub- 
stantially larger than the shock wave angle and coalescence of the oil streaks occurs as a consequence. 
Special attention should be paid to the difference in scale of an average boundary layer thickness between 
Model  1 and 2.    Because of this large region of Model 2  (see Fig.   6) there emerges an area downstream of 
the shock wave for    OQ «  10° where the oil streak lines are parallel to the shock generator again.    This 
region  (II)  is  indicated on Fig.   10. 

The interpretation is that the interaction is completed and the boundary layer has again reached a 
planar, two-dimensional character in this area indicated.    The implication of this observation is that, 
for example,  in the case of    ag =  10°, Y = 2.25 inches,  it takes  about 30 boundary layer thicknesses down- 
stream of the shock wave before all cross flows have disappeared  from the boundary layer.    This length of 
the downstream extent of the interaction has never been observed in previous investigations and is a direct 
result of the large region  covered by Model 2.    The fact that the end of the interaction does not appear or 
the surface flow patterns  for    OQ    smaller than 6° is an indication that the downstream extent of the 
interaction in the X-direction is  larger for smaller shock generator angles. 

These surface flow patterns can be reduced to quantitative data by measuring the angles of local oil 
lines with respect to the X-direction along a line of Y = constant.    Results obtained from that process 
for shock generator angles  ranging from 2 up to 12 degrees are presented in Fig.  11 for Model 2.    The 
theoretical shock wave angles are shown to the left hand side of these figures.    From Fig.  11  it can be 
seen that the rate of decrease of the local oil line angles with distance Xs for small generator angles, 
aG 1 ^0> 's "■"c'1 smaller than for the larger   a^'s  .    This results  in a larger downstream extent for 
weaker shocks.    The explanation of this seemingly contradictory result  lies in the topography of the flow 
field that is associated with the surface flow patterns. 

For   ag » 6    and smaller, the total yaw angles occurring in the flow field remain smaller than the 
shock wave angle.    These flow fields are similar to a classical three dimensional boundary layer flow that 
negotiates a transverse pressure gradient.    This transverse pressure gradient causes the slower moving 
fluid in the bottom portion of the boundary layer to deflect to larger angles than the faster moving fluid 
in the outer portion of the boundary layer.    This process in which cross flows are produced by the trans- 
verse pressure gradient is  an instantaneous process or in other words the cross flows are created at the 
physical    location where the transverse pressure gradients are present.    These pressure gradients disappear 
in going downstream of the shock location.    The cross flows, however, do not vanish instantaneously, but 
rather decay slowly.    The driving force in this decay process is the magnitude of the cross flow itself. 
So as the cross flow gets smaller, the rate of decay decreases,  and the downstream limit of no cross flow 
is only reached asymptotically, resulting in very large downstream extent  for   ag ^6°. 

For larger generator angles  (aG ^8 ) other processes play a role in the decay of cross flows. 
Since the yaw angles are no  longer smaller than the shock angle,  it can no longer be considered as regular 
flow field, but rather a flow with large secondary flows imbedded in it.    The fluid in which the large 
cross flows are produced is  transported along the shock direction and thus out of the plane of observation, 
the X-Z plane.    This reorganization process of the flow, as described in a later section on the flow model, 
causes fluid in which much smaller cross flows are present to pitch down toward the wall resulting in a 
strong decay of oil  line angles with distance Xs for   aG >_ 8°. 

McCabe   has proposed a simple approximate secondary flow theory.    This theory assumes that the 
limiting streamline angle does not vary with distance downstream of the shock wave.    This is an oversimpli- 
fication of the actual situation as can be seen from Fig.  11.    However,  if the predicted limiting stream- 
line angle is assumed to be a representation of the maximum of the distribution of oil line angles for a 
given shock generator deflection, aomax  • then the theory is a good approximation of the present experi- 
mental data, as shown in Fig.   12.    The theoretical shock wave angle is also indicated in the figure. 
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McCabe has also suggested a criterion for ordinary separation which defines the flow as separated if 
the oil lines are deflected to an angle larger than the shock wave angle.    This criterion indicates that 
the flow is separated for    ag > 7.5° from the present data  (see Fig.   12).    The justification of this cri- 
terion, however,  is very much  in question since it would not coincide with the first appearance of an 
ordinary separation line as shown by McCabe himself.    This criterion also implies that the minimum shock 
generator angle needed for flow separation decreases indefinitely as the shock wave angle decreases with 
increasing Mach number  (see  Korkegi,  Ref.   12).    This last observation  indicates that even the practical 
value of McCabe's criterion is not at all clear. 

4.3     Static Pressure Distributions 

A typical  static pressure distribution is shown in Fig.   13.    The distance Xs is normalized by the 
boundary layer thickness,  6j   , at the beginning of the pressure rise.    The upstream extent of the inter- 
action region measured from the shock position is about 12 6] and largely independent of the shock strength 
at this station of Y = 2.25  inches of Model  2.    The downstream extent is more difficult to define in terms 
of the static pressure distribution because this limit is reached asym] cotically.    The observation that 
the scale of this downstream extent  is of the order of 20 to 30 times  the incoming boundary layer thickness 
at Y = 2.25 inches is of quite some significance.    This scale was also extracted from the surface flow 
patterns. 

Static pressure distributions obtained along several  instrumentation lines of Y = constant were also 
cross plotted as isobar patterns.    A typical isobar pattern is shown in Fig.   14 for   OQ * 10°, Model  1. 
As can be noted,  the lines of constant static pressure are approximately parallel to the shock wave and 
only to a small amount diverging along the shock direction.    This  indicates that the pressure distribution 
is quasi-two-dimensional  in the sense that this flow quantity is constant in  the shock direction to a good 
approximation. 

Some comparison can be made with the data obtained by other investigators, 
listed in the following table: 

The test conditions are 

Mach 
Number 

6 
ave 

(inches) Reinch 
Re6 

ave 

Lowrie (Ref.2) 3.44 0.412 1.02 x 106 4.20 x 105 

McCabe (Ref.l) 2.94 0.230 2.06 x 105 0.47 x 105 

Token (Ref.3) 3.71 6.0 2.91 x 105 17.5 x 105 

Model 1 2.95 0.55 1.6 x 106 8.8 x 105 

Model 2 2.95 0.133 1.6 x 106 2.1 x 10S 

The test Mach number of all these studies is around 3 and the wall temperatures are all near adia- 
batic.    The boundary layer thickness, however, varies by a factor of 40.    If the intersection of a line 
drawn tangent to the maximum slope of a static pressure distribution and the line    P = 1  ,  is taken as the 
beginning of interaction,  then the upstream extent, AX  , can be defined as the distance between the calcu- 
lated shock location and this beginning.    The upstream extent of the interaction, nondimensionalized by 
the local incoming boundary layer thickness, is shown in Fig.  15.    The Y coordinate in this plot is non- 
dimensionalized by the boundary layer thickness, äj  , averaged over the distance between the shock gener- 
ator leading edge and the station Y = constant considered.    This average of    6j    is indicated by    6 

The general agreement of the data in Fig.  15, despite the difference in Mach number and deflection 
angles, has an important implication.     If one recalls that    Sj    varies by a factor of 40, one can reach 
the conclusion that the boundary layer thickness can provide a basis  for scaling parameters in this 
of problem. 

4.4     Heat Transfer Distribution 

type 

The heat transfer results are presented as a nondimensional  ratio of the local heat transfer coeffi- 
cient divided by the flat plate value predicted by the van Driest method^ for the test conditions upstream 
of the interaction.    It should be noted that the local heat transfnr coefficient is defined as the local 
heat transfer rate nondimensionalized by free stream conditions ahead of the interaction.    The wall temper- 
ature conditions are uniform throughout the interaction region. 

The results  indicate,  as shown in Fig.   16, that heat transfer rate decreases somewhat as the shock 
is approached in the streamwise direction, and increases almost  linearly with the downstream distance from 
the shock position.    No conclusion about the peak heat transfer could be reached as the maximum occurred 
at the boundary of the region of study of Model 1.    The heat transfer results are also cross plotted as a 
heat transfer pattern in the X-Y plane and an example is given in Fig.   17 for    a^ = 10°, Model  1.    The 
results show a general uriiftrmity of the heat transfer field and demonstrate again the quasi-two-dimensional 
nature of the interaction region. 

4.5      Preston Tube Measurements 

The skin friction was deduced from Preston tube measurements taken along Y = 4.0 inches on Model  1 
for   «G " -0 t0 l0o-    These results of these measurements    are shown in Fig.   18 where the skin friction has 
been nondimensionalized by the upstream flat plate value.    The most significant observation is that the 
skin friction distribution is  almost equivalent to the heat transfer distribution.    This implies that the 
Reynolds analogy is valid as a first approximation.    If ordinary separation occurs it is not required that 
the skin friction vanish, therefore, no conclusion about separation can be reached by these results. 
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4.6     Analysis of Conylete Flow Field Data 

A complete picture of the mean flow field in the X-Z plane can be constructed from the measured 
quantities, pitot pressure, yaw angle, static pressure, and total temperature.    If the static pressure 
and the pitot pressure at a point in the field are known, the Mach number can be calculated directly from 
the isentropic relations for subsonic conditions, and from the Rayleigh Pitot  formula in an iterative 
cycle for supersonic cases.    The total energy equation war then applied to give the static temperature and 
thus the density and    u,v    velocity components.    In addition,  the velocity component in the Z-direction, 
w  ,  can be deduced from the density and    u,v   velocity distributions by integrating the continuity equa- 
tion and using the boundary condition   w ■ 0    at    z ■ 0  .    Hence: 

*'-} 'l{h^ ^(pv))dz- (2) 

The derivatives in the integrand were obtained by locally fitting a second order polynomial through three 
data points followed by a differentiation of the polynomial.    Data was  taken in one X-Z plane only.    To 
overcome this difficulty of evaluating the   1_   derivative, the data in the X-Z plane at Y = 4.0 inches 

was projected along the shock direction to higher and lower values of    Y  .    This procedure assumes that 
the interaction region is perfectly two-dimensional along the shock direction, but it was found that the 
resultant   w   was not sensitive to small changes of the projection direction,  e.g., a slight divergence 
of the projection directions through the interaction.    The accuracy of the   w    component obtained by dif- 
ferentiation and integration of the original data is less than that of   u   and   v  .    After the w-component 

is computed,the pitch angle    6    (defined as    6 = arctan  (—)) can be found.    It should be noted that the 
u J 2        2 measurement technique of obtaining    u   and    v    is only valid if   w    remains small compared to     u   + v 

This requirement was checked a posteriori and found to be satisfied. 

The stat;c pressure distribution in the X-Z plane at Y = 4.0 inches for    aG = 10 , shown in Fig.   19, 
indicates that within the interaction there is no major region  (in terms of S) where the static pressure 
is uniform.    The flow ahead of the shock  is characterized by compression waves extending to well outside 
the incoming boundary  layer.    The static pressure field downstream of the shock has a more complicated 
distribution.    The Mach number distribution  in this X-Z plane is mostly supersonic. Fig.  20.    A shallow 
subsonic region was measured close to the wall near the shock location. 

Large yaw angles are measured in the interaction region  (see Fig.   21).    The largest yaw angles of 
55° occurred a small distance from the wall and   Xs ^ 3 .    Despite this small  region where the yaw angles 
are larger than the shock wave angle,  there is an extensive region downstream of the shock wave where the 
yaw angles are substantially less than the shock generator angle  (aG =  10°). 

The pitch angle ß through the interaction (shown in Fig. 22) provides some additional information. 
The compression waves ahead of the shock do not only cause increasing yaw angles but also increasing pitch 
angles.    Going through the shock wave these pitch angles don't seem to decrease initially, however, at 
*s ^ 3   rapid changes take place and the pitch angle becomes negative. 

In view of the question about ordinary separation,  it should be noted from this figure that the pitch 
angle tends to zero as the wall is approached.    This observation is of particular importance at the posi- 
tion  (Xs % -3) where the oil  lines tend to coalesce.    This is the region where one would expect locally 
large pitch angles.    The surveys were taken at stations one boundary layer thickness,  ä-   , apart.    Keeping 
this streanwise resolutu.i in mind it can be concluded that a local  coalescence of oil flow lines is not 
necessarily .e'.ated to locally large streamline inclination with respect to the wall surface.    There is, 
however, a tendency of the flow to depart  from the wall  (6 positive) but it is uniformly spread out over 
many boundary layer thicknesses. 

4.7     Flow Models and Separation 

To depict the flow field in the X-Z plane at Y = 4.0 inches,  the following flow model is constructed 
for    aG ■ 10°,  see Fig.  23.    The region A is the undisturbed uniform flow ahead of the interaction with a 
planar turbulent boundary layer at the wall.    The typical character of region B is that it has very slowly 
increasing yaw angles which remain lower than the shock generator angle (a^ =  10°) even in subregions B2 
and B3 and only reach the 10° level  far downstream.    In region C  (the area extending downward from region 
B and approaching the wall)   large yaw angles prevail  (10° ^ a <_ 55°).    Yaw angles larger than the shock 
wave angle (ash ■ 28°)  occur in subregion C2.    The far flow field downstream of the shock and outside 
region B contains waves originating from the interaction, region D.    The decrease in pitch angles    6    ob- 
served by going from subregion 63 to Bj generates expansion waves in the external flow (subregion Dj). 
Compression waves are present in subregion Dj where the flow has to turn parallel to the wall again. 

The corresponding flow model  for    ag » 4° is also presented,  see Fig.  24.    The measurements on which 
this model is based are given in Ref. 5.    Unlike the    OQ - 10° case,  the yaw angles in this case remain 
well below the shock wave angle.    This means that no reorganization process occurs as in the case of   an » 
10° where the net transport of fluid along the shock direction incurred negative values of   6  .    Although 
it was determined  that the maximum pitch angles were quite small  (1.5°),  they are significantly larger than 
those associated with boundary layers developing under zero pressure gradient conditions. 

It is obvious that for    aG = 4°, although the streamlines are slightly departing from the wall 
(6 <_ 1.5°), that there is no question about separation.    For the   aG =  10° case, however, the question of 
whether the boundary layer should be called separated is not an obvious matter.    If one examines the oil 
flow patterns for   aG »  10°  (Figs.  8 and 10) more carefully, the observation can be made that although the 
oil  lines are converging and tend to coalesce upstream of the calculated shock position, they do not con- 
verge into one_ single line.    The region in which coalescence occurs is  growing in size in the direction 
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along the shock,    This observation is consistent with the idea that the size of the interaction region is 
increasing with distance along the shock.    It  is exactly this gradual  increase In size that permits the 
oil  lines to converge without   incurring  locally  large pitch angles    g    corresponding to separation of the 
flow  from the wall.    This  directly  leads to the conclusion that  the flow is  also unseparated for    a^ «  10°. 

The results clearly  indicate that  the qualitative difference between attached  flows and flows with 
ordinary separation for the present  problem cannot be taken for granted.    The definition of ordinary sepa- 
ration becomes then a matter of some  conjecture but does not seem to be as  crucial  as  its counterpart  in 
planar two-dimensional  flow concerning singular separation. 

5.    CONCLUSIONS 

A detailed study was carried out  of the three-dimensional  flow fields  caused by the interaction of 
oblique shock waves and a planar turbulent boundary  layer.    "Tie main results  are the  following: 

1. Two flow field models have been constructed based on experimental  data for shock generator 
angles of 4° and 10 .    The measurements give a complete description of the flow fields. 

2. Based on the  10°  flow  field  data,   it   is concluded that McCabe's  criterion  for incipient separa- 
tion  is not sufficient  to define  flow  separation. 

3. The interaction region is quasi-two-dimensional in an area at sufficient distance fron the shock 
generator. This means that although all three velocity .'omponents play an important role, the fluid vari- 
ables  vary only slowly along the shock  direction. 

4. The heat   transfer  rate decrease?  as   the shock  is  approached  in  the strcamwise direction and 
increases  almost   linearly with  downstream distance from the shock   location. 

5. Reynolds  analogy   is  valid as  a  first  approximation to the problem. 

6. Boundary   layer thicknesses will provide a basis  for scaling parameters of the upstream extent 
as a function of the transverse distance Y. 

7. The downstream extent  of the  interaction  in X-direction  is  at   least  four times as  large as the 
upstream one. 
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COMMENT ON PAPER 41 

by 

J.H.B.Smith 
Royal Aircraft Establishmrnt 

Famborough, Hants, UK 

The Authors raise the question of whether or not the flow resulting from the interaction between the shock 
waves and the boundary layer is to be regarded as separated, and conclude that for o^ = 10° it is not, even for 
model 2.  A conceptually useful criterion for deciding whether separation has taken place is provided by considering 
the limit of infinite Reynolds number. If the size of the disturbed region vanishes in this limit, the flow is attached: 
if the disturbed region remains of finite extent, the flow is separated. The Authors' analysis suggests that the extent 
of the interaction region measured parallel to the wall scales with the boundary layer thickness, as shown in Figure 
1S, and this is consistent with an attached flow. However no results are presented to indicate how the extent of 
the interaction region measured normal to the wall differs between models 1 and 2.  It would help to resolve the 
question if adequate data could be obtained on the extent of the interaction region measured normal to the wall on 
model 2. 

In my view, it is easier to interpret the oil-flow (Fig. 10) and the static pressure distribution (Fig. 13) on the basis 
that a shear layer separates ahead of the calculated shock position and rolls up into a vortex just downstream of the 
calculated shock; while further downstream an attachment line gives rise to fresh boundary layers, one flowing 
towards the calculated shock and the other parallel to the shock generator. 
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THE MANY FACETS OF 3D TRANSONIC SHOCK-INDUCED SEPARATION 
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and 
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SUMMARY 

Pressure distributions obtained in wind tunnel tests on several wing-fuselage configurations at high subsonic 
Mach numbers are used to illustrate several shock-induced separation scenarios that are essentially 3D in nature. 
Pearcey's Type B interactions, distinguished by prior history effects, appear in several different forms.   The 
described results in general are characteristic primarily of aft-cambered airfoils. 

1. INTRODUCTION 

Shock-induced separation frequently plays the key role, not only in the cruise performance of aircraft, but 
in the maneuver performance when buffet limits the maneuver envelope. 

Hie detailed nature of the many aspects of shock-induced separation in the planar case has been thoroughly 
investigated and clearly explained by the well-known early efforts of Pearcey of NPL, whose recent absence from 
transonic research has been a great loss.   In the case of swept wings the efforts of Hall and Rogers of NPL and RAE, 
Küchemann of RAE, and Haines of ARA havo set the stage for much of our present understanding of the complexities 
added by the third dimension. 

to the present presentation we shall review some 3D features of shock-induced separation that were recently 
observed in wind tunnel tests on wing-fuselage configurations at high subsonic Mach numbers.   The configurations 
were all high wing types having wing sweeps ~ 25° or 45° and aspect ratio of ~ 5.   Hie wings incorporated an aft- 
cambered airfoil, and the results to be described are in large part peculiar to this type of airfoil.   The wings were 
further twisted with a twist typically suggested by subcritical theory. 

totroductory to the 3D results, we shall first present several relevant planar examples of shock-induced 
separation which will set the stage for the 3D cases and will serve in part to accentuate the 3D effects. 

2. PLANAR EXAMPLES 

Ja the present section we shall first present experimental pressure distributions for the planar airfoil case 
characterizing the flow in the mid-semispan region of the 25° wing-füselage configurations.   Hie concept of the 
Type B interaction due to Pearcey will then be reviewed, followed by a planar example having a counterpart occurring 
in one of the 3D examples. 

2.1 PRESSURE DISTRIBUTIONS FOR AIRFOIL I 

Tests on Airfoil I (10% thickness ratio) were carried out earlier in the NAE (Ottawa) 2D high Reynolds 
number wind tunnel (Ref. 1).   The pressure distributions at WU — 0.76 at various values of a are shown in Fig. 1. 
Hero the value of M» ~ 0.76 and the 10% thickness ratio correspond approximately to the values normal to the 25° 
sweep in the 3D case (Configuration A) to be discussed.   The test Reynolds number was 30 x 106 inch chord. 

Ite results of Fig. 1 show that even at the lowest a of 1° (below drag divergence) there is a shock-induced 
separation present on the upper surface (though of limited extent) which has reduced the pressure rise across the 
shock relative to the inviscid (normal shock) value shown by the dashed line.   Hie reduced shock pressure rise here is 
caused by the modification of the normal shock at the surface in the inviscid case to a strong oblique shock as a result 
of the wedge-nosed viscous ramp effect that now appears aft of the shock due to the displacement effects of the shock- 
induced separation.   The presence of the viscous ramp will alter the effective shape of the airfoil and will cause an 
upstream displacement of the shock relative to the inviscid flow location. 

Clearly as the incidence is increased, the shock wave is strengthened, the interaction with the boundary layer worsened 
leading to an expanding viscous ramp, finally culminating in an increasing upstream shock displacement relative to 
the Inviscid location.   By this deteriorating shock-induced separation the orderly monotonic rearward movement of 
the shock with Increasing incidence in the inviscid case is "decelerated" such that at a given state of the worsening 
interaction the rearward shock displacement is halted and then reversed to an upstream direction.   Buffet onset 
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Figure 1.   Pressure Distributions on Airfoil I Obtained in the NAE 2D High 
Reynolds Wind Tunnel at M. = 0.76 and Re. No. = 30 x 106/15 
Inch Chord. 
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appear« to be closely related to the reversal stage of the shock movement. 

For aft-cambered airfoils It is further seen In Fig. 1 that an abrupt adverse (subcritical) pressure gradient 
arises along the mldchord region of the lower surface causing a separation further downstream.   The effect of this 
separation is to reduce the aft overpressures by an order of ACp ~ 0.15 as determined by calculations. 

ta the case of aft-cambered airfoils there is further a more "global" effect of the aft separations affecting 
both the upper and lower surfaces - namely, that of reducing the plateau underpressures on the upper surface and the 
plateau overpressures on the lower surface by the resulting reduction of the effective aft camber.  We shall see later 
that this effect will have a serious consequence in the 3D case. 

2.2 A TYPE B INTERACTION 

It is well known that the "well being" of a boundary layer to resist separation when encountering an adverse 
pressure gradient is measured by the "fullness" of the velocity profile.   Thus when a boundary layer has suffered a 
loss of fullness in its prior history and then encounters an abrupt adverse gradient before it has fully recovered, it 
will be clearly less immune to separation.   It is this situation Pearcey (Ref. 2) has labeled a l^pe B Interaction. 

h the classic experiments of Seddon (Ref. 3) where the interaction of a near-normal shock with the turbulent 
boundary layer along a flat plate was examined, one can see the qualitative nature of the degradation of the turbulent 
fullness by the shock-induced separation and its subsequent recovery.   Thus in Fig. 2 we show the velocity profiles 
in the recovery zone measured by Seddon.   Though the rate of recovery is most probably distorted by the influence of 
the wind tunnel sidewall boundary layers, one can see nevertheless how badly the profile fullness is degraded by the 
separation even after the boundary layer has reattarhed.   Here the measure of the degree of "Type B ness" in a given 
case would be dependent upon the ratio (> 1) of the profile recovery length to the distance to the nearest downstream 
adverse pressure gradient of significance. 
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Figure 2.   Velocity Profiles in the Recovery Zone Measured by Seddon. 

h Fig. 3 we now show an Interesting case for Airfoil I in buffet at the extreme conditions of M. = 0.90 and 
t» = 4° at a Reynolds number of 3.1 x IQp/G inch chord where a Type B separation is triggered on the lower surface 
by a shock-induced separation on the upper surface. 
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Figure 3. 
A Feed-Back Type B Separation 
Phenomenon for Aft-Cambered Airfoils. 
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To delineate the chain of events leading to the above phenomenon let us start from a flow below buffet onset 
and increase Nb to the value of 0.9 of Fig. 3 keeping a fixed incidence of 4°.   An immediate change occurring Is the 
strengthening of the upper surface shock and the consequent severe separation of the boundary layer.   Hie Cp distri- 
bution over the lower surface during these initial moments will most probably remain unchanged as suggested by its 
observed invarlance with Nb in steady state tests where severe aft separation is absent.   (Ulis initial invariant 
distribution (for \fc    0.85; a = 4°) is shown by the dashed line in Fig. 3.) 

With the severe aft upper surface separation the effective aft camber will be decreased, and the consequence 
of this will now propagate to reduce the lower surface plateau overpressures.   This then will lead to low supersonic 
Mach numbers arising upstream of the pronounced convexity on the lower surface (between the circles« of Fig. 3) 
along which the flow will now expand further to higher Mach numbers.   The resulting supersonic region will then be 
terminated by a lower surface shock; and this shock acting in conjunction with the "subcrltlcal" adverse gradient 
already present will worsen the aft lower surface separation in an exaggerated Type B interaction.   The worsened 
aft lower surface separation will now reduce further the effective aft camber triggering the chain of events shown in 
Fig. 3. 

At the same time there is the countering effect that the decrease of the effective aft camber will also decrease 
the upper surface plateau Mach numbers tending to decrease the strength of the upper surface shock that initially 
triggered the described sequence of events. 

In summary we have seen in Fig. 3 an example where an upper surface phenomenon has triggered the 
generation of a severe TVpe B interaction on the lower surface through the far reaching effects of the aft camber. 

3.    SOME 3D SHOCK-INDUCED SEPARATIONS 

fti wing-fuselage flows we encounter examples of shock-induced separations which are both quasi-planar in 
nature (as might occur in the wing mid-semispan region) and those which are essentially 3D in nature having no 
counterpart In planar flows.   The latter arise simply because of the 3D nature of the shock configuration causing the 
separation and the 3D behavior of the boundary layer itself, particularly those which are badly separated.   We shall 
give some examples of both types of interactions in the present section. 

3.1 EXAMPLE I (25° SWEEP) - TYPE B INTERACTION 

In wing-fuselage configurations the shock pattern is complicated by the inviscid spanwise propagation effects. 
To illustrate the nature of this distortion of the shock configuration let us consider Configuration A at M» = 0.9 at 
y = 3°.   Ulis configuration has a high wing with a quarter chord sweep of 25° and incorporates the Airfoil I described 
earlier.   The fuselage has an essentially rectangular cross-section. 

TTie resulting shock pattern on the wing surface is shown in Fig. 4.   On the upper surface it is seen that a 
forward shock has now appeared which may be attributed to the presence of the relatively Ion- suctions over the glove 
region and on the upper surface of the fuselage.   The effects of the latter have propagated laterally across the span 
along the Mach lines (bicharacteristics) to cause the forward shock. 

The corresponding chordwise (streamwise) pressure distributions at selected spanwise stations are next 
shown in Fig. 5.   Here the Cp is defined in terms of the free stream "dynamic" pressure, and Cp (25°) is the value 
corresponding to the local velocity whose component normal to the 25° sweepline is sonic. 
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Figure 4.   Shock Pattern for Configuration A at M»  = 
0.90, a ~ 30, and Re.No. ~ 4 x 106/mean 
chord. 

Figure 5.   Corresponding Chordwise Pressure 
Distributions. 
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A comparison of the dlstrlbuttons of Fig. 5 with the planer distributions of Fig. 1 will give a qualitative 
picture of the 3D effect* though the correspondence Is somewhat clouded by the unknown Induced Incidence In the 3D 
case.   Unquestionably the appearance of the toward shook has weakened and displaced rearward the primary termi- 
nating shook wave of the 2D cue even in the mld-wlng panel region. 

The more interesting phenomenon of Figs. 4 and S Is however the appearance of the lower surface shock.   Hie 
appearance of such a shock is not triggered by severe upper surface separation as in the planar case of Fig. 3, but by 
the 3D inviscid lateral propagation effects from the unoontoured side surface of the fuselage.   Here expansion waves 
are generated which propagate outboard onto the sensitive "throat" region of the lower surface creating the lower 
surface supersonic region and the terminating shock wave.   The latter has be< n again unfortunately positioned in an 
undesirable Juxtaposition with the abrupt subcrltlcal adverse pressure gradient due to the aft camber causing a 
Type B worsening of the aft lower surface  separation.   The result of this separation destroys much of the aft over- 
pressures that make aft cambering attractive.   (The corresponding inviscid overpressure level being Indicated by the 
dashed line In Fig. 5.) Finally the resulting reduction of the effective aft camber in turn feeds back to abet in the 
"strengthening" of the supersonic region as in Fig. 3. 

3.2 EXAMPLE II (25° SWEEP) - AN ANOMOLOUS TRAILING EDGE PRESSURE DIVERGENCE 

to the results for the second wing-fuselage configuration (Configuration B) many of the same features on the 
upper surface were exhibited.   Configuration B also had a wing with a quarter chord sweep of ~ 25° mounted as a high 
wing on a fuselage of near-rectangular cross-section but with a significantly larger glove.   The airfoil section was 
similar to that of Configuration A. 

An interesting phenomenon was found in the case of Configuration B at MB = 0.90 relating to the behavior of 
the trailing edge pressure which sometimes is used (perhaps inadvisedly in the 3D case) to detect the onset of buffet, 
h Fig. 6 we have plotted the trailing edge pressure at the spanwise station v~ 0.75 at both Mn = 0.90 and 0.80 at 
various values of».   (The Reynolds number here was approximately 7 x ICß/mean chord).   TTie behavior of the trailing 
edge pressure at \b ~ 0.80 is the usual variation that one is accustomed to, but at M» - 0.90 a premature humping has 
taken place at lower Incidences.   To determine the cause of the premature divergence we have plotted In Fig. 7 the 
pressure distributions at a = 0° and 6° where higher trailing edge pressures prevail, and a = 4° where a much lower 
"separated" pressure prevails. 

I 
An explanation of the above behavior of the trailing edge pressures can be seen In Fig. 8 where the flow 

patterns for the three incidences have been sketched based upon the surface pressures.   Here the greatly depressed 
trailing edge pressure at a = 4° appears to be caused by the simultaneous presence of significant shock-induced 
separations on both the upper and lower surfaces, both most probably of Type B, which are not both simultaneously 
present at a =0° and 6°. 

At a - 0° severe shock-induced separation is present only on the lower surface, while at 6° it is present 
only on the upper surface as a Type B interaction. 

At MB = 0.8 neither shock wave   nor severe separation appears on the lower surface in the above incidence 
range. 

3.3 EXAMPLE DI (45° SWEEP) - A CASE WITH SEVERE SPANWISE CONTAMINATION 

Finally we consider a wing-füselage configuration where the high wing has a sweep of ~ 45°.   Hie airfoil 
section is aft cambered,   hi Fig. 9 we show the shock traces on the wing surface at M»    0.95 and a~ 9°, while in 
Fig. 10 we give the corresponding chordwise pressure distributions at several span stations.   (The Reynolds number 
was approximately 4 x 106/mean chord.) 

For this high sweep case we see the consequences of the lateral contamination that arises on both the upper 
and lower surfaces of the wing due to the sweep effect.   On the upper surface it is seen that the separated air formed "" 
in the inboard regions has been transported down the "sweep lines" contaminating and worsening the shock-induced 
separation further outboard.   At the span station v = 0.75 the degree of contamination is indicated by the large extent 
of the separation bubble relative to the mild strength of the forward shock which has a Mach number normal to the 
shock of approximately 1.2.   Further, in the outboard region the forward shock, which in an inviscid case would be 
configured topologically as in Fig. 3, has been displaced significantly upstream in the outer half of the wing, elimi- 
nating the outboard shock. 

If we examine the lower surface pressure distributions in Fig. 10, we see that a comparable spanwise flow 
of the inboard separated air formed aft of the subcrltical adverse gradient has occurred greatly increasing the dead 
air displacement effects in the outboard regions. Hie consequences have resulted in a near-halving of the aft over- 
pressures at the span station n = 0.9 relative to those at TI ■ 0.3. 

4.    CONCLUDING REMARKS 

The several examples described herein suggest the wide variety of forms shock-induced separations can 
assume in the 3D case.   The nature of such separations is of course dependent not only upon the 3D shock wave con- 
figuration Itself, but upon prior history effects in the boundary layer effected through the weakening of the velocity 
profile by previous events (Type B), or by the spanwise contamination effects as by the spanwise flow of the separated 
air seen in Example m. 
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In the highly sensitive arena of transonic flow the Interactions as described betwoen the bivlscld and viscid 
flows continue to behave In the strong interaction mode. 

The examples presented here mostly represent extreme cases.   They have been presented to illustrate flow 
mechanisms that undoubtedly occur less spectacularly under design conditions.   A fuller physical understanding of 
the many facets of shock-induced separation will enable one to diagnose more accurately wind tunnel results and to 
provide meaningful configuration Improvements to prevent the appearance of the more severe forms of 3D shock- 
induced separations envolving type B interactions or spanwise contaminations. 
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AN ADDED NOTE - Prospects for an Early Prediction Method 

Boundary layers of practical concern are turbulent.   As such we must not forget that we are confronted with 
an unsteady phenomenon.   Thus, for example, at a separation "point" (which in fact may be a zone) reversed flow at 
the surface need not exist continually but only during a statistically dominant fraction of the time,   ta cases of well- 
behaved unseparated turbulent boundary layers, the "scale" of the unsteadiness is of sufficiently higher order than 
the characteristic scale of the (macroscopic) flow, that viable (time averaged) steady models of the turbulent transport 
could be postulated and deflnitized empirically in terms of a few parameters. 

For the more complex cases envolvüig the milder forms of separation, for example, the low speed type rear 
separations on an airfoil, the above phenomenoiagical procedure so far has been dismally inconsistent.   The causes 
may be several fold - either the above time-averaging has been strained, or more likely the turbulent transport has 
been Inadequately defined in terms of the proper macroscopic flow va' iables or their gradients.   Undoubtedly such 
mundane matters as the quality of the tunnel air flow or that of the experimenters, or the fact that a "2D" separation 
may in fact be 3D also participate to muddle the situation. 

ta the present case r'f shock-induced separations there is little question that the usual coarse-graining comes 
a cropper since the characteristic scale of the turbulent transport clearly is no longer of higher order than the relevant 
macroscopic scale of the flow which in the present case is measured by the "thickness" of the shock pressure rise.   It 
is this absence of local equilibrium of the turbulent transport that complicates the present situation.   Indeed if we take 
the liberty of borrowing a concept from non-equilibrium chemically reacting flows, the concept of "frozen" turbulent 
transport might permit us to bridge the precipitous shock, if indeed such a concept is meaningful, but then a suitable 
non-equilibrium turbulent transport model must still be developed for the smoother relaxing recovery zone down- 
stream of the shock. 

Needless to say the prospects of acquiring a viable empuical non-equilibrium turbulent transport model within 
the meaningful future is bleak. 

Hie applied aerodynamic ist, at this stage, should be content with a procedure that will yield the pressure 
distribution in a real flow. Thus he need concern himself only with the displacement effects of the boundary layer. 
Thus as a near-term expedient it is suggested that the immediate effort be directed towards developing a model for 
the viscous ramping. 

Such an approach was investigated in a preliminary fashion in the planar ca. e.     Here in a finite difference 
calculation empirical pressures were prescribed along ill» airfoil surface (downstream of severe adverse gradients) 
where significant viscous displacement effects are expected, while elsewhere the airfoil slopes were prescribed.   The 
results of the calculation would then yield the effective shape of the airfoil (and hence the viscous ramping) that would 
directly yield the real pressure distribution including the correct shock location,   ta the above example the viscous 
ramp aft of the shock was found to be composed of a wedge nose section (conforming to the oblique shock pressure rise) 
followed by a section having the same curvature as the airfoil itself, with a final thickened displacement layer starting 
just upstream of the trailing edge.   By carrying out a sequence of such calculations a viscous ramp model could itself be 
phenomeno logically formulated, or on a more sophisticated level empirically-fitted "equilibrium" functions in the Head- 
Green procedure could be determined using the know lege of the displacement thickness distributions.   (H :re the Head- 
Green procedure is an integral method embodying a non-equilibrium transport mechanism analogous to that suggested 
by Bradshaw.) The above procedure would require the static pressures to be reasonably invariant across the boundary 
layer, as was found by Seddon's measurements.   TTie conditions directly below the shock impingement point are of 
course unknown, so that here the oblique shock relations via the shock polar must be assumed to be applicable. TTie 
suggested phenomenological modeling of the viscous ramp is primarily intended for  Type A shock-induced separations 
that are quasi-20 in nature.   The contemplation of extending the modeling to Type B interactions or to 3D separations 
with spanwise contamination as described earlier is Indeed frightening, but on the other hand a proper configuration 
design would strive to avoid such occurences at least at the primary operating conditions, clearly making such ex- 
tensions less urgent. 
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ROUND TABLE DISCUSSION 

Professor Gersten:  Ladies and Gentlemen, We will start the Round Table Discussion on Flow Separation.  I would 
rather like to call it a general discussion instead of a Round Table Discussion because I have the feeling that we 
ail should participate in a general discussion about the subject we were talking about this week. The procedure I 
have in mind is the following:  to start our general discussion I asked a few experts to give their point of view about 
the outcome of the meeting so far.  The idea is that we have first the summaries about the meeting and perhaps 
some thoughts about the future outlook and then we will start the general discussion.  We will have all the brief 
reports from the experts first and afterwards the general discussion.  If you agree on this procedure I have the great 
pleasure to introduce to you the experts here at the table:  Professor Inger, US, who will give his views about the 
Laminar Separation Session; Professor Young, UK, will give his thoughts about Turbulent Two-Dimensional Separation; 
Mr Smith, UK, who gave already an excellent survey paper about the subject he is responsible for which is Three- 
Dimensional Turbulent Separation.  Last but not least, I asked Professor Bogdonoff, US, to give a particular report 
on ail the experimental difficulties in measuring at or close to separation or in a separation region.  We should start 
by asking Professor Inger to give his views about laminar separation. 

Professor Inger:   I'd like to break my comments down into two major categories; one, analytical studies and two, 
numerical methods.   Also interspersed will be a few side comments about experimental considerations. 

First, let me summarize what we heard in the field of analytical work.   In my view a major aspect of this 
conference was the emergence of matched asymptotic (or "multiple-deck") methods as a very potent new approach 
to understanding viscous-inviscid interaction and separation phenomena.  This outgrowth of the ground- work of 
Stewartson and Messiter would seem to be the logical next step up from Prandtl's orginal boundary layer concept as 
an asymptotic approximation, and hence particularly appropriate to the conference theme laid down by Professor 
Schlichting in his opening Prandtl Memorial Lecture.  In addition, these asymptotic treatments emphasize the ideas 
of proper scaling and order of magnitude analysis, both of which again originated with Prandtl. 

I feel the asymptotic approach also provides some very important in-sights.   First it exposes much of the under- 
line physics and the "fine grain stricture" of the flow.  Secondly, it delineates the basic scaling of both the indepen- 
dent and the dependent variables and thus should prove very useful in gulling numerical studies of these type of 
problems.  In fact we have seen some such usage occurring already.  Thirdly, we learn how to deal with and eliminate 
local singularity phenomena, in particular the classical (and physically-unrealistic) separation point singularity can be 
very neatly disposed of by asymptotic analysis when viscous-inviscid interaction is taken into account.  Finally, it is 
capable with some additional work of extension to turbulent flows as well as laminar and we can see the beginnings 
of this already. 

Now let me make some critical comments on analytical studies.  As Professor Schlichting reminded us in his 
opening lecture, theory must ultimately lead to predictions of experimentally verified facts and should be useful 
to engineers.  In my view the laminar multiple-deck analyses are weak in this regard; there is need for some good 
basic lowspeed laminar flow experiments specifically designed to prove out these theories.   The conference was 
notable for its lack of this type of experimentation (of course this can be done at high Mach numbers but then the 
sevei     ompressibility and dP/dy  effects severely complicate the issue).  A weakness of the theory which should 
be improved upon is that it tends to be rather esoteric and very limited as to the geomet.ical situations and the values 
of the basic parameters to which it is applicable (e.g., Reynolds numbers of 10' or larger).   Burggrafs paper tended 
to suggest that asymptotic methods might in fact be used to suggest some approximate analytical approaches of a 
"layered" type that can yield engineering analysis tools valid over a much more practical range of flow conditions 
and configurations.  For example, although perhaps not commonly appreciated, the very successful method of 
Stratford (which was referred to repeatedly at this conference) is in fact precisely such a method; if you re-read his 
original paper you will see that it is based on such a layered approach.   I think we can go a lot further in this 
direction. 

Now let me turn to some brief remarks on what we heard about numerical solutions.   First, it has been firmly 
established that provided viscous-inviscid interaction is taken into account, the boundary layer equations provide 
accurate engineering solutions for flows including separation bubbles (for details on a very fine scale, Navier-Stokes 
terms must be included, but such detail is to my knowledge outside the realm of experimental detection).  Over a 
very wide range of practical conditions for moderate Mach numbers, we may also neglect the lateral pressure gradient; 
however at high Mach numbers in regions of separation or reattachment we likely should include dP/dy  to get a 
good prediction of the flow, but we can still do this with a boundary layer type of model if it includes the inviscid 
y-momentum equation.  In cases where there are highly curved bodies we also may have to include either longitudinal 
or transverse curvature terms, but with these additions we can probably handle most of the configurations of practical 
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interest.   Secondly, I personally was pleased to see that it has finally become generally accepted that the mathematical 
"singularity" at separation is eliminated by the inclusion or viscous-inviscid interaction (as Profcssar Schlichting 
mentioned, it sometimes takes a long time Tor an idea to catch on:   the original paper by Catherall and Mangier which 
really demonstrated this elimination was published in 1966!).  Incidentally, I think our colleagues in the unsteady 
boundary layer business should address this point more actively. 

Another conclusion I draw is that there now seem to be some pretty good finite difference programs which can 
treat separation bubble-type problems and which will be cost-effective and superior to integral methods in being more 
flexible, more extendable to turbulent flow, and free from spurious super sub-critical jumps and saddle point singula- 
rities that are creatures of many integral methods.  However, it appears that the success of many schemes still is very 
sensitive to the choice of suitable variables and coordinate systems for the particular problem and hence to the 
cleverness of the investigator.   Moreover, it is not clear why some investigators seem to be doing very well indeed at 
very high Reynolds numbers even with Navier-Stokes problems where others experience severe problems in stability 
and so forth.   Perhaps like experimental work we ought to start running each others computer programs to find out 
just what the realities are, how sensitive they are to the investigators doing the program, etc.  Finally, it is worth 
stressing that the purely numerical approach works well only for problems which are already reasonably well under- 
stood.  For new problem areas with new phenomenon in the foreseeable future, quite a bit of analysis and experiment 
will always be required before numerical analysis is either feasible or desirable. 

Professor Gersten:   Thank you very much for your very interesting comments.   As 1 said before, I would like to 
proceed immediately to the next report by Professor Yornp on two-dimensional turbulent boundary-layer separation. 

Professor Young:  Thank you Mr Chairman.   I must say that some of the points that Professor Inger made about 
problems of laminar separation could equally well be made with regard to turbulent boundary layer separation. 

I recall that in Mr Smith's paper he pointed out that we study separation:   (a) to understand it, and (b) to 
control it.   Perhaps we should keep those objectives very much in mind in reviewing what has been discussed during 
the course of this meeting.   If we ask ourselves what sort of problems we can solve we see that at least in the two- 
dimensional case they are the weak interaction problems where the boundary layer has a relatively small effect on the 
external flow.  If therefore we consider problems in which the actual pressure distribution is given then it seems to 
me that we have adequate methods of calculation for determining the position of separation.  Which method we care 
to choose is almost a matter of taste, there are both good integral and good differential methods available.  However, 
in most cases we are dealing with situations where we do not know the final pressure distribution and the problem 
in general is a strong interaction one where the separation induces a large change in the external How and consequently 
the external flow reacts back on the boundary layer in a way that cannot readily be predicted at the outset.  It is 
for such problems that one notes relatively little by way of information or work that was reported at this meeting. 
Perhaps there is not really very much going on, it is a difficult area but I hope that it will be an area to which 
people will turn their attention increasingly, because in most practical situations involving separation the interaction 
is a strong one.  One has only to think of problems of wing stalling or of the shock stall both in two and three 
dimensions.   We need to be better supplied with experimental information as well as theoretical methods if we are 
to deal with those situations with any confidence. 

Between the problem of the attached boundary layer and that of the fully separated boundary layer we have 
the small bubble situation of the kind which was envisaged in many of the papers on shock boundary layer inter- 
action with reattachment of the boundary layer after a small region of separation.   Here it seems that we are deve- 
loping quite a number of methods involving variants of the boundary layer equations coupled with the external flow, 
variants of what some people referred to as the Navier-Stokes equations but in which the way in which the turbulence 
was modelled was perhaps the weakest feature.  It seems to me that perhaps this problem of turbulence modelling is 
where we should direct much further research in the future. One is aware from experimental data that, for example, 
the entrainment in a turbulent boundary layer that is attached to the surface can be very different from the entrain- 
ment when it is separated, or indeed when it is reattaching. Generally when it is reattaching the turbulence level is 
extremely high and the entrainment rate is very high.   These sort of changes in the structure of the turbulent 
boundary layer are not as far as I can see very readily reflected in those models which have so far been used and this 
seems to me a major area for further work both experimental and theoretical.  We have seen (though with perhaps 
a degree of hind sight on the part of the people concerned) that by fiddling various constants and introducing lag 
terms etc. a degree of agreement between theory and experiment has been obtained which for many engineering 
purposes may be very acceptable.  However, one hopes that some of the methods of which we heard will in fact be 
proven for cases other than those on which they have been based and therefore shown to be satisfactory in a general 
way. 

The question has been raised by Dr Simpson of the possible importance of normal stresses in regions approaching 
separation and 1 agree that this needs further attention. 

To sum up the overall picture, we seem to be dealing with the weak interaction case fairly effectively but there 
is a good deal more work to be done in modelling turbulence in shear layers and we are only just on the fringe of 
dealing with the more general problem of strong interaction. 
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I have also listed what I thought were some of the detailed problems that were thrown up during the course of 
our discussions on which we need more work. There is the question of static pressure variations across the boundary 
layer in regions of separation. I think that it was Professor Liepmann who said he thought that with the development 
of the laser anemometer we shall no longer have to worry about static pressure variations.  I find myself less optimistic 
on that matter.  It seems to me that we are interested in the static pressure distribution in its own right quite apart 
from getting our velocity profiles correct. 

It also seems to me that the transonic problem in two and three dimensions is one that we do not really under- 
stand as well as we should not only because of the complexity of the Shockwave patterns that can develop, as we heard 
about this morning, but because we arc very unclear about the nature of the interaction between boundary layers 
and shocks and its dependance on the oncoming boundary layer.  Indeed the whole of the argument that is currently 
going on as to how large a wind tunnel you need for this sort of work turns on the fact that we do not know 
whether by increase of Reynolds number the resulting decrease in thickness and change of profile or the boundary 
layer approaching the region of interaction can result in major changes in the final interaction pattern or not.   \* 
seems from the evidence in the highest Reynolds wind tunnels that we have that the changes with Reynolds number 
can still be quite large.  Perhaps here is where some of the theories if they were adequately developed could be very 
helpful.   I would like to see someone attempting fairly detailed parametric studies changing the oncoming boundary 
layer, particularly its thickness and its profile, and investigating the nature of the resulting interaction assuming that 
we can devise a theory which people will accept for the interaction itself. There was one paper which made a start 
in this direction, it seems to me that this is a field of work that could well be encouraged. 

I was interested to see that there were two papers on trying to control separation.  This is again an area which 
did not receive very much attention in the course of this meeting - perhaps it might be one that will turn up more 
strongly in a future meeting, 1 hope not at the 200lh anniversary of Prandtl but before then!   I believe that this is 
an area of experimental work that could well produce some very valuable dividends for the practising engineer in due 
course. 

The question of steadiness of separated flows was touched on during the course of the meeting. The general 
question of unsteady aerodynamics is a major one, worthy of another symposium, but it cannot be ignored in the 
context of separation.  Separation is a rather  unsteady phenomenon and we need to examine more closely than we 
have in the past the nature of the unsteadiness; it is probably of low frequency in general and as such might be 
amenable to analysis. 

Finally, a perennial plea that we perhaps ought not to rely too much on using the biggest and fastest computers 
that there are around, they are extremely costly. One gets the impression that people who have access to them tend 
to forget their basic initial cost or the cost of large program development but sometime or other the bill will have 
to be paid. I think that there is an increasing need to develop methods of calculation which are relatively quick and 
cheap for most engineering purposes. The very expensive program can be used for test cases of the cheaper methods 
but cannot remove the need for such methods.  1 think that covers all the points 1 want to make. 

Professor Gersten:  Thank you very much. Professor Young, for this excellent survey.   We would like to go on with 
the report by Mr Smith. 

• 

Mr Smith:   Thank you Professor Gersten.   1 wish that 1 could present as clear and tidy a picture as my predecessors 
have.  I get the impression that in the three-dimensional field each paper we had practically stood by itself and as 
far as summarizing it goes I could do very little more than repeat the survey lecture that I gave you to start with. 
However I have been told not to do this but to be brief and a little provocative.   1 take it that means not wasting 
my time saying how much I enjoyed the meeting but I should like to say that I think it has been great fun and to 
thank whoever is responsible for the invitation. 

Most of the things that I find I want to say are comments on what was missing.and, if I might, I should like 
to go straight outside the area I am supposed to talk about and come back to the triple deck solutions.  What was 
missing for me was an assessment of the work of Sychev (Mekh. Zhid. Gaza, 3, pp.47-49, 1972). so, for the sake of 
getting something on the record. I should like to say just a few words about this, and if one of the experts in this 
field cares to demolish what I say I should be only too delighted. The mathematics I take it are quite correct and 
I don't wish to dispute the relevance of asymptotic series.  However I had the impression that Sychev said rather 
more than this and the first thing that I thought he said was that two dimensional laminar separation is always 
provoked by a steep adverse pressure gradient immediately upstream of the separation point.   And the second thing 
that I thought he said was that the position of the separation on the bluff body is close, that is, close in the asymptotic 
sense, to the point at which a constant pressure streamline can leave the body without a curvature singularity.   In 
other words the location of separation on a bluff body is determined by an inviscid mechanism.  Now, I don't believe 
either of those two things.   I think that his results are valuable, as Professor Inger was saying, in that they give a 
local description of what is happening; but I don't think they give the sort of overall information which I under- 
stand that he claims. 
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Now the other thing that was musing, I thought, from the program, and this is not the fault of the participants 
but the fault of the planners, is the thing that Professor Young was referring to:  the absence of unsteady separation 
from our considerations. As we know, many of the separations that are of practical interest and importance to 
aircraft designers are essentially unsteady separations, buffeting, helicopters, stall, there are dozens of problems. 
We know also that Professor Sears and his students have done something to add to our understanding of how unsteady 
separation takes place, at least in two dimensional flows, and I should have liked to explore these ideas and to see 
how much solid ground there is in this rather difficult area.   Also like Professor Young, I was disappointed that so 
many papers concentrated on small scale separations, to the extent that we actually spent some time discussing who 
could see the smallest one!  My own suspicion is that if a separation can be modelled by boundary layer theory then 
it is likely to be unimportant. 

If I could try to draw together these two aspects of two-dimensional separated flow, the need to understand 
the unsteady flow and the need to model the larger scale flows, I should like to suggest that attempts to treat large 
scale separations as time dependent flows could well lead to an increase in our understanding.  This ties in with the 
question of what we should use our big computers for, apart from developing engineering calculation methods. We 
should use them for numerical experiments because numerical experiments well carried out can lead to an increase 
in our understanding of the physical world.   I should like to see numerical experiments trying to model large scale 
separations through an unsteady, essentially inviscid approach.  If you don't have a big computer, you might try 
writing down the equations and boundary conditions that ought to be satisfied, because I don't think this has really 
been done either.   Well, I hope that has been provocative at any rate. 

The overall impression 1 get from the papers is not particularly cheerful: most people seem to be managing to 
keep their heads above the waves, but not very much more than this. I thought that there were two hopeful signs, 
though. One was the advent of laser anemometry as described to us by Professor Simpson. The other one was the 
continuing possibility of acquiring relevant and helpful information from relatively simple experiments as demonstrated 
by Professor Young. I thought his paper was a first class example of this, where in a fairly simple set up one could 
discover a flaw in what I regard as the best boundary-layer method we have, that of Bradshaw. 

As far as the papers on three dimensional flows, which I am supposed to be talking about, are concerned I 
found the experimental ones most stimulating, particularly of course the flow visualization.  These gave us all an 
enormous amount to think about.  The results which Dr McCroskey presented on behalf of Sedney and Kitchens 
were really very beautiful and nicely supplemented by the results he was able to include from the German experiments 
and by the picture which Dr Sutton showed us.   Now I was very surprised by the pictures of spirals originating from 
free stagnation points, because I always tend to think in terms of inviscid flows, and these did not look at all like 
vortex sheets embedded in irrotational inviscid flows.  Are they in fact just phenomena of inviscid shft flows?  In 
other words, if we accept that the flow is rotational but still inviscid, would we find the same curious separation 
pattern, with free stagnation points out in the flow?  There are very few shear flow solutions for flows past obstacles 
and I think this is an area of considerable interest:  at one extreme it interests the environmental aerodynamicists 
with their flows around buildings and at the other extreme it interests people who put probes in boundary layers and 
find unexpected large upstream influences.  The topic of oblique shock-wave interactions is one which I missed out 
from my summary lecture. It is something which is only recently being taken up again and there was little to say 
about it then.   There is clearly rather more to say about it now and I hope that we can perhaps talk about it a bit 
giving Professor Bogdonoff a chance. 

Professor Gersten: Thank you very much, Mr Smith.  I think your brief report was perfect and also provocative as 
requested.  Before we go on 1 just want to mention the fact that we had the intention to have a session on unsteady 
separation and actually I approached Professor Sears to give a survey paper on this subject but unfortunately he was 
not able to come and do it. Moreover, it turned out that we had not enough papers on this subject to fill up a 
whole session on unsteady separation.  Therefore we had to cancel it for this meeting because we had already enough 
papers on other subjects. This is the explanation why unsteadiness was perhaps not fully discussed here. Now let's 
go on with Professor Bogdonoffs remarks. 

Professor Bogdonoff:  I would like to give a view on this meeting from an obviously prejudiced point of view as an 
experimentalist.   First, I was rather disappointed in the balance of the meeting between looking at things and 
essentially rubbing them finer as compared to looking at things where we don't even know the gross details. If I 
had to give a general opinion of the meeting it seems to me that we have put much less emphasis on the possible 
real value of much of our work by not concentrating more on three dimensional turbulent flows which are what 
the real world is mostly about. 

Now the usual answer for this is that you work with laminar flows and do the easier job first.   But it is not 
at all clear that studying laminar flows in great detail will always give you a great understanding of what is going to 
happen when it becomes turbulent. There are in many examples complete changes in order of magnitude of the 
effects when the flow becomes turbulent.  I was impressed with the efforts that are going in to the very detailed 
computational methods and obviously the very powerful tool that the computer is, but I am still apalled as to what 
they use as the test points to prove that these massive programmes are correct. One assumption is that if you 
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include the full Navier-Stokes equations then you don't have to worry about it since with a Tine enough mesh you 
come out with the right answer.   However, there are still key questions about the detailed computations of the 
Navier-Stokes equations which have been covered in other conferences. 

I think that we, as experimentalists, should try to provide a set of redundant experiments cross checked with 
Califomian air, Princeton air, Canadian air and European air which can provide the real guidelines for the computa- 
tional techniques.  There is now so much being invested in these systems that the necessity is great for having some 
very well detailed and agreed upon correct experiments to use as the test points.  I found very little of this being 
done in the compressible high speed area analogous to the effort at Stanford a few years ago. 

In the other end of the affair I was disappointed in the lack of major activities which utilize new capabilities that 
clearly are very early in the design stage and perhaps will simply be reflected in time by changes in the kind of experi- 
ments. Mr Simpson gave us the only results of this meeting using a laser anemometer. There indeed has been a sort of 
revolution in experimental techniques in the last few years and hopefully this v/ill be the base for a set of experiments 
which might provide much more than the usual sort of surface conditions which all of us are used to. I think that much 
of what we talk about in the way of three-dimensional flows are best described by that group of blind men examining an 
elephant. Mr Smith drew I think a very good set of remarks about three-dimensional flows but the fact of the matter is 
that there are many three-dimensional flows for which we do not even understand gross physical phenomena. 1 would like 
to simply pick on some of my colleagues who continually talk about vortices due to skewed shocks when I know of 
detailed experiments which have shown a vortex.   I think that there are many of these complex three-dimensional 
flows which are strong interactions in Professor Young's category that are going to have to be predicted by the 
computational techniques.  Much of what we have in three-dimensional flows in a way is sort of pre-conditioned by 
the fact that we have worked with two-dimensional flows for so long we have a tendency to skew it, put another 
parameter in, and draw our physics for that.   It may not indeed be a useful technique or method of approach. From 
the experimental side the two things which I might say look to be most useful in the Held that we are in is; one, 
this business of trying to provide very good models upon which we can base the analytical or computational studies 
that we are doing, and, the second is a concentration by all sorts of techniques, conventional and new, which are 
coming through non-intrusive instrumentation.   These techniques will provide a model of three-dimensional flows to 
hopefully form a solid base upon which these massive two-dimensional calculations will be even more massive in 
three dimensions.   They hopefully will provide some reality in what we are trying to compute to get closer to the 
kind of problems that are real, the kind of problems that Yoshihara talked about, the kind of problems which we 
face in the design of real fluid  mechanical things where three-dimensional turbulent boundary layers are present. 

I really think that this should be the driving function for much of our work.   It means that the experimentalists 
and theoreticians will have to work a lot harder, but it seems to me the time has come for real, practical problems 
to be the main focus of our effort. 

I 

Professor Gersten: Thank you very much. Professor Bogdonoff. Now, we should start the general discussion. The 
subjects of the whole meeting and the brief reports given by the experts are now open for discussion. I *ould like 
to suggest that we try to have an order, in other words the laminar problems Tint and the turbulent ones next, but 
it is not necessary.  The discussion is opened now. 

1 
Professor Liepmann:   1 should like to make a few remarks, not aimed at a specific presentation but concerning 
turbulent boundary layers, separation, and shock wave boundary layer interaction in general. 

First of all it cannot be emphasized enough that separation is not a local boundary layer problem but a 
phenomenon which depends on the flow in the large.  Boundary layer theory is, after all, a perturbation procedure 
to correct a potential flow for the comparatively small viscous effects.  For flow past a flat plate, the inviscid 
potential problem is unique; for bluff bodies, transonic flow with shock waves, etc., the flow in the large and hence 
the pressure Held are themselves dependent on the viscous or turbulent shear, and not given in advance.  Consequently, 
the computation of the point of zero shearing stress on the basis of boundary layer theory, with a given pressure 
distribution, is not the essential part of the separation problem.  Besides the flat plate at zero angle of attack, only 
in some cases, such as shock wave boundary layer interaction on a plane surface, does one have a priori an idea how 
the global pressure distribution looks and can treat the separation locally.   In this respect I regret that comparatively 
little emphasis in this meeting was directed to ordinary subsonic separation from bluff bodies. 

In a problem inherently as complex as separation it is clear that computational methods are very important. 
However, it seems to me worthwhile to stress two points:   Computations of turbulent flow are still empirical and, 
to a large extent, interpolation procedures to bridge between sets of measurements.   Any extension of such computa- 
tions to cases where no good measurements yet exist is not safe and has to be approached with much caution. 

The second point I would like to emphasize is the importance of overall physical and/or analytical ideas to 
provide some guidance for detailed and/or computational approaches.  For example, before extending turbulent 
shear flow computations to high Mach numbers one should ask the question, does a turbulent boundary or shear 
layer exist for very large Mach number?   The increasing acoustic radiation from turbulent flow with increasing 
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Mach number will eventually become a significant, and ponibly dominant part of the turbulent energy balance. 
Hence, at sufficiently high Mach number, the turbulence must be modified and possibly this "radiation damping' 
at high M  will shift transition and turbulence to higher and higher Re. 

Similarly, the interplay between wave and wake drag is obviously of primary importance in shock wave boundary 
layer interaction problems. Here too, I miss the use of overall considerations:  For example, consider a setup consis- 
ting of a wedge and a flat plate in supersonic flow, with the wedge shock impinging on the flat plate. For inviscid 
flow only the wedge experiences drag.   For viscous flow, in the absence of interference the plate has wake drag, the 
wedge predominantly wave drag. With shock wave boundary layer interaction both the wave and wake resistance 
are modified.   Is the net result an increase or decrease in the overall drag? The example is certainly somewhat 
academic but the problem of transonic drag due to shock waves and separation is rather similar in concept.  It is by 
no means self-evident that separation Increases the drag since the change in the effective shape weakens the shock 
and hence reduces the wave resistance.  Indeed, I would expect an even trade off for weak waves in both cases. 

Professor Gersten:  Thank you. Professor Liepmann.   1 have a question to ask you about your first remark concerning 
the definition of separation which in your opinion has nothing to do with boundary layers.  I was a little shocked by 
this remark because there is the problem of bubbles.  Do you think bubbles have nothing to do with separation? 
For example there is this famous work by Maugler and Catherall and their boundary layer calculation, where they get 
separation and reattachment with a small bubble. Would you call this separation and reattachment or not? 

Professor Liepmann: There is certainly a small part of the separation problem which involves local separation bubbles 
which can be handled with a sort of pseudo-boundary layer theory. The shear layers, the bubble and backflow can be 
computed in some cases neglecting the normal pressure gradient. 

Professor Gertsen:   So you would distinguish between a weak and a strong separation? Weak separation takes place 
within the boundary layer and strong outside the boundary layer. 

Professor Liepmann:   Yes, I think that one may distinguish between local separation and break-away. The former is 
more an exercise for the reader and the latter a real deep problem. 

Mr Bore:   I was very relieved to find in the last lecture that someone referred to an aeroplane:   with wings! 
Dr Yoshihara referred to the case of swept shock waves where the boundary layer may cease moving in a direction 
normal to the shock wave, but nevertheless on a real wing the low-momentum flow can move spanwise parallel with 
tK' shock wave intersection. This is an interesting point that we come across quite frequently, of course, on wings. 

1 would like to register three thoughts.  First (1 think this one is worth a lot of money!), the spanwise movement 
of low momentum boundary layer along a shock wave can be interrupted deliberately, for example by a chordwise 
vortex from a leading edge fence or vortex generators.   I have not heard any comments on this practically very 
important matter here. Secondly, on wings, aircraft designers are not much worried about separation bubbles of 
small extent.  What we are worried about is not incipient or microscopic separation bubbles:  we are worried by a 
boundary layer failing to reattach before the trailing edge.  Third point:  From a practical point of view the study 
of control of separation (or should I say perhaps arranging that the boundary layer reattaches before the trailing edge) 
by chordwise vortices should be very worth while.  Maybe turbulent flow itself could be regarded as flow with a 
large number of vortices milling around, so to study closely the effect of one vortex (or a simple array of vortices) 
on the boundary layer could be very revealing as well as practically useful. 

Dr Korkegi:   1 would like to make a comment on some of the differences between two-dimensional separation and 
separation due to skewed or glancing shocks which I don't think came out too clearly in the meeting and is 
extremely important.  Specifically, turbulent boundary layers are much more prone to separate due to a skewed or 
glancing shock interaction than due to a two-dimensional interaction. I realize several of us are aware of this, but 
I don't believe it was really brought out to any extent in this meeting. It is extremely important from a practical 
stand point for supersonic flows in rectangular inlets or flows at the junctions of wings and bodies, control surfaces 
and wings, etc.  In fact, just recently I had published a short note on a correlation for the prediction of incipient, 
three D turbulent flow separation which is ridiculously simple.   It was based on an analysis of McCabe's published 
a few years ago and I noticed it was referenced in some of the papers presented this past week.   Just to give you a 
result very simply, it states that the pressure rise beyond which a turbulent boundary layer will separate due to a 
skewed shock interaction is something like 1.5 (1 believe that was mentioned this morning by Dr Peake) independent 
of Mach number, Reynolds number, or what have you.  It has been borne out by recent experiments over a Mach 
number range of 2 to 6. Anyhow what is important is the order of magnitude.  In other words a pressure rise 
greater than 1.5 due to a skewed shock is likely to cause turbulent boundary layer separation.   If we now look at 
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the two-dimensional turbulent separation case we find that the pressure rise beyond which the turbulent boundary 
layer will separate is very large and increases with increasing Mach number. While I don't have specific numbers in 
mind I believe it is something like 10 for a Mach number of 4 or 5. Therefore, in rectangular ducts and similar type 
configurations we really don't have to worry about the two-dimensional separation problem but rather, the three- 
dimensional one.  It's the one that occurs on the wall adjacent to the compression surface and can give rise to non- 
uniform conditions, loss of total head, etc., in rectangular inlets of airbreathing engines and other similar configura- 
tions.  1 felt it was needed to bring this out as I don't think it was really touched on to any great extent in this 
symposium. 

Professor Bogdonoff:   Well there is a basic area of disagreement but it points out that I think is a very key thing 
here.  The work referred to by Dr Korkegi puts on the same plot something called three-dimensional separation and 
two-dimensional separation and it is my own strong feeling that you are comparing apples and oranges. Three- 
dimensional sepantion is completely different then two-dimensional separation, the results of three dimensional 
separation end up to be a completely different kind of flow phenomena.  Two-dimensional separation with its reverse 
flow, a mixing mechanism and a dissipative mechanism is completely different from the so called three-dimensional 
separation.   To refer to the paper presented by Mr Oskam, something called three-dimensional separation has been 
defined on surface flow condicions which at least as far as I am concerned has little to do with the dissipative 
mechanism and the kinds ci losses which are usually associated with things called separation.   I think there is a 
major difficulty in trying to compare words which we use in the same way. We keep using this word separation in 
three dimension as compared to two-dimension and I think this is one of my basic points that I tried to make; 
that is, carrying over from two-dimension to three-dimension phenomena which are quite different, and using the 
same words I think causes some problems. 

Dr Korkegi:   1 do not agree with Prof. Bogdonoff.   I accept that there is a difference between three-dimensional 
separation and two-dimensional separation; however, when one looks at the physics of the phenomena one can see 
certain elements of similarity. Clearly in two-dimensional separation one has reverse flow rather than a structure of 
vortices.   However, whenever one has a sufficiently strong interaction of a shock that is skewed to a boundary layer 
one is going to have vortices produced and scavenging of the flow by these vortices.  1 don't think we want to have 
a hang up about the interpretation of what we mean by separation and reattachment in two-dimensional flow and 
three-dimensional flow.  Classically we are used to thinking of separation and reattachment as being associated with 
the shear stress going to zero at the wall.   But that is only an interpretation that is valid for two-dimensional flow. 
I think we can still, as Mr Smith and others have talked about, refer to the term separation in the three-dimensional 
case.  Otherwise we are getting into an exercise in semantics.   In rather simple terms, I view separation as a line along 
which the flow lifts off a surface regardless of what the shear is, and reattachment (or attachment . . .), one along 
which the flow impinges on the surface regardless what the shear is.  If we keep that physical concept and don't get 
hung up on the classical interpretation we will develop a better understanding of what goes on.   I disagree further- 
more that one cannot draw some relationship between certain types (let me be cautious here) of three-dimensional 
"separation" and two-dimensional "separation".   In fact I simply view many regions of three-dimensional boundary 
layer separation     or, rather, their projection in a plane normal to the lines of interaction - as similar to two- 
dimensional separation with cross-flow and mass transfer.  All I am trying to point out is that one can draw some 
analogies without necessarily being too naive.   With reference to my earlier comment, whether or not one wishes to 
refer to the phenomenon as "separation", it is nevertheless an experimentally verified fact that a turbulent boundary 
layer will separate much earlier due to its interaction with a skewed shock than with a two-dimensional one and, 
therefore, it is the former interaction which is of practical concern in supersonic inlets.   I think I have said enough 
and probably I have used more time than Professor Bogdonoff did. 

Professor Rom:  I would like to make a comment about the weak and strong interactions,  It should be noted that 
the multilayer method can treat only relatively weak interactions which are characterized by having a "slender" 
viscous interaction region. That is, the viscous thickness is small relative to the length of the interaction region.  In 
this case the multilayer methods, which are based on extensions of the boundary layer concepts are applicable and 
give useful results. However, in cases of strong interactions, that is when the viscous thickness is large, the use of the 
boundary layer concepts breaks down.   In my opinion, this is the realistic problem to which Prof. Liepmann referred 
when he spoke about the "real" separation regions obtained in flows over bluff bodies. 

The difference between weak and strong interactions is clearly demonstrated when one uses the Reynolds 
number based on a single parameter, to correlate also results obtained for flows with strong interaction.  It is my 
suggestion, that, in the case of strong interactions, one has to include an additional scaling length.  In such a flow 
the viscous thickness is determined by an interaction parameter in addition to the Reynolds number which is 
determined by the free stream conditions and a characteristic length. This result can be demonstrated by evaluating 
the scaling laws appropriate to the Navier-Stokes equations for large Reynolds numbers.  In this case two independent 
length parameters can be defined, one in the external inviscid region and another in the viscous region.  The scaling 
relations are then obtained by defining the compatability relations for strong interaction on the boundary between 
these regions. The emergence of the requirement for this additional length parameter is well illustrated in the 
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investigation presented in this Symposium by Professor Burggraf.  It is shown in Burggrafs analysis that in the case 
of low supersonic flow over a shallow ramp the multilayer method describes quite well the experimental data. 
However, for steep ramps there is a large difference between the multiliyer theory prediction and the experimentally 
measured pressure distributions.  It is found that in order to correlate the data the ramp angle must be included. 
This can be taken as an example of possible difficulties in using the boundary layer scaling to correlate results obtained 
in cases of strong interaction. 

Professor Gersten:   I have a question to you about this point of view.   Think of the simple incompressible two 
dimensional flow around a circular cylinder.   What do you think is the second parameter to describe the separated 
(low for high Reynolds numbers? The Reynolds number is one parameter.  What is your suggestion for the second 
parameter in such a flow? 

Profestor Rom: In the case of the cylinder flow, there is the wake width which is dependent on the position of 
separation. As you well know, there are still difficulties in calculating this position, and correlating the available 
experimental data. 

Professor Gersten: But take the Navier-Stokes equations, there is one parameter in the Navier-Stokes equations, 
namely the Reynolds number. Where is the other parameter? Where does this second parameter come into the 
picture?   I don't see where it comes in. 

Professor Rom:   Well this is a very good point.   However, numerical solutions of the Navier-Stokes equations for 
high Reynolds number flows over solid boundaries (i.e. cases which are treated in the limiting cases by the boundary 
layer theories) require use of different length scales for the grid mesh. A very fine mesh for the viscous region and 
a relatively coarse mesh in the external flow. 

Professor Gersten:   So you are saying that the Navier-Stokes equations are not sufficient to describe the flow problem? 

Professor Rom:   No, the Navier-Stokes equations are sufficient, to the best of our knowledge.   But, their solution, 
in the case of high Reynolds number flows, introduce different characteristic length scales*, one in the region of large 
gradients ("viscous" zones) and another in the essentially inviscid external flow. 

Professor Gersten:   Perhaps its a mathematical problem, not a physical one. 

Professor Rom:   The physics of the problem are well brought out in the presently discussed solutions of the Navier- 
Stokes equations.   However, one must be careful not to distort the mathematical model of the physical flow when 
approximations are introduced. 

Professor Gersten:   Could we perhaps interrupt for a moment and ask Professor Inger about his views on this parti- 
cular problem.   Professor Inger, are you prepared to give a comment on this particular point, that the Reynolds 
number is not sufficient and that a second parameter is necessary. 

Professor Inger:   I concur with your view, Professor Gersten. 

Professor Gersten:   Good.   I felt that Sychev's work was perhtps not appreciated enough here.   1 found that 
Mr Smith was perhaps a little bit hard on him, at least from my point of view.  Professor Inger, what do you think 
about Sychev's work as a basis for this particular problem? 

Professor Inger: I feel that Sychev has used the asymptotic snproach well to delineate the basic flow structure in 
the high Reynolds number limit. However, an even better expert would be Professor Messiter who has dealt with 
Sychev's work in great detail; if he is here 1 would like to hear his views. (Professor Messiter was not present.) 

Note added in proof:  These characteristics "lengths" are analogous tc the characteristics "time" scales, which are defined in the 
numerical solution of the time dependent Navier-Stokes equations.  This was pointed out later in the discussion by Professor Ghia. 
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Professor Uepmann: The idea underlying the work of Sychcv, was well as the earlier contribution of Roshko, are 
in my opinion similar in spirit to that of the Kutta condition. I.e., it is attempted to arrive at a specific potential 
flow problem through the use of some overall knowledge of the vortex wake. 

Mr Smith:   Sorry Professor Liepmann but I did not understand from what you said precisely which side of the 
argument you have come down on.  At first I thought you were agreeing with me that it was a local solution, and 
then towards the end of your remarks I thought you said it was a way, like the Kutta condition, of determining the 
overall flow field from an essentially inviscid argument.  Now arc you saying that you believe in the deduction of 
the overall flow field from the inviscid argument'.' 

Professor Liepmann:   Yes I think I do     how shall I put it     It is not an argument which is derived fully but which 
I believe takes into account a certain global behaviour of the flow, and from it arrives at a local condition.   In this 
sense I consider it similar to the Kutta condition. 

Professor Gersten:   There must be an asymptotic solution of the Navier-Stokes equations for very high Reynolds 
numbers for a circular cylinder which must be, except for certain thin local layers, essentially a global inviscid flow 
solution, because the Reynolds number goes to infinity. 

Professor Liepmann:   I believe that the solutions of the Navier-Stokes equations are unique.  However, the potential 
solutions are not.   For large   Re une of these potential flows will be close to the Navier-Stokes solution.   Further- 
more, the solutions to the Navier-Stokes equations must be very sensitive to the initial conditions (to make the 
existence of turbulence understandable).   For numerical schemes this sensitivity may pose a problem. 

Dr Peake; I think that my remarks are addressed more, perhaps to Professor Bogdonoff than to the other Panel 
members, for I would challenge the statement that we know little about three-dimensional flow fields in general. 
There has been a large amount of work done particularly by the RAF. and ONERA during the last twenty years, 
which is well documented, and which is not read nor referenced as often as it should be; perhaps I may also be 
allowed a "plug" for some if the investigations (mainly experimental) that we have done at NAF in Canada. 

I 
Secondly, much of the discussion about incipient separation is, perhaps, academic, for in the practical design 

case, we want to avoid a catastrophic situation produced by the separated flow.  In some instances, flow conditions 
past incipient separation may well be tolerable and the flow field still usable. 

Thirdly, tj illustrate, for example, the type of large-scale (vortical) separated flow fields from shock induced 
separations, I would refer to Professor Rainbird's work on right-circular cones to Mach 4.25, where the external 
flow field measurements above the leeside of the cone, show clearly the large-scale rolled-up shear layers. 

| 
i 

Professor Newman:   I want to make three points.  The first relating to Smith's question about whether rotation and 
an inviscid solution would give the flow pattern shown.  This is a point which is well made and should be investigated. 
We should also remind ourselves that this type of study has gone on in great detail for turbo machinery and, in 
particular. 1 think in the work of llallock and Hawthorne   it's a very well developed subject.  The second point 1 
want to make is based on Liepmann's comment about turbulent solutions being interpolations between measurements, 
it is a perfectly correct observation I think.  The problem that we have, and nobody on the Panel has brought it up, 
is that we do not know how to predict the Reynolds shear stress which Reynolds left us (p u'v') .  The primitive 
attempts to do this by Prandtl, Von Karman and G.O.Taylor who tried to relate this to the local field are obviously 
wrong, and Townsend did us a great service in focusing attention on the turbulent energy equation.   Unfortunately, 
I think at the present time the relationship between the theoreticians in this area, or the numerical modeller, and 
the people who make the measurements, is far from happy.   On the part of the people who make measurements, 
they are tending to make higher and "ligher order correlation measurements with and without time delays, or to 
study the present structures in flows such as jets and wakes.   The people who are modelling the Reynold stresses 
are doing so almost without any help from the experimentor.   In particular, there is a very great need to measure 
the local fluctuating pressure in order to be able to correlate it with the local fluctuating velocity and velocity 
gradient, and I mean now of course the fluctuating velocity.   So if anybody has any bright idea as to how to measure 
local fluctuating pressure, this would be very valuable.   In fact I would like to finish my remarks by opening up a 
real Pandora's box in suggesting to you that perhaps Reynolds misled us right at the very start in time averaging the 
Navier-Stokes equations.  There probably is a much more appropriate way of handling turbulent flow with another 
sort of averaging and of course I am not in a position to suggest one. 

■ 

Dr Korsi:   It has already been pointed out by other discussers that this conference has limited its scope to deal mainly 
with rather weak types of separation and relatively weak interactions.  This is consistent with the preference to attack 

A 
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or rcattack such problems which arc reasonably well understood and amenable to ever more refined analytical or 
numerical treatment.   A radically different situation arises when we are called upon to cope with real problems for 
which new solutions must be found, and for which an understanding must first be sought.  To illustrate my point, 
I wish tu enumerate some areas of concern related to a typical mission profile of space shuttle operations, such as: 

(1) Plume induced separation, base pressure, and base heating problems arising from Space Shuttle Main 
Bngine (SSMF) and Solid Rocket Booster (SRB) operation during full flight of the very complicated take-oft confi- 
guration (Figs. 1,2): 

(2) Flow separation, local heat transfer peaks resulting from plume impingement on the fuselage as the Solid 
Rocket Motor (SRM) staging engines initiate Fxternal Tank (FT) jettisoning; 

(3) Plume impingement during orbital maneuvers with the Reaction Control System (RCS) and later plume 
induced separation leading to aerodynamic heating and control problems during reentry and descent. 

It is of interest to note that such problems have not been covered in our sessions even though we should be 
greatly concerned about them and aware of our need to know, particularly since earlier experience with the X-IS 
has clearly established the severity of heat transfer and control problems associated with large scale separations and 
jet mixing region impingement.   Such problems are germane to fully separated flows and always correspond to 
strong inviscid-viscid interactions. 

For fully separated flows, the wake closure conditions are of utmost importance. This can be easily shown by 
observing that the separation point of slipstreams can move upstream drastically as plumes of propulsive jets expand 
upon encountering lower ambient pressures; yet, the conditions consistent with free interaction concepts remain 
satisfied locally.   Hence, it appears to me that closure conditions at the end of large separation wakes have not 
(except for comments given by Prof. Liepmann and the references made by Dr Sirieix in his review lecture) received 
the attention they deserve when dealing with the mechanisms controlling separated flows. 

A second observation is related to critical remarks made earlier by Dr Bogdonoff concerning attempts to achieve 
a better understanding of separated flow problems by generating numerical experience, mainly by utilizing large 
computer systems.  The often striking elegance of procedures can, however, mask the lack of insight into the essential 
physical features of interactive flow mechanisms controlling transitional and turbulent separated flows.  We should 
be skeptical of accepting seemingly accurate solutions if they merely reflect the opportunistic introduction or use of 
a sufficient number of free parameters. 

Systematic study of relevant     yet basic     flow components controlling separation and, especially, fully 
separated flows can, however, often be carried out with advantage by first order or second order analytical approxi- 
mations.  Careful delineation of components, their rational treatment by analysis and subsequent synthesis into 
overall flow models can only be achieved if the understanding of essential physical concepts retains priority over 
and furnishes guidance for strictly algebraic procedures.  Only on this basis can problems of great complexity be 
attacked.  This includes the cases of flow separation I have mentioned in connection with space shuttle missions. 

Mrs Ghia:   First of all, 1 would like to thank Professor Gersten and the Programme Committee for organizing such 
a successful meeting.   Coming now to the technical comments, I think that, even in numerical analyses, we have to 
emphasize the importance of theoretical work because it is the suitable combination of the two together that makes 
a successful solution technique, not numerical analysis alone.  Of course, one should always aim to check numerical 
results against experimental data; however, if no experimental data is available for a given problem, I think checking 
against analytical results for limiting cases or limiting solutions can serve the purpose.  Secondly, in seeking boundary- 
layer-type modelling of Navier-Stokes equations, one can never over-emphasize the significance of proper coordinate 
systems and dependent variab! s in formulating these equations.   This is because, when one makes an approximation 
in the Navier-Stokes equations, the vector properties of the equations are lost and the resulting solutions have to 
depend upon coordinate systems.   This was the reason I was rather puzzled by the question that was raised earlier 
about using the transformed conformal coordinates, as compared to Cartesian coordinates, to study the flow past a 
cylinder.   I would feel very uncomfortable using Cartesian coordinates to do the cylinder flow problem.   If polar 
coordinates can be considered appropriate for the cylinder problem, I don't see why a more suitable coordinate system 
system is not more appropriate. 

As regards to the difficulty of computing high Reynolds number flows using Navier-Stokes equations, I think 
the reason for that is mainly because there are two different time scales and two different length scales in the 
problem, one for the viscous region and another for the inviscid region.   It is important to choose the relaxation 
factors in the iterative numerical scheme or the time steps in ADI schemes such that both the time scales are given 
proper representation simultaneously.   For the matrix inversions associated with implicit schemes, one also has to 
be concerned about satisfying the condition for diagonal dominance of the matrix.  For problems that are primarily 
of a boundary-layer nature, the solution for high Reynolds number flows should not be too difficult if one takes 
into account the boundary-layer nature of the flows in addition to the other factors just discussed. 



RTD-II 

AUXILIARY 
PROPULSION 
SYSTEM (APS) 

SPACE SHUTTLE 
HAIN ENGINES 
(SSHE) 

Fig. 1    Space shuttle launch configuration 

ET STAGING 

SRM STAGING ENGINES   . PLUME IMPINGEMENT • PLUME IMPINGEMENT    r ^ winwuitm 
• FLOW SEPARATION ORBITAL MANEUVERS 

RCS ENGINES 
• PLUME IMPINGEMENT 

FULL FLIGHT 
MAIN ENGINES 
• FLOH SEPARATION 
• BASE PRESSURES* 

LAUNCH 
MAIN ENGINES 
• PAU LOADS 

REENTRY RCS ENGINES 
• FLOW SEPARATION 

Fig.2    Mission profile illustrating rocket plumes associated with various shuttle operations 



RTD-I: 

Again, I du agree with Professor Liepmann about the importance of eliminating the pressure as a primary variable 
for incompressible tlows because it seriously retards the solution convergence rate.   Hven for three-dimensional flow 
problems, ! think there are advantages to working with the vector potential and vorticity formation or a velocity- 
vorticity formulation, in spite of the fact that no reduction is achieved in the number of dependent variables with 
these approaches in the case o\ three-dimensional problems.   Nevertheless, for three-dimensional problems with very 
complex geometrical configurations, one may have to give second thoughts to the various possible formulations and 
dependent variables. 

Finally, a few words about the cylinder How problem and the discussion which WHS just going on here.   I too, 
have some apprehension about the success of a true boundary-layer model in studying this problem.   This is the 
reason why we have tried to formulate those particular coordinates for the cylinder problem to determine a Navier- 
Stokes solution first, and then make certain approximations to the full equations to approach a boundary-layer-type 
model and see how well the approximate models work.   II displacement thickness effects are properly taken into 
account, while also providing sufficient resolution for the viscous region, especially the wake region, then the approxi- 
mate models should probably prove to be adequate,  Thank you. 

Professor Stullery:   I enjoyed the Panel's words of wisdom, many of which I agree with.  George Ingcr made a couple 
of points, he said that some more laminar experiments were needed and I should have thought that there were plenty 
of laminar experiments to keep the triple deck individuals happy for quite some time.   He mentioned again this 
terrible red herring of sub- and super-critical flows.   I would like to emphasize that the jump needed in super-critical 
flow is a means to an end.   It may look unpleasant but it is practically very useful, I think it should be treated just 
in that light.   Finally I would very much like to support Dr Peake and argue against Professor Liepmann, which is 
always dangerous, and suggest that incipient separation, far from being a word, is a very valuable concept indeed. 
It is the boundary between attached and well separated Hows and this is precisely what the designer needs to know. 
Maybe we should interpret it with more clarity and a little more carefully but I think we do owe a debt to those 
people who probed it in great detail because they showed us some of the traps we can fall into.  We must now think 
along the lines of significant departures in skin friction or heat transfer, the things we are interested in, when defining 
incipient separation. 

Professor De Ponte:   I will ask Professor Bogdonoff ii, lor a gool experiment, he means only to measure, let's say, 
skin friction and so on and not to measure for example the shearing stresses, because we have seen here only one 
paper in which shearing stresses were measured and I think we need this for modelling turbulence.   This is the first 
question.   I think its important to have at least less accurate but more information on more parameters for checking 
computer programmes and the second question is you don't think that we need at least a better technique to know 
complex flows in the range between one meter per second and supersonic speed. 

Poofessor Bogdonoff:   I think the comment is a "ood one.   I was trying to differentiate between two different kind 
of tests.  We clearly need to support in the future, the kind of detailed information which we really have not spent 
much time with in the past simply because we are not sure of what drives the final results.  There is now beginning 
a great deal of effort on obtaining detailed turbulent structure through boundary layers.   It is going to take a long 
time to get enough of that information verified and checked and useful.   It is the kind of information which is 
going to be necessary for the overall computer modelling, which, at the moment, is far ahead of the ability of the 
experimentalists to supply. 

Many of the experiments we do are just for gross modelling and clearly we don't want to say that, for any 
boundary-layer experiment you want to make, you have to measure a turbulent shear stress.  I mean that clearly 
would wipe out a great deal of activity,   it seems to me that you have to have some perspective as to what is key 
in the problem you are looking at, and I think that we are going to have to if we are going to supply the details. 
Obtaining high quality, detailed experimental boundary-layer data will take a great deal of time and effort before 
you really believe it enough to jo ahead and build theoretical models on it. 

Professor Gersten:   Thank you very much.   I think it is now time to come to the end of this meeting.   It is for mc 
a great pleasure to express my sincere thanks to all the people who helped to make this meeting possible and, I 
hope, successful.   I would like to thank the Mayor and people of the City of Göttingen for offering us this beautiful 
hall and for the reception.   I would like to thank Professor Schlichting and the people in the AVA as they worked 
here as hosts.   I would like to thank in particular the man who did most of the work here and this is Dr Meier the 
I >cal coordinator.   Of course I would like to thank Mr Lawford and Mel le Rivault.   They worked most of the time 
behind the scene but nevertheless permanently.   I would like to thank those individuals responsible for translation, 
projection, and sound acoustics    Finally of course I would like to thank the session chairmen and the members of 
the Programme Committee and also the experts who took part in our final round table discussion.   Many thanks to 
the authors and to all the people who contributed to the discussion.   So, the meeting is now closed and we have 
to separate from Göttingen but hopefully perhaps we will somewhere and sometime reattach. 


