T

U.S. DEPARTMENT OF COMMERCE
National Technical Information Service

AD-A020 001

FLOW SEPARATION

ApvISORY GROUP FOR AEROSPACE RESEARCH AND
DEVELOPMENT

PREPARED FOR
NORTH ATLANTIC TREATY ORGANIZATION

NoveMmBer 1975




Between the time you ordered this report—
which is only one of the hundreds of thou-
sands in the NTIS information collection avail-
able to you—and the time you are reading
this message, several new reports relevant to
your interests probably have entered the col-
lection.

Subscribe to the Weekly Government
Abstracts series that will bring you sum-
maries of new reports as soon as they are
received by NTIS from the originators of the
research. The WGA's are an NTIS weekly
newsletter service covering the most recent
research findings in 25 areas of industrial,
technological, and sociological interest—
invalugble information for executives and
professionals who must keep up to date.

The executive and professional informa-
tion service provided by NTIS in the Weekly
Government Abstracts newsletters will give
you thorough and comprehensive coverage

of government-conducted or sponsored re-

KEEP UP TO DATE )

search activities. And you'll get this impor-
tant information within two weeks of the time
it's released by originating agencies.

WGA newsletters are computer produced
and electronically photocomposed to slash
the time gap between the release of a report
and its availability. You can learn about
technical innovations immediately—and use
them in the most meaningful and productive
ways possible for your organization. Please
request NTIS-PR-205/PCW for more infor-
mation.

The weekly newsletter series will keep you
current. But /earn what you have missed in
the past by ordering a computer NTiSearch
of all the research reports In your area of
interest, dating as far back as 1964, if you
wish. Please request NTIS-PR-186/PCN for
more information.

WRITE: Managing Editor

5285 Port Royal Road
Springfield, VA 22161 /

SRIM (Selected Research in Microfiche)
provides you with regular, automatic distri-
bution of the complete texts of NTIS research
reports only in the subject areas you select.
SRIM covers almost all Government re-
search reports by subject area and/or the
originating Federal or local government
agency. You may subscribe by any category
or subcategory ¢! our WGA (Weekly Govern-
ment Abstracts) or Government Reports
Announcements and Index categories, or to
the reports issued by a particular agency
such as the Department of Defense, Federal
Energy Administration, or Environmental
Protection Agency. Other options that will
give you greater selectivity are avallable on
request.

The cost of SRIM service is only 45¢

\domestic (60¢ foreign) for each complete

- Keep Up To Date With SRIM I

microfiched report. Your SRIM service begins
as soon as your order is received and proc-
essed and you will receive. biweekly ship-
ments thereafter, If you wish, your service
will be backdated tc furnish you microfiche
of reports issued earlier.

Because of contractual arrangements with
several Special Technology Groups, not all
NTIS reports are uistributed in the SRIM
program. You will receive a notice in your
microfiche shipments identifying the excep-
tionally priced reports not available through
SRiM.

A deposit account with NTIS is required
before this service can be Initiated. If you
have specific questions concerning this serv-
ice, please call (703) 451-1558, or write NTIS,

attention SRIM Product Manager. /

This information product distributed by
m U.S. DEPARTMENT OF COMMERCE

Nationa! Technical Information Service

5285 Port Royal Road
Springfield, Virginia 22161



AGARD-CP-1¢.

ApA020001

035107

AGARD-CP-168

ADVISORY GROUP FOR AEROSPACE RESEARCH & DEVELOPMENT

7 RUE ANCELLE 92200 N.EUILLY SUR SEINE FRANCE

AGARD CONFERENCE PROCEEDINGS No. 168

on

Flow Separation

PRICES SUBJECT TO CHANGE

f\

NORTH ATLANTIC TREATY ORGANIZATION

DISTRIBUTION AND AVAILABILITY
ON BACK COVER
produced by
;\IATIONAL TECHNICAL
INFORMATION SERVICE

U S Departm rce
Springfie lx\/A 22151




N

REPORT DOCUMENTATION PAGE

1.Recipient’s Reference 2.0riginator’s Reference| 3. Further Reference 4.Security Classification
of Document
£CARDCEAGS UNCLASSIFIED
§.Originator Advisory Group for Aerospace Research and Development
North Atlantic Treaty Organization
7 rue Ancelle, 92200 Neuilly sur Seine, France
6.Title
Flow Separation
7.Presented at
Gottingen, Germany
8. Author(s) 9. Date
Various November 1975
10. Author’s Address 11.Pages
Various

557

12. Distribution Statement

This document is distributed in accordance with AGARD
policies and regulations, which are outlined on the
Outside Back Covers of all AGARD publications.

13.Keywords/Descriptors

Boundary layer separation

Laminar flow
Turbulent flow

Mathematical prediction

Pressure measu

Supersonic flow

Transonic flow
Subsonic flow

14.UDC
rement

532.526.5:533.6.011

15. Abstract

Proceedings of the Fluid Dynamics Panel Symposium held in Gottingen, Germany
27-30 May, 1975. Forty-two papers and Round Table Discussion dealing with
measurements in and prediction of laminar and turbulent two-and-three-dimensional
boundary-layer separated flows. Recent results for subsonic, transonic, and supersonic
separated flows are evaluated, and directions for future research activity are assessed.

PR RN e o

[ IR R



ACARD<CP-168

NORTH ATLANTIC TREATY ORGANIZATION
ADVISORY GROUP FOR AEROSPACE RESEARCH AND DEVELOPMENT

(ORGANISATION DU TRAITE DE L’ATLANTIQUE NORD)

AGARD Conference Proceedings No. 168

FLOW SEPARATION

Papers and Discussions of the Fluid Dynamics Panel Symposium
held in Gottingen, Germany, 27-30 May 1975

1a_



THE MISSION OF AGARD

The mission of AGARD is to bring together the leading personalities of the NATO nations in the fields of
science and technology relating to aerospace for the following purposes:

Exchanging of scientific and technical information;

Continuously stimulating advances in the acrospace sciences relevant to strengthening the common defence
posture,

- Improving the co-operation among member nations in aerospace research and development;

- Providing scientific and technical advice and assistance to the North Atlantic Military Committee in the
field of aerospace research and development:.

Rendering scientific and technical assistance, as requested, to other NATO bodies and to member nations
in connection with research and development problems in the aerospace field;

Providing assistance to member nations for the purpose of increasing their scientific and technical potential;

Recommending effective ways for the member nations to use their research and development capabilities
for the common benefit of the NATO community.

The highest authority within AGARD is the National Delegates Board consisting of officially appointed senior
representatives from each member nation. The mission of AGARD is carried out through the Panels which are
composed of experts appointed by the National Delegates, the Consultant and Exchange Program and the Acrospace
Applications Studies Program. The results of AGARD work are reported to the member nations and the NATO
Authorities through the AGARD series of publications of which this is one.

Participation in. AGARD activities is by invitation only and is normally limited to citizens of the NATO nations.

The content of this publication has been reproduced
directly from material supplied by AGARD or the authors.

National Technical Inforuation Service i

8 g
reproduce ind sell this report. authorized to

Published November 1975
Copyright © AGARD 1975

532.526.5:533.6.011

&

Printed by Technical Editing and Reproduction Ltd
Harford House, 7-9 Charlotte St, London WIP 1HD



AGARD FLUID DYNAMICS PANEL OFFICERS

CHAIRMAN: Professor Dr D.Kichemann
Royal Aircraft Establishment, Famborough, Hampshire, UK

DEPUTY CHAIRMAN: Mr J.P.Hartzuiker
Chief, Compressible Aerodynamics Dept.,
NLR, Anthony Fokkerweg 2
Amsterdam 1017, Netherlands

PROGRAMME COMMITTEE MEMBERS

Professor Dr Ing. K.Gersten (Chairman) Dr R.H.Korkegi

Inctitut far Thermo- und Fluiddynamik Air Force Aero-Propulsion Lab. AFAPL/RJT
Ruhr-Universitit Bochum Wright-Patterson Air Force Base

4630 Bochum, Postfach 2148 Ohio 45433

Germany United States of America

M. I'Ing. Général P.Carriére Dr Ing. U.Sacerdote

Directeur Scientifique de I'Aerodynamique Direttore del Settore Spazio

ONERA Aeritalia

29 Avenue de la Division Leclerc Corso Marche 41

92320 Chitillon 10146 Torino

France Italy

Professor J.J.Ginoux Professor A.D.Young

Von Karman Institute for Fluid Dynamics Department of Aeronautical Engineering
72, Chaussée de Waterloo Queen Mary College

1640 Rhode-Saint-Genése University of London

Belgium Mile End Road

London E!l 4NS
United Kingdom

PANEL EXECUTIVE

Mr J.A.Lawford

FOREWORD

/ The Symposium dealt with recent research results concerning the understanding and
prediction of two-dimensional and three-dimensional laminar and turbulent separation
phenomena in subsonic, transonic, aud supersonic flows. Numerical, analytical, theoretical,
and experimental results were discussed.

The Symposium consisted of three Sessions, each of which started with an invited
survev paper. The Symposium concluded with a Round Table Discussion, initiated by
invited experts, which assessed and evaluated the Meeting papers and suggested directions
for future research effort.

The Symposium was held at the Stadthalle, Gottingen, at the invitation of the German
National Delegates to AGARD.
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OPENING REMARKS
by

D.Kich2mann

The Fluid Dynamics Panel held its last Symposium in the eternal city of Rome — now we have come together
in the city of Gottingen, known as a city for just a little over one thousand years, with a University which is only
some two hundred years old. Yet there is something about this place, which [ think is relevant to what we are going
to do, and which | should like to recall. My remarks will be partly personal, — after all, | was born here and I grew
up aere - but | seriously believe that the spirit of this place Gottingen goes beyond personal feelings and concerns
us all.

It has been called the “Gottingen spirit™, der Gottinger Geist, and | shall try to explain what [t means to me
and what it can do to people.

On the one hand, the Gottingen spirit means that human endeavours and scientific enquiries to find out about
and to understand nature around us and also human nature require and deserve our most strenuous, vigorous, and
persevering efforts: we must learn to think clearly and to reason  we must know, and we shall know! On the other
hand, it me. ns that our work and thinking, however hard we exert ourselves, cannot be done in exclusive and
splendid isolation and be justified as being an end in itself and done for its own sake: whatever we do, we inust have
some aim in mind, which might benefit the human society in which we live, and we must go far enough in our work
to convince ourselves that the outcome of our endeavours can be applied usefully in some way. Many very great
men and women have lived and worked here at Gottingen and acted according to these tenets. They taught and set
an example to many others, and it is a remarkable characteristic of this Gottingen spirit that quite ordinary people
with only modest talents, like myself, could so greatly benefit from it. That is why I take the liberty to use this
occasion to speak about it and, at the same time, to offer my own personal tribute tc the spirit to which | owe so
much.

It may be in order to remind ourselves briefly of some historical facts. The University Georgia Augusta was
founded in 1737 by George I, king of tngland and Elector of Hanover, and the influence of George's adopted
country can be felt quite slmngl?“hcrc. Even the Dukes and Princes of Hanover, who used to live in the houses
along the Prinzenstrasse, gave their titles in English rather than in German. What concerns us is that Gottingen was
one of the first modern Universities, as we know them today, designed by the enlightened Baron Miinchhausen (of
the same lower-Saxon family as the famous traveller), who from the beginning gathered here some of the most
eminent and outstanding teachers and researchers and immediately founded a “*Royal Society of Science™ according
to a pattern already set before in London. One of the many bright people then at Gottingen was Lichtenberg who
maintained that “knowledge does not mean all the things we happen to know but only those we have thought about
enough to know how they hang together and how they can be applied usefully™. This proposition describes the
Gottingen spirit very clearly and is still worth thinking about. It sets two aims betore us: first, Improving Natural
Knowledge, and here | would quote Kant in a passage which Hilbert chose as an epitaph for Gauss: **All human
knowledge begins with intuition, then passes to concepts, and ends with ideas”. Second. Finding an Application
which can be useful to socicty. | would hope that we can all agree on these two aims, and that we can demonstrate
that at this Symposium: that we have found out something and that we can moke ourselves useful, realising that
nobody owes us a living.

Lichtenberg’s proposition differs in a subtle way but nevertheless radically from the demands that are now made
on many of us. Nowadays. we are expected to demonstrate the socio-political relevancy (die gesellschaftspolitische
Relevanz) of our work before we even start it.  Before we obtain any results. we are expected to demonstrate that
they will lead to cost-effective products which can be sold in the ma.ket place at a profit. This makes no sense to
me. and we can but hope that the Gottingen spirit of Lichtenberg will prevail in the end. On the other hand, | am
confident that we shall be able to demonstrate at this Symposium that there are people with intuition working in
fluid dynamics: that we can come up with new concepts and ideas; and that we can think of useful applications.
Our subject already provides an excellent example: how improving our knowledge of flow separations in three
dimensions led us to realise the constructive role that flow separation can play in the aerodynamic design of aircraft,
which in turn led to the evolution of the design concept of slender wings. This is how we do vur work.

To me, the Gottingen spirit means something which came from people who worked here in the 1920s and 30s,
such as Felix Klein who brought David Hilbert here exactly one hundred years after Gauss and who inspired the
marvellous growth of applied sciences here; Albert Betz, Max Born, Constantin Carathéodory, Richard Couiant,
Kurt Friedrichs, Werner Heisenberg, Gustav Herglotz, Erich von Holst, Pascual Jordan, Walther Nernst, Emmy
Noether, Ludwig Prandtl, Carl Runge, Hermann Weyl. These people worked in the spirit and spread it generously.
It proved to be a blessing for life to many who had the fortune to be here in those glorious days. They are deeply
in debt to Gottingen and can never repay it. This spirit benefitted even thosc who only went 1o school here: {he
Headmaster of one of your schools was Walther Lietzmann who, as a student, led a successful delegation to dissuade
Hilbert from lcaving Gottingen for Berlin, and who later transformed the teaching of mathematics in schools; and
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one of the science masters was Fricdrich Seytarth, the last personal assistant to Felix Klein.  This spirit drew bright
young men from all over the world to Gottingen, some of whom Hilbert called his Wunderkinder, and these include
Patrick Blackett, Sidney Goldstein, Frederic Lanchester and Herbert Squire.  This spirit went further than just
mathematics and physics:  people like Born or Heisenberg would sit down and play the piano part of Brahms’s cello
sonata by sight: and Runge's daughter, Nina Courant, was one of the first to revive an interest in learning to play
the viola da gamba and thus encouraged others to do the same. [If you want to know more about this, then read
the book “Hilbert™ by Constance Reid (Springer, 1970). There, on page 238, you will find 4 photograph taken on
Hilbert's sixticth birthday in January 1922, and you will see in the party Richard and Nina Courant, Peter Debye,
James Franck, Edmund Landau, Leonard Nelson, Carl Runge. and also Theodore von Karman and Ludwig Prandtl.

In Ludwig Prandtl the Gottingen spirit abounded. He was one of the engineers invited by Felix Klein to come
here to foster the applied sciences. Typically, when he thought out the concept of boundary layers, he immediately
went on to consider how this could be applied usefully, and concerned himself with the practical problem of flow
separations. We shall hear more about him from Professor Schlichting and more about flow separations during our
Symposium.

What does all this mean to us today and what can we do about it? W¢ know that the Gottingen spirit was
assaulted here in 1933 in the most brutat and destructive manner, yet it is not dead. It proved to be much stronger
than the forces of destruction. These failed completely and ended in disaster: they are dead. But the spirit lives.
We can still let ourselves be vuided by it. We can apply ourselves as hard as we can in the search for knowledge in
our beautiful ficld of tluid dynamics and then think about our findings enough to know how they hang together,
and how they can be applied usefully. {n the course of this, we must communicate what we find out to others, and
this is what we are going to do this week. In this regard, 1 would again refer to Hilbert: it has been said that he
could produce the most beautiful prose, “the style in the literary sense being the accurate image of the way of
thinking”. We cannot hope to reach the level of Hilbert or Prandtl in our work and in our communications, but we
can at least aspire to reach a decent level so that we can earn our living honestly. Men like Prandti have set us a
standard to go by, and we can at least try to understand it and not rest content too far but to live up to it. | should
also like to think that Von Kdrmin injected a good dose of the Gottingen spirit into AGARID and that this is still
alive and will become apparent this week.

Thus | am optimistic, after all, and so our motto should be the words which are engraved on a stone over
Hilbert’s grave here at Gottingen:

Wir milssen wissen
Wir werden wissen
We must know. We shall know.
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AN ACCOUNT CF THE SCIENTIFIC LIFE OF LUDWIG PRANDTL

! by H. SCHLICHTING*)

Deutsche Forschungs- vnd Versuchsanstalt fiir Luft- und Raumfahrt e, V
- Aerodynamische Versuchsanstalt Géttingen -

SUMMARY

This Lecture is presented on the occasion of the hundredth anniversary of LUDWIG PRANDTL’ s birth,
| It consists of the following three parts:

I) Highlights of PRANDTL’ s scientific work
I1I) PRANDTL as a university professor
III) PRANDTL as the head of a large research institute,

After an introduction on PRANDTL’ s professional career the following subjects accompanied by pictures 1
showing some quantitative results will be dealt with in Part I: bourdary layer theory, wing theory at |
subsonic and supersonic speeds, theory of stability of laminar flow. Furthermore, in this section the |
following problems will be touched on briefly: Fully developed turbulent flow with application to boundary

layers, pipe flow and meteorology. PRANDTL’ s contributions to development of wind-tunnel techniques

will also be mentioned,

In Part II sonie remarks will be made on the large number (about 80) of doctoral theses which have been

| supervised by PRANDTL in his capacity as Professor of Applied Mechanics at Goettingen University,

E | In Part III some remarks will be given on PRANDTL’ s work as Director of the Aerodynamische Ver-

E ! suchsanstalt Géttingen (AVA) founded in 1907 and of the Kaiser-Wilhelm-Institut fiir Strémungsforschung

(now Max-Planck-nstitut), founded in 1925,

At the end we give a few concluding remarks concerning the things that we all should learn from PRANDTL

and transmit to future genera‘ions of research workers in the field of applied mechanics, and, particularly,

of fluid mechanics.

Fig. 1: LUDWIG PRANDTL’S PICTURE TAKEN AT THE AGE OF ABOUT 60

*) Professor, Technical University Braunschweig and Director, Aerodynamische Versuchsanstalt Goettingen.




1-2

1) INTRODUCTION
Mr, Chairman, Ladies and Gentlemen,

About one ycar ago, the Chairman of the Fluid Dynamics Panel asked me to deliver a survey lecture

on PRANDTL' s work during this year’ 8 AGARD Conference on FLOW SEPARATION. The conference
has been organized here in Goettingen, Ludwig PRANDTL' 8 work arena for many years on the occasion
of the hundredth anniversary of hig birth, I accepted this invitation very gladly and for a variety of
reasons: In the first place, I feel myself personally very close to PRANDTL hecause since my student
days, that is for almost fifty years, 1 have worked almost exclusively in the field of the new mechanics
of fluids whose foundation was errected by him, Secondly, 1 believe that I have made some contributions
to PRANDTL' 8 heritage in that I have been directing for the last eighteen years the Aerodynamische
Versuchsanstalt (AVA) errected by him in the year 1907 in Goettingen, Today this constitutes one of the
five research establishments of the German Research Institute for Flight and Space Travel (Deutsche
Forschungs- und Versuchsanstalt fur Luft- und Raumfahrt, or DFVLR), Last, but not least, I should
like to mention that of all members of the AGARD Fluid Dynamics Panel I am the only one, except for
our Chairman, Dr, D, KICHEMANN, who worked directly under PRANDTL, This I did from 1928
until 1935,

T have organized my lecture under the following headings: After a few introductory remarks conceruing
the situation of the physics of fluid flow at the time when PRANDTL appeared on the scientific horizon
that is at the beginning of this century, 1 shall present you with reports on

1. Some highlights of PRANDTL' g scientific work

2, On PRANDTL'’ s influence as a university professor, and,
finally,

3, On PRANDTL'’ 8 influence as the director of a large research
establishment,

At the end, I shall make several remarks on the lessons, which we can learn from PRANDTL’ s endeavor,
I shall illustrate my remarks with many pictures; these will, principally, relate to the first part which
deals with PRANDTL'’ s scientific work,

Figure 1 shows a picture of PRANDTL when he was about sixty years old,

Figure 2 reviews the most important dates in PRANDTL’ s long life. PRANDTL was born on the 4ih of
February 1875 in the town of Freising in Bavaria; he died on the 15th of August 1953 in Goettingen at the
age of 79 years,

He came to Goettingen in the year 1904, Thus he spent almost 50 years of this life (1904-1953) in this
city, In the year 1900, when PRANDTL was 25 years old, he was awarded his doctorate (Dr. Phil) at the
University of Munich after having completed his studies at the Technical University of Munich under
AUGUST FOPPL; the latter ewrned him his engineer’ s degree (Dipl. -Ing. ) in machine design, PRANDTL' s
thesis (1900) contained the solution of a problem of elasticity theory whose absence was then acutely felt
in industry. This was the problem of buckling, that is of the lateral instability of a rod subjected to com-
pressions, At first, PRANDTL' s subsequent scientific papers were devoted to studies in the theory of
elasticity, In the year 1901, after he had worked in industry at M, A, N, in Nuernberg for one year, that
is at the age of 26 years, he was invited to join the Faculty of the Technical University at HANOVER

as professor of Mechanics, He remained there until 1904, During that time he published the results of
his studies on the stress distribution in a bar subjected to torsion; on this occasion he discovered the
so-called soap-bubble analogy.

4 Febr. 1875: Born in FREISING, Bavaria

1900: Ooctorate {Dr. Phil) at the University of MUNICH

1900 - 1901 Engineer at M.AN. in NUERNBERG

1901 - 1904 - Professor ut Techical University in HANOVER

1904 - 1947 . Professor at University of GOETTINGEN

1907 -1937 :  Director, AERODYNAMISCHE VERSUCHSANSTALT {AVA) Fig, 2. PRANDTL's PROFESSIONAL
191 Elected to the Academy of Sciences in GOETTINGEN il BERRIET)as 3

1925-1947 - Director, Kaiser-Wilhelm-Institut fir Stroemungsforschung
(Kaiser - Wilhelm-institute for Fluid Mechanics)

1947 Emeritus Professor at GOETTINGEN
15.Aug.1993" Died in GOETTINGEN
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Along with these studies PRANDTL’ s attention was already then drawn to a problem in fluid mechanics

: which he first encountered when he worked for M. A.N. as a young engineer, He was there given the task

i of improving the design of an air duct for the removal of chips by suction, In a manner typical for his

approach to problems, he first measured the energy losses which occurred in the individual elements

of the duct, This allowed him to recognize that the largest losses connected with a conical portion which

failed to produce the pressure recovery expected on the basis of BERNOULLI’ s equation, This problem

prayed on his mind and led him to his boundary layer theory via the phenomenon of flow separation which,
after all, constitutes the framework of our present AGARD Conference,

Allow me, therefore, to dwell a little longer on this topic. In this connection PRANDTL himself later

! made the following remark: ""At that time I was called to the Technical University in Hanover from

! Nuernberg. As far as the firm itself was concerned, the elusive pressure recovery was of no great im-

! portance. However, I could not rid myself of the puzzle posed by the question as to why a stream separa-
ted from the wall instead of clinging to it. I did not clear up the conundrum until three years later when
boundary layer theory provided the solution, "' The corresponding paper, read in 1904 at the International
Congress of Mathematics, made PRANDTL famous at one stroke, At this point it is useful to recall the
level of development attained by theoretical hydrodynamics at the beginning of this century:

The high degree of its completeness was reflected in the standard works by LAMB, LOVE, LORD
RAYLEIGH, REYNOLDS, HELMHOLTZ and KIRCHHOFF, Work on EULER’ s equation for a frictionless
fluid led to explicit mathematical solutions for certain characteristic body shapes exposed to an external
stream, However, such solutions yielded acceptable agreement with experiment only in rare cases,

The complete equations valid in the presence of viscous forces, the NAVIER-STOKES equations, were
also well known, Nevertheless the great mathematical difficulties encountered in the solution of these
equations led to no practical application of them in engineering, Above all, in the matter of the drag of

a body placed in a stream there persisted the insurmountable discrepancy between the solution provided
by theoretical hydrodynamics of a frictionsless fluid which yielded the value of zero for it (D’ ALEM-
BERT’ s paradox), and experiment which showed that all bodies produced a larger or smaller, but finite,
drag, As a result, engineering and technology, which were undergoing a period of vigorous development
at the beginning of the century, were forced to rely on the purely empirical discipline of contemporary
hydraulics when applications of fluid mechanics were required, The science of t heoretical hydrodynamics

| small internal friction of fluids-whether water or air - can exert a large effect through the thin boundary
layer which develops at the solid surface of the body by sometimes causing it to separate and so to modi-
fy completely the velocity field around the body. PRANDTL substantiated his boundary layer theory
with the aid of experiments in a small water channel (Fig. 3), which he built with his own hunds, The
consequences of this discovery are known and familiar to all engineers who work in fluid mechanics and
in aeronautics,

Fig. 3: LUDWIG PRANDTL INVESTIGATING
BOUNDARY LAYERS, 1903

The young PRANDTL’ s achievements were soon recognized by FELIX KLEIN, the great organizer of the
mathematical and applied sciences at the University of Goettingen, As a result of his initiative the univer-
sity founded at the turn of the century several new institutes intended to serve the interests of the applied
physical sciences, In 1904, at KLEIN’ s initiative, Ludwig PRANDTL took over the newly founded Insti-
tute for Technical Physics which later became the Institute for Applied Mechanics, Based on this institute
and the chair of the same name connected with it, PRANDTL developed a most fruitful activity in research
and instruction (education of young scientific cadres). I shall describe these [1, 2] in outline in the re-
maining part of my lecture, In doing so, it appears to me to be useful to bring to the fore the essentials

of his researches rather than their chronology.
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2) HIGHLIGHTS OF PRANDTL’ § SCIENTIFIC WORK

1 now propose to give you a quick review of some of the most important investigations performed by
PRANDTL, In doing so, I wish to restrict myself exclusively to a consideration of PRANDTL' s papers
in the field of fluid mechanics, regardless of the fact that he made fundamental contributions to the other
branches of mechanics (elasticity theory, plasticity)) PRANDTL' s work in the field of fluid mechanics

will be reviewed under the following headings:
1) Boundary Layer Theory
2) Turbulent Flow
3) Origin of Turbulence (Stability Theory)
4) Boundary Layer Control
5) wWind Tunnels
6) Airfoil Theory
7) Compressible Flow
8) Meteorological Problems,

In discussing this vast area, I shall endeavor to be brief.

2.1 Boundary Layer Theory

Let me begin with PRANDTL'’ s boundary layer theory mentioned earlier, This is the discipline in which
he earned his early fame in the professional, scientific circles [3,4] . At the beginning of this century
the view prevaiied that it was hopeless to try to solve the NAVIER-STOKES equations for a viscous

fluid, especially, as far as the problem of external flow about a body was concerned, For this reason
PRANDTL searched for approximate solutions concerning the low-viscosity fluids, such as air and water,
which are important in engineering applications, In the case of the two-dimensional steady flow problem
involving incompressible flow about a body (Fig. 4), it is necessary to consider the following system of
three partial, nonlinear differential equations for the components u and v of the velocity and for the

pressure p:

du v =
R (

(2)

. (3)

The boundary conditions are:

y=0:u=v=0 (absence of slip at wall)
(4)
ysmo:us Uw—-.U(x)

Fig, 4. REDUCTION OF THE NAVIER-STOKES
EQUATIONS TO OBTAIN THE BOUN-
DARY LAYER EQUATIONS, PRANDTL
1904




This i8 a system of three nonlinear partial differential equations for the unknown functions u, v and p
of the pnsition coordinates x and y. Since this system of equations proved to be insoluble even for
simple body shapes owing to the attendant mathematical difficulties, PRANDTL sought ai approximate
solution, which exploited the physical simplifications resulting froin the small viscosity, These reduced
the mathematical difficulties to such an extent that the simplified system of equations could be solved
with the aid of the then existing methods. Thus he was led to the so-called boundory layer equations in
which in equation (2) the indicated term was stricken and equation (3) was dropped altogether, From a
physical point of view, the simplification consists in the following: PRANDTL divided the complete flow
field into two regions; first he considered the thin boundary layer developed very close to the solid wall
in which the frictional forces are as important as the inertia forces; secondly, he inti-oduced the exter-
nal region in which the flow is practically frictionless,

Mathematically speaking, this leads to the following:

The continuity equation (1) remains unaltered, In the equation for momentum conservation in the x-direc-
tion, only the larger of the two viscous terms is retained, whereas equation (3) of conservation of
y-momentum is completely disregarded, The latter is equivalent to the staiement that the fluid particles
have zero mass as far as their motion in the direction normal to the wall {1 concerned, fince the number
of equations is reduced from three to two, it is necessary similarly to reduce the number of unknown
functions,

This is achieved in that in the reduced system of equations, the presaure p{x,y) ceases to be un-
known, Even more, the pressure distribution can be, 8o to say, determin.d beforehand from the friction-
less external flow U(x); it plays the part of a known force p(x), which is "impressed' on the boundary
layer, It is clear that the preceding simplifications (omissions) are "onervus', as far as the equations

of motion are concerned. The fact that such "mutilated'" equations can, in spite of all this, lead to results
which are useful in practice, must be ascribed to PRANDTL.’ s intuitive genius and ability to grasp the
essence of physical reality,

What has just been said constitutes the foundation of PRANDTL' 8 boundary layer theory of 1904, For
this reason I may be permitted to develop it in a little more detail on the example of a flat plate at zero
incidence (Fig. 5). The equations for the flat plate assume the form:

~
dx Ay

2

du du 3%u

Uu— +v— =¥y—p (5)
R

x dy ay

y=0:u=v=20 8

y=cn:u=Um B

rig, 5: LAMINAR BOUNDARY LAYER ON FLAT
PLATE
PRANDTL 1904 - BLASIUS 1908

The first hint on how to solve these equations was given by PRANDTL himself in his original paper [ 3]
of 1904; the explicit solution was successfully achieved in the 1907 thesis of H, BLASIUS [5] .
Here are the most important results:

It is easy to show that the boundary layer thickness, 8 , depends on the dimensional variables via the

group:
6 ~\f§’1—* . (6)
@

By applying the similarity transformation 9~y/8 , or
U

n =yVV§° . )
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it becomes possible to reduce the golution of both partial differential equations to the solution of
a single ordinary differential equation for the stream function

vy =\vxU_ - f) . (8)
In this manner we are led to BLASIUS' s differential equation
f. 0" +2£ =0 (9)
which is of the third order and which has to satisfy the boundary conditions
n=0:f=f"=20; p=o:f" =1 |, (10)

As the most important result we can now calculate the gshearing stress at the wall at position x . We
obtain

du s plols
7, () u(a—y)y Y u NU_ o x
with f°'(0) = 0,322,

This leads to the expression for the local skin friction coefficient

T
5 el 0, 664 W
9Um/2 Rex

and for the skin friction coefficient of whole plate

D 1,328
2 = cf B ese—
F.pU_/2 VRep'

with Rex = Umx/v and Rel = Uml/y and F being the wetted surface of the plate,

(BL.ASIUS, 1907) (11a)

Figure 6 compares the former, result with measurements; agreement is excellent in the Reynolds-number
range Rex =6. 104 to 6 . 10° over which the boundary layer remains laminar,

Finally Figure 7 compares the theoretical result for the velocity u/u_=f’ (n) with measurements,
These very carefully executed measurements of the velocity distribuffon in the laminar boundary layer
on a flat plate were performed by J. NIKURADSE [6] as late as in the mid-thirties, They confirm

in exquisite fashion, first, the existence of similarity of velocity profiles at various distances, x,
along the plate demanded by the theory in that they all collapse into a single curve, Beyond that, the
actual form of the velocity distribution shows complete agreement between theory and experiment,
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After the achievement of this brilliant confirmation of theory by experiment, it was possible to accept
the complete validity of boundary layer theory for laminar flows, The application of boundary layer
theory to turbulent flows will be discussed later in this lecture,
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2, 2 Turbulent flows

Sphere:It was known since Reynolds’s time [7] that there existed two fundamentally different flow regimes
in pipesdaminar and turbulent, The existence of these two flow regimes in boundary layers was discovered
by PRANDTL when EIFFEL [8] published in 1912 his measurements on the drag of spheres which showed
large and unexplained mutual deviations, As soon as this became known, PRANDTL charged C, WIESELS-
BERGER [9a] with the task of remeasuring the drag of spheres in the new wind-tunnel constructed in
Goettingen a couple of years earlier, The results of such measurements are represented in Figure 8 ,
wiuich shows the flow pattern made visible with the aid of smoke as well as the plot of drag against the
Reynolds number, PRANDTL discovered that the large differunces observed in the drag coefficient of
spheres can be explained,if it is recognized that the flow in the boundary layer can be either laminar or
turbulent, When the flow is laminar, the line of separation places itself far upstream and produces a wide
wake thus causing the drag to become large., When the flow becomes turbulent, the separation line moves
far downstream,
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This results in a much narrower wake and a drag which is smaller than that associated with laminar
flow, It is in this connection that PRANDTL discovered experimentally the existence of a critical
Reynolds number for the boundary layer, The crucial experiment for the clarification of the early results
on spheres and for the discovery of the two flow regimes involved the use of a tripping wire, This pu’

on the scientific map the problem of turbulence which occupied Ludwig PRANDTL during the whole of

his life, But many years were to pass before a satisfactory theory for it could be created in PRANDTL' s
institute,

Smooth pipe: Several years later, after the First World War, that is about 1920, PRANDTL reverted
to thc problem of developed turbulent flows in conne~tion with his study of pipe flow, An analysis of the
measurements known at that time led him to the conclusion that the empirical law for turbulent flow in
a pipe employed at that time needed to be corrected at high Reynolds numbers, This law asserted that
the coefficient of resistance is:

. {BLASIUS, 1913) (12)

where Re = Gd/u , 80 that the pressure drop was proportional to the 7/4th power of the mean velocity
[10], In the course of this investigation he found that the resistance approaches the quadratic law more
and more closely as the Reynolds number is increased, Starting with the very careful measurements of
his co-worker J, NIKURADSE [12] and aided by some theoretical considerations, PRANDTL [11]
succeeded in deriving the so-called asymptotic resistance law

L .2,0l0g(ReyX) - 0,8 (PRANDTL, 1933) (13)

A

for smooth pipes, Figure 9 compares the two laws one with the other and with the measurements of many
authors; the agreement with PRANDTL’ 8 law i8 excellent, In the course of performing these now classical
investigations it was possible to discover the relation between the law of friction and the velocity distri-
bution, BLASIUS’ s law in equation (12) implies a 1/7 th power in the velocity distribution of the form

R) 5 (PRANDTL,, 1921) (14)

cle
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where u denotes the local and U the maximum velocity, while y is the distance from the wall and

R the pipe radius. The diagram in Fig, 10 represents this law of velocity distribution as well as the
universal law

YVa

" 575log 0 +55 (PRANDTL, 1933) (15)

*

where v, = ‘\]r / is the friction velocity, based on the shearing stress, Ty at the wall, The so-called
laminar .ublayer played an important role in the derivation which led to this equation, This is the very
thin velocity layer adjacent to the wall which always remains laminar, even though the layer may become
turbulent at a larger distance, In this layer we have ¢ = n with n =y v, /v and ¢ = u/v,,

?=¥,
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Fig, 10: UNIVERSAL LAW OF VELOCITY DISTRIBUTION IN A SMOOTH PIPE ; PRANDTL 1932
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Rough pipe: A knowledge of the resistance of rough pipes is even more important in engineering applica-
tions than that of smooth pipes. Recognizing that it is very difficult geometrically to characterize the
roughnesses that occur in practice, PRANDTL introduced the concept of a ''normal roughness', that is
the roughness which is produced by sand of equal grain size, k,, and closest packing in the pipe,

J, NIKURADSE [13] succeeded in obtaining very clear experiments for this case, The diagram in

Fig. 11 displays the resistance law for rough pipes obtained in this way, In this case the resistance
coefficient, ) , depend! on the relative roughness, k_/R, in addition to the normal dependence on the
Reynolds number, Re * ud/v . From the point of view of practical applicatior. it is important to deter-
mine the limiting or "admissible”’ value, k_ ., of roughness which produces no increase in resistance
compared with that of a smooth pipe, This %atisfics the relation

k .U
zul 1
< ™ >- 100 . (16)

When this is the case the roughness element is completely immersed in the laminar sublayer whose
thickness is of the order y /v, . These results, obtained by PRANDTL and his co-workers in the thir-
ties, can be regarded as in a sense definitive for the understanding of the problem of flow in a pipe which
is so immensely important in engineering,
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Flat Plate: An understanding of the skin friction of a flat plate at zero incidence (determined theoretically
for laminar flow by BLASIUS in 1907, see equation (11a) and Figure 7) and at very large values of the
Reynolds number which occur in turbulent flow, is of paramount importance for the calculation of the drag
of ships, wings and airplane fuselages, As early as 1921, PRANDTL indicated a method, based on the use
of the momentum integral theorem, which allowed him to extend the results obtained for pipes to the case
of the plate [14] . In the case of a flat plate at moderately large Reynolds numbers, Re_ = 108 to 10 , he
obtained the equation x

c 1= 9,074 Re < 107 {PRANDTL, 1921) (17)

! i\/Re '

with Re = Vl/y, for the corresponding skin friction of a flat plate, This law is represented in Fi g. 12
The extension from the pipe to the plate was successful in this case on the agssumption that the velocity
profiles along the plate were similar, and on the supposition that the pipe radius corresponded to the
boundary layer thickness, the external velocity of the boundary layer being analogous to that in the center
of the pipe, In the case of very large Reynolds numbers, that is in the case when the universal resistance
law of equation (13) and the universal velocity distribution law from equation (15) become valid, the
transposition from pipe to piate becomes considerably more tedious,
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The derivation leads to the universal skin friction law for a flat plate [14],

o r —2dB__ Re >10' (PRANDTL, SCHLICHTING, 1932) (18)
(log Re)™’

which is also plotted in Fig, 12.
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The validity of this universal skin friction law extends to Reynolds numbers Re = 109 to 1010, that is

into the range which is encountered nowadays in the design of ships. The resistance law for rough pipes
could also be extended to include rough plates [15] ; the latter is seen plotted in Fig. 13, The "relative
roughness'' is now measired by the ratio k./l, that is the ratio of roughness element height to plate
length. The limiting, or admissible, heightof roughness element satisfies the same equation (16) as

does that for a pipe,
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Free turbulence: Already REYNOLDS was aware of the fact that the velocity fluctuations u’ and v’ ,
which are superimposed on the mean velocity components u, v , give rise to large mixing motions and,
consequently, to considerable "apparent stresses',

The expression

Tourb "~ 9TV (REYNOLDS) (19)
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for the "'apparent’ or Reynolds stress was firat indicated by REYNOLDS himself, It is to PRANDTL's
credit that he was the first one to make it possible, to calculate developed turbulent flows in that he
formulated his "'mixing length" theory [16], The occurrence of strikingly large "apparent stresses"
of turbulent flow which are produced inside the fluid as a result of the exchange of mcmentum bet:-een
neighbouring regions of different velocities is explained by him intuitively through the introduction of a
"mixing length'', measured at right angles to the flow, and characterizing the turbulent mixing motion
1\Fig. 14).Assuming the existence of fluid lumps whose mean velocity is u, PRANDTL assumes that the
mean velocity fluctuation in the longitudinal directicn is

i L ) (20)

Fig. 14: THEORY OF MIXING LENGTH;
PRANDTL 1926

It follows frc:'n this representation that the velocity fluctuation in the transverse direction must also be
given by

vl — . (21)
With this assumption the shearing stress from equation (19) becomes

2
- 2 ,du
TR E ol (dy) x (PRANDTL, 1926) 3 (22)

In subsequent times PRANDTL.' 8 students and many other authors solved a large number of spacial
cases of practical importance on the basis of this fundamentally new representation. In the case of the
pipe flow, PRANDTL himself made the simple assumption

l =ky (23)

for the mixing length., Here y denotes the distance fron the wall, and X = 0,4 according to experiment,
This hypotheses led to the derivation of the universal lugarithmic velocity - distribution for pipes as

given in equation (15). Introducing other hypothesesf,r the mixing length, W, TOLLMIEN [17] solved

the problem of the spreading of a jet, whereas H, SCHLICHTING [18] solved the problem of a two-dimen-
sional wake behind a body in an external stream, Good agreement with experiments was achieved,

I may be interesting to mention that PRANDTL presented his semi-empirical theory of the mixing length
at the Second International Congress of Applied Mechanics in Zurich in 1926, Now, half a century later,
none of the many "theories of turbulence', conceived by other authors, especially the statistical theory

of turbulence, succeeded in replacing it by something substantially superior with regard to the calculation
of turbulent flows,
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2.3 Origin of Turbulence (Stability Theory)

Ir addition to his excessive theoretical and experimental studies on the problems of developed turbulence,
PRANDTL occupied himself uninterruptedly in the twenties with the problem of the origin of turbulence.
This problem had earlier, that is in the eighties of the preceding century, troubled REYNOLDS, after he
had obtained his fundamental experimental results, The hypothesis that the appearance of turbulence is
the result of an instability developed by the laminar motion can be traced to REYNOLDS (REYNOLDS' s
hypothesis ). Nevertheless, almost half a century was needed to demonstrate theoretically the truth of
this hypothesis and a further twenty years or so elapsed before an experimental verification for this
theory was produced, In the course of their theoretical investigations following the formulation of
REYNOLDS' s hypothesis the mathematicians active in this field during the first decade of this century
derived the ORR SOMMERFELD equation {19, 20] in the framework of a linear theory. They tried to
demonstrate the existence of unstable laminar flows by seeking solutions of this equation (Fig. 15).

The equation has the form

*
(U<) (p*’ -ach) -U’ = -a—;—e o' *”- 2a2¢p" + a‘cp) (ORR-SOMMERFELD 1908) (24) )

where Re = U_&8/r .,
m

Fig, 15:STABILITY THEORY OF LAMINAR
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The boundary conditions for a boundary layer of thickness § are
y=0:0=¢ =0; y=8:9 =¢" =0 (24a)

In this homogeneous differential equation U(y) denotes the base flow whose stability is being investigated,
©l(y) is the amplitude of the disturbance superimposed on it; it is described by the stream function

pixy,0) = oly) e @X - AY)

and represents a wave propagated in the x-direction, The parameter @ is a real number, and A = 2 g/a
is the wavelength of the disturbance, whereas 8 = ﬁr +1 8. represents the circular frequency (real
part -pr) and the amplification or attenuation factor (imag}.nary part - pi).

Whether the motion is amplified or damped depends on the sign, ‘i > 0 signifying amplification, that
is instability,

*) The dash denotes differentiation with respect to y/b ; Um is the velocity at the edge of the boundary
layer, y = 8.
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The stability analysis of a laminar flow with the aid of equations (24) and (24a) constitutes a very diffi-
cult eigenvalue problem for this differential equation. It must be understood that the wavelength, o,

and the Reyrolds number, Re , are given quantities and that the eigenvalue 8 = Br + B. is the unknown,
The efforts of the mathematicians to solve this equation were unsuccessful for a long time. In other words,
nobody succeeded to discover unstable disturbances for a given flow U(y) and so to calculate a critical

Reynolds number,

When PRANDTL started to work on the problem of transition to turbulence in 1920, he at first showed a
certain amount of skepticism with respect to the contemporary considerations of the mathematicians,

He started to perform experiments in a six meters long open chanel of rectangular cross section and ob-
tained in it informative pictures illustrating the emergence of vortices, However, these, by themselves,
brought no decisive clarification, Thus he induced his students to attack the problem of "instability in
boundary layers'' with the aid of his own mathematical methods. In doing so he thought that he could take
into arccount his own observations when he provided interpretations for the results of mathematical deri-
vations, At first he discovered that the shape of the velocity p=ofile, U(y) , formed on a wall exerts a
great influence on the stability of the corresponding laminar boundary layer, However, a theory developed
by O. TIETJENS [22] proved to be inadequate for the calculation of a critical Reynolds number to charac-
terize the instability of the boundary layer on a flat plate, It was left to PRANDTL' s collaborator

W. TOLLMIEN [23] to discover the ducisive breakthrough that led to the solution of this problem in the
vear 1929, TOLLMIEN was able, for the first time, to calculate theoretically a critical Reynolds number
for the boundary layer on a flat plate at zero incidence, In the years to follow, H, SCHLICHTING exten-
ded the theory in several papers [24,25] and proved that the critical Reynolds number depended strongly,
among others, on the pressure gradient along the wall. In spite of the fact that Ludwig PRANDTL sub-
scribed to the opinion that this problem had now found its complete clarification, it is strange to report
that these theoretical results were not for a long time completely accepted by the specialists working
outside Germany, Moreover, fourteen years were to elapse until the careful measurements performed

by H, 1., DRYDEN and his colleagues at the US National Bureau of Standards fully confirmed this theory
in the year 1943, The diagram in Fig, 16 presents a comparison between TOLLMIEN' s theory and the
measurements performed by SCHUBAUER and SCRAMSTAD [26] . All points which represent measured
neutral oscillations in a boundary layer on a flat plate position themselves very closely to the theoretical

instability curve,

Both, PRANDTL and his collaborators had lost doubts about the theory a long time before, During the
Second World War, that is before the time when DRYDEN' s confirmation of the theory became known in
Germany, the theory, in the form of SCHLICHTING’ s applications to flows with arbitrary pressure dis-
tributions, led to important insights concerning the influence of pressure gradients on the stability of
laminar boundary layzrs and on transition from laminar to turbulent flow, Finally in the forties, this
theory was responsible for the success in the development of laminar airfoils,
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2. 4 Boundary-layer control

It is remarkable that the flow in a boundary layer canbe very casily influenced in a desired direc-
tion by external actions, This can be done, for example, by the blowing of small quantities of fluid at
the wetced wall or through the imposition of a suitable pressure distribution, The first experimental
result concerning this class of problems was given by PRANDTL in his first paper on boundary layers
published in 1904, This illustrated the elimination of sepuration by suction in the wake of a cylinder,



In the later years there developed a rich literature concerning this set of problems, A comprehensive
summary of these endeavors was given in 1961 by G. V. LACHMANN [27] , a former student of
PRANDTL’ s. In this lecture I wish to mention only two results which are illustrated with the aid of
Figure 17, The pictures in the left half of this figure illustrate the effect created by suction through
slits in a fast diverging channel. Without suction the flow separates completely from both walls, When
suction is applied on both walls, there is no separation at all; moreover, the fluid adheres to the two
walle in the manner of a frictionless potential flow,
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| Fig. 17: BOUNDARY LAYER CONTROL

The right-hand side of the same figure illustrates the effect of streamlining (i. e, properly shaping) a
body on its drag: the three cylindrical bodies, namely the circular cylinder, the normal airfoil and the
laminar airfoil are drawn in such relative sizes that they develop the same drag in streams of equal
velocities. The difference between the cylinder with its completely separated boundary layer and the
normal airfoil which develops no separation is very large as is well known; equally remarkable is the
decrease in drag obtained by a laminar airfoil in comparison with the normal airfoil, The latter is ex-
plained by the laminarization of the boundary layer. According to stability theory this effect is achieved
by displacing the pressure minimum in the downstream direction as a result of displacing the maximum
airfoil thickness in the same direction. In both examples, chanel and airfoil, the effect of modifying the
boundary layer is very large,

As I reach the end of my remarks abou* PRANDTL’ s work on boundary layers and turbulent flows, I
cannot help but recall that it took then a comparatively long time for his ideas to become generally accep-
ted. This circumstance was aptly underlined in 1954 by H. L. DRYDEN on the occasion of the fiftieth
anniversary of boundary layer theory by his statement:
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The development of BOUNDARY LAYER THEORY during
its first fifty years is a fascinating illustration of
- 1) the birth of a new concept,

- 2) its slow growth for many years in the hands of
its creator and hig associates,

- 3) its belated acceptance by others,

4) and the later almost exponential rise in the
number of contributors to its further development,

In the last twenty years boundary layer theory continued to grow extensively. I hac. the privilege to
report on this subject to the Heat Transfer and Fluid Mechanics Institute in 1970 [23] , as well as in
the WRIGHT BROTHERS MEMORIAL LECTURE of 1973 [29] .

2,5 Experimental technique (wind<tunnels)

A short time after his arrival in Goettingen, namely towards the end of the year 1906, PRANDTL' s
thoughts turned in a completely new direction, This development was to prove as important for his
scientific ettainments as his efforts on behalf of flows with separation and turbulence, This was the dawn
of the new era of aeronautics, OTTO LILIENTHAL executed in 1896 the first gliding flight. In the United
States the brothers WRIGHT achieved the first powered flight in the year 1903, At the beginning of the
20th century German engineers were working on the development of the airship. This task was supported
by the MOTOR LUFTSCHIFF STUDIENGESELLSCHAFT (Society for the Study of Regearch of Airships).
Ludwig PRANDTL pnarticipated in thigs development - again with FELIX KLEIN’ 8 encouragement - in
that he designed an installation for the testing of models in a wind tunnel, This made it possible to deter-
mine wind forces acting on a model placed in a wind, the model being at rest with respect to the earth,
This wind tunnel was built in 1907 and commissioned in 1908; it operated in competition with another type
of wind tunnel constructed simultaneously by G. EIFFEL in Paris and became 80 successful that other
wind tunnels were modelled after it in many countries.

Fig. 18 gives an impression of PRANDTL' s first wind-tunnel of 1908; its essential characteristic is that
air circulates in a closed duct. The most important characteristics were:

Working section: 2x2 m2

maximum speed: 10 m/s = 36 km/h
power installed: 30 hp,

Fig, 18: THE FIRST GOETTINGEN WIND
TUNNEL, PRANDTL 1908

Working Section: 2x2m?
max Speed: 10Om/s
Power installed: 30 HP

This first Goettingen wind tunnel had a closed working section of a relatively large cross section, but the
wind velocity was small. The second wind tunnel, built in 1917 was already equipped with a nozzle of large
contraction ratio; it aleo had a closed circuit for the movement of the air, but its working section was
open and consisted of a free jet (Fig. 19). The open working section is considerably more convenient for
measurements than a clused section owing to the accessibility of the model, The mu-:t important characte-
ristics of the second Goettingen tunnel were

Working section: 4 m2 (D = 2,25 m)
maximum speed: 50 m/s = 180 km/h
power installed: 400 hp,



Fig. 19:THE SECOND GOETTINGEN WIND TUNNEL
PRANDTL-BETZ, 1917

Working Section: 4m? (D=2.25m)
max. Speed: 50m/s
Power installed: 460 HP

This type of wind tunnel (the so-called Goettingen type ), conceived by PRANDTL, soon became one of
the most important experimental aids for the performance of all manner of experiments on bodies in
flow. This tunnel exerted in all countries a large influence on the development of the science of aerody-
namics and on the art of aeronautical engineering, During the initial years of the commissioning of the
first wind tunnel in 1908, the bulk of the work was performed on airship models, Fig. 20 shows the
model of such an airship investigated by G. FUHRMANN. Close by there is a circular disk of a magnitude
which produces an identical drag when exposed to a stream at right angles to its plane as does the airship
model in axial flow, Soon the wind tunnel was being used for experiments on propellers as well as on flat
and curved plates, on airfoils and on lifting surfaces, These experiments delineated the field of endeavor
of the new model-esting establishment (Aerodynamische Versuchsanstalt), which proved to be essentially
fruitful from the scientific point of view. In the field of engineering this new establishment became the
foundation on which the age of flying could be based. I shall have more to say on this topic in the next
section,

In this connection I wish to mention that PRAN DTL succeeded in persuading ALBERT BETZ to become
his collaborator in the year 1911, BETZ played a decisive role in the further development of the
experimental installations,

-
.

Fig. 20: AIRSHIP MODEL AND DISK OF
EQUAL DRAG, FUHRMANN 1910

2.6 Wing theory

As a result of his work in the field of the aerodynamics of wings undertaken during the first decade of this
century PRANDTL found himself in competition with F, W, LANCHESTER of England. Both endeavored,

at first independently of each other, to determine the effect of finite span of a wing on its aerodynamic
properties, In close relation with this problem, they attempted to explain the so-called induced drag
created around the edges of the wing, CARL RUNGE, the other important mathematician of Goettingen,
deserves to be given credit for having brought together in Goettingen the two aerodynamicists - PRANDTL
and LANCHESTER - for a scientific discussion. It was also on RUNGE'’ s initiative that LANCHESTER’ s
book concerning the aerodynamics of flight was translated from the English into the German language [30],
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The continuous efforts expended by PRANDTL to understand the observed characteristics of flows, to
describe them, as far as possible, theoretically and numerically, and to explore them by the scientific
method, characterized all publications which appeared during these pioneering times. In the years 1918
and 1919 PRANDTL submitted two papers tu the Goettingen Academy of Sciences [31] on the discoveries
concerning wing theory which he made until there, This publication contained PRANDTL' s theory of

the lifting line for a wing of finite span, the theory of the multiplane, the theory of the wing of minimum
induced drag, as well as many other contributions. This is an achievement of the same rank as his
boundary layer theory of 1904, I shall now report on a few of the most important - from the practical
point of view - results of his work: In order to describe the distribution of lift along the finite span of

a wing, PRANDTL established the following integro-differential equation (Fig, 21):
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Fig. 21: LIFTING LINE INTEGRAL EQUA-
TION, PRANDTL 1918
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Here, L(y) denotes the prescribed local wing chord, a (y) is the given distribution of the geometrical
angle of incidence, and I'(y) is the distribution of circflation along the span which is to be determined.
Further ch denotes the lift slope of a wing of infinite span. The preceding integro-differential equa-
tion discoveréd by PRANDTL forms the basis of all of wing theory, PRANDTL indicated a method to
solve this, linear in I'(y), integral equation, As the first important result, equation (25) leads to the
following simple expression for the lift gslope in terms of the aspect ratio A = bz/F =b/l :

de de
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The subscript o refers to the value for the two-dimensional problem, that is for the aspect ratio A = m,

As a second important consequence of this wing theory, PRANDTL derived an expression for the lift and
drag as functions of the aspect ratio for arbitrary wings subject to the condition that A is large; these
are

a) for the lift coefficient, c., in terms of the geometrical angle of incidence, ag, he found that

Ll
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whereas

b) for the drag coefficient, cD, in terms of the lift coefficient, cL, he could prove that
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The experimental verification of this theory is depicted in Fig. 22 which represents a plot of the lift
coefficient against the angle of incidence, and in Fig, 23 which plots the same quantity against the drag
coefficient, The values measured at five aspect ratios plot directly as five separate curves, However,

when they are reduced by calculation to an aspect ratio A = 5 they trace a single curve, Thus, experiment

brilliantly confirmed PRANDTL' s wing theory,

Fig. 22: WING OF FINITE SPAN: PRANDTL-
BETZ 1921 - LIFT COEFFICIENT
AGAINST ANGLE OF ATTACK FOR
DIFFERENT ASPECT RATIOS
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The preceding results belong nowadays in the indispensable bag of tools of every aeronautical engineer,
In the years following its discovery, PRANDTL' s wing theory was extended in many directions [ 32-35],

Fig. 23: WING OF FINITE SPAN: PRANDTL-
BETZ 1921 ; POLAR CURVES FOR
DIFFERENT ASPECT RATIOS

2, 7Compressible flows
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Now I wish briefly to touch upon yet another aspect of physics of fluid flow which PRANDTL tackled very
early in his career and which also has become very important in modern aerodynamics, Very soon after
hig arrival in Goettingen, PRANDTL devoted much of his time to the writing of his contribution "'On the
Flow of Gases and Vapors' to the "Encyclopedia of the Mathematical Sciences' whose publication was

taken in hand by FELIX KLEIN in Goettingen at the turn of the century, His contribution became the fore-

runner of PRANDTL’ 8 well-known book ""Essentials of Fluid Dynamics' [2] . In this connection he star-
ted work on the scientifically novel problem of the flow of compressible gases, In the course of this work
he discovered the exact solution of the supersonic flow around a corner (Fig, 24), which entered the

_L"‘[_as, 37].

literature of the subject under the name ot the "PRANDTL-MEYER expansion

o .

s



1-20

Fig. 24: PRANDTL-MEYER EXPANSION 1908;
HODOGRAPH FOR SUPERSONIC FLOW

a2

ograph = Epicycloide

Hod

K=14
0-p+9-325- jt = Mach Angle

This solution , too, was confirmed by experiments, Later it turned out ihat this solution was also very
important for a large number of cases of supersonic flow, The flow pattern under consideration is shown
in Fig. 24 in the form of a hodograph, Here the velocity vectors along a streamline have been drawn from
a single origin, their end-point t -acing the hodograph which is an epicycloid,

In a manner similar to the boundary layer paper of 1904 and to the 1918/1919 paper of wing theory, the
PRANDTL-MEYER paper daiing from the year 1907 also became of fundamental importance, thig time
for the treatment of compressible flows which acquired a practical importance only many years later,
Quite early, around 1905, PRANDTL became interested in flow through convergent-divergent, or LAVAL,
nozzles and in the theory of compression shock waves, At that time all these problems were of practical
importance only insofar as they applied to steam turbines; at a later time their scope was much extended
in cooperation with A, BUSEMANN [38] . BUSEMANN discovered an approximate graphical method for
the calculation of two-dimensional supersonic flows. He was able to prove that a two-dimensional steady,
potential supersonic flow can be determined approximately with the aid of a system of cross-crossing,
stationare acoustic waves, His method has been widely applied to the calculation of flow through super-
sonic nozzles. In developing the method BUSEMANN succeeded 80 to determine the nozzle profile as to
produce a faultless, homogeneous parallel stream at the exit, His solution has proved indispensible in

the design of supersonic wind tunnels,

Another very simple solution became one of utmost importance for flows around bodies at high Mach
numbers in the subsonic range in that it associated a simple but related incompressible flow pattern with
it., The formula is known in the literature as the PRANDTL-GLAUERT rule [39] . When applied to the
lift of a wing at a subsonic Mach number (Ma < 1), it assumes the form

(PRANDTL-GLAUERT, 1922) (29)

da \da&/p..g V1-Ma?

Fig. 25 illustrates this relation as well as its experimental verification for symmetric airfoils of different
thickness ratios; the agreement between theory and experiment is very good until a so-called critical
value of the Mach number is attained, The discrepancy beyond that value i8 caused by the appearance of
local shock waves which cause separation, The PRANDTL-GLAUERT rule proved to be of extraordinary
importance in the thirties for the development of aircraft capable of flying at increasingly high speeds,
PRANDTL' ¢ activities in this field were crowned in 1936 with the formulation of a new theory of lifting
surfaces. This constituted an extension [40] of his earlier theory to include wings of large wi ith (small
aspect ratio). By introducing the "acceleration potential'' PRANDTL succeeded in extending the earlier
theory in a very complete way, This created a basis for the calculation of 1ift distributions on lifting
vurfaces of finite span at supersonic speeds, too [41] ,

2. 8 Meteorological problcms

The progress achieved with the solution of problems of developed turbulent flows in pipes and along
plates induced LUDWIG PRANDTL quite early to include the investigations of meteorological problems
with the aid of his discoveries, As early as 1824 he employed his new hypothesis for the shearing stress
at a rough wall in order to calculate the velocity distribution in a wind over the ground including the effect
of a pressure gradient and of Coriolis forc2s, The calculation was performed for various (0,1 to 100 m) -
arbitrary postulated - heights of roughness clements [42] .
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His first publication on meteorological applications of the physics of fluids was followed by numerous
others which endeavored '"to desc “ibe in numerical terms, and hence better to understand" the general
circulation in the atmosphere, as | ¢ himsell neatly expressed it, In this field, too, success crowned
his own and his student’s endeavors in that they discovered new solutions to the differential equations
which govern these complicated phenomena and were able to show that many of the observations which
were made purely phenomenologically in meteorology proved to be necessary consequences of the laws
of mechanics. Needless to say, in this field too, PRANDTL did not restrict himself to theoretical
assumptions and derivations but invented special experiments in support of his hypotheses, Thus there
was born a ROTATING LABORATORY in which he could study the effect of Coriolis forces [43] . Among
others this installation was enmployed to render visible by means of a model experiment, the combined
effect of terrestical rotation and wind action over the earth [44] .

Further problems which he investigated concerned the flow in stratified heavy liquids. And so he treated
the effect of the density differences in two contiguous air masses, each of which is homogeneous by it-
self, the one being denser than the other, This is a configuration which occurs when a cold air mass
stagnates at a inountain and penetrates into warm mountain valleys on the other side, Such a confluence
?f ajir masgses can give rise to a heavy storm in the valley at a time when the sky is otherwise cloudless
45].

The shape of the front of a cold mass of air which breaks into warm air at rest also stimulated his
phantasy and prompted him to engage in theoretical considerations on the subject, Afterwards he

induced one of his students to check and to confirm these ideas with the aid of experiments with dyed salt
solution which moved over the boitom over a water container from one side forward [46] .

Further and beyond he was interested in the motion of all manner of waves in stably stratified media in
which density varies continuously with height, The special case of waves created in the lee of the crest

of a mountain belongs in this category, Such waves were first observed in very high mountains; they
become very iinportant for the flight of gliders [47] . In interaction with the ground, it is discovered

that the variation of the density in a horizontal direction, and not only that in the vertical direction,

plays a very important part, This i8 due to the fact that the configuration gives rise to horizontal pressure
differences and velocity components, Studies of this kind led, for example, to considerations of and state-
ments about the ground winds that occur when a warm front slides over a cold front, Finally, I wish to
mention that PRANDTL succeeded :n clarifying the fundamental problem of the existence of a general
circulation of air above the earth by the use of fluid mechanics, He was able to identify the important
forces acting in this connection and to make it possible to perform approximate calculatione .. such flow
processes., He presented a paper "On the Calculation of Weather Pattern" (48] to the Academy of
Sciences in Goettingen in his 718t year which can be regarded as a crowning contribution to this series

of researches, In it e developed the main outline of a nuimerical method to calculate the pressure and
velocity field in the atmosphere as well as its further evolution when the density distribution is given

at a certain instant,

Finally, it i8 necessary to mention that this investigation was followed by contributions to the theory of
jet-streams in the troposphere and in the lower layers of the stratosphere, These were discovered in

the forties and fifties, when new meteorological observation methods were introduced, and acquired
considerable importance for weather forcasting and air transportation, These jetstreams which blow
from west to east with velocities of over 100 m/s, precede extended zones of bad weaiher (regions of low
pressure); they diverge at their eastern end and produce extended zones of precipitation at their right.
hand 2dge, their wind velocity decreasing to the value of the drift velocity of the depression., LUDWIG
PRANDTL was able to provide a dynamically justified explanation for these completely new phenomena
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which were only discovered in the forties [48] . He was able to do this on the basis of his earlier con-
tributions in meteorology, -—

At this point I wish to terminate my account of PRANDTL' s scientific works, In doing so, I feel com-
pelled once again to stress that much of importance had to be left out of account, To conclude this section
I give a list which contains a summary review of PRANDTL' s Publications including those of the doctoral
candidates who worked under him, His own publications, including his books and contribution to hand-
books, have attained the considerable total of 168; the number of doctorates reached 83,

F/ELD OF RESEARCH bl THESES | TOTAL
Publications
.
Viscous Flow: 33 31 64
Boundary Layers, Turbulence

Airfoil Theory 25 1u 40
Compressible Flow 12 5 17
Wind Tunnels 15 2 17
Meteorology 12 8 20
Elasticity, Plasticity 14 12 26
Miscellaneous Problems 40 10 50
Books, Contribution to 17 - 17
Handbooks

Total: 83 251

In the succeeding sections I will briefly describe PRANDTL' s endeavor as a university professor and
as the director of a large research establishment,

3) PRANDTL AS A UNIVERSITY PROFESSOR

PRANDTL' 8 career as an active university profeesor extended over a period of time of more than 45
years, because he was appointed at the young age of 26 years to an ordinary professorship of mechanics
at the Technical University of Hanover in 1901, In 1947 he retired from the professorship at Goettingen

at the age of 72, During the whole of this long period of time, PRANDTL applied himself to his lectures
with great devotion, At FELIX KLEIN' s behest, PRANDTL accepted the invitation extended to him by

the University of Goettingen .n occupy the newly created chair of apylied mechanics. He remained faith-
ful to Goettingen to the end of his life,. PRANDTL repeatedly strssscd the fact that the link between the
pure and the applied science was i»r him important as well as .ndispensable and that the cultivation of this
spirit was a unique feature of life at Goettingen University,

During the years between the wars PRANDTL followc . a foir semester cycle of lectures covering

""Mechanics of Rigid Bodies'', '"Graphical Statics', "Aerodynamics" and '"Thermodynamics', He lectured
for four hours each week and conducted tutorials for two additional hours,

A large number of young students was introduced to the science of mechanics, and, in particular, of fluid
mechanics by these lectures, Many of them were induced to continue as doctoral candidates and to work
under PRANDTL in one of the institutes directed by him, The fruitful interaction between study and
regearch was achieved under PRANDTL in an ideal fashion, In the year 1909 THEODORE von KARMAN
[50] obtained his doctor’ 8 degree under PRANDTL in Goettingen; he should be regurded as PRANDTL’ &
most prominent postgraduate student, For this reason 1 should like to quote von KARMAN' 8 opinion

about PRANDTL’ & lectures as he expressed it in 1925 on the occasion of the latter’ s fiftieth birthday [51]:

"The fact that the science of aeronautics has now so far progressed

in its development that it has become a fit subject for examinations
will forever and inseparably be linked with PRANDTL' g name'",

and: ,,. "I consider that PRANDTL is one of those men from whom
one can learn the most, even though one cannot, after all, apply

to him the designation' brilliant teacher', His lectures lack external
lustre; for this reason his lectures are less suitable for beginners,
regardless of the fact that he does not assume much prior knowledge,
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But he assumes the most difficult thing: a pleasure derived from
the process of thinking and an eagerness to follow a trend of thought,
particularly one flowing from intuition; for this resson mostly those
learn from him who have already spent a longer time in his company
and who have come to know nis mode of thinking',

I believe that those among us who had the advantage of personally attending his lectures will completely
agree with VON KARMAN®’ s judgement,

The fact that PRANDTL' 8 Goettingen lectures feil on fertile ground is confirmed by the large number
of doctoral candidates who worked under him, I have already mentioned in the previous section that
their number reached 83,

W. TOLLMIEN [52] aptly characterized PRANDTL’ 8 peculiar talent to inspire his postgraduate students
and co-workers in the Institute and to work fruitfully when he wrote his Introduction to PRANDTL' 8
"Collected-Works''. He said:

"PRANDTL’ 5 achievement could not have become so brilliant
and successful if he did not draw his strength from his own
scientific genius, his ability to inspire a large number of students
and co-workers to a similar selfdenial and devotion to research,
PRANDTL' s goal was not so much to achieve a flash of recognition
as to be able to systematically illuminate a whole complex of
questions which, precisely, could be achieved only through the
creation of a school, Goettingen was just the place which made
all this possible for him, As the institutes in Goettingen developed
with the passage of years, many co-workers arrived and augmented
the numbers of candidates who earned their doctorates there, They
all experienced his inspiration through personal contacts with him'',

1 firmly believe that all those who were lucky enough to have worked for some time in one of PRANDTL' 8
ingtitutes will unhesitatingly agree with this description of PRANDTL' s pedagogical influence,

4) PRANDTI. AS THE HEAD OF A LARCE RESEARCH INSTITUTE

During his more than forty years of active service in Goettingen PRANDTL directed three institutes in
addition to his university Chair of Applied Mechanics,

These were:

a) The Institute of Applied Mechanics of Goettingen University, 1904 - 1946,

b} The Aerodynamics Research Institute (AVA or Aerodynamische Versuchsanstalt), 1907 to 1937

¢) The Kaiser Wilhelm Institute for Fluid Mechanics Research, 1925 - 1946 %)

*} The Institute of Applied Mechanics was not revived after the Second World War, The Kaiser Wilhelm

Institute for Fluid Mechanics Research has been in operation since 1947 under a changed name as
the Max-Planck-Institute for Fluid Mechanics, After the Second World War. the Aerodynamics
Research Fstablishment was first discontinued and its research installations were dismantled,

It was not until 1953, that it was resurrected under its old name and reconstructed, In 1969 the
AVA was transferred to the German Research Institute for Flight and Space Travel {(Deutsche
Forschungs- und Versuchsanstalt fir Luft- und Raumfahrt, or DFVLR) as its Goettingen Center.
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Thus for a time, i, e, during the years 1925 to 1937 PRANDTL,directed three institutes simultaneously,
As the establishment grew considerably, he ceded in 1937 the direction of the AVA to ALBERT BETZ,
his faithful co-worker of long years, He did remain, however, a member of the Superviaory board of
the AVA until the end of World War II

I propose to devote the remainder of this section to some remarks on PRANDTL’ s work as institute
director, In doing so, I will confine myself principally to a discussion of PRANDTL’s impact on the
AVA, because that institute employed the largest number of people and was the eldest of the three,

A very short time after PRANDTL' g arrival in Goettingen, namely in 1904, the idea was born that it
would be useful to organize a model testing establishment to serve the "Society for the Study of Powered
Flight" (Motor-Luftschiffswdiengesellschaﬂ). The AVA grew out of this establishment quite quickly

(in the year 1907), The new testing technique which was developed first for airship models and later for
aeroplanes, succeeded under PRANDTL thanks, among others, to the invention of wind tunnels of the
«oettingen type (Fig, 18 and Fig, 19), Figure 26 shows the very ancient building which housed the first

Goettingen wind tunnel from 1908 to 1219, Towards the end of the First World War, namely in 1917,

the AVA completed the second Goettingen wind tunnel on the basis of designs pPrepared by PRANDTL and

BETZ; its free stream had a diameter of 2,25 m; it had a maximum speed of 50 m/s and a motor of
400 hp; see Fig, 19,

Fig. 26: BUILDING FOR THE FIRST GOETTINGEN
WIND-TUNNEL, 1908 - 1918

Fig, 27 shows the building in which this wind-tunnel was accommodated, The picture was taken in 1930
on the day the president of the Kaiser-WilheIm-Society was buried, On that occasion a Zeppelin visited
the AVA, Fortunately, PRANDTL succeeded in maintaining the AVA, and hence also this wind-tunnel
through the difficult years, which followed the First World War, In this he was aided by the Kaiser-
Wilhelm-Society. Later, towards the end of the twenties, when the German aircraft industry blossomed
again, very many tests on models were performed for the German Aircraft industry in this "classical
wind tunnel", The companies DORNIER, JUNKERS, HEINKEL, MESSERSCHMITT and FOCKE WULF,
among others, were continuously visiting the AVA bringing orders for wind tunnel testing, This very
close cooperation between the AVA aud the German Aircraft industry proved stimulating and exceedingly
fruitful for both sides, It ig no exaggeration when I say that pretty well all designs of German aeroplanes
completed between the two World Wars passed through this Goettingen wind tunnel, Additional wind tunnels
i e AVA until the middle of the thirties (larger tunnels, and tunnels capable

Fig. 27: BUILDING FOR THE SECOND WIND
TUNNEL OF THE AVA WITH AIRSHIP
1930

—
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Fig. 28 illustrates the growth of the personnel of the AVA from 1907 until 1973, Starting as a two man
operation in 1907, it became a large research establishment at the end of the Second World War, employing
something like a total of 750 workers; it comprised six institutes,

PRANDTL transferred the directorship of the AVA to ALBERT BETZ in the year 1937, A, BETZ gave
a detajled account [ 53] of the development of this institute (during the time preceding the start of the
Second World War), which was founded by PRANDTL and which earned world-wide recognition,

For the sake of completeness | wish to put on record the following further details: After it was closed
down in 1947 and after its extensive research installations were dismantled, there begun in 1953 a period
of slow regeneration, The growth of the personnel of the institute is illustrated in Fig. 29. Starting with
about 20 people in 1953, it grew to include about 280 at the end of 1973, The re-created AVA also con-
siders that cloge cooperation with industry, as initiated by its previous directors PRANDTL and BETZ,
constitutes a very essential part of its work, The anniversary Volume ""AVA 1945-1969" contains a
detailed account of its scientific accomplishments during the period after the Second World War [54] .

To conclude, may I be permitted to show two pictures which bring back personal memories and to cite
one scientific result taken from the glorious history of the, by PRANDTL and BETZ so successfully
directed, AVA, Fig. 30 shows a group photo of the total personnel of the AVA at the end of the First
World War in November 1918, In the middle you can see PRANDTL, and in the left up corner I wish
to point to BETZ and WIESELSBERGER among others; in the last row you can see K, POHLHAUSEN

{in uniform),

Fig. 29: PERSONNEL OF THE AVA,
1958 - 1973
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Fig. 31 containg a group picture of the personnel of the AVA taken in 1925, This picture shows all
people from the office, including PRANDTL, BETZ, ACKERET and SEIFERTH, and in the front of the
row at the left and ahead, Miss HILDE KREIBOHM, who faithfully served to the AVA as a secretary
for a total of 50 years, To this picture there belongs another showing the workshop personnel - exactly
10 people. The AVA consisted at that time, that is in 1925, of the round number of 30 persons, and one
cannot help but admire the abundance of results achieved by this small group! Owing to the pressure

of time I must stop myself from commenting in greater detail on the differences between now and then;
I believe, however, that one should pounder these changes [55] .

As my last picture I wish to describe a historic scientific event which dates back to the time shortly
before the Second World War, Fig., 32 contains polar diagrams of a swept and an unswept wing in

the high-MACH-number subsonic regime (Ma = 0,7 and 0. 9). The corresponding measurements were
performed by H, LUDWIEG and O, WALCHNER [56] under the direction of A.BETZ in 1939 in a very
small high-gpeed tunnel of the AVA (measuring section 10 x 10 cm). These measurements provided,

for the first time, an experimental confirmation of the superiority of swept wings in the high subsonic flow
regimne, BUSEMANN [57] pointed out as early as 1935 that adopting a swept wing would lead to an im-
provement in the aerodynamic properties of wings in the supersonic regime,
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However, the fact that a considerable improvement occurs also at high subsonic MACHnumbers was
shown precisely by these AVA measurements of 1939,

To-day, swept wings provide the technical foundation on which we have errected our intercontinental

air line network,

It is remarkable that this great and important discovery remained unknown outside Germany until the end
of the Second World War, It created a sensation among the members of the first American "Study
Commission' which arrived in Goettingen and Braunschweig in the spring of 1945 under the leadership

of THEODORE VON KARMAN. GEORGE SCHAIRER, the chief designer of BOEING, who was on the
team, cabled SEATTLE saying [58] :

""Stop the bomber design, we have found a new wing planform''.
And this then led to the first giant aircraft with swept wings in the United States - the BOEING B 47,

And so I wish to put it on record that in the Institute which was then led by BETZ, and which remained
under the general supervision by PRANDTL, a perfectly fundamental contribution to the modern aero-
nautics was made in the form of the discovery of the swept wing for the transonic velocity range,

Allow me, Ladies and Gentlemen, to conclude these remarks on PRANDTL' s effectiveness as a leader

of a large research establishment by reading to you a quotation from PRANDTL’ s essay entitled ''My
road to hydrodynamic theories' [59],

This dated back to a speach which he delivered in 1947 on the occasion of his election to Honorary Mem-
bership of the German Physical Society, This quotation which, according to my mind, is characteristic
of PRANDTL'’ s personal and human attitude, reads as follows:

"In his friendly remarks addressed in my direction, Mr, HEISENBERG stated, among other things,
that I had the ability to glean from equations, without calculation, what solution they may
possess, I feel compelled to answer that even though I do not possess such an ability, 1 always
try to form in my mindl clear conception, and as detailed as I can make it, about the things,
which lie at the basis of my problems, as well to understand the corresponding processes, The
equations do not intervene until later, when I believe that I understand the phenomenon; cn the
one hand they serve to arrive at quantitative statements which, evidently, cannot be obtained by
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intuition alone; on the other hand the equations constitute a good tool, with the aid of which
it becomes possible to produce proofs of my conclusions that other people, too, would
be inclined to recognize',

5) CONCLUDING REMARKS
Ladies and Gentlemen!

I believe that the preceding account clearly proves that the science of mechanics, particularly the
science of the mechanics of fluids, progressed enormously through LUDWIG PRANDTL,

This, so to say, placed our science in a new epoch, For us, who continue to work in this field, thus
arises the question: What were PRANDTL’ 8 most essential characteristics, which led him to such
stunring success and what conclusions would we draw from all this for our own work?

1 am of the opinion that these reduce, essentially, to the following three points:

a) Real progress in the field of fluid mechanics demands the existence of a very close relationship
between experiment and theory; furthermore, theoretical solutions must always be carried to a point
where detailed numerical calculations become possible,

b) To secure good progress in science it is necessary continually to introduce able young cadres to the

art of conducting important research. In this connection, success is often achieved when the director
of a large research institute also assumes teaching duties at a university,

c) In order to safeguard the successful administration of a large research institute it is absolutely
necessary to place the top management in the hands of a scientist who has proved himself in his
field, The administration of a research institute should always be subordinate to its scientific
leadership,

That these principles are right has been convincingly demonstrated by PRANDTL, We, who have adopted
as our goal to continue PRANDTL'’ s life’ s endeavor, ought to take these lessons to heart,
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FIG. 30: GROUP PHOTO OF THE PERSONNEL OF THE AVA, NOVEMBER 1918




Fig. 31: GROUP PHOTO OF THE PERSONNEL OF THE AVA TAKEN ABOUT 1925




31

LAMINAR SEPARATION AT A TRAILING EDGE

by Jesn-Pierre GUIRAUD® and René SCHMITT

Office Nations! d’Etudes et de Recherches Adrospstisies (ONERA)
82320 CHATILLON (France)

Summary

This work is concerred with a model of
incipient separation at the trailing edge of a thin
ving in incompressible very high Reynolds number flow.
Let £ be the wedge semi-angle at the trailing edge
and R be the Reynolds Number. Riley & Stewartson
(J.F.M.BUy 2 | 347, 1570) shoved that, under E<K §
and R 3> 1, septrﬁlon occurs right at the trailing
edge 1f . =0 (1), We shov that, under
‘R » « 1, s model of separated flow, with
a (umall) recxrculat.mn zone, of streamvise length

O[& (t RN may be built, which is consis-
tent with a matched asymptotic expansion scheme of
solution of the Navier-Stokes equations in the vici-
nity of the trailing edge. The structure of the flow
involves a triple deck of Sytchev's type (Mekh Zhidk
Gaz 1972 n®°3, p. 47T) very close to separation, embed-
ded in another triple deck, of Stewartsons' type,
vhich is relevant to the overall separated flow.
Angle of attack effects may_ge alloved provided the
angle of attack & is (CE ™. Ignoring angle of
attack effects, the flow depends on twe constants:
the value of vorticity in the recirculation zone
and the precise position of separation, which is
known alrea s far as o f magnitude is
concerned Z.Y C”'(e"R ‘;‘T‘}'} . A solution of
the Sytchev's canonical triple deck problem will
provide one relation between these two constants.

A preliminary step towards such a solution is
made through a thorough study of its asymptotic
structure both far upstream from separation and
far downstream from it.

DECOLLEMENT LAMINAIRE AU BORD DE FUITE
Résumé

Ce traveil a pour but de proposer un modéle
de ln» naissance de la sfparation au bord de fuite
d'une vile uince dans un éroulement incompressible &
trés grond rombre de Reyroulds. Soit € 1le demi-angle
du diddre au bord de fiite et R le nombre de
Reynolds. Riigy c« Sizvariscn (J...M. bh, 2, 347,1970)
cnt ontré que, poysnnant E4. 4 et TR » 1, la
sfreratjon n, lieu Jr.ote =u vord de fuare si

£.R = 0 (!). Nous mortrons que, pour

e".(’R"" & 1. u mole d'écoulement décollé
avec une (petite) zone de recircgulation, d'étendue
longitudinale Of ﬁ‘ r: "“)7‘j , peut Ttre
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construit, qui est compatible avec un: représentation
de la solution des équations de Navier—Stokes obtenue,
par la méthode des développements asymptotiques rac-
cordés, au voisinage du bord de fuite. La structure
de 1'écoulement comprend une triple couche de type
Sytchev (Mekh. Zhidk. Gaz 1972, n°® 3, p.47) trés prés
de la séparation, emboitfe dans une autre triple
couche, de type Stewartson, qui s'applique & 1'&coule-
ment entiérement séparé Les effets de 1' angle d'atta-
que peuvent &tre pris eg‘compte pourvu que 1'angle
d'attaque o soit €€ En ignorant les effets
d'incidence, 1'écoulement dépend de deux constantes :
la valeur du tourbillon dans la zone de recirculation
et la position précise de la séparation, laquelle

est connu ng e&.‘if qui concerne son ordre de
grandeur Zoié { R ) J Une sclution du probléme
canonique de la triple couche du type Sytchev donnera
une relation entre c:s deux constantes. Une étape
préliminaire & 1'établissement d'une telle solution
est effectuée & travers 1l'étude compléte de sa struc-
ture asymptotique aussi bien loin en amont que loin en
aval du point de séparation.

1 - Introduction

We consider a thin wing, at & small
angle of attack in a high Reynolds number, steady,
incompressitle, laminar flow. We set £4& { for
the thickness ratio and o & 1 for the angle of
attack. From inviscid linearized theory and
standard boundary layer theory we can compute
(numerically) an approximation for velocity and
pressure, up to O(¢) and O(€), which is valid
except in a three dimensional neighbourhood of the
edge of the wing. That this approximation is not
uniformly va}id js known from the works of
Stevnrtsar* Messiter (3] Van de Vooren and
Dijkstra! dealing with the flat plate at ze
angle of attack and those of Riley and Stewvartso
Brovn and Stewartson for more general trailing
edge flows. Our purpose is to extend Riley and
Stewartson's work for flows in a vicinity of a
trailing edge inclusing a small region of separated
flow. Riley and Stewartson have shown that, for
a vedge like trailing egfe separation starts at the
trailing edge when R‘k » vhere R is the
overall Reynolde number. vhile Brown and Stewartson
have shown that this occurs undi.r pure angle
attack effect vhen o = d? "ﬁﬁ
deals with the case when 8 R“‘((i (8 ‘ E'R)
at.ovws th‘}‘n sma.l sepe.—atmn bubble occurs, of
eximnt £ . " "= bubble is shghtly
unsys . +nctl duc to angle o attack effect which
acts o1 zero angle of attack t-ai m fdg& flow as
e small p-rturbation of order & ") For
pure tvo dimensional flow or for three-dxnenuonal
flow, provided R MK & K R*Y  the fiov in
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the separated region consists in two counter
rotating vortices which are locally two dimensicnal
in planes normal to the trailing edge, with constant
vortieity,

Here we extend this work by looking at
the process of separation, vhich was just shown to
rule the whole trailing edge flow, whithout consi-
dering it in any detail. We show that the process

of separation is formally identical with the one
considered by Sytchevi®  for bluff bodies.

2 - The overall triple deck structure

We use dimensionless coordinates X, Y4,d,
near the (planar) trailing edge I' , such that §, is

length along I while X, and ), are cartesian
ccordinates in the plane normal to , oriented in
such a vay that } = 0 coincides with the gkeleton
of the ving, thls lagt one having }o ally, the
equation }4 =t Elx, M(“c) + O(‘l j . We assume
that 5.)0 is leeward, that the speed at infinity
is unity and that its projection on the planform

of the ving makes an angle 'f with the normal to

see figure l). For the dimensionless components of
velocity we use &, V., W, and, for the dimension-
less pressure, vwe use P = Pg + Pu + The flow
near the trailing edge has a triple deck structure
vith an embedded recirculation zone. Within *he outer
deck we have:

gy, A% R
uw, -M‘f(4 +Em Lp%A)+£u (‘) du 1)4» 8“,*‘(3300 .
Vo z-dinfeeV(y) 2 <V (g) 4.

(
14 :Ax ) 1‘8

(1)

.

%
PozEwW, +AA N 4o

Pz w‘f(—eb’b Deosf - eu‘;qll-)«h‘f(SV.'!-lVf}
L +Ep, + o« A" P

=P +€p, +a(A‘/'p;

vhere 'll,,‘u; ,\n and v: are known functions of
(from a lifting surface theory numerical compu-
tation). On the other hand we have:

u, -..;w _.j (a:n;)

wherexj is holomorphic within the domain exterior
to AIKJB (see figure 2). All along AIKL and BJKL
the slip condition holds, while along the free
streamlines IK and JK we have

* it@).

(3 Relf)= uge(Beant)’ (&°

Y

(@) pi+u mfao,

Fig. 1

The upper sign rerera to the upper (leevard) free
streamline ; § is the locul thlckness of the
(upper or lover vortex vhile * 2740 &° is the
corresponding value of the constant voricity.

Fig. 2

We refer to [2] for some details concer-
ning this flow and we merely quote here a 1e\&
results. First we observe that dA%z EdE ”/4
that the term in « A% is a small perturbauon
due to angle of attack effect super.&qsed on the
symmetrical pattern. Second, when zw =0
the shape of IKL and JKL is given by

& Y Y

(1) xn}--(&“',h Bl (ryig) [mXOé”".
mcos'f

o A .(M.n! luﬂ]

When W* and W~ are not zero the shapes are
changed but the positions of the three points

IJK are not. The function B(y) is to be computed
from the linearized, inviscid, distribution of
1ift on the wing. Note the asymmetry associated
with the angle of attack. Our third point is

that, close to separation, from upstream, we have
a square root singularity in the pressure, namely:

—

) J“
x,:-a(1+ £ }1 _!LE_Q "‘)

We observe that the coefficient of the
singularity is of a definite sign, correspunding
to a pressure rise, as is shown by the following
formula :

(6) j{ = mm‘?

vhere 5 = cosz + Note that K is the same a,
for the Yeevard and windward sides because of w’ﬁ;
which is required for continuity of pressure accross
OK.

We refer to [2] for the flow within IKJOI
and we deal now with the main deck which is a conti-

nuation of the slightly perturbed Blasius boundary
layer. We have:

Ta=bZ, §i=§, 5:£0 :,'i).R'”;, poe Dol
R AR &

(1)

~ Y ~ 4 HhWebe g
d=LU,(5)+€ ;aA‘(z)%%- +E pudt J 87 (5
1808 "A, () s ...

VaV,(5)- %4, a)d\;- s /n(é Mo, (.J%
W:-S‘/LA.(‘I-)U. -€ /nlE /L*AI’,(‘I-)QQ--

(8)
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where U.(;) and V.(’a) may be obtained from and, consequently we find ;
the Blasius solution and where Ae and Al are
arbitrary functions. We point out that (8) refers
to the leeward side.

I ey S TeLY
r (11) u=K§+};u. o€ h [tK “’6,45 LAY
Within the lower layer we get .

. . b %
x.zﬁi,g.=§,5,=£AF(i,j)+R353 K, 5 Fo(n)+ - ]

L.
9 u=8a, v,=5v, w.=e$Fii+£ASFi\7+SAR"5

h
“1

(18) F:'—%l %(’ZF F) , R)= (0)

hla

- Yi_ s ‘4-4
L Pz PovEp +487 P, with: 6=8%¢4
Near '2.-_- oo we obtain :
and we have:

%
rE?—‘——I ?; é&-o/:d&}‘ad ’bv. - 0(a) {19) F,,_ ~ &‘2 +2|& + 0(‘2 ’)
’3 7%

M

4') VJ’D < R % and, consequently we get the outer type of Goldstein's
) ?"’/”(8 /“ "2‘ E) +0 ) expansion for § - 0, '5 fixed :
2w + W -0 - = _ KT ‘[] ,,(5 [Consl‘
o) m % ) (z0)  w=Kg+h /“ /“ 5
- = 1-
12¥+W7V-:%J‘=O(A) + const. 3 can:l’s +- ]
Lo ’TS ) 3 - Separation
S:O , :£<-is P UsSV=W=0 From no on we assume that the angle of
attack is zero. 'I'he vpansioi 2(2) and 2(15) break
= a o i ~ = down when T and 4  are of the
X—p-0 > U-—* Kb , vVt Lé same urder. ’I'hls occurs when §= O(D.) 5_ O(D,) with

[§vee s 5Ky 0 DR DR

We observe that Pe and P are knocwn from which we argue that, if separation occurs
from tre soluticn of the outer deck. Consider the through a triple deck, this one must have len
symmetrical prctlem ol =0 , near separation we = L and thicknesses SD‘R R? R
have : R* respectlvgly We observe that these are
‘ precisely the length scales which occur in the self
= = - = -)/l. == . ) ¢ induced separation model of Neiland [5] and
(1) P¢ = F‘s_ W, (xs" x d w =(-a-) j{m Stewartson and Wil]ie.m:){9]as well as in other free-

interacrtion schemes ar , for example in the model
of separatiocn by a free interaction process as

and may find, near separaticn, a Coldstein type of demonstrated by Sytchev 10] and Messiter and Enlowl]
expansion : We point out that the main deck of our embedded
“ rriple deck contains, indeed, two layers which are
- = z[ A et ] respectively the continuations of the lower and
(12) [u =S 5 +}* K %S F4('l)+ main decks for the coverall triple deck. Within the

\ A% - upperila\yer of tne main deck we find, with the

! Tl=(|»(5 ) b , ) = x-x notations of 2(¥):

with ~
(g U, ('b)*e}" w, )+E /»Loa}L 4,(’5)‘*

=0, Fio)=Flo):0 v5 {u,(5)+s.A[(z-x‘)/w.]-%%]+

L B G -e ' ba) AfE-5)an] U, (5)+

an FI -%‘F,ﬂ%(nr F)+

&l&

Y '5/4. where O, and b. are numerical constants which
(k) F4 ad "(4'2, +°‘g? '*da "‘O(Q ) are introduced for further convenience, while \l.(l‘)
are arbitrary functions. The function A(X) is to
and, consequently, we find a second (outer) type of be determined when solving the free-interaction
Goldstein's expansion for § —e 0 ,‘S fixed, problem. The functions u,(;) should be deter-
mined from matching with the main deck of the
overall triple deck.

= = ol h_ -4 o
(15) u= Ké +)L [5'{,’( E¢6‘+*LK w¢§ +] Within the lower layer of the main deck
< we have, with the notations of 2 (9):

U= K'3+/;u(3) /u.Loa/‘, .(3)
(3) +H {%(})"’Kb A[Z IJ/aD]}-f

-% ¢/
(16) F.::F&,; w, , (-a-3) K ‘-"_iu(’“’:‘)f"" We-L'D b, “:‘A[(i -i',)/o.D,].K5+ .

For the angle of attack effect we have:
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where W, , Uy, and E‘ are arbitrary func-
tions of § which are to be determined from
matching with the lower deck of the .verall triple
deck. The function A is the same in (2) and (3).

Within the, lower deck (of the embedded
triple deck) we find

x, =AE‘ +0,ADX , % EAF"\%SDIR."Z
P.= P . Ep, Oén,‘/‘J,P

%

(h) ug:C‘SD‘U

’

wi= 66D, Fe,l + £ARY, s D) any R kW

and
bl +W}LJ .JE Xt}
(5) ()8 2z¢
:_a_L-’ -+ M =0
X ?2Z
provided :
(e) a.:c.b," , 4, sC“ , € =Kb,

within the upper deck we have:

( x,= 0%, +0, ADX

3.z EOF 4+ AD, §

(1) { u, = U, +£G + £Dd

w, = EF; u, +€AF v, + ED™Y

i
L Po= T o+ EPy +5D%P

and
{ ﬁ-ﬁ-w'f(i s O
(8)
li-tvv/=f(£+(g)

So that, through matching with the upper layer
of the main deck, we set :

(55 Px) - i N(x) = F(x+io)

provided

é
(10) a,d‘ =.b.coo‘f'

The relations (6&) and (10) rully determin:

the constants ay, by, ¢y, dy. Matching the pressure
with 2(14) we find:

Y -*

't\ (—X)‘/‘ , ’\= m.“a da

The behaviour of U and W for X = -® is
found through a Goldstein's type of expansion,
according to Sytchev [1 O] ynamely :

(12) U:?.Y W:—?—‘—V
oy

(1 X—-w0: PX)~

! X

*We have made a small change from 2(%), l-'. nov
stands for the equation of the upper surface of
the wing.

LR IIRER TR TR TN
(13)
Se-X QN

(f-40 Lo gl g -0 f@=fi)=0

. xg-gfz‘ﬁq(u%-f.}giii A KU O
45-40 05 gt Ds g hieadli-ag,

with - 4,(0)« f3(0)a o

RV RT U AR A g OB ACRT

The behaviour of the f, ior large V] is :

K
f.S‘ i dlrl%""zq ) * 0('2-%)

(15) &”F"ll"’ﬂ ‘P&'Z*Pn'l?‘* | O °('l"/‘)

fz ~¥% 7+ n'["toayd,fz"‘n.uﬂ +% +o(0)

Lo g ol o0
As a consequence, for X—b o , Z—>® in
such away that Z/( x) % _p oo we get

Us=2Z + 24, z% ., &p,LlgZ +
L) ( ¢\§ P_ALoa§+aP +AP,+¥A5 )
z‘r\Z‘ian +2 ‘("’\S —L_Loag.ﬂl,\.) )

oo
A comparison of (16) with (3) shows, first, that,

when 'S—-P 0 , we have
= Y- /3
o 1 %cibi
- '

(1) w,, ~v=C, b8

T, wepdlyd-cp, ALogb,

vhile, for X—v-w:

R %
(18)  A(X) ~ &, (-xf—%!'l.og.x}.ﬁ.\‘ﬁ.\+n(\(.x)+...

Near X=+ e , an asymptotic solution of (5)
with three layers (see figure 3) like the one of
Sytchev [10] is under current study and will be
reported later. It appears that :

(19) P(X)N “. x'%+ .n‘ x'?ﬁ‘.'.[‘ x-‘/l+



with 'lh probably zero. The outer layer is a
mixing layer between the continuation of the main
deck and the recirculation zone ; within this
mixing layer we have :

@ Xe§ , ZoGE+S'F, Ya 50 0

" L] X
2 4 =
(21) %' *Sﬁ.%. 330‘0 ) a’(o)"o
3.’“‘ , % N 43t*1.3+a, y 3-’-a:3_-0-€
il
C ana q. are two numerical constants which are
determined through numerical integration. The value
of §, depends on the choice ,(o) = 0 vhich
states that Z = G(X + o? 15 asymptoticaily
the equation of the d1v1d1ng streamline issued
from the point of separation.

Within the recirculaticn zone we find :
% 4
22 X:§ Z=8"10, Y. § ‘(f.,('l%

with :

(23) 45 Xoi. bl f' +TM, =0

The solution is easily found and matching with
the mixing layer is effected along M= G, such
that : ?(G. = f.(o) o .

Near '2= [o) , we find :

f~kphao(n™), 4. N;_:h?'%uo(if')

- -oH(afm)’

and it is seen that the no slip condition at the
vall does not holds, which shews the necessity
of a viscous sublayer. Within this laminar sublayer

we find :
(24) X=$ , Ye g“‘)z, (6)+:-
with :
9\. + 13 ‘5 5. 2. +._ ‘e\, 3
ey 2.(0)= &,(o):o Opw:h, rvhe}
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We have demonstrated that the problem of inci-
pient sepsration at a trailing edge is formally
identical with the one for separation in the flow
around a bluff body as was formulated by Sytchev
[10 , hamely :

(U 2U 4+ W2 ,dP _2'
X 2Z X ezt %I)'(h%g'o

Z—i0: Un Z+%a{.AZ‘/‘+p,c\Lan +A(x)
(26X X —>-w: (41) , (42) ,(13) hold

X >+ ), “9),d0),(32), (¢4) hold
[P-iA" = F(x+i0)

3-5

We observe that the defipition of (26) contains
one undetermined constant which enters into
the problem through (11). If one tries to find a
solution for small through linearisation one
finds none. There does not exist a continuum of
solutions which tend to U=2 , W=0 vwhen

=0 . We do not know whether there exists
any solution to (26) but we may conjecture that
there is a smaller value of for which there
exists a solution. Either the spectrum of values
of A is discrete or it is a continuum. If the
first situation holds then this allows to determine
the posnlon of separation through the determina-
tion of &g by (11) and then of a through 2 (11)
and 2 (6). The research of a numerical solution of
(26) is a formidable problem which has not been
explored as yet.
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LAMINAR SEPARATION = A LOCAL ASYMPTOTIC FLOW DESCRIPTION
FOR CONSTANT PRESSURE DOWNSTREAM
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SUMMARY

A theoretical model is proposed for the description of two-dimensional, steady, incompressible,
laminar boundary-layer flow near a separation point. It is assumed that the pressure just downstream
of separation is approximately constant, and asymptotic solutions are then sought for large Reynolds
number and small distance. The first two terms of the complex perturbation velocity in the external flow
are shown to imply a pressure gradient upstream which is generally favorable, and adverse only for a
short distance. This representation is no longer valid in a small neighborhood of the separation point
where an interaction of the boundary layer with the external flow must be taken into account. Solutions
are obtained for the boundary layer just upstream and, with an additional assumption, for the region of
backflow just downstream of this region. These results represent a composite of the solutions derived
in two earlier studies, A brief review and extension are also given for an asymptotic model of the com-
plete wake behind a circular cylinder, with the assumption of ronzero drag at infinite Reynolds number.

1. INTRODUCTION

The primary difficulty in the development of a theory for steady separated flows at high Reynolds
number is that the external potential flow, the flow in the boundary layers and separated shear layers,
and the recirculating wake flow must be determined simultaneously. In particular, for incompressible
flow past a bluff body such as a circular cylinder, it should be expected that even the flow details close
to a separation point can be studied only in terms of an interaction of the boundary layer with the local
external flox. It would seem to follow that at least some general information about the wake is needed
before a description of separation can be undertaken.

For a prescribed adverse pressure gradient, numerical lolutnons of the boundary-layer equations
have implied the presence of a singularity at separation. Goldstein! studied the boundary-layer flow
approaching a separation point, assuming a nearly constant local adverse pressurc gradient, and showed
that the streamline slope may increase as the inverse square root of the distance from separation. His
solution was expressed by asymptotic expansions of coordinate type, one in terms of a similarity variable
for a thin sublayer and one in terms of the usual boundary-layer coordinate for the remainder of the layer.
He also showed that there exists no solution downstream of separation which is consistent with these
results for the solution upstream. Goldstein's analysis was later extended by Stewartson? and its impli-
cations were studied in detail by Kaplun, 3 Stewartson4 also considered the possibility of a local boundary-
layer interaction with the external flow and showed that no local interaction solution exists which is con-
sistent with the Goldstein singularity.

Of the various models proposed for the wake behind a bluff body placed in a uniform stream, those
which seem to be gquoted most frequently are related in some way to free-streamline theory, with the
pressure taken equal to its undisturbed value all along the separation streamlines. For a circular cylinder
a family of solutions is available, with differing locations for the separation points (e.g., Thwaites3). The
most reasonable choice is usually considered to be the one solution having continuous streamline curvature
at separation, for which the separation points are located at about 56° from the forward stagnation point.
Earlier separation is precluded because the predicted separation streamline would then lie partly inside
the body. Separation further downstream would lead tc an infinite adverse pressure gradient at separation,
and the boundary laver would be expected to separate before that point is reached.

An objection to the free-streamline theory is that measured base pressures at Reynolds numbers
of 10* or 10%, such that the boundary layers are laminar at separation, are considerably lower than the
undisturbed pressures. Roshko® and Woods’ have attempted to improve the agreement with experiment
by introducing modifications permitting variable pressure behind the cylinder. Roshko® has 2lso pointed
out that unsteadiness in the wake will lower the base pressure, and suggests that a complete theory should
take this intr. account for prediction of the pressures actually observed at these Reynolds numbers.

Another possible objection to the free-streamline theory is that the distance between the separation
streamlines grows parabolically as the distance from the body becomes large, and so the wake is not
closed. This feature seems unacceptable because a small backflow at infinity would be required to supply
the mass required for entrainment in the separated shear layers and because a steady-state closed wake
is known to exist at lower Reynolds numbers. One expects initead that the wake length should increase
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continuously as the Reynolds number increases (possibly to a finite limiting value as suggested by
Batchelor?) and thiat at large distance the flow velocity should approach the undisturbed value. Thus the
free-streamline theory taken alone does not seem to provide the correct asymptotic solution of the Navier-
Stokes equations for steady flow past a bluff body in the limit as the Reynolds number tends to infinity,

Roshko!0 and Sychev“ have outlined a possible asymptotic solution for which the wake length
grows linearly with Reynolds number. The basic assumption is that the drag of the body is nonzero in
the limit, with the wake pressure taken to be approximately constant and equal to the undisturbed pressure.
At a distance downstream of the order of the typical body dimension, the separation streamlines are as
predicted by free-streamline theory. The velocity just outside these streamlines is approximately the
free-stream value, and the fluid between them has much smaller velocity. The viscous shear layers
separating these regions will grow in thickness with increasing distance downstream, and will eventually
come together at a large distance such that the shear layer thickness calculated according to boundary-
layer theory is of the same urder as the body thickness. For a proper choice of the wake length, the
fluid which continues downstream then has a momentum deficit equal to the body drag. The distance be-
tween the separation streamlines is proportional to the square root of the Reynolds number, for matching
with the free-streamline solution near the body.

The wake models related to free-streamline theory show a generally favorable pressure gradient
upstream of separation, implying that the adverse pressure gradieat required for separation might occur
only over a distance which decreases to zero as the Reynolds number tends to infinity. If this is true,
the velocity profile approaching separation is linear near the wall, rather than quadratic as in the Gold-
stein theory. A lccal interaction with the external fiow then has the same form as given in other applications
by Stewartson and Williams,  © Stewartson, 3 Messlte-.l and others. In the limit as the Reynolds number
becomes arbitrarily large, viscous forces are important primarily in a thin sublayer adjacent to the wall,
and the increase in displacement thickness of this sublayer leac's to an outward displacement of the stream-
lines in the remainder of the boundary layer. The pressure chaiges associated with the resulting stream-
line deflections in the external flow must be the same as the pre: sure changes in the sublayer, since the
interaction occurs over a distance somewhat larger than the bourdary-layer thickness and the streamline

curvature remains small,

The possibility of studying the flow near separation by combining a local-interaction description
with the leading terms of a free-streamline solution has been shown by Sychev!5 and by Messiter and
Enlow.!® The idea is that for a circular cylinder the separation point is displaced downstream from the
56° point by an amount which decreases as the Reynolds number increases. There is then a singularity
in pressure gradient which decreases in strength as the Reynolds number tends to infinity. A term in
the external-flows solution which implies constant pressure downstream and is consistent with the inter-
action formulation was proposed by Sychev, and its implications were studied in detail both upstream and
downstream of separation. The term in the external-flow solution corresponding to smooth separation
was studied by Messiter and Enlow, especially with reference to the upstream boundary-layer flow, by
expansions analogous to those of Goldstein's theory. These results have been reviewed by Lagerstrom
and by Stewartson,

The results to be presented here are primarily a review of work already published, but an attempt
has been made to unify the results and to develop a few extensions of earlier work which are needed for
this purpose. The next section summarizes the solutions given by Syvchev and by Messiter and Enlow, in
a combined form, For the assumed pressure gradient it is shown that the velocity profile near the surface
must have a specified form for compatibility with the wall boundary conditions. The formulation of a local
interaction problem is then reviewed in the present context. A solution for the backflow is derived for the
assumption that the mass in the backflow is exactly equal to the mass required for entrainment in the
separated shear layer. It is to be emphasized that the assumption of constant pressure just downstream
is a local one and does not necessarily imply a free-streamline model for the wake. In the last section
the wake model proposed by Roshko and by Sychev is discussed, and the possibility of an infinite sequence
of vortices below the separation streamline is considered.

2. THE FLOW MODEL NEAR SEPARATION

The local external flow

It is convenient to begin by considering the family of free-streamline solutions for flow past a
circular cylinder., The separation streamline has continuous curvature only if separation occurs at a
specific angle 8, equal to about 56°, from the forward stagnation point. For separation at any other
point, this streamline has infinite curvature at the separation point. If separation were to occur further
upstream, the streamline would cut into the body, but if the flow separates further downstream the stream-
line curves outward from the body. We will assume that separation actually takes place at a small distance
downstream from the 56° point, at an angle 6, = 8, + Ole), where € is a function of the Reynolds number
Re which tends toward zero as Re o . The pressure gradient is adverse just ahead of separation and is
weakly singular at separation, in the sensc that the function which becomes large is multiplied by the
small parameter €.

Nondimensional variables will be defined in terms of the free-stream velocity U and the cylinder
radius a. Thus the Reynolds number is Re = Ua/v, where v is the kinematic viscosity. The pressure
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and velocity at separation are P, and U,, where p,/P,, = 1 + Ol€) and U /U = 1 + O(e), so that 3. and U,
are approximately but not exactly equal to the pressure B, and velocity U at large distances from the
body. We define nondimensional coordinates x and y with origin at the separation point, measured down-
stream along the surface and outv:ard along a normal to the surface, respectively. The corresponding
nondimensional velocity comporents are u and v. The local static pressure {s §, and the nondimensional
perturbation pressure {s p = (P - P, )/ (p U?). The Bernoulli equation then shows that the largest term of
the perturbation in the nondimensional complex velocity is -(p + iv).

,, The local behavior of the free-streamline solution near separation gives

p+iv~!¢c°z'h+ic,z’h (1)
§ for Re—~w andz=x +iy —~0. We take c,, il >0. Asargz—0, p—~Oandv~e¢ cox'h + c,x’h; as
argz—w, v—0and p~-€c, [x]3 4 ¢;|x|*/%. Thus along y = 0 the perturbation pressure is zero down-
stream and the streamline slope is zero upstream; a term i Az, where A > 0, could also be added to (1)
to account for body curvature. It is seen that p >0 for x < -€ c,/cy, and p < 0 for -€ c,/c; <x <0;
dp/dx <0 for x < - '}- € c?/c, and dp/dx > 0 for - -}e co/c1 <x <0, with dp/dx — o as x — 0; and the mini-
mum valueof pis p~- 3 (€ co)’h/(i c;)"%, More terms can be added to (1) to account for higher-order
terms in the free-streamline solution and to correct for terms omitted from the approximate Bernoulli
equation.

If, as suggested above, a free-streamline solution is assumed, then p; ¥ P, and the value of c,
is determined. A relation between (8, - 8,)/€ and cq is also obtained. Then one additional condition is
needed, and presumably can be found from a suitable boundary-layer solution. Eq. (1), however, is only
a local approximation and so does not really require that the pressure remain constant all along the
separation streamline. Furthermore it is not essential to assume P, ~ Py, and 85 ~ 0,. Thus there may
be as many as six unknown constants: the first two terms in the expansions of p, - P, and of 6, - 8,
plus cg and ¢;. Again all but one of the needed conditions are presumably to be su_.plied by a wake solution,
with the one remaining condition obtained from a local boundary-layer solution.

The boundary layer just upstream

Since dp/dx < 0 just upstream cf separation except at small values of -x, the boundary-layer
velocity profile remains linear near the wall except at small values of -x. The velocity near separation
then is described by a basic profile plus superimposed small changes corresponding to the pressure
gradient obtained from (1). The stream function is defined by

oy L
i~ )

We define a boundary-layer y-coordinate and stream function by
¥=Rellty ' T-Rretty (3)
Thenu~ 83/87 and v ~ -Re"}/2 80/8x. The basic profile is given by u ~ q;:, ), where q;:) ~a.7 as 7—' 0.

For small values of -x, we anticipate that J can be expressed by a series expansion with terms
given by powers of x (and perhaps logarithms) multiplied by functions of ¥. For example, the form of
the pressure gradient might seem to suggest the series

T (F)+ e gy () 4 (xP® 4y(5) 4 -+

However, by substituting this series in the boundary-layer momentum equation, and taking the limit for

€ — 0 and -x — 0, one easily finds that |, and , satisfy first-order equations and that consequently the
no-slip condition cannot be satisfied. If we compare the orders of magnitude of the terms uu, and u Y
recalling thatu = O(y) as ¥ —0, we find that viscous forces should be expected to become important
when ¥ = O(|x|'/?). Thus near the wall we anticipate a series solution in terms of powers of -x multiplied
by functions of a similarity variable 7/ (-x)®, where in this casen = 1/3. This is a form of solution intro-
duced by Goldstein, used by him in Ref.1, as well as elsewhere, and also by many others. Each of the
terms in this expansion satisfies the tangency and no-slip conditions at 7/(-x)'/’ = 0 and a matching con-
dition as 7/(-):)'/’ —~w ., Each term in a solution for the main part of the boundary layer satisfies a
matching condition as 7—* 0.

Combining the results of Sychev and of Messiter and Enlow, we have for the inner solution
Vmda P+ (0 igp @ e (xMrgap®) + oo )
where § = §/(-x)"/%; the notation for a general term is (-x)#*K)3 g, (-x)#*K)sg . For the outer solution
T b (F)+ x) ey (F)+ (x4 (F) 4 (PR 4y (F) 4 -
et (M +el-x o (F)+el-x)M 01 (F) 4+ - (5)
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Sychev's derivation was carried out in von Mises variables, with :Io' replacing ¥ as an independent variable.
His results have been rewritten here in rectangular coordinates, and correspond to the terms in (4) and

(5) which contain a factor ¢ . The remaining terms in (4) and (5) were obtained by Messiter and Enlow.
The functions fy, ({) and g, 4(0) satisfy

" 3 [] 3
fs")z";"l‘zfs/z*'z'h‘fs/z'z‘|fs/z='%Cn (6)
1 [ 1 1 1
Bl -3 mblip sl ghip - s MBan =3¢ (M

The boundary conditions require that fsp. 55, B-ip and gl,/, be zero at §{ = 0. It is also required that
there be no exponentially large solutions as { — . The solutions can be expressed in terms of confluent
hypergeometric functions, and as { — o it is found that
2 oz _ 35 sl a
f;/g(‘)‘vgl-,/,{ -z.la-,/,{ +KL+.1+---
(8)
2 Y/ Lo
B ) 3 bl +M{ - a 1

The functions in (5) which satis{y appropriate differential equations and match asymptotically as y -0
with the terms {n (4) expanded for { —~ o in (8) are found to be

¥ 9
R e 3
0 o

dage = Aqf 4‘;

n Pl 1 ~ . SY%
Wi = - Cp Yy j(; (%z Y -;,-z)dv + ag (9)
®1/6 = Byge Yy

' ¥y 1 1
e oty - ) - 2%
70 Wy a’ ¥
where A/, = K/a; and By s, = M/a,;. Also
$o ~bip vk
as ¥ ~ 0, for matching with the solution of (7), and from (7) it is found that by p, = (9/a|)'/z co T(1/6)/(-1/3).
Messiter and Enlow studied additional terms and in particular showed that for the assumed pressure

gradient the form of the basic velocity profile Yy, (7) which is compatible with the boundary conditions at
the wall is

¢z,(7)~a17+ aryr 77/2 ta ytia vyt + anf ;’Mh ta yl4 ... (10)

where a; = - (c,/7) a,'/#T(-5/6)/T(-1/3); a,and a, are arbitrary; and a,, a3, could be obtained by
numerical integrations.

The local interaction problem

At points very close to separation it is expected that an interaction with the external flow must be
taken into account. The pressure then cannot be prescribed but instead must be obtained as part of the
solution. Although the local pressure gradient may be large, the interaction occurs over a short distance,
such that the magnitude of the local pressure changes is small. The velocity profile is therefore undis-
turbed throughout most of the boundary layer. In particular w~ Yo (Y); and u~ al;" as ¥~ 0. Perturbations
in the viscous forces are therefore amall, and so the increased pressure gradient is balanced primarily by
an increase in the magnitude of the acceleration, or in this case a deceleration. In a sublayer close to the
wall, viscous forces must also be important in order that the no-slip condition may be satisfied.

Thus near separation we postulate a representation of the flow as e — o in the form given, e.g.,
in Refs. 12, 13, and 14, For a short interaction distance, we require in a sublayer very close to the wall
that mass be conserved; that viscous, pressure, and inertia forces be of the same order of magnitude;
that u = O(Y); and that the streamline slope v/u be of the same order of magnitude as the nondimensional
pressure perturbation p. The last condition followr from the result, which we will anticipate, that not
only can 3p/8Y be neglected but also that the largest term in v/u is independent of ¥ except in the sub-
layer. Since v/u and p are of the same order in the external flow outside the boundary layer, they are
also of the same order in the sublayer.

These conditions are sufficient to show that the interaction occurs over a distance Ax = O(Re"/');
the sublayer is characterized by y = Re” /2§ = O(Re"*/*); and the perturbations p, ¥ (u-a,¥), and v/u are
all of the same order. If we require further that the relative changes in u are not small, as must be true
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in the present case, the orders of magnitude of the perturbations are determined. It is found that p, v/u,
and (u - a, ¥)! are all of order Re-}/s, Finally, to complete the formulation the form of the pressure up-
stream must be introduced. We have

p~-¢c°(-x)'/‘ as "—"-»o, R—;’.‘m-° 0 (11)

Rewritten in "inner'" variables this becomes p~ -¢ <, R/ (-Re’/' x)'/z , and for matching with a term of
order Re"}/* in the interaction solution it becomes necessary that ¢ = O(Re"1/1%); we choose

€ £ Re-I/1¢ (12)
Thus in the sublayer x = O(e®) and ¥ = Ofe?).

The sublayer problem, for € — 0 with x/€® and §/€? fixed, is formulated in the manner described,
for example, in Refs. 12, 13, and 14:

Tix,.¥ie)met ¢*x*y*) + - - (13)
p(x,Vie)~et p*ix*) + ... (14)
where o
*x _ X * _
x —-E-;- y' = {1 (15)
and
ay* 82 y* ay* 92y’ dp*  83y*
e R =l - R ae)
*, % B_‘E; *
¢ (x ,0) = v (x,0)=0 (17)
8% & 4 *
3‘3‘;()( Y )~ oay x¥ — . (18)
*
g—%; x*,y*) ~ary* + a, Gix*) y*— o (19)
® % . _gR
G (x*) + Hix*y e %12 = - % = /eI il Bleo (-7 4 (20)
-00

x* - ¢

where H(x*) is the step funcrdon defined by H(x*) = 0 for x* <0 and H(x*) = 1 for x* > 1, and

S R S L S : G'x*) ~-cox* |, x* =i 1)
Presumably a velocity profile for the backflow as x* — « is also needed as an initial condition to supple-
ment the initial condition (18), A possible choice for this condition will be discussed below. Assuming
that some such condition can be chosen, we expect that the solution to the interaction problem will provide
some kind of information which helps toward the determination of a proper choice for the external-flow
parameters. The constant c, ir (21) is the only free parameter appearing in the problem formulation, and
should probably be regarded as unknown. Although no proof can be given, one might conjecture that a
solution to the interaction problem may exist for only a single value of ¢, and that the solution therefore
provides a condition which determines ¢, .

A numerical solution of the system given by (16) through (21), with the supplemental initial condition
for the backflow, might perhaps be started by guessing a plausible form for the pressure perturbation
p*(x*). If an initial velocity profile for the backflow is specified at a large positive value of x*, it should
be possible to determine the flow below the line along which u = 8¢*/8y* = 0 by integrating in the direction
of the backflow, for decreasing values of x*, The form of the line u = 0 would be found from this calcula-
tion, and the calculated values of y* along u = 0 would provide an assumed boundary condition for the
forward-moving flow above this line, One might then integrate in the forward direction from a large
negative value of x* and thus obtain an estimate for the function G(x*). Eq. (20) can then be inverted tc
give a new function p*(x*), which is to be compared with the assumed p*(x*), so that an improved estimate
can be made.

The backflow

Downstream of separation the form of the free streamline is obtained by integrating the streamline
slope v obtained from (1) for arg z— 0. One finds y ~% ¢ cox’/‘ +¥ c1x*®?. For Re = w, or €= 0, this is
the equation of a vortex sheet across which the velocity is discontinuous. For Re <w and ¢ >0, the
vorticity is large but not infinite, and the change in velocity occurs across a free shear layer of small
but nonzero thickness. The separation streamline w = 0 will be defined by y = Y (x;€), where

Y(x;e)-v%eco x’h+% <:|x’/Z (22)
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for € =0, x— 0, and x* =@ . To describe the flow in the free shear layer, we define
Q = Re!/ (y-Y)

such that nb 0 at y 0. For mo-t of the laye: the velocity of each fluid element is nearly unchanged, so
that$~¢o(y) withu~a, ¥ as y-'O

As for the flow upstream of separation, viscous forces cannot be neglected very close to w 0.
Therefore we expect that a solution of the bounduy layer equations is required in a thin sublayer for
small values of y, satisfying the condition u ~a, y as the sublayer coordinate becomes large. We take

ToxtPrm ,  n=yh (23)

where F(n) satisfies
2 -%FF"w;-F'z:O (24)
F(0)=0, F"(@)=a;, F'(-ew)=0 25)

The condition for n — - 0 assumes that in the limit the flow below the free shear layer has velocity which
approaches zero faster than x!/,

Since Re"/z x'/’ << Y(x;€¢) for x >> Re"/'. the thickness of this viscous sublayer is much smaller
than the distance from the wall to the separation streamline, It follows, as can be shown by a more care-
ful asymptotic formulation, that most of the separated flow is described approximately by inviscid-flow
equations. The backflow below \b \)lt supply at least enough mass for entrainment in the separated
shear layer, which is equal to Re-!/ z YF(-w)|. Sychevls assumed that the backflow supplies exactly
this amount of mass, and explored lhe consequences of this assumption in detail. Messiter and Enlow
briefly suggested the same possibility; thi : auumption has been used in other separation problems by
Stewartson and Williams!? and by Kiemp and Acrivos.“~ Sychev's results for p + iv~iec, 2!t are
summariz.d below and exte..ded to include the effect of the term i c; z*/ in pt+iv.

If Y(x) has the form given in (22), a solution for the backflow which provides exactly the mass re-
quired for entrainment is

u~Re 12 2/ F(-) {% €c, x4 % o x’lz}-l (26)

The Bernoulli equation gives the corresponding pressure:
P~ - % Re™! x¢* F? (-w){-zi €cgy Ny % clxslz}-z 27)

This provides a very small accelerating pressure gradient for the backflow, and for the forward-moving
fluid in the separated al\ear layer the pressure gradient remains adverse. The viscous forces acting on
the fluid very close to Y = 0 give an acceleration in the poaitive x-direction to a small amount of mass
which must be supplied from below. A weak preuure field is set up which provxdes the needed backflow.
For x/€ — o and x — 0, (27) gives p = O(Re '"/’) implying terms of order Re~! at a distance x = O(1).
For x/€ — 0, (27) becomes p = O(Re"'/*x* 5/’) and this represents the first term of an expansion of the
solution (14) as x* — .

The solution given by (26) does not satisfy the no-slip condition at y = 0, and so a "backward
boundary layer'" is also required. The "external-flow" velocity seen by this boundary layer is given by
(26). The thickness of the layer varies from O(Re"/‘) when x = O(1) to O(Re""/') vhen x = O(Re"").
Finally, the perturbations in the shear-layer flow above the sublayer about 9 = 0 can be obtained in a form
similar to the solutions given by (5) and (9) for the flow upstream of separation. Again the first effect to
appear is a displacement effect due to acceleration of fluid in the sublayer.

3. DISCUSSION

In the preceding section it is assumed that for steady two-dimensional laminar flow past a bluff
body at high Reynolds number a correct local solution near separation can be obtained if the pressure is
taken to be approximately constant just downstream of separation. A sketch summarizing some general
features of the asymptotic flow model is shown in Fig. 1. Certain aspects of the proposed model seem
quite promising, but the model is clearly far from complete, The results do appear to be self-consistent,
in the sense that formal asymptotic matching appears possible among the various parts of the solution.
The pressure distribution has the correct general form, in that separation follows after a small pressure
rise which occurs over a small distance. Furthermore, the possibility that various quantities may change
very slowly with Reynolds number seems to be in agreement with existing experimental and numerical
results. On the other hand, the existence of a solution to the interaction problem as posed has not yet
been demonstrated, and some other uncertainties arise due to lack of knowledge of the flow in the wake.
Several constants are undetermined, and the observed low value of base pressure has not been explained.
Finally, the assumption about the nature of the backflow has not been properly justified.
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In order to proceed further, it appears necessary to study the complete wake. For a bluff body
such as a circular cylinder at a Reynolds number of about 10¢ or 10°, the boundary layer at the body
surface is laminar at separation. The separated thin shear layer is unstable and the flow becomes un-
steady somewhat downstream of separation. A realistic attempt at predicting the flow close to the body
must take this unsteadiness into account. However, it also seems important to study the flow which would
exist at very large Reynolds number in the absence of instability, both for a better general understanding
of solutions to the Navier-Stokes equations and as a step toward understanding the actual nonsteady flow.

We will assume that the steady-state solution to the Navier-Stokes equations for flow past a circular
cylinder gives a nonzero value for the drag coefficient Cp in the limit as the Reynolds number tends to
infinity. Certain consequences then seem to follow rather directly. The assumption that Cp — 0 is based
on the belief that in the limit the pressures on the back of the cylinder are not likely to be large enough to
cancel the pressures on the front part of the cylinder so as to give Cp = 0. The drag can also be expressed
in terms of a momentum deficit in the wake at large distances from the body. If we tentatively assume a
constant-pressure wake, each of the free shear layers is described by a similarity solution, with the non-
dimensional thickness of each layer growing as (x/Re)'”2, The momentum loss of the fluid entrained from
the external potential flow is of order one when x = O(Re); this order of magnitude would remain the same
even if the pressure were allowed to vary throughout the wake, Roshkol0 and Sychev11 therefore postulated
a closed wake of length proportional to Reynolds number. A free-streamline solution is presumed to des-
cribe the flow for x << Re, with the distance between the free streamlines taken to grow as x'/% for
l <<x << Re. A matching of solutions for x = O(l) and x = O(Re) then implies a maximum wake thickness
of order Re!/t, The two shear layers therefore merge at a large dis:ance behind the body. The fluid in
the inner parts of the layers is turned back toward the body, and the fluid outside the separation stream-
lines continues downstream in a layer having thickness of order one. The nondimensional momentum
deficit in this layer extending downstream along the center line remains constant and equals the drag co-

efficient of the body.

It is at this stage that the consequences of the assumptions become quite difficult to understand.
The fluid which is turned back near the wake stagnation point is acted upon primarily by pressure forces,
in a region having dimensions of order one, so that locally the Bernoulli equation can be applied for each
fluid element. Since the significant pressure gradients are confined to this region, it follows that the
maugnitude of the velocity for each element just after the turning is equal to the value just before the turning.
This statement can be written more formally as an asymptotic matching condition which provides an initial
condition for the backflow within a distance of order one from the center line. In particular, if the pressure
is assumed constant everywhere in the wake except near the wake stagnation point, the fluid velocity is
small except in the shear layers and near the center line, and the similarity solution for the shear layers
gives the velocity at = 0 asu = 0,587,

If we continue tentatively to assume a constant-pressure wake, we have a jet-like backflow along
the center line, with the neighboring fluid at rest. The momentum flux remains constant as the fluid moves
from the wake stagnation point toward the body. The mass flux increases and the velocity decreases, but
the velocity remains of order one in an asymptotic sense, although it may be numerically small. This
fluid must again be turned, in the neighborhood of the body, primarily by pressure forces., The pressure
coefficient cp = (P - Ew)/(% pU%) along the back part of the body would remain of order one and positive,
although numerically small. For example, if the velocity were to decrease by 50% between the wake
stagnation point and the body, its value might be about 0.3, corresponding to a pressure coefficient of
about 0.1 as compared with a pressure coefficient 1,0 at the forward stagnation point on the body.

It does not seem that this conclusion is necessarily inconsistent with experimental and numerical
results, since these results are not available for really high Reynolds number. For example, Roshkof
gave one set of data which clearly showed that measured pressures were strongly influenced by wake
unsteadiness, and therefore do not at all correspond to a steady-state flow, For a circular cylinder with
2Re = 2U,/v = 14,000 the pressure coefficients on the back of the body with and without a splitter plate
were, respectively, about -0,5 and -1.0.

After the backward-moving fluid in the jet-like layer along the center line is turned so as to move
again in the forward direction, it still has velocity of order one and occupies a layer having thickness of
order one, adjacent to the assumed thin shear layer along the separation streamline. Thus for the initial
development of the free shear layers there appears to be a small but nonzero velocity in the adjacent wake
fluid, so that the tentatively assumed similarity solution is not exactly correct,

These considerations of course carry implications for the flow clore to the separation point. The
fluid moving along the back of the cylinder provides more mass than is needed for entrainment in the thin
shear layers, and must encounter an increasing pressure if it is to be turned so as to move again in the
forward direction. The boundary layer at the cylinder surface then has an adverse pressure gradient and
is expected tn separate long before reaching the separation point assumed for the boundary layer on the
front of the cylinder. The assumption of nearly constant pressure used in the preceding section can still
be correct, provided only that the leading term of the complex velocity is given by (1) for ¢ -0 and z — 0.
We require only that the per}urbaﬁon pressure p be of smaller order of magnitude than the streamline
slope, so that |p| <<ec, x4 ¢ x” . The assumption that the backflow provides exactly enough mass
leads to the very small downstream pressure given by (27). The actual p could be considerably larger in
magnitude and still be consistent with (1),
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Several hints can be found in the literature as to what kind of modification might be considered for
the flow just downstream of separation. Stewartson? suggested a form of solution containing an essential
singularity and noted that infinitely many such solutions might exist. For low Reynolds number, Moffatt2!
obtained solutions to the Stokes equations for flow near an interior corner which showed an infinite sequence
of vortices. Secondary eddies also appeared in the numerical solutions obtained by Burggraf. 22

A possibility here is to add an infinite series of terms to the complex velocity in the external flow,
with qualitative properties which might correspond to an infinite sequence of vortices in the flow below the
separation streamline. These terms should decay in some reasonable way as arg z increases from zero,
and should satisfy the condition v -~ 0 as argz~—n, A function which has the desired properties is

UM e-iy/z'h

w(z) =ae (28)
_4eB0-m) 8 -yr-'fsine/2)
X {cos (yr/2 cos g) - isin (yr-'” cos g)} 29)

where r = |z|. @zargz2;a,p,Yarereal;andy >0, For8:=0, w= are'lﬁ",x‘3 e-iy/x'/‘. A wave length
Ax is found by setting y/x'% - y/(x+Ax)'/2 = 2n; it follows that Ax ~ (4n/y)x*/%, If @ increases from 0 to w
for a fixed value of r, the exponential factor decreases monotonically, and is very small for r << 1 and
Nr<<@&n. For @:=r, wis real and so satisfies the condition v = 0.

The oscillating form of w(z) for 8 — 0 implies a periodicity in the backflow, with eddies having
length (41r/y)x’/'. If we consider first €® << x <<¢, then the separation streamline is given by
Y(x)~3,-£ Co x’/‘. The height and length of the eddies would be of the same order if y = O(e~'). The
stream function for any one of the eddies would be described by Poisson's equation Yy, + ¢y, = w(Y),
where w = vorticity and possibly would be assumed constant for any particular eddy; the edytf;' presumably
would have irregular shape. The corresponding pressure might be represented in terms of Fourier
series, implying also an infinite series of terms in the complex velocity for the local external flow. Thus
infinitely many terms of the form 28) might be considered,

For €% << x <<g, |w(z)| remains small compared with elzl'/‘, the largest term in 51). provided that
a|z|p <<¢ Izl'h . Sincep = OfaxP) for argz —~+0, the velocity in the eddies is O(a'/z xP/%), Since

y = O(e x*P), the vorticity is Ofa'2 ¢~} x(B-3)/2_ jf the vorticity were assumed, for example, to be of

the same order of rnagnitude in all of the eddies, we would take = 3, For a = O(1), the pressure p = O(x3)
would remain very small in comparison with ¢ x" for €® <<x <<¢. The same form for w(z) might also
be assumed for € << x << |, or perhaps different forms should be anticipated for the two ranges of values
of x, In any case, the scale and velocity are such that a local Reynolds number for each individual eddy

is large, and so each cddy is described by inviscid-flow equations, except at its boundaries where thin
shear layers would have to be taken into account. All of these conjectures, of course, refer to possible
forms for the limiting steady-state solution. For an actual flow at a Reynolds number of 10* or 10%, it
might instead be necessary to study a nonsteady vortex shedding. If, however, the pressure were still to
remain nearly constant just downstream of separation, the complex velocity given by (1) would again
provide a correct description of the mean flow, with the unsteadiness affecting some of the unknown con-
stants rather than the form of the solution,

The main purpose of the speculation of this section was to suggest that the general form of the
local flow description proposed near separation does not seem to imply any specific model for the complete
wake. It is only necessary that the pressure be nearly constant, in a suitable asymptotic sense, immedi-
ately downstream of separation.
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DEPENDENCE OF LAMINAR SEPARATION ON HIGHER ORDER
BOUNDARY LAYER EFFECTS DUE TO TRANSVERSE CURVATURE,
DISPLACEMENT, VELOCITY SLIP AND TEMPERATURE JUMP

A. Wehrum
Institut fir Thermo- und Fluiddynamik
Ruhr-Universitit Bochum, FRG

SUMMARY

The laminar compressible higher order boundary layer along a circular cylinder in
axial parallel supersonic flow is studied according to the method of matched asymptotic
expansioms. Aweak constant mass flow is injected into the boundary layer through the
surface of the cylinder. The injected fluid is the same as in the outer supersonic flow.
As a consequence cof the homogenecus mass injection the first order boundary layer solu-
tion already leads to separation of the boundary layer within a finite distance from
the leading edge, first determined by Catherall, Stewartson and Williams (1965) for the

semiinfinite flat plate.

In a second order theory the influence of higher order boundary layer effects, such
as transverse curvature, displacement, velocity slip and temperature jump, on the wall
shear stress and the location of the separation point is studied. For determining the
nonviscous second order solution of the outer flow the operator method of wWard (1955)
has been used.

As numerical results show, transverse curvature and low density effects due to velo-
city slip and temperature jump at the wall increase the wall shear stress and therefore
lead to a downstream shifting of the separation point. Disnlacement effect increases
the wall shear stress near the leading edge. But further downstream there will be a de-
crease of wall shear stress due to the displacement effect, which leads to an upstream
shifting of the separation point.

Within these three different effects influencing the location of separation, the dis-
placement effect is the largest one, while the influence of low density effect may be
neglected in comparison with the other two effects.

NOMENCLATURE
C Chapman-Rubesin Y ratio of heat capacities
parameter defined by Eq. (7) € perturbation parameter defined
C¢ coefficient of the wall shear stress by Eq. (4)
defined by Eq. (8) n, £ nondimensional coordinates defined
cp specific heat capacity by Eq.(5)
A variable in Eq. (A12)
f, K modified Bessel functions, Eq.(A12) i nondimensional viscosity based on
v injected mass flow Eq. (6) the free stream value
p nondimensional static pressure Voo ztggzgtic viscosity of the free
SE = Moy cp/'(m' Prand Gl faumbeh p nondimensional density based on the
I, cylinder radius free stream value
Re Reynolds number T wall shear stress
defined by Eq. (4) " potential function Eq. (A10)
T nondimensional temperature K nondimensional heat conductivity
based on T_ based on the free stream value
Tb body temperature Subscripts
T, free stream temperature -
u_ axial free stream velocity undisturbed free stream
u nondimensional velocity component w fluid quantities at the wall
parallel to the wall based on U 1 first order
v nondimensional velocity component 2 second order
normal to the wall based on y_ S separation
W function defined by Eq. (A12)
X nondimensional axial coordinate b body
based on the cylinder radjius s
Yy nondimensional coordinate normal uperscripts
to the wall based on the cylinder o outer flows
radius » dimensional quantities

a, B coefficients in Eq.(A8) and (A9)

INTRODUCTION

In the following a laminar boundary layer with injection will be investigated. The
location of separation is defined as the point of zero skin friction (1t = O). There
are two different possibilities to cause separation, one due to adverse pressure
gradient and the other one due to injection into a constant main stream. It is

well known that in classical boundary layer theory a singularity occurs at the



separation point, but the mathematical character of this cingularity is completely
different in the two cases. Goldstein (1948) first studied the bahaviour of boundary
layer separation due to an adverse pressure gradient. He found the following asymptotic
formula for the wall shear stress close to separation

Ty ™ x'/2 (due to pressure gradient) (1)

where x is the upstream distance from the separation point.

As a typical example for flow separation caused by injection, Catherall, Stewartson

and Williamg (1965) investigated the boundary layer flow along a flat plate with constant
mass injection. For the asymptotic behaviour of the wall shear stress they found the
following formula

= 2
X
In x

T, v (due to injection) (2)

w

From this equation it follows immediately that the wall shear stress gradient with
respect to x at the separation point is zero in contrast to the first case, where this
gradient is infinite.

It is well known that the location of separation is independent of the Reynolds number
within the framework of classical Prandtl's boundary layer theory. But this is only an
approximation. The classical boundary layer theory gives only the first term of an
asymptotic expansion of the full solution of the Navier-Stokes equations for large
Reynolds numbers.

By using the method of matched asymptotic expansions, higher order terms can be cal-
culated which will yield corrections of the boundary layer soluticns for lower Reynolds
numbers. Within the analysis to obtain asymptotic solutions of the Navier-Stokes
equations for high Reynolds numbers the classical boundary layer theory can be considered
as the first order theory. The so-called second order boundary layer theory will take
into account the next terms of the asymptotic expansion of the solution. From second
order boundary layer theory the second order effects can be determined.

As a consequence of the expansion, the differential equations for the second order

terms are all linear. This means that the different second order effects can be separated.
Important second order effects are due to displacement, due to surface curvature and due
to low density effects such as velocity slip and temperature jump at the wall. Further
second order effects due to entropy and enthalpy gradients in the outer flow will not

be considered here.

ANALYSIS

The purpose of this paper is the investigation of the separation by the second order
boundary layer theory with the aim to determine the dependence of the location of
separation on the second order effects.

With respect to surface curvature, only the case of pure transverse curvature was of
interest. Therefore the supersonic flow along a semi-infinite circular cylinder with
homogeneous mass injection has been considered (see fig. 1). Only the flow outside
the cylinder is discussed.

Boundary layer calculations are singular perturbation problems. This leads to a divi-

sion of the solution into two parts, an inner part - the boundary layer or inner solution -
and an outer part or outer solution. For both solutions all flow variables are expanded

in the same manner as for example the axial velocity component u:

= 2
U=y, +¢eu, +0(e") (3)
with the perturbation parameter -1/2
= U, r
€ = Re 2 —5 (ro = cylinder radius) (4)

These expressions for the dependent variables are substituted into the Navier-Stokes
equations and then terms of the same powersof ¢ are ccllected. This leads to the
differential equations for the first and second order terms of the asymptotic solution
of the Navier-Stokes equations. Within the first and second order solution the outer
flow is inviscid and irrotational. The first order outer solution is just the constant
main flow. The second order outer flow is the solution of the linearized potential
equation, which has been solved by using the operator method described by Ward [6]
(see A2). From this solution only the pressure, velocity and temperature distribution
along the surface are needed for the second order boundary layer calculation as
boundary conditions at the outer edge of t)e boundary layer. Now only the solution of
the second order boundary layer will be discussed in detail because it contains the
information about the second order wall shear stress and hence about the location of
separation.

For calculations of compressible boundary layer it is convenient to use the Howarth
transformation which transforms the first order compressible boundary layer equation
for the flat plate into an incompressible form. The axial coordinate x can also be
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transformed into a more appropriate one. The following transformation formulas have
been used:

Y
o ]/ 1
E=m !- ’ ne= V] dy ,(5)
w¥ C € m.[ 1
where ﬁ1w is the injection parameter, defined by
0 10 1 Puw Vu
Mw"e™ "¢ p 0, - L)
[ J
w W
R (7)

is the so-called Chapman-Rubesin parameter. Because of constant mass flow injection
no self-similar solution will exist and therefore the systems of partial differential
equations have to be solved numerically even for the first order boundary layer
equations. (For the analysis see appendix A)

The wall shear stress is now expanded and written in a nondimensional form:

T (€) (&) [eg (E) (€] (8)
= = ¢ 4 c £) +ec, (E) + O(e")
o vl £ £10 £, £,

where C¢ is the wall shear stress of a flat plate without mass transfer:

1o u y
- ]/S i | _— <
cf1o € = (an )w € 0,3321V; {(9)
Myw-0
Ce 18 the first order wall shear stress for constant mass injection, normalized by Cg
1 10
du
(Fﬁl)w
C¢ (¢) = T (10)
! (=)«
an m1w-0
w

This function has been determined by Catherall, Stewartson and Williams [1].

C¢ contains the influence of the second order effects. Because of the expansion of the
vls%osity and the velocity u in the defining equation for the shear attell,cf consists

of two terms, one is related to the second order velocity u, and the other tg the second’
order viscosity Wy which is expressed by the temperature Tz. Therefore C¢ yields
2

3u T. au
2 2 1
(55—)w & T (an )w
Ce = (11)
2 Bu1
', =0
w

The first term in the brackets contains all second order effects, which are considered,
while the second vanishes if the temperature jump is neglected, because T is the diffe-
rence between the gas temperature at the wall and the body temperature Tb/T, = Tiw*

Due to the linearity of the differential equations of the second order boundary layer
(see A3) Cg can be split up into a sum of terms representing the individual second order

effects, 1.5. displacement effect (index D), curvature effect (index C) and low density
effect (index L), where velocity slip and temperature jump at the wall are combined. The
coordinate £_ of the location of vanishing wall shear stress is determined by +he con-
dition
ce () +e e, (E) +c, (E) +c. (E)]=0 (12)
£1 s fZD s fzc ] fZL s .

As the analysis shows (A2), an interaction term of displacement and transverse curvature
occurs, which vanishes if one of both goes to zero. Here this term was included into the
curvature term. This means always that Ce gives the displacement effect of the flat

plate and that the term Ce represents tﬁg difference between the flow along the circu-
lar cylinder and the flow Zsong the flat plate. The significance of each effect can also
be demonstrated by its contribution AEz to the second order location of the separation.

To show the contribution of each second order effect to the location of the second order
separation point, 5'(1+2), cthe solution of Eq.(12), is split up in the following manner:
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tgr t Ao is the solution of Eq.(12) without curvature and low density
= effects, i.e. the solution for the flat plate due to displace~
ment only. (E,s1 is the coordinate of the first order separation
point.)
£, + AL + Ag is the solution of Eq.(12) for the cylinder without low density
s 2D 2C
effects.
b1t Biap * Alye * AL = bg(h42) (=)
is the solution of Eq.(12) containing all second order effects, which are
considered.

NUMERICAL RESULTS

For the numerical calculations the following values for the characteristic parameters
of the flow problem have been choosen:

Prandtl number: Pr = 0.72
ratio of specific heats: y = 1.4

ratio of body temperature T
to free stream temperature: 0.1 < Tb < 4

Mach number: +2Z < Ma_ < 4

injection parameter: 0.5 < 61w <2
To illustrate the behaviour of the boundary layer near separation some shear stress
profiles across the boundary layer are shown from the first order solution close to
the separation point (Fig. 2). The curves show that the region of dominating shear
stress is drifting away from the wall without thickening itself. For comparison the
dotted line is drawn, which represents the shear stress distribution in a free shear
layer between a parallel free stream and fluid at rest. The resulting velocity and
shearstress profils in the interface hawbeen determined by Lock [4]. It is very likely
that in the separated free shear layer downstream of the separation point the same
shear stress profile as Lock has calculated will occur (fig. 3). This profile is almost
fully developed already a bit upstream of the separation point as the comparison of
the dotted line with the curve () in figure 2 shows.

The results for the second order boundary layer calculations start with Fig.(4). Here
the second order pressure distribution along the surface, induced by the first order
boundary layer displacement, is shown. The pressure is multiplied by the square root
of x because of the singularity at the leading edge. For the flat plate without mass
transfer (self-similar solution) the induced pressure at the wall is given by

T

Py, = P.
¥ 1= o0,9755)/¢ Ma, =2, £=1 .
(2 Um @

This formula 1s a horizontal line in the diagram. The deviation from this line is due
to curvature as well as due to mass transfer at the wall.

The combined solution of first and second order wall shear stress is given in Fig.(5)

for several values of the perturbation parameter ¢. The curves are drawn for the cylinder
as well as for the flat plate to show the influence of transverse curvature. The in-
fluence of the low density effect is so smallthatit eannot be distinguished in the diagram.
A comparison with the dotted line, which corresponds to the first order wall shear stress
determined by Catherall, Stewartson and Williams, shows an increase of the wall shear
stress near the leading edge and decrease in the neighbourhood of separation. The curva-
ture of the line for the combined first and second order wall shear stress has in the
vicinity of separation also another sign as that of the line for the first order wall
shear stress. The tendency of the line curvature is the same as in the case of separation
caused by an adverse pressure gradiert in the first order main flow.

The contribution of the individual second order effects to the location of the separation
point according to Eq.(13) is listed in the following table.

Ma_ = V2 ; TE =1

a) 61w =1
€ ts1 88 2p 6o 8oy £s(142)
10 3]0,863| -o0,162| 0,007 | 0,7+ 1074 0,708
1072 | 0,863| - 0,270] 0,023 10+ 1074 0,616
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b) LI 0.5

. Ca1 885p 882¢ 88,y Eg(142)
10°3]0,863| - 0,137 | 0,014 | 0,4 - 1074 0,740
1072 | 0,863 | - 0,236 | 0,039 5. 1074 0,666

This shows: a) displacement has the largest influence,

The
due

upstream shifting

b) curvature influence is rather small,
downstream shifting

c) 1low density effects can be neglected

increase of the curvature effect for decreasing injection parameter ﬁl (table b) is
Ve

to the following facts. The physical coordinate x_, of the first orde
the

separation point decreases for increasing injection parameter. The increase of the
boundary layer due to mass injection is weaker for increasing m,  and therefore the
transverse curvature etfect on the wall shear stress decreases.

In Fig. 6 and 7 the ratio of the distances from the leading edge of second order and
first order separation point is drawn as a function of the Reynolds number. The upstream

shifting is increased for decreasing Reynolds number, increasing wall temperature and

decreasing Mach number.

The last two diagrams (Fig. 8 and 9) illustrate the influence of transverse curvature

on the location of separation. Due to transverse curvature the separation point is
shifted downstream. This shifting is increased for decreasing Reynolds number,
decreasing Mach number and increasing body temperature.

The increase of the curvature effect for decreasing Mach number can be explained by
the fact, that the curvature term includes the interaction term of curvature and
displacement, and this term increases for decreasing Mach number.
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point is shifted downstream for decreasing injection ﬂ&rameter (x - const/m:_, see
also Eq.(5)). Moreover the entire mass injected from the leadlng ge down té
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Fig. 1: Geometry of the problem
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{ APPENDIX
Al1. Basic equations (see also Fig. 1)

x is the coordinate along the surface and y the coordinate perpendicular to the wall.
Both are nondimensionlized with the constant radius r,

The dimensionless basic equations written in cylindrical coordinates are:
(The reference values of the variablen are their corresponding free-stream values except

the pressure, which is refered to p, UZ. i.e. p = (p*- p_Vp, U2); r =y +1
equation of continuity:
%,—;(r pu)+g7(rpv)-0 (A1)
equation of motion:
. 22.-_2 2 & 123 v
LY Re 23x Wty 3y L 5_) Ty (ru 5
23 v
-3 3% v Iy + =) ]} (A2)
. Dv . _%pp .1 3 9 v, _ 2 du v
Yo PRET T YRR NI VIR MR
i o G EDy (A3)
equation of energy:
oL o (y= T )+ L (- « 2T
o pg = (y-1) Ma, (W o + ) * Re {Pr [ b %
13 2
) o o = Ad
+tay(r<3y)]*(v1)mwu¢) (nd4)
where the dissipation function ¢ is given by
2 2 2
3u A u _ 2 ¢3u  3v Vv
equation of state
1 +y Mai P=pT (A6)
and a linear function for viscosity and heat conductivity
yu=x=CT . (A7)

The parameters are:

Reynolds number Re = —2
\’O
Uy, €
Prandtl number Pr = _E__B
a0
constant specific
heat capacity cp
ratio of heat c
capacities Y = -
c
v
Chapman-Rubesin Pty
parameter C =
poo uﬂ)
The boundary conditions are:
at the wall y = O: u=u
(p v)w = constant
T = Tw

in the undisturbed free stream
X < O: u=1 ; T =1
v=0 ; p=0
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For velocity slip and temperature jump u and T  are given by [5]:

Ma
© 3u
uw = 1,255 B8 vy Re (s'y')w (A8)
T Ma
b 2 -a Y ™
T, = 5 + 2,52 === ¥—+L{ 5 Re (ay)w (7n9)

a and B are accomodation coefficients, depending on the surface properties of the
material. They are put equal to one here [5].

The equations have to be solved approximately for large Reynolds numbers due to the
singular perturbation method of matched asymptotic expansion. The perturbation parameter

is € = Re” /2,

The Navier-Stokes equations and the dependent varizbles are expanded in powers series of

¢ (see Eq.(1)). These expressions are put into the equations (A1)-(29) and then collected
in powers of €.

A2. Outer solution

Assuming that since the disturbance of the free stream by the boundary layer displacement
is weak and therefore no shock wave at the leading edge exists,the linearized supersonic
potential equation hLas been applied for the outer flow. This yields the first order solu-
tion after matching with the free stream:

u?-1, v =0, =1, p?=0 .

The second order equations are composed in a potential equation, defined by %I— = ug and
2 o .
.03,

= 0 (A10)

2 1
- Mag = )Py teyy T T Ty Py

This equation has to be solved to get the unknown pressure distribution of the second
order outer solution. Using Ward's operator method to solve equation (A10), the pressure
at the wall is given by:

Q
sz[” = pztx, 0] = = "1“" Q) =

x
e (V5 (X, 0) - g S owl-Z — | vals, 0) as ) (A11)
MaZ - 1 YMaZ - 1) YMal - v
In this equation the velocity v9 (x,y = 0) is given by the first order boundary solution.
The function W(z) is given by wgrd [6] as:
]
-\z
W(z)s[ 5 ¢ Q z>0 (a12)
I K1(A) + I1(A)
(A) and I, ()\) are modified Bessel functions. For O < z < 2 (that means A >> 1) a Taylor

pansion f&r W is possible, and in this paper a something modified power series of sixth
order for W has been used. This polynomial represents the function W with sufficient
accuracy even for z > 2.

3 .02_21 3. 9 4 5 6

-d- 3 - =
Wz) =3 -F2z+3¢gz° -5zg2 +3zgz -0,015454 2z° + 0,003511 2 (A13)

A3. Inner solution

The following coordinates were used:

y
. X - 1
E=m1wV§ ‘ L c7cx]°1dy
(e}

(see also page 5-3, eq.(5)).

First order solution:
The first order equations are.
(equation of motion in x-direction combined with continuity eq.)

Y1, 1 [2 A | (]
+{§/E(cu,)dn-s)ﬁ—-7gu,—c—=o A14)
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energy equation:
2y n aT aT
L Al cupan-ert-tiu ot
Pr ;2 VI 14 1 n "2 1 3¢
(o]
du, 2
(A15)

- (-1 Ma? (=

together with the boundary conditions:
T

= = - o .b
£ >0, n=0: u1-0,T1--'I‘1w Tm-const

a = = 72 =
u1 (C: 0) =1 ’ T1 T1(£l 0) 1

+ ®g
n u1

Seccnd order solution:

Concerning the second order equations, a detailed analysis shows that for numerical
calculation it is necessary to solve the equations in terms of uy = u2/p2w, T = T2/p2w
etc., due to difficulties in numerical stability.

One gets for second order equatjon of motion, combined with first and second order
continuity equation: (f = pzw.‘;/m1w and f' = df/d¢)

23 3

3 n u 3u 3u
2 1 ' -
—2 + (5_[35 (€ u,) dn - §) 5n—2dn+(%£-§—2 3, dn *%Czu—zd"”sﬁl'
on
Ju du
1 2, - 1.1 FL= . -
RS R U R S S
o 3u
1 1 iy P2 s o B oD 1
3 (1 & 'f—) T] 3 £ {.é 3T (\11 p—;) dn + ?—‘é (u1 3;) dn } m +
= = 2 =
+1£p—zu au1_'1_23u1_3u1a_('1‘2)-
2 P 1 3¢ T 2 an an T
1 1 9 1
3/2 2 n Ju
& £ = 1
o {'1‘1 +j v, dn} 5 (A16)
m (o)
iw
energy equation:
2= = o =
3T n 3T 3 aT
1 2 1 3 2 1 2 1 9 2 1
i B AL S S 2R 5 LI ol Tl
3T du, 2
1 £ 1 1 21 1 5 _
+ {7 (1 -¢ f—) u; + 3 & u, 5T + (y=1) Ma_ ﬁ (5n—) } oPY
T T T 3T
1 3 2 £! s - D)
-—é{-éé—é(u1ﬁ)dn+-f—2(u1ﬁ)dn}a—n——-—(yﬂMa (1 Ef)u1T.I
3u, su 3T
2 2 1 - 2 1
-2((-1)MawT W+5g(u2+yMamu1)5£__
TN n n n
3 3u 9T
1 2 f! - 1 2 £ 1
EF{ZT dn+—f—/‘;u2dn+yMaé—g——dn+yMamf—Lu1dn)an
3/2 2 I BT
C g 1 G 1
o (=T, +.[ v, an) 5= (A17)
1w o
Boundary condition
The boundary conditions at the wall are
£>0, n=0: Uy = U,y T2=T2w C

Without velocity slip and temperature jump there is

Yoy = TZw

whereas in the other case, GZw and 'f‘zw are given by

=0

Ma au Ma Z-)T1

b o

= 1 T = o L
Uyy =3, T T (3n )w and T2w = a, C'—f_T.' (Bn )w

S Amn A St e

=2

i&?
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where a, and a, are defined by eq.(A8), (A9). The second order blowing velocity v,.,

occuring in the integrated continuity equation, has been determined by the assumption
of constant injected mass flow,

-] o . D
€ m, = m + ¢ Moy ™ Prw Viw + “"w Vou + Paw "1w)'" = const

it yields
Pow Paw .
Vaw = D1 w * ~ ;2_ ®w iA18)

At the outer edge of the boundary layer, the conditions are obtained from matching with
the outer solution:

£20, neer Gy6, nv e =uyE, 0/ p, () = -1
T,(6, n » @) = T3, 0)/py, (E) = (y=1) Ma’

The wall shear stress is given by Eq.(3) - (11).

Numerical procedure

The discretisation of the differential equations for the inner solution has been carried
out according to the Crank-Nicolson difference-scheme. For solution of the systems of
algebraic equations Gaussian algorithm has been used and the nonlinear first order equa-
tion of motion was solved by n-dimensional Newton iteration. The meshlengths of the grid
were Af = 0.02 and An = 0.2. The iterative process was stopped, when a relative accuracy

of 107% was reached.

The computing time on the cc .puter Telefunken TR 440 of the Ruhr-University Bochum was
less than 10 min, for one c.Jumplete solution.

The values of the parameters which have been kept constant are: Pr = 0,72; vy = 1,4;
C = 1. The accomodation coefficients of the slip velocity and temperature jump are
B =1, a =1 (see Eq. (A8), (A9)). The range of the remaining parameters is

0.1 < T,/T, < 4; /2 < Ma_ < 4; 0.5 <m < 2.
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EVALUATION OF SEVERAL APPROXIMATF MODELS FOR LAMINAR INCOMPRESSIBLE
SEPARATION BY COMPARISON WITH COMPLETE NAVIER-STOKES SOLUTIONS.

by

K.N. Ghia, U. Ghia
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SUMMARY

Several approximate mathematical models have been analyzed for studying laminar
separation for incompressible flow, for which the Navier-Stokes equations comprise an
exact mathematical model. Two model flow configurations have been used. The first con-
figuration considered consists of the flow in the boundary layer on a two-dimensional
semi-infinite slab with a vertical leading face and shoulders, with varying degree of
bluntness, forming an external corner on the body. The second flow configuration repre-
sents a class of two-dimensional bodies with an internal corner and a more pronounced
separation region; this configuration is used for only one approximate model so far.

Results obtained with the various approximate models are evaluated by comparison
with the corresponding Navier-Stokes solutions. All the models considered lead to im-
proved results as the Reynolds number is increased. Of particular significance is one
model which yields excellent agreement with Navier-Stokes solutions for separated flow
as well as for low Reynolds number flows. The inclusion of displacement effects has been
found to be most significant for the proper representation of the separated flow fields.

1. INTRODUCTION

An important characteristic of viscous flow past a solid body is the separation
phenomenon. Inspite of considerable success in dealing with laminar flow phenomena,
studies of separation for incompressible flows have been limited [Brown and Stewartson~].
With the advent of high-speed computers, Navier-Stokes solutions for flows with separa-
tion have now become feasible [Briley? and Leal3]. However, these solutions generally
require large computer time even for flat plate geometries. On the other hand, it has
been sufficiently demonstrated that, if inviscid-viscid interactio? is permitted, it
should be poszible to remove the Goldstein square-root singularity? at the separation
point and integrate the boundary-layer equations for separated flow. The present study
serves to further confirm this concept by verifying it with respect to some model pro-
blems with surface curvature. 1Inclusion of some second-order curvature terms is found
necessary when the surface curvature becomes large.

Recently, U. Ghia and Davia5 have determined the full Navier-Stokes solutions for
the first model problem used in the present study. Their study also provided solutions
using a simplified mathematical model which neglected the elliptic terms from the
vorticity equation but retained the complete elliptic stream function equation. This
simplified model correctly calculates the elliptic external inviscid flow, i.e., accounts
for the displacement effects and thereby yields results that agree remarkably well with
the Navier-Stokes solutions for cases with small separation bubbles imbedded in the
viscous region, This study gave further evidence that it should be possible to obtain
solutions using boundary-layer-type equations for a mildly separated flow if viscous-
inviscid interaction is considered. Werle and Bernstein® considered a further simplifi-
cation of this approximate model by neglecting, from the parabolized vorticity equation,
all terms arising due to the second-order curvature effects while maintaining the
tangential pressure gradient term to vary with normal distance. Briley and McDonald’
considered the interaction for laminar, transitional and turbulent, mildly separated flow
by calculating the displacement flow using a source-sink distribution approach. Dancey
and Pletcher8 have recently suggested the inclusion of interaction effects by using the
complete Bernoulli equation in the inviscid flow region.

All of these studies constitute approaches wherein the displacement thickness inter-
action is included by retaining the appropriate terms in the governing differential
equations. An alternative approach consists of including this interaction through
suitable modification of the boundary conditions. This involves the specification of the
boundary values for a flow quantity that is most sensitive to the separation phenomenon,
e.g., displacement thickness or surface vorticity.

Catherall and Mangler9 were the first to overcome the difficulty in the boundary-
layer equations at the separation singularity by prescribing the displacement thickness
instead of the inviscid pressure, and calculating the latter quantity as a part of the
solution. Klineberg and stegerl6 could remove the separation singularity by using a
model in which the inviscid-viscid interaction was accounted for by prescribing the wall

* This research is supported by the National Science Foundation under Grant No. GK-35514.
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shear. Later, Cartorn extensively studied both these approaches and concluded that, of
the two, the problem with prescribed displacement thickness is a better approach for
considering the necessary interaction. Carter arrived at this conclusion because the
numerical scheme with which he modeled the problem with prescribed wall shear resulted
in a discontinuity in the outer-edge velocity for the ZOIt-loparation region. It
appears, however, that this may not necessarily be a direct consequence of using pre-
scribed wall shear, but rather the effect of the numerical scheme employed. It is shown,
in the present work, that careful handling of the numerical procedure can eliminate

this discontinuity.

The goal of the present study is to approprintely represent and compute the separ-
ated flow field which can occur in flow configurations with large curvature of the body
surface, as the Reynolds number is increased. The Navier-Stokes equations, of course,
comprise an exact mathematical model for these flow problems with separation. But the
presentation here discusses several approximate models that can be derived from the full
Navier-Stokes equations. If an approximate model is such that it does not take into
account the viscous-inviscid interaction in the flow field, then it is obviously not
suitable for a separated flow calculation. The viscous-inviscid interaction may be
taken into consideration either by retaining in the approximate model those terms that
significantly account for this interaction or through suitable modification of the
boundary conditions for the problem. Both of these approaches have been irvestigated
in the present work.

The first problem considered consists of the flow past a class of two-dimensional
semi-infinite bodies with a vertical leading face and shoulders with varying degree of
bluntness (Fig. 1). In the limit of zero shoulder bluntness, the body reduces to a
semi-infinite rectangular slab of specified thickness. For certain values of the pro-
blem parameters, the flow encounters a finite region of separation which occurs shortly
after the flow negotiates the turn around the body shoulder. Four different approximate
models are evaluated and discussed with respect to these separated flow configurations.
This model problem also makes it possible to study the limitations on the boundary-layer
solutions due to the sharp shoulder that develops on the thick slab of vanishing
shoulder bluntness.

The second configuration studied is shown in Fig. 2 and represents the flow ove: a
class of bodies with a cylindrically shaped stagnation surface followed by a concave
corner, of varying roundedness, merging into a parabolic surface. Solutions are presented
for this flow configuration using the complete Navier-Stokes equations. An approximate
model that performs remarkably well for the first flow configuration is shown to, again,
almost reproduce the Navier-Stokes solutions for this new configuration. As a limiting
case, this second configuration can correspond to the flow past a circular cylinder;
some results are presented for this case also.

2. ANALYSIS

The Navier-Stokes equations constitute an exact mathematical model for the separated
flow problems of present interest. Therefore, these equations are developed first.
The development here is similar to the earlier work of U. Ghia and Davis5.

The nondimensional Navier-Stokes equations in terms of vorticity and stream function
for two-dimensional flow are

we + *y”x = *x“y = Uy * Uyy (1)
and Yy + *yy - -y . (2)
Here, the following nondimensionalization has been used.
£ * ut vt
[N

*- ’ u-—!— ’ U s = ’ v e

v U./v U- 6:

*

p _p. xt * t.

P= X = y = ¢t = . (3)

For the problems considered, it is more advantageous to formulate these equations
in a coordinate system (¢,n) obtained from the Cartesian coordinates by conformal trans-
formations. 1In the new coordinates, the body surface lies along one of the coordinate
surfaces, thus facilitating the specification of boundary conditions.

For a conformal transformation of the type

z = F(g) ’ (4)

where z = x + iy and ¢ = £ + in , the scale factors 51 and 52 are given as

dz
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It is found more convenient to work with a scale factor function H as defined
below, rather than with the scale factors themselves, such that

H-i—-l— 0 (6)
hy R

: )Thorefore, Egs. (1) and (2) can be written in terms of the conformal coordinates
£,n) as

v (7)

w + w

.1
an t Ve Y Vetn T ¥t T T Y

1
and Yon * Ve = - ;! w . (8)

Similarity forms are now introduced for the stream function and the vorticity.
Based on the corresponding inviscid flow in teyms of the (¢{,n) coordinates, the suitable
form for the stream function of the viscuus solution is taken to be

ve=£ flg,n) . (9)

Substitution of Eq, (9) into the stream function Eq. (8) leads to the following defini-
tion for the new vorticity function gl(g,n) as

w= - H? glE,n) $ (10)

Using Eqg. (10) in the vorticity Eq. (7) yields, afiter some algebra, the transformed
vorticity equation as

2 2

H H H + H H + H H

i g n_ &, EE L, N
Inn + (4 i + £+ £ fclgn + (E i + 2(__;!___ + H }y + 2 i (f + ¢ fa

H H
- _& & _ 2 - 1
fn(l + 2t g )1lg + (4 i 3 fE]gi + 9ee - 9 ;7 9y . (11)
The stream function Eq. (8) can now be written as
£ +% _+2f g (12)
nn Ee T F e *

In terms of the new stream function £(f,n), the velocity components u and v along
the ¢ and n directions, respectively, are obtained as

u = tH fn and Ve - H[EfE + £] . (13)

Equations (11) and (12) comprise the Navier-Stokes in terms of the new variables.
The boundary conditions needed for a unique solution of these equations are presented
next. At the surface of the solid body, the condition of zero slip requires that

£(g,n,) =0 and £ (En) =0 . (24)

At large normal distances from the body surface, the flow asymptotically approaches
the external inviscid flow so that the outer boundary conditions are expressed as

fn(E,-) +1 and g(g,=) - 0 3 (15)

The flow is assumed to be symmetric about the line & = 0; use of this condition in
the Navier-Stokes Egs. (11) and (12) leads to two equations for f and g valid at this

symmetry line.

Finally, as ¢ + », the Navier-Stokes Egs. (1l) and (12) have been shown to reduce
to

' ' H
g +fg -£ 1+ UM o Eyjgan0 (16)

[
"
and £ =g (17

where the primes denote differentation with respect to n. BSolution of Egs. (16) and (17)
provides the correct downstream boundary condition for the general Navier-Stokes

equations (11) and (12).

In the present study, several approximate flow models have also been studied. The
governing differential equations for these approximate models will be written first; the
boundary conditions given earlier will be stated once, for completeness, only after all
the models have been presented.
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Mathematical Models For Incompressible Separation

The hierarchy of approximations considered for separated incompressible boundary
layers leads to the following mathematical models:

a. Navier-Stokes Model

b. Parabolized-Vorticity Model

c. Parabolic Approximation Model

d. Parabolized-Vorticity Model without Curvature Effects
e. Boundary-Layer Model

Equations (11) and (12) comprise the Navier-Stokes model which is considered to
represent the separated flow problem in an exact manner. The approximate models listed
above are derived from these equations.

b. Parabolized-vVorticity Model

In this flow model, the stream function equation (12) is retained sompletely, but
the vorticity equation (11) is parabolized by dropping the terms 9 . Hence,
the governing differential equations become

2 2
H H +HH
qm+(4H—"+f+cflq +[-H5- 5 + H EE)+2 "(f+z£)
H H

- - -1

£ (1 + 2¢ H—")lq'fHH—‘- ¢f 1g, th (18)
2

and En t fee e "9 - (19)

c. Parabolic Approximation Model

Both the vorticity and the stream function equations are parabolized by dropping the

terms Iee + % 9 and fEE + % fC from Egs. (11) and (12), respectively. The reduced

vorticity equation retains in it the terms corresponding to curvature effects. Thus,
the parabolic approximation model is comprised of the following equations:

Hn 4 H z + H2 Hnn + H§§ Eﬂ
9on * [4 T tft sz]gn + [E ﬁ— + 2( H + i } + 2 i (f + ;fz)
H H g
- _& & _ -t
fn (1 + 2¢ g )1g + (4 i cfc)gc ;I (20)
and f =g 3 (21)

nn

d. Parabolized-Vorticity Model Without Curvature Effects

If the curvature terms are neglected in the parabolized vorticity equation (18),
while retaining the full stream function equation (19), the following mathematical
model is obtained:

£ £ 11+ 2¢ o8 £ It 22
qnn+lf+zclgn-n(+zﬂ—lg-cngc-n—f (22)

2
and £on * fez # F fE =g . (23)

As will be seen shortly, Eq. (22) has the form of boundary-layer equations; however,
the present dependent and independent variables and the scale factor function H are not
boundary-layer type variables. Also, the inviscid pressure gradient term [containing

€ Eil is not evaluated at the body surface, as in a conventional boundary-layer analysis.

e, Boundary-Layer Model

The nondimensionalization used in Eg. (3) is not suitable for a boundary-layer
analysis. For instance, the viscous length v/U_, is not an appropriate reference length
for nondimensionalizing the boundary-layer equations. Instead, if some length L is used
as the reference length, then the new nondimensional variables, denoted by (-) over them,
will be related to the present nondimensional variables as follows:

y=Revy , w=uw/Re , u=u r V=YV s P=Pp , H = L5 H '

YRe
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2 =3 Re , = /Re £t , n=/Re n , t = Re t where Re = uL/v . (24) :

The corresponding boundary-layer variables denoted by () over them, are obtained from
these new dimensionless variables through the following relations:

Ve ey ’ ; L) ;/C ’ ﬁ(E".\w) - ﬁ ' E - E ’ ;\ = ;lw + C?\ (25)
where ¢e=1//Re .

The boundary-layer assumptions can now be used in the full Navier-Stokes equations
written using the new nondimensional variables given in Eq. (24). This will lead to the
followi.g boundary-layexr vorticity and stream function equations in similarity-type
variables in general conformal coordinates:

3 33 SR G REg g ol e

and ?ii =g ] (27)

This form of the boundary-layer equations contains much more information than is
first apparent. For instance, substituting Eq. (27) into Eq. (26) leads to an eqguation
that can be analytically integrated once with respect to n. The arbitrary function of
integration will be a function of §{ only and can be determined by evaluating the result {

H-
in the outer inviscid flow region. This reveals that the quantity (1 + E ﬁil is

related to the inviscid pressure gradient. Further, if terms containing t-derivatives
are ignored, the equation reduces to the Falkner-Skan equation in similarity variables.
It is for this reason that the present formulation leads to a self-similar solution
along the stagnation line { =0 and as { » » where !E and g7 are known to vanish.

Boundary Conditions For Approximate Models b through d:

At the surface of the body, the no-slip condition states that,
W H f=90 ’ fn.o . (28)

Asymptotically far from the body surface, the external inviscid flow prevails and,
hence,

as n+e fn -1 ’ gs=20 5 (29)

at n=n

The symmetry of the flow about the line ¢ = 0 is used to provide the limiting
equations for vorticity and stream function valid at the symmetry line. In addition,
models b and d reguire a downstream boundary condition for the stream function variable;
this is provided by the solution of the limiting form of the stream function equation:

as £+ = 3 £'' - g (30)

wvhere the primes denote differentiation with respect to n. Model c does not require this
downstream boundary condition because it consists of totally parabolic equations only.

Boundary Conditions for Boundary-Layer Model e:

At the surface of the body, the no-slip condition states that
at ;-o :z-o ’ E;-O » (31)

At the outer edge of the boundary layer where the vorticity function approaches zero,

the following condition holds:

as n+ng : E -l , g=0 . (32)
The symmetry of the flow about the line ¢ = 0 is used to provide self-similar

equations for vorticity and stream function at the symmetry line:

g'-‘; + g; - f; g=0 and ?;; =g . (33)

3. NUMERICAL ANALYSIS

The numerical method used to solve the flow equations for the various approximate
models depends on the nature of the equations in the respective approximate model. Thus,
the alternating direction implicit (ADI) method is used if the eguation is of the elliptic
type in (¢,n) coordinates and a simple implicit scheme, with a backward difference for the
streamvise convective term, is used if the equation is of the parabolic type in (&,n)
coordigatel. The ADI method used in the present work is essentially as formulated by
Davisi< and has been discussed elsewhere [Refs. 5 and 12, among others]. Therefore, only
some important points are mentioned here; the variations needed in the method for use
with the present work are described thereafter.
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Since the inviscid flow conditions have to be matched as n + =, or, even for the_
boundary-layer type model where the outer boundary condition is imposed at n = n_ and n
is a large number, the accuracy of the calculations can be improved by using the follow~
ing dependent variable for the stream function

h=f-nq or h=%-7 c (34)

Now, as n + =« , the stream function f - n but the new atream function h approaches
a finite value,

Further, the analysis presented so far is for two-dimensional semi-infinite bodies
with an axis of symmetry. The region of computation for such bodies is the entire upper
half-plane. However, the choice of the orthogonal conformal coordinates (f,n) is such
that the surface of the body lies along n = constant and, in the (f,n) coordinates,
the computational domain is reduced to a quarter infinite plane., For the actual numeri-
cal calculations, the quarter infinite plane will require a large number of grid points
for any meaningful resolution. Hence, based on the asymptotic behavior of the flow
variables for large ¢ and n, the following transformation is used for the coordinates:

-1-2 4 A
S 1 T In(1 + A) and N c—_"—(—n__nw’— (35)

where the constants A and C are chosen such that the flow variables are regularly behaved
with respect to the S and N directions. 1In terms of the (S,N) variables, the computa-
tional region is reduced to a unit square.

Finally, it is seen that there are three n-boundary conditions for f and only one
n-boundary condition for g, even though a second-order differential equation in n is to
be solved for g also. A unique solution is therefore obtained using a superposition
technique by suitably combining the 'homogeneous' and 'particular' solutions of these
linear finite-difference equations.

The above discussion in this section pertains to obtaining numerical solutions for
unseparated flow. Certecin modifications become necessary when calculations are to be
made for separated flow. For instance, in the region of reversed flow, the implicit
marching method for parabolic equations needs to be modified in order to properly take
into consideration the direction of the flow, thereby requiring a field-sweep iterative
procedure. In this prccedure, the standard implicit marching technigque was used in the
region from the stagnation line at ¢ = 0 up to that location of ¢ (denoted as f{g) where
the coefficient of the streamwise convective term first undergoes a change in its sign.
The marching technique iterates upon the calculations performed at a given ¢-~line until
the solution at that £~line is completely converged; only thereafter do the calculations
proceed to the next {-line. 1In the region between the t-line denoted as fg and the line
at { + « where the Blasius self-similar flow prevails, only one iteration is performed
at each station, till all the stations are computed. The calculations then return to §
and the process is repeated in this sub-field, until a required convergence criterion
is satisfied. Also, in order to enhance computational stability in the reversed flow
region, the solution of the governing equations was obtained after including a time
derivative term in the vorticity egquation. Thus, the required converged results were
obtained as the asymptotic solution, for large time, using the time-dependent equation.

A final comment about the modifications needed for separated flow computations
concerns the case when the viscous-inviscid interaction is considered through specifica-
tion of proper surface vorticity. For this case, the boundary value problem for g
becomes simplified and the superposition technique needed earlier is no longer required.
The problem for the stream function becomes an initial value problem with both conditions
available at the body surface.

The mathematical analysis and the numerical procedures presented above have been
applied to compute solutions for separated flow past some two-dimensional bodies; the
results obtained are discussed in the following section.

4. DISCUSSION OF RESULTS FOR FLOW PAST A CLASS OF BODIES WITH A SHOULDER

The presentation so far has been quite general and is useful for a wide class of
two-dimensional flow problems. As an application, the model problem correspuading to
flow past a class of bodies with a shoulder, shown in Fig. l, is selected. For this
geometry, the new plane of coordinates (¢,n) using the conformal Schwarz-Christoffel
transformation is defined such that

1/2 U_ %
g% = [Re - 52] where Re = % —%— 0 (36)

This relation is used to provide the transformation function H for all the approxi-
mate models considered except for the boundary-layer model for which the corresponding
relation is

- .y 1/2
4. n-d . (37
dg
Integration of Eq. (36) yields

z= 1 e@ - ¢HY2 4 e sin"l /RO (38)
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while the integration of Eq. (37) leads to

. . .y 1/2 =

g = % {c(l - :2) + stn”? ) 0 (39)
Thus, n, and Re comprise the two parameters of the problem for all the approximate

models oxcop! the boundary-layer model for which the only parameter is

L n'//!= .
Finally, the scale factor function H can be defined using Eq. (5) for this geometry as

4 1

H = q (40)

(6 + n° - Re)° + 4 Re n*

For the boundary-layer model, this becomes

i - 1 . (41)
b} 2 2 -e
(% + n, = 1% + 4,
First, results were obtained for a non-separated case for which the exact Navier-
Stokes solutions were given by U. Ghia and Davis5. The parameters for this case are

Re = 161.5 , ng, = 10 so that ;w = 0.786, and correspond to a blunted body at moderate

Reynolds number. Figure 3 shows the surface vorticity function gy as well as the outer-
edge stream function (f - n)g for the Navier-Stokes as well as the approximate models.
The parabolized-vorticity moael almost reproduces the Navier-Stokes solution for this
case. The boundary-layer model leads to a solution that corresponds to the Hiemenz
solution at the stagnation point and monotically approaches the flat plite Blasius value
at downstream infinity, as it should. 1Inclusion of the curvature effec-s is seen to
improve the results in the stagnation region; this is seen clearly from the results
observed for g, with the parabolic approximation. Thus, the analysis leads to reasonable
results for the non-separated cases; its application to the separated flow cases is
discussed next.

The Navier-Stokes model and the parabolized-vorticity model (with or without
curvature effects) require no special treatment in the presence of separation because
the equations for these models directly inciude the viscous-inviscid interaction due to
displacement thickness effects. This interaction is not included in the equations for
the parabolic~-approximation model and the boundary-layer model. For these two models,
the displacement thickness interaction is accounted for by proper re-definition of the
boundary conditions [Egs. (28-29) or Eqgs. (31-32'). Without this interaction, the
sclution encounters a singularity at the separation point and fails to converge there-
after. This is clearly seen in Fig. 4 where the curves resulting from the parabolic-
approximation model and the boundary-layer model are not continued beyond (//Re = 1.0
for both cases presented.

It must first be recalled that, in the conventional boundary-layer approach, the
vorticity-stream function formulation involves prescribing £, = 1 at the outer edge of
the boundary layer where the vorticity function g = 0 at alR ¢ locations. Mathema-
tically, this states that

as n -+ ong : fn + 1 ' g=0 g (42)

For the geparated flow calculations, the boundary condition f -+ 1 as n + ne is
not accurate. Even for mildly separated flow, the inviscid-viscous"interaction must be
accounted for by proper inclusion of displacement effect. It has been observed (Refs. 1,
3, 10) that including this interaction by employing the interacted values of the invisciad
pressure gradient does not serve to remove the separation singularity from the boundary-
layer cquations. To confirm this for the present formulation, the boundary condition
that fn +1las n =+ ng was modified to use fn prescribed from the results of the

Navier-Stokes calculations. The results showea that, with such use of the interacted f
values, the separation singularity persists in the flow field and exhibits itself in "e
the form of algebraic decay of vorticity and stream function at various ¢ locations in
and aft of the separation region. This is because prescribing the interacted fn is

equivalent to specifying the interacted pressure gradient in the inviscid flow, 8o that
both the parabolic approximation and the boundary layer models lead to a singularity at
separation with this approach.

Instead of prescribing the outer edge velocity, it is equally possible to specify
the interacted stream function (f - n)g which includes the displacement interaction
more effectively. This leads to a computational procedure which will be referred to as
the inverse problem of prescribed stream function as described next,

The formulation that follows will pertain to the parabolic-approximation model. It
is equally valid for the boundary-layer model, when referred to the appropriate differ-
ential equations and boundary conditions, with the proper boundary-layer variables.

Prescribed Interacted Stream Function (f - n)g:

The governing differential equations remain unchanged, but the boundary conditions

T

il

R
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are now as follows:

At n=n, : £=0 , fn =0 3 n+n, : (f-n), specified , g=0 . (43)
For the separated flow configurations, results are obtained with the boundary-
layer model as well as the parabolic approximation model, using (f - n)e from the
corresponding Navier-Stokes solutions. The resulting distribution of the wall shear
function is showr in Fig. 5 for three typical blunted-shoulder configurations with
separation. For all three cases, the parabolized-vorticity model yields results that
are undistinguishable from the Navier-Stokes results. When curvature effects are dropped
from the parabolized-vorticity model, the resulting model tends to under-predict the
extent as well as the severity of the separation region. However, since curvature
effects become less significant with increasing Reynolds number, the results obtained
with this model lead to some improved agreement as the Reynolds number becomes large.
Thus, for Re = 161.5 with ny = 0.5 (Fig. 5a) this model shows significant deviation
in the stagnation region and up to the shoulder region and indicates that the flow
experiences no separation anywhere even though the Navier-Stokes solution shows a separated
flow region. As the Reynolds number is increased through 262 to 2000, the results
obtained with model d show better agreement in the region upstream of the shoulder;
some amount of negative wall shear function is predicted for the case with Re = 2000.
For the parabolic approximation model, which contains curvature effects in it, including
displacement interaction through prescribing the proper (f - n)_ does lead to regularly
behaved solutions near separation and reattachment, with no sign of the separation
singularity., As seen in Figures 5a-c, the parabolic approximation yields results that
are generally in better agreement with the Navier-Stokes solutions in the region up-
stream of the shoulder, confirming that curvature effects are most important in this
region. Also, the parabolic approximation is seen to over-predict the extent of separa-
tion but, again, as the Reynolds number is increased, the results of model ¢ show better
agreement with the Navier-Stokes solutions. Finally, model e is seen to be unable to
yield results for the large curvature configurations of Fig. 5a and b (%, = 0.039 and
0.093) but performs reasonably well for #, = 0.223.

Thus, these results demonstrate that the behavior of the approximate models can be
made regular if the inviscid-viscous interaction is treated appropriately. This is
also generally true for another inverse problem formulated by prescribing the inter-
acted value of the surface vorticity function 9"

Prescribed Interacted Vorticity Function gy:

In this formulation, the governing equations are again unchanged, but the boundary
conditions are now given as follows:

At n =, : £f=0 ' fn =0 . specified i n+ng : g-= o . (44)

These boundary conditions given in Eq. (44) clearly show that the boundary value
problem for the vorticity function is simplified and the superposition technique needed
earlier is no longer required. The problem for the stream function now becomes an
initial value problem with both conditions prescribed at n = Ny

The results obtained by prescribing the interacted g, for the separated flow con-
figurations are shown in Figs 6a-c. From the comparison shown for the outer-edge values
of the stream function, it is clear that prescribing the interacted wall shear does
serve to remove the separation singularity from the calculations. As Figs. 6a-c show,
the regults for (f - n), obtained with the parabolic approximation agree well with the
Navier-Stokes solutions, the agreement becoming better as the Reynolds number increases
from 161.5, through 262, to 2000. Using the boundary-layer model, the cazses with extreme
shouldur-curvature yielded meaningful solutions only in the region upstream of the
shoulder, However, when n_ is increased to 0.223, the boundary-layer results for (f - n)e
agree well with the Navier-Stokes solutions everywhere, includinrng the separation region.
Since the parabolized-vorticity models, with or without curvature effects (i.e., models
b and d), account for displacement interaction directly through the equations, the results
for these models should not be associated with whether g,, or (¢ - n), is prescribed.
Whereas the parabolized-vorticity model yields results tgat are almost identical to the
Navier-Stokes solutions, neglecting the curvature effects from this model leads to
(f - n)e values that differ significantly from the Navier-Stokes results, even for the
largest Reynolds number considered here. The hump in the curves for (f - n)e corresponds
to the growth of the displacement thickness in the separated flow region, since (f - n)g
is related to displacement thickness.

Before concluding the discussion on this inverse problem for separated flow calcu-
lations, it must be pointed out that the use of upwind differencing, for the cases
with g, prescribed, was first seen to cause a discontinuity in outer-fdge values of f
and (f - n). Similar observations have also been reported by carterll for separated
boundary-layer calculations for a flat plate with adverse pressure gradient. However,
it was believed, in the present work, that this difficulty has its origin in the numerical
procedure, at least for the case of Re = 2000 which is well within the realm of
boundary-layer theory. 1Indeed, careful choice of the time steps and the solution pro-
cedure did eliminate this discontinuity for the high Re cases. The results presented
here have been obtained using upwind differencing.



69

Results for fn.. Surface Pressure Py and Streamlines:

The behavior of the velocity function fn. at the edge of the viscous region is
shown in Pigs. 7a-c. It may appear, at first, that the £, results do not agree with
the Navier-Stokes solutions as well as the g, or the (f - ﬁ). result did. But thie is
not quite true if one recognizes that the scale used for f, 6 is several times larger
than that used for g, or (f ~ n)q in Figs. 5a-c or 6a-c. As seen in Pigs. 7a-c,
the function f = remains nearly constant, at its stagnation point value, until the
shoulder region“where it experiences a small decrease, followed by a rather rapid in-
crease in the region where the flow separates. Thereafter, f e decreases smoothly to
approach its asymptotic value of unity. This is in accordance” with what should be
expected physically when the flow negotiates the turn around the convex shoulder. Fur-
ther, the pressure drop in the separation region must be accompanied by some increase in
f"e' These changes in fn. become more significant as the Reynolds number increases,

and are most obvious in Fig. 7c where Re = 2000. Again, the parabolized-vorticity model
almost reproduces the Navier-S8tokes solutions. The parabolic approximation tends to
predict more prominant variations in £, in the shoulder region and the separation
region, whereas model 4 predicts rather” subdued variations in £, _ as compared to the
Navier-Stokes results. All the models perform better at the higg. Reynolds number of
2000, In fact, the boundary-layer model which fails in the presence of extreme curva-
tures (ny = 0.039) actually shows reasonable results for the separated flow case with

ny = 0.223, However, for ny = 0,093, the boundary-layer model yields fair results

vwhen g, is prescribed although it breaks down in the region downstream of the shoulder
when (Y - n), is prescribed. Also, it is observed that the flow in the separation
region and the post-separation region is better represented by gy - prescribed boundary
condition than by the (f - n). - prescribed boundary condition.

Figure 8 shows the pressure distribution on the surface of the blunt-shouldered
bodies under consideration. The surface pressure was determined by integrating the
tangential component of the momentum equation along the surface n = n,. For the cases
with sharper shoulders (i.e., small ny), it was also necessary to employ the normal
component of the momentum equation along the stagnation line ¢ = 0. For all three
separated flow cases discussed, the pressure experiences a severe drop in the region of
the shoulder (¢ = YRe). Thereafter, the pressure rises, causing separation of the
boundary layer. As the pressure approaches the free stream value further downstream,
the boundary layer reattaches to the body surface, resulting in a finite separation
bubble. All the models considered appear to yield good agreement with the Navier-
Stokes pressure results, except the boundary-layer model for the extreme curvature cases.

A good pictorial representation of the physical flow field is obtainable from the
streamline contours shown in Figs. 9a-c. A larger scale has been used along the
vertical axis than along the horizontal y-axis. This allows the vertical coordinate
x to be stretched in order to make the vertical extent of the separation region more
easily visible, It is seen that, the magnitude of the minimum value of y occurring inside
the separation bubble is larger for f,=0.039 than for ﬁw~0.093. Also, as the Reynolds
number increases, the separation bubble tends to get convected along the body surface,
so that its vertical extent diminishes while the bubble is elongated along the stream~
wise direction.

5. FURTHER EVALUATION OF PARABOLIZED~VORTICITY MODEL FOR LOW REYNOLDS NUMBER FLOWS

The parabolized-vorticity model of U. Ghia and Davils (represented as model b in
the present work) is seen to almost exactly reproduce the Navier-Stokes solutions for
the flow configurations considered thus far. This is recognized as being due to proper
inclusion of the displacement thickness effects in the flow. However, one may be also
inclined to partially attribute the success of this model to the high (and moderate)
Reynolds number flows discussed in the preceding sections. On the other hand, certain
geometrical configurations can lead to the occurrence of flow separation even at fairly
low Reynolds numbers; a familiar example is the flow past a circular cylinder. There-
fore, the parabolized-vorticity model was further tested with respect to the class of
bodies with a shoulder (Fig. 1) at low Reynolds number. These results serve to ascertain
the role of the flow Reynolds number in the success of this model which takes due
account of displacement effects.

Figure 10 shows a comparison of some typical results for the surface vorticity
function as determined from the Naviar-Stokes solutions and the parabolized-vorticity
model. The cases presented include body configurations with sharp shoulders (n, = 0.5)
as well as rounded shoulders (ny = 10,0). It is found that, even for these low Reynolds
numbers, the parabolized vorticity model leads to excellent agreement with the Navier-
Stokes results.

For the values of n, shown, the stagnation point vorticity function, determined
from the two solutions, Hifforl by a maximum of 3.5 percent for a range of Reynolds
numbers between 2.22 and 2000.0. This has the very significant implication that it is

not necessary to solve the complete Navier-Stokes equations in these studies; it is
possible to use a considerably simplified form, of the boundary-layer type, for the
vorticity equation. It is important to emphasize, however, that the success of the
simplified model depends greatly on the use of proper variables and suitable coordinates
for formulating the model. The parabolized-vorticity equation model is given some further
consideration in the next section by testing it with respect to a flow configuration
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that can encounter separation at fairly low Reynolds number and exhibits rather
severe separation for increasing value of the Reynolds number.

6. FLOW PAST A CLASS OF SEMI-INFINITE BODIES WITH CYLINDRICAL-SHAPED LEADING SURFACE

Next, the class of two-dimensional bodies shown typically by the curves of con~-
stant n in Fig. 2 are considered. 1In the limit of ny = 0, the body consists of a
cylinder with a semi-infinite flat plate at the rear. A sequence of simple conformal
transformations is used to provide the final form of the conformal transformation which
transforms th» corresponding inviscid flow problem to the stagnation flow problem. Thus,
the complete Navier-Stokes equations are solved using the transformed coordinate system
(£,n) defined by the equation

1 ‘2 C2 1/2
zZ = !- l!— ~ 2Re) + C(r - 2Re) ] (45)

where Re is the Reynolds number based on the radius of surface curvature at the nose of
the corresponding body with ny = 0. For the coordinate transformation given by
Eq. (45), the scale factor function H, defined in Eqs. (5-6), can be determined as

2,2
He = (62::5;:§§ié73 — (4s6)
where p? = ,}(ﬁiﬂ-z- - 2Re) + %—((5%"—2 = 2Re)2 : 5%31 12
e %(gzi_rﬁ - 2Pc) + %[(52;_“2 PPREN 5—2-}311/2
and T = (£%4n?) (tptna) - dReltp=ng) + (eP+n®)? - 2re(t?-n?) + 4re? . (M)

The transformation maps the body surface onto a coordinate surface, denoted as ny,
in the transformed plane. Also, the semi-infinite region in the Cartesian plane maps
‘to a quarter-infinite region in the (f,n) plane. In these new coordinates, it becomes
possible to accurately formulate all the boundary conditions for this flow problem,
including the condition at downstream infinity. The asymptotic solution at ¢ + = is,
again, the Blasius solution. The problem is characterized by two parameters - the
Reynolds number Re and the quantity ny which is related to the bluntness of the corner
on the body. The flow past the thin flat plate (Pe = 0, n,, = 0), the parabolic
cylinders (Re = 0, n, # 0) and the vertical wall (n, - =) can be obtained as special
cases of this flow problem; these were used as checﬁ cases for ascertaining the accuracy
of the formulation and the numerical calculations.

Figure 11 shows the surface vorticity function distribution g(t,ny,) for some
typical cases of this class of bodies. 1In Fig. lla, the case with N = 5, Re = 100
shows that the flow remains attached to the body surface everywhere. But as ny is
reduced to 1, i.e., the corner in the body is made considerably sharper, the flow
separates in the vicinity of the corner and exhibits a finite region of reversed flow
even for a Reynolds number of 50. The parabolized-vorticity equation model is seen
to reproduce the Navier-Stokes results for both cases of the new configuration also.
This flow configuration experiences a more enhanced separation as compared to the body
configuration with a shoulder, described earlier in the paper; the shouldered configura-
tion had experienced no separation at these low Reynolds numbers even for ny, = 0. The
use of fine resolution in certain critical regions of the flow field is appearing to be a
significant factor in obtaining numerical solutions for these severely separated flows.

The behavior of g(g,n,) for typical configurations with a sharp corner (ny, = 0)
is shown in Fig. 1llb. The parabolized-vorticity model appears to experience no
difficulty due to the presence of the sharp corner located at ¢ = 2/2Re along ny, = 0
in the present coordinates.

Flow Past Cylinders

Finally, it is recognized that, in the limit of ny = 0, the body shapes represented
in Fig. 2, for Re ¥ 0, consist of a cylinder with a semi-infinite flat plate emanating
from the rear-stagnation point on the cylinder. The downstream asymptotic boundary
condition for the Navier-Stokes equations corresponds, therefore, to the Blasius solution
for the flat plate flow. Clearly, removing the entire plate from the rear of the cylinder,
and appropriately modifying the downstream asymptotic boundary condition to now correspond
to the wake flow solution, yields the problem of symmetric flow past a cylinder. Thus,
the symmetric flow past a cylinder can be obtained in the present (f,n) coordinates
[Eq. (45)) by considering the geometries with ny, = 0, Re ¥ 0, and setting to zero the
vorticity function along the line of symmetry at the rear of the cylinder, i.e.,

g(g,0) = 0 for € > 2/2Re . (48)

This is an important flow problem that has been studied by a number of investigators
[for example, Refs. 13 and 14) using different approaches. It is believed that applica-
tion of the present general formulation of the analysis, the alternating direction
implicit numerical method and the parabolized-vorticity model for this flow problem
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provides a good test of the present techniques for separated flows with wakes. Some
preliminary results have been obtained and appear quite promising. Figure 12a shows a
computer-generated contour plot of the streamlines for the flow past a cylinder at Re = 3,
No separation is observed at this value of the Reynolds number. This result is in general
agreement with that obtained in Ref. 13, that, for flow past a cylinder, separation

first occurs at about Re = 2.875. Therefore, at Re = 3, even if separation has orcurred,
it is confined to an extremely small region near the rear of the cylinder and is being
missed in the finite difference calculations. It would be necessary to use a further
refined grid in the region near the rear of the cylinder in order to obtain finer reso-
lution of the numerical results. Figure 12b shows the correspording streamlino pattern,
at Re = 3, when the plate is re-inserted at the rear of the cylinder and the dowmstream
asymptotic boundary condition is restored to correspond to the Blasius solution. As
expected in unseparated flow, the streamlines at the rear of the cylinder are now dis-
placed outward, owing to the displacement thickness effects of the flat plate in the
viscous flow. Also, no separation is observed for this case because the presence of

the plate will tend to suppress the degree of separation.

7. CONCLUSION

It seems clear, from the results obtained, that boundary-layer-type models can
successfully predict separated flows if they take account of the interaction between
the boundary layer and the external inviscid flow. The displacement thickness effects
appear to be of greatest significance in treating the separation singularity. In the
several models studied, this interaction has been taken into consideration either
directly through the differential equations or indirectly by appropriate modification
of the boundary conditions for the viscous solutions.

Another useful direct approach to the problem would consist of simultaneous solution
of the boundary-layer flow and the inviscid flow, with suitable matching of the two
flow solutions. This would avoid solving the viscous flow equations in the outer
flow region. That such a procedure is possible is indicated by the success of the
parabolized-vorticity model with or without curvature effects. Efforts are presently
being made to pursue this conceprt further.
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NUMERICAL INVESTIGATION OF REGULAR LAMINAR
BOUNDARY LAYER SEPARATION

H. P. Horton"
Queen Mary College, Unfversity of London, Mile End Road, London EV 4NS.

SUMMARY

An accurate numerical procedure of the differential-difference type for the solution of the
incompressible laminar boundary layer equations is presented. The procedure is applicable to both direct
problems, in which the pressure distribution is prescribed, and inverse problems of the type in which the
wall shear is prescribed.

Some examples computed by this procedure show that, by prescribing the wall shear to be regular in
the vicinity of separation, the usual singularity at separation {s avoided. Results are also presented
in which downstream marching with prescribed wall shear has been continued to considerable distances
beyond separation, including an example in which both regular separation and re-attachment occur. In
other cases no solution to the inverse problem can be found beyond a short distance after separation, but
by smoothly joining a prescribed pressure distribution to that calculated in the inverse problem upstream,
it has been found possible to continue the computation as a direct problem. Questions of stability and
uniqueness of the solutions are discussed.

The accuracy of the approximate integral method of Lees and Reeves {s assessed on the basis of
comparisons with results computed by the present method.

PRINCIPAL NOTATION

f = non-dimensional stream function (Eq.4) x,y = Cartesian co-ordinates along and normal to
H = §*/0, shape parameter the body surface

L = characteristic length 8 = pressure gradient parameter (Eq.7)

R

= u_L/v, characteristic Reynolds number ¢* = displacement thickness (Eq.M)
e = scaled normal ordinate (Eq.3)

S = (32f/3n2)w , wall shear parameter
u, = characteristic velocity = momentum thickness (Eq.Ad)
u = velocity at outer edge of boundary layer = kinematic viscosity

= scaled streamwise ordinate (Eq.3)
= shear stress

e
u, v = velocity components along x,y

“ ™M < o 2

Subscripts and Superscripts
w conditions at the wall
! differentiation with respect to »

1. INTRODUCTION

It is well knownl'z that solutions of the equations governing the laminar, incompressible flow in

a two-dimensional boundary layer exhibit singular behaviour at the point of separation, where the wall
shear stress v, vanishes, when the problem is posed in the conventional way, such that streamwise
distribution o’ pressure is prescrihed (the 'direct problem'). The singuhri:y is such that 1, varies as

- x)1 near separation, where x is distance along the surface and suffix ‘s' denotes conditions at
separation The resulting infinity in dxy/dx is accompanied by an infinity in the slope dé*/dx of the
displacement surface. It has been found ?npossible to integrate the boundary layer equations through,
and downstream of, such a singular separation point.

Catherall and Mang]er3 showed numerically that regular separation, with no singularity, occurs
when the displacement thickness is prescribed to be a regular function of x, and 1t was furthermore shown
that the solution could be continued beyond separation by the usual downstream marching procedure.
However, in the reversed flow re?ion there was evidence of non-uniqueness of the solution, although it
appeared that al) possible solutions lay within quite small numerical limits of each other. It was
suggested that this non-uniqueness arose because the region of reversed flow should strictly be integrated
in the negative x-direction, with boundary conditions provided from downstream.

The problem solved by Catherall and Mangler is an example of what may be termed an 'inverse
problem', in which the distribution of some quantity other than the pressure is prescribed, whilst the
pressure distribution is treated as unknown. If the prescribed quantity is one which would become
singular at separation in a direct problem, then it may be expected that » regular distribution of this
quantity in an inverse problem may result in regular behaviour of all otrer quantities.

In addition to their fundamental interest, accurate solutions of inverse problems involvin
separation are of importance in providing a basis for comparison with approximate methods of solution of
separated flow problems. Also, it may be possible to use an inverse procedure locally near separation
when solving comglete problems involving interaction between a boundary layer with limited separation and
an outer potential flow.

* Lecturer



This paper is concerned mainly with obtaining ~ccurate solutions of inverse problems in which the
wall shear is the prescribed quantity. This type of in. rse prohlem is of particular convenience since
the points of separation and re-attachment are fixed .y the chosen distribution of 1,. Problems of this
type have been previously considered by Keller and Cebeci?, whose solutions did not, however, extend
beyond the point of separation, and by the present author?,

It will be assumed that the boundary layer equations provide a valid description oS separated
flows of boundary layer type, in which the thickness of the viscous layer remains of O(R,™2), where R, is
a characteristic Reynolds number.

Section 2 describes an accurate numerical method, of the differential-difference type, for solving
the incompressible boundary layer equations, applicable to both direct and inverse problems for attached
and separated flow. {This method was briefly described, and some early results presented, in Ref.5.)

Section 3 presents and discusses results computed by this method for a variety of examples
involving regular separation. These include cases with prescribed wall shear, some of which have been
continued into the separated region, and a case in which, after passing through regular senaration with
prescribed wall shear, the calculation was continued with prescribed pressure gradient. Additionally, a
more detailed study of separation is made for one case.

For comparison, results have been calculated for some_of the examples by the approximate integral
method of Lees and Reevesb, as modified by Klineberg and Lees/, The required re-formulation of this
method is given in the Appendix,

2. ANALYSIS

2.1 Governing Equations

The equations to be solved are the usual laminar boundary layer equations, namely
du

u u e 32u
Ua—x"v-a—y-- Uea—x—-ﬁ\)-a-y—!' . (]a)
W, WV
wxtay - O (1b)

The boundary conditions for flow over a fixed, impermeable surface are:-
u=v =0 wheny = 0 ;

U oo a8 y + = (2)

. Theeequations are now put into a form more suitable for numerical solution, by the application of
the Gortler® transformation. This has the advantages that the scaled boundary layer thickness is
generally almost constant, that the leading-edge singularity is suppressed, and that accurate series
solutions are available for comparative purposes.

New independent variables (¢,n) are introduced, defined by

e gr [Tl ex e (3)
= x')dx' , n = ———,
AR (2vu Le)}

where u, and L are respectively a reference velocity and length,
Additionally a non-dimensional stream function f is introduced, defined by

fran) = wixay)/ (2wle)? (4)
where y is the usual stream function, such that

u=3p/ay , v = -3y/ax,
Equations (la) and (1b) now become:-

f 32f af 2] _ , [3f 32 32f 3
Ferdiewo)- 807 - 5554 2
with boundary conditions
of of
f({,O) i 3; (CDO) =0 ; 3; ((n’) -1, (6)
Here g is the pressure gradient parameter defined by
du tu L du
- £ e 0 e
8(¢) 2 v, & 2 ol (7)
and the velocity components u and v are given by
u _af Vo v o\ af _1y.of
T N TR e E vl (e ”"ﬁ] ‘ )

When the right side of Eq.(5) vanishes, either at the boundary layer origin ¢ = O or when f is
independer'tt of ¢, this equation reduces to the well-known Falkner-Skan9 equation for the 'similar
solutions’'.
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In direct problems, 8(f) is given while the scaled wall shear stress S(£) = a’f/anzsc.og 1s one
of the important results of the calculation. On the other hand in inverse problems for which S(¢) is
given, the pressure gradient parameter g(f) is an unknown function whose value is determined to satisfy
the boundary conditions given by Eq.(6), together with

ZE 0 = se) . (9)

Thesekfour boundary conditions correctly determine the third-order equation, Eq.(5), when g(f) is treated
as unknown,

2.2 Accurate Numerical Solution by the Differential-Difference Method

The method used here to obmln numerical solutions to Eq.(5) 1s of the diffeﬁntial-difference
type originally devised by Hartree'”, and subsequently modified by Smith and Clutter'!!, The present
method is closely related to that of the latter authors, but an improved shooting procedure is used, and
the extension to the treatment of inverse problems is made.

The range of integration with respect to ¢ is divided into a suitable number of intervals, and
derivatives with respect to ¢ at each g-station are replaced by backward difference formulae. Then at
each station, marching downstream, the resulting third-order non-linear ordinary differential equation is
solved subject to the aprropriate boundary conditions.

2.2.1 The Difference Scheme

The first derivatives, with respect to &£, of f and 3f/an appearing 'n Eq.(5) are approximated by
either 3- or 4-point Lagrange backward difference formulae. For example, takfng a constant spacing &t
between successive g-stations, the derivative uf a function g at the strearmise position ¢, = n.§¢ may be
approximated in terms of g{t,), g(¢,.,) etc. by the 3-point formula

2 _ 39(&n) - 4g(E.. + zr\-Z)_ 2
3%“") . - + 0(sg2). (10)

(More general 3- and 4-point formulae for variable step length, used in the present program, may be found
in standard works.)

Making replacements of this type for both 3f/3¢ and 3/3£(3f/3n) in Eq.(5) leads to the third-order
ordinary equation for f, :-

" " I2 2 L) 3 ] 1 3 1] ) 'l L]
£ oof £, +8, (1-f, )+ "?E[ fo (3 fa-2fuy + 3 fus) = fuly fa-2fa, 47&-1)] =0,(01)
where primes denote differentiation with respect to n.
3
Putting E =?§-g , D=1+2E,
A 1 ; Ul
‘] 2 ‘g-E (-Zf,,-, + ?'fn-a) ] 02 = %% (Zf'l-l = ? fn—z ) ’
then £q.(11) becomes
(] (X 12 "2 ] []
£ DEE v B(1-F ) - 26F 4 20.F 4 20f =0, (11a)
] 2
the suffix 'n' being henceforth omitted.

Finally, for solution by the fourth-order Runge-Kutta method, Eq.(11a) is re-written as a system
of 3 first-order equations, viz,

£ o:ou,
[N}
(F, )0 =V, (12)
(F =)V = -D.fV - 5(1-U7) + 2E02 - 20V - 200 .

Eqs.(12) are solved at each successive g-station, using the values of " and 02 obtained from the solutions
at previous stations.

At the origin ¢ = 0, the terms depending upon £ vanish and the equation for similar sulutions
remains. For a sharp leading-edge, the calculation is started with g = 0 (giving the Blasius solution).
If the origin is a stagnation point, the calculation is started with g = 1 (giving the Hiemenz solution).

The first £-step is made using a 2-point difference scheme in place of the 3-point scheme, which is
then used for subsequent steps. Alternatively, the 4-point Scheme may be used for the third and
subsequent steps.

2.2.2 Numerical Solution of Eqs.(12) - Direct Problems

When g(g) is given, Egs.(12) have to be solved at each §-station subject to the boundary conditions.
Inner: f(0) =U(0) =0 ;
Outer: U+1 as n +» =

A shooting method is used, in which integration is carried out starting at n = 0 with an estimated

value for V() = S. The integration is then repeated iteratively until the outer boundary condition is
satisfied to suitable accuracy, using successively improved values for S obtained as follows.

ik P B e
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Let S, be the it iterate, and let suffix '=' denote values at a suitably large value of n, say n_.
Then, to firsl order,

au
Ua(Si47) = UalSg) + (Sy4q = Sy) )y -
We require U..(S“]) =1, so
S, =% s Uu3)
i+ i '(S'ITj'a'S')'1 .
To find 3U_/3S, a set of equations, obtained by differenttating Egs. (12) with respect to S, is
solved simultaneouSly with Eqs.(12).

Putting F] = af/aS , U] = 3U/aS, Vl = 3V/3S, we get

Fl = U] 0

Ui = v] 0

v; = - D(fv‘+ FIV) + 2(8 + ZE)UU] - 2.1 V] - 202 U] )
The relevant initial conditions are

F.‘(O) = U‘(O) =0 ; vl(O) =1 , (13a)

(13)

2.2.3 Numerical Solution of Eqs.(12) - Inverse Problems
When S(g) is given, Eqs.(12) have to be solved at each g-station subject to the over-determined
boundary conditions
Inner: f(0) = U(QQ) = 0, V(0O) = S ;
Quter: U » 1 as n » =,

Again, a shooting method is used, integration being started at n = 0 with an estimated value for 8.
In this case, g is improved iteratively until a solution satisfying the outer boundary condition is found.
Proceeding in a similar manner to that above, we find

1-U (Bi)
Biv) "8 * U A
Putting FZ = af/a g, U 2= U/ , 2 = 3V/38 , we have
F? = U?. ,
Uz = Vz 3 (14)
V2 z - D(fv2 + FZV) + 2(8 + ?.E)UU2 - 2¢]vz - 2‘2”2 -(1-v2),
with Fz(o) = UZ(O) = v2(0) =0 , (14a)

2.2.4 Further Remarks on the Numerical Procedure

The Newton iteration procedure described in the previous sections was originally used by Reshotko
and Beckwith12, and later by Klineberg!3, to obtain similar solutions of the boundary layer equations. In
the present application it is found that Eqs.(|2) are inherently unstable when solved as an initial value
problem starting at n = 0, in the sense that a small change in either S or B causes a very large change
in the value of U_. This instability becomes stronger as the length of the £-step is reduced, and at
some stage it becomes necessary to use double-precision arithmetic in order to obtain the required solution.
For valﬁs of §¢ < /25, it becomes impossible to obtain the required solution, as also found by Smith &

Clutter

The asymptotic outer bogndary condition U -+ 1 as n » = {s approximated by the conditions that
jv-u o] < 10°*" and Ul < 10" For attached flow, a value of n, = 6 is generally sufficiently
larje to ensure that both these conditions can be satisfied. For separated flow, n_ is increased if

necessary.

95 Fortran computer program used to ottain the solutions was based on the program developed by
Kiineberg'~® for the calculation of similar solutions.

3. COMPUTED EXAMPLES INVOLVING REGULAR SEPARATION

This section presents a selection of results computed by the present differential-difference
method. The integration step in the n-direction was 0. Zuin all cases, the discretisation error in u/ug
resulting from these integrations then being of order 10 The g-intervals used are indicated on the
figures, the corresponding discretisation errors being more difficult to establish, although applications
of h2-extrapolation, in addition to compi.risons of results using both 3-point and 4-point difference
schemes, indicate that such errors are generally less than 107 =

Calculations by the approximate method of Lees, Reeves and l(HnebergsJ(LRK method) as
re-formulated for application to problems with prescribed pressure or wall shear in the Appendix, are also

presented for most of the examples, for comparative purposes.

In addition, the series solution of GBrtlera, which is easily inverted for application to problems
with prescribed wall shear, has been computed for some of the cases. This provides a check on the
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accuracy of the difference calculations, in the initial part of the boundary layer, but because the series
is truncated at the fifth power of £, and because it has a finite radius of convergence, the series
solution generally diverges away from the difference method solution at some distance from the origin,

The distributions of wall shear have been chosen so that separation occurs at £ =1 (1.e, S =0
at ¢ = 1), except for Case III in which separation is approached asymptotically as ¢ + e, 1so the value
of wall shear at & = 0 has been taken to be such that g = 0 there in all cases.

3.1 Boundary Layers Approaching a Regular Separation Point

The three examples in this category as defined by
Case ! HEEE SB.(I =1 E)
Case II : S = SB.(I - c)';
Case II1 : S = SB.exp(-;) .
where Sg = 0.4696, the value of the scaled wall shear S for constant pressure (Blasius) flow.

Case I, with linearly-decreasing wall shear, has already been computed by Keller and Cebeci4 by a
finite-difference method, these results having already been compared with those of the present method in a
previous paper®, As shown in Fig.la, there is initially good agreement between the distributions of 8
computed using the present method, the LRK method and the series solution, but there is quite rapid
divergence of the latter as separation is approached. The distribution of shape parameter H computed by
the LRK method is however in good agreement with the present method, as shown in Fig,1b,

Similar remarks apply to the results for Case II, also shown in Figs., la and 1b, which has
incipient separation at £ = 1, and for Case l1I, shown in Figs. 2a and 2b, which tends exponentially
towards separation as £ + =, The Gortler series gives poor results near separation in the latter case,
as might be expected since ¢ tends to infinity there.

One feature common to these cases and all other cases with regular separation so far computed is
that dg/d¢ > 0 at separation according to the present methgd. so_that separation occurs in a weakenin?
adverse pressure gradient,  This condition implies that d“u /dx? > 0, which has been given by Prandt
(quoted by Smith and Clutter!l) as a requirement for the avo?dance of the singularity at separation,
Although this appears to be a necessary condition for regular separation, we shall later show that it is
not sufficient,

3.2 Cases Continued Beyond Separation with Prescribed Wall Shear

It was not originally expected that calculations by the present method could be continued beyond
the separation point, even in inverse problems with regular separation, and it was indeed found that Case |
could not be so continued,

However, some calculations with prescribed distributions of S in which the rate of decrease of S
beyond separation is smaller than in Case I, and in which S does not take large negative values, have been
continued well beyond the separation point. Three examples are presented here:-

Case IV : S =5 (1 - g}V - .52649¢);
B -kg -k
Cases V and VI : S =sp.[1-(0 - e%)/1 - e,
with k = 1,98256 for Case V ;
k = 1.73976 for Case VI.

The parabolic distribution of S prescribed in Case IV has zeros at ¢ = 1 and £ = 1.9, corresponding to
separation and re-attachment respectively, with a minimum value of S = -,05 at ¢ = 1.45, as shown in Fig.,3a.
This figure also shows the distribution of g computed by the present method, the LRK method and the Gortler
series. The calculated distributions of H are shown in Fig.3b, and a comparison is made in Fig.3: of the
computed variation of S with 8, compared with that for the Falkner-Skan similar solutions. The
computation by the present method passed smoothly through both points of zero wall shear. The Gortler
series agrees very well with the present method up to separation, but thereafter diverges rapidly, whilst
the LRK method predicts both H and g quite satisfactorily. The degree of departure from local similarity
is clearly shown in Fig.3c.

Cases V and VI have prescribed distributions of S which tend exponentially to S = - .075 and
- 0.100 respectively for large £. The boundary layers thus tend to the similar solutions corresponding to
these values of S, as £ » =, Now, as shown in Fig.3c, there are a pair of values of g for each such value
of S, suggesting that the solution to the non-similar problem may also not be unique. This lack of
uniqueness is not apparent in the results for Case V, shown in Figs. 4a and 4b, and there is good agreement
between the present and LRK methods. The solution tends to the similar solution with g = - 189, with a
shallow reversed flow region (H = 5).

However, in Case VI the lack of uniqueness becomes evident. The calculation by the present method
tends apparently towards the similar solution with g8 = - ,043, with a deep reversed flow region,although the
calculation was terminated well before this asymptotic condition was reached. On the other hand, the LRK
results diverge rapidly away from those of the present method for ¢ > 1.5, tending towards the other
similar solution with g = -,178, with a shallow reversed flow region, as shown in Figs. 5a and 5b.

It is shown in the Appendix that the LRK method has a singular point at H = 8.8 when used, as here,
to solve inverse prohlems, and therefore it would not be possible with that method to compute a case in
which H rises above this value, as it would have to in order to follow a solution of the type given by the
present method. Thus, in inverse problems the LRK method appears to be limited to cases with fairly
shallow reversed flow regions.
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The solution obtained by the present method is smooth and apparently free from singularities.
However, it was found that at ¢ = 1.7, the iteration process failed unless a good initial estimate for s
was provided. At the same time, it was found that at this position the variation in velocity ratio at
the boundary layer edge caused by unit change in the value of 8, ‘.e. al_/3s, suddenly changed sign from
that at the previous station, whilst the magnitude was very large in both cases. This suggests the
existence of either a zero or an infinity in aU_/3s in this vicinity. The implication of this is not
clear, although the existence of a branch point may be indicated.

3.3 Continuation beyond Separation with Prescribed Pressure

In some cases no solution to the inverse problem can be found beyond a short distance after
separation, By smoothly joining a prescribed distribution of g8 to that calculated upstream, it has been
found possible to continue the computation as a direct problenm.

As an example, results are presented in Fig.,6 for a case defined by :-

Case VII : S = SB.(I - £).() - 0.4¢) for ¢ < 1.16,
with g prescribed numerically for ¢ > 1,16 as shown in Fig.6b.
(8 = -0.1 for ¢ > 2,0)

There was no evidence of instability in this case, and it appears that, if continued sufficiently far, the
solution would tend towards the similar solution for g = -0.1. However, another example became
numerically unstable for large ¢, and the question of stability requires investigation.

3.4 Detailed Study of Separation

The question is now examined of whether a distribution of 8 which has been calculated to correspond
to a regular prescribed distribution of S leads to singular behaviour at separation, if it is then used as
the prescribed g distribution in a direct problem.

The distribution of g calculated in an inverse problem, Case IV above, was used as input (to §
significant figures) in a direct calculation, The result, as shown as Curve B of Fig.7a, was a
distribution of S which was identical to the original input, Curve A, up to the last g-station before
separation, but which then followed an entirely different, attached-flow path. Other calculations with
changes in the 5th significant figure in the input value of g at ¢ = 1 produced entirely different results
thereafter. But if g was treated as unknown at the separation point only, with S put to zero there, one
of two branches was subsequently followed depending upon the sign of the original estimate for S at ¢ = 1.
The lower branch follows the original input, Curve A, whilst the upper branch, Curve C, corresponds to
attached flow. These two branches are directly analogous to the upper and lower branches of the similar
solutions; however, the upper branch has a discontinuity in the slope of the displacement surface at
£ =1, as shown in Fig. 7b.

The separation point thus appears to be a critical, branch point in these circumstances. It
appears that the separation singularity will always occur, even if weakly, for cases with prescribed
pressure, and it is evident that the previously-mentioned condition that d’ue/dxi’ > 0 for regular
separation is not sufficient.

4. CONCLUSIONS

The above computations by the differential-difference method show clearly that a regular prescribed
distribution of wall shear leads to regular behaviour of all other variables, the usual singularity at
separation being suppressed,

The possibility of continuation of the integration beyond regular separation by downstream marching
has been demonstrated, using either prescribed wall shear or prescribed pressure, However, questions of
uniqueness and existence of the solutions require further investigation, particularly in view of the use of
a downstream marching procedure in a region containing reversed flow,

The integral method of Lees, Reeves and Klineberg has been shown to predict the integral properties
of the boundary layer to good accuracy, for attached flow and moderately-separated flow. However, the
occurrence of a singularity in the LRK method with prescribed wall shear has prevented evaluation of the
method for well-separated flow,
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APPENDIX
Approximate Solution by the Integral Method of Lees-Rees-Klineberg

This integral method for the approximate solution of the bogndary layer equations, for both
attached and separated flow, was originally used by Lees and Reeves® for the solution of shock wave/
boundary layer interactions in adiabatic flow. In that case, the momentum integral and moment-of-
momentum integral equations were solved together with a coupling equation linking the external, inviscid
flow with the boundary layer growth. This coupling equation is not required here, and instead either the
pressure gradient or the wall shear is specified. Since the method was applied in the transformed,
incompressible plane, the basic relations are directly applicable to incompressible problems.

Here, we show how the method may be applied in Gortler co-ordinates.

Al Integral Equatirns

The momentum integral and moment-of-momentum integral equations are obtained by multiplying Eq.(5)
by unity and f'(= u/ug) respectively, and then integrating with respect to n from n = 0 to a suitably

large value, n_ say. This leads to

zgg%m»,g(eu') = s, (A1)
_ de*
2 + 0"+ 20 =1, (A2)
LI nse, . st -
where A* = J (1-f )dn, o =J f (1-f )dn, o* =I f (1-f “)dn,
' 0 e 0 T 10,2 0 (A3)
f = u/ue s S = (f )n=0' l.l = ZJ (f )" dn.
(V)
Now we may relate these quantities to those used in the method of Lees and Reeves, viz.
[} §
9 0 u u u
#=-=—5 , where ¢* = L (V~—)dy, o = I —(1~—)dy ;
[3 A Up § o Ve Ve %
* w 6 u 2
J = -g-; = %— » where ¢* = J T(]‘%T)dy B
o e e
(A4)

©
[l

d ,u
o], - s
[,
26t (¢ du,2
R=FJ (a-y) dy = A*I] .
¢ ‘o

The inteyral quantities®, J, P and R are then taken to be functions of a single profile parameter ‘a’',
these functions being polynomial curve-fits calculated from similar soluﬁo?s of the boundary layer
equations. We use here the revised polynomials calculated by Klineberg'’s/ for adiabatic flow. Eqns.
(A1) and (A2) now become:-

2 (e P+ s 800 Jor = b (A5)
e PP e [es o =wa (A6)
with #=9%(2a), J =J(a), P =P(a) and R = R(a). (A7)

A2 Solution of Direc’. Problems by the Integral Method

When g(t) is given, Eqs.(A5) and (A6) may be re-arranged for step-by-step integration by, for
example, the Runge-Kutta method, to give:-

w ChRet-sfomg-a

i Sl A8

ok 208 53 - 9) d -
2

e L B0 - (o 2 (A9)

T BRTE
A series expansion is used to start the downstream integration from £ = 0.

Note that @®dJ/df-J) vanishes at the separation point (a = 0). This leads to singular behaviour
at separation when (&) is prescribed.
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A3 Solution of Inverse Problems by the Integral Method

i when S(g) is given, the solution may be obtained by eliminating g between Eqs.(A5) and (A6), to
give

2 %‘E[za - (140) %] cp-n) 4 - [ZPJ - (M)R] T S (R10)

This equation is then integrated in conjunction with the relation between P,a* and the given wall shear
distribution, Eq.(A4), viz.

P = 4% . (A1)

The most convenient method of solution is to firstly differentiate Eq.(A11) with respect to £, and to then
solve the resulting differential equation simultaneously with Eq.(A10). The equations to be solved are
then: -

2 DENEZE p[(zpa - (1R} a2 - Ju-l)]

E B = »
@ 2[.)(«-1) St Pl - (0w gg}] -g

R [(29.) - Ry a2 gy - 2 - %‘g)] T (A18)

As before, a series expansign is used to initiate the integration from £ = 0,

(A12)

The distribution of 8(f) may be obtained from the calculated distributions of a and a* using
either Eq.(AB) or Eq.(A9).

Eqs.(A12) and (A13) do not exhibit singular behaviour at the separation point, so the integration
can be continued through separation. However the denominator of Eq.(A12), which is a function of ‘'a’
alone, vanishes in the separated reaion when a = 0.327, corresponding to a value of H(=5*/6) = 8,8,
Hence, for prescribed S(£), a singularity occurs when H rises to this value, effectively terminating the
solution,

It may also be shown that, as a result of the vanishing of @dJ/d¥ - J) at separation, the value
of the local pressure gradient parameter i has the unique value of -0.068 at a point of regular separation,
where
du
82 e

= = 2
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SUMMARY

Laminar and turbulent separation bubbles are addressed for a wide range of geome-
tries using an implicit finite difference technique to solve the interacting boundary
layer equations. Solutions are presented for laminar compression ramps at M = 4 and 6,
wall temperature ranges, T'/To of 0.2 to 1.0 and angles of sweep (yaw) relatIve to the

mainstream of up to 60°. In addition, solutions for laminar flow over wavy walls with
multiple separation bubbles are given here for M, = 3. Application of the approach to
turbulent separated flows ahead of a compression ramp at M_ = 3 is also considered.

SYMBOLS
A eddy viscosity damping factor 8 presaure gradient parameter
Cf skin friction coefficient Y ratio of specific heats
= - y transverse intermittency function
Ce 223;£1°d Bkiln, Lriceion, Gaetfi r 1:ngitrdinll intermittency function
" viscosity
Cp specific heat s displacement thickness
d scale length for transition sinc incompressible displacement
process thickness
F normalized longitudinal velocity € eddy viscosity
in cross plane € momentum equation eddy viscosity
G normalized spanwise velocity . function
component 3 energy equation eddy viscosity
h time term multiplication factor fanction
Kl,xz eddy viscosity constants n transformed normal coordinate
. 0 static temperature ratio
: :2;::i;::d1::;::uity goetticient Oup angle of deflection of inviscid
M Mach number e :::;:mgin::rface
n distance normal to surface [ ]
N stretched normal distance eR ramp angle
P pressurs. A sweep (yaw) angle
Qw surface heat transfer (4 transformed longitudinal co-
ﬁ; normalized surface heat transfer ordinate in cross plane
o density
r, transverse radius of curvature 5 Prandtl nunber
Re_ Reynolds number based on free 9y turbulent Prandtl number
stream viscosity
Re Reynolds number based on refer-
ence viscosity Subscripts
: :2;£ace distance in cross plane & inviscid edge values
- free stream values
T static temperature
u viscous longitudinal velocity in 8 nggigg;u::me values
cross plane
] inviscid longitudinal velocity ref reference values
in cross plane
v transformed normal velocity Superscripts
w viscous spanwise velocity *
W inviscid spanwise velocity * time level tn
a; o Qdissipation coefficients of energy n time level t
’ equation

1. INTRODUCTION

The problem studied here is that of a laminar or turbulent supersonic boundary
layer separating and reattaching along an aerodynamic surface. In the cases studied,
separation is induced by the surface geometry itself when the boundary layer is forced
to negotiate a region of severe adverse pressure gradient, a situation typified by the
flow over a simple compression corner. T1n such a case the boundary layer strongly
interacts with the local mainstream to esvablish a surface pressure level significantly
different than that predicted from inviscic considerations alone. Thus, to obtain
meaningful solutions to this problem requires that one consider simultaneous solution
of the viscous and inviscid flow equations taking account of their coupling through a
representation of the interaction effect of one on the other.

—
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The: approach taken here employs the interacting boundary layer concept. The
governing equations for the viscous region are taken to be the classical boundary layer
equations except that the local inviscid properties driving these equations are deter-
mined through the deflection of inviscid streamlines passing over the displacement
body. This approach is not new, and in one form or another, has been employed by a
large number of investigators (see Ref. 1 for a review of the history of this problem)
and has been reasonably successful in providing quantitative estimates to the influence
of separation on the local surface properties. Recent asynptotic studies of the
laminar supersonic problem by Stewartson and Williams (Ref. 2) and Jenson, Burggraf and
Rizzetta (Ref. 3) has put this approach on a firmer analytical basis so that it now
appears that the "interacting boundary layer model" can be considered exact, at least
in the sense that for large Reynolds numher it retains all the principle contributors
from the compressible counterpart of the Navier Stokes equations.

It only remains then to seek an equally exact (but efficient) numerical method of
solving these governing equations and to demonstrate the applicability of such. The
ground work for such an effort has been laid by many previous investigators (see Refs. 4
through 8) who employed finite difference technigues for solving these types of problems
and the present paper reports on continued progress in this area. In the work presented
here, the numerical approach laid down by Werle and Vatsa (Ref. 9) and Bertke, S.D.,
Werle, M.J. and Polak, A. (Ref. 10) is applied to a broad range of separated flow situa-
tions to demonstrate the applicability of the solution technique.

The main feature of the numerical technique is its treatment of boundary conditions,
more specifically the downstream compatibility condition. Heretofore, the requirement
that the surface pressure level asymptotically approach the inviscid downstream pressure
level was satisfied through iteration on the flow state at the upstream extent of the
interaction region. 1In the new algorithm, the downstream conditions are imposed directly
and solutions obtained using an implicit alternating direction finite difference scheme,
leading to rapid accurate solutions of the separation problem.

In the present work, this numerical algorithm has been applied to both the laminar
and turbulent cases for supersonic flow (Mach numbers of 3-6) over the ramp geometry
given in Figure 1 for a wide range of wall temperature levels. Solution to the laminar
quasi-three dimensional case obtained by sweeping (yawing) the ramp geometry relative
to the mainstream direction is also presented. In addition, solutions for the case of
laminar flow over a wavy wall with multiple separation bubbles are also shown here.

2. GOVERNING EQUATIONS
2.1 General

In the present approach, the flow field is divided into two distinct regions. The
viscous region 1s taken to be governed by the boundary layer equations as driven by the
properties of the inviscid flow as it passes over the displacement body (the original
surface thickened by the displacement thickness). The inviscid properties can be
determined in any convenient and appropriate manner and for present purposes approximate
methods were found to be sufficient. Since such approximate inviscid models necessarily
depend on the geometry involved, it is difficult to present them in any generalized
statement. For this reason only the viscous equations are presented in detail in this
section and the presentation of the inviscid model is only discussed in general, the
details being deferred to that section dealing with application «of the present study
to a particular goemetry.

2.2 Viscous Equations

To anticipate application to laminar or turbulent compressible flow over two dimen-
sional, axisymmetric, or swept (yawed) configurations, the boundary layer equations
are presented here in a somewhat generalized form. Once the governing equations have
been nondimensionalized using a characteristic length, L, the free strsam velocity,
U_, the free stream density, p_, and a reference temperature, Tref = U /Cp, they are

scaled to remove the explicit Reynolds number dependence by stretching the velocity and
distance normal to the surface using

1/2
(T )
e [“_re_f_] i

The principle dependent variables are then normalized according to the scheme

F=uwu, , 6 = '1‘/'1‘e r G= W/We ' L = ou/p g (2)

where the subscript e refers to the inviscid flow values at the current location on the
surface and u represents the velocity along the surface in the normal plane depicted in
Figure 1, T is the static temperature, w is the velocity component normal to the cross
plane of Figure 1 and is non-zero only for swept (yawed) configurations, o is the density,
and u is the viscosity coefficient here calculated from Sutherlands law.
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The independent variables used in the cross plane are Levy-lees type (see Ref. 11)
and are given as

Y u. r 2as (3)
4 Pe'e “e %o
U r p N
and n =29 ,,aN
713 o
where N is the stretched coordinate given as
N=n /Re (4)

and s and n are the longitudinal and normal surface coordinates respectively. Note that
the superscript j is non zero here only for axisymmetric flows where j = 1 recovers the
correct relations. With thesc transformations the governing equations become

Continuity:

Vn + P+ 2C rz = 0 (4a)
Normal Plane Momentum Equation:
- 2

(et rn)n - vrn + g(e - F°) 2¢ rrc 0 (4b)

Energy Equation:

L =l 2 -
(;— °n)n VOn + ay ztrn +a, an 2t P °€ 0 (4c)
where o is the Prandtl number
Yaw Plane Momentum Equation:
(:.Gn)n - V6, - 2¢ FGE =0 (4d)

Note that the turbulent effects are completely contained in the eddy viscosity coeffi-

cients § and ¢ which are included here only in the normal plane equations because these
effects will only be considered for the two dimensional ca-e (zero yaw) in the present

study.

The additional inviscid parameters appearing in these relations are given as

g = 28 dUe (5a)
g, 3¢
2
ay = Ue/’l‘e (5b)
a, = Wg/Te = a tanz A (5¢)

Following the now rather standard approach (see Ref. 12) the turbulent eddy
viscosity parameters are defined here as

€= [1+ (5) r) (6a)
and 8= n @ g-'; (%) (6b)

where I is the turbulent Prandtl number here taken as 0.9, I is the longitudinal inter-
mittency function used to model the transition process, and (%) is the eddy viscosity

term. The longitudinal intermittency is taken as a function of surface distance only
and serves to describe the probability of turbulence at a given distance, s, assuming a
value of 0 for laminar flow and 1 for fully turbulent flow. For 0 < T < 1, the flow is

transitional and T has the form
-2
r =1 - exp(- 0,412 5 ) (7a)

vwhere - .
6= (8 ~ 'ti)/d (7b)

with s i taken as the position where transition begins and d provides the length scale
for théltransition process as
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(s) (7¢)

' d = (8) r=1/4

r=3/4 ~

! In practice the value of d is determined such that ©' = 0.995 at s = Beg v the end
of the transition zone.

The eddy viscosity, ¢, was modeled using the now standard two layer description
wherein an inner region is described in which

i
2
| N e pt  |3u
i (L) Re & |3n| (8a)
| where i =K, n[l - exp(- ;)] (8b)
with K1 = 0.4 and the damping constant A is given as
-1/2
- 26 v w u
A ;17!- o (p (an)w} (BC)
In the outer region, the eddy viscosity is taken as
o U ;6.
€y _ e e inc
(:) = K2 Re T —j— (9a)
e (X}
AT
where Sine =/ 1 - ) dn (9b)
o e

and ¥ is the transverse intermittency function given as

T=3[1- eretstn/n, - 0.70)] (9¢c)
and ne is defined as that position where F = u/Ue = 0.995.
Although the application of this eddy viscosity in regions of severe pressure
} gradient still causes some controversy (see Ref. 13 for example), space will not ke
taken here to address this point. Rather, this point will be considered in detail in
the later section where direct application of the method is considered.
The boundary conditions to be applied to this governing set of equations are
(a) the no slip condition
F(¢,0) = G(¢,0) = 0 (10a)
(b) the wall temperature condition, either a specified temperature
= Tw/Te (10b)

ale,0) = By

or the adiabatic condition

206,00 _ o (10¢)

an
(c) the zero injection condition
v(g,0) =0 (10d)
and the edge conditions

F-~+1
g -1 as n -+ (10e)
G-+ 1

Finally, the only remaining points of concern are the boundary layer properties
themselves. These are given as

{a) the displacement thickness (in the normal plane)

= s (1- 28 an =2 ;o5 - Fran (11a)
(o] pe e pe e O

(b} the skin friction coefficient (in the normal plane)

.- = j
Cg VR, = C, /Re_JRe = o uWir, zwfnw//IE:f (11b)
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(c) the surface heat transfer

Q, /Re_ = G/Re_/Re = o.u.U‘rojT.lwenw/clzu.c (11c)

2.3 Inviscid-Viscous Interaction Equations

As discussed above, the influence of the viscous flow on the inviscid flow properties
will be accounted for here through the displacement body concept. In all cases considered,
the inviscid fluid will be assumed to be flowing past that surface formed by adding the
displacement thickness to the original body contour.

Por estimating the inviscid flow properties over an arbitrary body shape in supersonic
flow, simple and well tested approximate methods seem appropriate. For two dimensional
flows, such models as linear theory, tangent wedge, or the unified tangent wedge laws
(see Ref. 14) all provide reasonable estimates of surface pressures on a body in the form
Pe = f(eT) vhere &, is the slope of the displacement body at a given station given as

das
OT - e. + a—.— (12)

|
f The :emainder of the edge flow properties along this displacement body streamline can be

’ reasonably estimated from isentropic flow theory. The more significant point is that the
{

local pressure gradient, dpe/dl, is given as

dp. 0 de,r
a.— = f F (13a)
which influences the governing viscous flow equations through the parameter g according
to the relation
- dp
R = i (13b)
Pe Yele %o

For the case of yawed (swept) bodies, the extension of linear theory or unified
tangent wedge theory is straightforward (see Ref. 15) and again leads to a relation of

the same form as that given in Eq. (13).

2.4 Upstream and Downstream Boundary Conditions

It is important to realize the nature of the problem at hand since it involves the
coupled solution of the viscous and inviscid equations. Based on the work of Neiland
(as discussed in Ref. 17), Garvine (Ref. 18), and Werle et al (Ref. 19) it is now clear
that the interaction problem (even without separation) is ill posed as an initial value
problem and should be addressed directly as a boundary value problem in the surface
coordinate direction. This calls for the direct specification of flow conditions at
both the upstream boundary and the downsiream extent of the interaction zone.

Conditions at the upstream boundary cause no problems and are conceptually gquite
straightforward for the problems of interest hera, all of which involve a flat surface
of significant length, ahead of the interaction zone. Thus it appears that all the
flow properties can be specified in detail at the initial station. This only remains
true so long as there is no region of strong interaction because as shown by Neiland
(Ref. 17), Garvine (Ref. 18), Werle et al (Ref. 19) and Hankey et al (Ref 20) such a
region has an impact to some degree on the solution at all stations preceeding it. It
is this property that is usually invoked (perhaps only tacitly) by most investigators to
initialize supersonic strong interaction solutions, for by slightly perturbing the
boundary layer equations off of the weak interaction solution, they are then found to
automatically proceed into a strong interaction type behavior (referred to as the branch-
ing behavior of the boundary layer equations). Closure on this approach is achieved by
iteration on the initial perturbe_.ion until a downstream compatibility condition is
achieved, this usually being a statement that at some point reasonably far aft of the
strong interaction zone, the weak interaction solution be recovered.

There is however a weakness in such an initial value approach. Garvine (Ref. 18)
followed by Werle and Vatsa (Ref. 21) clearly showed that the interaction equations are
i11 posed as initial value problems in the sense that any error encountered at the
initial station - no matter how small - will grow exponentially in the s direction (i.e.
will cause a branch) and thus produce a solution unrelated to the correct initial

conditions.

To overcome this weakness, it is necessary to specify diructly the downstream
condition in terms of some constraint on the displacement thickness distributions.
This is most easily handled by specifying that the downstream pressure return to its
weak interaction level at some point. To do this however requires that some condition
be given-up at the upstream extent of the strong interaction zone. The most reasonable
approach is to free the second derivative of displacement thickness at the initial
s.ation and letting this be determined from the solution itself. Rigorously, this
approach requires that the initial station solutions be obtained by invoking the family
of branching solutions identified by Werle et al (Ref. 19) and Hankey et al (Ref. 20) by
relating them to an unspecified constant that in turn is determined by imposition of the
new downstream boundary condition. The complexity of this approach seems unwarranted at
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this time and it is replaced herz by an approach that follows the concept of this require-
ment if not the exact detail. At the initial station, the profile quantities are com-
pletely specified from the weak interaction solution. However, for the purpose of
determining the downstream interaction effect on the displacement thickness distribution,
the weak interaction condition is used only to specify the value of the

displacement thickness at the initial point.

3. NUMERICAL METHOD

The numerical method invoked here is essentially that presented by Werle and Vatsa
(Ref. 9) with some modifications recently introduced for computational efficiency
purposes. Due to space limitations, only the general approach will be outlined here.
For more details the reader will be referred to those publications that consider the
particular geometries as they are presented in the later sections.

The essence of the present approach can be delineated quite clearly by first re-
writing the governing momentum equation using the pressure gradient equations (12) and
(13) to explicitly display the influence of the displacement thickness. This leads to
a relation of the form

Fon * BplEime,, = Bylg,n) (14)

Numerical :olution of this equation is accomplished using alternatgng direction
implicit concepts and proceeds in artificial time from level t" to t" = tP + at/2
with the relation

* n
& *l.n 5§ -¢& U
an + 81[655 - KE?I— BZ (15a)
and then from time t* to ¢+l = ¢" 4 4t/2 with the relations
*
. e[ .n+1  &7*L s .
F"\n + Bl 655 - It = B2 (15b)

In the first step, the viscous properties are uetermined, while the second step
serves to update the displacement thickness contribution to the inviscid pressure
gradient parameter. This time like march is allowed to proceed until a steady state
is achieved and the time like terms of Equations (15a) and (15b) thus becomes negligible.

Note thet the first step involves solution of a boundary layer like equation and
can proceed in a marching fashion from the initial station using an implicit finite
difference scheme similar to that endorsed by Blottner (Ref. 1ll). Boundary conditions
at the edge and wall are imposed at each station according to Equations (10a) through (10e),

The second sweep equations only involve the displacement thickness as an unknown
and must satisfy imposed initial and final conditions. At the initial station, the
displacement thickness is held fixed at its self similar level. At the downstream
boundary, the displacement thickness derivative is taken so as to assure that the weak
interaction solution is recovered. This second sweep equation 18 quite easily solved
using central differences leading to a tridiagonal set of differcnce equations easily
inverted using the Thomas algorithm.

There are two general areas of concern that should be discussed in some detail at
this point. The first of these involves computation in regions of reverse flow where
a numerical stability analysis would indicate that an instability should be encountered
when a marching technique is applied here. This problem is quite easily handled in the
present time like approach using the concept of upwind derivatives on the convective

terms of Equation (4).

An alternate approach employs the concept cf "artificial convection” introduced by
Reyhner and Flugge-Lotz (Ref. 7) to gain numerical stability in the reverse flow
direction. The basis for this approach is found in the usual low levels of longitudinal
velocity, F, in reverse flow regions such that this convection term ie consistently
quite small. With this in mind, it has been found useful to simply reverse the sign of
the convection term and weight it to some convenient degree to achieve numerical sta-
bility. While such an approach seems less palatable than the upwind differencing scheme,
it requires considerably less computer storage and has not yet proven to be a problem
quantitatively. Eoth approaches have been used by the present authors in several studies
(Refs. 9 and 10 for example) and only minor differences have been observed. It appears
to be more a matter of convenience than rigor that produces a final decision on this

matter.

The second area of concern that should be discussed in detail here is that of the
solution behavior at the separation point. While it is now generally understood that
the interacting boundary layer equations have a regqular behavior at separation (see
Ref. 2, for more discussion), the now classical Goldstein singularity can still plague
the numerical solution unless care is taken to assure its absence. Recall that if one
attempts to pass through the zero skin friction point with the pressure gradient
specified, a singularity results and the solution necessarily must terminate. Allowing
interaction of the viscous and inviscid flow through this term [see Equations (12) and
(13)] does not allow the singular solution to emerge. However, it must be realized



that the present approach will experience difficulty in this regard. To see this.
attention is directed to the first sweep equation (l5a) wherein the solution algerithm
proceeds to march along the surface with the displacement thickness derivatives cc-tri-
bution to the pressure gradient term specified at its earlier time value. Since this
very term is the one that removes the separation singularity, lagging this term in time
is tantamount to specifying the total pressure gradient value. It is not surprising
then to reencounter the separation singularity using this form of the algorithm and
action must be taken to cure the problem.

As noted in Ref. (9), the procedure used to remove this singularity is not at all
obvious or unique. The present author's initial attempts involved a modification of
the artificial time like terms of Equation (15( to remove the singularity. That
approach wag successful and has been given in detail in Ref. (9) so that it need not be
presented here. It was employed to obtain all the laminar solutions presented in the
later sections of this paper and can be recommended as one successful means of avoiding
the occurrence of an unnecessary singularity in the difference €quations.

For some of the turbulent boundary layer solutions presented later, an alternate
approach was used to remove the artificial singularity. The approach being now used in
these high Reynolcds number cases is based on the concept that the singular behavior
being observed in the numerical solutions is completely seated in the nonlinear nature
of the convective term. If this term were absent or linear, no singularity should
occur. Arguments supporting this contention can be easily made by simply differentiating
the momentum squations twice with respect to the normal coordinate n and evaluating
the resultiro equation at the wall, n = 0. Without the nonlinearity in the ccnvective
term, these results indicate that no singular behavior in the skin friction shoul3d be
anticipated. This approach has proven quite useful in the study of turbulent flows and
should be considered in any future studies of separation effects.

4. RESULTS AND DISCUSSION

Attention will be directed in th.s section to the application of the above algorithm
to a wide class of geometries in order to demonstrate its flexibility. No attempt will
be made here to perform a thorough parameter study of any particular problem, although
the related reference works do address this issue and the reader is referred to those
works for such detail.

4.1 Two Dimensional Ramps ~ Laminar

The most straightforward example of supersonic separated flow is that encountered
ahead of a two dimensional compression corner - here modeled with the smooth ramp
geometry of Figure 2. The inviscid pressure distribution for this geometry was obtained
here from the unified supersonic-hypersonic tangent wedge law (see Ref. 14 for example).
The geometrical constant for the ramp was set at C = 0.05 producing the resulting
inviscid pressure distribution of Figure 3a. Comparison of this distribution with the
oblique shock theory distribution shows that the present pressure law reasonably well
handles the genmetry of interest.

Use of this geometry to study the influence of the wall temperature ratio on
separation at M_= 6 is shown in Figures (3a)-(3c). Comparison of the cold wall
experimental surface pressure distribution of Lewis et al (Ref. 22) shows excellent
comparison while the increase in wall temperature is seen to cause a large increase in
the extent of the interaction zone. This is better reflected in the skin friction dis-
tributions of Figure (3b) showing a rather rapid drop from the weak interaction zone
as the separation point creeps forward with increasing wall temperature. Simultaneously,
the reattachment point moves aft causing a delay in return to the necessary weak inter-
action zone on the ramp face.

4.2 Swept (Yawed) Ramps - Laminar

The most obvious extension of this method to the study of three dimensional effects
on separation characteristics is to apply it to the swept (yawed) ramp configuration.
Holding all flow and geometry details fixed, the sweep (yaw) angle of the ramp shown
in Figure 2 was increased systematically in 20° increments and the resulting surface
pressure distribution determined from a swept leading edge version of the unified
supersonic hypersonic tangent wedge law. This is determined by first considering sweep
effects on the hypersonic small disturbance theory to obtain the tangent wedge law (see
Ref. 15 for discuasion of this approach) and then adjusting the final relation such that
it recovers the supersonic linear theory (with sweep) relation as M_ > 1 . The
resulting equation is

1 +1 2 2 / 1
p/p, = + 8. cos“x |1 + x (16)
;;Z IT— e [ V(I;i)z ég?ﬁi cos2 A=1)

and application of such to the present ramp geometry produced the inviscid pressure
distributions of Figure 4a.
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Results of application of the present method to solution of this problem for an
adiabatic wall condition is shown in Figures (4b) and (4c). It was most surprising to
find that as the sweep (yaw) increased the separation bubble extent increased very
rapidly apparently due to the combined effect of a reduction in the normal flow Mach
number and effective normal flow Reynolds number.

An equally interesting case for study is that of a cold swept (yawed) ramp - here
one area of concern being the influence of cross flow on peak heating levels. The in-
viscid pressure distributions of Figure (4a) still hold for these cases and the resulting
separation pressure distributions are given in Figure (4d). The resulting skin friction
distributions of Figure (4e) again show a rapid increase in the size of the separation
region as 2 increases.

4.3 Two Dimensional Wavy Wall Flow -'Laminar

The purpose of this study was to test the generality of the present method to cases
with multiple separation bubbles. The geometry chosen for this effort is de, icted in
Figure (5a) and consists of a train of sine wave shapei protuberances located on a flat
plate in a suprrsonic stream. No theoretical studies of this kind have been made in the
past although solutions for attached@ boundary-layer flow over a wave shaped wall by an
inverse method were cbtained before by rannelop and Flugge-Lotz (Ref. 23) using the
implicit finite difference procedure of Blottner and Flugge-Lotz (Ref. 6).

Although a variety of flow conditions were studied here, a base case was identified
for extensive parametgic studies. The flow conditions for this study are given as
M, =3, Re_=2x10° T /T = 0.45, and T, 390°R. The interaction of the boundary

layer with the isentropic inviscid flow was modeled using a Prandtl-Meyer relation here
approximated to second order in terms of eT.

The effect of wave amplitude on the separation characteristics is shown in Figures
(5b) and (5c). For small single bumps with height h < 0.09/r it is seen that no
separation occurs, and for h = 0.12/n a very disruptive separation bubble appears both
fore and aft of the protuberance. It is interesting to note that the peak heating and
maximum skin friction do not increase after separation has occured.

The effect of th¢ number of waves on surface shear and pressure is shown in Figures
(5d) and (Se) for h = 0.06/r and standard flow conditions. No separation occurs over
the single wave (curve 1). Adding a second wave of the same amplitude and wavelength
behind the first wave is seen to produce separation between the two waves (curve 2).
When additional waves, one ahead of the first one and one behind the second one are
added two more separation bubbles appear with the middle one increasing in extent.

Figure (5e) shows the pressure and displacement thickness solutions produced by the
train of four waves shown in Figure (5d). Over the first wave, where the boundary-
layer is still attached, the pressure variation resembles a sinusoidal curve and the
averaged displacement thickness grows as the displacement thickness over the flat
plate. However, after separation has occured (as observed from the C,. distributions of
Figure 5) both the surface pressure and the displacement thickness aré significantly
distorted. The distortion of the displacement thickness serves to fill the valleys of
the protuberances and the pressure levels reflect this in a smoothing of the extremes
of pressure observed.

More extensive studies of this geometry have been conducted and the reader is
referred to Ref, (24) for detailed results.

4.4 Two Dimensional Ramps - Turbulent

The two dimensional turbulent flow over the ramp geometry depicted in Figure 2 has
also been studied with the present approach. Initial efforts aimed at testing the use
of the present algorithm for such a casz centered on the base line test conditions of
M, =3, T/T =0.5 Re =105 and T_ = 100°F, using simple linear theory to model

the inviscid pressure law. More recent studies have used the tangent wedge law but the
earlier results still serve to demonstrate the results. These initial turbulent studies
were conducted using the same method of removing the singularity at separation in the
difference equations as that employed in the laminar cases discussed above.

Results of application of the present algorithm to the case of a 15° compression
ramp are depicted in Figures (6a) and (6b). Note that sharp discontinuous behavior
was observed in the numerical results around the ramp juncture point (s = 1.30) when
the pressure gradient parameter of Equation (13) was not handled carefully. The
appearance of these discontinuities was traced to manner in which the derivatives in
Equation (13) were written. It can easily be shown that if finite differences are used
to represent the derivatives of § while a differential representation of 8g is used,
large truncation should occur in regions of rapid change in surface curvature, as in the
ramp juncture region. These can very effectively be removed by writing both terms of 8
using a finite difference representation of both terms. Subsequent calculations per-
formed with th.is approach have completely removed this discontinuous behavior and the
use of the same can be recommended for all future studies.
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Returning to Figures (6a) and (6b) it is seen that the position of the transition
zone from laminar to turbulent flow has a marked influence on all surface properties.
Early transition delays separation.

Fiqure (6c) and (6d) give the surface properties for early transition occuring ahead
of a 30° ramp (with its effective c.rner at s = 1,55) showing an extremely short separa-
tion bubble accompanied by rapid variations in pressure and skin-friction (see Ref. 10
for more details of this study). Viewing these results, it is difficult to see how auy
of the earlier shooting techniques for solving these equations could have been successful
on flows with such large excursions of the flow variables.

Consideration of higher Reynolds turbulent flows has proceededé and found need to make
use of the second method described earlier to remove the difference equation singularity.
In addition, the tangent wedge pressure law was incorporated into the solutions and a 30°
compression ramp again considered. Here interest was in assessing the applicability of
the rather standard eddy viscosity laws to such severe adverse pressure gradient regions.
Comparison of the present results with the experimental data of Patc (Ref. 25) is shown
in Fioure (6e) to be unsatisfactory. Efforts to improve the eddy viscosity model are
now underway with initial interest being in the relaxation approach successfully employed
by Shang and Hankey (Ref. 13). Hopefully such an approach will produce better correla-
tion with data and allow meaningful study of turbulent separated flows with the present
approach.

5. CONCLUSIONS

It seems clear no's that proper modeling of separated flow should be done by directly
accountina for the downstream boundary condition. This approach has given the finite
diiference technique significant flexibility and allowed attack of separation problems
that would have been otherwise out of reach. Even the approximute integral methols
should benefit from this concept and should not have to be concerned with overcoming
saddle point like singularities to proceed with interaction solutions.

Further study of separated flows should be concerned with achieving higher levels of
numerical efficiency, bet'er modeling of turbulence, rc.oval of sharp corner singulari-
ties, and true three dimensional effects.
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BULBE DE DECOLLEMENT PRODUIT PAR UNE FAIBLE DEPRESSION DE PAROI
EN ECOULEMENT LAMINAIRE SUPERSONIQUE

par

B. PRUNET-FOCH, Mme F. LEGAY-DESESQUELLES, C.B. DIEP
Laboratoire d'Aérothermique du C.N.R.S.
4 ter, route des Gardes, 92190-MEUDON (France)

RESUME

En écoulement supersonique, un creux de faible amplitude aménagé & la surface d'une plaque plane
est, en général, la source d'un bulbe de décollement au sein de la couche limite. Le travail porte essen-
tiellement sur la prévision du décollement et du recollement laminafires en présence de transferts de cha-

leur A la paroi.

L'analyse théorique des phénomenes est faite 2 partir de la méthode intégrale de Dorodnitsyn en
adoptant le concept d'interaction libre et, pour la répartition des vitesses et des températures danr la
couche limite, les expressions proposées par Niclsen., Cette méthode permet de poursuivre le calcul d: s
toute la zone décollée jusqu'au recollement. Dans la zone de détente de 1'écoulement od cette théorie ne
peut s'appliquer, le calcul est effectué par différences finies, Les caractéristiques des champs dynamique
et thermique de 1'écoulement sont ainsi calculées tout le long de la surface considérée.

Parall2lement, des expériences ont été effectuées en soufflerie. Une exploration de la couche 1i-
mite a permis d'obtenir les profils de vitesse et de température pour plusieurs configurations de paroi,
chauffées ou non, et d'en déduire les évolutions des coefficients ce pression et de transfert de chaleur
a2 la surface.

La comparaison des résultats expérimentaux et théoriques ne laisse apparafitre que de tr2s fai-
bles écarts. Ceci a permis d'énoncer des lois de comportement du bulbe en fonction des paramétres physi-
ques du creux et de 1'écoulement principal,

SUMMARY
In superscnlc flow, a shallow deformairion on a flat plate induces a small separated bubble in the

boundary layer. In order to predict this laminar separation and reattachment process including heat trans-
fer phenomena at the wall, a theoretical study was built up, using Dorodnitsyn integral’'s method as well
as expressions suggested by Nielsen for the velocity and temperature profiles.

Thereby the calculation can be carried out up to the reattachment point. Simultaneously experi-
ments were made in a wind tunnel. Experimental and predicted results are in good agreement.

NOTATIONS
a amplitude op valeur de 9% é-n a la paroi
ey By fonctions de € intervenant dans les profils 8 angle en degrés permettant de repérer un point
de vitesse et de température "extérieurs" sur la sinusotde.p = (x-x_) 360/)
K.,K, coefficients locaux de frottement et de 8 épatsseur de déplacement
£°°P 1 .
pression A la paroi A longueur d'onde
1 longueur de référence v viscosité cinématique du fluide
M nombre de Mach £, coordonnées dans le plan de Dorodnitsyn
Nu nombre de Nusselt
Pr nombre de Prandtl INDICES
:t pre:slo: giné;ai;:ce e valeur 2 1l'extérieur de la couche limite
Se- T /;m_;e € THEVED G valeur 2 la frontiere des deux domaines
t o valeur au départ du calcul
T température totale locale
t P valeur 2 la paroil
u composante horizontale de la vitesse A
3 = u/u S valeur sur la frontidreA)(x)
U =u® or, valeur 3 1'infini amont
x?y ocoordonnées dans le plan réel
Xg abscisse du début du creux sinusotdal
Xpec! *REC :Zzzisses de décollement et de recolle-
X,Y coordonnées dans le plan de Stewartson
INTRODUCTION

La présence de petites déformations locales sur les parois de véhicules aériens peut avoir des
effets importants sur les comportements dynamique et thermique de ces appareils. Les parametres qui gou-
vernent ces effets sont nombreux et leurs interactions souvent complexes, ce qui rend indispensable 1'ana-
lyse fine de configurations aussi simples que possible /1/,

Sur une plaque plane présentant, 2 une abscisse donnée, une faible déformation sinusotdale, {1
peut se produire un décollement su:ivi d'un recollement laminaires. Une étude préliminaire /2/ avait permis
de déceler la présence de tels décollements en écoulement subsonique incompressible, elle pourrait d'ail-
leurs &tre utilement complétée et précisée maintenant A partir des travaux tout récents de Inger /3/.
Cette premitre série de résultats nous a amenés 2 poursuivre nos recherches et A envisager le cas d'un
écoulement supersonique. Une seule déformation en creux a été retenue ; dans ces conditions, le phénomne
complet peut &tre prévu A 1'aide d'un calcul reposant sur la méthode de Dorodnitsyn /4/. L'adoption du
concept d'interaction libre et, pour la répartition des vitesses et des températures dans la couche limite,
des expressions de Nielsen /5,6/ permet de poursuivre le calcul dans toute la zone décollée juequ'au recol-
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lement /7/. Cette méthode a été proposée par Nielsen pour le cas d'écoulements en compressicn, le rombre
de Prandt] étant supposé égal 2 1'unité ; son emploi ici a donné l'occasion d'en préciser certains passa-
ges et de 1'étendreaicas d'écoulements dont le nombre de Prandt]l est quelconque.

Dans la zone de détente que constitue le début du creux, le traitement des équations de la couche
limite par différences finies fournit les caractéristiques de 1'écoulement et, par 12, les profils de vi-
tesse et de température pour le départ de la méthode de Nielsen.

L'application numérique de ces méthodes a abouti A des résultats trés voisins de ceux obtenus 2
partir des mesures qui ont pu &tre réalisées en soufflerie.

1 - ETUDE DYNAMIQUE ET THERMIQUE
1.1 Equations générales

L'écoulement le long d'une plaque plane lisse présentant, 2 une certaine distance du bord d'stta-
que, un creux sinusotdal de faible amplitude peut &tre considéré, en premitre approximation, comme un écou-
lement plan stationnaire, la couche limite vérifiant les équations de Navier-Stokes.

Les amplitudes des déformations prévues sont suffisamment faibles pour que le rayon de courbure

de la paroi{ demeure assez grand, Ceci permet de supposer que, pour une abscisse donnée, la pression stati-
que reste constante dans toute la couche limite,

De plus, dans le cas d'une plaque chauffée, 11 n'est envisagé que des élévations de température
modérées, 1'écart entre la température de 1'écoulement et celle de la paroi permettant de faire 1'hypo-
thtse que le nombre de Prandtl (Pr) et la chaleur spécifique A pression constante du fluide sont cons-
tants dans tout l'écoulement. Enfin, 1'écoulement libre est supposé isentropique.

Le traitement du probl2me complet, zone décollée comprise, amdne 2 distinguer dans 1'écoulement
deux domaines (I et II) dans lesquels les &quations de la couche limite sont résolues de mani2re diffé-
rente :

- dans le domaine I, constitué par la partie de 1'écoulement située au-dessus de la partie plane
et du début du creux de la plaque, les équations e la couche limite sont résolues par différences finies,
Ceci fournit plus particulidrement les profils de vitesse et de température qui sont indispensables pour
commencer, 2 l'abscisse X0 le calcul dans le domeine 1I

~ dans le domaine II, la méthods de Nielsen permet d'obtenir les champs dynamique et thermique
dans la zone proche du décollement et dans toute la zone décollée.

1.2 Calcul dans le domaine I

La transformation de Stewartson /8/ ram2ne les équations générales de la couche limite, pour un
écoulement compressible, A 1a forme de celles obtenues pour un écoulement incompressible.

Le traitement de ces équations par différences finies permet de calculer de proche en prerhe la
s2lution. Il suffit pour cela de connaftre dans le plan de Stewartson :

- 1'expression de l'écoulement potentiel le long de la paroi ; elle est fournie par la théorie
des petites perturbations pour une surface sinusotdale /9/,

-~ les répartitions des vitesses et des températures dans la couche limite 3 deux abscisses dis-
tantes de AX précédant le début du calcul (§ 1.5).

Le couplage entre les deux équations de la quantité de mouvement et de 1'énergie se fait par ité-
rations de la solution A chaque pas de calcul.

Dans les cas retenus, il est possible d'améliorer le résultat en procédant A une "correction de
couche limite" qui aura pour effet de placer le décollement en un point plus avancé et, par 13, plus pro-
che de celui trouvé par l'expérience. En effet, 2 1l'approche {immédiate de ce décollement une forte aug-
mentation de 1'épaisseur de la couche limite se produit, par suite 1'épaisseur de déplacement 8, croft
rapidement. Cette correction est fondée sur l'hypothese suivante : l'écoulement réel A 1'exté~ieur de la
couche limite se comporte comme celui qui se produirait sur la surface correspondant 3 la frontidre de §
évaluée A partir du premier calcul sans correction. La loi de la détente de Prandtl-Meyer est & nouveau
appliquée pour obtenir 1'évolutfion de 1'écoulement le long de crtte surface.

1.3 Calcul dans le domaine 1I. Méthode de Nielsen

Dans le domaine II, les caractéristiques de 1'écoulement sont cbtenues en utilisant la méthode de
Nielsen. Les expressions servant A déterminer les profils de vitesse et de température avant le décolle-
ment sont respectivement :

du _ (1-6) VT, _ . - _
(n 3n " eyre Byl et S(@) = (1-0)(spHE, [cp-E, JTve, +E,G+E,G

2 3
+E,0 +.J

Appliquant la méthode de Dorodnitsyn, Nielsen ram2ne les équations de la couche limite, obtenues
aprds la transformation de Stewartson, 3 deux relations intégro-différentielles en introduisant des fonc-
tions de pondération de la forme f£(ti) = (1-G)" ou f(4) = G"(1-U), Ces relations fournissent ensuite, avec
celle de l'interaction libre /4/, les équations du systime différentiel permettant de calculer pas A pas

les valeurs des fonctions ¢ et Ei A chaque abscisse. Le décollemert et le recollement s'obtiennent lors-
que ¢, s 'annule,

Aprds le décollement, un écoulement de retour apparstt, Nielsen distingue alors dans la couche
limite deux régions séparées par la ligne A(x) od 1a ¢ posante horizontale de la vitesse est nulle.
Dans la région "intérieure'| comprise entre la paroi et /) (x),un polynbme de degré quclconque en 7 est
retenu pour chaque profil. Dans la région "extérieure” par contre, les expressions adoptées avant le décol-
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lement sont reprises.

1.4 Passape du domaine I au domaine Il

Ls méthode de calcul aes champs dynamique et thermfque dans le domaine 11 ainsi adoptée, il ne
reste qu'd définir les valeurs des fonctions c, et E, sur la frontidre (G) de départ de cette région.
Ces dernfdres sont calculées ) partir des profih de viteue et de température obtenus 2 la fin du calcul
par différences finies dans le domaine I, c'est-a-dire A 1'abscisse LS

- J'une part, les valeurs des c, sont déterminées 2 partir du dernier profil de vitesse calculé
dans le domaine I. En choisissant quatre vileurs perticulidres =m, de m, ce profil fournit les valeurs des
vitesses U, et des pentes ( dU/dn), en ces points. Ces quantités %ont reportées dans 1'expression donnant
le profil &e vitesse (1) et {1 rente A résoudre un svstéme de quatre équations aux quatre inconnues € €
c, et c,.

3l 4

La solution de ce systdme non linéaire s'obtient facilement si 1'une des équations retenue cor-
respond A la valeur m=0, ce qui permet d'ailleurs de garder la m#me valeur du frottement 2 la paroi. En
effet, dans ce cas, 1'équation correspondante se sinplifie et il vient :

w| fEm . b, Fy [Vl
(2) = --——-—-t-ﬁ—}l = =
e f1 e Yo Hp

Dans ces conditions, on aboutit A une équation implicite en L qui se résoud par iftérations. Les
coefficients €y €y et <, s'obtiennent ensuite directement.

- D'autre part, la cofncidence des profils de température exige notamment 1'égalité des tempéra-
tures pour 1 valeurs particuliires de m ; le calcul des valeurs des E, s'effectue par la résolution d'un
syst2me linéaire formé A partir des relations déduites directement de (1) :

- : = -2 9L - -
(3) (f?,.- /u1+ca) By + GEy) + BEy + UE, = g - 8, ({ =12a4)

A la paroi, la valeur du flux de chaleu- doft aussi 8tre la méme, qu'elle soit obtenue 2 partir
du calcul par différences finies ou A partir de la méthode de Nielsen ; par conséquent, une des relations
précédentes peut 8tre remplacée par cette égalité.

D'apres le changement de variables de Dorodnitsyn, nous avons :
Vo _)_s

@ 3 38 )Y _ Vol [3g
3 Y In Ug UL

L'expression de S/ 5~1 est obtenue directement A partir de (1), 11 en résulte que, le passage
d'un domaine 2 l'autre sera assuré correctement si :

Ul [ wis
o = - - pui+ L3 —
(s Ey-2fe By = - 2]e, Sp - 2 ’uol W

Ainsi, les valeurs des fonctions E, définissant le premier profil de température dans le calcul
par la méthode de Nielsen, sont obtenues en résolvant le systime d'équations linéaires constitué par la
relation (5) et autant d'équations (3) qu'il est nécessaire suivant le nombre des El retenu dans le dé-

veloppement de S.

P

Un tel procédé permet d'obtenir, dans le cas général, un tr2s bon recouvrement des profils,

Cas od seul Ej est non nul

Dans le cas od seul le coefficient (E,) est retenu dans le développement de S, la marche 2 suivre
doit 2tre différente. En effet, la relation (1) conduit A une valeur de E, qui correspond 3 un profil de
température assez éloigné du profil d'origine, et la poursuite du calcul dans tout le domaine I1 laisse
apparattre de grosses fluctuations dans les températures. Ces fluctuations entrafnent A leur tour de for-
tes instabilités.

Le procédé suivant a finalement été retenu. Il consiste 2 reprendre,comme dans le cas général,
les deux relations exprimant A la frontidre des deux domaines 1'égalité A la paroi du frottement (2) et
celle du flux de chaleur ((5) dans laquelle E,=0). A ces deux relations, i1 faut ajouter celle fournie par
la valeur S, de S en un point d'ordonnée quelconque m,. Ces trois équations permettent de calculer €5 €
et E,. Pour évaluer c, et c,, 11 suffit d'écrire 1'égalité des pentes des profils de vitesse en deux poigta

lrbi}.;ltru de la couche limite.

La position respective des trois points retenus dans la couche limite est fixée de manilre 2 ob-
tenir le meilleur recouvrement possible pour les profils de vitesse et de température. Il faut toutefois
remarquer que, avec un seul paramdtre (El), les deux profils de température ne se superposent pas biea.

1.5 Profils de vitesse et de température inftiaux

Aprds 1'exposé des méthodes adoptées, pour le calcnl dans les deux régions de l'écoulement et le
passage de 1'une A 1'autre, {1 reste encore 2 préciser 1 inidre dont sont obtenus les profils de départ.

Ces profils, nécessaires 2 la résolution des ¢ .itions par différences finies, auraient pu 8tre
fournis, comme tout profil sur plaque plane, 2 partir d'une quelconque méthode classique, celle de Chapman
et Rubesin par exemple /10/. Pour 1'unité du calcul, 11 a &été jugé préférable de retenir ceux obtenus 2
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partir des expressions de Nielsen. La manidre dont sont calculés les profils de vitesse a été exposée en
détails par Nielsen /5/. Pour les températures, si le nombre de Prandtl du fluide dans 1'écoulement est
égal ) 1'unité, les profils se déduisent immédiatement de ceux des vitesses par la relatfon de Crocco :

S = §_(1-G), Par contre, dans le cas od le nombre de Prandt] est différent de 1'unité, la relation de
Crocco modi fiée (1) conduit A des coefficients Ei, E;. !;. Ez qui sont fonction du nombre de Prandtl et du
nombre de Mach A 1'infini amont. En outre, pour un nombre de Prandtl et un nombre de Mach donnés, ces coef-
ficients sont des fonctions linéaires de la température de paroi /7/.

En effet, la relation de similfitude pour les profils de vitesse permet de simplifier le systime
différentiel et la recherche de la solution se ramdne au calcul d'un simple systime linéaire.

1.6 Température de frottement

Dans le cadre de 1'étude d'une couche limite avec échange de chaleur, la température que prend la
paroi lorsqu'elle est soumise aux seuls échauffements aérodynamiques, constitue une grandeur de référence
pour 1'évaluation du coefficient de transfert de chaleur. La valeur de cette température de frottement,
pour laquelle le flux de chaleur 2 la paroi est nul, s'obtient de la manidre suivante.

- Dans le domaine 1, supposant connus en deux points de la plaque distants de aX, d'une part,
les deux valeurs des températures de frottement et d'autre part, les profils de vitesse e- de température
au droit de ces points, on détermine par itération sur la valeur de la température de paroi, celle qui
donne, A 1'abscisse sufvante, un flux nul. Ce procédé est alors employé de proche en proche le long de
toute la surface correspondante.

- Dans le domaine II, un calcul sans {tération peut 8tre effectué.

Pour la zone ol 1'écoulement n'est pas décollé, les températures dans la couche limite sont cal-
culées 2 partir de la relation définissant S, La condition "flux nul 3 la paroil" entratne :

E
6) S, *§ % o 4 E
&
Pour la zone décollée :

- si la température dans 1'écoulement "intérieur' est supposée constante et égale 2 T, la dé-
finition de S dans 1'écoulement "extérieur" demeure la méme qu'avant le décollement et Sf devra vérifier

la relation ci-dessus,
- 8{ la répartition des températures de 1'écoulement "intérieur" est une fonction linéaire de

n, 11 vient
1
-5E1+ SP’cb' E2,c6ﬂ

? ¢yt g [,

(7) S=38

ce qui conduit encore & la méme relation.

Dans ces conditions, pour le calcul de 1'évolution de la température de frottement le long de la
plaque, quelle que soit la région envisagée, la seule équation (6) vient s'ajouter A celles du systéme dif-
férentiel général.

Cas particulier de la plaque plane

Dans le cas d'une plaque plane, les relations 1inéaires (§ 1.5) qui ont servi dans le cas d'une
plaque chauffée ou refroidie peuvent 2tre reprises pour évaluer la température de frottement, seule la
condition de flux nul A la paroi est 2 ajouter, Cette condition se traduisant par la relation (6) qui est
aussf linéaire, la valeur de 3. ainsi obtenue n'est bien fonction que du nombre de Prandtl et du nombre de
Mach de 1'écoulement. Cette valeur dépend évidemment du nombre de coefficients retenus dans le développe-
ment de l'expression de S.

2 - EXPERIENCES, CALCULS, COMPARAISON DES RESULTATS
2.1 Dispositifs expérimentaux

Les mesures ont été effectuées dans la soufflerie supersonique du laboratoire d'Aérothermique ;
le nombre de Mach ng) y est fixé 2 1,92 ou 2,41, les nombres de Reynolds (Re) étant respectivement égaux
2 13.106 ou 9,7.10 par mdtre. Les maquettes sont des plaques planes sur la surface desquelles a été amé-
nagé un creux sinusotdal (amplitude a = 0,3 ou 0,4 mm, longueur d’onde A = 30 ou 40 mm) situé 2a xg = 20 ou
30 mm du bord d'attaque. Elles sont munies, soit de plusieurs prises de pression statique pour mesurer

1'évolution de la pression statfque sur la plaque, soit d'un dispositif électrique de chauffage,

La failble épaisseur de couche limite dont nous disposions imposait 1'emploi d'une technique expé-
rimentale minutieuse et par suite la réalisation de dispositifs de mesure spécialement élaborés, La couche
Iimite a été explorée au moyen de sondes doubles miniaturisées comprenant une prise de pression totale et
un thermocouple. Les fils du thermocouple sont tendus de part et d'autre de la soudure perpendiculairement
2 1'écoulement pour réduire au maximum les pertes par conduction. Ils sont fixés 2 l'extrémité d'un support
en plastique pour éviter les pertes de chaleur dans le sillage., Cec{ permet d'obtenir une bonne estimation
de la température locale, Placées dans 1'écoulement libre, ces sondes donnent une température qui ne s'é-
carte pas de plus de 1,5°C de la valeur réelle, ce qul correspond 3 un facteur de récupération de 0,99.

L'écoulement peut également 8tre visualisé soit au niveau de la surface de la plaque par le dé-
pot d'un film de pétrole, soit dans son ensemble 2 1'aide d'un banc strioscopique. Ces deux procédés
fournissent une valeur approchée de 1'abscisse de décollement.

La taible dimension des maquettes imposait 1'emploi de méthodes indirectes pour évaluer les flux
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de chaleur 2 la paroi., Le procédé retenu consiste 2 calculer le flux A partir des pentes des profils de
température. Ceci explique 1'attention qui a été apportée A la mesure de ces profils.

2,2 Déroulement des calculs

‘; L'étude théorique dont les grandes lignes ont été exposées ci-dessus, exige le recours 2 un ordi-
’ nateur de grande puissance pour sa résolution numérique.

Le programme général du calcul comprend environ 2500 2 3000 ordres Fortran, la place occupée en
mémoire étant de 1l'ordre de 300 K-octets ; il permet d'obtenir les caractéristiques d'un bulbe de décolle-
ment se produisant dans un creux de forme sinusotdale situé sur une plaque plane. Les données sont :

% a) 2 1'infinl amont, le nombre de Mach, la pression et la température,
b) sur la plejue, 1'abscisse du début du creux sinusotdal, l'amplitude et la longueur d'onde de
ce creux,
c) la température de la paroi, dans le cas od 1'on envisage une couche limite avec échange de
chaleur, cette température pouvant #tre uniforme ou non.

Le calcul pourrait 2tre aisément adapté 2 des configurations différentes, 11 suffirait pour cela
de modifier 1'équation de la paroil et 1'expression de 1'écoulement potentiel.

Ayant précisé les données du probléme, la solution est recherchée de la manidre suivante : 1l'abs-
cisse de décollement s'obtient en appliquant uniquement la méthode par différences finies. Ensuite, la
valeur de x_ est ajustée par évaluations successives pour faire aboutir le calcul dans le domaine II 2
une abscisse de décollement égale A celle trouvée précédemment., Un autre ajustage portant sur les ny est
également fait pour obtenir un bon recouvrement des profils au passage d'un domaine A 1'autre.

Le calcul peut ensuite se poursuivre dans toute la zone décollée jusqu'au recollement. Dans tout
ce domaine, sont ainsi évaluées, A chaque abscisse, les valeurs de ¢ 1 ci, Cys 4o U, N> et, dans le

cas od 1'on tient compte de 1'échange thermique au sein de la cauche limite, celles e El' 20 !3 et !a.

| Remargue

‘ De nombreuses difficultés ont été rencontrées dans 1'application de ces calculs, notamment des
instabilités qui apparaissent souvent dans 1'application de la méthode de Nielsen. Elles se produisent
| principalement au début du domaine II et au début de la zone décollée.

2,3 Comparaison des résultats

i De nombreuses expériences ont été réalisées et les résultats auxquels elles ont abouti ont été
' comparés A ceux obtenus par le calcul effectué pour les mdmes conditions d'écoulement et de température de
parof.

2,3.1 Abscisses de décollement et de recollement

I1 résulte de la comparaison que la méthode par différences finies, aprds correction de couche 1i-
mite, prévoit une abscisse de décollement trés voisine de celle évaluée par 1l'expérience. Les faibles écarts
trouvés peuvent s'expliquer par le fait que 1'épaisseur du vord d'attaque, aussi fin soit-il, introduit
une onde de choc dans 1'écoulement, onde qui, par la perturbation qu'elle apporte, influence le déclenche-
ment du décollement.

La prise en compte ou non des échanges de chaleur qui se produisent au sein de la couche limite,
dans le cas d'une plaque non chauffée, modifie peu les résultats relatifs A 1'abscisse de décollement. De
méme, l'influence de la valeur du nombre de Prandtl du fluide est négligeable du moins entre 1 et 0,72,
Pour la plaque P2 (x =30 mm, »* 0,4 mm, A = 40 mm) par exemple, placée dans 1'écoulement Ec2 (H = 2,4}
Re/m = 9,7.106) sa température 8'équilibre aux environs de 289°K (TP/Ttm = 0,96) et le calcul donne dans
ces conditlons 3

*pec © 43,5 om soit B, = 121,5° en faisant 1'hypothdse : couche limite isenthalpique
Xppc ® 43,18 mm soft B, = 118,6° pour Pr = 1
Xpec ” 43,25 om soit ﬁD = 119,2° pour Pr = 0,72

(1'expérience fournissait une valeur de XpEC voisine de 42,5 mm).

Par contre, lorsque la surface de la plaque est chasuffée, le calcul montre que 1'épaisseur de la
couche limite augmente et 11 prévoit un décollement plus rapproché. Dans ce cas, les mesures ont été faites
avec une température de plaque égale A environ 358°K (T /‘l'rm = 1,16) ; le calcul aboutit, toujovrs apris
correction de couche limite, a :

Xppe * 42,70 mm, sofit B = 114,4° pour Pr = 1,
Xopc " 42,73 mm, soit ’D = 114,6° pour Pr = 0,72

Ces résultats confirment ce que révele l'expérience : la valeur de 1'abscisse de décollement est
peu influencée par les variations de température de paroi. Un écact d'une centaine de degrés ne provoque
pas un changement de cette abscisse mesurable expérimentalement. Les différences, en effet, sont inférieu-
res aux marges de précision qui nous sont imposées pour son évaluation,

L'écoulement ainsi décollé se poursuit au-dessus du creux. Il vient ensuite se recoller, vers 1la
fin de la déformation, A une nblclue (ou A ). D'une manire générale, les résultats montrent que plus
le décollement se produl.t tdt sur la surgace. plus la zone décollée est importante et plus 1l'écoulement a
tendauce 3 recoller loin.

2.3.2 Configuration dynsmique et thermique de 1'écoulement.
Les mesures de pression statique 2 la paroi conduisent 3 une évolution du coefficient de pression
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(Kp) en fonction de la distance su bord d'attaque, trds voisine de celle trouvée par le calcul (fig.1).
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Fig. 1 - Evolutisn du coefficient de pression

Le trés léger décalage qui apparatt, s'explique toujours par 1'onde de choc produite par le bord d'attaque.
lLes différentes courbes obtenues par le calcul montrent qu'un chauifage modéré de la parol ne perturbe que

trés peu les résultats,

Les profils de vitesse mesurés et calculés se recouvrent également bien (fig.2) ; par suite, le
coefficient de frottement trouvé numériquement est considéré comme correct.

En ce qui concerne la température, sur la partie plane de la plaque, le profil s'obtient, pour
un nombre de Prandtl différent de 1l'unité, ? partir de la solution du systime d'équations évoqué au para-
graphe 1.5. Ce profil est d'autant plus proche de celui de Chapman-Rubesin que le nombre de coefficients
retenu dans la relation générale de Nielsen entre la température et la vitesse est plus grand.

Le calcul complet a8 été effectué en ne retenant que deux coefficients : E, et E,. Néanmoins, les
profils de température mesurés et calculés sont tres proches comme le montre la figure 3. Dés lors, les
valeurs des flux de chaleur 2 la paroi fournies par le calcul sont,elles aussi, consliérées comme trés cor=-

rectes,

Le programme de calcul permettant d'envisager aussi une varifation de la température de paroi,
1'évolution de la température de frottement peut 2tre obtenue et, par suite, celle du facteur thermique
pariétal, Ce dernier, caractéristique du régime de 1'écoulement, demeure sensiblement constant.

L'évolution du nombre de Nusselt (Nu) se déduit de celle de la température de frottement et du
flux de chaleur 2 la paroi pour différentes valeurs de T, (fig.4). En outre, les courbes relatives a un
rombre de Prandtl égal a 1 ou A 0,72 se trouvent &tre crgs peu éloignées.

3 - APPLICATION DU CALCUL A DES CAS PLUS GENERAUX
La bonne correspondance entre les résultats des expériences et du calcul a permis firalement
d'étendre 1'application de ce dernier A des cas différents.

Ainsi, pour une meme distance du début du creux au bord d'attaque,des lois de comportement du
bulbe peuvent &tre proposées sous la forme suivante :

1) 1'écoulement étant fixé :

- pour une longueur d'onde donnée, l'abscisse de aécollement rapportée A la longueur d'onde est
d'autant plus grande que 1l'amplitude du creux est plus faible (fig.5),

- pour chaque valeur de la longueur d'onde, 11 existe une valeur de l'amplitude en-dessous de
laquelle le calcul ne prévoit plus de décollement. Cette valeur est elle-m#me d'autant plus importante que
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la longueur d'onde est plus grande,

- pour une amplitude donnée, plus la longueur d'onde est grande, plus 1'abscisse de décollement
rapportée ) cette ¢ rnidre est éloignée du début du creux.

2) La configuration de psroi étant fixée :

- pour une t-_gluturo de paroi donnée, l'abscisse de décollement passe par un minimum lorsque le
nombre de Reynolds de 1'écoulement varie d'une valeur faible A une valeur trds grande,

- pour des conditions de 1'dcoulement smont donndes, 1'évolution du nombre de Nusselt conserve
1la méme allure générale, sa valeur étant d'autant plus importante 2 une mdme abscisse que la peroi est
plus frofde (fig. 4).

CONCLUSION

L'étude présentée ici nous permet de conclure que, dans un écoulement supersonique, la présence,
sur une plaque plane, d'une déformation en creux, de profil sinusotdal, provoque en général, mlme pour de
faibles rapports "amplitude/longueur d'onde”, un décollement : un bulbe do faible épaisseur mais allongé
se forme dans le creux et 1l'écoulement vient ensuite recoller 2 la parol avant la fin de ce dernier.

L'application d'une méthode par différences finles dans la zone de détente que constitue le dé-
but du creux, puis de la méthode de Nielsen conduit 2 une prévision des champs dynamique et thermique de
1'écoulement en bon accord avec ceux qui existent effectivement en soufflerie.

Le 1éger écart trouvé dans la répartition du coefficient local de pression, s'explique par la
présence d'un bord d'sttaque réel qui ne peut 8tre parfait, comme le suppose la théorie. Ce bord d'atta-
que, sussi fin soit-1il, a pour effet d'auguenter faiblement 1'épaisseur de la couche limite, Si ce phéno-
méne tend A avancer légdrement le décollement, les méthodes appliquées ici conduisent néanmoins A une
bonne estimation de 1'écoulement, tant su point de vue dynamique que thermique. Par suite, le calcul four-
nit des valeurs du coefficient local de frottement et du flux de chaleur A la paroi qui peuvent Btre con-

sidérées comme correctes.

Ainsi & été mise en évidence la faible influence de la température de paroi sur la configuration
dynamique de la zone décollée, du moins pour des écarts de température modérés. Par ailleurs, les résul-
tats du calcul montrent que, pour des nombres de P:andtl égaux 3 1 ou 0,72, 1l'évolution du nombre de Nus-
selt le long de la déformation de paroi reste sens{blement la méme, y compris dans la zone décollée.

Diverses améliorations peuvent Rtre envisagées :

- la méthode utilisée ici dans 1la zone décollée peut &tre perfectionnée en prenant, pour profila
de vitesse et de température, des développements d'ordre plus &levé, mais le calcul nécessiterait autant
d'équations supplémentaires que de paramdtres nouveaux,

- le programme de calcul peut 8tre adapté au cas de déformations de parol autres que sinusotdales,

- le calcul peut également 2tre poursuivi pour obtenir les caractéristiques de 1'écoulement aprds
le recollement.
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ASYMPTOTIC THEORY OF SEPARATICN AND REATTACHMENT OF A LAMINAR
BOUNDARY LAYER ON A COMPRESSION RAMP*
by
Odus R. Burggraf
Dept. of Aeronautical Engineering
The Ohio State University
203 Neil Ave.
Columbus, Ohio 43210

SUMMARY

Laminar boundary layer separation and reattachment is here considered for adiabatic flow over a
campression ramp with supersonic mainstream, For large ramp angle, calculations based on the Stewartson-
Williams "triple deck" theory show that the regions of separation and reattachment become distinct, with
an intervening (ylateau) region of nearly constant pressure. The mathematical description of each of these
distinct regions is given, and simple formulas derived for a number of quantities of interest, including
the plateau pressure, conditions at separation and reattachment, and the geametry of the separated region.
Detailed comparisons of the theoretical results with available experimental data show favorable agreement,
suggesting that the theory can provide a useful tool for engineering analysis,

1. INTRCDUCTION

The boundary-layer concept has often bveen useful as a basis for calculating separated flows in
gsupersonic main streams. Vhen combined with a viscous interaction condition coupling the pressure to the
displacement thickness, the boundary-layer equations appear to be an accurate model for certain types of
separated flows at moderate Reynolds numbers of practical interest. Examples of the success of these
methods are glver. by the work of Lees and Feeves* and of lielsen.” At high Reynolds number R, the boundary
layer with viscous interaction has been shown to develop a substructure,”=S which Stewartson has named the
triple-deck. Computations have been carried out on the basis of triple-deck theory by Jenson, Burggraf
and Rizzetta,” for the case of a compression ramp with supersonic mainstream. These results ghow that
separation first occurs when the ramp angle n is of order R™*/%. As r increases above those values reported
in Ref. 7 (but still of order R™!/"), a prominent pressure plateau develops between the distinct regions
of separation and reattachrment (see Fig. 1). Each of these regions has a distinct mathematical deseription
for r large and relatively simple formulzas have been derived for a number of quantities of interest. TIhe
rurpose of this paper ic to describe the mathematical structure of the separation, plateau, and reattach-
ment regions and to compare the theoretical results with available experimental data, as outlined below.

2. SEPARATIO™ A'D PLATEA! REGICNS

The mathematicul structure of the separation region has been given by Stewartson and Williams.S
Briefly, the boundary layer is disturbed by some downstream vbstacle, in this case a ramp. For large
enough disturbance, the boundary layer will separate in a distance of order R™?/“ ahead of the obstacle.
Because of the short streamwise distance, viscous effects are restricted to a sublayer with thickness of
order R™"/", while the main portion of the rlow iu the boundary layer continues as an inviscid rotational
flow on the R™ /" length scale. Outside the boundary layer, the pressure disturbance is felt over a dis-
tance of order K~ /" in both transverse and longitudinal directions. If the separation point is far enough
in front of the obstacle, as for the ramp of Fig, 1, the pressure asymptotes the plateau pressure down-
stream. This constant rressure region corresponds to an equivalent wedge surface running fram separation
point S to reattachment point R (see Fig. 2).

The asymptotic structure of the flow leaving the separation region has been described by Neiland* as
a separated shear layer (centered on the equivalent wedge surface), an inviscid reversed flow which eds
the fluid entrained by the shear layer, and a reversed-flow boundary layer. The latter two flows decay
with increasing x and are of no further concern to us. However, the velocity in the free shear layer
grows with x,

For definiteness, let x, y, u, v, p, ¥ be the physical coordinates, velocity, pressure, and ramp
angle, and let X, .’y "', V, P, 7 be the corresponding nondimensional quantities in the sublayer. Following
Stewartson and Willlams,® these are related as

X = X + 78X sy Vo= €7bZ
P=DPo+ c“cP(X) , a= c“(b/n)7 (1)
u = c(a/B)UX,2) , v= ' d/a)V(X,2)

Here ¢ = R;“", vhere R is the Reynolds number, and the asterisk subscript refers to a convenient reference
state of the external flow in the interaction region. x, is a convenient reference length measured to

some point in the interaction region, and p, is the pressure at the beginning of interaction. The param-
eters are defined as

8 = XoCH/UATS/A (M7 -1)" (T T) 2
b= X/ IATMA (M, A1) (T /Ty) Y ¥
C = p2CY/ AN (M, -1)" /A (2)
d = XUl N (M e1)=2/% (Tyy/T)”

*The research reported here was sponsored by the Office of Naval Research, 'nited States Navy, under

Contract !llo. NOOOLl4-07-A-0232-001k
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A takes the familiar value 0.332 when the undisturbed boundary layer is of the compressible Blasius type.
C 1s the Chapman-Rubesin constant and the other variasbles have their usual meaning.

The flow in the sublayer is governed to first order by the classical incompressible boundary layer
equations

Uy + V= 0 (ba)

Uy + VUg = <Py + Upy (4b)

subject to the usual no-slip condition on the wall streamline, However, the outer boundary condition is
unconventional; it is an expression of the viscous interaction condition obtained by matching to the dis-
‘urbed main boundary-layer flow, as described by Stewartson and Williams:S

P(X) = -A"(X) , A(X)-= zLifL(U'Z) (s)

and A(X) approaches zero ag X — - o .

Jenson, Burggraf, and Rizzetta® have presented mmerical solutions of the inner layer problem for the
compression ramp, showing that separation first occurs for &~ 1.(5. The first indications of a pressure
plateau appear for a = 2.5, and & fully developed plateau exists for @ = 3.5 as shown by Fig. 1. The
length of the plateau grows rapidly with increasing &, and for large @ the separation region appears to be
pushed far ahead of the cormner (on the R™®/* interaction scale). Hence the asymptotic structure described
by Neiland is appropriate to the plateau shear layer when T is large.

The shear layer leaving the separation region is described by Neiland,* and more fully by Stewartson
and Willitmm,7 in the form of an asymptotic series:

U= XOt5(n) # XTOLI(n) + oo (6a)

P= Py + PX"9/2 4 ooo (6b)
where

n = [2 - A(X)])/x/2 (6¢)

The functions f, and f. satisfy the usual type of third-order ordinary differential equation. It suffices
here to note that

£, = 0.9341 , £ = -0.2711 when f, = f£> = O. (7

The plateau pressure P, has been evaluated by Williams’ by rnumerically solving the full inner-layer equa-
tions of the triple-deck, requiring that the reversed flow downctream of separation have the asymptotic
form given by Neiland. P, was found to have the value 1,800, which is seen to agree very well with the
plateau pressure of Fig. 1. This suggests that 3.5 is a sufficiently large value of @ for the asymptotic
theory to apply.

Figure 3 is & comparison of the separation-region presgsure predicted by the triple-deck theory with
experimental data of Chapman, Kuehn and Larsen® for a forward-facing step. The reference state has veen
taken as conditions at the separation point (X=0). The theory is seen to anticipate the initial pressure
rise, but the agreement is quite good following separation. Another case is shown in Figure k4, corres-
ponding to a curved ramp whose foot is tangent to the upstream plate. T4o choices of reference state are
shown here: (1) the solid symbols are for M, equal initial freestream conditions, R, equal to separation
conditions, as was chosen in Ref. 5: (2) the open circles are for Ms, Ry both equal to separation point
conditions. The latter choice makes the agreement better, although not of the quality of Fig. 3. This
dependence on reference state is an effect of finite Reynolds number since the distance between the points
is of order R~3/8® and the pressure rise of order R-1/4 according to the theory.

2. REATTACHMENT REGION

The flow in this region is fed by the serarated shear layer, which is describea by Neiland's asymp-
totic expression given utove. Hence it is possible to estimate the orders of magnitude of the various
terms in the Navier-Stokes equations for the reattachment region from the shear-layer scaling.

From Eqs. (6) and (1), the flow in the shear layer entering the reattachment region scales as follows:

S o L;/:J , ¥~ Lll)/:JR-U?

where Lp is the length of the pressure plateau. Thus the inertia terms in the equations of motion scale
as

du :
uge ~ L;/-’ /LR
where Ly is the length scele of the reattachment region. The viscous term scales as
Lil/a

and fram linear theory for supersonic flow Ap ~ a so that the pressure term scales as

§~W%

R-l B?u =

P o
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Fram continuity,

v~ "”3/(LRR"/2)
and requiring v ~ au ylelds

I"R = Lé/S/(aRI/'Z)

We now make the assumption that for large & the pressure rise in reattachment is of the order of the
dynamic pressure of the flow entering the reattachment region; i.e,

2

u® ~qa
Hence
~ o3/2
' (8)
LR = d-l/zR-l 12
Summarizing, we find in the x-momentum equation
Inertia Terms: u ? ~ gP/2p1/2 (9a)
1 d%u 172
Viscous Term: e~
L ()
: 2 repl/2
Pressure (radient: 5§ ~ oP/2R (9c)
A gimilar treatment of the y-mamentum equation ylelds
Inertia Terms: u gl ~ of/2Rpa/? (9d)
-l a v ]2
viscous Temm: R S ot (9e)
Pressure Gradient: gg ~ ot/2g/2 (9r)

For q ~ R-1/* (2 ~ 1) as in the inner layer scaling of Eq. (1), all three terms in the x-momentum equation
are of the same order, while the y-momentum equation reduces to

g& =0 (10)

so that the conventional boundary-layer equations apply, as in Zq. (4). This scaling corresponds to &
less than about 3 (according to Ref. 6) where separation and reattachment both Lake place on the same
length scale and the pressure plateau has not fully developed,

Alternatively if we require a ~ R-1/% byt regard @ large, the viscous term (%) becomes negligidble in
the x-mamentum equation, while the pressure gradient (9f) still dominates the y-momentum equation. Hence
for large &, the reattachment process is inviscid, confirming Chapman's® early ideas.

It 18 also instructive to consider a ~ R™™ with n < 1/4, The results are as follows: (i) for

= 1/b, the reattachment process is viscous; (1i) for 0 < n < 1/L4 but not of order one, the reattachment
process 1s inviscid and the pressure gradient 3p/Oy transverse to the wall vanishes; (iii) for n = 0
(ax ~ 1), the reattachment process is inviscid and dp/dy is important.

For case (1) the complete separated flow region is contained within the triple-deck and a well-developed
plateau appears only in the limit a R/ — », which overlaps case (11). Case (1ii) includes case (ii)
and was treated earlier by Burggraf.” Numerical results for this case were presented based on Chapman's
similarity solution for the free shear layer entering the reattachment zone, corresponding to a long
plateau between separation and reattachment. For a short plateau, the appropriate profile is that of
Neiland given above, corresponding to case /ii).

We now formulate a calculation procedure for the reattachment zone following a short plateau. For
convenience, we assume @ ~ R™}/%, but regard @ as large so_that case (ii) applies. We introduce new vari-
ables for the reattachment zone, indicated by a tilde, as X. The initial conditions entering the reattach-
ment zone are provided by Eq. (6), and these together with the scaling of Eq. (8) imply the following
relationships betweern new and old variables:

= uigl/e , Za28/° , %= (x-xpBp/ (11)

Hore I:p is the nondimensional form of Lp, sceled as in Eq. (1), and Xg 1s an arbitrary origin within the
reattachment zone, selected below. In addition, the stream function and vorticity are defined as

R
— N2

bai , 5o

5 dZ (12)

The subscript d refers to_the dividing streamline; i.e., that which ultimately reattaches to the wall, Far
upstream on the X scale, 0 1is gliven by Neiland's shear layer as f," (Z - Zd).

With these definitions, the principles of conservation of vorticity and total pressure yield
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¥
-2 [aaf , B-2(0f-02) (13)
¥
vhere Gm is the minimm value for ¥ at the local X station. Since q ~ R‘l/“, the outer matching condition
(5) applies, and the X location is determined from the pressure:

e e (14)
Pp - P
The origin of X is obtained by extrapolating the dividing streamline of the free shear layer linearly to
the wall, thus defining Xp above.

Eguation (14) defines a unique relation for the pressure distribution in the reattachment zone, This
relaticn is shown by the curve in Fig. 5. The plotted points shown for comparison are experimental data
for a 10° compression ramp taken from Fig. 20a of Ref. 2. Since the experimental reattachment point was
not defined, it was arbitrarily chosen to match the theoretical pressure at ¥ = 0. The comparison shown
is reasonably good, and might be Improved by accounting for the evolution of the shear layer-velocity pro-

fil> over the finite plateau length.

Now consider the case of a long plateau. According to Ey. (8), Lp of order one corresponde to a of
orde- one, and thence Ly of order R™}/¥, More explicitly, the scaling of Eq. (11) for the short plateau
suggests that when Lp ~ 1, the physical length scale in the reattachment zone is

X - Xg = xo(Lp/)h)-1/3C1/2)\'5’S(M*z-l)'l/2(Tw/Tm)2R;l/2i (15)

where Egs. (1) and (2) have been invoked. The appearance of the A and x, factors indicate the history of
the upstream Blasius boundary layer; these would be expected to disappear for a truly long plateau. The
Mach number and Reynolds number scaling here are exactly those deduced in Ref, 9 on the basis of physical
arguments. The curves shown in Fig. 6, reproduced from Ref, 9, were calculated for inviscid reattachment
of a Chapman shear layer (Ref. 11), corresponding to a long plateau with vanishingly short upstream
boundary layer. Even though plotted in the Mach number scaling of Eq. (15), a residual Mach number de-
pendence is evident, One reason is that Eq. (15) is basel on Neiland's shear layer in which the velocity
is small and the flow is essentially incompressible. For the long plateau with Chapman's shear layer, the
flow is compressible. In addition, the flow turning angle in the latter case is large enough for non-
linear effects to be important in the pressure-angle flow relation.

Also shown in Fig. { are experimenta). data for a 25° compression ramp taken fram Fig. lua of Ref, 8.
Ir this case, the origin was estimated by extrapolating the free shear layer visible in the schlieren
photograph, an uncertain procedure. If an origin shift is allowed the comparison with theory is not bad.
In general, the effect of the upstream boundary-layer history on the shear layer initisting the reattach-
ment zone should be accounted for. This may be accomplished by calculating the shear layer as 1t develops
downstream from HNeiland's p:>file over *“. __.gu. Of the pressure plateau, as demonstrated by Denison and

Baum.1?
L4, GEOMETRY OF THE SEPARATED FLOW REGION

According to Neiland's asymptotic structure for the separation region, the plateau region exhibits
only small fluid motion, except for the free shear layer which may be calculated independently. The
length of this region can be estimated from Chapman's!! hypothesis of the reattachment pressure rise: the
total pressure on the dividing streamline entering the reattachment zone equals the final pressure re-
covered wren the external flow has been turned parallel to the wull, Using the velocity and thickness
scalings given by Neiland's asymptotic shear layer as an estimate for conditions entering the reattachment
zone, we have shown already that Chapman's hypotheri:c implies the lengih of the free shear layer in the
plateau reg.cn to be of order o*/% More explicitly, utilizing the linear pressure-angle relation for the
external flow and Chapman's hypothesis, we have on the dividing streamline

P+U°/2=7
For the short plateau, the left side can be evaluated from Eq._(6). Truncating the series at the first
order term in X (which we now interpret as the plateau length Lp) we find

L, ~ (207 - B - £ (0)£-(0))/[£5" (0)17)%/% (16a)

Substituting the numerical values given earlier yields
I, ~ 3.47(@@ - 1.55)3/2 (16b)

Since this is an asymptotic formula, it is valid only tor @ >> 1.55. While we have no numerical solutions
of the type shown in Fig. 1 for such large @, it is possible to compare with experimental data for at least
one of the cases in nef. 3, the 25° ramp., Converting the_ramp angle to the nondimensional form gives

& = 6.89 for that case. According to the above formula, LE = 42,7, while an approximate value of about

47 1s found by measuring the length of the free shear on the photograph (Fig. lh4a of Ref. 8). This agree-
ment lends credence that the asbove asymptotic formula is useful for practical application, although addi-
tional comparison with experimen,t is essential.

The comrlete geometry of the separated region is now available. From Williams' solution,” the
plateau shear layer is inclined at an angle a relative to the wall:

A = Py = 1.800

Hence from Fig. 2 and the law of sines, the distance between the ramp leading edge and the separation
point is 1.8

o re- (- 305, an
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A complete pressure distribution for a 10° ramp has been calculated from the above theory and is
shown in FMg. 7. The conditions correspond to those of Fig. 20a of Ref. 2, already referenced in Fig. 5.
In making these calculations, it was necessary to account for an inconsistency between Eqs. (16) and the
reattachment calculation outlined in Eqs. (11) through (14). Equation (16) is based on two terms of the
asymptotic expansion for Nefland's shear layer, whereas the reattactment solution zhown in Fig. 5 vas
based on only the leading term. The analysis was made ccusistent by dropping ‘r.e tewm fo'(0) in (l6a),
or equivalently, replacing the value 1.55 in (16b) by P, = 1.80, and requirirg :he final pressure at the
end of the reattachment zone to agree with the inviscid wedge pressure., The ag-eement with the experi-
mental data in Fig. 7 is fairly good, and could ts improved if the freedom of t1e origin shift in the
asymptotic formulas is exploited to shift the theoretical reattachment zone a short distance downstream.

To compare the sccuracy available with integral methods, Fig. 8 is taken from Fig. 21 of Nielsen,
et al.? In their method, the interaction is started at a particular point which is usually chosen to make
the resulting solution agree well with experiment. In Fig. 8 the four integral curves correspond to
initial points of 0.0525 to 0.0700 feet from the leading edge. If the experimental data were not avail-
able, there would be no reason to prefer any of the four integral curves. Comparing Figs. 7 and 8, we
conclude that the accuracy of the asymptotic theory is of the same order as that of the integral method.

5. CONCLUSIONS

The evidence presented above supports the view that the asymptotic theory of laminar separation and
reattachment i3 an acceptable formulation for practical purposes. By combining the results of the struc-
ture of the three regions (separation, plateau, and reattachment) the complete structure of the flow
field can be predicted independent of experimental inputs, slthough there is some room for adjustment in
the theory through optimum choice of reference conditions and origin shifts in the asymptotic expansione.
Further development of the Stewartson-Williams free-interaction theory is underway, with promising results
both from higher-order analyses and from inclusion of hypersonic effects. Similar improvements in the
reattachment theory are also necessary. Nevertheless, even in its present state, the theory can serve as

a useful tool for engineering analysis.

6. REFERENCES

1. Lees, L., and Reeves, B., AIAA J. 2, 1907-1920(196L).

2. Nielsen, J., Lynes, L., and Goodwin, F., USAF FDL TR-65-107 (1965).
Messiter, A., Hough, G., and Feo, A., J. Fluid Mech. 60, 605-624 (1973).

Neiland, V., Izv. Akad. Nauk SSSR No. 3, 19-24 (1971).

W & oW
.

Stewartson K., and Willisms, P., Proc. Roy. Soc. A. 312, 181-206 (1969).

Jenson, R., Burggraf, O., and Rizzetta, D., Paper presented at 4th Int. Conf. on Numerical Methods in
Fluid Mechanics, held at Boulder Colo., June 1974. To be published in conference proceedings,
Springer-Verlag {1974).

7. Stewartson, K., and Williams, P., Mathematika 20, 98-108 (1973).

oy

Chapman, D., Kuehn, D., and Larsen, H., NACA Rpt. No. 1356 (1958).

9. Burggraf, 0., Proc. 3rd Int. Conf. on Numevical Methods in Fluid Mech., Lecture Notes in Fhysics,
Vol. 18, Springer-Verlag (1973).

10, Denison, M., and Baum, E., AIAA J. 1, 342 (1963).

11. Chapmen, D., NACA TN 3792 (1956).

ke Lt

L Ak T



TR e T

106
34
P
24
| +
1 1 1 0 1 L ] 1
-20 -10 0 i0 20
X

Figure 1, Wall pressure distribution for a= 3.5, plotted in inner layer variables, Mesh size: AX = 0,8,
AY = 0,8,
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Figure 3. Pressure distribution in separation region for a forward-facing
step; M, = Mg = 2,21, R, = uxg/wo = 92,000, Ty/T, = 1,90,
Asymptotic Theory: ; experimental data from Ref, 8, Fig, 11a:@.
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Figure 4, Pressure distribution in separation region 2 ° a curved ramp, Asymptotic
theory: Experimental data from Ref, 8, Fig, 17a: M, = Mg = 2,7,@;
Mx = My = 2,56, O. By-= UpXp/ Ve = 39,000 and T‘,/T,, = 2,h for both cases,
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Figure 5, Pressure distribution in reattachment region with a short plateau, Theory: ___ ;
experimental data fram Ref, 2, Fig, 20a: O , @ = 10%, M, = 2,55, Ry = 206,000,

Tw/Te = 2,11,
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Figure 6. Pressure distribution in reattachment region with a long plateau, Theory fram Ref, 9:

-=--y Mgy = Llb;~-—~, Mg = 3j-——r = 7. Experimental data from Ref, 8,
Fig. lia: @ , @ = 250, M, = 2,7, R, = 33,boo T,/T, = 2.24,
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ON THE CALCULATION OF LAMINAR SEPARATION BUBBLES IN TWO-DIMENSIONAL INCOMPRESSIBLE FLOW

J.L. van Ingen
Departmert of Aeronautical Engineering, Delft University of Technology, Kluyverweg 1, Delft, The Netherlands

SUMMARY.

The following topics are discussed in the paper.

= A nev laminar boundary layer calculation method is presented which combines the simplicity of Thwaites'
method for the prediction of the momentum loss thickness 6 with the accuracy of Stratford's two-layer method
for the prediction of the position of laminar separation.

- Calculated boundary layer characteristics for arbitrarily prescribed pressure distributions in general
show a singular behaviour at separation. It is shown that a real separating flow tends to adjust itself in
such a way that the resulting grcuuu distribution prevents a singular behaviour of the boundary layer to

occur. lt appears that m = - %— du shovs & maximum value at separation.

- A simple calculation method fog_thc laminar part of the separation bubble is presented. The prouure
distribution is not prescribed but it is determined from the calculation such that the separation streamline
assumes a prescribed shape.

~ An earlier method for the prediction of transition in attached boundary layers, based on linear stability
theory, is extended to the case of ssparated flows.

- Tvo methods are discussed which might be used to predict whether reattachment of the turbulent shear layer
will occur, thus leading to a closed separation bubble.

- FPinally some results will be discussed of windtunnel experiments on two different models. The first model
is the FX 66-S-196-V1 Wortmann airfoil; the second model consists of a circular cylinder with a tapered tail.

NOTATION
a constant in Eq. (2) -a; spatial amplification rate, Eq. (23)
b constant in Bq. (2) 8 Falkner-Skan pressure gradient parameter,
B constant in Eq. (16) Eq. (13)

q 9. Y angle at which the separation streaaline
c reference length, equal to chord for airfoil; leavel the wall; Fig. !

equal to radius for cylinder x
§ £ (1 - -)dy displacement thickness

'3 profile parameter for velocity profiles with
reversed flow, Eq. (12) 8 f Uy -
/e 1] U)dy momentum loss thickness
Tof (a(u/U)} ' angular distance around circular cylinder,
v measured from leading edge
24 ; 2-(2”{)2 "] streamfunction
n = %— dg - {M) o, amplification factor, Eq. (23)
3(y/8) v coefficient of kinematic viscosit
P static pressure y
. 922 AU To wall shear stress
v A w disturbance frequency, Eq. (22)
r n/n
up
r Uref ¢ .
e u_—_g—_ Subscripts
Ry v B Blasius value
u velocity component in boundary layer parallel r reattachrent
to wall q
sep separation
U velocity component at edge of boundary layer & tFansition
I_J"f reference speed 0 g
] U/U"f
AU change in edge-velocity over length of

separation bubble; Fig. 1

x distance along the wall
x X,
c
Ax length of separation bubble, Fig. 1
y distance normal to wall
z LIS

1. INTRODUCTION

Although quite a number of important references is available on the subject of the laminar separation bubble
in tvo-dimensional incompressible flow (see for instance refs. 1 through 6) a fully satisfactory engineering
method for the prediction of the characteristics of these bubbles does not yet exist. The present paper
tries to fill some of the gaps in our knowledge; it appears that a complete prediction of the bubble is now
within our reach. Some of the problems in this fieid are illustrated by the well known picture of the

e ¢ e i
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pressure diltribution(') in the separation region (Fig. 1). First we have to determine the separation point
S; downstream of S we usually find experimentally a flattening of the pressure distribution. This part of
the pressure distribution is not known a priori but it should follow from the calculation. Most of the
existing calculation methods assume & constant wall pressure within the bubble but this is only a good
approximation at low Reynoldsnumbers. The next problem is to predict the position of transition T in the
separated shear layer. Downstream of T we may find a rather steep pressure recovery curve, leading to re-
attachment at R. Often R is assumed to lie on the dotted pressure distribution curve which would occur with-
out the presence of the bubble. Sometimes reattachment does not occur; the bubble "bursts" and of course

a calculation method should be able also to predict this bursting.

In the following chapters the different problems, mentioned above will be discussed in turn.

2. PREDICTION OF THE SEPARATION POINT USING ENGINEERING METHODS.

A w:ll known engineering method for the calculation of the laminar boundary layer is that due to Thwaites
(ret. 7). The accuracy of the method is quite good for the prediction of the momentum loss thickness 6; it
is lcss accurate for the prediction of the separation position. The idea behind this method is to use the

von Kirmdn momentum integral relation and the first compatibility condition of the boundary layer in the form:

2 2 2
d_ 02 _ 20e20(2em) _ L __efau_ 2% up
= & 0 grdme -t =5k n
3(y/0)

Thwaites assumed that 2 and H and hence L are unique functions of m which allows us to calculate £, m, H, L
and 0 as functions of x. The required functions £(m), H(m) and L(m) were deduced by Thwaites from a number
of exact solutions of the laminar boundary layer equations which were available to him at that time. The

momentum integral equation can be integrated easily between two points X, and *, if a linear relation

L=a+ bm (2)

is assumed between L and m (Thwaites took a=0.45; b=6). The result is

b2 b,2
u'e ue X2 b=l
S xn, = o hmey =2 [0 =

As soon as 8(x) is known, m(x), k(x) and H(x) follow from the compatibility condition and the relations
£(m) and H(m). This allows us to find the separation point and an approximation to the boundary layer
velocity profile. As was remarked already the predicted values of 6 are sufficiently accurate for engineer-
ing use. For the tavourable pressure gradient case (u<0) also the velocity profile is rather accurate. For
adverse pressure gradients (m>0) the profile is less accurate and hence the separation position is not
predicted accurately enough for the present purpose. This is due to the fact that Thwaites' method belongs
to the class where a fixed relation exists between £ and m so that separation (£=0) is found at a fixed
value of m.

An improved method has been obtained in which 2(m), H(m) and hense L(m) are allowed to depend on an extra
parameter. This parameter is taken as msep' the value of m = - %: %% at separation.

To introduce this i.proved method we refer to figs. 2 through 4 wnere £(m), H(m) and L(m) have been plotted
in the same way as Thwaites did for some special accurate solutions of the boundary layer equations. The
selected solutions have i1n common that for zero pressure gradient (m=0) they all reduce to the Blasius flat
plate boundary layer. The scparation values for H and L fal neatly on curves which coincide with the
curves representing the separation points in nead's two-pzc-ameter method (ref. 8).

For the range of values of msep which is of practical interest (msep>.068) it follows that a good

approximation for L is:
sep L = ,14026+10 m and hence H =3 + LA 4)
sep sep sep T

It follows that £, H and L can be very nearly made unique functions of r-m/msep vwhen properly scaled (see

fig. 5). I what follows Hartree's similar solutions of the Falkner-Skan equation have been used to define
these functions.

Introducing = as an extra parameter, to be detzrmined later, the new method may now be defined as follows.

sep
For favourable pressure gradients (m<0) use /.(m), H(m) and 2(m) as for the Hartree flows for whicn msep-'06815'

For adverse pr2ssure gradients (m>0) use the scaled functions

(%) In the present paper we will by 'pressure distribution" not only denote p(x) but also U(x).
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, L=,44108 -1 B=2,5911 -
L= A(r) ; q.p—_.“-fas L(r) 3 ﬁ'“—p:nm' H.(f) (3)
a8 determined from the results for the Hartree flows. The momentum integral equation can then be integrated
once & starting value for 6 is available. As in Thwaites' merhod the integration can be performed in the
form (3) when using the linear epproximation (2). Of course b now depends on the parsseter LI with (4)

P.
it follows that for s >,068:
- belo- _-M or Weep " %:%7,—9 ()
sep

Tor favourable pressure gradients we use be5,16, corresponding to the straight line connecting the stagnation
point and the Blasius point in fig. 4; for all values of b we have a=.44105. For each value of b (or l"p)

8 Thwaites type method is obtained. For large values of b the method gives late separation, for small values
of b early separation is obtained.

Of course some additional information is needed to determine b. When analysing experimental results b may

be chosen such that the experimentally determined separation point is reproduced. In cases where the separat-
ion point is not known a priori we use Stratford's two-layer method (ref. 9) in the version of Curle and

Skan (ref. 10) to provide the separation position. Lack of space does not permit to give a more detailed

account of the present method; details will be given in a forthcoming report by the present asuthor (ref. 11).

R Y I B ST

¢ A few Tesults to illustrate the method may be found in figs. 6 through 8. Fig. 6 gives some results for the
i potential flow pressure distribution around a circular cylinder where U=sin x; a comparison has been made

£ vith the accurate numerical results due to Terrill (ref. 12). Fig. 7 gives some results for the measured

5

pressure distribution on a Wortmann airfoil (see section 8).
The fres-stream speed for this particular case was such that a closed laminar separation bubble occured.

2

2

Using the surface oil film technique the separation point was found at a distance of 48% of the chord down-
stresm of the lelding-edgc(’). It should be noted that the curve of U vs.x becomes rather flat downstress

of the separation point leading to a point of inflexion shortly upstream of the geparation point. This
appears to be characteristic for all messured preseure distributions in the vicinity of separation.

It follows from fig. 7 that the present method does not predict separation for b>7.23; in fact the calculat-
ion tends to the flat plate boundary layer far downstream. For b<7.23 we do find separation while £ tends

to zero like l&\/ ;nep-;' This is the type of singularity discussed by Goldstein (ref. 13) which always

seems to occur when boundary layer calculations are performed for arbitrarily prescribed pressure distribut-
ions. Por b=7.23 separation is predicted at X=47.2% with a finite value of %% at separation. Apparently the
real flow adjusts itself such that tlie Goldstein singularity can be prevented. It should be remarked that

the behaviour for b>7.23 is very similar to what Schubauer found when applying Pohlhausen's method to the
measured pressure distribution for an elliptic cylinder with observed laminar separation. Later, Hartree
(ref. 14) using an accurate numerical method could only find separation when slightly modifying the observed
pressure distribution. It is still an open question whether indeed a small experimental error in Schubauer's
experimental results is responsible for the failure to predict separation or that small errors inherent ip
the boundary layer approximation and the neglect of the longitudinal surface curvature are responsib.c for it.
It is instructive to invert the present calculation method to find out to what extent th. pressure dist-ibut-
ion should be modified to prcduce a noticeable shift in the_separation position. The full curves in fig. 8
give the values of £ (for b=7.23) and the values of U and %% in the neighbourhood of tue separation point

for the same case as was shown in fig. 7. The dotted curve for £ represents an arbitrarily modified shear

stress distribution for x>45% producing separation at 461. The dotted curves for U and gg indicate the
modifications which have to be made to the pressure distribution to produce the changed wall shear stress.
These modifications are certainly within experimental error. Hence an important conclusion must be that the
accuracy to be obtained in the prediction of laminar separation may depend more on the accuracy of the pres-

sure distribution data than on the level of sophistication of the calculation method.

3. SOME OBSERVATIONS ON THE CHARACTERISTICS OF THE SEPARATING LAMINAR BOUNDARY LAYER.

Laminar boundary layer calculations for srbitrarily prescribed pressure distributions in general show a
singular behaviour at separation, such that 1, and £ tend to zero as the square root of the distance to
separation (Goldstein, ref. 13). It was shown in section 2 that this singular behaviour is reproduced by the

present method. It was also uvbserved that for a measured pressure distribution the singularity may be pre-

(x) note that x is weasured along the surface; hence at the trailing edge we have x>100% c.
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vented by a proper choice of b. Therefore it seems possible that the boundary layer equations may vemain
applicable through separation if only the proper pressure distribution is used. It should be remembered how-
ever that very small deviations from this pressure distribution will restore the singular behaviour. There-
fore ve must refrain from prescribing the pressure distribution in the separation region. But we should
prescribe a regular behaviour of some other quantity like Toe L or the displacement thickness. A recent
example of such a method is given by Carter in ref. 15. It is of course very easy to invert the present
method and prescribe & quantity other than the pressure. In fact fig. 8 gave a first example of this proce-
dure where 2(x) was prescribed rather arbitrarily.

In order to be able to proceed in this direction we should first ga~her more informstion about the exact
behaviour of the viscous flow near separation. Therefore it is useful to recall here an analytical solution
of the Navier-Stokes equations which is valid in a small neighbourhood of the separation point where the
inertial forces can be neglected. (See Legendre, ref. 16; Oswatitsch, ref. 17; Batchelor, ref. 18, page
226). It follows that the separation streamline leaves the wall at an angle Y (fig. 1) which is determined

by: G
i
dx
tan (Y) 3 {gE- e ¢)]
x
The streamlines can easily be calculated once y is known; they follow from:
yz(x tan (Y)-y) = constant (8)

where x is the distance downstream of separation. For points at which the u-component of the velocity is

ind L =2
zero we find =3 tan (Y) and hence v

=0
The pressure gradient vector is at an angle % Y with the wall and hence for shallow bubbles where y is small

the pressure gradient normal to the wall is small so that the boundary layer equations might still give a

reasonable result.

If ve start from the boundary layer equations and assume small values of u and v we can also arrive at the
results (7) and (9). Here it is assumed a priori that %% is independent of y. The result (9) also follows

from the expression for the velocity profile in the form:

%-l%#lm(%‘,z (10)

which is valid for a sufficiently small neighbourhood of the wall, not necessarily near the separation point.

From (10) it follows that:
2 .1 3
e LR AL ) a1

and hence

2
-3 (12)

An analogouc behaviour is shown for solutions with reversed flow of the Falkner-Skan equation

)
F"' + PE" + 8 (1-F 2) = 0 (13)
This equation describes the similar solutions corresponding to the pressure distribution

U=y xml

| (14)

where ul and m, are constants.

In (13) F is the non-dimensional streamfunction, primes denote differentiation w.r.t. non-dimensional y;

B is the prccsure gradient parameter related to m, by
2 m
B =5 (15)

For B>0 equation (13) only allows solutions with positive skin friction; for 0<B<-,198838 solutions with
positive and negative skin friction are possible; B=-0.198838 represents the separation solution.

Extensive tables of solutions with positive skin friction may be found in ref. 19. Some of the reversed flow
solutions have been calculated first by Stewartson (ref. 20). Table | gives some of the author's own improved
results.

y-
It follows from this table that with a good approximation u=0

Yim
=2/3 and g = —%—9 - - %& as for the velocity
profile (10). It should be noted that at the end of the w-otuble, corresponding to velocity profiles which
are found far downstream in a separation bubble, extremely large values of the shape factor H occur. This

is due to the strong increase in 8™ which in turn follows from the thick region with reversed flow. Because
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the velocities in the separated region remain very small it may be expected that Eq. (8) remains valid with-
in a separation bubble at appreciable distances downstream of separation. This is illustrated by fig. 9
in which a smoke picture of a separation bubble is compared to results of a calculation using Eq. (8). It
should be noted that the streamlines can only be calculated when Y is known. In this case the value of Yy

vas taken from the smoke picture.

In ref. 21 it was shown from an extensive empirical investigation that for a wide variety of separated

flows it was possible to represent y by the following simple empirical relation:

4
4 tan (y) = -ﬂ!— (16)
E —v)up
i where B assumed values between 15 and 20. Later, Wortmann used the relation:

| B =64 |P| an

where P is Gasters pressure gradient parameter for separation bubbles. It should be mertioned here already
that our own new series of measurements to be discusse in section 8 is in agreement with (16) for B=15 to
20 but it does not confirm Wortmann's relation (17). .tefore, in the present paper, we will stick to (16)

awaiting clarification of the discrepancy.

Cowparing the theoretical result (7) and the empirical result (16) it follows that separating flows
apparently adjust itself such that at separation the following relation is satisfied

d‘to
B -3 (K' sep (18)

U0 T
(—5) sep ('55) sep

Assuming %5 = 0 and using Bernoulli's law and the definitions of L and m it follows that

tan (y) =

m g %‘g il
) - - —3¢p 19)

dx ' sep 30 3“-, az)up

We have seen already that slight modifications of the pressure distribution near separation may correspond
to rather drastic changes of the boundary layer characteristics. Hence boundary layer calculations, even

when based on a measured pressure distribution, may easily fail to reproduce Eq. (19). However, the calcu-
lation method described in section 2 may be inverted to find a corrected pressure distribution which does

reproduce Eq. (19). Por further details on this method the reader shculd be referred to ref. 1ll.

5. CALCULATION OF THE LAMINAR PART OF THE SEPARATED FLOW.

In reference 21 an approximate method for the calculation of the laminar part of the separateu Ilow was
introduced. Essential in this method is that the shape of the separation streamline is prescribed instead
of the pressure distribution.The pressure distribution then follows from the calculation.In the earlier version
of the method m“p was constant and equsl to the Rartree value. In order to maintain compatibility with the
present method for attached flows, described in section 2, we should make msep variabel for the separated
flov as well.

To introduce this calculation method for separated flow, reference is made to fig. 10 where £ and L have
been plotted vs. m for the attached as well as the reversed flow solutions of the Falkner-Skan equation. If
it is assumed that the curves in fig. 10 would also apply to a non-similar boundary layer developing from
a stagnation point (m=—,08547, L=0) via the pressure minimum (m=0, L=.,44105) and separation (m=.06815,

i=0) dgnim;;rem into the separated region toward the situation where m=0, =0, L=0, then it follows that
B A shows a maximum at separation. Since at separation L is still positive, it follows from the
momentum integral equation that ez is still increasing at .eparation so that - %g should be decreusing
through separation. This leads to an inflexion point in the U vs.x curve slightly upstream of separation.
As soon as it is known that there is separation, it ‘s possible to find the separation position by looking
for a maximum of m. It can easily be shown from Eqns. (1) and (4) that the condition tuat m has a maximum

at separation leads to:

2_
i d
;’-‘i .14026+10 m
X e —CP (20)
a0 2 o
@ sep

Now, the right hand side of Eq. (20) is only slowly varying with m.ep and assumes values between 11 and 12
for the values of b and mgep which are of practical interest (6<b<8; .075¢u..p<.15). Hence the separation
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praition can be found from U(x) by looking for the value of % where the left hand side of Eq. (20)

assumes values between 11 and 12. For a number of experiments this gave a very good indication of the
separation point. A calculation method fcr the reversed flow region, which is comparable to that for
attached flov described in section 2, could now be developed if also for reversed flows the characteristic
parameters L, £ and H would be given functions of m/msep' Since, except for the Stewartson profiles, no
exact results for separate! flows were available to the author these functions have been "guessed" as
follows. For ! it was assured that £ is a universal function of m/msep siven by the Stewartson profiles,
where ™. follows from the calculation up to the separation point. For L(m) a curve was assumed which is
very similar to that for the Stewartson flows namely: tangent to L=a+bm at separation, tangent to the verti-
cal axis at m=0, L=0 (fig. 10) and ruper-elliptic in between. This leads to:

m  -m\n 1
(—‘L + (L'—:‘")“ = 1 or L = butw {1-(1- =—)")" (21)

{ sep sep

where the exponent n was taken equal to the value 1.65 which was found to give a good representation of the
Stewartson results. If necessary H can be found fromm, £, L and the definiticn of L.

Since in the separated region the shape of the separation streamline wvill be prescribed it appears that
the proper velocity profile shape parameter is g = Z%:Q_ Using the approximation g = -3%/m (Eq. 12) and
observing that 2 is assumed to be a universal function of m/msep it folious that we should use z=g x msep
where m/mSep is a universal functic.. of z.

The shape of the separation streaml!-. can be prescribed in a number of different ways. In many applications
we used a straight separation stre~mline, leaving the wall at an angle Yy given by Eq. (16) with B=15 to 20,
Since in most cases the separation streamline is sliglitly curved upwards in the laminar region (see for
instance fig. 9) a better approximation may be obtained by assuming a linear variation of g with x downstream
of separation. Since 6 is still increasing in the bubble it follows that this leads, together with the

linear variation of g, to a separation streamline which is slightly curved upwards. In general the results

do not differ much for both cases. It should be remarked that any shape of the separation streamline could

be prescribed without difficulty. Summarising, the separated flow can be calculated as follows once msep
and proper starting values for 6 and U are given (for instance at separation).

1, Find g from 8 «nd the prescribed shape of the separation streamline.

2. Find m/m from the universal relation between zs=gum and m/m__ .
4y beP i o ) sep sep’ 5
3. Find 5= from the first compatidbility condition in the form -—— =+ - mv/9

dx

4, Find %; (%—) from the momentum integral relation.
5. Advance a step in x-direction and find new starting values for U and 0, etc.

Full details of the method will be presented in ref. 11; some examples will be given in section 8.

6. PREDICTION OF THE LOCATION OF TRANSITION IN THE SEPARATED FLOW.

For attached flows the position of transition can be predicted by means of a semi-empirical method wbich is
based on the calculation of the amplification of small disturbances in the laminar boundary layer. This method
was developed independently by Smith and Gamberoni (ref. 22) and the present author (ref. 23 and 24). In
ref. 24 it was shown that the method is also applicable to boundary layers with suction. The idea behind

the method is that the calculated amplification ratio of the most critical disturbance at the measured
transition position attains nearly always the same value.

At present we are investigating whether this method is also valid for separated flows. This investigation is
based on the stability diagrams for some of the Stewartson velocity profiles with reversed flow which have
been published recentlv by Taghavi and Wazzan (ref. 25).

Since these calculations h-se been restricted to rather low values of Re the results have been supplemented
by calculating the limiting stability characteristics for Re + " ysing the inviscid stability equation
(Rayleigh equation). These calculations have been performed on one of the hybrid computers of the Delft
University Computing Centre.

Both Wazzan's and our own computations were made for the linear stability theory in the spatial mode. This
means that in the expression for the streamfunction of the disturbance

Vixyy t) = (y) el (X (22)

a is complex = ur+i a; and w is real. This leads to a factor e *i* in the amplitude of the disturbance.

Hence the logarithm of the total amplification of a disturbance follows from:
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o = fn =/ -a, dx (23)

neutral

Application of the semi-empirical method for the prediction of transition requires the evaluation of Eq.
(23) for a range of reduced frequencies %; t. select the most dangerous frequencies. The available time

for the preparation of the present paper did not permit to perform these detailed amplification calculations
for the experimentally determined pressure distributions. However, we developed a short-cut method which

Zs thought to provide a reasonably accurate firs: estimate of the transition position in the separated flow
at rather low values of the Reynoldsnumber, where no appreciable amplification occurs prior to separation.
This short-cut method will be described in the remainder of the present section. Some examples will be
discussed in section 8.

It may be assumed with reasonable accuracy that in the laminar part of the separation bubble 6, U and Re

are constant and equal to their values at separation. Then constant values of

wd
w U o wh
;3 §§ also mean constant values 3f v
v

Furthermore it may be assumed that downstream of separation g is proportional to x-xup vith:

{Qfo . (x-x'ep)tan(y) (x-x'ep) B

= - (24)
[} [} 0 (Re)lep
Hence Eq. (23) may be written as:
(Re)se (Re)ae
o, = 1;1;::;2 / (-a;60) d(g » msep) - E—;::;E J (~a,0)dz (25)

80 that the integration with respect to x has been replaced by an integration w.r.t. g. Similarly we can

over a short interval upstream of separation, assuming £ to be proportional to xsep

ion w.r.t. £ instead of x. Now we make the further assumption that the Reynoldsnumber is so high that the

~x, perform the integrat-

stability characteristics are given with sufficient accuracy by the limiting values determined from the
inviicid stability equation. Then -aie only depends on the value of %ﬂ and the profile parameter B or z.
Henc: the integration w.r.t. z in Eq. (25) can be performed once for all independently of (Re)ue or the

pressure distribution for different values of %9. A similar result holds for the integration v.r?t. )
upstream of separation.
The inviscid instability for different values of 8 is shown in figs. lla and 11b. Values of loaf(-aie)dz
are shown in fig. 12 for different values of %Q together with the envelope giving the maximum value 1 of
the integral as a function of z. Hence the maximum amplification factor o, follows from (25) in the form:
=% (Re)segl

o, " 10 B'msep (26)
Values of z and 1 for reversed flows may also be found in table 2. According to previous experience with
the transition prediction method it may be expected that transition will occur in practice as soon as the
calculated value of °, exceeds 4 critical value which is of the order of 10. Assuming a critical value of
% (see the last lines of section 8) the transition position may be found as follows. From the known values
of (Re)lep' In:ep

will occur. Then table 2 gives the corresponding value cf z=7 x msep; then Eq. (24) determines the distance

between the separation and transition points. A further simpli.fication results when I(z) is replaced by the

approximation (see fig. 13): 1=65Vz

» B and the critical value of 0, we find from Eq. (26) the value of I at which transition

@7
Eq. (27) completely neglects the amplification upstream of separation but is rather accurate for large values
of z. Combining Eqs. (26), (27) and (24) it follows that the position of transition X follows from:

2 .8 2
L ‘ncp . a, 10" B m..P . 237 % B nnep o
elep 6502 (R,) Ag(ke)sep
9'sep
Using as mean values B»17.5; m'ep-o.lo and o.-lb.b (see section 8) we find:
er %sep _ 8.6%10" o)
[} (R,)
sep 6 sep

Equation (29) should only be used instead of (26) for rough calculations; it should be noted that the
approximation (27) leads to the unrealistic result that according to Eq. (29) the bubble will only disappear
at infinite Reynolds numbers.
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7. POSSIBLE METHODS TO PREDICT BURSTING OF THE BUBBLE.

A number of methods may be used to predict whether reattachment of the shear layer will occur downstream of
transition. A few of these methods will be briefly uescribed in this section; some experimental checks will
be given in section 8.
In ref. 6 Crabtree observed that there seems tc be a maximum limit to the pressure ris: which a reattaching
turbulent shear layer may overcome. From a number of experiments he deduced that the pressure coefficient
o (Ur )2
sep
is nearly constant for short bubbles about ‘to burst; the constant value he suggested was 0.35. Since it

(30)

seems better to correlate different experimental results on the pressure rise between transition and re-
attachment we will use a slightly different coefficient o = defined by:

Ur .2
o 1- (U—) (31

c

If Eq. (30) or (31) is to be used to predict whethert:eattachment will occur, the value of Ur at the

possible reattachment point has to be known. In a first approxima“ion this may be taken from the pressure

distribution which would occur without the bubble being present at the position Xepr (the "inviscid

pressure distribution").

In ref. 26 Horton gave a methog ;o predict whether and where reattachment may occur. This method is based
U

on the simple criterion thiat (ﬁ a;)r

= constant = -,0082 for all reattaching turbulent shear layers.

A simple criterion for bursting was found to be provided by Stratford's zero skin friction limiting pressure
distributien, (ref. 27). This is the adverse pressure distribution which a turbulent boundary layer can just
negotiate without separation. This limiting pressure distribution curve, starting at the measured transition
point T (fig. 1) can at low Reynoldsnumber fail to cross the "inviscid pressure distribution curve”. This
means that the requested pressure rise is more than the Stratford pressure recovery can provide and hence
bursting occurs. For our experimental results on the Wortmann airfoil (section 8) this gave a very good pre-

diction of the bursting Reynoldsnumber.
8. SOME EXPERIMENTAL RESULTS.

Two series of experiments were performed. The first one was on the FX 66~-5S~196-Vl Wortmann airfoil at an
angle of attack of 1 degree in a small 400 x 400 mm windtunnel. The chordlength of the airfoil was 360 mm.
The second investigation concerned a 400 mm dia. circular cylinder with a tail (to suppress a fluctuating

wake) in the large 1810 x 1250 mm low turbulence windtunnel (model configuration c, ref. 21).

Fig. 14 shows some of the pressure distributions for the airfoil at different Reynoldsnumbers; bursting
occurs between RC-.IIB and .099 x 106. An extensive series of flow pictures, similar to that shown in fig. 9,
was made using the special camera described in ref. 21. Fig. 15 shows a plot of tan(y)vs.(Re)sep; the region
of (Re)sep at which bursting occurs is indicated in the figure. It follows that before and affter bursting

B lies always between 15 and 20.

Gaster's pressure gradient parameter P is shown in the lower half of fig. 16 for the closed bubbles.
Extrapolation of this curve to the first value of (Re)sep measured after bursting would give a point beyond
Gasters bursting line. It follows that -.185<P<~,120 so that Worlmann's relation (Eq. 17) would give
7.7<B<11.8 which is not in agreement with fig. 15.

The upper half of fig. 16 shows the pressure recovery coefficient between transition and r:attachment. It
follows that the maximum value of Ocr which is obtained just prior to bursting (0.36) is in good agreement
with Crabtree's suggested maximum of 0.35.

Figs. 17 and 18 show the pressure distributions in the region of the bubble for the highest and lowest
Reynoldsnumber at which a closed bubble was observed. The curve labelled B=15 is the result of a calculation
using the method discussed in section 5 with a straight separation streamline. Results for a linear variation
of g and/or B=20 are only slightly different. It is seen that the best fit is obtained at the highest
Reynoldsnumber; results for 6 intermediate values of Rc show a gradual change from the results shown in fig.
17 to those of fig. 18. The curves labelled "Horton" indicate the locus of possible reattachment points ac-
cording to Horton's method. Where this curve crosses the "inviscid pressure distribution" indicated by a
dotted curve, a closed bubble is obtained. It follows that Horton's method indicated bursting already in
fig. 18. Results for the intermediate Reynoldsnumbers show that bursting is indicated too early by this
method. It is possible that a modification of the constants in Horton's method would lead to a better result;

ithis has not been attempted however. The curves labelled Stratford indicate Stratfords limiting pressure
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distribution starting from the measured transition point. It follows from fig. 18 that according to this
method the bubble is about to burst at Rc-.118 2 106; this is in agreement with experimental observation.
The length of the laminar part of the bubble is shown in fig. 19 as a function of Rc. The broken curve
indicates the predicted length for 0;12.5 and B=15 using the method of section 6 where I(z) is taken from
table 2.

Results similar to those for the Wortmann airfoil have been obtained for the cylindrical model. In this case
only closed bubbles have been measured on the cylindrical part. Fig. 20 shows the length of the laminar part
of the bubble; included in the figure are calculated curves for B=15 and 20, using the value 0.-12.5 wvhich
was found to correlate well the measurements for the airfoil at B=15. It follows that in general the bubble
is longer on the cylinder than on the airfoil. From some further calculations, the results of which are not
shown in the figures, it follows that for a mean value B=17.5 the value of o, is about 11.7 for the airfoil
and 14.4 for the cylinder.

Figure 21 shows a comparison of both series of results in the form of Sg vs. (Re)sep where Ax is the length
of the laminar part of the bubble and ¢ = Gsep. Besides the measured points some calculated curves are

shown together with an empirical correlation curve which was given by Vincent de Paul in ref. 28. It follcws
that the different measurements do not correlate very well so that some other parameter should be of impor-
tance. An important difference between our own two series of measurements is that they have been obtained in
two different windtunnels. The airfoil was tested in a small tunnel where the noise level, the amount of
vibration and possibly the free stream turbulence intensity are much higher than in the large low turbulence
tunnel. The large tunnel was very quiet at the low speeds used, while at these low speeds the turbulence
level is of the order of .02%. To check whether the noise in the small tunnel could have caused earlier
transition, the noise at different speeds was recorded on a tape recorder and reproduced in front of an open
window in the test section of the large tunnel. This had a marked eflect on transition; the length of the

separated region decreased by about 1 degree at high speeds and by about 3 degrees at the lowest speed. The
corresponding decrease in -A-% ranged from 35 to 50; the value of 0a which correlates the measurements at
B=17.5 decreased from 14.4 for the quiet situation to 13.1 with the noise. (see also fig. 21).

In a further experiment the cylindrical model was subjected to tones recorded from an electronic organ; it
proved possible to obtain the same reductions of the distance to transition if only at each speed the proper
frequency was used. These frequencies correlated rather well with the dangerous frequencies which can be
obtained from fig. 12. Of course there may be other variables like longitudinal surface curvature, mechanical
vibrations, free stream turbulence level, etc. which have to be taken into account.

For the time being it is suggested that transition in the bubble can be calculated for "quiet" flows using

Eq. (26) and table 2 (section 6) with mean values B=17.5; ca-u..a; m“p-o.lo.
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TABLES
y y
B 2 m H L u=0 g= —g-—o- -%& [ z=gm_ 1
Yw_o P
-.198838 (] .06815 | 4.029 |.821E | .667 0 0 -.198838 0 127
-.18 ~.0545 | .05601 | 5.529 |.7343 | .667 | 2.917 2.920 -.198 042 145
-.10 -.0545 | .01503 }12.625 |.3308 | .678 {10.665 | 10.000 -.197 .061 154
-.05 -.0258 | .00283 [ 28.096 |.1190 | .698 | 25.748 | 27.350 ~.195 .088 167
-.025 -.0106 | .00051 | 59.821 }.0418 | .721 |56.478 | 62.353 -.190 .134 190
-.180 .199 225
-.160 .307 285
. . -.150 .360 315
Table 1: Some results for reversed flow solutions of Eq. (13) -.140 1420 348
-.120 .556 422
-, 100 .682 483
~-.075 1.107 659
-.050 1.864 883
-.025 4,249 1331

Table 2: z and I as a function of
B for reversed flows.
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Fig. 1: Schematic diagram of flow field and
pressure distribution in a laminar
separation bubble.

Fig. 3: H(m) for some special exact
solutions of the boundary
layer equations.
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Fig. 2: 2(m) for some special exact solutions
of the boundary layer equations.
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of the boundary layer equations. for some special exact solutions of the

boundary layer equations (m>0).
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compared to the results according to
Terriil (ref. 12) and Curle/Skan
(ref. 10).
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Fig. 8: Modification of the pressure distribut-
ion which is required to produce a given

change in 2(x). Wortmann airfoil: b=7.23; Falkner-Skan equation.
Re=.638 % 10%; a=1%; for x<45% same §

and £ as in fig. 7.
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Fig. 9: One of the smoke pictures obtained

for the Wortmann airfoil and
comparison with Eq. (8).
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11 a and b: Inviscid instability for Hartree's and Stewartson's velocity profiles.

For 80 and ~.10 the inviscid mntabxhty becomes very small. For

—— T8 nmsep=-3".v_:‘__
50D

Fig. i2: Normalised amplification integral;
see Eq. (25).

y is shown for Re of the order of 1000.
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integral.
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DECOLLEMENT TURBULENT EN ECOULEMENT BIDIMENSIONNEL

per Meurice SIRIEIX

Oftica Natienal d'C'tudes ot de Recherches Adrompetiaiss (ONERA)
22320 CHATILLON - France

- HESUNS o

Aprds avoir défini les omractdres généraux des
tones déocollées turbulentes et discuté notasment
la réalité physique 4'écculements strictement
bidimensionnels, les trois problimes fondamentaux
qui apparaissent lors de l'snclyse expérimentale
détaillée d'une zone déoallde s décollemsnt,
recollemsnt, couplage sont suoccessivement abordée
de manidre X mettre en évidence les principaux
faoteurs d'influence qui rdgissent oeu phénomdnes
ot dépendent de la nature subsonique, transsonique
ou supersoniqus de 1'éooulement,

Une :vvus repide des méthodes de prévisior actrel-
lement disponibles termine oet exposé.

TURBULENT TWO-DIMENSIONMAL SEPARATION -

= ABSTRACT -

The general features of separated turbulent flow
regions are defired and in particular a discussion
is made on the physical reality of strictly two=
dimensional turbulent flows.

The three fundamental problems which oocur in the
detailed experimental analysis of a separated zone,
1.0 1 separation, reattachment and coupling, are
oconsidered suocessively and the main factors of
influenoce which rule these phenomena accurding to
the subsonio~transonio~supersonic nature of the
flow are presented.

Lastly, a rapid review of the methods of prediction
currently svailable is made.

FOTATIONS.

b t épaisseur du bulbe de décollement.
Cr t coefficient de frottement pariétal.

Cr 1 " pression.

Cy 3 » débit généralisé.

Fe t fonotion correctrice de paroi.

g 1 L de corrélation pour le
décollement libre.

h 1 hauteur d'une excroissance de paroi.

H 1 rapport d'épaisseurs (H = J"/5").

Hise ¢ paramdtre de forme incompressible.
Hi t = 'f‘/ Hine

4 t quantité de mouvement injectée,

L 1 longueur de développsment du mélange et
échelle caractéristique du décollement.

¢ t longueur de mélange et étendue du domeine
d'interaction.

M t nombre de Mach.

Mp 3 L h 1a paroi.

£ t pression.

<p> t valeur efficace de la fluctuation de
pression.

2

85,9057

P> s pression au déocollement.

£a 3 pression au recollement.

P 1 nomdre de pression de Bussmann,

q t débit massique injecte dans 1'eau morte

ot pression dynamique.

distance A 1'axe en écoulement de
révolution et rayon de courbure d'une ligne
de courant.

02:, R o ¢ nombre de Reynolds.

Ty t terpérature de paroi.

Tr 1 température de frottement.

Tr 1 " référence.

A t composante longitudinale de la vitesse
moyenne.

'’ t fluctuation de vitesse.

yy t vitesse A 1la frontidre de la sous~-couche
limite.

Aly, ihe 1 vitesse X 1la frontidre de la sone
dissipative.

Vv ¢+ module du vecteur vitesse.

x ¢ abscisse.

Xo 1 abscisse de l'origine fictive du mélange

x4 ! u " de l'interaction.

Xr ¢ longueur du bulbe dézo01lé.

Y 1 ordonnée.

(-1 t inclinaison de la paroi.

y<) 1 angle de la rampe.

§ 1 épuisseur de la couche dissipative.

3 t " déplacement.

Ll ' u quantité de mouvement.

3 H . la sous couche limite.

valeurs de J, 9% et JY" & 1'origine
de 1l'interaction.

fonction de dissipation,
allongement du bulbe décollé,
frottement turbulent apparent.

¢
X
T

[ 4

masse spécifique.
paramttre de mélange turbulent.

..

angle de rccollement.

D € 9

direction du vecteur vitesse.

= INTRODUCTION -

L'intér8t qui est porté su déocollement d'une couche
limite turbulente peut 8tre motivé soit par des
considérations utilitaires liées & la réduction des
performances que oette circonstance peut entrainer,
soit enoore, d'un point de vue plus fondamental
par la recherche des phénomines qui caractérisent
les éooulsments séparés.
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Ces deux points de vus se rejoignent d'ailleurs
lorsque le constructeur prond conscienoce que pour
maitriser les probldmes de déoollement, il east
néoessaire d'entreprendre des expdriances de base
permettant de préciser ces phénoménes et de définir
les facteurs qui conditionnent l'apparition et le
développement des zones déoollées.

Ctest dans ocette perspective que nous noua
efforosrons de placer ocet exposé en mettant
1'accent non seulemsnt sur les résultats de ces
recherches mais dégalement sur les difficultés de
nature expérimentale rencont4es.

L'intérét des expériences de qualité ne nous parait
pas compromis meis renforcéd par le développement
réoent et trds rapide des méthodes de caloul
numériques. L'avimement d'ordinateurs puissants,
assurant une réduction oconsidérable des temps de
calcul est & 1l'origine de ce développcment, la
résolution des équations oonvenablement modélisées
du mouvement turbulent étant actuellement & notre
portée dana le cas bidimensionnel. Cette démsarche
ne peut 8tre mende 4 bien que par uns coopération
étroite entre le calcul et 1'expérience le r8le de
cette derniére étant de fournir, par une analyse
fine, des moyens de contr8lu .rds détaillés en
rfne temps que les informatiors nécessaires A la
rdse en oeuvre du calcul, notamment en ce qui
cunoerne la structure de la turbulenoe et sa
modélisation,

{ = CARACTERES GENERAUX DES ZONES DECOLLEES
TURBULENTES PSEUDO~BIDIMENSIONNELLES -

1.1 = Ecoulements bidimensionnels 3 réalité ou
fiction 7

L'existenoce phymique de tels éooulements est loin
d'4tre confirmfes dans de nombreuses circonstancee,
aussi bien par l'analyse de la structure intime
des phénomines dissipatifs que par l'examan des
effets résultarts de la néoessaire limitation
transversale de l'écoulement en soufflerie.

Dans le cas d'un montage intéressant toute la
largeur de la veine d'essei et soumis sans
précautions particulidéres & 1'influence des couches
limites se développant sur les parois latérales

de cette veine, des effets tridimensionnels marqués
appuraissent comme le montrent les exemples
suivants

Le premier emprunté A Green concerne 1'étude de
1'interaction couche limite -~ onde de choc [1].

La visualisation pariétale met en évidence, dans
le cas de décollements détendus, une structure
tridimensionnelle complexe dont 1'interprétation
extraite de [1} est donnde figure 1. On observe
une ligne de recollement trés incurvde associée
4 deux tourbillons sépards por unc distance égcle
aux 2/3 environ de 1'envergure du montage.

__—-:—-___.——-—T;ﬂ

Yo

+ %
lighe de decotiement ._‘___,.,-r-' R e b

[

Fig. 1 Interaction couche himite - onde de choc
Visualisation pariétale (Green).

Une observation analogue est présentée par Reda et
Murphy [2], qui ont de surcroit montré que 1'appa~
rition et le développement initial d'une zone
déocollée, sous l'effet d'un choo incident d'inten-
sité croissante, est un phénomdne de nature typie
quensnt tridimensionnelle, malgré la présence d'un
éooulement raisonnablement uniforme en amont de la
réflexion tant en oe qui concerne 1'épaisseur que
le profil de vitesse moyenne de la couche limite.
Ces mfmes auteurs, ont tenté Je minimiser ces
effets par une diminution importante de 1'épaisseur
des couches limites latérales, en aménageant une
fausse paroi, minoe, dégagée de 1la couche limite
naturelle, dont le bord était situé & une distence
faible du domaine étudié mais suffisante pour que
psoient établies des couchss limites turbulentes.

Les résultats obtomus ont été déoevants, les
effets tridimensionnels demeurant extrémement
importants |3].

Le second exemple choisi concer.ue le recollement
turbulent d'un écoulement incompressible en awval
d'une marche descendante [4]. Dana oe cas, la
ligne de séparetion est géométriquement fixée et
1'éooulement eat bidimensionnel & l'axtérieur des
couches limites latérales,

Le recollement se produit sur une paroi d'inclinai-
son O variable, en présence d'un écoulement
général aocéléré ( a >>0) ou ralenti ( & <0),

On observe une variation sensible en envergure de
1'étendue longitudinale Xa du bulbe décollé,
spécialement pour les valeurs négatives de & ,
lorsque ltallo t X=b/Xs,de ce bulbe
diminue (fig. gﬁm

L

=
-

F
-;tr

Fig. 2 — Influence de l'allongement sur l'uniformité transversale
du recollement.

L'écart maximal AXR/XR., enreglstré peut atteindre
30 % pour un allongement A de l'ordre de 3 et
dans le cas le plus défavorable ( o< = = 79),

Bien que 1l'incurvation de la ligne de recollement
décroisse rapidement lorsqus A devient trds faible,
cette ciroonstance ne oonstitus plus un critire
suffisant de validité. Les résultats obtenus dans
ce cas sont trés différonts de oceux qui sont enre-
gistrés lorsque A est important, spécialement en
ce qui conoerne l'évolution longitudinale des
pressions dans l'axe du montage 3 1'intérét de
réaliser des configurations de zones décollées de
grand allongement apparait icli de fagon trds claire,

Ces différents exemples n'ont pas été donnés dans
1'intention de nier l'existence de zones décolldes
b caractdre essentiellement bidimensionnel mais
d'attirer l'attention sur la néoessité d'un examen
trés approfondi des conditions d'essais.

Parmi les remddes proposés pour diminuer les effete
dus A la limitertion transversale de 1'écoulement,
nous signalerons le oontr8le des couches limites
latérales, en particulier par aspiration, qui
conduit A des résultats spectaculaires [31].

Toutefois la méthode probablement la plus satiafai~-



ssnte eat oslle qui oonsiste b étudier des configu-
retions axisysétriques pour lesquolles la distance
Al'aze R est tris grande devent 1'épaiseeur
moyenne & des oouches déoolldes.

C'est ootte voie qui & été notamment axplorde par
Roshio [5 = 6), Bogdonoff [7) et Rose [8).

L'snalyse détaillée 4o telles oonfigurations ne
fait pas apparaitre d'effets tridimensionnsls
varqués analogues & OsuUX que nous svons présentés,
1'wiforuité transversale étant bien respectée.
Ospendant, mfus dans lee cas les plus favoratles,
i1 n'en dems:re pas moins, d'un point de wvue trde
fondamental, que des effets tridimensionnels plus
subtils existent dans les sones déoollées.

Clest ce que montre par exemple la visualisation
pariétaly au voisinage d'une ligne moyenns de
recollement effectuée par Roshiko [6), visualisation
qui met en évidence (fig. 3) wme structure fine ot
périodique de nature tridimensiomnslle.

Fig. 3 - Visualisation peridtale dans un recollement
turbulent axisymétrique.

Sans pour autant mmsttre en cause !'existence d'un
schéma bidimensionnel moyen, une sna.yse détaillée

ds oes phénomdnes tant sur le plan théoriqus
qu'expérimental parait souhaitable.

1.2 =~ Carsctdres instatiomnaires propres aux
gones déoolldes -

Le second point que nous sborderons maintenmt
oonoerne les aspects instationnaires lids A 1z
formation de sones turbulentes déoollées. Nous
exclusrons toutefois les probldmes spéoifiques du
déoollement instationnaire,

Deux effets peuvent en gros 8tre Céteotés @

a) d'une part osux qui déooulent de la nature
turbulente des ocouches dissipatives }

b) d'sutre part osux qui peuvent Stre attrituée mz
ingtabilitéds existant au niveau du déoollement et
du recollement et an oouplage qu'elles entrainent
par suite de 1'étroite dépendance de oces deux

phénonines .

Dans le cas oh 1'éooulement est subsonique
1%analyse effectude par Mabey [9] permet de définir
1'importance de oes effets & partir d'un exsmen
détaillé des fluotuations des pressions pariétales.

Dans tous les cas traités qui couvrent une grande
variété de oonfigurations, 1'évolution longitudie
nale du niveau des fluctuations< ¥4 présente une

al'wre trisngulaire caractéristique dont le scmmet
su¢ situé sensiblement au niveau du recollement

(r1g. 4).

Cotte intensité maximale évolue avec la configure~
tion étudiée ; elle se sitie en moyenne entre 0,04
ot 0,06 ot atteint une valeur maximale trde impor-
tante de 1'ordre de O,1 dans le oas du déoollemsnt

Q0

anz

123

Fig. 4 — Fiuctuations de pression dans un décollement
subsonique (Mabey).

en amont d'une marche, O remarquera que oette
oonfigurstion est particulidre Asns la mesure oh

elle oo-portounmhrdommwdcd‘ool-
lement voisine (fig. 13) 1< P>/qlmer étunt situé

naturellement su voisirage du recollement le
plus aval,

L'analyse du speotre su voisinage éu recollement
préeente 1l'allure indiquée figure 5 avec un maximm
faiblement marqué et une bands asset largs, oe
maxrimm oorrespondant h 1'effet de oouplage souligné

e b)

00s

Fig. 5 — Spectre des fiuctuations de pression au
recollement (Mabey).

Ley résultats présentés dans [9] mettent égalemert
en évidenoe une influsioce trde faible du nombre de
Mach,

Dans le cas d'un déocollemsnt de culot, les
phénondnes observés sont caractérisée par un
nivesu de fluctuation dlevé, supérieur aux préoé-
dents, et par l'existence d'une fréquence privild.
glée 1ide A la formation de grosses struotures
turbulentes associées & 1'instabilité du sillage.

La nature fondamentalemont instationnaire de oces
oonfigurations est alors un des aspects essentisls
du déodllament. Flle oonduit notsmment & des valeurs
moyennes de la pression de culot trde différentes
dans le cas d'un obstacle synétrique, lorsque oces
instabilités ont été supprinées en matérislisant

le plan de symétrie par une plaque (fig. 6).

L e 14 la visualisa~
tion optique oconstitus un moyen trds puissant
d'anslyse ot de oontrélle de la stabilité des déool-

002 01 02 04 06 V 2 v
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Fig. 6 - Tralnéde de culot en subsonique -
Influence des conditions de recollement.

lements, en particulier 1l'enregistrement cinémato-
aphique, Les observations en temps trdc bref

fig. To) uettent clairement en ¢vidence la structure

tourbillonnaire et le caractdre instationnaire des

couches dissipatives turbulentes dont on pergoit les

répercussions par l'analyse des pressions instanta-

nées [10 = 11].

a . Interferogromme

b . Strioscope continue 11002 s )

¢ . Strioscopie ‘eclar” (1w 1 s )
{ comeramque par 13 DONALDSON |}

ions du rec turbulent en

Fig. 7 - Visuali
aval d’une marche.

Le niveau moyen des fluctuations observées est de
1'ordre de <P>/q~ 0,10dans la région de recolle=~

ment comme le montre la figure 8 extraite de [10].

zone uw recollement

<p> ’

U M/
01

B 7[‘% &

001, _/zone de décoltement
c°'é:ﬂ=:mw Holden
0,001 e +_ - [
+ T v M
0 5 10 15

Fig. 8 — Intensité des fluctuations de pression dans
une zone décollée supersonique (Holden).

Etroitement assc:iés d ces fluctuations et les
entretenant se produisent des déplacemsnts des
lignes moyennee ds sémration et de recollement
qui ont été analysés notamment par Holden [10)]

A partir de mesures du frottement pariétal. Ces
déplacements peuvent atteindre des amplitudes de
l'ordn de :/3 .

En revanche, la description de 1'écoulement qu'offre
1'observation pendant un temps plus long (0,025-)
est oelle d'un phénomdne permanent en moyerins dans
1a plupart des cas et reproductible (fig. 7a et b).
Ce double caractire est significatif de deux types
de démarche qui doivent 8tre étroitement assocides
sur le plen expérimental s d'une part 1'analyse
détaillée de la structure du ch/-p moyen, d'autre
part celle de la turhulence et de ses effets,

1.3 = Différents types de décollement -

L'examen des aspects instationnaires nous a permis
de distinguer parmi les zones décollées i

- oellgs qui sont organisées sous la forme d'un
bulbe accolé A une paroi sur laquelle se situe
le point de décollement et de recollement,

- oslles qui s'établissent A 1l'extrémité d'un
corps et sont formées par la confluence de deux
neppes de courant distinctes qui aprés avoir quit-
té 1la paroi le long d'une ligne de séparation se
rejoignent en aval du bord de fuite.

Saelon une conception quelque peu idéalisée, le
bulbe apparait comme un domaine fermé, au sein
duquel 1'écoulement moyen s'organise autour d'un
tourbillon principal, les points de séparation et

de recollement qui le limitent étant fixés ou libres
come le montrent les exemples de la figure 9.

__D R —

(a) O

DetR fixes

i D fixe

D’
———
(b) I I'_:-?'h"i’:/-’ R ‘libre’

(e) DetR'libres’

Fig. 9 — E. les de décoll turbulent.
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Fig. 10 — Schématisation de la confluence en aval d'un culot.



Par oontre, la confluence de deux écoulements en
général différents ne peut tre imaginée en régime
supposé stationnaire que selon le schéma représenté
figure 10, Deux sones tourdillonnaires de recircu-
lation apparaissent, contribuant A 1'établissement
d'un processus permanent d'échange turbulent entre
les deux éooulements. Toutefois, oomme noun 1'avons
vu, la stabilité d'un tel schéma est hautement
improbable et expliques la néoessité des fluctuations
de o bulbe déoolléd.

D'sutre part, nous distinguerons avec Bradshaw [12]
3 types do perturbations induites par le déocollement,
selon que le bulbe s

a) est noyé su sein de la couche limite & c'est le
cas par exemple d'une excroissance de paroi dont
la hauteur h est trde petite devant J ; oet
aspeot partioulisr ne sera pas envisagé dans
notre exposé

b) possdde une extension longitudinale de quelques
épadsseurs & .

¢) atteint des dimensions grandes devant §

A oette chui!iutﬁn oorrespondent des effets du
nombre de Reynolds ®J trds différents. rtants
pour des configurations telles que a) et b), ces
effets peuvent 8tre sensiblement réduits dans le
cas c), le développement A la frvntidre du déocolle-
ment d'une couche de mélange sur une étendue L /8 >>1
étant pratiquement indépendant de R 5 .

Ces propriétés sont valables quelle que soit la
configuration du décollement. Lorsque les points

D ot R e sont pas fixée (fig. 9¢), cas
le plus fréquemment renoontrd, la solution d'un
probldme de décollerent néosssite leur localisation,
oeci nous oonduira tout naturellement A examiner
en premier lieu sur le plan de la connaissance
actuslle des phénomines physiques, les 3 problimes
fondsmentaux qui sont associdés A ocette démarches

«~ formation du décollement,
= conditions de recollement,

= problimes de oouplege déoollement et
recollement.

Aprds quoi nous tenterons de dresser le bilan des
progrés réalisés dans le domaine des méthodes de
mioﬂo

Mais au préalable, avant de clore ostte revus géné~
rale, nous ellons prooéder A une évaluation rapide
tant des moyens dont nous disposons actuellement
pour l'étude expérinentale des zones déoollées,
que des diffioultés spécifiques de oes problimes.

1e4 = Analyse expérimentale des zones déoollées -

Une analyse dé*aillée de la siructure des zones
déoollées est rendus particulidrement difficile
par 1l'extrine susoeptibilité de oe type d'écoule-
ment vis-d-vis dees obstacles que constitusnt les
sondes d'exploration matérielles.

Une altération sensible de la forme et de 1'étendue
d'un déocollemsnt peut 8tre enregistrée, au cours
du déplacement transversal 4'un pitot par exeaple,
oonduisant A une évolution oontinue des mesures,
mais b une description erronde des phénomines.

En second lieu, la présence d'un ooursnt de retour
néoessite une adaptation des sondes usuelles X des
variations extrémsment importantes et rapides de
1*inclinaison du vecteur vitesse moysnne V

Enfin, 1'existence de fluctuations ds vitesse du
ang ordre de grandeur que V local peut 8tre une
source d'erreurs importantes pour le fil cliaud
notamment.
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Toutes ces reisons expliquent que les expérisnces
cosportant une analyse fine de la structure de tels
domaines sont relativement peu nombreuses et parfois
sujettes A cautiomn,

Pour surmonter en partis oces difficultés on est
oonduit & une miniaturisation des instruments de
mesure qui ne permet pas toutefois de diminuer
1'encoabrement local su~dessous d'un ocertain seuil
dont 1l'ordre ds grandeur est ¢ ~v 1 mm pour les
sondes X £11 chaud et une épaisseur d'environ
0,15 mm pour les sondes Pitot aplaties.

Une analyse précise et détaillée des oouches
dissipatives néoessite des dimensions transversales
de ces couches significativement grandes devant ces
valeurs, oce qui exclut pratiquement des essais
effectués h trop faible échells.

Houreusement, la vélocimétrie laser ouvre une voie
d'analyss nouvelle particulidrement bien adaptée

A oette caté,orie de probldmes, car elle permet
d'effectusr 1¢s mesures de vitesse, en grandeur et
direction, san: perturber le phénomdne ot de définir,
en outre, les )rincipales ocaractéristiques de la
turbulenoce.

Lee recherches actusllement en cours [13 = 14 =
15 = 16) conduisent A des résultats ertrémement
prometteurs ooame le montre par exemple la figure 11,

I
[ \
t;ﬂ,/"‘
£ f YATTITTT .-':., LA -_.'-ﬂ// 77 —
Fig. 17 = Analyse de Iécoulement incompressibis dan:

une cavitd par snémométrie laser.

Parui les aoyens de mesure exempts d'interaction de
support, il faut également mentiomner 1'interféro-
aétrie dont 1'utilisation peut s'avérer trds pré-
cieuse pour 1'étude des déoollements bidimensionnels
en transsonique et supersonique.

Relativement peu utilisée jusqu'h préeent, en
raison de son oot et de ses difficultés d'explol-
tation, cette technique a fait 1'objet depuis pou
d'un regain d'intérét, comme le montrent les travsux
réoents muxquels elle fut associde [17 - 18 ],

Un des avantages de l'interférométrie est de pouvoir
figer, en un seul cliché et au mfme instant, l'en~
senble des informations permettant d'snalyser la
struoture d'un déoollement et d'associer son
évolution h celle de l'éooulement extérieur, Bn
contre=partie cette technique de mesure qui ne
permet pas d'accéder directement asux vitesses ne
paut notamment $tre utilisée pour les faibles
valeurs do oelle-cie

2 ~ PROBLEMES SPECIFIQUES DU IECOLLEMEN? -
2,1 = Apparition du déoullement en écoulement

subsonique ~

2.1¢4) = Kous examinerons oe problime dans le oas
général oh le décollement est provoqué par un
gradient ds pression positif important qui

S bt i s
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entraine une destabilisation plus ou moins rapide
de la oouchs limite et la formation d'un courant
de retour, apparaissant lorsque le frottement
pariétal a'annule.

Comme nous 1'avons déjA indiqué, le processus de
décollement, révélé par un trop petit nombre d'ex-
périences détaillées, présente un caractdre insta=
tionnaire mis en évidence notamment par Kline [20]
et Sandborn [21].

Ces études ont montré qu'il existe une région dont
1'étendus est de l'ordre de  , assurant la
transition entre un état de couche limite non sé-
parée et celui de décollement établi, L'origine
de la séparation oscille largement en fonction du
temps dans ce domaine comme le montre la figure 12
extraite de [21]. S1 T représente la fraction du
temps d'observation T correspondant & un décol-
lement établi, la position moyenne du diécollement
est ici définie par la condition que T/7T soit
égal A 50 %, En général, la localisation expéri-
mentale du point moyen de séparation pourra
dépendre largement de 1a méthcde utilisde (mesure
du frottement, visualisation pariditale, sondages,

etcess)s
i
e
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Fog. 12 — Fluctuation de la frontiére du courant
de retour en incompressible.

Un second aspect important de ce probléme est la
grande diversité des situations qui apparaissent
au voisinage du décollement (D) et se traduisent
notament par des variations sensibles de la forme
du profil de vitesse en L,

Clest ainsi que le paramdtre de forme H= s/’
évolue entre 1,8 et plus de 3 tandis que le compor-

tement de 1'éooulement au voisinage de la paroi tend

b s'écarter des lois ususlles,

Dans ces conditions, le concept de couche limite
d'équilibre au voisinage du décollement ne peut
8tre en géndral envisagd. En fait 1'état de la
couche dissipative en D résulte duw son histoire
antérieure et des influences aiverses qu'elle a
subies, parmi lesquelles celle du gradient de
pression est la plus marquée.

Pourtant on ne saurait minimiser d'autres factcurs
dont l'action sur les circonstances du décollement
a une grande importance et qui n'ont regu que
dopuis peu l'attention qu'ils méritent.

En premier lieu nous signalerons les effets de
courbure, soit de la paroi, soit plus généralement
des lignes de courant moyennes de 1'éooulement
dissipatif au voisinage du décollement.

A titre d'exemple, la visualisation du décollement
turbulent obtenue au tunnel hydrodynamique de
1'ONERA, A 1l'aide d'un ressaut est instructive
(fige 13).

Fig. 13 — Visualisation du décoll incompressible
provoqué par une marche.

Cette configuration particuliére met en évidence
deux décollements successifs, le premier situé en
amont du resseut, le second se ddéveloppant sur la
paroi supfrieure de lz marche, immédiatement en
aval de 1'ardte.

Le cliché (13a) prisente une visualisation par
bulle d'ziT du décollement laminaire obtenu &
faible Reynolds, fuzisunt apparaftre une influence
amont trés marqude et une ¢volution rdgulidre et
progressive de la frontidre du domeine ée recircu-
lstion,

Dans le cas ol la couche limite est turbulente
(1'5b), 1'étendue de la zone ddécollie est beaucoup
plus réduite, ce qui entratne une forte courbure
des lignes de courant moyennes, au voisinage de
la séparation (D), imagde sur le cliché (13¢) per
une injection pariétale pratiquée immdédiatement en
amont de D.

Cette évolution, spécialement brutale dans le cas
considéré, existe toutefois dans la plupart des
configurations de décollcment étendu et s'accompagne
de forts gradients de pression transversauxe

Le second effet spécifique des facteurs de courbure
concerne 1'évolution de la structure turbulente des
couches dissipetives qui y sont soumises (Bradshaw
[22], Mathieu [23], Michel [24]).

A titre d'exemple, nous avons représenté fi-ure 14
un résultat de Michel et al. [24], concernant
1tévolution des couches linmites & 1'approche du
décolleuent dans le cas des essais effectués par
Schubauer et Klebancff [25], qui met clairement en
évidence 1'importunce de la prise en compte des
facteurs de courbure.
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Fig. 14 — Prise en compte des facteurs de courbure.

Dans la méthode utilisée per Michel, le frottement
turbulent apparent ¢ e est expsimé, & 1l'aide du
concept de longueur de mélange, selon un expression
modifide pour tenir compte de ces facteurs @

'Ec = e e'(iﬁ). Fc
2y

F ¢ dtant une fonction </:orrectrice empirique
Svend " 4 /R
dépendant du p.ramétrem, ou R est le rayon

de courbure d'ur: ligne de courant de réfirence
{veroi enyraissée de 1'effet de déplacement) et
A4 la vit:ice locale duns la couche limite.

La turbu.ence de 1'écoulement extérieur, agit
dgalement de facon significative cur le position
du décollement, comme le monire 1l'exemple suivant :

~ la figure 15 donne 1'évolution en fonction de la
distanee longitucirale = , des grundeursCret H ,
mesurées au cours d'expériences effectuées par
Iichel et al. L26], pour deux niveaux de la
turbulerce extéricure vu't/ 4 = 0,3 % (configu-

ration By) et Vw’* /fa = 5 ¢ (confizuration By),

sur une plaque plane sounise & un m&me gradient
de pression positif intense.
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Alors que dans le premier ces ( By, turbulence
faible) la couche limite & 1'extrémité du domaine
de mesure { ¢ = 450 mm) est dens une situation
voisine du décollement ( Cr trds faitle, peramétre
de forme de 1'ordre de 2,2), dans le second ( 8¢ ,
intensité de turbulence {levée) H demeure prati-
quement constant { H ~ 1,6) ; l'évolution du Cr
n'est que lentement décroissante, la valeur obtenue
en 3 =450 m étant de l'ordre de 1,2.103
¢'est-b~dire loin des conditions de séparation.

Fig. 15b — Effet de turbulence extérieure — Résuitats

Des niveaux de turbulence extérieure aussi impor-
tants sont loin d'8tre irréalistes ; ils se ren- i
contrent par exemple dans les roues de turbomachines

rnais dgalement lors de 1'écoulement autour d'ume 3
aile & volets multiples, lorsque l'un d'ew est

soumis & 1'effet du sillage de 1'élément disposé en

amont,

2.1.2 = Prévision du décollement par les méthodes
classiques -

Avant d'aborder le probiéme du calcul complet d'une
zone décollée il est intéressant d'examiner dans
quelle mecure les mcéthodes de calcul classiques des
couches limites permettent de localiser le décolle—
ment, l'évolution des pressions sur le contour do
1'obstacle étant supposée connue, & partir de
1texpérience par exemple.

D'une fagon générale nous incluerovns dans ces
méthodes les critéres de décollement plus ou moins
empiriques ce qui permet de les classer en deux
catégories @

~ d'une part celles qui recuiérent une solution
détaillée des équations de la ccuche limite
obtenue soit per résolution mumérique (méthodes
de différences finies) soit & 1'aide de techniques
intégreles ;

- d'autre part des méthodes plus simples basées sur
1'existence d'une relation caractéristique du
décollement, les grandeurs intervenant dans cette
relation ne nécessitont pas en général un calcul
complet de couche limite., Un exemple typique est
le critére de Stratford [27, 28] qui, pour un !
écoulement incompressible est défini par la
relation suivante ¢
-0

Co(x 4Ce)™ (107 Rx) "=as

ol X est la distance comptée & partir du maximum
de vitesse. Fn fait, il ne nécessite pour &tre
appliqué que la connaissance de la loi C p(2)
et peut &tre étendu au cas d'écoulements compres-
sibles [29].

Une étude critique assez compléte des performances

A,
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de ces diverses méthodes a été effectuée par
Cébéci et al. [28] en écoulement incompressible.

Se référant A des expériences existantes ol la
distribution de pression ainsi que la position du
point de décollement D étaient connues, le calcul
de D a été effectué en utilisant trois méthodes
typriques, assez représentatives des moysns de
prévision courants, sans 8tre ceperdant les plus
raffinée~ :

= la méthode de Cébécd et Smith (Différences finies)
- la méthode de Head (méthode intégrale)
= le critdre de Stratford.

Sur les exemples traités qui comprennent une grande
variété ce configurations (profils d'ailen, cylindre
circulaire, cylindre elliptique), ces trois méthodes
conduisent & un recoupement assez satisfaisant avec
1l'expérience, le meilleur résultat étant fourni par
le méthode de Cébéci et Smith,

A titre indicatif la figure 16 extraite de | 19]
représente une statistique effectuée par ces derniers
suteurs portant sur 67 configurations, comparant la
prévision et l'expérience, l'erreur moyenne sur la
position du décollement étant égale & 7,18 %

100| %x_‘.'!w“(npiﬁmtol} )
Erreur RMS pour
&7 points . 78X
10 L
.
1 | L]
L]
y Yo Xuww 10 ( colewié )
]
o . . .
a1 1 10 100
Fig. 16 —~ Prévision du décoli ” pressibl

(Cebeci et Smith).

Une si faible dispersion pourrait a priori paraftre
étonnante compte tenu des incertitudes iné.itables
lides & la localisation expérimentale du point de
séparation comme & la mise en place précise de la
transizion laminaire turbulent.

Elle est 1'indice tout d'abord de la fiabilité
remarquable de la méthode de calcul, mais aussi
d'une interprétation intelligente des distributions
de vitesse au voisinage du point de séparation dans
les cas difficiles.

Une analyse de mfme nature, étendus au cas d'écou=
lements subsoniques compressibles a été effectuée
par Gerhart et al. [30],

Huit méthodes de calcul ont été testdées en prenant
comme référence les résultats expérimentaux obtenus
par Alber et al. [31] ; par conséquent cette
comparaison porte sur un nombre d'essais limités
appartenant & une mfme configuration expérimentale.

Un examen superficiel des résultats conduit & des
conclusions assez décevantes, aucune des méthodes de
calcul de couche limite ne permettant une prévision
réelle du décollement, Par contre le critdre de
Stratford définit un point de séparation assez
proche de l'expérience.

Toutefois, une interprétation raisonnde des résul-
tats de calculs de couchs limite permet d'établir
une estimation qui dans certains cas, ocoume le
montre la figure 17 peut 8tre considérée comme
satisfaisante, la méthode proposée par Bradshaw

et Ferris fowrnissant le meilleur résultat d'ensem~
ble.

c
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Fig. 17 — Prévision du décollement en subsonique compr

Ces deux exemples ont été donnés & dessein pour
illustrer deux tendances plutdt contradictoires
qui reflétent la situation actuelle,

Si la prévision du décollement dans la plupart des
cas "classiques” est correctement effectuée par
les méthodes de calcul de couche limite les plus
élabordes, il n'en demeure pas moins certains ces
rebelles qui néceseitent soit une interprétation
"raisonnable" des résultats ou des dormées, soit
la prise en compte des facteurs d'influence évoqués
précédemment (courbure, turbulence extérieure ...).

Il convient également de noter qu'une prévision
convenable de la position du décollement n'entraine
pas nécessairement un calcul précis d'autres éléments
tels que facteurs de forme, épaisseurs caractéristi-
ques etCees

Cette carence est spécialement ressentie lorsqu'une
évolution réaliste des pressions autour de 1'obstacle
ne peut 8tre obtenue & partir d'un calcul de fluide
parfait, sans tenir compte du couplage entre le
développement des couches dissipatives et celui de
1'é4coulement extérieur.

242 - Formation du décollement en écoulement
supersonique =
2,2.1 - Phénomtnes généraux -

Nous n'examinerons ici que les configurations de
décollement se produisant sur une paroi continue.
Un des caractdres essentiels de telles configura~
tions riside dans le passage extrémement brutal sur
une étendue dont l'ordre de grandeur est comparable
& 1'épaisseur §" de la couche limite amont, d'une
situation définie par un profil de vitesse du type
plaque plane par exemple & celle d'un écoulement
décollé avec courcnt de retour, ce phénoméne brutal
s'accompagnant d'une onde de choc intense prenant



naissance au sein de la couche dissipative lorsque
le nombre de Mach est important et se propageant
dans 1'écoulement extérieurs

L'analyse expérimentale détaillée de ce processus
faite notamment par Délery et al. [ 4] et Rose [35]
met en évidence qu'au cours de cette compression
brusque le r8le joué par la viscosité et la tension
de Reynolds dsvient négligeable dans la majeure
partie de la couche limite, confirmunt ainsi de
nombreuses constatations antérieures concernant les
phénoménes d'interaction rapide [6 = 32 = 33]. Les
principeles observations effectucdes au cours de ces
analyses sont données sur les figures 18 & 21
extraites de [36].

Dans 1'expdcience présentde ici, l'écoulement amont
non perturbé esi plan et uniforme, de nombre de
Mach Moo= 1,92,

Les mesures ont comporté un relevé soigné de le
pression pariétale ainsi que des explorations
détaillées de la couche discipative. Le calcul

de 1'écoulement supposé non visjueux dans la

zone supersonique a été effectué par la méthode
des carcctéristiques rotationnelles. Ce calcul part
d'une distribution initiale déduite d'un sondage

de la couche limite en emont de 1'interaction. La
progrescion ce fait ensuite vers l'aval en affichant
sur la frontitre § (courbe iso-Mach & ¥ = 1,05)
la ripartition dec prescicas mesurées & la paroi
corrigde ui becoin est d'un effet dg non uniformité
riésiduel dans la sous—couche Y < §, Corme le

montre la figure 1, ce calcul pridit avec une trés
bonne preécision le pocitior de 1l'iso-llach K = 1,05
expérimentale, sur une distance dépasscnt 5 fois
1'épaisseur initiale de la couche limite.

Ol pae P il i y

50

Fig. 18 ~ Concept ue double couche — Structure du champ superso-

mque supposé non visqueux (résultats ONERA).

Jur la figure 19 sont trucdes les rdpartitions
transverscles de pression ctatisue qui font appae
reftre une forte variation de (%) jusgu'a 1la
stiation 2 = 45 mm, voisine du ddcollcmont,

L'évolution exnirinentale des profilc de vitesse
moyenre est reprisentde fipures 20 et 21, klle
met en ¢vidence tout d'abord la oonne privision
du cnamp supercsonique des couches dissipatives par
les dquations d'Buler (fiz. 20) et renseigne
encuite sur le comportement de 1'<coulement entre
‘la frontidre & et 1o paroi (fig. 21).

)
La vitesse 4 constentc sur § & ét¢ utilisée pour
normaliser cette évoluti,gn sous forme de profils
réduits w /il - §(y/§). On observe une trés

rapide destevilisation de ces profils bien repri-
sentds par une loi en puissance u/A4 = (n//j")’/!

1l'exposant N tendont vers 1 au décollement.

L]
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Fig. 19 — Concept de double couche — Répartitions transver-
sales de pression dans un décoliement a Meoz 1,92.
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Fig. 20 — Concept de double couche — Profils de vitesse
dans un décollernent (ONERA).
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Fig. 21 — Concept de double couche — Profils de vitesse dans 14
sous-couche (résultats ONERA).
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Nows ferons 2 remarquas

~ le choix de la frontidre J & 6té imposé ici

par la méthods de celcul retenmue (méthode des
caractéristiques). Ls seule signification physi-
que apparaissant a posteriori est que J' sdpare
£ro880 me .0 la couche dissipative en deux régions
dans lesquelles 1'évolution p(g)est différente,
(%) étant sensiblement constant pour Y £ §

et évoluant par contre fortement lorsque N> i

- :): n'assure donc pas nécessairement la sépara—~
tion entre un domzine extérieur ol 1l'évolution
des pressions et des vitesses est rdgic par un
comportemant essentiellement non visqueux et un
domaine proche de la paroi ol sont concentrés les
effets lids & la viscosité et & la turbulence.

Le mécanisme du décollement turbulent supersonique
apperalt au vu de ces expériences comme le résultat
du couplage qui s'établit entre ces deux domsines.
L'épuississemont rapide de la couche visqueuse

voisine de la paroi en‘raine wne déviation importun-

te de l'écoulement rotationnel extérieur de nature
essenticllement supersorigue, induisant ainsi des
gradients de prescion importants qui ont pour effet
d'entretenir la destabilisation de la couche
paridétale. Les pcriurbations ainc: créces sont
transmises & 1'écoulement extéricur, & travers la

coucre rotationnelle sous forme d'ondes convergentes

focal izant rapidement pour crier une onde de choc.

Cette procédure ¢'auto-induction évidente & l'examen
de la figure 22 permet d'expliquer un ccrtain nombre

de récultats et notamment le concept d'interaction

libre proposé par Chapman |37] dans le cas de ddcol-

lenents étendus,

J 20 40

@ X-Xgm 0 20 &0

Fig. 22 - Réllexion d'un choc — Evolution des pressions dans le
domaine d’interaction.

24242 - Corrélation des pressions dans le domaine
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de décollement ; critires de décollement -

Ctest A partir de ce concept, bien vérifié par

1'expérience, qu'a été tentée i1 y a prés de 20 ans,

la premidére démarche aboutissant & la formulation
d'un critére de décollement dans le cas d'un écou-
lement uniforme en amont du domaine d'interaction
(Chapman ~ 37). Ces iddes ont été reprisea tout
d'abord par Zrdos et Pallone (38] puis par Carriére
[39 = 40] qui les a généralisées et étendues nu cas
ou le décollement se produit dans un écoulement
non uniforms,

Cette formmulation conduit & représenter la loi
d'évolution de prescions dans le domsine d'interace—
tion par l'expression suivante 3

(1) P-P. PP . ?"( o)
9 Cﬁ, l
duns laquelle 3

= 1'indice 1 carsctérise 1l'origine de 1'interaction,
- M représente le nombre de lach qui existerait
& 1'abscisse ¢ , en l'absence de décollement,

= P est 1e nombre de pression local de Busemsnn,

o
- est une fonction empirioue universelle ne
dépendant que de l'avecisse réduite(c-xd/l,

{ étant 1'¢tendue du domaine d'interaction
Jusqu'au point de séparatiom.

La détermination de ? a été faite par le regrou=
pement d'expiériences diverses, couvrant un assez
large domaine de nombre de ilach comme le montre
la figure 25, mais correspondant en général a des
valeurs modérdes de (g .

¥, ‘/L-A . PiM)-P(M)
9, cf,
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Pour cette gumne de valeurs Rf , les écarts sur
Cr, sont malgré tout suffisamment importants
pour justifier ume dépendance de 1'évolution des
pressions vis-a-vis du nombre de Reynolds.

A partir de la fonction ? , 11 est possible de
définir la prescion au point de décollement qui
correcpond & une valeur de “F = 4,22 et la
pression dite de plateau qui est spécifique d'un
décollement étendu et izobare. Cette condition
rn'est pas toujours sssurde, ce qui justifie une
dispersion plus gronde des points expérimentaux
en avel du point de sdéparatione.

On remarquera :

= tout d'abord que cet.e cor.&lation qui regroupe
des résultats d'origines trés diverses {décolle-
ment devant une marche ou un c¢oin, interaction
choc couche limite, décollement dans une tuyére
au point fixe etc...) est une justification
évidente du concept d'interaciion libre dont la
validité est assurde jusqu'au décollement.

- que la relation (1) fait apparattre un effet du
nonbre de Reynolds fly,, de la couche limite en
Xy, par l'intermédiaire du coefficient de frot-
tementCr, o

Une remise en cause de ce dernier rdésultat est
apparue lorsque des essnis efiectués & des veleurs
de R 5, beaucoup plus importentes ont été disponi-
bles ( RS, 7 106). Pour cet ensemble de mesures
on observe une quasi indépendance vis-a-vis du
nombre de Reynolds du saut de pression caractéri-
sant, soit le décollement[(Ps-.)/R], soit le

plateau dans le cas de décollements étendus et
isobares[[pp-Pi) /£1] « Lorsque 1'écoulement est
uniforme en amont de l'interaction, ce qui est le
cas de la plupart des résultats disponibles, le
seul paramdtre régissant 1'évolution de oes sran~
deurs est alors le nombre de Mach Mj. Un exemple
typique (extreit de[5]) des variations 8 (Pp- 1)/
en fonction de My est donné figure 24,



3

e L

Sur cells~ci sont regroupées les mesures faites
par Roshio [5] sur une oonfiguration du type rampe
et les oourbes moyennes définies A ir d'expé~-
riences collectées par Zukowald [42] et \vlarléxf‘ﬁ]
sur le décollement devant une marche, le recoupe—
ment de 1'ensemble étant assez satisfaisant,

. =
AOSHILD /
s
" },/’F WERLE
e
== UKOSKI
/_H_.__d_,..-- 2
M,
1 2 3 4 5

Fig. 24 — Evolution avec le nombre de Mach du saut de
nression au platesu.

Cos résultats ne remettent ;a8 en cause un certain
caractére d'universalité et d'indépendance vip-a-
vis du nombre de Mach que présente 1'évoluticn

des pressions et qui apparait, comme l'a montrd
Zukowski [42], par le choiz des variables réduites
suivantes

P- ‘Pf = ( | W= x’)
$ - Pr Xp - Xy

qui n'’est autre qu'une certaine normalisa:ion de

la fonctior °f ; en effet

£-f o F
Pp - F %,

Pour concilier oces di v séries de résultats
contradictoires on doit admettre quaux faibles
valeurs de g, , 1'évolution des pressions dans
le domaine 1'interaction peut &tre représentée
par la relation (1) ce qui entraine lorsque ( J,
augmente une décroissanoe faible de la pression de
plateau, par exemple, qui cesse dés que sont attein-
tes les valeurs correspondant aux résultats de la
figure 24,

Les limitations que 1l'on peut trouver & la validité
des cri*éres de décollement ne concernent pas
seulement 1'influence du nombre de Reynolds, mais
surtout le domaine d'application envizageable,

Ce domaine est restrain: tout d'ab.rd au cas de
déoollements étendus ¢t isobares conduisant & une
preasion de platesu btien définie, Ensuite, la
plupart des résultats disponibles ont été obtenus
dans le cas d'écoulements amont wiformes ou modé-
rément accéléré. le telle sorte que le profil des
vitesses de la .ocuche limite A l'origine de
1'interantion ¢st toujours “ces viicin d'une
configuration du type pl.que plare.

Lorsqu'il n'en est plus ainsi, par exemple dans le
cas J'une compression continue suffisemment impor-
tante, ¢n peut s'atterdre compte tenu du mécanisme
de fermation du décollement, & un effet sensible
de la forme du profil dez vitesses en amont de
l'interaction, susceptible de remettre en ceuse la
générnlité des lois présentées,

242.3 - Problémes spécifiques du décollement en
écoulement hypersonique, effets

thermiques -

Nous examinerons maintenant briévement 1'incidence
sur le décollement des effets thermiques, spécisle=
ment importants dans le domaine hypersonique ou
1'étude des phénoménes de fortc interaction
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visqueuse pour une couche limite turbulente a fait
1'3bjet de récentes contributions [44 - 45 ~ 46 -
47 .

Pour de tels dooulementa on observe deux particula-
rités typiques

- tout d'abord la pénétration profoinde du chog,1ié
au dégollement, au sein de la couche rotationnelle,
4 qui est une conséquence naturelle d'un
nombre de Mach extérieur élevé,

- ensuite 1'importeance accrue des effets visqueux
au voisinage de la paroi.

En oe qui concerne l'évolution des pressions au
voisinage du décollement, une large variation du
rapport T /TFde 1la température de paroi & la
température de frottement n'entraine que des effets
négiig?ables comme le montre la figure 25 extrsite
de | 43

1P
Mg .922 ¥
L™ /
v L
—_— ] & "’Tﬂ%‘"“""
] o
4 4
° .03
) s 049
d 12
"_/: o 068
——
X . “ 0
8 -8 K -4 -3 .2 -1 0

Fig. 25 - Effet de la tampérature de paroi sur I'évolution
des pressions au décollement.
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Fig. 26 — Distribution du flux de chaleur dans un décollement.

Ch PLATEAU

Che .
65<Me <13 o
3
o rampe .
o reflexion de choc *%
2 °°o
Cheiareay _ [ Priateay 7o
Chy Po
Po areay
o
1 i \ . % i PR N
1 2 3 4 5 6 7809

Fig. 27 - Corrélation entre les plateaux de flux de chalsur
et de pression.
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L'évolution des flux de chaleur dans une zons
déoollée turbulente présente un aspsot caractéris-
tique trds différent de oalui qui est observé dans
le cas laminsire et qui se traduit par un eccrois-
sement du flur dans le domaine d'interaction voisin
du déocollement suivi d'un platesu trds marqué dans
la zone déoollde (fig. 26).

Diverses oorrélations associant pression platean
st flux de chaleur oorrespondant ont été proposées.
A titre d'exemple nous donnons figure 27 celle do
Holden [44].

3 = ONDITIONS DE RECOLLEMENT =

3e1 = Structure du reocollement -

Qus 1t'écoulement soit subsoniqus ou supersoniqus, la
plupart des résultats utilisés pour caractériser
les conditions de recollement proviennsnt d'études
of fectudes sur une configuration de marche descen-
isnte. L'organisation générale de 1'découlement
moyen fait apparaftre des caractdres communs dans
les deux cas,

L'exemple de nature supersomique présenté figure 28,
ol le nombre de Mach emont est voisin de 2, a

fait 1'objet d'une analyse expérimentale trés
détaillée par Taguirov,

Fig. 28 — Recollement turbulent en aval d’une marche -
Différents d i de l'découk

Loraque 1'écoulement est subsonique, les résultats
sont analogues exceptées les circonstances du
déoollement (la forte déviation initinle appa-
raissant en supersonique par suite de la détente de
1'écoulement extérieur disparait en subsonique).

Nous nous sommes volontairement placés dans le cas
d'une couche limite mince en D , condition néoessai-
re comms nous le verrons pour définir des propriétés
trds générales concernant le phénoméne du recollement
turbulent,

Corme le montre la figure 28, l'écoulement dissi-
patif peut 8tre divisé en 5 régions. La premitre
situde au voisinage de D oorrespond au déoollement
de la couche limite.

En aval se développe une zone de mélange quasi-
isobare (II) qui est suivie jusqu'su point de
reocollement R (III) par la tire partie d'une
recompreasion continue se poursuivant et s'achsvant
en aval de R (V). Parellélement s'opdre une restruc-
turation de la couche limite jusqu'a un nouvel

état d'équilibre.

Au sein de la zone décollée, délimitée par I, II,
III, nous avons distingué le domaine de recircula-
tion IV A 1l'intérieur duquel reflue le courent
alimentant la couche de mélange, l'existence d'un
tourbillon secondaire contrarotatif situé au pied
de la marche, ne jouant pas un rfle important dans
1%éyolution du courant de retour.

Noun nous intéresserons e¢ssentiellement dans ce
qui ecuit sux domaines IIX, IV, et V qui sont plua
spéoifiques des oonditions de recollement. Tout
d'gbord 1'état initial du domeins III est défind
notamment par un profil de vitesse dont la forme
est pratiquement indépendante de celle de la
couche limite initiale turbulente, lormque Je
est faible devant 1'étendue de la zone déoollée.

._3.. “‘r!‘ i ///
5|~
1 T

o M. 197 ‘

08 AL
: 4‘-‘*.
06 - ,:x@d ]

0| gt

X 4 : !
0 . . ! L
o ls H L Y.

0 02 04 06 08 1

Fig. 29 — Profils de vitesse dens la recompression en amont
du point de recollement.
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Fig. 30 — Corrélation des profils de vitesse dons le domaine
de recirculation.

Dans oe cas, on constate que les profils de vitesse
dans les domaines III, IV, V obéissent 2 des
propriétés de similituds que 1'on peut définir

de la manidre suivante 3

-~ quasi invariesnce des profils réduits dans le
domaine III et la partie du domaine IV adjacente,
comme le montrent les figures 29 et 30, la couche
pariétale du courant de retour dtant de faible
épaisseur,

- évolution typique dans le domaine V (fig. 31),
faisant apparattre une restructuration de la
couche limite, caractériasée par une diminution
du paramdtre de forme H.nc lorsque  croft,
qui trcduit 1'accélération progressive de
1'Scoulement au voisinage de la paroi.
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Fig. 31 — Prolils de vitesse dans la recompression
en aval du point de recollement.

Des lois aimples permettent de représenter avec une
sxcellente approximation 1'ensemble de ces profils
de vitesse ; en particulier Délery et Mirande [36)
ont défini une famille A un paramdtre principal
assurant comme le montre la figure 32 une trés bonne
représentation de l'expérience, Nous renvoyons

A la référence [36] pour l'expression ditaillée de
ces profils dont la formmulation en aval du recolle-
ment est trés proche de celle de Coles.

On remarquera & l'examen de la figure 2 que outte
représentation n'est valable que sur 1'étendus
des domaines III et V et ne saurait convenir dans
le domaine II et dans la partie de IV qui lui ect
ad jacente.

= )U/ / /
72/

meélange recompression  rehabilifalion
- ——

Fig. 32 - Profils de vitesse dans un recollement incompressible
turbulent.

Cette transformation rapide des profils de vites.'e
dans le domaine de recollement, associde A la
présence de gradients de pression longitudinaux
intenses a pour oonséquence deux effets importants

On constate

-~ tout d'abord l'existence de gradients de pression
normaux significatifs qui sont 1iés & la forte
oourbure des lignes de courant et entrainent dans
le cas supersonique lr formation d'un choc

X
e TR
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péndtrant plus ou moins, selon le nombre de Mach
extérieur, au sein des couches dissipatives }

~ ensuite, comue l'ont notarment obeervé Tani [48)
et Bradshav [12], lu structure de la turbulence
interne subit de profondes modifications entre
deux états distincts dont 1'un est défini par le
processus de mélange et l'autre par une configu-
ration de couche limite pariétale d'équilibre
atteinto loin en aval, comue le montre la figure
33

AT max
\/Fma, Hy =13 v, U
iy .o
melange isobare R
020 N S
0 . i
T R S 5 R
L l/i\' \0‘\ 0 X Xa

R :2 1%;
il L] 8
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Fig. 33 — Evolution de l'intensité maximale de turbulence dans
une zone décollte.

La prise en compte de ces effets est néoessaire
lors de l'établissement d'une méthode de caloul
précise et les informations déteillées que nous
posasédons sur oes phénomdnes notamment en écoule-
ment supersonique sont rares.

3.2 = Facteurs d'influence du recollement -

24241 = Los facteurs susceptibles d'agir sur les
conditions de recollement ont été discutés par de
nombreur asuteurs {(on trouvera une revue de ces
travaux dans [36] et [50]). Il peuvent 8tre ciassés
en deux catégories t

a) des facteurs intrinsdques intervenant au niveau
du processus de mélange turbulent et modifiant
la structure de 1'écoulement qui aborde le
domaine III ;

b) des facteurs extérieurs agissant sur 1'état de
1'écoulement non visqueux A la frontidre des
couchea dissipatives, et notamment sur la
relation existant entre le direction locale
du vecieur vitesse et la pression,

3422 = Factours intrinsdques -

Dans cette catégorie, interviennent essentielle-
men* les effets liés & la compressibilité (Nombre
de Mach, température et flux thermique etCes.),
ce'r gue provoquent un soufflege ou une aspiration
a4 falble débit et vitesse dans le décollement et
enfin la couche limite initiale,

Tant que ces effets demeurent modérés, la forme
du profil des vitesses au début de III est
pratiquement inchangée.

Moyennant cette hypothdse, on peut montrer [51)

que 1l'état de 1'éocoulement sur la ligne de

courant sboutissant en R (fig. 28) peut 8tre
défini & 1'aide d'un seul parambtre caractéristique :

. L E ;
(2) Coz 1 _ __4 d.
"t euT " Tarc t O

dans cette expression interviennent

i
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+#
= 1lVépaisasur de quantité de mourement J: A
1'origine de la zone isobare,

-~ 1o débit ¢ dinjecté dans 1'eau morte,

~ 1a quantité de mouvesent 4 introduite par cette
injection,

- une échelle caractéristique du décollement L ,

~ 1tétat @4, <44 de 1l'écoulement 2 1l'extérieur
du domaine II,

En particulier la recompression jusqu'au point de
recollement est étroitement dépendante de Cq .
En 1'absence de soufflage (2) s'éerit s

'

X.ox.

ou Xa représente 1'étendue de la zone décollde
et X, un décalage de l'origine di mélange défini
dans le cadre du corcert d'origine fictive [50]
par une relation de la forme 1

x.= K&'°

K étant une fonetion du parambtre de forme de
la couche limite initiale [36].

Cq= —J:‘l'_. =)
L

Une analyse expérimentale détailléde effectude &
1'ONERA en écoulement incompressible plan [49]

a permis d'établir la loi empirique reliant la

recompression obtenue en R @

(Pa~p0)/ 94

au paramdtre C¢ en l'absence d'effets d'injection
de manse dans l'eau morte.

Cette loi est représentde figure 34, Elle regroupe
des expériences réalisdes pour des corditions de
recollement extrémement diversifides, en présence
d'écoulements extérieurs ralentis ou accélérés et
de couches limites initiales d'épaisseur variable.

Py~ 8 o
o4 D
Xy I“\
a3 - (X =818y}
3%0 o ./ Pression d'orrél sur la ligne de et
%o So, ( melonge 1sobare )
02 §8.0
LAC X P
% o
01 Gaz 8
. f MR
) 510! 12 10 10-?

CL mmces | CL #D0IsIe

Fig. 34 — Saut de pression au recollement en incompressible.

On constate que le niveau de recompression obtenu
ne correspond pas A 1'hypothése généralement gdmise
d'une recompression quasi isentropique sur ( 7 ),
les écarts étant dls aux effets dissipatifs ren-
contrés lors du processus de recompression.

Une loi comparable n'a pas 6té établie & notre
connaissance dans le cas supersonique. Toutefois
ltexploitation de quelques expériences effectudes
& 1'ONERA a permis de montrer que dans le domaine
M>1, les effets dissipatifs restent faibles
devant les niveaux de recompression obtenus, de
telle sorte qu'ils peuvent 8tre négligés en premidre
approximation.

Lorsque la couche limite épaissit fortement, on
enregistre non seulement une diminution asensible
de la recompression en R , mais égal ment une

modification profonde de la structure de l'écou=
lement dimaipatif & l'extrémité du domaine II de
1la figure 28 (cfe § 1.3). De oe fait, 1'évolution
ultérieure des profila de vitesse n'obéit plus
aux lois de comportement simples, définies § 3.1
(fig. 32). En partioulier la valeur de H an
point de recollement varie fortement (fig. 35)

de m8me que les relations de dépendance entre les
divers paramétres de forme,

y
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Fig. 35 — Profils de vitesse au recoll - Infl de

s couche limite initiale (C L 1).

3243 = Facteurs extéricurs -

L'influence des facteurs extéricurs {(non uniformité
de 1'écoulement, courbure de parois) en 1'abaence
de discontimuités marquéee telles que des ondes de
choc, intervient essentiellement au niveau du
couplage entre le développement des couches dissi-
patives et celui de 1'écoulement non visqueux,
Cette action prépondérante en ce qui concerne
1'évolution des pressions, n'altére cependant pas
la structure des profils de vitesse au voisinage du
recollement, du moins tant que la couche limite
initiale est mince et tant que les facteurs
axtérieurs demeurent modérés. C'est ce qu'a
1otamment montré 1'étude expérimentale du recol-
Llement subsonique en présence d'un écoulement
aoxtérieur accéléré ou ralenti, effectude par
lMirande {49)

Un probléme particulier est celui rencontré dans
le cas du recollement supersonique lorsque sont
nises en jeu de fortes perturbations en aval du
recollement, Ce problime sera examiné § S.

3¢5 = Lois empiriques ds recollement en

suErsoniﬂ -

Li plupart des lois de recollement utilisées en
ésoulement supersonique en vue de prédire

notemment la pression de culot ont été établies

4 partir de oritdres empiriques plus ou moins
inspirés de l'expérience et dont les plus connus
scnt oeux de Chapman ~ Korst et de Nash [50].

T19a différente est la démarche développde & 1'ONERA
depuis 1960 {52], qui est fondée sur l'utilisation
directe de donnédes expérimentales et repose sur le
oonoept de oritdre sngulaire de recollement, Celui-
ol retient comme idée de base que ce phénombne
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eot entidrement déterminé par 1'$tat de la ocouche
dissipative en fin de la zons II (fig, 28), état
qui peut 8tre caractérisé par les éléments suivants @

= la direction Y de 1'écoulement extériewr non
visqueux relativement d la paroi,

« lo nombre de Mach extérieur Mi,

= la loi de diatribution des vitesses et densités
dans la couche dissipative.

Dans ces oouditions et compte tenu de oce qui a 4té
axposé précédemment § 3.1 ot 3.2, la loi angulaire
recherchée doit nécessairement 8tre de la forme s

Y= ¥(M, Cq)

qui s'éorit,Cq pouvant généralement 8tre oonsidéré
comne un petit paramdtre :

. P(M Cq ¥ (M
ys Y(M) + Cgq E( 1)
On est ainsi amené 4 déterminer 2 fonotions 3
17("1) ot aLYC_(Hq)-
1

A cet effet, la procédure suivante a été adoptée 13

la fonction W(Mya &té déduite d'un ocertain

nombre d'expérionces systématiques, pour lesquelles
les oonditions d'essais ont été choisies sussi
v,i3ines que possible du cas Jiéwd Cq= O , ohla
couche limite initiale est negligeable, les oorreo=
tions dues aux Co résiduela ayant toutefois été

ef fectudes.

La fonction 3¥/3(s est calculéde selon la méthode

décrite en (52) et (36). Les fonctions ¥(M1) et
dY/9Cq(H4) ainai obtenues sont représentées

.1 [
i -'-"-'-'—‘_'_'_‘—"'-_.-.—. % m‘l
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Fig. 36 — Critdre angulaire de recoll Foncti lp
ot -}E‘,L dans le cas de rair { = 14)

{ v en degrés sexspésimaux).

Un effort de généralisation et d'extension de

ostte loi pour traiter des configurations d'obstacles
présentant une symétrie axiale a été également
entrepris [54].

La corrélation proposéde (fig. 37) exprime dans le
cas 1déal non perturbd, 1l'écart sur les angles de
recollement

V( M‘)r.’volvh’on - V(H‘) plase

en fonotion du paremdtre F  défini figare 37, qui
caractériss 1'évolution du coefficient le mélange
G~ avec la géométrie de la frontidre ilsobare,
Comme le montre cette figure, la dispersion résie
duelle des données expérimentales de Y est
inférieure b 19, 08 qui correspond dans un domaine
de nombre de Mach compris entre 1,6 et 6 & une
on;ur maximale sur la preasion _p, de 1'ordre de
5 %o
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Fig. 37 — Loi angulaire de recoliement généraliste.

Parmi les méthodes dérivées du concept de loi
angulsire de recollement, nous signalerons celle
de Page et al. [53] qui conduit A des résultats
voisins.

Je4 = Flux thermiques su voisinage du recollement -

L'intérét que revét la prévision des flux de
chaleur importantsqui apparaissent dans le domaine
de recollement d'un éooulement supersonique décollé
se manifeste dans des domaines d'application trbs
divers (tuydres propulsives A faible débit secon-
daire, gouvernes en hypersonique etCuee)e

D'une fagon générale on observe que 1'évolution des
coefficients de flux de chaleur suit en gros oelle
des oourbes de pression, en particulier dans le do-
maine hypersonique [44]. Toutefois & des nombres de
Mach plus modéré et dans le cas du décollement
étendus, le marimm de flux de chaleur se situe
prés du recollement et légbrement en aval [55]. La
corrélation proposée par Holden [44) entre les
maxima de flux de chaleur et de pression est
représentée figure 38, Elle regroupe un nombre
important de résultats obtenus dars un large domaine
de nombre de Mach oompris entre 2,5 et 13,

Mfmo lorsqu'ils sont élevés ces flux n'ont qu'une
faible incidence sur ia distribution des pressions
dans le domaine de reccllement,

100 = ricr
Opax
Qo il
i
g
0 [t |
A1 15 <M, < 13
fli . refiexion de choc
f isperaion wmpérimentals
| ramp#
I
Chax _ (p )l.n PI AX
S - 0
1 PR —_— i I
109 o’ 10? 10?

Fig. 38 — Corrédlation des maxims de flux de cheleur et de pression.

345 = Généralisation de la notion de recollement -~
Problimes de oonflusnos -

Les exemples analysés jusqu'h présent oconcernent
le problidme du recollement turbulent sur une

paroi salide, La parenté étroite qui relis ce
phénondne & oelui de la conflusnoce ds deux éooule-
ments symétriques a été observée depuis longtemps
les oxemples présentés figure 39 montrent que la
pression de culot n'sst pas affectée de fagon
sensible par la présence d'une plaque matérialisant

i
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le plan de symétrie qu'il y ait ou non injection des
masse b faible vitesse.

R M, By
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Jeans plogus M,
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2 3 4 5
0. essais de HAMA
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a1 avec ploque
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b_essais ONERA.

Fig. 39 — Recollement sur paroi et recollement sur une
nappe fluide.

Ces réasultats ont oonduit A utiliser les lois de
recollement sur paroi pour traiter les problimes
de confluence mfme dans le cas d'écoulements iasus
de conditions gén ratrices différentes (fig. 10).

On remarquera que par suite de la wventilation
naturelle qui s'organise alr.s, 1'écoulement
extérieur ?I) se trouve sur cet exemple, dans une
situation de recollement avec aspiration d'un débit

9 x alors que l'écoulement interne (II) & 1'inverse

subira les effets d'une injection de masse de m8me
débit.

4 - PHENOMENES DE COUPLAGE DECOLLEMENT-RECOLLEMFNT
EN TRANSSONIQUS ET SUPERSONIQUE -

4,1 = En dépit de nombreuses expériences accumuldes
depuis 20 ans, dont beaucoup malhsureusement
n'offrent pas toutes les garanties de pureté dési-
rables pour les raicons évoquées § 1.1, les
nécaniames fondamentaux qui régissent l'apparition
et le développement initial d'une zons décollée
sous 1'influence d'une perturbation d'intensité
croissante sont encore insuffisamment connus. En
particulier les informations recueillies sur les
offets de trés larges variations du nombre de
Reynolds, présentent dea aspects ocontradictoires,
qui ne peuvent pas toujours 8tre expliqués d'uns
manidre ratiomnelle,

Nous analyserons doux exemples qui nous paralssent
assez significatifs des préoccupations actuelless

= tout d'abord le problame de la rampe en
supersonique pour lequel on dispose de nombreux
réeul tats,

~ ensuite ocelui de 1'interaction couche limite
turbulente - onde de choc en transsonique.

4,2 =~ Probléme de la rampe -

44241 = Aspects généraux -

Nous nous référeronn & des essais ou l'on ne peut
suspecter a priori 1l'existence d'effets parasites

146s A la limitation trarsversale de 1'écoulement.
I1 s'agit des expdrience: effectuées par Roshko et
al. {6], sur une oconfiguration axisymétrique dont
la distance & 1'axe est grande devant 1'épaisseur
de 1a couche limite (fig. 40), d-as le domaine de
nombre de Reynolds et de Mach suivant

105 < HJ‘. < 106
1'98 < Mf < 4.93

A titre indicatif, les distributions des pressions

mesurées & la paroi pour (ifférentes valours de B,
Me ot RS, étant respectivement égaux & 3,96

ot 30.106, sont présentéen figure 41,
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Fig. 40 — Montage expérimental (Roshko).
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Fig. 41 — Ewvolution des pressions & la paroi.

Elles mettent en évidence trois types d'évolution
bien caractérisés

~ le premier correspond A une compression brutale
ot monotons ;

-~ l¢ second est marqué par la présence d'une triple
inflexion (de la courbe des pressions) qui est
1'indice d'un décollement déja établi ;

~ enfin le dernier est spéoifirue d'un décollement
étendu avec un plateau bien (éfini (dans ce cas
d'ailleurs, 1'origine du déctllement est situd
en dehors du domaine analyaé,.
On remarquera que la pressior. au point d'inflexion

médian S , n> tend que lentemont vers la pression

du plateaus. Celle—ci n'est réellement atteinte
que lorsque l'origine du décollement est situde
trds en amont de la rampe.
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L'évolution en fonotion de 5 de la longueur
d'interaction {s définie figure 41 et normalisée
par 1'épaisseur 3y de 1a couche limite initiale
est donnée figure 42,
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Fig. 42 — Evolution avec 3 des longueurs d'intersction.

La forme exponentielle de cette évoluticn explique
que lorsque .83 atteint dec valeurs élevées, de
petites varintions 4 A entrcinent un accroissement

important de {,/Jy.

Ltinfluence du nombre de Reynolds sur 1'étendue
du décollement ({,/5;)apparait figure 43 ; cette

grandeur décroit d'une menidre d'autant plus
marquée que le nombre de Mach M+ et 1'angle A3
sont plus grands.
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Fig. 43 — Effet du nombre de Reynokis sur ls longueur
d’interaction.
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Cet ensemble de résultats est parfaitement oohérent
ot explioable & partir des comnaissances aoquises
sur les phénomdnes de déoollement et de recollement
étudids isolément,

Dans le cas de déoollement étendus ( {y/dy > 1)

et de nombre de Reynolds QJ, assez grands,
1'utilisation des lois ds décollement et de recol-
lement (§ 2 ot 3) permet de justifier les traits
escentiels observés et notament 3

- les fortes variations que subit f/tf; lorsque
tend vers une valeur critique qui est la limite
des conditions de recollement régulidrest,

- 1a déoroigssnce plus ou moins rapic. de & /o)
lorsque Ufx, augnente.

Lors de 1l'exploitation de ces essais, su oours de
la recherche d'une forme de présentation commode
pour l'utilisateur, Roshko et al. ont observé la
particularité suivante qui n'est assortie d'aucune
Justification 3 pour une valeur ds B3 fixée, les
longueurs réduites d'interaction fs4f, exprimées en
fonction du coefficient de frottement pariétal Cr,
A 1l'origine de l'interaction se regroupent sur une
courbe unique indépendante de My (fig. 44).
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Fig. 44 — Influence amont — Corréiation de Roshko.

Interprétés de cetie manidre les résultats obtenus
dans d'autres séries d'expériences (7 - 56) ne
conduisent pas & un recoupement entidrement satis—
faisant,

D'une fagon générale, les tendances observées dans
los essais de Roshko et al. sont senasiblement
vérifiées tant que le nombre de Mach reate modéré

( N15< 5) et pour des valeurs de (& , supérieures
a 102,

Par contre des résultats assez différents en ce
qui ooncerne 1'évolution de /,/5; en fonction de

Rxmpp aissent soit en hypersonique pour des
valeurs (1 J¥ assez élevéos, soit pour ocertains
essais supersoniques, notamment oceux de Kushn et
al., pour lesquels les valeurs de R J, étaient
comprises entre 104 et 105,

La particularité essentielle de oes résultats est
1'inversion de 1'effet du Reynolds,{l/f;croissant
lorsque Giz, augnmente.

Cet effet se manifeste de fagon spécialement marquée
lorsque {./§7~ 1 et plus particulidrement au

voisinage des conditions d'apparition du décollement
/801

%81 ¥ est l'angle de d ement (indépendant
de Ao pour ces valeurs Rds ) la oonditien
géumétrique fBa W+ V¥V définit une valeur
limite du reocollement régulier.




442,2 = Décollement naissant -

Il correspond au cas limite d'une oonfiguration
associant décollement et recollement loraque
1'étondue L de la zono décollée tend vers O,
c'est donc une des plus ocompliquées qui soient
tant du point de vus de la prévision que de la
définition expérimentale, Celle—ci est pour le
moins trds délicate et dépend fortement de la
méthode expérimentale utilisée comme le montre
la figure 45 extraite de (57].

a ¢ ) inflexions dons pix) SPAID
b o pioleau dons pip) -l
[ s Him hiqude FRISHETT
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Fig. 45 — Détection du décollement naissant.

Les techniques de détection développées sont
extrémement varides s

- visuslisation pariétecle par film liquide,
obscrvations strioscopiques des couches dissi-
patives, dédoublement du choc provoqué par la
rampe, analyse fine des courbes de pression,
perturbation locale (orifice dam), mesure du
frottement pariétal. Chacune d'entre elles
comporte sa propre part d'incertitude et dans
certains cas d'erreur - (film pariétal).

I1 n'en demeure pas moins que, malgré cette
dispersion et mis & part certains ré¢sultats
"douteux" obtenus a partir de la technique du
film liquide, une tendance générale se manifeste
qui corrobore l'effet d'inversion signalé précé-
dezment,

On observe en effet (fig. 46), que le nombre

de Mach M, étant fizd, lorsque le nombre de Reynolds
(1 §, varle, le décollement apparait pour une valeur
/3 de l'angle de la_rampe, qui décroit d'abord aux
faivles valeurs de (J+et croit ensuite lorsque

(R §, sugmente, la limite du domaine d'inversion
variant de fagon assez sensible avec M;.

#1fstrom a proposé une explication de ce phénomdne
(s'accordant parfaitement avec les considérations
développles § 2.2.1) & partir de laquelle il a pu
développer une méthode de prévision du déocllement
naissant. Celle-ci est basée sur le concept de
structure a double couche de 1l'écoulement dissipa=-
tif, une représentation spprochée de ocette structure
étant fournie par la loi de Coles étendue au cas

compressible, A partir de cette représentation il
oot aisé d'extraspoler &4 la paroi une vitesse limite
fictive et par suite un nombre de Mach Mp .

Le critére du décollement naissant est fixé pour une
valeur de 3 domnnée par la condition d'apparition
d'une solution de choc fort.

Commue le montrent la figure 46, l'allure

des courbes calculdes dans le cas d'écoulements
adiabatiques et de paroia refroidies traduit

bien 1'évolution expérimentale et explique notamment
les variations en fonction de M; et deTe/Trdu nombre

de Reynolds (15 aéfinissent la frontidre de 1'effet
d*inversion,
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Fig. 46 —~ Prévision du décollement naissant par Elfstrom.

4,5 = Interection couche limite onde de choc en
tramsonigna -

4,543 = Structure de 1l'éroulement -

Plus généralement les phénomdnes que nous étudie-
rons apparaissent lorsqu'une compression brutale
assurant le passage d'un écoulement supersonique &
un écoulement subsonique, se produit en présence de
la couche limite turbulente établie sur une paroi.
Cette situation se rencontre sur le profil d'aile
en écoulement tranassonique mais également dans lea
grilles d'aubes de turbomachines, les prises d'air,
les tuydres etCee.e

La configuration de base, que l'on imagine la plus
simple est celle de l'onde choc droite qui a été
analysée en premier lieu par Seddon [58% et plus
récemment par Le Blanc et Goethals [59]. Le petit
nombre d'expériences détaillées concernant cette
configuration s'explique par la trés grande
difficulté de réaliser des écoulements stables et
bidimensionnels,

La figure 47 définit les caractéres spécifiques
l<:ie <je type d'interaction fournis par 1'expérience
58 Je

bk e
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Fig. 47 — Interaction couche limite - onde de choc
quasi normale (d’apris Seddon).

Le premier et le plus apparent est la nature
ecsentiellement supersonique du décollement, dont
le mécanisme de formation est en tout point sem-
blable A celui qui a été décrit § 2,2, 11 se
caractérise par la présence d'une onde de choc
oblique provoquant un accroissement de pression
extrfmement brutal jusju'au point de séparation ;
la recoupression se poursuit en aval d'unc manidre
beaucoup plus modérée, monotone, d'abord jusqu'au
point de recollement et ensuite au=deld sur une
étendus importante, supérieure i 50 &% , 1'dcoule=-
ment ¢tant alors entiérement subsoniques

Entre les poinis de séparation et de recollcment,
la structure de l'écoulement & 1'extérieur des
couches dissipatives prisente un caractére
complexe qui est 1ié & la présence, tout d'abord
d'une configuration de choc en A risultant de la
rencontre du choc oblique de décollement avec le
choc principal extérieur, ensuite, d'un étroit
domaine faiblement supersonique s'étendant jusqu'au
point de recollement.

Dans le cas du profil d'aile, les phinomdmes observés
sont de mfme nature, comne le montre 1'exemple pré-
senté figure 48 et extrait de { 60]. L'interférogramme
pris en teinte plate, met bien en évidence la
structure des chocs et la déviation brutale que
3ubit 1'écoulement lors du décollement.

Dans ce cas particulier 1l'écoulement est entidrement
subsonique & 1'aval de la 2éme branche du A .

Un autre aspect caractéristique de oette forme
d'interaction choc couche limite est 1'existence
d'effets instationnaires marqués au voisinaze du
recollement qui sont mis en évidence figure 49 par
une visualisation ombroscopique & faible temps
d'exposition (1 _us ). Ces effets se répercutent
directement sur la zone décollde, mais aussi peuvent
affecter la structure des chocs principaux.
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Fig. 48 ~ Interaction choc - couche limite en écoulement
transsonique (essais ONERA).
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Fig. 49 — Interaction choc - couche limite en dcoulement
transsonique :@ essais ONERA. Visualisation par strioscopie
téclairy (t= 1 us).

4.7.2 = Influence de la non uniformité de
1técoulement extérieur et du nombre de
Reynolds = Apparition du déoollement =

Une discussion trds compldte des phénoménes liés
notamment & la préscnce de gradients de pression
adverses qui peuvent 8tre importants en aval de la
configuration de choc a été effectuée par Pearcey
(61]e On lui doit en particulier une analyse des
phénoménes d'interférence entre le décollement oréé
par l'interaction couche limite onde de choc et
celui qui peut se produire au voisinage du bord de
fuite d'une aile sous l'effet de oes gradients,.

AN
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Un excmple typique de ces effets extrait d'une
étude de Stanewsky [62] est présen:té figure 50.
I1 montre 1'évolution avec le nombre de Mach

de la position de l'onde de choc et de 1'étendue
des zones décolldes sur un profil d'zile en
écoulement transsonique. Lorsque le nombre de
Mech Mes sugmente, le développement rupide des
d.ux zones décolldes existent l'une derridre
1'onde de choc, l'autre au voisinage du bord de
fuite conduit & la erdation d'un décoliement uni :ue
et étendu, entrainant passagérement une inversion
du déplacement du choc en fonction de M es &

- 4
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Fig. 50 — Exemple d'évolution du décollement sur un
profil d'alle en transsonique.

Les effets spécifiques du nombre de ileynolds

défini pur 1'échelle du profil sont de m@me n-ture
que ceux rercontrés ern supersonisue, la diminution
de 1'dpaisseur relative de la coucre limite entrai-
nant lorsque (R §s est suffisamsent ¢levé une diminu-
tion de l'étendue longitudinale du d’collement.

Dans 1'état actuel des choses nous ne disposonc pas
de moyens simples permettant de définir 1'apparition
du déoollement en fonction des circonstances de
1ltécoulenent et de 1'état de la couche limite
immédiatement en amont de l'interaction, les progrts
dans ce domaine étant lide au développement de
méthodes de calcul de l'interaction couche limite
onde de choc en transsonique.

5 = METHODES DE CALCUL DES ECOULEMENTS SEPARES
ET APPLICATIONS =

5¢1 = Généralités =

Nous terminerons cet expoaé essentiellement consacré
& l'analyse expérimentale de la structure des
écoulemerts turbulents décollés par une bréve revue
des moyens de priviszion dont nous disposons, en
essayant de priéciser dans quelle mesure 1'expérien-
ce peut aider & leur développement.

Les progres rapides enregistrés ces dermilres
années dans le calcul des phinoménes de forte
interaction visqueuse en écoulement laminaire
se sont répercutés d'une manidre trés directe
sur le développement de méthodec similaires pour
traiter le cas turbulent,

Nous classerons les moyens de prévision en trois
grandes catégories qui correspondent 4 trois
démarches différentes sur le plan de la connaissan-
ce des phénoménes 3

= les méthodes globales,

-~ les méthodes dérivées des techriques intégrales
de calcul des couches limites,

-~ enfin les méthodes purcment mumériques utilisant
des epproches du lype différence finie ou élé-
ments finis pour résoudre les équations plus ou
moins simplifides du mouvement moyen 3

5.2 = Méthodes globales =

Ces méthodes trés rapides de mise er oeuvre, sont
essenticllement basde: cur 1'appliceion & un
nodéle de fluide purfait reprérentan: schématique-
ment les frontidres d'une zone décollée et indé-
terminé a priori, des eritires de « zollemnent et
de recollement permettant de lever cette indéter—
nination,

Les application- les plus connues concernent les
calculs de pres:cion de culot et plus généralement
lcs problimes de conflucnce ¢coulements interne-
externe traitcs dins le cadre d'une optimisation

des systéacs propulsifs. La qualité des riésultats
obtenus dépend bien entendu largement de la
validité des loir ou critére retenus, le domaine
d'application ¢tant en principe restreint au cas

des couches limites initiales d'dépaisseur modérée

(§ 3)e Ainsi que le montre la réf. | 36] qui présente
une revue de ces néthodes de tres bons résultats
peuvent 8ire enregistrés, notament lorsqu'il s'agit
d'effectucr une analyse parandtrique dans le voisie
nege d'un cas expirimeni:d connue Le faible cofit en
temps de calcul est un deu (léme:ts essentiels du
succes de tela progrimmes.

On peut Cgrlement inclure dans la néme catégorie

de méthodes, celles qui ont été développées en
écoulement incompreasible pour prévoir l'effet

d'un décollement de bord de fuite sur la portance
d'un profil, er simulant le décollcment par un
dcoulenent de sources satisfaisant & des conditions
perticuliéres cux points de séparation et de conflu-
erce {67 e

L'smélioration de ces diverses méthodes se poursuit
dars 1l'ecpoir de traiter avec plus de précision un
nozure de configuration plus étendu. Toutefois les
irogres que 1'on peut envisager 4 terme demeurent
feinles,

Se¢; = Néthodes intégrales =

Je2e1 - Ecoulement extériewr supersonique =

Le principe de base défini d®s 1952 par Crocco et
Lees repoce sur la deccription de la zone dissipa~
tive décollée au moyen des équations de Prandtl
récolues par une technique intégrale., La loi de
pres.ion ou de vitesse imposde & la frontitre
n'est plus une donnde mais résulte du couplage
entre le chanp externe et la couche visqueuse.

Dans le cas d'un écoulement extérieur supersonique
cette loi peut 8tre diterminde au fur et A mesure
de lz progression du calcul, dés que la condition
de couplage est fixde.

Dans les méthodes les plus récentes développées
depuls 1967 [64] lea 2 équations retenues pour
déerire les couches dissipatives sont celles de
Karman et de 1'énergie cinétique du mouvement
moyen. Leur mise en oeuvre nécessite i

= tout d'abord le choix d'une famille de profils
de vitesse A un paramdtre principal W, 2
partir duquel sont exprimés les différents
paramdtres de forme intervenant dans ces dqua-
tions,

-~ eusuite une expreszion de frottement turbulent
apparente Celle-ci intervient essentiellement
pour définir l'intégrale de dissipation supposde
fonction universelle de (.

Une discussion trés compldte des variations
auxquelles condui:ent les choix etfectués par
différents auteurs est présentée dans |36].
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Lea ocunolusions sont les suivantes 3

En oe qui oonocerne l'expression des divers
paramdtres de furme les différentes solutions
proposées oonduisent i des résultats pratiquement
identiques bien recoupés par 1'expérience comme le
montre 1l'exenple de la figure Si.

Par oontre des écarts hfortants aspparaissent au
nivesu de la relation (M i) (fig. 52), selon
la modélisatior. de la turbulence adoptée.
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Fig. 52 - Fonction de dissipation en écoulement incompressible ~
Compersison svec l'expérience.

On resarquera que l'existence de telles relations

n'est justifiée comme nous l'avons vu § 3 que
lorsque la oouche limite en amont du décollement

est d'épaisseur modérde devant 1'étendue de la
zone décollée.

Le second probldme posé par la mise en oeuvre des
méthodes intégrales oconcerne 1'intégration du
systdae différentiel (A) forwé par les 2 équations
de 1a couche limite suquel on adjoint la relation
de ocouplage.

Une premidre difficulté apparait lors de l'initia-
lisation du calcul. Lorsque le nombre de Mach
n'est pas trds faible 1'intégration du systéme

(a) conduit & une évolution décroissante de la
pression incompatible avec la formation d'un
décollement, Cette situation résulte de 1'état
"supercritique" de 1l'écoulement en amont de la
gune décolléde. Pour obtenir une solution de décol-
lement il est alors nécessaire d'avoir recours a
1'artifioe du saut supercritique - subcritique
dont l'effet sur la distribution des pressions

est analogue A celui d'un choc [36].

D'autre part, la solution de (A) est en général
astreinte & passer par un point critique K du
type col, imposé par la néoessité d'un retour a
1%4tat supercritique qui ne conduise pas & une
évolution irréaliste des pressions et du paramétre
de forme. C'est cctte condition critique qui
détermine la solution du problidme.

Le réalité physique du point K a été l'objet de
nombreuses oontroverses. Les détracteurs font
remarquer que les valeurs critiques ainsi obtemues
(position en o , nombre de Mach local, parambtre
de forme etc...) varient de fagon sensible selon
la loi de couplage retenue. Les tenants par contre
se référent A 1'expérience qui démontre l'existence
en aval du point de recollement d'un point parti-
culief pt]maédant 1l'essentiel des propriétés de

K (36].

Les premidres tentatives d*application des méthodes
intégrales ont été effectudes en vus de prédire la
pression de culot [Alber 1967].
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Fig. 53 — Exemples d'application de la théorie d'Alber.

La comparaison avec 1'expérience présentée figure
53 et extraite de [64] est assez satisfaisante
dans des cas toutefois ol 1'épaisseur de la couche
limite initiale est grande. Une comparaison effec-
tuée sur une configuration comportant une oouche
limite initiale négligeable (fig. 54) est beaucoup
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moins bonne. Sur cette figure sont également 25
présentds deux calouls effectués selon la
mlme technique mais en utilisant un moddle de
turbulence basé sur le concept de longueur de
mélange proposd par llichel, pour deux lois de
couplage différentes : tout d'abord celle proposée 20
par Alber ol le couplage est effectué & la fron-
titre & de la couche limite, ensuite la loi de
déplacenent clessique d§"/dxptg 6, plus
exacte comne 1'a montré Hanloey [73]. 15
015
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0 Fig. 55 — Décollement turbulent dans un diédre — Influence
0 1 2 3 3 5 de la longueur de rampe — Théorie de Hunter et Reeves.

Fig. 54 — Exemple d'application — Couche limite initiale
négligeable. Me,= 3,19.

On constate que les résultats varient d'une fagon
trés importante selon le choix ef“ectué. I1 faut
se garder toutefois de tirer des conclucions
définitives d'expériences numériques destindes &
mettre en évidence la sensibilité de la méthode &
deux quantités dont la connaissonce est mal établie
4 savoir le frottement turbulent et 1l'épaisseur
physique & de la couche dissipative.

Parmi les extensions de cette méthode successivement
réalisées on notera

- le traitement du probléme de la rampe par
Hunter et Reeves en 1971 {62],

- celui de la confluence de deux écoulements avec
décollement de bord de fuite par Klineberg
Kubota et Lees en 1972,

L'exemple présenté figure 55 (probléme de la
rampe), bien recoupé par l'expérience excepté au
décollement, met en évidence les principaux
car.ctéres de la solution théorique : sesut super-
critique - suberitique, point critique etc...

La configuration dite rzmpe infinie correspond &
des conditions de recollement réguliéres, le point
K se trouvant en amont du bord de fuite .

Par contre la solution "rampe courte"” est relative
a4 une configuration singulidre qui est perturbée
par le présence d'une détente de l'écoulement au
point F en amont du point critique K entrafnant
une modification profonde des conditiins de recol-
lement.

Le calcul d'une telle con.figu.rat%on est mené & bien,

en imposant que les dérivdes d&* dMe & dXi,
dx dax dx

tendent simultanément vers 1'infini en F ,

D'une fagon générale, la présence de fortes
perturbations dans le domaine de recollement
examinde notamsent dens [36) et [78] pose un
problime qui n'a été résolu par les méthodes
intégr-les que pour les détentes centrdes.

Le cas de 1'onde de choc n'a pas été traité.

Insuffisances des méthodes intlgr:les classiques

Outre son inadaptetion au triitement des zones
décollées peu ¢tendues aignalée précédemment, un
des points le plus discutable des méthodes inté-
gr:les est certainement 1‘'hypothése d'une pression
cmstunte selon 44 découlant des hypothéses de
Prundtl.

Un cert:in nombre de tentatives ont été fui-es afin
d'introduire les gr: dients de pression norma v
notamment pur Shamroth et Mac Donald [69], Hou ‘an,
Myring |_70ﬁ ces derniers autcurs ayant montré que
lu solution devient suberitique lorsque 1l'on tient
compte d'une variation de la pression selon /y, .

Une amélioration importsnt des mdthodes intégrcles
spécinlement duns le cas de décollements peu étendus,
est celle proposée notamment par Rose [35), en
introduisant le concept de "double couche" dont

nous avons déja discuté le bien fonds § 2.

Cette technique permet tout d'abord de prendre en
compte d'une munidre rigoureuse les affets de
gradients de pression normaux et d'oitenir en
principe une meilleure description des phénomines
dissipatifs.

Parmi les amdliorations possibles de ces méthodes
nous signzlerons éganlement 1'extension au cas
turbulent des travaur actuellement entrepris par
Crocco en laminaire,

5¢32 - Ecoulement extérieur suosonique ou
transsonique -

Dans ce cas, le ceractére elliptique ou mixte des
équations régissant 1'écoulement extérieur impose
le recours & une procédure itérative pour satisfaire
les conditions de couplage, consistant & calculer
successivement les effets de déplacement de la
couche limite pour un gradient de pressiom connu

et 1'écoulement extérieur en tenant compte de ces
effets ; la procédure est par exemple initide &
partir de la solution de fluide parfait éventuel-
lement aménagéde.




Une telle méthode devient impraticable dds qu'un
décollement étendu se produit par suite de diffi-
cultés numériques lides & 1'existence de singularitéds
au voisinage du décollement ; ces difficultés ne
peuvent 8tre surmontées qu'a l'aide d'artifices,

et les erreurs ainsi commises sont souvent
importantes.

Un des progrds marquants enregistrés récemment a
été do montrer que les difficultés rencontrées sont
inhérentes A la contrainte non réaliste d'un gra-
dient de pression arbitrairement fixé & 1°'approche
du déoollement et disparnissent lorsque les données
nécessaires su calcul de couche limite sont soit la
distribution de frottement pariétal, soit 1'évolu-
tion de 1'épaisseur de déplacement. On obtient alors
une procédure de calcul de couches dissipatives dite
ninverse” dans laquelle 40 (x)devient le résultat
de calcul et qui permet de traiter les zones décol-
lées sans difficulté numérique. De oe fait, ces
méthodes sont susceptibles de bénéficier de toutea
les an‘liorations provenant d'une modélisation plus
raffinée de la turbulence et de ses effets.

Les principaux travoux effectués dans cette voie
sont ceur de Klineberg ot Steger [74) et de Kuehn
et lilelsen [75])«

Ltgpplication de oes procédures au calcul d'écou-

lements trenasoniques présente un intér8t indis-
cutables

5e4 = iiéthodes pumériques —

Ctest finnlement dans ce domains que les résultats
les plus spectaculaires ont été obtemus. Ce succes
est dl & la conjonction de trois cffets favorables

a) la diminution trds importante de la durée des
celculs lide aux progrés technologiques des
ordinateurs,

b) le développement de nouvelles techniques
numériques accroissant lc stabilité et la
convergence de ces calculs,

¢) enfin les progrds accomplis dans la modélisation
de la turbulence.

Nous ne rous étendrons pas sur les techniques de
calcul développées qui serunt abondammnent commentées
au cours de oette session, nous contentant de faire
quelques remarques 8

En ce qui concerne a), la progression réalisée
depuis une décade laisse penser que les calculs
besés sur la résolution numérique des équations
compldtes du mouvement moyen pourront 8tre étendus
dans wn futur relativement proche & des configura-
tions tridimensionnelles,

Une réduction substantielle des temps de calcul
peut également 8tre attendue de b) grfce & la
mise en oeuvre de schémas plus élabords et plus
performants.

Clest ainsi que les résultats remarqusbles publiés
notamment par Baldwin et Doiwert [76] ont été
obtenus & 1'aide du schéma explicite de MacCormack
qui s'est révilé particulidrement bien adapté au
traitement d'écoulements visqueux, compressibles,
comportent des ondes de choce. L'utilisation de
schémas implicites, actusllement en cours d'étude,
devrait entrainer un accroissement sensible

des pas de temps et par suite une plus grands
rapidité des calculs.

Mais 1'élément déterminant qui conditionne large-
ment la qualité des résultats demeure la modélise~
tion de la turbulence (c), comme le montre 1'exem-
ple donné figure 56 et extrait de [77].
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11 oonocerne le décollement se produisant en
écoulement inoompressible au niveau de 1'é&largis-
sement brusque d'une oonduite cylindrique. Cette
configuration a fait l'objet d'une étude expéri- s
mentale et théorique trds détaillée & 1'Institut %
de Méoanique des fluides de Toulouse.

portant sur les vitesses moyennes et le frottement
apparent turbulent, entre les mesures et des
résultats fournis par deux types de calcul. Le
premier est basé sur une modélisation ne nécessi-
tant qu'une seule équation de transport, ocelle

de 1'énergie cinétique turbulente, 1'échelle 3
spatiale caractéristique de la Turbulence étant

fournie par une relation algébrique ajustée sur H
1'expérience.

4]
)
Sur la figure 568 est présentée une ocomparaison, €
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Fig. 568 — Ecoulernent incompressilie axisyrdtrique en aval
d‘un décrochement de paroi h/R =06.
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Le second plus élabcré comporte deux équations de
transport relatives &4 l'énergie cinétique turbu-
lente ot & la dissipation. Ces deux moddles
retiennent le concept de viscosité turbulente.

On constate qus le second conduit A des résultats
beaucoup plus proches des mesures spécialement

en ¢ qui concerne 1'étendue de la zone décollée
et la prévision du frottement apparent turbulent.

La distribution des pressions ariales (fige. 56b)

est assez correctement prévue par le seoond calcul,
alors que des écarts importants avec 1'expérience
spparaissent dans les résultats issus du premier,
Cependant le modéle le plus élaboré, n'est pas en
mesure de fournir une évolution précise des vitesses
et du frottement au sein des couches dissipatives
dans le domaine de restructuration em aval du point
de recollement moyen ou se produisent comme nous
1'avons vu (§ 3) do fortes variations lomgitudinales
des caractéristiques de la turbulence.

Fig. 66b —~ Distribution des jressions axisles.
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Cet exemple qui oonoerne le cas relativement simple
d'un écoulement incompressible avec point de
séparation fixé met en évidenoce, pour une modéli-
sation de la turbulence déji &aborde, des écarts
modérés mais non négligeables entre le caloul et
les mesures, dans certains domaines de 1'écoulement.

Il nous parait instructif dans la mesure ol il
montre 3

= qu'une oritique expérimentale trds délaillée de
configurations de cdlcul-test est néoessaire,

~ qu'une modélisation de la turbulenoce trés
raffinde peut neule permettre d'obtenir une
représentation exacte des phénomdnes physiques.
Cette condition est impérative lorsqu'il est
demandé au calcul de simuler certains effets
tels que ceux du nombre de Reynolds par exemple.

Pour obtenir oes résultats des expériences 2
caractére trés fondamental sur des configurations

de décollement, comportent notamment une analyse
trés compléte de la structure de la turbulence sont
indispensables aussi bien dans le cas ircompressible
que dans le cas compressible ol les informations de
cette nature sont rares.

Ltascociation étroite entre théorie et expérience
nécessite en particulier la connaissance précise
des conditions initiales du calcul ce qui requiert
un nombre de donndes expérimentales d'autant plus
grand que le modéle de turbulence est plus élaboré.

6 ~ CONCLUSION -

Pour conclure cette revue des problames posés par
1tétude des écoulements décollés bidimensionnels
et turbulents, aprés avoir résumé la situation
présente telle qu'elle a été décrite, nous indi-
querons les orientations de recherches qui pous
paraissent souhaitables.

Sur le plan expérimental, 1'état des connaissances
actuslles est le fruit de recherches patientes dont
les progrds bien que lents ont permis tout d'abord
d'obtenir une vue assez compléte des aspecis
phénoménologiques, ensuite de définir les principaux
facteurs d'influence régissant la formation et le
développement des zones décollées. Toutefois par
suite de difficultds importentes spécifiques des
mesures dans de telles gones, l'analyse de la
structure intime des phénomines turbulents dans
ces domaines ainsi que celle des effets instation-
naires associés n'a pas progressé de fagon tres

marquée.

Sur le plan théorique, 1'absence jusqu'ld oes
dernidres amnées d'un support suffisant a été
durement reesentie au niveau de l'exploitation et
de 1l'interprétation des expériences et a longtemps
limité les possibilités de caloul A quelques
configurations susosptibles d'une schématisation
relativement simple, imposant malgré tout un large
recours A l'empirisme (éooulement de culot en
supersonique par exemple). Les progrds réalisés
réosmment dans le domaine théorique en laminaire
ont pu $tre repidement étendus au cas turbulent
arioce A l'évolution enregistrée dans la modélisation
de la turbulence. En particulier, la mise en oeuvre
de méthodes mmériques susceptible de réeoudre des
dquations compldtes du mouvemert constitue un
tournant dans la maftrise des éooulements déoollés,

La solution de la plupart des problémes de déoolle-
ment turbulent bidimensiomnels peut 8tre envisagée d
condition d'entreprendre une action comportant le
développement conjoint de recherches conoernant i

- 1'élaboration de schémas numériques performants
adaptés b des conditions aux limites variées,
permettant d'assurer une description fine des
phénoménes dissipatifs mais sussi d'obtenir ume
réduction des temps ds calcul }

= lt'analyse expérimentale détaillde dans un large
domaine de nombre de Reynolds et sur des confi-
gurations de base particulisrement pures, du
champ moyen et de la structure de la turbulence
dans les zones déocollées, en particulier des
facteurs agissant sur sa production et son
développement .

Cette action pour laquslle l'utilisation de
techniques nouvelles telles que 1'anémométrie

laser peut se révéler décisive comportera un

double caractére t aboutir en premier lieu 2

une modélisation raffinde des phénomdnes turbulents,
fournir ensuite des éléments de contrfle précis
pour les études numériques.

Parmi les aspects fondamentaux liés & l'analyse
des structures turbulentes et nécessitant ume
étude approfondis, il sonvient de signaler les
problimes conocernant 3

- les ondes de choc (en particulier dans le domaine
transsonique) et leur rfle sur la formstion et
le développement de ces structures,

- la oconfluencs,notamment en écoulement subsonique,
et les instabilités de sillage assocides.
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Measurements in separating two dimensional
turbulent boundary layers

by
J. Chu & A.D. Young

Queen Mary College, London University.
Mile End Road, London, El 4NS, England.

SUMMARY

Two different types of pressure distribution resulting in separation were induced in the flow over
a flat plate at zero incidence. Measurements were made of velocity distributions, skin friction (Preston
tubes and Clauser plots), turbulence components and shear stress distributions at various stations both
prior to and just after separation. The results have been compared with the predictions.of various
theories. Of these only those of Bradshaw and of Kuhn and Nielsen showed good agreement for integral
quantities with the measurements right up to the separation point, the predictions of the remaining
methods tended tu depart radically from the measurements some 1{ttle distance ahead of separation.
Significant differences were found, however, between the measured shear stress distributions near
separation and the predictions of Bradshaw's method, these differences indicate where improvements to the
method may be made., With certain important provisos the methods of Stratford and Townsend for predicting
the separation position are shown to be fairly reliable.

NOTATION Cpe effective pressure coefficient (see text)
e local skin friction coefficient er/pui

>

distance along plate measured from transition
trip in inches

u mean velocity component parallel to plate . . :
X distance along plate measured from virtua
Y ggz:;a:"’? s::“"' velocity at edge of origin of a zero pressure gradient boundary
y oy layer having same momentum thickness as actual
U, undisturbed stream velocity boundary layer at beginning of adverse
u friction velocity (/tw7p) pressure gradient.
u',v',w' turbulent velocity components in x, distance normal to plate b d
y {(nomal) and z (lateral) directions A pressure gradient parameter 207 3%
T
Rx Reynolds number in terms of max. value of &*  displacement thickness

U, and x f.e, U X/v
1 Imax o  momentum thickness

Re Reynolds number in terms of Ul and o _
¢ pressure coefficient Ty frictional stress
1. INTRODUCTION

The main objects of the investigation were to provide detailed experimental data on two
dimensional turbulent boundary layers in the process of separation and to compare the data with the
predictions of various available theories.

Two different types of pressure distribution leading to separation were induced towards the rear
of a flat plate at zero incidence. For the first (called Series I) an initial region of favourable
{negative) pressure gradient was followed by a region of strongly unfavourable (positive) pressure
gradient provoking separation in a relatively short distance aft of the peak suction position. For the
second (called Series II) a less intense and practically monotonic unfavourable pressure gradient was
imposed and the approach to the separation condition was therefore more gradual,

The measurements included pressure distributions, velocity profiles, Preston tube readings,
turbulent velocity components and shear stress distributions._ The avai}able theorles with which song of
the salient results were compared were those due to Stratfordz, Townsend”, Bradshaw®, Ng and Spalding”,
Head and Patel6, Horton7. Kuhn and Nielsen8,

2. SOME EXPERIMENTAL DETAILS

The plate was about 2} m long, | m wide and 2.5 cm thick, and 1t had a rounded nose and a flap at
the trailing edge to ensure that the front stagnation point was located on the nose without the formation
of a separation bubble and the subsequent basic prassure distribution was nearly uniform. The plate had
closely spaced pressure tappings (1§ cm apart over the main region of interest) staggered close to the
centre-line, and 4 paralle] rows of tappings (spaced 2} cm apart) at about 15 cm and 30 cm from the centre
line and on either side of it in the region where significantly non-zero pressure gradients were induced.
A transition trip was fixed 5 cm aft of the nose position. For convenience chordwise stations are
labelled by the number of inches aft of the trip (X). The plate was set at zero incidence in the working
section of a wind tunnel between false walls., The wind speed used for the tests was about 20 m/s giving
a Reynolds number in terms of the plate length of about 3 x 108,

The method used to induce the Series I pressure distribution is illustrated in Fig.1. For these
tests a cylinder of diameter about 7.5 cm with a porous surface was fixed with its axis parallel to the
plate at about 11 cm from it and normal to the wind stream direction at about 1.7 m (X = 65) behind the
trip wire.

Air was sucked through the porous surface of the cylinder by means of a suction pump connected to
both ends of the cylinder. A small Thwaites flap was fitted to the rear of the cylinder and “y adjusting
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its position and the suction a strong and steady circulation could be induced about the cylinder with the
tunnel running and with only a very thin wake behind the cylinder. In consequence a pressure
distribution that was initially favourable and then unfavourable was produced on the flat plate. The
intensity of the pressure gradients could be controlled by varying the position of the Thwaites flap as
well as the distance between the cylinder and the plate. This arrangement had been previously used for
experiments on laminar separation bubbles), but was found equally effective in producing turbulent
boundary layer separation by inducing a sufficiently strong adverse pressure gradient. Porous panels
were also fitted to the side-walls through which the porous cylinder passed, suction through these panels
eliminated any tendency for the wall boundary layers to separate due to the pressure field of the cylinder
and also helped to ensure a high degree of spanwise uniformity. The streamwise pressure distribution on
the ;iate tested is illustrated in Fig.2. For the Series Il tests a spoiler flap of chord 10 cm was
fixed near the rear of the plate at X = 75 (i.e. 75 in. behind the transition trip) at an angle of 90° to
the plane of the plate, This produced the pressure distribution shown in Fig.3. The slight initial
favourable pressure gradient ahead of X = 40 is probably due to the circulation round the plate induced
by the spoiler.

The two dimensionality of the flow was investigated by observing the degree of spanwise uniformity
of the pressure distributions and by visualising the separation front across the span of the plate as
revealed by a thin film of suitably coloured oi] that was painted on to the plate. In both Series of
tests the pressure distributions showed an acceptable degree of uniformity over the part of the span to
which they refer (i.e. the central 2/3 of the span). In the Series I arrangement the flow visualisation
showed the separation line to be remarkably straight over the whole span, for the Series Il tests there
was some curvature of the separation line near the walls associated with an inflow into the wall boundary
layers there. It was concluded that the flow upstream of separation could be tentatively assumed to be
two dimensional over the central part of the span in which the measurements were made. Downstream of
separation the flow visualisation tests revealed no significant flow patterns and the surface pressures
remained acceptably uniform, but there can be no doubt that the flow if relatively slow moving was complex
and not two-dimensional in any detailed sense of the term although overall there was no well-defined
spanwise variation,

The mean velocity profiles at various stations were mainly derived from measurements made with
flattened pitot tubes (0.2 mm x 0.75 mm) but some measurements ahead of and at separation were also made
with hot wires, MNear separation and aft of it the poor accuracy of the hot wire for determining small
mean velocities in the presence of large turbulent velocity components as well as its lack of
directionality left its reliability there in strong doubt, and the hot wire was not used aft of separation.
The main measurements of mean velocity were therefore made with a double headed pitot tube, i.e. one with
two pitot tubes facing opposite directions. Such a device after calibration can give both the mean
velocity magnitude and direction sense, although it too lacks sensitivity where the mean velocity is small
and there are relatively large fluctuating velocities, and there are always doubts about the interpretation
of pitot tube measurements in a highly turbulent flow. The Preston tube measurements were made with
round tubes, 0.7 rm in diameter.

The measurements of the turbulent velocity components, as well as of the shear stress distributions,
were made with single and crossed hot wires,

3. THE MAIN RESULTS
3.1 Overall Data

The integral quantities, i.e. displacement and momentum thicknesses, as well as the skin friction
coefficients given by the Preston tube measurements and Clauser plots and the Reynolds number based on the
momentum thickness and the local free stream velocity Uy (Rg) for the various stations X are given in
Table I for the Series | tests and Table Il for the Series Il tests. In addition these Tables show the

corresponding values of the non-dimensional pressure gradient parameter 4 = -‘15- g% ]

pu
1t will be seen that tne skin friction distributions are consistent with separation at about X = 69.5 for
the Series I tests and at about X = 67.5 for the Series Il tests. These positions are also those
indicated by the mean velocity profiles as measured by pitot tubes.

3.2 Velocity Profiles

Some representative mean velocity profiles are shown in Fig.4(a) and (b) for the Series I tests
and in Fig.5 for the Series Il tests. Where measurements were made with hot wires as well as pitot tubes,
both sets of measurements are indicated. It will be seen that in general agreement between the two
different methods of measurement is good except in the immediate region of the separation point particularly
close to the surface. For the reasons already referred to the pitot tube measurement: were regarded as
the more reliable in that region, although their accuracy there cannot be regarded as high. The kinks in
the shape of the velocity distributions aft of separation near the zero velocity point can be plausibly
explained as arising from the poor accuracy of the pitot probe in regions where the velocity is low and
relatively large fluctuations in velocity are present due to turbulence and local flow unsteadiness.

3.3 Skin friction measurements

As already noted, in addition to inferring the skin friction distributions from Preston tube
measurements, they were also determined from Clauser type plots of the velocity distribution. For the
former the calibration of Patel% was used, and the pitot tube diameter d was chosen so that u.rd/v was less
than about 40 where u, is the friction velocity (r,/p). This ensured that as long as the profile
exhibited an identifiable 'log law' region the tube centre was located in and near the lower boundary of
that region. For the Clauser type plots the process of identifying the 'log law' portion which
determined the skin friction presented no difficulty in regions of small to moderate pressure gradients
but they did present some difficulty in the regions of large pressure gradients. This is illustrated in
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Fig. 6 and 7 for the Series I and Il results, respectively, in the regions nevr separation. In Fig.6 it
will be seen that the profile changed rapidly from that of station 66 which exhibited the characteristic
convexity above the sub layer region, due to the preceding large favourable pressure gradient, to that of
station 69, just prior to separation, showing above the sub layer region the concavity characteristic of
a strongly unfavourable pressure gradient, The arrows mark the position y = d where d is the diameter of
the Preston tube and it will be seen that the arrows lie near the lower bound of regions which can be
plausibly, if not conclusively, identified as regions where the plots of u/Uy against log y Uy/v are most
nearly straight, The values of Ce have therefore been inferred from the slopes of the tangents to the
plots in the regton of the arrows, For the Serfes !l results a0 {1lustrated in Fig.7 the straight line
portions of the plots were somewhat easier to identify but the arrows again provided a useful guide as to
where to measure the slope.

The resulting distributions of the skin friction coefficient are shown in Fig.8 and 9 for the
Series | and Il tests respectively, It will be seen that in general the two methods agree fairly well;
surprisingly enough the largest differences (about 8%) occur in the upstream region for the Series Il
experiments where the pressure gradients are very small, elsewhere the differences are less than 5%.

The two methods are not entirely independent since both depend on the existence of a 'log law'
region, and the method used for determining the appropriate slope from the Clauser plots makes the link
between the two methods somewhat stronger. Nevertheless, the agreement between the two sets of results
encourages a degree of confidence in the results shown in Fig. 8 and 9 and in general in the use of the
Preston tube method even close to separation,

The corresponding Law of the Wall ploiz (i.e. u/u  against log (yu /v) are shown in Fig, 10 and N
for the Series I and 1l tests respectively. The orerall consistency and agreement over the straight
portions with the generally accepted relation

yu
u 1
u—T- = 5,5 ]Og]o —-\')- + 5.45
provide additional support for the skin friction distributions of Fig., 8 and 9.

3.4 Turbulence Measurements

S SR IS

We denote the turbulent velocity components by (u',v',w'). Lines 0. constant /ui;/U] are shown |
in Fig.12 (Series 1) and Fig.13 (Series II). In the former case the reduction in the boundary layer
thickness as well as in the overall intensity of turbulence in the region of favourable pressure gradient
{X = 55 to X = 65) is very marked as is the subsequent rapid growth of the thickness and turbulence
intensity in the region of adverse pressure gradient. It will be seen that at separation the maximum {
turbulence intensity is of the order of 25%. For the Series Il tests the changes are on the whole more
gradual, as might be expected, and the maximum turbulence intensity is considerably less than for Series I
being of the order of 13%. The plots for v' and w' are similar to those of u' and are not therefore

separately shown,

In general the Series Il separated flow was much steadier than that of Series I, presumably
because of the constraint imposed by the spoiler flap since reattachment had to occur at the flap tip.
The unsteadiness of the Series I flow was mainly of a low frequency associated with small oscillatory
movements of the separation position and a related oscillation of the separated shear layer. This was
reflected in pressure transducer measurements made at the plate surface in the separated region,

In both Series of tests the measurements were taken down into the outer region of the viscous sub-
layer at each station as conventionally described by yu,/v = 10. It was noted however that a hign level
of turbulence was present in that region and the associated mean velocity gridient was not such as to lead ]
to a viscous stress consistent with the local skin friction coefficient. Tiis implied that the thickness ;
of the viscous sub-layer is significantly smaller than is suggested by yuT/v = 10,

3.5 Turbulent eddy shear stress distributions

Some representative turbulent shear stress distributions for the Series I and II tests are
illustrated in Fig. 14 and 15 respectively. The effect of the initial favourable pressure gradient in
the Series 1 tests in reducing the strength of the shear stress is evident and is consistent with the
reduction in turbulence intensity noted above. Further downstream where the pressure gradient is
unfavourable the shear stress strength grows rapidly over the outer part of the boundary layar but the §
position of the maximum shear stress moves characteristically away from the surface. In the region of }
separation we note that the shear stress does not reduce to zero at the outer edge of the boundary layer. i
No clear cut explanation can be offered for this except to recall the degree of relatively low frequency
unsteadiness in velocity magnitude and direction that was present in the region of separation in the
Series I tests, this was evident in the flow outside the boundary layer and may have given rise to an
effective U'v' correlation there as measured by the crossed hot wires.

For the Series Il tests we observe in Fig.15 the steady change of the shear stress distributions
from the initial characteristic form for a near-zero pressure gradient at X = 24 with the maximum stress
practically at the surface to the separated flow shape beyond X = 67.5 We see that the maximum stress
position moves monotonically away from the surface with distance downstream as the effect of the adverse
pressure gradient grows.

We note that for the Series Il tests the shear stress tends to zero at the boundary layer edge
even where the flow was separated., There the flow was markedly steadier in the region of separation than
for the Series 1 tests, and this supports the above suggestion that the unsteadiness of the separated flow
in the latter tests contributed to the apparent non-zero shear stress measured outside the boundary layer.

In both Series of tests the measured shear stress distributions close to the surface in the region
of separation are unreliable for the reasons already stated.

| T
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4 COMPARISONS WITH THEORY

4.1 Separation position theories

Strati"ord2 developed a theory based on his two layer concept of the boundary layer for predicting
the position of separation. His theory results in the following formula to be satisfied at separation:-

dC .} 1/10
-6
CP:'(X’HTP’ = K(107 R, )

Here x is the distance from a virtual origin of the boundary layer derived for an equivalent uniform flow
preceding the adverse pressure gradient region and resulting in the same value of the momentum thickness
at the beginning of that region as the actual one. Thus, for the Series I tests the velocity of the
equivalent uniform flow was equal to that at the maximum suction point, for the Series Il tests it was the
same as the undisturbed stream velocity, The pressure coefficient C, is measured relative to the static
pressure of the equivalent uniform flow and is in terms of the dynamic pressure of that flow, R, is a
Reynolds number based on x and the velocity of the equivalent uniform flow,

K is an empirical constant which was subject to a change from 0.39 to 0.35 in the course of the
development of the theory. With the latter value of K and the measured pressure distribution, the
separation point for the Series 1 tests was predicted to occur at X = 69.3 which is very close to the
measured value of 69.5. The earlier value of K of 0,39 leads to X = 69.25 for separation., However, the
likely problem in practice would be one in which the theoretical inviscid flow pressure distribution is
known and not the actual one which could be very different. Stratford's derivation suggests the value of
0.5 for K if the theoretical inviscid flow pressure distribution is used and this produced a predicted
separation position of 68.9.

For the Series Il tests x was taken as the distance from the plate leading edge and the predicted
separation positions when the measured pressure distribution was used were 67,8 with K = 0.35 and 67.4
with K = 0.39 as compared with the measured value of 67.6.

Townsend's r\ethod3 which can be regarded as a development of Stratford's method results in a
formula for the pressure coefficient at separation which involves the skin friction coefficient at the
beginning of the region of adverse pressure gradient. The latter is required with a high degree of
accuracy as the resulting value of C, at separation and hence the separation positions are very sensitive
to the value of the skin friction cogfﬁcient With the experimental pressure and skin friction values
the predicted positions of separation were 68.9 for the Series I tests and 67.5 for the Series II tests.

It seems that both methods can be regarded as fairly reliable in predicting the separation position
provided one has a good knowledge of the actual pressure distribution. For Stratford's method one must
be able to make a reasonable assessment of the effective origin of the boundary layer in cases where the
adverse pressure gradient region is preceded by a favourable pressure gradient region culminating in a
maximum suction position. For Townsend's method one must similarly be able to determine the skin
friction fairly accurately at the beginning of the region of adverse pressure gradient.

4.2 Detailed development of the turbulent boundary layer

The predictions of the methods of a number of workers were compared with the results of the
present experiments, namely, the methods of Bradshaw et al4, Ng and SpaldingS, Head and Pate16, Horton’,
Kuhn and NielsenB., ~ The last three are integral methods in which some allowance is made for non-
equilibrium effects; the first two are differential methods in which these effects are more directly

taken into account.

The predicted values of the integral quantities cg, Ry and H for the Series I tests are compared
with the values derived from the Preston tube and pitot tube measurements in Fig. 16, 17 and 18, whilst in
Fig.19, 20 and 21 the corresponding comparisons are made for the Series I] tests.

It will be seen that all the methods lead to results in acceptable agreement with the measured
values of cg for the regions of small to moderate pressure gradient. However, for the Series I tests
only Bradshaw's method and that of Kuhn and Nielsen give results in acceptable agreement right up to
separation (although the latter method shows a significant departure from the measurements in the region
of maximum suction). None of the other methods predicts separation in the sense of leading to a point of
zero c¢.  Again, in the Series Il tests, Bradshaw's method and kuhn and Nielsen's method show very good
agreement with the measurements right up to separation with the other methods tending to fail in the
region of strong adverse pressure gradient. Here the methods of Horton and Head and Patel show up rather
worse than for the Series I measurements. The same general picture of the marked superiority of Bradshaw's
method and Kuhn and Nielsen's method over the other methods considered in the region approaching
separation is evident in the R, and H distributions shown in Fig. 17, 18, 20 and 21, Kuhn and Nielsen's
method can be used beyond separation and although it shows results ‘in good agreement with the measurements
there for Ry and H in the Series I tests, the rapid reduction in R, after separation measured in the
Series 11 tests is not reflected in their prediction. However, tge accuracy of the measurements there
and their interpretation are subject to some doubt.

In view of the generally consistent good agreement between Bradshaw's method and the measured
results for integral quantities up to separation it was thought of interest to compare the predictions of
this method for the shear stress distributions in detail with those measured. Some comparisons are shown
in Fig. 22 and 23 for Series I and these reflect the fact that over much of the streamwise development of
the boundary layer the agreement is reasonable. Although the predicted shear stress near the surface is
generally a little higher than the measured value there is good agreement at the wall itself, However,
near the separation point the predicted values are significantly less than the measured values in the
outer half of the boundary layer in contrast to what happens near the surface. Similar comparisons for
the Series II measurements are shown in Fig. 24 and 25. Here the differences between the predicted and
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measured distributions in the region of separation are even more marked, but again the differences change
sign at a little more than half the boundary layer thickness from the surface with the predicted values
being considerably greater than the measured values near the surface. One may infer from this that the
assumption of the Bradshaw method that the shear stress and the turbulence kinetic energy are linearly
related is a reasonable overall assumption for the prediction of integral quantities but in detail it
appears to lead to errors of one sign near the surface and of the opposite sign in the r. er part of the
boundary layer, and these errors can become large in regions of strong adverse pressure gradient.

The observed degree of overall agreement between the measurements and the predictions of the
various methods consider.d, differing as the methods do in their assumptions and structure, lends
additional support to the initial inference drawn from the experimental evidence referred to in §2 that
the flows tested could be regarded as two dimensional. Checks of the overall consistency of the results
in satisfying the two dimensional momentum integral equation were equally encouraging, but it must be
noted that this is not a very precise test where the pressure gradients are large.

5. CONCLUSIONS
It is concluded that

(a) Subject to care being taken in interpreting the effective origin of the boundary layer where the
pressure gradient 1s not monotonic, the Stratford method is reasonably reliable for predicting separation
positions if the measured pressure distribution is used,

(b) The Townsend method is also reliable if the measured pressure distribution is used and if the skin
friction at the beginning of the region of adverse pressure gradient can be accurately determined.

(c) Of the various methods examined for predicting the development of turbulent boundary layers, only
the Bradshaw and Kuhn and Nielsen methods give acceptable agreement with measurements of integral
quantities (e.g. cg, Ry and H) in the region of separation. All the methods showed more or less reasonable
agreement elsewhere in regions of small to moderate pressure gradient. Surprisingly enough, it seems that
the Series Il conditions (monotonic adverse pressure gradient) provided a somewhat more severe test than
the Series I conditions (initially favourahle pressure gradient followed by an adverse pressure gradient).

(d) Comparison of the predictions of turbulent shear stress distribution by the Bradshaw method with
the measured distributions indicate significant differences near separation, with the predicted values
being larger than the measured values near the surface, but they are smaller than the measured values away
from the surface. This suggests that the assumption of linearity between the turbulent shear stress and
the turbulence kinetic energy can in detail lead to errors of one sign in the lower half of the boundary
layer and of the opposite sign in the upper half and these errors can be of significant magnitude in
regions of strong adverse pressure gradient,
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TABLE I  Series I TABLE II Series Il
X 6% 8 cgx103 ¢ x103 ax102 R, X &* 0 cgx10% cex103  ax102 Rg
{em}  (cm) Preston Clauser {ecm}  (cm) Preston Clauser
tube  plot tube  plot

24 0.213 0.152 3.75 3.70 - 1911 24 0.170 0.124 3.93 4,00 - 1562
26 0.225 0.160 3.70 3.63 - 2008 28 0,194 0,142 3.70 3.88 - 1797
28 0.239 0.171 3.65 3.50 - 2146 32 0.217 0.159 3.55 3.78 - 2028
30 0,252 0.179 3.59 3.35 - 2268 36 0.241 0.178 3.42 3.65 - 2253
32 0.261 0.18 3.53 3.45 - 2363 40 0.264 0.184 3.30 3.50 = 2463
¥ (158 .11 143 L - 2530 &t .13 28U 1 105 - e
40 0.301 0.217 3.33 3.33 - 2779 50 0.352 0.252 3.10 3.20 - 3194
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62 0.144 0.116 4.90 4,90 -1.47 2058 66 1.29 0.653 0.76 0.65 16.4 6623
63 0.111 0,090 5.10 5.22 -1.30 1750 67 1.72 0.741 0.25 0.25 57.0 7321
64 - - - - -1.1 - 67.5 2.07 0.776 0,02 0.02 - 7541
64.5 0,075 0.059 5.28 5.50 -0.84 - 68 2.43 0.779 - - - 7567
65 - - - - ~-0.54 1347 68.5 2.79 0.800 -~ - - 7688
65.5 0,072 0,057 5.23 5.40 0.00 1364 69 3.37 0.684 - - = 6570
66 0.079 0.063 5.00 5.00 0.73 1533 69.5 3.97 0.620 - - - 5970
66.f 0,092 0.0/2 4.85 4.50 1.68 1692 70.5 5.49 0.313 - - - 2992
67 0.116 0,083 4,00 3.95 2.40 1981

67.5 0,146 0.106 3.20 3.18 4,02 2223

68 0.210 0.138 2.45 1.90 8.62 2690

68.5 0.334 0.190 1.50 0.95 22.00 3414
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CHARACTERISTICS OF A SEPARATING INCOMPRESSIBLE TURBULENT BOUNDARY LAYER

by

Roger L. Simpson
Associate Professor, Department of Civil and Mechanical Engineering
Southern Methodist University
Dallas, Texas 75275

Laser and hot-films snemometer measurements upstream and downstream of the separation zone are pre-
sented for a nominally two-dimensional incompressible turbulent boundary layer for an airfoil type flow.
The directionally sensitive laser anemometer measurements indicate that the location of intermittent sepa-
ration as defined by Sandborn is the proper location of where the flow first deflects from the wall to re-

lieve the imposed pressure gradient.

Upstream of separation the correlations of Perry and Schofield (1973)

for mean velocity profiles are supported within the uncertainty of the data. The separated flow field

shows some profile similarity for all measured quantities.

ihe low velocity backflow in the region next

to the wall apparently just serves to satisfy continulcy requirements.

The normal stress terms in the momentum and turbulence energy equations are shown to be important
near separation and cannot be neglected for the close prediction of the separation location. The boundary
layer prediction method of Bradshaw, et al. (1974) is modified to include these normal stress effects.
Preliminary results show considerable improvement in predictions of C¢/2 and H near separation and the

location of separation.
NOMENCLATURE

a : -uv/q?

C constant in eqn. (19)

Ce/2 10/0Ug?

e defined by eqn. (3)

fi1.f2 defined in eqns. (3) and (1)

F ratio of total turbulence energy production
to shear production, egqn. (15)

G Bradshaw large eddy diffusion function

h constant in eqn. (3)

H = §#/0 shape factor

L distance from wall of shear maximum

LE dissipation length, eqn. (16)

M distance from wall of u? maximum

q° 2 42 + v2 4w

u streamwise mean velocity

v, w)

U2HP max pseudo-shear stress, defined by eqn. (8)

Ug defined by eqn. (1) and £,(0) = 1

v, 1o/e

U free-stream velocity

vt u/u,

;2, ;2,;7 mean square streamwise, normal and spanwise
velocity fluctuations

-uv kinematic Reynolds shear stress

1. INTRODUCTION

Ve entrainment velocity

x streamwise distance

y distance normal to the wall

Ye defined in eqn. (7)

y* YU /v

Greek Symbols

a angle of real characteristic with
x-axis

p fraction of time the flow moves
downstream

§ y where U = 0.99U,

80,995 y where U = 0.995Uy

& displacement thickness

A length defined by eqn. (2)

Ny, N2 defined by eqns. (3) and (1)

8 momentum thickness

v kinematic viscosity

p density

o, defined in eqn. (24)

(8)

1 shear stress

" defined in eqn. (24)

Subscripts

max denotes maximum value

0 denotes wall value

The results from experiments described in this paper are concerned with a nominally two-dimensional
incompressible turbulent boundary layer on a flat surface which separates due to an adverse pressure
Many experimental investigations have been made of this classical problem, but noue have em
ployed a directionally sensitive laser anemometer to determine quantitatively the flow structure down-

gradient.

stream of separation.
potential flow, whi
search program is ti

It is well recognized that this separated flow strongly influences the free-stream
‘n turn influences the upstream flow behavior. The primary objective of this re-
-yvide needed experimental information about this type flow.

In addition to lasar anemometer mea~urements, hot-film anemometer measurements were also obtained
where the flow did not change cirection. Many different types of measurements have been made,
skin friction, mean velocity profiles, turbulent shearing stress and intensities, downstream=-
upstream flow intermittency, dissipation rate, and separation zone location, which are all discussed here;
and spectra, wall bursting frequencies and spanwise structure, turbulent-non-turbulent interface inter-
mittency and frequency, eddy celerities, and downstream-upstream flow reversal frequency. All of these

in regions
including:

= ﬁ3“%£$§§2§g$??*H
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measurements are discussed at more length by Simpson, et al. (1974).

One of the most important results deduced from these experiments i{s that the normal stress terms of
the momentum and turbulence energy equations play a significant role in the flow behavior in the vicinity
of separation. A model that accounts for these terms ts presented, which when incorporated into the Brad-
shaw, et al. (1967, 1974) turbulent boundary layer prediction program shows close agreement with the ex-
perimental results presented here.

2. EXPERIMENTAL EQUIPMENT

Figure 1 is a side view schematic of the 16 foot long, three foot wide test section of the blown
wind tunnel. The detailed features of this tunnel as used in the current experiments are given by Strick-
land and Simpson (1973). The test boundary layer on the wind tunnel floor was an airfoil type with first
flow acceleration and then deceleration as shown in figure 2. To eliminate preferential separation of the
curved top wall boundary layer, this layer was removed prior to the last eight feet of test section. To

provide the necessary backpressure to blow out this flow, a perforated metal plate was located at the exit.

Under these conditions, this tunnel produced 2 free-stream flow uniform within 0.05% in the spanwise di-
rection and within 1% in the vertical direction with a turbulence intensity level of 0.1X at 60 fps.

T

I ¢ m——— e — 1

Figure 1. Sideview schematic of the test section. Major divisions on scales: 10 inches. Note baffle
plate upstream of blunt leading edge on bottom test wall, upper wall boundary layer scoop, and
perforated metal exit plate.

Just upstream of the blunt leading edge of the test wall, 33 smoke ports are located spanwise across
the wind tunnel contraction. A baffle plate deflects the smoke in the free-stream direction and tends to
produce a uniform spanwise distribution of smoke. The room temperature smoke used for laser anemometer
measurements is dioctal phthalate atomized by the shearing action of compressed air jets to approximately
1 micron particles.

The laser anemometer system used a backscattering fringe-type arrangement and is discussgd in some
detail by Simpson, et al. (1974) and Simpson and Barr (1974a). The argon-ion laser beam (4880A)passed
through an ultrasonic Bragg cell. The horizontal first-order diffracted beam, which was shifted 25 MHz,
and the unshifted beam were focused to form real moving fringes in a volume 0.0125 inches di~meter and
0.140 inches long. Signals greater than 25 MHz were obtained from flow moving downstream while signals
tess than 25 MHz were obtained from flow moving upstream. Received signals from this volume were focused
onto the plane of a variable aperture diaphragm and passed through a narrow window ('5A°) interference
filter to the face of a photomultiplier tube. All the optics were mounted on a single mobile cart which
allowed movement along the wind tunnel test section and provided for adjustment in all three directions.

Sampling spectrum analysis of the signals was used because of the high signal drop-out level en-
countered in this flow with the low particle seeding level and the high signal frequencies produced by
frequency shifting one incident beam. Most frequency trackers cannot handle either of these signal con-
ditfons. The basic principles ot this signal processing method are esplained here while more details are
given by Simpson and Barr (1974b). The signal from the photomultiplier tube is input to a swept filter
spectrum analyzer. For each sweep of the analyzer when a particle is in the focal volume, a vertical
voltige distribution proportional to the filter output is displayed. The simultaneous horizontal sweeping
voltage is linearly proportional to the signal frequency. The peak of the vertical voltage distribution
marks the frequency of the passing particle signal and {s used as a gating signal to allow the instanta-
neous value of the horizontal sweep voltage to be sampled.

Prior to gating the horizontal sweep voltage the vertical voltage distribution is fed into a pulse-
shaping circuit which produces a pulse simultaneously with the occurrence of the peak value. This output
pulse is used to trigger a sample-and-hold circuit, into which the horizontal sweep voltage has been input.
The sampled sweep voltage is held by the sample-and-hold circult until a new signal from another particle
is detected. The output of the sample-and-hold circuit {s input to a SAICOR model 41 digital probability
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analyzer to obtain a somewhat Jaussian-like histogram of output voltages which are related to particle
velocities. From a histogram obtained for a given location in the flow, the mean streamwise velocity U,
the mean square streamwise fluctuation velocity u?, and the fraction of time that the flow moves down-
stresm vy, (downstream flow intermittency) were obtained from the relations

- 8A, . w7, - )2 (M4, . . (2A
U, G W e, - 02ED G vt TED
i i ip

where (AA/A); 1s the fraction of the total histogram area for a given probability analyzer bin correspond-
ing to velocity U and the subscript p denotes positive velocity quantities.

Standard Thermo-Systems, Inc. constant temperature anemometers, linearizers, signal conditioners,
and correlator were used in the measurements reported here. Standard Thermo-Systems, Inc. 0.001 inches
diameter platinum-coated quartz rod hot-film sensors were used in the normal sensor, the 45° slanted
sensor, and the dual cross-film probes used here. The flush surface mounted hot-film sensors used for
wall shesr stress measurenments were fabricated at SMU and are described in detail by Strickland and
Simpson (1973). A double hot-film sensor was constructed for measuring the fraction of time the flow was
downstream. The probe consists of two 0.02 diameter platinum hot-film sensing spots 180° apart on the
side of a 2 mm diameter quartz rod near one end. The probe was inserted through the test wall with one
sensor facing upstream and one downstream. The sensing spots were approximately 0.75 inches from the wall.

3. DESCRIPTION OF THE TEST FLOW

The test boundary layer flow on the wind tunnel floor was an airfoil type with first flow accelera-
tion and then deceleration. All experimental data were ohtained with the temperature and stagnation
pressure being maintained essentislly constant at 77°F and 1.310 inches of water.

In the bottom wall boundary layer the static pressure at the wall is essentially equal to that at
the boundary layer edge except at the last station measured (18?7 ). However, in the center portion of
the boundary layer the static pressure tends to be less than thc at the wall or freestream. Spangenberg,
et al. (1967) also noted such a phenumenon in their separating flow, This can first be noticed in the
present flow at station 103.8, although the variation is only on the order of .003 inches of water with
the uncertainty being about 0.002 inches of water. At station 157.1 the variation is approximately .020
inches of water. Rotta (1962) shows by use of the y momentum equation that the static pressure in the
boundary layer is less by an amount equal to pv¢ from that of the freestream. This appears to account for
the varfation for stations up through station 139.1. At stations 157.1 and 183.6 the factor ovZ accounts
for only about 1/3 to 1/2 of the variation. The existence of a significant pressure gradient normal to
the wall near station 183.6 is produced by exit screen effects and is responsible for the lack of agree-
ment at that station as discussed by Strickland and Simpson (1973).

Figure 2 shows the free-stream velocity distributions along the tunnel center line obtained using
the stagnation pressure and these several static pressure measurements. The agreement of these results
indicate a rather uniform pressur:: across the freestream. Near the exit, the velocity calculated from the
wall tap data is seen to be about 5X higher than that obtained using free-stream static pressures. This
is due to the wall static pressure being lower than that in the freestream. This effect is primarily pro-
duced by the curvature of the free-stream flow toward the bottom wall as the perforated sheet metal exit
cover with its associated high pressure drop is approached.

Figure 3 shows the pressure gradient measured along the centerline of the bottom wall. Just down-
stream of the location of the upper wall scoop (96 inches), the slope of the static pressure gradient
changes sign. Near station 128 inches the pressure gradient abruptly drops to an approximately conatant
value downstream.

Ugy, - TL.7mec.
-]
::j>

dP/dx, bt/ 13

s

i i i =
[ 80 100 w0 200 (] 80 100 180 200
STATION, In STATION, in.
Figure 2. Freestream velocity distribution Figure 3. Pressure gradient along bottom wall

O From bottom wall static taps
) From bottom B.L. probe (pitot)
 From top B.L. probe (pitot)

Three-dimensionality of the mean flow is often thought to dominate separating boundary layers. Con-
sequently, several types of measurements and observations were made to assess this condition. Boundary
layer velocity profiles using impact probes were obtained to examine the upper wall and bottom wall flow
behavior (Strickland and Simpson, 1973). Mean streamwise velocity profiles taken across the center 12
inches of the bottom wall (ndfcate that the flow was two-dimensional within about 1 fps. Wall static
pressures measured in the same region are within 1X of the dynamic pressure of being uniform across tne
flow. Mass flow balance considerations indicate that the effective convergence of the flow due to side
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wall boundary layer growth introduces some small three-dimensionality. The maximum value of this conver-
gence occurs near station 120 inches and 1s approximately 0.07 inches/inch of flow length. Prediction of
this flow up to separation by the Bradshaw et al. (1967) method, with and without the measured convergence
effect, indicates that there was a negligible effect of convergence.

Data obtained with the sensor slanted with 45° angle to the stem was also used to obtain an estimate
of the crossflow velocity along the runnel centerline. By obtaining mean voltage signals at different stem
orientations, the W and U components could be deduced at a given spatial location. Results obtained up-
stream of statfon 124.8 finches indicite negligible crossflow within the small uncertainty of aligning the
probe with the tunnel centerline. Downstream the peak values of W appear in regions near the wall where
the mean velocity U is small. The value of W indicated in these regions is less than 1.5 fps or about 3%
of the free-stream velocity. However, as discussed below, incipient flow separation and backflow occur iu
these regions so these latter results from the directionally insensitive hot-film sensor are suspici. 3.

Some asbestos particles were introduced at the downstream portion of the separation zone and migrated
upstream until a dune, straight within about 2 inches, was formed perpendicular to the streamwise direction
across the tunnel floor. Thus, within the uncertainty of the {nstrumentation and techniques employed, the
apparent mean three-dimensionality uncovered by all of these measurements appears to be minimal upstream
of station 124.8 inches and small downstream.

4. EXPERIMENTAL RESULTS

4.1 Mean velucity and downstream flow intermittency

Figures 4 and 5 present laser ETATION
anemometer results for the mean ve- e — e
locity along with downstream flow il AT a0 ~
results from the normal hot-film o T T -
and impact probes. Table 1 presents ar- . L . jiT
characterizing parameters for this .4 " 3 Ai..
flow. The laser anemometer results s - ;_____'..-—-' 7
were obtained from two different 0B L -1
optical setups at different times. - =
Turbulence intensity measurements o8l * = =0
from the earlier work (Simpson, et . M;.T" i
al. 1973) were known to be in error . -
due tu dispersion bandwidth limi- i = 7
tations of the spectrum analyzer . * - O -
used at that time. The signal pro- - L E: ”’T =4 .
cessing technique described above ! o 124.3 q
and by Simpson, et al. (1974) ' 5
seems to have alleviated that prob- " 0 7
lem. Good agreement between these > -
two sets of results {s observed. ' r @ -0
Simpson, et al.(1973) have noted (VIR ¥ L -
guud agreement between the {mpact . Em g 4
probe and hot-film mean velocity e~ £
profiles for the downscream flow, @ n
accounting for turbulence intensity “r"' -
effects. pr’ - g

Figure 6 shows P measured “ : .t“‘i m"a'ﬁ— ™
0.010 iInches from the test wall g ;}" sﬂ]'?i T
while figure 7 shows ;_ at the I & gr ’ =
several streamwise Jocations. For = g ;f =
vy, ¢ 0.8, we can see from figure 4 ok L - =
that the normal hot-film data a- L lej’

S— N
gree with the laser anemometer
results, even though some signal Q- g.j'
rectification effect is present. I~ I
e -

~s mentioned in section 2 - TRl IR Y o
above, the double hot-film sensor ok s
was constructed for measuring « Ties: oMy i 1 i i L 1 i 1
and the frequency of flow reversal, o 0s 10
The original {ntent was to sub- ,fﬁ
tract the signals from the two
sensors, thus producing a posftive
s{gnal when the flow was in one di- Figure 4. Mean velocity profiles: + impact probe, Q normal hot
rection. However, thermal coupling film, £\ laser anemometer (Simpson, et al. 1973), O
and vther problems (Strickland and present laser anemometer. Solid lines: stations 60 and
Simpson, 1973) prevented this., lIn- 88.6, predictions of Bradshaw, et al. method; stations
stead, mean voltage signals from 103.8 and 124.3, correlation of Perry and Schofield;
each sensing spot were obtained stations 139.1 and 157.1, visual aid only. Dashed line:
with each spot oriented both up- equation (11), — +— : predictions with normal stress
stream and downstream, Using the effects.

non-linear cuoling relationship

for film sensors, it was determined (Strickland and Simpson, 1973) that y, = 1/2 when the mean voltage
signals from a sensor facing upstream and downstream were equal. This condition was satisfied at station
132, in agreement with the laser anemometer result shown on figure 6.
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Figure 5. Mean velocity profiles near the wall in Figure 6. Fraction of time that the flow 0.010
' the separation region: + 124.6, x 132.2, inches from the wall is in the down-
i 0 139.1, O 156.0, @ 165.8. stream direction., Solid line for
visual aid only.
‘ Station Re v, d0- 1 ¢ . 3 %0.99
i (inches) ¥ (fps) ax (;e-c-) (—2 x 109 ({nches) )
! 28.2 2240 1.6 8.1 2.06° 0.69 1.29
60.0 3520 85.0 0.60 1.73 0.82 1.33
’ 88.6 6020 78.0 -5.2 1.30‘l 1,25 1.39
103.8 9220 70.8 ~6.15 0.83 1.82b 1.63
i 108.8 10100 67.6 -6.6 0.74 2.13b -
! 117.8 13600 62.8 -6.9 0.20 2.89 -
124.3 17700 58.9 -5.9 0.113 3.71b 2.62
126.8 18400 57.6 -4.6 0.08 3.90b -
136.0 21100 56.0 -2.0 -0.06 5.34 -
139.1 21400 55.5 -1.75 -0.06 6.54 4.63
148.0 22600 54.2 -1.5 -0.3 7.3b -
v 157.1 24000 53.3 -1.0 -0.1 9.38 5.36
| 165.8 25700 52.7 -1.0 -0.14 10.2b -
i 175.7 30000 51.6 -1.1 -6.14 11.4P -
i 184.5 38000 50.7 -1.2 ~0.15 12.23 -

(a) solid line, figure 10. (b) interpolated value. (c) 1interpolated value from hot
surface film results (Simpson, et al. 1973).

Table 1. Values of parameters along the flow. v =» 1,68 x 10-1' ftZ/sec.
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Figure 7. Fraction of time Yp that the flow {s in the downstream direction. Note abscissa
scale change and displaced ordinate. Legend same as figure 5. Lines for visual aid only.
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4.2 Turbulence

Laser anemometer signal effects on the turbulence intensity u?Z were found to be negligible for the
data presented here (Simpson, et al., 1974). The effects examined were transit-time broadening, velocity-
gradient broadening, and low velocity particle bilasing. Simpson, et al, (1974) reported good agreement of
these data with u’ obtained from the cross-film probe for vy, > 0.95. Velocity probability diagrams ob-
tained using the normal hot-film indicated a doubled-peaked distribution_for p < 0.95, which evidently
indicates some rectification effect. For Yp < 1, the hot-film measured u? was drastically lower than the
laser anemometer value.

Figure 8 shows wZ/u? vs. y/M for the downstream separated flow stations, where ;7;.x and M are
the maximum mean square fluctuation and its location for that profile. The observed similarity is fairly
good for y/M < 1 even at station 124.6 where Yp 2 0.8. At all other stations shown in that figure, simi-
larity throughout th=» profiles is shown. It {8 interesting to note yp_;ppearl to approach unity for each
prefile in the vicinity of the maximum observed u? value. A plot of u /U2 vs. x for 0.010 inches off the
wvall shows that the maximum value occurs near station 132, which is consistent with the location of y, =
0.5 shown in figure S5, the location of zero mean wall shearing stress shown in figure 10, and the maximum
surface hot-film fluctuation signals presented by Simpson, et al. (1973).

Hot-film measurements of ;7. ;7. and -uv were also reported by Simpson, et al. (1974) for vy, > 0.8.
Figure 9 presents -uv/U,? results for the several stations for Yp > 0.95 obtained by cross-film and slant-
film probes. Agreement between measurements made at the same station by both probes !s within 20X while
the uncertainty of each measurement was estimated to be about 11X.

Spectral data for u? were obtained for Yp = 1 using the normal hot-film probe and were used togeth-
er with the -5/3 law of the inertial subrange to determine the turbulence energy dissipation rate. The
dissipation rate was also estimated using the assumptions of local isotropy and Taylor's hypothesis for
convection velocities. Agreement of results between these two methods was within 20 at stations upstream
of 103.8 inches but was somewhat poorer at the downstream stations near separation. Details about these
measurements and the results are presented by Simpson, et al. (1974).
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Figure 8. Streamwise normal stress in the location M/4 (GY/UQ7)HAX (U/Um)Hlé
separated region normalized on -3
the maximum stress and the distance st E20HE o t0 LZERX L0 0547
from the wall to the maximum. 0O 139.6 0.58 27 x 1073 0.52
QO 157.1 0.65 36 x 1073 0.52
X 183.6 0.66 58 x 107} 0.59
4.3 Wall shearing stress results

Four different ways of deducing the mean wall shearing stress distribution were used and the results
reported in some detail by Simpson, et al. (1973): the velocity profile crossplot used by Coles and Hirst
(1968), the Preston tube technique, flush surface mounted hot-film sensors, and the Ludwieg and Tillmann
skin friction correlation. The flush surface-mounted hot-f{lm sensors were also used to deduce shearing
stress fluctuations. The crossplot, Preston tube, and Ludwieg and Tillmann methods require the existence
of a universal logar{thmic law-of-the-wall. All velocity profiles obtained upstream of about station
124.3 inches {ndicated similar logarithmic regions.

The agreement of the mean wall shearing stress values obtained by the several methods is reasonably
good. Fstimated uncertainties for each type of result were computed with the largest uncertainties occur-
ring at station 124.3 inches. The Coles crossplot and Ludwieg-Tillmann methods using hot-film velocity
profile data, the flush hot film, and the Preston tube produce results within * 16% at this station. Con-
sidering the small value of C¢/2 being measured, this agreement is gratifying. These results are shown in
figure 10. The data obtained by the flush-mounted hot-film sensors are not dependent on the notion of a
logarithmic wall region. This would tend to suggest that the law-of-the-wall holds until near where y < 1
first at the wall, since there appears to be reasonahle agreement between flush-mounted hot-film data and
the methods which utilize the law of the wall.
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%5 The fact that only abso-

lute shearing stresses are

detected explains in part why a

mean value of shearing stress

2 equal to zero was never observed
from the flush-mounted hot-film
data in the region of separation.
Since time-averaged backflow was
observed downstream of staticn 132
by laser anemometer measurements
near the wall, those shearing
stresses are presented as negative
values. No attempts to correct
the mean shearing stresses in the
separation region for the rectifi-
cation effect were made.

i The apparent mean wall
friction coefficient was also
' evaluated from the laser anemome-
ter data using the relation
Ce/2 = (v/U,?)(8U/8y), where
! Ay = 0.010 inches and AU the ve-
locity at 0.010 inches. This
method gave values of Cg/2 about
! 1002 too high as compared with the
estimates given by the surface
hot-film results. However, these
results did indicate that the mean
wall shear changed sign at about
132 {nches position where p ~0.5.

A e A S

[ S. DISCUSSION

The Bradshaw, et al. (1974)
computer program was used to pre-
dict the behavior of this boundary
layer. Velocity and shear stress

profiles at station 28 inches were
input. The side wall boundary
layer effects on the convergence
t were accounted for, but there was
! much less than 1% difference when

this effect was ignored. The sur- e
face shear stress distribution . T
shown in figure 10 indicates good o -

agreement up to about station 108
i with the flush surface sensor re-
sults while the mean velocity
profiles were in good agreement _
only up to about station 70. Be-  Figure 9. -uv/U,‘ distributions: () cross film, {) slant hot-film,

o
-t
—
o

cause of this good agreement up Solid lines: pseudo-shearing stress distributions;

to this streamwise location, the dashed line: prediction of Bradshaw, et al. method, no

discussion here will be limited normal stresses; —* — : current prediction with normal
! to the downstream region. strese effects. Note displaced ordinates.

Perry and Schofield (1973)have recently propused a correlation for unseparated flow mean velocity
profiles in the presence of strong adverse pressure gradients, based upon 145 mean velocity profiles from
flows on flat or slightly curved surfaces taken from Coles and Hirst (1968) and including both equilibrium
and non-equilibrium profiles. This correlation only applies when the maximum shearing stress Un* = (-;;)
exceeds 3/2U, ¢, where U, is the wall shear velocity. In the present results, only stations 103.8 and
124.3 meet this requiremecnt.

They proposed that the outer flow be described by

U, = u

=

=00 . ony = y/e ¢¥)

where fz(nz) is a universal function, fz(O) = ] defines the velocity scale Ug» and 4 is determined through
the displacement thickness &* {ntegral

8= 2.86 sa'= (2)
Ug
Near the wall
U LU12
oohe )y e e s (3)

1
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Figure 12. H vs. 4%/6y 995. &) present data: sta-
tions 88.2, 103.8, 124.3, 139.]1 and 157.1, respective-
ly, for increasing H. Shaded areas - data for inter-
mittent and fully-developed separation (Sandborn and

where h {8 a constant and L {s the Jistance from Kline, 1961). Path predicted from Perry and Schofield
the wall to the maximum {n the local shear stress velocity profiles ---. Solid line — iuntermittent
profile. The proposed relation for e was empiri- separation; — *— fully developed separation (Sand-
cally determined. The existence of an overlap born); —+ «— data of Sandborn and Liu (1968).
region between f; and f2 requires that ir that
region
£(n) = 6.4n 2 ()
1
and that
1/2
U
A
- 8.0 | — (5)
M L

where the constants were empirically deterained.

Within the inner flow nearest the wall equation (3) takes the usual logarithmic form for y* > 30

e~k 1315%) = 5.0 (6)

0.41

and U+ - y+ in the viscous sublayer. The point of tangency between equations (3) and (6) occurs at

- - 2 2
y. = 0.58e or yC/A .1 v, /UH 7

For the data presented here U /U was determined from a U/U, vs. (y/é)l/2 plot with the slope of
the half-power region extrapolated to the wall, as suggested by Perry and Schofield. This and other para-
meters are shown in Table 2. In terms of U/U, vs. y/é, the center of the band of data presented in figure
6(a) by Perry and Schofield for f;(nj) is plotted on figure 4. For station 103.8 there is very good agree-
ment with the measurements and the scatter is well within the scatter of the’r correlation. For station
124.3, there {s more deviation but the present results fall alony the edge of the scatter in their corre-
lation.
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Nearer the wall there is some scatter in the present results, as shown in figure 11, but equations 4
(3) and (4) seem to be roughly satisfied. At station 103.8 the slope of equation (4) seems to be satis- 2
fied by the laser results while the hot-film results require about a 8.05 slope. The predicted point of i
tangency y. is substantially further out in the boundary layer than the inner edge of the logarithmic
region. At station 124.3 the predicted point of tangency occurs in the sublayer, so supposedly no loga-
rithmic region remains. However, it should be recalled from section 4.3 that good agreement between wall
shear stress measurements that do and do not require the assumption of a logarithmic law of the wall seems
to support the existence of some logarithmic region at this station. Plots of ut vs. y* (Simpson, et al.,
1973) also support equation (6) near the wall at these two locations. Figure 5 shows a logarithmic-like
region for station 124.3 for y/é < 0.01. When U+ 0, h + 0 and equations (3) and (4) should become inde-
pendent of U,. Evidently this condition is being approached at station 124.3

The experimentally determined values of Ug/Uy and A/L

fall within the scatter of the plot from which Perry and 103.8 124.3
Schofield obtained equation (5). However, better agreement i : -
" - "
with equation (5) is obtained if the "pseudo-shearing stress v /U 0.7 0.96
is used 8
SR P Us/UM 17.64 17.38
U\qu - -;,'V'+J 3_()1_3'_") dy (6) U,/ Upp 16.7 15.74
b X
y e y./b 0.0606 0.00453
for the maximum shear. (x-direction derivatives were estimated by L L3
using the (u? - ;7) profile similarity along the flow. For L/é 0.25 0.45

more details see Simpson, et al. (1974).) Curves showing
UMpZ/U'Z are given in figure 9. The reason for using this is
that Perry and Schofield neglected the normal stresses term in

the differential momentum equation (Rotta, 1962) Table 2. Perry and Schofield
correlation parameters from

4P - the present experimental
PR AV A W R B I SR (T IR RN PP data.
Ix oy s dx 3y o X y
y

when they produced shear stress profiles from mean velocity profiles and this equation. Consequently,
they were effectively calculating UMpz'

The data analysis of Perry and Schofield did not support the mixing length theories (Townsend, 1962;
McDonald, 1969) which predict a significant departure from equation (6) under strong adverse pressure
gradients. The present resul s do not support those theories either. These theories are predicated on a
linear shearing stress distribution near the wall being a function of pressure gradient while ignoring the
normal stress terms. For station 124.3, the present data suggest that at y/6 = 0.05

3(-uv/U_%) E ~_r .
e = 2 3% 1070 unpre SEME- SRV o gt
1 (y/¢) Uw2 Ix

so that near sepatation near the wall, normal stress terms_are quite significant in the momentum equation
as compared to the shear term. Also note that while the -uv measurements near the wall are relatively un-
certain, 1 seems to be fairly constant and agrees with the wall value, an observation consistent with other
measured -uv data (Newman, 1951).

The description of turbulent boundary layer separation is not clear cut as in a steady laminar flow,
where separation is presumed to occur at a location along the flow where the wall shear vanishes. Turbu-
lent separation, or intermittent separation according to Sandborn and Kline (1961), occurs at the upstream
point at the wall where backflow begins on an intermittent basis. This point is the Intermittent sepa-
ration point or the turbulent separation point. Downstream of this location Yp decreases along the wall
in the {ntermittent separation 1egion where flow moves both upstream and downstream on an intermittent
basis, The so-called fully-developed separation point or time-averaged separation point is where the
average wall shear stress 1{s zero.

It is clear from figure 6 that intermittent separation begins somewhere downstream of station 120.

At station 124, v, - 0.8 near the wall, which as pointed out in section 4.1, appears to be about the
lowest value of 1, for which the hot-film mean velocity values are not appreciably affected by signal
rectification. This would appear to be a good criterion for the beginning of intermittent separation,

consfdering also the uncertainty in measuring yp as noted in figure 6. Figures 2 and 3 indicate that the
pressure gradient drops off rapidly after intermittent separation.

Figure 12 presents the separation criteria of Sandborn as discussed by Sandborn and Kline (1961),
which are tased on examination of many laminar and turbulent separation velocity profilcz., For inter-
mitcent separation the followin, relation was proposed

Hoel4 (1= 6%/60 g995) " Q)

while the laminar velocity profile at zero wall shear was proposed to predict the H vs 6%/§p,995 at which
fully-developed separation was located. The present data are in good agreement with these criterja. Al-
though no velocity profile data were taken at station 132, interpolating betwe:n the 124.3 and the 139.1
data points on figure 12 places 132 somewhere near the fully-developed separation curve., The data of
Sandborn and Liu (1968), which agree with thrse criteria, indicated that yp= 0. near the wall z: inter-

mittent separation, somewhat agreeing with the above proposal that Yp 7 G.8 at intermittent sepsration.
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Use of the Perry and Schofield correlation implies that there is only one H va. 6%/68(p g95 path that
a flow can follow to separation. This is implied through equation (1), which can be manipulated using
their f,(ny) correlation plot to pioduce the curve shown on figure 12 for this path. If one allows Ug+ Ug
which implies that the half-power re!ation approaches the wall, then U, + O and separation is predicted
at H e 2,28, Which separation? Judging from all these data and figure 12 it can only be the intermittent
separation, although this prediction is only fair. The data usea by Perry and Schofield were obtained
from flows over low-curvature faired surfaces such as the data presented here. The data of Sandborn and
Liu was obtained after a moderately large nange in curvature. The H vs. 8%/4;) g95 path for those data
was at considerably lower §#%/§; 995 than the data presented here or the Perry and Schofield path. Evidently
the curvature effect is important in determining this path, and the Sandborn criteria for separation are
thus more general.

Downstream of separation the outer mean velocity profiles behave similarly to 4 two-dimensional
mixing layer. For U/U. > 0.3 the eo. *ion presented by Strickland and Simpson (1973)

u - Uo 6' ]
e L et [ 4 ]} an
qu - Uo 2 X'
was found to fit the mean velocity profiles, where &' = 35, Ug/U, = 0.2, y' is measured from U/U, = 0.6
near the maximum shear locations, and x' is measured from 88 inches. As shown on figure 4 this relation

does not fit the data at 124.3 very vell. The value of 5' is about twice the value obtained for mixing
layérs with zero pressure gradient and with UO/L'w 0.2 (Halleen, 1964).

Rather flat mean velocitv profiles are observed for y/$ < 0.15 downstream of the beginning of inter-
mittent separation. This low velocity region evidently just serves the function of providing just the
small amount of net backflow required to satisfy the continuity requirement after the energetic flow near
the freestream has deflected away from the wall upon separation. In the same region yp, U, and the average
positive velocity also remain fairly flat, as seen in figures 5 and 7, also indicating that the average
negative velocity is also about constant.

Figure 8 strongly suggests that there is some flow field similarity downstream of separation, with

the maximum streamwise rms fluctuation G’;ax and the distance M from the wall to the location of this maxi-

mum bei, 4 the velocity and length scales, respectively. Figure 4 indicates that the location of marimum

u? occurs at U/U, = 0.5 for stations 139.1 and 157.1 while the mean velocity changes direction at y/M = 0.25.
The velocity profile similarity equation (11) also indicates mean velocity profile similarity, at least in
the outer reglon. yp also provides further evidencc of similarity.

The data shown on figure 7 were replotted to test the proposed similarity relation
= g(y/M) (9
1

where Yp is the near wall value shown in figure 6. For stations downstream of intermittent separation,
0
equation (12) was satisfied within about $0.05 at a given y/M. An empirical curve fit, accounting for the
linear portion and the tail near y/M = 1, produces
g(y/M) = 1.58 [%- 0.08] - 0.453 exp [-27.1(1 - y/H)z]

0.1< y/M< 1

(13)

Thus the separated flow field similarity is supported by all the data presented here.

The turbulence structure seems representative of previous adverse pressure gradient work, although
the effects_of the normal stress terms have not previously been emphasized (Simpson, et al., 1974). The
parameter -uv/q? = a), whic's is fairly constant across the middle of a boundary layer, represents the fact
that in most flows the tutoulence energy is a direct result of shear production. Bradshaw (1967) obtained
values of a; around 0.15 for two equilibrium type adverse pressure gradient flows, with values as low as
0.1 for srall values of y/§. Upstream at stations 88.2 and 103.8, a; has a value of about 0.13 near the
outer boundary layer edge and smaller values closer to the wall, in fair agreement with Bradshaw's result.
At 3tation 124.3 a) is substantially smaller near the wall, indicating either too low -uv measurements or
some other source of turbulence production.

The normal stress production term is not negligible in the turbulence energy equation

uag?Z vV agZ|,2 [ew,1l e | R S 1
[2 w t 2 3y + 3y g +59% +¢c 75 (u ve) 5% (14)

where the terms are advection, diffusion, dissipation, shear production, and normal stress production,
respectively. Figure 13 shows estimates of the ratio of normal stress to shear production for the several
stations, along with the results of Schubauer und Klebanoff (1951) near separation. If we multiply a; by
the factor

T G 4
Fal- u v 3U/9ax (15)

-uv aU/ay
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g which is the ratic of total pro-
L \ duction to shear production, then
8)F should represent the ratio of
of the total turbulence production
mechanism to the turbulence energy
- produced. As separation 1is ap-
1 proached F takes on values of the
order of 1.5 or 2, although uncer-

s tainties in estimating 3U/3x make
‘!E a! P \ 48 the values in figure 13 also un-
i Q jﬁ certain, especially at high and
L et \ low y/6. Clearly though, the
W R large value of F near the wall at
| station 124.3 18 necded to at
! 1i \ least partially account for the
) b small a; observed. In general
R a8|F takes on values closer to 0.15
- = e ¥ : & than a;. This suggests that
b

a|F : 0.15 {s the more general
! correlation. The curvature turbu-
‘o ns 19 len:e production term -uv 3V/ix

b (Bradshaw, 1973) has been neglected
from t™e right side of equation

14), ot i
Figure 13, Ratio of normal stress production to shear stress pro- {ar;es: :i:ueno;ht;V5;:¥/§:3/3y)

duction at the several streamwise locations: O 103.8,
A 124.3, 0 139.1, x 157.1. Solid line shows resulis
of Schubauer and Klebanoff flow near separation, 24.5
feet.

is crudely estimated to be less
than 0.03. Thus the effect of
curvature attributable production
is negligibly small as compared
to shear production.

Figure 30 of Simpson, et al., (1974) shows that the dissipation length L defined with -uv is also
quite a bit lower than Bradshaw's (1967) distributfon. It should be noted that the data seem to depart
from the L /6 = 0.4(y/8) relatica in the vicinity of the predicted y./¢ of the Perry and Schofield corre-
lation at y/¢ = 0.06 at station 103.8. Again, -GV F should be used to represent the amount of energy
avaflable for dissipation since we have found that a;F = 0.15, {.e., it seems we should use

L ~.3/2 .3/2
U _g:u.‘D_/__F_/_. (16)
&

el

with Bradshaw's L /% vs. y/6 distribution for the left side. As shown in figure 30 of Simpson, et al.
(1974), the level'of L /¢ using -uv F at station 124.3 is about double the result using only -uV, but is
stil] quite a bit lower than Bradshaw's distribution. At station 103.8 the result is about 30X higher
over that obtained not using F. For y/é > 0.4, the L /5 results using -UV F at these latter two stations
agree with the results at station 88.2, where F is clcse to unity.

The entraiment velocity Ve. which is proportional to the diffusion of turbulence energy at the
outer edge of the flow, was computed using the relation

d
V. " [ U, (80,995 - 6*)] an

Bradshaw, =t al. (1967) found that Ve could be correlated by the maximum Reynolds shearing a*ress inten-
sity in equilibrium as well as non-equilibrium boundary layers and the high velocity edge of nixing layers:

ve _mmax
=Y 18)
Um U,z

Results using equation (18) were in general about 15X higher than those computed from equation (17)
(Simpson, et al., 1974). The deviations are within the scatter of data originally used to obtain equation
(18). Apparently the normal stress production of turbulence energy does not appreciably affect the en-
trainment proceass.

6. PREDICTION MODEL FOR NORMAL STRESS EFFECTS

From our discussion in section 5 above, it is clear that normal stress effects are important in
both the momentum equation (9) and the turbulence energy equatfon (l4;. Here a simple model is presented
for inclusion of these effects. This model was inserted into the Pcedshaw, et al. (1974) computer pre-
diction method, which utilizes equations (9) and (14) and forms a hyperbolic set of differential equations
since large-eddy diffusion is used.

The normal stress offects in the turbulence energy equation are easily modeled using the approxi-
mation that F 18 constant across the boundary layer, which is about true for the mid-region of the
boundary layer for the data shown in figure 13. Thus the total turbulence production term becomes
F(-GVBU/Q;). One vazzﬁo_;pecigy (u? - _7) for the normal stresses in the momentum and F equations ie to
relate (u? - v2) to uZ (g2 = u? + vZ + w?) or to -UV. For example let us use the model equation
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d

-vZ 197 (s,
vhere C, is a constant, which is approximately true near the region of maximua normal stresses in zero and
adverse pressure gradient boundary layers. A brief survey of available data indicates the following valucu
for €, 1n the region of maximum normal stresses: zero pressure gradient, 0.32 (Klebanoff, 1954);U ~x’°
and Ug = x"9:25 gquilibrium flows, 0.28 and 0.23, respectively (Bradshaw, 1967); present data: station 88,
0.33; ltltlon 103.8, 0.42; station 124.3, 0.38.

With equation (19) inserted into equation (15), it is advantageous to use the relation
Q7 = F(-uv)/a;, a; = 0.15 (20)

suggested in section 5 above fur the center portion of the boundary layer. Thus, equation (15) can be re-
arranged into

1
L+ L 3/ax
a; JU/ay

Since F has already been assumed constant across the boundary layer, equation (21) need only be evaluated
at one location in the region of maximum normal stresses, say at the location of the maximsum shearing
stress, vhere one also has a finite non-zero value for (3U/3x)/(3u/dy).

Since the Bradshaw, et al. program expresses all turbulence quantities in terms of -uv, it is also
advantageous to use equation (20) in equation (19) to produce

Cy(-uv
) = _u. (22)

u? -
(u 2

M

for use in the momentum equation (9). For the results presented here, C; was selected at 0.30, which s
fairly representative of the experimental values presented above. An added benefit of equation (22) {is
that just as (u‘ - v?) approaches zero near the outer edge of the boundary layer, -uv approaches zero, in
agreement with experimental results.

The inclusion of normal stress effects into equations (9) and (14) requires a rederivation of the
governing differential equations along the three real characterist.cs of the hyperbolic set of momentum,
continuity, and turbulence energy equations (Simpson and Collins, 1975). The angle between a character-
istic and the x-axis,a, is given by the three values

tan a = =, (23)

vhere 1/2

2 CITF
c e | 2y 2, uF -
9, GUH ¢ [(U) + Ua; Vv + alcU ) + (GU )+ — o8, and e (24)
(8)

By substituting the continuity equation into the momentum equation, the equation along the vertical
characteristic is

dv du du, , dt
U=+ VS ey 25
dy dy ® dx dy (25)

The equations along the inclined characteristics are

0 du_ C,F1dF
erU:%*q _%’.fd,.ld_"{m__._l.—__ l])L +U, ‘3 a+—L‘} (26)

] U « d
(8) X a)pdx (8)
When C) is set equal to zero, equations (24-26) reduce to those derived bv Bradshaw, et al. (1967).

Figure 10 shows predictions using the Bradshaw, et al. program with and without normal stress
effects. Upstream of the vicinity of separation, there is no detectable effect of normal stresses on C /2
and Il predictions, although F is slowly increasing. Downstream of about station 108, the inclusiva of
normal stresses more closely predicts Cf/2 and H. Note that the predicted F factors agree with the ex-
perimentally determined values from figure 13 evaluated at the maximum shear location. Separation is pre-
dicted at about station 127.5 which is about midway between the locations of intermittent and fully-
developed separation. No separation is predicted when normal stresses are not included. The mean velocity
profile predictions are not particularly improved with inclusion of normal stress effects although figure
9 shows some improvement {n the shearing stress in the mid-region of the boundary layer.

This model is currently being refined and tested against the strong adverse pressure gradient flows
presented by Coles and uirst (1968). One refinement {s the use of the Perry and Schofield wall similarity
relations discussed above instead of the McDonald (1969) type law of the wall used by Bradshaw, et al. The
results presented here show the small but significant effect normal stresses can have on a turbulent
boundary layer near separation.
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7. CONCL! SIONS

The following major conclusions may be drawn from the present experiment.:

(a) Laser anemometer measuresents of uZ, U, and the fraction of time the flow moves downstream Yp ob~
tained using & directionally sensitive system are presented for an airfoil type flow in the
vicinity of separation.

(b) The correlations of Perry and Schofield (1973) for mean velocity profiles subjected to adverse
pressure gradients are supported within the uncertainty of the datas.

(c) The separation criteria of Sandborn are supported, with intermittent separation apparently beginning
vhen Yp : 0.8 and the free-sitream pressure gradient drops rapidly.

(d) Near separation the neglect of the normal stress terms in the momentum and turbulence energy
equations is not justified. As much as one-third of turbulence energy production is attributable
to these stresses. The correlation factor F, given by equation (15) can be used to account for
these normal stress effects on -GVYET and Lc. There is no appsrent effect on the entrainment rate.

(e) T.e separated flow field shows some similarity in ;T. U, and v,, vith the maximum fluctuation u?
and M, the distance from the wall to the maximum fluctuation, going the velocity and length scales.
The low velocity backflow apparently just serves to satisfy continuity requirements. The inclusion
of normal stress effects in the Bradshaw, et al. (1974) prediction method indicate a significant im-
provement in C./2 and H predictions, good prediction of F, and slightly improved shearing stress
distributions {n the vicinity of separation.
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SUMMARY

Two methods have been developed at dcGill University for calculating the jet
momentum required to prevent the separation of the two-dimensional incompressible turbulent
boundary layer in adverse pressure grad.ents. The first was a strip integral method for
plane walls the shear stress at each lim.t being based on measurements in self-preserving
wall jets. It was extended by Xind for curved walls and for cases in which the boundary
layer upstream of the blowing slot has a deficit of momentum which is not small compared
with the added jet momentum w0 that the developing wall jet contains a significant outer
wake. The second method is an extension of the differential mcethods pioneered by Spalding,
l.aunder and their associates which uses four model equations for the individual Reynolds
stresses and one equation for the rate of turbulence dissipation. The extension consists of
systematically accounting for the presence of the wall in certain nressure, velocity-
gradient, correlations and also for slight curvature of the wall.

These two methods are compared with measurements of blown boundary layers, curved
wall jets in still surroundings and two conventional boundary layers. 1In general, the
differential method is more accurate particularly vhen the outer wake is large. However,
as used, this method required more input data and was about three times more expensive
to run. The integral method is therefore still useful and i{s not limited to low d
curvature. 3}

MR
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NOTATION
'lllj fourth-order tensor occurring in the expression for
the pressure, velocity-gradient correlations (eqn (11))
b blowing slot width
c reference length, often aerofoll chord
Gy G, (G C., Cc g cc;' Cc constants in the model equations of the differential method
L (eqns.) T,
C, 1ocal skin friction coefficient = QBU:?
Us?b
cu blowing momentum ccefffcient = pJ 2
Lotelc
pu_(u_-u_ )b
c ., excess-momentum coefficient = o J, L
u Lou_lc
g; substantial derivative for the mean flow
L]
H shape factor %—, of the upstreax boundary layer at the slot
X kinetic energy of the turbulence per unit mass = 1/2 u vy
|4 Kind's curvature factors, (e§?2(5))
lt dissipation length scale = :
n exponent for the shape of the inner boundary layer in the
integral method
P fluctuating static pressure anywhere in the flow
P time-average static pressure at the wall
R longitudinal radius of curvature of the surface
(U _-U,.) (y -y )
RT eddy viscosity Reynolds number L 6€| W2
RTo value of RT when £ = 0
t time
u,v,w velocity fluctuations in the x,y and ¢ directions
u1 velocity fluctuation in the x, direction
u mean velocity in the x direction
U1 mean velocity in the x, direction
U. local mean velocity in the free streanm
U.. value of Ue at the silot
UJ jet velocity at the slot
U. value of U at the velocity maximum



U5 value of U at the velocity minimum
u, value of U at y = 6 y
uT skin friction velocity = (’://D)
U, reference velocity, often the velocity far upstream
mean velocity in the y direction
) wall correction to the expression for pre.sure, velocity-
L) gradient, correlation (egns (12))
X,y coordinates along and normal to the surface respectively
xi coordinatcs in cartesian tengsor form Xx)= x, Xy= v, Xy= 2
Y value of y at U = Um
1 f t U = L (U +U,) where a0 is negative (see fi{ 1)
Ym/2 value of y 2 2 m 8 Iy 9 9-
z third orthogonal cvoordinate perpendicular to x and y
(4C3+10)
b n
3 - (2+3C;)
11
value of y at U = U, (fiq. 1 )
§° boundary-layer displacement thickness
ij Kronecker delta
4 value of y where U first equals Ue (fig. 1)
€ rate of dissipation of turbulence enerqy per unit mass
€ eddy viscosity in the outer half-jet
[ eddy viscosity at y = 1/2 Ym
" -{(50C;+4)
55
R boundary-layer momentum thickness
. kinemat:ic viscosity
b density
A shear stress at y
T2 shear stress at ymézkym
T shear stress at y = Y
o skin triction
,' Qoc;+6)
55 3y v
2L Y
rate of striuin ratio BK R
¢ ’ o u_
dy Ry

SUUSCRIPTS
i,j,F,m cartesian tensor subscripts; summation convention is used,

p denotes a plane wall, R + =

ACKNOWLEDGEMENT

The authors are indebted to Dr. R.J. Kind for providing a couy of the program for
his method.
The work on blown boundary layers has been supported over the years by the Defence

Research Board under grant number 9551-12 and by the National Research Council of Canada
under grant number A7096,

1. INTRODUCTION

Streamwise blowing along a boundary is an effective way of delaying the separation

of a turbulent boundary layer in an adverse pressure gradient. 1In practice it has been
used to improve the efficiency of a wide-angle diffuser and to increase the maximum lift
of an aerofoil. The momentum of the jet in two-dimensional flow is DUJ’b per unit length
2
pU_. ‘b
of slot and is usually expressed non-dimensionally as C = L/ for an aerofoil of
u LU :
stU ¢
chord c in flow with velocity Us. Values of C,. as low as 0.05 have doubled the maximum
1iftl.. Full scale applications are usuvally designed from model tests at sufficinntlv hijh

Feynolds number, and such work has been cc-related in terms of C or more precisely in
OUJ(UJ-Ues)b

terms of the excess momentum coefficient Cu' = ——————;————— where Ueq is the str :raming

flow velocity at the slot?-,

Analytical methods have also been developed for two-dimensional flow and are becoming
increasingly useful. The method of Gartshore and Newman3: was limited to cases in which the
momentum deficit of the houndary layer which forms upstream of the blowing slot is small
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compared with the momentums of the jet itsel so that a simple wall jat is formed downstream
of the slot. In practical applicatione howeser the upstream boundary layer frequently
persists as a significant wake in ths outer part of the wall jet and the flow is more
complicated, Xind4- has extended the Gartsiore Newman method empirically to deal with

this complication and also the effect of having a boundary wall which is curved in the flow
direction., It is probably the most sophisticated of the integral methods which_began with
the work of Carriere, Eichelbrenner and Toisson Quintons'. Thomas®: and McGahan'‘'. However
the degree of empiricism necessary to calculate such a complicated flow is high and there-
fore differential methods based on economical numerical procedures, such as those of
Spalding and Patankar?', become attractive. Early attempts modelled the turbulence using
simple mixing-length theor; or modelled the downstream variation of turbulence energy
dissipation and turbulence energy. In the most sophisricated of these methods the represen-
tation of the turbulence energy is replaced by model equations for each component of the
Reynolds stress tensor?:..10. (ganjeli{& and Launder; Launder, Reece and Rodi). Irwinll..,12.
has recently modified this latter method to account for the effect of the wall on pressure,
velocity-gradient currelations, and also for slight longitudinal curvature of the wall.

The purpose of the present paper is to compare the integral method of Xind and the
differential method of Irwin for two-dimensional plane, incompressible, flow. The methods
have heen compared with experimental data for curved wall jets with still surroundings,
several blown boundary layers on plane walls and two-conventional boundary layers. The
relative merits of the two methods is discussed,

2. THEORY

2.1 Integral Method

Kin.'s extension of the Gartshor--Newman method is capable of handling a blown
boundary layer in which an outer wake persists, and moreover can treat flow over a
longitudinally curved surface fcr which the radius of curvature is not particularly large
compared with the width of the flow.

For the purpose of setting up four integral equations, suitable mean velocity
profiles are assumed for the various portions of the flow. Referring to figure 1

Pig1 Mean veleclty Ve
| Y G——
u : ]
e
77T - ]
i

Y

(1)

PIRTEY WL SR

.

5 2

s u-u . Yy :
For y_ S y s ——— = exp | “Lni{2) = (2) 3
m ? Um Ud [ ym/2 Ym i
S-y 1

where ————%—— is taken to be 2.3. }

ym/2 m 5

For 6 < y the profile shape, ropresented by a power law, !s the same as that of

the outer part of the upstream boundary layer at the slot. :

The total pressure is assume: to be constant along the streamlines in this region !

and hence the volume flux for y < A is constant unless all the boundary-layer wake becomes ;
entraired by the jet.

b

Integral angular momentum equations are used with the following limits (see fig. 1) 3§

1) y =0, v = 1/2ym: half the inner boundary layer ;

2) y=0, ¢y = Yo' the whole of the inner boundary layer E

N y-= Ymr ¥ " Yot half the outer jet

4) y = Yot ¥ " §: the whole of the outer jet

i
e

The pressure across the flow is calculated in mean streamline coordinates and for convenience
an average pressure is assumed between adjacent limits.

P

The various shearing stresses at e/;ch limit must be known: the following forms are

assumed; T ug\11vse [u 6)-1/6 ,
1) At v = 0 %—u:" = 0,0257 E o (3) :
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il)

iii)

iv)

v)

where UO is the veloglty at y = 8, the momentum thickness of the inner boundary

n
e/yn " ° U/Um(l-u/um)d(y/yn) ® e (n+ 1)
This is the Ludwieg-Tillmann law with constants adjusted to conform to data for
plane wall jets in sttig lurroundinqsl-. The effect ol curvature on T' is
considered to be small * and {s neglected.

At y = Ym/2® The shearing stregs there, T3, is calculated assuming a constant
eddy cons(int €y for the half jet which is determined using Townsend's large
eddy-equilibrium hypothesie” . ¥ind's theory takes account of the effect of
flow curvature on the turbulence structure by inccrporating results for curved
wall jets in still surroundings. The hypothesis,which alsc uses experimental
self-preserving wall jets in streaming flow, ultimately gives the eddy viscosity
Reynolds number

R, = u,“(l . 295&’-20,0005") for £ < 0,086 (4)
f is defined as the ratio of the rate uf lateral strain %% + % to the
k]
rate of shear strain 5% - E%; where R is the radius of the surface.

R, = 3%1<0.67740.369Kg2- 0.046Ky")
0

o Deecas(P22). aa(tea) ]

Y
where Ky = x,(l + 0.15 —"‘g) and K; = r’— - yR - (s)
1P [1+1.34(—“’§>,][1+o.3 —"RQ]

where Ylp {s the shearing stress for a plane wall.

At y = V! although %% is zero here, measurements indicate that the shearing
stress Tm is non-zero and of opposite sign to I' because of the relative

dominance of the outer turbulence, particularly «4hen y_is not so inhibited

by the presence of the wall. T1: is a good measure of the outer turbulence level
and once again an empirical expression bhased on measurements in self-preserving
wall jets, is adopted.

=
Y
Im / Ym 2 2.43K)(100,55 _ﬂh&)- 1.43
el 0.15+40.30 - - (6)
' Ym/2™¥m !
At y = 1/2y , T = Tz. A constant eddy viscosity is again assumed for the outer

part of the inner boundary layer because such an assumption has beer
established as appropriate for conventional boundary layers. Thus for plane

walls
U
1 = D€y
2p z(ay) . 1
Y= ¥ (7)
u_ 4 oy Vi
where = 15 + 35 exp -(—-2 and T = 4
h¢ 1p K1
w
1f ym/2-ym becomes very small downstream, the method reverts to the calculation
y AKe

of a conventional boundary layer, Um - Ue and is set equal to S0.

£
2

To correct equation (7) for curvature, the curvature effect is assumed to

decrease linearly to zero within the boundary layer as the wall is approached.

Thus

T = T ;M (8)

where Tm i{is the value of Tm for a plane wall obtained by putting
Y
.Eél = 0 and K; = 1, Note that there i3 no curvature correction if the flow
becomes a conventional boundary layer and this is known to be incorrect
(e.qg. Bradshawl4.)., The exponential part of the expression for €; is an
empirical representation of the effect of outer turbulence on the eddy

T
viscosity, and ;12 is chosen as a suitable non-dimensional measure of this
turbulence, w

For y > 8§ the chearing stress (and gradient of stress) is taken as zero so that
the velocity U along mean flow streamlines is related to the pressure b
Bernoulli's equation. "his assumption is simjlar to that made by Joues whan
determining the drag of aerofoils from near traverses of the wakel5. . The

four integral equations are sufficient to determine the four primary unknowns
Um. ym/z, Y and n. The calculations are usually started at the blowing slot

and the flow of figure 1 is assumed to occur at the end of the potential core
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about 10 slot widths from the slot. Thus the peak velocity in the initilal
wall-jet profile is the slot velocity in the potential core. Exceas momentum
is assumed to be conserved during this process and ekin friction is neglected.
The stagnation pressure is assumed constant for streamlines outside the wall
jet. The initial value of n is taken as 1/11 and y-/y-/z = 0.25, but the

the method is relatively insensitive to these particular choices4:,
The prediction of 06 is unreliable wien U6 becomes small compared with U.

because the neglected shear stress in the outer flow wcull tend to increase U,.
However the assumed shape for the outer part of the wake (s piece of power law)
is inaccurate in a sense wlhich tends to give too high a value of UG' The two
errors therefore oppose each other.

Separation is assumed to occur when n becomes 2 1/2.

2.2 Differential Method

The mean momentum equatjion is written

pup _ _ 1 gt _ 3ugug o
Dt o dx 9x 3

where P is the pressure at the wall. The normal stresses and viscous teims have been
omitted. In cartesian tensors the Reynolds-stress equations can be written

du,u v 30
i3 . _|u,v u,u 1)
Uy Ix 1t x, * s ox
L £ L.
94 du dpu dpu
cp i £ (10)
) ij * x p x, * 5xj

L

ST 2 2
_ a“luiuj+ v uia “j + V 3_21
ax xg2 ST

In order to express the third order correlations in terms of the Reynolds stresses
and mean velocity the turbulence model of launder, Reece and Rodi 10., with modifications by

Irwinlz', is used. The turbulence model uses the approximations given below,
"7 hu —_— u
Bt o e e 28,k 2
o A%, v |t -3 4 Pk, fminyt "iy i
whore ‘mllj - uﬁlj upug ot B(GME uiuj + ij uup + 8, umuj

du, u, \?
v i L
€ = ~{-— ¢+ —]w dissipation rate,
2 . Jx‘, Bx‘

a = (4C2 + 10)/11,

w
]

-(2 + 3Cjy)/11,

PRSP T LI L T W~ F R S

n = -(50C,; + 4),55,

t5

U = (20C2 + 6)/5S5,
and C), and C, are constants.

The te:m "1j is the correction in the presence of a wall. The fluctuating

pressure is rslated to the velocity everywhere in the flow by a Poisson equation; the
solution, using a simple Green's function, the reciprocal of distance, enables an exact

du
expression for E s;i to be obtained containing a volume and a surface integral
3
6.
(Chou1 ). The form of equation (11) is, in fact, based on this expression. Irwlnlz'

eliminated the surface integral by a suitable choice of Green's functio. which can be
interpreted as adding the effect of the image in the wall of the complete turbulent-flow
field. For boundary-layer flows this led him to propose
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where 2L - . The values of the empirical constants C; and C; in equation (l1) are
obtained directly f{gm experimental data for homogeneous shear flow and anistropic grid
turbulence yiclding ¢y = 1.5 and C; = 0.4. A value of Cw which gives good results in
computations of both wall jets and boundary layers is 0.0951?'. Very near to the wall the

Le
turbulence model becomes inaccurate and unrealistic computed values of A are possible,
For this reason the 1atio ;:- in cquations (12) has a prescribed upper limit of 3.8 as the
2
wall is approached, which is cconsistent with established values in the wall-law region.

Following Launder et al puj/p is assumed to be negligible and uku‘uj is expressed

Ju,u Ju u, du, u,
= -C ky u,u LY u,u, Al N u, u £ (13)
YUYy s ¢ it ax, 3L ox, k2 Bxl
where CS is a constant. This expression can be considered a» a generalization of the
g:adjent-diffusion hypoth~iis as applied to diffusion of the Reynolds stresses. Cs is
set equal to 0.11, or‘ginally on the basis computer optimizationlo', but a value nea:r to
this is also suggested by a direct comparison of equation (13) with mea%y;gagn;s of the
triple velocity products utu‘u; in a wall jet by irwinl2-,  The term uluiui is often
ax

fairly small compared with others in equation (10) and thus C_ is a relatively uncritical
parameter. s

Aty a%u
The viscous term VY "jr._i 4 “j is first simplified using the assumption of local
dxr 2 Bxlz
isotropy. For i = j it then becomes simply -<¢t, where ¢ is the rate of dissipation of

3
turbulence energy defined ecrlier, and for i ¥ j it becomes zero. The dissipation rate is
a difficult quantity to model because even though an exact transport equation for it can be
derived only the advective terms are at all amenable to measurement. The following
approximate form of the equation, due to Hanjalid and Launder?: and resembling in some

respects that of Daly ind Harl.wl7?7., is therefore one of the least certain elements of the
turbulence model
U, == =C_ ¢ === =% ¢ =+ C_ % k X0 (14)
L \x; 2 k Ix, €,k £ Ix
A i 2 k
where in the present work Crl = 1.5, Ce, = 1.9 and Cr = 0.15. The value of ch is derived

Py 2

from the observed decay of kinetic energy in grid turbulencel?d: . In near wall turbulence (14)
reduces to a simple expression which relates C‘ to Cc and Cr . Thus only CL need be
1 -2 1

fixed by computer optimization and then C follows from the known properties of near-wall
turbulence, ¢

No correction is made to unuiuj or ¢ for the presence of a wall, 1In the case of
A, u v,
24y
u,u,u, tais is because in many flows *—;;L—l is relatively small compared to other
’ £
terms in (10). In the case of € it {is because viscous dissipation occurs only in the

very small eddies which it seems reasonable to assume are unaffected by the wall except
within the viscous sublayer.

For flows on flat surfaces this completes the set of equations used in the
computations. For curved surfaces a similar set of equations can be derived which contain
extra terms due to curvature, For small curvature it is possible to neglect all except
first order curvature terms and the resulting simplifjed equations, which for brevity are
not repeated here, are given by Irwin and Arnot Smith®”*, The mean momentum equation is
the same as that for flat surfaces but the equations for the Reynolds stresses and

dissipation rate contain extra termn {nvolving %l.

To solve the above set of equations the finite difference scheme of Spalding and

Patankar8- is used. Since the turbulence model is not applicable to the viscous sublayer
the boundary conditions are applied in the form of slip values. The slip values used were
==L P T 7 . 2 ? : B (5

ujuy Uty wm 5.2 u s, w2 0.6 Us and uj 2.9 UL where U, o . The slip

value of U; 1is obtained by matching the velocity to the logarithmic law of the wall (with
the constants of Patella')at.a point outside the viscous sublayer, and that of € by equating
production and dissipation of turbulence energy near to the wall. At the free stream
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boundary the conditions follow directly from the known (o. assumed) mean velocity and
turbulence properties of the external flow. 1In the present work the computations were
usually started from measured profiles of mean velocity and turbulence properties.
However, the program contains an option wheseby the starting profiles can be estimated i
frcr integral parameters if these are all that are a--ilable. ~or such cases it assumes

a power lue velocity profile for the upstream bound= layer which is merged into the jet
by a thin wic<ing layer for which a cosine velocity profile is adopted. The inner boundary
layer withir the slot is neglected and the width of the Irrotational region below the

mixin,t .ayer is assumed to be 0.6 L. In the outer boundary layer wuv is calculated on y
tLhe basis of an eddy-visrosity Reynolds number based on displacement thickness of 60 and
the three normal stresses are taken to be equal to Y In the mixing layer the same
0.45 (UI-US
procedure i{s used except that an eddy viscosity Reynoclds nuaber of _—E?—_L %x {(thickness 3

of mixing layer) = 160 is assumed. Thg/gutbulence in the irrotational region of jet is

n.n3 "J r.m.s. and A{ssipation 1s 4 Elsewhere dissipation is set equal to

production.

At each output station the complete profiles of mean velocity, Reynolds stresses
and dissipation rate are printed but, for the purposes of the present comparison, on!
the inteqral parameters are presented, Complete comparisons of computed and experime: 1tal
profiles have been given by Irwinl?: The skin friction is also computed and separation
is assumed to occur if Cf falls below about 0.0003.
3. DISCUSSION OF THE TWO METHODS OF PREDICTION AND
COMPARISON WITH EXPERIMENT

The flows being considered here are two-dimensional wall jets with or without an
sut-r wake on flat or longitudinally=-curved surfaces. The integral method was specifically
developed to handle these flows and contains some ad hoc assumptions which are probably
not valid in other situatinns. It can however be used to compute conventional boundary
layers for which it assumes a power-law velocity profile and uses a constant eddy-viscosity
Reynolds number to obtain the shear stress at y = 8§/, The differential method is a much
more general method of computing turbulent shear flows and the empirical assumptions tend
to be less restrictive. It has the property common to differential methods of not being
limited to particular forms of velocity profile so that most of the empiricism is contained
in the representation of the turbulence itself. The present turbulence model has been
shown to have moderately wide validity by tests on a large number of different shear flows
(IrwinandArnot Smithlz'lg)but there are some situations where it is demonstrably inaccurate
such as plane jets and wakes with small excess or deficit in velocity. An additional
limitation of the differential method in its present state i{s that, in accounting for
longitudinal curvature, it assumes the curvature is small., Unlike the integral method, it
therefore neglects the variation of pressure across the flow.

Although the integral method is not specifically designed for boundary-layer
calculation the two methods are compared with the data of Newman209.and of Schubauer and
Klebanoff2l: for conventional boundary layers approaching separation in figures 2 and 3.

In the latter case the surface was slightly curved which is taken into account by the
differential method but is left out of the integral method when it reverts to a boundary-
layer calculation, The overall level of agreement with experiment for the methods is
similar except that C_ tends to be high for the iategral method near separation. Consider-
ing the simplicity of the assumptions in the integral method its performance is surprisingly
good.

10 , : ' . :
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The next case, shown in figure 4, is the self-preserving wall jet of Irwinll'
flowing into a positive pressure gradient on a flat wall, the upstream boundary layer
being negligible. Ac.eemcnt with experiment is good for both methods. 1In the case of
the integral method this is largely to be expected since it draws extensively on other
self-preserving walil jet data in its empirical assumptions.

L T T L] o

&0

fif

§i§

ﬂ AL A A 'y i
] 50 100 150 200 230
o Dete - — = Integral methed
A Dete Differential mevhod

Fig 4 Self-Preserving Wall Jet Irwinla)

The next four cases, figures 5,6,7 and 8 are uncurved wall jets with outer wakesl?:
in pressure gradients similar to those cn blown flaps. A thick upstream boundary layer was
artificially generated by placing a rod of rectangular cross-section near to the surface
upstream of the slot. The differential method was started just downstream of the slot
using measured profiles of mean velocity and turbulence properties. The first of these
cases, shown in figure 5, had a relatively small outer wake which was completely absorbed
by the wall jet within about 200 slot widths. It is evident that 05 is not well predicted
by the integral method but this is attributed to the initial velocity pvofile being
different to that assumed by the method. The wake from the rectangular bar had not fully
merged with the upstream boundary layer at the slot.

Using the empirical starting procedure with profiles generated from integral
parameters gives results which are generally closer to the integral mcthod.

In the case in figure 6 the outer wake is larger anduthe jet momentum less than in
figure 5. It can be seen *hat experimentally the value of Eﬂ decreased to a value less
that 0.5 towards the end of the working section. The 1n1tia1evelocity profile was
considerably closer to that assumed by the integral method than for the case of figure 5
but the upstream boundary layer had still not quite evolved into the conventional shape.
The differential method is in generally better agreement with experiment. 1Its prediction

of reverse flow in the wake at §-= 190 does rot agree with the data but, in view of the

very low velocities reached in the region of velocity minimum, this may well be due either
t. experimental inaccuracy or to failure of the boundary layer assumption. For x/b > 200
the outer edge of the wake was obstructed by the roof of the working section: thus data
points beyond x/b = 200 have been given a prime to indicate ''nreliability. Similar primes
are used in figures 7 and 8.

In figqure 7 the jet momentum is larger than in figure 6, the upstream boundary
layer is virtually identical and the pressure gradient is greater. The value of Um/Ue

remained above 1.0. Two sets of computed curves are shown for the differential method in
order to show the effect of making a correction tor flow convergence and divergence.
Because of the high pressure gradient which caused rapid growth of side-wall boundary layers
it was difficult to maintain two-dimensional conditions in the experiments. Slots in side-
walls were used to bleed away the boundary layers but there still remained a residue of
lateral rlow convergence or divergence depending on whether too little or too much was
being bled. Fiqure 9 shows the difference between the measured rate of growth of overall
momentum thickness and that calculated from the two-dimensional momentum-integral

equation for the flows of figures 6, 7 and 8. It seems highly likely that, because of the
low velocity in the outer wake compared to that in the jet, the wake suffered much more
from lateral convergence than did the jet in the same pressure gradient. Thus, in applying
the convergence correction it was assumed, somewhat crudely, that the jet region was
unaffected and that in the wake the local convergence angle was independent of height vy.
The correction had little effect on computations of the flow in figqure 6 but it is evident

u Yy
that in figure 7 it does have an effect, tending to improve agreement of EQ' % and —ELZ
e

with the data. Thus, in figure 7 it seems probable that for both methods a significant part
of the difference from experiment is due to lateral convergence or divergence.
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In fiqure 8 the jet ls stronger, the upstream boundary layer (s agalin the same and
the pressure gradient greater tham in figqure 7. A convergence correction was attempted but
it was large and this, combined with the discontinuity in the assumed correction at the
junction of the wake and jet reglens, caused the computations to become unstable, eventually
breaking dewn. Thus, no corrected rosults are shown. The level of agreement with
experiment of the two methods is about the same, thei: high prediction of uﬁ;ue being

attributed, at least {n part, to flow convergence.

The next two cases in figures 10 and 11 are similar to the flow over a slotted flap
in that the total pressure in the flow from the slot is equal to that of the free stream.
The data is that of Enqlishzz- and the surface was flat, Figure 10 shows results for zero
pressure gradient whereas fiqgure 11 is for a positive pressure gradient. The maximum value
of x/b in these experiments was only about 30, covering the typical range of interest
for slotted flaps, Since the empirical assumptions of the integral method are essentially
for x/b greater than about 10 {t cannot be expected to be very accurate in this situation
and thus 1t is evident that in figures 10 and 11 the diffzrential method is superior.

Finally, in figure 12, a comparison is shown with experimental data for wall jets
in still air on logarithmic spirals for which the radius R of longitudinal curvature is
proportional to distance x along the surface. For a spiral of given x/R it is expected
and found that dym/z/dx is sensibly constant. Thus, in figure 13, which has Ym/z/R as

abscissa, each point represents a complete set of data for a particular wall jet. The
integral method is in good agreement with the data, particularly Guitton's for which the flow
was more accurately two-dimensional. However it should be noted that the method was built
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on similar measurements of wall jcts on circular cylinders. The differential method, gives
a reasonable variation of dym/z/dx at small ym/z/k but tends to diverge from the data

outside the range ~-,01 < ym/z/R < ,05. As described in section 2.3, the differential

method assumr' small curvature in its present form, neglecting amongst other things the
pressure gradient normal to the surface. Thus, the poor agrcement for high curvature is
not altogether surprising. However, in contrast to the integral method the differential
method contains no empirical cfonstants especially introduced to account for curvature.

From the foregoing comparisons some general conclusions can be drawn. Both
methods are c7pable of predicting the main features of blown boundary layers, the
differential method emerging as generally the more accurate particularly for cases in
which the mean velocity profiles are significantly \ifferent from those assumed in the
integqral method. However, the starting conditions for the differential method were
considerably more detailed than thnse for the integral method and part of its advantage
ifn accuracy may well be lost in practice because such information is often unavailable.

It is difficult to compare the cost of running the methods because it depends on
chosen step size. Irwin, case (b), was therefore run with various step sizes, using
synthetic starting for the differential method, the resuvlts indicated that the minimum
acceptable step size was approximately one slot width for the integral ma2thod, and
approximately 0.05 A for the differential method. The time for both compiling and
running the integral method on an IBM 360/75 computer was 20 seconds which is 1/3 to 1/4
of that for the differential method. It might also be remembered that the integral
method can be applied to more highly curved flows than the differential method.

It is interesting to note that in shear flows of the complexity of blown !ayers the
integral approach begins to become somewhat cumbersome and possibly involves as much
development work as does the differential apyruach. Extension of the integral method
to even more corplicated velocity profiles, such as occur on multi-slotted aerofoils,
would therefore be inadvisable. Mora complicated velocity profiles can be handled by the
differential method as it stands. However, for such flows it is likely that modifications
will be necesgsary in order to account for significant pressure variations across the flow
when {ts width is not small compared with the radius of curvature.

4. CONCLUSIONS

i) Both the integral and differential methods are capable of predicting the growth
of two-dimensional blown boundary layers to usaful accuracy. Indeed the
accuracy of prediction may be better than that of a corresponding experiment
i{f spurious, three-dimensional, effects are not sufficiently eliminated from
the experiment.

ii) When the methods are started using integral parameters their accuracy is similar.
If however detailed mean flow and turbulence data is used to start the
differential method it is generally more accurate.

iii) The differential method is about three times as expensive to compile &.d run.

iv) The integral method is not well sujted to situations where the starting profiles
differ significantly from the flow sketched in fiqure 1.

v) Starting procedures using integral parameters are important and might usefully
be improved in both methods.

vi) The integral method incorporates a good deal of empiricism particularly for
curvature efiects, and it would probably be unwise to try to extend it to more
complicated situations (e.qg. multi-slotted flaps). The differential method,
on the other hand, is versatile and capable of further development.

vii) When either method must be cycled many times to determine the minimum amount of
blowing required to suppress scparation in a given situation, the cost may re un-
acceptable. There is therefore need for an approximate method corresponding
to, say, Stratford's method for turbulent boundary layers, which can give quick,
if somewhat less accurate, predictions, preferably without the aid of a large
computer.
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SUMMARY

This paper presents a nithod of computing flow fields characterized by the presence of viscous, separated regions interacting
strongly with a surrounding inviscid flow. The procedure is to divide the flow field into several regions, each dominated by a particular
type of fluid physics ti.e., boundary layer flow, separated flow, and outer inviscid flow), and to analyze each region by using the
numerical solution technique that is computationally optimum for the dominant type of flow. The paper specifically addresses the
problem of matching a numerical solution of the Navier-Stokes equations for a region containing separated flow with anotuer numenical
solution appropriate for an adjacent region of inviscid flow. A key feature of the method presented is the placement of the matching
boundary in space occupied by purely inviscid flow and remote from local areas of strong viscous/inviscid interactions. A detailed study
and numerical substantiation of the method are presented for axisymmetric flow over an ellipsoid of revolution with laminar separation.

INTRODUCTION

In the past, complex flow fields with regions of separated flow interacting strongly with the surrounding inviscid flow have been
difficult to treat analyti. ally. The classical approach to the problem of describing the complete flow field about bodies exhibiting a
varicty of flow phenomena has been to divide the flow field into regions of inviscid flow, boundary layer flow, and viscous separated
flow, and to employ numerical methods that are computationally optimum to solve the type of flow in each region. The problem of
matching the various types of numerical solution procedures across common boundaries in tue flow has been the subject of many
investigations. These studies have centered about the use of displacement thickness concepts in the formulation of a boundary value
problem describing the inviscid parts of the flow (ref. 1).

Matching has usually been applied ot the edge of the viscous layer. In cases where a strong interaction exists between the viscous
and inviscid regions, however, the commonly used teration schemes and displacement thickness shapes frequently have failed to
converge to a matched solution.

The central idea of the present work is to position the nuitching beondary some distance into the inviscid field, remote from the
edge of the viscous region where strong interactions occur. A nemencal method that solves the Navier-Stokes equations is used to
calculate the flow interior to this boundary, and a purely inviscid method is used for the exterior flow. By this means, the powerful
Navier-Stokes method deals with the strong local interactions at the edge of the viscous region but the interactions along the dividing
boundaries of the flow regions are sufficiently weak so that rapid convergence to matched solutions across these boundaries can be
achieved.

An alternative approach to predict flow ficlds with regions of secparated flow is described in reference 2. The procedure avoids
matching altogether, but it has been apphied only to problems wherein the entire flow field is amenable to an integro-differential
formulation, as in the case of laminar, incompressible flow.

An approach in which the Navier-Stokes equations are solved in the entire flow {ield has been employed for the study of viscous
transonic flow past airfoils (ref. 3). However, the procedure is unnecessarily powerful and its use computationally expensive in regions
of inviscid flow and in regions where the flow can be described adequately by attached boundary layer methods.

A NUMERICAL MATCHING PROCEDURE

Consider first a conceptual division of the flow field about an arbitrary body into two regions, as shown in figure 1. The dividing
surface is termed the matching boundary. The spatial position of the matching boundary is arbitrary, except that all viscous phenomena
anticipated to occur must be envelored. The region between the matching boundary and the body surface and encompassing all viscous
phenomena is referred to as the inner region. The flow in tive outer region is entirely inviscid. All flow properties are continuous across
the matching boundary.

Now let the matching boundary be identified as a surface that truly divides the inner and outer flows. This can be done by
imposing a set of boundary conditions along the inner and outer surfaces of the matching boundary, properly posed so as to define
separate and unique boundary value problems describing the flows in the inner and outer regions. The inner and outer {lows thus
become amenable to analysis by separate computational means; however, the two flows are related by the boundary conditions and
resulting flow properties along the matching boundary.

*This research was supported in part by the Flight Dynamics Laboratory/I'XM, United States Air Force, Wright Patterson Air Force
Base, Ohio, under contract F33615-73<C-3037. The results of the contractual work were published in Technical Report
AFFDL-TR-73-153, February 1974,
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v Matching boundary
Outer region

L e e e e
- — Inner

& Edge of viscous layer

- Attached boundary layer

Figure 1. -Matching Boundary Diviing the Flow Feld

There evists, in general, a particular st of boundary conditions along the matching boundary for which all velocity components
will turn out tu be continuous actoss the boundary everywhere along the boundary . When the & boundary conditions are determined,
the outer flow becomes an araly tie continustion of the inner Now, and the two ows exacths match. The objective s thus to determine
that particular set ot boundany conditions along the matcing boundary that provides an ¢ act matching ot the two Hows

Separate outer and inner boundary value problems are depicted in figures 2a) and 2thy, respectively . Neumann boundary
conditions glong the matdhing boundary, together with the onset Now at infinity, govern the outer flow The equations governing the
outer flow are Fuler’s equations, since the ffow i this regron s assumed to be entirely ivisod

v, wenitied / Matching boundary +— Free shp condition on vy

P
S

J
-@- ‘ Yo specified 10 be continuous
%1 with outer flow

0 on body surface

a) Boundary Value Problem for Outer Flow b) Boundary Value Prohlem for Inner Flow

Figure 2 -Decomposition of Flow Freld into Inner and Outer Flow Prablems

The governing equations tor the inner flow are tahen to be the Navier-Stohes equations in anticipation of the appearance of regions
of separated flow. The following boundary conditions govern the inner flow  Along the impermeable bedy surface the normal and
tangential veloaty components vy oand v, respectively  are zero (no ship). Along the matching boundary, the normal velocity
component is speciticd to be continuous with that of the outer flow, and the tangennal velocity commonent is subjected to the treeslip
condition in antivipation of the invisad character of the flov adgacent to the matching boundary

The nner and outer flows are dependent on the speaitied distnbution of the normal seloaty component vy along the matching
boundary. Matching ot the two flows is achieved when g distiibution of vy s tound that results in continuity of vy, the tangential
veiocity component, across the boundary at every pomnt.

Figure 3 llustrates the physical charactenstios of 4 nnsmatched flow field that results from specification of an incorrect
distribution of the normal velocity component giong the matching boundany . Mismatch appears as i discontinuity i the tangential
veloaity component. Physically, this represents a low that contains g thin freeahear layer on vortex sheet along the matching boundary,
and that supports a pressure drferential. The flows are pertectly matched only when the strength of this freeshear layer is zero.

Free shear layer
% Continuous v,

/f' Discontinuous v,

Figure 3. —Physical Characteristics of Mismatched Inner and Outer Flows

The question now is how to determine the distribution of vy along the matching boundary that will correspond to a matched low
condition. The computation is started with some assumed distribution of vp. and the perfectly matched solution is arrived at by
iteration of the vp boundary condition. An incremental value of vp is computed dunng cach cycle of the iteration, leading the
procedure closer to a matched solution. The objective of the iteration is to update the specitied distribution of normal velocity along
the matching boundary by the increment needed to erase the free vortex sheet and obtain a perfect mateh of the computed tangentiol
velocities across the boundary. This incremental update can he computed directly as the normal velocity component induced by an
incremental free vortex sheet positioned along the miatching boundary and of a strength equal in magnitude and opposite in sign to the
existing velocity discontinuity. In effect. a free vortex sheet that cancels the existing one is added to the inviscid flow, and the
subsequent change in the normal velocity through the matching boundarv is computed. In practice. this procedure has been
accompanied by an inviscid displacement body representation for the inner fle w. Joscnbed later in this paper for a particuior example,

Figure 4 illustrates the entire solution process. A spatial position of the matching boundary is selected and an initial guess
established for the norma! velocity boundary conditior. along the matching boundary. The initial guess can be obtained conveniently
from an inviscid flow solation about the configuratica, which also provides the first cycle solution for the outer flow. The inner flow is
computed and examined for any viscous regions ot high shear extending to the matching boundary. If necessary. the boundary position
is changed and the process restarted; if not, the tangential velocity discontinuity across the matching boundary is computed as the
difference in velocities provided by the inner and outer solutions. This computed tangential velocity dis-ontinuity is a measure of the
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minimateh between inner and outer Nlows Fhe discontinuity is compared with an assigned tolerance. 11 it i less than the tolerance, the
seration has converged and the solution s complete, it it s more, the computationat low returns along a loop in which the incremental
| change to be apphied to the vy boundary condition s computed. The main computational flow s then reentered with a recomputation
of the inner and outer lows based on the updated vy .oundary conditions.

Se'act position
of matching
boundary

1

Generate tntial
l guess for v,
| boundary condition
| atong matching R
boundary

I ]

Compute mnner and
outer flow fields

Reposttion
matching
boundary

Disen

¥R L
Y regine exlend Compute
% incremental
1o matchiang
change to
wmithrary
3 vy, boundary
condition
dlong
matching
Compute tangential boundary
velocity discontinuity
l #:0ng matching boundary

No

Salution
casmglate

Figure 4. —Solution Flow Chart

APPLICATION TO AXISYMMETRIC SEPARATED FLOW

The problem of predicting faminar flow with separation about a prolate ellipsoid was used to explore and demonstrate the
matching procedure st discussed. The shape of the prolate ellipsoid was obtained by rotating an ellipse (a/b = 4) about its major axis
a. All caleulations were pertormed for incompressible flow and a Reynolds number of 103 based on maximum body diameter (d = 2b).
The undisturbed freestream was assumed to be parallel to the major axis of the ellipsoid. In addition, the assumption was made that the
scparation phenomenon produces an entirely steady and axisymmetric flow field at the chosen Reynolds number.

The flow field about the ellipsoid was subdivided into three different flow regions comprising an upstream boundary layer, an
inner region enveloping the region of anticipated separation. and an outer region of potential flow. The boundaries of the inner
region waich contams part of the boundary layer, viscous separated flow, and some inviscid flow in the vicinity of the matching
boundary are shown in figure 5. The matching boundary is a arcular cylinder of radius y/L = 0.225 extending from x/L=0.5 to
x/L = 1.26 1 the axial direction. Physically, the viscous wake extends far downstream. Computationally, the wake downstream of the
aft end of the matching boundary was modeled as a displa. cment body in the inviscid outer flow.

¥/l T Buwinlary layet
i !
E ' Outer rey on
I \ [ o e ey iy = D226
j \- Matching boundary
: Figure 5.—-Computational Flow Regions of Ellipsoid

The flows in the various regions are governed by separate and well-known differential equations. The methods employed for their
solution are presented first: then the s:bject of matching is discussed.
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Boundary Layer

Laminar boundary layer growth upstream of the inner region was predicted by an implicit finite difference method of the
Crank-Nicholson type (ref. 4). The method solves tie axisymmetric form of the boundary layer equations (ref. §), in which the effect
of transverse curvature is not accounted for, subject to the no-slip boundary condition at the body surface and a known tangential

velocity at the outer edge of the boundary layer.

Inner Region

The flow in the inner region was determined by solving the time-depende: t Navier-Stokes equations (ref. 6). For this purpose, the
inner region is divided into a network of rectangular or Cartesian computational cells. Cells at the surface of the ellipsuid are partly
bounded by the surface contour, as shown in figure 6. The velocity field is discretized so that the axial velocity component u resides at
midpoints of x cell faces and the normal velocity component v is defined at midpoints of the y cell faces. This selection is based on the
notion that the divergence of these discrete velocities satisfies mass conservation exactly for each computational cell. All scalar flow
variables, such as static pressure, are defined at the center of a computational cell. The momentum equations are formed by centered
finute difference expressions for the convective, viscous, and pressure gradient terms. A Poisson equation is formulated for the pressure
terms, which provides a simultancous solution between mass and momentum difference equations. The convective and viscous terms are
written implicitly, and an iteration procedure is used during a time cycle to compute a nearly time<centered solution of the discrete

equations.

= Vetocity protile
\ Mormal velocity v
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8} Specitied Boundary Conditi ns bl Computational Cells

Figure 6.- Inner Flow Calculation

Curved wall boundanes are accounted for in the algorithm by conservative first-order difference expressions. At the surface of the
ellipsoid, the noslip condition was satistind. Along the matching boundary, the normal velocity component vp was required to be
continuous with that of the outer tlow, ard the axial velocity component u was provided by ap~'ication of the reflection principle or
freeslip condition. At the inlet plane of the inner region (x/L = 0.5), the normal velocity component and the axial velocity component
were specified. A special algorithm (i.c., an anechoic boundary condition) was needed at the exit plane of the inner region (x/L = 1.26)
to prevent disturbances at that boundary from traveling upstream. Numerical experiments rcvealed that this could be achieved by
satisfying conservation of mass while using only a first-order approximation to the momentuin equatic ... The principal assumption in
the approximation to the conservation of momentum involves the convection terms in which the gradient in the x direction of the
v velocity componeit is neglected.

Potential Flow

An influence co-fficient method was used that employs vorticity of linearly varying strength along piecewise conical segments
representing the body surface and matching boundary. The particular theoretical model employed a displacement body interior to the
matching boundary, as shown in figure 7. (This was done primarily to provide a convenient means for extrapolating the downstream
wake.) In the upstream boundary layer region (0 < x/L. € 0.5). the displacement thickness was computed with the familiar definition
for two-dimensional flow (ref. 5), and added to the surface of the ellipsoid. In the inner region (0.5 € x/L € 1.26), displacement
thickneass was defined by

yS*b. def. M
upydy = / lup-u)ydy (L=1n

Ys s

where yg denotes the surface of the ellipsoid yg = 0 in the wake) and M denotes the location of the matching boundary. The radius
of the displacement body in the inner region is yg +8*. The symbol up denotes the axial velocity component of the potential flow
about the ellipsoid, whereas u is the axial velocity component furnished b - the solution of the Navier-Stok :s equations in the inner
region. The shape of the displacement body downstream of the inner region ' x/L > 1.26) was specified by extrapolation.

Figure 7.—Potential Flow Calculation
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Interface of Flow Regions

The potential flow velocity components up. ¥p were computed at the midpoints of the x cell fuces along the matching boundary.
The normal velocity served directly as the boundary condition for the inner region. The axial component u of the inner flow along the
matching boundary was calculated using the freeslip condition. The strength ¥ of the vortex sheet (indication of mismatch) at the
comer points of the computational cells along the matching boundary was computed as the difference between the inner flow
velocity u and the potential Now velocity up.

At the upstream boundary of the inner flow region, both velocity components, u and v, were specified to be continuous across
that boundary. With the addition of an auxiliary column of computational cells, the flow field could be discretized in a manner
vonsistent with the algorithm of the Navier-Stokes equation solver.

Matching Procedure

The general course of the matching procedure was outlined earlier. The numerical explorations reported here were conducted using
the iteration sequence shown in figure 8. The numbers correspond to the following steps of the matching procedure:

Step 1 An imtial guess for the normal velocity component along th: matching boundary and for the inviscid part of the velocity
profile at the inlet plane of the inner region was furmished by calculating the potential flow about the bare ellipsoid.

Step 2 A boundary layer analysis, with the surface velocity from step 1 as input data, provided §* and the viscous part of the velo-ity
profile at the inlet plane of the inner region.

Step 2 The Nawvier-Stokes equations were solved in the inner region subject to the boundary conditions obtained from steps [ and 2.
Initial values of the ime-dependent solution procedure were taken to be those of a umiform stream.

Step 4 The shape of a displacement body was determined as explained earlier under “Potential Flow.” The strength v of a vortex
sheet along the matching boundary was calculated as the difference of the axial velocities across the matching boundary between the
potential flow solution of step 1 and the Navier-Stokes solution of step 3. The potential flow about the dispiacement body was then
computed in the presence of a vortex sheet of strength -7y along the matching boundary. The resuit was a complete and updated flow
solution of the outer region and a new set of boundary conditions for the inner region.

s P

¥
o POT - Potential flow calculation
8L - Boundary layer calculation
@ BL NS = Solution of Navier Stokes equations
L

@ = @ ')00’)‘:9)2

e ————=

L% N R JA JU BN

-

Figure 8 —Picture Flow Chart of Matching Procedure

The next cycle of the iteration procedure was entered at step 3. Tae properties of the upstream boundary layer were not updated,
however, because the subsequent changes in the upstream tflow were negligible. Steps 3 and 4 represent a4 complete cycle of the iteration
and were repeated as follows

Step A repeated  The Navier-Stokes equations were solved in the inner region subject to the boundary conditions obtained from step 2
and the previous step 4. Instial values of the time-dependent solution procedure were provided by the last steady-state flow solution of
the inne region.

Step 4 repeated  The shape of the displacement body was updated. The strengti ) of an incremental vortex sheet along the matching
boundary was computed using the most recent solutions of inner and outer flow from steps 3 and 4. The potential flow about the new
displacement body was computed with a vortex sheet of strengih D4R ASERE along the matching boundary during the i-th
iteration cycle.

The computation was terminated when y; was less than a certain prescribed tolerance and when the shape ot the displacement
body had converged.

Convergence Characteristics

During the iteration, several flow parameters were monitored to determine the convergence characteristics. The strength ¥ of each
incremental vortex sheet along the matching boundary is plotted in figure 9. 1t is shown that the initial mismatch in axial velocities
across the matching boundary, of up to 7%/ of the freestream value, had practically disappeared after the first cycle. The velocity
mismatch increased after the second cycle and then decreased in subsequent cycles until, after five iterations, it was everywhere within
1/25 of the freestream speed. It was not pussible to erase the vortex sheet completely in a sixth iteration cycle; the iteration procedure
slowly oscillated about a solution.
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0.50 0.78 1.00 1.25
Figure 9.—Strength of Vortex Sheet During Iteration

Figure 10 illustrates how the shape of the displacement body changed. A converged solution was obtained after four iteration
cycles. Only minor variations of the displacement shape took place in the upstream part of the inner region, results that scem to justify,
a posterion, the freezirg of 8* in the boundary layer region after the first cycle.

number

8
T
Iteration Symbol T E._' 1.0 |

Figure 10.-Shape of Displacement Body During Iteration

The accumulated strength of the vortex sheet along the matching boundary is shown in figure 11. The sum of 7j decreased during
the iteration, but a strong vcrtex sheet remained, indicaiing that a simple displacement body is inadequate to simulate the true
influence of the viscous, separated region on the outer flow.

Iteration

number Symbol
20
-10017, a4A

.50 .76 1.00 1.26

Figure 11.—Accumulated Strength of Vortex Sheet During Iteration
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bigure 12 shows the vanation of the normal velocity along the matching boundary for each iteration. Again, five cycles were
required to obtam a sotution that essentially had converged. As expected, there was almost no change in the velocity at the inlet plane
ol the inner region during the iteration

The surface pressure distnibution s shown in figure 13, For clarity, only the results of the first two cycles and the final solution
atter siv teration cycles are shown. The results display a distribution typical of a separated flow.

Iteration
number Symbol
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Figure 12. - Behavior of Norma: Velocity Along Matching Boundary

’ ' Figure 13. -Surface Pressure of Ellipsoid
During Iteration

The final solution for the distnbution of axial velocity 1s shown in figure 14, illustrating once more that a virtuslly continuous
velocity field across the matching boundary has been obtained. The recirculating flow in the inner flow region can be better visualized
with the ad of streamhine plots, shown an figure 15, Both figures indicate that separation takes place relatively far downstream.
estimated at about v I = 0.94. For purposes of comparison, note that the boundary layer analysis with the zero skin friction criterion
predicted separation turther apstream, e, at v/1 = 0.8 using the potential Now pressures, and at /L = 0.X5 using the final solution of
figure 13 as input data.
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Figure 14.-Matched Axial Velocities Figure 15.-Streamlines in Inner egion

The drag of the ellisord was calvulated trom the final solution by two ditferent methods. The momentum deficit method. using
the computed wake veloaty profile at « L = 1.2, vielded a total drag coefficient of 0.37, referred to maximum cross-sectional area.
Computation of tnction di we by the boundary Liyer program tor 837 of the body length and pressure drag from figure 13 resulted in
friction drag and pressure drag coetficients ot 0.25 and 0.09, respectively. The sum of both coefficients is the same as the total drag
coefficient caleulated through the momentum defiat method. The authors were not able to find measured drag coefficients, but
companng the calculated drag coetficient with the measured drag coefficient, Cpy=0.50. of a sphere at the same Reynolds number
tref. S)adds credibility to the result.

Practical Aspects of the Mcthod

All programs were coded for the CDC-6600 digital computer. The boundary layer and potential flow codes occupied 60K of
central memory cach and required approximately 20 seconds of central processor time per iteration, The Navier-Stokes equation solver
required 140K of central memory for the cases run with 590 computational cells and used 3 input/output units. Its execution time was
approximately 4 seconds per time step. An excessive number of time steps was run 1o ensure a steady-state solution of the
Navier-Stokes equations during each iteration cycle of the matching procedure. It is estimated that the final converged solution can be
computed with a total of 600 time steps, requiring approximately 40 minutes of execution time. It should be noted that the
Navier-Stokes code was not optimized and could be improved to further reduce execution time and core requirement,

A few visual aids were emploved, of which the streamliae plot of hgure S is an example. The development ot the flow in the
inner region was observed on film, where each picture represented an automatically plotted pattern of particle positions at a fixed
instant of time. The fluid particles svere continuously fed into computational cells located along the upstream boundary and in the
wake region.
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CONCLUSIONS

A method has been presented for computing flow fields with regions of viscous, separated flow by numerical matching. An
apparently new technique has been outlined to match a numerical solution of the complete Navier-Stokes equations with another
numerical solution appropriate for an adjacent region of dominant inviscid flow. The method has been successfully applied to a model
problem of axisymmetric incompressible flow with laminar separation. The iteration procedure hovered about convergence, and
modifications of the described basic procedure —such as scaling the strength of the incremental vortex sheet and scaling the changes in
the shape of the displacement body (i ¢., improvements typically added to Newton-type iteration schemes) -might be desi.able to
hasten convergence.

The matching technique presented ultimately can be <xpected to lead to an economical solution procedure for many problems
of interest in fluid dynamics, such as viscous transonic flow, turbulent jets spreading in the vic.nity of lifting surfaces, and the
problem of predicting the drag of upswept afterbodies.
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ETUDE EXPERIMENTALE ET THEORIQUE DU RECOLLEMENT BIDIMENSIONNEL TURBULENT INCOMPRESSIBLE

por Jean-Cloude Le Balleur et Jeon Mironde

Office National d'Etudes et de Recherches Aérospatioles (ONER.)
92320 Chatillon {Fronce)

RASUME.

Une étude expérimentale approfondie du
recollement turbulent en aval d'une marche a
été conduite en écoulement incompressible
bidimensionnel plan, le champ potentiel au
voisinage du recollement étant A volonté
ralenti ou accéléré. L'analyse détaillée des
distributions de pression et de vitesse dans
cette zone a permis de dégager des lois
empiriques génériles en cas de coucne limite
initiale mince au décollement.

Le calcul est réalisé en tant qu'interaction
auto-induite d'une couche Jissipative
pariétale et d'ur f-cu.ecent externe de fluide
parfait irrotationrcl. Excepté dans les régions
ol 1'interaction est faible, on adopte un mode
de calcul inverse qui évite les singularités,
selon la technique de Klineberg pour lea
profils transsoniques. La pression pariétule
devient ainsi le résultat d'une méthode
intégrale de couche limite, dont .'insuffisan-
ce dans les zones fortement décollfes peut
8tre facilement surmontée par .u substitution
d'une loi de pression empirigue.

EXPERIMENTAL AND THZORETICAL STUDY OF TWC-
DIMENSIONAL, TURBULENT, INCOKPRESSIBLE
REATTACHMENT.

SUMMARY :

Turbulent reattaching flow downstreas of

a backvward facing step has been experimented
using a two-dimensional plane incompressible
configuration, with possibility to induce
favourable or adverse pressure gradients in
the potential flow near reattachrent.
Detailed pressure and velocity ceasurezants
in thic region makes it possible to suggest
general empirical rules whose efficiency
relies on a thin initial serarating
boundary layer.

A whole calculation has been performed by
obtainng 8 self-induced interaction in
matching a wall dissipative layer with an
inviscid and irrotational external {low.
Except for weak viscous interaction regions,
an inverse calculation process i3 uoed o
avoid singularities following tne Flinerheor~s
method for transonic aserofrilr. uull rre sure
distribution then resulis cf ur irntepr-.
boundary layer celculation, whose {2ilure fcr
strongly separated regions is eusily owzrz-m»
by substitution of an ezzirizul preceurs 1w,

NCTATIONS.

« ¢ incidence du plancher de recollement par
rapport & la paroi en amont du
décollement.
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y : ordonnée normale A la paroi de

recollement.
INDICES.

0 : condition & 1'¢y

1 ¢ au point de décollement.

e : extérieur & 1a couche visqueuse
(eny=8).

i : début de la recompression.

) : sur la ligne de jet.

R : au point de recollement.

i - INTRODUCTION.

Cette étude a eu pour obje: 1'analyse de
configurations d'écoulement décollé présentant
un point de séparation fixé par un décrochement
de paroi. De cette manidre 1l'effort a pu 8tre
conceniré sur les phénoménes 1iés au recollement
turbulent, restreints dans une premiére étape
au casd'un écoulement incompressible bidimen-
sionnel plan.

L'essentiel des recherches consacrées a ce
sujet [3-0-11-12] se rapporte a des configu-
rations pour lesquelles le recollement se
produit sur une paroi paralléle 2 la direction
de la vitesse amont. Il a paru nécessaire de
généraliser ces travaux et de les étendre & des
cas o une modification du champ potentiel se
produit au voisinage et en aval du recollexent,
induisant des gradients de pression positifs
ou négatifs dont les effets peuvent se
superposer & ceux qui sont spécifiques du
phénoméne de reccllement.

Les principasux é1léments acquis ont été résurds
en deux narties :

La premi2re expose 1'essentiel des résultats

expérimentaux obtenus par 1'analyse détaillée
du chzmp de pression et de vitesse an sein du
domaine décollé et de son voisinage. Des

lois empiriques de portée assez générale ont

pu 8ire dégagées.

A partir de ces résultats, une méthode pratique
de calcul d'écoulements présentant des zones
décollées étendues a été établie. Elle est
examinée dans la seconde partie. Le calcul

prend en compte les effets de couplage entre
couches dissipatives et écoulement extérieur,
et met en oeuvre une technique proche de celle
développée par Klineberg et Steger pour les
écoulements transsoniques.

2 - ETUDE EXPERIMENTALE.

2.1 - Conditions d'essai : Le montage
bidimensionnel plan utilisé a été aménagé

dans une petite soufflerie subsonique de

type Eiffel (fig. 1a). I1 est constitué d'amont
en aval (fig. 1b) par un canal de section
constante débouchant en D sur un décrochement de
paroi de hauteur h variable suivi d'un plancher
de recollement R d'inclinaison @ réglable.

En cours d'essai, la vitesse Vo de référence
mesurée en amont de D (fig. 1b) a été maintenue
4 une valeur sensiblement constante (5 a).

le niveau général de la turbulence de
1'écoulement hors couche limite étant
caractérisé dans ce domaine par un taux

réduit VZ/V, de 1'ordre de 0,45,

En 1'absence de décollement (h = 0,@ = 0)
la couche limite est turbulente en D et
posséde les caractéristiques suivantes :
an
§Gut4mm 8 =1,4m Hox 1,34
ces grandeurs ne subissant que de trés faibles
variations sous 1l'effet du gradient de pression
%nduit)par le décollement lorsqu'il se produit
h % 0).

Zn agissant sur les paramétres géométriques
Qeth (-7g@ g 10;8 € h € 31,5)
il a donc été possible d'étudier de fagon
systématique les circonstances du recollement
en mrésence d'un écoulement général accéléré
(a>®oumhm1(a<0$ﬂqucwme
limite initiale d'épaisseur reltive S47h
variable.

Les mesures ont porté en nremier lieu sur la
détermination des pressions pariétales au moyen
de prises disvosées sur la paroi inférieure
(fig. 1) suivant 1'axe du montage, 4 rangées

transversales placées en aval de D permettant
un contr8le de la
1'écoulement.

bidimensionnalité de

Section 1SS x 325

- neo - -
: . NS a)
; < Filtre nyfon po3:1,2 B:Qémm i
\
N Urra Hitre l l
v v w v v v v v - . v

25 _ . _Rugoeité fixant o ‘ransinen
A (epsseur: 1mm )

,__m, cher_de_recollement

-« Vo= SOm /o ='

e
s D

1 8 <h<31s -
,Lf ¥, f;;d’

S TGRSR ey

ZPrise de rétérence s

Fig. 1- Montage expérimental.
a) Vue d'ensemble de I'installation
b) Schéma du dispositif d'étude.
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Les profils de vitesse soyenne dans les
couches dissipatives ont été obtenus A partir
d'explorations de pression statique et d'arrit
au moyen de sondes adaptées b 1'étude d'un
écoulemant cosportart un courant de retour [1].
Ces sesures ont été complétées par une analyse
au fil chaud des fluctuations de vitesse et
par la localisatiorn des lignes de recollement,
la visualisation pariétale mettant en jeu une
technique exposée également en {1].

Pour toutes les configurations expérimentées
le caractdre bidimensionnel de 1'écoul ment
a été contr8lé i 1'aide des distributions
transversales de nression mais surtout par
1'observation de la ligne de recollement.

Comme le montre la fig. 2, une variation
sensible en envergure de 1'étendue longitudi-
nale Xg du bulbe de décollement apparalt,
spécialement pour les valeurs négatives de &
(écoulement général ralenti), lorsque
l'ullongountlll de ce bulbe diminue.
L'écart mpaximum onr'oghtré %ﬂ peut

R
atteindre 307% pour une valeur voisine de 3.

Fig. 2- Influence de |'ollongement sur I'uniformité du ) ecollement
en envergure.

On observe également, ce qui peut sembler
paradoxal, que pour des allongements plus
faibles { A<3) la tendance s'inverse, les
écarts A XR s'attenuint, bien que 1'importance
relative des couches limites latérales augmente.

Paute de pouvoir assurer en toute circonstance
des conditions d'essais absolument pures, il a
été convenu & la suite d'une étude critique de
la cohérence des résultats de n'utiliser que
les mesures effectudes dans le plan de syndtrie
du montage et de ne retenir que des configura-
tions pour lesquelles AXR  était inférimr

2.2 - Analyse des preasions pariétales.

Les fig. 3 fournissent quelques exemples de
vépartitions de pression obtenues pour des
conditions de recollement variées correspondant
A un écoulement accéléré (fig. 3a), uniforme
(fig. 3b) ou ralenti (fig. 3c).

La position Xpg du point de recollement est
égalepent portée sur ces diagrammes. On observe

que 1l'étendue -xl de la zone décollée augmente

sensiblement lorsque la paroi de recollement
devient divergente (tig. 3¢c), cette §tendue étant
pratiquement indépendante de 1'épaisseur
relative de la couche limite initiale

pour des parois convergentes ou trés faiblement
divergentes (fig. 3a et 3b).

L'ensemble de ces répartitions présente entre
les points de décollement et de recollement une
similitude d'évolution caractérisée par une
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région initiale quasi isobare suivie d'une
recompression rapide jusqu'au point de recolle-
ment R ., Par contre en aval de R . la forme
des distributions dépend de 1'inclinaison @

du plancher.

8)
L
e I
X
[
Ko e X
<
20 L] 40
» pord de regclered
Q0% I{—. z &1}

,201 10 20 30 40

e pocnt de recollement

0,051

Fig. 3. Evolution des pressions pariétoles en aval du décollement
(influence de 1o hauteur de marche).

o) a= 7,% b)o= ~0,6° ¢)a= -3,7¢

Roshko, le premier [3], tirant parti de cette
propriété, a proposé une normalisation de
1'évolution des pressions dans le décollement
sous forme d'une loi empirique
PP (X
M) Xp
P, étant 1a pression de culot ot Q 1la
pression dynamique correspondante
(q,m py -P)
Dans cette représentation, il subsiste une
dispersion assesz importante notamment au
voisinage du point de recollement, comduisant
A des écarts maximaux sur 1'engemble de nos
essais pouvant lttolndrt'A(gg.‘i)l = 0,15

Ces écarts peuvent 8tre interprétés de la mime
manidre qu'en écoulemsnt supersoniqus [2] (4]
en tenant compte des effets de la couche
limite initiale & 1l'origine du décollement
sur le développement de la couche de wélange
établie 3 la frontidre extérieure du bulbe

de décollement.

L'étude théorique simplifiée de ce phénomdne
[4-5-6] montre en effet que la ligne de
courant iimite (1) aboutissant au point de
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recollement et fixant le niveau de pression
par une condition d'arr8t est définie par le
paramétre Cq:= ‘_‘

Xp*X,

ou Xp représente une origine fictive du
mélange [5-6] donnée par une relation de la
forme Xo=K 87’ , K étant égal a & pour un
écoulement incompressible (s].

Portant en fonction de Cq l'glolution du
ER-Py

saut de pression au recollement A

on obtient alors une relation "unive:;ene"
propre & 1'effet de couche limite initiale et
indépendante de la configuration étudiée, comme
le montre la fig. 4.

Pa-R &
04 9 'D
L 1« e
3 (X,=8187")
Q o g . 1\ o
U . Pression d'arrét sur la ligne de jet
%, [ ( melange isobare )
02 b é’ 8 o0
°%o0 ¢ %o
<
o1 b
¢ XR*X,
0 510 ¥ 10 10°*

CL minces — CL eépaisses

Fig. 4 - Saut de pression au recollement (influence de lo couche
limite initiale).

Ce résultat appelle 2 remarques ;

Tout d'abord cette évolution est différente de
celle a laguelle corduirait 1'hypothése d'une
recompression isentropique de l'écoulerment sur
1), appliquée & un profil de mélange pleinement
établi.

Ensuite le concept d'origine fictive n'est
parfaitement justifié que lorsque 1'étendue
étant suffisante, le profil des vitesses dans
la couche de mélange est proche de 1'état
asymptotique, cette situation étant ré=lisde
pour des valeurs de Cq infirieur a C,7.10-2
qui correspondent & X < 6

R

Disnosant d'une relation permettant de calculer
le saut de pression au recollement nous avons
€té tout naturellement conduits & rechercher
une normalisation des répartitions de pression
dans la zone décollée plus raffinde que celle
proposée par Roshko.

=B irx,
pernet d'éliminer les effets de colche limi teR
initiale comme le montre 1'exemple présenté
fig. 5a dans le cas Q =0,6.

Une loi d'évolution de 1a forme

Par contre, la longueur relative _xt de la

partie isobare du décollement évolue de fagon
sensible avec @ coune le montre 1z fig. Sb.

Une représentation commode de cette évolution
Sous une forme plus générale a §té recherchée.
Zlle est obtenue, en portant _xl. en

X|
fonction de 1'angle local (-] .de la frontiére
de déplacement au niveau du point de recollement
fig. Sc.

Ce choix qui assure un bon recoupement de
1'ensemble de nos expériences permet de
rattacher la loi @ (.X_)a une propriété locale

de 1'écoulement- au poixrﬂ de recollement. On

définit ainsi une rdgle d'interpolation des
résultats de la fig. 5b, éliminant le paramétre
géométrique @ au bénéfice d'un paramétre
mieux adapté au traitement de configurations de
recollement variées.

cae @ L4,
Pt e o, oo Y0,

PR
L . .
11T P-R 7
[ .
‘. h
: 115 e
. T =06 085 a
- 070 «
cs| a) = (X)= 056 060 | =
.. Xm 045 ) o
T C Lintiole Ho=13 ;8= 14 mm
.
(. X
0 2 Xr

Ty )
0 N oy

15 2

(T): P- Py
Pa-Ps
b)
c)
\‘\\O
‘\’\0‘
*\0 "o A
®
\G? - 05
e i \\
\ L s
—!\“\*N”{' X - TPérmenial 4
« uJ
R
-10 -8 -6 i3 -2 0
Fig. 5 - Normalisation des pressions pariétales.
o) x- -0,6°
b) Influence de I'angle
<) Loi d'évolution de I'étendue du domai isob

2.3 = Analyse des couches dissipatives.

L'analyse détaillée de ces couches a été
effectuée sur 4 configurations géométriques
(@ =34,3 ¢ 6, -3,7, -6,7°) ot pour

2 valeurs de &_ (0,9 et 0,6). Dans tous les

cas considéréshln longueur XR du décollement
est suffisante pour que le concept d'origine
fictive soit applicable (couches limites
initiales minces .31_ €16) .

R

L'observation des profils de vitesse moyenne
pour 3 configurations typiques (t‘ig. 63 net
en évidence une analogie d'évolution que nous
analyserons en séparant les domaines situés en
amont et en aval du point de recollement.

|
|
|
i
{
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Fig. 6 - Evolution des profils de vitesse en aval du décollement.
a)a 4,3 b) 1- 206 ¢) 2= <67

2.3.1 = Profils ces vitesses :

Comme .e suggdre l'analyse des répartitions
pariét:les de pression nous distinguerons
2 régiony d--s la zone décollée.

a) la région initiale iscvare (0 € X& X{ )
caractérisée essentiecllement par le développe-
ment d'un processus de mélange le long de la
frontidre du bulbe de recirculation.

b) 1a recompression proprement dite ( X; < X & Xp)

Dans 1a jremidre région la déformation dee
profils de vitesse mesurés A différentes
abscisses (fig. 7) illustre la propagation
transversale du mélangs qui absorbe

y
T .
Couche ke irvhale H‘=1,3‘ 8y z14mm
as 0<X<X,
08 L.z2C
0 ™ _‘;t‘-"'
W e=slel?
P W B
1] Bl ¢ o y 3 -
”’ /”v e e MirL
’4’ IL.__‘ ]
-
Ls
¥
K

Fig. 7 - Profils de vitesse dons la z0ne isobare.
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progressivement la couche limite initiale et
atteint 1'écoulement estérieur non dissipatif

lorsque _x.' 20,

la vitesse maximerl: du courant de retour

(fig. 6), située au voisinage de la paroi,

croit avec X pour atteindre en fin de zone

isobare une valeur significati-e "l‘_-v._. 0,23
[T

D'une fagon plus générale les profils de
vitesse dans cette région sont marqués par une
double influence, celle de la couche limite
initiale, et celle du courant de retour. De ce
fait leur structure complexe ne permet pas
d'envisager une représentation simple de leurs
propriétés m8mes globales (paramdtres de forme,
épajsseurs caractéristiques etc...).

Dans la zone de recompression, les profils de
vitesse sont fortement influencés par 1'approche
du recollement, le courant de retour diminuant
en intensité et étendue transversale lorsque X
tend vers Xg . L'évolution de la vitesse
saximale de retour est soumise i des effets
visqueux importants. C'est ainsi qu'une détente
isentropique de 1'écoulement de recirculation
depuis le pnint de recollement conduirait a une
vitesse environ 2 fois supérieure A celle qui
est mesurde (fig. B).

@ | h
s(.37.20
i K € X Xy .08 %
- .06 24
o8 o 43 08
1)
0z
; . ur "]
L ]
[} i .
0 02 0,4 06 ‘/5-5 = Y2 isenirepque
Qe Ue

Fig. 8 - Evolution de lo vitesse maximale de retour dons
la zone de recirculation.

Comme le montre la fig.9 une normalisation des
profils de vitesse entre X; et Xm peut 8tre
réalisée sous la forme d'une loi déficitaire :

(1) 9= L L)
X y
& a B
| -te )
.| 06
. 87 ! .?|
[
ur 0 U U 4{1
a“';sé
X, <X< X, '_L‘“
05| .
P |
\\3’-'
34<He
" ']
u
=
0 .
0 0,5 1

Fig. 9 - Normalisation des profils de vitesse dons lo z0ne
de re;ompression.
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Bien que le recoupement auquel cette représenta- Un exemple d'évolution avec 1'abacisse des
tion conduit soit imparfait, i1 est toutefois différentes épaisseurs caractéristiques §, 8,
1'indice quo dans ce 4.uuine les profils de Y8y, dans 1a zone décollée et en uvnl

| vitesse peuvent 8tre représentés par une famille .,5"_ donnée fig. 11 pour les 3 configuraticns
& V paramdtre P  dont une représentation typiquus précédemmont examinées ( & = -6,7,
déduite de (1) est de la forme -0,6, 4,3).

OIS 1- Y )
Ve pO( P)'(r

On notera l'épaississement important que
subit la couche dissipative dans le cas ou

Cette propriété rappelons le n'est valable que
{ bl Sl g 1'écoulement extérieur est ralenti (@=-6,79).

dans le cadre de 1'hypoithdse de couches limites
initiales minces.
L'exiatence d'une famille de profils de vitesse
' En aval du point de recollement { X >xn)domuine dans le domaine prgche du recollement er amont
que nous appellerons zone de retructuration, on et en avallde celux’-ci. indépendante de la
observe une croissance des vitesses longitudina- configuration §é°m“"iq“° étudide qui avait ét4
les au voisinage de la paroi (fig. 6), plus suggérée par 1'unalyse locale (fig. 9 et 10)Ie§t
oins rupide selon oue le champ extérieur est ici confirmée au niveau des grandeurs caractéris-
o :M é : lenti (@>0, @< O tiques globales. Une relation fonctionnelle
nee re ou ralen > unique entre les divers parandtres de formes

3 définis par le rapport de deux épaisseurs
, } caractéristiques quelconques en est notamment
T X > X S la preuve. Une telle relation est parfaitement
f vérifide en ce qui concerne l'évolution H H( )
@] , par exemple (fig. 12); elle cesse dés que l'on
2 =5 2 pénétre dans le domaine ischare du décollement
o pour les raisons indiquées en 2,3.1.
'.p"' o . | ]
. | H- —— CL desiobiisee |ref7
~ v
1 ’r o . l» a
o} ] + + ¢
I3 LI b
s [
“! Recoliement | 0o 4
> o .67 ’ A .t
A i P A R I
, ‘(J desiabiiisee l L bl
0 ad y 2 o ¥ *
0 53 0 %6 ) D . C e = PR D
: \\‘-pu‘h' >’
Fig. 10 - Exemple de profils de vitesse dans la zone de restructuration. 4 ! 5
' . 0 o e e I ' [ H:-Sn
. X L i . i
. Toutefois, cc?mme le montre la fig. 10, les 1 2 a S 0 20 50
profils de vitesse obtenus pour une mbme Fésiructarot .
! valeur (H = 2,2) du paramdtre de forme H uctaration - recompression . Mmalonge

posstdent quel que soit @ une structure

trés voisine mnalogue & celle d'une couche Fig. 12 - Corrélotion o-oo’vimnmleﬁ(H).
limite destabilisée proche du décollement.

Un regroupement moins satisfaisant est obtenu

2.3.2 - Epaisseurs caractiristiques et fig. 13 dans la représentation H (H), 1a
parametres de forme. dispersion des résultats et les écarts par
rapport asux mesures de Head en particulier
q h=mm @=_0.7 pouvant 8tre en grande partie imputés A
M,y 1'imprécision intervenant nécessairement dans
h _,_,_.r--'"""f |l 1a définition de 1'épaisseur § .
« |4
_._-—--"""‘"_'*J o |8 R, o8-8
_ o | ¥ =TI |
e e ——— s |w
.-‘-.-"\-..“‘ g = 20 [ ] t
- s —— Y
= »

g a’ hmm
o a4 1 15
i A / . v43 IS °
! : 06 2 °

GREEN [ref9) -37 20

h=24mm Q:_06 67 16
2 -06
. - " = » .—-l-—'_'_--. .
"1F-=“-——‘:'.__:r--.___"__‘ . . H=_§“
ey :m 2 HEAD Couche hmite destabiisee [rel 8]
L : o 1 20 S 0 20 50
. ] b ek 3 resmuxturation . recompression mélonge
Fig. 13 . Corrélati o i | ﬁ (H)
'_"::T.._.-._ tg. 13- Correlation experimentale .
) .Ef‘;:l:-__"‘l"-ﬂ ! 2.3.3 - Fonctions caractéristiouss de 1'écoule-
f oy ment dissjpatif.

Paralléioment & 1'examen détaillé des relations
Fig. 11 - Evolution des epoisseurs corocteristiques en aval du existan' entre les divers paramétres de forme,
décollement. une étude expérimentale des fonctions caracté-
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ristiques intervenant dans le calcul des couches
dissipatives par des méthodes intégrales a été
effectude.

L'évolution avec H de la fonction d'entratnement
(8 - 10) définie par la relation :

'=+|. 1"_ [u.(G..G')]

ot déduite de nos mesures est donnée fig. 14.

Cevw] a*
v| $ |43
F L] . -06
[] .37
L] o]63 106
ol

/{ﬁ L lﬂ*ﬂ}_:lﬂi Hl‘ I] H

1 2 $ g 3
restructurchon + recompression

Fig. 14 - Fonction d'entrainement,

Ces résultats mettent en évidence 1'impossibi-
11té de retenir 1'hypothdse d'une relation
universelle raliant F et il dans les domaines
de recompression et de restructuration; des
effets marqués 1iés A 1'importance de la couche
liuite initiale (paramdtre Cq ) et & 1la
configuration géométriqus ( @ ) entratnant une
dispersion importante dans le plan F, N.

En ce qui cogacemo la fonction de dissipation

‘“, % , calculée par la
rcl (.fc )°§ 3.2, une telle hypothdse

] .. (H })) semble mieux assise, bien
qu'imparfaitement vérifiée, les écerts par
rapport & une courbe moyenne demeurant
modérés (fig. 15).

et a°
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R 3
) .
- recompression

Fig. 15 - Fonction de dissipation.

2.3.4 - Remzrques diverses,

a) Evolution de la turbulence :

Dans le cadre de l'analyse détaillée des couches
dissipatives, le taur de fluctuation de la
vitesse longitudinale JG’l/u, aUd/u,1 été mesurt

pour la configuration Q% -0,6 et deux valeurs

de l'épaisseur relative 6./"1 de la couche limite
initiale (84/h= C,6 et 1,7) une exploration sssee
compldte n'ayant été effectuée que pour§/h=1,7.

L'évolution tranaversale deuef/Up présente un
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mazisum au sein de la couche diseipative
étroitement 146 b celui qui apparait pour le
profil de cisaillement turbulent [12].

v
La fig. 16 montre l'évolution de | uf l....'"

fonction de 1'abscisse réduite X/ § obtenue

au cours de ces expériences, évolutisn qui a été
comparé® & celle obtenue par Tani dans le cas

de valeurs 8 /h pius faibles.

Dans tous ces exeaples on constate que 2'_’_ .
présente une évolution croissante Julqhu point
de recollement et décroit ensuite progressive-
ment dans la sone de restructuration, 1l'extremm
ainsi obtenu dépendant fortement de §, /h .

La partie croissante de la courbe est quasi
universelle pour une couche limite initiale
donnée et représente la transition entre l'état
de turbulence propre kA cette couche limite et
celui qui correspond A un processus de mélange
asymptotique, celui-ci est obtenu lorsque
1'épaisseur de la couche limite initiale est
faible devant 1'étendue de la sone décollde

(Tant, %t.o.zv).

(78]
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Fig. 16 - Evolution de la fluctuation maximole de vitesse en

aval du décollement.

Ces expériences confirment qu'un état d'dqui-
libre est atteint pour les profils de vitesse
dans une couche de mélange bien avant que cet
équilibre ne soit établi pour la turbulence
interne.

b) Effet d'une couche limite épaisse (Cq»0,7.10-2);

Tant qua la couche limite initiale est mince,

1la couche dissipative abordant la zone de
vecollement possdde un profil de vitesse
sensidlement figé dans sa forme, ~8me s8i la
structure de la turbulence ne présen‘e pas la
mlme situation. Dans ces conditions on a pu
mettre en évidence des propriités assez génémles
concernant 1'évolution des vitesses moyennes

et la recompreasion jusqu'au point de
recollement.

Par contre lorsque 61 devient significatif
devant 1'étendue d» la zone décollée, ces
propriétés ne sont plus conservées, le fluide
conservant au-dela de X{ 1la mémoire du
profil de vitesse A l'origine du décollement.

Cela se traduit comme le montrent les fig. 17
par une différence importante sur la forme des
profils de vitesses, en particulier au point de
recollement (fig. 17a et 17b), qui entraine la
modificetion de la relation fonctionnelle
 (H) (fig. 17c).

Par contre 1'évolution du saut des pression au
recollement reste monotone (fig. 4) et la loi

d'évolution des pressions est peu inf.uencée du
moins tant que Cq n'exchde pas 10-2,

1
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Fig. 17 - Influence de la couche limite initiale.
a) Profil de vitesse ou recollement
b) Paramatre de forme M au recollement
¢} Corrélo. "on H(H).

Signalons enfin que dans le cas d'une cou-re
limite in.tiale destabilisée (H > l,4§ 1ea
propriétéa relativea aux co'iches limites mir-~e3
établies pour H « 1,4 sont conservées.

¢) Influence des gradients de pression normaux :
Un examen de ces effets est présenté en annexe.
5 - CALCUL DX L'ECOJLEMENT.

3.1 = La connaissance de la sclution de fluide
parfait glissant sur la paroi suffit générale-
ment pour estimer en premidre approximation
1'épaisseur de déplacement de la couchre
limite & l'aide des wquations de Prandtl. Un
second calcul de fluide parfait sur cette
frontiére de déplacement détermine alors la
pression, toute adjonction d'itératinns sur §
n'apvortant en principe que des retouches
régligeables, Cette procédure qui est relative

b une couche limite asymptotiquc régulidre [14)
se révéle inadéquate dds qu'apparaft une forte
interaction entre couche dissipative et

écoulement extérieur, comme on le constate
dans des régions de décollement, de recollement,
cu de couches limites rapidement déstabilisées.

Hien souvent néanmoina, 1'observation des
phénomdnes i1ndique que les 