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PREFACE 

This report describes work performed during the period 1 March 1975 to 

31 October 1975 in the Communications Research Laboratory of RCA Laboratories 

under Contract No. N00014-75-C-0590. Dr. K. Powers is the Laboratory Director 

and B. F. Williams is the Group Head. The Project Scientist is W. J. Burke. 

P. Sheng and H. A. Weakliem participated in the research. 

The Government Project Monitor is Cmdr. D. Hanson. 
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I. INTRODUCTION 

The information storage capacity of volume holography is extremely large. 

Van Heerden [1] has shown that the capacity of volume holograms is ^(xyz)/A3 

where x,y,z are the dimensions of the holograms. Accessing of this information 

is made possible by the Bragg condition on constructive interference of light 

scattered from different portions of the holographic grating. This condition 

permits constructive interference of the light scattered from a particular 

hologram to occur only for a limited range of wavelengths or angles of in¬ 

cidence of the readout beam". These considerations lead to theoretical storage 

densities of x 1012 elements/cm3. In practice, this theoretical limit can¬ 

not be attained because of the physical limitations of the recording and read¬ 

out systems, sample geometry, and signal-to-noise considerations. This approach 

is, however, still an extremely attractive one because of the large storage 

capacity coupled with ease of readout (simply changing the angle of incidence 

of the readout bf.F.m on the storage medium). 

The applicability of this technique has been limited, until recently, by 

the lack of a storage medium in which large numbers of high efficiency thick- 

phase holograms could be recorded and fixed with reasonable efficiency. Re¬ 

search at RCA Laboratories, with Navy support, has led to the development or 

iron-doped LiNb03 as a thick phase storage material for application to a moving 

map display [2,3,4]. This material has excellent optical quality, high sensi¬ 

tivity for recording holograms, and the capability of fixing these holograms. 

The mechanism by which holograms are recorded and fixed in iron-doped 

LiNb03 is the following. Iron ions, present in the 2+ and 3+ valence states, 

photosensitize LiNbCy Absorption of light by Fe2+ ions generates free elec¬ 

trons which can be trapped at Fe3+ sites. Phase holograms are recorded by 

photo-excitation of electrons trapped at Fe3+ sites with subsequent drift or 

1. P. J. Van Heerden, Appl. Optics 393 (1963). 

2. D. L. Staebler, W. Phillips, and B. W. Faughnan, Materials for Phase 

Holographto Storage (U), Final Report, Contract N00019-72-C-0147 
March 1973. ’ 

3’ L* Mt7ebler-’ .W* PhilllPs. w- Burke and B. W. Faughnan, Materials for 
Pnase Holograpt to Storaget Final Report, Contract No. N00019-73-C-0273 
February 1974. ' 

4* J' íU7ke* W;.PhilllP8. D* L. Staebler, and B. F. Williams, Materials for 
Pnase Holographto Storaget Final Report, Contract No. N00019-74-C-0312, 
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diffusion of the electrons from regions of high light intensity in the inter¬ 

ference pattern of the light beams inte regions of lower light intensity and 

retrapping at le ions. Through this process, a trapped electronic space 

charge pattern is formet which mirrors the original light intensity pattern. 

This space charge pattet/i modulates the index of refraction through the electro¬ 

optic effect producing the phase grating [5,6,7,8]. 

Heating the crystal in which the hologram is stored, to between 100° and 

200°C, produces a transport of an ionic species which neutralizes the electronic 

space charge pattern [9,10]. Upon cooling to room temperature and redis¬ 

tributing the electronic space charge pattern with incoherent light, a hologram 

due to the ionic space charge pattern, remains. We have found also that the 

two processes of recording and fixing the holograms can be carried out simul¬ 

taneously by recording the holograms with the crystal held at 160°C (write- 

while-hot technique). 

The exact nature of this ionic species is, at present, unknown. Silicon 

has, however, been recently identified as a mobile ion in LiNbO^ [4,11], If 

silicon is, in fact, the mobile fixing ion, then an increase in the silicon 

concentration could lead to lower fixing temperatures, thus reducing the 

thermal erasure during recording. 

We have recorded and fixed over 500 holograms in iron-doped LiNb03, using 

the technique described above, each hologram having a diffraction efficiency 

greater than 2.5/£ [4,12], From these results, as well as investigations of 

5. J. J. Amodei, W. Phillips, and D. Staebler, IEEE J. Quantum Electron. 
QE-7, 63 (1971). 

6. G. E. Petersoo, A. M. Glass, and T. J. Negran, Appl. Phys Lett. 19. 
130 (1971). — 

7. F. S. Chen, J. T. LaMacchia, and D. B. Frazer, Appl. Phys. Lett. 13, 
233 (1968). — 

8. D. L. Staebler and J. J. Amodei, J. Appl. Phys. 43, 1042 (1972). 

9. J. J. Amodei and D. L. Staebler, Appl. Phys. Lett. 18, 540 (1971). 

10. I). L. Staebler and J. J. Amodei, Ferroelectrics 3, 107 (1972). 
11. B. F. Williams, W. J. Burke and D. L. Staebler, Appl. Phys Lett., to 

be published. 

12. D. L. Staebler, W. J. Burke, W. Phillips, and J. J. Amodei, Appl. Phys. 
Lett. 4, 182 (1975). 
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other dopants in LiNbO^ and a comparison with other recording materials, we 

have concluded that iron-doped LiNbO^ ia the best volume holographic storage 

medium available at the present time [4]. 

The ultimate storage capacity of iron-doped LiNb03 will be limited by the 

required S/N ratio in the readout image. Holographic noise sources have been 

extensively studied for the case of thin phase and absorption 

holograms [13,14,15,16], The noise sources present in thin-phase holograms 

are scattering from defects in recording material and intermodulation distor¬ 

tion. Intermodulation distortion arises from nonlinearities in the recording 

sensitivity and in the recording process itself. Either or both of these 

processes can produce an interference pattern of the object beam with itself. 

This interference gives rise to a low-frequency grating from which the recon¬ 

structed object beam is diffracted, giving rise to multiple ghost images of 

the object [16]. 

These noise sources are intrinsic to the recording material and/or the 

recording process. Because coherent light is used in the recording process 

the readout image is also extremely susceptible to degration due to light 

scattering from defects such as dust and scratches in the optical system, and 

from multiple reflections. Gerritsen et al. [14] have shown that the use of 

multiple object beam illumination can significantly reduce the magnitude of 

this effect. The extent of the improvement is limited, however, since in the 

limit of diffuse illumination the image is dominated by speckle noise. The 

use of multiple object beam illumination to reduce cosmetic noise in volume 

phase holograms in iron-doped LiNb03 has been studied. The results show that 

the S/N ratio improvements noted for thin—phase holograms also occur for 

volume holograms. 

The sources of Intrinsic noise in volume holography have been investigated 

by several workers. Baugh [17] has investigated the properties of volume holo¬ 

grams of complex objects, including signal distortion and nonlinearities. 

13. D. H. R. Vilkomerson, "A Holographic Communication Theory," Ph.D. Thesis, 

Columbia University (1969). 

14. H. J. Gerritsen, W. J. Hannan, and E. G. Ramberg, Appl. Opt. 1_% 2301 fl968). 

15. E. G. Ramberg, RCA Review 33, 5 (1972). 

16. R. A. Bartolini, Applied Optics 13, 129 (1974). 

17. R. Baugh, "High Efficiency Volume Holography," Ph.D. Thesis, Stanford 
University (1969). 
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Zech [18] has studied various aspects of digital data storage in organic media 

using volume holography. His work included studies of material nonlinearities, 

nonlinear noise sources, and crosstalk. These studies were carried out on 

samples less than 0.1 cm thick. The results of this work will be compared with 

our work. 

Ramherg [15] has considered the noise sources present in volume holo¬ 

graphic storage. Assuming single scattering of the reconstruction beam he has 

calculated the S/N ratio expected for crosstalk between holograms stored at 

different angles of incidence of the reference beam. The noise contribution 

arising from statistical fluctuations in the location of trapped electrons 

forming the grating was also calculated. Ramberg's calculations predict a 

serious limitation on the number of holograms which can be stored in iron- 

doped LiNbO^ at a reasonable S/N ratio. 

In this report we shall present the results of a study of three Intrinsic 

sources of noise in a volume hologram. These are the crosstalk between holo¬ 

grams, intermodulation distortion arising from material and recording non- 

linearities, and statistical noise. We do not include in this work noise 

arising from spurious light-induced scattering during hologram reconstruction 

since this has been covered in earlier work [20]. We have also not included 

in this study any work on cosmetic noise arising from defects or reflections 

in the optical system, since these effects are dealt with in a recent report, 

and the method of treating them is identical to that for thin holograms [19]. 

The remainder of this report is organized into five sections. Section II 

covers sample preparation, the measurement apparatus, and the definition of 

noise used here. Sections III, IV, and V cover our studies on crosstalk, inter¬ 

modulation distortion, and statistical noise, respectively. Section VI con¬ 

tains the summary and conclusions of these studies. 

18. R. G. Zech, "Data Storage in Volume Holograms," Ph.D. Thesis, University 

of Michigan (1974). 

19. G. A. Alphonse and W. Phillips, Final Report, Contract No. NAS8-26808, 

National Aeronautics and Space Administration, May 1975. 

20. W. J. Burke, 6’//V Ratio of Holographic Images, Final Report, Contract No. 

N00019-75-C-0494, November 1975. 
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II. EXPERIMENTAL METHODS 

A. CRYSTALS 

Poled single crystals of LiNb03 containing 0.01 to 0.05 mole 1 Va, grown 

by the Crystal Technology Corp., were used in these studies. The crystals 

were oxidized by W. Phillips of RCA Laboratories in an Ar + atmosphere at 

950 C for 24 hours co obtain the desired optical density (0.2 to 0.3 at 

488.0 nm) [4,21]. The oxygen content of the atmosphere is varied, depending 

upon the iron-dopant concentration and the crystal thickness, to obtain the 

desired optical density. Figures 1 and 2 show the optical density and the 

calculated absorption constant as a function of wavelength for light polarized 

parallel to the c-axis of the crystal as measured on a Cary 14 spectrophoto¬ 

meter. The broad absorption for wavelengths greater than 400 nm is due to the 

fraction of the iron dopant in the 2+ valence state. 

Figure 1. Optical absorption spectrum of a 0.826-cm-thick crystal 

of 0.02 mole % Fe-doped LiNb03. 

21. W. Phillips and D. L. Staebler, J. Elect. Materials 2, 601 (1974). 
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Figure 2. Optical absorption spectrum of a 0.51-cm-thick crystal 

of 0.02 mole % Fe-doped LiNbO^. 

After the oxidation treatments and rough surface polishing, the crystals 

were repolished using a SYTON chemical polish to reduce surface scattering. 

Light scattered from these crystals at an angle of 30° (which is the angular 

separation of the object and reference beams) was measured to be typically on 

the order of 'v-lOO dB (see Part C. below) down from the Incident light beam in¬ 

tensity at 488 nm. The sources of this light scattering include surface 

scratches, pits, etc., left from the polishing procedure, dust on the surface, 

and bulk imperfections. The bulk imperfections include cracks, voids, in¬ 

dex of refraction variations due to local variations in the crystal composi¬ 

tion induced during growth, and small volumes of reversed domains reported 

earlier [4]. 

The crystals were then carefully cleaned and the large faces coated with 

a single layer of evaporated Si02 ^825 X thick by D. Hoffman of RCA Laboratories. 

This thickness of SiC^ produced an antireflection coating on the crystal which 

reduced the surface reflections from ^207 to ^2% at each face. These coatings 

were found to be of good optical quality, and stable under repeated cycling 

6 



to ^250 C during the write-while-hot recording procedure and during subsequent 

heating to erase the fixed holograms. This decrease in reflection from the 

crystal surfaces had two important results: 

(1) Interference beats in the readout image resulting from multiple re¬ 

flections at the crystal surfaces were significantly reduced. 

(b) Light reflected from the crystal and scattered from the different 

optical components are collected by the imaging optics and counted as a noise 

source. This source of noise is significantly reduced by the decrease in the 

reflected light. 

In the work reported here, crystal thickness varied from 0.04 to 1 cm, 

B. RECORDiNG APPARATUS 

Holograms were recorded using an Ar ion laser operating in the TEM 

mode at 488.0 nm. Since several different experimental arrangements wer^used 

for the studies reported here, schematic diagrams of the recording apparatus 

aie shown in the different sections of this report. The features of the 

apparatus common to the different experiments were the laser, dielectric beam 

splitter, and beam expanders with spatial filters in both the object and ref¬ 

erence beams, to reduce or remove nonuniformities in the beams due to light 

scattering and multiple reflections in the preceding portions of the optical 

system. 

C. NOISE MEASUREMENTS AND DEFINITION 

Noise measurements were made using an RCA 931A photomultiplier in either 

a fixed position or as it scanned across the readout image. The particular 

arrangement depended upon the type of measurement being made. 

For the measurements reported here, the S/N ratio is defined as the ratio 

of the signal to the background noise level due to the effect under investiga¬ 

tion. For the photomultiplier tube, the output current is proportional to the 

incident light intensity. The S/N ratio (SNR) expressed in dB is: 

SNR - 20 log (-J—) ■ 20 log (-^-) (1) 
n n 

7 



where I is the signal light intensity, In is the noise light intensity, i is 

the signal output current from the photomultiplier tube, and in is the noise 

output current. The television engineer defines SNR in terms of the rms value 

of the noise fluctuations. Here we choose to use what is, in effect, a peak- 

to-peak value of the noise, since what is measured is not the fluctuation in 

intensity across the image, but light scattered into the image due to one or 

more of the noise mechanisms under study. This light does not appear as a 

fluctuation in intensity, but as an additional dc signal component. The defini¬ 

tion in terms of rms values add dB to the S/N ratio quoted here. 
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III. CROSSTALK 

Holograms are recorded in iron-doped LiNb03 at a modulation of the index 

of refraction. Reconstruction of the original object wavefront can occur at 

or near the Bragg condition for constructive interference of light scattered 

from different parts of the grating. The Bragg condition limits the range of 

angles of incidence or wavelengths of the readout light beam. This selectivity 

on readout angle or wavelength provides a method for multiple storage of holo¬ 

grams in the same volume. Angular selectivity is most commonly used for 

multiple storage since the variation in angle can be easily obtained by rota¬ 

tion of the storage medium or by deflection of the laser beam. Variation of 

wavelength is not a practical approach because of the broad range of wave¬ 

lengths of coherent light required for the storage of large numbers of holo¬ 

grams (^319 X/degree of angular spacing at 488 nm). This approach has been 

used, however, for the direct recording of color objects using the blue, green, 

and red output from a mixed Ar+/Kr+ ion laser [22,23]. Another method used 

has been to rotate the crystal about an axis perpendicular to the surface of 

the storage medium and lying in the recording plane, as opposed to rotation 

about an axis perpendicular to the recording plane. This approach, known as 

spatial frequency multiplexing [18], is not adaptable to electro-optic mate¬ 

rials such as LiNbO^, due to their anisotropy. 

A. THEORY 

The simplest approach, then, is angular multiplexing of the holograms 

with rotation of the storage medium about the axis perpendicular to the re¬ 

cording plane. Kogelnik [24] has calculated the angular and wavelength 

sensitivity, using coupled wave theory, and has obtained expressions for the 

diffraction efficiency as a function of angular and/or wavelength change. For 

22. J. J. Amodei, W. J. Burke, and D. L. Staebler, Volume Holographie 

Materials Characterization and Device Feasibility for Map Display 

Applications, Final Report, Contract No. N62269-71-C-0533, July 1972. 

23. W. Burke and D. L. Staebler, Volume Holographic Material Device Feasi¬ 

bility for Map Display Applications, Final Report, Contract No. 
N62269-72-C-0793, June 1973. 

24. H. Kogelnik, Bell Syst. Tech. J. 48, 2909 (1969). 
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a thick-phase grating in an absorptive medium, Kogelnik [24] calculated the 

diffraction efficiency n to be: 

n 
-D (1 + c) 

o 
e sin (v + C2)1/2/(l + Av2) (2) 

where 0 = ai/cos 0 
o R 

a = absorption constant 

¢. = crystal thickness 

Ör = the angle of incidence of the reference beam in the crystal 

C = cos d_/cos 0 
R o 

Öq = the angle of incidence of the object beam in the crystal 

V ir An t. / A /cos 0_ cos 0 
R o (3) 

An is the peak modulation of the index of refraction 

c2- 

2 2 
0 £ 

2 2 
Do (1 - c> 

4 cos 0 
(4) 

r,2 4TTnA0 ,, „ , . , 
0 = —-— cos (()) - 0R) sin (<)) - 0R) (5) 

n is the index of refraction 

A0 is the angular deviation from the Bragg condition in the crystal 

<p is the slant angle of the grating in the crystal. 

Figure 3 shows a plot of the diffraction efficiency n calculated from 

Eq. (2) vs the angular deviation measured in air of the readout beam from the 

Bragg condition. This curve was calculated for a 10% peak diffraction effi¬ 

ciency hologram in a 0.826-cm-thick crystal with an optical density of 0.25. 

Figure 4 shows the diffraction efficiency ratio plotted in dB [20 logn,„„/n(A0)]. 
MAX 

From these curves it is clear that the diffraction efficiency rolls off rapidly 

with angular deviation from the Bragg angle, and that a definite periodicity 

exists in the oscillation of the side lobes. This period is 15 milli-degrees 

10 
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Figure 3. Diffraction efficiency ratio vs the angular deviation 

of the readout beam from the Bragg condition as 

measured in air for a 0.826-cm-thick crystal of LiNbO 

Figure U. Same as Fig. 3 with the diffraction efficiency 

ratio plotted in dB. 
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in air for a 0.826-cm-thick crystal, and is related to the crystal thickness d 

by 

(6) 

The envelope of the rolloff in efficiency is of the form 

X , 2 2 2 
A0 > 0, V is a constant and Ç rapidly becomes much larger than v . 

For maximum packing of holograms, the angular spacing between holograms 

should be as small as possible. The limiting constraint on the packing density 

will be the acceptable S/N ratio in a readout image. The noise in this case 

is the crosstalk from all other holograms stored in the crystal. The problem 

is to measure the crosstalk noise as a function of the angular separation be¬ 

tween holograms and as a function of the number of holrgrams stored. 

B. MEASUREMENTS 

The experimental arrangement used to measure the crosstalk noise is shown 

in Fig. 5. The crystal was mounted in a vise on the stepping motor and the 

SHUTTER a TIMER 
" BEAM SPLITTER ,, CONTROL 

STEPPING MOTOR 
DRIVE 

DIELECTRIC 
MIRROR 

488 nm I 

V / - CHART 
RECORDER 

OBJECT 

\\ Ih.v. 

\ \ SUPPLY 

Figure 5. Experimental apparatus used to measure 

hologram crosstalk. 
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holograms sequentially recorded. The stepping motor automatically advanced a 

fixed amount after each hologram was recorded, and was measured to have a 

cumulative accuracy of ^0.1% over a large number of small (0.02°) steps. The 

accuracy of individual steps of this size was not measured. 

Holograms of the bar pattern shown in Fig. 6(a) were recorded with a 

diffraction efficiency ^10% at angular positions which were multiples of the 

fixed step. In the measurements to be presented here, 50 holograms were 

recorded with a fixed angular spacing ranging from 0.04 to 0.20° between them. 

To measure the crosstalk, 25 holograms were recorded, an angular position left 

blank, and 25 more holograms were recorded. The recorded holograms were then 

read out sequentially by rotating the crystal at a uniform rate. The readout 

image was detected with an RCA 911A photomultiplier tube and displayed on a 

chart recorder. The signal level was the average value of the intensity of 

the light diffracted on a small fraction of the center of the image. The 

noise level was the value of the light intensity at the position of the miss¬ 

ing hologram. 

The object transparency used for these measurements shown in Fig. 6(a) 

was a 10-mm-wide frame on 16-mm film. A similar transparency with the central 

bar missing, as shown in Fig. 6(b), was used to determine the background 

scattering in the object transparency, optics, and crystal. The ratio at the 

center of the middle bar of this pattern for the bar/no bar case was ^95 dB. 

Therefore, the background scattering is negligible. 

The 50 holograms recorded for each angular spacing were of approximately 

equal intensity. This was accomplished by compensating for the optical erasure 

of the first holograms recorded by using successively shorter exposures as the 

holograms are recorded. The exposure time t^ for the jth hologram in a 

sequence was calculated from the exposure time tQ for the first hologram in 

the sequence using the relation [2] 

'j ‘ co (e+j- i) O) 

where ß is the erase/ record asymmetry. For the crystals used in these experi¬ 

ments, ß ^ 50 was found to produce holograms of approximately equal efficiency. 

Two distinct types of fluctuations were observed in the peak diffraction effi¬ 

ciency. The first would produce a single hologram whose efficiency was ^50% 
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(a)

Figure 6.

bar missing.



of the average efficiency, due most likely, to vibrations in the recording 

apparatus. The second was an oscillatory variation in peak efficiency whose 

period was '-1/3 of the total number of holograms; due most likely to wandering 

of the recording beams arising from instabilities in the laser. The amplitude 

of this effect was ^1/3 of the peak efficiency. 

The results of measurements on 0.826- and 0.51-cm-thick samples are shown 

in Figs. 7 and 8, respectively. The spacing of the data points on these 

curves corresponds to the minimum increment in angular spacing possible with 

the stepping motor controller. The S/N ratio at large angular spacing (>0.1°) 

exhibits an oscillatory behavior with a period of M3.02° for the 0.826-cm- 

Hnrk sample, and ^0.03° for the 0.51-cn-thick sample. 

The solid lines on each of these plots indicate the S/N ratio calculated 

from Eq. (2), assuming that the light diffracted from each of the holographic 

gratings recorded in the crystal in the off-Bragg condition adds incoherently 

to form the crosstalk noise at the readout image. The curves presented have 

a broadening or averaging added to account for slight variations in angle. 

The averaging consists of using the mean noise calculated for the angle of 

interest and for the angular positions ±0.001° and ±0.002°. The effect of 

this averaging is to reduce the extremely sharp peaks (^0.002°) in the S/N 

ratio, but not affect the lower bound of the oscillation. 

The origin of the oscillatory behavior is evident from Fig. A. The 

period of the calculated S/N ratio oscillations shown in Fig. A corresponds 

exactly to the period of the oscillations in the side lobes of the angular 

dependence for the single hologram. 

The most interesting point of the comparison of the theory and experiment 

is, however, the fact that the period of the theoretical and experimental 

oscillations differs significantly. The measured period is ^30% larger for ■» 

the 0.826-cm-thick crystal, and ^20% larger for the 0.51-cm-thick crystal. 

The correlation between the period of the minima in the side lobes of a 

single hologram and the period of the maxima in the calculated S/N ratio indi¬ 

cates that the apparent crystal thickness is less than the actual thickness. 

A fit to the period of oscillation of the data was obtained, using a crystal 

thickness of 0.625 cm for the 0.826«cm crystal, and 0.A5 cm for the 0.51-cm 

crystal. The results of these calculations are plotted in Figs. 9 and 10. 

15 



Figure 7. Measu-ed S/N ratio as a function of angular spacing 

in air between holograms for a 0.826-cm-thick crystal. 

The solid curve is calculated from Eq. (1) for a 

grating thickness of 0.826 cm. 

in air between holograms for a 0.51-cm-thick crystal. 

The solid curve is calculated from Eq. (1) for a 
grating thickness of 0.51 cm. 
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For the 0.826-cm crystal, the fit to the data is quite good; the reduced thick¬ 

ness predicts both the period and the location of the maxima quite accurately. 

For the 0.51-cm crystal, the fit is not quite as good, but it is still indica¬ 

tive that the apparent thickness is less than the actual thickness. 

The origin of this effect may lie in the fact that the amplitude of the 

holographic grating is not uniform through the thickness of the crystal. The 

major contribution to the reconstructed object beam is due to only a portion 

of the crystal, with the remainder contributing only a small fraction of the 

scattered amplitude. There are two possible reasons for a grating thickness 

less than the crystal thickness: 

(1) A grating is formed only in those volumes of the crystal where the 

two recording beams overlap. If they do not overlap, then no grating is 

formed ir that portion of the crystal thickness, and the grating will be 

thinner than the crystal thickness. Figure 11 is a scale drawing of the 

Figure 11. Scale drawing of the overlap of two beams separated 

by 30° in air in a 0.826-cm-thick crystal of LiNbOß. 
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beam positions and overlap for this experiment. The large index of refrac¬ 

tion of LiNbC>3 produces a strong refraction of the beams at the crystal sur¬ 

faces, which tends to keep the beams together as they pass through the crystal. 

As seen in Fig. 11, there is only a narrowing of the region of overlap 

from front to back. This is consistent with our visual observation of the 

beam overlap at the front and back crystal faces. In our experiments, it does 

not appear likely that poor beam overlap is contributing to the thin grating 

effect. 

(2) The index of refraction modulation is directly proportional to the 

light intensity I, which is attenuated in transit through the crystal. The 

grating amplitude, then, decreases from the front to the back face of the 

crystal. This is shown in Fig. 12 for a 0.826-cm-thick crystal with an 

optical density of 0,25. The contribution to the scattered intensity from 

the back portion of the crystal will be significantly less than from the 

front, and the grating will appear to be thinner. 

THICKNESS (CM) 

Figure 12. Lig’.t intensity as a function of crystal thickness 

for a 0.826-cm-thick crystal with an optical density 
of 0.25 at 488.0 nm. 

This effect, as in (1) above, will also cause a difference between the 

theoretical and measured locations of the sidelobes of a single hologram, 

îleasuring the locations of the sidelobes with a rotating turntable, we found 

the positions of the sidelobes to be positioned as predicted by the theory for 
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Figure 1 1. Measured diffracted light intensity as a function 

of angular deviation from the Bragg condition as 

measured in air for a 0.826-cm-thick crystal. 

the actual thickness of the crystal within the accuracy of our measurement. 

This is shown in Fig. 13. If the grating were effectively thinner than the 

crystal, then the spacing of the sidelobes should increase. Zech [18] has 

observed the spacing of the sidelobes in a sample of polymethyl methacrylate 

to be ^20% greater than predicted by theory. He hypothesized that this was 

due to nonuniform absorption in the sample. In our case, the measured value 

was in agreement with the theory. 

The reason for this discrepancy is unclear at this point. The crosstalk 

measurements indicate that the grating is thinner than the crystal. Measure¬ 

ments on single holograms indicate that the grating thickness is approximately 

equal to the crystal thickness. The fit to the oscillations obtained by using 

the coupled wave theory indicates that the modification lies in the grating 

thickness. 
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C. DISCUSSION 

The measured S/N ratio as shown in Figs. 9 and 10 is lower than that 

calculated from the coupled wave theory using either the true or effective 

crystal thickness. The theoretical curves shown in these figures include a 

broadening effect introduced by averaging the noise over a range of ±0.002°. 

This averaging has the effect of reducing the peaks in the S/N ratio, while 

leaving the minima, which are much broader, unaffected. The measured minima 

are 5 to 10 dB lower than the theory predicts. At smaller angular spacing the 

S/N ratio is approximately constant. This is due to a combination of several 

factors: the limited angular resolution of the stepping motor during readout, 

the smearing in angular position of the holograms, due to the light-induced 

change in the dc index of refraction, and the difficulty in measuring the 

magnitude of the noise when the holograms are so closely packed. The overall 

lower level of the S/N ratio than that predicted by the theory is most likely 

due to the buildup of background light-scattering recorded along with the 

holograms. 

The measurements and calculations shown in Figs. 7 to 10 were made for 

the recordings of 50 holograms. The calculations indicated that an increase 

beyond this number did not decrease the S/N ratio significantly, as long as 

the angular separation was £0.1°. This was checked by recording 200 holograms 

at 0.10° in the 0.826-cm-thick crystal. The measured S/N ratio was 39 dB, as 

compared with 37 dB for 50 holograms. The difference is within the scatter in 

the data. An angular spacing in air of ^0.10° is required in order to store 

£500 holograms in a LiNbO^ crystal. 

Zech [18] has measured crosstalk noise in 0.50- to 2.0-mm-thick samples 

of different organic storage media. His measurements differ from those re¬ 

ported here in that the total exposure was divided equally among the holograms 

recorded. Therefore, as the number of holograms increased, the exposure per 

hologram was « 1/N, and the diffraction efficiency per hologram was « 1/N2. 

The observed S/N ratio was found to decrease at 1/N2, corresponding to a de¬ 

creasing signal intensity and fixed noise intensity arising from defect scat¬ 

tering. This result is unrelated to the results presented here since we have 

recorded holograms with equal exposure (when we account for optical and thermal 

erasure). The noise, in our case, arises primarily from the crosstalk between 
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holograms. This latter approach is the more relevant one, since it represents 

the situation which will be used in practice. 

In summary, the measurements presented here show that the effect of 

hologram crosstalk can be estimated using a model based upon incoherent addi¬ 

tion of the intensities of the off-Bragg holograms. The S/N ratio is oscilla¬ 

tory with a period inversely proportional to the effective grating thickness 

for angular spacings £0.1°. The measurements also show that high (£40 dB) 

S/N ratio can be obtained with a reasonable £0.1° angular spacing between holo¬ 

grams, but due to the oscillatory nature of the S/N ratio vs angular spacing, 

the effective grating thickness must be determined. The hologram spacing 

should be chosen to correspond to a peak in the S/N ratio, which can be calcu¬ 

lated from Kegelnik's theory [24]. 



IV. INTERMODULATION DISTORTION 

Nonlinear effects are well known in the field of thin-phase holograms, 

where they have received considerable attention both in the understanding of 

the mechanisms involved and the suppression of their influence on the readout 

image. These nonlinearities are of two types. The first arises from a non¬ 

linearity in the photoinduced change in the material properties (absorption 

or index of refraction changes), or as is the case with photoresist, a non¬ 

linearity in the etching rate during processing after exposure [16]. The 

second nonlinearity, commonly known as intermodulation noise (IM), arises from 

the interference of the object beam with itself, in addition to its interference 

with the reference beam [16,25], This interference gives rise to a low spatial 

frequency modulation of the material properties, which is in addition to the 

higher spatial frequency modulation due to the interference with the reference 

beam. This low-frequency modulation causes multiple ghost images of the image 

which is reconstructed from the hologram by the readout beam. The magnitude 

oí this effect in thin-phase holograms is controlled by recording the hologram 

with a reference/object beam ratio much greater than one. 

In the case of thick-phase holograms, nonlinearities in both the recording 

medium and the recording process have been considered by several workers [17,18], 

They have been concerned primarily with noise sources in photographic emulsions 

('"ó um thick) and in photodegradable plastics ('vSOO pm thick). Zech has ob¬ 

served intermodulation distortion in a 500-pm layer of a plastic medium, and 

observed a suppression of the IM in the Bragg plane [18]. 

In this section we present measurements of the dependence of the index of 

refraction on exposure in iron-doped LiNbO^ to determine the degree of line¬ 

arity. We also present a detailed calculation of intermodulation noise and 

our measurements of this effect. 

A. MATERIAL LINEARITY 

The photoinduced refraction index changed in iron-doped LiNbC>3 produced 

by the 488.0-nm Ar laser line was measured with a Mach-Zehnder interfero¬ 

meter. The sample is inserted in one arm of the interferometer, and a portion 

25. J. A. Jenney, Appl. Opt. JLL, 1371 (1972). 
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of the sample is irradiated through a mask with the Ar laser beam, as shown 

in Fig. 14. The fringe pattern may be observed either by viewing at right 

angles to the Ar+ irradiating beam, or by rotating the sample after the ex¬ 

posure to view in the same direction as that of the 488.0-nm beam. In the 

former case, the value of t is the width of the 488.0-nm beam in the direction 

of the interferometer beam, whereas, in the latter case, the thickness is the 

length of the sample along the -:88.0-nm beam direction. We find that the re¬ 

sults obtained by these two methods agree within the accuracy of the measure¬ 

ment of the fringe shift. 

He-Ne SOURCE 

Figure 14„ Schematic diagram of a Mach-Zehnder interferometer. 

A change in the refractive index in the irradiated region of the sample 

produces a fringe shift in the interference pattern viewed with the interfero¬ 

meter source. The fringe shift across the boundary between exposed and virgin 

areas of the sample was recorded photographically, and the refractive index 

change is obtained from the measured fringe shift by the equation 

An 
t 

(8) 
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where ó is the fringe shift, is the wavelength of the interferometer source 

(632.8 nm), and t is the thickness of the irradiated region in the direction 

of the interferometer beam. 

The photoinduced refraction index change was measured for a sample before 

and after reduction. The sample was cut and polished to a flatness of A/4 over 

a 1-cm area and was oriented with the c-axis parallel to the polarization 

direction of the electric vector of both the 488.0 nm and 632.8 nm beams. 

figures 15(a) and (b) show the fringe pattern at 632.8 nm before exposure 

to the 488.0-nm Ar laser light and after an exposure of 13.4 J/cm2. The 

fringes are reasonably straight, and the width of the fringe was about one 

tenth of the spacing, which enabled us to measure values of An as small as 

2 X 10 . The results of a series of measurements of An as a function of in¬ 

cident exposure are shown in Fig. 16. Data for both before and after reduction 

are included on the plot, and the data for the sample before reduction were 

corrected for its lower absorption compared with that after reduction to cor¬ 

respond to the absorption of the reduced sample. The measured absorption con¬ 

stants at 488,0 nm before and after reduction are 0.713 cm~^ and 0.997 cm”*, 

respectively. 

From the data shown in Fig. 16, it is clear that An depends linearly on 

incident exposure over the range 0.6 to 6 J/cm2, using incident intensities 

between 0.2 and 0.35 W/cm . This is well beyond the range used for the re¬ 

cording of holograms in thick crystals of iron-doped LiNb03. For example, in 

a 0.5-cm-thick crystal, an index change of ^2 x 10-5 is required for a 10% 

efficient hologram. Based on these results, we consider the change in index 

of refraction with exposure to light to be linear over the range of interest 

for our work. 

B. INTERMODULATION NOISE 

Physical Origin of the Intermodulation Noise 

The intermodulation noise (IM noise) is a form of hologram noise inherent 

in the hologram recording process. To explain its physical origin, we consider 

the model in which the object beam is composed of two plain waves.* It is a 

*Such a model has been used by Jenney [25] to calculate the IM noise in 
thin-phase holograms. 
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(a )

( b )

Figure 15. Mach-/.ehnder fringe pattern at 632.8 nm (a) before 
explusure to the 488.0—nm Ar"*" laser light (b) after 
an exposure of 13.4 J/cm^.



Figure 16. Plot of the measured index of refraction change 

An vs incident exposure at A88.0 nm before and 
after reduction. 

simplification of the realistic case in that we use two plain waves instead of 

infinitely many plain waves to represent the object beam. As seen below, the 

model is sufficient to explain the physics of the IM noise and can be used to 

calculate its magnitude. 

In Fig. 17 we show the three-beam recording geometry. The reference beam 

is denoted by R, and the two object beams are denoted 1 and 2. For simplicity, 

we take the surrounding medium as having the same index of refraction as the 

recording crystal so that there will be no refraction of the beams as they 

enter the crystal. The complex amplitudes of the three beams are taken to be 

A^, A^, and The amplitudes are related to the intensities IR, 1^, and I2 

by the relationship 

V 1,2 * Wm “P [^,1,2] <9> 
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where t^ie P^ase angle of the designated beam. The wave vectors of 

the three beams are denoted by kR, k^, and k2, with 

IkjJ - jkj^l - |k2| = 3 - /¡T (oj/c) (10) 

where || denotes the magnitude of the vector, eQ is the average dielectric con' 

stant of the recording crystal, w is the angular frequency of light, and c is 

the speed of light in vacuum. As the three beams enter the crystal, they co¬ 

herently interfere with each other, giving rise to an intensity pattern which 

can be calculated as 

Kr) - J Ar expUk^r) + A1 expdlyr) + A2 exp(ik2*í)|2 

+ ^ + 2¾ cos^ - k^-r + (<j>R - ^)] 

+ 2^ 008^-^).^+ 

+ cos [(^ - k2).î + ((),i - *2)J , (n) 

where r is the vector which denotes spatial position. The phase factors 

(Í’r ~ (4^ - 4>2) can be eliminated by redefining the origin of the spatial 

coordinate. That is, if we define r' * r + p where p • (Ïcr - îc^) * <p 

and p * (kR - k2) * ~ [11] can be rewritten as 
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Kr') “ IR + íi + Í2 + 2/ÿ^ cos (Kx • r') 

+ 2ArI2 cos (K2 • î') 

+ 2/ï^ cos (K12 • P), (12) 

where 

^2 " ^ " k2 

K12 ^ kl " k2 

It should be remarked that usually |k.2| << |k.|, |K2| since the angle of 

separation between and k2 is smaller than that between k^ and 

between k2 and 1^). When the intensity pattern given by Eq. (12) is imposed 

on the recording crystal, the optical dielectric constant at each point will 

be changed according to the intensity of light at that point. If the recording 

medium is linear, then the magnitude of the dielectric constant deviation from 

the average is linearly proportional to the Intensity. That is, 

(or that 

e(r) - e'o [1 + al(r)] (13) 

where e(r) is the dielectric constant at point r, e'o is the dielectric con¬ 

stant of the crystal when there is no light, and a is some material constant 

relating the intensity of the light to the change in the dielectric constant. 

Substitution of Eq. (12) into Eq. (13) yields 

e(r) - eQ + cosfK^r] + e2 cos[K2*r] + e12 cos[K12*r] (14) 
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where 

e = E ' 
o o 

[1 + ot(IR +^ + I2)J 

and we have omitted the prime on r. It should be noted that usually 

£12 <<: £o* Therefore» we can write the index of refraction n(r) as 

cos[K12«r], (15) 

where n 

We are now in the position to see the origin of the IM noise. When a recon¬ 

struction beam (R) having the same wave vector as the reference beam is incident 

on a crystal with the dielectric constant modulation of Eq. (14), it will be 

diffracted by the various gratings into various signal and noise beams. This 

is apparent from the Bragg diagram shown in Fig. 18. First of all, diffraction 

by grating and K2 will give rise to signal beams and S2 and conjugate 

signal beams and S2, However, since and S2 do not satisfy the Bragg con¬ 

dition (as is apparent from the Bragg diagram), their magnitudes will be much 

smaller than and S2. Next, let us consider the effect of the grating K . 

^12 would diffract R into two noise beams M and M. Also, it would diffract 

and S2 into each other and into two noise beams N^ and N2. and N2 are 

called the intermodulation noise. Since |ki2| is usually much smaller in 

magnitude than IkJ or |k2|, ^ and N2 are only slightly off the Bragg condi¬ 

tion and therefore should be larger in magnitude than S* AND S*. Also, since 
I -> I 12 
I^12 smaH* anc^ ^2 are c^ose and S2 in terms of angular separation 

and therefore cannot easily be eliminated, as in the case of M and M*, by 

limiting the readout angle. 
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Figure 18. Bragg diagram relating the readout beam to the 

signal and noise beams and the grating vectors. 

From the above discussion it is clear that the grating K12, which is 

formed during recording by the coherent interference of the two object beams 

1 and 2, is the cause for IM noise. In the following calculation it will be 

shown that the magnitude of IM noise is a sensitive function of the crystal 

thickness. For thick volume phase holograms the IM noise is negligible. How¬ 

ever, for thin holograms, the problem of IM noise is a well-known experimental 

fact. It is proposed, that for thin holograms, the elimination of is an 

effective method to greatly reduce the IM noise. This can be achieved if the 

recording is done in such a way that beam 2 is blocked while beam 1 is re¬ 

corded, and then beam 1 is blocked while beam 2 is recorded. In realistic 

cases, this means the introduction of a pinhole (not too small to cause dif¬ 

fraction) between the object lens and the sample. The pinhole can be moved 

slowly across the whole object beam so that at any particular time only a 

particular angular component of the object beam is being recorded. This 

method should be equally applicable to IM noise arising from recording non- 

linearities. 
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2. Coupled-Wave Theory Calculation 

In this section we calculate the magnitude of the IM noise by using the 

coupled-wave theory [24J. The object of the coupled-wave theory is the solu¬ 

tion of the scalar wave equation: 

2 ► 2 - . 
V E(r) + e(r) E(r) = 0 (]6) 

c 

where E(r) is the magnitude of the electric field vector at point r. In our 

present case E(r) is given by 

E(r) = R(y) exp[-iko*r] + Sjiy) exp[-i(kQ - 

+ S2(y) expt-i(kQ - K2>*r] + N1(y) exp[-i(^o - K12)t] 

+ N2(y) exp[-i(ko - K2 - K12)*r], (17) 

Here y is the direction perpendicular to the crystal thickness, ko is the 

wave vector of the readout beam, and R^, S^, S2> N^, N2 are the amplitudes of 

the readout, signal 1, signal 2, and IM noise beams, respectively. In Eq. (17) 

we have neglected conjugate signal terms, M, M , and all other higher order 

terms. Substituting Eqs. (17) and (14) into Eq. (15), collecting terms with 

the same exponentials, and neglecting terms like R"(y), S^"(y), S2"(y), ^"(y), 

(" means second derivative with respect to y), we get 

CoR'(y) - -IKjSj(y) - iK^iy) 18(a) 

CSlSl(y) + = -iKjRiy) - iK12S2(y) - iK^N^y) 18(b) 

cs2s2(y) + iâ2s2(y) ° -lK2R(y> - iK12si(y> - iK12Vy) 18(c) 

CNlNi(y> - i(A " 2¾ + “ -iK^S^y) 18(d) 

S2N2iy) “ 1(A " 2^2 + “ _i^12S2(y) * 18(e) 
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Here Cq, Cg^, ^^2 are t^ie ^irectional cosines of the various beams. 

For example, Cq = (kQ)Q and = (kQ - K1)y/ß, where ( )y means the magni¬ 

tude of the y-compcnent. The other quantities which appear in Eqs. (18a) - 

(18e) are defined as follows: 

Kl,2,12 - ßl-l,2,12/4‘o "nl,2,12A 

where X is the wavelength of light in air, 

(19) 

^1(2) E 6 lsin0Rl(R2)|ûô (20) 

where || means absolute value, 0|q(r2) Is the angle as shown in Fig. 17 for 

the recording geometry, and AO is the angle of deviation of k from the direc- 
“► o 

tion of kR. The sign of A0 is such that AG > 0 implies |k - K^| < ß. 

A H 2ß(l - cos Q12), (21) 

where 0j2 is the angle between the two object beams as shown in Fig. 17. 

The neglect of second-order derivatives in Eqs. (18a) to (18e) is justi¬ 

fied on the basis that R, S^, S2, N^, and N2 are slowly varying functions of 

y, which is usually the case. Equations (18a) to (18c) are the coupled wave 

equations for the quantities R, and Nr The boundary conditions 

for these quantities are: 

R(o) - 1, S^o) = S2(o) * N1(o) * N2(o) - 0. (22) 

The rigorous solution of Eqs. (18a) - (18e) with the conditions given by 

Eq. (22) is difficult. We will make some simplifying approximations which will 

facilitate the mathematics involved. First, we will drop the term -iK^N^y) 

from Eq. (18b) and the term -iK^N^y) from Eq. (18c), since N2 are ex¬ 

pected to be small compared with S1 and S2. Second, we will drop -iK^S^y) 

from Eq. (18b) and the term -iK^N^y) from Eq. (18c), since these terms only 

have the effect of coupling and S2 and tending to equalize the amplitude of 

and S2. Therefore, if we are dealing with the case of ^ K2 (and, there¬ 

fore, ^ S2), such an approximation should have negligible effect on the 
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solution. Third, we will set «J. * and Crl - C„0 - CM1 = CM„ = C 
12 SI S2 NI NZ S. 

This approximation is based on the observation that since is usually 

small, 0R1 30'i direction cosines and C^2 are not very different 

from and ^ ani^ C are defined as 

t? 0 I sin 9rs|A0 , (23a) 

C = cos 0 
b b 

(23b) 

where 0RS (0R1 + 0R2) /2, and Og = ^ + /2. 0R1, 0R2 0^ and @2 are 

defined in Fig. 17. It should be noted that we have approximated Ct;1 and C , 
b 1 b 2. 

which are the direction cosines of the signal beams, by cos 0g, where 0<. is 

given in terms of the recording angles. Such an approximation is valid, pro¬ 

vided A0 is small. 

With the above approximations, Eqs. (18a) - (18e) become 

C^R'(y) = -iK1S1(y) - iK2S2(y) (24a) 

CsSj(y) + i»?S1(y) - -iK^iy) (24b) 

CsSj(y) + ii?S2(y) - -iK2R(y) (24c) 

CsNj(y) - i(A - «»lyy) - -iK^S^y) (24d) 

CsN’(y) - i(A - «»N2(y) - -iK12S2(y). (24e) 

The solution of Eqs. (24c) - (24e) can be divided into two steps. Equa¬ 

tions (24a) - (24c) can be solved first for R, S^, and S2. and S2 can 

then be substituted in Eqs. (24d) and (24e) to get and Details of the 

mathematics are presented in the Appendix. It suffices to say here that the 

solution yields the amplitudes and N2 as they emerge from a crystal of 

thickness d. The diffraction efficiency for the noise is then defined as 

r n‘,2 (d) nm w> • 
o ’ * 

(25) 
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For the case of - K2, we have ^ = s2 “ s and » N2 = N. 

tuting the solution for N(d) into Eq. (25) yields 

Substi- 

nN * 

2 2 
K1K12 

CoCS r4 

“~2 h \ 2-(1-^)sin Fd - (1 + •^■)cos(A-F)d 
A_ _ ! f L r*- r 

-(1- —)cos(A + F)d 

2 1 r 

where 

nn y ? Cc 2n 
XCs'l/sln eRS (A6) + -T- » C 2 

o n 
o 

(26) 

(27) 

irn 

^ [4(1 - cos ei2) - I sin 6rs|A0] . 
s 

(28) 

Similarly, the diffraction efficiency for the signal S is given by 

,2 
1 K1 2 
- sin Fd 

s CCç r2 o S F 
(29) 

3. Discussion of the Calculation 

The diffraction efficiency for the IM noise given by Eq. (26) consists 

of two parts. One is the trigonometric function (in curly bracket) which de¬ 

termines the oscillation of the function. This part of the function has the 

order of magnitude of 1. It is seen here that as a function of AQ, the oscilla¬ 

tion period of nN is a decreasing function of d. The other part is the 

envelope function, which determines the order of magnitude of ry Since we are 

interested in the S/N ratio, it is appropriate to compare the envelope functions 

for Hjj and rig. From Eqs. (26) and (29) it is clear that 

0(y ns) 2 -2 

LS 

(30) 
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where the symbol 0 denotes the order of magnitude of the quantity inside the 

bracket. Writing out all the pertinent factors explicitly, we get 

(31) 

It is apparent from Eq. (31) that the magnitude of nM/nc is governed by three 

factors. The first is (1^/1^), the ratio of object beam intensity to reference 

beam intensity. This factor is well-known in the problem of IM noise in thin 

holograms. The next two factors deserve more analysis. For simplicity, let 

us label the factors in curly brackets ({}) as P and the last factor in 

Eq. (31) as Q. As a function of A0, we see that at A6 » 0 the value of P is 

the order of unity, but that 

2 2 
C_n;/C n 
SI o o 

2(1 - cos012) 
csni 
Cn2 
O 0 

(32) 

is usually very small for volume phase holograms, ihc reason for this small¬ 

ness is twofold. First, we have a non-zero factor 2(1 - cos 0^) which arises 

from the fact that the IM noise beams do not satisfy the Bragg condition. As 

we see from Eq. (32), a non-zero (1 - cos is essential to guarantee that 

Q ¿ 1. Second, given a non-zero (1 - cos 9,,), the smallness of Q rests on the 

fact that in a volume phase hologram (n./n ) ^ 10~J - 10 . Therefore, we can 

extract one piece of physics from the solution, Eq. (26). That is, at A0 - 0, 

the attenuation of the IM noise in the volume phase holograms results from the 

fact that for a given signal diffraction efficiency the index of refraction 
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modulation is smaller for the thick than for the thin holograms. In fact, 

n^ is inversely proportional to d. Therefore, thick holograms have a distinct 

advantage over the thin holograms in regard to IM noise with a factor of (1/d)2. 

As A0 (in radians) deviates from zero and becomes larger than n in magni- 
2 ^ 

tude, the factor P becomes small (P'vn^, and the factor Q is of the order of 
2 2 1 

the ratio (A0) /[4(1 - cos • An interesting phenomenon happens when 

A6 is positive and large, there is a value of A0 at which Q which is 

apparent from Eqs. (18) and (19). This will happen at approximately 

2(1 - cos 0 ) 

A0 2-— 

lsln 9rSI 
(33) 

At first glance, this divergence may seem to imply that rv + which is an 

unphysical result. However, a closer examination of Eq. (26) reveals that the 

trigonometric part vanishes at exactly the same point. The net result is that 

nN at that point has the value 

1 K1K12 \ 2 2 2 / 
nN ” -õ -7“ j r d + sin Td - 2Td sin Fd cos Fd \ (34) 

C (T 4F4 ( \ 
o S 

It may seem that given by Eq. (34) can be arbitrarily large for d 

This is the artifact of the approximation made earlier in dropping and N2 

from Eqs. (18b) and (18c). Therefore, Eq. (34) is only valid when n„ is small 

compared with n . However, the point to be made here is that n will have a 
a N 

maximum at a value of A0, approximately given by Eq. (33). The physical origin 

of this peak lies in the fact that at the value of A0 given by Eq. (33), the 

IM noise beam satisfies the Bragg condition, which is given by 

(35) 

It is a simple exercise to show that the condition given by Eq. 

implies the relation of Eq. (33), provided that 012 is small, 

small, then Eq. (33) is modified to read 

2(1 - cos 012) 

A9 “ [2lsin 9r2|- |sin0R1| ] 

(35) directly 

If 0^2 is not 

(33a) 
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In Fig. 19 we show tiie results of numerical calculations. The features 

we discussed above are clearly demonstrated in the plot. In particular, we 

note that an increase of crystal thickness by a factor of ten lowers the 1M 

noise level by 40 dB and that the peak of IM noise occurs at the value of AO 

given by Kq. (28). 

Figure 19. Theoretical N/S ratio due to intermodulation dis¬ 

tortion as a function of the angular deviation in 

the crystal from the Bragg condition for a beam 
ratio of 1 and - 12°. 

Before leaving this section we would like to make some remarks on the 

coupling effect of the grating on the two signal beams. As mentioned 

earlier, in deriving Eq. (26) we have neglected the coupling effect of K 

by dropping the terms -iK^ and -iK12S2 from Eqs. (18b) and (18c). The 

rationale given there is that these terms would not affect the two signal 

beam intensifies as long as S1 is comparable to S2. What happens when 

S1 » S2, or vice versa? We believe the effect of K12 in that case would 

be to increase the intensity of the weaker signal beam at the expense of the 
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stronger one. As an example, Let us consider a target object which consists 

of a high-frequency and a low-frequency component, with the two components 

having a high contrast ratio. When the recording beam passes through the 

object, it is split into two beams, one carrying the information of the high- 

frequency component and the other beam carrying the information of the low- 

frequency component. These two beams are identified as object beams 1 and 

2 in our model. Therefore, the effect of here is to reduce the contrast 

ratio of the two components in the reconstructed image. Such an effect, which 

can be called intensity leveling, is yet to be observed and can be a subject 

of further study. 

C. EXPERIMENTAL RESULTS 

1. Measurements 

To confirm the calculation of the magnitude of the IM noise, the two-ob¬ 

ject beam IM was measured. Two approaches were used in this measurement. The 

first approach was to rotate the crystal off the Bragg condition for the holo¬ 

gram and measure IM at the appropriate angle. The apparatus used in this 

approach is shown schematically in Fig. 20. The two object beams are ''-IS0 

apart in angle and their bisector is 30° from the reference beam. The readout 

light beam is chopped at 50 Hz. The readout image beam, which is therefore 

( £ 
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Figure 20. Schematic diagram of the apparatus used to measure 

intermodulation distortion. 
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also chopped, is synchronously detected using the PAR-121 lock-in amplifier 

and displayed on the chart recorded. This technique discriminates against all 

scattered light except that scattered by the crystal itself. The fraction of 

the readout beam scattered by the crystal into the image beam channel was 

40 * Whlle Lllls scattered light is considered as noise in the image it is 

essentially constant in time and therefore can be partially offset electron¬ 

ically in the lock-in amplifiers to increase the signal/background noise 

ratio. Since the readout light scattered from the crystal has an angular 

dependence [19], the upper of the two detectors shown in Fig. 20 will have the 

smaller scattered light. It was in the vicinity of that detector that our 

measurements were made. 

I'o measure the IM noise using this arrangement, a 20% diffraction effi¬ 

ciency hologram was recorded in a 0.2-cm-thick crystal of 0.02 mole % iron- 

doped LiNo03 with a beam ratio of 2. The angle of incidence of the reference 

beam on the crystal was 15° in air to the face normal. The readout beam angle 

to the grating was varied by rotating the crystal. The chart recording of the 

detected IM signal is shown in Fig. 21. The IM signal is -143 dB from the 

on-Bragg signal. The deviation from the Bragg angle in air was 7°. From 

Kq. 04) and Fig. 19 the calculated amplitude is -156 dB. From Eq. (33), and 

taking into consideration the refraction of the beams as they enter the 

crystal, we calculate the deviation in air of the Bragg angle for this angular 

spacing of the object beams to be 5.8°. 

A second approach to the measurement of the IM noise is to measure the 

on-Bragg IM signal. The on-Bragg signal we measure corresponds to the beam 

labeled N2 in Fig. 18. In Fig. 19 this is the peak at A0 = 0, whereas in the 

first approach we measured the peak which appears at A0 = 0.0875 radian in 

the case where the angular spacing of the object beams was 12°. In this 

approach the readout beam remains fixed at the Bragg angle, and the far-field 

intensity distribution of the readout image is scanned using the scanning 

photomultiplier. In this case, a 1% hologram was recorded in a 0.0475-cm- 

thick crystal using a beam ratio of one. The IM signal was observed at ^16.9' 

in air from the image signal and was -120 dB from the image signal. From 

Eq. (34) and Fig. 19 we calculate that the IM signal should be -155 dB, and 

the angular deviation is 16.4°. 
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Figure 21. Chart recording of detected IM signal. 

Because of the agreement between the observed and calculated angular 

location of the IM signal we believe that the peaks observed above are, in 

fact, the IM signal. The magnitude of the observed IM signal is ^13 dB larger 

in the first case and ^35 dB larger in the second case. We do not at present 

fully understand the reason for this discrepancy between the observed and 

calculated signal levels. But it should also be noted that due to the neglect 
* 

of M and M (see Eq. (17)) the calculated magnitude of the IM signal is 

necessarily a lower bound estimate since we have neglected the possibility of 

the readout beam being scattered into M and M^ which, in turn, can be scattered 

into and ^ via íc^ and Jenney [25] has also observed an IM signal in 

thln-phase holograms which ranged up to 10 dB larger than the calculated value. 

2. Discussion 

There are two sources of nonlinearity which can introduce intermodulation 

distortion: material nonlinearities and recording nonlinearities due to the 

coupling of the object beam with itself. Measurements described above show 
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that iron-doped LiNbO^ is linear over the range of index of refraction modula¬ 

tions typically used. Calculation for the two object beam case show that 

coupling of the object beam with itself is strongly suppressed. The on-Bragg 

component is suppressed because the index change is small due to the grating 

thickness. The off-Bragg component is suppressed by the Bragg condition it¬ 

self. This was confirmed by measuring both the on- and off-Bragg intermodula¬ 

tion signals. 

A typical use of iron-doped LiNbO^ as a volume phase holographic storage 

media would include recording and fixing 1000 holograms each of 20/„ diffraction 

efficiency at a beam ratio of one. The intermodulation signal which appears 

will be the sum of the on-Bragg term and the off-Bragg contributions of 

all other holograms. The off-Bragg contributions from other holograms will 

produce a broad smear-out background because of the continuous range of angles 

of the light rays which make the object beam. This can be approximated by 

the two-beam case, as was done above, which produces a single peak. From 

Fig. 19, we see that each of these IM signals will produce an object signal- 

to-lM noise ratio of approximately 140 dB. If we allow an additional 30 to 

40 dB increase in noise to account for the discrepancy between theory and ex¬ 

periment found above, we are left with a signal-to-IM noise ratio due to IM 

noise of greater than 90 dB. This is far in excess of the contribution 

arising from crosstalk and from cosmetic defects in the recording system. We 

can then conclude that in a typical application IM noise will not make any 

measurable contribution to the noise. 
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V. STATISTICAL NOISE 

In the preceding sections, it has been assumed that if the recording 

medium is linear, the pattern of index of refraction modulation is an exact 

replica of the recording light intensity pattern inside the medium. This 

assumption will now be examined in more detail. 

It is well known that the modulation of the index of refraction in 

LiNbO^ is achieved by the transport of charges from regions of high recording 

light intensity to regions of low recording light intensity, the amount of 

charges transported being proportional to the exposure (intensity of the 

light X time). Therefore, after the exposure to the recording beams, a 

charge density pattern will reside in the crystal. The spatial variation of 

this charge density should be the image of the intensity variation of the 

recording light in the crystal. However, since charges are point particles, 

it follows that the charge density pattern is inherently granular in nature, 

and, as such, can only be an approximation to the continuously varying light 

intensity pattern. Therefore, the assumption about index of refraction modu¬ 

lation being able to exactly reproduce the light intensity pattern cannot be 

valid, although for high diffraction efficiency holograms (and, therefore, 

a large number of transported charges) such an assumption is an excellent 

approximation to the truth. 

A. THEORY 

From the above, it is cleat that when the reconstruction beam enters the 

crystal, it sees an index of refraction modulation pattern which, due to its 

granularity, can locally deviate from the recording light intensity pattern. 

Such deviations would cause additional light scatterings not accounted for by 

the calculations above. The light scattered by this kind of deviation is 

called statistical noise. 

To estimate the magnitude of the statistical noise, we adopt the model of 

Ramberg [15], in which the statistical noise is treated as an optical analogue 

of the Debye-Waller effect in x-ray diffraction. As we may recall, the Debye- 

Waller effect in x-ray diffraction arises from the fact that atoms (or mole¬ 

cules) in a crystal are in constant thermal motion about their equilibrium 
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positions and, therefore, the x-rays do not see a perfect lattice at any given 

instant of time. The effect of this random thermal motion by the atoms, 

according to the work of Debye, is that the x-ray diffraction is insensitive 

to the exact pattern of deviations of the atoms from their equilibrium posi¬ 

tions as long as such deviations are random. However, the intensity of the 

diffracted x-ray signal is a function of the mean square displacement of the 

atoms from their equilibrium positions. To be more specific, 

I = Io exp[- <u2> G2] (36) 

where I is the scattered x-ray intensity, Iq is the intensity of light 

scattered from the rigid lattice (without thermal motions), u is the ampli¬ 

tude of deviation from the equilibrium position, < > denotes thermal averaging, 

and G is the magnitude of the grating vector responsible for the diffraction. 

Equation (36) is well verified experimentally [26], 

To apply the Debye theory to the problem of statistical noise in volume 

phase holograms, we note that instead of atoms, the diffraction grating in our 

present case is composed of charge density variations. For the purpose of 

clarity, let us consider the recorded grating of two interfering plain waves. 

In the ideal case of charge density pattern being the exact image of recording 

light intensity pattern, the charge density should follow a perfect sinusoidal 

spatial variation with peaks occurring at x “ 0, d, - nd, etc. The ideal 

peak positions in this case can be compared with the equilibrium positions of 

the atoms in the x-ray diffraction problem. In the realistic case, the 

granularity of the charge density pattern would cause deviations from the 

perfect sinusoidal variation. In particular, if we consider the charges in 

the region -(d/4) < x < (d/4), the center of mass of the charges, x , can 

deviate from Xc * 0, the "equilibrium" position. Following the analogy with 

the Debye-Waller effect in x-ray diffraction, we will attribute the dominant 

cause of statistical noise to the deviation of xc from its "idear' position. 

In order to calculate the mean square deviation, we note that the recording 

light intensity has a sinusoidal variation near x * 0. Since the probability 

P(x) of trapping a charge at x is a linear function of the exposure, it 

26. C. Kittel, Introduction to Solid State Physic*, (John Wiley and Sons Inc 
New York, 1971), p. 84. • 



follows that the form of P(x) which peaks at x “ 0 is given by 

p(x) (37) 

Given the P(x) of Eq. (37), it is easily verified that the average value of 

the center of mass, 7C> is at xc “ 0 (where the overhead bar indicates averag¬ 

ing). However, x can deviate from xc< The magnitude of the deviation is 

measured by the quantity 

2 2 
X is analogous to <u > in Eq. (36). 
c 

if there are n electrons in a volume 

In order to calculate x » we note that 
3 c 

of (d/2) , then xc is defined as 

X 
c 

X i 

Therefore, we can calculate as 

2 

+ 

+ 

+ Xn + 2x1X2 + 2x2X3 + 

) 

1 

n 

-d/4 

-d/4 

xj Hx^ dxL 

(tt2 - 8) 
2 16 it n 

d 
2 (38) 
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In the above calculation we have assumed that the trapping of every electron 

is independent of all the others and, therefore, XjX. “ 0 f°r i ^ j* Substi- 

2 2 
tuting xc for <u > in Eq. (36) and using the fact that G * 2n/d, we get 

I = I exp[-2(n2-8)/Nd3] (39) 
o 

where I is the intensity of light scattered from a perfect sinusoidal charge 
o 3 

density variation, and N is the number of transported charges per cm . We 

note that 

I 
o ^ no 

(40) 

where I is the reconstruction beam intensity and n is the diffraction effi- 
R O 

ciency by a perfect sinusoidal grating as calculated by Kogelnik [23]. There¬ 

fore, we can rewrite Eq. (39) as 

7— = n„ “ n exp[-2(TT2-8)/Nd3] (41) 

IR M ° 

where nu is defined as the measured diffraction efficiency. Equation (41) tells 

us that the deviation of measured diffraction efficiency, r\ from n is a 
M O 

function of the number of transported charges. When N is large is almost 

identical to n . However, when N is small, nw can deviate from n signifi- 

cantly. In the experiments discussed below, for a 10% efficient hologram, the 

amplitude of the index of refraction modulation n^ is ^ 1.1 x 10 . For a 

0.826-cm-thick crystal, and d “ 0.94 um, N is then 

19 14 -3 
N = 6.0 X 101 nj = 6.6 X 10 cm 

Substituting the values of N and I into Eq. (41), we get 

nM ” n exp[-2 • (1.86)/553] 
M 0 

* 0.9933 n (42) 
o 
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Figure 22. Calculated number of trapped electrons/cm^ and Debye- 

Waller correction factor vs diffraction efficiency. 

Therefore, for a diffraction efficiency of ^10%, we can see from Eq. (42) 

that for r ich values of the diffraction efficiency the deviation of n from 
M 

n is aime it nil. Therefore, significant deviations would occur only for much 

smaller values of diffraction efficiency. Figure 22 shows a plot of the num- 
3 

ber of trapped electrons/cm and the correction factor plotted vs the diffrac¬ 

tion efficiency over the range of interest here. At such small diffraction 

efficiencies we can approximate n as 
o 

n - C N2 
o 

where C is a proportionality constant. Then we have 

nM * C N2 expl-2(TT2-8)/Nd3] (43) 

47 



Since N is directly proportional to the time of exposure i, N = Ki (where K is 

a constant), we can rewrite Eq. (43) as 

In tiu * const. + 2 In i - 2(ïï^-8)/Kd^ t (44) 

Equation (44) shows that if In is plotted against In x, we should get a 

straight line with slope 2 at large value of x but should deviate from the 

straight line at small values of x. 

B. MEASUREMENT 

The apparatus used to measure the deviation of the diffraction efficiency 
2 

law at low diffraction efficiency is shown in Fig. 23. A 16 line/ from the 

inch square-wave pattern in photographic emulsion is used as an object This 

Ar* LASER 
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Figure 23. Schematic diagram of the apparatus used 

to measure statistical noise. 

object is imaged at a magnification of ^2X. The readout image of the hologram 

of this object is then scanned with the photomultiplier tube. The diffracted 

signal is the difference between the peaks and background of the image. This 

is shown in Fig. 24. 

V 
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The log of the measured diffraction efficiency vs the log of the exposure 

time is plotted in Fig. 25. The log of the diffraction efficiency is linear 

in ln T from n = 5 x 10 to 5 x 10 . The solid line is a least square fit 

to the data points below n = 6 x 10~3. 

In n = In[(1.73 ± .35)(10-4)] + (1.97 ± .22) In t (45) 

Figure 25. Measured diffraction efficiency vs exposure time for 

the square-wave pattern imaged onto the detector. 
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Also shown in Fig. 25 is the calculated value of the deviation from a square 

law due to the Debye-Waller factor as given in Fig. 22. There is a deviation 

at the highest diffraction efficiencies from the square law which resembles 

a saturation effect. It was confirmed that this was not a saturation of the 

2 2 
detection system. The breakdown of the sin G = 6 approximation can only 

account for ^0.9% of the deviation. There is an additional correction which 

must also be applied to these data. The lowest diffraction efficiencies were 

recorded with the crystal approximately normal to the reference beam. After 

each hologram is recorded and measured, the crystal is rotated ^2° to elimi¬ 

nate crosstalk between holograms. As the crystal normal is rotated away from 

the reference beam the projection of the polarization of the readout beam on 

the c-axis changes as cos 0. For the data taken at ^5% diffraction efficiency 

the change in angle in the medium is 16°, which gives an ^8% correction to the 

diffracted light intensity in the right direction. The remainder of the dis¬ 

crepancy (^15%) cannot be accounted for at this time. 

We also measured this effect using a plane-wave object beam to ensure 
2 

that the x law observed above is not an artifact of the optical system. The 

results are shown in Fig. 26. Again it is cl^ar that at low diffraction 
2 

efficiencies there is no significant deviation from the t law. A least 

squares fit to the data gives 

In n - ln[(5.31 ± 0.80) 10-5] + (1.98 ± 0.14) In t (46) 

Also shown in Fig. 26 is the calculated value of the deviation from a square 

law due to the Debye-Waller factor as given in Fig. 22. From Figs. 25, 26, 

and Eq. (44), it is clear that in the range of diffraction efficiencies from 

-5 -3 2 
10 to 10 the measured curve should deviate significantly from the t law. 

In fact, it does not deviate at all in this range and an excellent fit to a 

square is obtained. The differences in the constant term between the cases 

shown in Fig. 25 and Fig. 26 are due to different power levels used during re¬ 

cording. The conclusion of these experiments is then that noise arising from 

granularity in the distribution of trapped electrons which form the grating is 

insignificant over any conceivable range of diffraction efficiencies in which 

such holograms would be used. 
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Figure 26. Measured diffraction efficiency vs exposure time 

for a plane-wave object beam. 

The question then arises as to the reason for the discrepancy between 

the theory and the experiment. A closer examination of the corresponding case 

for the temperature dependence of the Bragg scattering of x-rays shows that 

in that case, the structure factor for Bragg scattering is separable into a 

time-dependent term arising from thermal fluctuations in the position of the 

scattering ions and a spatial term arising from the equilibrium position of the 

ions. A thermal average over the time-varying portion produces the Debye- 

Waller factor. 

In the case under consideration here, this fluctuation about the equilib¬ 

rium position is spatial and not temporal. The vector sum over scattering 

sites is therefore not separable into equilibrium and fluctuating components, 

and the exact calculation becomes Intractable. However, a Debye-Waller factor 
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would be expected to give at least an estimate of the magnitude of the effect. 

The calculation of the Debye-Waller factor presented above shows the effect to 

be a factor of three less than the estimate of Ramberg [15] and predicts only 

a factor of reduction in the readout image at 0.001% diffraction efficiency. 

Apparently, this estimate is still too large. 
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VI. SUMMARY AND CONCLUSIONS 

We investigated the intrinsic sources of noise present in images read out 

from volume holograms stored in iron-doped LiNbO^ Three sources of noise 

were predicted to be present: crosstalk between holograms stored in the same 

volume, intermodulation distortion, and granularity in the electronic space 

charge pattern. There are two additional sources of storage medium-related 

noise present in the readout image. These are: scatter noise due to bulk or 

surface imperfections in the storage medium itself, and optically induced 

light scattering. 

The magnitude of the crosstalk noise between volume holograms was calcu¬ 

lated from Kogelnik's coupled wave theory. These calculations showed that, 

for thick crystals (>0.4 cm thick), there is no significant increase in the 

crosstalk noise when more than 50 holograms are stored in a given volume, 

if the angular spacing is sufficient (>0.1° in air). The magnitude of the 

crosstalk noise was confirmed by measurements in 0.5- and 0.826-cm-thick-crys- 

tals. The measured crosstalk noise from 200 holograms was no different from 

that for 50 holograms in a 0.826-cm-thick-crystal. Oscillations in the 

crosstalk S/N ratio corresponding to oscillations in the off-Bragg diffraction 

efficiency of a single hologram were predicted by the Kogelnik theory and were 

observed. The periods of these oscillations in the S/N ratio as a function of 

the angular spacing were larger than predicted, implying that the effective 

grating thickness is less than the crystal thickness. A measurement of the 

off-Bragg angular dependence of the intensity of the readout image does not 

show a corresponding increase in its period of oscillation. This latter effect 

has been observed by Baugh [17] in films of organic storage media and attri¬ 

buted to variation in grating strength due to absorption of the recording beams 

as they transit the crystal. 

From the results presented in Figs. 7 through 10, it is clear that a 

S/N ratio due to crosstalk noise of greater than 40 dB can be obtained in 

crystals whose thickness is greater than 0.5 cm. The oscillatory behavior of 

S/N ratio will allow larger numbers of holograms to be stored at unexpectedly 

small angular spacings (e.g., S/N ratio £ 40 dB for a 0.11° angular spacing 

in a 0.51-cm-thick crystal). Since an angular spacing in air of £0.10° is 
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required in order to store ^500 holograms in a LiNb03 crystal, it is clear that 

in excess of 500 holograms can be stored in LiNbO^ crystals greater than 

0.5-cm-thick with a crosstalk S/N ratio £ 

The magnitude of intermodulation distortion noise for a two-beam object 

beam was calculated and measured. The magnitude of the on- and off-Bragg 

components are strongly suppressed: the on-Bragg IM, because of the small 

index changes required in thick holograms; the off-Bragg component, because 

of the Bragg condition for constructive interference. The measured values, 

while larger than the calculated estimate by 10 to 30 dB, are still small enough 

that intermodulation will not contribute to any measurable extent to the total 

noise in any case of practical interest (crystal thickness greater than 0.1 cm). 

The magnitude of noise arising from statistical fluctuations in the loca¬ 

tion of electrons which form the space charge pattern was calculated to be 

significant only for diffraction efficiencies less than 0.1% in a 0.826-cm- 

thick crystal. For thinner crystals the magnitude of the effect should be 

less since a larger index change is required for a given diffraction effi¬ 

ciency. There was, however, no measurable effect arising from this granular¬ 

ity for diffraction efficiencies greater than 0.001%. The reason why this 

effect is not observable is not clear at present. We can conclude, however, 

on the basis of these measurements that the statistical fluctuations will not 

contribute to the observable noise for the range of diffraction efficiencies 

which would be used in practical applications. 

Scatter noise arising from bulk and surface imperfections in the record¬ 

ing medium was measured to be 80 to 100 down from the image intensity for a 

10% efficient hologram, and is therefore also insignificant as a noise source. 

This high S/N .atio is attributable to the excellent optical quality of 

presently available crystals and the high quality of the surface finish ob¬ 

tainable using SYTON polish. 

The development of an Si02 antireflection coating for LiNb03, which is 

stable during the heating cycles used for fixing and erasing holograms, im¬ 

proved the readout image quality by eliminating multiple reflections in the 

crystal. 

The buildup and angular dependence of optically induced light scattering 

has been measured previously [19]. In the work reported here a background 
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light induced scattering of -50 dB was observed when 50 holograms were re¬ 

corded at room temperature. Previous observations indicate that the buildup 

of this effect is a highly nonlinear function of the total exposure [19]. 

This effect is partially suppressed using the record-while-hot technique, 

since the local space charge field associated with the optical damage during 

recording is immediately compensated for by ionic motion. 

The effect of light-induced optical scattering is primarily seen during 

prolonged readout of a given hologram. In iron-doped LiNbO^ this effect can be 

reduced by a combination of several different means: the use of high diffrac¬ 

tion efficiency holograms, low laser readout power, high sensitivity image 

detection (vidicon or light value), and incoherent illumination of the storage 

medium during readout coupled with a narrow band pass filter suitably located 

in the readout optics. 

An alternative approach for LiNbO^ is the use of other photosensitive 

dopants which can then be deactivated during readout. Several efforts have 

been made in this area, but as yet no dopant has been found which approaches 

iron in sensitivity and thermal stability during fixing. 

In summary, noise sources intrinsic to volume phase holograms in iron- 

doped LiNbO^ have been investigated. Intermodulation distortion, statistical 

noise, and scatter noise have been found to be insignificant. Crosstalk noise 

can be reduced to a level compatible with high-quality (S/N ratio ^40 dB) read¬ 

out images at angular spacings (0.1° in air) such that large numbers of holo¬ 

grams can be stored in a given volume. Light-induced optical scattering during 

recording and readout can be reduced by proper choices of recording and readout 

techniques. 
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APPENDIX 

In this Appendix we solve the coupled-wave equations, Eqs. (24a) - (24c). 

The method we use is the Laplace transformation, which converts a set of coupled 

differential equations into a set of coupled algebraic equations. Let p be the 

transformation variable and R (p), (p), S2 (p), (p), A?2 (p) be the Laplace 

transforms of R (y), (y), (y), (y), (y), respectively. Then the 

transformed equations are: 

Co[pÄ(p) - 1] - -iK^ip) - iK252(p) (A-l) 

Cg p^ip) + ^(p) - -iK^p) (A-2) 

Cg p52(p) + i0S2(p) - -iK2Ä(p) (A-3) 

Cg P^(p) - i(A - - -iK^S^p) 

Cg P^2(p) - i(A - 0)N2(p) » iK12S2(p) 

(A-4) 

(A-5) 

Equations (A-l) - (A-3) can be solved for (p): 

p2 + (i /Cs)p+[(K2 + K2)/CoCs] 

1 
(A-6) 

From Eqs. (A-6) and (A-4) we get (p): 

Nx (p) (A-7) 

Performing the inverse Laplace transformation on (A-6) and (A-7), we 

get 

exp[-ii>y/2Cs] 

(A-8) 
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r 

and 

N1(y) 
KiKi2- expi_i,,y/2csi 

[A2 - r2] 

I[cos Ay - coa Fy] + i[sin Hy - j sin ry]| (A-9) 

where the quantities A and F have been defined in the text. From Eqs. (A-8) 

and (A-9), one can directly obtain Eqs. (26) and (29). 
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