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1.0 INTRODUCTION 

Simula t ion  of cond i t ions  in g round  t e s t i n g  of h igh  p e r f o r m a n c e  
r e e n t r y  v e h i c l e s  con t i nues  to be a f o r m i d a b l e  t a sk .  The h igh  h e a t i n g  
r a t e s  and p r e s s u r e  l e v e l s  a c h i e v e d  in f l ight  t e s t s  a r e  d i f f icu l t  to 
dup l i ca t e  in g round  t e s t s ,  w h e r e  not  only  the  t e s t  m o d e l  but  the t e s t  
e q u i p m e n t  as  we l l  m u s t  w i t h s t a n d  the  e n v i r o n m e n t .  To da te ,  the a r c  
h e a t e r  has  b e e n  the  m o s t  s u c c e s s f u l  d e v i c e  fo r  p r o d u c i n g  an e n v i r o n -  
m e n t  fo r  t e s t i n g  ab l a t i ve  m a t e r i a l s  fo r  r e e n t r y  v e h i c l e s .  H o w e v e r ,  
the  a r c  h e a t e r  has  d i s a d v a n t a g e s  in that  the  f low Mach n u m b e r  is low,  
the p l a s m a  je t  en tha lpy  d i s t r i b u t i o n  is  n o n u n i f o r m ,  and t e s t i n g  is  
l i m i t e d  to s m a l l  m o d e l s .  One m e t h o d  u s e d  to ex tend  the  u t i l i t y  of 
the  a r c  h e a t e r  is  to enve lop  the  a r c  h e a t e r  f low with a u n i f o r m ,  h igh  
Mach  n u m b e r ,  low en tha lpy  flow (i. e . ,  a co ld  sh roud) .  The  concep t  
i s  tha t  the  h igh  en tha lpy  f low f r o m  the  a r c  wi l l  be  i n j e c t e d  into the  
b o u n d a r y  l a y e r  a r o u n d  the  m o d e l  and wi l l  c o r r e c t l y  s i m u l a t e  the  
h e a t i n g  r a t e s  whi le  the  s u r r o u n d i n g  high Mach  n u m b e r  cold  f low wi l l  
p r o v i d e  the  c o r r e c t  p r e s s u r e  d i s t r i b u t i o n  s i m u l a t i o n  on the  m o d e l .  

Wh e the r  conven t iona l  o r  s h r o u d e d ,  the  a r c  h e a t e r s  in c u r r e n t  
u s e  p r o d u c e  n o n u n i f o r m  though ax i a l l y  s y m m e t r i c  t e s t  j e t s .  To  
con f iden t ly  apply data  f r o m  such  a t e s t  to the  d e s i g n  of c o n s i d e r a b l y  
s c a l e d - u p  f l ight  v e h i c l e s ,  one m u s t  a s c e r t a i n  the  i n f luence  of the  f low 
n o n u n i f o r m i t i e s .  The  ob jec t  of the p r e s e n t  e f fo r t  i s  to ex t end  e x i s t i n g  
a n a l y t i c a l  t e c h n i q u e s  fo r  b lunt  body f l o w - f i e l d  a n a l y s i s  to i nc lude  the  
e f f e c t s  of the  n o n u n i f o r m  f r e e  s t r e a m .  

The m o s t  s u c c e s s f u l  a n a l y t i c a l  m e t h o d  e x i s t i n g  was  d e v e l o p e d  by 
M o r e t t i  and h i s  c o - w o r k e r s  (Refs .  1 t h r o u g h  3). Th i s  i s  a t i m e -  
d e p e n d e n t  t e c h n i q u e  in wh ich  the  b lunt  body f l o w - f i e l d  so lu t ion  is  
t aken  to be the  a s y m p t o t i c  l i m i t  of an u n s t e a d y  f low in wh ich  s t e a d y -  
s t a t e  b o u n d a r y  cond i t i ons  a r e  i m p o s e d .  The  M o r e t t i  t e c h n i q u e  d i f f e r s  
in two s i gn i f i c an t  a s p e c t s  f r o m  o t h e r  m e t h o d s  of th i s  s a m e  g e n e r a l  
c l a s s .  F i r s t ,  the M o r e t t i  t e c h n i q u e  i s  d i r e c t ,  with the  body shape  
s p e c i f i e d  and the shock  shape  c a l c u l a t e d  as  p a r t  of the  so lu t ion ,  and 
second ,  the  shock  wave  i s  t r e a t e d  as  a d i s c o n t i n u i t y  l o c a t e d  a t  the  
u p s t r e a m  b o u n d a r y  of the  c o m p u t a t i o n a l  r e g i o n .  

T h e r e  a r e  s e v e r a l  v e r s i o n s  of the  M o r e t t i  p r o g r a m  in u s e ,  and 
the  v e r s i o n s  d i f f e r  by the  g e o m e t r y  c o n s i d e r e d ,  the  m a i n  c o o r d i n a t e  
s y s t e m s  e m p l o y e d ,  and the  p a r t i c u l a r  c o m p u t e r  f o r  which  t h e y  w e r e  
w r i t t e n .  F o r  th i s  s tudy,  two of t h e s e  a u t o m a t e d  v e r s i o n s  w e r e  u s e d .  
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The f i r s t  i s  a s i m p l e  m o d e l  a p p l i c a b l e  to a x i s y m m e t r i c  b lun t  b o d i e s  
a t  z e r o  ang le  of a t t ack .  T h i s  v e r s i o n  u s e d  a c o m b i n a t i o n  of two-  
d i m e n s i o n a l  c a r t e s i a n  and p o l a r  c o o r d i n a t e  s y s t e m s .  Due to i t s  
r e l a t i v e  s i m p l i c i t y ,  t h i s  p r o g r a m  was  u s e d  to ga in  f a m i l i a r i t y  wi th  
the  M o r e t t i  t e c h n i q u e  and  to p e r f o r m  p r e l i m i n a r y  c a l c u l a t i o n s  wi th  
a n o n u n i f o r m  f r e e  s t r e a m .  The  s e c o n d  v e r s i o n  of t he  p r o g r a m  i s  
f o r  an  a x i s y m m e t r i c  body  a t  ang le  of a t t a ck  and u s e s  a s p h e r i c a l  
c o o r d i n a t e  s y s t e m .  T h i s  s econd  v e r s i o n ,  a s  ob t a ined  f r o m  Sandia  
C o r p o r a t i o n ,  was  w r i t t e n  fo r  a CI)C 6600 c o m p u t e r  and i n c l u d e d  r e a l  
ga s  e f f ec t s .  When t h i s  v e r s i o n  was  c o n v e r t e d  to the  IBM s y s t e m ,  the  
r e a l  gas  c a p a b i l i t y  was  de l e t ed  in  o r d e r  to r e d u c e  the s t o r a g e  r e q u i r e -  
m e n t s  and r u n n i n g  t i m e .  

While both  of t h e s e  p r o g r a m s  have  a c a p a b i l i t y  of e x t e n d i n g  the 
c o m p u t a t i o n s  d o w n s t r e a m  of the n o s e  r e g i o n  in to  the  s u p e r s o n i c  f low 
f i e ld ,  t h i s  opt ion  was  not  e x e r c i s e d .  T h i s  e x t e n s i o n  i s  qui te  s t r a i g h t -  
f o r w a r d  but  does  r e q u i r e  r e p r o g r a m m i n g  to r e d e f i n e  the  v a r i a b l e s .  
The  nose  r e g i o n  of the  b lun t  body,  h o w e v e r ,  i s  of p r i m a r y  i n t e r e s t  in 
r e g a r d  to the  i n t ended  a p p l i c a t i o n ,  and t h i s  e f fo r t  ha s  c o n c e n t r a t e d  on 
c a l c u l a t i n g  t h i s  f low f i e ld .  A l s o ,  s i n c e  the  z e r o  ang le  of a t t a c k  i s  a 
s p e c i a l  c a s e  of a m o r e  g e n e r a l  a n g l e - o f - a t t a c k  c a l c u l a t i o n ,  on ly  the  
g e n e r a l  c a s e  w i l l  be c o n s i d e r e d  h e r e .  

In Sec t ion  2 . 0 ,  the  m e t h o d  i s  ou t l ined .  In Sec t ion  3 . 0 ,  the  r e s u l t s  
of the  s a m p l e  c o m p u t a t i o n s  a r e  p r e s e n t e d .  In Sec t ion  4 . 0 ,  the  p r i n c i -  
pal  c o n c l u s i o n s ,  l i m i t a t i o n s ,  and p o s s i b l e  e x t e n s i o n s  of the  a n a l y s i s  
a r e  d i s c u s s e d .  In p a r t i c u l a r ,  the  r e s u l t s  i n d i c a t e  tha t  f low nonun i -  
f o r m i t i e s  can  a l t e r  the  h e a t i n g  r a t e s  to the  ex t en t  tha t  t h e y  m u s t  be 
t aken  in to  a c c o u n t  when  s c a l i n g  e x p e r i m e n t a l  da ta  fo r  d i f f e r e n t  s i z e d  
m o d e l s .  

2.0 OUTLINE OF THE METHOD 

The f low g e o m e t r y  i n c o r p o r a t e d  in the  b lunt  body  p r o g r a m  wi th  a 
n o n u n i f o r m  f r e e  s t r e a m  i s  shown in F ig .  1. F o r  s i m p l i c i t y ,  the  body  
shape  i s  t a k e n  to be an a x i s y m m e t r i c ,  s p h e r i c a l l y  b lun t  cone .  ~rhile 
the  p r o g r a m  i s  w r i t t e n  fo r  a x i s y m m e t r i c  con i ca l  s h a p e s ,  in  p r i n c i p l e ,  
the  body need  on ly  be  p l a n a r  s y m m e t r i c  in  the  p i t ch  p l ane ,  and the  
b lunt  n o s e  does  not  have  to be s p h e r i c a l .  The  p r i m a r y  s p h e r i c a l  
c o o r d i n a t e  s y s t e m  i s  l o c a t e d  on the body a x i s  and  i s  a l i g n e d  wi th  r e -  
spec t  to the  wind v e c t o r .  The  o r i g i n  of the  c o o r d i n a t e  s y s t e m  i s  

5 
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n e i t h e r  f ixed  n o r  r e q u i r e d  to be at the  c e n t e r  of c u r v a t u r e  of the  b lunt  
n o s e .  H o w e v e r ,  as  a f u n d a m e n t a l  a s s u m p t i o n ,  the  f r e e - s t r e a m  s t a g -  
na t ion  s t r e a m l i n e  i s  t aken  to be de f ined  by the  wind v e c t o r  p a s s i n g  
t h ro u g h  the  c o o r d i n a t e  o r i g in .  F o r  a s p h e r i c a l  n o s e  at s m a l l  a n g l e s  
of a t t ack ,  with the  son ic  s u r f a c e  o c c u r r i n g  in  the  n o s e  r e g i o n ,  th i s  is  
a r e a s o n a b l e  a p p r o x i m a t i o n .  In the  s p h e r i c a l  c o o r d i n a t e  s y s t e m ,  the  
body  c e n t e r l i n e  and the  x and z axes  a r e  in the  s a m e  p lane .  The 
m e r i d i a n  ang le ,  ~,  which  has  v a l u e s  b e t w e e n  0 and ~r in  the  l e e w a r d  
and w i n d w a r d  p l a n e s ,  r e s p e c t i v e l y ,  i s  m e a s u r e d  in the  x - y  p lane ,  
wh ich  is  o r t h o g o n a l  to the  x - z  p lane .  The a z i m u t h a l  ang le ,  e ( m e a -  
s u r e d  in the  r - z  p lane) ,  i s  n o r m a l l y  conf ined  to the  r a n g e  lr/2 < e < 7r 
but  can be f u r t h e r  r e s t r i c t e d  fo r  a p a r t i c u l a r  p r o b l e m .  Note  tha t  
when  the  a p p e l l a t i o n s  " m e r i d i a n "  and " a z i m u t h "  a r e  app l i ed  to the  
c o o r d i n a t e  a n g l e s ,  i t  is  the  c o o r d i n a t e  s y s t e m  tha t  i s  r e f e r e n c e d  and 
not  d i r e c t i o n s  on the  body s u r f a c e .  

The  f r e e - s t r e a m  flow is  t aken  to be p a r a l l e l  wi th  a u n i f o r m  s t a t i c  
p r e s s u r e .  The  v e l o c i t y  and d e n s i t y  in the f r e e  s t r e a m  a r e  t a k e n  to 
have  ax ia l ly  s y m m e t r i c  p r o f i l e s  wi th  r e s p e c t  to the p r e v i o u s l y  de f ined  
s t a g n a t i o n  l ine ,  wh ich  is an e x t e n s i o n  of the c o o r d i n a t e  s y s t e m  b a s e -  
l ine .  The  d i s t r i b u t i o n  of the  v e l o c i t y  is  d e p i c t e d  in Fig .  1. 

Figure 1. Flow geometry and coordinate system definition used in the analysis 
of blunt body flow with a nonuniform free stream. 

? 
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The actual flow computational region of interest in the blunt body 
problem is the region between the bow shock wave, the shape and 
position of which are determined as part of the solution, and the speci- 
fied body surface. Closure of the computational region is provided by 
the specification of a limiting value of the azimuth angle, {)max. This 
angle is selected in conjunction with the placement of the coordinate 
origin such that the flow through this closure surface is everywhere 
supersonic. That is, the subsonic flow in the stagnation region of 
the blunt body must be wholly embedded within the computational 
region. The computational region in the physical space is depicted 
in Fig. 2a. The solution on the closure surface, or immediately 
below it, will permit the continuation of the flow-field calculation 
further downstream using conventional steady-state analytical methods 
such as the method of characteristics. 

~ 8 o  8h°ck ~ee~rd Plane 
'r, ic 

a. Calculational region in physical space 

em~ x a . f -  Body 
, .  

b. Computational region in c. Discretized computational regions 
transformed space in transformed space 

Figure 2. Computational regions in the physical space and the continuous 
and discretized transformed space. 
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The b a s i c  concep t  is  to c o n s i d e r  the  t i m e - d e p e n d e n t  e q u a t i o n s  of 
m o t i o n  fo r  an i n v i s c i d  f lu id  w i th in  the  ou t l i ned  r e g i o n  of i n t e r e s t .  In 
a s t e a d y - s t a t e  f o r m u l a t i o n  of the  p r o b l e m ,  the  d e s c r i b i n g  e q u a t i o n s  in 
the  s u b s o n i c  r e g i o n s  of the  f low a r e  e l l i p t i c ,  and the  p r o b l e m  would  be  
an e l l i p t i c  b o u n d a r y  va lue  p r o b l e m  wi th  unknown f r e e  b o u n d a r i e s ,  
n a m e l y  the  shock  and son i c  s u r f a c e s .  In the  u n s t e a d y  f o r m u l a t i o n  the  
a p p r o p r i a t e  f low equa t i ons  a r e  h y p e r b o l i c  in  c h a r a c t e r  o v e r  the  e n t i r e  
f low r e g i o n ,  and the  p r o b l e m  can  be f o r m u l a t e d  as  an in i t i a l  va lue  
p r o b l e m ,  wh ich  i s  not  as  d i f f icu l t  a c o m p u t a t i o n a l  p r o b l e m .  While  
the  body  s u r f a c e  is  f ixed  in t i m e ,  the  b o u n d a r y  r e p r e s e n t e d  by the  
shock  s u r f a c e  is  a l l owed  to m o v e ,  and in e s s e n c e  it  i s  the  a s y m p t o t i c  
t i m e  pos i t i on  of the  shock  wave  which  r e p r e s e n t s  the f ina l  so lu t ion .  
The  c a l c u l a t i o n s  in the  i n t e r i o r  of the  f low f i e ld  a r e  d i f f e r e n t  f r o m  
t h o s e  p e r f o r m e d  at the  b o u n d a r i e s ,  and each  of t h e s e  c a l c u l a t i o n s  
wil l  be c o n s i d e r e d  s e p a r a t e l y  in the  fo l lowing  s u b s e c t i o n s .  

2.1 FIELD POINT COMPUTATIONS 

With u O, Ur, and u~ r e p r e s e n t i n g  the  v e l o c i t y  c o m p o n e n t s  in  
the  s p h e r i c a l  c o o r d i n a t e  d i r e c t i o n s ,  the  g o v e r n i n g  s y s t e m  of n o n -  
s t e a d y  f low equa t i ons  f o r  an i n v i s c i d ,  nonconduc t ing ,  p e r f e c t  gas  i s  
g iven  as 

aPa_T or ~ a  2 pu, ! a-~ ,,- puo ] ~  (puO) + -;-(pu_) + -  + - -  (#u.D + + - ffi 0 
r r sin 0 r tan 0 r 

(,° 
OU r r~u r u 0 Our Uq~ Ou r ~ ~ u 1 ap  
at + Ur-~--r +---- + + = 0 r O0 rs inO a~ r p ' ~ r  

(1 )  

(2) 

2 
O. 0 Ou 0 u 00u 0 u¢ Ou 0 UrU 0 ucb I Op 

+ u r - z - -  + + + -  + -  co t  O + 
- -a t  d r  , ao r s i n  0 O~ r r pr O0 

au,h Ou,~ "o o,,,~ .,/, o.,~ ,,,,,,~ 
a t  + U r ' ~ - ' r  + r O0 + r s i n e  O~ + r 

= 0  

cot 0 + " = 0 
r pr s in  0 a ~  

as as "(~ as ],u au8 
at + u,~; + ,~i.O a~ + ; 0 ~ -  = 0 

(3) 

(4) 

(5) 
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w h e r e  p i s  the  s t a t i c  dens i t y ,  p the  s t a t i c  p r e s s u r e ,  and s is  the  
e n t r o p y .  The  f i r s t  equa t ion  i s  the con t inu i ty  equa t ion ,  f o l l owed  by the  
t h r e e  E u l e r  equa t i ons ,  and the  f inal  equa t ion  e x p r e s s e s  the  fact  tha t  
the  e n t r o p y  i s  cons t an t  a long  the  s t r e a m l i n e s .  In v i e w  of the  c o m p l e x  
g e o m e t r y  i n v o l v e d  in the  flow f i e ld  and the  fac t  that  t h e r e  i s  no l eng th  
s c a l e  a s s o c i a t e d  wi th  an i n v i s c i d  f low, i t  i s  c o n v e n i e n t  to t r a n s f o r m  
the  i n d e p e n d e n t  v a r i a b l e s  and n o n d i m e n s i o n a l i z e  the  d e p e n d e n t  v a r i -  
a b l e s  in the  above  equa t ions .  

To t r a n s f o r m  the  i n d e p e n d e n t  v a r i a b l e s ,  one  can take  the  body  
s u r f a c e  as an e x p l i c i t l y  de f ined  func t ion ,  B, wh ich  i s  d e p e n d e n t  on 
the  a z i m u t h  ang le  and m e r i d i a n  a n g l e s  only.  The  body s u r f a c e  i s  
de f ined  by an equa t ion  of the  f o r m  

r -  B ( ~ , # ) =  0 (6)  

A s i m i l a r  r e l a t i o n  can  be de f ined  f o r  the  shock  wave  s u r f a c e  as  

- s ( , / , , o , t )  = o ( 7 )  

w h e r e  the  func t ion  S is  i m p l i c i t  and a l so  f u n c t i o n a l l y  t i m e  d e p e n d e n t  
s i n c e  the shock  is  a l l owed  to have  a r a d i a l  mo t ion .  ~Vith 6 r e p r e s e n t -  
ing the  d i s t a n c e  b e t w e e n  the  body and shock  s u r f a c e s  a long  any  r a d i u s ,  
t h i s  d i s t a n c e  i s  g iven  as  

a(¢,o,o = s -  B (8)  

A t r a n s f o r m a t i o n  of v a r i a b l e s  can then  be de f i ned  by  

r - B  
¢ -  a , e  = ~,O = ~ , T  = t (9 )  

w h e r e  ~, 0, 4~, and T a r e  the  new i n d e p e n d e n t  v a r i a b l e s .  U n d e r  t h i s  
t r a n s f o r m a t i o n  the  p h y s i c a l  space  of F ig .  2a can be c o n s i d e r e d  to 
m a p  into the  s p a c e  of F ig .  2b w h e r e  the  shock  s u r f a c e  b o u n d a r y  l i e s  
in the  p l ane  ~ = 1 and the  body s u r f a c e  l i e s  in the  p lane  ~ = 0. The  
r e q u i r e d  t r a n s f o r m a t i o n  r e l a t i o n s  a r e  g iven  as  

a ] a 

a c(e) a .a 
ae - a a~" a8 
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0 c(O) a a 
a-~ = - -~-a--T.  + ~  

0 ~Os O 0 a~ = - ~ -  ~ + aY 

w i t h  t h e  f u n c t i o n  C(x)  b e i n g  d e f i n e d  a s  

( I 0 )  

OB L" as 
C(x) = ~ ( I  - ~) .,. _ ~  ( I i )  

w h e r e  x i s  a d u m m y  n o t a t i o n  r e p r e s e n t i n g  e i t h e r  ~ o r  e a s  t h e  c a s e  
m a y  b e .  W i t h  t h e  e s t a b l i s h m e n t  of  t h e  t r a n s f o r m a t i o n  r e l a t i o n s ,  t h e  
o r i g i n a l  n o t a t i o n s  0, @, a n d  t w i l l  be  r e t a i n e d  f o r  t h e  t r a n s f o r m e d  
v a r i a b l e s  t o  w h i c h  t h e y  a r e  i d e n t i c a l .  

To nondimensionalize the dependent variables, it is convenient 
to use the free-stream static pressure and free-stream density on 
the principal coordinate axis. The following nondimensional variables 
a r e  i n t r o d u c e d :  

Pressure 

Density 

Entropy 

Velocity 

P = [~n(p./po o) 

R = ~n(p/p~)  

E =  P - y R  

(u,v,w) = (u r, "0" "~)/v%-~% (12) 

A c o n v e n i e n t  r e f e r e n c e  l e n g t h  i s  t a k e n  a s  t h e  b o d y  n o s e  r a d i u s ,  a n d  
t h e  r e f e r e n c e  t i m e  u n i t  i s  t a k e n  a s  rn/J(p®/p®)ff~ 

I n c o r p o r a t i n g  t h e  t r a n s f o r m a t i o n  r e l a t i o n ,  E q .  (10) ,  a n d  t h e  n o n -  
dimensionalizations, Eq. (12), into the governing system, Eqs. (1) 
through (5), yields the following coupled system of equations. 

- aP aP aP 8P au 0,. av 

ave o~w 
* "6 ~ - "7 a---$ + "" ( 1 3 )  

- au  9u au 0 .  aP 
a'-T" ffi ao ~ + al ~ + a2 ~ + a9a--'~ + a]O (14) 

11 
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- a ~  av av av aP 0P 
a'--~'-= a 0 -  ~ + a, ~ + a2 ~ + all ~- + a12 ~- + a13 (i5) 

-0~.' Ow Ow Ow aP OP 
a'--V = % ~ -  + "~ ~ + ~' ~ + " ,4  ~ + ~,5 ~ + a~6 ( 1 6 )  

-0E OE OE 8E 
a~ - "o~- + " I ~  + "2 (17) 

~ V  

ao = 8--'~+ B 

w 1 
" l =  ~i--~ ~ + s 

~2 = ~ - ~- - ~ c(o) . ~ . o j )  

Y 
a 3 = 

- '4  = 

-y c(O) 

( i 8 )  

a6 = s inO(8~+  B) 

- ), c ( 6 )  

),(v cot 0 ~- 2u) 
as = 6~ + B 

2 
1 a 

"9 = ~ 7  

_ (v 2 + w 2) 

al0 = 8~ + B 

2 a 

a l l  -- y(8~ + B) 

- a 2 C(8) 

a12 = FB (~+ B) 

12 
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a13 = 

2 
U V  ~ W COt 

2 
8 

a14 = y s i n O ( 8 ~  + B) 

- a ~ c(~) 

a15 = 8y sin 0 (~ + B) 

a16 - (8~ v cotO ~- 2u - 

Thi s  s y s t e m  of equa t ions  is  n u m e r i c a l l y  i n t e g r a t e d  with r e s p e c t  
to t i m e  in the  i n t e r i o r  of the t r a n s f o r m e d  c o m p u t a t i o n a l  space  shown 
in F ig .  2b. The  spa t i a l  d e r i v a t i v e s  a p p e a r i n g  on the r i g h t - h a n d  s ide  
of t h e s e  equa t i ons  a r e  a p p r o x i m a t e d  by f in i t e  d i f f e r e n c e s ,  and to do 
th i s ,  the  con t inuous  space  of F ig .  2b is  d iv ided  in to  a d i s c r e t e  t h r e e -  
d i m e n s i o n a l  g r i d  of po in t s  as  i n d i c a t e d  in F ig .  2c. The  s p a c e  is  
f i r s t  s e c t i o n e d  by cu t t ing  p l a n e s  fo r  e q u a l l y  s p a c e d  i n c r e m e n t s  in the  
a z i m u t h a l  ang le  ~, and up to n ine  such  p l a n e s  can be u s e d  in - the  p r e s -  
ent  p r o g r a m .  E a c h  of t h e s e  p l a n e s  is  then  d iv ided  in to  a m a t r i x  of 
eq u a l l y  s p a c e d  po in t s  in the  e and ~ d i r e c t i o n s ,  and up to s ix  po in t s  in 

and 10 po in t s  in e can be u sed .  Th i s  s p a c i n g  p r o v i d e s  an i n d i c a t i o n  
of the  c o m p l e x i t y  of the  m a c h i n e  c a l c u l a t i o n s  when  one c o n s i d e r s  tha t ,  
as  a m i n i m u m ,  v a l u e s  fo r  each  of the  f ive  d e p e n d e n t  v a r i a b l e s  have  
to be s t o r e d  fo r  e a c h  of the  p o s s i b l e  540 g r i d  po in t s .  F o r  an a x i s y m -  
m e t r i c  body at  z e r o  ang le  of a t tack ,  the  g r i d  e q u i v a l e n t  of a s i n g l e  
p lane  i s  r e q u i r e d ,  and the  so lu t ion  of th i s  c a s e  would  a l w a y s  be m o r e  
d e t a i l e d  in tha t  m o r e  po in t s  could  be s t o r e d ,  than  in the  m o r e  c o m p l e x  
c a s e  wi th  the  body at an angle  of a t tack .  

With v a l u e s  of the  v a r i a b l e s  a s s i g n e d  at e a c h  of the  m e s h  po in t s ,  
the  s y s t e m  of e q u a t i o n s  i s  n u m e r i c a l l y  i n t e g r a t e d  wi th  r e s p e c t  to the  
t i m e  to obta in  new v a l u e s  at the  i n t e r i o r  f i e ld  m e s h  po in t s .  The  
s t a r t i n g  v a l u e s  fo r  the  i n t e g r a t i o n  a r e  a s s u m e d ,  but v a r y  wi th  t i m e  
u n d e r  the  i n f l u e n c e  of the  app l i ed  b o u n d a r y  cond i t i ons .  

M c C o r m a c k ' s  d i f f e r e n c i n g  s c h e m e  (Ref.  4) i s  u s e d  fo r  the  t i m e -  
w i s e  n u m e r i c a l  i n t e g r a t i o n .  Th i s  m e t h o d  i s  a t w o - s t e p  m e t h o d  w h i c h  
h a s  the  advan t age  tha t  whi le  b e i n g  of s e c o n d  o r d e r  in a c c u r a c y ,  i t  
does  not  r e q u i r e  eva lua t i on  of s e c o n d - o r d e r  d e r i v a t i v e s .  The  s c h e m e  
i s  as fo l lows .  L e t  g r e p r e s e n t  the  va lue  of any  of the  d e p e n d e n t  v a r i -  

t 
a b l e s ,  gi,  j, k r e p r e s e n t  the  va lue  of the  v a r i a b l e  at a t i m e ,  t, at  the  

13 
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s p a t i a l  p o s i t i o n  0 i, ~ i ,  ~k. In the  f i r s t  s t ep ,  a f i r s t  e s t i m a t e  of the  
va lue  of the  v a r i a b l e  a t  t i m e  t + At i s  p r o v i d e d  by  

_t+At gt (~...~.) 
gi.j.k = i , j , k  '+  At (19) 

The  d e r i v a t i v e  in t h i s  equa t ion  i s  g iven  by  the  r i g h t - h a n d  s ide  of the  
a p p r o p r i a t e  equa t ion  f r o m  E q s .  (13) t h r o u g h  (17), wi th  the  s p a t i a l  
d e r i v a t i v e s  c a l c u l a t e d  u s i n g  b a c k w a r d  d i f f e r e n c e s .  T h u s ,  f o r  e x a m p l e ,  
the  d i f f e r e n c e  a p p r o x i m a t i o n  to the  d e r i v a t i v e  8 g/% e i s  t a k e n  to be 
equa l  to 

(':.,., - ,:-,.,.,51e,- oi-1) 

In the  s eco nd  s t ep ,  a r e v i s e d  e s t i m a t e  of the  va lue  of g at  t + At 
i s  g iven  by 

,{, _,+A, 
t+At = 2 i,j,k + + At gi,j.k gi,j,k (20) 

The  d e r i v a t i v e  in t h i s  e x p r e s s i o n  i s  c a l c u l a t e d  a s  in t h e ' f i r s t  s t ep  ex -  
--t +At  

cep t  tha t  the  e s t i m a t e s  gi ,  j ,  k a r e  u s e d  and a f o r w a r d  d i f f e r e n c e  a p p r o x i -  

m a t i o n  to the  s p a t i a l  d e r i v a t i v e s  i s  u sed .  The  f o r w a r d  d i f f e r e n c e  
a p p r o x i m a t i o n  of 8 g / 3  8 i s  g iven  a s  

_t-At _t-At~ 
gi+l , j ,k -  gi,j,kJ 

Oi+ l - Oi) 

Note tha t  s i n c e  the s econd  s tep  u s e s  d i f f e r e n c e s  of v a l u e s  c a l c u l a t e d  
in the  f i r s t  s t ep ,  the  o v e r a l l  s t o r a g e  r e q u i r e m e n t  i s  e f f e c t i v e l y  doubled .  
T h i s  i s  the  cos t  t ha t  i s  pa id  fo r  r e t e n t i o n  of s e c o n d - o r d e r  a c c u r a c y  w i th -  
out the  c a l c u l a t i o n  of s econd  d e r i v a t i v e s .  E a r l i e r  v e r s i o n s  of the  
M o r e t t i  a n a l y s i s  u s e d  a s e c o n d - o r d e r  T a y l o r  s e r i e s  e x p a n s i o n  f o r  t h i s  
t i m e  i n t e g r a t i o n  wh ich  did r e q u i r e  s e c o n d - o r d e r  d e r i v a t i v e  c a l c u l a t i o n s .  

In performing the integration with respect to time, one cannot 
s e l e c t  the  t i m e  i n c r e m e n t  a r b i t r a r i l y ,  s i n c e  i t  m u s t  s a t i s f y  the  
C o u r a n t - F r i e d r i c h s - L e w y  (Ref.  4) s t a b i l i t y  c r i t e r i a  g iven  as  
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- +-" u+-" u + - / (21) 

w h e r e  Ar ,  rA  @, r s in  e A@ a r e  the  p h y s i c a l  s p a c e  m e s h  s i z e s  and u 
and a a r e  the  to ta l  v e l o c i t y  and a c o u s t i c  speed ,  r e s p e c t i v e l y ,  at  a 
g r i d  point .  S imply  s t a t ed ,  fo r  the  c a l c u l a t i o n  to be s t ab l e  the  t i m e  
i n c r e m e n t  m u s t  be s e l e c t e d  to be s m a l l e r  than  the  s m a l l e s t  p h y s i c a l  
m e s h  d i m e n s i o n  d iv ided  by the  l a r g e s t  s igna l  p r o p a g a t i o n  s p e e d  at 
any  of the  g r id  po in t s .  In the  p r e s e n t  m e t h o d ,  the  t i m e  i n c r e m e n t  i s  
t aken  to be t w o - t h i r d s  of the t h e o r e t i c a l  m a x i m u m  va lue .  

The  app l i c a t i on  of th i s  s t ab i l i t y  c r i t e r i o n  l e a d s  to an i m p o r t a n t  
o b s e r v a t i o n .  If one should  a t t e m p t  to obta in  a m o r e  d e t a i l e d  f low-  
f i e ld  de f in i t ion  by ha lv ing  the  spa t i a l  i n c r e m e n t s ,  not  only  would  the  
c o m p u t a t i o n a l  t i m e  i n c r e a s e  due to the  e igh t fo ld  i n c r e a s e  in the  n u m -  
b e r  of g r i d  po in t s  ( four fo ld  fo r  the 2-D ca se ) ,  but a l so  tw ice  as  m a n y  
t i m e w i s e  i n t e g r a t i o n s  would be r e q u i r e d  to a c h i e v e  the  s a m e  a s y m p -  
to t ic  so lu t ion .  It i s  a l so  o b s e r v e d  tha t  the  u s e  of g r i d  s p a c i n g s  which  
a r e  n e a r l y  equa l  is  e f f i c i en t  s i nce  the  s m a l l e s t  g r id  s p a c i n g  i s  the  one 
tha t  c o n t r o l s  the  t i m e  i n c r e m e n t .  

2.2 SHOCK POINTS 

The po in t s  on the  b o u n d a r i e s  of the  c o m p u t a t i o n a l  r e g i o n  a r e  
c o m p u t e d  d i f f e r e n t l y ,  and the  shock  b o u n d a r y  l a y e r  t h r o u g h  which  
the  f r e e - s t r e a m  n o n u n i f o r m i t y  e n t e r s  wi l l  be c o n s i d e r e d  f i r s t .  
U n f o r t u n a t e l y ,  it i s  not  p o s s i b l e  to i l l u s t r a t e  the  f o u r - d i m e n s i o n a l  
space  in which  the  ca l cu l a t i on  i s  c a r r i e d  out, so fo r  p u r p o s e s  of i l l u s -  
t r a t i o n ,  the  t w o - d i m e n s i o n a l  ana log  wi l l  be u s e d .  Th i s  m o d e l  is  a l s o  
app l i cab l e  to the  a n g l e - o f - a t t a c k  c o m p u t a t i o n  in the  l e e w a r d  and  w ind -  
w a r d  m e r i d i a n  p l a n e s  w h e r e  the  shock  c u r v a t u r e ,  in d i r e c t i o n s  
n o r m a l  to t h e s e  p l a n e s ,  i s  s y m m e t r i c .  

To i l l u s t r a t e  the  shock  ca l cu l a t i on ,  the  p h y s i c a l  s y s t e m  is  i l l u s -  
t r a t e d  in F ig .  3 fo r  the l e e w a r d  p lane ,  ~ = 0. C o n s i d e r  tha t  at  
t i m e  t the  so lu t ion  in the  p h y s i c a l  p lane  i s  known and,  in p a r t i c u l a r ,  
a point  on the  shock  wave  A o has  a r a d i a l  v e l o c i t y ,  W. In the  t i m e  
i n t e r v a l  At, the shock  point  m o v e s  a d i s t a n c e  WAt and can be l o c a t e d  
at the  point  A in the  t + At p lane .  The  pos i t i on  of A r e l a t i v e  to the  
o r i g i n  of the c o o r d i n a t e  s y s t e m  d e t e r m i n e s  the  f r e e - s t r e a m  f low c o n -  
d i t i ons  u p s t r e a m  of the  shock.  
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t~ 

m 

t - t o + A t  

t -  t o 

L i n e  A oA i s  shock p a t h .  

L i n e  AQ £m b ~ c k w a r d - r u n n i n g  c h a r a c t e r i s t i c ,  

Figure 3. Diagram of geometry of the shock boundary calculation in the 
twe<limemional case or a symmetry plane calculation in 
the three<limensional case. 

At the point  A l e t  N be an  i n w a r d - d i r e c t e d  v e c t o r  n o r m a l  to the  
shock  s u r f a c e  and def ine  an a u x i l i a r y . c a r t e s i a n  c o o r d i n a t e  s y s t e m  

(~' ~ "~') a t  A such  tha t  the  un i t  v e c t o r  ~ i s  p a r a l l e l  to N and ~ i s  n o r m a l  

to ~ in  the  p l ane  ~ = c o n s t a n t .  The  uni t  v e c t o r  r i s  normal ,  to ~ and rl. 

F u r t h e r ,  l e t  the  v e l o c i t y  c o m p o n e n t s  in  the  d i r e c t i o n s  ~ ~ ~" be g iven  
~'s ~ ,  "~, and W, r e s p e c t i v e l y .  The d i r e c t i o n  'r and v e l o c i t y  ~ a r e  
o m i t t e d  f r o m  F ig .  3 fo r  c l a r i t y .  

It  i s  we l l  known tha t  f low v e l o c i t y  c o m p o n e n t s  t a n g e n t  to an  
ob l ique  shock  a r e  u n a l t e r e d  by  the  shock  whi le  the  n o r m a l  c o m p o n e n t  
i s  changed  in  a c c o r d a n c e  wi th  the  R a n k i n e - H u g o n i o t  e q u a t i o n s .  
De f in ing  W N as  the  c o m p o n e n t  of the  shock  v e l o c i t y  in the  d i r e c t i o n  
N and l e t t i n g  the  s u b s c r i p t s  1 and 2 r e p r e s e n t  the  cond i t i ons  f o r e  and 
af t  of the  shock  at  po in t  A,  the  R a n k i n e - H u g o n i o t  cond i t i ons  can  be 
w r i t t e n  a s  

?1 = V2 ' WI = W2 

__ ( y -  1)(~ 1 -  WN )2 + 2 a 1 
u 2 = 

( y +  1)(~ 1 - ~N ) 
+ W N 
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P2 
p] y+  I 

2y(~ I- WN)2 - (y- l) 

P2 ly + I)(P2./P]) + ( Y -  1) 

Pl ( y+  I) + ( y -  l)P2/p 1 (22) 

T h i s  is  a s y s t e m  of f ive equa t i ons  in t h e  s ix  unknowns :  that  i s ,  the  
shock  pos i t i on  is  known,  but the  shock  v e l o c i t y  i s  unknown.  To p r o -  
v ide  the  add i t i ona l  func t iona l  r e l a t i o n  to c o m p l e t e  the  se t ,  a q u a s i -  
o n e - d i m e n s i o n a l  a n a l y s i s  is  e m p l o y e d .  C o n s i d e r  a p l ane  de f i ned  by 
the  ~ - t  c o o r d i n a t e s  as  i n d i c a t e d  in Fig .  3. In th i s  p l ane  the  f low i s  
c o n s i d e r e d  to be q u a s i - o n e - d i m e n s i o n a l ,  n o n s t e a d y  f low u n d e r  the  
a s s u m p t i o n  tha t  the  c o m p o n e n t s  of v a r i a b l e  g r a d i e n t s  t angen t  to the  
shock  wave  a r e  constant~ 

The  s i tua t ion  in the  ~,  t p lane  i s  shown in Fig'. 4. When the  
q u a s i - o n e - d i m e n s i o n a l  a n a l y s i s  is  app l i ed ,  i t  i s  found tha t  t h e r e  a r e  
t h r e e  c h a r a c t e r i s t i c s  p a s s i n g  t h r o u g h  the  poin t  A, g iven  by  

d~ dE 
d ~  ~ - a = ~ a --: = ~ (23) 

d--[ = ' - ~ -  " ' d t  

and i n d i c a t e d  in F ig .  4. The  a p p r o p r i a t e  c h a r a c t e r i s t i c  is  the  f i r s t  
one g iven ,  and the  c o m p a t i b i l i t y  equa t ion  a long th i s  c h a r a c t e r i s t i c  i s  
g iven  as  

dt y dt ~ + ,v . a ~ + - -- ÷ + (24) 

This  c o m p a t i b i l i t y  equa t ion  p r o v i d e s  the  add i t i ona l  r e l a t i o n  wh ich  
when  added  to the R a n k i n e - H u g o n i o t  r e l a t i o n s  r e s u l t s  in a t r a c t a b l e  
se t  of n o n l i n e a r ,  a l g e b r a i c  e q u a t i o n s  wh ich  a r e  s o l v e d  by an i t e r a t i v e  
p r o c e d u r e .  The i t e r a t i v e  p r o c e d u r e  i s  as  fo l lows :  

1. A s s u m e  a va lue  of the  shock  v e l o c i t y  WN at  point  A 
in the  t + At so lu t ion  p lane .  

2. U s i n g  the  a s s u m e d  shock  v e l o c i t y ,  e v a l u a t e  the  f low 
cond i t i ons  b e h i n d  the  shock  f r o m  the  R a n k i n e - H u g o n i o t  
r e l a t i o n ,  and,  in p a r t i c u l a r ,  d e t e r m i n e  a va lue  fo r  ~2. 

3. C o n s t r u c t  the  c h a r a c t e r i s t i c  g iven  by d~ /d t  = ~ - a and 
t r a c e  it  back  in  t i m e  to the  so lu t ion  at t i m e  t 0. L e t  the  
i n t e r c e p t  be d e s i g n a t e d  at (% as  shown  in F i g s .  3 and 4. 
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I n t e r p o l a t e  in the  t i m e  = t o s o l u t i o n  to d e t e r m i n e  the  
f low q u a l i t i e s  and t h e i r  d e r i v a t i v e s  at Q. 

U s i n g  the  v a l u e s  at  poin t  A f r o m  Step 2 and  the 
v a l u e s  a t  Q f r o m  Step 4, i n t e g r a t e  Eq.  (6) f r o m  Q 
to A. Th i s  r e s u l t s  in a n e w  v a l u e  of ~2 at  A. 

R e p e a t  S teps  1 t h r o u g h  5 un t i l  a shock  v e l o c i t y  is  
found w h i c h  c a u s e s  the  c a l c u l a t e d  v a l u e s  of ~2 f r o m  
Steps  2 and 5 to a g r e e .  

d~ 

d~ 
t = t o + A t  

t =  t O 

Figure 4. Shock path in the quasi~ne-dimensional unsteady flow plane 
- . ~  showing the three characteristic directions. 

Since  the f r e e - s t r e a m  n o n u n i f o r m i t y  e n t e r s  in to  the  "solution 
t h r o u g h  the  s h o c k - b o u n d a r y  c a l c u l a t i o n s ,  s o m e  l i m i t a t i o n s  on the  
a l l o w a b l e  n o n u n i f o r m i t i e s  m u s t  be  a c c e p t e d .  O b v i o u s l y ,  the  f r e e -  
s t r e a m  p r o p e r t i e s  m u s t  be c o n t i n u o u s .  F o r  e x a m p l e ,  the  p r o c e d u r e  
wou ld  be i n c a p a b l e  of h a n d l i n g  a d i s c o n t i n u i t y  in f r e e - s t r e a m  v e l o c i t y  
s u c h  as  a s h e a r  l a y e r  w h o s e  t h i c k n e s s  is  m u c h  s m a l l e r  than  the  
p h y s i c a l  m e s h  s i z e .  In s u c h  a c a s e  one  m o v i n g  s h o c k  po in t  cou ld  
a l t e r n a t e l y  p a s s  in and out of the s h e a r  l a y e r  w i th  a r e s u l t i n g  c y c l i c a l  
i n s t a b i l i t y .  As  i n d i c a t e d  in Sec t ion  2 . 1 ,  a r e d u c t i o n  of the m e s h  s i z e  
to a c c o u n t  f o r  such  a l o c a l l y  s t e e p  g r a d i e n t  in the  f r e e  s t r e a m  would  
d e t r a c t  f r o m  the  c o n v e r g e n c e  due to the  a c c o m p a n y i n g  r e d u c t i o n  in 
the  a l l o w a b l e  t i m e  i n c r e m e n t .  
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It i s  a s s u m e d  that  by u s i n g  the q u a s i - o n e - d i m e n s i o n a l  a n a l y s i s  in 
the  shock  ca l cu l a t i on ,  one ob ta ins  g r a d i e n t s  t angen t  to the  shock  which  
a r e  s m a l l  in c o m p a r i s o n  wi th  the  d i s c o n t i n u o u s  c h a n g e s  n o r m a l  to the  
shock .  In the  c a s e  of a u n i f o r m  f r e e  s t r e a m ,  the  g r a d i e n t s  beh ind  and 
t an g e n t  to the  shock  a r e  due s o l e l y  to the  fac t  tha t  the  shock  has  a 
s lowly  v a r y i n g  r a d i u s  of c u r v a t u r e .  The  p r e s e n c e  of f r e e - s t r e a m  n o n -  
u n i f o r m i t i e s  can  change  the  c u r v a t u r e  of the  shock ,  and p o o r  c o n v e r -  
g e n c e  m i g h t  o c c u r  if  the  f r e e - s t r e a m  n o n u n i f o r m i t y  is  c o n c e n t r a t e d  
w h e r e  the  shock  e x p e r i e n c e s  a r a p i d  change  in c u r v a t u r e  (e.  g . ,  a f t e r  
the  i n t e r c e p t  wi th  the  son ic  l ine ) .  To s u m m a r i z e ,  the  f r e e - s t r e a m  
n o n u n i f o r m i t i e s  m u s t  g e n e r a l l y  be con t inuous  and wi thout  l a r g e  g r a d i -  
en t s  so tha t  s ign i f i can t  v a r i a t i o n s  do not  o c c u r  o v e r  l e n g t h s  c o m p a r -  
ab le  to  the  m e s h  s i ze .  The  f r e e - s t r e a m  g r a d i e n t s  should  not be  s u b -  
s t a n t i a l l y  l a r g e r  than  t h o s e  r e s u l t i n g  f r o m  shock  c u r v a t u r e  in the  c a s e  
of a u n i f o r m  f low. 

2.3 BODY POINTS 

The calculation of the body boundary points is similar to the shock 
calculation, though simpler, since the entropy at the body is known and 
the normal component of the velocity vanishes. As in the shock compu- 
tation, an auxiliary cartesian coordinate system defined by the unit 
vectors ~, 7, and ~ is defined but with ~ aligned normal to the body 
surface. The associated velocity components in the coordinate direc- 
tions are again taken to be ~, ~, and ~, respectively. When the quasi- 
one-dimensional analysis is applied at the body, the appropriate char- 
acteristic is the one defined by 

d~-- ~ ~- a (25) 

in the  ~ - t  p l ane ,  as  i l l u s t r a t e d  in F ig .  5. While  ~ is  known to v a n i s h  
at A, the  a c o u s t i c  v e l o c i t y ,  a, is  not  known and m u s t  be  i n i t i a l l y  
g u e s s e d  to c o n s t r u c t  the  b a c k w a r d - r u n n i n g  c h a r a c t e r i s t i c .  A s s u m i n g  
a va lue  fo r  the  a c o u s t i c  v e l o c i t y ,  the  c h a r a c t e r i s t i c  i s  c o n s t r u c t e d  
back  to the  p r e v i o u s  t i m e  so lu t ion  at the poin t  Q w h e r e  the  f low v a r i -  
a b l e s  a r e  i n t e r p o l a t e d  and t r a n s f o r m e d  to the  ~, ~ ,  • c o o r d i n a t e  s y s -  
tern .  The  a p p r o p r i a t e  c o m p a t i b i l i t y  equa t ion  a long  the  ~ + a c h a r a c t e r -  
i s t i c  is  g iven  as  

d--~ + . . . .  a t /  aTi y or arl + y dt ~ + "~ a (26) 
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The  c o m p a t i b i l i t y  equa t ion  i s  a p p r o x i m a t e d  by  a f in i t e  d i f f e r e n c e  e q u a r  
t ion  a long  the c h a r a c t e r i s t i c  wi th  the  r i g h t - h a n d  s ide  e v a l u a t e d  a t  the  
point  Q. Th i s  e v a l u a t i o n  p r o v i d e s  a v a l u e  of the  p r e s s u r e  P a t  po in t  A. 
The  c a l c u l a t e d  p r e s s u r e  and the  known e n t r o p y  d e t e r m i n e  the  d e n s i t y  
at  A a s  wel l  as  a new va lue  fo r  the  a c o u s t i c  v e l o c i t y .  An i t e r a t i v e  
p r o c e d u r e  i s  p e r f o r m e d  un t i l  the  r e s u l t i n g  c a l c u l a t e d  a c o u s t i c  v e l o c i t y  
a g r e e s  wi th  the  v a l u e  u s e d  to c o n s t r u c t  the  c h a r a c t e r i s t i c .  

t " t 0 + A t  I 

t -  t o 

d~ 
d~ ~ -  o 

& 

d ~  

&o 

Body  Po£nt 
f Path 

Figure 51 Body path in the quasi-one-dimensional unsteady flow plane 
showing the three characteristic directions with the condition 
that ~ = 0 at the body surface. 

A f t e r  c o n v e r g e n c e  of the  i t e r a t i o n  to d e t e r m i n e  the  a c o u s t i c  
v e l o c i t y  at  the  body poin t ,  i t  i s  n e c e s s a r y  to d e t e r m i n e  the  v e l o c i t y  
c o m p o n e n t s  ~ and ~ .  T h e s e  c o m p o n e n t s  a r e  ob t a ined  f r o m  the two 
e q u a t i o n s  

cT~ _eT~ -- a~ p a P  
- + w a, 7 (27) 

and 

a ~  a ~  _ a ~  p OP 
- 0 (28) 

aga in  a p p r o x i m a t i n g  the equa t ions  by f in i t e  d i f f e r e n c e s .  E q u a t i o n s  
(27) and (28) a r e  s i m p l y  the i n v i s c i d  flow equa t ions  (3) and (4) 
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w r i t t e n  in the  n ,  ~, T c a r t e s i a n  c o o r d i n a t e  s y s t e m  wi th  the  ~ t e r m s  
d e l e t e d  on accoun t  of the  fac t  tha t  they  v a n i s h  at the  s u r f a c e .  

2.4 OUTER BOUNDARY 

One does  not  have  a p r i o r i  k n o w l e d g e  of any of the  b o u n d a r y  c o n -  
d i t i ons  a long  the  s u r f a c e  e = ema  x i n d i c a t e d  in F ig .  2a. As  a c o n s e -  
q u e n c e ,  no b o u n d a r y  cond i t i ons  a r e  app l i ed  h e r e .  H o w e v e r ,  s i n c e  
th i s  s u r f a c e  is  t o t a l l y  c o m p r i s e d  of s u p e r s o n i c  f low, only  t h o s e  d i s -  
t u r b a n c e s  o r i g i n a t i n g  in the  i n t e r i o r  of the  c o m p u t a t i o n a l  r e g i o n  can 
be p r o p a g a t e d  a c r o s s  t h i s  bounda ry .  T h e r e f o r e ,  the  po in t s  on th i s  
s u r f a c e  a r e  c a l c u l a t e d  by s i m p l e  e x t r a p o l a t i o n  with r e s p e c t  to the  
spa t i a l  v a r i a b l e s .  The  e x t r a p o l a t i o n  i s  c a r r i e d  out fo r  each  t i m e  
so lu t ion  g e n e r a t e d ,  but the  t e m p o r a l  d e r i v a t i v e s  of the  v a r i a b l e s  at 
th i s  s u r f a c e  n e v e r  a c t u a l l y  e n t e r  into the c o m p u t a t i o n a l  p r o c e d u r e .  

In add i t ion  to the  ou t l ined  b o u n d a r y  va lue  c a l c u l a t i o n s ,  t h e r e  a r e  
c e r t a i n  e x t r a n e o u s  cond i t i ons  which  should  be no ted .  The  c o m p u t a -  
t iona l  p l a n e s  @ = 0 and ~ = ~r a r e  p l a n e s  of s y m m e t r y  so tha t  d e r i v a -  
t i v e s  with r e s p e c t  to 4 v a n i s h  i d e n t i c a l l y  on t h e s e  s u r f a c e s .  The  
s t agna t ion  l ine  is  c o m m o n  to al l  of the  ~ p l a n e s  and n e e d  on ly  be c a l c u -  
l a t e d  once .  The  s t agna t ion  l i ne  is  t aken  to be a l i ne  of s y m m e t r y  fo r  the  
eva lua t ion  of d e r i v a t i v e s  n o r m a l  to th i s  l ine .  

The  p r e s e n t  p r o g r a m  is  w r i t t e n  fo r  a x i s y m m e t r i c  b o d i e s  g e n e -  
r a t e d  f r o m  conic  s e c t i o n s  ( c i r c l e ,  e l l i p s e ,  pa rabo lo id )  wi th  a con i ca l  
af tbody.  The  e x t e n s i o n  to o t h e r  s h a p e s  of r e v o l u t i o n  is  s t r a i g h t f o r -  
ward ;  h o w e v e r ,  the  s u r f a c e s  m u s t  have  con t inuous  s e c o n d - o r d e r  
p a r t i a l  d e r i v a t i v e s .  The  r e s t r i c t i o n  to a x i s y m m e t r i c  b o d i e s  s i m p l i -  
f i e s  the  c a l c u l a t i o n s  at the  body b o u n d a r y  s i n c e  the  n o r m a l  v e c t o r  to 
the  body a lways  l i e s  in the  m e r i d i a n  p l anes .  As po in ted  out,  t h i s  
o c c u r s  on ly  in the  w i n d w a r d  and l e e w a r d  p l a n e s  in the  c a s e  of the  
shock  co mpu ta t i on .  

3.0 RESULTS OF SAMPLE CALCULATIONS 

A so lu t ion  to the b lunt  body p r o b l e m  in t h r e e  spa t i a l  d i m e n s i o n s  
r e s u l t s  in an e x t r e m e  p r o f i l e r a t i o n  of n u m e r i c a l  i n f o r m a t i o n  wh ich  in 
i t s e l f  r e p r e s e n t s  a c h a l l e n g e  to c o n d e n s e .  It i s  p o s s i b l e  to p r o v i d e  
de ta i l  m a p s  and to t r a c e  s t r e a m l i n e s  and s u r f a c e s  of cons t an t  Mach  
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n u m b e r ,  p r e s s u r e ,  and d e n s i t y ,  but  t h e s e  a r e  not  of p a r t i c u l a r  
i n t e r e s t .  H o w e v e r ,  c e r t a i n  g r o s s  r e s u l t s  a r e  of p r i m a r y  i n t e r e s t ;  
t h e s e  inc lude  shock  shape ,  son ic  l i ne  l oca t i on ,  p r e s s u r e  d i s t r i b u t i o n ,  
and the  r a t e  of c o n v e r g e n c e  to the  so lu t ion .  Only  t h e s e  g r o s s  c h a r -  
a c t e r i s t i c s  wi l l  be  d i s c u s s e d  fo r  a s a m p l e  of c a s e s  r un  wi th  the  p r o -  
g r a m .  

Al l  of the  r e s u l t s  p r e s e n t e d  a r e  fo r  a s p h e r i c a l l y  b lunt ,  8 - d e g  
h a l f - a n g l e  cone  at a 3 - d e g  ang le  of a t t ack  wi th  a s t agna t ion  l i ne ,  
f r e e - s t r e a m  Mach  n u m b e r  of 7. The  r e s u l t s  w e r e  ob ta ined  fo r  
s e v e n  ¢ p l a n e s  wi th  the  g r i d  in each  ~b p lane  hav ing  a to ta l  of 42 po in t s ,  
i n c l u d i n g  the  b o u n d a r y  po in t s .  The  m a x i m u m  a z i m u t h a l  ang le  is  
90 deg,  and the  c o o r d i n a t e  s y s t e m  o r i g i n  i s  l o c a t e d  o n e - h a l f  n o s e  
r a d i u s  beh ind  the  c e n t e r  of c u r v a t u r e  of the  s p h e r i c a l  cap. F o r  c o n -  
v e n i e n c e ,  the  r e s u l t s  a r e  p r e s e n t e d  in a c o n v e n t i o n a l  m a n n e r  wi th  
the  body a z i m u t h a l  ang le  m e a s u r e d  f r o m  the  s t a g n a t i o n  point .  

F i g u r e  6 d e p i c t s  the  f low f i e ld  c o m p u t a t i o n  r e s u l t s  in the  p i t ch  
p lane  fo r  a u n i f o r m  f r e e  s t r e a m  and i l l u s t r a t e s  the  shock  shape  
evo lu t ion  wi th  r e s p e c t  to the  n u m b e r  of t i m e  i t e r a t i o n s  of the  d e s c r i b -  
ing equa t ions .  As  the  f i g u r e  i l l u s t r a t e s ,  the  in i t i a l  g u e s s  of the  shock  
shape  was  not v e r y  c lose ;  h o w e v e r ,  the  e s t i m a t e  of the  shock  s t andof f  
d i s t a n c e  was  qui te  c l o s e .  The  r e a s o n  fo r  t h i s  a p p a r e n t l y  good g u e s s  
is  tha t  i t  was  m a d e  on the  b a s i s  of data  c o r r e l a t e d  fo r  b lunt  c o n e s  at  
z e r o  ang le  of a t t ack  and does  not  change  m u c h  fo r  s m a l l  a n g l e s  of 
a t tack .  

The  r e s u l t s  of F ig .  6 i n d i c a t e  tha t  the  evo lu t ion  of the  shock  shape  
is  qui te  r ap id ,  wi th  an i n d i s t i n g u i s h a b l e  d i f f e r e n c e  b e t w e e n  the  r e s u l t s  
of 200 and 300 t i m e  s t e p s  fo r  the  s c a l e  u s e d  in the  f i gu re .  The  f ina l  
shock  shape  in F ig .  6 is  not  s y m m e t r i c  wi th  r e s p e c t  to the  body  and 
is  c l o s e r  to the  body  in the  l o w e r ,  w i n d w a r d  ha l f  p lane .  

As  an e x a m p l e  of a n o n u n i f o r m  f low ca l cu l a t i on ,  the  f r e e - s t r e a m  
n o n u n i f o r m i t y  was  t a k e n  to be a f low hav ing  a c e n t e r l i n e  ~Iach n u m b e r  
of 7 and an o u t e r  f low Mach  n u m b e r  of 14. The  v e l o c i t y  d i s t r i b u t i o n  
was  a s s u m e d  to be a s ine  func t ion  o v e r  a d i s t a n c e  of two n o s e  r a d i i  
n o r m a l  to the  s t agna t i on  l i ne .  P r o f i l e s  of the  d e n s i t y ,  v e l o c i t y ,  and 
f low Mach n u m b e r ,  r e f e r e n c e d  to the  c e n t e r l i n e  v a l u e s ,  fo r  the  n o n -  
u n i f o r m  f r e e  s t r e a m  a r e  i n d i c a t e d  in F ig .  7. As i n d i c a t e d  in F ig .  7, 
the  r e s u l t i n g  v e l o c i t y  v a r i a t i o n  is  on ly  on the  o r d e r  of 4 p e r c e n t .  
H o w e v e r ,  the  g r a d i e n t s  in Mach n u m b e r  and d e n s i t y  a r e  s u b s t a n t i a l .  
In addi t ion ,  s i n c e  the  f r e e - s t r e a m  s t a t i c  p r e s s u r e  is  c o n s t a n t ,  the  
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i n d i c a t e d  v a r i a t i o n  in M a c h  n u m b e r  i m p l i e s  an o r d e r  of m a g n i t u d e  
v a r i a t i o n  in the  f r e e - s t r e a m  to ta l  p r e s s u r e ,  
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Figure 6. Three-dimensional flow field for an 8-deg sphere cone at 3 deg 
mille of attack in a Math number 7.0 uniform flow. 
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Figure  7.  N o n u n i f o r m  free-stream m o d e l  used to  i l lustrate  ef fects o f  a 
radia l ly  increasing f l o w  M a c h  n u m b e r ,  

In F ig .  8, the  r e s u l t i n g  shock  g e o m e t r y  c a l c u l a t e d  fo r  the  f r e e -  
s t r e a m  n o n u n i f o r m i t y  of Fig .  7 is  p r e s e n t e d .  The  shock  shape  of 
the  u n i f o r m  flow ca l cu l a t i on  (Fig .  6) is  a l so  shown in F ig .  8 fo r  c o m -  
p a r i s o n .  In c o m p a r i n g  the  s h a p e s ,  one f inds  tha t  the  r e s u l t  f o r  the  
n o n u n i f o r m  f low has  a s m a l l e r  r a d i u s  of c u r v a t u r e ,  as would  be 
a n t i c i p a t e d  by v i r t u e  of the  h i g h e r  f r e e - s t r e a m  Mach  n u m b e r .  By 
the  s a m e  r e a s o n i n g ,  one  would  expec t  that  the  shock  s tandof f  d i s -  
t ance  would  a l so  be d e c r e a s e d  in the  c a s e  of the  n o n u n i f o r m  f low, 
a l though the  r e s u l t s  i n d i c a t e  the  c o n t r a r y .  It i s  a l s o  p o s s i b l e  to 
m a k e  a qua l i t a t i ve  c o m p a r i s o n  of the  son ic  l i n e s  in F ig .  8 wi th  t h o s e  
of F ig .  6. F o r  the n o n u n i f o r m  f low m o d e l  u sed ,  the son ic  l i n e s  a r e  
s t r a i g h t e r .  The  son ic  l ine  i n t e r c e p t s  wi th  the  body o c c u r  at n e a r l y  
the  s a m e  l o c a t i o n s  fo r  both the  u n i f o r m  and n o n u n i f o r m  c a s e s .  
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H o w e v e r ,  the  i n t e r c e p t  of the  son ic  l i ne  wi th  the  shock  o c c u r s  c l o s e r  
to the  c o o r d i n a t e  ax i s  in the  c a s e  of the  n o n u n i f o r m  f low.  T h i s  can  be 
a ~ a c h  n u m b e r  e f f ec t  i n d i c a t i v e  of a s t e e p e r  v e l o c i t y  g r a d i e n t  b e h i n d  
the  shock .  
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(Moo - 7) 

J ~ ' ~  Nonuniform Flow 
(7 <_ M® <_ 14) 

/ / / f ~ ~  Tangent 
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nt 

Axis ~ Direction 

Computational 
Coordinate 
System Origin 

8-deg Sphere Cone at 
3 deg Angle of Attack 

Leeward 
¢-0 

Windward 
¢ - 180 d~ 

Figure 8. Calculated shock shape for a nonuniform free-stream flow in 
which the Mach number radially increases. 

In F i g .  9, the  r e s u l t i n g  s t a t i c  p r e s s u r e  d i s t r i b u t i o n s  a long  the  
body  s u r f a c e  a r e  p r e s e n t e d  fo r  the  u n i f o r m  and n o n u n i f o r m  c o m p u -  
t a t i o n s .  The  p r e s s u r e  d i s t r i b u t i o n s  a r e  g iven  f o r  the w i n d w a r d  
(~ = 180 deg),  s i de  (~ -- 90 deg) ,  and l e e w a r d  (~ = 0) ha l f  p l a n e s .  
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I n d i v i d u a l l y ,  t h e  p r e s s u r e  d i s t r i b u t i o n s  f o r  t h e  u n i f o r m  f l o w  c a s e  
a p p e a r  r e a s o n a b l e  a n d  s e l f - c o n s i s t e n t  i n  t h a t  t h e  p r e s s u r e s  d e c r e a s e  
m o n a t o n i e a U y  w i t h  t h e  a z i m u t h a l  a n g l e  a n d  r e s u l t  in  h i g h e r  v a l u e s  i n  
t h e  w i n d w a r d  p l a n e  t h a n  in  t h e  l e e w a r d  p l a n e .  T h e  i n c r e a s e d  p r e s -  
s u r e s  f o r  t h e  n o n u n i f o r m  c a s e  a s  w e l l  a r e  c o n s i s t e n t  w i t h  i n t u i t i o n  
s i n c e  t h e  f r e e - s t r e a m  t o t a l  p r e s s u r e  o f  t h e  n o n u n i f o r m  c a s e  i s  
l a r g e r  t h a n  t h a t  o f  t h e  u n i f o r m  c a s e .  
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Figure 9. Calculated static pressure distributions for a uniform free 
stream and nonuniform free stream in which the Mach 
number radially increases. 

Of  p a r t i c u l a r  c o n c e r n ,  h o w e v e r ,  i s  t h e  p r e s s u r e  o v e r s h o o t  n e a r  
t h e  s t a g n a t i o n  p o i n t  f o r  t h e  n o n u n i f o r m  f l o w .  I t  w o u l d  a p p e a r  t h a t  
s u c h  a n  o v e r s h o o t  i s  n o t  v a l i d  a n d  m a y  b e  a t t r i b u t e d  to  a p o o r  d e f i n i t i o n  
of  t h e  f l o w  f i e l d  o r  a v i o l a t i o n  o f  t h e  a s s u m p t i o n  t h a t  t h e  s t a g n a t i o n  l i n e  

25 



AE DC-TR-76-31 

l i e s  on the  c o o r d i n a t e  ax i s .  On the  o t h e r  hand ,  in s u p p o r t  of the  e x i s t -  
e n c e  of s u c h  an o v e r s h o o t ,  the  r e s u l t s  f o r  a l l  t he  v a r i a b l e s  a r e  c o n -  
s i s t e n t .  The  v e l o c i t y  d i s t r i b u t i o n s  in  the  v i c i n i t y  of the  s t a g n a t i o n  
poin t  a r e  shown in F ig .  10, and  the i n d i c a t e d  r e d u c t i o n  in the  v e l o c i t y  
in the  c a s e  of the n o n u n i f o r m  f low a p p e a r s  c o n s i s t e n t  wi th  the p r e s s u r e  
i n c r e a s e  shown in F ig .  9. In c o n t r a s t  to the  e a r l i e r  d i s c u s s i o n  of the  
son ic  l i n e  s h a p e  f o r  the  n o n u n i f o r m  f low,  the  r e s u l t s  i n d i c a t e  t ha t  the  
v e l o c i t y  g r a d i e n t s  b e h i n d  the  shock  a r e  i n c r e a s e d ,  but  a r e  r e d u c e d  at  
the  body  as  a c o n s e q u e n c e  of the  n o n u n i f o r m i t y  in the  f r e e  s t r e a m .  
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Figure 10. Calculated flow velocities near 1he body stagnation point 
for a uniform free stream and a nonuniform free stream in 
which the Math number radially ir~maNs. 

If t h i s  is  i n d e e d  the  c a s e ,  i t  can  have  a s i g n i f i c a n t  i m p a c t  on the  
i n t e r p r e t a t i o n  of e x p e r i m e n t a l  s t a g n a t i o n  point  h e a t i n g  r a t e s .  S t agna -  
t ion  po in t  h e a t i n g  r a t e s  a r e  d i r e c t l y  p r o p o r t i o n a l  to the  s q u a r e  r o o t  of 
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the  v e l o c i t y  g r a d i e n t ,  and the  v e l o c i t y  g r a d i e n t  f o r  a u n i f o r m  f low i s  
i n v e r s e l y  p r o p o r t i o n a l  to the  n o s e  r a d i u s .  T h i s  is  not  t r u e  f o r  a 
n o n u n i f o r m  f low,  and  s i m p l e  c o r r e l a t i o n  of s t a g n a t i o n  po in t  h e a t i n g  
wi th  n o s e  r a d i u s  m a y  not  be va l id .  

The  f low n o n u n i f o r m i t y  can  a~so be  r e v e r s e d  in the  s e n s e  tha t  
the  o u t e r  f low Mach  n u m b e r  can  be  l e s s  than  the  c e n t e r l i n e  v a l u e .  
R e s u l t s  of such  a c o m p u t a t i o n  wi th  the  o u t e r  M a c h  n u m b e r  a s s u m e d  
to be 5 a r e  shown in F i g s .  11 t h r o u g h  14. The  v e l o c i t y  d i s t r i b u t i o n  
w a s  a s s u m e d  to be a s i ne  func t ion ,  as  d e s c r i b e d  p r e v i o u s l y .  In 
add i t i on  to the  n o t i c e a b l e  c h a n g e s  in the  s o n i c  l i n e s ,  the  s h o c k  w a v e  
s h a p e  tha t  r e s u l t s  exh ib i t s  a n o t i c e a b l e  c h a n g e  in c u r v a t u r e .  Th i s  
r e s u l t s  f r o m  the  n o n m o n a t o n i c  v a r i a t i o n  of the  shock  c u r v a t u r e .  It 
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Figure 11. Nonuniform free~tmam model used to i l lu~mW effec~ of" 
a radially decreasing flow Mach number. 

28 



AEDC-TR-76-31 

would  be e x p e c t e d  tha t  if  the  o u t e r  f low 1VIach n u m b e r  w e r e  r e d u c e d  
too m u c h  the  son i c  f low would  ex t end  o u t w a r d  to the  poin t  w h e r e  it  
would not  be  p o s s i b l e  to r e t a i n  a r e a s o n a b l e  m e s h  s i z e  and s a t i s f y  
the  c r i t e r i o n  tha t  the  f low a c r o s s  the  c l o s u r e  s u r f a c e  be  s u p e r s o n i c .  
F i n a l l y ,  i t  i s  no ted  tha t  the  so lu t ion  is ,  in fac t ,  oppos i t e  to tha t  of 
the  c a s e  p r e v i o u s l y  p r e s e n t e d  in tha t  the  s t a g n a t i o n  poin t  p r e s s u r e s  
w e r e  l o w e r e d  (F ig .  13) and the  v e l o c i t y  g r a d i e n t s  i n c r e a s e d  o v e r  
t h o s e  of the  u n i f o r m  flow c a s e  (F ig .  14). 
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Figure 12. Calculated shock shape for a nonuniform free-stream flow 
in which the Mach number radially decreases. 
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for a uniform free stream and a nonuniform free stream in 
which the Mach number radially decreases. 

4.0 CONCLUSIONS 

T h e  p r i m a r y  c o n c l u s i o n  to be  d r a w n  f r o m  t h i s  s t u d y  is  t h a t  a 
f r e e - s t r e a m  n o n u n i f o r m i t y  of  the  type  c o n s i d e r e d  can  i n d e e d  h a v e  a 
s i g n i f i c a n t  e f f e c t  on the  r e s u l t s  o b t a i n e d  f r o m  m o d e l  t e s t s  in s u c h  
an e n v i r o n m e n t .  In p a r t i c u l a r ,  t he  f r e e - s t r e a m  e f f e c t s  m u s t  be 
p r o p e r l y  a c c o u n t e d  f o r  w h e n  one  i s  c o r r e l a t i n g  o r  compar i r~g  e x p e r i -  
m e n t a l  d a t a  f r o m  d i f f e r e n t  s o u r c e s .  A s e c o n d  c o n c l u s i o n  w h i c h  the  
r e s u l t s  s u p p o r t  i s  t h a t  t he  c o n c e p t  of s i m u l a t i n g  t he  p r e s s u r e  d i s t r i -  
bu t i on  a r o u n d  a m o d e l  by  the  u s e  of  a s h r o u d e d  f low i s  v i a b l e .  T h e  
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r e s u l t s  s u p p o r t  the  o b s e r v a t i o n  tha t  M o r e t t i ' s  t i m e - d e p e n d e n t  m e t h o d ,  
o r i g i n a l l y  c r e a t e d  as  a d e s i g n  tool  in u n i f o r m  f lows ,  has  a p o t e n t i a l  
fo r  s i g n i f i c a n t  u t i l i z a t i o n  in e x p e r i m e n t a l  i n v e s t i g a t i o n s  w h e r e  the  
d e s i r a b l e  f low u n i f o r m i t y  is  d i f f i cu l t  to a c h i e v e .  

In i t s  p r e s e n t  f o r m ,  the  p r o g r a m m e d  a n a l y s i s  r e s t r i c t s  the  f o r m  
of the  a l l o w a b l e  n o n u n i f o r m  f r e e - s t r e a m  de f in i t i on  to be  a x i a l l y  s y m -  
m e t r i c  about  a body  s t a g n a t i o n  l i n e .  In add i t i on  to th i s  r e s t r i c t i o n ,  
t h e r e  a r e  a d d i t i o n a l  r e s t r i c t i o n s  fo r  w h i c h  no f i r m  g u i d e l i n e s  can  be 
e s t a b l i s h e d .  T h u s ,  one has  to t ake  into  c o n s i d e r a t i o n  the  i n t e r r e l a -  
t ions  b e t w e e n  the  f r e e - s t r e a m  M a c h  n u m b e r ,  the  g r i d  d i m e n s i o n s ,  
the  c o o r d i n a t e  r e g i o n ,  and the  g r a d i e n t  in the  f r e e  s t r e a m  when  
f o r m u l a t i n g  a p r o b l e m .  R.lany of t h e s e  a s p e c t s  have  b e e n  c o n s i d e r e d  
in the  a p p r o p r i a t e  p r e c e d i n g  s e c t i o n s ;  h o w e v e r ,  f u l l e r  u n d e r s t a n d i n g  
of and f a m i l i a r i t y  wi th  the  c o n s t r a i n t s  c o m e s  only  wi th  a p p l i c a t i o n  to 
p r o b l e m s  of i n t e r e s t .  

The  f low M a c h  n u m b e r  is  of p r i m a r y  i m p o r t a n c e  in the  c a l c u l a t i o n .  
I ndeed ,  as  po in ted  out ,  the  m a t h e m a t i c a l  c h a r a c t e r  of the  d e s c r i b i n g  
s t e a d y - s t a t e  f low e q u a t i o n s  can  be  e l l i p t i c  o r  h y p e r b o l i c  d e p e n d i n g  on 
w h e t h e r  the  M a c h  n u m b e r  is  l e s s  than  o r  g r e a t e r  than  un i ty .  G e n e r a l l y ,  
the  n u m e r i c s  of the c o m p u t a t i o n  b e c o m e  m o r e  i n h e r e n t l y  s t a b l e  wi th  
i n c r e a s i n g  f r e e - s t r e a m  M a c h  n u m b e r .  Th i s  r e s u l t s  f r o m  the s t a b i l i t y  
c r i t e r i a  as  we l l  as  the  fac t  tha t  the f low t e n d s  to be a s y m p t o t i c  in M a c h  
n u m b e r .  In o t h e r  w o r d s ,  two f low g e o m e t r i e s  f o r  f r e e - s t r e a m  _Mach 
n u m b e r s  of 10 and 12, for  e x a m p l e ,  a r e  p h y s i c a l l y  qui te  s i m i l a r ;  m o r e  
so than  two f lows h a v i n g  M a c h  n u m b e r s  of 2 and  3. 

F o r  a u n i f o r m  f r e e  s t r e a m ,  e x p e r i e n c e  has  shown tha t  the  so lu t i on  
s t a r t s  to exh ib i t  p o o r  c o n v e r g e n c e  to the  a s y m p t o t i c  l i m i t  as  the  M a c h  
n u m b e r  a p p r o a c h e s  1 .5 .  F o r  a n o n u n i f o r m  f r e e  s t r e a m ,  th i s  l i m i t  
can  s e r v e  as  a g u i d e l i n e ,  but  no f u r t h e r  f i r m  c r i t e r i a  can  be e s t a b -  
l i s h e d .  F o r  e x a m p l e ,  it can  be e x p e c t e d  tha t  fo r  a f r e e  s t r e a m  in 
w h i c h  the  Mach  n u m b e r  v a r i e s  o v e r  the  r a n g e  f r o m  2 .0  to 2 . 5 ,  a 
s o l u t i o n  can be  r e a d i l y  ob ta ined .  On the  o t h e r  hand ,  if the  v a r i a t i o n  
is  o v e r  the  r a n g e  f r o m  2 .0  to 10 .0 ,  the  m e t h o d  would  b r e a k  down as  
a c o n s e q u e n c e  of the  o t h e r  l a r g e  g r a d i e n t s  in the f r e e  s t r e a m .  

C e r t a i n l y  in the c a s e  of z e r o  ang le  of a t t a c k  ( two d i m e n s i o n s )  and 
p o s s i b l y  in the  c a s e  of a f in i t e  a n g l e  of a t t a c k ,  the  c a l c u l a t i o n  can  be  
e x t e n d e d  f u r t h e r  d o w n s t r e a m  on the  body  u s i n g  c o n v e n t i o n a l  s t e a d y  
f low a n a l y t i c a l  m e t h o d s .  At the  p r e s e n t  t i m e ,  such  an e x t e n s i o n ,  
wh i l e  of a c a d e m i c  i n t e r e s t ,  would  not  be a p p l i c a b l e  to any  known 
p r a c t i c a l  a p p l i c a t i o n .  
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The p r e s e n t  m e t h o d  i s  a l s o  i n c a p a b l e  of a c c o u n t i n g  fo r  d i s c o n t i -  
n u i t i e s  s u c h  as  th in  s h e a r  l a y e r s  o r  i m p i n g i n g  s h o c k s  in  the  f r e e  
s t r e a m .  Such s u r f a c e s  would a c t u a l l y  be add i t i ona l  b o u n d a r y  v a l u e  
s u r f a c e s .  I t  would a p p e a r  tha t  such  p h e n o m e n a  could be c o n s i d e r e d  
on an ind iv idua l  b a s i s ,  but  s u c h  c o n s i d e r a t i o n  would r e q u i r e  a c o m -  
p l e t e  r e f o r m u l a t i o n  of the  a n a l y s i s .  

A b a s i c  a s s u m p t i o n  in the me thod  is  t ha t  the  s t a g n a t i o n  s t r e a m l i n e  
is  s t r a i g h t ,  p a r a l l e l  to the  f r e e - s t r e a m  wind d i r e c t i o n ,  and n o r m a l  to 
the bow shock  wave.  T h i s  a s s u m p t i o n  p e r m i t s  the  s t e a d y  n o r m a l  shock  
e n t r o p y  to be a s s i g n e d  to the  body s u r f a c e .  In a u n i f o r m  f r e e  s t r e a m ,  
th i s  a s s u m p t i o n  i s  va l id  only if the  body s u r f a c e  in the  s u b s o n i c  r e g i o n  
of the f low f i e ld  is  s y m m e t r i c  about the s t a g n a t i o n  s t r e a m l i n e .  T h i s  
does  not  r e q u i r e  tha t  the body be a x i s y m m e t r i c ;  h o w e v e r ,  s p h e r i c a l l y  
b lun ted  s h a p e s  wh ich  a r e  of c o m m o n  i n t e r e s t  a l w a y s  s a t i s f y  t h i s  r e q u i r e -  
m e n t  as  long  as  the  angle  of a t t ack  i s  such  tha t  the s u b s o n i c  flow f i e ld  
does  not  ex tend  beyond  the s p h e r i c a l  cap. In the  c a s e  of a n o n u n i f o r m  
f r e e  s t r e a m ,  the  v a l i d i t y  of the  above a s s u m p t i o n  a d d i t i o n a l l y  r e q u i r e s  
tha t  the  f r e e - s t r e a m  p r o p e r t i e s  have  a s i m i l a r  s y m m e t r y  about  the  
s t a g n a t i o n  s t r e a m l i n e .  In the  p r e s e n t  c a l cu l a t i on ,  the a x i s y m m e t r i c  
mode l  of the n o n u n i f o r m  f r e e  s t r e a m  is  r e p r e s e n t a t i v e  of the  s i t u a t i o n  
one would expec t  to e x i s t  in conven t iona l  a e r o d y n a m i c  t e s t i n g  d e v i c e s .  
F o r  m o r e  g e n e r a l  t ip  s h a p e s  or  flow n o n u n i f o r m i t i e s ,  the  a s s i g n m e n t  
of the  body e n t r o p y  at  the  body s u r f a c e  would be an a p p r o x i m a t i o n ,  and 
r e s u l t s  b a s e d  on the  m e t h o d  would have  to be c o n s i d e r e d  a c c o r d i n g l y .  
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Veloci ty  components  in phys ica l  space ,  c m / s e c  
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Coord ina te  az imuth  angle ,  r ad i ans  
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Flow dens i ty ,  g m / c c  
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