
Hit- i 4

CD
Oi
CO
Cl
o

\

m
I

£
( '»*■

W'*lH T'Hr A'iis-'■•

SUPERSONIC FLOW ABOUT CONES AT 
LARGE ANGLES OF ATTACK

Clive Fletcher

; ; ':ssc)

and is
rUii l;>u-12 (7b) •

orricor

REPORT NO. FM-74-8 ^
GRANT NO. AFOSR 72-2318 

May 1974

D D C

COLLEGE OF ENGINEERING
UNIVERSITY OF CALIFORNIA, Berkeley

DISTRIBUTION STATEMENT ^ 
Approved for public release, 

Uistribulion UnUmited



UNCLASSIFIED 
SeC.'RIT-y f»LASSIFICATICN OF THIS PAGE n n;l» Fntrrrd) 

' -k--- 
REPÛRI DOCUMENTATION PAGE 

-7()-714 
7 GOVT ACCESSION NO 

4. TITLE rantf SubrilU) 

¿UPERSONIC FLOW ABOUT CONES AT LARGE JINGLES 

m ATTACK, I 
C^J ^LETCHER -AFOSR<ãÍ^2318~ 7¿Z^j 

TnJfffffSBMING ORGANIZATION NAME AND ADDRESS 

UNIVERSITY OF CALIFORNIA , BERKELEY 
DEPARTMENT OF MECHANICAL ENGINEERING 
BERKELEY, CALIFORNIA 94720 

II. CONTROLLING OFFICE NAME AND ADDRESS 

AIR FORCE OFFICE OF SCIENTIFIC RESEARCH/NA 
BUILDING 410 
BOLLING AIR FORCE BASE, D C 20332 
<4. MONITORING AGENCY NAME » ADDRESSf/i dllltrtnl Itom Controlling Olllct) 

RKAD INSTRUCTIONS 
BEFORE COMPLETING FORM 

3 RECIPIENT’S CAT AL.OG NLIMOER 

«war t 

’JLNTERIM ,j 
EOVERED 

■9WT NUMBER 

6. CONTRACT QR GRANT NUMBCRfs) 

10. PROGRAM ELEMENT. PROJECT, TASK 
AREA » WORK UNIT NUMBERS 

.81307 
178 

ÉH m 

WORK UNIT NUMBERS 

«Sä 
IS. SECURITY CLASS. (01 

UNCLASSIFIED 
IS«. DECLASSIFICATION/ DOWNGRADING 

SCHEDULE 

16 DISTRIBUTION STATEMENT (ol thlt Report) 

Approved for public release; distribution unlimited. 

I *7. DISTRIBUTION STATEMENT (ol the ebe’ract entered In Block 20, II dlllerenl trom Report) 

m 
\ 

ie. supplementary notes 

19. KEY WORUS (Continue on reverto eide if necee eery and identify by block number) 

SUPERSONIC CROSSFLOW 
CONICAL FLOW 
INVISCID FLOW 
NUMERICAL METHOD 
G T T METHOD 

METHODS OF CHARACTERISTICS 
VORTICAL SINGULARITY 
INTERNAL SHOCK 
COMPARISON WITH EXPERIMENT 

IÕ1 ABSTRACT (Continue on rovoŸoe »/de If rtfceeeary and Identity by block number) 

A numerical method is presented which is applicate to the supersonic inviscid 
flow about cones inclined at such angles of atváck that á substantial region of 
supersonic crossflow exists l>-r--_.Ihe mdthod is based partly on the method 
of characteristics. The method-produces resCrlt*'-thst compare favorably with 
experimental data and with the resurte tof other numerical methods. The numeric- 
method has produced results in thé «sngtot free stream Mach number, =^3 to 16; 
incidence,^ = 1Ò9 to 50^, nose cone an§le£rvj)b; = S*' to 3Q5. These results 
demonstrat-é similar trends with(M^ ,^‘‘and obtained for subsonic crossflow 

DO i j anM7, 1473 

cl 
173 EDITION OF I NOV 6S IS OBSOU^Tt UNCLAS 

SECURITY CLASSIFICATION OF This PAGE (»7fn Unte Knte.ed) 



UNCLASSIFIED 

UNCLASSIFIED 



JL 

GRANT NO. AFOSR 72-2318 SUPPORTED BY 
REPORT NO. FM-74-8 THE U.S. AIR FORCE 
May 1974 OFFICE OF SCIENTIFIC RESEARCH 

SUPERSONIC FLOW ABOUT CONES AT 

LARGE ANGLES OF ATTACK 

Clive Fletcher 

This document has been approved for public release 
and sale; its distribution is unlimited. 

FACULTY INVESTIGATOR: 

M. Holt, Professor of Aeronautical Sciences 

«CCESSI0H t«__ 

Mi'S Wiii* SKtigg 

DSC lull Sfctwa □ 

WUKNiWCEO □ 
jus! if I« no*___ 

IT. 
DISTSUDTIO*/IVAIUIIIITT CODES 

~~»»L mil, and/ir SfECiuT 

D D C 
ÍBEIMEI 

EISEUITE 
UNIVERSITY OF CALIFORNIA 

'^Department of Mechanical Enqineerinq 

Berkeley, California 94720 

D 

■ 



ACKNOWLEDGMENT 

The author Is particularly indebted to Professor M. Holt for 

his continuing encouragement, advice and support. In addition, 

the author is grateful to Dr. P. Kutler of NASA-Ames Research 

Center, who provided the raw data that permitted a comparison 

(Figs. 8 to 10) with the shock capturing technique to be made. 

Also the author is grateful to Dr. J. 1. Lyons of Aerospace 

Corporation, who provided the numerical data on which Fig. 12 

is based. 

V* -V - ' 

11 



ABSTRACT 

A numerical method Is presented which Is applicable to the 

supersonic Invlsdd flow about cones Inclined at such angles of 

attack that a substantial region of supersonic crossflow exists 

(m £ lA* 1 )• The method Is based partly on the method of G1l1nsk11, 

Telenln and Tlnyakov and partly on the method of characteristics. 

The method produces results that compare favorably with experimen¬ 

tal data and with the results of other numerical methods. 

The numerical method has produced results In the range: free 

cldence, « = lO^to 50Ÿ<1_^ 

A-* ±3'nose cone angles, ^ y íAf ; on* * 5 to 30 'A* 
,) 

These results demonstrate 

/ 

... . i tAxJt«, JU*J- 4-J 
sim1Jar trends with ^"and è^-ÎToBtâïned for subsonic 

crossflow MaciLQumbers < 1) by Babenko et al/(BVLR method). 

11- 
From tfîe 'numerTcal data ami from the equations of motion at 

the body surface it appears that the vortical singularity will 

remain attached to the body if the crossflow remains subsonic. If 

the crossflow 1s just supersonic no Internal shock will occur and 
t/i -6- 

1f, in addition, ^ is small the vortical singularity will be 
M C/Ls 

situated just above the body surface. For larger the super¬ 

sonic crossflow region Is terminated by an internal shock and the 

vortical singularity occurs further from the body. 

Asr* is /f) & xÁxt 

111 

—r- i 



TABLE OF CONTENTS 

Page 

ABSTRACT i 

LIST OF FIGURES , 
vi 

LIST OF SYMBOLS viji 

1.0 INTRODUCTION ] 

2.0 FORMULATION OF THE PROBLEM g 

2.1 Equations of Motion g 

2.2 Boundary Conditions 10 

2.3 Transformation of the Coordinates ^ 

3.0 PHYSICAL DESCRIPTION OF THE FLOW AND NUMERICAL 
METHODS USED 15 

3.1 Physical Description of the Flow 

3.2 Numerical Methods Used 20 

4.0 WINDWARD REGION 23 

5.0 SHOULDER REGION 33 

5.1 Characteristic Relations 34 

5.2 Point 3 as an Interior Point 38 

5.3 Point 3 at the Shock 41 

5.4 Point 3 at the Body Surface 42 

5.5 General Comments 42 

5.6 Extension of the Characteristics Solution 
to the Leeward Sonic Line 44 

6.0 LEEWARD REGION 47 

7.0 DISCUSSION OF THE NUMERICAL COMPUTATIONS 58 

7.1 Scope 5g 

7.2 Accuracy and Execution Time 59 

7.3 Comparison with Other Numerical Methods gl 

1v 

'0 

w 



7.4 Comparison with Experiments 

8.0 FLOW FIELD BEHAVIOR 

8.1 Detailed Flow Field Description for Large 
Incidence 

8.2 Effect of Incidence on the Entropy Layer 

8.3 Effect of Free Stream Mach Number 

8.4 Effect of Incidence 

8.5 Efrect of Nose Angle 

8.6 Vortical Singularity Lift-off 

9.0 CONCLUSION 

REFERENCES 

FIGURES 

APPENDIX A. DESCRIPTION OF POWELL'S METHOD 

63 

65 

65 

66 

66 

67 

68 

69 

77 

79 

86 

113 

V 



LIST OF FIGURES 

1. Coordinate system and velocities. 

2. Coordinate transformation used in the windward (Section 4) 

and shojilder (Section 5) regions. 

3. Coordinate transformation used in the leeward region (Section 

6). 

4. Classification of the different flow regions on the basis of 

the numerical method used. 

5. Schematic representation of the numerical method used in the 

windward region (Section 4). 

6. Schematic representation of the numerical method used in the 

shoulder region (Section 5). 

7. Schematic representation of the numerical method used in the 

leeward region (Section 6). 

8. Comparison with the shock capturing method—shock wave and 

sonic line locations. 

9. Comparison with shock capturing method—pressure distribution. 

10. Flow variation along leeward line of symmetry. 

11. Pressure distribution for a case where the crossflow is 

completely subsonic. 

12. Pressure distribution for large free stream Mach number. 

13. Comparison with experiment—shock wave and sonic line 

locations. 

14. Comparison with experiment—pressure distribution. 

15. Streamline pattern at M^ « 7, incidence » 30°, nose angle = 

20°. 

vi 



16. Contours of crossflow Mach number at M = 7, incidence = 30° 

and nose angle = 20°. 

17. Contours of pressure at * 7, incidence = 30° and nose 

angle s 20°. 

18. Contours of normal velocity component at * 7, incidence 

= 30° and nose angle = 20°. 

19. Effect of Incidence on the entropy layer. 

20. Variation of shock shape with Mach number. 

21. Variation of pressure distribution with Mach number. 

22. Variation of shock shape with incidence. 

23. Variation of pressure distribution with incidence. 

24. Variation of shock shape with nose angle, eb. 

25. Variation of pressure distribution with nose angle, 0b. 

26. Variation of normal velocity component with Ç for various 

nose angles. 

27. Variation of the circumferential velocity gradient parameter 

at the surface with crossflow Mach number. 



LIST OF SYMBOLS 

local sound speed 

coefficient used in equation (5.24) 

coefficient used in equation (4.2) 

critical sound speed 

variable defined after equation (2.27) 

variable defined after equation (5.19) 

variable defined after equation (5.9) 

coefficient used in equation (5.24) 

Bernoulli constant, equation (2.10) 

variable defined after equation (2.19) 

variable defined after equation (2.27) 

matrix of the coefficient uQ , equation (4.4) 

variable defined after equation (5.14) 

coefficient used in equation (5.24) 

variable defined after equation (2.27) 

variable defined after equation (5.15) 

1 2 
pressure coefficient, Cp * (p - pj/y U« 

elements of the matrix D, equation (4.8) 

Independent vector directions, Appendix A 

coefficient matrix defined by equation (4.7) 

variable defined after equation (2.27) 

variable defined after equation (5.16) 

variables defined by equation (4.13) 

variable defined after equation (4.18) 

vlil 

'X 



variable defined after equation (2.32) 

variable defined after equation (5.20) 

variable defined by equation (6.7) 

variable defined after equation (2.32) 

variable defined after equation (5.20) 

sum of the squares of the normal velocity at the body 

surface, equation (4.21) and Appendix A. 

error at point 3, equation (5.27) 

variable defined after equation (5.21) 

variable defined by equation (6.7) 

variable defined after equation (5.21) 

variable defined by equation (6.7) 

variable defined by equation (6.7) 

variable defined by equation (6.7) 

variable used in the analytic function representation, 

equation (4.1) 

general characteristic direction 

particular characteristic direction 

streamline direction 

constant In the entropy definition, equation (2.9) 

matrix of function values, equation (4.3) 

»Kj variables defined by equation (4.13) 

variable defined after equation (4.18) 

order of the analytic function representation, 

equation (4.1) 

Mach number 

crossflow Mach number, ((v^ + w^)/a^)^ 



Mr radial Mach number, u/a 

M$ Mach number on the surface at the vortical singularity, 

equation (3.1) 

M^ free stream Mach number 

n1»H2* 
_ n variables defined after equation (2.13) 
'•3*04 

N number of rays used to find the Ç derivative In the 

leeward region 

P pressure 

Pj variable defined after equation (A.7) 

P0 stagnation pressure 

Ps pressure at the surface at the vortical singularity, 

equation (3.1) 

P«, free stream pressure 

qcr crossflow velocity 

q^ coefficient relating <5 to d In equation (A.6) 

r radial coordinate 

R universal gas constant 

s entropy 

Sj scaling factor used in equations (A.8) and (A.9) 

s0 entropy reference level 

S entropy parameter, p/pY 

Ss value of entropy parameter on body surface 

u radial velocity component 

uk first approximation to equation (A.11) 

uk° coefficients of the analytic function representation, 

equation (4.1) 



free stream velocity 

V normal velocity component 

vk normal velocity component at the body on the kth ray 

vk second approximation to Yk1, equation (A.12) 

vni upstream normal velocity of the Internal shock, 

equation (6.8) 

vns normal velocity on downstream side of the Internal 

shock, equation (6.8) 

w circumferential velocity component 

X distance from characteristic to the mesh point m,n, 

equation (5.23) 

X variable defined by equation (5.25) 

Greek Letters 

a angle of attack; Incidence 

8 characteristic direction 

8cr crossflow Prandtl-Glauert parameter, (M 2 - 1)1/2 c • 
Y specific heat ratio 

1( 
Y1 approximate rate of change of the normal velocity on the 

kth ray with a change in the shock location on the ith 

ray. Appendix A 

£ correction to the shock location. Appendix A 

e angle between normal to shock surface and a meridian 

plane, <\> = const., after equation (2.13) 

e distance from the vortical singularity, equation (3.3) 

n circumferential coordinate defined by equation (2.15) 

An step size In the n direction 

0 angular coordinate measured from the cone axis 
xi 



eb cone nose angle, location of the body surface 

9S angular location of the outer shock 

A angular distance between the Internal shock and the 

leeward line of syftmetry 

A scalar multiplying 6, Appendix A 

Ajp value of A which makes F In equation (A.l) a minimum 

M constant related to specific heat ratio, after 

equation (2.3) 

£ coordinate defined, by equation (2.16), to transform 

the region between the body surface and the outer shock 

Into a rectangle. 

AÇ step size in the Ç direction 

p density 

a angular distance between the body surface and the outer 

shock, equation (2.17) 

T coordinate defined, by equation (2.25), to transform the 

region between the Internal shock and the leeward line 

of symmetry Into a rectangle 

At step size in the x direction 

4> circumferential coordinate measured from the windward 

line of symmetry 

<j>jS location of the Internal shock 

^max fifth ray of the windward region; upstream boundary of 

the shoulder region 

^sep circumferential location at which flow separates from 

surface of cone. Section 3.1 

xll 



^ circumferential coordinate centered at the vortical 

singularity 

Subscripts 

c characteristic direction 

m Ç location in the characteristics grid. Section 5 

n n location in the characteristics grid, Section 5 

o indicates a line on which solution has been found. 

Section 5 

o stagnation conditions 

s conditions at shock 

6,<j>,£.n partial differentiation with respect to these variables 

1 conditions obtained from characteristic solution, 

equation (6.8) 

1,2, 4 intersection of characteristic directions with the line 

n = n0. Section 5 

3 mesh point at which a solution is sought, Section 5 

°° free stream conditions 

_ underline indicates vector 

- overbar indicates dimensional quantity. Section 2.0 

xiii 



1 

1.0 INTRODUCTION 

The study of supersonic inviscid flow past inclined cones is 

attractive because it shares with two dimensional flow a dependence 

on only two independent variables (conical flows are independent 

of the distance from the apex), while revealing detailed flow 

behavior that is typical of more complex, inclined slender bodies. 

The analysis of viscous flow past cones in a supersonic stream is 

also simplified by the conical nature of the inviscid outer flow 

(Bashkin, 1968). 

Historically the first attempt to obtain a numerical solution 

for the flow about an inclined cone was made by Stone (1948,1952). 

Stone's solutions, for purely inviscid flow,*allowed for second 

order incidence effects. Kopal (1947,1949), using Stone's method, 

produced tables cf the flow variables for supersonic flow about 

cones inclined at small angles of attack. However, Ferri (1951) 

indicated that Stone's method had an inherent error. Stone’s 

solutions were based on the assumption that all flow variables, 

including entropy, were periodic in the circumferential angle, 4». 

Such an assumption is incorrect at the body surface where the 

entropy must be constant (since the body surface is a local stream 

surface). To correct this situation, Ferri introduced the concept 

of a vortical layer adjacent to the body surface. Across the 

vortical layer the streamlines vary from approximately normal to 

the surface at the outer edge of the layer to parallel to the body 

at the inner edge of the layer. All the streamlines eventually 

meet at a singular point on the body situated on the leeward line 

of symmetry. At this "vortical" singularity the entropy is multi- 
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valued. More references, dealing specifically with the vortical 

(or entropy) layer and the vortical singularity, are given in 

Section 3.1. It now appears (see Section 8) that the entropy 

layer is only significant for small angles of attack, for which 

the vortical singularity is attached to the body surface. 

The next stage in the application of more sophisticated 

numerical methods to the inclined cone problem was the advent of 

the "inverse methods" of Briggs (1960) and Stocker and Mauger 

(1962). The inverse methods were a significant improvement over 

previous methods in that the inverse methods solved the full non¬ 

linear, inviscid equations. In the inverse method the shock 

location is prescribed and the equations of motion are integrated 

until the normal velocity component is zero. This defines the 

body location. Inverse methods work well for small angles of 

attack but lead to inaccurate body shapes at large angles of 

attack. 

The method of integral relations (MIR) has been applied to 

the flow around Inclined cones (Chushkin and Shchennikov, 1960; 

Brook, 1964; and Ndefo, 1968), but with limited success, even 

though application of MIR to the related blunt body problem was 

successful (Van Dyke, 1958, and Belotserkovskii, 1966). In the 

application of MIR to inclined cones the flow variation in 

a direction normal to the body is represented analytically. The 

governing partial differential equations then reduce to ordinary 

differential equations in the circumferential direction. 

The first finite difference method to obtain a solution for 

an inclined cone was given by Babenko et al. (1964). In this 
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method (BVLR) the axial coordinate is treated as a timelike vari¬ 

able, thus rendering the governing equations hyperbolic in charac¬ 

ter. BVLR will handle bodies of arbitrary shape, but is restricted 

to angles of attack for which the vortical singularity remains 

attached to the body and for which an internal shock does not 

occur. A similar method with similar limitations is described by 

Moretti (1967). More recently shock-capturing methods (Kutler and 

Lomax, 1970) have been developed which permit internal shocks to 

occur without having to make any local modifications to cope with 

the shocks. This is done by deliberately introducing dissipative 

terms into the finite difference representation of the partial 

differential equations. The result is to distribute the shock 

effect over a number of adjoining cells. The shock capturing 

method, like BVLR, will treat bodies of quite general shape. When 

applied to the inclined cone problem the shock capturing technique 

produces results in good overall agreement with other methods. 

However, for angles of attack at which the vortical singularity 

moves away from the body surface the dissipative nature cf the 

shock capturing technique replaces the entropy jump at the vortical 

singularity with an entropy gradient from the outer shock to the 

body (see Section 7.3). 

More recently solutions of the inclined cone problem have 

been obtained (Helliwell and Lubard, 1973), solving an approxima¬ 

tion to the full Navier-Stokes equations, in which the viscous 

diffusion terms in the axial direction are ignored. Although a 

solution to the complete viscous flow field is obtained, the 

method is restricted to small to moderate angles of attack and is 
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very time consuming. 

The methods to be used in the present report fall into a 

similar category to the MIR method, in the sense that consider¬ 

able computer time is saved by reducing the governing partial 

differential equations to ordinary differential equations. The 

different methods used here are determined by the particular flow 

behavior in different parts of the flow regime (Fig. 4). In the 

windward region the method of Gilinskii, Telenin and Tinyakov 

(1964) is used. The basis of the GTT method is to represent the 

flow variation in the circumferential direction analytically and 

to integrate the resulting ordinary differential equations from 

the outer shock to the body. The choice of the direction of the 

analytic representation may be contrasted with that used in the 

MIR method. The integration from the outer shock to the br^ is 

repeated, iterating on the outer shock shape for each integration, 

until the boundary condition of zero normal flow at the body 

surface is satisfied. The GTT method or variations of it have 

been applied to the inclined cone problem by Bazzhin and 

Chelysheva (1967), Jones (1968), Holt and Ndefo (1970), and 

Klunker, South and Davis (1971). The last reference contains a 

very comprehensive bibliography of previous work. 

When the crossflow is supersonic (Fig. 4), the method of 

characteristics can be employed to extend the flow in the circum¬ 

ferential direction. The first attempt to apply the method of 

characteristics to conical flow was due to Maslen (1951), who 

looked at the flow past an inclined delta wing. Bazzhin, Trusova 

and Chelysheva (1968) have applied the method of characteristics 
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to the Inclined cone problem. 

Unfortunately, since the method of characteristics has no 

forewarning of downstream conditions there Is no way that the 

boundary condition of zero circumferential velocity on the leeward 

side of synmetry can be satisfied by using this method alone. 

Physically the crossflow at the leeward line of symmetry will be 

subsonic anyway. This failure of the method of characteristics to 

satisfy this boundary condition suggests the occurrence of an 

internal shock which will effectively terminate the characteristics 

region (Fig. 4). Previously attempts have been made (Fowell, 1956 

and Babaev, 1962) to allow for the occurrence of an Internal shock 

for the related Inclined delta wing problem. 

In tils report the region between the Internal shock and the 

leeward line of symmetry has been treated by using a modified form 

of the GTT method. For the leeward region the direction of Inte¬ 

gration Is the circumferential direction. Repeated Integrations 

are made, adjusting the location of the Internal shock, until the 

condition of zero circumferential velocity at the leeward line of 

symmetry Is satisfied. 

The related problem of viscous boundary layer flow over an 

Inclined cone In a supersonic free stream was first Investigated 

by Moore (1953). Solutions have more recently been found using 

the method of Integral relations (Bashkin, 1968) and by Implicit 

finite difference techniques (Dwyer, 1971, and Boerlcke, 1971). 

The Inclined cone In supersonic flow has also been studied 

experimentally by Holt and Blackle (1956), Tracy (1963), Avduevskll 

and Medvedev (1966), Ralnblrd (1968). Feldhuhn, Winkelmann and 
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Pasiuk (1971), and Yahalom (1971). The last reference contains a 

comprehensive bibliography of previous studies. 

The present studies are restricted to attached, inviscid 

supersonic flow at such angles of attack that a substantial region 

of supersonic crossflow occurs. Also, only circular cones have 

been considered. Previous investigators (Bazzhin, 1971; Jones, 

1968; and Klunker et al., 1971) have also considered elliptic 

cones and delta wings. The extension of the present method to 

these cases would be quite straightforward; the major effect would 

appear through equation (2.17), where 9b would then be a func¬ 

tion of ¢. 

In Section 2 the basic equations are given, along with 

boundary conditions and required coordinate transformations. 

The physical nature of the flow field, based mainly on the experi¬ 

mental evidence cited above, is described in Section 3.1 and used 

to determine the boundaries of the numerical methods, as indicated 

in Section 3.2. Sections 4, 5, and 6 contain specific descrip¬ 

tions of the numerical methods used in the windward, shoulder and 

leeward regions (Fig. 4), respectively. The numerical computations 

are discussed in Section 7. The discussion Includes accuracy, 

execution time, and comparisons with other numerical methods and 

experimental results. Section 8, based primarily on the numer¬ 

ical studies of this report, gives a physical description of the 

flow field about cones inclined at large angles of attack, and 

describes the variation of the flow behavior with changes in the 

free stream Mach number, incidence, and nose angle. Also in Sec¬ 

tion 8 lift-off of the vortical singularity and its relation to 
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the occurrence of an Internal shock are discussed. 
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2.0 FORMULATION OF THE PROBLEM 

In this report, spherical coordinates { r* e* ^ } are usec| 
U, V , w 

with r measured from the cone apex, 6 measured from the cone 

axis, and ¢) measured from the windward line of symmetry. If 

u, V, w are the dimensional velocity components (Fig. 1), then 

non-dimensionalization with respect to Poo, the free stream 

density, and a*, the critical velocity, gives 

u = u/a* . V = v/a* , w = w/a* , 

P = P/P» and p = P/Poo3*2 • (2.1) 

In order to describe the flow conditions completely, only the 

following flow parameters need be specified: free stream Mach 

number M^, angle of attack a, and cone nose angle 0^. To 

link the free stream Mach number with the non-dimensionalized 

variables defined by (2.1), the following expressions can be 

obtained from the Bernoulli equation (2.10): 

7-M^ + (2/y+l ) 
(2.2) 

and 

(2.3) 

where 

U® is non-dimensional free stream velocity 

P» the non-dimensional free stream pressure 

and u2 = (y-U/íy+i). 
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2-l Equations of Motion 

As long as a shock wave Is attached to the apex of the cone 

the flow variables are Independent of r and the flow Is said to 

be conical. With this assumption the equations of motion for 

steady flow of an Invlscld, non-conducting fluid become: 

Conservation of Mass: 

ve+ sTinr ‘* p ' pe+ rrfrë -V2" 

+ Vcote ■ 0 • (2.4) 

Conservation of V Momentum: 

v • ue + nõ • V t*2 ♦ w2) • 0 

Conservation of '0' Momentum: 

w i 2 

v * ve + sTTe • % + p * Pe + u#v - wz • cot 0 * o 

Conservation of Momentum: 

(2.5) 

(2.6) 

V * w6 + s\n 0 * + p s!n e * P* + u * 

+ v w cot 0 « 0 

Conservation of Energy: 

where the sound speed, a2 ■ yp/p. 

The form of the energy equation (2.8) used here comes from 

the conservation of entropy In the absence of any dissipative 
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The equation connecting pressure, density and entropy, 

(vl )(s-s )/R 
k e = S , (2.9) 

will be used to define the entropy parameter, S, which is con¬ 

served along streamlines (except when crossing shock waves). From 

the equations of motion one algebraic equation, the steady 

Bernoulli equation, can be obtained, 

(Ÿ-Çjp + ! (u2 + V2 + w2) = B (2.10) 

The Bernoulli constant B is constant throughout the flow field, 

for the fluid properties assumed. B can be evaluated from (2.3) 

as 

B = 7T • (2.11) 
2p 

A combination of equations (2.4) - (2.8) and (2.10) will be solved 

for u, V, w, p, and p on the surface of a sphere, defined by 

r = constant. 

2.2 Boundary Conditions 

The flow field, in which a solution is to be sought, is bounded 

by the body, 6 * eb, the shock, 6 = es(<|>), and the windward and 

leeward lines of syimietry (¢=0 and 180°, respectively). At the 

cone surface the normal velocity must be zero, 

V = 0 and V = 0 on e = eb. (2.12) 

At the shock, which is a conical surface, the flow properties are 

given in terms of the free stream conditions and the shock slope, 

processes. 

J) = 
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6. by the Ranklne-Hugonlot shock relations: 
♦ 

vs = n^ tan e - n^ 

ws * n3 + n4 tan t (2.13) 

ps ' TÿïTT U-2 "22 cos2 e - ^ (1 - V2 u„2) 

where 

tan e s 6 /sin 6 , 

n1 = cos a cos 6S - sin a sin 0S cos <|> , 

ng s cos a sin 6S + sin a cns 0$ cos ^ + sin a sin 4> tan e • 

n3 = Ujsln a sin <j> - n2 sin e cos c) 

and * (1 - y2 u^il - n22 cos2 c))/11^ n2 

The angle e lies between the Inward directed normal to the shock 

surface and the local meridian plane* $ * constant. The deriva¬ 

tion of the shock relations shown above (2.13), Is given by 

Ndefo (1969). 

At the plane of symmetry, (¢-0 and 180°), 

V V V V V and 6s (2.14) 0 . ■ 
T r 

2.3 Transformation of the Coordinates 

Initially the region bounded by the body, the shock, and the 
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plane of symmetry will be transformed into a rectangle (Fig. 2) 

using the following relations, 

n = ty/v 

Ç = (©«.U) - 0)/0(4)) 

where 

o(4>) = 05(4») - 0b 

Noting that 

( if 1 = • ? < si > 
4> n 

and 

( 5Î »e = <B < at >n + < 5ÏÏ >ç >/» • 

where 

B = Tr ( ^ ) e 
' 0 ' s 

4> 

direct substitution into (2.4) - (2.8) leads to: 

E u£ * FsTrTê un ' ^ 1 0 • 

E vr - 1 w 
FTTfiT V UV - w cot 6 

E w^ + 
C + pTT sin e pç + n sin e wn + p pn^ 

+ uw + vw cot e = 0 

.2 . X . w /_ 2 
E(,,i-a p£> + iTsTTe'On - a ^ * 0 • 

-r*-—- 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

o vç + Ti sin e wç + P pç + TT sin e ^wn + p pn^ 

+ 2u + V cot e = 0 , (2.20) 

(2.21) 

0 , (2.22) 

(2.23) 

(2.24) 
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where 

E = B w 
Tr sin e 

V 

a 

Equations (2.20) - (2.24) are used as the starting point for 

the Windward Region (Section 4) and the Shoulder Region (Section 5). 

In the Leeward Region (Section 6), a further transformation is made 

to make the region bounded by the body, the outer shock, the Inter¬ 

nal shock, and the leeward Une of symmetry a rectangle (F1g. 3). 

In this case the same ç coordinate as defined 1n (2.16) Is used. 

Instead of n. a new coordinate t Is defined as follows, 

<J> " <I>4S(0) 
T = —(e) (2.25) 

where 

x(e) ■ it - <t>1s(e) 

and 

^s(0) Is the location of the Internal shock. 

0,$ coordinates can be transformed to Ç,t coordinates by making 

use of 

(2.26) 

(2.27) 

B 1 
X 
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C = 

D = 

1_ 

0is (1't) 5e 

Substitution into equations (2.20) - (2.24) gives 

C V,. + D V + B 
sin e wt + sîn 6 WC + p PÇ + p pt 

+ 2u + V cot 6 = 0 , 

E u^ + F uT - (v2+w2) = 0 

E VÇ + F VT + p PÇ + P PT + UV " w2 COt 6 = 0 

E wr + F w + ——s- pr + —j—K p 
ç T p sin e p sin 6 PT 

(2.28) 

(2.29) 

(2.30) 

+ uw + vw cot 6=0 

E (Pr - a2 p.) + F (p - a2 p,) = 0 

(2.31) 

(2.32) 

where 

E = C V + 
sin e w 

F = D V + 
sin 6 w 
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3.0 PHYSICAL DESCRIPTION OF THE FLOW AND NUMERICAL METHODS USED 

It has been the author's intention to obtain a numerical solu¬ 

tion that is as physically realistic as possible. Therefore before 

indicating the numerical methods used a description will be given of 

the physical nature of the flow. In addition, attention will be 

drawn to certain physical features which suggest natural boundaries 

for local numerical methods, e.g., the occurrence of an internal 

shock terminates the region in which a solution can be found by the 

method of characteristics. 

3.1 Physical Description of the Flow 

As indicated in the introduction, this report is restricted 

to those flows in which the crossflow becomes supersonic, 

M * [(vZ+w2)/a2)]1^2 > 1. Qualitatively the crossflow about an 
V * 

inclined cone in a free stream of Mach number will be similar 

to the flow about a two dimensional cylinder in a free stream of 

M sin a, where a is the inclination of the cone to the free 

stream (Fig. 1). For a two dimensional cylinder the flow will 

first become locally supersonic on the surface of the cone at a 

circumferential angle of approximately 90°. Both experiments and 

the Janzen-Rayleigh analysis indicate that the corresponding free 

stream Mach number will be 0.4. Thus the crossflow about an 

inclined cone should be supersonic if M^ sin a > 0.4. For a sub¬ 

stantial area of supersonic crossflow to occur it is desirable 

that M^, sin o » 0.4. The two approaches are either to make M^ 

large or to make a large. However, large incidence generally 

leads to flow separation from the cone surface and a region near 

the leeward generator in which the flow behavior is dominated by 
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viscous effects. Since only the InvIscU Navler-Stokes equations 

are treated In this report no prediction of flow separation can be 

"»de. The other approach of Increasing M„ will eventually lead 

to the occurrence of real gas effects which will cause the flow 

behavior In the region where the shock Is strongest, l.e., at the 

windward Une of sy-etry, to depart fror, the flow behavior Implied 

by the assumption of the perfect gas relations. Generally It Is 

possible to cover a larger range of free stream Mach numbers, and 

stm cotaln physically realistic solution, than It Is to cover 

a range of Incidences. The only other parameter that can Influence 

the invlscld flow about Inclined cones Is the cone nose angle, eb 

(Fig. 1). The ratio q/eb becomes a useful parameter with which 

to describe the flow. Although separation and viscous effects be¬ 

come more Important with Increasing Incidence, such effects are 

suppressed by Increasing eb. Avduevskll and Medvedev (lg66) have 

obtained the following correlation between separation angle (* is 

measured from the windward line of symnetry (Fig. 1)) ,„d eb for 

o^9b > 1. 

6b 5° 10' 15* 30« 

♦sep 1,8° 130° 138« 145V 

As long as > 5 and o/eb > 1 this correlation Is Independent 

both and a. Thus the region In which viscous effects are 

significant becomes smaller as eb is Increased. The conditions 

M«, :• 5 and o/eb > 1 will also Imply the crossflow typically 

becomes supersonic. For flow conditions In which the region of 

supersonic crossflow extends from the body to the outer shock It Is 
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to be expected thât the flow adjacent to the body will expand 

(pressure will reduce and Mcr will Increase) with Increasing 

<p. Consequently, In order for the crossflow Mach number to be 

zero at 0 = 180° at the body the occurrence of an Internal shock 

Is anticipated. In this case the cause of the Internal shock 1s 

the need to satisfy the symmetry condition at ¢-180°. The 

location of this shock can be found by solving the Invlscld equa¬ 

tions of motion. The Internal shock Is weak but will cause some 

pressure rise. The Impingement of such a shock wave on a boundary 

layer In the presence of a supersonic (upstream) free stream Is 

unstable In that the local Invlscld/vlscous Interaction causes the 

streamwlse pressure gradient to Increase and the boundary layer to 

separate. Thus the separation Is "self-induced" (Berger, 1971). 

The separation of the boundary layer causes the Invlscld flow 

behavior to change and the physically measured separation point 

(Feldhuhn, et al., 1971; Ralnbird, 1968) Is considerably upstream 

of the location of the Internal shock predicted by an Invlscld 

analysis. However, the experimental studies of Avduevskll and 

Medvedev (1966), Tracy (1963), and Yahalom (1971) Indicate that 

the Internal shock often consists of two branches joined far from 

the body. The upstream branch Is associated with the separation of 

the boundary layer and the downstream branch appears to be responsi¬ 

ble for reducing the circumferential velocity component, w, so 

that the symmetry condition (w - 0) can be satisfied at $ * 180°. 

Thus It might be expected that the occurrence of an Internal shock 

predicted from the solution of the Invlscld Navler-Stokes equations 

Is equivalent to the downstream branch of the Internal shock that 

r 
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has been measured experimentally. 

Ferri (1951) has demonstrated that at some point 

(called the vortical singularity) in the flow the entropy will 

be multivalued. If the projection of the stream surfaces is made * 

onto the surface of a sphere of constant radius and with a center 

coincident with the apex of the cone, the result is a series of 

lines along which the entropy remains constant (except when cross¬ 

ing a shock wave). These lines will be referred to as streamlines 

throughout the rest of this report. The vortical singularity is 

the point at which all streamlines meet. 

For small angles of attack the vortical singularity lies 

on the surface of the cone at (j) = 180°. Under certain conditions, 

e.g., large incidence, the vortical singularity leaves the surface 

of the body and moves in the direction of the external shock along 

the line ¢) = 180°. Melnik (1967) obtained a criterion for the 

vortical singularity to leave the surface, namely, 

P<M < ‘ 2 Y * ps ’ Ms2 * sin2 eb 

where ps and M$ refer to the pressure and Mach number at the 

vortical singularity. 

When the vortical singularity is attached to the body 

the streamlines adjacent to the body are very close together, 

particularly as the vortical singularity is approached. This leads 

to a considerable entropy gradient normal to the body. Previous 

analyses of this "entropy layer" by Cheng (1962), Holt (1954), 

Melnik (1967), Munson (1965), and Woods (1962), all indicate that 

the pressure remains constant across the entropy layer. 
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At an Isolated vortical singularity (l.e., for large 

Incidence), 

V = w = we » V(j) = 0 (3.2) 

Some of these conditions follow from the location of the vortical 

singularity on the leeward line of symmetry. In the Immediate 

neighborhood of the vortical singularity let 

v * w a we * % ‘ °(e) » (3.3) 

where e is the distance from the vortical singularity. 

Substitution Into equations (2.3) and (2.4) Indicates that even If 

v«, and we are °(1) then and p0 are 0(e). Thus as the 

vortical singularity Is approached p0 and p^ -*> 0 and hence p 

remains continuous and constant at the vortical singularity. 

At the vortical singularity the following equations are 

available, 

P ' PYS (3.4) 

and 

since w * v * 0. 

If It is assumed that S = S(i|/), where ÿ Is a circumferential 

angle for a coordinate system centered at the vortical singularity, 

then differentiating (3.4) with respect to \p, and noting that p 

Is locally constant, leads to 

• 3C • p * •Jt 
P ^ s (3.6) 
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and, if use is made of (3.5), 

If flow conditions are known at the outer shock then equation (3.7) 

gives the appropriate jumps in u and p when the vortical 

singularity is crossed. This is made use of in Section 6. 

The occurrence of a vortical singularity is a result of 

entropy remaining constant along streamlines. However, that is 

only true for inviscid flow. Since the vortical singularity occurs 

in a location that is dominated by viscous effects, one might ask 

whether there is any experimental evidence for the occurrence of 

an isolated vortical singularity. In fact there is; the work of 

Feldhuhn et al. (1971) indicates a large isolated density gradient 

combined with v = w = 0 on the leeward line of synmetry just 

outside the separated flow region. 

3.2 Numerical Methods Used 

The overall strategy has been to use numerical methods 

that are as economical as possible, even If this entails greater 

algebraic complexity. Thus schemes that reduce the governing 

partial differential equations to ordinary differential equations 

have been used In preference to two or three dimensional finite 

difference codes which treat each Independent variable In the same 

manner. Physical knowledge of the local flow behavior has been 

utilized to permit different numerical schemes to be employed In 

particular regions of the flow field. 

The region adjacent to the windward line of synmetry 

X 
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(Fig. 4) is similar to the two dimensional or axisymmetric blunt 

body problem. Because of this and the earlier work of Holt and 

Ndefo (1970) the GTT method (after Gilinskii, Telenin and Tinyakov 

(1964)) has been used to solve the windward region. 

For most of the flow conditions (M , a, e. ) examined in 

this report, the cross flow Mach number, Mcr> exceeds one at 

<p = 90°. If Mcr > 1 the governing equations (2.4) to (2.8), have 

a hyperbolic character and it is more efficient to extend the solu¬ 

tion to large ¢. using a method of characteristics. In this report 

the method of characteristics given by Belotserkovskii and Chushkin 

(1965) has been used. The method of characteristics requires start¬ 

ing data on a non-characteristic line within the hyperbolic region. 

For most of the cases examined in this report <|> = 90° has been 

used as the required non-characteristic line. This line forms the 

boundary between the windward and shoulder regions (Fig. 4). 

If a characteristics solution is extended around the body 

no warning is obtained of the requirement of symmetry at $ = 180°. 

Thus Bazzhin (1971) obtained solutions, using the method of charac¬ 

teristics, which gave a non-zero circumferential velocity component, 

w at ¢) = 180°. As indicated in Section 3.1, an Internal shock wave 

is expected to occur. The flow behind the internal shock will have 

a subsonic crossflow component, at least close to the body. Thus the 

method of characteristics cannot be extended beyond the internal 

shock. 

For the leeward region (Fig. 4), the GTT method has been 

modified to Integrate from the Internal shock to the leeward line of 

symmetry ($ = 180°), iterating on the location of the Internal shock 
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until the condition of zero circumferential velocity at <J> = 180° is 

satisfied. A second integration from the ¢) = 180° line to the 

internal shock and a third integration from the internal shock to 

the ¢)= 180° line have been made in order to establish the correct 

flow behavior adjacent to the isolated vortical singularity. 
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4.0 WINDWARD REGION 

Because of the similarity of this region with the flow about 

two dimensional and axisymmetric blunt bodies it is natural to 

attempt to modify methods that have been successful for the blunt 

body. Thus previous investigators of the supersonic flow about 

inclined cones (Bazzhin and Chelysheva (1967), Holt and Ndefo 

(1970)) have followed the blunt body solutions of Gilinskii, 

Telenin and Tinyakov (1964) (GTT method). A basic feature of the 

GTT method is that the variation of the variables in one direction 

is represented analytically. For a cone, symmetry conditions 

suggest the use of Fourier series of the form, e.g., 

m-1 0 
u(ç,n) = I u^ (ç) cos k ir n 

k=0 K 
(4.1) 

to represent the u variation in the r\ direction. If equations 

like (4.1) for the other flow variables are differentiated and 

substituted into (2.20) - (2.24) there results a system of (5xm) 

ordinary differential equations that can be integrated simultan¬ 

eously in the ç direction, along m rays of constant n (Fig. 5) 

At first sight it appears that at each ç step use must be made 

of equations like (4.1) in order to obtain the local function 

values. 

It is interesting to compare this state of affairs with the 

Method of Lines (Liskovets, 1965). In the Method of Lines, typi¬ 

cally the n derivatives are given a finite difference representa¬ 

tion. E.g., for the ith ray, 

--T'— 
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m-1 

(un>.; = ¿ aikuk • (4-2) 

Since the coefficients are known a priori-, the resulting 

ordinary differential equations are in terms of the function values 

e.g., u rather than in terms of coefficients of a series (like 

uk (0 in (4.1)). It might be concluded that such a scheme is more 

economical. Jones (1968) and Klunker et al. (1971) essentially used 

the Method of Lines to solve the inclined cone problem. However, if 

equation (4.1) is generalized into a matrix equation it can be re¬ 

arranged to look like equation (4.2). Writing (4.1) in the form 

Mi = W1ik[B]k (4.3) 

where the elements of [U]. are the radial velocity components ui 

on the ith ray, the elements of [K]i>k are the kth order cosine 

terms evaluated on the ith ray, cos (kirr^) and the elements of 

[B]k are the unknown coefficients, u^U)- 

It follows that 

[B]k = M'Ij [U]j . (4.,) 

If equation (4.1) is differentiated with respect to n and put 

into matrix notation, the result is 

^Vi = ^Kn^i,k Í4-5) 

where the elements of [U^ are the n derivatives of the radial 

velocity components (u^)^ on the 1th ray, and the elements of 

l-Vi.k are the kth order s1ne terms evaluated as the 1th ray, 

-kir sln(kTm^). Substitution for [Bk] Into (4.5), from (4.4) 
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leads to 

[Vl " tVt>kWuMj (4.6) 

Setting 

(4.7) 

allows (4.6) to be written as 

s (4.8) 

where d^. 1s an element of [D]^. From equations (4.1), (4.5), 

and (4.7) It Is obvious that d^ Is a function, only, of the loca¬ 

tion of the 1th ray and the type of analytic representation assumed. 

The similarity between equations (4.2) and (4.8) Is self-evident. 

On the basis of this It will be assumed. In this report, that the 

GIT method and the Method of Lines are equivalent. 

Three different forms for the coefficients d^ have been 

tried: 

1) An exact matching of the function values using a Fourier 

series, e.g., equation (4.1). 

2) A least-squares matching of function values using a 

Fourier series of order m-2. 

3) A fifth order finite difference representation, e.g., 

equation (4.2). 

For a test case of 20° cone Inclined at 30° to a free stream of 

Mach number 7.00 all three forms gave results that agreed within 

the accuracy of the method. For the results shown In this report 

the fifth order finite difference method was used because It 
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appeared to produce marginally more stable behavior of the iteration 

scheme for fixing the shock location. However, any conclusion of 

this nature is entirely subjective and may well be erroneous. 

In Gilinskii, Telenin and Tinyakov (1964) it is pointed out 

that the method applied to an elliptic Cauchy problem is funda¬ 

mentally unstable and that any disturbances will tend to grow like 

exp (mç). Consequently, neither m nor Ç can be allowed to be 

large. Ç is determined by equation (2.16) and varies between zero 

at the shock and one at the body, m is the total number of rays. 

If the range of Interest of n is An then the n step size is 

An/(m-1) and the truncation error of representations like (4.2) is 

of order [An/(m-l)]m_ . Therefore, for greater accuracy one would 

like to make m large, but the exponential disturbance growth 

suggests m small. In the present report five rays have been used 

(m = 5), this is typical of the number of rays used by the other 

investigators mentioned above. In order to reduce the growth of 

disturbances it was felt that the second method of representing 

the coefficients a^k by matching the function values in a least 

squares sense might be advantageous. However, the loss of accuracy 

associated with the lower order of the least squares scheme had more 

influence than any possible gain in stability. Possibly had more 

rays been used the least squares scheme might have compared more 

favorably with the other two schemes. 

Assuming a representation like (4.8) for the n derivatives 

allows equations (2.20) - (2.24) to be treated as a set of five 

simultaneous equations for u^, v?, w^, p^, and p^. Further 

manipulation gives the following explicit form for the unknowns 

f 

* 
•**-~*»' *T 

■u4 
-.— « '_ 
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uç to pc. 

s Y P [K3 0; - D,/o] . k2 [a2 O, + D,] 

E ti^Kj2 t I/o2) - K2] 

WÇ ^ pit sin 6 Pç " ^2^k2 

vî ' t ÎTâ »£ ♦ 

uç * tv2 + w2 - K, u^/Kj 

(4.9) 

(4.10) 

(4.11) 

(4.12) 

whe^e 

^ * w/tt sin 0 

K2 * B w/ir sin 0 - v/o 

Ko * B/tt s1n 0 

(4.13) 

D1 * ‘ ( Fsïn 0 vn + u V - w2 cot 0) 

n ( w 1 
2 = " n sin 0 wn + pu sin 6 Pn + u w + v w cot 0) 

D3 * ' p ( n sin 0 wn + pFsTñT Pn + 2u + v cot 0) 

°4 “ ‘ V sin 0 ^pn ’ *2 pn^ 

It can be seen that no explicit expression Is given for p^. 

procedure used was to Integrate equations (4.9) to (4.12) using a 

fourth order Runge-Kutta scheme and at each step p was obtained 

from the Bernoulli equation (2.10) 

pç. The 

P * Y P/[(Y-U (B - ^ (u2 + V2 + w2))] (4.14) 

On ray 1, the windward line of symmetry (Fig. 5), equations (4.9) 

to (4.12) can be considerably simplified, to give 
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pc - - y P V o D5/K4 

Wç = O 

= o [a2 D5/K4 + u] 

= - V o , 

(4.15) 

(4.16) 

(4.17) 

(4.18) 

where 

and 
w 

De = Tr~*eTn~~fl + U + V COt 0 o ir sin 0 

Since the windward line of symmetry is a streamline, along which 

entropy is conserved, the following result can be used 

P * Ss pY (4.19) 

where Ss is evaluated at the shock. If this result is combined 

with the Bernoulli equation, there results 

P = t(Y-l) (B - } (u2 ♦ v2))/Y S^'lY-1) . (4.20) 

The pressure follows directly from equation (4.19). Thus only 

(4.17) and (4.18) need be Integrated numerically on the windward 

line of symmetry and (4.15) is redundant. 

The general procedure has been to specify a shock location, in¬ 

tegrate simultaneously to the body, and test that the body boundary 

condition of zero normal velocity is satisfied. Due to the arbitrary 

initial choice of the shock location the normal velocity at the body 

will generally be non-zero. An iteration scheme is required to 
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systematically vary the shock location until the body boundary 

condition is satisfied. the present report a minimization scheme 

ooe to Powell (1964) has been used. The followin, function repre- 

senting the body boundary condition is defined 

The shock is represented by the shock location at „ . o and the 

shock slopes, on the other four rays. Powell's method (which 

15 deSCr1bed ,n ^ <" Appendix A) seeks to modify the five 

parameters specifying the shock until F 1„ equat1on ,4.,5, ,s 

then Fmin ■ The choice of specifying the shock shape by its slope 

differs from previous treatments of the inclined cone problem. 

The reason for this choice is that the flow solution depends directly 

on the shock slope through the shock relations (2.13). The shock 

location only appears indirectly through the scaling of Ç (2.16). 

It has been found that specifying the shock slope has allowed the 

iteration scheme to converge faster than it does if the shock loca¬ 

tion only is specified. This is probably due to a smaller error 

being Introduced when the shock slopes are Integrated to give the 

shock location than if the shock locations are nunmrlcally differ¬ 

enced to give the shock slope, bearing in mind Telenin's exponential 

growth factor. 

Examination of the form of equations (4.10) to (4.12) indicates, 

that as the body is approached k2 goes to zero and hence the 

equations are not well behaved. To overcome this a procedure 

similar to Jones' (1968) has been utilized. The equations have been 

Integrated almost to the body end then the normal velocity has been 
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extrapolated to the body to test the boundary condition. Examina¬ 

tion of equations (2.20) and (2.22) indicates that vç and 

are well behaved at the surface. Once a converged solution for the 

shock location has been obtained, the behavior at the surface can 

be determined by integrating along the surface from the windward 

line of symmetry, since the surface is a streamline. The following 

equations are available 

un = Ti w sin e (4.22) 

P = S$ pY (4.23) 

+ ! (u2 + w2) = B (4.24) 

Ss, the entropy parameter at the surface is constant and equal to 

its value along the windward line of symmetry (i.e., a continuation 

of the surface streamline). S$ used in equations (4.19) rand 

(4.23) is the same. Since p is obtained by extrapolation, equa¬ 

tion (4.23) immediately gives p. Equation (4.22) is Integrated 

along the surface with (4.24) used to give current values of w. 

Ndefo (1969) and Jones (1968) both report a significant change in 

entropy close to the surface. However, as can be seen from Fig. 19, 

there is no obvious entropy layer at the larger incidences treated 

here. This result was also noted by Bazzhin (1971). 

In the present study a step-size of AÇ = 0.1 was used. 

Initial results indicated that making the step size smaller than 

this (down to 0.01) caused no significant change in the solution. 

Increasing the step size to 0.2 did cause a change in the solution. 

For most of the solutions obtained in this report the 6TT method 
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was applied In the range 0 < 4. <90°. For some larger Incidence 

and Mach number cases In which the cross flow becomes supersonic 

earlier It was convenient to reduce the downstream boundary of the 

windward region to 41 = 84° or less. 

Before leaving this section It Is of value to examine under 

what conditions the denominator of the expression for p^ (4.9) 

can go to zero. Let 

Den = a2(K32 + T * " K22 

Substituting for K3 and K2 gives 

(4.25) 

Den = ( B 
v Tr sin 6 ci - ( j >2] 

+ 2 vw B 
to sin 6 (4.26) 

If we note that Mcr2 « (v2 + w2)/a2, equation (4.26) can be 

rearranged as 

Den 

+ F v B . w -«2 
L ff a sin e a 0 J (4.27) 

It follows Immediately that the denominator of equation (4.9) will 

remain well behaved as long as Mr„ Is less than one. If M 
cr cr 

Is greater than one then comparison with the characteristic equa~ 

tlon (5.3) Indicates that Den * 0 If 

( O - 0 e 
% (4.28) 
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at any point on an integration ray (e.g., <t> = 90°). 

At such a point p^ has the form 

This is acceptable analytically because as B 0 the compati¬ 

bility condition (5.7) requires that A -»• 0 in such a manner that 

Pç remains well behaved. Numerically if the particular stage of 

the iteration is not close to the converged solution A will 

probably be small but non-zero as B -► 0 and the behavior of 

Pç will be singular. However, typical values of the shock slope, 

6 suggest that equation (4.28) will not be satisfied for cross 

flows that are only moderately supersonic. Thus as the fifth ray 

(Fig. 5) is reasonably close to the sonic line no problem should 

arise. 

» 



33 

5.0 SHOULDER REGION 

Once the crossflow becomes supersonic (a2 < v2 ♦ w2) It Is 

appropriate to extend the solution for the windward region around 

the body (Fig. 4) using the method of characteristics. Earlier 

applications of the method of characteristics to the conical flow 

equation have been made by Maslen (1951) and Bazzhln et al. (1968). 

Maslen solved the flow about a flat plate, zero-thickness delta 

wing Inclined at 12" to a free stream at Mach number of 3. Maslen 

used spherical coordinates, but as dependent variables used the 

crossflow velocity. ,cr = (v2 . w2)'/2. the ratio c . v/w. and 

the radial velocity component u. Also, Maslen followed the tra- 

dltional method of defining an auxiliary grid (at whose Inter¬ 

sections the solution Is actually found) which follows the develop¬ 

ment of the characteristics themselves. Bazzhln has obtained 

solutions for Inclined elliptic cones In the Mach number range 

5 to 10. angles of Incidence up to 50" and nose cone angles 10" 

to 20». Bazzhln used a Cartesian coordinate system and considered 

e primitive variables u, v, w, p, and T. Superimposed on the 

Cartesian coordinate scheme Bazzhln (like Maslen) obtained solu¬ 

tions following a traditional lattice defined by the characteris¬ 

tic directions. Bazzhln also considered a second scheme In which 

a grid was defined by constant values of r and e In a cylin¬ 

drical coordinate system. Values at a downstream mesh point were 

obtained by projecting back characteristic lines through the mesh 

point. At the Intersections of the characteristic with the 

upstream cell boundary (Fig. 6) the local flow variables can be 

found by Interpolation. The characteristic relations can then 
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be used to connect the interpolated upstream values with the 

unknown downstream values at the mesh point. 

In the present report spherical coordinates are used. Subse¬ 

quently, to facilitate matching with the windward region, Ç,n 

coordinates are introduced. The same dependent variables are used 

here as were used in the windward region, e.g., u, v, w, p, and 

P. To allow easy transition from one region to another the second 

characteristic scheme of upstream interpolation has been used. 

This method is fully described in Belotserkovskii and Chushkin 

(1965). 

5.1 Characteristic Relations 

The method of characteristics, for two independent vari¬ 

ables, is based on establishing directions (ß) in the flow along 

which the equations of motion, (2.4) to (2.8), can be reduced to 

ordinary differential equations with ß as the independent vari¬ 

able. ß is related to the original independent variables, e and 

<j> by the relation 

A * ã| s 4+ k ãt (5J) 
where k = 3e/3<|>; thus k defines the characteristic direction. 

The system of equations (2.4) to (2.8) possesses five characteris¬ 

tic directions, of which three are the same; namely, the stream¬ 

line direction defined by 

ks * v sin e/w . (5.2) 

The other two directions are given by 
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kc = (- vw ± a2 ßcr) sin e/(a2 - w2) (5.3) 

where ecr = ((v2 + w2)/a2 - 1)1/2. 

Corresponding to the five characteristic directions are 

five compatibility conditions that are satisfied on the character¬ 

istics. On a streamline, 

u du + v dv + w dw + ^ = 0 . (5.4) 

dp = a2 dp , (5.5) 

and 

du = w ^ sin 0 d«|) . (5.6) 

Equation (5.4) is just the Bernoulli equation (2.10), written in 

differential form; equation (5.5) follows from the fact that 

entropy Is conserved along a streamline. Equation (5.6) is the 

radial momentum equation (2.5), written In differential form. 

Along the characteristics, 

w dv - v dw + ^ dp = [(v2+w2) cos e 

+ u(v sin e - w kc)]d<fr . (5.7) 

The minus sign In front of ßcr/p In (5.7) corresponds to the 

plus sign in front of a2 ß In (5.3). 
w » 

In order to be compatible with the Independent variables 

ç,n used In the windward region, the above relations can be 

transformed. Equations (5.2) and (5.3) become 

( ^ ) 1 an b v sin 0 

» 

w (5.8) 
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— 2 
ar , (v w + a ß J 

kc = ( 4 } = b + ã ^-2-2^“ sin 6] , (5.9) 
c a - w 

where b = (ïï/a)(l-ç)e. . 
4> 

Equations (5.4) and (5,5) remain unchanged but will be repeated 

along with (5.6) for completeness, thus 

udu + vdv + wdw + ^£ = 0 
P 

? 
dp = a dp 

and 

du . il±*h 
w Tr sin e dn 

(5.10) 

(5.11) 

(5.12) 

Equations (5.7) become 

_ 2 ? 
w dv - V dw + dp = [(v + w ) cos 0 

+ u(v sin 0 - ^ (b - kc))] TTdn (5.13) 

With reference to Fig. 6, equations (5.8) to (5.12) can be written 

in the form, 

(b3 ♦ b4) 
An (5.14) 

where B = b - (ir/o)(v sin 0)/w and An = n3 - n^ 

Í3-Ç2 
(c3 + c2) 

T An (5.15) 

where C = b + (tt/o)(v w + a2 ßcr) sin 0/(a2 - w2). 

(D3 + Di ) 

h’t] - - 2 An (5.16) 

^- - 
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where D = b + (ir/o)(v w - a2 Bcr) sin 0/(a2 - w2). 

ÎU3 + u4)(u3 ' u4} + iv3 + v4^v3 “ v4) + (w3 + ^4)^3 - w4) 

+ ( >(l>3 - P4) = 0 • (5.17) 

( s (a3 + a4 ) 
p3 " p4^ = -2-(P3 - P4) 

(A3 + A4) 
(u3 - u4) * -2-An 

where A = ((v2 + w2)/w) ir sin 0. 

(5.18) 

(5.19) 

(w3 + w2)(v3 - v2) - (v3 + v2)(w3 - w2) 

+ (E3 + E2)(p3 - p2) = (f3 + F2) An t (5.20) 

where E * ß /0 Mcr,M 
and 

E s ir [(v2 + w2) cos 0 + u(v sin 0 - w o (b - C)/ir)] . 

Finally, 

(w3 * wl)(*3 ’ vl) - (*3 + *l)("3 - ",) 

+ (G3 + G^lpj - p,) . (Hj + H,) 4iî . (5.21) 

where g * - ß /D pcr M 
and 

H » ir [(v2 ♦ w2) cos 0 + u(v sin 0 - w a (b - D)/7r)]. 

In such a form, the relationships (5.14) to (5.21) are 

second order finite difference equations and are to be solved 

''S 
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iteratively. At each step of the iteration, terms like 

(a3 + a4 )/2 in (5.18) will be assumed known (i.e., the current 

values are inserted); the differential terms like p3 - p4 will 

be rearranged and solved as simultaneous algebraic equations. 

Generally three or four iterations were found adequate for con¬ 

vergence. 

The precise procedure for solving equations (5.14) to 

(5.21) depends on the nature of the point 3 (Fig. 6). The three 

cases to be described are 

1) when point 3 is an interior point, 

2) when point 3 is at the shock, 

3) when point 3 is at the body. 

5.2 Point 3 as an Interior Point 

With reference to Fig. 6a, points 1 and 2 are the inter¬ 

sections of the rearranged characteristics drawn through point 3 

to intersect with the line n = nQ. The slopes of 1-3 and 2-3 are 

given by equation (5.9). Point 4 is the intersection of the stream¬ 

line through 3 with the line n = n0. The slope of 3-4 is given 

by (5.8). It is assumed that the flow variables have been deter¬ 

mined n = n0, i.e., that the variables are known (after inter¬ 

polation) at 1,2 and 4, and that a solution is required at 3. 

To start the iteration, some estimate of terms like B3 

must be obtained. Belotserkovskii and Chushkin (1965) suggest 

Initially setting the parameter at 3 equal to the parameter at 

the other end of the line, in this case setting B3 * B4. In this 

report the initial estimate of B3 has been obtained by 

—i- --..,,,-- 
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extrapolating in the n direction, i.e., 

(5.22) 

Initially point 4 is unknown. If B4 is interpolated 

in terms of Bn_1, Bn and Bn+1 (which are known), (5.14) 

becomes 

x42<Bn-l - 2Bn * Bn+1> + ' B„-l> + 2Bn 

' ‘ 4 x4 < M > - 2 b3 ■ (5-23) 

where x4 - (Ç4 - ç 

and 

« ■ «n-ín-1 

This has the solution 

X4 . - b4/2a4 * (b42/4a42 - c4/a42)1/2 , (5.24) 

where a4 = Bn_, - 2Bn ♦ Bn+1 

b4 * Bn+1 * Bn-1 + 

and 

Ca * 2 B + 2 B, 4 n 3 

The correct root is the one that gives the smaller |x4|. Once 

x4 is determined, the function values follow from 

X14 ‘ [x42tXr,-l - 2Xn + Xn+1 > + x4<Xnrl ' Vl> + 2xn^2 • 

(5.25) 

where 
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X = 

u 

V 

w 

P 

P 

, and £4 = ^3 + x4 ÛÇ (5.26) 

In a similar manner we can find ^ ancl ^1 anc* function 

values at points 2 and 1. For each equation like (5.24) the 

correct root is that which leads to the smallest |x| provided 

that X is of the correct sign, i.e., the correct side of point 

3. 

With conditions at 1, 2 and 4 determined and the first 

estimates of conditions at 3 determined from equations like 

(5.22), equations (5.17), (5.20) and (5.21) constitute three 

simultaneous equations for the unknowns v^, Wj and p^» It 

is repeated that terms of the form (v^ + v^) are treated as 

being known and that terms like (Vg - v^) are treated as being 

unknown. Ug follows from (5.19) and pg from (5.18). At this 

point the second estimate of conditions at 3 has been obtained. 

Terms like Ag, Bg can now be recomputed with the new 

values at 3. Consequently the locations of ç2» and £4» 

as defined by equations (5.14) to (5.26), will now be different. 

Fresh estimates of locations 1, 2 and 4 can be obtained from 

equations like (5.23) to (5.26). In turn, solutions of (5.17) to 

(5.21) give the next Iterate of conditions at 3. The process is 

repeated until successive variable values at 3 differ by an 

arbitrarily small number. The following expression has been used 

to get an overall estimate of the error at 3. 

* 
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PCH = ( V1~ “j ¡2 t ( !ÜJ.-H ~ PJ )2 + ( PJ+1 ~ PJ ,2 

+ (vj+i " vj>2 + <Vi ‘ wj)2 • <5-27> 

The forni of this equation has been chosen to keep the Influence 

of the different variables roughly the same. Convergence was 

assumed If FCH was less than 10"8. With hindsight, a more 

natural choice would have been to compute 

and to compare It with the Bernoulli constant defined by equation 

(2.11). 

5.3 Point 3 at the Shock 

The basic parameter to be determined In this case is the 

shock slope, es , and only point 1 1s available (Fig. 6b). 
♦ 

Initially es Is extrapolated from Its value at m and m-1 
♦ 

following equation (5.22). Use of the shock relations (2.13) then 

allows calculation of u3, v3, A3, etc., to be made. Following 

the procedure given In Section 5.2, the location of point 1 and 

the variable values at 1 can be determined. Equations (5.21) then 

connect three unknowns v3, w3, and p3. However, all three are 

functions of a single variable 6. through the shock relation 

(2.13). The Idea of solving (5.21) for 6. using Newton's 

method was discarded when the prospect of analytically differen¬ 

tiating equation (5.21) with respect to e$ was contemplated. 

Instead the method of Regula FAlsI (Abramowltz and Stegun, 1964) 
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has been used. The method is equivalent to Newton's method, except 

that the derivative is calculated numerically. Initially equation 

(5.21) is evaluated twice. Extrapolation is made to the value of 

es which would render (5.21) equal to zero. The method proceeds 
<)> 

iteratively, using two values. At each iteration the value of 

6S which causes (5.21) to be a maximum is discarded. If two 

values of es can be found that cause (5.21) to change sign, 

convergence is very rapid. Since solutions for 0 are avail- 
s<j> 

able at m and m-1, etc., this is not difficult. Once the 
i ! 

correct value of 6 at 3 has been obtained, the shock relations 
h • 4> 

give u^, Vg, Wg, and p^. As in Section 5.2, the solution for 

conditions at 3 is iterated until there is no further change in 

the conditions at 3. 

5.4 Point 3 at the Body Surface 

This situation is shown in Fig. 6c. In this case v3 

is zero and point 4 coincides with point n-1, m. Initially con¬ 

ditions at 3 are extrapolated for, along the surface. A3 and 

C3 are determined and equation (5.15) is used to obtain the 

location of point 2 and the flow conditions at 2. Since v3 is 

zero, equations (5.17) and (5.20) can be solved simultaneously 

to give w3 and p3. p3 and u3 follow from equations (5.18) 

and (5.19). The process is repeated, iteratively, until conditions 

no longer change. 

5.5 General Comments 

On each new line n * conditions must be solved for 

at the shock first because the shock location is required to 
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evaluate o which appears In many of the equations of Section 

5.1. Sequentially solutions at the interior points are obtained, 

and at the end of each sweep, conditions at the body are 

obtained. 

Data to start the characteristics solution are provided 

by the solution in the windward region. Since the initial esti¬ 

mate of conditions at 3 uses two preceding values (see equation 

(5.22)), a second line of initial data has to be interpolated 

from the windward solution. Initial data are specified at 11 

points matching the windward solution. It was found that the 

flow variables varied considerably, with £, just inside the 

shock and at the body. Consequently, two extra points at 

ç = 0.05 and 0.95 were Interpolated from the initial data. 

The solution in the shoulder region proceeds along 13 rays 

towards Increasing n. The step size in the n direction, An, 

is controlled by the program. An initial step size of 0.002 

was used. Every five steps An was doubled, until the interpola¬ 

tion given by (5.23) and (5.24) indicated that the relevant 

characteristic had fallen outside the flow regime, in which case 

An was halved. The minimum size allowed for An has been 0.001. 

If the characteristic location 1, 2, or 4 does not fall in the range 

given by n-l,n and n+1 values of, say B, then fresh Bn 1, 

n, n+1 values are chosen to straddle the expected location of 

1, 2 or 4. 

As <P approaches 180° the value of Mcr, in the outer 

part of the flow adjacent to the shock, reduces and starts to 

approach unity. When this happens the characteristic directions 
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approach the n direction. This is also a problem if the local 

streamline direction differs too much from the Ç direction. 

The result of either situation is that the program tries to keep 

reducing the step size, An. How this situation is overcome to 

allow a solution to be extended to the leeward sonic line will be 

described in the next section. 

5.6 Extension of the Characteristics Solution to the 

Leeward Sonic Line 

The first ray for which one of the characteristics 1-3 

or 2-3 does not Intercept the previous line of known data, n = n . 
'0 

is the ray n = 0.05, which is adjacent to the shock. There are 

three reasons for this. Firstly, the crossflow Mach number on 

this ray is less than on any other ray and hence the 2-3 character¬ 

istic is at a larger angle to the streamline. Actually, the cross- 

flow Mach number at the shock (Ç = 0) is lower, but the solution 

at the shock does not make use of characteristic 2-3. Secondly, 

at the shock the streamline direction is directed more towards a 

line of constant n than at any other point in the flow (with the 

same n coordinate). This in turn rotates the characteristic 

2-3. Thirdly, the first ray is near the edge of the region, so 

that characteristic 2-3 has only the region between Ç = 0.05 and 

ç = 0 in which to strike the line n * n . 

As the flow moves towards <|> = 180° the solution for 

point 3 on the rays on the body side of Ç * 0.05 progressively 

fail, but at a relatively slow rate, due to the three effects 

described above. It is apparent that on any ray, n * constant, 

where there exists a region in which solutions at points 3 are 

% 
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undetermined, solutions can be found on both sides of such a 

region, i.e., at the shock and close to the body. 

In order to obtain solutions at point 3 when character¬ 

istic 2-3 does not intercept the line n = nQ (Fig. 6)* the 

equations of motion (2.20) - (2.24), have been rearranged to give 

explicit expressions for u^, v^, and p^. 

p = p Tr sin 6 [w ( + J) - H]/[ - 1] 
n pa a 

w_ r- — F p w 

(5.28) 

(5.29) 

and 

,n = G/F 

un - [(v2 + w2) - E ue]/F 

(5.30) 

(5.31) 

where A to F are as defined in Section 2.3, and G to J are 

defined by equation (6.7). 

These equations have been integrated from n,m to point 

3 (Fig. 6), using a fourth order Runge Kutta scheme. The £ 

derivatives have been obtained using a fifth order centered 

difference scheme. The ç derivatives must also be calculated 

at the intermediate points. 

However, since the inner point 3's and the conditions 

at the shock can be determined first, in the conventional manner, 

the determination of the Ç derivatives is considerably more 

constrained (and probably more accurate) than the corresponding 

calculation of the n derivatives in the windward region. Using 

this technique no difficulty has been experienced in obtaining 

well-behaved solutions well beyond the point at which an internal 

T—r- 
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shock has to be introduced in order to satisfy the boundary con¬ 

dition of no circumferential flow through the leeward symmetry 

plane. In addition, the embedded GIT method has served as a 

useful model for the method used in the leeward region (described 

in the next section). 
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6.0 LEEWARD REGION 

Close to the surface the characteristics solution Indicates 

that the crossflow Mach number is rising with increasing 4> for 

¢) close to 180° even though w is falling slowly. The Increase 

in the crossflow Mach number is essentially due to the reduction 

in pressure. However, since w and v = 0 at the surface at 

tj) = 180°, the crossflow has somehow to beome subsonic. In the 

outer region (close to the shock) this occurs without a shock 

because (v + w ) drops more rapidly than does a . 

It is of value to manipulate the Bernoulli equation in order 

to show up the significant difference between conical and two 

dimensional flow, due to the role of u, the radial velocity 

component. In general one can obtain 

(6.1) s — 

P 

where M = total velocity/sound speed and pQ is the stagnation 

pressure. For two dimensional flow any reduction in M Implies 

an increase in p. For conical flow M can be split up as 

follows, 

M' 

(6.2) 

It turns out that the radial Mach number is not greatly 

different from the free stream Mach number, and that any changes 

in pressure generally occur due to changes, albeit small, in 

Mr; even though the value of Mcr determines the character of 
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the governing differential equations. In the outer flow the pres¬ 

sure falls continuously (while M is greater than one) as 4> 
V# • 

increases even though Mcr is falling at the same time. The 

'slack' is taken up by an increase in M Thus examination of 

the characteristics solution suggests the occurrence of an internal 

shock attached to the body but probably terminating before the 

outer shock is reached. 

By analogy with the windward region it appears feasible to 

integrate from the internal shock to the leeward line of symmetry, 

and then to adjust the position of the internal shock to satisfy 

the boundary condition of zero circumferential velocity at the 

leeward symmetry plane. 

Two major problems present themselves that were not present 

for the windward region. Firstly, the occurrence of a vortical 

singularity is to be expected on the line 41 = 180°. The location 

of the vortical singularity is given by v = 0 away from the body. 

Since v is not much affected by the internal shock (the inter¬ 

nal shock is almost normal to the body throughout the region and 

very weak opposite the vortical singularity), the location of the 

vortical singularity can be located fairly closely by extrapolat¬ 

ing the characteristics solution. However, at the vortical 

singularity jumps in entropy, radial velocity u and density, p 

are to be expected (see Section 3.1). Thus one would like to 

integrate away from such a singularity, but to do so would make 

it difficult to relate the location of the Internal shock to the 

w = 0 leeward boundary condition. 

The second problem is that, because the Internal shock does 

not extend all the way to the outer shock there is no convenient 
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mechanism (i.e., the location of the internal shock) for 

"adjusting" the circumferential velocity at <|> = 180°. 

Once the crossflow Mach number just inside the outer shock 

becomes subsonic (Fig. 7) the shock shape is no longer determined 

by solely upstream (smaller ¢) conditions. However, because this 

sonic line/shock intersection typically occurs fairly close to 

<t> = 180° (e.g., for Ma = 7, a = 300, eb = 20°, = 

165°) and since the shock slope must be zero at 4» = 180°, the 

shock location between the sonic line/shock intersection and 

4> = 180° has been extrapolated. This immediately gives values 

for the flow variables at the shock from the shock relations (2.13). 

It is thought that any error introduced by extrapolating the shock 

location will be purely local and have small effect on either the 

location of the internal shock, the location of the vortical singu¬ 

larity or the conditions at the body. It would be feasible to 

introduce an initially unknown intermediate outer shock location 

and to determine this at the same time as the location of the 

internal shock is determined. It seems unlikely that the improve¬ 

ment in the solution would justify the extra effort and computing 

time required. 

The derivatives in the Ç direction have been computed using 

centered, fifth order finite difference representations like 

equation (4.2). This was judged to be a reasonable compromise 

between realizable accuracy and the exponential growth of small 

disturbances to be expected from Telenin's (1964) analysis. As 

indicated in Section 2.3, the region between the Internal shock 

and the line ¢= 180° has been transformed into a rectangle. 
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To do this a boundary between the Internal shock and the external 

shock is required. Once an Internal shock location has been 

specified,a line of constant ¢. from the end of the internal 

shock to the outer shock, has been used for the additional bound- 

ary (Fig. 7). 

The transformed equations, given In Section 2.3, can be 

arranged to give the explicit variation of the t derivatives: 

PT = 

w H . B ï P F sin e pt 

(D¿ + -V)] * sin 0 

(6.3) 

(6.4) 

G D n 
F ‘ pT pi 

uT = [(v2 + w2) - E uJ/F 

where 

(6.5) 

(6.6) 

= ÍB1 A = 0 a s. 
$ B=r • c* 

♦ 
D = - 

1s 
9 O-t) , E ■ C V + A w 

sin 0 

F = D V + -J—, w 
sin 0 ** » (6.7) 

G = w2 cot 0 - u V -- o - EV 
P vç • 

H=-uw-vwcote - —■ 1 - - E w 
p sin 6 

I = E Pç - E pç , 

» 
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and 

J = - 2u - y cot e - C v£ - wç - I P5 . 

As with the windward region, the density is determined from 

the Bernoulli equation (2.10). Whereas in the windward region 

iteration on one set of integrations is required to fix the outer 

shock location, in the leeward region three sets of integrations 

are iterated. Firstly the shock location is iterated, integrating 

towards $ = 180°; secondly the w^ derivatives at <J> = 180° 

are iterated, integrating towards the shock; and finally the shock 

location is again iterated, integrating towards 4> = 18C°. In 

principle the set of three integrations could be repeated 

indefinitely until the solution no longer changed. However, the 

required computing time for this small region of the overall flow 

field would then become disproportionately large compared with 

the computing time required to obtain solutions in the windward 

and shoulder regions. The reason for three sets of integrations 

is related to the two special problems described at the beginning 

of Section 6. 

The general procedure has been to specify an internal shock 

location and to obtain the flow conditions behind it from the 

shock relations in the following form, 

us = u, 

v$ = (w^ cos e + v^ sin e) sin e - vns cos e 

, (6.8) 
w$ = (wj cos e + v1 sin e) cos e + vn$ sin e 

«s * », vni/vns . ps = p, ♦ p, - ps v¡;s » 
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where 

vn^, the upstream normal velocity, = w] sin e - v] cos e 

vns, the downstream normal velocity, - 

= (1 - p (u1 + (wi cos e + Vj sin e)Z))/vn , 

and cot e = <}>. sin 9C with e having the same sense as in 
6 s 

Section 2.2. 

Conditions 1 are the upstream conditions and are obtained 

from the characteristic solution. In the region between the 

internal and the external shock the flow variable values at 

i = 0 are obtained by interpolating the characteristics solution. 

From the outer extremities of the internal shock (Fig. 7) the 

location of the left running characteristic is obtained and 

followed until it Intersects the sonic line. The region between 

the characteristic/sonic line boundary and the arbitrary upstream 

outer boundary of the leeward region cannot be affected by the 

internal shock. Consequently the flow in this region is deter¬ 

mined solely from the underlying characteristics solution. 

However, the flow variables in this region can affect the 

behavior behind the shock, thus it is necessary to lay out the 

leeward region across this area and to Interpolate function 

values on the leeward grid in this outer region (Fig. 7) so that 

the Ç derivatives, required to compute the flow behind the 

shock, can be evaluated. 

For the rays (constant Ç) which do not pass through the 

internal shock and lie downstream of the characteristic/sonic 

line boundary, the w velocity given by the characteristics 
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solution up to the charactertstfc/sonlc line boundary 1s extrapo¬ 

lated so that It Is zero at * = 180“. wT Is constructed using 

a third order finite difference scheme and equations (6.3) to 

(6.7) are rearranged to depend on wT rather than pT. Equation 

(6.4) Is not used. On the rays of constant Ç that do pass 

through the Internal shock all the flow variables are Initially 

assumed unknown. 

Since the ray that coincides with the surface Is a stream¬ 

line. equations (6.3) to (6.7) can be considerably simplified 

thereon, the result is 

w sin e. 
\ = —r 

WT = - X sin eb[u(2-w2/a2) - v{/o]/[l - lÇ ] 

P =SspY 

(6.9) 

(6.10) 

(6.11) 

(y-1? P+?<U + w2l “ B • (6.12) 

As In Section 4, Ss Is the entropy parameter at the surface 

4hd can be most easily determined by Its value just downstream of 

the Internal shock. The main difference between these equations 

and those used In Section 4 Is that here no assumption Is made 

about the pressure; Instead, the continuity equation (2.20) Is 

rearranged to give (6.10). 

The general procedure has been to simultaneously integrate 

the ten rays of constant Ç using a fourth order Runge-Kutta 

scheme in the direction of increasing t until the line 4. » 180° 

a 
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is almost reached. Since wt is well behaved at <j> = 180°, an 

extrapolation is made to determine the value of w at ¢1 = 180°. 

This is required because F in equations (6.3) to (6.6) goes to 

zero as t goes to one. Powell's (1964) method is used to adjust 

the internal shock location until w becomes zero on ¢) = 180°. 

As in the windward region the location of the internal shock is 

specified by its location at one of the rays and by the shock 

slope at all the other rays. It is known, a priori, that the 

local shock slope must be normal to the surface in order to pre¬ 

serve the boundary condition of zero normal flow at the surface. 

A step size of Ax * 0.2 has been used in the leeward region. 

It will be noted that in this initial integration no account is 

taken of the vortical singularity. 

Each time a solution is found for the Internal shock location 

that allows the boundary condition of w a 0 at ¢= 180°, a 

check is made to see if the Internal shock should extend further 

into the flow. The shock location and slopes are extrapolated 

until the next ray of constant Ç is reached. At that point the 

upstream normal velocity is computed from the characteristics 

solution. If it is supersonic a fresh set of integrations is made 

toward $ = 180° until convergence Is obtained, including the 

extra ray. The process of obtaining a converged solution and 

checking the upstream normal shock velocity is repeated, including 

an extra ray each time, until the upstream normal shock velocity 

becomes subsonic. 

The V velocity distribution from the converged solution of 

the first integration Is extrapolated to $ « 180° and this 
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determines the location of the vortical singularity. Since the 

line <* = 180° is a streamline the equations of motion [2.20) to 

(2.24) can be simplified to 

UÇ = - v G (6.13) 

p * S pY (6.14) 

Iy^T7+ 1 <u2 + *2) ' 8 (6.15) 

and 
y 

wT = - X sin e[u(2-v2/a2) - (l-v2/a2)] - v cot 6 . 

(6.16) 

The similarity with equations (6.9) to (6.12) and (4.14) to 

(4.17) may be noted. The equations have been written in this 

form so that if the v distribution along 9 = 180° is obtained 

by extrapolating the initial t integration then equations (6.13) 

to (6.16) can be solved to yield the gradient wT. One knows 

that the entropy undergoes a jump as the vortical singularity is 

traversed. Equations (6.13) to (6.16) were integrated from the 

outer shock to the vortical singularity. The correct jump in 

entropy parameter is obtained by differencing its value just inside 

the outer shock and its value used in solving the surface equa¬ 

tions (6.9) to (6.12). Once this jump is known equations (3.7) 

give the appropriate jumps in u and p. As demonstrated in 

Section 3.1, p is continuous at the vortical singularity. Once 

all the conditions are obtained on the body side of the vortical 

singularity the integration proceeds to the body surface. At this 

point one has a close approximation to the flow conditions at 

'X 
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d) = 180°. 

For the second set of integrations the location of the inter¬ 

nal shock is held fixed at the position determined by the first 

integration. The equations are then integrated from $ - 180° 

towards the characteristics/sonic line boundary (Fig. 7) and the 

internal shock with the intention of matching the w distribution 

at the characteristics/sonic line boundary. Powell's method is 

used to iterate on the wT variation at ¢) = 180° until the w 

distribution matches at the characteristic/sonic line boundary. 

Each time the iteration scheme chooses a new set of values for 

w^, equations (6.13) to (6.16) are integrated along d> = 180° 

from the outer shock to the body to obtain appropriate Initial 

conditions. The purpose of this second set of integrations is 

to obtain the correct w distribution in the outer region and 

to obtain the correct behavior in the region of the vortical 

singularity. 

It is found that the u distribution from the second set of 

integrations agrees well with u distributions at the upstream 

edge of the leeward region given by the characteristics solution. 

This is not entirely surprising since the u velocity component 

is parallel to the Internal shock and hence unaffected by it. 

A third set of integrations is then made from the Internal 

shock to the leeward symmetry line. The third set of integrations 

is the same as the first set in that its purpose is to relocate 

the Internal shock until the boundary condition of zero w at 

<J> = 180° is satisfied. It is different in that the u distribu¬ 

tion obtained from the second set of integrations is assumed 
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throughout the leeward region. Also, on rays that do not pass 

through the internal shock the w distribution of the second set 

of integrations Is assumed. Results of the third set of Integra¬ 

tions Indicate that the change In Internal shock location from 

that found after the first set of Integrations Is typically less 

than half a degree. Thus the final solution satisfies both the 

conditions of zero circumferential velocity at <|> = 180° and also 

has the correct behavior at the vortical singularity. 
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7.0 DISCUSSION OF NUMERICAL COMPUTATIONS 

7.1 Scope 

Results have been obtained in the free stream Mach number 

range, 3 to 16, nose cone angles from 5° up to 30° and angles of 

incidence up to 50°. The limitations on the scope of these results 

has been physical rather than numerical. Thus for angles of attack 

equal to 50° viscous effects will dominate the flow field behavior, 

particularly for more slender cones. For Mach numbers above 16 

real gas effects will become significant. For M^ sin a too 

small the crossflow will be completely subsonic and the present 

methods will not be applicable. For cone nose angles too large 

the flow will no longer be attached. 

Jones (1968) used the technique of fixing the free stream 

Mach number and cone nose angle and then incrementing the incidence 

from zero, using an extrapolation of the solution for the outer 

shock location at the previous (lower) incidence as the starting 

point for the current iteration. In the present study the inci¬ 

dence, free stream Mach number and the nose angle have been incre¬ 

mented from previously converged solutions. This has often been 

more convenient since it has then been possible to maintain a fixed 

^max ^or GTT method and still completely span the subsonic 

crossflow region. The alternative of incrementing from zero inci¬ 

dence would either require partially spanning the elliptic region 

(see Section 7.4) or starting with <|>max = 180° and progressively 

decreasing as the incidence is increased. In practice it 

was found to be more efficient to increment in positive steps of 

incidence and free stream Mach number and negative steps of cone 



59 

nose angle. Thus for the cases shown in Figs. 11 and 12, i.e., 

- 3.86, a = 10 , = 5C and = 16, a = 15°, - 7° con¬ 

verged solutions were first obtained for 0. = 10° and then 0,. 
d b 

was reduced in steps of r . 

^max’ the boundary of the windward region, was also 

incremented in a similar manner, e.g., the solutions for M = 3.86, 

u = 10°, 0. = 5° (Fig. 11) were for <j> = 100° and the solutions 
w ind a 

for Mœ = 7, a = 45°, 0^ = 30u (Figs. 24, 25, 26) were for 

^max = 72°- 11 has been shown (Section 4) that if <|> extends max 

too far into the supersonic crossflow region the expressions for 

Pç etc. (equations (4.9) to (4.11)) can become indeterminate 

Initially a solution was obtained in the windward region for 

Moo= 7. a = 45°, 0^ = 30° with 4>mâX = 90°. However, this 

solution led to a physically unrealistic outer shock location in 

the windward region. Consequently é v was reduced to 72° and 
max 

a reasonable solution was obtained. Thus it seems generally 

desirable to keep <(>max as close to the windward sonic line as 

possible, while still being completely in the supersonic crossflow 

region. 

7.2 Accuracy and Execution Time 

The accuracy of the GTT method is difficult to assess 

because of the unstable nature of the scheme (see Section 4). The 

total computational error results partly from round-off error, 

which is a property of the computer used, and partly from the 

truncation error of representing the 4» and 0 derivatives by 

finite difference expressions. Conventionally a stable numerical 

scheme ensures that round-off error is negligible compared with 
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truncation error. In the GTT method the round-off error will grow 

like exp(N-Ç) where N is the number of rays in the £ direction 

(Fig. 5). 

The present results were obtained with N = 5. Compari¬ 

sons with other numerical schemes (Section 7.3) and experimental 

results (Section 7.4) suggest that the choice of N = 5 has kept 

the round-off error small. The truncation error in the representa¬ 

tion of the n derivatives is of order An4 where An a 0.125. 

The integration in the Ç direction used a fourth orcer Runge 

Kutta scheme and a step size, AÇ = 0.1. 

In the leeward region the truncation error in the repre¬ 

sentation of the Ç derivatives was A£^ with AÇ = 0.1. The 

integration in the t direction used a fourth order Runge Kutta 

scheme and a step size, At = 0.2. Due to the small circumferen¬ 

tial extent of the leeward region. At = 0.2 is approximately 

equivalent to An = 1/90. 

In the shoulder region a second order characteristics 

scheme was used with step sizes AÇ = 0.1 in the interior, 

AÇ = 0.05 adjacent to the shock and the body and An between 

0.001 and 0.02. 

The execution time depends on how well the outer shock 

shape in the windward region is chosen initially. Thus starting 

from a known solution at =* 7, 6b = 30° and a = 30°, solu¬ 

tions to the windward region were generated for a = 31° to 43° 

in steps of Io in 6.2 seconds on a CDC 7600. Since converged 

solutions may often not exist close to the required conditions it 

would seem desirable to start from an empirical estimate of the 
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outer shock location perhaps based on the work of Williams (1969) 

and Eastman and Omar (1965). This has not been done in the present 

study. 

The execution time for the shoulder region depends on the 

extent to which the program reduces the step size in the ¢) direc¬ 

tion. For the case M = 7, a = 30° and 0. = 20° the execution 
oo D 

time was 3 seconds on a CDC 7600. In the leeward region all three 

integrations are iterative so that execution time can vary con¬ 

siderably. However, for = 7, a = 30° and = 20° the 

execution time was 3 seconds on a CDC 7600. 

No particular effort has been made to ensure the overall 

computer program is as efficient as possible. However, an overall 

execution time of 7 seconds for the case Moo = 7, a = 30° and 

0^ = 20° compares favorably with an estimated execution time of 

60 seconds for the shock capturing technique applied to the same 

conditions. 

7.3 Comparison with Other Numerical Methods 

Comparisons have been made mainly with the shock captur¬ 

ing method of Kutler and Lomax (1970). The data, produced by the 

shock capturing method, on which Figs. 8, 9 and 10 are based, was 

supplied privately by Kutler (1973). However, the location and 

extent of the internal shock and the occurrence (or not) of a 

vortical singularity are based solely on the interpretation of the 

present author. 

The shock capturing method is a second order method for 

p 
which the truncation error is 0(h ). The step sizes for the 

shock capturing data were An = 1/18 and AÇ = 1/11. The locations 
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of the shock waves and sonic lines for the two methods are Indi¬ 

cated in Fig. 8. The location of the outer shock and the windward 

some lines are in good agreement. The largest difference In the 

location of the outer shock was 0.6¾ at ¢) = 90°. At ¢ = 180° 

the difference in the location of the outer shock was 0.3¾. How¬ 

ever, it Is apparent that the location and extent of the Internal 

shock and the leeward sonic lines do not agree. Generally the 

shock capturing method predicts an earlier and more localized 

internal shock than does the present method. 

The pressure distribution at the body (Fig. 9), pre¬ 

dicted by the two methods 1s 1n substantial agreement. Outside 

the leeward region the largest difference In cp 1s 0.0007 at 

♦ - 0 . Even at 4) = 180° the difference In cp Is only 0.0027. 

The other flow variables generally agree to the order of 1/2* 

outside the leeward region. Inside the leeward region significant 

differences do occur mainly as a result of the vortical singularity. 

In the present method the correct jump conditions at the vortical 

singularity are retained whereas the dissipative nature of the 

shock capturing method effectively removes the vortical singularity 

(Fig. 10). Since the leeward line of syimetry Is a streamline, 

entropy should be constant along It, with a jump at the vortical 

singularity. It can be seen that, for the shock capturing method, 

the entropy Is nowhere constant along the leeward line of synmetry. 

Similarly the variations of u and p are also significantly 

altered by the presence of the vortical singularity. It Is inter¬ 

esting that the pressure distribution which Is continuous through 

the vortical singularity shows qualitative similarity. 
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It is not suggested that the different treatment of the 

vortical singularity is responsible for the discrepancy in the 

location of the internal shock. In the present method the change 

in the internal shock location between the first integration 

(Section 6), which takes no account of the discontinuity at the 

vortical singularity and the third integration which does, was 

only 1/2°. The difference in the internal shock locations shown 

in Fig. 8 is approximately 5°. 

Another comparison with other numerical methods is shown 

in Fig. 12. For this condition = 16, ct = 15° and 0b = 7°, the 

results of the Lockheed modified shock capturing technique (1972) 

and the 'Moretti' code due to Abbett (1970) were provided privately 

by Lyons (1974). Results using the present method lie well within 

the spread of the other two codes. 

7-4 Comparison with Experiments 

An attempt was made to consider the case M = 3.86, 

a = 10 9b = 5° for which experimental data has been obtained 

by Amick (1961). It turned out that the crossflow Mach number 

parameter, sin a was too low for supersonic crossflow and it 

was not possible to completely span the elliptic region. The 

result for the pressure distribution is shown in Fig. 11. It is 

apparent that the GTT method only gives a poor solution on the last 

ray and that this seems to have had little effect on the other 

rays. This suggests that it might be permissible to only partially 

span the subsonic crossflow region as long as the solution adjacent 

to the 'open' side is disregarded. 

The major experimental comparison has been with the 

•v 

—r'-^^ 
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results of Tracy (1963). The results of Fig. 13 indicate good 

agreement for the outer shock except In the leeward region, where 

viscous effects are significant for the case considered. The 

circumferential location of the internal shock is not predicted 

very accurately. In view of the viscous/inviscid interaction in 

this region (see Section 3.1) this is not surprising. Perhaps 

what is surprising is the reasonable agreement on the orientation 

and the normal extent of the internal shock. The pressure distri¬ 

bution is compared in Fig. 14. The tendency for the GTT method 

to underpredict the pressure on the windward line of symmetry was 

also apparent in the comparisons Jones (1968) made with the 

experimental results of Rainbird (1968). 
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8.0 FLOW FIELD BEHAVIOR 

8.1 Detailed Flow Field Description for Large Incidence 

For the case = 7, a = 30° and = 20° detailed 

solutions have been obtained and compared with results from the 

shock capturing method (Section 7.3). For the same case»Figs. 15 

to 18 show contour plots of entropy parameter, p/p\ crossflow 

Mach number, pressure and normal velocity, respectively. 

Since entropy is constant along streamlines Fig. 15 shows 

the streamline pattern for an Inclined cone. The streamlines shown 

appear to be discontinuous at the internal shock because the en¬ 

tropy is discontinuous in crossing any shock wave. The general 

character of the flow is well illustrated: the streamlines sweep 

around the body, are pulled away from the body by the internal 

shock and converge on the vortical singularity. The contours of 

crossflow Mach number Mcr shown in Fig. 16, indicate a general 

acceleration of the flow in the circumferential direction. 

Initially Mcr increases more rapidly at the outer shock, but 

once the flow becomes supersonic at the body 75°) the flow 

at the body accelerates leading to a minimum in M approximately 
V i 

half way between the shock and body. At the outer shock M 
cr<J> 

becomes negative at approximately <|> = 115°. This point of maxi- 

mun Mcr occurs at progressively larger <j> as the body surface 

is approached. For Ç > 0.7, M _ remains positive until an inter- 
C 4> 

nal shock occurs. The region Ç > 0.7 also defined the region for 

which vQ is positive. For further discussion see Section 8.6. 

The pressure contours shown in Fig. 17 indicate an 

initial rapid decrease in pressure with ¢. The flow continues to 

X 
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expand in the supersonic crossflow region until either an Internal 

shock occurs (close to the body) or the crossflow again becomes 

subsonic (close to the shock). The pressure jump across the 

internal shock and the recompression in the leeward region are 

small. The contours of normal velocity shown in Fig. 18 suggest 

a new way of determining whether the vortical singularity will 

occur away from the body. Examination of the contour v = 0, 

which is connected to the vortical singularity, shows that it 

originates at the body at approximately ¢) = 110°. Thus at 

<J> * 110°, v0 changes sign. Use of this criterion to predict 

lift-off of the vortical singularity is described in Section 8.6. 

8-2 Effect of Incidence on the Entropy Layer 

For small angles of attack there is a narrow region 

adjacent to the body surface across which the entropy changes 

markedly (see Fig. 19, a = 10°). This entropy layer has been 

studied analytically (see Section 3.1 for references) and numeri¬ 

cally by Ndefo (1969), Jones (1968) and Klunker et al. (1971). 

The formation of a localised entropy layer is a result of the 

vortical singularity being attached to the body. Thus for the 

cases a = 30°and 40° shown in Fig. 19, the vortical singularity 

had moved off the surface and the corresponding entropy distribu¬ 

tion is more nearly linear, particularly for large angles of attack. 

8.3 Effect of Mach Number 

For the results shown in Figs. 20 to 25 no attempt has 

been made to obtain solutions in the leeward region. The results 

shown in Figs. 20 and 21 have been obtained at constant a and 
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Sjj, with a = 15° and = 10°. The results Indicate that 

increasing the Mach number causes the outer shock to lie closer 

to the body and the crossflow to become sonic earlier in the <j> 

direction, particularly close to the outer shock. Close to the 

body the circumferential location at which the flow becomes 

sonic is relatively insensitive to Mach number. This insensi¬ 

tivity to Mach number of the conditions at th° body surface in 

the windward region is reflected in the pressure distribution 

shown in Fig. 21. Thus, at the body, the effect of increasing 

Mach number is restricted to an increase in the expansion of the 

flow in the supersonic region. 

8.4 Effect of Incidence 

The results shown in Figs. 22 and 23 were obtained at 

7 and = 20°. The major effect of Increasing the inci¬ 

dence is the rapid movement of the outer shock away from the body 

on the leeward side. The movement of the windward sonic line with 

increasing incidence is towards the windward line of symmetry 

particularly close to the body. The pressure distribution shown 

in Fig. 23 indicates that the pressure in the windward region 

increases with incidence. On the leeward side cnce the crossflow 

becomes supersonic there is no detectable pressure variation with 

incidence. For the results at a = 20° the crossflow is every¬ 

where subsonic. The difference in pressure distribution between 

a subsonic crossflow and a supersonic crossflow is particularly 

marked on the leeward side of the cone. 
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8.5 Effect of Nose Angle 

The results shown 1n Figs. 24 to 26 have been obtained 

at Mœ = 7 and a/6b = 1.5. The results for the outer shock and 

windward sonic line locations for = 10° and 20° are consis¬ 

tent with the results of Fig. 20; that is, the outer shock moves 

towards the body and the windward sonic line moves towards the 

windward line of symmetry as the crossflow Mach number parameter, 

sin a, is increased. 

The results for = 30° follow no such trend. The 

outer shock location for = 30° appears relatively wider at 

$ = 90° and considerably foreshortened at 180°. The wider outer 

shock at 4) = 90° is consistent with the positive normal veloci¬ 

ties for that location (Fig. 26). This is in marked contranst to 

the results for = 10° and 20°, both of which show negative 

normal velocity components at <)> = 90°. The tendency for distance 

between the outer shock and the body to be a maximum other than at 

¢) = 180° has been previously noted by Babenko (1964) for subsonic 

crossflows about Inclined cones with nose angles equal to 30° and 

greater. The variation of pressure distribution with increasing 

nose angle (Fig. 25) is qualitatively the same as the variation 

of pressure distribution with incidence (Fig. 23). 

The tendency for the normal velocity to become positive, 

at the body, at smaller values of (ft as the nose angle is in¬ 

creased is believed to be related to the movement of the vortical 

singularity away from the surface, as will be demonstrated in the 

next section. 
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8.6 Vortical Singularity Lift-Off 

Previous analyses of the vortical lift-off (Melnik, 1967, 

and Jones, 1969) have been concerned with the behavior at the 

leeward line of symmetry. Melnik found a criterion for p, at 

4> = tí such that the vortical singularity would lift off. Once 

the vortical singularity has left the surface there must be a 

contour v = 0 which is connected to the vortical singularity and 

which intercepts the body at some <p less than n (see Fig. 18). 

At this upstream point (in the crossflow direction) v. at the 
0 

surface changes from a negative value upstream to a positive value 

downstream. The criterion that v0 * 0 at the surface will be 

used in this report to indicate that the vortical singularity is 

away from the body in the leeward symmetry plane. This criterion 

would break down if the v = 0 contour rejoined the body before 

¢ - it, i.e., v0 becomes negative again and the vortical singu¬ 

larity then would remain attached to the body. It will be shown 

that this possibility is remote, if not impossible. 

To examine the behavior of v0 it is convenient to 

start with the equations of motion at the surface written in 0,<£ 

coordinates. These are similar to equations (6.9) to (6.12) and 

are 

% ' wsineb (8.1) 

Pe ■ p w2 cot e|) (8.2) 

" * p ^ “ w $1n eb ' 0 (8-3) 
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V + —J-w + —T—s- PA + 2u * 0 ve sTrTeb <j> p sin eb M«j> 

= a2 p<j> 

(8.4) 

(8.5) 

From (8.3), (8.4) and (8.5), P(() and can be eliminated to 

give 

= - u - 
P w sine [»cr - '5 

(8.6) 

Advantage has been taken of the fact that Mcr = w/a at the sur¬ 

face. If the crossflow is everywhere subsonic it is an observed 

fact that only becomes positive close to <j» = it and only for 

conditions of relatively large sin a and small 0^. If the 

crossflow becomes supersonic p^ is everywhere negative up to the 

termination of the supersonic crossflow region. It has been 

observed that in the leeward subsonic region p^ can become posi¬ 

tive. At the internal shock p^ is positive. In addition, 

quantities u, p, w and sin 0b are always positive. Thus equation 

(8.6) demonstrates the change in character of the dependence of 

V on p. when the crossflow changes from subsonic to supersonic. 

This result is the basis of the present analysis. 

Equation (8.3) can be rearranged to give 

p w sin 0b s " <u + sin^h ^ 

Substitution of (8.7) into (8.6) gives 

*6 = “ + (u + )(McrZ - 

(8.7) 

1) (8.8) 
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or 

Ve “ u(Mcr2-2)tsÄi1(Hcr2-') • (8.9) 

Since the growth or decline of Mcr 1s relevant to the present 

Investigation, differentiating Mcr = w/a with respect to « 

leads to 

M. cr = * paw + ^T- Mcr2i - ? sin 6b , (8.10) 

M 
cr. 

M cr, 

or 

M 
cr. 

= [1 + ^-Mcr2] + ( ^ ) Mcr2 äs1n eb , (8.11) 

= -^+ ^Mcr2 (W(() + u sin 0b) , (8.12) 

sin 6. 

a(Mc/“l) [U(2 ' ( ^ > Mcr¿) 

+ Ve(l ♦ ^lMCr2)] . (8.13) 

Examination of (8.10) Indicates that Mcr can decrease without 

the need for p to Increase, due to the Influence of second term 

(compare Section 6). Differentiating equation (8.8) with respect 

to <|> and substituting for Mcr from (8.13) leads to 

4> 

2 M 
cr veA = w sin eb[Mcrc - 2] + —f .—2 sin e 

(u + v0) 

<1> [Me/ - U' 
b a 

[u(2 - ( Mcr2) ♦ ve(l * ^Mcr2)] 

+ —.n [M 2 - n 
sin 6b L cr 1J (8.14) 

» 
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This can be recast in the form 

(8.15) 

Typically, at the surface Mcr increases with ¢) in 

the windward region, reaches a maximum for <f> in the range 

(j) = 100 to 130°, and decreases to 0 at ¢ = either smoothly 

or discontinuously through an internal shock (Fig. 16). The maxi- 

mun value of Mcr is a function of the crossflow Mach number 

parameter, sin a. w will follow a similar pattern, i.e., w^ 

will be positive at 4» = 0, will become zero at some intermediate 

4 (approximate range 4 = 120 to 130°) and will be negative there¬ 

after. It is expected that w will not become positive. 

The behavior of v. and M,.,. at the surface will be exam 
U Ci 

ined as a function of the parameter w./u sin ek and M,.... It 
<f) D cr 

can be seen that, from equation (8.9), the condition v. = 0 is u 
given by 

(8.16) u sin eb 

From equation (8.11), the condition that M = 0 is given by 
i . 

(8.17) 
u sin eb ~ 7 

Equations (8.16) and (8.17) are shown in Fig. 27, and are used to 

define regions in which vfl and Mrr remain positive, etc. 
ö cr 

For a completely subsonic crossflow, it is apparent from 
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Fig. 27, that v0 can only become positive if is positive. 

The smallest p^ required to produce positive vQ occurs at 

M = 0. Physically this corresponds to <J> = tt. For v« to be 

positive at <() = n it is necessary that v^ be large and posi¬ 

tive for <(> < ir. For $ only slightly less than it, M will 
C 4> 

be negative. Examination of equation (8.15) indicates that, for 

p^ negative, only the last term will contribute to the growth 

of v0. For completely subsonic flow w reaches a maximum at 

around ¢) = 120° and w^ is generally small throughout. Thus 

it is most unlikely that v0 will become positive for this case. 

Examination of the tabulated data of Babenko (1964) and Jones 

(1969) indicates that p0 does not become positive anywhere 

except for crossflow Mach numbers approaching one and even then 

only for cases in which eb is small. This is consistent with 

equation (8.7). 

The next case to be considered is when a small region of 

supersonic flow occurs adjacent to the body. As long as the flow 

remains supersonic p^ will remain negative. From Fig. 27 it 

can be seen that, for w^/u sin eb positive or only slightly 

negative, M will be positive; however, v« remains negative, 

if 1 £ Mcr < I«S* Once w^/u sin eb falls below AB (Fig. 27), 

Mcr becomes negative and the supersonic crossflow region even¬ 

tually terminates. If v. is negative at M. * 1, then equation 
Ü Ci 

(8.6) indicates that no discontinuity will occur and vQ will be 
V 

negative as the leeward subsonic crossflow region is entered. One 

result of the local region of supersonic crossflow is that w 

does not reduce as rapidly with ^ as it would in a purely 

'X 
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subsonic crossflow. Therefore, in the present case, once the 

crossflow is again subsonic, w^ becomes large and negative in 

order to reduce to zero at $ = tt. For small eb this will 

probably lead to positive v0 (Fig. 27) just prior to <p = ir. 

This is essentially the case that Melnik and Jones have 

studied. In this report this case will be referred to as a sub¬ 

sonic lift-off of the vortical singularity since va first 

becomes positive in a region of subsonic crossflow. It should be 

noted that the localised region of supersonic flow upstream of 

lift-off is essential to reduce the pressure so that substantial 

positive p^ is required to achieve pressure recovery to the 

required conditions at 4> = n. It was noted above that ^subsonic 

lift-off of the vortical singularity is only likely to occur for 

small nose angles. This is confirmed by examination of Jones' 

(1969) tabulated data. 

The final case to be considered is that for which the 

crossflow becomes supersonic at a sufficiently small $ that a 

substantial region of supersonic crossflow exists in which w 
' 4> 

is positive or close to zero. Examination of Fig. 27 indicates 

that for Mcr^51.5 the range of values of w^/u sin 6b which 

give a negative v0 is small. The condition that p^ is negative 

to sustain supersonic flow sets a lower limit, DE, of 

Vu 51° 6b * “‘I- If yu sin 6b is greater than line AB but 

v0 is negative, the effect of positive M will cause a shift 
c (j) 

to the right. As long as w^/u sin 0b reduces slowly enough to 

allow Mcr to remain positive, eventually a region of positive 
<P 

ve will be entered. As Mcr approaches 00 the permissible 
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range of values of sin which will cause a negative Vg 

shrinks to zero. Thus unless w^/sin is in region ABDE Vg 

will eventually become positive. Examination of the numerical 

data suggests that for Mcr « 2 to 3, w^ can become negative 

but is so small in magnitude that w^/u sin eb lies well above 

the line ABC. If M remains positive with increasing <|> 
<J> 

then the supersonic crossflow region will be terminated by an 

internal shock in order that the symmetry condition at $ = it 

is satisfied. If M is negative, the supersonic crossflow 
4> 

region will be terminated by an internal shock as long as v0 

remains positive. At Mcr = 1, ve remains continuous, even 

if an internal shock occurs, because the internal shock must 

be locally normal to the body surface. If Vg remains continuous 

and positive then at Mcr = 1, * 4,00 (equation (8.6)), i.e., 

an internal shock occurs. 

On the subsonic side of the internal shock the positive 

Vg requires a positive p^. Examination of the numerical data 

confirms that p. remains positive to 4> = tt. This case will be 
<J> 

referred to as a supersonic lift-off of the vortical singularity 

since the location where ve first becomes positive is in a 

region of supersonic crossflow. Examination of Fig. 27 indicates 

that in cases where w^ is negative but close to values that 

make v0 = 0, a larger is more likely to produce a positive 

y«. This would be the case for M > JÎ. This is in contrast 

to the subsonic vortical lift-off which was more likely to occur 

b* for smaller 0, 
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The above analysis has shown the changing character of 

the surface flow with 4» depends on the value of w^ compared 

with the value of Mcr. Although Mcr Is expected to depend on 

the parameter sin a it is not clear what causes wA to 
<J> 

become negative at a particular <|> location. Examination of the 

numerical data suggests that w^ at the surface is strongly 

influenced by the flow away from the body. 

The following tentative conclusions will now be drawn 

concerning the lift-off of the vortical singularity and the 

connection between this and the occurrence of supersonic crossflow 

and an internal shock. Firstly it appears that If the crossflow 

is completely subsonic no vortical lift-off will occur. Secondly, 

if the flow exhibits a local area of supersonic crossflow but v« 
0 

remains negative in that region no internal shock will occur and 

there is a strong probability that a subsequent subsonic lift-off 

of the vortical singularity will occur. In this case the vortical 

singularity will be close to the surface. Thirdly, if the super¬ 

sonic crossflow region extends far enough for v« to become 

positive then the supersonic crossflow region will be terminated 

by an Internal shock and a supersonic lift-off of the vortical 

singularity will occur. In this case the vortical singularity 

will occur further from the body. 
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9.0 CONCLUSION 

A composite numerical scheme has been described which is based 

in part on the GTT method and In part on the method of character¬ 

istics. The numerical method has been designed specifically for 

the problem of a cone inclined at large angle of attack to a super¬ 

sonic inviscid free stream such that a substantial region of 

supersonic crossflow occurs. As such it produces results which 

compare favorably with the results of other numerical methods, 

notably the shock capturing technique, and with experimental data. 

The numerical method is the order of ten times faster than the 

shock capturing method and appears to be the first numerical method 

to satisfactorily take account of both the Internal shock and the 

vortical singularity which occurs away from the body for the large 

angles of attack considered here. The limitations on the method 

appear to be physical rather than numerical, e.g., at too large an 

angle of attack the flow field is dominated by viscous effects, at 

too small an angle of attack the crossflow will be everywhere 

subsonic. 

The numerical method has been used to examine the flow vari¬ 

ation with free stream Mach number, M^, angle of attack, a, and 

cone nose angle, 0^. The results at large angle of attack are in 

broad agreement with previous studies at smaller angles of attack 

made by Babenko (1964). It appears, from the numerical studies 

and from an analysis of the equations of motion at the surface, 

that if the flow Is everywhere subsonic the vortical singularity 

will not leave the surface of the cone. Further, that for a very 

narrow band of conditions, Mcr * 1, a/0b % 1.1 and 0b small 

It 
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the vortical singularity will just leave the surface and no inter¬ 

nal shock will occur. For all other conditions of larger M 
cr 

the supersonic crossflow region will terminate with an internal 

shock and the vortical singularity will occur well away from the 

body surface. 

* 
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FIG. 2 COORDINATE TRANSFORMATION USED IN THE 
WINDWARD (SECTION 4) AND SHOULDER 
(SECTIONS) REGIONS 
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FIG. 3 COORDINATE TRANSFORMATION USED IN THE 

LEEWARD REGION (SECTION 6) 
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FIG. 4 CLASSIFICATION OF THE DIFFERENT FLOW REGIONS 
ON THE BASIS OF THE NUMERICAL METHOD USED 
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SOLUTION IN FGKL IS DETERMINED 
SOLELY BY THE CHARACTERISTICS 
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KL IS PART OF LEEWARD SONIC LINE 
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FIG. 9 COMPARISON WITH SHOCK CAPTURING METHOD - PRESSURE 
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FIG. 11 PRESSURE DISTRIBUTION FOR A CASE WHERE THE 
CROSS FLOW IS COMPLETELY SUBSONIC 
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FIG. 12 PRESSURE DISTRIBUTION FOR LARGE FREESTREAM 
MACH NUMBER 

V 
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Mo, = 7.95 
INCIDENCE = 16° 
NOSE ANGLE = 10° 

V.S. VORTICAL 

FIG. 13 COMPARISON WITH EXPERIMENT-SHOCK WAVE 
AND SONIC LINE LOCATIONS 
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FIG. 14 COMPARISON WITH EXPERIMENT-PRESSURE DISTRIBUTION 
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FIG. 15 STREAMLINE PATTERN AT ^*7, INCIDENCES* 
NOSE ANGLE8 20° 



101 



FIG. 17 CONTOURS OF PRESSURE ATM«,*?, INCIDENCES® 
AND NOSE ANGLE*20° 
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FIG. 18 CONTOURS OF NORMAL VELOCITY COMPONENT 
AT M»s 7, INCIDENCE5 3Cr AND NOSE 
ANGLE 5 20° 
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FIG. 19 EFFECT OF INCIDENCE ON THE ENTROPY LAYER 
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INCIDENCE s 15° -OUTER SHOCK 
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FIG. 20 VARIATION OF SHOCK SHAPE WITH MACH NUMBER 
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FIG. 21 VARIATION OF PRESSURE DISTRIBUTION WITH 
MACH NUMBER 
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tf = 48.75° 

FIG. 22 VARIATION OF SHOCK SHAPE WITH INCIDENCE 
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FIG. 23 VARIATION OF PRESSURE DISTRIBUTION 
WITH INCIDENCE 



109 

7, INCIDENCE s 1.5 x NOSE ANGLE 

-OUTER SHOCK 

FIG. 24 VARIATION OF SHOCK SHAPE WITH NOSE ANGLE, #b 
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FIG. 25 VARIATION OF PRESSURE DISTRIBUTION WITH 
NOSE ANGLE , 0b 
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FIG. 26 VARIATION OF NORMAL VELOCITY COMPONENT 
WITH £ FOR VARIOUS NOSE ANGLES 
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APPENDIX A. DESCRIPTION OF POWELL'S METHOD 

Powell's method (1964b) has been used to adjust the location 

of the outer shock to minimize the normal velocity at the body 1n 

the windward region; and to adjust the location of the Internal 

shock to minimize the circumferential velocity In the leeward 

symmetry plane. In this appendix the description of Powell's 

method will be given In terms of Its application to the windward 

region. The location of the outer shock, which Powell's method 

adjusts, was actually specified (see Section 4) in terms of one 

shock location and four shock slopes. For ease of notation the 

present description will be made with the outer shock defined by 

five locations e ... e (Fig. 5). 
51 s5 

Let 

F(V * j, W2 - (A.1) 

Where ^ has components e e ... e vk are the normal 

velocities at the body. Powell's method seeks to choose the com¬ 

ponents of 0s such that F Is a minimum. Physically It Is 

expected that Fm1n = 0. If Is considered to be an estimate 

of the shock location to make F^) a minimum, and if (6^ + 6) 

is the actual minimum such that 

ffSs ♦ D * 0 , (A.2) 

then differentiating (A.2) leads to 

V 3,k(9s + Í) I -- — • vk(8. + 6) * 0 , 1 a 1 5 k*l des, k -s -/ ,... 0 . 

(A.3) 
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Expanding (A.3) as a Taylor series in 6 about ^ and neglecting 

terms above the first derivative gives 

5 5 

1 * 1,2,... 5 (A.4) 

Powell (1964b) demonstrates that neglect of derivatives higher than 

the first requires that the magnitude of v^ should be of the same 

order as the corrections In practice this leads to a require¬ 

ment that the estimate of the shock location be reasonably 

close to the converged solution. Powell's method is attractive 

because it evaluates terms like 3vk(0s)/3es numerically rather 

than analytically. 

Rather than attempting to obtain §_ directly from (A.4), the 

method treats 6 purely as a direction in which to search; that 

is, a scalar ^ is sought with which tc minimize (65 + X 6). 

An auxiliary function ([ Is defined such that each component 

of is an independent direction. Approximate derivatives, 

k 
Yi . vk In the 1th direction are assumed to be of the form 

k * 1,2,... 5 

1 = 1,2,... 5 (A,5) 

It Is assumed that 6 can be written in the form 

5 

£ c I ^1 !l • 
1*1 1 1 

(A.6) 

Substitution of (A.5) and (A.6) Into (A.4) then leads to 

V 
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. i = 1,2,... 5 . (A.7) 

where 

Pi 

On the first Iteration 1s chosen to have the form 

iLj s (0,... , Sj,... 0) (A.8) 

where s^ Is a scaling factor. 

The initial evaluation of Y-j*1 Is given by 

Yi * S1 * ^vk^es,,•• es4 + e1»•* esc^ " vlA^ei * 
i 1 o 

(A.9) 

si In equations (A.8) and (A.9) Is chosen to satisfy 

5 if? 
ï. Yi » 1 • (A.10) 

n=l 

For each step In the Iteration the value of ^ to minimize 

(ôç + A 6) Is sought following a procedure laid down by Powell 

(1964a) In a companion paper. Essentially the method consists of 

evaluating + An £) for three values of An, and fitting 

a quadratic through the corresponding distribution of Fn to 

establish a fresh estimate A,,,. At each step the value of An 

which makes Fn a local maximum Is discarded. Once A^ for the 

current Iteration has been found an estimate of 3F/3A Is found 
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so that, after scaling, &_ and 3F/3X can replace the largest 

^ and the corresponding y*. If x1 and X2 are the values 

of X which give the smallest and next smallest values of F, 

then 

aF Cvk(^ + X! 6) - vk(e6 + X2 6)] 

w - * “k(i) (A.11) 

An improved estimate of 3F/3X Is given by 

vk<i) * - V • + , (a.12) 

where 

5 5 o 

“ ' uk({> • + VJ/J, t'ktâ, + ¢)]2 • 

(A.13) 

6 and vk(6^) are scaled so as to preserve equation (A.10) after 

£ has replaced d^, where t Is obtained from 

lpt * qtl - max |Pl • qi| , 1 <1 <5 . (A.14) 

The scaled version of vk(6) replaces y^ and 65 + ^ ó 

becomes the new for the next Iteration. Most of the computing 

time required for Powell's method Is In the Initial evaluation of 

T-fk by equation (A.9). Powell (1964b) Indicates that the 

advantages of the method are that, firstly, only for the Initial 

step are more function evaluations required than In the general¬ 

ized least squares method, thereafter the approximate derivatives 

can be obtained from the local minimization along a line, Powell 

(1964a). 



The second advantage is that replacing with the current 

£ should keep the vectors d^. linearly Independent. In practice 

1f the Initial choice for the outer shock was not close enough to 

the correct outer shock location It was possible to reach the 

situation In which 6*0 and f 0. 




