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An Invariant Imbedding, Orders-of - Scattering Approach
to Particle Transport ina Slab

Invariant imbedding theory has been applied extensively to particle transport

1. INTRODUCTION ? '-
I
problems, especially in nuclear particle shielding calculations. The theory was ,l

originated by Ambarzumianl in 1943 as a means of estimating reflection of light by

3 foggy media. A later adaptatic n for use in particle transport calculations was de-

veloped by Bellman, Kalaba, and W'mg2 in 1960, Since that time, Bellman, ¢

Mingle.4 and others have applied invariant imbedding tlieory extensively to des-

i cribe radiative transfer in slabs, most often for radiation shielding and dosimetry
calculations. A principal advantage of the invariant imbedding approach is that it
is a direct calculation of the current of particles emerging from a scattering medi-
um and does not require the calculation of the particle flux at all points within

i the medium. Conventional invariant imbedding calculations have the disadvantage

that they often prove to be computationally burdensome, hence their practicality
has been somewhat limited. The word "conventional' is applied here to denote the
(Received for publication 13 January 1976)
1, Ambarzumian, V,A, (1942) Soviet Astron. AJ, 19:1,

b 2, Bellman, R., Kalaba, R,, and Wing, G.M. (1960) J, Math, Phys. 1:2P0,

3, Bellman, R., Kalaba, R,, and Prestrud, M,C, (1963) Invariant Imbedding and
Radiative Transfer in Slabs of Finite Thickness, American Elsevier,

New York,
4, Mingle, J, O, (1967) Nucl. Sci. Eng. 23:177.
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class of calculations which at once include all orders of scattering, zero to infinity,
and for which the dependent variable, the particle current, is an explicit function
of particle energy, position, and direction of motion, For this reason invariant
imbedding has not been extensively applied to such problems as slowing down of
neutrons and electrons in scattering media. This has not proven to be a serious
handicap at high enzrgies where centiruous slowing down thecry can be applied.

At low energies, however, the success achieved by alternative methods is not
nearly as formidable. Prominent among these alternatives are methods spanning
the wide range of sophistication from the direct solution of the Boltzmann equation
to Monte Carlo calculations. The Boltzmann approach consists of a flux calcula-
tion, which even for the case of isotropic scattering is not trivial, For scattering
other than isotropic, spherical harmonic expansions can be performed on either the
differential or integral form of the Boltzmann equation. This approach becomes
impractical when the scattering enisotropy extends beyond first order. At the
other extreme, Monte Carlo calculations, while providing a relatively certain
means of achieving the solution in most cases, can be costly when high accuracy

is required.

A class of particle transport problems exists for which a variation of the in-
variant imbedding method seems most appropriate, This situation can arise when
the average energy of a particle can be reasonably well correlated with the number
of collisions it has undergone in the course of transport through a scattering medium.
For these cases a method for calculating emergent nth scattered particle currents
from scattering media has been developed which combines an orders-of-scattering
formulation with the familiar invariant imbedding method. o% The equations for the
transmitted and reflected current are evolved through the consideration of the de-
pendence of the nth scattered current on the lower order scattered currents. The
final expressions for these currents assume the form of coupled integral incursion
relations expressing the interdependence of the currents of the various scattering
orders. In the sections that follow, these invariant imbedding recursion relations
will first be developed for the simple one -dimensional case or rod model, and then
for the case of angle-dependent particle transport in a slab geometry. In the
former case comparisons are made with the exact analytic result for the total trans-
mitted and reflected currents obtained from the classical rod model, and for the
case of scattering in a slab geometry, the results are compared with those obtained

by two independent methods, the solution of the one-dimensional Boltzmann equation

5. Mingle, J.O. (1972) J. Math, Anal. Appl, 38:53.

*Mingle5 developed an orders -of -scattering theory for isotropic scattering based
on an expansion of infinite order transmitted and reflected currents in terms of

their finite order components, He applied this formulation to the determination
of critical multiplication factors in the slab geometry.
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for isotroric scatter and a Monte Carlo calculation. The application of the orders-
of-scattering invariant imbedding method, henceforth to be referred to as "oosI1",
to anisotropic scattering situations is then demonstrated for three cases, strong
anisotropy such as encountered in the elastic scattering of neutrons from hydrogen,
mild anisotropy such as encountered in the elastic scatter of neutrons from carbon
nuclei, and extreme anisotropy such as can occur in the scattering of low energy
(hot) electrons hy phonons, a process for which a screened Rutherford cross section

has been proposed on the basis of empirical observations, g

2. SCATTERING IN ONE DIMENSION

2.1 Development of Current Equations ;

It is first appropriate to develop the OOSII equations for the simplest geo-
metrical case, that of one-dimensional scattering, or as many authors term i’c.7
the rod rnodel, Adoption of this approach is advantageous for several reasons, the i
most notable of which are: |
{1) The geometric simplification allows for the development i

of the basic equations without the complicating presence

fundamental logic; and

i
of angular variables which would tend to obscure the !
|
|

(2) The results obtained can be compared with well-known
analytical results, thus providing verification of both '
the basic equations and the numerical means for their {

solution.

(e L T, (1) :

Bn“)<_"’ i

| [
I I - 1
0 t

Figure 1. The One-Dimensional Geometry

6., Garth, J.C., Parke, N.G., and DeStefano, T.H. (1974) Bull, Am, Phys. Soc.,
Ser. II, 19No. 3:232,

7. Wing, G.M, (1962) An Introduction to Trancvort Theory, John Wiley and Sons,
Inc., New York.
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If a unit particle current is injected into the left end of a rod of length t (Fig-
ure 1, then the quantities Tn(t) and Bn(t) can be defined such that

T (t)
s } is the

Bn(t)
trdnémitted particle current emerging from the
reflected
{ right } end of the rod of length t after n interactions.
left

First, to be considered is the case of forward scattering alone. If the current
Tn(t) for a rod of length t after n interactions is known, then the transmitted cur-
rent emergent from a rod of length t+dt aiter n interactions consisting of scattering
in the forward direction alone is

T (t+dt) = T_(t) [1 -%t_] o ) 2, (1

where A is the scattering mean-free-path, and f is the probability of scatter in the
forward direction, The first term on the right represents the transmitted current
emergent from the rod of length t after n interactions which then escapes unscat-
tered through the increment of length dt (Figure 2a), The probability of no inter-
action occurring in dt is (1-dt/)), The second term represents the transmitted
current emergent from the rod of length t after n- 1 interactions which then under-
goes one more interaction in dt with probability dt/X (Figure 2b), This nth inter-
action is a forward scattering with probability f. Rearrangement of the terms in

Eq. (1) gives

T d
T a0 =T 0= [-T 0+ T 0] F (2)
or
dT
-3 [T o] . (3)

Making use of the identity

E(Ii{' [et/)‘ Tn(t)] = et/)‘ _d_{_n_ + % et/)‘Tn(t) 3 (4a)

e

b




or

dT
0, . gt 'c(I}? (et“'rn(t)) -%Tn(t) , (4b)

it is found that

& (et“’rn(t)) - /> + T, (5a)

Integration over the rod length yields

t

et/ATn(t) - Tn(o) = { fo eX/>t Tn_l(x)dx ; (5b)
subject to the conditions

Tn(O) =0, n<1, (6a)
and

T ® = et/h, (6b)

so that the emergent transmitted current is given by

£ t/x b ox/x
T (1) = « e fo et T (x)dx . (7).

Upon inspection of the first few Tn solutions, it becomes apparent that the general

expression for T_(t) is
n n

t
ot/2 f“(W) ' (8)

Tn(t) = T
from which it can be seen that for the special case where f=1, Tn(t) is Poisson
distributed.

At this point the one dimensional scattering picture is incomplete since back-
scatter has not yet been considered. The situation where backscatter gives rise to
a contribution to the transmitted current can be examined by considering the follow-
ing: a particle first survives n-m-1 (0<m=n-1) interactions in (0, t), as shown
n-m-1{t) A single
backscatter then occurs in the interval dt with probability b(dt/A), where b is the

in Figure 2¢, thus giving rise to a transmitted current at t of T

15
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. O O O©, -
] 2 n | Ta(B):(i-dt/X)

|
0 t+dt

Figure 2a, Transmission Following n Interactions in (0, t)

—_— O L0 -1 O+
i 2 n=1 £oTooy (1) dt/X

|
0 t  t+dt

Figure 2b. Transmission Following n-1 Interactions in (0, t) and
One Forward Scatter in dt

A A S E

Tnom=t (1) -b-dt/X:Bpm (1)

| t |
0 t  t+dt

Figure 2c. Transmission Following n-m-1 Interactions in (0, t), a
Single Backscatter in dt and a Reflection from (0, t) in the Forward
Direction after m Interactions

probability of backscatter given that an interaction takes place in dt with probability
(dt/)). The particle, having returned to (0, t), is then backscattered out of t after
m interactions, The number of such backscattered particles is Bm(t), and the total
number of interactions occurring in the course of the trajectory is (n-m-1)+m+1 = n.
The possibility of the particle having a second collision in the interval dt can be
ignored since the joint probability that a particle suffers two collisions in dt in the
same trajectory is proportional to (dt)2 and is therefore negligible, The trans-
mitted current contribution due to backscatter is then
n-1
b1§=1 BT . 0%,

The summation is necessary to account for all possible combinations of events
which may result in a transmission after n interactions, The extreme cases occur

when m=1 and m=n-1, In the first instance the particle enters dt after having been
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transmitted through (0, t) with n-2 interactions., The single backscatter occurs in
dt, and then another single backscatter out of (0, t) takes place, When m=n-1, the
particle enters dt unscattered in (0, t), undergoes the single backscatter in dt, and
is subsequently backscattered out of (0, t) after n-1 interactions,

When the backscatter contribution is added to Eq. (1), the transmitted current
emergent from a rod of length t+dt after n interactions is

T (thdt) = T_(t) [1 -.d);‘.] +ET__ (1) T 2 E Bm(t)Tn-m-l(t) a. ()

As was done for the case of forward scattering alone, application of the appropriate

integrating factor leads to

t
Tn(t) = %e-tlx fo ex/ATn_l(x)dx

n-1

b -t/2 b ox/a
+xe Z)= {)e B (xX)T __j(x)dx. (10)

In order that useful solutions of Eq. (10) may be obtained, a similar recursion
formula must be derived for the reflected current Bn(t).

If the reflected current for a rod of length t is known, then the expression for
the reflected current from a rod of length t+dt as a result of having undergone n

interactions can be written as

n-1
dt
B (t+dt) = B (1) + bE o Tnem-1® Tp® 5 (11)

where b is defined as in Eq. (10}, The first term on the right, Bn(t), represents
the reflected current from (0, t) after n interactions (Figure 3a), The second
term is the total of contributions to the reflected current resulting from single
backs~atter in dt (Figure 3b), Each contribution in this sum consists of three
factors, The current due to a particle which first survives n-m-1 interactions to
be transmitted through (0, t) is Tn_m_l(t). A single backscatter occurs in dt with
probability b(dt/A), and the particle then survives m interactions to be transmitted
through the interval (0, t) in the reverse direction, giving rise to a current Tm(t).
The total of interactions for this term is (n-m-14r 1= n, and the extreme cases

for the values of m occur when m=0 (no scattering duri.g the first trajectory seg-

ment) and when m=n-1 (no scattering on the return segment). Rearrangement of the

terms of Eq. (11) in a manner similar to that for the transmission case yields
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Figure 3a, Re™ection Following n Interactions in (0, t)

|—>——O—EE
1 2 n-m-l
Ty b ST (1) SHOR=SO=TEE

-—t—O0—0——-O-——O0——

| ]
| }
[0} t t+dt

i Figure 3b. Reflection Following n-m-1 Interactions in (0,t), a
Single 3ackscatter in dt, and a Back Transmission from (0, 1)
after m Iateractions

n b
" XE T - el T (e s (12)

: l

fo T, o™ T () dx, (13)

subject to the conditions

(14a) ,;

1]
o

! Bn(o)
Bo(t)

n
o

(14b)

2.2 Solution of the One-Dimensional Current Equations

Equations (10) and (13), together with the initial conditions of Eq. (6) and Eq,
(14), form the following set of coupled integral recursion relations: S
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1 n
T 1) = Lt { 1 xdx +2 e t/AT

T T e—

-1

m=1 o

n-1
t
_ b
B_(t) = XE:O fo T <f(8) T ()
Tn(O) = 0, n<1,
/)

To(t) e .

B (0) = 0,

]
o

Bo(t)

tox/a
f e B_GOT _ _yxdx,

(10)

(13)

(6a)

(6b)

(14a)

(14b)

Aithough it is possible to obtain exact solutions for all orders of scattering, such

an analytical approach hecomes impractical beyond n=3, The expressions for Tn

and Bn are listed below for n<3,

T (1) - et/ (15a)
ot/ t
T () = e (%, (15b)
2.2 2 2
“t/x | £7t bt b -2t/ X
Tz(t) = € [;;2— + -Zr - —4—(1 -e ) A (15C)
3,3 2 2
-t/x £t fb 2,.2 b 3 1 =2t/ X\ :
Tylt) = e -g)-\3+-,2-(t/x stjan - 1)+ B (15 3 )N, s
B, = § [1- e~2t/A] (162)
b -2t/
B,(t) = [1-a+2t/ne 1, (16b)
2 | g8 3 3
B,(t) 2%9 - f22(2 222+ 2%-# 1) e'ZtM+-%- ac-Zt/)\ﬂ-%— (1- e'4t/)\) .
(16¢)

Numerical solutions for Eqs. (10) and (13) were obtained for values of n up to

40 by means of a semi-analytical method based on the assumption that the Tn and
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Bn could be considered piecewise linear. If an appropriate integration interval
(tl, t2) could be found over which the approximation holds, then integrals of the
type occurring in Egs. (10) and (13) could be readily evaluated. The linearity

assumpiions are

. n n
Tn(x) = mpx 4+ bT (17a)
and (tlfxstz) 3
0 n b
Bn(x) = mpx + bB (17b)

where m,r;, and m; are the slopes over the interval (tl, t2) for the nth scattered
transmitted and reflected currents, respectively, and b,’;, and b; are the corres-
ponding intercepts at x = tl. There are three distinct integral forms present in
Egs. (10) and (13), which under the above assumptions, are readily evaluated.

That is

ty ty
x/ A S Lod/aN ) £ (18a)
tfl e Tz(x) dx = e [mT(x - A bT] t] .
t2 /
A 2 X/ A
] Tz(x) Bk(x) dx = \e [mT B(x -2AX + 2)\ )
ty
+(mE bl + mZ bk ) (cn) + b bk] . (18b)
T B t
1
2 2 4 ) g, x> 8 -
i k x k k X
Jl Tz(x) Tk(x) dx = [mT my g + (mT Tt meT) 5t bT ] .
1

(18¢)
Since exact expressions were available for Tn(t) and Bn(t) up to n=3, the approxi-
mate method of solution was employed only for values of n>4,

A computer code was written to solve the system of recursion relations.
Slopes and intercepts for the first three orders of scattering were readily available
from the exact expressions. The computer program was written in such a way as
to compute the currents for all orders of scattering, up to n=40, in one pass for
each increment of rod length. Computations were made of Tn and Bn for 51 values
of rod length ranging from t=0. 0 to t=10. 0 mean-free-paths in steps of 0.2 mfp. It
was found that an integration interval of 0.004 mfp proved adequate to satisfy the
piecewise linearity assumption. This was verified by a comparison of the compu-

tational results for the case where f=1, b=0, with exact answers obtained by
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evaluation of the Poisson distributicii. Additional verification was obtained by
comparison of the current totals for other values of f and b over the first 40 orders
of scattering with exact expressions obtained for the totals over all orders by the
"classical" method of solution for the rod model. The values of the three integral
forms of Eqgs. (18 a, b, c) were accumulated from onr step in t to the next, elim-
inating the necessity of starting the integration from t=0 for each rod length of
interest.

Plots of the computational results are given in Figures 4 through 9. The
transmission and reflection current curves are plotted vs order of scattering for
rods ranging in length from 1 to 10 mfp in steps of 1 mfp (the scattering mean-
free-path was assumed constant for all collision orders) and for the following val-

ues of the scattering probability:

(1) f=0.5, b=0.5 --- Figures 4a, b '
(2) £=0.6, b=0.4 --- Figures 5a, b ]
(3) f=0.7, b=0.3 --- Figures 6a, b
(4) f=0.8, b=0.2 --- Figures 7a, b
(5) f=0.9, b=0.1 --- Figures 8a, b
(6) f=1.0, b=0.0 -~- Figure 9a
and
(7) Poisson distribution curves --- Figure 9b.

The last set, Figures 9a and b, are included for the purposes of comparison. Only
cases of conservative scattering (f+b=1) were considered, although this was not a

necessary restriction.
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2.3 Comparison of One-Dimensional Results with those Obtained
Using the Classical Treatment of the Rod Model

An independent means of testing the validity of the OOSII one-dimensional re-

sults can be found in the classical treatment of the rod model. " Simple expressions

for the total (infinite ord~r) transmitted and reflected currents can be readiiy ob-
tained which, when evaluated, should yield results which agree closely with the
totals of the finite order currents up to 40 orders, at least for the shorter rod
lengths. Determination of the total currents according to the classical treatment

proceeds as follows:

] ——
- ]
T T
| | | Figure 10, Classical
* ; :Ax | Rod Model Geometry
|
A= ]
1 1
i | | f
! | 1 |
x=0 X x+Ax x=t

Let there be an incident current of 1 particle enterin-g a rod of length t at x=0 (Fig-
ure 10), Let there be defined two particle currents at the interior point x such that
I(x) is the total particle current moving to the right at x, and J(x) is the total par-
ticle current moving to the left at x. The boundary conditions are

1(0) 1, (19a)

(19b)

i
(e}

J(t)
he probability of a collision occurring in the interval Ax is

Ax

T Gt O(AX) »

where X is the scattering mean-free-path, as before. The probability of forward
scatter, f, and backscatter, b, are definea 23 before. Then the number of par-

ticles moving to the right undergoing a collision in Ax is

10 &% + oax?
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The numrber of particles roving to the right undergoing no collision in Ax is
(1 - &%) 160 + Oax)?

In addition, »articles moving to the left may have a collision in Ax resulting in

backscatter to the right. The number of such backscattered particles is

bax+ax) 8 + 0ax)?

If these are added together, the total right-mot - current at x+Ax is

Hx+a%) = 1%+ I(x) A_;( (£=1) + b J(x+Ax) éx’-‘ ,

or

dI f-1

e O k%J(x) i (20)

—

Similary, for the left-moving current, the number moving to the left undergoing a

collision in Ax is
X 2
fJ(x+AX] —X— + O(Ax) .

The uncollided left-moving current is

(1 - 8%) six+ax0 + Oax)? .

and the backscattered contribution from the right-moving current is
bl & + oax?.
When these are added together, the total left-moving current is

Jx) = dilx® a%) + (f=1) J(x+Ax)ATx + bI(x)ATx ,

or

-8l + Buw. 1)
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The system of coupled equations, Egs. (20) and (21) together with the boundary
conditions of Egs. (19a, b), can be readily solved, particularly for the case where
f+b=1, Differentiation of Eq. (29) and substitution of Eq. (21) for dJ/dx yields the

following second-order differential eguation for I(x);

2

9_112 + BE =02 is0, (22)
dx

which for the case of conservative scattering leads to

2

jol

L .o, (23)

“d

X
Therefore, I(x) may be written in the form

Ix) = ax+ 8, (24)
where a and 8 are undetermined constants,
A similar procedure applied to Eq. (21) yields the same form for the left-moving
current;

J(x} = yx + 6., (25)

Application of the boundary conditions of Egs, (19a, b) to Egs. (24) and (25) elimi-

nates two of the unknowns. That is

oy = 1 » g=1, (26)
Jt) = 2 » yt= -6, (27)

Substitution of Eq. (19b) into Eqs. (20) and (21) provides a set of differential bound-

ary conditions to eliminate the two remaining constants as follows:

dI _(f-1) " f-1

= = = Ity » a-= ST (28)
dJ _ b _ =

rra ki -XI(t> AR v (= o1 (29)
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With the constants now determined, the expressions for I{(x) and J(x) may be

rewritten as

bx

I(X) = 1= Tm— b (24)
_ bt -x)
J(X) = —r_—;F- d (25)

The forward current at the boundary x=t, I(t), and the reflected current at x=0,

J(0), should correspond to the summation of the transmitted and reflected currents
" obtained by means of the OOSII method. That'is =~ e

o
1
nzzorrnm - T (30)
and
oc s b
b = ot (
n_:lan(t) m . .3 1)
The extent to which these relations hold for currents up to 40 orders is demonstrated
in Tables 1a, 1b, 2a, and 2b where comparisons are given for the cases where

f=0.5, b=0.5, (Tables 1a, 1b) and f=0.8, b=0,2 (Tables 2a, 2b). Except for large

values of t, the agreement seems to be very close,
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3. SCATTERING IN A SLAB GEOMETRY

3.1 Development of Current Equations

Application of the OOSII method to the one-dimensional scattering problem
served not only as a demonstraticn of the principles of the method, but also as a
means of verification of the method of numerical solution of the current equations.
Further utility beyond this point, however, is limited except for the possibility of
modelling some three~dimensional problems with one-dimensional solutions through
the use of some sort of equ1valen mean- fr'ee path for' curve f1tt1ng purposes.
Greater pr‘actxcal value; for the OOSII method can be demonstr‘ated when apphe’d—‘tu
three -dimensional problems. The problem of particle transport in slabs is a2 con-
venient choice from among the class of physically realistic cases since it is the
simplest in the geometric sense, and it relates to a wide variety of physical situa-
tions ranging from neutron transport in reactors to laboratory studies of electron
transport in thin films.

As in the case of one-dimensional scattering, development of the imbedding
equations can begin with consideration of the transmitted current due solely to

forward scattering. Let

be the
yd§2 j
0

transmitted I particle current emerging from the
reflected ‘

$
(
* right I
(

face of the slab of thickness t (Figure 11), after n interactions, in the solid angle
d? about 5 because of a unit current incident on the left face in the direction QO.
Then the transmitted current emergent from a slab of thickness t+dt after

n interactions consists of two contributions, the first due to n scatters having
occurred in (0, t) (Figure 12a), and the second due to n-1 scatterings in (0, t)
followed by the nth scattering in dt (Figure 12b). This is written as

- - - -

dt
T (t+dt, @, Q) = T (¢, 2, 2_)d0 [1 - ox ]
n (32)
u'=1 pr— !
= . @ a’ a e’ s S
’ [TRBN
u=0 n-1
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Figure 11, The Slab Geometry

where )\n is the scattering mean-free -path at the nth collision, u and u’ are the
-> - 7
direction cosines of  and @ , respectively, with respect to the normal to the slab
= A 2 A g a 0
surface (that is, Q= € \/—1 “i€ cos ¢ + ey\] 1~ ui sin ¢ + e, ks ¢ being the
- -
azimuth about the z-axis), and f(Q '*Q)ins the probability of scattering from the
-

direction ' into the solid angle d2 about Q.
The first term on the right is the transmitted current emergent from the slab

of thickness t after n interactions, which then escapes unscattered through the
incremental thickness dt (Figure 12a). The probability of no interaction occurring
in dt is (1-dt/u)\n), where dt/u is the path length of the incigent particle in dt. The

second term arises when a particle with incident direction QO is first scattered out
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Figure 12a, Transmission Following n Interactions in (0, t)

of (0, t) after n-1 interactions into dQ’., A further interaction occurs in dt with
probability dt/u')n_l, where dt/p’ is the path length of the incident particle in dt.
This nth interaction is a forward scatter from Q' into dQ with probability £(2'->Q)dQ
(Figure 12b). The integral over df!’ serves to account for all possible intermediate
orientations.

Cancellation of the 47 r1actor common to both sides of Eq. (32) and rearrange-

ment of terms gives

- L 1 - -
Tn(t+dt, Q, QO) T Tn(t' Qp QO) —-/J-T- Tn(tl Ql Q )

(o]
dat n
’-—
L Iflnldq'u;z' DT Lo (33)
+ =r= =2 1
A ’ I n-1"" o’
n-1 y'=0

from which the foilowing partial differential equation is derived:

9T (t,ﬁ.?z)
n (o]

R 1 . - =
= X r @, Q)
=1
1 AR pe= . SE =7 g
ty— [, @mraleoT e, e). (34)
n-1 u =0

In like manner to that of the one-dimensional case, use of the identity
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I'igure 12b, Transmission Following n-1 Interactions
in (0, t) and Cue Forward Scatter in dt

8T
F t/ Ay e ] _ 1 tlay t/Ap n
5t [e T, Q,Qo) s 508 =T (35)
leads to
i Y [t”‘n“ 3. Q ] =
‘ ) e Tn(t, Q, QO)
4
=1
t/)\nu K ’ - - - -»
e f dQ f(qi__. ’
— R T_ ., R,Q), (36)
*o1 pfeo H n-1 ©
and with the boundary condition that
PERY
i T(0,2,2) =20, n>1, (37)
n o
integration of Eq. (36) over the slab width yields "
1
S o
T (t, 2,82 ) =
{ /
-t/x p p'=1 t
n PR T z/A |
» | Luels [ dze ° Tl o a ) (38)
n-1 p'=0 H o il = AR

‘The contribution of backscatter to the transmitted directional current is deter-
mined in much the same way as it is for the one-dimensional case. The descrip-

tion of the multiple scattering process is, however, more complicated due to the
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con51derat10n of scattering angles. As before, a particle enters at z=0 in the
direction Q and survives n-m-1 (0 m=n-1) interactions in (0, t) (Figure 12c), so
that the transm1tted d1rect10na1 current entering the incremental thickness dt along
the direction Q is T o1t Q' ) The (n-m)th interaction then occurs in dt
with probabil. ty dt/u 'A cm-1"
the direction Q' into the solid angle dQ’’ about Q" is f(Q +07)dQ". The particle,

once scattered back into (0, t) from dt is, after m interactions, rescattered out of

The probablhty of bacchatter at this point from

-S>
the slab into the solid angle d2 about . The term describing this combination of

BV G S oS e 3 AT B TR R TS AT ¢ <R Do TG [TV e beamem i s < ke e sk
n-1 1 o - "
- - -
@l —L— [ 1 e, @) & 1 k@Bt 0 0 an”
m=1M-m-1 j’=0 ! K = L

The summation covers the range of possible values of m which can contribute io a
transmission after n interactions, and the integrals over d2’ and dQ’’ account for
all possible intermediate orientations.

The addition of this multiple backscatter term to Eq. (32) together with can-
cellation of the dQ2 factor completes the partial differential equation for the trans-

mitted current:

[o]
1 >, > R
-
) _EAI—T (t, Q )+ x fmu",m Tt @ Q)dQ’ (39)
n n 1 u’=0
n-1 1 , ©
= -
+Z = T 0.0 DI [ @ sRB .8 Bae”.
m=1 “n-m-1 ji'=0 " O KT pr=y toe]

Integration of the above over the slab width results in the following expression for

the transmitted directional current:

> o
T (£, Q. Q)=
n

[o]
't/ﬂ)tn L 3, Z/N‘}\n —>’ -
e f, -——,—f(Q—) )f T .z 9, 8)
unw'=0 o
n-1 1 , o s
-— -
s L N A e 1
m-1p’=0 * pr=a1
t z/uUx . R ]
dz n ’ 7] 40
x g——*n-mq e T m-1 # Q. Q)B_(z, Q Q") : (40)
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Figure 12c. Transmission Following n-m-1 Interactions
in (0, t), a Single Backscatter in dt and a Reflecticn from
(0, t) in the Forward Direction after m Interactions

In order that the set of current equations be complete, a similar expression
must be developed for the reflected current. The arguments proceed along the
same lines as previously discussed. The reflected current from a slab of thick-
ness t+dt consists of two parts, a portion due to reflection from (0, t) after n
interactions, and another portion due to a single backscatter occurring in dt (Fig-

ure 13). The resulting expression is

-5 - S
B (t+dt, , Q)dQ2 = B _(t, 2, £ )dQ
n (o] n (o]

n=1 o 1
5 o
+d@Z [ T (.9 9" [ de et
m=0 [''=-1 R =0 HAem-1
-,l -,Il '>’ 2
X HRSRT QLR (41)
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Figure 13a. Reflection Following n Interactions
in (0, t)
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Figure 13b.

(n-m~1 INTERACTIONS)
N ey
-y \\.//’\\

" g
VAN //\ _.-;
N2 “_2&
A% \\/

(m INTERACTIONS)

t

t+dt

Reflection Following n-m-1 Inter-

actions in (0, t} a Single Backscatter in dt and a
Back Transmission from (0, t) After m Inter-

actions

The significance of the first term of Eq. (41) is obvious from its definition.

The
second term, once again, is the total of contributions to the reflected current
-

resulting from single backscatter in dt. A pzirticle with incident direction QO is

3 trangmitted through (0, t) with exit direction Q' after n-m 1 interactions.

A back-

-> - -
scatter into the solid angle dQ’’ about '’ occurs in dt with probability f(’-Q’')

17
e’ ‘at/m .

of Eq. (41) results in

37

o P T LT o, | =

The particle is then transmitted back through (0, t) with m

interactions occurring during this return trajectory.

Rearrangement of the terms
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1

2 g (1 Q8

Bt Bnt' ’ 0) -

n-1 o L (32)
I an'' T (t 2, [ - - f(?z’—)?z”)'r (t r Q)
v m p'=0 HA-m-1 n-m-10 O

inal expression for the reflected

1ab width provides the f

Integration over the s
YT o ) ¢ | S P
N i i e T e e o e
Bt Q, Q) = e e e I
n ) 17T
n-1 t o S 1 , |
P
T [ 22—, 8 T oo [ AT X L ;
m=0 O -1 B =1 it'=0 i
—)I -
T o1 (2 2% - (43)
;
ed with Eq. (40) and appropriate boundary and initial
transmitted

on relations for

The above equation combin
ndary conditions

the se
al currents in th

t of coupled integral recursi

conditions constitute
e slab geometry. The bou

and reflected direction

are
P
Tk(O.Q,Q)=0,k>0. (44a)
o
S D |
Bk(O.Q,Q)=0,k>0, (44Db) ‘
o .
)
and the initial conditions are [
o™ 5 '7‘/7\0“ - E
‘o(Z' Q, Qo) =e GZ(Q- &0) . (45a)
5
B (z. &, Qo) =0, (45b)
I E
where the three-dimensinnal delta function GZ(Q' Q') is defined as ;
i
> =, 5
| §.(Q Q) = sy - 1) 6@ - o). (48)
| 2
32 Solution of the Stab Geometry Current Equations
|
s for the slab

The equations which form the coupled integral recursion relation
ing form:

geometry can be rewritten it ihe follow
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b e et i

2n 27
S =
f dg, f dp T (t. 2, Q) =

2n 27 27 t
't/A 33 Z/A U - -
du’ n
qus f dqsf do’ f f(Q’aQ)c{ 7\ = T, (2 @, Q)
n-1 277 2n 29 2m 1 o
’ 17 dIJ' 17 -)I —>II
+2 [ dg [ dp [ de’ [ do” [k [ aprs@oaqh
m=1 o o} o) o o} L -1
t
z/A U - —I
ST A - St SN TN IR W 1421 RO 7% s
3 n-m-lv n-m-1 o] m ) kS 4
and
27 2m
[ a9 [ doB (¢ & 8) =
(‘bo n ' el T
o o
n-1 2m 2n t 27 o)
2 [ de, qusfr—f dqs"f dp’'T (7, 2, 2)
m=0 ¢ n-m-1
’ dIJ' = -’n _’I 2
xc{ d¢ C{Trf(ﬂ QT (2,0, Q). (48)

Since the slab is infinite in extent in the x and y directions, the functions f, Tn’ and
Bn are invariant under rotations about the z-axis, The integrals over azirmutn ma -
then be dispensed with. Given the definition
2m 2m
> o
Fu, 0’y = [ d¢ [ d¢’ F(2, "), (49)
o o

- -
where F is an arbitrary function of  and @/, Eqs. (47) and (48) then take the follow-

ing simplified form:

Tn(t. T8 uo) =

1 t n-1 1
~t/x i1 ] z/A i '
n du ’ dz n ’ D du
e L f(u ) e T (z, u’, g )+ 2 =
c{ e c{ n-1 il . ? m=1 c{ =
X f SR ->u")f———e T (z, ', ) B_lz, o, ')
A “n-m-1 Lo )0 S 4
An-m-1 n
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Bn(t, i, uo) =

(51)
n- t 0 ; '
X it )\_dz f du’’'T (2 i. ' [ QL‘rf(u’—»u“)Tn_m_l(z. meu)s
m=0 o "n-m-1 -1 o H

and the boundary and initial conditions become

Tk(O, u, [Jo) = 0, k>0, (52a)

Bk(O, L, IJO) = 0, k>0, (52b)
_z/AOIJ

To(z, M, uo) = e 6(u - uo) g (53a)

Bo(z, U, IJO) = 0. (53b)

Exact solutions are possible for the once-scattered currents T1 and Bl' In fact,
knowledge of these solutions is irndispensible to the success of the solution scheme

to be outlined. Direct substitution of Eq. (53a) into Eq. (50) yields for n=1,

-t/ p 1 t
1 ’ Z/)\ IJ
_e du ' 1 ’
T (b pop) =5— fT,f(u su) [ dze Wglas s Ip )
o o o
-t/au 1 t '
1 ’ Z/A U -z/A U
=§_ f %,— f(u'au)f dze L & 0 6(u'-uo)
o o o
1 1
e t ez(m - 7\—0“0)
Tag S :
oo o
or
A H ( [ -t/ A K, —t/xlu]
—T—A - lu" f_’s)”IJ,) e =e » M ¢ IJ'O
T, (b 1o i) = ° 0 g 3
o
“t/x u
o e O P ang) . = kg (54)
oo
First order reflection is also obtained using Eq. (53a), so that
40
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LA e el
t o 1 ,
b | ’" 7] di ' 1" ’
B, &, kg —,\—OJ dz _fl au’ T (2, 4, i )of —“—,-f(u SRT (2 g uo)
2 [o] ’ 1
5 L -2/ 'IJ- ’l ’ -z/x !
=)‘Lf dzf d[J.” o o] 6(“_“11)-, d—“’,—f(u'qu”)e (o] 5([.1."[.1.0)
oo -1 o H
t o] I
-z/\ 4 -2/ |
1 7 o o o ,
= XT f dz e f dpi " e b(ﬂ'ﬂll)fdio"ﬂ- )
. 0”0 0 -1
1 1
>J"t e 5 i * 7,
= g WU 2L ze y
Ao”’ S o
or
B,(t, i, i) . flu o p) [1 - e-t/)\° @ +—-1-—)] (55)
N0 Fo [T Bo [ 1]

[a]+ o

The angular integrals of Eqs. (50) and (51) present a problem which had not
occurred previously in the one-dimensional case. It is necessary to cast the
equations into a form in which the integrals over angle can be performed both with
a sufficient degree of accuracy and within a reasonable amount of computation
time. For this reason the method of Gauss quadrature integration was chosen.
Briefly stated, given a function g(x) defined on the interval -1 < x < 1, then a
numerical integration of g(x) over this interval can be obtained as follows:8

1 L
[1 g(x) dxég_:/l A, glx,) (56)

where the x, are the zeros of the Legendre polynomial of order L defined over the
interval -1 < x < 1, and the A& are the Gaussian weighting coefficients (it can be
shown that such a procedure is equivalent to integrating a (2L.-1) th order poly-
nomial which agrees with the function g(x) at 2L points). This method of integra-
tion can be applied directly in the evaluation of the angular integrals of Eqs. (50)
and (51) since the integration intervaie are compatible. This approach differs
from those that have been widely adopted In the past by others where it has often
been the practice in solving transport problems to apply Legendre scries expan-

sions directly to functions of the type found in the integrands of Eqs. (50) and (51).

©

Tables of the Gaussian ordinates and their weighting coefficients are readily
available from several sources. g When Eqs. (50) and (51) are restated in the dis-

crete ordinate representations of Eq. (56) they appear as

N.J,

9, Weinberg, A,M,, and Wigner, E, P, (1958) The Physical Theory of Neutron
Chain Reactors, Univ, of Chicago Press, Chicago,

10, Stroud, A.H., and Secrest, D, (1966) Gaussian Quadrature Formulas, Prentice
Hall, Inc., Englewood Cliffs, N,J.

. 8. Lanczos, C. (1956) Applied An~lysis, Prentice Hall, Inc,, Englewood Cliffs,
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PRESEST . ey ey, s ML oy S e
Y
T (t 1. u-) =
-t/Au Z/Au (2, Py 1)
£ f dz n"4 EAkf(uk' L )M___L
L k Fy
n-1 4
z/X [ SR [ e
+E f}tdz & nLZAknml kel
m=10o “n-m-1 k u’k
. ;/:Apf(uk, u) B (2 gy, up)] ; (57)
and
n-1

o (b u)—Z

L m-Oc{ )‘n m-1

(z, Uy, 1,)
-1 k' "y

) (58)

T
T n-m
X ? Ap % By up) %)Akf(uk. up>

The remaining problem of integration over the slab thickness z is handled in
exact analogy to that of the one-dimensional case. It is assumed that over a
sufficiently small interval, 'c1 < z < t, the functions Tn(z, p.j, p.k) and Bn(z, “j’ p.k)

can be considered linear in the variable z so that they may be written as
_..n n
Tn(z. uj, uk> = mT(uj. uk>z + bT(uj. uk) ; (59a)
_..n n
Bn(Z. uj. uk> = mB(uj, uk>z + bB(“j’ uk> 3 (59b)

where the m (u U.k) and the m (U. U.k) are the slopes, and the b (U. LLk) and
B> (U. U.k) are the intercepts of the T and B » respectively. Itis convement for
the expressxons for T and B to be d1v1ded 1nto six terms. That is:

D), (@, . (3)
Tn = Tn + Tn + Tn , (60a)
B =8V, 5@ (60b)
n n n n
where
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(1) N
i (t, My uj) =

t/A p z/2 b (z, P iy )
2 dz LZ n 1 k
e e A f(u s 1) 5 (61a)
f )‘n 1 gt Py
. n-2 ¢ :
- Z/)\ o T . (Zn Lo IJ‘-) !
T(2)(t.uL.u-)=Z TLe n{,ZAk n-m-1 k' " i
B 7 m=1%0 “n-m-1 K Hy T
it
X DA £y, p)B_(z, u,, L), (61b) 5
p p kK Tp m 1 7p P_
t 23 Li ) Alu )
(3) - dz n" 2 j
T (t.ub.uj)-({me
X DA )B__, (2 ) (61c) '
p p u.n u n-l » u‘{’n up » c |
H5
t -zZ/x 1
(1) dz o1
B Ut @, 0= e .
i n PLL uJ Of )\n_l !
1§
(z, 1, By ) |
xZA R 1) Tn-1™ Py ’ (62a) |
Hy
n-2 I
2
B P p, u)=2 [ AT @y, )
I m=1o “n-m-1 p t
T (z, Ly s 1)) h
n-m-1 k>,
X EAkf(uk. u) I (62b) |
(3) Va2 S
BVt . 1) = ({ R e S S LT R
The above expressions, Eqs. (61a, b, ¢, 62a, b, ¢), result from the expansion
of the summation terms over orders of scattering present in Eqs. (57) and (58) into

terms involving first order transmission and those which do not. In this way direct
use of the exact expression, Eq. (54}, for Tl(t, Mo It,) could be made by means of
explicit substitution. It is expected that this procedure should lead to a more
accurate determination of-the Tn and Bn than would have been the case if the piece-
wise linearity assumption had been applied uniformly to all scattering orders, If
the piecewise linear assumption is applied to the expressions given in Eqs. (61a,

b, ¢) and(62a, b, ¢), and if the integrals over z are then performed on the interval

. tl < z < t, the following expressions result for the six terms:
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3.3
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s

m-1 (“k’ “j)]

t1/7‘n“1,]

n-m-1 m m n-
+ [bT (Wb “j)mB(“L up) + bB(“L’ up) my
£/

2 n"4 _
X [(An“Lt - )\n“l,)e ()\n“!,

2.2
t1 - )\nuL) e

/A M t /A
n" 4 -e 1 n L] / (63b)

n-m-1 m .
|+ [bT (g 1) DR (s Ky "n“&] [e

(g 1)
(3) i
Tt @ By =0 Zp——-j——P—“_

o

»
T R R T P N P T T T S

2 | (e
(63c)
i
B (1) -, 1 Z A f(“k' “L)
i n -1k k By
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% [br; (1,5 up)bfllfm_l(uk, “j)] [t - tl]

“t /A i, |
z)e 1 0“3 |

n-1 r 2
m,, (“L’ L) L(Aoujt1+ )‘o“j

p

-t/A U,
_ 2 2 o} 3] &
(Aoujt+ )\ouj)e (64c)

Y

-t/A U,
o]

' 2 bf[’,'l (Hyr B MM [e
The above relations, Eqs. (63a, b, c¢) and (64a, b, c), form the basis of a
computer program which was written to obtain numerical solutions to the coupled
integral recursion relations of Eqs. (50) and (51). The remainiﬁg requirement is
{ the specification of the scattering matrix f(u, '), the mathematical description of
the physics of the scattering process. In the sections that follow, the results of
four OOSII calculations, corresponding to four forms for f(y, 4’), are reported.
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4. ISOTROPIC SCATTERING IN THE LABORATORY SYSTEM —
OO0SHH TREATMENT

The simplest form of the scattering matrix f(4, ') occurs when all of the
elements are constant and equal. This situation corresponds to isotropic scatter-
ing in the laboratory system. As has been stated previously, regardless of the
nature of the scatter_i)ng interaction f(?l»?l') df’ is the probability.gf scattering from
the initial direction @ into the solid angle dQ' about the direction @’. For any con-
servative scattering interaction (no absorption)

4n

> -
[ 4" Q-0 = 1. (65)
o

-5 -
If the scattering is isotropic in the laborator; system (the directions  and / are

specified with respect to the laboratory frame), then from Eq. (65) it is seen that
-> 7 1
f(Q - = Io -
Lol

Furthermore, since azimuthal invariance applies, as in Eq. (49)
2m

fu, p') = £ = [ dE@-00)
2 (o]
2m

1

= = d¢
iy
1

= E' (66)

The above value of fo was substituted for the f(ui, uj) in Eqs. (63a, b, c) and
(64a, b, ¢), and computer runs were made to determine the values of Tn(t, My uj)
and Bn(t, i i1.) where the By and “j are Gaussian discrete ordinates correspond-
ing to cosines of the incident and exit polar angles, respectively, for 41 values of
t ranging from 0. 0 to 8. 0 mfp in steps of 0. 2 mfp. A constant value was assumed
for An. This assumption, while not a necessary restriction of the method, serves
to simplify the computation. Current values Tn(t) and Bn(t) were then obtained by
integrating the directional currents Tn(t, U, &) and Bn(t, i, 4*) over the incident
and exit cosines 4 and 4., That is
1 1 1
=4 14 ’
T (1) ! dp wip) ofdu T (t, 4, 1) ofdu wip) , (67)
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and

1 0o 1
Bn(t) = fdu wii) f du’ Bn(t, i, u.'/f du w(u) . (68)
0o -1 0o

where w(i) is the source angular distribution function at the left face of the slab,
Results were obtained for two source configurations:

(1) cosine current (isotropic particle density)

distribution
w(i) = i,
(2) isotropic current distribution
win) = 1.,

The second of these configurations is not physically realizable, since this would
correspond to an infinite particle density value along the direction parallel to the
slab surface. In other words, if #(i) is the angular density, or the number of
particles per unit volume moving in the direction u, at the slab surface, then the
angular current J(it), the number of particles crossing unit area perpendicular to
the direction of |4, is given by J() = u@(i). Therefore, if J(i) is to be isotropic
and non-zero, it must have a constant finite non-zero value at u = 0,

The numerator integrals of Eqs. (67) and (68) were evaluated using Gauss
quadrature, since the functions T (t, i, k') and B (t, 1, 1 '} were already evalua-
ted at the Gaussian ordinates. The denominator integrals were evaluated exactly.
For the cosine current source, the value of the denominator is 1/2, and for the
isotropic current source it has a value of 1. The working expressions for the

transmitted and reflected currents then become

T () = 232,Ajuj E/Ak T (t. Bar by s (69)
B_(t) = Z?Aj“'j Z A, Bt o ) s (70)

for the cosine source and

T (1) = ?Aj:{;Ak T (t i, i1y, (71)
B (t) = JZAJ. %Ak Byt g py) - (72)

for the isotropic source.

47

P ECRET I Tt AP moTpea e

N e

i

=
=af




It was found that good comparisons with other calculations were obtained if

six discrete ordinates per quadrant were used for all scatterings up to order ten
for slab thicknesses up to one mfp. In this way an artificially low transmitted cur-
rent at the higher orders could be avoided. The use of only two discrete ordinates
per quadrant for the thin slab cases exaggerates the transmission at the lower
scattering orders because of the high degree of granularity in angle. The Gaussian
discrete ordinate values are given in Table 3 for 2, 4, and 6 angles per quadrant.
A comparison of the currents obtained using 2 and 6 ordinates with the cosine

source configuration is given in Table 4 for ten orders of scattéring in thin slabs,

Table 3. Gaussian Discrete Ordinates10
Number of
Ordinates 6 4 2
Gaussian . 98156 . 96029 .86114
Ordinate, . 90412 . T0667 . 33998
. . 76990 . 52553
! .58732 | . 18343
. 36783
. 12523

For slab thicknesses greater than one mfp, six discrete ordinates were used
for the first three scattering orders, four were used for orders four through six,
and two for orders seven through ten. The reasoning leading to this arrangement
is that as the number of scatters becomes sufficiently high, and if the slab is
sufficiently thick, the granularity inherent in the choice of a low number of discrete
ordinates becomes less important. The particle has changed direction several
times at this stage, so that for isotropic and nearly isotropic scattering, the angular
distribution has grown diffuse, and an adequate descriptior can be achieved with the
equivalent of a L.egendre expansion of two or three term:

Curves of Tn(t) and Bn(t) plotted vs t for both source configurations are given
in Figures 14, 15, 16, and 17. Twelve curves, representing values of n ranging
from 0 to 10 and a total curve, are presented in each graph. A more detailed
nresentation of the numerical results is given in Table 8 where comparisons with

results obtained from Boltzmann equation and Monte Carlo calculations are shown.,

48

S e = VR T T P W — s kS i Lt v BT




g . -

s A s s S ST

Table 4a, Comparison of Particle Currents Obtained with 6 and 2 Discrete
Ordinates per Quadrant for 10 Orders of Scattering; Cosine Current Source

Configuration; Isotropic Scattering:

Transmission
Slab Number of Discrete Ordinates
Width
(mfp) 6 2 6 2
n=1 n=2
o? +5GB0E-N1 | «6347E-01 «1384E-01 | 01266E-01
ot «7421E=11 | «8223E-n1 +2R23E-01 | +2916E-01
oh «7AT2E-01 | B16nE-n] ¢3633E-01 | +3940E-01
" «6566E-01 | 7351E-01 ¢3960E-01 | .4349E-01
len «5044E-N] | «6334E-01 «3969E-01 | +4336E-01
n=3 n=4
o? «I196E-N2 | +2495F-02 .8315E~-03 | +4917E-03
oh o1111E-N1 | «9997E-02 «4339E-02 | I403E-02
oh o1214E=n1 | .1801E-01 «892BE-02 | +B8095E-02
oA «2104E=~0) «2195E=-n] «1314E-01 !lZSOE-Ol
len «2581E-51 | <2737E-01 ¢1637E-01 | +1666E-J1
n=>5 n=6
o2 «2n36E-03 | +2694E-04 <49BBE-04 | «I9IZE-04
ot «1489E-02 | «1157E-02 «65/73E-D3 | +39337-03
o6 «4168E-n2 | +3621E-02 +2132E-02 | ,1619E-02
R ¢ T627E=02 | «6R31E-02 «4) IBE-02 | +3619E-02 |
1.9 «1025E-n1 | +9988E-02 ¢6314E-02 | ¢5950E-02
n=7 n=8
o2 o 1223E-04 | «3774E-05 «2998E-05 | o 7455E-06
o ¢2557E-03 | «1337E-03 e 9946E-04 | o4SGTE-04
<6 «1040E-n2 | «+7234E-03 «5069E-03 | +3233E-03
A «2746E-n2 | <19]15E-02 «1316E-02 | «1013E-02
1.0 «3949E-02 | «3534E-n2 2643E-02 | +2099E-02
n=9 n=10
o2 «TASSE-N6 | «1471E-06 «180SE-06 | «2913E-07
ol «3R69E=N4 | <154AE-NG «1595E-04 | o5258E~05
o b .2a7lE-ﬂ3 o 144SE-03 . IZQI-E-OJ !6“5?E-0“
R oTT7E-N3 | «5157E-03 «4136E-03 | .2833E-03
1.0 o1510E=12 | «124KE=N2 «9330E-03 | L7390E-03
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Table 4b.
Ordinates per Quadrant for 1
Configuration; Isotropic Scattering:

Comparison of Pa

rticle Currents Obtaine
0 Orders of Scattering;

—
R <

i

d with 6 and 2 Discrete
Cosine Current Source

T w T -

Reflection
Slab Number of Discrete Ordinates
Width
{mfp) 6 2 6 2
n=1 n=
o? «5R64E=01 | +6563E=01 .1396E-01 | 1270€-01
ol QS‘ZQE-ﬂ‘ e 9305FE=01 QZQQSE-Ql ’298“E-91
o6 09207€-n1 | <1053E+00 «3999E-01 | .4212E-01
o 49767E=n1 | «1110E+n0 W46 1SE=01 | +4989E-01
1.0 <1907E+n0 | <1130E+00 «S102E-01 | +5442E-01
n=3 n=4
o? ,3602E-02 | +2496E-~02 .B319E-03 | 4917e-03
ole J1126E-01 | «1004E-01 +4396E-02 | <3406E-02
o6 .18B1E=01 | ¢1R33E-0l «9092E-02 | 8139E-02
of ,26T16E=01 | «250RE-01 <1357E-01 | <1306E-01
1.0 «2011E=01 | «2994E-N1 <1736E-01 | 21727€-01
n=5 n=6
«? .2036E-03 ogﬁqﬁE-o“ .“988E?9“ ,lQlEEfgh
ot .1691E-n2 | «1157E-02 +6575E-03 | +3934E-03
o6 J4192E=12 | «362RE-02 J2137E-02 | +1620E-02
of o7532E-02 | +6R69E-02 <4204E-02 | .3626E-02
1.0 .1055E=01 | <1013E-01 .6463E-02 | +5984E-02
n="1 n=8
o? o 1923E-04 | «3774E-05 «299BE-05 | +7454E-06
oo .2557E=03 | «1337E-03 +9946E=04 | o4S6TE-04
o6 1041E=n2 | «7237E-03 .S671€-03 | +3233£-03
8 +2752E=-n2 | «1914E=02 .1317E-02 | +1013€-02
1.0 «3Q77E=02 | +3544E-02 J2u51E-02 | .2101€-02
n=9 n=10
o2 +1154E=06 | «1479E=06 .180SE-06 | +2913€-07
obs +3369E=n4 | «1546E-04 .150SE-04 | +5258E-05
o6 e24T1E=N3 | «1445E-03 01204E-03 | o6455E-04
8 .7182E=n3 | «5358E-03 .4137E-03 | .2833E-03
len J1G13E=02 | «1246E=02 «9337E-03 | 7391E-03
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Figure 14, Transmitted Current, Ty(t), vs Slab Thickness, t, for nth Ordex
i Isotropic Scattering (0 < n < 10); Cosine Current Source Configuration
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5. THE ONE-DIMENSIONAL BOLTZMANN EQUATION
FOR ISOTROPIC SCATTERING

5.1 Derivation of the On¢  nensional Boltzmann Equation for
Scattering in S !

The process u. s. itering in a slab geometry can be described by the one-
dimensional Roltzmann equation. = A demonstration of this is afforded by con-
sidering the contribution to the particle density d¢(z) at a point a distance z into
the slab (Figure 18) due to particles emanating from an element of volume dv,
either due to scattering within dV or from an internal source distribution. If A
is the scattering mean-free-path, constant for isotropic scattering, and the prob-

ability of a particle surviving a collision is denoted by ¢, then

e T/A c y '
do_(2) = S [X &(z') + s(z )] av, (73)

4mr

where s(z) is the internal source distribution, if one exists, and

r = \l x2 + (z-z')2 . (74)

a—--———]I

f— -

~/

4 Figure 18. Slab Coordinate System
™~ Showing Particle Density Contributicn
at z from Volume Element dV

L]
L8

Then the total particle density at z due to scatterings or internal sources at every

value of z’/ within the slab is

o0 A

t
X
& ] e c ] ’
¢S(z) = ofdz f d}" Z—ﬂ—rz[)\ #z') + s(z )] 27rdr, (75)

zZ-Z

11. Forbes, I, A, (1973) Private communication.
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since dV = 2mx(dx) (dz’) and r(dr) = x(dx).
Integration over r results in
; |2-2]
z-2 c
9,(2) = 1/26fdz' El( X ) [X olz’) + s(z')] . (76)

[ o]
where EI(X) = f exp(-u)/u du is the exponential integral function of order one. In
the absence of internal sources, the scattered particle density at any point z within

the slab then hecomes

t
’ IZ'Z'I ’
64(2) = % {dz E1< A ) o(z’) . (77)

In order to obtain the total particle density, the unscattered density ¢u(Z) due
to the presence of a surface source must also be obtained. The differential form

of the Boltzmann equation in the absence of scattering and internal source is

8¢u 1
u'az—+7¢u=0, (78)

which has the simple solution

B (2 1) = 9(0, p) e 2/, (79)

where [ is the cosine of the angle of incidence (Figure 19),

.
2ip e
'
400 )()Zj_*‘ Figure 19. Source of Particles at z = 0
oy =
4
Q t
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If there is an isotropic density of particles at z = 0,

$,,(0, W) = 9 * (80)
so that
6,2 1) = ¢ e 2/ (81)

Integrating out the angular dependence yields
1

-z/ )
¢u(z)= ¢0({ di e z/
= ¢, E, (z/\), (82)
1

where Ez(x) = f du exp (-x/u) is the exponential integral function of order two.
The total density at z is then

o(z)

¢u(2) + qSS(Z)
4 lo-2’]

0,5y B+ gy [ o' m, (152 ) g (83
0

i

If a unit incident particle density is assumed, the constant ¢0 has a value of unity
[E2 (0)=1]. Also, the scattering is assumed to be conservative as well as isotropic
go that ¢ = 1.

If the distance variable is expressed in units of A, that is z/)>z, t/}t, the
final form of the one-dimensional Boltzmann equation for the particle density within
the slab is

t
§(z) = Ey(z) +1/2 [dz’ B (l2-2"]) gz") . (84)
o

5.2 Ilterative Solution Method and Expressions for Transmitted
and Reflected Currents

The integral equation (Eq. 84) is of the Fredholm type and may be solved by
r&ans of an iterative procedure. 12 Let ¢n(z) be the nth approximation to the solu-
tion of Eq. (84), and let ¢ (2) = Ez(z). Then ¢n(z) is given iteratively by

12, Lovitt, W.V. (1950) Linear Integral Equations, Dover Publications, Inc.,
New York,

57




e e L i I g—

t
9.(2)= ¢ (2)+1/2 [ az' B (l2-2']) ¢ (2", (85)
o]

A physical significance can be attributed to these iterations. If the quantity Sn is

J

]

|

defined as {i
Sn(z) = ¢ (2) - ¢ (), n>1 (86a) 1‘

|

and 4;
|

So(z) = ¢0(z) . (86b) |

then Sn(z) satisfies the equation
t
s.(2) = 1/2 [E (z-2'l) s__ (2" a2’ (87)
o

i Physically, since E1(| z-2 'l) is the single collision kernel, Sn(z) represents the

collision or source density of particles that have collided isotropically i times. L

In other words, each iteration of E. (85) adds another generation of scattering

|

J

order to the particle density. The logical extension of this argument is that 4
0 (z) = ¢ (2. :
Finally, the transmitted and reflected currents at z =t and z = 0, respectively, }

can be obtained for each order of scattering. If Sn_l(z) is the density of particles |
scattered n-1 times at z (Figure 20), then the transmitted current of order n at i
z = t is given by 1
1 t |

(t-2) |

By dz -—— <

| T (t) = i duf—ﬁe B, e, i
(o} (o] 4

where, as before, z is given in units of mean-free-path, so that the probability of J
a scatter occurring in tire distance interval dz/u is simply dz/(t. When the J
angular dependence is integrated out, the result is ;
{ 2 %
|

) = [ dzEylt-2)5__ (2). (88) ;

o :

2 ,4'

13, Sobolev, V,V, (1963) A Treatise on Radiative Transfer, D, Van Nostrand Co., g
Inc,, Princeton, N.J. - 3
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Figure 20, Transmitted and Reflected Currents, TE(t)
and BB(t), from Distributed Sources of Scattere
PartiCIIes Sn_l(z)

Similarly, for the reflected current

o t
B l dz -z/u
BBw) = [ cu e lul s (=)
n -fl c{ u n-1
t
= ({ dz E,(2) S__(2) . (89)

The currents TE’(t) and Bf(t) (the superscripts denote results obtained from the
Boltzmann equation method) should be directly comparable to those obtained by the
OOSII method for the cosine current (isotropic particle density) source. The
numerical values obtained by these two methods are in fact very close as is shown
in Table 8.

5.3 Numerical Solution of the One-Dimensional Boltzmann Equation
for Isotropic Scatter in Slahs

A computer program was written which solves the integral equation
t
9.2 = ¢ (2) + 1/2 [ E(lz-2’l) g (zdz’ . (85)

[0}

If the substitution y = z-z’ is made, Eq. (85) can be rewritten in a form more
amenable to computation as follows:
t-z .
¢ (2z) = ¢ (2)+ 1/2 fo 9.1z + y) E (y)dy
z

+1/2 [ ¢ (z-y) E (y)dy. (90)
[0}
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Let the first integral in the above expression be denoted as

t-z
1= f ¢ ,(z+y) E (y)dy . (91)
(o]

The function El(y) can be expressed in exact form as

* nn
E(y)=-y-Iny-Z COy (92)

n=1nenl’

where vy is Euler's constant. The integrall can be separated into the following two

integrals:
I= —(Il+12). (93)
where
t-z
I, = { ¢,.1(z+y) Inydy, (94)
and
t-z -] nn
- (-1 ]
= ({ [Y+r?=:1 ne .01 By . (95)

The first of these integrals, Il' can be handled by means of a Gauss quadrature
specifically developed for evaluating integrals involving products of logarithms with

10, 14

arbitrary nonsingular functions. 1f the following substitutions are made

A Et-zandu1 = y/A,

the logarithmic integral becomes
1

L, =4 b{ ¢, (z+Au)In fAu,) du, , (96a)

or

14, Crosbie, A,L., Merriam, R.L., and Viskanta, R. (1968) J. Quant. Spectr, Rad,
Transfer, N8v:1609.
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1
B = AZ_ A ¢ (z+Au ) +T (96b)
k=1 k
with
. 3 1
I,,=AlnA J 91 (z+Aw)dw , (97) !
i
The ulk are the prescribed quadrature ordinates, and the Ak are their correspond- F
ing quadrature coefficients. Since the additional term Ila contains no logarithm
in the integrand, it is evaluated by the standard Gauss quadrature procedure as will g :
be outlined in the evaluation of the integral Ige
The second integral, 12, can be evaluated by the standard Gauss quadrs ;ure
technique. When the transformations A = t~-z and u, = 2y/A -1 are made, the
result is
1 0 1
A(l4u,) |
_ B (-1t [ 2 ] } A |
| =g [ |7+ El” y 5 9,1(z+% (1+uy)) du, , (98a)
I or
! M 1
2 60
A (1+ug) A
LA (-1) [ Zk] ¢ _(z+51+u, ) ,
I,=3 & By {y+§lbu 5 n-1(2+%3 2k)
= b (98b)
where the u, and the Bk are the quadrature crdinates and their corresponding
coefficients.kln the actual calculations, M1 and M2 were chosen to be 16 and 32,
respectively. The summation over £ was not carried out to 60 terms if sufficient |
§
covergence could be achieved with a lower 4 value. i

The integrals involvin, (z-y) are dealt with in the same manner as those
g € Pre g

above, so that the resulting coraputational form for Eq. (85) becomes

9.(2) = ¢ (2) - %

i iy
1
LAY A ¢ (z Au )+z2D A ¢ (z-zu )
= k "'n-1"'"1 1k k=1 k "'n-1 1k ;
M,
A A
3 g (y+ lnA)Z_: quﬁn_l(z+-2-(1+u2 )) J,,
k=1 k
M,
z z
- +3 (y+1n Z)E;l Bk¢n-1(‘z(1 'uzk)) |
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M2 4 1+1 2 1
+{-';1 Bk%‘:l( 3) A (1+u2k) ) 1(z+§(1+u2k))
M
2 60
1+1 1 L
z (-1) 5
+‘Z?—_1 Bk%il(-z-) A (l-uzk) ¢n_1(.2_(1-u2k)) + (99)

The function ¢ (z) was taken to be Ez(z).
Typical computational resuits for the cumulative particle density distribution
up to 12t order of scattering are given in Tables 5, 6, and 7 for slab thicknesses

of 1, 5, and 10 mfp, respectively.
A final computation is that of the transmitted and reflected currents as functions
of scattering order. The expressions for these, given by Eqs. (88) and (89), are

evaluated using a Simpson's rule integration,

6. MONTE CARLO CALCULATION OF PARTICLE TRANSPORT IN SLABS

6.1 General Discussion 5

The Monte Carlo method as applied to particle transport consists basically of
attempting to describe the behavior of an entire ensemble of particles by tracing
the histories of many individual particles as they migrate through the scattering

medium, Appropriate summations over a sufficiently large number of these his-

tories are made in order to arrive 2t a description of the ensemble as a whole.
While this method lacks the elegance and cemputational efficiency associated with
some other types of transport calcuiations, it does provide an extremely high degree |
of flexibility with regard to the variety of problems that can be handled, Resuits of
Monte Carlo calculations are used here to confirm the results obtained by the OOSII
method and the Boltzmann equation solutions. The method is conceptually

simple and provides a truly independent means to such a confirmation.

A Monte Carlo program was written to study the transport of particles in
scattering slabs. The computation is organized into two main parts. PartI con-
sists of: (1) the generation of a plane isotropic (current) source of particles at the
boundary of an infinite slab; (2) the tracing of the particle histories through the
medium while keeping account and recording the collision site positions, trajectory
orientations, and orders of scattering, Part II superimposes a source distribution
function on the plane isotropic source and calculates the transmitted and reflected
currents for each order of scattering and for a number of finite slab thicknesses ,
assumed to be imbedded within the infinite slab. f
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6.2  Generation of Particle Histories (Part I)

¥ The discussion which follows pertains only to conservative scattering, iso-
tropic in the laboratory system. Other Monte Carlo programs were written to
handle various types of anisotropic scattering. In later sections these will be

discussed only o the extent to which they differ from the present calculation.

When a particle history is originated at the source plane, the initial direction,
relative to the laboratory coordinate system, of departure from the source point
is determined. The initial polar ang.e of the trajectory with respect to the z-axis
{(z is as before perpendicular to the slab surface) is determined by sampling a
uniform random number distribution, Let ry be a uniformly distributed random
number (actually a computer generated pseudo-random number) where 0<r1<1.

Then the cosine of the initial polar angle is

{100)

The azimuthal direction, ¢, is chosen to be zero.

The penetration distance between collisions is determined by inversion of the
exponential attenuation formula for particle flux in an attenuating medium, The
exponential attenuation factor is selected from a set of uniformly distributed ran-

dom numbers Ty where 0<r2< 1, so that

r, = exp(-sn/)\) , (101)

where X is the scattering mean-free-path and sy is the penetration distance after
the nth scatter. The inverse of this expression yields the following direct deter-

mination of S

8 = =A 1oge(r2) 5 (102)

Once the penetration distance is computed, the coordinates of the next point
of interaction are determined. Given that the nth interaction occurs at the point
(xn, Y zn) and the direction of the particle trajectory after the interaction is
defined by the angles 6 = ¢n, respectively the polar and azimuthal angles in the
laboratory frame, then the coordinates of the point of next interaction are ;riven by

69

I 3’5&&
g
4
]

S——



B =4 snsinencos ¢", (103a)

|
Ypep = Yp + SpSind Nsin¢", (103b)
Bp = B sncosen . (103¢c)

The superscript n denotes orientation after the nth collision. The collision posi-
tions and trajectory orientations are recorded in a mass storage file for every
collision of every particle. This file is subsequently used for the particle current

computations.
Selection of the post-collision orientation for isotropic scattering in the labora-

tory system consists of making a random choice for the cosine of the polar angle
9™, as was done for the initial polar angle. Since the scattering is isotropic in
azimuth, the azimuthal orientation is obtained by rando'n selection of the angle on
the interval (0, 27). That is, let rq be a uniformlydistributed random number where

C i e o L Llimeiad o ol

o< r3< 1, then

¢" = 2mr, . (104)

i

The above vrocedure is repeated until the particle has either undergone a

prespecified maximum number of collisions in the slab or has been backscattered

e

out of the slab tI .ough the source face.

e

6.3 Determination of Transmitted and Reflected Currents for
Siabs of Various Widths (Part 1I)

As a result of the operation of Part I of the Monte Carlo program, the pertinent
statistics of the scattered particles at every collision site are stored and available l
for analysis. The program which computes the transmitted and reflected currents 1

e B . s mm -
L e e i i e e L g

consists of a straightforward particle counting procedure. £ grid of finite slab

boundaries is superimposed within the infinite slab (Figure 21). As was previously

gtated, particle histories are terminated in one of two ways, either by having

undergone a maximum allowed number of collisions within the slab or by back-

gcatter out of the slab. The first situation is depicted by the dashed line trajectory

of Figure 21, and the second by the solid line trajectory. The particle counting 3
procedure executed by the program assigns the following interpretation to the

dashed line trajectory:

(1) transmission through a slab of thickness t;
after 0 collisions,
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[ (2) transmission through a slab of thickness ty

after 1 unllision,

(3) transmission through a slab of thickness tq
after 2 collisions,

(4) transmission through a slab of thickness *y
after 7 collisions,

and the following interpretation to the solid line trajectory:

(1) transmission through a slab of thickness t

after 0 collisions, 1

(2) transmission through a slab of thickness t,
after 2 collisions,

(3) transmission through a slab of thickness t3
after 4 collisions,

(4) transmission through a slab of thickness ty
after 8 collisions,

(5) backscatter from a slab of thickness t
aft=r 11 collisions,

(6) backscatter from a slab of thickness t
after 11 collisions,

! (7) backscatter from a slab of thickness t
after 11 collisions,

backscatter from a slab of thickness t
after 11 collisions,

The transmission and reflection current bins are ‘illed by the application of
this counting procedure to every particle history. As each history is considered,
it is assigned a source weighting factor. For the case of the cosine current
source, the tallied figure in each bin is simply twice the initial polar angle cosine,
Ko of each trajectory (the factor of two is requlred for source normalization).
and in the isotropic current source case, the tallied figure in each bin is unity.
The final normalized currents are obtained by dividing these sums by the total
number of particle histories considered.

The results of these Monte Carlo computations are given in Table 8, where a
comparison with the results obtained by the two methods previously discussed is
readily available. For the isotropic scattering case, 100, 000 histories were run.
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Figure 21,

Monte Carlo Slab Configuration




1 Table 8a. Transmitted Particle Currents, T,(t) Obtained by
Three Methods, Through Slabs of Various Wig

ths, t:

Unit Current Cosine Distributed Source; Isotropic Scatter

Transmitted Current, Tn(t)

t ,
QOSII Boltzmann Monte Carlo
0 | «21918B4E+00 <2197184F+00 +?1T266E+00
1 | «116989E+00 «116291F+00 +116196E+00
2 | «793353E~ni  «791163F=01  +79YS006E-01
3 | «516197E~01 +515542F=01 «519376E-01
4 | ¢3727453E=01  «377737F=01  +335511E-01
1.0 S | ¢205A05E=01  +205469F=01  +20R94BE-0]
6 | «127476E-01  128200F=01 +1288/7E=-01
7 | «+TROQILE=N? <T96341F-02  «BU441T7E-02
B8 | «4RARRSTE=N2  «493785F=02 +533798E-02
9 | «302827E-02 +305907F-02 +319136E-0?
10 | «1R65TBE=02 «1R9426F=02 «190455E-02

0 | +6U2R6BE-N1  +602K67F=01  <RUARITIE=DT |
1 «507¢40E=-0n1 «SN6130F=01] «499433F-01
2 | «4B7E23E~N1  <4R6N2RF=01  +4B4B98E-0]
3 | «43559T7E-N1  «434R10F-01  «429898E=-0]
4 ¢372403E~01 «371n0RF=01 03697495-01
20 5 | «308A37E~-n1  .307182F-01  .30R832E-0]
6 | «P49R00E-A1 «249417F=01 .246029E-01
7 | +203718E-01  «199041F=01 .204526E-01
8 | «159R31E-N1  +158a52F=01  +157407E-01
9 | «124966E-0)1 «175687F=01 «127935E-01
10 | +973RSBE-N2  ,990299F=02  .103213E-01
0 | +178R13E=n1  +1784135-01 «174868E-01
1 | «191759E-A1  «191271F-01  +193656E-0]
2 | «222702E-01 «271743F=01 .217870E-0]
3 | «236118E-01 e215604F =01 «232296E-~01
4 | «236RTIE-N1  «235764F=01 ?40183E-01
3,0 S | «227188E=N]1  «276726RF=01  +225202E-01
6 | «211493E=n1  +210775F=-01  «2V4169E«0]
7 | «196672E=91  +192161F-01  «195733E-01
8 | «176079E=N1  <17246KF=01 +172665E-0]
9 ¢]155689E=n1 «153026F=-01 «1927R0E~01
10 | «136432E-01  +134642F-0]1  «134051E-01
0 | ¢552°72E-02  +552p72F=0?  «533401E-02
1 | ¢6967250E=02 +694996F=07 +680952E-02
2 | «91646TE=N2  +914K95F=02  +8/8921E-0?
3 | «10959S5E-01  +109191F-01  <107912E-01
4 | «122203E-01 e172224F=0] «123640E-01
4e0| S | ¢130579E-01  +130005F-01  +132089E-01
6 | «133226E-n1 «133291F=-01 «129778E-01
7 | «135906E-01 +132R8RF-01 .131539E-01
8 | «131026E-01  +229663F=01  .133520E-01
9 | «126570E-01  «124419F=01  «124103E-01
10 | «119770E-01  «117R39F-01  .119171E-01

e
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i Table 8a, Transmitted Particle Currents, T,(t), Obtained by
! Three Methods, Through Slabs of Various Widths, t: Unit
Current Cosine Distributed Source; Isotropic Scatter (Cont)
! I Transmitted Current, Tn(t)
0o0os1 Boltzmann Monte Carlo
0 | «175560E-02 «175560F=02  +152346E-02
1 | +2490B6E=n?  248708F=02  .247894E-02
2 | «360551E-02  <3S9RS3IF-02  <II23R3IE-0?
3 | «4T71188E=-02  <470691F-07  +44436TE=-02 ;
4 | +574610E=-02 +572134F=02 <549586E-02 g
S «661721E=-02 «558910F=-02 «A48T22E-02 j
6 | «731006E-02 +778n30F-02 .738797E-02 j
7 «788730E=-n2 s 171BB4F=02 OBQ‘OSRQE'OZ “ﬁ
8 | «82204BE=N2 +811647F=02  +825830E-07 ]
9 ¢ 34NG64E-n? «828K2IF=07 07962295'02 ’1
10 | «R44041E=07  +831840F=02  «854578E-02 %
0 «569203E-03 «969207F-03 <G I4ITAE=T0T :
1 | «BA5422E-A3  .8B1924AF=03  .AYT931E-0) ,
2 | #138164E=02  +137R894F=02  .139510E-02 3
3 | «194011E=02 +193424F-07 ,191324F=-0? %
4 | «253101E=-02 +252001F=0?  «?55155E-02 %
S | «311022E=02  «379672F=07  .294659E-02 i
6 | «3654475-02  <3I63ABRE=-07  «3D8198E-02 !
T | «418247E-p2  <412604F=07  .415100E-02 *
8 | <460k44E<£2  J454494F =07  +406406E-0? g
9 | «495542E-N2  J4RBABOF=-0?  (4T70109E-02
10 | 522713E=02  «S515812F=02  «524053E-02
0 | «1R72i3E-n3 LIBT3 F=-03 .1 =03
1 | «313978E=n3  «313515F=-03  ,227486E=-03
- «521129E-03  .520006F-03  «540133E-03
3 | «T776766E=03  +T74554F=01  696990E=-03
4 e107192E=-02 «106739F-02 «118984€-02
S | ¢139112E-02  .138537F=02  «140656E-02
6 | «172232E=-02 «171521F=02  +166816E=-0?
T | «207R4TE=02 +204461F=02  ?13144E=-02
8 «239a20E=-02 «236179F=02 0 23S004E=-02
9 e269736E=02  +265834F=02  +?52634E-02
10 | +296904E=02  +292731F=02  +285283E=02 |
0 | «623a14E-04 <623615F=04 <53I2TTSE~u4
1 «111272E=-03 «111127F=-03 «692521E=-04
2 ¢194559E-03 «193929F=03 «162697E=-01
3 | «304786E-03  +303r18F-03  +2/3590E-03
4 | +441°52E-03 +439757F=03 +523437€-03
S | «600a73E-03 «598°49F=03  .60R133E-03
6 | «778417E-03  o775282F=03 624697€-03
T | +9R4A10E=03 +96527TS5F=03 «9/S051E-03
8 | «118410E=02 <116280F=02 +115256E-0?
9 | «138543E-N2 +136739F=02 <124661E-02
10 | «158378E=n2  +155A96F=02  +147020€-02
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Table 8b. Reflected Particle Currents, B_(
Three Methods, from Slabs of Various Widths, t: Unit
Current Cosine Distributed Source; Isotropic Scatter

t) Obtained by

Reflected Current, Bn(t)

=L

0O0s1 Boltzmann Monte Carlo
o °. o. °.
1 #?01173E+00 «197120F+00 .197135€+00
2 «102034E+00 «101542F+00 «102447E+00
3 | «582715E=nr1 #52254AF=01 «583801E=-01
4 | «TV17E-01 «3480872F=01 «345327€-01
0/ S | «210924E=01 +2110 F=-01 +206014E-01
6 | «129264E-01 1307 0F-01  +126B99E-01
7 | o795144E-02  +B02759F=02  B10657E-02
8 | +430,96FE=02  +495410F=02  +464572E~02
9 «302525E-02 «306467F=-02 «2989S6E-0?
10 +1R6749E-n2 «189599F-0? «194834E-07
0 |0, 0. 0.
1 «208495E+00 «205742F+00 «2045%4E+00
2 | +114906E400 .114141F+00 .114852E+00
3 «74420RE-n1 e T44n03r=-01 « 739 735E-01
4 «521856E=01 «521A47F-01 «S516625E-01
5 ¢3R1429E-n1 «3R1710F=01 «3/8436E-01
6 | +2R86122E-01  <2B6379F=01 +283033E-0
7 «217976E=n1 «218547F=-01 «?18936E-01
8 e1A6&T9E=N1] «168286F=01 +167427E-01
9 «12R166E=n1 «130372F-01 ¢135114E-01
50 «9R8R1UE-02 +10118AF-0] +«990S97E-02
0 |o. 0. 0.
1 «209203E+00 «205126F+00 +»204999E+00
2 e116146E+00 «115565F+00 «116038E+00
3 ¢ 7A5225E=n1 + 164940F =01 «T6144SE=-01
4 «S51727E-01 «551077F-01 «S546451E-01
S | «419132E-01  +419022F-01 «416410E=-01
6 | +330143E-01  ¢330709F-01  «3264/5E-01
7 ¢267002E=01 ¢266704F=-01 «271258E-01
8 «219705E=01 «219179F-01 «218503E-01
9 e 1R2424E=-01 «1R2165F=-01 «186176E=01
10 | «152R27F=0]_ +153092F=01  «192552E-01
0 [o. 0. 0.
1 «209246E4+00 +205656F+00 «?05047E+00
2 | +116771E+00 «115607F«00 116124E+00
3 076775°E-nl 0767737F-°l 0763996E"°l
4 | +555050E=01 +555158F=01 .S51250E-01
S «4?2S5161E-n1 «4?75235F=-01 421 T64E~-01
6 | +338573E-n}  <338583F-0] «335986E-01
T | «278797E-n1  +277318F=-01 +2817:6€-01
8 «232A31E-n1 +231987F=-01 «231327E-0)
9 | «197491E=n1  «197219F-01 +200510E-01
10 | «170005E-01 «16976RF=01 +168694E~01
75
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Table 8b. Reflected Particle Currents,
Three Methods, from Slabs of Various Wi
Current Cosine Distributed Source; Isotropic Scatter (Cont)

&

(t), Obtained by
the, t: Unit

Reflected Current, Bn(t)
t n
OOSII Boltzmann Monte Carlo

0 |0, 0. 0.
1 «209250E+400  +2062964F+00 «2L5047E+00
2| +116284F+n0  <115511F+00 «116140E+00
3 «768nS0E=-n1 e 766363F =01 «7645T7TE~01]
& «556=12E-01 «556n22F=01 «G591794E=-01
S.0| S e 426286E=n] «426197F=-01 JLl224TE=-0)
16 ¢339065E=-n1 «339083F=01 «337570E=-01
7 «?R079SE N1 «279767F=01 «?83678E-01
8 «215487F.=n1 «234572F =01 «233697E=-01
9 | «201074E=n]l «200509F-01 «?03978E-01
10 «174V62E=n1 «173R08F =01 «173130E-0)

O [0 Oe Ve
1 «209°50E+n0  +205173F+00 «?0504TE+00
21 <116286F+n0  +115700F+00 «116140E«00
3| +768n86E=-n1 «767340F=01 «76457TE-01
4 | «5556585E-n1 «55500%F =01 «591794E-01
6.0 S e4?An1TE=nN] e 47624RF =01 .hZZJQlE'Ol
1 6 «J601T9E=n1 «340160F=-01 «337772E-01
7 «?R1131E=-n1 «279574F=01 «?84103E-01
8 ¢?215Q69E=n1 «235031F=01 «234125E-01
9| «201733E-01 «201146F=-01 «P04572E-01]
10 «175n030E=n1 «174651F=01 «174338E-01

0| 0. 0. 0.
1 «209°50E+00  «205398F+00  +2US047E<00
2| +116286E4a0  <115660F+00  <116140E+00
3| «768090E=-n1 «768n08F=01 «76457TE-01
4| +556594E=01 +555057F=01 «591794E=-01
7,0 S| «426435E=01 «426284F=-01] «422573E-01
1 6] ¢340210E-01  +340199F=-01 «337772E-01
71| «281184E-n1 «279628F=01 «?84199E-01
8 «2316050E-01 «235109F=01 «234218E-0]
9| «201851E=-01 «201758F=01 «204602E-01
10 «175194E=-n1 «174808F=01 «174492€E-0]

o[ 0. 0. 0.
1 «2092S0E+N0  «205660F+00 ?05047E+00
2| «116286E+60 <115411F+06 +116140E+00
3| +768090E=A1  +768195F=01 76457 7E-01
4| +556596E=01 «556007F=01 «S91794E=01
8,0 S| +426437€-n1 «4?26306F=01 «422573E-01
6| «360214E=91 0340212€=-01 «337772E-01
7 «2R1192E=-n1 «279530F =01 «284199E-0]
8 «236863E-n] «215123F=-01 «2364218E-01
9| +201271E-01 «201277¢ =01 «204602E-01
10 «175223E=n1 «174835F=01 «174492E-01
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Table 8c. Transmitted and Reflected Particle Currents, Tpit)
and B,(t), Obtained by Two Methods, from Slabs of Various
Widths, t: Unit Isotropically Distributed Current Source;
Isotropic Scatter

Transmitted Current, Tn(t) Reflected Current, Bn(t)
t n
0O0SI1 Monte Carlo oo0osI1 Monte Carlo
0 | «148405F+0n .147040E+00 [0, 0
1 01176775"0'\ «112430E+00 .244‘03(_”"*0(_) ,2459495’00
2 | «797472E-01 +786850E-01 | +113837F+00 o114170E+00
3 [ «5205q3E-01 +S530700E-01 | +627664F=01 €31200E-01
4 e 3JIA6ASF-M -3439:(‘5-“1 «3687139E-01 03669905"01
1.0] 5 | «211729E=01 +216600E-01 | .227943F-01 +218250E-01
6 | «1333n8E-01 «133550E-01 | +135950F=01 ¢134900E-01
7 | «827223E-02 +B44500E-02 | .R35216F-02 «850000E-02
8 | «512077E-02 «SS1600E-(2 | .514498F=02 ¢494000E-02
9 | 4314611F=02 .333500E-n2 | +317345£-02 <319000E-02
10 | 4195640E-02 +201500£-02 | .195863F=02 +205500E-02
0 [ «375343E-01 .37810nE-01 |0, e
1 | 4624972E-01 +418A5nE-n] 0249648F+00 +251190E+00
2 | «429073F-01 +428650E-01 | 4123991400 +124030E+00
3 [ 4394940F=-N1 <38755nE-n1 | 4763211E-01 «762700E-01
4 | ,344006F-07 +338950E-n1 | «519736E-01 <" 18250E-01
2,0 S | +2RR122E-01 «2898SnE-n1 | -374030F=01 +370600E-01
6 | «235500E-01 +23040nE-01 | «277937F-01 +276950E-01
7 | «193045E-01 «191600E-01 | 0209224F-01 «210150E-01
8 | «152009F-01  <149500E-01 | .159648F=01 +159400E-01
9 | ¢ 11907SE=01 +122300E-01 | .122602E-01 +129050E-01
10 | 492R672F=02 .96790nE-0? | +945162F=02 +955550E-02
0 0106“'96"0‘ «104600E=-01 0,.. ng
1 | «149042E-01 +14965nE-01 | (249972F+00 +251440E+00
2 | o1R224TE=01 «179300E-01 | +124872F+00 124880E+00
3 | «200259F =01 +198000E-01 | 779058F=01 «779250E-01
4 | «2055A5F=01 +2080SnE-n1 | «S43191F=01 «541000E-01
3,0| S | «200324F=01 +197100E-01 | .404527E-01 401500E-01
6 | «188723E-01 +1809SnE-n) | .314361E-01 ¢312650E-01
7 | «177609E-01 +1740S50E-n1 | .251382E-01 252750E-01
8 | ¢159929E-01 «155350E-01 | .205061E-01 +203150E-01
9 | +1419a3E-01 «13965nE=-n1 «169636E-01 91741005-01
10 | 4124779E~0] +121150E-n01 | o141736E-01 +142850E-01
0 [ «310423=A> ,31050nF~02 |0 Ne
1 | 45159q3F=02 506000E-12 | ,249997F+00 +251470E+00
2 | «7171236-02 «703000E-02 | +124956F+00 +124930E+00
3 [ +888675F-0> +R71S00E-02 | +780854FE=01 781100E-01
4 [ 4102127F=01 «+102150E-01 | +546323F-01 +544200E-01
440/ S| 4110672E-01 «111950E-n1 | +409290F=01 <40S5650E-01
6 | 4114903E-01 +1117SnE-n1 | .320968E-21 +320100E-01
7 | «117496E-01 +113050E-01 | +259979E-01 +261250E-01
8 | «115720E-01 +116350E-01 | .215662E-01 +213800E-01
9 | ¢1117556=-01 <108400E-01 | o182151E-01 +185750E-01
10 | +106298E-01 +105300E-01 | <155991E-01 <156400E-01
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Figure 8c. Transmitted and Reflected Particls Currents, Tp(t)
and By(t), Obtained by Two Methods, from Slaks of Various
Widths, t: Unit Isotropically Distributed Current Source;
Isotropic Scatter (Cont)

. Transmitted Current, Tn(t) Reflected Current, Bn(t)

OOSII Monte Carlo OOSII Monte Carlo
7 | +996449E=07 +B70000E-03 |0, e
1 |o178365E-02> +1720000-02 | «250000F+00 «25147VE+00
2 ,272619E-0> +2B7000E-02 | .124964F+00 «124940E+00
3 | 43697726-0> .35350nE-02 | 47B1059F-01 781450E-01
4 | 4627:TE=07 460000E=02 | +S46723E-01 +544950E-01
5 | «541710E=02 +543500E-0? | 4609971E-01 +406000E-01
6 | 46100417-0> +62100nE-07 | +32P015€-01 321400E-01
7 | «6AR174F =02 +660500E-02 | +261508E=-01 +262750E-01
8 | 4702184E=0> +71600nE-02 | 217/30E-01 +215700E-01
9 | 4 723269E-0° +692000E-02 | «184825F-01 .188550E-01
10 | ¢731178E=02 .739003E-02 [ «159320E-01 +160000E-01
0 | +31A2eBE-01 (345000E-03 [0, e
1 | .617751E=0" .505000E-03 | «250V00F+00 «251470E+00
2 [ ,101758E=-0> .102500E-07? | 1249656400 +124940E+00
3 | J16R26E-0> <149000E-02 | «781083E-01 +781450E-01
4 [ J19R713F=0> <195500E-02 | +S4RTT4E=-01 +544950E-01
S | v240374F =02 .23450nE-n? | J410064FE=-01 +406100E-01
6 | 4+297844E-0> .301000E-02 | .322171E-01 ,321600E-91
7 | «345135€=0> «338500E-02 | «261/S8E-01 +263000E-01
8 | ¢3R4626E=0> o390S0nE-02 | +2iR096E-01 «216000E-01
9 | (41743TE-0> +399500E-02 | «185333E-01 (189000E-01
10 | 4443752E=-02  o43B8500E-02 | ,159998£-01 160500€-01
0| +103510E-07 «100000E-07 [0, e
1 | «216500E-07 o150000FE-03 | «250000F+00 +251470E+00
2 | J3TSRO4FE=03 +365000E-01 | <124965F+00 o124940E+00
3 | «5SNB74E-01 +S515000E-03 | <7810R6E-01 +781450E-01
4 | oB2410BE-01  <B7SN00E-03 | «5467B0F=01 544950E-01
5 | ¢1092649E=02 «110000E-0? | +410076E-01 +406200E-01
6 |  137620E-0> +132000E-02 | .3271q4F-01 +321600E-0]
7 | «16R245F =02 o16B000E-07 | +261/97E=01 +2630S0E-01
8 | 19R4LOE=-0> o197537E-n2 | +21B156E-01 +216050E-01
9 | 4223185E-07 +214000E-0? | .185422E-01 .189100E-01
10 | 4247757E-02  4243000E-0? | .160123F-01 .161000E-01
0 [ +341376F-04 +300000E-04 [0, Ne
1| .747801E=04 +500000E-N4 | «250000F+00 +251470E+00
2| ,1378alE-07 +115000E=03 | «124965E+00 +124940E+00
3| .2260405=-01 +195000E-03 | <781UR6E-01 +781450E-01
4] 4333760E-01 <3B5000E-03 | 45467B1E=-01 +544950E-01
S | +463BR2E-NT  47500nE-03 | .410078F-01 406200E-01
6| 611551E-01 +495000E-n3 | .3221076-01 321600E-01
7| «786477E-02  765000E-03 | .26)1803F-01 +263050E-01
8 | +954792E-07 +93000nE-03 | .21B16S5F-01 «216050E-01
9| J1128a2F-0> .980000E-03 | .185436E-01 189100E-01
10 | 4130204E-0> +123500E-02 | «160145E-01 +161000E-0]
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7. APPLICATION OF THE OOSII METHOD TO NON-ISOTROPIC SCATTER

7.1 Neutron Slowing-Down in Hydrogen — An Fxample of Highly
Anisotropic Scattering

Thus far the discussion of particle transport has been confined to interactions
where the scattering is isotropic in the laboratory system. As has been stated
previously, this case was adopted because of its inherent simplicity and the
accessibility of at least two other independent calculational methols for verifica-
tion of the results. However, many important processes can be described ade-
quately only by anisotropic scattering. Such is the case for neutron slowing-down
in hydrogen where ihe scatiering is isotropic in the center of mass coordinate
system. Inthe laboratory system “his transl: les into a scattering probability den-
sity which is proportional to the cosine of the deflection angle. If ?21 and 52 are
defined 2s the pre- and post-collision directions of motion, respectively, of the

scattered particle in the laboratory system (Figure 22) where

Ql = & _sin 91 cos ¢1 + ey sin 91 sin ¢1 + €, cos 6 1° (105a)
Q, = &, sin 92 cos ¢y + ey sin 6 4 sin ¢2 + &, cos 92 . (105b)

and if w{ is defined as the scattering Jeflection angle in the laboratory system, then

cosw, = Ql Q Qz s (106)

L

Since the scattering occurs between two particles of equal (or very nearly so) mass,
there can be no single collision backscatter in the laboratory reference frame.

Therefore

Q- =0 (107)
or

sinelsin92c03(¢1-¢2)+cosG,cosezzo. (108)

Then for a given pair of values 0 1’ 0 9? the following constrzint holds for the azi-

muthal deflection:

cos 0 , cos 92

g (¢1'¢2)2 = sin 1 sin 9 ’ (109)
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with the maximum allowed detlection, A¢ , occurring with the

max = @192 may
equality.

Figure 22, Pre- and Post-Collision Particle
Orientations

- -
The scattering probability density in terms of Ql and Qz is
8 - 8, ]
®
5 5 —_ (9 = d5) = ¢
f(Ql"’Qz) & m 1 2 max

g ’ (¢1 y ¢2) > ¢max

{110)

and, as in the case of isotropic scattering, azimuthal invariance implies
2n

> o
! dg,, £(S2, »%y)

, 2 2 ]
[ (1-“1 )(1'“2) e ¢max+ u1“2 ¢max ] ’ (111)

f(IJ-]! “2)

I
Al
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where since the assignment of an initial azimuthal direction is arbitrary, the value
of ¢1 has been chosen to be zero. The scattering matrix, f(ul, “2) wae evaluated
at the Gaussian discrete ordinate points corresponding to six angles per quadrant,
The elements of f are listed in Tables 9a and 9b, Table 9a contains the submatrix
for the case when both angles are in the same quadrant, and Table 9b shows the
submatrix when y and “j correspond to angles in different quadrants. The scat-
tering matrix is symmetric about both diagonals. This matrix was then cubstituted
into the exprescions of Fqs. (63) and (64), and the OOSII computer program was
run to provide computations of the transmitted and reflected currents.

The choice of six discrete ordinates per quadrant was made for all orders of
scattering up to 10 because it was found that a lesser number was not adequate to
provide an accurate description of the forward peaked nature of the scattering angu-
lar distribution. The adopti~n of this number of ordina‘es was accomplished with
virtually no further sacrifice in computatio<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>