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THEORETICAL DEVELOPMENI' OF THIRD-ORDER S~EPl'IBll.r!'Y AS 
RELATED TO COHEROO ANl'I-m'OKF.S RAMAN SMTROOCOPY (CABS) 

I. Wl'RODUCTION 

It is well known that in Farnan scattering there is a shift in frequency associ-

ated with the scattering process . If light with photon energy ~w is scattered by a 

system with energy E, conservation of energy requires 
\ 

, 
whe~e ~ is Planck's constant divided by 2n, w is the angular frequency of the radia­

tion, and the primes denote the valueo of the quantities after scattering. This 

shows that if E < E', then w' < w and the radiation produces a spectral line down­

shifted in frequency (Stokes line), while the reverse condition produces an up-shifted 

(anti.,Stokes) spectral line. Since its discovery :Jn 1928 by C. v. Raman, this pro­

cess has been extensively developed as a t echnique for spectral analysis. 

In general, the Raman scattering cr·oes sections are quite small and, hence, the 

lines are extremely weak with the anti.,Stokes lines even weaker than the Stokes lines 

for large Raman shifts. This made Raman spectroecopy difficult and tedious until the 

developnent of the laser with its single, intense frequency of coherent radiation. 

However, conventional Raman spectroscopy has never been noted as a sensitive tech­

nique, and Raman signals are often obscurred by laser-induced fluorescence or 

chemiluminescence in practical applications,such as the study of natural products, 

combustion analysis, etc. A relatively new kind of Raman spectroecopy based on a 

nonlinear optics principle called Coherent Anti-,Stokes Raman Spectroecopy (CARS) 

offers a hope of overcoming sane of these problerm. 

Coherent anti-,Stokes emission was first observed by Terhune and J.llker (1, 2), 

but its application to Raman spectroscopy has been hindc!red by the requirement for 

high peak power, tunable laser sources. This deficiency is now being met with the 

rapid growth of nitrogen pumped and solid-state laser pumped dye laser sources, so 

that it is now important to exploit the method for its advantages over conventional 

Nole: ManlllCripl 111bmlUed March 19, 1976. 
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Raman spectroscopy, which for gas diagnostics have been recently proposed (J - 5) 

and discussed (6 - 8 ) in the literature. 

Being basically a Raman process, CARS is characterized by a third-order, 

nonl inear susceptibility. However, t he existing literature on nonlinear suscept­

i bility is so abundant, with different notations and treatments, that it is very 

easy to become confnsed. Quoted results differing by factors of 2 , J, 4, and 6 are 

quite cOOIDOn. For example, Atlker and Terhume (2) give for the 992 cm•l mode of 

benzene a~ equal to 1.2 X 10·12cm3/erg, while Levenson and m.oembergen (9) give 

6 -12 J 1 ~ equal to 0.4 X 10 cm ,erg. In discussing particular peysical proceases, 

ane authors use the classical hal'!Donic oscillator form of the susceptibility, 

while others use the quantum mechanical, dipole transition form. Thus, it was felt 

that in order to aid the developnent of CARS as a spectroscopic technique for gas 

diagnostics, a pedagogical paper describing the application of lalxwell 1s equations 

and standard perturbation theory to the polarization er~ession in order to calculate 

third-order, nonlinear susceptibilities, which are related to the CARS efficiency, 

would be helpful. It is also the purpose of this report to describe the experi­

mental and analytical implications of the theory so developed. However, before we 

embark on the development of the basic theory, let us first give a very brief intro­

duct ion to the CARS process. 

If two high-powered lasers, at least one of which shoul.d be tunable, ere im­

pinged on a material, the high field 1.•t.rengths present develop a third-order, 

nonlinear response fran the medium such that two photons of one laser are mixed with 

one photon of the other laser to generate photons in the anti-stokes region or: 

2 w, - W• = ...)u , where w.(. _is one laser 

frequency, w
8 

is the other (usually tunable and is stakei'J shifted with respect to 

w.(), and "as is the new emission which is generated at tl.i.l anti~akes side of w.(.. 

The emission is in the form of a coherent, laser-like beam which can be very inteme. 
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This emission is often many orders or 111Bgnitude greater than ordinary Raman 

spectroscopy, and its ooherenoy allows high collection efficiency and excellent 

discrimillatian agaiDst mterfer!Dg spcmtaneous effects such as luminescence. 

Observation or the emissia 1 1n the anti-stokes region disorimiJlates agaiDst laser­

intuced fluorescence. 



n. Mwfflll 's Equations AP4 Ngnlinear Po1ar1zat1gp, 

The propagation of electromagnetic waves through a medium is governed 

by Maxwell's equations, which for a nonmagnetic medium containing no free 

charges or currents, is given by (10) 

(1) 

where E is the electric intensity of the field, P is the polarizatio·.1 in­

duced oy the field, c the velocity of light. The tilde below a quantity is 

used to denote a vector quantity since the AIP style Manual requires this no­

tation in manuscripts to instruct the editor and compositor that the quantity 

should be set in bold print signifying a vector quantity. Thia eliminates 

having two notations, one for the !"eader and 01'e for the editor. Since in 

general the total field Eis composed of many frequencies, it is conveni.ent 

to i ntroduce ~he Fourier tranaforrn and thereby obtain an equation for each 

frequency component. Thus let 

Ir •• wi 
PC~)~J. Pcw)f. Jw (2) 

with inverse transforms 

- ·wl 
Ptw>s J. (,,,> e ~ cd 

iwJ' --
(3) 

It is shown in Appendix A that for P(t) and E(t) to be real, the Fourier com-

ponents obey the reat~ictions 

"' P(-w) c P (a.,) 
f 

E(•w)s f C&o>) (4) 

where ~(e->) is the complex conjugate of P(-.)), Introducing eqs. (2) into eq. 

(1) gives the wave equation for each frequency component. 

!•!•.5('4>)- ,,,~): ♦I' ~few) ( 5) 

For weak fields P(~) will be linear in E(-.>); that is
1
a linear relation 
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exists between the two and can be represented by 

p ,w) = \ ._,..,) t: ,..,) ..... ,, (6) 

where the subscript L denotes linear. The proportionality factor ~II)) is 

called t he linear susceptibility and is a characteristic of the medium. How-

ever, for intense fields the polarizati.on P(,.\) can be induced by fields at 

different frequencies. This can be represented by writing 

where the superscript NL denotes nonlinear. Substituting this into eq, (5) 

and using equation (6) gives 

& ~ • 
~ "!•E ,w}-~ ( 1 +41' l.,,..,,)f Cw}• 41'? f cw) 

Introducing the dielectric constant E(~) defined ~y 

into eq. (8) gives 

(7) 

(8 ) 

(9) 

(10) 

The nonlinear polarization pNi'(.:>) on the right side is the induced polariza--
tion resulting from all fields lee.ding to an a..) dependence. Therefore, a rela­

NL tion between P and the applied field E is needed, 

In Appendix Ba field expansion for the polarization P(t) in tenns of the 

field E(t) is assumed of the form (11) 
U). C&) , • ., 

P,i)• P Cl·>+ f ,,, + • .. ~ P d·> + • • • 
( 11) 

where P(l)(t) i1 linear in E(t), P( 2)(t) is quadratic in E(t), etc, It is 

shown that this then leads to the Fourier component 

W) Cf') 

f ....,>• \ <·-->,.&J,+&Ja+•·· • ..,")l~w,)f,..>a> .. ·f ,..,,.) (12> ... 
vhere\(r) is the generalized susceptibility tensor of nt.nk r + 1 and the bar 

:t. 



danotes tensor product. The!.will denote a tensor of rank greater than tvo. 

A de~ta !'unction dependence l(-w + w1 + • • • + wr) ia implied in the sua-
, ( ) 

ceptibility . .W..hen r,-1, the polarization.£ r (w) of equation (12; is to :.ie 

used for pML (w) in eq. (10). In component form eq. (12) becomes -
(d t\. CP) 

~,..,, • ~~,tt,, .. tt,. (-~ +w,•'-'a+ • "+w,.) £_,,,..>,>fw,Clll") • • • E.,r'wr) (13) 

As noted in Appendix B, ~ r) 1a invariant with respect to the rf permutations 

of the pairs cr1 w1 , CY'2 w2 , •.. , CYr"'r• Thus the order of the fields can be 

disregarded by inserting r/ on the right side of eq. (13), Also, if n fre­

quencies are equal, the right side must be divided by n!. This results in 

'"> .-I c~, 
~Cw) • -;i- \:J4_.,~ ..... .,<-w+&..>,•..>"• .. •u>,)E.,t.J,) .. ·Elfcw,) (14) 

. I I f' 

(15) 

This is consistant with the scheme outlined by Terhune am >.liker (12), This same 

result can also be obtained by assuming a series expansion of the polarization 

P(w) in powers of the field E(w), thul 
,1) fl) ,l ti) J 

Pew)• ~ ,..,, Ee->) + \ fiJ) f ,w) + ~ Cw) E ca.,)+ • • • (16) 

Then considering the second order field to be canposed of tvo fields at fre-

quencies "'l and w2 gives 

l a a. 
[ Et..,,)+ fcwa.)1: E tw,)+-E twa.Hl fCw,)ECa.¼) (17) 

Likewise, considering the third order field to be composed of three field• 

at frequencies w, w, and w gives 
1 2 3 
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1 I I I 1 
[ f t&J, )+ f<..,aHE:1.11)) : E cw,) 1 E cw,) t £ ttJ,> tl E t'->,)Et..,& > + 

l E4t..,,>fCw1> t • • • + ,E cw,)Etw1>Eca.,1) (l8) 

and so on, However, if equations (16 ) through (18) are uaed with trigono-

metric functional dependence in the fields, then because in general 

,./IJ,:: 1 ( ,,._ <•• l",) 

,u
1
4J.,: t ( Ju, '1J, + c•s J1o1.) (19) 

the polarizations must be defined as lJ 
(I} Cl) .a U) 1 

Pew)= \: cw>Ec"") ♦ .l. t E ,...,, • + l £ tw )+ • .. (20) 

Since X ( r) in eq, ( 12) is a tensor of rank r + 1 and is characteristic 
~ 

of the medium, it must display the symmetry properites of the medium it describes, 

However, the transformations governing the symmetry properties of the suscepti-

bility will not be treated here, and the reader is referred to the literature(ll,14,15). 

Equation (12) now shows how the susceptibility is to be treated, and 

equation (10) sht'WS how it is used in describing wave propagation through media, 

However, neither equation gives an explicit form for the nonlinear suscepti-

bility. There are basicalzy two methods used to derive ~r): 
:ill! 

a classical 

approach based on polarizabllity and a quantum approach based on dipole trans­

itions, Each method will be described and, in particular, expressions for the 

'\. I I) 
third order nonlinear susceptibility ~ (-.J + 2:w1 - ws) will be obtained, 

!¥. 
where w .(. and w s are the two frequency components of the applied E field, 

III. The c1assiga1 Approach to Susceptibility 

In the linear interaction of a wave with matter, the polarization is re­

lated to the applied field through 

where x is the linear susceptibility. Also, if a wave interacts with a bound 

system, it is expected that a dipole moment ~ • -e,t would be imposed •Jn the 

system. If there are N such systems per unit volume and the polarization Pis 
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considered the total dipole moment per unit volume, then the above becomes 

If the boWld system is represented by a hannonic oscillator, its equation 

of motion is (16) 

(21) 

(22) 

where q is its displacement from equilibrium, Eis the applied field, and r 
describes the damping of the oscillator. The solution ot' this equation is 

-~E 
,.,: . ..,• .• wr 

Then by eq. (21) the polarization is 

p. 11•},,. E 
W:-w•.,..,r 

and the linear susceptibility is 
I "•1,,. \.= -,.--

"• -.J' •• wl" 

A nonlinearity in the oscillation will lead to higher order nonlinear 

susceptibilities. This can be described by introducing an anh&rmonic term 

into the oscillator equation. Thus the equation of motion becomes 

(23) 

{24) 

(25) 

f + r i • &.>! l + A i-· • • ! e < 26) 

A perturbatian aolutian (17) to this equation can be foum by uaumuig a solution 

of the form 

(27) 

with 

(28) 

Substituting eq. (27) into eq. (26) and equating terms independent of ~gives 

•• • I 1, + rt, +w, 1,. -& E (29) 

Letting the applied field E be the sum of two fields at frequenciea 14j and w
1 
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gi ves 

where 

Substitutin;: eqs. (30 ) and (31) into equation (29) gives 

Equating tenns in A gives 

' The f, term will lead to exponentials depending on 24'.f.., 2·ws' and 1.11.f.. !: 1.11s• 

Assuming a solution of the fonn 

gives 

where 

d ~., .. ~, •f -"14 f • "'• {) 
9 a f 'f' e, ~ . u + c.c. 

a 
Equating terms in~ gives 

Again, the term on the right side will lead to th,. , mixing of frequencies. 

Assuming a particular solution of the form 

~ ( ~.• r- cJAI i ) 
J. ,. 

is• 1. u e. + c.c. 

9 

(30) 

(31) 

,: 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 
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where 

gives 

~&IC .z.~, • ~. 
w .. , • l 6').t - ..>, (39) 

c.,.) 
(40) 

This tenn will then give a dipole moment d = -eq and a polarization P • Nd, 

which when compared with 

c» c~ f 
P cc.>,.,)s3\ ("-.,>E1.E..,E, (41) 

gives the third order susceptibility 

( 42) 

Equation (41), aiong with eq. (42), is then to be substituted into the right 

side of eq. (10) to describe the polarization of waves with frequency w m 2w, -as ,., 

w. The susceptibility is nrultiplied by three as indicated by eqs. (15) and (18). 
s 

A method (18 ) similar to the above is to introduce the nonlinearity into the 

driving force instead of the potential. An applied field E acting on a system 

will induce a polarizability d(q) which can be expanded about its equilibrium 

value giving 

The energy W of the system is 

so that the force Fis 

W• .l.. E~ 
.t 

10 

(43) 

(44) 

(45) 
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Thus a system described by the harmonic oscillator equation gives 

(46) 

Assuming an applied field composed of t~o frequencies gives 

E : f.c +E5 
(47) 

where ,c,,., . ..,.,h 
f,: ~ E: e. t- ', c: • 

J. • ,cJr,,r- w,h 
E,-s 1f,e +,.c.. (48) 

Substituting eqs, (47) and (48) in~o eqs. (46) and keeping only those tenns 

with frequency dependence + ( w, - w ) gives 
- 'I, 11 

where D(Cli - u~) is defined in eq. (36). As before, the susceptibility is 

given by 

(49) 

where N«_ is equal to the linear susceptibility, 

(50) 

Using P=XE along with eqs, 

(50) and (48) gives on keeping the terms with frequency dependence :!: (2w.(, - w
6

) 

Cl) .!L ~ & I f .(4 •• •r-c..,i) 
P '~u) • '"' (~r ( E1 E: ~ ._ c.,.) 

Dt&J,-&.>,) (51) 

where again 

( 52) 

This gives a third order nonlinear susceptibility of the form 

(53) 

A treatment similar to this, but using first order perturbation t heory is n~ted 

in Appendix c. 
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Iv. The ouantum r,tchanical Approach to suceptibility 

Explicit expressions for the susceptibility tensor can be derived quantum 

mechanically by use of the density imtrix method. Noriml}¥ a state vector de­

scribing a system in quantum mechanics can be expanded in a series of eigen 

vectors of an operator. The coefficients 4n of the expansion are then related 

to the probability of finding the system in one of the eigenstates. Transitions 

from one state to another are determined by the equation of motion whose so­

lution depends on the intiial values of the expansion coefficients. However, 

if precise values for the coefficients are not known, but certain average values 

can be ascertained, then a density imtrix f.~can be defined as 

r .. ,. '& a:,. 
where the bar denot es an average and the asterisk denotes the complex conjugate. 

Then if some aspect of a system is described by a matrix Q, it can be shown (19) 
• 

that the average value of the expectation value of Q is given by the trace of 
• 

the imtrix product/Q; that is, it' Q denotes the average value of the expec-
•• 

tation value of Q, then • 

Since the trace of a imtrix is defined as the sum of terms along its imin 

diagonal, the above equation in component form ii 

Q• z. f .. ,. Q ..... 
""' To app}¥ the density natrix to the problem of determining the sysceptib~lity 

of a system, recall that the susceptibility Xis defined through the polariza­

tion P. If the polarization i s taken to be the number of dipole moments per 

unit volume, then there results 

where N is the number denslty of dipoles with moment d. A matrix d can then 
nm 

be associated with the dipole manent due to a transition from a state m to a 

12 
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state n whose average value of the expectation value is given by 

In Appendix D the equation of motion for the density mtrix is derived in 

terms of a Hamiltonian H. Then assuming that the system is perturbed by a 

dipole interaction, a perturbation solution of the equation of motion is given. 

In Apprndix E an example is given of finding the susceptibility tensor from 

the perturbation solution of the equation of motion of the density matrix. In 

particular, the case is considered of two waves of frequency wt and u, inci-
(J) s 

dent on a medium. The third order susceptibility X (w
88

) at the anti-Stokes 

frequency CA.as • 2w,t - "-'s is then obtained. The result is 

\( • .i_,,z.i,-i.i.)•-~l. f( r.:.-tN _ r.:.-,-) ~-- s...,t~"8m 
... "'"/'"~ t.)..., t&.>a IJ,.- , (IJ,.-A)(w._- ~,) 

( 54) 

• where the f._ are initial values of the density matrix for the level«, ~-WC"'s 

end~ is the matrix canponents of the dipole manent i· 

13 
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We shall now attempt to simplify equation (54) in order to better understand 

the resonant enhanc ements and perturbations of neighboring electronic levels, 

First, let us consider the f ollowing s imple energy level scheme for a molecule: 

-----• .. ·- -------• ' 

Jo"igure 1 __________ ...,__,.. 

' -----------------"' 
Here, mis the ground state of the molecule,µ is an excited vibrational level 

and v and n are two electronic levels within the species, First, we shall assume 

that all molecules are in the ground state. This assumption causes all density 

• • elements f.,. to vanish except 1,..,.. since m is the ground stato, Hence, only 

the last three terms of equation (54) survive, It should be noted that two of 

thes e t erms are the only ones which contain the CARS resonance denominator, 

(w - A), This denominator becomes very small as A = w, - w -+ w or, in 
~ ~ s as 

other words, i 3 ) w increases rapidly as w is tuned such that the difference 
as s 

in frequency between the two laser beams approaches a Raman resonance in the 

medium. Equation (54) can now be written as: 

( 548) 

where~ is a sum of all the off-resonant, vibrational and electronic contribu­

tions to the susceptibility. It also includes small contributions from the terms 

which were assumed negligible ( f"" • o ) am resonances with other electronic 

14 
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transitions (fifth term in equation (54)). 

inside the summations. 

The overaE minus sign was taken 

In the past it has been assumed that~ (the residual resol.ance term) can 

be simply lumped into xetto give an overall background contribution to the 

susceptibility. This assumption can lead to a misinterpretation regarding 

electronic resonance enhancement. As can be clearly seen for equation (54a), 

the CARS term can be enhanced by the elect~onic resonance denominator. However, 

x... is equally enhanced. If (w - w )-1 • ~ is nruch smaller than Xet, enhance-
.'H nm as ""H 

ment of the CARS signal above the background will take place because Xe, is the 

main contribution to the background. If~, however, is large, then it will 

et dominate over X , and the background signal will increase at the same rate as 

the signal and the CARS emission will not be effectively enhanced. It is there­

fore important to know the conditions under which ~ becomes unusually high in 

order to avoid such situations . One C1J:ooition appears in the fifth term of 

equation (54), This term will make a large contribution to~ when the laser 

frequency, wt, lies in the vicinity of another electronic resonance. It is also 

clear that the two photon contributions (third term in equation (54) will be 

large when twice the laser frequency approaches t.he electronic transition w , nv 

especially for situations where molecules are excited. Thus, it appears that 

one might expect the greatest possible resonance enhancement from electronic 

,,tates by allowing was to encroach upon an electronic transition am to avoid 

two photon effects am electronic resonance coincidences with the exciting laser 

frequencies, It should be emphasized that this is a recomne:ooed approach as a 

first attempt at electronic resonance enhancement. Since enhancement is a very 

complicated process for complex molecules, enhancement may be fou:oo with wt as 

well. 
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v. AppHgatian to coherent Anti~tokea RPJPtP spectroscopy 

Consider the case where two optical beams of frequencies wt and ws are 

incident on a sample, as shown in Figure 2, 

Figure 2 

Due to the third-order susceptibility of the sample, a beam nearly collinear 

with the incident beams is generated at the frequency 2wt - ws. The level dia­

gram for the process is shown schematically in Figure J, with the scattering 

process occurring instantaneously. 

W.t 

Z,i),e-c,i°)s 

t•ctlcJ a~!,} 

------------..&..-A1.11aa1L...atJ& Wll 

Figure J 

If wt is fb:ed and ws is varied, then when the difference fl = wt - ws equals 

the frequency of a vibrational transition of the sample, say ~, the nonlinear 

susceptibility is resonantly enhanced, and a greatly increased output signal is 

generated at the anti-Stokes frequency w
88 

= 2wt - ws .. wt + ~· 

To understand the generation of the anti-Stokes wave, let the two incident 

waves be represented by plane waves propagating in the Z direction with propaga­

tion vectors kt and ks and with general forms given by 
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(55) 

Then from Section II, the polarization is given by 

(56) 

which generat es an anti--St0kes wave satisfying the wave equation 

(57) 

Using the identity VxVx E ~ V(V•E)-(V•V)E and the condition V•Eso 
.., ... -- ,,..,,,.. ..... ----- -----

for a charge-free region, the wave equation becomes 

Since the propagation is in the Z direction, this becomes 

Assuming the form 



(62) 

2 2 
Chooeing ka • mas E (111

88
) am ignorq the secom-order derivativee, since 

8 2 
C 

a• Vft• 

' 

3 E.,, I <.<. k I f it the variation or the 8111Plitude over one wavelength 

-_ii ... , * 



or 

(63) 

where nae is the index of refraction at the frequency 11188 • Substituting the 

expression for the polarization into the above and intep;rating over the sample 

length gives 

where Ale = 2kt - k
8 

- kas is the phase matching condition, and it has been 

assumed that Et and E; are slowly varying throughout the sample. Since the time 

averaged intensity is related to the electric field through 

the intensity at the generated anti-Stokes wave is given by 

L 

I~,)- t·::~:r I1'-r, If {"e""";i-Ji r 
0 

(65) 

(66) 

The susceptibility can be gotten by using a harmonic oscillator model for the 

optical transition. From Section III the susceptibility was found to be 

(67) 

From ordinary scattering theory the differential cross section is given by (20) 

(68) 



f 

- -----

I 
where Cl( 1a the polarizability matrix element of the Raman transition and 1a 

defined through 

(69) 

Assuming the classical and quantum mechanical normal coordinate,. to be the same, 

there results 

and (21) 

(70) 

Substituting this into equation (67) for the susceptibility gives 

(71) 

Letting /JJJJ = w. - (w.f, - w
8

) or wt - w
8 

• w. -/JJJJ ar.d dividing the above by w.f, - w
8 

gives 

(72) 

But, if ~ ;s;«I, then 



f 

or 

(7J) 

We shall now attempt to calculate a relation for efficiency of the CARS genera­

tion for focused alid unfocus ed beams. For unfocused beam assuming plane waves 

we need to eval~'.lte the integral on equation (66). If we first assume that both 

exciting lasers have identical beam diameters and that phase-matching is 

achieved, then Ak • o and the integration of equation (66) is trivial, yield inf,; 

for the CARS eff lciency, •: 

(74) 

which is identical to that derived by Taran, et al. (J).t This relation says that 

anti-Stokes mixing will continue to grow rapidly (as the square or the inter­

action length), as the beeme pass through the medium. Actually, only a certain 

maximum converei~n can take place because the three be811¥:1 gradually slip out of 

phase and destructively interfere as the beame propagate at slightly different 

phase velocities, 1. e. the index of refraction in the medium is different at 

the three frequencies (dispersion). Let us now integrate equation (66) assuming 

& -; o. Since Ak is not a function of Z for simple applications, the integra­

tion is again quite easy. The- --r~sul t is : 

(75) 

This equation is identical to the phase-matched relation for efficiency (equation 

(7 4 )) except for the factor in brackets. This factor is a typical function 

t Taran, et al. incorporate the factor of throe within their expression for 

susceptibility. 
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found in nonlinear opt ics and is called the s ine function. Note that Ak • o, 

the sine function becomes unity, and equ tion (75 ) reduces to equation (74) as 

expected. However, for nonzer o values of t\k the growth of anti~tokes emission 

is r educed , Let us now examine this situat ion more carefully, FrOID equation 

(75) it i s seen that peak conversion efficiency occurs for Ak I/2 = (n - l/2)n, 

where 6k i o but constant, L, the interact i on length, is varying and n is a 

pos itive, nonzero integer. Thus, for nonzero values of 6k the efficiency of 
2 , 

the CARS process does not grow as L but instead reaches a maximum in a periodic 

fashion. The l ength of path t o reach this first maximum (for n = 1) is called 

the coherence length or t\k 1t,/2 = n/2. Hence , the coherence length, 1c "' n/Ak. 

Now equation (75) can be r ewritten as : 

(76) 

For maximum conversion efficiency then L = Lc, and equation (76) becomes: 

(77) 

Now, comparing the relation for phase-matched efficiency {equation (74)) with 

the maximum conversion efficiency for 6k ~ o, we see that c has decreased by 

the factor (2/n)2 over the interaction length L = 1
0

• The functional depend­

ences of efficiency on interaction length, L, and coherence length, L
0

, are 

illustrated in Figure 4, 



0.8 

0.2 

1.0 

CARS CONVERSION EFFICIENCY VS 
INTERACTION LENGTH/COHERENCE LENGTH 

(L constant) 

2.0 3.0 4.0 
Lile 

5.0 6.0 7.0 

Fig. 4a. The effect of changing coherence length on CARS oonversion efficiency 
for constant interaction length. Clearly the phase-matched condition (dk • O, 
L

0 
=•)gives the greatest conversion efficiency. 
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INTERACTION LENGTH, L (arbitrary units) 

Fig. 4b. The effect of changes in interaction length on CARS efficiency for 
various coherence lengths. 
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Let us now examine the ti.k or the coherence length in more detail. Actually, 

k is a vector, the manentum vector, the magnitude of which is I ti I = n1w/c, 

where n1 is the index of refraction at w1, t he angular frequency of the 1th wave. 

If the CARS signal 1s generated at w = 2w) - w , the momentum vectors nrust also 
8D - s 

follow a similar relation for phase matching, i. e. 'as = ~,t, - is· The magni-

tudes of the vectors will not obey this relation f or a dispersive medium end col­

linear bewoo. There will therefore be a momentum mismatch or ti.k = 2k, - k - k . 
"' s as 

For liquids ti.k is quite large or, to state another way, the coherence length is 

quite short (millimeters). For gases the coherence lengths can be quite long 

(several centimeters to maey meters for rarified gas). One method for overcom­

ing the momentum ru1Slll81.<Jh is to cross the bewoo at some angle, 9. In Figure 5 

we see how phase matching can be achieved by this method. 

Infinite interaction lengths cannot be obtained by crossing the 

beams, since the lase:"8 will not spatially overlap over long paths. However, 

in cOildensed media the coherence length is usually shorter than the effective 

interaction length of the crossed beams, and it is more advantageous to cross 

the beams. As will be shown shortly, it is even more important to focus the 

beams to achieve even greater efficiencies and, in this case, only short inter­

action lengths can be achieved iuzyway. 

The coherence length can be calculated by the following relation which was 

obtained by assuming a truncated series expansion of refractive index with 

respect to frequency: 

'ire. 
(78) 

where w is the vi brat ianal resonance frequency and n' and n" are the first aid 
V 

secOild derivatives or refractive index with respect to frequency (in radians per 
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lkl = "'c" 

.. ~ .. .. .. .. 
Fig. 5. Phase-matching condition for CARS. kl • k.(., ~ ■ k8 am k'.3 • k88 , The 

phase-matching angle 8 is ~ 8'/2. 



second), respectively. Similarly, if the r efractive indices at the three 

frequencies are known, then the crossing angle can be calculated from the follow­

ing fornrula from simple geometry: 

(79) 

Let us now reexamine equation (78 ). For a particular medium n' and n" are 

constants, and the coherence length is determined by the inverse of the vibra­

tional frequency squared, assuming that w,t is constant and w
8 

is tuned, that is: 

L « 1/w 
2

. The coherence length decreases rapidly with vibrational frequency. 
C V 

However, efficiency decreases as t he square of the coherence length. Hence, 

maxinrum CARS signal in the nonphased matched cond i t i on decreases as the fourth 

power of vibrational frequency or (max- 1/w/. Actually, this dependence is 

not quite as strcmg as it appears since there are other frequency factors con­

tained within E'max' 

As was indicated previously, the third-order nonlinear susceptibility, x<:3), 

is composed of a resonant part and a nonresonant part. The resonant part is 

itself made up of two components, a real portion, x', and an imaginary portion, 

x", or 

(80) 

xNR (el) is a real quantity and is due to the electronic contribution to the 

susceptibility. Typically, xNR (el) is orders of magnitude smaller than the 

resonant susceptibility for intense transitions in pure materials. However, for 

a dilute mixture 'Jr for a very weak transition, there is a point where the reson­

ant component contributes little to the overall susceptibility. For H2 mixed 
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with N2, for illst&Ilo.le, Taran, et al. (J) found that at 10 - 100 ppn the resonant 

signal fran H2 became lost in the background generated in the bulk gu N2 (1 eta). 

In Figure 6 we have plotted the functional forms of the resonant susceptibilities 

and their squares. It is to be remembered that the square of the absolute value 

of the susceptibility is directly related to the intensity of the CARS signal. 

In Figure 7 we plot the behavior of the CARS signal when the nonresonant part of 

the susceptibility is added to the resonant part. Note that as xNR (el) acquires 

a larger part of the total susceptibility, the shape of the band begins to look 

like the real pe.rt of the susceptibility and the center of the resonance now 

shifts from the central 1118%inun to a frequency midway between the lll8Ximum and 

the minimum point. The reason for this change in shape is clearly seen from the 

following equations: 

'x,'J>. ( 1' + 'k.""ccl)) -+- 1.'' (81) 

where the two real parts ot the susceptibility are lumped together. The CARS 

signal is directly related to the square of the modulus or absol,•.te value of 

the susceptibility 

,I/..)aa) °" I l'1
>la. • J (l.' + 'x."'~c/) )+ 1'' 12. 

I lllt 2. I\. II .Z. 
= ( \. + 1 eel> ) + ( A. ) (82) 

Thus, for a resommt aterial in low concentration (x' )
2 and (x ")2 are negligibly slll811 

and ( xNR ( el ))2 is a large constant background. The last term then causes I ( 11
88

) 

to aesume the shape ot x' (aee Figure 6). A similar eftect occurs fraa 

sanewhat distant resOD&DOea. For close neighbors the CARS again produces a 

unique result not t'ound in conventicmal spectroscopy. In this case, the nega-

tive pe.rt ot x' in one resonance cancels all or part of the positive part ot the 
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Fig. 6a. In the upper curve the real (X') and imaginary (X") parts of the th~­
arder nonlinear euaoeptibility are plotted for a resonance centered at 1000 cm­
Raman shirt and 1.0 cm- line width (PIHM). Note that X' becanea negative or. the 
high-frequeeyJ )aide of the reaonance. The lower curve is the absolute value or 
modulua of X • 
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Fig. 6b, In this plot we display the squares of the total susceptibility and the 
squares of the real and imaginary parts for the resonance described in Fig. 6a. 
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Fi_g. 7, In Fig. 6a am 6b we usumed that the background, nonresonant susceptibility, 
XNH, is negligible. In this figure we show the effects of added background suscepti­
bility. Note that u xNR becanea relatively large in comparison with the resonant 
susceptibility, tha CARS emission takes fflt a minimum which becomes identical to the 
abape or X' at the limit of very large X . 
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Figs. 8a, b, c , and d. The next four figures show the effective improvement that 

CARS spectra have on bam separation. The in~~eued separation is the result of 

the presence ot negative susceptibility in !xi (which is related to CARS signal). 

Normal Ramin spectroecopy (related to X") has no
1 
such component. The overlapping 

bands in the illustration are separaied by 6 cm- , but thei1ine widths (FimM) of 

the pealm are increued fran 2.0 cm- in Fig. 8a to 10 cm- in Fig . 8c. In Fig. 

8d this effect 1a still evident for ban!a of unequal intensity. 

88 



f 

other. Th~s ffept caus es a over al l d crea e in the r es onant susceptibility 

between the r es onanceo , the ne eff c of w i ch is a bett er s eparat ion of 

neighboring peaks y ARS than is normal a nan (s ee f igure ) . 

A more gen r al comparison of CARS wi h normal Raman may be seen by the 

following . Nor al Rama , i s r eally a s pecial case of st inrulated Raman effect 

where the expon nt el bu ldup of Rama_ ain 1. not obs erved for very smell light 

intensities. ~ormal Raman, or mor . genel'elly s i muleted Raman, intensity is re­

lated to the imagi nary p1:1 r t of t he us c pt i bil ity X" (and ng1_ t he reel part which 

is a measure of the nonlinear refractive i ndex ) . Thus, normal Raman is di?"ectly 

proportional t o X" , whereas CARS is r el at ed t o lxf : 

I Raman cc pi" , wher as I ARS I fX i j2 

In other wor ds , norme"l aman is a simple sum of r es onances, whereas CARS hes strong 

interactive compone ts ener ated by t e cr oss t er ms in t he expression for !CARS' 

Such strong interactions make CARS rather unique compared with normal spectroscopy. 

Equations (74 - 77) were obtained assuming plane waves and collimated laser 

beams. From the properties of gauss ian beams (24), it is known that the focal 

region of a focused beam can be approximated by a cylinder of plane or collimated 

waves of diameter d and length m2 /2. The l ength of the focal region is sanetime 

called the confocal parameter, b . The reeder is referred to Figure 9. Now let us 

return to equation (74), which was derived for plane waves and insert for the in­

tensity, It, its equivalent of power per unit area, Pr/A, where A is the area of 

I ' '--~ b 

1~ •11"4-
44tl. - --- - --- --

1 -rrJ.t 

' ;;,;,,> ' 
b= aA 

Fig. 9. Gaussian beam parameters of a focused laser beam. d
0 

is the minimum beam 
diameter, b 1s the confocal parameter . 
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2 the focal region or A= n(d/2) . We will also replace the interaction length, 

L, with the length of the approximately cylirorical focal region (confocal para­

meter, b); thus : 

, or 

a .& 

E - ('11' ~ ... ) I \:(3) J.a. P..a. I " • or alternately 
n1 c tlu " 

( 83) 

Equation (83) assumes that we are phase matched (:.k ~ o or that b < L < Lc). If 

this condition is not satisfied, equation (83) must be replaced by equation (76) 

for .the nonphase-metched case. Note that equation (83) is not a function of the 

focal length of the focusing lens. This is because the length of the focal 

region, b, decreases es rapidly es the area of the b~am decreases for tighter 

focusing; hence, there appears to be little dependence on focusing. However, 

equation ( 8'.3) assumes we are phase-matched throughout the focal region. For 

materials with short coherence lengths, such as condensed media, loose focus ing 

can result in a focal region 1 nger then the coherence length. Hence, tighter 

focusing will then achieve higher efficiencies Wltil b < < Lc. Beyond this 

point, little is gained by tighter focusing. For gases especially at low (total) 

pressures, coherence lengths are quite large (of the order of 100 cm at one 

atmosphere pressure). Unless high spatial resolution is desired, this model 

predicts that tight_ focusing in gases is not necessary for maximum efficiency 

provided that the beBJIS are mixed over the focal region and that the b < < Lc. 

Typical confocal parameters of wlf'ocused lasers are of the order of 100 cm. 
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Therefore, for moot gases at pressures less than one atmoephere, one can attain 

as much CARS conversion efficiency using unfocused be811¥l (mixed in the gas over 

the confocal parameter) as can be obtained by focusing tightly, according to this 

simple model. 

As 1f88 mentioned earlier, one method f or phase matching is to croes the 

beame. However, because of beam "walk of f ", one cannot achieve infinitely long 

coherence l engths by this method . In f act, i f the beams have an effective over­

lap region smaller t han one coherence l ength, it may not improve the efficiency 

to cross the beams in or der t o achieve phase matching. Let us now consider 

Figure 10 for two c,;,"J8sed beams: 

Figure 10 

both of diameter d and crossed at angle e. The interaction length is a volume 

resembling the shape of an ellipao:ld of lengt:1, 1
0

• At the end of the interaction 

length, conversion to CARS signal should be very low because only the edgeB of 

the gauss ian be&IE are overlapped ( at this point, the intensity of each beam is 

only about lo,t of the peak or the rate of CARS si~l g,-meration will be ~ 0.2% 

of that at the point of maximum overlap). Thus, ~'1 effective t:.teraction length, 

/, can be aptn'odmated by assuming that ··,t begins where the edge of one beam 

crosses the center of the other, as illustrated in Figure 10. For small angles 

(9 < 10• ~I,,_ d/9 (8 in radians). Now we need to compare J with the confocal 

parameter, b, as follows: 
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Since the CA&S signal is reduced by the factor (2/n)2 for generation over one 

coherence length compared with the phase-matched condition, this quantity should 

be incorporated into equation (84) to give some indication of whether crossing 

the be&1111 is of aey advantage (provided b > Le). Thus, 

For values of f > 1, it is an advantage to cross the beams. For values of f < l, 

the beam walk-off is appreciable, and it is better to transmit the beams col­

linearly or at sane reduced crossing aqle e. Let us now evaluate f for a typi-

-1 cal cue, say benzene, for the vibrational mode at 1000 cm (see references 6 

and 7 ). The crossillg qle for phase matching is about 1.3° (~t ':' 500 nm) am 

d ~ 10 µm (for a lens of f ~ 5 cm and an original beam diameter of ~ 1 mm, 

f= 
_, 

C to)( 5"4'0 ~ 10 '") _ 3 
(J. !)(10,. ,o·',.) 

Hence, it is an adV&Jitage to cross the beaas. This calculation is also in agree­

ment with the observation that conversion with collinear interaction was smaller 

by an order of magnitude than phase matching by introducillg a crossing qle. 

In the previous paragraphs, it was assumed that the focus of the laser bearM 

may be approximated by a cylindrical focal region. This simple model predicted 

that focusillg was not a particular adV&Jitage for CARS efficiency as long as the 

confocal parameter was smaller than the coherence length. BJorkland ( 25), however, 
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has made a more precise calculation for CARS efficiency. His canputaticma 

predict that focusing does achieve higher efficiencies. Shaub (26) bu re­

cently rederived these relations arxl has verified the strong dependence of 

CARS efficiency on focusing. 

VI. SWmnary 

In the previous sections we have outlined the basis for the theory behirxl 

Coherent Ant i-6tokes Raman Spectroscopy arxl have shown the unusual features of 

the resulting spectra which ere clearly unique as compared with conventional 

spectroscopy. By CARS, Raman spectra are really measurements of both bulk 

arxl molecular (microscopic) properties. The intensities one achieves with 

this method, however, can be truly astounding compared with normal Raman spec­

troscopy. For high-pressure gases (~ 1 atm) with narrow lines arxl for sane 

liquids, the efficiencies are v~ry high(~ 1%) with watts to kilowatts or peak 

power in the form or a coherent laser-like beam in the anti-Stokes region, 

These properties clearly make the method ideally suited for recording Rllll8n 

spectra of fluorescent samples (as ia often encountered with biological 

aamples arxl natural products) arxl in situations where backg,.•ound luminesceooe 

is a problem (photochemistry, plasmas, discharges, etc,), High-resolution 

spectroscopy is another area where CARS is cl ".larly &dvantageous. One of the 

moat serious problema with CARS is background generation via the nonreeOU1nt 

suaceptibility. The background is, in sane reepects, similar to fluorescence 

in normal Raman spectroscopy and at present limits the sensitivity. 

Fertile and extremely useful areas of research in CARS will surely in­

clude means for reducing or eliminating background suaceptibility, investiga­

tion into the uae of depolarization measurements in structural chemistry, 

better susceptibility measurements, ~ffecta of pressure and neighboring 
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ree0MI1Cee on band 1hapee, 1tudiea in electronic resonance enha:ncement, 

problem u1oci1ted with saturation and the effecta of turbulence and mie 

1cattering, etc. on CARS efficiencies. With regard to future epplicati0111, 

CARS h11 already been shown to be useful in profiling temperatures end number 

densitiea in tlemea. SUoh studies will certainly increue u the demand tor new 

diagnoetic tool1 tar combustion applications increases. Another area of reeearch 

for which CARS hu applications is in laaer diegnoatic1, analysis of discharges, 

plasmas, and atmoapheric chemistry. The method is already finding utility in 

obtaining spectre on biological samples. Mure research into the uae of CARS 

for studying surfacea, fluctuation phenanene, reaction dynamics, photochemistry, 

kinetics, relaxation end energy transfer is Just a pertial list. CARS will 

clearly be a valuable method tor 1111king measurements in a wide variety of chem­

ical, peysicel and engineering applicationa. 
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Appendix A 

Reality of E(t) and P(t) 

Let the field E(t) be represented by -f -~..,tJ 
E' (l): E (W) e. ,.) 

--
with inverse transform 

l" ·..,t e,..,> =}; 1 Et'> el 'J~ 
... 

Taking the complex conjugate of equation (A2) gives 

f f- -.4 E t141) = (r E1(l) e dt 

--while letting W➔~ in equation (A2) gives 

- _,.,f 
EC·"-')~ fr/ et,>e Jt 

--

(Al) 

(A2) 

(A3) 

(A4) 

Comparing equations (A3) and (A4) it is seen that for E*(t) • E(t); that 11, 

E(t) real, then 

The same is true for P(t). 



Appendix B 

Field Expansion of the Polarization 

To get a relation between tfi'(t) and the applied field E(t) assume 11 
. -

(1) (a.) "'' .e u) C f ( *> + f H) + .. • + .e '+) ~ • • • (Bl) 

where P(l)(t) is linear in E(t), P(
2

)(t) is quadratic in E(t), etc. Accord-
,..,,, _, ,..,,, --

,ng to the principle of time invariance, the dynamical properties of the medium 

are assumed independent of time. Thus, if E(t) results in a P(t), then E(t + T) ... - -
must result in P(t + T), where Tis an arbitrary time displacement. Since ... 
P(l)(t) is linear in E(t), assume the most general possible linear relation be-
~ -
tween them; namely 

(B2) 
(I) 

where t ( ! ,t) is a second rank tensor and the bar denotes a tensor expan--
sion. Replacing t by t +Tin eq. (B2) gives 

.0 

Pu~ i ♦ T)= r,,,,,( -t ♦ T, t') IE (t') Jt' 
~ ) = - (B3) 

--
But by the principle oft invariance, P(l)(t + T) must be the same polari-~ 
zation induced by a field E(t + T). Thus replacing E(t') by E('t'+ T) in equation ~ ~ 

(B2) gives 

Letting t'-,t'-T results in .. 
P

U) , r,. U) 
_ <!+T>=if ct,t'-T)lf c1:)dt' 

-­Ccmparing eqs. (B3) and (B4) gives 

II) II) I (i+T, t')s t H, t'-T) 

Bl 

(B4) 

(B5) 



Setting t • 0 and T • t gives 

Ill IU t ,,,t')~ t (O,"C-!) 
(B6) 

,,, 
Thus If {,, 't') depends only on the difference ?' - t and a new notation can 

~ 

be introduced to explicitly display this dependence; namely 

Introducing this into eq. (B2) gives -(I) r: (I) f (H= / f a--rJ I! (t>J-r 
--

(B7) 

(B8) 

(1) 
The function ! ( t - t') is the linear polarization response function of the -
medium with the restriction: 

( 1) ( ) 
1) R (t -t') = O when t<'t'to ensure that P 1 (t) depends only on the 

~ -
fields when the time is less than t. This is the causality condition 

2) R(l)(t -t') is real to ensure that p(l)(t) is real when E(t) is real = ~ ~ 

(the reality condition). 

For the quadratic polarization p(2)(t), assume . ~ 

e qual to J. 

metric part gives 

where 

(B9) 

is a third rank tensor and := denotes a tensor of rank 

"' However, writing f as the sum of a symmetric and antisym-
.:::: 

(BlO) 

(Bll) 

(Bl2) 



Writing equation (B9) in component fonn results in 

r>;:.l o-far,flr. '?'~ ct, r,, r,>f..1 r,1 e,, ''•> 
-- ... (B13) 

Permuting 11t'1 and fST:l. gives 

<O =;'° ~ z... Cl) ,_ 
P rct>= ,h'jtl'" ~.lf,ta,'-,)~<rL)f"C?',) ....... (B14) 

Adding this to eq, (Bl3 ) and using (BlO) gives 

or 
(l) ;: f.tlO 

Pr<!>: 1 Jr, Jt',. 5r,4 Ct,-r,, r,) 
-- --

Therefore the antisymmetric pa.rt makes no contribution to P~) (t) and is 

therefore arbitrary. I t is standard to set the antisymmetric part to zero, 

giving 

(Bl5) 

Applying the principle oft-invariance, gives 

'"' C&) t a .-T, r,, rL)= '£ ci, ~-T ,t',-T) 
.... -- ~ 

setting t • 0 and letting T = t gives 
ti) (&) I ct,-r,,t',)s r ,o,+-'t',,t-t,> 

and again the notation for explicit ti.me difference dependence can be intro­

duced as 

(Bl6) 

Substituting eq, (Bl6) into eq. (B9) gives 

(Bl7) 



The function R(
2

)(t -'r,, t - t'1 ) is the quadratic polarization response f'unc-
~ ( ) 

tion which vanishes when t -t;, or t -l'.a. is negative. i 2 is real and 

is invariant under the interchange of c?', and (' t".a. 

Extending this to the r!h order in p(r)(t) gives -
(Bl8) 

(Bl9) 

where R(r) is a tensor of rank r +land is real. It vanishes when any of the 
:,t 

t'
1
• are negative and it is invariant under of the r/ permutations of the pairs 

tt,'(,, .. ·,tt,t,- Substituting the Fourier transform -r _ . ..,! 
EC0=;£<w)t dw 

_,. (B20) 

(B21) 

where 

(B22) 

As in Appendix A, reality implies that 

(B23) 

and in component notation 

is invariant under all r / permutations of the pairs 11/J,,··•,II,~. 

Taking the inverse transform of eq. (B21) using 

B4 



gives 

(r) 
The argwnent of the X can be augmented to include the delta function de-

:;=, 

(B24) 

(B25) 

With rll, eqs. (.824) or (B25) are to be uaed on the right side of eq. (10). 

Using the symmetry properties of the x; namely that x(r) ("" • • • •, w ) = 14•1," • -'r '.1. I 7' 

is invariant under all r / pennuta tion~• of the pairs ~..,, ,•~Ii\. 1 • .. , 111, &.>p , equa-

tion (.825) ·cecomes 

P,•> I\. er> 
,. lw) • f', "--,.w","' _,r(-w+i.>,+lo\+· .. +~) E.,,cw,) ... f.,,,~,) 

(B26) 

if all frequencies are different. If some frequencies are equal, then in 

general , .. , ,, ,,) 

pr(IJ): ';;t \,,...,, .... ,<•w ♦~ •• ••• ♦ '->f,)E.,<1.i>,) •.. e_,,~) 
(B27) 

where n is the number of equal frequencies. For example, 
(I) \.II) P (w)a 2 ._ (-c,> ♦ w,+t...)L\E h.J,)Etll>a) 

whiJ e 
(I) I\. Cl) 1 P cw)~ ~ {-w +le.>.) E tw,) 

Likewise 

while 

and 

B5 
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Appendix C 

Phenomenological Approach 

Raman-type nonlinearities are third-order effects requiring a third.­

order perturbation t reatment, However, a phenomenological approach(22)can 

be taken using a first-order perturbation theory, An interaction Hamiltonian 

of the form 

(Cl) 

is introduced with a1 effective dipole moment d 1 to obtain the Raman effect, -
This moment is induced by the applied electric field E so that 

wherett is the polarizability of the molecule. The polarizability can be 

expanded in a Taylor series in terms of the molecular coordinates as 

(C3) 

and the derivative evaluated at equilibrium. Then the interaction Hamiltonian 

becomes 

(c4) 

The first term in«;~ does not contribute to Raman scattering, but the 

second term gives Ranan scattering in the first order of perturbation theory, 

The transition probability is then given in terms of 

where i and cf1 are the initial and final states of the system, respectively. 

These states refer only to the vibrational states of the molecule and the value 

of t" are obtained from experiments. 

Cl 



Appendix D 

The Density Matrix and the Perturbation 
Solution to Its Equation of Motion 

Assume a system is described by a state vector If> and can be expanded 

in a series of eigenvetors 14') of some operator as -11'-> = Z:. a,.i 'R.> 
110 

A 
The expectation value of an operator Q will then be 

• 
<. 1'-1 QI ir>: [ a,.• 4,,. < 'f .. 1 QI cf,..> 

",•10 

Assume that the precise values for the e.';; are not known but only certain 

average values. Then the average V!l.lue of the expectation value will be 

Q 1: < tf,1q11'-): [ i: a,.~ fr.I QI tf,,.') 
" .. 

where the l.ar denotes an average. With 
A 

q,.'" = < cf,.1 Qlf ... ') 

f ,..,. = ,,.i ,,,. 
eg. (D3) becomes -Q: [ .r ..... Q.,'" 

11,11:0 

Noting that the form 

[ ~"Q"., 
" if just the,.elsent of the natrix product £ ~• the form 

[ r..,. tt ..... .. 

(Dl) 

(D2) 

(D3) 

(D4) 

(D5) 

(D6) 

is the IIDll element of the main diagonal of the natrix product ti• 'lberefore, 

the form 

Dl 



t 

is, by definition, the trace of the natrix product f~ and the average value ,. 
of the expectation value of Q is 

Since 

multiplication by <. If'"' I gives 

or 

< 'I' ... I,.) s i 4" <'~If"'> a:~ 4.,d.,.,. 

a,... <cf,..1 *> 
This allows the density matrix f. to be written as 

""" 
f...,. 2 a:" .. = < q,pf'" >< ""'' *> 

which gives for Q from eq, (D6 ) 

Q=L < 14-1 tf,.><f .. 1 411/,,.x .P ... 11'-> 
"'" or 

~- <*' ~ 11") 

(D?) 

(D8) 

(D9) 

showing that eq. (D3) is independent of the choice of the set of eigenvec~0rs 

I lf,. > . As sign a probability "-to the occurrence of a certain state 111'.,), 

which is the same as for the occurrence of the set of coefficients a.,,'"'. Then 

from eq. (D8) 
o • ., "'.,. ,_,, ·" z 
> ... ,. La" a,., "'1;,=<,,,,..1 11h,'>~<+.,tf..> 

~ ti 
I\ 

which defines the density operator f as (19) 

(10) 

Taking the time derivative of eq. (DlO) and U8ing the Schroedinger equation 

.:.kdtl•> • H 1,f,) gives the equation of motion 0f the density operator 

(Dll) 

or in natrix form 

(D12) 



A perturbation solution to the equation of motion of the density matrix (23) 

will now be developed. Thia solution will then be used to find the average 

value of the dipole moment! -r • t,t which in turn allows an explicit expression to 

be obtained for the susceptibility tensor. 

Let the Harniltonian H be expressed as 

(D13) 

where H• is the unperturbed part describing the system when the field E ia off, 

Using an energy representation su~h that 

where Wm is the eigenvalue of the state Wm , gives for eq, (D12) 

.:~~!.fnin=l 1 w"<W11IW.,)f.,,.,-(w .. 1d,E1w .. )" J 
II "' .., • la,'" 

-i l f "" W"'< w.,1 W,,.)- f,",<Wv),. f I w,,,.)] 
which , by orthognality, becomes 

where 

becomes 

9i f""': w:~ "'"' f,.~ + ii [f...,Ct·.f),,,.. -<t•Ei., f.,,.. J 

(~·§)~ = <~I~•,! I~>. le! b~.3 W,~ W111 = w,.,.. 1 '1· ( D 14-) 

~t f ,.,.., : -~ cv,,,.. f ,.,,, + ~ .t ( f"" i ""' - i "" f.,... )· f ., 
Now changing to the interaction picture through 

a> ;u.t"" -,JJ.~/t l~...,.f 
f""' = ~ ... = < w .. 1 e. r e. , w ... ) = e. r .. .., 

gives 

(D14) 

(D15) 

(D16) 

(Dl7) 



where ~m-,J"":~
1111

was used. Equation (D17) is now the equation of motion of 

the density matrix in the interaction picture, Using the initial conditions 

(D18) 

in eq. (D17) give a first order term 

(D19) 

(D20) 

(D21) 



and so forth. Thus the general solution is 

(D22) 



r 

Appendix E 

The Susceptibility Tensor at the 

Anti-Stokes Frequency uas-2-w,·"i 

Let the applied f i eld Ebe composed of two fields Et and Es• Then it is 

necessary to consider products of the form 

in eq. (D21). 

,. ,. 
where e

1 
and es are unit vectors in the field d.lrections, the integrals of the 

U) 
first term of CS".,,., with the form E_, EIES are 

I I, l .. 

J, j Jfa I.JI.JI, {e' <'?°"'"'£>I, e ,4., • e ,1 i;... • .,., >I, e. •~., J 
.,. 

S a~-w.a>l .. J,.,. ,,~,,._+cJ..,)t~ -i~•r J ·ie e ._e, e 

e:••·•t' J \ ~ < w,..,- '4>,) I, , ks• r i: < ""'" +c.>' ·ie e. ,..e 
:t~ (~ •• •r-~.o 

Considering only terms like e , where 

~ ... • lk.c ~. 
w.,,. a IJ,.. ,,.,, 

7;JJp!Ji • Jl1 l e' 4,,.;r e •< .,._.w..,!,,. I '"'!!"·"'.ill• H (w., ♦IJs \{' 
• • 

0 
• e·'"-.,•r e \l~+w.c)lJH(~+w,>l,+~lw.,-tJ,)t] 

r.-<1> 
Doing the integrals, the first tel'."' of u "'" with form ~ E

1 
E8 is 

El 



lt..41 ___ Ce ·d) ce. 1) cc-•_«-:') .l E.o'ri'e. ,.,.,,. .. ! 
.. ,,,_. '.I. .. ,.. s ! ,., "" t>,J t,;)' :t £; $ 

~ C: t"-.,•r- &c>._,!) I 

'le (------) 
,iJ,..,+w, )(W,.i.>.1,+to>s Xc.>,.,..-11¼ +cJa) 

+ e.-,(lr..,•t--"',..h( I )1 
(i.>,,.,-wl)(.c,J,-.+W4 --w,)(c.>.111+2.c.>>•&Js) J 

Cl) 
The integrals of the first term of <r ""' with form E1EsEI give 

-llJ....•r-w&,!)( 1 ] 

+ e t c.> •• +<.> ... x l,o).,.. •c.>_.. -w. x ,.,,,,. • 21J ~. ,., , )) 

Cl) 
The integrals of the first term of G" ""' with form E

8
E1E1 give 



------------- - - - • 

Thus the total contribution from the first term is 

· l li>-~l,.. '~·J>-,..,ta.J>.. ♦ (~·Ji,.. ,~.-J>,#.-J,"f! 
(i.>1111 +w, )(w,-.. cJ.,1. HJs )(w.,..,-zc.>..., +w,) <~ ~X.~•1JJ~1Jsxw,..,•Z".a. +w,) 

J Le.c•J)e..,. ,;,.~).,,_. ci,,J>,.., + 

l (u..., -~1){1Jr+w:-w,X""'"'+a.w.1,-cJs) 

fl) 
Integrals of the second term of Cl"""'of the form E1E1Es, E.fEsEI and E

8
E
1

E
1 

give to total contribution 

E3 



1- ~~~J>ec,,•,),..,~•J>'!I": ., 
I 

C~t,4.),iw.r,+w>.,_-IJ.siw""'+w~-w,) 

fl) 
Integrals in the third term of ~"' of the form E1 E1 E8 , E1El, and E8E1 E1 give 

the total contribution of 

(~ ,• (i\)' Z E;•r. *t , .. .., le ..;r- <r,; iJ i1.,.•-"ll.ilf l•• • i 1r:1&,. ,t1.,. ,;,-J>,-• 
I"" l 4..,..,._,l(~•W.t♦i->1X~·~f..ij) 

E4 



• ''"·-')1-(t~•!>.,...,~ ... w - .. 
(w,..., •iJ.allW,.111 t-w.i- w, X """-.•~ -w,) 

Integrals ot' the fourth tenn in 0-,.!:> of the fonn EIEIEs, E,EsE, and EsE.«E.t 

give a total contribution of 

, 5 i (~,•t- w.,l)[ tl,.~\"r cC,·~~" c,~.~>., ... 

t (c.>.,,..+1J1)(1J,.,.. • ..,"' t!Jt)lw. .. •laJ,.&+Wt) 

+ t i'dl,. Cit-~► .. ct,• J>,.. • ti, 'lh .,. t ~,., le• (~'"I'!! ] 

<~-w.a t""" +w,•w~X,w,.,..-~,t+w1) {w.,,..-w.,,)(w,...... ~" )(w .. "'-lw..,+ w,) 

., t,, ... w •• h[ tic·,>-~ <i,.,>)4., c Is·~>.,,,, 
+ e Cw.,._-,.,~w,. ... :W ... w,X'-'..,..tlW.a.•"'•) 

E5 



Introducing the notation 

llJ.A. ·WJ • w•• 
W.t - cJ,:. A 

and transforming back to Schroedinger picture through 
_,""" .. t 

f ""'. a;. ... e. 
the total result for the third order density matrix is 

,. " " A j "' I " 
+ (~•i>,._ <ts•~)~<.~·Jt" + te~•i~11,e:",·t).,... ct,i~., ) 

,w,-.,-w, X.i.JI""' .A) (wr.,·~.t)l ~ - l w.&.) 

E6 



f 

I\ J ,4 " A ,\ 4 

~ ("1·Jl""'(.t,•~) .. ., (E',·£)!/'1",.. l4·it',..(t,.~~,ct,,!)~) 
~~11,...+w.i)(c.,,ir+-6) LW~+iJ.&X. ~ .. .tw.&) 

( • ') ( cf,-~),-.<~·~).-... c/,,J~., C!.t•g)~c,;-,J.,.., te;,t),MJ - I-~~ _ _,. _____ • --,..,-----
'ti" Cw,-.,-wsX'}- 1-A) ('1-"-kJ&Xc.1,-..4-A) 

+ C~•·iJ.,.l~·!J..,tf..~l.,.~) 1 cr;-.r..:.l({e',·i)~~-J~., ,~.;J.,.. 
l w.>'~ +""-')(.Jr"' ♦ ZloJ.c.) l w.,..-w s)( ">' ... + ~) 

t (l~•i) '!r (e, ,J ~,, lt.t·i)tlWt" 

(c.Jt/llfl HJ.ex,,_. A) 

(~ • iJ,,_Ll.c -i?r., l~•J).,... ) 1] 
(l4J.,.._ +c.J.1 )( ~ + .lcJ.t) ) 

E7 



f 

The polarization vector P., at the anti-Stokes frequency is given by ... 

The terms in the second exponential tenn can be rearranged and, since there is 

a sum over m and n, the permutation (mn) introduced to give the fonn 

'4 " " 
t (_t!,!)"'r: (E>4•i)WllEj•~k_., + ,. ' "' .. ce.,.,..;.,.. (t. •tb., (t, •J)w,L-

l"'-'"" ~l '-"r,. l-A) (""' .,"' f. w.& X wl"" t- .t ..,.,, ) 

' " " ~ (e, •t ~" {!t,iJ.,,... ~ ·t J-.., ... 
lw~ +w..t)l c.1-,... .. ~) 

. ( c,., ·i k .. l~·t>.,r~·i> ... ., + cl-i>r~ c~,J,...,(t, ,J,.,,_ 
lw"'.,-w,X&.>--r.f.A) (w....,+&J..tX&J"' +A) 

i " ~ 
+ tt.,•i> ... .,~-t,aeltt•J>r .. )] 

t w ... ., .,..,-' X '->'"r + l w.i ) 

Since W~• -cJ,4•, this can be written as 

,tlr.,•r-....,.,,~) " " " " 
e. • f Ir.·. -r.: l ( 11d .,..(rd r, Ir, ,!),. ~ Lt,-! J_,.(0 :!)., ,;. -!j., 

""""' •We.• l (~11.,+w1)(w~•6) (w11.,-w,,Xw,..-A) 

E8 



• 

-----------------

Comparing this tenn by term with the f irst exponential tenn it is seen that 
A ,f ◄ 

they are complex conjugates of each other since (e.,,d) •'"·J), etc, Thus 
~ If,- l "'/"' 

f,.,~.). f, f ( ( ( f lw., )· ! (iJA)),_g,.,~ >)·f~.,,l)] 
where 




	0001
	0002
	0003
	0004
	0005
	0006
	0007
	0008
	0009
	0010
	0011
	0012
	0013
	0014
	0015
	0016
	0017
	0018
	0019
	0020
	0021
	0022
	0023
	0024
	0025
	0026
	0027
	0028
	0029
	0030
	0031
	0032
	0033
	0034
	0035
	0036
	0037
	0038
	0039
	0040
	0041
	0042
	0043
	0044
	0045
	0046
	0047
	0048
	0049
	0050
	0051
	0052
	0053
	0054
	0055
	0056
	0057
	0058
	0059
	0060
	0061
	0062
	0063
	0064
	0065
	0066
	0067



