
U.S. OCPMTMEliT OF OOMMERCE 
NatiMMl TidMical litenMliM Smici

AD-A02^ 499

STRESS INTENSITY FACTORS FOR CRACKS IN STIFFENED 

SHEETS

Royal Aircraft Establishment

July 1975



9 . • ' ••

4 •' *

A
.1 • ■

■ '»t,-■■ .f»# -•

• ■

'■ mtm



UNLIMITED 

UDC 539.4.014.11 624.073.74 539.219.2 

R O Y A L A I R C R A F T E S T A B L I S H M E N T 

Technical Report 75072 

Received for printing 22 May 1975 

STRESS INTENSITY FACTORS FOR CRACKS IN STIFFENED SHEETS 

by 

D. P. Rooke 

D. J. Cartwright* 

Elizabeth Davis** 

SUMMARY 

/. 

The compounding technique of obtaining approximate solutions for stress 

inten1ity factors i1 applied to periodically stiffened sheets containing cracks. 

The ba1ic compounding method requires a simp le modification if the stiffener 

actually cro11es the crack. Probable errors in compounded results are shown to 

be 1mall (a few per cent) by comparing some compounded results with known 

re1ult1. The stress intensity factor is calculated for a crack located 

a1ynmetrically between stiffeners. 
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Ilft'JDDUCTION 

Many 1tructural co11ponant1 of aircraft contain crack1 which may have 

exi1ted at unufacture or uy have been initiated 1ub1equently. Under 

fluctuatin1 Hrvice loada, thHe crack• can aro\, by fatiau•. It thu1 become, 

nace11ary to know whether or not a cracked 1trut~ure can 1upport the 1ervice 

load1, i.e. i1 it 1af• to operate, and, if it i1 1afe, by how much do•• the 

crack naed to 1rov before it become, unaafe. Both the re,idual 1tren1th of a 

cracked 1tructure and the rate of crack-arowth are controlled by the 1tre11 

inten1ity factor K - a paramter which characterize, the 1tre11-field at the 

tip of a crack. It i1 it11portant therefore to be able to calculate thi1 para­

•t•r for crack• in real 1tructure1. But the1e often are complex aeometrical 

confi1uration1 for which it may be, and u1ually i1, difficult and co1tly to 

obtain 1tre11 inten1ity factor, of 1uffi~ient accuracy; it i1 only for 

t elatively limp le a•o■etriH that 1olution1 for K are aenerally available. 

3 

Recently a new •thod ha1 been developed 1
•
2 for determinina approximate 

1tre11 inten1ity factor, for complex confiauration1 with many boundarie1 by 

compoundin~ th~ known re1ult1 of 1everal 1impler confiauration1. Thi• Report 

de1cribe1 how the r.ompoundina method can be extended to obtain 1tre11 inten1ity 

factor, for crack, in plane 1heet1 havina localized line 1tiffener1 (1ee Pia.la) 

- a 1•o•trical confiauration which model■ the locally 1tiffened metal-1heet 

con1truction widely u1ed in many aircraft 1tructural component, (1ee Fi&,lb). 

There are two ca1e1 to con1ider; if the component i1 made by intearal 

machinina or by bondina of the 1tiffener1 to the 1heet then the 1tiffener1 are 

attached continuou1ly alona the 1heet; or, if localized fa1tener1, e.g. rivets 

(He Fi11.la and lb) are u■ed then the attachment i :1 at discrete poinu. In 

both ca1e1, known 1olution1 for crac' ■ in sheets with a simple 1tiffener are 

compounded to aive approximate stress inten1ity factors for crack, in sheets 

with many 1tiffener1. 

If the crack run, beyond a 1tiffener then, whether the stiffener i1 

broken or not, the presence of the 1tiffener changes the shape of the crack 

and it i1 nece11ary, 1ee 1ection 2, to modify the basic compounding method 1
•
2 

The accuracy of the method is a11e11ed by comparing the solutions for some 

confi1uration1 havina known re1ult1, aee aection 3. I, and the errors are 1hown 

to be 1mall (a few per cent). The method is used to obtain a new solution for 

the 1tre11 inten1ity factor for a ~rack located a1ymnetrically between two 

1tiffener1 in a periodic 1et (set section 3,2). 
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The potential of the coapoundina •thod for 1implifyina the analy1i1 of 

the effect, of •ny practical feature, of 1tiffe1111r de1i1n and en1ineerin1 i1 

di1cu11ed in 1ection 5. 

2 !l>DIFIED THEORY OP COMPOUNDING 

In order to extend compoundina method• to obtain 1tre11 inten1ity 

factor• for crack, in 1hett1 with multiple 1tiffener1 1 it i1 nece11ary to modify 

the baaic method
1 

•2 aince stiffeneu, reaarded a, boundarie1, are different from 

the boundarie1 previou1ly considered 112 . In developina the compoundina method
1 

•2 

each add'tional boundary introduced wa1 1ubjec ted to force, (u1ually of zero 

maanitude) wl,i ... h were independent of the crack 1hape or aize. However the forcu 

actina on 1tiffener1 exi1t becau1e of the mi1match in displace•nt1 between the 

1heet and the stiffener; thi1 mi1match is due entirely to the pre1ence of the 

crack in the 1heet and is a function of the 1hape and 1ize of the crack. Thu1 

the effect, on the crack, of introducing an additional 1tiffener i1 modified by 

the 1tiffener1 already present with the result that boundary inte~action1 are 

not neces1arily nealigible when the boundaries are stiffener,. Thi1 interaction 

is nall if the crack is between stiffeners and may be ignored, but it mu1t be 

taken into account if a stiffener crosses the crack since the shape of the crack 

is then 1111ch altered. 

The mdification is illustrated (see Fig.2) by considering a sheet with 

a periodic array of stiffeners spaced a distance b apart with a crack of 

length 2a (a< b) which is perpendicular t c and centred about one of the 

stiffeners. A uniaxial tensile stress a is applied to the sheet remote from 

and perpendicular to the crack. In order to maintain strain compatibility 

remote from the crack a stresa of (E 2/E 1)o is applied to each 1tiffener; E1 
and E2 are the Young's moduli of the sheet and stiffener respectively. It i1 

convenient to label the stiffeners Sn with n positive inte1er1 to ~he right 

of the crack and negative integer• to the left. If, with a sinale stiffener 

s0 which cro11es the crack, the a tress intensity factor is K0 then, the dis­

placement of the crack near the tip is proportional to K0 . The 1hape of the 

tip of this crack is t hus representative of any crack with a atreaa intenaity 

factor K0 . A crack of length 2a' in an unstiffened sheet ha1 a 1tre11 

intensity factor K0 providina a' is aiven by 

(I) 
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10 uy be written in teru of the noraalized 1tre11 intenaity factor•• 

where l i1 the 1tre11 inten1ity factor in the ab1ence of all boundarie1 

(1tiffener1), i.e. 

Equationa (1), (:) and (3) combine to 1ive 

a' 2 • Q a 
0 

The effect of addina other 1tiffener1 to the sheet containing the crack 2a 

i1 a11umed to be the 1ame a1 the effect of adding 1tiffener1 to an infinite 

1heet containina a crack of len1th 2a' . The di1tance from the near tip of 

the crack to the additional 1tiffener i1 kept the same, i.e. 

b' - a' • b - a 

where b' i1 the distance from the centre of the crack of length 2a' to 

the 1tiff ener. 

( 2) 

(3) 

(4) 

(5) 

The ba1ic compoundin1 equation for calculating resultant stress intensity 

factor■ K , neglectin1 boundary interactions, is given by
1

•
2 

r 

where K n 
boundary 

K • K + 
r I (K - K) 

n 
(6) 

all n 

i1 the stress intensity factor for a crack in the presenLe of the 

B . In the present case the crack of length 2a which is crosoed by 
n 

a central atiffener, is represented by another crack of length 2a' with a 

1tre11 intenaity factor K0 in the ab1ence of all other stiffeners. The com­

poundin1 equation thua becomes 

a, 

K r 
(KI - K ) 

n 0 
n; 0, (7) 
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where 

lenath 

K' i1 the effect of the 1tiffener 
n 

S only, acting on the crack of 
n 

2a' . In tenu of nonulized 1tre11 inten1ity factors Q' K' become, 
n' n 

K' - Q'K - Q'Q K n n O n 0 
(8) 

From equation, (7) and (8) the following equation for Qr (• K /K) 
r ii obtained 

n ' 0. (9) 

ln equation (~) Qr and QO relate to the original cr ack of length 2a, 

whereas Q' relates tc the replacement crack of l e ngth 2a' . The procedure 
n 

to obtain Qr is therefore rirst to obtain Qo and hence a' I from equation 

(4), and then Q' for a c rack of length 2a I in the presence of each one of 
n 

the aJditional stiffeners S 
n 

3 APPLICATION TO STIFFENED SHEETS 

Poe 3•
4 

has obtained the stress int nsity fa c tor s for racks located in 

sheets with per iodic arrays of riveted stiffeners; th rive ts are spaced a 

distance h apart along the stiffeners. Thl· rac kl ine is always perpendicular 

to the stiffeners and passe s through a rivet sit e at each stiffener. The c racks 

are lo cated either symmetri cally between two stiffener s (unbroken 3) or cen• red 
3 4 

about a single stiffener (unbroken or broken); the conf igurati ons are shown in 

Figs.2a and 2b where the stiffeners are labelled with positive integers to the 

right and negative integers to the l eft of the crack. The ancillary configura­

tions required are shown in Figs .)a and 3b; tl,c a tress intensity factors for 
s 

these configurations have been obtained by Bloom and Sanders For the crack 

located between two stiffeners the solution to ancillary configuration 3a only 

is required. A sample calculation is shown in detail in the Appendix. 

3.1 Test solutions 

The first test configuration considered is that of a crack of length 2a 

located symnetrically between two of the stiffener ~ a distance b apart. 

A tensile stress o is applied to the sheet, remote froru ~nd perpendicular to 

the crack, and a stress of (E
2

/E
1
)o is applied to the stiffeners in order to 

maintain strain compatibility. Because of symnetry only one tip of the crack 

072 
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(e.a. the riaht hand tip in Fia.2a) Mt'd be conlidered. If the norulizad 

1tre11 inten1ity factor due to tbe nth 1tiffener i1 Q then the una>dified n 
C011p0undin1 forwula (equation (6)) bec011e1 

Q • 
r 

n•-

(Q - I) 
n n - O, ( I 0) 

where Qr (• Kr/i) i1 the normalized re1ultant 1~re11 inten1ity factor for the 

ccmplete confiauration. The normalizina factor K i1 the 1tre11 intenaity 

factor in thl ab1ence of all boundari11, and i• aiven by equation (3). 

The ujor contribution to Q co•• from the neare1t pair of 1tiffener1 r 
(n • ti); the contribution from the next pair of 1tiffener1 (n • t 2) i• 

ne1li1ible over 1101t of the rana• of a/b, the maxiaim beina <1% at a/b • 0.45. 

Contributiona from all other 1tiffener1 <lnl > 2) have been ianored. The 

coapounded re1ult1 for thi1 confiauration are obtained fro• the r~1ult1 of 

ancillary confiauration1 aiven by Bloom and Sandcr15. The re1ult1 of Poe3, for 

thi1 confiauration, can be obtained a1 function• of a/b for variou1 h/b value• 

and variou1 value, of a atiffne11 par•eter ~ . The 1tiffne11 parameter • , 

u1ed in thi1 Report, i1 the ratio of the 1tiffne11e1 of the •tiffener and the 

1heet, Le. 

I • (II) 

where A i1 the cro11 1ectional area of the 1tiffener and t the thickness of 

the 1heet. The paraeter1 ~ and I are related by 

-I + I 
( I 2) 

The re1ult1 of Bloom and Sander• for the ancillary confi1uration1 can be obtained 

H function-. of a/b .for variou1 valuea of h/a and the parameter >. . The 

par ... ter ~ i1 defined a1 

(13) 
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which can be written in terw of • a1 

( 14a) 

ln the IIOdified ver1ion •' replace, a and A1 replace, A for the 

contribution fro■ the 1tiffener j which do not cro11 the crack■; 

by 

A I 

i1 aiven 

(14b) 

5 Bloom and Sander, 1hov that, for the value, of A and a/h over the 

ranae of a/b conaidered here, the re1ult1 for Q (n • ! l, ! 2) are n 
indi1tin1ui1hable fro■ tho1e for continuoualy attached 1tiffener1 (a/h • m) 

obtained by Greif and Sander1
6

. Since 110re data are available on continuou1ly 

attached 1tiffener1, curve, of Q (near tip) and Q (far tip) were obtained 

from the work of Greif and Sander16; theae are 1hovn u function• of a/d for 
variou1 value, of A in Fi11.4 and 5. d i1 the di1tance from the centre of the 

c rack to the 1tiffener. 

The co11p>unded re1ult1 for the opening mode streas inten1ity factor 

(Qr•~/( I;;,) are compared, in Table 1, with tho1e of Poe 3 for th~ same 
confiaurat ' on for 0.0.;; a/b.;; 0.45 for ••I .O and h/b • 1/12 . The 

differences are very 1mall (.f 1%) and are no areater than the pouible 

inaccuracies in readin& the araphical re1ult1. The difference• will be even 

le11 for 1maller value• of • and larger value• of h/b since the effect of 
the 1tiffener decrea1e1 in both ca1e1. The value of ••I .0 vaa choaen since 

it i1 about the maximum value of I in aircraft appli cations. 

Table 1 

Compari1on of value• of Krl( o iffa) for a 
£!:_a,ck located symetrica11y between t~o 
1tiffener1 in a periodically stiffened 

1heet (1 • 1 .0 1 h!b • 1/12) 

a/b C011pounded re1ult1 Ref .14 

0.00 1.00 I .00 
0. 10 0.98 0,99 
0.20 0,96 0.96 
0.30 0.92 0.92 
0.40 0,82 0,81 
0.45 0.72 0. 72 
0.50 1tiffener lite 

I 
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The next t at confi1urati on con1idered i• that of a crack of lenath 2a 

located 1yiaetrically about one of the 1tiffener1 ln a periodic array 1paced 

a diatance b apart (1ee Fi1.2b). The 1tiffener acro11 the crack can be 

either unbroken 3 or broken4 . The reaultant 1tre11 intenaity factor nonulized 
-with respect to K i• obtained from t e a::>difi d co11poundin1 foraula 

(equati on (9)), whi ch i1 

n; 0. ( I 5) 

The 1umation term contains the eff e ta of sti f n rs not a ro11 the crack which 

are 1paced a distance b apart, ex pt for th wo neare1t the crack which are 

a distance 2b' apart. The l rm in squart> bra k ts has the 1ame form as 

equation ( 10) and it is onvenient to writ equation ( 15) as 

Q • Q Q' 
r O r 

Q0 for the unbroken stiffener, btained from th 

shown plotted as a fun ti on f h/a for va n ous 

from Figs.4 and s in the same way as was Qr In 

broken 1tiffener also obtain d from the work f 

( 16) 

5 
w rk of Bloom and Sanders , .s 

in Fig.6. Q' is obtained 
r 

equation ( I 0), Qo for a 

Bl oom and Sanders s is shown • 
plotted aa a fun ti on of I/ for various values of h/ a in Fig.7. Again Q' r 
i• obtained f rom Figs.4 and 5. The res ult s for the opening mode stress 

intelUlity factor for s • I .0 for both th unbroke n central stiffener (h/b • 1/12) 

and the broken cent ral stiffener (h/b • 1/6 ) are shown in Table 2 . The maximum 

difference between t he ompounded solutions a ,,. , the numerical solutions due to 

Poe 2•3 i• -5% for 0 . 25 .;; a/b.;; 0.90 . 
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a/b 

0.25 
0.50 
0.75 
0.90 
1.00 

Table 2 

Co11pari1on of value• of ~/(a/ia) for a crack located 

!Z!!!!!!trically about the central 1tiffener in a 
1?!.!!.!!dically 1tiffened 1h~·et (1 • I .0) 

Cmtral 1tiffener Central 1tiffener 
unbroken (h/b • 1/12) broken (h/b • 1/6) 

Coapounded retulu Ref .14 Compounded re1ult1 lef.15 

0.67 0.68 I .72 I. 78 
0.66 0.67 I • 32 1.36 
0.64 0.65 I.II I . I 2 
0.56 0 .59 0.91 0.91 

next 1tiffener 

The above confi1uration1 have also been studied for the case when the 

1tiffener1 are continuou1ly attached to the sheet. The results are 

indi1tin1ui1hable within the approximations used f rom those for riveted 

1tiffener1 except when the crack is very close to a stiffener, i.e. the 

diatance between the crack tip and the stiffener is~ h. Too few results are 

available for the ancillary configurations when the crack tip is close to the 

atiffener to enable this region to be investigated fully. 

3.2 Nev 1olution 

In thi1 1ection the solution is derived for a crack which is located 

aayaaetrically between two continuously attached stiffeners in a periodically 

1tiffened sheet. A 1tress a is applied lo the sheet remote from and 

perpendicular to the crack; in order to maintain strain compatibility a stress 

CE/E 1 )a is applied to the stiffener remote from the crack. The stiffeners 

to the right of the crack are labelled with positive integers (+n) and those 

to the left with negative integers (-n); the distance from the centre of the 

crack to the nth 1tiffener to the right is b+n and the distance to the nth 

1tiffener to the left is b . This configuration is shown in Fig.Sa; the 
-n 

required ancillary configuration is shown in Fig.Sb. The distance d from 

the centre of the crack to the stiffener in the ancillary configuration is b+n 

for stiffener• on the right and b for stiffeners on the left of the crack. 
-n 

If the stiffener• are a distance b apart then 

b + b • (2n - l)b 
+n -n 

n•l,2, .•. , 00 (17) 

072 
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The resultant normalized stress intensity factor is given by equation (10). 

Because of the asymmetry the two tips will have different streas intensity 

fac ~ rs. Th~ contributions from each stiffener (Q+ or Q ) for the tip 
n -n 

under conaideration can be obtained from the curves in Figs.4 and 5. The 

results, for s • I .0, for both tips are shown in Fig.9; Kxl(a/ia) i1 plotted 

as a function of a/b for various values of b+
1
/b. 

4 DISCUSSION 

The compounding method has been applied to crack problems in periodically 

stiffened sheets; a modification to the basic method is necessary if a stiffener 

crosses the crack. The errors in the approximate stress intensity factors 

increase as the crack-length increases and as the relative stiffness of the 

stiffener to that of the sheet increas~s. The maximum error for a wide range of 

crack-lengths and stiffness ratios is a few per cent (Tables I and 2) which is 

within normal engineering tolerances. The compounding method can be extended 

readily to other stiffened configurations, but direct application to some other 

stiffener configurations may be limited by the lack of data for the required 

ancillary configurations. For example data are required on small cracks near 

stiffeners (the difference between continuously attached and riveted stiffeners 

would be important) and on cracks which are located asymnetrically behind a 

single stiffener. 

An important consequence of the use of compounding is that it is now 

necessary to have data for simple ancillary configurations only; curves of K1/K 

for many such configurations are contained in the Compendium of Stress Intensity 

Factors7. The importance of design parameters such as distribution of stiffeners, 

relative stiffnesses, type of attachment, flexibility of rivets and sheet 

curvature can be studied using a simple structure with a single stiffener. 

Results for a structure with multiple stiffeners can then be compounded from 

those for the simple structure. The method of compounding can be applied to 

problems with both plane boundaries and stiffeners, e.g. a crack in the vicinity 

of a cut-out in a multiple-stiffened sheet. 

5 

(I) 

CONCLUSIONS 

The compounding method developed for plane problems can be modified to 

obtain approximate stress intensity factors for cracks in stiffened sheets. 

(2) The errors are within engineering tolerances for many applications. 
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12 

(3) The effect of many practical features of 1tiffne11 desian and enaineerina, 

such as fa1tener flexibility, can now be studied in simple confiauration1 and 

the results extended to complex structures by using the compounding method. 
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Appendix 

SAMPLE CALCULATION 
(see 1ec ~ion 3.1) 

Thi■ Appendix contains the detailed calculation of the 1tre11 inten1ity 

factor for the crack in Fig.2b. 

The basic variables are a/b • 0.9, s • I and h/b • 1/12 from which 

h/a • h/b x b/a • 0.093 . 

Using equation (14a) 1ives A• (2/s)(a/b) • 1.8 and Q
0 

obtained 

from Fig.6 for h/a • 0.093 and A• 1.8 is given by 

13 

Q0 • o.686 (A-1) 

If, for the nth stiffener b' 

which with equation (4) gives 

and hence 

is written b' then equation (5) becomes 
n 

b' - a' • b - a n n 

a 
b 

For the right-hand crack tip in Fig.2b the effect of the first pair of stiffeners 

a'/b' , determined from 
I 

(n • ±1) is obtained as follows. 

equation (A-2) with n • I , for 

Substitute 

a/d and A1 for A in Fig.4 to obtain the 

value of Q' which is found to be 
+I 

Substitute a'/b:1 , determined from equation (A-2) with n • -I , for a/d 

and A1 for A in Fig.5 to obtain the value of Q~1 which is found to be 

Q' • 0.962 -1 (A-4) 
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Repe•ting thi1 procedure for the next pair of 1tiffener1 n • ±2 1ive1 

and (A-5) 

Contributions from further pairs of stiffeners lnl > 2 are negligible. Hence 
the normalized 1tre11 intensity factor, given by equation (15) become, 

Q - Q ~Q' + Q' + Q' + Q' - 3] r O~+I -I +2 -2 

which from equations (A-1) to (A-5) gives 

Q • 0.56 r (A-6) 

aa given in Table 2. 

A flow chart of the above sample calculation is shown• 



Appendix 

a h Select basic data 0 . 0 . s 

Calculate h/a and A from 
basic data and read Q0 fran Fig.6 

For the right hand ti, in Fig.2b. Use 
equation (A-2) to detennine a'/bn • 

then, with A• A' and a/d • a'/bn , 
Qn from Fig .4 is Q,, 

Select next pair of 
stiffeners 

Use equation (A-2) to detennine a'/b:n 
then with A• A' and a/d • a'/b~n 

Qn from Fig.5 is Q~n 

signi fi 
s of al 1 
iffeners 
included 

NO 

Calculate the normalised stress intensity 
factor Qr from equation (15) 

Procedure of a sample calculation using the compounding method 

IS 
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FlcJ!.la &b 

Fig.la A typical stiffened aircraft structure 

Lina 1tiff1nar 

Fig.lb A model stiffened sheet 
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Fig. 2b Crack located symmetrically about one of the riveted 
stiffeners in a periodically stiffened sheet 
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