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l. Introduction

Let X(t) be a real-valued stationary normal process with a
discrete time parameter +t . For simplicity, we shall assume
EX(t) = 0 and denote R(h) = EX(t+h)X(t) and p, = R(h)/R(0)
Let us assume  X(t) is observed at t =1, 2, ..., N and has a
spectral density f()A) , where X is a frequency parameter and
-1/2 < X < 1/2 .

~In this papér; we shall discuss efficient estimation of
£(A) . If we can assume X(t) is an autoregressive process of
order K , K being a known positive integer, we can obtain,
easily, the maximum likelihood estimate of f(A) when N is
sufficiently large. But for an actual process, we usually do not
know the value off K . Recently, the estimates obtained by fitting
an autoregressive model have been developed and. discussed by many
_authors, i.e., Akaike [1], Parzen [8], Gersch and Sharpe [4] and
‘Jones [r1.

In this paper, we treat a process expressed as an autoregressive

process of infinite order satisfying some conditions. We construct

«



an estimate by fitting an autoregressive model of finite order X .

In Section 2 we discuss the asymptotic bias of this estimate for a
fixed K. when N tends to infinity. In Section 3 we consider K

as g function of N , tending to infinity as N tends to infinity.
Berk [3] has discussed a similar situation. He has shown the consis-
tency and the asymptotic noxrmaliity of the estimate when N tends to
infinity. Although we shall discuss the statistical properties of the
same estimate, the process under consideration here satisfies stronger
conditiohs than his, and under our conditions we show that this

estimate has a property of efficiency as N tends to infinity.



2. An Autoregressive Approximation and Bias.

In the foliowing we shall assume, furthermore, X(t) satisfies

the following assumption:

Assumption 1. X(t) satisfies the.relation.

©

(1) . X(t - k) = £(%) , =1,
kgo E "0

where {£(t)} are mutually independent random variables each of which.

has the distribution N(O, 02) and {ak} ~are constants such that

'|ak.l;ock, 0< a < 1/2,

for every k i:l o

In this case, X(t) has a backward moving average representation
x(¢) = )} G &(t -kx),

where 'ﬂak} are constants.
As is shown in Huzii [6], we have the following result under
the above assumptions.

Lemma 1. We have

IphJ =< C(2oc)h and lGh!=§ (2u)h/2



for sny h , h>1, vwhere C= 1/22(1-»(2@)

2

) .
Now we shall discuss the estimation of the spectral density
(1) .

We shall regard X(t)
K

a8 an autoregressive process of order
, K TDeing a positive integer

and obtain
which minimize

1. < k < K}

3 N €Y 2
Q@ = ) |x)+ ] oa X -x)] .
t=K+1 k=1

Let us denote aéK)_, which minimizes Q , as ﬁéK) for
1 <k < kK., If X(t)

AK)T
A.t?
the e s

is an autoregressive process of order K ,
are asymptotically meximum likelihood estimates of
autoregressive coefficients.

But here X(t) 4is not an autoregressive
process of finite order. So this argument does not hold.
are the solutions of the simultaneous

(k)"

The

a, ' s
equation
. K ~K) 2 N .
(2) ) 8" Rk, 2) =-R(0,2), 1<K,
k=
where
~ ) N
R(k, %) = T )Xt - k) X(t - Q) .
t=K+1
- ~(K)! :
Using these E s , we shall construct
={A) as follows

+he estimate f£(\) of



GE(K)
£ SIING9 = 1E 2
) & " cos2mkA] + ) ak sin2mkA]
k=0 k=
where Q(K) =1 and
N K 2

A2 : ,

) = e L o)+ ] s 2t -w | .
t=K+1 =1

Now let us evaluate the bias of the estimate f(K)(A) for a

sufficiently large and fixed K . We shall denote
. .

a0) = @), al0, . al9) ana R = (R0,1), R(0,2), ..., Rl0.x)) .

And let R be the K X K matrix whose (k, &) element is R(ky %) .

Then the simultaneous equation (2) can be written

e >

(3) §(K).=—§K .

Now let Q. be the J X J matrix whose (k, &) element is

27 Pr—g *

Using the result of Lemma 1, we can show R(k, %) converges in proba-
bility to R(k - 2) as N tends to infinity. Let us denote the

K X K matrix, whose (k, %) element is R(k - &) , as R . Then

for a sufficiently large and fixed K , every element of R converges
in prdbability'to the corresponding element of R . Let us put

. [} ~

R = (R(1), R(2), ..., R(K)) . Then every element of R, converges



in probability to the corresponding element of R, . We can consider

IR| # 0 for any K, K > 1 . Using the relation (3), we can show

the distribution of VN (&(K) + R_lRK) converges to the normal dis-

tribution with mean vector 0 and a finite covariance matrix. This

~

can be shown by the same method as in Anderson [2], Chap. 5. Using

this result, we shall evaluate the asymptotic bias of the estimate

?kK)(A) as N —> « . In the first place, we shall evaluate the
- ) ' L
value - a(K) = -R lRK . Let us put a(K) = (aiK‘, aéK), cees aéK))

Then we have fhe following lemma.

Lemma 2. We have, for 1 < k < K,

where Cl is a constant, being independent of K .

\

Proof. Let us put Op = (pl, Pos coes pK) for simplicity. Then we

have %(K) = —ggl P - We can express, by using the result of Wise [8],

the (k, %) element q£12 of QEl a5s &;lz + g 2(K> , Where
b ~ L] 9

o
L 85 Bg o if k > &
: k-1
~=l 2
a. = 1+ z a, . if k= 4
k, & < j=1 J
el D
<
\ ql,k . if k <&

and Ek Q(K) is uniformly bounded for elther k < K - KO or
]



£ < K=K K, being a fixed positive integer, when K 1is

0?2 "0

sufficiently large. So taking into account of Assumption 1, we have
-1
Iq'k,,qli =< a >

where q is a constant and independent of X . Now we have the

relation

[o0]

I ago =0, 3=1,2,3, ...,
k=0

by (1). This can be written as

K (0]

(4) ] oa p, . =-p. - Pr_s s I =1,2, ...
ik P 37 ek g Pr—j

Put ( ) $ OZO

utting a = (a,, 8., «ecy 8,.) , &, = P_. and
2 e e K 37 ek Pk

A= (Gl, Sps vees SK) , we have

(5) %=_9’I_{19K_9Ké

by using (4). From this relation, we obtain
a(K) - a = Q% A .

Let us evaluate Sj for 1< J < K.



6,1 =1 lagliog
7 ek BE
o L K+l . (K+I-j
< 7 of cloa)d = ¢ & (20) > .
k=K+1 1 - 20
Se we have
K K+l K+1-J
|a(K) _ a.k' < cq (2a) J
el = L
k J=1- 1 - 2@2
K+1 1y
9 C a {2a) - o of

Il A

(1 - 2&2)(1 - 20)

= 29005/ (1 - 26°)(1 = 20) . We can

for 1 k < K , where Cl

Il A

easily find that, when N +tends to infinity, the mean value of the

/\( Ay .
limiting distribution of /T\T_(f‘K)(K) - f(K)(?\") is zero, where

: 2
o . oo (K)
#K oy = £ _
£ e £ (x) 2
L a < cos2mkA + Z &y sin2mwkA
k=0 k=]
and
QN
2 JRFREN W \KJ
os(K) = R(O} + |} R(kx) .
£ k=1 ES
Now we have
PR = T e mm) - ] (@ e R
=k L K P



and.

2

( 2 8y cosEﬂkA

K 2 K 2
- ( ). aﬁK) cos2ﬂkk) - ( Z aéK) SinEWkK)
k=0 k=1

o 2 ] 2
= cos sin2mkA
( Z &y 2171:)\) + (k Z a 21k )

( Z a, sin2mkA

=K+1

]
K

=K<+1

ak cos2ﬂkk) ak cos2ﬂkA)

=K+1

K
) :(,aiiK) - &) cos21rk>\)

1
\V]

k=1

+ 2( I§ & sinQTrkA( ozo 8y sin2ﬂk)\)
=1 k

% sin2mk\ % { () _ ) sin2ﬂkk)
% DO SN

K 2
( z (al({K) - a.k) cosZTrkA)
K 2
( z (aéK) - ak) sin2ﬂkk) .

And. also. we have, for example,

z a, cos2TkA| < Kﬂ"// 1-a)

k=K+1




and

< C, Ko o,

K
) (aéK) - ak) cos2mkA

Therefore, we have

=~
§ 3N

2 2
( Z aéK) cosQﬂkA) + { : ‘aéK> SiDQWkA) !
k=0 =0 A

{' = 42 f oo 2
- ) cos2mkA) +- | ) a sin2mk)
(k=0 “x k=0 k '

where 02 is a constant being independent of XK . So we can show

where C is a constant being independent of K . We obtain the

3

following theoren.

Theorem 1. Let X(t) be a stationary normal process satis-

fying the Assumption 1. Then

If(Kj(k) -f(A)] £ c,Ka

10



forvsufficientlylarge K , where 03 is a constanty independent

of K .

il



~KY,.
3. Asymptotic EBfficiency of f\K"(A)_ in a Sense.

e
=

In this section, we ghall cons

N

der K to be a function off N .
‘K

LN

Recently, Berk [3] has shown that £ ‘(i) is consistent and asymp-

totleally normal when N tends to infinity under the conditlon that

3 o

K tends to infinity and K /N +tends tc 0§ and some other conditions.

Here we make the fcllowing assumption.
Assumption 2. K is & function of N suech that K tends to

infinity and. KL/N and N9 K2 @K tend to zero when N tends to

infinity.

This assumption ig strounger then Berk's condition. We shall

define: £_(A) as

K
02
£
£ (1) = > g s -
Z B cos2TkA |+ LBy sin2mkA
k=0 k=1 =
Then we have
P fay K
EI“KQ/\} o fk/\\‘ﬁ = CUr o 5

whers CL is a constant. belng indepsndent of K . In the following

we shall consider the estimabion of fK(l} instead of  £(X) . We

hare

12



where 02 is akconstant,»indepehdent of - K . Now we have

E.’Q’f(K)()\) i fm)? - E(f*‘K)(A) -._-f‘"K)m)?
R (f(m(x) - fK._(_n)2 + (fK‘(x) - fm)2
: z(f('K)(x) - va‘m) (20 - f‘(K"(x))

¥ 2(f(K)(A) - fKﬁ(,.Z\)).(fK(.A) -. f'(i?\))

+_2(fK(A> - fm) E(f(iK)()\) - f(‘"K>(x))- :

But when we consider the case_in which N is sufficiently large,

we can ignore the terms

2(1-"‘“’(” - fK(}\)) E(E(K)‘(x) - f(K)‘(A))

and
z(me - fm) E(§(K)(A) - f‘K)m)

by comparing with the other terms. - And we know

(f(K)(A) - :EK(A))2 +.(fK(A) - f(x))2

< culk of)?

+2(£990) - 200 (500 - 20))| < e

13



where - 05 is a constant, independent :of ‘K:. When-we consider .

Lim %’.E(%‘K-’m i f(X))e :

N0

we have

by AssumptionPE.}.Using“the_resultjof1Berk [3], we can see that the

distribution function of VﬁTK’(§(K)(X) - f(K)(k))

] ~ . )
or Vﬁ7Kw(f(K)(A)~— f(x)) tends to the normal distribution function with

i
)2 )2

\

mean O and variance 2f(X or Lf (A corresponding to when
0. < A < 1/2 or when X =0 cor 1/2, respectively.
Now let us define 'an autoregressive pfocess of order K.. Let

XK(t) be a stationary normal process with mean 0 and satisfy the

relation
e - (6)
) (t - k) = £(%) ,
Lo %k
where '{ak} and £&£(t) are the same as those in (1) and ag = 1
We shall put RK(h) = EXK(t'+ h) XK(t) and péK) = RK(h)/RK(O)

Then we can show the following results Ssee\HuZii [6]):

1k



6] <l
? 1) o1 < o k(ea)E
L Pn nl & C .

where C and CO are constants, independent of K .

Let samples be XK(l), XK(Q), e XK(N) . We shall construct .
{aéK)}, SE(K)F ana 50 by using X (t) instead of X(t)
Using XK(t) instead of X(t) , we can show the same results as
Theorems 5 and 6 in Berk's paper [3]. So we can obtain that the dis-
tribution function of VE/K (%(K)(A) - fK(X)) tends to the normal
distribution function with mean O and variance 2f(>\)2 when
0 < A< 1/2 or kr(\)% when A=0 or 1/2, if VK o
tends to 0 when N tends to infinity.

.Now, for XK(t) s We have the following lemma.

Lemma 3. There exists a solution }(K)(k) for f

K(A) , Obtained

by solving the likelihood equations, such that

converges»invprobability~to zero.as <N tends to infinity.
Proof. Let us consider the Joint estimation of (Oé, al, 8oy ooes aK)

Let W(géK)) and ¢(§(K))

be the density functions of

15



K

respectively. Then we have .

‘}Sng)= (x_(1), XK(2>9 sooy XK(N>) ~K

p&y < (@)

2

N
1 © .
- =1) *+..5 -
X  exp 12{‘*1 (XK(t) + alXK(t ) + aKXK(t K))

and

> Logy(x{X))
'aaN for k=1, 2, ..., K,

k

- do not affect the solution of the likelihood equaticns.

Let QéK> be the K X K matrix whose (k,) element is
(k) (K)-1 (k)-1
pk_2 and qk,ﬁ be the (k,%) element of gK ‘ .

Then we

have

L klogw(}gém)

i 3 & = 2
k
O&,

16



J=0

But we can show

Now we have, for 1 < J < K1

where 05 and C6

are constants, independent of K
obtain

50 we can

(K)-1 - (k)=-1 (x)
AT I e
92y 21 3 ot

2
d <

9 oy =t
J

where. C

T

is a cbnstant, independent of t, s
we can get

and K . Therefore

17



We know

o e

30 we obtain

VTS
=TI

o

Combining the sbove raesults, we can get

IR
9 logyiX,

/; (\]
¢

v =
9 &

L
N .
k

And we also have

i3

t)
N



9 logw(§éK))

2
0 02 ) O(I—l\?é-)
€

1
v N

(X)

Let ﬁ be the matrix which is constructed by XK(t) instead
of X(t) in R , and let us denote
/ ~(X)
Ny
0o
MK - a(K-1 ,
~(K)
g
where
1
TS
(K) (K) (K)
|1 alogq)()gK ) 1 alogw()NCK‘ ) 1 alogw(}gK )
d 2 3
N 3 a; N 3 a, N 3 8y

Then we have
ARSI < R IR R 2l s ST IR )

where

19



~

K5
HY||2=Zy,Y=(y,y,o--,y) >
= L Uk 1° Yo K

and, for a K x K matrix B, ||§|I= sup ”?Xll for HY||<; . We

-1
i

can show in the same way as that of Berk [3] that HR is bounded

ana VE[IR)E - R

converges in probability to zero as N tends
to infinity (see Berk[3]). Also we can show vffl!%|| converges in
probability to zero if KM/N tends to zero when N tends to infinity.
Therefore, under Assumption 2, /Ella{K)H converges in probability

to zero. As we have

K

y nl({K) cos2mkA| < J’K|In(K)|I ,

k=1 -

K ~

LA sinema| < vEIDT

k=
K ~(K) _ ~(K) _. . o
Zk=l k cos2mkA ‘and Zk -1 nk sin2mk\ converge in probability

to zero under Assumption 2. Furthermore,

K R N
Z ﬂl({K) R(0,k)| < 2 n(K)( (0,k) —RK(k)) + kzl ”1(<K) RK(k)

k

A

~(K) L 2, 2(K)
Il kzl<R(0,k)-RK(k)) +|In HCR(O%l—QOL)

20



i MK K Do, 2
Under Assumption 2, we can show hn( )ﬂ and Lkg]{R(UwL) - R(k})

converge in probability to zero. BSo under Assumption 2,

lzi“l aéK) ﬁ(Oﬁk)l converges in probability to zero.
- (K)y ]
From Blog¢(§m )//zﬁak =0 for k=1,2, ..., Ky we have

Ve

i e~15%

~ ~ . 2
a, R{0,§) = - R(0,k) - 20, Q’k

j=1 9 &€
) . (), 4 2
for k=1, 2, ..., K, and from o logw(XN ) D ¢, = 0 , we have
~ S
5 A K R 262 Blogw(aéK))
op = R(0,0) + ; 2, R{0,k) + = )
k= o O'»g

Using the above results, we can obtain the assertion of this lemma.

. 2 - o -
In the following, let us put 60=0€3 Gl—mal5 GEuugg ceey GKwaK
AMK)_22, 0y alK)_A(K)  A(K)_a(X) )L
and 6 wﬁg(K)s 6,77 =8, 0, =AT L, B =R, for
simplicity. We shall denote
(x '
8 ) = (603 Glg sy GK) 5

21



and

Let E(K)(X) and Q(K)(XK) be the (K+1) x (K+1) matrices whose

A ~(K) ~(K)
(i,j) elements are EX(ei_l -6, 63-1 - ej—l) and

EXKﬁagfi - ei—l)(8§§i - Gj_ ) , respectively, where, for example,

EX(Y) means the mean of the statistic <y for the process X(t) .
Let W(K)(X)'l and W(K>(XK)"l be the (K+l) x (K+1) matrices

whose (i,j) elements are

8logw(§N) 3 logw(§N)
x| a0, 50,

1 1

and

5 1ogxp(}~<(K)) 3 1ogw(§]§K))
B

X 36, 1 76,

K
respectively. Let us denote the (i,j) element of w( )(X)

(or W(K)(XK)) as wig)(x) (or Vi g (K)(XK)) .

Then we have the following lerma.

Lemma 4. It holds

lim — =1
N0y

22



for any sequence '{YK} of real vectors Y T (y

(x) (k) (x)\*
l 2 y2 % s 0 g yK )

¥

such that y. # (0, 0, ..., 0)
Proof. This result can be shown by the same method as the case when

K is fixed.
K
> Logy(x{¥)

3 6. =0
1

D>

means

(x) 2 (K)
1 3 Log (X ) L1 %(’é-e) 9" logy (X ")
N 56, T R K I LA
b 0
+ == - =0 ,
2N ke e 56,56, 06;
9 + u(® - 0)

vhere 0 < 1 < 1. Tet 3%) pe the (K+1) x (K+1) matrix

(K)

i+ j+ b
whose (i+l, j+l1) element bi+l,j+l

2 3
R d loglp(Xng)) K . 7 1ogp(x{®)
B oL = + 21 7 6.-8,) 0
i+l,j#1 N 36, 936, oW e 8 V8’ 38,06,06,
J i =0 2773 i
e ~

(x)

and B be the (K+1) x (X+1) matrix whose (i+l, j+1) element

23



Piy, 541 IS
(1 ) .
( 2)2 i=0, j=0
2(g
g
bi+l,,j+l = 0 i=0, 3 21 or 121, j=0,
| R(i-3) 121,321 .

Then we can show, by the same method as that of Berk [3], that
/K'“B(K)—;; B(K)_l“ converges in probability to zero under

Assumption 2. Let us put

(x) (x) (k)
S0 1 3 logh(Xy ™) o 9 Logy(X; ") 1 3 logh(xy™)
<N N 3 60 N ael ‘ N 3 eK
Then we have
5K _ k) o _ 3(K)-1,(K)
- - = N
And we can show
N X 'oA(K)-1 (K ¥ 1 v (k)1 (X

Ix

converges in probability to zero when N tends to infinity. So

we can obtain

2k



r_1 U(K)(XK) ¥ = lim § —d— 5 B(K)”l(E %éK)&EyK)j IE(K)HIXK :

Therefore, we can get

N1 P(K) 1( (K) (KN) (K)-1
- E 2 L B y.
(K K o> YK~ NN b 4
7 v ) 5 Iy -
Mo gy W (X )y Moo X 7y W0 v
ly |
=1

by using Assumption 2.

Now we shall consider the joint estimation of S(K), l.e.,

~

(K)

be arbitrary Joint estimators of 6 which have the following

properties.

For sny sequence 'ﬁxK} of real vectors y, = (yiK)9 yéK), ees yéK))'

t

such that vy, # (0, 0, ..., 0) ,

25



and

¥, B U ¥
. K ~ ~ LK
(7) lim %) T =0,
oo v U )T gy
where ﬁ(K) is the (XK+1) x (K+1) matrix whose (k,%) element
. (K) (x) _ [x(K) ~(K) .
is GQ 1> bk—l =R ek—l - ek—l , and U (X) is

the (K+l) x (K+1) matrix, the (i,j) element of which is

i-1
[4])

% (K) ~(K) . )
EX<6, - ei—l ej_l ej—l . In this case, we have (see Cramér

I ¥ ~( )<X)—1¥K‘ = XI:: ‘E(K)(X)—lX

+ yK( (K) Q(K)(X)—l

v

+
G’\
o)
>4
Ju
UJ

500, 30 500 ()1 g(K)')y
~ ~ K °

So we can obtain

lim =5 :(K) =] K > 1.
N e UKD T g
This means
' ~(K
Ix 9( (%) Ix
lim — 2 1

N> vy W) Ix

26



A(K)

For our 6 , we can show the conditions (6) and (7) are

i ()

satisfied under Assumption 2. In fact, bkwl

is an analytic

. ' . (K)
function of 9 = (80S el, 629 ...) , and we know that bkwl tends

to zero uniformly in 1 < k < K+1 when N tends to infinity. If we

put 6K+1=:6K+2= eoo = 0 , which is the case of an autoregressive process

] , (K)/ e+
of order K , we can show Bbk_l 2361_1 converges to zero ag N

tends to infinity, and this convergence does not depend on the values

of 50, 613 ..., o Therefore, if we express bé%i as
(k) _ ~(x) , =(K) ~(K) _ Py oo
b ] =b T + b, where b, = o(1/n°) (& » 0) , we can
: ~(K) . s :
consider k-l 1S an analytic function of 6K+lg GK}Q’ see o DO
if
1lim b(Ki =0 ,
N—)oo o
then
5 1, (K)
\ kel
lim FY 0
N-sco -1

and this convergence does not depend on k and & , because '{ak}

K)

satisfies Assumption 1 and bé—l tends to zero uniformly in

1

1IN

k < K+l . We have

2T



2 (K)
(K+1) max I(a b 3 ez_l)l
1<k, L<K+L

tends to zero as N tends to infinity. Therefore, we can see

~(K K -1 Po~(K
yKB() ()() Y yKB()
lim ~—% ~— =0, lim ==

(K) '
Mooy U (x)™ Ix Ix

In the following, we shall consider the difference between

W(K) (%)

(K)
K

1 X) and This means we have to evaluate

t

e R

for any sequence ‘{;ZK} of real vectors (y(K)’ yéK), ey yI({K))|

~

But for this purpose, we shall compare W(K)(X)_l with W XK)
In the first place, we shall compare (Blogw(XN) 88y 5

<Bloglb()~(_l\1/36j_l) vith E K(alo Dixy /)6 )(a 1ngf)~(NK)Va 63-1) :

Let us put 6 = (60, 61, 62, ) (o &:’ 815 855 ...) and

Fij(g) = EX(B logw(z{Ny’aGi_l)(B loglj)()N(N/B ej_l) . Then we have
Flj(?.) = EXK(S log\b(}&gK))/B 61-1) (3 log\b()&gK))/B ej—l) s

8 =8¢

2
where 0, = (og, 815 85y eves By 0, 0, ...) , and
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Fij(?) =¥
where 0 < T < 1.
N

j:

with respeét to

=]
dq..,
—d | < o, W,
P o, | = 8

¢

where 08 and C8

N . And we have
T .9
zim‘_ﬁp_
h=1 | 9 a,
i
where C9 and 09

Sc we can get

Qh‘

§ 3 Fi.(e)

\ ~

) + a

k=K+1 k 3 ek

8 =5y B + T(6-6,)

- 1 i=1
4 P.r =
i3 71 0 e
, We can obtain
2 =1
0 9. v o §
———de | < g N7, 1. Lh,h g Nl
3P 40 p
h h
H
are constants, independent of 1, j, hs h and
2
oo ] ph .
f____c 5 lm <CQ K
? n=1 |9 %k ® B 7
are constants, independent of &, h, ¥ and K .
-1
N
N-1 9 qijA 9 ph
ne1 9Pn 9 Pgug
< C N2 for 1 < &
== 10 ? == >
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where C10 is a constant, independent of i, j, K and & .

And we also have

-1 2 -1 12
£ a s ) N-1[ 09 a4 d Py . 9 9 5 0 Py
f\ ~
Sagrg 98y n=1\ %8k 0Py 08y 0Py Paggdey

-1 -1
N-1 N-1 82 qij Sph, 9 oy . quj 82ph

pe1 | \nran OPyrdey dag, 88 ¥y 98,08y

(ks
Q
=

11

where Cll is a constant independent of m, &, i, j and N'.

Using the above results, we can get

oo dF,,(8)
I oy 55 < Cp L
k=K+1 k
O + (6-6;)
where C is a constant, independent of i, j, and N .

12

So we can obtain
(K)jor-1 (K)o y-1 9.2 K
™ ()™ - W) T LA/ O KT
the right hand side of which tends to zero as N tends to infinity.

Now we have
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!iW(K)(X> 3 W(K)(XK)I! l[w(h) ( (XK (K) )ul§¥<x)(XK)”
< e 11w ot vt ™) ilw Yl
We know
/ 25? 0 vou. O \
2 0
(K)(y y o F :
LS = 3 B R

8¢ we can get

where Cl? is a constant, independent of N . Using the above facts,

we can obtain

{x) -l (K)(

e ) P 1) )=

K) -1 W(K>(X).~ﬂl” 1 EJ:-(K)

, W x)™ |
livl(K)(x) - ”W‘(K)(XK)H < |

=g
~

1- |1y ol

(X~

the right hand side of which converges to zero as N tends to infinity.

Therefore we have

i [l 0 - 905 ) )
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< lim HYLI(K)(X) - XLI(K).(XK)“ =0 .

N-»c0

Consequently, we can obtain

yK ~( )(X Yy (meyKU'W(K)(XK)(XK/“:XK")

lim = = 1im

[T o N Ty Ay Py

v (K)
o L)
= 1im N (K)
Nz W X) 2
! (K) (x)
L PO e 1 - v e) 2
<o . zK y(y)(x) Ly
=1 N

where %K =k /“XKH .
Summarizing the above results, we have the following lemma.

Lemma 5. Let {yK} be any sequence of real vectors

1

K) (K K
¥K=(y§ ). Yé )L, yIE: )) such that ¥y # (0, 0, ..., 0)

Then
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Now we have

3 f_(X) K of_())
~(K) K A2 2 K ~(K)
f A - £ () = ————— (x) - e -
W (o) e L (35w
L
3 £ L % :

where the last term converges in probability to zero more rapidly

than the first two terms. So we can consider

A(K) oy o BEQ) fr2ey  2) % e fax)
£ (A) = e (A) aoz (og(K) c£>+k£l da, (ak ak)

Let us put %) = (a £()focg, ar(M)/3ay, .oy 320/ aK)' .
(

and we shall take f X) I in Lemma 5. Then the above dis-

cussion means, for sufficiently large N ,

144

%Ex(g(K).()\) - fm)g E (§<K>(x> . fm)2

g

~i=

f(K) Y(K) (x,) x:(K)

I

(x)

&

200 ) (4 ¢

=i=

8o, when N is sufficiently large, we have
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~

%EX(%(K)(M _ fm) . l:(K) 7K () £1(K) .

which is asymptotically minimum in a class of estimates f

of fK(A) . Every element of this class can be expressed as
~(K) 3 f (2 2 oo (.x)
0 = £ + (o_o)+z ( _ )
3(52 e” %) T L Ty T T
K
2 2\2 ~(K) 2
"o A/("a -og)f e LES -a) |

where 52, EﬁK), cees ééK)

. . 2
are arbitrary estimates of Og, al, cees By
which satisfy conditions (6) and (7).

Summarizing the above results, we have the following theorem.

Theorem 2. Let X(t) be a stationary normal process with mean

zero and satisfy Assumption 1, and let N and K satisfy Assumption 2.

Then we have

1lim

In general, there would be many ways to define the joint
efficiency of estimators of infinite dimensional unknown parameters,

Tn the above discussion, we have defined the efficiency as the limit
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of the sequence of efficiencies of joint estimators of {K+1)
dimensional unknown parameters (02’ 815 By ooes aK) for

2 ()

K=1, 2, 3, +oo . We have shown T has the efficiency in

this sense for the case we have treated.

35



Acknowledgement

The author wishes to thank Professors Theodore W. Anderson

and David R. Brillinger for their many helpful comments.

36



REFERENCES

Akaike, H. (1969), "Power spectrum estimation through autore-
gressive model fitting". Ann. Inst. Statist. Math., 21, 407-419.

Anderson, T. W. (1971), The Statistical Analysis of Time Series;
John Wiley & Sons, Inc., New York.

Berk, K. N. (197h), "Consistent autoregressive spectral estimatss".
The Annals of Statistics, 2, 489-502.

Cramér, H. (1946), "A contribution to the theory of statistical
estimation", Skend. Aktuarietidskr., 29, 85-9k4.

Gersch, W. and Sharpe, D. R. (1973), "Estimation of power spectra
with finite-order autoregressive models. IEEE Trans. Automatic
Control. AG-18, 367-369.

Huzii, M., "On an efficient estimate of correlogram". Essays in
Probability and Statistics, Tokyo. To appear.

Jones, R. H. (197k), "Identification and autoregressive spectrum
estimation™. IFEE Trans. Automatic Control. AC-19, 894-898.

Parzen, E. (1969), "Multiple time series modeling", Multivariate
Analysis IT (ed. by P. R. Krishnaiah), Academic Press,
New York, 389-409.

Wise, J. (1955), "The autocorrelation function and the spectral
density function”. Biometrika k2, 6, 151-159.

37



10.

11.

12,

13.

1k,

15.

16.

TECHNICAL REPORTS

OFFICE OF NAVAL RESEARCH CONTRACT NOOO14-67-A-0112-0030 (NR-0L2-03%)

"Confidence Limits for the Expected Value of an Arbitrary Bounded Random
Variable with a Continucus Distribution Function," T. W. Anderson,
October 1, 1969, )

"Efficient Estimation of Regression Coefficients in Time Series," T. W.
Anderson, October 1, 1970.

"Determining the Appropriate Sample Size for Confidence Limits for a
Proportion," T. W. Anderson and H. Burstein, October 15, 1970.

"Some General Results on Time-Ordered Classification," D. V. Hinkley,
July 30, 1971.

"Tests for Randomness of Directions against Equatorial and Bimodal
Alternatives," T. W. Anderson and M. A. Stephens, August 30, 1971.

"Estimation of Covariance Matrices with Linear Structure and Moving
Average Processes of Finite Order," T. W. Anderson, October 29, 1971.

"The Stationarity of an Estimated Autoregressive Process," T. W.
Anderson, November 15, 1971.

"On the Inverse of Some Covariance Matrices of Toeplitz Type," Raul
Pedro Mentz, July 12, 1972. '

"An Asymptotic Expansion of the Distribution of "Studentized" Class—
ification Statistics," T. W. Anderson, September 10, 1972.

"Asymptotic Evaluation of the Probabilities of Misclassification by
Linear Discriminant Functions," T. W. Anderson, September 28, 1972.

"Population Mixing Models and Clustering Algorithms," Stanley L.
Sclove, February 1, 1973.

"Asymptotic Properties and Computation of Maximum Likelihood Estimates
in the Mixed Model of the Analysis of Variance," John James Miller,
November 21, 1973.

"Maximum Likelihood Estimation in the Birth—and-Desath Process," Niels
Keiding, November 28, 1973.

"Random Orthogonal Set Functions and Stochastic Models for the Gravity
Potential of the Earth," Steffen L. Lauritzen, December 27, 1973.

"Maximum Likelihood Estimation of Parameters of an Autoregressive
Process with Moving Average Residuals and Other Covariance Matrices
with Linear Structure," T. W. Anderson, Decenber, 1973,

"Note on a Case-Study in Box—Jenkins Seasonal Forecasting of Time Series,"

Steffen L. Lauritzen, April, 197k.



17.

13.

19.

20.

21.

22.

TECHNICAL REPORTS (continued)

"General Exponential Models for Discrete Observations,”
Steffen L. Lauritzen, May, 1974,

"On the Interrelationships among Sufficiency, Total Sufficiency and
Some Related Concepts,'" Steffen L. Lauritzen, June, 1974.

"Statistical Inference for Multiply Truncated Power Series Distributions,"
T. Cacoullos, September 30, 1974,

Office of Naval Research Contract N00014-75-C-0442 (NR-042-034)

"Estimation by Maximum Likelihood in Autoregressive Moving Average Models
in the Time and Frequency Domains,”" T. W. Anderson, June 1975.

"Asymptotic Properties of Some Estimators in Moving Average Models,"
Raul Pedro Mentz, September 8, 1975.

"On a Spectral Estimate Obtained by an Autoregressive Model Fitting,"
Mituaki Huzii, February 1976.



Unclassified
SECURITY CLASSIFICATION OF THIS PAGE (%hen Date Entersd)

READ INSTRUCTIONS
REPORT DOCUMENTATION PAGE BErAP NSTRUCTIONS

1. REPORY NUMBER 2, GOVT ACCESSION MO 3. RECIPIENT’S CATALOG NUMBER

20
4. TITLE (and Subtitie) 8. TYPE OF RERPORT & PERIOD COVERED

ON A SPECTRAL ESTIMATE OBTATNED BY AN Technical Reoort

AUTOREGRESSIVE MODEIL FITTING cal Repor

8. PERFORMING ORG. REPORT NUMBER

7. AUTHOR(s) B. CONTRACT OR GRANT HUMBER(a)

MITUAKTI HUZII .
NOOQ1Y4~T75-C-0hk2

9. PERFORMING ORGANIZATION NAME AND AGDRESS 0. PROGRAM ELEMENT, PROJECT, TASK
AREA & WORK UNIT NUMBERS

Department of Statistics
Stanford University (NR-042~03k)
Stanford, California 94305

1. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE
Office of Naval Research February 1976
Statisties & Probability Program Code 436 13 NUMBER OF PAGES
Arlington, Virginia 22217 37

T4. MONITORING AGENCY NAME & ADDRESS(If different from Controiling Offlce) 18. SECURITY CLASS. (of this report)

Unclagsified

15a. DECLASSIFICATION/DOWNGRADING
SCHEDULE

16. DISTRIBUTION STATEMENT (of thia Report)

Approved for public release; Distribution Unlimited.

17. DISTRIBUTION STATEMENT (of the absirect entored in Block 20, if ditfsrent frem Report)

i8. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reverse slde if nocessery and identify by block numbor)

efficiency, spectral estimate, autoregressive model fitting

20. ABSTRACT (Contlnue on reversc side if nocosesry end ideatity by block number)

SEE REVERSE SIDE

DD 5%, 1473 eoimion oF 1 wov 68 is casoLeTe

Unclassified
S/N 0102-014- 6601 |

SECURITY CLASSIFICATION OF THIS PAGE ?E{hca Date Batored)




Unclassified
SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)

20. ABSTRACT

We shall consider a stationary Gaussian process X(t) which
is expressed as an autoregressive process of infinite order. We
shall try to fit an autoregressive model of finite order K for
this process and obtain an estimate for the spectral density. Berk [3]
has shown the consistency and the asymptotic normality of this
estimate under some conditions. We shall show this estimafe has an
asymptotically efficient property in a sense under some conditions
which are stronger than Berk's conditions. The main conditions are
that the autoregressive coefficient a  of X(t-k) (k>1) 1is not
greater than ak in absolute value, where 0 < o < 1/2 , and
that K tends to infinity and Kh/N , N Dbeing the sample size,

and N9 K2 aK tend to O when N tends to infinity.

Unclaessified

SECURITY CLASSIFICATION OF THIS PAGE(When Date Entered)





