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On a Spectral Estimate Obtained by an 

1. Introduction 

Autoregressive Model Fitting 

by 

Mituaki Huzii 

Tokyo Institute of Technology and 
Stanford University 

Let X( t) be a real-valued stationary normal process with a 

discrete time parameter t . For simplicity, we shall assume 

EX(t) = 0 and denote R(h) = EX(t+h)X(t) and ph = R(h)/R(O) 

Let us assume X(t) is observed at t = l, 2, •.• , N and has a 

spectral density f(A) where A is a frequency parameter and 

-l/2 < A < l/2 
= = 

::In this paper, we shall discuss efficient estimation of 

f(A) • If we can assume X(t) is an autoregressive process of 

order K , K being a known positive integer, we can obtain, 

easily, the maximum likelihood estimate of f(A) when N is 

sufficiently large o But for an actual process, we usually do not 

know the value of K 0 Recently, the estimates obtained by fitting 

an autoregressive model have been developed and discussed by many 

authors, i.e., Akaike [1], Parzen [8], Gersch and Sharpe [4] and 

Jones [7]. 

In this paper, we treat a process expressed as an autoregressive 

process of infinite order satisfying some conditions. We construct 



an estimate by fitting an autoregressive model of finite order K . 

In Section 2 we discuss the asymptotic bias of this estimate for a 

fixed K when N tends to infinity. In Section 3 we consider K 

as a function of N , tending to infinity as N tends to infinity. 

Berk [3] has discussed a similar situation. He has shown the consis­

tency and the asymptotic normality of the estimate when N tends to 

infinity. Although we shall discuss the statistical properties of the 

same estimate, the process under consideration here satisfies stronger 

conditions than his, and under our conditions we show that this 

estimate has a property of efficiency as N tends to infinity. 
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2, An Autoregressive Approximation and Bias, 

In the following we shall assume, furthermore, X(t) satisfies 

the following assumption: 

(1) 

Assumption L X ( t) satisfies the. relation 

00 

L ak X(t - k) = ~(t) ' 
k=O 

where · {~ ( t)} are mutually independent random variables each of which 

has the distribution and {ak} are constants such that 

o < a < 1/2 , 

for every k ~ 1 , 

In this case, X(t) has a backward moving average representation 

00 

X ( t ) = L Gk ~ ( t - k ) ' 
k=O 

where · {Gk} are constants, 

As is shown in Huzii [ 6], we have the following result under 

the above assumptions, 

Lemma l, We have 

lphl < C(2rv)h and IG I < (2rv)h/2 u, . h v.. 
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for any h , h ~ l , where C = l/22
(l-(2a)

2
) 0 

Now we shall discuss the estimation of the spectral density 

f(A) o We shall regard X(t) as an autoregressive process of order 

K , K being a positive integer, and obtain {~K); l. < k. < K} 

which minimize 

N 
( X(t) + 

K 
a(K) X(t k)t Q = I I 

t=K+l k=l k 

Let us denote (K) which minimizes Q ' 
A(K) for ak ' 

as ~ 

If X( t) is an autoregressive process of order K ' 

the are asymptotically maximum likelihood estimates of 

autoregressive coefficientso But here X(t) is not an autoregressive 

process of finite ordero So this argument does not hold, 

ace the solutions of the simultaneous eq_uation 

(2) ~ A(K) A( ) 
1.. ~ R k, Q, 

k=l 

where 

A 

R(k, 9,) = l 
N- K 

R(O, X,) , l<i<K, 

N 
I X(t - k) X(t - 9,) ' 

t""K+l 

A 

The 

Using these we shall construct the estimate f(A) 

:~ (A) as follows 

4 

of 



= 

( I "(K) 
k=O ~ )

2 ( K (K) 
cos2TikA + L ~ 

k=l 

where and 

= 
N 

I 
N - K t=K+l 

l 

(
x(t) + I a~K) x(t - k))

2 
k=l 

Now let us evaluate the bias of the estimate ~(K)(A) for a 

We shall denote 
A A A 

" ' 
sufficiently large and fixed K 

"(K) = ("(K) "(K) "(K))' 
~ al 'a2 ' ... '~ and ~K = (R(O,l), R(0,2), ... ' R(O,K)) 

A 

And let R be the K x K matrix whose (k, ~) 

Then the simultaneous equation (2) can be written 

(3) R a(K) =-R 
-K 

Now let §J be the J x J matrix whose (k, ~) 

" 

" element is R(k-, ~) . 

element is 

Using the result of Lemma 1, we can show R(k, ~) converges in proba-

bility to R(k - ~) as N tends to infinity. Let us denote the 

K x K matrix, whose (k, ~) elem.ent is R(k - ~) , as R . Then . 

for a sufficiently large and fixed K every element of R converges 

in probability to the corresponding element of R • Let us put 

. ' ~K= (R(l), R(2), ... , R(K)) Then every element of ~K converges 
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in probability to the corresponding element of ~K We can consider 

1~1 ~ 0 for any K K > l , Using the relation (3) ~ we can show 

the distribution of IN (a(K) + ~-l~K) converges to the normal dis-

tribution with mean vector 0 and a finite covariance matrix, This 

can be shown by the same method as in Anderson [2], Chap, 5, Using 

this result, we shall evaluate the asymptotic bias of the estimate 

~(K)(:\) as N ---.;. oo In the first place, we shall evaluate the 

-1 (K) (K) I = value a(K) = -R R 
- -K 

Let us put a(K) ( (K) 
al ' a2 ' 0 0 0 ' aK ) 

'rhen we have the following lemma, 

Lemma 2. We have, for l < k < K , 

where c
1 

is a constant, being independent of K , 
I 

Proof, Let us put eK = (p
1

, p2 , ,,,~ pK) for simplicity. Then we 

have 

the (k, Q,) 

and 

We can express, by using the result of Wise [8], 

element -1 
q_k Q, 

' 
of as 

Q, 

L a. an 0 ' K-J' x--J 
j=l 

k-1 2 
l+ L aJ. 

j=l 

is uniformly bounded for either 

6 

if k > Q, 

if k = Q, 

if k < Q, 

k < K- K 
0 

where 

or 



.ll, < K - K
0 

, K
0 

being a fixed positive integer, when K is 

sufficiently large, So taking into account of Assumption l, we have 

where q is a constant and independent of K . Now we have the 

relation 

00 

L ~ Pk_J. = 0 ' 
k=O 

j = l, 2, 3, ... ' 

by (1). This can be written as 

K 00 

(4) I ak pk-j = -p. - l: ~ pk . ' j = 
k=l J k=K+l -J 

00 

Putting a= (al' a2' ~) 6. = I ~ 0 • Cl ' 

J 
I k=K+l 

/:::, = (ol, 02' o e o ' oK) we have -

(5) a = -Q=l p - Q=l /:::, 
.;;-K -K ~ 

by using (4). From this relation, we obtain 

a(K) a= -1 /:::, 
~ 

Let us .evaluate o j for l < j < K . 

7 

l, 2, ... 

pk . and 
-J 



lojl < 

< -

So we have 

00 

I I ak II Pk-j I 
k=K+l 

00 K+l (2a)K+l-j 
I k f ,k-j c a a C\ 2a.; 

k=K+l 

K 
< c q l 

j=l 

~ 

1 

aK+l (2a)K+l-j 

1 - 2a
2 

< 
q C aK+l (2a) 

2 (1- 2a )(1- 2a) 

- 2a 2 

for l < k < K 3 where c
1 

= 2qCa
2
/(l- 2a

2
)(l- 2a) We can 

easily find that~ when N tends to infinity, the mean value cf the 

(

A (K' (K) ) 
limiting distribution of IN f'' J(A.) - f (A.) is zero, where 

2( \ 
f(K)(A.) 

0r;:,K 1 

= .., 

( K (K) cos2~kAY + (1 (K) r t' 
sin2TikA. k~O ~ ak 

and 

r:;~(K) 
K (K) 

"" R(O) \' R(k) + l ~~ 
k""l 

Now we have 

00 K 
(~K) 2 r:;~(K) I ~ R(k) I - ~)R(k) (Jl; = 

k""K+l k=l 
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and 

( I ~ cos2TikA)
2 

+ ( I ~ sin2TikA)
2 

k=O k=l 

- (JO ~K) cos2ttkA t -(1 ~K) sin2ttk)r 

= { I ~ cos2TikA)
2 

+ { I ~ sin2TikA)
2 

\k=K+l \k=K+l 

+ 2 ( I ~ cos2TikA)( I ak cos2Tikf..) 
k=O k=K+l 

+ 2 ( I "k sin2ttkA)( I ~ sin2TikA\ 
k=l I k=K+l "J 

2 (Jo "k cos21TkA )(Jo ( ~ K) - "k ) co s21TkA) 

2 ( I ~ sin2TikA)( I !~K) ..., ~) sin2TikA) 
k=l k=l 

( 

K 

- I 
k=O 

(

K 
- I 

k=l 

(~K) - "k) cos2ttkA)
2 

(~K) - "k) sin2ttkA)
2 

And, also, we have, for example, 

00 

t K+l/ L ~ cos2TikA < a (1 - a) • 
k=K+l 
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and 

Therefore, we have 

{( I (K) 
k=O ~ 

{ (, I ~ cos2nk.A)
2 

+ (. I. ak sin2nk.A)
2

} I 
k=O k=O I 

'• 

where c2 is a constant being independent of K o So we can show 

where is a constant being independent of K o vie obtain the 

following theorem. 

Theorem 1. Let X(t) be a stationary normal process satis-

fying the Assumption lo Then 

10 



for sufficiently large K, where c
3 

is a constan~independent 

of K . 



A{ ~ 

·3- , r'K''(,·'.) . Asym.:ptotic .. Eff'iclency of , in a Sense, 

In this section~ we shall consider K tc:: be a function of N , 

"tK 
Recently~ Berk [3] has shown that f"- ( is consistent 'S.nd asymp-

toti.cally normal when N tsnds t.c; :mfinity under the ccndition that 

K te.nds to infinity and K3 /N tend2 to 0 and some ether conditions, 

Here we make the fcllow:ing assumption, 

Assumption 2, K is a function ,, +" N suc~h that K tends to '<<}.& 

infinity and K4/N and N9 K2 K tend t.o when N t.ends to a zero 

infinity, 

This assumption is stronger· than Bsrk '1 s conditicm, We shal.l 

( ~-. ak sin2rrkA.)

2 

k""'l 

Then we have 

C. K 
I a 
'+ 

where c4 is a comrt,ant. belng independent of K , In ·the follO\rdng 

we shall consider the estimati.c.n :,f instead. of We 

ha're 

Cu K .. "'K 2 '-'" 



I 

where c2 is a.consta.nt, independent of K • Now we have 

E(f(K) (>.) - f(t.))2 = E(r{K) (>.) - f(K) (>.))2 

+ (r{K) (>.) - fK(>-))2 + (rK{>.) ... f(t.)) 2 

+ 2(f(K)(>.)- fK(:\)) E(f(K)(A)- f(K)(t.)) 

+ 2{r(K) (>.) - rlf_(J)){rKJt.d -- r(t.)) 

+ 2(rK(>.) - f{t.)) E(r(K) (;\) - f{K) (>.)) • 

But when we consider the case in which N is suffici~ntly large, 

we can ignore the terms 

and 

by comparing with the other terms. Arid we know 
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where 

we have 

is a constant, independent of K . 

lim 
N~ 

N lim 
K 

N~ 

When·we consider 

by Assumption.2. Usingthe result of Berk [3],.we can see that the 

distribution function of vN7K {r(K)(A.) - f(K)(t..)) 

\,or vN7'R (r(K) (A.) - f(A.)} tends to the normal distribution function with 

mean 0 and variance 2f(A.) 2 or 4f(A.)
2 

corresponding to when 

0 < A. < 1/2 or when A. = 0 "or 1/2, respectivelyo 

Now let us define an autoregressive process of order K.. Let 

~(t) be a stationary normal process with mean 0 and satisfy the 

relation 

K 
X ~ ~(t - k) = t(t) , 

k=O 

where · {ak} and ~(t) are the same as those in (I) and a
0 

= 1·-. 

We shall put RK(h) = E~(t + h) JSc(t) and p~K) = RK(h)/RK(O) 

Then we can show the follo~ing results (see Huzii [6]): 
I 
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I p~K) I ~ C(2a)h 

00 

\' I p (K) - ph I < 
h~l h = 

K c
0 

K(2a) 

where C and c0 are constants, independent of K 

Let samples be XK(l), XK(2), ... , XK(N) . We shall construct 

{a_.._k(K)}, "'cr~(K) and f"(K)( 1 ) b · X (t) · () <:> A y us1ng K 1nstead of X t 

Using XK(t) instead of X(t) , we can show the same results as 

Theorems 5 and 6 in Berk 1 s paper [ 3]. So we can obtain that the dis­

tribution function of vN7K u~(K) (A) - fK(A)) tends to the normal 

distribution function with mean 0 and variance 2f(A) 2 when 

0 < A < 1/2 or 2 4f(A) when A = 0 or 1/2 , 

tends to 0 when N tends to infinity . 

. Now, for ~(t) , we have the following lemma. 

Lemma 3. There exists a solution f(K)(A) for fK(A) , obtained 

by solving the likelihood equations, such that 

converges in probability to zero as N tends to infinity. 

Proof. Let us consider the joint estimation of 2 
( cr s ' al ' a2 ' ... ' ax) . 

Let and be the density functions of 

15 



respectively, Then we have 

X 

N-K 

( 2TI) 
2 

[ 

N 
l I""' 

exp -- J.. 

20~ t=K+l 

l 

To prove the assertion of this lemma, it is enough to show that 

and 

8 log</J(~~K)) 
() ak 

for k "" 1 ~ 2, , , o , K, 

do not affect the solution of the likelihood equations, 

have 

Let 

and 

l 
N 

~K) be the K x K matrix whose 

(K)-l be the (k,t) element of qk,£ 

(k,t) element is 

Q(K)-1 
~K 0 

Then we 

3 log</J(~K)) 
8 ak 

K 
~L (K)-l X (t)X (s) 

~,s K K s=l 

16 



1 +-
2 

2 
at; 

K (K) 
L ao PJ. 

j=O J 

But we can show 

1 K K 
N I L 

t=1 s=1 

1 l 
2 N 

Now we have, for 1 ~ j ~ K-1 , 

() (K)-1~ (K) 
'lt,s/ pj 

where c
5 

and c6 are constants, independent of K . 

obtain 

() (K)-1 
<lt ,s 

= 
K-1 

I 
j=1 

() (K)-1 
qt,s 

3 p~K) 
J < = 

< 

So we can 

where c
7 

is a constant, independent of t, s and K . Therefore 

we can get 
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'K' -~ 

v(l ¥ 
K a q\. ,1-.~ 

) t?Js 
./!., a ak N t""'l S""l 

We know 

1 1 8 (K 
-- --logiQ· 
2 N 8 a. ' I_..;K 

k 

= E- ;_;__· __ \ 

( 

1 p~K 1. ~ 
2 2 N . L., 

(J f; t ""'.l. 

J<X(t)XK(s)) t6) ~ '-' n 0 

Nr.:: 

(K)-1 X (+\x (~') ~ s K ~~ K "'J 
' 

( K (K) 

+ 
I ak 0. ~ 

K K d 
{K)-.1 

•k 
Clt2s l k"'O 1 " \:'' + , 

L 2 2 N '"' 3 a 
at, t'"-'1 s,l k 

S(J we obtain 

Cumb:ini.ng the above; J(\~su1tc;, we ~an get 

v(~ d 
. ' (K )) _Loglj;~~K 

a -a. 
k 

And we also have 

18 
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( 

(K) ) l () logtj;(~K . ) 
V N 2 

() 0~ 

Let !1(K) be the matrix which is constructed by XK(t) instead 

A 

of X(t) in R , and let us denote 

where 

=(w 

Then we have 

where 

1 
~ N 

() logtj; (~~K)) 
() a2 

19 
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e K 2 
II~ II = I yk ' 

k=l 

and, for a K x K matrix ~ , II~ II = sup II~~ II for II~ II ~ 1 . We 

can show in the same way as that of Berk [3] that ~~~-lll is bounded 

hrii"(K)-1 -111 and v~ ~ - ~ converges in probability to zero as N tends 

to infinity (see Berk [ 3] ) . Also we can show /K II~ II converges in 

probability to zero if K4/N tends to zero when N tends to infinity. 

Therefore, under Assumption 2, IKII~{K)II converges in probability 

to zero. As we have 

K 
I n(K) sin21TkA < 1KII6(K) II ' 

k=l k 

converge in probability 

to zero under Assumption 2. Furthermore, 

K 
I n~K) R(O,k) 

k=l 
< + I n(K) RK(k) 

k=l k 

20 



Under Asswnption 2 ~ we can shm·r 
p ."'(K) 11 
II~ li and ~K ('"R(')·I\ R'l))2 2..1-] ,1 l "'{.) .• -~ ( 

-~--- \ 

converge in probability to zero. So under Assumption 2 5 

converges in probability to z.ero. 

From 

K A 

I a. R(O~j) 
j=l J 

for k = l, 2, •.. , K, and from 

2 A 

G~ = R(O,O) + 

(K) / " 
d l.og\)J(~T y· d 0~ ~ 0 

4 
201; 

+ ~--
N-K 

'~ l !.(v(K)) 
a og1v :::;-N 

we have 

Using the above results, we can obtain the assertion of thls lemma. 

and 

In the following, let us put 

e"(K)=A2(K') e"(K)=A(K) 8A(K)=A(K) 
0 °~ ~ l al ' 2 a2 ~ 

simplicity. We shall denote 

e(K) = (e e e ) 0' 1 ~ ••• ~ JK 

21 



and 

Let U(K)(X) and ~(K)(~) be the (K+l) x (K+l) matrices whose 

(i,j) elements are Ex(e~~i- ei_1)(ej~i- ej-l) and 

ExK(e~~i - 8i-l) (e~~i - 8j-l) , respectively, where, for example, 

EX(y) means the mean of the statistic y for the process X(t) . 

Let ~(K)(X)-l and ~(K)(XK)-l be the (K+l) x (K+l) matrices 

whose (i,j) elements are 

and 

respectively. 

(or w(K) (XK)) 

~( 

E ( a logl/J(~~K)) a logl/J(~K)) ) 

xK a e . 
1 

a e . 1 
' 

l- J-

Let us denote the (i,j) element of 

as w .. (X) or (K) ( 
lJ 

(K) )) 
wij (XK . 

Then we have the following lemma. 

Lemma 4. It holds 

22 
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for any sequence · \y:K} of real vectors 
I 

- ( (K) (K) (K)) I 
~K- yl , Y2 , ••• , YK 

such that lK # (0! 0, ••. , 0) 

Proof. This result can be shown by the same method as the case when 

K is fixed. 

means 

a logtjJ(~~K)) 
a e. 

l 

~ 0 

A 

e 

l a logtjJ(~K)) 1 K"' {a2logt)J(~K)) 
+ N I < ej- 8 ·) a 8. a 8. N a e. 

l j=O J J 1 

e e 

1 1 K A a
3 logt)J(~K)) 

+ -2 N I ( 8 n- 8 n) a 8 a 8 a 8 
$1,=0 N N $1, j i } = 0 ' 

8 + 11<e - 8) - - -
where 0 < ll < 1 . Let "~'K) 

B' be the (K+l) X (K+l) matrix 

whose (i+l, j+l) element b(K) is 
i+l,j+l 

8 A 

8 + 11(8 - 8) - - -
and be the (K+l) x (K+l) matrix whose (i+l, j+l) element 

23 



b. 1 . 1 is 
l+ ,J+ 

bi+l,j+l = 

R ( i-j) 

i=O, j=O 

i=O, j > 1 or i ~ 1, j=O , 

i ~ 1, j ~ 1 

Then we can show, by the same method as that of Berk [3], that 

;-;;: II A (K)-1 (K)-111 
v~ ~ - ~ converges in probability to zero under 

Assumption 2. Let us put 

.Q,(K) 
-N 

Then we have 

And we can show 

1 
a logt)J(~~K)) 

N ae1 
' ... ' 

converges in probability to zero when N tends to infinity. So 

we can obtain 

24 



Therefore, we can get 

= l 

by using Assumption 2. 

Now we shall consider the joint estimation of i.e.~ 

2 
(cr~, a1 ~ a2 , ... , ~), by ~ . 

~(K)_ (-(K) -(K) -(K)) Let ~ - e0 , e1 , ••. , eK 

be arbitrary joint estimators of 8 (K) which have the following 

properties. 

For any sequence , ~K} of real vectors (K) I 

•• ., YK ) 
I 

such that ~K ~ (0, 0, ... , 0) , 

(6) 

25 



and 

I 

(7) 
. ~~ ~(K) Q(K)(X)-1 ~(K) ~K 

llm ' ~ (K) -1 = 0 , 
N-)-00 ~K ~ (X) ~K 

~(K) 
where B is the (K+l) x (K+l) matrix whose (k,£) element 

is ab(K) A e b(K) = E(e(K) 
k-1/u £-1' k-1 k-1 

8 ) and U(K) (X) 
k-1 ' 

is 

the (K+l) x (K+l) matrix, the (i,j) element of which is 

( 
~ ( K ) ) (~ ( K ) ) 

Ex 8i-l - 8i-l 8j-l - 8j-l In this case, we have (see Cramer 

[ 4]) 

I (K) l ' ~(K) l 
y W (X)- v ~ y U (X)- y 
~K ~ ~K - ~K ~ ~K 

So we can obtain 

y' W(K) (X)-1 y 

l . ~K ~ ~K > l 
liD ' ~(K) l . 

N-)-00 ~K ~ (X)- ~K 

This means 

26 



For our we can show the conditions (6) and (7) are 

satisfied under Assumption 2. In fact, 

function of 

b(K) 
k-·1 

is an analytic 

and we know· that tends 

to zero uniformly in l < k :; K+l when N tends to infinity. If 1,..e 

put 8K+l = 8K+ 2 = ... :: 0 9 

of order K we can show 

which is the case of an autoregressive process 

(K) /:. 
a bk-l/ a e ,Q,_1 

converges to zero as N 

tends to infinity, and this convergence does not depend on the values 

of 8
0

, 8
1

, ... , . Therefore, if we express b~~{ as 

b~~{ = b~={ + b~~{ , 1vhere b~={ = 0 ( 1/N°) ( o > 0) ~ 1•e can 

consider b~={ is an analytic function of 8K+l, 8K+2 , . . . So 

if 

then 

lim b (K) = 
N-+oo k-1 

0 • 

and this convergence does not depend on k and ,Q, , because {~} 

satisfies Assumption l and tends to zero uniforr!lly in 

l < k < K+l . We have 
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max 

l~k, ,Q,.:s_K+l 

tends to zero as N tends to infinity. Therefore, we can see 

0 ' 

In the following, we shall consider the difference between 

W(K) (X) and This means we have to evaluate 

. {y } - ( (K) (K) (K) I 
for any sequence -K of real vectors ~K- y1 , y2 , ..• , yK ) 

(K) ( )-1 (K) ( )-1 
But for this purpose, we shall compare ~ X with ~ ~ 

In the first place, we shall compare EX ( a1og\)J ( ~ ya.~1_1) 
(nog\)J(~vaej-l) with ElGJalog\)J(~K)0ei-l)(a log\)J(~~K)va ej-l) 

I 2 I 

Let us put ~ = (8
0

, e
1

, e
2

, ..• ) = (ai;' a1 , a2 , •.• ) and 

Fij(~) = Ex(alog\)J(~Nyaei_1)(alog\)J(~y'aej-l) Then we have 

Fij(~) 

e = ~K 

2 
where ~K = (a!;, a1 , a2 , ..• , ~, 0, 0, .•. ) , and 
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co aF .. (e) 

Fij(~) - F.j(e) + L a 
~ .l..J. ~ 

.1. ~ k=K+l k a ek 

e ::::: ~K ~K + T(~-~K) ~ 

where 0 < T < l • By differentiating both sides of the equations 

N 

I -1 
qij 

j=1 

with respect to ph ' 

{: p. v ~ = 
.1. -t.l 

we can obtain 

< c' N2 
= 8 

I 

i :::: l 
I 

i :f. i 

< N-1 
""" 

I I 

where c8 and c8 are constants, independent of i, j, h, h and 

N • .And we have 

00 

I 
h=1 

"'vhere and 

So we can get 

-1 a q .. 
lJ._ 

00 

I 
h=1 

are constants) independent of 

N-1 
= I 

h=1 

-1 a q .. 
l.J.. 

d ph 
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where c
10 

is a constant, independent of i, j, K and 2. 

And we also have 

2 -1 
d q .. 

~.J = 

= N-1 { ( N-1 

h~l h'~'l 

< 
= 

where c
11 

is a constant independent of m, £, i, j and N . 

Using the above results, we can get 

CXl a F ij ( ~) 

a ek 

~K + T(~-~K) 

< C N9 K = 12 Cl, 

where c
12 

is a constant, independent of i, j, and N . 

So we can obtain 

the right hand side of which tends to zero as N tends to infinity. 

Now we have 
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\tJe know 

( 
2 

0 •••• 0 \ 2Cr 
c; 

2 0 

v/K) (x ) == crt;~- . 
R~1 ) . 

~ K N-K . . 
0 

So we can get 

where c
13 

is a constant, independent of N • Using the above facts~ 

we can obtain 

.l.(K)rx· )II 
-· v' ' I ..:. .K 

the right hand side of -vrhich converges to zero as N tends to infinity. 

Therefore we have 

lim 
N-t= 
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< 
=c 

lim 
N~ 

Consequently, we can obtain 

I (K) 
. ~K ~ (XK) ~K 

l1m , ,K) = lim 
N~ y W~ (X) y N~ 

~K ~ ~K 

where ~K = ~K/II~KII • 

= lim 
N~ 

= lim 
N~ 

= l ' 

~~ ~(K) (X) ~K + ~~ ~(K) (~) - ~(K) (x)) ~K 

~ ~ K (X) ~K 

Summarizing the above results, we have the following lemma. 

Lemma 5. Let {~K} be any sequence of real vectors 

~K = (YiK), y~K), ... , y~K))'. such that ~K :f (0, o, ... , 0)
1 

Tilm 

. ~~ ~(K) (~) 
hm ' (K) 
N~ ~K ~ (X) ;rK 
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Now we have 

f(K) (f..) - f (f..) 
K 

2 2 K 
- cr~) + L 

s k=l 

where the last term converges in probability to zero more rapidly 

than the first two terms. So we can consider 

(
" (K) ) 
~ - ~ . 

Let us put !(K) = (a t:(J.)jacr~, a f(J.)/a a1 , •.• , a r(J.)ja ~)' , 

and we shall take f(K) as ~K in Lemma 5. Then the above dis-

cussion means, for sufficiently large N , 

So, when N is sufficiently large, we have 
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which is asymptotically minimum in a class of estimates f(K)(A) 

of fK(A) . Every element of this class can be expressed as 

where -2 -(K) -(K) 
0~, a

1 
..• , aK are arbitrary estimates of 

2 
0~, a1 , ... , ~· 

which satisfy conditions (6) and (7). 

Summarizing the above results, we have the following theorem. 

Theorem 2. Let X(t) be a stationary normal process with mean 

zero and satisfy Assumption 1, and let N and K satisfy Assumption 2. 

Then we have 

lim 
N-+= 

= l 

In general, there would be many ways to define the joint 

efficiency of estimators of infinite dimensional unknown parameters. 

In the above discussion, we have defined the efficiency as the limit 
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of the sequence of efficiencies of joint estimators of (K+l) 

2 
dimensional unknown parameters (cr~, a1 ~ a2 , ... , aK) for 

K = l, 2, 3, .•• We have shown f(K)(A) has the efficiency in 

this sense for the case we have treated. 
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