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ABSTRACT 

A model is developed for the dislocation structure of grain boundaries 
in noncubic crystals.  Important differences are noted between the grain 
boundary dislocation (GBD) description of boundaries in cubic and noncubic 
crystals.  In both types of crystals the GBD's are present to preserve low- 
energy patterns characteristic of exact coincidence-site lattices (CSL's). 
In cubic crystals exact three-dimensional CSL's can be found for rotations 
about any axis.  In noncubic crystals, however, exact three-dimensional CSL's 
exist only in special circumstances; in general, only near-coincidence site 
lattices (near-CSL's) can occur in three dimensions. When only near- 
coincidence is possible an additional component to the GBD array is neces- 
sary to compensate for the distortion implicit in near-coincidence.  In 
twist boundaries this additional component alters the spacing of dislocations 
in the screw grid. Moreover, it is impossible to obtain a twist boundary 
free of GBD's. The minimum dislocation content occurs at misorientations 
at which exact coincidence exists in a single plane parallel to the twist 
axis, i.e., when an exact two-dimensional CSL exists, in which case a single 
set of screw GBD's parallel to the plane of exact coincidence is present. 
In tilt boundaries two dislocation arrays may be necessary: an array of 
pattern-preserving dislocations and an array of misfit dislocations. The 
function of the former array is to preserve the low-energy coincidence pat- 
tern on either side of the GBD; the function of the misfit array is again 
to compensate for the distortion inherent in near-coincidence. The pattern- 
preserving GBD's are shown to introduce steps in tilt grain boundaries, 
altering the boundary inclination as the dislocation content of the boundary 
varies. As a result, a systematic, experimentally verifiable coupled change 
in boundary inclination with boundary misorientation is predicted for each 
potential pattern-preserving GBD. 
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INTRODUCTION 

A large number of recent experimental observations have provided irrefutable 
evidence that dislocations are an intrinsic part of the structure of many high- 
angle grain boundaries.1-20 Such observations conform to the expectations of the 
coincidence model of grain boundaries21"23 in which it has been suggested that a 
dislocation network will be formed whenever, for energetic reasons, the crystal 
tends to conserve a particular pattern of atomic sites in the boundary, where the 
pattern that is conserved is characteristic of a coincidence boundary of lower 
energy occurring at a nearby misorientation. Indeed, grain boundaries deviating 
slightly from coincidence misorientations have been observed to contain a network 
of grain boundary dislocations (GBD's) in which the dislocations delineate regions 
of the boundary having essentially the structure of the coincidence boundary. 
The mathematical basis for the description of these dislocation networks has been 
formally developed and generalized by Bollmann21* in his theory of crystalline 
interfaces. 

From the standpoint of Bollmann's geometrical development, the Burgers vec- 
tor of a grain boundary dislocation must determine a lattice displacement of one 

1. BOLLMANN, W., and NISSEN, H.-U.  A Study of Optimal Phase Boundaries:   The Case of Exsolved Alkali Feldspars.   Acta Cryst, 
v. 24A, 1968, p. 546-557. 

2. GLEITER, H., HORNBOGEN, E., and BARO, G.   The Mechanism of Grain Boundary Glide.   Acta Met., v. 16, 1968, p. 1053-1067. 
3. ISHIDA, Y., HASEGAWA, T., and NAGATA, F.  Grain-Boundary Fine Structure in an Iron Alloy.   J. Appl. Phys., v. 40, 1969, 

p. 2182-2186. 
4. LEVY, J.   The Structure of High-Angle Grain Boundaries in Aluminum.   Phys. Stat. Sol., v. 31, 1969, p. 193-201. 
5. SCHOBER, T., and BALLUFFI, R. W.  Dislocation Subboundary Arrays in Oriented Thin-Film Bicrystals.   Phil. Mag., v. 20, 

1969, p. 511-518. 
6. GLEITER, H.   The Mechanism of Grain Boundary Migration.   Acta Met., v. 17, 1969, p. 565-573. 
7. SCHOBER, T, and BALLUFFI, R. W.  Quantitative Observation of Misfit Dislocation Arrays in Low and High-Angle Twist Grain 

Boundaries.   Phil. Mag., v. 21, 1970, p. 109-123. 
8. SCHOBER, T.  Observation of Misfit Dislocation Arrays in High Angle (110) Twist Grain Boundaries in Gold.   PhiL Mag., v. 22, 

1970, p. 1063-1068. 
9. SCHOBER, TV, and BALLUFFI, R. W.  Extraneous Grain Boundary Dislocations in Low and High Angle (001) Twist Boundaries 

in Gold   PhiL Mag., v. 24, 1971, p. 165-180. 
10. SCHOBER, T, and BALLUFFI, R. W.  Observation of Dislocation Arrays in Low Angle Tilt Boundaries in Gold.   Phys. Stat. Sol. 

(b), v. 44, 1971, p. 103-114. 
11. SCHOBER, T., and BALLUFFI, R. W.  Dislocations in Symmetric High Angle J001] Tilt Boundaries in Gold.   Phys. Stat. Sol. (b), 

v. 44, 1971, p. 115-126. 
12. BUZZICHELLI, G., and MASCANZONI, A.   On the Generation and Motion of Grain Boundary Dislocations in Steel.   Phil. Mag., 

v. 24, 1971, p. 497-508. 
13. BALLUFFI, R. W., WOOLHOUSE, G. R., and KOMEN, Y.   On Grain Boundary Dislocation Contrast in the Electron Microscope 

in The Nature and Behavior of Grain Boundaries, H. Hu, ed., Plenum Press, 1972, p. 41. 
14. BALLUFFI, R. W., KOMEN, Y., and SCHOBER, T.  Electron Microscope Studies of Grain Boundary Dislocation Behavior. 

Surface Science, v. 31, 1972, p. 68-103. 
15. MIEKK-OJA, H. M., and LINDROOS, V. K.   The Formation of Dislocation Networks.   Surface Science, v. 31, 1972, p. 422-455. 
16. SCHOBER, T, and WARRINGTON, D. H.  Extraneous Grain Boundary Dislocations in High Angle (110) Twist Boundaries in 

Gold,   llvys. Stat. Sol. (a), v. 6, 1971, p. 103-110. 
17. BALLUFFI, R. W., SASS, S. L., and SCHOBER, T.  Grain Boundary Dislocation Networks as Electron Diffraction Gratings. 

Phil. Mug., v. 26, 1972, p. 585-592. 
18. LOBERG, B., and NORDEN, H.  Regular Defect Structures in High Angle Grain Boundaries.   Acta Met., v. 21, 1973, p. 213-218. 
19. KEGG, G. R., HORTON, C. A. P., and SILCOCK, J. M.  Grain Boundary Dislocations in Aluminum Bicrystals After High- 
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20. McDONALD, R. C, and ARDELL, A. J.  On Diffraction Contrast Effects at Extrinsic Grain Boundary Dislocations.   Phys. Stat. 
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22. BRANDON, D. G.   The Structure of High-Angle Grain Boundaries.   Acta Met., v. 14, 1966, p. 1479-1484. 
23. BISHOP, G. H, and CHALMERS, B.  A Coincidence-Ledge-Dislocation Description of Grain Boundaries.   Scripta Met., v. 2, 
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crystal relative to the other which allows the same pattern of atomic sites to be 
preserved in the boundary on both sides of the dislocation.  In low-angle bound- 
aries, where the pattern of sites preserved on both sides of the dislocation is 
characteristic of the perfect crystal, the only permissible displacements are real 
lattice vectors and the grain boundary dislocations are simple lattice disloca- 
tions.  In high-angle boundaries, however, where the pattern of boundary sites 
may be characteristic of a high-angle- coincidence misorientation, the pattern- 
preserving displacements are usually not equal to lattice vectors, but instead 
are given by vectors within Bollmann's "complete-pattern-shift" lattice or DSC 
lattice. Hence the Burgers vectors of dislocations in high-angle grain boundaries 
will equal DSC lattice vectors and so will tend to be different from real lattice 
vectors, consistent with most experimental observations. Hirth and Balluffi25 

have discussed various crystallographic aspects of these grain boundary disloca- 
tions, distinguishing between several types of GBD's. 

An alternate but equivalent view of the structure of high-angle grain bound- 
aries is provided in the structural unit version of coincidence theory.23»26'27 

Simply stated, this model holds that grain boundaries are made up of mixtures of 
a relatively small number of structural units where the structural units are seg- 
ments of coincidence or near-coincidence boundaries occurring at nearby misorien- 
tations. In a recent paper28 this model was used by the present authors as the 
basis for an explanation of earlier observations of grain boundary faceting in 
zinc bicrystals.29 The model was shown not only to produce excellent agreement 
with then-observed grain boundary facet morphologies, but also to possess predic- 
tive capabilities enabling the forecast of specific morphologies occurring at 
other misorientations, which were subsequently observed experimentally. 

Thus far the grain boundary dislocation description of grain boundaries has 
not been extensively applied to noncubic crystals, nor has it been developed along 
a line which would relate macroscopic aspects of grain boundary morphology (such 
as low-energy boundary inclinations) to the dislocation structure. The micro- 
scopic equivalence of the GBD and structural unit models has been demonstrated in 
the simple case of symmetric tilt boundaries near coincidence misorientations in 
cubic crystals,23'26 but a more general equivalence in noncubic crystals and at 
other boundary inclinations has not been shown, although such a general equiva- 
lence can be anticipated.  In this paper we examine the modifications of the GBD 
model necessitated by its application to noncubic crystals and demonstrate a cou- 
pling between boundary dislocation structure and boundary inclination in asymmet- 
ric tilt boundaries.  In so doing the background is laid for the use of the GBD 
description in an interpretation of our earlier observations of grain boundary 
faceting in zinc, to be presented in the subsequent paper (Part II). 

25. HIRTH, J. P., and BALLUFFI, R. W.   On Grain Boundary Dislocations and Ledges.   Acta Met., v. 21, 1973, p. 929-942. 
26. BISHOP, G. H., and CHALMERS, B.  Dislocation Structure and Contrast in High-Angle Grain Boundaries.   Phil. Mag., v. 24, 

1971, p. 515-526. 
27. BRUGGEMAN, G. A., BISHOP, G. H., and HARTT, W. H.   Coincidence and Near-Coincidence Grain Boundaries in HCP Metals 

in The Nature and Behavior of Grain Boundaries, H. Hu, ed., Plenum Press, 1972, p. 83. 
28. HARTT, W. H., BISHOP, G. H., and BRUGGEMAN, G. A.   Grain Boundary Faceting of (1010) Tilt Boundaries in Zinc - Part II. 

Acta Met., v. 22, 1974, p. 971-983. 
29. BISHOP, G. H., HARTT, W. H., and BRUGGEMAN, G. A.   Grain Boundary Faceting of {1010) Tilt Boundaries in Zinc.   Acta 

Met., v. 19, 1971, p. 37-47. 



THE GBD MODEL - DEVIATIONS FROM EXACT COINCIDENCE MISORIENTATIONS 

The structural unit model for high-angle grain boundaries begins with the 
premise that the structural units comprising a general grain boundary will be 
short segments of coincidence or near-coincidence boundaries occurring at nearby 
misorientations. The analogous starting point for the GBD description holds that 
the pattern of atomic sites preserved in the boundary on either side of a grain 
boundary dislocation is characteristic of a nearby exact coincidence boundary, 
and hense is characteristic of the pattern of sites represented by a given coin- 
cidence-site lattice (CSL). Thus in the GBD description of grain boundaries, 
probable low-energy patterns of boundary sites may be identified with the various 
CSL's and the pattern-preserving displacements or GBD Burgers vectors defined by 
the related DSC lattices. While every pattern-preserving displacement so defined 
is a crystallographically permissible Burgers vector for a GBD, there clearly are 
critical characteristics which must act in the selection of those few which can 
be associated with low-energy boundary structures. 

Although coincidence has physical significance only at the interface between 
two crystals, it is necessary that the three-dimensional coincidence array repre- 
sented by the CSL be considered in order to portray the pattern of coincidence 
sites potentially present in boundaries of various inclinations at the coincidence 
misorientation. High densities of coincidence sites will in general occur on low- 
index planes of the CSL, thereby defining the potential two-dimensional coincidence 
patterns by which the structures of coincidence boundaries may be characterized. 
Of course, the actual arrangement of atoms in the boundary plane cannot be pre- 
cisely determined from these geometric considerations alone. Nevertheless, 
irrespective of what the detailed atom locations within the pattern may be, the 
pattern of sites will be periodically reproduced over large areas of the boundary, 
where the unit of periodicity  can be defined in terms of the coincidence-site 
lattice. From this follows the simple but critical point that the same pattern- 
preserving displacements that are able to preserve the three-dimensional CSL are 
therefore able to also preserve the two-dimensional patterns of sites character- 
istic of the coincidence boundaries in their various inclinations. 

Figure 1 illustrates the relationship between a CSL and its associated DSC 
lattice'. Here two interpenetrating simple cubic lattices have been misoriented 
by a rotation of 53.1° about the common [010] direction to yield the I = 5 coinci- 
dence-site lattice. The sublattice drawn within the unit cell PQRS of the CSL is 
the DSC lattice for this particular array of coincidence sites. The DSC lattice 
may be derived analytically as described by Bollmann,21* or alternately it may be 
constructed based upon the geometric property of all DSC lattices that every DSC 

Figure 1.   One (010) layer of two interpenetrating 
simple cubic crystals misoriented by 53.1° about 
the common [010] direction.   The heavy lines out- 
line the 2 = 5 coincidence-site lattice.   The sublat- 
tice drawn within the unit cell PQRS is the DSC 
lattice for this coincidence array. 

Crystal 1 -D 
Crystal 2 - x 



lattice vector is a difference vector between lattice points on Crystal 1 and lat- 
tice points on Crystal 2. In this case the unit vectors t^ and b2 of this DSC 
lattice are both vectors of the form 1/5<102>. The third unit vector, normal to 
the plane of the figure, is [010] in both crystals. Separating the two crystals 
by a boundary plane normal to the rotation axis results in an [010] twist boundary 
in which the coincidence pattern PQRS is the unit of periodicity. Similarly, a 
boundary plane parallel to the [010] rotation axis, having the line PQ as its 
trace in the (010) plane, is an [010] tilt boundary in one of three possible sym- 
metric inclinations (PR and PS are traces of the others), where the period of the 
repeating coincidence pattern is given by the length PQ. 

Should the two rigid crystal lattices be rotated slightly off the coincidence 
misorientation, say by having the misorientation about [010] slightly less than 
53.1°, coincidence is destroyed and the three-dimensional CSL no longer exists; 
grain boundaries which were formerly coincidence boundaries would now be off- 
coincidence boundaries. This situation is illustrated in Figure 2. All former 
coincidence sites will have been displaced from one another by the slight rotation 
away from the coincidence misorientation, with the exception of the single row 
of coincidence sites which may lie along the rotation axis, e.g., the normal to 
point P in Figure 2a. The configuration of the coincidence pattern characteristic 
of Figure 1 can still be discerned near point P, but as the radial distance from 
P increases the coincidence pattern gradually disappears as the displacements be- 
tween former coincidence sites increase. However, near those regions where the 
displacements between former coincidence sites are nearly equal to DSC lattice 
vectors, the relative crystal positions approximate what they are near point P, 
and the coincidence pattern can once again be discerned. 

Centered on such regions in off-coincidence boundaries are areas in which 
coincidence can be restored by simply allowing the crystals to strain slightly to 
conform to the previous coincidence pattern, while localizing the mismatch between 
contiguous areas of this type in the cores of grain boundary dislocations. For 
example, in the twist boundary parallel to the plane PQ'R'S', the (presumably) 
low-energy coincidence pattern PQRS of Figure 1 will be preserved over large areas 
of the boundary by localizing the displacements between coincidence sites in the 
displacement fields of a crossed network of screw dislocations, as represented 
schematically in Figure 2b. The actual GBD array may assume a configuration dif- 
ferent from the one shown through associative and dissociative dislocation reac- 
tions, but its effect, insofar as the net relative crystal displacements are 
concerned, will remain equivalent to that of the array illustrated. This same 
comment will also apply to all dislocation arrays schematically presented in sub- 
sequent figures. Thus each off-coincidence boundary will contain a network of 
GBD's in which the GBD's delineate regions of the boundary having a structure 
characterized by the appropriate coincidence pattern. This is identical to the 
situation in low-angle boundaries, except that in the high-angle case the Burgers 
vectors of the dislocations are equal to appropriate DSC lattice vectors. 

To determine the GBD networks to be found in boundaries of various inclina- 
tions, it will prove convenient to utilize the construction of Bishop and Chalmers26 

which considers a grain boundary that changes inclination abruptly from the twist 
inclination (normal to the rotation axis) to a tilt inclination (parallel to the 
rotation axis) or some other mixed tilt and twist inclination, as shown schemati- 
cally in Figure 3.  The GBD's present in the twist boundary cannot end within the 
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Figure 2.   (a) One (010) layer of two interpenetrating simple cubic crystals misoriented by 51.4° about 
[010' .   The slight deviation from the exact coincidence misorientation has caused the former coincidence 
Inttic: sites (joined by the solid and dashed lines in the two crystals) to be rotated away from one another. 
(b! A schematic representation of the grain boundary dislocation array in a twist boundary normal to the 
[010]  rotation axis.   The heavy lines are the crossed grid of screw GBD's.   The light lines outline the   2 = 
5 coincidence array preserved in the regions between the GBD's, showing the shifting of the pattern in con- 
tiguous areas of the boundary.  The line AE is the trace of one potential tilt boundary at this misorientation. 

crystal and so must be continuous with the GBD's in the boundary in its other 
inclinations. For example, the crossed network of screw dislocations in the 
plane ABC in Figure 3a extends onto the plane ABD to give the familiar parallel 
array of edge dislocations appropriate for the symmetric tilt boundary in that 
inclination, and onto the plane BCD to give the parallel array of edge disloca- 
tions appropriate for the symmetric tilt boundary in that second inclination. 
Thus, by considering the dislocation content of the twist boundary, the total 
dislocation content of all other boundaries at that misorientation can be conve- 
niently determined. The value of this construction becomes particularly apparent 
when the dislocation content of asymmetric tilt boundaries is to be determined, 
as shotfn in Figure 3b and as will be our objective later. 

THE GBD MODEL -DEVIATIONS FROM NEAR-COINCIDENCE MISORIENTATIONS 

Important differences in the GBD model occur when the crystals are noncubic, 
where it is impossible to establish an exact three-dimensional CSL except under 
special circumstances. In hexagonal or tetragonal crystals, for example, except 
for rotations about the c axis, an exact three-dimensional CSL can exist only 
when (c/a)2 is a rational number, a condition not encountered in any of the com- 
mon hep or tetragonal metals at room temperature.  In the general case, only near- 
coincidence-site lattices (near-CSL's) can occur in three dimensions, in which 
atoms are thought to occupy compromise positions between nearly coincident lat- 
tice sites.27 Corresponding to each near-CSL is an exact CSL which would exist 
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Figure 3.   The construction (after Bishop and Chalmers, Ref. 26) showing the transition in grain bound- 
ary dislocation structure as the boundary inclination changes from the twist inclination to two possible 
tilt inclinations, (a) the transition to two symmetric tilt boundaries and (b) the transition to an asym- 
metric tilt boundary. 

at approximately the same misorientation in an ideal crystal with slightly dif- 
ferent crystallographic parameters, e.g., one for which (c/a)2 takes on a nearby 
rational value. The significance of the concept of near-coincidence lies in the 
fact that coincidence patterns characteristic of the exact CSL in this idealized 
lattice can be achieved in the real lattice by only small atomic displacements. 

It was already discussed in the previous section how deviations from an exact 
coincidence misorientation led to displacements between former coincidence sites 
which were locally restored to coincidence by the displacement fields of suitable 
arrays of GBD's.  In the near-coincidence case the displacement fields of the 
GBD's must restore not only the coincidence lost as a result of a change in mis- 
orientation, but also the coincidence lost (actually never attained) as a result 
of nonideal crystallographic parameters. Thus patterns characteristic of the 
exact CSL can be achieved in grain boundaries in the vicinity of near-coincidence 
misorientations by the introduction of suitable GBD's whose displacement fields 
accomplish the atomic displacements made necessary by both of these factors.  In 
spite of there being an added component of the GBD array resulting from near- 
coincidence, the Burgers vectors of the total array will be a DSC lattice vector 
characteristic of the exact CSL. 

Consider Figure 4a in which two slightly tetragonal crystals (c/a is slightly 
greater than one) are misoriented by a rotation of just under 53.1° about [010], 
The misorientation has been taken such that an exact two-dimensional CSL exists 
in the plane formed by the common [010] rotation axis and the line PQ, i.e., the 
tilt boundary whose trace is PQ is an exact coincidence boundary. Due to the 



tetragonality, the exact CSL PQRS of Figure 1 is transformed into a near-CSL in 
Figure 4a; the former exhibits perfect three-dimensional periodicity whereas the 
latter does not. At the locations corresponding to the exact coincidence sites 
R and S in Figure 1, there is only near-coincidence in Figure 4a, i.e., R and R1, 
and S and S' are slightly separated. Furthermore, as the distance increases from 
the plane of exact coincidence, there is an ever-widening divergence between the 
rows of atomic sites that locally define the near-CSL, such as those sites along 
the lines through PS and PS'. 

Figure 4a was purposely drawn to closely resemble the coincidence pattern 
in Figure 1. In fact, the exact coincidence pattern in the plane formed by the 
common [010] direction and the line PQ is the same in Figures 1 and 4a.  In a 
direction normal to this plane, however, the situation is more like that in Fig- 
ure 2, in that nearly coincident sites are displaced from one another (e.g., R 
from R', S from S', etc.) in the same manner that coincidence sites in Figure 1 
were displaced from one another by the slight change in misorientation from the 
exact coincidence misorientation, with the exception that the displacements 
between near-coincidence sites in Figure 4 are all in a single direction.     Should 
the two crystals in Figure 4a be separated by an [010] twist boundary, the same 
low-energy coincidence pattern, PQRS, characteristic of Figure 1, can be produced 
by allowing the crystals to shear slightly in a direction parallel to PQ only, 
while localizing the necessary strains in the cores of a single set of GBD's. 
This is illustrated schematically in Figure 4b, in which only a single set of 
parallel screw GBD's is necessary to preserve the coincidence pattern. Because 
the coincidence pattern corresponding to Figure 1 is being preserved, the perti- 
nent pattern-preserving displacements are those defined by the DSC lattice in 
Figure L, even though the crystals in Figure 4 are noncubic and can never achieve 
this exact coincidence pattern in all three dimensions. 

I102L" U021 

(bl 

Figure 4.   (a) One (010) layer of two interpenetrating slightly tetragonal crystals (c/a = 1.04) misoriented 
by E>1.4° about the common [010].   The solid and dashed lines join sites on what eventually becomes 
the £ = 5 coincidence pattern.   Coincidence is exact in the plane defined by the line PQ and the common 
[010].   Elsewhere near-coincidence or a deviation from coincidence exists.   This misorientation is desig- 
nated ö'j.   (b) A schematic representation of the GBD array in the twist boundary normal to [010].   The 
heavy lines are a single set of screw GBD's separating regions of the boundary in which the £ = 5 coinci- 
dence pattern (outlined by the lighter lines) is preserved. 



An analogous condition prevails at a misorientation in which the rotation 
about [010] is taken to be slightly greater than 53.1°, as shown in Figure 5a. 
The situation is reversed in that the plane of exact coincidence is now formed 
by the common [010] direction and the line PS, with the diverging rows of atomic 
sites occurring normal to that plane, i.e., along the lines through PQ and PQ', 
and the displacements between near-coincidence sites are always parallel to PS. 
The coincidence pattern in the plane of exact coincidence is the same as in the 
corresponding plane of Figure 1. Once more the low-energy coincidence pattern 
characteristic of Figure 1 can be retained in the [010] twist boundary by a small 
elastic shear parallel to PS, again concentrating the mismatch in a single set of 
parallel screw GBD's separating two such areas. This is illustrated schematically 
in Figure 5b. 

The principle being established here is that departures from exact coinci- 
dence due to lower crystallographic symmetry (i.e., in this case, near-coincidence 
due to noncubicity of the lattice) are completely analogous to departures from 
exact coincidence due to slight rotations away from the coincidence misorienta- 
tion, and that in both cases the coincidence pattern is retained by localizing 
the distortions in the displacement fields of appropriate GBD's.  In other words, 
the exact coincidence pattern retains its same significance in the near-coincidence 
case, where the deviation is a small crystallographic distortion, as in the off- 
coincidence case, where the deviation is a small rotation. 

The critical point with regard to the Burgers vectors of the GBD's is that 
the pattern-preserving displacements are those related to the exact coincidence 
pattern and do not change because of a slight change in crystallography. Whereas 
the unit vectors b^ and b2 of the DSC lattice associated with the coincidence pat- 
tern in Figure 1 were both vectors of the type 1/5<102>, they remain vectors of 
the type 1/5<102> when that pattern is to be preserved in the near-coincidence 
case. 

n     [201]j - [20112 

D 

(a) 

Figure 5. (a) One (010) layer of two interpenetrating slightly tetragonal crystals (c/a = 1.04) misoriented 
by 54.9° about [010]. The solid and dashed lines join sites on what eventually becomes the 2 = 5 coin- 
cidence pattern. At this misorientation (designated 02) coincidence is exact only in the plane defined by 
the line PS and the common [010]. (b) A schematic representation of the GBD array in the twist bound- 
ary normal to [010]. The heavy lines are a single set of screw GBD's separating regions of the boundary 
in which the 2 = 5 coincidence pattern (outlined by the lighter lines) is preserved. 



Next consider quantitatively the differences between the dislocation struc- 
ture of a twist grain boundary deviating slightly from an exact coincidence mis- 
orientation and one deviating from near-coincidence. Referring to the coincidence 
pattern of Figure 1 and to the [010] twist boundaries in Figures 2, 4, and 5, 
these differences may be summarized as follows:  If the exact coincidence misori- 
entation corresponding to Figure 1 is 8_, and the two perpendicular sets of screw 
dislocations have Burgers vectors bj and b2 as correspondingly shown in Figure 2, 
then at the off-coincidence misorientation 9 the dislocation spacings are 

di = bj/ce - e0) (la) 

and 

d2 = b2/(e - eQ). (lb) 

If bi and b2 have equal magnitudes, as was the case here, then dj = d2 so that 
the dislocations form a square grid, as in Figure 2b. The resulting disloca- 
tion structures in the two symmetric tilt inclinations represented in Figure 3a, 
therefore, are both arrays of uniformly spaced edge dislocations of equal spacing, 
one array having bj Burgers vectors, the other b2 Burgers vectors. Similarly, 
with rear-coincidence, if 8^ is the misorientation at which coincidence is exact 
along PQ (cf. Figure 4a) and 62 is the misorientation at which coincidence is 
exact along PS (cf. Figure 5a), and b2 and bj are Burgers vectors parallel to PQ 
and PS, respectively, then at the nearby misorientation 6 the dislocation spacings 
in the twist boundary are 

and 

di = b!/(6 - 80 (2a) 

d2 = b2/(e - e2). (2b) 

In Figure 4, 9 = 6j so that dj = °° and only a single set of b2 screw dislocations 
is required to preserve the coincidence pattern in that twist boundary. There- 
fore at 6 - 6i the tilt boundary along PQ is an exact coincidence boundary; all 
other tilt boundaries are off-coincidence boundaries and contain a GBD network 
of edge dislocations having Burgers vectors equal to b2. In Figure 5, 6 = 82 
so that d2 = °° and only a single set of bj screw dislocations is required to 
preserve the coincidence pattern in that twist boundary. Thus, at 6 = 82, the 
tilt boundary along PS is an exact coincidence boundary and all others are off- 
coincidence boundaries containing arrays of bj edge dislocations. 

As the misorientation varies from less than 0^ to greater than 62, a contin- 
uous change in dislocation spacing occurs in the twist boundary, as illustrated 
in Figure 6a. This may be compared to the analogous transition in dislocation 
structure for the exact coincidence case in Figure 6b, where 6 has been varied 
from below 6Q to above 0O. The primary difference between the cases deviating 
from exact coincidence and those deviating from near-coincidence is in the dis- 
location spacing.  In the exact coincidence case, the ratio of the dislocation 
spacings is equal to the ratio of the lengths of the orthogonal Burgers vectors, 
i.e., dj:d2 = bi:b2; in the near-coincidence case this is not true, d^:d2 f  bi:b2. 
In both cases the pattern-preserving displacements (i.e., the GBD Burgers vectors) 
are those which preserve the exact coincidence pattern, but each type of disloca- 
tion and its spacing must be considered separately in relation to its displacement 
field and the relative crystal displacements actually encountered at a given mis- 
orientation. 



e<« (b) Exact Coincidence 

Figure 6.   The GBD arrays in twist boundaries of various misorientations, illus- 
trating the relative changes in dislocation spacing,   (a) The near-coincidence 
case (cf. Figures 4 and 5) for misorientations ranging from below d\ to above 
#2-   (b) The exact coincidence case (cf. Figures 1 and 2) for misorientations 
ranging from below the exact coincidence misorientation 0o to above 0O. 
(c) A detail taken from Figure 6(a), 0>02- showing the normalized total 
Burgers vector in the asymmetric tilt boundary whose trace is AB. 

A further difference is encountered in the direction of the normalized total 
Burgers vector (i.e., the Burgers vector sum per unit length of boundary) in asym- 
metrically inclined tilt boundaries.* Consider the generally inclined tilt bound- 
ary having AB as its trace in Figure 6c, where AB makes an angle a with the 

*A distinction will be made between the normalized Burgers vector B and individual Burgers vectors bj, where in a 
boundary of unit length B = 2bj.   If all dislocations of an array have the same Burgers vector, B = b/d. 
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symmetric inclination parallel to b2. Let 3 be the angle between the net Burgers 
vector per unit length and the normal to the symmetric boundary.  It is readily 
shown that, for &i  and 02 both close to 6, 

tunß = (e-e2)/(e-e1) tana (3) 

and 

|B | = (6-0!) cosa/cosß = (0-02) sina/sinß. (4) 

If 6i = 02 = 0O (the exact coincidence case), ß = a and the net Burgers vector 
is normal to the boundary, as is also true in all low-angle boundaries. 
Furthermore, 

A0 = (0-0o) = |BT|, (5) 

the same expression that relates A0 and B in the familiar low-angle regime apply- 
ing in high-angle boundaries as well, except that 0 is measured relative to the 
coincidence misorientation. 

In the near-coincidence case, however, 0^ i-  02; therefore ß ^ a  (except at 
a = 0° and a = 90°) and the net Burgers vector is not normal to the boundary. 
Also (0-©i) ?   lB„|, but rather, from Equation 4 

(6-0!) = |BT| cosß/cosa. (6) 

The magnitude of |0—0j| is therefore given by the b\  component of Bj projected 
parallel to b2 onto the boundary normal, as shown in Figure 6c. The grain bound- 
ary shear apparently introduced by B^ not being normal to the boundary in fact 
exactly compensates the shear distortion generated when a near-coincidence pat- 
tern is locally constrained to conform to an exact coincidence pattern in a 
high-angle tilt boundary. The greater the crystallographic deviation from exact 
coincidence (i.e., the greater the difference between 0j and 02), the greater is 
this shear distortion and the greater must become the component of the normalized 
total Burgers vector parallel to the boundary plane. This parallel component of 
the total Burgers vector acts in the same manner as the misfit dislocations in 
semicoherent interfaces, i.e., they maintain lattice registry across the boundary. 
However, just as increased strength of the Burgers vector or decreased spacing 
of the misfit dislocations leads to eventual loss in coherency, similarly, should 
the required parallel component of the total Burgers vector be too large, as when 
01 is considerably different than 02, the preservation of that particular coinci- 
dence pattern becomes incompatible with the large shear distortions, and the 
boundary structure will assume a configuration unrelated to that pattern. 

Notice that it is never possible to form an asymmetric exact coincidence 
boundary in the near-coincidence case. From Equation 4, except for a = 0, |Bj| 
is always nonzero, and it is impossible for a dislocation-free asymmetric tilt 
boundary to exist.  Even at the special misorientation and special inclination 
in the range 0^ < 0 < 02 for which tx-ß = 90°, there will be a net Burgers vector 
lying entirely in the boundary plane, producing a boundary that is completely 
analogous to a semicoherent or epitaxial interphase interface. Such a grain 
boundary consists of regions characterized by an asymmetric coincidence pattern 
interspersed by an array of misfit dislocations. These asymmetric coincidence 
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patterns are the asymmetric structural units discussed by Bruggeman et al.27 and 
by Hartt et al.,28 and the shear displacements of the misfit array may be iden- 
tified with the mismatch in structural units which the structural unit model 
indicated would be accommodated by a suitable array of misfit dislocations. 
This need for an array of misfit dislocations anticipated by the structural unit 
model is therefore clearly evident in the GBD model, and in most cases is more 
easily evaluated in terms of the latter. 

A COUPLING OF BOUNDARY MISORIENTATION AND BOUNDARY 
INCLINATION IN ASYMMETRIC TILT BOUNDARIES 

In a generally inclined tilt boundary, it is seldom possible to find a single 
uniformly spaced array of identical GBD's which have Burgers vectors equal to DSC 
lattice vectors and which simultaneously allow the resultant normalized total 
Burgers vector to have the properties specified by Equations 3 and 4. This can 
usually be accomplished only by the superposition of two  GBD arrays having two 
different Burgers vectors. Consequently, a basic assumption of the GBD model of 
asymmetric tilt boundaries to be presented here is that the normalized total 
Burgers vector can be resolved into two components:  (1) that of a pattern- 
preserving array Bp, whose function is to preserve the low-energy coincidence 
pattern, and (2) that of a misfit array B^, which will be the vector difference 
between the total Burgers vector and that of the pattern-preserving array. The 
Burgers vector and spacing of the dislocations of the pattern-preserving array 
will be selected such that this array alone accounts for the normal component of 
the total Burgers vector and hence for the change in boundary inclination. The 
Burgers vector of the misfit array will lie entirely in the boundary plane and so 
will not influence the misorientation. Neither of these arrays will be stable by 
itself; each requires the presence of the other to achieve boundary stability. 

In considering the GBD's of the pattern-preserving array, it is important 
to note that while displacements of one crystal relative to the other by lattice 
vectors of the DSC lattice preserve the coincidence pattern, they also usually 
cause its position to be shifted in space. For each and every possible GBD Burg- 
ers vector there is an associated specific pattern shift. This is true in both 
the exact coincidence and near-coincidence cases. This shifting of the coinci- 
dence pattern on one side of the GBD relative to the other is readily apparent 
in Figure 2b. For this particular coincidence pattern there are, in fact, five 
alternative positions into which the pattern can be shifted, reflected by the 
fact that there are five DSC lattice points within each unit cell of the real 
crystals, or equivalently that there are five real lattice points of each crystal 
within the unit cell of the CSL. This number of alternate positions will always 
equal the coincidence ratio E. 

The shifting of the coincidence pattern by the GBD's takes on particular 
significance in the structure of tilt boundaries, in that in most instances the 
planar coincidence patterns cannot remain coplanar on both sides of the GBD. As 
a result, the boundary in the tilt inclination will often have to assume a stepped 
configuration if the same pattern of coincidence sites is to exist on both sides 
of the GBD, the steps occurring at the positions of the GBD's. For example, the 
tilt boundary whose trace in Figure 2b starts off along the line AB might be 
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stepped to the position B'C when one GBD is encountered and then possibly to CD 
when the next GBD is encountered, etc. Thus, in order for the grain boundary 
structure to retain the high density of coincidence sites characteristic of the 
tilt boundary parallel to PS in Figure 1 (or more correctly the short periodicity 
of such a coincidence array), it may be advantageous for the boundary to assume 
a macroscopic  inclination that is not parallel to PS because of the presence of 
the GBD's. The asymmetric boundary may then, in some situations, be a lower 
energy boundary than the symmetric boundary, depending on the balance between the 
energy associated with the coincidence pattern preserved in the regions between 
the GBD's and the energy of the GBD array itself. 

Figure 7 presents schematically a portion of the dislocation structure of a 
generally inclined tilt boundary in which steps of magnitude L are associated with 
each GBD of the pattern-preserving array. Only the pattern-preserving array is 
represented in the figure. Assuming Crystal 1 to lie to the left of the roughly 
veitical boundary and Crystal 2 to the right, the Burgers vector of the GBD will 
define the displacement of Crystal 2 relative to Crystal 1. In addition, the 
sense of the dislocation line will be taken to be such that an array of edge GBD's 
wich positive Burgers vectors (i.e., whose Burgers vectors point from the boundary 
into Crystal 2) will tend to increase the misorientation 6. The heavy lines re- 
present the inclination of the low-energy coincidence pattern that is preserved 
on both sides of the GBD's. The pertinent parameters are defined as follows: 

bp = the Burgers vector of the individual pattern-preserving GBD's 
d = the distance between GBD's 
L = the distance the coincidence pattern is shifted normal to the 

plane of the pattern, relative to the unshifted pattern, after 
Crystal 2 has been displaced by b/2 and Crystal 1 by -b/2. 

a = the angle between the normal to the symmetric inclination and 
the normal to the boundary plane, 

a = the angle between the normal to the symmetric inclination and 
the normal to the plane of the low-energy coincidence pattern 
being preserved. 

6 = the angle between the normal to the symmetric inclination and 
the normalized total Burgers vector B^. 

Y = the angle between the normal to the symmetric inclination and 
the Burgers vector of the pattern-preserving array bp. 

A8 = ö-öj • the change in crystal misorientation across the 
boundary from that at which the symmetric inclination 

, is an exact coincidence boundary. 

The normalized Burgers vector of the pattern-preserving array will be selected 
such that its component normal to the boundary plane is equal to the normal compo- 
nent of the total Burgers vector, leaving a vector difference (Bj-Bp) parallel to 
the boundary and equal to the Burgers vector B^ of the array of misfit disloca- 
tions. From Figure 7b, this is represented by 

bp/d cos(Y-a) = |BJ| cos(ß-a). (7) 

Figure 7b illustrates the case for which 3<a; however, throughout the following 
discussion the same equations apply for 3=a and 3>a. 
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Combining Equation 7 with Equation 4 and noting from Figure 7a that 

sin(a-a0) = L/d, (8) 

the change in misorientation from that at which the symmetric boundary parallel 
to b£ is exactly coincident may be written 

A0 = 8-6, - bp cos(y-a) sin(a-a0) cosg 
1      L cos(ß-a) cosa 

For 3 = a (the exact coincidence case) this reduces to 

e   _ bp cos(y-a) sin(ot-a0) 
M 

(9) 

(10) 

Thus, for a change in 9, there is a uniquely defined coupled change in the bound- 
ary inclination a determined by the magnitude and direction of the Burgers vector 
and the associated pattern shift which it produces. 

The relationship between boundary misorientation 8 and boundary inclination 
a can be obtained by an iterative process, using Equation 10 as an initial approx- 
imation, solving for 6 at a given a, determining ß from Equation 3, and recalcula- 
ting 6 from Equation 9. The final two steps may be repeated until convergence 

Macroscopic 
Inclination 

Crystal 1 Crystal 2 

y-a 

(b) 

Figure 7.   (a) A generally inclined tilt boundary consisting of regions characterized by a low-energy 
coincidence pattern separated by tilt GBD's of the pattern-preserving array,   (b) A diagram showing 
the relationship between the normalized total Burgers vector BT, the normalized pattern-preserving 
Burgers vector Bp, and the normalized misfit Burgers vector B|yi in the asymmetric boundary in (a). 
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is achieved.  Because 9^ will normally be close to 92, ß is nearly equal to a 
(except in a small angular range on either side of &±  and 62) so that the calcu- 
lation converges rapidly. 

Again referring to Figure 7b, it can be shown that the magnitude of the 
normalized Burgers vector of the misfit array is given by 

|Bj = 1(9-0!) sin(ß-y) cosa, = (      sin(ß-Y) sincn ( 1 M'   'v  *•*   cos(a-y) cosß1   |V  /-'   cos(a-y) sinß1 v ' 

Only when ß = y  is the array of misfit dislocations unnecessary for boundary sta- 
bility, i.e., when the normalized pattern-preserving Burgers vector equals the 
normalized total Burgers vector. At the other extreme, when a-ß = 90°, the total 
Burgers vector lies entirely in the boundary plane, and Equation 11 then reduces 
to Equation 4 to give 

|BM| = |BT|. (12) 

It is tacitly assumed that, in low-energy boundaries, Ißj^l will be small allowing 
the misfit dislocations to be widely spaced, causing the misfit array to have an 
insignificant effect on the boundary energy and morphology relative to the influ- 
ence of the low-energy coincidence pattern and the pattern-preserving dislocation 
array. Thus, the model assumes that the boundary structure is controlled predomi- 
nantly by the pattern-preserving array, an assumption justified experimentally. 

The energy of the pattern-preserving GBD array will include both the contri- 
bution of the long-range strain field of the GBD's and of their core energies. 
Tie long-range contribution will be a function of the size of the Burgers vector 
of the GBD's (and, in tilt boundaries, of the Burgers vector component parallel 
to the boundary). From this standpoint GBD's having small Burgers vectors with 
no parallel component will be favored in tilt boundaries. The core energy contri- 
bution will reflect the disturbances in bond energies experienced by those atoms 
lying in the core regions of the GBD's. When a boundary step is associated with 
the GBD, the structure of the step can be viewed as the core structure of the GBD 
and hence will determine the core energy of the dislocation. Good-fitting steps, 
i.e., steps in which atomic separations and atomic coordination are disturbed as 
]ittle as possible from that of the bulk crystal, undoubtedly minimize the core 
emergy. This condition will turn out to be most readily achieved when the lattice 
displacement produced by the GBD causes only a small pattern shift, allowing the 
5itep to be small and enabling the core region of the GBD to resemble, in the 
cases examined thus far, a unit of a low-energy short-period coincidence bound- 
ary.  This latter detail will be amply illustrated in Part II.  Such details 
aside, the general expectations regarding the minimization of the core energy are 
that short steps exhibiting good atomic fit will be energetically favored. 

The optimum boundary structure at a given misorientation, i.e., the boundary 
of lowest energy, must strike a balance between all of the factors previously dis- 
cussed. The requirements placed upon the Burgers vectors of the pattern-preserving 
GBD's may be summarized as follows:  (a) they must be DSC lattice vectors; (b) they 
should be short to minimize the long-range strain energy; (c) they should lead to 
short, good-fitting steps in the boundary to minimize the GBD core energy; and 
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(d) in the case of near-coincidence they should be as closely normal to the bound- 
ary plane as possible, thereby reflecting a minimum in the shear distortion in- 
trinsic to near-coincidence.  It would appear from data to be presented elsewhere 
that the core energy contribution exercises dominant influence over the boundary 
structure, at least in asymmetric tilt boundaries. The boundary inclination will 
depend on the size of the steps caused by the GBD's and the spacing between steps 
(i.e., the dislocation spacing), both of these factors being dictated by the 
Burgers vector and the latter also by the misorientation. As the boundary mis- 
orientation deviates more and more from that at which the coincidence pattern is 
most nearly exact, greater and greater numbers of grain boundary dislocations 
are incorporated into the boundary structure where they not only accommodate the 
small changes in misorientation but also can produce a definite and systematic 
change in the boundary inclination. 

The misfit dislocation array adds to the total boundary energy and so miti- 
gates the energy reduction effected by the preservation of the low-energy coinci- 
dence pattern. Nevertheless, it is the preservation of the coincidence pattern 
which apparently exercises dominant influence on the boundary energy and the 
boundary structure, and it is for this reason that application of the model in 
the subsequent paper will focus primarily on the pattern-preserving array. 

The above model has here been presented from the standpoint that the dislo- 
cation structure of the boundary will determine its morphology, and that low- 
energy GBD arrays lead to low-energy boundary inclinations. While this is true 
for equilibrium boundary configurations, the cause  and effect  roles are more like- 
ly reversed for the majority of high-angle grain boundaries encountered experi- 
mentally, since the boundary inclination is often determined by nonequilibrium 
factors.  In this case the boundary inclination determines what the dislocation 
structure of the boundary must be at a given boundary misorientation to assure 
crystallographic compatibility across the interface. Nevertheless, both points 
of view are represented in the same relationships between boundary misorientation, 
boundary inclination, and boundary structure, in which specification of two of 
these elements automatically determines the third. 

SUMMARY 

The application of the grain boundary dislocation model to boundary struc- 
ture in noncubic crystals is shown to require some important changes from the 
GBD model applied to cubic crystals. More specifically, these variations are 
encountered when conditions of exact coincidence cannot be crystallographically 
achieved but rather only conditions of near-coincidence. The low-energy coinci- 
dence patterns associated with exact coincidence can be preserved in the near- 
coincidence case, but only at the expense of an inherent shear distortion at the 
interface. The lattice displacements or GBD Burgers vectors that preserve these 
coincidence patterns are defined by the DSC lattice derived for the exact coin- 
cidence relationship. 

The shear distortion that occurs when a near-coincidence pattern is local- 
ly constrained to conform to an exact coincidence pattern gives rise to some un- 
usual features in the dislocation structure of the boundary.  In twist boundaries 
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deviating from an exact coincidence misorientation, the two orthogonal shears 
tha-; produce the relative crystal rotation at the interface are equal (i.e., 
dit>i = d2D2); in the near-coincidence case they are not (i.e., dibj j  d2D2). 
In fact, at certain misorientations one shear or the other may be totally absent. 
In asymmetric tilt boundaries the total Burgers vector is not normal to the inter- 
face, as it always is in the exact coincidence case, thereby compensating for the 
shear distortion due to near-coincidence. 

The total dislocation content of a tilt grain boundary can be resolved into 
two components:  (1) a pattern-preserving array of GBD's, whose function is to 
preserve the low-energy coincidence pattern on either side of the GBD while mini- 
mizing primarily the dislocation core contribution to the boundary energy, and 
(2) an array of misfit dislocations, whose function is to compensate for any inter- 
facial shear introduced by the pattern-preserving array. Finally, the pattern- 
pr«:serving array appears to exercise dominant influence over boundary energy and 
morphology, in that boundary steps can be associated with each pattern-preserving 
GBD, thereby producing a systematic, experimentally verifiable coupled change in 
boundary inclination with boundary misorientation. 
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