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COMPUTATIONAL EXPERIENCE WITH OPTIMAL VALUE FUNCTION
AND LAGRANGE MULTIPLIER SENSITIVITY IN NLP

by
Robert L, Armacost

1. Introduction

Several aspects of sensitivity analysis in nonlinear programming
have t2en examined from a computational viewpoint by Armacost and Fiacco
(1974). That work was tased on the theory developed by Fiacco (1973) and
used the coaputational procedures implemented by Armacost and Mylander
(1973) using the SUMT-Version 4 computer code with the logarithmic-
quadratic loss penalty function modified to estimate the mrtial derivatives
of the solution point and the objective function taken with respect to

certain specified problem parameters, Fiacco (1973) developed the necessary

formulas to provide estimates of the martial derivatives of the lagrange

s et

aultipliers taken with respect to the problem parameters using the
logarithaic-quadratic loes penalty function, Armacost and Flacco (1975)
developed the formulas to obtain first and second order sensitivity infor-
mation for the optimal value function (a function of the parameters

defined by the objective function evaluated at the solution point),
Additionally, Armacost and Flacco (197¢) have shown that when the parameters
are the right-hand side components of the constraints, the partial deriva-
tives of the lagrange multipliers are the components of the Hessian of the

optimal value function, The suprortins theory ix adiressed in Section 2,
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Armacost and ¥laceco (1G74) focus on the computational experience
with four example protlems discussing various aspects of the sensitivity
analysis procedure and results, They note that for large problems with
a larre number of parameters, a very larye number of partial derivatives
will be estimated, This is not only time consuming, tut is also burden-
some to the user who nust evaluate all of them, many of which are zero
or very close to zero in value, In additior, it is unlikely that the
value of the colution (the value of the objective function evnluated at

tre solutlon point) will be sensitive to more than a relatively few para~

meters, Recause of this, the method develcped by Armacost and Fiacco (1975)

to estimate the fir:t order sensitivity of the optimal value function is
incorporated in the computer program here to provide an option for pre-
liminary screening of the parameters to determine which ones affect the

optimal value function, Using the formulas developed by Fiacco (1973),

a second option is included which permits the calculation of the sensitivity

estimates for the lagrange multipliers, The computer code and options used

to accomplish these calculations are discussed in Section 3,

In Section 4, the new computational experience with Lagrange
multiplier and optimal value function sensitivity using these options is
presented for the four examples of Armaccat and Flacco (1974),

In Section 5, a sensitivity analysis is conducted for a large
scale, multi-item inventory mode) developed by Schrady and Choe (1971)
for the U, S, Navy, While the examnple used is the same small one used ty
Schrady and Choe, it nonetheless exhibits the value of performing such a
sensitivity analysis in real world situations and illustrates the care

that sust be taken in interpreting the sensitivity results,

w Ahma
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2. Supportine Theory

The problems considered here are of the form of Problem i((),

ninimize f(x,€)
subject to gi(x,F.) > 0, 1i=1,,..,nm, r(€)
h‘j(x,€) = 0. j':l.oooppo

When certain assumptions are satisfied, Fiacco (1973) and Armacost
and Flacco (1975) have shown the existence of the first order sensitivity

of a Kuhn-Tucker “riple and the first and second order sensitivity of the

|
optimal value function, Additionally, they provide the means of estimating i
this sensitivity by way of the logarithmic-quadratic loss penalty function,
The followin~ four assumptions are sufficient to establish these results 1
and are assumed to hold throuwrhout this Section, |
Al --The functions definins Problem P(€) are twice contlinuously 1
differentiable in (x,€) in a neighborhood of (x*,0), i
A2 --The second order sufficient conditions for a local minimum
of Problem F(0) hold at x* with associated Lagranye multi- |
pliers u* and w*, g
AJ --The gradients qui(x*,ﬂ) for all i such that gi(x*.o) - 0, 3
and vxhj(x*,o), J¥*lyeee,p are linearly independent, J
AL --Strict complementary slackness holds at (x*,0) (i.e,, u,® >0
for all 1 such that g‘(x',o) = 0),

The wain results are presented without proof and are stated here
for completenens, Tie portion of the theory used in the computational
alrorithn iz made specific, The lagranyian for froblem i(¢) is

L p
L(X.u.'.e) £ f(x,() - L USC‘(‘te) + L

h(x,¢)
1=1 jap 4

where u

C i*{,... ®» and "j' J1,000,p are the Lagrunce multiplier:

o 9o
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associated with the inequallty and equality constraints respectively,

The first result was proved as Theorem 2,1 vy Flacco (1973).
THREORFM 1: (First order sensitivity of a Kuhn-Tucker triple)
If assumptions Al, A?, A3 and A4 hold for Problem P(€) at (x*,0), then
(a) x* 1s a local isolated mininizing point of Problem P(0) and the
associated larranre multipliers u* and w* are uniqueg
(v} for ¢ in a neirhborhood of €, there exists a unique, once con-
tirmously -itferentiable vector function y(€) = (x((),u((),w(‘:‘))'I
sntisfyins the necond orier mufficient conditlons for a local
ainimus of rrotlen r(+) such that (x(0),u(0),w(0)) = (x*,u*,u¥)
and tence, x(€) is a locally unique, local minimum of Problem i €)
with associnted unique Lagraige multipllers u(€) and x(€)3 and
{¢) for ¢ mear {, tle net of vinding inequalities is unchanced,
strict compiementary slackness holds for ul( C) for i such thet
"1(x((},() « 0, ani the Lindin: constraint gradients are linearly
indevendent at x(¢),
et y(C) - (.v(t.‘),u(-‘),u(F))-'" e a Kuhn=Tucker triple where x(¢)
ralven tvoble~ ¥((), ther tie aptirn] vilue functlon is defined as fs(C) =
fly(¢}, % and the otima) value Lwran-lan is 1#(¢) ® L(x(C),u(),w(€),0),
“je smeond result was recently established by Armacost and Flacco
(1957, in thelr Theorsn -, utated here ar Theores 2,
~4E0REF 21 (First and second order changes in the optimal value function)
I assumption: Al, A2, A> and A4 hold for Froblem P(€) at (x*,0), then
for ¢ rnear O,
(a) re(¢) = L*(€)s

(b) 7{!..(") ¢ 'J(I(I.U.\'.()

(!.:i'ﬁ)'{!(().u(().ﬂ(f)}

T T .,
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m
= VGf(x,G) - iEluivégi(x,E)

+ }? w.V h.(x,€) 3
g9 T T (xyuy)=(x(€) u(€) w(€))
(c) ngf‘*(G) = VE(VGL(x(C),u(E),w(E),€)T) .
The problems in subsequent Sections are solved using the logarithmic-
quadratic loss penalty function W(x,C,r) defined as
mn

W(x,€,r) = f(x,0) =1 L
i=

P ”
1n gi(x,é) + (1/27) £ h(x,Q)°, (1)
1 =1 9

The followins result was obtained by Fiacco (1973) as Theorenm 3,1,

THIORFM 31 (Approximation of first order sensitiviily results and
determination of estimates from W(x,C,r))
If assumptions Al, A2, A3 and Al hold for Problem P(€), then for (€,r)
near (0,0), there exists a locally unique, unce continuously differen-
tialle vector function y(€,r) = (x(é,r),u(é,r),w(e,r))T satisfying
VxL(x,u,u,E) = 0,
uigi(x,é) = r, =1, ,40,m,
hJ(x,f) = w.r, J=lyeees Py

with (x(0,0),u(0,0),w(0,9)) = (x*,u*,w*), and such that for any (C,r)
near (0,0) and r >0, x(€,r) is a locally unique unconstrained minimizing
roint. of W(x,€,r), with ﬂi(x(G,r),F) >0, i=1,,,,,m, and szw(x((,r),G,r)
is nositive definite,

Since the system of equations in Theorem 3 is identically equal
to zero at r = 0, it follows that Vey(é,r) can be calculated for ((,r)
near (0,0), The following result was shown by Flacco (1973) followins
his Theorem 3.1,

COROLLARY 3,1t (Convergence of estimates using W(x,€,r))

If ascumption: A1, A2, A3 and A4 hold for Preblem ¥(C), then for any ¢

-5a-
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near 0,

(a) 1im . y(€,r) = y((,0) = y(€), the Kuhn-Tucker triple characterized
r->0
in Theorem 1; and

{b) ii20+ ch(C,r) = V(y(G,O) = VEy(G).

Armacost and Fiacco (1474) reported computational experience
with sensitivity analysis in four sample nonlinear programming problems,
The alrorithm uses the fact that the Hesslan of the penalty function is
positive definite for r small erough and that the gradient of the penalty
function is identically zero in a2 neighlorhood of the solution point, Thus,
the gradient of the solution point taken with respect to the parameter
vector ¢ is estimated as

7 x(C,x) - = 2H(x,€,r)-1V€y2W(x,€,r)| . (2)
x " x=x(€,x)

Using the fact that ui(é,r) = r/gi(x(G,r),E) and wj(G,r) - (1/r)hj(x((,r),(),
the chain rule can be applied to obtain veui(é,r) and Vewj(e,r) as shown
by Fiacco (1973)., Convergence was shown by Fiacco (1973) following his
Corollary 3,1, The above approach is equivalent to calculating Vey(G,r)
directly from the system of equations in Theorem 3,

The loparithmic-quadratic loss penalty function can also be used
to provide estimates of the first and second order sensitivity of the
optimal value function, Let the optimal value penalty function be defined
as We(¢,r) £ W(x(C,r),6,r), The first order portion of the sensitivity
results developed by Armacost and Kiacco (1975) in their Theorem 4 and
Corollary 4,1 follow,

THEORFM U4: (First order sensitivity of Wx(€,r) and estimates for f#(¢))
1t assumptions Al1,A2, A3 and Al hold for broblem P(€), then for ((,r)

near (0,0) ard r >0,
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(a) m , Wx(€,r) = L%(€) = £%(C);
-0

*( €, = Xyu,W, € 2 )
(b) VGW( r) V€L( )(x,u,w)=(x(6,r),u(G,r},w(G,r)): " ( )

1im *(€,r) =V L(x(€),u(€),w(€),€) = £*(¢€),
(€) 1n T (6,5) = TH(),(€) (), ) = £5(0)

Another estimate of the optimal value function is obtained as
f#(C,r) = f(x(C(,r),€), Direct application of the chain rule for differ-
entiatlon then ylelds an estimate of the first order sensitivity of the
optimal value function as

Vef#(€,r) = fo(x,() va(e,r) + Vef(x,é). (&)

Under the given assumptions, continuity assures that f#(C,r) -» £%(C)
and Vef#(c,r) -> Vef*(G) as r -» 07, Thus, both ch#((,r) and VGH*(€,r)
are estimates of V€f*(€) for r sufficiently small, It is beyond the
scope of this Section to explore the relationship between these estimates,
It is easily cshown, however, that

iy n
va*(c,r) =V 17(€,r) - 1E ui(ngivex(G,r) + Vegi)

1

p

+ jfluj(vxthGX(G'r) + thj) e(€.x)

It 1s easily shown that the terms in the summations on the right approach
zero as r approaches zero, Armacost and Fiacco (1974) used eqrations (2)
and (4) to examine the trajectory and convergence properties of the ;radients
of the solution point and the optimal value function from a computational
point of view, Here, equation (3) 15 also used to estimate the first

order sensitivity of tne optimal value function and las the advantage

that v, x(€,r) need not le calculated,
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3, User Options and Computer Codes

The basic SUMT-Version 4 computer program and instructions for
1ts use are described in Mylander, Holmes and McCormick (1971), The
basic sensitivity analysis subroutines, user instructions, and instructions
for integrating the sensitivity package with the SUMT-Version 4 code are
described in Armacost and Mylander (1973), Briefly, the conduct of a
sensitivity analysis is controlled by the variable NEXOP3 which is given
a value on the "Second Option Card” in the SUMT input data deck, There are
four choices: no sensitivity analysis, a sensitivity unalysis at the final
subproblem, a sensitivity analysis at each subproblem along the penalty
function minimizing trajectory, or a sensitivity analysis at the final
subproblem for a range of differencing increments, In conjunction with this
option, two additional options are added here and come into play whenever
a sensitivity analysis is conducted, The first option (technically
Option 4) is controlled by the variable NEXOP:4 and determines whether the
partial derivatives of the Lagrange multipliers will be calculated, When
the calculation is done, the formulas described by Fiacco (1973) are used,
The second option added here (Option 5) permits a screening of the parameters
to reduce the number of partial derivatives which are estimated by limiting
further analysis to those parameters which will affect the optimal value
of the objective function by an amount exceeding 0,1 percent of its current
value, This option is controlled by the variable NEXOP5, The estimate of
sensitivity of the optimal value function with respect to a particular
parameter under this option is calculated using the Armacost and Fiacco
(1975) result which involves the partial derivative of the Lagrangian taken

with respect to the parameter under consideration, Sudxroutines LMULT and
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PRESEN and related coding in Subroutine SENS implement Option 4 and
Option 5, respectively, Subroutines SENS, LMULT and PRESEN are listed
in Appendix A, Specific instructions for using these two options in
conjunction with the "Second Option Card" are given below in Table i,
This information should be added to Table 5 in Mylander, Holmes andﬂr;f\

McCormick (1971), o

‘4

TABLE 1

THE SECOND OPTION CARD

Option Colunmn Value Meaning
L 28 =0 Do not estimate the partial derivatives
of the estimates of the Lagrange
multipliers,

=i Estimate the partial derivatives of the
estimates of the Lagrange multipliers
whenever a sensitivity analysis of the
solution point is conducted,

5 35 =0 Estimate the partial derivatives of the
optimal value function and eliminate
those parameters which do not affect the
optimal value function from subsequent
sensitivity calculations,

=] Estimate the partial derivatives of the
optimal value function with respect to
all parameters, but continue all subtse-
quent sensitivity calculations with
respect to all marameters,

=2 Do not estimate the partial derivatives
of the optimal value function first,
Conduct the sunsitivity analysis with
respect to all parameters,

A potential user of these sensitivity subroutines should be aware

that the penalty function coded in SUMT-Version 4 does not have the
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factor "}" in the quadratic loss term (see equation (1) in Section 2),
Therefore, the expressions for the several gradients have an additional
factor of "2" in the computer program which does not appear in the

supporting theory of Section 2,

L, HNew Computational Experience

In this Section, the fcur sample problems of Armacost and Flacco
(1974) are examined, Specifically, the convergence of the mrtial deriva-
tives of the lagranse multipliers is examined and the estimates of the
gradient of the optimil value function obtained by the chain rule (equation
(#)) and Ly the gradient of the Lagranpgian (equation (3)) are compared,
The proLlems nre desiynated by the same letters as in the original paper,

Consider first a cimple convex program, The problem is

minimize f(x,¢) = X, + (%,
subject to 1 (x,€) = ¢ 2 %2 -x2%50 ’
subd GRR%) =5 T T X 2

for 61 > 0, The analytical solution point and its gradient are ;;iven in

Armacost and Flacco (1974) as

=~ - I €1 |
xj(() - -
N1+ 622
X(G) = = (r ’
s
O] |- ==
I o L :\ L4 GZZ

]

[
~
§--
+
(a8

£ (€)

- {0 =
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4 4%
2
(1 +6€°)
v x(€) = : '
1+ 622 -€,
w
i 2 (14 622)

and

Ve*(E) = (arx(€)/a¢, ar*(€)/3¢€,)

2
-(-V1+€2.-€162/ uez).

2
The Lagrange multiplier and its gradient are analytically determined

to be
w(€) = Y 1+e? /2,
var(e) = (¥ 1+¢2 2¢?, ¢ J2e 1+ P, ?

The numerical example had €

and

1 = 2 and €2 = 1 ylelding the following

nunerical results:

fr = 247, vy = (42, -42) ,

[—1/5] [-1/5/2 ﬁ/j

X4 = ’ vex' - ’
-4 -42/2 -42/

ut = 4Z/4 Vet = (-4/2/8, 4/2/8)

s 0,353, s (=177, A7) .

The numerical results obtained by the computer program are in-
cluded in Table 2 for the optimal value function and lagrange multiplier
sensitivity, The values of the first oxder optimal value function sensi-
tivity computed both by the chain rule (equation (4)) and by taking partial
derivatives of the Lagrangian with respect to the parameters (equation (3))




.
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TABLE 2
TRAJECTORY RESULTS FOR PROBLEM B
lagrangian Chain rule
Subproblem f af/361 af/ae2 af/ae1 af/ae2 u au/ae1 au/ae2
1 '1.9999 -1.9999 - 59999 '1.3333 -1.3333 ou999 ‘-3333 01666
2 -2,5393 -1,5440 -1,20L7? -1,4087 -1,4088 ,3860 -,2100 1761

-2,7765 -1,4439 -1,3833 -1,4139 -1,4139 ,3609 -,1844k 1767
-2,8128 -1,4243 -1,4064 -1, 4142 -1,4142 ,3560 -,1790 ,1768
-2,82U45 -1,4127 -1,4123 -1,4142 -1,4142 ,3531 -,1768 ,1768

N v FwWw

=2.8274 -1,4137 -1,4137 -1,4142 -1,4142 ,3532 -,1767 .1768
7 -2.8282 ‘1.3899 -1,“1“1 “1.“1“2 -1.“1“’2 03“75 e 1737 01768
Analytical -2,8282 -1,4142 -1,4142 -1,4142 -1,4142 3537 -,1769 ,1768

are presented in parallel, The results are also plotted in Figure 1 and
portray the type of convergence experienced, While the previous results
by Armacost and Fiacco (1974) clearly indicated a stabllity of the solution
point and optimal value function and their gradients taken with respect to
the parameters, Table 2 indicates that with the lagrange multipliers, the
same sort of stability is not found, It is well known that with tarrier
functions, the estimates of the Lagrange multipliers decrease in accuracy
as the boundary is approached, The change in the value of u between sub-

problems 6 and 7 is an indication of this, It is no surprise, therefore,

that the estimates of the gradient of the Lagrange multiplier behave in
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a similar way, In addition, since the estimate of the gradient of the
optimal value function obtained by evaluating the partial derivatives of
the Lagrangian taken with respect to the parameters includes the estimates
of the Lagrange multipliers, it too will not be as accurate an estimate
as the boundary is approached,

The next problem considered is a nonconvex program with an equality

constraint, The problem is to

minimize f(x,€) = X, + %+ 1n Xy = X,
2
subject to g, (x,€) = -x,+ > 0,
1\ % 1 7% e
Sz(xoe) = x1 2 0,
GB(XoE) - x3 - Ei 2 0,
2
hi(x,E) = x4 xuz - 622 - 0,
where €, > 61 20and € >0,
Tre analytical solution is:
2 2
t(€) =€, V€ -,

x (€)= x3(Q) = 0, xy2(€) =1, x3(€) = Y/ ¢’ - 612,

ul*(() - uz‘(() = 1,
u3'(€) -1[61 + 61/ LV, ez,E - elE ,
and u*(€) =1/(2Y €,° - eli .

The numerical example used has €, = 1 and €2 = 2. The numerical solution

1
derived analytically for the solution point, lLagrange multipliers and their

gradients are:

f* &5 -1,732 , VLt = (1578, -1.157) ,

0 0 0
0 0 0
x* = v N
1 ' & 1 0 '
1.732 .5?7 1019‘
- 14 -
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1 0 0

u* 1 ’ Veu" R 0 0 ’
1.732 --231 '0385

we .289 . vew' ~ (10962. '01925) .

The computed results for a trajectory sensltivi?y analysis are shown in
Table 3,

The partial derivatives of the lagrange multipliers shown in Table 3
are the only ones which are non-zero, Note that at the fifth and sixth
subproblems, the estimates of the gradients of u3 and w, are reasonably
close to the true values determined analytically, It is at that point also
that the estimates of Uy and w, are the closest to their true values at
the solution point, Notice also that the estimate of 3f*/3€, obtained
from the partial derivative of the Lagrangian with respect to €2 is reason-

ably close to the true value, It is entirely dependent on w, and as the

1
estimate for Yy becomes less accurate, the error will be reflected in

the first order sensitivity estimate of the optimal value function taken
with respect to 62. In the following example, the need for careful attention
to the differencing increment is i1llustrated when the parameters are the
right-hand sidoes of the constraints, For Problem C, a sensitivity amalysis
was conducted at the final subprohlem for a range of differencing increments,
The resulis were that the sensitivity estimates remained fairly constant
over the range of differencing increments from 10~/ to 10~12, Thus, the
source of error in this case is solely the lack of accuracy of the estimates
of the Lagrange multipliers for the binding constraints,

Two related probleas called the Shell Primal and the Shell Dual

were presented by Armacost and Fiacoo (1974). However, coaputational

-15-
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results were presented only for the Shell Dual, (The Shell Dual was
developed as a test problem by the Shell Development Company and used by
Colville (1968) in his comparative analysis of nonlinear programming
codes,) Computational results are presented below for both the Shell

Primal and the Shell Dual, The first problem considered is the Shell

Primal,
n n n n 3
€) »
mininize f(x,€) jiejxj + 1.2.1 Jflxicijxj + jfldjxj
. D
subject to p,i(x,e) - :)}.Ela”x'j - € 2 0, 1=1,...,m,

with x 3 >0, j=1,...,n. The dual prodblem is much more difficult to solve

and is the one most often used in computational commrisons, The Shell

Dual is to
(x.) n n n n 3
maximnize f(x,€) = L € - L Ixe, x.=-2Ld,x
et R U Rt
(x,€) z 2
subject to g.(x,€) = o, +2 T ¢, X, ¢+ M x E
i b 4 3_1313 111
n
- La,y, > 0, i=,1,,,.,n,
5-1315 ’ [} ’

vith x, > 0, i=1,,.,,n, and Yy >0, j*1,..0oR. In the numerical exasple
used here, n = S and m = 10, The problem data is given in Table 3 of
Armacost and Flacco (1974) and in Appendix C, The parameters of the
sensitivity amalysis are the variables 61, 1={,..+,10, the components of
the right-hant sides of the primal conctraints,

A8 a urief aside, the computationai solution of the Shell
;2] provided the motivation for some >f the recent work in mranetric
sensitivity analysiz by Armacost nd Flacco, Specifically, Armacost and

Filaceo (1974) noted that in uolvin, ‘he dual probtlea, the partjal

B
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derivatives of the dual variables with respect to the right-hand sides

of the primal constraints were obtained, With the correspondence between
the dual variables and Lagrange multipliers and their interpretation as
the partial derivatives of the optimal value function with respect to

the right-hand sides of the primal constraints, it appeared that the
second order partial derivatives of the optimal value function had been
obtained, The calculations supported this conjecture ‘iince the matrix of
partial derivatives of the dual variables with respect to the parameters
was symmetric, Armacost and Flacco (1976) have shown that when the
parameters are the components of the right-hand side only, then the
gradient of the lLagrange multiplier vector taken with respect to the
parameters is the Hessian of the optimal value function, This matrix will
be computed using the Shell Primal and then compared with the Hessian
obtained by solving the Shell Dual,

In solving £l1l1 of the sample problems, the option to screen the
sensitivity estimates was used resulting in the partial derivatives being
conputed only for those mrameters which affected the optimal value
function by nore than 0,1 percent of its current value, Annotated com-
puter output for the final subproblem with -ensitivity analysis data for
the Shell Primal ic shown in Figure 2, (The annotation applies to the com-
puter output in Firures 3, &, § and { ns well,) The paramelers are reprecented
by the letter "A" vice "™ {n the computer outpui. Similar output for the
Shell [nal irn shown in Flpure :, {(Commmre the sensitivity analysis portion
with *l,ure & of Armaco~t and ¥lacco (1%74),) The sensitivity eatimates tor
toth proulems Were oitalned by conducting a trajectory senstitivity amalysisn,
{.e,, 2 zensitivity analyais performed at each suliroblen alone the
mininizin: teajectory, ULince the Jiell ual is a maxinization nroblem

and SUMT 18 coded to solve a mintajzation problem, iroblem : {u solved
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Annotation
! Identifier Meaning
{
| 1 F = the value of the objective function
at the current solution point,
i 2 The value of the components of ihe solution
point of the current subproblem, licre,
1 xi'.!.'qu
1 3 The value of the constraints evaluated at the

current solution point, i.e,, gl,...,gio.

L The data corresponding to 1 - 3 above when
the solution point is a second order estimate
hased on the values in 2,

5 The same as 4, but the solution point is a
{first order estimate based on the values in
2. These values and those in 4 are extrapo-
; lations from the current solution estimate,

L

6 The estimates of the Lagrange multipliers based
on the current value of r (RHO) and the current
estimates of the solution point, in this case

as u, = r/gi(x,E), i=1,...,10,
7 'T'he value of the parameters, 61, i=1,,..,10,
8 The value of the differencing increment used

in the central differencing formula for each
of the parameters,

G The estimates of the gradient of the optimal
value function calculated by equation (3),

10 The parameters whose assoclated partial derivatives
affect the optimal value function Ly more than
0,001 of its current value,

11 The flrst order sensitivity of the solution
point calculated by equation (2),

12 The first order sensitivity of the lLagrange
multipliers calculated using the method
described followins equation (2),

13 The martial derivative of the optimal value

function taken with respect to the indicated
parareter and calculated ly eguation (4),

iy, 2,==Continued,
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by minimizing the negative of the objective function and therefore, the
results in Fig 3 for the objective function value and the values of

its partial derivatives must be multiplied by -1 to obtain the correct
results, The variables X(1) - X(10) in the Shell Dual correspond to the
Lagrange multipliers in the Shell Primal and the variables X(11) - X(15)

in the Dual correspond to X(1) - X(5) in the Primal, The components of

the Hesslan of the optimal value function then are the partial derivatives
of X(1) = X(10) in the Shell Dual and the u-derivatives in the Shell Primal,
The dual variables, Lagrange multipliers, the partial derivatives of the
optimal value function obtained by means of the Lagranglan, and those

obtained using the chain rule are compared in Table 4,

TABLE 4

FIRST ORDER SENSITIVITY COMPARISON

Shell Primal Shell Dual

Ly 31/5€, (1ag.) 31/36,(C.F.) x, __ 3/3€ (iag.) 3/3€ (C.K.)
1 ,168x107° ,168x107° - ,168x10™7 0.0 -

2 JStexto™  L3texto™ - 33x10~" 0.0 -
35,1649 5.1649 54750  5.1742 5,1741 5,171
L .“37x10‘u .u37x10'u - ,h38x10-u 0.0 -

5 3.0555 3.055% 3,0610 3,0610 3,0610 3.0612
6 11,8191  11.8190 11,8395 11,8405 11,8406 11,8397
7 .159x107°  ,159x10™° - .159x10™2 0.0 -

8 .107x10™°  ,107x107° - .107x10™7 0.0 -

9 1046 1046 ,1038 .1043 1044 ,1040
10 .889x10~" .889x10™" - 89110~ ,177x1073 -

Since the preliminary screening option was used, detailed sensitivity

estimates for the parameters which correspond to the non-binding inequality

- 24 -
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constraints were not computed in Figures 2 and 3, In the Shell Primal,
the Lagrange multipliers and the partial derivatives obtained by means of
the Lagrangian correspond exactly, As noted in the discussions following
Problems B and C, the estimates of the Lagrange multipliers for the
binding constraints are very sensitive near the boundary of the constraint
set, This explains the slight variation between these estimates and the
other sensitivity estimates shown in Table 4 for the binding Primal
constraints,

Now compare the second order sensitivity estimates with respect
to the parameters which are the right-hand sides of the binding Primal
constraints, Let HD and HP denote the submatrices of the Hessian of the
optimal value function for the Dual and Primal respectively, obtained by

deleting the rows and columns corresponding to the non-binding Primal

inequality constraints, Thus, the components of H are axi/ae 3 1,3%3,5,6,9,

and the components of HP are aul/aej, 1,5*3,5,6,9. From the computer
output, these matrices are:

L0642 -,5653 3,465  ,1894]
Ho e |-e5653 L5043 -.6151 0237
34650 -,6151 7,185 1,5885
| 1894 ,0237 11,5885 8343

14,0710 -,5663 3,475  ,1899]
am H = ‘05662 05051 "'t6158 00239
3.“715 -06158 701929 10$9°
| 1899 0239 11,5890 8347

Both HD anrd HP are symmetric, and while the agreement is not exact, it is

very close as anticipated,

Armacost and Flacco (1974) indicate that the differencing interval

- 25 -
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used in the sensitivity analysis can affect the accuracy of the results,
For this reason, an option was provided by Armacost and Mylander (1973)

to conduct the sensitivity analysis at the final subproblem for a range

of differencing intervals, It is even more important to be cautious

when dealing with right-hand side perturbtations as the following discussion
indicates, The results shown above for the Shell Primal and the Shell

Dual were obtained with a trajectory sensitivity analysis and at the

final subproblem, the differencing increment used in the central differ-
encing formulas was 10-11. The Hessian submatrices HP and HD were found
to be very close, When the problems were solved using a sensitivity
analysis at the final subproblem only with a differencing increment of
10'9, the diagonal elements of HP were considerably different from

those of HD. The problems were solved again with a sensitivity analysis
performed at the final subproblem for a range of values of the differencing
increment, ranging from 10'6 to 10-11. The components of HD remained
constant as did the non-diagonal elements of HP which were equal to the
non-diagonal elements of HD. The diagonal elements of HP did not remain
constant and their variation is depicted in Table 5,

The final example considered in this section is called the cattle
feed problem, It was formulated and originmally presented by van de Panne
and Popp (1963), Armacost and Fiacco (1974) presented the cattle feed
problem to illustrate an application of the sensitivity analysis, The
additional sensitivity results are presented here for completeness, The
problem is a chance-constrained program to determine the mix of inputs to
cattle feed that will satisfy nutritive constraints and minimize the cost

of the cattle feed, The protein content of the components is a random

- 2(’, -
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TABLE 5
VARIATION IN THE COMPONENTS OF HP
A 1/0¢,
i=3 i=5 1=6 =9

10°° 31483 -383.81  -89157.9 B2
1077 27,228 -3,328 -851, 35 8347
107 3,758 466 ~1,389 837
1077 4,067 . 504 7,107 L8347
10710 4,0m .505 7.191 837
1071 407 . 505 7.192 8347

variable, normally distributed with a mean and varliance determined experi-
mentally, The application of the sensitivity analysis included the
standard deviations as parameters with the interpretation that if the
solution were sensitive to a standard deviation, more sampling would be
indicated in order to obtain a sharper estimate, The statement of the
problem is

minimize f(x,€) = CiXy *+ C X, + Cy%y + €%,

subject to gl(x,e) aX Y, tagx, +ax - €7 >0,
Bo(Xe€) = Hyxy + X, + Hoxy + WX, F
oV TEEEEE - <20

hl(x.e) =Xt X Xy X - 1 =0,

with x 2 0, i=1,2,3,4, The notation is slightly different from Armacost
and Flacco (1974), Here, the parameters in the sensitivity analysis are

denoted 61. The correspondence with the previous work is €, = 1=1,2,3,4,

1 1°
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(5 =g, (. = p, and (7 = o« The problen data from Table (b of Armacost and
Fiacco (1+74) are included in Appendix C, The sensitivity results for
Problem I are shown in Fijure 4, Asain, the preliminary screenin; option was
used to avoid calculating, sensitivity estimates which did not affect the

optimal value function significantly, Here, the components of the gradient

of the optimal value function obtained directly from the gradient of the

Lagrangian and the estimate of t'.e gradient obtained by application of the
chain rule are very close, The values of the Lagrange multipliers estim-
ated in the SUMT program are u = 0.58037, u, = -, 41005 and Wy = -18,3738,
The multipliers uy and u, correspond to af%/a€7 and af*/aeé respectively,

Also note that second order sensitivity information for 66 and €, is

?
avallable since they are the right-hand sides of the two inequality con-
straints, Namely,

azf*/ae72 = aul/a€7 = ,0112929,

azf*/ae6ae7 = du, /3¢, = L5706x107C

azf*/ae7366 = du,/e€, = 56712107 .
and defae’ = au,fa€ = be212x107
The results shown in Figure 4 were obtained using a sensitivity analysis
at the final subproblem for a range of differencing increments, For
other values of the differencing increments not shown here, the optimal

value function sensitivity estimates with respect to 66 and €, obtained

7
directly from the gradlent of the Lagrangian and the cross-partials of
uy and u, with respect to 66 and €? do vary somewhat while the other
sansitivity estimates remain relatively constant, In a practical sense,
however, the cross-partials of Yy and u, with respect to 66 and 67 are

constant since they are of the order of 10‘6.
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5. Llarge-scale, Multi-item Inventory Model

Traditionally, inventory models have been formulated to minimize
some function of the ordering, holding and shortage (or backorder) costs
subject to various constraints, Schrady and Choe (1971) have formulated an
inventory model which appears to have much greater relevance for an inventory
system such as the U, S, Naval supply system, For the Navy, the costs used
in the traditional models may be quite artificial while the real objective of
the system is to maximize the service to the Fleet, an objective equivalent
to minimization of stockouts, In addition, the stock points of the Naval
supply sysiem have investment and reorder workload constraints that are real
and binding, Schrady and Choe consider a multi-item inventory system with the
specific objective function of minimizing the total time-weighted shortages,
The decision variables are the “reorder quantities® and the “reorder points,"”

the decisions of how much to order and when to order, for each iteam in the

inventory, Clearly, it is of interest to know “if" and “.y how much" these
variasbles and the value of the objective function will change if_ certain
mararmeters change, Schrady and Choe solved a small example problem using

the SUMT computer code, NcCormick (1972) has shown how the special structure
of this inventory model can be used to facilitate the use of the SUMT code to
solve very large inventory probleas, Here, the sensitivity analysis is
applied to this model, a large-scale inventory system, and it is illustrated
by means of the example used by Schrady and Choe,

The model presented here is due to Schrady and Choe, An extension of
the model by McCormick (1972) includes constraints on storsge volume and
protability of depletion, The sensitivity results are easily applied to the
extended model. Several assuaptions specify the nature of the model, The
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first is that all demand which occurs when the on-hand stock is sero, is back-
ordered, The model i1s probtabilistic in that the lead time demand is a random

variable, Specifically, for the ™0

variable, it is assumed that the demand
which occurs during the time between the placement of an order and its receipt
by the stock point is normally distributed with mean | amd variance o7,
For the 1'P tten, let
¢, = Aitem unit cost (in dollars),
A, - nmean demand per unit time (in units),

r, - reorder point,

Qi - Treoxder quantity,

@(x) - the Normal(0,1) density function, and

®(s) - the Normal(0,1) complementary cumulative

distribtution function = [ Pg(x) ax ,

In addition, let l(1 he the investament limit in dollars, let "2 be the
reorder workload 1imit and let N be the total number of items in the inventory,
The detalled development of the model is omitted here and the reader 1s referred
to Schrady and Choe (1971) or McCormick (1972). A function needed from that

development for the final model is

[ T

By(r) = Ho,? + (xy - 1)) Az, - 1,)/0,)

- (g - u) &(r, - w)/o,).
Then the general multi-item model of Schrady and Choe is

N
nininise 2(Q,r) - 12:1I31(:r1)/ﬂ1
s-C

- il -
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N
subject to gi(Q,r) - K - 1}:1<:1(r1 + Ql/z - “1) >0,

N
Cz(er) - xz = iziki/qi 20,
with r, unrestricted, Q, 20, i=1,...,N, Q = (Qi""'qN)T and r = (rl,...,rN)T.
To put the problem in (x,€) notation, make the following identifications
for i=1,...,Ns
%11 = Yo
1 T Ty
a1 " W
€4y = Op
€440 = Sy
€b1+2

and 61 - xl, 62 - Kz. Rewrite P:oblen S-C as

N
aininize f(x,€) = 551("21'5)/"21-1
i=1 8-C(¢€)

N
subject to 51(::,6) -€, - 121€u1+1(121 + x21_1/2 - 6“1-1)
2 0

N
82(x0€) '62 = 1516“1*2/!21.1 > 0,
Xp0.1 200 Xy unrestricted, 1=1,...,N, and
Brp0s) = (6,7 o (154 = €y Iy - €y D)

= €0 (Xpy = €99 ) D2y = €454)/ ).
Schrady and Choe consider a three item example, The yroblea data

and the initial starting point for the SUNT mrogras are shown in Tedls 6.
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TABLE 6

MULTI-ITEM INVENTORY PROBLEM DATA

! Item

i=1 i=2 i=3
Datas
W=6, 100 200 300
01" ebi 100 100 ) 200
c,~ GM +1 i 10 20
Ai- ) 1,000 1,500 2,000
Starting point:
Q%54 g 600 270 300
e e 200 260 400

In addition, K = 61 = $8,000 and K, = gz =15,

Figure 5 contains the computer output for the final subproblem of a
trajectory sensitivity analysis for Problem S-C(€) using the data of Table 6,
The results indicate that the optimal value function is sensitive to parameters
2, 5 8,9, 12, and 13, i,e,, Kye €40 Tp0 €5 a, and ) respectively. The
fact that the solution is sensitive to the values of the standard deviations
of the Jead time demand of two items lets the decision maker know. that since,
these parameters were obtained by sampling, a possible action may be to con-
duct additional sampling in order to sharpen the estimate of the standard
deviation,

The solution value is also vﬁry sensitive to all of the item costs,
If the structure of Problem S-C is examined, this result is most surprising
since the ¢, appear only in the investment constraint and the optimal value

function is not very sensitive to the investment limit K1. Recall, however,

= 33/
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that when the partial derivatives are used as sensitivity estimates, one 1s
effectively saying "how much will the objective function (or solution point)
change if the parameter is increased by one unit?" Suppese ¢y (parameter 5)
is increased by one unit from one to two, Using a linear estimate, the
objective function is expected to increase by 2,16 to 15,15 and Q (variable
xi) is expected to decrease by 208 units to 325, Figure 6 contains the
computer output for the perturbed problem with ¢y, = 2, Note that the value

of the optimal value function increased to 14,99 and Q1 decreased to 411, The
changes were <quite large and in the directions expected but of course not

as large as the linear estimate, Notice, however, that this change in ¢y
represented a 100 % increase in the value of the parameter, For purposes
of comparison, consider a similar change in the investment constraint Kl
(parameter 1) to which the solution is apparently insensitive, Using the
optimal value function sensitivity estimate (-,00517), a 100% increase in

the value of the parameter is 8,000 and c&nsequently, a linear estimate of
the expected change in the optimal value function would be (8,000 x -,00517 =)
-41,36, The above example does not imply that equivalent percentaie changes

in parameter values is relevant obut rather is meant to emphasize that the
sensitivity estimates are valld for a small neighborhood of ihe ¢iven

parameter values and as such represent instantaneous changes,

The solution values in Figure 5 are slightly different from those

presented in Schrady and Choe (1971), This difference is due to the use of
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two different approximations to the complementary cumulative normal distribu-
tion, While the solution values vary only slightly with these different
estimates of the normal distribution, the variations in the lagrange multipliers
and some sensitivity estimates are greater, For the system library subroutine
using tﬁe normal distribution error function (ggg) to estimate the complementary
cumulative distribution, the minimizing trajectory of subproblems showed that
the estimate of the Lagrange multipliers deviated from what appeared to be a
relatively constant value as the final subproblem was approached, As expected,
the optimal value function sensitivity estimates obtained directly from the
Lagrangian varied in almost direct proportion with the estimates of

the Lagrange multipliers, In Figures 5 and 6, the esiimates of the optimal
value function sensitivity obtained by the two different methods (chain rule

and lagrangian) are in close agreement, This was not the case using the exf-

related subroutine used by Schrady and Choe, This is the same effect experienced

in other problems as discussed in Section 4, In this case, however, the
x-derivatives are affected to a siight degree, The major source of this
error appears to be the lack of necessary precision associated with the erf-
related subroutine for the complementary cumulative normal distribution, The
conclusion can only be that one must proceed with caution, From this and other
examples, however, it appears that convergence of the lLagrange multiplier
estimates along the minimizing trajectory is a good indication that the sensi-
tivity estimates will be accurate,

This large-scale inventory example illustrates a potential "real world"
application of sensitivity analysis, It also highlights the need for a
careful interpretation of the sensitivity information as well as the recurrent

call for caution in the use of a mumerical algorithm,
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6, Conclusions

The purpose of this paper was to present examples of computatlonal
implementation of sensitivity analysis with respect to the optimal value
function and the Lagrange multipliers using the theoretical results of
Fiacco (1973) and Armacost and Fiacco (1975, 1976), All of the problems
presented led to new insights into the computational aspects of this type
of sensitivity analysis,

The major conclusion is that the sensitivity estimates of the

optimal value function obtained directly from the gradient of the Lagrangian,
the partial derivatives of the Lagrange multipliers assoclated with the
binding constraints, and to a lesser extent, the partial derivatives of
the solution point, are dependent on the accuracy of the estimate of the
lLagrange multipliers calculated in the penalty function algorithm and
subsequently used in the gradient of the lagrangian, 1If the estimates of
the Lagrange multipliers along the minimizing trajectory converge to a
common value, then it appears that the sensitivity estimates will converge
to their true values provided the differencing increment is satisfactory,
I1f, however, the Lagrange multipliers converge and then vary, the sensitivity
estimates should be viewed with caution, (Note that the Lagrange multiplier
estimates are avallable in the standard SUMT output and a trajectory analysis
is not required,)

Armacost and Filacco (1974) noted that the differencing increment
used in the central differencing formulas was a potential source of error
depending on the scaling of the problem, The same caution applies when

dealing with Lagrange multiplier and optimal value function sensitivity,
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The example problems which included right-hand side parameters
indicated that the optimal value function second order sersitivity estimates
are themselves very sensitive to the lagrange multiplier estimates, the
differencing increment and the scaling of the problem, It appears that
further analysis is needed before this particular program can be used to
take advantage of second order sensitivity estimates to improve algorithm
performance, This is particularly true for the second partial derivatives
of the optimal value function taken with respect to the right-hand side
of a binding constraint,

Computer time was provided by The George Washington University

Computer Center,
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GOPY AVAILABLE TO DOC DOES NOT ...,
PERMIT FULLY LEGIBLE PRODUCTION
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SUY = DFFPS
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TIsMinr 1104 ADAE)
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APPENDIX B

USER SUBROUTINES FOR SCHRADY-CHOE PROBLEM

901

100

23%¢

150

300

Js%¢

SUBROUTINE SCADIN

IMELICIT RFALOAR(A-N,N=2)
COMMIN/LILV/IE TAL20) JPHE(27) DFNSE(20 ), IOENT(20) o N1
COMMON/SEN/TARL2C)sDPAR(20) ¢NPuR 4 I SENS
FCRMAT(]%,0F12.C)

READ(S.9CI) NI.PAR(L ] ,PAR(2]E

WELTI (49311 NL.BAP(]),PAR(Z)

0G 135 1=1,N3

FE20(5,901) IOFNT (T 1o (PAR (49 =200) 431 ¢8)
wEITC(5,901) [DENT(1)o(FAR(GS[=240) )01 01
CONT INUE

NHiAF u 4ON102

RETUEN

eND

SUPPUUTINE RESTAT(INGVAL)
TP LICIY REALSE(A-r1,N=L)

CONMON/SHART /X (20 ) sDFLE2YV D e AL2002C ) o NoMe MNNP] ¢ NMY
CCMU NZINVZUTTA(20)4PHIC20) «DLNSEL29 )0 IOENT(200:N1T
CCYVYUN/SEN/PAR(2C ) +OPAP (20) s NPAR, [SENS
VAL = 0,
1F(IN.FO,0) GO TO 300 *
IF(IN.fULLY GO TO 100
00 259 1={.N] .
1 = 2e1=}
na = x(1J)
IF(Q0.LLe0.) GO YO 180
VAL ¥ vAL ¢ PAR{4v1e2)/00
VAL ® PAR(?) ~ VAL
eETUEN
VAL = +1,.0
CEYYEN
00 152 lej.Nl
141 = 20
1 121 =}
0 = x(1J4Y)
IF(PR.tT.0.) GO YO V100
Gg = x{141
IFLQGOR.T,04) GO YTC 180
VAL & VAL ¢ PAELae1¢])0(PRe00/R.=PAR(ASI~1))
Vag = PA(1) - VAL
LIA IV AN
00 370 t=).%48
141 o 29}
1o 8 391 =
60 s xt1J}
a8 = xt1J))

W e MaPlaete])
3% = PaAFR(An])

0L YA = kP - YU

&N & DFLTA 7 3%

CALL ANUTRULINGF L sUEN)
coeftld) & F)

LLNLI L) o DN

BFTACL) #9,90¢ 18305500t TACDELTAIOPH]ILI] }-SS00RLTACOENSL(E))
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SURPOUTINf GRADLLEIND

IMPLICIT WLALOR{A=MN=2)

COMUIN/SHART 7XLZCIDELE20) e A(20020) e NoMoMN NPL, NN
COMMENZTNYZ 3L TAL2O) 4P L20) JNENSE(20 )¢ IDENT(20) NI
CLMW NI N/PARL20 ) 4D AR (20) ¢ NPARy ISENS

IFCIN.FQe0) GO TC 300

IFLINGFUCL) GO TO 100

DO 2%0 1) N1

120 3 2}

14 = 141 -3 .

Q0 = xtty U

LELLIJI) = O,

DALEIJ) » PAN(A®22)/7Q0/00

RETUEY

DU 139 1=1.N)

101 = 204

14 « 131 = |

Of (141 § ~paugasjer)

OrLt13) = OELETIJ1D/72, *
FETYLN

00 Y93 T=).nl

13 » 29}

12 = 1J1 -}

Q0 = x(1J)

R o= {121}

YU = Pali{ae]=~))
$S = PAR(49))

ODFLYA = Rk = WU

AN = DELYA /7 SS

CALL ANDTIS(ZNGFILOEN)

PHILL) = FY

DENSF (1) = DEMWN

OFTA(L) 30,500 (55aSSeDELTASOELTA)®PHI(I)-SSOOELTASDENSE(T))
DEL T ) =(NELTASRNI(L)=SSODENSTI(T))/00

OfL(LJ) » -BFTA(1)/00/0Q

SETUEN

END

SUROPUY IAF MaTRIxtINIRER)

IMPLICIT PLaLem(an,N=2)
COVMINZSHAKEZX(2M ) o0 TLL20) o AL2902) s NoMa BN NPY (NME
COUPMONZ INYZDETAL20)PHIL20)¢DENSE (200, IOENT(20),NT
COVNIN/SENID AR {20 ) sOPAR (20 ) JNPAR, JSENS

IFL14et0¢0) GO TO 300

IFUINGFOCI) GO TC 100

00 2%9 1wl NI

1 = 201-3

un s xt1y)

AL1J41J) » ~2,0PAR(4%]02)/700Q00)

(13 {V1 2V
Ikt = §
ECTURN
€3 ¥ 111Nl '
1J1 = 2¢)

10 = 11 -

00 = x()J)

6 = 2(,01)

L

UU s vaR(asi-))
38 o Pap(any)

OELYA = &8 - yy

IN 8 DV LTA 2 &S

CALL ANOTE(ZNH 1 DTN)

$rlCl) s 7L

OLNSELL) s DCA

OCTALL) #0,%0¢(S4eSSenFLTREDILTAIOPHI(])-S300FLTASOENSELL D)
AULLJs0 ) v 2.euFTAL))/0G8€)
AC1Jalad)e=IDLLTaokn]l(])-SS00ENSE(E})I/00/00
AtT1J34201) » Oonl(l)/70)3

or TunLN

END

FUNELUTINT AN TR (R Pl JENSE )

TUPLICIY ©1 dLepla=-n,C=21)

AN = Dhahtvx)

T 8 143760 ea0)03310071Q001)

DLNSE o (4 1INPAQ2 000 EDL~RRSRK/2,)

Pre) 3 DING 181 (1(1e3I02748T =1, 02123010701, 7014T8)0Y
§ = Co3%e.0N3)0T o 04)191A19)

1FErn) 1,2.2

Pl & 1,0 = PN

sETYLN
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APPENDIX C

SHELL PROBLEM DATA

N 1 2 3 4 5 |
e -15 -27 =36 -18 -12
1 | 30 220 21G 3 -10
ey 2 |-nC 9 - 23] 3c
3 -10 - € i -6 -16
I 4 -3 - RY =20 '
5 1 -10 32 -i0 D0 30
| .
i 4, L 8 K O 2 (%
1 ] -i6 2 1 0 -40
i 8, 2 ¢ C -2 0 0.4 ¢ -0
3 3 - 2.5 0 0 O 0.0Y
L 0 -2 co-h -] -
| 5 I O -9 -0 1 - 2.8 -1
| 6 | 2 c - 0 0 -1
7= S | -2 -ko
; 8 -1 -2 -3 .2 -2 -6 |
‘ 9 ' o1 2 K L4 5 5
l 10 | 1 I ) 1 1 1
b |
CATTLE FEED FROBLEM DATA
J o T LS I

1 Barley 26.55 2.3 12.0 .53 (parameter 1)

2 Oats 26.75 5.6 11.9 0.44 (parameter 2)

3 Sesame 39.00 11.1 41.8 4.50 (parameter 3)
Flakes

4 Groundnut 4C.00 1.3 52.1 0.79 (parameter 4)
Meal

p = -1.645 {parameter 5) corresponds
to probability of 0.95
Pn = 2 \parameter 6)
0, 5 (parame.er 7) |
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