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On the Possible Val~es of the Strain Invariants 

for Isochoric Deforaations 

by 

lenneth N. Sawyers 

Center for the Application of Matheaatics 

Lehigh University 

Abstract 

A description is given of all possible values of the 

strain invariants (1
1 

and 12
) that may be attained in any 

experiment involving isochoric deformations and a graphical 

representation of the eigenvalues of the strain matrix is 

derived for any specified values of the invariants. 
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1. Introduction 

The eiaenvalues of the Cauchy strain matrix C, for an -
isochoric deforaation, are the roots of 

(1.1) 

where 

(1.2) 

Physically, the roots are the squares of the principal extension 

ratios. Denoting the■ by e1, S and y , we ha'le 

caSy • 1 (1. 3) 

and, for exaaple, 

(1.4) 

That the strain-energy function for an isotropic incoapress­

ible elastic material depends on £ through 11 and 12 was 

apparently first exploited in a systematic way by Rivlin and 

Saunders (1) who devised experiments wherein these invariants 

could be controlled independently. After plottina expressions 

equivalent to (1.4) for (all) positive e1 and S , Hart-Saith 

12) pointed out that only certain values of 11 and 12 could 

be achieved in any (isochoric) experi■ent. This also ■ay be 
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deduced analytically by writing down the restrictions on 

11 and 12 which ensure that (1.1) has three real and 

positive roots. Thus, 

and, following Carroll [3], 

In this note we give a geometrical interpretation of 

(1.S) 

(1.6) 

(1.5) and (1.6) and obtain a graphical representation of the 

roots of (1.1) for specified values of the invariants. The 

analysis is based on the observation that (1.1) defines a one­

parameter faaily of straight lines in the 1112 -plane, µ 

being the parameter, which is described as µ assumes all 

positive values. In part, this work can be regarded as a 

special case of a problem considered -by Rosel [4) who deter­

■ined the possible values of the principal invariants of 

s)'ll■etric second-order tensors in three dimensions. 

• 
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2. The analysis 

We note that µ is a root of (1.1) if and only if 1
1 

and 12 
are related by 

(2 .1) 

which is a straight line in the 1
1

12-plane. Let Lµ 

denote this line. It is readily verified that µ is a root 

of (1.1) for all points (1
1

,1
2

) on Lµ . The slope of Lµ 

is 

(2. 2) 

The equation of the envelope of the faaily of lines follows 

fro■ the requireaent that µ be (at least) a double root of 

(1.1) (see, for example, [SJ). This yields the paraaetric 

expressions 

(2. 3) 

which are plotted in Fig.1. The envelope consists of two 

smooth arcs which meet in a cusp at the point (I
1
,I 2 ) • (3,3) 

and which lie entirely within the quadrant of the 1
1
12

-plane 

defined by (1.6). The lower arc has negative curvature and is 

described as µ increases fro• zero to unity. The upper arc 

has positive curvature and is described asµ increases from 

unity. These arcs are tangent to the line 1
2 

• 1
1 

(i.e., L1 ) 

at the point (3,3). 
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Any specified values of 1
1 

and 1
2

, i
1 

and i
2 

, say, 

are conveniently represented by the single point (i1 ,i2) in the 

1112-plane. Referring to Fig.l, it is seen to be possible to 

draw three distinct straight lines through (i
1

,i
2

), and tangent 

to the envelope, if and only if this point lies above the lower 

arc and below the upper arc. Each of these lines is a ■ember of 

the fa■ily defined by (1.1) and, thus, corresponds to some defin­

ite positive value of µ. Fro■ the geometrical significance of 

the envelope, we conclude that (1.1) has three distinct posit i ve 

roots when 1
1 

• i
1 

and 1
2 

• i
2 

if and only if (i
1

,i
2

) lies 

above the lower arc and below the upper arc. 

Through such a point as described above, it is possible to 

draw one line tangent to the lower arc, another tangent to the 

upper arc, and the third tangent to the lower or upper arc 

accordingly as (i
1

,i
2

) lies below or above L
1 

. Whence, one 

eigenvalue of ~ is always less than unity, another always great­

er than unity, and the third is less than or greater than unity 

if (i1,i
2

) is below or above L
1 

, respectively. From (2.2) 

we see that the numerical values of a,B and y can be deter-

■ined by measuring the slopes of La, L8 and LY , respec-

* tively. While this procedure may not yield the highest accuracy, 

it does afford a means of visualizing how the eigenvalues depend 

on 1
1 

and 1
2 

if these invariants were to be varied in some way. 

• These can also be found, of course, by employing the well­
known equations for the roots of a cubic. 
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Por exaaple, o is constant if 11 and 12 were both to change 

in such a unner that the point (11 ,1 2) ■oves along the line L
0

• 

We note that L
0 

intersects the envelope at the point 

(2 .4) 

An i■plicit description of the region "inside" the arcs of 

the envelope is given by (1.5) and (1.6) where strict inequalities 

are taken. The envelope itself, given by (2.3) or by the equality 

in (1.5), with (1.6), is the trace of one branch of the surface, 

drawn by Rosel [4], in the plane corresponding to det ~ • 1 . . 
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Figure Caption 

Fig.1. Th.e envelope of the family defined by Bqn.(1.1). 
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