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INTRODUCTION

Modern high precision frequency control, °election, and timekeeping
applications impose extremely tight tolerances on the frequency-temperature
behavior of crystal resonators,1-6 These applications make it necessary to
carry out systematic investigations into a number of effects once considered
too small to warrant attention. Some of these effects include the influence
of mass-l~ad2.1 on resonator frequency7 1 1 and on temperature coefficient of
frequency .92 as well as the effect on temperature coefficient of 17,12-15
harmonic'°, 1 2 and of operation at either resonance or antiresonance.17,l219

The effect of incremental angle changes has also been investigated,
primarily by Bechmann. 1 8-20 His results treat variations in a single angle
only and are limited to first order changes. However, they were adequate for
many years until the advent of the most recent requirements.I- 6 With a view
toward meeting these requirements, a search along the lines of earlier work2 0

.;as made to determine the sensitivities of resonator design parameters and
characteristics to angular changes.21 An outgrowth of that study was a
determination of angle sensitivities in the vicinity of axes of symmetry;
these results apply directly to that most widely used crystal plate--the
AT-cut. This report describes how angle variations from the prescribed
orientation of the AT-cut affect the frequency-temperature behavior.

Crystal plate orientation is described most generally in terms of three
angles. For thickness modes, the direction perpendicular to the plate thick-
ness is of no consequence, and orientation is specified by two angles, W
and e , as shown in Figure 1. The standard notation for a doubly rotated cut
is 2 2 (YXWl) p/9. The AT-cut is a member of the rotated-Y-cut family, and as
such it is a singly rotated cut specified by a single angle G, with
e 1 +35.25°. Its orientation may be specified as (Y-wl)0O/e • +35.250 or as
simply (Yn)e +35.250.

The AT-cut plate, with • = 0, contains the digonal symmetry axis X.
This feature requires the vanishing of the elastic constants

25, 2~6) c35 36- 15' and k

and the vanishing of the piezoelectric constants

e22, e2 3 , e24, e3 2 , e 3 3 , and e34,

with the consequent results that the desired mode (the slow shear mode) is a
pure mode an& that most of the important quantities have a zero (f derivative,
so that departures in 4 are only manifested in second order.

Variations in ;p , about the value zero, arise invariably as a result of
manufacturing processes; and the effects, particularly on the temperature
coefficient of frequency, are no longer negligible and are described in this
report.
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Following Boobkam,,188,19 me make a power series expansion about

referenoe tuseiatm Too of the vibrator fre•uemcy

f - o÷ (+ .f£ aT)(T-To) (a 2fo/a T2)(T-To)2 +

1/6( (3f)/a T3)(T.To)3 0

where 8 f meA 8af/ f - fo" For almost all applications it in

aT0
sufficient to stop with n - 3. With the abbreviations af f-fol

AT - T-Tcq and Tin) -I D WO bl•

A f wTi) .AT + T2) A &T2 +Tj) a 3

or an is usually written

* f " ao AT+ bo aT2  co AT3 . (2)

SThe experimental values for %p bop and co, and the inflection tatpe'ature

TiL-To w -bo/3os, (3)

zar given in Table 1. where TO 25C% and fo is taken as the antiresonance

freoqe in the abemwo of maus-loa&M., fAo.

TAMS 1. TUI1U£TOR3 COU7XCZWTS OF FMU DY FOR
THE AT-CUT AT ITS R TOEDC AWKLE.

9, a . b e c• / _ _ _ _ _ _

+3S.2.5 0 0 -0.5 +108.6 a &.A
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Usng the values of ao, bo, and co from Table 1 in (2) generates the
curve of Af/fo versus AT shown in Figure 2 for .4 0. The angle devia-
tion AS equals (0-0 0 ), where g0 is usually taken a +_3%.250, but winl vary
somewhat depending on mass-loading, harmonic, atc. r Departures frm .the
reference angle have been shown to produce experimentally the family of
curves in Figure 2. This angular variation has been characterized by making
a Taylor so a expansion in 4Q, and retaining one term each in aehfor a0,
b0 , and co,1°. '

In order to incorporate the effect of variations in V, as wel. as ep
a generalisation of the Taylor series approach is described in the following
section and applied to the AT-out.

ANGULAR VARIATIONS IN (0 AND e
The Taylor series in two variables can be written

F (x+A, i.14B) *F(x,j) + (A a/ex+E 81-a ) F(xt~ +

+ (A•a/a%+B B/3 )n F(x,• )/nI + "". (4)

Lotting F - TO1); x,'j - ep A,B 499 44fp and retaining terms up to
second order gives

a - ao + ( a ao/a )" .ae + a ao,/ • a "p + jg -•2ao/ ."92). ,ae +

(2 2ao/aeao).A e,&' + ](a 2%/a02) h2. (5)

Similar expressions result for b and c, but as the higher angular variations
of the second and third order temperature coefficients are negligible oou-
pared to the variations in the first order, they are not used further. It is
sufficient to retain only the a 9 terms in b and o, ar done by Bechumam 9

b -bo + 'bo/ a 9).-&0(6)

c = co + (3 co/8 e).&e (7)

Considesg now only the first order temperatiure coefficient of
frequency, T•' f a, the nmerical values of the various derivatives are

given in Table 21 Insertion of these values in (5) permits calculation of
the change in Tf ) -a, due to angle changes:

a a (a-ac) - ( 0a0/880) +~ ( a %/D P ).A
;,(2p 2apl 92).,,e2 + ( 2aol& e9 ).Q ASeA, +

jn(2 2ao/9lp 2). '&(p2. (8)

F+
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TABLE 2. ANGLE DERIVATIVES OF M•E FIRST-ORDER
TE1PERATURE COEFFICIENT OF FREQUENCY.

"A #a ,;Ik oft ,41k(0a _1A

A-r -5,08 0 4o.1(

The numerical values in Table 2 reduce (8), with excellent accuracy, to

Aa ao e a e. • + ;( 9 2ao/a y 2 ). &y2 (9)

o that, for constant a a, a parabola describes the resulting curve.
itting A a - 0 yields the curve of Figure 3, which describes the locus of

oonstant first order temperature coefficient. For any other constant value
of A a, the parabola is simply shifted up or down along the A 0 axis.

For doubly rotated cuts in general, where the reference angle for (f
is not zero, the curve will not be symmetric about Alf = 0, owing to
nonzero values for aao/ 2T .21

Figure 3 may be used in a variety of ways, but its chief virtue is
that it allows one to determine the trade-off between variations in P and
in e. It is seen that an offset in 0 always leads to a curve of Af/lfo v.
T that appears to have a lowered 9 value (of. Figure 2). When a given
application dictates error bounds on 6 6, Figure 3 immediately determines
the corresponding bounds on A. This leads to consistency in sper'ifica-
tions and cost savings because errors in A 0 can be traded off against
errors in Ae, and yields can be increased.

An applicationr ght lead to a specification of a maximum and a
minimum value for TM . a. Call these a, and a 2 . For each of these

valuas, (9) determines a parabola of a0 against 40. The region between
the parabolas determines the combinations of Iand 40 angles such that
the resulting plate temperature coefficient, T' , will lie between a, and

a 2 . Specification of this region rather than strict bounds on 66 and AO

separately maximizes manufacturing yield.

Table 3 provides information in numerical form similar to that in
Fi±gure 3.

• , ,, •i ... , • ! " • I' I•i I ... . ! ! ! ! ! I:'6
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Figure 3.Locus of Constant First-order Temperature
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TABLE 3. ANGLE DVIATIONS YIELUINO ZRO
TURUPATrRE COM•WICNT SMUET

__ AZ __ _ A9

minutes seconds minutes 9eoends

0 0 0 0
5 -0.04 23.8 -1

10 -0.18 33.6 -2
15 -0.40 o41.2 -3
20 -0.71 47.5 -
25 -1.11 53.1 -5
30 -1.59 58.2 -6
35 -2.17 62.9 -7
40 -2.63 67.2 -8
45 -3.59 71.3 -9
50 -4.43 75.1 -10
55 -5.36 78.8 -11
6o -6.38 82.3 -12
65 -7.49 85.7 -13
70 -8.68 88.9 -I1L
75 -9.97 92.o -15
80 -11.3 95.0 -16
85 -12.8 98.0 -17
90 -.144 100.8 -18
95 -16.0 103.6 -19

100 -17.7 106.2 -20

CONCLUSIONS

Stringent frequency control specifications require that the various
parameters affecting the frequency-temperature behavior of crystal vibrator.
be identified, and their influences dmterAined. This report providds the
relations frcm which c/hanges in the temperature coefficient fte to obmgs
in both orientation angles can be calculated. The results, in tabmlar and
graphical forms, are provided as a practioal aid in specifying tolersuae.
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